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Abstract

One of the biggest challenges in spatiotemporal modelingdeed how to manage the
large amount of missing information. Data augmentatiomnégues are frequently used
to infer about missing values, unobserved or latent prasgsgpproximation of continuous

time processes that are discretely observed.

The literature treating the inference when modeling usiogtsastic differential equa-
tions (SDE) that are partially observed has been growingaoemt years. Many attempts
have been made to tackle this problem, from very differenspectives. The goal of this
thesis is not a comparison of the different methods. Thedagunstead, on Bayesian in-
ference for the SDE in a spatial context, using a data augatientapproach. While other
methods can be less computationally intensive or more ateum some cases, the main
advantage of the Bayesian approach based on model augimemsathe general scope of
applicability. In Chapter 2 we propose some methods to msplate time data as noisy
realizations of an underlying system of nonlinear SDEs. pé&ameters of this system are
realizations of spatially correlated Gaussian procedskeslels that are formulated in this
fashion are complex and present several challenges ingbmation. Standard methods
degenerate when the the level of refinement in the discttizgets larger. The innovation
algorithm overcomes such problems. We present an extengtbe innvoation scheme for
the case of high-dimensional parameter spaces. Our diguordlthough presented in spa-

tial SDE examples, can be actually applied in any generalivaniate SDE setting.
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In Chapter 3 we discuss additional insights regarding SO svspatial interpretation:
spatial dependence is enforced through the driving Browmation.

In Chapter 4 we discuss some possible refinement on the SCmp&er estimation.
Such refinements, that involve second order SDE approximstihave actually a more
general scope than spatiotemporal modeling and can besdppla variety of settings.

In the last chapter we propose some methodology ideas fimgfispace-time models
to data that are collected in a wireless sensor network wheprsssion and failure in
transmission are considered. In this case also we make ads¢aodugmentation techniques

but in conjunction with linear constraints on the missinyes.
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Chapter 1

Introduction

The main goal of the thesis is incorporating stochasticedzffitial equations and model
augmentation techniques into spatiotemporal modelings Ghapter is introductory and
it provides some background explanation about hierartinncaleling of space-time data
(Section 1.1), some stochastic calculus basic definiti@estions 1.2), an introduction
to Bayesian estimation of SDE (Section 1.3) and finally a naetiled outline of the

manuscript (Section 1.4).

1.1 Spatiotemporal modeling

1.1.1 Motivation

In recent times one of the most active areas in statistiéatence and stochastic processes
is the analysis of datasets are indexed both by space andd@lassical examples are en-
vironmental monitoring networks where measurements alleated at each station over
time (point-referenced data) or the number of cancer casasrded annually on a given
county or state (areal data). The complexity of this type atadrequired the fusion of
methods that were typical of classical time series anabysikspatial statistics, se® (@nd

(?) and references therein. In particular, studying the datien in both space and time,
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and the interaction of these two scales, has required netwadelogical tools, approxima-
tion and asympotic methods for large datasets, computdtamvances to fit cumbersome
models. Another challenge that often arises in space tinee idahe dishomogeneity in
observation time length across stations. For instancejtororg a given location can start
or be concluded at a different time than the others. Thisddds a missing data problem
in the analysis, that is additional to the occasional mgs#ss due to failure in recording
or in transmission. The Bayesian hierarchical models apgrgBanerjee et al., 2004) has
proven to be particularly useful to organize and interpiiérent sources of uncertainty in
the model, wheather this uncertainty comes from unknowarpaters, latent unobserved
processes, missing values. The beforementioned spacetodels complexity is actually
manageable in a Bayesian framework. In fact, modern MCMChous exploit the con-
ditional independence of different levels in the hierar¢byprovide point estimates and

credible bands for each of the unknowns in the model.

1.1.2 General Spatiotemporal model formulation

Although spatiotemporal models literature is well eststidid in both point-level and areal
data, in this work we will focus on the former. In this sectiae will give some basic
definitions that will help to establish the framework on whimur subsequent models are
based. Let us indicate witi (s, ¢) the observation at location € D, whereD indicates

a compact region i??, and a timet, wheret € [0,7]. We are in fact dealing with a
stochastic process indexed by space and time. Since we agbaboths andt¢ are
continuous, we have to establish the joint distributionrobiacountable number of random
variables. In practice, we will only need the finite dimemsdbstribution for an arbitrary
collection of variables in space and time. In general telmsconditions to obtain a unique

joint distribution rarely hold. However, if we restrict oattention to Gaussian processes,



we will only need to define a valid covariance function. Unther Gaussian specification,

all the spatiotemporal models that we will consider will bakie form

Y(s,t) = p(s,t) +v(s,t) (1.1)

where we indicate withu(s, t) the mean surface and with(s, t) the error term. Possible
selection for the mean surface include linear forms of tlpefy(s, t) = X (s,t)'5(s, t) for
a given set of covariate¥ (s, t). We note that a specification with coefficients varying in

space and time, is very general. Very often we suppose tleabtitine following simplified

forms holds:
B(s,t) = 6(s)
Bls,t) = B(t)
Bls,t) =0

indicating respectively, simple spatial variability, tparal variability, and constant coeffi-
cients. The error term(s, t) is generally expressed as the sum of a Gaussian pure noise
process (s, t) and a Gusssian spatiotemporal process, t).

As we mentioned before, in order to have a well defined spatiporal model under the
Gaussian hypothesis we need a valid spatiotemporal coxarfanction. In other words we
need to assume that for any collection of locations and ahgfsane points, the resulting
space-time covariance matrix is positive definite. Althloggeneralizations are possible
(see?, ?, or from a different approacR) here we will focus on the class of isotropic

covariance functions

Cov (Y (s,1), Y (s, ) = c(||s = &Il [t = ]), t€ R s€R (1.2)



In particular, for computational convenience, we will usparable covariance functions of

the form

Cov (Y(Sv t)v Y(Slv t,)) = Ust(S - 3,; T)pt(t - t,; ¢) (13)

wherep, is a valid two-dimensional correlation function apgdis a valid one-dimensional
correlation function. Let us considere an arbitrary cditat of locationssy, . .., sy, and
arbitrary time pointg,...,ty. LetY be theNT x 1 vector of data (wher& is blocked
by sites). We can show that the covariance function in (1s3yalid. The space-time

covariance matrix folY” is equal to
Yy = 0’ Hy(1) ® Hy(9) (1.4)

where Hy(7) is then x n matrix with entries(H (7)) = ps(s; — sy;7) and Hy(¢) the

T x T matrix with entries(H,(¢));;» = p:(t; — tj;¢). Clearly, since bothH,(r) and
H,(¢) are positive definite, the Kronecker product given in (1.4) be positive definite.
Examples of valid spatial covariance functions are giveBamerjee et al. (2004). Sepa-
rability is usually assumed for computational conveniemdough in many instances the
application at hand requires a more flexible specificatiaking into account the interac-
tion between time and space. Another extension that is woghtioning, is the dynamic
version of spatiotemporal models (see Banerjee et al., 200&s most basic formulation
a dynamic model presents a spatial process that evolvem@dn a latent space. The
latent process is then observed with error and usually tift@ulinear structure (see West
and Harrison, 1997). We will see an application of dynamatigpemporal models when

we cover spatial SDE discretely observed with error.



1.2 Stochastic Calculus Preliminaries
1.2.1 Basic Definitions

The development of stochastic differential equations mhes strongly connected with
stochastic calculus. One stochastic process in particilarBrownian motion, has been
fundamental for the development of this field. The proceksgdahe name from Brown,
a Scottish scientist that described as random the motiooltdrpparticles suspended in a
liquid. The first works on Brownian motion appeared in a pdpeEinstein (1905) and on
Bachelier’s thesis (1900). After the Brownian motion wagrously formalized by Wiener
(1923) it seemed natural to use it as the noise component @fittncous time process in
general and for a stochastic differential equation in paféir. The work of the Japanese
mathematician 1t6, was fundamental for the definition ofokastic integral and a formula
that can be used to solve some types of equations as well agferalization of Wiener
integration rules to the case of random coefficients.. Tlisscof mathematically solvable
SDEs happens to be very narrow and often indirect or appratartechniques are needed.
Researching for more accurate approximation and estimatiethods has been one of the
most interesting topic in the field as well as applicationslifferent disciplines. In this
section we introduce concepts and definition that will beduteoughout the manuscript.

We start giving the definition of stochastic process idimensions, seey.

Definition 1.2.1. An n dimensional stochastic process is a collection of randonabizs
{X.}ier defined on a probability spa¢€, F, P), indexed byt € T', and assuming values
in R™.

An important example of a stochastic process is the Browmiation (or Wiener pro-

cess).



Definition 1.2.2. The Brownian motior¥; is a continuous time stochastic process that is

characterized by the following properties:
[ ] W(] = 0
¢ the paths ofV; are almost surely continuous 1.

e IV, has independent increments. That i) = ¢ < t; < ty < ... < t,, then the

incrementAAW,, = W,, — W,,_, fori=1,... n are independent.

Since the law of its increments is Gaussian, the Brownianonas an example of
Gaussian process. In this work we will often encounter a path Brownian motion de-
limited by two fixed points. This process is called Browniaitge and it is defined ifR!

below.

Definition 1.2.3. The Brownian bridgeX;, with ¢ € [0, 1] is a Gaussian process, such that

Xo =0, X; =band,
E(X;) =0bt, Cov(X;, X,)=min(s,t) —st, s,t€0,1]

The Brownian motion can be defined in n dimension as a vector midependent
scalar Brownian motions. The most useful tool that is usedrder to solve SDE and
to obtain transformations of Itd6 processes is the It6 Foentbbat we present below in its

multidimensional form.

Theorem 1.2.4.LetdX; = u(t,w)dt + v(t,w)dW,; be an -dimensional It process, where

u andwv are random functions with values respectivelyRihand R"*?. Let

f(z,t) : [0,00] x R* — RP



a C? function. Then the transformation proce§s= f(X;,t) is also an-dimensional Itd
process that, indictating with superscripts the compoméiihe vectors, can be expressed
as

dyF = a—fk(x t)dt + i a—k(X t)dX" + 1 > Lk(X t)dX'dXx?  (1.5)
T X 2 4= 0X'0XT '

wheredWidW; = §;;dt anddW;dt = 0.

An important result that we will use when we need to changetbasure in a stochastic
process is the Girsanov theorem (see Chapter®.dfhis result is useful because, when we
change the drift of an Itd process, the measure of the tramsfo process will be absolutely
continuous with respect to the measure of the original mpeceence, the Radon-Nikodym
derivative can be obtained and it can be interpreted as kieiHood ratio between the

original Wiener measur® and the Wiener measueg for the transformed process.

Theorem 1.2.5(Girsanov) LetY (¢) ann-dimensional 1t process of the form
dY (t) = a(w,t)dt +dW(t); t<T <oo, Yy=0

where withl¥/(¢) we indicate the:-dimensional Brownian motion with probability measure

P and associated filtratioff,. Let

t 1 t
M, = exp <—/ a(w, s)dW(s) — 5/ ||la(w, s)||2d$) ; 0<t<T
0 0

Assume thab/; is a martingale with respect to the filtratiagh and P. Let the measur&®
onJr be

dQ = MrdP

Then( is a probability measure ofir andY (¢) is an-dimensional Brownian motion with

7



respect to Q.

Note that), is a martingale if the Novikov condition is satisfied:

Blow (3 [ ansyas)

1.2.2 Stochastic Differential Equations

< 00 (1.6)

Let(Q2, F, P) be a probability space aqd;, ¢ > 0} a non-decreasing family ef—algebras
in F. Let us define a—dimensional continuous and homogeneous in time stocharstic
cess on(), F, P). Such process is named Itd process if it satisfies the foligwistem of

n differential equations governed by the-dimensional Wiener proces$g (t):

dY (t) = A(Y (t);0)dt + B(Y (t); 0)dW (¢) (1.7)

whereA(Y (t);0) : (R™ x R?) — R™is the drift function andB(Y (¢); 6) : (R x R?) —
R"*P the diffusion function, both depending on un uknown parameg¢ctord € © C R9.
From now on, where there is no ambiguity, we will omit the argunts of A(-;-) and
B(;-).

We assume thatl and B are continuous fot € [t,, 7] and sufficiently smooth and

satisfy the Lipschitz condition for values of y € R":

|A(t, 2) = At y)l| + || B(t, 2) — B(t, y)|| < K|z =yl (1.8)

where with|| - || we indicate the Euclidean norm. In integral terms (1.7) lbees

Y(t) =Y (0)+ /O tA(Y(s);G)der /0 tB(Y(s);H)dW(s) (1.9)



We state now a result for the existence and the uniquenesg @aiution for a multi-
variate SDE. We expect the hypothesis of the theorem to Imoddl ithe examples we will
cover in the rest of the thesis. The main hypothesis of theférme are the Lipschitz condi-
tions (even though in many cases the stronger conditionffgrdntiability holds), and the
bounded growth conditions (in order to avoid explosive véra, applied both to the drift

and the diffusion coefficients.

Theorem 1.2.6.Supposel and B are continuous functions with respectite [ty, T, take

values respectively iR andR"*?, and satisfy the following conditions:
JA(Y t) = AQY", 0)|| < LI[Y = Y|]

1B(Y, 1) = B(Y',t)|| < L|[Y = Y|

foreveryY,Y’ € R" and
JA(Y, 8[| < L(1 + |[Y]])

1B, D)l < L1+ [[Y]])

for a constantL. Suppose tha¥ (0) is any random variable inR™ with finite second
moment andV (- ) a p-dimensional Brownian motion. Then there exists a uniquetisn

Y (t) for the following stochastic differential equation witlitial condition.

dY (t) = A(Y, t)dt + B(Y,)dW (t),( 0<t<T)



1.3 Inference for Stochastic Differential Equations

1.3.1 Brief Literature Review

The use of models that are based on stochastic differemfisdteons (SDE) has become
common in several fields, including finance (see the semimaépof Black and Scholes,
1973), bioinformatics (Gillespie, 1992), and eco-hydgyldRodriguez-Iturbe et al., 2001).
In particular, diffusion processes seem to well describargety of outcomes that evolve
over time. Unfortunately, a closed form solution in the fasfra transition density is avail-
able only on few special cases. This class of directly sd&/&IDEs is in fact too narrow
to cover all the complex models that are of interest in therditure. As a consequence,
likelihood inference for the unknown parameters in the SBER ivery difficult task. In
order to overcome this problem, in the last 15 years, seatt@npts in different directions
have been made. All the methods present advantages andatisagles and the choice of
one over the other is often justifiable by the applicationamdh Some of the alternative
approaches include the efficient method of moments (Ga#ladt Tauchen, 1997), non-
parametric methods (Ait-Sahalia, 1996), estimating fiomst (Bibby and Sorensen, 1995),
exact sampling (Beskos et al. (2006) and Beskos and Rol#965)), likelihood based
methods (Pedersen, 1995). The augmentation methods hengbmposed in a Bayesian
framework independently by Eraker (1998) and by Elerian.ef1®98) for diffusions that
are discretely observed. The idea is to initially approxenihe likelihood with a simple
discretization method (usually the Euler-Maruyama schesne then augment the avail-
able data by introducing —1 latent data values between consecutive observationshén ot
words, refining the likelihood becomes a missing data problie original likelihood is
"available" when the "full" data likelihood introduces thessing data as unknown. The

Gibbs sampler provides an optimal algorightm to sampleradt@/ely from the full condi-

10



tionals of the parameters and those of the latent varialilaas been proven that the Euler
transition density converges weakly to the true transitiensity as the discretization gets
finer and finer. The inclusion of an increasing number of latamiables suggests that the
approximation of the likelihood would improve, and hende accuracy of the posterior.
However, as shown in (Robert and Stramer, 1978) basic MCMGrihms as in (Eraker,
2001) deteriorate when the amount of latent variables tediincreases. In fact, the corre-
lation between the volatility parameters and the latenides compromises convergence
rate of the algorithm. Possible solutions for this issueghaeen considered, such as (Chib

et al., 2006) and (Golightly and Wilkinson, 2005b).

1.3.2 Bayesian estimation of nonlinear spatial SDE

In this section we describe the Bayesian approach for estijmthe parameter of diffusion
processes driven by stochastic differential equationse Jdiution for this type of equa-
tion exists only for a very limited number of cases. Let ussider ad—dimensional Itd

diffusion process that satisfies the following Stochastiiteential Equation:

dY (t) = A(Y (1), ©)dt + B(Y (t), 0)dW (t) (1.10)

In some instances, say some state space models (or supprefssiure models), the vector
Y (t) is not fully observed. Let’(t) = (X(t), Z(t)) where we indicate withX (¢) the

d;—dimensional observable component and witft) the d,—dimensional unobservable
part. Suppose that we observe the continuous process oatyually spaced time points
To,T1,--.,Tr. Let's define the distancA* = 7,,.; — 7; for everyi. We assume that the
observations are evenly spaced for simplicity. In ordemtier about© we need a well

specified form for the likelihood. However in order to comgtite likelihood we need a

closed form for the transition density:

11



T-1
L(Yir|Yo,0) = [ [ F(VialYs, © (1.11)
=0

If a close solution for (1.10), and hence a transition dgngtnot avaliable the most
common strategy to estimate the parameters is a disciietizat the SDE. For example,

let’s consider the Euler first order approximation:

AY (t) = A(Y (), 0)At + B(Y (t), 0) AW (t) (1.12)

where AW (t) ~ N(0, I;At) with d = d, + d, and At is arbitrarily small. The tran-
sition densityy(Y;,1]Y;, ©) of (3) is easily obtained, because of the linear structurthef

discretization scheme;

f(Yi1]Y:, ©) = g(Yia|Y:, ©) = (Y |Y; + AA,, BB'A,) (1.13)

The basic Euler approximation is however too rough to appnate the continuous
time transition density. The imputation strategy assurhatit— 1 values are added in be-
tween each pair of consecutive observations. Hence eaaivahis partitioned irk equal
parts such that\t = A*/E.

The parametek controls the discretization bias that can be arbitrarijueed by increas-
ing k. Hence we have,T'(k — 1) + d2(kT + 1) missing value that must be simulated.
In the literature it's common to refer to the collection ofseioved and missing values as
the "augmented data". Indicating with;, the observed points, Eraker (2001) uses the

following representation for the augmented data.
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T, Xy o Tt Xiten 0 Tig,

Loty Xogy 0 Tog,  Xogu v Lo,

Y = Ldy to Xdlytl o Tdyt Xd17tm+1 o Tdyty (114)
Zigey Ly o Lt Lipmes Dl
Zdz,to Zd27t1 U Zdz,tm Zdz,tm+1 U Zdz,tn

With the introduction of the latent data the approximatiéthe likelihood is finer and

the new transition density is the following:

F(Yi Vi, ©) = / F(VrialYe ©)f (Yo, Vi, ©)

k—1
X H f(}A/;f-i-j-i-lDA/t—i—ja @)d(f/t-kk’ ceey Yt—irl) (1.15)

j=1

Tanner and Wong (1987) in their seminal paper suggestedrnfesence about the un-
known quantities can be performed by sampling alternatedyptarameters given the latent
variables and the latent variables given the parametershendbserved values. This way
of proceeding fits particularly well the Gibbs sampling aggmh in a Bayesian setting.
However, given the nonlinear nature of most SDEs, sampliog fthe full conditionals
is impossible in a direct way and Metropolis-Hastings witldibbs are required. By up-
dating one column at the time Eraker (2001) provided a sinaplgroach that however
proved to be very inefficient. In fact, as noted in Roberts Strdmer (2001), the algo-
rithm degenerates linearly whérnncreases because of the correlation between latent vari-
ables and parameters. This correlation occurs becauseothtlity parameters samples
depend on the quadratic variation of the prod@§q7"). Assuming that the x n matrix

B(Y(u),0)B(Y(u),®)" has rankp < n, the quadratic variation is of course calculated
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using the latent variablé%(t) that are used to approximate the continuous protgss

Y](T) = /O B(Y (1), ©)B(Y (u), ©)du (1.16)

From the name of the two authors, the dependence problenteis mdferred to as the
Roberts-Stramer critique. Elerian et al. (2001), and Steepad Pitt (1997) proposed a
different schemes that samples in random blocks the |laterdahles. This computational
refinement allows a faster convergence of the algorithmhmiptoblem of the dependence
between parameters and latent variables is not overcongesdlbtion provided by Roberts
and Stramer (2001) is viable only for univariate diffusidn.fact they propose a transfor-
mation of the latent variables that allows to define an edeitgprocess with unit diffusion
coefficient. In the multivariate case, this is not alwaysstlole, because it would require

an invertible mapping that would solve the following equation
(VR)(Vh) = B!

This is feasible in some very limited cases, diagonal noidsear equations. Chib et al.
(2006) and Golightly and Wilkinson (2008) propose an alidponi, the innovation scheme,
that breaks down the dependence issue. The innovation s¢hefmvhich we propose
an extension for large-dimensional parameter spaces itioBez.3, is based on a clever

re-centering technique.

1.4 Outline of Dissertation

In the introductory chapter we presented some basic rethatswill be mentioned in the
rest of the manuscipt. In particular we gave the basic dedimstof Brownian motion, SDE,

and It6’s formula.
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In Chapter 2 we show how stochastic differential equati@mshe introduced in spatio-
temporal modelling. Our motivation is the efficient and aate estimation of the parame-
ters when the underlying model is represented by a contsitime process. This type of
processes have usually some physical justification and egmdyvide advantages in inter-
pretation, compared to more traditional statistical medé&Me will suppose that at every
spatial location a nonlinear SDE is partially observed ljwibise). We can see the system
as a multivariate SDE but the parameters are in our caseatialis of a spatial (or spatio-
temporal) process. The complexity of the model requiresreegdization of an algorithm
that was proposed by Chib et al (2006) and Golightly and Wékin (2008), the innovation
algorithm. We called our extension the conditional innawascheme. Even though we
only show an application to spatio-temporal modelling,¢baditional innovation scheme
has a much more general scope. It can be used in all thosewhsashe paramater space

is too large and the updating of the parameters can not berpeetl in just one block.

In Chapter 3, building up on the ideas of Chapter 2 we propodifferent approach
for spatio-temporal modelling based on SDEs. In this casesfatial variability is in
the Brownian motion itself. We use, once again, the spatigiktic equation as the tool
example to illustrate the methodology. A possible extemgixamultiparameter equations is
presented.

In Chapter 4 we show how some second order approximationodsttan be included
in the model augmentation procedure and provide direcfionsew research.

In Chapter 5 we present an application to wireless senswainkspace-time data anal-
ysis. Even though we do not use the techniques describee iotkier sections of the dis-
sertation, the problem is actually motivated by the analg$isome processes, the hydro-
logical models for soil mositure dynamics, that are SDE Hatksing hierarchical models,

we show some novel ideas on how to model wireless sesnsoonetiata in presence of
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data suppression and failure in transmission.
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Chapter 2

Spatiotemporal Modelling using
Stochastic Differential Equations

2.1 Introduction

Spatio-temporal modelling based on SDE’s has not been sixtdn explored yet. As of
date, we mention the work of (Brix and Diggle, 2001) that gpple Spatial OU-process
to model the time evolving intensity of Cox processes. Apotbxample is the use of
spatial logistic differential equations proposed (Duarmlet2008) in the context of both
point-referenced and point patter data and applied to fan@w housing construction.

In this Chapter we develop a flexible methodology to estinsgi&tio-temporal data
that are seen as outcomes of nonlinear multivariate SDEsSetition 2 we explain the
augmentation method in the spatio-temporal case and p@ode basic examples. In
Section 3 we formulate the model in the general case and wedar@an illustration for
the case of the logistic SDE. In Section 4 we develop a gemeatan of the innovation
scheme proposed by Golightly and Wilkinson (2008), neagdsastimate a large number

of parameters. We apply our model to a synthetic datasetahdBeb.
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2.1.1 General spatio-temporal SDE based model

In this chapter we introduce a class of nonlinear SDE obskwith noise. The system
will have a spatial interpretation since we will allow theefftcients to be spatially varying,
more precisely we will suppose that the coefficients arazatbns (perhaps, up to trans-
formation) of spatial Gaussian processes. Suppose thaidieate time witht € [0, ..., T
and space with € S whereS is a compact region iR?. Then, we suppose that we collect
observationsX (¢;, s;) at locationss; with j = 1,..., Ny and at times,; with: =1,..., n.
Let us suppose thaY, is a finite number and let us aggregate fticobservations at time

t; into the vectorX;.

Xi=Yi+e

dY (t,s) = A(Y (¢, 5), O(s))dt + B(Y (¢, 5), 0(s))dW (¢) (2.1)

wheree; % N(0, 921y, ) fori =1,...,n.

For instance, consider the Feller's branching process:

dY (t,s) =r(s)Y(t,s) [1 - Y[V?ES)} dt + oY (t,s)dWy(s) (2.2)

In this particular cased(Y (¢, s),O(s)) = r(s)Y (t, s) [1 — ’;{(zj))} andB(Y(t,s),0(s)) =
c/Y (t,s). The parameter vect®(s) has element&-(s), K(s), o).

Going back to the general formulation in (2.1) we have, a#tpplying the Euler-

Maruyama discretization:
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Yi=Yi1+ A(Yio1,0(5))Ar + B(Yi—1,0(s)) AW,

The parameters of the model can be partitioned into indegrgrepatial surfaces. For
instance we can haveblocks,O(s) = (04(s),...,0,(s)). We can model each block with

independent Gaussian processes. For instance,

@1(8) ~ He, (Z@l <S>7 ﬂGl) + \I]@l <S>7 \1191 (8) ~ GP(()? C®l)

Oq4(s) ~ 1o, (Zeo,(s), Bo,) + Vo,(s), Ve,(s) ~GP(0,Cq,)

2.2 The Conditional Innovation Scheme

In this section we show how we can generalize the innovatibeme for complex param-
eters spaces, that eventually come from latent Gaussiaegses. We describe first the
innovation scheme. Let us consider the observed Bata(X;, ..., Xr) and the underly-
ing pathY = (Y3, ..., Yr). Conditional on the parameters, for any discrete approtiona
of a diffusion there is a one-to-one correspondence betweesampled latent variables
Y = (Yi,...,Ys) and the Wiener process pathi = (W;,...,Ws). The innovation
scheme breaks the dependence between the latent vaftahtes the diffusion parameters

by sampling from©, W |D) instead of©, Y| D).
Algorithm 2.2.1.

1. Initialize Y and©. Set the Gibbs iteration counter r=1.

2. SamplgY'|D, ©) and obtain deterministically the skeleton path
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3. Samplg©|IV, D). If a new©* is accepted retrieve a new patf
deterministically froni’’ and ©*. Else keep the current

4. Setr = r + 1 and go to 2. Iterate until convergence.

Step 3 is implemented generally with a single Metropolistitey move. However
for high dimensional parameter spaces, samp{i@@/i/, D) in a single block might be
unfeasible. We introduce a slight modification to Algoritim Suppose we partition the

parameter space ipblocks,

©=(61,...,0,) (2.3)
Algorithm 2.2.2.

1. Initialize Y and®©. Set the Gibbs iteration counter r=1.
2. SampldY'|D, ©) and obtain deterministically the skeleton path
3. Setj = 1.
3a. Samplé®,|W, D, ©_,). If anew® is accepted retrieve a new patft
deterministically fronii” and©. Else keep the current.
3b. Setj = j + 1. If p < ¢ go to Step 3a. Else go to Step 4.

4. Setr = r + 1 and go to 2. Iterate until convergence.

2.2.1 Sampling the latent variables

There are various ways to sample the latent variables. Ircasg the latent path defined
over the interval0, 7'] cannot be updated in just one step. In the case of absencestinee
ment error, (e.g. in the case the diffusion is observed disty but directly) the simplest
algorithm involves blocks of size. When the observations are noisy some authors, (Chib
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et al, 2006), sample the length ot the blocks and updated sagke subpath. Others,
(Golightly and Wilkinson, 2008) use fix length subintervafdimensior2k — 1 centered
around the values observed with noise and conditioning eretid points. We will focus
on the latter approach. Suppose we introdidatent variables in between each pair of
observations. Of course, since the SDE path is observedwitie we will have to update
also those points that correspond to the observations. iGamdg on the observation¥’,

and the parametefs, for j = 0, k, 2k, ..., n — 2k the full conditional is expressed as

j+2k—1
F(YG10):G420-0)1Y5 Xig, Yigor, ©) o< f(Xj4x]Yj4r, ©) H f(Yin|Y;,0)  (2.4)

=7

The update is completed with the last two expressions ifwglthe remaining values

at the beginning and at the end of the partition:

k—1

(Yo [Yi, X0, ©) o< f(Xo[Y5,0) [[ F(Vira |V, ©)

=0

T-1

T Y-k Y-k, X7,0) o< f(Xr|Yr, O) H [(Yin]Y:, ©)

i=T—-K

The expression in (10) has the form of a multivariate nomeridge and sampling
directly from it is complicated (because of the end-poinstaaints). Exact methods (see
Beskos and Roberts (2005)) are useful for univariate ddfusand for very special mul-
tivariate cases (reducible system, for instance diagomiae). A general method relies on

the Metropolis Hastings algorithm. In order to apply thisrktav Chain method efficiently
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we need a well specified proposal density. Durham and Gglk&t12) proposed a linear
bridge construction with fixed end points. Consider one ef blocks starting at; and
ending at time;;o,. The bridge procesg;* must have the same diffusion function of the

original procesg; and can be represented by the following SDE:

dY; = A*(Y*,©)dt + B(Y, ©)dW (t) (2.5)
Y* o, =Y/
Jj+2k t *
= ————dt+ B(Y dW (t 2.6

The process only exists on the interygl ¢, ], it starts aty;” = Y; and it finishes at
Yo, = Yjio. Since the volatility functions are the same #grandY,” the hypothesis of
the Girsanov theorem (see for instance, Section 8% afe satisfied and the two processes
are equivalent, for sufficiently small time increments. Tdiesanov Theorem provides the
likelihood ratio for the two conditional densities that isaessary for the evaluation of the
Metropolis-Hastings ratio. In the next subsection we preseme examples of possible

proposals that are obtained from a discretization of thegari

Proposal densities

The basic Euler approximation of the diffusion bridge is av@nient Gaussian density. We

will need to compute this density for each of the time stepberei = j,...,j + 2k — 2

*

Y*, =Y,
Y Y Yo, © ~ N (YZ* 4 Tk i

S BT 0)A) @.7)

Durham and Gallant proposed the following modified bridgeisbridge is constructed

22



on the Euler approximation of the original process, and @¢@rdng on the two end-points.
This is subtly different from the expression in (2.7) thabistained by discretizing the

continuous time diffusion bridge.

Yion =Y j+2k—i—1
VY Yo, © ~ N (Y4 2F2 7
i1 Y75 Yitar, <Z+j+2k—i’ J+2k—i

B(Yi*,@mt) (2.8)

Golightly and Wilkinson (2008) proposed a further refinetngnat can be very useful
in the case of small measurement error. They condition thdified bridge by Durham
and Gallant on the mid-point noisy observation. The updatihthe 2k latent values is
implemented with a two-step procedure. The fitstalues are sampled from the follow-
ing distribution that can be obtained using the conditignanoperties of the multivariate

normal distributions.
YialY Xjan ~ NV + @iy, BA) (2.9)
where
a; = A(Y) + BOY) Ak —i = 1) + )7 (X — (V7 + BY)Ay(k — 1)) (2.10)

and

B = B(Y;) = B(Y;") (BOY;)Au(k — i) + 2) 7 BY;")' A (2.11)

)
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The remaining observations are sampled from

B(Y?,0

7

Vs [V Vi ~ I (Vi 228~
i+k+114i+ko L J+2k itk j+2]€—i—]€7 j_|_2]{;_]<;_1

Yie j+2k—i—k—1 )At)
(2.12)
The above corresponds to the modified bridge of (Durham ardthi@a2002). The
new sample path is accepted with probabitityn{ 1, o} where« is given by the following

Metropolis ratio:

FOGrlY o) T f O Y TEE T F (Vi IV, X)) TEZE F (Vi Vi, Yigor)
FOG ) TP F YY) TS F Y7, Xn) T2 £ (VY7 YVigoar)
(2.13)

We repeat the Metropolis-Hastings procedure for all thesolagionsj = 0, k, ..., T — 2k.

2.2.2 Sampling the parameters in the model

In both the innovation algorithm and the conditional inniima algorithm the last step is
sampling the model parameters. In a traditional Gibbs samible parameters are updated

conditioning on the sampled SDE path, that is

f(OlY,D)  f(©)f(Y|©,D)f(D|Y,0)

In general the updating of the parameters is performed mgusiMetropolis-Hastings
step using a Gaussian proposal. As we mentioned, this wagropkng leads to an al-
gorithm that deteriorates whengets larger because of high levels of correlation between
Y and®. The main idea of the innovation algorithm, as describeddhil§ et al., 2006)
and (Golightly and Wilkinson, 2005b), is to adopt a reparain&tion where, instead of
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the sample path of the SDE, we utilize the Brownian motiorietha W, suppressing the

dependence from the model parameters. In other words wesstmaple from:

f(O|W,D) o f(©)f(g(W,0)|©,D)f(D|g(W,0),0)J (2.14)

Sampling the parameters using the basic innovation scheme

As suggested in (Golightly and Wilkinson, 2005b) we can ingerelationy” = g(W, O)

in order to obtain deterministically the skelettii and calculate the Jacobian of the trans-
formation ./ = |9Y /dW|. As it is shown in Chib et al. (2006), conditionally @,
the relationship betweeH’ andY is one-to-one and thus we can invertand obtain
W = ¢~ '(Y,0). We have different choices to defin¢). The most trivial one is the

Euler approximation, that is

Yis1 = Q(I/Vz'+17 @)

After calculating the Jacobian

JY.W) (H f<m1|m,@>>

the Metropolis ratio calculated under the Euler approxiorabecomes:
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[, D)
7Ol D)

_ [(6)f(g(W,©7)|6", D)f(Dlg(W,67),67).J"
f(©)f(g(W, )]0, D) f(Dlg(W,0),0).]

_ [(&)f (DY~ 67)
f(©)f(DIY,6)

_ FO) o f(XulVi, ©%) (2.16)

FO) T, f(Xik|Yik, ©)

We note that, when we propose a n@\ we are actually proposing also a new sample path
for the SDE. We indicate the proposed pati/as= g(W, ©*). If the new©* is accepted
(with probabilitymin(1, o)), alsoY * updates the path. Now, since we are supposing that
we observe the SDE path with measurement error, it is passibhclude the more realistic
construct of Golightly and Wilkinson (2008). This will gi\ee better approximation than

the basic Euler scheme. Using the coefficiepntand; in (2.10) and (2.11), we have:

Yis1 = 9(Wit1,0)
Again, the linear structure allows us to retrieve the Brawnmotion skeleton determinis-

tically throught = ¢~(Y, ©), using the current value a. After settingi?, = 0 we

have:
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Wit1 =9 " (Yis1,0)

=W, + 687 (Yig1 — Vi — oy A)

In this case, forj = 0, &, . . . the Jacobian of the transformation is

T-1 -1
J o (H f(Yi+1|YianLi/k+1J>@)>
=0

where Y, 1|Y;, Xy ik, © ~ N(Y; + a;At, 3;A;). Plugging in the Jacobian the

Metropolis ratio becomes

_FO) iy Xl ) Ty f(ValYe, 09 Ty f(Vawt Vi Xetises, ©)
FO) TS F(XalVir, ©) TTy, f(Yia [Ve, ©9) Ty F OV 1Y5 s Xairsn)> ©F)
(2.18)

Sampling the parameters using the conditional innovation sheme

When the parameter space is complex, sampling all the paeasveith a single Metropolis-
Hastings is not feasible. We partition the parameter spaied = (04,...,0,). We

accept a new subsex;, and hence a nel* with probability o
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FONTI= F(XulVi ©50.,)
FO) T F(XlVir, ©)
Iy POV 65, 0) Ty F(Yirtl Vi Xetigirn), ©)
[ f(Vin Vi, ©5,0-) T FOIY Xijisna), O3 ©-p)

(2.19)

The procedure must be iterated for all the subsamplésfof each Gibbs iteration.

2.3 Spatio-temporal models based on logistic SDE

2.3.1 The logistic SDE

The stochastic logistic differential equation arises agmegalization of the deterministic
case when the growth rate is randomized. Logistic equahars been proposed to model

population growth in biology and the social sciences. Thsgital model is the following:

dN
i r(t)N(t)(C — N(t)) N(0) = Ny (2.20)
whereN (t) is the population size;(t) the growth rate at timeéandK is a constant carrying
capacity (or saturation rate). The equation admits twolstsddutions,/N = 0 in which the
population reaches extintion, add = C' when the population reaches its saturation size.

Usually () is rewritten in terms oY (t) = (N(¢)/C) — 1 as
dY(t) =—-Cr(t)Y(t)(1 + Y (1)) Y(0) =Yy, = Ny/C —1 (2.21)

Suppose that we randomize the growth rate, i.¢) = R(t) + €(t) wheree(t)dt =
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o(t)dW (t). In this case we have the following nonlinear SDE:

dY(t) =—-KRM)Y(t)(1+Y(t)dt — Ko(t)Y (t)(1 + Y (£)dW (1)
(2.22)

Y(0) =Y

In terms of diffusion the drift coefficient isl(Y (¢),0) = —KR(t)Y (¢)(1 + Y(t))
and the diffusion termB(Y'(¢),0) = —Ko(t)Y (t)(1 + Y (¢)). We note that this is one
of the many possible specifications for a logistic SDE. In8zh(2007) a much more
general formulation is proposed, with the inclusion of atbeate . and a coefficient of

self-innovationp:

dY (t) = [(p+ RY (1)) (K = Y(t)) — pY (t)] dt + oY (t)*| K = Y (1)|"dW (1)

Schurz (2007) discusses conditions for the well-posedmegslarity (boundedness) and
uniqueness of a solution for a given choice of the paramefédrse specification we use is
much simper and satisfies the conditions for the existendeiaigueness and regularity of

the solution (see also Golec et al., 2005).

2.3.2 The spatial logistic SDE

Moving to the spatial case, leta point in the compact regiosi ¢ R?, we can replace the
variableY (t) with the random fieldy' (¢, s). Following the construction of (Duan et al.,

2008) we can formulate the spatial logistic SDE as

29



OY (t,s) = A(Y (t,5),0)0t + B(Y(L,5),0)0W(t,s)  Y(0,s)=Y,  (2.23)

wherelV (¢, s) is a Brownian motion, that can eventually have a spatiaktation (see

Chapter 3).

A(Y (t,s),0) = —K(s)R(t,s)Y(t,s)(1 + Y(t,s)) (2.24)

B(Y(t,s),0) = —K(s)o(t, s)Y (t,s)(1 + Y(t, 5)) (2.25)

and we defindV (t, s) as a multivariate standard Brownian motion. In continuous
space, we have an infinite dimensional process, with un urtabie number of SDE
at each point in space. In this case the unknown parameters of the modelGare-
(K(s),r(t,s),0(t,s)). We have three independent surfaces, that can evolve dgalyni

with time, except the carrying capacity(s) that we assume constant in time and varying
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only in space. We can model the surfaces using spatial Gaupsicesses. For instance:

log(K(s)) = px(s; Bx) + Vi (s)
Vi(s) ~ GP(0,Ck(I|s = ||, 0 )
R(s,t) = ur(s,t; Br) + Va(s,t)
Vr(s) ~ GP(0,Cr(||s — 5'l|, 0r)
log(a(s,1)) = pis(s,t; Bs) + Vo (s)
Vo(s) ~ GP(0,Co(lls — '], 05)
Possible specifications for the mean surfacgsés; Gx ), 1r(s, t; Br), po(s, t; B,) might
include, for instance, spatial or temporal trends, covasapolynomial terms. An im-
portant point is the definition of a proper covariance fumctfor the space-time process

Cov(Y(t,s),Y(t,s")). Given the nonlinear structure of the infinite-dimensiologfistic

SDE, deriving explicitly the space-time covariance is ayMard task.

2.4 An application to a simulated data set

In order to illustrate the methodology we outlined in Seesi@ and 3, we fit a plausible
model specification over an artificially generated dataGhbosing different augmentation
levels we show that we can infer with good accuracy about tlietlying continuous time

process, even when the latter is observed with error.
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2.4.1 The model

We suppose that we observe with error a realization of aagatistic SDE. Incorporating
the spatial logistic SDE in a state-space model, we have ardignspatial model, where

the evolution equation is described by the SDE itself.

XZ':Y;‘—‘—GZ', izl,...,n
Y(t,s) = —K(s)R(s)Y(t —1,8)(1+Y(t —1,s))At
—K(s)a(s)Y(t—1,s)(1+Y(t—1,5)AW(t,s) (2.26)
wheree; ~ N(0,v2Iy,) denotes the observational pure error. The mean surface for

each coefficient (s; Ok ), ur(s; Br), to (S; 5, ) is specified like a spatial linear trend. That

is
log(K (s)) = B X(s) + Vi (s) = By + B{'lat(s) + B3 long(s) + Vi(s)
Vie(s) ~ N (0, C(lls = &Il ¥k, o, vic))
R(s) = BrX(s) + Vr(s) = By + B'lat(s) + By'long(s) + Vi(s)
Va(s) ~ N (0, Cr(lls = s'll, ¥k, ¢r, vr))
log(o(s)) = BoX(s) + Vo(s) = B7 + ATlat(s) + B3long(s) + Vo(s)

Vo(s) ~ N (0,Co(lls = 8'll, %7, 6o, v5))
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The error term for each one of the latent surfaces has a Mat&éariance function. For

instance for the surfacB(s),

Crlls = 5ll;) = v exp(drlls — §'[))" ki (Drlls — 5]1)

where withx, (-) we indicate the Bessel function of the second type. An amalsgpeci-
fication holds forCx andC,.

All the unknown parameters of the model, have a prior distrdn. In the specific case
we can take, for instance, three-variate Normal priorsltiergpatial trend coefficients vec-
tors Sx, Or, 0., Inverse-Gamma distributions for the variance parameters)? 12, ¢2.

The crucial part of the model is the data augmentation teglaidescribed in Section
2.2,and 2.3. In between each pair of observati¢yisY;. ), we introduce a set df latent
variablesY. Again, we indicate with; the latent state vector with entries corresponding
to each location. The joint posterior of all the unknowns, the model parameters and the

latent variables for the continuous time process can beesgpd as:

~

-1

p(Y7@|X)O< H f(Xi]Y;, ©) [ f(Yi1]Y;, ©)

1€{0,k,...,T}

7(0)

I
o

i

T-1
o | I N&xLed)| [ f(VialVi K R 0)
=0

1€{0,k,..., T}

X N(lOgK‘/”ﬁCK)N(R|/~LR7CR>N(IOgU‘:uU7CU>

7T(ﬁK)ﬂ(ﬁR)ﬂ-(ﬁa)7T(¢%{)7T(¢?%)W(¢§)W(¢K)ﬂ(¢R)ﬂ-(¢a)ﬂ-(¢g) (2.27)
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In order to sample from (2.31) we need a Markov chain MontddCalgorithm. The
full conditionals for the model parameters are availablelosed form. Sampling the la-
tent surfaced<(s), R(s), o(s) and the latent augmented SDE path requires the conditional

innovation scheme algorithm described in Section 2.3.

2.4.2 Data analysis

We construct & x 6 grid, for a total of 36 locations. In each location we obsetgeretely,

for 60 periods in time, a continuous process, described bygiatic equations with param-
eters that are realizations of a spatial processes. Thuspatio-temporal simulated data
set consists a36 x 60 = 2160 observations. In Figure 2.1 we display the observations and

the latent continuous process at randomly selected 8 ttsti

The spatial covariance function for the errdrg(s), Vr(s), V,(s) is a Matérn with a
fixed value of3/2 for the smoothness parameter. We adopt diff¥ge, 315) priors for the
spatial regression coefficients, natural conjugate Gafpraafor the precision parameters.
For the range parameters we use a uniform discrete digtibwiith 4 mass points (from
0.5 to 0.8) because this parameters are only weakly iddvigfial he model is completed
by applying the data augmentation procedure. In order teovdimw the accuracy of the
posterior estimation improves with a higher number of lateariables, we chose 4 dif-
ferent levels of augmentation. The paramétehat counts the number of latent variables
that are introduced in between each observational timestie value$2, 5, 10, 20). We
perform the conditional innovation scheme sampling inehokocks the three latent sur-
facesK(s), R(s),o(s). Each block has 36 elements, one for each location. Conditio
on the latent surfaces and the augmented path we sample thed pavameters from their

respective full conditionals. The full conditionals f0by, Or, 5,) are normals and easy
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Figure 2.1 Continuous time process (line) and observations (dotd)different locations

to obtain. The full conditionals fofy%, 1%, 1?2) are Inverse-Gammas and we have dis-
crete distributions for the range parametéts, ¢z, ¢,). The Gibbs sampler is run for
100,000 iterations, with 50,000 burn-in samples. The dligwr converges quite fast, after

about 20,000 iterations. In Figure 2.2 we display the trdoésgor the parameters of the
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surfaceK (s) in the case ok = 2 and in Figure 2.3 we have autocorrelation plots for the
same parameters. Only thié trace shows a persistent autocorrelation that disappéars a

performing thinning (1 sample every 250).
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Figure 2.2 Trace plots fordyx (a), B1x(b), Barc (¢), V2(d)

By increasing the discretization size, i.e. adding moreriavariables in between each
observation, we expect to have a more accurate estimatitimredfkelihood and hence a
more precise posterior inference. In Figure 2.3 we displteyKernel estimations of the
posterior densities for the parametersofs) for different levels ofk. The vertical lines
represent the "true" value. It appears that the posteriansget closer and closer for larger
k. Additional insights about the properties of our model coioé gained by implementing
a comparative analysis to see how the estimates are sensitparameter values, or how
the structure of the SDE itself impact on the different augtagon levels. We would
expect that the scale refinements provided by the data augtienprocedure would be

more beneficial in those cases when the model has "strongerlimearity. As a future
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Figure 2.3 ACF plots forfyx (a), Bik (b), Bax (¢), % (d)

idea to develop we also leave comparisons in model perfaceéor different numbers of

observations.
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Parameter True Value Posterior Mean 95% Credible Interval

K 0.3 -0.117 (-0.249, 0.017)
K 0.25 0.231 (0.199, 0.263)
i 0.18 0.148 (0.113, 0.180)
R 0.1 -0.234 (-0.425, -0.036)
R -0.15 -0.100 (-0.149, -0.049)
R 0.1 0.127 (0.062, 0.183)
4 0.5 -0.621 (-0.752, -0.476)
g 0.3 -0.298 (-0.327, -0.271)
4 0.01 0.042 (0.013, 0.070)
2 0.01 0.009 (0.005, 0.015)
2 0.01 0.010 (0.005, 0.020)
b2 0.01 0.008 (0.004, 0.014)
O 0.7 0.727 (0.650, 0.800)
o 0.5 0.529 (0.450, 0.600)
o 0.5 0.506 (0.450, 0.600)

Table 2.1 Posterior mean and 95% credible intervals for a discrétndevel k = 2

Parameter True Value Posterior Mean 95% Credible Interval

s 0.3 -0.273 (-0.407, -0.131)
pE 0.25 0.240 (0.206, 0.273)
BK 0.18 0.210 (0.178, 0.241)
Bl 0.1 0.157 (-0.036, 0.340)
BR -0.15 -0.253 (-0.314, -0.188)
AR 0.1 0.183 (0.131, 0.244)
39 0.5 -0.355 (-0.491, -0.219)
3o 0.3 -0.327 (-0.356, -0.297)
B2 0.01 0.007 (-0.027, 0.037)
W2 0.01 0.009 (0.005, 0.015)
w2 0.01 0.010 (0.005, 0.016)
02 0.01 0.009 (0.005, 0.014)
brc 0.7 0.721 (0.650, 0.800)
Or 0.5 0.521 (0.450, 0.600)
o 0.5 0.518 (0.450, 0.600)

Table 2.2 Posterior mean and 95% credible intervals for a discrétmndevel k = 5
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Parameter True Value Posterior Mean 95% Credible Interval

K 0.3 -0.270 (-0.421, -0.114)
K 0.25 0.266 (0.229, 0.303)
i 0.18 0.177 (0.142, 0.211)
i 0.1 0.005 (-0.222, 0.270)
R -0.15 -0.051 (-0.106, 0.005)
R 0.1 0.027 (-0.024, 0.074)
4 0.5 -0.263 (-0.425, -0.087)
g 0.3 -0.359 (-0.400, -0.319)
4 0.01 0.019 (-0.017, 0.054
2 0.01 0.013 (0.007, 0.021)
2 0.01 0.011 (0.005, 0.020)
b2 0.01 0.013 (0.006, 0.023)
br 0.7 0.738 (0.650, 0.800)
o 0.5 0.528 (0.450, 0.600)
o 0.5 0.535 (0.450, 0.600)

Table 2.3 Posterior mean and 95% credible intervals for a discrétndevel k = 10

Parameter True Value Posterior Mean 95% Credible Interval

K 0.3 -0.274 (-0.413, -0.131)

K 0.25 0.250 (0.217, 0.283)

K 0.18 0.115 (0.082, 0.148)
Bl 0.1 0.151 (-0.023, 0.332)
BR -0.15 -0.087 (-0.129, -0.046)
AR 0.1 0.038 (-0.008, 0.087)
39 0.5 -0.500 (-0.670, -0.307)
3o 0.3 -0.312 (-0.350, -0.276)
B2 0.01 -0.023 (-0.063, 0.015)
W2 0.01 0.011 (0.006, 0.017)
w2 0.01 0.011 (0.005, 0.022)
02 0.01 0.017 (0.008, 0.033)
brc 0.7 0.734 (0.650, 0.800)
Or 0.5 0.515 (0.450, 0.600)
o 0.5 0.522 (0.450, 0.600)

Table 2.4 Posterior mean and 95% credible intervals for a discrétmdevel k = 20
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Chapter 3

Stochastic Differential Equations
governed by Spatial Brownian Motion

In Chapter 2 we introduced some modelling ideas for spame-tiata using multivariate
stochastic differential equations. The system was driyea imultivariate standard Brown-
ian motion, that can be seen as a vector of independent &ralanian motions. In fact, the
spatial dependence among each stochastic differentiatieqs was induced through the
drift and the diffusion functions, seen as realizationsabéiht spatial Gaussian processes.
These latent surfaces were specified with spatial trendriaiea and random spatial noise,
with an isotropic covariance function. In this chapter wepgwse a modelling alternative
to the models in Chapter 2. A diffusion process is still olssdrwith error at each spatial
location, but spatial dependence is modeled explicithhwiite introduction of a spatial
Brownian motion. It is still possible to have spatially vany coefficients but on the illus-
trative application that we present, we will suppose for@iaity that the coefficients are

constant across space.
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3.1 Stochastic Differential Equations governed by Spatial
Brownian Motion

We start giving a definition of spatial Brownian motion. Itpsssible to define such a
process in continuous space. In that case we would have aitehfidimensional process.
An account of this class of stochastic processes can be fould (1984). In order to
define a stochastic process in continuous space and time @teaneovariance function.
Finding a valid space-time covariance functi@ov(Y (s, t), Y (s',t')) for any arbitrary pair
of points in space and time is generally very difficult for mfe-dimensional SDE’s. There
are results in semi-groups theory that can be used in theofdise spatial OU-process, see
Faris (2001), but in general we are forced to abandon theraomis space hypothesis and
focus instead on a finite number of locations. Under thisragsion the spatial Brownian
motion is just a regular multivariate Brownian motion witltcavariance matrix having a
spatial interpretation. In a general form we will supposa flor a given set of, locations,
we collect as always the process into a vector,}sayn discrete time the increments of the
Brownian motion will be multivariate normals with meérand spatial covariance matrix

RAt where

R = Hy(1) (3.1)

indicates the: x n matrix with entries obtained by evaluating a proper spaiisariance
function, with the set of parameters, at each pair of locations. The sttcliaferential
equations that we cover here are spatially dependent thrthug different specification of

Brownian motion. Following the notation of Section (2.1wlg have:
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Xi=Yi+¢

dY (t,s) = A(Y(t, 5), O(t, ))dt + B(Y (¢, 5), 0(s))dW (¢, 5)

wheree; % N(0,¢2Iy,) for t=1,...,T.

In discrete time our SDE becomes

Xe=Yi+e (3.2)

Vi =Y 1+ A1, 0(t,8)) Ay + B(Yi—1, O(t, 5)) AWy(s) (3.3)

3.1.1 An illustrative Example: the Spatial Ornstein-Uhlerbeck Pro-
cess

As an illustration of the methodology we shall consider aipalar class of multivariate
stochastic processes that have a closed form solution. rircylar, we will focus our
attention on the spatial Ornstein-Uhlenbeck, introduceddifferent context, for modelling
the intensity of a Cox process in Brix and Diggle (2001). FHomgdicity, let us consider
locationss;; € R? defined as a lattice on a rectangular regign with i = 1,..., M
andj = 1,..., N. Hence we can define a spatiotemporal prodégs¢) on K and with

t > 0. It is possible to extend such process on a continuum ofapatdints, see?). We
can represent the spatial OU-process as a reguladr—variate OU-process with a spatial

interpretation of the covariance structure. Hence, weecbkll the observations at tinte
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in a M N dimensional vectol’(¢) that will evolve according to the following stochastic

differential equation:

dY (t) = (a — BY (t))dt + dW (1) (3.4)

wherea is a M N —dimensional vector and is a(M N x M N) positive semidefinite
matrix. We indicate withV (¢) the M/ N— dimensional Brownian motion with covariance
matrix (BR + RBT)dt whereR has entries(s;;, si;/) With p a proper spatial covariance
function, say, for instance? = p,(s, s'; ¢) = o2 exp(—¢||s — s'||) The OU-process is one

of the few SDE which solution is available in closed form. Tisa
t t

Y (t) = exp(—t(B)Y (0) +/ aexp(—7B)dr + exp(—tB)/ exp(—7b)dT (3.5)
0 0

From the solution in (3.5) we can retrieve the transitionsiign

pe(y(t),-) = Nuw(a(t) +b(t)y(t), V(1)) (3.6)

where

a(t) = /Ot exp(—7B)Adr
b(t) = exp(—tB)
V(t) = /Ot exp(—7B)(BR + RB") exp(—7BT)dr
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Since the spatiotemporal covariance function of the inemsis stationary, the condi-

tional covariance matrix (of the transition process) siifigs to

V(t) = R — exp(—7B)Rexp(—7B")

In case of stationarity, the OU-process is the spatial ajueoof the stationary one-
dimensional AR(1) in continuous time. The unconditionataxtance function for the ob-

servations/ (s, t) is:

cov(Y(s,t),Y (s, 1)) = 0% exp(=B|t — ') exp(—9||s — 5'||) (3.7)

As argued in Brix and Diggle (2001) the process has a sepaariance function
if and only if the matrixB is diagonal. So, ifB = I for any positive real numbe? the

transition density of the process simplifies to:

a(t) = p(1 — exp(—1p))
b(t) = exp(—tB3)1

V(t) = (1 — exp(—26t))(BR + RBY)

Using this simplified specification we show how we can apprate the likelihood
using the data augmentation procedure. In Figure 3.1 weama somparison between the
likelihood of the "true" process and the likelihood obtalrt®y adding points in between
each pair of observations. A similar example was proposéBIlgrian et al., 2001) for the

unidimensional Orstein-Uhlenbeck process.
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Figure 3.1 Likelihood comparison for the OU-process using differenels of augmenta-
tion.

3.2 An application of Spatial Brownian motion to the Lo-
gistic SDE

We show now a data analysis example using the spatial lo@&E formulation that we
adopted in Chapter 2. However, in this case we will assuntdllbgarameters are not spa-
tially varying and the only spatial variability source isntained in the Brownian motion.
We are still in the case of a discretized space, and we suphastee observe with error

and at equidistant points in time a logistic equation at éacation.
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X(t,s) =Y (t,s)+e(t)

Y(t,s) = —KRY(t—1,8)(1+ Y(t—1,8)At — KoY (t — 1,s)(1+ Y (t — 1, 5))AW (2, 5)
(3.8)

wheree(t) ~ N(0,?) is an iid observational error and

AW, ~ N (0, Hy(4?, ¢, v) At)

For instance, we can assume t&t+)?, ¢, v) is built from a Matérn covariance func-

tion.

C(lls = 8'll:¥*, ¢,v) = ¥ exp(ol]s — &[])" k., (¢]]s — s'|)

The parameters of the model gre?, 2, ¢, v, 0, K, R). In order to estimate these pa-
rameters we will use the model augmentation procedure itbescin Chapter 2. Suppose
that N is the number of locations, T is the number of time powmhen the observations are

collected, and” the set of latent variables introduced between each(pail’;_1).

a7



T-1
p(Y,@\X)oc H f(Xi]Y;, ©) [ f(Yi1]Yi, ©)

i€{0,k,...,T}

7(0)

o | I NG e | ] FVialYi K R 0,07, 6,v)
| i€{0:k,.... T} =0

x m(K)m(R)m(o)m () m(¢)m(v)m(1)7) (3.9)

We proceed with a simulation study to show how different Iged data augmentation
can affect the parameters estimates in this model. We aansté x 6 lattice, for a total of
36 locations. For each location we sample from a simulatedirmeous process a total of
60 points and we add to each a normally i.i.d. observatiomat.eln Figure 3.2 we depict
the observation collected at 8 random locations, togetftdrtive continuous time process.

We assign independent Gaussian priors with meamd variances for log(K), R,
andlog(o). The priors for(+?,1?) are Inverse-Gammgs, 2), and discrete with values in
[0.5,0.9] for ¢. We suppose that the parametes fixed and equal t8/2. The estimation
procedure is implemented with a Gibbs sampling algorithne Mh the model for three
different levels of data augmentation, imputihg= (2, 5, 10) latent variables in between
each painY;_1,Y;). The parameters and the latent variables are sampled usneptidi-
tional innovation scheme described in Section 2.2.2. WeharGibbs sampler for 100,000
iterations after 50,000 burn-in discarded samples. In@&aBl1-3.3 we report the posterior
mean estimates, the "true" value of the parameters an@ifiecredible intervals. The

accuracy of the prediction increases with the level of dagn@entation.
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Figure 3.2 Continuous time process (line) and observations (doi®)different locations.

3.3 Discussion

The inclusion of mechanistic components described thrauglsDE in spatial statistics
is relatively recent. The main motivation is to provide mbdetputs that can be directly

interpreted by scientists in the form of parameter estisiat@hysical models. Many of the
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Parameter True Value Posterior Mean 95% Credible Interval

K 4.0 3.356 (2.875, 3.894)
R 0.15 0.110 (0.072, 0.143)
o 0.5 0.585 (0.411, 0.621)
02 0.001 0.0012 (0.001, 0.004)
2 0.2 0.189 (0.061, 0.234)
& 0.5 0.433 (0.350, 0.650)

Table 3.1 Posterior mean and 95% credible intervals for a discrétndevel k = 2

Parameter True Value Posterior Mean 95% Credible Interval

K 4.0 3.798 (2.901, 4.044)
R 0.15 0.133 (0.095, 0.158)
o 0.5 0.542 (0.467,0.591)
2 0.001 0.0011 (0.001, 0.003)
2 0.2 0.227 (0.163, 0.286)
¢ 0.5 0.440 (0.350, 0.650)

Table 3.2 Posterior mean and 95% credible intervals for a discretimdevelk = 5

Parameter True Value Posterior Mean 95% Credible Interval

K 4.0 4.182 (3.348, 4.305)
R 0.15 0.141 (0.107, 0.179)
o 0.5 0.494 (0.440, 0.536)
b2 0.001 0.0009 (0.0007, 0.0023)
> 0.2 0.208 (0.162, 0.263)
¢ 0.5 0.440 (0.350, 0.650)

Table 3.3 Posterior mean and 95% credible intervals for a discrétndevel k = 10

datasets that can be fitted using spatial SDES, can be fitieg other methodologies that
in some cases can be more easily implemented. However, tdmprietability component
is often missing in alternative approaches. |If the difféi@nequation specification for

the process model has a strong support, we value fitting thdemgsing it rather than
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alternative specifications. If so, then the estimation efghrameters is of crucial interest
and the improved accuracy enabled through our augmeniaiproach becomes valuable.
In other words, discretization bias can be very large anelpt basic discretization method
can produce very misleading results. In Chapters 2 and 3 weesth a class of models
based on logistic equations, and discussed how the connime models can be fitted

with increasing accuracy using hierarchical models and dagmentation.

3.4 Directions for future research: extensions to stochas-
tic partial differential equations

Another challenge for the Bayesian estimation of stochalfierential equations is the ex-
tension to multiparameter processes. All the equationgeatdd in this thesis are indexed
by a scalat, that is generally interpreted as time. Whieis a2-dimensional vector, given

a partial ordering or??. we have a stochastic differential equation on the plane:

dY (s,t) = A(s,t,Y)dm(s,t) + B(s,t,Y)dW (s,t) (3.10)

wherelW (s, t), (s,t) € D = [0, 00 x [0, 0o] is the so called Brownian (or Wiener-Yeh)

sheet, a real valued, mean zero continuous Gaussian pwitbsvariance
E(W (s, t)W(s',t')) = min(s, s') x min(¢,t)

andm(s, t) is the Lebesgue measure 6h The Brownian sheet can be defined also for
dimensions larger than 2 and it has the Brownian motion agtacpkar case. Conditions
for the existence of a solution (given a boundary conditian) given in (Yeh, 1985) and

(Nualart and Yeh, 1989). The estimation of the moments isrde=d in (Reid, 1983). The
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financial literature has covered some cases when the uimtg®DE depends on fractional

Brownian, e.g. (Santa-Clara et al., 2001).

3.4.1 A basic example

One of the simplest examples of SDE on the plane is the Omktkienbeck sheet, see

(Arato et al., 2001). We define the OU-sheet as the followingess in integral form:

Y (s,t) = e P <Y(0,0)+ /0 s /0 t eau+5”dW(u,v)>

with initial conditionsY (s,0) = Y (0,t) = Y(0,0) = 0 It can be characterized as a

Gaussian process with covariance

2
1y — 9 —als—s/|-Blt—t/|
E(Y (s, t)Y(s',t)) —4@66

The Markovian property on the plane is slightly more comgaied. The transition den-

sity for the OU-sheet assumes the following form, for a fixeid gf points in k2.
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(L DY (0,0),6) = 6 (Y1, 1)]0, 42—6)

daf3

2

Y0, - )

FYQt+ 1Y (1,1),0) =0 (Y(1,t+1) 1073

(
PG+ LDV 0,0) = 0 (Vs + LDV (51), o1 - %))
(

FO (s + 1t + DY (s,),0) = 6 (Y(s+ 1,6+ 1)‘6_°‘As_ﬁAtY(s,t),

G (1—e%)(1 - e—mt)) (3.11)

4af3
This is one of the few processes that admits a closed fornignlun order to approx-
imate this type of process we can discretize and use once #gaimodel augmentation
technique. In this case augmentation must be implemented)dloth the components
(s,t). As illustration we can compare the likelihood function stincted from the transi-
tion density in (4.19) using the Markov property and compaxeits discretized version,
with different levels of augmentation. We denote withthe number of latent variables
added in the direction of and withk, the number of latent variables added in the direction
of ¢, for each pair of consecutive observations. The transitiensity of the discretized

process and with data augmentation is available in closea: fo

k141, ka+1
/’Ll /’LZ }/"37t7

o2 AsAL(1 — ) (1 — ui’””))

Y, Y, 0) = ¢ Y
fVo101|Yer, 0) ‘b( L+l (kv + 1) (ko + 1) 313

(3.12)

wherep, = (1 - ,iﬁs'l), o = ( — ki—fl) for different values fork; andk,. The
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comparison is depicted in Figure 3.3.
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Chapter 4

Further Developments in SDE

Estimation and Directions for future
research

This chapter contains some ideas that are preliminary lmrmi®ing and can motivate fur-
ther research in SDE estimation, not necessarily limitesptiotemporal modelling. The
earlier model augmentation techniques are based on the &pgpeoximation which, al-
though simple and computationally convenient because eitirmality of the approx-
imated density, requires often a high level of augmentaitioarder to give satisfactory
results. When we deal with nonlinearities it seems convdri@try to exploit the struc-
ture of the equation by using higher levels of approximatiorhese schemes are retrieved
by the stochastic Taylor formula, and are very well knownhia titerature of dynamical
systems and numerical SDE’s. We discuss approximationadstbf the second order and
how these methods can be incorporated into the Bayesianlraogmentation procedure.
The methodology is still at a preliminary level, given théfidulty in deriving closed form

for the densities involving quadratic forms.
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4.1 Higher Order Approximation for SDEs

The data augmentation methods that we covered in Chaptdy ®methe first order ap-
proximation of the stochastic Taylor formula. This scherkeown as Euler-Maruyama

discretization method approximates the one-step aheasitien density of a given SDE.

4.1.1 The stochastic Taylor formula

The most common discretization schemes for stochastierdiftial equations are derived
from the stochastic Taylor formula, which was derived in Waigand Platen (1978). It can
be seen both as a generalization of the Itd6 formula with tbrigion of terms higher than
one and of the deterministic Taylor formula. Consider a fiomcof a one-dimensional Itd
processf (Y;). By analogy with the deterministic case we expdiid;) aroundf (Y, ) (see,
for instance Kloeden and Platen (1989)). For illustrati@stop at the terms of the second

order and we indicate the remaining higher order terms With

FO00) = 103+ a0 £ )+ 3 BOG) 0 | [ s

B [ v

to

1 B(Ya) [B(Ya) f"(Ya) + B(Yi) f'(¥io)] / t / CaWLdWa R (A1)

Suppose the stochastic process is observed at discretgptimes 7;, equally spaced
with A, = 7., — o fort = 1,...,T. In the general multidimensional case we indicate

with A = (ay, ..., a,)" then—dimensional drift vectorB = {b;;} withi = 1,...,n and

57



j=1,...,pthe diffusion matrix.

The increments of the Wiener proces§V, = (W}, — Wi, ..., Wl — W)™ will be
a vector ofp independentV (0, A,) random variables. When we stop the stochastic Taylor
formula at the first order and we discretize time we obtainEoéer-Maruyama scheme,
at the second order the Milstein scheme (see Milstein (19Vid¥tein (1978), Milstein
(1986)).

In order to measure and compare the performance of diffeqgmtoximation methods
we need a definition for the order of convergence. In appboatthat involve estimating
continuous time processes as the ones we discussed, itiiahdeghat the approximated
trajectoriesY; on [0, n] are reasonably close to those of the "true" procésdefined in
an interval[0, 7. Thus, in this case we need a strong convergence criteri@cordling
to Kloden and Platen (1992), such a criterion should be basetthe expected absolute
error at time7’ = n. That is, an approximating proce¥sconverges strongly with order

v € (0, 00]) if there exists a constanit € R* such that

E|Y, — Y| < K& (4.2)

for any discretization scheme that heas the maximum time increment. In other instances
we might not be interested on the path behavior and requireapproximation to work
well when comparing the expected values of the process atfinmstead. Then, a weak
convergence criterion is necessary. An approximatiprtonverges weakly with order

g € (0, 00]) if, for a polynomial functiory, there exists a consta@t € R* such that

|Eg(Y,) — Eg(Yr)| < K6° (4.3)
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4.1.2 First Order Approximations

The simplest approximation form is the Euler-Maruyama sobéhat for the,—dimensional

equationin (1)

Yo = Y; + AAt + BAW, (4.4)

Under the Lipschitz and linearity conditions fdrand B (see Gikhmann and Skorokhod
(1972)), the Euler-Maruyama scheme has a strong order eecgence of).5. Given that
the increments of the standard Brownian motion are nornuadigributed with meai and
varianceAt we have that that;,,|Y; ~ N(Y; + AAt, AtBB’). The Euler scheme has a

weak convergence order dfand a strong convergence order0as.

4.1.3 Second Order Approximations

Stopping the stochastic Taylor expansion at the second ardecan define the Milstein

scheme. In the univariate case= p = 1 we can directly compute the double integral in ()

Tt+1 52 1
/ /d%ﬂ%z?&ﬁ—&)

Plugging in we obtain the Milstein scheme

1
Yii1 =Y, + ald, + AW, + ibb/<AWt2 — At) (4.5)

wheret = 0b(Y;,0)/0y
The multi-dimensional scheme is more complicated and feriith component, for
1=0,...,nwe have:
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p
Vi =Y/ +a' A+ b AW/

i=1

- zp: zp: zn:bl Py /+ / AW dW?? (4.6)
2 Jj1=1j2=1 I=1 7 8Y;l Tt Tt " "

The double integrals in (4.6) cannot be expressed in clas®d &s combinations of the
Brownian motion increment&AW/', AW/?). Generally such integrals are evaluated with
simulation methods. However if some conditions are satifiethe entries of the diffusion
matrix, we can calculate explicitly the double integral.isTet of conditions, produce the

so-called commutative noise.

n ) Qb2 n ] Qb
17 1 . l, 2
DU () () = 30 (Y) Gpr () (4.7)

In this case, the double integral in (4.6) reduces to

Tt41 S ‘ ‘ AWJ 2 _ A |f S
/ / AT AW — ( ¢ ) 't h=7J2=) (4.8)
Tt Tt AW AW if 41 # Ja

Hence the Milstein scheme for theth component can be expressed as
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p
Vi =Y/ +a' A+ b AW/

j=1
_'_lzp:zp:zn:b ‘ 8bi,j2AWj1AWj2 _ lzp:zn:b %A
5 151 837 ¢ t 9 l,j aY%l t

J1=1j2=1 I=1 j=1 I=1

=Y/ +a'At + B'AW, + %AWt’(ViB)BAWt — %veo(viB)’veo(B/)At (4.9)

where withB? we indicate the —th row of the diffusion matrix3 and with

86@1 L 8bi,1
ay'tl ay'tn
(ViBy=1| = . (4.10)
Ob;., Ab;.
wE o

A much simpler case is when = p, each component of the processdepends only
on the respective componéht’ of the multidimensional Wiener process, and the diagonal

elements of the diffusion matrik ; depend only orY}. Thatis,

3()@-7@-
oYy

b;; =0 and =0, (4.11)
in this case we have the so called "diagonal noise". DefiRing) as then x n diagonal
matrix with elementsaa% and AW, the n—dimensional vector with elementa\17;)? for

1 =1,...,n we can write the Milstein scheme in matrix form as
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Yo =Y, + AAt + BAW, + %BV(B)(AWE — At) (4.12)

The Milstein scheme has a order of convergence in the strengesofl.0. We note
that higher order approximations are possible, but verymer especially in the mul-
tivariate case, and likely computationally infeasibleddred, these schemes involve high
dimensional stochastic integrals that contain importaftrimation about the paths of the
process but their direct evaluation is often impossiblan8&examples are given in Kloden
and Platen (1992). Utilizing higher order schemes dirdstbften complicated because the
derivatives for both the drift and diffusion must be calt¢athat every step together with the
SDE coefficients themselves. In some cases the derivateesther not available in closed
form or very difficult to compute. A possible solution is theeuof a further discretization
for the derivatives. These methods were first created fanarg differential equations and
are known as Runge-Kutta methods. For instance, the onerdional Milstein scheme

with the Runge-Kutta approximation becomes:

1 ~
Vg = Yo al+ bAW: + S A (b(V0) = b(¥) ) (AWE - &) (4.13)

whereY, = Y; + by/A,. This approximation has still an order of convergence in the

strong sense af.0. More details can be found in Kloeden and Platen (1989).

4.1.4 Closed Form of the transition density under the Milsten scheme

Stochastic differential equations with a diagonal diftusimatrix are a very special case

of SDE. We will see that for this class it is possible to detive density for the Millstein
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scheme in closed form in the-dimensional case. In order to do this we will use a result
derived by Elerian (1998) for the univariate case. Underabsumption thak(Y,)* = 0,
a andb twice continuously differentiable, o', b, &’ andb” uniformly Lipschitz, the density

for the Milstein scheme is

F(Yi|V)) = %Z:f exp (— Z;“) cosh(y/Az41) (4.14)

where

Y1 =7
Zt+1: tHA
1
)\ At(b/)Q
r— b’ A,
2
T v tan—A
o t T Al

Under analogous regularities conditions, the transitiensity for the Milstein scheme
for an— dimensional SDE with a diagonal noise can be computed easithg the factor-

ization properties of the joint density.
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FVialYs) = [ rvialvy)

i+1

exp(—A\; /2 i \—1/2 < Zti+1) / ;
= | | (Z e —— ] cosh(4/ \; Z?
A, ‘\/— t+1) Xp 9 ( t+1)

i+1

n

=1

where

_ biblA,
2

T, =— +YZ+aZAt A,

2b’

The case described above is very restrictive. In fact, thgahal noise does not allow
the Brownian motions to be correlated. In some cases, astbiffuequation with non di-
agonal noise, can be transformed into a diffusioft) with diffusion matrix equal to the
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unit matrix. According to the definition given in Ait-Sahal{2008) a diffusionY’(¢) is

reducible if and only if there exists a one to one transforameg, so thatX; = ¢(Y;) and
Xt - A(Xt)dt + th

All the univariate SDE’s are reducible, through the follogisimple transformation:

Y:
Xe=g0) = [ ) (4.16)

In the multivariate case, not all SDE’s are reducible. Adi8lia (2008) provides a nec-
essary and sufficient condition for reducibility. It happdhat this is the commutativity
condition expressed in (4.7). Under the commutativity ¢oons the paper reports two
different ways to construct an explicit expansion for thg-lixelihood function: the first is
based on the Hermite coefficients for the density of the foanged process;, the second
involves the use of Kolmogorov equations to determine thentite coefficients. The Mil-
stein scheme is difficult to evaluate directly, even in theecaf commutative noise. One
way is to use the reducibility property and work on the transfed process using (4.14).

Another way is rewriting4.9) as:

Vi =@ + (AW, + A) [(V'B)B] (AW, + A,) (4.17)

where, if we assumgV:B) B to be invertible,
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1

P =Y, +a'At — %vec(viB)’vec(B’)At — %Bi [(V'B)B] ™ B”

A= [(VIB)B]"' B

Since AW, is normally distributed, the expression(#.17) presents a quadratic form.
From statistical theory (see for instance Kotz et al, 2008 kwow that the quadratic form
has a non-central Chi-squared distribution if and only¥%’ B) B] is idempotent. Calculat-
ing the distribution of more general forms is not immediate aften we have to resort to
expansion methods. Jensen and Solomon (1994), for instarogeose a method that relies

on approximations to find the joint density of several quadfarms.

4.1.5 Inference on the parameters using the Milstein scheme

The approximations that we discussed in Section 4.1.4 camcoeporated into the model
augmentation procedure that we described in Chpater 2. cinwfa expect that, in those
cases when the multivariate SDE is highly nonlinear, it isgdole to improve on the Euler
approximation, because of the higher order of convergehiis.can reduce the discretiza-
tion bias without relying on very high levels of data augnagioin. For instance, let us
consider the spatial logistic SDE in (2.19). Détbe the vector collecting the variable of
interest at each location at timeWe are in the diagonal case as in (4.12) and the Milstein

scheme is
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1
Y1 =Y, + A(K,R,Y,)At + B(K,0,Y,) AW, + 5B(K, 0,Y,)(VB)(AW? — At)
A() = —KRY;1(1 + Y1)

B() = —KaY, 1(1+ Y, 1) (4.18)

where K ,R are diagonal matrices an@ B) is the diagonal matrix with entrie&: —
t

—K'o'(1 + 2Y}"). The transition density is easily computable from (4.15).
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Chapter 5

An application to wireless sensor data

5.1 Introduction

The contribution of this chapter is to elaborate the issmedaveloping a fully model-

based analysis of the effects of suppression and failuraia ttansmission with sensor
networks. We also offer two illustrative examples,one reae simulated. Sensor net-
works are becoming an increasingly common data collectienlranism across a variety
of fields. Indeed the Association for Computing Machine (AChAs published a quar-
terly journal, Transactions on Sensor Networks since Aug085. Selected applications
include tracking (Juang et al. 2002), monitoring volcanf&®srner-Allen et al. 2006),

and forest dynamics (Szewczyk et al. 2004). Such netwokksleveloped to infer about
a process over a region which the sensors span. Howevernibeg beyond “data log-

gers”,where data is collected locally and retrieved localh a network, the sensors can
communicate with each other as well as with a “gateway” oelstation. In some fash-
ion, the sensors transmit data to the gateway which servasegsository for the data. For
us, the primary goal for the data collection is a synthesiesscnodes and time to build a

space-time process model for the the region.
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The setting that motivates us is one where a sensor netwddpisyed to collect data at
high temporal resolution for a process that generally exhdhange at a much coarser tem-
poral scale. An illustrative example that we explore heriésmodelling of soil moisture
dynamics over time. Soil moisture is a crucial variable iderstanding the interaction
between soil, climate and vegetation, in understandingnatal conductance and carbon
assimilation. There is a substantial literature on ecorbipgdical models based on stochas-
tic differential equations. (See, e.g., Rodriguez-ltuebeal. 2001). These models seek
to describe the evolution of soil moisture. Such processegeanerally considered to be
stable/predictable in the absence of a precipitation ev&grisors can be created to collect
data at very high temporal resolution. However, during qeésiwhen the process is fol-
lowing a stable path, transmission of such high resolutea évould carry little additional
information with regard to the process model, i.e., all & ttata that is collected need not
be transmitted to the gateway.

We are concerned with this particularly in the context ofeh@ss sensors where battery
life is an issue and transmission consumes battery lifefalsan data collection does. The
most recent advances in wireless sensor technology haenégd the possibilities of en-
vironmental modeling. In particular, continuous collectiof data has become feasible at
temporal and spatial scales that were unattainable in tbte parthermore, wireless sensors
can be placed in locations where measurement would be ageemsry costly (requiring
specialized technicians), or cumbersome (because ofdapdsand climatic limitations).
Examples of data that are suited to collection with a wirekssnsor network include soil
moisture, light, temperature, and atmosphéri@,. Hence, when there is a cost to trans-
mit, we find ourselves moving to consideration of suppresgidransmission. Intuitively,
if an observation has not changed much from, say the mosmhtigdeansmitted observa-
tion, then, perhaps, we need not transmit it. So, suppnesstooduces missingness that
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is a generalization of more familiar censoring (see, e.g1, 2006 and further references
therein). With censoring an observation is restricted tpec#ied (possibly random) set.
With suppression, an observation is restricted to a setm@ted by the previous observa-
tions. In other words, suppression is "informed" missirggmdt is not sampling at coarser
temporal resolution. We note that data suppression is alwegd term in the literature,

applied to contexts such as filtering, cleansing, acquaisjtconfidentiality,and misrepre-
sentation. In the setting of sensor networks we note thentewerk of Chu, et al. (2006),

Silberstein, et al. (2006) and Silberstein, et al. (2007).

Additionally, for many sensor networks, in practice, welwkperience failures in trans-
mission - messages sent by a sensor but not received at theayabr messages sent but
arriving corrupted. Evidently, both suppression and fa&liead to information loss which
will be reflected in inference associated with our procesdehdur effort here is to assess
the impact of such information loss under varying extentsugfpression and varying inci-
dence of failure. Particularly, with wireless sensors, weigion high levels of suppression
- potentially 80 % or more of the time. Such levels of missieggmare much higher than we
see in customary statistical inference settings but, witlegsses that are quite stable, such
suppression need not cost much in terms of inference pedioceregarding the process.
We note that our goal here is not network design or commuioicatVe are not seeking
optimal placement of sensors, optimal specification ofsen®ptimal collection rates, op-
timal communication between sensors, etc. Rather, undeea getwork, we are focused
on the impact of suppression schemes and failure incidencaip ability to learn about

the regional process.

Hence, illustratively, we employ simple, so-called singtg transmission with simple

suppression schemes and simple failure models (deferromg whallenging applications
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to future work). We are still able to glean considerableghsivith regard to computational

issues and inferential performance.

When analyzing sensor data, different researchers migletdiferent goals. Typically,
parameter estimation, e.g., estimation of rates and wuaio&gs associated with the process,
is of interest to biologist and ecologists. Computer se&sbften are more concerned with
reconstructing the sequence of missing data, less inéete@sthe process specification. The
fully specified hierarchical modeling approach that we esyiffor the analysis of suppres-
sion and failure is able to address both of these problemsmfkement our model fitting
within a Bayesian framework. We assume that failure rateeatalominate suppression.
It would be difficult to consider high levels of suppressiarsuch cases. Information loss
is considered in a simple way, i.e., in terms of comparisonr@fertainty or with regard to
distance between distributions. A more careful examimatrould require the specification
of a utility or loss function which balances the cost of tramssion against the loss of in-
formation. As a result, comparison regarding the effectdifdérent suppression schemes
comes down to posterior comparison.

We present two illustrative examples. The first employs seaisor data gathered in
conjunction with a research project being conducted in Deg&eest (Clark, 2008) and
illustrates the use of suppression for a single node in estng a stochastic differential
equation for soil moisture. Our second example introducsgadial network and studies
the effect of suppression employed at each node in termderfiimg about a space time
process model driving the data.

The chapter is organized in the following way. In Section 2 faemalize our sup-
pression, failure and information loss ideas. In Sectione3dstail the single node case

with data suppression and failure, illustrating with twoaebng scenarios and one anal-
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ysis of real data. Section 4 is devoted to the multiple nodingewith illustration using
spatio-temporal modeling scenarios and analysis with alsited dataset. We also clarify
how dynamic models can expedite computation. Finally, weckale with discussion and

extensions in Section 5.

5.2 Suppression, failure, and information loss

In principle, the process we monitor is conceptually readiat arbitrary locations with in
the study region and at arbitrary times during the periodlafesvation. In practice, it is
observed at a finite set of nodes (locations) at a given teahpesolution, e.g., 30 minute
or two-hour intervals in our soil moisture example. We inraginterpolation in space but
not to a finer time scale than we observe. Moreover, failutesuppression can only occur
at these discrete times. We index the sensor locations,by= 1,2, ...,n. With regard
to information loss, we consider a window of observatibn; 1,2, ..., T after which we
will fit the process model using whatever data has been redeaitthe gateway up to that
time. We denote a collected observation at locati@t timet by Y;(s;). Below, we clarify
what we mean by failure, suppression, and information lasthé context of such data

collection.

Again, we anticipate high levels of suppression which, glaith transmission failure,
implies long strings or blocks of time when no data will begwed by the gateway from a

node. Evidently, these strings need not be coincident acrodes.
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5.2.1 Failure

A serious problem in sensor networks is message transmigailure. In other words,
a transmitted signal from the node does not reach the basenstatact. Experimental
studies (Hull et al. 2004) show that the rate of message lmsse as high as 50%. The
most common reason is identified as congestion that occues wiultiple messages are
sent simultaneously in the same air space. This cause$eiaiece and corruption of the
messages. Such issues are particularly relevant in hagfietnetworks with sensors trans-
mitting continuously. Other factors that induce messagertaare bad functioning of the
network and climatic or environmental interferences. Fwtance, during the summer,
typically connectivity deteriorates because the treeshaore foliage. Other sources of
failure may occur at the message level, where even one derdugit might cause the mes-
sage to be lost.

In the presence of failure, the sequence of transmittedegdly; } is not completely
observed. In fact, we use the “tilde” notation, eXj.(s) to denote a missing reading at
location s at timet. In particular, we call a sequence of consecutive missirigega
cluster.

Hence, if we use MCMC to fit the model, in the presence of faguve obtain a Gibbs
sampler (see Alber and Chib 2001, Carter and Kohn 1994, Gaareand Lopes 2006)
which updates parameters given observed and missing dea,updates missing data
given observed data and parameters.

In particular, suppose a cluster btonsecutive failures occurring after the observation

at timet is correctly received, i.e., we have

K?Y/;H-l?ﬁ-i-Q?' .. 75};-‘1-]67}/;4-]64-1' (51)
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Then, in the case of a multivariate Gaussian distributiotfieY's

P(Y(er1):e48) | Y2, Yigrs1, par anet ers) (5.2)

is normally distributed with mean and covariance matrix tra easily computed using the
well known forms for conditional multivariate normal digtutions. So, failure becomes a

standard missing data problem.

5.2.2 Suppression

As noted in the Introduction, informally, suppression isd&@ on the idea that, if an obser-
vation has not changed much from previous values, there ierd to transmit it. That is,
we instruct the node to transmit only when some predeteminboadition, based upon the
data up to that time, is satisfied. For instance, fixing a tiokek: we decide to transmit the

valueY; only when the following condition is satisfied:

Yi(s) —g(Dia(s))l <€, €>0. (5.3)

Here,D, (s) denotes the data collected at nodep to timet — 1.

This scheme is particularly sensible at high temporal gsmis where data are ex-
pected to change little from time point to time point. All dfet values that do not satisfy
the condition above are transmitted.D, _;(s)) denotes a predictor for the value at location
s at timet. Its specification could be very simple, e.g., comparisa wWie most recently
transmitted value or it could be more complicated, e.g., dehbased predictor motivated
in some fashion, by the process model specification. Thenpiatéssues here include how

much of the available data up to time- 1 do we want to use, how much local compu-
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tation do we want to do at the node, and how much feedback Yif faom the gateway
will we need to do it. Possible choices for local modeling bana regression model, an
autoregressive model, or perhaps a Kalman filter. Noted¢h@t (s)) = Y;_1(s) would
be undesirable because a sequence of slowly drifting oasens would be entirely sup-

pressed. Here, we consider only the simple form

9(Di-1(5)) = Y trans(s)

where withY; ;....s(s) we indicate the last transmitted value at locatipprior to timet.

In the case of suppression the distribution

P(Y(er1):e4k) | Y2, Yigrs1, par anet ers)

changes from that in (5.2). For every cluster of suppressdaeg we have to consider
the additional information coming from the suppressiorern the form of a system of
constraints. For the clusterin (5.1), if &livalues are suppressed rather than missing due to
failure, we see that the conditional distribution of the simg values must be constrained
to the region

A= {Tis(s) : Virs(s) = Yils)| < e = 1. k). (5.4)

It it is clear that the constraints in (5.4) can be writtenhe form BY < b. Hence,
in implementing a Gibbs sampler we will find ourselves uptiasay a multivariate nor-
mal random variable over a set of linear restrictions. 8gats for such sampling include
(Geweke 1991) and the recent work of Rodriguez-Yam et al. 4200/e use the latter
approach here, providing details in the Appendix.

In fact, in the general case wheyreD;_,(s)) is linear in the historical data, a constraint
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of the form BY < b will still result. Hence, exact computation will still bedsible if we
work with a short history at each location. Nonlinear cheifer ¢(D;_1(s)) are possible
but, in that case the implementation will be much more cooapid. We would propose

some sort of linearization, providing only approximateulesbut facilitating computation.

Finally, we have confined ourselves solely to temporal seggion. Spatial suppression
schemes are much more diverse and complicated and reqeiegplicit nature of available
node to node communication. For instance, we might not tnénat nodes at timet
according whether a near neighbor node does or vice versamigation of space-time

suppression protocols is a topic of current research.

5.2.3 Suppression and Failure

In a network model with suppression and failure consideogttly, the reason for absence
of an observation from locationat timet at the base station is unidentified. This fact has
modeling implications with regard to providing the likedibd. In this regard different types
of redundancy schemes have been proposed in the compuwecsditerature (see e.g., Sil-
berstein et al. (2007b) and Silberstein et al. (2007a)) depto improve the reconstruction
of the missing values. For instance, a first such scheme imthgsion in every message
of a string that reports the historical sequence of supfessnd, hence, attempted trans-
missions. In fact, if the base station can acknowledge pecéia transmission, then the
redundancy need only include the sequence up to the mosttieeeknowledged trans-
mission. In this spirit, a simpler, less expensive reducgatheme would include with
every message transmitted to the base station a countentineases every time a trans-
mission is attempted. Then, for a given cluster, the bag@mstaould know exactly how

many suppressions there were and how many failures thee wer

76



Still, the base station would not know the sequence of siggpyaes and failures asso-
ciated with the cluster. We might try imputation of a seque(mossibly multiple impu-
tations) to produce a likelihood. In any event, given theusege, suppose we introduce
the vector whose entries arés and—1's reflecting the sequence of suppressions (1) and
failures (-1). Then, returning to (1), the conditional distition of the missing values in the

cluster is now constrained to the region

A = {Yij(s) : 0|YVis(s) = Ya(s)| < ¥ye,j =1,... k} (5.5)

where againy; = 1 if the j — th value of the cluster is a suppression afd= —1. The
resulting conditional distribution is more difficult to sale since, unfortunately, for any
failure, we now sacrifice the linearity of the constraints. drder to preserve the conve-
nient constraint structurBY < b and use the algorithm described in Appendix 1 we need
additional information regarding the direction (increaselecrease) of the transmitted val-
ues, compared to the last transmitted values. If not, we avbale to fall back on a more

computationally inefficient rejection sampling schemetfar missingy’’s.

5.2.4 Information Loss

Evidently, in introducing suppression, a key concern iinfation loss. What price do
we pay in terms of inference with a particular suppressidreste? Since we work within
the Bayesian framework, in its simplest form such assessmaud need to make a com-
parison between the posterior given that all data is trattethiand the posterior given
that some data is suppressed. In the sequel, we confine sogtadeon to suppression
schemes, ignoring failure. Apart from an empirical intéraghe effects of different levels

of suppression, our argument for this is merely that we agggasition to control the extent
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of suppression while incidence of failure is presumed toéyohd our control.

A second point is that we take a practical view of such congpari For a vector of
unknown model parameters, say we will compare, e.9.p(a|Y i) With p(a|Yirans),
that is, an empirical comparison for a given data realizatia particular, for the real data
example in Section 3.2, we kno¥ ;. For the simulated data example in Section 4.2, we
have a generate¥ ;,;;. More formal comparison would considexpectednformation loss
by integrating any comparison ov¥ty,,;, i.€., by averaging over data realizations under the
model. Computing such expectations could only be done girddionte Carlo integration
and, under the suppression schemes, will be very compaogdlyointensive. In fact, in
practice, we can not even obtain the empirical comparisnoesthe gateway will only
receive whatever data stream arises from an adopted sgppmresheme. However, in our
stylized examples below, we can take advantage of knowmfulhdata stream, imposing
whatever suppression scheme we want on it and then, afiegfitie given model with

both datasets, make the proposed posterior comparison.

Simple visual comparison between univariate distribugioan be presented with over-
lays. A customary way of reducing distributional compani$o a single number is through

Kullback-Leibler (K-L) distance. In the present case, thesomes

KL(p(a|Y pun); p(|Yirans))

p(a|Y fun)
= Y )l 0g—————~da. 5.6
| rei¥san og it e 56

These distances are computed using Monte Carlo integralibay can be computed for
marginal or joint distributions; they can be computed asdiffering suppression schemes.

They also can be computed to compare different extents gfrsgpion rather than solely
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against the full dataset.

Lastly, another measure we examine is the length of fixedrageeinterval estimates.
In particular for any scalar parameter, we can obtain thie @it the length of the equal
tail interval estimate under suppression to the length undesuppression. Such relative

lengths may be easier to calibrate than the magnitudes oflictances.

5.3 The single node case

We first consider suppression in the single node case, emglogal data, suppressing
s. While evidently a special case of the multiple node seftimg think it is sufficiently

illuminating to warrant illustrating it separately.

5.3.1 Modeling examples

In the context of sensor networks for monitoring ecologpraicesses, often such processes
are characterized through differential equations (see&iance the book by Kot 2001). In
particular, with regard to soil moisture, there is a subS#hhiterature (see for instance the
work of Rodriguez-lturbe et al. 2001 and references thémshich employs precipitation
models for what comes in and drainage and transpiration fadde what goes out. In
the absence of a precipitation event, soil moisture is kntiwexhibit a very stable, very
predictable decay process - a process ideally suited fointh@duction of suppression in
transmission. Motivated by such a setting, we consider glesinode collecting data with

error from the following stochastic differential equatjon
dY, =[(1 - )Y, + p] dt + odB, (5.7)
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where,|a| < 1 is a constant coefficient3, is Brownian Motion with variancé andp; is a
time-dependent sequence of known constants, free af kieVe apply a first order Euler

discretization by settingt ~ A, = 1 and obtain

Y, = oY1 + Bp + 14 (5.8)

@ (b)
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Figure 5.1 Soil moisture data (a) every two hours and associatedathufdita (b)

Here,p, denotes the precipitation at timevith (3 reflecting the percentage of precipita-
tion that reaches the soil. We note that precipitation isloam andp; is typically modeled
with a marked Poisson process for occurrence and a Gammiudigtn for the amount
of rain. However, here we are not modelipg we view the model in (5.8) as conditional
on precipitation, conditional on the sequenceofWere we interested in forecasting soil
moisture, we would need to introduce a model for preciptati Thew; are pure errors,
normal with mean 0 and varianeé. Since slow decay is expected, we adopt the simple
suppression scheme proposed in Section 2.2: suppresseatififY; — Y} i.ans| < €. FOr
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suitable choices of, we can expect this scheme to track soil moisture well. Tloegss
parameters are2, ¢, 3 and we will seek inference for them. In addition, we will alsmek
to reconstruct the collected sequence’gs.

There are other settings which introduce temporally depetid’s in an autoregressive
setting. For instance, consider a physical phenomenortémabe represented by a process
with coefficients evolving in time. A simple time-varyingtavegressive process (TVAR)

specification for such a process is

Yi =Y + 1y

Ot = Pr_1 + wy

Here, the process model introduces both a variance far'send also for the’s. We also
have the latent sequenceg@gfs. If the ¢,’s are expected to be fairly close to 1 (perhaps vary
about 1), again a plausible suppression scheme is: supgrés®e? if |Y; — Y yrans| < €.

In addition to inference on the process parameters, we maiyn agek to reconstruct the
data sequencé;;. We have investigated this model as well but, in the inteoéstaving

space, we do not pursue it further here.

5.3.2 Soil moisture data analysis

Returning to the model in (5.8), we consider a sample of soiktare data that have been
collected at the Duke Forest in June and July, 2007 and piatim data measured at
the local airport in Chapel Hill, NC. In this dataset, measnents are available every two

hours for a 45 day period. The data are displayed in FigureHe likelihood takes the
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Table 5.1 Kullback-Leibler divergence measure relative to fullalttansmission. See text
for detalils.

€ 0.5 0.4 0.3 0.2 0.1
Suppression % 68.7 57.2 50.3 39.6 25.5
KL-o? 18550.22 13877.48 3720.423 600.6734 187.1078
KL-5 231.2837 94.15153 20.69821 15.60421 12.12285
KL-¢ 817.0466 947.8565 360.5627 222.4748 213.911
form
~ T
L(DT,Qb,ﬁ,O'Z;‘II,DT) :Hp()/tu/t—lvas)ﬁaojvqj) (59)

t=1

where the observedf; are in D and the unobservel, are in D;. We use a diffuse
Gaussian prior for the precipitation rate a uniform prior on [0,1] for the autocorrelation
coefficiente, and an Inverse Gamma for the variance We obtain samples from the
posterior distributions of the parameters through a Gilda@er with full conditionals
given in the Appendix. We compare the posterior densitighéncase of no suppression
with those that are obtained for different levels of suppi@s.

In Table 1 we first interpret the choices ©in terms of percent suppression. Then, we
report the Kullback-Leibler divergences relative to th# fdata posterior as a measure of
discrepancy. We note that the distance between distrifmilacreases with the level of
suppression as expected. In fact, in Figure 2, we providdaidekernel density estimates
of the posteriors under each of the suppression schemesuNwisingly, our estimate of
the process noise;?, grows larger and has increased uncertainty mereases. We next
show some examples of how the strings of missing values caedoastructed using our

methodology. Employing the same dataset, we fix 0.25 and we add atrtificially failures
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o.o88 0.990 0.992 0.994 0.996 0.70 0.75 0.80 o.85 0.20 0.25 0.30 0.35 0.40

Figure 5.2 Posterior distributions fop, 3, ando? with extents of suppression)(ndicated

in transmission. Every attempted transmission will faitwa probability 0f0.35. In total,
considering the suppressed observations and the failweebave67% of the values miss-
ing at the base station. In Figure 3a we show the reconstructi two particularly long
clusters, respectively of 16 and 11 consecutive missingegal Box plots for the poste-
rior distributions are provided. For comparison,in FigBkeanalogous reconstructions are
obtained without using the constraint structure providgdhe redundancy scheme. We
observe that the additional information provided by thestmints dramatically improves

the accuracy of the reconstruction.

5.4 The multinode case

Again, we confine our multinode examples to the spatialrsgttiollecting a time series of

data at every node.
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5.4.1 Modeling examples

As a first example and recalling our earlier notation, we hgye;) denoting the collected
measurement at sensor locatigrwith: = 1,...,n and timet witht = 1,..., 7. If we
imagine the process taking conceptual values at arbitcargtions and times, a space-time
process model would be appropriate to drive the data cadlectWe further assume that
process realizations are continuous so we do not introdnog@et (though it is no problem

to handle if we did). Hence, we have

Y(s,t) = u(s,t) +n(s,t). (5.10)

Here, u(s,t) is a parametric mean surface (below we will consider a modrey. (s, t)
is a trend surface in space) an, t) is a mean 0, spatio-temporal Gaussian process with,

for illustration and convenience, a separable covarianoetfon of the form

Cov (Y(S> t)v Y(S,v t/)) = Uzps(s - 3,; T)pt(t - t,§ ¢)

In fact, we adopt exponential forms fpf andp,. That is

ps(s — ;1) = exp(—|ls — '[])

and

pe(t —t';¢) = exp(—o[t —t'])

. With regard to the effect of suppression, we do not find gemityito this choice. The
separable specification for the covariance function alltvesfollowing factorization for

the covariance matrix of thel” x 1 vector of datay’ (whereY is blocked by sites)y.y =
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o0?Hy (1) ® Hy(¢) where H,(7) is then x n matrix arising from the spatial correlation
function andH,(¢) theT' x T matrix obtained from the temporal correlation functioneTh

log-likelihood, giveny, is

Br o v, 0%, 7,6, 0; Dy) = — log (| () |H(6)])

S )T ) @ H @)Y~ ) (5.11)

202

wherep denotes the mean &f .

Again, interest will be in the process parameters as welleasmistruction of the se-
quences at each of the sensors. With the further assumptants) = u(s), i.e., the
mean varies spatially but not temporally, and confining elwes to temporal suppression,
a natural scheme becomes: suppress at locafiantimet if |Yi(s;) — Y 1rans(si)| < €.
(With a slowly changing mean in time this will still be a sdrisi suppression scheme.)
Hence, we do not need to know the mean surface to implemeptesgion. With temporal
suppression, we still produce a set of linear inequalityst@mnts. Also, it is evident that

the occurrence of suppression at one sensor need not cewviiithat at other sensors.

Elaborating the modeling, we adopt a simple linear trenaser

wu(s) = Bo + Bilat(s) + Balon(s).
To obtain the posterior distribution of the parameters efitiodel, that is

p(B,0%, 7, 6|Y,Y, V)

85



we design a Gibbs sampling algorithm in which we sampletitezly from the full condi-

tionals of the parameters givdd andD and then sample from

P(]T)T|507ﬁl7ﬁ27¢7 T, 027\II7DT> (512)

In particular, we update site by site In;, updating each cluster within each site. We use
normal diffuse priors for3 and for the logarithms of and¢. Updating the clusters of
missing values is somewhat more complicated in the mulencake. In fact, under the
spatial and the temporal dependence, we are not able to eddalkovian property as
in the single node example. For instance, consider theviallg 4-dimensional cluster at

locations,

Yi(8), Yipr (), Yia(s), - -, Yirw(s), Yirwsa (s).

We need to sample from

p(}~/(t+1:t+k:),s|Y—57 }/l:t,sa YV(t—l—kz—i—l):T,sa 507 ﬁla 527 027 T, ¢7 \Ij) (513)

However, the multivariate normal structure for the data slachplies that this distribution
is, again, a multivariate normal with linear inequality straints.

In the case of a non-stationary covariance function andergenerally, whem and/or
T are very large, computation to repeatedly evaluate thditiged in (5.11) will become
infeasible. A viable solution is to employ the predictivepess approach following Baner-
jee et al. (2008). In particular, using a fixed collection péee-time nodes, eacffs, t) is

specified as a suitable linear function of the process ra&&biz at these nodes.

A widely used class of space-time specifications is the dynapatial model (see, e.qg.,
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Gelfand et al., 2005 and references therein). Attractjtblg class of models also provides
distributional simplification under suppression and fiaglin sensor network transmission.

More precisely, consider an observational model of the form

Yi(s) = pu(s) +m(s) + eu(s) (5.14)

where, typicallyu,(s) = X[ (s)3;, a regression specification, with(s) a spatial residual
term ande,(s) a pure error residual term.

According to application, the’s need not be included. If not, then the dynamics are
modeled in thes,, e.g.5, = GF,_1 + ;. If then,(s) are spatially dependent but temporally
independent, then, with temporal suppression, site lepdhting of clusters within sites
only requires conditional distributions of the fori,(s;)|Y;(s;), j # i. Under a Gaussian
process for the)’s, these distributions are routine to obtain. If this are retained then
we would typically introduce dynamics in thgs, i.e.,n, = Hn,_, + v, wheren, is
then x 1 vector of spatial effects associated with the observed sati¢imet and the
vy(s) are spatial innovations of a Gaussian process that are endiept across time. We
may or may not retain the dynamics ih Regardless, now thg,(s)’s are conditionally
independent; updating a constraingds) is trivial. In fact, since suppression is only
applied at the observation level, such models offer theffreshise for accommodating the
more complex suppression schemes and failure incidentevihaiave alluded to above.

Again, in the interest of saving space we do not pursue theskels further here.

5.4.2 A simulated data analysis

We illustrate suppression in a multinode network in the eghbf the model described in
(5.10) using a simulated dataset. We consider locations®hya5 lattice. At each loca-
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tion we take 150 measurements at equally spaced times. Htalgpend has a vector of
coefficients equal t@” = [—1, 3, 2], the spatiotemporal covariance matrix has parameters
0?2 =1,7 = 0.4, and¢g = 0.6. We consider suppression with values faf [0.3,0.7,1.0]
corresponding to suppression levelg@®4, 0.52, 0.68] Normal diffuse priors are adopted
for 3 and for the logarithms of and¢, an Inverse-Gamma far?. Metropolis-Hastings
steps are needed for the space and time range parameteessipatiotemporal covariance
function. The results are shown in Figure 4.

Estimation of the regression coefficients is fairly staleleen with high levels of sup-
pression. This is roughly true far? as well. With increasing levels of suppression the
space and time decay parameters seem to be increasingbstweated. This is perhaps
not surprising. With increasing gaps in the transmittechdatbecomes more difficult to

assess dependence structure; ranges in dependence e#irdappe smaller than they are.

5.5 Summary and future work

We have shown how to implement full likelihood or Bayesiaference in the context of
suppression and failure in data transmission. We have dosiéor both a single transmis-
sion source as well as for a network of transmission souregiag hierarchical modeling
to borrow strength across nodes). We have shown how to catrgimulation-based model
fitting in the case of a suppression specification that intced a system of linear con-
straints. Finally, comparison regarding the effects ofedént suppression schemes comes
down to posterior comparison.

However, we are only scratching the surface of appliedregstiwhere suppression may
be introduced. Such settings include more complex netwoankrounication specifications
allowing for multi-hop transmission, redundancy in tramssion, node to hode communi-
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cation and feedback from the gateway. We have worked wittyfaimple models. More
interesting models would allow, for example, for covaria@rmation, for calibration data
(e.g., so-called TDR measured data in the case of soil meigRodriguez-Iturbe et al.
2001), multiple sensors and hence multiple measurementsdss, more sophisticated
failure models, and temporally varying parameters. We lwaohg considered “value at last
transmission” based suppression schemes. More generhsshcould compare the cur-
rent observation with a function of the history at that no#ldditionally, we could imagine
suppression driven by space as well as time; with two nodesedio each other, perhaps
only one needs to transmit its value. Finally, accordinggpli@ation, we would need to
specify a loss or utility function associated with transsios; if there is no cost to trans-
mit, there is no reason to suppress. For instance, in thectagieeless sensors, we need to
weigh the information in transmission against the loss diidog life.

Additionally, here we have ignored model selection or corngoa. We have not con-
sidered model fitting schedules,i.e., at what times duriaig dollection we fit our model
or how often we revise our model fitting. Also, while we can ttohsuppression rates, we
have assumed that the network is given and that incidencelofd is beyond our control.
Evidently, a well-designed network may experience feweufas than a poorly designed
one. Also, we can imagine "redundancy” strategies wherenwine transmit we attach
additional information such as a "time stamp", or we pegatly retransmit data, or the
gateway queries a node regarding transmission. Such ssremdiscussed briefly in (Sil-
berstein et al., 2007b). Lastly, in this regard, we assuraeftilure rates do not dominate
suppression. It would be difficult to consider high levelsoppression in such cases.

So, altogether, there appears to be much opportunity ftndumodel specification and

utility analysis in data suppression contexts. With ineneg complexity in the setting, only
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approximate computation will be feasible; developing appiate approximations will be

part of the challenge.
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Figure 5.3 Reconstruction of two different clusters. Circles pravithe observed val-
ues. Suppressed values are indicated with s, and failesiniasions with f. (3a) uses the
suppression-failure information. (3b) ignores the infatian in the constraints.
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Appendix A: Sampling from a truncated
multivariate Normal

Sampling from a constrained multivariate Normal is a difitask. Methods such as rejec-
tion sampling are straightforward but highly inefficienthd following algorithm (devel-
oped by Rodriguez-Yam et al. Rodriguez-Yam et al. (2004)rwkeve retain the notation)

allows us to sample from a constrained k-variate Normal iefinient way. Let
X ~ Np(p, 0?%), T :={x € RF:Bx <b} (.15)

Let A a square matrix of full rank that satisfidas>A” = I wherel is the identity matrix.
We can easily calculatA using the Cholesky decomposition. We introduce the folimyvi
transformed variales:

7 .= AX (.16)

Using a well known property of the multivariate Normal we bahe following distribu-
tional result:

Z ~ Ns(a, 01), S:={Ax € R*:Bx < b} (.17)

wherea = Apu. LetD := BA~1. Using the fact thaBX = BA~1Z = DZ we can write

the regionS in terms of constraints for the transformed varialites
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S:={z € R": Dz <b} (.18)

Let us denote witlZ_; andz_;, respectively, the vectors obtained after eliminating the
5t element respectively frord andz. Each component of the multivariate Normal will be

sampled conditionally on the other ones according to a Gsbbgpling scheme:

Z;|Z_y=12z_; ~ Ng,(aj, 0%), S;:={z; € R:Dz <b} (.19)

The regionS; can be rewritten in a more convenient way:

Sj = {Zj e R: dej <b- D_jZ_j} (20)

It is evident that sampling from truncated univariate Normals can be done directly
without a rejection step, which considerably speeds uputations. The reconversion of
the samplez into the original variables completes the first step of the algorithm. The

algorithm is iterated until convergence.
x=A"'z (.21)

The unimodality of themultivariate normal along with limemnstraints leads the above
algorithm to be very well-behaved. In the context of Gibh®phng, Rodriguez-Yam et al.
show that it mixes well and shows fast convergence also wiednstraints are linearly

dependent.
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