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Abstract

The work presented in this dissertation includes the study of cohomology and coho-
mological operations within the framework of Persistence. Although Persistence was
originally defined for homology, recent research has developed persistent approaches
to other algebraic topology invariants. The work in this document extends the field of
persistence to include cohomology classes, cohomology operations and characteristic
classes.

By starting with presenting a combinatorial formula to compute the Stiefel-
Whitney homology class, we set up the groundwork for Persistent Characteristic
Classes. To discuss persistence for the more general cohomology classes, we con-
struct an algorithm that allows us to find the Poincaré Dual to a homology class.
Then, we develop two algorithms that compute persistent cohomology, the general
case and one for a specific cohomology class. We follow this with defining and com-
posing an algorithm for extended persistent cohomology.

In addition, we construct an algorithm for determining when a cohomology class
is decomposible and compose it in the context of persistence. Lastly, we provide a
proof for a concise formula for the first Steenrod Square of a given cohomology class
and then develop an algorithm to determine when a cohomology class is a Steenrod

Square of a lower dimensional cohomology class.
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To all of us who are described as persistent.
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Introduction

In 2002, Edelsbrunner, Letscher, and Zomorodian first developed the area of Com-
putational Topology known as Persistent Homology. In the last 9 years, Persistent
Homology has been used in many different applications such as protein docking
(AEHWO06), image compression (CI06), speech pattern analysis (BK), MRI analysis
(CT08), and satellite network coverage (dSG07), to name a few. With each new ap-
plication, the mathematical and computational tools have evolved to include other
distances (M09), intersection homology (Ben08), and now cohomology.

The idea behind Persistent Homology is simple, yet the details of computing
Persistent Homology requires some background in algebraic topology. We save the
details and definitions for Chapter 2, however we hope to give the intuition here.
If we were to look at a circle, take a sampling and add noise, then we would get
something that looks like Figure 1.1.

Our eyes can tell that these points might be a sampling of a circle. What if
the circle were embedded in 15 dimensional space? While we could not picture it,
Persistent Homology tells us it is there. By using a chosen metric, we connect points

that are within a given distance of each other and form higher dimensional simplices.
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FIGURE 1.1: A circle in R? that has been sampled with noise added in

At each distance, we calculate the homology of the resulting space, which equates to
counting the number of holes of each dimension. The zeroth homology class refers
to the number of components.

As the distance increases, the homology changes. Persistence measures these
changes. It will take a relatively short distance to connect all the points and form
a circle, or a 1 dimensional hole. Similarly, it will require a relatively large distance
to close the hole. Persistence tells us that the 1 dimensional hole exists for a large
range of distances, thus providing us with the structure of our data.

The idea of tracking how something changes throughout distances can be ap-
plied to many different algebraic topological invariants. This dissertation is similar
to that of Bendich in that we applied a persistent approach to significant concepts
in the pure study of Algebraic Topology. Bendich developed persistent versions of
local and intersection Homologies. This dissertation develops persistent approaches
to cohomology classes, characteristic classes, and cohomology operations, specifically
Steenrod Squares. Moving away from homology and applying persistence to coho-

mology allows us to harness the power of cohomology operations. As written in

(MT68):

In the past two decades, cohomology operations have been the center
of a major area of activity in algebraic topology. This technique for
supplementing and enriching the algebraic structure of the cohomology
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ring led to important progress, both in general homotopy theory and
in specific geometric applications. For both theoretical and practical
reasons, much analysis has been made of the formal properties of families

of operations.

Creating a persistent approach to some of these operations allows us to begin in-
tegrating the major developments in cohomology operations to the future of data
analysis.

This document begins with the necessary background of Persistent Homology in
Chapter 2. Following this, Chapter 3 gives the necessary background for Cohomology
and provides a combinatorial formula for the Stiefel-Whitney Homology class of an
Euler mod 2 Space. Chapter 4 begins the contributions to this field by defining a pro-
cedure for finding the Poincaré Dual of any homology class. Chapter 5 then defines
CoPersistence and develops two algorithms; one computes the persistent cohomology
of a given simplicial complex, while the other finds the point in the filtration where
a specific cohomology class dies. Chapter 6 extends these definitions much in the
same way as Extended Persistence extends the definitions of Persistence. Chapter 7
constructs an algorithm for computing when a cohomology class is decomposable as
a cup product of two lower dimensional cohomology classes and discusses it in the
context of persistence. Chapter 8 develops an algorithm for determining when a co-
homology class is the Steenrod Square of a lower dimensional cohomology class and
provides a concise formula for Sq* of a cohomology class. The necessary background
is given within each section.

Because we chose to work with Stiefel-Whitney classes, which are defined for Z,
coefficients, all homology and cohomology is defined with Z, coefficients. Since both
persistence homology and cohomology operations can be calculated over any finite

field, we leave a short discussion of the general case for the Appendix.



2

Persistent Homology

To understand fully the context in which this new work adds to the current re-
search in Computational Topology, I will present a brief background of the major
advances in Persistent Homology. This chapter is divided into four major sections:
Homology on Simplicial Complexes, Persistent Homology for manifolds, Extended
Persistent Homology, and Persistence Algorithm. The mathematical objects neces-
sary to develop these sections will be defined and where necessary illustrations will
be provided to reinforce the intuition. Because homology of simplicial complexes is
more computable by nature, we begin by defining it so that we may discuss Persis-
tent Homology for Manifolds and Extended Persistence. We conclude this chapter by

returning to the Persistence Homology algorithm calculated on simplicial complexes.
2.1 Homology on Simplicial Complexes

There are several ways to calculate the homology of a topological space. Due to the
computational nature of the Persistent Homology algorithm, we define homology on

Simplicial complexes.



Definition 1. A simplicial complex, K, in RN is a collection of simplices in
RY such that every face of a simplex of K is in K and the intersection of any two

simplicies of K is empty or a face of each of them.

A n-simplex, o, spanned by a geometrically independent set {ao, a1, ...,a,} in

R, is the set of all points z of R" such that

n n
T = Zti(zi, where Zti =1and ¢ > 0 for all <.
i=0 i=0
To denote an n-simplex spanned by the vertices {vg, vy, ..., v, }, we write (vg, v1, ..., Up).
For each n, we define C,, to be the Z,—Vector space, whose generators are the n
simplices of K. There is a boundary map 0, : C,, — C,,_1 defined as follows. Let o

be the n simplex, (vg, vy, ...,v,). The boundary map on o is:

n

On((vo, V1, ...y 0)) = Z(vo,vl, ey Dy U,

=0

The boundary map extends linearly to all of C,. An easy calculation shows that
On(Opy1(0)) = 0 for any simplex and therefore on all of C,. The sequence of chain

groups on our d-dimensional simplicial complex K is then:

o, da— ) ) d
Ci25Chy —5 - B0 BHC 20

Definition 2. Elements of C,, are called the n-chains. The kernel of 0,, : C,, — Cp,_1
1s called the vector space of n-cycles, denoted Z,,. The image of 011 : Cpi1 — Cp is
called the vector space of n-boundaries, denoted by B,,. Since, 9, 0 0,11 = 0, each
boundary of a n + 1 chain, is automatically called a cycle, i.e. B, C Z,. The nth

homology group of K is defined to be

H,(K) = Z,/B,
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In the next couple of sections we discuss homology in the context of smooth
manifolds and Morse functions. Since every smooth manifold can be triangulated
into a simplicial complex, and homology is independent of triangulations, defining
homology for simplicial complexes will suffice. Futhermore, to develop the intuitive
understanding of Persistent Homology for Manifolds and Extended Persistence, it
is helpful to consider the notion that homology counts the number of holes in each

dimension.
2.2 Persistent Homology for Manifolds

At the fundamental basis of the theory for Persistence on Manifolds, we have two
crucial concepts, a smooth manifold and a Morse function. We assume the reader
is familiar with manifolds and Morse functions. A good reference for these are in
(Mil63). In most cases, when computing Persistent homology on manifolds, the
Morse function chosen is a height function along a given normal vector. This gives
a nice geometric way of seeing persistence as a shape measure on the manifold by
looking at the change of homology over a sequence of sublevel sets.

Suppose we have a smooth, closed d dimensional manifold, M. Let f be a Morse
function on M, such that it has n distinct critical values, a1 < as < -+ < a,. We

can interleave real numbers between these critical values. That is,
o <b<ay<---<a,<b, where b =aq;+e¢

for a sufficiently small e.

Definition 3. The sublevel set M; = f~'(—o0,b;]. It is a submanifold of M with

boundary equal to the level set f=1(b;).

Since M; C M1, the sequence of sublevel sets form a filtration of submanifolds

of M. The main theorem attributed to Morse states that if f : M — R is a smooth
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function with only a single, nondegenerate critical point x of index A located between
the sublevel sets M. and M., then M_,; has the homotopy type of M, with a
A-cell attached. (Mil63) Thus, in the sequence of homology groups along with the

maps induced by inclusion
0= Hy(Mo) — Hy(M1) — -+ — Hy(M,) = Hy(M)

only a single change in homology can occur at each step. This is either an increase in
rank by 1, requiring A = p, a decrease in rank by 1, requiring A = p+ 1, or no change
if A # p, p+1. Persistence watches how the homology classes change throughout each
sequence for each dimension, p. To do this, we examine the images of the homology

classes through the maps of the sequence.

Definition 4. Let ¢4/ : Hy(M;) — Hp(M;) be induced by the inclusion M; C M;;,
i <j. We say a p-dimensional homolog class, «, is born at M; if a € Hy,(M;) but
o ¢ Im(¢""). We say that this homology class, «, dies entering M; if j is the
lowest index in which 3 a § € Hy(M;_1) such that ¢ (8) = ¢}/ () € Hp(M;).

The persistence of a, pers(a) =j —i or b; — b,.

When a homology class « dies entering M, every class in the entire coset [¢]
also dies entering M. The number of p dimensional birth events at M, which die
entering M, is the rank of

hy Im(¢i—1)y N Ker(¢i—17)
PpJ (M) = ifl,j—l pj—l,j
Im(op )N Ker(¢y )

Pg’j is called the pair group for a given manifold, M and filtration. (Ben08)

We define the persistence pair to be (7, 7) or (b;,b;) if and only if there exists
a p dimensional homology class, a, such that « is born at M, and dies at M;. We
plot the persistence values of a certain dimension, p, in a persistence diagram of
matching dimension to obtain a graphical representation of the persistence of our

7



manifold through the chosen filtration. For each nonzero pair group, we graph a
point of multiplicity rank(P%/) in the x,y plane. Since every homology class must
die after it is born, all persistence pairs are necessarily plotted in the first quadrant
above the y = z line. The further away from this diagonal the points are, the longer
that respective homology class persisted through the filtration. Every point graphed
as (i, j) corresponds to an inessential homology class, while points graphed as (i, 00)
correspond to an essential homology class.

Actually, there are two ways of plotting a persistence diagram. The first is to
have a unique diagram for every dimension 0 < p < d. The second is to plot
the persistence pairs of all dimensions on the same plot, distinguishing between
dimensions via different markers or colors. We demonstrate both of these plots, the

first in this section, and the second in the Extended Persistence section.
2.2.1 Ezxample 1

Suppose our manifold, M C R? is the graph of a Morse function, f(z). An example
that has 6 critical points is illustrated in Figure 2.1.

We interleave regular values between the critical values of f. Using these values,
we define the sublevel sets of M at each point. This is illustrated below with lines
indicating the real values. Everything in M below the line at y = b; is the sublevel
set M,.

Below the line at by, the sublevel set M consists of a single connected component,
so its homology is Hyo(My) = Zs. Because there are no 1-dimensional cycles, i.e.
parts of M homotopic to S, nor is the dimension of f(z) greater than 1, all i
H,(M;) =0, p > 1. In other words, its betti numbers are ) = 1 and 3, = 0 for
p > 1. When we pass the critical value a;, M; has two connected components and
Bo = 2. When we get to height by, just above as, we have 3 connected components.

Our [y = 3. Passing as, the sublevel set M3 consists of only two components so now



f(x)

a6

a5

a3 a4

a2

al

Y

/

FIGURE 2.1: A graph of a Morse function with 6 nondegenerate critical points.

8o = 2. The component that was born at as has merged with the component born
at a;. As a rule, we choose the elder of the two as the homology representative. In
terms of persistence, the 0 dimensional homology class born at as is in the image
of the 0 dimensional homology class born at a; in Ho(Mj3). Thus, we say that
homology class was born at a, and died at as, and we have the persistence of as
being pers(ay) = az — ay and a persistence pair (ag,as). We plot that persistence
pair in our diagram.

At M, there are 3 connected components, so 5y = 3 and 3; remains 0 for ¢ >
1. A component is born at ay. When we pass a5, however, we again merge two
components. The component that was born at a; merges into the component that
had existed in M. The homology class born at ay gets mapped into the image of
the homology class born at —oo, so that homology class, represented by a; dies at
as. Its persistence, pers(a;) = as — ay, and we plot the point (ay, as). When we pass
ag, the component born at as merges with the component born at —oo, thus, the

homology class born at a4 dies at ag. Its persistence is pers(ay) = ag — a4 and we plot



f(x)

A
AV
3 /

\VJ
b3 a4

b2 —
| e \J
bl

b0 / al

Y

FIGURE 2.2: The Morse function with horizontal lines drawn at each regular value
b;. The union of the parts of M that are below each line is the corresponding sublevel

set M.

a persistence pair (ay,ag). As one can easily see by this example, persistence pairs
are not necessarily comprised of adjacent critical points. The resulting 0 dimensional
persistence diagram for this example is given in Figure 2.4.

The point on the y-axis of the diagram above a6 symbolizes a point at infinity,
representing the persistence of the 0 dimensional homology class that is born at —oo

and never dies, therefore is never paired.

2.3 Extended Persistence

We continue our discussion of Persistent Homology by looking closely at Extended
Persistent Homology. One of the main reasons that Extended Persistence was devel-
oped is to pair all critical points; this is useful for certain applications.

For Extended Persistence, we have a closed manifold M9 and a Morse function

f: M? — R. As before, since f is Morse, it has n non-degenerate critical points

10



/ f(x)
b6 26
N ’

A AY .

4
B3 / ad :
\ a3 .

b2 2

/ a2 a
bl / al
b0 / al

/ al a2 a3 a4 a5 a6

FiGURE 2.3: For the homology class born at ay which dies at as, we plot the corre-
sponding point into the O-dimensional persistence diagram.

f(x)

»
b6 a6
a6 .
b5 ad
as .
b4 24
b3 a3 a4
b2 a3 *
a2
a2
bl al
b0 al
/ al a2 a3 a4 a5 a6

FIGURE 2.4: Side by side, the morse function with 6 nondegenerate critical points
and its corresponding final 0 dimensional Persistence Diagram.

a1 < as < --- < a, for some n. We again interleave real numbers
ap <by<---<a,<b, suchthat b =a;+e¢

for a sufficiently small ¢, and define the sublevel sets M; = f~1(—o0, b;] for each b;.

In addition, we define superlevel sets.

Definition 5. For a Morse function f : M — R, the superlevel set, M’ :=
fYbi,00). Like the sublevel set, it is a manifold with boundary. In fact, OM; =

OM' = f~Y(b;), the level set at b;.

11



We again have a filtration of manifolds, My C M; C --- C M,, that gives us the
sequence 0 = H,(My) — H,(My) — -+ — Hy(M,,) = Hy(M) for all p. Since M is
compact, we can use Poincaré Duality, i.e. H,(M) = HP(M), to get an extended

sequence with maps induced by inclusion:

0= Hp(Mo) — Hp(-/\/ll) o Hp(Mn> = HP(M) = Hdip(/\/o =

= HTP(M,) — HP(Myy) — - — HTP(My) — HEP(Mg) = 0

When we think about the geometry, M; = M — M?, so in reality, we have the

sequence:

0 = Hy(Mo) = Hy(My) — -+ = Hy(My) = Hy(M) = H (M) =
— (M= M) — H P (M~ M) = -

oo HP (M= MY) — H*P(M — M) = 0

Since Lefschetz Duality states H?(M — A) = H,(M, A), for A a sub-manifold of

M, we obtain the sequence.

0= Hp(M0> - Hp(Ml) — o Hp(Mn> -

HP<M7Mn) - HP(MaMnil) — HP<M7M1) - HP<M7MO) =0

We define extended persistence using this sequence much in the same way as we
defined regular persistence. However, it is important to recognize that a regular
homology class born at a sublevel might die entering a relative homology group.
The other definitions, such as persistence pairs and the persistence diagram are also
defined as they were in Persistence for Manifolds. Since there are apparent symme-

tries in the construction of Extended Persistence, we have the following symmetry
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formulas (EH09) for our persistence diagram.

Ord,(f) = Rely_,(f)
Ext,(f) = Exty_,(f)

Rel, (f) = Ordy_,(f)

where " means reflection across the y = z axis.(EH09) Ord stands for the set of
ordinary persistence pairs, those that are born and die in the first half of the sequence.
Ext stands for the set of extended persistence pairs, those that are born in the first
half of the sequence and die as a relative homology class in the second half of the
sequence. Lastly, Rel stands for the set of the relative homology classes that are born
and die in the second half of the sequence. Because of the obvious construction and
correlation between the sub- and super- level sets of M, we have further symmetry

formulas that relate f and —f.

Ord,(f) = Ordy_,_,(—f)
Ext,(f) = Ext$ ,(—f)

Rel,(f) = Relf , 1(—f)

where ® is the reflection across the y = —z axis, and © is the central reflection by
180° which takes (a,b) — (—a,—b). (EH09)

The symmetries given in the above formulas were key in an application that
modeled protein docking. Specifically, they were used to measure local protrusions
or cavities in a protein. In addition, these symmetries have been an important part

of defining topological feature size.
Ezxample

Suppose our compact manifold is the 2 dimensional torus standing upright in R? as

depicted in Figure 2.5. Let f be our height function along the z direction. f has 6
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critical points, labeled as al, a2, a3, a4, ab and a6 in Figure 2.5. The regular values
have been labeled and the level sets have been indicated at heights b1, 02, b3, b4, and
b5. b6 is not illustrated in the Figure as it is above the torus. The sublevel M, is
the part of the torus below the first level set at b1 and the corresponding superlevel
set M"! is everything above that first level set. The sublevel set M, is everything
below the second level set while the superlevel set M® is everything above it. The
sublevel sets for Mys, Mps, My and the superlevel sets M®, Mb and MY are
defined similarly. The sublevel set associated to b6 is the entire torus, while the

superlevel set is the empty set.

FIGURE 2.5: Two dimensional torus in R3. The critical points for the Morse function
are labeled al, a2, a3, a4, a5, and a6. The level sets at the regular values are indicated
with horizontal circular cross-sections and labeled with b1, b2, b3, b4 and b5. b6 is not
shown as it is above the torus.

We begin computing Extended Persistence. Immediately, when we pass the criti-
cal point al, a 0-dimensional homology class is born. When we pass the critical point
a2, a 1 dimensional homology class is born indicated in Figure 2.6 with a line circum-
scribing the torus through the critical points al and a2. At a3 another 1 dimensional
homology class is born illustrated in Figure 2.6 with the line circumscribing the torus
connecting al and a3. When we pass a4 the 1 dimensional cycle born at a3 becomes

contractable to a point, thus dies. After the height a5 a 1 dimensional homology
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class is born illustrated by the path around the hole in the center of the torus. When
we pass ad a 2 dimensional homology class is born. If we were computing regular
Persistent Homology, we would stop here with an inessential persistence pair, (a3, a4)

and the four essential homology classes still present at the end of our filtration.

FI1GURE 2.6: The one dimensional essential homology classes are indicated with the
lines circumscribing 1 cycles of the Torus.

For this example, we will plot all diagrams on the same plot to highlight the
symmetry formulas from above. When we continue with extended persistence, M —
MY = M — 0, so (M, M) = M. Continuing down the torus, since M® is
homotopically equivalent to a point, when we pass to (M, Mys), the 0 dimensional
homology class born at al dies as a relative homology class here. Thus, we pair
al with a4, and plot the persistence pair (al,a4) in our persistence diagram, as a
0 dimensional homology class indexed with a square plotted point. At (M, My,)
we have passed ab and our space is homotopically equivalent to a circle. The 1
dimensional homology class that was born at a2 dies at a5. Specifically, the 1-
dimensional homology class that was born at a2 is equivalent to the boundary of
(M, Myy), so it is in the kernel of the map from H (M, Mys) to H(M, My;). We
plot the pair (a2,a5) into the combined persistence diagram as a one dimensional

extended persistence pair indexed with a circular point. When we get to (M, M),

15



a 1 dimensional relative cycle is born. Once we pass to a3 on the way down, that one
dimensional relative cycle dies. We plot the relative persistence pair (a4, a3) in our
persistence diagram as a diamond point. When we pass a2, we have lost the other 1
dimensional homology class in the relative homology of this space. Thus, a5 dies at
a2 and we graph the pair (a5, a2) into our joint persistence diagram. Lastly, when we
get to a height of the Morse function below the critical point al, we are essentially
looking at the relative pair (M, M) = (), so our 2 dimensional cohomology class that
was born at a6 dies at al. We graph the point (a6,al) with a triangle to indicate
the 2 dimensional class. Our extended persistence diagram is illustrated in Figure

2.7.

a6 W

as )

a4 -

a3 *

a2 [ ]

al A
al a2 a3 a4 as a6

FIGURE 2.7: Side by side, the torus on which we compute Extended Persistence and
the final persistence diagram. The single graph has all three persistence diagrams
together. The oval indicates the ordinary persistence pair. The square is to index the
extended 0 dimensional diagram, the circles are for the extended 1 dimensional dia-
gram, and the triangle represents the extended 2 dimensional diagram. The diamond
represents the 1 dimensional relative pair.
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2.4 Persistence Algorithm

We continue our discussion by transitioning to the algorithm that computes Persis-
tent Homology for Simplicial Complexes. Suppose we have a simplicial complex K
of dimension d. Suppose further that we have a filtration on K, that is a sequence

of subcomplexes of K such that
l)cKyCcK,C---CK,=K

where each K is a proper subcomplex. This means that if K; is a subcollection of a
simplicial complex, K, that contains all faces of its simplices, then K; is a subcomplex
of K. The filtration places a natural partial ordering on the simplices of K. A total
ordering can be obtained by choosing an ordering on the simplicies that are present
in K; but not in K; ;. The persistence algorithm now goes as follows. Given a total

ordering of the simplices of K, we create the Incidence matrix, /, defined as

16, ) 1 if the ith simplex is a codimension 1 face of the jth simplex
Z’ = .
J 0 otherwise

The algorithm is restricted entirely to column operations of the Incidence matrix.
Let low(j) be the row number of the lowest non-zero entry in column j and if the
entire column is zero, we set low(j) = 0. We call the Incidence matrix reduced if
each row has at most a single entry that corresponds to the lowest 1 of a column. In
order to reduce I, we perform column operations in Z, arithmetic from left to right
according to the following algorithm
for j=1 to n do
while dj’ < j with low(j") = low(j) #0 do
add column j’ to column j

endwhile
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endfor.
Because adding column j’ to j decreases low(j) this process will eventually terminate.

We can read the persistence homology pairs and Betti numbers off of the reduced
matrix, R. For each dimension n, we scan the columns associated to n-simplices to
find their lowest ones. Suppose j is such a column and suppose further i = low(j).
Then, we pair ¢ with j since the homology class born at the level that the simplex
associated to row ¢ enters in the filtration, o;, dies at the level of the filtration at
which o; enters. If j does not have a lowest one, i.e. it corresponds to a zero
column, then the chain of simplices associated to column j of the reduced matrix, R,
is positive, meaning that a homology class is born with the addition of o; into the
filtration. We scan the row j. If there exists a column, k, such that j = low(oy), the
class born at o; dies with the chain comprising the &% column of R; we pair (j, k).
If, on the other hand, row j does not contain the lowest one of some column, then an
essential homology class is born at the level of the filtration associated to o;. If we
want the full representation of our persistent homology class, we keep track of which
columns have been added to which other columns to obtain column j in the reduced
matrix. The chain of n simplicies corresponding to the columns added to column
j is the full representation of our persistent homology class. The Pairing lemma
(EH10), given below, shows that the specific reduction process is not important for

calculating persistence.

Lemma 6 (Pairing Lemma). The pairing between rows and columns defined by the

lowest ones in the reduced matrixz does not depend on the Incidence matrix.
2.4.1 FExample

Suppose our simplicial complex, K, and its filtration is given in Figure 2.8:
Given the partial ordering defined from the filtration, we choose a total ordering.
The corresponding Incidence matrix is:
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®y 4

w e

3 3

FiGURE 2.8: The four pictures depict four stages of the filtration of the final sim-
plicial complex. The first stage of the filtration is the union of four vertices. The
second level of the filtration is the union of the four vertices and 3 one dimensional
simplices. The next level of the filtration is the union of the four vertices and 4 one
simplices. The final simplical complex is the union of the 4 vertices, 4 one-simplices
and a single 2 simplex.

1 234 1,223 24 1,3 3,4 234
1 1 1
2 1 1 1
3 1 11
4 1 1
1,2
2,3 1
2,4 1
1,3
3,4 1
2,3, 4

We begin the algorithm by finding the lowest ones of each column. For the
zero dimensional simplices, low((1)) = low((2)) = low((3)) = low((4)) = 0 since
they are all zero columns. For the columns associated to one dimensional simplices,
low((1,2)) =2, low((2,3)) = 3, low((2,4)) =4, low((1,3)) = 3, and low((3,4)) = 4.
Since low((2,3)) = 3 = low((1,3)) and low((2,4)) = 4 = low((3,4)), we add column
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(2,3) to column (1,3) and column (2,4) to column (3,4) with modulo 2 arithmetic.
Now, low((1,3) + (2,3)) = 2 = low((1,2)), we add column (1,2) to ({1, 3) + (2, 3)).
Similarly, low((3,4) + (2,4)) = 3 = low((2,3)), so we add (2,3) to ((3,4) + (2,4)).
Since (2,3,4) corresponds to the only 2 simplex and low((2,3,4)) is in the row
associated to (3,4), there are no additional column operations. The reduced matrix,

R, becomes

1 234 1,223 24 1,3 3,4 23,4

1 1

2 1 1 1

3 1

4 1

1,2

2,3 1
2,4 1
1,3

3,4 1
2,3,4

Beginning with the columns associated to the zero simplices, since each of these
columns are all zero, we continue by scanning the associated rows. There is no
column whose lowest one is in row (1), so the simplex (1) represents the 0 dimensional
homology class of K. When we scan (2), we see that low((1,2)) = 2, so (2) pairs with
(1,2). This coincides with the fact that the 0 dimensional class given by the vertex
(2) dies when the 1 simplex that connects (1) to (2) enters the filtration. Scanning
(3), we see low((2,3)) = 3, so (3) pairs with (2, 3). Because low((2,4)) = 4, we have
the persistence pair ((4), (2,4)).

Since we have paired the 1 simplices (1,2), (2,3) and (2,4), we continue by
scanning the column (1,3). low((1,3)) = 0, we scan the row associated to (1,3).
There is no column whose lowest one is in the row associated to (1,3). Therefore,
this column is associated to an essential homology class. The representative for this
homology class is (1,3) + (2,3) + (1,2), since that was the set of column operations
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required to get the corresponding column in the reduced matrix. Since low((3,4) =
0, we scan the row associated to (3,4). Finding that low((2,3,4)) is in the row
associated (3,4). Therefore we have the pair ((3,4), (2,3,4)). Since this column in
the reduced matrix is actually (3,4) + (2,4) + (2,3). Pairing (3,4) corresponds to
the cycle (3,4) 4+ (2,4) + (2,3) that was present until we add the 2 simplex whose
boundary is this cycle.

Our simplicial complex K has the nonzero homology groups Hy(K) = Zy and
H,(K) = Z,. The above algorithm for this example found the representatives for
these two homology groups. (1) represents the generator for the O-dimensional ho-
mology class. (1,2) + (2,3) + (1,3) represents the generator for the 1 dimensional

homology class generating H;(K).
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3

Stiefel-Whitney Classes

Most current research in persistence focuses on homology. Cohomology groups, how-
ever, carry with them a ring structure, making cohomology more powerful than
homology. In the beginning, cohomology was calculated to be the algebraic dual to
the homology classes on an underlying topological space, K. However, further re-
search demonstrated that cohomology was useful to answer questions in obstruction
theory. It then became practice to take the cohomology of a vector bundle associ-
ated to that topological space. An appropriate choice of vector bundle gave rise to
more information about the underlying space, and thus a special type of cohomology
classes, the characteristic classes. Although there are also Chern and Pontryagin
classes, we will work only with Stiefel-Whitney classes since they are defined over
ZLy.

In this chapter, we will review the main concepts of cohomology, the general
form of a Stiefel-Whitney characteristic class, and give a combinatorial formula for
computing the Stiefel-Whitney characteristic homology class of a Euler mod-2 space.
In Chapter 5 we will add in persistence, developing a theory of Persistent Cohomology

and Persistent Stiefel-Whitney classes.
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3.1 Cohomology

In its natural construction, cohomology is dual to homology. Recall from Chapter 2
that the p-dimensional homology group of a space K, H,(K), is an abelian group.
We define Hom(C,, G) as the group of all homomorphisms of C, into Z,; it is also an
abelian group. It follows directly that if we let K be a simplicial complex, we can

easily define the p-dimensional cochains of K.

Definition 7. The group of p dimensional cochains of K, with coefficients in Z,
is the group C*(K) = Hom(C,(K),Zs). An element I' € CU(K) specifies an element

of Zy (either 0 or 1) for every p-simplex o € K.

The coboundary operator, ¢, is defined to be the dual of the boundary operator
0 : Cp1(K) — Cy(K) given by 6(I')(y) = I'(0y) for every v € Cpi1(K). Therefore

we have the following maps between cochain groups:

CrHY(K) <& CP(K)

Similar to homology theory, we define the group of cocycles, denoted ZP(K), to
be the kernel of the 6 homomorphism and the group of coboundaries, denoted
BPT(K), to be the image of the coboundary map. Since 9> = 0, and § is dual to 0,

it follows that 62 = 0 also.

Definition 8. The p dimensional cohomology group for a simplicial compler, K
18
HP(K) = 2ZP(K)/BP(K).
CP(K) has a natural basis of elements, o*, whose value is 1 on the p-dimensional
simplex o and zero elsewhere. Thus, any cochain, v € CP(K) can be represented
by v = > giof, where g; are elements of Zs. The coboundary operator commutes

with addition, so 0y = ) ¢;00f. Sometimes this representation of the cochain in
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elementary basis form will be denoted by v = o}, + 07, +---+0; where 0] (0;;) = 1
and O';;,(O'ik) =0 for oy, # 0y,

As previously mentioned, cohomology carries with it a ring structure that ho-
mology does not. There are significant operations that can be done on cohomol-
ogy classes, such as the cup product and Steenrod squares. In this work, we have
developed a persistent approach to both of these operations; their definitions and

expositions will appear later, in Chapters 7 and 8.
3.2 Characteristic Classes

Before describing in full detail the Stiefel-Whitney characteristic class, we need to

lay the foundation.

Definition 9. A real vector bundle, &, is defined to be the triple & = (E, B, ),
where B is a topological space called the base space, E = FE(§) is a topological space
called the total space, m: E — B s a continuous map called the projection map such
that for every point b € B, there exists the structure of a vector space over the real
numbers in the space 7= 1(b). The three parts of a vector bundle, must satisfy the
local triviality condition. That is, for every point b € B, there exists a neighborhood,

U C B of b, an integer n > 0, and a homeomorphism
h:UxR" — 71(b)

where for every b € B, the map x +— h(b,z) defines an isomorphism between the

vector space R™ and the vector space 7~ 1(b).

We call the pair (U, h) a local coordinate system for £ at b € B. If it is possible
to choose U = B, then £ is a trivial bundle. If there are two bundles, £ and v, then
a bundle map from £ to v is a continuous function g : F({) — FE(v) which carries

each vector space Fj(&) isomorphically onto one of the vector spaces Fy(v). When
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g(b) = V', the function g : B(§{) — B(v) is a continuous function. There exists an
important, canonical vector bundle called the universal bundle, ™. 1t is defined with
E(y™) as the set of all pairs (n planes in R"** a vector in that n plane), where an
n plane is a linear subspace of dimension n. Its projection map 7(X,z) = X and its
vector space structure over a fibre is defined by ¢; (X, x1)+t2(X, z2) = (X, t121+1oxws).

To define characteristic classes, it is important to look at a specific manifold that
gives rise to relationships between it and real bundles, the Grassmann manifold. But
first, we define an n-frame of R"** to be an n-tuple of linearly independent vectors
of R*"*. The Stiefel manifold, V,(R"**), is an open subset of the n-fold cartesian

product, R"* x ... x R"* defined to be the set of all n-frames of R**.

Definition 10. The Grassmann manifold, denoted G,(R"™) is the set of n-
dimensional planes through the origin of the coordinate space R"™*. It is topologized

as a quotient space of the Stiefel manifold, V,(R™"**).

Based solely on definitions, there is a canonical map
q: Vn(Rn+k) N gn<Rn+k)

mapping each n-frame to the n plane its vectors span. The quotient topology for
G,.(R"**) is then defined by the rule that a subset U C G,(R"™*) is open if and only

if its inverse image ¢~ }(U) C V,(R™**) is open.

Definition 11. The infinite Grassmann manifold, G, = G,(R™), is the set of
all n-dimensional linear subspaces of R> topologized as follows: A subset of G, is
open (or closed) if and only if its intersection with G, (R""*) is open (or closed) as

a subset of G, (R"™*) for each k.

It can be shown that any R"”-bundle, £, over a paracompact space B determines

a unique homotopy class of maps fg : B — G,,. This is because we can define fg to
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be the pullback of the universal bundle over G,. Specifically, given a bundle map
m:E — B,and amap f : A — B of base spaces, there is a pullback f(E) — A
obtained by f(E) = {(a,e) € A x E|f(a) = m(e)}

It follows that if we have any cohomology class ¢ € H'(G,;G), where G is any
coefficient group or ring, then £ and ¢ determine a cohomology class together, denoted
c(€). That is

c(§) = fe'c € H'(B; @)

Definition 12. ¢(§) is called the characteristic cohomology class of the bundle

& determined by c.

Although this definition may be used to define each type of characteristic class,
as previously mentioned our focus is on the Stiefel-Whitney Classes. The structure
of G, has a single cell in every dimension. Thus, H*(G; Z2) is a polynomial algebra

with a single nonzero generator \; € H*(G;Z,). Then,
Definition 13. The i'" Stiefel-Whitney cohomology class is w; = f*(\;).

If £ is an n-plane bundle, then wy(¢) = 1 € HY(B(£); Zy) and w; () = 0 for i > n.
In addition to this definition, the Stiefel-Whitney classes must satisfy naturality.
Formally, if f : B({) — B(n) is covered by a bundle map from & to n, then w;(§) is

isomorphic f*w;(n). The diagram to consider here is:

f*

Frwi(n) = wi(€) € Hi(f.f(é)) L H"(ff(n))
B¢ L B

In addition to naturality, the Whitney Product Theorem states that the Stiefel-
Whitney classes also satisfy a product formula. If £ and n are vector bundles over

the same base space, we define their Whitney sum, £ ®n to be the bundle where each
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fiber 7, (£ @) = m, 1(€) @ 7,1 (n), the direct sum of the respective fibers. Then,

k

wi(§ S n) = Zwi(f) U wy—i(n)
=0
where U is the cup product of two cohomology classes, a € HP(X) and § € HY(X)

given by

(Oé U 6)(<U07 Ui 7UP+<1>) = (_1>p+qa(<vo7vl7 cee 7Up>) ’ 5(<Up7 Up+1; - - 7UP+Q>)

see Chapter 7 and (Mun96).

In general a nontrivial 1st Stiefel-Whitney class indicates whether a manifold has
a nonorientable bundle, which answers questions about embeddability and classifies
the manifold. For example, in R3 there exists a line bundle, &, over the circle
St and the Stiefel-Whitney class w;(£}) is nonzero. This classifies the S from the
annulus as no such nonorientable bundle exists for the annulus.

There are immediate consequences of these properties. First, if £ is isomorphic
to 7, then their Stiefel-Whitney Classes are equal. i.e. w;(§) = w;(n). Second, if ¢ is
a trivial bundle, then w;(§) = 0 for all ¢ > 0. Third, if £ is trivial, then w;(§{ ©n) =
w;i(n). Lastly, if £ is an R™ bundle with Euclidean metric which has a nowhere
zero cross-section, then w,(§) = 0. What follows from this last statement is if &
possesses k nowhere linearly dependent cross sections, then wy, _41(§) = wy_g2(§) =
- wp(€) = 0. In this case, we actually have a splitting of £ as a Whitney sum where
€ = ¢ @ et where ¢ is trivial and e+ has dimension n — k.

As one can see, it is helpful to look at each of the Stiefel-Whitney classes all
together. To do this, we define the total Stiefel-Whitney class of an n-plane

bundle £ over B to be the element

w(§) =1+ wi(&) +ws(§) + -+ + wa(8).
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As previously mentioned, H*(Go, Z2) is a polynomial algebra with a single element in
each dimension. These elements are added together to form the total Stiefel-Whitney
class of a bundle.

In order to merge the power of Stiefel-Whitney cohomology classes with persis-
tence, we need a way to compute these classes from simplicial complexes. The next

section provides a combinatorial formula for computing the Stiefel-Whitney homology

class found in (GT76).
3.3 Stiefel-Whitney Homology Classes

Characteristic homology classes were defined for any bundle, however here we focus
on the tangent bundle of a smooth manifold. In (GT76), Goldstein and Turner gave
the following combinatorial definition for the Stiefel-Whitney homology class u,(K)
of an Euler mod 2 space, K, of dimension d was presented.

Let K be a finite-dimensional, locally finite simplicial complex. K is said to be a
mod 2 Euler space if the link of every simplex in K has even Euler characteristic. If K
triangulates a manifold without boundary, then it is truly an Euler mod 2 space. In
this case, the Stiefel-Whitney homology class is Poincaré dual to the Stiefel-Whitney
cohomology class. The pth Stiefel-Whitney class of K, denoted w,(K), is the p-
dimensional mod 2 homology class which has as a representation the p-dimensional
chain consisting of all p-simplexes in the first barycentric subdivision of K. This
chain is a cycle for each p iff K is a mod 2 Euler space.

Assume that the vertices of the simplicial complex, K, are given a total ordering
so that each simplex has a unique representation by writing its vertices in increasing

order. Let s = (vg, v1,...,vp) be a p-simplex in K and let ¢ be another simplex which
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has s as a face; i.e.,, s C t (s may be equal to t). Let

B_1 = { vertices of t < vy },
B,, = { vertices of t such that v,, <t < v,y },0<m<p-—1,

B, = { vertices of t > v, }.

We say s is regular in t if | B,,| = 0 for every odd m. Given ¢t whose dimension is > p,
let D,(t) denote the mod 2 chain which consists of all p-dimensional simplices s C ¢

such that s is regular in ¢. Note that dim(¢) can be anything larger than dim(s).

Theorem 14. Z D,(t) is a chain which represents u,(K).
dim(t)>p
Again, in the case where K is manifold, then w,(K) = wq_,(7x). That is, u,(K),
the Stiefel-Whitney homology class is dual to its Poincaré dual, wy—,(7x), the d — p

dimensional Stiefel-Whitney cohomology class of the tangent bundle, 7.
3.3.1 Fxample

To truly appreciate the formula, it is best seen through an example. Suppose our

space is RP? with the triangulation given in Figure 3.1.

4

4

FIGURE 3.1: A standard triangulation of RIP?.
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To compute the Stiefel-Whitney class of dimension 0 we need to consider Dy(t)
for all possible ¢ of higher dimension. For a 2-simplex of the form (a,b,c), only the
lowest vertex (a) is a regular O-simplex. In this case, B_; = () while By = {b,c}
and the conditions for regularity hold. Similarly, for the 1-dimensional simplices, the
lowest vertex is the only regular vertex. Since each O-simplex is regular in itself, we
see that each vertex is weighted by the number of simplices for which it is regular,

i.e. it is the lowest vertex. To compute ugy, we have the following:
o = (11<1> +8(2) + 5(3) + 4(4) + 2(5) + <6>) mod 2 = (1) + (3) + (6)

The coefficient of (1) is 11 because (1) is regular in the 11 simplices:
{(1),(1,2),(1,3), (1,4),(1,5),(1,6), (1,2,4),(1,3,5),(1,4,5), (1,2,6), (1,3,6) }

To compute u;, we need to recognize that each 1 simplex is regular in itself while
the only 1 simplex that is a regular face in the 2-simplex, (a, b, ¢) is (a, ¢). From this,
we get uy = (1,2) +(1,3) + (1,5) + (1,6) + (2,3) + (3,4) + (3,5) + (4,5) + (5,6). As
written, this class does not seem to represent the expected nonzero homology class

of RP?. In fact, geometrically, it looks like the curve drawn Figure 3.2:

4

4

FIGURE 3.2: The triangulation of RP? with the Ist Stiefel-Whitney homology,
u1 (RIP?), highlighted.

However, after using the relationships that the union of two codimension 1 faces
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of a 2-simplex is homologous to the third, we can reduce this representation of u; to

the simpler form:

uy = (1,4) + (1,3) + (4,3).

ug is simply the top dimensional homology class, which is the sum of all the 2-

4

4

FIGURE 3.3: The triangulation of RP? with the reduced 1st Stiefel-Whitney homol-
ogy, @1 (RP?), highlighted.

simplices of RP?. This is because every 2-simplex is a regular face of itself and there
are no 3 dimensional simplices.

The benefit of having a combinatorial formula for the Stiefel-Whitney homology
class is that we can define the notion of a persistent Stiefel-Whitney cohomology
class. Recall, that the 1-dimensional Stiefel-Whitney cohomology class determines
whether a manifold is orientable. Therefore, if we can use this combinatorial formula
for each dimensional Stiefel-Whitney homology class, and find their Poincaré duals,
we can find a representations for each Stiefel-Whitney cohomology class. Then, we
can develop the theory of Persistent Cohomology to define the persistent Stiefel-

Whitney Class of a simplicial complex. The following chapters do just that.

31



4

Finding the Dual

4.1 Finding the Poincaré Dual

The last chapter included a formula to compute the Stiefel-Whitney homology class
of an mod 2 Euler space. However, as previously mentioned, these are Poincaré dual
to the Stiefel-Whitney cohomology classes which are normally thought of as bundle
invariants. This inspired us to consider extending the study of persistence homology
to include characteristics classes and, more generally, CoPersistence.

In preparation for our definition and algorithms for CoPersistence in Chapter 5,
this chapter develops an algorithm for converting a representative of a homology class
to its Poincaré dual. To that end, let K be a d-dimensional simplicial complex that
triangulates a manifold without boundary and suppose we have a homology class
v € H,(K). This algorithm finds the Poincaré dual, I' € H(K), where p+ ¢ = d.

Let SA(K) be the first barycentric subdivision of K. Let v be a p-dimensional
cycle that is a representative for a generator of H,(K;Zy). We can write the cycle
v =), 9i0; where the o; are the p-dimensional simplices in K and g; € Zo.

The purpose of this algorithm is to find the Poincaré dual of v. We want to
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map 7 to a p-chain in Sd(K) that is homologous to 7 and transverse to the original
simplices of K. When we have done so, there will be a set of ¢ dimensional simplices
of K that intersect this new p-chain transversely. This set of ¢ simplices will be the
exact set of ¢ simplices on which the Poincaré dual evaluates 1 and 0 elsewhere.

To do this, we will construct a set of p + 1 maps recursively in steps; each
determines the image of simplicies of a given dimension in ~ from their upper link
in the image of the previous map. FEach map is defined for all simplices of certain
dimension in 7, so they are defined on the entire chain. The construction of these
maps was inspired by the fact that for any simplex, o;, 0; = b(0;) * 9(0;), i.e. o;
equals the join of its barycentre and its boundary. The last of the p 4+ 1 inductive
maps will complete the push-off of 7 into the first barycentric subdivision. Its image
will involve a set of barycentres of ¢ dimensional simplices. The ¢ simplices in K,
whose barycentres are in the image of the last map, are transverse to the image of
~ under the composition of all of our maps, and therefore comprise a representation
of the Poincaré dual to . While the construction of the algorithm is based in the
structure of simplicies within the first barycentric subdivision and the principles
behind Poincaré duality, this is the first time that this process has been detailed and
outlined in a combinatorial fashion.

The first step in our algorithm is to define the map ®;. We start by finding the
top dimensional simplices of K, such that o; is a face. This is done by creating and
storing the star of o; for each ¢, St(o;)= {A\|A € K such that Vert(o;)C Vert(\) },
where Vert(o) is the vertex set of 0. We store that information in a set of St(o;)-
matrices, each denoted S,,. Since v =0y + - - - 4+ 0, we will have n star matrices in
total. Each S,, is the incidence matrix of the subset of the simplices of dimension
> p that are in the star of g;. That is, each simplex associated to rows and columns
in S,, has o, as a face. o; is also in S, since o; is a face of itself. Similar to the
Incidence matrix, Sy, (7, j) = 1 if the simplex corresponding to row ¢ is a codimension
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1 face of the simplex corresponding to column j and 0 otherwise.

For each 1 < i < n, we choose a d-dimensional simplex, A? € St(o;). Without
loss of generality, any d-dimensional simplex in St(o;) can be chosen. Different
choices of A% may result in different representatives for I, the cohomology class that
is Poincaré dual to . This choice of A? for each i is the end result for defining
the first map of the algorithm. It is possible to choose the same d-dimensional
simplices for two separate ¢;’s. Our first map is defined to be the continuous map,
®y : b(0;) * A(0;) — b(AY) x I(0;), for each oy, a p-dimensional simplex in v, and the

identity otherwise. An illustration of this is in Figure 4.1.

AVANRY/N7AN

FIGURE 4.1: The first illustration depicts a part of the the simplicial complex, K,
with part of the original v as a bold line. The second depicts the image of this part
of v under the first map, ®;.

In general, to define ®,, for each 2 < s < p + 1, we take into consideration
b(T)*0(7) x k(T C 7y) for each 7 € 9(0;). To map the lower dimensional simplices to
the barycentric subdivision continuously, we not only look at 7, but the link of 7 in
~ under the image of ®,_;. In other words, we observe how the higher dimensional
simplices have already been pushed into Sd(K') to understand the image of .

®, maps the p — 1 dimensional simplices in the boundary of each p simplex, o;.
The link of each p — 1 simplex in 7 is a d — p — 1 sphere. It bounds a d — p disk. The
image of 7 under ®, is this disk. The disk depends on the image of the o;’s under ®;.
Suppose T € ;N o, such that ®; maps the barycentre of o; to the barycentre of A¢
and the barycentre of o; to the barycentre of A?. If Adn A? has a d — 1 dimensional

face of both, A, then ®y(7 % St(T C ®1(7))) = b(AL;!) % 9(7) x St(I(T) C a(7)).

(2
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An illustration of this is given in Figure 4.2.

FIGURE 4.2: This is image of the part of a 1 dimensional cycle, vy given in Figure
4.1 under ®,. The d simplices whose barycentres are in the image of ®; share a

codimension 1 face. The image of 7 € o; N 0; is the 1 dimensional disk connecting
b(AY) to b(A?) through b(AT-".

If 7 € 0;N 0, such that ®; maps the barycentre of o; to the barycentre of A¢ and
the barycentre of o; to the barycentre of A? and AN A;l has no d — 1 face of both,
then we need to find a path through barycentres of d — 1 and d dimensional simplices

that connect b(A{) to b(A9). To do so, we use the star matrix of AYNAY, Syape. We
i =y

initialize the set VZ“; ! = {A¢}. Scanning the column associated to A¢, we find the set
of d — 1 dimensional simplices in its boundary. Without loss of generality, we choose
any simplex associated to the row that has a nonzero entry in the column associated

to A¢, and denote it Af’;ll. A different choice will result in a different representation

of the Poincaré dual, I'. We add this simplex to the set Vd = {AY Ad 1} We
scan that row to find the another d dimensional simplex of which it is a face, say

A¢ . Adding that simplex to the set, Vd "is now {AY AT AY . We scan that

2,517

column, and choose a row associated to a d — 1 dimensional simplex that is a face

of Az not previously listed in Vd !, Supposing that simplex is Af i ! our Vd ! gets

modified to {A, AT AL AT

6.J1 0 4,Jg

For each new element of V;flj_l, we either scan the row of the previously added
d — 1 dimensional simplex to find a d simplices that is not already in Vzdj ! a

column of a d dimensional simplex to find a d — 1 face that is not already in Viiij_l.

Because the St(Af N A9)-matrix is finite, eventually we will reach a situation when
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we are scanning a the row associated to a d — 1 dimensional simplex and one of the

possible d simplices is A?. When this happens, we choose it and add it to Viflj’l. Here
Vij = {Af, Ag;ll, Azl, Af’;;, Aﬁw . ,AZ;:}_I, Azmqv Af};;, A?}. We have reached a
path from b(A?) to b(A?) through the barycentred of d—1 and d dimensional simplices
of K. In this case, we define ®o(b(7; ;) * O(7; ;) * lk(T C 7)) = [(b(AZ;.ll) *b(A ) U
(B(AR_)* (AU DAL +0(AL,))U- - UB(A], ) +b(AT;)]*0(7i) *1k(O(r) C

7). An illustration of this case is given in Figure 4.3.

FIGURE 4.3: This is image of the part of a 1 dimensional cycle, vy given in Figure
4.1 under ®,. The d simplices whose barycentres are in the image of ®; do not share
a codimension 1 face. Therefore, the image of 7 € o; N o; is the 1 dimensional disk
connecting b(AY) to b(A¢) through a 1 dimensional path of barycentres depicted with
the dashed line.

We can now define the general form of &, for 2 < s < p 4+ 1. For each simplex
A € 0(0;) of dimension p — s + 1 for some i € [1,...,n], we regard A as b(\) x O(\)
and consider lk(A C 7). Specifically, we define @, : b(A) x (1) *x k(A C 7v) —
(DT % O(N) % ¢s_1 (Ik(X C 7)). Since ¢o_1(lk(A C 7)) lies in k(A C Sd(K)) and
is a sphere of lower dimension, it bounds a disk in Sd(K’). That disk is represented
by D? 1 in the image of ®,.

Eventually our process will terminate when we find ®,,; since this will map the
0 dimensional simplices in vy each to d — p dimensional disk in Sd(K’). This disk is
the final image of ®,,; since the boundary of a vertex is empty. Furthermore, the
d—p disk is a d — p = ¢ dimensional cell in Sd(K), one which transversely intersects
the original expression of v. The barycentres of the 0 simplices, the 0 simplices
themselves, get mapped to barycentres of d — p = ¢ dimensional simplices. Let @
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denote the set of the ¢ dimensional simplices whose barycentres are in the image of
®,11. That is Q = {c1,%,...,q}. Define I'= >, ¢, for 1 <I; <1, where ¢ is the
unique g cochain that evaluates 1 on ¢, and zero on all other g simplices. This I" is
the Poincaré dual to push-off of v into the first barycentric subdivision, and thus ~,

by construction.
4.2 Illustrated Example

Let us consider the above process to find the Poincaré dual to a particular homology
class. Suppose K, our simplicial complex, is the following triangulation of RP?
with first barycentric subdivision illustrated in Figure 4.1. Let our homology class
v € Hy(K) be defined by v = 01 + 03 + 03 + 04, with o1 = (2,3), 02 = (3,5),
o3 = (1,5) and o4 = (1,2). This is illustrated with the highlighted curve in Figure
4.4.

71

FIGURE 4.4: The triangulation of RP? with first barycentric subdivision and 1
dimensional homology class, 7y, highlighted.

We begin our process by assigning a 2 dimensional simplex to each o; for each

1 <i < 4. To do so, we look at the stars and star matrices of each o;, we have the
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following;:

St((2,3)) = {(2,3,4),(2,3,5)} Sor=e3y = [1 1]
St((3,5)) = {(1,3,5),(2,3,5)} Sor=as) = [1 1]
St((1,5)) = {(1,3,5), (1,4,5)} Soy=15) = [1 1]
St((1,2)) = {(1,2,4),(1,4,6)} Sou=r2y = [1 1]

Suppose, for each i, we choose A? = (2,3,4) to (2,3), A2 = (2,3,5) to (3,5),
A2 = (1,3,5) to (1,5), and A% = (1,2,4) to (1,2). Thus, we define ®; to be the
following;:
D1 (7) = b((2,3,4)) = 0({2,3)) Ub((2,3,5)) = 9((3,5)) Ub((1,3,5)) * ((1,5))U
UB((1,2,4)) + 8((1,2))
The dashed lines on the triangulation of RP? illustrated in Figure 4.5 represent the

image of ®;.

4
2 3 6
5
6 2
4

FIGURE 4.5: The triangulation of RP? with the first step of the algorithm illustrated.

We now find ®, for each 7 a 0 dimensional simplices in each o. For this example,
we will denote this 7;,; = 0; N o;. We get the set 715 = (3), T4 = (2), 723 = (5),
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734 = (1). Since each 7;; are 0 dimensional simplices, our process will stop at the
end of this step.

T2 = (3) =01 N0y and ATNAS = (2,3,4)N(2,3,5) = (2,3)

To3 = (5) = oa N 03 and AINAZ =(2,3,5)N(1,3,5) = (3,5)

T34 = (1) =03N0y and AZN AT =(1,3,5)N(1,2,4) = (1)

4= (2)=01Noy and ATN AT =(2,3,4)N{1,2,4) = (2,4)

Since the intersections A? N A2 A2 N A3 and A? N A% each have 1 dimensional

simplices, we can easily define the image of these corresponding 7; ;’s under ®,. Our
obvious choices are: Aj, = (2,3),A34 = (3,5), and Ay, = (2,4). To find the image
of 734, we need to find a path between 1 and 2 dimensional simplices connecting

(1,3,5) to (1,2,4). We look at the Star of A2 N A% = (1):
St((1)) = {(1,2),(1,3),(1,4),(1,5),(1,6), (1,2,4),(1,3,5),(1,4,5),(1,2,6),(1,3,6) }

Whose matrix is:

(1,2)  (1,3) (1,4) (1,5) (1,6) (1,2,4) (1,3,5) (1,4,5) (1,2,6) (1,3,6)
(1) 1 1 1 1 1
(1,2) 1 1
(1,3) 1 1
(1,4) 1 1
(1,5) 1 1
(1,6) 1 1

In order to find the 1-dimensional path that will be associated to 734, we be-
gin with V3!, = {(Af = (1,3,5))}. At each choice we will add to this set V3.
By scanning the column of the St((1))-matrix associated with (1,3,5) for the non-
zero entries, we find the codimension-1 faces in d((1,3,5)) that are also in St((1)).
For this particular example, this set is {(1,3),(1,5)}. We choose (1,5); choosing
(1,3) will lead to another representation of the same cohomology class. With-
out loss of generality, say the choice is (1,5). Now V34 = {(1,3,5),(1,5)}. By
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then scanning the row associated to (1,5) for the non-zero entries, we find the sim-
plices of which it is a co-dimension 1 face that are also in the Lk((1)). This set is
{(1,3,5),(1,4,5)}. Since V3, already has (1,3, 5), our choice is forced to be (1,4, 5).
Now, Vi'y = {(1,3,5),(1,5),(1,4,5)}. Scanning the column associated to (1, 4,5) for
non-zero entries produces the set {(1,4),(1,5)}. Since our current V3!, has (1,5),
our choice becomes (1,4). Now, V3!, = {(1,3,5),(1,5),(1,4,5),(1,4)}. Scanning
the row associated to (1,4), we find that its co-dimension faces that are also in the
St((1)) are {(1,4,5),(1,2,4)}. Since at this point V', contains (1,4,5), our choice
s (1,2,4) = o3. V34 = {(1,3,5),(1,5),(1,4,5),(1,4),(1,2,4)}. Since we have a
choice of a 2-dimensional simplex that is A%, this process terminates. Our path
is through the 1 and 2 dimensional simplices in V3!,. The image of 754 in ®, is
b((1,5)) * b((1,4,5)) * b((1,4)).

By concatenating the previous two maps, we get the following:

Zb )*755)) = (b((2,3,4)) % b((2,3)))U

b((2,3)) * b({2,3,5))) U (b((2,3,5)) * b({3,5)))U

)
b((3,5)) * b({1,3,5))) U (b((L,3,5)) * b({1,5)))U
U (b((1,5)) * b((1,4,5))) U (b((1,4,5)) * b{((L, 4)))U
U (b((1,4)) % b((1,2,4))) U (b((1, 2,4)) * b((2,4)))

It is illustrated by the dashed bold line in Figure 4.5.

Let @ be the set of 1-dimensional simplices, whose barcyentre is in the image of W.
That is, @ = {(2,3),(3,5), (1,5), (1,4), (2,4)}. For each element ¢, € @, define ¢} to
be the co-chain that evaluates 1 on ¢ and 0 elsewhere. Our Poincaré dual to vis ' =
> xSk Pictorially, this means that the ¢ are defined as the cochains that evaluates
1 on the set of 1-simplices that the final dashed line intersects and 0 on all other 1-

dimensional simplices. For this example, I' = (2, 3)*4(3,5)*+ (1, 5)*+(1,4)*+(2, 4)*.
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4

FIGURE 4.6: The triangulation of RP? with image of v pushed into the Sd(K).
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5

Persistent Cohomology

In Chapter 4, we constructed a method for finding the Poincaré dual of an existing
homology class. This section develops two distinct algorithms, one that computes
Persistent Cohomology, or Copersistence, and one that finds when a given cohomol-
ogy class dies in the filtration of a simplicial complex, K. There has been research
that claims a persistent approach to cohomology (dSMVJ09), but this is the first

publication that defines and gives an algorithm to compute Persistent Cohomology.
5.1 CoPersistence

Suppose we have a filtration of topological spaces.
l=XpCcX,C---CX,=X

that is represented by a filtration of simplicial complexes
)=KycK,C---CK,=K.

We assume for simplicity that K; = K;_; Uo;; a single simplex is added at each level
of the filtration. We define the birth and death of a cohomology class by proceeding
backwards in the filtration. This brings us to the main definition in this section:
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Definition 15. Let ¢, : HY(K;) — HY(K;) be the map induced by the inclusion
K, C K;, i <j. We say a q dimensional cohomology class, I' is born at K; if I' €
HI(K;), but T' ¢ Im(yf,, ;). We say that this cohomology class dies entering K; if
i is the largest index such that 3 a A € HY(Kjy1) with ¢f , ;(A) = ¢ ,(I') € HY(K;).

The copersistence of I' is copers(I') = j — 1.

In order to find the level K; at which a cohomology class is “born” by the previous
definition, we need a simplicial way of representing this cohomology class. Given
I' e Ci(Kj), j > iand 0 < g < d, we can write ' = o] + 05 + - - - + o}, for some n.
To determine 7 ,;(I"), our main tool in calculation is the g-dimensional Colncidence

matrix of K; defined as follows:

Definition 16. For a simplicial complex, K, the q-dimensional Colncidence
Matriz, C1, is the matriz whose rows correspond to the ordered q-dimensional sim-
plices of K, o;, and whose columns correspond to the ordered q — 1 dimensional

simplices of K, 1; where:

1 o is a coface of 7;

0  otherwise

Clyli, j] = {

Here o is a coface of 7 means 7 is a face of 0. The ordering on the simplicies of
K in C1,, give an ordering on the cochains * € C*(K). For simplicity, we will often
refer to row ¢ by the g-simplex it represents and column j by the ¢ — 1 simplex it

represents.
5.2 CoPersistence Algorithm

To calculate Persistent Cohomology, we follow an algorithm that is close to the algo-
rithm for computing persistent homology. We reduce the total Colncidence matrix,

CI. C1T is the matrix whose columns and rows correspond to every simplex in K
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with the relationship that C'(7, j) = 1 < the simplex corresponding to column j is a
codimension 1 face of the simplex corresponding to row 7. This differs from the C'I,
in that the rows and columns correspond to simplices of all dimensions, not just g
and ¢ — 1. This algorithm differs from the Persistent Homology algorithm in that we
also remove rows and columns from CI to move backwards through the filtration of
K. Recall that in order to reduce CI, we perform column operations in Z, arithmetic
from left to right according to the following algorithm:
for j=1 to n do
while 3Jj’ < j with low(j") = low(j) #0 do
add column j’ to column j
endwhile

endfor.

When we reduce CI there are some columns of zeros and others that have a
lowest one in a unique row. Suppose in C'I, there exists a ¢ — 1 dimensional column
corresponding to ¢ that is all zeros. We look at the row corresponding to o to see if
there is a column whose lowest one is in that row. If there is such a column, the class
represented by o is trivial. If there does not exist a column, that class is a generator
for HI71(K).

This algorithm diverts from the persistent homology algorithm here. We continue
by removing the bottom row and the right-most column of the total Colncidence
matrix. By removing a row and the right-most column, we are removing that simplex
from the C'I, and moving through backwards through the filtration.

Suppose K has a total of NV simplices, and we have moved backwards through
the filtration by removing m rows and columns from the reduced C'I. If the last row

of this new matrix, C'Iy_,,, ony_, does not contain a lowest one of a column, then
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CI ~N_m does not need to be further reduced. As we move backwards through the
filtration, a class is born or dies depends on when the last row of Cl N_m, contains a
lowest one of some column, 7. When we remove the last row of the matrix to obtain

CIn_p, and its corresponding column, there are two primary cases:

1. A column, 7, in the C'Iy_,, contains a lowest one in row N — m. If necessary,

we reduce the new matrix, C'I and consider:

(a) If after reducing the matrix, no new 0-columns are created in CI N—m, then
the new lowest one in the column corresponding to 7 exists when it did
not earlier. Thus, it pairs with a 0 column (corresponding to a cocycle)

that was not previously paired, so that cocycle “dies” entering Ky _,,.

(b) If after reducing the matrix, a new 0-column is created, then this cocycle

corresponding to the cochain comprising that column is born at Ky_,,.

2. A column, 7, becomes an all zero column in CIy_,,, where it was not previ-

ously. Then the cocycle represented by 7 is “born” entering Ky _,,.

This first algorithm determines the copersistence of a topological space that is ex-
pressed as a simplicial complex. It gives generators for H?(K) at various levels of the
filtration. In order to find the cochain representatives for these generators, knowing

the column additions done in reducing the matrix C'I gives the representative.

Proof of Correctness. To prove that this algorithm is correct, we follow the principles
developed in persistent homology. In Persistent Homology, it was recognized that
each cycle, v, is the sum of negative simplices and one positive simplex. A negative
simplex is one which, by adding it into the filtration, kills a one lower dimensional
existing homology class. When adding into the filtration the positive simplex, ~

is born. This relationship is embedded in the Inicdence matrix through the low
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function. The Pairing Uniqueness Lemma from (CSEMO06) says that reducing the
Incidence matrix does not affect the low function, thus will not change the basis of
positive simplices that generate each cycle.

Since our algorithm for computing CoPersistence begins with reducing the trans-
pose of the Incidence matrix, the Colncidence matrix, it is in many respects dual to
the algorithm for computing Persistent homology. When we compute the cohomol-
ogy of K, the last level of the filtration, we have a basis for our cohomology classes.
Each cocycle is represented by a basis of positive simplices. Each zero column in the
reduced CT corresponds to the positive simplex that represent the cocycle. The rows
that contain the lowest ones of some columns are negative simplices. We follow this
basis through the algorithm and the filtration.

Suppose we are at the K;-th level of the filtration. If we add a positive simplex,
now we are at the K;,1-st level and homologically we have created a cycle. Since
this means that the map H,(K;) — H,(K;;1) increases the rank by 1, the map
HP(K;) «— HP(K;,1) decreases the rank by 1. Thus, removing the positive simplex
to move backwards from K;.; to K; kills a cohomology class. On the other hand,
if we add a negative simplex, going from K; to K1, homologically we kill a cycle.
Thus, the map H,(K;) — H,(K;;1) decreases the rank by one. Moving backwards
through the filtration, removing this negative simplex from K;,, thus getting to K;,

means that the map H?(K;) « HP?(K;) increases the rank by one. O
5.3 Persistent Cohomology Class Algorithm

This algorithm determines when a specifically given cohomology class, known to
exist at some level of the filtration K, dies. This differs from the previous algorithm
in that we begin with a given ¢ dimensional cocycle I' € C?(K;). Suppose I' =
o; +o0;, +---0f . The objective of this algorithm is to find when I" first becomes

in

a coboundary, or when there is a column in C1,, such that after column addition
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the only nonzero entries in the column are in the rows corresponding to the o;,. We
begin with a I' that is known to be nontrivial at K; and start this algorithm with
qth Colncidence matrices, C'I, for K;. As in the previous algorithm, removing rows
from this Colncidence matrix brings us to lower levels of the filtration. Determining
when to remove rows depends on certain outcomes of column operations. After a
number of row removals, there will be a column, say 7, such that the nonzero entries
of 7, are exactly the o;; € I' that are still present in C'I,. It is at this point that
the remaining set of ¢ simplices directly determine the filtration level at which T’
has become a coboundary and is thus trivial in H?(K;) for some K;. In order to
discuss the specifics of this algorithm, we provide an example of it here. Suppose

our simplicial complex, K, is given by the following triangulation of RP?:

4

FIGURE 5.1: K is the simplicial complex associated to RP? with standard triangu-
lation.

We have that a given cohomology class, I' € H'(K) is nontrivial, so in this

example K; = K. One possible representation of I' = o} + 07, +---+ 0] is (2,3)" +
(1,4)* + (2,4)* + (1,5)* + (3,5)*. Since I' € H'(K), our algorithm uses the CI;
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The algorithm starts with o; in row i,. In this example, o;, = (3,5). We scan
row 4, and find its nonzero entries. We store the indexes, and therefore associated
codimension-1 simplices, of the columns having a 1 in row associated to o;, . Call
this set T = {7¢,, Tepy - - - s T, - For this example, T' = {(3), (5)}. The next step of
the algorithm is to scan each column in this set to see if it has a lowest 1 in row o;,,.

Suppose none of the columns (7., through 7.,) have their lowest one in row o;, .
This is the case in this example; low((3)) = (3,6) and low((5)) = (5,6). If this is
the case, we remove the fewest number of rows from C1I, so that at least one 7.,
1 < s < ¢, has its lowest one in the row associated to o;,. In our example, this would
be removing the first 3 rows, so that low((3)) = (3,5). If, however, there is at least
one 7., such that low(r.,) = o;,, then we do not remove any rows and continue to

the next step in our algorithm.
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Since for our example, we must remove 3 rows, the new C'I; is:

1) 2 (3) ) () (6)
1,2y 1 1
1,3y | 1 1
(2,3) 11
(1,4) | 1 1
(2,4) 1 1
(3,4) 1
(1,5 ] 1 1
(2,5) 1 1
(3,5) 1 1
(4,5) 11
(1,6) | 1 1
(2,6) 1 1

The last step of the algorithm guarantees that at least one of the 7., € T" has a
lowest one in the row associated to o;,. We choose one such column, say 7.,. We
that column 7., now serves as our 7,, and we scan it from the bottom upwards.
For our example 7, = (3). The next step of the algorithm depends on two things:
whether the row directly above o; , 0; 1, is in the expression of I' and the value of
the entry in 7, in this row. For the two cases, where o;, _; is not in the expression of
I' and the entry in 7, is 0, or the case where o; _; is in the expression of I' and the
corresponding entry is 1 in 7,, we do nothing. We continue up 7, to the next row of
C1,. In our example, CI;((2,5),(3)) = 0 and (2,5) is not in the expression of I, it
is one of these two cases. We continue to C'I;((1,5), (3)).

If, on the other hand, we encounter the two cases where o, is in the expression
of I and its entry in 7, is 0, or 0;, 1 is not in the expression of I' and its entry in 7,
is 1, the next step of our algorithm becomes scanning the row associated to o;, 1.
We search for a lowest one in the row o; _; and if such a column exists, in either
instance we add it to 7,. Recall, we want a column 7,, such that the only nonzero

entries correspond to the o If 7, has a 1 in the row associated to o;, 1 and o; _; is
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not in the expression of I', then adding a column who has a lowest one in o;, 1 with
7o coefficients will remove the one, and 7, will have its entries match the simplicies
in I' for 0;, 1 and below. It is a similar result for the other situation. If no such
column contains a lowest one in row o;, _;, then we remove the fewest number of
rows until row o; _; contains a lowest one of a column.

In our example, CI;((2,5), (3)) was not of either of the two latter cases. This
would imply that we continue to CI;((1,5), (3)), which is one of these two later cases.
Specifically, C'I;((1,5), (3)) = 0 however (1, 5) is in the expression of I". So, according
to the last step in the algorithm, we would scan (1,5) for its nonzero entries. These
are in columns (1) and (5). Since low((1)) = (1,6) and low((5)) = (4,5), we are not
in a situation where the lowest one of either is in (1,5). Thus, we remove the least
number of rows from C1; so that the lowest one of at least one column is in (1, 5).

For this example, that would be 2 rows. Our new C'; is:

(1) (2) 3) (1) () (6)
1,20 1 1
1,3y | 1 1
(2,3) 11
(1,4) | 1
(2,4) 1 1
(3,4) 11
1,5 ] 1 1
(2,5) 1 1
(3,5) 1 1
(4,5) 11

The algorithm proceeds as above. As we move up the column 7, the next step
of the algorithm is determined by the next entry of .. Suppose we are at row oy,
in some reduced C'I,. When we look at the o;, entry of 7, we want Cl,(0;;,7.) = 1
iff o5, is in the expression of I If 0y, € I' and Cly(0y;,7.) = 1 or 0;; ¢ I' and

Cly(0i;,7.) = 0, then we move up the column 7, to the next row. If either of the
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two cases where Cly(0i;,7.) = 1 but oy, ¢ T' or Cly(0y;,7.) = 0 but 0;;, € T, the
next step in our algorithm is ti scan the row associated to o;; to find a column whose
lowest one is in that row. If such a column does exist, we add it to 7, and continue
by looking at C'I,(0;,—1, 7). If, on the other hand, no such column exists, we remove
the least number of rows from the bottom of C'I, such that either (a) there is a lowest
one in the row o;; or (b) we remove the lowest remaining o;,, in the expression of I'.
Sometimes the lowest ones for columns which have nonzero entries in row o;; might
exist in rows with a lesser index than the lowest ¢;, € I'. If this is the case, then we
remove rows from C, up to and including o;, and begin the algorithm again with
0i,_,, choosing a different 7,, accordingly.

By induction on the rows of C'I,, we will reach a reduced C'I, where the nonzero
entries of a given column 7, are in only the rows on which I' evaluates 1. It is this
level of reduction of C'I, that gives us the level of the filtration of K where I' “dies.”
When we have removed enough rows from C'I, where 7, has its only nonzero entries in
rows in the expression of I', the remaining ¢-simplices of C'I, and define the filtration
level K;. It is at this point that 7, represents the coboundary of I', and thus, where
I becomes trivial, or “dies.” If you return the last rows removed, they would define
the next level of the filtration, K;,1, where the nonzero elements of 7, are not in a
one-to-one correspondence with the representation of I', thus I is not a coboundary.

By moving from K;,; to K;, I becomes trivial in H?(K;), and thus “dies.”

Proof of Correctness. Because of the construction of the Colncidence matrix, C'1,(o;,0;) =
1 means that o; is in the coboundary of o;. Thus, for any stage of the filtration K,

if there exist a set of column operations so that the resulting column 7, is such

that Cl,(oy,,7.) = 1iff I'(03;) = 1, then I' is exactly the coboundary of the cochain
comprising 7, and is therefore trivial in H?(K;).

Beginning the algorithm by ensuring there exists one such column that has its
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lowest one in the row associated to o;,, it follows that CI,(oy,, 7.) is zero for all
m > i,. Since the lowest index row in C'I, on which I" evaluates 1 is o;,, the nonzero
entries of 7, agree with I' for all o, for m > ,. As we scan up 7, we only perform
column addition when CI,(0;,7.) # I'(c;). This ensures that the nonzero entries
of 7, are in one-to-one correspondence with the simplicies in the expression of I" for
each o0, for m > j. Whenever a column is added to T, our goal is to preserve this
one-to-one correspondence for each o,,. This can only be done by requiring that the
lowest one for the column being added to 7, is above m, that is, its lowest one is in
row ;.

Every time we remove rows from the bottom of C'I;, we are moving backwards
through the filtration. If we cannot obtain 7, through our method, then I' is not a
coboundary. By removing rows in the Colncidence matrix, we begin the algorithm
again until either discovering that we cannot create 7, or a 7, has been created. The
column 7, can only be created at a level of the filtration K;, where I' is trivial in

H1(K;), thus we find the level of the filtration at which I" “dies” entering. O
5.4 Illustrated Example

Here we return to our example to and finish it off to find where I' “dies” in our
filtration of RP?. Recall, that we have removed the rows up to and including (1, 6)

and our C1; is:

52



(1) (2) 3) (1) (5) (6)
1,2 1 1
1,3y | 1 1
(2,3) 11
(1,4) | 1 1
(2,4) 1
(3,4) 11
(1,5) | 1 1
(2,5) 1 1
(3,5) 1 1
(4,5) 11

For 7, = (3), we have C1,((3,5), (3)) = 1,CL((2,5),(3)) = 0, and C'I;((1,5), (3))
0, where (3,5) and (1,5) € T" but (2,5) ¢ I". Scanning (1,5), we have a lowest one
in column (1), so we add (1) to (3) and 7. = ((3) + (1)). 7. has non-zero entries in
(3,5), (1,5), (3,4), (1,4), (2,3) and (1,2).

Scanning up ((3) + (1)), C11((3,4), ((3) + (1))) = 1 but I'((3,4)) = 0, we have a
contradiction. We scan the row associated to (3,4) and find that it is nonzero entries
are in columns (3) and (4). low((3)) = (3,5) and low((4)) = (4,5). Thus, we remove
all the rows up to and including the row associated to (4,5) from our Colncidence

matrix. C'I; becomes:

1) 2 (3) ) (5) (6)
12y 1 1
1,3y | 1 1
(2,3) 11
(1,4 ] 1
(2,4) 1 1
(3,4) 11
(1,5 ] 1 1
(2,5) 1 1
(3,5) 1 1

7. = ((3) 4+ (1)) has non zero entries in (3,5), (1,5), (3,4), (1,4), (2,3) and (1, 2).
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Since C11((3,5),7.) = CL((1,5),7.) = CL1({3,4),7.) = 1, C[1({2,5),7) = 0 and
(3,5),(1,5) € I while (2,5),(3,4) ¢ I', we scan the row associated to (3,4) to find
that its nonzero entries are in columns (3) and (4). Since low((4)) is now in (3,4)
and low((3)) is in (3,5), we add (4) to 7.. Now, we continue scanning up column
To. CL((2,4),7.) =1 and I'((2,4)) = 1, so there is no contradiction. Continuing,
CI((1,4),7.) = 0but I'((1,4)) = 1. We have a contradiction. Since low((1)) = (1,5)
and low({4)) = (3,4) and o;, = (3,5), we cannot remove the contradiction through
column operations and we begin our algorithm from the start.

Since the row associated to (3, 5) is the last row of C'I;, we could also have chosen
column (5) as 7. Scanning up column (5), C1,((2,5),7.) = 1 and I'((2,5)) = 0. We

scan row (2,5) and find that its nonzero entries are in columns (2) and (5). Since

low((2)) = (2,5), we add column (2) to column (5). Scanning from bottom to top,
CL({(1,5),7) = 1 and T'((1,5)) = 1, so we have no contradiction. Continuing,
CIL((3,4),7.) = 0 and I'((3,4)) = 0 so we move up a row in column 7,. Since
CI({2,4),7.) = 1 and I'((2,4)) = 1, there is no still no contradiction. Continuing,
CL((1,4),7.) = 0 but I'((1,4)) = 1, so the nonzero entries of 7, at (1,4) and
below are not in one-to-one correspondence with I'. Since low((1)) = (1,5) and

low({4)) = (3,4), we cannot remove the contradiction through column operations.
We have exhausted the possibilities of columns whose lowest ones are in row (3,5).

We remove the rows up to and including (3,5). Doing so reduces the expression
of I to I' = (2,3)* + (1,4)* + (2,4)* + (1,5)*. Furthermore, our Colncidence matrix

becomes:
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1,2 1 1
(1,3) | 1 1

(2,3) 11

(1,4) | 1 1
(2,4) 1

(3,4) 11
(1,5) | 1 1
(2,5) 1 1

We begin the process again. Now, the lowest row corresponding to an single
cochain in I" is (1,5). We scan the row associated to (1,5) and discover that it has
nonzero entries in columns (1) and (5). low({1)) = (1,5) and low({5)) = (2,5).
Therefore, we set column (1) = 7.. CL((3,4),7.) = 0 and I'((3,4)) = 0, so we
continue up 7.. Since CI;((2,4),7.) = 0 while I'((2,4)) = 1, we scan the row
associated to (2,4) and find that its nonzero entries are in columns (2) and (4).
Since low((2)) = (2,5) and low({4)) = (3,4), we need to remove the simplices up to
an including (2,5) from both C'I; and our expression of I'. Our Colncidence matrix

1S now:

(1) (2) 3) (4) () (6)
1,2 1 1
1,3y | 1 1
(2,3) 11
(1,4) | 1
(2,4) 1 1
(3,4) 11
1,5 ] 1 1

We begin our procedure again, noticing that both (1) and (5) are associated to
columns with a lowest one in row (1,5). Without loss of generality, we set 7. to be

column (1). Since CI;((3,4),7.) = 0 and I'((3,4)) = 0, we move up a row and see
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CI((2,4),7.) = 0while I'((2,4)) = 1. We scan the row associated to (2,4) that it has

nonzero entries in columns (2) and (4). Since low((2)) = (2,4), we add column (2) to

(1) and 7. = ((2) 4+ (2)). Continuing scanning from bottom to top, C'I;((1,4),7.) =1
and I'((1,4)) = 1, therefore we have no contradiction and continue to scan up 7.
Since C'11((2,3), ) = ['((2,3)) = 1, we again have no contradiction. Moving up 7,
CI,((1,3),7.) = 1, however I'((1,3)) = 0. Here, we have a contradiction. Since the
nonzero entries in the row (1,3) are in columns (1) and (3), where low((1)) = (1,5)
and low((3)) = (3,4). We cannot remove this contradiction with merely a column
operation.

Since column (5) also had its lowest one in row (1,5), we could also choose
7. = (5). CI((3,4),7) = 0 and I'((3,4)) = 0 implies no contraction. Continuing,
CI((2,4),7.) = 0 while I'((2,4)) = 1, implies a contradiction. We scan the row
associated to (2,4) and find that its nonzero entries are in columns (2) and (4).
Since low((2)) = (2,4), we add column (2) to column (5). 7. is now ((5) + (2)).
Scanning from bottom to top, C'I;((1,4),7.) = 0, while I'((1,4)) = 1, so we have
a contradiction. Scanning the row associated to (1,4), we find its nonzero entries
in columns (1) and (4). Since low((1)) is in row (1,5) and low((2)) is in the row
associated to (3,4); both of these are lower in C'I; than (1,4). Therefore we again
have a contradiction that cannot be removed by a column operation. We remove
all the simplices up to an including (1,5) from both CI; and I". Our Colncidence

matrix becomes:
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Beginning again, we have the lowest simplex associated to I" in C'I; is now (2,4).
Scanning the row associated to (2,4), we find its nonzero entries in columns (2) and
(4). Since low((2)) is in (2,4), we set 7. = (2). CI1((1,4),7.) = 0 but I'((1,4)) = 1,
so we have a contradiction. Scanning row (1, 4), we find its nonzero entries in columns
(1) and (4). Since low((1)) is in the row associated to (1,4), we add column (1) to
column (2) making 7, = (2)+(1). Continuing, CI;((2,3),7.) = I'((2,3)) = 1, we have
no contradiction. CI;((1,3),7.) = 1 while I'((1,3)) = 0. We have a contradiction.
Scanning the row (1,3), we find its nonzero entries in columns (1) and (3). Since
low((1)) = (1,4) and low((3)) = (3,4), we remove all simplices up to and including

(3,4) from the Colncidence matrix. Now, C'I; is:

N TN TN N
N =N ==
= W N

W~
===
—_
—_

Starting our procedure again, we have 2 nonzero entries in (2,4), in columns (2)
and (4), both of which have lowest ones in row (2,4). Choosing to set 7. = (2),
CI((1,4),7.) = 0 while I'((1,4)) = 1. Searching row (1,4), we find its nonzero

entries in columns (1) and (4). Since low((1)) = (1,4), we can add column (1) to 7.
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Continuing, C1((2,3),7.) = 1I'((2,3)) = 1. CI({1,3),7) = 1 while I'((1,3)) = 0.
Scanning row (1,3) we find its nonzero elements are in columns (1) and (3). Since
low((1)) = (1,4) and low((3)) = (2,3), we have a contradiction that cannot be
removed by a column operation.

Choosing column 7, + (4) instead and scanning it up, we see CI((1,4),) =
I'((1,4)) = 1, thus, there is no contradiction. Continuing, C'I((2,3),7) = 0 while
['((2,3)) = 1; we have a contradiction. Scanning (2, 3), we find its nonzero entries in
columns (2) and (3). Since low((3)) = (2,3), we add column (3) to column 7, and
continue scanning upwards. CI;((1,3),7.) = 1 while I'((1,3)) = 0. This is a contra-
diction, but since the two nonzero entries of (1,3) are in columns whose lowest ones
are greater than (1,3), we cannot remove this contradiction with column addition.
We remove all the simplices up to and including (2,4) from both CI; and I'. Our

current Colncidence matrix is :

(1) (2) 3) (1) 5) (6)
1,20 1 1
(1,3) | 1 1
(2,3) 11
(1,4) | 1 1

Beginning with the now lowest simplex associated to I', (1,4). Searching the row
(1,4), we find that its nonzero entries are in columns (1) and (4), both of which have
their lowest ones in the row associated to (1,4). Without loss of generality, we choose
7. = (1). Scanning from bottom to top, CI;((2,3),(1)) = 0 while I'((2,3)) = 1.
Searching row (2,3), we find that it has two columns, both of which have its lowest
one in row (2,3). Without loss of generality, we choose column (2) and add it to 7.
CI((1,3),7.) = 1 but I'((1,3)) = 0. Neither of the columns containing the nonzero

entries of (1,3) have a lowest one in that row, so we have reached a contradiction
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that cannot be removed by a column operation. If, however, we had chosen (3) to
add to column 7., we see CI;((1,3),7.) = 0 and I'((1,3)) = 0; no contradiction.
However, CI,((1,2),7.) = 1 where I'((1,2)) = 0. Since none of the nonzero entries
of (1,2) have columns with lowest one in row (1,2), we have reached a contradiction
that cannot be removed with column operations.

On the other hand, suppose we set tau, to equal column (4) instead. CI;((2,3), 7.)
0 but I'((2,3)) = 1. Scanning the row associated to (2, 3), we find nonzero entries in
columns (2) and (3). Since both of these columns have lowest ones in that row, we can
choose, without loss of generality (2). Adding column (2) to column (4), 7, becomes
((4) +(2)). CL((2,3),7.) =T'((2,3)) = 1, so there is no contradiction. Continuing,
CL((1,3),7.) = I'((1,3)) = 0, again there is no contradiction. CI;((1,2),7,) = 1
while I'((1,2)) = 0. Since none of the columns containing the nonzero entries of
(1,2) have their lowest ones in that row, so there is a contradiction that cannot
be removed with column operations. A similar situation would have occurred had
we added column (3) to (4) instead. Therefore, we remove all simplices up to and

including (1,4) from CI; as well as I'. Our Colncidence matrix is now:

1,2 1 1
(1,3)| 1 1
(2,3) 1 1

The lowest simplex in our I' is now (2,3). Scanning this row, we have nonzero
elements in columns (2) and (3), both of which have their lowest ones in this row.
Without loss of generality, if we choose to set 7. = (2), CI,((1,3),7) = T'((1,3)) = 0.
However, CI;((1,2),7.) = 1, but I'((1,2)) = 0. Since the two columns that contain
the nonzero elements of (1,2) do not have their lowest ones in (1,2), we have a

contradiction that cannot be removed. If we had chosen to set 7. = (3) instead,
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CIL((1,3),7) = 1 while I'((1,3)) = 0. Since column (1) has a lowest one in (1, 3),
we add it to 7. Continuing, CI;((1,2),7.) = 1 while I'((1,2)) = 0. However, since
(1) and (2), have lowest ones below (1,2), we have a contradiction that cannot be
removed with adding columns.

At this point we would remove all the simplices up to and including (2, 3), which
also removes the last simplex corresponding to I'. At this point, I" is now trivial and
our coicidence matrix consists of two rows. Since I' is now trivial, we have reached
the level of the filtration directly prior to the point where I' is born. Since the last
set of simplicies removed before I became trivial was (2, 3), the level of the filtration

at which I" dies is the simplicial complex that is the union of the following simplices:

(1), (2), (3), (1,2), (1,3), and (2,3).
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6

Extended CoPersistence

When the study of Persistent Homology was being developed, one advancement was
Extended Persistence. There are two major benefits to considering extended persis-
tence over regular persistence. First, Extended Persistent Homology is able to pair
all homology classes, essential absolute homology classes are paired with essential
relative homology classes. The second benefit is that extended persistence provides
a method for comparing two filtrations. As mentioned in Chapter 2, this helps define
a measure of topological feature size, an important component in some modeling ap-
plications. Because of the close relation of homology and cohomology, the principles
used for Extended Persistence can likewise be used to develop Extended CoPersis-
tence. In this chapter, we create an algorithm to define and compute Extended

Persistent Cohomology.
6.1 Principles of Extended Persistent Cohomology

As with Extended Persistent Homology, we again have two filtrations of our topo-
logical space, K, which we splice together to make a single sequence of cohomology

groups. This allows us to compare the filtrations as well as define persistent coho-
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mology for essential cohomology classes. First, however, let us develop the objects
used in extended persistent cohomology as we did for extended persistent homology.

When defining CoPersistence, we began with a filtration
Q):XoCXlC"‘CXn:X

of our topological space, X. We then considered the following sequence of Cohomol-

ogy groups:
0= HY(Xy) — HI(X)) — - — HY(X,) = HI(X)

with the maps induced by inclusions. In the case that X is a manifold, we can use

Lefschetz duality to show that the above sequence is dual to:
0 — H,(Xo,0Xo) — Hy(X1,0X1) — -+ — Hy(X,,,0X,,) = Hy(X)

(p + ¢ = d) from which we define persistent homology. We could define Extended
Persistent Cohomology as the dual to Extended Persistent Homology, but instead we
are looking for a definition that works on any simplicial complex. So suppose we are
given two filtrations of simplicial complexes that triangulate the same topological

space, X:
)=KiyCcK,C---CK,=X and 0=LyCLiC---CL,=X
The sequence used for extended persistent homology is
0= Hy(Ko) = Hp(K1) — -+ — Hy(K,) =
= H,(K, Ly) — Hy(K,L,) — - Hy(K,, Ly,) =0
Similarly, we use the following for extended persistent cohomology:
0= HYKo) « HI(K;) + - — HI(K,) =

— HYK,, L) — HY(K,,L;) «— -+ — HYK,, Ly,) =0
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The definitions of birth and death of a cohomology class in this sequence are
the analogues of those in Chapter 5. That is, let ¢;; : HI(K;) — H(K;) with
Jj > 4. A cohomology class, I', is said to be born at K, if I # 0 € H(K;), and
I' ¢ Im(t)j41;). This cohomology class, I' is said to die entering K; if there exists a
A € HY(Kj) such that ¢4 ,;(A) = ¢;,(I) € HY(K;), but ¢;,;11(") & Im(j11,i41)-
We extend the definition to include relative classes and extended pairs.

Define the ¢;, : HY(K,, L;) — HY(K,, L;). We say that a relative cohomology
class, I', is born at (K,,L;) if I' # 0 € HY(K,,L;) and I' ¢ Im(¢j41;). We say
I' dies entering (K, L;) if there exists a A € H(K,, Lj;1) such that ¢;,(I') €
Im(¢js1:(A)) and ¢;,41(I) & Im(¢ji1,41). In this case we define the copersistence,
copers(I') = j — 1.

We say that an extended cohomology class, I', is born at (K, L;) if [ # 0 €
HY(K,,L;) and I" ¢ Im(¢;4; ;). We say I' dies entering K; if there exists a A €
H9(K,, Lj;1) such that 7 is the largest index where 1, ;(¢;0(I")) = VYn.i(Pj+10(A)) €
HY9(K;). In this case, we say that the copersistence, copers(I') = j+ (n—1). We can
see from this last definition that a cohomology class, potentially the Stiefel-Whitney
cohomology class could be born as a relative cohomology class, at some level of the

filtration (K, L,), and die as a cohomology class at some (k).
6.2 Extended Persistent Cohomology Algorithm

The main object used in computing extended persistent cohomology is the Extended
Colncidence matrix. In Chapter 5, we defined the ¢-dimensional Colncidence matrix
to the be the matrix whose rows correspond to the ¢-dimensional simplices and whose
columns correspond to the ¢ — 1 dimensional simplices. It is just the transpose of
the Incidence Matrix. Thus,C1,(i,j) = 1 if and only if the g-simplex in row ¢ has
the ¢ — 1 simplex in column j as a codimension 1 face. When computing regular

persistent cohomology, we could separate out each dimension easily, considering only
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the simplices of dimensions other than ¢ and ¢ — 1. Now, however, it is easier to use
the full Colncidence matrix to calculate the persistence of all cohomology classes of
all dimensions simultaneously.

For a given filtration of simplicial complexes,
@ZK()CKlC"'CKn:K

we create the total Colncidence Matrix, T'C'I. Rows and columns of this matrix
correspond to the simplices of K in their total order given by the partial ordering
from the filtration and an arbitrary choice at each step of the filtration to complete

a total ordering. Let o; be the simplex corresponding to row ¢ of T'C'I. Then,

TCI(i, j) = {1 if 0; is a codimension 1 face of o;

0 otherwise

As previously mentioned, when discussing extended persistent cohomology, we

have two filtrations,
)=KiyCcK,C--CK,=K and 0=LyCLiC---CL,=K

each of which would, by itself, have their own total Colncidence matrix. We define

the Extended Colncidence matrix as the block matrix

TClx O
P TCI,

where T'C'Ig is the total Colncidence matrix for the filtration Ko C --- C K,, = K
and T'C1Iy, is the total Colncidence matrix for the filtration Lo C --- C L,, = K.
P is the permutation matrix that permutes the order of the simplices associated
to the filtration, Ky C K; C --- C K, to the order of the simplices given by the

LyC Ly C---C Ly, filtration. O is a block zero matrix.
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We could compute the general extended persistent cohomology, which would be
same as the first of our two algorithms presented in Chapter 5. That is, we could
reduce the total Colncidence matrix using column operations with modulo two arith-
metic. Here, we focus on the algorithm for computing the extended death for a given
cohomology class. Many of the details are similar to our second algorithm given in
Chapter 5 which computes the death point of a specific cohomology class.

We work our way up from bottom to top of the matrix keeping note of which rows
correspond to our cohomology classes. Suppose we want to compute the Extended
Persistence of a ¢ dimensional cohomology class, given a representation I' € C9(Kj).
As detailed in Chapter 5, we tag the subset of ¢ dimensional simplices on which
our cohomology class evaluates one. However, unlike with regular coperistence, we
will have a double set of rows corresponding to this set of g-simplices, one in the
bottom half of the matrix, corresponding to the block T'C'I;, for the L-filtration and
the block permutation matrix, and one in the top half of the matrix, corresponding
to the block matrix associated to the TCI for the K-filtration. As with regular
persistent cohomology, our goal is to have a column whose nonzero entries are solely
in the rows that corresponds to the simplices on which our cohomology class, T,
evaluates one.

Suppose [' = o1 * 405 4 - - -+ 0, where the order of the o;’s in the representation
of I' are in such a way that indices of their corresponding rows are increasing. Since
there is a repeat of the rows associated to I', as is a repeat of all the simplices, we
choose the ordering based on the lower half of the matrix. We begin by scanning the
lowest row associated to o, in our Extended Colncidence matrix, to see if there is a
column whose lowest one occurs in that row.

As detailed in Chapter 5, we remove rows from the bottom of our Colncidence
when we cannot perform an appropriate set of column operations to get a column

whose non zero entries are in rows which are exactly the elements on which I' eval-
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uates one. In addition to removing rows, we also remove columns from the right
side of our Colncidence Matrix to likewise indicate that we are moving backwards
through the filtrations. For every row that gets removed from the Extended Co-
Incidence matrix, we remove the corresponding column from the right. When we
have removed enough rows and columns to obtain a column whose nonzero entries
are in one-to-one correspondence with the remaining the cochains of I'; our process

terminates. We can say that this is the level at which I' dies.

6.3 Illustrated Example

Suppose we have a simplicial complex, K, with 2 separate filtrations. The K-

filtration is illustrated in Figure 6.1 and the L-filtration is illustrated in Figure 6.2.

o2 2

w

FiGURE 6.1: The four pictures depict stages of the K-filtration of our simplicial
complex. The first stage of the filtration is the union of four vertices. The second
level of the filtration is the union of the four vertices and 3 one dimensional simplices.
The next level of the filtration is the union of the four vertices and 4 one simplices.
The final simplical complex is the union of the 4 vertices, 4 one-simplices and a single
2 simplex.

Our Extended Colncidence matrix becomes
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FIGURE 6.2: The four pictures give a representation of the L-filtration. Its first
level is the union of four vertices. The second level is the union of 4 vertices and 3
different 1 simplices than those in level two of the K-filtration. The third level is
the union of four vertices and four 1 simplices. The fourth level of the filtration is
the full simplicial complex which is the union of 4 vertices, four 1 simplices and one
2 simplex.

1 2 3 4 1,2 23 24 1,3 34 234 1 2 3 4 1,3 2,3 24 34 234
1
2
3
4
L2 |1 1
2,3 11
2,4 1 1
1,3 |1 1
3,4 11
2,3,4 11 1
1|1
2 1
3 1
4 1
1,2 1 11
1,3 1 1 1
2,3 1 11
2,4 1 1 1
3,4 1 11
2,3,4 1 111

The representative for our cohomology class will be T' = (1, 2)* + (1, 3)* + (2, 3)*.
We begin by scanning the bottom most row corresponding to (2,3) and find that
it has nonzero entries in the columns associated to (2,3), (2), and (3). Suppose we
chose column (2, 3) since it is the leftmost column that has a lowest one in the row
corresponding to (2,3). It can easily be seen that adding columns (1,2) and (1, 3)
to this column would result in column (2,3) having nonzero entries in rows (1,2),
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(1,3), (2,3), and (2,3,4). This forms an unremovable contradiction since the row
corresponding to (2,3,4) with smaller index does not contain the lowest one of any
column. We choose instead column (2), without loss of generality.

Since low((2)) = (2,4), we scan that row. There are two columns with lowest
ones in that row, (2) and (2,4). We add column (2,4) to column (2) and continue
scanning up column (2) in the extended coincidence matrix. Since the nonzero entries
of this column are in rows (2,3), (1,2) and (2, 3,4), at the next row, (1, 3), we have
reached a contradiction. Scanning the row corresponding to (1,3), we find that its
nonzero entries are in (1,3), (1) and (3). Columns (1,3) and (1) both have lowest
ones in that row, so we arbitrarily choose to add (1,3) to this column. Now, the
nonzero entries are (2,3), (1,3), (1,2), and (2,3,4). This yields a non-removable
contradiction. If, however, we added column (1), we would have the nonzero entries
of (2,3),(1,3), and (2,3,4). Although there is a contradiction at the next row of this
column, (1,2), we see that row (1,2) is the row containing the lowest one for column
(1,2). When we add that column, we get the nonzero entries (2,3), (1,3), (1,2) and
(2,3,4). Again, we have a unremovable contradiction.

If we remove only the row associated to (2,3, 4), we have not successfully removed

any row that caused a contradiction. This fact is easy to see through example. We

continue by removing the next row, (3,4). Our Extended Colncidence matrix is now:

1 2 3 4 1,2 2,3 24 1,3 3,4 234 1 2 3 4 1,3 2,3 24 3,4 234

1

2

3

4

L2 |1 1

2,3 11

2,4 1 1

1,3 |1 1

3,4 11
2,3,4 11 1

1 1

2 1

3 1

4 1

1,2 1 11

1,3 1 1 1
2,3 1 11
2,4 1 1 1
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By scanning the lowest row corresponding to a 1 dimensional simplex in our
representative of our cohomology class, T', (i.e. (2,3)), we see again that it has
nonzero entries in columns (2,3), (2) and (3). Since columns (2,3) and (2) both
have their lowest one in the row (2,3), without loss of generality, we choose column
(2,3). Since the (1, 3) entry of column (2, 3) is zero, forming a contradiction to the
one-to-one correspondence to I', we scan the row associated to (1, 3) and find that it
has non zero entries in columns (1, 3), (1) and (3). Since columns (1, 3) and (1) both
have their lowest one in row (1, 3), we can choose column (1, 3). Adding this column
to column, (2, 3), our nonzero entries are in the rows (2, 3), (1,3), and (2, 3,4). Since
the entry in (1,2) is zero, which contradicts a one-to-one correspondence with T,
we continue by scanning that row. The nonzero entries of row (1,2) are in columns
(1,2), (1) and (2). The only column of this set whose lowest one is in row (1,2), is
column (1,2), so we add column (1,2) to the column ((2,3) + (1,3)). Our nonzero
entries are now in the rows (2,3), (1,3), (1,2), and (2,3,4), in decreasing order
on the index of the rows. We still have a contradiction at row (2,3,4). Scanning
the row associated to (2,3,4), we find that it has nonzero entries in the columns
((2,3) + (1,3) + (1,2)), (2,4), and (3,4). The only one of these columns that has a
lowest one in this row happens to be (3,4). Therefore, we add the column associated
to (3,4), and our nonzero entries of the column ((2,3) + (1,3) + (1,2) + (3,4)) are in
the rows (2,3), (1,3) and (1,2), from bottom to top of matrix. We have no further

contradiction with the representative for I'.
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7

Decomposible CoPersistence

Chapters 4 through 6 have given us the appropriate background and development of
cohomology in the context of persistence. We have seen that the benefit of working
with cohomology is that it comes with operations which may provide more infor-
mation about our topological spaces. In this chapter, we create an algorithmic and
persistent approach to these operations so that we may capitalize on the additional

information found there.

7.1 Cup Products

The cohomology of K is defined using the groups C*(K) = Hom(C;G) where G
is an abelian group. Since HYP(K;Zy) = ker(d : C*P~Y(K) — C¥P(K))/Im(¢ :
C4P(K) — CTPT(K)), a ring structure on the cohomology groups is defined by the

cup product.

Definition 17. The cup product is the homomorphism U : HP(X) @ HI(X) —

HPT(X), defined by (a?UB)(vg, v1, . .., Upiq) = (—1)PTa((vo, v1, . . ., vp)) B({Vp, Upt1,
for a € CP(X) and € CI(X), which represent the elements of H? and HY respec-
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tively.

The cup product of two cohomology classes is combinatorial by its definition,
so it is unnecessary to develop algorithms that compute the cup product of two
cohomology classes directly. For example, suppose we have the two cohomology
classes a = (1,2)* + (1,4)* + (2,4)* and B = (2,3)" + (3,4)* + (2,4)*. It is easy to
determine on which, if any, simplicies U 3 is nonzero, thus defining the cohomology
class I' = aU . It is a pairwise concatenation of the p simplices on which « evaluates
one with the ¢ simplex on which 3 evaluates 1, maintaining vertex ordering.

For this example, the only 2 simplices which are a vertex ordering preserving con-
catenation of the 1 simplices o and 3 both evaluate one on are (1,2,3) and (1,2, 4).
When we apply the cup product formula, we see o U 3({(1,2,3)) = (—=1)a((1,2)) -
B((2,3)) = 1-1 = 1. Whereas, o U 3({1,3,4)) = «((1,3)) - 8((3,4)) = 0-1 = 0.
Therefore, if given two cohomology classes, it is easy to determine their cup product.

The ring structure of cohomology groups sometimes helps to distinguish between
topological spaces where the homology groups, and thus cohomology groups, do
not. For example, in Z, coefficients, the torus, 72, and Klein bottle, K2, have the
same homology and cohomology groups, i.e. Hy(T?) = H(T?) = Zy = Hy(K?) =
HY(K?), H|(T?) = HY(T?) = Zy®Zy = H (K?) = H'(K?), and Hy(T?) = H*(T?)

Zo = Ho(K?) = H?(K?). However, the ring structures of their cohomology groups
are not equal. Let a; and 3; represent the 1 dimensional cohomology classes of the
torus and «s and (3 represent the 1 dimensional cohomology classes of the Klein
bottle. Let I'y be the 2 dimensional cohomology class of the torus, while I's is the
2 dimensional cohomology class of the Klein bottle. For the torus, it can be shown
that c; U B =T'y, oy Uy = 0 and 61 U B; = 0. However, for the Klein bottle, it can
be shown as U By = T'y, as Uag = 0 but B, U By = I's. The differences in these ring

structures establish a difference between the spaces that homology in Z, coefficients
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would not have found.

One way of determining the ring structure of cohomology classes is to take all
cup products of each representative of each cohomology class. This would help to
find when the cup product of two cohomology classes results in a cohomology class.
An alternative question that arises is when a cohomology class the cup product of

two lower dimensional cohomology classes. This is decomposability.

Definition 18. Suppose we have a cohomology class f € HPT(X). [ is decom-
posable when there exists an x € HP(X) and y € HY(X), such that xt Uy = 5.

We give an algorithm to determine when a cohomology class is born as a decom-
posable class with a given cohomology class. This algorithm will then allow us to

consider a persistent version of decomposability.
7.2 Decomposability Algorithm

Let K be a simplicial complex for which we have computed the cohomology groups
using our Persistent Cohomology algorithm from Chapter 5. Our goal is to find when
a cup product is born in the filtration for K.

Suppose we have a given p dimensional cohomology class [z] that is born at
K, with s > n and dies at K; with ¢t < n — 1 with the following representation
xr =05+ 05+ -+ o). Furthermore, suppose K, = K, 1 UA, where Aisap+gq
dimensional simplex and through the Persistent Cohomology algorithm we find that
A* = §(y) at the level of the filtration K,,. By removing A and moving backwards
to K,_1, 6(y) becomes zero, and thus y is born as a cycle. These conditions are
necessary to determine if this cycle is a cup product.

If by removing A, d(y) = 0, we can express this [y] € HPT YK, ) as y =
T+ 75+ -+ 7). We define a D(y)—matrix to be the Colncidence submatrix whose

columns are each 7,7, ...,7,, and whose rows are the codimension one cofaces of
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the 7;’s. This is a submatrix of the p + ¢, p + ¢ — 1 dimensional Colncidence matrix,
where the 7,7 entry is 1 when A, the simplex associated to row 7 is a codimension
one coface of 7;. We look at each row A;. If there exists a 0; € = such that o; is
the front r—face of A\, we store A\, in a list, denoted by (. After looking at each
i, (3 is finalized. If the size of 3 is even, then 3 € C?*? is not a cup product with
x. If, however, the size of 3 is odd, then 3 is born as a cup product with x. Thus,
the birth of this cocycle, gives rise to the birth of a cup product. Where the birth of
[y] is a cup product, we can pair this p + ¢ dimensional class with the p dimensional

class of which it is decomposable, [z].
7.3 Illustrated Example

Suppose we have a two dimensional torus with a two cell glued in the interior, as

shown in Figure 7.1.

FiGURE 7.1: A 2 dimensional Torus with a 2 cell attached in its interior

This space could be built in the following fashion. The first level of our filtration
could be homotopically equivalent to a point ) = Ky C K; ~ pt. The second level
of our filtration could be homotopically equivalent to the 1 dimensional sphere, S*.
Then, the next level of our filtration is the 2 dimensional torus. Lastly, the final
stage of our filtration is the 2 dimensional torus with a two cell glued in the interior

which is homologically equivalent to a pinched torus. Thus, ) = Ky C K; C K, C
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K3 C Ky = K is expressed as:
emptyset Cpt C S' CT* C K

The homology for this space is Hy = Zo, Hy = Zo and Hy = Zs. If we were
to remove the 2 cell in the interior, then we would have the two dimensional torus
with homology Hy = Zo, Hy = Zs @ Zo and Hy = Zs. By removing the 2 cell,
a one dimensional homology class is born. By Poincaré duality, this means a one
dimensional cohomology class is born. Furthermore, we saw that the cup product of
this one dimensional cohomology class and the previously existing one dimensional
class equals the 2 dimensional class of the Torus. Therefore, we can say that the
2 dimensional cohomology class was not decomposable in the previous level of the
filtration, but by removing the 2 cell and moving to the next level it suddenly becomes
decomposable. In the language of persistence, we can say this is the birth point of
its decomposability.

On the other hand, we would continue to the previous level of our filtration,
S1. by removing a 2 dimensional cell from the Torus, thus killing the 2 cohomology
class. Seeing as how the 2 dimensional cohomology class becomes trivial here, it is
no longer decomposable as 2 one dimensional cohomology classes. In the language of
persistence, this would be the death point of both it as well as its decomposability.
We now demonstrate how the algorithm shows these birth and death points when
we have a filtered simplicial complex that represents this space.

Suppose K is the simplicial complex of the Torus with a 2 cell attached. This is
given in Figure 7.2 with a common triangulation of the torus union a 2 cell (7,8,9).

Let [a] be the cohomology class represented by o = (2,3)* + (3,5)* + (5,6)* +
(6,8)* + (8,9)* + (2,9)*.

74



2 2
5 8

3 3
6 9

1 4 7 1

FIGURE 7.2: The figure gives a triangulation of the two Torus. To get the two Torus
with a 2 cell attached, we union the above simplicial complex with the 2 simplex

(7,8,9).

= <1,2>
<1,3>
<2,3>
= <1,4>
= <2,4>
<2,5>
<3,5>
<4,5>
<1,6>
<3,6>
<4,6>
<5,6>
<1,7>
<3, 7>
<4,7>
<5,7>
<1,8>
<2,8>
<5,8>
<6,8>
<7,8>
<2,9>
<3,9>
<4,9>
<6,9>
<7,9>
<8,9>

<1,2,4>
<2.3,5>
<2,4,5> 11 1

<1,3,6> 1 1 1

<1,4,6> 1 1 1

<3,5,6> 1 1 1

<1,3,7> 1 1 1

<4,5,7> 1 1 1

<1,2,8>| 1 1 1

<5,6,8> 1 1 1
<1,7,8> 1 1 1
<5,7,8> 1 1 1
<2,3,9> 1

<4,6,9> 1

<3,7,9>
<4,7,9> 1
<2,8,9>
<6,8,9> 1
<7,8,9>

—_
—_
—
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We note that (7,8,9)* = 0(y) where y = (7,8)* + (7,9)* + (8,9)*). When we

remove (7,8,9), (y) = 0, thus a cycle is born. The D(y) matrix is the following:

A A A
0 N
~ ~ o6
vV V V
<1,7,8>| 1
<5,7,8>| 1
<3,7,9> 1
<4,7,9> 1
<2,8,9> 1
<6,8,9> 1

We now check the rows of D(y). Since (1,7)*,(5,7)*,(3,7)*, (4,7)*, and (2,8)* ¢
x, the only \;, that is placed in the set 3 is (6, 8,9). Since the size of fis 1 mod 2 # 0,
we have that § = (6,8,9)*. Thus, by removing (7, 8,9) and moving backwards in our
filtration from K, to K,_1, we see that a 2 dimensional cocycle, (6,8,9)*, is born

as the cup product of x with another cycle. We have paired the birth of y with the

birth of (6,8, 9)*.
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8

Steenrod Squares

Steenrod Squares can be both enlightening about structure of our topological space
and its bundles as well as useful when transitioning between different types of char-
acteristic classes. We begin this chapter with background on Steenrod Squares, then
develop an algorithm for computing when a higher dimensional cohomology class is
the Steenrod Square of a lower dimensional cohomology class. We then construct a
persistent approach to Steenrod Squares. We finish with proving that their exists a

concise combinatorial formula for Sq'.
8.1 Background of Steenrod Squares

Steenrod developed a set of additive homomorphisms, which were originally called
“square upper 77 and have since been referred to as Steenrod Squares. We give the

axiomatic definition of these maps.

Definition 19. The Steenrod Squares are cohomology operations that satisfy the

following axioms:

1. For all integers i > 0 and g > 0, there is a natural transformation of functors
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which is a homomorphism Sq' : H1(X, A) — HIT (X, A), ¢ > 0.
2. Naturality. If f: (X,Y) — (X', Y") then S¢' o f* = f* o Sq".
3. 8¢° = the identity.
4. If the dimension of x is q, Sq%(x) = x U x.
5. If i is greater than the dimension of x, Sq'(x) = 0.

6. The Cartan formula. S¢*(aUB) =" Sq'(a) U S (B), whenever aU [ is

i+j=k

defined.

From these axioms, it can be shown that if § : H4(X, A) — H? (X, A) is the
coboundary map, then 6S¢* = S¢'4.

In addition to being a unique cohomology operation, Steenrod Squares have been
used to verify the existence of Stiefel-Whitney classes. Wu also used Steenrod Squares
to give a formula for the Stiefel-Whitney classes of the tangent bundle to a manifold.
A good reference for both of these is (MS74).

Steenrod Squares have also been defined as an extension of the cup-¢ products.
One such example of constructing Steenrod Squares in this fashion can be found in
(MT68). This construction was written more combinatorially by Gonzélez-Diaz and
Real in (GDR99b) and (GDR99a). In (GDR99a), they defined Steenrod Squares as
the cup-n product of 2 cochains for a chosen ring R. We present this formula in this
chapter in Zs coefficients and refer the reader to Appendix A for the general form

for any coefficient ring. The main proposition over Z, is:

Proposition 20. Let Zy be the coefficient field and K a simplicial complex with a
finite number vertices. If ¢ € CP(K) and ¢ € CI(K), for all n with 0 <n <p+gq,

cU, d € CPr1"(K) is defined by the following formulae. Let m = p+ q —n and
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o= (vo,V1,...,0m) € C"(K), then if n is even,

cU, d(o) =

in—1 io—1

m
E E : E : C(<UO7"'7Uioavi17-"7Ui27U2'37"'7“%—27“%—17"-avin>)

in=S(n) in_1=S(n—1)  i1=5(1)

'C(<U'L'07'"7Ui1av’izﬂ"'7visav’i47"'7vin_1avin7"'7vm>>

and if n is odd, the formula is analogous. In these formulas - is the product in Zs,

and

S(k) = iks1 — ipga + -+ (=1 i, 4 (=1)F LmTHJ + EJ

for all 0 < k <mn, and iy = S(0).

In order to convert these formulas for the cup-n product into the ith Steenrod
Square formula, we need to recognize some things. First, for a € CP(K), to get
Sq'(a), we would be taking the nth cup product of o with itself, a U, o. Here
m = p+i since S¢'(a) € CPT(K). However according to the formulas m = p+p—n,

so n = p — i. Therefore, we have that Sq'(a) = o U, @ when n = p — .
8.1.1 example

Suppose we have a € C*(K) for some simplicial complex K. Using this equation, we
will calculate Sq'(a) € C°(K). In this example, p =4, i =1, m = p+i = 5, thus

n =p — 1 = 3. Therefore, the formula becomes

Sq* () ((vo, ..., v5)) = aUs a((vy,...,vs5)) =

5 iz—1 io—1
Z Z Z a(</007---7vioavi1a--'7Ui27Ui37---7U5>)

is=S(3) i2=5(2) i1=S(1)

ca((Vigy o ooy Vigy Vigy o+ oy Vigy U ))
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The first thing to do is to calculate the S(k) for each 0 < k < n in decreasing

order.

o=
i =5(2) = (-1 i (02| 2R 4 2] =
i =S(1) =iz + (<15 i+ (175 25
0501t P 3] i

Therefore, we have 6 terms in our summands, each one corresponding to dif-
ferent indices. Let 7 = (ig,1,42,43), then the full set of 6 distinct i’s involved in
this summands is: {(0, 1,2,4), (0,2,3,4),(0,1,3,5),(1,2,3,5),(0,2,4,5),(1,3,4,5)}.

Thus, on an arbitrary (v, v1, Ve, V3, U4, v5) € Cs,

Sq' (@) ({vo, -, v5)) = a Uz al{vo, ..., v1)
5 i3—1 ig—1
= Z Z Z a({Vgy .+« Vigy Viyy e+ s Vigy Vigy -+, Us))
i3=5(3) i2=5(2) i1=5(1)
~((Vigy - oy Vigs Vigy o+ 5 Vigy U ))
- O[((UO,Ul,U27U4, 'U5>) : Of((UO,Ul,/UQ,/U?” U4>) + O{(<UO7U27U37/U47'U5>) : 04((”0, 1)17U27U37U4>)

+ CY(<'U0, U1, U3, U3, U5>) : Oé(<?]0, U1, U3, U4, U5>) + Oé(<?]0, U1, U3, U3, U5>) . Oé(<U17 V2, U3, V4, U5>)
+ a({vo, v2, v3, 4, V5)) - a((vo, V1, Va, V4, Us)) + a(vo, V1, V3, V4, V5)) - ({1, V2, U3, V4, U5))
Having this formula for computing the Steenrod Square allows us to reverse en-

gineer an algorithm to determine when a higher dimensional cohomology class is a

Steenrod Square of a lower dimensional class. The next section details that algo-

rithm.
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8.2 Algorithm for Steenrod Squares

In this section, we present an algorithm that determines whether a cohomology class

is the Steenrod Square of a lower dimensional cohomology class.

Suppose the simplicial complex K is a triangulation of a manifold. Let [I'] €
HPT(K) can be represented by the cochain I' = o5 + o5 + - - - + . Without loss of
generality, our goal is to determine if there exists an o € C?(x) such that I' = S¢%(a).
We use the formula given in (GDR99b) with the conditions that m = p + ¢ and

n = p — q. Recall this is:

I'((vo, v1y -y um)) = Sq¥(a)((vo, v1, . . ., Um)) = a Uy, a({vo, V1, . .., U)) =

in—1 io—1

m
g E g A((V0y -+ Vigs Vigy vy Vigs Vigy v o vy Vi 0y Ui ey Vi)

in=8(n) in_1=S(n—1)  i1=5(1)

“((Vigy ooy Uiy Vigy o v oy Vigy Vigy oo o3 Vi 15 Vi e vy U ),

where S(k) = ips1 — fppo + -+ + (1), + (=)L | 4 | £]0 By writing
i = (ig,i1,...,%,), we can refer to each term of the summand by the unique i that
defines it. Let I be the set of all possibilities of 7, given m = p + ¢ and n = p — g,
the relationships 0 < ig < i3 < --- < i < --- < iy < m, and the fact that each i,
can take values from S(k) to i, — 1. By construction, the 4, € I have a canonical
ordering and are universal for each o; on which I' evaluates 1. The ordering is based
on the sequence of corresponding terms in the summand of o U, . We can choose

an arbitrary ordering for the o; in the expression of I', though in Section 8.3 this

ordering is determined by the filtration.

Beginning at i; € I and oy = (v1,,v1,,-..,v1,,), we define:

)\117{1 = <U10, PN ’Ulio’vlz'l? N 7U1i27U1i37 e ’Ulin—Q’Ulin—N e 7vlin>
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Alyjin = (Vligs e s Ul s Uliys oo o5 Vligs ULy o5 ULy V1555 U1,,)

In the p + 1 dimensional Colncidence matrix, we add the column associated to
A1,5, to the column Ay, 7 . Performing column operations, as detailed in Chapter 7
for the decomposability algorithm, our goal is to obtain a column of zeros. If we can
obtain a column of zeros, that column corresponds to a p dimensional part of the

cocyle whose Sq is I'. Two situations can occur:

1. We cannot obtain a column of zeros. We have reached a contradiction for
i; and we follow the above procedure on o; with iy, the next element in 1.

Alternatively,

2. We can obtain a column of zeros and therefore have a cocycle, a;. However,
aq is the cycle associated only with the part of I' that evaluates on o;. We
continue by incorporating o into our cycle. We replace the column associated
to the co-chain «; with the cochain= a; + Xy, 7, + Ao, 7,- Again, we perform

column operations on this new column and two situations can occur

(a) We cannot obtain a column of zeros. If this were to happen we continue

computing on o, with the next term in I, 75

(b) We can obtain a column of zeros and call this cycle . Then we continue

computing on o3, starting with ;.

Sometimes we reach a contradiction straight away - i.e. we cannot find a cycle
for o and 4;. If this happens, we try o; with 75 and higher, in increasing order until
no contradiction occurs. If a contradiction occurs for all ¢; € I, then we know that
there does not exist an « such that S¢?(a) =T

Assume, we can find a cycle for oy and 4;,, for some 4;, € I. Suppose further that

for each oy, 1 < k < j for some j < s we can find a cycle, a;_; by the above method.
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That is, a;_; is the cycle associated to o7 + 03 + -+ + 0j_;. Then, two situations

may occur:

1. There exists an extension cycle for o; corresponding to ij € I, a;. For this to
occur, we move along to finding the extension cycle associated to a;_; +Aj, 7, +

A If i, forms a contradiction, we move through the elements of I until we

2,01
do not reach a contradiction. The assumption that there exists an extension

cycle means that we will not reach a contradiction.

2. There does not exist an extension cycle for o; corresponding to any element of
I. In this case, we begin the process all over again with oy and 7;,; until no

contradiction is reached.

We either finish the process with running out the possibilities, each ending in
a contradiction, or obtaining the corresponding extension cycle for each o; in the
expression of I'. If each possibility leads to a contradiction, we conclude that there is
no cycle, a, such that, I' = Sq?(«). Suppose however, we can get an extension cycle;
we name it o. Suppose for this «, o, was associated with A, ; and Ay, ; for some
iy < is. The last step is to verify that I'(oy + 0o+ -+0,) = aU, a0y +0oo+- - -+ 0,).
If the equality holds, then we have found an « such that I' = Sq%(«). On the other
hand, if they are not equal, we begin the process again with o at i;,1.

The whole algorithm will either terminate with « such that Sq?(a) =I' or with
every possibility reaching a contradiction. In the latter case, I' is not the ¢ square of
a p dimensional cohomology class.

The outcome of the algorithm is dependent, in part, on the ordering of the o;’s.
The last thing to prove is that if we do get an extension cycle, «, from the above
method, and there were to be another o/ obtained from an alternative ordering, that

they are cohomologous.
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Proposition 21. If o and o/ are cocycles such that I' = Sq?(«) = Sq%(d), that is,
both o and o' were found by the above algorithm with alternative orderings, they are

cohomologous.

Proof. Recall the property of S¢? that §Sq? = Sq96. It follows §Sq%(a) = 6T as

well as 65¢%(a’) = 0I'. Then, 0(Sq¢%(a — ') = 0(Sq¢%(a) — Sq%(a’)) = o(I' = T') =
because Steenrod Squares are additive. 0 = 05¢?(a—«o') = Sq?(6(a—a’)) Therefore,
d(a — ') =0, making a and o' are cohomologous. O

8.3 Persistent Steenrod Squares

Here we discuss the persistent approach to Steenrod Squares. As we move through a
filtration of a space, there are levels of the filtration at which a cohomology class is a
Steenrod Square of another, lower dimensional class and levels of the filtration where
it no longer exists as the Steenrod Square of a lower class, but that lower class still
exists. The most obvious example of this would be a situation where K triangulates
a d dimensional manifold and Sq¢?(a) = T' € HY(K), for « € HP(K). Suppose K;
is the last level of our filtration without any d — 1 simplicies, then I' has certainly
“died” by the time we enter K;. However, it is possible that oo € Im(v,, ;). While o
does not die, I' its gth Steenrod Square does.

Alternatively, as we move backwards through the levels of the filtration, the
image of I' through these inclusion maps may take on a different representation from
' € HYK). As its representation changes, the simplicies on which it evaluates
one also change. Supposing the image of o does not change as we move backwards
through the filtration, the combinatorial formula and algorithm for computing when
a class is a Steenrod Square of a lower dimensional class suggest that I' may no longer
be expressed as the ¢th Steenrod Square of a. Therefore, there could be a point in

the filtration where I' dies as a gth Steenrod Square of «, but does not itself die.
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8.4 Square-1 Formula

It is sometimes necessary to calculate out the Steenrod Squares of various cohomology
classes directly. To do so, one would want to use the formula from (GDR99D).
Alternatively, if there were a simpler formula for Sq'(a), then one could calculate
the gth Steenrod Square iteratively through the Cartan Formula, albeit inefficiently.
This section presents a simpler expression of the formula found in (GDR99b) and
(GDR99a) for the Square 1 case. The proof can extend to the general group rings;

it is presented in Appendix A.

Proposition 22. If a € C?(K), then

Sq' (@) ((vosvr, - - -, Upg1)) =

a((vo, ..., U2y oy Upt1)) - a((voy - oo, Dagy v ooy Upt1))

1234 i1
+ Z > (o, Units V1)) s (Vo Doyt V)
i=1 j=0
The above equation can be expressed as the sums of products of a evaluating on
all combinations of removing 2 distinct even and odd vertices from a p + 1 simplex.
Recall, that the expression for the nth cup product is given in Proposition 21 in this

chapter. To prove this result for Zs coefficients, we will refer to that formula.

Proof. Since a € CP(K), Sq'(a) € CP™(K). In terms of the formula in Proposition
21, m=p+1and n=p— 1. Define ¢ = (ig, i1,...,1,) for i; € [0,p+ 1], each n + 1
tuple 7 has only 2 omitted numbers from the p + 2 tuple (0,1,...,p+ 1). Therefore,
we can write i = (ig, i1, ..., in) = (0,...,d4,...,b,...,p+1).

To see which two numbers are omitted from the p + 2 tuple and how they relate,
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we calculate 7,,. Recall

o= = -5

If n is even, p is odd and the above simplifies to

+1 p-1
="+ ==

2 2

Similarly, if n is odd, p is even and the above simplifies to

o pt+1+1 p—1-1
e

=P

This means that the first omitted number in the p + 2 tuple is p + 1. Continuing

along, we calculate 7,_1.

, , 1) | M+ 1 n—1 +2 -2
i1 =iy + (—1)"" ”{ 5 J+{ 5 sz—LPQ J+V)2 sz—2

i1 =(0,1,...,p—3,p— 2,p) and the only two omitted numbers are thus p — 1 and

p + 1, which obviously have the same parity. However, recall that this would be the
first term in the sum from the formula given earlier. The next term in the sum,
corresponding to i, would be obtained by forcing i,_1 = p — 1. We calculate i,_o
and 7,,_3 to inspire the lemma that follows.

b 2 5

in,3:S(n—3)—zn Z_Zn 1+'ln—\\ +1J+\‘n_3J

2 2
=p-D-(+DH+ V%QJ + V%ZLJ =p—4
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Thus, for the next i, € I, the two omitted numbers from the p+2 tuple are p+1 and

p — 3, which obviously have the same parity. This leads us to the following lemma.

Lemma 23. Suppose i,y = 1,111 — 2 for some t. If we replace 1, with In_s Such

that i, ; = In_ti1 — 1, then i,_;_1 increases by 1 while 1,_4_o stays the same.

Proof. By the formulas given,

n—t—14n | P+ 1 p—1-t—1
2 2

in—t—l = in—t — Z.’rl—t—l-l —+ in—t+2 — e+ (_1)

n—t—2+4n p+2 p—1—t—2
2 + 2

Int-2=1n t-1—tnt+ln i1 — -+ (_1)

When we replace 1,,_; with gn_t, we get the following, new ¢,_;_; and ,,_;_5 denoted

Z’nftfl and bp—t—2:

~ ~ . . +2 —2-1
bnt1 = It — Ip—tp1 + g2 — -+ (=1)2"71 V)TJ + V)TJ
. . : e +2 —t—2
= (in—t + 1) = fnoty1 + inogyo — -+ (=1)""7" 1{1) 5 J + {p 5 J

=lp—y—1+1

In order to calculate En,t,g, we must replace both ¢,_; and 7,_; 1 with in_¢ and

in_t_1, respectively.

~ ~ ~ . . n—t— np+2 p—l—t—Q
In—t—2 = In—t—1 — In—t + In—t41 — lp—nq2 + -+ (=1) o {TJ + {—

. . . i +2 —1—-t-2
= (in—t-1+1) = (in—t + 1) +in_gy1 + -+ (=1)*"7" QVD—J + V)—

2

= ln—t—2
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In the context of the larger proof, let us consider what this shows. Suppose
in_t+1 = 8, for an integer s € [0, p+ 1]. Originally i,_; = s — 2, so for this particular
i;, s — 1 is omitted. Changing i, ; to s — 1 makes i, 41 =s —2 and i,y o =5 — 4
and in the following 7,41 s — 3 is omitted. Clearly, s — 1 and s — 3 have the same
parity.

Recall that the first 4, € I is (0,1,...,p — 3,p — 2,p), so the first term in the

summand of Sq(«a) is

Oé(<U0, <y Up—3,Up—2,Up_1, Up>) ' Oé(<”U0, <y Up—2, Up, Up+l>)

Alternatively, one could write this term as:

Oé((Uo, <oy Up, TA}p+1>) . a(<’l}0, c. ,TA}p,h c. ,'l)p+1>)

In order to calculate the next i, € I, we change i,_; to p— 1 which by the lemma
forces i, o =p—2and i, 3=p—4. 1o =(0,1,....,p—4,p—2,p—1,p). p+ 1 and
p — 3 have the same parity and are both omitted from the p 4 2 tuple. To calculate
the next i3 € I, we increase i,,_3 by one. p+1 is omitted and every time we increase a
i,—¢ by one we skip the next number with the same parity as the previously skipped
number. Therefore, we remove each number that has the same parity as p + 1 once.

After that, our next choice is to increase i,, by one to p + 1.

A S

2 2
zHS(n—z)znl_Z{m;rlJ {n;QJ
—(p-1)—(+1+ V%QJ L V%J b3



This removes p and p — 2 from the p-tuple and we begin again, thus removing all
numbers with the same pairity as p one at a time for each new 7;. This process
continues with each next 7 having two numbers of the same parity removed simul-

taneously. Thus, according to the equations given earlier, we can concisely express

LHT-HJ i—1
a((vo, ..., U2y ooy Upt1)) - (Vo . oo, Dagy v ooy Upt1))
i=0 5=0
LHTHJ i—1
+ a((”ﬂ? s 7@—\17 s 7Up+1>) : CY(<U0, s 7@7 s 7Up+1>)
i=1 j=0
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9

Conclusion

As Meyer states in (Mey08), “Studying abstract topological spaces, with purely
topological methods, is like playing a game of Marco Polo. You can’t really see what
you are doing.” This is both the power and the problem in Persistent Homology. In
this research defining Persistent Cohomology, it was our hope to add a little more
sight to the Marco Polo game of data analysis.

When considering what was done to this effect, we remind the reader that we be-
gan with a combinatorial formula for the Stiefel-Whitney from (GT76). Because it is
the Steifel-Whitney Cohomology class that determines an additional element of struc-
ture, orientability, in Chapter 4 we created a method of constructing the Poincaré
Dual of a given homology class. If that homology class is the Stiefel-Whitney homol-
ogy class,then we have constructed a way of finding the Stiefle-Whitney cohomology
class of the tangent bundle, and thus have found a way to determine the orientability
of a simplicial complex. Although we have not worked through the data ourselves,
there is already an application for this.

In (CI08), Carlsson and Ishkhanov took a set of high contrast 4 - 10%, ‘3 by 3’

patches of natural images and found that persistent homology indicated that there
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were a persistent 0 dimensional class, two persistent 1 dimensional classes, and 1 per-
sistent 2 dimensional class. Blindly, both the Klein bottle and the torus share these
homology classes and would both be considered possible candidates for the structure
of the simplicial complex obtained from these points. Without knowing whether
the first Stiefel-Whitney cohomology class was nontrivial, Carlsson and Ishkhanov
found polynomial relations between the points that indicated the Klein Bottle was
the appropriate fit. Had they been able to calculate the persistent Steifel-Whitney
Cohomology class, they would not have needed the additional polynomial algebra.

In addition to orientability, there are many other geometric indicators that co-
homology can disclose. Sometimes, bundle structures over topological spaces answer
more questions than the topological spaces themselves. In Chapter 5, we defined
CoPersistence through various stages of a filtration of simplicial complexes. We con-
tinued Chapter 5 with a separate algorithm that would allow us to compute the
death point of a given cohomology class. While this algorithm was presented for any
given cohomogy class, the above application indicated where this might be helpful if
the given class was the Stiefel-Whitney cohomology class.

Chapter 6 detailed an Extended CoPersistence algorithm, which would measure
how cohomology classes are born and die through two separate filtrations. Chapter 7
gave an algorithm that could determine when a given cohomology class is decompos-
able as the cup product of two lower dimensional classes. We ended this dissertation
with Chapter 8 which disclosed a method to determine when a cohomology class is
the Steenrod Square of another cohomology class. Chapters 5 through 8 provide a
good start to the study of persistent cohomology which constructs a persistent ap-
proach to studying the bundle structure over a topological space. So far, there has
not been a sufficient way to analyze stratified spaces through the lens of persistence.
The research here could be applied to the bundles of stratified spaces, providing more
analytical tools to data sets whose simplicial complexes do not represent a compact
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manifold.

A natural future direction for this research could be applying these algorithms
to various data sets already analyzed using Persistent Homology to determine what
new information can be acquired. Another place to develop persistent cohomology
could be when developing a persistent approach to stratified spaces. In addition,
future collaboration suggests that persistent cohomology operations could assist in
research connecting Helmholtz-Hodge decomposition and Hodge decomposition with

vector spaces; conversations on this topic have already begun.
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Appendix A

Other Coefhcient Fields

As previously stated in the introduction, we defined everything in the body of this
document with Z, coefficients. We made this decision because Stiefel-Whitney classes
are defined in the cohomology ring with Z, coefficients and Persistent Homology is
typically calculated using Z,. When calculating Persistent Homology, the goal is to
count and identify the homology classes, which can be done in any finite field. Using
Zo simplifies the algebra.

The other characteristic classes (Chern, Pontryagin, Euler classes) are defined in
the Cohomology rings over the Complex numbers, Real numbers and Integers, re-
spectively. In Milnor and Stasheff’s “Characteristic Classes” (MS74), there are many
defined relationships between the various characteristic classes, for example, the Wu
Formula. While it is always a possibility to use the Universal Coefficient Theorem to
convert our coefficient rings to Zs, it might be helpful to define a persistent approach
to the study of other characteristic classes in another finite field Z; for some odd
prime [. In addition, it might be helpful to study how persistence is affected by a

general cohomology operation of type (n,m, G, Gs), that is a set of maps, one for
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each cellular complex, Z, 0, : H"(Z;Gy) — H™(Z; G3).

One such cohomology operation that is defined for any coeffient group is the
Steenrod Square. As we saw in Chapter 8, we can define a persistent approach to
Steenrod Squares. In addition, we provided a general formula for Sq' in Zy coeffi-
cients. This formula can be extended to a concise formula for general coefficients.

In their paper “Computing Cocycles on Simplicial Complexes” Diaz and Real

defined the nth cup product in their Proposition 4.1 as the following:

Proposition 24. Let R be the ground ring and K a simplicial complex with a finite
number of vertices. If ¢ € CP(K) and ¢ € CI(K), then for all nonnegative integers
n, cU, d € CPT1"(K) is defined by the following formulae. Let m =p+ q—n and
o= (v, V1,...,0m) € C"(K), then if n is even,
in—1 i2—1 _ _ _
cUp, ¢ Z Z . Z (= 1)AEFBnmD)+C i)+ Dln,m.i)
n=S(n) in—1=S(n—1) 11=5(1)
C({V0y -+ oy Vigy Vigy vy Vigy Vigy v+ oy Vi 0y Ui yse ey Uy )

“C((Vigy -+ 3 Viys Vigy o+ s Vigy Vigy oy Vi 13 Uiy + v ey Upn))

and if n is odd, the formula is analogous. In these formulas, - is the product in R,

s(k) = igy1 — dppo + -+ (=D)L, 4 (= 1D)F VTLTHJ + {EJ

for all0 < k <n, and ic = S(0). Also,

1 4n=3,4,506 ds8
Ay =4 b I =545,6 o (A1)
0 otherwise
(15)
Zigj ifn=1,2 mod 4
Bnm,7) = { 2% (A2)
Zi2j+1+nm ifn=0,3 mod4
\ 7=0




C(n,i) = (i2j + d9j—1)(igj—1 + - - +1p) (A.3)

o {(m—kin)(in—i-"“"io) if n is odd (A4)

if n is even

In Chapter 8 we left out the A(n), B(n,m,i),C(n,i), and D(n,m,i) formulae
because we were only concerned with Zs coefficients. Here, we provide the general

form for any coeffient ring:

Proposition 25. If o € CP(X,G), then

Sq'(a)((vo, v1, -+, Vp1)) =

\_nT-HJ 1—1
(—1)H(n)+K(S’t’n)C((<’U0, Ce ,@21, . ,'Up+1>) . Oé(<?}0, e ,'IAJQJ‘, . ,’Up+1>)
i=0 j=0
122 1
+ Z( 1)H(n)+K(S’t’n)Oé(<UO, D21y Upy1)) s (o, -y Djoty - Upt)
i=0 j=0

where (s,t) = (vg;, Va;) or (Voi—1,v9;_1), respectively. And,

1 ifn=23,4
Hn) = ifn ’,3, ,5 mod 8 (A5)
0  otherwise
| &1] — =] ifn=1,2 mod 4
K(s,t,n) = |52 + L’#J ifn=0 mod 4 (A.6)
55+ (5= +1] ifn=3 mod4

We already proved that the products of the o are across all combinations of re-
moving two distinct even or odd vertices from a p+1 dimensional simplex in Chapter
8. What remains to prove is that (—1)A()+BmA+Cm)+Dnm) — (_1)Hm)+K(stn)

Therefore,
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Lemma 26. For a € C?(X), withm=p+1 andn=p—1,
<A(n) + B(n,m,i) + C(n,i) + D(n,m,1) = H(n) + K(s,t,n)) mod 2

Proof. Recall from Chapter 8 that i = (ig,4y,...,4,) = (0,1,...,5,...,t,...,p+1),
where s and ¢ have the same parity. The outline of this proof will go as follows, we
will determine each evaluation of A(n), B(n,m,i),C(n,i), and D(n,m,i) in Zy. It
suffices to find their value in Z, since it will determine if their sum is even or odd,
i.e. if the coefficient is (1) or (—1), respectively. Then, we will combine those results
to show that their sum equals H(n) + K(s,t,n) mod 2.

We begin with A(n), which is already reduced modulo 2. That is,

1 n=3,4,5,6 mod8

0 otherwise

A(n) mod 2 = {

The next equation we reduce modulo 2 is B(n,m, ). Recall,

(3]
iy n=1,2 mod4
B(n,m,i) = f;_olj
2
Zz’%“—i—nm n=0,3 mod4
\ ;=0

~

Recall, we can write i = (ig,...,i,) = (0,1,...,8,...,¢,...,p+ 1). In order to
calculate B(n,m,7) mod 2, we evaluate the two cases for n.

]
Ifn=1,2 mod4: B(n,m,i) = i9j.

j=

,_
|3

[e=]

This sum, modulo 2, depends on whether s and t are even or odd. Thus, we
break down further to those two cases.

If s and t are even:
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1)
D iaj = 0k 2 Ak (5=2) (s 1)+ (543) 4ok (E= 1)+ (L42) 442 EO=

J=0

p—l—lJ
2

If s and ¢ are odd:

|

NIE]

]
Ggj = 04244+ +(s—1)+(s+2)+(s+4)+ - -+ (t—2)+(t+1)+-- +2L
j=0

p+1J
2

Since all the numbers between 0 and s and ¢ to QL%J

are even, determining
B(n,m,i) mod 2 is based on the size of the set [{s+ 1,5+ 3,...,t —1}| or |{s +
2,s+4,...,t —2}|. In both cases, the size of the sets are L%J — L%J
n21J
On the other hand, if n = 0,3 mod 4: B(n,m,1) Z G941 + M.

Again, this sum modulo 2 depends on whether s and ¢ are even or odd.

If s and t are even:

125+
D dgjin A nm = 1434 (5= 1)+ (5+2) 4+ - (E—2)+(tH 1)+ +(2 EJ +1)+nm
=0

B(n,m,i) mod 2 is based on the number of odd numbers from 1 to (s — 1) and
from (t +1) to (2| 5] +1).

If s and ¢ are odd:

|25t
D dgjin A nm = 1434 (s=2)F (s+1) 4+ - (= 1) F(E42)+ - +(2 EJ +1)+nm
§=0
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B(n,m,i) mod 2 is based on the number of odd numbers from 1 to (s — 2) and
from (¢ +2) to (2|2] +1). The number of odd numbers for both of these cases is
(|5] + [E57]). Lastly, nm =0 mod 2 when n is even, and nm =1 mod 2 when

n is odd, so we can define K (s,t,n) as:

| &) — =] n=1,2 mod 4
B(n,m,i) mod 2= K(s,t,n) =< |5|+ |E-] n=0 mod4 (A.8)
2]+ 25 4+1 n=3 mod4

C(n,i) = ) (izj +izj-1)(izj—1 + -+~ +io)
Since this would be sums of the numbers 0 through p+1, except s and ¢ are removed,
we can split C'(n, 1) into 3 separate sums:

L5

C(n,i) = Z(@ﬁz‘gﬂ)(%izk) + Y (¢2j+z'2j1)(zjzlz'k)

i=1 k=0 =% F=0
5] 2j—1
+ (i2; + d2j_1) (Z zk>
; k=0

We choose to make this split, because for 25 — 1 < s, each of the i for £ < 25 — 1

are the integers [0, ZL%J —1]. In the second sum, s < 2j — 1 < t, the i, are the
integers [0,2| 5| — 1] with s skipped. Lastly in the third sum, s < ¢ < 2j — 1, the

iy, are the integers [0, 2 L%J — 1]. Since we are summing a interval of integers, we can
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use the identity > " i = @ to rewrite C'(n, 1) as:

23] : : 155 . .
3 (2j+2j_1)<(2j—1+21)(23—1))+ 3 (2j+2j_1)((23—1+21)(2]—1) _S)

=1 =132

<(2j—1+21)(2j—1) _s_t>

+ > (45— 12 —1)—s—1
=152
When investigating the value of the first summand modulo 2, we recognize that
(4j—1)j(25—1) is an even number when j is even, but odd when j is odd. Therefore,
we need to count the number of odd js in the first summand. There are L%J odd j5’s
between j =1 and j = L%J
For the second summand, if s and ¢ are even we count (as with the first summand)
the number of odd js. On the other hand, if s and ¢ are odd, we count the number
of even js. There are (|L] — |£]) even and odd integers (both) between 12| and
5.
Lastly, for the third summand, —s — ¢ is always an even number, so we count the

number of odd js. There are (L%J — L%J) It follows that

ctmi) mot 2= ([3] (18] [31) (3] - [2])) mos2=[2] ma

This can be re-expressed as:

1 n=23 mod4

C(m,i1) mod 2 =
0 n=0,1 mod4
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We continue with D(n,m, 1), equation (A.4). Recall,

D(n,m,i) =

n is even

_ {(m+z’n)(in+-~+i0) n is odd

Since if n is even, D(n,m,i) = 0 =0 mod 2, we focus on when n is odd. When n is
odd, n=p—1= piseven, but m = p+1is odd. As detailed in Chapter 8, the two
possibilities for ¢,, are p+ 1 and p. If 7,, = p + 1, then the first term in the product
is (m+1i,) =2(p+1),s0 D(n,m,1) =2(p+1)(in,+ -+ +1ip) =0 mod 2. If i, = p,
then the first term is (m +i,) = 2p + 1, and D(n,m,i) = (2p + 1)(ip + -+ + io)
which is even or odd depending on whether (i, +- - - +1g) is even or odd, respectively.
Since i,, = p, t = p+ 1, an odd number. Since s has the same parity, it too is odd,
which makes 7 = (0,1,...,5,...,2N), for p = 2N for some number N. There are
N + 1 even numbers and N — 1 odd numbers in i. Obviously if N — 1 is odd, then
D(n,m,i) =1 mod 2, where if N — 1 is even, then D(n,m,i) =0 mod 2.

We break down these cases based on n mod 8, since A(n) is based on the value

of n mod 8.

ifn=1 mod8: 8+1=2N—-1=N-1=0 mod 4= D(n,m,i)=0 mod 2
ifn=3 mod8: 8 +3=2N-1=N-1=1 mod4= D(n,m,i)=1 mod 2
ifn=5 mod8: 8 +5=2N—-1=N-1=2 mod4= D(n,m,i) =0 mod 2
ifn=7 mod8: 8 +7=2N—-1=N-1=3 mod4= D(n,m,i)=1 mod 2
Thus, for Sq¢'(a)
D(m,n,1) mod2:{1 n53,7' mod 8 (A.10)
0 otherwise

Now, if we combine equations (A.7), (A.9) and (A.10), we obtain:

1 n=23,4,5 mod8

A C(n,i) + D(m,n,i d2=H(n) =
((”)+ (n,1) + (mnl)) mno (n) {0 n=0,1,6,7 mod 8
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