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Abstract
Uncertainty quantification (UQ) has become a central pillar in computational science.

Uncertainties can arise from, e.g., intrinsic fluctuations in materials and/or model-form

variability associated with simplified or competing representations of the governing physics.

This dissertation addresses two fundamental UQ challenges: (i) the construction of efficient

surrogate models to propagate uncertainties through expensive forward models, and (ii) the

representation of model-form uncertainties when multiple plausible models coexist.

To address the first challenge, we develop a statistical surrogate model that combines

nonlinear dimensionality reduction with reduced-order Hamiltonian Monte Carlo sampling,

used for data augmentation. Focusing on phase-field simulations of brittle fracture in

random mesostructures, the approach is compared with state-of-the-art methods, including

the Fourier Neural Operators and PCA-Net. The framework is shown to achieve similar

accuracy as baseline techniques, at a fraction of the cost induced by training data generation.

The second challenge is addressed through the lens of reduced-order modeling. The

approach relies on the expansion of the approximation space, using a stochastic reduced-

order basis. The latter is defined through stochastic Riemannian convex combinations

on a tangent space, which enables sampling in the convex hull defined by a set of nomi-

nal model classes. Various refinements of the formulation are proposed, including the use

of an augmented snapshot matrix, the definition of the reduced-order dimension through

reconstruction errors, and the enrichment of the representation through nonlinear terms.

Applications to molecular dynamics simulations (with machine-learned potentials) on bat-

tery materials are presented to demonstrate the relevance of the probabilistic modeling

framework.

By developing a statistical surrogate model and stochastic frameworks enabling the

representation of model-form uncertainties, this dissertation advances the state-of-the-art

in uncertainty quantification for computational mechanics, thereby enhancing the credibility

and predictive power of simulations for materials modeling and design.
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1. Introduction

Uncertainties are ubiquitous in computational modeling and simulations. They may

arise due to model misspecification, when the chosen model cannot capture every aspect

of the underlying physics, or because the data used to inform and calibrate the model are

intrinsically random or noisy for instance. Since computed predictions frequently support

high-stakes engineering decisions, uncertainty quantification (UQ) has become a central

discipline in computational science. The objective of UQ is to provide predictions endowed

with appropriate, quantifiable measures of confidence. Two broad categories of uncertainty

are commonly distinguished Kiureghian and Ditlevsen, 2009. Aleatoric uncertainty reflects

intrinsic variability in the physical system and is relevant to multiscale analysis of random

heterogeneous materials, for example. Epistemic uncertainty reflects incomplete knowledge

due to data limitations for instance. In this dissertation, we will not distinguish between

these categories, as both can be modeled using the same concepts and techniques from

probability theory. A UQ workflow typically comprises: (i) probabilistic modeling of un-

certain inputs, (ii) propagation of these uncertainties through the computational model to

quantities of interest, and (iii) statistical inference (inverse problem) to identify or calibrate

the probabilistic descriptions using data. General introductions and reviews can be found

in the literature R. Ghanem et al., 2017; Le Maıtre and Knio, 2010; Soize, 2017; Sullivan,

2015; Y. Wang and McDowell, 2020.

In computational mechanics, high-fidelity models serve as surrogates of the real system

with the goal of predicting responses under relevant environmental or loading conditions.

Such models contain parameters that may be uncertain, and the modeling process itself

introduces structural idealizations that lead to model-form error. UQ provides the formal

framework to represent these effects and to report predictions together with uncertainty

statements, across scales ranging from atomistic descriptions (e.g., variability in interatomic

potentials) to mesoscopic and macroscopic formulations. This dissertation focuses on two
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interconnected components: (i) the propagation of uncertainty from inputs to the output

quantities of interest, using surrogate models; and (ii) the representation of model-form

uncertainty, arising from the consideration of one or multiple model classes.

1.1 Surrogate Modeling

Surrogate models approximate the input-to-output mapping estimated by high-fidelity

simulators, at a fraction of their computational cost. They enable many-query tasks such

as design exploration and uncertainty propagation that would otherwise be impractical. In

the context of uncertainty quantification, surrogates typically combine a Karhunen-Loève

decomposition (KLD), used to turn input fields into finite-dimensional representations (in

modern terms, this can be seen as an encoding task), and polynomial chaos expansions

(PCEs). This “architecture”, put forward in the stochastic finite element method R. G.

Ghanem and Spanos, 1991, allows for efficient (i.e., accurate and fast) propagation through,

e.g., a stochastic Galerkin formulation or stochastic collocation methods R. Ghanem et al.,

2017; Le Maıtre and Knio, 2010; Sullivan, 2015. With the recent advances in scientific ma-

chine learning and more specifically, in operator learning, other families of surrogates have

been proposed that proceed with different pairs of encoder-decoder (in lieu of the afore-

mentioned Karhunen-Loève expansion) and learning techniques (as alternatives to PCEs).

A few techniques relevant to this dissertation are briefly introduced below and will be

discussed in more detail in subsequent chapters.

Operator-learning aims to learn the solution map between function spaces. Rather

than predicting values at fixed spatial or temporal points, an operator learning approach

directly builds an approximation to the operator X Ñ Y , where X and Y are the input

and output function spaces, respectively. This, in effect, makes the learning task resolution-

independent, and therefore enables generalization across resolutions Bhattacharya et al.,

2021; Kovachki et al., 2023; Lu et al., 2022. Examples include DeepONet Goswami et al.,

2021, the Fourier Neural Operator Li, Kovachki, et al., 2021; Li et al., 2022, and PCA-Net

Bhattacharya et al., 2021. Notice that PCA-Net is very similar to the above KLD/PCE

2



architecture, substituting a neural network model for the PCE.

Probabilistic learning on manifolds is a generative technique for random vectors that

leverages the observation that high-dimensional simulation data often concentrate on low-

dimensional manifold structures Soize and Ghanem, 2016. The approach combines diffusion

maps, which is a nonlinear dimensionality reduction technique Coifman and Lafon, 2006,

with a Hamiltonian Monte Carlo method to perform sampling on a latent manifold. This

technique is particularly efficient to augment datasets exhibiting measure concentration and

can be used to define statistical surrogates through conditional sampling; see R. Ghanem

and Soize, 2018 for an application to optimization.

Projection-based reduced-order models (ROMs) construct a low-dimensional state by

computing a projection basis from high-fidelity data and projecting the governing equations

onto the span of the basis vectors (e.g., using a Galerkin or a Petrov–Galerkin projection).

The resulting reduced-order dynamics involves only dominant, “resolved” coordinates. Once

the reduced-order surrogate is available to accelerate the evaluation of the action of the

forward operator, uncertainty propagation can be performed using any sampling method

or surrogate.

1.2 Representation for Model-Form Uncertainties

Model-form uncertainties are ubiquitous in computational modeling. They arise when

the mathematical representation of the governing physics is approximate or incomplete.

Examples include the use of simplified models exhibiting reduced kinematics (e.g., a 2D

model replacing a 3D representation), simplified operators (neglecting some nonlinear terms,

for instance), or reduced dimensions through mathematical compression. Another setting

central to this work is when multiple model classes present high plausibility with respect to

data. In mechanics of materials, prominent examples include the selection of interatomic

potentials (force fields) in molecular dynamics, the choice of a strain energy density function

used to model hyperelastic materials, and the choice of degradation functions in phase-field

modeling for brittle fracture. Such uncertainties can dramatically affect the credibility of

3



simulation outputs.

Representing uncertainties associated with models (as opposed to uncertainty in their

parameters) is particularly challenging, as it requires (i) proper encoding of model informa-

tion, (ii) the definition of probabilistic structure and measure in the resulting model space,

and (iii) enforcement of admissibility constraints (e.g., physical or structural)—all of which

constitute nontrivial tasks. The multi-model setting where multiple model classes coexist

has been approached in different ways in the literature. Some authors have defined princi-

pled procedures to carry out model selection. This selection can be achieved using Bayesian

analysis, identifying the model that best explains available observations under a specified

validation scenario Farrell et al., 2015; Farrell-Maupin and Oden, 2017. A complementary

line of research treats model discrepancy explicitly, by correcting a nominal model toward

a target response. By far the most commonly employed technique is the use of additive

correctors in the output space, using Gaussian-process regression Kennedy and O’Hagan,

2001. An alternative approach involves functional perturbations of the governing operators

Reeve and Strachan, 2017. Model averaging, where predictions from all model classes are

aggregated through a weighted sum, is also frequently employed. Notably, these strategies

typically yield point estimates, rather than a probability measure on the space of model

candidates. In Soize and Farhat, 2017, the authors considered the single-model case and

used a stochastic reduced-order model to randomize model information, with predictions

evaluated against reference results (see also Farhat et al., 2019; Soize and Farhat, 2019 for

applications and variations). The presented formulation relies on linear subspace encoding,

and introduces stochasticity using a Gaussian-process-like structure on the tangent space

to the manifold defining the support of the probability measure for the stochastic projec-

tion basis. The multi-model setting was recently addressed in H. Zhang and Guilleminot,

2023, where multiple models serve as anchor points in the reduced-order space and are used

to sample within the convex hull of reduced-order bases. This formulation will serve as

starting point for the derivations presented in this work.
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1.3 Research Contributions

This dissertation develops a set of stochastic frameworks for modeling heterogeneous

materials with uncertainty quantification. The main contributions are as follows:

1. First, we address the construction of operator learning surrogates relying on statistical

learning, rather than deep learning models—typically, neural networks. Similar to

KLD/PCE and PCA-Net. Both architectures, input and output fields are encoded

via Karhunen-Loève decompositions, and conditional expectations in latent space are

used to learn the mapping in reduced coordinates. We test the approach in the context

of phase-field modeling for brittle fracture, integrating a spatially varying stochastic

toughness field as input. The approach is compared with state-of-the-art techniques,

including geometry-aware FNO (geo-FNO) and PCA-Net.

2. Second, we aim to analyze and develop a probabilistic formulation to capture model-

form uncertainties generated by machine-learned interatomic potentials. Here, we

build upon previous work H. Zhang and Guilleminot, 2023 and propose a stabilized

version of the stochastic Riemannian probabilistic model. This is achieved by aug-

menting the snapshot matrix with momenta, and by localizing the response in the

low frequency modes of the global reduced-order basis. The framework is applied to

model inter-model variability induced by two distinct machine-learned potential fam-

ilies, as well as intra-model variability induced by the training strategy. The approach

is exemplified on energy materials, with quantities of interest defined on trajectories

and effective diffusion coefficient.

3. Third, we present another extension to the stochastic framework for model-form un-

certainties where the reduced-order representation is enriched with nonlinear terms.

The aim is to preserve a low-dimensional representation for models presenting a low

decay in covariance spectrum (and are therefore hard to compress). Reconstruction

uses a feature-lifted decoder with quadratic features and ridge regularization. We

also propose a new convergence criterion to determine an optimal reduced order,
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adapted to the stochastic reduced-order model. The criterion relies on reconstruction

errors with respect to all nominal models, and improves accuracy during the forward

propagation stage.

1.4 Organization of the Dissertation

This dissertation is organized as follows. Chap. 2 presents the statistical learning frame-

work and its application to fracture mechanics. After introducing the phase-�eld forward

model applied to randomized microstructures, we lay out the learning pipeline. We review

operator learning baseline methods, namely the geometry-aware Fourier neural operator

(geo-FNO) and PCA-Net, and report numerical studies comparing accuracy on selected

quantities of interest.

Chap. 3 develops the linear-subspace stochastic reduced-order modeling (SROM) frame-

work for molecular dynamics. Two ensemble settings are examined: (i)inter-model variabil-

ity, where di�erent machine-learned potentials are trained on the same dataset, obtained

from ab initio calculations; and (ii) intra-model variability, using the same model trained

with di�erent random initializations. The chapter quanti�es how these sources of variability

a�ect predicted trajectories and demonstrate the importance of (1) including momenta in

the snapshot matrix, and (2) stabilizing �uctuations around the low-frequency response.

Chap. 4 extends the aforementioned probabilistic framework for model-form uncertain-

ties with a nonlinear reduced representation, decoded via a quadratic feature lift with ridge

regularization. This decomposition yields improved trajectory �delity at a �xed dimension,

relative to the linear ROM. The chapter also introduces a convergence criterion based on

reconstruction errors, and compares performance with respect to the formulation involving

linear subspace representation only.

Conclusions and possible directions for future work are �nally detailed in Chap. 5.

1.5 Notation

To clearly distinguish deterministic and stochastic quantities, the following convention

is adopted throughout the document:
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X Scalar-valued random variable
x Scalar number, possibly a realization ofX

X Vector-valued random variable
x Deterministic vector, possibly a realization ofX

[X ] Matrix-valued random variable
[x ] Deterministic matrix, possibly a realization of [X ]
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2. Operator Learning for Approximating Fracture Paths
in Heterogeneous Materials

In this chapter, we present and develop machine learning and statistical approximation

frameworks for phase-�eld models of brittle fracture. Such methods aim to address the

computational cost associated with conducting full-scale simulations of brittle fracture in

heterogeneous materials where material parameters, such as fracture toughness, can vary

spatially. They typically proceed by combining a dimensionality reduction technique with

a learning approach. Two classes of approximations are speci�cally considered. In the �rst

class, deep learning models are used to perform regression inad hoclatent spaces. PCA-Net

and Fourier neural operators are speci�cally presented for the sake of comparison. In the

second class of techniques, statistical sampling is used to approximate the forward map

in latent space, using conditioning. To ensure proper measure concentration, a reduced-

order Hamiltonian Monte Carlo technique (namely, probabilistic learning on manifold) is

employed. The accuracy of these methods is then investigated on a proxy application where

the fracture toughness is modeled as a non-Gaussian random �eld. It is shown that the

probabilistic framework achieves comparable performance in theL2 sense while enabling

end users to bypass the art of de�ning and training deep learning models.

2.1 Introduction

Predicting failure mechanisms caused by crack initiation and propagation is critical in

most engineering applications. In realistic structures, damage development is a complicated

phenomenon, the modeling of which requires high-�delity simulations. The phase-�eld ap-

proach has grown prevalent in the �eld due to its well-proven modeling capabilities in vari-

ous settings Borden et al., 2012, 2014; Bourdin, 2007; Clément, 2000; Eastgate et al., 2001;

Hofacker and Miehe, 2013; Kuhn and Müller, 2010; Nguyen et al., 2015. This approach

employs a regularized formulation of a sharp crack description via a modi�ed variational

principle Bourdin et al., 2000; Francfort and Marigo, 1998. While e�ective in delivering
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accurate predictions in controlled environments, the phase-�eld method remains computa-

tionally expensive when the complexity of the model increases. This limitation prevents

extensive state space exploration, which is critical in the case of heterogeneous materials

where a large number of instantiations is required to perform probabilistic analyses.

In this context, the capacity of surrogate models to approximate �ow/solution maps by

learning core structural characteristics, while boosting online computational e�ciency, has

attracted a great deal of interest in the recent years. Following the notation in Bhattacharya

et al., 2021, consider a nonlinear input-output mapY : X Ñ Y between Hilbert spacesX

and Y . A �rst set of methods involves image-to-image regression where discretizations of the

input and output �elds are �rst considered to formulate the learning task between Euclidean

spaces. The �nite-dimensional input and output data thus obtained are then potentially

reduced, and subsequently fed into a neural network that performs regression on the input-

to-output map; see, e.g., Adler and Öktem, 2017; Bhatnagar et al., 2019; Geist et al., 2020;

Holland et al., 2019; Sepasdar et al., 2022; Y. Zhu and Zabaras, 2018 for methodological

developments, as well as Mohammadzadeh and Lejeune, 2021 for an application to fracture

problems. As discussed elsewhere Bhattacharya et al., 2021, these approaches are sensitive

to mesh re�nement: by construction, the discretization (or pixelization) a�ects both the

accuracy and convergence rate, and a new neural network architecture must be determined

as the resolution varies.

In a slightly di�erent setup, x P X can be seen as a parameterization of the solution

y P Y . In this case, a deep neural network can then be used to approximate the mapping

between, e.g., space or space-time variables, and the output � for a�xed value of x in

X ; see Dockhorn, 2019; Hsieh et al., 2019; Lagaris et al., 1998; Raissi et al., 2019; Shin,

2020; Weinan and Yu, 2017 among others. Such methods share similarities with standard

collocation methods for the numerical solution to PDEs. The major drawback of this setting

is that the approximated map is intrinsically indexed by x. This leads to a computational

burden when parametric dependence must be explored, and knowledge of the underlying

PDEs is needed.

9



More recently, new families of neural network-based models, termed neural operators,

were developed. Such functional regressors aim to directly map between function spaces.

Once constructed, they can be used in conjunction with a number of discretization tech-

niques and resolution levels to generate families of approximations over prede�ned grids.

These models possess the desirable attribute of being discretization invariant: it is possible

to utilize the same architecture and hyperparameters, regardless of the discretization of the

underpinning functional data Kovachki et al., 2023.

PCA-Net is one form of model reduction operator regression Bhattacharya et al., 2021.

The approach takes advantage of a classical �nite-dimensionalizing reduction technique

(namely, PCA) and develops a neural-network-based approximation between the two re-

sulting �nite-dimensional latent spaces. Similar ideas were pursued in, e.g., Hesthaven and

Ubbiali, 2018; Q. Wang et al., 2019. Other papers, such as Benner et al., 2020; McQuarrie

et al., 2021; Peherstorfer, 2019; Peherstorfera and Willcox, 2016; Qian et al., 2020, have

combined ideas from model reduction with data-driven learning to �nd a low-dimensional

latent space and learn a system of ordinary di�erential equations (ODEs).

Another prevailing class of neural operators in the literature, DeepONet Lu et al., 2019,

2021 (and variations thereof), constitute another approach where two sub-networks (namely,

the branch and trunk nets) are used to encode the input function and index (e.g., location)

variables for the output function. While the branch net requires knowledge of the input

over a �xed grid in its original version, the DeepONet framework was later extended and in

particular, made discretization-invariant by utilizing the PCA-based approach introduced in

de Hoop et al., 2022; see Kovachki et al., 2023. There exists a vast literature reporting on the

e�ciency of this framework in a wide range of applications, and a variational energy-based

architecture of DeepOnet speci�cally devised to predict crack paths in brittle homogeneous

materials can be found in Goswami et al., 2021.

Inspired by preliminary work on Graph Kernel Network (GKN) Li et al., 2020a, the

Fourier Neural Operator (FNO) framework was proposed in Li, Kovachki, et al., 2021.

These methods similarly rely on neural networks to lift to, and project from, the latent
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space, and involves a parameterization in Fourier space. The approach essentially proceeds

by de�ning a sequence of functions in the latent space, through layers of integral operators.

To circumvent the aliasing-generated bias reported in Fanaskov and Oseledets, 2022 and

expand applicability to arbitrary geometries and various input formats (such as point clouds,

non-uniform meshes, etc.), the authors proposed the geometry-aware FNO in Li et al., 2022.

The paper Kovachki et al., 2023 provides a comparative study of commonly employed

neural operators, including PCA-Net, DeepONet, GKN, and FNO. An extensive compar-

ison between DeepONet and FNO can be found in Lu et al., 2022. In addition, hybrid

paradigms have recently emerged that combine neural operators with physics-based con-

straints and di�erentiable physics Li, Zheng, et al., 2021; Ramsundar et al., 2021; Shankar

et al., 2023. Alternative approaches include kernel-based frameworks for operator learning

operator Batlle et al., 2023 and Variational Autoencoding Neural Operators Seidman et al.,

2023.

The above techniques all involve neural networks as regressors and mostly di�er in the

way, and at which level, functional dependencies are encoded and decoded. This contri-

bution aims to explore an alternative path relying on a generative model, with the aim

of bypassing the complexity of neural network training � which remains a limiting factor

in most applications of practical interest, especially when methods are deployed on small

datasets. Our contributions are as follows:

• We formulate a statistical operator learning approach, using a regularization and a

generative model (here, Probabilistic Learning on Manifolds) in lieu of a deterministic

regressor.

• We provide a comparative study between the proposed approach and some state-of-

the-art techniques, including PCA-Net and geometry-aware FNO (geo-FNO).

• We show that the statistical approach can achieve similar accuracy as geo-FNO and

PCA-Net, while exhibiting a minimal parameterization.

This chapter is organized as follows. We �rst present the phase-�eld approach to brittle

fracture and formulate the resulting learning problem. We then introduce the probabilistic
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framework, PCA-GEM (where the abbreviation GEM stands for GEnerative Model), and

provide an overview of PCA-Net and geo-FNO, considered for the sake of comparison.

Finally, we assess the performance of the operator learning techniques on two-dimensional

fracture simulations involving a spatially-varying stochastic toughness.

2.2 Forward Problem Description
2.2.1 Phase-Field Model

We consider an arbitrary heterogeneous bodyW € Rn (with n P t1, 2, 3u) with external

boundary BW, containing an internal crack surfaceG; see Fig. 2.1(b). The boundaryBW

is decomposed asBW = BWu Y BWt , where BWu and BWt are subjected to Dirichlet and

Neumann boundary conditions, respectively, withBWu X BWt = H . Two variables, namely

the displacement �eld u and the phase-�eld variabled, are used to describe the state of the

system.

FIGURE 2.1: Three sub-images demonstrating the procedure of depicting a smoothed
crack surface. An intact solid object with Dirichlet boundary condition BWu and BWt indi-
cated. (b) A solid object with a crack identi�ed as the crack set G. (c) A solid object with a
crack represented using the crack-density function g. Taken from T. Hu, Guilleminot, and
Dolbow, 2020.

In the phase-�eld approach, a regularized counterpart forG is introduced as

G̀ (d) =
»

W
g(d, r d) dV ,

where g denotes the crack surface density function and̀ is a regularization length. In this

work, we use the so-called AT2 model, de�ned as

g(d, r d) =
1
2`

d2 +
`
2

|r d|2 ,

12



which coincides with the form derived in the gamma-convergent regularization of free dis-

continuity problems Ambrosio and Tortorelli, 1990. The phase-�eld damage variable takes

values in the interval [0, 1], with d = 0 corresponding to intact material and d = 1 for fully

damaged material. Small deformations are assumed throughout, with the in�nitesimal

strain tensor de�ned as

" (r u) =
1
2

(r u + r uT) . (2.1)

While many variations of the phase-�eld approach were proposed in the past two decades,

we rely on the formulation proposed in the seminal work Miehe et al., 2010 for the sake of

illustration; see Francfort and Marigo, 1998, Bourdin et al., 2000, and Bourdin et al., 2008

for reviews. In order to restrict stress degradation to tension, the strain tensor" is split

into positive and negative components, denoted by" + and " � , respectively:

" = " + + " � .

This is realized by applying the spectral decomposition of the strain tensor via

" � =
n¸

i= 1

x#iy� n i b n i ,

wheret #iun
i= 1 are the principal strains, t n i un

i= 1 are the associated principal strain directions,

and bracket operators are de�ned as

xay+ =

#
a if a ¥ 0 ,
0 otherwise,

and xay� =

#
a if a ¤ 0 ,

0 otherwise.
(2.2)

The internal energy is given by

Einternal (u, d) =
»

W
y (" (u ) , d) dV , (2.3)

with y the elastic energy density. In the case of a linear isotropic material, this density can

be written as

y (" , d) = g(d)y +
0 (" ) + y �

0 (" ) , (2.4)
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where g is the degradation function. A quadratic degradation function is used in this work:

g(d) = ( 1 � d)2 (see Miehe et al., 2010 for discussion). In Eq.(2.4), the terms y +
0 and y �

0

correspond to the split of a reference (isotropic) elastic energy densityy 0 (associated with

undamaged material), induced by the aforementioned strain split:

y +
0 (" ) =

1
2

l xTr(" )y2
+ + m" + : " + , y �

0 (" ) =
1
2

l xTr(" )y2
� + m" � : " � , (2.5)

where l ¡ 0 and m ¡ 0 are the Lamé coe�cients of the healthy material. The fracture

energy associated with the crack setGreads

Efracture |G =
»

G
Gc dA , (2.6)

with Gc the fracture toughness, and is approximated as

Efracture |G � rEfracture |W =
»

W
Gcg(d, r d; l ) dV . (2.7)

The solution to the coupled problem is then obtained as the minimizer of the total energy

rEtotal = � rEexternal |W,BW + rEinternal |W + rEfracture |W (2.8)

subject to the irreversibility constraint �d ¥ 0, where rEexternal is the external energy gener-

ated by surface traction and body force. In the above, tilde notation is used to emphasize

approximations due to the regularization of the crack set. Following Miehe et al., 2010, the

governing equations are given by

r � r� + b = 0 , in W (2.9)

and

Gc(
d
`

� `4 d) � 2(1 � d)H (" ) = 0 , in W, (2.10)

where H is the monotonic driving force

H (" ) = max
t P[0,t]

y +
0 (" (x , t )) , (2.11)

14



introduced to enforce the monotonicity constraint �d ¡ 0 Miehe et al., 2010. Boundary

conditions are given by

r� � n = � , on BW, (2.12)

and

r d � n = 0, on BW. (2.13)

The stress deteriorates with damage (following the hybrid formulation by Ambati et al.,

2014) according to

r� = g(d)
By 0

B"
.

Trial and weight spaces for the displacement �eld are respectively de�ned as

Uu = t u P H1(W), u = ū on BWuu, Vu = t v P H1(W), v = 0 on BWuu, (2.14)

in which H1(W) is the Sobolev space of functions onW with derivatives in L2(W) and ū

denotes the displacement prescribed onBWu. The trial and weight spaces are given by

Ud = t d P H1(W)u, Vd = t w P H1(W)u, (2.15)

for the phase-�eld variable, respectively.

The system of coupled equations is solved using an alternating minimization approach

in the FEniCS computing platform (adopted from H. et al., 2019).

2.2.2 Learning Framework for Phase-Field Predictions

In the context of phase-�eld simulations, we speci�cally consider the mapping between

a material parameter, chosen as the fracture toughnessGc, and the damage �eld d. The

goal is to enable statistical analysis for random instantiations of the toughness, without

necessitating the recourse to expensive high-�delity simulations. For the purpose of building

a dataset, the (positive) fracture toughness is modeled as a second-order, translation random

�eld indexed by W and de�ned on a probability space (Q, F , P). This toughness random

�eld is denoted by t Gc(s), s P Wu. The information-theoretic probabilistic model used to
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generate realizations of this material parameter is described in Sec. �Stochastic Model for

Fracture Toughness". The damage random �eldt d(s), s P Wu is then de�ned through the

pushforward action ofY, symbolically written as d = Y (Gc) (in the almost sure sense), and

is of second-order (since the support of the associated measure is bounded). Hence we take

X = L8 (W,R �
+ ) and Y = H1(W, [0, 1]), and consider a dataset comprised of realizations

t s ÞÑGc(s, qi )ui¥ 1 of the fracture toughness, and the associated realizationst s ÞÑd(s, qi )ui¥ 1

of the damage �eld, with qi P Q.

2.3 Operator Learning Methods

In this section, we �rst introduce the operator learning method based on the generative

model. PCA-Net and geo-FNO are then brie�y reviewed as baseline techniques.

2.3.1 PCA-GEM
2.3.1.1 Overview

To position the proposed approach and clarify the encoding-decoding strategy, consider

the formulation introduced in Bhattacharya et al., 2021. Denote by FX : X Ñ RdX and

GX : RdX Ñ X the encoder and decoder associated with the input space, wheredX denotes

the reduced input dimension. Similarly, FY : Y Ñ RdY and GY : RdY Ñ Y are the encoder

and decoder for with the output spaceY , with dY the reduced output dimension. Following

X RdX X

Y RdY Y

Y

FX

j

GX

Y

FY GY

FIGURE 2.2: Diagram depicting function spaces, encoders and decoders, and mapping j .
Taken from Bhattacharya et al., 2021.

the diagram shown in Fig. 2.2, the mapY can be approximated asY � GY � j � FX , where

errors arise from the use of reduced orders in the encoderFX and decoder GY . This

construction requires (1) the de�nition of the encoder and decoder, as well as (2) the

construction of the mapping j : RdX Ñ RdY .
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A convenient way to encode and decode the input and output �elds in the considered

probabilistic setting is to use Karhunen-Loève expansions. The latter are widely employed,

in the �eld of uncertainty quanti�cation, as a means to perform statistical dimension re-

duction and devise stochastic solvers (e.g., stochastic collocation methods) in the in�nite-

dimensional setting R. Ghanem et al., 2017. We then consider

x(s) � x(dX ) (s) = x(s) +
dX¸

i= 1

a
l x,ihx,i f x,i (s) , (2.16)

and

y(s) � y(dY ) (s) = y(s) +
dY¸

i= 1

b
l y,ihy,i f y,i (s) , (2.17)

where x(s) = Et x(s)u, t l x,i , f x,iu
dX
i= 1 are pairs of associated eigenvalues and eigenfunctions

satisfying the Fredholm equation

»

W
Cx(s, t) f x,i (t) dt = l x,i f x,i (s) , @s P W, (2.18)

with Cx the covariance function ofx, and t hx,iu
dX
i= 1, with

hx,i =
1

a
l x,i

»

W
(x(s) � x(s)) f x,i (s) ds, (2.19)

is a family of centered, pairwise-uncorrelated random variables (similar equations hold

for y, with obvious notation). Note that x(dX ) Ñ x and y(dY ) Ñ y as dX Ñ + 8 and

dY Ñ + 8 , respectively, in the mean-square sense. The encoder and decoder are then

de�ned as Bhattacharya et al., 2021

FX : x(dX ) ÞÑ� x = ( hx,1, . . . ,hx,dX )T (2.20)

and

GY : � y = ( hy,1, . . . ,hy,dY )T ÞÑy(dY ) . (2.21)

It remains to de�ne the mapping j between FX (x(dX ) ) and FY (y(dY ) ). One natural

way to construct this mapping is to use a neural network regressor, denoted byj NN . This
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corresponds to the choice made in the seminal contribution Bhattacharya et al., 2021, where

the composite map rY = GY � j NN � FX � Y thus obtained is referred to as PCA-Net (see

Sec. �PCA-Net"). In this work, we explore an alternative approximation, obtained through

statistical sampling rather than regression. Speci�cally, we consider the random vector

� = ( � T
x , � T

y )T in RdX + dY and assume that a generative model enables sampling from the

joint probability distribution P� of � . In the context of surrogate modeling, the conditional

distribution P� y|� x reads as

P� y|� x= ex (dey) = d0(ey � Y (ex)) (2.22)

where d0 is the Dirac measure centered at the origin. An approximation can be introduced

as

rY = GY � j GEM � FX (2.23)

where

j GEM(ex) = E P̂� y | � x
t � y|� x = exu (2.24)

and the notation P̂� y|� x in the right-hand side indicates a regularization obtained through a

kernel density estimation, applied to the augmented (generated) dataset. Any appropriate

generative model can be used to draw samples from the above conditional distribution. In

what follows, we consider the formulation proposed in Soize and Ghanem, 2016, using a

reduced-order underdamped Langevin equation (i.e., a reduced-order Itô stochastic di�eren-

tial equation); see Soize, 2022; Soize and Ghanem, 2020, 2022 for additional methodological

developments, as well as R. Ghanem and Soize, 2018; R. Ghanem et al., 2021; Soize and

Ghanem, 2020 for various applications. This framework is chosen due to its simplicity of

implementation, minimal parameterization, and proven e�ciency to sample concentrated

measures. It is brie�y recalled in the next section for the sake of completeness.

2.3.1.2 Generative Model

To construct the dataset, the high-�delity problem described in Sec. �Forward Problem

Description" is solved with N independent realizations of the input �eld (i.e., the fracture
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toughness). The realizations of the input and output �elds are then encoded to yield

samples of the latent variables� x and � y (and the variable � obtained by concatenation),

following the strategy exposed in Sec. �Overview". These samples are collected in the

matrix [� (q)] = [ � (q1), . . . ,� (qN )] with values in Rn� N , with n = dX + dY .

The method builds upon three ingredients. First, the dataset is normalized using prin-

cipal component analysis. To this aim, consider the empirical mean

h =
1
N

N¸

i= 1

� (qi )

and covariance matrix

[C] =
1

N � 1

N¸

i= 1

(� (qi ) � h)( � (qi ) � h)T ,

and let

[h] = [ h, . . . ,h] .

The dataset is then normalized according to

[H ] = [ L ]� 1/2 [F ]T([� (q)] � [h]) , (2.25)

where [L ] and [F ] are the diagonal matrix of eigenvalues, sorted in non-increasing order,

and matrix of eigenvectors of the covariance matrix[C], respectively. Heren dominant

eigenmodes are retained using a standard mean-square error criterion, leading in e�ect to

a dimension reduction: [H ] = [ h (q1), . . . ,h (qN )] PRn� N . The matrix [H ] is interpreted as

the realization of a random matrix [H ] that takes values in Rn� N .

Second, a di�usion map basis is constructed as follows Coifman and Lafon, 2006. Let

ke be the symmetric, positivity-preserving and positive semi-de�nite kernel given by

ke(h,h1) = exp(�} h � h1}2/ (4e)) , h , h1 PRn , (2.26)

where}.} is the Euclidean norm ande is a positive scaling parameter. Using the normalized

dataset de�ned in Eq. (2.25) and the above kernel, a matrix [K] P R N� N is constructed
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component-wise as

Ki j = ke(h (qi ), h (qj )) , 1 ¤ i, j ¤ N . (2.27)

Let [B] be de�ned through Bi j = di j
° N

k= 1 Kik, with d the Kronecker delta, and consider the

matrix

[P] = [ B]� 1[K] . (2.28)

The above normalization makes[P] a stochastic matrix that can accordingly be interpreted

as the transition matrix of a random walk on the graph that corresponds to the data Coifman

et al., 2005. Next, introduce the symmetric positive-de�nite matrix [PS] = [ B]1/2 [P][B]� 1/2 ,

and denote byt l D,iuN
i= 1 and t � ( i)

D uN
i= 1 its eigenvalues (ordered in a non-increasing sequence)

and eigenvectors. The matrix of di�usion map basis vectors[G] is then de�ned as [G] =

[g(1) , . . . ,g(m) ] with

g( i) = l s
D,i [B]� 1/2 � ( i)

D , 1 ¤ i ¤ m, (2.29)

wherem ¤ N is a parameter enabling dimension reduction ands PN ¡ 0 is a scale parameter

(see Coifman et al., 2005).

Third, a Langevin equation is introduced as a means to draw new samples of[H ]

(Hamiltonian Monte Carlo). When considered in conjunction with data, this equation

typically involves minus the logarithm of the empirical probability density function (built

on the dataset) as potential (in the drift term). However this classical setup does not ensure

proper concentration when samples exhibit some structure Soize and Ghanem, 2016. To

circumvent this limitation, the di�usion map basis [G] is used to project [H ] as

[H ] = [ Z ][G]T , (2.30)

where [Z ] is an auxiliary random matrix with values in Rn� m, de�ned on the probability

space(Q, T , P), and

[Z ] = [ H ][A] , [A] = [ G]([G]T[G]) � 1 . (2.31)
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This projection enables the de�nition of the reduced-order Langevin equation

"
d [Z t ] = [Yt ] dt
d [Yt ] = [L ([Z t ])] dt � g [Yt ] dt +

?
2g [dW t ]

, t ¡ 0 , (2.32)

with the initial condition [Z 0] = [ H ][A] and [Y0] = [ N ][A] almost surely, where[N ] is

a (n � N ) matrix, the columns of which are independent copies of the standard Gaussian

random vectors in Rn, and g ¡ 0 is a tunable damping parameter. The matrix [L ] is

de�ned as [L ([Z t ])] = [ L([Z t ][G]T)][A], where

L([U ]) i j =
1

pp(u j )
t r u j pp(u j )ui , [U ] = [ u 1, . . . ,u N ] , (2.33)

and pp is the kernel density estimator constructed with the normalized dataset (following

Soize, 2015). TheRn� N -valued stochastic processt [dW t ], t ¥ 0u is de�ned by [dW t ] =

[dW t ][A], where [dW t ] = [ dW 1
t , . . . ,dW N

t ] and t W iuN
i= 1 are independent copies of the

normalized Wiener process inRn. It can be proven that lim tÑ + 8 [Z t ] = [ Z ] in probability

distribution, which enable the generation of new samples of[Z ], and ultimately of [� ]

through back substitution in Eq. (2.30)and using (see Eq.(2.25)):

[� ] = [ h] + [ F ][L ]1/2 [H ] . (2.34)

Various time integrators can be used to solve the Langevin dynamics, including the standard

Euler�Maruyama and Verlet schemes. In this work, the latter is deployed for the sake of

illustration.

2.3.2 Deep Learning Strategies
2.3.2.1 PCA-Net

As previously indicated, PCA-Net is an operator approximation method that utilizes

PCA to �nite-dimensionalize function spaces in the span of PCA bases; see Bhattacharya

et al., 2021. Finite-dimensionalization is performed in both the input and output spaces,

and a standard fully connected neural network (NN) is used to interpolate between the

�nite-dimensional latent spaces; see Kovachki et al., 2023 for a review and comparison with
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other existing PCA-based techniques, including a variant of DeepONet (POD-DeepONet)

Lu et al., 2022. Here, we employ PCA-Net for the sake of comparison, in which case the

approximation reads as:

rY = GY � j NN � FX . (2.35)

Following Bhattacharya et al., 2021, a zero-extended stacked neural network modelj NN

is used to approximate j to a desired level of accuracy. In this construction, the neural

network mapping from RdX to RdY is set to zero when the input latent variable lies outside

the hypercube[� M , M ]dX (where M ¡ 0 is a parameter), which allows one to theoretically

handle the non-compactness of the latent spaces (see the above reference for results in

approximation theory).

To optimize the neural network architecture for the presented application, a comprehen-

sive parametric analysis was performed (see Sec. �PCA-Net Results" for details). During

the training process, the loss function

L train = E
} rY � Y}2

2

}Y}2
2

, (2.36)

was used, where the mathematical expectation is evaluated through a standard statistical

estimator and norms are squared for algorithmic e�ciency in the retained computing setup.

2.3.2.2 (Geo-)FNO

The graph neural operator technique (also known as Graph Kernel Network (GKN))

proposed in Li et al., 2020a seeks to represent the mappingY through the composition

of nonlinear activation functions and a class of integral operators, with kernel integration

realized through message passing on graph networks. While GKN is able to achieve crucial

properties of a neural operator such as input resolution independence and consideration

of long-range interactions in the feature space, speci�cally node-to-node interactions, this

architecture may exhibit instability when the number of hidden layers increases You et

al., 2022. Nevertheless, GKNs have demonstrated successful applications in the context of

Darcy's �ow and Navier-Stokes equations for learning tasks related to partial di�erential
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equations (PDEs) Li et al., 2020a, 2020b. The FNO model Li, Kovachki, et al., 2021 was

subsequently proposed and relies on the parameterization of the kernel functions in Fourier

space, resulting in a more compact, expressive and resolution-independent representation,

as well as in improved computational e�ciency through the use of fast Fourier transform

(FFT).

In its original form, FNO was limited to rectangular domains with uniform meshes, due

to reliance on FFT. This limitation was circumvented in Li et al., 2022 with the development

of geo-FNO, an extension of FNO where a homeomorphism between an arbitrary irregular

input mesh and a uniform latent mesh is introduced, hence enabling the use of FFT.

The deformation of the input domain can be learned in an end-to-end manner using the

FNO architecture or predetermined analytically. Consequently, geo-FNO performs end-

to-end learning of a deformed uniform latent mesh alongside the solution operator. In

the present study, a deformation neural network is employed to learn the coordinate map

(i.e., the deformation of the input domain). The deformation network takes the input

coordinates, representing the coordinates of the input mesh, and produces the deformed

input coordinates. The same sinusoidal features and network con�guration as described by

the authors in Li et al., 2022 are adopted. The training loss is chosen to be the same as

in Eq. (2.36) for consistency. Readers are referred to Kovachki et al., 2023; Li, Kovachki,

et al., 2021; Li et al., 2022 for more detailed information.

2.4 Numerical Results

In this section, we assess the accuracy of the learning methods presented in Sec. �Op-

erator Learning Methods". The probabilistic model used to generate samples of the input

�eld is �rst introduced in Sec. �Stochastic Model for Fracture Toughness". Illustrative re-

sults related to material uncertainty propagation (i.e., to the generation of the output �eld)

are next shown in Sec. �Forward Simulations and Reduction". The performance of each

learning technique is then discussed in Sec. �Learning Results".
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2.4.1 Stochastic Model for Fracture Toughness

The fracture toughness is modeled as random �eld denoted byt Gc(s), s P Wu and is

de�ned on the probability space (Q, F , P), with W = (] 0, 1[2) (unit of length is millime-

ters). Since this physical parameter is positive almost surely, a non-Gaussian model must

be constructed. A convenient way to proceed is to have recourse to a translation model

Grigoriu, 1984 where the �eld of interest is expressed as

Gc(s) = T (X(s)) , @s P W (2.37)

where t X(s), s P Wu is a latent centered Gaussian random �eld, speci�ed by its covariance

function CX, and T is a measurable nonlinear mapping that pushes forward the Gaussian

measure to a non-Gaussian target measure. There exist various strategies to de�ne the

latter, ranging from the use of an empirical distribution (estimated on a dataset) todata-

free model construction. Here we invoke information theory Jaynes, 1957a, 1957b and the

principle of maximum entropy Shannon, 1948a, 1948b as a rationale to buildT with minimal

modeling bias. In this case, and accounting for the aforementioned positivity constraint, the

�rst-order marginal probability distribution induced by entropy maximization corresponds

to the Gamma law T. Hu, Guilleminot, and Dolbow, 2020. Hence the toughness random

�eld can be de�ned as

Gc(s) =
�

F� 1
G(1/ d2,Gcd

2) � FN (0,1)

�
(X(s)) , @s P W, (2.38)

where F� 1
G is the inverse cumulative distribution of the Gamma law with shape and scale

parameters given by1/ d2 and Gc d2 respectively, Gc is the mean value of the toughness,

and d denotes its coe�cient of variation. Similarly, FN is the cumulative distribution of the

(standard) Gaussian law. The valuesGc = 2.7 [MPa.(mm) � 2] and d = 0.3 are used in the

simulations presented below.

The latent Gaussian random �eld t X(s), s P Wu is de�ned by a separable squared-

exponential covariance function, with a spatial correlation lengthLc set to 0.2 [mm]. Since

the phase-�eld simulations require a mesh that is much �ner than the resolution necessary
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to resolve the statistical �uctuations, the random �eld of fracture toughness is generated

on a coarse and structured mesh, via its Karhunen-Loève expansion, and then interpolated

on the �ne unstructured mesh used in the phase-�eld simulations. Realizations of the input

random �eld are displayed in Fig. 2.3. Such realizations are subsequently fed into the phase-

FIGURE 2.3: Independent realizations of the input fracture toughness random �eld
t Gc(s), s P Wu.

�eld framework presented in Sec. �Forward Problem Description" to produce the dataset

for the operator learning frameworks.

2.4.2 Forward Simulations and Reduction

To analyze the performance of the operator learning frameworks, we consider an edge-

notched unilateral tension test. A 1 � 1 [mm] plate with a pre-existing crack of 0.25 [mm]

on the left side is considered and is loaded in uniaxial tension as illustrated in Fig. 2.4. The

plate is assumed to be composed of a heterogeneous material with known deterministic

elastic properties and critical strength, while the fracture toughness is allowed to vary

spatially following the model presented in Sec. �Stochastic Model for Fracture Toughness".

Following Miehe et al., 2010, the values for the Young's modulus and Poisson ratio were

�xed to 210 [GPa] and 0.3, respectively, and the regularization length is chosen as̀= 0.015

[mm] (note that a convergence analysis with respect tò was performed). While considering

a more complete model accounting for variations in other material parameters is a natural

extension (see, e.g., T. Hu, Guilleminot, and Dolbow, 2020; Hun et al., 2019 for models

capturing �uctuations in the critical fracture energy and elastic properties, respectively),

such a construction was not pursued given the scope of this work. The plate is �xed at the
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(a) (b) (c)

FIGURE 2.4: (a) 2D tension test: a square plate with a pre-existing crack and boundary
conditions. (b) Finite element discretization of the domain W. (c) An example of a damage
�eld.

bottom, and the top surface is allowed to move along the vertical direction (the horizontal

displacement is �xed to zero). A vertical displacement uy is applied at the top of the plate,

as illustrated in Fig. 2.4(a).

The �nite element characteristic size h and displacement increments were determined

following established practice and convergence analyses T. Hu, Guilleminot, and Dolbow,

2020; Nguyen et al., 2016. Mesh convergence analysis was performed under the constraints

min
e

he ¤
`
2

(2.39)

and

min
e

he ¤
Lc

4
, (2.40)

where he is the characteristic size of the �nite element mesh and the second inequality

ensures that the discretization of the random �eld is �ne enough (recall that Lc is the

spatial correlation length of the latent Gaussian random �eld). Note that the condition in

Eq. (2.39) is generally much stronger than the one expressed in Eq.(2.40). The �nal mesh

comprises 6,736 linear triangular elements, with an element size (in the unstructured mesh)

ranging from 0.0075 (near the crack) to 0.0375 (away from the zone of crack propagation).
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The convergence of the force-displacement curve in terms of displacement increments is

illustrated in Fig. 2.5. The vertical displacement, denoted by uy , is monotonically increased

FIGURE 2.5: Convergence of the force-displacement curve obtained for ` = 0.015 [mm],
with respect to du [mm] for u y ¡ 0.7� ū [mm].

with increments Duy = du � ū, with du = 0.1 for uy   0.7� ū, and du = 0.0005 for

uy ¥ 0.7� ū, where ū is a �xed remote displacement set to 0.007 [mm]. The vertical

displacement increases progressively up to a maximum magnitude of 0.00714 [mm].

Fig. 2.6 shows four pairs of stochastic and spatially varying fracture toughness and the

corresponding damage �elds. High variability is observed in the fracture pattern, due to

the choice of the correlation length (which is �ve times smaller than the size of the domain)

and marginal coe�cient of variation for the toughness random �eld.

To determine the dimensionsdX and dY of the input and output latent spaces, con-

vergence analyses were performed on the spectrum of the covariance operators for the

toughness and damage random �elds; see Fig. 2.7. Based on these results, and selecting

the threshold for the errors to 0.01, reduced dimensions were found to bedX = 312 and

dY = 232. Fig. 2.8 provides a qualitative illustration of the impact of the reductions on the

input and output �elds. The variability of the crack paths constituting the output in the

dataset can be seen in Fig. 2.9 where a set of2, 000realizations is shown. Note that �lter-
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