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Abstract

This dissertation studies novel statistical machine learning approaches for health-
care risk prediction applications in the presence of challenging scenarios, such as
rare-events, noisy observations, data imbalance, missingness and censoring. Such sce-
narios manifest frequently in practice, and they compromise the validity of standard
predictive models which often expect clean and complete data. As such, alleviating
the negative impacts of real-world data challenges is of great significance and con-
stitutes the overarching goal of this dissertation, which investigates novel strategies
to (i) account for data uncertainties and statistical characteristics of low-prevalence
events; (il) re-balancing and augmenting the representations for minority data under
proper causal assumptions; (iii) dynamically assigning scores and attend to the ob-
served units to derive robust features. By integrating the ideas from representation
learning, variational Bayes, causal inference, and contrastive training, this disserta-
tion builds tools for risk modeling frameworks that are robust to various peculiarities
of real-world datasets to yield reliable individualized risk evaluations.

This dissertation starts with a systematic review of classical risk prediction mod-
els in Chapter 1, and discusses the new opportunities and challenges presented by the
big data era. With the increasing availability of healthcare data and the current rapid
development of machine learning models, clinical decision support systems have seen
new opportunities to improve clinical practice. However, in healthcare risk predic-

tion applications, statistical analysis is not only challenged by data incompleteness
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and skewed distributions but also the complexity of the inputs. To motivate the
subsequent developments, discussions on the limitations in risk minimization meth-
ods, robustness against high-dimensional data with incompleteness, and the need for
individualization are provided.

As a concrete example to address a canonical problem, Chapter 2 proposes a
variational disentanglement approach to semi-parametrically learn from the heavily
imbalanced binary classification datasets. In this new method, which is named Vari-
ational Inference for Extremals (VIE), we apply an extreme value theory to enable
efficient learning with few observations. By organically integrating the generalized
additive model and isotonic neural nets, VIE enjoys the merits of improved robust-
ness, interpretability, and generalizability for the accurate prediction of rare events.
An analysis of the COVID-19 cohort from Duke Hospitals demonstrates that the
proposed approach outperforms competing solutions.

We investigate a more generalized setting of a multi-classification problem with
heavily imbalanced data in Chapter 3, from the perspective of causal machine learn-
ing to promote sample efficiency and model generalization. Our solution, named
Energy-based Causal Representation Transfer (ECRT), posits a meta-distributional
scenario, where the data generating mechanism for label-conditional features is in-
variant across different labels. Such causal assumption enables efficient knowledge
transfer from the dominant classes to their under-represented counterparts, even
if their feature distributions show apparent disparities. This allows us to leverage
a causally informed data augmentation procedure based on nonlinear independent
component analysis to enrich the representation of minority classes and simulta-
neously data whitening. The effectiveness and enhanced prediction accuracy are
demonstrated through synthetic data and real-world benchmarks compared with
state-of-art models.

In Chapter 4 we deal with the time-to-event prediction with censored (missing
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in outcomes) and incomplete (missing in covariates) observations. Also known as
survival analysis, time-to-event prediction plays a crucial role in many clinical appli-
cations, yet the classical survival solutions scale poorly w.r.t. data complexity and
incompleteness. To better handle sophisticated modern health data and alleviate
the impact of real-world data challenges, we introduce a self-attention based model
to capture helpful information for time-to-event prediction, called Energy-based La-
tent Self-Attentive Survival Analysis (ELSSA). A key novelty of this approach is
the integration of contrastive mutual information based loss that non-parametrically
maximizes the informativeness of learned data representations. The effectiveness of
our approaches has been intensively validated with synthetic and real-world bench-
marks, showing improved performance relative to competing solutions.

In summary, this dissertation presents flexible risk prediction frameworks that
acknowledge representation uncertainties, data heterogeneity and incompleteness.
Altogether, it presents three contributions: improved efficient learning from imbal-
anced data, enhanced robustness to missing data, and better generalizability to out-

of-sample subjects.
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1

Introduction

The abundance of modern health data provides many opportunities and challenges
for using machine learning techniques to build better statistical models to facilitate
clinical decision-making. The emergence of Electrical Health Records (EHR) data
is a great example that enables personalized therapies with dynamic and structured
datasets (Goldstein et al., 2017). Early detection of diseases from patient medi-
cal histories or identifying in-hospital patients at immediate risk of life-threatening
events has signi cant value, thus calling for e ective and reliable statistical models.
In risk prediction scenarios, standard statistical methods for structured datasets
have been widely studied. Starting from linear speci cationsy gpX q , regres-
sion models explain the outcom& with the linear combination of the input X and
coe cients  given the link function gp q set to the identity for the case of regres-
sion. The Least Absolute Shrinkage and Selection OperattASSO) (Tibshirani,
1996) imposes a variable-selection regularization term on the regression coe cients,
and generalized Linear Models (GLM) (Nelder and Wedderburn, 1972) extend the
identity link to nonlinear cases (logistic, log-logetc.), which allow for exibility in

the type of outcomes that can be considerea.g., using the logistic link for binary
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classi cation. However, there are three limitations of regression based prediction
methods, () linearity in coe cients, ( ii)lack of heterogeneity, {ii ) the ratio of the
number of predictors and the number of observations needs to be small (Steyerberg
and Vergouwe, 2014; Sugiyama, 2015)

Unlike parametric linear regression methods, non-parametric models enjoy more
exibility in their formulation (Anzai, 2012), and can be powerful when adequate
training samples are provided. Decision trees and their variants have been widely
used in risk prediction tasks. Decision trees are in principle interpretable, can be eas-
ily understood by humans (Safavian and Landgrebe, 1991), and are optimized based
on entropy gain on each attribute splitting. To improve the prediction accuracy,
ensemble methods built upon decision trees are quite popular, including bagging
(averaging outcomes from several decision trees grown with subsets of training data)
and boosting (a sequence of weak learner decision trees optimized sequentially to
reach a strong learner). Two famous algorithms based on these techniques lRaa-
dom Forest(Pal, 2005) and XGBoost (Chen and Guestrin, 2016). Kernel methods
are another important branch of non-parametric risk prediction. The intuition be-
hind these methods consists on mapping the non-separable data to a hyperspace
where the prediction can be made more easily Hofmann et al. (2008). A linear
combination of kernel functions represents the predictions learned from the training
dataset. Support Vector Machines(Noble, 2006) is a simple application of kernel
methods. The development of neural networks further relaxes the linear combina-
tion of covariates to complex forms (Schmidhuber, 2015). Moreover, the variety of
data sources has dramatically increased with the development of novel technologies.
Apart from structured datasets, images, audio sequences, natural language texts,
and other forms of data rely on feature engineering or, more recently, deep learning
methods for preprocessing and analysis (Shah et al., 2019).

However, in most machine learning prediction models, the training loss mini-
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mization strategy is the only parameter optimization tool. Without constraints, the
machine tries to recklessly absorb all the correlations and information presented in
the complex training dataset (Arjovsky et al., 2019), including noise and spurious
correlations. Unlike clinical trials where the study cohorts are carefully selected,
real-world clinical datasets like EHR su er from poor data quality and validity (Ko-
hane et al., 2021). Without proper regularization to the loss minimization schemes,
black-box algorithms tend to be not generalizable and robust to new datasets or
observations. Researchers have shown that loss minimization algorithms perform no
better than traditional logistic regression in clinical datasets (Christodoulou et al.,
2019). Even when the classi cation outcome is correct, the reasoning and interpreta-
tion gained from the model can be problematic, yielding poor performance in the real
world out-of-sample cases (Zech et al., 2018; Schramowski et al., 2020). Without a
consistent performance, the translation from statistical ndings to clinical decisions
may not be safe or feasible (Rudin, 2019; Pencina et al., 2020).

To satisfy the needs of stable and reliable prediction models, a wealth of re-
sults in the past few years suggest jumping out of black-box algorithms and instead,
focus on shedding more light on the interpretation to increase accountability and
transparency. Representation learning allows extracting latent features from high-
dimensional and complex datasets that are useful for prediction tasks. (Bengio et al.,
2013). The Information Bottleneck principle proposed by Tishby et al. (2000) showed
the ability of a bottleneck shaped deep learning architecture can compress the noisy
inputs into low-dimensional encoded representations, and it can further reduce the
complexity (Tishby and Zaslavsky, 2015). Previous work has tried to capture repre-
sentations from diagnosis code and medical procedure code in EHR datasets (Choi
et al., 2016) with feed-forward neural networks. In probabilistic models with latent
variables, from the Bayesian view, a good representation is often one that captures
the latent posterior distribution of the underlying explanatory components from the
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observed input variables (Bengio et al., 2013). For instance, topic modeling sum-
marizes count data with a hierarchical latent variable model speci ed as ktent
Dirichlet allocation (LDA) (Blei et al., 2003) or a Poisson factor model (Henao et al.,
2015; Gan et al., 2015). Recently, the interaction between causal graphs and ma-
chine learning techniques is getting increased attention (Schelkopf et al., 2021). In
the context of causal machine learning, Arjovsky et al. (2019) identi es the invariant
causal features by penalizing environmental heterogeneity unrelated to the outcome
of interest that is spurious. Interpretable machine learning (Ahmad et al., 2018) is an
alternative way to balance between performance and generalizability. By including
interpretable penalties which are speci cally chosen to match the domain of interests,
the unconstrained machine learning methods can be better understood by humans

(Rudin et al., 2021).
1.1 Challenges in clinical risk prediction

Besides the interpretability and robustness of machine learning methods, clinical
data analysis has other challenges (Goldstein et al., 2017). As a motivating example,
considering in-patient data from 82,450 Duke Health patients collected between 2014-
2016. We abstracted time-varying clinical datai(e., vital signs, laboratory tests,
medications) and followed patients until Intensive Care Unit (ICU) transfer or Death.
Such high-dimensional, multivariate longitudinal survival datasets with rare event
rates (@ 5%) provide rich information and challenges for data analysis which we
describe below.

Data missingness. In EHR-based studies, informative missingness is a major
challenges (Goldstein et al., 2017). Missingness can occur in both covariates and
the outcomes. In standard machine learning methods, for tabular datasets, it gener-
ally requires the input datasets to be preprocessed with no missing values included,
i.e., by deleting observations with missing values or imputation (Garca-Laencina
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et al., 2010). Themissing at completely randonfMCAR) assumption does not hold
in general (Little and Rubin, 2019), therefore it's not appropriate to use complete
observations only. Undermissing at random(MAR) assumption, i.e., explainable
with observed variables, imputation methods are widely used. Apart from standard
EM algorithm (Rubin, 1996), machine learning based imputation methods have been
introduced. Recently, attention based imputation methods showed promising results
(Haneuse et al., 2021), by structural information extracted from the input covariates.
Rooted from attention mechanism, we apply an attention layer on top of the input
covariates to handle the missing variables, without directly impute the missing values
in the prediction tasks.

Censored outcomes. Censoring is a scenario where the outcome is only par-
tially known, and it is not uncommon in clinical datasets, especially in time-to-event
prediction. There are three reasons why this can happen, (when a subject drops
out during the study (lost to follow-up), (ii) when the study terminates before the
event happens (administrative censoring),ii{ ) a subject withdraws from the study
(Klein and Moeschberger, 2006). Similar to the missing data problem discussed
above, if the censored occurs completely at random, it can usually be safely ignored.
In the case of informative censoring, when participants are lost to follow-up or with-
drawn due to reasons that are related to the study, such censoring contains crucial
information that should be adequately considered (Scharfstein and Robins, 2002).

Low event rate. Early detection of rare diseases is valuable. In our motivating
dataset, the patients who experienced target evente.g, ICU transfer, death) only
account for a small portion of the population {.e., less than 5%). Such low prevalence
makes traditional statistical modeling of risk particularly challenging, especially when
the sample size of the group of interest is small and the data is complex. Flexible
non-parametric machine learning techniques tend to over- t given the small number
of event observations and the disproportionally large number of model parameters
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(Shah et al., 2019).

By integrating ideas from representation learning, variational Bayes, causal infer-
ence, and contrastive training, the overall objective of this dissertation is to build risk
modeling frameworks that are robust to various peculiarities of real-world datasets

to yield reliable individualized risk evaluations.

1.2 Dissertation structure

The rest of this dissertation is organized as follows. Chapter 2 and Chapter 3 focus
on the topics of imbalanced learning in two di erent settings, binary classi cation
and multi-class classi cation. Chapter 2 capitalizes on the extreme behavior of the
rare events in latent space with anExtreme Value Theory(EVT) motivated prior
distribution under the Variational Inference (VI) framework. Chapter 3 views the
imbalanced learning tasks from the causal machine learning perspective. On the
basis ofnonlinear independent component analysiiNICA), augmenting the minority
classes relies on the feature independence. Chapter 4 discusses at length about
time-to-event estimation and provides novel frameworks for discrete approximations
to individual time-to-event distribution estimation in the presence of missing data,
called Energy-based Latent Self-Attentive Survival Analysi€LSSA). By combining
contrastive mutual information based loss with survival log-likelihood, it can non-
parametrically maximizes the informativeness of learned data representations for

time-to-event prediction and e ectively handle censored subjects.



2

Variational Disentanglement for Rare Event
Modeling

2.1 Introduction

Early identi cation of in-hospital patients who are at imminent risk of life-threatening
events, e.g, death, ventilation or intensive care unit (ICU) transfer, is a critical
subject in clinical care Bedoya et al. (2019). Especially during a pandemic like
COVID-19, the needs for healthcare change dramatically. With the ability to accu-
rately predict the risk, an automated triage system will be well-positioned to help
clinicians better allocate resources and attention to those patients whose adverse
outcomes can be averted if early intervention e orts were in place.

Despite the great promise it holds, with the richness of modern Electronic Health
Record (EHR) repositories, the construction of such a system faces practical chal-
lenges. A major obstacle is the scarcity of patients experiencing adverse outcomes

of interest. In the COVID-19 scenario, which we consider in our experiments, the

This chapter is a published paper: Xiu, Zidi, Chenyang Tao, Michael Gao, Connor Davis,
Benjamin Goldstein, and Ricardo Henao. "Variational disentanglement for rare event modeling."
In Proceedings of the AAAI Conference on Arti cial Intelligence, vol. 35, no. 12, pp. 10469-10477.
2021 (Xiu et al., 2021)



mortality of patients tested positive at the Duke University Health System (DUHS)
is slightly lower than 3%. Further, in another typical EHR dataset we consider, less
than 5% of patients are reported to su er adverse outcomes (ICU transfer or death).
In theselow-prevalencescenarios, commonly seen in clinical practice, standard classi-
cation models such as logistic regression su er frormajority domination, in which
models tend to favor the prediction accuracy of majority groups. This is clearly
undesirable for critical-care applications, given the high false negative rates (Type-Il
error), in which patients in urgent need of care could be falsely categorized.

Situations where the distribution of labels is highly skewed and the accuracy of
the minority class bears particular signi cance Dal Pozzolo et al. (2017); Lu et al.
(2020); Machado and Lopes (2020) have been associated with the nambalanced
datasetHe and Garcia (2009), whereas the methods dealing with such cases are
coined extreme classi cation Zong et al. (2013). Under such a setting, the lack of
representation of minority cases severely undermines the ability of a standard learner
to discriminate, relative to balanced datasets Mitchell (1999). Consequently, these
solutions do not generalize well on minority classes, where the primary interest is
usually focused.

To address such a dilemma, several remedies have been proposed to account for
the imbalance between class representations. One of the most popular strategies
is the sampling-based adjustment, where during training, a model oversamples the
minority classes (or undersamples the majority classes) to create balance arti cially
Holte et al. (1989); Drummond et al. (2003). To overcome the biases and the lack
of information that naive sampling adjustments might induce, variants have been
proposed to maximally preserve the clustering structure of the original dataset Mani
and Zhang (2003); Yen and Lee (2009) and to promote diversity of oversampling
schemes Han et al. (2005). Alternatively, cost-sensitive weighting where minority
losses are assigned larger weights provides another popular option via tuning the
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relative importance of minority classes Elkan (2001); Munro et al. (1996); Zhou and
Liu (2005).

While the above two strategies introduce heuristics to alleviate the issues caused
by class imbalance, importance sampling (IS) o ers a principled treatment that ex-
ibly combines the merits of the two Hahn and Jeruchim (1987); Heidelberger (1995).
Each example is sampled with the probability of a pre-speci ed importance weight,
and with the weight's inverse when accounting for the relative contribution in the
overall loss. This helps to exibly tune the representation of rare events during train-
ing, without biasing the data distribution Heidelberger (1995); Shimodaira (2000);
Gretton et al. (2009). It is important to note that, poor choice of importance weights
may result in uncontrolled variance that destabilizes training Robert and Casella
(2013); Botev and Kroese (2008), calling for adaptive Rubinstein and Kroese (2013)
or variance reduction schemes Rubinstein and Kroese (2016) to protect against such
degeneracy.

Apart from the above strategies that fall within the standard empirical risk min-
imization framework, recent developments explicitly seek better generalization for
the minority classes. One such example is thene-class classi cationthat aims
to capture one target class from a general population Tax (2002)Meta-learning
and few-shot learningstrategies instead trying to transfer the knowledge learned
from data-rich classes to facilitate the learning of data-scarce classes Behning et al.
(2015); Finn et al. (2017). Additionally, non-cross-entropy based losses or penalties
have been proved useful to imbalanced classi cation tasks (Weinberger and Saul,
2009; Huang et al., 2016; Oh Song et al., 2016). For instance, the Focal loss Lin
et al. (2017) up-weights the harder examples, and Cao et al. (2019) introduced a
label-distribution-aware margin loss encouraging minority classes having larger mar-
gins.

In this work, we present a novel solution callegtariational inference for extremals
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(VIE), capitalizing on the learning of more generalizable representations for the mi-
nority classes. Our proposal is motivated by the observation that the statistical fea-
tures of \rarity" have been largely overlooked in the current literature of rare-event
modeling. And the uncertainties of rare-events are often not considered. Framed
under the Variational Inference framework, we formulate our model with the as-
sumption that the extreme presentation of (unobserved) latent variables can lead
to the occurrence (or the inhibition) of rare events. This encourages the accurate
characterization of the tail distribution of the data representation, which has been
missed by prior work to the best of our knowledge. Building upon the state-of-the-
art machine learning techniques, our solution features the following contributions:
(i) the model accounts for representation uncertainty based on variational inference;
(i) the adoption of mixed Generalized Pareto priors to promote the learning of
heavy-tailed feature representations; andi{ ) integration of additive isotonic regres-
sion to disentangle representation and facilitate generalization. We demonstrate how
our framework facilitates both model generalization and interpretation, with strong

empirical performance reported across a wide-range of benchmarks.
2.2 Background

To simplify our presentation, we focus on the problem of rare event classi cation
for binary outcomes. The generalization to the multiple-class scenario is simple and
presented in the Appendix A.4.7. LetD t x;;y;U"; be a dataset of interest, where
x; and y; denote predictors and outcomes, respectively, ard is the sample size.
Without loss of generality, we denotey 1 as the minority event label (indicating
the occurrence of an event of interest), ang 0 as the majority label.

In the following, we will briey review the three main techniques we used in
this work, namely, variational inference (VI), extreme value theory(EVT), and ad-
ditive isotonic regression VI allows for approximate maximum likelihood inference
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while accounting for data uncertainty. EVT provides a principled and e cient way
to model extreme, heavy-tailed representations. Additive isotonic regression fur-
ther introduces monotonic constraints todisentanglethe contribution of each latent

dimension to the outcome.
2.2.1 Variational inference

Consider a latent variable modebp pv;zq p pv|zogomeg wherev PR™ is the observ-
able data, z P RP is the unobservable latent variable, and represents the param-
eters of the likelihood modelp pv|zq The marginal likelihood p pvq ’ p pv; zqdz
requires integrating out the latentz, which typically, for complex distributions, does
not enjoy a closed-form expression. This intractability prevents direct maximum
likelihood estimation for in the latent variable setup. To overcome this di culty,
Variational Inference (V1) optimizes computationally tractable variational bounds to
the marginal log-likelihood Kingma and Welling (2014); Chen et al. (2018). Con-
cretely, the most popular choice of VI optimizes the following Evidence Lower Bound
(ELBO):

ppv;Zq
q iZ|vqg

ELBOpv;p pv;zgq elvaqg Ez g gyvq l0g o logp p/g (2.1)

whereq [z|vgis an approximation to the true (unknown) posteriorp pz|vg and the
inequality is a direct result of Jensen's inequality. The variational gap between the
ELBO and true marginal log-likelihood,i.e., logp pvg ELBOpv;p pv;zg q z|vaq

is given by the Kullback{Leibler (KL) divergence between posteriorg,e.,

KLpg z|valp elvag Ez g gvdlogq pZ|vas Ez g wvdrlogp iZ|vas

which implies that the ELBO tightens as q e|vg approaching the true posterior
p z|vg For estimation, we seek parameters and that maximize the ELBO in

(2.1).
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Given a set of observationgv;uW' ; sampled from data distributionv ~ pgpvg
maximizing the expected ELBO is also equivalent to minimizing the KL divergence
KL pgpvg k p prggbetween the empirical and model distributions. Whem pv|zq
and q pz|vqare speci ed as neural networks, the resulting architecture is commonly
known as thevariational auto-encoder(VAE) Kingma and Welling (2014), where
g rz|vgand p pv|zqg and are known asencoderand decoder respectively. Note that

g pz|vqgis often used for subsequent inference tasks on new data.
2.2.2 Extreme value theory

Extreme Value Theory (EVT) provides a principled probabilistic framework for de-
scribing events with extremely low probabilities, which we seek to exploit for better
rare event modeling. In particular, we focus on thexceedancenodels, where we
aim to capture the asymptotic statistical behavior of values surpassing an extreme
threshold Davison and Smith (1990); Tao et al. (2017), which we brie y review below
following the notation of Coles et al. (2001). Without loss of generality, we consider
exceedance to the righti.e., values greater than a thresholdi. For a random variable
X, the conditional cumulative distribution of exceedance levet beyondu is given
by Fuxg PpX  um x|X j uq “EALERS wherex | 0 and Fpxq denotes the
cumulative density function for X .

A major result from EVT is that under some mild regularity conditions, e.g,
continuity at the right end of Fpxq and others, F,pxq will converge to the family

of Generalized Pareto Distributions(GPD) regardless offF pxg as u approaches the

right support boundary of F pxg Balkema and De Haan (1974); Pickands Il et al.

(1975), i.e., limyxs Fup<q\?ﬁl G ... xqFalk et al. (2010), where GPD., xqis of

the form
#

G 1rl X uq{s;; if 0 2.2)
i PG 1 exprpx ug{s if 0 '

12



where is a positive scale parameter. When 0 the exceedance& has bounded
supportu @ x & u { , otherwise when ¥ 0, x ia unbounded on the right. A
major implication of this asymptotic behavior is that, for modeling extreme values,

one only needs to t extreme samples to the log-likelihood function of the GPD.
2.2.3 Additive isotonic regression

Also known as monotonic regression, isotonic regression is a hon-parametric regres-
sion model that constrains the relation between predictor and outcome to be mono-
tonic, (e.g, non-decreasingf paq @ f g for a @ b) Barlow et al. (1972). Such
monotonic constraint is a natural and exible extension to the standard linear re-
lation assumed by many statistical models. To accommodate multi-covariate pre-
dictors, additive isotonic regression combines isotonic models for each individual
one-dimensional predictor Bacchetti (1989). Standard implementations often involve
specialized algorithms, such as local scoring algorithms Hastie (2017) and the alter-
nating conditional expectation (ACE) method of Breiman and Friedman (1985). All
these approaches typically require costly iterative computations and are not scalable
to large datasets. Here we consider recent advances in unconstrained monotonic
neural networks, which allow for e cient and exible end-to-end learning of mono-
tonic relations with robust neural nets based on standard training schemes such as

stochastic gradient descent Sill (1998); Wehenkel and Louppe (2019).

2.3 \Variational Inference of Extremals

The proposed model is based on the hypothesis thextreme events are driven by the
extreme values of some latent factarsSpeci cally, we propose to recast the learn-
ing of low-prevalence events into the learning of extreme latent representations, thus
amortizing the di culties associated with directly modeling rare events as outcomes.

To allow for more e cient learning from the rare events, we make some further
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assumptions to regularize the latent representation:i) e ect disentanglement the
contribution from each dimension of the latent representation to the event occurrence
is additive; (ii) e ect monotonicity: there is a monotonic relation between the out-
come likelihood and the values of each dimension of the latent representation. The
key to the proposed approach is using an additive isotonic neural network to model
the one-dimensional disentangled monotonic relations from a latent representation,
which is obtained via variational inference. Speci cally, we impose an EVT prior
to explicitly capture the information from the few minority group samples into the
tail behavior of the extreme representation. Below we provide the rationale for our
choices followed by a description of all model components.

Disentanglement & additive isotonic regression. Consistent with assump-
tions (i) and (i), we posit a scenario in which the underlying representation of
extreme events is more frequent at the far end of the representation spectrum, for
which additive isotonic regression is ideal. The disentanglement consists of mod-
eling each latent dimension individually, thus avoiding the curse of dimensionality
when modeling combinatorial e ects with few examples. Further, the monotonicity
constraint imposed by the isotonic regression model restricts possible e ect relations,
thereby improving generalization error by learning with a smaller, yet still su ciently
expressive, class of models Bacchetti (1989).

EVT & VI. Note that the spread of representation of extreme events is ex-
pected to be more uncertain relative to those of the normal, more abundant events,
due to a few plausible causesi)(extreme events represent the breakdown of system
normality and are expected to behave in uncertain waysiji{ there is only a small
number of examples available for the extreme events, so the learned feature encoder
will tend to be unreliable. As a result, we can safely assume that the encoded
features associated with the extremes events will lie outside the e ective support
of the Gaussian distribution assumed by the standard VI model. In other words,
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the representation of the events can manifest as a heavy-tailed distribution. This
will compromise the validity and generalizability of a prediction model if not dealt
with appropriately. So motivated, we explicitly model the distribution of the ex-
treme underlying representations via EVT. Using EVT, we decouple the learning
of the tail end of the representation distribution. Since EVT-based estimation only
requires very few parameters, it allows for accurate modeling with a small set of
tail-end samples. Further, in combination with the variational inference framework,
it accounts for representation uncertainty via the use of a stochastic encoder, which
further strengthens model robustness.

Bene ts of heavy-tailed modeling. A few other considerations further justify
modeling with a heavy-tailed distribution for the extreme event representation. One
obvious bene tis that it allows better model resolution along the representation axis,
i.e., better risk strati cation. For light-tail representations, extreme examples are
clustered in a narrow region where the tail vanishes, thus a standard (light-tailed)
learning model will report the average risk in that region. However, if the represen-
tations are more spread out, then there is a more gradual change in risk (Figure A.1
in Appendix A), which can be better captured, as shown in Figure 2.1. Another
argument for favoring heavy-tailed representations is that heavy-tailed phenomena
are very common in nature Bryson (1974), and these tail samples are often encoded
less robustly due to the lack of training examples. Allowing long-tail representations

relieves the burden of an encoder.

Model structure. We consider latent variable modep py; X;zq p py|zgp p|zogpreqg
wherev t x;yu are the observed variables. Under the VI framework, similar to

(2.1) we write the ELBOpv; p pv; zG g pz|vqgas

Ez g mvdl0gp ¥IZas Ez g wdflogp px|Zgs KL pg vk ppeqq (2.3)
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Figure 2.1 : Left: Distribution of a two-dimensional latent spacez where the long
tail associates with higher risk. Right: Tail estimations with di erent schemes for
the long-tailed data in one-dimensional space. EVT provides more accurate charac-
terization comparing to other mechanisms.

where p py|zqis speci ed as an additive isotonic regression modgieqis modeled
with Gaussian GPD mixture, and the approximate posteriorq e|vq is speci ed as
an inverse auto-regressive ow. Note that unlike in the standard ELBO in (2.3), we
want to drop the term E; ¢ wvoflogp px|Zgsbecause we are not interested in mod-
eling the covariates. Note this coincides with theariational information bottleneck
(VIB) formulation Alemi et al. (2016). Additionally, the posterior g pz|vq will not
be conditioned ony, but only on x, because in practice, the labelg are not available

at inference time. Speci cally, we rewrite the objective in (2.3) as

PGY:P YIzG g Elxad Ez g mxgrlogp pylZas  KLpg peixgk prqq
(2.4)
where is a hyperparameter controlling the relative contribution of the KL term to

the objective. Below we provide details for each component of the proposed approach.

2.3.1 Decoder: additive monotonic neural network

3
First, let us consider the following monotone mappinglZ hps; ods , consisting

on integrating a non-negative functionhps; q specied as a neural network with

one-dimensional input,s, and parameterized by . The choice of the lower end is
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arbitrary, and is a bias term. For multi-dimensional latent representatiorz P RP,
we write the additive monotonic neural network (AMNN) as

p » 4

H; g rj  hps giss (2.5)
j |
where ; serves as a weight which controlling the e ect directions. In other words,
when ; j O, it can be interpreted as an event stimulator; otherwise it is an event
blocker. To ensurehps; qis non-negative, we apply exponential activation function
to the network's output. The integration of z is conducted with numerical integration

by the Riemann-Stieltjes method Davis and Rabinowitz (2007).

Based on (2.5), we have log py|lzq “c.py; He; qq where

cPy;aq logtly ipyqd  expp exppedoq 1y opygexpp exppaqqul

is the complementary log-log (CLL) link, wherel,q is the indicator function. We
prefer CLL over the standard logistic link since the CLL link is more sensitive at the

tail end Aranda-Ordaz (1981).
2.3.2 Latent extreme prior: Gaussian-GPD mixture

To better capture the tail behavior of the latent representation, we assume random

variable Z  ppqis a mixture of a standard Gaussian distribution truncated at

u and a GPD for modeling the tail end thresholded au, i.e., Fpzq zq when

z o u and Fpzq pug pl pugds. 2 ugwhenz j u, where pzqgdenotes

the CDF of a standard Gaussian distribution. Note that forz j u, Fpzqgcan be

expressed as a GPD with parameterg’ + tq McNeil (1997), where™ and if
0, ~ pl pugqg ande¢ u ~pd puqq  1g{ . Otherwise, when O,

~ and¢+ u ~logpl pugq Consequently, the CDF for the mixed GPD is

given by

Fqu 1p8 ;usFZq rzq 1pU;8quCGu;;~qu (2-6)
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For simplicity, we denote the set of parameters in GPD as=t ¢pp, cppUand the

threshold u is a user-de ned parameter. In the experiments we setto  p0:99q
2.3.3 Latent posterior: Inverse Autoregressive Flow

Considering we have adopted a long-tailed GPD prior, we seek a posterior ap-
proximation ¢ fe|xq that is: (i) a exible parameterization to approximate arbi-
trary distributions; and (ii) with a tractable likelihood to be able to evaluate the
KL pg |xgk preggexactly. We need () because the true posterior is likely to exhibit
heavy-tailed behavior due to the extended coverage of the GPD prior, anil)(is to
ensure accurate and low-variance Monte Carlo estimation of the KL-divergence at
the tail end of the prior. These requirements invalidate some popular choicesg,

a standard Gaussian posterior is light-tailed, and the implicit neural-sampler-based
posterior typical in the work of adversarial variational Bayes Mescheder et al. (2017),
does not have a tractable likelihood.

One model family satisfying the above two requirements is known as the gen-
erative ow Rezende and Mohamed (2015), where simple invertible transformations
with tractable log Jacobian determinants are stacked together, transforming a simple
base distribution into a complex one, while still having closed-form expressions for
the likelihood. In this work, we consider thanverse autoregressive owlAF) model

Kingma et al. (2016). The ow chain is built as
Z ¢ tdz ¢ forloto T, (2.7)

where { PRP and ; P RP are learnable parametersd denotes the element-wise
product, z; is typically drawn from a p-dimensional Gaussian distribution,z

N p o; Diagp 2qqwhere , and , are obtained from an initial encoder de ned by a
neural network given inputx with parameter . A sample from the posteriorg pz|xq

. . . . n . . d t
is given by zr, obtained by \ owing" z, through (2.7). Provided the Jacobiansg, -
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and

dcz’lfl are strictly upper triangular Papamakarios et al. (2017), we obtain the

following closed-form expression for the log posterior
T

R d
logg|xq loggmey|xq Iogdetd a (2.8)
t 1 % 1
Lo 1 JI
Eejz é'OQFQ q log v
i1 t o

whereg p X; oj d{ o for the jth dimension.

Table 2.1: Ablation study of VIE with di erent combinations of architectures on
realistic synthetic datasets with 1% event rate. The oracle model has used the
ground-truth model parameters to predict.

\ Average AUC (standard deviation) \ Average AUPRC (standard deviation)

Prior Encoder Decoder Prior Match | n=5k n=20k | n=5k n=20k
VAE Gaussian  Gaussian  MLP True 0.552 (0.092)  0.674 (0.020) | 0.026 (0.010) 0.061 (0.017)
VAE-GPD  mixed GPD Gaussian AMNN False 0.569 (0.062)  0.653 (0.027) | 0.021 (0.003) 0.035 (0.013)
IAF-GPD  mixed GPD  IAF AMNN False 0.511(0.021) 0.665 (0.029) | 0.017(0.002) 0.025 (0.008)
Fenchel-GPD mixed GPD  Implicit ~ AMNN True 0.623 (0.036)  0.694 (0.021) | 0.037 (0.010) 0.062 (0.026)
VIE mixed GPD  IAF AMNN True 0.684 (0.031)  0.701 (0.017) | 0.050 (0.009) 0.079 (0.025)
Oracle (with 90% con dence interval) \ 0.704 [0.662, 0.751] \ 0.092 [0.058, 0.141]

2.3.4 Posterior matching with Fenchel mini-max learning

We consider an additional modi cation that explicitly encourages the match of the
aggregated posteriorq fzq 3q Z|xopgpxqdx to the prior ppzg which has been
reported to be vastly successful at improving VAE learning Mescheder et al. (2017).
In our case,q pzq does not have a closed-form expression for the likelihood ratio
of the KL formulation, which motivates us to use a sample-based estimator. We
consider the mini-max KL estimator based on the Fenchel duality Tao et al. (2019);
Dai et al. (2018). Concretely, recall the KL can be expressed in its Fenchel dual
form?

W;0; 4 Ez qrd PZOs Ezi pedexpp pZ'qgs

KLpo gk preaq max m:d; g (2.9)

! We have removed the constant term for notational clarity.
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where eqis commonly known as the critic function in the adversarial learning lit-
erature, and we maximize wrt rqin the space of all functionsF, modeled with a
deep neural network. We use (2.4) and (2.9) to derive an augmented ELBO that
further penalizes the discrepancy between the aggregated posterior and the prior,
ie.,  PVY:;Ppwlzgq melxqg KLpg gk pqq where is a regularization hy-
perparameter Chen et al. (2018). Solving for this objective results in the following

mini-max game
maxmin - pGy;p pYlzgq elxqg e ;d; g (2.10)

where and are regularization hyperparameters. In a similar vein to -VAE and
adversarial variational Bayes (AVB), our objective leverages, | 0 to balance
the prediction accuracy and the complexity of the latent representation via KL reg-
ularization. Further, from  px;y;p pylzg g z|xqqin (2.4), note that the decoder
p py|zqis obtained from the additive neural network in (2.5),p eqis the Gaussian
GPD mixture with CDF in (2.6), q pz|xqis the autoregressive ow implied by (2.7)
and ;! qis the critic function speci ed as a neural network and parameterized by
.

To avoid collapsing to suboptimal local minima, we train the encoder arm more
frequently to compensate for the detrimental posterior lagging phenomenon He et al.

(2019). The pseudo-code for the proposed VIE is summarized in Algorithm 1 and
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detailed architecture can be found in the Appendix A.2.

Algorithm 1: Variational Inference with Extremals.
Data: D p x;yg X: inputs, y: labels
Networks and parameters:
Init-Encoder (x; ; ): Initial encoder network;
IAF(z; ): recursive autoregressive neural network;
(z;!): critic neural network;
AMN(Y; ): additive monotonic neural net;
prior: p g MixedGPZ; ,u), =t gpp, eppU
Initialize: Init-Encoder , IAF, , AMNN

Sampletpx;;yiqy", from D, t ;u™; from pp q
I o; oS=Init-Encoder (x; ; )

Samplez,, from p g zo from Np o; oq
Compute lpost © 1090 [®o|xq

re S IAR(z 1; ), z t 1dz
Ipost |post FjOg tq
end
logp pylzrq  “cu BY-AMNNZT; qq
Descend ! byr | % I @yxq log erqgs
Ascend t ;; uby
r LI rlogp plzrq log prq KLs where KL lhs  logp perq
end

2.4 Related Work

Rare-event modeling with regression. Initiated by King and Zeng (2001), the
discussion on how to handle the unique challenges presented by rare-event data for
regression models has attracted extensive research attention. The statistical litera-
ture has mainly focused on bias correction for sampling Fithian and Hastie (2014)
and estimation Firth (1993), driven by theoretical considerations in maximum likeli-
hood estimation. However, their assumptions are often violated in the face of modern
datasets Sur and Candes (2019), characterized by high-dimensionality and complex
interactions. Our proposal approaches a solution from a representation learning per-

spective Bengio et al. (2013), by explicitly exploiting the statistical regularities of
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extreme values to better capture extreme representations associated with rare events.

Re-sampling and loss correction. Applying statistical adjustments during
model training is a straightforward solution to re-establish balance, but often associ-
ated with obvious caveats. For example, the popular down-sampling and up-sampling
He and Garcia (2009) discard useful information or introduce arti cial bias, exac-
erbating the chances of capturing spurious features that may harm generalization
Drummond et al. (2003); Cao et al. (2019), and their performance gains may be
limited Byrd and Lipton (2019). While traditionally tuned by trial and error, recent
works have explored automated weight adjustments Lin et al. (2017); Zhang et al.
(2020) , and principled loss correction that factored in class-size di erences Cui
et al. (2019). Our contribution is orthogonal to these developments and promises
additional gains when used in synergy.

Transferring knowledge from the majority classes. Adapting the knowl-
edge learned from data-rich classes to their under-represented counterparts has shown
success in few-shot learning, especially in the visual recognition eld Wang et al.
(2017); Xiu et al. (2020) , and also in the clinical settings Behning et al. (2015).
However, their success often critically depends on strong assumptions, the violation
of which typically severely undermines performance Wang et al. (2020). Related are
the one-class classi cation (OCC) models Tax (2002), assuming stable patterns for
the majority over the minority classes. Our assumptions are weaker than those made
in these model categories, and empirical results also suggest the proposed VIE works

more favorably in practice (see experiments).
2.5 Experiments

We carefully evaluate the proposed VIE on a diverse set of realistic synthetic data
and real-world datasets with di erent degrees of imbalance. Our implementation is
based on PyTorch, and code to replicate our experiments are available frdmips:
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| Average AUC | Average AUPRC

| coviD InP SEER | CoviD InP SEER
Event category | Mortality Combined | 12h  168h | 3mo  11mo | Mortality Combined | 12h  168h | 3mo  11mo
LASSO 0.856 0.853 0.822 0.760| 0.888 0.845 0.235 0.542 0.092 0.216| 0.140 0.309
MLP 0.862 0.854 0.824 0.768| 0.885 0.856 0.225 0.531 0.093 0.221| 0.169 0.322
DeepSVDD NA NA 0.633 0.551| 0.592 0.572 NA NA 0.020 0.063| 0.026 0.068
[\ 0.856 0.860 0.776 0.728| 0.798 0.832 0.193 0.511 0.073 0.165| 0.123 0.274
Focal 0.829 0.854 0.750 0.705| 0.868 0.835 0.238 0.484 0.044 0.149| 0.141 0.263
LDAM 0.857 0.843 0.819 0.774| 0.893 0.755 0.202 0.535 0.086 0.197| 0.177 0.332
VIE 0.883 0.867 0.840 0.780 | 0.895 0.862 0.268 0.535 0.100 0.240 | 0.189 0.345

Table 2.2: Average AUC and AUPRC from real-world datasets.

/lgithub.com/ZidiXiu/VIE/ . We provide additional experiments and analyses in
the Appendix A.4.

Baseline Models We consider the following set of competing baselines to com-
pare the proposed solution: LASSO regression Tibshirani (1996), MLP with re-
sampling and re-weighting (MLP), Importance-Weighting model (IW) Byrd and
Lipton (2019), FOCAL loss Lin et al. (2017), Label-Distribution-Aware Margin loss
(LDAM) Cao et al. (2019), and SVD based one-class classi cation model (Deep-
SVDD) Ru et al. (2018). We evaluate baseline models performance on test set with
the best performed hyper-parameters on validation dataset. For detailed settings
please refer to the Appendix A.4.

Evaluation Metrics To quantify model performance, we consider AUC and
AUPRC. AUC is the area under the Receiver Operating Characteristic (ROC) curve,
which provides a threshold-free evaluation metric for classi cation model perfor-
mance. AUC summarizes the trade-o between True Positive Rate (TPR) and False
Positive Rate (FPR). AUPRC evaluates the area under Precision-Recall (PR) curve
and summarizes the trade-o between TPR and True Predictive Rate. We discuss
other metrics in the Appendix A.2. In simulation studies, we repeat simulation ten
times to obtain empirical AUC and AUPRC con dence intervals. For real world

datasets, we applied bootstrapping to estimate the con dence intervals.
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Ablation study for VIE

VIE applies a few state-of-art techniques in variational inference in order to achieve
optimal performance. In this section, we decouple their contributions via an ablation
study, to justify the necessity of including those techniques in our nal model. To this
end, we synthesize a semi-synthetic dataset based on the Framingham study Mitchell
et al. (2010), a long-term cardiovascular survival cohort study. We use a realistic
model to synthesize data from the real-world covariates under varying conditions,
i.e., dierent event rates, sample size, non-linearityetc. More speci cally, we use
the CoxPH-Weibull model Bender et al. (2005) to simulate the survival times of
patients T t %;qqul{ , Where gpxq is either a linear function or a randomly
initialized neural net. Our goal is to predict whether the subject will decease within
a pre-speci ed time frame,i.e., T  to. Via adjusting the cut-o threshold ty, we
can simulate di erent event rates. A detailed description of the simulation strategy
is in Appendix A.3.

We experiment with di erent combinations of advanced VI techniques, as sum-
marized in Table 2.1. Limited by space, we report results at 1% event rate withp q
set to a randomly initialized neural network under various sample sizes. Additional
results on linear models and other synthetic datasets are consistent and can be found
in Appendix A.3. IAF and GPD only variants perform poorly, even compared to the
vanilla VAE solution. This is possibly due to the fact that priors are mismatched.
Explicitly matching to the prior via Fenchel mini-max learning technique improves
performance. However, without using an encoder with a tractable likelihood, the
model cannot directly leverage knowledge from the GPD prior likelihood. Stacked
together (mixed GPD+IAF+Fenchel), our full proposal of VIE consistently outper-

forms its variants, approaching oracle performance in the large sample regime.
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Table 2.3: Summary statistics for real-world datasets.

CovID InP SEER
sample size 25,315 67,655 68,082
dimension 1268(668) 73(39) 789(771)

event rate (%) 26%,8% 1 5% 1 5%

Real-world datasets

To extensively evaluate real-world performance, we consider a wide range of real-
world datasets, brie y summarized below: i) COVIDA dataset of patients admitted

to the DUHS with positive COVID-19 testing, to predict death or use of a ventilator.
(i) InP O'Brien et al. (2020): An in-patient data from DUHS, to predict the risk of
death or ICR transfers. (ii ) SEERRIes et al. (2007): A public dataset studying cancer
survival among adults curated by the U.S. Surveillance, Epidemiology, and End
Results (SEER) Program, here we use a 10-year follow-up breast cancer subcohort.
Summary statistics of these three real-world datasets are given in Table 2.3. Note
that InP and SEERure survival datasets, speci callyjSEERhcludes censored subjects.
We follow the data pre-processing steps in Xiu et al. (2020). To create outcome labels,
we set a cut-o time to de ne an event of interest the same as in the ablation study,
and exclude subjects censored before the cut-o time (less than2@). Datasets
have been randomly split into training, validation, and testing datasets with ratio
6:2:2. See Appendix A.4 for details on data pre-processing.

Table 2.2 compares VIE to its counterparts, where the numbers are averaged
over the bootstrap samples. We see the proposed VIE yields the best performance
in almost all cases, and the lead is more signi cant with low event rates. Note
that the one-class classi cation based DeepSVDD performs poorly, which implies
treating rare events as outliers are inappropriate. Re-weighting and resampling based

methods (IW, Focal) are less stable compared to those simple baselines (LASSO,
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Figure 2.2 : First latent dimension from the InP dataset (1% event rate). Left:
Learned prior and posterior distribution, and monotonic predicted risks (right axis).
Right: The latent representation values distribution grouped by event type.

MLP). The theoretically optimal LDAM works well in general, second only to VIE
in most settings. To further demonstrate the stability of our method, we visualize
the bootstrapped evaluation scores for the COVID dataset in Figure 2.3, and defer
the additional cross-validation results to the Appendix A.3. We see that VIE leads
consistently.

We also verify empirically that the estimated GPD shape parametersspp are
mostly positive (see the Appendix), indicating heavier than Gaussian tails as we
have hypothesized. In Figure 2.2, we visualize one such latent dimension from the
InP dataset, along with the associated risk learned by AMNN. In this example,
the tail part is heavier than Gaussian and is associated with elevated risk. See our

Appendix A.4 for examples where the extended tail contributes to prohibit the event.

Figure 2.3 : Bootstrapped AUC (left) and AUPRC (right) distributions for the
COVIDmortality data (2.6% event rate).
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2.6 Conclusions

Motivated by the challenges of rare-event prediction in clinical settings, we pre-
sented Variational Inference with Extremals (VIE), a novel extreme representation
learning-based variational solution to the problem. In this model we leveraged GPD
to learn the extreme distributions with few samples and applied additive monotonic
neural networks to disentangle the latent dimensions' e ects on the outcome. VIE
featured better generalization and interpretability, evidenced by strong performance

on synthetic and real datasets.
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3

Supercharging Imbalanced Data Learning with
Energy-based Contrastive Representation Transfer

3.1 Introduction

Learning with imbalanced datasets is a common yet still very challenging scenario
in many machine learning applications. Typical scenarios includei)(rare events,
where the event prevalence is extremely low while their implications are of high cost,
e.g, severe risks that people seek to avert (King and Zeng, 2001)i)(emerging
objects in a dynamic environment, which call for quick adaptation of an agent to
identify new cases with only a handful target examples and plentiful past experience
(Fei-Fei et al., 2006). A typical scenario in natural datasets is that the occurrence
of di erent objects follows a power law distribution. And in many situations, the
accurate identi cation of those rarer instances bears more signi cant social-economic
values,e.g, fraud detection (Dal Pozzolo et al., 2017), driving safety (Dingus et al.,
2016), nature conservation (Kaggle, 2017), social fairness (Chouldechova and Roth,
2018), and public health (Machado and Lopes, 2020).

Notably, severe class imbalance and lack of minority labels are the two major

di culties in this setting, which render standard learning strategies unsuitable (Kot-
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Figure 3.1 : Energy-based causal representation transfer alleviates tail imbalance
for natural image classi cation. The shaded region denotes label frequency in the
iNaturalist ~ data, with some representative images shown. Solid curves are for
label-conditional F1 scores (higher is better) for the proposeenergy-based causal
representation transfer(ECRT), LDAM (state of the art) and the standard ERM.
ECRT consistently outperforms the others, especially in the low-sample regime.

siantis et al., 2006). Without explicit statistical adjustments, the imbalance induces
bias towards the majority classes. On the other hand, the lack of minority represen-
tations prevents the identi cation of stable correlations that generalize in predictive
settings. In addition, due to technological advancements, more and higher dimen-
sional data are routinely collected for analysis. This also inadvertently exacerbates
the issue of minority modeling as there is an excess of predictors relative to the
limited occurrence of minority samples.

Various research e orts have been directed to address the above issues, with class
re-balancing being the most popular heuristic. The two most prominent directions
in the category include statisticalresamplingand reweighting Resampling alters the
exposure frequency during trainingj.e., more for the minorities and less so for the
majorities (Drummond et al., 2003). Alternatively, reweighting directly amends the
relative importance of each sample based on their class (Cui et al., 2019), sampling
frequency (Botev and Kroese, 2008) and associated cost for misclassi cation (Elkan,
2001). Recent developments also have considered class-sensitive and data-adaptive
losses to more exibly o set the imbalance (Cao et al., 2019; Lin et al., 2017). While

being intuitive and working reasonably well in practice, an important is that these
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