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AN EFFECTIVE CHEBOTAREV DENSITY THEOREM
FOR FAMILIES OF NUMBER FIELDS,
WITH AN APPLICATION TO /-TORSION IN CLASS GROUPS

LILLIAN B. PIERCE, CAROLINE L. TURNAGE-BUTTERBAUGH, AND MELANIE MATCHETT WOOD

ABSTRACT. An effective Chebotarev density theorem for a fixed normal extension L/Q provides an
asymptotic, with an explicit error term, for the number of primes of bounded size with a prescribed
splitting type in L. In many applications one is most interested in the case where the primes are
small (with respect to the absolute discriminant of L); this is well-known to be closely related to
the Generalized Riemann Hypothesis for the Dedekind zeta function of L. In this work we prove
a new effective Chebotarev density theorem, independent of GRH, that improves the previously
known unconditional error term and allows primes to be taken quite small (certainly as small as
an arbitrarily small power of the discriminant of L); this theorem holds for the Galois closures of
“almost all” number fields that lie in an appropriate family of field extensions. Such a family has
fixed degree, fixed Galois group of the Galois closure, and in certain cases a ramification restriction
on all tamely ramified primes in each field; examples include totally ramified cyclic fields, degree n
Sn-fields with square-free discriminant, and degree n A, -fields. In all cases, our work is independent
of GRH; in some cases we assume the strong Artin conjecture or hypotheses on counting number
fields.

The technical innovation leading to our main theorem is a new idea to extend a result of Kowalski
and Michel, a priori for the average density of zeroes of a family of cuspidal L-functions, to a family
of non-cuspidal L-functions. Unexpectedly, a crucial step in this extension relies on counting the
number of fields within a certain family, with fixed discriminant. Finally, in order to show that
comparatively few fields could possibly be exceptions to our main theorem (under GRH, none are
exceptions), we must obtain lower bounds for the number of fields within a certain family, with
bounded discriminant. We prove in particular the first lower bound for the number of degree n
A, -fields with bounded discriminant.

The new effective Chebotarev theorem is expected to have many applications, of which we
demonstrate two. First we prove (for all integers £ > 1) nontrivial bounds for ¢-torsion in the class
groups of “almost all” fields in the families of fields we consider. This provides the first nontrivial
upper bounds for ¢-torsion, for all integers £ > 1, applicable to infinite families of fields of arbitrarily
large degree. Second, in answer to a question of Ruppert, we prove that within each family, “almost
all” fields have a small generator.
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1. OVERVIEW

Studying the distribution of prime numbers is a central problem in analytic number theory, with
many important variations and applications. In this paper we prove a new effective Chebotarev
density theorem, that is, we prove an explicit asymptotic, with an effective error term, for the
number of rational primes below a certain height, which exhibit a specified splitting behavior in a
fixed normal extension L/Q. In particular, our Chebotarev theorem holds for “almost all” fields in
many types of infinite families of number fields. The strength of this result is that without assuming
GRH, we can count primes as small as an arbitrarily small power of the absolute discriminant of
L, and the error term in the asymptotic does not exhibit the effect of an exceptional zero of
the Dedekind zeta function of L. The technical novelty of our method of proof is a new, general
strategy for extending a result of Kowalski and Michel on the density of zeroes in a family of cuspidal
automorphic L-functions to non-cuspidal families; unexpectedly, a key tool in this approach is the
ability to count number fields with fixed degree and fixed discriminant. Thus our work builds new
techniques rooted in each of three equally important sources: the classical effective Chebotarev
argument of Lagarias and Odlyzko, considerations for automorphic families motivated by Kowalski
and Michel, and counts for fields both of bounded discriminant and of fixed discriminant. We expect
the new effective Chebotarev theorem for families to have many applications, and we exhibit two.
First, we prove the first ever nontrivial bounds for /-torsion in class groups for “almost all” fields in
infinite families of number fields of arbitrarily large degree. Second, we prove a result on the density
of number fields with a small generator.

1.1. Historical introduction. For any fixed number field k& and normal extension L/k of number
fields, consider the counting function of prime ideals of bounded norm in Oy, and specified splitting
type in L, defined by

(1.1) g (x, L/k) := #{p C Ok : p unramified in L, {L:k] = ¢,Nmygp < 7},

LT/k] is the Artin symbol (defined in §4.4.1)) and % is any fixed conjugacy class in Gal(L/k).

A central goal is to prove an asymptotic for m (x, L/k) that is valid for x as small as possible (relative
to the absolute discriminant of the number field L), which is a regime in which many interesting
applications arise. The celebrated Chebotarev density theorem [Tsc26] provides the main term in

in which [
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the asymptotic, that is
i

(1.2) g (x, L/k) ~ ]G|Ll( x),
as © — oo, where Gal(L/k) ~ G and Li(z) = [ dt/logt. When L = k = Q, this is the familiar

Prime Number Theorem for w(z), countlng rational primes of size at most x; when L = k, this
is the Prime Ideal Theorem, counting prime ideals p C O with Nmy gp < z; when k£ = Q and
L = Q(e?™/9), this provides Dirichlet’s theorem, counting rational primes p = a (mod ¢) with
p < z, for any (a,q) = 1.

In applications, it is highly desirable to have an effective form of the asymptotic , that is,
an asymptotic with an explicit error term, which holds for x larger than an explicit quantity, in
which any dependence on the degrees and absolute discriminants of k and L is specified, and all
constants can be computed. Such an effective Chebotarev theorem was proved by Lagarias and
Odlyzko, which we now state in two versions. Conditional on the Generalized Riemann Hypothesis,
their result is:

Theorem A ([LO75, Theorem 1.1]). Let L/k be a normal extension of number fields, with Gal(L/k) ~
G, D, = |Disc 9| and ng, = [L : Q]. There exists an effectively computable positive absolute con-
stant Cy such that if GRH holds for the Dedekind zeta function (r, then for any fixed conjugacy
class € C G and every x > 2,

] €] 172
—Li(z)| < Coi=x /" log(Drz"").
|G| "lc]
(This is a slightly refined version of [LOT5, Theorem 1.1] due to Serre [Ser82, Théoréme 4|, which

removes an error term of size O(log Dyr,).)
Lagarias and Odlyzko also proved an unconditional result:

Theorem B (JLO75l Corollary 1.3]). Let L/k be a normal extension of number fields. If ny > 1
then (r.(s) has at most one zero s = o + it in the region

(1.3) o >1-(4log D)™, || < (4log D)~

This exceptional zero, if it exists, is real and simple, and we denote it by By. Further, there exist
effectively computable absolute constants C1 and Co such that

T (x, L/k) —

€ ¢ .
(1.4) g (x, L/k) — :G;Li(:u) ‘G:Ll( oy 4+ Cha exp(— anLl/Q(logx)1/2),
for all
(1.5) x > exp(10nz (log D)%),

with the understanding that the By term is present only if By exists.

We notice two contrasts between Theorem [A] and Theorem [Bl It is well-known that the error
term in a prime-counting asymptotic depends on the breadth of the zero-free region one knows (or
assumes) for a corresponding zeta function; thus, the error term in Theorem [Alis significantly better,
as the zero-free region of (7, is assumed to be maximally large, under GRH/}'| But secondly, Theorem
l only holds for x rather too large for certain applications, in that it certainly requires x > Dw"L,
a large power of the discriminant. Recent work that considers lower or upper bounds for 7y (x, L/k)
instead of asymptotics also leads to thresholds for = that are too large for certain applications. For
example, [TZ16b], [TZ16al, Eqn. 1.6] prove lower bounds for 74 (x, L/k) that require = to be as large
as a relatively large power of Dy ; lower bounds for 7y (z, L/k) have been obtained in the classic
work [LMOT79, Thm. 1.2 for x > Cexp{(log Dr.)(loglog Dy,)(logloglog Dy,)}, for some constant C,
with improvements e.g. in [TZ16al [Deb16].

1See remarks in on removing the By term unconditionally, for extensions with no quadratic subfields.
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1.2. New results I: effective Chebotarev theorems. In the present work, our aim is two-fold:
first, to remove the term corresponding to the exceptional zero in , and second, to obtain an
asymptotic with an effective error term, which holds at least for x as small as D% for any small
fixed 6 > 0 (for Dy, sufficiently large). Both of these aspects will be critical in applications, such as
our new bound for ¢-torsion in class groups.

Of course, it is unlikely that we could accomplish these goals for all choices of fields k, L without
proving something significantly new toward GRH; instead, we prove that within appropriate families
of fields, “almost all” of the fields in the family satisfy such an asymptotic effective Chebotarev
theorem. The first step in our approach is to prove an effective Chebotarev density theorem that
assumes a specific zero-free region for (1, /(x, but is otherwise unconditional. In particular, we do
not assume the Artin conjecture, and we allow the Dedekind zeta function (j of the base field k
to have a possible exceptional zero in its standard zero-free region. In the following, given any
field extension F'/Q we let np denote the degree of the extension over Q and set Dr = |Disc F//Q).
Below, note that we assume ny, = ng|G| > 2 so that L/Q is a nontrivial extension.

Theorem 1.1 (Chebotarev conditional on zero-free region). Let k be a fized number field. We recall,
for any number field k the standard zero-free region for (i with associated constant ¢, and possible
(real) exceptional zero ﬁ(()k) (Lemma , and for the particular case k = Q the Vinogradov-Korobov
zero-free region for ¢ with associated constant cg (and no exceptional zero, Lemma .

Let A > 2 be fivzed. Let 0 < § < 1/(2A) be a fized positive constant. Let n > 1 be a fived
integer and let G be a fized transitive subgroup of S,,. (We assume ng|G| > 2.) Then there ezists a
parameter

(16) DO :DO(évckalgék)vnk7na’G|701702aA)a

such that the following holds: for any Galois extension of number fields L/k with Gal(L/k) ~ G
such that Dy, > Dg and the Artin L-function C1(s)/Ck(s) is zero-free in the region

(1.7) [1—0,1] x [~(log Dr)*°, (log D1.)*°],
we have that for any conjugacy class € C G,
Py €l =
1. L/k)— L <
for all
(1.9) x > k1 exp{r2(loglog(D}?))?*}

for parameters
Ri = /{i(éa ng, Ck, ﬁ(()k)a Dk‘a nr, |G’7 057 Cﬁv A)
If moreover k = Q, @ holds for all

(1.10) x > vy exp{ra(log log(D?))E’/‘g(log log log(D?))Y/?}

for parameters

v, = I/i((s, cQ, N, 05, 06, A)
The parameters k;,v; are given explicitly in . The absolute constants Cy,Cs originate in
Theorem[B| and the absolute constants Cs, Cg originate in the work of Lagarias-Odlyzko in equations

, . Explicit references for the parameter Dy in @ may be found in Remark .

Remark 1.2 (Parameters and explicit constants). In computational work, it can be convenient to
fix an explicit small prime for which certain properties (such as a splitting type) are known; thus we
consistently specify the dependencies of all parameters, and compute them explicitly in an appendix
in Notating these dependencies leaves open the possibility of optimization, but we do not now
aim for optimization of effective constants and parameters (e.g. compared to recent work conditional
on GRH in |[GMIT]), as it is not relevant for our current applications.
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Once we have proved Theorem[I.1] the next critical step is to show that for many infinite families
of fields, “almost all” of them admit a zero-free region of the form . We achieve this by employing
a result of Kowalski and Michel [KMO02| on the density of zeroes within appropriate families of L-
functions. A technical barrier in previous applications of the Kowalski-Michel result (such as an
effective prime ideal threom in [CK14] and e.g. several related works [CK13|) is that it applies to a
family of cuspidal automorphic L-functions, whereas the L-functions we encounter when studying
normal extensions L/Q will typically factor into many Artin L-functions. One significant novelty
of our present work is that we develop a general framework (sketched in §1.5) in which we may
apply the Kowalski-Michel result to families of non-cuspidal automorphic L-functions with much
more flexibility than has been achieved before.

In general, we construct a set (or “family”) of fields as follows. We fix an algebraic closure Q.
Given a number field k and a degree n extension K of k, we will denote the Galois closure of K
over k within @ by K. Given n > 1 fixed, and a transitive subgroup G C S, in its permutation
representation acting on a set of n elements, we will write Gal(K /k) ~ G if Gal(K /k), viewed as a
permutation group on the n embeddings of K into K, is permutation isomorphic to G. If K /Q has
degree n and Gal(K/Q) ~ G in the above sense, we will say that K is a degree n G-extension of
Q, or degree n G-field.

We then define the family of such fields by

Zn(k,G; X) = {K/k : deg K/k = n, Gal(K /k) ~ G,Nmy, oDisc K/k < X},

in which all these extensions of k are inside Q. For each fixed X > 1, Z,(k,G; X) is a finite set; we
are interested in the behavior of the infinite family as X — oco. Formally we will use Z,(k,G) to
indicate the infinite set of fields attained as X — oo (but where it will not cause confusion we may
also denote this infinite family by Z,(k, G; X)).

For our main results we will ultimately work over Q, and study families of the form Z (Q, G; X),
defined to be the subset of those fields K € Z,(Q, G; X) such that for each rational prime p that
is tamely ramified in K, its ramification is of type .#, where . specifies one or more conjugacy
classes in GG. By this we mean the inertia group of p, which is cyclic if p is tamely ramified in K,
is generated by an element in the conjugacy class (or classes) specified by .#. (See for more
background on this type of restriction.) Both the use of Q and this ramification restriction will play
a large role in our method of proof, as we will outline in §I.5]

As a simple example of such a family, we note that if we consider for a fixed n > 2 all degree
n extensions K/Q with square-free discriminants, then each of these fields satisfies the property
that the normal closure K /Q has Galois group ~ S, and every prime ramified in K is tamely
ramified and has inertia group generated by a transposition in S,, (see Remark and for
further details).

Within a certain family Z;7 (Q, G), we say a subset E is zero density if it is known that for some
B > 0 and some constant ¢y,

(1.11) 1Z7(Q,G; X)| > 1 XP, forall X >1,
while it is known that for some 0 < o < 8 and some constant ca,
(1.12) |E(X)] < 2 X7, for all X > 1.

(Here by E(X) we naturally mean £ N X;”(Q,G; X).) Each of our main results takes the form of
an effective Chebotarev density theorem that holds for each field within a family of fields, except for
fields belonging to a possible zero density subfamily. In all cases, proving an upper bound is
a significant part of our new work; in many cases, proving a lower bound ([1.11)) is also a significant
part of our new work. (From now on, instead of specifying constants such as in , , we
will frequently use Vinogradov’s notation: A < B denotes that there exists a constant C' such that
|A] < CB, and A <,; B denotes that the constant C' may depend upon the parameter(s) x.)
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It will be convenient to have an explicit definition for a field K such that (;/¢ violates the
zero-free region used in Theorem [I.1}

Property 1.3 (d-exceptional field). For a fivred 0 <0 < 1/2, a field K € Z7(Q, G) is §-exceptional
precisely when the Dedekind zeta function of the Galois closure K of K over Q has the property that
C(s5)/¢(s) has a zero in the region

[1—6,1] x [~(log D)*°, (log D)*/°].

(Under GRH, no field is d-exceptional for any 0 < d < 1/2.) For each fixed small ¢, Theorem
provides a Chebotarev theorem for 7y (2, K/Q) for every field K € Z7(Q,G) that is not -
exceptional (and has sufficiently large discriminant).

1.2.1. Unconditional results. Our main Chebotarev theorems for families of fields show that “most”
fields are not d-exceptional. We first state the cases that are completely unconditional. (Recall that
cq is the constant in the currently best-known zero-free region for (; see Lemma M)

Theorem 1.4. For each family Z;” (Q,G) specified below, there exist parameters 0 < 3 < d such
that for all X > 1,

(1.13) XP <ner 12(Q,G X)| <nor X,

and there exists a parameter T with 0 < 7 < 3, such that for every arbitrarily small 0 < gy <
min{1/2,d/4}, there exists a constant

(1.14) D3 = D3(n,G, 7, 7,d,e0)
such that for all X > 1, there are at most D3 X750 §-exceptional fields in Z{(Q, G; X), where

€0
1.15 0=
(1.15) 5m|G|/2 + 2d + 4ep’

where m is the mazimum dimension of an irreducible representation of G.
Let A > 2 be fized. For every such ey that yields 6 < 1/(2A), there exists a constant

(1.16) D5 :D5(n, G,f,T,d,eo,C@,Cl,CQ,A)

such that for all X > 1, aside from at most D5 X710 possible exceptions, each field K € Z;f(@, G; X)
has the property that for every conjugacy class € C G,

2 APy €]«
1.1 K — —L <
. Tl BID G MO 6] og )t
for all
(1.18) x > vy exp{ra(log log(D;?))‘r’/g(log log log(D%())l/?’},

for the parameters v; = v;(0, cq, |G|, Cs,Cs, A) as specified in Theorem with § as specified above.
The families Z;” (Q, G; X) are defined by:
(1) G a cyclic group of order n > 2, with & comprised of all generators of G (equivalently,
every rational prime that is tamely ramified in K is totally ramified). In this case

127 (Q,G; X)| ~ ¢, X1/ (1)

as X — oo, for a certain positive constant ¢y, while 7 =0, so that for all sufficiently small
gg > 0, the zero density exceptional set is at most of size D5 X®°.

(2) n = 3, G ~ Ss acting on a set of 3 elements, .& being the conjugacy class [(1 2)] of
transpositions. In this case, for all X > 1,

e3X <127(Q, S5 X)| < &4 X

for certain positive constants cs,cy, and T = 1/3, so that for all sufficiently small 9 > 0,
the zero density exceptional set is at most of size Dy X1/3Fe0.
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(3) n = 4, G ~ Sy acting on a set of 4 elements, .& being the conjugacy class [(1 2)] of
transpositions. In this case, for all X > 1,

X <12{(Q, 55 X)| < & X

for certain positive constants ca,cy, and T = 1/2, so that for all sufficiently small ey > 0,
the zero density exceptional set is at most of size D5 X'/2te0,
(4) n =p an odd prime, G = D,, the order 2p dihedral group of symmetries of a regular p-gon,
& being the conjugacy class
ptl p+3

(119 @nBE-1)- T 29
of reflection about a fized vertex. In this case, for all X > 1,
x2/(p—1) < |ZI=7V(Q’DP;X)| Lpe x3/(p=1)=1/(p(p—1))+e

and 7 =1/(p — 1), so that for all sufficiently small £g > 0, the zero density exceptional set
is at most of size Dy X1/ (P=1+e0,

(5) n =4, G ~ Ay as a subgroup of Sy acting on a set of 4 elements, .9 comprised of the two
conjugacy classes in Ay specified by the sets

(1.20) [(123),(134),(142),243)},  {(132),(143),(124),(239)}.
In this case, for all X > 1,
X2 < |2{(Q, Ag; X)| <. XP/0F,

and 7 = 0.2784..., so that for all sufficiently small g > 0, the zero density exceptional set is
at most of size D5 X 027840,

Remark 1.5 (The density of -exceptional fields). Within a fixed family Z:7 (Q, G), note that as we
choose €g smaller (so that ¢ correspondingly decreases), the density of potential d-exceptional fields
decreases, in accord with the fact that the requirement that (z(s)/((s) be zero-free in a box to
the right of R(s) = 1 — § becomes less stringent, and fewer fields would be expected to violate it.
Simultaneously, as § and accordingly the width of the zero-free region decreases, the lower-bound
threshold for = increases, as the explicit expressions given for the parameters v; depend on
1/6. This is also as expected.

Remark 1.6 (Cyclic fields of prime degree). If G is a cyclic group of prime order p > 2, then for
each normal extension K/Q with Galois group ~ G, every tamely ramified prime is totally ramified
by necessity, so that in this case Z;7 (Q, G; X) is simply the family Z,(Q, G; X).

Remark 1.7 (degree n S,-fields with square-free discriminant). Alternatively, we could have stated
the results for S3, .54 in cases , of Theorem (and later Theorems and for S,, with
n =5, n > 6) as holding for all degree n extensions of Q with square-free discriminant. Indeed,
for each n > 2, the family Z7(Q,S,; X) with .# = [(1 2)] includes all degree n S,-fields with
square-free discriminant, which are known in the case of n = 3,4,5 (and conjectured for n > 6) to
be a positive proportion of all degree n S,-fields; see §2.6] for further comments.

Remark 1.8 (degree p D,-fields). It is conjectured that |Z,(Q, Dp; X )| ~ CDPXQ/(p_l) (see [Mal04],
IK1i06al, p. 608|); assuming this is the true order, our family of degree p D,-fields exhibited in
is a positive proportion of all degree p D,-fields.

Remark 1.9 (degree 4 Ay-fields). Based on heuristics as well as numerical evidence, it is conjectured
that |Z4(Q, Ag; X)| ~ ca, X% log X (see [CDyDO02, §2.7], [Mal04, Ex. 3.2]); assuming this is the
true order, our family of degree 4 Ay-fields exhibited in case ([5) of Theorem just fails to be a
positive proportion of all degree 4 Ay-fields.
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1.2.2. Results for degree n Sy -fields, n > 5. We next state a result for quintic Ss-fields.

Theorem 1.10 (Quintic Ss-fields). Consider the family ZZ (Q, Ss) for .7 being the conjugacy class
[(12)] of transpositions, in which case for all X > 1,

(1.21) esX <1727 (Q,G; X)| < X
for certain positive constants cs, cg. The conclusions of Theorem hold for Zg(@, Q) if we assume

(i) the strong Artin congjecture holds for all irreducible Galois representations over Q with image
SS;

(i) it is known for some ws < 1 that for every fized integer D, there are at most < D%5 fields
K e Z5(@, 85) with D = D.

In this case, T = ws, so that for all sufficiently small eg > 0, the zero density exceptional set is at
most of size Dg X @570,

Remark 1.11. For an alternative statement of this theorem which does not directly assume the
strong Artin conjecture but instead calls on the work of Calegari [Call3]|, see §7.6.1]

Remark 1.12. Manjul Bhargava has suggested (personal communication) that a suitable adaptation
of the methods of [Bhal0] may be able to verify the truth of the above property (ii) with ws = 39/40.
For reasons of length, we do not pursue such a result here.

Next, we state our main result for degree n Sy,-fields with n arbitrarily large:

Theorem 1.13 (degree n S,-fields). Consider for n > 6 the family Z;” (Q, S,) with .% being the
conjugacy class [(1 2)] of transpositions, in which case for all X > 1,

X121/ |Z{(Q7Sn;X)] <n xexp(Cvlogn)
The conclusions of Theorem hold for the family Z{(Q, Sn) if we assume

(i) the strong Artin conjecture holds for all irreducible Galois representations over Q with image
Sns
(ii) it is known for some w, < 1/2+ 1/n that for every fixed integer D, there are at most
Ly, D7 fields K € Z,(Q, Sy,) with D = D.
In this case, T = w,, so that for all sufficiently small €y > 0, the zero density exceptional set is at
most of size D5 X ®nTe0,

Remark 1.14. Bhargava [Bhal4] has conjectured (in the essentially equivalent setting of degree
n Sp-extensions with square-free discriminant) that |Z;”(Q, Sp; X)| > ¢, X for all n > 2 (and
has proved this for n < 5, see . If this is known, in Theorem we can merely assume
is known to hold for some w, < 1. More generally, if we know a lower bound of the form
|Z7(Q, Sp; X)| >, XP», then to deduce that the possible exceptional set is zero density, we need

only know for some w, < S,.

1.2.3. Results for simple groups. Next, we state a result for degree n A,-fields, in which we addi-
tionally prove the first lower bound for the number of degree n A,-fields with bounded discriminant.

Theorem 1.15. For eachn > 5, consider the family Z,(Q, Ay,) (with no restriction on inertia type,
that is, & = G). In this case, there exists a positive exponent B, > 0 such that for all X > 1,

XP <, |27 (Q, An; X)| < XOPCVIED)

for a certain absolute constant C. In fact, we may take 5, = (1 —2/n!)/(4n — 4).

Then under the assumption that the strong Artin Conjecture holds for all irreducible Galois rep-
resentations over Q with image Ay, the conclusions of Theorem[I.] hold with 7 =0, so that for all
sufficiently small g > 0, the zero density exceptional set is at most of size D5 X*0.
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Finally, we state a result for families of fields parametrized by a fixed simple group; here we
simply assume that any lower bound that grows like a power of X is known for the number of such
fields.

Theorem 1.16. Forn > 2 and a fized transitive simple group G C Sy, the conclusions of Theorem
hold for the family Z,(Q,G) with no restriction on inertia type (that is, & = G), if we assume

(i) the strong Artin conjecture for all irreducible representations over Q with image G
(ii) a lower bound of the form |Z,(Q,G; X)| >n.c X? for some B> 0, for all X > 1.

Then
Xﬁ <n ’Zn((@, G,X)| <n Xexp(C\/logn)

for an absolute constant C, and T = 0, so that for all sufficiently small eg > 0, the zero density
exceptional set is at most of size D5 X*®°.

Note that we provide a general result on how to obtain such a lower bound for |Z,(Q, G; X)|, if
an appropriate generating polynomial is known, in Theorem

Remark 1.17 (Non-cyclic abelian families). The reader may note that we do not treat families of
(Galois) extensions defined by fixing a non-cyclic abelian group; we remark on a difficulty encoun-

tered in this setting in §11.5)
We encapsulate two useful consequences in all the settings described above:

Corollary 1.17.1 (Quantitative counts for small primes). Let Z7(Q,G; X) be fized to be one of
the families of fields considered in Theorems [1.10,11.15, [1.15 and |1.16], and correspondingly

assume the hypotheses (if any) of the relevant theorem. Let the parameters B, 7,d be those proved
to exist for that family in , and for any sufficiently small g > 0, let 6 < 1/4 be defined as in

(1.15), dependent on n,|G|,d,eq. Let
-D3 = D3(n7G7‘]7T7 dvg[))

be defined as in . Recall that for every X > 1, at most D3 X710 fields K € Z;f(@, G; X) are
d-exceptional.
(1) For any o > 0, there exists a constant

D6 - DG(TL, G7 ja d7 T, ch 017 027 C57 067507 J)

such that for every X > 1, every field K € Z;f(@, G; X) that has Di > Dg and is not d-exceptional,
has the property that for any fived conjugacy class (or finite union of conjugacy classes) € in G,
there are at least

a

D
1.22 K
( ) >><57G7n70 log DK

rational primes p < DY, with Artin symbol [KICQ} =%.

(2) For any o > 0, there exists a constant
D8 = DS(na Ga j7d7 T, CQ501)027C55 0675070)

such that for every X > 1, every field K € Z7(Q, G, X) that has Dy > Dg and is not §-exceptional,
has the property that for any conjugacy class € of G,

(1.23) ¢ (2D%, K /Q) — m¢(D%, K/Q) > 1.
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1.3. New results II: counting number fields. It is clear that these new effective Chebotarev
theorems for families of fields rely on having a quantitative understanding of the number of fields
with bounded discriminant within each family. Moreover, as will become clear only within the
application of the Kowalski-Michel zero density theorem, we require a second type of quantitative
information on each family of fields: in order to control the possible exceptional subfamilies, we also
require an upper bound for how many fields have any given fized discriminant. Proving quantitative
results of these two types occupies Part I of this paper.

Counting number fields with bounded discriminant is the arena of Malle’s conjectures and the
Malle-Bhargava principle, and many questions remain open. For certain of the families of fields
we consider, we prove the first lower bounds for the number of fields. In particular, we highlight
Theorem [2.7, in which we prove a lower bound (that grows like a power of X) for degree n A,-
extensions of Q with discriminant at most X. This result may be of particular interest since we
develop a very general method that may be expected to provide a lower bound for the number of
degree n G-extensions of Q with bounded discriminant, for any group G for which an appropriate
generating polynomial is known. While not necessarily sharp, in many cases such as G = A, this
would be the first such lower bound.

Counting number fields with fized discriminant is certainly related, but of quite a different flavor.
To make things precise, we define the following property (always defining extensions within Q):

Property 1.18 (D,,(G,w)). Let n > 2 be fized and let G be a fixed transitive subgroup of S,. We
say that property D, (G, w) holds if it is known that for every fized integer D > 1, for every e > 0
there exist at most <, g D™t fields K/Q of degree n and Gal(K/Q) ~ G such that Dy = D.
Moreover, we say that property Dy, (w) holds if it is known that for every fized integer D > 1, for
every € > 0 there exist at most <, . DT fields K/Q of degree n such that Dy = D.

A very strong version of Property D, (w) has been conjectured to hold for all degrees n. Specif-
ically, Duke [Duk98, §3] and Ellenberg and Venkatesh [EV05, Conjecture 1.3] conjecture:

Conjecture 1.1 (Discriminant Multiplicity Conjecture). For each n > 2, Dy (w) holds for w = 0.

Of course, in the case of n = 2, for any fixed integer D, there is at most one quadratic field with
D as its (fundamental) discriminant, so that Property D2(0) holds. But for n > 3, much less is
known toward Conjecture

In our new Chebotarev theorems for families of fields, a critical innovation is that we can show
the possible exceptional subfamily is zero density within the original family Z;f (Q,G, X) as long
as we know Property D, (G, w) for a sufficiently small . More precisely, we use results toward
Conjecture to count Dedekind zeta functions that share one or more cuspidal automorphic L-
functions as factors. In §2] we survey the known results we will use toward Conjecture [I.I] and we
prove new results for D4(A4, w) and Df (Dp, ™), in the latter case assuming a certain ramification
restriction.

The way Conjecture [I.1] arises in our work on families of automorphic L-functions appears to
be novel. But in fact Conjecture [I.I] occupies a rather central role in number theory. First, the
“pointwise” counts encapsulated in Property D, (w) relate to “average” counts for the number of
extensions of degree n with bounded discriminant. In one direction, this is trivial: knowing Property
D, (w) implies immediately that there are at most <, . X +@+e degree n extensions of Q with
discriminant at most X. It may be surprising that there is also an implication in the other direction;
this has been proved by Ellenberg and Venkatesh [EV05], and we will return to this circle of ideas
in §8.1]

Second, questions about D, () are closely connected to questions about ¢-torsion in class groups,
for primes ¢. As just one example (see Duke [Duk95|), quartic fields of fixed discriminant —q (g
prime) can be explicitly classified by odd octahedral Galois representations of conductor ¢, and the
number of such fields can be expressed as in [Hei71| as an appropriate average of the number of 2-
torsion elements in the class groups of cubic number fields of discriminant —q. More generally, there
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is a tight link between the Discriminant Multiplicity Conjecture and the main pointwise conjecture
for upper bounds for ¢-torsion in class groups (Conjecture below). Our first application of the
new effective Chebotarev density theorems is to £-torsion in class groups, and thus in we make
quantitatively precise the relationships between Conjecture [1.2] conjectures about ¢-torsion, and
the Cohen-Lenstra-Martinet heuristics for the distribution of class groups.

1.4. New results I1I: applications. We expect that the new effective Chebotarev theorems for
families of fields will have many applications, and in Part III we exhibit two. First, we prove
nontrivial bounds for /-torsion, for all integers ¢ > 1, in class groups of “almost all” fields in each
of the families to which our Chebotarev theorems apply. In many cases, these are the first ever
nontrivial bounds for /-torsion, and in particular the first that apply to families of fields of arbitrarily
large degree. As a second demonstration of the broad applicability of the new effective Chebotarev
theorems, we prove a result on the density of number fields with small generators, spurred by a
question of Ruppert. Further applications will be addressed in later work.

1.4.1. Application to £-torsion in class groups. Let K be a finite extension of Q. The ideal class
group Clg, defined to be the quotient group of the fractional ideals by the principal ideals, is a finite
abelian group that encodes information about arithmetic in K. (For example, |Clg| = 1 if and only
if unique factorization holds in the ring of integers Og.) Interest in the class number |Clk| has a
long history, going back to the Gauss class number conjecture, early attempts at proving Fermat’s
Last Theorem, and Dirichlet’s development of the class number formula, which unites class numbers
with L-functions. Landau observed the upper bound

L /4\"
(1.24) C1K|§Zn<7r> Dy/*(log D)™,

since each ideal class in Clg includes an integral ideal with norm bounded by the Minkowski bound
(see e.g. |[Nar80, Theorem 4.4]). Via the analytic class number formula, and an understanding of
the relevant L-function, can be shown to be (essentially) sharp (see [ABC56, MW7, [Duk03,
Dai06, [Chol4] for precise statements).

In the direction of lower bounds, proving an explicit lower bound for |Clg| in terms of the
discriminants of imaginary quadratic fields lay at the heart of resolving the Gauss class number
problem [Gol85l [GZ86]. In contrast, for other types of fields, such as real quadratic fields (or indeed
fields of prime conductor), it is conjectured that infinitely many such fields have class number one
(see also |[CL84l p. 58] for an even stronger claim). At present, this deep question remains open.

We focus on the ¢-torsion subgroup of Clg, defined for any integer £ > 1 by

Clg[f] := {[a] € Clg : [a]* = Id}.

For any number field K/Q of degree n and absolute discriminant Dy = |Disc K/Q|, we may trivially
bound the ¢-torsion subgroup by applying ([1.24]), so that

(1.25) 1 < |Clg[l)] < |Cli| <ne DT,

for any integer £ > 1, and € > 0 arbitrarily small. But in fact this trivial bound is thought to be
far from the truth, leading to the following well-known conjecture:

Conjecture 1.2 (¢-torsion Conjecture).
Let K/Q be a number field of degree n. Then for every integer £ > 1,

’CIK [EH Ll D?(
for every € > 0.

There are several