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Abstract

Real-life modeling of probabilistic events often involves incorporating constraints on

quantities of interest. Broadly, such constraints can be classified as being either

computational when facing limitations on computational feasibility or budget, or

structural when facing limitations in terms of modeling a desirable quantity of inter-

est due to the inherent nature of this quantity. To that end, this work focuses on

incorporating computational and structural constraints into modeling real-life data

from a Bayesian perspective. In Chapter 2, we focus on the problem of Bayesian non-

parametric density estimation. Although well-studied and highly regarded in existing

literature due to their flexibility, adaptability, and accuracy along with quantifying

uncertainty when estimating probability density functions, Bayesian nonparametric

approaches often face major roadblocks in terms of computation via cumbersome

Markov chain Monte Carlo (MCMC) algorithms. By leveraging on aspects of near-

est neighbor allocation and Bayesian mixture models, we engineer a highly effective

hybrid density estimation approach called Nearest Neighbor Dirichlet Mixtures (NN-

DM). The NN-DM completely avoids MCMC and is embarrassingly parallel, provid-

ing substantial computational gains in comparison to existing approaches, along with

providing accurate point estimation and uncertainty quantification both theoretically

and empirically. In Chapter 3, we consider the problem of dose response modeling in

a public health scenario, where individuals are exposed to toxic chemicals. An over-

whelming portion of the current approaches only focus on quantifying the marginal
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effects of these exposures on the response, ignoring possible interactions. As an alter-

native, our focus is on incorporating structural constraints in the form of modeling

synergistic and antagonistic interactions between the chemicals. We developed the

Synergistic Antagonistic Interaction Detection (SAID), a novel Bayesian approach

shrinking interactions to being synergistic or antagonistic. Instead of focusing only

on linear effects, our model is flexible to allow non-linearity and scales well computa-

tionally with moderate number of exposures. We apply our approach to an NHANES

data set and uncover interactions between heavy metals affecting kidney function.

Finally, in Chapter 4, we focus on the problem of Bayesian factor analysis. Bayesian

factor models provide an elegant framework to model high-dimensional covariance

matrices as the sum of two components, one low rank and another diagonal. Exist-

ing approaches utilizing MCMC to obtain posterior draws of the covariance matrix

face significant challenges in terms of slow convergence and mode switching due to

non-identifiability of the factor model resulting from rotational invariance. As both

the sample size and the number of dimensions increase, we focus on a blessing of

dimensionality phenomenon allowing us to effectively obtain a plug-in estimate of

the latent factors. Using this plug-in estimate, our proposed Factor Analysis with

BLEssing of dimensionality (FABLE) approach provides a pseudo-posterior for the

covariance matrix. FABLE is an embarrassingly parallel technique with immense

computational benefits, completely bypassing MCMC and thus its pitfalls. We pro-

vide theoretical guarantees on the performance of FABLE, along with evaluating the

approach in numerous simulation studies.
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1

Introduction

Statistical modeling of real-life data has an abundance of problems requiring incorpo-

ration of constraints. For example, one could face challenges with fitting a complex

Bayesian nonparametric model (Ghosal and van der Vaart, 2017) in terms of finite

computational budget and lack of scalability. Alternatively, other constraints are

woven directly into the quantities being modeled, such as the response of an indi-

vidual from exposure to harmful substances being monotone in the dose of exposure

(Ramsay, 1988). Ignoring such constraints when constructing the model could lead

to sub-optimal performance of the model in terms of estimating the desirable quanti-

ties of interest, or could lead to infeasible computational runtimes for algorithms due

to inefficient exploration of the model space when fitting the model. There is thus

a compelling need to develop approaches that incorporate constraints as described

above when carrying out statistical inference and prediction.

We are particularly concerned with providing scalable and structured approaches

from a Bayesian perspective. In problems involving sampling from a high-dimensional

or other complex posterior distributions, one often encounters stiff challenges when

implementing Markov chain Monte Carlo (MCMC); for example, the chain can face
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slow convergence or can get stuck at modes. There have been a wide variety of

attempts to resolve such issues. Analytical approximations to the posterior such as

the Bernstein von Mises theorem or Laplace approximations (Ghosal and van der

Vaart, 2017) attempt to obtain a simplified distribution which is asymptotically

close to the posterior. However, such approximations are often difficult to derive

and insufficient in terms of performance under the finite sample regime. Variational

Bayesian approaches (Blei and Jordan, 2006) consider a tractable class of distri-

butions and approximate the posterior by the member of the class closest to the

posterior. Although exhibiting immense computational gains, such approaches often

heavily underestimate uncertainty and are difficult to justify theoretically. Other

promising directions involve approximating or modifying the problematic MCMC it-

self to derive embarrassingly parallelizable approaches (Srivastava et al., 2018) that

scale well with the size of the data. In this work, we focus on obtaining scalable and

embarrassingly parallel approaches bypassing MCMC altogether for common infer-

ence problems, such as density estimation or high-dimensional covariance estimation

via factor analysis. Along with scalability constraints, we also focus on incorporat-

ing structural constraints in a regression framework; in particular, we consider the

problem of dose response modeling as a function of harmful exposures and extracting

possible synergistic and antagonistic interactions.

Algorithmic approaches such as k-nearest neighbor (KNN) density estimation

(Mack and Rosenblatt, 1979) provide point estimates that are fast to compute, but

often do not provide a valid notion of uncertainty. On the other hand, Bayesian

nonparametric approaches such as Dirichlet process mixtures and overfitted mix-

ture models (Ferguson, 1973; Rousseau and Mengersen, 2011) provide an elegant

framework for density estimation, along with automatic uncertainty quantification.

However, such approaches are accompanied by substantial computational burden,

along with difficulty in implementation due to mixing and convergence issues with
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the use of MCMC. In Chapter 2, we propose the Nearest Neighbor Dirichlet Mixture

(NN-DM) density estimator, an embarrassingly parallel approach borrowing ideas

from both the algorithmic viewpoint of KNN allocation and the flexible framework

of mixture models. Upon observing data, we rely on the k-nearest neighborhood

of each data point and characterize the density within the neighborhood using a

parametric model, such as a Gaussian. The local density estimates are combined

into a global density estimate using a weight vector. With prior distributions on

the neighborhood specific parameters and the weights, we obtain a pseudo-posterior

distribution of the density estimator at each input point. The NN-DM completely

bypasses MCMC if the prior distributions are chosen to be conjugate to the assumed

parametric model in each local neighborhood; for example, the local density could be

a Gaussian, with normal-inverse Wishart priors on the neighborhood specific means

and covariances. This leads to substantial computational gains along with avoiding

the pitfalls of MCMC. The NN-DM pseudo-posterior also has attractive theoretical

properties in terms of convergence and uncertainty quantification. To evaluate the

proposed method, extensive numerical experiments and an application to the High

Time Resolution Universe (HTRU) (Keith et al., 2010) survey data on classifying

pulsar stars are carried out. The NN-DM performs very well across a variety of cases

along with providing better frequentist coverage than its competitors.

There has been considerable attention in the epidemiological community regard-

ing health effects of mixtures of chemical exposures (Joubert et al., 2022). Most of

the existing approaches ignore interactions between these exposures and only focus

on characterizing main effects, which can lead to misestimation of the health hazard

of chemicals. In Chapter 3, we are particularly motivated by capturing synergistic

and antagonistic interactions between heavy metals affecting kidney function, in data

collected by NHANES. Synergistic interactions amplify the hazard of an exposure in

the presence of another, while antagonistic interactions tend to inhibit each other’s
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effects. Existing statistical methods to detect such interactions are either parametric

and thus too restrictive, or rely on overly flexible nonparametric models leading to

wiggly surface estimates which are difficult to interpret. To bypass these issues, we

propose the Synergistic Antagonistic Interaction Detection (SAID), which identifies

nonlinear synergistic or antagonistic pairwise interactions. SAID carries out Bayesian

inference with a carefully structured prior allowing us to capture both the magnitude

and direction of interactions, along with an option to relax the prior if the interac-

tion is neither synergistic nor antagonistic. Instead of modeling complicated bivariate

surfaces, we use a modification to substantially decrease computational burden and

improve scalability. The approach is compared with competitors in simulation stud-

ies. SAID succeeds in detecting multiple synergistic and antagonistic interactions

in the NHANES data not detected by existing state-of-the-art approaches. The ob-

tained results are of fundamental public health and clinical importance given the

epidemic of kidney disease in agricultural workers worldwide, for which heavy metals

provide one plausible cause.

Bayesian latent factor models (Bhattacharya and Dunson, 2011; Lopes and West,

2004) have been widely used to reduce dimensionality in characterizing dependence

in high-dimensional and complex data. However, such approaches often suffer from

inefficient and slow MCMC for inferring the latent factors and factor loadings, par-

ticularly struggling with the nonidentifiability arising from orthogonal invariance.

Although there are post-processing approaches such as varimax rotations (Rohe and

Zeng, 2020) to get rid of such ambiguity, such approaches are often ad-hoc and com-

plicate the inferential process. In Chapter 4, we propose the Factor Analysis with

BLEssing of dimensionality (FABLE), an approach which pre-estimates the unknown

latent factors in the high-dimensional setup, leveraging a ‘blessing of dimensional-

ity’ phenomenon. Once the latent factors have been pre-estimated, we obtain a

pseudo-posterior for the factor loadings in an embarrassingly parallel fashion, pro-

4



viding a scalable framework for high-dimensional covariance estimation. Compared

to existing approaches, FABLE vastly improves computational time, provides accu-

rate estimates, and valid uncertainty quantification. The FABLE pseudo-posterior

has desirable theoretical properties showing convergence of the procedure in spectral

norm and validity of uncertainty quantification obtained from the pseudo-posterior

credible intervals. We also compare FABLE with other state-of-the-art approaches

across different simulation cases, highlighting its advantages.

The underlying theme throughout Chapters 2, 3, and 4 is providing frameworks

that allow scalable and structured Bayesian inference. A main principle behind

developing the scalable algorithms in this work is relying on parallelization. This

is obtained by first conditioning on a relevant quantity of interest, pre-estimating

this quantity before the sampling procedure, and finally obtaining a simple Monte

Carlo sampler that avoids the pitfalls of MCMC. Even when incorporating structural

constraints such as searching for synergistic or antagonistic interactions as in Chapter

3, we employ a dimension reduction trick to massively speed up computation. For

the convenience of the reader, each Chapter may be read independently.
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2

Nearest Neighbor Dirichlet Mixtures

2.1 Introduction

Bayesian nonparametric methods provide a useful alternative to black box machine

learning algorithms, having potential advantages in terms of characterizing uncer-

tainty in inferences and predictions. However, computation can be slow and unwieldy

to implement. Hence, it is important to develop simpler and faster Bayesian non-

parametric approaches, and hybrid methods that borrow the best of both worlds. For

example, if one could use the Bayesian machinery for uncertainty quantification and

reduction of mean square errors through shrinkage, while incorporating algorithmic

aspects of machine learning approaches, one may be able to engineer a highly effec-

tive hybrid. The focus of this article is on proposing such an approach for density

estimation, motivated by the successes and limitations of nearest neighbor algorithms

and Bayesian mixture models.

Nearest neighbor algorithms are popular due to a combination of simplicity and

performance. Given a set of n observations X pnq “ pX1, . . . , Xnq in Rp, the density

at x is estimated as f̂knnpxq “ k{pnVpR
p
kq, where k is the number of neighbors of x in
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X pnq, Rk “ Rkpxq is the distance of x from its kth nearest neighbor in X pnq, and Vp

is the volume of the p-dimensional unit ball (Loftsgaarden and Quesenberry, 1965;

Mack and Rosenblatt, 1979). Refer to Biau and Devroye (2015) for an overview of

related estimators and corresponding theory.

Nearest neighbor density estimators are a type of locally adaptive kernel density

estimators. The literature on such methods identifies two broad classes: balloon

estimators and sample smoothing estimators; see Scott (2015); Terrell and Scott

(1992) for an overview. Balloon estimators characterize the density at a query

point x using a bandwidth function hpxq; classical examples include the naive k-

nearest neighbor density estimator (Loftsgaarden and Quesenberry, 1965) and its

modification in Mack and Rosenblatt (1979). More elaborate balloon estimators face

challenges in terms of choice of hpxq and obtaining density estimators that do not

integrate to 1. Sample smoothing estimators use n different bandwidths hpXiq,

one for each sample point Xi, to estimate the density at a query point x globally.

By construction, sample smoothing estimators are bona fide density functions inte-

grating to 1. To fit either the balloon or the sample smoothing estimator, one may

compute an initial pilot density estimator employing a constant bandwidth and then

use this pilot to estimate the bandwidth function (Breiman et al., 1977; Abramson,

1982). Another example of a locally adaptive density estimator is the local likelihood

density estimator (Loader, 1996, 2006; Hjort and Jones, 1996), which fits a polyno-

mial model in the neighborhood of a query point x to estimate the density at x,

estimating the parameters of the local polynomial by maximizing a penalized local

log-likelihood function. The above methods produce a point estimate of the density

without uncertainty quantification (UQ).

Alternatively, there is a Bayesian literature on locally adaptive kernel methods,
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which express the unknown density as:

fpxq “
m
ÿ

h“1

πhKpx; θhq, θh „ P0, pπhq
m
h“1 „ Q0, (2.1)

which is a mixture of m components, with the hth having probability weight πh

and kernel parameters θh; by allowing the location and bandwidth to vary across

components, local adaptivity is obtained. A Bayesian specification is completed

with prior P0 for the kernel parameters and Q0 for the weights. In practice, it is

common to rely on an over-fitted mixture model (Rousseau and Mengersen, 2011),

which chooses m as a pre-specified finite upper bound on the number of components,

and lets

π “ pπ1, . . . , πmq
J
„ Dirichletpα, . . . , αq. (2.2)

Augmenting component indices ci P t1, . . . ,mu for i “ 1, . . . , n, a simple Gibbs

sampler can be used for posterior computation, alternating between sampling

(i) ci from a multinomial conditional posterior, for i “ 1, . . . , n;

(ii) θh | ´ „ P0pθhq
ś

i:ci“h
KpXi; θhq; and

(iii) π | ´ „ Dirichletpα ` n1, . . . , α ` nmq, with nh “
řn
i“1 1pci “ hq for h “

1, . . . ,m.

Relative to frequentist locally adaptive methods, Bayesian approaches are ap-

pealing in automatically providing a characterization of uncertainty in estimation,

while having excellent practical performance for a broad variety of density shapes

and dimensions. However, implementation typically relies on Markov chain Monte

Carlo (MCMC), with the Gibbs sampler sketched above providing an example of a

common algorithm used in practice. Unfortunately, current MCMC algorithms for

posterior sampling in mixture models tend to face issues with slow mixing, meaning

the sampler can take a very large number of iterations to adequately explore different

posterior modes and obtain sufficiently accurate posterior summaries.
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MCMC inefficiency has motivated a literature on faster approaches, including

sequential approximations (Wang and Dunson, 2011; Zhang et al., 2014) and vari-

ational Bayes (Blei and Jordan, 2006). These methods are order dependent, tend

to converge to local modes, and/or lack theory support. Newton and Zhang (1999);

Newton (2002) instead rely on predictive recursion. Such estimators are fast to com-

pute and have theory support, but are also order dependent and do not provide a

characterization of uncertainty. Alternatively, one can use a Polya tree as a conju-

gate prior (Lavine, 1992, 1994), and there is a rich literature on related multiscale

and recursive partitioning approaches, such as the optional Polya tree (Wong and

Ma, 2010). However, Polya trees have disadvantages in terms of sensitivity to a base

partition and a tendency to favor spiky/erratic densities. These disadvantages are

inherited by most of the computationally fast modifications.

This article develops an alternative to current locally adaptive density estimators,

obtaining the practical advantages of Bayesian approaches in terms of uncertainty

quantification and a tendency to have relatively good performance for a wide vari-

ety of true densities, but without the computational disadvantage due to the use of

MCMC. This is accomplished with a Nearest Neighbor-Dirichlet Mixture (NN-DM)

model. The basic idea is to rely on fast nearest neighbor search algorithms to group

the data into local neighborhoods, and then use these neighborhoods in defining a

Bayesian mixture model-based approach. Section 3.3 outlines the NN-DM approach

and describes implementation details for Gaussian kernels. Section 4.3 provides some

theory support for NN-DM. Section 4.4 contains simulation experiments comparing

NN-DM with a rich variety of competitors in univariate and multivariate examples,

including an assessment of UQ performance. Section 2.5 contains a real data appli-

cation on pulsar data.
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2.2 Methodology

2.2.1 Nearest Neighbor Dirichlet Mixture Framework

Let dpx1, x2q denote a distance metric between data points x1, x2 P X . For X “

Rp, the Euclidean distance is typically chosen. For each i P t1, 2, . . . , nu, let Xirjs

denote the jth nearest neighbor to Xi in the data X pnq “ pX1, . . . , Xnq such that

dpXi, Xir1sq ď . . . ď dpXi, Xirnsq, with ties broken by increasing order of indices. By

convention, we define Xir1s “ Xi. The indices on the k nearest neighbors to Xi are

denoted as Ni “ tj : dpXi, Xjq ď dpXi, Xirksqu. Denote the set of data points in the

ith neighborhood by Si “ tXj : j P Niu. In implementing the proposed method, we

typically let the number of neighbors k vary as a function of n. When necessary, we

use the notation kn to express this dependence. However, we routinely drop the n

subscript for notational simplicity.

Fixing x P X , we model the density of the data within the ith neighborhood

using

fipxq “ Kpx; θiq, θi „ P0, (2.3)

where θi are parameters specific to neighborhood i that are given a global prior

distribution P0. To combine the fipxqs into a single global fpxq, similarly to equations

(2.1)-(2.2), we let

fpxq “
n
ÿ

i“1

πifipxq, π “ pπiq
n
i“1 „ Dirichletpα, . . . , αq, θi „ P0. (2.4)

The key difference relative to standard Bayesian mixture model (2.1) is that in (2.4)

we include one component for each data sample and assume that only the data in

the k-nearest neighborhood of sample i will inform about θi. In contrast, (2.1) lacks

any sample dependence, and we infer allocation of samples to mixture components

in a posterior inference phase.
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Given the restriction that only data in the ith neighborhood Si inform about θi,

the pseudo-posterior density rΠ1pθi;Si, P0q of θi with data Si and prior P0 is

rΠ1pθi;Si, P0q 9P0pθiq
ź

jPNi

KpXj; θiq, (2.5)

where the right-hand side of (2.5) is motivated from Bayes’ theorem. This pseudo-

posterior is in a simple analytic form if P0 is conjugate to Kpx; θq. The prior P0 can

involve unknown parameters and borrows information across neighborhoods; this

reduces the large variance problem common to nearest neighbor estimators.

Since the neighborhoods are overlapping, proposing a pseudo-posterior update for

π under (2.4) is not straightforward. However, one can define the number of effective

members in the ith neighborhood Si similar in spirit to the number of points in the

hth cluster in mixture models of the form (2.1). By convention, we define the point Xi

that generated its neighborhood Si to be an effective member of that neighborhood.

For any other data point Xj to be a effective member of the neighborhood generated

by Xi for j ‰ i, we require Xj P Si but Xj R Su for all u “ 1, . . . , n such that

u R ti, ju. That is, Xj lies in the neighborhood generated by Xi but does not lie

in the neighborhood of any other Xu for u R ti, ju. In Section 2.3.2, we show that

the number of effective member points defined as above approaches 1 as n Ñ 8.

This motivates the following Dirichlet pseudo-posterior density rΠ2pπ;X pnqq for the

neighborhood weights π:

rΠ2pπ;X pnq
q “ Dirichletpπ | α ` 1, . . . , α ` 1q, (2.6)

where Dirichletpp | q1, . . . , qdq denotes the density of the Dirichlet distribution eval-

uated at p with parameters pq1, . . . , qdq. We provide a justification for the pseudo-

posterior update (2.6) in Section 2.3.2. This distribution is inspired from the condi-

tional posterior on the kernel weights in the Dirichlet mixture of equations (2.1)-(2.2),

but we use n components and fix the effective number of samples allocated to each
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component at one.

Based on equations (2.3)-(2.6), our nearest neighbor-Dirichlet mixture produces

a pseudo-posterior distribution for the unknown density fpxq through simple distri-

butions for the parameters characterizing the density within each neighborhood and

for the weights. To generate independent Monte Carlo samples from the pseudo-

posterior for f , one can simply draw independent samples of pθiq
n
i“1 and π from (2.5)

and (2.6) respectively, and plug these samples into the expression for fpxq in (2.4).

The resulting mechanism can be described as

θi
ind
„ rΠ1p¨ ;Si, P0q for i “ 1, . . . , n,

π „ rΠ2p¨ ;X pnq
q

fpxq “
n
ÿ

i“1

πiKpx; θiq.

(2.7)

In (2.7), we denote the induced pseudo-posterior distribution on f by f „ rΠ. Al-

though this is not exactly a coherent fully Bayesian posterior distribution, we claim

that it can be used as a practical alternative to such a posterior in practice. This

claim is backed up by theoretical arguments, simulation studies, and a real data

application in the sequel.

2.2.2 Illustration with Gaussian Kernels

Suppose we have independent and identically distributed (iid) observations X pnq from

the density f , where Xi P Rp for i “ 1, . . . , n and f is an unknown density function

with respect to the Lebesgue measure on Rp for p ě 1. Let Rpˆp
` denote the set of

all real-valued p ˆ p positive definite matrices. Fix x P Rp. We proceed by setting

Kpx; θq to be the multivariate Gaussian density φppx; η,Σq, given by

φppx; η,Σq “ p2πq´p{2|Σ|´1{2 exp t´px´ ηqJΣ´1
px´ ηq{2u,
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where θ “ pη,Σq, η P Rp and Σ P Rpˆp
` . We first compute the neighborhoods Ni

corresponding to Xi as in Section 2.2.1 and place a normal-inverse Wishart (NIW)

prior on θi “ pηi,Σiq, given by pηi,Σiq „ NIWppµ0, ν0, γ0,Ψ0q independently for

i “ 1, . . . , n. That is, we let

ηi | Σi „ N

ˆ

µ0,
Σi

ν0

˙

, Σi „ IWppγ0,Ψ0q,

with µ0 P Rp, ν0 ą 0, γ0 ą p ´ 1 and Ψ0 P Rpˆp
` ; for details about parametrization

see Section A.9 of the Appendix.

Monte Carlo samples from the pseudo-posterior of fpxq can be obtained using

Algorithm 1. The corresponding steps for the univariate case are provided in Sec-

tion A.8 of the Appendix. For code, we developed the R package NNDM available at

https://github.com/shounakchattopadhyay/NN-DM.

Algorithm 1. Nearest neighbor-Dirichlet mixture algorithm to obtain Monte Carlo

samples from the pseudo-posterior of fpxq with Gaussian kernel and normal-inverse

Wishart prior.

• Step 1: For i “ 1, . . . , n, compute the neighborhood Ni for data point Xi P Rp

according to distance dp¨, ¨q with pk´ 1q nearest neighbors in X´i “ X pnqztXiu.

• Step 2: Update the parameters for neighborhood Ni to pµi, νn, γn,Ψiq, where

νn “ ν0 ` k, γn “ γ0 ` k,

µi “
1

νn

`

ν0µ0 ` kX̄i

˘

, X̄i “
1

k

ÿ

jPNi

Xj, and

Ψi “ Ψ0 `
ÿ

jPNi

pXj ´ X̄iqpXj ´ X̄iq
J
`
kν0

νn
pX̄i ´ µ0qpX̄i ´ µ0q

J.

• Step 3: To compute the t-th Monte Carlo sample f ptqpxq of fpxq, sample

Dirichlet weights πptq „ Dirichletpα ` 1, . . . , α ` 1q and neighborhood specific
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parameters pη
ptq
i ,Σ

ptq
i q „ NIWppµi, νn, γn,Ψiq independently for i “ 1, . . . , n,

and set

f ptqpxq “
n
ÿ

i“1

π
ptq
i φp

´

x; η
ptq
i ,Σ

ptq
i

¯

.

Although the pseudo-posterior distribution of fpxq lacks an analytic form, we can

obtain a simple form for its pseudo-posterior mean by integrating over the pseudo-

posterior distribution of pθiq
n
i“1 and π. Recall the definitions of µi and Ψi from

Step 2 of Algorithm 1 and define Λi “ tνnpγn ´ p ` 1qu´1pνn ` 1qΨi. Then the

pseudo-posterior mean of fpxq is given by

f̂npxq “
1

n

n
ÿ

i“1

tγn´p`1px;µi,Λiq, (2.8)

where tγpx;µ,Λq for x P Rp is the p-dimensional Student’s t-density with degrees of

freedom γ ą 0, location µ P Rp and scale matrix Λ P Rpˆp
` . We proceed with using

Gaussian kernels and NIW conjugate priors when implementing the NN-DM for the

remainder of the chapter.

2.2.3 Hyperparameter Choice

The hyperparameters in the prior for the neighborhood-specific parameters need

to be chosen carefully – we found results to be sensitive to γ0 and Ψ0. If non-

informative values are chosen for these key hyperparameters, we tend to inherit

typical problems of nearest neighbor estimators including lack of smoothness and high

variance. Suppose Σ „ IWppγ0,Ψ0q and for i, j “ 1, . . . , p, let Σij and Ψ0, ij denote

the i, jth entry of Σ and Ψ0, respectively. Then Σjj „ IGpγ˚{2,Ψ0, jj{2q where γ˚ “

γ0´p`1. For p “ 1, the IWppγ0,Ψ0q density simplifies to an IGpγ0{2, γ0δ
2
0{2q density

with δ2
0 “ Ψ0{γ0. Thus borrowing from the univariate case, we set Ψ0, jj “ γ˚δ

2
0 and

Ψ0, ij “ 0 for all i ‰ j, which implies that Ψ0 “ pγ˚δ
2
0q Ip and we use leave-one-out
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cross-validation to select the optimum δ2
0. With p dimensional data, we recommend

fixing γ0 “ p which implies a multivariate Cauchy prior predictive density. We choose

the leave-one-out log-likelihood as the criterion function for cross-validation, which

is closely related to minimizing the Kullback-Leibler divergence between the true

and estimated density (Hall, 1987; Bowman, 1984). The explicit expression for the

pseudo-posterior mean in (2.8) makes cross-validation computationally efficient. The

description of a fast implementation is provided in Section A.7 of the Appendix.

The proposed method has substantially faster runtime if one uses a default choice

of hyperparameters. In particular, we found the default values µ0 “ 0p, ν0 “

0.001, γ0 “ p, and Ψ0 “ Ip to work well across a number of simulation cases, espe-

cially when the true density is smooth. Although using cross-validation to estimate

Ψ0 can lead to improved performance when the underlying density is spiky, cross-

validation provides little to no gains for smooth true densities. Furthermore, with

low sample size and increasing number of dimensions, we found this improvement to

diminish rapidly. In order to obtain desirable uncertainty quantification in simula-

tions and applications, we found small values of α to work well. As a default value,

we recommend using α “ 0.001 for small samples and moderate dimensions.

The other key tuning parameter for NN-DM is the number of nearest neighbors

k “ kn. The pseudo-posterior mean in (2.8) reduces to a single tγn´p`1 kernel if

kn “ n. In contrast, kn “ 1 provides a sample smoothing kernel density estimate with

a specific bandwidth function (Terrell and Scott, 1992). Therefore, the choice of k can

impact the smoothness of the density estimate. To assess the sensitivity of the NN-

DM estimate to the choice of k, we investigate how the out-of-sample log-likelihood

of a test set changes with respect to k in Section 2.4.7. These simulations suggest

that the proposed method is quite robust to the exact choice of k. In practice with

finite samples and small dimensions, we recommend a default choice of kn “ tn1{3u`1

and kn “ 10 for univariate and multivariate cases, respectively. These values led to
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good performance across a wide variety of simulation cases as described in Section

4.4.

2.3 Theoretical Properties

2.3.1 Asymptotic Results

There is a rich literature on asymptotic properties of the posterior measure for an

unknown density under Bayesian models, providing a frequentist justification for

Bayesian density estimation; refer, for example to Ghosal et al. (1999), Ghosal and

van der Vaart (2007). Unfortunately, the tools developed in this literature rely crit-

ically on the mathematical properties of fully Bayes posteriors, providing theoreti-

cal guarantees for a computationally intractable exact posterior distribution under a

Bayesian model. Our focus is instead on providing frequentist asymptotic guarantees

for our computationally efficient NN-DM approach, with this task made much more

complex by the dependence across neighborhoods induced by the use of a nearest

neighbor procedure.

We first focus on proving pointwise consistency of the pseudo-posterior of fpxq

induced by (2.7) for each x P r0, 1sp, using Gaussian kernels as in Section 2.2.2. We

separately study the mean and variance of the NN-DM pseudo-posterior distribution,

first showing that the pseudo-posterior mean in (2.8) is pointwise consistent and then

that the pseudo-posterior variance vanishes asymptotically. The key idea behind our

proof is to show that the pseudo-posterior mean is asymptotically close to a kernel

density estimator with suitably chosen bandwidth for fixed p and kn Ñ 8 at a

desired rate. The proof then follows from standard arguments leading to consistency

of kernel density estimators. The NN-DM pseudo-posterior mean mimics a kernel

density estimator only in the asymptotic regime; in finite sample simulation studies

(refer to Section 4.4), NN-DM has much better performance. The detailed proofs of

all results in this section are in the Appendix.
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Consider independent and identically distributed data X pnq from a fixed unknown

density f0 with respect to the Lebesgue measure on Rp equipped with the Eu-

clidean metric, inducing the measure Pf0 on BpRpq. We use rEtfpxqu, Ăvartfpxqu,

and rprtfpxq P Bu to denote the mean of fpxq, variance of fpxq, and probability of

the event tfpxq P Bu for B P BpRpq, respectively, under the pseudo-posterior distri-

bution of fpxq implied by (2.7). We make the following regularity assumptions on

f0:

Assumption 1 (Compact support). f0 is supported on r0, 1sp.

Assumption 2 (Bounded gradient). f0 is continuous on r0, 1sp with ||∇f0pxq||2 ď L

for all x P r0, 1sp and some finite L ą 0.

Assumption 3 (Bounded sup-norm). || logpf0q||8 ă 8.

Our asymptotic analysis relies on analyzing the behavior of the pseudo-posterior

updates within each nearest neighborhood. We leverage on key results from Biau and

Devroye (2015); Evans et al. (2002) which are based on the assumption that the true

density has compact support as in Assumption 1. Assumption 2 ensures that the ker-

nel density estimator has finite expectation. Versions of this assumption are common

in the kernel density literature; for example, refer to Tsybakov (2009). Assumptions

1 and 3 imply the existence of 0 ă a1, a2 ă 8 such that 0 ă a1 ă f0pxq ă a2 ă 8 for

all x P r0, 1sp, which is referred to as a positive density condition by Evans (2008);

Evans et al. (2002). This is used to establish consistency of the proposed method

and justify the choice of the pseudo-posterior distribution of the weights. These as-

sumptions are standard in the literature studying frequentist asymptotic properties

of nearest neighbor and Bayesian density estimators.

For i “ 1, . . . , n, recall the definitions of µi and Λi from (2.8):

µi “
ν0

νn
µ0 `

kn
νn
X̄i, Λi “

νn ` 1

νnpγn ´ p` 1q
Ψi,
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where νn “ ν0 ` kn, γn “ γ0 ` kn, and X̄i,Ψi are as in Algorithm 1. Define the

bandwidth matrix

Hn “ h2
nIp, where h2

n “
pνn ` 1qpγ0 ´ p` 1q

νnpγn ´ p` 1q
δ2

0. (2.9)

We have suppressed the dependence of µi and Λi on n for notational convenience.

It is immediate that h2
n Ñ 0 if kn Ñ 8 as n Ñ 8. Fix x P r0, 1sp. To prove

consistency of the pseudo-posterior mean, we first show that f̂npxq and fKpxq “

p1{nq
řn
i“1 tγn´p`1px;Xi, Hnq are asymptotically close, that is we show that EPf0 p |f̂npxq´

fKpxq| q Ñ 0 as n Ñ 8. To obtain this result, we approximate µi by Xi and Λi by

Hn using successive applications of the mean value theorem. Finally, we exploit the

convergence of fKpxq to the true value f0pxq to obtain the consistency of f̂npxq. The

proof of convergence of fKpxq to f0pxq is provided in Section A.6 of the Appendix.

The precise statement regarding the consistency of the pseudo-posterior mean is

given in the following theorem. Let a^ b denote the minimum of a and b.

Theorem 1. Fix x P r0, 1sp. Let kn “ opni0q with i0 “ t2{pp
2`p`2qu^t4{pp`2q2u

such that kn Ñ 8 as n Ñ 8, and ν0 “ otn´2{pk
p2{pq`1
n u. Then, f̂npxq Ñ f0pxq in

Pf0-probability as nÑ 8.

We now look at the pseudo-posterior variance of fpxq. We let

Rn “
Γtpγn ´ p` 2q{2u

Γtpγn ´ p` 1q{2u

„

νn ` 2

4πνnpγn ´ p` 2q

p{2

and Dn “
pγn ´ p` 1qpνn ` 2q

2pγn ´ p` 2qpνn ` 1q
.

(2.10)

For i “ 1, . . . , n, let Bi “ DnΛi and define

pfvarpxq “
1

n

n
ÿ

i“1

tγn´p`2px;µi, Biq. (2.11)

As n Ñ 8, we have Dn Ñ 1{2. Analogous steps to the ones used in the proof

of Theorem 1 can be used to imply that pfvarpxq Ñ f0pxq in Pf0-probability. Also,
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as n Ñ 8, k
pp´1q{2
n Rn “ Op1q using Stirling’s approximation. We now provide an

upper bound on the pseudo-posterior variance of fpxq which shows convergence of

the pseudo-posterior variance to 0.

Theorem 2. Let Hn be the bandwidth matrix defined in (2.9). Let Rn, Dn be as

in (2.10) and pfvar be as in (2.11). Under Assumptions 1-3 with x, kn, and ν0 as in

Theorem 1, we have

Ăvartfpxqu ď
RnD

´p{2
n

pfvarpxq

|Hn|
1{2

"

1

npα ` 1q ` 1
`

1

n

*

. (2.12)

This implies Ăvartfpxqu Ñ 0 in Pf0-probability as nÑ 8.

Refer to Sections A.2 and A.3 in the Appendix for proofs of Theorems 4 and 5,

respectively. Pointwise pseudo-posterior consistency follows from Theorems 1 and 2,

as shown below.

Theorem 3. Let f0 satisfy Assumptions 1-3 with x, kn and ν0 as in Theorem 1.

Fix ε ą 0 and define the ε-ball around f0pxq by Uε “ ty˚ : |y˚ ´ f0pxq| ď εu.

Let rprtfpxq P U c
ε u denote the probability of the set U c

ε under the pseudo-posterior

distribution of fpxq as induced by (2.7). Then rprtfpxq P U c
ε u Ñ 0 in Pf0-probability

as nÑ 8.

Proof. Fix ε ą 0 and consider the ε-ball Uε “ ty˚ : |y˚ ´ f0pxq| ď εu. Then by

Chebychev’s inequality, we have rprtfpxq P U c
ε u ď rtf̂npxq´f0pxqu

2`Ăvartfpxqus{ε2 ÝÑ

0 in Pf0-probability as nÑ 8, using Theorems 1 and 2.

We next focus on the limiting distribution of fpxq for the univariate case. From

Section A.8 of the Appendix, the pseudo-posterior distribution of pηi, σ
2
i q for i “

1, . . . , n is given by NIGpµi, νn, γn{2, γnδ
2
i {2q, where µi, νn, γn are as before and

γnδ
2
i “ γ0δ

2
0 `

ÿ

jPNi

pXj ´ X̄iq
2
`
knν0

νn
pX̄i ´ µ0q

2.
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We establish in Theorem 4 that the limiting distribution of fpxq is a Gaussian

distribution with appropriate centering and scaling. This allows interpretation of

100p1´βq% pseudo-credible intervals as 100p1´βq% frequentist confidence intervals

on average for large n.

Theorem 4. Fix x P r0, 1s. Suppose f0 satisfies Assumptions 1-3 and also satisfies

|f
p4q
0 pxq| ď C0 for all x P r0, 1s for some finite C0 ą 0. Let kn satisfy kn “ opn2{7q

such that n´2{9kn Ñ 8, hn be as in (2.9) satisfying hn Ñ 0, and α “ αn Ñ 8, as

nÑ 8. For t P R, define

Gnptq “ rpr

«

pnhnq
1{2

#

fpxq ´

˜

f0pxq `
h2
nf
p2q
0 pxq

2

¸+

ď t

ff

.

Then, we have

lim
nÑ8

EPf0tGnptqu “ Φ

ˆ

t ; 0,
f0pxq

2π1{2

˙

,

where Φpt ; 0, σ2q denotes the cumulative distribution function of the Np0, σ2q density.

For a proof of Theorem 4, we refer the reader to Section A.4 of the Appendix.

2.3.2 Pseudo-Posterior Distribution of Weights

We investigate the rationale behind the pseudo-posterior update (2.6) of the weight

π, which has a symmetric prior distribution π „ Dirichletpα, . . . , αq as motivated

in Section 2.1. As discussed in Section 2.1, the conditional update for the weights

π in a finite Bayesian mixture model with m components given the cluster alloca-

tion indices tc1, . . . , cnu is obtained by Dirichletpα` n1, . . . , α` nmq, where α is the

prior concentration parameter and nh “
řn
i“1 1pci “ hq is the number of data points

allocated to the hth cluster. This is not true in our case as the kn-nearest neighbor-

hoods have considerable overlap between them. Instead, we consider the number of

effective member data points in each of these neighborhoods.
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Define the kn-nearest neighborhood of Xi to be the set Si “ tXj : dpXi, Xjq ď

dpXi, Xirknsqu where Xirkns is the kn-th nearest neighbor of Xi in the data X pnq,

following the notation in Section 2.2.1. We assume dp¨, ¨q is the Euclidean metric

from here on, and let Ri “ dpXi, Xirknsq “ ||Xi ´Xirkns||2 denote the distance of Xi

from its kn-th nearest neighbor in X pnq.

Let Ni denote the number of effective members in Si as defined in Section 2.2.1.

Then, we can express Ni as

Ni “ 1`
ÿ

j‰i

1

»

–Xj P Si ,
č

uRti,ju

tXj R Suu

fi

fl , (2.13)

where 1pAq is the indicator function of the set A. Under X1, . . . , Xn
iid
„ f0, we have

EPf0 pN1q “ 1` pn´ 1qPf0

«

X2 P S1 ,
n
č

u“3

tX2 R Suu

ff

, (2.14)

by symmetry. Furthermore, Ni are identically distributed for i “ 1, . . . , n. We now

state a result which provides a motivation for our choice of the pseudo-posterior

update of π. For two sequences of real numbers panq and pbnq, we write an „ bn if

|an{bn| Ñ c0 as nÑ 8 for some constant c0 ą 0.

Theorem 5. Suppose X1, . . . , Xn
iid
„ f0 with f0 satisfying Assumptions 1-3. Further-

more, suppose that kn „ ni0´ε for some ε P p0, i0q, where i0 is as defined in Theorem

1. Then,

lim
nÑ8

nPf0

«

X2 P S1,
n
č

u“3

tX2 R Suu

ff

“ 0. (2.15)

Proof of Theorem 5 is in Section A.5 of the Appendix. The above theorem

suggests we asymptotically have only one effective member per neighborhood Si,

namely the point Xi that itself generated this neighborhood. This result motivates
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our choice of the pseudo-posterior update of the weight vector π. We illustrate

uncertainty quantification of the proposed method in finite samples in Section 2.4.4

with this choice of pseudo-posterior update of the weight vector π.

2.4 Simulation Experiments

2.4.1 Preliminaries

In this section, we compare the performance of the proposed density estimator with

several other standard density estimators through several numerical experiments. We

evaluate estimation performance based on the expected L1 distance (Devroye and

Gyorfi, 1985). For the pair pf0, f̂q, where f0 is the true data generating density and

f̂ is an estimator, the expected L1 distance is defined as L1pf0, f̂q “ EPf0t
ş

|f0pxq ´

f̂pxq| dxu. We compute an estimate L̂1pf0, f̂q of L1pf0, f̂q in two steps. First, we

sample n training points X1, . . . , Xn „ f0 and obtain f̂ based on this sample, and

then further sample nt independent test points Xn`1, . . . , Xn`nt „ f0 and compute

L̂ “
1

nt

nt
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

ˇ

f̂pXn`iq

f0pXn`iq
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

.

In the second step, to approximate the expectation with respect to Pf0 , the first

step is repeated R times. Letting L̂r denote the estimate for the rth replicate,

we compute the final estimate as L̂1pf0, f̂q “ p1{Rq
řR
r“1 L̂r. Then, it follows that

L̂1pf0, f̂q Ñ L1pf0, f̂q as nt, R ÝÑ 8, by the law of large numbers. In our experiments,

we set nt “ 500 and R “ 20. We let 0p and 1p denote the vector with all entries

equal to 0 and the vector with all entries equal to 1 in Rp, respectively, for p ě 1.

All simulations were carried out using the R programming language (R Core

Team, 2021). For Dirichlet process mixture models, we collect 2, 000 Markov chain

Monte Carlo (MCMC) samples after discarding a burn-in of 3, 000 samples using the

dirichletprocess package (J. Ross and Markwick, 2019). The default implementa-
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tion of the Dirichlet process mixture model in p dimensions in the dirichletprocess

package uses multivariate Gaussian kernels and has the base measure as NIWpp0p, p,

p, Ipq with the Dirichlet concentration parameter having the Gammap2, 4q prior

(West, 1992). For the nearest neighbor-Dirichlet mixture, 1, 000 Monte Carlo samples

are taken. For the kernel density estimator, we select the bandwidth by the default

plug-in method hpi for univariate cases and Hpi for multivariate cases (Sheather

and Jones, 1991; Wand and Jones, 1994) using the package ks (Duong, 2020). We

additionally consider the k-nearest neighbor estimator studied in Mack and Rosen-

blatt (1979), setting the number of neighbors k “ n1{2, and the variational Bayes

(VB) approximation to Dirichlet process mixture models (Blei and Jordan, 2006).

We also compare with the optional Polya tree (OPT) (Wong and Ma, 2010) using the

package PTT. For univariate cases, we consider the recursive predictive density esti-

mator (RD) from Hahn et al. (2018), Polya tree mixtures (PTM) using the package

DPpackage (Jara et al., 2011), and the sample smoothing kernel density estimator

(A-KDE) using the package quantreg. Lastly, we also compare with the local like-

lihood density estimator (LLDE) using the package locfit for both univariate and

multivariate cases. Dirichlet process mixture model hyperparameter values are kept

the same in both the MCMC and variational Bayes implementations, with the num-

ber of components of the variational family set to 10 for all cases. We denote the

nearest neighbor-Dirichlet mixture, Dirichlet process mixture (DPM) implemented

with MCMC, kernel density estimator, variational Bayes approximation to the DPM,

and k-nearest neighbor density estimator by NN-DM, DP-MC, KDE, DP-VB, and

KNN, respectively, in tables and figures.

2.4.2 Univariate Cases

We set n “ 200, 500 with kn “ tn1{3u ` 1. We consider 10 choices of f0 from the R

package benchden (Mildenberger and Weinert, 2012); the specific choices are Cauchy
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Figure 2.1: Box plots of L̂1pf0, f̂q for the 10 different choices of the true density
f0 and different estimators f̂ for univariate data. The box plots for KDE and RD
exclude the heavy-tailed cases CA, IE, and SP.

(CA), claw (CW), double exponential (DE), Gaussian (GS), inverse exponential (IE),

lognormal (LN), logistic (LO), skewed bimodal (SB), symmetric Pareto (SP), and

sawtooth (ST) with default choices of the corresponding parameters. The prior

hyperparameter choices for the proposed method are µ0 “ 0, ν0 “ 0.001, γ0 “ 1; δ2
0 is

chosen via the cross-validation method of Section 2.2.3. Detailed numerical results

are deferred to Table A.1 in the Appendix. Instead, in Figure 2.1, we provide a

visual summary of the performance of each method under consideration by forming

a box plot of the estimated L1 errors of the methods across all the data generating

densities. Methods with lower median as indicated by the solid line of the box plot,

and smaller overall spread are preferable as they provide higher accuracy and also

maintain such accuracy across a collection of true density cases. Results of KNN

are omitted in Figure 2.1 due to much higher values compared to other methods.

For the KDE and RD estimator, the plot and the table exclude the results for the

heavy-tailed densities CA, IE, and SP due to very high L1 errors.

Overall, a major advantage of the proposed method is its versatility among the

considered methods. The Bayesian nonparametric methods DP-MC, DP-VB, PTM,
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OPT, and RD are often close to NN-DM in terms of their performance when the true

densities are smooth and do not display locally spiky behavior. However, the NN-DM

performs better than other methods in densities where such local behavior is present

and performs very close to the best estimator for either the smooth heavy-tailed or

thin-tailed densities. The KDE and RD perform well when data are generated from

a smooth underlying density. However, there are some cases where the error for KDE

and RD is very high. For instance, when n “ 500 and f0 is the standard Cauchy

(CA) density, the estimated L1 error for the KDE is 38501.85 and the algorithm

for the RD estimate did not converge. Both the KDE and RD also perform poorly

in very spiky multi-modal densities such as the ST. Compared to the LLDE and

the A-KDE, the NN-DM displays similar performance in heavy-tailed and smooth

densities when n “ 200, with the NN-DM performing better for the spiky densities.

However, when n “ 500, the NN-DM shows significant improvements over the LLDE

and the A-KDE for spiky densities such as the CW and the ST.

In Figure 2.2, we show the performance of the NN-DM estimator f̂n (with hy-

perparameters chosen as described earlier) relative to the posterior mean under a

DP-MC with default or hand-tuned hyperparameters, when 500 data points are gen-

erated from the sawtooth (ST) density. The Dirichlet process mixture with default

hyperparameters is unable to detect the multiple spikes, merging adjacent modes to

form larger clusters, perhaps due to inadequate mixing of the Markov chain Monte

Carlo sampler or to the Gaussian kernels used in the mixture. As a result, we had

to hand-tune the hyperparameters for the Dirichlet process mixture to obtain com-

parable performance with the NN-DM (without hand-tuning). We obtained the best

results when changing the hyperparameters of the base measure of the DP-MC to

NIGp0, 0.01, 1, 1q while keeping the prior on α the same as before. This illustrates

the deficiency of the DP-MC in estimating densities with spiky local behavior unless

we hand-tune the hyperparameters, which requires knowledge of the true density.

25



0.00

0.05

0.10

-10 -5 0 5 10
Points

D
e
n
s
it
y

0.00

0.05

0.10

-10 -5 0 5 10
Points

D
e
n
s
it
y

0.00

0.05

0.10

0.15

-10 -5 0 5 10
Points

D
e
n
s
it
y

Figure 2.2: Plot comparing density estimates for the NN-DM and DP-MC for n “
500 samples generated from the sawtooth (ST) density. Shaded regions correspond to
95% (pseudo) posterior credible intervals. The true density is displayed using dotted
lines. The top panel shows the performance of DP-MC with default hyperparameters
on the left and with hand-tuned hyperparameters on the right. The bottom panel
shows the performance of the NN-DM.

We also compare the performance of the two methods with a smoother test density

in Figure 2.3, where the data are generated from a skewed bimodal (SB) distribu-

tion. Both the estimates are comparable, but the nearest neighbor-Dirichlet mixture

provides better uncertainty quantification. Similar results are obtained for n “ 1000,

and hence are omitted.

2.4.3 Multivariate Cases

For the multivariate cases, we consider n “ 200 and 1000. The number of neighbors

is set to k “ 10 and the dimension p is chosen from t2, 3, 4, 6u. Recall the definition
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Figure 2.3: Similar to Figure 2.2, with data of sample size n “ 500 generated from
the skewed bimodal (SB) density. Left panel shows the DP-MC fit and the right
panel shows the NN-DM fit.

of φppx;µ,Σq from Section 2.2.2 and let Φpxq be the cumulative distribution function

of the standard Gaussian density. Let S0 “ ρ 1p1
J
p ` p1 ´ ρq Ip with ρ “ 0.8. Let

x “ px1, . . . , xpq
J. We consider the following cases.

(1) Mixture of Gaussians (MG): f0pxq “ 0.4φppx;m1, S0q ` 0.6φppx;m2, S0q, where

m1 “ ´2ˆ 1p,m2 “ 2ˆ 1p.

(2) Skew normal (SN): f0pxq “ 2φppx;m0, S0qΦts
J
0W

´1px ´ m0qu (Azzalini, 2005),

where W is the diagonal matrix with diagonal entries W 2
ii “ S0, ii for i “ 1, . . . , p.

We choose m0 “ 0p and the skewness parameter vector s0 “ 0.5ˆ 1p.

(3) Multivariate t-distribution (T): f0pxq “ td0px;m˚, S0q is the density of the p-

dimensional multivariate Student’s t-distribution. We set d0 “ 10 and m˚ “ 1p.

(4) Mixture of multivariate skew t-distributions (MST): f0pxq “ 0.25 td0px;m1, S0, s0q`

0.75 td0px;m2, S0, s0q. Here, tdp¨ ;µ, S, sq is the skew t-density (Azzalini, 2005) with

parameters d, µ, S, s, with d0, s0 defined as before and m1,m2 the same as in the first

case.

(5) Multivariate Cauchy (MVC): f0pxq9 t1` px´ µ˚q
JS´1

0 px´ µ˚qu where µ˚ “ 0p.

(6) Multivariate Gamma (MVG): f0pxq9 cΦpF1px1q, . . . , Fppxpq | S0q
śp

j“1 fjpxj; γj1, γj2q

where fj and Fj denote the density and distribution function of the univariate
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gamma distribution with shape parameter γj1 and rate parameter γj2, respectively,

for j “ 1, . . . , p and cΦp¨ | Γq is as described in Song (2000). This is a Gaussian cop-

ula based construction of the multivariate gamma distribution. We set γj1 “ γj2 “ 1

for j “ 1, . . . , p.

The hyperparameters for the nearest neighbor-Dirichlet mixture are chosen as

µ0 “ 0p, ν0 “ 0.001, γ0 “ p, and Ψ0 “ tpγ0´p`1qδ2
0uIp “ δ2

0 Ip, where the optimal δ2
0

is chosen via cross-validation as described in Section 2.2.3. Default hyperparameters

as described in Section 2.4.1 are chosen for the MCMC and VB implementations of

the DPM.

Similar to the univariate case, we defer the numerical results to Table A.2 in

the Appendix and in Figure 2.4 display a visual summary consisting of box plot

of estimated L1 errors over the densities considered. The proposed method is very

robust against a wide selection of true distributions, with its L1 error scaling nicely

with the dimension. The KDE shows a noticeably sharp decline in performance

- when the dimension is changed from 2 to 6, the average increase in L1 error is

by factors of about 5 and 7 for sample sizes 200 and 1000, respectively. This is

possibly due to lack of adaptive density estimation in higher dimensions using a

single bandwidth matrix, since data in Rp become increasingly sparse with increasing

p. As in the univariate case, we had to exclude the MVC density for the KDE

due to the algorithm not converging. The performances of NN-DM, DP-MC, and

DP-VB are quite competitive across densities, with NN-DM faring better than the

DP-VB when estimating densities such as the MVC and the MVG. Furthermore,

the NN-DM is hit the least significantly by the curse of dimensionality out of the

three. This is particularly prominent for the DP-MC when the true density is either

MG or MST with n “ 200 and p “ 6, and for the DP-VB when the true density

is MVC. It is also important to keep in mind that the NN-DM provides similar

results compared to the DP-MC while being at least an order of magnitude faster,
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Figure 2.4: Box plots of L̂1pf0, f̂q for the 6 different choices of the true density f0

and different estimators f̂ for multivariate data. The box plots for KDE and LLDE
exclude the MVC density. The box plots for p “ 6 exclude results from OPT.
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as illustrated in Section 2.4.6. The performance of the OPT is hit quite significantly

as the number of dimensions increases, along with the algorithm not converging for

p “ 6. The LLDE provides competitive results with the NN-DM in lower dimensions.

However, in higher dimensions, the LLDE often does not converge, indicating lack

of stability of the algorithm. We reported the average of the replicates for which the

algorithm did converge. The results suggest that the performance of the LLDE is

also affected quite drastically with increasing dimensions. When compared across all

data generating cases considering the variation in densities, dimensions and sample

sizes, the proposed method is seen to be more versatile than its competitors.

2.4.4 Accuracy of Uncertainty Quantification

In this section, we assess frequentist coverage of 95% pseudo-posterior credible inter-

vals for the NN-DM and compare with coverage based on the 95% posterior credible

intervals obtained from DP-MC and DP-VB. Ghosal and van der Vaart (2017) recom-

mend investigating the frequentist coverage of Bayesian credible intervals. We do not

include frequentist coverage for Polya tree mixtures (PTMs) and the optional Polya

tree (OPT) due to the lack of available code. We consider the cases p P t1, 2u in our

experiments with sample size n “ 500. For each choice of density f0, we fix nt “ 200

test points Xt “ tXt1, . . . , Xtntu generated from the density f0. With these fixed test

points, we generate n “ 500 data points in our sample for Rcov “ 200 times and check

the coverage of posterior/pseudo-posterior credible intervals obtained from the three

methods. We implement the DP-MC with base measure NIWpp0p, 0.01, p, Ipq and a

Gammap2, 4q prior on the concentration parameter as in West (1992). These choices

of hyperparameters were seen to give better frequentist coverage results than using

the default values used in Sections 2.4.2 and 2.4.3. Same choices of hyperparameters

are maintained for DP-VB. For the NN-DM, we take k “ 8 in the univariate case

and k “ 5 in the bivariate case, α “ 0.001, and other hyperparameters chosen as be-
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fore. We report the average coverage probability and average length of the (pseudo)

credible intervals across all the points in the test data Xt in Tables 2.1 and 2.2 for

the univariate and bivariate cases, respectively.

For univariate densities, both the DP-MC and DP-VB display severe under-

coverage. In most of the cases, the DP-VB and NN-DM have similar width of

(pseudo) credible intervals but the DP-VB displays dramatically lower coverage than

the NN-DM. The under-coverage displayed by the DP-MC may be due to MCMC

mixing issues. The NN-DM shows near nominal coverage in the smooth Gaussian

(GS) and lognormal (LN) densities, while also attaining near nominal coverage in

the skewed bimodal (SB), claw (CW), and sawtooth (ST) densities which are multi-

modal. The shortcomings of DP-MC and DP-VB are especially noticeable when

dealing with spiky densities such as the claw or sawtooth. For bivariate cases con-

sidered in Table 2.2 we see a similar trend; the NN-DM method provides uniformly

better uncertainty quantification across all the densities considered. It is clear that in

terms of frequentist uncertainty quantification, the NN-DM displays vastly superior

coverage to the DP-MC and the DP-VB without inflating the interval width.

2.4.5 Comparison for High Dimensional Data

In addition to the above experiments, we performed a simulation experiment for

high-dimensional data. Specifically, we set n “ 1000, p “ 50, and consider the

same set of true densities in Section 2.4.3. We compared results from the proposed

NN-DM method and the DP-VB. Due to severe computational time, we did not

consider the DP-MC in this scenario. We also tried optional Polya trees (Wong

and Ma, 2010) using the PTT package; however, the current implementation of the
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Table 2.1: Comparison of the frequentist coverage of 95% (pseudo) posterior credible
intervals of the nearest neighbor-Dirichlet mixture and the MCMC and variational
implementations of the Dirichlet process mixture for univariate data. Average length
of the intervals are also provided for each case within parentheses. Number of repli-
cations and sample size are Rcov “ 200 and ncov “ 500, respectively.

Method CA CW DE GS IE

NN-DM 0.75 (0.05) 0.89 (0.21) 0.75 (0.06) 0.92 (0.08) 0.81 (0.11)
DP-MC 0.48 (0.02) 0.06 (0.01) 0.35 (0.02) 0.37 (0.01) 0.39 (0.04)
DP-VB 0.33 (0.05) 0.18 (0.07) 0.28 (0.07) 0.79 (0.05) 0.14 (0.04)

Method LN LO SB SP ST

NN-DM 0.92 (0.17) 0.81 (0.03) 0.88 (0.10) 0.72 (0.01) 0.91 (0.05)
DP-MC 0.31 (0.05) 0.55 (0.03) 0.46 (0.03) 0.46 (0.01) 0.64 (0.03)
DP-VB 0.19 (0.15) 0.10 (0.03) 0.40 (0.10) 0.20 (0.01) 0.07 (0.01)

Table 2.2: Comparison of the frequentist coverage of 95% (pseudo) posterior credible
intervals of the nearest neighbor-Dirichlet mixture and the MCMC and variational
implementations of the Dirichlet process mixture for bivariate data. Average length
of the intervals are also provided for each case within parentheses. Number of repli-
cations and sample size are Rcov “ 200 and ncov “ 500, respectively.

Method MG MST MVC MVG SN T

NN-DM 0.92 (0.04) 0.88 (0.03) 0.69 (0.03) 0.80 (0.31) 0.92 (0.06) 0.88 (0.03)
DP-MC 0.53 (0.01) 0.56 (0.01) 0.47 (0.01) 0.41 (0.16) 0.39 (0.02) 0.55 (0.01)
DP-VB 0.56 (0.03) 0.58 (0.03) 0.18 (0.02) 0.55 (0.26) 0.49 (0.05) 0.57 (0.02)

method breaks down in this high-dimensional setup. Due to numerical instability

in estimating the L1 error in higher dimensions, we evaluate the methods in terms

of their out-of-sample log-likelihood (OOSLL) instead (Gneiting and Raftery, 2007),

on a test set of 500 data points. We report the average OOSLL over 30 replications

in Table 2.3. The results indicate that both methods perform very similarly in terms

of out-of-sample fit to the data, with the NN-DM outperforming the DP-VB when

the true density is MVC. We also observed that for this experiment, the NN-DM
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Table 2.3: Out-of-sample log-likelihood (ˆ104) of NN-DM and DP-VB on a test set
of 500 points for 6 different multivariate densities considered in Section 2.4.3, for
n “ 1000 and p “ 50. Greater out-of-sample log-likelihood is better.

Method MG SN T MST MVC MVG

NN-DM ´1.75 ´1.74 ´1.84 ´1.84 ´1.31 ´1.36
DP-VB ´1.75 ´1.74 ´1.86 ´1.84 ´1.34 ´1.36

methods with default choice of hyperparameters and with cross-validated choice of

Ψ0 have almost identical performance. For the NN-DM, we set k “ 12 after carrying

out a sensitivity analysis on k by considering k “ 5, 7, 10, 15, and 20. The best

results for the NN-DM were obtained for k P t7, 10, 12u with negligible difference in

out-of-sample log-likelihoods between these three choices, with k “ 12 performing

the best.

2.4.6 Runtime Comparison

With n data points in p dimensions, the initial nearest neighbor allocation into n

neighborhoods can be carried out in Opn log nq steps (Vaidya, 1986; Ma and Li,

2019). Once the neighborhoods are determined with kn points in each neighbor-

hood, obtaining the neighborhood specific empirical means and covariance matrices

has Opnknp` nknp2q “ Opnknp2q complexity. Obtaining the pseudo-posterior mean

(2.8) then requires inversion of n such p ˆ p matrices to evaluate the multivariate

t-density, with a runtime of Opnp3q. Therefore, the total runtime to obtain the

pseudo-posterior mean is of the order Opnknp2 ` np3q. When we are interested in

uncertainty quantification, we require Monte Carlo samples of the NN-DM, which are

independently drawn from its pseudo-posterior. This involves sampling the Dirichlet

weights, the neighborhood specific unknown mean and covariance matrix parameters

of the Gaussian kernel, and evaluating a Gaussian density for each neighborhood, as

outlined in Algorithm 1. To obtain M Monte Carlo samples, the combined complex-
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ity of this step is thus OpMn`Mnp3q “ OpMnp3q. Overall the runtime complexity

to obtain NN-DM samples is therefore OpMnp3 ` nknp
2 ` np3q. For high dimen-

sional scenarios, this runtime can be greatly improved by using a low rank matrix

factorization of both the neighborhood specific empirical covariance matrices and

the sampled covariance matrix parameters to make matrix inversion more efficient

(Golub and van Loan, 1996). We now provide a detailed simulation study of runtimes

of the proposed method, with all the simulations carried out on an M1 MacBook Pro

with 16 GB of RAM.

We first focus on some runtime experiments comparing NN-DM and DP-MC. In

our experiments, we focus on p “ 1 and p “ 4. The runtime for NN-DM consists

of the time to estimate δ2
0 by cross-validation as in Section 2.2.3 and then drawing

samples from its pseudo-posterior. For both dimensions, the sample size is varied

from n “ 200 to n “ 1500 in increments of 100. Data are generated from the standard

Gaussian density (GS) for p “ 1 and from a mixture of skew t-distributions with the

parameters as described for the case MST in Section 2.4.3 for p “ 4. For p “ 1, we

evaluate the two methods at 500 test points, while for p “ 4 we evaluate the methods

at 200 test points. The hyperparameters are kept the same as in Sections 2.4.2 and

2.4.3. We took 1000 Monte Carlo samples for the NN-DM and 2500 MCMC samples

for the DP-MC with a burn-in of 1500 samples. We provide a figure summarizing

the results in Figure 2.5. In the top panel of Figure 2.5, we plot the average of the

logarithm (base 10) of the run times of each approach for 10 independent replications.

Corresponding L1 errors of the two methods is included in the bottom panel of Figure

2.5.

In Figure 2.5, the NN-DM is at least an order of magnitude faster than DP-MC.

The time saved becomes more pronounced in the multivariate case, where for sample

size 1500 the NN-DM is „ 50 times faster. The gain in computing time does not come

at the cost of accuracy as can be seen from the right panel; the proposed method
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maintains the same order of L1 error as the DP-MC in the univariate case and often

outperforms the DP-MC in the multivariate case. We did not implement the Monte

Carlo sampler for the proposed algorithm in parallel, but such a modification would

substantially improve runtime. Bypassing cross-validation and choosing default hy-

perparameters instead as outlined in Section 2.2.3, NN-DM took 3.3 seconds and

16.4 seconds when p “ 1 and p “ 4, respectively, with sample size n “ 1500. In the

same scenario, DP-MC took 99.4 seconds and 1618.1 seconds for p “ 1 and p “ 4,

respectively. Thus the NN-DM with default hyperparameters is about 30 times faster

when p “ 1 and almost 100 times faster when p “ 4.

We also compare the runtime of the proposed method with three recent imple-

mentations of the DPM, namely the packages bnpy (Hughes and Sudderth, 2014),

DPMMSubClusters (Dinari et al., 2019), and vdpgm (Kurihara et al., 2006) avail-

able for download at https://kenichikurihara.com/variational-dirichle

t-process-gaussian-mixture-model/. These three packages implement varia-

tional approximations of the DPM posterior with different modifications. We also

include the DP-MC and OPT for comparison. All the runtime results are compa-

rable only up to machine and coding language differences. Amongst the competitor

package implementations, the NNDM and dirichletprocess packages are the only

ones providing (pseudo) posterior samples of the density estimate at a test point.

We consider the average runtime of R “ 10 replicates to fit a training data set of

iid Np0, 1q entries with n “ 1500 and p “ 4. For the NN-DM, DP-MC, and OPT,

we consider 1000 (pseudo) posterior samples. Table 2.4 provides the runtimes for

the different packages considered. Overall, the fastest implementation is observed

for the PTT package. The next fastest implementations are the NNDM without cross-

validation (CV), DPMMSubClusters, and bnpy. The runtime for NNDM with CV closely

follows the previous implementations, with both NNDM with and without CV provid-

ing (pseudo) posterior samples. The major improvement in runtime for NN-DM is

mainly due to the fact that neighborhood allocations are fixed here which is not the
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Figure 2.5: Runtime comparison of DP-MC and NN-DM in univariate case and for
4-dimensional data. Top panel shows runtimes in log10 scale whereas bottom panel
shows corresponding L1 error. Sample size n is varied from 200 to 1500 in increments
of 100.

case for DP-MC.

Table 2.4: Table comparing the average runtimes of different packages for n “ 1500,
p “ 4. NN-DM runtimes are provided both with and without cross-validation (CV),
using the package NNDM developed by the authors.

Package (Language) Average Runtime (s) Samples?
bnpy (Python) 5.79 No
DPMMSubClusters (Julia) 4.33 No
vdpgm (MATLAB) 58.38 No
NNDM (RCpp and R, with CV) 18.96 Yes
NNDM (Rcpp and R, without CV) 3.52 Yes
dirichletprocess (R) 1068.48 Yes
PTT (Rcpp and R) 0.59 No

2.4.7 Sensitivity to the Choice of k

In this subsection, we investigate the role of kn “ k in finite samples for the proposed

method. We consider n “ 200 samples from the SP density in the univariate case and
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Figure 2.6: Average out-of-sample log-likelihood of 500 test points for the NN-DM
as a function of k for one-dimensional and two-dimensional data. Number of samples
and number of replications are n “ 200 and R “ 10, respectively.

the MG density in the bivariate case. In each case, we fix a test set of nt “ 500 points,

and evaluate the out-of-sample log-likelihood (OOSLL) of the test points for 20

different integer values of k ranging from 2 to 50. Finally, we report results averaged

from 10 independent replicates of this setup. We note that for each considered value

of k, the parameter δ2
0 was estimated using leave-one-out cross-validation. Figure 2.6

shows how the OOSLL averaged over replicates changes as a function of k for each

density considered. The original OOSLL values of the test data points were scaled

by the number of test points nt “ 500 for better representability.

For the univariate SP density, the optimal value of k which maximizes the average

OOSLL is pk “ 9. This is close to the choice of k “ 6 as taken in Section 2.4.2. For

the bivariate MG density, we observe that the choice of k maximizing the OOSLL is

pk “ 12, which is also close to the choice of k “ 10 as taken in Section 2.4.3. For both

the univariate and the bivariate case, the out-of-sample log-likelihood of the test set

shows little variation with changing k. This indicates that the estimates obtained

from the proposed method are quite robust to the particular choice of k.

2.5 Application

We apply the proposed density estimator to binary classification. Consider data

D “ tpXi, Yiq : i “ 1, . . . , nu, where Xi P Rp are p-dimensional feature vectors and
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Yi P t0, 1u are binary class labels. To predict the probability that y0 “ 1 for a test

point x0, we use Bayes rule:

prpy0 “ 1 | x0q “
f̃1px0q prpy0 “ 1q

f̃0px0q prpy0 “ 0q ` f̃1px0q prpy0 “ 1q
, (2.16)

where f̃jpx0q is the feature density at x0 in class j and prpy0 “ jq is the marginal

probability of class j, for j “ 0, 1. Based on nt test data, we let pprpy0 “ 1q “

p1{ntq
řnt
i“1 Yi, with pprpy0 “ 0q “ 1´ pprpy0 “ 1q. We use either the NN-DM pseudo-

posterior mean f̂np¨q, the DP-MC posterior mean f̂DPp¨q, or the DP-VB posterior

mean f̂VBp¨q for estimating the within class densities, and compare their classification

performances in terms of sensitivity, specificity, and probabilistic calibration. We

omit the KDE as to the best of our knowledge, no routine R implementation is

available for data having more than 6 dimensions.

The high time resolution universe survey data (Keith et al., 2010) contain infor-

mation on sampled pulsar stars. Pulsar stars are a type of neutron stars and their

radio emissions are detectable from the Earth. These stars have gained considerable

interest from the scientific community due to their several applications (Lorimer and

Kramer, 2012). The data are publicly available from the University of California at

Irvine machine learning repository. Stars are classified into pulsar and non-pulsar

groups according to 8 attributes (Lyon, 2016). There are a total of 17898 instances

of stars, among which 1639 are classified as pulsar stars.

We create a test data set of 200 stars, among which 23 are pulsar stars. The

training size is then varied from 300 to 1800 in increments of 300, each time adding

300 training points by randomly sampling from the entire data leaving out the initial

test set. In Figure 2.7, we plot the sensitivity and specificity of the three methods

in consideration. All the methods exhibit similar sensitivity across various training

sizes; the DP-MC has marginally better specificity for training sizes 1200 and 1500,

while the NN-DM has better specificity for training sizes 300 and 600. Both the

NN-DM and the DP-MC exhibit higher specificity and sensitivity than the DP-VB

across all training sample sizes considered.
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Figure 2.7: Sensitivity and specificity of the NN-DM, DP-MC, and DP-VB for the
high time resolution universe survey data.

We also compare the methods using the Brier score, a proper scoring rule (Gneit-

ing and Raftery, 2007) for probabilistic classification. Suppose for nt test points and

the ith Monte Carlo sample, pi denotes the sampled nt ˆ 1 probability vector for

a generic method. We compute the normalized Brier score for the ith sample as

p1{ntq ||pi ´ Yt||
2
2, where Yt is the vector of class labels in the test set. Then with T

samples of pi, i “ 1, . . . , T , we compute the mean Brier score for the three methods

considered. The mean Brier score for each training size is shown in the right panel

of Figure 2.8, which naturally shows a declining trend with increasing training size.

There is little to choose between the three classifiers in terms of mean Brier score;

the proposed method fairs equally well in terms of calibration of estimated test set

probabilities with the MCMC implementation of the Dirichlet process. In the left

panel of Figure 2.8, the receiver operating characteristic curve of the methods is

shown for 1800 training samples. The area under the curve (AUC) for the NN-DM,

the DP-MC and the DP-VB are 0.96, 0.95 and 0.96, respectively. For 1800 training

samples, the computation time for the proposed method is about 13 minutes while

for the DP-MC it is approximately 5 hours.

Hence, the proposed method is much faster, even without exploiting parallel

computation. We also fitted the proposed method using the training set of all 17698

points; DP-MC was too slow in this case. The sensitivity and specificity of the
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Figure 2.8: Left plot shows the receiver operating characteristic curve of the NN-
DM, DP-MC, and DP-VB with 1800 training samples. Area under the curve is
abbreviated as AUC. Right plot shows normalized Brier scores for the methods with
varying training sample size.
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Figure 2.9: Left and right plots show the out-of-sample log-likelihoods of NN-DM,
DP-MC, and DP-VB for the two different star types.

proposed method increased to 0.99 and 0.91, respectively. We additionally evaluated

the methods in terms of the out-of-sample log-likelihood. The results are displayed

in Figure 2.9. While the methods perform comparably in terms of their classification

performance, NN-DM achieves a better fit overall, especially for the significantly less

prevalent pulsar star type.
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3

Synergistic Antagonistic Interaction Detection

3.1 Introduction

There is considerable concern that humans are exposed to a variety of potentially

adverse chemicals, and these exposures may have adverse health effects. Classically,

such health effects have been assessed through one exposure at a time studies, either

collecting in vitro or in vivo data at different doses of a single chemical or focusing

analyses of observational epidemiology studies on single exposures. Then, in order

to predict the overall health effect of a mixture of different exposures, one needs to

make strong assumptions, such as additivity. Unfortunately, such predictions will

misestimate an individual’s true adverse health risk if certain chemicals interact.

Of particular concern are synergistic interactions in which the adverse effect of one

chemical is increased due to the presence of another chemical. If regulatory agencies

are unaware of such synergistic interactions in setting pollution guidelines, they may

inadvertently permit substantial pollution-induced mortality and morbidity. On the

other hand, antagonistic interactions may lead to additive models over-predicting

risk in which case certain chemicals may be over-regulated.
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In this chapter, our goal is to analyze the effect of heavy metal exposure on

human kidney function. The impact of metal exposures on human renal function has

garnered considerable attention from the epidemiological community. A review of the

existing literature shows evidence of degraded kidney function following prolonged

exposure to heavy metals (Pollack et al., 2015; Luo and Hendryx, 2020). Most of

this literature is based on simple one exposure-at-a-time correlation analyses from

observational epidemiology data. It is clearly of interest to study joint effects of

multiple metals, while adjusting for covariates that may act as potential confounding

variables. Mechanistically, it seems unlikely that metals have a simple additive effect

on kidney function. For example, healthy kidney function may continue with a single

metal exposure at relatively low doses, but as dose increases and/or additional metal

exposures are added it is likely that kidney function may worsen rapidly. Such a dose

response surface would be reflective of a synergistic interaction. In our analyses, we

focus on 2015-16 data from NHANES. These data contain information on heavy

metals found in spot urine collections and also on urine creatinine, which can be

used as a marker of kidney function when urinary dilution issues are appropriately

accounted for.

There is a clear need for new statistical tools for accommodating interactions in

assessing the health effects of mixtures of chemical exposures. For a review of recent

developments, refer to Joubert et al. (2022). A broad set of strategies have been

taken in this literature. The first extends linear regression to include a quadratic term

characterizing pairwise interactions; for recent examples, refer to Ferrari and Dunson

(2021); Wang et al. (2019). This approach can trivially identify synergistic versus

antagonistic interactions through the signs of the quadratic coefficients, but relies

on a highly restrictive parametric model. An alternative is to rely on nonparametric

regression; for example, using Bayesian Additive Regression Trees (BART) (Chipman

et al., 2010) or Gaussian processes (GP) (Williams and Rasmussen, 2006). Bayesian
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Kernel Machine Regression (BKMR) (Bobb et al., 2015) implements GP regression

with variable selection motivated by the mixtures problem. These approaches do not

identify synergistic or antagonistic interactions, and can lead to overly-wiggly and

difficult to interpret dose response surfaces. MixSelect (Ferrari and Dunson, 2020)

bridges between parametric and nonparametric approaches via an additive expansion.

However, it lacks flexibility to characterize nonlinear main effects and interactions

due to its reliance on quadratic regression. To simplify dose response modeling,

Molitor et al. (2010) propose profile regression based on clustering exposures, while

Czarnota et al. (2015) use a single index model based on a weighted sum of the

exposures. Neither approach allows for inferences on interactions.

We propose a nonparametric Bayesian approach for identifying synergistic or an-

tagonistic interactions between p exposures. The dose response surface is decomposed

additively into p main effects and
`

p
2

˘

pairwise interactions. Ruling out higher order

interactions substantially reduces dimensionality, while aiding interpretability. Each

pairwise interaction is decomposed into the difference of two non-negative functions,

facilitating selection of synergistic or antagonistic effects. The proposed synergistic

antagonistic interaction detection (SAID) approach is shown to improve over uncon-

strained nonparametric regression, leading to comparatively higher statistical power

in simulation studies. To avoid modeling complicated pairwise surfaces, we focus on

a special case to dramatically reduce dimensionality and obtain substantial compu-

tational gains. The resulting interaction surface retains a high degree of flexibility in

capturing nonlinear surfaces. We also outline an approach to carry out variable se-

lection on the pairwise interactions. The SAID approach employs a computationally

efficient Markov chain Monte Carlo (MCMC) algorithm to sample from the posterior

distribution of the unknown quantities.

The chapter is outlined as follows. We describe the urine creatinine and metal ex-

posure data in Section 3.2 and outline challenges involved with analyzing these data.
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Section 3.3 provides details of our SAID approach. Section 4.4 compares SAID and

existing competitors in simulation experiments, highlighting benefits of using SAID

in terms of estimation accuracy, valid uncertainty quantification, and variable selec-

tion. Section 3.5 uses SAID to investigate synergistic and antagonistic interactions

of metal exposures in predicting urine creatinine levels based on NHANES 2015-16

data.

3.2 Kidney Function Data Analysis

3.2.1 Motivation

We are interested in assessing the impact of exposure to heavy metals on human re-

nal function. The concentration of creatinine in the blood or urine is an established

biomarker of kidney function (Kashani et al., 2020; Barr et al., 2005). Exposure

to heavy metals has been linked to changes in renal function and kidney damage

(Pollack et al., 2015). In addition to being indicative of renal function, creatinine

levels are also related to muscle mass (Forbes and Bruining, 1976; Baxmann et al.,

2008). Urine creatinine has been shown to be positively associated with serum cre-

atinine levels in studies excluding individuals with chronic kidney disease (CKD)

(Jain, 2016). Existing studies, such as the one in Luo and Hendryx (2020), show a

statistical association between biomarkers of chronic kidney disease and blood levels

of the heavy metals cobalt (Co), chromium (Cr), mercury (Hg), and lead (Pb) using

NHANES data. Kim et al. (2015) find an association between CKD and elevated

levels of cadmium (Cd) in blood. These studies primarily focus on marginal associa-

tions between individual chemicals and CKD. Our focus is instead on studying how

multiple heavy metal exposures relate to kidney function measured through urine

creatinine, with an emphasis on identifying synergistic and antagonistic interactions.
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3.2.2 Data Description

We analyze data that were collected by NHANES for the year 2015. We consider

urine analyte levels of the 13 heavy metals: Antimony (Sb), Barium (Ba), Cadmium

(Cd), Cesium (Cs), Cobalt (Co), Lead (Pb), Manganese (Mn), Molybdenum (Mo),

Strontium (Sr), Thallium (Tl), Tin (Sn), Tungsten (W), and Uranium (U) as expo-

sure variables and the level of urine creatinine (uCr) as the response variable. The

unit of measurement for exposure variables is µg/mL while the unit for the response

variable is mg/dL. We also adjust for age (in years), sex (male or female), ethnicity

(Non-Hispanic White, Non-Hispanic Black, Mexican American, Other Hispanic, and

Other), and body mass index (BMI).

We start off by only considering the data for 2300 individuals for which values

of the response variable (uCr) are not missing. In this data set, we first remove

the individuals having serious kidney disease. For this, we used the albumin-to-

creatinine ratio (ACR) and removed the subjects who had albuminuria, defined as

their ACR satisfying ACR ě 30 mg/g. The resulting data set has 2008 individuals.

Furthermore, the response variable for one individual was less than the limit of

detection (LOD); this singular data point was removed for purposes of analysis. For

the metal exposures, there are both missing data points and data points which are

lower than their respective LODs. We remove any individuals with an exposure entry

missing. Finally, we removed the entries of the covariate values which were missing.

In summary, neither the response variable nor the covariate variables considered in

our analysis have any missing data or data less than the LOD; however, the metal

exposure data contain points less than the LOD. After removing the individuals

missing response, covariate, and exposure measurements, the final sample size is

n “ 1979.

We look at various summary measures of the response and exposure variables.
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Figure 3.1: Heat plot showing correlations between heavy metals in NHANES
2015-16 data.

The uCr levels are right skewed, with mean 119.67 mg/dL, median 104.00 mg/dL, and

semi-interquartile range (SIQR) 52.50 mg/dL. The heavy metal exposure variables

are mild to moderately correlated, with a heat plot of the correlation matrix shown

in Figure 3.1. More specifically, 58 out of the 78 pairwise correlation coefficients

are less than 0.20. The median correlation is 0.10 with an SIQR of 0.08, while the

maximum correlation is 0.51, between Barium and Strontium. Furthermore, there is

wide variation between the range of different exposure variables. For example, the

maximum recorded exposure to Cesium in the sample is 110.87 µg/mL, while that

of Uranium is only 0.77 µg/mL.

3.2.3 Urinary Dilution

In NHANES, the urine data is collected from spot collections. The urine sample

collection procedure is regulated to ensure consistent specimen collection across dif-

fering water loadings of the subjects. Regardless, due to the nature of data collection,

the concentrations of the heavy metals and creatinine levels can vary substantially

across the sampled participants due to different hydration levels. For this reason, we
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adjust the raw response (creatinine) and exposure variables (heavy metals) measured

in the urine using the urine flow rate (UFR, measured in mL/min) of the subjects.

Adjusting for dilution using urine flow rate also helps reduce wide variation in expo-

sure measurements. Adjusting urinary measures for variation in water loading across

individuals using urine flow rates is prevalent in existing literature (Jeng et al., 2021;

Middleton et al., 2016; Hays et al., 2015). Suppose for the i-th subject, the urine

creatinine level is Ci and the urinary concentrations of the heavy metals is the vector

Mi “ pMi1, . . . ,Mipq
J. Provided the urine flow rate for the i-th subject is τi ą 0,

we adjust for urinary dilution by multiplying both the original response and expo-

sure variables by τi. That is, the urine flow adjusted response variable and exposure

vector are τiCi and τiMi, respectively, which we refer to as the dilution-adjusted

response and exposure variables, respectively.

3.2.4 Issues with Existing Approaches

As two different types of state-of-the-art methods, we apply MixSelect and BKMR

on the heavy metals and creatinine data. We (natural) log transform the response

and exposures prior to analysis. Both BKMR and MixSelect conduct Bayesian vari-

able selection, providing posterior inclusion probabilities (PIPs) for each exposure.

Excluding exposures having PIPs ă 0.5, BKMR excludes Barium (PIP « 0), Lead

(PIP « 0), and Tin (PIP = 0.13), while MixSelect excludes Cobalt (PIP = 0.29)

and Uranium (PIP = 0.11). With these exposures excluded, BKMR produces a 10

dimensional dose response surface in the remaining metals. Although inferences on

main effects and pairwise interactions could rely on examining univariate and bi-

variate cross-sections of the 10-dimensional surface, such results are exploratory and

difficult to interpret. In contrast, MixSelect provides PIPs for both the main effects

and pairwise interactions. However, it is not reassuring that MixSelect excludes dif-

ferent exposures than BKMR. In addition, all the interaction PIPs for MixSelect are
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ă 0.11, indicating that none of the interactions are selected.

We are motivated by these preliminary results to develop an approach that is

flexible enough to characterize nonlinear dose response surfaces, while allowing us

to formally detect pairwise interactions that are synergistic or antagonistic. Flexible

nonparametric dose response surface methods can characterize synergistic or antago-

nistic pairwise interactions but they tend to be hidden within a flexible multivariate

surface, as highlighted for BKMR above. We describe our proposed Synergistic

Antagonistic Interaction Detection (SAID) approach in Section 3.3. SAID will be

applied to the motivating metals and creatinine data in Section 3.5.

3.3 Structured Interaction Modeling Approach

3.3.1 Basic Modeling Structure

Denote the health outcome of interest by yi, for individuals i “ 1, . . . , n; we assume

yi P R but the approach can be easily modified to allow yi P t0, 1u or ordered cate-

gorical or count responses. We denote the exposures as xi “ pxi1, . . . , xipq
J P r0, 1sp,

assuming without loss of generality they each fall within r0, 1s, and the covariates as

zi P Rq. The model we consider is given by

yi “ Hpxiq ` η
Jzi ` εi, εi „ Np0, σ2

q, (3.1)

where Hpxq “ Hpx1, . . . , xpq is the dose response function of the exposures, and

we follow common practice in adjusting for the covariates linearly. Without loss of

generality, we assume that higher values of the health outcome y represent worse

health in interpreting exposure effects. As in Wei et al. (2020); Brezger and Lang

(2006), we characterize the dose response function of the exposures Hpxq via an

additive expansion into main effects and pairwise interaction terms:

Hpx1, . . . , xpq “ α `
p
ÿ

j“1

fjpxjq `
ÿ

1ďuăvďp

huvpxu, xvq, (3.2)

48



where α is an intercept, fjpxjq is the main effect of the jth exposure for j “ 1, . . . , p,

and huvpxu, xvq for 1 ď u ă v ď p is a pairwise interaction. The decomposition

in (3.2) allows interpretation of different components in a factorization of the dose

response surface H into main effects and pairwise interactions.

The primary innovation in this chapter is our approach for inferences on the

pairwise interaction component. Section 3.3.2 introduces the general structure of

our model for the huvs. Section 3.3.3 describes an approach for interaction selection.

Section 3.3.4 describes our model for the main effects. Section 3.3.5 contains details

on posterior computation.

3.3.2 Modeling Pairwise Interactions

We propose a model for the pairwise interactions huvs. Assume that huv is continuous

and admits finite partial derivatives up to second order. For a “ pa1, . . . , adq
J P Rd,

we let a2 “ pa2
1, . . . , a

2
dq
J P Rd. For a non-negative function f : r0, 1s2 Ñ r0,8q, we

say f ” 0 if fpx1, x2q “ 0 for all px1, x2q P r0, 1s
2; otherwise, if fpx1, x2q ą 0 for at

least one px1, x2q P r0, 1s
2, f ı 0.

In conducting inferences on interactions in environmental epidemiology, it is of

primary interest to assess whether exposures work together to magnify their health

effects (synergy), tend to block each other’s effects (antagonism), or have effectively

no interaction (null). Hence, for exposures u and v, we focus on the following classes

of interactions.

1. Synergistic if huvpxu, xvq ě 0 for all pxu, xvq P r0, 1s
2 with at least one strict

inequality.

2. Antagonistic if huvpxu, xvq ď 0 for all pxu, xvq P r0, 1s
2 with at least one strict

inequality.

3. Null if huvpxu, xvq “ 0 for all pxu, xvq P r0, 1s
2.
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Our primary interest is in classifying interactions huv in terms of Definitions 1-3.

Although we will not rule out other types of interaction surfaces a priori, we develop

inference approaches that are targeted towards this three class hypothesis testing

problem. This is accomplished in a Bayesian manner with a carefully-structured

model for huv that shrinks towards the space of synergistic, antagonistic, and null

interactions.

If we knew a priori that huv was either synergistic or null, we could let huv “ Puv,

where Puv ě 0. If Puvpxu, xvq ą 0 for at least one pxu, xvq P r0, 1s
2 then huv is

synergistic; otherwise, Puv ” 0 and huv is a null interaction. Similarly, if we knew

a priori that huv was either antagonistic or null, we could let huv “ ´Nuv, where

Nuv ě 0. However, the sign of the interaction huv is usually unknown and pairwise

interactions may be only approximately synergistic or antagonistic. To allow for such

complexities, we let

huvpxu, xvq “ Puvpxu, xvq ´Nuvpxu, xvq, (3.3)

for all pxu, xvq P r0, 1s
2, where Puv, Nuv : r0, 1s2 Ñ r0,8q are non-negative functions.

If Puv ı 0 and Nuv ” 0, huv is synergistic; while if Puv ” 0 and Nuv ı 0, huv is

antagonistic. If both Puv “ Nuv ” 0, huv is null. All three cases are contained in

the restriction
ş

Puv
ş

Nuv “ 0, where
ş

f is shorthand for
ş

r0,1s2
fpx1, x2q dx1dx2 for a

bivariate function f . By penalizing
ş

Puv
ş

Nuv, we can favor huv close to synergistic,

antagonistic, or null.

We decompose Puv and Nuv as products of non-negative univariate functions:

huvpxu, xvq “ Puvpxu, xvq ´Nuvpxu, xvq

“ Puv,1pxuqPuv,2pxvq ´Nuv,1pxuqNuv,2pxvq.
(3.4)

This model is much more flexible than commonly used quadratic regression, which

lets huvpxu, xvq “ γuvxuxv. To model Puv,1, Puv,2, Nuv,1, Nuv,2 as flexible one-dimensional
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non-negative functions, we rely on squaring B-spline expansions (De Boor, 1978) as

follows:

Puv,1pxuq “ tsupxuq
Jθuv,1u

2, Puv,2pxvq “ tsvpxvq
Jφuv,1u

2

Nuv,1pxuq “ tsupxuq
Jθuv,2u

2, Nuv,2pxvq “ tsvpxvq
Jφuv,2u

2,
(3.5)

where supxuq “ psu1pxuq, . . . , sumpxuqq
J denote B-splines for the u-th variable, chosen

so that sujp0q “ 0 for j “ 1, . . . ,m. This is obtained by discarding the intercept

spline; refer to Section B.1 of the Supplementary Material for further details. Con-

straining sujp0q “ 0 for j “ 1, . . . ,m and u “ 1, . . . , p ensures that the interaction huv

satisfies huvpxu, 0q “ 0 for all xu P r0, 1s and huvp0, xvq “ 0 for all xv P r0, 1s, thereby

making huv identifiable. For further details on identifiability of pairwise interactions,

we refer the reader to Sections B.1 and B.3 of the Supplementary Material.

To estimate huv in a Bayesian manner, we define a prior distribution πpΨuvq on

the basis coefficients Ψuv “ pθ
J
uv,1, φ

J
uv,1, θ

J
uv,2, φ

J
uv,2q

J. In order to formulate πpΨuvq,

we first define a prior distribution π0pΨuvq and then augment it with a penalty term

based on QpPuv, Nuvq “
ş

Puv
ş

Nuv. The initial prior π0pΨuvq is defined as

θuv,1, φuv,1 „ N
`

0, ν2τ 2
uv,1Σ0

˘

, θuv,2, φuv,2 „ N
`

0, ν2τ 2
uv,2Σ0

˘

, (3.6)

where Σ0 is a P-spline covariance matrix as in Lang and Brezger (2004); for more

details, refer to Section B.2 of the Supplementary Material. Let wuv “ pτuv,1, τuv,2q

denote the uv-th interaction specific variance parameters. Then, the augmented prior

is

πpΨuv | κuv, wuv, νq9π0pΨuv | wuv, νq expt´κuvQpPuv, Nuvqu.

By letting Au “
ş

supxuqsupxuq
J dxu for u “ 1, . . . , p, QpPuv, Nuvq can be expressed

as

QpPuv, Nuvq “ rQpΨuvq “
`

θJuv,1Auθuv,1
˘ `

φJuv,1Avφuv,1
˘ `

θJuv,2Auθuv,2
˘ `

φJuv,2Avφuv,2
˘

.
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We can therefore rewrite πp¨ | κuv, wuv, νq as

πpΨuv | κuv, wuv, νq9π0pΨuv | wuv, νq expt´κuv rQpΨuvqu. (3.7)

The prior is completed with hyperpriors for the variance and penalty parameters:

τuv,1, τuv,2 „ C`p0, 1q, logpκuvq „ Np0, 1q, ν „ C`p0, 1q, (3.8)

where C`p0, 1q denotes a half-Cauchy prior.

Prior (3.7)-(3.8) is chosen to have a global-local shrinkage form motivated by the

horseshoe prior (Carvalho et al., 2009). Small values of the global parameter ν favor

most of the interactions huv « 0, while the heavy-tailed prior on local parameters

τuv,1 and τuv,2 allow certain interactions to have Puv and Nuv components arbitrarily

far from zero. The role of the penalty is to favor huvs that are close to synergistic,

antagonistic, or null. However, the prior on κuv allows the penalty to be greatly

relaxed for certain pairs of exposures.

To investigate the effect of the penalty parameter κuv, we let p “ 2, corresponding

to a single interaction h12, and simulate draws from the prior π in (3.7). We fix

τ12,1 “ τ12,2 “ ν “ 1 and vary κ12 P t0, 0.1, 1, 10, 100, 1000u. Given a value of κ12, we

draw Ψ12 „ π and compute W “ t
ş

h`12pxu, xvq dxudxvut
ş

h´12pxu, xvq dxudxvu, where

h`12pxu, xvq “ maxth12pxu, xvq, 0u and h´12pxu, xvq “ maxt´h12pxu, xvq, 0u. It is clear

that W “ 0 if and only if h12 is either synergistic, antagonistic, or null. In Figure

3.2, we plot the proportion of prior draws of W less than 0.001 for each value of κ12.

The proportion of prior samples of W less than 0.001 increases from 0.13 to 0.87

as we increase the penalty κ12 from 0 to 1000. We also looked at the maximum of

W over prior draws, which decreased from 939.03 to 0.05 as κ12 increased from 0 to

1000. This shows that the proposed prior distribution is flexible enough to capture

arbitrary interactions for small values of κ12, while favoring interactions that are very

close to being synergistic, antagonistic, or null for large values of κ12.
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Figure 3.2: Plot showing proportion of prior draws of W less than 0.001 as κ12

increases. W is a measure of deviation of the interaction h12 from being synergistic,
antagonistic, or null.

We also tried other approaches to model huv. Instead of squaring unconstrained

functions, one could potentially use a Bayesian monotone spline formulation based

on restricting the sign of the basis coefficients. However, we found squaring an un-

constrained function to provide better estimates, particularly when the non-negative

function being modeled is near 0. We also tried using a tensor product spline model

for the bivariate functions, but using products of univariate functions had better

power. We describe these alternative approaches in more detail in Section B.4 of the

Supplementary Material.

3.3.3 Variable Selection

To select the non-null interactions huvs, we first decompose

huvpxu, xvq “ h`uvpxu, xvq ´ h
´
uvpxu, xvq, (3.9)

where h`uvpxu, xvq “ maxthuvpxu, xvq, 0u ě 0 and h´uvpxu, xvq “ maxt´huvpxu, xvq, 0u ě

0, for any pxu, xvq P r0, 1s
2. The interaction huv is synergistic if and only if h`uv ı 0

and h´uv ” 0, antagonistic if and only if h`uv ” 0 and h´uv ı 0, and null if and only if

h`uv “ h´uv ” 0. These conditions may be rewritten in terms of their integrals since
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for a continuous non-negative function P , P ” 0 if and only if
ş

P “ 0 and P ı 0 if

and only if
ş

P ą 0.

Because we are using a continuous shrinkage prior that places zero probability on

h`uv or h´uv being exactly zero, we treat the integrals
ş

h`uv and
ş

h´uv as effectively zero if

they are below a cutoff c0 ą 0. We call c0 the integral cutoff. Let Cuv “
 ş

h`uv ď c0

(

and Duv “
 ş

h´uv ď c0

(

denote the events that the sizes of h`uv and h´uv are less than

the integral cutoff c0, respectively. In practice, we compute Monte Carlo estimates of

the posterior probabilities P pCuv XDuvq ,P pC
c
uv XDuvq , and P pCuv XD

c
uvq; these

are then used as the estimates of the posterior probabilities that huv is null, synergis-

tic, and antagonistic, respectively. In particular, the posterior inclusion probability

(PIP) of the interaction huv is given by

PIPphuvq “ 1´PpCuv XDuvq “ PpCc
uv YD

c
uvq (3.10)

In practice, we tried with different integral cutoff values c0 “ 0.005, 0.01, 0.05, 0.10.

We provide further details on sensitivity analysis to c0 in Section B.6 of the Sup-

plementary Material. Based on the sensitivity analysis, we recommend using an

integral cutoff of c0 “ 0.01, after standardizing y to have variance 1 prior to fitting

SAID. As a rough rule of thumb, loosely based on Kass and Raftery (1995), one can

view interactions having PIPphuvq P p0.5, 0.75q as barely worth a mention in terms of

weight of evidence against the null, PIPphuvq P r0.75, 0.95q as weakly to moderately

suggestive, PIPphuvq P r0.95, 0.99q as strong evidence, and PIPphuvq ě 0.99 as very

strong evidence.

3.3.4 Main Effects and Other Parameters

For reasons of identifiability, we assume the main effects f1, . . . , fp either satisfy

ş1

0
fjpxjq dxj “ 0 for each j “ 1, . . . , p or fjp0q “ 0 for j “ 1, . . . , p. We call the former

set of conditions as integral constraints and the latter as origin constraints. Suppose
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that for exposure j, tbj,1p¨q, . . . , bj,dp¨qu represent one-dimensional basis functions,

such as B-splines. To enforce the identifiability conditions, we let the functions

bj,1, . . . , bj,d either satisfy
ş1

0
bj,upxjq dxj “ 0 for u “ 1, . . . , d, j “ 1, . . . , p if the main

effects satisfy the integral constraint, or bj,up0q “ 0 for u “ 1, . . . , d, j “ 1, . . . , p if

the main effects satisfy the origin constraint. We provide further details in Sections

B.1 and B.3 of the Supplementary Material. Let bjpxjq “ pbj,1pxjq, . . . , bj,dpxjqq
J.

We now model fj as

fjpxjq “
d
ÿ

u“1

bj,upxjqγj,u “ bjpxjq
J Γj, (3.11)

where Γj “ pγj,1, . . . , γj,dq
J. To estimate the coefficient vector Γj, we assume a

univariate P-spline prior distribution (Lang and Brezger, 2004) on Γj. With an

appropriate positive-definite matrix ΣM , we can write this prior as

Γj | λj „ N

ˆ

0,
ΣM

λj

˙

, λj „ Gpa, aq, (3.12)

where λj ą 0 is a scale parameter corresponding to the j-th main effect. The

sensitivity to the choice of hyperparameter a for the distribution of λj has been

investigated in Lang and Brezger (2004); we found a “ 0.5 to work the best across

simulations and applications.

To complete prior specification for the parameters in (3.1)-(3.2), we put vague

prior distributions on the intercept α and covariate effects η, and a non-informative

prior on the measurement error variance σ2:

α „ Np0, 104
q, η „ Np0, 104 Iqq, σ2

„ σ´2. (3.13)

3.3.5 Posterior Sampling

We rely on a Hamiltonian Monte Carlo (HMC) (Neal et al., 2011; Betancourt and

Girolami, 2015; Hoffman et al., 2014)-within-Gibbs algorithm, with HMC used to
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sample the interaction parameters Ψuv for 1 ď u ă v ď p, and other parameters up-

dated in Gibbs steps. Although this approach is highly effective in our experiments,

it is important to carefully choose the step size e0 and step length L0 in HMC. In

practice, we found e0 « 0.01 and L0 « 10 to work well.

The augmented prior distribution π introduced in Section 3.3.2 creates difficulty

when sampling from the posterior using MCMC. This is because the normalizing

constant

Zpκ, τ1, τ2, νq “

ż

expt´κ rQpΨqu π0pΨ | τ1, τ2, νq dΨ

is not easy to evaluate numerically. To bypass this difficulty, we proceed as in Rao

et al. (2016), by augmenting rejected proposals originating from a rejection sampling

mechanism. Introducing the rejected proposals eliminates the normalizing constant

Z and makes sampling from the posterior feasible using standard MCMC algorithms.

Let y “ py1, . . . , ynq
J P Rn and Z “ rz1 | . . . | zns

J P Rnˆq. Following Sections

3.3.2 and 3.3.4, let B1, . . . , Bp P Rnˆd and S1, . . . , Sp P Rnˆm be such that the ith

row of Bj and Sj is given by bJj pxijq and sJj pxijq, respectively. Let M be the block

diagonal matrix given by M “ block-diagp104, 104 Iq,ΣM{λ1 . . . ,ΣM{λpq. We also let

rB “ r1n | Z | B1 | . . . | Bps P Rnˆp1`q`pdq, G “ pα, ηJ,ΓJ1 , . . . ,ΓJp qJ, and for 1 ď u ă

v ď p, we let huv “ pSuθuv,1q
2pSvφuv,1q

2 ´ pSuθuv,2q
2pSvφuv,2q

2 denote the vector of

the uvth interaction evaluated at the data points, and Θuv “ pΨ
J
uv, τuv,1, τuv,2, κuvq

J

be the set of parameters for the uv-th interaction. For a matrix M0 and a finite

set S0, denote their trace and cardinality by trpM0q and |S0|, respectively. Posterior

sampling then proceeds as follows.

1. Sample G | ´ „ N

˜

A´1
rBJξ

σ2
,A´1

¸

using Rue (2001), where

A “
rBJ

rB

σ2
`M´1, ξ “ y ´

ÿ

1ďuăvďp

huv.
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2. For each j “ 1, . . . , p, sample λj | ´ „ G

˜

a`
d

2
, a`

ΓJj Σ´1
M Γj

2

¸

.

3. For each u, v with 1 ď u ă v ď p, let Iuv “ tpi1, i2q : 1 ď i1 ă i2 ď p, pi1, i2q ‰

pu, vqu.

(a) Define ∆uv “ y ´

¨

˝
rBG `

ÿ

pu1,v1qPIuv

hu1v1

˛

‚.

(b) Given κuv, τuv,1, τuv,2, ν, repeatedly sample independent Yuv,j „ π0p¨ |

τuv,1, τuv,2, νq for j “ 1, 2, . . . until a sample Yuv,j0 is accepted; accept

Yuv,j with probability expt´κuv rQpYuv,jqu for j “ 1, 2, . . .. Discard Yuv,j0

and form the set of rejected proposals Ruv “ tYuv,1, . . . ,Yuv,|Ruv |u “

tYuv,1, . . . ,Yuv,j0´1u.

(c) Given ∆uv,Ruv, and ν, use HMC to draw one sample of Θuv, targeting

ΠpΘuv | ∆uv,Ruv, νq9π0pΨuv | τuv,1, τuv,2, νq expt´κuv rQpΨuvqu

ˆ

|Ruv |
ź

j“1

π0pYuv,j | τuv,1, τuv,2, νq
”

1´ expt´κuv rQpYuv,jqu
ı

ˆ πτ pτuv,1q πτ pτuv,2qπκpκuvqNp∆uv | huv, σ
2Inq,

where πτ is the C`p0, 1q density, and πκ is the standard lognormal density.

(d) Update the uv-th interaction huv “ pSuθuv,1q
2pSvφuv,1q

2´pSuθuv,2q
2pSvφuv,2q

2.

4. Following Makalic and Schmidt (2015), we introduce W such that ν2 | W „

IGp1{2, 1{W q and W „ IGp1{2, 1q, which leads to ν „ C`p0, 1q. For each

1 ď u ă v ď p, we decompose each rejected proposal Yuv,j as Yuv,j “

p rYJuv,j1, rYJuv,j2, rYJuv,j3, rYJuv,j4qJ, for j “ 1, . . . , |Ruv|. Form Ruv,l P R|Ruv |ˆm

with its j-th row given by rYJuv,jl, for j “ 1, . . . , |Ruv| and l “ 1, 2, 3, 4. Let

nR “
ř

1ďuăvďp |Ruv|. The full conditional updates for ν2 and W are given by:
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(a) ν2 | ´ „ IG

˜

1

2
` 2m

"ˆ

p

2

˙

` nR

*

,
1

W
`

1

2

ÿ

1ďuăvďp

pruv ` tuvq

¸

, where

ruv “
θJuv,1Σ´1

0 θuv,1 ` φ
J
uv,1Σ´1

0 φuv,1

τ 2
uv,1

`
θJuv,2Σ´1

0 θuv,2 ` φ
J
uv,2Σ´1

0 φuv,2

τ 2
uv,2

,

tuv “
tr
 

Σ´1
0

`

RJ
uv,1Ruv,1 `RJ

uv,2Ruv,2

˘(

τ 2
uv,1

`
tr
 

Σ´1
0

`

RJ
uv,3Ruv,3 `RJ

uv,4Ruv,4

˘(

τ 2
uv,2

.

(b) W | ´ „ IGp1, 1` ν´2q.

5. Sample σ2 | ´ „ IG

ˆ

n

2
,
py ´ µqJpy ´ µq

2

˙

, where µ “ rBG `
ÿ

1ďuăvďp

huv.

We repeat Steps 1-5 for a large number of iterations, and base inference on the

resulting samples after discarding a burn-in. We provide further details in Section

B.5 of the Supplementary Material. For code, we developed the R package SAID

available for download at https://github.com/shounakchattopadhyay/SAID,

which was used in the application and numerical experiments.

3.4 Simulation Examples

3.4.1 Preliminaries

We carry out simulation studies comparing SAID with the competitors BKMR (Bobb

et al., 2015), MixSelect (Ferrari and Dunson, 2020), HierNet (Bien et al., 2013),

Family (Haris et al., 2016), PIE (Wang et al., 2019), and RAMP (Hao et al., 2018).

We generate data according to:

yi “ Hpxiq ` εi, εi „ Np0, σ2
0q, (3.14)
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where H is the exposure dose response surface decomposed as in (3.2), and σ2
0 is the

true error variance. As before, we assume that the exposures satisfy xi P r0, 1s
p. We

consider two dimensions: p “ 2 and p “ 10. For p “ 2, we compare the methods

in terms of their estimation performance for varying interaction signal strength and

error variance, across three different types of interactions. For p “ 10, we consider

accuracy in estimation and variable selection for pairwise interactions.

HierNet, Family, PIE, and RAMP estimate the dose response surface H using

quadratic regression, which also provides estimates of pairwise interaction functions

using bilinear surfaces of the form fpx, x1q “ γxx1. MixSelect combines quadratic

regression with an additional nonlinear deviation term in the model, assumed to be

orthogonal to the quadratic regression. This approach provides estimates of pairwise

interactions in the spirit of quadratic regression, while improving flexibility in cap-

turing H. BKMR estimates H using unconstrained Gaussian processes incorporating

variable selection. Thus, we do not consider BKMR as a competitor when estimating

pairwise interactions, as BKMR does not provide estimates of these interactions.

Given training points tpxi, yiqu
n
i“1, we first estimate H and the pairwise inter-

actions huv using the relevant method and denote the estimates by pH and phuv,

respectively. For the Bayesian methods, we use the posterior mean as the estimator.

We evaluate the true surface H and true interactions huv at test exposure points

tx̃1, . . . , x̃ntu, denoted by

rH “ pHpx̃1q, . . . , Hpx̃ntqq
J

and

rhuv “ phuvpx̃1u, x̃1vq, . . . , huvpx̃nt,u, x̃nt,vqq
J,

respectively. Finally, we estimate rH and rhuv for 1 ď u ă v ď p by replacing H

and huv with pH and phuv, respectively. The estimates are evaluated using root mean

squared error (RMSE).

59



We also consider the variable selection accuracy of competing methods. For each

method, we estimate the case 1 and case 2 errors from classifying an interaction as

synergistic, antagonistic, or null. For any category, the case 1 error probability is

given by the probability of misclassifying an interaction as not belonging to that

category, when in truth the interaction is in that category. The case 2 error proba-

bility is given by the probability of misclassifying an interaction as belonging to that

category when in truth, it does not belong to that category.

3.4.2 Two Exposures

We first carry out simulation experiments with p “ 2 exposures. We consider three

different scenarios and evaluate the competitors on test set RMSE in estimating H

and the pairwise interaction h12. In all three scenarios, we train the methods on a

sample of size n “ 500 and evaluate on nt “ 500 test points. The pairwise interaction

h12 is taken to be of the form h12px1, x2q “ γ0fpx1, x2q, where γ0 is the interaction

strength and f is a baseline interaction function which we vary across the three

different scenarios. We vary γ0 P t1, 2u and σ2
0 P t0.1, 0.5u, thereby considering low-

to-moderate interaction strength and error variance. For each method in a particular

scenario and a pair pγ0, σ
2
0q, we replicate the experiment R “ 10 times and report

the average error across replicates. When fitting SAID, we assume that the main

effects satisfy the origin constraint.

We first consider a scenario where the true interaction is synergistic and nonlinear

in nature and denote this case by SN. To elaborate, the dose response surface Hp¨q

is given by

Hpx1, x2q “ 0.5` x2
1 ` x

2
2 ` γ0x

2
1x

2
2.

The pairwise interaction h12px1, x2q in this case is h12px1, x2q “ γ0x
2
1x

2
2. The RMSEs

of each method for varying signal and noise components are provided in Tables 3.1

and 3.2. Although methods such as BKMR and RAMP have similar out-of-sample
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Table 3.1: RMSE of competitors when estimating H in case SN. Here n “ 500 and
p “ 2.

Signal and Noise SAID BKMR MixSelect HierNet Family PIE RAMP
γ0 “ 1, σ2

0 “ 0.1 0.05 0.04 0.15 0.22 0.40 1.41 0.05
γ0 “ 1, σ2

0 “ 0.5 0.10 0.10 0.16 0.22 0.41 1.29 0.09
γ0 “ 2, σ2

0 “ 0.1 0.05 0.05 0.13 0.24 0.51 2.18 0.07
γ0 “ 2, σ2

0 “ 0.5 0.10 0.10 0.19 0.24 0.51 2.16 0.10

Table 3.2: RMSE of competitors when estimating h12 in case SN. Here n “ 500 and
p “ 2.

Signal and Noise SAID MixSelect HierNet Family PIE RAMP
γ0 “ 1, σ2

0 “ 0.1 0.06 0.16 0.19 0.18 0.18 0.18
γ0 “ 1, σ2

0 “ 0.5 0.11 0.19 0.16 0.18 0.24 0.21
γ0 “ 2, σ2

0 “ 0.1 0.08 0.24 0.17 0.37 0.34 0.34
γ0 “ 2, σ2

0 “ 0.5 0.13 0.28 0.18 0.37 0.37 0.36

RMSEs with respect to SAID, the proposed approach shows superior performance in

estimating the interaction term. In particular, the gains of using SAID are the most

prominent when the signal strength of the interaction is the highest, indicating lack

of flexibility of the other methods.

Secondly, we assume the data generating process has linear main effects and a

synergistic linear interaction, namely a quadratic regression (QR) setup. We let H

be

Hpx1, x2q “ 0.5` x1 ` x2 ` γ0x1x2.

The interaction is given by h12px1, x2q “ γ0x1x2. Lastly, we consider a scenario

where the interaction is nonlinear and is neither synergistic, antagonistic, or null,

while keeping the main effects as before. We call this the mis-specified interaction

(MIS) case and let H be

Hpx1, x2q “ 0.5` x1 ` x2 ` γ0px1x2 ´ 2x2
1x

2
2q.

In this case, the interaction is given by h12px1, x2q “ γ0px1x2´2x2
1x

2
2q. The interaction
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h12 is non-negative for x1x2 ď 1{2 and non-positive for x1x2 ě 1{2, and thus is neither

synergistic, antagonistic, or null. To ease exposition, we defer the results obtained

from scenarios QR and MIS to Section B.7 of the Supplementary Material. In the

scenario QR, quadratic regression approaches such as RAMP and MixSelect perform

better as the data is also generated from a quadratic regression setup. However,

the performance of SAID is similar to its competitors for estimating both the dose

response surface and the interaction surface. In the scenario MIS, BKMR and SAID

perform the best in terms of estimating H. When estimating the interaction, SAID

outperforms its competitors due to the lack of flexibility for other pairwise interaction

approaches.

3.4.3 More than Two Exposures

In this subsection, we consider a moderate dimensional example with p “ 10 and

thus
`

10
2

˘

“ 45 pairwise interactions. We assume that the true data generating model

has 5 synergistic, 5 antagonistic, and 35 null pairwise interactions. We let σ2
0 “ 0.2

with the number of training and test points taken to be n “ 1000 and nt “ 500,

respectively. The experiment is replicated R “ 20 times. We fit all the quadratic

regression methods assuming weak heredity of the pairwise interactions. Family is

not considered due to unstable estimates; furthermore, except when estimating H,

we do not consider BKMR.

We assume (3.14) and decompose Hpxq in the following way:

Hpxq “ α0 `M0pxq ` S0pxq ` A0pxq,
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where

α0 “ ´5{6

M0pxq “
`

x1 ` x
2
1

˘

`
x2

2
` x3

7,

S0pxq “ 4px1 ´ x
2
1qx2 ` x1x9 ` x

2
2x

2
3 ` x3x8 `

pex5 ´ 1qx10

e´ 1
,

A0pxq “ ´

„

x1x3 ` x
2
2x5 `

27

4
x2

4p1´ x4qx9 ` x7x10 ` x8x
2
9



.

Here, M0, S0, A0 denote the true main effects, synergistic interaction effects, and the

antagonistic interaction effects, respectively. The form of the interactions include

pairwise linear, nonlinear polynomial, and nonlinear interactions which are not of

polynomial form. Each pairwise interaction has absolute maximum value equal to 1.

As before, we assume the main effects start from the origin when fitting SAID. The

results comparing the methods are given in Table B.1. For comparison, the RMSE

when estimating H using BKMR is 0.17.

In terms of estimation accuracy, SAID performs uniformly better than its com-

petitors in estimating both the overall surface H and the interaction surface I, given

by Ipxq “ S0pxq ` A0pxq. We believe that this is due to the SAID prior on the

pairwise interactions being flexible enough to capture nonlinear interactions while

also efficiently extracting interaction signal in the presence of noise. Furthermore,

the SAID framework does not require any heredity assumptions, helping detection

of pairwise interactions even in the absence of main effects of one or both of the

corresponding exposures. In terms of variable selection, the case 1 error probabilities

for synergistic and antagonistic detections are similar across the methods. However,

SAID has considerably less case 1 error when detecting null interactions, indicating

that SAID more accurately classifies null interactions to be null compared with its

competitors. SAID also shows superior performance in terms of case 2 error when

classifying both synergistic and antagonistic interactions. This indicates that SAID
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Table 3.3: Comparison of the methods in terms of RMSE and variable selection
accuracy for p “ 10.

Criterion SAID MixSelect HierNet PIE RAMP
Overall Surface RMSE 0.13 0.29 0.30 0.75 0.18
Interaction Surface RMSE 0.21 0.52 0.48 0.42 0.43
Synergistic Case 1 Probability 0.008 0.040 0.001 0.008 0.015
Synergistic Case2 Probability 0.001 0.220 0.450 0.210 0.230
Antagonistic Case1 Probability 0.005 0.013 0.002 0.006 0.008
Antagonistic Case2 Probability 0.001 0.050 0.240 0.040 0.050
Null Case1 Probability 0.001 0.135 0.345 0.125 0.140
Null Case2 Probability 0.014 0.056 0.002 0.016 0.026

has a lower probability of misclassifying an interaction as synergistic or antagonistic

when it is not so, compared with its competitors. Out of the methods considered,

SAID is the only one with case 1 and case 2 classification errors less than 0.05 for

each case. In terms of uncertainty quantification of interactions evaluated at the

test points, the 95% posterior credible intervals obtained from SAID have 94.6%

coverage, averaged over R “ 20 replicates and all 45 interactions.

3.5 Analysis of Kidney Function Data

3.5.1 Preliminaries

In this Section, we apply the proposed Synergistic Antagonistic Interaction Detection

(SAID) approach to the NHANES 2015-16 data. We are interested in detecting syn-

ergistic and antagonistic interactions between heavy metals affecting kidney function.

Following Section 3.2 and the results in Section 4.4, it is evident that the current

methods either do not provide inferences on interactions or lack flexibility in charac-

terizing interactions. We now illustrate how SAID detects synergistic, antagonistic,

and null interactions.

As discussed in Section 3.2.1, we assess kidney function of individuals through

their urine creatinine (uCr) levels, measured in mg/dL. Heavy metal concentrations
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are also measured in urine. We consider 13 heavy metals, namely Antimony (Sb),

Barium (Ba), Cadmium (Cd), Cesium (Cs), Cobalt (Co), Lead (Pb), Manganese

(Mn), Molybdenum (Mo), Strontium (Sr), Thallium (Tl), Tin (Sn), Tungsten (W),

and Uranium (U), all measured in µg/mL. Following Section 3.2.2, we remove indi-

viduals with albuminuria and missing entries from the original data set. The sample

size after removal of such entries is n “ 1979. As described in Section 3.2.3, we multi-

ply both the uCr and the heavy metal concentration levels by the individual-specific

urine flow rate to obtain their dilution-adjusted versions. Furthermore, we also con-

sider age (in years), sex (0 for males and 1 for females), ethnicity (Non-Hispanic

White, Non-Hispanic Black, Mexican American, Other Hispanic, and Other), and

body mass index (BMI) of the subject as covariates.

Before beginning our analysis, we first (natural) log-transformed the dilution-

adjusted urine creatinine levels. We use a marginal cumulative distribution function

(CDF) transformation for standardizing exposure variables. Suppose the dilution-

adjusted exposure variables are denoted by E1, . . . , Ep, with the marginal CDF of

variable j denoted by Fj for j “ 1, . . . , p. To estimate Fj, we use kernel density

estimation to first estimate the marginal density of Ej and then estimate the in-

duced CDF F̂j from the density estimate. The transformed exposures are defined as

xj “ F̂jpEjq P r0, 1s. Standardizing exposures in this manner facilitates statistical

inferences by reducing the tendency for the exposure data to be unevenly distributed,

with very sparse observations for certain ranges of exposure. Transforming the ex-

posures does not complicate interpretation, as we can convert dose response surfaces

back to the original units. In addition, the transformed exposures are directly inter-

pretable as quantiles of the exposure distribution in the sample; for example, xj “ 0.5

reflects a median value for the jth exposure.

For the i-th individual in the data set, let yi P R be the log of the dilution-
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adjusted urinary creatinine level, xi P r0, 1s
13 be the 13 dilution-adjusted urinary

metal concentrations after CDF transformations, and zi P R7 be the covariate vector,

with dummy variables for the different ethnic groups. We use “Non-Hispanic White”

as the baseline category in defining indicators. The dimensions of exposures and

covariates are p “ 13 and q “ 7, respectively. We also standardized the covariates

age and BMI to have variance 1 before fitting the model.

Following Section 3.3.5, we employed a Hamiltonian Monte Carlo (HMC)-within-

Gibbs sampler to obtain posterior samples of the model parameters. We ran the

sampler for a total of 15000 iterations and discarded the first 5000 iterations as

burn-in. We standardized the y to have variance 1 before fitting the model and then

used an integral cutoff of 0.01 as described in Section 3.3.3 in order to compute PIPs

of pairwise interactions. After computing the PIPs, we present our inferences in

the original scale, that is, where y is not standardized. This is achieved simply by

multiplying the estimates of the intercept, main effects, interaction effects, covariate

effects, and measurement error standard deviation obtained from the fitted model

by the standard deviation of y.

3.5.2 Model Diagnostics

We first assess MCMC convergence. To improve mixing, we perturb the step-size

e0 by a small factor every 500 iterations. As a measure of mixing of the chain, we

look at the MCMC samples of the error variance σ2. The effective sample size of σ2

is 33.7% of the total number of MCMC samples, after discarding the burn-in. We

found this proportion to remain fairly robust across longer chains. On a MacBook

Pro with M1 CPU and 16 GB of RAM, it took „ 40 minutes to fit SAID on this

dataset; for comparison, MixSelect took „ 6 hours with the same number of MCMC

iterates. Computation time can be improved by taking shorter chains, as 15000 was

conservative based on our assessments.
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Figure 3.3: Figure showing Q-Q plot of standardized residuals and marginal den-
sity plots of posterior predictive samples of urine creatinine levels, obtained from
the NHANES 2015-16 data. Deviation from the reference blue line in Q-Q plot is
deviation from normality.

Next, we assess goodness-of-fit by inspecting standardized residuals and carrying

out posterior predictive checks (Gelman et al., 1996). We generate posterior pre-

dictive samples corresponding to each training point. To validate the assumption of

normality of the measurement error, we look at a Q-Q plot of standardized residu-

als, defined to be the difference of the observed and predicted responses and then

standardized. We also compare the marginal density of the observed response vari-

able with the marginal densities of 3 randomly chosen MCMC samples of predicted

responses. We provide both the Q-Q plot of the obtained standardized residuals and

the comparison of marginal density plots in Figure 3.3. Figure 3.3(a) indicates that

the normality assumption is justified; furthermore, the densities of the randomly cho-

sen predicted response samples in Figure 3.3(b) very closely resemble the marginal

density of the observed response. Lastly, the coverage of 95% posterior predictive

intervals of the responses, averaged over all observed responses, is 96%.

3.5.3 Results

In this subsection, we discuss the main results of our analyses of the data described

in Section 3.5.1. For each exposure, we constrain the main effects to start from 0 at
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the minimum observed value of that exposure. The 95% posterior credible interval of

the error variance σ2 is r0.080, 0.091s with a posterior mean of 0.086. The exposures

and covariates together explain 89% of the variation in the response.

We observed nonlinear main effects for Antimony, Cadmium, Cobalt, Cesium,

Molybdenum, Tin, and Uranium. The general trend for the main effects of these

heavy metals is an increase in log dilution-adjusted urine creatinine as exposure to

metal concentrations increases. Since urine concentrations of creatinine are directly

correlated with serum concentrations of creatinine, this might indicate higher kidney

stress at higher levels of metal exposure. The main effects have either a monotonic

or hill-shaped pattern, which is as expected in studying health effects of potentially

toxic exposures. We found exposure to high doses of Cesium to increase log dilution-

adjusted urine creatinine the most, followed by Cadmium. For illustration, we plot

the main effects of Cadmium, Cesium, Molybdenum, and Uranium in Figure 3.4,

with both the response and the exposures shown in log scale. We provide further

plots for the main effects of the other exposures in Section B.8 of the Supplementary

Material. When the exposures are CDF transformed, we can evaluate the main effect

of an exposure at a desired quantile. As an illustration, the metals Antimony, Cad-

mium, Cobalt, Cesium, Molybdenum, Tin, and Uranium at their median exposure

levels have a main effect of 0.23, 0.69, 0.52, 0.88, 0.39, 0.22, and 0.22, respectively, on

log dilution-adjusted Creatinine. Similar main effects of heavy metal exposures on

kidney function have been detected in earlier literature. For example, Ferraro et al.

(2010) found Cadmium exposure to be associated with increased risk of chronic kid-

ney disease, based on an analysis of NHANES data from 1999-2006. In a recent study,

Rahman et al. (2022) found Cesium, Cadmium, and Antimony to be associated with

kidney damage.

The proposed approach detects multiple synergistic and antagonistic interactions

between exposures. Excluding the interactions with PIP ă 0.5, the detected inter-
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Figure 3.4: Plots showing the main effects of dilution-adjusted Cadmium, Cesium,
Molybdenum, and Uranium on log dilution-adjusted Creatinine. Exposure levels are
in log scale. Black line denotes posterior mean and shaded regions denote pointwise
95% posterior credible intervals.

actions were Cadmium and Tin (PIP ą 0.99), Molybdenum and Tin (PIP ą 0.99),

Cadmium and Manganese (PIP = 0.99), and Cobalt and Manganese (PIP = 0.98).

For these interactions, we also compute the posterior synergistic probability (PSP)

and posterior antagonistic probability (PAP). The interactions Cadmium and Tin

(PSP ą 0.99) and Cobalt and Manganese (PSP = 0.98) have high posterior prob-

ability of being synergistic. On the other hand, the interactions Molybdenum and

Tin (PAP ą 0.99) and Cadmium and Manganese (PAP = 0.99) have high posterior

probabilities of being antagonistic. The interactions typically demonstrate flat be-

havior for most of the exposure domain and synergy/antagonism for the rest of the
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domain. Nonlinear surfaces of this kind cannot be captured by quadratic regression

approaches. We believe this to be a possible reason behind MixSelect being unable to

detect these interactions. In Figure 3.5, we plot the interaction surfaces of Cadmium

and Tin, Cobalt and Manganese, and Cadmium and Manganese. The plots for the

interaction between Molybdenum and Tin can be found in Section B.8 of the Sup-

plementary Material. Each row in Figure 3.5, from left to right, shows the pointwise

2.5% quantile, mean, and pointwise 97.5% quantile of the posterior samples of the

pairwise interaction, evaluated on a 30ˆ30 regular grid of points across the exposure

values.

Regarding the covariate effects, we detected a negative association with age with

an estimated coefficient ´0.10 and 95% CI given by r´0.12,´0.08s. As expected,

females had significantly lower urine creatinine levels than males, with the estimated

coefficient of sex being ´0.25 with 95% CI given by r´0.28,´0.22s. In addition,

average creatinine levels increased with BMI, with the coefficient on BMI estimated

as 0.11 with 95% CI of r0.10, 0.13s. The ethnicity category “Non-Hispanic Black”

was found to have higher log dilution-adjusted urine creatinine concentrations than

that of the baseline category “Non-Hispanic White”, with an estimated coefficient

of 0.17 and a 95% CI r0.13, 0.21s. The ethnicity categories “Mexican American”,

“Other Hispanic”, and “Other” were found to have lower log dilution-adjusted urine

creatinine concentrations than that of “Non-Hispanic White”; their estimated coef-

ficients are ´0.12 with 95% CI given by r´0.16,´0.08s, ´0.05 with 95% CI given

by r´0.10,´0.01s, and ´0.11 with a 95% CI given by r´0.16,´0.07s, respectively.

Similar observations have been made previously in literature; refer to James et al.

(1988).
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Figure 3.5: Plots showing the interaction effects of dilution-adjusted Cadmium and
Tin, Cobalt and Manganese, and Cadmium and Manganese on dilution-adjusted
log Creatinine. Exposure levels are in log scale. Each plot shows the pointwise
2.5% posterior credible surface, the posterior mean, and the 97.5% posterior credible
surface from left to right.
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4

Factor Analysis with Blessing of Dimensionality

4.1 Introduction

Inference on covariance in high-dimensional data is a key focus in many appli-

cation areas, motivating a rich literature on associated statistical methods. One

thread of this literature avoids modeling of the data and instead focuses on high-

dimensional covariance matrix estimators under various assumptions on the inherent

low-dimensional structure in the data, including (but not limited to) banded covari-

ance (Bickel and Levina, 2008), low rank structure (Shikhaliev et al., 2019), low

rank with sparsity (Richard et al., 2012), sparse covariance (Bien and Tibshirani,

2011), and sparse inverse precision matrix estimation (Zhang and Zou, 2014). Our

interest is instead in model-based Bayesian approaches, which have advantages in

terms of ability to naturally accommodate complexities in the data and uncertainty

quantification, while having disadvantages in terms of computational efficiency.

While there is a rich Bayesian literature on inference for high-dimensional co-

variance matrices, one of the most popular and routinely applied approaches is

Bayesian factor analysis (Bhattacharya and Dunson, 2011; Lopes and West, 2004).
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There continue to be regular developments improving upon and expanding the scope

of Bayesian factor analysis methods (Schiavon et al., 2022; De Vito et al., 2021;

Frühwirth-Schnatter, 2023; Roy et al., 2021; Ma and Liu, 2022; Bolfarine et al., 2022;

Xie et al., 2022). Even with increasingly rich classes of priors and data types, the

canonical approach for posterior computation remains Gibbs samplers that iterate

between updating latent factors, factor loadings, residual variances, hyperparameters

controlling the hierarchical prior, and other model parameters. This approach has

the advantage of being simple to implement in broad model classes, but nonetheless

commonly faces problems with slow mixing, particular as data dimensionality and

complexity increase. Furthermore, when carrying out posterior inference with Gibbs

samplers, there is a need to rotate the obtained samples to tackle the rotational

ambiguity inherently woven into factor models and induce sparsity. Such ambigu-

ity resulting in the non-identifiability of parameters can manifest as Markov chain

Monte Carlo (MCMC) algorithms cycling between visiting multiple posterior modes

and/or getting stuck at a mode, reducing the effective sample size (ESS) and thus

the quality of posterior inference obtained from the algorithm. Although approaches

such as varimax rotations in Rohe and Zeng (2020) or automatic rotations to induce

sparsity as in Ročková and George (2016) resolve such ambiguity, the need for post-

processing the obtained posterior samples introduces unnecessary complexity when

inferring the covariance matrix and makes the overall process more cumbersome.

There are various strategies that have been developed to improve mixing of Gibbs

samplers, including blocking, marginalization, and parameter expansion. However,

computational hurdles remain, particularly as the number of dimensions increase.

This has motivated a rich literature on scalable approaches for Bayesian inference

of the covariance matrix in factor models, relying on variational approximations

(Attias, 2013), maximum a posteriori estimation under sparsity priors (Srivastava

et al., 2017), empirical Bayes approaches (Wang and Stephens, 2021), scalable spar-
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sity inducing priors (Zhao et al., 2016), point estimation using the expectation-

maximization (EM) algorithm (Avalos-Pacheco et al., 2022), and efficient posterior

sampling to tackle non-identifiability (Man and Culpepper, 2022). Although greatly

improving computational efficiency over the traditional Gibbs sampling algorithms,

such approaches often provide little to no quantification of uncertainty in the covari-

ance matrix, or provide further challenges to resolve non-identifiability of the latent

factors and factor loadings. Furthermore, one may run into the same issues as get-

ting stuck at local modes when optimizing the criterion of interest to obtain point

estimates of the covariance matrix.

In general, fast algorithms for Bayesian factor analysis that are capable of scal-

ing efficiently to high-dimensional data sacrifice the ability to provide an accurate

characterization of uncertainty. The focus of this article is on proposing a simple ap-

proach for overcoming this limitation, providing a fast algorithm for high-dimensional

Bayesian covariance matrix inference in factor analysis. With increasing dimensions,

we obtain an increasing number of observations sharing a common latent factor.

As a consequence, we obtain a blessing of dimensionality phenomenon allowing us

to first pre-estimate the latent factors and then use this point estimate to obtain

pseudo-posterior samples of the factor loadings and the residual variances by em-

ploying conjugate priors for the unknown parameters. This in turn induces a pseudo-

posterior distribution on the covariance matrix and allows us to draw samples from

this pseudo-posterior in a computationally efficient manner. The proposed Factor

Analysis with BLEssing of dimensionality (FABLE) approach completely bypasses

Markov chain Monte Carlo, instead providing an embarrassingly parallel framework

to obtain pseudo-posterior samples of the high dimensional covariance matrix. The

work of Fan et al. (2023) also considers pre-estimating the latent factors using prin-

cipal components analysis (PCA), obtained from the observed high-dimensional co-

variates in a regression setting. In their work, high-dimensional regression is carried
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out using latent factors to alleviate issues of multicollinearity. Our framework for

estimating the latent factors is more general as it accounts for arbitrary rotation

ambiguity, yielding the estimate of Fan et al. (2023) as a special case. The primary

innovation of the proposed FABLE methodology is leveraging on the blessing of di-

mensionality phenomenon to obtain fast pseudo-posterior samples of the covariance

matrix, with guarantees on both estimation accuracy and uncertainty quantification

through the lens of asymptotic theory and simulation experiments. In contrast, Fan

et al. (2023) considers estimating the latent factors to aid high-dimensional regression

and relates joint latent factor models with sparse regression models.

In Section 4.2, we describe the FABLE methodology in detail, along with a dis-

cussion on choosing key hyperparameter values. In Section 4.3, we provide theo-

retical results demonstrating the blessing of dimensionality phenomenon, along with

pseudo-posterior contraction rates and guarantees on uncertainty quantification when

estimating the underlying data generating high-dimensional covariance matrix. In

Section 4.4, we validate our approach from the viewpoint of estimation error and

frequentist coverage on a wide variety of numerical experiments by comparisons with

existing state-of-the-art approaches.

4.2 Proposed Methodology

4.2.1 Initial Approach

The observed data consists of Y “ ry1, . . . , yns
J P Rnˆp, where yi P Rp for i “

1, . . . , n. We consider the following latent factor model:

yi “ Ληi ` εi, εi
iid
„ Npp0,Σq, (4.1)

where we have omitted the intercept term, assuming the data have been centered

prior to analysis. Here, Λ P Rpˆk denotes an unknown matrix of factor loadings,

ηi
iid
„ Nkp0, Ikq denotes latent factors, k ! p, and εi is a zero-mean error having
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diagonal covariance Σ “ diagpσ2
1, . . . , σ

2
pq. Integrating out the latent factors provides

the following marginal distribution of yi for i “ 1, . . . , n:

yi | Λ,Σ
iid
„ Npp0,ΛΛJ ` Σq.

Therefore, the covariance Ψ “ ΛΛJ ` Σ is decomposed as a sum of two parts; one

low rank and the other diagonal. In this paper, our goal is to estimate Σ, L “ ΛΛJ,

and Ψ. We first illustrate our methodology assuming k is known. Later, we discuss

an approach to estimate k in Section 4.2.3.

Let M “ rη1, . . . , ηns
J P Rnˆk and Λ “ rλ1, . . . , λps

J P Rpˆk, with λJj denoting the

jth row of Λ. We also denote the jth column of Y as ypjq, so that Y “ ryp1q, . . . , yppqs.

The latent factor model (4.1) may be expressed in the following alternate way:

ypjq “ Mλj ` ε
pjq, (4.2)

where εpjq is the jth column of the matrix E “ rε1, . . . , εns
J “ rεp1q, . . . , εppqs, where

εpjq
ind
„ Nnp0, σ

2
j Inq. Writing in matrix form, we obtain

Y “ MΛJ ` E. (4.3)

In our approach, we obtain a proxy xM for M and substitute the proxy in (4.2) to

effectively reduce the latent factor model to a parallel regression problem with xM as

the design matrix and λj the regression coefficient for the jth regression, j “ 1, . . . , p.

To propose our choice for xM, we first begin with the singular value decomposition

of Y, given by

Y “ UDV J ` UKDKV
J
K , (4.4)

where U P Rnˆk, D P Rkˆk, V P Rpˆk, UK P Rnˆpr´kq, DK P Rpr´kqˆpr´kq, and VK P

Rpˆpr´kq, with r “ p^n. The columns of U,UK, V, VK consist of orthonormal vectors,

with UJUK “ V JVK “ Okˆpr´kq. D,DK are diagonal matrices, with all the diagonal
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entries of D strictly positive. Let us define

A “
YV
?
p
“
UD
?
p
.

Let pC P Rkˆk be an invertible matrix satisfying

pC pCJ “
1

n
AJA “

D2

np
. (4.5)

There does exist at least one such pC; for example, pC “ D{
?
np satisfies (4.5) since

D is invertible. For any choice of pC satisfying (4.5) such that p pCq´1 exists, we define

the estimator xM of M to be

xM “ Ap pCJq´1. (4.6)

Given a particular choice of xM satisfying (4.6), we now consider the following sur-

rogate regression model:

ypjq “ xMrλj ` rεpjq, rεpjq
ind
„ Nnp0, rσ

2
j Inq (4.7)

for j “ 1, . . . , p. The model (4.7) could be interpreted as a version of (4.2) with xM

substituted for the original matrix of latent factors M and new parameters rλj P Rk,

rσ2
j ą 0 for j “ 1, . . . , p. Next, we endow prλj, rσ

2
j q
p
j“1 with normal-inverse gamma

(NIG) priors prλj, rσ
2
j q

iid
„ NIGp0k, τ

2Ik, γ0{2, γ0δ
2
0{2q. That is, we let

rλj | rσ
2
j „ Nkp0, rσ

2
j τ

2 Ikq, rσ2
j „ IG

ˆ

γ0

2
,
γ0δ

2
0

2

˙

. (4.8)

The global shrinkage parameter τ 2 allows us to a priori shrink the factor loadings

towards zero, regularizing rΛ “ rrλ1, . . . , rλps
J and favoring sparsity, which is commonly

assumed in existing literature. We discuss a strategy to obtain a data-driven choice

for τ 2 in Section 4.2.3.
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The surrogate model (4.7) and the prior specification (4.8) motivate the pseudo-

posterior densities rΠj for prλj, rσ
2
j q
p
j“1, given by

rΠjp
rλj, rσ

2
j q “ NIGprλj, rσ

2
j | µj,K, γn{2, γnδ

2
j {2q

“ Nkp
rλj | µj, rσ

2
jKq IG

ˆ

rσ2
j |

γn
2
,
γnδ

2
j

2

˙

,

(4.9)

with the updated hyperparameters given by

µj “

ˆ

xMJ
xM`

Ik
τ 2

˙´1

xMJypjq,

K “

ˆ

xMJ
xM`

Ik
τ 2

˙´1

,

γn “ γ0 ` n,

γnδ
2
j “ γ0δ

2
0 `

`

ypjqJypjq ´ µJj K´1µj
˘

“ γ0δ
2
0 ` y

pjqJ

˜

In ´
xMxMJ

n` τ´2

¸

ypjq.

(4.10)

The pseudo-posterior for prλj, rσ
2
j q for j “ 1, . . . , p is motivated by applying Bayes’

rule on the jth regression 4.7 and conditioning on a fixed xM. To obtain pseudo-

posterior samples of prλj, rσ
2
j q, we simply draw independent samples prλj, rσ

2
j q

ind
„ rΠj

for j “ 1, . . . , p, and let rΛ “ rrλ1, . . . , rλps
J, rL “ rΛrΛJ, rΣ “ diagprσ2

1, . . . , rσ
2
pq, and

rΨ “ rL ` rΣ denote the pseudo-posterior samples of Λ, L, Σ, and Ψ, respectively.

Our proposed Factor Analysis with BLEssing of dimensionality (FABLE) approach

completely bypasses Markov chain Monte Carlo (MCMC) by obtaining independent

samples from the pseudo-posterior of the relevant quantities in an embarrassingly

parallel fashion.

Although we observed good performance of rΨ when estimating Ψ both in terms

of simulations and posterior contraction rates, the entry-wise pseudo-posterior cred-

ible intervals of rΨ underestimated the uncertainty when estimating the entry-wise
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elements of Ψ, in terms of frequentist coverage. In Section 4.2.2, we build on the ini-

tial FABLE approach developed in this subsection and provide a Coverage-Corrected

version of FABLE (CC-FABLE) that provides good uncertainty quantification along

with good estimation when estimating the entrywise components of Ψ.

We now consider the effect of choosing xM on the FABLE procedure. A nat-

ural concern is whether choosing a different xM would affect the pseudo-posterior

distribution of rΨ. The answer is no, as obtained from

Proposition 6. (i) For any xM satisfying (4.6), we have xMJ
xM “ nIk and xMxMJ “

nUUJ. (ii) The pseudo-posterior distribution of rL, rΣ, and rΨ obtained from the FA-

BLE approach only depends on xM through the two quantities xMJ
xM and xMxMJ.

Proof: For (i), we simply observe that

xMJ
xM “ pC´1AJAp pCJq´1

“ n pC´1
pC pCJp pCJq´1

“ nIk.

Similarly,

xMxMJ
“ Ap pC pCJq´1AJ

“ pnp{pqUDD´2DUJ “ nUUJ.

Next, (ii) is immediate from observing that the distribution of the entries of rL and

rΣ depend on µJj µj1 and δ2
l , for 1 ď j, j1 ď p and 1 ď l ď p. Since both of these

quantities only depend on xM through xMJ
xM and xMxMJ, we have proven the claim.

Thus, the particular choice of xM does not affect the pseudo-posterior samples and

therefore our inference procedure. We now describe the heuristic behind the choice

of xM in (4.6). Starting from the SVD of Y, we have

Y “ UDV J ` UKDKV
J
K .

From (4.3), it is immediate that the matrix A “ YV {
?
p satisfies

A “ M
ΛJV
?
p
`

EV
?
p
.
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Let C “ V JΛ{
?
p P Rkˆk. Based on the consistency of spectral estimates, we expect

E to be approximately independent of V as both n, p grow. As a result, we expect

EV {
?
p « 0 for increasing p. This leads us to

A « MCJ (4.11)

or equivalently, ai « Cηi for i “ 1, . . . , n. Since ηi „ Nkp0, Ikq, the marginal density

of ai for i “ 1, . . . , n is approximately ai
iid
„ Nkp0, CC

Jq. This motivates the following

estimator pC pCJ of CCJ:

pC pCJ “
1

n
AJA “

D2

np
.

Given any pC satisfying (4.5), we use (4.11) to propose xM “ Ap pCJq´1 as a surrogate

for M. An immediately available choice is given by letting pC “ D{
?
np, implying

xM “
?
nU . We shall refer to this as the canonical choice of xM, also seen to be the

spectral estimate of M. As described in Fan et al. (2023), the canonical estimator
?
nU is seen to be the same as the estimator obtained by carrying out principal

components analysis (PCA) on the matrix Y Y J. To obtain the PCA estimate of M,

one solves the optimization problem

arg min
F,B

}Y ´ FBJ}2F,

subject to FJF {n “ Ik and BJB is diagonal, where }Q}F “
a

trpQJQq denotes the

Frobenius norm of Q. The resulting estimate pF is such that the columns of pF {
?
n are

the eigenvectors corresponding to the k-largest eigenvalues of Y Y J, or equivalently,

the left singular vectors corresponding to the k-largest singular values of Y , leading

us to pF “
?
nU. However, the estimate of the latent factors xM as in (4.6) also allows

choices other than the one obtained from PCA, providing a general framework for

obtaining estimates of the latent factors under different rotations. In Section 4.3, we
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demonstrate the validity of approximating M using xM as both n, pÑ 8, providing

a blessing of dimensions when estimating the high-dimensional covariance matrix Ψ.

4.2.2 Coverage Correction

The pseudo-posterior updates as in (4.9) provide a natural approach to obtain

pseudo-posterior samples rΨ of the high-dimensional covariance matrix Ψ of y1, . . . , yn.

One could then consider measures such as the entry-wise posterior mean or the entry-

wise quantiles of the sampled rΨij to provide summaries for the pi, jq entry Ψij of Ψ.

Although the pseudo-posterior mean of rΨij obtained from (4.9) was observed to be

a good estimator of Ψij across numerous simulation studies that we carried out, we

observed under-coverage of the entry-wise pseudo-posterior credible intervals of rΨij

in terms of containing Ψij, particularly when the signal-to-noise ratios Rj “ }λj}
2
2{σ

2
j

for j “ 1, . . . , p are larger in magnitude. To counter underestimation of uncertainty of

the pseudo-credible intervals, we now provide a coverage-corrected version of FABLE

(CC-FABLE), improving the frequentist coverage of the entrywise pseudo-credible

intervals of rΨij obtained from the FABLE methodology introduced in Section 4.2.1.

Let G be the matrix with uvth entry given by Guv “ µJuµv for 1 ď u, v ď p and

let s2
j “ }pIn ´ UUJqypjq}22{n for j “ 1, . . . , p. Suppose we have obtained pseudo-

posterior samples prL, rΣq from the initial approach in Section 4.2.1. We then define

a coverage-corrected pseudo-posterior sample of pL,Σq to be pLC ,ΣCq, where

LC “ G`B d prL´Gq, (4.12)

ΣC “ rΣ, (4.13)
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where B “ pbuvq1ďu,vďp with buv as

buv “

ˆ

1`
}µu}

2
2}µv}

2
2 ` pµ

J
uµvq

2

s2
u}µv}

2 ` s2
v}µu}

2
2

˙1{2

, if u ‰ v,

“

ˆ

1`
}µu}

2
2

2s2
u

˙1{2

, if u “ v,

“ 1, otherwise,

(4.14)

and A1 d A2 denoting the Hadamard product of two matrices A1 and A2. Finally,

we let a coverage-corrected pseudo-posterior sample of Ψ be ΨC , where

ΨC “ LC ` ΣC . (4.15)

Re-scaling of prL´Gq by the scaling matrix B provides the correct entry-wise asymp-

totic pseudo-posterior variance of the coverage-corrected factor loading matrix LC .

As we see in Section 4.3, this leads to a Bernstein-von Mises (BvM) type result

implying that the entry-wise credible intervals obtained from the coverage-corrected

samples of LC will have the nominal asymptotic frequentist coverage. In our simula-

tions, we observed this scaling to work well for finite data as well, with the proposed

CC-FABLE greatly improving entrywise under-coverage of the FABLE approach.

4.2.3 Hyperparameter Choice

Before generating the pseudo-posterior samples of the covariance matrix, one needs

to carefully choose two key hyperparameters, namely, the number of factors k and

the global variance of the factor loadings τ 2. We now describe a data-driven approach

to choose k and τ 2. To choose the number of factors k, we start out by looking at

the singular values of the matrix Y “ ry1, . . . , yns
J, denoted by s1 ě . . . ě sn^p.

Provided the signal-to-noise ratio is sufficiently large, we expect a sharp decrease in

the magnitude of the singular values after the first k from a spectral perspective, since
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sk`1, . . . , sn^p are associated with noise. This guides us to our heuristic estimate

pk “ argmax
1ďjďn^p´1

psj ´ sj`1q. (4.16)

Estimating k using pk performs reasonably well in an extensive number of simulations

that we carried out. However, this approach is often insufficient when the signal-to-

noise ratio in the model is too low, which typically signifies the spectrum of Y being

very close together. As a rough guideline to the practitioner, we recommend first

investigating the quantity

∆ “
1

s1

„

max
1ďjďn^p´1

psj ´ sj`1q



P r0, 1s,

and identifying a scenario as having low signal-to-noise ratio if ∆ ď 0.1. In such

scenarios, we recommend proceeding with an overestimated value of k; for example,

one could proceed with k˚ “ pk ` 10, where pk is the estimate obtained from (4.16).

In our simulations, using an overestimated value of k performed quite well, with the

performance decaying the further away our guess of k is from the true value of k.

Once we have chosen a value for the number of factors k, we proceed to choose a

value for the common variance parameter τ 2, which can also be viewed as a global

shrinkage factor, shrinking the factor loadings towards 0. To do this, we employ an

approximate empirical Bayesian approach. Since

rλj | rσ
2
j „ Nkp0, τ

2
rσ2
j Ikq,

we obtain an estimate of τ 2 by by conditioning on prλj, rσ
2
j q and then maximizing the

conditional likelihood, with the optimal value given by

pτ 2
“

1

kp

p
ÿ

j“1

}rλj}
2
2

rσ2
j

.
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We now use plug-in replacements of }rλj}
2 and rσ2

j as follows. Following from the

pseudo-posterior updates (4.9) and (4.10), we simply replace }rλj}
2
2 by L2

j and rσ2
j by

s2
j , where

L2
j “

1

n
}UJypjq}22,

s2
j “

1

n
}pIn ´ UUJqypjq}22.

This leads us to the plug-in estimate of τ 2 given by

pτ 2
“

1

kp

p
ÿ

j“1

L2
j

s2
j

. (4.17)

We found this estimate of τ 2 to perform very well across a number of simulations

that were investigated. Once the number of factors k and the common variance τ 2

have been estimated, we now proceed to obtain pseudo-posterior samples.

4.2.4 Final Algorithm

We now provide an algorithm for implementing FABLE or CC-FABLE on a given

data set to obtain pseudo-posterior samples of the high-dimensional covariance ma-

trix modeled using factor analysis. We first tune the relevant hyperparameters k and

τ 2 as in Section 4.2.3, obtain initial pseudo-posterior samples of the covariance matrix

as in Section 4.2.1, and correct for under-coverage as in Section 4.2.2 when obtaining

entrywise interval estimates of the underlying covariance matrix. The relevant steps

are described in Algorithm 2.

Algorithm 2. Steps to obtain pseudo-posterior samples of the covariance matrix

using CC-FABLE.
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Input: The data matrix Y P Rnˆp, number of Monte Carlo (MC) samples N , and

the error variance hyperparameters pγ0, σ
2
0q. Let r “ n^ p.

Step 1: Carry out the singular value decomposition of Y “ U˚D˚V ˚J with U P

Rnˆr, D P Rrˆr, V P Rpˆr ; suppose the singular values are s1 ě . . . sr ě 0.

Step 2: Estimate the number of factors k using

pk “ arg max
1ďjďr

psj ´ sj`1q.

Step 3: Let U consist of the columns of U˚ corresponding to the pk largest singular

values. For 1 ď j ď p, let ypjq denote the jth column of Y, and obtain

L2
j “

1

n
}UJypjq}22

s2
j “

1

n
}pIn ´ UUJqY pjq}22.

Step 4: Estimate τ 2 by

pτ 2
“

1

kp

p
ÿ

j“1

L2
j

s2
j

.

Step 5: For 1 ď j ď p, let

µj “

?
n

n` pτ´2
UJypjq.

Let B “ pbuvq1ďuďvďp, with

buv “

ˆ

1`
}µu}

2
2}µv}

2
2 ` pµ

J
uµvq

2

s2
u}µv}

2 ` s2
v}µu}

2
2

˙1{2

, if u ‰ v,

“

ˆ

1`
}µu}

2
2

2s2
u

˙1{2

, if u “ v,

“ 1, otherwise,
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Step 6: Let γn “ γ0 ` n and for j “ 1, . . . , p, evaluate

γnδ
2
j “ γ0δ

2
0 ` y

pjqJ

ˆ

In ´
nUUJ

n` pτ´2

˙

ypjq.

Step 7: For each t “ 1, . . . , N , independently sample prλj,t, rσ
2
j,tq across j “ 1, . . . , p,

such that

rσ2
j,t „ IG

ˆ

γn
2
,
γnδ

2
j

2

˙

,

rλj,t | rσ
2
j,t „ Nk

ˆ

µj,
rσ2
j,t

n` pτ´2
Ik
˙

.

Form rΛt “ r
rλ1,t, . . . , rλp,ts

J and rΣt “ diagprσ2
1,t, . . . , rσ

2
p,tq, which denote the t-th Monte

Carlo (MC) samples of Λ and Σ, respectively.

Step 8: Let G “ rµ1, . . . , µps
J. For each t “ 1, . . . , N , compute the coverage-

corrected samples as

LC,t “ G`B d prΛt
rΛJt ´Gq,

ΣC,t “ rΣt,

ΨC,t “ LC,t ` ΣC,t.

Output: The N MC samples of the covariance matrix ΨC,1, . . . ,ΨC,N .

4.3 Theoretical Support

In this Section, we turn our attention to providing theoretical guarantees of the

proposed FABLE procedure in estimating the high-dimensional covariance matrix.

Most of the existing literature (Bhattacharya and Dunson, 2011; Pati et al., 2014)

on obtaining provable guarantees for Bayesian factor models utilize the machinery of
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Bayes’ rule in deriving posterior contraction rates. In contrast, the proposed method

provides pseudo-posterior samples of the underlying covariance matrix, and as a re-

sult, we are not directly able to utilize the Bayesian framework to obtain theoretical

guarantees. However, we overcome this challenge by leveraging on a blessing of di-

mensionality phenomenon which requires both n and p to grow, providing results

on both the pseudo-posterior contraction and uncertainty quantification of our ap-

proach. The blessing of dimensionality phenomenon allows accurate estimation of

the latent factor subspace up to rotational ambiguity, which serves as an important

component behind the theoretical results. The proofs of all the results can be found

in Appendix C.

We assume that the data are generated from the following data generating model:

yi “ Λ0η0i ` εi, (4.18)

where εi
iid
„ Npp0,Σ0q for i “ 1, . . . , n with Σ0 “ diagpσ2

01, . . . , σ
2
0pq, η0i

iid
„ Nkp0, Ikq

for i “ 1, . . . , n, and Λ0 is the true matrix of factor loadings. η0i are the true latent

factors; integrating them out provides us yi
iid
„ Npp0,Λ0ΛJ0 ` Σ0q for i “ 1, . . . , n

as the marginal distribution of the data. Let Y “ ry1, . . . , yns
J P Rnˆp and M0 “

rη01, . . . , η0ns
J P Rnˆk be the data matrix and the true matrix of latent factors,

respectively, so that the true data generating model may be written as

Y “M0ΛJ0 ` E, (4.19)

where E “ rε1, . . . , εns
J. Our primary goal is the estimation of the covariance matrix

Ψ0 “ Λ0ΛJ0 ` Σ0.

For a matrix A P Rn1ˆn2 , suppose the singular values of A are given by s1pAq ě

. . . ě sn1^n2pAq; let }A} “ sup
}x}2“1

}Ax}2 “ s1pAq denote the operator norm of A.

For two sequences am, bm, we say am — bm if |pam{bmq ´ 1| Ñ 0 as m Ñ 8. For
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our theoretical requirements, we will assume that k and τ 2 are known and fixed.

Furthermore, we assume the following conditions on the true data generating model:

Assumption 4. Λ0 satisfies skpΛ0q — }Λ0} —
?
p and }Λ0}8 ă 8.

Assumption 5. The true residual variances satisfy

max
1ďjďp

σ2
0j “ Op1q, min

1ďjďp
σ2

0j ą 0.

Assumption 6. The hyperparameters k, τ 2, γ0, δ
2
0 are fixed constants.

Assumption 7. The number of dimensions p increases satisfies log p “ opna2
nq for

any an such that an “ op1q, na2
n Ñ 8 as nÑ 8.

Such assumptions are standard in existing literature on asymptotic theoretical prop-

erties of latent factor models. Assumption 4 ensures that the true loadings matrix Λ0

is well-conditioned and the low-rank portion Λ0ΛJ0 can be identified from noise in the

asymptotic regime. Assumptions 5 and 6 simply assume the scalar error variances

and model hyperparameters are finite. Assumption 7 allows the number of dimen-

sions p to increase at any polynomial rate for any polynomially decaying choice of an.

In particular, an “ log n{
?
n satisfies Assumption 7. Asymptotically larger choices

of an allow p to grow faster, at the cost of providing slower rates of convergence when

estimating Σ0.

Let M0ΛJ0 “ U0D0V
J

0 be the singular value decomposition of the signal, with

U0 P Rnˆk, V0 P Rpˆk having orthonormal columns and D0 a diagonal matrix of

positive singular values. Suppose the singular value decomposition of Y is given by

Y “ UDV J ` UKDKV
J
K ,

where U P Rnˆk, V P Rpˆk have orthonormal columns, and D P Rkˆk contain the

k largest singular values of Y. We first provide a result showcasing the blessing of
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dimensionality when estimating U0 by U , which forms a key part of the results that

follow. Let us denote the induced pseudo-posterior measure, the true data generating

measure, and the expectation under the true data generating measure by rΠ, P0, and

E0, respectively.

Proposition 7. Suppose Assumptions 4 - 7 hold. Then, there exists a constant

G1 ą 0 such that

lim
n,pÑ8

P0

"

}UUJ ´ U0U
J
0 } ą G1

ˆ

1

n
`

1

p

˙*

“ 0.

Recall the definition of rΛ, rΣ, and rΨ from Section 4.2.1. First, in Theorem 8,

we provide psuedo-posterior contraction rates when estimating Λ0ΛJ0 ,Σ0, and Ψ0

using ΛCΛCJ,ΣC , and ΨC “ ΛCΛCJ ` ΣC , respectively, obtained from the CC-

FABLE methodology in Section 4.2.2. Later, using Theorems 10 and 11, we provide

a justification on why quantifying uncertainty of the entrywise elements of Ψ0 via

pseudo-posterior credible intervals obtained CC-FABLE is valid, in the sense that

100p1 ´ αq% pseudo-posterior credible intervals are also 100p1 ´ αq% confidence

intervals asymptotically.

Theorem 8. Suppose Assumptions 4 - 7 hold. Then, as n, pÑ 8,

(a) There exists a constant C1 ą 0 such that

E0

„

rΠ

"

}ΛCΛJC ´ Λ0ΛJ0 }

}Λ0ΛJ0 }
ą C1

ˆ

1
?
n
`

1
?
p

˙*

Ñ 0.

(b) There exists a constant C2 ą 0 such that

E0

„

rΠ

"

}ΣC ´ Σ0} ą C2

ˆ

an `
1

p

˙*

Ñ 0.
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(c) There exists a constant C ą 0 such that

E0

„

rΠ

"

}ΨC ´Ψ0}

}Ψ0}
ą C

ˆ

1
?
n
`

1
?
p

˙*

Ñ 0.

Theorem 8 shows pseudo-posterior concentration of the relevant quantities of CC-

FABLE procedure. The relative error when estimating Ψ0 converges to 0 at the rate

n´1{2 ` p´1{2. This showcases the blessing of dimensionality, with pseudo-posterior

concentration taking place when both the number of samples n and the number of

dimensions p increase.

We now consider the problem of quantifying the uncertainty when estimating the

entrywise elements of the covariance matrix. For 1 ď u ď v ď p, let ΨC,uv and Ψ0,uv

denote the uvth element of ΨC and Ψ0, respectively, where ΨC denotes the coverage-

corrected pseudo-posterior sample obtained from the CC-FABLE discussed in Section

4.2.2. It is immediate that Ψ0,uv “ λJ0uλ0v ` σ2
0u1pu “ vq by rΨuv for 1 ď u ď v ď p.

To exercise finer control over bounding entrywise terms, we require a stronger version

of the blessing of dimensionality result in Lemma 7 when estimating U0 by U . This

is obtained by providing an upper bound to the max norm of UUJ´U0U
J
0 . For any

matrix A, the max norm of A is defined as }A}8 “ maxij |Aij|, where Aij is the ijth

entry of A.

Proposition 9. Suppose Assumptions 4 ´ 7 hold. Then, there exists a constant

G2 ą 0 such that

lim
n,pÑ8

P0

#

}UUJ ´ U0U
J
0 }8 ą G2

˜

1

n
`

d

logpn` pq

np

¸+

“ 0.

Let Tuv “ µJuµv ` δ2
u1pu “ vq be an estimator of Ψ0,uv. Then, we have the fol-

lowing result approximating the pseudo-posterior distribution of ΨC,uv by a suitable

Gaussian distribution as both n, p increase.
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Theorem 10. Suppose Assumptions 4-7 hold. Furthermore, assume that log n “

oppq. For 1 ď u ď v ď p, let

S2
0,uv “ σ2

0v}λ0u}
2
2 ` σ

2
0u}λ0v}

2
2 ` }λ0u}

2
2}λ0v}

2
2 ` pλ

J
0uλ0vq

2, for u ‰ v,

“ 2p}λ0u}
2
2 ` σ

2
0uq

2, for u “ v.

Then, as n, pÑ 8,

sup
xPR

ˇ

ˇ

ˇ

ˇ

rΠ

"?
npΨC,uv ´ Tuvq

S0,uv

ď x

*

´ Φpxq

ˇ

ˇ

ˇ

ˇ

P0
Ñ 0.

Theorem 10 allows us to approximate the pseudo-posterior distribution of each

element of the covariance matrix using a Gaussian with suitably chosen mean Tuv

and variance S2
0,uv asymptotically. In what follows, we first state a result regarding

the asymptotic law of
?
npTuv ´Ψ0,uvq and then demonstrate how this result can be

used to conclude that the entrywise 100p1´ αq% pseudo-posterior credible intervals

also serve as valid 100p1 ´ αq% confidence intervals for any 0 ă α ă 1, allowing

us to obtain nominal frequentist coverage of the pseudo-posterior intervals. For

general random variables Xn and X, we denote Xn converging in distribution to X

by Xn ùñ X.

Theorem 11. Suppose the Assumptions of Theorem 10 hold. Then, as n, p Ñ 8,

one has
?
npTuv ´Ψ0,uvq ùñ Np0,S2

0,uvq.

Theorems 10 and 11 together imply that the pseudo-posterior variance of the

entrywise elements of the coverage-corrected covariance matrix and the variance of

the estimator Tuv under repeated sampling agree in the asymptotic limit. Under

Theorem 10, the 100p1 ´ αq% pseudo-posterior credible interval of ΨC,uv may be

asymptotically approximated by the interval

Cuv “
„

Tuv ¯ zα
S0,uv
?
n



,
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where zα “ Φ´1 t1´ pα{2qu . To see that this pseudo-posterior credible interval in-

deed has the correct asymptotic frequentist coverage for Ψ0,uv, we consider the prob-

ability of coverage under repeated sampling

P0 rΨ0,uv P Cuvs “ P0

„

?
n
|Tuv ´Ψ0,uv|

S0,uv

ď zα



Ñ 2Φpzαq ´ 1 “ 1´ α,

as both n, p Ñ 8, using Theorem 11. The form of the asymptotic variance S2
0,uv is

seen to be greater for larger values of the signal-to-noise ratio in the data.

4.4 Simulation Results

4.4.1 Preliminaries

In this Section, we compare the proposed CC-FABLE approach with competitors

when judging their performance from the viewpoint of estimation error and uncer-

tainty quantification. For fixed data generating matrices Λ0 and Σ0, we let the com-

mon high-dimensional covariance matrix of the observed data be Ψ0 “ Λ0ΛJ0 ` Σ0.

Given an estimator pΨ of Ψ0, we judge the estimator using the relative spectral error,

defined as

LpΨ0, pΨq “
}Ψ0 ´ pΨ}

}Ψ0}
.

Normalization of the spectral error by }Ψ0} ensures that the relative spectral errors

are comparable on a same scale, across cases with different Ψ0 with larger or smaller

values. For a given Ψ0, we obtain the average of the relative spectral error when

using pΨ as an estimate with R “ 20 replications of the data. When using a Bayesian

method, we consider pΨ to be the posterior mean of Ψ.

We also evaluate the frequentist coverage of the (pseudo) posterior credible in-

tervals of the entrywise elements of Ψ used to estimate Ψ0 for both CC-FABLE and

FABLE, illustrating the role of coverage-correction. For sake of convenience, we only
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considered the coverage for the first 100ˆ100 submatrix of Ψ0 with 100ˆp100`1q{2 “

5050 distinct entries. For evaluation, we consider the 95% (pseudo) posterior credible

intervals of the considered entrywise elements and compare their frequentist coverage

with the nominal value of 0.95, across RC “ 100 replications of the data.

As competitors to the proposed CC-FABLE approach, we consider the approaches

in Bhattacharya and Dunson (2011) and Ročková and George (2016) and denote

them by MGSP and ROTATE, respectively, across all the simulations. The ap-

proach of Bhattacharya and Dunson (2011) carries out posterior sampling with the

multiplicative gamma shrinkage prior (MGSP), yielding posterior samples of the

covariance matrix. In contrast, the approach of Ročková and George (2016) only

yields point estimates of the covariance matrix, using an expectation-maximization

(EM) approach to approximate the posterior mean with spike and slab prior dis-

tributions to learn the entries. As a result, we do not consider ROTATE for our

uncertainty quantification experiments. For CC-FABLE and MGSP, we used 1000

Monte Carlo iterates and 4000 MCMC iterates, respectively, along with discarding

the first 2000 as burn-in in the case of MGSP. As illustrated earlier, CC-FABLE

does not require MCMC for inference, instead providing direct Monte Carlo sam-

ples. We used the infinitefactor package (Poworoznek et al., 2021) for imple-

menting the MGSP, while code to implement ROTATE was obtained from http:

//veronikarock.com/FACTOR ANALYSIS.zip. All the simulations were carried out

in the R programming language (R Core Team, 2021).

4.4.2 Estimation Performance

We first consider estimation performance. For this criteria, we consider four different

combinations of n and p, namely

pn, pq P tp500, 1000q, p1000, 1000q, p500, 5000q, p1000, 5000qu.
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Table 4.1: Estimation error results for π0 “ 0.

Cases CC-FABLE MGSP ROTATE
n “ 500, p “ 1000 0.49 0.69 0.65
n “ 1000, p “ 1000 0.40 0.44 0.48
n “ 500, p “ 5000 0.53 - 0.72
n “ 1000, p “ 5000 0.40 - 0.54

Table 4.2: Estimation error results for π0 “ 0.4.

Cases CC-FABLE MGSP ROTATE
n “ 500, p “ 1000 0.61 0.79 0.65
n “ 1000, p “ 1000 0.49 0.51 0.49
n “ 500, p “ 5000 0.59 - 0.71
n “ 1000, p “ 5000 0.46 - 0.55

For all choices of pn, pq, we let the true number of factors be k “ 10. For a given

choice of p, we consider three different regimes for the true factor loadings matrix,

differing in the amount of sparsity present. We assume the ijth element Λ0,ij of Λ0

for 1 ď i ď j ď p is generated independently from

Λ0,ij „ π0P0 ` p1´ π0qNp0, 0.01q,

where P0 represents a point mass at 0 and π0 P t0, 0.4, 0.6u represents the proportion

of exact zeroes present in the matrix, with three different values varying between

no sparsity, moderate sparsity, and high sparsity. Although it is common to assume

sparsity while modeling the factor loadings matrix, often in practice the factor load-

ings may not be sparse, but only small in magnitude, reflecting π0 “ 0. The true

error variances σ2
0j for 1 ď j ď p for all the 4 different cases of pn, pq are generated

independently from Up0.5, 2q. The obtained results are in Tables 4.1, 4.2, and 4.3.

For p “ 5000, we do not report the results for MGSP, whose implementation ran

into memory overflow problems.

In all the three scenarios across different combinations of pn, pq, the performance
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Table 4.3: Estimation error results for π0 “ 0.6.

CC-FABLE MGSP ROTATE
n “ 500, p “ 1000 0.76 0.94 0.67
n “ 1000, p “ 1000 0.60 0.62 0.49
n “ 500, p “ 5000 0.64 - 0.71
n “ 1000, p “ 5000 0.51 - 0.55

of CC-FABLE is either the best or close to being the best. CC-FABLE performs

better than the ROTATE approach for low to moderate sparsity, while performing

slightly worse when the factor loadings are highly sparse, which aids the high sparsity

inducing prior specifications of both ROTATE and MGSP. However, a remarkable

observation is that for a fixed sample size, an increase in dimensions leads to a

decrease of relative error for CC-FABLE. This further highlights the blessing of

dimensionality when carrying out estimation using CC-FABLE. For both ROTATE

and MGSP, an increase in dimensions with the same sample size leads to a worse

relative error than before. As a result, CC-FABLE is able to perform better than

ROTATE even in the high sparsity case when the number of dimensions are much

larger than the sample size. MGSP seems to suffer particularly in the case of small

n and large p. We think this is due to well documented mixing problems leading to

suboptimal performance of the MCMC for posterior sampling.

4.4.3 Frequentist Coverage

We now compare the CC-FABLE and FABLE in terms of frequentist coverage of the

entrywise elements of Ψ0 by (pseudo) credible intervals. We carry out a comparison

of CC-FABLE and FABLE to investigate the effect of the coverage-correction on the

proposed procedure. We let n “ 500, p “ 5000, π0 “ 0.5 and assume that

Λ0,ij
ind
„ π0P0 ` p1´ π0qNp0, ν

2
q,
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Table 4.4: Comparison of frequentist coverage of entrywise pseudo-credible intervals
obtained from CC-FABLE and FABLE.

Case CC-FABLE FABLE
ν “ 0.5 0.951 0.893
ν “ 1 0.950 0.768
ν “ 2 0.949 0.540

where we vary ν P t0.5, 1, 2u. We generate the error variances σ2
0j

iid
„ Up0.1, 2q as

before. We provide values for the coverage of 95% pseudo-posterior credible intervals

for the uncorrected FABLE and the modified CC-FABLE in Table 4.4.

In Table 4.4, it is clear that the CC-FABLE approach provides vastly superior

coverage to the FABLE approach, particularly as the loadings grow larger in mag-

nitude with increasing values of ν. The primary reason for this phenomenon is that

asymptotically, the pseudo-posterior variance of the covariance matrix entries when

using the uncorrected FABLE is smaller than the variance of its pseudo-posterior

mean under repeated sampling of data. The coverage-correction uses the factors buv

as introduced in Section 4.2.2 to adjust for this disagreement in variances, improving

the coverage. In Figure 4.1, we compare the pseudo-posterior credible intervals for

CC-FABLE and FABLE for an arbitrarily chosen replicate of the data for ν “ 2.

For FABLE, the intervals are too narrow and often miss the y “ x line, implying

that the pseudo-posterior credible intervals do not capture the respective true entry

of Ψ0. On the other hand, the intervals for CC-FABLE appear to be much better

calibrated, with the y “ x line almost completely captured by the plotted intervals.

Thus, we conclude that the coverage-correction mechanism in CC-FABLE provides

substantially improved frequentist coverage over the unadjusted FABLE variant.
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Figure 4.1: Comparison of pseudo-posterior credible intervals for CC-FABLE and
FABLE for ν “ 2. On the x-axis, we plot the true entries of the first 100 ˆ 100
submatrix of Ψ0. Dotted blue lines represent the 2.5% and 97.5% quantiles, with the
solid black line representing the y “ x line. Greater coverage corresponds to greater
part of the solid black line being captured by the dotted blue lines.
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5

Conclusion and Future Research

The topics covered in this work only scratch the tip of the iceberg when it comes to

incorporating scalability and structured constraints in Bayesian modeling. Our work

may be extended to multiple exciting future research directions, some of which are

outlined below.

In Chapter 2, the proposed NN-DM approach provides a useful alternative to

Bayesian density estimation based on Dirichlet mixtures with much faster computa-

tional speed and stability in avoiding MCMC, along with providing provably accurate

guarantees on estimation and uncertainty quantification for a wide variety of data

generating densities. MCMC can have very poor performance in mixture models and

other multimodal cases, due to difficulty in mixing, and hence can lead to posterior

inferences that are unreliable. The main conceptual disadvantage of the proposed

approach is the lack of a coherent Bayesian posterior updating rule. However, it is

important to keep in mind that Bayesian kernel mixtures have key disadvantages

that are difficult to remove within a fully coherent Bayesian modeling framework.

These include a strong sensitivity to the choice of kernel and prior on the weights

on these kernels; refer, for example to Miller and Dunson (2019). There are several
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important next steps. The first is to develop fast and robust algorithms for using the

NN-DM not just for density estimation but also as a component of more complex

hierarchical models. For example, one may want to model the residual density in

regression nonparametrically or treat a random effects distribution as unknown. In

such settings, one can potentially update other parameters within a Bayesian model

using MCMC, while using algorithms related to those proposed in this article to

update the nonparametric part conditionally on these other parameters.

In Chapter 3, we proposed SAID, a Bayesian framework for inference on main

effects and pairwise synergistic, antagonistic, or null interaction effects, motivated

by the mixtures problem in environmental epidemiology. Instead of sharply impos-

ing constraints, we use a shrinkage prior that penalizes deviations from synergistic,

antagonistic, or null interactions. In our NHANES analysis using SAID, we found a

variety of significant interactions among metal exposures impacting kidney function.

To our knowledge, these interactions are currently unknown to the epidemiology and

public health communities. It will be very interesting to validate these results in

other cohorts, to study the mechanisms by which synergistic and antagonistic inter-

actions occur in these particular metals, and also assess the regulatory implications.

Our approach for assessing interactions in observational epidemiology data can be

used for identifying specific pairs of chemicals to study in more detail in in vivo and

in vitro assays. Although we assumed the response to be continuous, it is straight-

forward to incorporate other types of responses in our framework, such as binary

or count variables. In particular, we can model the response variables as falling in

an exponential family with the linear predictor having exactly the form described in

Chapter 3. For binary outcomes and assuming a logistic link function, our proposed

computational algorithm can be easily modified by relying on Polya-Gamma data

augmentation (Polson et al., 2013), with a related approach which may be used for

counts. It is additionally straightforward to include further applied complications,

99



such as spatially or temporally dependent data, by incorporating appropriate terms

in the linear predictor. The exposures in the NHANES 2015-16 data considered in

this chapter are mild-to-moderately correlated. In scenarios where the exposures are

more heavily correlated, individually interpreting main effects and interaction effects

is often infeasible. In this scenario, one could think of dividing the exposure variables

into groups based on chemical class, clustering algorithms, or latent factor models.

It is then of interest to investigate presence of interactions between chemical groups.

In Chapter 4, we developed an algorithm providing pseudo-posterior samples of

a high-dimensional covariance matrix modeled using ideas from factor analysis, pro-

viding accurate estimation, uncertainty quantification, and immense computational

benefits. The proposed FABLE approach, like the NN-DM in Chapter 2, completely

bypasses MCMC and the pitfalls associated with it; the key piece is a blessing of

dimensionality phenomenon allowing us to pre-estimate the unknown latent factors.

However, similar to the NN-DM, the lack of a coherent Bayesian updating rule in

FABLE makes it harder to incorporate it as a part of a more complex hierarchical

model where the end goal is not factor analysis or high-dimensional covariance esti-

mation. Instead of linear latent factor models, one often encounters binary and/or

count data, particularly in ecological settings where such data are available in abun-

dance. Such ecological data could be very large in scale, with both the number of

samples and the number of dimensions potentially exceeding tens or hundreds of

thousands. In such settings, modeling the data using a logistic/Poisson model with

latent factors and factor loadings is commonplace to introduce dependence among

the observations, and it is of interest to obtain a computationally efficient estimate

of the factor loadings matrix after obtaining a pre-estimate of the factors. Perhaps,

this could be achieved by the blessing of dimensionality observed for linear factor

models extended to the generalized linear model case.

Broadly, our efforts in this work primarily focused on improving scalability by
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developing embarrassingly parallel algorithms to bypass MCMC. Although provid-

ing immense computational gains when compared to traditional Bayesian approaches

employing MCMC for posterior sampling, one loses the coherence obtained from a

Bayesian updating mechanism. This makes the process of incorporating the devel-

oped approaches for density estimation / factor analysis as a part of more compli-

cated hierarchical specifications not straightforward. For example, the approach of

Ferrari and Dunson (2021) focuses on regression of health outcomes based on high-

dimensional exposures, introducing a joint factor model to alleviate multicollinearity

between the exposures when fitting the regression. A natural question for future re-

search combining all the three directions in Chapters 2, 3, and 4 is: could we obtain

a blessing of dimensionality phenomenon in such a scenario for high-dimensional

factor regression, with modeling the measurement error density in a nonparamet-

ric fashion to reduce misspecification? It is also of independent interest to develop

theoretical properties of such pseudo-Bayesian procedures. In particular, one could

investigate how the contraction rates between that of a coherent Bayesian posterior

and a proposed pseudo-posterior compare. From the viewpoint of uncertainty quan-

tification, it is compelling to investigate whether Bernstein-von Mises results hold for

such pseudo-posteriors, which would allow us to interpret pseudo-posterior credible

intervals as frequentist confidence intervals asymptotically.
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Appendix A

Further details for Chapter 2

A.1 Prerequisites

We first introduce some notation with accompanying technical details which will be

used hereafter. We denote the Frobenius norm and determinant of A P Rpˆp by

||A||F “ ttrpAJAqu1{2 and |A|, respectively. For v P Rp, one has ||vvJ||F “ ||v||22

where ||a||2 “ paJaq1{2 is the Euclidean norm of a. For two symmetric matrices

A,B P Rpˆp, we say thatA ě B ifA´B is positive semi-definite, that is xJpA´Bqx ě

0 for all x P Rp, x ‰ 0p where 0p “ p0, . . . , 0qJ. For a real symmetric matrix A˚,

let the eigenvalues of A˚ be e1pA˚q, . . . , eppA˚q, arranged such that e1pA˚q ě . . . ě

eppA˚q. If A ě B, then it follows by the min-max theorem (Teschl, 2009) that for

each j “ 1, . . . , p, we have ejpAq ě ejpBq. In particular, we have |A| ě |B| and

||A||F ě ||B||F .

Now consider a true data generating density X1, . . . , Xn
iid
„ f0 satisfying Assump-

tions 1-3 as in Section 2.3.1. Let X pnq “ pX1, . . . , Xnq and suppose f0 induces the

measure Pf0 on the Borel σ-field on Rp, denoted by BpRpq. We form the k-nearest

neighborhood of Xi using the Euclidean norm for i “ 1, . . . , n. We also let k depend
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on n and express this dependence as kn when required. However, we routinely drop

this dependence for notational simplicity. For Xi, let Qi be its kth nearest neighbor

in X pnq (for k “ 1, Qi “ Xi) and let Ri be the distance between Xi and Qi, given by

Ri “ ||Xi ´Qi||2. Define the ball

Bi “ ty P r0, 1s
p : 0 ă ||y ´Xi||2 ă Riu

and the probability

GpXi, Riq “

ż

Bi

f0puq du

of the ball Bi under Pf0 . Let Y
piq

1 “ Xi and Y
piq

2 , . . . , Y
piq
k´1 denote the rest of the inte-

rior points in Bi. Let the mean X̄i and covariance matrix Si of the ith neighborhood

be

X̄i “
1

kn

#

k´1
ÿ

j“1

Y
piq
j `Qi

+

,

Si “
1

kn

#

k´1
ÿ

j“1

pY
piq
j ´ X̄iqpY

piq
j ´ X̄iq

J
` pQi ´ X̄iqpQi ´ X̄iq

J

+

.

We observe that pY
piq

2 , . . . , Y
piq
k´1, Qiq is identically distributed for i “ 1, . . . , n since

X1, . . . , Xn are independent and identically distributed. Thus we only consider the

case i “ 1 from here on. For sake of brevity, denote Y
p1q
u by Yu for u “ 2, . . . , k ´ 1

and Q1 by Q.

Conditional on X1 “ x1 P r0, 1s
p and R1 “ r1 ą 0, following Mack and Rosenblatt

(1979), the conditional joint density of Y2, . . . , Yk´1 and Q is

ppy2, . . . , yk´1, q | x1, r1q “

#

k´1
ź

j“2

f0pyjq

Gpx1, r1q
1 pyj P B1q

+

f0pqq

G1
px1, r1q

1 p||q ´ x1|| “ r1q ,

where G
1

px1, r1q “ BGpx1, r1q{Br1 and 1pAq denotes the indicator function of the

event A P BpRpq. Thus conditional on X1 and R1, the random variables Y2, . . . , Yk´1

are independent and identically distributed, and independent of Q.
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Let the function ρpx1, r1q “ rκ11 where κ1 is a non-negative integer. This function

can be identified with φp¨q in equation (11) of Mack and Rosenblatt (1979). In the

results that follow, we will require the expectation of ρpx1, r1q under Pf0 for different

choices of κ1. To that end, we shall repeatedly make use of the equation (12) from

Mack and Rosenblatt (1979) adapted to our setting:

EPf0tR
κ1
1 | X1 “ x1u “

pn´ 1q!

pk ´ 2q!pn´ kq!

ż 1

0

#

ˆ

t

Cpf0px1q

˙κ1{p

` optκ1{pq

+

tk´2
p1´ tqn´kdt. (A.1)

Finally, we let rE and Ăvar denote the expectation and variance, respectively, of

the NN-DM estimator fpxq under the pseudo-posterior density rΠ, described in (2.7).

Conditioning notation under rΠ is as usual; for example, the conditional expectation

rEtfpxq | π1, . . . , πnu “
n
ÿ

i“1

πi rEtφppx; ηi,Σiqu,

where the expectation rEtφppx; ηi,Σiqu is with respect to the pseudo-posterior density

of pηi,Σiq as described in Section 2.2.2.

A.2 Proof of Theorem 1

Suppose X1, . . . , Xn are independent and identically distributed random variables

generated from the density f0 supported on r0, 1sp satisfying Assumptions 1-3. For

i “ 1, . . . , n, recall the definitions of µi and Λi from (2.8):

µi “
ν0

νn
µ0 `

k

νn
X̄i, Λi “

νn ` 1

νnpγn ´ p` 1q
Ψi.

We want to show that f̂npxq “ p1{nq
řn
i“1 tγn´p`1px;µi,Λiq Ñ f0pxq in Pf0-probability

as n Ñ 8 for any x P r0, 1sp, where f̂npxq is as described in (2.8). We first prove

104



two propositions involving successive mean value theorem type approximations to

f̂npxq, which will imply the final result. We now state the two propositions, with

accompanying proofs, before stating the final theorem.

Proposition 12. Fix x P r0, 1sp. Let fApxq “ p1{nq
řn
i“1 tγn´p`1px;Xi,Λiq. Also,

let k “ opni1q with i1 “ 2{pp2 ` p ` 2q and ν0 “ opn´1{pkp1{pq`1q. Then, we have

Ep |f̂npxq ´ fApxq| q Ñ 0 as nÑ 8.

Proof. Since the pΛiq
n
i“1 are identically distributed and pµiq

n
i“1 are identically dis-

tributed, we have Ep |f̂npxq ´ fApxq| q ď Et |tγn´p`1px;µ1,Λ1q ´ tγn´p`1px;X1,Λ1q| u.

The multivariate mean value theorem now implies that

Ep |f̂npxq´fApxq| q ď E
!

|Λ1|
´1{2

||∇tγn´p`1pξ; 0p, Ipq||2 ||Λ
´1{2
1 pX1 ´ µ1q||2

)

, (A.2)

where ∇tγn´p`1pξ; 0p, Ipq “ rBtγn´p`1px; 0p, Ipq{Bxsξ for some ξ in the convex hull of

Λ
´1{2
1 px´X1q and Λ

´1{2
1 px´ µ1q.

Using standard results and the min-max theorem, we have

||Λ
´1{2
1 pX1 ´ µ1q||2 ď ||Λ

´1{2
1 ||F ||X1 ´ µ1||2.

If we let Hn “ H “ tνnpγn´p`1qu´1pνn`1qΨ0 “ h2Ip where h2 “ h2
n “ tνnpγn´p`

1qu´1tpνn` 1qpγ0´ p` 1qu δ2
0 following the choice of Ψ0 from Section 2.2.3, then it is

clear that Λ1 ě H. Therefore, we have ||Λ
´1{2
1 pX1 ´ µ1q||2 ď ||H´1{2||F ||X1 ´ µ1||2.

Straightforward calculations show that ||H´1{2}}F “ h´1p1{2 and ||X1 ´ µ1||2 ď

R1 ` tν
´1
n p1` ||µ0||2 qν0u where R1 “ ||X1 ´X1rks||2. Using Theorem 2.4 from Biau

and Devroye (2015) for p ě 2 and (A.1) for p “ 1, one gets

EPf0 pR
2
1q ď d2

p

ˆ

k

n

˙2{p

, (A.3)

for an appropriate constant dp ą 0. Thus, we have EpR1q ď tEpR
2
1qu

1{2 ď dppk{nq
1{p
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for sufficiently large n. This implies that

Ep||X1 ´ µ1||2q ď dp

ˆ

k

n

˙1{p

` o

ˆ

k

n

˙1{p

. (A.4)

We also have |Λ1|
´1{2 ď |H|´1{2 “ h´p. Finally, simple calculations yield that

||∇tγn´p`1pξ; 0p, Ipq||2 ď L1,n,p

where L1,n,p ą 0 satisfies L1,n,p Ñ p2πq´p{2e´1{2 as n Ñ 8. Plugging all these back

in (A.2), we obtain a finite constant L2,n,p ą 0 such that

Ep |f̂npxq ´ fApxq| q ď L2,n,ppn
´i1kqpp

2`p`2q{p2pq
` otpn´i1kqpp

2`p`2q{p2pq
u, (A.5)

which goes to 0 as nÑ 8, completing the proof.

We now provide the second mean value theorem type approximation which ap-

proximates the random bandwidth matrix Λi in fApxq by H “ Hn for each i “

1, . . . , n.

Proposition 13. Fix x P r0, 1sp. Let fKpxq “ p1{nq
řn
i“1 tγn´p`1px;Xi, Hq. Also,

let k “ opni2q with i2 “ 4{pp ` 2q2 and ν0 “ otn´2{pkp2{pq`1u. Then, we have

Ep |fApxq ´ fKpxq| q Ñ 0 as nÑ 8.

Proof. Using the identically distributed properties of pΛiq
n
i“1 and pXiq

n
i“1, we ob-

tain Ep |fApxq ´ fKpxq| q ď Ep |tγn´p`1px;X1,Λ1q ´ tγn´p`1px;X1, Hq| q. Using the

multivariate mean value theorem, we obtain that

E p |tγn´p`1px;X1,Λ1q ´ tγn´p`1px;X1, Hq| q ď Ep ||M1||F ||Λ1 ´H||F q, (A.6)

where M1 “ rBttγn´p`1px;X1,Σqu{BΣsΣ0 for some Σ0, with Σ0 in the convex hull of

Λ1 and H. Since Λ1 ě H, we immediately have Σ0 ě H as well. Using the definitions

of Λ1 and H, we have

||Λ1 ´H||F ď
pνn ` 1q

νnpγn ´ p` 1q

#ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPN1

pXj ´ X̄1qpXj ´ X̄1q
J

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

F

`
kν0

νn

ˇ

ˇ

ˇ

ˇX̄1X̄
J
1

ˇ

ˇ

ˇ

ˇ

F

+

.
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Since ||
ř

jPN1
pXj´X̄1qpXj´X̄1q

J||F ď
ř

jPN1
||pXj´X̄1qpXj´X̄1q

J||F “
ř

jPN1
||Xj´

X̄1||
2
2 ď

ř

jPN1
R2

1 “ kR2
1, we get for sufficiently large n the following:

Ep ||Λ1 ´H||F q ď EpR2
1q ` o

ˆ

k

n

˙2{p

, (A.7)

ď d2
p

ˆ

k

n

˙2{p

` o

ˆ

k

n

˙2{p

, (A.8)

using (A.3) and ν0 “ o
 

n´2{pkp2{pq`1
(

. Taking partial derivatives of the logarithm

of the t density logttγn´p`1px;X1,Σqu with respect to Σ evaluated at Σ0 and taking

Frobenius norm of both sides, we obtain

||t´1
γn´p`1px;X1,Σ0qM1||F ď h´2

pγn ` 1q

for sufficiently large n. We now observe that

tγn´p`1px;X1,Σ0q ď cp,γn´p`1|Σ0|
´1{2

ď cp,γn´p`1|H|
´1{2

“ h´pcp,γn´p`1,

where cp,β “ pπβq´p{2tΓpβ{2qu´1Γtpβ ` pq{2u for p ě 1, β ą 0. Note that cp,β Ñ

p2πq´p{2 as β Ñ 8 for any p ě 1. This immediately implies that ||M1||F ď

h´pp`2qcp,γn´p`1pγn ` 1q for sufficiently large n. Plugging all these back in equation

(A.6), we obtain for sufficiently large n, a finite L3,n,p ą 0 such that

Ep |fApxq ´ fKpxq| q ď L3,n,ppn
´i2kqpp`2q2{p2pq

` otpn´i2kqpp`2q2{p2pq
u, (A.9)

which goes to 0 as nÑ 8, proving the proposition.

We now prove Theorem 1.

Theorem 4. Ep |f̂npxq ´ fKpxq| q ď Ep |f̂npxq ´ fApxq| q ` Ep |fApxq ´ fKpxq| q by

the triangle inequality. Using Propositions 12 and 13, we obtain that EPf0 p |f̂npxq ´

fKpxq| q Ñ 0 as nÑ 8. From Section A.6 of the Appendix, we obtain fKpxq Ñ f0pxq

in Pf0-probability. This immediately implies that given the conditions on k, ν0, and

for any x P r0, 1sp, we have f̂npxq Ñ f0pxq in Pf0-probability.
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A.3 Proof of Theorem 2

Proof. Fix x P r0, 1sp. For i “ 1, . . . , n, let zi “ φppx ; ηi,Σiq and suppose zpnq “

pz1, . . . , znq
J. Then, we have fpxq “

řn
i“1 πizi “ zpnqJπpnq where πpnq “ pπ1, . . . , πnq

J.

We begin with the identity

Ăvartfpxqu “ Ăvarr rEtfpxq | zpnqus ` rErĂvartfpxq | zpnqus. (A.10)

We start with the first term on the right hand side of (A.10). Observe that

z1, . . . , zn are independent under rΠ and rEpπiq “ 1{n for i “ 1, . . . , n. Thus, we have

Ăvarr rEtfpxq | zpnqus “ Ăvar

˜

1

n

n
ÿ

i“1

zi

¸

“
1

n2

n
ÿ

i“1

Ăvarpziq

ď
1

n2

n
ÿ

i“1

rEpz2
i q

“
1

n2

n
ÿ

i“1

Rn|Bi|
´1{2tγn´p`2px;µi, Biq,

since for i “ 1, . . . , n, we have

rEpz2
i q “ Rn|Bi|

´1{2tγn´p`2px;µi, Biq, (A.11)

where

Rn “
Γtpγn ´ p` 2q{2u

Γtpγn ´ p` 1q{2u

„

νn ` 2

4πνnpγn ´ p` 2q

p{2

, Bi “ DnΛi,

and Dn “ t2pγn ´ p` 2qpνn ` 1qu´1pγn ´ p` 1qpνn ` 2q. To obtain (A.11), we inte-

grate over the pseudo-posterior distribution of pηi,Σiq
n
i“1, namely NIWpµi, νn, γn,Ψiq.

For i “ 1, . . . , n, since |Λi| ě |Hn|, we have |Bi| ě Dp
n|Hn|. Letting pfvarpxq “

p1{nq
řn
i“1 tγn´p`2px;µi, Biq, we have

Ăvarr rEtfpxq | zpnqus ď
RnD

´p{2
n

pfvarpxq

n|Hn|
1{2

. (A.12)
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We now analyze the second term on the right hand side of (A.10). Recall that

πpnq is independent of zpnq under rΠ. Let Σπ denote the pseudo-posterior covariance

matrix of πpnq. Standard results yield Σπ “ Vntp1 ´ CnqIn ` Cn1n1Jn u, where Vn “

pn´ 1q{rn2tnpα ` 1q ` 1us, and Cn “ ´1{pn´ 1q. Then, we have

rErĂvartfpxq | zpnqus “ rErzpnqJ Σπ z
pnq
s. (A.13)

Using the expression for Σπ along with (A.13), we obtain,

rErĂvartfpxq | zpnqus “
1

npα ` 1q ` 1
rE

#

1

n

n
ÿ

i“1

pzi ´ z̄q
2

+

, (A.14)

where z̄ “ p1{nq
řn
i“1 zi. We now have

rErĂvartfpxq | zpnqus “
1

ntnpα ` 1q ` 1u

#

n
ÿ

i“1

rEpz2
i q ´ n

rEpz̄2
q

+

ď
1

ntnpα ` 1q ` 1u

n
ÿ

i“1

rEpz2
i q

“
1

ntnpα ` 1q ` 1u

n
ÿ

i“1

Rn|Bi|
´1{2tγn´p`2px;µi, Biq,

using (A.11). Using |Bi| ě Dp
n|H| for i “ 1, . . . , n as before, we have

rErĂvartfpxq | zpnqus ď
RnD

´p{2
n

pfvarpxq

tnpα ` 1q ` 1u|Hn|
1{2
. (A.15)

Combining (A.12) and (A.15) and putting the results back in (A.10), we have the

desired result. If we let n Ñ 8, we immediately obtain that Ăvartfpxqu Ñ 0 in

Pf0-probability.

A.4 Proof of Theorem 4

Proof. We have iid data X pnq “ pX1, . . . , Xnq such that X1, . . . , Xn
iid
„ f0, with

f0 satisfying Assumptions 1-3 for p “ 1. Given the NN-DM estimator fpxq “
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řn
i“1 πiφpx; ηi, σ

2
i q, we define the simplified NN-DM density estimator to be

gpxq “
1

n

n
ÿ

i“1

φpx; ηi, σ
2
i q,

The simplified estimator gpxq can be interpreted as a version of fpxq with the Dirich-

let weights being replaced by their pseudo-posterior mean. That is, gpxq “ rEtfpxq |

pη1, σ
2
1q, . . . , pηn, σ

2
nqu. The pseudo-posterior distribution of gpxq is induced through

the pseudo-posterior distributions of tpηi, σ
2
i qu

n
i“1. The pseudo-posterior mean is of

the form

f̂npxq “
1

n

n
ÿ

i“1

1

λi
tγn

ˆ

x´ µi
λi

˙

,

where λi “ tpνn ` 1q{νnu
1{2δi. Let hn “ pνnγnq

´1{2pνn ` 1q1{2pγ0δ
2
0q

1{2. Then

pnhnq
1{2EPf0 |f̂npxq ´ fKpxq| Ñ 0, (A.16)

for kn “ opn2{7q and kn Ñ 8 as nÑ 8 from Section A.2 of the Appendix, where

fKpxq “
1

nhn

n
ÿ

i“1

tγn

ˆ

x´Xi

hn

˙

.

We want to investigate the asymptotic distribution of fpxq as nÑ 8. For that, we

first investigate the asymptotic distribution of the simplified NN-DM estimator gpxq,

and then show that fpxq and gpxq are asymptotically close in Pf0-probability.

To derive the asymptotic distribution of gpxq, we begin with the asymptotic dis-

tribution of fKpxq, which can be expressed as fKpxq “ n´1
řn
i“1 uin, where uin “

h´1
n tγntpx ´Xiq{hnu. Using Lyapunov’s central limit theorem and denoting conver-

gence in distribution under f0 by d0, we have

fKpxq ´ EPf0tfKpxqu

rvarPf0tfKpxqus
1{2

d0
Ñ Np0, 1q
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if

p
řn
i“1 ρinq

1{r

p
řn
i“1 τ

2
inq

1{2
Ñ 0, as nÑ 8, (A.17)

for some r ą 2, where ρin “ E|uin ´ Epuinq|
r and τ 2

in “ Etuin ´ Epuinqu
2 for

i “ 1, . . . , n. By standard calculations, we have

τ 2
in “

f0pxq

hn

ż

t2γnpuqdu` o

ˆ

1

hn

˙

.

For r “ 3,

ρin ď
8f0pxq

h2
n

ż

t3γnpuqdu` o

ˆ

1

h2
n

˙

.

It is straightforward to see that
ş

trγnpuqdu{
ş

tγnpuqdu “ Op1q for any r ě 1. So,

Lyapunov’s condition is satisfied as the ratio in this case satisfies Otpnhnq´1{6u and

nhn Ñ 8. Additionally, |τ 2
in ´ tf0pxq{hnu

ş

φ2puq du| Ñ 0. So by a combination of

Lyapunov’s central limit theorem and Slutsky’s theorem, we have

pnhnq
1{2

”

fKpxq ´ EPf0tfKpxqu
ı

d0
Ñ N

ˆ

0,
f0pxq

2π1{2

˙

, (A.18)

since
ş

φ2puq du “ p2π1{2q´1. From the calculations in Section A.6 of the Appendix,

we can expand the Taylor series to two more terms to obtain

EPf0

"

fKpxq ´ f0pxq ´
h2
nf

2

0 pxq

2

*

“ Oph4
nq,

since |f
p4q
0 pxq| ď C0 for all x P r0, 1s. Thus,

pnhnq
1{2

«

fKpxq ´

#

f0pxq `
h2
nf
p2q
0 pxq

2

+ff

d0
Ñ N

ˆ

0,
f0pxq

2π1{2

˙

, (A.19)

provided n´2{9kn Ñ 8 as nÑ 8, implying pnhnq
1{2h4

n Ñ 0.
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We now argue that pnhnq
1{2|gpxq ´ f̂npxq| Ñ 0 in Pf0-probability. For this, we

first look at

EPf0

”

nhntgpxq ´ f̂npxqu
2
ı

“ nhnEPf0

”

rE
!

pgpxq ´ f̂npxqq
2
)ı

“ nhnEPf0 rĂvartgpxqus ,

since rEtgpxqu “ f̂npxq. The pseudo-posterior variance of gpxq is given by

Ăvartgpxqu “
1

n2

n
ÿ

i“1

ĂvartZipxqu,

where Zipxq “ φpx; ηi, σ
2
i q for i “ 1, . . . , n. It is straightforward to show that

ĂvartZipxqu „ |∆n|
1

rλ2
i

t2γn`1

ˆ

x´ µi
rλi

˙

, (A.20)

as nÑ 8, where rλ2
i “ λ2

i {2 for i “ 1, . . . , n and

∆n “
u2
γn

u2γn`1

´
1

p2πq1{2
,

with ud “ Γtpd ` 1q{2u{tpdπq1{2Γpd{2qu being the normalizing constant of the Stu-

dent’s t-density with degrees of freedom d ą 0. Using Stirling’s approximation,

∆n Ñ 0 as nÑ 8. This immediately implies

nhn Ăvartgpxqu ď |∆n| vgpxq,

where

vgpxq “
1

n

n
ÿ

i“1

1

rλi
t2γn`1

ˆ

x´ µi
rλi

˙

.

Using the techniques of Section A.2 of the Appendix, it can be shown that EPf0tvgpxqu Ñ
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f0pxq as nÑ 8. Therefore, we have

EPf0

”

nhntgpxq ´ f̂npxqu
2
ı

“ nhnEPf0

”

rE
!

pgpxq ´ f̂npxqq
2
)ı

“ nhnEPf0 rĂvar tgpxqus

ď EPf0t|∆n|vgpxqu

Ñ 0,

as n Ñ 8. A simple application of Chebychev’s inequality implies pnhnq
1{2|gpxq ´

f̂npxq| Ñ 0 in Pf0-probability as n Ñ 8. Combining this with (A.16) and (A.19)

and using Slutsky’s theorem, we obtain the desired result for gpxq.

We now demonstrate that fpxq and gpxq are asymptotically close to derive the

same result for fpxq. We start out with

varPf0
“

pnhnq
1{2
tfpxq ´ gpxqu

‰

“ nhnEPf0 rĂvar tfpxq ´ gpxqus

“ nhnEPf0

«

Ăvar

#

n
ÿ

i“1

ˆ

πi ´
1

n

˙

Zipxq

+ff

(A.21)

We now focus on the term inside EPf0 in (A.21) and further decompose it as

Ăvar

#

n
ÿ

i“1

ˆ

πi ´
1

n

˙

Zipxq

+

“ rE

«

Ăvar

#

n
ÿ

i“1

ˆ

πi ´
1

n

˙

Zipxq | π
pnq

+ff

` Ăvar

«

rE

#

n
ÿ

i“1

ˆ

πi ´
1

n

˙

Zipxq | π
pnq

+ff

,

(A.22)

where πpnq “ pπ1, . . . , πnq
J. In (A.22), let Ξ1n and Ξ2n be as follows:

Ξ1n “ rE

«

Ăvar

#

n
ÿ

i“1

ˆ

πi ´
1

n

˙

Zipxq | π
pnq

+ff

,

Ξ2n “ Ăvar

«

rE

#

n
ÿ

i“1

ˆ

πi ´
1

n

˙

Zipxq | π
pnq

+ff

.
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Thus, we can write (A.21) as

varPf0
“

pnhnq
1{2
tfpxq ´ gpxqu

‰

“ nhnEPf0 pΞ1nq ` nhnEPf0 pΞ2nq. (A.23)

It is straightforward to see that Ξ1n “
řn
i“1 Ăvarpπiq ĂvartZipxqu. As n Ñ 8, we use

the fact that πi „ Betapαn ` 1, pn´ 1qpαn ` 1qq under rΠ and (A.20), to get

nhnEPf0 pΞ1nq „
n∆n

npαn ` 1q ` 1
rΞ1n, (A.24)

for some rΞ1n satisfying rΞ1n Ñ f0pxq and ∆n Ñ 0 as nÑ 8. Therefore, nhnEPf0 pΞ1nq Ñ

0 as n Ñ 8. For the second part, let dipxq “ p1{λiq tγntpx ´ µiq{λiu so that the

pseudo-posterior mean f̂npxq “ p1{nq
řn
i“1 dipxq. We first observe that

Ξ2n “ Ăvar

«

n
ÿ

i“1

ˆ

πi ´
1

n

˙

1

λi
tγn

ˆ

x´ µi
λi

˙

ff

“ Ăvar

«

n
ÿ

i“1

πidipxq

ff

“
1

npαn ` 1q ` 1

«

1

n

n
ÿ

i“1

tdipxq ´ f̂npxqu
2

ff

ď
1

npαn ` 1q ` 1

«

1

n

n
ÿ

i“1

d2
i pxq

ff

.

It now follows from some algebra that

1

n

n
ÿ

i“1

d2
i pxq ď

d0pnqγn
2γn ` 1

ˆ

2γn ` 1

γn

˙1{2
1

hn

«

1

n

n
ÿ

i“1

1

λ̃i
t2γn`1

ˆ

x´ µi

λ̃i

˙

ff

,

where d0pnq Ñ p2πq´1{2 as nÑ 8. Therefore, we have

nhnEPf0 pΞ2nq ď O
"

1

2π1{2

n

npαn ` 1q ` 1
rΞ2n

*

, (A.25)
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for some rΞ2n satisfying rΞ2n Ñ f0pxq as n Ñ 8. By the conditions of the theorem,

we have nhnEPf0 pΞ2nq Ñ 0 as nÑ 8. This, along with (A.24) substituted in (A.23)

provides pnhnq
1{2 |fpxq´gpxq| Ñ 0 in Pf0-probability. This implies the desired result

for fpxq using Slutsky’s theorem. As a result, we can interpret pseudo-credible

intervals to be frequentist confidence intervals, on average, asymptotically.

A.5 Proof of Theorem 5

A.5.1 A property of the k-nearest neighbor distance

Suppose X1, . . . , Xn
iid
„ f0 with f0 a density on Rp satisfying Assumptions 1-3. We

denote the induced probability measure Pf0 by P0 in this section for the sake of

convenience. We define the smoothed k-nearest neighborhood of Xi as Bi “ ty P

Rp : ||Xi ´ y||2 ď Riu, where Ri “ ||Xi ´Xirkns||2 is the Euclidean distance between

Xi and the kn-nearest neighbor of Xi for i “ 1, . . . , n. By symmetry, R1, . . . , Rn are

identically distributed. Suppose rn “ pkn{nq
1{p and define the quasi-neighborhood

B̃iprq “ ty P Rp : ||Xi´ y||2 ď ru, where the random variables Ri have been replaced

by r ě 0. Let

ωxprq “

ż

ty : ||y´x||2ď ru

f0pyq dy.

The positive density condition on f0 obtained from Assumptions 1 and 3 (Evans

et al., 2002; Evans, 2008) ensures the existence of A ą 1 and ρ ą 0 such that for all

0 ď r ď ρ and for all x P r0, 1sp,

rp

A
ď ωxprq ď Arp. (A.26)

We first state a Lemma proving some important properties of R1. We next use this

Lemma to prove Theorem 5. Recall that two non-negative sequences panq and pbnq

are said to be asymptotically equivalent if |an{bn| Ñ c0 for some c0 ą 0, denoted by

an „ bn.
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Lemma 14. Define i0 “ t2{pp
2 ` p ` 2qu ^ t4{pp ` 2q2u as in Theorem 1. Assume

kn „ ni0´ε for some ε P p0, i0q. Suppose δ ą 0 satisfies

δ ă p1´ i0 ` εq
´1
´ 1.

Define

rn “

ˆ

kn
n

˙1{p

, cn “
1

pAeq1{p
r1`δ
n , and n0 “

[

"

1´ i0´ε
2

δp1´ i0 ` εq
` 1

*

1
i0´ε

_

` 1.

Then, the following results hold:

(i) pn “ P0pR1 ď cnq “ O

«

k
´1{2
n

ˆ

kn
n

˙pkn´1qδ
ff

as nÑ 8.

(ii)
8
ÿ

n“n0`1

pn ă 8. That is, tpnu
8
n“1 is summable.

(iii) P

„

limsup
nÑ8

tR1 ď cnu



“ 0.

(iv) ncpn Ñ 8 as nÑ 8.

Proof. (i) Note that cn ď ρ for sufficiently large n. From Lemma 4.1 of Evans

et al. (2002) we have

P0pR1 ď cn | Xi “ xq “

ωxpcnq
ż

0

pkn ´ 1q

ˆ

n´ 1

kn ´ 1

˙

ykn´2
p1´ yqn´kndy

ď

ˆ

n´ 1

kn ´ 1

˙

ωxpcnq
kn´1

„ k´1{2
n

ˆ

kn
n

˙pkn´1qδ

,

for any x P r0, 1sp, using (A.26). This immediately implies

P0pR1 ď cnq “

ż

r0,1sp
P0pRi ď cn | Xi “ xq f0pxq dx ď O

«

k´1{2
n

ˆ

kn
n

˙pkn´1qδ
ff

.
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(ii) For n ą n0, we have pn “ Otn´p1`Θnqu for a sequence Θn Ñ 8, Θn ą 0. This

ensures that
ř8

n“n0`1 pn ă 8.

(iii) Since
ř8

n“1 pn ă 8, a direct application of the first Borel-Cantelli lemma proves

the statement.

(iv) We have, using the condition on δ,

ncpn “
n

Ae

ˆ

kn
n

˙1`δ

“
1

Ae

k1`δ
n

nδ

Ñ 8, as nÑ 8.

We now use the above Lemma to prove Theorem 5. The key idea is to leverage

the fact that Ri ą cn for all i “ 1, . . . , n with probability 1 for all but finite n.

A.5.2 Number of effective member points in each neighborhood

We now prove Theorem 5.

Proof. Using (iii) from Lemma 14, for i “ 1, . . . , n, we have an integer rNi such

that for all n ě rNi, P0pRi ą cnq “ 1. However, since R1, . . . , Rn are identi-

cally distributed, rN1 “ . . . “ rNn “ rN , say. Thus, for all i “ 1, . . . , n, we have

P0pRi ą cnq “ 1 for all n ě rN . This immediately implies that P0 r
Şn
i“1tRi ą cnus “

1 ´ P0 r
Ťn
i“1tRi ď cnus ě 1 ´

řn
i“1 P0rRi ď cns “ 1 for all n ě rN , which shows
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P0 r
Şn
i“1tRi ą cnus “ 1. Therefore, we have

nQn “ nP0

«

X2 P B1,
n
č

i“3

tX2 R Biu,
n
č

i“1

tRi ą cnu

ff

ď nP0

«

n
č

i“3

tX2 R B̃ipcnqu

ff

“ nP0

«

n
č

i“3

t||X2 ´Xi|| ą cnu

ff

“ n

ż

θn´2
n pxq f0pxq dx,

where θnpxq “ 1 ´ ωxpcnq, since X1, . . . , Xn
iid
„ f0. Using (A.26), we have θnpxq ď

1´ pcpn{Aq for all x P r0, 1sp. Given the conditions on k, it follows that as nÑ 8,

log n` n log

ˆ

1´
cpn
A

˙

„ log n´
nξ

A2e
Ñ ´8,

for all x P r0, 1sp, where ξ “ 1´ p1` ε´ i0qp1` δq ą 0. Therefore, we have

nQn “ n

ż

θn´2
n pxqf0pxq dx

ď n

„

1´
cpn
A

n´2 ż

f0pxq dx

“ O
„

exp

"

log n` n log

ˆ

1´
cpn
A

˙*

Ñ 0,

as nÑ 8. This proves the result.

A.6 Proof of Consistency of KDE

Define the standard multivariate t-density with d ą 0 degrees of freedom to be

gdpxq “ tdpx; 0p, Ipq. Since H “ Hn “ h2
n Ip as defined in Section 2.3.1 is diagonal, it
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immediately follows that tγn´p`1px;µ,Hq “ h´pn gγn´p`1th
´1
n px ´ µqu. The following

lemma proves the consistency of any such generic kernel density estimator with t

kernel depending on n, say

fKpxq “
1

nwp

n
ÿ

i“1

gγn´p`1

ˆ

x´Xi

w

˙

,

where the bandwidth w “ wn satisfies wn Ñ 0 and nwpn Ñ 8 as n Ñ 8, with

independent and identically distributed data X1, . . . , Xn „ f0 satisfying Assumptions

1-3.

Lemma 15. Suppose wn is a sequence satisfying wn ÝÑ 0 and nwpn ÝÑ 8 as n ÝÑ

8. Let fKpxq “ pnw
p
nq
´1

řn
i“1 gγn´p`1tw

´1
n px ´ Xiqu. Then fKpxq Ñ f0pxq in Pf0-

probability for each x P r0, 1sp.

Proof. It is enough to show that EtfKpxqu ÝÑ f0pxq and varPf0tfKpxqu ÝÑ 0 as

n ÝÑ 8. Let us start first with EtfKpxqu. We have

EtfKpxqu “ E

"

1

wpn
gγn´p`1

ˆ

x´X1

wn

˙*

“

ż

r0,1sp

1

wpn
gγn´p`1

ˆ

y ´ x

wn

˙

f0pyq dy

“

ż

r´ x
wn

, 1´x
wn
s
p
gγn´p`1puq f0px` wnuq du,

“

ż

r´ x
wn

, 1´x
wn
s
p
gγn´p`1puq tf0pxq ` wnu

J∇f0pξqu du

“ f0pxq

ż

r´ x
wn

, 1´x
wn
s
p
gγn´p`1puq du` wn

ż

r´ x
wn

, 1´x
wn
s
p
gγn´p`1puqu

J∇f0pξq du,

“ f0pxqt1´ onp1qu ` wnOnp1q,

using the mean value theorem and Polya’s theorem (Pólya, 1920) along with As-

sumption 2 to bound ∇f0p¨q. As n Ñ 8, this implies that EPf0tfKpxqu Ñ f0pxq

since wn Ñ 0 as nÑ 8.
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The variance may be dealt with in a similar manner. Following the same steps

as before we get

varPf0tfKpxqu “
1

n
varPf0

"

1

wpn
gγn´p`1

ˆ

x´X1

wn

˙*

ď
1

n
E

"

1

w2p
n

g2
γn´p`1

ˆ

x´X1

wn

˙*

ď
1

nw2p
n

ż

r0,1sp
g2
γn´p`1

ˆ

y ´ x

wn

˙

f0pyq dy

ď
1

nwpn

ż

r´ x
wn

, 1´x
wn
s
p
g2
γn´p`1puqtf0pxq ` wnu

J∇f0pξqu du,

ď
f0pxqOnp1q

nwpn
,

which shows that the variance goes to 0 as nÑ 8, since nwpn Ñ 8 as nÑ 8.

For the NN-DM, recall

fKpxq “
1

n

n
ÿ

i“1

tγn´p`1px;Xi, Hnq

from Section 2.3.1 of the main document, where Hn “ h2
nIp and h2

n “ tνnpγn ´ p `

1qu´1tpνn`1qpγ0´p`1quδ2
0. Here, the bandwidth hn satisfies hn Ñ 0 and nhpn Ñ 8

as n Ñ 8. Lemma 15 then shows that fKpxq converges to f0pxq in Pf0-probability

as nÑ 8.

A.7 Cross-validation

A.7.1 Algorithm for leave-one-out cross-validation

Consider independent and identically distributed data X1, . . . , Xn P Rp „ f with f

having the NN-DM formulation. The prior of the neighborhood parameters pηi,Σiq

following Sections 2.2.2 and 2.2.3 is pηi,Σiq „ NIWppµ0, ν0, γ0,Ψ0q where Ψ0 “

pγ˚δ
2
0q Ip with γ˚ “ γ0 ´ p ` 1. We use the pseudo-posterior mean in (2.8) to com-

pute leave-one-out log-likelihoods Lpδ2
0q for different choices of the hyperparameter
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δ2
0, choosing δ2

0,CV “ arg supδ20Lpδ
2
0q to maximize this criteria. The details of the

computation of Lpδ2
0q for a fixed δ2

0 are provided in Algorithm 3.

Algorithm 3. Leave-one-out cross-validation for choosing the hyperparameter δ2
0 in

nearest neighbor-Dirichlet mixture method.

• Consider data X pnq “ pX1, . . . , Xnq where Xi P Rp, p ě 1.

Fix the number of neighbors k and other hyperparameters µ0, ν0, γ0.

• For i P t1, . . . , nu, consider the data set leaving out the ith data point, given

by X´i “ pX1, . . . , Xi´1, Xi`1, . . . , Xnq. Compute the pseudo-posterior mean

density estimate at Xi, namely f̂´ipXiq, using X´i and (2.8); let Lipδ
2
0q “

f̂´ipXiq. Finally, compute the leave-one-out log-likelihood given by

Lpδ2
0q “

1

n

n
ÿ

i“1

logtLipδ
2
0qu.

• For δ2
0 ą 0, obtain δ2

0,CV “ arg sup
δ20

Lpδ2
0q.

A.7.2 Fast Implementation of cross-validation

In Algorithm 3, the nearest neighborhood specification for each X´i is different for

i “ 1, . . . , n. However, we bypass this computation by initially forming a neigh-

borhood of size pk ` 1q for each data point using the entire data and storing the

respective neighborhood means and covariance matrices. Suppose for Xi, the indices

of the pk ` 1q-nearest neighbors are given by rNi “ tj P t1, . . . , nu : ||Xi ´ Xj||2 ď

||Xi ´ Xirk`1s||2u, arranged in increasing order according to their distance from Xi

with Xir1s “ Xi. Define the neighborhood mean mi “ t1{pk ` 1qu
ř

jPĂNi Xj and the

neighborhood covariance matrix Si “ pk ` 1q´1t
ř

jPĂNipXj ´miqpXj ´miq
Ju. Then,

to form a k-nearest neighborhood for the new data X´i, a single pass over the initial
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neighborhoods rNi is sufficient to update the new neighborhood means and covari-

ance matrices. Below, we describe the update for the neighborhood means m
p´iq
j and

covariance matrices S
p´iq
j for j “ 1, . . . , n and j ‰ i, considering the data X´i. For

j “ 1, . . . , n and j ‰ i, we have,

m
p´iq
j “

#

p1{kqtpk ` 1qmj ´Xjrk`1su if i R rNj,

p1{kqtpk ` 1qmj ´Xiu if i P rNj.

S
p´iq
j “

#

Sj ´ tpk ` 1q{kupmj ´Xjrk`1sqpmj ´Xjrk`1sq
J if i R rNj,

Sj ´ tpk ` 1q{kupmj ´Xiqpmj ´Xiq
J if i P rNj.

(A.27)

A.8 Algorithm with Gaussian Kernels for Univariate Data

For p “ 1, we have a univariate Gaussian density φpx; ηi, σ
2
i q in neighborhood i and

normal-inverse gamma priors pηi, σ
2
i q „ NIGpµ0, ν0, γ0{2, γ0δ

2
0{2q independently for

i “ 1, . . . , n, with µ0 P R and ν0, γ0, δ
2
0 ą 0. That is,

ηi | σ
2
i „ N

ˆ

µ0,
σ2
i

ν0

˙

, σ2
i „ IG

ˆ

γ0

2
,
γ0δ

2
0

2

˙

.

Monte Carlo samples from the pseudo-posterior of the unknown density f at any

point x can be generated following the steps of Algorithm 4.

Algorithm 4. Nearest neighbor-Dirichlet mixture algorithm to obtain Monte Carlo

samples from the pseudo-posterior of fpxq with Gaussian kernel and normal-inverse

gamma prior.

• Step 1: Compute the k-nearest neighborhood Ni for data point Xi with Xir1s “

Xi, using the distance dp¨, ¨q.

• Step 2: Update the parameters for neighborhood Ni to pµi, νn, γn{2, γnδ
2
i {2q

where νn “ ν0 ` k, γn “ γ0 ` k,

µi “
ν0µ0 ` kX̄i

νn
, X̄i “

1

k

ÿ

jPNi

Xj,
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and γnδ
2
i “ γ0δ

2
0 `

ř

jPNi

`

Xj ´ X̄i

˘2
` kν0ν

´1
n

`

µ0 ´ X̄i

˘2
.

• Step 3: To compute the t-th Monte Carlo sample of fpxq, sample Dirichlet

weights πptq „ Dirichletpα` 1, . . . , α` 1q and neighborhood-specific parameters

pη
ptq
i , σ

ptq2
i q „ NIG pµi, νn, γn{2, γnδ

2
i {2q independently for i “ 1, . . . , n, and set

f ptqpxq “
n
ÿ

i“1

π
ptq
i φpx; η

ptq
i , σ

ptq2
i q. (A.28)

A.9 Inverse Wishart Parametrization

The parametrization of the inverse Wishart density defined on the set of all p ˆ p

matrices with real entries used in Chapter 2 is given as follows. Suppose γ ą p ´ 1

and Ψ is a pˆ p positive definite matrix. If Σ „ IWppγ,Ψq, then Σ has the following

density function:

gpΣq “

$

’

’

’

’

&

’

’

’

’

%

|Ψ|γ{2

2γp{2Γp

´γ

2

¯ |Σ|´pγ`p`1q{2 etr

ˆ

´
1

2
ΨΣ´1

˙

if Σ is positive definite,

0 otherwise,

where Γpp¨q is the multivariate gamma function given by

Γppaq “ πppp´1q{4
p
ź

j“1

Γ

ˆ

a`
1´ j

2

˙

,

for a ě pp ´ 1q{2 and the function etr pAq “ exp ttrpAqu for a square matrix A.

When p “ 1, the IWppγ,Ψq density is the same as the IGpγ{2, γδ2{2q density, where

δ2 “ Ψ{γ. The IWppγ,Ψq distribution has mean Ψ{pν ´ p ´ 1q for ν ą p ` 1 and

mode Ψ{pν ` p` 1q.
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A.10 Univariate and Multivariate L1 Error Tables

Table A.1: Comparison of the methods in terms of L1 error in the univariate case.
Number of test points and replications considered are nt “ 500 and R “ 20, respec-
tively.

Sample size Estimator CA CW DE GS IE LN LO SB SP ST

200
NN-DM 0.20 0.31 0.19 0.12 0.36 0.20 0.13 0.16 0.30 0.31

NN-DM (default) 0.21 0.37 0.17 0.12 0.34 0.20 0.14 0.17 0.31 0.32
DP-MC 0.17 0.37 0.14 0.10 0.36 0.22 0.13 0.23 0.27 0.55
KDE - 0.37 0.16 0.12 - 0.18 0.11 0.18 - 0.52
KNN 5.99 0.58 0.59 0.28 3.46 0.54 0.48 0.39 6.02 0.46
DP-VB 0.20 0.35 0.15 0.08 0.53 0.25 0.11 0.11 0.44 0.57
RD - 0.35 0.13 0.12 - 0.16 0.11 0.16 - 0.53
PTM 0.29 0.27 0.18 0.13 0.38 0.22 0.13 0.20 0.40 0.39
LLDE 0.19 0.36 0.14 0.10 - 0.15 0.10 0.18 - 0.55
OPT 0.32 0.36 0.28 0.17 0.55 0.21 0.02 0.18 0.75 0.52

A-KDE 0.22 0.35 0.15 0.14 0.46 0.16 0.11 0.17 0.38 0.53

500
NN-DM 0.16 0.17 0.13 0.08 0.30 0.16 0.10 0.10 0.24 0.20

NN-DM (default) 0.16 0.36 0.12 0.09 0.30 0.17 0.10 0.12 0.25 0.22
DP-MC 0.11 0.35 0.10 0.08 0.27 0.18 0.09 0.13 0.22 0.53
KDE - 0.32 0.11 0.08 - 0.15 0.08 0.11 - 0.51
KNN 3.62 0.47 0.48 0.27 3.39 0.40 0.30 0.31 5.64 0.35
DP-VB 0.14 0.33 0.11 0.05 0.48 0.19 0.08 0.08 0.45 0.55
RD - 0.32 0.10 0.09 - 0.13 0.09 0.10 - 0.50
PTM 0.24 0.19 0.14 0.10 0.32 0.19 0.11 0.14 0.32 0.30
LLDE 0.17 0.35 0.11 0.08 - 0.15 0.08 0.14 - 0.53
OPT 0.27 0.31 0.16 0.12 0.51 0.16 0.01 0.14 0.72 0.46

A-KDE 0.16 0.32 0.10 0.10 0.40 0.13 0.10 0.10 0.27 0.52
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Appendix B

Further details for Chapter 3

B.1 B-spline Functions

For an extensive overview of B-spline basis functions, we refer the reader to De Boor

(1978). As a default, we choose cubic splines for modeling both the main and in-

teraction effects throughout the paper; however, one could vary the degree of the

B-splines as required. We now describe the choice of B-splines for modeling the

interaction effects and main effects in Sections 3.3.2 and 3.3.4, respectively.

For the interaction function huv, we let huv satisfy huvpxu, 0q “ 0 for all xu P r0, 1s

and huvp0, xvq “ 0 for all xv P r0, 1s. To achieve this, we first construct the set of

B-spline functions su0pxuq, . . . , sumpxuq along the u-th dimension for u “ 1, . . . , p,

where su0 is the intercept spline. The intercept spline su0 the only B-spline basis

function satisfying su0p0q ‰ 0. Thus, to model the interaction effects, we simply

ignore the intercept spline su0 and only choose the B-spline functions sujp¨q that

satisfy sujp0q “ 0.

In order to model the main effects, we proceed as follows. Suppose we have B-

spline basis functions tu0, . . . , tud, with tu0 being the intercept spline. If the main
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effects satisfy the origin constraint, we simply ignore tu0 and let the basis functions

be bu,jpxuq “ tujpxuq for u “ 1, . . . , p and j “ 1, . . . , d. If the main effects satisfy

the integral constraint, we let bu,jpxuq “ tujpxuq ´
ş1

0
tujpxq dx for u “ 1, . . . , p and

j “ 0, . . . , d.

B.2 P-spline Priors

In order to ensure a function gpxq “
řm
j“1 sjpxqβj expressed as a linear combination

of the B-splines s1, . . . , sm is sufficiently smooth, we follow the P-spline approach

described in Lang and Brezger (2004). P-spline priors aim to promote smoothness

by shrinking coefficients of adjacent splines towards each other.

We use a P-spline prior of order 1 along with a slight modification to make the

it a proper prior distribution. The order 1 prior described in Lang and Brezger

(2004) is obtained by considering the hierarchical model βj | βj´1 „ Npβj´1, τ
2q for

j “ 2, . . . ,m, and then letting β1 have an improper prior, given by

πpβ1q9 1.

However, we avoid the use of improper priors, and let β1 „ Np0, τ 2q as well. Under

this modified prior specification, the joint distribution of β “ pβ1, . . . , βmq
J is given

by

πpβq9 exp

«

´
1

2τ 2

#

β2
1 `

m
ÿ

j“2

pβj ´ βj´1q
2

+ff

.

This can be rewritten as β „ Np0, τ 2Σ0q for a positive-definite matrix Σ0 whose

entries are known.

B.3 Model Identifiability

We first state a result which ensures identifiability of the main and interaction effects

in the assumed model.
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Proposition 16. Suppose the dose response function is given by

Hpxq “ α `
p
ÿ

j“1

fjpxjq `
ÿ

1ďuăvďp

huvpxu, xvq,

for x “ px1, . . . , xpq
J P r0, 1sp, p ě 2. Assume the following conditions hold:

1. f1, . . . , fp together satisfy either (a) or (b), where

(a) Origin Constraint: fjp0q “ 0 for j “ 1, . . . , p, or

(b) Integral Constraint:

ż 1

0

fjpxjq dxj “ 0 for j “ 1, . . . , p.

2. For all 1 ď u ă v ď p, huvpxu, 0q “ 0 and huvp0, xvq “ 0 for all xu, xv P r0, 1s.

If two tuples
`

α, tfju
p
j“1, thuvu1ďuăvďp

˘

and
´

α̃, tf̃ju
p
j“1, th̃uvu1ďuăvďp

¯

satify

α `
p
ÿ

j“1

fjpxjq `
ÿ

1ďuăvďp

huvpxu, xvq “ α̃ `
p
ÿ

j“1

f̃jpxjq `
ÿ

1ďuăvďp

h̃uvpxu, xvq,

for all x P r0, 1sp, then
`

α, tfju
p
j“1, thuvu1ďuăvďp

˘

“

´

α̃, tf̃ju
p
j“1, th̃uvu1ďuăvďp

¯

.

Proof. We first prove the result for p “ 2 and then generalize to higher dimensions,

under both sets of constraints on the main effects. Suppose the following holds for

all x1, x2 P r0, 1s:

α ` f1px1q ` f2px2q ` h12px1, x2q “ α̃ ` f̃1px1q ` f̃2px2q ` h̃12px1, x2q. (B.1)

Proof for origin constraint: We first let x1 “ x2 “ 0. Due to the constraints

on the main effects and interactions, we obtain α “ α̃. Next, we let x2 “ 0 for any

x1. We then obtain α ` f1px1q “ α̃ ` f̃1px1q for all x1, which leads us to f1 “ f̃1.
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Similarly, by letting x1 “ 0 for any x2, we obtain f2 “ f̃2. Substituting these results

into (B.1), we find h12 “ h̃12.

For p ě 3, we fix 1 ď u ă v ď p. We first let xj “ 0 for all j R tu, vu, which

implies

α ` fupxuq ` fvpxvq ` huvpxu, xvq “ α̃ ` f̃upxuq ` f̃vpxvq ` h̃uvpxu, xvq.

The result for p “ 2 implies fu “ f̃u, fv “ f̃v, and huv “ h̃uv for any 1 ď u ă v ď p.

Proof for integral constraint: We first let x2 “ 0, which implies α` f1px1q `

f2p0q “ α̃ ` f̃1px1q ` f̃2p0q for all x1 P r0, 1s. Integrating both sides with respect to

x1 and using the fact that
ş1

0
f1px1q dx1 “

ş1

0
f̃1px1q dx1 “ 0, we obtain α ` f2p0q “

α̃ ` f̃2p0q, which when substituted into the previous equation, implies that f1 “ f̃1.

Similarly, letting x1 “ 0 leads us to f2 “ f̃2, which implies α “ α̃ since α ` f2p0q “

α̃ ` f̃2p0q. Substituting these results into (B.1) implies h12 “ h̃12.

For p ě 3, we fix 1 ď u ă v ď p. We first let xj “ 0 for all j R tu, vu, which

implies

ρ` fupxuq ` fvpxvq ` huvpxu, xvq “ ρ̃` f̃upxuq ` f̃vpxvq ` h̃uvpxu, xvq,

where ρ “ α `
ř

jRtu,vu fjp0q and ρ̃ “ α̃ `
ř

jRtu,vu f̃jp0q. Using the result for

p “ 2, this immediately implies that fu “ f̃u for all u “ 1, . . . , p, huv “ h̃uv for all

1 ď u ă v ď p, and ρ “ ρ̃, which implies α “ α̃.

B.4 Other Approaches

We also considered alternative Bayesian monotone spline formulations based on re-

stricting the sign of the coefficients (Ramsay, 1988; Shively et al., 2009) instead of

squaring unconstrained functions. However, squaring unconstrained functions led to

superior estimation performance in simulations, particularly when the non-negative
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function being estimated was close to 0. To see why, suppose gpxq “ t
řm
j“1 sjpxqcju

2,

where spxq “ psjpxqq
m
j“1 denotes m B-spline basis functions and c “ pc1, . . . , cmq

J

denotes the vector of basis coefficients. If we assume c „ Np0, Cq for some covari-

ance matrix C, then for each x, gpxq{
“

spxqJC spxq
‰

„ χ2
1. Since the χ2

1 density

function has an infinite spike at 0, the squared model provides superior shrinkage of

the non-negative function towards 0 as compared to the model gpxq “ spxqJc, where

we assume the truncated Gaussian prior on c „ Np0, Cq1rc1 ě 0, . . . , cm ě 0s.

As an alternative to decomposing Puv and Nuv as products of univariate non-

negative functions, we tried modeling Puv and Nuv as squares of linear combinations

of tensor products of B-splines (De Boor, 1978). That is, we let Puvpxu, xvq “

#

m
ÿ

j“1

m
ÿ

j1“1

sujpxuqsvj1pxvqβuv,jj1

+2

and Nuvpxu, xvq “

#

m
ÿ

j“1

m
ÿ

j1“1

sujpxuqsvj1pxvqδuv,jj1

+2

.

Assuming Puv and Nuv to be products of univariate non-negative functions is a

special case of the above model, obtained by letting βuv,jj1 “ θuv,1jφuv,1j1 and δuv,jj1 “

θuv,2jφuv,2j1 . This is equivalent to assuming the matrices Buv “ pβuv,jj1q1ďj,j1ďm and

Duv “ pδuv,jj1q1ďj,j1ďm are rank 1. Due to the limited sample sizes and signal-to-noise

ratios typical of environmental epidemiology, we found restricting the rank to 1 to

be much more effective at identifying synergistic, antagonistic, or null interactions.

Furthermore, the rank 1 assumption reduces the number of spline coefficients for the

uvth interaction from 2m2 to 4m, leading to substantial computational gains.

B.5 Posterior Sampling

Following Section 3.3.5, we now provide further details for sampling from the pos-

terior under the proposed SAID approach. Let wuv “ pτuv,1, τuv,2q. The conditional

prior for the spline coefficients Ψuv given the penalty parameter κuv and variance
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parameters wuv, ν is given by

πpΨuv | κuv, wuv, νq9π0pΨuv | wuv, νq exp
!

´κuv rQpΨuvq

)

,

where the unpenalized prior π0p¨ | wuv, νq is the product density given by:

π0pΨuv | wuv, νq “
2
ź

l“1

 

Npθuv,l | 0, ν2τ 2
uv,lΣ0qNpφuv,l | 0, ν2τ 2

uv,lΣ0q
(

.

Let gpΨuv, κuv, wuv, νq “ π0pΨuv | wuv, νq expt´κuv rQpΨuvqu. Removing the propor-

tionality, we get:

πpΨuv | κuv, wuv, νq “
gpΨuv, κuv, wuv, νq

Zpκuv, wuv, νq
“

π0pΨuv | wuv, νq exp
!

´κuv rQpΨuvq

)

Zpκuv, wuv, νq
,

where the normalizing constant is given by

Zpκuv, wuv, νq “

ż

gpΨ, κuv, wuv, νq dΨ.

With π as the prior for Ψuv, it is difficult to sample from the posterior of Ψuv using

standard MCMC algorithms, since Zpκuv, wuv, νq is an intractable integral. To make

MCMC sampling easier, we follow the variable augmentation technique described in

Rao et al. (2016). Although Rao et al. (2016) develops their algorithm in the case

of intractable likelihoods, we use the same principle to facilitate joint sampling of

Θuv “ pΨ
J
uv, κuv, wuvq

J and then conditionally sampling ν given all the parameters

tΘuvu1ďuăvďp, by augmenting new variables generated using rejection sampling.

We first remark that gpΨuv, κuv, wuv, νq ď M π0pΨuv | wuv, νq with the con-

stant M “ 1. Following Rao et al. (2016), we introduce auxiliary variables Ruv “

tYuv,1, . . . ,Yuv,|Ruv |u, which are considered as the rejected samples before Ψuv is

accepted. The rejected proposals Ruv are sampled using the following rejection sam-

pling algorithm: given Θuv and ν, we independently sample Yuv,j „ π0p¨ | wuv, νq un-

til the first acceptance; accepting Yuv,j with probability gpYuv,j, κuv, wuv, νq{rMπ0pYuv,j |
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wuv, νqs “ expt´κuv rQpYuv,jqu. The conditional joint distribution of Ψuv and the re-

jected proposals Ruv, given κuv, wuv, and ν is

π1pΨuv,Ruv | κuv, wuv, νq

“ gpΨuv, κuv, wuv, νq

|Ruv |
ź

j“1

tπ0pYuv,j | wuv, νq ´ gpYuv,j, κuv, wuv, νqu

“ gpΨuv, κuv, wuv, νq

|Ruv |
ź

j“1

π0pYuv,j | wuv, νq
”

1´ expt´κuv rQpYuv,jqu
ı

.

The above joint distribution allows us to compute the prior density of the uvth

interaction specific parameters Θuv, conditional on ν and the rejected proposals

Ruv:

ppΨuv, κuv, wuv | Ruv, νq9π1pΨuv,Ruv | κuv, wuv, νq πκpκuvq πwpwuvq. (B.2)

Here, πκ is the standard lognormal density; that is, the density of logpW q when

W „ Np0, 1q, and πwpw1, w2q “ C`pw1 | 0, 1qC`pw2 | 0, 1q. From Section 3.3.5,

the conditional likelihood for Θuv when sampling the uv-th interaction is given by

LpΘuvq “ Np∆uv | huv, σ
2
Inq. To sample all the parameters using MCMC, we adopt

the following HMC-within-Gibbs strategy:

1. Sample the intercept, main effect, and covariate coefficient parameters as in

Section 3.3.5.

2. For 1 ď u ă v ď p,

(a) Construct ∆uv after estimating the intercept, main effect, covariate coef-

ficients, and the rest of the interactions thu1v1 : pu1, v1q ‰ pu, vqu.

(b) Sample Ruv given Θuv, ν: Given Θuv and ν, we independently sample

Yuv,j „ π0p¨ | wuv, νq for j “ 1, 2, . . . until a sample is accepted; we accept

a sample Yuv,j with probability expt´κuv rQpYuv,jqu. Once we accept the
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first sample, we discard the accepted sample and form the set of rejected

samples Ruv “ tYuv,1, . . . ,Yuv,|Yuv |u.

(c) Sample Θuv given Ruv and ν: Given Ruv, ν,∆uv and (B.2), we form

ΠpΨuv, κuv, wuv | ∆uv,Ruv, νq9Np∆uv | huv, σ
2
Inq ppΨuv, κuv, wuv | Ruv, νq,

and target sampling from Π using HMC.

3. Sample ν given tΘuvu1ďuăvďp and tRuvu1ďuăvďp: Sample ν from

p pν | tΘuvu1ďuăvďp, tRuvu1ďuăvďpq

9 πνpνq
ź

1ďuăvďp

#

π0pΨuv | wuv, νq

|Ruv |
ź

j“1

π0pYuv,j | wuv, νq

+

.

4. Sample σ2 as in Section 3.3.5.

Since ν „ C`p0, 1q, Step 2 above can be easily accomplished by introducing an aux-

iliary parameter W such that ν2 | W „ IGp1{2, 1{W q and W „ IGp1{2, 1q (Makalic

and Schmidt, 2015) and then obtaining conditionally conjugate inverse-gamma up-

dates for both ν2 and W . We now repeat the above steps for a large number of

iterations and discard a burn-in to obtain posterior samples of the unknown param-

eters.

B.6 Cutoff in Variable Selection

We provide case 1 and case 2 probabilities for classification using SAID in Section

3.4.3, by varying the integral cutoff in t0.005, 0.01, 0.05, 0.10u.
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Table B.1: Comparison of different cutoffs when fitting SAID to assess variable
selection accuracy for p “ 10.

Cutoff = 0.005 = 0.01 = 0.05 = 0.10
Synergistic Case 1 Probability 0.014 0.008 0.003 0.002
Synergistic Case2 Probability 0.001 0.001 0.010 0.120
Antagonistic Case1 Probability 0.008 0.005 0.002 0.001
Antagonistic Case2 Probability 0.010 0.001 0.010 0.200
Null Case1 Probability 0.001 0.001 0.010 0.160
Null Case2 Probability 0.024 0.014 0.005 0.001

B.7 Further Tables on Simulation Results

We provide further tables for the results described in Section 3.4.2. Tables B.2 and

B.3 provide RMSE values for estimating the dose response surface H and the interac-

tion h12, respectively, under the QR setup. Tables B.4 and B.5 provide RMSE values

for estimating the dose response surface H and the interaction h12, respectively, un-

der the MIS setup. Details on the QR and MIS setups are provided in Section 3.4.2.

Let us define Cases 1, 2, 3, and 4 to be pγ0, σ
2
0q equalling p1, 0.1q, p1, 0.5q, p2, 0.1q, and

p2, 0.5q, respectively. Throughout, n “ 500 and p “ 2.

Table B.2: RMSE of competing methods in estimating H for scenario QR.

Case SAID BKMR MixSelect HierNet FAMILY PIE RAMP
1 0.04 0.03 0.03 0.17 0.43 0.21 0.03
2 0.10 0.07 0.06 0.17 0.44 0.24 0.08
3 0.05 0.04 0.04 0.17 0.57 0.62 0.03
4 0.10 0.08 0.06 0.18 0.56 0.62 0.07

Table B.3: RMSE of competing methods in estimating h12 for scenario QR.

Case SAID MixSelect HierNet FAMILY PIE RAMP
1 0.08 0.08 0.33 0.31 0.05 0.04
2 0.12 0.11 0.29 0.31 0.10 0.17
3 0.12 0.08 0.37 0.62 0.05 0.04
4 0.17 0.09 0.35 0.62 0.11 0.10
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Table B.4: RMSE of competing methods in estimating H for scenario MIS.

Case SAID BKMR MixSelect HierNet PIE RAMP
1 0.06 0.05 0.10 0.19 1.44 0.08
2 0.12 0.12 0.12 0.20 1.10 0.13
3 0.01 0.02 0.04 0.05 0.52 0.03
4 0.08 0.08 0.14 0.19 1.59 0.11

Table B.5: RMSE of competing methods in estimating h12 for scenario MIS.

Case SAID MixSelect HierNet PIE RAMP
1 0.11 0.38 0.14 0.30 0.30
2 0.12 0.22 0.14 0.28 0.24
3 0.04 0.14 0.06 0.13 0.13
4 0.14 0.39 0.21 0.42 0.42

B.8 Creatinine Data Application

We provide plots for rest of the main effects and interaction effects not presented in

Section 3.5.3. In Figure B.1, we plot the estimated main effects of the metals Anti-

mony, Barium, Cobalt, Lead, Manganese, Strontium, Thallium, Tin, and Tungsten.

In Figure B.2, we plot the estimated interaction surface between Molybdenum and

Tin.
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Figure B.1: Plots showing the main effects of dilution-adjusted Antimony, Barium,
Cobalt, Lead, Manganese, Strontium, Thallium, Tin, and Tungsten on log dilution-
adjusted Creatinine. Exposure levels are in log scale. Black line denotes posterior
mean and shaded regions denote pointwise 95% posterior credible intervals.
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Figure B.2: Plot showing the interaction effect of dilution-adjusted Molybdenum
and Tin on dilution-adjusted log Creatinine. Exposure levels are in log scale. Plot
shows the pointwise 2.5% posterior credible surface, the posterior mean, and the
97.5% posterior credible surface from left to right.
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Appendix C

Further details for Chapter 4

C.1 Proofs of Results

We assume the true data generating setup as discussed in Section 4.3. Suppose the

singular value decomposition of Y is given by

Y “ UDV J ` UKDKV
J
K

with D P Rkˆk and let A “ Y V {
?
p “ UD{

?
p. Let us rewrite Y as Y “

ryp1q, . . . , yppqs, where ypjq is the jth column of Y , j “ 1, . . . , p. We let the singular

value decomposition of M0ΛJ0 “ U0D0V
J

0 .

Let us denote the expectation under the true data-generating distribution as E0,

the induced pseudo-posterior distribution in (4.9) by rΠ, and let ||A|| denote the

operator norm of a matrix A. For two sequences an and bn, we say an À bn if there

exists a constant C ą 0 such that |an{bn| ď C for all sufficiently large n.
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C.2 Proof of Theorem 8

C.2.1 Proof of part (a)

We first start with the pseudo-posterior contraction of LC to L0. Let

G “
n

pn` τ´2q2
Y JUUJY.

Recall that

LC ´ L0 “ G`B d prΛrΛJ ´Gq ´ Λ0ΛJ0

“ B d

«

Y JxM rEJ ` rExMJY

n` τ´2
` rE rEJ

ff

`
n

pn` τ´2q2
Y JUUJY ´ Λ0ΛJ0 .

In addition,

n

pn` τ´2q2
Y JUUJY ´ Λ0ΛJ0 “

n

pn` τ´2q2

`

Y JY ´ Y JUKU
J
KY

˘

´ Λ0ΛJ0

“
´n

pn` τ´2q2
Y JUKU

J
KY `

n

pn` τ´2q2

`

M0ΛJ0 ` E
˘J `

M0ΛJ0 ` E
˘

´ Λ0ΛJ0

“
´n

pn` τ´2q2
Y JUKU

J
KY `

n

pn` τ´2q2
Λ0pM

J
0 M0 ´ nIqΛ

J
0 `

ˆ

n2

pn` τ´2q2
´ 1

˙

Λ0ΛJ0

`
n

pn` τ´2q2
pΛ0M

J
0 E ` E

JM0ΛJ0 ` E
JEq.

To develop an upper bound of }LC ´L0}, we aim to develop an upper bound for the

spectral norm of each term in the inequality above. We enumerate them as follows.

(i) First, we develop a probabilistic upper bound for σ̃2
j . Recall that }ypjq}22 “

řn
i“1py

pjq
i q

2 „ χ2pnq ¨ Varpy
pjq
i q. We apply the tail inequality bound of χ2 dis-

tribution (c.f., Lemma 1 in Laurent and Massart (2000)),

P
ˆ

max
1ďjďp

}ypjq}22 ď Cn

˙

ě 1´ op1q. (C.1)
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Then for some constant C ą 0,

P

˜

γ0δ
2
0 ` }y

pjq}22 ´ µ
J
j µj ¨ pn` τ

´2q

2
ď Cn

¸

ě 1´ op1q.

As

σ̃2
j „ IG

˜

γ0 ` n

2
,
γ0δ

2
0 ` }y

pjq}22 ´ µ
J
j µj ¨ pn` τ

´2q

2

¸

,

the tail bound of Gamma distribution based on Zhang and Zhou (2020) shows

that there exists a constant C 1 ą 0 such that

rΠ

ˆ

max
1ďjďp

σ̃2
j ď C 1

˙

“ 1´ oP0p1q. (C.2)

(ii) Since }Λ0} —
?
p, we have

›

›

›

›

"

n2

pn` τ´2q2
´ 1

*

Λ0ΛJ0

›

›

›

›

“

ˇ

ˇ

ˇ

ˇ

n2 ´ pn` τ´2q2

pn` τ´2q2

ˇ

ˇ

ˇ

ˇ

}Λ0}
2
À
p

n
. (C.3)

(iii) Recall M0 is an n-by-k matrix with i.i.d. Gaussian entries. By Lemma 17,

›

›

›

›

n

pn` τ´2q2
Λ0pM

J
0 M0 ´ nIqΛ

J
0

›

›

›

›

À
1

n
}Λ0}

2
}MJ

0 M0 ´ nI}

À
1

n
}Λ0}

2
}MJ

0 M0 ´ nI}

À
ppk `

?
nkq

n

with probability at least 1´ op1q.

(iv) Next, we look at

›

›

›

›

n

pn` τ´2q2
pΛJ0M0E ` E

JM0ΛJ0 ` E
JEq

›

›

›

›

À
1

n

`

2
›

›ΛJ0M0E
›

›`
›

›EJE
›

›

˘

.
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By Lemma 18, }EJE} “ }E}2 À n ` p with probability at least 1 ´ op1q. By

Lemma 17, }Λ0M
J
0 E} À }Λ0} ¨ }M

J
0 E} À

?
p
?
n ¨ p

?
n `

?
pq with probability

at least 1´ op1q. Thus, with probability at least 1´ op1q,

›

›

›

›

n

pn` τ´2q2
pΛJ0M0E ` E

JM0ΛJ0 ` E
JEq

›

›

›

›

À
n` p` p

?
n` n

?
p`

?
np

n
.

(v) Note that U corresponds to the top k left singular vectors of Y . Therefore,

}Y JUKU
J
KY } “ }Y

JUK}
2 “ λ2

k`1pY q, where λ2
k`1pY q is the pk ` 1q-st singular

value of Y . By Eckart–Young Theorem (Lemma 20), we have

}Y JUKU
J
KY } “ λ2

k`1pY q “ min
B:rankpBqďk

}Y ´B}2 ď }Y ´M0ΛJ0 }
2
“ }E}2 À n`p.

Then,
›

›

›

›

´n

pn` τ´2q2
Y JUKU

J
KY

›

›

›

›

À
n` p

n
.

(vi) Finally, we consider
›

›

›

›

›

Y JxM rEJ ` rExMJY

n` τ´2
` rE rEJ

›

›

›

›

›

À
2

n

›

›

›
Y JxM rEJ

›

›

›
` } rE rEJ}.

By Lemma 18, we have

} rE rEJ} “ } rE}2 À
p

n
max
1ďjďp

σ̃2
j À

p

n

1

n

›

›

›
Y JxM rEJ

›

›

›
À

1

n
}Y J

?
nU} ¨

›

›

›

rE
›

›

›
À

1
?
n
}Y } ¨

c

p

n
max
1ďjďp

rσj

À

?
np
?
n
¨

c

p

n
“

p
?
n

with probability at least 1´ oP0p1q. Lemma 21 implies that

›

›

›

›

B d

„

1

pn` τ´2q

”

Y JxM rEJ ` rExMJY
ı

` rE rEJ
›

›

›

›

À
p
?
n
}B}8

?
2k À

p
?
n
,
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with probability at least 1 ´ oP0p1q, since the rank of rΛrΛJ ´ G is at most 2k,

and from Lemma 23, we obtain }B}8 “ OP0p1q.

By combining the previous steps (i)-(vi), and }Λ0} —
?
p, we have proved the desired

result.

C.2.2 Proof of part (b)

We now show the contraction result for the pseudo-posterior of ΣC “ rΣ. We start out

by observing that ||rΣ ´ Σ0|| “ max1ďjďp |Dj|, where Dj “ rσ2
j ´ σ2

0j for j “ 1, . . . , p.

Let us denote by κj “ rσ´2
j , such that κj|Y

ind
„ Gpγn{2, γnδ

2
j {2q. Let

Uj “
γnδ

2
j

2
κj ´

γn
2
.

We can now express Dj as

Dj “

pδ2
j ´ σ

2
0jq ´

2Uj
γn

σ2
0j

1`
2Uj
γn

.

Consider any an such that an “ op1q and
?
nan Ñ 8 as nÑ 8. Using Lemma 6, we

have max1ďjďp |Uj|{γn À an with probability at least 1´Opp expp´na2
nqq “ 1´ op1q.

This immediately implies that min1ďjďp |1`p2Uj{γnq| Á 1{2 with probability at least

1´ op1q. Therefore,

max
1ďjďp

|Dj| À 2 max
1ďjďp

|δ2
j ´ σ

2
0j| ` 4σ2

0j max
1ďjďp

|Uj|

γn
,

with probability at least 1´ op1q.

Let Qj “ δ2
j ´ σ

2
0j. Using Lemma 24, we can represent

Qj “
σ2

0j

n

„

Zj
σ2

0j

´ pn´ kq



´
kσ2

0j

n
` Fj,
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where Zj{σ
2
0j „ χ2

n´k and

max
1ďjďp

|Fj| À
1
?
n
`

1
?
p

with probability at least 1´ op1q. Using Zhang and Zhou (2020), we obtain

max
1ďjďp

ˇ

ˇ

ˇ

ˇ

Zj
σ2

0j

´ pn´ kq

ˇ

ˇ

ˇ

ˇ

À nan

with probability at least 1 ´ Opp expp´na2
n{4qq “ 1 ´ op1q, since log p “ opna2

nq.

Thus, with probability at least 1´ op1q, we get

max
1ďjďp

|Qj| À an `
1
?
p
.

As max1ďjďp |Uj|{γn À an with probability at least 1´ op1q, we obtain

max
1ďjďp

|Dj| À an `
1
?
p

with probability at least 1´ op1q, for all j “ 1, . . . , p or equivalently,

}rΣ´ Σ0} À an `
1
?
p

with probability at least 1´ oP0p1q. This proves the result.

C.2.3 Proof of part (c)

Under the conditions of Theorem 1, we have }Ψ0} — }L0} —
?
p. By the triangle

inequality, }ΨC ´Ψ0} ď }LC ´ L0} ` }ΣC ´ Σ0}. Thus, we have

}ΨC ´Ψ0}

}Ψ0}
À

1
?
p
`

1
?
n
` o

ˆ

1

p

˙

À
1
?
p
`

1
?
n

with probability at least 1´ oP0p1q, proving the result.
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C.2.4 Relevant lemmas and their proofs

Lemma 17 (Spectral norm bound of a random matrix; Corollary 5.35 in Vershynin

(2010)). Let E be a p-by-n matrix with i.i.d. standard Gaussian entries. Then for

every t ą 0, one has

P
`

}E} ď
?
p`

?
n` t

˘

ě 1´ 2 expp´t2{2q.

E}EEJ ´ nI} ď pp1{2
` n1{2

` tq2 ´ n.

Lemma 18 (Spectral norm of random matrix with heteroskedastic entries). Suppose

E P Rpˆn with independent entries such that Eij “ gijbij for gij
iid
„ Np0, 1q and tbij :

i ď ju fixed scalars. Let σ1 “ max
i

b

ř

j b
2
ij, σ2 “ max

j

b

ř

i b
2
ij, and σ˚ “ max

i,j
|bij|.

Then for every ε P p0, 1{2q there exists a c
1

ε ą 0 such that for all t ě 0,

P p}E} ě p1` εqpσ1 ` σ2q ` tq ď pp^ nq expt´t2{pc
1

εσ
2
˚qu.

Proof of Lemma 18. The proof follows from Corollary 3.9 in Bandeira and

Van Handel (2016).

Lemma 19 (Spectral norm bound for product matrices; Theorem 1.1 in Vershynin

(2011)). Let E be a p-by-n matrix with i.i.d. standard Gaussian entries; W P Rnˆq

is a fixed matrix such that }W } ď 1. Then,

E}EW } ď Cp
?
p`

?
qq.

Lemma 20 (Eckart–Young Theorem). For any matrix Y ,

λk`1pY q “ min
rankpMqďk

}Y ´M}.

Lemma 21. For any two matrices C1, C2, let C1dC2 denote the Hadamard product

of C1 and C2. If C2 has rank r, then

}C1 d C2} ď }C1}8}C2}
?
r.
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Proof: For a matrix A, let }A}F denote the Frobenius norm of A, given by

}A}F “
c

ÿ

i

s2
i pAq,

where tsipAqui denote the singular values of A. It is immediate that }A}F ď

a

rankpAqmaxi sipAq “
a

rankpAq}A}. The result follows by noting the following

chain of inequalities:

}C1 d C2} ď }C1 d C2}F ď }C1}8}C2}F ď }C1}8}C2}
?
r.

Lemma 22. For all 1 ď u ď v ď p, we have as n, pÑ 8,

1

n
ypuqJUUJypvq

P0
Ñ λJ0uλ0v

and

1

n
}pIn ´ UUJqypuq}22

P0
Ñ σ2

0u.

Proof: We first note the identity

1

n
ypuqJUUJypvq ´ λJ0uλ0v

“ λJ0u

ˆ

MJ
0 M0

n
´ Ik

˙

λ0v `
1

n
pλJ0uM

J
0 ε
pvq
` λJ0vM

J
0 ε
puq
q

`
1

n
εpuqJU0U

J
0 ε
pvq
`

1

n
ypuqJpUUJ ´ U0U

J
0 qy

pvq.

The first two terms tend to 0 in probability by the weak law of large numbers, the

third term is seen to be OP0p1{nq, and the fourth term is seen to be OP0pn
´1 ` p´1q

since }ypu}2 À
?
n with probability at least 1´op1q and by Proposition 7. Therefore,

one has the desired result for any 1 ď u ď v ď p.

To see the second result, we first note that }ypuq}22 „ p}λ0u}2 ` σ2
0uqχ

2
n. An

application of the above result along with the weak law of large numbers provides

that this quantity converges in probability to }λ0u}2 ` σ2
0u ´ }λ0u}

2
2 “ σ2

0u for any

1 ď u ď p.
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Lemma 23. If B represents the matrix of coverage-correction coefficients, then

}B}8 “ OP0p1q under the assumptions made on the data generating model.

Proof: Consider u, v such that u ‰ v and }λ0u}2}λ0v}2 ą 0. Following from

Assumption 4, there exists W1 ą 0 such that Λ0,uv ą W1 for all u, v such that

}λ0u}2}λ0v}2 ą 0. Let W2 “ minu σ
2
0u ą 0 from Assumption 5. Following from

Lemma 22, we have for sufficiently large n: (1) }µu}
2
2 ą W1{2 and s2

u ą W2{2, (2)

|λJ0uλ0v| ď }λ0u}2}λ0v}2 ď k}Λ0}
2
8. This implies that

b2
uv ď 1`

4k2}Λ0}
4
8

W1W2

ă 8.

One can analogously show a similar bound on buu with the bound independent of u.

This immediately implies }B}8 ă 8.

Lemma 24. Suppose log p “ opnq. For each j “ 1, . . . , p, we have

δ2
j “

Zj
n
` Fj,

where we have Zj{σ
2
0j „ χ2

n´k and

max
1ďjďp

|Fj| À
1

n
`

1

p

with probability at least 1´ op1q.

Proof: Suppose the SVD ofX0 “M0ΛJ0 “ U0D0V
J

0 . Let PU0 “ U0pU
J
0 U0q

´1UJ0 “

U0U
J
0 denote the projection matrix onto the column space of U0. We can express δ2

j

as

δ2
j “

Zj
n
` Fj,

where we have

Zj “ ypjqJ pIn ´ PU0q y
pjq,

Fj “
γ0δ

2
0

γn
`

1

n
ypjqJ

˜

PU0 ´
xMxMJ

n` τ´2

¸

ypjq ´
γ0

nγn
ypjqJ

˜

In ´
xMxMJ

n` τ´2

¸

ypjq.
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Letting Y “M0ΛJ0`E where E “ rεp1q | . . . | εppqs, we have pIn´PU0qY “ pIn´PU0qE,

implying pIn ´ PU0qy
pjq “ pIn ´ PU0qε

pjq „ Nnp0, σ
2
0jpIn ´ PU0qq. Since In ´ PU0 is

idempotent, we have

Zj
σ2

0j

“
||pIn ´ PU0qy

pjq||2

σ2
0j

„ χ2
trpIn´PU0

q
” χ2

n´k.

We now obtain the stated probabilistic upper bound on |Fj|. We observe

max
1ďjďp

|Fj| ď
γ0δ

2
0

γn
`

1

n

›

›

›

›

›

PU0 ´
xMxMJ

n` τ´2

›

›

›

›

›

max
1ďjďp

||ypjq||22`
γ0

nγn

›

›

›

›

›

In ´
xMxMJ

n` τ´2

›

›

›

›

›

max
1ďjďp

||ypjq||22.

We first observe that max1ďjďp ||y
pjq||22 À n with probability at least 1 ´ op1q, since

log p “ opnq. We also remark that xMxMJ “ nUUJ, where Y “ UDV J ` UKDKV
J
K

is the SVD of Y. We start with

G1 :“

›

›

›

›

›

PU0 ´
xMxMJ

n` τ´2

›

›

›

›

›

ď
›

›U0U
J
0 ´ UU

J
›

›`

›

›

›

›

UUJ ´
nUUJ

n` τ´2

›

›

›

›

À
1

n
`

1

p
`

1

n
À

1

n
`

1

p
,

with probability at least 1´ op1q, using Proposition 7. Next, we work with

G2 :“

›

›

›

›

›

In ´
xMxMJ

n` τ´2

›

›

›

›

›

ď

›

›

›

›

›

In ´
xMxMJ

n

›

›

›

›

›

`
τ´2

n2
}xMxMJ

}

“ }In ´ UUJ} `
τ´2

n
}UUJ}

À 1.
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Combining, we have with probability at least 1´ op1q,

max
1ďjďp

|Fj| À
1

n
`

1

p
.

Lemma 25. Let Vn „ Gpγn{2, 1q such that γn — n and let Un “ Vn ´ pγn{2q. For

any an satisfying an Ñ 0 and
?
nan Ñ 8,

P p|Un| ě γnanq À expp´na2
nq.

Proof: Immediate from Theorem 5 in Zhang and Zhou (2020).

Lemma 26. Let E P Rnˆk be a matrix of iid Np0, 1q entries with n ą k and let smax

and sminpM0q be the smallest and largest singular values of M0, respectively. Then,

smaxpM0q ” }M0} À
?
n`

?
k

sminpM0q Á
?
n´

?
k ´ 1,

with probability at least 1´ op1q.

In particular, if k “ opnq, we have }M0} —
?
n with probability at least 1´ op1q.

Proof: Refer to Sections 1.1 and 1.3 in Vershynin (2011).

Proof of Proposition 7:

We start with }XJ
0 UU

JX0´X
J
0 U0U

J
0 X0}. Theorem 2 in Luo et al. (2021) implies

}XJ
0 UU

JX0 ´X
J
0 U0U

J
0 X0} “ }X

J
0 UU

JX0 ´X
J
0 X0} “ }pIn ´ UUJqX0}

2
ď 4}E}2.

Corollary 3.9 in Bandeira and Van Handel (2016) implies }E} À pσsum `
?
nσmaxq

with probability at least 1´ op1q. The result is obtained upon observing that

}XJ
0 UU

JX0 ´X
J
0 U0U

J
0 X0} ě sminpX0q

2
}UUJ ´ U0U

J
0 }.
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Using Lemma 7, we have sminpM0q — }M0} —
?
n with probability at least 1 ´

op1q, since k “ opnq. Under the assumption sminpΛ0q — }Λ0} —
?
p, then sminpX0q —

}X0} —
?
np, as for any two matrices A,B, we have sminpABq ě sminpAqsminpBq.

Thus, with probability at least 1´ op1q,

}UUJ ´ U0U
J
0 } À

p
?
n`

?
pq2

np
À

1

n
`

1

p
.

C.3 Proof of Theorem 10

We first assume u ‰ v, so that ΨC,uv “ LC,uv, where LC,uv is the uvth element of

LC . Let µj “ pn` τ
´2q´1

xMJypjq for j “ 1, . . . , p. According to the pseudo-posterior

generation mechanism after adjusting for coverage,

LC,uv “ µJuµv ` buv

„

rσvµ
J
u ẽv ` rσuµ

J
v ẽu?

n` τ´2
`

rσurσvẽ
J
u ẽv

n` τ´2



,

for reu, rev
ind
„ Nkp0, Ikq. We first observe that with high probability,

?
n

ˆ

rσurσvẽ
J
u ẽv

n` τ´2

˙

À
1
?
n
.

Furthermore, for Ruv „ Np0, 1q such that Ruv independent of Y,

rσvµ
J
u ẽv ` rσuµ

J
v ẽu “ prσ

2
v ||µu||

2
2 ` rσ2

u||µv||
2
2q

1{2Ruv

“ l0,uvRuv `
“

prσ2
v ||µu||

2
2 ` rσ2

u||µv||
2
2q

1{2
´ l0,uv

‰

Ruv,

where l20,uv “ σ2
0v}λ0u}

2
2 ` σ2

0u}λ0v}
2
2. Let duv “

“

prσ2
v ||µu||

2
2 ` rσ2

u||µv||
2
2q

1{2 ´ l0,uv
‰

. We

can now express

?
npLC,uv ´ µ

J
uµvq “

?
nβuv

?
n` τ´2

l0,uvRuv ` Tuv,

where

Tuv “

c

n

n` τ´2
l0,uvRuvpbuv ´ βuvq `

c

n

n` τ´2
duvbuvRuv `

?
n

ˆ

rσurσvẽ
J
u ẽv

n` τ´2

˙

buv,
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where the coefficients βuv are given by

βuv “

d

1`
pλJ0uλ0vq

2 ` }λ0u}
2
2}λ0v}

2
2

σ2
0u}λ0v}

2
2 ` σ

2
0v}λ0u}

2
2

, if u ‰ v and }λ0u}2}λ0v}2 ą 0,

“

d

1`
}λ0u}

2
2

2σ2
0u

, if u “ v and }λ0u}2}λ0v}2 ą 0,

“ 1, otherwise.

From Lemma 22 and the continuous mapping theorem, one has buv
P0
Ñ βuv as n, pÑ

8. Due to pseudo-posterior concentration of rσ2
j to σ2

0j and convergence in probability

of ||µj||
2
2 to ||λ0j||

2
2, combined with pbuv

P0
Ñ buv, we have psuedo-posterior concentration

of Tuv around 0 as n, pÑ 8. Since βuvl0,uv “ S0,uv, we have from Lemma 29

sup
x

ˇ

ˇ

ˇ

rΠt
?
npLC,uv ´ µ

J
uµvq ď S0,uv xu ´ Φpxq

ˇ

ˇ

ˇ

P0
Ñ 0.

The above result is a Bernstein-von Mises theorem guaranteeing correct coverage of

the pseudo-credible intervals asymptotically, since
?
npµJuµv´λ

J
0uλ0vq ùñ Np0,S2

0,uvq

as n, pÑ 8.

For u “ v, we first observe that
?
npΨC,uv ´ Ψ0,uvq “

?
npLC,uv ´ λJ0uλ0vq `

?
nprσ2

j ´σ
2
0jq. Using the decomposition in Lemma 24, the bound on maxj |Fj| can be

improved using Lemma 9 to yield

max
1ďjďp

|Fj| À
1

n
`

d

logpn` pq

np
.

Finally, approximating the Gamma distribution using a Gaussian distribution with

the central limit theorem and using Lemma 28 yields the desired result.

150



C.4 Proof of Theorem 11

We first assume u ‰ v. Let

Suv “
n

pn` τ´2q2
ypuqJUUJypvq ´ λJ0uλ0v.

Let bn “ n{pn` τ´2q2. Since ypuq “M0λ0u ` ε
puq, we can decompose Suv as

Suv “ λJ0upbnM
J
0 UU

JM0 ´ Ikqλ0v

` bnpλ
J
0uM

J
0 UU

Jεpvq ` λJ0vM
J
0 UU

Jεpuq ` εpuqJUUJεpvqq.

Let bn “ p1{nq ` ∆n, where |∆n| — 1{n2. We first break up Suv into two parts

Suv “ Duv `Ruv, where

Duv “ λJ0u

ˆ

1

n
MJ

0 U0U
J
0 M0 ´ Ik

˙

λ0v `
1

n
pλJ0uM

J
0 U0U

J
0 ε
pvq
` λJ0vM

J
0 U0U

J
0 ε
puq
q

Ruv “ ∆nλ
J
0uM

J
0 U0U

J
0 M0λ0v ` bnλ

J
0uM

J
0 pUU

J
´ U0U

J
0 qM0λ0v

`∆npλ
J
0uM

J
0 U0U

J
0 ε
pvq
` λJ0vM

J
0 U0U

J
0 ε
puq
q

` bnpλ
J
0uM

J
0 pUU

J
´ U0U

J
0 qε

pvq
` λJ0vM

J
0 pUU

J
´ U0U

J
0 qε

puq
q

` bnε
puqJUUJεpvq.

We first deal with Ruv and show that
?
nRuv “ oP0p1q. We use the results in

Lemma 27 as required. First consider bounding
?
nbnε

puqJUUJεpvq as follows:

|
?
nbnε

puqJUUJεpvq | ď
?
nbn}E

JUUJE}8

ď
?
nbn}E

JU0U
J
0 E}8 `

?
nbn}E

J
pUUJ ´ U0U

J
0 qE}8.

The first term is
?
nbn maxu,v | ε

puqU0U
J
0 ε
pvq | “ OP0p

?
nbnq “ OP0p1{

?
nq, since

UJ0 ε
puq „ Np0, σ2

0uIkq and k is finite. The second term is handled by observing that
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}εpuq}2 À
?
n with probability at least 1´ op1q, so that

?
nbn max

u,v
| εpuqJpUUJ ´ U0U

J
0 qε

pvq
| ď

?
nbn}UU

J
´ U0U

J
0 }8}ε

puq
}2}ε

pvq
}2

À n

ˆ

1

n2
`

logpn` pq

np

˙

?
nbn

“ oP0p1q.

We now consider the rest of the terms.

(i) We first observe that
?
n∆n|λ

J
0uM

J
0 U0U

J
0 M0λ0v| “

?
n∆n|λ0uM

J
0 M0λ0v|

ď
?
n∆n}M

J
0 M0}||λ0u||2||λ0v||2 À

1
?
n
.

(ii) Next, we start from }MJ
0 }2,8 À

?
n. Thus,

?
nbn}λ

J
0uM

J
0 pUU

J
´ U0U

J
0 qM0λ0v}8 À

?
nbn}M

J
0 pUU

J
´ U0U

J
0 qM0}8

ď
?
nbn}M

J
0 }

2
2,8}UU

J
´ U0U

J
0 }8

“ oP0p1q.

(iii) We now consider
?
n∆n|λ

J
0uU0U

J
0 M

J
0 ε
pvq ` λJ0vU0U

J
0 M

J
0 ε
puq|

“
?
n∆n|λ

J
0uM

J
0 ε
pvq ` λJ0vM

J
0 ε
puq| À

2

n2
p
?
nq3 À

1
?
n
.

(iv) Finally, we bound
?
nbn|λ

J
0uM

J
0 pUU

J
´ U0U

J
0 qε

pvq
` λJ0vM

J
0 pUU

J
´ U0U

J
0 qε

puq
|

À
2
?
n
}MJ

0 }2,8
?
n}UUJ ´ U0U

J
0 }2,8

“ oP0p1q.

Putting everything together implies

?
n|Ruv| “ oP0p1q.

152



We now look at
?
nDuv. By the central limit theorem, we first observe that

?
nλJ0u

ˆ

1

n
MJ

0 U0U
J
0 M0 ´ Ik

˙

λ0v “
?
nλJ0u

ˆ

1

n
MJ

0 M0 ´ Ik
˙

λ0v

“
?
npV̄n ´ λ

J
0uλ0vq

D
ùñ Np0, ξ2

0,uvq,

as nÑ 8, where V̄n “ p1{nq
řn
i“1 Vi, with Vi :“ pλJ0uηiqpλ

J
0vηiq for i “ 1, . . . , n, and

ξ2
0,uv “ varrpλJ0uη1qpλ

J
0vη1qs “ pλ

J
0uλ0vq

2
` ||λ0u||

2
2||λ0v||

2
2.

We first observe that

?
n

„

1

n
pλJ0uM

J
0 U0U

J
0 ε
pvq
` λJ0vM

J
0 U0U

J
0 ε
puq
q



“
?
n

„

1

n
pλJ0uM

J
0 ε
pvq
` λJ0vM

J
0 ε
puq
q



Let

l2uvpM0q “ σ2
0vλ

J
0u

MJ
0 M0

n
λ0u ` σ

2
0uλ

J
0v

MJ
0 M0

n
λ0v.

Since εpuq and εpvq are independent for u ‰ v, we have

?
n

„

1

n
pλJ0uM

J
0 ε
pvq
` λJ0vM

J
0 ε
puq
q



|M0 „ N
`

0, l2uvpM0q
˘ d
“ luvpM0qZuv,

where Zuv „ Np0, 1q and Zuv is independent of M0. Let

l20,uv “ σ2
0v||λ0u||

2
2 ` σ

2
0u||λ0v||

2
2.

Then,

?
nDuv “

?
nλJ0u

ˆ

1

n
MJ

0 U0U
J
0 M0 ´ Ik

˙

λ0v ` luvpM0qZuv

“
?
nλJ0u

ˆ

1

n
MJ

0 M0 ´ Ik
˙

λ0v ` l0,uvZuv ` pluvpM0q ´ l0,uvqZuv.
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Since }M0} —
?
n, we have |luvpM0q ` l0,uv| “ OP0p1q. Thus, the third term can be

handled by observing

pluvpM0q ´ l0,uvqZuv “
l2uvpM0q ´ l

2
0,uv

luvpM0q ` l0,uv
Zuv

“ OP0

ˆ

1
?
n

˙

,

as
›

›

›

›

MJ
0 M0

n
´ Ik

›

›

›

›

À
1
?
n
.

Since Zuv is independent of M0, Lemma 28 immediately implies that

?
nDuv

d
“ Np0, ξ2

0,uv ` l
2
0,uvq ` oP0p1q.

Let S2
0,uv “ l20,uv ` ξ

2
0,uv. Putting all the previous results back together, we obtain

?
nSuv

d
ùñ Np0,S2

0,uvq,

by Slutsky’s theorem.

When u “ v, we first observe that δ2
u is approximately independent of }µu}

2
2

by first replacing UUJ by U0U
J
0 , as U0U

J
0 pIn ´ U0U

J
0 q “ Onˆn, and then using

Proposition 9 to argue the remainder terms are small. Using the central limit theorem

on the χ2
n´k distribution, we obtain the desired result.

C.5 Related Lemmas for Theorems 10 and 11

Lemma 27. The following inequalities hold for general matrices A,B,X whenever

dimensions conform: (1) }AB}2,8 ď }A}2,8}B}. (2) }ABJ}8 ď }A}2,8}B}2,8. (3)

}A}8 ď }A}2,8. (4) }XJAY }8 ď }A}8}X
J}2,8}Y

J}2,8. (5) |xJAy| ď }A}8||x||2||y||2.

Proof: (1) Let A “ ra1, . . . , ams
J; this implies }AB}2,8 “ maxi ||a

J
i B||2 ď

pmaxi ||ai||q}B} “ }A}2,8}B}.
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(2) Let B “ rb1, . . . , bms
J. Then, }AB}8 “ maxuv |a

J
u bv| ď maxuv ||a||2||b||2 by

Cauchy-Schwarz inequality, which implies the result.

(3) Follows trivially from their definitions.

(4) Let xi be the ith column of X and yj be the jth column of Y . Then,

}XJAY }8 “ maxij |x
J
i Ayj| ď }A}8 maxij |x

J
i yj| ď }A}8 maxij }x}2}y}2 by the Cauchy-

Schwarz inequality, which proves the result.

(5) Follows directly from bounding the quadratic form using the triangle inequal-

ity.

Proof of Proposition 9:

We start with Theorem 4.2 in Chen et al. (2021). By letting B “
?

log n, we can

relax the assumption of bounded errors and assume the errors are Gaussian. Since

M0ΛJ0 “ U0D0V
J

0 with U0 having orthogonal columns and }pMJ
0 M0{nq ´ Ik} Ñ 0,

the incoherence parameter µ satisfies µ “ Op1q. Assumption 5 ensures that the error

variances have a common upper bound. Upon using the dilation trick, we obtain the

following bound:

}UsgnpHUq ´ U0}8 À
1

n
`

d

logpn` pq

np
,

with probability at least 1´ op1q. We next observe that

}UUJ ´ U0U
J
0 }8 ď 2

?
k}UR ´ U0}2,8

for any rotation matrix R. This proves the statement by letting R “ sgnpHUq.

Lemma 28. Suppose Xn “ Yn ` Zn, where Yn
d
ùñ Np0, σ2

1q and Zn „ Np0, σ2
2q,

with Yn independent of Zn. Then, Xn
d
ùñ Np0, σ2

1 ` σ
2
2q.
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Proof: It is immediate from observing the characteristic function of Xn and

taking limits.

Lemma 29. Suppose in the setup of Theorem 10, we have Tn “ Zn`Yn for random

variables Tn, Zn, Yn such that the pseudo-posterior of Yn concentrates around 0 as

n, pÑ 8 and Zn „ Np0, 1q. Then as n, pÑ 8,

sup
x
|rΠpTn ď xq ´ Φpxq|

P0
Ñ 0.

Proof: Fix ε ą 0. The concentration property of Yn implies that rΠp|Yn| ą εq
P0
Ñ 0

as n, pÑ 8. Fix x P R. Using the triangle inequality, one obtains

|rΠpTn ď xq ´ Φpxq| ď |rΠpTn ď x, |Yn| ď εq ´ Φpxq| ` rΠpTn ď x, |Yn| ą εq,

with the second term bounded by rΠp|Yn| ą εq
P0
Ñ 0. The first term may be decom-

posed as

|rΠpTn ď x, |Yn| ď εq ´ Φpxq| “ S1 ` S2,

where S1 “ |rΠpTn ď x, |Yn| ď εq ´ Φpxq|1pYn ą 0q and S2 “ |rΠpTn ď x, |Yn| ď

εq ´ Φpxq|1pYn ď 0q. We first consider S1:

S1 “ |rΠpTn ď x, |Yn| ď εq ´ Φpxq|1pYn ą 0q

ď |rΠpZn ď x´ Yn, Yn ď εq ´ rΠpZn ď x, Yn ď εq|1pYn ą 0q

` rΠpZn ď x, Yn ą εq1pYn ą 0q

ď rΠpx´ Yn ď Zn ď x, Yn ď εq1pYn ą 0q ` rΠp|Yn| ą εq.

The second term goes to 0 in P0-probability, while the first term can be bounded

by Φpxq ´ Φpx ´ εq ď Lε for some L ą 0, as Φ is Lipschitz continuous. Similarly,

S2 À Lε with probability at least 1´ op1q. Combining, we have

sup
x
|rΠpTn ď xq ´ Φpxq| À 2Lε

with probability at least 1´ op1q, for any fixed ε. This shows the result.
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