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Abstract

In 1997 R. Axelrod introduced a model in which individuals have one of () possible opinions
about each of F'issues and neighbors interact at a rate proportional to the fraction of opinions
they share. Thanks to work by Lanchier and collaborators there are now a number of results
for the one dimensional model. Here, we consider Axelrod’s model on a square subset of
the two-dimensional lattice starting from a randomly chosen initial state and simplify things
by supposing that @) and F' large. If Q)/F is large then most neighbors have all opinions
different and do not interact, so by a result of Lanchier the system soon reaches a highly
disordered absorbing state. In contrast if )/F' is small, then there is a giant component of
individuals who share at least one opinion. In this case we show that consensus develops on

this cluster.
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1

Voter Model and Axelrod’s Model in One Dimension

1.1 Voter model on integer lattices

In the basic voter model [19, 6], individuals have one of two opinions about an issue. The
prototypical example is what political party they belong to. The voter model on the d-
dimensional integer lattice can be defined as follows. For i € Z%, &(i) € {0, 1} represents the
binary opinion of voter i at time ¢. For each directed edge (1, j) only at t € {T, (6) ,n =1} of
a rate 1/2 Poisson arrivals ¢ decides to take the opinion of j, i.e. &(i) = &_(j). Obviously,
the dynamics is a pure jump process which takes place on the state space {0, 1}Zd. The voter
model on integer lattices is a simple model characterizing voting behaviors and there have

been a number of results, of which the most classical and important one is

Theorem 1. (a) Clustering occurs when d < 2: for any & and distinct pair i,j € Z% we

have

P(&() #&(j) — 0 ast— oo

(b) Coexistence occurs when d = 3: let £ denote the process starting from an initial state
in which the events {£3(i) = 1} are independent and have probability 0. Ast — oo the
dynamics £ converges in distribution to €%, a stationary distribution where {€5 (i) = 1}

has probability 0 for each i € Z2.



Proof of Theorem 1. As illustrated in the case of one dimensions in Figure 1.1, the key to
the proof is to use a “dual process” {¢%* : i € Z¢} < Z? which traces the opinion of each
voter backwards in time to determine the source of the opinions at time ¢. For each i € Z¢,
¢b* simply stays put at ¢ until the first time s that ¢t — s = Téi’j ) for some n, 7, where we
set ¢!" = j. By Markov property the process can be defined recursively until the next T,
Such process forms the dynamics of coalescing random walks, i.e. each voter independently

moves as a simple random walk until they hit each other. Afterwards they move together.

We have the duality property that

&(i) = &-s(¢7), 0<s<t. ()

Coming back to the proof, we note for d = 1,2 using duality property ()

P(&(i) # &(7) < P(&(G") # &(G7) < PG # G)

which tends to 0 since the process is recurrent, completing part (a). For part (b) we refer
the readers to Section 2 of [6] so they can persuade themselves that it is enough to prove

the convergence of P(£2(i) = 0 for all i € B) for each B € Z?. Observe by dual relations
P(E0(i) = 0 for all i € B) = E(1 — )<

where ¢+ is the bundle version of (i, i € B. Note that the distribution of (2 is the same
as the marginal distribution of coalescing random walk (Z, which is nonincreasing of t. It
hence follows from the bounded convergence theorem that P(¢/ n B = @) has a limit and

the proof is complete. n

1.2 Axelrod’s model

In reality, there are many issues that people have opinions about, such as income tax policy,
environmental issues, gambling, gun control, gay marriage, etc., and one can have a number of
different opinions about each issue. Axelrod [2] formulated a model in which each individual
holds one of () opinions about each of F' issues, so the state of the process at time t is
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FiGure 1.1: Illustration of voter model duality




described by giving for each voter x and issue f, &(z, f) € {1,2,...Q}. Each oriented pair
of connected voters (z,y) interacts at times of a Poisson process at rate 1/2. At these times
an issue f = 1,2,..., F is picked at random. If & (x, f) = &(y, f) then x picks an issue from
the ones they disagree on, and changes its opinion to agree with y on that particular issue.
If they already agree on all issues no change occurs.

Note that while the motivation may suggest that the ) values are positions that range
from strongly in favor to strongly against, individuals act only if their opinions agree exactly
on the issue chosen. A number of researchers have studied the variation in which F' = 1,
the state of an individual is a point along a political continuum [0, 1] and only neighboring
individuals whose opinions differ by less than € € (0,1] will interact. Deffuant et al [5]
considered a version in which an interaction opinions a and b results in @ + u(b — 1) and
b+ u(a—0b). If e = 1/2 then the system converges to consensus, but if ¢ < 1/2 one ends
up with roughly 1/2¢ opinions. For more on this model see section IL.F in Castellano et al
[3]. Lanchier [15] has recently studied a version in which when two individuals with opinions
that differ by ¢ interact, one imitates the other.

The tendency for people to interact more frequently with people who are similar to them
is called homophily. Axelrod did a number of computer experiments and found, for example
that if there are 5 features and 10 opinions (which he called traits) then on a 10 by 10 grid
one would end up with an average of 3.2 “cultural domains,” clusters of people with the
same opinion on all issues. Castellano, Marsili, and Vespignani [4] used simulation to study
the model in one dimension. They concluded that if F' > 2 then on a long line segment
Axelrod’s model (a) converges to a monocultural equilibrium when @ < F' and (b) fixates
at a highly fragmented configuration when ) > F'. The case F' = 2 is different. The ending
state is disordered for any value of (). Vilone, Vespignani, and Castellano [22] confirmed
these predictions using mean-field theory and more simulation. There has been an extensive
study of Axelrod’s model in the physics literature, see chapter IV of Castellano et al [3].

When F' = 2 and @ = 2 Axelrod’s model reduces to the constrained voter model of

Vézquez, Krapivsky, and Redner [20]. In that model there are Leftists (1), Centrists (0),
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and Rightists (—1) but 1’s and —1s ignore each other, i.e., a 1 becomes 0 at a rate equal to
the fraction of neighbors that are 0, but we never see changes 1 — —1. To map Axelrod’s
model into this system: 11 — L, 10,01 — C', and 00 — R. If we further map the constrained
voter model so that L, R — 0 and C' — 1 then the system becomes an ordinary voter model.
From this we see that in d < 2 one will either get fixation into an all C state or a frozen
mixture of L and R. For more on this system, see Vazquez and Redner [21] or Section I11.B

of Castellano et al [3].
1.2.1 Rigorous results

While Axelrod’s model has been studied extensively by simulation and non-rigorous methods
such as the pair approximation, the first rigorous results only appeared recently. Lanchier

[16] proved

Theorem 2. The one-dimensional model on Z, with () = F = 2 clusters, that s, for each f
and T ~ Y, P(£t<x7f) 7 gt(ya f)) — 0.

Note that this result is different from the convergence to a disordered state seen in simulation
on a finite set. The proof helps explain the difference. Lanchier looks at boundaries between
the four types. 00,11 boundaries are static, while the other possibilities are active and
perform simple random walks. When an active boundary hits a static one it may become
active and in this way the density of static boundaries is reduced to 0. However, on a
finite set one will eventually run out of active boundaries. This results has recently been
generalized by Lanchier and Schweinsberg [18] to show that on Z if Q = 2 then the system
clusters for any F' < oo.

More interesting and more difficult is Lanchier’s result in the other direction. Consider
the system on G = {0,1,... N} and let K be the number of cultural domains when the

process fixates.

Theorem 3. If F < @ then

F
NEK, > -2 (1—1> _L(l_i)




The right-hand side may be < 0 but when it is > 0, the result implies that the system fixates
in a fragmented state, where the number of cultural domains is proportional to the system

size. If F'— oo and F/@Q — c then the right hand side converges to

1 c

—c

1—06 c—1

=0 when e “=c¢

The last equation has a unique solution at ¢y ~ 0.567. Lanchier and Scarlatos [17] have
recently shown that Axelrod’s model on Z fixates when F' < ¢pQ. In addition they showed

that the model on Z with F' = 2 and ) = 3 fixates.



2

Axelrod’s Model on the Two-dimensional Lattice

2.1 Main Theorem

In this chapter, our goal is to prove a result for Axelrod’s model on a large finite two-
dimensional lattice {0, 1,..., N}? with periodic boundary conditions where the initial con-
dition is a random assignment of opinions. If ) — o0 and F/Q — ¢ then on each edge
e = {z,y} the number of agreements A.(0) = [{f : &(x, f) = &y, f)}| has a limiting
Poisson distribution with mean ¢, and the number of agreements on different edges are in-
dependent, so the limiting probability of active edges that have at least one agreement at

¢, The critical value for bond percolation on Z? is 1/2, so when ¢ > In(2),

time 0 is 1 — e~
1 —e ¢ > 1/2 and we are in the supercritical case. On the graph {0,1,..., N}? this means
that there will be a giant component that contains a positive fraction of the N? voters and
the second largest component will be O(log N). Let £; = {e : A.(0) > 0} be the edges that

are active at time 0. Our goal is to show that

Theorem 4. If F//Q = In(2) + n and Q > Qo(N,n) then with high probability Azelrod’s

model reaches consensus on a giant component of {0,1,..., N}?.

It is possible that edges e that have no agreements initially will become active at some

point time. We call such events surprises. For example if {o(x — (1,0), f) = {(x + (1,0), f)



and &o(x, f) is different then z imitating one of its neighbors will suddenly produce two
agreements. However, in the regime we are considering with a fixed graph and large ) and
F', these surprise events are rare.

To be precise, the number of issues f for which &(z, f) = &(y, f) for some = and y is
O(N%). Since we are considering the limiting behavior as F,Q — oo with N fixed, this
number is O(1) as far as limits in @ are concerned. As the reader will see from later
arguments, surprises will not occur while the agreements along edges in £, remains < F'7°.
Thus we will prove our result by first ignoring surprises and then going back to bound their

influence.

Phase I. If e = {z,y} we let I.(t) = {f : &l(x, f) = &(y, f)}, and A.(s) = |I.(sF log F)|.
The first step is to bound A.(s) by a Yule process AT (s) run at rate log F' and use coupling
to show that at all times s < 0.45, A.(s) = AF(s). Given edges e = {z,y} and ¢’ = {y, z}, we
do not have the worry about an agreement created by y imitating x disturbing one between
y and z until A, and A, are O(F%5). Since the Yule process A} (s) ~ W.F* this is a

manifestation of the birthday problem.

Phase ITA. When the number of agreements on edges exceeds F'% then there will be some
loss of agreements on an edge due to creation of agreements on its neighboring edges, but
up until time 1 — 4, A.(s) will be close to the branching process. To be precise if we let

W, = F70454%(0.45) then with high probability if e € £,

|[F A (s) = Wo| < F%? for045<s<1—6

Phase IIB. Let « be a small constant. The next step is to show that up until time 77 which
is equal to inf{s : max. AS (s) = kF'} we have if e € £, then
3Wk

FA(s) =W, — F %% — : for1-0<s<Th

— KR

where W = max, W, + F~°2. If x is small enough then the right-hand side will be positive

for all e € &, .



Phase IITA. Let t be a tree that is a subset of the initial giant component y and let p be the
number of edges in the tree. (The somewhat unusual notation comes from the fact that we
first wrote this argument for a path.) Let A be the number of issues on which all members
of the tree agree. Let A, = 1—1/p for p > 2. As the reader will see this is the time at which
p-edge agreements first appear. The first step is show that there is a constant K, so that if
Wi = Ki(1/p!) [ [ .o, We then with high probability

|[FPst =D A (s) =Wy < F793 for A, +20/p<s<1—6/p

Note that —ps + (p — 1) when s = A, so that is the first time that p edge agreements occur.
When p =2, A, = 1/2.

Phase IIIB. We next extend the result in Phase IITA up to time 77. There are constants

ky > 0 so that with high probability if /' > F; then
FPte-DA(s) =k forl—6/p<s<Ty

If we take t to be a spanning tree then this result tells us that all individual in any connected

component (later called component for short) ) £, agree on a positive fraction of issues.

Phase IV. If we ignore surprises and shift to running time at rate F' after time T}, then
all edges see agreements being created at a positive rate. If we let A.(t) = |I.(T1F log F' +
tF')| then comparing with a nonhomogeneous voter model allows us to drive the process to

consensus on &, by time T1F'log F' + cy F'loglog F.

Phase V. Finally we have to worry about surprises getting in the way of consensus. We will
show that any edge e created by a surprise has < F° agreements up to time 7}. Even in the
process with surprises, the initial giant component y will again have agreement on a positive
fraction of the issues at time 7;. It will maintain that property until there is agreement on
X U e in the case of one edge surprise, or on y U e U\’ where e connects to a component x’.

We will define these terms more precisely in Chapter 3.



2.2  Growth phase I

The first step is to construct Axelrod’s model using a graphical representation in order to
couple the early stages to a branching process. Let e = {z,y} be an edge and let I.(t) =
{f=1,...,F: &z, f) =&y, f)} be the set of issues that individuals at the ends of e agree
upon at time ¢t and |[.(t)| be its cardinality. For each e € £, we define a process J.(t) with

Je(0) = I.(0). To couple I.(t) with J.(t), we introduce for each oriented edge (z,y)
(i) A Poisson process {U, ».n > 1} with rate 1/2,

(i) {V{,)(k) i n =1,k > 0} an array of independent draws from discrete uniform distri-

bution on {1,..., F'}.

Since the graph is finite, the sequence of Poisson arrivals associated with all edges can
be ordered. Suppose the process has been constructed until time t— where t = U, () and we

have I.(t—) c J.(t—) for all e € £. Writing x, y for the unoriented edge

o If |1, ,(t)| = F there is nothing to do. If not and V?

(=,y)

(0) < |14,(t)] then we read the
independent sequence of choices from {1,... F}, X/(’;y)(k), k > 1 until we find the first
Vi (K1) ¢ L;y(t—), then we set set &(z, V[, (K1) = &—(y,V(; (K1), and do not

change any other opinions.

o If [J,,(t)| = F there is nothing to do. If not and V{; (0) < [J,,(t)| then we read the
sequence Vi, (k), k > 1 until we find the first V(, (K;) ¢ Jo,(t—) and add V[, (K
to Ju ().

To check that I.(t) < Je(t) for all e at time U, ,, it suffices to check that I, (t) < Ju (1),
since the other J, don’t change, and assuming there are no surprises, the other I, can only
decrease. To check the inequality for e = x,y note that when I, ,(t—) = J,,(t—), K; = K
and the same point will be added to both sets. When I, ,(t—) # J,,(t—), we may have

K; < K but in this case the point added to I, ,(t) will be one that is already in J, ,(?).

10



For calculations it is convenient to extend |/, ,(t)| after the time 7,7, it becomes absorbed
at F'. We define B (t) = |J,,(t)| for t < T, and extend B (t) to be a Yule process at rate
1/F, i.e.

Bf(t):k—>k+1 at rate k/F.

From the coupling the following is obvious:

Lemma 2.2.1. For eache€ & and t >0, |I.(t)| < Bf(t).

e

We are interested in understanding the growth of |I.(¢)| until it gets up to size F, so we

speed up time. Let

Ac(s) = |I.(sFlog F)| A (s) = Bf (sFlog F) (2.2.1)
Lemma 2.2.1 implies A.(s) < Af(s), for all s > 0. It is easy to understand the behavior of
AZ()
Lemma 2.2.2. If s <1, F75A}(s) converges weakly to Gamma(|1.(0)|,1) as F — o0.

Proof. Let Z(t) be the Yule process starting from Z(0) = 1. It is well known that, see e.g.
[1], that
lime " Z(t) = W a.s.

t—0o0

where W has an exponential distribution with mean 1. A} (¢) is the sum of |.(0)| indepen-

dent Yule processes, so the desired result follows by changing variables ¢t = slog F'. O

Our next step is to show that with high probability the coupling is exact up to time
s =0.45. Let
0 ={Af(s) = Ac(s) > 0,Vs < 0.45,e € E}.

Lemma 2.2.3. As FF — w0, P(;) — 1.

Proof. Discrepancies in the coupling, which we call collisions, occur when we set & (z, f) =

& (y, f) and there is an edge €' = (x,z) so that f € I.(t—). Let B(x,y, z,s) be the event

11



that this occurs for fixed x ~ y and z ~ x by time sF'log F'. Let
H = {magXA:(O.45) < F0'49} .
&S

Since € is finite, Lemma 2.2.2 implies P(H) — 1. It is easy to see that if one takes s = 0.45

then

F0.49

k F049 FO.49
P(B(x,y,2,045)°|H) > (1 TR F0'49> = (1 O F0.49> —1
k=1

The equation comes from the fact that in general when the k-th issue is randomly selected it
cannot be the same as any of the £k — 1 preceding issues. Since there are only finitely many

x,1, z to consider the desired result follows. O

12



2.3  Growth phase II

Let k > 0 be a small constant to be determined later. Our goal is to show that A.(s) is well

approximated by A¥(s) defined in (2.2.1) up to a time 77 = inf{s : max, A} (s) = kF'}.
2.3.1 Upper bound on Af(s)

Let € be the set of all edges, and let F," be the o-field generated by (AF(s) : e€ &, s < t).

The first order of business is to upper bound the growth of A'(s). Let
W.(0.45) = F~°* A*+(0.45)

and recall from the previous section that the A} (¢) are independent Yule processes run at

rate log I’ defined for all time.

Lemma 2.3.1. For each e € &,

2
Bt < sup F At (s) — We(0.45)) < CW,(0.45)F 0%

520.45
where E is shorthand for E(-|FJ,s).

Proof. (F~*AX(s) — W,(0.45) : s > 0.45) is a martingale under P*. Classical theory of

branching processes [1] gives for ¢t = 0.45
E*(Af(t) — el =095 44(0.45))2 < Cy AF(0.45) F2(049)
so multiplying by e~lef = p—t
E*(FTPAL () — W.(0.45))% < C1W,(0.45) 045

Using the L? maximal inequality for martingales
2
E* ( sup F°Af(s) — We(0.45)) < CoW,(0.45)F~045
0.45<s<t

Since the right-hand side is independent of ¢ the desired result follows. O]

13



Let W = max,eg We(0.45) € Fo 5, let W=W+ F~92 and we remind the reader that
Ty = inf{s: max A (s) = kF} (2.3.1)

It immediately follows from Lemma 2.3.1 along with Chebyshev’s inequality that with high

probability under measure P

sup A (s) < WF?, Vs = 0.45.

ee€
Set TP =1+ bgég# to be the approximation of T} precisely defined in (2.3.1), then
sug) AF(TY) < WF% = KF, indicating that 77 < T} (2.3.2)
€ec.

2.3.2  Lower bound on A.(s)

A, changes by
+1 at rate A, log F

1w A, — A
—1 at rate 5 Z F——fle,,Ae, IOgF

e/ ~e

where €' ~ e indicates € and e shares a common voter, and A, . is the number of issues
for which there is agreement on e and on €’. To get a lower bound on A.(t), we define the

birth-and-death chain AZ which changes by
+1 at rate A_ log F

S

SWF
—1 at rate ———A_ log I
W Fs

where the 3 comes from the fact that on the two dimensional lattice there are 6 ¢/ ~ e and

oriented edges have events at rate 1/2.

Lemma 2.3.2. We can define our processes on the same probability space so that

AZ(s) < Ac(s) < A (s), for all 0.45 < s < TY.



Proof. Since A, — A, < A. and A, Ay < W F* the fraction in the definition of A7 is larger

than the one in the definition of A,

A.— A —~ A
e e,e<WF5 e

Ae e~
F— A, F—WFs

The fact that A < A. may look like trouble, but these are birth and death chains so it is
enough that the rate of jumping by —1 is larger in A when AZ = A.. O]

To analyze A we begin by computing the infinitesimal mean and variance of U (s) =

F~*AZ(s). Note

U (s+h)—U (s) = F"C*N(AZ (s + h) — A

€ €

() + (F~TM — F=%)AZ(5s) (2.3.3)
In terms of stochastic differentials
dU_ (s) = F°dA_ (s) — (log F)F~*A_ (s)ds. (2.3.4)

e

From this we see that the infinitesimal mean

b(U;)=F~* (1 - %) A log F — (log F)F*A_ (s)
3W Fs
— —(log F)F~* | ———— | AC 2.3.5
(log F) (F ! WFS) (2.35)

To compute the infinitesimal variance from first principles, note since A_ jumps by +1, as

h — 0 the second moment of the first difference in (2.3.3) is

~hEF7> [ 1+ L A, log F
F—-WEs
while the second moment of the second difference is h?((log F)F~*A_ (s))?. Cauchy-Schwarz
inequality implies that the cross term in (U (s +h) —U~(s))? is O(h*?), so the infinitesimal

variance is

7 s
v(US)=F° (1 + %) U. log F (2.3.6)
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To bound A (t) we will use the L? maximal inequality on

U= (s) — U (0.45) — L b(U=(s)) ds

Lemma 2.3.3. For e € £ we have with high probability that for all 0.45 <t < TY

3Wk 02

1—«x

U= (s) = W.(0.45) —

e

Proof. Lemmas 2.3.2 and 2.3.1 imply that U, (s) < F~*Af(s) < W. For 0.45 < s < T? the

infinitesimal variance term

AFs—l PR
W(U~(5)) < F-045 ( N W_) o

— KR

which is o(F7%4) as I’ — oo. Using the L? maximal inequality it follows that as F' — oo

t 3W !
Us(t) — W.(0.45 +J log F) | ——=——|U; (s)ds
()= We0ds) + | >(1_WFH> (5

P* ( sup > F_0'2> — 0.
0.45<t<0.7

Using U (s) < W for s > 045, and WF*! < & and a little calculus we see that if

045 <t < T?

U-(s)ds < ——F"'W (2.3.7)

e

o< Jt SWFslogF 3W
h 045 1 — WEFs—1 -k

To clean up the last result note that if t <77, F 171 < k and the desired result follows. [
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2.4 Growth of tree agreements

In this section we show that, assuming no surprises, the number of agreements on any
component 1) reaches a positive fraction of issues at time 77 F'log F' where T} was defined in
(2.3.1). One can do this by using the infinitesimal analysis techniques as in Section 2.3 to

bound the growth of tree agreements and use a spanning tree of 1 to conclude the result.
2.4.1 Upper bound

Let t be a tree which is a subgraph of £,, and let p be its number of edges. Let A; be the

number of issues that all voters on the tree agree on. Our first step is to get an upper bound

for A¢(s).

Lemma 2.4.1. Let Ef be the expected value conditional on A.(0)

EgAy(s) < FP= @D T T A(0)

eet
For p > 2 this implies that A(s) = 0 with high probability when s < A, =1 —1/p. We will
see that the upper bound is the right order of magnitude but too big by a constant factor. In

what follows, for example in the proof of Lemma 2.4.2, it is convenient to define A; = 0.45.

Proof. The upper bound processes A'(t) = |J.(t)| are independent and have J.(t) > I.(t).
P(f € J.(t)|AF(t)) < AF(t)/F, and Ef A} (t) = F*A.(0) so

() Je(t)

ect

E < F(F )P TAe0)

ect

and we have proved the desired result. O

In this subsection we are ignoring surprises, so growth can only occur at the end points

of the path, i.e., A; has dynamics

1 Apgey — A
+1 at rate 5 Z Aetf\?{i—Aet log F
e~L' eet
1 Ap — Aex s
—1 at rate § Z Ae*;’——AA:*t 1 gF



where e ~ L' (resp. e ~ t) means that e is connected to a leaf of t (reps. the tree itself
t), and the overall factor of log F' comes from the fact time s corresponds to time sF'log F
in the original process. The factor of F' disappears because the probability of picking an
agreement is A./F. Note these rates are associated with t\{e} for e € L', which is a tree
again, and e* U t, which might be a tree or a unicyclic graph, where in the latter case Agx ¢

is defined analogously.

Lemma 2.4.2. Let Wy = (1/p!) [ [ e We(0.45) and § > 0. With high probability
|F—ps+(p—l)At(s) _ I/Vt‘ < F—5/3
for all A, +25/p < s <1—46/p.

Proof. We proceed by induction on p. When p = 1 this follows from Lemmas 2.3.1 and 2.3.3.

To do the induction step, note that since we stop at time 1 —§/p

Ap e A
Z A, t\{ } T log F ~ [pVVt + 0(F—5/3p)] . fprs—(p—1)

e~Lt ,ect

and the upper bound in Lemma 2.4.1 implies that the —A; in the rate for positive jumps
and the rate for negative jumps can be ignored.

To analyze the behavior of Ai(s), we let

Ai(s)

Ui(s) = Fprs—(p—1)

for s = A, +6/p

Computing as in (2.3.5) and (2.3.6) we conclude that when s > A, the infinitesimal mean

and variance are, omitting the error term,
b(Ur) = —p(log F)F~P**0=D A(s) + pF P Vp( A,)
~ plog F(0.5|L*| - Wy — Uy(s)), (2.4.1)

v(Uy) < plog F - Feste-py = 0(F’5/3). (2.4.2)

18



Let T'(p,6) = 1-1/p+d/p and P5 = P(-|Fr@.s). By definition —T'(p,d)p+(p—1) = d/p,

so the L? maximal inequality implies that as F' — oo

t

Ui(s) — U(T(p,0)) — f b(Ui(s)) ds

T (p,0)

P ( sup > 0.5F5/3> — 0 (2.4.3)
te[T(p,0),T1]

Lemma 2.4.3. Suppose y is continuous with

‘y(t) _y(0)+ D fo ((s) — O)ds| < ¢ (2.4.4)

for any 0 <t < T where C' and D > 0 are fized constants. Then we have

sup |y(t) — y*(t)] < 2¢
te[0,T7]

where y*(t) = y(0)e P + C(1 — e~ ') is the unique solution to the integral equation

v =)= [ 1) - )t
Intuitively, the integral equation is close to y'(t) = —D(y(t) — C), so the solution should be
close to the solution of the differential equation.
Proof. Let Y (t) = Sg(y(s) — C)ds. The integral inequality (2.4.4) implies
Y'(t) + (C —y(0)) + DY (t) < e

Since Y'(t) + DY (t) < ¢ + y(0) — C we have

% (e”'Y (1)) < (e + y(0) — C)e™

Using Y (0) = 0 and integrating

t Dt

ePY (t) < (y(0) — C + E)L ePsds = (y(0) — C + 5)6 D_ !
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and we have

1—e Pt
Y(t) < (e +y(0) — C)T (2.4.5)
Similarly if we start with Y’(¢) + (C' — y(0)) + DY (t) = — we end up with
1—e Pt
Y(t) = (—e +y(0) — C’)T (2.4.6)
To get the upper bound on y(t), we use (2.4.4)) and the upper bound on in (2.4.6)
y(t) <e+y(0) — DY (t)
<e+y(0) = (—e+y(0) - CO)(1 — ™)
=c+y0)e P+ (C+e)(1—e P +e< 2+ y*(1).
The proof of the lower bound is similar. n

Remark 2.4.1. The reader should note that in the first two lines of the last computation we
use both Y'(t) + (C' —y(0)) + DY (t) < € and = —¢ (to get (2.4.6) ), so there is no one sided

version of this result.

Back to the proof of Lemma 2.4.2. Using Lemma 2.4.3 with D = plogF, C' = W; and

e = F~9/3 with the formula for y*(t), we have
U(T(p,8) +t) — U(T(p,8))e P85 + Wy (1 — e P8 F)| < P73

By Lemma 2.4.1, EiU,(T(p,5)) < C;. So if t = 26/p, U(T(p,d))e Ptloel = o(F~%/3) and
Wie Ptos I = o( F=9/3)  which with (2.4.3) proves the desired result. O

2.4.2  Results up to Ty

For our results to be useful they have to hold up to 7} = inf{T : max, AT (t) > kF}.

Lemma 2.4.4. Let W = W, + F~%3. If k > 0 is small and if F is large then with high
probability
FPre-DA () <2WF for 1 —6/p<t<T
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Proof. To begin, we note that the Lemma 2.4.2 implies
A1 —=6/p) S W F?

Noting that the infinitesimal variance of A, is always < F'log F' and using the L? maximal

inequality, we have that as F' — oo

. t s Plog F
1-6/p ( sup  A(t) — Ad(1—0/p) —ijFJ .

— ds > F% | -0
1-6/p<t<Ty 1-6/p 1 — WEFs—1

For 1 —¢/p <t <T, using 1 — WEr1>1—x gives

t sl
f Fel 10ng< 11
1sp 1 — WFs—1 11—k p

Multiplying the last bound by pW;" F' and combining our estimates, we see that

|4

A < FOS + Wrpt—o 4 —+
(1) ‘ p(1— k)

FP==D for 1 —§/p<t<Th

and the desired result follows when Kk < 1 — 2—p O

Now that we have upper bounds on the A;(¢) we can get lower bounds.

Lemma 2.4.5. If kK > 0 is small enough then there are constants c(k,p) > 0 so that if
F=F
FPHEeDAM) = ¢ forl—6/p<t<T.

Proof. Again we use induction, Lemma 2.3.3 gives the result for p = 1. Noting that the
infinitesimal variance of A, is always < F'log F' and using the L? maximal inequality, we
have that as /' — oo

t

Pl ( inf  Ay(t) — A1 —20/p) — J

1726/pSt<T1 1—25/19

b(A(s)) ds < —FO-G) -0

From the rates we see that for s < 77, b(A¢(s))/log F

A e A e*u
ZA t\{} t__ Z 1_H)t

t3e~Lt t§§ * ot
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We will drop the last term in the second sum which is nonpositive. Using Lemma 2.4.4 and

the induction hypothesis, the above is

1 F(p—l)s—(p—2)ct\{ po 1 Frs=e=(2IW+)
>— Fse, 7= F*(2W :
3 2 Frea F 3 2 W) —Fa =5

toe~Lt tpe* ~t,or toe~Lt

Rewriting sq — (¢ — 1) = q(s — 1) + 1 we see that the last expression has the form

11710(8—1)“&t _ F(p+1)(8—1)+1bt

for constants ay, by recursively defined as

1
=5 D Cetae

tae~Lt

1 (W) W)

11—k
tpe* ~t,or tae~Lt

So we have

t
f b(At(J?)) ds > ﬁ (Fp(t—l)-i-l . F1—26) o bt F(p+1)(t—1)+1
1
1-25/p D D+

Using F'=1 < H/W and A¢(1 —26/p) = 0 the desired result follows by setting

Qe by K
G < —— ——
p p+tl Ww
which is positive if k > 0 is small enough. O

Lemma 2.4.6. For any initially active component 1 consensus, with high probability A, (Ty) =
c. 7 where ¢, = ¢, (K, ) is a positive constant. In words, consensus has been reached over a

positive fraction of issues on .

Proof. Let t be a spanning tree of the component v, let t = T7 and k sufficiently small as in

Lemma 2.4.5. Using (2.3.1) and (2.3.2) one can conclude that with high probability
Ay(Ty) = A(Ty) = ¢ FP1=7Y > ¢ (k/W)PF > 0. (2.4.7)
Letting ¢, = ¢i(k/ ﬁ\/)p completes the proof. O
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2.5 Consensus on the giant component

Our goal in this section is to show that, under the assumption that there are no surprises,
consensus on the giant component x can be reached on all F' issues by time T F'log F' +
cyFloglog F. To do such in general settings, we switch to study Axelrod’s model on a
given component v running at rate F' (short as Azelrod’s dynamics) starting from an initial
configuration where the number of issues 1 agree on is > dF. Define o as the first time

Axelrod’s dynamics reaches consensus over issue f on 1. The main Lemma in this section is

Lemma 2.5.1. For Axelrod’s dynamics on 1 that has reached consensus over = 0F issues
at time 0 where 6 > 0 is a constant, there is a constant C' so that the first time 1 reaches

consensus on all issues

max gy < (ON®/5)loglog F (2.5.1)

with high probability as F' — o0

Remark 2.5.1. Under the assumption of no surprises, Lemma 2.4.6 implies that Axel-
rod’s model on the giant component x possess the same opinion on c.(k, x)F issues at time
T1Flog F. Since our model is Markovian we can apply Lemma 2.5.1 with § = c,(k, x) which
indicates that consensus on the giant component x can be reached over all F' issues by time
TyFlog F + cyFloglog F, where cxy = CN®/c,(k,x) > 0 does not depend on F, completing

the argument.
We start the proof of Lemma 2.5.1 by showing
Lemma 2.5.2. For each f =1,...,F let

6
to = to(6, N) = NT (2.5.2)

There is an enlarged probability space where we can construct independent (67 : f =1,...,F)

such that oy < oy forall f =1,...,F, and forn =0,1,2,...

P (5, > nt) < @)n (2.5.3)
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Remark 2.5.2. We prove Lemma 2.5.2 by assume first that there are only two opinions

held by voters of 1 over each issue and prove

P <af o nN%) < G)n (2.5.4)

then generalize our argument to the case of multiple opinions to conclude (2.5.4).

Proof. The two-opinion case. We assume without loss of generality that the opinion set on
each issue is {0,1}. To prove (2.5.4), note that in Axelrod’s dynamics we pick an issue on
which there is a disagreement at random, however by the idea of Poisson thinning we achieve

the same dynamics by instead picking at random from all issues at rate

A (t—) 1 A (t—)
E= (F—A(t—) vl ([F-A(l)) vl (255)

since when an issue is picked on which there is agreement nothing happens.

We proceed and complete the proof by constructing a coupling between Axelrod’s dynamics
and a stack of independent random walks. Imitation events for issue f = 1,..., F on edge e

occur at rate ) 7 When imitation happens the opinion is either copied or eliminated

F—A.(t—

with probability 1/2 for each, independent of the dynamics before time ¢. Set

(i) (Ap(t):t=0,f=1,....,F,k =1,...,[€|) be a collection of unit Poisson processes

independent across f = 1,..., F and k € [|€]], and

(ii) (X} :n > 1) be a collection of independent fair coins that take value {1, +1} with

probabilities 1/2 each, independent across f =1,..., F.

With these tools at hand one can recursively build up Axelrod’s dynamics as what follows.
Let 79 = 0. For each n = 0,1,... suppose the process has been defined for ¢ € [0, 7,], we

define the next phase of process as

e Let DY} denotes the set of edges connected by two voters holding different opinions for
issue f. D% is nonempty whenever 7, < oy. Let i} : [[€]] — £ be a bijective map
satisfying L?(l) € D}. Such map is adapted to the process filtration at 7.
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e Define 7* as the minimal jump time of (A (¢) : t = 0) among all f = 1,...,F and

e € €, where for t € (7,, 7*]

Apney(t) = Apaniny (Ta) + AY, <Bk; + V1 (t — Tn)> — A%, (By).

where B stands for the expression

= AL}L’(k)(Tn')
n!/=0 (F - AL'}LI(]{;) (Tnl)> Vv 1

(Tn’-i-l - Tn’)~

which is > 7, - 0. Let e* denote the edge whose associated A-process achieves the

minimal jump time.

e [f two voters connecting e* share the same opinion on issue f, no dynamics occurred

at 7* so we set 7, = 7* and return to Bullet 1. Otherwise set 7,,,1 = 7*.

e At t = 7,1, we flip a coin XJ’}H to determine the direction of imitation on e* for issue
f of Axelrod’s dynamics. If XJ?H is head then the opinion pattern on e* flips from
10 — 11, i.e. the voter which holds opinion 0 takes the opinion of its neighbor acroos

e*; otherwise the pattern flips from 10 — 00.

e Update (Ac(Th41) €€ €).

We are making our coupling very explicit in order to be able to define an associated process

M (t) = the number of individuals holding opinion 1 for issue f. Let

Apt)= 25 | 2 Abrelm) |,

n:Typ <t eeD}L

which counts all the jumps occurred on the edge set D}. From the previous definition of

process

Ag(t) = AG, <B1 + = AL;@)(T”)) v 1(t — rn)> > A, (61). (2.5.6)



Set

Ag(t)
Mj(t) = Mp(0) + > XT.
n=1

Since there are only two opinions our consensus time o is equal to the time M(¢) first hits

the boundary of [0, [¢|]. To define coupled random walks let A ;(t) = A%, (t) and & be the

first time ¢ that

1
<

(1
My(t) = Mp(0) + ) X7
1

hits the boundary of [0, |¢)|]. We have &, being independent across f = 1,...,F, and
because of (2.5.6), oy < & for all f =1,..., F. It is obvious that M(t) is a time-change of
simple random walk on [0, [¢|] with |¢)| < N?. Classical gambler’s ruin result implies that

independent of initial value of &,

2 N4
Ee 0 < (5—1M < — 2.5.

From the Markov property of Axelrod’s dynamics, Markov’s inequality and (2.5.7)

P(6f>n-(51N4

Gr>(n—1)- 51N4> <sup Py, (67 > 6 'NY)
o
(2.5.8)
—1 74\ 1 ~ 1
< (5 N ) (SupE&)O—f> < 5

0

where supremum is taken among all initial . (2.5.4) follows immediately by taking products

for (2.5.8) forn =1,2,... O

Proof of Lemma 2.5.2 in the general case. For the multiple opinions case let I be the ordered
set of opinions ¢, ...,q held by all individuals on issue f. To generalize our previous

arguments we

e Map the opinions {¢q;} and I'\{q;} to the new opinions 1 and 0;

e Let M;(t) = the number of voters taking the new 1. Then M;(t) absorbs at the
boundary of [0, [¢|] at 0;1), which is upper bounded by 6;1) as in (2.5.4);
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e If M/ (t) is absorbed at N? consensus is reached and we are done. Otherwise we reduce
the opinion set to I\{q;} and start a new round by mapping the opinion sets {¢2} and

I\{q1,q2} as the new opinions 1 and 0 and return the first bullet.

Keep the procedures until M;(¢) hits N? before 0 for some round K. Since |I| < N?,
K < N?—1 and the sum 6, = kN:; ! 5;1@) bounds o from above with 7, being independent
across f = 1,...,F, (2.5.7) indicates that Ed; < (40)"*N®. Markov property along with

Markov’s inequality implies for ¢, defined in (2.5.2)

(2.5.9)

N | —

P(5;>mn-toloy>(n—1)-ty) <ty (supE&)&f) <
o

Lemma 2.5.2 follows by taking products. O]

Remark 2.5.3. To explain our proof of (2.5.4) note for an issue that 1 reaches consensus
over, arrows do not pose effects on edges of agreement. When the opinions are different we
read 10 — 11 as flipping out a head (+1) and 10 — 00 as a tail (—1), recorded by X1, X, . . ..
These fair coins are then recycled to couple the 1-counters of Axelrod’s dynamics for a fixed
1ssue with uniformly slower random walks, and a sequence of independent upper-bounding

variables for the consensus time can be constructed thereafter.

Proof of Lemma 2.5.1. Referring to (2.5.2) for the definition of ¢y we define a discrete-time
Markov chain A, to give a lower bound on A, (nty). It starts from A, = 0 and has transition
probability

r_ 1\ Pk
P(An+1:k+i|An:k):< k><§> for0<i< F—k.
i

From Lemma 2.5.2 there exists ¢y > 0 such that there exists a coupling (A, (nty), 4,) such

that Ay (ntg) = A,. It is clear that

1
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Let b, = E(F — A,,). Taking expectation in the last display we obtain b, ; =
EA¢(nt0) = EAn = an = F(l - 2—n)

Taking n = C'loglog F', we have

C'loglog F'
E(F — Ay(Ctologlog F)) < F (5) :

One takes C' = 3/log2 > 0 to obtain FA,(Ctologlog F) = (1 — (log F')"?)F. Since F —
Ay (Ctyloglog F) is nonnegative, Markov’s inequality implies

(log F)3F

_ > 2Ry gt/ ©
P (F — Ay(Ctologlog F) = (log F)*F) (log ) °F

= (log F)™! (2.5.10)
which goes to 0 as F' — c0. One can then complete the proof of Lemma 2.5.1 using Lemma
2.5.2 and

Lemma 2.5.3. We have

2ty
log 2

1
P <m}§x6f — Ctologlog F > (log F)1> < yak (2.5.11)

Proof. (2.5.10) implies that w.h.p. after time Ctgloglog F', each of the individual voter
models in the coupling is running at rate > (log ). By Lemma 2.5.2 the & are independent

and the tail of distribution bounded geometrically. From this it follows that
P (mj}x5f — T* = (IOg F)_ZKt0> < F(1/2)K

Taking K = (2/log 2)log F' we obtain the desired result. O
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3

Surprises

Having completed the argument assuming no surprises, we now return to the real dynamics
where surprise events can happen. The crucial consequence of surprises is an edge with
no initial agreement can be activated by surprises in later phases. As the readers will see,
suprises will occur before time 77 with probability 1 — O(k), and the agreements on edges
created by surprises are < (log F')® until consensus is reached on the giant component x
over all undisturbed issues. We begin with the case of one surprise. In this situation our
argument has two cases: the surprise adds one edge to the giant component, or connects it

to an existing component.
3.1 The probability of no surprises before 71 F'log F’

We say that coincidence occurs initially on issue f if there exist distinct voters 4, j which are
not neighbors such that &y(, f) = &(J, f). Issues where coincidence occurs initially are the

only ones that can produce surprises. Without much difficuty one can prove

Lemma 3.1.1. Let Ns be the set of issues where coincidence occurs initially and suppose

F <~Q. We have E|Ns| < yN*/2.

Proof. Let C; = {coincidence occurs initially on issue f}. There are (122) pairs of vertices
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which have the same opinion on issue f with probability 1/Q so

P(Cy) < é(?) (3.1.1)

Hence Lemma 3.1.1 follows from (3.1.1) and

]

Our main Lemma in this section claims that if k > 0 is small, with probability 1 — O(k)

there are no surprises before 77 F'log F'.

Lemma 3.1.2. Let H,(k, F') be the event that there is no surprise event before time T1 F' log F'.
Then P(H(k, F)) = 1 — yxN°.

Proof. We refer the readers to Section 2.2 for the definitions of I.(t) and J.(t). Let P* be
the probability measure conditioned on the initial configuration. The probability that some

surprise event occurs is

PT(Hy(k, F)°) < P* (./\/5 N (U Ie(T1)> + @)

eet

< Pt (Ns A (U Je(T1)> = @)

2
< > P* (fgeUJe(Tl)) < Wsy-%]j\; E

fseNs ect

since UeerJe(t) is a uniform subset of {1,...,F} and has cardinality < x|E|F = 2kN?F.

Lemma 3.1.1 implies

P(H,(k,F)) =1—EPY(H.(k,F)°) = 1— E|Ns|-2cN?* > 1 — yxN°.
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Remark 3.1.1. In the later sections we assume H,(k, F') occurs, and the probability and
expectation notations P and E stand for the conditional ones on Hy(k,F'). Lemma 3.1.2

implies that the conditioning imposes little effect on the distributions since the probability is

bounded away from 0 as ' — o0.
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3.2 One surprise

Remark 2.5.1 in the beginning of Section 2.5 indicates that in the case of no surprises,
Axelrod’s model reach consensus on all issues on y along with all other components at time
Ty log F' + cy loglog F'. In this section we study the growth of one surprise edge connecting
to an individual not in the giant component Y.

We continue, as in the beginning of Section 2.5 to run Axelrod’s model at rate F' after
Ti. Let e* be the edge activated by a surprise and connected the main component v to
either a single voter or a component ¢’. Also in the first (resp. second) case, assume for
¥ (resp. ©* =), )'), at time T™ consensus has reached on v (resp. ©*) over = JF issues
where § > 0 is a constant. Let 7.« be the first time an agreement on e* emerges. Define the
new component C = ¢ u {e*} U’ (To unify both cases we force to write ¢’ = & in the case

of single voter) and

TO* = mf{t = Tex ! Ac(t) = 1}, T’uq}: = 1nf{t = Tex ! Ae* (t) = 0}

& €

If T < T2 then agreement on the surprise edge e* is lost, so 9 is once again disconnected
with ¢/, and it has to be reactivated by a new surprise. Otherwise we are in the case that
the issues of agreements on C can grow. By restarting the process the former case can be
combined with the latter one, and we may without loss of generality assume that latter is
the case. Let 0§ be the first time that activation time, i.e. the first time that an agreement

on e* is generated on issue f. Let
Jex(t) = inf{t : 0% < t}.

In words, Jex(t) denotes the set that records the issues over dynamics on e* occurred by
time t. We are able to conclude that in both cases, the full component C reaches positive
level d.« F before the number of issues for which there is agreement on 1 or ¢’ drops below
(0/2)F. Using the coupling with a branching process we can also conclude that once an issue
has been activated on C it takes O(log F') time for the number of issues C agree on to reach

positive level.
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3.2.1 Surprises in single-edge case

In this case the surprise edge e* does not connect 1) to any component. We introduce for
k>0
Tex (k) = inf{t = Ty : |Tex (t)| = £F'}

Tg(éo) = ll'lf{t = T* : Awue* (t) = (SoF}
Lemma 3.2.1. For k > 0 and 6g > 0 appropriately chosen, with high probability
T2<50) < Te* (Ii)

Proof. Since growth on e* is the only source of disturbance of the consensus on 1, a little

thought reveals that Ay (t) — Ay, ex(t), the number of issues agreed on ¢ but not on e*, has
Ap(t—) — Apoex (t—) = Ay(Ty) — | Tex (1)]. (3.2.1)

for all t = T,. When & is chosen to be 0/2 the above is > (§/2)F for t € [Ty, Tex(K)].
Consider the edge activated by surprise e* = {7, j} where i € ¢ and j ¢ ). We use Z,(t) to
denote the set of issues individuals of ¢ agree on at time ¢, so that Ay (t) = |Z,(t)|. At time

t where J.«(t) adds issue f to itself, either
() 4 gives its opinion to j and f € Z,(t—), and Ay, ex(t) increases by 1, or
(ii) j gives its opinion to i or f ¢ Z,(t—), Aypoex(t) does not increase.

By time t < T.«(k) case (i) above has probability

_LA() — Ayeer(t=) _ (6/2F 8
2 F — Aue(t—)

=

2F 4’

so the agreement on ¥ U {e*} at T.« is bounded below by Binomial(kF,§/4). To complete
the proof we use the following classical large deviation result for binomial distribution
Lemma 3.2.2. Let Xy,..., X, be i.i.d. with P(X; =1)=p, P(X; =0)=1—p. Then

P(Xi+ -+ X, <n(p—¢)) <exp(—e°n/2).
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When € = p/2 this is just
P (Binomial(n,p) < (p/2)n) < exp (—(p*/8)n).
Proof. If a > 0 then
P(Xi+ -+ X, <n(p—e)e P8 < (pe=® + (1 —p))"
Taking log’s, dividing by n, rearranging and then using log(1 + z) < = we have
log P(X14++++ X, < nlp— <)) < alp— €) + log(1 + ple™ — 1)

<alp—e)+ple®—=1)=—ac+ple*—1+a)
Now e — 1+ a < a?/2 for 0 < a < 1 so taking a = ¢ and using p < 1 gives
P(X;+ -+ X, <n(p—c¢)) <exp(—e*n/2)

and completes the proof of Lemma 3.2.2.

]

Now applying Lemma 3.2.2 with n = kF, p = §/4 = 2¢ and assume x < 1/8 without loss of

generality we obtain

P (Ayoex(Tox (k) = (k6/8)F) = P (Binomial (kF,d/4) = (kd/8)F) = 1—exp (—(52/128)/@F) )

Letting 09 = x0/8 completes the proof of Lemma 3.2.1.

To estimate T3 the time reaching consensus on 1 U {e*} over dpF issues, we have

Lemma 3.2.3. With high probability T»(5) < C(9)log F' as F' — oo.

]

Proof. From the proof of Lemma 3.2.1 we see that for time ¢t < T, Ayex(t) can be coupled

with A, «(t), a Yule binary fission which starts from A, «(T%) = 1 running at rate d/4,

so that

Apoex(t) = A;Ue* (1), T, <t <T..
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Using the standard results of branching process (see e.g. [1]) the first time A, . (¢) reaches

8o F, denoted by Ty« is equal to Ty + (5/4)" (log(8oF) + VF) where V¥ converges weakly
to V* with cumulative distribution function P(V* < z) = exp(—exp(—z)) for z € R.

Therefore for C' > (§/4)7! the weak convergence implies
P (f ~ T, > Clog F) — P(VF > [(5/4)C —1]log F — logdy) — 0 as F — .  (3.2.3)
One can then finish the argument by combining Lemma 3.2.1, (3.2.3) and
T (k) < To. (3.2.4)

(3.2.4) can be proved by contradiction as follows. Suppose Tux (k) > Tux then the coupling
in (3.2.2) works for t = ﬁ* and thereby Ay e« (fe*) = Ao (fe*) > )oF’, contradicting the
definition of T« (k). O

3.2.2  Surprises occurs in middle of two components

Let o} be the time that Axelrod’s model reaches consensus (and hence fixation) on C for
issue f, i.e. all members of the new component C share the same opinion on issue f, ||
denote the number of vertices in ¢/, t7(k,¢’) = 2[¢'|?>/k and define the following stopping

times
Ty(k) = inf{t > T, : Ay(t) < (§/2)F}
Ty(k) = inf{t > Ty : Ay (t) < (8/2)F}
Te(k) = inf{t > 0: |Tox(t)] = (5/2)e T F}

Lemma 3.2.4. For k > 0 and .« > 0 appropriately chosen such that with high probability

as F' — oo T (k) < o0, and

T5(0ex) < T35 (k) + 1 (k, ") < min{7y(k), 7y (K)}. (3.2.5)

The idea of proof is to couple the counter Aq(t) for t < T, with a lower-bounded one that

is easier to analyze. Consider vertex x* whose opinion over an issue f at its activation time
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o} takes over ' Let ch denote the event that consensus is reached by time T3 + t7, i.e.
GG = {0} S T3 + 11, &x(fx) = &mp(f,2%) Yo € Ch.

Lastly let
1
21|

e (1, 8) = (6/4) (3.2.6)

Lemma 3.2.5. For k > 0 appropriately chosen, there is an enlarged probability space where

set of independent events (éfc s f=1,... F) live, satisfying

(a) GS 2GS for f e Tx(T5(r));

(b) P (Gg) > fex (5, ).

Proof. Let {i,j} = e* with ¢ in the giant component v, and k = §/2. To explain why 7=
defined in (3.2.6) is a lower bound, note the first factor is no greater than the probability
that consensus has been reached on 1 on the issue that i gives her/his opinion to j, and

hence
_1A() = Ayer(t=) _ (6/2)F
2 F—Ax(t-) ~ 2F

— §/4,

once again due to (3.2.1). The second factor is the lower-bound probability that the opinion
successfully spread to all members of 1’ and therefore consensus on C is reached over issue
f. We utilize the techniques provided in the proof of Lemma 2.5.2 and couple the dynamics
with independent martingales (M?(t),t >o%: f=1,...,F) which performs random walks
at constant rate £ < x/(1 — ) on {0,1,...,[¢'|} with absorbing boundaries. With (5} :
f =1,..., F) defined as independent stopping time M]?(t) reaches [¢’|, standard coupling

argument gives oy < oy for all f =1,..., F. Let
06 = (6} — oy < 17, ME(5}) = ]}
Apparently ch 2GS, f e T (T ) form independent events and hence

P <G§i{]—};> > P (Mf@; L) = WHE—;) . (3.2.7)
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The right-hand side is just the probability a random walk .S; jumping at rate s starting from
1 get absorbed at |¢’| before at 0. Let 7y = inf{t : S; = 0 or [¢'[}, so using standard
results of random walk the RHS in (3.2.7)

= Pl(STo,M/\ = ‘¢,|77—0,\¢*’| < tik) = P1<S7-0YW,‘ = |¢,|) — Pl(T07‘¢/| = tT)
- 1 By 1 (¥ -1/ < 1
4 ty Y] ty 2[¢/|
for all f e Jex(Ty). Taking expectation again we obtain the result. H

Proof of Lemma 3.2.4. In our setting once consensus on C for at least one issue is reached
it will not be diminished, and hence finite Markov chain theory tells that T3 < oo, leaving
the rest to prove (3.2.5). We continue to choose k = 6/2, and an issue f the dynamics on e*
feeds in an opinion so the consensus on ¢ breaks down, and the consensus will be reached
with probability bounded away from 0 by time ¢. For simplicity we give only one chance for
each single issue and the recovery process takes t1 time with probability of success > 7.+ > 0.

Using (3.2.1) we have for all t > T,
min{Ay(t), Ay (1)} = 0F — |Jex (8)] = (0/2)F

which implies T5 + ¢} < min{ry, 7ys}. Thus the branching process upper bound indicates

that there exist Gy,...,G, i.i.d. with geometric distribution of probability e~ such that
—t*

\Tex (T + t7)] < Zgi/f)e "F' G,. Chebyshev’s inequality implies that if Z, Zi,...,Z, are

independent with common distribution geometric(p)

o -2
>EZ) _va(Z) (-

Y

S|

n(EZ)2  np2

1 1¢
P(H;Zi >2EZ> <P<|E;Zi_EZ

so with probability = 1 — Ce't F~! we have |Ju(T% + t¥)| < (k/2)e 5 F - 2e/f = kF
which proves the first inequality in (3.2.5). Regarding to the second one note as long as
min{A(t), Ay (t)} = (0/2)F we can use the arguments in Section 2.5 and couple with inde-

pendent random walks indexed by f = 1,..., F. Lemma 3.2.5 allows us to couple Ac(T5 +1t})
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with a binomial variable
Y ~ Binomial((r/2)e T F, (24/)71), so that Aq(T¥ + ) > Y.

Applying Lemma 3.2.2 with n = (k/2)e™ and p = 2¢ = (2|¢)'|)~" we obtain A¢(T§ + t) >
d.+ F with probability > 1 —exp (—(k[¢'|72/64)e™% F) for dex := (r/8)|¢'| 'e~'T, completing
the proof. n

Lemma 3.2.6. There exists C(k,9") > 0 such that with high probability as F — o0 T5(0ex) <
C(k,¢)log F.

Proof. The process A¢(t) can be lower bounded by a discrete-time branching process where
A, with A, = 1 and offspring distribution 1 + Bernoulli(#jex) where fjgx = (1 — €77 )7s.
Coupling result indicates

A, < Ac(t] - 2n) (3.2.8)
Note if we choose C; > 0 such that (1 +7.x)“" = 1.1, our case that the offspring distribution

has no probability mass on 0, finite second moment and the expectation > 1, so from [1]

WF _ ACllogF
(1 + ﬁe*>01 log F’

which converges almost surely (and hence weakly) to a positive variable W*. Thus
P(A¢ 1opr < 0exF) = POWT < 6 F7%1) — 0.
Using coupling in (3.2.8), w.h.p.
T3(0ex) < t7 - 2C log F.

so to conclude the Lemma one can pick C' = 2¢7C} which depends only on &, 1. O]
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3.3 Surprises in general case and proof of Theorem 4

Our goal in this section is to prove Theorem 4 in the general case. If there are multiple
surprises then at time T} we have several components linked by edges activated by surprises,
and the techniques from Section 3.2 can be adapted to this situation. The ultimate conclusion
is the same: we end up with agreement for a positive fraction of issues on the final component,
and then the process proceeds to fixation.

Let T, = (2N°®/§)loglog F which is twice the RHS of (2.5.1). The following Lemma says
that at time T}, the number of agreements on any edge activated by a surprise event is very

small compared to F'.

Lemma 3.3.1. There is a constant a > 0 such that | T« (T)| < (log F)* with high probability
for any edge e* € £ with Aex(0) =0,

Proof. Lemma 3.1.2 indicates that A.x(0) = 0 on the set H,(k, F), which occurs with prob-
ability > 1 — e when k < &/(yN°®). |J.+(t)] can be coupled and upper bounded by Yule
binary fission at rate 1 starting with the same initial conditions. Computing the expectation

gives E|J.x(t)| < exp(t), so from (2.5.1)

2N
P (|Jex (Ty)] = (log F)¥) < (log F)™ - E|Jex (Ty)| < exp <(T — a> log log F)

which tends to 0 for fixed a > (2N°/§). O

We will assume in this section that the network is star-like, i.e. each component is linked
to the giant component with one single edge, and all surprise edges must connect to x. In
the case where NV is large this is a reasonable assumption since the giant component scales
as O(N) while the second largest is of O(log N). The competing growth arguments for
agreements on several extended components no longer work, since the growth rates can be
different and hardly estimated in accuracy, so we turn to a multi-round process. The sketch
is as follows. For e* being a surprise edge at T* let ¢+ be the component Y is connected to

via e*, and define Sy = {e* ¢ x : e* ~ x and Ay exug,. (1) = 1} as the set of edges activated
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by surprises within rescaled time [0, 7%] and have at least one issue of agreement on the new
component at time T. In each round k > 0 we identify the surprise edges {e* : e* € P} < S
where the number of agreements over each e* € P is of positive fractions. 77 is the time that
we have e* and the component it connects to, ¢.x, join the giant component. The arguments

in Section 3.2.1 and 3.2.2 can be adapted to allow

AvoUp(eryooos) (T0) = 01 F

for some constant dy41 > 0. Let xpy1 = xx U Up ({€¥} U ¢ex) and Spy1 = Sip\Upiei}, then

we are back in the setup where A

xee1 = Op1Fand maxeses, ,, Ag,,, < ~F. The procedure

is gone through for K rounds until S = @, so agreements on the ultimate component ¢
has agreements on dx F' issues.

To argue for each round £, let C = x U [Jp ({€*} U dex). At time T} consensus has been
reached on x and (¢ : €* € S) over all issues not disturbed by surprises. We introduce

7o (k) = inf{t > T, : A(t) < 0.75F)}

Tp(k) = inf{t = T, : max | Tex ()| = KF'}
TA(/€> = mf{t = T* : Ac(t) = (Se*F}

which are stopping times with regards to the filtration generated by Axelrod’s model at rate

F.

Lemma 3.3.2. At Ts we have for some 0’ < k positive such that with high probability as

F — o

() J&(Tp)| = 0'F.

e*eP

Proof. Assume ke« = A« (Tp(k)) and we have Jox = Jox(Tp) as random subset of {1,..., F'}

of size ke« F'. Therefore

(0] - (=)

var ( ﬂ To ) = Z var(Lreq 7.4 ) + 2 coV (Lpen o 0> Lgen w74 ) < F /4

Je[F] 1,9€[F1,f#g
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where by simple calculations the covariance terms are < 0. Let Y = |\ «cp Jex| then by
applying Chebyshev’s inequality

1 dvar(Y)

PIY<S<-EY))< 55

(r =350) = Gy

and hence the desired result follows by taking ¢’ = %He* op Kk m

-1
< cF

Lemma 3.3.3. With constants k > 0 appropriately chosen, w.h.p. Ta <Tp < 7y.

Proof. Since k is small we can assume WLOG x|P| < 1/4. The issues in | +.p Jex are the
only ones whose agreement can possibly break down, and thus I, (t) 2 I, (T*)\ U, xcp Jex (t)
for t = T, which, along with Lemma 3.3.1, implies

A(t) = F = (log F)* — > |Jex(t)] = F — (log F)" — &|P|F

e*eP

for t < Tp. By definition of 7, the second inequality is valid. For the first one, we consider
for issue f € Nnex Tox (Tp) each edge activated by surprises e* = {i, j} where i € x and j € @ex.

Either

(1) 4 copies its opinion to j and f € I, (t—), and the opinion at j immediately spreads over

to all members of ¢.x, one extra agreement on x U €* U ¢.x(t) is generated;

ii) 4 copies its opinion to j and f € I,(t—), but the opinion at 5 was fastly taken over by
X

the opinion of ¢.«, no increment is caused;
(iii) j copies its opinion to i or f ¢ I,(t—), no increment is caused.

Let |¢ex | be the number of vertices in the component ¢.«. Note from the arguments in Section
3.2.1 and Section 3.2.2, before 7, case (i) above has probability > (0.75/2)n.«(k, ¢e). Apply
Lemma 3.2.2 with n = ¢'F (¢’ defined in the proof of Lemma 3.3.2), &' = [ [ ((0.75/2)nex (K, ¢ex)),
p = k' = 2¢ we have with high probability the agreement A, p e, (Tp) is bounded below by

k' F which makes the first inequality valid in our settings. m

Theorem 4 follows from Lemma 3.3.3 and 3.3.1.
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