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Abstract

In the past thirty years, academia and the marketplace have devoted significant effort
and resources toward gaining a better understanding of how volatility changes over time in
the financial markets and how changes in one market affect changes in another. All of these
attempts involve modeling the covariance matrix of two or more asset returns using the
period-earlier covariance matrix. In this paper, we outline the volatility modeling process
for an Antisymmetric Dynamic Covariance (ADC) multivariate Generalized Autoregressive
Conditional Heteroskedacity (GARCH) model, explain the math involved, and attempt to
estimate the parameters of the model using the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
optimization algorithm. We find several barriers to estimating parameters using BFGS
and suggest using alternative algorithms to estimate the ADC multivariate GARCH in the
future.
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1 Introduction

At its core, economic volatility modeling is an exercise in autoregression. In fact, autoregression
forms the basis for almost all modern-day asset returns and volatility modeling. Autoregressive
models predict the next value using a simple function of past values. The difference between
the prediction and true value is a random error whose standard deviation is the volatility of the
process. In the 1970’s, economists and mathematicians began to use autoregression to model
changes in the volatility, or standard deviation, of returns. With the advent of options and other
derivative products whose prices vary with changes in volatility, modeling volatility became more
lucrative for businesses buying and selling these products and more important for the regulatory
agencies attempting to fully understand and patrol markets. Continued emphasis on modeling
volatility has given rise to a number of discoveries. This paper focuses on a certain field of
these discoveries, namely, those dealing with the covariance matrix between two different assets.
Specifically, the covariance matrix is a matrix which has asset variances on the diagonals and
the covariances between the assets in the nondiagonal matrix entries.

Researchers who have studied this covariance matrix have made two essential findings: asym-
metric volatility and asymmetric covariance. Asymmetric volatility refers to the notion that
negative return shocks cause volatility to rise more than positive return shocks cause volatility
to fall. Asymmetric covariance, on the other hand, defines the finding that the covariance be-
tween individual stock returns and the market portfolio is more sensitive to negative shocks than
to positive shocks [7]. There is empirical evidence for both asymmetric volatility and covari-
ance, but neither has been proven theoretically (See [7] for a more detailed explanation of these
phenomena). In addition to these two concepts, researchers have found that volatility linkages
between stock and bond markets are strong [13],[17]. This implies that a nontrivial covariance
matrix exists.

Thus, the question researchers attempting to model a covariance matrix ask is: based on
the covariance matrices of the past, what is the best model for covariance matrix of today? As
the search for the best model of the time-varying covariance matrix has developed, models have
become more complex (for a survey of the models, see [22]). The model we discuss in this paper
illustrates this phenomenon, as it requires a seventeen-parameter optimization in order to find
equations for only two variables.

Despite its complexity, we use the Antisymmetric Dynamic Covariance (ADC) multivariate
Generalized Autoregressive Conditional Heteroskedacity (GARCH) model, because it incorpo-
rates the findings of asymmetric volatility, asymmetric covariance and strong volatility linkages
in modeling the time-varying covariance matrix of two assets. Through robust conditional mo-
ment tests, Kroner and Ng [18] showed that all the earlier multivariate GARCH models fail to
capture the asymmetric reaction in the covariance, while the ADC multivariate GARCH does
not.

The major shortcoming of the model is its aforementioned complexity. Before this paper,
only a few papers have implemented ADC multivariate GARCH [7],[18],[23], and when they
have, they have rushed through the mathematics, or stowed significant portions of it away in
a footnote [7]. In this paper we attempt to remove some of this complexity by clarifying the
mathematics involved, including both how the model is constructed and how it is optimized.

First, we explain the mathematics behind the model. Second, we outline methods for imple-
menting the model. Third, we present our data set. Fourth, we try to estimate the parameters,
and take issue with some parts of the model and optimization algorithm.

2 Model

This section describes our model and the algorithm we use to estimate our parameters. The
goal of the model is to develop a function that estimates the covariance matrix of the bond and
stock returns. The covariance matrix at each time-step t is

Ht =
[
σ2

1,t σ12,t

σ12,t σ2
2,t

]
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where σ1,t is the standard deviation of the stock returns at time t, σ2,t is the standard deviation
of the bond returns at time t, and σ12,t is the covariance between stock and bond returns at
time t. We use the three-step process similar to that of Chulia and Torro [7] to find H. First, we
implement a VAR(3) regression on the returns in Section 2.1. Second, we create uncorrelated
residuals, εt, in Section 2.2. Third, we use these residuals from this regression to estimate an
ADC multivariate GARCH model in Section 2.3.

2.1 VAR(3)

VAR(n) is short hand notation for a vector autoregression with an n time-step lag. The lag
allows the n most-recent time-steps to act as independent variables in determining the value of
the dependent variables at present. This idea is a multi-dimensional extension of the univariate
autoregression, AR(n), where n is the lag. AR(1) can be represented as

Rt = a+ cRt−1 + εt

where Rt is the log-return on an asset R at time t, a is a constant, c is a parameter, Rt−1 is the
return on the asset R at time t−1, and ε is the residual, or error, term [16] (Note that, although
the AR, VAR, and ADC multivariate GARCH are only applied to financial time series in this
paper, the time-series analysis models like these are not restricted to financial applications by
any means). Extending the AR to include a three-period lag, or AR(3), generates the formula

Rt = a+
3∑

i=1

ciRt−i + εt

where we now use Rt−1, Rt−2, and Rt−3 to find Rt, and do this by estimating c1, c2, and c3,
instead of just c1, which we would do for the AR(1). In this study, we need to examine stock
returns and bond returns at the same time. To do this, we extend AR(3) to VAR(3), which
allows us to evaluate the effect of two different assets’ past returns on each asset’s present returns.
For the purpose of our model, we need two equations, one for stock returns and one for bond
returns. We decide to follow Chulia and Torro’s [7] example, and use the VAR(3) system

R1,t = a1 +
3∑

j=1

c1,jR1,t−j +
3∑

j=1

d1,jR2,t−j + u1,t

R2,t = a2 +
3∑

j=1

c2,jR1,t−j +
3∑

j=1

d2,jR2,t−j + u2,t

or, in matrix form,

[
R1,t

R2,t

]
=
[
a1,t

a2,t

]
+
[
c11 c12 c13 d11 d12 d13

c21 c22 c23 d21 d22 d23

]

R1,t−1

R1,t−2

R1,t−3

R2,t−1

R2,t−2

R2,t−3

+
[
u1,t

u2,t

]

where Ri,t are the log-returns of our bonds, for i = 1, and our stocks, for i = 2 (See Section 4 for
more detail). The values aij , cij and dij are all parameters that need to be estimated, and this
process is discussed in 3. Our primary goal in estimating the VAR(3) is finding residuals ui,t for
i=1,2. Once we do this, we create uncorrelated versions of these residuals and then use these
uncorrelated residuals to model time-varying covariance with the ADC multivariate GARCH.
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2.2 Creating uncorrelated residuals

We need to create uncorrelated residuals, because the covariance matrix of the residuals we find
in our VAR(3) regression is not diagonal [7]. Therefore, the covariance between the two sets
of residuals is nonzero. To show this, let x and y be residuals such that cov(x, y) 6= 0. Since
cov(x, y) = ρσxσy 6= 0 ⇒ ρ 6= 0, and so the residuals must be correlated. We follow the Sims’
formula for creating uncorrelated residuals [25]. Let Σ be the covariance matrix of the residuals,
u1,t and u2,t. Let Ω be the covariance matrix of two vectors of uncorrelated residuals that we
wish to construct, ε1,t and ε2,t. Then we have

Σ = A0ΩA′0

where A0 is a lower triangular matrix and the symbol ′ represents the transpose of a vector
or matrix, as it does throughout the rest of this paper. Since Ω is diagonal and A0 is lower
triangular and is an LDL′ decomposition for Σ. Sims also determines that A0ut = B0εt where
ut = [u1,t, u2,t]′ and εt = [ε1,t, ε2,t]′ (Sims lets B0 be equal to the identity matrix I). Using
A0ut = εt, we can create the uncorrelated residuals εt that we will use in the ADC multivariate
GARCH.

2.3 ADC multivariate GARCH

In an economic sense, the residuals that we find using this VAR(3) represent unexpected shocks
to the market. The evolution of modeling volatility time-series has revolved around these shocks.
This is intuitive, because without unexpected shocks, all returns would be expected returns, and
in turn, there would be no volatility. For this reason, the unexpected shock is an error (or
residual) term with mean zero and conditional variance E(µ2

t |Rt) = σ2
t . This idea gave rise to

the ARCH(q), GARCH(p,q), IGARCH, and EGARCH models (See [9], [2], [10], [21]).
Most recently, Kroner and Ng [18] developed the ADC multivariate GARCH, which is a

generalized model for time-varying covariance that nests the VECH model [1], the CCORR model
[3], the FARCH model [8], and the BEKK model [11]. The ADC multivariate GARCH includes
asymmetry by creating a term, ηi,t = max(−εi,t, 0). In its full form, the ADC multivariate
GARCH uses the period-earlier covariance matrix, along with the residuals of the returns and
the new term η, to estimate the covariance matrix, H, at time t:

Ht =
[
σ2

1,t σ12,t

σ12,t σ2
2,t

]
=
[

θ11,t φ ∗ θ12,t + ρ
√
θ11,t

√
θ22,t

φ ∗ θ12,t + ρ
√
θ11,t

√
θ22,t θ22,t

]
where

θ11,t = w11 +
[
b11 b12

] [ σ2
1,t−1 σ12,t−1

σ12,t−1 σ2
2,t−1

] [
b11
b21

]
+

[
a11 a12

] [ ε21,t−1 ε1,t−1ε2,t−1

ε1,t−1ε2,t−1 ε22,t−1

] [
a11

a21

]
+

[
g11 g12

] [ η2
1,t−1 η1,t−1η2,t−1

η1,t−1η2,t−1 η2
2,t−1

] [
g11
g21

]

θ12,t = w12 +
[
b11 b12

] [ σ2
1,t−1 σ12,t−1

σ12,t−1 σ2
2,t−1

] [
b21
b22

]
+

[
a11 a12

] [ ε21,t−1 ε1,t−1ε2,t−1

ε1,t−1ε2,t−1 ε22,t−1

] [
a21

a22

]
+

[
g11 g12

] [ η2
1,t−1 η1,t−1η2,t−1

η1,t−1η2,t−1 η2
2,t−1

] [
g21
g22

]
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θ22,t = w22 +
[
b21 b22

] [ σ2
1,t−1 σ12,t−1

σ12,t−1 σ2
2,t−1

] [
b21
b22

]
+

[
a21 a22

] [ ε21,t−1 ε1,t−1ε2,t−1

ε1,t−1ε2,t−1 ε22,t−1

] [
a21

a22

]
+

[
g21 g22

] [ η2
1,t−1 η1,t−1η2,t−1

η1,t−1η2,t−1 η2
2,t−1

] [
g21
g21

]
where wij , bij , aij , gij ,φ and ρ for i = 1, 2 and j = 1, 2 are the parameters that we need to find
through estimation. Note that, by construction, θ12,t = θ21,t and w12 = w21. Thus, there are
seventeen parameters in all. We can represent the equations above as one matrix equation:[

θ11,t θ12,t

θ12,t θ22,t

]
=

[
w11 w12

w12 w22

]
+
[
b11 b12
b21 b22

] [
σ2

1,t−1 σ12,t−1

σ12,t−1 σ2
2,t−1

] [
b11 b12
b21 b22

]
+

[
a11 a12

a21 a22

] [
ε21,t−1 ε1,t−1ε2,t−1

ε1,t−1ε2,t−1 ε22,t−1

] [
a11 a12

a21 a22

]
+

[
g11 g12
g21 g22

] [
η2
1,t−1 η1,t−1η2,t−1

η1,t−1η2,t−1 η2
2,t−1

] [
g11 g12
g21 g22

]
.

2.4 Quasi-Maximum Likelihood

To estimate the parameters of the ADC multivariate GARCH model discussed in Section 2.3, we
use quasi-maximum likelihood. This method is popular for finding the likelihood of complicated
functions, because it is not neccessary to find the Hessian, or second derivative matrix, in order
to estimate the parameters. In this section, we outline the process for finding the most likely
parameters for our model. First, we identify the log-likelihood function. Second, we determine
the gradient of this function. Third, we will detail how to find the maximum of the log-likelihood
function using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm.

Log-Likelihood Function In the first paper that detailed the properties of quasi-maximum
likelihood, Bollerslev and Wooldridge [4] presented the likelihood function

L(θ) = −(1/2) log |Ωt(θ)| − (1/2)εt(θ)′Ω−1
t (θ)εt(θ) + C

where θ is the vector of the parameters, Ωt is the covariance matrix of all the independent
variables in the model, εt is the difference between the dependent variable (in our case, Ri,t)
and the mean of this variable at time t, and C is a constant. There are four important things
to note here. First, Ht from the ADC multivariate GARCH is equivalent to Ωt. Second, we
estimate εt before attempting to optimize the parameters of the ADC multivariate GARCH,
so our εt is not dependent on θ. Third, the θ used here is not the same as θi,t from the ADC
multivariate GARCH. Although we acknowledge that this unfortunate redundancy in notation
can be confusing, we do not change it for the sake of consistency with earlier papers on the
model. Fourth, log |Ωt(θ)| represents the natural logarithm of the determinant of Ωt(θ). For the
ADC multivariate GARCH model, the likelihood is

L(θ) = −1
2

log |Ht(θ)| −
1
2
ε′tH

−1
t (θ)εt + C

Since BFGS minimizes a function, we multiply our log-likelihood function, L(θ), by −1 and
minimize −L(θ). Thus, we have min (−L(θ)) = max (L(θ)) because min(−f(x)) = max(f(x))
for x ∈ <n. Now that we have −L(θ) to minimize with the BFGS, we must find ∇(−L(θ)), the
gradient of the log-likelihood function, so that we can minimize −L(θ).

Gradient of the Log-Likelihood Function In the same seminal paper [4], Bollerslev and
Wooldridge presented the gradient function of L(θ), also known as the score (this is the term
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used in statistics for the gradient of the likelihood function) [4]. If p is the number of parameters,
the score is the 1 × p function

s(t)′ = ∇µt(θ)′Ω−1
t (θ)εt(θ) + (1/2)∇Ωt(θ)′[Ω−1

t (θ)⊗ Ω−1
t (θ)]vec[εt(θ)εt(θ)′ − Ωt(θ)].

where vec[εt(θ)εt(θ)′−Ωt(θ)] is a 1×K2 vector, given that the covariance matrix Ωt(θ) is K×K,
and ⊗ is the Hadamard product operator. As an aside, given an 2× 2 matrix,

W =
[
x11 x12

x21 x22

]
, vec[W ] =


x11

x21

x12

x22

 .
It is important to note that the expectation of the returns, or µi,t, is not dependent on any
of the parameters in θ, since µ is estimated in our VAR(3) process. θ contains the seventeen
parameters wij , bij , aij , gij ,φ and ρ for i = 1, 2 and j = 1, 2, none of which impact µ. Since µ is
not dependent on θ in our model, ∇µt(θ)′ = 0. Substituting s(t) = ∇(−L(θ)), and solving for
∇L(θ), we obtain the our 1 × 17 gradient vector

∇L(θ)′ = −1
2
∇Ht(θ)′[Ht(θ)−1 ⊗Ht(θ)−1]vec[εtε

′
t −Ht(θ)]

Now, we are equipped with a likelihood function and its gradient. Next, we describe how
the BFGS algorithm allows us to maximize our likelihood function, and therefore, estimate our
parameters, using only L(θ) and ∇L(θ).

BFGS When using simple maximum likelihood, finding the Hessian is a neccessary step to
finding the maximum of the likelihood function [16]. This is analogous to needing a second-
derivative to find a maximum of a function in two dimensions. Instead of requiring that its user
find the Hessian of a likelihood function, quasi-maximum likelihood uses an approximation to
the Hessian [16], which can make estimation much simpler. Without quasi-maximum likelihood,
we would have needed to create a 17 × 17 matrix of second derivatives, which would have
been very expensive in terms of computer runtime [26]. Computer runtime is an important
factor because we do not find the maximum of our log-likelihood analytically. Instead, we find
it numerically, using the BFGS algorithm. BFGS is a quasi-Newton method which uses past
iterations to approximate the Hessian of the function one wishes to minimize [5],[14],[15],[24].
It is an extension of Newton’s method, so to understand the algorithm, we begin at Newton’s
method. We follow the explanation of Press et al. [12] to obtain a clearer understanding of how
the BFGS algorithm works.

If we begin with a function f(x) near some known point x ∈ <n, we can use Newton’s method
to obtain the second-order approximation

f(x) = f(xi) + (x− xi)∇f(xi) + (1/2)(x− xi)A(x− xi)

which gives us

∇f(x) = ∇f(xi) +A(x− xi)

Following Newton’s method, we set ∇f(x) = 0 to find the next point

x− xi = −A−1(∇f(xi)) (1)

where A−1 is the inverse Hessian and x is the vector of the variables. The BFGS algorithm
presents a way to approximate this inverse Hessian. Not only is this advantageous to those who
wish to optimize a function with a dense gradient, the BFGS’s approximation is often better than
using the actual Hessian [12]. This occurs because the approximation to the Hessian Hi ≈ A−1

is always positive-definite by construction. Note that this is different from our Ht covariance
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matrix. The positive-definiteness of the Hessian ensures that we move in a downward direction,
even at a distance far from the minimum [12]. Next, we take equation (1) for the i + 1 step in
the iteration

x− xi+1 = −A−1(∇f(xi+1)) (2)

and subtract equation (2) from equation (1) to obtain the equality

xi+1 − xi = −A−1(∇f(xi+1)−∇f(xi))

where the new approximation to the inverse Hessian is Hi+1 = A−1. The BFGS uses xi+1 − xi,
∇f(xi+1)−∇f(xi), and Hi to approximate this Hi+1. The BFGS updating formula, according
to Press et. al [12], is

Hi+1 = Hi +
(xi+1 − xi)⊗ (xi+1 − xi)

(xi+1 − xi)· (∇f(xi+1)−∇f(xi))

− [Hi(∇f(xi+1)−∇f(xi))]⊗ [Hi(∇f(xi+1)−∇f(xi))]
(∇f(xi+1)−∇f(xi))Hi(∇f(xi+1)−∇f(xi))

+[(∇f(xi+1)−∇f(xi))Hi(∇f(xi+1)−∇f(xi))]u⊗ u

where

u =
(xi+1 − xi)

(xi+1 − xi)· (∇f(xi+1)−∇f(xi))
− Hi(∇f(xi+1)−∇f(xi))

(∇f(xi+1)−∇f(xi))Hi(∇f(xi+1)−∇f(xi))

This concludes the section on the description of our model and the algorithm we use to estimate
our parameters. In the next section we detail the methods used to obtain our results so that
others may replicate the model using different data sets.

3 Methods

3.1 L-BFGS-B

L-BFGS-B is the name of a limited memory version of the BFGS algorithm written in FORTRAN
77 by Zhu, Byrd, Lu and Nocedal, in order to solve large bounded and unbounded nonlinear
optimization problems [26]. The code is an improvement upon the L-BFGS, which only solved
unbounded problems [20], and is the most-widely used BFGS code known to the author. Peter
Carbonetto recently developed a MATLAB interface for L-BFGS-B, that allows us to implement
the code using MATLAB [6]. The interface revolves around Carbonetto’s MATLAB function
lbfgsb that requires five inputs, and accepts many other toggles that we will not discuss here.
These input values of L-BFGS-B are: an initial guess for the vector of the parameters, a vector
of upper bounds for the parameters, a vector of lower bounds for the parameters, the objective
function that the routine will minimize, and the gradient of the objective function with respect
to all of the parameters (see Section 8.1 for explicit MATLAB code). Our objective function is
the log-likelihood of the ADC multivariate GARCH model. To find this, we first need to find
our residuals, or unexpected shocks, by estimating returns with a VAR(3) model.

3.2 Programs

Obtaining uncorrelated residuals The VAR(3) process, like the rest of the model, is inde-
pendent of the assets chosen, as long as returns data is available. Here, we mean that the steps
we take to estimate our parameters can be replicated without much difficulty. After calling the
data from Microsoft Excel, we use the Applied Econometrics Toolbox for MATLAB developed
by James LeSage [19]. The function vare estimates the parameters of a VAR with any given
number of lags. This vare function also generates the two residual vectors, u1,t and u2,t, for the
VAR. First, we use the covariance 2 × 1 εt vectors. It is convenient to store these in a matrix,
for easy use later on in the process.
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R1,t R2,t

Mean 5.12× 10−5 −6.89× 10−4

Standard Deviation 1.31× 10−3 2.70× 10−2

Volatility 1.73× 10−6 7.32× 10−4

Range −5.45× 10−3 to 5.73× 10−3 −.15 to .13

Table 1: Summary Statistics

Creating the objective and gradient functions After we have all of the 2× 1 εt vectors,
we set up what lbfgsb calls the objective function. This is the function we wish to minimize, in
our case, −L(θ). To find −L(θ), we first need to find the covariance matrixH. We choose our
initial point in the objective function, creating variable names for each location in the initial
vector, seventeen in all. Next, we construct a ‘for’ loop that evaluates H at each time-step,
subsequently evaluates the t-time-step in the log-likelihood function with each new H, and then
sums all of the time-steps of the log-likelihood function. Note that we follow Chulia and Torro
[7] in choosing C = (1/2)TN + ln(2π), where T is the number of observations and N is the
number of assets. In order to begin this process of summing the time-steps of the log-likelihood,
we must enter an initial value for H and εt, so that we can find H1.

The part of the process for finding the objective function that involves finding H must be
inserted into the file for the gradient function as well, because there are terms in the gradient
of the likelihood function that depend on H at each time-step. Once we do this, we use the
Symbolic Math Toolbox in MATLAB to find the derivative of H with respect to each of the
seventeen parameters. This can be done inside the same file as the gradient, but the symbolics
slow down programs considerably in MATLAB, so it is best to do this in a different file. In
this separate file, we create a matlabFunction (a new MATLAB capability) for each derivative
matrix and globalize it, which enables us to plug values into a formerly symbolic equation. In
our gradient file, we vectorize (reshape), transpose and stack these derivative matrices to create
the 17×4 gradient of H. Once we compute the inverse of H, H/eye(size(H)), and the kronecker
product, kron, two built-in MATLAB functions, along with the gradient of H, we can find the
gradient of the log-likelihood. This is the last input of lbfgs.

4 Data

We chose assets that we thought served as representative indicators for their entire asset classes.
For our stock returns, we use the level of the total S&P 500 and for our bond returns, we
use the price of 10-year U.S. Treasury Notes. Both of these data sets were obtained from
Economagic.com, an online subscription-based data bank. Following the example of Chulia and
Torro [7], we use the weekly log-returns of both of these assets. We use sets of 500 observations
for each asset dating from March, 1999 to January, 2009. R1,t represents the bond returns over
the time period, while R2,t represents the stock returns. Table 1 reports summary statistics for
the data.

5 Estimation Results

After running the data through our model, we minimize −L(θ), which in turn maximizes our
log-likelihood function and find that our estimates for the parameters do not move far from their
initial values. The results of five different initial vectors can be seen in Tables 2 and 3. As each of
the initial parameters nears zero, the log-likelihood grows in magnitude, but we do not get values
for most of the parameters. Only w11 and w22 have ending values that change significantly from
their initial values. Still, in further testing, these ending values are erratic, and do not seem to
approach any specific value (see Section 8.2 for more optimization attempts). In order to test
the parameters, had more than two changed noticeably from their starting values, we would have
plugged them into the model and run the data through the model again. We would have then
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compared the weekly volatility measurements that the model generated with an instantaneous
measurement, not dependent on past volatilities, and recorded the results. Since almost all of
our parameters did not change from their initial values, however, we acknowledged that trying
to identify successful parameters would be pointless.

The failure to estimate parameters with the ADC multivariate GARCH is not uncommon.
Scruggs and Glabadanidis notes trying to use the Berndt, Hall, Hall and Hausman (BHHH)
algorithm for quite some time, before switching over to the Simulated Annealing (SA) model
[23]. We chose BFGS in hopes of getting results as strong as Chulia and Torro’s [7], but now
realize that Chulia and Torro’s results are not as strong as they appeared at first. Chulia and
Torro’s estimates violate one of the constraints that Scruggs identified as neccessary for finding
an accurate solution: |φ|+ |ρ| < 1 [23]. As is evident in the file startupthesis.m in the Appendix,
we set our bounds for φ and ρ to .49, so that the two would never violate this constraint (even
if left unbounded, though, these two points would not change on a noteworthy scale from their
initial values).

There are two major explanations for why our estimation did not yield significant parameters
for the model. First, the gradient may be insensitive to the parameters. This would imply that
either a different method of optimization or a different model is needed to fit the data. Second,
there could easily be innumerable valleys and ridges in the space of our likelihood function that
make the possibility of finding an initial vector that will lead us to a minimum very small. With
a simpler model, it might have been possible to use intuition and economic thinking to narrow
down certain parameters, but the ADC multivariate GARCH is too complex for this. Still,
considerable time was spent testing numerous initial vectors, but no noteworthy parameters
were found. Scruggs and Glabadanidis found BHHH unusable for the same reason [23].

6 Conclusions

Even though we were unable to estimate parameters, this paper has served two purposes. First,
we have given closer attention to the mathematics behind optimizing the ADC multivariate
GARCH than previous papers have. Second, we have pointed out flaws in estimating the model
with the BFGS, the most important of which, is the necessity of a starting point close enough to
the unknown minimum. In light of this, we suggest that future work on the ADC multivariate
GARCH model use a different algorithm to maximize the log-likelihood. Perhaps future papers
could compare a number of algorithms and determine which is the best for use with the ADC
multivariate GARCH. We hope that our findings provide a more comprehensive understanding
of the ADC multivariate GARCH model and facilitate quicker innovation in the field of volatility
modeling.
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Parameters Initial values Estimated parameters Log-likelihood

w1,1 -1.0000e-03 -7.1763e-07 -L = -5.84e+03
w1,2 -1.0000e-03 -9.9990e-04
w2,2 -1.0000e-03 -3.6359e-06
b1,1 -1.0000e-03 -1.0000e-03
b1,2 -1.0000e-03 -1.0000e-03
b2,1 -1.0000e-03 -1.0000e-03
b2,2 -1.0000e-03 -1.0000e-03
a1,1 -1.0000e-03 -1.0000e-03
a1,2 -1.0000e-03 -1.0000e-03
a2,1 -1.0000e-03 -1.0000e-03
a2,2 -1.0000e-03 -1.0000e-03
d1,1 -1.0000e-03 -1.0000e-03
d1,2 -1.0000e-03 -1.0000e-03
d2,1 -1.0000e-03 -1.0000e-03
d2,2 -1.0000e-03 -1.0000e-03
ρ -1.0000e-03 -9.9998e-04
φ -1.0000e-03 -9.9990e-04

w1,1 1.0000e-03 6.7699e-04 -L = -4.31e+03
w1,2 1.0000e-03 9.9917e-04
w2,2 1.0000e-03 1.0847e-06
b1,1 1.0000e-03 1.0000e-03
b1,2 1.0000e-03 1.0000e-03
b2,1 1.0000e-03 1.0000e-03
b2,2 1.0000e-03 1.0018e-03
a1,1 1.0000e-03 9.9999e-04
a1,2 1.0000e-03 9.9999e-04
a2,1 1.0000e-03 1.0000e-03
a2,2 1.0000e-03 1.0019e-03
d1,1 1.0000e-03 1.0000e-03
d1,2 1.0000e-03 1.0000e-03
d2,1 1.0000e-03 1.0000e-03
d2,2 1.0000e-03 1.0000e-03
ρ 1.0000e-03 9.9982e-04
φ 1.0000e-03 9.9917e-04

w1,1 -1.0000e-06 -5.0186e-09 -L = -7.31e+03
w1,2 -1.0000e-06 -1.0000e-06
w2,2 -1.0000e-06 -8.5797e-07
b1,1 -1.0000e-06 -1.0000e-06
b1,2 -1.0000e-06 -1.0000e-06
b2,1 -1.0000e-06 -1.0000e-06
b2,2 -1.0000e-06 -1.0000e-06
a1,1 -1.0000e-06 -1.0000e-06
a1,2 -1.0000e-06 -1.0000e-06
a2,1 -1.0000e-06 -1.0000e-06
a2,2 -1.0000e-06 -1.0000e-06
d1,1 -1.0000e-06 -1.0000e-06
d1,2 -1.0000e-06 -1.0000e-06
d2,1 -1.0000e-06 -1.0000e-06
d2,2 -1.0000e-06 -1.0000e-06
ρ -1.0000e-06 -9.9998e-04
φ -1.0000e-06 -9.9990e-04

Table 2: Estimation Results
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Parameters Initial vector Vector of estimated parameters Log-likelihood

w1,1 1.0000e-06 1.0000e-06 -L = -5.95e+03
w1,2 1.0000e-06 1.0000e-06
w2,2 1.0000e-06 1.0000e-06
b1,1 1.0000e-06 1.0000e-06
b1,2 1.0000e-06 1.0000e-06
b2,1 1.0000e-06 1.0000e-06
b2,2 1.0000e-06 1.0000e-06
a1,1 1.0000e-06 1.0000e-06
a1,2 1.0000e-06 1.0000e-06
a2,1 1.0000e-06 1.0000e-06
a2,2 1.0000e-06 1.0000e-06
d1,1 1.0000e-06 1.0000e-06
d1,2 1.0000e-06 1.0000e-06
d2,1 1.0000e-06 1.0000e-06
d2,2 1.0000e-06 1.0000e-06
ρ 1.0000e-06 1.0000e-06
φ 1.0000e-06 1.0000e-06

w1,1 -4.0000e-01 -5.0186e-09 -L = -220
w1,2 -1.0000e-01 -1.0000e-06
w2,2 -4.0000e-01 -8.5797e-07
b1,1 -1.0000e-04 -1.0000e-06
b1,2 -1.0000e-04 -1.0000e-06
b2,1 -1.0000e-04 -1.0000e-06
b2,2 -1.0000e-04 -1.0000e-06
a1,1 -8.3000e-03 -1.0000e-06
a1,2 -8.3000e-00 -1.0000e-06
a2,1 1.0000e-00 -1.0000e-06
a2,2 -1.0000e-00 -1.0000e-06
d1,1 1.0000e-00 -1.0000e-06
d1,2 -5.0000e-06 -1.0000e-06
d2,1 1.0000e-00 -1.0000e-06
d2,2 -5.0000e-00 -1.0000e-06
ρ -1.0000e-00 -9.9998e-04
φ -1.0000e-06 -9.9990e-04

Table 3: Estimation Results (continued)
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8 Appendices

8.1 MATLAB code

Below is the MATLAB code used to estimate the parameters. Note that the lbfgsb function in
startupthesis.m is part of the L-BFGS-B inferface for MATLAB created by Peter Carbonetto
[6] and the vare function in thesis final.m is part of the Econometrics Toolbox for MATLAB
created by James LeSage [19]. One only needs to run symbolics.m and then startupthesis.m to
estimate parameters.

8.1.1 symbolics.m

This computes the derivatives of H with respect to each parameter. The matlabFunction of the
derivative accepts numeric inputs, so that we can use it in the ‘for’ loop in gradfunc.m.

%Define the variables for symbolic toolbox
clear syms x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12
x13 x14 x15 x16 x17 x18 x19 x20 x21 x22 x23 x24 x25 rho phi
syms x1 x2 x3 x4 x5 x6 x26 x7 x8 x9 x10 x11 x12 x13 x14 x15
x16 x17 x18 x19 x20 x21 x22 x23 x24 x25 rho phi

global dH_x1 dH_x2 dH_x3 dH_x4 dH_x5 dH_x6 dH_x7 dH_x8 dH_x9
dH_x10 dH_x11 dH_x12 dH_x13 dH_x14 dH_x15 dH_rho dH_phi

th = [x1 x2; x2 x3] + [x4 x5; x6 x7]*[x17 x18; x18 x19]*[x4 x5;x6 x7]
+ [x8 x9; x10 x11]*[x20 x21;x21 x22]*[x8 x9;x10 x11]
+ [x12 x13; x14 x15]*[x23 x24;x24 x25]*[x12 x13; x14 x15];

H11 = th(1,1);
H12 = phi*th(1,2) + rho*sqrt(th(1,1))*sqrt(th(2,2));
H21 = H12;
H22 = th(2,2);

H = [H11 H12 ; H21 H22];

dH_x1 = matlabFunction(vpa(diff(H,x1)));
dH_x2 = matlabFunction(vpa(diff(H,x2)));
dH_x3 = matlabFunction(vpa(diff(H,x3)));
dH_x4 = matlabFunction(vpa(diff(H,x4)));
dH_x5 = matlabFunction(vpa(diff(H,x5)));
dH_x6 = matlabFunction(vpa(diff(H,x6)));
dH_x7 = matlabFunction(vpa(diff(H,x7)));
dH_x8 = matlabFunction(vpa(diff(H,x8)));
dH_x9 = matlabFunction(vpa(diff(H,x9)));
dH_x10 = matlabFunction(vpa(diff(H,x10)));
dH_x11 = matlabFunction(vpa(diff(H,x11)));
dH_x12 = matlabFunction(vpa(diff(H,x12)));
dH_x13 = matlabFunction(vpa(diff(H,x13)));
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dH_x14 = matlabFunction(vpa(diff(H,x14)));
dH_x15 = matlabFunction(vpa(diff(H,x15)));
dH_rho = matlabFunction(vpa(diff(H,rho)));
dH_phi = matlabFunction(vpa(diff(H,phi)));

%Clear symbols so they can be replaced with real numbers

clear syms x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14
x15 x16 x17 x18 x19 x20 x21 x22 x23 x24 x25 rho phi H11 H12
H21 H22 logofdetH detH th11 th12 th21 th22

8.1.2 startupthesis.m

This estimates the paramaters. First, it runs thesis final.m to find the residuals. Then, the
lbfgsb function calls objfunc.m and gradfunc.m, which are shown below. y init is the vector of
initial values for the parameters. ub and lb are the upper and lower bounds, respectively.

cd ~/thesis
path(path, ’~jmh32/thesis/econ_toolbox/coint’)
path(path, ’~jmh32/thesis/econ_toolbox/data’)
path(path, ’~jmh32/thesis/econ_toolbox/diagn’)
path(path, ’~jmh32/thesis/econ_toolbox/distrib’)
path(path, ’~jmh32/thesis/econ_toolbox/graphs’)
path(path, ’~jmh32/thesis/econ_toolbox/optimize’)
path(path, ’~jmh32/thesis/econ_toolbox/regress’)
path(path, ’~jmh32/thesis/econ_toolbox/spatial’)
path(path, ’~jmh32/thesis/econ_toolbox/ts_aggregation’)
path(path, ’~jmh32/thesis/econ_toolbox/util’)
path(path, ’~jmh32/thesis/econ_toolbox/var_bvar’)
path(path, ’~jmh32/thesis’)
path(path, ’~jmh32/thesis_lbfgsb’)

y1 = -.01 ;
y2 = -1 ;
y3 = -.01 ;
y4 = -.01;
y5 = -.0000001 ;
y6 = -.0000001 ;
y7 = -.001 ;
y8 = -.00001 ;
y9 = -.001 ;
y10 = 1 ;
y11 = -1 ;
y12 = 1 ;
y13 = -.01 ;
y14 = 1 ;
y15 = -.05 ;
yrho = -.00001 ;
yphi = -.00001 ;

y_init = [y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12 y13 y14 y15 yrho yphi] ;

ub = 100*ones(1,17) ;
ub(16) = .49;
ub(17) = .49; % this ensures |rho|+|phi|<1
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(though, neither variable rose to anywhere near
that magnitude in any estimation attempt)
lb = -ub;

thesis_final;

params = lbfgsb(y_init, lb, ub, ’objfunc’,
’gradfunc’ , [] , ’genericcallback’ , ’maxiter’ , 80,
’m’, 6, ’factr’ ,1e-10, ’pgtol’,1e-10);

transpose(params)
transpose(y_init)

8.1.3 thesis final.m

This computes VAR(3) and then the residuals from the original data

%define all GLOBALS
global H0 e0 epsmatrix residvec1

%uiimport; %Load data with graphical interface
rawdata = load(’~jmh32/thesis/thesis_data.csv’);

%Load into sensible structures
bond.yield = rawdata(:,1);
stock.price = rawdata(:,2);

%Convert bond yield to bond price (using simple interest)
bond.price = 100./(1+bond.yield);
bond.price = bond.price(1:5:end);
% number between 1 and end is the trading days skipped in between readings

%Convert prices to returns
bond.return = zeros(length(bond.price), 1);
bond.return= (bond.price(2:end))./bond.price(1:end-1); %weekly returns
% bond.return = bond.return(2:end);
bond.return = log(bond.return(end-499:end));

stock.price = stock.price(1:5:end);
stock.return = zeros(length(stock.price), 1);
stock.return = (stock.price(2:end))./stock.price(1:end-1);
%stock.return = stock.return(2:end);
stock.return = log(stock.return(end-499:end));

%Set up the VAR
vnames = strvcat(’bond’,’stock’);
datmx = [bond.return, stock.return];

%Run the VAR
numlags = 3;
result = vare(datmx, numlags);

%Print results
prt(result, vnames);
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%Residual vectors are iid with N(0, var), Find the covariance matrix
residvec1 = result(1).resid;
residvec2 = result(2).resid;
covmx = cov(residvec1,residvec2);

[L,D] = ldl(covmx);

epsmatrix = zeros(length(residvec1),2);

for i = 1:length(residvec1)
epsmatrix(i,:) = L*transpose([residvec1(i),residvec2(i)]);

end

H0 = cov(bond.return,stock.return); %Initial covariance matrix H (2x2)
e0 = [-.001 -.001]; %Initial epsilon matrix (2X2)

8.1.4 objfunc.m

This computes −L(θ), which we want to minimize. Each set of parameters runs through the
entire iteration from 1 to T − 1.

function L = objfunc (x)

global H0 e0 epsmatrix residvec1 T N

x1 = x(1); %w(1,1);
x2 = x(2); %w(1,2) = w(2,1);
x3 = x(3); %w(2,2);
x4 = x(4); %b(1,1);
x5 = x(5); %b(1,2)
x6 = x(6); %b(2,1);
x7 = x(7); %b(2,1);
x8 = x(8); %a(1,1);
x9 = x(9); %a(1,2);
x10 = x(10); %a(2,1);
x11 = x(11); %a(2,2);
x12 = x(12); %g(1,1);
x13 = x(13); %g(1,2);
x14 = x(14); %g(2,1);
x15 = x(15);%g(2,2);
rho = x(16);
phi = x(17);

T = length(residvec1);
N = 2;
tempsum = 0;

%NON CONSTANTS -- START LOOP
for iter = 0:T-1;

if(iter ==0)
x17 = H0(1,1);
x18 = H0(1,2);
x19 = H0(2,2);
x20 = e0(1).^2;
x21 = e0(1)*e0(2);
x22 = e0(2).^2;
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x23 = max([-e0(1) 0]).^2;
x24 = max([-e0(1) 0])*max([-e0(2) 0]);
x25 = max([-e0(2) 0]).^2;

elseif(iter > 0)
x17 = H{iter}(1,1);
x18 = H{iter}(1,2);
x19 = H{iter}(2,2);
x20 = epsmatrix(iter,1).^2;
x21 = epsmatrix(iter,1)*epsmatrix(iter,2);
x22 = epsmatrix(iter,2).^2;
x23 = max([-epsmatrix(iter,1) 0]).^2;
x24 = max([-epsmatrix(iter,1) 0])*max([-epsmatrix(iter,2) 0]);
x25 = max([-epsmatrix(iter,2) 0]).^2;

end

theta{iter+1} = [x1 x2; x2 x3]
+ [x4 x5; x6 x7]*[x17 x18; x18 x19]*[x4 x5;x6 x7]
+ [x8 x9; x10 x11]*[x20 x21;x21 x22]*[x8 x9;x10 x11]
+ [x12 x13; x14 x15]*[x23 x24;x24 x25]*[x12 x13; x14 x15];

H{iter+1}(1,1) = theta{iter+1}(1,1);
H{iter+1}(1,2) = phi*theta{iter+1}(1,2)

+rho*sqrt(theta{iter+1}(1,1))*sqrt(theta{iter+1}(2,2));
H{iter+1}(2,1) = H{iter+1}(1,2);
H{iter+1}(2,2) = theta{iter+1}(2,2);

tempsum = tempsum + log(det(H{iter+1})) +
epsmatrix(iter+1,:)*(H{iter+1}/eye(size(H{iter+1})))
*transpose(epsmatrix(iter+1,:));

end

L = .5*tempsum+.5*T*N*log(2*pi);

8.1.5 gradfunc.m

This uses the derivatives of H found in symbolics.m to create the gradient of −L(θ).

function gradient = gradfunc (x)
global $H$0 e0 epsmatrix T

global dH_x1 dH_x2 dH_x3 dH_x4 dH_x5 dH_x6 dH_x7 dH_x8
dH_x9 dH_x10 dH_x11 dH_x12 dH_x13 dH_x14 dH_x15 dH_rho dH_phi

%Load the inputs
x1 = x(1); %w(1,1);
x2 = x(2); %w(1,2) = w(2,1);
x3 = x(3); %w(2,2);
x4 = x(4); %b(1,1);
x5 = x(5); %b(1,2)
x6 = x(6); %b(2,1);
x7 = x(7);%b(2,2);
x8 = x(8); %a(1,1);
x9 = x(9); %a(1,2);
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x10 = x(10); %a(2,1);
x11 = x(11); %a(2,2);
x12 = x(12); %g(1,1);
x13 = x(13); %g(1,2);
x14 = x(14); %g(2,1);
x15 = x(15); %g(2,2);
rho = x(16);
phi = x(17);

%********************************END INPUTS***************************

tmpsum = zeros(1,17);

%********************************Make Hstay***************
for iter = 0:T-1;

if(iter == 0)
x17 = H0(1,1);
x18 = H0(1,2);
x19 = H0(2,2);
x20 = e0(1).^2;
x21 = e0(1)*e0(2);
x22 = e0(2).^2;
x23 = max([-e0(1) 0]).^2;
x24 = max([-e0(1) 0])*max([-e0(2) 0]);
x25 = max([-e0(2) 0]).^2;

elseif(iter > 0)
x17 = H{iter}(1,1);
x18 = H{iter}(1,2);
x19 = H{iter}(2,2);
x20 = epsmatrix(iter,1).^2;
x21 = epsmatrix(iter,1)*epsmatrix(iter,2);
x22 = epsmatrix(iter,2).^2;
x23 = max([-epsmatrix(iter,1) 0]).^2;
x24 = max([-epsmatrix(iter,1) 0])*max([-epsmatrix(iter,2) 0]);
x25 = max([-epsmatrix(iter,2) 0]).^2;

end

theta{iter+1} = [x1 x2; x2 x3] + [x4 x5; x6 x7]*[x17 x18; x18 x19]*[x4 x5;x6 x7]
+ [x8 x9; x10 x11]*[x20 x21;x21 x22]*[x8 x9;x10 x11]
+ [x12 x13; x14 x15]*[x23 x24;x24 x25]*[x12 x13; x14 x15];

H{iter+1}(1,1) = theta{iter+1}(1,1);
H{iter+1}(1,2) = phi*theta{iter+1}(1,2)+

rho*sqrt(theta{iter+1}(1,1))*sqrt(theta{iter+1}(2,2));
H{iter+1}(2,1) = H{iter+1}(1,2);
H{iter+1}(2,2) = theta{iter+1}(2,2);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% CALL DERIVATIVES OF THAT WERE CREATED IN SYMBOLICS.M
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
deriv_H_x1 = reshape(dH_x1(rho,x1,x10,x11,x12,x13,x14,x15,

x17,x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);
deriv_H_x2 = reshape(dH_x2(phi),1,4);
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deriv_H_x3 = reshape(dH_x3(rho,x1,x10,x11,x12,x13,x14,x15,x17,
x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);

deriv_H_x4 = reshape(dH_x4(phi,rho,x1,x10,x11,x12,x13,x14,x15,x17,
x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);

deriv_H_x5 = reshape(dH_x5(phi,rho,x1,x10,x11,x12,x13,x14,x15,x17,
x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);

deriv_H_x6 = reshape(dH_x6(rho,x1,x10,x11,x12,x13,x14,x15,x17,
18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);

deriv_H_x7 = reshape(dH_x7(phi,rho,x1,x10,x11,x12,x13,x14,x15,x17,
x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);

deriv_H_x8 = reshape(dH_x8(phi,rho,x1,x10,x11,x12,x13,x14,x15,x17,
x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);

deriv_H_x9 = reshape(dH_x9(phi,rho,x1,x10,x11,x12,x13,x14,x15,x17,
x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);

deriv_H_x10 = reshape(dH_x10(rho,x1,x10,x11,x12,x13,x14,x15,x17,
x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);
deriv_H_x11 = reshape(dH_x11(phi,rho,x1,x10,x11,x12,x13,x14,x15,x17,

x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);
deriv_H_x12 = reshape(dH_x12(phi,rho,x1,x10,x11,x12,x13,x14,x15,x17,

x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);
deriv_H_x13 = reshape(dH_x13(phi,rho,x1,x10,x11,x12,x13,x14,x15,x17,

x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);
deriv_H_x14 = reshape(dH_x14(rho,x1,x10,x11,x12,x13,x14,x15,x17,

x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);
deriv_H_x15 = reshape(dH_x15(phi,rho,x1,x10,x11,x12,x13,x14,x15,x17,

x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);
deriv_H_rho = reshape(dH_rho(x1,x10,x11,x12,x13,x14,x15,x17,

x18,x19,x20,x21,x22,x23,x24,x25,x3,x4,x5,x6,x7,x8,x9),1,4);
deriv_H_phi = reshape(dH_phi(x11,x12,x13,x15,x17,x18,x19,x2,

x20,x21,x22,x23,x24,x25,x4,x5,x7,x8,x9),1,4);
%%%%%%%%%%%%%%%%%%%%%%%%%%%

gradient_H = [deriv_H_x1; deriv_H_x2; deriv_H_x3; deriv_H_x4; deriv_H_x5;
deriv_H_x6; deriv_H_x7; deriv_H_x8; deriv_H_x9; deriv_H_x10; deriv_H_x11;
deriv_H_x12; deriv_H_x13; deriv_H_x14; deriv_H_x15; deriv_H_rho; deriv_H_phi];

gradient_H = real(gradient_H);

product = real(kron(H{iter+1}/eye(size(H{iter+1})),
H{iter+1}/eye(size(H{iter+1}))));

last_term = real(reshape((transpose(epsmatrix(iter+1,:))*epsmatrix(iter+1,:)
- H{iter+1}),4,1));

tmpsum = tmpsum + transpose(gradient_H*product*last_term);

end

gradient = -.5*tmpsum
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8.2 10 more initial vectors and the parameter estimations they gener-
ate

More examples of the failed estimations of the parameters. Note most of the parameter values
do not change at all over the couse of the minimization. Also note that run 10 uses Chulia and
Torro’s parameters [7]. They used a different data set, but returns were measured on a weekly
basis like ours. Notice that only the first three parameters and the last change significantly from
their starting points, and φ (the last) only does so, because it is bounded by .49.

19



Parameters Initial values Estimated parameters Log-likelihood

w1,1 -1.0000e-04 -1.0000e-04 -L = -3.6e+03
w1,2 -1.0000e-04 -1.0000e-04
w2,2 -1.0000e-04 -1.0000e-04
b1,1 -1.0000e-02 -1.0000e-02
b1,2 1.0000e-05 1.0000e-05
b2,1 1.0000e-05 1.0000e-05
b2,2 -1.0000e-03 -1.0000e-03
a1,1 -1.0000e-05 -1.0000e-05
a1,2 1.0000e-03 1.0000e-03
a2,1 1.0000e+00 1.0000e+00
a2,2 -1.0000e+00 -1.0000e+00
d1,1 1.0000e+00 1.0000e+00
d1,2 -1.0000e-02 -1.0000e-02
d2,1 1.0000e+00 1.0000e+00
d2,2 -5.0000e-02 -5.0000e-02
ρ -1.0000e-04 -1.0000e-04
φ 1.0000e-04 1.0000e-04

w1,1 -1.0000e-04 -1.8536e-07 -L = -5.95e+03
w1,2 -1.0000e-05 -1.0000e-05
w2,2 -1.0000e-05 -7.3028e-06
b1,1 -1.0000e-02 -1.0000e-02
b1,2 1.0000e-03 1.0000e-03
b2,1 1.0000e-03 1.0000e-03
b2,2 -1.0000e-03 -1.0000e-03
a1,1 -1.0000e-05 -1.0000e-05
a1,2 1.0000e-03 1.0000e-03
a2,1 1.0000e+00 1.0000e+00
a2,2 -1.0000e-03 -1.0000e-03
d1,1 1.0000e-02 1.0000e-02
d1,2 -1.0000e-02 -1.0000e-02
d2,1 1.0000e-02 1.0000e-02
d2,2 -5.0000e-02 -5.0000e-02
ρ -1.0000e-04 -1.0000e-04
φ 1.0000e-04 1.0000e-04

w1,1 -1.0000e-04 -5.2317e-07 -L = -5.8e+03
w1,2 1.0000e-02 1.0000e-02
w2,2 -1.0000e-05 -7.2102e-06
b1,1 1.0000e-02 1.0000e-02
b1,2 1.0000e-03 1.0000e-03
b2,1 1.0000e-03 1.0000e-03
b2,2 -1.0000e-03 -1.0000e-03
a1,1 -1.0000e-03 -1.0000e-03
a1,2 1.0000e-03 1.0000e-03
a2,1 1.0000e+00 1.0000e+00
a2,2 -1.0000e-03 -1.0000e-03
d1,1 1.0000e-02 1.0000e-02
d1,2 -1.0000e-02 -1.0000e-02
d2,1 1.0000e-02 1.0000e-02
d2,2 1.0000e+00 1.0000e+00
ρ -1.0000e-04 -1.0000e-04
φ 1.0000e-04 9.9861e-05

Table 4: Estimation Runs 1, 2 and 3
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Parameters Initial values Estimated parameters Log-likelihood

w1,1 -1.0000e-10 2.3675e-07 -L = -6.08e+03
w1,2 1.0000e-02 1.0000e-02
w2,2 -1.0000e-10 4.4097e-07
b1,1 1.0000e-02 1.0000e-02
b1,2 1.0000e-03 1.0000e-03
b2,1 1.0000e-03 1.0000e-03
b2,2 -1.0000e-03 -1.0000e-03
a1,1 -1.0000e-03 -1.0000e-03
a1,2 1.0000e-03 1.0000e-03
a2,1 1.0000e+00 1.0000e+00
a2,2 -1.0000e-03 -1.0000e-03
d1,1 1.0000e-02 1.0000e-02
d1,2 -1.0000e-02 -1.0000e-02
d2,1 1.0000e-02 1.0000e-02
d2,2 1.0000e+00 1.0000e+00
ρ -1.0000e-04 -1.0000e-04
φ 1.0000e-04 1.0000e-04

w1,1 -1.0000e-10 2.6497e-05 -L = -3.78e+03
w1,2 1.0000e-02 9.9995e-03
w2,2 -1.0000e-10 1.2511e-04
b1,1 1.0000e-02 1.0000e-02
b1,2 1.0000e-03 1.0000e-03
b2,1 1.0000e-02 1.0000e-03
b2,2 -1.0000e-02 -1.0000e-03
a1,1 -1.0000e-02 -1.0000e-03
a1,2 1.0000e-02 1.0000e-03
a2,1 1.0000e+00 1.0000e+00
a2,2 -1.0000e-03 -1.0000e-03
d1,1 1.0000e-02 1.0000e-02
d1,2 -1.0000e-02 -1.0000e-02
d2,1 1.0000e-02 1.0000e-02
d2,2 1.0000e+00 1.0000e+00
ρ -1.0000e-02 -1.0000e-04
φ 1.0000e-02 9.9995e-03

w1,1 -1.0000e-05 -1.0995e-06 -L = -5.03e+03
w1,2 1.0000e-02 -1.2908e-05
w2,2 -1.0000e-05 -2.9685e-06
b1,1 1.0000e-06 1.2368e-06
b1,2 1.0000e-06 1.1440e-06
b2,1 1.0000e-06 1.1494e-06
b2,2 -1.0000e-02 -1.0000e-03
a1,1 -1.0000e-02 -1.0000e-03
a1,2 1.0000e-02 1.0000e-03
a2,1 1.0000e+00 1.0000e+00
a2,2 1.0000e-04 9.9905e-05
d1,1 1.0000e-02 1.0000e-02
d1,2 -1.0000e-05 -1.0021e-05
d2,1 1.0000e-05 1.0009e-05
d2,2 1.0000e+00 1.0000e+00
ρ -1.0000e-01 9.9999e-02
φ 1.0000e+00 4.8990e-01

Table 5: Estimation Runs 4, 5 and 6
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Parameters Initial values Estimated parameters Log-likelihood

w1,1 -1.0000e-05 -2.3418e-03 -L = -2.54e+03
w1,2 1.0000e-02 3.0947e-04
w2,2 -1.0000e-05 -4.4236e-04
b1,1 1.0000e-01 9.9998e-02
b1,2 1.0000e-01 9.9995e-02
b2,1 1.0000e-01 9.9999e-02
b2,2 1.0000e-02 9.9969e-03
a1,1 -1.0000e-02 -9.9972e-03
a1,2 1.0000e-02 9.9708e-03
a2,1 1.0000e+00 1.0000e+00
a2,2 1.0000e-04 1.0028e-04
d1,1 1.0000e+00 9.9975e-01
d1,2 -1.0000e+00 9.9996e-01
d2,1 1.0000e-05 -2.0367e-05
d2,2 1.0000e+00 1.0000e+00
ρ 1.0000e-01 1.0001e-01
φ 1.0000e+00 4.8982e-01

w1,1 1.0000e-16 1.0000e-16 -L = -1.29e+04
w1,2 1.0000e-14 1.0000e-14
w2,2 1.0000e-14 1.0000e-14
b1,1 1.0000e-09 1.0000e-09
b1,2 -1.0000e-08 -1.0000e-08
b2,1 -1.0000e-10 -1.0000e-10
b2,2 -5.0000e-08 -5.0000e-08
a1,1 5.0000e-10 5.0000e-10
a1,2 2.0000e-07 2.0000e-07
a2,1 -2.0000e-08 -2.0000e-08
a2,2 2.2000e-03 2.2000e-03
d1,1 4.0000e-03 4.0000e-03
d1,2 -1.0000e-03 -1.0000e-03
d2,1 1.0000e-06 1.0000e-06
d2,2 -3.0000e-06 -3.0000e-06
ρ -1.0000e-05 -1.0000e-05
φ 5.0000e-04 5.0000e-04

Table 6: Estimation Runs 7 and 8
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Parameters Initial values Estimated parameters Log-likelihood

w1,1 1.0000e-10 2.4923e-09 -L = -1e+04
w1,2 1.0000e-06 1.0000e-06
w2,2 1.0000e-10 1.0013e-10
b1,1 1.0000e-05 1.0000e-05
b1,2 -1.0000e-06 -1.0000e-06
b2,1 -1.0000e-05 -1.0000e-05
b2,2 -5.0000e-04 -5.0000e-04
a1,1 5.0000e-05 5.0000e-05
a1,2 2.0000e-05 2.0000e-05
a2,1 -2.0000e-08 -2.0000e-08
a2,2 2.2000e-03 2.2000e-03
d1,1 4.0000e-03 4.0000e-03
d1,2 -1.0000e-03 -1.0000e-03
d2,1 1.0000e-03 1.0000e-03
d2,2 -3.0000e-03 -3.0000e-03
ρ -1.0000e-05 -1.0000e-05
φ 5.0000e-04 5.0000e-04

w1,1 4.2000e-03 -2.8117e-05 -L = -3.51e+03
w1,2 7.0000e-04 1.8425e-04
w2,2 -9.0000e-04 -9.7991e-06
b1,1 9.3090e-01 9.3047e-01
b1,2 -1.2000e-03 -1.2021e-03
b2,1 -3.1800e-02 -3.1802e-02
b2,2 9.4870e-01 9.4869e-01
a1,1 2.0760e-01 2.0760e-01
a1,2 -2.0390e-01 -2.0390e-01
a2,1 -2.6800e-02 -2.6800e-02
a2,2 2.2740e-01 2.2740e-01
d1,1 3.4810e-01 3.4810e-01
d1,2 3.2900e-02 3.2900e-02
d2,1 3.6820e-01 3.6820e-01
d2,2 -3.3400e-02 -3.3400e-02
ρ -1.4600-02 -1.4597e-02
φ 1.0111e+00 4.9000e-01

Table 7: Estimation Runs 9 and 10
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