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Abstract

My thesis focuses new directions in bandit learning problems. In Chapter 1, I give an
overview of the bandit learning literature, which lays the discussion framework for studies in
Chapters 2 and 3. In Chapter 2, I study bandit learning problem in metric measure spaces.
I start with multi-armed bandit problem with Lipschitz reward, and propose a practical
algorithm that can utilize greedy tree training methods and adapts to the landscape of the
reward function. In particular, the study provides a Bayesian perspective to this problem.
Also, I study bandit learning for Bounded Mean Oscillation (BMO) functions, where the
goal is to “maximize” a function that may go to infinity in parts of the space. For an
unknown BMO function, I will present algorithms that efficiently finds regions with high
function values. To handle possible singularities and unboundedness in BMO functions, I
will introduce the new notion of d-regret — the difference between the function values along
the trajectory and a point that is optimal after removing a é-sized portion of the space. 1
will show that my algorithm has O <nlngT> average T-step J-regret, where xk depends on ¢

and adapts to the landscape of the underlying reward function.

In Chapter 3, I will study bandit learning with random walk trajectories as feedback. In
domains including online advertisement and social networks, user behaviors can be modeled
as a random walk over a network. To this end, we study a novel bandit learning problem,
where each arm is the starting node of a random walk in a network and the reward is

the length of the walk. We provide a comprehensive understanding of this formulation

v



by studying both the stochastic and the adversarial setting. In the stochastic setting, we
observe that, there exists a difficult problem instance on which the following two seemingly
conflicting facts simultaneously hold: 1. No algorithm can achieve a regret bound inde-
pendent of problem intrinsics information theoretically; and 2. There exists an algorithm
whose performance is independent of problem intrinsics in terms of tail of mistakes. This
reveals an intriguing phenomenon in general semi-bandit feedback learning problems. In
the adversarial setting, we establish novel algorithms that achieve regret bound of order
@) (\/ﬁ), where k is a constant that depends on the structure of the graph, instead of
number of arms (nodes). This bounds significantly improves regular bandit algorithms,

whose complexity depends on number of arms (nodes).
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Chapter 1

Introduction

Bandit learning algorithms seek to answer the following critical question in sequential de-

cision making:

In interacting with the environment, when to exploit the historically good

options, and when to explore the decision space?

This intriguing question, and the corresponding exploitation-exploration tension arise
in many, if not all, online decision making problems. Bandit learning algorithms find

applications ranging from experiment design [Rob52] to online advertising [LCLS10].

In the classic bandit learning problem, an agent is interacting with an unknown and
possibly changing environment. This agent has a set of choices (called arms in bandit
community), and is trying to maximize the total reward, while learning the environment.
The performance is usually measured by regret. The regret is defined as the total difference,
summed over time, between the agent’s choices, and a hindsight optimal option. We seek
to design algorithms with a sub-linear regret in time. This ensures that when we can run
the algorithm long enough, we are often choosing the best options.

Three Different Settings

In this part, I classify bandit problems into three different settings, based on how the
environment may change. I survey these three settings, with focus on their early stage
development. While there are many other possible ways to classify bandit problems (e.g.,
based on whether the feedback is full-information, semi-bandit, or bandit), I hope this
classification communicates my first hunch of dissecting a bandit problem.

Stochastic Bandit. Stochastic bandit is perhaps the oldest form of bandit learning,

as it can date its history back to about 90 years ago. [Tho33]. In this setting, the agent is



Figure 1.1: A bandit octopus.

faced with K arms, each with an unknown and unchanging distribution. The agent’s goal
is to find out the arm with best expected reward while interacting with this environment.
Perhaps the oldest algorithm for stochastic bandit is Thompson Sampling [Tho33|, which
maintains a belief distribution for each option, and makes decisions according to samples
from the belief distributions. It is worth noting that the tight performance guarantee
for this elegant method remains unknown until 2011 [AG13]. This paper by Thompson,
together with the seminal papers [Rob52) [LR85], lays the foundation of modern stochastic
bandit. In their seminal papers [Rob52, [LR85], the ideas of certainty, confidence, and Upper
Confidence Bound (UCB) were introduced, and the asymptotic lower bound for all bandit
learning algorithms was derived. The UCB method plays arms that maximize the empirical
mean estimate plus a confidence interval of the estimate. The UCB algorithms are pushed
to its modern form later by [ACBF(2]. This UCB principle has inspired a long list
of works: linear bandits (e.g., [Aue02), [AYPS11], [LCLS10]), stochastic combinatorial bandit



(e.g., [CWY13, [KWAS15]), Lipshitz bandits (e.g., [Kle05, KSUOS, BMSS11]), just to name

a few.

Markov Bandit. In the 70s, a different formulation parallel to the stochastic bandit
problem was invented, Gittins studied a Markov bandit problem where each arm is associ-
ated with a state that can evolve [Git79]. An arm'’s state evolves in a Markovian fashion,
and only changes when it is pulled. Each time, the agent receives a reward that depends
on the arm pulled and the state of the pulled arm. The goal is to maximize the total long-
term reward (with respect to some discount factor). The upfront motivation in the original
paper was job scheduling. Each time the worker selects a job to work on. The status of
the selected job is then updated, and a reward is given to the worker. This formulation
later finds especially useful for medical trials — each time a patient receives treatment, her
internal state evolves. Naturally, this Markov formulation later expands into the works of
restless bandits [Whi8§|, where the states may evolve even if the corresponding arms are

not pulled.

Adversarial Bandit. Another line of work parallel to the above two settings, is that
of adversarial bandits. In an adversarial bandit problem, the agent plays arms and an
adversary alters rewards. No restriction except for boundedness is imposed on the adver-
sarial rewards. Perhaps such adversarial bandits are captured in casinos for real, as the
seminal paper’s title “Gambling in a Rigged Casino” suggests [ACBFS95]. In such case,
the performance metric is usually oblivious regret, or e.g., dynamic regret (e.g., [HW13]).
The oblivious regret is the difference between the total reward of agent’s choices, and the
the total reward of a hindsight-optimal arm. Most adversarial algorithms are some form
of exponential weight algorithm [ACBFS95, [FS97]. In these algorithms, a Boltzmann’s
softmax is applied, so that historically more rewarding arms are more likely to be played
in the future. What’s fascinating about exponential weights is the intrinsic connection to
mirror descent, follow the leader, and large body of works in online learning and optimiza-
tion therein (e.g., [SST11]). Quite intriguingly, the adversarial bandit problem also relates

to zeroth-order convex optimization, other than in the mirror descent sense. In particular,



Flexman et al. [FKMO05] studied a zeroth-order optimization method for convex functions.
They leverages the Stokes’ Theorem, and use a single-point zeroth-order information to

estimate the first order gradient.
Recent Development and New Directions [1]

Recently, the field of bandit learning has expanded tremendously. In particular, re-
cent study of bandit learning relates to optimization in multiple ways. The most natural
connection is through the problem of pure exploration and the notion of simple regret
[BMS09, [ABMT0, BMST1, KDOT16al, [SCYT9]. In such problems, the agent ignores the
need to exploit, and simply seeks to find the best option. In such problems, the goal is
to minimize simple regret, which is the difference between reward of the best arm of the
reward of a single-step choice. When the underlying reward is endowed with convexity, the
problem naturally has intriguing connection to optimization. A general regime is to use
Stokes’ theorem to estimate gradient using zeroth-order information (or bandit feedback)
[FKMO5]. Variations with specific geometric structure (e.g., [HL14]) and projection-free
versions (e.g., [CZK19|]) have also been developed. The lower bound has also been de-
rived using a clever global construction [Shal3]. An intrinsic connection between bandit
algorithms and optimization is: exponential weights algorithms can be viewed as mirror
descent with negated entropy as the mirror map. This means that the multiplicative weight
update is equivalently a gradient step in the dual space. Works down this line inherits rich
relations to online learning and optimization in general; See e.g., [SST11, [B™15, [HT16] for

an overview of this connection.

Recent study of bandit learning also relates to reinforcement learning. Many ban-
dit learning principles have been used in reinforcement learning, especially recently, after
the successful usage of the Upper Confidence Tree method [KS06] in solving GO games
[SHM™16]. Practitioners also often perturb the policy with the e-greedy principle when
the action space is large [SB9§|. Recently, both the UCB mechanism and the exponen-

tial weight methods are used in reinforcement learning. The use of UCB in reinforcement

!This part serves as a general picture before I introduce the new directions studied in this thesis.
More contextualized discussions of related works will be presented in Chapters 2 and 3.

4



learning is a natural extension to Q-learning. In Q-learning, one maximizes the estimated
@ function to decide an action. Combined with the UCB principle, one maximizes the
upper confidence bound of the estimated @Q-function to learn a policy. Jin et al use the
UCB principle to design adaptive exploration strategies in finite-horizon tabular Markov
decision processes [JAZBJ18]. This was later extended to infinite-horizon case [WDCW19].
Under this optimistic principle, Linear [YW20, [JYWJ20] and Lipschitz [SW.J"20] varia-
tions are also studied. The exponential weights methods are also used in Markov decision
processes. To use exponential weights in this setting, a general recipe is to set the probabil-
ity of playing action a in state z being proportional to the exponentiated Q-value Q(x,a)
[EDKMO05, NGSAT0, IAYBB™19, lJJL™20].

In addition to studies related to optimization and reinforcement learning, many other
variations have been studied. To name a few, combinatorial bandits have been investigated
in both stochastic [CWY13] and adversarial setting [CBL12|. Bandit with switching cost
studies a setting where playing different arms in two consecutive rounds incurs an additional
cost [AHTSS, DDKP14]. Also, bandits with knapsack provides a general framework for

bandit learning problems with resource constraints [BKS13l [AD16l ISSS19].

In this thesis, I will focus on two problems in bandit learning. I will study new direction
and new use case of bandit learning. In Chapter 2, I study bandit learning problem in
metric measure spaces. I start with multi-armed bandit problem with Lipschitz reward, and
propose a practical algorithm that can utilize greedy tree training methods and adapts to the
landscape of the reward function. In particular, the study provides a Bayesian perspective
to this problem. The connection to finite horizon Lipschitz reinforcement learning is also
discussed. Also, I study bandit learning for Bounded Mean Oscillation (BMO) functions,
where the goal is to “maximize” a function that may go to infinity in parts of the space. For
an unknown BMO function, I will present algorithms that efficiently finds regions with high
function values. To handle possible singularities and unboundedness in BMO functions, I
will introduce the new notion of d-regret — the difference between the function values along

the trajectory and a point that is optimal after removing a d-sized portion of the space. I



will show that my algorithm has O (%) average T-step d-regret, where x depends on §
and adapts to the landscape of the underlying reward function. In Chapter 3, I will study
work motivated by online advertising. Nowadays, millions of people open mobile apps, and
randomly browse items in the app. The browsing over items in the app can be modeled
as a random walk over the items. To this end, I propose a Markov random walk model to
capture the dynamics of browsing behavior. The items (e.g., video clips) are modeled as
nodes in a graph. Each epoch t, a user arrives at an entrance item — opens the app, and
performs a random walk over the graph of items — every click on an item is a transition to
a new node. The user closes the app when the random walk hits an absorbing node. This
model leads to an important real-world question: How to make good recommendations in
this model? I will provide an algorithmic answer to this question in different settings, along

with theoretical guarantees.



Chapter 2

Bandit Learning in Metric Spaces

2.1 Lipschitz Bandits: A Bayesian Approach

2.1.1 Introduction

A stochastic bandit problem assumes that payoffs are noisy and are drawn from an un-
changing distribution. The study of stochastic bandit problems started with the discrete
arm setting, where the agent is faced with a finite set of choices. Classic works on this prob-
lem include Thompson sampling [Tho33, [AG12], Gittins index [Git79], e-greedy strategies
[SB98], and upper confidence bound (UCB) methods [LR85, [ACBF02]. One recent line
of work on stochastic bandit problems considers the case where the arm space is infinite.
In this setting, the arms are usually assumed to be in a subset of the Fuclidean space
(or a more general metric space), and the expected payoff function is assumed to be a
function of the arms. Some works along this line model the expected payoff as a linear
function of the arms [Aue02, [DHKOS|, [LCLS10, [AYPS11], [AG13]; some algorithms model
the expected payoff as Gaussian processes over the arms [SKKSI0al, [CPV14] [dFSZ12];
some algorithms assume that the expected payoff is a Lipschitz function of the arms
[Sli14] [KSUO08, BMSS11l, [MCP14]; and some assume locally Hélder payoffs on the real line
[AOSO7]. When the arms are continuous and equipped with a metric, and the expected pay-
off is Lipschitz continuous in the arm space, we refer to the problem as a stochastic Lipschitz
bandit problem. In addition, when the agent’s decisions are made with the aid of contextual
information, we refer to the problem as a contextual stochastic Lipschitz bandit problem.
Not many works [BMSS11) [KSUOS, MCP14] have considered the general Lipschitz bandit
problem without making strong assumptions on the smoothness of rewards in context-arm

space. In this part, we focus our study on this general (contextual) stochastic Lipschitz

7



bandit problem, and provide practical algorithms for use in data science applications.

Specifically, we propose a framework that converts a general decision tree algorithm
into an algorithm for stochastic Lipschitz bandit problems. We use a novel analysis that
links our algorithms to Gaussian processes; though the underlying rewards do not need
to be generated by any Gaussian process. Based on this connection, we can use a novel
hierarchical Bayesian model to design a new (UCB) index. This new index solves two main
problems suffered by partition based bandit algorithms. Namely, (1) within each bin of the
partition, all arms are treated the same; (2) disjoint bins do not use information from each

other.

Empirically, we show that using adaptively learned partitions, Lipschitz bandit algo-
rithms can be used for hard real-world problems such as hyperparameter tuning for neural

networks.

Relation to prior work: One general way of solving stochastic Lipschitz bandit prob-
lems is to finely discretize (partition) the arm space and treat the problem as a finite-arm
problem. An Upper Confidence Bound (UCB) strategy can thus be used. Previous al-
gorithms of this kind include the UniformMesh algorithm [KSUOQS], the HOO algorithm
[BMSS11], and the (contextual) Zooming Bandit algorithm [KSUOS| [SIi14]. While all these
algorithms employ different analysis techniques, we show that as long as a discretization of
the arm space fulfills certain requirements (outlined in Theorem , these algorithms (or a

possibly modified version) can be analyzed in a unified framework.

The practical problem with previous methods is that they require either a fine discretiza-
tion of the full arm space or restrictive control of the partition formation (e.g., Zooming rule
[KSU08]), leading to implementations that are not flexible. By fitting decision trees that
are grown adaptively during the run of the algorithm, our partition can be learned from
data. This advantage enables the algorithm to outperform leading methods for Lipschitz
bandits (e.g. [BMSS11L [KSUOS]) and for zeroth order optimization (e.g. [MCI14, LJDT16]|)
on hard real-world problems that can involve difficult arm space and reward landscape.

As shown in the experiments, in neural network hyperparameter tuning, our methods can



outperform the state-of-the-art benchmark packages that are tailored for hyperparameter

selection.

In summary, our contributions are: 1) We develop a novel stochastic Lipschitz bandit
framework, TreeUCB and its contextual counterpart Contextual TreeUCB. Our framework
converts a general decision tree algorithm into a stochastic Lipschitz bandit algorithm.
Algorithms arising from this framework empirically outperform benchmarks methods. 2)
We develop a new analysis framework, which can be used to recover previous known bounds,

and design a new principled acquisition function in bandits and zero-th order optimization.

2.1.2 Main Results: TreeUCB Framework and a Bayesian

Perspective
The TreeUCB framework

Stochastic bandit algorithms, in an online fashion, explore the decision space while exploit
seemingly good options. The performance of the algorithm is typically measured by regret.
In this part, we focus our study on the following setting. A payoff function is defined
over an arm space that is a compact doubling metric space (A, d), the payoff function of
interest is f : A — [0, 1], and the actual observations are given by y(a) = f(a) + €,. In our
setting, the noise distribution €, could vary with a, as long as it is uniformly mean zero,
almost surely bounded, and independent of f for every a. Our results easily generalize to
sub-Gaussian noise [Shall]. In the analysis, we assume that the (expected) payoff function
f is Lipschitz in the sense that Va,a’ € A, |f(a) — f(a’)] < Ld(a,a’) for some Lipschitz
constant L. An agent is interacting with this environment in the following fashion. At
each round ¢, based on past observations (ai,y1,- - ,a:—1,yi—1), the agent makes a query
at point a; and observes the (noisy) payoff y;, where y, is revealed only after the agent has

made a decision a;. For an agent executing algorithm Alg, the regret incurred up to time
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Figure 2.1: Example reward function (in color gradient) with an example partition-
ing.

T is defined to be:
T
r(Alg) = > (f( (ar)),
t=1
where a* is the global maximizer of f.

Any TreeUCB algorithm runs by maintaining a sequence of finite partitions of the
arm space. Intuitively, at each step ¢, TreeUCB treats the problem as a finite-arm bandit
problem with respect to the partition bins at ¢, and chooses an arm uniformly at random
within the chosen bin. The partition bins become smaller and smaller as the algorithm
runs. Thus, at any time ¢, we maintain a partition P; = {Pt(l), K ,Pt(kt)} of the input
space. That is, Pt(l), e ,Pt(kt) are subsets of A, are mutually disjoint and Uf;lPt(i) = A

As an example, Figure [2.1]shows an partitioning of the input space, with the underlying
reward function shown by color gradient. In an algorithm run, we collect data and estimate

the reward with respect to the partition. Based on the estimate, we select a “box” to play

next.
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Each element in the partition is called a region and by convention Py = {A}. The
regions could be leaves in a tree, or chosen in some other way.

Given any t, if for any P € P, 1, there exists P e P, such that P) ¢ PY), we say
that {P:}+>0 is a sequence of nested partitions. In words, at round ¢, some regions (or
no regions) of the partition are split into multiple regions to form the partition at round
t + 1. We also say that the partition grows finer.

Based on the partition P, at time ¢, we define an auxiliary function — the Region

Selection function.

Definition 1 (Region Selection Function). Given partition P, function p; : A — Py is
called a Region Selection Function with respect to Py if for any a € A, pi(a) is the region

i Py containing a.

As the name TreeUCB suggests, our framework follows an Upper Confidence Bound
(UCB) strategy. In order to define our Upper Confidence Bound, we require several defini-

tions.

Definition 2. Let P; be the partition of A at time t (t > 1) and let p; be the Region
Selection Function associated with Py. Let (a1,y1,a2,Y2, -+ ,ay,yy) be the observations
received up to time t' (t' >1). We define

e the count function n?, : A — R, such that

e the corrected average function myy @ A — R, such that

t/_ Aa; € .
21_1:? t[,a(a)pt(*a)}’ if ny(a) > 0;
myp(a) = ' (2.1)
1, otherwise.

e the corrected count function, such that
nep (z) = max (1, ngt, (2)) . (2.2)

When t = t', we shorten the notation from myy to my, ngt, to n?, and ng g to ny.

11



In words, n?’t,(a) is the number of points among (a1, a9, - ,ay) that are in the same
region as arm a, with regions as elements in P;. We also denote by D(S) the diameter of
S C A, and D(S) := supy zres d(a’,a”).

At time t, based on the partition and observations, our bandit algorithm uses, for a € A

4logt

ni—1(a)

Us(a) = me_1(a) + C + M - D(pi(a)), (2.3)

for some C and M as the Upper Confidence Bound of arm «a; and we play an arm with the

highest U; value (with ties broken uniformly at random).

Remark 1. As we will discuss in Section[2.1.9, the upper confidence index for our decision
can take different forms other than .

Here C' depends on the almost sure bound on the reward, and M depends on the
Lipschitz constant of the expected reward, which are both problem intrinsics.

Since U; is a piece-wise constant function in the arm-space and is constant within
each region, playing an arm with the highest U; with random tie-breaking is equivalent to
selecting the best region (under UCB) and randomly selecting an arm within the region.
After deciding which arm to play, we update the partition into a finer one if eligible. This
strategy, TreeUCB, is summarized in Algorithm [I] We also provide a provable guarantee
for TreeUCB algorithms in Theorem

Theorem 1. Suppose that the payoff function f defined on a compact domain A satisfies
f(a) €[0,1] for all a and is Lipschitz. Let Py be the partition at time t in Algorithm[1 If
the tree fitting rule R satisfies
(1) {Pi}i>0 is a sequence of nested partitions (or the partition grows finer);
(2) |P:| = o(tY) for some v < 1;
(8) D(pi(a)) = o(1) for all a € A, where

D(pi(a)) := sup d(d,a")

a’,a’ €pi(a)

is the diameter of region pi(a);

(4) given all realized observations {(as,y:)}_,, the partitions {P;}l_, are deterministic;

12



Algorithm 1 TreeUCB (TUCB)
1. Parameter: M > 0 (M > L). C > 0. Tree fitting rule R that satisfies 1-4 in

Theorem [l
/**C" depends on the a.s. bound of the reward./
/**M depends on the Lipschitz constant of the expected reward./
2: fort=1,2,...,T do
3: Fit the tree f;_; using rule R on observations (a1, y1, az, Y2, . .., Gr—1, Yi—1)-

4: With respect to the partition P,_; defined by leaves of f; 1, define m; 1, n;_1

as in (2.1)) and (2.2). Play
a; € arg mzﬁ({Ut(a)}, (2.4)
ac

where U, is defined in (2.3). Ties are broken uniformly at random.

5: Observe the reward y;.

then the regret for Algorithm [1] satisfies

1 Rr(TUCB)

T—o00 T =0

with probability 1.

The above assumptions are all mild and reasonable. For item 1, we can use incremental
tree learning [Utg89] to enforce nested partitions. For item 2, we may put a cap (that may
depend on t) on the depth of the tree to constrain it. For item 3, we may put a cap (that
may depend on t) on tree leaf diameters to ensure it. For item 4, any non-random tree
learning rule meets this criteria, since in this case, the randomness only comes from the
data (and/or number of data points observed).

We now discuss the proof of Theorem |1, Throughout the rest of the paper, we use O
to omit constants and poly-log terms unless otherwise noted. To prove Theorem [T we first
use Claims [I] and [2] to bound the single step regret, we then use Lemma [I]and Assumptions

(1) — (3) to bound the total regret.
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To start with, we first present the following two claims, which may also be carefully

extracted from previous works (e.g., [BMSS11]).

Claim 1. For an arbitrary arm a, and time t, with probability at least 1 — tl‘i’ we have,

4logt

ni—1(a)

imi—1(a) — fa)| < L- D(pi-1(a)) + C
for a constant C that depends only on the a.s. bound of the reward.

Claim 2. At any t, with probability at least 1 — %4, the single step regret satisfies:

4logt

e (ar) (2.5)

fa*) = f(a) <2L- D(pi-1(ar)) +2C
for a constant C, that depends only on the a.s. bound of the reward.

In Section [2.1.2] we prove general versions of Claims [I] and

As the tree (partition) grows finer, the term n;_1(a) is not necessarily increasing with
t (for an arbitrary fixed a). Therefore part of the difficulty is in bounding Zthl m
Next, we introduce a new set of inequalities, which we call “point scattering” inequalities

in Lemma [1 to bound this term.

Lemma 1 (Point Scattering Inequalities). For an arbitrary sequence of points ay,ag, -+ in
a space A, and any sequence of nested partitions P1,Pa, -+ of the same space A, we have,
for any T,
T
1 T
<e73T10g<1—|— e—1>, 2.6
> ey <Pl e~V (2.6)
T
1 T
S E— <1+1og>, 21
2Tl () =T Pr] 27)
T «
<1> < LyPT\aTH‘ 0<a<l (2.8)
=1 1+ n?ﬁl(at) T l-«

where ngq and ny_1 are the count and corrected count function as in Deﬁm’tion@ and |Pr|

s the cardinality of the finite partition Pr.
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As defined in Definition [2, n ;(a;) is the number of points that are in the same bin
(in partition P;_1) as as. Also, n;_1(ay) is the “corrected” version of nY ;(a;): ny_1(a;) =

max(1,nY_(ar)).

Remark 2. We shall notice that @ allows us to somewhat “look one step ahead of
time”, since it uses the values {n;_1(a¢)}s - the corrected counts without including a;. This
s because ny_1 is computed using points up to time t — 1. The equation 18 different
from @) in the sense that {1 +nY_(a¢)}: are essentially the counts including a;. While,

with proper modification, both (@ and can be used to derive Theorem we shall
not ignore the difference between (@ and .

Proof of (12.6))

We use a novel constructive trick to derive . This trick and the usefulness of the result
(Remarks [2| and [3| and Section mark our major technical contribution. The trick is
to consider the incidence matrix of which points are within the same partition bin, and use
this matrix as if it were a covariance matrix for a Gaussian process. Then, we use knowledge
about Gaussian processes to bound the sum of the inverse of the number of points in each
bin over time.

For each T, we construct a hypothetical noisy degenerate Gaussian process. We are not
assuming our payoffs are drawn from these Gaussian processes. We only use these Gaussian
processes as a proof tool. To construct these noisy degenerate Gaussian processes, we define
the kernel functions k7 : A x A — R,

if pr(a) = a
br(a.d) = I, pr(a) = pr(a’) (2.9)

0, otherwise.

where pr is the region selection function defined with respect to Pr. The kernel kp is

positive semi-definite as shown in Proposition

Proposition 1. The kernel defined in (@) s positive semi-definite for any T > 1.
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Proof. For any z1,...,z, in where the kernel kr(-,-) is defined, the Gram matrix K =
[kT(H%«Tj)LXn can be written into block diagonal form where diagonal blocks are all-
one matrices and off-diagonal blocks are all zeros with proper permutations of rows and
columns. Thus without loss of generality, for any vector v = [v1,va,...,v,] € R™, v ' Kv =

2
25:1 (Z jii; in block b vij) > 0 where the first summation is taken over all diagonal blocks

and B is the total number of diagonal blocks in the Gram matrix. O

Now, at any time 7', let us consider the model §(a) = g(a) + ep where g is drawn from
a Gaussian process g ~ GP (0,kr(-,-)) and er ~ N(0,s%). Suppose that the arms and
hypothetical payoffs {(a1,91), (a2, 92), - .., (at, §¢)} are observed from this Gaussian process.

The posterior variance for this Gaussian process after the observations at a1, as, ..., a; is
o7,(a) = kr(a,a) — kL (K + s7I) " 'ka,

where k, = [kr(a,a1),...,kr(a,a)]", K = (k1 (ai,a;)]exe and I is the identity matrix. In
other words, o%t(a) is the posterior variance using points up to time ¢ with the kernel

defined by the partition at time T'. After some matrix manipulation, we know that
ogy(a) =1—14[1,1, + s7I]7'1,,

where 1, = [1,-- -, 1Hxn0Tt(a)' By the Sherman-Morrison formula, [1,1] +s%1]7! = 5321 —

—4 T
S 1.1,

—ZL%—. Thus the posterior variance is
145, nTJ(a)

1
14 s;Qn%t(a)'

o7.4(a) (2.10)

Following the arguments in [SKKS10a], we derive the following results. For any ¢ <
T, and an arbitrary sequence a; = {ai,as,- - ,a;}, we consider fixing this sequence and
query the constructed Gaussian processes at these points. Since a; is fixed, the entropy
H(yi,a;) = H(y;). Since, by definition of a Gaussian process, g, follows a multivariate

Gaussian distribution,
- 1
H(yg) = 5 log [(2me)" det (K + s%])] (2.11)
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where K = [kT(ah aj)} . We can then compute H(g;) by

txt

H(y:) = H(Gt|ys—1) + H(Ye-1)
= H(g¢|as, Yi—1,a1—1) + H(Ge—1)
1 -
=5 log (27re (82T + J%t_l(at))) + H(gi—1)

= % Z log (2me (s7 + 0%77_1(%))) , (2.12)

=1

where ([2.12)) comes from recursively expanding H(y.). By (2.11) and (2.12)),

Z log (1 + s_za%j_l(aT)) = log [det (s 2K +1I)]. (2.13)

=1
For the block diagonal matrix K of size t x t, let n; denote the size of block i and B’
(B' < |Py]) be the total number of diagonal blocks up to a time ¢ (¢ < T'). Then we have

B/
det (S_2K + I) = Hdet <s_211—r + Inixm)
=1

B/ S_2t B/
-2
:g(1+s ni)§<1+B,> :

where 1 is all-1 vector of proper length. In the above, (1) the equality on the first line uses
the determinant of block-diagonal matrix equals to the product of determinant of diagonal
blocks, 2) the equality on the last line is due to the matrix determinant lemma, and 3) the

inequality on the last line is due to the AM-GM inequality and that Zf':/ 1ni =t.

B T
Next, since [P;| > B’ and (1 + S;t) is increasing with = (on [1, 00)),

9 520\ 7 s=2¢\ P!
det (s K +1)<|(1 < (1 . 2.14
N T
Therefore, from (2.13)) and (2.14]),
d 9 9 s72T
Zlog (14 s %07,_1(ar)) < |Pr|log <1 + Prl ) , (2.15)
T

=1

since arguments after (2.11)) hold for all ¢t < T.
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Since the function h(\) = m is increasing for non-negative A\, A < ﬁ log(1+
A) for A € [0, 552]. Since o74(a) € [0,1] for all a,
2
or.(a Silo 1+ s:20 2.16
) < oy o8 (1 s o) (2.16)
for t,7 =0,1,2,---. Since the partitions are nested, we have that for Ty < T, ng, +(a) >
nr, ¢(a), and thus U%l (a) < U%Q’t(a). Suppose we query at points ai, - - - , ar in the Gaussian
process GP(0, kr(-,-)). Then,
T T )
I D v
— nt—l(at) i—1 1+ ST N¢— 1(0,,5)
T ) T
1+s
< Z T (1+ sz Z o a (2.17)
= 2 T,t— 1 t
P 1457 n%t 1(at)
1+ 8_2
——L ) log (1+ s7 252 a
~ log(1 +572) ; T "Tit- i t))

1—|—8 o T
T it )
~ log(1 + TQ)’ | T |Prl

where (2.17)) uses (2.10)), the second last inequality uses (2.16)), and the last inequality uses

. . . _ e 1+s
2.15)). Finally, we optimize over sp. Since sT2 = e — 1 minimizes m, we have
T

o T
Zm < e|[Pr|log <1+ (e — 1)|7>T!> .

=1 t—1

The above argument proves (|2.6)).

Remark 3. One important insight of our analysis is that this allows us to link the Hoeffding-
type concentration term to the posterior variance of the constructed Gaussian processes.
This connection is directly shown in . As we will discuss in Section we can use

this connection to improve the entire learning process via “softening”.

Next, we sketch the proofs of and .

Proof of . Consider the partition Pr at time T. We label the regions of the
partitions by j =1,2,---,|Pr|. Let t;; be the time when the i-th point in the j-th region
in Pr being selected. Let b; be the number of points in region j. Since the partitions are

nested, we have 1 + ngji—l(wtj,i) > ¢ for all 4, 7. We have, for T' > 1,

18



b [Pr| b;

11+n <sz (2.18)

T [P
ZlJrn Z

t=1 7j=1i= 7=11i=1
|Pr| [Pr|
<> (1+logh;) = |Pr|+ ) logb;
Jj=1 J=1
[Pr| T
= [Pr| +1log [ [ b; < |Pr| + |Pr|log —— Bl (2.19)
7=1

where (2.18)) uses l—i—n?j —1(21;,) > i and (2.19) uses AM-GM inequality and that Z\Pﬂ bj =

Proof of (2.8). The idea is similar to that of (2.7)). For 0 < o < 1,

ET: <1+ntlxt>a %i <1+nt”(:vt“)>a

t=1 7j=111=1
[Pr| b; |7’T| 1
-«
<3 oY
7j=1i= 1
< 71 "PT‘QTl e, (2.20)

where (|2.20)) is due to the Holder’s inequality and that Z‘pﬂ bj=T.

Proof of Theorem [1

Now we are ready to prove Theorem [I} We can split the sum of regrets by

T Mal T
D (fa) = fla) = Y (fl@) = fla)) + Y (f(a*) = flar)).
t=1 t=1 |VT|+1

Also, by Claim with probability at least 1 — ﬁ, holds simultaneously for all

- L\/TJ 41,---,T (T >2). Thus for T > 2, the event
Rr 1 r
T
Er = T T VT + Z By . where
t=| VT |+1

B, := | 2L - D(pt—1(ar)) + 2C ﬂ
nt—l(at)
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1 g 1 1
3L\/ﬂ3. Since 3L‘/TJ3 ST

By the Borel-Cantelli lemma, we know P (limsupy_,., E7) = 0. In other words, with

occurs with probability at most we know Y 7, P(Er) < 0.
probability 1, Er occurs finitely many times. Thus, with probability 1, there exists a
constant Ty, such that the event E7 (negation of Er) occurs for all T > Ty. Also, from
the Cauchy-Schwarz inequality (used below in the second line) and (2.6]) (used below in the

last line), we know that

logt logt
< <+/TlogT
2 ne-1(ag) ~ Z: ne-1(ag) ~ Sps
t=| VT |+1 t=1
T ~ 14+~
< \/TlogT\/e|73T|log (1 + (e — 1)|77]) =0 <TT) ,
T

where the last equality is from the assumption that |P;| = o(t"?) for some v < 1. This
means
4logt
lim — = 0.
T1—I>Iolo T Z N¢—1 at
In addition, by the assumption that D(pt(a)) = 0(1), we know

lim sup —ZD pi—1(a)) = 0.

T—)oo

The above two limits give us

T
1
Jim VT+ > Bi| =0, where (2.21)
[VT]+1
4logt

Combining all the facts above, we have limp_, % = 0 with probability 1.

Adaptive partitioning: TUCB shall be implemented using regression trees or in-
cremental regression trees. This naturally leverages the practical advantages of regression
trees. Leaves in a regression tree form a partition of the space. Also, a regression tree is
designed to fit an underlying function. This leads to an adaptive partitioning where the
underlying function values within each region should be relatively similar to each other.
We defer the discussion on the implementation we use in our experiments to Section [2.1.3

Please refer to [BESO84] for more details about regression tree fitting.
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The Contextual TreeUCB algorithm

Algorithm 2 Contextual TreeUCB (CTUCB)
1: Parameter: M > 0, C' > 0, and tree fitting rule R.

2: fort=1,2,....,T do

3: Observe context z;.

4: Fit a regression tree f;_; (using rule R) on observations {(z:, as), y: }_;, -

5: With respect to the partition P;_; defined by leaves of f;_;, define m;_; and
ng—1 in (2.1)) and (over the joint space Z x A). Play

a; € argmax {U((2,a))},

where Uy(-) is defined in (2.3]). Ties are broken at random.

6: Observe the reward y;.

In this section, we present an extension of Algorithm [I| for the contextual stochastic
bandit problem. The contextual stochastic bandit problem is an extension to the stochastic
bandit problem. In this problem, at each time, context information is revealed, and the
agent chooses an arm based on past experience as well as the contextual information.
Formally, the expected payoff function f is defined over the product of the context space
Z and the arm space A and takes values from [0,1]. Similar to the previous discussions,
compactness of the product space and Lipschitzness of the payoff function are assumed. In
addition, a mean zero, almost surely bounded noise that is independent of the expected
reward function is added to the observed rewards. At each time ¢, a contextual vector
2z € Z is revealed and the agent plays an arm a; € A. The performance of the agent

following algorithm Alg is measured by the cumulative contextual regret

M'ﬂ

R%(Alg) = ) f(z,a7) — f(zt,a0), (2.23)

t=1
where f(zt,af) is the maximal value of f given contextual information z;. A simple ex-

tension of Algorithm [I| can solve the contextual version problem. In particular, in the
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contextual case, we partition the joint space Z x A instead of the arm space A. As an
analog to (2.2]) and , we define the corrected count n; and the corrected average my
over the joint space Z x A with respect to the partition P; of the joint space Z x A, and
observations in the joint space ((z1,a1),y1, -, (2¢,a¢),y:). The guarantee of Algorithm

is in Theorem [2

Theorem 2. Suppose that the payoff function f defined on a compact doubling metric space
(Z x A,d) satisfies f(z,a) € [0,1] for all (z,a) and is Lipschitz. If the tree growing rule
satisfies requirements 1-4 listed in Theorem then limp_, o0 w = 0 with probability

1.

Theorem [2] follows from Theorem [I} Since the point scattering inequality holds for any
sequence of (context-)arms, we can replace regret with contextual regret and alter Claims
and [2| accordingly to prove Theorem

In particular, Claims [I] and [2| extend to the contextual setting, as stated and proved

below.

Claim 3. For any context z, arm a, and time t, with probability at most ti‘“ we have:

4logt

Im¢-1(z,a) — f(z,a)| > L - D(pt-1(z,a)) + C ne—1(z,a)

(2.24)
for a constant C.

Proof. First of all, when ¢t = 1, this is trivially true by Lipschitzness. Now let us consider the
case when ¢t > 2. Let us use A1, Ag, -+, A; to denote the random variables of arms selected
up to time t, Z1, Zs, -+, Z; to denote the random context up to time ¢t and Y7, Y5, --- ,Y;
to denote random variables of rewards received up to time ¢. Then the random variables
{ZtT:l (f(Z, Ay) — Y};)} is a martingale sequence. This is easy to verify since the noise
is mean zero and independent. In addition, since there is no randomness in the partition
formation (given a sequence of observations), for a fixed a, we have the times [[(Z;, A;) €
pi—1(z,a)] (i < t)is measureable with respect to o(Z1, A1, Y1, -+, Zt, Ar, Yi). Therefore, the
sequence {3r_, (f(Zi, Ai) — V) I[(Zi, A;) € pr_i(z, a)]}thl is a skipped martingale. Since
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skipped martingale is also a martingale, we apply the Azuma-Hoeffding inequality (with

sub-Gaussian tails) [Shall]. For simplicity, we write

Bi(z,0) = C nfiita) + L D(pri(2, ), (2.25)
5?(2,@) = (Zi, Ai) € pr—1(z,a). (2.26)

Combining this with Lipschitzness, we get there is a constant C' (depends on the a.s. bound

of the reward, as a result of Hoeffding inequality), such that

P{lmi-1(z,a) = f(z,a)| > Bi(z,a)}

t—1
<P Zi, Ai) = V) I} (2,a
< {nt_l(zja);(f( ) = V) lIEi (= a)
1 t—1
+1|f(z,a) — ——— Zi, ADIE (2, a
Fest) = oy S AV 210
4logt 1
Cy/|—————+ L -D(p— < = 2.27
> ntfl(z,a) + (pt 1(27 CL))} = t4’ ( )
where (2.27)) uses both the Lipschitzness and the Azuma-Hoeffding’s inequality. O

Claim 4. At anyt, with probability at least 1 — }4, the single step contextual regret satisfies:

4logt

S, ) = flar ) < 2L- D(pea (1, a0)) + 20 | ==

for a constant C'. Here aj is the optimal arm for the context z;.

Proof. By Claim |3, with probability at least 1 — %4, the following 1D and 1) hold

simultaneously,

4logt

me_1(z¢,ap) + Cy | ——————
t=1(z1, ar) ne—1(2, ar)

+ L - D(pi—1(zt,ar))

4logt

2T L-D(ps_ *
nt_l(zha:) + (pt I(Zt,at>)

> my—1(zt,a;) +

> f (2, af), (2.28)

4logt

S - . e
f(ztv at) Z My l(zt7 at) ¢ nt—l(zta at)

— L D(pi—1(zt,ar)). (2.29)
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This is true since we first take a one-sided version of Hoeffding-type tail bound in (2.24)),
and then take a union bound over the two points (z;,a;) and (z;,af). This first halves

the probability bound and then doubles it. Then we take the complementary event to get

(]2.28[) and Q2.29D simultaneously hold with probability at least 1— t%. We then take another

union bound over time ¢, as discussed in the main text. Note that throughout the proof,

we do not need to take union bounds over all arms or all regions in the partition.

Equation holds by algorithm definition. Otherwise we will not select a; at time t.

Combine ([2.28]) and (2.29)), and we get

Iz, a;:k) — f(2t,at)
= f(zt,a;) — mu—1(z¢, ar) + mu—1(ze,ae) — f(2e, ar)

4logt

<204 ———
ntfl(zta at)

+ 2L - D(pt—l(zt, at)).

Use Cases of Point Scattering Inequalities
Recover Previous Bounds

In this section, we give examples of using the point scattering inequalities to derive regret
bounds for other algorithms. For our purpose of illustrating the point scattering inequal-
ities, the discussed algorithms are simplified. We also assume that the reward and the
sub-Gaussianity are properly scaled so that the parameter before the Hoeffding-type con-
centration term is 1.

The UCB1 algorithm The classic UCB1 algorithm [ACBF02] assumes a finite set of
arms, each having a different reward distribution. Following our notation, at time ¢, the

UCBL1 algorithm plays

2logT
_ . 2.
a; € argmax {mt 1(a) + 1 (a) } (2.30)
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(a) CNN architecture for SVHN. A value with * means that
this parameter is tuned, and the batch-normalization layer uses
all Tensorflow’s default settings.

Layer Hyperparameters values
convl-kernel-size *
convl-number-of-channels 200
Convl . .
convl-stride-size (1,1)
poolingl-size (3,3)
MaxPooling1 pooling1-stride (1,1)
conv2-kernel-size *
Conv? conv2-number-of-channels 200
conv2-stride-size (1,1)
pooling2-size (3,3)
MaxPooling?2 pooling2-stride (2,2)
conv3-kernel-size (3,3)
conv3-number-of-channels 200
Conv3 . .
conv3-stride-size (1,1)
pooling3-size (3,3)
AvgPooling3 pooling3-stride (1,1)
batch-normalization default
Dense number-of-hidden-units 512
dropout-rate 0.5

(b) Hyperparameter search space. (31 and (3 are parame-
ters for the AdamOptimizer [KB15]. The learning rate is dis-
cretized in the following way: from le-6 to is 1 (including the
end points), we log-space the learning rate into 50 points, and
from 1.08 to 5 (including the end points) we linear-space the
learning rate into 49 points.

Hyperparameters Range
convl-kernel-size {1,2,---,7}
conv2-kernel-size {1,2,---,7}
B1 & B {0,0.05,---,1}
learning-rate le-6 to b
training-iteration {300, 400, - - - , 1500}

Table 2.1: Settings for the SVHN experiments.
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(a) CNN architecture for CIFAR-10. A value with * means
that this parameter is tuned, and the batch-normalization
layer uses all Tensorflow’s default setting.

Layer Hyperparameters values
convl-kernel-size *
Convl convl-no.-of-channels 200
convl-stride-size (1,1)
poolingl-size *
MaxPoolingl pooling1-stride (1,1)
conv2-kernel-size *
Conv? conv2-no.-of-channels 200
conv2-stride-size (1,1)
pooling2-size *
MaxPooling?2 pooling2-stride (2,2)
conv3-kernel-size *
Conv3 conv3-no.-of-channels 200
conv3-stride-size (1,1)
pooling3-size *
AvgPooling3 pooling3-stride (1,1)
pooling3-padding “same”
batch-normalization  default
Dense no.-of-hidden-units 512

dropout-rate 0.5

(b) Hyperparameter search space. (1 and (2 are parameters
for the Adamoptimizer. The learning rate is discretized in the
following way: from le-6 to is 1 (including the end points), we
log-space the learning rate into 50 points, and from 1.08 to 5
(including the end points) we linear-space the learning rate into
49 points. The learning-rate-reduction parameter is how many
times the learning rate is going to be reduced by a factor of 10.
For example, if the total training iteration is 200, the learning-
rate is le-6, and the learning-rate-reduction is 1, then for the
first 100 iteration the learning rate is le-6, and the for last 100
iterations the learning rate is le-7.

Hyperparameters Range
convl-kernel-size {1,2,---,7}
conv2-kernel-size {1,2,---,7}
conv3-kernel-size {1,2,3}
poolingl-size & pooling2-size {1,2,3}
pooling3-size {1,2,---,6}
b1 & B {0,0.05,--- ,1}
learning-rate le-6 to 5
learning-rate-redeuction {1,2,3}
training-iteration {200, 400, - - - , 3000}

Table 2.2: Settings for CIFAR-10 experiments.
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Indeed, this equation can be interpreted as (2.4) under the discrete 0-1 metric: two points
are distance zero if they coincide and distance 1 otherwise. Then from the point scattering

inequality ([2.6]), we get for UCB1

T
E[Rp(UCB1)] = O (

where K is number of arms in the problem. This matches the gap-independent (independent
of the reward gap between an arm and the optimal arm) bound derived using traditional
methods in UCB1 algorithm [ACBF02, BCB"12]. In this analysis, we apply the point
scattering inequality with the partition P; being the set of arms at all ¢.

Finite Time Bound for Lipschitz Bandits and Lipschitz RL. As shown in Claim
the single step regret is bounded by a Hoeffding-type concentration and the diameter
of selected region (due to Lipschitzness). Since the point scattering inequalities provide a
bound of the overall summation of the Hoeffding terms, we can design and analyze many
partition-based Lipschitz algorithms using point scattering inequalities We can do this since
the partitioning is up to our choice. Examples include the UniformMesh algorithm discussed
by [KSUOQS], and parition-based Lipschitz reinforcement learning algorithm recently studied
(e.g., INYW19]).

Hierarchical Bayesian Method for Lipschitz Bandits

Existing Lipschitz bandit algorithms (e.g., [KSUOS]) partition the arm space into disjoint
bins. Based on this partition, arms in two different bin do not give information about each
other, and all arms within the same bins are viewed as the same. This implicit assumption,
however, is obviously untrue. On the other hand, imposing a strong prior on the reward
function would break the Lipschitzness assumption. To simultaneously address the above
two difficulties, we link the learned tree (or partition) to a Bayesian model in light of
our analysis of . This new viewpoint allows us to “soften” the entire model using a

hierarchical Bayesian method.
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Formally, at each time ¢, we consider the following hierarchical Bayesian problem with
respect to the learned partition P;. Note that this hierarchical Bayesian model is updated
whenever we update the partition. This is roughly the same as make a finite partition and
treat each bin as an arm, and do not impose extra structures on the reward function. Let
P be the learnt partition such that each bin is a rectangle. Then the kernel function is

defined as

kr(n) = BP0, (2.31)

pEPT

where p are regions in Pp, and %5? ) (+,-) is defined as follows. For a partition p = H?:l [ai, bi],

define
~ d o~ .
kg?)(’) = Hk‘lgg)ﬂ)("')a where (232)

. PR— . _1
k:g,?’z) (z,2) = [1 + exp (—aT (Ai _ b 5 al))] , (2.33)

i + b
it } : (2.34)

;i tbi

Tj — )

A; = max{

/

where x; (resp. ) are the i-th entry of x; (resp. «’), and ar > 0 are parameters

that controls how smooth are the smoothed tree metrics. Given a learned partition Pr =

P1,DP2, ** ,PK }, where p; = d a(-i),b?) , we construct the following hierarchical Bayesian
J =117 J g Y

model

A ~N(@,6?), foralli,j; B ~ N0, 0?), for all 7, j (2.35)

K d
b = ZE&? J ), where 7#) i) is defined respect to H[Ziy), bg-l)]

j=1 i=1
f~GP (0.kr(-) (2.36)
y=f+e where e~ N(0, ‘75)' (2.37)

This hierarchical model has several advantages: (1) It respect Lipschitzness. As we

collect more observations, the partition can grow arbitrarily fine, and the approximation
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Figure 2.2: The left subfigure is the metric learned by Algorithm [1| (2.9). The right
subfigure is the smoothed version of this learned metric.

can be arbitrarily close to an extract indicator function. Because of this, the no prior
smoothness assumption on the true (unknown) reward function is needed. (2) It treats
arms within the same bin differently, and can use information across bins.

Going back to bandit learning process, we can replace the mean and/or confidence
intervals of UCB index with the posteriors of this hierarchical bayesian model. As we
discussed in Remark |3] a key insight of our analysis is the link between the Hoeffding-type
concentration interval to the posterior variance of the Gaussian processes, which allows us
to do this principled substitute. In Section we empirically study this hierarchical

Bayesian model.

2.1.3 Empirical Study

Since the TreeUCB algorithm imposes only mild constraints on tree formation, we use
greedy decision tree splitting to fit the reward function, using the following splitting rule:
we find the split that maximizes the reduction in the Mean Absolute Error (MAE), and we

stop growing the tree once the maximal possible reduction is below 0.001.

Gaussian Processes with Learned Kernel

In this section, we compare several baselines, including piecewise constant estimates (within

each bin), a Gaussian process regression with box kernel (left subfigure in Figure and
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Figure 2.3: The estimates for a function with respect to a given partition. The

“Tree” line is directly averaging within each partition. The “G Py” line is the learned

posterior GP mean function using the “hard metric.” The lines “GPs; - GPs5” are

5 learned posterior GP mean functions using the “soft metric” (Eq. (2.32)) - (2.34)).

Gaussian process regression with softened box kernel (right subfigure in Figure . The
splitting procedure is the same for all methods, so the partitions are the same for the
methods. Our results, shown in Figure 2.3] demonstrates a transition from the hardness
of the piecewise constant estimate to the softness of the Gaussian process regression with
the softened kernel. This justifies the “softening” discussed in Section The Gaussian
process kernel parameters for GPs 1,GPs 2, GPs3,GPs 4, GPs 5, namely ar in Eq. ,

were set to 10, 50, 100, 500, 1000 respectively.

Application to Neural Network Tuning

One application of stochastic bandit algorithms is zeroth order optimization. In this section,
we apply TUCB to tuning neural networks. In this setting, we treat the hyperparameter
configurations (e.g., learning rate, network architecture) as the arms of the bandit, and use
validation accuracy as reward. The task is to select a hyperparameter configuration and
train the network to observe the validation accuracies, and find the best hyperparameter
configuration rapidly. This experiment shows that TUCB can compete with the state-of-

the-art tuning methods on such hard real-world tasks.
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Figure 2.4: For MNIST, each plot is averaged over 10 runs. For SVHN and CIFAR-
10, each plot is averaged over 5 runs. The implementation of TUCB here uses the
scikit-learn package [PVGT11al. In the left-most subplot, x-axis is time (in seconds).
This shows TUCB'’s scalability, since TUCB’s curve goes up the fastest. In the
leftmost sub-figure, we use clock time as cost measure.

The architecture and the hyperparameter space for the simple Multi-Layer Perceptron
(MLP) for the MNIST dataset are: in the feed-forward direction, there are the input
layer, the fully connected hidden layer with dropout ensemble, and then the output layer.
The hyperparameter search space is five dimensional, including number of hidden neurons
(range [10, 784]), learning rate ([0.0001,4)), dropout rate ([0.1,0.9)), batch size ([10,500]),
and number of iterations ([30,243]).

The details of the CNN setting for SVHN and CIFAR-10 can be found in Tables
and The results are found in Figure indicating that TUCB outperforms existing

state-of-the-art software packages for tuning neural network methods.

2.1.4 Conclusion

We propose the TreeUCB and the Contextual TreeUCB frameworks that use decision trees
(regression trees) to flexibly partition the arm space and the context-arm space as an Upper
Confidence Bound strategy is played across the partition regions. We also provide regret
analysis via the point scattering inequalities. We provide implementations using decision
trees that learn the partition. TUCB is competitive with the state-of-the-art hyperparam-

eter optimization methods in hard tasks like neural-net tuning, and could save substantial
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computing resources. This suggests that, in addition to random search and Bayesian opti-
mization methods, more bandit algorithms should be considered as benchmarks for difficult

real-world problems such as neural network tuning.

2.2 Bandits for BMO Functions

2.2.1 Introduction

While bandit methods have been developed for various settings, one problem setting that
has not been studied, to the best of our knowledge, is when the expected reward function is
a Bounded Mean Oscillation (BMO) function in a metric measure space. Intuitively, a BMO
function does not deviate too much from its mean over any ball, and can be discontinuous
or unbounded.

Such unbounded functions can model many real-world quantities. Consider the situation
in which we are optimizing the parameters of a process (e.g., a physical or biological system)
whose behavior can be simulated. The simulator is computationally expensive to run, which
is why we could not exhaustively search the (continuous) parameter space for the optimal
parameters. The “reward” of the system is sensitive to parameter values and can increase
very quickly as the parameters change. In this case, by failing to model the infinities, even
state-of-the-art continuum-armed bandit methods fail to compute valid confidence bounds,
potentially leading to underexploration of the important part of the parameter space, and
they may completely miss the optima.

As another example, when we try to determine failure modes of a system or simulation,
we might try to locate singularities in the variance of its outputs. These are cases where the
variance of outputs becomes extremely large. In this case, we can use a bandit algorithm
for BMO functions to efficiently find where the system is most unstable.

There are several difficulties in handling BMO rewards. First and foremost, due to
unboundedness in the expected reward functions, traditional regret metrics are doomed to

fail. To handle this, we define a new performance measure, called §-regret. The J-regret
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measures regret against an arm that is optimal after removing a §-sized portion of the arm
space. Under this performance measure, and because the reward is a BMO function, our
attention is restricted to a subspace on which the expected reward is finite. Subsequently,

strategies that conform to the J-regret are needed.

To develop a strategy that handles d-regret, we leverage the John-Nirenberg inequality,
which plays a crucial role in harmonic analysis. We construct our arm index using the
John-Nirenberg inequality, in addition to a traditional UCB index. In each round, we play
an arm with highest index. As we play more and more arms, we focus our attention on
regions that contain good arms. To do this, we discretize the arm space adaptively, and
carefully control how the index evolves with the discretization. We provide two algorithms
— Bandit-BMO-P and Bandit-BMO-Z. They discretize the arm space in different ways. In
Bandit-BMO-P, we keep a strict partitioning of the arm space. In Bandit-BMO-Z, we keep
a collection of cubes where a subset of cubes form a discretization. Bandit-BMO-Z achieves

poly-log d-regret with high probability.

Related Works

Bandit problems in different settings have been actively studied since as far back as Thomp-
son [Tho33]. Upper confidence bound (UCB) algorithms remain popular [Rob52) LR85
Aue(2] among the many approaches for (stochastic) bandit problems [SKKS10al [AYPS11]
AGI12| BS12] [SS14]. Various extensions of upper confidence bound algorithms have been
studied. Some works use KL-divergence to construct the confidence bound [LR85] [GCT1],
MMS11]), and some works include variance estimates within the confidence bound [AMS09|
AO10]. UCB is also used in the contextual setting [LCLST0L [KOT11], [SIi14].

Perhaps Lipschitz bandits are closest to BMO bandits. The Lipschitz bandit problem
was termed “continuum-armed bandits” in early stages [Agr95a]. In “continuum-armed
bandits,” arm space is continuous — e.g., [0,1]. Along this line, bandits that are Lipschitz
continuous (or Hoélder continuous) have been studied. In particular, Kleinberg [Kle05]

proves a Q(TQ/ 3) lower bound and proposes a o (TQ/ 3) algorithm. Under other extra
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conditions on top of Lipschitzness, regret rate of (5(T1/ 2) was achieved [Cop09,[A0S07]. For
general (doubling) metric spaces, the Zooming bandit algorithm [KSUOS8] and Hierarchical
Optimistic Optimization algorithm [BMSSII] were developed. In more recent years, some
attention has been given to Lipschitz bandit problems with certain extra conditions. To
name a few, Bubeck et al. [BSY11] studied Lipschitz bandits for differentiable rewards,
which enables algorithms to run without explicitly knowing the Lipschitz constants. The
idea of robust mean estimators [BCBL13, BT65, [AMS99] was applied to the Lipschitz
bandit problem to cope with heavy-tail rewards, leading to the development of a near-
optimal algorithm [LWHZ19]. Lipschitz bandits with an unknown metric, where a clustering
is used to infer the underlying unknown metric, has been studied by Wanigasekara and
Yu [WY19a]. Lipschitz bandits with discontinuous but bounded rewards were studied by
Krishnamurthy et al. [KLSZ19].

An important setting that is beyond the scope of the aforementioned works is when
the expected reward is allowed to be unbounded. This setting breaks the previous Lip-
schitzness assumption or “almost Lipschitzness” assumption [KLSZ19], which may allow
discontinuities but require boundedness. To the best of our knowledge, we are the first to

study the bandit learning problem for BMO functions.

2.2.2 Preliminaries

We review the concept of (rectangular) Bounded Mean Oscillation (BMO) in Euclidean
space [Fef79, [SM93].

Definition 3. (BMO Functions) Let (RY ) be the Euclidean space with the Lebesgue

measure. Let L} (R? 1) denote the space of measurable functions (on R?) that are locally

loc

integrable with respect to u. A function f € L} (R% ) is said to be a Bounded Mean

loc

Oscillation function, f € BMO(R®, ), if there exists a constant Cy, such that for any

hyper-rectangles Q C RY,

d
s =Nl <er (ngi=12E 239
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For a given such function f, the infimum of the admissible constant Cy over all hyper-
rectangles Q) is denoted by || f||Bapo, or simply ||f||. We use || fl|Bymo and || f|| interchange-

ably in this part.

A BMO function can be discontinuous and unbounded. The function in Figure [2.5
illustrates the singularities a BMO function can have over its domain. Our problem is most
interesting when multiple singularities of this kind occur.

To properly handle the singularities, we will need the John-Nirenberg inequality (The-

orem , which plays a central role in our paper.

Theorem 3 (John-Nirenberg). Let p be the Lebesque measure. Let f € BMO (]Rd,,u).

Then there exists constants Cy and Cy, such that, for any hypercube ¢ C R¢ and any X > 0,

u(foeai|io - | a)) < cumtmen { ) (230

The John-Nirenberg inequality dates back to at least John [Joh61], and a proof is
provided in Appendix

As shown in Appendix C; = e and Cy = €2 provide a pair of legitimate C;,Co
values. However, this pair of C; and Cy values may be overly conservative. Tight values
of C1 and Cy are not known in general cases [Lerl3| [SV17], and it is also conjectured that
Cy and C} might be independent of dimension [CSS12]. For the rest of the paper, we use
IIfll =1, C; =1, and Cy = 1, which permits cleaner proofs. Our results generalize to cases
where C1, Cy and || f|| are other constant values.

We will work in Euclidean space with the Lebesgue measure. For our purpose, Euclidean
space is as general as doubling spaces, since we can always embed a doubling space into a

Euclidean space with some distortion of metric. This fact is formally stated in Theorem [

Theorem 4. [Ass85]. Let (X,d) be a doubling metric space and s € (0,1). Then (X,d°)

admits a bi-Lipschitz embedding into R™ for some n € N.

In a doubling space, any ball of radius p can be covered by My balls of radius £, where

My, is the doubling constant. In the space (R%,||||o), the doubling constant M, is 2¢. In
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domains of other geometries, the doubling constant can be much smaller than exponential.

Throughout the rest of the paper, we use My to denote the doubling constant.

2.2.3 Problem Setting: BMO Bandits

The goal of a stochastic bandit algorithm is to exploit the current information, and explore
the space efficiently. We focus on the following setting: a payoff function is defined over
the arm space ([0, 1), || - |lmax, #t), where p is the Lebesgue measure (note that [0,1)? is a

Lipschitz domain). The payoff function is:
f:00,1)¥ =R where fe BMO([0,1)% p). (2.40)

The actual observations are given by y(a) = f(a)+E,, where Z, is a zero-mean noise random
variable whose distribution can change with a. We assume that for all a, |£,| < Dz almost
surely for some constant Dg (N1). Our results generalize to the setting with sub-Gaussian
noise [Shall]. We also assume that the expected reward function does not depend on noise.

In our setting, an agent is interacting with this environment in the following fashion. At
each round ¢, based on past observations (ai,y1, - ,a;—1,yi—1), the agent makes a query
at point a; and observes the (noisy) payoff y;, where y; is revealed only after the agent has
made a decision a;. For a payoff function f and an arm sequence aq,as,- - ,ap, we use

0-regret incurred up to time T as the performance measure (Definition .

Definition 4. (§-regret) Let f € BMO([0,1)¢,11). A number 6 > 0 is called f-admissible

if there exists a real number zy that satisfies
u({a € 0,1)7: f(a) > z0}) = 6. (2.41)
For an f-admissible §, define the set FO to be
Fo .= {zER:u({aE 0,1)%: f(a) >z}):5}. (2.42)

Define f0 := inf F. For a sequence of arms Ay, As,---, and o-algebras Fy, Fa,--- where

Fi describes all randomness before arm Ay, define the §-regret at time t as

0 = max{0, f° — E;[f(A))]}, (2.43)
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Figure 2.5: Graph of f(z) = —log(|z|), with § and f° annotated. This function is
an unbounded BMO function.

where K is the expectation conditioned on Fy. The total §-regret up to time T is then

6 . T )
Ry, =%, rf.

Intuitively, the §-regret is measured against an amended reward function that is created
by chopping off a small portion of the arm space where the reward may become unbounded.
As an example, Figure plots a BMO function and its f0 value. A problem defined as

above with performance measured by d-regret is called a BMO bandit problem.

Remark 4. The definition of d-regret, or a definition of this kind, is needed for a re-
ward function f € BMO([0,1)¢, ). For an unbounded BMO function f, the maz value is

infinity, while f° is a finite number as long as 6 is f-admissible.

Remark 5 (Connection to bandits with heavy-tails). In the definition of bandits with heavy
tails [BCBL13, IMY16,|SYKL1S8, [LWHZ19], the reward distribution at a fized arm is heavy-
tail — having a bounded expectation and bounded (1+ 3)-moment (8 € (0,1]). In the case of
BMO rewards, the expected reward itself can be unbounded. Figure[2.5 gives an instance of
unbounded BMO reward, which means the BMO bandit problem is not covered by settings

of bandits with heavy tails.
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A quick consequence of the definition of d-regret is the following lemma. This lemma

is used in the regret analysis when handling the concentration around good arms.
Lemma 2. Let f be the reward function. For any f-admissible 6 > 0, let

S0 = {a e[0,1)%: fla) > f‘;}
Then we have S° measurable and u(S%) = 6.

Before moving on to the algorithms, we put forward the following assumption.

Assumption 1. We assume that the expected reward function f € BMO([0,1)%, ) satisfies

(Foy2 = 0.

Assumption [If does not sacrifice generality. Since f is a BMO function, it is locally-
integrable. Thus ( f>[0,1)d is finite, and we can translate the reward function up or down

such that (f)1ya = 0.

2.2.4 Solve BMO Bandits via Partitioning

BMO bandit problems can be solved by partitioning the arm space and treating the problem
as a finite-arm problem among partitions. For our purpose, we maintain a sequence of
partitions using dyadic cubes. By dyadic cubes of R?, we refer to the collection of all cubes

of the following form:
Qua == {H?Zl {mﬂ_k, mi2 " + 2—’“)} (2.44)

where 1I is the Cartesian product, and mq,--- ,mg,k € Z. Dyadic cubes of [0,1)d is

a:={q€Qpa : qC [0,1)?}. As a concrete example, dyadic cubes of [0,1)? are
Qo,1) Qr y
{[0,1)2,[0,0.5)2,[0.5,1)%,[0.5,1) x [0,0.5),--- }.

We say a dyadic cube @ is a direct sub-cube of a dyadic cube Q' if Q@ C @’ and the

edge length of @)’ is twice the edge length of Q). By definition of doubling constant, for any
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cube @, it has My direct sub-cubes, and these direct sub-cubes form a partition of Q). If Q)
is a direct sub-cube of @), then @’ is a direct super cube of Q.

At each step t, Bandit-BMO-P treats the problem as a finite-arm bandit problem with
respect to the cubes in the dyadic partition at t; each cube possesses a confidence bound.
The algorithm then chooses a best cube according to UCB, and chooses an arm uniformly
at random within the chosen cube. Before formulating our strategy, we put forward several
functions that summarize cube statistics.

Let Q; be the collection of dyadic cubes of [0, 1) at time ¢ (¢ > 1). Let (a1, y1, a2, y2, - ,at, yt)

be the observations received up to time ¢t. We define

e the cube count n; : Q; — R, such that for g € O;
t—1
ne(q) =Y Taseqs Tt(q) := max(1,m(q))- (2.45)
i=1

e the cube average m; : Q; — R, such that for ¢ € 9,

t—1 .
Lot Wl it (q) > 0;
my(q) := .

0, otherwise.
At time ¢, based on the partition Q;_; and observations (a1, y1,a2,y2, " , G—1,Yt—1)s
our bandit algorithm picks a cube (and plays an arm within the cube uniformly at random).

More specifically, the algorithm picks

Q¢ € arg max Ui(q), where (2.47)
Ui(q) :==mu(q) + Hi(q) + J(q), (2.48)
Hy(g) = (U+Dy) ~2 log(2T2/e)7
n(q)
J(q) == [log (u(g)/m)]
¥ :=max {log(T?/¢),2logy(1/n)} , (2.49)

where 7' is the time horizon, Dz is the a.s. bound on the noise, ¢ and 7 are algorithm

parameters (to be discussed in more detail later), and |z], = max{0,z}. Here W is the
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“Effective Bound” of the expected reward, and 7 controls minimal cube size in the partition
Q; (Proposition [5/in Appendix . All these quantities will be discussed in more detail
as we develop our algorithm.
After playing an arm and observing reward, we update the partition into a finer one if
needed. Next, we discuss our partition refinement rules and the tie-breaking mechanism.
Partition Refinement: We start with Qp = {[0,1)?}. At time ¢, we split cubes in

Q;_1 to construct 9, so that the following is satisfied for any q € Oy

Hi(q) > J(q), or equivalently

(V+Dg)v/2108RT2/) o oo |

nt(q) B o

(2.50)

In , the left-hand-side does not decrease as we make splits (the numerator remains
constant while the denominator can only decrease), while the right-hand-side decreases until
it hits zero as we make more splits. Thus can always be satisfied with additional
splits.

Tie-breaking: We break down our tie-breaking mechanism into two steps. In the

first step, we choose a cube Q; € Q;_1 such that:

Q¢ € arg max U(q). (2.51)
q€Qi—1

After deciding from which cube to choose an arm, we uniformly randomly play an arm A

within the cube @;. If measure p is non-uniform, we play arm A;, so that for any subset

S C Qi P(A € 8)= LB

The random variables {(Qy, Ay, Yy )}y (cube selection, arm selection, reward) describe
all randomness in the learning process up to time . We summarize this strategy in Al-
gorithm [3] Analysis of Algorithm [3] is found in Section [2.2.4] which also provides some
tools for handling §-regret. Then in Section we provide an improved algorithm that

exhibits a stronger performance guarantee.
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Algorithm 3 Bandit-BMO-Partition (Bandit-BMO-P)
1: Problem intrinsics: pu(-), Dg, d, M,.

/**u(-) is the Lebesgue measure. Dz bounds the noise./
/**d is the dimension of the arm space./
/**M, is the doubling constant of the arm space./
2: Algorithm parameters: n > 0, € >0, T
/**T is the time horizon. € and 7 are parameters./
3: fort=1,2,...,7T do
4: Let m; and n; be defined as in and ([2.49)).

5: Select a cube ); € Q; such that:
Qq € arg nax U(1),

where U, is defined in ([2.48)).
6: Play arm A; € @; uniformly at random. Observe Y;.

7: Update the partition Q; to Q;11 according to (2.50)).

Regret Analysis of Bandit-BMO-P

In this section we provide a theoretical guarantee on the algorithm. We will use capital
letters (e.g., Q¢, Ay, Y;) to denote random variables, and use lower-case letters (e.g. a,q) to

denote non-random quantities, unless otherwise stated.

Theorem 5. Fiz any T. With probability at least 1 — 2¢, for any 6 > |Qp|n such that § is

f-admissible, the total 0-regret for Algorithm[3 up to time T satisfies

T
> 12 540 (VTIQr]), (2.52)
t=1

where the Sq sign omits constants that depends on d, and |Qr| is the cardinality of Qr.
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From uniform tie-breaking, we have

1
B (40)17] = o / @i =g, (2.53)
Fi=0(Q1, A1, Y1, -+, Qr1, A1, Vi1, Q1) (2.54)

where JF; is the o-algebra generated by random variables Q1, A1, Y1, -+, Q¢—1, As—1, Yi—1, Q¢
— all randomness right after selecting cube Q);. At time ¢, the expected reward is the mean
function value of the selected cube.

The proof of the theorem is divided into two parts. In Part I, we show that some
“good event” holds with high probability. In Part II, we bound the é-regret under the

“good event.”

Part I: Fort <T, and q € Q;, we define

Elq) = {‘<f>q - mt(q)) < Ht(Q)} ; (2.55)
Hy(q) = (U4 Dg)\/210g(2T2/€)

nt(q)

. (2.56)

In the above, & (q) is essentially saying that the empirical mean within a cube g concentrates

to (f) 4~ Lemma (3 shows that Et(q) happens with high probability for any ¢ and q.

Lemma 3. With probability at least 1 — £, the event £(q) holds for any q € Qy at any

time t.

To prove Lemma [3] we apply a variation of Azuma’s inequality [Vu02l, [TV15]. We also
need some additional effort to handle the case when a cube ¢ contains no observations. The

details are in Appendix

Part II: Next, we link the d-regret to the J(q) term.

Lemma 4. Recall J(q) = log(u(q)/n). For any partition Q of [0,1)¢, there exists q € Q,

such that

=, < J(q), (2.57)

for any f-admissible 6 > n|Q|, where |Q| is the cardinality of Q.
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In the proof of Lemma [4], we suppose, in order to get a contradiction, that there is no
such cube. Under this assumption, there will be contradiction to the definition of f°.

By Lemma there exists a “good” cube ¢ (at any time ¢ < T'), such that is true
for ;. Let 0 be an arbitrary number satisfying (1) 6 > |Qr|n and (2) ¢ is f-admissible.

Then under event £(q;),

P=( = (Na) + ((Ng = mul@)) +mu@)
J() + He(@) + me(@), (2.58)

where (D uses Lemma [4 for the first brackets and Lemma [3| (with event &£(g:)) for the

second brackets.

The event where all “good” cubes and all cubes we select (for ¢ < T') have nice estimates,
namely (ﬂthl 5,:(@)) N (ﬂthl Et(Qt)> , occurs with probability at least 1 — 2e. This result

comes from Lemma [3| and a union bound, and we note that &(q) depends on € (and T'),

as in (2.56|). Under this event, from (2.55) we have <f>Qt —m(Q¢)| < Hy(Qy). This and
E53) give us

E[f(A)|F] = (g, = mu(Qi) — He(Qu). (2.59)

We can then use the above to get, under the “good event”,

f2 = E[f(A))|F]
Do) + @)+ I@) - milQ) + Hi(Q)
%)mt(Qt) + Hy(Qu) + J(Qr) — me(Qr) + H(Q1)
=2H:(Q:) + J(Qr) < 3H:(Qy), (2.60)
where (D) uses for the first three terms and for the last three terms, (2) uses

that Up(Qy¢) > Us(qr) since Q¢ maximizes the index U(-) according to (2.51)), and the last

inequality uses the rule (2.50)).
Next, we use Lemma [I] to link the number of cubes up to a time ¢ to the Hoeffding-type
tail bound in (2.60). Intuitively, this bound (Lemma [1|) states that the numbers of points

within the cubes grows fast enough to be bounded by a function of the number of cubes.
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We can apply Lemma [l|and the Cauchy-Schwarz inequality to (2.60|) to prove Theorem
The details can be found in Appendix

2.2.5 Achieve Poly-log Regret via Zooming

In this section we study an improved version of the previous section that uses the Zoom-
ing machinery [KSUOQS8, [SIi14, BMSS11]. Similar to Algorithm [3| this algorithm runs by
maintaining a set of dyadic cubes O;.

In this setting, we divide the time horizon into episodes. In each episode t, we are

allowed to play multiple arms, and all arms played can incur regret. This is also a UCB

strategy, and the index of ¢ € Q; is defined the same way as (2.48):

Ui(q) == me(q) + He(q) + J(q) (2.61)

Before we discuss in more detail how to select cubes and arms based on the above index
U(+), we first describe how we maintain the collection of cubes. Let Q; be the collection
of dyadic cubes at episode t. We first define terminal cubes, which are cubes that do
not have sub-cubes in Q;. More formally, a cube Q) € Oy is a terminal cube if there is no
other cube Q' € Q; such that Q' C Q. A pre-parent cube is a cube in Q; that “directly”
contains a terminal cube: For a cube Q@ € Qy, if @ is a direct super cube of any terminal
cube, we say (@ is a pre-parent cube. Finally, for a cube @ € Oy, if ) is a pre-parent cube
and no super cube of ) is a pre-parent cube, we call () a parent cube. Intuitively, no
“sibling” cube of a parent cube is a terminal cube. As a consequence of this definition, a
parent cube cannot contain another parent cube. Note that some cubes are none of the
these three types of cubes. Figure gives examples of terminal cubes, pre-parent cubes

and parent cubes.

Algorithm Description
(U+Dg)+/210g(2T72 /¢)

log(Mg4/m)

the rules below: (1) Initialize Qo = {[0,1)¢} and [0,1)¢. Warm-up: play nyerm arms

. The collection of cubes grows following

Pick zooming rate o € <0,
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uniformly at random from [0, 1)¢ so that

(U+Dg)+/210g(2T72 /€) > alog (%)

\/nwarm

! (2.62)
(U+Dg)+/210g (2172 /€) M
\/nwao"m‘f'l < Oélog (Td)
(2) After episode t (t=1,2,---,T), ensure
v+D 2log (212 ter
nt(Qter) 7

for any terminal cube Q'". If (2.63) is violated for a terminal cube Q%*", we include the
M, direct sub-cubes of Q" into Q;. Then Q" will no longer be a terminal cube and the
direct sub-cubes of Q" will be terminal cubes. We repeatedly include direct sub-cubes of

(what were) terminal cubes into Q;, until all terminal cubes satisfy (2.63). We choose «

to be smaller than (\IUFDIZO)g”( Aillio/g;?()QTZ/ 9 50 that (2.63) can be satisfied with nt(Q%") = 1 and
H(QT) = 1.

As a consequence, any non-terminal cube QP (regardless of whether it is a pre-parent

or parent cube) satisfies:
(U+Dg)\/21og(217 /)
n (QPeT)

After the splitting rule is achieved, we select a parent cube. Specifically Q; is chosen to

(2.64)

< alog <]de57QmT)> .

maximize the following index:

t € ar max Ui (q).
Q 8 q€Q4,q is a parent cube <q)

Within each direct sub-cube of @y (either pre-parent or terminal cubes), we uniformly
randomly play one arm. In each episode ¢, M, arms are played. This algorithm is summa-

rized in Algorithm []

Regret Analysis: For the rest of the paper, we define

t—1
M, M,
]:t ::0({Qt’7{At’,j}j:dla{y;f’,j}jzdl} 7Qt)a
=1
which is the o-algebra describing all randomness right after selecting the parent cube for

episode t. We use E; to denote the expectation conditioning on F;. We will show Algorithm

achieves O (poly-log(T')) d-regret with high probability (formally stated in Theorem @
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[ |:|Terminal cube Pre-parent cube Parent cube ]

Figure 2.6: Example of terminal cubes, pre-parent and parent cubes.

Algorithm 4 Bandit-BMO-Zooming (Bandit-BMO-Z)

1. Problem intrinsics: pu(-), Dg, d, M,.
/**u(+), Dg, d, My are same as those in Algorithm 3|/

2: Algorithm parameters: n,¢,7 > 0, and o € (0, (‘HDIZ(ZgV( Ajiji(fw/ 9.

/**n, €, T are same as those in Algorithm [3| « is the zooming rate./
3: Initialize: let Qy=[0,1)%. Play warm-up phase (2.62)).
4: for episode t =1,2,...,T do

5: Let my, ny, Uy be defined as in (2.46)), (2.45) and (2.61)).

6: Select parent cube Q; € Q; such that:

Q: € arg max Ui(q).

q€Q4¢, q is a parent cube.

7: for j=1,2,..., M, do
8: Locate the j-th direct sub-cube of Q;: Q3*.

9: Play A, ; € Q;’?“b uniformly at random, and observe Y, ;.

10: Update the collection of dyadic cubes Q; to Q.1 according to (2.63)).
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Let A;; be the i-th arm played in episode t. Let us denote Aii = fi - E[f(Azs)]-

Since each A;; is selected uniformly randomly within a direct sub-cube of @Q;, we have

ZEt f(Ae)] = Ma(f)g, - (2.65)

where E; is the expectation conditioning on all randomness before episode t. Using the

above equation, for any ¢,

ZA = Malf° = ()g,) (2.66)

The quantity ZMO‘ A‘5 is the d-regret incurred during episode t. We will bound 1}
using tools in Section In order to apply Lemma |4 we need to show that the parent

cubes form of partition of the arm space (Proposition .

Proposition 2. At any episode t, the collection of parent cubes forms a partition of the

arm Sspace.

Since the parent cubes in Q; form a partition of the arm space, we can apply Lemma

[ to get the following. For any episode t, there exists a parent cube ¢/"**, such that

PO <P g+ Log (ul(a™™) /) - (2.67)

Let us define &p := (ﬂt 1&g max)) N (ﬂle St(Qt)>, where & (g"**) and &,(Q;) are de-
fined in 1} By Lemma |3| and another union bound, we know the event g’T happens

with probability at least 1 — 2e.

Since each episode creates at most a constant number of new cubes, we have |Q;| = O(t).
Using the argument we used for (2.60), we have that at any ¢t < T, for any § > n|Q;| that

is f-admissible, under event ENT,

My
DAY =My (f5 — (f>Qt> (2.68)
=1
(U4 Dg)\/210g(2T72/€) o Map(Qr)
= (2 (M >>
<My(1 + 2a) log (M‘“;(Qt)) , (2.69)

47



where ([2.68)) uses (2.66)) and the last inequality uses (2.64]).

Next, we extend some definitions from Zooming bandit for Lipschitz functions [KSUO§],

to handle the J-regret setting. Firstly, we define the set of (A, d)-optimal arms as
250 = (1@ 10,117 £ = (g < A}). (2.70)

We also need to extend the definition of zooming number [KSUO§| to our setting. We
denote by Ns(\, &) the number of cubes of edge-length £ needed to cover the set Xjs(\).

Then we define the (§,n)-Zooming Number with zooming rate « as

]ng,a:: sup N(g((l + 2a) log (Md)\d/n) ,)\) ) (2.71)

A€ (né ,1}

where N(;((l + 2a) log (Md)\d/n) ,)\) is the number of cubes of edge-length A needed to
cover Xs5((1 + 2a)log(MyA?/n)). The number Né,n,a is well-defined. This is because the
Xs((1+2a) log(MgA\%/n)) is a subspace of (0, 1]¢, and number of cubes of edge-length > 77%
needed to cover (0,1]¢ is finite. Intuitively, the idea of zooming is to use smaller cubes to
cover more optimal arms, and vice versa. BMO properties convert between units of reward
function and units in arm space.

We will regroup the A;; terms to bound the regret. To do this, we need the following
facts, whose proofs are in Appendix

Proposition 3. Following the Zooming Rule , we have

(U+Dg)? 1og(2T2 /€)
a?[log(p/n)]?

1. FEach parent cube of measure p is played at most 2 episodes.

2. Under event gT, each parent cube Q; selected at episode t is a subset of
Xs (1 + 2a) log (Map(Q1) /m)) -

For cleaner writing, we set 7 = 2~ for some positive integer I, and assume the event
é‘VT holds. By Proposition 3} we can regroup the regret. Let K; be the collection of selected

parent cubes such that for any Q € K;, u(Q) = 2% (dyadic cubes are always of these
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sizes). The sets K; regroup the selected parent cubes by their size. By Proposition 3] (item
2), we know each parent cube in K; is a subset of X5 ((1 + 2a) log (M427%/n)). Since cubes
in IC; are subsets of X5 ((1+ 2a)log (My2~%/n)) and cubes in K; are of measure 27%, we

have
K| < Nj ((1 +2a) log (Mdrdi /n) ,2%‘) , (2.72)

where |KC;| is the number of cubes in ;. For a cube @Q, let Sg be the episodes where @ is

played. With probability at least 1 — 2¢, we can regroup the regret as

T My T
S ODTAY <D (14 20) Mylog (Mapu(Q:) /) (2.73)
t=1 i=1 t=1
I-1
3 3T (14 2a)Mylog (Md2—di /77) : (2.74)

i=0 QeK; teSq

where (2.73) uses (2.69)), (2.74]) regroups the sum as argued above. Using Proposition
we can bound (2.74) by:

-1
Z Z Z (1 + 2a) My log (Md2_di/77)

i=0 QEIC- teSq

I .
M2~ 4
§ > " [Sql(1+ 20)Mylog ( dn >

=0 Qek;
D2 20 + Dy og1/9
C 00ek, o [log (27 di /y))?

M27di
-(1+2a)Mdlog< d >

"
-1

< Z Nj ((1 + 2a) log <Md2_di/77) 72_di>
=0

2(U + Dg)?log (272 /¢)

a? [log (2-% /n)]?
20+ Qa)Md(\I/ + Dg)? Ny
= )T,

(2.75)

(2.76)

M Qfdi
(1 4+ 2a) My log ( d )

I 1
2 log(Mg2~ dz/ﬁ)
HosT Z [log(2-i /n)]*’

where (1) uses item 1 in Proposition (3, (2.76) uses (2.72). Recall n = 274 for some
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positive integer I. We can use the above to prove Theorem @ by using n = 2= and
log (Mg2~ d’/n) = log My =
=2 +2

2—di

 llog(2-i/m))* = |:10g 9-di ] 2T 2 o
n
-1 -1
o log Md ;
= Zz; d2 (log 2)* (I —i)2 + iz(; Aoz 2)(T 1) (2.77)
=0(1)+ 0O (logl),
=0 (loglog(1/n))

where the first term in (2.77) is O(1) since Y 32, % = O(1) and the second term in ([2.77)

is O (log I) by the order of a harmonic sum. The above analysis gives Theorem @

Theorem 6. Choose positive integer I, and let n = 2714 For e > 0 and t < T, with
probability > 1 — 2¢, for any § > |Qi|n such that § is f-admissible, Algorithm |j| (with

zooming rate «) admits t-episode §-regret of:

142 T
(’)( —; aMd\IJQN(;nalog< >loglog(1/7y)> (2.78)

where ¥ = O (log(T'/e) + log(1/n)), N(gyma is defined in , and O omits constants.
Since each episode plays My arms, the average d-regret each arm incurs is independent of

M,.

When proving Theorem EI, the definition of N(;?ma is used in 1} For a more refined

bound, we can instead use

N&n?a:: sup N5<(1 + 2a) log (Md)\d/n) ,)\> ,
)\G(lmin,l]

where [yin is the minimal possible cube edge length during the algorithm run. This replace-
ment will not affect the argument. Some details and an example regarding this refinement
are in Appendix

In Remark@7 we give an example of regret rate on f(z) = 2 log = x € (0, 1] with specific

input parameters.
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Figure 2.7: Algorithms andon Himmelblau’s function (left) and Styblinski-Tang
function (right). Each line is averaged over 10 runs. The shaded area represents one
variance above and below the average regret. For the Bandit-BMO-Z algorithm, all
arms played incur regret, and each episode has 4 arm trials in it. In the figures,
Bandit-BMO-Z; (resp. Bandit-BMO-Pjy) plots the o-regret (6 = 0.01) for Bandit-
BMO-Z (resp. Bandit-BMO-P). Bandit-BMO-Z; (resp. Bandit-BMO-P;) plots the
traditional regret for Bandit-BMO-Z (resp. Bandit-BMO-P). For Bandit-BMO-P
algorithm, we use € = 0.01, n = 0.001, total number of trials 7" = 10000. For Bandit-
BMO-Z algorithm, we use a = 1, ¢ = 0.01, n = 0.001, number of episodes T" = 2500,
with four arm trials in each episode. Note that we have plotted trials (arm pulls)
rather than episodes. The landscape of the test functions are in Figure .

Remark 6. Consider the (unbounded, BMO) function f(z) = 2log2, z € (0,1]. Pick
T > 20. For somet < T, the t-step d-regret of Algom'thm is O (poly-log(t)) while allowing
0=0(1)T) andn =0 (1/T4). Intuitively, Algorithm gets close to f° even if fO is very

large. Details of this example can be found in Appendiz[A7

2.2.6 Experiments

We deploy Algorithms [3] and [4] on the Himmelblau’s function and the Styblinski-Tang
function (arm space normalized to [0, 1)2, function range rescaled to [0, 10]). The results are
in Figure We measure performance using traditional regret and J-regret. Traditional

regret can be measured because both functions are continuous, in addition to being BMO.
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Figure 2.8: Landscapes of test functions used in Section Left: (Rescaled)
Himmelblau’s function. Right: (Rescaled) Styblinski-Tang function.

Discussion on Lower Bounds

A classic trick to derive minimax lower bounds for (stochastic) bandit problems is the
“needle-in-a-haystack.” In this argument [Aue02], we construct a hard problem instance,
where one arm is only slightly better than the rest of the arms, making it hard to distinguish
the best arm from the rest of the arms. This argument is also used in metric spaces
[KSUO8, LWHZ19]. This argument, however, is forbidden by the definition of J-regret,
since here, the set of good arms can have small measure, and will be ignored by definition.

Hence, we need new insights to derive minimax lower bounds of bandit problems measured

by d-regret.

2.2.7 Conclusion

We study the bandit problem when the (expected) reward is a BMO function. We develop
tools for BMO bandits, and provide an algorithm that achieves poly-log d-regret with high
probability. Our result suggests that BMO functions can be optimized (with respect to

0-regret) even though they can be discontinuous and unbounded.
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Chapter 3

Bandit Learning with Random Walk
Feedback

3.1 Introduction

Multi-Armed Bandit (MAB) problems simultaneously call for exploitation of good options
and exploration of the decision space. Algorithms for this problem find applications in
various domains, from medical trials [Rob52] to online advertisement [LCLS10]. Many

authors have studied bandit problems from different perspectives.

In this paper, we study a new bandit learning problem where the feedback is depicted
by a random walk over the arms. That is, each time an arm/node i is played, one observes
a random walk over the arms/nodes from i to an absorbing node, and the reward is the
length of this random walk. Such feedback structure may show up in different scenarios.
One concrete motivation is the browsing behavior of internet users within a certain web
domain. Specifically, one may view a user’s browsing record as a random walk. Web pages
within a web domain are viewed as graph nodes. The user transits to another node when
she opens another page in this domain. This random walk ends (hits an absorbing node)
when the user exits the domain. In this learning setting, we want to carefully select which
nodes to initialize the random walks (e.g., recommend an entrance to a web domain), so
that the hitting time to the absorbing node (e.g., profit from users’ browsing) is maximized.

We therefore ask the following question:

In a graph with an absorbing node, if we can select the initial node to seed a random
walk and observe the random walk trajectory, how should we select the initial nodes, so that

the random walks are as long-lasting as possible? (P)
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We study this problem from an online learning perspective. To be more precise, we
consider the following model. The environment is modeled by a graph G = (V, E), where
V consists of transient nodes [K]| := {1,2,..., K} and an absorbing node *. Each edge
ij (i € [K],j € [K]U {*}) can encode two quantities, a transition probability from i to
j and the distance from ¢ to j. For ¢t = 1,2,...,T, we pick a node to start a random
walk, and observe the random walk trajectory from the selected node to the absorbing
node. For each random walk, we use its hitting time (to the absorbing node %) to model
how long-lasting it is. With this formulation, we can define a bandit learning problem
for the question (P). Each time, the agent picks a node in G to start a random walk,
observes the trajectory, and receives the hitting time of the random walk as reward. In
this setting, the performance of learning algorithms is typically measured by regret, which
is the difference between the rewards of an optimal node and the rewards of the nodes
played by the algorithm. Unlike standard multi-armed bandit problems, the feedback is
random walk trajectories and thus reveals information not only about the node played, but
the environment (transitions/distances among nodes) as well. This new feedback structure

calls for new insights on learning with graph random walk feedback.

We start with a stochastic version, where the graph G is fixed and unknown. In-
triguingly, we observe that the this problem can be simultaneously be almost as hard as a
standard MAB problem, and much easier than a standard MAB problem. More specifically,
there exists a difficult problem instance on which the following two facts simultaneously
hold: 1. No algorithm can achieve a regret bound independent of problem intrinsics infor-
mation theoretically; and 2. There exists an algorithm whose performance is independent
of problem intrinsics in terms of tail of mistakes. This reveals an intriguing phenomenon
in general semi-bandit feedback learning problems.

Then we study an adversarial version, where the edge lengths in graph G change ad-
versarially over time. This setting takes care of changing environments, which can model
the potential change of users’ preference. We develop a novel variant of the exponential

weight algorithm [LW94, [ACBFS02] for the adversarial formulation, and provide a new
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concentration bound in Lemma[9] In such problems, the adversary does not directly chose
reward. Instead, they change rewards by specifying the underlying distribution from which
the hitting times are sampled. A high probability regret of order O (\/ﬁ) is proven, where
k depends on the graph structure, instead of number of options.

The lower bound introduces several novel insights compared to regular bandit lower
bounds, since our events are from a more difficult sample space. Intuitively, the sample
space describes how much information the feedback can carry. If we execute a policy 7
for T epochs on a problem instance, the sample space is then ( }OLOZIBh)T, where B is the
space of all events that a single step on a trajectory can generate. For example, if all edge
length can be sampled from [0, 1], then B = [0, 1] U [K], since a single step on a trajectory
might be any node, and the corresponding edge length may be any number from [0, 1].
In this case the sample space of simple epoch is UZ":lBh, where the union up to infinity
captures the fact that the trajectory can be arbitrarily long. One can quickly note that this
sample space (U;’le ([0,1] U [K])h>T is difficult. Indeed, the set U3 [0, 1]" contains much
richer information that of standard MAB problems, which is [0, 1]¥ for some finite H. This
richer sample space means that: each feedback carries much more information and thus our
problem can be strictly easier than a standard MAB. However, the information theoretical
lower bounds for our problem are of order Q (\/T) In other words, we prove that even
though each trajectory carries much more information than a reward sample (and has a
chance of revealing all information about the environment when the trajectory is long), no
algorithm can beat the bound O <\/T>

In terms of applications, many other scenarios also fit in our model. For example, our
model can also describe the browsing over items (e.g., videos, news articles, commodities)
in mobile apps. In this case, items are modeled as nodes in a graph, in which tapping a
node leads to a transition to another node, and closing the mobile app means hitting an
absorbing node. We may also want to prolong the browsing activity in this case. Many
other recommendation system applications follow a similar structure.

In summary, our major contributions are
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1. We propose a new bandit learning problem motivated by real-world problems with

random walk structures, and provide algorithmic solutions to such problems.

2. We observe that in the stochastic setting, this problem can simultaneously be much
easier than a standard MAB and as hard as a standard MAB. In fact, a single problem

instance can simultaneously display these two properties.

3. We prove lower bounds for this problems in a random walk trajectories sample space.
Our results show that, although random walk trajectories carry much more informa-

tion than reward samples, the additional information does not simplify the problem.

4. We design a new algorithm for the adversarial setting, and provide a high probability
bound depending on the graph structure instead of number of options. This bound

improves previous counterparts of our adversarial model.

3.1.1 Related Works

Bandit problems date its history back to at least [Tho33|], and have been studied extensively
in the literature. One of the the most popular approaches to the stochastic bandit problem is
the Upper Confidence Bound (UCB) algorithms [Rob52, LR85 [Aue(2]. Various extensions
of UCB algorithms have been studied [SKKS10al [AYPST1l,[AG12| BS12)[SS14]. Specifically,
some works use KL-divergence to construct the confidence bound [LR85, [GC11, IMMS11], or
include variance estimates within the confidence bound [AMS09, [AO10]. UCB is also used
in the contextual learning setting (e.g., [LCLS10l, [KO11], [Sli14]). Parallel to the stochastic
setting, studies on the adversarial bandit problem form another line of literature. Since
randomized weighted majorities [LW94], exponential weights remains a top strategy for
adversarial bandits [ACBFS95, (CBFH"97, [ACBFS02]. Many efforts have been made to
improve/extend exponential algorithms. For example, [KNVMI14] target at implicit vari-
ance reduction. [MS11, [ACBGM13] study a partially observable setting. Despite the large
body of literature, no previous work has, to the best of our knowledge, explicitly focused

the question (P). Specifically, if one applies vanilla bandit algorithms without using the
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graph structure. The regret bound would depend on the number of options (arms/nodes).

This may be much worse than a environment-dependent bound.

For both stochastic bandits and adversarial bandits, lower bounds in different scenar-
ios have been derived, since the O(logT') asymptotic lower bounds for consistent policies
[LR85]. Worst case bound of order O(v/T) have also been derived [ACBFS95] for the
stochastic setting. In addition to the classic stochastic setting, lower bounds in other
stochastic (or stochastic-like) settings have also been considered, including PAC-learning
complexity [MT04], best arm identification complexity [KCG16l [CLQI17], and lower bounds
in continuous spaces [KSUOS]. Lower bound problems for adversarial bandits may be con-
verted to lower bound problems for stochastic bandits [ACBFS95] in many cases. An
intriguing lower bound beyond the expected regret is the high probability lower bound of
order O (\/T) by [GL16].

For the adversarial setting, the Stochastic Shortest Path (with adversarial edge length)
[BT91, RM20] and the online MDP problems [EDKM09, [GNSAT0, [DGS14, lJJL719] are
related to our problem. However, our algorithm achieves better regret rate than the previous
results. In particular, our regret bound depends on the connectivity of the transition graph,

instead of number of nodes/states/arms.

Another related setting is bandit with side information [MS11l,[ACBDK15, ACBG™17].
In such problems, playing a node reveals information about other nodes, where the feedback
structure is governed by an observation graph. Such problem assumes that the observation
graph is revealed, either before or after the player has made a decision. In our setting,
however, and the observation model is unknown and needs to be learned. Very importantly,
our setting has much more randomness than that for bandit with side information and is
harder in a statistical sense; See Section for more discussion.

While bandit problems have been studied in different settings using various techniques,
no prior works, to the best of our knowledge, focus on answering the important question
(P). Our paper provides a comprehensive answer to this important class of problems (P)

for propagation over graphs.
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3.2 Problem Setting

In this section, we formulate the problem and put forward notations and definitions that will
be used throughout the rest of the paper. The learning process repeats for 1" epochs and the
learning environment is described by graphs G, Ga,...,Gr for epochs t =1,2,...,T. The
graph G, is defined on K transient nodes [K] = {1,2,..., K} and one absorbing node de-
noted by . We will use V = [K] to denote the set of transient nodes, and use V := [K]U{x}

to denote the transient nodes together with the absorbing node. On this node set ‘7, graph

Gt encodes transition probabilities and edge lengths: G; := <{mij}z‘ev,je\7’ {lz(;)}iev,jef/»
where m;; is the probability of transiting from 7 to j and lg-) € [0,1] is the length from i
to 7 (at epoch t). We gather the transition probabilities among transient nodes to form a

transition matrix M = [m;l; je(x]. We make the following assumption about M.

Assumption 2. The transition matriz M = [mjl; je(x) among transient nodes is prim-
itive. [l In addition, there is a constant p, such that |[M|le < p < 1, where | Mo =

maX;e (k] >_jek] |Mij| 15 the mazimum absolute row sum.

In Assumption [2] the primitivity assumption ensures that we can get to any transient
node v from any other node state u. The infinite norm of M being strictly less than 1 means
that the random walk will transit to the absorbing node starting from any node (eventually
with probability 1). This describes the absorptiveness of the environment. Note that this
infinite norm assumption can be replaced by other notions of matrix norms.

Playing node j at epoch ¢ generates a random walk trajectory Py ; := (Xt(fb), ngl) , Xt(’jl),
LEQ, Xt%) cen Lg}h’j, Xff}lt’j), where Xt(?b) = j is the starting nodes, Xt(,%m = % is the

()

ti

from Xt(?_l to Xt(?

is the ¢-th node in the random walk trajectory, LY) is the edge length

absorbing node, X N

, and H; ; is the number of edges in trajectory P; ;. For simplicity, we
write Xt(? (resp. LE?Z)) as X¢; (resp. L¢;) when it is clear from context.

For the random trajectory P ; := (Xt,07 Ly, Xen, Lo, Xio,. .. ,Ltythj,Xtythj), the

LA matrix M is primitive if there exists a positive integer k, such that all entries in M* is positive.
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length of the trajectory (or hitting time of node j at epoch t) is defined as

Hy;

L(Prj) = ZLt,i- (3.1)
i=1

Here we use the edge length to represent the reward of the trajectory. In practice, the edge
lengths may have real-world meanings. For example, the out-going edge from a node may
represent utility (e.g., profit) of visiting this node. At epoch ¢, the agent selects a node
J¢ € [K] to initiate a random walk, and observe trajectory Py, j,. In stochastic environments,
the environment does not change across epochs. Thus for any fixed node v € [K], the

random trajectories Pi y, P2y, P30, ... are independently identically distributed.

We also define a notion of centrality that will be used later.

Definition 5. Let X, X1, Xo,...,X; = % be nodes on a random trajectory. Under As-

sumption (9, we define, for node v € [K],

b= min P(ve{X1,Xo ..., X} X0 =
@ uE[III(l]le}L?éU (U { ! 2 }’ 0 U)

to be the hitting centrality of node v. We also define o = min,, ay,

Hitting centrality of a node v is how likely it is visited by a trajectory starting from
another node. In non-absorptive (and ergodic) Markov chains, the hitting centrality of any
node is 1. This quantity is less than 1 for networks with absorbing nodes. The hitting

centralities describe the connectivity of the transition graph.

3.3 Stochastic Setting

In the stochastic setting, the graphs G; do not change across epochs. To solve this problem,
one can estimate the expected hitting times p; := E[L(P; ;)] for all nodes j € [K]| (and
maintain a confidence interval of the estimations). As one can expect, the random walk
trajectory reveals more information than a sample of reward. Naturally, this allows us to

reduce this problem to a standard (stochastic) MAB problem.
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3.3.1 Reduction to Standard MAB

Recall Py j, = (Xt,o,Lt,hXt,h .. ,Lt,Hth,XtyHt’Jt) is the trajectory at epoch t. For a
node v and the trajectories P1 s, P2 75, P3.Js, - - -, let ky; be the index (epoch) of the i-
th trajectory that covers node v. Let Y, , be the sum of edge lengths between the
first occurrence of v and the absorbing node * in trajectory k,;. One has the following

proposition due to Markov property.

Proposition 4. In the stochastic setting, for any nodes v € [K|, we have, for Vt,i €

N+,\V/7“ eR
P (Yok,, =7) =P(L(Pro) =7). (3.2)

Proof. In a trajectory Py j, = (Xt,o, L1, Xea,..., Lo, Jt’Xt,Ht Jt)’ conditioning on X;; =

j being known (and no future information is revealed), the randomness generated by

Liit1, Xt iv1, Lt iy, Xiit2,. .. is identical to the randomness generated by L 1, X1, Lt 2, X2, . ..

conditioning on X; g = j being fixed. Note that even if each trajectory can visit a node
multiple times, only one hitting time sample can be used. This is because extracting multi-
ple sample would break Markovianity, by revealing that the random walk will visit a same

node again. O

For a node v € [K], we define

Ny(v):=1VY Tyopy  NF(u)=1v) Iruep, .| (3.3)

s<t s<t
where a V b = max{a,b}. In (3.3), N¢(v) is the number of times node v is played, and

N;"(v) is the number of times node v is covered by a trajectory.

As Proposition (] suggests, number of times a node is visited linearly accumulates with

number of epochs t. We state this observation below in Lemma
Lemma 5. For any v € V and a positive integer t
)\2
P(Nt+(v) — Ny(v) — ap (t — Ny(v)) > —A) < exp (—2> . (3.4)
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Proof. Recall Py, = (Xt’(],Ltyl,XtJ,Lt’g,Xt’Q, ... ,Lt,Ht’Jt,Xt’thJ) is the trajectory for
epoch t and Xj o is the node played at epoch i. For a fixed node v € V/, consider the random
variables {H[vEPt,Jt\ {X00)] }t, which is the indicator that takes value 1 when v is covered in

path P; j, but is not played at ¢. From this definition, we have

t
ZH[UEPk,Jk\{Xk,O}] - Nt+ (v) = Ne(v).
k=1

From definition of «,,, we have

t

Zﬂ[ven\{xk,o}]] > oy (t—E[N(v)]).

k=1

E [N, (v) = N¢(v)] =E

Thus by one-sided Azuma’s inequality, we have for any A > 0,

P(Nj(v) ~ Ny(v) — e (t — Ny(v)) > —)\) < exp (-i) : (3.5)

By Proposition |4| and Lemma |5, the information about the node rewards (hitting time
to absorbing node) accumulates linearly as we play. Thus solving the problem is not
hard: one can extract the hitting time estimates and deploy a UCB algorithm based on it.
However, some information is lost when we exact hitting time samples, since trajectories
also carry additional information (e.g, about graph transition) but we only exactly hitting

time samples. Thus the intriguing questions to ask are:

1. How much easier is this problem than its standard MAB counterpart? (Q1)

2. Is a reduction to standard MAB optimal? Do we give up too much information by

only extracting hitting time samples from trajectories? (Q2)

The answers to (Q1) and (Q2) are intriguing as we show in Sections [3.3.2 and [3.3.2]

In fact, the problem can be much easier than a standard MAB and as hard as a standard
MAB at the same time (Theorems m and , and exacting hitting time samples does not

give up critical information (Theorem .
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3.3.2 Is this Problem Much Easier than Standard MAB?

We compare our problem with the standard MAB, in a setting where the time horizon T'
is fixed and the transition graph is loosely connected. In such situations, two seemingly
contradictory facts can simultaneously hold: 1. the problem is significantly easier than the
standard MAB, particularly in a distributional sense. 2. the problem can be as hard as
the standard MAB problem information-theoretically. Below, we study item 1 in Section
study item 2 in Section and highlight the intriguing observations in Remark
Also, an answer to (Q2) is provided via Theorem |8/ in Section m, which is, no critical

information is lost even if we only exact hitting time samples.

This Problem Can Be Much Easier than Standard MAB

Our problem is easier than the standard MAB problem, not only in terms of expected regret,
but also in a distributional sense. More specifically, the “tail-of-mistakes” (Theorem [7]) of
the UCB algorithm decays very fast, even if the connection is loose. Next, we state the
UCB algorithm using our notations, and present a new tail-of-mistakes bound.

For a transient node v € [K| and n trajectories (at epochs ky 1, ky 2, ..., kyrn ) that cover

node v, the hitting time estimator of v is computed as
~ 1<
Dy =~ z; Yo koo (3.6)
1=

Since v € Py, Yyk,, is an identical copy of the hitting time £ (P;,) (Proposition .
For , one can also use robust mean estimators [BCBL13|, but a plain mean estimator
is sufficient for the purpose of this paper.

We also need confidence intervals for our estimators. Given N, (v) trajectories covering

v, the confidence terms (at epoch t) are

& _ [8&logt
0= | N

log(1—p) + 5logt
log p log1/p [~

where & = max {1 + (lfp)Q,
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At each time t, we play a node J; that maximizes the UCB index, Zu,Nj(u) + éNj(u),t'

This strategy is described in Algorithm [5] In a distributional sense, the UCB algorithm’s

Algorithm 5
1: Input: A set of nodes [K]. Parameters: a constant p that bounds the spectral

radius of M.
2: Warm up: Play each node once to initialize. Observe trajectories.

3: For any v € [K], define the decision index

LNt = Zontw) T Onet o) (3.7)
4: fort=1,2,3,... do
5: Select J; to start a random walk, such that
Jy € arg max Ly NF )0 (3.8)

with ties broken arbitrarily.
6: Observe the trajectory Py, := {Xt,07 Ly, Xia, Lias Xeos o Lowy o, Xeh, }

Update N, (-) and decision indices for all v € [K].

tail decay very fast, even if «,, is only slightly positive. This is summarized in Theorem

Theorem 7 (Tail of Mistakes). Fiz any B € (0, %) For a sub-optimal node v, define

Kinw 1= minteN{ /% < ;AU}, where A, = min;e (x| Hj — fo 18 the optimality
opt—

gap. For any sub-optimal node v, and x, T > Kyin v, we have

P (Nr(v) > 2) S ~——

3 A
(1+ ay)x Ay/aylogl/p

—A, m) + Kxexp (—332'8> .
(3.9)

In particular, one has P (Np(v) > z) < L

< W < 53 by omitting terms of exponentially

smaller order.
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1

Proof. For any positive integer u, and 5 € (0, 5), consider event

Eup = {N;r(v) — Nt (v) = (t — N¢(v)) vy > —t%J“B, for all t > w and all v € V} )

By Lemma |5 and a union bound, we have P (&£, 3) > 1 — K Y ;2 exp (—um) > 1-—
Kz exp (—2%7). Under event &, 3, at any time ¢ € [u, T], we have N, (v) > at — t2+8 for
allv e V.

We define an “alternative” index at time ¢ by:

= Sft logt
Ii/f,t = Zv,Nj'(v) + ot a8 (3.10)
V ot —

By Lemma [5, we know I, , > I NF ().t with high probability.
Fix g € (0, %) For any 7 € R, any positive integer w, and any sub-optimal node v, we

have

{NT(U) < w} <:{I{]7t <rtforallte [w,T]} NEwpsN {Iygs,sﬂv > 7 for all s € |apw — w%+B,T} } .
(3.11)
This is because (3.11]) ensures that after time w, the index of node v is always lower than

the index of node v*.

By taking the contrapositive of (3.11)), we have, for arbitrary 7 € R,

{Nr(v) >w} = {3t € wT] st.I,, >7}U {Els € [avw - w%‘m,T st Ly 5 s < 7'} U &w g

(3.12)

By taking probability on both sides of (3.12), we get, for any 7 € R and w € N, we have

T T
P(Nr()>w) <Y P(I,>7)+ Y P(leswrs <7)+P(Eup).
t=w

1
S=Q,w—w 2 +B

By taking 7 = E [Z,+], and w = z, we get

T T
P(Nr(v) > ) S S P(I, >ElZe) + > Pllrsuwts SE[Ze]) + Kzexp (—a?).
t=x

1
S=Qu,r—x2 +B

(3.13)
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For t > x > Kin,w, we have

logt 1
Selost 1y, (3.14)
apt — 28 T 2

Under event &, ¢, we have Nt+ (v) > a,t — t2+8. Thus we have

/ _ = [ 8&logt
IP) (Iv,t > E [Z’U*]) - ]P) (Z’U,N;r(v) + avt _ t%+ﬂ > E [Z’U] + AU

- 1
<P (ZMNN) >E[Z,)] + 2AU>

@ (Azu ok

N (v)log1
< Nt+(v)>,3exp —A, Ny (v)log1/p
P

10

&) 21—
8p 10

where (I) uses Lemma [14] (in Appendix [B.1.1]), and (2) again uses Lemma

The above gives

AZ(1—p)? [ oyt log 1
ZIP’ (I, >E[Z Zmax{?)exp( (8p r) t),Bexp <—AU W)}

Jz
< vr — Ay ayzlogl/p). 3.15
S A %logl/peXp( Vo log /p) (3.15)

Also by Lemma we have

P(Iyssin > E[Z0]) = P (Z) +Cyusu > E [ZU*]) < (u+s)™t

This gives

e} [e.e]

Z P (Iv*,s,s+u > E [Zv*]) = Z P (Zv*,s + 6s,s+u > E [ZU*])

s=ayr—a28 s=ayr—128

[e.9]

< > (@te™

s=a,r—1x28

1

< Atan) (3.16)

Collecting terms from (3.13)), (3.15)), (3.16)), and rearranging concludes the proof.
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This Problem Can Be as Hard as Standard MAB

The problem can be at the same time as hard as a standard MAB, as noted below in
Theorem [8| Also, this result gives an answer to (Q2): Even if only extracting hitting time
samples loses information, no algorithm can perform better than simply extracting hitting

time samples.

Theorem 8. For any given T and any policy 7, there exists a problem instance J satisfying
Assumption@ such that, for any €,0 € (0, i), the T step regret of m on instance J is lower
bounded by

(2¢+0 (62) +0 (652)) T exp (—8T (62 +0 (63) +0 (625))) . (3.17)

In particular, setting € = iT*1/2 and 6 = O (61/2) gives that there exists a problem

instance such that the regret of any algorithm on this instance is lower bounded by ) (\/T)

N

/

o 5+e/3

N

Figure 3.1: Problem instances constructed to prove Theorem . The edge labels

denote edge transition probabilities in J/J'.

Proof. We construct two “symmetric” problem instances J and J’ both on two transient
nodes {1,2} and one absorbing node *. All edges in both instances are of length 1. We

use M = [myj] (vesp. M’ = [mj,]) to denote the transition probabilities among transient

: 6

1) %—i—e

nodes in instance J (resp. J'). We construct instances J and J' so that M =
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1
5 + € 5
1
o 3
(transpose with respect to the anti-diagonal) of M.

and M' = , as shown in Figure |3.1} In other words, M’ is the anti-transpose

We use Z, (resp. Z,,) to denote the random variable £ (P;,) in problem instance J

(resp. J'). Then we have

E[Z E|[Z E[Z] E[Z]
z| el s e,
E[Z] E [Z] E[Z)) E 7))
where 1 is the all-one vector. Solving the above equations gives, for both instances J and

3, the optimality gap A is
A= |E[Z)] - E[Z]| = 2¢ + O () + O (%) . (3.18)

Let m be any fixed algorithm and let T' be any fixed time horizon, we use P3, (resp.

Py ) to denote the probability measure of running 7 on instance J (resp. J') for T' epochs.
Since the event {J; = 1} (¢ < T) is measurable by both Pj. and Py ,, by the

Bretagnolle-Huber inequality we have
1
Pyn(Je = 0) + Py r(Je =1) = 5 exp (=D (Py < ||Py 1)) (3.19)

where we use Pinsker’s inequality for the last inequality.
Let Q; (resp. Q)) be the probability measure generated by playing node ¢ in instance

J (resp. J'). We can then decompose Py . by

Py = QpP(Ji|m) QrP(Jo|m, J1) - Qu P(Jr|m, Ji, Ja, . .., Ji—1),

Psl’ﬂ- = thP (J1|7T) f]z]P)(J2|7T, Jl) e {]TIP)(JT|7T, Jl, JQ, ceey thl)-
By chain rule for KL-divergence, we have

Dkr(Pyx|Pyx) = Y P(Ji|m)Drr(QnllQ),)
J1e{1,2}

T
"’Z Z P(Jy|m, Ji, -+, Ji—1) D (Q1,11Q7,)- (3.20)

t=2 J,e{1,2}
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Since the policy must pick one of node 1 and node 2, from nonnegativity of KL-

divergence and (3.20) we have

T 2

Drr(P3xllPy-) <D Drr(Qi]Q0), (3.21)

t=1 i=1
which allows us to remove dependence on policy .

Next we study the distributions Q;. With edge lengths fixed, the sample space of this
distribution is U2, {1, 2}", since length of the trajectory can be arbitrarily long, and each
node on the trajectory can be either of {1,2}. To describe the distribution Q; and Q, we
use random variables X, X1, Xo, X3,--- € {1,2,*} (with Xy = i), where X}, is the k-th

node in the trajectory generated by playing i.

By Markov property we have, for i,j € {1, 2},
Qi (Xit1, Xit2, - [ Xp =) = Q5 and  Q (Xjpp1, Xppyo, ... [Xj = j) = Q),  Vk €N,

In words, conditioning on k-th node being j, the distribution generated by subsequent

nodes are the same as Q;.
Note we can decompose Q; by Q; = Q;(X1)Q;(X2, X3s,...,|X1). Thus by chain rule of
KL-divergence, for i € {1,2}, and j # 1,

Drr(9:] Q)
=D, (Qi(X1)]|Qi(X1))

+ Z Qi(X1 = 21)Dgr(Qi(Xo, X3, -+ | X1 = 1) || Q5 (X2, X3, - | X1 = 1))
x1€{1,2}

=Drr(Qi(X1)1Qi(X1)) + Qi(X1 = i) Drr(Qil| Q) + Qi(X1 = j) Dk (Q11Q)),  (3.22)

where the last step uses the Markov property.
Since D (Qi(X1)[Q4(X1)) = 262 + O (€%) + O (¢26) for i € {1,2}, the above (Eq.
3.22) gives

Dk (Qi]|Q) = 4€* + O (¢*) + O (%) . (3.23)
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Combining (3.21)) and (3.23) gives

Dir (P32||Py <) < 8T (¢ + O (€%) + O (%)) . (3.24)

Let Reg(T) (resp. Reg/(T)) be the T epoch regret in instance J (resp. J').
Recall, by our construction, node 1 is suboptimal in instance J and node 1 is optimal

in instance J'. Since the optimality gaps in J and J’ are the same (Eq. , we have,

T
Reg(T) + Reg/(T) = A" (Pyr (Ji = 1) + Pyr (J: = 0) )
t=1

1
> 5 AT exp (=Dkr(Py+ Py ) (by Eq.
> S ATexp (8T (& + 0(&) + 0 () (by Eq.
> (2e+ O (¢*) + O (e6*)) Texp (—8T (2 + O (¢*) + O (%)) .

(by Eq. [3.18)

Now, we set € = iT*1/2 and 6 = O (61/2), and get exp (—8T (62 + 0 (63) + 0 (626))) e
O(1). In this case,

Reg(T) + Reg!(T) 2 VT +O(1),

which concludes the proof.

We explain in Remark (7| why the above results (Theorems [7| and [8) are intriguing.

Remark 7. Pick a small number € > 0 and fix a time horizon T = © (}4) Consider the
instance shown in Figure with § = €'/2. By Theorem @ in the first /T epochs, no
algorithm can achieve a regret rate better than 2 (T1/4) =0 (%) Thus the overall T' epoch
regret is at least ) (%) At the same time, the conditions in Theorem @ is satisfied. More

specifically, /% < %AU for some B € (0, %), since oy = © (9), A, = O (e). Thus

we can apply Theoremlj and get, for the suboptimal node v, P (Np(v) > x) < m < #

for all x > Kpin, (defined in Theorem @ Note that this tail of mistakes does not depend

on € (or T), whereas the lower bound does.
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This observation highlights a previously unnoticed phenomenon for semi-bandit feedback
problems. There exists a difficult problem instance such that, simultaneously on this in-
stance, 1. no algorithm can achieve a regret rate independent of the problem instance or
the time horizon in the information theoretical sense, and 2. the UCB algorithm’s tail of

mistake is independent of problem instance and the time horizon.

3.3.3 Regret Analysis

As discussed previously, the problem with random walk feedback can be reduced to standard
MAB problems, and the UCB algorithm solves this problem as one would expect. We

present here the regret upper bound for algorithm [5] Recall the regret is defined as

T T
Reg(T) = rg[‘c]%z;z > 1, (3.25)
t=1 t=1

where J; is the node played by the algorithm (at epoch t), and u, = E[L(P;;)] is the
expected hitting time of node j. The guarantees on the regret are stated below in Theorems

9l and 10l

Theorem 9. Let T be any positive integer. Under Assumption [3, Algorithm [5 admits a

~ . 1 T 1
Reg(T) =0 (mm{(l—p)z\/;’ (1_p)2\/ﬁ}> ,

where a = minyey o, (u, defined in Definition @

regret of order

Theorem 10. On a problem instance that satisfies Assumption [d, Algorithm [5 achieves
constant regret of order O (ZUIAU>O (AU + m)), where O omits absolute constants

and logarithmic dependence on problem intrinsics.

More details on Theorems [0 and [I0] are in Appendices [B.1.2)and [B.1.3|for completeness.

Also, the greedy algorithm also solves this problem. Discussions on the greedy algorithm

are provided in Appendix
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3.4 Adversarial Setting

In this section, we consider the case in which the network structure GG; changes over time,
and study a version of this problem in which the adversary alters edge length across epochs:
In each epoch, the adversary can arbitrarily pick edge lengths lg) from [0, 1]. Recall, in this

case, the performance is measured by the regret against playing any fixed node i € [K]:

where J; is the node played in epoch t, l;; = E[L (Py;)], and £ (Py;) is defined in (3.1)).
Since £ (P ;) concentrates around I; j, a high probability bound on Reg2d"(T') naturally
provides a high probability bound on 37 £ (Pr;) — St L (Pi.g,)-

We will use a new version of the exponential weight algorithm to solve this adversarial
problem. Also, a high probability guarantee is provided using a new concentration lemma
(Lemma E[) As background, exponential weights algorithms maintain a probability distri-
bution over the choices. This probability distribution gives higher weights to historically
more rewarding nodes. In each epoch, a node is sampled from this probability distribution,
and information is recorded down. To symbolically describe the strategy, we first define
some notations. We first extract a sample of £ (P ;) from the trajectory Py j,, where J; is
the node played in epoch ¢.

Given the trajectory for epoch t P j, = (XLO,LM,XM, .. .,LthJt,Xt,Hwt), we de-
fine, for v € [K],

Yo (Pis) = sodnax Iix, =0 - Li(Pe,1,), (3.26)
= 2Jt

where L;(P: 5,) = ZkH;Zerl Liy. In words, L£;(Py,,) is the distance (sum of edge lengths)

from the first occurrence of v to the absorbing node.
By the principle of Proposition |4} if node i is covered by trajectory Py j,, Yy, (Py.j,) is a
sample of £ (Py;). We define, for the trajectory Pt s, = {Xt,0, Lt,1, Xea, Le2, -+, Lm0 Xty g, b

Ziy =Yy(Pry), Yvel[K],
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where Y, (P;,,) is defined above in (3.26)).

Define I; ;; := H[iepwt and GEP, 1, Yi(Prs,)>Y; (Pos)] This indicator random variable is 1
iff ¢ and j both show up in P; j, and the first occurrence of j is after the first occurence of
1. We then define

S L

qtij = Nf(z) >

which is an estimator of how likely j is visited via a trajectory starting at 7. In other words,
Q145 is an estimator of ¢;; := P (j € P;;), which is the probability of j being visited by a

trajectory from 4.

Using the above defined ¢;;; and sample Z; ;, we define an estimator for # as

Zi,—B

S B P

Zyi = e ?f] , VielK], (3.27)
Pti + Z#i Gt,5iPtj

where B, are algorithm parameters (8 < « and B to be specified later). Note that our
estimator is novel, and a small bias is introduced via 3. In fact, a novel concentration
result is derived for this estimator in Lemma @ With the estimators Zm, we define §t,j =
Zi;ll 2“ By convention, we set §O,i = 0 for all i € [K]. The probability of playing i in

epoch t is defined as

&, ift=1,
i = ~ 3.28
P exp(nSi—1,i) ( )

S exp(nSi-1,;)’

ift>2,

where 7 is the learning rate.

Against any arm j € [K], following the sampling rule (3.28) can guarantee an @) (\/T )

regret bound. We now summarize our strategy in Algorithm [6] and state the performance

guarantee in Theorem [T}

A high probability performance guarantee of Algorithm [f] is below in Theorem

Theorem 11. Let k = 1+ Zj i_‘/@ Fiz any i € [K]. If the time horizon T and

V&
: : 1 log {122)< 1 1
algorithm parameters satisfies ¢ < 7, B = TKPT’ = o 6 = T < «a, and
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Algorithm 6

1: Input: A set of nodes [K], transition matrix M, total number of epochs T

og (1=p)e
probability parameter € € (O, W) Algorithm parameters: B = lgloTKpT,
_ 1 _ 1
n= 7 P = 7T
2: fort=1,2,3,...,7T do
3: Randomly play node J; € [K], such that

where py; is defined in (3.28)).

4: Observe the trajectory P; ;. Update estimates Z\m according to (3.27)).

€ (1 + KB+ B(fil_(p)z;) < %, then with probability exceeding 1 — (5(6),

adv log(1/€)
Reg?d¥(T) < m\/ﬁ, (3.30)

where < omits constants, multiplicative terms that are (poly-)logarithmic in T and K, and

additive terms of smaller order.

Note that ) an be orders-of-magnitude smaller than K, as we shown in

1-va5
jelK) Trya; ©
the following example. In a complete symmetric graph where each node has probability

of 1 — p of immediately hitting the absorbing node, o; = p? for all 7. In this case, p =

ﬁ% gives k := K17 (for some A € (0,1)). When p is close to 1, we know m =
(@) (%ﬂ) Thus in such cases the regret is of order O (%ﬂv K 1—)‘T>. In this example,

the bound O (ﬁ\/K 1*’\T) is significantly better than previous bounds on the standard
adversarial MAB, online MDPs, and stochastic shortest path, since bounds for the latter
are at best O (1%,;\/ K T), where l%p is effectively the reward range, or time horizon, or

graph diameter.

In Figure we provide a plot of f(x) = ;g with = € [0,1]. This shows that the

regret dependence on the connectivity of the graph is very nonlinear.
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Figure 3.2: A plot of function f(z) = ;g, x € [0,1]. This shows that in Theorem

, the dependence on graph connectivity is highly non-linear.

3.4.1 Analysis of Algorithm [6]

In this section we provide proof for Theorem To start with, we put forward the following

notations for simplicity.

1. We write prj = pj + D ;2 @ijPi, and Pej = prj + 3545 QeijPri-

2. We use F; to denote the o-algebra generated by all randomness up to the end of epoch
t. We use F;; to denote the o-algebra of all randomness up to the first occurrence
of node ¢ in epoch ¢ (or end of epoch ¢ if 7 is not visited in epoch t). We use E; to

denote the expectation conditioning on Fy, i.e., E;[[] = E[-|F].

3. Unless otherwise stated, we use >, and ), as shorthand for Zthl and >~ ek,

respectively.

The following two lemmas (Lemmas |§| and 7)) depict properties of g ;;, whose proof are

in Appendix B2

Lemma 6. For any t,i,j, it holds that V [g; ;] = O (%) )
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Lemma 7. For any e € (0,1), let

Ntt1(l) 3Ntt1(l)’

¢ ::{lqmj —ayl > \/ 2V @i\ loa /) | 18T/ "Nty 5 0t /FTog(TE o), \ﬁ,je[KJ}-

It holds that P (€]) > 1 — 2¢ and under &},

N log(TK

where o = min;e () ;.
The following lemma provides properties of the random variable Z; ;.

Lemma 8. For any B, let ST( ) =1{Zi; <B forallt=1,2,---,T, and j € [K]}. For

a
any € € (0,1) and B = OglOngT , it holds that

P (ET (B)) Z 1— €, E [Ztﬂ-|n0t ST(B)]
and

K
<KB+ ——,
(1-p)

and

E [Z};|not Er(B)] < KB* + 2K
’ (1—p)?

The first equation Lemma [8|is a high probability event, and the last two equations in
are a type of memorylessness property. The proof of Lemma [8) can be found in Appendix
B.2

Next, we provide a novel concentration result in Lemma [9] This lemma provides a

bound for our reward estimator (3.27)), and gives insights for adversarial bandit problems

where the adversary stochastically picks rewards by specifying reward distributions.

Lemma 9. For any e € (0,1) and T € N, such that € < dT > 10,

P(Zl”_ —Z _ o T/e >

t

’ﬂ\




Proof. By a total law of expectation, we have
Bt |2 ep, )] = Bt [B | Zulper, ) Fid] | = Bt [0l | = e (332

Pick € so that € (1 + KB+ B(fiffp)g> < 2 (this is doable since B = O (log(1/e))). By

Lemma []] we have

Zii — B\?
B

(Zt”'B_ B>2 en(B)

Zii — B\?
( Iz >‘not5T(B)

Ei—1 <E;_1

+Ei1

(1-P(&r(B)))

1
§4+e<1+KB+ <1 (3.33)

177

By Lemma @ and a Taylor expansion, we know, under event NL_; &/,

L_ 1 5(lell/9 .
ﬁtj_ﬁtjio( t ) vt e[T).j € [K] (3.34)

We can use (3.34) to get

Zy,—B
Ei(—1 |exp é (lt,i - B) -3 b [ Ept’it}
B P + Z#i qt,5iDt;j

er(B) () (NL1€)

p Zt’iB_BI[[iEPt Al T B ~ (log (1/e)
=B |exp| 5 (i — B)=f 5 & +0 <t> &r(B) () (NZ1&))
A NN
oo (-0 (M)
Zu i€
Ei—1 {GXP (g (i —B) =B (W)) Er(B) ﬂ (0{152)] : (3.35)

Z;—B

Under event Ep(B), we have —f3 (W) <1, since py; > o and 8 < « (and

Pti
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B> l—ip >l ;). Since exp(z) < 1+ x + 2?2 for < 1, we have

B {eXP (g (li—B) =B (@[ZEM))

B e N, ]
1€P g, ,
B (lty —B) =B <§M> Er(B) ﬂ (mtTlgt)]
Zri—By 2
1 6 %H[ > ]
1€P:, g,
ST 3 (1 . [B (i —B) -8 (@)

Zui=Bp 2
+Ei 1 (g (l,y—B)-p (W) ) ) (3.36)

< E[A]
= BEr® N(NLE

&r(B)() (ﬂflé‘é)]

<l +Eiq

Er(B) () (NZ1€&))

where (3.36) uses that E [A|Ep(B) N (NL,&)]

7) for any event A, and

P(Er(B)N (NZ1&))) > 1 - 3e.

Since
B _H[iept,%ﬂ = Dij
E; 1 _(Zt,z‘ — B) H[iepmﬂ = (lt; — B) bt
[ (Z,; — B\? _
B (R
we have

5 5 e,
1€ t, T
o s ()
ZuBy 2

32 5, B? (52>
:1_7li_B + = <ex = |, 3.37
B2 (& ) Dti P Dti (3:37)

where the last inequality uses 1 + = < exp(x).
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We can now combine (3.35)), (3.36]) and (3.37)) and get

Z,—B
“5 e, ,,] 76

P + Zj;ﬁi Z]\t,jiptj

Ei—1 |exp % (l,y—B)—8

“raer (0(F))

Iy, +8
T T B i€y . ..
Let X = % Y1 lei—B) =8>, pti+2]['¢izlit,ji]ptj for simplicity. Note that

Er(B) [ (n{Li&))

T, _g I
X:ﬁ(Z“B—ZZm).

t=1 t=1

We combine (3.35)), (3.36]) and (3.37) and get
log (1/e) 1 \"
X _
E[e &r(B) () (M- &)) } Hexp <10g (’)(t = (=) o@/e.
By (conditional) Markov inequality and (3.37)), we have

O 62 62 T -~
P <;§ . lg(;/) &r(B)N (mfleg)) < CEX < (1 _136) O(e).

T
Since <ﬁ> < 40 when € < % and T' > 10, we can apply a union bound (to remove
the conditioning on &r(B) (N (N{,£})) and conclude the proof.

O

A final ingredient of proving Theorem [11] is Lemma which is a high probability

concentration result. The proof of Lemma [10]is in Appendix

Lemma 10. With probability at least 1 — 6¢, we have

ZZ“JHM | AT+ 0 (VTlog(1/6))

t=1 3

SN vz - Z“*T*B < KBT + 0O (\/(1 + Br) Tlog(l/e)) .
t

t

With the above preparation, we can now prove Theorem
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Proof of Theorem[11]. By the exponential weights argument [LW94, [ACBFS02], it holds

that, under event Er(B),
" S 7, <l9BK NSy
D 2= Y piZiy <= =+ ) Fep,,|
t=1 t=1 j gl t=1 j Ptj '

We use the first equation in Lemma [10] and a union bound (to remove the dependence

on Er(B)) to get, with probability at least 1 — O (e),

T T

SN2 -3 iz gloiK + T + O (n Tlog(l/e)) . (3.38)

t=1 t=1 j

We now combine above results to get, with probability at least 1 — O (e),

ly; — B ly,;, — B
. 2
%(zz,i Y Yz )
t t g
+ kBT + O (¢(1 + Br) Tlog(l/e)) )

©) log (T/
<B loiK—i-miT—i—og(/e)—i—nﬁT

g

+0 (ny/Tlog(1/e)) + O (VT + Br) Tog(1/)) ) ,

where (I) uses Lemma [9] and the second inequality in Lemma [10} and (2) uses (3.38).
Setting n = \/ﬁ and 8 = \/ﬁ concludes the proof.

3.4.2 Lower Bound for the Adversarial Setting

We also provide a lower bound for the adversarial case, which is summarized in Theorem
To prove this theorem, we first tweak the problem so that the adversary chooses distribution
over edge lengths (Proposition @] in Appendix , and give a bound under this random-
ization. With this tweak, the sample space of a single trajectory is US>, ([0,1] U [K])",

which is much larger than [0,1]. This mean a trajectory carries much more information
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than a single reward sample. We prove that the lower bound is of order (2 (\/T ), even

though much more information is available.

Theorem 12. Fiz any T > 1/128log8 and o < % On a set of K transient nodes, there
exists a sequence of edge lengths and a node i € [K| and a transition probability matriz,

such that for any policy, the regret incurred by any © against i satisfies

1 — Kp)202T K—-1)(1—-Kp)o?T 1
Py x Reg?dV(T) > min ( p) ) ( I ) > —.
32p 32(14+ -2 8
1-Kp
le2 le2
3.5
7 —e— Regret (Random)
3.0
6
2.5
5
§ 2.0 Greedy @ 4
81s —— ucs g,
1.0 >
jre
0.5 \ 1
0.01 * 0
0.0 05 10 15 20 25 3.0 0.0 0.2 0.4 0.6 0.8 1.0
Number of Trials le4d Number of Trials led

Figure 3.3: Left: Results for stochastic setting. The line labelled UCB corresponds
to Algorithm [5] and the line labelled Greedy corresponds to Algorithm [7] Right:
Results for the adversarial setting. Each line is averaged over 10 runs. The shaded
areas (around the solid lines) indicate one standard deviation below and above the
average. For the adversarial case, the regret is measured against arm 0, which, by

construction, has largest hitting time in expectation.

Similar to the proof for Theorem [8] we construct two problem instances J and J’ such
that no policy can quickly tell the difference between them. We again use P; » (resp. Py )
to denote the probability measure generated by playing 7 on J (resp. J'). Similar to
the proof for Theorem [8 the sample space (on which both P;, and Py . is defined) is
different from a regular bandit problem. If we execute 7 for T" epochs, the sample space is

T
then (Uﬁ’ozl ([0,1] x [K ])h> (with the o-algebra generated by singletons in [K] and Borel
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sets in [0, 1]). This is because (1) each trajectory can be arbitrarily long, (2) the nodes
on the trajectory can be any of [K], and (3) each edge on the trajectory can take values
from [0,1]. Specifically, for each trajectory Py j, = (Xt,o,Lt,1,Xt,1, . .,Lthtth,Xthmt),
H; j, can be any positive integer, X;; can be any integer from [K], and each L;; can
be any number from [0, 1]. This sample space is fundamentally different from the space
generated by interaction with a standard K-armed bandit problem for 7' rounds, which is
[0, 1]%T. We use the Markov property of random walks to handle this difficulty. Specifically,
for any fixed ¢ and j, conditioning on X;; = j being known, the space generated by
Liiv1, Xtiv1, Lt iv2, Xt it2, ... is identical to the space generated by L; 1, Xt 1, Lt 2, Xt 2, ...
conditioning on X;p = j being fixed. A proof of Theorem [12| can be found in Appendix
B.2.1

3.5 Experiments

We deploy our algorithms on a problem with 9 transient nodes. For stochastic setting (left
subfigure in Figure [3.3), we have l;; = 1 for i € [9] and j € [9] U {x}. The transition
probabilities among transient nodes are

0.6, ifi=j5=1,

0.4, ifi=j and i # 1,

mij =
0.1, ifi=j+1 mod?9,

0, otherwise.

For adversarial setting (right subfigure in Figure , the transition probabilities among

transient nodes are

0.3, if i = j,

mi; =101, fi=j+1 mod9,

0, otherwise.
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Figure 3.4: The network structure for experiments. The dark node at the center is
the absorbing node *, and nodes labelled with numbers are transient nodes. Nodes

without edges connecting them visits each other with zero probability.

The edge lengths are sampled from Gaussian distributions and truncated to between 0 and

1. Specifically, for all t =1,2,--- , T,

clippgy) (Wy +0.5), if i =0 and j = *

1, otherwise,

where clipp 1j(2) takes a number 2 and clips it to [0, 1], and W; RPN (0.5,0.1). The results

(Figure [3.3) empirically consolidate our theorems:

3.6 Conclusion

In this paper, we propose the problem (P) motivated by online advertisement, and study it
from a bandit learning perspective. We study both the stochastic setting and the adversarial
setting for this problem. Our paper provides a comprehensive study of this important

problem (P) from a bandit learning perspective.
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Chapter 4

Conclusion

My thesis focuses on multi-armed bandit problem with new feedback structures. In Chapter
2, multi-armed bandit problems in metric spaces are studied. In particular, bandits for
BMO functions are introduced and examined. In Chapter 3, multi-armed bandit problems
with random walk trajectories as feedback are studied. Algorithms leveraging such feedback
structures are introduced, and corresponding lower bounds are also derived. Both chapters

are based on previously released materials, as listed below:

1. Tianyu Wang, Weicheng Ye, Dawei Geng, Cynthia Rudin, Towards Practical Lips-
chitz Bandits, ACM-IMS Foundations of Data Science (FODS), 2020.

2. Tianyu Wang and Cynthia Rudin, Bandits for BMO Functions, International Con-

ference on Machine Learning (ICML), 2020.

3. Tianyu Wang, Lin F. Yang, Zizhuo Wang, Towards Fundamental Limits of Multi-
armed Bandits with Random Walk Feedback, arXiv:2011.01445.

Other Works

Apart from aforementioned directions that focues on multi-armed bandit with new
feedback structures, I have also worked on other problems, as listed below in chronological

order:

e Interpretable and scalable matching methods for causal inference [WMAT17]. We use
machine learning algorithms to learn which features to match on. This effectively
learns a distance metric in the feature space, while maintaining interpretability of the
outputs. Our implementations use bit-vector manipulation and database techniques,

which gives a level of scalability that was not achieved by previous methods.
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e Adaptive model-based (finite-horizon) reinforcement learning algorithms in metric
spaces [SWJT20]. We introduce the technique of adaptive discretization to design
an efficient model-based episodic reinforcement learning algorithm in large (poten-
tially continuous) state-action spaces. Our algorithm is based on optimistic one-step
value iteration extended to maintain an adaptive discretization of the space. Our
bounds are obtained via a modular proof technique which can potentially extend to

incorporate additional structure on the problem.

e A (finite-horizon) Linear Quadratic Regulator problem with a new low-rank transition
structure [WY20]. We propose an algorithm that utilizes the intrinsic system low-
rank structure for efficient learning. For problems of rank-m, our algorithm achieves a
K-episode regret bound of order O (m3/ 2Ky 2). Consequently, the sample complexity
of our algorithm only depends on the rank, m, rather than the ambient dimension,

d, which can be orders-of-magnitude larger.
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Appendix A

Supplementary Materials for Chapter

For readability, we reiterate the lemma statements before presenting the proofs.

A.1 Proof of Lemma [2

Lemma . Let f be the reward function. For any f-admissible § > 0, let S° :=
{a€[0,1)?: f(a) > f°}. Then we have S° measurable and p(S°) = 4.

Proof. Recall
Fo = {z eR:pu({aec[0,1)%: fa) > 2}) = 5} . f=ifF

We consider the following two cases.

Case 1: f° € F, then by definition (of %), u(S%) = 6.

Case 2: f0 ¢ F% (FY is left open). Then by definition of the infimum operation, for
any i = 1,2,3,---, there exists z; € F?, such that f° < z; < f° + % Thus lim;_,e0 2; = f°.

We know that f is Lebesgue measurable, since
feBM O(Rd7 w) = f is Lebesgue measurable.

Let us define S; := {a c[0,1)¢: f(a) > zz} By this definition, S; € Sy C S3---. Also
S; is Lebesgue measurable, since it is the pre-image of the open set (z;,00) under the

Lebesgue measurable function f. By the above construction of S;, we have u(S;) = § for

all i =1,2,3,---. By continuity of measure from below,
0 (U8 = Tim (). (A1)
1—00

We also have S° = U, S;. This is because
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(1) §°> U2, S;, since by definition, S; C SO foralli=1,2,3,--- .

(2) S C U2, S;, since lim;_,o0 25 = f9 and therefore every element in S° is an element

in U2, S;.
Hence,
p(8°) = u(UZ18) = lim pi (8;) =6, (A2)
where the last equality uses pu (S;) =6 for alli =1,2,3,---. O

A.2 Proof of Lemma [3

First we state a corollary of the Azuma’s inequality. This lemma is Proposition 34 by Tao
and Vu [T'V15], and can be derived using Lemma 3.1 by Vu [Vu02]. We prove a proof below

for completeness. We will use this lemma to prove Lemma

Lemma 11 (Proposition 34 in [TV15]). Consider a martingale sequence X1, Xo,- -+ adapted

to filtration F1,Fa---. For constants c1,co, -+ < 00, we have
n 22 n
P [X, — Xo| > A Z;cg < 2exp (—2> +;IP’(\XZ-—X¢_1| > ¢;). (A.3)
1= 1=

Proof. Define the “good event” G,, := {|X; — X;_1| < ¢;, for all i < n}. Rewrite the above

probability as

P | |Xn — Xol > A ¢

=P | [Xn — Xo| > A\, | DG | P(Gn) + P | [Xn — Xo| > A, | D> 2G| (1—P(Gn))
=1 =1

<P [Xn = Xol > A [ D2 Gn | +(1—P(Gn)). (A.4)

In (A.4), the first term can be bounded by applying Azuma’s inequality for martingales of

bounded difference, and the second term is the probability of there existing at least one
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difference being large. For the first term, we define X/ := X;I[|X; — X;_1| < ¢;]. It is clear
that {X}, is also martingale sequence adapted to Fi, Fa,- - -. Using this new sequence, we
have

2

n n
A
P |X, - Xo| > A ;cg Go | =P | |X, — X4| > A Z;cg §2exp<—2>,
1= 1=

where the last inequality is a direct consequence of Azuma’s inequality.

Finally, we take a union bound and a complement to get

n

P(Gy) <) P(Xi—Xi1|>ai).

i=1

This finishes the proof. O

Lemma 3| PickT > 1 and e € (0,1). With probability at least 1 — %, the event E(q) holds

for any q € Q; at any time t, where

£ila) = {\<f>q ~mi(g)] < Ht<q>} ,
(+Dy)\/2og(2T7/c)

Ht = .
@ nt(q)

Proof. Case I: We first take care of the case when ¢ contains at least one observation.
Define
Fii=0(Qu, AL Y1, -, Qic1, A1, Yi1, Qiy Ai).

By our partition refinement rule, we have that for any ¢,t' such that ¢t >t and ¢ € Qy,
there exists ¢’ € Qp such that ¢ C ¢/. Thus for any 7 < ¢, and any q € Q;, we have either

Qi 2 qor Q;Ng=0(Q; is the cube played at time i < ). Thus, we have

(Noliaeq, fQi24q,
E[YilaeqlFl =9 " (A-5)

07 if QZ Ng= Q)a
= () La;eq)

where [[4,¢q 18 F!-measurable. In l) the two cases are exhaustive as discussed above.
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Therefore the sequence {(Y; —{f) q) I AiEq]}, is a (skipped) martingale difference se-

quence adapted to Fj, with the skipping event Ij4,cq being Fj-measurable.

Let A’ be a uniform random variable drawn from the cube ¢. We have
P (‘f(A’) _ <f>q( > \p) . ifAieq,
P(|(£(4) = (9)y) Lneq| > ¥) =

0, otherwise .

<P(|f) - (n,| > v)
plaea:|(r@—n,)|>v)

- (A.6)

where (A.6)) is from the John-Nirenberg inequality.

Next, since
(% = (1)) Teq| < [ (£049) = (9),) Tiaseq| + 10 = F(AD) Tiaeq
we have

Y= (f)y) Tneq| < ¥+ Ds) (A7)

(
(£(4) = (1)) Tiaseq| + 109 = F(A) Tia,eq| < ¥+ Ds)
(
P

FA) = (1)) Tiaea| ¥ and [(V: = F(A) Tyeq] < D)
(| (749 = (9)q) Tiaca| > ¥ or [(¥i = F(A) T g > D)

1= P (|(£(4) = (Ny) Tineq| > ¥) =P (1% = f(A) ,cq| > D), (AS)

where (A.8)) uses a union bound.

By a union bound and the John-Nirenberg inequality, for any i < ¢, and g € Q;, we
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have

(
P
<P (| (740 = (9y) Tea| > ¥) + P((FA) = YD) Tnieq| > D) (A9)
(£(4) = (1)) Taeq| > ¥) (A.10)
€ (A.11)

where (A.9)) uses (A.8), (A.10) uses the boundedness of noise (N1), and (A.11]) uses (A.6]).
To put it all together, we can apply Lemma to the (skipped) martingale

(i (=) leq ), (with e = ¥+ Dy, A = /210g(2T2/e), and X; =
(Yg - (f>q) [[4,eq) to get for T'> 2 and a cube g € Q; such that n(q) > 0,

P ( S (% - 40),) | > (¥ 4 DOV @2 1og<2T2/e>) (A12)
=1
<2exp (—W) +§P(‘(Yi— (f>q) ]I[Aieq]‘ > \1/+Dz) (A.13)
=1

€ €
§ﬁ+(t—1)7<f

where (A.12)) uses Lemma [11] (A.13)) uses (A.11]) for the summation term.

Since nt(q) > 0, we use
=
mi(q) = —— ) _Yillaeq,
+(q) n(q) ZZ; [A;€q]

to rewrite (A.12]) by dividing both sides by n:(q) to get

(¥ + Dg)

P (’mt(Q) - <f>q‘ > ol 210%(2T2/6)> < 7

Case II: Next, we consider the case where ¢ contains no observations.

In order to do this, we need Propositions [p| and [6] which are proved in[A.2.1]and [A.2.2]

Proposition 5. Following , the minimal cube measure is at least n. Thus the maz-
imal number of cubes produced by Algorithm@ 18 %, since the arm space is of measure

1.
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Proposition 6. For a function f € BMO(Rd,u), and rectangles q,,q,," - ,q, such that
4% S q Sq, € Cq,, and constant K > 1 such that Kyu(q,) > p(q,,,) for alli € [0,k—1],

we have

gy = (Dgy | < KRN

Let’s continue with the proof of Lemma By the lower bound on cube measure
(Proposition , we know that u(q) > n for any ¢ generated by the algorithm. Let us
construct a sequence of hyper-rectangles ¢ = q,,¢q,, - ,q, C [0,1)%, such that ¢, C g, 4, for
i=0,1,---,k, u(g,,) = 2u(g), and g, = [0, 1)4. Since q is generated by the algorithm,
we know p(g) > n (Proposition [f]). For this sequence of hyper-rectangles, k < logy(1/7).

Then by Proposition [6]

< 2logy(1/n) [ £} (A.14)

(£ = (Do

Thus by definition of the functions my, n; for cubes with no observations, for a cube ¢ such

that nt(q) =0,

(g = @] € (1] 215y = (Fioays

v @ (¥ + Dz)+/21log(2T72/¢)
max(1,ne(q)) — max (1, n¢(q))
where (D) is due to my(¢) = 0 when n(q) = 0 by definition, (2) is from Assumption

(<f>[0’1)d =0), 3 is from 1' and (@ is from 2logy(1/n) < ¥ (Eq. D and n(q) = 0.

Recall we assume || f|| = 1 for cleaner representation. We have finished the proof of Lemma

Bl O

3 @
< 2log,y(1/n) I f1] <

A.2.1 Proof of Proposition

Proposition (5. Following , the maximal number of cubes produces by Algorithm @

15 % The minimal cube measure is at least 7.

Proof. This proposition is an immediate consequence of our partition refinement rule (2.50)).
The cube measures cannot be smaller than n. Otherwise, the RHS of the rule (2.50) will

be nonpositive and no more splits will happen. O
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A.2.2 Proof of Proposition [§]

Proposition@ is a property of BMO functions, and can be found in textbooks (e.g., [SM93]).

Proposition @. For a function f € BMO(R?, 1), and rectangles 99,9, »q, such that

% Cq Cq, C--- Cgq, and a constant K > 1 such that Ku(q) > p(giv1) for all

i €10,k — 1], we have

(£gy = D, | < KIS

0
Proof. The proof is a consequence of basic properties of BMO function. For any two regular

rectangles ¢, and ¢,,, (1 =0,1,2,--- [k —1),

1+1

s / (=9, ) dn

du (A.15)

du (A.16)

where (A.15)) uses Kp(q;) > p(q,,,) and (A.16) uses ¢, € q,,,. Next, we use the triangle

inequality and repeat the above inequality k times to get

(£, = (D,

k
=1

[
A.3 Proof of Lemma 4
Lemma [4. For any partition Q of [0,1)%, there exists ¢ € Q, such that
£ < f) + log(ulq)/n), (A.17)
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for any f-admissible 6 > n|Q|, where |Q| is the cardinality of Q.

Proof. We use f0 and S° as in Lemma
Suppose, in order to get a contradiction, that for every cube ¢ € Q, (A.17) is violated.

Define
S(a) == {a € q: fa) > (), +og(u(@)/n)}
Sa)=={acq: f(a)> 1},

Suppose the lemma statement is false. For all ¢ € Q, f0 > (f)q +log(u(g)/n). Thus we
have for all ¢ € Q,
S(a) € S(a).
We have, by the John-Nirenberg inequality,
u(S(@) < n({aca:lf@) = (N, > logul@)/m)}) <n.

Since Q is a partition (of [0,1)9), we have
1(UgeaS(0)) =D u(S(9) <> n=Qln.
qeQ q€Q
On the other hand, by definition of f9 and disjointness of the sets S (¢), we have
1(UgeaS(q)) = (5‘5) =4

Since 0 > |Q|n, we have

M(UqGQS(Q)) > M(UqEQS(q))v

which is a contradiction to S(q) C S(g) for all g. This finishes the proof. O

A.4 Proof of Theorem [1

Theorem (1, Fiz any T. With probability at least 1 — 2¢ , for any § > |Qr|n such that § is

f-admissible, the total 6-regret for Algorithm[3 up to time T is

irf <0 (vTiar), (A.18)
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where Qr is the cardinality of Or.

Proof. Under the “good event” £9°°¢ ;= (ﬂt 1E(Q )) (ﬂt 1€(q maX)) , we continue from
[B60) and get

T T
7’? 3(\II+D95) 21og (2772 /¢) AL
2:: = Z nt(Qr) A
T
<3(¥ + D) \/210g2T2/)VT - | > (A.20)

pt max(1,ns— I(Qt))

3(U + Dg) \/210g(2T2/)VT - \/e|QT|log 1—|—( )|QTT\> (A.21)

where (A.19) uses , where (A.20) uses the Cauchy-Schwarz inequality, (A.21]) uses
£3).

What remains is to determine the probability under which the “good event” happens.

By Lemma [3{ and a union bound, we know that the event £9°°¢ happens with probability

at least 1 — 2e. O

A.5 Proof of Proposition

Proposition [2| At any episode t, the collection of parent cubes forms a partition of the

arm Sspace.

Proof. We first argue that any two parent cubes do not overlap. By definition, all parent
cubes are dyadic cubes. By definition of dyadic cubes , two different dyadic cubes
Q@ and @’ such that Q@ N Q" # () must satisfy either (i) Q" C Q or (ii)) @ C Q’. From the
definition of parent cubes and pre-parent cubes, we know a parent cube cannot contain
another parent cube. Thus for two parent cubes Q and Q', Q N Q" # () implies Q = Q'.
Thus two different parent cubes cannot overlap.

We then argue that the union of all parent cubes is the whole arm space. We consider
the following cases for this argument. Consider any pre-parent cube Q. (1) If @ is already

a parent cube, then it is obviously contained in a parent cube (itself). (2) At time episode
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t, if Q € Qy is a pre-parent cube but not a parent cube, then by definition it is contained
in another pre-parent cube (1. If @1 is a parent cube, then @ is contained in a parent
cube. If )1 is not a parent cube yet, then )7 is contained in another pre-parent cube Qs.
We repeat this argument until we reach [0, 1)d which is a parent cube as long as it is a
pre-parent cube. For the boundary case when [0,1)? is a terminal cube, it is also a parent
cube by convention. Therefore, any pre-parent cube is contained in a parent cube.

Next, by definition of pre-parent cubes and the zooming rule, any terminal cube is
contained in a pre-parent cube. Thus any terminal cube is contained in a parent cube.

Since terminal cubes cover the arm space by definition, the parent cubes cover the whole

arm space. O

A.6 Proof of Proposition

Proposition (3| Following the Zooming Rule , we have

2(U+Dy)? log(2T2 /¢)
o [log(p/n)]?

1. Fach parent cube of measure u is played at most episodes.

2. Under event gT, each parent cube Q¢ selected at episode t is a subset of
Xs (1 + 2a) log (Mgp(Qr) /7)) -

Proof. For item 1, every time a parent cube ) of measure p is selected, all My of its direct

sub-cubes are played. The direct sub-cubes are of measure Mid, and each such cube can be

(U+Dg)? 1og(2T2 /¢)
2
o lo5(£)]
and all the direct sub-cubes can no longer be terminal cubes. Thus ¢J will no longer be a

played at most 2 times. Beyond this number, rule (2.63|) will be violated,

parent cube (since @ is no longer a pre-parent cube), and is no longer played.

Ttem 2 is a rephrasing of (2.69). Assume that event &7 = (ﬂle Et(qfla")> N (ﬂg;l Et(Qt)>

is true. Let Q¢ be the parent cube for episode ¢. By 1) we know, under event gT, there

exists a “good” parent cube ¢;"** such that

£ <ma(g"™) + Ho(g"™) + J(g"™).
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By the concentration result in Lemma |3 we have, under event <€~’T,

(Fg, = mi(Qr) — Hi(Qy).

Combining the above two inequalities gives

f° - (Nq. <me(@™) + Hi(¢t™™) + J(¢:™) — mu(Q) + Hi(Qr)

< my(Qr) + Hy(Qr) + J(Qr) — me(Qy) + Hy(Qy) (A.22)
< J(Qr) +2H(Qr)
< (1 +2a) log(Mau(Q1)/n), (A.23)

where (A.22)) uses Uy(Q:) > Ui(g"™) by optimistic nature of the algorithm, and (A.23])
uses rule (2.64)). O

A.7 Elaboration of Remark

Remark @. Consider the (unbounded, BMO) function f(z) = 2log2, x € (0,1]. Pick
T > 20. For somet < T, the t-step d-regret of Algorithm[4]is O (poly-log(t)) while allowing
0=0(1)T) andn =0 (1/T4). Intuitively, Algorithm gets close to f0 even if f0 is very

large.

Firstly, recall the zooming number is defined as

N(;m’a ;= sup Ng((l + 2a) log <Md)\d/77> ,)\) . (A.24)

A€ (17% ,1]
While this number provide a regret bound, it might overkill by allowing A to be too small.

We define a refined zooming number

]\Nfgna ;= sup N5<(1 + 2a) log (Md)\d/n> ,)\> , (A.25)

w )\e(lmin:l]
where l,in is the minimal possible cube edge length during the algorithm run. We will
use this refined zooming number in this example. Before proceeding, we put forward the

following claim.
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Claim. Following rule (2.64]), the minimal cube measure pmi, at time 7' is at least

_ Wy/210g(2T2 /)
Q 2 alog2 .

Proof of Claim. In order to reach the minimal possible measure, we consider keep playing
the cube with minimal measure (and always play a fixed cube if there are ties) and follow
rule (2.64). Let t; be the episode where i-th split happens. Since we keep playing the cube

with minimal measure,

U+ D 21o0g (272 —di
(VU + D)y 200s 217/ 1o (Md2 >
n

ti
By taking difference between consecutive terms,

(¥ + Dg)y/2log(272/e) (¥ + Dg)/21log(212/¢)

— ~q alog My,
ti i+l

where ~; omits dependence on d.

<T,

Tmax —

Let imax be the maximal number of splits for T" episodes. By using tg = 1 and ¢

the above approximate equation gives

Zmif ((\If-i—Dz)\/W (U + D) 210g(2T2/6)> ~g imaxlog My (A.26)

t; t;
i—0 7 i+1

(‘1} + Df) V 2 ]0g(2T2/6) zd Imax log My, (A27)
where the approximations omit possible dependence on d. This gives, by using My = 2%,

L4 1 2 v 2
e < (¥ + Dg)+/2log(272/e) < (U + Dg)y/2log(2T /e) (A.28)
alog My adlog 2

Since each split decrease the minimal cube measure by a factor of My = 2¢, we have

—di _ (W+Dg)V/210g(2T2 /€)
fmin 2, 27 %max > 9 alog2 : (A.29)

Now we finished the proof of the claim. O

Consider the function f(z) = 2log 1, z€(0,1].

Recall
A0 = {ac (0.1 (N, = 2 =2},
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For this elementary decreasing function f(z), we have f° = 2log %, and (f >(0,x] =2+2log %

for x € (0,1]. Thus,
A
Xs(A) = {x €(0,1] :logz <1+ B +log6} .

By a substitution of A « (1 + 2a)log(MyzA?/n), and using d = 1 and My = 2, we have

142
20\ 2
Xs5((1+2a)log(2M/n)) = {x €(0,1]:z<e () 5} . (A.30)
n
Consider the first ¢ (t < T') step 6-regret. For simplicity, let ¢t = T for some 3 < 1, |Qy| = t,
n = % and 0 = % = 274 We can do this since any § > 0 is f-admissible. Next we

will study the zooming number N&n,a under this setting. Back to (A.30) with the above

numbers,

X5((1+ 2a) log(2X/n)) = {x €(0,1]:z <2 2% )\1+22aT4a+,872} .
As an example, we take oo = i and 8 = %’ which gives
Xs((1 4 2) log(2M/n)) = {x €(0,1]:z< 27/46/\3/4T*1/2} .

By the choice of (4,7, @) and the claim above, for T" large enough (7" > 20 is sufficient), we

have
_ Wy/21log(2T2/¢)
Mmin Z 2 alog 2

> 9—(logT)?

> 72

~ Y

(A.31)

where the last step uses T2 < 9—(logT)? for T > 20. To bound Ngm,a, we consider the
following two cases.

Case I: 27/%¢ - N3/AT-1/2 < 1, ie., A < T?/3. In this case, we need to use intervals
of length A\ to cover (0, 27/4e . )\3/4T*1/2]. We need O (/\*1/4T*1/2) intervals to cover it,
which is at most O (1), since A > T2 by .

Case IT: 27/% - \iT~3 > 1, ie, A 2 T2/3. In this case, we need to use intervals of
length A to cover (0,1]. We need O (A™1) intervals to cover it, which is at most O (1), since

A>T > 1.
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In either case, we have N 57777 o = O(1). Plugging back into Theorem @ gives, with high
probability, for the first t = /T steps, the d-regret (6 = O(1/T)) is of order poly-log(T),

which is poly-log(t) since T = t.

A.8 Proof of Theorem (3

In this part, we provide a proof to the John-Nirenberg inequality (Theorem . Proofs
to the John-Nirenberg inequality can be found in many textbooks on BMO functions or

harmonic analysis [SM93]. Here, we present a proof by José [Mar] for completeness.

Theorem (John-Nirenberg inequality) Let i be the Lebesgue measure. Let f € BMO (Rd, u).

Then there exists constants Cy and Cs, such that, for any hypercube Q@ C R% and any A > 0,

i({ree:|rw- g} < cu@en{- 5 |

Proof. The proof uses dyadic decomposition. By scaling, without loss of generality, we

assume ||f|| = 1. Recall that u is the Lebesgue measure. For a cube Q C R%, and w > 0,

define
E(@Qw)={z€Q:If (@)~ (Ngl>w}, (A.32)
n(E(Q,w))
— A.
¢ (W) SUp Q) (A.33)
We want to show that ¢ (w) < e~ . First take w > e > 1. Then
1
M/@‘f‘ﬁb"@ﬁ [fl=1<w
for any Q. Subdivide Q dyadically and stop when
1
— / . A.
el /Q 1# - the|>w (A.34)

Collect all such cubes (Q') to form a set Q = {Q;} ;- Note that the cubes in Q are disjoint.
It could be Q@ = @. Note that Q C Dg \ {Q}, where Dg denotes the family of all dyadic
cubes of Q.
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Now we introduce the following Hardy-Littlewood type maximum Mg, such that for a

BMO function g,

1
Mog(x) = sup / gdp. A.35
@g(@) Q'ebg, @'z Q") Jor ( )

Take g — ’ F— f)Q‘ . Then by definition of Q;, we have

{x e Q: Mgg(z) >w} = U Q. (A.36)
Q;€eQ

For almost every = € F (Q,w), we have

w < |f = (Ng| =9 (@) < Mag (@) (A.37)
So
E(Q,w) C U Q; almost everywhere. (A.38)
Q;€eQ

Let Q; be a parent cube of Q;. Then since ;(Q;) = 2u(Q;),
o< [ |7 = trg|an (A.39)
Zggjj; / ]. | = ()| du < 2%, (A.40)
Thus, for Q; € Q,

1@ =gl <] @) = (g
< |f(@)—(flg

(Fg, — (el (A.41)

Qj
1= (Dl dn (A.42)

+

+
J

+ 2%, (A.43)

< |f (@)= (flg
Now, pick ¢ > 2%w. For z € E(Q, (), we have, for QjeQ
C< |1 @) = gl <[ @) = (Fg,| + 2. (A.44)

Hence for z € F(Q, (), ‘f(m) — (o,

> ¢ — 2% is necessary when ’f (z) = {fg| > w-
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Since ¢ > w, by (A.38)) we have

w(E(Q,¢)) = n(E(Q,¢) NE(Q,w)) (A.45)
< Zu (@.0NQ) (A.46)
p({oe Q|7 @)~ (g, > ¢~ 2%})
> (3 uQ)) (A.47)
<o (C - 2dA) > < u@)), (A.48)
J

where ({A.46|) is due to disjointness of @); and (A.38]), and (A.47) uses that, for z € E(Q, (),
F@ = (flo|>w = @) = (Ng,|> ¢ -2,

as discussed above.

Then we have

p(EQ Q) <o (¢ 2%) Z/ £ = D) du (A9

<~ (¢-2%) n@) (A.50)

where we use (A.48) and (A.34) for (A.49), and use the definition of BMO functions and
11l =1 for (&50).

Hence for ¢ > 2%, we obtain

al uEg)O) oY (C - 2dw> . (A.51)

By taking supremum over () on the left-hand-on of the above equation, we have

%) (C — 2dw).

w

¢ () < (A.52)

Put w = e. Note that ¢ (¢) < 1 for all ( > 0 by Definition in (A.33)). Then for

0< (¢ <e-2% we have

p(() <e-e 2. (A.53)



The above statement is true by the proof of contradiction. Assume

p(0) > e e B = el 7an (A.54)

Since for all ¢ > 0, ¢ () <1, we have 1 — i < 0 always true. This implies

¢(>e-2¢ (A.55)

This is to say if ¢ > 0, then ¢ > e - 2% Hence (A.54) implies the domain ¢ € (—o0,0] U (e -
2%, 4-00). This shows (A.53).

Next, note that

(0,00) = (0,¢- 29 U [[j <e Lgdth=1 o 2d+’“}] . (A.56)
k=1

_ <
So for e-2% < ¢ <e-29F1 () <e-e 2. Since we have,

o)< Tp(c-e2t), ot <g<e ot (A.57)

C—Qde

We see that go((—e-Qd) <e-e 2 for ¢ >e-29 Hence, for e-2¢ < ¢ <e-2! we
_ <
have ¢ (¢) < e-e 2. Iterate this procedure, and we obtain the desired claim, which is,

V(¢ > 0,
<
<e-e 27 for every cube Q. (A.58)

O]
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Appendix B

Supplementary Materials for Chapter

B.1 Additional Details for the Stochastic Setting

B.1.1 Concentrations of Estimators

Note. In the stochastic setting, the graph is time-invariant. For easier reference, we define
random variables Z,, such that Z, has the same distribution as £ (P;,) for all t. Then, in

the stochastic setting,
A, =E[Zx]—E[Z,)], where v*¢€argmaxE|[Z,]. (B.1)

In this part, we derive concentration bounds for hitting time estimators Zv,n. To start

with, we show that the hitting times are sub-exponential.

Lemma 12. For anyv € [K], i =1,2,--- and any integer x > 0, we have

T

p
1—p

P (Yv,k > IL’) <

where p is defined in Assumption |3
Proof. Let M be the transition matrix among transient nodes. Since for any (v, 1, x),

{Yv,k >z

v,1 —

= {a random walk starting from v does not reach the absorbing node in z steps},
we have,

P (Yo, > x) <P ({random walk starting from v does not terminate in z steps})

o0
Z P ({random walk starting from v terminates at step h}). (B.2)
h=xz
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Writing out the probability in (B.2) gives

oo K 0o 0o .
P(Yor,, 22) <D0 (M <3 IM Yl <300 < i
l=x l=x

l=x j=1

For the concentration results, we use Lemmas [T3] and

Lemma 13 (Proposition 34 by [TV15]). Consider a martingale sequence X1, Xo, - -+ adapted

to filtration F1,Fa---. For constants c1,co, -+ < 00, we have
P |X, - Xo| >\ z;cg < 2exp <—2) +Z;IF’(|X¢—Xi1| > ). (B.3)
1= 1=

Lemma [13]is an extension of the Azuma’s inequality with an extra term bounding the

probability of any term in the martingale difference sequence being unbounded.

Lemma 14. For any transient node v € [K], if N;" (v) > 0, we have

= 8 logt
P ( Z, Nt ~EIL (Ps,v)]’ > N (o)

v,

) <3t7*, Vs, te N, (B.4)

log(1—p) + lSlogt }

where & = max {1 + (1_pp)2, oz p e ilp

Proof. By Lemma we have, when z > E [Yv,kv,i]a

]];D (‘Yuykv,i - E [vakv,i]

>a) <P (Yo, —E [Yor,] >2) +P(~Yor,, +E[Yor,,] > 1)
<P (Yv,kv,i > 96) +P (Yv,km- <E [YL kw} — 93)

— )

(the second term is zero.)

< s (B.5)
Also by Lemma E [Yv,km] =3 0,P (Yv,km > x) <1437 1p_$p <1+ ﬁ.

Since 1) is true only for x > E [vakv,i]7 we have, by setting

log(1 — 5logt
ft:max{1+ p og( p)+ og }

(1-p)*" logp log1/p
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]P) (}Y:U,kvyi - E [Yl),k‘v’i]

> &) <t (B.6)

Applying Lemma [13] gives

N (v)

Pl Y Mok —EYon]]| 22
=1

N (v)

<2€Xp< > Z ]P) ‘Yvkvl_ [ ”kvz]

—)\2 4
<2exp 5 +t70 (B.7)

At time t, we set A = 1/8logt, and from (B.7) we get

= ~ 8 logt
’ < Zusirton =B |Zusro)] | 2 N (v) >
N (v) N (v)
=P [Yv,kv,i —E Yok, J ] \/W Z & | <3t
i=1
We now conclude the proof by using E [Zv N+(u)} =E[L (Psy)] for all s,t € N,. O

B.1.2 Proof of Theorem

Firstly, we bound the step regret at time ¢ by the confidence radius at time ¢, as is common

in bandit regret analysis (e.g., [SKIKS10b]).

Lemma 15. With probability at least 1 — t%, Algon'thm@ satisfies, for any t € N,

E[Z] - E[2,] <0 | —Pulos® (B.8)
(1—p)? NtJr(Jt)

where O omits absolute constants and logarithmic factors in problem intrinsics.

Proof. By Lemma l 41 with probability at least 1 — 5, we have

t47

E(Z1] <25, npy +COnppe and ElZp] > Z0 o) = Onpoey (B.9)

il v,

105



Thus, with probability at least 1 — t%,

E(Z4] = ElZv) = Z5, w5+ O e = (Zu v o) + O ooyt (B.10)
<Z5, Nty T Cng oy — (ZJMNNM + (T’NJ(Jt),t> (B.11)
< 2C+ (B.12)
<0 poly-log(t) ’ (B.13)
(1 - )2/ N ()
where (B.11)) uses that J; € arg max,cy [th,Nj(u) + CN‘N;r(v)J. ]

Theorem [9] Let T be any positive integer. Under Assumption[d, Algorithm[3 admits regret

of order

s 1 T 1
Reg(T)z(’)(mln{( 70)2\/@})7

1-p2Va (1-
where o = mingyey oy, and oy, is defined in Definition @ and O omits poly-logarithmical

factors in T.

In this bound the dependence on optimality gaps A, are removed and all problem
intrinsics are global. In other words, Algorithm [5] achieves this regret rate no matter how

identical the nodes are.

Proof. Part I: Reg(T) = O <(1_1p)2 \/§> . For any t,T € N, consider events

b = {E 2] < ZJt,NJ(Jt) T éN;L(Jt),t and  E[Zp] 2 Z,. no ey — 5Nt+(v*),t}’

£ = {Nt+(v) CNy(0) = (f = Ny(v))a > —/Tlog (mT) Vit € [T),v € v} .

By Lemmas [14] and

~ 4 1
>1 - - - =
P(é’tﬂé’) 21-5- 2 (B.14)
By Lemma [12]
E[Zv*]zzlP’(Zv* >z) <1+ P 5 (B.15)
=0 (1 _p)



Thus, by (B-14), (B-15), we have
T
Reg(T) = ) (B [Zy] —E[Z4])

t=1

T
logT = =
< {mmyagw E[Z:]+ > E [ZU* ~ 7, &mf] P(smé:)
t:[mﬁiigw
T
v |Y @ - za) e (1w (Ene))
t=1
T
< { log T w P Z o poly-log(t)
i . 2 2
me @y | (1=p) oz ] (= PRYNEGR)
2 /41
— P A + T (by Lemma [15] and (B.14))
t=1
<0 poly-log(t) 7
t=1 (1= p)2\/ Ny (Jy)
T
<oy poly-log(t) , (under event &)
= (1 92\ Nil) + au(t — Ne( ) — /Tlog(mT)
<5 i poly-log(t)
t=1 (1 — p)z\/ajtt — /tlog(mT)

!

1 T
SO(uﬂwV:>

where o := ming,cy .

Part II: Reg(T) = O (ﬁm)

By definitions in , we know N, (v) > Ny(v) for all t € N and v € V. From Lemma
we have

I poly-log(t) d poly log(t)
Reg(T) <> 0 <> o ARA (B.16)

t=1 (1 —p)2\/ N () =1

Let t; , be the i-th time the node v is played. Let B, be the total number of time node v

is played. Then we can regroup the sum in (B.16) by




Since t;, is the i-th time v is played, we have ny, ,(v) = i. Thus we have

ZNt ZZ A ZZ <Zl+logB <m—|—mlogT

veV 1=1 “f veV 1=1 veV

where the last inequality uses ) B, = T and the AM-GM inequality.

We then insert the above results into (B.16]) to get

Reg(T) < ZO poly-log(t)

=1\ (1= p)%\/ NS (Jr)

which concludes this part.

B.1.3 Proof of Theorem 10l

(B.17)

(use the Cauchy-Schwarz inequality)

(use (B.17)))

Theorem On a problem instance that satisfies Assumption [3, Algorithm [3 achieves

constant regret of order O (ZUIAU>O (AU + m)), where O omits absolute constants

and logarithmic dependence on problem intrinsics.

Proof. First we define
32&; logt
Tgizl’v —min{tEN:taU—\/@Z ftAQOg}
v

The proof of this theorem is developed in three steps.

in,v?

Step 1: When t > T2 Cn+ w4 < 22, with high probability.

For any t € N and node v € V, consider the following event.

oy = {Nj(v) — Ny(v) — (t — Ny(v))ay > —\/tlogt}.
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By Lemma we have for any v € V', with probability at least 1 — t%,
N (v) = Ni(v) — (£ = No(v))ay > —/Tlog.

For a sub-optimal node v, when

(B.20)

~ N 8& logt 1
Ct e = 1/ NF(o) < 54 (B.21)

Fort > T rf]) » Where Tr(anzl is defined in (B.18)), under event &, ;, we have

n K

we have

N, (v) > apt + (1 — ) Ny (v) — /tlogt (under event &, 4)
> ayt — +/tlogt (since o, < 1)

32¢; logt
> A (B.22)

From above, we know (B.20]) is true as long as &, is true. Thus for any t > T 1512131 v

32¢; logt 1
Av> =P <Nt+(v) > tA%> >P(Ey) >1— e

=
/C?
t

=2

+

S
IN
N =

In words, éNj(u) , < $A, aslong as (1) ¢t > Tgilw and (2) &, is true.

Step 2: After time Trgizw, a sub-optimal node is played constant number of

times (in expectation).

For easier reference, for any ¢t € N and any v € V, we write

32¢; logt
wU’t = T% (B23)
In Step 1 (Eq. [B.22)), we have shown that for any ¢t >, event £, ; implies
N (v) > wy. (B.24)
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After time T2 we can bound the number of times a sub-optimal arm is played (in

min,v’

expectation) by

T
D Z [ 7=

=12,
T [—
— Z {E {]1[ J=0] gv,t] P(&) +E [I[[ Ji=0] &,4 (1-— IP’(SM))}
=Ty
4 (
= Z (Jt_vt>Tm1nv ’Ut> +Zt2
=13
T 7_(_2
<y ]P’(J = t>TI§1131vgv,t> + 5
=130,
- @) m?
= =~ = =~ 2
< Z P (Zv,Nt'*'(v) + CN;‘—(”U),t > Zv*,Nt'*'(v*) + CN:'(”U )t [ Tmmv gv,t) + F (B25)
=12,
where (B.25]) uses

{ a node v is played at ¢ } = {Z;,Nj(v) + 5Nj(v),t > Zv*,Nj(v*) + 5Nt+(v*)7t}.

We then follow the argument by [ACBF02], and bound (B.25) by allowing N, (v) to
take any values in [wy¢, ] (due to Eq. [B.24), and allowing N, (v*) to take any values in
[1,1].

This gives,

7 5 @
P(Z wpw + Onpne 2 Zo o)+ Onponr 12T

v - min \U

Eut)

51),15) : (B.26)

min,v

t
Z (sz+05t>Zv*s*+C*tat>T()

gmﬁ

As is used by [ACBF02], when the event

{Zv,s + 65,1‘, Z Zv*,s* + és*,t}
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is true, at least one of the following three must be true:

Zv,s - 6J’s,t S E [Zv] ) (B27)
Ze s+ Csey > B[ 2], (B.28)
E[Zy] < E[Zy] + 2Cs. (B.29)

By Step 1 (Eq. [B.21)), we know (B.29) is false for s > w,; and ¢t > 7

min,v- Thus one of

(B.27) and (B.28) must be true. Therefore we can continue from (B.26) to get

€t

ztj [P (Z0s+Cor <EI2)) + P (Zus+ Coy <E[2))]

min,v

t
Z P (Zv,s + 53,15 Z Zv*,s* + 65*,t7 t Z T(Q)

< Et: <:; + ;) (B.30)

s=wy,i s*=1
Sg (B.31)
where uses Lemma
Combining (B.25) and (B.31)) gives
T T
E| > Tyl < > g+ 7;2 < 76”2, (B.32)
=1 =1

which concludes Step 2.

in,v?

Step 3: Up to time Tr(ﬂz) a sub-optimal node v is played O (polylog <T1§12111 o Alv>>
number of times

Recall N¢(v) is the number of times we play node v up to time ¢.
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For any integer w, we have

T
ZH[&:@]
t=1

E[Nr(v)] =E

[+=T.0), . T
sw+kE Z lg=v, Niwy>w) + Z -
= t=t=Ty0
-1, -
Swt+E | Y Tyo Nwzul | + % (B.33)
t=1
t=7:r(fizq,u ot )
<wt > YN P(Zos+Cot 2 Zor e+ Con) + ™ (B34
t=1 s*=1s=w

where (B.33) uses the result of Step 2, and (B.34]) uses similar argument in Step 2 (Eq.

E7- B

We set w :=

(2)
32§T<2) lOg Tmin,v

min,v

A7

~ /8¢ logt
Coy = &t log <
s
which mean (B.29) is false.

Also, by Lemma [14], we have

3

, so that at time t < 72

min,v? for s > w,

1
§A’U7

3

P [Zv ~Co <E [ZU]} <5 P [2 4+ Cps>E [ZU*]] < (B.35)
Again we continue from (B.34) and use (B.27)), (B.28]) and (B.29)) to get
E[Nr(v)]
2
826,00 log Ty,
T t _ ~ _ _ 771'2
+ Z Z Z (P [ZU,SU - CSU,t <E [Zv]] + P {Zv*,s* + Cs*,t >E [Zv*]}) + T (B'?’G)
t=1 s*=1 sy=w
32 log T2
gT(?) 0og min,v ].371'2 B
< min,v 1 37
< o 1+ (B.37)

(2
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where on the last line we use (B.35)).

Finally, since Reg(T') = }_,c;x) AvE [N1(v)], we have

32¢ 2 log 7 2
Tmin,'u min,v 137T
Reg(T) < ) A +<1+ o )AU ,
v: A4, >0
5 - ~
where Téﬁzw =0 (W) and fog)M =0 <(1_1p)2)- [

B.1.4 Greedy Algorithm for the Stochastic Setting

The simplest strategy is to play the node with the largest estimated hitting time. In each

epoch t, we play the node that maximizes the empirical estimates of the hitting times,

v,

Z NF () This strategy is formally stated in Algorithm

Algorithm 7
1: Input: A set of nodes [K] (and an absorbing node ).

2: Warm up: Play each node once to initialize. Observe trajectories.
3: fort=1,2,3,... do

4: Select J; to start a random walk, such that

Jy € arg MaxX Z, N (v):

where with ties broken arbitrarily.
5: Observe the trajectory Py, := {Xt,o, Lia, Xia, Lo, Xeoy oo Lomy o, Xo oy, }

Update N;"(v) and estimates Z,Nt(v) for all v € [K].

Theorem 13. Suppose Assumption [3 holds. Algorithm [7 achieves a constant regret that

only depends on o, =, p, and Ay,: Reg(T) < @) (ZUZAU>O (min{av - *1}(1—p)2AU + Av)),

where v* is the optimal node (the node with mazimum hitting time), and O omits absolute

constants and logarithmic dependence on problem intrinsics.

Proof. First we define
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(1) . 8 logt A, 8 logt A,
T = teN: — 2 <A e <« TV ’
min,v mln{ € ( ot — Vilogt = 2 ot Jioat = 2
(B.38)

For a sub-optimal node v and a time t € N, we consider

ot = {Nj(v) ~N,(0) — (t — Ny(v))aw > —\/4tlogt} . (B.39)

By Lemma [5| &, is true with probability at least 1 — 5.
y ; t

For simplicity, we write By, = 1/ %, where & := max {1 + L PEL 10%5;;’) ) 4 liéolg/i)}.

We have, for any sub-optimal node v, the probability of v being played at time ¢ satisfies

P(J; =v) <P (ZU,Nj(v) = Zm,Nj(m)) (v € argmaxyey E[Z,])

=P <Zv,Nt+(v) -E[Z,] - (Zv*,N:'(v*) —-E [ZU*D > Av)
( Av =E [Zv*] —E [Zv])

v,

< [P (2 max{By-+ ) 1> Byt (o)} > AU) +P <Z NHw) 2 ElZo] + BNf(v)ﬂf)

(B.40)
P (Zpe oy SEWZer] = Byrey) } ’
where in (B.40) we use
{Zontw ~El1Z) = (Z np ey ~ElZ]) 2 A}
— {2 maX{BNj(y),t? BNt*(v*),t} > A,U}
U {Zv*,N?(v*) 2 E[Z-]+ BN?(U*),t}
U{Zxz @ SEIZ] = Byt
which can be verified by checking its contrapositive statement.
When (1) event &, is true, (2) % < & and (3) % < &, we have

2max{BNt+(v)7t, BN:r(v*),t} < Av-
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Thus when t > T(l)

min.p» We have
b

P (2max{ By )0 By ooy} = A0)

=P (2max{ By () 1 Byt oy o} = Ao[€0t) P (E0)

+ P (2max{ By 0 By oy 2 Ao

P& < tlZ (B.41)

Eut) L =P (E00)]

Also by Lemma [14], we have

~ 2 ~ 2
P(Zy i 2 B2+ Bypons) < o P(Zoviy SEIZT = Bujpa) <
(B.42)
We can now combine (B.40]), (B.41)) and (B.42)) to get
T
E[Ne(0)] =3B (i =)
t=1
T
ST&L}U + Z P (vy = v)
=Thin
(1) .
1
SRS [P (2max{ B .00 By ooy} 2 A0) (B.43)
=T in o
P (H, ) < BIH = Byr,)
P (B ey 2 B L]+ By ) }
) =1 2 2 1y . 5m?
<T. =+ s+ = <T. —_—
— 7 min,v + ; |:t2 + t2 + t2 — T min,v + 6 9
where on the last line we use (B.41)) and (B.42)).
Finally, we use the Wald’s equation to get
T
Reg(T) = Y (E[L(Peo)] — E[L (Pe)])
t=1
T
=> (E[Ze] —E[Z)P(Lr=v)= Y AE[Np(v)].
t=1 ve[K] vE[K],Ap>0
From here we use Trgllizq’v =0 (min{av,av*l}(lfp)QA%) to conclude the proof. O
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B.2 Proofs for the Adversarial Setting

Lemma |§|. For any t,1i,7, it holds that V [q, ;5] = O (%) .
Proof. For the variance, we have

t
Qt zy Z \% |:Qt ¥
m=1

By Lemma and a union bound, we know, for any § € (0, 1),

P(N+ ) > at — \/2tlog(2TK)s), Vie K], te [T]) <.

Thus it holds that

E [N;(z)] =E [Nf yN+ ) > at — /2t log(TK/(S)] P (Nj(z') > at — /2t log(TK/(S))
yrran) \N+ ) < at — /2 log(TK/é)} P (N;*(i) < at — \/2t10g(TK/3))
1

< + 4.
max {1, at — /2t log(TK/d)}

Setting § = % concludes the proof. O

Lemma [7} For any e € (0,1), let

&l { @i — 0] 2 \/ 2V 1G] gl KT /e) | 1o8URT/E) |t 4y > i /iTog(TERTe), Vi je [K]} .

Ntt1(l) 3Ntt1(7’)

It holds that P (€]) > 1 — 25 and under &},

- log(TK /e
) B
where o = min;e () ;.
Proof. By Bennett’s inequality, it holds that
. 2V [q14j] log(KT/e)  log(KT/e)
P 1G5 — gij] > ST + | <e (B.45)
( ! ! N, () 3N, (i)
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By Lemma [5| and a union bound, we known P (£}.) > 1 — 2e. By Lemma |§|, we know that
Vai5] = @} (1). Thus, under event &/, it holds that

lo !
Qtzg = qij :l:O (g(t)> .

O]

Lemma [8. For any B, let Er(B) := {Z; < B for allt =1,2,--- T, and j € [K]}. For

(1
any € € (0,1) and B = loglongT , it holds that

P(&r(B)) >1—e¢,

and
E [Z;|not Er(B)] < KB + K
T ETEA = 1-p)?
and
2K
E [Z7;|not Er(B)] < KB* + P
’ -p

Proof. Since all edge lengths are smaller than 1, we have, for any integer B,

P(Zi; > B) <

—~

P ({random walk starting from ¢ does not terminate in B steps})

e =

P ({random walk starting from i terminates at step [})

T
w

B

K [e%s) o) P
Z[Ml] sZBanuoos I

=B P

)

Thus with probability at least 1 — I'DTBp, we have Z; ; < B. We define

Er(B) ={Z;; < Bforallt=1,2,---,T, and j € [K]}.

(1—p)e
By a union bound, P (E7(B)) > 1_[(17;7)3_ Now we can set B = glo SI— so that P (&r(B)) =

1—e.
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The random variables Z;; also has the memorylessness-type property:

E [Zt,i |not ET(B)]

Z l P ({P:; terminates at step [} N {Z;; > B})

Z4i|Z; > B] <
E (21l 20 > P(Z,; > B)

I=B+1
E P ({Py,; terminates at step [} N {the (B + 1)-th step is at j})
>~ P({the (B +1)-th step is at j})

>

I=B+1

< Z ZZIP’ ({P:; terminates at step [}|{the (B + 1)-th step is at j})
l*B—&-l j

= Z Z | + B)P ({P;; terminates at step {})
J

=Y "E[Z;+ Bl < KB+ E[Z}]
J J

where we use Markov property on the second last line.

Since E[Z; ;] < O < > we insert this into the above equation to get

(1-p)?

E [Zm"IlOt 5T(B)] <0 (KB + (1_I(p)2> .

Similarly, we have

Lemma With probability at least 1 — 6e, we have

T

Py ~
S S B, SHT+O ( Tlog(l/e)) ,
t=1 j Pt

ZZPUZ,J’ _ Z % < kBT + O (\/(1 —i—,@li)TlOg(l/e)) )
t g t

Proof. To prove the first inequality, we verify that % is bounded, compute the (conditional)

expectation of %, and apply the Azuma’s inequality. By Lemma |7, under event &, we
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have

1 1
ﬁt] i (ptj + Qi Pri (q” +0 (log(sz/e))))Q
B 1
- (@j +0 (w))z
ZZ%+O<IOg(£f/6))’ (B.46)

where the first equation uses Lemma [7], and the last inequality uses the Taylor expansion

— 5+ 0 (%) (with o = 0 (8Er)),

at

that

(z— a)

By (B.46)), the conditional expectation of % is

tj

Ptj o | Pt log(T'K /e)
£ AQ']I[]‘EPt 7t &| =E 52 [i€P:g,] & +0 <at (by Eq. [B.46)
ptj log(T K /¢)
STo 26/TE P +0 < at
./ log(T'K /e
<E[py) + T (g(/)) , (B.47)
+ ,/ at
where () uses P (£]) > 1 — =5, and the last line uses el S+ h? for x € [0,1] and

a € [0, 1] (Proposition [7|in Appendix B.2.2), and simply removes the slight dependence on

% in the first term (since there is a O residual term).

We take summation over j on both sides of (B.47)), to get

Pt / 2log(TK/e)
E —=1Ir. < —_—
- ﬁgj [i€P:. 1] & =k+0 < at

We now apply Lemma (in Appendix |B.2)) to { j %H[jept,Jt]]I[gt,]}t and get, with

probability at least 1 — 3e (e < T),

ZZ“JH]@” < T + 0 (V/Tlog(1/6))

t=1 g

l.j,—B

For the second inequality in the lemma statement, we verify that i Dtj Z\t, i—> i B

is bounded, compute its (conditional) expectation, and apply the Azuma’s inequality.
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Firstly, it holds that ) ptjzm is bounded conditioning on &7 (B):

Zt’j_B]I +ﬁ
~ B ‘[jeP,.
Zptht,j — Zpt] [1/)\ 't Jt]
j j t
th—BH
B “[jeP Bp log (1/€
_Zptj bePen] Zpttj ( (t/)
J
log (1
<Q+Bﬁ+0(q%/d>,

where (I) uses a Taylor expansion, and the last line uses Proposition [7]

Also, we have

Zptjz,j &
J

Zy,;—B

I,
B JEPL, 1,
2 :ptj [~ tJf]
J

Y47

o &l +(5(10g(tl/6)>

LBy, -
AR S s (. YA R +@<1g<1/>>

—1—26/TIE - ' i t
C?E Zp] +5Z§“ +0<log(t1/€)>
tj
?E Zptj% + Bk +O<10g(t1/6)), (B.48)
W

where (I) uses Lemma [7| and a Taylor expansion, (2) uses P (&/) > 1 — 2¢/T, (3) simply
removes the slight dependence on £ in the first term (since there is a O residual term), and

@ uses Proposition [7]

Also, we have

Efl1] — Ellyslnot €] _ Ells] = 75 e
E [l,)¢f) > Ul "B lualnot &l 2R TS 5 g g - 10D
& T T
From above, we know q | > 7 b 2t A5 10g(1 /6) _
) pt] tg — "’ B/{ —+ 5 . + O H[f,‘;] is
T T{-p)

t
a super-martingale difference sequence. We can now apply Lemma (extended Azuma’s

inequality, in Appendix [B.1.1]) and get

SN piZe - % < KkBT + O (¢(1 + Bk) Tlog(l/e)) : (B.49)
t g t

O
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B.2.1 Proof of Theorem [12

Theorem Fiz any T > /128log 8 and o < % On a graph of K nodes and any pair of
nodes are connected with probability p, there exists j € [K] and a sequence of edge lengths,

such that regret incurred by any policy satisfies

(1 - Kp)?c?T | (K—-1)(1— Kp)o?T S 1
2\ 2 (14 ) -8

Psx | Reg?®¥(T) > min

, ; (B.50)

Proof. A deterministic problem instance J is represented by T" graphs J = (G1,Ga, -+ ,Gr).
For this part, the graph G} consists of edge lengths: G := ({Zg)}ie[m, {lz(;)}i,jE[KO’ where

1 ®

is the length from ¢ to * in Gy, and li; is the length from i to j in G;. A stochastic

problem instance is represented by a distribution over deterministic problem instances.
By Proposition |§| (in Appendix , it suffices to consider stochastic instances. Next
we construct stochastic problem instances to prove Theorem
We first sample T i.i.d. Gaussian random variables 7, ~ N (0, 02) (o to be specified
later). Consider the stochastic problem instance J: J = (G1,G2, -+ ,Gr). In G, lgt*) =
clip (% + 5% + m), 1 = clip (L +m) (i =23, K), I = clip ( +m) (3,5 € [K]),

where “clip” takes a number and clip its value to [0, 1].

By this construction, the hitting times have the following properties. If no clipping

happens, the hitting times Z; = [Z;1, Z; 2, -+ , Z¢ k] at time ¢ satisfies

E[Z)] =(1 - Kp) <<; + m) 1+ _erq) + ME[Z)] + Kp <; + m) 1, (B.51)
where e; = [1,0,0,---,0]" and 1 = [1,1,---,1]". The first term on the right-hand-side of
accounts for the edge lengths (hitting time) from hitting absorbing node. The last
two terms in the right-hand-side of accounts for the edge lengths (hitting time) from

remaining in the transient nodes.

This gives,

(I-M)E[Z)] = <;+nt> 1+ee;, and E[Z]= <I+ 1_MKp> <<;+m> 1+ee1).
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If g € [—%, % — 13%}3}, no clipping happens and E[Z;1] > E[Z; ;] + € for all j =

2,3, K. If , ¢ [—%, % - 1_2;@}, some edges are clipped and E[Z; 1] > E[Z; ;]. Thus

we have, for all j > 2,
(B.52)

Construct another instance J'. We let
3 = ( /17 /2’ 7G/T)
and

Gt = ({12 Ve, 11 Vijerna)

(1)’

)’
li* i

is the length from i to j in G). We

again sample 7, "% N(0,02) (o to be specified later). Let instance J' satisfy lgi), =
. € t) . € t) . . t)!

clip (% + 1%t 771’5>, lé*) = clip (% + 1_2Kp + n{), lg*) =clip (3 +n}) (i > 2), and lgj) =

clip (% +n;) for all i,j € [K].

where is the length from i to * in G}, and [

Let Z; = [Zé,lv Zigy - ’Zé,K} be the hitting times at time ¢ in instance J’. Thus for

j # 2, in instance ¥/,

E [Zé,Z] > E [Ztld-] + 6]1[ [ 11 2 H (B53)

From , we know, in instance J, when there are at least %T unclipped rounds and
node 1 is played no more than %T times, then in at least iT rounds, a regret of € is incurred.
Similarly, in instance J', when there are at least %T unclipped rounds and node 1 is played
more than %T times, then in at least iT rounds, a regret of (at least) € is incurred.

Now we define some notations to write the above observations symbolically. Let Py .
(resp. Py ) be the probability measure on running m on J (resp. J'). Let Ej » (resp. Ey )
be the expectation with respect to Pj  (resp. Py ). Let N; (resp. N;) be the number of
times i is played in J (resp. J').

Since Ey.» [Zj NJ} — T, there exists i € {2,3,--- , K'} such that By  [N;] < 2L5. With-
out loss of generality, we assume ¢ = 2. Otherwise, we can rename the nodes {2,3,--- , K}

such that 7 becomes 2.
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Let Reg3d¥(T)) (resp. Regd® (T)) be the regret in J against node 1 (resp. in J' against

H, and W' = Ztﬂ{née[

node 2). Let u = 1€T. Let W = Zt]l[

11 11 € .
”fe[—iﬁﬂfm —§v§+14{p“

Using the above notations, we have

Py x (Regad"( ) > u)

>Py . (N1 <T/2 and W >3T/4) > Py, (N <T/2) — Py (W < 37T/4)
and
Py (Rega‘dV (T) > u)
>Py - (N{ >T/2 and W' >3T/4) >Py . (N] >T/2) — Py (W <3T/4),
which gives

Py x (Regad"( ) > u) + Py (RegadV (T) > u)

>Py o (N < T/2) — Py (W < 3T/4) + Py o (N] > T/2) — Py . (W < 3T/4). (B.54)

The quantities Py . (W < 3T/4) and Py . (W’ < 3T/4) can be easily handled since 7, are
Gaussian (Proposition. Now we turn to lower bound Py . (N1 < T/2)+Py . (N7 > T/2),
and then select a proper € to maximize this lower bound.

By the definition of total variation and the Pinsker’s inequality,

Py (N1 >T/2) + Py (N] <T/2) =1+4Py . (N1 >T/2) — Py (N} >T/2)

>1—dry (Pyr,Pyx)

>1-— \/2DKL (PJ,mPJ’,W)'

Let Q; ; (resp. Q;j) be the probability space generated by playing j at t in instance J

(resp. J'). By chain rule, we have
T
Dir (Pyx[Pyx) = Z Z = (Ji = §) Drr Q11191 5) - (B.55)
t=1 je[K]

Let Xo, L1, X1, Lo, - -+ be the nodes and edge length of each step in the trajectory after

playing a node. The sample space of Q; ; and QQJ is spanned by Xg, L1, X1, Lo, - --.
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By Markov property, we have, for all i,j € [K] and k € Ny,

Qti (L1, X1y Lo, Xpyo, - | X = J) = Qij- (B.56)

Qt; (Lisr, Xprt, Liyz, Xivo, - [ X = J) = Q-
Thus by chain rule,

Dir (Quill Q4 4)
=Dgkr, (Qt (X1, Ll)HQ;i(Xl’ Ll))

+Z/ P(X1 ==, L1=1)Dgr(Qi(X2,Lo,...| X1 =2, L1 =1)||Q} ;(X2,Lo,...| X1 =2, L1 =1))dI
z€[K]

=Drcr (Qri(X1, L1)]| Q) (X1, L1)) + Z mjiDr Q9% ,) - (B.57)
JE[K]

Let f bethe p.d.f. of N (%, 02) truncated to [0, 1] . Let f* be the p.d.f. of./\f( + Kp,02>
clipped to [0,1]. Let ¢ (resp. ®) be the p.d.f. (resp. c.d.f.) of the standard normal distri-

bution. Thus we have

Dir (Qu2(X1,L1)]|Qf o(X1, L))

Lo KRG L pfG)
/(1 Ko)f(2)1og 1 —er i d +K/0 pf() 1o 22 a
— zZ )10 fZ) zZ
— Kp/f Jlog 5 d

)
—(1— Kp)Dkr <N<§ ) clip, N ( 1_2€Kp,a2> ychp>
’)

<(1 - Kp)Dgr (N (1, ( EKp, 02>) (B.58)

_ 2¢?
~ (1—Kp)o?’
where (B.58]) uses monotonicity of f-divergence (e.g., [CS04]).

Also,
Dir (Qui(X1, L1)||Q} (X1, L1)) =0, for i # 2.
Next, define

D = [Dky (

11)Drr (Q20195) - D (Qurll Qi k)],
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and
¢ = [Drr (Quo(X1, L1)|Q} o(X1,L1)), ..., DkL (Qt,K(XhLl)HQQ,K(Xl,Ll))]T :

Then we can rewrite (B.57) as

M
D=MD+¢, andthus D= |1+ c.
1-—Kp

Solving the above gives, for all i € [K],

Dir (Quill Q1)

:DKL (Qt,i(XbLI)HQ;,@'(XLLI)) + 1 _pr ;{] DKL (Qt,j(XhLl)HQ:f,j(XlaLl))
J

2¢2 g .
<1 + 1—%(1)) (1—[2}0)02’ iti=2,

2 .
(172[?% N otherwise.

<

Plugging above computation, and that Ej r [Na] < %, back to lD we have

T
Dir (PyxlPyn) =Y > Pyx(Jo=4) Dir (Quill Q)

t=1 je[K]
=Y By [N)] Dicr (9141195 )
j
2¢2 T 2pe*T
< (142 S S
1-Kp) (1-Kp)o?2 K—-1 (1—-Kp)?o?

Thus by Pinsker’s inequality,

2 2
P € T pe=T
d Py 1, Py <2 1+ ’ _ K o
TV( J, \!aﬂ') — \/( 1— [gp) (]_— Kp)02 K 1 (1 F)Z 2

2 2
P € T pe=T
<2./(1 : .
= \/< +1—Kp) (I—Kpo? K—1 (1-Kp?2o?

Thus, from the definition of total variation,

1+ [PJJF (Nl > T/2) — IP)S/JF (Nl < T/2)

>1 —drv(Pyx, Pry )

>1—2,/(1+ P ¢ ro, rer
- 1-Kp) (1-Kp)e? K-1 (1—Kp)2c?
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, we have 1+ Py (N1 >T/2) —

1-Kp

Py - (N1 <T/2) > % Applying the above results to |j gives,

_ . (1_Kp)2o? [(K_1)(1_Kp)o?
By picking € —mln{ 39T ,\/32(1+ - )T

1 , 1
]P)JJT <Reg?dv(T) 2 46T> + ]P):)/Jl' <Reg221dv (T) 2 46T>
214+ Pyr (N1 2 T/2) = Py (N] 2 T/2) = P(W < 3T/4) — P (W' < 37/4)

1
>

_17
where we use Proposition |8 (in Appendix [B.2.2)) to remove the terms involving W and W'.

This means either

1— Kp)202T K—-1(1—-Kp)o?T 1
]P)JJI' Regzlidv(T) > min ( 32p) g , ( )( p)O‘ > g
P 32 (1+ 12 )
or
/ 1— Kp)202T K—-1)(1—-Kp)o?T 1
]P)‘”j’,n Reggdv (T) > min ( 32]9) g , ( )( p)o > §7
P 32 (1 + %)
which concludes the proof.
L]
B.2.2 Additional Propositions
Proposition 7. Fiz any a € (0,1]. We have
x 1—+a
- r < . Yz (0,1). B.59
x—i—(l—a)a?_x—i_l—i-\/a ze (1) (B:59)
Proof. 1f suffices to show, for any a € (0, 1], the function f,(x) := m — x is upper
bounded by ;g This can be shown via a quick first-order test. At zpax = %, the
maximum of f, is achieved, and f,(Tmax) = 1-va O

1a"

Proposition 8. Fix any o < % Pick T such that T > 1281og 8, and € such that ﬁ < i.
Then P (W < 2T) < % and P (W' < 3T) < 1.

126



Proof. Recall W = Y1, ]I[ L1 H Since 1y € N (0,0?), we have

nte[_i’i_l—Kp

- 4}) (since =% < 1)

1
=1—2exp (—) (since 7; is o2-sub-Gaussian)
7 . 1
> 3 (since o < %)
By Hoeffding’s inequality,

(B.60)

o =

P (W < iT) <P (W < gT— \/2Tlog8) gIP(W <E[W] - \/2Tlog8> <
O

Proposition 9. For any distribution @ over problem instances and policy m, let Pg » be
the probability of running w for T steps on a problem instance sampled from Q. For any
problem instance J, let Py be the probability of running m for T' steps on problem instance
J. Then for any Q, ™ and event A and v € (0,1), if Pg(Q) > u, then there exists

J € support(Q), such that Py (A) > u.

Proof. For any event A,

P (A) = / Py (A)dQ(3). (B.61)
J€support(Q)

From above, it is clear that if P; »(A) < u for all J € support(Q), then it is impossible

to have Pg (A) > u.
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