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Abstract

My thesis focuses new directions in bandit learning problems. In Chapter 1, I give an

overview of the bandit learning literature, which lays the discussion framework for studies in

Chapters 2 and 3. In Chapter 2, I study bandit learning problem in metric measure spaces.

I start with multi-armed bandit problem with Lipschitz reward, and propose a practical

algorithm that can utilize greedy tree training methods and adapts to the landscape of the

reward function. In particular, the study provides a Bayesian perspective to this problem.

Also, I study bandit learning for Bounded Mean Oscillation (BMO) functions, where the

goal is to “maximize” a function that may go to infinity in parts of the space. For an

unknown BMO function, I will present algorithms that efficiently finds regions with high

function values. To handle possible singularities and unboundedness in BMO functions, I

will introduce the new notion of δ-regret – the difference between the function values along

the trajectory and a point that is optimal after removing a δ-sized portion of the space. I

will show that my algorithm has O
(
κ log T
T

)
average T -step δ-regret, where κ depends on δ

and adapts to the landscape of the underlying reward function.

In Chapter 3, I will study bandit learning with random walk trajectories as feedback. In

domains including online advertisement and social networks, user behaviors can be modeled

as a random walk over a network. To this end, we study a novel bandit learning problem,

where each arm is the starting node of a random walk in a network and the reward is

the length of the walk. We provide a comprehensive understanding of this formulation
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by studying both the stochastic and the adversarial setting. In the stochastic setting, we

observe that, there exists a difficult problem instance on which the following two seemingly

conflicting facts simultaneously hold: 1. No algorithm can achieve a regret bound inde-

pendent of problem intrinsics information theoretically; and 2. There exists an algorithm

whose performance is independent of problem intrinsics in terms of tail of mistakes. This

reveals an intriguing phenomenon in general semi-bandit feedback learning problems. In

the adversarial setting, we establish novel algorithms that achieve regret bound of order

Õ
(√

κT
)

, where κ is a constant that depends on the structure of the graph, instead of

number of arms (nodes). This bounds significantly improves regular bandit algorithms,

whose complexity depends on number of arms (nodes).
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Chapter 1

Introduction

Bandit learning algorithms seek to answer the following critical question in sequential de-

cision making:

In interacting with the environment, when to exploit the historically good

options, and when to explore the decision space?

This intriguing question, and the corresponding exploitation-exploration tension arise

in many, if not all, online decision making problems. Bandit learning algorithms find

applications ranging from experiment design [Rob52] to online advertising [LCLS10].

In the classic bandit learning problem, an agent is interacting with an unknown and

possibly changing environment. This agent has a set of choices (called arms in bandit

community), and is trying to maximize the total reward, while learning the environment.

The performance is usually measured by regret. The regret is defined as the total difference,

summed over time, between the agent’s choices, and a hindsight optimal option. We seek

to design algorithms with a sub-linear regret in time. This ensures that when we can run

the algorithm long enough, we are often choosing the best options.

Three Different Settings

In this part, I classify bandit problems into three different settings, based on how the

environment may change. I survey these three settings, with focus on their early stage

development. While there are many other possible ways to classify bandit problems (e.g.,

based on whether the feedback is full-information, semi-bandit, or bandit), I hope this

classification communicates my first hunch of dissecting a bandit problem.

Stochastic Bandit. Stochastic bandit is perhaps the oldest form of bandit learning,

as it can date its history back to about 90 years ago. [Tho33]. In this setting, the agent is
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Figure 1.1: A bandit octopus.

faced with K arms, each with an unknown and unchanging distribution. The agent’s goal

is to find out the arm with best expected reward while interacting with this environment.

Perhaps the oldest algorithm for stochastic bandit is Thompson Sampling [Tho33], which

maintains a belief distribution for each option, and makes decisions according to samples

from the belief distributions. It is worth noting that the tight performance guarantee

for this elegant method remains unknown until 2011 [AG13]. This paper by Thompson,

together with the seminal papers [Rob52, LR85], lays the foundation of modern stochastic

bandit. In their seminal papers [Rob52, LR85], the ideas of certainty, confidence, and Upper

Confidence Bound (UCB) were introduced, and the asymptotic lower bound for all bandit

learning algorithms was derived. The UCB method plays arms that maximize the empirical

mean estimate plus a confidence interval of the estimate. The UCB algorithms are pushed

to its modern form later by [Agr95b, ACBF02]. This UCB principle has inspired a long list

of works: linear bandits (e.g., [Aue02, AYPS11, LCLS10]), stochastic combinatorial bandit

2



(e.g., [CWY13, KWAS15]), Lipshitz bandits (e.g., [Kle05, KSU08, BMSS11]), just to name

a few.

Markov Bandit. In the 70s, a different formulation parallel to the stochastic bandit

problem was invented, Gittins studied a Markov bandit problem where each arm is associ-

ated with a state that can evolve [Git79]. An arm’s state evolves in a Markovian fashion,

and only changes when it is pulled. Each time, the agent receives a reward that depends

on the arm pulled and the state of the pulled arm. The goal is to maximize the total long-

term reward (with respect to some discount factor). The upfront motivation in the original

paper was job scheduling. Each time the worker selects a job to work on. The status of

the selected job is then updated, and a reward is given to the worker. This formulation

later finds especially useful for medical trials – each time a patient receives treatment, her

internal state evolves. Naturally, this Markov formulation later expands into the works of

restless bandits [Whi88], where the states may evolve even if the corresponding arms are

not pulled.

Adversarial Bandit. Another line of work parallel to the above two settings, is that

of adversarial bandits. In an adversarial bandit problem, the agent plays arms and an

adversary alters rewards. No restriction except for boundedness is imposed on the adver-

sarial rewards. Perhaps such adversarial bandits are captured in casinos for real, as the

seminal paper’s title “Gambling in a Rigged Casino” suggests [ACBFS95]. In such case,

the performance metric is usually oblivious regret, or e.g., dynamic regret (e.g., [HW13]).

The oblivious regret is the difference between the total reward of agent’s choices, and the

the total reward of a hindsight-optimal arm. Most adversarial algorithms are some form

of exponential weight algorithm [ACBFS95, FS97]. In these algorithms, a Boltzmann’s

softmax is applied, so that historically more rewarding arms are more likely to be played

in the future. What’s fascinating about exponential weights is the intrinsic connection to

mirror descent, follow the leader, and large body of works in online learning and optimiza-

tion therein (e.g., [SS+11]). Quite intriguingly, the adversarial bandit problem also relates

to zeroth-order convex optimization, other than in the mirror descent sense. In particular,

3



Flexman et al. [FKM05] studied a zeroth-order optimization method for convex functions.

They leverages the Stokes’ Theorem, and use a single-point zeroth-order information to

estimate the first order gradient.

Recent Development and New Directions 1

Recently, the field of bandit learning has expanded tremendously. In particular, re-

cent study of bandit learning relates to optimization in multiple ways. The most natural

connection is through the problem of pure exploration and the notion of simple regret

[BMS09, ABM10, BMS11, KDO+16a, SCY19]. In such problems, the agent ignores the

need to exploit, and simply seeks to find the best option. In such problems, the goal is

to minimize simple regret, which is the difference between reward of the best arm of the

reward of a single-step choice. When the underlying reward is endowed with convexity, the

problem naturally has intriguing connection to optimization. A general regime is to use

Stokes’ theorem to estimate gradient using zeroth-order information (or bandit feedback)

[FKM05]. Variations with specific geometric structure (e.g., [HL14]) and projection-free

versions (e.g., [CZK19]) have also been developed. The lower bound has also been de-

rived using a clever global construction [Sha13]. An intrinsic connection between bandit

algorithms and optimization is: exponential weights algorithms can be viewed as mirror

descent with negated entropy as the mirror map. This means that the multiplicative weight

update is equivalently a gradient step in the dual space. Works down this line inherits rich

relations to online learning and optimization in general; See e.g., [SS+11, B+15, H+16] for

an overview of this connection.

Recent study of bandit learning also relates to reinforcement learning. Many ban-

dit learning principles have been used in reinforcement learning, especially recently, after

the successful usage of the Upper Confidence Tree method [KS06] in solving GO games

[SHM+16]. Practitioners also often perturb the policy with the ε-greedy principle when

the action space is large [SB98]. Recently, both the UCB mechanism and the exponen-

tial weight methods are used in reinforcement learning. The use of UCB in reinforcement

1This part serves as a general picture before I introduce the new directions studied in this thesis.
More contextualized discussions of related works will be presented in Chapters 2 and 3.
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learning is a natural extension to Q-learning. In Q-learning, one maximizes the estimated

Q function to decide an action. Combined with the UCB principle, one maximizes the

upper confidence bound of the estimated Q-function to learn a policy. Jin et al use the

UCB principle to design adaptive exploration strategies in finite-horizon tabular Markov

decision processes [JAZBJ18]. This was later extended to infinite-horizon case [WDCW19].

Under this optimistic principle, Linear [YW20, JYWJ20] and Lipschitz [SWJ+20] varia-

tions are also studied. The exponential weights methods are also used in Markov decision

processes. To use exponential weights in this setting, a general recipe is to set the probabil-

ity of playing action a in state x being proportional to the exponentiated Q-value Q(x, a)

[EDKM05, NGSA10, AYBB+19, JJL+20].

In addition to studies related to optimization and reinforcement learning, many other

variations have been studied. To name a few, combinatorial bandits have been investigated

in both stochastic [CWY13] and adversarial setting [CBL12]. Bandit with switching cost

studies a setting where playing different arms in two consecutive rounds incurs an additional

cost [AHT88, DDKP14]. Also, bandits with knapsack provides a general framework for

bandit learning problems with resource constraints [BKS13, AD16, ISSS19].

In this thesis, I will focus on two problems in bandit learning. I will study new direction

and new use case of bandit learning. In Chapter 2, I study bandit learning problem in

metric measure spaces. I start with multi-armed bandit problem with Lipschitz reward, and

propose a practical algorithm that can utilize greedy tree training methods and adapts to the

landscape of the reward function. In particular, the study provides a Bayesian perspective

to this problem. The connection to finite horizon Lipschitz reinforcement learning is also

discussed. Also, I study bandit learning for Bounded Mean Oscillation (BMO) functions,

where the goal is to “maximize” a function that may go to infinity in parts of the space. For

an unknown BMO function, I will present algorithms that efficiently finds regions with high

function values. To handle possible singularities and unboundedness in BMO functions, I

will introduce the new notion of δ-regret – the difference between the function values along

the trajectory and a point that is optimal after removing a δ-sized portion of the space. I

5



will show that my algorithm has O
(
κ log T
T

)
average T -step δ-regret, where κ depends on δ

and adapts to the landscape of the underlying reward function. In Chapter 3, I will study

work motivated by online advertising. Nowadays, millions of people open mobile apps, and

randomly browse items in the app. The browsing over items in the app can be modeled

as a random walk over the items. To this end, I propose a Markov random walk model to

capture the dynamics of browsing behavior. The items (e.g., video clips) are modeled as

nodes in a graph. Each epoch t, a user arrives at an entrance item – opens the app, and

performs a random walk over the graph of items – every click on an item is a transition to

a new node. The user closes the app when the random walk hits an absorbing node. This

model leads to an important real-world question: How to make good recommendations in

this model? I will provide an algorithmic answer to this question in different settings, along

with theoretical guarantees.

6



Chapter 2

Bandit Learning in Metric Spaces

2.1 Lipschitz Bandits: A Bayesian Approach

2.1.1 Introduction

A stochastic bandit problem assumes that payoffs are noisy and are drawn from an un-

changing distribution. The study of stochastic bandit problems started with the discrete

arm setting, where the agent is faced with a finite set of choices. Classic works on this prob-

lem include Thompson sampling [Tho33, AG12], Gittins index [Git79], ε-greedy strategies

[SB98], and upper confidence bound (UCB) methods [LR85, ACBF02]. One recent line

of work on stochastic bandit problems considers the case where the arm space is infinite.

In this setting, the arms are usually assumed to be in a subset of the Euclidean space

(or a more general metric space), and the expected payoff function is assumed to be a

function of the arms. Some works along this line model the expected payoff as a linear

function of the arms [Aue02, DHK08, LCLS10, AYPS11, AG13]; some algorithms model

the expected payoff as Gaussian processes over the arms [SKKS10a, CPV14, dFSZ12];

some algorithms assume that the expected payoff is a Lipschitz function of the arms

[Sli14, KSU08, BMSS11, MCP14]; and some assume locally Hölder payoffs on the real line

[AOS07]. When the arms are continuous and equipped with a metric, and the expected pay-

off is Lipschitz continuous in the arm space, we refer to the problem as a stochastic Lipschitz

bandit problem. In addition, when the agent’s decisions are made with the aid of contextual

information, we refer to the problem as a contextual stochastic Lipschitz bandit problem.

Not many works [BMSS11, KSU08, MCP14] have considered the general Lipschitz bandit

problem without making strong assumptions on the smoothness of rewards in context-arm

space. In this part, we focus our study on this general (contextual) stochastic Lipschitz

7



bandit problem, and provide practical algorithms for use in data science applications.

Specifically, we propose a framework that converts a general decision tree algorithm

into an algorithm for stochastic Lipschitz bandit problems. We use a novel analysis that

links our algorithms to Gaussian processes; though the underlying rewards do not need

to be generated by any Gaussian process. Based on this connection, we can use a novel

hierarchical Bayesian model to design a new (UCB) index. This new index solves two main

problems suffered by partition based bandit algorithms. Namely, (1) within each bin of the

partition, all arms are treated the same; (2) disjoint bins do not use information from each

other.

Empirically, we show that using adaptively learned partitions, Lipschitz bandit algo-

rithms can be used for hard real-world problems such as hyperparameter tuning for neural

networks.

Relation to prior work: One general way of solving stochastic Lipschitz bandit prob-

lems is to finely discretize (partition) the arm space and treat the problem as a finite-arm

problem. An Upper Confidence Bound (UCB) strategy can thus be used. Previous al-

gorithms of this kind include the UniformMesh algorithm [KSU08], the HOO algorithm

[BMSS11], and the (contextual) Zooming Bandit algorithm [KSU08, Sli14]. While all these

algorithms employ different analysis techniques, we show that as long as a discretization of

the arm space fulfills certain requirements (outlined in Theorem 1), these algorithms (or a

possibly modified version) can be analyzed in a unified framework.

The practical problem with previous methods is that they require either a fine discretiza-

tion of the full arm space or restrictive control of the partition formation (e.g., Zooming rule

[KSU08]), leading to implementations that are not flexible. By fitting decision trees that

are grown adaptively during the run of the algorithm, our partition can be learned from

data. This advantage enables the algorithm to outperform leading methods for Lipschitz

bandits (e.g. [BMSS11, KSU08]) and for zeroth order optimization (e.g. [MC14, LJD+16])

on hard real-world problems that can involve difficult arm space and reward landscape.

As shown in the experiments, in neural network hyperparameter tuning, our methods can

8



outperform the state-of-the-art benchmark packages that are tailored for hyperparameter

selection.

In summary, our contributions are: 1) We develop a novel stochastic Lipschitz bandit

framework, TreeUCB and its contextual counterpart Contextual TreeUCB. Our framework

converts a general decision tree algorithm into a stochastic Lipschitz bandit algorithm.

Algorithms arising from this framework empirically outperform benchmarks methods. 2)

We develop a new analysis framework, which can be used to recover previous known bounds,

and design a new principled acquisition function in bandits and zero-th order optimization.

2.1.2 Main Results: TreeUCB Framework and a Bayesian

Perspective

The TreeUCB framework

Stochastic bandit algorithms, in an online fashion, explore the decision space while exploit

seemingly good options. The performance of the algorithm is typically measured by regret.

In this part, we focus our study on the following setting. A payoff function is defined

over an arm space that is a compact doubling metric space (A, d), the payoff function of

interest is f : A → [0, 1], and the actual observations are given by y(a) = f(a) + εa. In our

setting, the noise distribution εa could vary with a, as long as it is uniformly mean zero,

almost surely bounded, and independent of f for every a. Our results easily generalize to

sub-Gaussian noise [Sha11]. In the analysis, we assume that the (expected) payoff function

f is Lipschitz in the sense that ∀a, a′ ∈ A, |f(a)− f(a′)| ≤ Ld(a, a′) for some Lipschitz

constant L. An agent is interacting with this environment in the following fashion. At

each round t, based on past observations (a1, y1, · · · , at−1, yt−1), the agent makes a query

at point at and observes the (noisy) payoff yt, where yt is revealed only after the agent has

made a decision at. For an agent executing algorithm Alg, the regret incurred up to time

9



Figure 2.1: Example reward function (in color gradient) with an example partition-
ing.

T is defined to be:

RT (Alg) =

T∑
t=1

(f(a∗)− f(at)) ,

where a∗ is the global maximizer of f .

Any TreeUCB algorithm runs by maintaining a sequence of finite partitions of the

arm space. Intuitively, at each step t, TreeUCB treats the problem as a finite-arm bandit

problem with respect to the partition bins at t, and chooses an arm uniformly at random

within the chosen bin. The partition bins become smaller and smaller as the algorithm

runs. Thus, at any time t, we maintain a partition Pt =
{
P

(1)
t , · · · , P (kt)

t

}
of the input

space. That is, P
(1)
t , · · · , P (kt)

t are subsets of A, are mutually disjoint and ∪kti=1P
(i)
t = A.

As an example, Figure 2.1 shows an partitioning of the input space, with the underlying

reward function shown by color gradient. In an algorithm run, we collect data and estimate

the reward with respect to the partition. Based on the estimate, we select a “box” to play

next.

10



Each element in the partition is called a region and by convention P0 = {A}. The

regions could be leaves in a tree, or chosen in some other way.

Given any t, if for any P (i) ∈ Pt+1, there exists P (j) ∈ Pt such that P (i) ⊂ P (j), we say

that {Pt}t≥0 is a sequence of nested partitions. In words, at round t, some regions (or

no regions) of the partition are split into multiple regions to form the partition at round

t+ 1. We also say that the partition grows finer.

Based on the partition Pt at time t, we define an auxiliary function – the Region

Selection function.

Definition 1 (Region Selection Function). Given partition Pt, function pt : A → Pt is

called a Region Selection Function with respect to Pt if for any a ∈ A, pt(a) is the region

in Pt containing a.

As the name TreeUCB suggests, our framework follows an Upper Confidence Bound

(UCB) strategy. In order to define our Upper Confidence Bound, we require several defini-

tions.

Definition 2. Let Pt be the partition of A at time t (t ≥ 1) and let pt be the Region

Selection Function associated with Pt. Let (a1, y1, a2, y2, · · · , at′ , yt′) be the observations

received up to time t′ (t′ ≥ 1). We define

• the count function n0
t,t′ : A → R, such that

n0
t,t′(x) =

t′∑
i=1

I[xi ∈ pt(x)].

• the corrected average function mt,t′ : A → R, such that

mt,t′(a) =


∑t′
i=1 yiI[ai∈pt(a)]

n0
t,t′ (a)

, if n0
t,t′(a) > 0;

1, otherwise.

(2.1)

• the corrected count function, such that

nt,t′(x) = max
(
1, n0

t,t′(x)
)
. (2.2)

When t = t′, we shorten the notation from mt,t′ to mt, n
0
t,t′ to n0

t , and nt,t′ to nt.
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In words, n0
t,t′(a) is the number of points among (a1, a2, · · · , at′) that are in the same

region as arm a, with regions as elements in Pt. We also denote by D(S) the diameter of

S ⊂ A, and D(S) := supa′,a′′∈S d(a′, a′′).

At time t, based on the partition and observations, our bandit algorithm uses, for a ∈ A

Ut(a) = mt−1(a) + C

√
4 log t

nt−1(a)
+M ·D(pt(a)), (2.3)

for some C and M as the Upper Confidence Bound of arm a; and we play an arm with the

highest Ut value (with ties broken uniformly at random).

Remark 1. As we will discuss in Section 2.1.2, the upper confidence index for our decision

can take different forms other than (2.3).

Here C depends on the almost sure bound on the reward, and M depends on the

Lipschitz constant of the expected reward, which are both problem intrinsics.

Since Ut is a piece-wise constant function in the arm-space and is constant within

each region, playing an arm with the highest Ut with random tie-breaking is equivalent to

selecting the best region (under UCB) and randomly selecting an arm within the region.

After deciding which arm to play, we update the partition into a finer one if eligible. This

strategy, TreeUCB, is summarized in Algorithm 1. We also provide a provable guarantee

for TreeUCB algorithms in Theorem 1.

Theorem 1. Suppose that the payoff function f defined on a compact domain A satisfies

f(a) ∈ [0, 1] for all a and is Lipschitz. Let Pt be the partition at time t in Algorithm 1. If

the tree fitting rule R satisfies

(1) {Pt}t≥0 is a sequence of nested partitions (or the partition grows finer);

(2) |Pt| = o(tγ) for some γ < 1;

(3) D(pt(a)) = o(1) for all a ∈ A, where

D(pt(a)) := sup
a′,a′′∈pt(a)

d(a′, a′′)

is the diameter of region pt(a);

(4) given all realized observations {(at, yt)}Tt=1, the partitions {Pt}Tt=1 are deterministic;

12



Algorithm 1 TreeUCB (TUCB)

1: Parameter: M ≥ 0 (M ≥ L). C > 0. Tree fitting rule R that satisfies 1–4 in

Theorem 1.

/**C depends on the a.s. bound of the reward./

/**M depends on the Lipschitz constant of the expected reward./

2: for t = 1, 2, . . . , T do

3: Fit the tree ft−1 using rule R on observations (a1, y1, a2, y2, . . . , at−1, yt−1).

4: With respect to the partition Pt−1 defined by leaves of ft−1, define mt−1, nt−1

as in (2.1) and (2.2). Play

at ∈ arg max
a∈A
{Ut(a)} , (2.4)

where Ut is defined in (2.3). Ties are broken uniformly at random.

5: Observe the reward yt.

then the regret for Algorithm 1 satisfies

lim
T→∞

RT (TUCB)

T
= 0

with probability 1.

The above assumptions are all mild and reasonable. For item 1, we can use incremental

tree learning [Utg89] to enforce nested partitions. For item 2, we may put a cap (that may

depend on t) on the depth of the tree to constrain it. For item 3, we may put a cap (that

may depend on t) on tree leaf diameters to ensure it. For item 4, any non-random tree

learning rule meets this criteria, since in this case, the randomness only comes from the

data (and/or number of data points observed).

We now discuss the proof of Theorem 1. Throughout the rest of the paper, we use Õ

to omit constants and poly-log terms unless otherwise noted. To prove Theorem 1, we first

use Claims 1 and 2 to bound the single step regret, we then use Lemma 1 and Assumptions

(1) – (3) to bound the total regret.
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To start with, we first present the following two claims, which may also be carefully

extracted from previous works (e.g., [BMSS11]).

Claim 1. For an arbitrary arm a, and time t, with probability at least 1− 1
t4

, we have,

|mt−1(a)− f(a)| ≤ L ·D(pt−1(a)) + C

√
4 log t

nt−1(a)

for a constant C that depends only on the a.s. bound of the reward.

Claim 2. At any t, with probability at least 1− 1
t4

, the single step regret satisfies:

f(a∗)− f(at) ≤ 2L ·D(pt−1(at)) + 2C

√
4 log t

nt−1(at)
(2.5)

for a constant C, that depends only on the a.s. bound of the reward.

In Section 2.1.2, we prove general versions of Claims 1 and 2.

As the tree (partition) grows finer, the term nt−1(a) is not necessarily increasing with

t (for an arbitrary fixed a). Therefore part of the difficulty is in bounding
∑T

t=1
1

nt−1(at)
.

Next, we introduce a new set of inequalities, which we call “point scattering” inequalities

in Lemma 1 to bound this term.

Lemma 1 (Point Scattering Inequalities). For an arbitrary sequence of points a1, a2, · · · in

a space A, and any sequence of nested partitions P1,P2, · · · of the same space A, we have,

for any T ,

T∑
t=1

1

nt−1(at)
≤ e|PT | log

(
1 + (e− 1)

T

|PT |

)
, (2.6)

T∑
t=1

1

1 + n0
t−1(at)

≤ |PT |
(

1 + log
T

|PT |

)
, (2.7)

T∑
t=1

(
1

1 + n0
t−1(at)

)α
≤ 1

1− α
|PT |αT 1−α, 0 < α < 1, (2.8)

where n0
t−1 and nt−1 are the count and corrected count function as in Definition 2, and |PT |

is the cardinality of the finite partition PT .
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As defined in Definition 2, n0
t−1(at) is the number of points that are in the same bin

(in partition Pt−1) as at. Also, nt−1(at) is the “corrected” version of n0
t−1(at): nt−1(at) =

max(1, n0
t−1(at)).

Remark 2. We shall notice that (2.6) allows us to somewhat “look one step ahead of

time”, since it uses the values {nt−1(at)}t - the corrected counts without including at. This

is because nt−1 is computed using points up to time t − 1. The equation (2.7) is different

from (2.6) in the sense that {1 + n0
t−1(at)}t are essentially the counts including at. While,

with proper modification, both (2.6) and (2.7) can be used to derive Theorem 1, we shall

not ignore the difference between (2.6) and (2.7).

Proof of (2.6)

We use a novel constructive trick to derive (2.6). This trick and the usefulness of the result

(Remarks 2 and 3 and Section 2.1.2) mark our major technical contribution. The trick is

to consider the incidence matrix of which points are within the same partition bin, and use

this matrix as if it were a covariance matrix for a Gaussian process. Then, we use knowledge

about Gaussian processes to bound the sum of the inverse of the number of points in each

bin over time.

For each T , we construct a hypothetical noisy degenerate Gaussian process. We are not

assuming our payoffs are drawn from these Gaussian processes. We only use these Gaussian

processes as a proof tool. To construct these noisy degenerate Gaussian processes, we define

the kernel functions kT : A×A → R,

kT (a, a′) =


1, if pT (a) = pT (a′)

0, otherwise.

(2.9)

where pT is the region selection function defined with respect to PT . The kernel kT is

positive semi-definite as shown in Proposition 1.

Proposition 1. The kernel defined in (2.9) is positive semi-definite for any T ≥ 1.
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Proof. For any x1, . . . , xn in where the kernel kT (·, ·) is defined, the Gram matrix K =[
kT (xi, xj)

]
n×n

can be written into block diagonal form where diagonal blocks are all-

one matrices and off-diagonal blocks are all zeros with proper permutations of rows and

columns. Thus without loss of generality, for any vector v = [v1, v2, . . . , vn] ∈ Rn, v>Kv =∑B
b=1

(∑
j:ij in block b vij

)2
≥ 0 where the first summation is taken over all diagonal blocks

and B is the total number of diagonal blocks in the Gram matrix.

Now, at any time T , let us consider the model ỹ(a) = g(a) + eT where g is drawn from

a Gaussian process g ∼ GP (0, kT (·, ·)) and eT ∼ N (0, s2
T ). Suppose that the arms and

hypothetical payoffs {(a1, ỹ1), (a2, ỹ2), . . . , (at, ỹt)} are observed from this Gaussian process.

The posterior variance for this Gaussian process after the observations at a1, a2, . . . , at is

σ2
T,t(a) = kT (a, a)− kTa (K + s2

T I)−1ka,

where ka = [kT (a, a1), . . . , kT (a, at)]
>, K = [kT (ai, aj)]t×t and I is the identity matrix. In

other words, σ2
T,t(a) is the posterior variance using points up to time t with the kernel

defined by the partition at time T . After some matrix manipulation, we know that

σ2
T,t(a) = 1− 1a[1a1

>
a + s2

T I]−11a,

where 1a = [1, · · · , 1]>
1×n0

T,t(a)
. By the Sherman-Morrison formula, [1a1

>
a +s2

T I]−1 = s−2
T I−

s−4
T 1a1>a

1+s−2
T n0

T,t(a)
. Thus the posterior variance is

σ2
T,t(a) =

1

1 + s−2
T n0

T,t(a)
. (2.10)

Following the arguments in [SKKS10a], we derive the following results. For any t ≤

T , and an arbitrary sequence at = {a1, a2, · · · , at}, we consider fixing this sequence and

query the constructed Gaussian processes at these points. Since at is fixed, the entropy

H(ỹt,at) = H(ỹt). Since, by definition of a Gaussian process, ỹt follows a multivariate

Gaussian distribution,

H(ỹt) =
1

2
log
[
(2πe)t det

(
K + s2

T I
)]

(2.11)
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where K =
[
kT (ai, aj)

]
t×t

. We can then compute H(ỹt) by

H(ỹt) = H(ỹt|ỹt−1) +H(ỹt−1)

= H(ỹt|at, ỹt−1,at−1) +H(ỹt−1)

=
1

2
log
(
2πe

(
s2
T + σ2

T,t−1(at)
))

+H(ỹt−1)

=
1

2

t∑
τ=1

log
(
2πe

(
s2
T + σ2

T,τ−1(aτ )
))
, (2.12)

where (2.12) comes from recursively expanding H(ỹτ ). By (2.11) and (2.12),

t∑
τ=1

log
(
1 + s−2σ2

T,τ−1(aτ )
)

= log
[
det
(
s−2K + I

)]
. (2.13)

For the block diagonal matrix K of size t × t, let ni denote the size of block i and B′

(B′ ≤ |Pt|) be the total number of diagonal blocks up to a time t (t ≤ T ). Then we have

det
(
s−2K + I

)
=

B′∏
i=1

det
(
s−211> + Ini×ni

)

=

B′∏
i=1

(
1 + s−2ni

)
≤
(

1 +
s−2t

B′

)B′
,

where 1 is all-1 vector of proper length. In the above, (1) the equality on the first line uses

the determinant of block-diagonal matrix equals to the product of determinant of diagonal

blocks, 2) the equality on the last line is due to the matrix determinant lemma, and 3) the

inequality on the last line is due to the AM-GM inequality and that
∑B′

i=1 ni = t.

Next, since |Pt| ≥ B′ and
(

1 + s−2t
x

)x
is increasing with x (on [1,∞)),

det
(
s−2K + I

)
≤
(

1 +
s−2t

B′

)B′
≤
(

1 +
s−2t

|Pt|

)|Pt|
. (2.14)

Therefore, from (2.13) and (2.14),

T∑
τ=1

log
(
1 + s−2σ2

T,τ−1(aτ )
)
≤ |PT | log

(
1 +

s−2T

|PT |

)
, (2.15)

since arguments after (2.11) hold for all t ≤ T .
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Since the function h(λ) = λ
log(1+λ) is increasing for non-negative λ, λ ≤ s−2

T

log(1+s−2
T )

log(1+

λ) for λ ∈ [0, s−2
T ]. Since σT,t(a) ∈ [0, 1] for all a,

σ2
T,t(a) ≤ 1

log(1 + s−2
T )

log
(
1 + s−2

T σ2
T,t(a)

)
(2.16)

for t, T = 0, 1, 2, · · · . Since the partitions are nested, we have that for T1 ≤ T2, nT1,t(a) ≥

nT2,t(a), and thus σ2
T1,t

(a) ≤ σ2
T2,t

(a). Suppose we query at points a1, · · · , aT in the Gaussian

process GP(0, kT (·, ·)). Then,

T∑
t=1

1

nt−1(at)
≤

T∑
t=1

1 + s−2
T

1 + s−2
T nt−1(at)

≤
T∑
t=1

1 + s−2
T

1 + s−2
T n0

T,t−1(at)
≤
(
1 + s−2

T

) T∑
t=1

σ2
T,t−1(at) (2.17)

≤
1 + s−2

T

log(1 + s−2
T )

T∑
t=1

log
(
1 + s−2

T σ2
T,t−1(at)

)
≤

1 + s−2
T

log(1 + s−2
T )
|PT | log

(
1 + s−2

T

T

|PT |

)
,

where (2.17) uses (2.10), the second last inequality uses (2.16), and the last inequality uses

(2.15). Finally, we optimize over sT . Since s−2
T = e− 1 minimizes

1+s−2
T

log(1+s−2
T )

, we have

T∑
t=1

1

nt−1(at)
≤ e|PT | log

(
1 + (e− 1)

T

|PT |

)
.

The above argument proves (2.6).

Remark 3. One important insight of our analysis is that this allows us to link the Hoeffding-

type concentration term to the posterior variance of the constructed Gaussian processes.

This connection is directly shown in (2.10). As we will discuss in Section 2.1.2, we can use

this connection to improve the entire learning process via “softening”.

Next, we sketch the proofs of (2.7) and (2.8).

Proof of (2.7). Consider the partition PT at time T . We label the regions of the

partitions by j = 1, 2, · · · , |PT |. Let tj,i be the time when the i-th point in the j-th region

in PT being selected. Let bj be the number of points in region j. Since the partitions are

nested, we have 1 + n0
tj,i−1(xtj,i) ≥ i for all i, j. We have, for T ≥ 1,
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T∑
t=1

1

1 + n0
t−1(xt)

=

|PT |∑
j=1

bj∑
i=1

1

1 + n0
tj,i−1(x0

tj,i
)
≤
|PT |∑
j=1

bj∑
i=1

1

i
(2.18)

≤
|PT |∑
j=1

(1 + log bj) = |PT |+
|PT |∑
j=1

log bj

= |PT |+ log

|PT |∏
j=1

bj ≤ |PT |+ |PT | log
T

|PT |
, (2.19)

where (2.18) uses 1+n0
tj,i−1(xtj,i) ≥ i and (2.19) uses AM-GM inequality and that

∑|PT |
j=1 bj =

T .

Proof of (2.8). The idea is similar to that of (2.7). For 0 < α < 1,

T∑
t=1

(
1

1 + n0
t−1(xt)

)α
=

|PT |∑
j=1

bj∑
i=1

(
1

1 + n0
tj,i

(x0
tj,i

)

)α

≤
|PT |∑
j=1

bj∑
i=1

1

iα
≤
|PT |∑
j=1

1

1− α
b1−αj

≤ 1

1− α
|PT |αT 1−α, (2.20)

where (2.20) is due to the Hölder’s inequality and that
∑|PT |

j=1 bj = T .

Proof of Theorem 1

Now we are ready to prove Theorem 1. We can split the sum of regrets by

T∑
t=1

(f(a∗)− f(at)) =

b
√
Tc∑

t=1

(f(a∗)− f(at)) +
T∑

b
√
Tc+1

(f(a∗)− f(at)) .

Also, by Claim 2, with probability at least 1 − 1

3b
√
Tc3

, (2.5) holds simultaneously for all

t =
⌊√

T
⌋

+ 1, · · · , T (T ≥ 2). Thus for T ≥ 2, the event

ET =

RTT >
1

T

√T +
T∑

t=b
√
Tc+1

Bt


 , where

Bt :=

(
2L ·D(pt−1(at)) + 2C

√
4 log t

nt−1(at)

)
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occurs with probability at most 1

3b
√
Tc3

. Since 1

3b
√
Tc3
∼ 1

3T 3/2 , we know
∑∞

T=2 P(ET ) <∞.

By the Borel-Cantelli lemma, we know P (lim supT→∞ET ) = 0. In other words, with

probability 1, ET occurs finitely many times. Thus, with probability 1, there exists a

constant T0, such that the event ET (negation of ET ) occurs for all T > T0. Also, from

the Cauchy-Schwarz inequality (used below in the second line) and (2.6) (used below in the

last line), we know that

T∑
t=b
√
Tc+1

√
log t

nt−1(at)
≤

T∑
t=1

√
log t

nt−1(at)
≤
√
T log T

√√√√ T∑
t=1

1

nt−1(at)

≤
√
T log T

√
e|PT | log

(
1 + (e− 1)

T

|PT |

)
= Õ

(
T

1+γ
2

)
,

where the last equality is from the assumption that |Pt| = o(tγ) for some γ < 1. This

means

lim
T→∞

1

T

T∑
t=1

√
4 log t

nt−1(at)
= 0.

In addition, by the assumption that D(pt(a)) = o(1), we know

lim sup
T→∞

1

T

T∑
t=1

D(pt−1(a)) = 0.

The above two limits give us

lim
T→∞

1

T

√T +

T∑
b
√
Tc+1

Bt

 = 0, where (2.21)

Bt :=

(
2L ·D(pt−1(at)) + 2C

√
4 log t

nt−1(at)

)
. (2.22)

Combining all the facts above, we have limT→∞
RT
T = 0 with probability 1.

Adaptive partitioning: TUCB shall be implemented using regression trees or in-

cremental regression trees. This naturally leverages the practical advantages of regression

trees. Leaves in a regression tree form a partition of the space. Also, a regression tree is

designed to fit an underlying function. This leads to an adaptive partitioning where the

underlying function values within each region should be relatively similar to each other.

We defer the discussion on the implementation we use in our experiments to Section 2.1.3.

Please refer to [BFSO84] for more details about regression tree fitting.
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The Contextual TreeUCB algorithm

Algorithm 2 Contextual TreeUCB (CTUCB)

1: Parameter: M > 0, C > 0, and tree fitting rule R.

2: for t = 1, 2, . . . , T do

3: Observe context zt.

4: Fit a regression tree ft−1 (using rule R) on observations {(zt, at), yt}Tt=1, .

5: With respect to the partition Pt−1 defined by leaves of ft−1, define mt−1 and

nt−1 in (2.1) and (2.2) (over the joint space Z ×A). Play

at ∈ arg max
a∈A
{Ut((zt, a))} ,

where Ut(·) is defined in (2.3). Ties are broken at random.

6: Observe the reward yt.

In this section, we present an extension of Algorithm 1 for the contextual stochastic

bandit problem. The contextual stochastic bandit problem is an extension to the stochastic

bandit problem. In this problem, at each time, context information is revealed, and the

agent chooses an arm based on past experience as well as the contextual information.

Formally, the expected payoff function f is defined over the product of the context space

Z and the arm space A and takes values from [0, 1]. Similar to the previous discussions,

compactness of the product space and Lipschitzness of the payoff function are assumed. In

addition, a mean zero, almost surely bounded noise that is independent of the expected

reward function is added to the observed rewards. At each time t, a contextual vector

zt ∈ Z is revealed and the agent plays an arm at ∈ A. The performance of the agent

following algorithm Alg is measured by the cumulative contextual regret

RcT (Alg) =

T∑
t=1

f(zt, a
∗
t )− f(zt, at), (2.23)

where f(zt, a
∗
t ) is the maximal value of f given contextual information zt. A simple ex-

tension of Algorithm 1 can solve the contextual version problem. In particular, in the
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contextual case, we partition the joint space Z × A instead of the arm space A. As an

analog to (2.2) and (2.1), we define the corrected count nt and the corrected average mt

over the joint space Z × A with respect to the partition Pt of the joint space Z × A, and

observations in the joint space ((z1, a1), y1, · · · , (zt, at), yt). The guarantee of Algorithm 2

is in Theorem 2.

Theorem 2. Suppose that the payoff function f defined on a compact doubling metric space

(Z × A, d) satisfies f(z, a) ∈ [0, 1] for all (z, a) and is Lipschitz. If the tree growing rule

satisfies requirements 1-4 listed in Theorem 1, then limT→∞
RcT (CTUCB)

T = 0 with probability

1.

Theorem 2 follows from Theorem 1. Since the point scattering inequality holds for any

sequence of (context-)arms, we can replace regret with contextual regret and alter Claims

1 and 2 accordingly to prove Theorem 2.

In particular, Claims 1 and 2 extend to the contextual setting, as stated and proved

below.

Claim 3. For any context z, arm a, and time t, with probability at most 1
t4

, we have:

|mt−1(z, a)− f(z, a)| > L ·D(pt−1(z, a)) + C

√
4 log t

nt−1(z, a)
(2.24)

for a constant C.

Proof. First of all, when t = 1, this is trivially true by Lipschitzness. Now let us consider the

case when t ≥ 2. Let us use A1, A2, · · · , At to denote the random variables of arms selected

up to time t, Z1, Z2, · · · , Zt to denote the random context up to time t and Y1, Y2, · · · , Yt

to denote random variables of rewards received up to time t. Then the random variables{∑T
t=1 (f(Zt, At)− Yt)

}
is a martingale sequence. This is easy to verify since the noise

is mean zero and independent. In addition, since there is no randomness in the partition

formation (given a sequence of observations), for a fixed a, we have the times I[(Zt, Ai) ∈

pt−1(z, a)] (i ≤ t) is measureable with respect to σ(Z1, A1, Y1, · · · , Zt, At, Yt). Therefore, the

sequence
{∑t

i=1 (f(Zi, Ai)− Yi) I[(Zi, Ai) ∈ pt−1(z, a)]
}T
t=1

is a skipped martingale. Since
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skipped martingale is also a martingale, we apply the Azuma-Hoeffding inequality (with

sub-Gaussian tails) [Sha11]. For simplicity, we write

Bt(z, a) := C

√
4 log t

nt−1(z, a)
+ L ·D(pt−1(z, a)), (2.25)

E it (z, a) := (Zi, Ai) ∈ pt−1(z, a). (2.26)

Combining this with Lipschitzness, we get there is a constant C (depends on the a.s. bound

of the reward, as a result of Hoeffding inequality), such that

P {|mt−1(z, a)− f(z, a)| > Bt(z, a)}

≤ P

{∣∣∣∣∣ 1

nt−1(z, a)

t−1∑
i=1

(f(Zi, Ai)− Yi) I[E it (z, a)]

∣∣∣∣∣
+

∣∣∣∣∣f(z, a)− 1

nt−1(z, a)

t−1∑
i=1

f(Zi, Ai)I[E it (z, a)]

∣∣∣∣∣
> C

√
4 log t

nt−1(z, a)
+ L ·D(pt−1(z, a))

}
≤ 1

t4
, (2.27)

where (2.27) uses both the Lipschitzness and the Azuma-Hoeffding’s inequality.

Claim 4. At any t, with probability at least 1− 1
t4

, the single step contextual regret satisfies:

f(zt, a
∗
t )− f(zt, at) ≤ 2L ·D(pt−1(zt, at)) + 2C

√
4 log t

nt−1(zt, at)

for a constant C. Here a∗t is the optimal arm for the context zt.

Proof. By Claim 3, with probability at least 1− 1
t4

, the following ((2.28) and (2.29)) hold

simultaneously,

mt−1(zt, at) + C

√
4 log t

nt−1(zt, at)
+ L ·D(pt−1(zt, at))

≥ mt−1(zt, a
∗
t ) +

√
4 log t

nt−1(zt, a∗t )
+ L ·D(pt−1(zt, a

∗
t ))

≥ f(zt, a
∗
t ), (2.28)

f(zt, at) ≥ mt−1(zt, at)− C

√
4 log t

nt−1(zt, at)
− L ·D(pt−1(zt, at)). (2.29)
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This is true since we first take a one-sided version of Hoeffding-type tail bound in (2.24),

and then take a union bound over the two points (zt, at) and (zt, a
∗
t ). This first halves

the probability bound and then doubles it. Then we take the complementary event to get

(2.28) and (2.29) simultaneously hold with probability at least 1− 1
t4

. We then take another

union bound over time t, as discussed in the main text. Note that throughout the proof,

we do not need to take union bounds over all arms or all regions in the partition.

Equation 2.28 holds by algorithm definition. Otherwise we will not select at at time t.

Combine (2.28) and (2.29), and we get

f(zt, a
∗
t )− f(zt, at)

= f(zt, a
∗
t )−mt−1(zt, at) +mt−1(zt, at)− f(zt, at)

≤ 2C

√
4 log t

nt−1(zt, at)
+ 2L ·D(pt−1(zt, at)).

Use Cases of Point Scattering Inequalities

Recover Previous Bounds

In this section, we give examples of using the point scattering inequalities to derive regret

bounds for other algorithms. For our purpose of illustrating the point scattering inequal-

ities, the discussed algorithms are simplified. We also assume that the reward and the

sub-Gaussianity are properly scaled so that the parameter before the Hoeffding-type con-

centration term is 1.

The UCB1 algorithm The classic UCB1 algorithm [ACBF02] assumes a finite set of

arms, each having a different reward distribution. Following our notation, at time t, the

UCB1 algorithm plays

at ∈ arg max
a

{
mt−1(a) +

√
2 log T

nt−1(a)

}
. (2.30)
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(a) CNN architecture for SVHN. A value with * means that
this parameter is tuned, and the batch-normalization layer uses
all Tensorflow’s default settings.

Layer Hyperparameters values

Conv1

conv1-kernel-size *
conv1-number-of-channels 200

conv1-stride-size (1,1)

MaxPooling1
pooling1-size (3,3)

pooling1-stride (1,1)

Conv2

conv2-kernel-size *
conv2-number-of-channels 200

conv2-stride-size (1,1)

MaxPooling2
pooling2-size (3,3)

pooling2-stride (2,2)

Conv3

conv3-kernel-size (3,3)
conv3-number-of-channels 200

conv3-stride-size (1,1)

AvgPooling3
pooling3-size (3,3)

pooling3-stride (1,1)

Dense
batch-normalization default

number-of-hidden-units 512
dropout-rate 0.5

(b) Hyperparameter search space. β1 and β2 are parame-
ters for the AdamOptimizer [KB15]. The learning rate is dis-
cretized in the following way: from 1e-6 to is 1 (including the
end points), we log-space the learning rate into 50 points, and
from 1.08 to 5 (including the end points) we linear-space the
learning rate into 49 points.

Hyperparameters Range

conv1-kernel-size {1, 2, · · · , 7}
conv2-kernel-size {1, 2, · · · , 7}

β1 & β2 {0, 0.05, · · · , 1}
learning-rate 1e-6 to 5

training-iteration {300, 400, · · · , 1500}

Table 2.1: Settings for the SVHN experiments.
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(a) CNN architecture for CIFAR-10. A value with * means
that this parameter is tuned, and the batch-normalization
layer uses all Tensorflow’s default setting.

Layer Hyperparameters values

Conv1

conv1-kernel-size *
conv1-no.-of-channels 200

conv1-stride-size (1,1)

MaxPooling1
pooling1-size *

pooling1-stride (1,1)

Conv2

conv2-kernel-size *
conv2-no.-of-channels 200

conv2-stride-size (1,1)

MaxPooling2
pooling2-size *

pooling2-stride (2,2)

Conv3

conv3-kernel-size *
conv3-no.-of-channels 200

conv3-stride-size (1,1)

AvgPooling3
pooling3-size *

pooling3-stride (1,1)
pooling3-padding “same”

Dense
batch-normalization default
no.-of-hidden-units 512

dropout-rate 0.5

(b) Hyperparameter search space. β1 and β2 are parameters
for the Adamoptimizer. The learning rate is discretized in the
following way: from 1e-6 to is 1 (including the end points), we
log-space the learning rate into 50 points, and from 1.08 to 5
(including the end points) we linear-space the learning rate into
49 points. The learning-rate-reduction parameter is how many
times the learning rate is going to be reduced by a factor of 10.
For example, if the total training iteration is 200, the learning-
rate is 1e-6, and the learning-rate-reduction is 1, then for the
first 100 iteration the learning rate is 1e-6, and the for last 100
iterations the learning rate is 1e-7.

Hyperparameters Range

conv1-kernel-size {1, 2, · · · , 7}
conv2-kernel-size {1, 2, · · · , 7}
conv3-kernel-size {1, 2, 3}

pooling1-size & pooling2-size {1, 2, 3}
pooling3-size {1, 2, · · · , 6}
β1 & β2 {0, 0.05, · · · , 1}

learning-rate 1e-6 to 5

learning-rate-redeuction {1,2,3}
training-iteration {200, 400, · · · , 3000}

Table 2.2: Settings for CIFAR-10 experiments.
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Indeed, this equation can be interpreted as (2.4) under the discrete 0-1 metric: two points

are distance zero if they coincide and distance 1 otherwise. Then from the point scattering

inequality (2.6), we get for UCB1

E[RT (UCB1)] = O

(
T∑
t=1

√
log T

nt−1(at)

)

= O

√T log T

√√√√ T∑
t=1

1

nt−1(at)

 = Õ
(√

K · T
)
,

whereK is number of arms in the problem. This matches the gap-independent (independent

of the reward gap between an arm and the optimal arm) bound derived using traditional

methods in UCB1 algorithm [ACBF02, BCB+12]. In this analysis, we apply the point

scattering inequality with the partition Pt being the set of arms at all t.

Finite Time Bound for Lipschitz Bandits and Lipschitz RL. As shown in Claim

2, the single step regret is bounded by a Hoeffding-type concentration and the diameter

of selected region (due to Lipschitzness). Since the point scattering inequalities provide a

bound of the overall summation of the Hoeffding terms, we can design and analyze many

partition-based Lipschitz algorithms using point scattering inequalities We can do this since

the partitioning is up to our choice. Examples include the UniformMesh algorithm discussed

by [KSU08], and parition-based Lipschitz reinforcement learning algorithm recently studied

(e.g., [NYW19]).

Hierarchical Bayesian Method for Lipschitz Bandits

Existing Lipschitz bandit algorithms (e.g., [KSU08]) partition the arm space into disjoint

bins. Based on this partition, arms in two different bin do not give information about each

other, and all arms within the same bins are viewed as the same. This implicit assumption,

however, is obviously untrue. On the other hand, imposing a strong prior on the reward

function would break the Lipschitzness assumption. To simultaneously address the above

two difficulties, we link the learned tree (or partition) to a Bayesian model in light of

our analysis of (2.6). This new viewpoint allows us to “soften” the entire model using a

hierarchical Bayesian method.
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Formally, at each time t, we consider the following hierarchical Bayesian problem with

respect to the learned partition Pt. Note that this hierarchical Bayesian model is updated

whenever we update the partition. This is roughly the same as make a finite partition and

treat each bin as an arm, and do not impose extra structures on the reward function. Let

Pt be the learnt partition such that each bin is a rectangle. Then the kernel function is

defined as

k̃T (·, ·) =
∑
p∈PT

k̃
(p)
T (·, ·), (2.31)

where p are regions in PT , and k̃
(p)
T (·, ·) is defined as follows. For a partition p =

∏d
i=1[ai, bi],

define

k̃
(p)
T (·, ·) =

d∏
i=1

k̃
(p,i)
T (·, ·), where (2.32)

k̃
(p,i)
T (x,x′) =

[
1 + exp

(
−αT

(
∆i −

bi − ai
2

))]−1

, (2.33)

∆i = max

{∣∣∣∣xi − ai + bi
2

∣∣∣∣ , ∣∣∣∣x′i − ai + bi
2

∣∣∣∣} , (2.34)

where xi (resp. x′i) are the i-th entry of xi (resp. x′), and αT > 0 are parameters

that controls how smooth are the smoothed tree metrics. Given a learned partition PT =

{p1, p2, · · · , pK}, where pj =
∏d
i=1[a

(i)
j , b

(i)
j ], we construct the following hierarchical Bayesian

model

ã
(i)
j ∼ N (a

(i)
j , σ

2), for all i, j; b̃
(i)
j ∼ N (b

(i)
j , σ

2), for all i, j (2.35)

k̃T =

K∑
j=1

k̃
(pj)
T , where k̃

(pj)
T is defined respect to

d∏
i=1

[ã
(i)
j , b̃

(i)
j ]

f ∼ GP
(

0, k̃T (·, ·)
)

(2.36)

y = f + ε, where ε ∼ N (0, σ2
y). (2.37)

This hierarchical model has several advantages: (1) It respect Lipschitzness. As we

collect more observations, the partition can grow arbitrarily fine, and the approximation
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Figure 2.2: The left subfigure is the metric learned by Algorithm 1 (2.9). The right
subfigure is the smoothed version of this learned metric.

can be arbitrarily close to an extract indicator function. Because of this, the no prior

smoothness assumption on the true (unknown) reward function is needed. (2) It treats

arms within the same bin differently, and can use information across bins.

Going back to bandit learning process, we can replace the mean and/or confidence

intervals of UCB index with the posteriors of this hierarchical bayesian model. As we

discussed in Remark 3, a key insight of our analysis is the link between the Hoeffding-type

concentration interval to the posterior variance of the Gaussian processes, which allows us

to do this principled substitute. In Section 2.1.3, we empirically study this hierarchical

Bayesian model.

2.1.3 Empirical Study

Since the TreeUCB algorithm imposes only mild constraints on tree formation, we use

greedy decision tree splitting to fit the reward function, using the following splitting rule:

we find the split that maximizes the reduction in the Mean Absolute Error (MAE), and we

stop growing the tree once the maximal possible reduction is below 0.001.

Gaussian Processes with Learned Kernel

In this section, we compare several baselines, including piecewise constant estimates (within

each bin), a Gaussian process regression with box kernel (left subfigure in Figure 2.2) and
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Figure 2.3: The estimates for a function with respect to a given partition. The
“Tree” line is directly averaging within each partition. The “GPH” line is the learned
posterior GP mean function using the “hard metric.” The lines “GPS,1 - GPS,5” are
5 learned posterior GP mean functions using the “soft metric” (Eq. (2.32) - (2.34)).

Gaussian process regression with softened box kernel (right subfigure in Figure 2.2). The

splitting procedure is the same for all methods, so the partitions are the same for the

methods. Our results, shown in Figure 2.3, demonstrates a transition from the hardness

of the piecewise constant estimate to the softness of the Gaussian process regression with

the softened kernel. This justifies the “softening” discussed in Section 2.1.2. The Gaussian

process kernel parameters for GPS,1, GPS,2, GPS,3, GPS,4, GPS,5, namely αT in Eq. (2.33),

were set to 10, 50, 100, 500, 1000 respectively.

Application to Neural Network Tuning

One application of stochastic bandit algorithms is zeroth order optimization. In this section,

we apply TUCB to tuning neural networks. In this setting, we treat the hyperparameter

configurations (e.g., learning rate, network architecture) as the arms of the bandit, and use

validation accuracy as reward. The task is to select a hyperparameter configuration and

train the network to observe the validation accuracies, and find the best hyperparameter

configuration rapidly. This experiment shows that TUCB can compete with the state-of-

the-art tuning methods on such hard real-world tasks.
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Figure 2.4: For MNIST, each plot is averaged over 10 runs. For SVHN and CIFAR-
10, each plot is averaged over 5 runs. The implementation of TUCB here uses the
scikit-learn package [PVG+11a]. In the left-most subplot, x-axis is time (in seconds).
This shows TUCB’s scalability, since TUCB’s curve goes up the fastest. In the
leftmost sub-figure, we use clock time as cost measure.

The architecture and the hyperparameter space for the simple Multi-Layer Perceptron

(MLP) for the MNIST dataset are: in the feed-forward direction, there are the input

layer, the fully connected hidden layer with dropout ensemble, and then the output layer.

The hyperparameter search space is five dimensional, including number of hidden neurons

(range [10, 784]), learning rate ([0.0001, 4)), dropout rate ([0.1, 0.9)), batch size ([10, 500]),

and number of iterations ([30, 243]).

The details of the CNN setting for SVHN and CIFAR-10 can be found in Tables 2.1

and 2.2. The results are found in Figure 2.4, indicating that TUCB outperforms existing

state-of-the-art software packages for tuning neural network methods.

2.1.4 Conclusion

We propose the TreeUCB and the Contextual TreeUCB frameworks that use decision trees

(regression trees) to flexibly partition the arm space and the context-arm space as an Upper

Confidence Bound strategy is played across the partition regions. We also provide regret

analysis via the point scattering inequalities. We provide implementations using decision

trees that learn the partition. TUCB is competitive with the state-of-the-art hyperparam-

eter optimization methods in hard tasks like neural-net tuning, and could save substantial
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computing resources. This suggests that, in addition to random search and Bayesian opti-

mization methods, more bandit algorithms should be considered as benchmarks for difficult

real-world problems such as neural network tuning.

2.2 Bandits for BMO Functions

2.2.1 Introduction

While bandit methods have been developed for various settings, one problem setting that

has not been studied, to the best of our knowledge, is when the expected reward function is

a Bounded Mean Oscillation (BMO) function in a metric measure space. Intuitively, a BMO

function does not deviate too much from its mean over any ball, and can be discontinuous

or unbounded.

Such unbounded functions can model many real-world quantities. Consider the situation

in which we are optimizing the parameters of a process (e.g., a physical or biological system)

whose behavior can be simulated. The simulator is computationally expensive to run, which

is why we could not exhaustively search the (continuous) parameter space for the optimal

parameters. The “reward” of the system is sensitive to parameter values and can increase

very quickly as the parameters change. In this case, by failing to model the infinities, even

state-of-the-art continuum-armed bandit methods fail to compute valid confidence bounds,

potentially leading to underexploration of the important part of the parameter space, and

they may completely miss the optima.

As another example, when we try to determine failure modes of a system or simulation,

we might try to locate singularities in the variance of its outputs. These are cases where the

variance of outputs becomes extremely large. In this case, we can use a bandit algorithm

for BMO functions to efficiently find where the system is most unstable.

There are several difficulties in handling BMO rewards. First and foremost, due to

unboundedness in the expected reward functions, traditional regret metrics are doomed to

fail. To handle this, we define a new performance measure, called δ-regret. The δ-regret
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measures regret against an arm that is optimal after removing a δ-sized portion of the arm

space. Under this performance measure, and because the reward is a BMO function, our

attention is restricted to a subspace on which the expected reward is finite. Subsequently,

strategies that conform to the δ-regret are needed.

To develop a strategy that handles δ-regret, we leverage the John-Nirenberg inequality,

which plays a crucial role in harmonic analysis. We construct our arm index using the

John-Nirenberg inequality, in addition to a traditional UCB index. In each round, we play

an arm with highest index. As we play more and more arms, we focus our attention on

regions that contain good arms. To do this, we discretize the arm space adaptively, and

carefully control how the index evolves with the discretization. We provide two algorithms

– Bandit-BMO-P and Bandit-BMO-Z. They discretize the arm space in different ways. In

Bandit-BMO-P, we keep a strict partitioning of the arm space. In Bandit-BMO-Z, we keep

a collection of cubes where a subset of cubes form a discretization. Bandit-BMO-Z achieves

poly-log δ-regret with high probability.

Related Works

Bandit problems in different settings have been actively studied since as far back as Thomp-

son [Tho33]. Upper confidence bound (UCB) algorithms remain popular [Rob52, LR85,

Aue02] among the many approaches for (stochastic) bandit problems [SKKS10a, AYPS11,

AG12, BS12, SS14]. Various extensions of upper confidence bound algorithms have been

studied. Some works use KL-divergence to construct the confidence bound [LR85, GC11,

MMS11], and some works include variance estimates within the confidence bound [AMS09,

AO10]. UCB is also used in the contextual setting [LCLS10, KO11, Sli14].

Perhaps Lipschitz bandits are closest to BMO bandits. The Lipschitz bandit problem

was termed “continuum-armed bandits” in early stages [Agr95a]. In “continuum-armed

bandits,” arm space is continuous – e.g., [0, 1]. Along this line, bandits that are Lipschitz

continuous (or Hölder continuous) have been studied. In particular, Kleinberg [Kle05]

proves a Ω(T 2/3) lower bound and proposes a Õ
(
T 2/3

)
algorithm. Under other extra
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conditions on top of Lipschitzness, regret rate of Õ(T 1/2) was achieved [Cop09, AOS07]. For

general (doubling) metric spaces, the Zooming bandit algorithm [KSU08] and Hierarchical

Optimistic Optimization algorithm [BMSS11] were developed. In more recent years, some

attention has been given to Lipschitz bandit problems with certain extra conditions. To

name a few, Bubeck et al. [BSY11] studied Lipschitz bandits for differentiable rewards,

which enables algorithms to run without explicitly knowing the Lipschitz constants. The

idea of robust mean estimators [BCBL13, B+65, AMS99] was applied to the Lipschitz

bandit problem to cope with heavy-tail rewards, leading to the development of a near-

optimal algorithm [LWHZ19]. Lipschitz bandits with an unknown metric, where a clustering

is used to infer the underlying unknown metric, has been studied by Wanigasekara and

Yu [WY19a]. Lipschitz bandits with discontinuous but bounded rewards were studied by

Krishnamurthy et al. [KLSZ19].

An important setting that is beyond the scope of the aforementioned works is when

the expected reward is allowed to be unbounded. This setting breaks the previous Lip-

schitzness assumption or “almost Lipschitzness” assumption [KLSZ19], which may allow

discontinuities but require boundedness. To the best of our knowledge, we are the first to

study the bandit learning problem for BMO functions.

2.2.2 Preliminaries

We review the concept of (rectangular) Bounded Mean Oscillation (BMO) in Euclidean

space [Fef79, SM93].

Definition 3. (BMO Functions) Let (Rd, µ) be the Euclidean space with the Lebesgue

measure. Let L1
loc(Rd, µ) denote the space of measurable functions (on Rd) that are locally

integrable with respect to µ. A function f ∈ L1
loc(Rd, µ) is said to be a Bounded Mean

Oscillation function, f ∈ BMO(Rd, µ), if there exists a constant Cf , such that for any

hyper-rectangles Q ⊂ Rd,

1

µ(Q)

∫
Q
|f − 〈f〉Q |dµ ≤ Cf , 〈f〉Q :=

∫
Q fdµ

µ(Q)
. (2.38)
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For a given such function f , the infimum of the admissible constant Cf over all hyper-

rectangles Q is denoted by ‖f‖BMO, or simply ‖f‖. We use ‖f‖BMO and ‖f‖ interchange-

ably in this part.

A BMO function can be discontinuous and unbounded. The function in Figure 2.5

illustrates the singularities a BMO function can have over its domain. Our problem is most

interesting when multiple singularities of this kind occur.

To properly handle the singularities, we will need the John-Nirenberg inequality (The-

orem 3), which plays a central role in our paper.

Theorem 3 (John-Nirenberg). Let µ be the Lebesgue measure. Let f ∈ BMO
(
Rd, µ

)
.

Then there exists constants C1 and C2, such that, for any hypercube q ⊂ Rd and any λ > 0,

µ
({
x∈ q :

∣∣∣f(x)−〈f〉q
∣∣∣>λ})≤C1µ(q) exp

{
−λ

C2‖f‖

}
. (2.39)

The John-Nirenberg inequality dates back to at least John [Joh61], and a proof is

provided in Appendix A.8.

As shown in Appendix A.8, C1 = e and C2 = e2d provide a pair of legitimate C1, C2

values. However, this pair of C1 and C2 values may be overly conservative. Tight values

of C1 and C2 are not known in general cases [Ler13, SV17], and it is also conjectured that

C2 and C1 might be independent of dimension [CSS12]. For the rest of the paper, we use

‖f‖ = 1, C1 = 1, and C2 = 1, which permits cleaner proofs. Our results generalize to cases

where C1, C2 and ‖f‖ are other constant values.

We will work in Euclidean space with the Lebesgue measure. For our purpose, Euclidean

space is as general as doubling spaces, since we can always embed a doubling space into a

Euclidean space with some distortion of metric. This fact is formally stated in Theorem 4.

Theorem 4. [Ass83]. Let (X, d) be a doubling metric space and ς ∈ (0, 1). Then (X, dς)

admits a bi-Lipschitz embedding into Rn for some n ∈ N.

In a doubling space, any ball of radius ρ can be covered by Md balls of radius ρ
2 , where

Md is the doubling constant. In the space (Rd,‖·‖∞), the doubling constant Md is 2d. In
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domains of other geometries, the doubling constant can be much smaller than exponential.

Throughout the rest of the paper, we use Md to denote the doubling constant.

2.2.3 Problem Setting: BMO Bandits

The goal of a stochastic bandit algorithm is to exploit the current information, and explore

the space efficiently. We focus on the following setting: a payoff function is defined over

the arm space ([0, 1)d, ‖ · ‖max, µ), where µ is the Lebesgue measure (note that [0, 1)d is a

Lipschitz domain). The payoff function is:

f : [0, 1)d → R where f ∈ BMO([0, 1)d, µ). (2.40)

The actual observations are given by y(a) = f(a)+Ea, where Ea is a zero-mean noise random

variable whose distribution can change with a. We assume that for all a, |Ea| ≤ DE almost

surely for some constant DE (N1). Our results generalize to the setting with sub-Gaussian

noise [Sha11]. We also assume that the expected reward function does not depend on noise.

In our setting, an agent is interacting with this environment in the following fashion. At

each round t, based on past observations (a1, y1, · · · , at−1, yt−1), the agent makes a query

at point at and observes the (noisy) payoff yt, where yt is revealed only after the agent has

made a decision at. For a payoff function f and an arm sequence a1, a2, · · · , aT , we use

δ-regret incurred up to time T as the performance measure (Definition 4).

Definition 4. (δ-regret) Let f ∈ BMO([0, 1)d, µ). A number δ ≥ 0 is called f -admissible

if there exists a real number z0 that satisfies

µ({a ∈ [0, 1)d : f(a) > z0}) = δ. (2.41)

For an f -admissible δ, define the set F δ to be

F δ :=
{
z ∈ R : µ({a ∈ [0, 1)d : f(a) > z}) = δ

}
. (2.42)

Define f δ := inf F δ. For a sequence of arms A1, A2, · · · , and σ-algebras F1,F2, · · · where

Ft describes all randomness before arm At, define the δ-regret at time t as

rδt := max{0, f δ − Et[f(At)]}, (2.43)
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Figure 2.5: Graph of f(x) = − log(|x|), with δ and f δ annotated. This function is
an unbounded BMO function.

where Et is the expectation conditioned on Ft. The total δ-regret up to time T is then

RδT :=
∑T

t=1 r
δ
t .

Intuitively, the δ-regret is measured against an amended reward function that is created

by chopping off a small portion of the arm space where the reward may become unbounded.

As an example, Figure 2.5 plots a BMO function and its f δ value. A problem defined as

above with performance measured by δ-regret is called a BMO bandit problem.

Remark 4. The definition of δ-regret, or a definition of this kind, is needed for a re-

ward function f ∈ BMO([0, 1)d, µ). For an unbounded BMO function f , the max value is

infinity, while f δ is a finite number as long as δ is f -admissible.

Remark 5 (Connection to bandits with heavy-tails). In the definition of bandits with heavy

tails [BCBL13, MY16, SYKL18, LWHZ19], the reward distribution at a fixed arm is heavy-

tail – having a bounded expectation and bounded (1+β)-moment (β ∈ (0, 1]). In the case of

BMO rewards, the expected reward itself can be unbounded. Figure 2.5 gives an instance of

unbounded BMO reward, which means the BMO bandit problem is not covered by settings

of bandits with heavy tails.
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A quick consequence of the definition of δ-regret is the following lemma. This lemma

is used in the regret analysis when handling the concentration around good arms.

Lemma 2. Let f be the reward function. For any f -admissible δ ≥ 0, let

Sδ :=
{
a ∈ [0, 1)d : f(a) > f δ

}
.

Then we have Sδ measurable and µ(Sδ) = δ.

Before moving on to the algorithms, we put forward the following assumption.

Assumption 1. We assume that the expected reward function f ∈ BMO([0, 1)d, µ) satisfies

〈f〉[0,1)d = 0.

Assumption 1 does not sacrifice generality. Since f is a BMO function, it is locally-

integrable. Thus 〈f〉[0,1)d is finite, and we can translate the reward function up or down

such that 〈f〉[0,1)d = 0.

2.2.4 Solve BMO Bandits via Partitioning

BMO bandit problems can be solved by partitioning the arm space and treating the problem

as a finite-arm problem among partitions. For our purpose, we maintain a sequence of

partitions using dyadic cubes. By dyadic cubes of Rd, we refer to the collection of all cubes

of the following form:

QRd :=
{

Πd
i=1

[
mi2

−k,mi2
−k + 2−k

)}
(2.44)

where Π is the Cartesian product, and m1, · · · ,md, k ∈ Z. Dyadic cubes of [0, 1)d is

Q [0,1)d :=
{
q∈QRd : q⊂ [0, 1)d

}
. As a concrete example, dyadic cubes of [0, 1)2 are

{[0, 1)2, [0, 0.5)2, [0.5, 1)2, [0.5, 1)× [0, 0.5), · · · }.

We say a dyadic cube Q is a direct sub-cube of a dyadic cube Q′ if Q ⊆ Q′ and the

edge length of Q′ is twice the edge length of Q. By definition of doubling constant, for any
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cube Q, it has Md direct sub-cubes, and these direct sub-cubes form a partition of Q. If Q

is a direct sub-cube of Q′, then Q′ is a direct super cube of Q.

At each step t, Bandit-BMO-P treats the problem as a finite-arm bandit problem with

respect to the cubes in the dyadic partition at t; each cube possesses a confidence bound.

The algorithm then chooses a best cube according to UCB, and chooses an arm uniformly

at random within the chosen cube. Before formulating our strategy, we put forward several

functions that summarize cube statistics.

LetQt be the collection of dyadic cubes of [0, 1)d at time t (t ≥ 1). Let (a1, y1, a2, y2, · · · , at, yt)

be the observations received up to time t. We define

• the cube count nt : Qt → R, such that for q ∈ Qt

nt(q) :=
t−1∑
i=1

I[ai∈q]; ñt(q) := max(1, nt(q)). (2.45)

• the cube average mt : Qt → R, such that for q ∈ Qt

mt(q) :=


∑t−1
i=1 yiI[ai∈q]
nt(q)

, if nt(q) > 0;

0, otherwise.

(2.46)

At time t, based on the partition Qt−1 and observations (a1, y1, a2, y2, · · · , at−1, yt−1),

our bandit algorithm picks a cube (and plays an arm within the cube uniformly at random).

More specifically, the algorithm picks

Qt ∈ arg max
q∈Qt

Ut(q), where (2.47)

Ut(q) :=mt(q) +Ht(q) + J(q), (2.48)

Ht(q) :=
(Ψ+DE )

√
2 log(2T 2/ε)√
ñt(q)

,

J(q) := blog (µ(q)/η)c+ ,

Ψ := max
{

log(T 2/ε), 2 log2(1/η)
}
, (2.49)

where T is the time horizon, DE is the a.s. bound on the noise, ε and η are algorithm

parameters (to be discussed in more detail later), and bzc+ = max{0, z}. Here Ψ is the
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“Effective Bound” of the expected reward, and η controls minimal cube size in the partition

Qt (Proposition 5 in Appendix A.2.1). All these quantities will be discussed in more detail

as we develop our algorithm.

After playing an arm and observing reward, we update the partition into a finer one if

needed. Next, we discuss our partition refinement rules and the tie-breaking mechanism.

Partition Refinement: We start with Q0 = {[0, 1)d}. At time t, we split cubes in

Qt−1 to construct Qt so that the following is satisfied for any q ∈ Qt

Ht(q) ≥ J(q), or equivalently

(Ψ+DE )
√

2 log(2T 2/ε)√
ñt(q)

≥ blog (µ(q)/η)c+ . (2.50)

In (2.50), the left-hand-side does not decrease as we make splits (the numerator remains

constant while the denominator can only decrease), while the right-hand-side decreases until

it hits zero as we make more splits. Thus (2.50) can always be satisfied with additional

splits.

Tie-breaking: We break down our tie-breaking mechanism into two steps. In the

first step, we choose a cube Qt ∈ Qt−1 such that:

Qt ∈ arg max
q∈Qt−1

Ut(q). (2.51)

After deciding from which cube to choose an arm, we uniformly randomly play an arm At

within the cube Qt. If measure µ is non-uniform, we play arm At, so that for any subset

S ⊂ Qt, P(At ∈ S) = µ(S)
µ(Qt)

.

The random variables {(Qt′ , At′ , Yt′)}t′ (cube selection, arm selection, reward) describe

all randomness in the learning process up to time t. We summarize this strategy in Al-

gorithm 3. Analysis of Algorithm 3 is found in Section 2.2.4, which also provides some

tools for handling δ-regret. Then in Section 2.2.5, we provide an improved algorithm that

exhibits a stronger performance guarantee.
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Algorithm 3 Bandit-BMO-Partition (Bandit-BMO-P)

1: Problem intrinsics: µ(·), DE , d, Md.

/**µ(·) is the Lebesgue measure. DE bounds the noise./

/**d is the dimension of the arm space./

/**Md is the doubling constant of the arm space./

2: Algorithm parameters: η > 0, ε > 0, T .

/**T is the time horizon. ε and η are parameters./

3: for t = 1, 2, . . . , T do

4: Let mt and nt be defined as in (2.46) and (2.45).

5: Select a cube Qt ∈ Qt such that:

Qt ∈ arg max
q∈Qt−1

Ut(l),

where Ut is defined in (2.48).

6: Play arm At ∈ Qt uniformly at random. Observe Yt.

7: Update the partition Qt to Qt+1 according to (2.50).

Regret Analysis of Bandit-BMO-P

In this section we provide a theoretical guarantee on the algorithm. We will use capital

letters (e.g., Qt, At, Yt) to denote random variables, and use lower-case letters (e.g. a, q) to

denote non-random quantities, unless otherwise stated.

Theorem 5. Fix any T . With probability at least 1− 2ε, for any δ > |QT |η such that δ is

f -admissible, the total δ-regret for Algorithm 3 up to time T satisfies

T∑
t=1

rδt .d Õ
(√

T |QT |
)
, (2.52)

where the .d sign omits constants that depends on d, and |QT | is the cardinality of QT .
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From uniform tie-breaking, we have

E[f(At)|Ft] =
1

µ(Qt)

∫
a∈Qt

f(a) da = 〈f〉Qt , (2.53)

Ft = σ(Q1, A1, Y1, · · · , Qt−1, At−1, Yt−1, Qt), (2.54)

where Ft is the σ-algebra generated by random variablesQ1, A1, Y1, · · · , Qt−1, At−1, Yt−1, Qt

– all randomness right after selecting cube Qt. At time t, the expected reward is the mean

function value of the selected cube.

The proof of the theorem is divided into two parts. In Part I, we show that some

“good event” holds with high probability. In Part II, we bound the δ-regret under the

“good event.”

Part I: For t ≤ T , and q ∈ Qt, we define

Et(q) :=

{∣∣∣〈f〉q −mt(q)
∣∣∣ ≤ Ht(q)

}
, (2.55)

Ht(q) =
(Ψ+DE )

√
2 log(2T 2/ε)√
ñt(q)

. (2.56)

In the above, Et(q) is essentially saying that the empirical mean within a cube q concentrates

to 〈f〉q. Lemma 3 shows that Et(q) happens with high probability for any t and q.

Lemma 3. With probability at least 1 − ε
T , the event Et(q) holds for any q ∈ Qt at any

time t.

To prove Lemma 3, we apply a variation of Azuma’s inequality [Vu02, TV15]. We also

need some additional effort to handle the case when a cube q contains no observations. The

details are in Appendix A.2.

Part II: Next, we link the δ-regret to the J(q) term.

Lemma 4. Recall J(q) = log(µ(q)/η). For any partition Q of [0, 1)d, there exists q ∈ Q,

such that

f δ − 〈f〉q ≤ J(q), (2.57)

for any f -admissible δ > η|Q|, where |Q| is the cardinality of Q.

42



In the proof of Lemma 4, we suppose, in order to get a contradiction, that there is no

such cube. Under this assumption, there will be contradiction to the definition of f δ.

By Lemma 4, there exists a “good” cube q̃t (at any time t ≤ T ), such that (2.57) is true

for q̃t. Let δ be an arbitrary number satisfying (1) δ > |QT |η and (2) δ is f -admissible.

Then under event E(q̃t),

f δ =
(
f δ − 〈f〉q̃t

)
+
(
〈f〉q̃t −mt(q̃t)

)
+mt(q̃t)

1
≤J(q̃t) +Ht(q̃t) +mt(q̃t), (2.58)

where 1 uses Lemma 4 for the first brackets and Lemma 3 (with event Et(q̃t)) for the

second brackets.

The event where all “good” cubes and all cubes we select (for t ≤ T ) have nice estimates,

namely
(⋂T

t=1 Et(q̃t)
)⋂(⋂T

t=1 Et(Qt)
)
, occurs with probability at least 1− 2ε. This result

comes from Lemma 3 and a union bound, and we note that Et(q) depends on ε (and T ),

as in (2.56). Under this event, from (2.55) we have
∣∣∣〈f〉Qt −mt(Qt)

∣∣∣ ≤ Ht(Qt). This and

(2.53) give us

E [f(At)|Ft] = 〈f〉Qt ≥mt(Qt)−Ht(Qt). (2.59)

We can then use the above to get, under the “good event”,

f δ − E[f(At)|Ft]
1
≤mt(q̃t) +Ht(q̃t) + J(q̃t)−mt(Qt) +Ht(Qt)

2
≤mt(Qt)+Ht(Qt)+J(Qt)−mt(Qt)+Ht(Qt)

=2Ht(Qt) + J(Qt) ≤ 3Ht(Qt), (2.60)

where 1 uses (2.58) for the first three terms and (2.59) for the last three terms, 2 uses

that Ut(Qt) ≥ Ut(q̃t) since Qt maximizes the index Ut(·) according to (2.51), and the last

inequality uses the rule (2.50).

Next, we use Lemma 1 to link the number of cubes up to a time t to the Hoeffding-type

tail bound in (2.60). Intuitively, this bound (Lemma 1) states that the numbers of points

within the cubes grows fast enough to be bounded by a function of the number of cubes.
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We can apply Lemma 1 and the Cauchy-Schwarz inequality to (2.60) to prove Theorem

5. The details can be found in Appendix A.4.

2.2.5 Achieve Poly-log Regret via Zooming

In this section we study an improved version of the previous section that uses the Zoom-

ing machinery [KSU08, Sli14, BMSS11]. Similar to Algorithm 3, this algorithm runs by

maintaining a set of dyadic cubes Qt.

In this setting, we divide the time horizon into episodes. In each episode t, we are

allowed to play multiple arms, and all arms played can incur regret. This is also a UCB

strategy, and the index of q ∈ Qt is defined the same way as (2.48):

Ut(q) := mt(q) +Ht(q) + J(q) (2.61)

Before we discuss in more detail how to select cubes and arms based on the above index

Ut(·), we first describe how we maintain the collection of cubes. Let Qt be the collection

of dyadic cubes at episode t. We first define terminal cubes, which are cubes that do

not have sub-cubes in Qt. More formally, a cube Q ∈ Qt is a terminal cube if there is no

other cube Q′ ∈ Qt such that Q′ ⊂ Q. A pre-parent cube is a cube in Qt that “directly”

contains a terminal cube: For a cube Q ∈ Qt, if Q is a direct super cube of any terminal

cube, we say Q is a pre-parent cube. Finally, for a cube Q ∈ Qt, if Q is a pre-parent cube

and no super cube of Q is a pre-parent cube, we call Q a parent cube. Intuitively, no

“sibling” cube of a parent cube is a terminal cube. As a consequence of this definition, a

parent cube cannot contain another parent cube. Note that some cubes are none of the

these three types of cubes. Figure 2.6 gives examples of terminal cubes, pre-parent cubes

and parent cubes.

Algorithm Description

Pick zooming rate α ∈
(

0,
(Ψ+DE )

√
2 log(2T 2/ε)

log(Md/η)

]
. The collection of cubes grows following

the rules below: (1) Initialize Q0 = {[0, 1)d} and [0, 1)d. Warm-up: play nwarm arms
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uniformly at random from [0, 1)d so that
(Ψ+DE )

√
2 log(2T 2/ε)√

nwarm
≥ α log

(
Md
η

)
(Ψ+DE )

√
2 log(2T 2/ε)√

nwarm+1
< α log

(
Md
η

) . (2.62)

(2) After episode t (t = 1, 2, · · · , T ), ensure

(Ψ+DE )
√

2 log(2T 2/ε)√
ñt(Qter)

≥ α log

(
Mdµ(Qter)

η

)
(2.63)

for any terminal cube Qter. If (2.63) is violated for a terminal cube Qter, we include the

Md direct sub-cubes of Qter into Qt. Then Qter will no longer be a terminal cube and the

direct sub-cubes of Qter will be terminal cubes. We repeatedly include direct sub-cubes of

(what were) terminal cubes into Qt, until all terminal cubes satisfy (2.63). We choose α

to be smaller than
(Ψ+DE )

√
2 log(2T 2/ε)

log(Md/η) so that (2.63) can be satisfied with ñt(Q
ter) = 1 and

µ(Qter) = 1.

As a consequence, any non-terminal cube Qpar (regardless of whether it is a pre-parent

or parent cube) satisfies:

(Ψ+DE )
√

2 log(2T 2/ε)√
ñt(Qpar)

< α log

(
Mdµ(Qpar)

η

)
. (2.64)

After the splitting rule is achieved, we select a parent cube. Specifically Qt is chosen to

maximize the following index:

Qt ∈ arg max
q∈Qt,q is a parent cube

Ut(q).

Within each direct sub-cube of Qt (either pre-parent or terminal cubes), we uniformly

randomly play one arm. In each episode t, Md arms are played. This algorithm is summa-

rized in Algorithm 4.

Regret Analysis: For the rest of the paper, we define

Ft := σ

({
Qt′ , {At′,j}Md

j=1, {Yt′,j}
Md
j=1

}t−1

t′=1

, Qt

)
,

which is the σ-algebra describing all randomness right after selecting the parent cube for

episode t. We use Et to denote the expectation conditioning on Ft. We will show Algorithm

4 achieves Õ (poly-log(T )) δ-regret with high probability (formally stated in Theorem 6).
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Figure 2.6: Example of terminal cubes, pre-parent and parent cubes.

Algorithm 4 Bandit-BMO-Zooming (Bandit-BMO-Z)

1: Problem intrinsics: µ(·), DE , d, Md.

/**µ(·), DE , d, Md are same as those in Algorithm 3./

2: Algorithm parameters: η, ε, T > 0, and α ∈
(

0,
(Ψ+DE )

√
2 log(2T 2/ε)

log(Md/η)

]
.

/**η, ε, T are same as those in Algorithm 3. α is the zooming rate./

3: Initialize: let Q0 =[0, 1)d. Play warm-up phase (2.62).

4: for episode t = 1, 2, . . . , T do

5: Let mt, nt, Ut be defined as in (2.46), (2.45) and (2.61).

6: Select parent cube Qt ∈ Qt such that:

Qt ∈ arg max
q∈Qt, q is a parent cube.

Ut(q).

7: for j = 1, 2, . . . ,Md do

8: Locate the j-th direct sub-cube of Qt: Q
sub
j .

9: Play At,j ∈ Qsub
j uniformly at random, and observe Yt,j.

10: Update the collection of dyadic cubes Qt to Qt+1 according to (2.63).
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Let At,i be the i-th arm played in episode t. Let us denote ∆δ
t,i := f δ − Et[f(At,i)].

Since each At,i is selected uniformly randomly within a direct sub-cube of Qt, we have

Md∑
i=1

Et[f(At,i)] = Md 〈f〉Qt , (2.65)

where Et is the expectation conditioning on all randomness before episode t. Using the

above equation, for any t,

Md∑
i=1

∆δ
t,i = Md(f

δ − 〈f〉Qt). (2.66)

The quantity
∑Md

i=1 ∆δ
t,i is the δ-regret incurred during episode t. We will bound (2.66)

using tools in Section 2.2.4. In order to apply Lemma 4, we need to show that the parent

cubes form of partition of the arm space (Proposition 2).

Proposition 2. At any episode t, the collection of parent cubes forms a partition of the

arm space.

Since the parent cubes in Qt form a partition of the arm space, we can apply Lemma

4 to get the following. For any episode t, there exists a parent cube qmax
t , such that

f δ ≤〈f〉qmax
t

+ log (µ(qmax
t )/η) . (2.67)

Let us define ẼT :=
(⋂T

t=1 Et(qmax
t )

)⋂(⋂T
t=1 Et(Qt)

)
, where Et(qmax

t ) and Et(Qt) are de-

fined in (2.55). By Lemma 3 and another union bound, we know the event ẼT happens

with probability at least 1− 2ε.

Since each episode creates at most a constant number of new cubes, we have |Qt| = O(t).

Using the argument we used for (2.60), we have that at any t ≤ T , for any δ > η|Qt| that

is f -admissible, under event ẼT ,

Md∑
i=1

∆δ
t,i = Md

(
f δ − 〈f〉Qt

)
(2.68)

≤Md

(
2

(Ψ+DE )
√

2 log(2T 2/ε)√
ñt(Qt)

+ log

(
Mdµ(Qt)

η

))

≤Md(1 + 2α) log

(
Mdµ(Qt)

η

)
, (2.69)
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where (2.68) uses (2.66) and the last inequality uses (2.64).

Next, we extend some definitions from Zooming bandit for Lipschitz functions [KSU08],

to handle the δ-regret setting. Firstly, we define the set of (λ, δ)-optimal arms as

Xδ(λ) :=
(⋃
{Q ⊂ [0, 1]d : f δ − 〈f〉Q ≤ λ}

)
. (2.70)

We also need to extend the definition of zooming number [KSU08] to our setting. We

denote by Nδ(λ, ξ) the number of cubes of edge-length ξ needed to cover the set Xδ(λ).

Then we define the (δ, η)-Zooming Number with zooming rate α as

Ñδ,η,α := sup

λ∈
(
η

1
d ,1

]Nδ

(
(1 + 2α) log

(
Mdλ

d/η
)
, λ
)
, (2.71)

where Nδ

(
(1 + 2α) log

(
Mdλ

d/η
)
, λ
)

is the number of cubes of edge-length λ needed to

cover Xδ((1 + 2α) log(Mdλ
d/η)). The number Ñδ,η,α is well-defined. This is because the

Xδ((1 + 2α) log(Mdλ
d/η)) is a subspace of (0, 1]d, and number of cubes of edge-length > η

1
d

needed to cover (0, 1]d is finite. Intuitively, the idea of zooming is to use smaller cubes to

cover more optimal arms, and vice versa. BMO properties convert between units of reward

function and units in arm space.

We will regroup the ∆t,i terms to bound the regret. To do this, we need the following

facts, whose proofs are in Appendix A.6.

Proposition 3. Following the Zooming Rule (2.63), we have

1. Each parent cube of measure µ is played at most 2(Ψ+DE )2 log(2T 2/ε)

α2[log(µ/η)]2
episodes.

2. Under event ẼT , each parent cube Qt selected at episode t is a subset of

Xδ ((1 + 2α) log (Mdµ(Qt)/η)) .

For cleaner writing, we set η = 2−dI for some positive integer I, and assume the event

ẼT holds. By Proposition 3, we can regroup the regret. Let Ki be the collection of selected

parent cubes such that for any Q ∈ Ki, µ(Q) = 2−di (dyadic cubes are always of these
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sizes). The sets Ki regroup the selected parent cubes by their size. By Proposition 3 (item

2), we know each parent cube in Ki is a subset of Xδ
(
(1 + 2α) log

(
Md2

−di/η
))

. Since cubes

in Ki are subsets of Xδ
(
(1 + 2α) log

(
Md2

−di/η
))

and cubes in Ki are of measure 2−di, we

have

|Ki| ≤ Nδ

(
(1 + 2α) log

(
Md2

−di/η
)
, 2−i

)
, (2.72)

where |Ki| is the number of cubes in Ki. For a cube Q, let SQ be the episodes where Q is

played. With probability at least 1− 2ε, we can regroup the regret as

T∑
t=1

Md∑
i=1

∆δ
t,i ≤

T∑
t=1

(1 + 2α)Md log (Mdµ(Qt)/η) (2.73)

≤
I−1∑
i=0

∑
Q∈Ki

∑
t∈SQ

(1 + 2α)Md log
(
Md2

−di/η
)
, (2.74)

where (2.73) uses (2.69), (2.74) regroups the sum as argued above. Using Proposition 3,

we can bound (2.74) by:

I−1∑
i=0

∑
Q∈Ki

∑
t∈SQ

(1 + 2α)Md log
(
Md2

−di/η
)

≤
I−1∑
i=0

∑
Q∈Ki

|SQ|(1 + 2α)Md log

(
Md2

−di

η

)
1○
≤

I−1∑
i=0

∑
Q∈Ki

2(Ψ +DE )2 log(2T 2/ε)

α2 [log (2−di/η)]
2 (2.75)

· (1+2α)Md log

(
Md2

−di

η

)
≤
I−1∑
i=0

Nδ

(
(1 + 2α) log

(
Md2

−di/η
)
, 2−di

)
· 2(Ψ +DE )2 log(2T 2/ε)

α2 [log (2−di/η)]
2 ·(1 + 2α)Md log

(
Md2

−di

η

)
(2.76)

≤2(1 + 2α)Md(Ψ +DE )2

α2
Ñδ,η,α

· log(2T 2/ε)

I−1∑
i=0

log(Md2
−di/η)

[log(2−di/η)]
2 ,

where 1○ uses item 1 in Proposition 3, (2.76) uses (2.72). Recall η = 2−dI for some
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positive integer I. We can use the above to prove Theorem 6, by using η = 2−dI and

I−1∑
i=0

log(Md2
−di/η)

[log(2−di/η)]
2 =

I−1∑
i=0

logMd[
log

2−di

η

]2 +
I−1∑
i=0

1

log
2−di

η

=
I−1∑
i=0

logMd

d2 (log 2)2 (I − i)2
+

I−1∑
i=0

1

d(log 2)(I − i)
(2.77)

=O (1) +O (log I) ,

=O (log log(1/η)) ,

where the first term in (2.77) is O(1) since
∑∞

i=1
1
i2

= O(1) and the second term in (2.77)

is O (log I) by the order of a harmonic sum. The above analysis gives Theorem 6.

Theorem 6. Choose positive integer I, and let η = 2−Id. For ε > 0 and t ≤ T , with

probability ≥ 1 − 2ε, for any δ > |Qt|η such that δ is f -admissible, Algorithm 4 (with

zooming rate α) admits t-episode δ-regret of:

O
(

1 + 2α

α2
MdΨ

2Ñδ,η,α log

(
T

ε

)
log log(1/η)

)
, (2.78)

where Ψ = O (log(T/ε) + log(1/η)), Ñδ,η,α is defined in (2.71), and O omits constants.

Since each episode plays Md arms, the average δ-regret each arm incurs is independent of

Md.

When proving Theorem 6, the definition of Ñδ,η,α is used in (2.76). For a more refined

bound, we can instead use

Ñ ′δ,η,α := sup
λ∈(lmin,1]

Nδ

(
(1 + 2α) log

(
Mdλ

d/η
)
, λ
)
,

where l̂min is the minimal possible cube edge length during the algorithm run. This replace-

ment will not affect the argument. Some details and an example regarding this refinement

are in Appendix A.7.

In Remark 6, we give an example of regret rate on f(x) = 2 log 1
x , x ∈ (0, 1] with specific

input parameters.
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Figure 2.7: Algorithms 3 and 4 on Himmelblau’s function (left) and Styblinski–Tang
function (right). Each line is averaged over 10 runs. The shaded area represents one
variance above and below the average regret. For the Bandit-BMO-Z algorithm, all
arms played incur regret, and each episode has 4 arm trials in it. In the figures,
Bandit-BMO-Zδ (resp. Bandit-BMO-Pδ) plots the δ-regret (δ = 0.01) for Bandit-
BMO-Z (resp. Bandit-BMO-P). Bandit-BMO-Zt (resp. Bandit-BMO-Pt) plots the
traditional regret for Bandit-BMO-Z (resp. Bandit-BMO-P). For Bandit-BMO-P
algorithm, we use ε = 0.01, η = 0.001, total number of trials T = 10000. For Bandit-
BMO-Z algorithm, we use α = 1, ε = 0.01, η = 0.001, number of episodes T = 2500,
with four arm trials in each episode. Note that we have plotted trials (arm pulls)
rather than episodes. The landscape of the test functions are in Figure 2.8.

Remark 6. Consider the (unbounded, BMO) function f(x) = 2 log 1
x , x ∈ (0, 1]. Pick

T ≥ 20. For some t ≤ T , the t-step δ-regret of Algorithm 4 is O (poly-log(t)) while allowing

δ = O(1/T ) and η = Θ
(
1/T 4

)
. Intuitively, Algorithm 4 gets close to f δ even if f δ is very

large. Details of this example can be found in Appendix A.7.

2.2.6 Experiments

We deploy Algorithms 3 and 4 on the Himmelblau’s function and the Styblinski-Tang

function (arm space normalized to [0, 1)2, function range rescaled to [0, 10]). The results are

in Figure 2.7. We measure performance using traditional regret and δ-regret. Traditional

regret can be measured because both functions are continuous, in addition to being BMO.
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Figure 2.8: Landscapes of test functions used in Section 2.1.3. Left: (Rescaled)
Himmelblau’s function. Right: (Rescaled) Styblinski-Tang function.

Discussion on Lower Bounds

A classic trick to derive minimax lower bounds for (stochastic) bandit problems is the

“needle-in-a-haystack.” In this argument [Aue02], we construct a hard problem instance,

where one arm is only slightly better than the rest of the arms, making it hard to distinguish

the best arm from the rest of the arms. This argument is also used in metric spaces

[KSU08, LWHZ19]. This argument, however, is forbidden by the definition of δ-regret,

since here, the set of good arms can have small measure, and will be ignored by definition.

Hence, we need new insights to derive minimax lower bounds of bandit problems measured

by δ-regret.

2.2.7 Conclusion

We study the bandit problem when the (expected) reward is a BMO function. We develop

tools for BMO bandits, and provide an algorithm that achieves poly-log δ-regret with high

probability. Our result suggests that BMO functions can be optimized (with respect to

δ-regret) even though they can be discontinuous and unbounded.
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Chapter 3

Bandit Learning with Random Walk

Feedback

3.1 Introduction

Multi-Armed Bandit (MAB) problems simultaneously call for exploitation of good options

and exploration of the decision space. Algorithms for this problem find applications in

various domains, from medical trials [Rob52] to online advertisement [LCLS10]. Many

authors have studied bandit problems from different perspectives.

In this paper, we study a new bandit learning problem where the feedback is depicted

by a random walk over the arms. That is, each time an arm/node i is played, one observes

a random walk over the arms/nodes from i to an absorbing node, and the reward is the

length of this random walk. Such feedback structure may show up in different scenarios.

One concrete motivation is the browsing behavior of internet users within a certain web

domain. Specifically, one may view a user’s browsing record as a random walk. Web pages

within a web domain are viewed as graph nodes. The user transits to another node when

she opens another page in this domain. This random walk ends (hits an absorbing node)

when the user exits the domain. In this learning setting, we want to carefully select which

nodes to initialize the random walks (e.g., recommend an entrance to a web domain), so

that the hitting time to the absorbing node (e.g., profit from users’ browsing) is maximized.

We therefore ask the following question:

In a graph with an absorbing node, if we can select the initial node to seed a random

walk and observe the random walk trajectory, how should we select the initial nodes, so that

the random walks are as long-lasting as possible? (P)
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We study this problem from an online learning perspective. To be more precise, we

consider the following model. The environment is modeled by a graph G = (V,E), where

V consists of transient nodes [K] := {1, 2, . . . ,K} and an absorbing node ∗. Each edge

ij (i ∈ [K], j ∈ [K] ∪ {∗}) can encode two quantities, a transition probability from i to

j and the distance from i to j. For t = 1, 2, . . . , T , we pick a node to start a random

walk, and observe the random walk trajectory from the selected node to the absorbing

node. For each random walk, we use its hitting time (to the absorbing node ∗) to model

how long-lasting it is. With this formulation, we can define a bandit learning problem

for the question (P). Each time, the agent picks a node in G to start a random walk,

observes the trajectory, and receives the hitting time of the random walk as reward. In

this setting, the performance of learning algorithms is typically measured by regret, which

is the difference between the rewards of an optimal node and the rewards of the nodes

played by the algorithm. Unlike standard multi-armed bandit problems, the feedback is

random walk trajectories and thus reveals information not only about the node played, but

the environment (transitions/distances among nodes) as well. This new feedback structure

calls for new insights on learning with graph random walk feedback.

We start with a stochastic version, where the graph G is fixed and unknown. In-

triguingly, we observe that the this problem can be simultaneously be almost as hard as a

standard MAB problem, and much easier than a standard MAB problem. More specifically,

there exists a difficult problem instance on which the following two facts simultaneously

hold: 1. No algorithm can achieve a regret bound independent of problem intrinsics infor-

mation theoretically; and 2. There exists an algorithm whose performance is independent

of problem intrinsics in terms of tail of mistakes. This reveals an intriguing phenomenon

in general semi-bandit feedback learning problems.

Then we study an adversarial version, where the edge lengths in graph G change ad-

versarially over time. This setting takes care of changing environments, which can model

the potential change of users’ preference. We develop a novel variant of the exponential

weight algorithm [LW94, ACBFS02] for the adversarial formulation, and provide a new
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concentration bound in Lemma 9. In such problems, the adversary does not directly chose

reward. Instead, they change rewards by specifying the underlying distribution from which

the hitting times are sampled. A high probability regret of order Õ
(√

κT
)

is proven, where

κ depends on the graph structure, instead of number of options.

The lower bound introduces several novel insights compared to regular bandit lower

bounds, since our events are from a more difficult sample space. Intuitively, the sample

space describes how much information the feedback can carry. If we execute a policy π

for T epochs on a problem instance, the sample space is then
(
∪∞h=1Bh

)T
, where B is the

space of all events that a single step on a trajectory can generate. For example, if all edge

length can be sampled from [0, 1], then B = [0, 1] ∪ [K], since a single step on a trajectory

might be any node, and the corresponding edge length may be any number from [0, 1].

In this case the sample space of simple epoch is ∪∞h=1Bh, where the union up to infinity

captures the fact that the trajectory can be arbitrarily long. One can quickly note that this

sample space
(
∪∞h=1 ([0, 1] ∪ [K])h

)T
is difficult. Indeed, the set ∪∞h=1[0, 1]h contains much

richer information that of standard MAB problems, which is [0, 1]H for some finite H. This

richer sample space means that: each feedback carries much more information and thus our

problem can be strictly easier than a standard MAB. However, the information theoretical

lower bounds for our problem are of order Ω̃
(√

T
)

. In other words, we prove that even

though each trajectory carries much more information than a reward sample (and has a

chance of revealing all information about the environment when the trajectory is long), no

algorithm can beat the bound Ω̃
(√

T
)

.

In terms of applications, many other scenarios also fit in our model. For example, our

model can also describe the browsing over items (e.g., videos, news articles, commodities)

in mobile apps. In this case, items are modeled as nodes in a graph, in which tapping a

node leads to a transition to another node, and closing the mobile app means hitting an

absorbing node. We may also want to prolong the browsing activity in this case. Many

other recommendation system applications follow a similar structure.

In summary, our major contributions are
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1. We propose a new bandit learning problem motivated by real-world problems with

random walk structures, and provide algorithmic solutions to such problems.

2. We observe that in the stochastic setting, this problem can simultaneously be much

easier than a standard MAB and as hard as a standard MAB. In fact, a single problem

instance can simultaneously display these two properties.

3. We prove lower bounds for this problems in a random walk trajectories sample space.

Our results show that, although random walk trajectories carry much more informa-

tion than reward samples, the additional information does not simplify the problem.

4. We design a new algorithm for the adversarial setting, and provide a high probability

bound depending on the graph structure instead of number of options. This bound

improves previous counterparts of our adversarial model.

3.1.1 Related Works

Bandit problems date its history back to at least [Tho33], and have been studied extensively

in the literature. One of the the most popular approaches to the stochastic bandit problem is

the Upper Confidence Bound (UCB) algorithms [Rob52, LR85, Aue02]. Various extensions

of UCB algorithms have been studied [SKKS10a, AYPS11, AG12, BS12, SS14]. Specifically,

some works use KL-divergence to construct the confidence bound [LR85, GC11, MMS11], or

include variance estimates within the confidence bound [AMS09, AO10]. UCB is also used

in the contextual learning setting (e.g., [LCLS10, KO11, Sli14]). Parallel to the stochastic

setting, studies on the adversarial bandit problem form another line of literature. Since

randomized weighted majorities [LW94], exponential weights remains a top strategy for

adversarial bandits [ACBFS95, CBFH+97, ACBFS02]. Many efforts have been made to

improve/extend exponential algorithms. For example, [KNVM14] target at implicit vari-

ance reduction. [MS11, ACBGM13] study a partially observable setting. Despite the large

body of literature, no previous work has, to the best of our knowledge, explicitly focused

the question (P). Specifically, if one applies vanilla bandit algorithms without using the
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graph structure. The regret bound would depend on the number of options (arms/nodes).

This may be much worse than a environment-dependent bound.

For both stochastic bandits and adversarial bandits, lower bounds in different scenar-

ios have been derived, since the O(log T ) asymptotic lower bounds for consistent policies

[LR85]. Worst case bound of order O(
√
T ) have also been derived [ACBFS95] for the

stochastic setting. In addition to the classic stochastic setting, lower bounds in other

stochastic (or stochastic-like) settings have also been considered, including PAC-learning

complexity [MT04], best arm identification complexity [KCG16, CLQ17], and lower bounds

in continuous spaces [KSU08]. Lower bound problems for adversarial bandits may be con-

verted to lower bound problems for stochastic bandits [ACBFS95] in many cases. An

intriguing lower bound beyond the expected regret is the high probability lower bound of

order Õ
(√

T
)

by [GL16].

For the adversarial setting, the Stochastic Shortest Path (with adversarial edge length)

[BT91, RM20] and the online MDP problems [EDKM09, GNSA10, DGS14, JJL+19] are

related to our problem. However, our algorithm achieves better regret rate than the previous

results. In particular, our regret bound depends on the connectivity of the transition graph,

instead of number of nodes/states/arms.

Another related setting is bandit with side information [MS11, ACBDK15, ACBG+17].

In such problems, playing a node reveals information about other nodes, where the feedback

structure is governed by an observation graph. Such problem assumes that the observation

graph is revealed, either before or after the player has made a decision. In our setting,

however, and the observation model is unknown and needs to be learned. Very importantly,

our setting has much more randomness than that for bandit with side information and is

harder in a statistical sense; See Section 3.4 for more discussion.

While bandit problems have been studied in different settings using various techniques,

no prior works, to the best of our knowledge, focus on answering the important question

(P). Our paper provides a comprehensive answer to this important class of problems (P)

for propagation over graphs.
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3.2 Problem Setting

In this section, we formulate the problem and put forward notations and definitions that will

be used throughout the rest of the paper. The learning process repeats for T epochs and the

learning environment is described by graphs G1, G2, . . . , GT for epochs t = 1, 2, . . . , T . The

graph Gt is defined on K transient nodes [K] = {1, 2, . . . ,K} and one absorbing node de-

noted by ∗. We will use V = [K] to denote the set of transient nodes, and use Ṽ := [K]∪{∗}

to denote the transient nodes together with the absorbing node. On this node set Ṽ , graph

Gt encodes transition probabilities and edge lengths: Gt :=
(
{mij}i∈V,j∈Ṽ , {l

(t)
ij }i∈V,j∈Ṽ

)
,

where mij is the probability of transiting from i to j and l
(t)
ij ∈ [0, 1] is the length from i

to j (at epoch t). We gather the transition probabilities among transient nodes to form a

transition matrix M = [mij ]i,j∈[K]. We make the following assumption about M .

Assumption 2. The transition matrix M = [mij ]i,j∈[K] among transient nodes is prim-

itive. 1 In addition, there is a constant ρ, such that ‖M‖∞ ≤ ρ < 1, where ‖M‖∞ =

maxi∈[K]

∑
j∈[K] |mij | is the maximum absolute row sum.

In Assumption 2, the primitivity assumption ensures that we can get to any transient

node v from any other node state u. The infinite norm of M being strictly less than 1 means

that the random walk will transit to the absorbing node starting from any node (eventually

with probability 1). This describes the absorptiveness of the environment. Note that this

infinite norm assumption can be replaced by other notions of matrix norms.

Playing node j at epoch t generates a random walk trajectory Pt,j :=
(
X

(j)
t,0 , L

(j)
t,1 , X

(j)
t,1 ,

L
(j)
t,2 , X

(j)
t,2 , . . . , L

(j)
t,Ht,j

, X
(j)
t,Ht,j

)
, where X

(j)
t,0 = j is the starting nodes, X

(j)
t,Ht,j

= ∗ is the

absorbing node, X
(j)
t,i is the i-th node in the random walk trajectory, L

(j)
t,i is the edge length

from X
(j)
t,i−1 to X

(j)
t,i , and Ht,j is the number of edges in trajectory Pt,j . For simplicity, we

write X
(j)
t,i (resp. L

(j)
t,i ) as Xt,i (resp. Lt,i) when it is clear from context.

For the random trajectory Pt,j :=
(
Xt,0, Lt,1, Xt,1, Lt,2, Xt,2, . . . , Lt,Ht,j , Xt,Ht,j

)
, the

1A matrix M is primitive if there exists a positive integer k, such that all entries in Mk is positive.
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length of the trajectory (or hitting time of node j at epoch t) is defined as

L (Pt,j) :=

Ht,j∑
i=1

Lt,i. (3.1)

Here we use the edge length to represent the reward of the trajectory. In practice, the edge

lengths may have real-world meanings. For example, the out-going edge from a node may

represent utility (e.g., profit) of visiting this node. At epoch t, the agent selects a node

Jt ∈ [K] to initiate a random walk, and observe trajectory Pt,Jt . In stochastic environments,

the environment does not change across epochs. Thus for any fixed node v ∈ [K], the

random trajectories P1,v,P2,v,P3,v, . . . are independently identically distributed.

We also define a notion of centrality that will be used later.

Definition 5. Let X0, X1, X2, . . . , Xτ = ∗ be nodes on a random trajectory. Under As-

sumption 2, we define, for node v ∈ [K],

αv := min
u∈[K], u 6=v

P (v ∈ {X1, X2, . . . , Xτ}|X0 = u)

to be the hitting centrality of node v. We also define α = minv αv

Hitting centrality of a node v is how likely it is visited by a trajectory starting from

another node. In non-absorptive (and ergodic) Markov chains, the hitting centrality of any

node is 1. This quantity is less than 1 for networks with absorbing nodes. The hitting

centralities describe the connectivity of the transition graph.

3.3 Stochastic Setting

In the stochastic setting, the graphs Gt do not change across epochs. To solve this problem,

one can estimate the expected hitting times µj := E [L(Pt,j)] for all nodes j ∈ [K] (and

maintain a confidence interval of the estimations). As one can expect, the random walk

trajectory reveals more information than a sample of reward. Naturally, this allows us to

reduce this problem to a standard (stochastic) MAB problem.
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3.3.1 Reduction to Standard MAB

Recall Pt,Jt =
(
Xt,0, Lt,1, Xt,1, . . . , Lt,Ht,Jt , Xt,Ht,Jt

)
is the trajectory at epoch t. For a

node v and the trajectories P1,J1 ,P2,J2 ,P3,J3 , . . . , let kv,i be the index (epoch) of the i-

th trajectory that covers node v. Let Yv,kv,i be the sum of edge lengths between the

first occurrence of v and the absorbing node ∗ in trajectory kv,i. One has the following

proposition due to Markov property.

Proposition 4. In the stochastic setting, for any nodes v ∈ [K], we have, for ∀t, i ∈

N+, ∀r ∈ R

P
(
Yv,kv,i = r

)
= P (L (Pt,v) = r) . (3.2)

Proof. In a trajectory Pt,Jt =
(
Xt,0, Lt,1, Xt,1, . . . , Lt,Ht,Jt , Xt,Ht,Jt

)
, conditioning on Xt,i =

j being known (and no future information is revealed), the randomness generated by

Lt,i+1, Xt,i+1, Lt,i+2, Xt,i+2, . . . is identical to the randomness generated by Lt,1, Xt,1, Lt,2, Xt,2, . . .

conditioning on Xt,0 = j being fixed. Note that even if each trajectory can visit a node

multiple times, only one hitting time sample can be used. This is because extracting multi-

ple sample would break Markovianity, by revealing that the random walk will visit a same

node again.

For a node v ∈ [K], we define

Nt(v):= 1∨
∑
s<t

I[Js=v], N+
t (v):= 1∨

∑
s<t

I[v∈Ps,Js ]. (3.3)

where a ∨ b = max{a, b}. In (3.3), Nt(v) is the number of times node v is played, and

N+
t (v) is the number of times node v is covered by a trajectory.

As Proposition 4 suggests, number of times a node is visited linearly accumulates with

number of epochs t. We state this observation below in Lemma 5.

Lemma 5. For any v ∈ V and a positive integer t

P
(
N+
t (v)−Nt(v)− αv (t−Nt(v)) ≥ −λ

)
≤ exp

(
−λ

2

2t

)
. (3.4)
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Proof. Recall Pt,Jt =
(
Xt,0, Lt,1, Xt,1, Lt,2, Xt,2, . . . , Lt,Ht,Jt , Xt,Ht,Jt

)
is the trajectory for

epoch t and Xi,0 is the node played at epoch i. For a fixed node v ∈ V , consider the random

variables
{
I[v∈Pt,Jt\{Xt,0}]

}
t
, which is the indicator that takes value 1 when v is covered in

path Pt,Jt but is not played at t. From this definition, we have

t∑
k=1

I[v∈Pk,Jk\{Xk,0}] = N+
t (v)−Nt(v).

From definition of αv, we have

E
[
N+
t (v)−Nt(v)

]
= E

[
t∑

k=1

I[v∈Pi\{Xk,0}]

]
≥ αv (t− E [Nt(v)]) .

Thus by one-sided Azuma’s inequality, we have for any λ > 0,

P
(
N+
t (v)−Nt(v)− αv (t−Nt(v)) ≥ −λ

)
≤ exp

(
−λ

2

2t

)
. (3.5)

By Proposition 4 and Lemma 5, the information about the node rewards (hitting time

to absorbing node) accumulates linearly as we play. Thus solving the problem is not

hard: one can extract the hitting time estimates and deploy a UCB algorithm based on it.

However, some information is lost when we exact hitting time samples, since trajectories

also carry additional information (e.g, about graph transition) but we only exactly hitting

time samples. Thus the intriguing questions to ask are:

1. How much easier is this problem than its standard MAB counterpart? (Q1)

2. Is a reduction to standard MAB optimal? Do we give up too much information by

only extracting hitting time samples from trajectories? (Q2)

The answers to (Q1) and (Q2) are intriguing as we show in Sections 3.3.2 and 3.3.2.

In fact, the problem can be much easier than a standard MAB and as hard as a standard

MAB at the same time (Theorems 7 and 8), and exacting hitting time samples does not

give up critical information (Theorem 8).
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3.3.2 Is this Problem Much Easier than Standard MAB?

We compare our problem with the standard MAB, in a setting where the time horizon T

is fixed and the transition graph is loosely connected. In such situations, two seemingly

contradictory facts can simultaneously hold: 1. the problem is significantly easier than the

standard MAB, particularly in a distributional sense. 2. the problem can be as hard as

the standard MAB problem information-theoretically. Below, we study item 1 in Section

3.3.2, study item 2 in Section 3.3.2, and highlight the intriguing observations in Remark 7.

Also, an answer to (Q2) is provided via Theorem 8 in Section 3.3.2, which is, no critical

information is lost even if we only exact hitting time samples.

This Problem Can Be Much Easier than Standard MAB

Our problem is easier than the standard MAB problem, not only in terms of expected regret,

but also in a distributional sense. More specifically, the “tail-of-mistakes” (Theorem 7) of

the UCB algorithm decays very fast, even if the connection is loose. Next, we state the

UCB algorithm using our notations, and present a new tail-of-mistakes bound.

For a transient node v ∈ [K] and n trajectories (at epochs kv,1, kv,2, . . . , kv,n ) that cover

node v, the hitting time estimator of v is computed as

Z̃v,n :=
1

n

n∑
i=1

Yv,kv,i . (3.6)

Since v ∈ Pt,v, Yv,kv,i is an identical copy of the hitting time L (Pt,v) (Proposition 4).

For (3.6), one can also use robust mean estimators [BCBL13], but a plain mean estimator

is sufficient for the purpose of this paper.

We also need confidence intervals for our estimators. Given N+
t (v) trajectories covering

v, the confidence terms (at epoch t) are

C̃N+
t (v),t :=

√
8ξt log t

N+
t (v)

,

where ξt = max
{

1 + ρ
(1−ρ)2 ,

log(1−ρ)
log ρ + 5 log t

log 1/ρ

}
.
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At each time t, we play a node Jt that maximizes the UCB index, Z̃v,N+
t (v) + C̃N+

t (v),t.

This strategy is described in Algorithm 5. In a distributional sense, the UCB algorithm’s

Algorithm 5

1: Input: A set of nodes [K]. Parameters: a constant ρ that bounds the spectral

radius of M .

2: Warm up: Play each node once to initialize. Observe trajectories.

3: For any v ∈ [K], define the decision index

Iv,N+
t (v),t = Z̃v,N+

t (v) + C̃N+
t (v),t. (3.7)

4: for t = 1, 2, 3, . . . do

5: Select Jt to start a random walk, such that

Jt ∈ arg max
v∈V

Iv,N+
t (v),t, (3.8)

with ties broken arbitrarily.

6: Observe the trajectory Pt,vt :=
{
Xt,0, Lt,1, Xt,1, Lt,2, Xt,2, · · · , Lt,Ht,vtXt,Ht,Jt

}
.

Update N+
t (·) and decision indices for all v ∈ [K].

tail decay very fast, even if αv is only slightly positive. This is summarized in Theorem 7.

Theorem 7 (Tail of Mistakes). Fix any β ∈
(
0, 1

2

)
. For a sub-optimal node v, define

Kmin,v := mint∈N

{√
8ξt log t

αvt−t
1
2 +β
≤ 1

2∆v

}
, where ∆v := minj∈[K] µj − µv is the optimality

gap. For any sub-optimal node v, and x, T ≥ Kmin,v, we have

P (NT (v) ≥ x) .
1

(1 + αv)x3
+

√
x

∆v

√
αv log 1/ρ

exp
(
−∆v

√
αvx log 1/ρ

)
+Kx exp

(
−x2β

)
.

(3.9)

In particular, one has P (NT (v) ≥ x) . 1
(1+αv)x3 ≤ 1

2x3 by omitting terms of exponentially

smaller order.
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Proof. For any positive integer u, and β ∈
(
0, 1

2

)
, consider event

Eu,β :=
{
N+
t (v)−Nt(v)− (t−Nt(v))αv ≥ −t

1
2

+β, for all t ≥ u and all v ∈ V
}
.

By Lemma 5 and a union bound, we have P (Eu,β) ≥ 1 − K
∑∞

t=u exp
(
−u2β

)
& 1 −

Kx exp
(
−x2β

)
. Under event Eu,β, at any time t ∈ [u, T ], we have N+

t (v) ≥ αvt− t
1
2

+β for

all v ∈ V .

We define an “alternative” index at time t by:

I ′v,t := Z̃v,N+
t (v) +

√
8ξt log t

αvt− t
1
2

+β
. (3.10)

By Lemma 5, we know I ′v,t ≥ Iv,N+
t (v),t with high probability.

Fix β ∈
(
0, 1

2

)
. For any τ ∈ R, any positive integer w, and any sub-optimal node v, we

have{
NT (v) ≤ w

}
⇐
{
I ′v,t ≤ τ for all t ∈ [w, T ]

}
∩ Ew,β ∩

{
Iv∗,s,s+w > τ for all s ∈

[
αvw − w

1
2

+β, T
]}

.

(3.11)

This is because (3.11) ensures that after time w, the index of node v is always lower than

the index of node v∗.

By taking the contrapositive of (3.11), we have, for arbitrary τ ∈ R,

{NT (v) > w} ⇒
{
∃t ∈ [w, T ] s.t. I ′v,t > τ

}
∪
{
∃s ∈

[
αvw − w

1
2

+β, T
]
s.t. Iv∗,s,s+w ≤ τ

}
∪ Ew,β.

(3.12)

By taking probability on both sides of (3.12), we get, for any τ ∈ R and w ∈ N, we have

P (NT (v) > w) ≤
T∑
t=w

P
(
I ′v,t > τ

)
+

T∑
s=αvw−w

1
2 +β

P (Iv∗,s,w+s ≤ τ) + P
(
Ew,β

)
.

By taking τ = E [Zv∗ ], and w = x, we get

P (NT (v) > x) .
T∑
t=x

P
(
I ′v,t > E [Zv∗ ]

)
+

T∑
s=αvx−x

1
2 +β

P (Iv∗,s,w+s ≤ E [Zv∗ ]) +Kx exp
(
−x2β

)
.

(3.13)
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For t ≥ x ≥ Kmin,v, we have √
8ξt log t

αvt− t
1
2

+β
≤ 1

2
∆v. (3.14)

Under event Ew,t, we have N+
t (v) ≥ αvt− t

1
2

+β. Thus we have

P
(
I ′v,t > E [Zv∗ ]

)
= P

(
Z̃v,N+

t (v) +

√
8ξt log t

αvt− t
1
2

+β
> E [Zv] + ∆v

)

≤ P
(
Z̃v,N+

t (v) > E [Zv] +
1

2
∆v

)
1○
≤ max

3 exp

(
−∆2

v(1− ρ)3

8ρ
N+
t (v)

)
, 3 exp

−∆v

√
N+
t (v) log 1/ρ

10


2○
. max

{
3 exp

(
−∆2

v(1− ρ)3

8ρ
αvt

)
, 3 exp

(
−∆v

√
αvt log 1/ρ

10

)}
,

where 1○ uses Lemma 14 (in Appendix B.1.1), and 2○ again uses Lemma 5.

The above gives

∞∑
t=x

P
(
I ′v,t > E [Zv∗ ]

)
.
∞∑
t=x

max

{
3 exp

(
−∆2

v(1− ρ)3

8ρ
αvt

)
, 3 exp

(
−∆v

√
αvt log 1/ρ

10

)}

.

√
x

∆v

√
αv log 1/ρ

exp
(
−∆v

√
αvx log 1/ρ

)
. (3.15)

Also by Lemma 14, we have

P (Iv∗,s,s+u ≥ E [Zv∗ ]) = P
(
Z̃v∗,s + C̃s,s+u ≥ E [Zv∗ ]

)
≤ (u+ s)−4.

This gives

∞∑
s=αvx−x2β

P (Iv∗,s,s+u ≥ E [Zv∗ ]) =

∞∑
s=αvx−x2β

P
(
Z̃v∗,s + C̃s,s+u ≥ E [Zv∗ ]

)
≤

∞∑
s=αvx−x2β

(x+ s)−4

.
1

(1 + αv)x3
. (3.16)

Collecting terms from (3.13), (3.15), (3.16), and rearranging concludes the proof.
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This Problem Can Be as Hard as Standard MAB

The problem can be at the same time as hard as a standard MAB, as noted below in

Theorem 8. Also, this result gives an answer to (Q2): Even if only extracting hitting time

samples loses information, no algorithm can perform better than simply extracting hitting

time samples.

Theorem 8. For any given T and any policy π, there exists a problem instance J satisfying

Assumption 2 such that, for any ε, δ ∈
(
0, 1

4

)
, the T step regret of π on instance J is lower

bounded by

(
2ε+O

(
ε2
)

+O
(
εδ2
))
T exp

(
−8T

(
ε2 +O

(
ε3
)

+O
(
ε2δ
)))

. (3.17)

In particular, setting ε = 1
4T
−1/2 and δ = O

(
ε1/2

)
gives that there exists a problem

instance such that the regret of any algorithm on this instance is lower bounded by Ω
(√

T
)

.

21
δ

1
2

+ ε/1
2

1
2
/1

2
+ ε

Figure 3.1: Problem instances constructed to prove Theorem 8. The edge labels

denote edge transition probabilities in J/J′.

Proof. We construct two “symmetric” problem instances J and J′ both on two transient

nodes {1, 2} and one absorbing node ∗. All edges in both instances are of length 1. We

use M = [mij ] (resp. M ′ = [m′ij ]) to denote the transition probabilities among transient

nodes in instance J (resp. J′). We construct instances J and J′ so that M =

1
2 δ

δ 1
2 + ε


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and M ′ =

1
2 + ε δ

δ 1
2

, as shown in Figure 3.1. In other words, M ′ is the anti-transpose

(transpose with respect to the anti-diagonal) of M .

We use Zv (resp. Z ′v) to denote the random variable L (Pt,v) in problem instance J

(resp. J′). Then we haveE [Z1]

E [Z2]

 = M

E [Z1]

E [Z2]

+ 1,

E [Z ′1]

E [Z ′2]

 = M ′

E [Z ′1]

E [Z ′2]

+ 1, ,

where 1 is the all-one vector. Solving the above equations gives, for both instances J and

J′, the optimality gap ∆ is

∆ := |E [Z1]− E [Z2]| = 2ε+O
(
ε2
)

+O
(
εδ2
)
. (3.18)

Let π be any fixed algorithm and let T be any fixed time horizon, we use PJ,π (resp.

PJ′,π) to denote the probability measure of running π on instance J (resp. J′) for T epochs.

Since the event {Jt = 1} (t ≤ T ) is measurable by both PJ,π and PJ′,π, by the

Bretagnolle-Huber inequality we have

PJ,π(Jt = 0) + PJ′,π(Jt = 1) ≥ 1

2
exp

(
−DKL(PJ,π‖PJ′,π)

)
(3.19)

where we use Pinsker’s inequality for the last inequality.

Let Qi (resp. Q′i) be the probability measure generated by playing node i in instance

J (resp. J′). We can then decompose PJ,π by

PJ,π = QJ1P (J1|π)QJ2P(J2|π, J1) · · · QJTP(JT |π, J1, J2, . . . , Jt−1),

PJ′,π = Q′J1
P (J1|π)Q′J2

P(J2|π, J1) · · · Q′JTP(JT |π, J1, J2, . . . , Jt−1).

By chain rule for KL-divergence, we have

DKL(PJ,π‖PJ′,π) =
∑

J1∈{1,2}

P(J1|π)DKL(QJ1‖Q′J1
)

+

T∑
t=2

∑
Jt∈{1,2}

P(Jt|π, J1, · · · , Jt−1)DKL(QJt‖Q′Jt). (3.20)
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Since the policy must pick one of node 1 and node 2, from nonnegativity of KL-

divergence and (3.20) we have

DKL(PJ,π‖PJ′,π) ≤
T∑
t=1

2∑
i=1

DKL(Qi‖Q′i), (3.21)

which allows us to remove dependence on policy π.

Next we study the distributions Qi. With edge lengths fixed, the sample space of this

distribution is ∪∞h=1{1, 2}h, since length of the trajectory can be arbitrarily long, and each

node on the trajectory can be either of {1, 2}. To describe the distribution Qi and Q′i, we

use random variables X0, X1, X2, X3, · · · ∈ {1, 2, ∗} (with X0 = i), where Xk is the k-th

node in the trajectory generated by playing i.

By Markov property we have, for i, j ∈ {1, 2},

Qi (Xk+1, Xk+2, . . . |Xk = j) = Qj and Q′i (Xk+1, Xk+2, . . . |Xk = j) = Q′j , ∀k ∈ N+.

In words, conditioning on k-th node being j, the distribution generated by subsequent

nodes are the same as Qj .

Note we can decompose Qi by Qi = Qi(X1)Qi(X2, X3, . . . , |X1). Thus by chain rule of

KL-divergence, for i ∈ {1, 2}, and j 6= i,

DKL(Qi‖Q′i)

=DKL(Qi(X1)‖Q′i(X1))

+
∑

x1∈{1,2}

Qi(X1 = x1)DKL(Qi(X2, X3, · · · |X1 = x1)‖Q′i(X2, X3, · · · |X1 = x1))

=DKL(Qi(X1)‖Q′i(X1)) +Qi(X1 = i)DKL(Qi‖Q′i) +Qi(X1 = j)DKL(Qj‖Q′j), (3.22)

where the last step uses the Markov property.

Since DKL(Qi(X1)‖Q′i(X1)) = 2ε2 + O
(
ε3
)

+ O
(
ε2δ
)

for i ∈ {1, 2}, the above (Eq.

3.22) gives

DKL(Qi‖Q′i) = 4ε2 +O
(
ε3
)

+O
(
ε2δ
)
. (3.23)
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Combining (3.21) and (3.23) gives

DKL

(
PJ,π‖PJ′,π

)
≤ 8T

(
ε2 +O

(
ε3
)

+O
(
ε2δ
))
. (3.24)

Let Reg(T ) (resp. Reg′(T )) be the T epoch regret in instance J (resp. J′).

Recall, by our construction, node 1 is suboptimal in instance J and node 1 is optimal

in instance J′. Since the optimality gaps in J and J′ are the same (Eq. 3.18), we have,

Reg(T ) + Reg′(T ) ≥ ∆

T∑
t=1

(
PJ,π (Jt = 1) + PJ′,π (Jt = 0)

)
≥ 1

2
∆T exp

(
−DKL(PJ,π‖PJ′,π)

)
(by Eq. 3.19)

≥ 1

2
∆T exp

(
−8T

(
ε2 +O

(
ε3
)

+O
(
ε2δ
)))

(by Eq. 3.24)

≥
(
2ε+O

(
ε2
)

+O
(
εδ2
))
T exp

(
−8T

(
ε2 +O

(
ε3
)

+O
(
ε2δ
)))

.

(by Eq. 3.18)

Now, we set ε = 1
4T
−1/2 and δ = O

(
ε1/2

)
, and get exp

(
−8T

(
ε2 +O

(
ε3
)

+O
(
ε2δ
)))

&

O(1). In this case,

Reg(T ) + Reg′(T ) &
1

2

√
T +O(1),

which concludes the proof.

We explain in Remark 7 why the above results (Theorems 7 and 8) are intriguing.

Remark 7. Pick a small number ε > 0 and fix a time horizon T = Θ
(

1
ε4

)
. Consider the

instance shown in Figure 3.1, with δ = ε1/2. By Theorem 8, in the first
√
T epochs, no

algorithm can achieve a regret rate better than Ω
(
T 1/4

)
= Ω

(
1
ε

)
. Thus the overall T epoch

regret is at least Ω
(

1
ε

)
. At the same time, the conditions in Theorem 7 is satisfied. More

specifically,

√
8ξT log T

αvT−T
1
2 +β
≤ 1

2∆v for some β ∈
(
0, 1

2

)
, since αv = Θ (δ), ∆v = Θ (ε). Thus

we can apply Theorem 7 and get, for the suboptimal node v, P (NT (v) ≥ x) . 1
(1+αv)x3 ≤ 1

2x3

for all x ≥ Kmin,v (defined in Theorem 7). Note that this tail of mistakes does not depend

on ε (or T ), whereas the lower bound does.
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This observation highlights a previously unnoticed phenomenon for semi-bandit feedback

problems. There exists a difficult problem instance such that, simultaneously on this in-

stance, 1. no algorithm can achieve a regret rate independent of the problem instance or

the time horizon in the information theoretical sense, and 2. the UCB algorithm’s tail of

mistake is independent of problem instance and the time horizon.

3.3.3 Regret Analysis

As discussed previously, the problem with random walk feedback can be reduced to standard

MAB problems, and the UCB algorithm solves this problem as one would expect. We

present here the regret upper bound for algorithm 5. Recall the regret is defined as

Reg(T ) = max
i∈[K]

T∑
t=1

µi −
T∑
t=1

µJt , (3.25)

where Jt is the node played by the algorithm (at epoch t), and µj = E [L (Pt,j)] is the

expected hitting time of node j. The guarantees on the regret are stated below in Theorems

9 and 10.

Theorem 9. Let T be any positive integer. Under Assumption 2, Algorithm 5 admits a

regret of order

Reg(T ) = Õ

(
min

{
1

(1− ρ)2

√
T

α
,

1

(1− ρ)2

√
KT

})
,

where α = minv∈V αv (αv defined in Definition 5).

Theorem 10. On a problem instance that satisfies Assumption 2, Algorithm 5 achieves

constant regret of order Õ
(∑

v:∆v>0

(
∆v + 1

(1−ρ)2∆v

))
, where Õ omits absolute constants

and logarithmic dependence on problem intrinsics.

More details on Theorems 9 and 10 are in Appendices B.1.2 and B.1.3 for completeness.

Also, the greedy algorithm also solves this problem. Discussions on the greedy algorithm

are provided in Appendix B.1.4.
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3.4 Adversarial Setting

In this section, we consider the case in which the network structure Gt changes over time,

and study a version of this problem in which the adversary alters edge length across epochs:

In each epoch, the adversary can arbitrarily pick edge lengths l
(t)
ij from [0, 1]. Recall, in this

case, the performance is measured by the regret against playing any fixed node i ∈ [K]:

Regadv
i (T ) =

T∑
t=1

lt,i −
T∑
t=1

lt,Jt ,

where Jt is the node played in epoch t, lt,j = E [L (Pt,i)], and L (Pt,j) is defined in (3.1).

Since L (Pt,j) concentrates around lt,j , a high probability bound on Regadv
i (T ) naturally

provides a high probability bound on
∑T

t=1 L (Pt,i)−
∑T

t=1 L (Pt,Jt).

We will use a new version of the exponential weight algorithm to solve this adversarial

problem. Also, a high probability guarantee is provided using a new concentration lemma

(Lemma 9). As background, exponential weights algorithms maintain a probability distri-

bution over the choices. This probability distribution gives higher weights to historically

more rewarding nodes. In each epoch, a node is sampled from this probability distribution,

and information is recorded down. To symbolically describe the strategy, we first define

some notations. We first extract a sample of L (Pt,j) from the trajectory Pt,Jt , where Jt is

the node played in epoch t.

Given the trajectory for epoch t Pt,Jt =
(
Xt,0, Lt,1, Xt,1, . . . , Lt,Ht,Jt , Xt,Ht,Jt

)
, we de-

fine, for v ∈ [K],

Yv(Pt,Jt) = max
i:0≤i<Ht,Jt

I[Xt,i=v] · Li(Pt,Jt), (3.26)

where Li(Pt,Jt) :=
∑Ht,Jt

k=i+1 Lt,k. In words, Li(Pt,Jt) is the distance (sum of edge lengths)

from the first occurrence of v to the absorbing node.

By the principle of Proposition 4, if node i is covered by trajectory Pt,Jt , Yv(Pt,Jt) is a

sample of L (Pt,i). We define, for the trajectory Pt,Jt = {Xt,0, Lt,1, Xt,1, Lt,2, . . . , Lt,Ht,Jt , Xt,Ht,Jt
},

Zt,v := Yv(Pt,Jt), ∀v ∈ [K],
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where Yv(Pt,Jt) is defined above in (3.26).

Define It,ij := I[i∈Pt,Jt and j∈Pt,Jt , Yi(Pt,Jt )>Yj(Pt,Jt )]
. This indicator random variable is 1

iff i and j both show up in Pt,Jt and the first occurrence of j is after the first occurence of

i. We then define

q̂t,ij :=

∑t−1
s=1 Is,ij
N+
t (i)

,

which is an estimator of how likely j is visited via a trajectory starting at i. In other words,

q̂t,ij is an estimator of qij := P (j ∈ Pt,i), which is the probability of j being visited by a

trajectory from i.

Using the above defined q̂t,ij and sample Zt,i, we define an estimator for
lt,j−B
B as

Ẑt,i :=

Zt,i−B
B I[i∈Pt,Jt ] + β

pti +
∑

j 6=i q̂t,jiptj
, ∀i ∈ [K], (3.27)

where B, β are algorithm parameters (β ≤ α and B to be specified later). Note that our

estimator (3.27) is novel, and a small bias is introduced via β. In fact, a novel concentration

result is derived for this estimator in Lemma 9. With the estimators Ẑt,i, we define Ŝt,j =∑t−1
s=1 Ẑs,i. By convention, we set Ŝ0,i = 0 for all i ∈ [K]. The probability of playing i in

epoch t is defined as

pti :=


1
K , if t = 1,

exp(ηŜt−1,i)∑K
j=1 exp(ηŜt−1,j)

, if t ≥ 2,

(3.28)

where η is the learning rate.

Against any arm j ∈ [K], following the sampling rule (3.28) can guarantee an Õ
(√

T
)

regret bound. We now summarize our strategy in Algorithm 6, and state the performance

guarantee in Theorem 11.

A high probability performance guarantee of Algorithm 6 is below in Theorem 11.

Theorem 11. Let κ := 1 +
∑

j
1−√αj
1+
√
αj

. Fix any i ∈ [K]. If the time horizon T and

algorithm parameters satisfies ε ≤ 1
T , B =

log
(1−ρ)ε
KT

log ρ , η = 1√
κT

, β = 1√
κT
≤ α, and
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Algorithm 6

1: Input: A set of nodes [K], transition matrix M , total number of epochs T ,

probability parameter ε ∈
(

0, 1
(1−ρ)KT

)
. Algorithm parameters: B =

log
(1−ρ)ε
KT

log ρ
,

η = 1√
κT

, β = 1√
κT

.

2: for t = 1, 2, 3, . . . , T do

3: Randomly play node Jt ∈ [K], such that

P (Jt = i) = pti,∀i ∈ [K]. (3.29)

where pti is defined in (3.28).

4: Observe the trajectory Pt,Jt . Update estimates Ẑt,j according to (3.27).

ε
(

1 +KB + 2K
B(1−ρ)3

)
≤ 3

4 , then with probability exceeding 1− Õ(ε),

Regadv
i (T ) .

log(1/ε)

log (1/ρ)

√
κT , (3.30)

where . omits constants, multiplicative terms that are (poly-)logarithmic in T and K, and

additive terms of smaller order.

Note that
∑

j∈[K]
1−√αj
1+
√
αj

can be orders-of-magnitude smaller than K, as we shown in

the following example. In a complete symmetric graph where each node has probability

of 1 − ρ of immediately hitting the absorbing node, αi = ρ2 for all i. In this case, ρ =

1−K−λ
1+K−λ

gives κ := K1−λ (for some λ ∈ (0, 1)). When ρ is close to 1, we know 1
log(1/ρ) =

O
(

1
1−ρ

)
. Thus in such cases the regret is of order Õ

(
1

1−ρ

√
K1−λT

)
. In this example,

the bound O
(

1
1−ρ

√
K1−λT

)
is significantly better than previous bounds on the standard

adversarial MAB, online MDPs, and stochastic shortest path, since bounds for the latter

are at best Õ
(

1
1−ρ
√
KT

)
, where 1

1−ρ is effectively the reward range, or time horizon, or

graph diameter.

In Figure 3.2, we provide a plot of f(x) = 1−
√
x

1+
√
x

with x ∈ [0, 1]. This shows that the

regret dependence on the connectivity of the graph is very nonlinear.
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Figure 3.2: A plot of function f(x) = 1−
√
x

1+
√
x
, x ∈ [0, 1]. This shows that in Theorem

11, the dependence on graph connectivity is highly non-linear.

3.4.1 Analysis of Algorithm 6

In this section we provide proof for Theorem 11. To start with, we put forward the following

notations for simplicity.

1. We write p̃tj = ptj +
∑

i 6=j qijpti, and p̂tj = ptj +
∑

i 6=j q̂t,ijpti.

2. We use Ft to denote the σ-algebra generated by all randomness up to the end of epoch

t. We use Ft,i to denote the σ-algebra of all randomness up to the first occurrence

of node i in epoch t (or end of epoch t if i is not visited in epoch t). We use Et to

denote the expectation conditioning on Ft, i.e., Et [·] = E [·|Ft].

3. Unless otherwise stated, we use
∑

t and
∑

j as shorthand for
∑T

t=1 and
∑

j∈[K],

respectively.

The following two lemmas (Lemmas 6 and 7) depict properties of q̂t,ij , whose proof are

in Appendix B.2.

Lemma 6. For any t, i, j, it holds that V [q̂t,ij ] = Õ
(

1
t

)
.
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Lemma 7. For any ε ∈ (0, 1), let

E ′t :=

{
|q̂t,ij − qij | ≥

√
2V [q̂t,ij ] log(T/ε)

N+
t−1(i)

+
log(T/ε)

3N+
t−1(i)

, N+
t (i)≥αt−

√
t log(TK/ε), ∀i, j∈ [K]

}
.

It holds that P (E ′t) ≥ 1− 2ε
T and under E ′t,

q̂t,ij = qij ±O
(

log(TK/ε)

αt

)
, (3.31)

where α = mini∈[K] αj.

The following lemma provides properties of the random variable Zt,i.

Lemma 8. For any B, let ET (B) := {Zt,j ≤ B for all t = 1, 2, · · · , T, and j ∈ [K]} . For

any ε ∈ (0, 1) and B =
log

(1−ρ)ε
KT

log ρ , it holds that

P (ET (B)) ≥ 1− ε, E [Zt,i|not ET (B)]

and

≤ KB +
K

(1− ρ)2
,

and

E
[
Z2
t,i|not ET (B)

]
≤ KB2 +

2K

(1− ρ)3
.

The first equation Lemma 8 is a high probability event, and the last two equations in

are a type of memorylessness property. The proof of Lemma 8 can be found in Appendix

B.2.

Next, we provide a novel concentration result in Lemma 9. This lemma provides a

bound for our reward estimator (3.27), and gives insights for adversarial bandit problems

where the adversary stochastically picks rewards by specifying reward distributions.

Lemma 9. For any ε ∈ (0, 1) and T ∈ N, such that ε ≤ 1
T and T ≥ 10,

P

(∑
t

lt,i −B
B

−
∑
t

Ẑt,i ≤
log
(
T/ε2

)
β

)
≥ 1− Õ (ε) .
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Proof. By a total law of expectation, we have

Et−1

[
Zt,iI[i∈Pt,Jt ]

]
= Et−1

[
E
[
Zt,iI[i∈Pt,Jt ]

∣∣Ft,i]] = Et−1

[
lt,iI[i∈Pt,Jt ]

]
= lt,ip̃ti. (3.32)

Pick ε so that ε
(

1 +KB + 2K
B(1−ρ)3

)
≤ 3

4 (this is doable since B = O (log(1/ε))). By

Lemma 8, we have

Et−1

[(
Zt,i −B

B

)2
]
≤Et−1

[(
Zt,i −B

B

)2 ∣∣∣ET (B)

]

+ Et−1

[(
Zt,i −B

B

)2 ∣∣∣not ET (B)

]
(1− P (ET (B)))

≤1

4
+ ε

(
1 +KB +

2K

B(1− ρ)3

)
≤ 1. (3.33)

By Lemma 7 and a Taylor expansion, we know, under event ∩Tt=1E ′t,

1

p̂tj
=

1

p̃tj
± Õ

(
log (1/ε)

t

)
, ∀t ∈ [T ], j ∈ [K] (3.34)

We can use (3.34) to get

Et−1

exp

 β

B
(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ] + β

pti +
∑

j 6=i q̂t,jiptj

∣∣∣∣ET (B)
⋂(
∩Tt=1E ′t

)
=Et−1

exp

β
B

(lt,i −B)−β

 Zt,i−B
B I[i∈Pt,Jt ] + β

p̃ti

+Õ
(

log (1/ε)

t

)∣∣∣∣ET (B)
⋂(
∩Tt=1E ′t

)
= exp

(
−β

2

p̃ti
+ Õ

(
log (1/ε)

t

))
·

Et−1

exp

 β

B
(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ]

p̃ti

∣∣∣∣ET (B)
⋂(
∩Tt=1E ′t

) . (3.35)

Under event ET (B), we have −β

 Zt,i−B
B

I[i∈Pt,Jt ]
p̃ti

 ≤ 1, since p̃ti ≥ α and β ≤ α (and
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B ≥ 1
1−ρ ≥ lt,i). Since exp(x) ≤ 1 + x+ x2 for x ≤ 1, we have

Et−1

exp

 β

B
(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ]

p̃ti

∣∣∣∣ET (B)
⋂(
∩Tt=1E ′t

)
≤1 + Et−1

 β
B

(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ]

p̃ti

∣∣∣∣ET (B)
⋂(
∩Tt=1E ′t

)
+ Et−1


 β

B
(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ]

p̃ti

2 ∣∣∣∣ET (B)
⋂(
∩Tt=1E ′t

)
≤ 1

1− 3ε

(
1 + Et−1

 β
B

(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ]

p̃ti


+ Et−1


 β

B
(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ]

p̃ti

2
) (3.36)

where (3.36) uses that E
[
A|ET (B)

⋂(
∩Tt=1E ′t

)]
≤ E[A]

P(ET (B)
⋂

(∩Tt=1E ′t))
for any event A, and

P
(
ET (B)

⋂(
∩Tt=1E ′t

))
≥ 1− 3ε.

Since

Et−1

[
I[i∈Pt,Jt ]

]
= p̃tj

Et−1

[
(Zt,i −B) I[i∈Pt,Jt ]

]
= (lt,j −B) p̃tj

Et−1

[(
Zt,i −B

B

)2

I[i∈Pt,Jt ]

]
≤ p̃tj ,

we have

1 + Et−1

 β
B

(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ]

p̃ti


+ Et−1


 β

B
(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ]

p̃ti

2


=1− β2

B2
(lt,i −B)2 +

β2

p̃ti
≤ exp

(
β2

p̃ti

)
, (3.37)

where the last inequality uses 1 + x ≤ exp(x).
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We can now combine (3.35), (3.36) and (3.37) and get

Et−1

exp

 β

B
(lt,i −B)− β

 Zt,i−B
B I[i∈Pt,Jt ] + β

pti +
∑

j 6=i q̂t,jiptj

∣∣∣∣ET (B)
⋂(
∩Tt=1E ′t

)
≤ 1

1− 3ε
exp

(
Õ
(

log (1/ε)

t

))

Let X = β
B

∑T
t=1 (lt,i −B)− β

∑T
t=1

 Zt,i−B
B

I[i∈Pt,Jt ]
+β

pti+
∑
j 6=i q̂t,jiptj

 for simplicity. Note that

X = β

(
T∑
t=1

lt,i −B
B

−
T∑
t=1

Ẑt,i

)
.

We combine (3.35), (3.36) and (3.37) and get

E
[
eX
∣∣ET (B)

⋂(
∩Tt=1E ′t

)]
≤

T∏
t=1

exp

(
log

1

1− 3ε
+ Õ

(
log (1/ε)

t

))
=

(
1

1− 3ε

)T
Õ (T/ε) .

By (conditional) Markov inequality and (3.37), we have

P

(
X

β
≥

log
(
T/ε2

)
β

∣∣∣∣ET (B)
⋂(
∩Tt=1E ′t

))
≤ ε2

T
EeX ≤

(
1

1− 3ε

)T
Õ (ε) .

Since
(

1
1−3ε

)T
≤ 40 when ε ≤ 1

T and T ≥ 10, we can apply a union bound (to remove

the conditioning on ET (B)
⋂(
∩Tt=1E ′t

)
) and conclude the proof.

A final ingredient of proving Theorem 11 is Lemma 10, which is a high probability

concentration result. The proof of Lemma 10 is in Appendix B.2.

Lemma 10. With probability at least 1− 6ε, we have

T∑
t=1

∑
j

ptj
p̂2
tj

I[j∈Pt,Jt ] ≤ κT + Õ
(√

T log(1/ε)
)
,

∑
t

∑
j

ptjẐt,j −
∑
t

lt,Jt −B
B

≤ κβT +O
(√

(1 + βκ)T log(1/ε)
)
.

With the above preparation, we can now prove Theorem 11.
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Proof of Theorem 11. By the exponential weights argument [LW94, ACBFS02], it holds

that, under event ET (B),

T∑
t=1

Ẑt,i −
T∑
t=1

∑
j

ptjẐt,j ≤
logK

η
+ η

T∑
t=1

∑
j

ptj
p̃2
tj

I[j∈Pt,Jt ].

We use the first equation in Lemma 10 and a union bound (to remove the dependence

on ET (B)) to get, with probability at least 1− Õ (ε),

T∑
t=1

Ẑt,i −
T∑
t=1

∑
j

ptjẐt,j ≤
logK

η
+ ηκT + Õ

(
η
√
T log(1/ε)

)
. (3.38)

We now combine above results to get, with probability at least 1−O (ε),

∑
t

lt,i −
∑
t

lt,Jt =B

(∑
t

lt,i −B
B

−
∑
t

lt,Jt −B
B

)
1○
≤B

(∑
t

Ẑt,i −
∑
t

∑
j

ptjẐt,i +
log
(
T/ε2

)
β

+ κβT +O
(√

(1 + βκ)T log(1/ε)
))

2○
≤B

(
logK

η
+ ηκT +

log
(
T/ε2

)
β

+ κβT

+O
(
η
√
T log(1/ε)

)
+O

(√
(1 + βκ)T log(1/ε)

))
,

where 1○ uses Lemma 9 and the second inequality in Lemma 10, and 2○ uses (3.38).

Setting η =
√

1
κT and β =

√
1
κT concludes the proof.

3.4.2 Lower Bound for the Adversarial Setting

We also provide a lower bound for the adversarial case, which is summarized in Theorem 12.

To prove this theorem, we first tweak the problem so that the adversary chooses distribution

over edge lengths (Proposition 9 in Appendix B.2.2), and give a bound under this random-

ization. With this tweak, the sample space of a single trajectory is ∪∞h=1 ([0, 1] ∪ [K])h,

which is much larger than [0, 1]. This mean a trajectory carries much more information
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than a single reward sample. We prove that the lower bound is of order Ω
(√

T
)

, even

though much more information is available.

Theorem 12. Fix any T >
√

128 log 8 and σ < 1
7 . On a set of K transient nodes, there

exists a sequence of edge lengths and a node i ∈ [K] and a transition probability matrix,

such that for any policy, the regret incurred by any π against i satisfies

PJ,π

Regadv
j (T ) ≥ min


√

(1−Kp)2σ2T

32p
,

√√√√(K − 1)(1−Kp)σ2T

32
(

1 + p
1−Kp

)

 ≥ 1

8
.

Figure 3.3: Left: Results for stochastic setting. The line labelled UCB corresponds

to Algorithm 5 and the line labelled Greedy corresponds to Algorithm 7. Right:

Results for the adversarial setting. Each line is averaged over 10 runs. The shaded

areas (around the solid lines) indicate one standard deviation below and above the

average. For the adversarial case, the regret is measured against arm 0, which, by

construction, has largest hitting time in expectation.

Similar to the proof for Theorem 8, we construct two problem instances J and J′ such

that no policy can quickly tell the difference between them. We again use PJ,π (resp. PJ′,π)

to denote the probability measure generated by playing π on J (resp. J′). Similar to

the proof for Theorem 8, the sample space (on which both PJ,π and PJ′,π is defined) is

different from a regular bandit problem. If we execute π for T epochs, the sample space is

then
(
∪∞h=1 ([0, 1]× [K])h

)T
(with the σ-algebra generated by singletons in [K] and Borel
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sets in [0, 1]). This is because (1) each trajectory can be arbitrarily long, (2) the nodes

on the trajectory can be any of [K], and (3) each edge on the trajectory can take values

from [0, 1]. Specifically, for each trajectory Pt,Jt =
(
Xt,0, Lt,1, Xt,1, . . . , Lt,Ht,Jt , Xt,Ht,Jt

)
,

Ht,Jt can be any positive integer, Xt,i can be any integer from [K], and each Lt,i can

be any number from [0, 1]. This sample space is fundamentally different from the space

generated by interaction with a standard K-armed bandit problem for T rounds, which is

[0, 1]KT . We use the Markov property of random walks to handle this difficulty. Specifically,

for any fixed i and j, conditioning on Xt,i = j being known, the space generated by

Lt,i+1, Xt,i+1, Lt,i+2, Xt,i+2, . . . is identical to the space generated by Lt,1, Xt,1, Lt,2, Xt,2, . . .

conditioning on Xt,0 = j being fixed. A proof of Theorem 12 can be found in Appendix

B.2.1.

3.5 Experiments

We deploy our algorithms on a problem with 9 transient nodes. For stochastic setting (left

subfigure in Figure 3.3), we have lij = 1 for i ∈ [9] and j ∈ [9] ∪ {∗}. The transition

probabilities among transient nodes are

mij =



0.6, if i = j = 1,

0.4, if i = j and i 6= 1,

0.1, if i = j ± 1 mod 9,

0, otherwise.

For adversarial setting (right subfigure in Figure 3.3), the transition probabilities among

transient nodes are

mij =


0.3, if i = j,

0.1, if i = j ± 1 mod 9,

0, otherwise.
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Figure 3.4: The network structure for experiments. The dark node at the center is

the absorbing node ∗, and nodes labelled with numbers are transient nodes. Nodes

without edges connecting them visits each other with zero probability.

The edge lengths are sampled from Gaussian distributions and truncated to between 0 and

1. Specifically, for all t = 1, 2, · · · , T ,

l
(t)
ij =


clip[0,1] (Wt + 0.5) , if i = 0 and j = ∗

clip[0,1] (Wt) , if i 6= 0 and j = ∗

1, otherwise,

where clip[0,1](z) takes a number z and clips it to [0, 1], and Wt
i.i.d.∼ N (0.5, 0.1). The results

(Figure 3.3) empirically consolidate our theorems:

3.6 Conclusion

In this paper, we propose the problem (P) motivated by online advertisement, and study it

from a bandit learning perspective. We study both the stochastic setting and the adversarial

setting for this problem. Our paper provides a comprehensive study of this important

problem (P) from a bandit learning perspective.
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Chapter 4

Conclusion

My thesis focuses on multi-armed bandit problem with new feedback structures. In Chapter

2, multi-armed bandit problems in metric spaces are studied. In particular, bandits for

BMO functions are introduced and examined. In Chapter 3, multi-armed bandit problems

with random walk trajectories as feedback are studied. Algorithms leveraging such feedback

structures are introduced, and corresponding lower bounds are also derived. Both chapters

are based on previously released materials, as listed below:

1. Tianyu Wang, Weicheng Ye, Dawei Geng, Cynthia Rudin, Towards Practical Lips-

chitz Bandits, ACM-IMS Foundations of Data Science (FODS), 2020.

2. Tianyu Wang and Cynthia Rudin, Bandits for BMO Functions, International Con-

ference on Machine Learning (ICML), 2020.

3. Tianyu Wang, Lin F. Yang, Zizhuo Wang, Towards Fundamental Limits of Multi-

armed Bandits with Random Walk Feedback, arXiv:2011.01445.

Other Works

Apart from aforementioned directions that focues on multi-armed bandit with new

feedback structures, I have also worked on other problems, as listed below in chronological

order:

• Interpretable and scalable matching methods for causal inference [WMA+17]. We use

machine learning algorithms to learn which features to match on. This effectively

learns a distance metric in the feature space, while maintaining interpretability of the

outputs. Our implementations use bit-vector manipulation and database techniques,

which gives a level of scalability that was not achieved by previous methods.
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• Adaptive model-based (finite-horizon) reinforcement learning algorithms in metric

spaces [SWJ+20]. We introduce the technique of adaptive discretization to design

an efficient model-based episodic reinforcement learning algorithm in large (poten-

tially continuous) state-action spaces. Our algorithm is based on optimistic one-step

value iteration extended to maintain an adaptive discretization of the space. Our

bounds are obtained via a modular proof technique which can potentially extend to

incorporate additional structure on the problem.

• A (finite-horizon) Linear Quadratic Regulator problem with a new low-rank transition

structure [WY20]. We propose an algorithm that utilizes the intrinsic system low-

rank structure for efficient learning. For problems of rank-m, our algorithm achieves a

K-episode regret bound of order Õ(m3/2K1/2). Consequently, the sample complexity

of our algorithm only depends on the rank, m, rather than the ambient dimension,

d, which can be orders-of-magnitude larger.
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Appendix A

Supplementary Materials for Chapter 2

For readability, we reiterate the lemma statements before presenting the proofs.

A.1 Proof of Lemma 2

Lemma 2 . Let f be the reward function. For any f -admissible δ ≥ 0, let Sδ :={
a ∈ [0, 1)d : f(a) > f δ

}
. Then we have Sδ measurable and µ(Sδ) = δ.

Proof. Recall

F δ :=
{
z ∈ R : µ({a ∈ [0, 1)d : f(a) > z}) = δ

}
, f = inf F δ.

We consider the following two cases.

Case 1: f δ ∈ F δ, then by definition (of F δ), µ(Sδ) = δ.

Case 2: f δ /∈ F δ (F δ is left open). Then by definition of the infimum operation, for

any i = 1, 2, 3, · · · , there exists zi ∈ F δ, such that f δ < zi ≤ f δ + 1
i . Thus limi→∞ zi = f δ.

We know that f is Lebesgue measurable, since

f ∈ BMO(Rd, µ)⇒ f is Lebesgue measurable.

Let us define Si :=
{
a ∈ [0, 1)d : f(a) > zi

}
. By this definition, S1 ⊆ S2 ⊆ S3 · · · . Also

Si is Lebesgue measurable, since it is the pre-image of the open set (zi,∞) under the

Lebesgue measurable function f . By the above construction of Si, we have µ(Si) = δ for

all i = 1, 2, 3, · · · . By continuity of measure from below,

µ (∪∞i=1Si) = lim
i→∞

µ (Si) . (A.1)

We also have Sδ = ∪∞i=1Si. This is because
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(1) Sδ ⊇ ∪∞i=1Si, since by definition, Si ⊆ Sδ for all i = 1, 2, 3, · · · .;

(2) Sδ ⊆ ∪∞i=1Si, since limi→∞ zi = f δ and therefore every element in Sδ is an element

in ∪∞i=1Si.

Hence,

µ(Sδ) = µ (∪∞i=1Si) = lim
i→∞

µ (Si) = δ, (A.2)

where the last equality uses µ (Si) = δ for all i = 1, 2, 3, · · · .

A.2 Proof of Lemma 3

First we state a corollary of the Azuma’s inequality. This lemma is Proposition 34 by Tao

and Vu [TV15], and can be derived using Lemma 3.1 by Vu [Vu02]. We prove a proof below

for completeness. We will use this lemma to prove Lemma 3.

Lemma 11 (Proposition 34 in [TV15]). Consider a martingale sequence X1, X2, · · · adapted

to filtration F1,F2 · · · . For constants c1, c2, · · · <∞, we have

P

|Xn −X0| > λ

√√√√ n∑
i=1

c2
i

 ≤ 2 exp

(
−λ

2

2

)
+

n∑
i=1

P (|Xi −Xi−1| > ci) . (A.3)

Proof. Define the “good event” Gn := {|Xi −Xi−1| ≤ ci, for all i ≤ n}. Rewrite the above

probability as

P

|Xn −X0| > λ

√√√√ n∑
i=1

c2
i


=P

 |Xn −X0| > λ

√√√√ n∑
i=1

c2
i

∣∣∣∣∣∣Gn
P(Gn) + P

 |Xn −X0| > λ

√√√√ n∑
i=1

c2
i

∣∣∣∣∣∣Gn
 (1− P(Gn))

≤P

 |Xn −X0| > λ

√√√√ n∑
i=1

c2
i

∣∣∣∣∣∣Gn
+ (1− P(Gn)) . (A.4)

In (A.4), the first term can be bounded by applying Azuma’s inequality for martingales of

bounded difference, and the second term is the probability of there existing at least one
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difference being large. For the first term, we define X ′i := XiI[|Xi −Xi−1| ≤ ci]. It is clear

that {X ′i}i is also martingale sequence adapted to F1,F2, · · · . Using this new sequence, we

have

P

 |Xn −X0| > λ

√√√√ n∑
i=1

c2
i

∣∣∣∣∣∣Gn
 = P

∣∣X ′n −X ′0∣∣ > λ

√√√√ n∑
i=1

c2
i

 ≤ 2 exp

(
−λ

2

2

)
,

where the last inequality is a direct consequence of Azuma’s inequality.

Finally, we take a union bound and a complement to get

P
(
Gt
)
≤

n∑
i=1

P (|Xi −Xi−1| > ci) .

This finishes the proof.

Lemma 3. Pick T ≥ 1 and ε ∈ (0, 1). With probability at least 1− ε
T , the event Et(q) holds

for any q ∈ Qt at any time t, where

Et(q) :=

{∣∣∣〈f〉q −mt(q)
∣∣∣ ≤ Ht(q)

}
,

Ht(q) =
(Ψ+DE )

√
2 log(2T 2/ε)√
ñt(q)

.

Proof. Case I: We first take care of the case when q contains at least one observation.

Define

F ′i := σ(Q1, A1, Y1, · · · , Qi−1, Ai−1, Yi−1, Qi, Ai).

By our partition refinement rule, we have that for any t, t′ such that t ≥ t′ and q ∈ Qt,

there exists q′ ∈ Qt′ such that q ⊆ q′. Thus for any i ≤ t, and any q ∈ Qt, we have either

Qi ⊇ q or Qi ∩ q = ∅ (Qi is the cube played at time i ≤ t). Thus, we have

E
[
YiI[Ai∈q]|F

′
i

]
=


〈f〉q I[Ai∈q], if Qi ⊇ q,

0, if Qi ∩ q = ∅,
(A.5)

= 〈f〉q I[Ai∈q],

where I[Ai∈q] is F ′i-measurable. In (A.5), the two cases are exhaustive as discussed above.
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Therefore the sequence
{(
Yi − 〈f〉q

)
I[Ai∈q]

}
i

is a (skipped) martingale difference se-

quence adapted to F ′i , with the skipping event I[Ai∈q] being F ′i-measurable.

Let A′ be a uniform random variable drawn from the cube q. We have

P
(∣∣∣(f(Ai)− 〈f〉q

)
I[Ai∈q]

∣∣∣ > Ψ
)

=


P
(∣∣∣f(A′)− 〈f〉q

∣∣∣ > Ψ
)
, if Ai ∈ q,

0, otherwise .

≤ P
(∣∣∣f(A′)− 〈f〉q

∣∣∣ > Ψ
)

=
µ
(
a ∈ q :

∣∣∣(f(a)− 〈f〉q
)∣∣∣ > Ψ

)
µ(q)

≤ µ(q) exp (−Ψ)

µ(q)
≤ ε

T 2
, (A.6)

where (A.6) is from the John-Nirenberg inequality.

Next, since∣∣∣(Yi − 〈f〉q) I[Ai∈q]∣∣∣ ≤ ∣∣∣(f(Ai)− 〈f〉q
)
I[Ai∈q]

∣∣∣+
∣∣(Yi − f(Ai)) I[Ai∈q]

∣∣ ,
we have

P
(∣∣∣(Yi − 〈f〉q) I[Ai∈q]∣∣∣ ≤ Ψ +DE

)
(A.7)

≥P
(∣∣∣(f(Ai)− 〈f〉q

)
I[Ai∈q]

∣∣∣+
∣∣(Yi − f(Ai)) I[Ai∈q]

∣∣ ≤ Ψ +DE

)
≥P
(∣∣∣(f(Ai)− 〈f〉q

)
I[Ai∈q]

∣∣∣ ≤ Ψ and
∣∣(Yi − f(Ai)) I[Ai∈q]

∣∣ ≤ DE

)
=1− P

(∣∣∣(f(Ai)− 〈f〉q
)
I[Ai∈q]

∣∣∣ > Ψ or
∣∣(Yi − f(Ai)) I[Ai∈q]

∣∣ > DE

)
≥1− P

(∣∣∣(f(Ai)− 〈f〉q
)
I[Ai∈q]

∣∣∣ > Ψ
)
− P

(∣∣(Yi − f(Ai)) I[Ai∈q]
∣∣ > DE

)
, (A.8)

where (A.8) uses a union bound.

By a union bound and the John-Nirenberg inequality, for any i ≤ t, and q ∈ Qt, we
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have

P
(∣∣∣(Yi − 〈f〉q) I[Ai∈q]∣∣∣ > Ψ +DE

)
=1− P

(∣∣∣(Yi − 〈f〉q) I[Ai∈q]∣∣∣ ≤ Ψ +DE

)
≤P
(∣∣∣(f(Ai)− 〈f〉q

)
I[Ai∈q]

∣∣∣ > Ψ
)

+ P
(∣∣(f(Ai)− Yi) I[Ai∈q]

∣∣ > DE
)

(A.9)

=P
(∣∣∣(f(Ai)− 〈f〉q

)
I[Ai∈q]

∣∣∣ > Ψ
)

(A.10)

≤ ε

T 2
, (A.11)

where (A.9) uses (A.8), (A.10) uses the boundedness of noise (N1), and (A.11) uses (A.6).

To put it all together, we can apply Lemma 11 to the (skipped) martingale{∑i
j=1

(
Yj − 〈f〉q

)
I[Aj∈q]

}
i=1,2,···

(with ci = Ψ + DE , λ =
√

2 log(2T 2/ε), and Xi =(
Yi − 〈f〉q

)
I[Ai∈q]) to get for T ≥ 2 and a cube q ∈ Qt such that nt(q) > 0,

P

(∣∣∣∣∣
t−1∑
i=1

(
Yi − 〈f〉q

)
I[Ai∈q]

∣∣∣∣∣ > (Ψ +DE )
√
nt(q)

√
2 log(2T 2/ε)

)
(A.12)

≤2 exp

(
−2 log(2T 2/ε)

2

)
+

t−1∑
i=1

P
(∣∣∣(Yi − 〈f〉q) I[Ai∈q]∣∣∣ > Ψ +DE

)
(A.13)

≤ ε

T 2
+ (t− 1)

ε

T 2
≤ ε

T
,

where (A.12) uses Lemma 11, (A.13) uses (A.11) for the summation term.

Since nt(q) > 0, we use

mt(q) =
1

nt(q)

t−1∑
i=1

YiI[Ai∈q],

to rewrite (A.12) by dividing both sides by nt(q) to get

P

(∣∣∣mt(q)− 〈f〉q
∣∣∣ > (Ψ +DE )√

nt(q)

√
2 log(2T 2/ε)

)
≤ ε

T
.

Case II: Next, we consider the case where q contains no observations.

In order to do this, we need Propositions 5 and 6, which are proved in A.2.1 and A.2.2.

Proposition 5. Following (2.50), the minimal cube measure is at least η. Thus the max-

imal number of cubes produced by Algorithm 3 is 1
η , since the arm space is of measure

1.
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Proposition 6. For a function f ∈ BMO(Rd, µ), and rectangles q0 , q1 , · · · , qk such that

q0 ⊆ q1 ⊆ q2 ⊆ · · · ⊆ qk , and constant K ≥ 1 such that Kµ(qi) ≥ µ(qi+1) for all i ∈ [0, k−1],

we have ∣∣∣〈f〉q0 − 〈f〉qk ∣∣∣ ≤ Kk ‖f‖ .
Let’s continue with the proof of Lemma 3. By the lower bound on cube measure

(Proposition 5), we know that µ(q) ≥ η for any q generated by the algorithm. Let us

construct a sequence of hyper-rectangles q = q0 , q1 , · · · , qk ⊆ [0, 1)d, such that qi ⊆ qi+1 for

i = 0, 1, · · · , k, µ(qi+1) = 2µ(qi), and q
k

= [0, 1)d. Since q is generated by the algorithm,

we know µ(q) ≥ η (Proposition 5). For this sequence of hyper-rectangles, k ≤ log2(1/η).

Then by Proposition 6, ∣∣∣〈f〉q − 〈f〉[0,1)d

∣∣∣ ≤ 2 log2(1/η) ‖f‖ . (A.14)

Thus by definition of the functions mt, nt for cubes with no observations, for a cube q such

that nt(q) = 0,∣∣∣〈f〉q −mt(q)
∣∣∣ 1○

=
∣∣∣〈f〉q∣∣∣ 2○

=
∣∣∣〈f〉q − 〈f〉[0,1)d

∣∣∣
3○
≤ 2 log2(1/η) ‖f‖

4○
≤ Ψ√

max(1, nt(q))

5○
≤

(Ψ +DE )
√

2 log(2T 2/ε)√
max(1, nt(q))

,

where 1○ is due to mt(q) = 0 when nt(q) = 0 by definition, 2○ is from Assumption 1(
〈f〉[0,1)d = 0

)
, 3○ is from (A.14), and 4○ is from 2 log2(1/η) ≤ Ψ (Eq. 2.49) and nt(q) = 0.

Recall we assume ‖f‖ = 1 for cleaner representation. We have finished the proof of Lemma

3.

A.2.1 Proof of Proposition 5

Proposition 5. Following (2.50), the maximal number of cubes produces by Algorithm 3

is 1
η . The minimal cube measure is at least η.

Proof. This proposition is an immediate consequence of our partition refinement rule (2.50).

The cube measures cannot be smaller than η. Otherwise, the RHS of the rule (2.50) will

be nonpositive and no more splits will happen.
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A.2.2 Proof of Proposition 6

Proposition 6 is a property of BMO functions, and can be found in textbooks (e.g., [SM93]).

Proposition 6. For a function f ∈ BMO(Rd, µ), and rectangles q0 , q1 , · · · , qk such that

q0 ⊆ q1 ⊆ q2 ⊆ · · · ⊆ q
k
, and a constant K ≥ 1 such that Kµ(qi) ≥ µ(qi+1) for all

i ∈ [0, k − 1], we have ∣∣∣〈f〉q0 − 〈f〉qk ∣∣∣ ≤ Kk ‖f‖ .
Proof. The proof is a consequence of basic properties of BMO function. For any two regular

rectangles qi and qi+1 (i = 0, 1, 2, · · · , k − 1),∣∣∣〈f〉qi − 〈f〉qi+1

∣∣∣ =

∣∣∣∣∣ 1

µ(qi)

∫
qi

fdµ− 〈f〉qi+1

∣∣∣∣∣
=

∣∣∣∣∣ 1

µ(qi)

∫
qi

(
f − 〈f〉qi+1

)
dµ

∣∣∣∣∣
≤ 1

µ(qi)

∫
qi

∣∣∣f − 〈f〉qi+1

∣∣∣ dµ
≤ K

µ(qi+1)

∫
qi

∣∣∣f − 〈f〉qi+1

∣∣∣ dµ (A.15)

≤ K

µ(qi+1)

∫
qi+1

∣∣∣f − 〈f〉qi+1

∣∣∣ dµ (A.16)

≤ K ‖f‖ ,

where (A.15) uses Kµ(qi) ≥ µ(qi+1) and (A.16) uses qi ⊆ qi+1 . Next, we use the triangle

inequality and repeat the above inequality k times to get∣∣∣〈f〉q0 − 〈f〉qk ∣∣∣ ≤ k∑
i=1

∣∣∣〈f〉qi−1
− 〈f〉qi

∣∣∣ ≤ Kk ‖f‖ .

A.3 Proof of Lemma 4

Lemma 4. For any partition Q of [0, 1)d, there exists q ∈ Q, such that

f δ ≤ 〈f〉q + log(µ(q)/η), (A.17)
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for any f -admissible δ > η|Q|, where |Q| is the cardinality of Q.

Proof. We use f δ and Sδ as in Lemma 2.

Suppose, in order to get a contradiction, that for every cube q ∈ Q, (A.17) is violated.

Define

S(q) :=
{
a ∈ q : f(a) > 〈f〉q + log(µ(q)/η)

}
,

S̃(q) :=
{
a ∈ q : f(a) > f δ

}
.

Suppose the lemma statement is false. For all q ∈ Q, f δ > 〈f〉q + log(µ(q)/η). Thus we

have for all q ∈ Q,

S̃(q) ⊆ S(q).

We have, by the John-Nirenberg inequality,

µ(S(q)) ≤ µ
({
a ∈ q : |f(a)− 〈f〉q | > log(µ(q)/η)

})
≤ η.

Since Q is a partition (of [0, 1)d), we have

µ(∪q∈QS(q)) =
∑
q∈Q

µ(S(q)) ≤
∑
q∈Q

η = |Q|η.

On the other hand, by definition of f δ and disjointness of the sets S̃(q), we have

µ(∪q∈QS̃(q)) = µ
(
Sδ
)

= δ.

Since δ > |Q|η, we have

µ(∪q∈QS̃(q)) > µ(∪q∈QS(q)),

which is a contradiction to S̃(q) ⊂ S(q) for all q. This finishes the proof.

A.4 Proof of Theorem 1

Theorem 1. Fix any T . With probability at least 1− 2ε , for any δ > |QT |η such that δ is

f -admissible, the total δ-regret for Algorithm 3 up to time T is

T∑
t=1

rδt ≤ Õ
(√

T |QT |
)
, (A.18)
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where QT is the cardinality of QT .

Proof. Under the “good event” Egood :=
(⋂T

t=1 E(Qt)
)
∩
(⋂T

t=1 E(qmax
t )

)
, we continue from

(2.60) and get

T∑
t=1

rδt ≤
T∑
t=1

3
(Ψ+DE )

√
2 log(2T 2/ε)√

ñt(Qt)
(A.19)

≤3 (Ψ +DE )
√

2 log(2T 2/ε)
√
T ·

√√√√ T∑
t=1

1

max(1, nt−1(Qt))
(A.20)

≤3 (Ψ +DE )
√

2 log(2T 2/ε)
√
T ·

√
e|QT | log

(
1 + (e− 1)

T

|QT |

)
(A.21)

where (A.19) uses (2.60), where (A.20) uses the Cauchy-Schwarz inequality, (A.21) uses

(2.6).

What remains is to determine the probability under which the “good event” happens.

By Lemma 3 and a union bound, we know that the event Egood happens with probability

at least 1− 2ε.

A.5 Proof of Proposition 2

Proposition 2. At any episode t, the collection of parent cubes forms a partition of the

arm space.

Proof. We first argue that any two parent cubes do not overlap. By definition, all parent

cubes are dyadic cubes. By definition of dyadic cubes (2.44), two different dyadic cubes

Q and Q′ such that Q ∩ Q′ 6= ∅ must satisfy either (i) Q′ ⊆ Q or (ii) Q ⊆ Q′. From the

definition of parent cubes and pre-parent cubes, we know a parent cube cannot contain

another parent cube. Thus for two parent cubes Q and Q′, Q ∩ Q′ 6= ∅ implies Q = Q′.

Thus two different parent cubes cannot overlap.

We then argue that the union of all parent cubes is the whole arm space. We consider

the following cases for this argument. Consider any pre-parent cube Q. (1) If Q is already

a parent cube, then it is obviously contained in a parent cube (itself). (2) At time episode
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t, if Q ∈ Qt is a pre-parent cube but not a parent cube, then by definition it is contained

in another pre-parent cube Q1. If Q1 is a parent cube, then Q is contained in a parent

cube. If Q1 is not a parent cube yet, then Q1 is contained in another pre-parent cube Q2.

We repeat this argument until we reach [0, 1)d which is a parent cube as long as it is a

pre-parent cube. For the boundary case when [0, 1)d is a terminal cube, it is also a parent

cube by convention. Therefore, any pre-parent cube is contained in a parent cube.

Next, by definition of pre-parent cubes and the zooming rule, any terminal cube is

contained in a pre-parent cube. Thus any terminal cube is contained in a parent cube.

Since terminal cubes cover the arm space by definition, the parent cubes cover the whole

arm space.

A.6 Proof of Proposition 3

Proposition 3. Following the Zooming Rule (2.63), we have

1. Each parent cube of measure µ is played at most 2(Ψ+DE )2 log(2T 2/ε)

α2[log(µ/η)]2
episodes.

2. Under event ẼT , each parent cube Qt selected at episode t is a subset of

Xδ ((1 + 2α) log (Mdµ(Qt)/η)) .

Proof. For item 1, every time a parent cube Q of measure µ is selected, all Md of its direct

sub-cubes are played. The direct sub-cubes are of measure µ
Md

, and each such cube can be

played at most 2(Ψ+DE )2 log(2T 2/ε)

α2
[
log
(
µ
η

)]2 times. Beyond this number, rule (2.63) will be violated,

and all the direct sub-cubes can no longer be terminal cubes. Thus Q will no longer be a

parent cube (since Q is no longer a pre-parent cube), and is no longer played.

Item 2 is a rephrasing of (2.69). Assume that event ẼT =
(⋂T

t=1 Et(qmax
t )

)⋂(⋂T
t=1 Et(Qt)

)
is true. Let Qt be the parent cube for episode t. By (2.58), we know, under event ẼT , there

exists a “good” parent cube qmax
t such that

f δ ≤ mt(q
max
t ) +Ht(q

max
t ) + J(qmax

t ).
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By the concentration result in Lemma 3, we have, under event ẼT ,

〈f〉Qt ≥ mt(Qt)−Ht(Qt).

Combining the above two inequalities gives

f δ − 〈f〉Qt ≤ mt(q
max
t ) +Ht(q

max
t ) + J(qmax

t )−mt(Qt) +Ht(Qt)

≤ mt(Qt) +Ht(Qt) + J(Qt)−mt(Qt) +Ht(Qt) (A.22)

≤ J(Qt) + 2Ht(Qt)

≤ (1 + 2α) log(Mdµ(Qt)/η), (A.23)

where (A.22) uses Ut(Qt) ≥ Ut(q
max
t ) by optimistic nature of the algorithm, and (A.23)

uses rule (2.64).

A.7 Elaboration of Remark 6

Remark 6. Consider the (unbounded, BMO) function f(x) = 2 log 1
x , x ∈ (0, 1]. Pick

T ≥ 20. For some t ≤ T , the t-step δ-regret of Algorithm 4 is O (poly-log(t)) while allowing

δ = O(1/T ) and η = Θ
(
1/T 4

)
. Intuitively, Algorithm 4 gets close to f δ even if f δ is very

large.

Firstly, recall the zooming number is defined as

Ñδ,η,α := sup

λ∈
(
η

1
d ,1

]Nδ

(
(1 + 2α) log

(
Mdλ

d/η
)
, λ
)
. (A.24)

While this number provide a regret bound, it might overkill by allowing λ to be too small.

We define a refined zooming number

Ñ ′δ,η,α := sup
λ∈(lmin,1]

Nδ

(
(1 + 2α) log

(
Mdλ

d/η
)
, λ
)
, (A.25)

where lmin is the minimal possible cube edge length during the algorithm run. We will

use this refined zooming number in this example. Before proceeding, we put forward the

following claim.
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Claim. Following rule (2.64), the minimal cube measure µmin at time T is at least

Ω

(
2
−Ψ
√

2 log(2T2/ε)
α log 2

)
.

Proof of Claim. In order to reach the minimal possible measure, we consider keep playing

the cube with minimal measure (and always play a fixed cube if there are ties) and follow

rule (2.64). Let ti be the episode where i-th split happens. Since we keep playing the cube

with minimal measure,

(Ψ +DE )
√

2 log(2T 2/ε)

ti
≈d α log

(
Md2

−di

η

)
.

By taking difference between consecutive terms,

(Ψ +DE )
√

2 log(2T 2/ε)

ti
−

(Ψ +DE )
√

2 log(2T 2/ε)

ti+1
≈d α logMd,

where ≈d omits dependence on d.

Let imax be the maximal number of splits for T episodes. By using t0 = 1 and timax ≤ T ,

the above approximate equation gives

imax∑
i=0

(
(Ψ +DE )

√
2 log(2T 2/ε)

ti
−

(Ψ +DE )
√

2 log(2T 2/ε)

ti+1

)
≈d imaxα logMd (A.26)

(Ψ +DE )
√

2 log(2T 2/ε) &d imaxα logMd, (A.27)

where the approximations omit possible dependence on d. This gives, by using Md = 2d,

imax .d
(Ψ +DE )

√
2 log(2T 2/ε)

α logMd
≤

(Ψ +DE )
√

2 log(2T 2/ε)

αd log 2
. (A.28)

Since each split decrease the minimal cube measure by a factor of Md = 2d, we have

µmin & 2−dimax & 2
− (Ψ+DE )

√
2 log(2T2/ε)

α log 2 . (A.29)

Now we finished the proof of the claim.

Consider the function f(x) = 2 log 1
x , x∈(0, 1].

Recall

Xδ(λ) :=
{
q ⊆ (0, 1] : 〈f〉q ≥ f

δ − λ
}
.
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For this elementary decreasing function f(x), we have f δ = 2 log 1
δ , and 〈f〉(0,x] = 2+2 log 1

x

for x ∈ (0, 1]. Thus,

Xδ(λ) =

{
x ∈ (0, 1] : log x ≤ 1 +

λ

2
+ log δ

}
.

By a substitution of λ← (1 + 2α) log(Mdλ
d/η), and using d = 1 and Md = 2, we have

Xδ((1 + 2α) log(2λ/η)) =

{
x ∈ (0, 1] : x ≤ e

(
2λ

η

) 1+2α
2

δ

}
. (A.30)

Consider the first t (t ≤ T ) step δ-regret. For simplicity, let t = T β for some β < 1, |Qt| = t,

η = 1
T 4 and δ = 2t

T 4 = 2T β−4. We can do this since any δ > 0 is f -admissible. Next we

will study the zooming number Ñδ,η,α under this setting. Back to (A.30) with the above

numbers,

Xδ((1 + 2α) log(2λ/η)) =
{
x ∈ (0, 1] : x ≤ 2

3+2α
2 e · λ

1+2α
2 T 4α+β−2

}
.

As an example, we take α = 1
4 and β = 1

2 , which gives

Xδ((1 + 2α) log(2λ/η)) =
{
x ∈ (0, 1] : x ≤ 27/4eλ3/4T−1/2

}
.

By the choice of (δ, η, α) and the claim above, for T large enough (T ≥ 20 is sufficient), we

have

µmin & 2
−Ψ
√

2 log(2T2/ε)
α log 2

& 2−(log T )2

& T−2, (A.31)

where the last step uses T−2 ≤ 2−(log T )2
for T ≥ 20. To bound Ñ ′δ,η,α, we consider the

following two cases.

Case I: 27/4e · λ3/4T−1/2 ≤ 1, i.e., λ . T 2/3. In this case, we need to use intervals

of length λ to cover
(
0, 27/4e · λ3/4T−1/2

]
. We need O

(
λ−1/4T−1/2

)
intervals to cover it,

which is at most O (1), since λ & T−2 by (A.31).

Case II: 27/4e · λ
3
4T−

1
2 > 1, i.e., λ & T 2/3. In this case, we need to use intervals of

length λ to cover (0, 1]. We need O
(
λ−1

)
intervals to cover it, which is at most O (1), since

λ & T 2/3 ≥ 1.
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In either case, we have Ñ ′δ,η,α = O(1). Plugging back into Theorem 6 gives, with high

probability, for the first t =
√
T steps, the δ-regret (δ = O(1/T )) is of order poly-log(T ),

which is poly-log(t) since T = t2.

A.8 Proof of Theorem 3

In this part, we provide a proof to the John-Nirenberg inequality (Theorem 3). Proofs

to the John-Nirenberg inequality can be found in many textbooks on BMO functions or

harmonic analysis [SM93]. Here, we present a proof by José [Mar] for completeness.

Theorem 3. (John-Nirenberg inequality) Let µ be the Lebesgue measure. Let f ∈ BMO
(
Rd, µ

)
.

Then there exists constants C1 and C2, such that, for any hypercube Q ⊂ Rd and any λ > 0,

µ
({
x ∈ Q :

∣∣∣f (x)− 〈f〉Q
∣∣∣λ}) ≤ C1µ(Q) exp

{
− λ

C2‖f‖

}
.

Proof. The proof uses dyadic decomposition. By scaling, without loss of generality, we

assume ‖f‖ = 1. Recall that µ is the Lebesgue measure. For a cube Q ⊂ Rd, and ω > 0,

define

E (Q,ω) =
{
x ∈ Q : |f (x)− 〈f〉Q | > ω

}
, (A.32)

ϕ (ω) = sup
Q

µ (E (Q,ω))

µ(Q)
(A.33)

We want to show that ϕ (ω) . e−
ω
c . First take ω > e > 1. Then

1

µ(Q)

∫
Q

∣∣∣f − 〈f〉Q∣∣∣ dµ ≤ ‖f‖ = 1 ≤ ω

for any Q. Subdivide Q dyadically and stop when

1

µ(Q′)

∫
Q′

∣∣∣f − 〈f〉Q′∣∣∣ > ω. (A.34)

Collect all such cubes (Q′) to form a set Q = {Qj}j . Note that the cubes in Q are disjoint.

It could be Q = ∅. Note that Q ⊂ DQ \ {Q} , where DQ denotes the family of all dyadic

cubes of Q.
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Now we introduce the following Hardy–Littlewood type maximum MQ, such that for a

BMO function g,

MQg(x) := sup
Q′∈DQ,Q′3x

1

µ(Q′)

∫
Q′
gdµ. (A.35)

Take g =
∣∣∣f − 〈f〉Q∣∣∣ . Then by definition of Qj , we have

{x ∈ Q : MQg(x) > ω} =
⋃
Qj∈Q

Qj . (A.36)

For almost every x ∈ E (Q,ω), we have

ω <
∣∣∣f − 〈f〉Q∣∣∣ = g (x) ≤MQg (x) . (A.37)

So

E (Q,ω) ⊂
⋃
Qj∈Q

Qj almost everywhere. (A.38)

Let Q̃j be a parent cube of Qj . Then since µ(Q̃j) = 2dµ(Qj),

ω <

∫
Qj

∣∣∣f − 〈f〉Q∣∣∣ dµ (A.39)

≤ µ(Q̃j)

µ(Qj)

∫
Q̃j

∣∣∣f − 〈f〉Q∣∣∣ dµ ≤ 2dω. (A.40)

Thus, for Qj ∈ Q,∣∣∣f (x)− 〈f〉Q
∣∣∣ ≤ ∣∣∣f (x)− 〈f〉Qj

∣∣∣+
∣∣∣〈f〉Qj − 〈f〉Q∣∣∣ (A.41)

≤
∣∣∣f (x)− 〈f〉Qj

∣∣∣+

∫
Qj

∣∣∣f − 〈f〉Q∣∣∣ dµ (A.42)

≤
∣∣∣f (x)− 〈f〉Qj

∣∣∣+ 2dω. (A.43)

Now, pick ζ > 2dω. For x ∈ E (Q, ζ), we have, for Qj ∈ Q

ζ <
∣∣∣f (x)− 〈f〉Q

∣∣∣ ≤ ∣∣∣f (x)− 〈f〉Qj
∣∣∣+ 2dω. (A.44)

Hence for x ∈ E(Q, ζ),
∣∣∣f (x)− 〈f〉Qj

∣∣∣ > ζ − 2dω is necessary when
∣∣∣f (x)− 〈f〉Q

∣∣∣ > ω.
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Since ζ > ω, by (A.38) we have

µ(E (Q, ζ)) = µ(E (Q, ζ) ∩ E (Q,ω)) (A.45)

≤
∑
j

µ(E (Q, ζ) ∩Qj) (A.46)

≤
∑
j

µ
({
x ∈ Qj :

∣∣∣f (x)− 〈f 〉Qj
∣∣∣ > ζ − 2dω

})
µ(Qj)

µ(Qj) (A.47)

≤ ϕ
(
ζ − 2dλ

)∑
j

≤ µ(Qj), (A.48)

where (A.46) is due to disjointness of Qj and (A.38), and (A.47) uses that, for x ∈ E(Q, ζ),∣∣∣f (x)− 〈f〉Q
∣∣∣ > ω ⇒

∣∣∣f (x)− 〈f〉Qj
∣∣∣ > ζ − 2dω,

as discussed above.

Then we have

µ (E (Q, ζ)) ≤ ϕ
(
ζ − 2dω

) 1

ω

∑
j

∫
Qj

∣∣∣f − 〈f〉Q∣∣∣ dµ (A.49)

≤ 1

ω
ϕ
(
ζ − 2dω

)
µ(Q), (A.50)

where we use (A.48) and (A.34) for (A.49), and use the definition of BMO functions and

‖f‖ = 1 for (A.50).

Hence for ζ > 2dω, we obtain

µ(E (Q, ζ))

µ(Q)
≤ 1

ω
ϕ
(
ζ − 2dω

)
. (A.51)

By taking supremum over Q on the left-hand-on of the above equation, we have

ϕ (ζ) ≤
ϕ
(
ζ − 2dω

)
ω

. (A.52)

Put ω = e. Note that ϕ (ζ) ≤ 1 for all ζ > 0 by Definition in (A.33). Then for

0 < ζ ≤ e · 2d, we have

ϕ (ζ) ≤ e · e−
ζ

2de . (A.53)
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The above statement is true by the proof of contradiction. Assume

ϕ (ζ) > e · e−
ζ

2de = e
1− ζ

2de (A.54)

Since for all ζ > 0, ϕ (ζ) ≤ 1, we have 1− ζ
2de

< 0 always true. This implies

ζ > e · 2d (A.55)

This is to say if ζ > 0, then ζ > e · 2d. Hence (A.54) implies the domain ζ ∈ (−∞, 0] ∪ (e ·

2d,+∞). This shows (A.53).

Next, note that

(0,∞) = (0, e · 2d] ∪

[ ∞⋃
k=1

(
e · 2d+k−1, e · 2d+k

]]
. (A.56)

So for e · 2d < ζ ≤ e · 2d+1, ϕ (ζ) ≤ e · e−
ζ

2de . Since we have,

ϕ (ζ) ≤ 1

e
ϕ
(
ζ − e · 2d

)
, e · 2d+1 < ζ ≤ e · 2d+1. (A.57)

We see that ϕ
(
ζ − e · 2d

)
≤ e · e−

(ζ−2de)
2de for ζ > e · 2d. Hence, for e · 2d < ζ < e · 2d+1, we

have ϕ (ζ) ≤ e · e−
ζ

2de . Iterate this procedure, and we obtain the desired claim, which is,

∀ζ > 0,

µ(E (Q, ζ))

µ(Q)
≤ e · e−

ζ

2de for every cube Q. (A.58)
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Appendix B

Supplementary Materials for Chapter 3

B.1 Additional Details for the Stochastic Setting

B.1.1 Concentrations of Estimators

Note. In the stochastic setting, the graph is time-invariant. For easier reference, we define

random variables Zv such that Zv has the same distribution as L (Pt,v) for all t. Then, in

the stochastic setting,

∆v = E [Zv∗ ]− E [Zv] , where v∗ ∈ arg max
v

E [Zv] . (B.1)

In this part, we derive concentration bounds for hitting time estimators Z̃v,n. To start

with, we show that the hitting times are sub-exponential.

Lemma 12. For any v ∈ [K], i = 1, 2, · · · and any integer x > 0, we have

P
(
Yv,kv,i ≥ x

)
≤ ρx

1− ρ
.

where ρ is defined in Assumption 2.

Proof. Let M be the transition matrix among transient nodes. Since for any (v, i, x),

{
Yv,kv,i ≥ x

}
= {a random walk starting from v does not reach the absorbing node in x steps} ,

we have,

P
(
Yv,kv,i ≥ x

)
≤ P ({random walk starting from v does not terminate in x steps})

=
∞∑
h=x

P ({random walk starting from v terminates at step h}) . (B.2)
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Writing out the probability in (B.2) gives

P
(
Yv,kv,i ≥ x

)
≤
∞∑
l=x

K∑
j=1

[
M l
]
ij
≤
∞∑
l=x

‖M l‖∞ ≤
∞∑
l=x

ρl ≤ ρx

1− ρ
.

For the concentration results, we use Lemmas 13 and 14.

Lemma 13 (Proposition 34 by [TV15]). Consider a martingale sequence X1, X2, · · · adapted

to filtration F1,F2 · · · . For constants c1, c2, · · · <∞, we have

P

|Xn −X0| > λ

√√√√ n∑
i=1

c2
i

 ≤ 2 exp

(
−λ

2

2

)
+

n∑
i=1

P (|Xi −Xi−1| > ci) . (B.3)

Lemma 13 is an extension of the Azuma’s inequality with an extra term bounding the

probability of any term in the martingale difference sequence being unbounded.

Lemma 14. For any transient node v ∈ [K], if N+
t (v) > 0, we have

P

(∣∣∣Z̃v,N+
t (v) − E [L (Ps,v)]

∣∣∣ ≥√8ξt log t

N+
t (v)

)
≤ 3t−4, ∀s, t ∈ N+ (B.4)

where ξt = max
{

1 + ρ
(1−ρ)2 ,

log(1−ρ)
log ρ + 5 log t

log 1/ρ

}
.

Proof. By Lemma 12, we have, when x ≥ E
[
Yv,kv,i

]
,

P
(∣∣Yv,kv,i − E

[
Yv,kv,i

] ∣∣ ≥ x) ≤P (Yv,kv,i − E
[
Yv,kv,i

]
≥ x

)
+ P

(
−Yv,kv,i + E

[
Yv,kv,i

]
≥ x

)
≤P
(
Yv,kv,i ≥ x

)
+ P

(
Yv,kv,i ≤ E

[
Yv,kv,i

]
− x
)

(the second term is zero.)

≤ ρx

1− ρ
. (B.5)

Also by Lemma 12, E
[
Yv,kv,i

]
=
∑∞

x=0 P
(
Yv,kv,i ≥ x

)
≤ 1 +

∑∞
x=1

ρx

1−ρ ≤ 1 + ρ
(1−ρ)2 .

Since (B.5) is true only for x ≥ E
[
Yv,kv,i

]
, we have, by setting

ξt = max

{
1 +

ρ

(1− ρ)2
,
log(1− ρ)

log ρ
+

5 log t

log 1/ρ

}
,
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P
(∣∣Yv,kv,i − E

[
Yv,kv,i

]∣∣ ≥ ξt) ≤ t−5. (B.6)

Applying Lemma 13 gives

P


∣∣∣∣∣∣
N+
t (v)∑
i=1

[
Yv,kv,i − E

[
Yv,kv,i

] ]∣∣∣∣∣∣ ≥ λ
√√√√√N+

t (v)∑
i=1

ξt


≤2 exp

(
−λ2

2

)
+

N+
t (v)∑
i=1

P
(∣∣Yv,kv,i − E

[
Yv,kv,i

]∣∣ ≥ ξt)
≤2 exp

(
−λ2

2

)
+ t−4. (B.7)

At time t, we set λ =
√

8 log t, and from (B.7) we get

P

(∣∣∣Z̃v,N+
t (v) − E

[
Z̃v,N+

t (v)

]∣∣∣ ≥√8ξt log t

N+
t (v)

)

= P


∣∣∣∣∣∣
N+
t (v)∑
i=1

[
Yv,kv,i − E

[
Yv,kv,i

] ]∣∣∣∣∣∣ ≥√8 log t

√√√√√N+
t (v)∑
i=1

ξt

 ≤ 3t−4.

We now conclude the proof by using E
[
Z̃v,N+

t (v)

]
= E [L (Ps,v)] for all s, t ∈ N+.

B.1.2 Proof of Theorem 9

Firstly, we bound the step regret at time t by the confidence radius at time t, as is common

in bandit regret analysis (e.g., [SKKS10b]).

Lemma 15. With probability at least 1− 2
t4

, Algorithm 5 satisfies, for any t ∈ N,

E [Zv∗ ]− E [ZJt ] ≤ O

 poly-log(t)

(1− ρ)2

√
N+
t (Jt)

 , (B.8)

where O omits absolute constants and logarithmic factors in problem intrinsics.

Proof. By Lemma 14, with probability at least 1− 2
t4

, we have

E [ZJt ] ≤ Z̃Jt,N+
t (Jt)

+ C̃N+
t (Jt),t

and E [Zv∗ ] ≥ Z̃v∗,N+
t (v∗) − C̃N+

t (v∗),t (B.9)
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Thus, with probability at least 1− 2
t4

,

E [ZJt ]− E [Zv∗ ] = Z̃Jt,N+
t (Jt)

+ C̃N+
t (Jt),t

−
(
Z̃v∗,N+

t (v∗) + C̃N+
t (v∗),t

)
(B.10)

≤ Z̃Jt,N+
t (Jt)

+ C̃N+
t (Jt),t

−
(
Z̃Jt,N+

t (Jt)
+ C̃N+

t (Jt),t

)
(B.11)

≤ 2C̃N+
t (Jt),t

(B.12)

≤ O

 poly-log(t)

(1− ρ)2

√
N+
t (Jt)

 , (B.13)

where (B.11) uses that Jt ∈ arg maxv∈V

[
Z̃Jt,N+

t (v) + C̃N+
t (v),t

]
.

Theorem 9. Let T be any positive integer. Under Assumption 2, Algorithm 5 admits regret

of order

Reg(T ) = Õ

(
min

{
1

(1− ρ)2

√
T

α
,

1

(1− ρ)2

√
mT

})
,

where α = minv∈V αv, and αv is defined in Definition 5, and Õ omits poly-logarithmical

factors in T .

In this bound the dependence on optimality gaps ∆v are removed and all problem

intrinsics are global. In other words, Algorithm 5 achieves this regret rate no matter how

identical the nodes are.

Proof. Part I: Reg(T ) = Õ
(

1
(1−ρ)2

√
T
α

)
. For any t, T ∈ N, consider events

Ẽt :=

{
E [ZJt ] ≤ Z̃Jt,N+

t (Jt)
+ C̃N+

t (Jt),t
and E [Zv∗ ] ≥ Z̃v∗,N+

t (v∗) − C̃N+
t (v∗),t

}
,

E :=
{
N+
t (v)−Nt(v)− (t−Nt(v))αv ≥ −

√
t log (mT ) ∀t ∈ [T ], v ∈ V

}
.

By Lemmas 14 and 5,

P
(
Ẽt ∩ E

)
≥ 1− 4

t4
− 1

T
. (B.14)

By Lemma 12,

E [Zv∗ ] =

∞∑
x=0

P (Zv∗ > x) ≤ 1 +
ρ

(1− ρ)2 . (B.15)
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Thus, by (B.14), (B.15), we have

Reg(T ) =
T∑
t=1

(E [Zv∗ ]− E [ZJt ])

≤
⌈

log T

minv α2
v

⌉
· E [Zv∗ ] +

T∑
t=

⌈
log T

minv α
2
v

⌉E
[
Zv∗ − ZJt

∣∣∣∣Ẽt ∩ E]P(Ẽt ∩ E)

+ E

[
T∑
t=1

(Zv∗ − ZJt)
∣∣∣∣Ẽt ∩ E

](
1− P

(
Ẽt ∩ E

))

≤
⌈

log T

minv α2
v

⌉
· ρ

(1− ρ)2 +

T∑
t=

⌈
log T

minv α
2
v

⌉O
 poly-log(t)

(1− ρ)2

√
N+
t (Jt)



+
ρ2

(1− ρ)2

T∑
t=1

(
4

t4
+

1

T

)
(by Lemma 15 and (B.14))

≤ Õ

 T∑
t=1

poly-log(t)

(1− ρ)2

√
N+
t (Jt)

 ,

≤ Õ

 T∑
t=1

poly-log(t)

(1− ρ)2

√
Nt(Jt) + αJt(t−Nt(Jt))−

√
t log(mT )

 , (under event E)

≤ Õ

 T∑
t=1

poly-log(t)

(1− ρ)2

√
αJtt−

√
t log(mT )


≤ Õ

(
1

(1− ρ)2

√
T

α

)
,

where α := minv∈V αv.

Part II: Reg(T ) = Õ
(

1
(1−ρ)2

√
mT

)
.

By definitions in (3.3), we know N+
t (v) ≥ Nt(v) for all t ∈ N and v ∈ V . From Lemma

15, we have

Reg(T ) ≤
T∑
t=1

O

 poly-log(t)

(1− ρ)2

√
N+
t (Jt)

 ≤ T∑
t=1

O

(
poly-log(t)

(1− ρ)2
√
Nt(Jt)

)
. (B.16)

Let ti,v be the i-th time the node v is played. Let Bv be the total number of time node v

is played. Then we can regroup the sum in (B.16) by

T∑
t=1

1

Nt(Jt)
=
∑
v∈V

Bv∑
i=1

1

Nti,v(v)
.
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Since ti,v is the i-th time v is played, we have nti,v(v) = i. Thus we have

T∑
t=1

1

Nt(Jt)
=
∑
v∈V

Bv∑
i=1

1

Nti,v(v)
=
∑
v∈V

Bv∑
i=1

1

i
≤
∑
v∈V

(1 + logBv) ≤ m+m log
T

m
, (B.17)

where the last inequality uses
∑
Bv = T and the AM-GM inequality.

We then insert the above results into (B.16) to get

Reg(T ) ≤
T∑
t=1

O

 poly-log(t)

(1− ρ)2

√
N+
t (Jt)


≤Õ

 1

(1− ρ)2

√√√√T
T∑
t=1

1

Nt(Jt)

 (use the Cauchy-Schwarz inequality)

≤Õ

(
1

(1− ρ)2

√
Tm

(
1 + log

T

m

))
(use (B.17))

≤Õ
(

1

(1− ρ)2

√
mT

)
,

which concludes this part.

B.1.3 Proof of Theorem 10

Theorem 10. On a problem instance that satisfies Assumption 2, Algorithm 5 achieves

constant regret of order Õ
(∑

v:∆v>0

(
∆v + 1

(1−ρ)2∆v

))
, where Õ omits absolute constants

and logarithmic dependence on problem intrinsics.

Proof. First we define

T
(2)
min,v := min

{
t ∈ N : tαv −

√
t log t ≥ 32ξt log t

∆2
v

}
. (B.18)

The proof of this theorem is developed in three steps.

Step 1: When t ≥ T (2)
min,v, C̃N+

t (v),t ≤ 2∆v with high probability.

For any t ∈ N and node v ∈ V , consider the following event.

Ev,t :=
{
N+
t (v)−Nt(v)− (t−Nt(v))αv ≥ −

√
t log t

}
. (B.19)
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By Lemma 5, we have for any v ∈ V , with probability at least 1− 1
t2

,

N+
t (v)−Nt(v)− (t−Nt(v))αv ≥ −

√
t log t.

For a sub-optimal node v, when

N+
t (v) ≥ 32ξt log t

∆2
v

, (B.20)

we have

C̃N+
t (v),t =

√
8ξt log t

N+
t (v)

≤ 1

2
∆v. (B.21)

For t ≥ T (2)
min,v where T

(2)
min,v is defined in (B.18), under event Ev,t, we have

N+
t (v) ≥ αvt+ (1− αv)Nt(v)−

√
t log t (under event Ev,t)

≥ αvt−
√
t log t (since αv ≤ 1)

≥ 32ξt log t

∆2
v

. (B.22)

From above, we know (B.20) is true as long as Ev,t is true. Thus for any t ≥ T (2)
min,v,

P
(
C̃N+

t (v),t ≤
1

2
∆v

)
= P

(
N+
t (v) ≥ 32ξt log t

∆2
v

)
≥ P (Ev,t) ≥ 1− 1

t2
.

In words, C̃N+
t (v),t ≤

1
2∆v as long as (1) t ≥ T (2)

min,v and (2) Ev,t is true.

Step 2: After time T
(2)
min,v, a sub-optimal node is played constant number of

times (in expectation).

For easier reference, for any t ∈ N and any v ∈ V , we write

wv,t :=
32ξt log t

∆2
v

. (B.23)

In Step 1 (Eq. B.22), we have shown that for any t ≥, event Ev,t implies

N+
t (v) ≥ wv,t. (B.24)
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After time T
(2)
min,v, we can bound the number of times a sub-optimal arm is played (in

expectation) by

E

 T∑
t=T

(2)
min,v

I[Jt=v]


=

T∑
t=T

(2)
min,v

{
E
[
I[Jt=v]

∣∣∣∣Ev,t]P (Ev,t) + E
[
I[Jt=v]

∣∣∣∣Ev,t] (1− P (Ev,t))
}

≤

 T∑
t=T

(2)
min,v

P
(
Jt = v, t ≥ T (2)

min,v

∣∣∣∣Ev,t)
+

∞∑
t=1

1

t2

≤
T∑

t=T
(2)
min,v

P
(
Jt = v, t ≥ T (2)

min,v

∣∣∣∣Ev,t)+
π2

6

≤
T∑

t=T
(2)
min,v

P
(
Z̃v,N+

t (v) + C̃N+
t (v),t ≥ Z̃v∗,N+

t (v∗) + C̃N+
t (v∗),t, t ≥ T

(2)
min,v

∣∣∣Ev,t)+
π2

6
(B.25)

where (B.25) uses{
a node v is played at t

}
⇒
{
Z̃v,N+

t (v) + C̃N+
t (v),t ≥ Z̃v∗,N+

t (v∗) + C̃N+
t (v∗),t

}
.

We then follow the argument by [ACBF02], and bound (B.25) by allowing N+
t (v) to

take any values in [wv,t, t] (due to Eq. B.24), and allowing N+
t (v∗) to take any values in

[1, t].

This gives,

P
(
Z̃v,N+

t (v) + C̃N+
t (v),t ≥ Z̃v∗,N+

t (v∗) + C̃N+
t (v∗),t, t ≥ T

(2)
min,v

∣∣∣Ev,t)
≤

t∑
s=wv,t

t∑
s∗=1

P
(
Z̃v,s + C̃s,t ≥ Z̃v∗,s∗ + C̃s∗,t, t ≥ T (2)

min,v

∣∣∣Ev,t) . (B.26)

As is used by [ACBF02], when the event

{
Z̃v,s + C̃s,t ≥ Z̃v∗,s∗ + C̃s∗,t

}
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is true, at least one of the following three must be true:

Z̃v,s − C̃s,t ≤ E [Zv] , (B.27)

Z̃v∗,s∗ + C̃s∗,t ≥ E [Zv∗ ] , (B.28)

E [Zv∗ ] < E [Zv] + 2C̃s,t. (B.29)

By Step 1 (Eq. B.21), we know (B.29) is false for s ≥ wv,t and t ≥ T (2)
min,v. Thus one of

(B.27) and (B.28) must be true. Therefore we can continue from (B.26) to get

t∑
s=wv,t

t∑
s∗=1

P
(
Z̃v,s + C̃s,t ≥ Z̃v∗,s∗ + C̃s∗,t, t ≥ T (2)

min,v

∣∣∣Ev,t)

≤
t∑

s=wv,t

t∑
s∗=1

[
P
(
Z̃v,s + C̃s,t ≤ E [Zv]

)
+ P

(
Z̃v,s + C̃s,t ≤ E [Zv]

)]

≤
t∑

s=wv,t

t∑
s∗=1

(
3

t4
+

3

t4

)
(B.30)

≤ 6

t2
(B.31)

where (B.30) uses Lemma 14.

Combining (B.25) and (B.31) gives

E

 T∑
t=T

(2)
min,v

I[Jt=v]

 ≤ T∑
t=T

(2)
min,v

6

t2
+
π2

6
≤ 7π2

6
, (B.32)

which concludes Step 2.

Step 3: Up to time T
(2)
min,v, a sub-optimal node v is played O

(
polylog

(
T

(2)
min,v,

1
∆v

))
number of times

Recall Nt(v) is the number of times we play node v up to time t.
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For any integer w, we have

E [NT (v)] = E

[
T∑
t=1

I[Jt=v]

]

≤ w + E

t=T
(2)
min,v∑
t=1

I[Jt=v, Nt(v)≥w] +

T∑
t=t=T

(2)
min,v

I[Jt=v]



≤ w + E

t=T
(2)
min,v∑
t=1

I[Jt=v, Nt(v)≥w]

+
7π2

6
(B.33)

≤ w +

t=T
(2)
min,v∑
t=1

t∑
s∗=1

t∑
s=w

P
(
Z̃v,s + C̃s,t ≥ Z̃v∗,s∗ + C̃s∗,t

)
+

7π2

6
, (B.34)

where (B.33) uses the result of Step 2, and (B.34) uses similar argument in Step 2 (Eq.

B.25 - B.26).

We set w :=


32ξ

T
(2)
min,v

log T
(2)
min,v

∆2
v

, so that at time t ≤ T (2)
min,v, for s ≥ w,

C̃s,t =

√
8ξt log t

s
≤ 1

2
∆v,

which mean (B.29) is false.

Also, by Lemma 14, we have

P
[
Z̃v,sv − C̃sv ,t ≤ E [Zv]

]
≤ 3

t4
P
[
Z̃v∗,s∗ + C̃s∗,t ≥ E [Zv∗ ]

]
≤ 3

t4
. (B.35)

Again we continue from (B.34) and use (B.27), (B.28) and (B.29) to get

E [NT (v)]

≤


32ξ

T
(2)
min,v

log T
(2)
min,v

∆2
v


+

T∑
t=1

t∑
s∗=1

t∑
sv=w

(
P
[
Z̃v,sv − C̃sv ,t ≤ E [Zv]

]
+ P

[
Z̃v∗,s∗ + C̃s∗,t ≥ E [Zv∗ ]

])
+

7π2

6
(B.36)

≤
32ξ

T
(2)
min,v

log T
(2)
min,v

∆2
v

+ 1 +
13π2

6
, (B.37)
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where on the last line we use (B.35).

Finally, since Reg(T ) =
∑

v∈[K] ∆vE [NT (v)], we have

Reg(T ) ≤
∑

v:∆v>0

32ξ
T

(2)
min,v

log T
(2)
min,v

∆v
+

(
1 +

13π2

6

)
∆v

 ,
where T

(2)
min,v = Õ

(
1

αv(1−ρ)2∆2
v

)
and ξ

T
(2)
min,v

= Õ
(

1
(1−ρ)2

)
.

B.1.4 Greedy Algorithm for the Stochastic Setting

The simplest strategy is to play the node with the largest estimated hitting time. In each

epoch t, we play the node that maximizes the empirical estimates of the hitting times,

Z̃v,N+
t (v). This strategy is formally stated in Algorithm 7.

Algorithm 7

1: Input: A set of nodes [K] (and an absorbing node ∗).

2: Warm up: Play each node once to initialize. Observe trajectories.

3: for t = 1, 2, 3, . . . do

4: Select Jt to start a random walk, such that

Jt ∈ arg max
v∈V

Z̃v,N+
t (v),

where with ties broken arbitrarily.

5: Observe the trajectory Pt,vt :=
{
Xt,0, Lt,1, Xt,1, Lt,2, Xt,2, · · · , Lt,Ht,vtXt,Ht,vt

}
.

Update N+
t (v) and estimates Z̃t,Nt(v) for all v ∈ [K].

Theorem 13. Suppose Assumption 2 holds. Algorithm 7 achieves a constant regret that

only depends on αv, αv∗ , ρ, and ∆v: Reg(T ) ≤ Õ
(∑

v:∆v>0

(
1

min{αv ,αv∗}(1−ρ)2∆v
+ ∆v

))
,

where v∗ is the optimal node (the node with maximum hitting time), and Õ omits absolute

constants and logarithmic dependence on problem intrinsics.

Proof. First we define
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T
(1)
min,v := min

{
t ∈ N :

(√
8ξt log t

αvt−
√
t log t

≤ ∆v

2

)
∧

(√
8ξt log t

αv∗t−
√
t log t

≤ ∆v

2

)}
,

(B.38)

For a sub-optimal node v and a time t ∈ N, we consider

Ev,t =
{
N+
t (v)−Nt(v)− (t−Nt(v))αv ≥ −

√
4t log t

}
. (B.39)

By Lemma 5, Ev,t is true with probability at least 1− 1
t2

.

For simplicity, we writeBn,t =
√

8ξt log t
n , where ξt := max

{
1 + ρ

(1−ρ)2 ,
log(1−ρ)

log ρ + 5 log t
log 1/ρ

}
.

We have, for any sub-optimal node v, the probability of v being played at time t satisfies

P (Jt = v) ≤P
(
Z̃v,N+

t (v) ≥ Z̃v∗,N+
t (v∗)

)
( v∗ ∈ arg maxv∈V E [Zv])

=P
(
Z̃v,N+

t (v) − E [Zv]−
(
Z̃v∗,N+

t (v∗) − E [Zv∗ ]
)
≥ ∆v

)
( ∆v = E [Zv∗ ]− E [Zv])

≤
[
P
(

2 max{BN+
t (v),t, BN+

t (v∗),t} > ∆v

)
+ P

(
Z̃v,N+

t (v) ≥ E [Zv] +BN+
t (v),t

)
(B.40)

+ P
(
Z̃v∗,N+

t (v∗) ≤ E [Zv∗ ]−BN+
t (v∗),t

)]
,

where in (B.40) we use{
Z̃v,N+

t (v) − E [Zv]−
(
Z̃v∗,N+

t (v∗) − E [Zv∗ ]
)
≥ ∆v

}
=⇒

{
2 max{BN+

t (v),t, BN+
t (v∗),t} > ∆v

}
⋃{

Z̃v∗,N+
t (v∗) ≥ E [Zv∗ ] +BN+

t (v∗),t

}
⋃{

Z̃v,N+
t (v) ≤ E [Zv]−BN+

t (v),t

}
,

which can be verified by checking its contrapositive statement.

When (1) event Ev,t is true, (2)
√

8ξt log t
αvt−

√
t log t

≤ ∆v
2 and (3)

√
8ξt log t

αv∗ t−
√
t log t

≤ ∆v
2 , we have

2 max{BN+
t (v),t, BN+

t (v∗),t} ≤ ∆v.
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Thus when t ≥ T (1)
min,v, we have

P
(

2 max{BN+
t (v),t, BN+

t (v∗),t} ≥ ∆v

)
=P
(

2 max{BN+
t (v),t, BN+

t (v∗),t} ≥ ∆v

∣∣∣Ev,t)P (Ev,t)

+ P
(

2 max{BN+
t (v),t, BN+

t (v∗),t} ≥ ∆v

∣∣∣Ev,t) [1− P (Ev,t)]

≤1− P (Ev,t) ≤
1

t2
. (B.41)

Also by Lemma 14, we have

P
(
Z̃v∗,N+

t (v∗) ≥ E [Zv∗ ] +BN+
t (v∗),t

)
≤ 2

t2
, P

(
Z̃v,N+

t (v) ≤ E [Zv]−BN+
t (v),t

)
≤ 2

t2
.

(B.42)

We can now combine (B.40), (B.41) and (B.42) to get

E [NT (v)] =
T∑
t=1

P (Jt = v)

≤T (1)
min,v +

T∑
t=T

(1)
min,v

P (vt = v)

≤T (1)
min,v +

T∑
t=T

(1)
min,v

[
P
(

2 max{BN+
t (v),t, BN+

t (v∗),t} ≥ ∆v

)
(B.43)

+ P
(
H̃v,N+

t (v) ≤ E [Hv]−BN+
t (v),t

)
+ P

(
H̃v∗,N+

t (v∗) ≥ E [Hv∗ ] +BN+
t (v∗),t

)]
≤T (1)

min,v +
∞∑
t=1

[
1

t2
+

2

t2
+

2

t2

]
≤ T (1)

min,v +
5π2

6
,

where on the last line we use (B.41) and (B.42).

Finally, we use the Wald’s equation to get

Reg(T ) =
T∑
t=1

(E [L (Pt,v∗)]− E [L (Pt,Jt)])

=
T∑
t=1

∑
v∈[K]

(E [Zv∗ ]− E [Zv])P (Jt = v) =
∑

v∈[K],∆v>0

∆vE [NT (v)] .

From here we use T
(1)
min,v = Õ

(
1

min{αv ,αv∗}(1−ρ)2∆2
v

)
to conclude the proof.
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B.2 Proofs for the Adversarial Setting

Lemma 6. For any t, i, j, it holds that V [q̂t,ij ] = Õ
(

1
t

)
.

Proof. For the variance, we have

V [q̂t,ij ] =
t∑

m=1

V
[
q̂t,ij

∣∣∣∣N+
t (i) = m

]
P
(
N+
t (i) = m

)
≤

t∑
m=1

1

m
P
(
N+
t (i) = m

)
= E

[
1

N+
t (i)

]
.

By Lemma 5 and a union bound, we know, for any δ ∈ (0, 1),

P
(
N+
t (i) ≥ αt−

√
2t log(2TK/δ), ∀i ∈ [K], t ∈ [T ]

)
≤ δ.

Thus it holds that

E
[

1

N+
t (i)

]
=E

[
1

N+
t (i)

∣∣N+
t (i) ≥ αt−

√
2t log(TK/δ)

]
P
(
N+
t (i) ≥ αt−

√
2t log(TK/δ)

)
+ E

[
1

N+
t (i)

∣∣N+
t (i) < αt−

√
2t log(TK/δ)

]
P
(
N+
t (i) < αt−

√
2t log(TK/δ)

)
≤ 1

max
{

1, αt−
√

2t log(TK/δ)
} + δ.

Setting δ = 1
T concludes the proof.

Lemma 7. For any ε ∈ (0, 1), let

E ′t :=

{
|q̂t,ij − qij | ≥

√
2V [q̂t,ij ] log(KT/ε)

N+
t−1(i)

+
log(KT/ε)

3N+
t−1(i)

, N+
t (i)≥αt−

√
t log(TK/ε), ∀i, j∈ [K]

}
.

It holds that P (E ′t) ≥ 1− 2ε
T and under E ′t,

q̂t,ij = qij ±O
(

log(TK/ε)

αt

)
, (B.44)

where α = mini∈[K] αj.

Proof. By Bennett’s inequality, it holds that

P

(
|q̂t,ij − qij | ≥

√
2V [q̂t,ij ] log(KT/ε)

N+
t−1(i)

+
log(KT/ε)

3N+
t−1(i)

)
≤ ε (B.45)
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By Lemma 5 and a union bound, we known P (E ′T ) ≥ 1 − 2ε. By Lemma 6, we know that

V [q̂t,ij ] = Õ
(

1
t

)
. Thus, under event E ′t, it holds that

q̂t,ij = qij ± Õ

(
log
(
ε−1
)

t

)
.

Lemma 8. For any B, let ET (B) := {Zt,j ≤ B for all t = 1, 2, · · · , T, and j ∈ [K]} . For

any ε ∈ (0, 1) and B =
log

(1−ρ)ε
KT

log ρ , it holds that

P (ET (B)) ≥ 1− ε,

and

E [Zt,i|not ET (B)] ≤ KB +
K

(1− ρ)2
,

and

E
[
Z2
t,i|not ET (B)

]
≤ KB2 +

2K

(1− ρ)3
.

Proof. Since all edge lengths are smaller than 1, we have, for any integer B,

P (Zt,i > B) ≤ P ({random walk starting from i does not terminate in B steps})

=

∞∑
l=B

P ({random walk starting from i terminates at step l})

=
∞∑
l=B

K∑
j=1

[
M l
]
ij
≤
∞∑
l=B

‖M l‖∞ ≤
∞∑
l=B

ρl ≤ ρB

1− ρ
.

Thus with probability at least 1− ρB

1−ρ , we have Zt,i ≤ B. We define

ET (B) := {Zt,j ≤ B for all t = 1, 2, · · · , T, and j ∈ [K]} .

By a union bound, P (ET (B)) ≥ 1−KTρB

1−ρ . Now we can set B =
log

(1−ρ)ε
KT

log ρ so that P (ET (B)) ≥

1− ε.
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The random variables Zt,i also has the memorylessness-type property:

E [Zt,i|not ET (B)]

≤E [Zt,i|Zt,i > B] ≤
∞∑

l=B+1

l
P ({Pt,i terminates at step l} ∩ {Zt,i > B})

P (Zt,i > B)

=
∞∑

l=B+1

l

∑
j P ({Pt,i terminates at step l} ∩ {the (B + 1)-th step is at j})∑

j P ({the (B + 1)-th step is at j})

≤
∞∑

l=B+1

l
∑
j

P
(
{Pt,i terminates at step l}

∣∣{the (B + 1)-th step is at j}
)

=
∑
j

∞∑
l=1

(l +B)P ({Pt,j terminates at step l})

=
∑
j

E [Zt,j +B] ≤ KB +
∑
j

E [Zt,j ]

where we use Markov property on the second last line.

Since E [Zt,j ] ≤ O
(

1
(1−ρ)2

)
, we insert this into the above equation to get

E [Zt,i|not ET (B)] ≤ O
(
KB +

K

(1− ρ)2

)
.

Similarly, we have

E
[
Z2
t,i|not ET (B)

]
≤ O

(
KB2 +

K

(1− ρ)3

)
.

Lemma 10. With probability at least 1− 6ε, we have

T∑
t=1

∑
j

ptj
p̂2
tj

I[j∈Pt,Jt ] ≤ κT + Õ
(√

T log(1/ε)
)
,

∑
t

∑
j

ptjẐt,j −
∑
t

lt,Jt −B
B

≤ κβT +O
(√

(1 + βκ)T log(1/ε)
)
, .

Proof. To prove the first inequality, we verify that
ptj
p̂tj

is bounded, compute the (conditional)

expectation of
ptj
p̂tj

, and apply the Azuma’s inequality. By Lemma 7, under event E ′t, we
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have

1

p̂2
tj

=
1(

ptj +
∑

i 6=j pti

(
qij ±O

(
log(TK/ε)

αt

)))2

=
1(

p̃tj ±O
(

log(TK/ε)
αt

))2

=
1

p̃2
tj

+O
(

log(TK/ε)

αt

)
, (B.46)

where the first equation uses Lemma 7, and the last inequality uses the Taylor expansion

that 1
(x−a)2 = 1

a2 +O
(
x
a3

)
(with x = O

(
log(TK/ε)

αt

)
).

By (B.46), the conditional expectation of
ptj
p̂2
tj

is

E

[
ptj
p̂2
tj

I[j∈Pt,Jt ]

∣∣∣∣E ′t
]

=E

[
ptj
p̃2
tj

I[j∈Pt,Jt ]

∣∣∣∣E ′t
]

+O
(

log(TK/ε)

αt

)
(by Eq. B.46)

≤ 1

1− 2ε/T
E

[
ptj
p̃2
tj

I[j∈Pt,Jt ]

]
+O

(
log(TK/ε)

αt

)
≤E [ptj ] +

1−√αj
1 +
√
αj

+O
(

log(TK/ε)

αt

)
, (B.47)

where 1○ uses P (E ′t) ≥ 1− 2ε
T , and the last line uses x

x+a(1−x) ≤ x+ 1−
√
a

1+
√
a

for x ∈ [0, 1] and

a ∈ [0, 1] (Proposition 7 in Appendix B.2.2), and simply removes the slight dependence on

ε
T in the first term (since there is a Õ residual term).

We take summation over j on both sides of (B.47), to get

E

∑
j

ptj
p̂2
tj

I[j∈Pt,Jt ]

∣∣∣∣E ′t
 ≤ κ+O

(
2 log(TK/ε)

αt

)

We now apply Lemma 13 (in Appendix B.2) to

{∑
j
ptj
p̂2
tj
I[j∈Pt,Jt ]I[E ′t]

}
t

and get, with

probability at least 1− 3ε (ε ≤ T ),

T∑
t=1

∑
j

ptj
p̂2
tj

I[j∈Pt,Jt ] ≤ κT + Õ
(√

T log(1/ε)
)
.

For the second inequality in the lemma statement, we verify that
∑

j ptjẐt,j−
∑

j
lt,Jt−B

B

is bounded, compute its (conditional) expectation, and apply the Azuma’s inequality.
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Firstly, it holds that
∑

j ptjẐt,j is bounded conditioning on ET (B):

∑
j

ptjẐt,j =
∑
j

ptj

Zt,j−B
B I[j∈Pt,Jt ] + β

p̂tj

1○
=
∑
j

ptj

Zt,j−B
B I[j∈Pt,Jt ]

p̃tj
+
∑
j

βptj
p̃tj

+ Õ
(

log (1/ε)

t

)

≤1 + βκ+ Õ
(

log (1/ε)

t

)
,

where 1○ uses a Taylor expansion, and the last line uses Proposition 7.

Also, we have

E

∑
j

ptjẐt,j

∣∣∣∣E ′t
 1○

=E

∑
j

ptj

Zt,j−B
B I[j∈Pt,Jt ] + β

p̃tj

∣∣∣∣E ′t
+ Õ

(
log(1/ε)

t

)
2○
≤ 1

1− 2ε/T
E

∑
j

ptj

Zt,j−B
B I[j∈Pt,Jt ] + β

p̃tj

+ Õ
(

log(1/ε)

t

)
3○
≤E

∑
j

ptj
Zt,j −B

B
+ β

∑
j

ptj
p̃tj

+ Õ
(

log(1/ε)

t

)
4○
≤E

∑
j

ptj
Zt,j −B

B

+ βκ+ Õ
(

log(1/ε)

t

)
, (B.48)

where 1○ uses Lemma 7 and a Taylor expansion, 2○ uses P (E ′t) ≥ 1 − 2ε/T , 3○ simply

removes the slight dependence on ε
T in the first term (since there is a Õ residual term), and

4○ uses Proposition 7.

Also, we have

E
[
lt,Jt
∣∣E ′t] ≥ E [lt,Jt ]− E [lt,Jt |not E ′t]

P (E ′t)
≥

E [lt,Jt ]− ε
T (1−ρ)

1− ε
T (1−ρ)

≥ E [lt,Jt ]−
ε

T (1−ρ)

1− ε
T (1−ρ)

.

From above, we know

{(∑
j ptjẐt,j −

lt,Jt−B
B + βκ+

ε
T (1−ρ)

B
(

1− ε
T (1−ρ)

) + Õ
(

log(1/ε)
t

))
I[E ′t]

}
t

is

a super-martingale difference sequence. We can now apply Lemma 13 (extended Azuma’s

inequality, in Appendix B.1.1) and get∑
t

∑
j

ptjẐt,j −
∑
t

lt,Jt −B
B

≤ κβT +O
(√

(1 + βκ)T log(1/ε)
)
. (B.49)
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B.2.1 Proof of Theorem 12

Theorem 12. Fix any T >
√

128 log 8 and σ < 1
7 . On a graph of K nodes and any pair of

nodes are connected with probability p, there exists j ∈ [K] and a sequence of edge lengths,

such that regret incurred by any policy satisfies

PJ,π

Regadv
j (T ) ≥ min


√

(1−Kp)2σ2T

32p
,

√√√√(K − 1)(1−Kp)σ2T

32
(

1 + p
1−Kp

)

 ≥ 1

8
. (B.50)

Proof. A deterministic problem instance J is represented by T graphs J = (G1, G2, · · · , GT ).

For this part, the graph Gt consists of edge lengths: Gt :=
(
{l(t)i∗ }i∈[K], {l

(t)
ij }i,j∈[K]

)
, where

l
(t)
i∗ is the length from i to ∗ in Gt, and l

(t)
ij is the length from i to j in Gt. A stochastic

problem instance is represented by a distribution over deterministic problem instances.

By Proposition 9 (in Appendix B.2.2), it suffices to consider stochastic instances. Next

we construct stochastic problem instances to prove Theorem 12.

We first sample T i.i.d. Gaussian random variables ηt ∼ N
(
0, σ2

)
(σ to be specified

later). Consider the stochastic problem instance J: J = (G1, G2, · · · , GT ). In Gt, l
(t)
1∗ =

clip
(

1
2 + ε

1−Kp + ηt

)
, l

(t)
i∗ = clip

(
1
2 + ηt

)
(i = 2, 3, · · · ,K), l

(t)
ij = clip

(
1
2 + ηt

)
(i, j ∈ [K]),

where “clip” takes a number and clip its value to [0, 1].

By this construction, the hitting times have the following properties. If no clipping

happens, the hitting times Zt = [Zt,1, Zt,2, · · · , Zt,K ] at time t satisfies

E [Zt] =(1−Kp)
((

1

2
+ ηt

)
1 +

ε

1−Kp
e1

)
+ME [Zt] +Kp

(
1

2
+ ηt

)
1, (B.51)

where e1 = [1, 0, 0, · · · , 0]> and 1 = [1, 1, · · · , 1]>. The first term on the right-hand-side of

(B.51) accounts for the edge lengths (hitting time) from hitting absorbing node. The last

two terms in the right-hand-side of (B.51) accounts for the edge lengths (hitting time) from

remaining in the transient nodes.

This gives,

(I −M)E [Zt] =

(
1

2
+ ηt

)
1 + εe1, and E [Zt] =

(
I +

M

1−Kp

)((
1

2
+ ηt

)
1 + εe1

)
.
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If ηt ∈
[
−1

2 ,
1
2 −

2ε
1−Kp

]
, no clipping happens and E [Zt,1] ≥ E [Zt,j ] + ε for all j =

2, 3, · · · ,K. If ηt /∈
[
−1

2 ,
1
2 −

2ε
1−Kp

]
, some edges are clipped and E [Zt,1] ≥ E [Zt,j ]. Thus

we have, for all j ≥ 2,

E [Zt,1] ≥ E [Zt,j ] + εI[
ηt∈
[
− 1

2
, 1
2
− ε

1−Kp

]]. (B.52)

Construct another instance J′. We let

J′ =
(
G′1, G

′
2, · · · , G′T

)
and

G′t =
(
{l(t)

′

i∗ }i∈[K], {l
(t)′

ij }i,j∈[K]

)
,

where l
(t)′

i∗ is the length from i to ∗ in G′t, and l
(t)′

ij is the length from i to j in G′t. We

again sample η′t
i.i.d.∼ N (0, σ2) (σ to be specified later). Let instance J′ satisfy l

(t)′

1∗ =

clip
(

1
2 + ε

1−Kp + η′t

)
, l

(t)′

2∗ = clip
(

1
2 + 2ε

1−Kp + η′t

)
, l

(t)′

i∗ = clip
(

1
2 + η′t

)
(i > 2), and l

(t)′

ij =

clip
(

1
2 + η′t

)
for all i, j ∈ [K].

Let Z ′t =
[
Z ′t,1, Z

′
t,2, · · · , Z ′t,K

]
be the hitting times at time t in instance J′. Thus for

j 6= 2, in instance J′,

E
[
Z ′t,2

]
≥ E

[
Z ′t,j
]

+ εI[
η′t∈
[
− 1

2
, 1
2
− 2ε

1−Kp

]] (B.53)

From (B.52), we know, in instance J, when there are at least 3
4T unclipped rounds and

node 1 is played no more than 1
2T times, then in at least 1

4T rounds, a regret of ε is incurred.

Similarly, in instance J′, when there are at least 3
4T unclipped rounds and node 1 is played

more than 1
2T times, then in at least 1

4T rounds, a regret of (at least) ε is incurred.

Now we define some notations to write the above observations symbolically. Let PJ,π

(resp. PJ′,π) be the probability measure on running π on J (resp. J′). Let EJ,π (resp. EJ′,π)

be the expectation with respect to PJ,π (resp. PJ′,π). Let Ni (resp. N ′i) be the number of

times i is played in J (resp. J′).

Since EJ,π

[∑
j Nj

]
= T , there exists i ∈ {2, 3, · · · ,K} such that EJ,π [Ni] ≤ T

K−1 . With-

out loss of generality, we assume i = 2. Otherwise, we can rename the nodes {2, 3, · · · ,K}

such that i becomes 2.
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Let Regadv
1 (T ) (resp. Regadv′

2 (T )) be the regret in J against node 1 (resp. in J′ against

node 2). Let u = 1
4εT . Let W =

∑
t I[ηt∈[− 1

2
, 1
2

+ ε
1−Kp

]], and W ′ =
∑

t I[η′t∈[− 1
2
, 1
2

+ ε
1−Kp

]].
Using the above notations, we have

PJ,π

(
Regadv

1 (T ) ≥ u
)

≥PJ,π (N1 < T/2 and W ≥ 3T/4) ≥ PJ,π (N1 < T/2)− PJ,π (W < 3T/4)

and

PJ′,π

(
Regadv′

2 (T ) ≥ u
)

≥PJ′,π

(
N ′1 ≥ T/2 and W ′ ≥ 3T/4

)
≥ PJ′,π

(
N ′1 ≥ T/2

)
− PJ′,π

(
W ′ < 3T/4

)
,

which gives

PJ,π

(
Regadv

1 (T ) ≥ u
)

+ PJ′,π

(
Regadv′

2 (T ) ≥ u
)

≥PJ,π (N1 < T/2)− PJ,π (W < 3T/4) + PJ′,π

(
N ′1 ≥ T/2

)
− PJ′,π

(
W ′ < 3T/4

)
. (B.54)

The quantities PJ,π (W < 3T/4) and PJ′,π (W ′ < 3T/4) can be easily handled since ηt are

Gaussian (Proposition 8). Now we turn to lower bound PJ,π (N1 < T/2)+PJ′,π (N ′1 ≥ T/2),

and then select a proper ε to maximize this lower bound.

By the definition of total variation and the Pinsker’s inequality,

PJ,π (N1 ≥ T/2) + PJ′,π

(
N ′1 < T/2

)
= 1 + PJ,π (N1 ≥ T/2)− PJ′,π

(
N ′1 ≥ T/2

)
≥ 1− dTV

(
PJ,π,PJ′,π

)
≥ 1−

√
2DKL

(
PJ,π,PJ′,π

)
.

Let Qt,j (resp. Q′t,j) be the probability space generated by playing j at t in instance J

(resp. J′). By chain rule, we have

DKL (PJ,π‖PJ,π) =
T∑
t=1

∑
j∈[K]

PJ,π (Jt = j)DKL

(
Qt,j‖Q′t,j

)
. (B.55)

Let X0, L1, X1, L2, · · · be the nodes and edge length of each step in the trajectory after

playing a node. The sample space of Qt,j and Q′t,j is spanned by X0, L1, X1, L2, · · · .
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By Markov property, we have, for all i, j ∈ [K] and k ∈ N+,

Qt,i (Lk+1, Xk+1, Lk+2, Xk+2, . . . |Xk = j) = Qt,j . (B.56)

Q′t,j (Lk+1, Xk+1, Lk+2, Xk+2, . . . |Xk = j) = Q′t,j .

Thus by chain rule,

DKL

(
Qt,i‖Q′t,i

)
=DKL

(
Qt,i(X1, L1)‖Q′t,i(X1, L1)

)
+
∑
x∈[K]

∫ 1

0
P(X1 =x, L1 = l)DKL

(
Qt,i(X2,L2,...|X1 =x, L1 = l)‖Q′t,i(X2,L2,...|X1 =x, L1 = l)

)
dl

=DKL

(
Qt,i(X1, L1)‖Q′t,i(X1, L1)

)
+
∑
j∈[K]

mjiDKL

(
Qt,j‖Q′t,j

)
. (B.57)

Let f be the p.d.f. ofN
(

1
2 , σ

2
)

truncated to [0, 1] . Let f∗ be the p.d.f. ofN
(

1
2 + 2ε

1−Kp , σ
2
)

clipped to [0, 1]. Let φ (resp. Φ) be the p.d.f. (resp. c.d.f.) of the standard normal distri-

bution. Thus we have

DKL

(
Qt,2(X1, L1)‖Q′t,2(X1, L1)

)
=

∫ 1

0
(1−Kp)f(z) log

(1−Kp)f(z)

(1−Kp)f∗(z)
dz +K

∫ 1

0
pf(z) log

pf(z)

pf(z)
dz

=(1−Kp)
∫ 1

0
f(z) log

f(z)

f∗(z)
dz

=(1−Kp)DKL

(
N
(

1

2
, σ2

) ∣∣clip,N
(

1

2
+

2ε

1−Kp
, σ2

) ∣∣clip

)
≤(1−Kp)DKL

(
N
(

1

2
, σ2

)
,N
(

1

2
+

2ε

1−Kp
, σ2

))
(B.58)

=
2ε2

(1−Kp)σ2
,

where (B.58) uses monotonicity of f -divergence (e.g., [CS04]).

Also,

DKL

(
Qt,i(X1, L1)‖Q′t,i(X1, L1)

)
= 0, for i 6= 2.

Next, define

D = [DKL

(
Qt,1‖Q′t,1

)
, DKL

(
Qt,2‖Q′t,2

)
, . . . , DKL

(
Qt,K‖Q′t,K

)
]>,
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and

c =
[
DKL

(
Qt,0(X1, L1)‖Q′t,0(X1, L1)

)
, . . . , DKL

(
Qt,K(X1, L1)‖Q′t,K(X1, L1)

)]>
.

Then we can rewrite (B.57) as

D = MD + c, and thus D =

(
I +

M

1−Kp

)
c.

Solving the above gives, for all i ∈ [K],

DKL

(
Qt,i‖Q′t,i

)
=DKL

(
Qt,i(X1, L1)‖Q′t,i(X1, L1)

)
+

p

1−Kp
∑
j∈[K]

DKL

(
Qt,j(X1, L1)‖Q′t,j(X1, L1)

)

≤


(

1 + p
1−Kp

)
2ε2

(1−Kp)σ2 , if i = 2,

2pε2

(1−Kp)2σ2 , otherwise.

Plugging above computation, and that EJ,π [N2] ≤ T
K−1 , back to (B.55), we have

DKL

(
PJ,π‖PJ′,π

)
=

T∑
t=1

∑
j∈[K]

PJ,π (Jt = j)DKL

(
Qt,i‖Q′t,i

)
=
∑
j

EJ,π [Nj ]DKL

(
Qt,i‖Q′t,i

)
≤
(

1 +
p

1−Kp

)
2ε2

(1−Kp)σ2
· T

K − 1
+

2pε2T

(1−Kp)2σ2
.

Thus by Pinsker’s inequality,

dTV
(
PJ,π,PJ′,π

)
≤ 2

√(
1 +

p

1−Kp

)
ε2

(1−Kp)σ2
· T

K − 1
+

pε2T

(1−Kp)2σ2

≤ 2

√(
1 +

p

1−Kp

)
ε2

(1−Kp)σ2
· T

K − 1
+

pε2T

(1−Kp)2σ2
.

Thus, from the definition of total variation,

1 + PJ,π (N1 ≥ T/2)− PJ′,π (N1 < T/2)

≥1− dTV (PJ,π, P rJ′,π)

≥1− 2

√(
1 +

p

1−Kp

)
ε2

(1−Kp)σ2
· T

K − 1
+

pε2T

(1−Kp)2σ2
.
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By picking ε = min

{√
(1−Kp)2σ2

32pT ,
√

(K−1)(1−Kp)σ2

32
(

1+ p
1−Kp

)
T

}
, we have 1 + PJ,π (N1 ≥ T/2) −

PJ′,π (N1 < T/2) ≥ 1
2 . Applying the above results to (B.54) gives,

PJ,π

(
Regadv

1 (T ) ≥ 1

4
εT

)
+ PJ′,π

(
Regadv′

2 (T ) ≥ 1

4
εT

)
≥1 + PJ,π (N1 ≥ T/2)− PJ′,π

(
N ′1 ≥ T/2

)
− P (W < 3T/4)− P

(
W ′ < 3T/4

)
≥1

4
,

where we use Proposition 8 (in Appendix B.2.2) to remove the terms involving W and W ′.

This means either

PJ,π

Regadv
1 (T ) ≥ min


√

(1−Kp)2σ2T

32p
,

√√√√(K − 1)(1−Kp)σ2T

32
(

1 + p
1−Kp

)

 ≥ 1

8

or

PJ′,π

Regadv′

2 (T ) ≥ min


√

(1−Kp)2σ2T

32p
,

√√√√(K − 1)(1−Kp)σ2T

32
(

1 + p
1−Kp

)

 ≥ 1

8
,

which concludes the proof.

B.2.2 Additional Propositions

Proposition 7. Fix any a ∈ (0, 1]. We have

x

x+ (1− a)x
≤ x+

1−
√
a

1 +
√
a
, ∀x ∈ (0, 1). (B.59)

Proof. If suffices to show, for any a ∈ (0, 1], the function fa(x) := x
x+(1−x)a − x is upper

bounded by 1−
√
a

1+
√
a
. This can be shown via a quick first-order test. At xmax =

√
a

1+
√
a
, the

maximum of fa is achieved, and fa(xmax) = 1−
√
a

1+
√
a
.

Proposition 8. Fix any σ < 1
7 . Pick T such that T > 128 log 8, and ε such that ε

1−Kp ≤
1
4 .

Then P
(
W < 3

4T
)
≤ 1

8 and P
(
W ′ < 3

4T
)
≤ 1

8 .
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Proof. Recall W =
∑T

t=1 I[ηt∈[− 1
2
, 1
2
− ε

1−Kp

]]. Since ηt ∈ N
(
0, σ2

)
, we have

E
[
I[
ηt∈
[
− 1

2
, 1
2
− ε

1−Kp

]]] = P
(
ηt ∈

[
−1

2
,
1

2
− ε

1−Kp

])
≥ P

(
ηt ∈

[
−1

4
,
1

4

])
(since ε

1−Kp ≤
1
4)

= 1− P
(
|ηt| >

1

4

)
= 1− 2 exp

(
− 1

16σ2

)
(since ηt is σ2-sub-Gaussian)

≥ 7

8
. (since σ ≤ 1

7)

By Hoeffding’s inequality,

P
(
W <

3

4
T

)
≤ P

(
W <

7

8
T −

√
2T log 8

)
≤ P

(
W < E [W ]−

√
2T log 8

)
≤ 1

8
. (B.60)

Proposition 9. For any distribution Q over problem instances and policy π, let PQ,π be

the probability of running π for T steps on a problem instance sampled from Q. For any

problem instance J, let PJ,π be the probability of running π for T steps on problem instance

J. Then for any Q, π and event A and u ∈ (0, 1), if PQ,π(Q) ≥ u, then there exists

J ∈ support(Q), such that PJ,π(A) ≥ u.

Proof. For any event A,

PQ,π(A) =

∫
J∈support(Q)

PJ,π(A)dQ(J). (B.61)

From above, it is clear that if PJ,π(A) ≤ u for all J ∈ support(Q), then it is impossible

to have PQ,π(A) > u.
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