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Abstract

This study explores coherent structures in a swirling turbulent jet. A stationary axisymmetric solu-
tion of the Reynolds—Averaged Navier—Stokes equations at Re = 200,000 was obtained using an
open source computational fluid dynamics code and the Spalart—Allmaras eddy viscosity model. Re-
solvent analysis with the same eddy viscosity field then provided coherent structures of the turbulent
fluctuations on the baseflow. As in many earlier studies, a large gain separation is identified between
the optimal and sub-optimal resolvent modes, permitting a focus on the most amplified response
mode and its corresponding optimal forcing. At zero swirl, the results indicate that the jet’s coherent
response is dominated by axisymmetric (m = 0) structures, which are driven by the usual Kelvin-
Helmholtz shear amplification mechanism. However, as swirl is increased, different coherent structures

begin to dominate the response. For example, double and triple spiral (jm| = 2 and |m| = 3)
modes are identified as the dominant structures when the axial and azimuthal velocity maxima of
the base flow are equal. In this case, distinct co- and counter-rotating |m| = 2 modes experience

vastly different degrees of amplification. The physics of this selection process involve several amplifi-
cation mechanisms contributing simultaneously in different regions of the mode. This is analysed in
more detail by comparing the alignment between the wavevector of the dominant response mode and
the principal shear direction of the base flow. Additional discussion also considers the development
of structures along the exterior of the jet nozzle.
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1 Introduction

Swirling jets are shear flows characterized by the introduction of angular momentum into a concentrated
axial stream, causing fluid particles to travel in spiraling trajectories along the jet axis. Such flows may be
found for instance in combustion chambers, where swirl is typically used to enhance mixing and promote
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flame stability. Despite their widespread use in the combustion industry, the behaviour of such flows
remain incompletely understood, especially with regards to the dominant coherent turbulent structures.
This study aims to describe such coherent structures in a turbulent swirling jet using resolvent analysis.
Billant, J. M. Chomaz, and Huerre 1998; F. Gallaire, Rott, and J.-M. Chomaz 2004; Liang and Maxworthy
2005; Panda and McLaughlin 1994 all presented experimental evidence of spiral-type coherent structures
in a rotating jet. The last three especially were able to single out double spirals using dye visualisation
as well as particle image velocimetry. Through loudspeakers, F. Gallaire, Rott, and J.-M. Chomaz 2004
forced the jet at specific azimuthal wavenumbers and observed the resulting flow. In this manner, the
robustness of vortex breakdown was established as well as the receptivity of the flow to double or triple
spirals.

Oberleithner, Paschereit, and Wygnanski 2014 also performed high fidelity measurements that fitted
well with weakly non-parallel spatial stability analysis predictions close to the nozzle at relatively low
Reynolds number. Oberleithner, Paschereit, and Wygnanski 2014 found a double spiral mode winding
in space along the baseflow but rotating in the opposite direction. This mode was present close to the
nozzle but decayed faster in the downstream direction than the dominant bending mode. This mode was
explained invoking centrifugal amplification.

On the numerical front, Martin and Meiburg 1996 used a line vortices model to study the evolution
of rotating jets. These calculations brought to light complex interplay between Kelvin Helmholtz (KH)
phenomena in the axial and azimuthal directions as well as the influence of centrifugal effects. These
different phenomena are very sensitive to initial conditions, displaying chaotic behaviour. One of the
major effects of introducing swirl in the flow is the formation of counter-rotating structures under certain
specific initial conditions. These structures can in turn be dispersed by strong KH waves or overtake
them. The same authors made multiple contributions on this topic including Martin and Meiburg 1992,
1994a,b, 1998, always highlighting the competition between KH and centrifugal effects when swirl is
introduced in the jet.

Pickering et al. 2020 describe the fluctuations that arise from a turbulent baseflow taken from LES
O. T. Schmidt et al. 2018. Using an eddy-viscosity model, the authors were able to explain the underlying
physical mechanisms behind amplification, namely Orr mechanism, lift-up (LU), and KH. Pickering et
al. 2020 also provide a mapping to where each phenomenon is expected to dominate throughout the
frequency space.

Another study of interest comes from Manoharan et al. 2020, which demonstrated the relevance of
using time-averaged flows for the analysis of swirling jets. Indeed, using weakly non-linear analysis and a
time-averaged baseflow, the authors were able to compare well to an experimental flow measured using
particle image velocimetry, even at high Reynolds number Re = 59; 000.

More recently, Moise and Mathew 2021 performed a Large Eddy Simulation (LES) of a swirling flow
and then a Spectral Proper Orthogonal Decomposition (SPOD) to obtain the most energetic fluctuations
from this flow. This study was performed at relatively low Reynolds number, but attained high swirl, as
the focus of the authors was on the description of vortex breakdown. In the regime that is of interest
to this study, the authors exhibited four spirals at very low frequency, but outlined these as a spurious
consequence of the coordinate system.

Literature on KH instability dates back to L. Rayleigh 1892 in cylinder flows. It was generalised
by Batchelor and Gill 1962, where an instability growing simultaneously on radial shear in the axial
and azimuthal directions was proposed. KH structures manifesting in two directions at once were also
shown in the context of swept boundary layers by Tempelmann et al. 2012 through use of the adjoint of
parabolised stability equations.

This is the favoured mechanism in Frangois Gallaire and Jean-Marc Chomaz 2003a for instability
growth through local temporal stability analysis of an inviscid swirling jet at high wavenumbers. This
approach has the advantage of being purely analytical, which allows a clear separation of the different
terms driving instabilities. In turn, this enabled the authors to highlight four separate mechanisms,
namely inertial waves, centrifugal, axial and azimuthal KH. However, the authors acknowledge that their
use of an plug flow profile is known to lead to nonphysical KH solutions.

On the subject of centrifugal instabilities, Rayleigh 1917 derived what became known as the Rayleigh
criterion in the case of parallel flow with no axial component. This criterion states that the existence of
a radius where @r(r?U?) < 0 is a necessary condition for axisymmetric centrifugal instability. In Synge
1938, this criterion was found to be sufficient in the case of Couette flows.



A generalised necessary criterion for non axisymmetric instability was further derived in Howard and
Gupta 1962. Leibovich and Stewartson 1983 derived a simpler su cient criterion for instability in the
in nitely large wavenumber limit. Emanuel 1984 proved later that this criterion was linked to centrifugal
instability by considering a coordinate system turning with the uid, writing associated inertial forces,
and falling back on Leibovich and Stewartson 1983's criterion. More recently, further generalisation was
performed in Billant and Francois Gallaire 2005, 2013 for a wider range of proles and at a higher
order. Billant and Francois Gallaire 2005, 2013; Emanuel 1984; Howard and Gupta 1962; Leibovich and
Stewartson 1983; Rayleigh 1917; Synge 1938 all used generic ow pro les in inviscid local temporal
stability analysis. Francois Gallaire and Jean-Marc Chomaz 2003b; Khorrami 1991, 1995; Loiseleux,
Delbende, and Huerre 2000; Lu and Lele 1999; Martin and Meiburg 1994a have all conducted local
temporal or spatial stability analysis of swirling ows at zero to moderate Reynolds number. These
authors all took a prescribed parallel base ow sometimes as simple as a plug ow then derived dispersion
relations analytically or numerically, which can greatly facilitate physical interpretation of obtained
modes.

Francois Gallaire and Jean-Marc Chomaz 2003b identi ed an absolute instability of double-spiral per-
turbations in a swirling jet before vortex breakdown. Loiseleux, Delbende, and Huerre 2000 additionally
plotted critical curves where the transition from convective to absolute instability takes place depending
on co- ow and swirl intensity for every azimuthal wavenumber. In turn, this allowed him to single out
the most unstable azimuthal wavenumbers for a given co- ow as the rst one transitioning into absolute
instability when increasing swirl.

Lu and Lele 1999 and Khorrami 1995 studied the interplay between swirl and compressibility nding
swirl to be more destabilising than compressibility is stabilising. Khorrami 1991 also introduced viscosity
and discovered additional types of viscous instabilities. Furthermore, this work compared the modes
obtained numerically to experiments and demonstrated satisfying agreement for a range of frequencies.

Francois Gallaire and Jean-Marc Chomaz 2003b; Khorrami 1991, 1995; Lu and Lele 1999; Martin
and Meiburg 1994a identify single-spiral perturbations as the most ampli ed structures in swirling jets.
However, this depends on the speci ¢ base ow, and on the type of analysis that is employed. For instance,
Loiseleux, Delbende, and Huerre 2000 nd that absolute instability rst arises for the axisymmetric mode
in jets with certain azimuthal velocity pro les.

The closest study to this one would be Montagnani and Auteri 2019, who used resolvent analysis on
a coaxial swirling jet. The key di erence between their work and our present study are the geometry and
Reynolds number considered. The latter is fully turbulent, whereas the former was decidedly laminar.

This work studies the dynamics of coherent structures in an ampli er-type turbulent swirling jet
using resolvent analysis. It is organised as follows: section 2 describes the methodology adopted through
the study, beginning with de ning the ow con guration in section 2.1. Section 2.2 then presents the
procedure followed to obtain the base ow used for this work as well as its main characteristics, and
section 2.3 details the theory and implementation of the resolvent analysis framework. Then, section 3
showcases the most important results, namely the gains and the various structures obtained. Finally,
section 4 summarises the study.

2 Methodology

2.1 Flow con guration

This study considers an axisymmetric swirling jet emanating from a nozzle into a large domain with a
weak non-swirling co- ow, as represented in gure 1. Our cylindrical coordinate system is centred at the
nozzle outlet. Using the nozzle radiusk as a length scale, the inner wall of the nozzle is given a radius
and length of 1. Note that, at its base, the nozzle wall has a small but nite width of =10 #, which
sharpens to a point at the injection plane.
The ow in this con guration is governed by the dimensionless Navier-Stokes equations,
(
r u=0;
@+u ru+rpr_ ru+ru’ =Re =0;

1)

where the velocity vector in cylindrical coordinates isu = uxe, + U g + U € . g is the unit vector in
direction i. In this paper all vector quantities will be underlined once, and tensor quantities underlined



Figure 1 : Case geometry, boundary conditions, and forcing box

twice. The Reynolds number Re = UgR= ¢ = 200; 000 where g is the reference molecular kinematic
viscosity of the uid and Uy is the velocity scale. The velocity is decomposed into average and uctuations
u= U+ u asis pressuregp = P + p with ensemble averagesi= U and p = P. Note that the uctuation
guantities are not assumed to be small, only to have zero ensemble average.

In this study, the velocity is normalised by setting Uy equal to the maximum base ow axial velocity
at the inlet. Hence, the ow along the inlet inside the nozzle (see gure 1) is prescribed in dimensionless
units as,

Upee () =tanh 6(1  1?) (g + Sre ); (2)
where S is the dimensionless swirl intensity. Without loss of generality, this study only considers
positive swirl, meaning that uid particles wind in space in the positive sense de ned by the right-hand
rule with respect to the axial direction. Inlet pro les are very similar to those presented on gure B3a,
and resemble a smooth top-hat pro le with a near solid body rotation of dimensionless axial vorticity
S. To achieve convergence, it was necessary to introduce a weak axial co ow around the jet, which we
specify as,

Upow (N =2AH1 r=2)g; 3
with A =0:05and = (r 1 )=(19 ). Therefore, the axial co ow has a parabolic pro le that
vanishes along the nozzle wall and increases to about ve percent of the jet axial velocity at the radial
edge of the computational domain. Regarding the other boundary conditions, no-slip conditions are
imposed along the nozzle walls, symmetry conditions are imposed along the central axis, and stress free
boundary conditions are adopted along the outer radial and axial edges. The stress free, also known as
zero-traction condition, is a mixed boundary condition involving the pressure and velocity that requires

pn=  ru+ru'’ n; (4)
with n the vector normal to the boundary in this case either e, or g, .

2.2 Base ow

This paper analyses the coherent structures of a high Reynolds number swirling jet using a linear analysis
about the turbulent base ow representative of a turbulent mean ow. This is done by time averaging
equation (1) which yields the well-known Reynolds Averaged Navier-Stokes (RANS) equations governing
the base ow.

It is well known in the community that an eddy viscosity model increases RANS relevance for high
Reynolds number ow. We have chosen to use the Spalart Allmaras (SA) eddy viscosity model from
Spalart and Allmaras 1994. There are many other models out there that might perform better for the
swirling jet considered, especially near the nozzle boundary. However, SA is easy to use and has proven
able to qualitatively represent desired features of a real turbulent ow. This study does not aim at
predicting behaviour of a speci ¢ ow and thus takes the risk of using a basic model.

This model has the advantage to have relatively natural boundary conditions, imposing zero gradient
at out ow boundaries top and bottom, = 0 at the walls, and a small value { = 10 © at the inlets
on the left. Note that this amounts to having a laminar in ow. Thus, our study aims to identify generic
ampli cation mechanisms without reference to any speci ¢ experiment or con guration.



Figure 2 : Shear layer thickness of the base ow, compared to the reference case of O. T. Schmidt
et al. 2018.

Using this model, the stationary equations are closed and may be written as

( u=0
r =0;
ry — 5)
rUU+rP r_ rU+rUT =0
Note that, throughout this work, the e ective viscosity  is taken as the sum of the dimensionless
molecular viscosity and the eddy viscosity ¢, i.e. =1=Re+ ;.
This setup allows for a base ow with a very thin shear layer, characterised as follows
8
<B(X) =min Uyx(Xx;r);
i (6)
Do(x) =argmin Uy (X;r);
r
= Uk(5r)  B(x).
(xr)= l—B(X)' (7)
Z Cc
(x)= (x;r)[1  (xr)frdr 8
0

This leads to gure 2 and about ( R) 0:02. For reference, the shear layer thickness of the ow
used by O. T. Schmidt et al. 2018 obtained by LES is also shown, in appropriate nhon-dimensional units.
Thus, the base ow in this study has a very sharp shear layer of nite thickness.

2.2.1 OpenFOAM calculations

All spatial discretisations used in this paper are based on triangular, unstructured, inhomogeneous meshes
drawn using gmshfrom Geuzaine and Remacle 2009. Following a mesh convergence study (see appendix
B), the nal mesh chosen for this study has about 152,000 nodes.

Equations (5) were solved under the boundary conditions detailed in section 2.1 using theimpleFoam
solver from the OpenFOAWNIFD software available at The OpenFOAM Foundation 2022. For the purposes
of this code, turbulent eddy viscosity was set to zero at the walls and zero-gradient at all other boundaries.

Base ow calculations were performed over a range 08 values fromS =0 to S = 1:6. This allowed
for con rmation that the SA model was able to properly capture the vortex breakdown phenomenon,
shown in gure 3, which rst appeared in the vicinity of S = 1:4. However, since vortex breakdown is
well-known to promote self-excited dynamics in swirling jets as in Douglas, Emerson, and Lieuwen 2021;
Meliga, Francois Gallaire, and Jean-Marc Chomaz 2012, such larg8 values will not be considered in
the main results. Instead, we will focus on the regimeS 1. For these S values, it was veri ed that the
axial velocity on the axis remains positive throughout the domain.



Figure 3 : x r view of the x component of the base owUy at S = 1:6, close to the nozzle, outlined in
white.

(a) Axial direction (b) Tangential direction

Figure 4 : x r views of base ow velocities atS = 1 close-up to the nozzle, outlined in white.

Actual computations were made in parallel using forty 2.10 GHz Intel(R) Xeon(R) Gold 6230
CPUs. Convergence was de ned using an absolute tolerance of= 10 12 for each calculation. The full
con guration is available on GitHub under a GPL-3.0 license.

The result is represented on gure 4 for reference.

2.3 Resolvent analysis
2.3.1 Formalism

Given a base ow, resolvent analysis is a way to model and predict coherent structures of turbulent
uctuations. Examples of its use gure in Lesshat et al. 2019; O. T. Schmidt et al. 2018; Towne, O.
Schmidt, and Colonius 2018. Said uctuationsq= u' p " are three-dimensional and time-dependent
but may be Fourier-decomposed into modes with discrete azimuthal wavenumben and pulsations! as

x 21
qxr st) = q, (xr)e™ ey gr)dtt ™ (9)
m=1 0 : "

In the following, the distinction will be made between a mode observed wrapped in space around
e, which is designated to bewinding, and a mode moving in time around the same axis, which will be
called rotating. In other words, a mode is considered winding if at a xed point in time t = tg, it can
be approximated as a helix around thex axis. A co-winding structure is one that winds about the axis
with a right-handed spiral, and vice-versa for a counter-winding structure. Conversely, it is considered
rotating if at a given x = Xg slice, marching time forward can be represented as a rotation of the mode.
Thus, sense of rotation is imposed by the choice ofm, but winding behaviour depends on the mode
structure. With these conventions, a mode with! 6 0;m < 0 is always counter-rotating, but it could be
co-winding, counter-winding or not winding at all depending on its spatial structure.

Equation (9) makes it clear the desired ow structures are real. This leads to

g m; ! = Igm;! (10)
by unicity of the Fourier decomposition. Thus, !  0is imposed with no loss of generality, as in Frangois
Gallaire and Jean-Marc Chomaz 2003b.



Using this decomposition leads to the operator replacemen@ $ im and thusr_$r_ .. Hence, the
8uctuations equations can be derived

<Lm Qm;! :O; h
il Oy + T mOpy U+ 1 oU Oy + 1 Pmy Ty FmOmi + T mOma T =1 M;;! @L;!

(11)

At this stage, the eddy viscosity is introduced into the uctuation equations in order to improve
the accuracy of the linear model. This introduction is also consistent with considering equations (11)
as uctuations of the base ow equations (5), and was performed in several other works such as Abreu
et al. 2020; Chevalier, Lutz, and Cavalieri 2023; Morra, Nogueira A. S., et al. 2021; Morra, O. Semeraro,
et al. 2019. Therefore, the viscosity = 1=Re+ . in equation (11) is identical to that used in section
2.2. This formulation is therefore consistent, (5) and (11) being respectively the average and uctuating
part of (1) with 1=Re $

The method of resolvent analysis has been detailed in works such as Abreu et al. 2020; Chevalier,
Lutz, and Cavalieri 2023; Morra, Nogueira A. S., et al. 2021; Schmid 2007; Onofrio Semeraro et al. 2016
and many others besides, so only a short reminder will be o ered here. The core objective of resolvent
analysis is to nd the right-hand side of equations (11) most ampli ed by the linear dynamics of the
left-hand side, and obtain the associated coherent structures.

Looking at equation (11), the left hand side is linear with respect to the uctuations but the right

side is not. This allows us to write the entire system in matrix form as L m; gm_| = éfm_l , with

B= [ (12)
so that incompressibility is strictly enforced. Introducing the extractor

H= L0; (13)
one may write H ¢ _, = W, which in turn gives the resolvent operator Rm: = H L.} B. This

. . . T . .
resolvent operator is unique for a given base owQ = UT P and a choice of both azimuthal number
m and pulsation ! .

From there, it is clear that R m; f\m_, = W, . In other words, the resolvent operator links forcing

terms with velocity Bctua_tions in a linear manner. Finally, a Singular Value Decomposition (SVD) of
the matrix Rm; = &, 72?, JT'],)H yields the three main quantities of interest:

i !

1. The gains §r',). , which can be understood as a ratio of uctuation kinetic energy obtained over
non-linear terms work required to produce them. These allow us to order the modes from the most
ampli ed by the linear operator, associated to %). , to the least ampli ed.

2. The dominant response modgg?, represents the structure which can be expected to arise in the

ow uctuations around the base ow, provided 5,?. 1 and ,(%). ﬁ’. .
3. The optimal forcing mode 7&? gives the normalised least energetic stimulation that will give rise

!
to 7&1 through the linear operator. It is not predictive of ow behaviour, but may still be useful

from an engineering perspective to damp a problematic mode.
Resolvent analysis is a linear method of studying instabilities that di ers signi cantly from temporal
stability analysis, also known as modal analysis, in three important respects:
1. Inthe resolvent formalism, the frequency is a parameter, whereas it is an unknown in modal analysis,
2. Response modes obtained through resolvent analysis require their associated forcing in order to
exist, whereas temporal eigenmodes are self-sustaining (unstable) or decay (stable),
3. The dominant response mode is expected to collapse onto the rst SPOD mode of a real ow in case
of strong gain separation and uncoloured turbulent forcing, as established in Beneddine et al. 2016.
It should also be noted that this analysis is global and three-dimensional throughout the domain,
which is distinct from the local analyses in the literature of parallel ows. This is a key consideration
when studying a spatially-developing ow such as a swirling jet.



2.3.2 Implementation

In order to perform the process detailed in section 2.3.1 around the base ow computed in section 2.2,
the Taylor Hood P2 P1 family and Basix elements detailed in Scroggs, Baratta, et al. 2022 were used
from the FEnICSx nite element library published in Scroggs, Dokken, et al. 2022. The problem was
formulated in weak form in the UFLlanguage published in Alnaes et al. 2014 with no special treatment
at the axis of symmetry. Interpolation of the base ow between the two codes,OpenFOARhd FENICSx
was non trivial and required some smoothing.

In line with section 2.1, the boundary conditions for the uctuations were set as follows:0,,, =0 for
all base ow Dirichlet boundary conditions along the in ow and wall boundaries, stress free at the radial
and axial outlet boundaries, and symmetry boundary conditions on the central axis. These symmetry
conditions ensure continuity of the three-dimensional uctuations and are given as

8

< @Omy = Mmy = MUmy =0if m =0,
Oxm; = @Ormy = @O,y =0if jmj=1; (14)
Oxmy = Mrmy = Umy =0else

These equations are independent of system (11) and may be derived in a generic fashion. Follow-
ing Boyd 2001, consider two vectors of a vector eldu evaluated formally at (x; 0;0) and (x; O; ). This
is the same point, which (9) gives directly on the axis in cartesian coordinates

8m 2 N;8 2[0;2 ];8x 2 [ 1;49Fu(x; 0;0) =u(x; 0; ) (15)
’ (ﬁx;m;! §x + /Ur;m;! @y +4 m;! §z)(X; O) = 0><;m:! gx + /Ur;m:! (COS Qy +sin Qz)
+M.my (cose, siney) (x;0€™  (16)

2 3
CL 0
, 4 0 cose™ 1 sine™ Sg. (x0)=0 (17)
0 sine'm cose'm 1

System (17) is made of two disjoint systems. System 1 only concerns thecoordinate, system 2 deals
with the two others. These systems have determinants

_ (
det; =™ 1 jdet;j =2 sin T~
| oo ) T . (18)
det, = (cos e'™ 1) +sin“ e<m jdetzj =2 jcos(m ) cos |
When m 6 0, injecting = =m in the rst system immediately yields Oxm: (X; 0) =0 on the axis.

By contrast, assumingm = 0 gives

8

<uc(x;r ) = U+ )

8 2 [012 ]18X 2 [ 11491 . @U (X' 0 r') 0_ ux(x;r; ) Uyx (x;r; + ) ) @UX (X: 01 ): @Ox:m;! (X1 0) = 0:
' XA o 2r

(19)

Likewise, whenjmj & 1, injecting = 0 in the second system giveSt.m1 (X;0) = ¥ .my (x;0) = 0.
Assuming jmj = 1, one derives@U, (x; 0) = @0 (x;0) = 0 in a similar fashion to equation (19). These
boundary conditions were used in Douglas, Emerson, and Lieuwen 2021; Garnaud 2012; Meliga, Frangois
Gallaire, and Jean-Marc Chomaz 2012. For the purpose of conciseness, all quanti'[ig%_I will simply be
written g in the following. '

Resolvent analysis loses its relevance in a modally unstable ow. Therefore by running the eigenvalue
solver on L directly for the highest swirl considered S = 1 and a range of azimuthal wavenumbers,
it was veri ed that the system is modally stable. In other words the proposed base ow and geometry
have no eigenvalue of positive real part in a global temporal stability analysis framework. An example
of the computed spectres is presented on gure 5. These spectres were computed using the shifis=
fx +iy;x 2 [0:1;05]y 2 [0; ]o.

Once the system is discretised and projected onto nite elements, the SVD is not computed directly.
Indeed there is an equivalence between the SVD dR and the classic diagonalisation ofR" W R, W



Figure 5 : Eigenspectrum of the operatorL for S=1;m2f 2; 1,0;1,29

D E
being the matrix of weights associated with the Hermitian product of response modesi(');i(” =
Ow DR = 1 This gives

X X
R = M O OH - pHw R = (H2 (i) ()H. (20)

i i
This allows for the formulation of an eigenvalue problem for the leading eigenpair

HEHWR

= == @ =ar maX*H R"W R
Hﬂ ' — g

o ﬂ: == (22)

M2 = max =

This formulation handles the speci city of cylindrical coordinates and azimuthal decomposition in
the mass matricesW and W as well as inside the operator_, .

Weights can also be introduced in matricesB and W . Having B go to zero in a region in space is
equivalent to preventing this region from being forced in relations (11). Since that region is still accounted
forin W , this leads to a range of the forcing vector that has no in uence in the numerator of equation
(21), but increases the denominator. Therefore, the eigenvalue solver will always set the forcing in that
region to zero.

Similarly, having W go to zero for a region in space prevents response from a ecting the numerator
of equation (21), removing incentive for forcing that would lead to structures there. and live in
identical spaces, so the only added value of considering di erent weighting matrice®’. and W s this
option of constraining response modes. o o

In the following, B was forced to zero for the top left of the domain to prevent spurious forcing
exploiting base ow interpolation defects in the radial far eld. The exact mathematical formulation of
the boxing function may be found in Chevalier 2023. A magenta boxed region indicates the forcing region
qualitatively on gure 1. Other authors have chosen di erent strategies, such as Petrénio A. S. Nogueira
et al. 2020 who used shear-based weights, which could improve predictive power of the model as well as
improve performance by reducing the number of degrees of freedom. By contrast, the box proposed here
is an arbitrary choice that was observed to be the least intrusive way to remove spurious results from
the boundary of the support of .

The FEniCSxlibrary alone proved insu cient to perform the eigenvalue calculations required by the
resolvent method detailed in section 2.3.1. Thus thePETSclibrary of Balay, Abhyankar, et al. 2023;
Balay, Gropp, et al. 1997; Balay, Shrirang, et al. 2023 was used. The parallel version of this library
developed in Zhang et al. 2022 was especially usefETSavas accessed through theetsc4py package
published in Dalcin et al. 2011.

In practice the factorization of the L operator was performed using MUMPS from Amestoy, Du,
et al. 2001; Amestoy, Guermouche, et al. 2006 and the eigenvalues were retrieved using the Krylov-Schur
solver implemented in SLEPc, see Hernandez, Jose E. Roman, and Vidal 2005; J. E. Roman et al. 2023.
Computations were run on thirty- ve Intel(R) Xeon(R) Gold 6240Y CPUs running at 2.60 GHz with a
consistent absolute tolerance of =10 2. The complete code is available on GitHub under a GPL-3.0
license.



(@) S$=0 (b) S=0:4

(c) S=0:6 (d)s=1

Figure 6 : Gains as a function of Strouhal number for di erent values of S and m

3 Results

3.1 Flow behaviour with increasing swirl

Figure 6 represent the evolution of the dominant gains ) as a function of Strouhal numberSt = |R= U
for di erent azimuthal wavenumbers m. Each plot was made for a di erent swirl intensity S.

As expected, introducing swirl breaks axisymmetry in equations (11). Hence, uctuation equations
are no longer invariant with respect to the transformation $ . Therefore, curves of constanfjmj no
longer collapse on each other. Recall relation (10) which leads to

. .o i - 5 (i) .
8m 2 N;8S 2 R'sr'!n}r m o= s|t|!m0+ m g’ (22)
and this behaviour is readily visible on gure 6. Also note that the gains generally become more damped
asjmj increases, which may be attributed to viscous damping acting on smaller-scale structures.

The implementation chosen in section 2.3.2 allows for exploration of very low Strouhal numbers,
where strong ampli cation is observed at high swirl. Because of the boundary conditions detailed in 2.1,
increasing S amounts to increasingU while keeping Uy constant at the nozzle inlet. Hence, a higher
swirl intensity means that the base ow has more kinetic energy and stronger shear, both of which may
be leveraged in a resolvent framework to achieve increased ampli cation at highe$ values.

However, comparingS = 0 to S = 1, the base ow structure is very similar, the base ow kinetic
energy has less than doubled by introducing swirl, and the strength of the additional azimuthal shear
component @U at S = 1 is roughly equivalent to the axial shear @Uy already present atS = 0.
Yet gure 6 indicates that this change in S causes a gain increase of almost two orders of magnitude.
Therefore, the dependence of @ on swirl intensity is highly nonlinear at low frequencies. Hence, it
seems likely that a new ampli cation mechanism absent in non-swirling jets comes into play as swirl is
increased. This idea will be investigated further below.
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3.1.1 Inuence of swirl on the m =0 and m = 1 modes

First of all, the axisymmetric behaviour does not substantially change with S. KH modes atm = 0
dominate ow behaviour for frequenciesSt > 0:5 in the absence of swirl on gure 6a. This is expected,
asm = 0 leads to the highest gains for pure@Uy shear in two dimensions as established in Drazin and
Reid 1982 by local temporal stability analysis. When swirl is introduced, them = 0 curve and associated
structures become overtaken by other azimuthal wavenumbersn > 0 at high frequenciesSt > 1.

This could be because KH instabilities as described in Francois Gallaire and Jean-Marc Chomaz
2003a again in a local temporal stability framework are growing along ow streamlines. Am = 0 mode
is invariant along the e direction and incapable of evolving azimuthally along streamlines tilted by the
presence ofU . Therefore, it is impossible for a linear axisymmetric uctuation to leverage azimuthal
KH, no matter the frequency regime. Hence, we suggest that the optimal gains for the nonaxisymmetric
modes overtake the optimal gain of the axisymmetric mode in the swirling regime at high frequencies
because nonzero wavenumbers are able to leverage azimuthal KH for energy transfer and thus become
more ampli ed.

The gains of the bending modegmj = 1 separate for non-zero swirl as alijmj > 0 modes do, but
these do not undergo radical change a$ increases. Figure 6 seems to imply a phenomenon not unlike
Doppler shift, with a m =1 curve shifting into the high frequencies, and them = 1 curve into the low
frequencies with a slight additional ampli cation relative to overall swirl intensity.

Some modal analyses instead highlight increasing ampli cation of axisymmetric and spiral modes
with swirl. Loiseleux, Delbende, and Huerre 2000 nd that the m = 0 mode is the most ampli ed in
their local analysis. Khorrami 1991, 1995; Leibovich and Stewartson 1983; Oberleithner, Paschereit, and
Wygnanski 2014 all compute them = 1 mode taking over the axisymmetric KH mode as swirl increases
and eventually leading the way to instability for a swirling jet.

Finally, Duck 1986; Francois Gallaire and Jean-Marc Chomaz 2003a both argue that an in nite
wavenumber has optimal gain as swirl increases, though the former also concedes this is probably due to
the choice of an in nitely thin shear layer.

Recall from section 1 that all the authors above perform local temporal stability analysis, which
includes a parallel ow assumption. The formalism of Oberleithner, Paschereit, and Wygnanski 2014 is
also based on local spatial stability analysis, but only weakly non-parallel. As stated in 2.3.1, there are
signi cant di erences between this approach and the one pursued here, which could explain the disparity
between results.

The “rebound' of gains aroundSt = 0 on gure 6 for the axisymmetric mode that persists for di erent
values of S is apparently associated with an interaction of the computed response with the nozzle wall.
This will be discussed further in section 3.3.

3.1.2 Inuence of swirl on the jmj > 1 modes

Figure 6 features a spectacular ampli cation of modes withjmj > 1 at low Strouhal nhumbers, especially
for m < 1. Indeed, the gains obtained in this regime become even larger than the maximum of the
axisymmetric mode at St 1 traditionally associated with KH waves. The phenomenon persists up to
the highest wavenumber studiedjmj =5, but wears o around St 1.

The observed ampli cation discrepancy is even more dramatic and longer lasting fom < 0, or
counter-rotating modes. This is not a new result. A regime of swirl intensity where such modes are
ampli ed has already been seen by Francois Gallaire and Jean-Marc Chomaz 2003b; Khorrami 1991;
Lessen and Paillet 1974; Lessen, Singh, and Paillet 1974; Loiseleux, Jean-Marc Chomaz, and Huerre 1998;
Lu and Lele 1999; Oberleithner, Paschereit, and Wygnanski 2014. Authors present di erent results when
quantifying growth rates, but the simple persistence of counter-rotating modes for the variety of base
ows considered, from the Batchelor vortex to experimentally- tted pro les, does suggest some degree
of generality. Of course, the di erences between local temporal stability analysis used in these works and
the global resolvent analysis outlined in section 2.3.1 remain.

Similar preference form < 0 can also be found in the resolvent analysis conducted by Montagnani
and Auteri 2019 for a coaxial jet, whose gain curves on their gure 10 bear striking resemblance to gure
6. The study by Montagnani et al. is very similar to the current case, though it was performed at a
signi cantly lower Reynolds number, and for a co-axial jet.
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Figure 7 : Three rst gains as a function of Strouhal number for (S;m)=(1; 2)

Finally, experimental evidence of a double spiral in a swirling turbulent jet can be found in Billant,
J. M. Chomaz, and Huerre 1998; F. Gallaire, Rott, and J.-M. Chomaz 2004; Francois Gallaire and
Jean-Marc Chomaz 2003b; Liang and Maxworthy 2005; Oberleithner, Paschereit, and Wygnanski 2014,
where double spiral counter-rotating co-winding structures play a key role, especially around conical
vortex breakdown. These structures were extracted from the ows experimentally through a variety of
techniques from hot wire probes to dye visualisations.

3.1.3 Low rank behaviour

For reduced order modelling, it is desirable to have a large gain separation @ for each m
over a wide range ofSt, as established in Beneddine et al. 2016. Figure 7 shows large gain separation
throughout the range of Strouhal numbers considered fom = 2, and this behaviour is representative of
the gain separation for allm at similar S values. It is remarkable that this separation remains large at low
frequencies, as straight (non-swirling) jets exhibit less gain separation, and thus higher-rank behaviour,
at low St as seen in O. T. Schmidt et al. 2018.

As established in Beneddine et al. 2016, the optimal response mode®™ is the best single rank
approximation of uctuation energy. Because of the large gain separation observed, it is reasonable to
represent energetically signi cant dynamics around the base ow using only a single mode pair® and

7(1’ for every m and St, which is equivalent to reduced order modelling of the ow. For conciseness,
these will simply be denoted and associated to gain in the following.

3.2 Most ampli ed modes

The focus of our study naturally lands on the most ampli ed response mode, located a(S; m; St) =
(1; 2;0:004), the highest peak of gure 6d. This mode and its counterpart form = 2 are represented
in the x r plane on gure 8. Both of these modes are at their strongest at aboutx = 10R in the
shear layer. It also seems that them = 2 mode is more spatially concentrated, being almost absent from
X = 26R onwards.

This visualisation may be misleading since we are considering an azimuthally decomposed mode.
Thus, the 3D co-rotating modes are depicted in gure 9a. For each mode isosurfaces of axial forcing and
of velocity response are shown at 10% of their respective maximum values.

From gure 9a, it is apparent that both double-spiral modes wind in the same direction in space,
despite rotating in opposite directions. Nonetheless, the modes wind with a very di erent pitch. They
bear close resemblance to modes exhibited in Douglas, Emerson, and Lieuwen 2021, more speci cally
gure 11 and 12, which present co-rotatingjmj = 1 and counter-rotating jmj = 2 structures respectively.
Interestingly, these structures persist in this study at much higher swirl and exhibit the same basic
features as gure 9.

Figure 9 unfortunately does not allow for detailed inspection of forcing structures which are concen-
trated close to the nozzle wall. These structures are visible on gure 10, which are clearly very similar
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@m= 2

(b) m=2

Figure 8 : x r view of the axial component of the response « for (S;St) = (1;0:004);m 2 f 2;2g,
nozzle in black. Colorscales have been saturated to allow easier comparaison.

@m= 2 (b) m=2

Figure 9 : 3D isocontours at 10% for(S; St) = (1;0:004);m 2 f 2;2g. Axial forcing  is in cyan-yellow,
response y in blue-red. The black arrows represent main base ow velocity components, the nozzle is in
transparent black.

regardless of the sign ofm. Both forcing modes have support inside and outside the nozzle, exhibit tilting
opposite to shear and are maximal closest to the nozzle lip where shear is also maximal.

Given the observed most amplied resolvent mode, the following sections will strive to explain
mechanisms behind its ampli cation.

3.2.1 Lift-up contribution

Indeed in this case, the forcing forjmj = 2 is extremely localised to the nozzle lip and very similar in
appearance. Wrapped around the nozzle, it acts in the region with the highest axial and azimuthal shear.
The forcing mode envelope ends ak 0 whereas the response picks up from 4 onward.

Therefore, extremely localised forcing at the nozzle produces a very large downstream response. The
lack of any signi cant overlap between the forcing and response modes is a characteristic of convective
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@m= 2 () m=2

Figure 10 : x r view of the axial component of the forcing , for (S;St) = (1;0:004)m 2 f 2;2g,
close to the nozzle, outlined in white.

Figure 11 : Cross plane of the forcing( ; ) at x =0 around the nozzle for(S; m;St) = (1; 2;0:004).
Contours are axial response .

instabilities captured by resolvent analysis. The absence of overlap also points to a non-modal ampli ca-
tion mechanism linked to the non-normality of the linear operator that can not be accurately reproduced
by local temporal stability analysis.

Separation between the locations of maximal forcing and response is also a de ning trait of the LU
phenomenon, where forcing leads to streak formation further downstream in the ow. Figure 11 shows
a slice of the forcing vectors superposed over contours of the axial response. As expected, the forcing
is found to pick up fast-moving uid from inside the nozzle r < 1 and lift' it up. This fast moving ow
induces strong axial velocity uctuations, as visible in gure 11. In contrast to the usual LU mechanics
in the ow over a at plate established in Ellingsen and Palm 1975, there are no prominent “roll' vortex
structures visible in our results, in either forcing or response.

The presence of LU can be further investigated by studying the forcing at the nozzle in detail. On
gure 12 one can see forcing structures tightly wrapped around the nozzle, especially focused at its tip
where the gradients of the base ow are strongest. The presence of LU and streaks in non-swirling jets
was established in Petronio A. S. Nogueira et al. 2019 using both experimental data and the resolvent
method. LU was also listed as a dominant mechanism at low frequency for aJmj > 1 in Pickering et al.
2020 also using resolvent analysis. Therefore, the presence of the same LU mechanism in a swirling jet
at low frequencies is expected, at least for small swirl. It seems to persist all the way t& = 1.

This explains why jmj = 1 or m = 0 modes appear less ampli ed than higherjmj modes at low
frequency on gure 6. Indeed, anm = 0 incompressible mode cannot generate a streak, and janj = 1
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Figure 12 : Axial and radial directions of forcing ( «; () for (S;m;St) = (1; 2;0:004) close to the
nozzle, in black.

streak breaks base ow axisymmetry, preventing it from growing. Therefore, it is unlikely that modes
with jmj < 2 are produced predominantly by the LU mechanism.

Indeed, looking back on gure 9b, them =2 mode bears close resemble to a pure streak, as in gure
5 of Pickering et al. 2020 or gure 9 of Petronio A. S. Nogueira et al. 2019, who both nd streaks in
straight jets using resolvent analysis. However, the presence of LU does not explain why modes with
m < 0 are so much more favoured ovem > 0 ones, or the presence of a such a marked frequency peak
at very low frequency.

3.2.2 Orr contribution

The tilted structure of the optimal forcing below and above the nozzle visible on gure 10 is suggestive
of the Orr ampli cation mechanism. This mechanism causes ampli cation by allowing a structure tilted
against the base shear to leverage its straightening by the ow's shear such that it grows in a tran-
sient manner. According to Pickering et al. 2020, this phenomenon is also signi cant at low frequency,
particularly for m = 0 modes.

In this study, ampli cation by the Orr mechanism is expected to be present across the parameter
space, but observed dominating only in a restricted regime of axisymmetric modes at low frequency.
The forcing mode displayed on gure 10 is noticeably more tilted than in Pickering et al. 2020 where its
angle to the mean shear was about 45 This can be related to the signi cantly thinner shear layer of
the current case as illustrated in section 2.1.

“Pure’ Orr-type modes are also expected to have a response which changes tilting orientation along
x as in Garnaud et al. 2013; Lesshat et al. 2019. The latter study uses resolvent analysis to delve into
the details of the Orr mechanism, notably characterising it as a non-modal phenomenon that temporal
stability analysis therefore cannot capture. The most ampli ed mode visible on gure 9 does not display
the main trait associated with a “pure' Orr response, namely tilted structures straightening asx increases.

In Pickering et al. 2020, the authors discriminated between regimes dominated by Orr, LU and KH
by using sensitivity analysis. Plotting the component-wise product ; ; for all directions i and j across
the domain gives insight as to where the ow reacts the most to what input. Their argument went that
KH modes exhibit sensitivity between x and r components ( x , butalso x ,,  ,and , ) close
to the nozzle lip in the region where the in ow develops into the shear layer.

3.2.3 Kelvin-Helmholtz contribution

KH instabilities may also explain the enormous gain values observed in gure 6. It is easier to think
about KH instabilities in the context of a parallel ow. Writing U = Ux(r)e, + U (r)e and assuming
periodicity in the x direction, it becomes possible to write

) Z, Z,

qxr; it ) = 0, (W™ py (et migkd:  (29)
B m=1 1 o S
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instead of equation (9). One can then de ne a wavevector _ = ke, + me for the uctuations and a
principal shear vector _ = @Uxe, + @(U =r)e for the base ow.

In this simpli ed context, consider a cylinder of constant radius r. It is possible to see this cylinder
as the interface between two uids of velocity U(r ) and U(r*). Instabilities on this surface may be
studied in the U e, plane. Neglecting curvature, one recovers the result of Francois Gallaire and Jean-
Marc Chomaz 2003a generalising the two-dimensional results in Drazin and Reid 1982 that the growth
rate of the KH instability on the cylinder surface scales as_

This scalar product may also be derived directly from the phase of the uctuations along base ow
streamlines

#=kx+m It: (24)

By itself, the phase is not informative of uctuations' behaviour. Taking the derivative of relation

(24) with respect to time yields the Doppler-shifted frequency

@ = :|<UX+mUT I (25)

This quantity also appears in Billant and Francois Gallaire 2005, 2013; Howard and Gupta 1962;
Leibovich and Stewartson 1983 andi is called Doppler-shifted growth rate in Billant and Frangois
Gallaire 2013 for a complex! . Taking its derivative in the radial direction gives

@ =kQU+m@ - ) @ = _ (26)

Therefore, the dot product _ _ is indicative of mode phase variation with respect tor around
streamlines. It is proposed to use the dot criterion_ _ as an indicator of the presence of shear ampli-
cation. Coincidentally, this product also appears in rotating ows literature. The existence of an rg so
that _ _(ro) =0 is a su cient condition for centrifugal ampli cation in Leibovich and Stewartson 1983,
equation (5.6).

Although limited to the large wavenumber limit, this result appears again in Francois Gallaire and
Jean-Marc Chomaz 2003b, where it is also argued that for a viscous swirling jet with weak co- ow an
m = 2 spiral is expected to become absolutely unstable rst. Its derivation in that work involves a
Doppler-shifted frequency and looking for a stationary wave in the regimek_k 1. The same product
appears again at leading order in the Wentzel-Kramers-Brillouin (WKB) analysis of Billant and Frangois
Gallaire 2013 also in the large wavenumber approximation (equation (3.8)).

Of course, the method presented in section 2.3 is not local. So in order to exploit the dot criterion
the axial wavenumber k must be approximated. Here, this is done using

Q@Qux
< - 27
. (27)
The dot criterion exhibited in equation (26) was computed and averaged over the envelope of the
modes. This envelope was de ned as the area where the square of mode amplitulsi@k2 = juxj?+ jurj?+
ju j? was above ten percent of its maximum value. Taking this region as\ and its surface area asA(A),
the quantity of interest becomes mode alignment

z

1 — — .
T A(A) 4 kﬁkkﬁde' (28)

In the case (S;m;St) = (1; 2;0:004), 10 8. Based on this very small alignment with base
shear, we conclude that the observed dramatic ampli cation at low Strouhal numbers is not due to KH
ampli cation alone.

Loiseleux, Jean-Marc Chomaz, and Huerre 1998 mentions interactions between inertial waves and
KH modes as a phenomenon that could occur at low frequencies in parallel jet-type swirling ows. In
such circumstances, this interaction has a stabilising e ect onm > 0 modes. It is well possible that long-
range feedback through inertial waves may play a role in our results, but at this point, it is not obvious
how such e ects could be rigorously identi ed.
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Figure 13 : Contour of averaged wavenumber-principal shear relative alignment as a function of swirl
intensity S and Strouhal number St for m 2  2; 2g.

3.2.4 Conclusion on ampli cation mechanism

To conclude on a dominant ampli cation mechanism concerning the most ampli ed mode, let us take
a step back and consider more general trends in the parameter space relative to the dot product. is
visible on gure 13 for a broader range of the parameter space. Overall, mode alignment increases with
St. This increase is expected as KH becomes the dominant mechanism for driving ampli cation at high
frequency. Conversely, remains low in a narrow regime around zero frequency, which is the region
where lift-up is expected, and centrifugal ampli cation could exist. This region of low alignment seems
to narrow sharply as swirl intensity S increases. The bottom-centre region of the domain wher& < 0:3
and St < 0:05 seems to be something of a limited outlier in a region of overall low orientation which will
be discussed later in section 3.3. Likewise, gains aroun8it = 0 on gure 6 peak for a narrow range of
frequencies asS increases.

Evolution of alignment relative to S is pretty straightforward in the m = 2 case, with region of low
alignment growing with swirl. Behaviour for m = 2 is less intuitive, with  sharply increasing over all
the way to St 0:75upto S 4. At higher S, there seems to be a valley forming, with KH receding
in the high frequency, high swirl regime. This is the only region where the previous observation that
increases withSt is shown wrong.

In an e ort to acquire additional information, a standard deviation of the dot product was computed

S

L
1 2

AGR) k:k k:k dA: (29)

and displayed in gure 14. Regions of high deviation are associated to a varying dot criterion in the mode
envelope, and therefore to a mix of KH and other ampli cation mechanisms.

Looking at gure 14, the distribution of the dot criterion seems mostly contained. For much of the
parameter space, < 0:2, which could be rephrased as most modes having over 60% of their dot values
within 0:2 of , assuming a Gaussian distribution of dot values in a given mode. Minimum values of
are achieved in a high alignment regime decidedly associated to KH, whe8 is low and m > 0.

The deviation increases with swirl, and does so faster for frequencies arourt = 1. This is probably
due to the prevalence of KH in this high frequency regime - new mechanisms do not immediately replace
KH but instead smoothly take over as swirl is increased. This leads to modes with coexisting regions of
high and low alignment, increasing . The standard deviation is maximal in the region of interest at low
St, high S for m< 0.

As a point of reference to compare gures 13 and 14 to, the rst resolvent gain was also plotted as a
contour plot in gure 15. The afore-mentioned drift of the gain peak associated with the KH mechanism

17






	Introduction
	Methodology
	Flow configuration
	Base flow
	OpenFOAM calculations

	Resolvent analysis
	Formalism
	Implementation


	Results
	Flow behaviour with increasing swirl
	Influence of swirl on the m=0 and m=1 modes
	Influence of swirl on the |m|>1 modes
	Low rank behaviour

	Most amplified modes
	Lift-up contribution
	Orr contribution
	Kelvin-Helmholtz contribution
	Conclusion on amplification mechanism

	Outer mode
	Shear outside the nozzle
	Long streaks


	Conclusion
	Validation case
	Mesh refinement

