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Abstract

This dissertation contains four chapters. Chapter 1 gives an overall view of stochas-
tic volatility and high-frequency financial econometrics. Chapter 2 proposes a new
notion of realized autocovariance for stochastic volatility, which is an analogue of
the standard autocovariance in a non-stationary non-ergodic continuous-time set-
ting. I propose a plug-in type estimator for the realized autocovariance and show
the central-limit theorem of it. Empirical applications are then provided.

Chapter 3 concerns the “localized” estimation of volatility, namely spot volatility
estimation, under two noisy settings. The first setting concerns an additive-noise
multivariate price process, with regular sampling and conditional independence in the
noise; the second setting further allows for random sampling and long-run dependence
in the noise, but it requires a one-dimensional underlying price process. I propose
different pre-averaging estimators of the spot volatility of asset price and that of the
microstructure noise, and then provide the uniform rates of convergence for these
estimators.

Chapter 4 studies a semiparametric inference procedure for a finite-dimensional
parameter in a continuous-time regression model in a large cross-section. The model
studies the relationship between a dependent process and a possibly nonlinear trans-

form of volatility over a fixed time span, and the coefficient is allowed to depend on

v



a set of firm-specific characteristics. The construction of the estimator involves two
steps: the nonparametric estimation of volatility processes, followed by a parametric
second stage that uses the volatility estimates. I show that the estimator follows a
central limit theorem and provide a feasible inference procedure based on a factor-
analytic method. Lastly, I show in a realistically calibrated Monte Carlo setting that
the performance of the inference procedure is reasonably good.

Finally, Chapter 5 concludes.
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1

Introduction

Stochastic volatility plays an important role in financial market. The word “volatility
essentially means the second moment of asset returns, which serves as a very simple
but commonly used measure of risk. Substantial empirical studies have shown that
asset returns exhibit general form of time-varying heteroskedasticity, which means
the second moment of returns is a stochastic process and thus is time varying.
Understanding the dynamics of stochastic volatility can dramatically help re-
searchers and practitioners in portfolio construction, risk management, and deriva-
tive pricing. However, the volatility is a latent process. We can only observe prices or
asset returns; the second moment of returns needs to be estimated. At first glance,
however, the estimation of volatility is a trivial problem, since one can always calcu-
late the sample variances of returns. It is indeed what researchers have been doing
for decades in time series settings. The famous ARCH/GARCH models consider

conditional heteroskedasticity and have received tremendous success empirically in



estimating and predicting volatility, and hence have received growing attention over
the past thirty years. These models, however, rely crucially on distributional assump-
tions and a long horizon of data. Financial markets and asset prices in particular
can exhibit very general stochastic behavior, and hence any parametric assumption
over long horizon can be questionable.

Over the past two decades, high-frequency intraday financial data has become
increasing more available. Such data contains refined information about the local
second moment of returns. By exploiting high-frequency data, one can localize the
volatility estimation and only focus on returns within a small window to approxi-
mate the local second moment. Obviously, this is a complete nonparametric view
of volatility estimation. If we get access to a large number of local returns, then
the estimation efficiency would be comparable to the traditional sample variance
estimator with much longer horizon of data. This is exactly the essential idea of
high-frequency volatility literature. Naturally, the notion of asymptotics under the
high-frequency setting is referred to as infill asymptotics. As the name suggests, we
will have more and more local high-frequency returns in the volatility estimation as
we go to the limit.

One may ask why this localized estimation is appealing, since it appears that
the only difference between this localized method and standard long horizon method
lies in the notion of asymptotics. Localization is important because the underlying
stochastic processes, for example prices and volatilities, may not even be stationary
or ergodic. Relying on averaging time-series data to estimate time-invariant mo-
ments simply does not work. The benefit of localization is that when we “infill more

returns, we can approximate local volatility more precisely, regardless of stationar-
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ity of the underlying processes. Put simply, we essentially trace out the path of
volatility with high-frequency return data. This microscope view is very attractive
to researchers since the estimation and inference procedures typically only rely on
very mild regularity assumptions.

This dissertation studies the central topic in high-frequency financial economet-
ricsvolatility estimation and inference. Integrated volatility functional, which takes
the form of SOT g(cy)ds where ¢; is the variance process and g(-) is a possible non-
linear volatility transform, is an interesting quantity that nests a broad array of
applications. The seminal work of Jacod and Rosenbaum (2013) poves the CLT for
estimating this quantity. In Chapter 2, I propose a new notion of realized autocovari-
ance for stochastic volatility, which is a special case of a bivariate integrated volatility
functional, namely S(:)F g(ct, ¢ )ds for some fixed 7 > 0. I propose a general plug-
in type estimator for the bivariate integrated functional and show the central-limit
theorem of it. Empirical applications are then provided.

There are many statistical and practical issues regarding volatility estimation.
The most important one is related to the so-called microstructure noise, which is the
observational error that contaminates price observations. It turns out that when the
prices are observed with noise, directly using the contaminated returns in volatility
estimation leads to biased estimates. In order to use ultra high-frequency data, we
need to find a formal statistical way to tackle the issue induced by noise. Chapter
3 concerns the “localized” estimation of volatility, namely spot volatility estimation,
under two noisy settings. The first setting concerns an additive-noise multivariate
price process, with regular sampling and conditional independence in the noise; the

second setting further allows for random sampling and long-run dependence in the
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noise, but it requires a one-dimensional underlying price process. 1 propose dif-
ferent pre-averaging estimators of the spot volatility of asset price and that of the
microstructure noise, and then provide the uniform rates of convergence for these
estimators.

In the last chapter, I consider a more concrete economic model regarding the re-
lationship between stochastic volatility and other financial variables. The goal is to
integrate and build on the ideas and methods developed in the previous chapters to
conduct econometric inference for the model. Specifically, Chapter 4 studies a semi-
parametric inference procedure for a finite-dimensional parameter in a continuous-
time regression over a large cross-section. The coefficients of the regression are further
allowed to depend on a set of firm-specific characteristics. The construction of the
estimator involves two steps: the nonparametric estimation of volatility processes,
followed by a parametric second stage that uses the volatility estimates. I show that
the estimator follows a central limit theorem and provide a feasible inference pro-
cedure based on a factor-analytic method. Lastly, a realistically calibrated Monte

Carlo study is conducted.



2

Bivariate Integrated Volatility Functional

The main contribution of this chapter is to show the consistency and central-limit
theorem (CLT) for a plug-in type estimator of a general integrated volatility func-
tional with a bivariate test function, which takes spot covariance process at two
different time spots as its two arguments.

The first strand of literature this article builts upon centers around general volatil-
ity functionals (see e.g. Jacod and Rosenbaum (2013); Kristensen (2010); Renault
et al. (2017); Li and Xiu (2016)). In particular, Jacod and Rosenbaum (2013) shows
that a plug-in type estimator of a general volatility functional admits a feasible CLT
if the given test function inside the integral has polynomial growth. Li et al. (2017)
extends this result to all C? functions, allowing greater flexibility in the choice of test
functions in practice. Li and Xiu (2016) views the integrated volatility functionals
as integrated moment conditions to estimate parameters in economic models. How-

ever, the g(-) transform in these research takes a single spot covariance matrix as
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its argument. This section extends the scope of literature by considering a bivariate
integrated volatility functional, where G(-,-) is a function of two spot covariance
matrices evaluated at different times. It is shown that a similar plug-in type estima-
tor will also have a feasible central limit theorem with the optimal convergence rate
under one additional regularity condition. This estimator can be easily applied to
study volatility dependencies and lead-lag relations in volatility at high frequency.
The remainder of the section is organized as follows. Section 2.1 briefly introduces
notations, the underlying processes and assumptions. Moreover, it describes the
general bivariate integrated volatility functional and its applications. Section 2.2
develops the main theoretical results. Section 2.3 applies the developed approach in

an empirical study.



2.1 Bivariate Integrated Volatility Functional

2.1.1 Notation

Let us start by introducing some notation that will used throughout this chapter. 5

and = denote convergence in probability and convergence in law for some random
variable. All the limiting results happen when n — oo, and the notion of asymptotics
is infill asymptotics for a fixed time domain [0, T'] (see Ait-Sahalia and Jacod (2014);
Jacod and Protter (2012)).

The blackboard bold letters R, N denote the set of real numbers and the set
of natural numbers, while M7, , denotes the set of all d x d positive semidefinite
matrices. The Euclidean norm of a finite-dimensional vector space is denoted by | - ||.
The integer part of = € R is denoted by [z], while the least integer that is greater than
or equal to x € R is denoted by [z]. T write x Ay to denote the smaller number of z and
y, while using (z)* to denote max{z,0}. For a matrix A, its transpose is denoted by
A* and its (j, k) element is denoted by A, while vec(-) is the column vectorization
operator. For matrix differentiation, if f is a generic differentiable function defined on

dxa X Mg then 0. f(A, B) = 0f(A, B)/0Ajy, o f(A, B) = 0f(A, B)/0Bjy,
O1,jk02m f(A, B) = 0% f(A, B)/0A;x0Byy, and ¢’ f(A, B) denotes the whole family of
j-th order derivatives of f(A, B). I write a, = b, if for some constant ¢ > 1, we have

an/c < by < cay,.



2.1.2  The Underlying Processes and Assumptions

The log price process X is a d—dimensional It6 semimartingale on a fixed filtered

probability space (2, F, (F;)i=0, P) and a Grigelionis representation is:
X = Xo+ S(t) byds + Sé o dWy + (5(8, 2)1{“5(372)“<1}) * (u - V)(ds, dz)
+ ((5(8, 2)1{”5(3,2)”>1}) * ,u(ds, dz). (2.1)

where b; is R%valued optional, the process o; is R? x Révalued optional, §(w, s, 2)
is a predictable R%valued function on  x R, x E, W is a d-dimensional Brownian
motion and p is a Poisson random measure on R, x F, with E an auxiliary Polish
space and its compensator v(dt,dz) = dt ® A(dz) for some o-finite measure A on E.

For some jump activity index r € [0, 2], I introduce the following assumption.

Assumption 1 (H-r). There are a sequence (I'y,)nen of nonnegative bounded A\—integrable

functions on E and a sequence (T, )nen of stopping times to o, such that

t<To(w) =) <n, [o(w)]<n,

t<T,(w) =|0(w,t, z2)]" Al<T,(2).

The restrictions that Assumption 1 imposes are very mild and incorporate most
continuous-time models in economics. This assumption becomes stronger as the
Blumenthal-Getoor index (see e.g. Lemma 3.2.1 in Jacod and Protter (2012)) r
decreases. Unless stated otherwise, all It6 semimartingales satisfy Assumption 1
with r = 2. In addition, we assume that the process X is discretely observed at
times 1A, for 1 < i < [T/A,] with a discretization mesh A, = 1/n going to 0

asymptotically. The increments of X are denoted by

A?X = XiAn — X(ifl)An, for i = 1, 2, ceny [T/An]
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The spot covariance matrix of X is defined as ¢; = 0,07, taking values in M, ..
In the sequel, the word spot volatility and spot covariance matriz will be used inter-
changeably, with both referring to the process ¢;, which is assumed to be another It

semimartingale that takes a similar form to X,
vec(ey) = vec(co) + X(t) byds + §o AW,
+ (5(57 2)1{|\5(s,z)u<1}> * (p—v)(ds, dz)

+ <S(S, Z)]‘{HS(S,Z)H>1}> * ,u(ds, dZ) (22)

where b; is R%-valued optional locally bounded, the process &, is R x Re-valued
optional locally bounded, S(w, s, z) is a predictable R%_valued function on € x R, xE,
W' is a d?-dimensional Brownian motion which in general could be correlated with
w.

According to a usual localization argument (see for example Lemma 4.4.9 of Jacod

and Protter (2012)), it is no restriction to impose a slightly stronger assumption.

Assumption 2 (SH-r). We have all the above restrictions on the coefficients of X
and c, and there are a constant A and a nonnegative \-integrable function I' on F,

such that

D)l o), [1Be(@)], lew)l, T(z) < A

[8(w,t,2)|" < T(2), [d(w,t,2)[* < T(2).



2.1.3 Bivariate Integrated Functional and Examples

Let us consider the following volatility functional

JtG(cs,cs_T)ds, (2.3)

T

for a fixed 7 > 0 and some known bivariate test function G defined on M, , x M7, .
The importance and practical relevance of this volatility functional are explained

using the following three intriguing examples.

EXAMPLE (AUTOREGRESSIVE MODELS FOR SPOT VOLATILITY): Let us consider
a simple one-dimensional autoregressive (AR) model for spot volatility at high fre-

quency.
¢t = Be_r + ¢, for te[r,T]. (2.4)

For obvious reasons, this is a generalized AR model since ¢; can be nonstationary. If

the true parameter $ minimizes the integrated square error (ISE), i.e

T t d
B = argminJ (cs — Bes_y)’ds = M, (2.5)

per  Jr §Lc2 ds
then we can estimate 8 by minimizing the following sample criterion function

2 Gy,
= argmin Z [T/An] ) 2 Z(—/A

e (2.6)

Based on the CLT of the bivariate integrated functional, one can do inference for B .
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EXAMPLE (PATHWISE LEAD-LAG COMOVEMENT FOR ONE-DIMENSIONAL VOLATIL-
ITY): Under the continuous-time non-stationary non-ergodic setting, we could gen-

eralize the notion of autocovariance by considering its pathwise analogue:

1 ¢t .
— ST CsCs_rds, HO<T <t

’YHF(Ta t) = { (27)

Yap(—T,1), if —t<7<0,

where ¢, is a one-dimensional spot variance process. Clearly, vy r(7,t) is constructed
as a pathwise average of the product of two volatilities. It measures the strength
volatility tends to repeat itself for time distance 7, and/or how strongly the two spot
volatilities with distance 7 comoves with each other over the sample period.

To make vy r(7,t) comparable, we define a normalized measure for lag 7 as

ptrot) = st/ (= [ ias) " ([ &) - 28)

T t—1 T

where the denominator is the product of the square root of pathwise variances which
are the so-called “quarticities” scaled by 1/(¢ — 7). This definition is a complete

analogue of standard autocorrelation.

EXAMPLE (VOLATILITY SPILLOVER): We consider a two-dimensional case where
there are only two assets: a single stock and the market index. Under this simple

setup, the spot volatility ¢; is a 2 x 2 matrix:

Ci1t Ci2t
)
Co1t Co22t

11



where c11; denotes the spot volatility of the market, cy2+ denotes the spot volatility
of an individual asset and cj24, c21, are the spot covariance between the two assets.
Let G(z,y) = (ehzes) x (ejyer), where e; = (1,0)" and es = (0,1)’, then the integral
of function G divided by the effective sample length yields
1 t
Cio4(17) = —— | caa5¢11,5—7ds. (2.9)

Ct—T1),

Similar to the last example, this integral measures the pathwise comovement be-
tween the individual asset’s volatility and the lag-7 market volatility. For compari-
son purpose, one can also examine the pathwise correlation pjo:(7) between the two

volatilities,

1 + 1/2
p124(7) = Cr2,4(7)/ (:J 032,5d3> (

T

t—T1 1/2
f cflﬁds) : (2.10)

t—7Jo

which is again a generlization of the standard correlation between two random vari-

ables.
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2.2 Theory

There are a sequence of positive integers k,,, which is eventually going to infinity, and

a sequence of real numbers v,,. These two sequences satisfy the following condition.
Assumption 3. For some vy € (0,1), and w e (0,1/2), k, = A7 and v, = A7.

The spot covariance matrix at time (i — 1)A,, can be estimated locally over the
time interval [(: — 1)A,, (i + k, — 1)A,), fori € Z,, = {1, ..., [t/A,] —k,+1} through

a truncated variation estimator due to Mancini (2001):

kn—1
N, 1 \ n n

— Z Al X AL X A, X<on)s (2.11)
j=0

C:

R AN

where k,, is a local window size parameter deciding the number of local returns to be
used to estimate the spot volatility, and v, is a truncation threshold used to eliminate
jumps in X. Without otherwise speficied, Assumption 3 will be imposed throughout
the analysis.

Given the local nonparametric estimates of the spot covariance matrices, an esti-
mator for the bivariate integrated volatility functional, which is constructed through
summing the pointwise estimators of the spot covariance matrices, takes the following

form

[t/Ar]—kn+1

i=[1/An]+1

S
3
8
I
=
3

As will be shown below, U;* (G) is consistent and enjoys a standard parametric
convergence rate /n under certain regularity conditions.

13



Besides Assumption 3, we will often need a slightly stricter restriction on the

limiting behavior of k,,, which is presented below.
Assumption 4. k, = A7 with 0 < < 3.

Assumption 4 is the usual undersmoothing argument which reflects a tradeoff
between bias and variance. Note that we only impose restrictions on the divergence
rate of k,. In finite sample, this assumption still allows flexibility in choosing k,,.

To remove the polynomial growth conditions imposed on the test function in
the limiting theorems (see e.g. Jacod and Rosenbaum (2013)), we will also need an
additional assumption to apply the spatial localization procedure introduced in Li
et al. (2017). Let K¢ = {A e M ,: infyex |[A — M| < €} be the e—enlargement of

a compact subset K of M7 _,.

Assumption 5 (5’). There are a sequence of stopping times (T,,)nen going to o and
a sequence of convex compact subsets K, < M7 ., such that ¢; € K,, for t < T, and

G is a real-valued continuous (C?) function on K¢ x K¢ for some € > 0.

This is a mild pathwise regularity condition on the spot covariance matrix and
it allows much greater flexibility in choosing the test function G than for example
Theorem 9.4.1 in Jacod and Protter (2012) and Theorem 3.2 in Jacod and Rosenbaum
(2013) (see Li et al. (2017) for more details).

2.2.1 FEstimating the generalized volatility functinal

In this section, the general limiting theorems for the estimator (2.12) of the bivariate

volatility functional will be provided.
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Theorem 1. Assume that X satisfies Assumption 1, then under Assumption 3, As-

sumption 5 with v € (g v %, 1) and w € [é%z, %), we have

sup |UY (G) — J G(cy, Cu—r)dul 5o.

r<s<t T

Note that if X is known to be continuous, then truncation part in the estimator
is no longer needed and the consistency result still holds.

Besides consistency, we are also interested in the question of how fast this con-
vergence takes place, which is equivalent of deriving the central limit theorem for
the estimator. The fact that our given function G is bivariate induces measurabil-
ity issues that require a slightly stronger regularity condition on ¢ than Jacod and
Rosenbaum (2013).

Let us first define a debiased estimator

UnNG) = A,

[t/An]—kn+1
(G(& 6 fryan)
]

i=[1/An]+1

Z 1k O1im G Gy a, (T E™ 4+ & m )
™ ik lm=1

Z a2,jl~ca2lm (17 Ci— [r/An ])
" ik lm=1

~n,jl An Jkm AN, Jm An kl
G N LBt AN i KN [T/An])>

As in Jacod and Rosenbaum (2013), we need to add debiasing terms in order to get
centered limiting distribution. In the above estimator, two terms are subtracted due
to the statistical errors in approximating local volatilities. The other bias terms (bi-

ases due to border effect, continuous part of ¢, jump part of ¢ and interaction between

15



the two statistical errors) can be eliminated by undersmoothing (see Assumption 4).

The following theorem is the main result in this subsection.

Theorem 2. Assume
(a) Assumption 3, 4, and 5;

(b) ¢; is independent with W ;

(c)r<1,~ve (gv%,l) and w € Bj,%)

Then, for fized t we have the following stable convergence in law

1 m L—s
N/ U™(G) -U(G) — Z,

where the limit Z is a centered normal random variable, which conditionally on F

has variance

d t
Vo= > J O1imG(cs, ¢ )01 kG (Cs, C5r) (k™ + k) ds
Jklm=1YT
d rt—7
+ Z ‘J 82,lmG<Cs-‘r’ra Cs)aZ,jkG(cs+T7 CS) (cglclsﬂm + Cgmclscl) ds
Gkl m=1+0
rt—7
+ 2 J al,lmG(Csa 6877)62,jkG<CS+T7 Cs) (C;lcgm + C;mclgl) dS
Jklm=1YT
rt—7
+ Z ‘J 82,lmG<Cs-‘rT7 Cs)al,jkG(cs; CS—T) (cglclscm + cgmclsﬂl) ds.
Fklm=1YT

Assumption (a) requires the growth rate of the local smoothing window size
k, to be slower than y/n, which is used to eliminate biases. The part concerning

Assumption 5 can be used to extend the class of test functions to all C* functions.
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Assumption (b) imposes a stronger condition on ¢ which essentially excludes the
so-called “leverage effect”. This is a limitation of the stated theorem, but it appears
necessary to have this restriction in order to get tractable CLT. In the Monte Carlo
study, the robustness to this assumption is checked. Simulation results advocates
the validity of the theorem not only when Assumption (b) holds but also when it
fails. Assumption (c) is standard (see e.g. Li et al. (2017)).

To do inference in practice, we need the asymptotic variance in the above CLT

to be consistently estimated, which leads to the following feasible CLT.

Corollary 1. Suppose the assumptions (a)-(c) of Theorem 2 hold, then for fized t

we have

U™(g) —U(9) £-s
A, Vn N

(0,1), on {V" > 0},

17



where

[t/An]—kn+1

vro= An Z Z allm z’ Ci— T/A )aljkG< Gy Ci T/An])

i=[r/An]+1 jklm=1

Angl an.k n,kl
% (CZL,J n m+c JmC:L )

[t/An]—[7/An]—kn+1  d
+A, Z Z aQ,lmG(é?:‘t'[T/An]’ é?)
i=1 7,k lm=1

N AN ]l n km ,jm ~n,kl
X aQ»jkG<ci+[‘r/An]7 G ) (Cz + C &

[t/An]f[T/An]fkn‘Fl d

+A, Z Z ArimG (&5 ¢ ran)

Z:[T/An]"l‘l j7k7l7m:1

~n AN ,]l An km An,]m ~n,kl
X aQyjkG<ci+['r/An]’ G ) (cz + G

7,

[t/An]=[7/An]=kn+

1
+A, > Z O2,im G (Ey /a5 €7)

i=[1/Ap]+1 7,k lm=1

N ]l An Jkm An,]m ~n,kl
Xél]kG< i Ci T/An]> <C +¢ i > :

K3 ’L

2.2.2  Applications

Given the approach developed above for general bivariate volatility functionals, we
explore in this subsection a specific form of the test function: G(x,y) = xy, for scalars
x and y. As discussed above, this test function will lead to a volatility functional that
measures either the pathwise comovement of two securities’ volatilities with a fixed
time distance, or the pathwise comovement of a one-dimensional volatility process.

First, let ¢ be a one-dimensional process. To estimate the lead-lag comovement

18



in the sample, we can directly make use of the estimator U*(G). For 7 > 0, let

A Ak
Yur(T,t) = : _nT Z G (2.13)
i=[r/An]+1

and Ygp(—7,t) = ur(7,t). The following two corollaries show the consistency and

CLT of the estimator for each fixed time lag 7.

Corollary 2. Under the assumptions of Theorem 1, we have,

sup 3 (7, s) — yup (T, s)| = 0, for each T.
TSt

Corollary 3. Under the assumptions (a)-(c) of Theorem 2, we have the following

convergence in law,

1

(Aurp(T,t) — vp(T, 1)) £, N(0,V), for each T and t

E

where

4 t—1 9 9 4 t—7 9
V = m fo Cscs+7d8 + m J CstrCs—rCods.

T

In view of Theorem 1, a consistent estimator of the asymptotic variance is of the
form

(&) (s pryan)’

[t/An]—[7/An]—kn+1
N 4A,,
vVt = — E
(t—7)2

i=1

[t/An]—[T/An]—kn+1

+ Z (é?)%ﬂ (/A1 Cie 7/ An]
i=[1/An]+1
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Since it seems to be more practically important to consider the normalized co-
movement measure of spot volatility defined by (2.8), we also provide an estimation

procedure. Naturally, let us consider

-1/2
A [t/An]—kn+1
p(Ta t) = /S/HF(T7 t) X n _n (6?)2
T [r/An]+1
A [t/An]—kn+1 -1z
n N 2

[T/AR]+1
The following two corollaries provide consistency and CLT results for this estimator.

Corollary 4. Under the assumptions of Theorem 1, we have,

sup |p(7,s) — p(7,s)| LR 0, for each fized T.

TSt

Corollary 5. Under the assumptions (a)-(c) of Theorem 2, for each T and t, we

have the following convergence in law,
—1/2
. t/An]—kn+1 [ Any2
\/;AT {’Y(T’ t) (% Z%J/A,}]H e (1 - %))

—1/2
An _kn 1 n 2 1 £
X (% ZE'//An]]—i-l i <Cze[r/An]) (1 B %>) R t)] SO,
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where

4StT A _ds+ 4S Eegircs pds N 2 (S: CSCS—Td8>2 (S oy
( , ngs) (ST Cs—TdS) <Si cids) ( >
2 (Si cscs,Tds) ’ <Si cﬁds) 4 (Si cscS,Tds> ’ (X?T cﬁds)
(Xi c§d3> ’ (Xi cg_Tds> " (S: c?ds) i (Si cg_Tds> ’
(S CsCs Tds) <4S o csds+4g ey Tds)
( 02d3> ( ?_Tds>
(X CsCs Tds) (4S Cs_rCods + 4St Tcch+Tds>

<ST 2, s) <S: c§ds>

When implementing the above corollary, we may construct a plug-in type estima-

ds)

v

tor of V following exactly the same idea as estimating (2.3). Despite the daunting

appearance of the formula, the computation is in fact convenient.

Remark 1. [t is worth mentioning that the exact same method leads to a consistent

estimator of the spillover effect (see (2.9)). Theorem 2 immediately yields that this

estimator also enjoys the optimal rate of convergence. In specific,

\/27 (ém,t(ﬂ - 0127,5(7)) £ N(0,V*?), for each T and t

where

. An [t/An]—kn+1

~n,22 ~n,11
Ciog(r) = == D) &%,
[7/An]+1
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and

4 t—1 4 t=7
V-t [ s g [ el

Moreover, a plug-in type estimator of the corresponding correlation coefficient defined

by (2.10) admits the following CLT

—1/2
[t/An]—kn+1
1 . A, . 2 2
a |G| X (@) (1 - k_)
n T [T/An]+1 n
A [t/An]—kn+1 , 9 -1/
7 _nT (@) <1 - k_) — p12,4(7) SN0 V).

[r/AR]+1
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where
4Si( 22)2 (1L )2d3+4gt_ 12)2022 (11 g
(S (622)2ds) (ST( )st)
2 (5 el ds)” (et ) as)
+
(tezeas) (S(cit2as)
(et )’ (£
(5" e2p2as) " ({(c1L,)2as)
(X c2clt ds) (St_ 22,11 (12) st)
(Vezy2as)” (fLte eas)

V =

_l’_

i

11 )3 22ds+4§ (2261l 1L ds)

) (1
22,11 ds>< S
(ST<czz>2ds) (Scett )2ds>

e
(X 2l ds)( Xi 1

(
1 22)3d8+4S 2622022 ds)
)

4
(Srcett 2ds) (ST(C§2)2ds>2
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2.3 Empirical Applications

In this section, we examine stock prices over all regular trading days from January
3rd, 2007 through December 31st, 2014 from the Trade and Quote (TAQ) database
of the New York Stock Exchange (NYSE). In particular, I pick stocks of seven large
companies Home Depot Inc (ticker: HD), JPMorgan Chase & Co. (ticker: JPM),
American Express Company (ticker: AXP), The Coca-Cola Co (ticker: KO), McDon-
ald’s Corporation (ticker: MCD), Microsoft Corporation (ticker: MSFT) and Apple
Inc. (ticker: AAPL)) together with three ETF’s: SPDR S&P 500 ETF (ticker: SPY),
Financial Select Sector SPDR Fund (ticker: XLF) and Energy Select Sector SPDR
Fund (ticker: XLE). Albeit imperfect, these stocks and funds are good representa-
tives of multiple industries and are of excellent liquidity. The sample is comprised
of equidistant observations under five-minute frequency. The returns are computed
using the latest prices recorded within each sampling interval and all overday re-
turns are removed from the sample. In the end, the total number of five-minute
returns for each security is 175,110. The local smoothing window used to estimate

spot volatility is chosen to be 8, and the truncation thresholds are calculated as

Uy = 4.5 x y/y; x BV;AY where

tn

T n n n
BVtE§n_1‘ Z | A X[|ATX]
i=(t—1)n+2

is the bi-power variation of day t (see Barndorff-Nielsen and Shephard (2004b)) and
vi = bi/((1/n) 2_, b;) with b; = TZ;[:1 | AL 1ynrim1 XA 1) X ] for i = 2,..n
and by = by is the time-of-day (tod) factor for observation i, which measures the
daily pattern of volatility.
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(g) MSFT (h) AAPL
FIGURE 2.1: Normalized Realized Autocovariance.

Note: This figure displays the normalized realized autocovariance plot for S&P 500 ETF
(SPY), Home Depot (HD), JPMorgan (JPM), American Express (AXP), Coca-Cola (KO),
Mcdonald’s (MCD), Microsoft (MSFT), and Apple (AAPL) from January 3, 2007 through

December 31, 2014.

Figure 2.1 shows the estimated normalized lead-lag comovement for the seven
individual stocks and SPY. Overall, these figures exhibit strong daily periodicity
and slow rate of decay, closely in line with the empirical findings in Andersen and
Bollerslev (1997) using more standard time series methods. The periodicity is a

reflection of the U-shape diurnal pattern and the strong persistence implies long-

memory feature in volatility.
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2.4 Proofs

Proof of Theorem 1. Step 1). By the localization procedure introduced in Theo-
rem 2 of Li et al. (2017), we can assume without loss of generality that G' has compact
support, which in turn implies that G is bounded on its support. Then, it remains
to prove the desired convergence under this condition.

By an usual localization argument, we may assume (SH-r). Up to proving the
result for G and G~ separately, we can assume G > 0. It is a well-known fact
that a sequence of nonnegative increasing functions on R, converges to a continuous
limiting function pointwisely imples the convergence happens locally uniformly, so it
suffices to prove the convergence in probability for each ¢ fixed, that is, we need to
show:

t
u" (G), LR J G(cs, cs—r)ds, for fixed t.

T

Step 2). Observe that

([t/An]—kn)An

U™ (G), = G a141: &) An + J G (&, e ) ds
[r/An)An

where ¢ = ¢, if (i — 2)A, < s < (i — 1)A,,. Hence,

l

t

U (), [ Glencun)is

T

([t/An]=kn)An

) < KknAnJrf a(s)ds
[7/An]An

—i—J; E (|G(cs,c5—1)|) ds

[t/An]—kn)Ap

—i—f[ E (|G(cs,c5—1)|) ds,



where a(s) = E (‘G (er,en ) — Gles, cs_T)D. The cadlag property of ¢ along with
the continuity and boundedness of G implies a(s) — 0 for each fixed s and a(s) must
be bounded uniformly in n and s. Then, dominated convergence theorem readily
implies that the first integral on the right side converges to 0. The second integral
also converges to 0 due to the boundedness of G and k,A,, — 0. The third integral

trivially goes to 0. Therefore, the desired convergence holds if the test function G is

bounded. Q.E.D.

Proof of Theorem 2. In this proof, the results in Jacod and Rosenbaum (2013)
will be freely used. Since r < 1, we can decompose X; = Xy + X/ + ngt AX,, where
= Sf) v.ds + Sé o, dW, with b, = by — §8(¢, 2)1s,2))<1)A(dz) a bounded and cadlag

process. Let us first introduce several useful notations. Let ¢ = ci—1)a,,

kn—1

& =1/(kaNn) Y ALGXAT X

i+7 i+J

H:L = -F'Z‘n\/gca ;L[:L = H (i—1)An> Nt,s = SUp (||bt+u - b:fH2 ‘ue [078])7

1/2

Niy = (]E (77(Z DAn,jAn "Fn))

N =ni,, af = AFPXAPX™ — A, and B = ¢ — ¢
Similar to the proof of Theorem 1, we can assume without loss of generality that
G has compact support, which implies that it has local polynomial growth on its
support, that is 010, G(z,y)| < K(1+|z|'7)(1+]y|'™*), fori,j = 0,1,2,3 and i+
J<3.
Next, decompose —= ~ (U"(G) = U(G)) into five parts
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(U™(G) = U(G) = V" + VP 4+ VP Vv

H-
3

where

VA

[t/An]—kn+1
T

[G (5?7 i [7/An ]) G (é;nv é?z[T/An])
/An]+

1 Yg— z

N ~m,jl am,k ~Im,jm Akl
—51,jkal,lmG(cm i ) <Cinj e+ Cn]mcn )

n,jl an,k ~n,jm an,kl
61,jk61,lmG(c cr [T/An]) (C"J " m+cn]m n,

(] czf[‘r/An] i ) i

02,k O2,m G (&' &7 /n,))
jk,l,m 1

~n,jl nk: AN, Jm nkl
% ( NG L NS e SN T [T/An]>
—02,jkO2,1m G (&, € [ /a,1)

~m,jl A/n km ~Im,jm A/n kl
X ( i—lr/AnCimlr/An] T Ciclr/an) Cin [T/An]>

J('_ (G(cZ L [T/An]) — G(cs, cS,T)) ds

G(cs, cs—r)ds,

T 1 t
Glewr cor)d f
VAL J[T/An]An VAL J/an]—kn+1)A0

[t/An]—kn+1

\/7 2 Z all7n 7,7 Ci— T/A ]{ji Z Z_lZ’L_ nlm)

i=[r/Ba]+1 Lim=1
[t/An]—kn+1 =
+ \/ Z Z (32 imG Cis Ci T/A ]) L Z (Cq‘l’lm - cﬁ:lm

i—[1/An]+u i—[1/An]/?
i=[1/An]+1 I;m=1 n u=0
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[t/An]—kn+1

[t —kn
= VEL S (6@ ) O ()

i=[1/An]+1

nlm n,lm
- Z OLim G} fryan] Z Oaim G (&' - fran) Bi ()

I,m=1 I,m=1

n M, gl An,km A, gm Akl
Z 01,k 0LimG (& € 1 ya0) <C GGG
" gk lm=1

n A/n A/n,]l I, km ~Im,gm Akl
k; 02,k 02um G (&, & 1 ya,7) (€ ( “Tr/an1Cilr/an) T Citlr/an) Cim[r/An ])]
" gk lm=1

‘/;n’5 = Z Z a17l’I’VLG 7 ’L T/An Z a?‘i}’z’n
kn\/Tn i=[T/Ap]+1 Im=1
1 [t/A ] ntl d kn—1
n,lm
—|—]'C \/T Z Z a&lmG Ci s G T/An Z al [7/An]
T/Ap]+1 Im=1

Lemma 2.1. V' 5 0.
proof: Let v be the i—th summand of V™', Using (4.8) and adapting the proof of
Lemma 4.4 in Jacod and Rosenbaum (2013) yield

A/

il < K6 =& + 16 pryan — € pryanlD-

Then, we have E (|77]) < K¢, AL 7. To prove the result, it is enough to require

1 1

w E [m, 5), which is implied by the restriction on @ in Theorem 2.
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Lemma 2.2. We have V™" 0, forv=23.
proof: The case v = 2: Since G has compact support, the second term in ‘/;"’2 is
bounded by K+/A, and the third term is bounded by Kk,+/A,. They both go to 0.
The fact that the first term in V,? goes to 0 has been well-established (see Lemma
11.2.7 in Jacod and Protter (2012)).

The case v = 3: The proof of the second term is a simple adaptation of section
3.7 in Jacod and Rosenbaum (2012) whereas the proof of the first term is omitted

which is exactly the same.

Lemma 2.3. We have V** 5 0.

proof: By the Taylor theorem,

G (é;",é;’i[T/An]) G (Cz ) Ci [T/An])

d
nlm n,lm
- Z dmG(c}, e [r/An] Z O imG (¢ ¢ T/A ])Bi—[T/An]
I,m=1 lm=1

Z O1,ik01mG (¢ ¢ a, ])5n]kﬁy’lm

]k:lm 1

n,jk n,lm
Z a2 jka2 lm z’ Ci T/A ])/Bi—][T/An]Bi—[T/An]
]k:lm 1

d
ik on,l
Z O1gw02,m G} Gy n, )BT B ryang W5+ WA
j7k7lvm=1
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where w!' and W (/A A€ third order terms of 3 and 62 [r/An] , respectively. Let

[t/AR]—kn+1
4 ik on,l
/Tl f Z [ Z al,]kal lm 17 Ci— T/A ])an an "
i=[1/Ap]+1 7.k, lm=1
Z a1,]]661 lm Zn’ Zn T/An])
" ik lm=1
v <é;n,]ldn Jkm + é/n,ij;n kl)] ’
[t/An]—kn+1
// A Jk il
M=VA ) [ Z 02,k C2am G (S} & 17/ a,0) BT /a1 Pi by ]
1= [T/A] +1 7,k lm=1

Z aQ,]kaQZm 7,n7 C;_ T/An])

ik lm=1
~m,jl A/n km ~Imn,jm A/n kl
x (C “Tr/an)Ci-lr/an) T Ciclr/anCi-[r/An ])]

A simple adaptation of Jacod and Rosenbaum (2013) yields that Vtm’4 and Vt””’4
converge to 0, where I employ the Taylor theorem and the restriction on the test

function, i.e. 8,03G(z,y) = 0 for the term V;"*. Now, it remains to show

+

[t/An]—kn+1
///n4 / Z Z al,jka2,lmG i Ciz T/A )B ,]kﬁan/A

z=[7’/An]+1 7,k 0, m=1

converges to 0. Again, the Taylor theorem and the restriction 0?0,G(x,y) = 0 imply

01,k 02,m G (c, c;l[T/An]) = é’ij@z,lmG(czi[T/An], C?;[T/An]). Define the summand

n o n,jk on,lm
Ci—[T/A = Z al,ﬂfaﬂm Ci— T/A 1> Ci— T/A )ﬁ ’ ﬁ [r/An]

7.k, lm=1
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Let N(n,j,t) = [([t/A.] = [7/An] — kn — j + 1)/ky], then

kn N(n,jt)
nm,4 /
Vt ! - Z Z ]-Hk:
j=1 =0
" th kn N(nvjvt)
-V Z 2 J+zkn| ]n+lkn) v AHZ Z C(j)?+zkn
i= j=1 =0
where C(5)7 . = Chin, — B (hin, [ Frin,) is a martingale difference sequence with

respect to the filtration (.7-"J’»‘+ikn)i>0. For the ease of notation, let

n,j,t
Z J+1kn| +ikn) and H(j); = Z CI)7 i

Applying Holder’s inequality, the estimates on 5 and by the boundedness of 1! and

the fact that ¢ is measurable with respect to F}*, we have

B (Cyin [ Ffeinn) | < KA/ Ay (k1 + knAn)1/2 <1 + kn@>
E (| j+zkn| | gn+zkn) < K(k,? + E2AY)

The third inequality immediately follows from the second. Then, we deduce

N(n,jit) 1/2
E(H(5)7]) < <Z E((C(J’)W)) < Ktk PAM? + kPA)?)
i=0

where the first inequality follows from the Doob’s inequality; the second inequality

is due to (2.15) and the fact that N(n, j,t) < t/(k,A,). Based upon this, it is clear
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that the second term in V"™ goes to zero. For the first term, we know from (2.15)

that
E(|GG)?) < Ktk,*?A;Y?

So the first term in W""’4 also converges to zero. This proves Lemma 2.3.

Lemma 2.4. We have V"5 5 Z, where Z is as in Theorem 2.

proof: Changing variables and the order of summations yields

1 [t/An] d 1 [t/An]=[r/An]  d

]
Vn,5 _ \/E Z Vﬁ’ilin[T/An]O‘?lm"i_ \/E 2 2 ’Y;L:ilma?lm

i=[1/An]+11lm=1 =1 I,m=1

1 2 3
= A" 4 AT+ A

where
At el d nlm_nlm
y | WAnr/AR] - d nlm nim\ nim
A" = VA, i=[r/Dn]+1 z,m2—1 <71vi—[T/An] REX )ai
a1 Sh i i
- VA, i—[t/An]—Z[r/An]Hz,m—lvlyi_[T/An]ai |
and

(i—1)A(kn—1)

n,lm n n
M = k'_ Z al,lmG(QJr[T/An]fu? Cifu)7
" u=(i+[1/An]—[t/An]+kn—1)*

—_

. 1 (i—1) A (kn—1)

Yoi = . Z aQ,ZmG(C?+[T/An]_u,C?_u)-
" u=(i+ [/ An] = [t/ An]+kn—1)*
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The goal is to derive the joint convergence for the three terms in V™5, First,

consider the middle term A™?. Recall that H = F/"\/G°. Since 7;" lm[T /a,) and

!
Yo;" are Hi measurable,

n,m n,m n,lm
{ <711 [T/An] ,72z >ai
lm 1
1 d
n,lm n,lm n,lm n
VA, Z <71, [r/an] T V2, )E(O‘i |Hz>}
nm=1

is a martingale difference array with respect to the filtration (#}'),.,. According to

the Lindeberg CLT, it is enough to show the following three sufficient conditions,

1 [t/An]=[T/An] d l l l .
((1,) \/T Z (Py?zm[r/A ] + fygzm> E <a?7 m‘H?> —0

i=[t/Ap]+1 Im=1
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d
n,lm n,lm n,jk n,jk
Z (711 [r/A] T V2, )(713 [T/A]JFVQZJ)

Z J a1 lm 657 Csfr)al,jkG(Cm Csz) (Cilclzm + cgmcl;l) ds

l,m,j,k=1

+ Z J a2 lm CS+T7 Cs)aQ,jkG(CS-‘rT? CS) (Cilclscm + Cgmclsd) dS

l,m,j,k=1
d t—1 . .
-+ Z J al,lmG(CS7 0877)82,jkG(CS+T7 Cs) (c;lcl;m + c;mcl;‘l) dS
Iom,jk=1%T
d t—7 . .
+ Z J aQ,ZmG(CS+T7 Cs)al,jkG(cw CS—T) (Cﬁlclscm + C;mclsd) dS,
Im,j,k=1%T

n,lm n,lm n,lm ny P
© 57 5 B (g +omm) e ) So
Lemma 4.1 in Jacod and Rosenbaum (2013) implies (a), and (4.10) of the same

paper readily yields (¢). An argument similar to Lemma 4.5 in Jacod and Rosenbaum

2013) vields (b). Hence, we deduce that for each t the second term A™? converges
( ) Yy ; g
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in law to a normal random variable with mean zero and variance

‘/2,1‘, = Z f a1 lm Csa Csfr)al,jkG(C& Csfr) (Cglcgm + Cgmcl;l) ds

7,k l,m=1

+ Z J (92 lm Cs+7’7 Cs)aQ,jkG(CS-‘rT? CS) (Cglclscm + Cimcl;l> ds

Jik,lym=1

d t—7
+ Z J al,lrncg(cs; 0577)82,jkG(Cs+7'7 CS) (Cglclzm + Cgmclzl) dS

gk lm=1""7

4 Z J O2.1mG cS+T,cS)é’17jkG(cs,cS_T) (c;‘lc’;m+czmci;l) ds.

Jik,lym=1

By the exact same argument, A™! converges to another centered normal random

variable whose variance is

d .
‘/i,t = Z a?,lmG(Cs-&-Tv Cs)aQ,jsz(cs+7’a Cs) (C;lclsgm + ngmclscl) dS,
Gkl m=170

and A™? converges to a third centered normal random variable whose variance is
Vi O1imG( )01k G( ) (™ 4 dme d
3t — 1,lm Csy Cs—7 )01 jk Csy Cs—7 s Cs s Cg S.
7.k, lm=1 t—7

As a matter of fact, it can be shown that the asymptotic covariance between any

pair of A™!, A™? and A™3 is 0. Hence, we deduce for each ¢,
(A™L A2 A™3) 5 N(0,52),
where X is a diagonal matrix with V; 4, V2, and V5, on the diagonal. Therefore, delta
method yields
VS N(0,V)
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where the F-conditional variance V is

ij%m:l S: O1im G (Cs, Co—r) 01 j1G(Cs, Cor) (cIlF™ + ™) ds
+ ZJ k=1 0 T 02 um G (Cogr, )02, 1 GCorr, C5) (™ 4+ I™ k) ds
+Z]klm ISt T 011m G (Csy Cs—7) 02, ik G(Csyry Cs) (c]l km cjmc’;l) ds

+ ZJ k,lm=1 St ! a2 lmG(CS+T7 Cs>al jkG Csy Cs—1 (Cﬂ fom C]m kl) ds.

Q.E.D.

Proof of Corollary 1 The summands are continuous functions of the point-wise
estimators of spot volatilities. The proof of Theorem 1 can be straightforwardly

adapted to show the result. Q.E.D.

Proof of Corollary 2 First, we notice that the sequence (ygp(7,s)), is stochastic
equicontinuous in s. To see this, let w(g,d) = supj,_y -5 [9(s) — g(s')| for 6 > 0 be
the modulus of continuity for function g. Since ¢ is non-negative and bounded, for
any 0, — 0, w(Ygp(T,s),d,) — 0 in probability for each 7, which implies stochastic
equicontinuity. In view of theorem 1, for each s, Ygp(T, s) LR vur(7,s). Combining

with stochastic equicontinuity yields sup,,<, |Yur (7, s) — Yur(7, 5)| 20, for each 7.

Q.E.D.

Proof of Corollary 3 In view of Theorem 2,

1 [t/An]—kn+1 ¢
A E é"é" —Jcc_ds £z
n [T/An] sbs—1
VB i={r/An) "
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where Z is a normal random variable with F—conditional variance

t—7 t—T
V= 4] A2, ds+ 4J CS+TCS_Tc§d3.

SSs+T
0 T

Then, we must have

1.
(Yur(7,8) —vEr(T,5)) YA

5

with Z' = Z/(t — 7). Hence, the asymptotic variance is

4 t—T 4 t—7
- 2 2 )
V= (t—7)2 Jo CsCoprds + mj; CstrCs—7Cyds.
Q.E.D.
Proof of Corollary 4 For notational simplicity, we use )}, to denote ZEZ@;KETF

By theorem 1, 4(7,t) - ~(r,t) for each 7 and ¢, and it is a well-known fact that

N2 P t
So 3 (en)* — L § c%ds for each 7 and t. Then we must have

. A, " A, "
(7(7’ D57 0 ) 7 2 )2>

P ( t)_l Jt2 d 1 ft2l
- T C S, — c.as
f}/ ) ’t TST 7t TS ?

which in turn yields p(7,t) LR p(7,t) by the continuous mapping theorem. To prove
uniform convergence, it is then enough to show the sequence (p(7,t)), is stochastic

equicontinuous in t. Without loss of generality, assume u > v and consider the
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modulus of continuity

w(p(7,1), 0n)

= sup  |p(7u) — p(7,0)]

T<u, <t |lu—v|<dn

Z:[U/An]_kn'f‘1 AN AN

i— v _ Ci Ci* /A

T<u,v<t,|lu—v V/An]=kn+1/an 1/2 v/Ap]—kn+1/an 1/2
srsthiss (gl e a?) (S @)

[u/An]—kn+1
+ sup Z RN
i=[1/An]+1

T<u,v<t,|u—v|<don,

1

12 12
[v/An]—kn+1 /4 [v/An]—kn+1/ A
<Zz’:[7—/An]+1 (C?_[T/An])2) (Zi:[T/An]+1 (C?)2>

1

1/2 1/2
[u/An]—kn+1 A [u/An]—kn+1 4
(Zi:[T/An]+1 (C?_[T/An])2> (Zi:[T/An]+1 (C?)2)

w 1
= sup J CsCs_rds
T<u, W<t |u—v|<on JT ( (SZ 02 TdS) 12 (SZ ngS) 12

S—

1
(Sﬁ cz_Tds) 1/2 (S: cgds) 1/2)

u
§, CoCords

+ su
Téu,vét,|£)—v|<6n (S: C?_Tds) 1/2 (S: ngS) 1/2

+ 0,(1).

Since c¢ is bounded, the right side goes to 0 as §,, — 0 and stochastic equicontinuity

follows, completing the proof. Q.E.D.

Proof of Corollary 5 For notational simplicity, we use )}, to denote Z[t/ Anl—kn+1

i=[r/An]+1 -
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step 1) Fix (A1, A2, A3) arbitrarily. Then, we must have

- t—7 &t
1 A

An A~ ATL AN,
Avar ()\1&(7, t) + )\gt — Z (C?*[T/An])2 + A3 Z (& )2>

= A()\la )\Qa )\3>;

where

t

2
A, Mg, Ng) = —f (MCor + 2X3c5)” s

(t—71)2

T

2 t
—|—me ()\165 + 2)\265_7-)2 Cg_Tds

T

4 t—T
+mf (AlcS—T + 2)‘365) (>\105+T + 2)\205) C?ds.

T

This is a result of Theorem 2 applied to G(z,y) = A\izy + \ay? + A3z
step 2) Again, Theorem 2 yields that for each ¢,

1 - A, n 2 2
()\1’ >\2’ Ag)\/Tn [(7(7_7 t)v ;ZZ: (Ci—[T/An]) (1 - k_n) )

I T, o, c
- :L CsCs—TdS,:J CS_TdS,ﬁJ cods || = N (0, A(A1, A, A3)) -

T T

Since the above convergence holds for all (A1, A2, A3), we must have

) An @ 2\ A, o, 2
(”T’ 072 e (15 ) 25 D (10 ;;))

i n

I I I c
— (—J cscs_Tds,—J c2__ds, —J cids)] = N(0,Y).
t—1J; t—rT t—r

T T

1
VA
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where

le 212 Z]13
Y= 221 222 223
Y31 M3z s
and
4 t 4 t—T
Y o= mf Czcg—Tds + (t——’f)QJ‘ C§CS+TCS—TdS
4 t 4 t—T
212 = 221 = m[ CZ)_TCSdS + mj CZ)CS_TdS
4 t 4 t—T
Yz = M3 = WJ CHC§d8 + mf C§65+Td8
8 t
Yop = . d
8 t—T
Yoz = Xz (t—T)QL ctds
8 t
Y = ad
B @—ﬂ?ﬁ%s

- x 1/(t=7) §; cscs—rds
Step 3) Set F(l’, Y, Z) - (1/(1‘/77_) S: c?_Tds)lm(l/(th) Sf_ cgds)lm + (y)1/2(2)1/2 s then

F(z,y, z) is continuous and differentiable at

(V=) [ ertsaie=n [ @ asaje—n) [ as).

T T T
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and

Delta method yields

1 A(7, 1)
. (tAT % (@ psa) (1-2)

—p(m. )] BN (0,V),

where V' is given as in the corollary and it can be consistently estimated by a standard

plug-in type consistent estimator, completing the proof. Q.E.D.
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3

Spot Volatility and Microstructure Noise

Microstructure noise induced by various market frictions has long be recognized (see,
e.g., Black (1986), Madhavan (2000), Stoll (2003), and many references therein).
Recently, many statistical methods have been developed to estimate volatility for
settings with noise; see, for example, the two scale realized volatility of Zhang et al.
(2005), the multiscale realized volatility of Zhang (2006), extensions on these methods
by Li and Mykland (2007), Ait-Sahalia et al. (2011), and Zhang (2011), the realized
kernel approach of Barndorff-Nielsen et al. (2008, 2011), the pre-averaging methods
of Jacod et al. (2009), Podolskij and Vetter (2009), Christensen et al. (2013), and
Jacod et al. (2019), the local method of moments estimator of Bibinger et al. (2014),
and the likelihood based method of Xiu (2010).

Meanwhile, the statistical properties of the noise, such as its variance and depen-
dence structure, have also received growing attention. Studies along this line include

Zhang et al. (2005), Hansen and Lunde (2006), Bandi and Russell (2008), and Jacod
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et al. (2017).

There are also many papers that localize various integrated volatility estimators
and propose spot estimators of volatility. Examples include Zu and Boswijk (2014),
Mancini et al. (2015), Zhang et al. (2018), and Bibinger et al. (2019).

In this chapter, I complement the spot estimation literature by showing the uni-
form convergence of spot volatility estimators and the estimator of local moments of
the noise. To my best knowledge, these uniform convergence results are new and play
important role in two-step inference procedures where the first-step nonparametric
estimation error should be globally controlled.

This chapter has been adapted and used as two sections in different papers.
Section 3.1 has been used as one application in the paper “Glivenko-Cantelli theorems
for integrated functionals of stochastic processes”, which is a joint work with Jia Li
and Yunxiao Liu (see Li et al. (2019b)); Section 3.2 serves as Theorem 1 in the paper
“Occupation density estimation for noisy high-frequency data”, joint with Jia Li and

Tim Bollerslev (see Zhang et al. (2019)).
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3.1 Independent Noise

In this section, we focus on a basic multivariate setting, where the efficient price
is contaminated by microstructure noise, which is allowed to depend on other pro-
cesses. For ease of exposition, we consider a standard synchronous sampling scheme.
We apply the pre-averaging approach and propose jump-robust spot covariance es-
timators for both the efficient price process and the noise, and we show that these
spot estimators are point-wise consistent and are convergent to the local moving
average of the true volatility uniformly over time. Our method is in a similar spirit
to Christensen et al. (2013), who use pre-averaging method to estimate integrated
covariance matrix with i.i.d. noise with constant covariance. By comparison, we
allow a more general form of noise whose covariance can be time varing. Although
the setting we consider is not a complete description of the real financial market, it
carries important theoretical insights. A slightly more general setup is considered in
the next section.

We now introduce the setting. Over the fixed time horizon [0, 1], the latent
efficient price process X is a d-dimensional It6 semimartingale of the following form,

t t
X, = x9 +f bsds +f o, dWy

0 0

b [ [ 3050 tpen (= v) s da) (3.1)

t
+f f 8 (s,2) Lys(s,z) =130 (ds, dx)
0 JR

where the drift b; takes values in R, the spot volatility matrix o, takes values in
R4 1V is a d-dimensional standard Brownian motion, § : @ x R, x R+— R% is a
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predictable function, p is a Poisson random measure on {2 x R, with its compensator
v(ds,dr) = ds® A (dz) for some o-finite measure A (). In practical applications, X
models the (log) price process of d financial assets. The process of interest in this
context is the spot covariance process defined as ¢; = o;0,, which takes values in an
open set C (e.g., the collection of positive definite matrices). For ease of discussion,
all processes are assumed to be cadlag and adapted. We further impose a regularity

condition.

Assumption 6. Let r € [0,2) be a constant. The process X is an Ité semimartingale
given by (3.1). The processes by and o, are locally bounded. There exists a sequence
of stopping times (Tp,),,~, increasing to infinity such that for each m > 1 and all
t< T, (w):

(i) |6 (w,t,2)|" < Dy (z), where D, () is a sequence of nonnegative bounded
A-integrable functions on R;

(1) ¢; € Ky, where IC,y, is a sequence of compact convex subsets of C.

The observed noise contaminated prices at times 0, A,,, 2A,,,...,|[1/A,| are given
by
Yia, = Xia, + €, (3:2)

where €;4, denotes the d-dimensional noise. It is convenient to also represent € as a
continuous-time process, even though it comes into play only at discrete times.

We make the following assumption on the noise.

Assumption 7. The variables (€;),., are F-conditionally independent with zero
mean. Moreover,
(1) for each p > 0, E[|€;|?|F] = M,,n, for some locally bounded process M,;
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(i1) Elee] | F] = vin, for some cadlag, Fi-adapted process (vy),, taking values
in an open set C, and there exist a sequence of stopping times (Tp,)m=1 increasing to
infinity and a sequence (Ky,),,~, of compact conver subsets of C such that v; € K,

for each m =1 and t < T,,(w).

A few remarks are in order. Assumption 9(i) is relatively mild regularity con-
dition. We assume that the noise has finite moments at all orders only for ease of
presentation. Assumption 9(ii) mainly requires that the spot covariance of the noise
vector is locally compactly valued. This assumption is akin to Assumption 6(ii) on
the spot covariance of efficient price. Like the latter, we also allow the noise volatility
process to be stochastic with jumps. This is empirically relevant and leads to some
interesting theoretical complications in our analysis.

We acknowledge that this setting is not completely general. While we allow
for unconditional dependence among the noises (as the v and M, processes can be
highly persistent), we rule on their F-conditional dependence studied by Jacod et al.
(2017). In addition, we have implicitly assumed that the data are regularly sampled,
and hence, ruled out random sampling. The results can be extended to allow for
more general forms of noise as studied by Jacod et al. (2017).

Our goal is to establish a uniform approximation of spot estimators for moving
averages of the corresponding underlying processes, which in turn implies the (point-
wise) consistency of the spot estimator because the underlying processes are cadlag.
But this type of uniform approximation is unavailable in the extant literature on mi-
crostructure noise. For this reason, we establish such a result that is of independent

theoretical interest. We consider spot estimators using the pre-averaging method.
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We make this choice only for concreteness, while noting that similar result may be
established using the other approaches mentioned above as well.

To implement the pre-averaging method, we consider a weight function w : R — R
that is continuous, piecewise continuously differentiable with Lipschitz-continuous
derivative, and further satisfies w(s) = 0 for s ¢ (0,1) and Sé w(s)?ds > 0. For an

integer sequence h,, of pre-averaging windows, we set

1 i s j i—1\Y’
nge () A= g (o) - (5)

The building blocks of the pre-averaging estimator are the following pre-averaged

Pn

quantities:

=
3
Il
il
g —
VRN
:'|k>.
N———
=
&
~

=
3
Il
S
s

= <w (hin) - (jh_nl))Q (anY) (ar, V)"

The variance of the pre-averaged return 371" depends on both the price volatility
and the noise volatility. In fact, the variance of the noise induces a bias in the price
volatility estimation that needs to be corrected. To recover the spot volatilities,
we consider non-overlapping local estimation blocks of size k,, which also grows to
infinity but should be at a rate faster than h,, that is, k,/h, — . We set for

i=1,... |n/k

hn kn—hn

D Yy (34)

n j:]-
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Then, our estimator for v, with ¢ € [(i — 2)k, A, (i — 1)k, Ay), 0 = 2,...,|n/k,], is

1 O ¢ 1
given by, U, = 0}

Remark 2. An alternative and simpler estimator H3* without the pre-averaging pro-

cedure is indeed possible. Fori=1,...,|n/k,]

~n,a 1 S n f
o7 = 2k, 2 (DG, Y) (A(i—l)knﬂy)T’
n o=

and 09" = 0 for For t € [(i — 2)knAp, (i — Dka\,), i = 2,. .., [n/kn].
Suppose Assumptions 6 and 9 hold. For k,/n — 0 and k, — o, it can be

shown that 13t £, vy, and that 0% takes values in a compact set locally in time.

We nonetheless choose the estimator (3.4) in the current paper for a cleaner bias

correction in the price volatility estimation.

Turning to the spot estimation of the price volatility, we set for i = 1,...,|n/k,|
kn—h
oY 1 1 R " ~n ~7’l T
= A X Viuies) (Foomss) Lo, e}
n=n nWn T
’ (3.5)
o
R2A,p, "

where the truncation threshold wu,, is introduced to eliminate jumps, and the second
term is a bias correction induced by the volatility of the noise. Similarly as above,

we approximate ¢; at t € [(i — 2)k Ay, (i — Dk, Ay), @ = 2,...,|n/k,], using é = &

Remark 3. An alternative estimator é?’“lt of the spot covariance could be defined in
exactly the same way as (3.5) with v replaced by ﬁf’“lt given in Remark 2. With the
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~n,alt

same conditions as in Lemma 1 below, we can also verify that ¢, takes values in a

compact set locally in time.

With standard chosen tuning parameters for the pre-averaging method, we give
in the following lemma the pointwise and uniform convergence results and show that

the estimators ¢;, v; take values in a compact set locally in time.

Lemma 1. Suppose that (i) Assumptions 6 and 9 hold; (ii) the sequences ky, h, and

Uy satisfy

6+r 41—7) 1
=n" = n'/? = @ 1 — = .
kn=mn7, hy=n"" u, (hn/n) 776( ] >,we( 2 _ 72)

Then, (a) ¢ — ¢, and 9, — v, for t € [0,1); (b) with p > 4/(2y — 1)

ikn /n
max no_ _J CSdS _ Op (k:—l/p v nl—(l—r/Q)wh(l—'r/Q)wk—1> ’
1<i<[n/k;nj Z 1 kn/n n n n
kn_hn h7l l _ 1 2
max |0} —w [ —=
1<i<|n/kn] | ' 2¢n n ]211 lZ; ( ( ) ( hn, ))
X (U= Dk +5+0An T V(i=Dkn+i+1-1)20) | = Op (k7).

Remark 4. Part (b) in Lemma 1 establishes the uniform convergence of spot volatil-
ity estimators, together with their uniform convergence rates. Similar to the standard
case without microstructure noise, the uniform convergence results are only estab-
lished for the difference between the spot estimators and the local average of the true

volatilities.
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3.2 Noise with Long-run Dependence

In this section, we consider a slightly more general setting in which we allow for
random sampling and that the noise can have long-run dependence. Similar as
above, we will use the pre-averaging method to estimate local volatilities.

We consider the same weight function as in the last section: w : R — R is contin-
uous, piecewise continuously differentiable with Lipschitz-continuous derivative, and
further satisfies w(s) = 0 for s ¢ (0,1) and Sé w(s)?ds > 0. In addition to the weight
function w, the pre-averaging method also requires a smoothing parameter h,. Let
the ith noisy return by A}Y = Yr,i) — Yrem,i—1), the pre-averaged returns are then

simply defined by,
N hpn—1
Y= ) w(i/ha) ALY (3.6)
j=1

In our effort to further study the volatility of the noise as an illiquidity measure,

we follow Jacod et al. (2019, 2017) and assume that it has a multiplicative structure,

€ = VT(ni) " Xi- (3.7)

Without loss of generality, we normalize the standard deviation of the y; shock to
unity, so the 7 process is directly interpretable as the volatility of the noise. We
in turn use our estimate of v as a measure of the effective spread in our empirical
analysis. Importantly, since the v process is generally stochastic and may be strongly
persistent, our setup allows the €' noise term to be strongly serially dependent.
Moreover, the x; term is also allowed to be serially correlated, thus permitting an
extra layer of dependence. Formal regularity conditions on the different noise terms
are given in Assumption 9 below.
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3.2.1 Regularity Conditions

Our estimation procedures naturally require some, albeit very mild, regularity con-
ditions. We begin by discussing the conditions pertaining to the irregular sampling
times, followed by the conditions for the market microstructure noise, and the latent
price process itself.

Compared to a regular sampling scheme with T (n, i) = iA,, for some fixed sam-
pling interval A,,, the present setting allows T (n, 7) to be random, irregularly spaced,
and dependent on various underlying processes, including the latent price volatility
process. Specifically, let Ni* = > .- 1¢7(ni)<sy denote the number of returns observed

up to time t. The sampling interval for the ith return is then,
A(n,i)=T(n,i) —T(n,i—1).

We consider an infill asymptotic setting, in which these sampling intervals go to zero
as n — oo in an average sense. Below, we use A, to denote a positive real sequence

such that A, = o(1) as n — co. Formally, we maintain the following assumption.

Assumption 8. The following conditions hold for some constant p > 1/2, a sequence
(Tm)m=1 of stopping times increasing to «, and a sequence (K, )m=1 of strictly pos-
itive constants.

(i) « is continuous and oy > 0 for all t.

(ii) A, NP Foa = Sé agds, for all t.

(iii) In restriction to {T (n,i — 1) < Tp}, |Elarmi-1nAn, )| Frmi—1] — An| <
K AL and El|arm,i—1A(n, ) 5| Frmi-n] < KnAL for all k = 2.

The « process in Assumption 8 provides a summary measure of the sampling
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intensity. Condition (iii), in particular, suggests that A, ; ~ An/OZT(n,i—l), so the
sampling interval is shorter when the intensity is higher, and vice versa. As such, the
a process is only identified up to scale (scaling A,, and a with the same constant leads
to no change in the theory). Assumption 8 is inspired by Jacod et al. (2019, 2017),
albeit slightly weaker than the conditions invoked in those papers.! It accommodates
all of the irregular sampling schemes commonly used in the literature including, for
example, modulated Poisson schemes and time-changed regular sampling schemes
(with p = 1), as well as modulated random walk schemes (with any p > 0); see
Jacod et al. (2019, 2017) for more detailed discussions of these alternative schemes.

The two separate processes that combine to define the market microstructure
noise term also need to satisfy some mild regularity conditions. The next assumption

formalizes these conditions.

Assumption 9. The €' noise has the form (3.7) and the following conditions hold
for a sequence (Ty,)m=1 of stopping times increasing to o, and a sequence (K,)ms1
of strictly positive constants.

(i) The process 7y is cadlag and adapted, and 1/K,, < vy~ < K, in restriction to
{t <7}

(ii) The variables (X;)icz form a stationary sequence, independent of Foo = \/,—o Ft,
with zero mean, unit variance, and finite moments of all orders.

(11i) The variables (x;)icz i p-mizing with mizing coefficient py satisfying py =

O(k™") for some v > 4.

1 See Assumption (O) in Jacod et al. (2017) and Assumption (O-p, p’) in Jacod et al. (2019).
These authors require stronger assumptions than ours so as to prove central limit theorems. The
derivation of central limit theorems for volatility occupation densities, even in the case without
microstructure noise (as in Li et al. (2013)), remains a very open question, mainly due to the fact
that the occupation density itself is a random function with very limited smoothness properties.
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Importantly, these conditions allow for quite general dependencies in the noise

term, including serial correlation.?

The serial dependence may arise through two
separate channels: calendar-time persistence in the noise volatility process (7;), and
tick-time dependence among the shocks (;).

Finally, we also require a “smoothness” type condition on the actual price pro-

cesses. The following assumption formalizes this final requisite set of conditions.

Assumption 10. The following conditions hold for a sequence of stopping times
(Tm)m=1 increasing to oo and a sequence of positive constants (Kp,)ms1-
(i) The efficient one-dimensional price process X satisfies (3.1), with its jump

component given by
¢
ZAXS = J J d(s,2)pu(ds,dz),
s<t 0 JR

where p is a Poisson random measure on R, x R with a deterministic compensator
v(dt,dz) = dt ® X(dz) for some o-finite measure X\ (dz) on R, and ¢ is a real-
valued predictable function on Q x Ry x R. There exists a sequence (I'y)ms1 of
deterministic nonnegative \-integrable functions on R such that [§(w,t, 2)|" A 1 <
T (2) in restriction to {t < 7,,} for some r € (0,1].

(i1) Each ¢ € {a,b,0,v} is an Ité semimartingale of the form,

t t t
U=y + J byds + J G dW, + f &AW + J,, (3.8)
0 0 0

where the processes b, & and &' are locally bounded and adapted, W' is a Brownian

2 The empirical analyses in Hansen and Lunde (2006) and Jacod et al. (2017) clearly point to the
importance of allowing for high-frequency serially dependent noise.
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motion orthogonal to W, J, is a purely discontinuous process of the form,

t t
Jy = L fR(S (s,2) 1{||S(5,z)||<1}<,u —v)(ds,dz) + L JRCS (s,2) L5(s.0 =13 2 (ds,dz),

where & is a real-valued predictable function on 0 x Ry x R. There exists a se-
quence (U, )m>1 of deterministic nonnegative A-integrable functions on R, such that
10(w,t, 2)|> A 1 < W, (2) in restriction to {t < T}

(i1i) For each m > 1, 1/K,, < 0y_ < K, when t < 7,,.

Assumption 10 is quite mild and is satisfied by most continuous-time models
used in economics and finance. In particular, it allows both of the o and v volatility
processes to exhibit intraday periodicity, very general forms of dynamic dependencies,

and jumps of unrestricted activity.
3.2.2  Estimation

We require an estimate of the spot autocovariances of the noise for a growing number
of lags k],. Asis common in the literature on spot volatility estimation, we consider a
local window L,,, and divide the (normalized) sample period [0, 1] into M,, = |1/L,|
non-overlapping blocks (each of length L, in calendar time). Intuitively, we need
L, — 0 in order to “kill” the bias in the nonparametric estimation, while at the
same time requiring each of the local windows to contain a sufficiently large number
of pre-averaged returns so as to attain statistical precision.

Specifically, let J; denote the index of the first observation in the ith estima-

tion block (i.e., [(i — 1)Ly, iL,]). For this block, we define the (unnormalized) spot
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autocovariance of the noise at lag [ as,

Nﬁ:n (TE—I)Ln —5kn

Uy = Z (Yrn,giei) — Yorjaonn) Yooy — Yoajean, ) (3.9)
=0

where Y” = k! Zk” ! Y7(nj+r). For the purpose of defining the spot volatility es-
timators, it is useful to further associate the weight function w and the smoothing

parameter h, with the following constants,

(3.10)

2( (”1)—w<h%>)(w(ﬂ%‘l)—w(ﬂ)-

Using this notation, our spot variance estimator of the efficient price on the ith block

may be conveniently expressed as,

NinLn_N(T;—l)Ln_h”
1 1 2
~2 . n
U(iil)L” - Ln hn¢n 2 (YJ +J) 1{‘ J+]‘<u”}
j=0

h’2 ¢n — /

where the truncation threshold wu,, is introduced to eliminate jumps, and the second
term involving the growing number of k], autocovariances corrects for the bias induced
by the possibly autocorrelated noise. Correspondingly, our estimator for the spot

variance of the noise is given by,

U0)r
~2 7
. = ) 3.12

V(l*I)Ln Nz'r}/n N(TlL DL ( )
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Finally, to extend the estimators on each of the blocks defined in (3.11) to all times

in [0, 1], we simply set,

/\2 . - .
2 _ {U(Qz’—l)LTn tel(i—1)Ln,iln), 1<i< My, (3.13)

Oirt, -1y, tE[MnLy, 1],

with 47 extended from (3.12) in a similar fashion.

The estimators defined above all rely on certain tuning parameters, as it is in-
variably the case with this type of nonparametric estimation in a general statistical
setting. Since all of these tuning parameters are introduced in a standard fashion,
the prior literature is also highly informative about their choice and interpretation.
The smoothing parameter h,, in particular, is standard in all pre-averaging type
estimators (see, e.g., Jacod et al. (2009) and Jacod et al. (2010)). It serves to reduce
the bias resulting from microstructure noise. The thresholding technique and the
use of the wu, truncation parameter is also standard for eliminating jumps, both in
the cases with or without noise (see, e.g., Alt-Sahalia et al. (2012) and Li (2013)).
Allowing the noise to have mixing-type serial dependence necessitates the additional
tuning parameters k,, and k], for the purpose of estimating the “local long-run” vari-
ance of the noise (see Jacod et al. (2019, 2017)). This mirrors the heteroskedasticity
and autocorrelation robust variance estimation in conventional long-span time-series
settings. Finally, the use of a local window L, is also a common feature of essen-
tially all spot volatility estimators, with or without any noise (see, e.g., Jacod and
Rosenbaum (2012)).

The following theorem formally spells out the consistency of the spot estimators

and their associated rates of convergence subject to standard choices of the different
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tuning parameters.?
Theorem 3. Suppose that (i) Assumptions 8, 9 and 10 hold; (ii) h, = A2

ky, = A;1/5, k! = A;l/S’ L, =A7 with0 <7 < %, Up = (haAp)® and

2|v| -4 1 2|v| -3
r<m and 1o 4[14——4

Then, for each t € [0, 1],

Y= = Op (A;/ 4 An/ i ) :

If, in addition (i) 0 < T < 11/60, then

sup -0, (Ai/4—7 v A}Ll/40—3’r/2) ’

1<isMy

1 (iLn
~2 2
O - — o.ds
(—DLn Ln J;il)Ln

sup ~0, (Ai/5—37’/2 v AT log (Agl)l/z) .

1<i<M,

2 L 2
Yi-1)Ln — L_n f(i—l)L Ysds

Theorem 3 provides upper bounds for both pointwise and uniform convergence
rates of the spot variance estimator of the efficient price and that of the microstruc-
ture noise. The former, in particular, attains the A, 1/8 pointwise convergence rate

for 7 = 1/4.% Bibinger et al. (2019) have recently shown that in a setting with

3 These new spot estimators could in principle be used in the construction of reduced-form
forecasting models for price volatility and market illiquidity. We leave further work along those

lines for future research.

4 This optimal rate is attained by judiciously balancing the estimation bias, which is of order
Op(A:/z), and the statistical error, which is of order Op(A}/Zl*T/z).

o8



finitely-dependent noise and a random independent sampling scheme, the optimal
convergence rate for spot volatility estimation is A, 18 Since the present statistical
setting is more general, our spot volatility estimator thus achieves rate optimality as

well.
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3.3 Proofs

3.3.1 Proofs for Section 3.1

Throughout the proofs, we use K to denote a generic constant that may change from
line to line. By a classical localization argument, we impose the following stronger

assumption without loss of generality.

Assumption 11. We have Assumption 6 with Ty = oo. Moreover, the processes

b, X are uniformly bounded, and c, o take values on a compact convex set.

Proof of Lemma 1. We start with introducing some additional notation. For
simplicity, we set w} = w (j/h,) and @} = w (j/h,) —w ((j —1)/h,). In addition,
we let X¢ be the continuous part (drift plus diffusion) of X. The pre-averaged values

e, X" are defined in the same way as in (3.6). Let | X[, = (E[|X[?])"? be the

J7 J

L, norm of X, and Ez[-] = E[-|[F]. We further set Y, = X§5 + €ja,. Note that

Yo" = X0t 4 et

J J J-

We use ¢} and 0" to denote the estimators calculated using returns over the ¢-th

block [(i — 1)k, /n,ik,/n], i = 2,...,|n/k,]. We observe ¢ = ¢ + ¢, where

kn—hn

~n/
C —

N hngf)n Z (Y(inl kn+y>2 hQZcbnAln’

1 kn—hn

~ 2
sz/ _ knA—nhn¢n ; ((3/7(1'_1)%-&-]‘) 1{ %

Gty Stn }
vre,n 2
<}/(z 1)kn+]> '
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To show the second assertion in Lemma 1, it is enough to prove that both ¢ and
¢ take values in a compact set. We shall couple ¢ with a sequence of bounded
sequence, and show their difference uniformly converges to zero over all estimation

blocks. We will also show below that ¢ uniformly converges to zero.

The following lemma gives the uniform approximation for v}

Lemma 2. Suppose that (i) Assumptions 6 and 9 hold, and (ii) h, = n'?, k, =n",

with 1/2 <~ < 1. Then, we have for p = 2/v

@?_2(;—5”]{:” Z Z(wln)2

max
1<i<|n/kn]

2 2 -1
X (a((i_l)kn+j+l)Arz + a((i_l)kn"!‘j'i‘l_l)An)‘Hp < Kkn /p'
Proof of Lemma 2. We write v = U}, + U3, + Uy';, where

hn kn—hn hn

Z Z (@})? (€l—1)hntitt — f(i—l)kn-i-j—i-l—l)z ;

nooj=1 I=1

n o __
Ul,i =

Ugﬂ - 2¢nkn jzzzl ; <w?)2 (Aa_l)kn-i-j-i-lX)Q?

B= = @) ALy s 1 X (1) ti — €= hnri+-1)

First, consider U7;. We set

hn

n —n 2
Nij = Z (wl )2 ((G(z’—l)kn+j+l - G(i—l)kn+j+l—1)
=1

o (a%(i_l)kn"l‘j"!‘l)An + a%(i—l)kn-i-j-i-l—l)An)) )
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Clearly, n;'; has conditional zero mean, and 7;’; is conditionally independent of

Niih,+1- 10 addition, due to the fact that [w]'| < K/h,, € is conditional inde-

pendent and has finite conditional moments of all orders, we have |n};|, < Khn 32,

From here, we deduce

—1/2
ik Z L I (314)
Applying a maximal inequality directly yields
kn—hn hy,
Ul —
1<}2ﬁ}/(knj 1 2¢>n n ]Z; IZ; o)
(3.15)

X (a%(iq)knﬂﬂmn + O‘%(ifl)knJerrlfl)An)’Hp < Kn'/Pk, Ve,

Picking p > 2(1 — )/, the right side goes to zero.
By classical estimates of It6 semimartingale and a maximal inequality, we imme-

diately have for p > 1

< Kk;UP, (3.16)

p

(e Uz

Finally, note that Ex[A}, ;X (€i+; — €45-1)] = 0. Then, by the same argument
as in deriving (3.14), classical estimates of It6 semimartingales, and a maximal in-

equality, we deduce

< Kk 12, (3.17)

p

o U3l

The assertion of the lemma readily follows from (3.15), (3.16), (3.17), and the
restriction p = 2/+. Q.E.D.

62



Lemma 3. Suppose that (i) Assumptions 6 and 9 hold, and (ii) h, = n'?, k, =n",

with 1/2 < v < 1. Then, we have for p > 4/(2y — 1)

- n ik}n/n 1 kn—hn hn
max ¢ — 7

1<i<|n/kn|

j=1 1=1

(kDA — Qi1 41-1)A,) Hp < Kk, ',

If we further assume oy is an Ité semimartingale, then

n
~n/
¢ = — J csds
(

< Kk VP,
kn Jii—1)k/m

p

max
1<i<|n/kn|

ds — ——— 572
k., (i71)kn/ncs i 2k, Ay by by, 2 Z(wl)

Proof of Lemma 3. We set w,,;(s) = w(j/hy), when s € [(i +j — 1)A,, (i +7)A,)

for j = {1,...,h, — 1}. Then, by definition we can write

R (i+hn—1)Ap
Fon _ J W 4(5)dXE.
iAn

By It6’s formula,

N (i+hn—1)An 2
(an> = f Wy i(8)dXE
iAn

(i+hn—1)A, s
= 2f (J wn,i (U)dXi) wn,i(s)(bst =+ O’deS)

iAn iAn

(i+hn—1)Ap
+ f (wm-(s))2 olds.
iAn,

Let

(3.18)



By (3.18), we can further decompose
Xi" =& + &0 + &5

where

r(i+hn—1)An s
&r =2 J < f wn,i(u)dxg) Wy i(8)osdWs,

(VAN Ay,

P(i+hn_1)An S
;? = QJ (J wn,i(u)auqu) Wy i(5)bsds,

Ay i Ay

r(i+hn—1)An, s
& = 2J <J wn,i(u)budu> Wi (8)bsds.

7AN iAp,

By repeatedly using Burkholder-Gundy inequality, the boundedness of b, o, and

wy,i(t), we deduce for ¢ > 1

E[|77]"] < K (hadn)?, (3.19)
E[|&7 "] < K(haln)*, (3.20)
E[l&7 "] < K(hadn)™. (3.21)

Note that 55? 18 F(i+h,—1)A,-measurable, and hence we deduce by the property
of martingle difference array that

11 e

1/27,—1/2
Ao Z & s | < KD, (3.22)

p

Applying a maximal inequality yields

1 1 kn—hn

/C A hn¢n ; 51 (i—1)kn—+j

<i< [n/k

P (3.23)
< Knl/ph}l/2 ko 1/2=1/p.
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With p > 4(1 —7)/(2y — 1), the right side of (3.23) goes to zero.

Next, it is easy to see from a maximal inequality that

1 1 fnde

max
1<i<|n/kn |

N jZ 2:(i_1)kn+j

=1 » (3.24)

< Knl/p_l/Qh}l/Qk:gl/p.

The right side goes to zero as long as p > 4(1 — 7).

Similarly, we have

1 1 Fnchn

Ry hnthn = $5.(i=Dka+s

max
1<i<|n/kn |

» (3.25)

< Kn'/?P=h, k1P,

Again, the right side goes to zero as long as p > 2(1 — 7).
Combining (3.23), (3.24) and (3.25), we have

1 1 kn—hn R
max 7 XC"n j
1<i<|n/kn| knAn hn¢n j; (=1knts (3 26)
» .

< Kn'/PhY2 12 1p,

Next, we shall show

11 e 9
lggﬁy,}/{knj kA, Py, ]Zl (e(i—l)kn+j)

(3.27)

< KnY/Ppi2—1/2-1/p

p

h'!L
—_n\2
- Z (w]") O‘%(i—l)k:n—&-jﬂ—l)An)

=1
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For ¢ = 2, we observe

q
n
— T
Z Wy €54+1-1

h
]E [
=1

] < K/hi?, (3.28)

where we used the fact that ¢; are conditionally independent and have finite moments
of all orders, and that |w}| < K/hy,.
We define

—n\2 2
wy') QAri-1)A,

=
.3

Il

<
)
|
—

—

hn

= Z Wy, (€541 -1€5 411 — EF [€41,-1611,-1]) -
Ilz=1
Obviously, Ex[A?] = 0. In view of (3.28), the fact that [w}| < K/h,, and the

boundedness of «, we deduce for ¢ > 1
E[[A7["] < K/nj. (3.29)

Note that A} has (conditional) zero mean and is conditionally independent of

A%, Hence, in view of (3.29) and the assumption on h,,, we deduce

1 1 e

kA h b 0 1/27.-1/2
[RANS 0 ]2_1 A(i,1)kn+j < Kh,/°k/*.

p

Applying a maximal inequality yields

11 e

kA hngbn 2 AZ Dkn+j

< Knl/ph;ﬂ k- 1/2=1/p.

<i< n/kn
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With p > 4(1 —7)/(2y — 1), the right side goes to zero, which proves (3.27).
We denote by O,p(ay,) a sequence whose the uniform convergence rate under L,
norm is a,. In view of Lemma 2 and (3.27), we get for p > 2/v

L 6,

~n AN

2
CRNS Z; (Evena) = 7zn,6,"

B S« (R PR , (3.30)
TN D0 2 @ (Ot ii-1An — W1t +DAL)
nBnlln®n 5 5

+ Oup (k7Y + Oy (nPRY 2, 1271P)

n

Now, we shall show

ken—h
1 I ' ven 1pp1/27.~1/2—1/
1<i€inknl | knlSn Fnton Zl X bt Sl karg || S K Ph k2P (3.31)
J= P
By conditional independence of ¢;, we have E;[)? J"er] = 0. Hence, X ;e form

a (conditional) mean zero sequence, and )N(JC"E”;‘ is conditionally independent of

Xon &, . By (3.18), (3.19), (3.20), and (3.21), we have for ¢ > 1

s[5

| < KA. (3.32)

We deduce by (3.28), (3.32), and the Cauchy-Schwarz inequality that

vC,nan g v-C,n 2 ~n 24 q/2
E||Xe] | < B (X)W E|@)"] < kazz,

J
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From here, based on the maintained assumptions on h,,, we have

( kn—h
k?nAn hn¢n JZl X(i_l)kn‘f‘je(i*l)kn*’j < Khn kn )
; p
B¢ 1 1 knfhn ~em o
1<iH$1[%L}/(knJ ko, by ; X(z‘—l)kﬁje(z‘ﬂ)knﬂ

< Knl/P hi/ gk; 1/ 2*1/107

which proves (3.31).

Lastly, we shall show that

< Kn'/Phy k7P, (3.33)

p

1<gﬁz}/<knj |§z |

where

B 1 ki f«z’—l)kmm—n/n
knAnhn¢n j=1 (

ikn/n
— EJ csds.
(

kn JG—1)kn/m

(w5 (5))” exdls

&'

(i—1)kn+37)/n

With p > 2(1 —~)/(2y — 1), the right side of (3.33) goes to zero.
We set

t

(wnv(i_l)kn+j(s))2 Cst, C't = J CSdS.

((i—D)kn+j+hn—1)/n
J 0

(i—=D)kn+3)/n
Be the definition of w,, ;(t), we observe

hp—1

n n\2 n
Ui = Z (wi’) (i—1)kn 45410

=1
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and by changing the order of summations, we get

kn—1 (hn—=1)A(v-1)

e 2
S = TBahon h & 2 AintnC Y (Wninks(s))
=2 I=1v(v+hn—kn)
ikn/n
- EJ c.ds.
K Ji=1)kn/m

kn hn+1 n ikn/n
n
2 Al 1k +0C 5 J csds + e,
n J(i—1)kn/n

v=hn

where the remaining term e!" satisfies e[, < Khy/k,. Due to the boundedness of
¢r, we deduce ||€], < Khy,/k,. From here, a maximal inequality gives (3.33).

The first assertion of the lemma follows from (3.26), (3.30), (3.31), (3.33), and
the restriction p > 4/(2y — 1). The second assertion is an immediate consequence of

classical estimates of It6 semimartingles. Q.E.D.

The following lemma aims to show that ¢ take values in a compact set.

Lemma 4. Forr € [0,2), suppose

kp=n", hy,=n"2 wu, = (h,An)Z, we(M 1), 76<6+T,1).

2—1 2 8
Then,
kn—h
1 1 . v 2
lS’lIgﬁf/(knJ knAn hngbn ]21 (<Y(ll)kn+J> L ?(Tilfl)knJrj’Sun

C n 2

H < K (hoAn) 2% /(ky Ay).
1
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Proof of Lemma 4. First, we shall show that
~ \2 ~ N2
E( <}/ln) 1|f/n|<un o (}/ic,n) ‘) < K(hnAn>1+(1_r/2)w.

Recall the definition of w;,;(s) in the proof of Lemma 3. We set

f d(u, 2)wp ;(s)u(du,dz), re|0,1]

Fdn _ ] s (i+ha)An]xE
f u, 2)wn i (s)(p —v)(du,dz), re(1,2).
[iAn,(i+hn)An] X E

According to Corollary 2.1.9 in Jacod and Protter (2012), we deduce that for

w=r,qe€ (0,1/r) and some a,, — 0,

E (‘(hnAn)’q X

YA 1|]—"i"> < K(haAy) " a,. (3.34)

Note that for any z,y € R and 0 < v/ < u < u”, we have a universal constant K,

such that
- R o
‘(33 + y)21{|x+y\<u} B :U2| <K $21{|$|>u’/2} + Z (u”) ’ ’x’j (J /\ 1) )
j=0

(3.35)

In view of (3.28), (3.32), we have

~ |l
E [ yen ] < K(haA,)?2. (3.36)

Applying (3.34), (3.35) with z = X" + 20 y = X" w = u,, v = (haA,)=/C,

u”" = C(h,A,)” for some constant C' > 1, and (3.36), we deduce that for any ¢ > 0

~ 2 ~ 2
3 () e - (7))

< K ()20 o (A, D7 g, )

(3.37)
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Picking a large enough ¢, the majorant side is bounded by K (h,A,)"*0=7/2)=

From here, the assertion of the lemma follows from a maximal inequality. The

restrictions on h,,, k, imply the right side goes to zero. Q.E.D.

The pointwise consistency and the compact support results in Lemma 1 are direct
consequence of Lemma 3, Lemma 4, the right continuity of o and ¢, and the fact

that these two processes take values in a compact convex set. This finishes the proof.

Q.E.D.
3.3.2  Proofs for Section 3.2

Throughout the proofs, we use K to denote a generic constant that may change from
line to line. By a classical localization argument, we impose the following stronger

assumption without loss of generality.

Assumption 12. We have Assumptions 8—10 with 7 = 0. Moreover, the functions
8, 0 and the processes b, 0,1/, , 1/a,v,1/v,X are bounded and for some constant

K > 1, we have,

. Kt
NS R (3.38)
A
E A(n,z)——n —FT(TL,i—l) < KATILJFP, (339)
AT (n,i—1)
E[A(n,i)"] < KA~ (3.40)

We recall some classical estimates for [t6 semimartingales that are used repeatedly

in the sequel. If Z is an Ito6 semimartingale that satisfies Assumption 12, then for
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any two stopping times v < v and a constant ¢ > 2,

[E[Z, — Z,F.]| < KE[v —u|F,],
E| sup |Z— Zu]q‘ ]:u] < KE[(v—u)!F,] + KE[v—u|F,].

s€[u,v]

Since E [A(n,1)"] < KAF (Assumption 12), we further have for any ¢,j > 0, s > 0
and q € [2, K],

E [ Zrniy46)aT(miti) — 21| Froms || < Kjldn,

. . 3.41
E sup ‘ZS — ZT(n,i)rJ' ]-"T(n,i)] < K ((JA)T+ jA,) . (3.41)

se€[T(nyi),T (nyi+34)]

Proof of Theorem 3

We start with introducing some additional notation and preliminary estimates.
For simplicity, we set w} = w (j/h,) and @} = w((j +1)/h,) — w (j/hy,). For a
generic process Z, we denote Z;' = Zp(,;. Similarly, we write F;' = Fr@). We

consider the following o-fields,
Gi=o(xi:i<j), G=o(xi:ie€l), K!=F®Gj h,-
In addition, we let X¢ be the continuous part of X, AN(L,)} = Nj; — Nivr.»

r(5) = E[xox;], Fno = E[(X3)?] and

-

t hn—1
17 2 n __ n\2 An Y7
Vi :J oZids, V= (wy)” A}V,
0 u=1
e = (@) — ()7 Rom = (Ren)’ _
) 7 = \% 7 n,0, i = J 7o
- hp—1
c,n c cen —ny,Cn
Y;' _XT("])+€J’ YJ = Z uY;Jru’
5 u=0
—n _ [yren _n_ (n\2y  _ en n vCnan
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where the pre-averaged values X, €7, X ]c "™ are defined in exactly the same way as in
(3.6).
Lemma 5. Let Z be a generic bounded cadlag adapted process that satisfies (the
localized version of ) Assumption 10(ii). Suppose (i) the conditions of Theorem 3
hold; (ii) (m,) is a sequence of positive integers satisfying m, A" — 0. Then we
have

(AN(Lp)2=mp)vO0

@ E L_n Z Zrmait) = Ui-1)Ln 2| | < K (A7 v m, A7)
n 0

A (AN(Ln)p=mn)vO0 | il
(b) E Sup - |7— Z ZT(n,Ji-i-j) - L_J; aSZSdS

1<isM, | Ln ) n J(i-1)Ln

<K (A}/%% v ma A7)

(¢) Moreover, A, ; = {AN (L)} < KL,/A, for some K > 0} satisfies P (A, ;) — 1
and, when T € (0,1/4), A, = {AN(L,); < KL,/A,, for alli and some K > 0}
satisfies P (A,) — 1.

Proof. Parts (a) and (b). We decompose

A (AN(Lp)P=mp ) vO
L—n Z ZT(n,J,-+j) - a(i—l)LnZ(i—l)Ln =&+ fz{n7 (3-42)
n =0

where

1 iLy,
ZT(n,Ji-i-j) - L_J O‘sstS;
=0 n J(i—1)Lp

1 L,
& = L_J s ZsdS = Q(i-1)L, Z(i-1)L,-
n J(
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With an appeal to classic estimates for 1t6 semimartingales together with the as-

sumption L, = A7, we deduce that
E[l&")] < KLY? < KAT?2, (3.43)

It remains to derive bounds for the term & on the right-hand side of (3.42). To

: 4
this end, we decompose £ = >, _, ¢* | where

n,1
G =7 Z(n,g45) { A larm, ) A, Ji + j + 1) Frmgp]}
n j=0
1 AN(Lp)™
n,2 __
Ci = L_ Z Z nJr&-]){E [aT nJ-+j)A(n J, +] + 1)|fT nJH_j)]
AT (n,J;+ A(n, Ji‘f—j—Fl)},
1 AN} T(n,Ji+j+1)
~ L. Z Z1(n,Ji45) 0T (n, 34 A (0 Ji 4§ + 1) — f Zsads |,
j=0 T(n,J;+j)
1 (T(nJi+AN(Ly)P+1)
Cz‘nA = L_J Zgougds
n JiL,
1 T(n,J;) 1 AN(Lp)}
- Zsogds — — Zrim g\,
Ln Ji-1yr, L Z T(nJit3)

§=(AN(Lp)2—my ) V0

To prove (a), it is enough to bound E[|¢*|], for k = 1,...,4. To prove (b), we need
bounds for E[sup, <y, [¢*|], for k= 1,...,4. We consider these cases in turn,

Case k = 1. Due to the boundedness of Z, the fact that AN (L,,)? < NJ* < K/A,,
(3.39) in Assumption 12 and L, = A7, we have

{\g“\ < KA? /L, < KA (3.44)

SUP <<, G| < KA

Case k = 2. Let 7);” denote the summand in the definition of (" 2 5o that we can

AN Lﬂ ’I’L,’i

rewrite (* = L D=0 ;. Note that the summands 17;” form a martingale
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difference array; hence, we have

>

7=0

2
) < KA, /L2, (3.45)

2 1
E [ o ] —E sup
T =B,
where the first inequality follows from the fact that AN(L,)" < K/A,; the second
inequality follows from Doob’s inequality and (3.40) in Assumption 12. A maximal
inequality further implies (with |-|, denoting the Ly norm)

sup  [(]"’|

1<i<My,

1/2
<My swp (E||G?F|) " < KAMPZ/L,. (3.46)

9 1<i<Mp

Since L, = A] and M, < K/L, by definition, we deduce from (3.45), (3.46) and

Jensen’s inequality that

2] < 1/2—7
]E [|<Z H KAnn2 9 1/2_37/2 (347)
E [supycicas, |¢7]] < KA 72
Case k = 3. We observe that
3 K/An (n,Ji+j+1)
UCn ‘ _E J ‘ZT(TL,Ji+j)aT(n7Ji+j) — Zsas‘ ds
T(n,J;+j)
K/A
Z K [ Sup ’ZT(nJer)aT(nJi-i-j) - Zsas’ A(n; Ji+J+ 1)]
L e[T(n,Ji+4),T(n,J;i+5+1)]
Ai/ 2/Lm
(3.48)

where the first inequality is by the triangle inequality; the second inequality is ob-
vious; the third inequality follows from the Cauchy—Schwarz inequality, (3.40) in
Assumption 12 and (3.41). By a maximal inequality, it follows that

E [ sup }Clng‘] < KM, sup E HCZMH < KAY2M, /L, (3.49)

1<i<My, 1<i<My,
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Since L, = A7 and M,, < K/L,, we deduce from (3.48) and (3.49) that

{ E[|¢"]] < KA, (3.50)

E [SUPlsisMn \473\] < KA’I“/Q_QT'

Case k = 4. The expectations of the absolute values of the first two terms in the
definition of (" 4 are bounded by K A,/L,. In addition, the absolute value of the
third term there is bounded by KA, m,/L,. Under our maintained assumptions on

L,,, we obtain

n,4 1—-7
{EHQ | < Kma A, (3.51)

E [suplgisMn ‘CZMH < K (A +m, A7),

We are now ready to prove the assertions in parts (a) and (b). Under the as-
sumption that p > 1/2, combining (3.44), (3.47), (3.50) and (3.51), we deduce that
E[lg'] < KA v m,AL7) and E [supqoy, [€7]] < (AP v m, AL,
which proves part (b) of the lemma. The assertion in (a) then follows from this
estimate of E [|£|], the assumption 0 < 7 < 1/3, and (3.43).

(c¢) Given 0 < 7 < 1/4, applying part (b) with m,, = 0 and Z;, = 1 identically, we

deduce

1 (in
sup |AN(L,)!An/L, — —J asds| = op(1).
Ly Ji-1yL,

1<i<Mn

Since the process « is bounded, the variables (AN (L,,)"A,/Ly)1<i<m, are uniformly
bounded with probability approaching one. That is, P (A4,) — 1. Similarly, using
the bound in part (a), we deduce P (A, ;) — 1, for each fixed i. Q.E.D.
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Lemma 6. Suppose that the conditions in Theorem 3 hold. Then for some constant

n >0 and an array (P};) of G-measurable random variables satisfying E[(®};)*] < 1

)

the following statements hold:
(@) [B[Z,451C54]| < K754

() E |[Z] | < K (ot 4 22):

@)E[K Jﬂ)gﬂ Py i) T (Y?L)1]<J(Umﬁnfﬂ“5

(d) for each L€ {1,... ky},

E‘U@?—MDZQ%MW%“(W )1@_] < KLk /AN,

Jityg

E [sups<ica, [U0F =@ X200 (95,7 14, | < KRP/L AN,

7

Proof. To see part (a), we note by the triangle inequality that

B [5,4,1K5 ]| < K <‘E [X‘CIZJ JH” + B [€5,4,1C5, 511 + }E [XEZJEJ +IK5, *j]D

A1/2
<K@%(hAw+A—+ ),

hv 1/2

where the second inequality follows from Lemma A2 and Lemma A5 in Jacod et al.

(2019). The assertion of part (a) then follows from h, = A, Y2 and v > 4. Part (b)

)

can be proved similarly by noting

]+E[

< K ((haAp)* + "™+ A2)

— 4 c,n
E [ =Jitj ] <K (E “XJ +j

I+ B |[%5n2

Part (c) is directly from Lemma A.6 of Jacod et al. (2019). We now turn to part
(d). In restriction to A,; = {AN (L,)! < KL,/A, for some K > 0}, we can adapt
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the proof of Lemma A.7 of Jacod et al. (2019) with N < Kt/A, replaced by
AN(L,)? < KL,/A, and deduce the first assertion in part (d). The second assertion
of part (d) then follows from the first assertion of part (d), a maximal inequality and

the fact that M, < K/L,. Q.E.D.

The following lemma establishes the convergence rate of the spot estimator 2.

Lemma 7. Under conditions (i,ii) of Theorem 3, we have

(4) 6611, = OG-1y, = Op (ATTL/Z v A%_T/Q) :

(b) supi<icn, 6(21'—1)Ln - L SéiL_nl)Ln U?ds‘ = O (Ai/llq v A£1/4073T/2> if T €

(0,11/60).

~D 2 . 5 n,k
Proof. We decompose 6(;_y), — 0(;_y)p, = D1 & where

s ’ = —_ S — — O_S 8’
Lohutn 2 "7 Lo Jaoue,
AN(Lyp)?—hnp
1 1 ; 2 9
n2 _ - no . en
gi B Ln hn¢n z;] ((YJH'J) 1{‘Y};+j‘<un} <YJi+J> > )
Jj=
1 ~ AN(Lp)?—hn ] K
n,3 n,0 2 —
7 = — ) n’ ) . Ul n ’
£z Ln hn¢n ]ZO (7J1+]) h%gbn Z_Z]% (bn,l (| |)z
AN(Lyp)?—hnp
1 1 ¢
nd4d —n
gz‘ = L_n hn¢n Z —Ji+j

j=0

n,5 1 tn 2 2
& L_n - oy ds — O(i—1)L,-

78



We also note that 6(21'—1)Ln SZZL"I)L olds = 22:1 £ Below, we provide esti-
mates for &%, 1 <k <5.
Case k = 1. By definition, we can rewrite ff’l as

AN(L —hn hp—1 iLn

11 AN _ 1 ,
&-i :L_nhn¢n Z Z_: J-‘r]-‘r’LLV_L_n ( O.Sds'

i—1)L,

Changing the order of the two summations yields

1 1 AN(Ln)?—1 vA(hn—1)

1 Ly
gl o= = NG Rl R
Ln hnqbn Z * 2 Ln (i—

I=1v (v+hn—AN(Lp)™)

1 — 1
- = Z ALV — — f olds + e, (3.52)
(

n v=hnp—1 Ln i—1)Lyp

where the boundary term e} is given by

1 1 By —2 AN(Lp)p—1 - hn—1
S Z VZ w)) 2 ALY @)
nomn v=AN(Lp)"—hn+2 l=v+hn—AN(Lp)™
K hin—2 AN(Lp)} -1 .
< L_ Z AJ-H} Z A?f—i—vv

v=AN(Ln)"—hpn+2

Due to the boundedness of 02, (3.40) and our maintained assumptions on L,, and

h,, we have
E[ler]] < KhnAn/L, < KAV (3.53)
Similarly, we get

1 AN(Ln);! —hn+1 T(n,J;+v) iLy
E|— Z f olds — J olds| | < KAY* T, (3.54)
Ln v=h,—1 T(n,J;+v—1) (4

i—1)Lyp
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Combining (3.53) and (3.54) yields

{ E[|¢M]] < KA, (3.55)

E [SupléiéMn }fznlu < KMnAvlm/%T < KA;L/%QT,
where we used a maximal inequality and the fact M,, < K/L,, for deriving the second
(uniform) estimate in (3.55).

Case k = 2. Recall the definitions of A, ; and A, from Lemma 5. In view of
Lemma 6(c) and our maintained assumptions on M, L, and h,,, we derive using the

triangle inequality and a maximal inequality that, for some 1 > 0,

B[l 1, ] < KA, (3.56)
E [sup;<icn, ‘5?’2| 1a,] < KM, A < KAV :
Case k = 3. Let X = S0 (35,,)%. Note that Fug = byt Sy 716,
Hence, we can decompose 5?’3 = O + O, where
ST G and 00 = —~ Y G (r()A? — U(I])"
= T > 6,r(l) and O = s, N Gt (FON = UL

>k, lll<ks,

Due to the boundedness of ¢,,; and ~, and the fact that Dk, [T < K/ky ™, we
deduce
07| 1a, < [O7[14,, < K/kH < KAYVE, (3.57)
Next, we further decompose ©/* = Y7"' + Y™ where
AN(Ln)7?—5kn

. 1 - n n
T = g 2 O |70 ()" = U ).

1| <k, J=0

n 1 - n
Ti’Q = L2, Z Gpir(l) ('7Ji+j)2‘

ll|<k!, AN (Ln)"—hn,



Note that >, [r(l)] < co. Hence, uniformly in i,
T2 < K/(Lyhy) = KAY?™, (3.58)

In view of Lemma 6(d), as well as the assumptions on k,, k!, L, and h,,, we deduce

Kkl
E[[T014,,] € Ky = KALVO2,
LR A (3.59)
E [ sup ‘T?’l‘ 1An:| < KM, sup E HT;”| 1An] < KA}}MO_?’T/?_
IsisMn 1<i<Mp

Combining (3.58) and (3.59), we deduce (recall that 7 € (0,1/3))

B(0710,] < KAV72 B sup [oF|L, | < KA

1<isMn,

This estimate, together with (3.57) and v > 4, implies

E an,:a‘ 1, ] < KA7111/40—T/2;
’ e 3.60
{ E [SuplgigMn ’521,3‘ 1An] < KA£1/4073T/2. ( )
Case k = 4. We decompose 5?’4 = Clnl + ng, where
1 | AN
Cim L.h (b Z (E'Z}H-j - E [57}@+]‘K1+J]) )
, | AN
CZ% = Lohno Z E [E§i+j|lcgi+j] )
nltn®n j=0
By Lemma 6(a), we deduce
E[|¢|1a,,] < KAY?, E [ sup [¢"] 14 < KAV (3.61)
1<i<M,
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Note that =7, —E[Z] ,;|K7. ;] is K7 , ;-conditionally mean zero and K7 , ;. 5, -

measurable. Hence, we can use the Cauchy—Schwarz inequality to deduce that

) K KLp/An—hn )
E [‘C@T%l‘ 1An,i] < IL2h Z E [(Egi‘f‘j - E [“7} +.7‘,C7}i+j:|) ]
n'o'n j=0

K 1
< - An - <KA1/2_T
thnAn < T hz/QAQ) n )

where the second line is implied by Lemma 6(b) and v > 0. Then, a maximal in-
equality implies |sup;<;<yy, ‘Cin’l‘ 1AnH2 < KAV, where |-[l, denotes the Ly norm.

From these estimates, it readily follows that

E(|¢71a,,] < KAT2, El sup |G| 1An] < KAYT, (3.62)

1<i<My

Combining (3.61) and (3.62), we deduce

E (|6 1a,,] < KAV, -
I [SuplsisMn ‘f?’ﬂ 1An] < KA}Z/ZL_T' _

Case k = 5. Due to classic estimates of [t0 semimartingales,

1 Ly
E [ I f (02 — U(Qi—l)Ln) ds

(i—1)Ln

] < KLY? < KA (3.64)

We are now ready to prove the assertions of the lemma. From (3.55), (3.56),

(3.60), (3.63) and (3.64), we deduce

E

] <k )
6% p, = (/L) S, O'?,ds’ 1An] <K (A}/‘*‘T v A}}/40—3r/2> |

E {sup;<i<n,
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By Lemma 5(c), P(A,,;) — 1 and P(A,) — 1. The assertions of the lemma then

readily follows from the inequalities displayed above. Q.E.D.

The following lemma establishes the convergence rate of the spot estimator 4>

for the variance of microstructure noise.

Lemma 8. Under the assumptions of Theorem 1, we have (a)
&(21'*1)% - 7(21'71)Ln =0p (Aﬁp % A1§L3—5T)/10) 7

and (b)

iLn
;}/(21'71)Ln - Lﬁl f(i—l)L ’Y?ds

=0, (A}L/Q_QT v AE/E’_ST/Q v log (A;l)l/2 A;/2> )
Proof. Recall the definitions of A, ; and A, from Lemma 5. Let

= {AeAN L

i = > n, for some n ¢,
T

B - {AHAN(LH)Z-

7 > 7, for some n and all z} .

Applying Lemma 5 with m,, = 0 and Z = 1 implies that

|ALAN(L,)? /Ly — ogiz1yp,| = 0p(1) for 7 € (0,1/3),
A AN(L,)? o
sup nL—(")z — (1/Ln)f asds| = o0,(1) for 7€ (0,1/4).
1<i< My, n (i—1)Ly

Since « is bounded away from zero, we must have P (B, ;) — 1 for 0 < 7 < 1/3 and
P(B,) — 1 for 0 < 7 < 1/4. Hence, to prove part (a) and part (b), we can restrict
our calculations to A, ; N B,,; A, n B, respectively, without loss of generality.
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(a) We decompose &(Qi_l)Ln — 7(22._1)% — & 4+ & where

noo_ Ln An n 2

& = AAN(L)F <L_nU(O)i a(zl)Lﬂ(i—1)Ln> :
er = _ Don (AANL)Y

T T ALAN(L)? L, (=D)L ]

Lemma 5(a) applied with m,, = 5k, and Z = ~+? coupled with the restrictions

ko= A" and 0 < 7 < 1/3, implies

AN(Lp)?—5kp
A, 3

w2 T
El1Z Y (0a) —awon o | SKA (365)

7=0

Using Lemma 6(d) with [ = 0, we derive

A A 2 A
-_n n_ "N n n_ M (3—57)/10
E || 2007 = P hm»lMigKl% < KAC .

(3.66)
Combining (3.65) and (3.66), we deduce

N T B
E [’L_U<O)Z - Oé(i—l)Ln"Y(%_l)Ln 1AM] <K (An/Z v Aff’ 5 )/10) .

Note that, in restriction to By, ;, Ln/(A,AN(L,)!) is bounded. Hence, the displayed

estimate above further implies

A, n
E [|£zn| 1An,iﬂBn,i] < KE HL_U(O)Z - a(i_l)Ln,y?i—l)Ln

]—A ] < K(AZ—/Q v A7(13—57')/10) )

(3.67)
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Due to the boundedness of v and Lemma 5(a) applied with m,, =0 and Z = 1,
we deduce that

AuAN (L)

E[|1€" 1, .~5,,] < KE H L

} < KAT2, (3.68)

— Q(i—1)L,

The assertion of part (a) then follows from (3.67) and (3.68).
(b) We observe

iLn
E[ sup  (¢i_1)z, — LEIJ ids 1AmBn]
1<i<M, (=1)Ln
1Ly, 2
U (0); S(ifl)L asYds
<E| sup e La,nB,
[1<’L<Mn AN (Ly); Szanl)Ln agds (3.69)

1<i<My

+E [ sup

o, syad 1 (i
S( DL - —J ’yzds la,~B, |-
S(iil)Ln agds Ly, (i-1)Ln

It remains to bound the two terms on the majorant side of (3.69).

For the first term on the right-hand side of (3.69), we note that
u), Sy, @snsds
AN (L)} SZL” asds

]-Antn]
¢ (i—1)Ln ‘

U (/L) 0, aiids )
AN (L)} AAN(L)2 /L, | 40Pn
(/L) §i "y, s §(0,, anlds )
A AN(L) /L, {Fn agds |

E[ sup

1<i<M,

<E| sup (3.70)

1<i<M,

+E [ sup

1<i<My,
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Recall that, in restriction to B,, L,/(A,AN (L,);) < K. Hence,

Ur (/L) 50, anids
E| sup - AnnB
1<i<M, | AN (L) AR AN(L n)?/Ln T
A iLn (371)
< K| swp (2007 - /L) [ s L. |
1<i<M, n (i—1)Ln

<K (A}L/2—2’r v AEL/5 37‘/2) 7

where the second inequality follows from Lemma 5(b) and Lemma 6(d). In addition,

1Antn]

we note that

i Ly, i Ly,
(/L) 5 ads §27, an?ds

E[ sup
1<i<Mp

AANLY Ln ) ads
AAN(L il (3.72)
< KE[ sup A AN (1/L, )J asds 1Antn]
1<i< M, Ly, (i—1)Ln

< KA%]//2727'7

where the first inequality holds because the processes «, v, 1/a are bounded and
L./ (A,AN(L,)") < K in restriction to By,; and the second inequality follows from
Lemma 5(b). Combining (3.70), (3.71) and (3.72), we deduce

Ly
U©F Sl os7sds
AN (Ln):L SzL" ozsds

(i—1)L

E[ sup 1Antn] < K (A}L/Q—%' v A?L/B—EBT/Q).
1<i< My

(3.73)
Finally, we consider the second term on the right-hand side of (3.69). Denote

36



ol = 18(1 DL ozsds. We observe

iLn
i agyid
E| sup S(Ll) — —J V2ds| 14, B,
tsisMn | §0" o ds (i-1)L |
1 1 thn 2 ~n
<E| sup |— agyids — [ — vids | a;
1<i<M, | Ln (=)L Ly Ji-vyi,
I
<El sup —f (as—éz?)*yfds]
1<i<My | Ln J1)L,

< KE sup las —Ozt|] < K(L log (L ))1/2’

s,t€[0,1],|s—t|<Ln
where the first inequality is due to the fact a; is bounded away from zero; the
second inequality is obvious; and the last line follows from the boundedness of v and
Theorem 1 in Fischer and Nappo (2009). The assertion of part (b) then follows from
this estimate and (3.73). Q.E.D.

We are now ready to prove Theorem 3.

Proof of Theorem 3. By Lemma 7 and Lemma 8, for each ¢,

ot —op| < |67 = ol |+ oGy, — of] = O, (AT v AV

=l 5=+ s, — 921 = 0, (A7 v AFI),

where i = max{j : 1 < j < M,,(j — 1)L, < t}. This proves the first assertion of
the theorem. The second assertion of the theorem follows directly from the uniform

bounds in Lemmas 7 and 8, under the condition 0 < 7 < 11/60. Q.E.D.
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4

Continuous-Time Volatility Regression in Large
Panels

Volatility plays a central role in measuring risk and its contemporaneous relationship
with other financial variables is of great economic interest and appears routinely
in a variety of market microstructure models. For example, the Glosten—Milgrom
model (see Glosten and Milgrom (1985)) suggests that the bid-ask spread is posi-
tively related to the spot standard deviation of asset price, and the ratio between
the two measures the level of information asymmetry. Furthermore, the mixture-of-
distribution hypothesis (MDH) developed by Clark (1973), which later extended by
Tauchen and Pitts (1983) and Andersen (1996) among others, suggests an empirical
relationship between trading volume and return variance. Such economic relation-
ships are typically heterogeneous across assets and are likely to depend on a set of
firm-specific characteristics. To understand the heterogeneous dependence in the

cross section, this chapter studies a certain type of continuous-time volatility regres-

38



sion under a joint asymptotic setting in which both the number of assets and the
sampling frequency increase. More specifically, I consider the following regression

over a fized time horizon
Sit=a; +G(Viy) x B +noise, i =1,...,N, te[0,T], (4.1)

where S;; is a dependent process of interest, which can be bid-ask spread or trading
volume as mentioned in the above examples, V;, is the latent spot variance of the
underlying price process and G () is a known but possibly nonlinear transform,
whose specification is usually implied by economic theory. The regression coefficients
are allowed to depend on firm-specific characteristics through a finite-dimensional
parameter, which is of interest in this analysis. A more general model specification
and the precise conditions regarding each component will be given in Section 4.1.
This model directly extends Li and Xiu (2016) in which the authors examine
volatility regressions under a univariate setting and propose a semiparametric es-
timation method based on integrated moment conditions. Their paper, however,
is silent about the cross-sectional heterogeneity in the underlying economic depen-
dence. In contrast, the joint asymptotic setting considered here allows me to fill this
gap by connecting the regression coefficients to firm-specific characteristics, while not
assuming the coefficients are fully explained by those characteristics. For instance,

one could assume
BZ‘IZJQ—F&Z‘,Z.:]_,...,N, (42)

where z; are firm-level characteristics (e.g., size, institutional holdings, various ac-

counting variables, etc.), 6 is a finite-dimensional parameter that captures how the
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coefficient 3; depends on those characteristics and &; is an “error” component re-
flecting the cross-sectional unobserved firm heterogeneity. The intercept term «; in
model (4.1) can also be treated in a similar way, thus allowed to be asset-specific.
Due to the presence of &, model (4.1) amounts to a random coefficient regression for
which a large cross section of assets is needed to recover #. A major challenge that
arises from this joint asymptotic setup is to address the issue induced by the strong
cross-sectional dependence of high-frequency returns; indeed, asset returns are widely
represented by linear factor models, the underlying economic rationale of which is
provided in the prominent work by Merton (1973) and Ross (1976). More recent
studies by Bai and Ng (2002), Stock and Watson (2002), Bai (2003), Ait-Sahalia and
Xiu (2017), Pelger (2019a) and many others develop substantial statistical tools to
analyze such models. I show that, after representing the underlying price processes
using a factor structure, the systematic and idiosyncratic diffusive moves play dis-
tinct roles in the asymptotic theory. This refined decomposition of diffusive shocks
is a unique feature of the current large cross-sectional setting and is absent from Li
and Xiu (2016).

I propose a two-step semiparametric estimation procedure. In the first step, I
nonparametrically recover the latent stochastic volatility processes by calculating
the local variation over blocks of high-frequency price increments with the length
of blocks shrinking to zero asymptotically (see, e.g., Foster and Nelson (1996) and
Jacod and Protter (2012)). These spot volatility estimates are then plugged into a
parametric second stage. Since the G transform is possibly nonlinear and the con-
vergence rate of the spot volatility estimator cannot exceed n'/%, a nonlinearity bias

induced by the first-step nonparametric estimation is not asymptotically negligible. I
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explicitly add a bias-correction into the estimator and show that upon correcting the
nonlinearity bias, the estimator obeys a central limit theorem, formally represented
as stable convergence in law. To make the inference procedure feasible, I propose a
plug-in type consistent asymptotic covariance estimator based on a factor-analytic
method, which involves recovering the spot factor structure as a by-product.

The major technical complication, as noted above, arises from the strong depen-
dence of high-frequency returns in the cross section. Typically, in a univariate setting,
the construction of the estimator only involves one layer of sample averaging over the
time dimension (see, e.g., Li and Xiu (2016)) and the aggregation of local diffusive
shocks in the underlying price process drives the limit distribution. By comparison,
in addition to the temporal aggregation, the proposed estimator in the current work
also involves aggregating a large number of strongly dependent diffusive moves over
the cross section. To address this issue, I first disentangle local diffusive shocks from
the nonparametric approximation errors in the spirit of Jacod and Rosenbaum (2013)
and then further decompose them into a systematic and an idiosyncratic component
based on the underlying factor structure. In fact, the diffusive shocks in the common
factors, which are shared by all assets, “survive” the cross-sectional aggregation and
lead to a mixed Gaussian distribution, whereas the idiosyncratic diffusive moves are
“averaged out” over the cross section.

This chapter also contributes to empirical microstructure literature by studying
the relationship between bid-ask spread and spot standard deviation of returns. A
strong positive relation between spread and return volatility has been documented in
prior empirical work; see, for example, Wyart et al. (2008). The current work compli-

ments it by examining the cross-sectional heterogeneity of their relation using formal
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statistical tools developed for analyzing high-frequency data. As noted above, the
slope coefficient in the spread-volatility regression carries a clear economic meaning
as the level of information asymmetry (see, e.g., Glosten and Milgrom (1985), Easley
and O’Hara (1987), Easley and O’Hara (1991), and Easley et al. (1996)); hence, by
connecting firm-specific characteristics to the slope coefficient, one can potentially
shed light on the possible sources of the cross-sectional heterogeneity of information
asymmetry in financial market. To this end, I choose firm size, dispersion of ana-
lysts’ earnings forecast and institutional ownership as explanatory variables, and find
that all these variables contribute to explain the heterogeneous level of asymmetric
information. In particular, firms with smaller size, larger dispersion in earnings fore-
cast, and whose institutional ownership at the low or high end of the distribution
see higher level of information asymmetry. These new findings speak strongly to the
implications of the Glosten—Milgrom model and are consistent with various economic
predictions.

The chapter is connected to several strands of literature. First, it is related to
continuous-time regression models that estimate the so-called “diffusive betas” from
high-frequency returns. This direction of research is initiated by Barndorff-Nielsen
and Shephard (2004a), in which the authors propose a “realized regression” estimator
and provide its asymptotic theory. Other examples along the line include Andersen
et al. (2006), Mykland and Zhang (2009), Todorov and Bollerslev (2010), Patton and
Verardo (2012), and Li et al. (2017). Unlike these papers that focus on estimating
factor betas from regressing prices of individual assets on observable factors, model
(4.1) admits much more general noise contaminated dependent processes and exam-

ines their economic relationships with nonlinear transform of latent volatility, thus
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substantially enlarging the empirical scope of prior work.

Second, this work is also related to large cross-sectional linear factor models.
Earlier examples on long-horizon factor models include Bai and Ng (2002), Stock and
Watson (2002), Bai (2003), Kapetanios (2010), Onatski (2010), Ahn and Horenstein
(2013), among others. Recently, there is increasing interest in combining large cross-
sectional and high-frequency data. Examples include Fan et al. (2016), Ait-Sahalia
and Xiu (2017), Li et al. (2018), Liao and Yang (2018), Pelger (2019a), and Pelger
(2019b). In particular, Li et al. (2018) focus on jump beta and test the validity
of an exact factor structure in jump dependence. By comparison, the current work
treats jump component as nonparametric nuisance and focuses on conducting global
inference for a fixed parameter in a volatility regression model. Liao and Yang (2018)
connect factor betas to asset’s characteristics and estimate the characteristic effects
in a two-step continuous-time GMM framework. However, their focus is again mostly
on recovering and explaining factor betas, whereas the factor-analytic method used
here merely serves as an auxiliary tool to get the asymptotic distribution. Moreover,
different from Ait-Sahalia and Xiu (2017) and Pelger (2019a), where the latent factors
and their loadings are recovered over the entire time span, I use a localized method
to get spot estimators of the factor structure, which are then used to construct a
plug-in type consistent estimator of the asymptotic variance.

Third, the model specification (4.1) falls into a large class of random coefficient
panel data models, the discussion of which can be traced back to Klein (1953) (also
see Kuh (1959), Swamy (1970), Breusch and Pagan (1979), Hsiao and Pesaran (2008),
and many references therein). In contrast to the traditional panel data literature,

however, is the notion of infill asymptotics, which naturally allows for almost arbi-
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trary nonstationarity and very general form of time-varying heteroskedasticity for
the processes of interest. Another distinction is that, besides the variation in the
unobserved cross-sectional disturbance, which is captured in most limit theories for
analyzing cross-sectional data, the asymptotic (mixed) normality in the current set-
ting also relies crucially on aggregating a large number of diffusive shocks in prices,
and as a result, the inference theory is very different than the traditional setting.
The rest of the chapter is organized as follows. Section 4.1 introduces the formal
probabilistic setting, the motivating examples and the regularity conditions. Sec-
tion 4.2 presents the estimator, the asymptotic theory and the feasible inference
procedure. Section 4.3 provides a Monte Carlo study to validate the inference pro-

cedure. Section 4.4 concludes. All proofs are given in the supplementary appendix.
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4.1 Theoretical setup and motivating examples

Section 4.1.1 introduces the probabilistic setting and specifies the econometric model,
section 4.1.2 gives two illustrative examples; and section 4.1.3 collects all regularity

conditions. I start with introducing some notations that will used throughout. Let

P L- . e .
— and =5 denote convergence in probability and stable convergence in law, re-

spectively. For a real matrix A, I denote the (i, j) element by [A], ;. In addition,
I denote its column vectorization, the Frobenius norm, the trace and the smallest
eigenvalue by vec(A), |Al, Tr(A) and A\, (A), respectively. All vectors are column
vectors. For any two real numbers of z and y, * A y = min {z, y}. The integer part
of a real number x is denoted by |z|. Z is the set of integers. The symbol ® is used

to denote the product of o-fields.
4.1.1  The setting and econometric model

Suppose that for each asset 7 = 1,..., N, the log-price process X, is an It6 semi-
martingale defined on the fixed filtered probability space (Q©), FO (F})i=0, P©)) with

the following form:

t t t

Xir= X0+ J o sds + J Aldfs + J GisdW; s + Z AX, s, (4.3)
0 0 0 s<t

where drift process «; is locally uniformly bounded, the continuous martingale part

of X; consists of a systematic and an idiosyncratic component.! The systematic

component is driven by a r-dimensional continuous factor process f, which is given

L For a localizing sequence of stopping times (T},),>1 going to infinity, there exist constants
(Kin)m>1, such that |a;¢| < K, for all ¢ and ¢ € [0,T A T, ].
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¢ t
fi = f by sds + J o,sdWs, (4.4)
0 0

where the processes by and o are locally bounded; W is a d-dimensional standard
Brownian motion. The spot covariance of the factor process f is given by Vy = Ufa},
which is assumed to be non-singular almost surely. The number of factors r is
unknown but assumed to be bounded. The idiosyncratic component is driven by a
one-dimensional asset-specific Brownian motion Wi, which is orthogonal to f in the
sense that their quadratic covariation is zero. However, f/IV/Z is allowed to have cross-
sectional correlation with I/IN/J for ¢ # 7, with their spot covariance process denoted by
‘N/Z-N; hence (4.3) can be considered as an approximate factor model. When i = j, the
spot variance of the idiosyncratic diffusion is given by 171-,,5 = Gﬁt. The factor loading
Ai is R"-valued and Fyp-measurable. AX;; = X;; — X;;_ denotes the jump (if any)

in X; at time ¢. Note that the spot variance process for X;; can be represented as
Vie = )\Ivfﬂf)\’i + Vit (4.5)

and for the entire cross section of assets, the spot covariance matrix is given by

Vi N )\Ivf,t)\Z +Vigy - )\Ivf,t)\N =+ YlN,t
M Viido + Vigy Vo s MV AN + Vany
t = ) ) . )
A-{Vf,t)\N + Vine )\;Vf,t)\N +Vone oo Vv

We observe the data (S;¢, Xy, 2]) o at discrete times ¢ = 0,A,,,2A,, ...

1<i<Np t=

within a fixed time horizon [0, T'], where A,, is the sampling duration such that A,, =
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1/n and N, is the number of assets that satisfies N,, — o0 as n — 0. In applications,
S is the dependent process of interest and X is the underlying logarithmic price
process. At the times of observation, for i = 1,... N, j =1,..., M, = |[nT]|, the

econometric model takes the following form
Sijan =G (Vija,, z)" (0 + Vi€;) + dija, Xigs (4.6)

where z; € Z < RX are time-invariant firm-specific characteristics, which are as-
sumed to be Fy-measurable; G (+,-) : R x RF s R? is a known deterministic but
possibly nonlinear transform (in both arguments); # € © < R? is the key parameter
of interest; ¢; is an RP-valued “error” term that captures cross-sectional unobserved
firm heterogeneity in the coefficient; W, is a (¢ x p) matrix denoting the (condi-
tional) heteroskedasticity of the unobserved heterogeneity, which is also assumed to
be Fp-measurable; x;; captures both the microstructure noise that contaminates
the observations of S and any unexplained effect under this regression model, with
bija, capturing its time-varying (conditional) heteroskedasticity. This nonparamet-
ric multiplicative-type specification of the unobserved firm heterogeneity and noise
directly mirrors Jacod et al. (2017, 2019). Note that model (4.6) is a more general
specification that nests model (4.1) as a special case.

The firm-specific error term (¢;);>; is defined on another space (QW, F' PW),
where F' = o(e; 1 i = 1). Iset Q@ = QO x QM) F2 = FOQF! and PO = PO QP(1),
The noise sequence x; = (X1,,---,XnN,,;)T i stationary and ergodic and is defined
on yet another space (%) G P®) with G = o(x;; : i = 1,7 € Z). Again, I set
Q=00 xQB) F=F2®G and P = P® @ P®). As usual, the variables, processes
and o-fields on Q%) k = 1,2,3 can be automatically extended to (2, F,P), which
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is the probability space underlying this analysis. In particular, the filtration F;
upon trivially extended can be considered as a filtration of F. This constructive
definition of the probability space readily implies both (€;);>1 and (xi;)i>1,jez are
independent of F°, and they are mutually independent. However, I stress that both
the unobserved firm heterogeneity and the noise can be endogenous in the sense that
they can depend on other variables or processes or each other through ¥ and ¢,
which are both F%measurable. Moreover, long-run serial correlation in the noise

sequence is allowed in this study.
4.1.2  Motivating examples

ExaMPLE 1. (Bid-Ask Spread-Volatility Relationship). Model (4.6) can be applied
to conduct a large cross-sectional analysis on the relationship between bid-ask spread
and volatility. Based on Glosten and Milgrom (1985), Hasbrouck (2007) shows in
a simple sequential trade model that the bid-ask spread is proportional to the spot
standard deviation of asset price and the ratio between the two is increasing in
the proportion of informed traders in the population. In the same vein, Easley
et al. (1996) show in another version of the Glosten—Milgrom model with information
event that the spread-volatility ratio is positively related to the probability of insider
trading. Similar results can also be found in the other equilibrium-based models
with information event or stop orders as shown in Easley and O’Hara (1987, 1991).
These studies provide the underlying economic mechanisms for the spread-volatility
relationship, based on which the slope coefficient in the spread-volatility regression
can be naturally interpreted as a measure of information asymmetry. To give a

visual impression on the relationship between bid-ask spread and volatility, I display
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in Figure 4.1 the scatter plots of the quoted bid-ask spread against spot standard
deviation of asset price for nine different stocks over the second quarter of 2014. As
clearly shown in the figure, the slope coefficients are heterogeneous across assets,
ranging from 0.0024 for Exxon Mobil (XOM) to 0.0372 for BlackRock (BLK). The
noticeably large discrepancy among the slope coefficients imply large heterogeneity
of information asymmetry among these assets over the considered time period.
Recall that in the Glosten—-Milgrom model, the transaction price sequence is
a discrete martingale with respect to public information; hence upon applying a
limiting argument, it is plausible to describe the log price process in terms of (4.3).
Let S be the quoted bid-ask spread and G (V,z) = (1,4/V27)7, then model (4.6)

boils down to

Sijan = (00 + &) + 1/ Vija, (2701 + &) + dija.Xij, (4.7)

where 6 = (0, 07)7; €2 and &}, which implicitly depend on z; and U;, are cross-
sectional unobserved error components in the coefficients representing firm hetero-
geneity. In model (4.7), the slope coefficient (2]6; + &) measures the level of asym-
metric information for asset 7. By choosing various firm-specific characteristics z;
as explanatory variables and investigating how well these characteristics explain the
slope coefficient, one may potentially reveal the sources of asymmetric information

in financial market.

EXAMPLE 2. (Volume-Volatility Relationship). Another direct application of model
(4.6) is to investigate the volume-volatility relationship for a large panel of assets.
Following the Mixture of Distribution Hypothesis (MDH), Andersen (1996) pro-
poses an empirical model specification between trading volume and return variance
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FIGURE 4.1: Spread-Volatility Relationship.

Note: This figure displays the relationship between bid-ask spread and spot standard devi-
ation for Exxon Mobil (XOM), Walmart (WMT), Starbucks (SBUX), IBM (IBM), Gold-
man Sachs (GS), 3M (MMM), Boeing (BA), Simon Property Group (SPG), and BlackRock
(BLK) over the second quarter of 2014. The horizontal axis is the square root of the spot
variance estimates (given by (4.11)) over 60-minute non-overlapping windows; the vertical
axis is the 60-minute average of the national best bid and offer (NBBO) divided by the price
level at the end of the preceding quarter, expressed in percentage units. The dashed line
is a linear fit for each asset implied by (4.7), with z = 1. The estimated slope coefficients
01 are also presented.
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within the setting of the Glosten-Milgrom model, in which the conditional distri-
bution of volume given return variance is scaled Poisson, that is, Volume;|V; ~
¢ - Poisson (mg + m1V;), where my measures the arrival intensity of noise trading,
m; determines how strongly volume fluctuates in response to news and c¢ is an un-
known positive constant. To cast this relation between trading volume and spot
variance into a mean regression framework in the form of (4.6), let S;;a, be the
trading volume of asset ¢ between [jA,, (j + 1)A,) and let G (V,z) = (2§,Vz])T,
where 2y and z; are collections of firm-specific characteristics in z. By making such

a choice, model (4.6) amounts to

Sijan = (2000 + &) + Vija, (21,61 + &) + GijanXis, (4.8)
where £ and &} implicitly depend on z; and ¥;. By estimating (4.8), we can explain
how the economic relationship depends on the underlying firm features.
4.1.3  Regularity conditions
The estimation procedure naturally requires some, albeit very mild, regularity con-
ditions.

Assumption 13. The following conditions hold for a sequence of stopping times
(Tm)m=1 increasing to oo and a sequence of positive constants (K, )ms1-

(1) The processes (X;)1<i<n, Satisfy (4.3) and (4.4), where by and o are adapted
and locally bounded, (O‘i>1<¢<Nn are adapted and locally uniformly bounded, the spot
variance processes (V;)i<i<n, given by (4.5) take values in'V = (0,0), and the jump

components are given by

t
ZAXi»S = f J 62 (Was»z)ﬂ(w§d3ad2>>
s<t 0 JR
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where p 1s a Poisson random measure on Ry x E with a deterministic compensator
v(dt,dz) = dt ® \(dz) for some o-finite measure A (dz) on a Polish space E, and
(0i)1<i<n, are real-valued predictable functions on QO x R, x E. There exists a
sequence (I'yy)m=1 of deterministic nonnegative functions on E, independent of i,
satisfying (T (2)"A(dz) < o for some r € [0,1) and such that ||6;(w,t,2)| A 1 <
L(2) for allwe QO t <7, and z € E.

(ii) The process ¢ € {Oéi,bf,'UGC(O’f),‘Zk} forik=1,...,N, is also an Ité6 semi-
martingale defined on (Q©, F0 (F)i=0, P) taking the form

t t
o = g00+J bsds+J & dW,
0 0

¢
+ L JR 0 (w,s,z) 1{||S(w,s,z)H<1} (n—v) (w;ds,dz)

t v
+ L JR 0 (w,s,z) 1{||S(w,s,z)H>1}'“ (w;ds,dz), (4.9)

where b and & are adapted and locally (uniformly) bounded, W are (multidimen-
sional) Brownian motions that can be correlated with W and/or (WN/Z-)KKNM 5 is
a real-valued predictable function on QO x R, x E, such that for some sequence
(A)m=1 of deterministic nonnegative functions on E, satisfying § A, (2)?M(dz) < oo,
[6(w, t,2)| A 1< Ap(2) for allwe QO t < 7, and z € E.

(i) For all m > 1 and 1 < ¢ < N, 1/K,, < V;;— < K, in restriction to
{t <7}

(1) (Mi)1<i<n, are uniformly bounded almost surely and are Fo-measurable.

Assumption 13 is a fairly mild regularity condition that is commonly used in
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analyzing high-frequency data. Although jumps are treated as non-parametric nui-
sance in the current analysis, I remark that condition (i) allows for both systematic
jumps that are driven by common jump factors and idiosyncratic jumps that are
asset-specific. This assumption naturally incorporates the setting considered in Li
et al. (2018). The upper bound for the generalized Blumenthal-Getoor index &,
which controls the jump activity for the cross section of (X;)1<i<n,, is assumed to
be less than 1. Assumption 13(ii) assumes the spot volatility processes to be It6
semimartingales with their own stochastic volatilities and essentially unrestricted
jump activity. More importantly, W is allowed to be correlated with the Brownian
motions that drive (X;+)1<i<n,, thus allowing for the leverage effect that is evident in
financial data. Assumption 13(iii) essentially assumes that V;; has a convex compact
support for all 1 < ¢ < N,. This assumption is needed in a (spatial) localization
procedure (see Li et al. (2017)) that relaxes the polynomial growth condition im-
posed on nonlinear test functions for estimating integrated functionals of volatility
(see Jacod and Rosenbaum (2013)). In this paper, the only requirement on the G
transform is the smoothness condition presented below in Assumption 16. Lastly,
condition (iv) assumes time-invariant factor loadings, which is somewhat restrictive

but quite common in factor analysis.
Assumption 14. N, = A_? for some constant p > 0.

Assumption 14 does not require any specific rate at which N,, grows to infinity
relative to A,,, except that the growth rate should not exceed the polynomial rate.
This polynomial growth restriction on N, is needed to control the jump activity for

the entire panel of assets. From empirical point of view, this assumption provides
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great flexibility in the choice of panel size and sampling frequency.

Assumption 15. For each 1 <i < N,,, t € [0,T] and some constant 0 < p’ < p,

Y E [‘Zi,t] -0 (A;p’) . (4.10)

k=1

Assumption 15 only assumes weak dependence among the idiosyncratic diffusive
processes so as to make (4.3) an approximate factor structure. In particular, the
cross-sectional sum of the squared spot covariance under expectation should grow
at a rate no faster than V,. This restriction is trivially satisfied if the idiosyncratic
diffusions are mutually orthogonal or the idiosyncratic diffusion of one asset is only

correlated with finitely many idiosyncratic diffusions of other assets.

Assumption 16. Assume (i) z; = (1,214,...,2x-1,)" takes values in a compact
subset Z < RX | for all 1 < i < N,; (i) 0 takes value in a compact subset © < RY;

(11i) G(v, z) is continuous in z and three-time continuously differentiable in v.

Assumption 17. Assume (i) the sequence (x;) ez s stationary ergodic and indepen-
dent of F°; (ii) the sequence (Xj)jez is a-mizing with mizing coefficient vy, (+) such
that 3= iz (j)(p_2)/p < o for some p > 2; (iii) for each 1 < i < N, E[x;;] =0,
E[x7;] = 1 and E[|x;;["] < oo for all p > 2; (w) for 1 < ik < N, with k # i
and 3,1 € Z, E[xi;Xx1] = 0; (v) (¢it)1<i<n, are nonnegative, Fi-adapted and locally

uniformly bounded.

Assumption 18. Assume for each 1 < i < N, (i) Epoleie]] = I,; (i) V; is F°-
measurable and uniformly bounded; (iii) Exo[|e]|'] < o0; (iv) for 1 < k < N, with
k # 1, € is FO-conditionally independent of €.
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Assumption 17(iv) assumes zero cross-sectional correlation for the “pure noise”
sequence (x;)jez. However, in view of the multiplicative structure in the noise,
this condition does not rule out cross-sectional dependence; indeed, unconditionally,
the noise of one asset can be dependent on the noise of other assets through ¢.
Assumption 17(ii, iv) together allow for asset-wise long-run dependence in (Xivj)jeZ‘
Assumption 17(iii) and Assumption 18(i) impose unity variance conditions, which
are needed to circumvent the non-identifiability in the the multiplicative specification
of unobserved firm heterogeneity and noise. Assumption 17(v) allows for almost
arbitrary time-varying heterogeneity in the noise. Assumption 18(ii) allows for cross-
sectional heteroskedasticity in the unobserved firm heterogeneity. Assumption 18(iv)

is quite common in cross-sectional analysis and for similar reasons as above, this

condition does not rule out unconditional cross-sectional dependence in W;e;.
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4.2 Main results

4.2.1 Asymptotic properties

The estimation procedure consists of two steps. In the first step, [ nonparametrically
recover the realized paths of volatility processes using high-frequency returns. These
nonparametric estimates are then plugged into a parametric second step to recover
0. The inference is done based on high-frequency intraday data for a panel of assets

over the fixed time interval [0, T']. For asset i, the returns of X; are denoted by
A?XZ = Xi,jAn — Xi,(j—l)Anu for 1 < j < Mn

To approximate the spot variance of X;, I pick an integer sequence (k,),>1 even-
tually going to infinity, which represents the size of the local estimation window, and
a sequence of real-valued truncation threshold (u,),>1. These sequences satisfy the

following condition.

Assumption 19. k, = A" and u,, = AT for some 1 € (g v %, %) and w € (%, %)2

The spot variance process V; ja, is then recovered by a local truncated variation
estimator due to ? using high-frequency returns over the time interval [jA,, (j +

k.)A,]. Specifically, for each 1 < i < N,, and 0 < j < M,, — ky,

~ 1 & . )
Vija, = A IZ; (A7, X;) L, xi|<un)- (4.11)

2 To improve empirical flexibility, the truncation sequence (u,),>1 can be set either identically for
all assets or differently across different assets. For example, in applications one can set u, ; = a; A7
for asset ¢ as long as the positive constants (a;);>1 are uniformly bounded and bounded away from
zZero.
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Similarly, we can use k, returns preceding jA, to approximate V;;a,_. For j =

kn,..., M, —k,, let

Vijn,—

(4.12)

Mpv

J kn +lX IL{|A X;

J—kn+l

Proposition 5 below shows that ‘A/m-An uniformly (over both ¢ and j) approximates

the local moving average of Vj; over the window [jA,, (7 + k,)A,), which is given by

o 1 (j"rkn)An
V; Vi sds.
b A k An LA =

Proposition 5. Under Assumptions 13, 14 and 19,

A~

iian = Vija,

sup = 0,(1).

1<i<Nn, 0<j<My—kn

REMARKS. (i) This universal uniform approximation only holds for estimating local
moving average of Vj;. In general, ‘A/W-An does not serve as a uniform estimator for
Vija,, even in the univariate case, since the paths of volatility processes are allowed
to contain jumps.

(ii) Proposition 5 is a nontrivial extension of Lemma A.2 of Li and Xiu (2016) to a
large cross-sectional setting. This is accomplished by uniformly controlling the jump
activity across the entire panel of assets. The result is a critical step towards applying
a spatial localization argument as in Theorem 2 of Li et al. (2017), which eventually
relexes the polynomial growth restriction imposed on the nonlinear transform of

volatility (see Jacod and Rosenbaum (2013) for details).

Two more assumptions are needed for estimating 6.
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Assumption 20. For each t,s € [0, T] and any indexl e {1,...,q},

N
(¢) M;AM@T — 2| = 0p(1);
AL
(i) HN_ Z G (Vig, 21) G (Vir, 21)" — Zgae| = 0p(1);
=1
1 NTL
(%Z) F Z G (‘/i,ta Zz) G (Vi,t, Zi)T ‘I’i‘I’ZTG (Vi,s, Zz) G (Vi,s, Zi)T - Z‘ll,t,s = Op(l)Q
noi=1

= 0p(1).

NEES
(iv) | N AN G (Vi 20) 26 (Vi 20)7 0], — it
" i=1

Assumption 20 is in a similar spirit as Assumption 4 in Li et al. (2018). It
provides several high-level but mild conditions pertaining to the weak law of large
numbers. These conditions can be easily verified as long as for each t,s € [0,7],
(2], Al ‘Z‘,t, \N/m, vec(V;)T);>1 are conditionally weakly dependent in the cross section.
Unconditionally, the variables in the summands can have strong cross-sectional de-

pendence; indeed, in view of the factor structure (4.3), V;; depends on volatility of

other assets through the systematic component V.

Assumption 21. There exists some constant C' > 0, such that )\mm(gg Yaasds) = C

almost surely.

A~

I define BG (v, 2) = 02G (v, 2) v%, and set Gi; = G(Viian, %), Grije = G(Vijan_, 2),

and

@/ .= G(‘Z,]Anv Z,L) - k;lBG(‘ZJ‘An, Z@) (413)

n,t,J
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Further let

No Mn—kn
{ Z Z Gm,]_ij is invertible} :

i=1 j=kn

Then, one can show that P (A4,) — 1 (see Lemma 13 in Appendix 4.5).

In restriction to A, consider the following estimator of 6:

Ny, M,—kn Np Mp—kn
( "N G- ,”) < N GMJ_S,]A) (4.14)

i=1 j=kn i=1 j=kn

REMARKS. (i) As noted above, due to the slow convergence rate of the first-step
nonparametric estimator and the possible nonlinearity of the G transform, a high-
order bias is not negligible in the second-order asymptotics. To derive the central
limit theorem, I explicitly estimate and correct that nonlinearity bias in the above
estimator; see the definition of G;L ;; in (4.13). Explicitly correcting the nonlinearity
bias is quite common in the estimation of integrated volatility functionals; see, for
example, Jacod and Rosenbaum (2013). Although, the proposed estimator 0, ap-
pears in a similar form to the classical least square estimator, the unique underlying
integrated (conditional) moment condition, which is designed for the current large

cross-sectional continuous-time setup, the plug-in procedure, and the bias correction

set 0, apart from the standard method-of-moments estimators.?

3 In the spirit of Li and Xiu (2016), the integrated (conditional) moment condition to consider is
given by

HIEI;ON— J Sit — G (Vig,2z)T 9|F0]ds:0.
To estimate 6, one would naturally propose a sample analogue of the above condition. Using
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(ii) The instrument, G (V; 4, 2z;), which is a function of latent spot variance, is ap-
proximated by én,i,j—~ Here, I decidedly use the “pre-volatility” estimator defined by
(4.12) in the estimation of the instrument, whereas the independent variable in the

regression is estimated by G in which the usual spot variance estimator (4.11)

7,1,
is used. By separating the local estimation blocks for the instrument and the inde-
pendent variable, I make the estimated instrument ;A -measurable. This particular
design keeps é’n7i7j_ intact in the high-order expansion of the nonparametric approxi-

mation error in G’ and hence greatly simplifies both the bias correction procedure

n,i,J?
and the derivation of the limit theorems. That being said, an estimator formed by
using only (4.11) is indeed possible. Let H (Vit,zi) = G (Vig, 2:) G (Vig, 2z)" and

H . = H(IZ,J-AM zi) —k, 1IB%H(V”AH, z;). Consider

n 7,7_]

Ny, My —kn -1 No Mp—kn
Z Z TL,Z,] 2 Z Gn KN ’]A
nz 1 j=0 =1 j=0

It can be shown that é; shares the same limit behavior as 6, and that the feasible
inference using HA;L follows almost identical steps. This seemingly more natural esti-
mator 921, however, is more complicated to compute in practice, especially when the
dimension ¢ is relatively large, since different elements in H require different bias
corrections. In particular, at most ¢%/2 + 3¢/2 terms of nonlinearity biases need to

be corrected in é;l, whereas only ¢ are needed in f,. Importantly, as discussed in Li

G (Vit, ;) as instrument (estimated by CA?,” j—), the estimator (4.14) can be derived through solving
Q@ (0) = 0, where
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et al. (2019a), analytically calculating the second partial derivatives for all elements
can be cumbersome in empirical applications, even for a problem of moderate di-
mension; hence, 0, permits a nontrivial improvement in terms of simplifying the bias
correction procedure. Moreover, é;l is likely to have poor finite-sample performance.
For ease of exposition, I will only focus on 6, for the rest of the paper.

The main result of this section is given by the following theorem.

Theorem 4. Suppose Assumptions 13-21 hold. In restriction to A,, we have the
following results represented as F°-stable convergence in law:

(a) if NnA,, — v for some v € (0,0), then

AL (én - 9) L5, MN (0, AVARI);
(b) if NoA, — oo, then

AL (9 . 9) L25, MN (0, AVARY) ;
(c) if N,A, — 0, then

\ﬁ(e - 9) L5, M (0, AVARS),

where
AVARI = (87 Soa.ds) T Eetr'E,) (5 EGG,st)_l;
-1_ -1
AVAR2 = (7 Saauds) Ze (§) Soasds)
AVARS3 = (So Yao sds) = ( EGG,SdS> 1’
and for any indices I, me {1,...,q},

— T l m
=ik = 200 T (V1S Vi)
=, = S?; Sg Yy s udsdu.
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REMARKS. (i) The central limit theorem displayed in part(a) reflects two types of
sampling variability. The first type stems from the local diffusive shocks in prices.
However, only the systematic component in the diffusive shocks drives the limiting
distribution, whereas the idiosyncratic component and the interaction between the
systematic and idiosyncratic component are both “averaged out” in the cross section.
Intuitively, the local diffusive shocks in the common factors are shared by all assets
and thus “survive” the cross-sectional sample averaging. They lead to a mixed
Gaussian distribution upon aggregated over the time dimension. In the end, the
idiosyncratic diffusions only enter the asymptotic variance through the G transform.
This unique feature of asymptotic distribution is noticeably different from most limit
theories that are based on the estimation of integrated functionals of volatility as in,
for example, Jacod and Rosenbaum (2013); Li and Xiu (2016) among others. The
second type of sampling variability comes from the cross-sectional disturbance of the
unobserved heterogeneity, which is more standard and commonly appears in limit
theories for analyzing cross-sectional data.

(ii) The two types of sampling variability coexist in the asymptotic distribution
if N,A, — ~ for some finite constant . Part(b,c) present two boundary cases,
where the slower dimension dominates. For example, when N,A, — 0, the sam-
pling frequency is high enough such that the approximation error in spot variance
estimation is negligible relative to the cross-sectional disturbance of the unobserved
heterogeneity. Note that in finite-sample applications, the result in Part(a) should
be used.

(iii) The noise sequence that contaminates the observed dependent process does

not contribute any variation to the asymptotic variance under the maintained as-
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sumptions, regardless of the relative rate between V,, and A,,. This is another major
distinction between univariate and large cross-sectional inference. In a univariate set-
ting, as shown in Li and Xiu (2016), the limiting distribution captures the long-run
variance of noise. However, since the noise is assumed to have weak cross-sectional
correlation, it vanishes upon cross-sectional aggregation. Instead of the variability
of noise, it is now the variability of the time-invariant unobserved heterogeneity that

is present in the limit.
4.2.2 A Feasible Inference Method

Let us now proceed to consistently estimate the asymptotic variance so as to make
the inference procedure feasible. To this end, two different estimators are needed to
approximate two types of variability in the asymptotic variance: the cross-sectional
variability from the unobserved heterogeneity and the high-frequency variability from
the systematic diffusive shocks. The former is relatively standard and can be esti-
mated by adapting the traditional heteroskedasticity consistent covariance estimator
of White (1980). The major technical complication comes from estimating the lat-
ter, namely Z¢. Basically, it amounts to estimating an integrated functional of the
asset volatility, the factor volatility, the factor loadings and the firm-specific char-
acteristics. A seemingly natural strategy is to construct a plug-in type estimator,
which is in one of the usual approaches to estimate integrated volatility functionals.
However, it is well known in factor analysis that the factors and their loadings are
only identified up to an invertible matrix. This indeterminacy of the factor structure

poses challenges to the estimation of Z.
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Li et al. (2018) investigate the composition of the unobserved invertible matrix
for recovering factors and their loadings, and they show that the covariance of factors
constitutes an important component of it; similar results can also be found in, for
example, Bai (2003) and Pelger (2019a). Based on these findings, I observe that the
way the spot covariance of factors enter the invertible matrix is exactly the same as
the way it enters =¢, and that all the other unobserved nuisance components have
asymptotically negligible effect on estimating =¢. This “rotation invariance” property
implies that knowing the factor and factor loadings up to an invertible matrix is as
good as knowing the true factor and their loadings. In addition, it suggests that
a plug-in type consistent estimator of the asymptotic covariance is indeed feasible:
We only need to locally approximate asset volatilities and factor loadings, and the
spot covariance of factors are then automatically estimated in this procedure as a
by-product.

To be concrete, for 0 < j < M, —k,, let X,, ; be a (N,, x k;,,) matrix of normalized
high frequency returns of X, with its (¢,1) element given by [Xy,;]; ) = A7, Xi/ VA,
Let X ; be the continuous part (drift plus diffusion) of X, ;. In view of (4.3), we

have the following factor decomposition

XC = NFT 4 80y + Ay,

n-n,j

where the total number of factors is assumed to be 7, which is unknown; A} =
(A1, .-+, An, )T is the matrix of factor loadings; the columns of F; ; are the normalized

high-frequency returns of the r factors respectively; the (7,[) element of &, ; is given

by [571,3'](1',1) = Sgi?_%%n 5i,8dW~673/\/An; and the (7,0) element of A, ; is given by

_ (Ut+DAn
[An,j](i,l) = S(;J,-l—l)An s ds /v Ay
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Prior studies have shown that in long-horizon factor models, the dimension r can
be consistently estimated using multiple approaches; see, for example, an information
criterion approach proposed by Bai and Ng (2002), an eigenvalue difference estimator
developed by Onatski (2010), and an eigenvalue ratio method studied in Ahn and
Horenstein (2013). Some of these approaches could be analogously adapted in the
continuous-time setting; see, for example, the methods developed in Ait-Sahalia and
Xiu (2017) and Pelger (2019a). In empirical applications, methods with different
objective functions could lead to different estimates of r. To avoid the risk of mis-
estimation and improve ease of implementation, I only assume that the dimension r
is bounded by a known constant 7, which is then used as the number of factors in my
estimation. As a matter of fact, the true value of r is nonessential in the consistent
estimation of the asymptotic variance; the estimated “non-factors” are shown to be
asymptotically negligible.*

Since X7 ; is not directly observed, I consider the truncated normalized return

matrix X¢

nj» whose (i,1) element is given by

[Xn’j](i,l) = [Xniliy ]l{|[X"»j](i,l>‘<“"/\/A7}'

Let the columns of ﬁn,j (of dimension (M, x 7)) be the ordered eigenvectors
of XijXg’j associated with the largest 7 eigenvalues. For identification purpose, I

assume ﬁg]ﬁn] /kn = Ir. Upon imposing this restriction, it should make intuitive

4 Determining the number of factors is of interest in its own right. Since the focus of the current
analysis is to do feasible inference for a finite-dimensional parameter and the factor-analytic method
merely serves as an auxiliary tool in this inference procedure, for ease of exposition I only use the
upper bound 7 to form the estimator, without estimating the exact value of r. This type of agnostic
treatment is also deployed by Li et al. (2018).
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sense that the information regarding the spot covariance of factors is now translated

into the factor loadings. An additional identification assumption is presented below.

Assumption 22. For allt € [0,T], ¥xVy¢ has distinct eigenvalues almost surely.

I set An] =k, 1Xc ﬁ’ = (XLW,...,XM,”J)T and for de {1,...,q}, set

[Gn 1Ja G’I’Ll] ] /\-{,n,j[Gnlj—a Gnlj ]
1% _ K’ = :
n,j,d — ) n,j,d —
)\}-Vn[Gn N"’]a Gn Nnaje]d )‘-]r\fn,n, [Gn NnJ_a Gn NTHJQ ]d
For [;m € {1,...,q}, consider the following series of estimators.
( 1 .
=N,_, AIL ]A;L7 i

[ :;Q)

f](l m) - QA ZMn_kn Tr (Qn,j,lQn,j,m> )
n = NL Z (A ZMn kn, Gnm, (Si,jAn — leén>>
<A ZMn kn GILZJ* (Si,jAn - GIL,l,Jén>> 3

S _ 1 Np,
EGGJATL =N, Zi:l Gn,i,j—Gn,i,j-

[1]) —

The main result of this section is given in the following theorem.

Theorem 5. Suppose Assumptions 13-22 hold. We have

AVAR1 5 AVAR1, AVAR2E AVAR2, AVARS S AVARS,
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A~

—_
—

—

P Mn_kn ~ -1 ~ Mn_kn ~ -1
AVARI = (An | ZGG,jAn) (Eng Nﬂgﬂ) (An j:Zk: EGG,jAn> ;

Jj=kn
o Mn—kn -t Mp—kn -1
AVAR2 = (An Z ZGG,JATL) Ze (An Z EGG’,jAn) ;
j=kn J=kn
. Mn—kn - Mn—kn -1
AVARS = (An Z EGG,jA"> En (An Z EGG,jAn) .
j=kn J=kn

The consistent asymptotic covariance estimators presented in Theorem 5 converge
jointly with the centered and scaled estimators presented in Theorem 4, which is
implied by the notion of stable convergence in law; hence, one can combine Theorem 4
and 5 to construct confidence intervals and conduct hypothesis tests in the standard

way.
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4.3 Monte Carlo Studies

4.3.1 Data Generating Process

In this section, I examine the finite sample performance of the proposed estima-
tor. The data generating process (DGP) broadly mimics the real data used in the
empirical section. Let the total number of assets be N = 100, and the time hori-
zon be T' = 60, which corresponds to roughly one trading quarter. For each asset

ie{l,..., N}, consider
dXiy = ANdfy + &i,tdWi,t + Jid Ny, (4.15)

where J; is distributed according to a doubly-exponential distribution with density
fs(x) = exp(—2|z|) and N, is a Poisson process with intensity Ay = 0.1, which
corresponds to one jump every ten days. The unit of time is one day. The diffusive
systematic factor process is simulated based on Li et al. (2018), where f is a three-

dimensional process given by
1/2 . .
df; = Vf’é dWy, with Vi, = diag (U%Lt, JJ%’%, 0-]2”,3,t) ,

and W is a three-dimensional standard Brownian motion. Each factor log-variance

(k =1,2,3) is specified as the following mean-reverting process

dlog (J?Jt,t) = 0.1 (log (6]207,6) — log (ch,k,t)) dt

10.2 (p (AWiy + dWay + dWsy) + /1 — p2dBk,t) + Ji HNG)

where p = —0.6, which is used to capture the “leverage effect”; (By,),_,,5 are

=1,2

one-dimensional standard Brownian motions that are independent of W; the jump
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arrivals given by N, are exactly the same as those in the price process, capturing the
volatility co-jumps with the price; jk’t is another doubly-exponential distribution,
independent of other components in the model, with density fj(x) = 5exp (=10 |x|);
and (57,,07,,074) = (0.92,0.21,0.07).

The idiosyncratic volatility &;, in (4.15) is given by

~92 ~

Oit = Pi (‘7]2“,1,15 + 0-12‘,2,t + ‘7]223,15) + (1) 5i2,t7 (4.17)

where p; is drawn independently from Uniform|[0.2, 0.8] distribution, and log (&;,) is

independently simulated according to the following process

dlog (52,) = —0.1log (52,)dt +0.2dB;,,

~

where (B, +)1<i<n are standard Brownian motions that are independent of all other
components. Note that the idiosyncratic variance 51‘2,t specified in (4.17) is allowed to
depend on factor volatilities and the range of admissible values of “volatility loading”
is large enough to capture the possibly large cross-sectional heterogeneity.

For each i, the factor loadings A\; = (A1, Ai2, Ai3)" in (4.15) are drawn from three
independent uniform distributions, where \; ; ~ Uniform|[0.3, 1.7], and A; 2, A; 3 ~Uniform[-
1, 1]. These numbers are directly mirror Li et al. (2018).

The true parameter is set to be 0 = (0, 011, 012, 6013)7. Let 21 ~;5a. N (4.0,0.7%)
and z;5 follow independent and identical gamma distributions whose density is given
by I'(3)7'0.13z%exp (—x/0.1), where T is the gamma function. z;; and z;, are both
independent of other random components and independent of each other. The un-
observed asset specific effects are given by €’ ~; ;4 Uniform [—mq, mg], € ~iia.
N (0, 062’1), with €? independent of €.
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Based on ?, x is chosen to be a moving average (MA) series which approximates
a fractionally differenced sequence. For d = 0.3,
= Cd(l+d)...(j—1+d)

Xij = Zj + Z%ZJ’—I’ where ¢; = ! and Zj ~ii0. N (O,U%) :
=1 :

This specification allows the autocorrelation in noise decays slowly up to lag 100.

The conditional standard deviation of noise (¢;), ., is specified as
d¢i,t = 10 (1 - (bi,t) dt + 01 (dWLt + dWQ’t + dW3,t) .

Clearly, this specification allows the process ¢;; to depend on prices and volatilities
through W.

The dependent process at each observational time is simulated according to

Sijn, = (90 + 6?) +9 (V;,jAn) (911 + 2i1012 + 22013 + 611) + @i inn Xig (4.18)

where Vija, = AN Vija,Ai + 07,4, and g(-) is a real-valued function. Different
parameter configurations are given in Table 4.1. In particular, case 1 considers a
simple linear ¢ transform, with parameters calibrated to mimic the regression of
trading volume on spot variance as alluded in Example 2, whereas case 2 considers a
more challenging scenario where more asset specific variables are included and the ¢
transform is the square root function, which corresponds to the regression of bid-ask
spread on spot standard deviation as examined in Example 1.

Finally, the truncation threshold is set to be

tn

Uniy = 4.0 x A/7BViy x A% BV, = gn = . Mo |ar x| |Arx] . (4.19)

j=({t—1)n+2
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Table 4.1: Parameter Setting for Monte Carlo Studies.

Case g ((E) 90 911 912 913 mo O¢,1 Oz
Case 1 x 20 80 0 0 5 5 5
Case 2 NG 0.01 0.05 -0.01 0.02 0.005 0.005 0.01

Note: This table reports parameter values used in the simulations. Case
1 concerns a linear g transform, with no firm-specific variables included
in regression (4.18); Case 2 concerns a square root g transform, with two
firm-specific variables z; 1 and z; o entering the slope coeflicient.

where BV, is the bipower variation of asset i on day ¢ (see Barndorff-Nielsen and

Shephard (2006)) and ~; is the time-of-day factor given by v; = b;/ ((1/n) pI bj>,

with by = by and b; = T~ |A”7 X;

(t—1)n+j—1 A X;| for j =2,...,n.5 The

n
(t—=1)n+j5

upper bound of the number of factors is chosen as 7 = {3,5}, where 3 is the correct
number of factors in the DGP and 5 is a more conservative choice. Conservatively
choosing a large 7 avoids underestimating the number of factors and is formally

justified by the inference theory. There are 1,000 Monte Carlo trials in total.
4.3.2  Results

From Table 4.2, we see that the inference procedure can overall give precise esti-
mates of the coefficients for both configurations. The highest bias arises at 5-minute
frequency under case 1. Recall that when constructing the plug-in estimator of 8, we
separately approximate the instrument and the independent variable at each time
t over two adjacent but non-overlapping estimation blocks. By doing so, we pre-
vent the nonparametric estimation errors in the instrument from intertwining with

those in the independent variable, thus simplifying the bias correction procedure.

5 Note that a deterministic intraday pattern in volatility is not introduced in the DGP. Nonetheless,

to keep in line with the following empirical study, I include the time-of-day factor in the truncation
threshold.
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In particular, when the ¢ transform is linear as in case 1, the estimation method
does not require any explicit estimation of high-order biases. By shifting in time the
local estimates of the instruments, we essentially replace the nonlinearity bias with
another type of bias: the tracking error along the time dimension. Not surprisingly,
the inevitable finite-sample cost associated with this procedure is that estimates are
likely to be less well-centered when the local estimation window for volatility recovery
is chosen to be large, which is exactly the case at the coarser frequency of 5 min-
utes. The exhibited larger finite-sample biases for 5-minute data reflect this tradeoff.
Everything else equal, using 1-minute data with smaller local windows permits a
noticeable improvement in reducing biases, especially for case 1. Notice that under
case 2 with the square root g transform, the reported medians for both frequencies
are very close to the true values. Besides slightly larger biases, the interquartile
ranges are also wider for 5-minute data. These findings suggest that increasing sam-
pling frequency improves estimation precision, which is well expected since the limit
theory is built upon an infill asymptotic argument.

The validity of the inference theory is further checked in Table 4.3 and 4.4, where
I consider the standardized estimators and display the Monte Carlo coverage rates
for different local windows k,, and different choices of 7. As we can see, for different
k., the coverage rates are reasonably close to the nominal levels. Moreover, choosing
the number of factors larger than the truth barely affects the coverage rates for both
cases, supporting the implementation of conservatively selecting a large 7 in practice.
These results suggest that the feasible inference procedures have overall satisfactory
finite sample performance, at least in the calibration considered above. Nevertheless,

there exist some slight over- and under-coverage for both cases, especially for 5-
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minute data.

Table 4.2: Monte Carlo Simulation Results

A, =1/400 A, =1/80

Case Parameter True Value Median IQR Median IQR

Case 1 0o 20 19.3353  [16.0908, 22.2312] 17.3081 [11.2887, 22.4175]
01 80 80.2380 [77.6879, 82.8741] 80.9869 [77.6860, 83.6802]

Case 2 0o 0.01 0.0102  [0.0096, 0.0108] 0.0101  [0.0093, 0.0109]
011 0.05 0.0491  [0.0465, 0.0519] 0.0489  [0.0463, 0.0516]
012 -0.01 -0.0099  [-0.0105, -0.0093] -0.0098  [-0.0104, -0.0092]
013 0.02 0.0197  [0.0174, 0.0222] 0.0196  [0.0170, 0.0223]

Note: This table reports median and interquartile range (IQR) of estimated 6 across 1,000 Monte
Carlo trials for two different cases shown in Table 4.1, for which only the firm-specific variables with
non-zero effects are included in the regressions. I choose k,, = 20 for A,, = 1/400 and 17 for A,, =
1/80. The column “true” shows the true parameter values used in the simulations.
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Table 4.3: Monte Carlo Coverage Rates (%) of Confidence Intervals, Case 1.

A, = 1/400
F=23 =25
Level éo 91 éo é1
k, =20 90% 91.80 91.90 91.80 91.90
95%  95.90 95.30 96.10 95.30
99%  99.50 98.50 99.50 98.60
k, =30 90% 91.20 91.30 91.20 91.30
95%  95.20 95.00 95.30 95.00
99%  99.10 98.10 99.10 98.20
A, =1/80
r=23 r=25
Level éo él 90 él
k, =17 90% 93.00 92.00 93.10 92.00
95%  97.60 96.90 97.70 97.00
99%  99.50 99.40 99.50 99.50
kr,=19 90% 92.30 91.10 92.30 91.30
95% 97.30 96.60 97.30 96.60
99%  99.40 99.40 99.40 99.50

Note: This table reports the Monte Carlo coverage
rates (%) for the standardized estimators for Case 1
in Table 4.1. T choose k,, € {20,30} for A,, = 1/400,
k, € {17,19} for A, = 1/80, and 7 € {3,5}. There are
1,000 Monte Carlo trials in total.
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Table 4.4: Monte Carlo Coverage Rates (%) of Confidence Intervals, Case 2.
F=3 F=5

Level 6 011 012 013 fo 011 012 013
Panel A. A, = 1/400
k,=20 90% 88.30 87.50 87.20 89.10 88.40 87.50 &87.20 &89.10
95% 93.80 9240 92.70 94.40 93.90 92.40 92.70 94.40
99%  98.30 98.00 97.90 98.10 98.30 98.00 97.90 98.10

k, =30 90% 88.30 87.30 86.90 88.80 88.30 87.30 86.90 88.80
95% 93.70 92.30 92.60 94.30 93.70 92.30 92.60 94.30
99% 98.30 97.90 97.80 98.10 98.30 97.90 97.80 98.10

Panel B. A,, =1/80
k, =17 90% 90.90 86.80 88.50 86.70 90.90 86.80 88.50 86.70
95% 95.50 92.30 93.50 93.00 95.70 92.30 93.50 93.00
99% 99.40 97.80 98.20 97.30 99.40 97.80 98.20 97.30

k,=19 90% 91.00 86.80 88.40 86.60 91.10 86.80 88.40 86.60
95% 95.30 92.40 93.40 93.00 95.50 92.40 93.40 93.00
99% 99.50 97.80 98.20 97.30 99.50 97.80 98.20 97.30
Note: This table reports the Monte Carlo coverage rates (%) for the standardized es-
timators for Case 2 in Table 4.1. T choose k,, € {20,30} for A,, = 1/400, k, € {17,19}
for A, = 1/80, and 7 € {3,5}. There are 1,000 Monte Carlo trials in total.
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4.4 Conclusion

This paper studies a certain type of continuous-time volatility regression in a large
cross section using high-frequency data. The semiparametric inference procedure
involves nonparametrically recovering stochastic volatility processes and then us-
ing the volatility estimates in the estimation of a finite-dimensional parameter of
interest. The asymptotic distribution is mixed-Guassian which captures both the
diffusive variability of semimartingale processes and the unobserved heterogeneity
across assets. A feasible inference method is proposed based on a factor-analytic

method.
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4.5 Proofs

4.5.1 Notations and auziliary results

Notations. We denote a generic finite positive constant by C', which may be different
from line to line; when necessary, we use C} to stress its dependence on a constant
k. For two real numbers z and y, x v y = max{z,y}. For a random variable Y

the conditional expectation E [-|F] is denoted by Ex[-]. For a constant p > 1, we

write [Y], = (E[[YI")? and [V, = (Ex[[Y|"])". For a sub o-field G < F

and a sequence of random variables (,, we write (, £, ¢ if the G-conditional law
converges in probability to that of ( under a metric that is associated with the weak
convergence of probability measures. Throughout the proof, we will use i to index
cross-sectional units and j to index observations along the time dimension. For

simplicity, we denote Z and ZM" M by >, and )] j» respectively. In addition, we

set
bi,t Eai,t‘F)\Ibf’t, Xi,t EX10+X/t+ZAXzsa
s<t
- t t
X=Xt R Xige= [ bds+ [ Nogaw
0 0
~ t —~ N kn
Xz{,t = f 5i,stVz}sa V]An = Z ]+u
0 :

Following a standard localization argument, it is no restriction to impose the

following assumption, which is slightly stronger than Assumption 13.

Assumption 23. Suppose Assumption 13 holds with 71 = oo. The processes (a;)i=1
by, o5 and (‘7@1@)11@1 are globally uniformly bounded and for some A-integrable function
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J:E R, |6 (wt,v)] < JW) and |6 (w,t,0) |2 < J(v), for all i, w e QO ¢ = 0
andv € E. Moreover, the processes (V;)i=1 uniformly take values in a convex compact

subset of V.

The following lemma presents several known estimates regarding It6 semimartin-
gales and the spot variance process, some of which are nontrivial (see (4.8), (4.11)
and Lemma 4.3 in Jacod and Rosenbaum (2013) under a finite-dimensional setting).
Most of the estimates below are stated as an asset-wise result. In view of the uniform
boundedness presented in Assumption 23, it can be shown that all these estimates

hold with a universal constant C' not depending on 5.

Lemma 9. Suppose Assumption 28 holds with r € [0,1) and let ¢ be one of X;, a,
by, b, 0f, 0, or any power of them. Then, for some deterministic sequence ¢,, — 0,

we have

(i) |E[rru — @l Rl < Cs, E[supyepos |era — @il [F] < Cos' @2, for
q=0;
(7’7’) E [Supue[O,S] ’Xl(,t+u - Xz{,t’q ’E] < Cqsq/27 fO’l” q= O;'

(m)]E[
(w)IE[

(v) ‘E [(%An Viin, )2 Foa, ] — VR, ‘ < CAY? <k;1/2+k:nA}/2>.

80| < Cadn AT for g > 1

1,5An Z]A

|‘F7An:| < G <k’;q/2 + knAn>, forq =2

) jA 7] jAp

Proof of Proposition 5. The proof consists of two lemmas. Lemma 10 below

gives an important auxiliary estimate regarding the difference of truncated squared

6 Note that the constants in Burkholder-Davis-Gundy inequalities are independent of the choice of
the local martingale and that the constants in Corollary 2.1.9 in Jacod and Protter (2012) depend
on J and A, both independent of .
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returns, built on which Lemma 11 proves the claim in Proposition 5. Note that under

Assumption 23, Vi,jAn is globally uniformly bounded. Next, we set

"X
n __ 7+1

Then, we have the following result.

(XN
\/Tn {|AJ+1X/\

]+1

Lemma 10. Under assumption 14, 19 and 23, we have for any q > 1

E| sup ‘ ]| | Finn ] = O(Af”’)w’p/q).

1<i<Np

Proof. Note that (z + y)? — 22 < (Jy| + |y|°)(1 + |z|). Following the proof of
Lemma 13.2.6 in Jacod and Protter (2012) (with &' = 2, s = 1 and p’ = 1 in that

lemma), we deduce
2 2
(@ + 9" Largizunivany — @) Ljoj<u,van)|

<C (An 202 (14 ) (yy| ATy A (/) )> (4.20)

Let Y = J * pu, then [A7,  X/| < |A}
AR X /VA, and y = AT X WA, we get

Y| for all 7. Applying (4.20) with = =

7+1

n 71 2/(1 2w) n n
< CA, A\J;ALX ' +0(1 AJ“ )(A\}i M)

/

2
+C<1+’Aj+—1

Xi) <un/f) <‘AJ“ | . (4.21)

VA,
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Let H be the o-field generated by the restriction of the measure p, and (G;) be the

smallest filtration containing (F;) and with % < Gy. Then, from (4.21) we observe

An o 1+2/0-2)
| Fia,

J+1%

VA,

E [sqp \Z1] |.7:jAn] < CALE
AT Y

CE ]+1
" m VA,

A" Y
CE s
i [( VA,

sup
i

A 1> \]:jAn}
AT X

A 1) E lsup T

| 2 (ar v\
+CE (%) (| Z; |A1> [ Fian

|QjAn] |]'"jAn]

+CE [ E [sup

)

2
A X! w, \° [|A7,Y
\j/% ‘|ngn] (\/A—) (| Z; | A 1> | Fia, [(4.22)

From here, a maximal inequality, Proposition 2.1.10(a) in Jacod and Protter

(2012) and Lemma 9(ii) imply that for any m > 1, ¢ > 1 and some constant C

(independent of 7)

AP XL i AP XM v
[T ]« (o 2 )}
AfaXi

mq 1/q
< CON}/a sup {E [ |ngn]} < CALP4. (4.23)

VA,

Next, in view of Corollary 2.1.9 in Jacod and Protter (2012), we deduce that for
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some sequence ¢, — 0 and some constant C',

2
A Y
E (%/\1) |Fin, | < CAL ™6,

n

: (—‘A;Ai” . 1) Fou,

Combining (4.23) and (4.24), we deduce that the majorant side of (4.22) is bounded

<A (4.24)

by C(A}L_p/q v ¢nA$3—T)w_p/q). This finishes the proof of the lemma. Q.E.D.

Below, we shall show that ‘A/” A, approximates V@]An uniformly over both ¢ and
j. This is an extension of Lemma A2 in Li and Xiu (2016) to a large cross-sectional

setting.

Lemma 11. Under assumption 14, 19 and 23, we have

Sup ‘/;7]An - V'LJATL = Op(l)'

1<i<Np, 0<j<Mp—kn

Proof. By Ito’s formula, there exists a C), (independent of ¢ and j), such that for

any p > 1

{7/ 17 —1/2
‘/7’7]An - VZ».]A’H- p < Cpkn / .

Applying a maximal inequality and choosing p > 2(p + 1)/¢, we get

1 ~, J—
< Nn/p Sup ‘/i,jAn - Vi,jAn
1<i<N,

sup

sup
Osngn_kn

. _
Viin, = Vija,

p p

< CNYPMMPE 2 = ¢ NP0 DIP ) (4.25)
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Next, observe that for any ¢ > 1

E [ sup ‘//\;',jAn -
1<i<Nn, 0<j<Mn—kn
1 |T/An]
< su
koA, “ ip
7=1
1 |T/An]
< su
Tn N, e

<.
Il
_

!
4,jAn

|

(A?Xi)g 1{’A§LXZ~

(A7XD)" L ap g}

oy~ (37

<0 (Agb(l/Q—w)—l-i-L—P) +o (Ag_r)w_lﬂ_p/q) 7

:| +o0 (A5L2—T)w—l+b—p/q)

(4.26)

where the first inequality is obvious, the second inequality follows from the triangle

inequality and Lemma 10, and the third inequality is due to a maximal inequality and

Lemma 9(ii). In view of the maintained restrictions on ¢ and w (see Assumption 19),

the right side of (4.26) goes to zero for a large enough q.

Combining (4.25) and (4.26) yields the assertion of the lemma.

Q.E.D.

This finishes the proof of Proposition 5. Based on Assumption 23 and Proposi-

tion 5, it is no restriction to assume that \A/m-An uniformly take values in a compact

set. Below, this assumption is implicitly imposed without further mention. Next,

we shall show a couple results pertaining to the weak law of large numbers. In the

sequel, we set G, ;; = G (Vi ja,, ).

Lemma 12. Suppose Assumption 14, 16, 19, 20 and 23 hold, then we have

A, ~
(a) N, ZZG’“
n -y I

T
J'*Gl-z,i,j = J;) EGG,st + Op(l);

A, S T
®) ¥, 2.2 Gnig-Gllij = J Yaa,sds + op(1),

0
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Proof. (a) Note that the Taylor theorem, Lemma 9(iii,iv), Assumption 16, the

maintained restrictions on ¢ and @ in Assumption 19 and the fact that V;, take
values in a compact set readily imply that ]E[HG(‘A/Z-JAM %) —G(Vija,, z)|] < Ckn 2.

This, along with the triangle inequality, Lemma 9(i) and Assumption 16, implies

E [HG (%An_, z) — G (Viya,.2) ] < CEV2, (4.27)

It is easy to see that (4.27) implies
_ZZ ( n,g,Jj— nZ,j> G;rzzj = OP (k;1/2> . (428)

From here, it is enough to show
A T
Fn ZZ Gn,i,jGIL,i,j = f ZGG,st + 0p(1). (429)
noyy 0

To this end, let G (n,i,t) = Gp,;, when (5 —1)A, <t < jA,, j = 1. Then, the left

side of (4.29) can be written as

kn—1)A

J —ZG n,i,8) G (n,i,s)Tds = (1 + Con,
(

where

(Mn—kn)A

Cl,n = J _ZG 13722 157zz> ds
(

kn—1)A

(Mn—kn)An
G = | N, 2 (G 89 (1.1:5)7 = G (Vi ) G (Vi) s

kn—1)An
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Assumption 20 and the dominated convergence theorem immediately yield ¢, L
SOT Y6a.sds. Again, by Lemma 9(i), E[|G (Vi a,,2) — G(Vis, 2:)|] < CVA, for all i
and (j —1)A, < s < jA,. This and the triangle inequality imply that (s, = 0,(1).
From here, assertion (a) of the lemma follows.

(b) Since we assume ‘A/Z-’jAn_ take values in a compact set (due to Proposition 5),

A~

Gh,ij— is uniformly bounded. Upon view the definition of BG (-) and applying a

similar argument as in part (a), it is easy to see that
A ~
FnZZGn,i,j— ( ng,j GILZ]) = 0P<1)'
noy

This, combined with part (a), gives the desired convergence, completing the proof.

Q.E.D.

Recall that

A, = {%Z ;;(A}’WJGHT” is invertible.} )

Lemma 13. Under assumption 14, 16, 19, 20, 21 and 23, we have P (A,) — 1.

Proof. For notational simplicity, let Xn = N—” D Z Gn ”_Gn ;- It has been shown

in Lemma 12 that /'\A,’n LR SOT Yaasds. Assumption 21 and the continuous mapping

theorem imply that for some constant C' > 0, det(z\?n) LR det(gg Yeasds) = C, where

det (A) is the determinant of a square matrix A. Picking ¢ = C/2, we deduce

P(A,) > ]P’(det( n) > g)

which proves the claim. Q.E.D.
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4.5.2  Proof of Theorem 1

Before proving theorem 4, four lemmas are needed to characterize asymptotic be-
havior of different components in the model. In particular, Lemma 14 provides the
convergence in F-conditional law for the cross-sectional unobserved heterogeneitys;
Lemma 15 shows the asymptotic negligibility of the noise; Lemma 16 shows an-
other result regarding the weak law of large numbers; and Lemma 17 provides the
stable convergence in law for volatility functionals upon cross-sectional aggregation.
Lemma 17 is proved in the spirit of Jacod and Rosenbaum (2013) but is different
than that paper in two ways: first, it concerns a setting where the dimension of the
panel grows to infinity simultaneously with the shrinkage of the sampling duration,
which necessitates a further decomposition of nonparametric estimation errors; sec-
ond, it is based on a spatial localization argument for a large cross-section so that
the test functions G (-) do not need to satisfy a polynomial growth condition which

is originally imposed by Jacod and Rosenbaum (2013).

Lemma 14. Let
An 2 T )
H, = Fn Z Z Gn,i,ijnﬂ',j\IjiEiv
i
Then, under the Assumption 14, 16, 18-21 and 23, we have

(@) AH, E5 MN (04712, if NaA, — 71

(b) A;LI/QHTL = 0p(1>7 Zf NnAn - OO,

(@) VNH, 25 MN(0,5,), if N, — 0.
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where

T T
= J f Yy sudsdu.
0o Jo

Proof. Case (a). Suppose N, A, — 7.
First, we shall show that En = Ero[A'HLHI] = 7712, 4 0p(1). In view of

Assumption 18(i,ii,iv), one can write

[I]2

T AT
VAT | GGl

J

Z

ZGnl]—an]

With an appeal to (4.27), Assumption 16 and Assumption 18(ii),

[I]2

+ 0,(1).

Z

ZG,“JG

VA [ZGWG

Let G (n,i,s,u) = G(Vija,, z)G(Vija,, z) VU G(Viua,, 2)G(Viua,, )T when
(j— DA, <s < jA,and (v—1)A, <u < vA, for j,uv = 1. Next, observe that

[1]e

K NA ZZ ZGT”J nqu]\IjTG"lanzv+0p(1)

1 (Mn—=kn)An  ~(Mp—kn)An N
= — > G (n,i,s,u)dsdu+ o,(1).
NnAn J(kn—l)An J(kn—l)An Nn Z P( )

Consecutively using the triangle inequality, Lemma 9(i) and Assumption 16 imply

that for fixed i, s and u,

E||G (n,,5,4) = G (Vi 5) G (Vi 20T WWIG (Vi ) G (Vi 2)'| | < VA,
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From here, Assumption 20(iii), the bounded convergence theorem and the assump-

tion that N,A, — v yield

[1]2

P T rT
, =" J f Yy s udsdu, (4.30)

0 JO

which gives the Fj-conditional covariance matrix.

Next, consider a Liapunov-type condition. Observe that

4

AL2
n ~ T

J

! 1
< O SXEn 1119 -0 ().

> Exo

‘Z’jAn, take values in compact sets. Note that for any subsequence N; < N, there
exists a further subsequence N, € N, along which (4.30) occurs almost surely. Along
N,, the Lindeberg central limit theorem under F°-conditional probability gives the
desired convergence of the conditional law. The assertion (b) of the lemma follows
from reverting the subsequence argument.

Case (b). Suppose N,A, — o. Applying a similar argument as in step 1 of
Case 1 and using Assumption 16 immediately yield Ero[A; [H,]?] = 0,(1). The
assertion (a) of the lemma readily follows.

Case (c). Suppose N, A, — 0. Following the exact same argument as in Case 1

completes the proof. Q.E.D.
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Lemma 15. Let g, = Nn_lAi/2 D Zj @n,i,j,gzﬁi,jAnxi’j. Suppose Assumption 16 and

17 hold. Then, g, =

op(1).

Proof. Observe that for some p > 2,

Ero [[lsn]

N

N

N

<

where the first

My —knp 1 Nn 2
Ero | An| )] N 2 G- GiganXi,
j=kn ni=1
q Mp—kn 1 Nn 2
Ero A"Z N Gn,i,j*]d(ﬁi,jAnxi:j
d=1 \ j=kn, = "i=1"

2
p ¢?,jAnEf0 [ng]

C 4, M M 2
~ Tt 24, Z Z Z N2 Z [ nz,j—] i janPiin,Ero [Xiixi]

n d=1 j=kn I=j+1 Ny i=1 d
C q _k M'n kn Nn

\1-2

F Z Z Z HXi,j ‘_7:07[, HXi,lH]:pr Oz (l - j) /p

n N d=1 j=k, I=j+1 i=1
C My —kn Mp—kn—j

1 —2/p

Fn + C—n Z 2 amm

Jj=kn

Sl

and second equalities are by definition; the third equality is from

Assumption 17(iv,v); the first inequality is from Assumption 16, Assumption 17(iv,v)

138



and the assumption that \A/” A, — take values in a compact set; the second inequality

is from the mixing inequality and the uniform boundedness of @mi,j— and ¢;; (upon
using a localization argument); the third inequality is by changing of variables and the
assumption that y has finite (conditional) moment of all orders (Assumption 17(iii));
and the last inequality is by Assumption 17(ii). From here, the assertion of the lemma

readily follows. Q.E.D.

Lemma 16. Suppose Assumption 14, 16-20 and 23, then

A, ~ T
N . Grij-Sija, = (J ZGG,st) 0 + op(1).
no

0

Proof. In view of the model specification (4.6),

A, ~
—E E Gnij—Sija,
N,, ~ &

i

= A, Z Z i jGl 0+ A0 Y. Ni PENTReLN 21
j =1
+An2 Nizén,i,j—qsi,jAnXi,j- (4.31)
J L’

By Lemma 14 and 15, the second and third terms on the right side of (4.31) are
asymptotically negligible. According to Lemma 12(a), the first term converges in

probability to (Sg Yca.sds)0, completing the proof. Q.E.D.

Lemma 17. Let

- ZAWZG””,[ e Gn,m]TQ
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Then, under the conditions of Theorem /,
£0 > MN (0,Z),

where [Z¢]@m) = 2 So VfSEAGWsVﬂ EAGWS)ds for any indices I, m e {1,...,q}.

Proof. We first apply a spatial localization argument so that we can without loss
of generality assume that G transform is compactly supported.

By Assumption 16(i) and Assumption 23, {(V/ take val-

1,JAn> zi)}lgian,osigMn—kn
ues in a compact set I x Z, where K is a compact subset of V. For some € > 0, con-
sider B = K¢ x Z, where K = {v € V : inf, e |v — ¢'| < €}. In view of Proposition 5,
we deduce that with probability approaching one, {( iiA s Zi) F1<i< N 0<i<Mp—k, take
values in B. By C® Urysohn’s lemma, there exists a compactly supported C* func-
tion (v, z), which takes value 1 on B and 0 on the complement of 3¢ (defined in the
same way as K¢ using the Euclidean norm). Then, the function G* = )G coincide
with G on B and is compactly supported; hence, 0,G = 0,G* and BG = BG* on B.
Therefore, it is no restriction to assume in the sequel that G is compactly supported.
For notational simplicity, we set &, ; j = (A}, X N2=Vija, Ay and B, = AJA
Vijna, - Recall that ‘A/Z-fjAn = (k,A,)~ Zk” 1(A§"+u+1X )2, which is an infeasible spot

variance estimator using local returns of X’. Consider the following decomposition
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1 1 ~ 9
Ul,n = N_n Z m 2 Gn,,;,j,(%GIij Z Ui j+us
UQJL = Nin Z ATIZ/Q ; @n,i,j— {G <‘Z,jAn7 Zz) -G <‘//\;/1jAn’ Zz)

_ki <]B%G (XZ,jAn,zi) BG (VZJA ,z,>)}T0;

n

Uspp = Nin Z AN G- {G (‘ijaw Zz> — G (Vijan, %)

? J
1 ~, T
—0 G( 1,JAn> Zz) ang k’_n]BG (V;,J'An’ Zz)} 9;
kn—1
U47n = ZAl/QZ an]—a an] k. Z (V;',(j+u)An — ‘/;,jAn) .

STEP 1. This step shows the stable convergence in law for the leading term U ,,.

By changing of variables and the order of summations,
1 Z /N ¢
U n Wi, 050y
17 Nn - n - tAd) 29y

_ 11 Akn—=1) A T ;
where wy, ; , = Z (v Mn+kn)v0 Gri(v—u)-0uGy ;8- In view of the factor struc-
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. , o o v o
ture in X', one can write 0, ;4 = Q10 + A2 ni0 + 300, where

3 = (A7 X)) = ATV n, Ny

Alniv = v+1<Ye f) T A VoA AiBRn;

>, 2 ~

w n .

Ao niv = <Av+1Xi> - V;,vAnArw

y _ n ! n v/

Agmiv = 200X fALL X

STEP 1.1. In this step, we consider

Mp—1

1 1
U= = > > Wi
1,n n,t,v 41 n,g,v,
VA, = N, <

and show the stable convergence in law for Uy ,,.
Note that for ¢ € [0, A,], X = S(t) XiopsdWs + b; ot + Sé (bis — bio) ds. Applying

It6’s lemma yields that for any i,k € {1,..., N,},
t t
XZ(’f’tX,’c’f’t — M Vit = J X;ﬂs (bi,s — bro) ds + f X,;f,s (bis — big)ds
0 0

¢ ¢ ¢
+bz‘,0J Xé’ﬁsds + bk’oj Xz(,f,sds + J N (Vis — Vio) Axds
0 0 0

+ f: Xi p Mo sdW + Lt X p M 0g,sdW. (4.32)
In view of Lemma 9(i,ii), the Cauchy-Schwarz inequality, the uniform boundedness
of A\; and b; and the fact that \; € Fy for all i, we get
B [X] ;0 Xk pelFo] = M Vyodrt| < Ct* and E [| X, X} 1, — ATVyoAit| [Fo] < C4.33)
Upon shifting in time,

|E [&1,n00] Foa, ]| < C’Ai and E [|a1 0| | Foa,] < CA,, forallv=0. (4.34)
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Following similar argument, applying 1t6’s formula yields

t t
(X, )2 (X0, = Mi+2 L X! (XL ) buads + 2 L XL (X0,)° beads

t

t
+J (Xi10) A Vishids +f (X))  ALVyAeds
0 0

t
+4J;) Xz/,f,sXI/c,f,s)‘;er,SAkd& (435)

where M, is a local martingale that vanishes at ¢ = 0. With an appeal to (4.33), the

Cauchy-Schwarz inequality and the classic estimates on It6 semimartingales,
B (X050)" (Xhp)* 1o | = ATVEAAIVEoM® = 2 (\TVyo)* 2] < CIP2. (4.36)
Upon shifting in time and combining (4.34), one can deduce

B (i1t Fos, ] = 2 (T Viws, M) A2] < CAT2 (4.37)

Clearly, wy, ;. is Fya,-measurable and &1 ., i F(u4+1)a,,-measurable. To get the
desired stable convergence in law, it is enough to apply Theorem IX 7.2.8 in Jacod

and Shiryaev (2003) (with G = 0 and Z = 0 in that theorem) and show the following
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sufficient conditions for any indices [,m € {1,...,q}

M,—1

Z an,i,vE [0 0] Foa, ] = 0p(1);

M,—1 1
2 E [( Z wn,i,v]l dl,n,i,v) <F Z [wn,i,v]m dl,n,i,v) |]:1)An]

nvkn [

T
—2 J Tr (vf,szg’gmvf,szg’zjm> ds + 0,(1);
0

1! 1 '
(i11) x5 Z Ellx D nininia] | Foa, | = 0p(1);
n v=k n o
Myp—1 [ 1
< n
Z E N Zwn,i,va17n,i7vAy+1M’FvAn = Op(1)7
n v=kp noy

where M is W for some d or an arbitrary bounded martingale orthogonal to W.
Condition (i). In view of (4.34), Assumption 16 and the assumption that G is

compactly supported, the left side is O (AI/ 2).

Condition (ii). Let w),, = k' Zuv_(i” M,Lk:k_,}))vo Gni(v—u) O G 6. In view of

TZ’LU u

.27), Assumption 16 and the assumption that G 1s compactly supported, we deduce
4.27), A ion 16 and th i hat G i 1 d ded
E [Jwniw — who[] < CkyV2. (4.38)

Further let w® (n,i,t) = w,,;, and Vy (n,t) = Vi,a, when (v — 1)A, <t < vA,,

for v = 1. Due to the triangle inequality, the Taylor theorem, Lemma 9(i) and

Assumption 16, when 2k, — 1 <v < M, — k, and (v — 1)A, <t < vA,,

E [Hwo (n,i,t) — G (Vig, zi) 0,G (Vig, 2i)T 9”] < C\ k. (4.39)
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Next, consider the following calculation

1 et 1 1
A_n U_an E [ (Fn Z [wn,i,v]z al,n,z’,v) <Fn Z [wn,i,v]m Oél,n,z',v) ’FvAn]

(]

A_n Z m Z Z W, v wn,kz,v]m
v=kn n i=1k=1

X <E [al,n,i,val,n,k,v|]:vAn] -2 (Agvf,vAn Ak)2 Ai)

n—1

2 M, 1 N, Nn
A, Z _32‘2‘ Wniy [Wn kol AT Viea,Ae)* A7

)

A M,—1
- 2_ > Tr (va YN (W], Viea, D AL [wn,k,v]m> + 0,(AY?)
k

”vkn )

2 (Mn—1)A,

Tr | V;(n, NAT [w? (n, 4,
N s r( ¥ (n S>ZZ] [w (nzs)]l

x Vi (n,s) Z AL [w (n, K, s)]m> ds + Oy (k; V%) + 0, (AY?)
o

Tr | Vi(n,s AN i 2i) OnG (Vis, 2i)T 0
N <f( )2 (G (Vis, 2i) 0uG (Vis, 22)" 0],
Vi (n,8) > MAL[G Vi, 2) 80G (Vis, 2) 9]m> ds

k
+0,(k, %) + Op(V kM)

T
= 2J Tr (VfﬁEf\l)Gmsz,SEE\@WQ ds + op(1),
0

where the first equality is obvious; the second equality is from (4.37), Assumption 16,
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the assumption that V; ;o,— and YA/i’jAn_ take values in compact sets, and properties
of the trace operator; the third equality follows from (4.38) and the definitions of
w? (n,4,s) and V; (n, s); the fourth equality follows from (4.39); the last equality is
due to Assumption 20(iv) and the bounded convergence theorem.

Condition (iii). Due to Assumption 16, the assumption that V; ja,_ and XA/MA”_

take values in compact sets, and Lemma 9(ii), the left side is bounded by

al,n,i,v|‘F'UAn] =0, (An).

HMZ

e

Jil Q

Condition (iv). The result immediately follows from Lemma 4.5 in Jacod and
Rosenbaum (2013). This finishes the proof of Step 1.1.

STEP 1.2. This step shows U}, = 0,(1), where

My—1

"o __
Ul,n: Z anvaVanv

Similar to Step 1.1, Itd’s formula gives
~ \2 b
(X;,t) — M, + J Vi ods:
0
t

N 2 9 to, 2 ~ 2 ~
() (35) = e [ (3 W [ (320
0
+4 f Xk s Vik, sds

where M; is a local martingale that vanishes at ¢ = 0. Then, Lemma 9(i,ii), the

146



Cauchy-Schwarz inequality and a similar argument as (4.33) imply

( s 2 ~
E ( {,t> — Viot

~ 4 ~
{E ( ;7t> —3V?0t2'<0t5/2 (4.40)

< Ot?

< Ct92 if i # k.

2
E [ug,n,i,vpcﬂﬁn] - 2‘/’L,2UA7LA72’L

E [&Q,n,i,v&Q,n,k,v‘van] - Q‘Zi,vAnAi

5/2
<CAY (4.41)
<CAY? ifi # k.

Observe that U}, = ¢, + ¢, where

LR e _E|L e s 1)
Cn - \/Ainvzzkn anilwn,z,va?,n,z,v_ Nn;wn,z,valn,z,v’ vAy, )

1 1 Mp—1
€7I’L = F Z \/T Z wnﬂ;ﬂ)E [dQ,nﬂ;,ULFUAn] .
n 3 n U=kn

Due to (4.41), Assumption 16 and the assumption that G is compactly supported,
we have (], = Op(Ai/ ?). It remains to show ¢, = 0,(1). Let 7, denote the summand

in (,, so that one can write (, = A2 ZUM:",;I M- Note that (77%”)@;0 form a
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martingale difference array; hence

c et 1 ’
E[¢.[*] < A U;; E|E Fnzi:wn,i,vdlmi,v | Foan
c M |g 1 ’
< A_n = E ;E <F le wn,i,v]l 642,71,1',1)) “FvAn
C My—1 [ g 1 n Nn
< A_ Z E 2_22 wnzv] [wnkv] E[QanvQanULFUAn]]
" oy=k, Ll=1"""i=1k=1
C M,-1 [ 1 N, - ,
< A_n _Zk E Frg — (E [a2,n,i,v|]:UA7:| 2‘/1 VAR An)
O Mnl 1 ] ] ; )
+A_ Z K T2 ZE [a2,n,i,va2,n,k,v|fUA ] zvk AL A
v=kn n £k
My—1 My —1
+OA ZE[NQZ 1,0 +CAHZE[ Z kvA]
v=kn i v=kn ” i#k

= O(AAN) +O (A + O (N;Y) + 0 (a67),

where the first line is from the property of martingale difference arrays; the second to
fourth inequalities are from simple calculations, Assumption 16 and the assumption
that G is compactly supported; and last line is from (4.41), the bounded convergence
theorem and Assumption 15. Hence, we have ¢, = 0,(1).

STEP 1.3. This step shows U}", = 0,(1), where




Similar to the previous steps, in view of the orthogonality between W and Wy,

applying It6’s formula yields for any i,k = {1,..., N,}
~ t ~
LR, = Myt f X! bouds:
0
LR LKL, = M+ Bt AV J XX ds +f X! XL Viads,
0 0

where M, is a local martingale that vanishes at t = 0; B; is a drift term such that
E [B;|Fo] < Ct°/? (from consecutive use of the Cauchy-Schwarz inequality). In view

of (4.40), we have

E| X1, X7 < o,

~ 2 ~
E|(x:,.07 (%) yfo]_Agvf,Uw,Otz

< Ct92) ifi =k, (4.42)

E | XX, l/c,f,tjzllf,t"FO] - /\zTVf,O)‘k‘Zk,OtZ‘ < COPP2, if i # k,
which, in turn, implies

UE [df},n,i,v FvAn]’ < OA7217
E 03,0/ Fonn] = N Viea, AiViea, A,
E [a3,n7i,va3,n7k7v|~FvAn] - 4)\Ivf7vAn )\k‘Zkz,vAnA?—L

5/2
< AV (4.43)
< CAY? if i # k.

"
1n

Following the exact same argument as in Step 1.2 (decomposing into two
parts that are analogous to ¢, and (], with as, ;. replaced by as,;,.), it is easy
to see that (], = 0,(1) upon using (4.43). Now, observe that in order to prove the

desired result, it is enough to show

n

1 My—1 q 1 2
A_ Z E Z E <F Z [wn,i,v]l di’),n,i,v) |]:UAn = 0(1).
T v=kn 1= n

1 7
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Note that the left side of the last equality is bounded by

1 Mpy—1 q 1 Npn Np
el St
v=kn

I=1" " i4i=1k=1

2

C My, —1 1 ~

v=Kk, nog

3

C Myp—1 q 1 } } N
+A_ E [Z F Z E [a3,n,i,va3,n,k,v|FvAn] - 4/\2-Vf,vAn /\k‘/;k,vA,LAi
n =1 i#k

v

Il
>
S

n

M,—1 1 -
+CA,, Z E [NT% Z ANViwa, AiVioa,

My,—1
+CATL 2 E[ 22‘/zkvAn

v=~kn, n 3£k

v=~kn

= O (AY2NY) + O (A2) + O (N;!) + O (A2 72),

where we used Assumption 16 and the assumption that G is compactly supported,
the estimates in (4.43), the bounded convergence theorem, the Cauchy-Schwarz in-
equality and Assumption 15.

The proof of Step 1 completes upon combining Step 1.1-1.3.

STEP 2. This step concerns the asymptotic negligibility of Us,,, Us,, and Uy,,.
Upon noticing that é’n’m_ is uniformly bounded and is Fja,-measurable, we can
show these three terms are o,(1) by adapting the proof of Lemma 4.4 in Jacod and
Rosenbaum (2013). The adaptation is simple but somewhat tedious. Since G is
compactly supported, we only need w € [1/(2(2 — 1)), 1/2), which is slightly weaker

than the restriction in Jacod and Rosenbaum (2013), and can be implied by the
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maintained assumption on w. In particular, we have

(a) A;/QZC:'HM_ {G (‘Z,JAM zl> -G (AifjAn, zz)
J

1 (B6 (ia,s ) ~BG (Vja,21)) }T 6= O, (dnAZ—I71/27)

(b) A2 Grij- {G (A{J-Ana Zz') — G (Vija,, z)
j

1 ~, T
—0yG (Vijan: 2i) Bij — k_BG ( A zl)} 0

= 0, (k20512 v B, A2 v k)

R 1 kn—1
(c) AvlzﬂZGmid—avGﬁ,mek_ D (Vigrwa, = Viga,) = Op (knAY?) .
J " u=0

From here, we can immediately deduce that U, = 0,(1), Us,, = 0,(1) and Uy, =

0p(1), thus ending the proof. Q.E.D.

Proof of Theorem 1. For simplicity, we first introduce additional notations (some

already defined above).

A, A ~ A, .
Xn = EZZ‘:;Gn,i,j—GILJ’J; Xn = E;;Gn,i,j—Gg,iJ;
A, ~ A, ~
Vi = Fn Z Z Gn,i,j—Si,jAn; U, = Fn Z Z Gn,i,j—¢i,jAnXi,j§
1] ]

n7l7]

A, ~ A, N -
Hn = N_n Z; Gn,i,ij;rL’iJ\piEi; Vn = Fn Z; Gn,z’,jf (G Gn,i,j)T .
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Case 1. Suppose N,A, — 0. By a simple calculation,
A2 (én — 9) = Ripn + Rop + Rap,
where
Rip = AYV2X M, Rop = AV2X Uy, Rsp = =AYV W,X71 ),

With an appeal to Lemma 14(a) and Lemma 12(a), we have

£|]__0 T -1 L T —1
Ry, —— MN |0, Yeasds) T E, Yaa.sds : (4.44)
0 0

In view of Lemma 12(a) and Lemma 15, one can deduce

Ry, — 0. (4.45)

Lemma 12(a,b) and Lemma 16 imply

-1

g 1 12\ A A T
Ry, = — (L EGc:,sal5> mzAn ZGn,i,j— (Gn,i,j - Gm‘u’) 0

i J

+0,(1). (4.46)

From here, Lemma 17 implies

T —1 T -1
Rs., 25 MN (0, ( f EGG,Sds> Ze (J EGG,st) ) . (4.47)
0 0

Applying Lemma A3 in Li and Xiu (2016), we have the following joint F°-stable
convergence in law
(Rin, Ran) 55 (G, Go),s
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where (; and (5 are defined on an extension of the original space, such that they are
FP-conditionally independent and ¢; (resp. ¢») has the same F°-conditional laws as
the limit of (4.44) (resp. (4.47)). From here, combining (4.44), (4.45) and (4.47)

yields the assertion (a) of the theorem.

Case 2. Suppose N, A,, — c0. By Lemma 12(a) and Lemma 14(b), Ry, 5 0. The
limits of Ry, and Rj3, remain the same as in Case 1; hence, we have the assertion
(b) of the theorem.

Case 3. Suppose N, A, — 0. Consider
NY2 (B, = 0) = R, + Ry R
where

By = NaX Hs Ry = VNG U Ry, = A/ NB VXD

Lemma 14(c) and Lemma 12(a) yield

) £|f0 T —1 _ T -1

Since N, A, — 0, Lemma 15 and Lemma 12(a) imply
Ry, = 0. (4.49)

Similarly, Lemma 12(a,b), Lemma 16, Lemma 17 and the maintained assumption
that NV, A, — 0 immediately imply
Ry, = 0. (4.50)
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Applying Lemma A3 in Li and Xiu (2016) with &, = £ = 0 in that lemma and
combining (4.48), (4.49) and (4.50), we deduce the following F°-stable convergence

in law
T -1 T -1
N2 (en - 9) 25 MN (o, ( J ZGG’Sds> =, <J EGG,sds) > ,
0 0
thus completing the proof of the theorem. Q.E.D.

4.5.8  Proof of Theorem 2

To prove Theorem 2, five lemmas are needed. Lemma 18 and 19 provide prelimi-
nary results. Lemma 20 is in the spirit of Theorem 2(a) of Li et al. (2018), which
examines the composition of the latent rotation matrix in recovering factor load-
ings. Lemma 21 explicitly gives the probability limit of various estimators defined
in Section 4.2.2. Lemma 22 shows the consistency of a heteroskedasticity consistent
covariance estimator. Finally, the main proof of Theorem 5 shows the consistency of
the proposed asymptotic variance estimator.

In this section, we set F* to be the first r columns of Fnj, A'*jd to be the

first r columns of A/

A’ ;.a to be the following (7 — r) columns of N A;J =

’Vljd’ njd7

k., 1Xc P =k 1X¢ P +k,; (XC - X5 )F* and A%’j to be the following (7 —7)

n,jo n,j n,JT n,j

columns of An’j. Moreover, for p € @, = {¢p € R* : Ty = k,,}, we denote

Qi (p) = k2NTIOTXTXE o

Q:L,j (QO) = kEQNn_ QDTF* A*TAn n]QO

n,j 'n
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Lemma 18. Under Assumptions 13, 14 and 15, we have

(a) sup k2N T E T En i = 0p(1);
%2 n

(b) sup k2N T AL T A, o = 0,(1);
[%2] n

(c) sup k"N, M @& TAL| = 0,(1);
wed,

(d) sup k"Nt T An TG = 0,(1).
pedy,

Proof. (a) For notational simplicity, we drop the subscript j in this proof and denote

eq = [Enjlan and ag = [An )6 Applying 1t6’s formula yields

‘E [eilekl|f(j+l—1)An] - ‘N/z'k:,(j-i-l—l)An < CA,,. (4.51)
Next, observe that
| ko ka 1 M
—2pa7—1 T _ - e
kn Nn SOTgn gnQO - kTQL ;mZ:l P1Pm Nn gezlezm
o\ 1/2

/
T~
| =
=
PF
5,
S
3 [ %)
S~
5
:Pm =
F
F
A/
S
1z
Q2
o
3
S~

n [=1m=1 I=1m=1 i=1
9 2\ 1/2
! i ! i A ! i (4.52)
= o) ~ 246 o) ~ /2y GilCim fx-
k% =1 Ny i=1 ! k% l#m Ny i=1 l

where the first line is obvious; the second line is from the Cauchy-Schwarz inequality;

and third lines is from the definition of ®,,. Lemma 9(ii) implies that |e;|? = O, (1),
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for p = 0. This immediately gives

Without loss of generality, assume [ > m. Then, ey, is F(j1i—1)a,-measurable.

Consider

i=1k=1 n =1 k=1

1 Ny, Ny,
E [eacimenern] = 57 Y E [Z €imCrmE [6il€kl|]:(j+ll)An]]

N N 1
1 n n ~
< N2 Z E [Z CimChm Vik,(j+i-1)A, | + CA,

ni=1 | k=1 i
| N N, 1/2 (N, 1/2
5 (S n]) (e[ E ) s
n =1 k=1 | k=1

<C(agrryn,),

where the first equality is obvious; the first inequality is from (4.51), Jensen’s in-
equality and the fact E[|ey[P] < C, for p = 0; the second inequality is by consec-
utively using the Cauchy-Schwarz inequality; the third inequality is from the fact
E[les|?] < C, for p = 0 and Assumption 15.

From here, one can deduce the right side of (4.52) is 0,(1). The assertion in (a)

follows from taking supremum over .
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(b) Following the identical derivation as in (a), we have

o\ 1/2

—2a7—-1.7T T 1 & ]' & 2
k N 7TA,TA,y < EZ N_nza”

n=1 =1

1 1 &
+ k_2 Z Fn . A1 Aim, . (453)
Note that

N 2 Nu Nn
-1 —2 2
E [N anaim =N, E[anaimamarm] < KA,

i=1

where the inequality follows from the Cauchy-Schwarz inequality and the uniform
boundedness of «;;. This implies the second term on the majorant side of (4.53)
is 0,(1). Meanwhile, the uniform boundedness of a;; readily implies the first term
on the majorant side of (4.53) is 0,(1). The assertion in (b) follows from taking
supremum over .

(¢) It is enough to show the assertion for each column p € {1,...,7}in A%, denoted

n

by [Ar](.p)- We denote the (i, p)-entry of A} by A;,. Note that

1 TE TTA* IR 1
kN v g"»j [An](,p) = /{?_ Z Y1 N_ 2 ell)\’bp
nen " =1 n =1
Phn NP b M 2\
< 7. §0l2> 7. Z <_ Z ezl)\zp>
<k" =1 kn =1 N i=1
Lol 1 S 2\
= | ~ Z eil>\ip> : (4.54)
(k” =1 <N” i=1



where we used the fact that ¢ € ®,,. Next, consider

2
1
k (Fnzeil)‘il’> = _ZE [Z AipAipE [enent| Fjai-1a ]]

”zl k=1

AN BT T
< _Z [Z >‘zp)‘kpvzk G+-DA, | + CA,

1 N, 1/2 [ N, N 1/2
n i=1 | k=1

<C(A5%W?+AQ,

where the first equality is from Assumption 13(iv); the first inequality is by (4.51) and
the uniform boundedness of \;; the second inequality is from consecutively using the
Cauchy-Schwarz inequality; and the last inequality is from the uniform boundedness
of \; and Assumption 15.

From here, the majorant of (4.54) is 0,(1). Taking supremum over ¢ on (4.54)
gives the desired result.

(d) Following the same calculation as in (c), one can derive

9\ 1/2
1 1 dn /] M
kNwAM[Lmk RO B SIS . (4.55)
niVn n =1 ni=1
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Due to the uniform boundedness of a; ¢,

Hence, the majorant side of (4.55) is 0,(1). Taking supremum over ¢ on (4.55) gives

the desired result, ending the proof. Q.E.D.

Lemma 19. Under Assumptions 13, 14, 15 and 19, we have

sup [Qn (0) = @h; (0)] = 0p(1).

wed,

Proof. Let Q5 ; (¢) = k,” N, '¢TX;T. X ;0. Observe that

(& * 1 C C * * *
n,j (SO) o Qnd (90) = k2Nn SDT (Xn-,ran - FnJAnTAnFn ]) ¥
1 * * *
= BN¥ P (M FT 4 Enj + Ang) T (M FT + Enj + Anyj)
_FT:]A:LTA;FnJ) 2
1 T T
= v, P (Eng + Ang) (Enj + Ang)) ¢

By Lemma 18 (a,b) and the Cauchy-Schwarz inequality, sup e, |Q5,, (9)—Q7. (v) | =

0p(1).
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Next, it is enough to show sup,eq, |@Qnj (v) — @5 ; (#)| = 0,(1). By the triangle

inequality,

sup |Qn.; (@) — Q5 (9)] = sup
wedy, pedy

e (R, - XX, )

1 2 [ Ser o
< g o el [ KT R - X

1 2

<

2
C
- Xnvj

‘XCJH (4.56)

n n

Following an usual argument, (see for example Lemma 13.2.6 in Jacod and Protter
(2012) withm =2, k=1,s =5 =1,p =0, § = 0 in that lemma) we have, for

some sequence ¢, — 0 and 0 <[ < M,

2

A”X APXY

E _t
VA

< Cop, AP

Also notice that |X¢ | = O, (vk.Ny); hence,

1
ann

~ 2
C C
X — X

=0p(1) and

krjvn H Xi | = op(1). (4.57)

This implies the majorant side of (4.56) is 0,(1), thus ending the proof of the lemma.
Q.E.D.

Lemma 20. Under Assumptions 13, 14, 15, 19 and 22. For each s € [(j — 1)A,,jA,),

we have

S (BaTEz /) Vi P H, 5 1, (4.38)
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where Hy is the ordered orthogonal eigenvector matriz of Vl,‘/fEAVlf and

. ) N * . 1/2
Sn,s = dZCLg <S7’gn (FHEFHJ ( ”EFn]/k ) S)) '

Proof. This statement is essentially the step 2 in the proof of Theorem 2 in Li et al.
(2018). All auxiliary results that are used in the proof are provided in the previous

lemmas. The proof is omitted for brevity. Q.E.D.

Lemma 21. Under the assumptions of theorem 5, for each s € [(j — 1)An, jA,),

1 I~ 2
(@) 5 [Ans = AV, S0 = 0p(1):
1 * * *
(b) F A/n]d A;L] dvflézA H S = Op(1>7
1 =0 I
(c) N An,j = 0p<1)§
1 0 2
(@) 5 | A0 = 00

Proof. (a) This part of the proof is similar to Theorem 2(a) of Li et al. (2018).
Let Dy; = Ny'(An, — AV HS: )T(A;, — An VYA H,S:,). Then, it is
enough to show Tr(f)nvj) = 0p(1). Observe that ﬁw’ = §17n7j—l~?2,n,j —l~72 i +D3 g

where

Dl,n,j = FA;TJA;W
Duny = - ALAVIAHS,
Dsny = —5* HIVEA NTAVYA HS;.
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To show TT(ZNDW) = 0,(1), it is enough to show IN)IMj 5 D, for k = 1,2,3, where
Dy is the diagonal ordered eigenvalue matrix of Vg Yy AVl/ 2,
Case k = 1. Recall that

A * 1 c * 1 vc c L
[ P (anj - Xw) . (4.59)

k n,j n]

Op (V) [ X5 51 =

Under the maintained assumptions, it is easy to see that H}?’; ;

O, (VknN,); hence (4.59) and (4.57) imply that

~ 1 o o
D1 k2N (A FT 4+ &+ Ang) T (M FT 4+ Enj + Ay J)Er
N Ex (R, - Xa,) B N B (%, X,g) Xe Fr
1 C (& T AC C A*
1 * *
- k;2N P ALEST + Enj + Ang) T (ALELT + Enj + Anj) i+ 0,(1)
= -Dlln]+D12nj+D12nj+D13n3+op(]‘)
where
D = L FP TR ATTAYFAT
Ling — kQN TLj n,j ' “tn n] n,j’
~ 1 T * *T *
D172nj = kQN (gn]+“4n]) AnFn]Fn]7
Dlv&”:j = kQN nj(gnj—i_AnJ) (gn,j+An,j) Fn]

In view of Lemma 20, one can deduce

FXVE: ke — S JHIVHE = 0,(1). (4.60)

n] n,j
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Also note that F;T]F;]/k;n = O, (1); hence,

Diin; S;,SHgv;szv{stS,;s +0,(1)

= Ds+o0,(1).

Due to Lemma 18(c,d) and the fact that F*TJF,:j/kn = 0, (1), 51,2%]» = 0,(1).

Lemma 18(a,b) and the Cauchy-Schwarz inequality imply 51,3,71,;‘ = 0,(1). Hence, we

have the result for the case k = 1.
Again, using (4.57) and the fact ||}A7’;]H = 0, (Wky), |Az] =

Case k = 2.
O, (v/Ny,), one can deduce
~ 1 “ Ny .
Duny = o Bal (MET + £y + Au) T MVEA HLS,
R P (R, = X0, ) VA HLS,
— Do+ Daopj+0p(1),
where
Daing = ( ;;F,:J/k)mm/fv VA HiSh
> BT (&t AT AVYA ST

D2,2,n,j = k N

By (4.60), we deduce

Dyinj = S;’SHSTVJC{QQEAV{QQHSSZ,S + 0,(1) = Dy + 0,(1). (4.61)

Lemma 18(c,d) implies that Dy, ; = 0,(1). The result for the case k = 2 follows

from here.
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Case k = 3. Clearly,
Dsyy = Sy HIVIZS\VIZHS,  + 0,)(1) = Dy + 0,(1), (4.62)

which readily proves the assertion for the case k& = 3. The proof for part(a) is
finished.

(b) Assumption 16, the assumption that V; ja,,, XA/” A, take values in compact sets,
the triangle inequality, part(a) and the standard consistency result for estimating

spot variance imply that

N A;:]d A;;jdvfléi HS*
1 Al T 1/2 * 2
FZ N1 =NV HLS [Gn”_a ar, .6, ]d
1 Al T1/1/2 * 2
o 2NV LS ([Gw_a ar .0 ]d— [Gris0,GT, 6] )
" =1

1/2 *
NNV HS

<3 )

= 0p(1).

This finishes the proof of (b).
(¢) The proof essentially follows Theorem 2(b) of Li et al. (2018).

(d) By definition of /A\;? ;4> bart(c), Assumption 16 and the assumption that V; ja,,,

Vija, take values in compact sets

ot [ i j— O Gn”A]z 2

©,M,J

A/O

04 < Z

N ’ = 0,(1).
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This ends the proof of (d). Q.E.D.

Lemma 22. Let

[

y = NLZ (A G (S, - é;,iﬁjén>>
(A ZGMJ < 4,7 _é:”]én>)

~

‘ 2 P
Under the assumptions of theorem 5, we have =, — =Z,.

Proof. To start with, consider the following decomposition =, = =, + =, + = + =T,

where

[1]¢

ZG,“J, ( r0—Gr 6, )

(A Nar, (ije N ))

A GT o (Sigan G%@))

[1]e
52
[l
2|~
/N N /l;\ N /\

3
)
3

T
)
B

3
D
3
=
~__—
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Observe that

< S S| Jono - 618
(A

2

~

—_
—

—

n

N n,%,j n,i,j - "
n

2 ~
- (IGn 2

).

where the triangle inequality is used. In view of Assumption 16, the assumption that

< Oj\in Z; Hénﬁi,j_

0 — 0] + |G — G

Vija, and V; i, take values in compact sets and the results in Theorem 4, one can

deduce that the majorant side of the above inequality is 0,(1).

1]?

Next, we shall show that = = =, + 0,(1). In view of model (4.6), one can write

E% = FLn + FQ’n + Fg}n —|— F3’n, Where

F2,n = Fn AnZ Gn,i,jG:L7i7j\Ijiei> (Anz GIL7i,j_¢i,jAnXi,j> )
J J

1 ~ ~
Fg,n = F AnZ Gn,i,j—¢i,jAnXi,j) (An Z G;,i,jgbi,jAnXi,j) .
L J J
Note that
1 ~ 2
Ero [|Ts.]] < N Z A?LZ HGn,i,j— ‘ 07 ia Bro [X7,]

Gnvivj_

’ HGn,i,l—H Gija, Diin, Exo [Xixil| -

9 My —Fn,
2
IO MDY
i 7 l=j+1
Due to Assumption 16, Assumption 17(i,iv) and the assumption that V;;a, and

XA/WAH take values in compact sets, the first term on the majorant side is O, (A,,).
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Similar to the proof of Lemma 15, the mixing inequality readily implies the second

term is O, (A,). From here,
(4.63)

Note that

s S| @] -0 ()
J

C
Iﬂwm—mﬁ]<3ﬁZE

where the first inequality is due to Assumption 18(ii,iv), the second equality is due

to Assumption 16, the assumption that V; ;a, and YA/” A, take values in compact sets

IT% 0 = Tl = 0p(D). (4.64)

It has been shown in Lemma 14 that I'} 5 Z,. This, combined with (4.64),

implies
E= (4.65)

From here, (4.63) and (4.65) and the Cauchy-Schwarz inequality imply that I'y ,, =

0p(1).

Finally, since E, + 0,(1), the Cauchy-Schwarz inequality

Q.E.D.

En = 0,(1) and E% =

yields EZ = 0p(1). This proves the assertion of the lemma.
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Proof of Theorem 2. STEP 1. This step shows that for each s € [(j — 1)A,, jA,),

we have the following asymptotic representation

* 1/2 - Ny 1/2 *
@njd — <Sn,sH;Vf,jAn <Nn ! Zi:l )\2)\;[ [Gn’@javGLng]d) Vf,jAansn,s 0)

0 0
+0,(1). (4.66)
collect the first r columns of Kw and /AX; ;.a» respectively; hence one can write

o= (NN VA). 4o
n Sn,gitngd n Stn,gton,jd
Let Q;J’d = N;le\;fjf\;;,j,d be the upper left block in (4.67). Note that
o KR = S HIVI A ATAL V)R HLS:
< Ni (R = MV H50.) " (R = NV, 1S3 |
+Nin (R = MV HLSs) N VA HLS
+Nin Sr IV AT (Npa = NoaVia, 1S | (46s)

Lemma 21(a,b) and the Cauchy-Schwarz inequality imply that the majorant side of
(4.68) is 0,(1). From here, the definitions of A}, and A}Y; ; yield

Nx * 1/2 1 1/2 *
Qg = SmngvféAn (E Z N [Gn,@javG;vivje]d> Vf,jAn HS:  + 0,(1). (4.69)
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Next, by Lemma 21(c,d), the fact that N7 AT A* - = O, (1) and N,; AT A%

n,j**n,j n,j,d**n,j, d =~
O, (1) and the Cauchy-Schwarz inequality, we deduce

N 1A;T]A;?]d = OP<1);
1A2T]A;:]d = Op(l)v
IA?IT]A;’(LJJC[ = OP<1)'

The asymptotic representation (4.66) immediately follows.

STEP 2. When (j — 1)A,, < s < jA,, for any two indices [,m € {1,...,q}, set
CL(TL, S5, l> m) flfA ( Z >\ )\T nz]a G”Hje]l> Vfléin
1
1/2 1/2
VoA, (EZM; Gi @Gl 0] )vm

Recall that [Z¢] ., = 25 T7(Vr.aSitw. VisSigw.o)ds. By (4.66), the difinition of

Sy s Hs (see Lemma 20) and the properties of the trace operator,

[Eg](lm) = 28 ZTT( ””Q”Jm>
B 1/2 1 1/2
= 247, ZTT ( £l (FHZ)\J\ZT G, jOu Gnmﬂl) VfJA"

VA ( ZA A [Grij0,GT 10 )vfﬁn> + 0,(1)

(Mn—kn)An

= QJ Tr (a(n,s,l,m))ds + oy(1).
(kn—1)Ap
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Assumption 20(iv) and Lemma 9(i) imply that

1/2 l 1/2v,1/2(m 1/2
HCL(TL, S, l’ m) - Vf,é EE\)GW,sz,é Vf,é EE\G)VV,sz,é

= 0p(1).

From here, the bounded convergence theorem gives

T
[Eg](l 2 L Tr (VesSw, VisSie.. ) ds (4.70)

Assumption 20(ii), the standard result for estimating spot variance and the

bounded convergence theorem yield
An Z EGG,jAn — f EGG’SdS (471)
A 0
j

Lemma 22, (4.70) and (4.71) together yield the assertions of Theorem 5. Q.E.D.
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5

Conclusions

The dissertation touches upon several important topics in volatility literature and
makes contributions on each front. First, I study a new notion of realized autoco-
variance for stochastic volatility, which is a special form of integrated volatility func-
tional. I propose a plug-in type estimator for the realized autocovariance, provide the
central-limit theorem, and show how it might be applied in empirical studies as a re-
alized analogue of the standard autocovariance. Second, I study the problem of spot
volatility estimation under two noisy settings and propose different pre-averaging
estimators of the spot volatility of the asset price and that of the microstructure
noise. I further provide the uniform rates of convergence for these estimators. The
spot estimators and the uniform convergence results are all new to literature. Fi-
nally, I study a semiparametric inference procedure for a finite-dimensional parameter
in a continuous-time regression model in a large cross-section. The model studies

the relationship between a dependent process and a possibly nonlinear transform of
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volatility over a fixed time span, and the coefficient is allowed to depend on a set
of firm-specific characteristics. The construction of the estimator involves two steps:
the nonparametric estimation of volatility processes, followed by a parametric second
stage that uses the volatility estimates. I show that the estimator follows a central
limit theorem and provide a feasible inference procedure based on a factor-analytic

method.
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