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Abstract

This dissertation contains four chapters. Chapter 1 gives an overall view of stochas-

tic volatility and high-frequency financial econometrics. Chapter 2 proposes a new

notion of realized autocovariance for stochastic volatility, which is an analogue of

the standard autocovariance in a non-stationary non-ergodic continuous-time set-

ting. I propose a plug-in type estimator for the realized autocovariance and show

the central-limit theorem of it. Empirical applications are then provided.

Chapter 3 concerns the “localized” estimation of volatility, namely spot volatility

estimation, under two noisy settings. The first setting concerns an additive-noise

multivariate price process, with regular sampling and conditional independence in the

noise; the second setting further allows for random sampling and long-run dependence

in the noise, but it requires a one-dimensional underlying price process. I propose

different pre-averaging estimators of the spot volatility of asset price and that of the

microstructure noise, and then provide the uniform rates of convergence for these

estimators.

Chapter 4 studies a semiparametric inference procedure for a finite-dimensional

parameter in a continuous-time regression model in a large cross-section. The model

studies the relationship between a dependent process and a possibly nonlinear trans-

form of volatility over a fixed time span, and the coefficient is allowed to depend on
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a set of firm-specific characteristics. The construction of the estimator involves two

steps: the nonparametric estimation of volatility processes, followed by a parametric

second stage that uses the volatility estimates. I show that the estimator follows a

central limit theorem and provide a feasible inference procedure based on a factor-

analytic method. Lastly, I show in a realistically calibrated Monte Carlo setting that

the performance of the inference procedure is reasonably good.

Finally, Chapter 5 concludes.
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1

Introduction

Stochastic volatility plays an important role in financial market. The word “volatility

essentially means the second moment of asset returns, which serves as a very simple

but commonly used measure of risk. Substantial empirical studies have shown that

asset returns exhibit general form of time-varying heteroskedasticity, which means

the second moment of returns is a stochastic process and thus is time varying.

Understanding the dynamics of stochastic volatility can dramatically help re-

searchers and practitioners in portfolio construction, risk management, and deriva-

tive pricing. However, the volatility is a latent process. We can only observe prices or

asset returns; the second moment of returns needs to be estimated. At first glance,

however, the estimation of volatility is a trivial problem, since one can always calcu-

late the sample variances of returns. It is indeed what researchers have been doing

for decades in time series settings. The famous ARCH/GARCH models consider

conditional heteroskedasticity and have received tremendous success empirically in
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estimating and predicting volatility, and hence have received growing attention over

the past thirty years. These models, however, rely crucially on distributional assump-

tions and a long horizon of data. Financial markets and asset prices in particular

can exhibit very general stochastic behavior, and hence any parametric assumption

over long horizon can be questionable.

Over the past two decades, high-frequency intraday financial data has become

increasing more available. Such data contains refined information about the local

second moment of returns. By exploiting high-frequency data, one can localize the

volatility estimation and only focus on returns within a small window to approxi-

mate the local second moment. Obviously, this is a complete nonparametric view

of volatility estimation. If we get access to a large number of local returns, then

the estimation efficiency would be comparable to the traditional sample variance

estimator with much longer horizon of data. This is exactly the essential idea of

high-frequency volatility literature. Naturally, the notion of asymptotics under the

high-frequency setting is referred to as infill asymptotics. As the name suggests, we

will have more and more local high-frequency returns in the volatility estimation as

we go to the limit.

One may ask why this localized estimation is appealing, since it appears that

the only difference between this localized method and standard long horizon method

lies in the notion of asymptotics. Localization is important because the underlying

stochastic processes, for example prices and volatilities, may not even be stationary

or ergodic. Relying on averaging time-series data to estimate time-invariant mo-

ments simply does not work. The benefit of localization is that when we “infill more

returns, we can approximate local volatility more precisely, regardless of stationar-
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ity of the underlying processes. Put simply, we essentially trace out the path of

volatility with high-frequency return data. This microscope view is very attractive

to researchers since the estimation and inference procedures typically only rely on

very mild regularity assumptions.

This dissertation studies the central topic in high-frequency financial economet-

ricsvolatility estimation and inference. Integrated volatility functional, which takes

the form of
şT

0
gpctqds where ct is the variance process and gp¨q is a possible non-

linear volatility transform, is an interesting quantity that nests a broad array of

applications. The seminal work of Jacod and Rosenbaum (2013) poves the CLT for

estimating this quantity. In Chapter 2, I propose a new notion of realized autocovari-

ance for stochastic volatility, which is a special case of a bivariate integrated volatility

functional, namely
şT

0
gpct, ct´τ qds for some fixed τ ą 0. I propose a general plug-

in type estimator for the bivariate integrated functional and show the central-limit

theorem of it. Empirical applications are then provided.

There are many statistical and practical issues regarding volatility estimation.

The most important one is related to the so-called microstructure noise, which is the

observational error that contaminates price observations. It turns out that when the

prices are observed with noise, directly using the contaminated returns in volatility

estimation leads to biased estimates. In order to use ultra high-frequency data, we

need to find a formal statistical way to tackle the issue induced by noise. Chapter

3 concerns the “localized” estimation of volatility, namely spot volatility estimation,

under two noisy settings. The first setting concerns an additive-noise multivariate

price process, with regular sampling and conditional independence in the noise; the

second setting further allows for random sampling and long-run dependence in the

3



noise, but it requires a one-dimensional underlying price process. I propose dif-

ferent pre-averaging estimators of the spot volatility of asset price and that of the

microstructure noise, and then provide the uniform rates of convergence for these

estimators.

In the last chapter, I consider a more concrete economic model regarding the re-

lationship between stochastic volatility and other financial variables. The goal is to

integrate and build on the ideas and methods developed in the previous chapters to

conduct econometric inference for the model. Specifically, Chapter 4 studies a semi-

parametric inference procedure for a finite-dimensional parameter in a continuous-

time regression over a large cross-section. The coefficients of the regression are further

allowed to depend on a set of firm-specific characteristics. The construction of the

estimator involves two steps: the nonparametric estimation of volatility processes,

followed by a parametric second stage that uses the volatility estimates. I show that

the estimator follows a central limit theorem and provide a feasible inference pro-

cedure based on a factor-analytic method. Lastly, a realistically calibrated Monte

Carlo study is conducted.
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2

Bivariate Integrated Volatility Functional

The main contribution of this chapter is to show the consistency and central-limit

theorem (CLT) for a plug-in type estimator of a general integrated volatility func-

tional with a bivariate test function, which takes spot covariance process at two

different time spots as its two arguments.

The first strand of literature this article builts upon centers around general volatil-

ity functionals (see e.g. Jacod and Rosenbaum (2013); Kristensen (2010); Renault

et al. (2017); Li and Xiu (2016)). In particular, Jacod and Rosenbaum (2013) shows

that a plug-in type estimator of a general volatility functional admits a feasible CLT

if the given test function inside the integral has polynomial growth. Li et al. (2017)

extends this result to all C3 functions, allowing greater flexibility in the choice of test

functions in practice. Li and Xiu (2016) views the integrated volatility functionals

as integrated moment conditions to estimate parameters in economic models. How-

ever, the gp¨q transform in these research takes a single spot covariance matrix as
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its argument. This section extends the scope of literature by considering a bivariate

integrated volatility functional, where Gp¨, ¨q is a function of two spot covariance

matrices evaluated at different times. It is shown that a similar plug-in type estima-

tor will also have a feasible central limit theorem with the optimal convergence rate

under one additional regularity condition. This estimator can be easily applied to

study volatility dependencies and lead-lag relations in volatility at high frequency.

The remainder of the section is organized as follows. Section 2.1 briefly introduces

notations, the underlying processes and assumptions. Moreover, it describes the

general bivariate integrated volatility functional and its applications. Section 2.2

develops the main theoretical results. Section 2.3 applies the developed approach in

an empirical study.
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2.1 Bivariate Integrated Volatility Functional

2.1.1 Notation

Let us start by introducing some notation that will used throughout this chapter.
P
ÝÑ

and
L
ÝÑ denote convergence in probability and convergence in law for some random

variable. All the limiting results happen when nÑ 8, and the notion of asymptotics

is infill asymptotics for a fixed time domain r0, T s (see Aı̈t-Sahalia and Jacod (2014);

Jacod and Protter (2012)).

The blackboard bold letters R, N denote the set of real numbers and the set

of natural numbers, while M`
dˆd denotes the set of all d ˆ d positive semidefinite

matrices. The Euclidean norm of a finite-dimensional vector space is denoted by } ¨ }.

The integer part of x P R is denoted by rxs, while the least integer that is greater than

or equal to x P R is denoted by rxs. I write x^y to denote the smaller number of x and

y, while using pxq` to denote maxtx, 0u. For a matrix A, its transpose is denoted by

A˚, and its pj, kq element is denoted by Ajk, while vecp¨q is the column vectorization

operator. For matrix differentiation, if f is a generic differentiable function defined on

M`
dˆd ˆM

`
dˆd, then B1,jkfpA,Bq ” BfpA,Bq{BAjk, B2,jkfpA,Bq ” BfpA,Bq{BBjk,

B1,jkB2,lmfpA,Bq ” B
2fpA,Bq{BAjkBBlm, and BjfpA,Bq denotes the whole family of

j-th order derivatives of fpA,Bq. I write an — bn if for some constant c ě 1, we have

an{c ď bb ď can.
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2.1.2 The Underlying Processes and Assumptions

The log price process X is a d´dimensional Itô semimartingale on a fixed filtered

probability space pΩ,F , pFtqtě0,Pq and a Grigelionis representation is:

Xt “ X0 `
şt

0
bsds`

şt

0
σsdWs `

`

δps, zq1t}δps,zq}ď1u

˘

‹ pµ´ νqpds, dzq

`
`

δps, zq1t}δps,zq}ą1u

˘

‹ µpds, dzq. (2.1)

where bt is Rd-valued optional, the process σt is Rd ˆ Rd-valued optional, δpω, s, zq

is a predictable Rd-valued function on ΩˆR` ˆE, W is a d-dimensional Brownian

motion and µ is a Poisson random measure on R` ˆ E, with E an auxiliary Polish

space and its compensator νpdt, dzq “ dtb λpdzq for some σ-finite measure λ on E.

For some jump activity index r P r0, 2s, I introduce the following assumption.

Assumption 1 (H-r). There are a sequence pΓnqnPN of nonnegative bounded λ´integrable

functions on E and a sequence pTnqnPN of stopping times to 8, such that

t ă Tnpωq ñ }btpωq} ď n, }σtpωq} ď n,

t ď Tnpωq ñ }δpω, t, zq}r ^ 1 ď Γnpzq.

The restrictions that Assumption 1 imposes are very mild and incorporate most

continuous-time models in economics. This assumption becomes stronger as the

Blumenthal-Getoor index (see e.g. Lemma 3.2.1 in Jacod and Protter (2012)) r

decreases. Unless stated otherwise, all Itô semimartingales satisfy Assumption 1

with r “ 2. In addition, we assume that the process X is discretely observed at

times i∆n, for 1 ď i ď rT {∆ns with a discretization mesh ∆n ” 1{n going to 0

asymptotically. The increments of X are denoted by

∆n
iX ” Xi∆n ´Xpi´1q∆n , for i “ 1, 2, ..., rT {∆ns.
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The spot covariance matrix of X is defined as ct ” σtσ
˚
t , taking values in M`

dˆd.

In the sequel, the word spot volatility and spot covariance matrix will be used inter-

changeably, with both referring to the process ct, which is assumed to be another Itô

semimartingale that takes a similar form to X,

vecpctq “ vecpc0q `
şt

0
b̃sds`

şt

0
σ̃sdW

1
s

`

´

δ̃ps, zq1t}δ̃ps,zq}ď1u

¯

‹ pµ´ νqpds, dzq

`

´

δ̃ps, zq1t}δ̃ps,zq}ą1u

¯

‹ µpds, dzq. (2.2)

where b̃t is Rd2-valued optional locally bounded, the process σ̃t is Rd2 ˆ Rd-valued

optional locally bounded, δ̃pω, s, zq is a predictable Rd2-valued function on ΩˆR`ˆE,

W 1 is a d2-dimensional Brownian motion which in general could be correlated with

W .

According to a usual localization argument (see for example Lemma 4.4.9 of Jacod

and Protter (2012)), it is no restriction to impose a slightly stronger assumption.

Assumption 2 (SH-r). We have all the above restrictions on the coefficients of X

and c, and there are a constant A and a nonnegative λ-integrable function Γ on E,

such that

}btpωq}, }ctpωq}, }b̃tpωq}, }c̃tpωq}, Γpzq ď A

}δpω, t, zq}r ď Γpzq, }δ̃pω, t, zq}2 ď Γpzq.
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2.1.3 Bivariate Integrated Functional and Examples

Let us consider the following volatility functional

ż t

τ

Gpcs, cs´τ qds, (2.3)

for a fixed τ ą 0 and some known bivariate test function G defined onM`
dˆdˆM

`
dˆd.

The importance and practical relevance of this volatility functional are explained

using the following three intriguing examples.

Example (Autoregressive Models for spot volatility): Let us consider

a simple one-dimensional autoregressive (AR) model for spot volatility at high fre-

quency.

ct “ βct´τ ` εt, for t P rτ, T s. (2.4)

For obvious reasons, this is a generalized AR model since ct can be nonstationary. If

the true parameter β minimizes the integrated square error (ISE), i.e.

β “
βPR

argmin

ż T

τ

pcs ´ βcs´τ q
2 ds “

şt

τ
cscs´τds

şt

τ
c2
s´τds

, (2.5)

then we can estimate β by minimizing the following sample criterion function

β̂ “
βPR

argmin
ÿ

i

`

ĉni ´ βĉ
n
i´rτ{∆ns

˘2
“

ř

i ĉ
n
i ĉ
n
i´rτ{∆ns

ř

ipĉ
n
i´rτ{∆ns

q2
. (2.6)

Based on the CLT of the bivariate integrated functional, one can do inference for β̂.
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Example (Pathwise Lead-Lag Comovement for one-dimensional volatil-

ity): Under the continuous-time non-stationary non-ergodic setting, we could gen-

eralize the notion of autocovariance by considering its pathwise analogue:

γHF pτ, tq ”

#

1
t´τ

şt

τ
cscs´τds, if 0 ď τ ă t

γHF p´τ, tq, if ´ t ă τ ă 0,
(2.7)

where ct is a one-dimensional spot variance process. Clearly, γHF pτ, tq is constructed

as a pathwise average of the product of two volatilities. It measures the strength

volatility tends to repeat itself for time distance τ , and/or how strongly the two spot

volatilities with distance τ comoves with each other over the sample period.

To make γHF pτ, tq comparable, we define a normalized measure for lag τ as

ρpτ, tq ” γHF pτ, tq{

ˆ

1

t´ τ

ż t

τ

c2
sds

˙1{2 ˆ
1

t´ τ

ż t

τ

c2
s´τds

˙1{2

, (2.8)

where the denominator is the product of the square root of pathwise variances which

are the so-called “quarticities” scaled by 1{pt ´ τq. This definition is a complete

analogue of standard autocorrelation.

Example (Volatility Spillover): We consider a two-dimensional case where

there are only two assets: a single stock and the market index. Under this simple

setup, the spot volatility ct is a 2ˆ 2 matrix:

„

c11,t c12,t

c21,t c22,t



,

11



where c11,t denotes the spot volatility of the market, c22,t denotes the spot volatility

of an individual asset and c12,t, c21,t are the spot covariance between the two assets.

Let Gpx, yq “ pe12xe2q ˆ pe
1
1ye1q, where e1 “ p1, 0q

1 and e2 “ p0, 1q
1, then the integral

of function G divided by the effective sample length yields

C12,tpτq ”
1

t´ τ

ż t

τ

c22,sc11,s´τds. (2.9)

Similar to the last example, this integral measures the pathwise comovement be-

tween the individual asset’s volatility and the lag-τ market volatility. For compari-

son purpose, one can also examine the pathwise correlation ρ12,tpτq between the two

volatilities,

ρ12,tpτq “ C12,tpτq{

ˆ

1

t´ τ

ż t

τ

c2
22,sds

˙1{2 ˆ
1

t´ τ

ż t´τ

0

c2
11,sds

˙1{2

, (2.10)

which is again a generlization of the standard correlation between two random vari-

ables.

12



2.2 Theory

There are a sequence of positive integers kn, which is eventually going to infinity, and

a sequence of real numbers vn. These two sequences satisfy the following condition.

Assumption 3. For some γ P p0, 1q, and $ P p0, 1{2q, kn — ∆´γ
n and vn — ∆$

n .

The spot covariance matrix at time pi ´ 1q∆n can be estimated locally over the

time interval rpi´ 1q∆n, pi` kn ´ 1q∆nq, for i P In ” t1, . . . , rt{∆ns´kn`1u through

a truncated variation estimator due to Mancini (2001):

ĉni “
1

kn∆n

kn´1
ÿ

j“0

∆n
i`jX∆n

i`jX
˚1t}∆n

i`jX}ďvnu
, (2.11)

where kn is a local window size parameter deciding the number of local returns to be

used to estimate the spot volatility, and vn is a truncation threshold used to eliminate

jumps in X. Without otherwise speficied, Assumption 3 will be imposed throughout

the analysis.

Given the local nonparametric estimates of the spot covariance matrices, an esti-

mator for the bivariate integrated volatility functional, which is constructed through

summing the pointwise estimators of the spot covariance matrices, takes the following

form

Un
t pGq ” ∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

G
`

ĉni , ĉ
n
i´rτ{∆ns

˘

. (2.12)

As will be shown below, Un
t pGq is consistent and enjoys a standard parametric

convergence rate
?
n under certain regularity conditions.

13



Besides Assumption 3, we will often need a slightly stricter restriction on the

limiting behavior of kn, which is presented below.

Assumption 4. kn — ∆´γ
n with 0 ă γ ă 1

2
.

Assumption 4 is the usual undersmoothing argument which reflects a tradeoff

between bias and variance. Note that we only impose restrictions on the divergence

rate of kn. In finite sample, this assumption still allows flexibility in choosing kn.

To remove the polynomial growth conditions imposed on the test function in

the limiting theorems (see e.g. Jacod and Rosenbaum (2013)), we will also need an

additional assumption to apply the spatial localization procedure introduced in Li

et al. (2017). Let Kε ” tA PM`
dˆd : infMPK }A ´M} ă εu be the ε´enlargement of

a compact subset K of M`
dˆd.

Assumption 5 (5’). There are a sequence of stopping times pTnqnPN going to 8 and

a sequence of convex compact subsets Kn ĂM`
dˆd such that ct P Kn for t ď Tn and

G is a real-valued continuous (C3) function on Kεn ˆKεn for some ε ą 0.

This is a mild pathwise regularity condition on the spot covariance matrix and

it allows much greater flexibility in choosing the test function G than for example

Theorem 9.4.1 in Jacod and Protter (2012) and Theorem 3.2 in Jacod and Rosenbaum

(2013) (see Li et al. (2017) for more details).

2.2.1 Estimating the generalized volatility functinal

In this section, the general limiting theorems for the estimator (2.12) of the bivariate

volatility functional will be provided.
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Theorem 1. Assume that X satisfies Assumption 1, then under Assumption 3, As-

sumption 5 with γ P
`

r
2
_ 1

3
, 1
˘

and $ P
“

1´γ
2´r

, 1
2

˘

, we have

sup
τďsďt

|Un
s pGq ´

ż s

τ

Gpcu, cu´τ qdu|
P
ÝÑ 0.

Note that if X is known to be continuous, then truncation part in the estimator

is no longer needed and the consistency result still holds.

Besides consistency, we are also interested in the question of how fast this con-

vergence takes place, which is equivalent of deriving the central limit theorem for

the estimator. The fact that our given function G is bivariate induces measurabil-

ity issues that require a slightly stronger regularity condition on c than Jacod and

Rosenbaum (2013).

Let us first define a debiased estimator

U 1npGq “ ∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

`

Gpĉni , ĉ
n
i´rτ{∆ns

q

´
1

2kn

d
ÿ

j,k,l,m“1

B1,jkB1,lmGpĉ
n
i , ĉ

n
i´rτ{∆ns

qpĉn,jli ĉn,kmi ` ĉn,jmi ĉn,kli q

´
1

2kn

d
ÿ

j,k,l,m“1

B2,jkB2,lmGpĉ
n
i , ĉ

n
i´rτ{∆ns

q

ˆpĉn,jli´rτ{∆ns
ĉn,kmi´rτ{∆ns

` ĉn,jmi´rτ{∆ns
ĉn,kli´rτ{∆ns

q

¯

.

As in Jacod and Rosenbaum (2013), we need to add debiasing terms in order to get

centered limiting distribution. In the above estimator, two terms are subtracted due

to the statistical errors in approximating local volatilities. The other bias terms (bi-

ases due to border effect, continuous part of c, jump part of c and interaction between
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the two statistical errors) can be eliminated by undersmoothing (see Assumption 4).

The following theorem is the main result in this subsection.

Theorem 2. Assume

(a) Assumption 3, 4, and 5;

(b) ct is independent with W ;

(c) r ă 1, γ P
`

r
2
_ 1

3
, 1
˘

and $ P
“

1´γ
2´r

, 1
2

˘

.

Then, for fixed t we have the following stable convergence in law

1
?

∆n

pU 1npGq ´ UpGqq
L´s
ÝÝÑ Z,

where the limit Z is a centered normal random variable, which conditionally on F

has variance

V “

d
ÿ

j,k,l,m“1

ż t

τ

B1,lmGpcs, cs´τ qB1,jkGpcs, cs´τ q
`

cjls c
km
s ` cjms ckls

˘

ds

`

d
ÿ

j,k,l,m“1

ż t´τ

0

B2,lmGpcs`τ , csqB2,jkGpcs`τ , csq
`

cjls c
km
s ` cjms ckls

˘

ds

`

d
ÿ

j,k,l,m“1

ż t´τ

τ

B1,lmGpcs, cs´τ qB2,jkGpcs`τ , csq
`

cjls c
km
s ` cjms ckls

˘

ds

`

d
ÿ

j,k,l,m“1

ż t´τ

τ

B2,lmGpcs`τ , csqB1,jkGpcs, cs´τ q
`

cjls c
km
s ` cjms ckls

˘

ds.

Assumption (a) requires the growth rate of the local smoothing window size

kn to be slower than
?
n, which is used to eliminate biases. The part concerning

Assumption 5 can be used to extend the class of test functions to all C3 functions.
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Assumption (b) imposes a stronger condition on c which essentially excludes the

so-called “leverage effect”. This is a limitation of the stated theorem, but it appears

necessary to have this restriction in order to get tractable CLT. In the Monte Carlo

study, the robustness to this assumption is checked. Simulation results advocates

the validity of the theorem not only when Assumption (b) holds but also when it

fails. Assumption (c) is standard (see e.g. Li et al. (2017)).

To do inference in practice, we need the asymptotic variance in the above CLT

to be consistently estimated, which leads to the following feasible CLT.

Corollary 1. Suppose the assumptions (a)-(c) of Theorem 2 hold, then for fixed t

we have

U 1npgqt ´ Upgq
?

∆nV n

L´s
ÝÝÑ N p0, 1q, on tV n

ą 0u,

17



where

V n
“ ∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

d
ÿ

j,k,l,m“1

B1,lmGpĉ
n
i , ĉ

n
i´rτ{∆ns

qB1,jkGpĉ
n
i , ĉ

n
i´rτ{∆ns

q

ˆ

´

ĉn,jli ĉn,kmi ` ĉn,jmi ĉn,kli

¯

`∆n

rt{∆ns´rτ{∆ns´kn`1
ÿ

i“1

d
ÿ

j,k,l,m“1

B2,lmGpĉ
n
i`rτ{∆ns

, ĉni q

ˆB2,jkGpĉ
n
i`rτ{∆ns

, ĉni q
´

ĉn,jli ĉn,kmi ` ĉn,jmi ĉn,kli

¯

`∆n

rt{∆ns´rτ{∆ns´kn`1
ÿ

i“rτ{∆ns`1

d
ÿ

j,k,l,m“1

B1,lmGpĉ
n
i , ĉ

n
i´rτ{∆ns

q

ˆB2,jkGpĉ
n
i`rτ{∆ns

, ĉni q
´

ĉn,jli ĉn,kmi ` ĉn,jmi ĉn,kli

¯

`∆n

rt{∆ns´rτ{∆ns´kn`1
ÿ

i“rτ{∆ns`1

d
ÿ

j,k,l,m“1

B2,lmGpĉ
n
i`rτ{∆ns

, ĉni q

ˆB1,jkGpĉ
n
i , ĉ

n
i´rτ{∆ns

q

´

ĉn,jli ĉn,kmi ` ĉn,jmi ĉn,kli

¯

.

2.2.2 Applications

Given the approach developed above for general bivariate volatility functionals, we

explore in this subsection a specific form of the test function: Gpx, yq “ xy, for scalars

x and y. As discussed above, this test function will lead to a volatility functional that

measures either the pathwise comovement of two securities’ volatilities with a fixed

time distance, or the pathwise comovement of a one-dimensional volatility process.

First, let c be a one-dimensional process. To estimate the lead-lag comovement
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in the sample, we can directly make use of the estimator Un
t pGq. For τ ě 0, let

γ̂HF pτ, tq ”
∆n

t´ τ

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

ĉni ĉ
n
i´rτ{∆ns

(2.13)

and γ̂HF p´τ, tq ” γ̂HF pτ, tq. The following two corollaries show the consistency and

CLT of the estimator for each fixed time lag τ .

Corollary 2. Under the assumptions of Theorem 1, we have,

sup
τďsďt

|γ̂HF pτ, sq ´ γHF pτ, sq|
P
ÝÑ 0, for each τ.

Corollary 3. Under the assumptions (a)-(c) of Theorem 2, we have the following

convergence in law,

1
?

∆n

pγ̂HF pτ, tq ´ γHF pτ, tqq
L
ÝÑ N p0, V q, for each τ and t

where

V “
4

pt´ τq2

ż t´τ

0

c2
sc

2
s`τds`

4

pt´ τq2

ż t´τ

τ

cs`τcs´τc
2
sds.

In view of Theorem 1, a consistent estimator of the asymptotic variance is of the

form

V̂ n
“

4∆n

pt´ τq2

˜

rt{∆ns´rτ{∆ns´kn`1
ÿ

i“1

pĉni q
2
pĉni`rτ{∆ns

q
2

`

rt{∆ns´rτ{∆ns´kn`1
ÿ

i“rτ{∆ns`1

pĉni q
2ĉni`rτ{∆ns

ĉni´rτ{∆ns

˛

‚.
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Since it seems to be more practically important to consider the normalized co-

movement measure of spot volatility defined by (2.8), we also provide an estimation

procedure. Naturally, let us consider

ρ̂pτ, tq “ γ̂HF pτ, tq ˆ

¨

˝

∆n

t´ τ

rt{∆ns´kn`1
ÿ

rτ{∆ns`1

pĉni q
2

˛

‚

´1{2

ˆ

¨

˝

∆n

t´ τ

rt{∆ns´kn`1
ÿ

rτ{∆ns`1

`

ĉni´rτ{∆ns

˘2

˛

‚

´1{2

. (2.14)

The following two corollaries provide consistency and CLT results for this estimator.

Corollary 4. Under the assumptions of Theorem 1, we have,

sup
τďsďt

|ρ̂pτ, sq ´ ρpτ, sq|
P
ÝÑ 0, for each fixed τ.

Corollary 5. Under the assumptions (a)-(c) of Theorem 2, for each τ and t, we

have the following convergence in law,

1?
∆n

„

γ̂pτ, tq
´

∆n

t

řrt{∆ns´kn`1
rτ{∆ns`1 pĉni q

2
´

1´ 2
kn

¯¯´1{2

ˆ

ˆ

∆n

t

řrt{∆ns´kn`1
rτ{∆ns`1

´

ĉni´rτ{∆ns

¯2 ´

1´ 2
kn

¯

˙´1{2

´ ρpτ, tq

ff

L
ÝÑ N p0, V q.
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where

V “
4
şt

τ
c2
sc

2
s´τds` 4

şt´τ

τ
c2
scs`τcs´τds

´

şt

τ
c2
sds

¯´

şt

τ
c2
s´τds

¯ `

2
´

şt

τ
cscs´τds

¯2 ´
şt

τ
c4
s´τds

¯

´

şt

τ
c2
sds

¯´

şt

τ
c2
s´τds

¯3

`

2
´

şt

τ
cscs´τds

¯2 ´
şt

τ
c4
sds

¯

´

şt

τ
c2
sds

¯3 ´
şt

τ
c2
s´τds

¯

`

4
´

şt

τ
cscs´τds

¯2 ´
şt´τ

τ
c4
sds

¯

´

şt

τ
c2
sds

¯2 ´
şt

τ
c2
s´τds

¯2

´

´

şt

τ
cscs´τds

¯´

4
şt

τ
c3
s´τcsds` 4

şt´τ

τ
c3
scs´τds

¯

´

şt

τ
c2
sds

¯´

şt

τ
c2
s´τds

¯2

´

´

şt

τ
cscs´τds

¯´

4
şt

τ
cs´τc

3
sds` 4

şt´τ

τ
c3
scs`τds

¯

´

şt

τ
c2
s´τds

¯´

şt

τ
c2
sds

¯2 .

When implementing the above corollary, we may construct a plug-in type estima-

tor of V following exactly the same idea as estimating (2.3). Despite the daunting

appearance of the formula, the computation is in fact convenient.

Remark 1. It is worth mentioning that the exact same method leads to a consistent

estimator of the spillover effect (see (2.9)). Theorem 2 immediately yields that this

estimator also enjoys the optimal rate of convergence. In specific,

1
?

∆n

´

Ĉ12,tpτq ´ C12,tpτq
¯

L
ÝÑ N p0, V 12

q, for each τ and t

where

Ĉ12,tpτq “
∆n

t´ τ

rt{∆ns´kn`1
ÿ

rτ{∆ns`1

ĉn,22
i ĉn,11

i´rτ{∆ns
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and

V 12
“

4

pt´ τq2

ż t´τ

0

pc11
s q

2
pc22
s`τ q

2ds`
4

pt´ τq2

ż t´τ

τ

c11
s´τc

22
s`τ pc

12
s q

2ds.

Moreover, a plug-in type estimator of the corresponding correlation coefficient defined

by (2.10) admits the following CLT

1
?

∆n

»

—

–

Ĉ12,tpτq

¨

˝

∆n

t´ τ

rt{∆ns´kn`1
ÿ

rτ{∆ns`1

´

ĉn,11
i´rτ{∆ns

¯2
ˆ

1´
2

kn

˙

˛

‚

´1{2

ˆ

¨

˝

∆n

t´ τ

rt{∆ns´kn`1
ÿ

rτ{∆ns`1

`

ĉn,22
i

˘2
ˆ

1´
2

kn

˙

˛

‚

´1{2

´ ρ12,tpτq

fi

ffi

fl

L
ÝÑ N p0, V q .
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where

V “
4
şt

τ
pc22
s q

2pc11
s´τ q

2ds` 4
şt´τ

τ
pc12
s q

2c22
s`τc

11
s´τds

´

şt

τ
pc22
s q

2ds
¯´

şt

τ
pc11
s´τ q

2ds
¯

`

2
´

şt

τ
c22
s c

11
s´τds

¯2 ´
şt

τ
pc11
s´τ q

4ds
¯

´

şt

τ
pc22
s q

2ds
¯´

şt

τ
pc11
s´τ q

2ds
¯3

2
´

şt

τ
c22
s c

11
s´τds

¯2 ´
şt

τ
pc22
s q

4ds
¯

´

şt

τ
pc22
s q

2ds
¯3 ´

şt

τ
pc11
s´τ q

2ds
¯

`

4
´

şt

τ
c22
s c

11
s´τds

¯2 ´
şt´τ

τ
c22
s c

11
s pc

12
s q

2ds
¯

´

şt

τ
pc22
s q

2ds
¯2 ´

şt

τ
pc11
s´τ q

2ds
¯2

´

´

şt

τ
c22
s c

11
s´τds

¯´

4
şt

τ
pc11
s´τ q

3c22
s ds` 4

şt´τ

τ
pc12
s q

2c11
s c

11
s´τds

¯

´

şt

τ
pc22
s q

2ds
¯´

şt

τ
pc11
s´τ q

2ds
¯2

´

´

şt

τ
c22
s c

11
s´τds

¯´

4
şt

τ
c11
s´τ pc

22
s q

3ds` 4
şt´τ

τ
pc12
s q

2c22
s c

22
s`τds

¯

´

şt

τ
pc11
s´τ q

2ds
¯´

şt

τ
pc22
s q

2ds
¯2 .
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2.3 Empirical Applications

In this section, we examine stock prices over all regular trading days from January

3rd, 2007 through December 31st, 2014 from the Trade and Quote (TAQ) database

of the New York Stock Exchange (NYSE). In particular, I pick stocks of seven large

companies Home Depot Inc (ticker: HD), JPMorgan Chase & Co. (ticker: JPM),

American Express Company (ticker: AXP), The Coca-Cola Co (ticker: KO), McDon-

ald’s Corporation (ticker: MCD), Microsoft Corporation (ticker: MSFT) and Apple

Inc. (ticker: AAPL)) together with three ETF’s: SPDR S&P 500 ETF (ticker: SPY),

Financial Select Sector SPDR Fund (ticker: XLF) and Energy Select Sector SPDR

Fund (ticker: XLE). Albeit imperfect, these stocks and funds are good representa-

tives of multiple industries and are of excellent liquidity. The sample is comprised

of equidistant observations under five-minute frequency. The returns are computed

using the latest prices recorded within each sampling interval and all overday re-

turns are removed from the sample. In the end, the total number of five-minute

returns for each security is 175,110. The local smoothing window used to estimate

spot volatility is chosen to be 8, and the truncation thresholds are calculated as

uti “ 4.5ˆ
?
γi ˆBVt∆

0.49
n , where

BVt ”
π

2

n

n´ 1

tn
ÿ

i“pt´1qn`2

|∆n
i´1X||∆

n
iX|

is the bi-power variation of day t (see Barndorff-Nielsen and Shephard (2004b)) and

γi ” bi{pp1{nq
řn
j“1 bjq with bi ”

1
T

řT
t“1 |∆

n
pt´1qn`i´1X||∆

n
pt´1qn`iX| for i “ 2, ..., n

and b1 “ b2 is the time-of-day (tod) factor for observation i, which measures the

daily pattern of volatility.
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(h) AAPL

Figure 2.1: Normalized Realized Autocovariance.

Note: This figure displays the normalized realized autocovariance plot for S&P 500 ETF
(SPY), Home Depot (HD), JPMorgan (JPM), American Express (AXP), Coca-Cola (KO),
Mcdonald’s (MCD), Microsoft (MSFT), and Apple (AAPL) from January 3, 2007 through
December 31, 2014.

Figure 2.1 shows the estimated normalized lead-lag comovement for the seven

individual stocks and SPY. Overall, these figures exhibit strong daily periodicity

and slow rate of decay, closely in line with the empirical findings in Andersen and

Bollerslev (1997) using more standard time series methods. The periodicity is a

reflection of the U-shape diurnal pattern and the strong persistence implies long-

memory feature in volatility.
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2.4 Proofs

Proof of Theorem 1. Step 1). By the localization procedure introduced in Theo-

rem 2 of Li et al. (2017), we can assume without loss of generality that G has compact

support, which in turn implies that G is bounded on its support. Then, it remains

to prove the desired convergence under this condition.

By an usual localization argument, we may assume (SH-r). Up to proving the

result for G` and G´ separately, we can assume G ě 0. It is a well-known fact

that a sequence of nonnegative increasing functions on R` converges to a continuous

limiting function pointwisely imples the convergence happens locally uniformly, so it

suffices to prove the convergence in probability for each t fixed, that is, we need to

show:

Un
pGqt

P
ÝÑ

ż t

τ

Gpcs, cs´τ qds, for fixed t.

Step 2). Observe that

Un
pGqt “ Gpĉnrτ{∆ns`1, ĉ

n
1 q∆n `

ż prt{∆ns´knq∆n

rτ{∆ns∆n

G
`

ĉns , ĉ
n
s´τ

˘

ds

where ĉns “ ĉni , if pi´ 2q∆n ď s ă pi´ 1q∆n. Hence,

E
ˆ
ˇ

ˇ

ˇ

ˇ

Un
pGqt ´

ż t

τ

Gpcs, cs´τ qds

ˇ

ˇ

ˇ

ˇ

˙

ď Kkn∆n `

ż prt{∆ns´knq∆n

rτ{∆ns∆n

apsqds

`

ż t

prt{∆ns´knq∆n

E p|Gpcs, cs´τ q|q ds

`

ż τ

rτ{∆ns∆n

E p|Gpcs, cs´τ q|q ds,
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where apsq “ E
`
ˇ

ˇG
`

ĉns , ĉ
n
s´τ

˘

´Gpcs, cs´τ q
ˇ

ˇ

˘

. The càdlàg property of c along with

the continuity and boundedness of G implies apsq Ñ 0 for each fixed s and apsq must

be bounded uniformly in n and s. Then, dominated convergence theorem readily

implies that the first integral on the right side converges to 0. The second integral

also converges to 0 due to the boundedness of G and kn∆n Ñ 0. The third integral

trivially goes to 0. Therefore, the desired convergence holds if the test function G is

bounded. Q.E.D.

Proof of Theorem 2. In this proof, the results in Jacod and Rosenbaum (2013)

will be freely used. Since r ă 1, we can decompose Xt “ X0`X
1
t`

ř

sďt ∆Xs, where

X 1
t “

şt

0
b1sds`

şt

0
σsdWs with b1t “ bt ´

ş

δpt, zq1p}δpt,zq}ď1qλpdzq a bounded and càdlàg

process. Let us first introduce several useful notations. Let cni ” cpi´1q∆n ,

ĉ1ni ” 1{pkn∆nq

kn´1
ÿ

j“0

∆n
i`jX

1∆n
i`jX

1˚,

Hn
i “ Fni

Ž

Gc, Hn
i ” Hpi´1q∆n , ηt,s ” sup

`

}b1t`u ´ b
1
t}

2 : u P r0, ss
˘

,

ηni,j ”
`

E
`

ηpi´1q∆n,j∆n |Fni
˘˘1{2

,

ηni ” ηni,kn , αni ” ∆n
iX

1∆n
iX

1˚ ´ cni ∆n and βni ” ĉ1ni ´ c
n
i .

Similar to the proof of Theorem 1, we can assume without loss of generality that

G has compact support, which implies that it has local polynomial growth on its

support, that is }BjxB
i
yGpx, yq} ď Kp1`}x}1´jqp1`}y}1´iq, for i, j “ 0, 1, 2, 3 and i`

j ď 3.

Next, decompose 1?
∆n
pU 1npGq ´ UpGqq into five parts
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1
?

∆n

pU 1npGq ´ UpGqq “ V n,1
t ` V n,2

t ` V n,3
t ` V n,4

t ` V n,5
t

where

V n,1
t “

a

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

“

G
`

ĉni , ĉ
n
i´rτ{∆ns

˘

´G
`

ĉ1ni , ĉ
1n
i´rτ{∆ns

˘

´
1

2kn

d
ÿ

j,k,l,m“1

$

&

%

B1,jkB1,lmGpĉ
n
i , ĉ

n
i´rτ{∆ns

q

´

ĉn,jli ĉn,kmi ` ĉn,jmi ĉn,kli

¯

´B1,jkB1,lmGpĉ
1n
i , ĉ

1n
i´rτ{∆ns

q

´

ĉ1n,jli ĉ1n,kmi ` ĉ1n,jmi ĉ1n,kli

¯

,

.

-

´
1

2kn

d
ÿ

j,k,l,m“1

$

’

’

’

’

&

’

’

’

’

%

B2,jkB2,lmGpĉ
n
i , ĉ

n
i´rτ{∆ns

q

ˆ

´

ĉn,jli´rτ{∆ns
ĉn,kmi´rτ{∆ns

` ĉn,jmi´rτ{∆ns
ĉn,kli´rτ{∆ns

¯

´B2,jkB2,lmGpĉ
1n
i , ĉ

1n
i´rτ{∆ns

q

ˆ

´

ĉ1n,jli´rτ{∆ns
ĉ1n,kmi´rτ{∆ns

` ĉ1n,jmi´rτ{∆ns
ĉ1n,kli´rτ{∆ns

¯

,

/

/

/

/

.

/

/

/

/

-

fi

ffi

ffi

ffi

ffi

fl

,

V n,2
t “

1
?

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

ż i∆n

pi´1q∆n

`

Gpcni , c
n
i´rτ{∆ns

q ´Gpcs, cs´τ q
˘

ds

`
1

?
∆n

ż τ

rτ{∆ns∆n

Gpcs, cs´τ qds´
1

?
∆n

ż t

prt{∆ns´kn`1q∆n

Gpcs, cs´τ qds,

V n,3
t “

a

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

d
ÿ

l,m“1

B1,lmGpc
n
i , c

n
i´rτ{∆ns

q
1

kn

kn´1
ÿ

u“0

pcn,lmi`u ´ c
n,lm
i q

`
a

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

d
ÿ

l,m“1

B2,lmGpc
n
i , c

n
i´rτ{∆ns

q
1

kn

kn´1
ÿ

u“0

pcn,lmi´rτ{∆ns`u
´ cn,lmi´rτ{∆ns

q,
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V n,4
t “

a

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

“

G
`

ĉ1ni , ĉ
1n
i´rτ{∆ns

˘

´G
`

cni , c
n
i´rτ{∆ns

˘

´

d
ÿ

l,m“1

B1,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,lmi ´

d
ÿ

l,m“1

B2,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,lmi´rτ{∆ns

´
1

2kn

d
ÿ

j,k,l,m“1

B1,jkB1,lmGpĉ
1n
i , ĉ

1n
i´rτ{∆ns

q

´

ĉ1n,jli ĉ1n,kmi ` ĉ1n,jmi ĉ1n,kli

¯

´
1

2kn

d
ÿ

j,k,l,m“1

B2,jkB2,lmGpĉ
1n
i , ĉ

1n
i´rτ{∆ns

q

´

ĉ1n,jli´rτ{∆ns
ĉ1n,kmi´rτ{∆ns

` ĉ1n,jmi´rτ{∆ns
ĉ1n,kli´rτ{∆ns

¯

ff

,

V n,5
t “

1

kn
?

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

d
ÿ

l,m“1

B1,lmGpc
n
i , c

n
i´rτ{∆ns

q

kn´1
ÿ

u“0

αn,lmi`u

`
1

kn
?

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

d
ÿ

l,m“1

B2,lmGpc
n
i , c

n
i´rτ{∆ns

q

kn´1
ÿ

u“0

αn,lmi´rτ{∆ns`u
.

Lemma 2.1. V n,1
t

P
ÝÑ 0.

proof : Let γni be the i´th summand of V n,1
t . Using (4.8) and adapting the proof of

Lemma 4.4 in Jacod and Rosenbaum (2013) yield

|γni | ď Kp}ĉni ´ ĉ
1n
i } ` }ĉ

n
i´rτ{∆ns

´ ĉ1ni´rτ{∆ns
}q.

Then, we have E p|γni |q ď Kφn∆
p2´rq$
n . To prove the result, it is enough to require

$ P

”

1
2p2´rq

, 1
2

¯

, which is implied by the restriction on $ in Theorem 2.
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Lemma 2.2. We have V n,v
t

P
ÝÑ 0, for v “ 2, 3.

proof : The case v “ 2: Since G has compact support, the second term in V n,2
t is

bounded by K
?

∆n and the third term is bounded by Kkn
?

∆n. They both go to 0.

The fact that the first term in V n,2
t goes to 0 has been well-established (see Lemma

11.2.7 in Jacod and Protter (2012)).

The case v “ 3: The proof of the second term is a simple adaptation of section

3.7 in Jacod and Rosenbaum (2012) whereas the proof of the first term is omitted

which is exactly the same.

Lemma 2.3. We have V n,4
t

P
ÝÑ 0.

proof : By the Taylor theorem,

G
`

ĉ1ni , ĉ
1n
i´rτ{∆ns

˘

´G
`

cni , c
n
i´rτ{∆ns

˘

´

d
ÿ

l,m“1

B1,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,lmi ´

d
ÿ

l,m“1

B2,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,lmi´rτ{∆ns

“
1

2

d
ÿ

j,k,l,m“1

B1,jkB1,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,jki βn,lmi

`
1

2

d
ÿ

j,k,l,m“1

B2,jkB2,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,jki´rτ{∆ns
βn,lmi´rτ{∆ns

`

d
ÿ

j,k,l,m“1

B1,jkB2,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,jki βn,lmi´rτ{∆ns
` wni ` w

n
i´rτ{∆ns
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where wni and wni´rτ{∆ns
are third order terms of βni and βni´rτ{∆ns

, respectively. Let

V 1n,4t ”
a

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

«

1

2

d
ÿ

j,k,l,m“1

B1,jkB1,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,jki βn,lmi

´
1

2kn

d
ÿ

j,k,l,m“1

B1,jkB1,lmGpĉ
1n
i , ĉ

1n
i´rτ{∆ns

q

ˆ

´

ĉ1n,jli ĉ1n,kmi ` ĉ1n,jmi ĉ1n,kli

¯ı

,

V 2n,4t ”
a

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

«

1

2

d
ÿ

j,k,l,m“1

B2,jkB2,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,jki´rτ{∆ns
βn,lmi´rτ{∆ns

´
1

2kn

d
ÿ

j,k,l,m“1

B2,jkB2,lmGpĉ
1n
i , ĉ

1n
i´rτ{∆ns

q

ˆ

´

ĉ1n,jli´rτ{∆ns
ĉ1n,kmi´rτ{∆ns

` ĉ1n,jmi´rτ{∆ns
ĉ1n,kli´rτ{∆ns

¯ı

.

A simple adaptation of Jacod and Rosenbaum (2013) yields that V 1n,4t and V 2n,4t

converge to 0, where I employ the Taylor theorem and the restriction on the test

function, i.e. B1B
2
2Gpx, yq “ 0 for the term V 2n,4t . Now, it remains to show

V 3n,4t ”
a

∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

d
ÿ

j,k,l,m“1

B1,jkB2,lmGpc
n
i , c

n
i´rτ{∆ns

qβn,jki βn,lmi´rτ{∆ns

converges to 0. Again, the Taylor theorem and the restriction B2
1B2Gpx, yq “ 0 imply

B1,jkB2,lmGpc
n
i , c

n
i´rτ{∆ns

q “ B1,jkB2,lmGpc
n
i´rτ{∆ns

, cni´rτ{∆ns
q. Define the summand

ζni´rτ{∆ns
”

d
ÿ

j,k,l,m“1

B1,jkB2,lmGpc
n
i´rτ{∆ns

, cni´rτ{∆ns
qβn,jki βn,lmi´rτ{∆ns
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Let Npn, j, tq ” rprt{∆ns ´ rτ{∆ns ´ kn ´ j ` 1q{kns, then

V 3n,4t “
a

∆n

kn
ÿ

j“1

Npn,j,tq
ÿ

i“0

ζnj`ikn

“
a

∆n

kn
ÿ

j“1

Npn,j,tq
ÿ

i“0

E
`

ζnj`ikn |F
n
j`ikn

˘

`
a

∆n

kn
ÿ

j“1

Npn,j,tq
ÿ

i“0

ζpjqnj`ikn

where ζpjqnj`ikn ” ζnj`ikn ´ E
`

ζnj`ikn |F
n
j`ikn

˘

is a martingale difference sequence with

respect to the filtration pFnj`iknqiě0. For the ease of notation, let

Gpjqnt ”

Npn,j,tq
ÿ

i“0

E
`

ζnj`ikn |F
n
j`ikn

˘

and Hpjqnt ”

Npn,j,tq
ÿ

i“0

ζpjqnj`ikn

Applying Hölder’s inequality, the estimates on β and by the boundedness of ηni and

the fact that cni is measurable with respect to Fni , we have

|E
`

ζnj`ikn |F
n
j`ikn

˘

| ď K
a

∆n

`

k´1
n ` kn∆n

˘1{2
´

1` kn
a

∆n

¯

E
`

|ζnj`ikn |
2
|Fnj`ikn

˘

ď Kpk´2
n ` k2

n∆2
nq

E
`

|ζpjqnj`ikn |
2
|Fnj`ikn

˘

ď Kpk´2
n ` k2

n∆2
nq (2.15)

The third inequality immediately follows from the second. Then, we deduce

E p|Hpjqnt |q ď

˜

Npn,j,tq
ÿ

i“0

E
`

pζpjqni q
2
˘

¸1{2

ď K
?
tpk´3{2

n ∆´1{2
n ` k1{2

n ∆1{2
n q

where the first inequality follows from the Doob’s inequality; the second inequality

is due to (2.15) and the fact that Npn, j, tq ď t{pkn∆nq. Based upon this, it is clear
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that the second term in V 3n,4t goes to zero. For the first term, we know from (2.15)

that

E p|Gpjqns |q ď Ktk´3{2
n ∆´1{2

n

So the first term in V 3n,4t also converges to zero. This proves Lemma 2.3.

Lemma 2.4. We have V n,5 L
ÝÑ Z, where Z is as in Theorem 2.

proof : Changing variables and the order of summations yields

V n,5
“

1
?

∆n

rt{∆ns
ÿ

i“rτ{∆ns`1

d
ÿ

l,m“1

γn,lm1,i´rτ{∆ns
αn,lmi `

1
?

∆n

rt{∆ns´rτ{∆ns
ÿ

i“1

d
ÿ

l,m“1

γn,lm2,i αn,lmi

“ An,1 ` An,2 ` An,3,

where

An,1 “
1

?
∆n

rτ{∆ns
ÿ

i“1

d
ÿ

l,m“1

γn,lm2,i αn,lmi

An,2 “
1

?
∆n

rt{∆ns´rτ{∆ns
ÿ

i“rτ{∆ns`1

d
ÿ

l,m“1

´

γn,lm1,i´rτ{∆ns
` γn,lm2,i

¯

αn,lmi

An,3 “
1

?
∆n

rt{∆ns
ÿ

i“rt{∆ns´rτ{∆ns`1

d
ÿ

l,m“1

γn,lm1,i´rτ{∆ns
αn,lmi ,

and

γn,lm1,i “
1

kn

pi´1q^pkn´1q
ÿ

u“pi`rτ{∆ns´rt{∆ns`kn´1q`

B1,lmGpc
n
i`rτ{∆ns´u, c

n
i´uq,

γn,lm2,i “
1

kn

pi´1q^pkn´1q
ÿ

u“pi`rτ{∆ns´rt{∆ns`kn´1q`

B2,lmGpc
n
i`rτ{∆ns´u, c

n
i´uq.
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The goal is to derive the joint convergence for the three terms in V n,5. First,

consider the middle term An,2. Recall that Hn
i “ Fni

Ž

Gc. Since γn,lm1,i´rτ{∆ns
and

γn,lm2,i are Hn
i measurable,

#

1
?

∆n

d
ÿ

l,m“1

´

γn,lm1,i´rτ{∆ns
` γn,lm2,i

¯

αn,lmi

´
1

?
∆n

d
ÿ

l,m“1

´

γn,lm1,i´rτ{∆ns
` γn,lm2,i

¯

E
´

αn,lmi |Hn
i

¯

+

is a martingale difference array with respect to the filtration pHn
i qiě1. According to

the Lindeberg CLT, it is enough to show the following three sufficient conditions,

paq
1

?
∆n

rt{∆ns´rτ{∆ns
ÿ

i“rτ{∆ns`1

d
ÿ

l,m“1

´

γn,lm1,i´rτ{∆ns
` γn,lm2,i

¯

E
´

αn,lmi |Hn
i

¯

P
ÝÑ 0,
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pbq
1

∆n

rt{∆ns´rτ{∆ns
ÿ

i“rτ{∆ns`1

d
ÿ

l,m,j,k“1

´

γn,lm1,i´rτ{∆ns
` γn,lm2,i

¯´

γn,jk1,i´rτ{∆ns
` γn,jk2,i

¯

ˆE
´

αn,lmi αn,jki |Hn
i

¯

P
ÝÑ

d
ÿ

l,m,j,k“1

ż t´τ

τ

B1,lmGpcs, cs´τ qB1,jkGpcs, cs´τ q
`

cjls c
km
s ` cjms ckls

˘

ds

`

d
ÿ

l,m,j,k“1

ż t´τ

τ

B2,lmGpcs`τ , csqB2,jkGpcs`τ , csq
`

cjls c
km
s ` cjms ckls

˘

ds

`

d
ÿ

l,m,j,k“1

ż t´τ

τ

B1,lmGpcs, cs´τ qB2,jkGpcs`τ , csq
`

cjls c
km
s ` cjms ckls

˘

ds

`

d
ÿ

l,m,j,k“1

ż t´τ

τ

B2,lmGpcs`τ , csqB1,jkGpcs, cs´τ q
`

cjls c
km
s ` cjms ckls

˘

ds,

pcq
1

∆n
2

rt{∆ns´rτ{∆ns
ÿ

i“rτ{∆ns`1

E
´

}

´

γn,lm1,i´rτ{∆ns
` γn,lm2,i

¯

αn,lmi }
4
|Hn

i

¯

P
ÝÑ 0.

Lemma 4.1 in Jacod and Rosenbaum (2013) implies paq, and (4.10) of the same

paper readily yields pcq. An argument similar to Lemma 4.5 in Jacod and Rosenbaum

(2013) yields pbq. Hence, we deduce that for each t the second term An,2 converges
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in law to a normal random variable with mean zero and variance

V2,t “

d
ÿ

j,k,l,m“1

ż t´τ

τ

B1,lmGpcs, cs´τ qB1,jkGpcs, cs´τ q
`

cjls c
km
s ` cjms ckls

˘

ds

`

d
ÿ

j,k,l,m“1

ż t´τ

τ

B2,lmGpcs`τ , csqB2,jkGpcs`τ , csq
`

cjls c
km
s ` cjms ckls

˘

ds

`

d
ÿ

j,k,l,m“1

ż t´τ

τ

B1,lmGpcs, cs´τ qB2,jkGpcs`τ , csq
`

cjls c
km
s ` cjms ckls

˘

ds

`

d
ÿ

j,k,l,m“1

ż t´τ

τ

B2,lmGpcs`τ , csqB1,jkGpcs, cs´τ q
`

cjls c
km
s ` cjms ckls

˘

ds.

By the exact same argument, An,1 converges to another centered normal random

variable whose variance is

V1,t “

d
ÿ

j,k,l,m“1

ż τ

0

B2,lmGpcs`τ , csqB2,jkGpcs`τ , csq
`

cjls c
km
s ` cjms ckls

˘

ds,

and An,3 converges to a third centered normal random variable whose variance is

V3,t “

d
ÿ

j,k,l,m“1

ż t

t´τ

B1,lmGpcs, cs´τ qB1,jkGpcs, cs´τ q
`

cjls c
km
s ` cjms ckls

˘

ds.

As a matter of fact, it can be shown that the asymptotic covariance between any

pair of An,1, An,2 and An,3 is 0. Hence, we deduce for each t,

pAn,1, An,2, An,3q
L
ÝÑ N p0,Σq,

where Σ is a diagonal matrix with V1,t, V2,t and V3,t on the diagonal. Therefore, delta

method yields

V n,5 L
ÝÑ N p0, V q
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where the F -conditional variance V is

řd
j,k,l,m“1

şt

τ
B1,lmGpcs, cs´τ qB1,jkGpcs, cs´τ q

`

cjls c
km
s ` cjms ckls

˘

ds

`
řd
j,k,l,m“1

şt´τ

0
B2,lmGpcs`τ , csqB2,jkGpcs`τ , csq

`

cjls c
km
s ` cjms ckls

˘

ds

`
řd
j,k,l,m“1

şt´τ

τ
B1,lmGpcs, cs´τ qB2,jkGpcs`τ , csq

`

cjls c
km
s ` cjms ckls

˘

ds

`
řd
j,k,l,m“1

şt´τ

τ
B2,lmGpcs`τ , csqB1,jkGpcs, cs´τ q

`

cjls c
km
s ` cjms ckls

˘

ds.

Q.E.D.

Proof of Corollary 1 The summands are continuous functions of the point-wise

estimators of spot volatilities. The proof of Theorem 1 can be straightforwardly

adapted to show the result. Q.E.D.

Proof of Corollary 2 First, we notice that the sequence pγ̂HF pτ, sqqn is stochastic

equicontinuous in s. To see this, let ωpg, δq “ sup|s´s1|ăδ |gpsq ´ gps1q| for δ ą 0 be

the modulus of continuity for function g. Since c is non-negative and bounded, for

any δn Ñ 0, ωpγ̂HF pτ, sq, δnq Ñ 0 in probability for each τ , which implies stochastic

equicontinuity. In view of theorem 1, for each s, γ̂HF pτ, sq
P
ÝÑ γHF pτ, sq. Combining

with stochastic equicontinuity yields supτďsďt |γ̂HF pτ, sq´γHF pτ, sq|
P
ÝÑ 0, for each τ.

Q.E.D.

Proof of Corollary 3 In view of Theorem 2,

1
?

∆n

¨

˝∆n

rt{∆ns´kn`1
ÿ

i“rτ{∆ns`1

ĉni ĉ
n
i´rτ{∆ns

´

ż t

τ

cscs´τds

˛

‚

L
ÝÑ Z
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where Z is a normal random variable with F´conditional variance

V “ 4

ż t´τ

0

c2
sc

2
s`τds` 4

ż t´τ

τ

cs`τcs´τc
2
sds.

Then, we must have

1
?

∆n

pγ̂HF pτ, sq ´ γHF pτ, sqq
L
ÝÑ Z 1

with Z 1 “ Z{pt´ τq. Hence, the asymptotic variance is

V “
4

pt´ τq2

ż t´τ

0

c2
sc

2
s`τds`

4

pt´ τq2

ż t´τ

τ

cs`τcs´τc
2
sds.

Q.E.D.

Proof of Corollary 4 For notational simplicity, we use
ř

i to denote
řrt{∆ns´kn`1
i“rτ{∆ns`1 .

By theorem 1, γ̂pτ, tq
P
ÝÑ γpτ, tq for each τ and t, and it is a well-known fact that

∆n

t´τ

ř

i pĉ
n
i q

2 P
ÝÑ 1

t´τ

şt

τ
c2
sds for each τ and t. Then we must have

˜

γ̂pτ, tq,
∆n

t´ τ

ÿ

i

`

ĉni´rτ{∆ns

˘2
,

∆n

t´ τ

ÿ

i

pĉni q
2

¸

P
ÝÑ

ˆ

γpτ, tq,
1

t´ τ

ż t

τ

c2
s´τds,

1

t´ τ

ż t

τ

c2
sds

˙

,

which in turn yields ρ̂pτ, tq
P
ÝÑ ρpτ, tq by the continuous mapping theorem. To prove

uniform convergence, it is then enough to show the sequence pρ̂pτ, tqqn is stochastic

equicontinuous in t. Without loss of generality, assume u ą v and consider the
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modulus of continuity

ωpρ̂pτ, tq, δnq “ sup
τďu,vďt,|u´v|ďδn

|ρ̂pτ, uq ´ ρ̂pτ, vq|

ď sup
τďu,vďt,|u´v|ďδn

řru{∆ns´kn`1
i“rv{∆ns´kn`1 ĉ

n
i ĉ
n
i´rτ{∆ns

´

řrv{∆ns´kn`1
i“rτ{∆ns`1 pĉ

n
i´rτ{∆ns

q2
¯1{2 ´

řrv{∆ns´kn`1
i“rτ{∆ns`1 pĉ

n
i q

2
¯1{2

` sup
τďu,vďt,|u´v|ďδn

¨

˝

ru{∆ns´kn`1
ÿ

i“rτ{∆ns`1

ĉni ĉ
n
i´rτ{∆ns

˛

‚

ˆ

¨

˚

˝

1
´

řrv{∆ns´kn`1
i“rτ{∆ns`1 pĉ

n
i´rτ{∆ns

q2
¯1{2 ´

řrv{∆ns´kn`1
i“rτ{∆ns`1 pĉ

n
i q

2
¯1{2

´
1

´

řru{∆ns´kn`1
i“rτ{∆ns`1 pĉ

n
i´rτ{∆ns

q2
¯1{2 ´

řru{∆ns´kn`1
i“rτ{∆ns`1 pĉ

n
i q

2
¯1{2

˛

‹

‚

“ sup
τďu,vďt,|u´v|ďδn

ż u

τ

cscs´τds

˜

1
`şv

τ
c2
s´τds

˘1{2 `şv

τ
c2
sds

˘1{2

´
1

`şu

τ
c2
s´τds

˘1{2 `şu

τ
c2
sds

˘1{2

¸

` sup
τďu,vďt,|u´v|ďδn

şu

v
cscs´τds

`şv

τ
c2
s´τds

˘1{2 `şv

τ
c2
sds

˘1{2
` opp1q.

Since c is bounded, the right side goes to 0 as δn Ñ 0 and stochastic equicontinuity

follows, completing the proof. Q.E.D.

Proof of Corollary 5 For notational simplicity, we use
ř

i to denote
řrt{∆ns´kn`1
i“rτ{∆ns`1 .
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step 1) Fix pλ1, λ2, λ3q arbitrarily. Then, we must have

Avar

˜

λ1γ̂pτ, tq ` λ2
∆n

t´ τ

ÿ

i

`

ĉni´rτ{∆ns

˘2
` λ3

∆n

t´ τ

ÿ

i

pĉni q
2

¸

“ ∆pλ1, λ2, λ3q,

where

∆pλ1, λ2, λ3q “
2

pt´ τq2

ż t

τ

pλ1cs´τ ` 2λ3csq
2 c2

sds

`
2

pt´ τq2

ż t

τ

pλ1cs ` 2λ2cs´τ q
2 c2

s´τds

`
4

pt´ τq2

ż t´τ

τ

pλ1cs´τ ` 2λ3csq pλ1cs`τ ` 2λ2csq c
2
sds.

This is a result of Theorem 2 applied to Gpx, yq “ λ1xy ` λ2y
2 ` λ3x

2.

step 2) Again, Theorem 2 yields that for each t,

pλ1, λ2, λ3q
1

?
∆n

«˜

γ̂pτ, tq,
∆n

t´ τ

ÿ

i

`

ĉni´rτ{∆ns

˘2

ˆ

1´
2

kn

˙

,

∆n

t´ τ

ÿ

i

pĉni q
2

ˆ

1´
2

kn

˙

¸

´

ˆ

1

t´ τ

ż t

τ

cscs´τds,
1

t´ τ

ż t

τ

c2
s´τds,

1

t´ τ

ż t

τ

c2
sds

˙

L
ÝÑ N p0,∆pλ1, λ2, λ3qq .

Since the above convergence holds for all pλ1, λ2, λ3q, we must have

1
?

∆n

«˜

γ̂pτ, tq,
∆n

t´ τ

ÿ

i

`

ĉni´rτ{∆ns

˘2

ˆ

1´
2

kn

˙

,
∆n

t´ τ

ÿ

i

pĉni q
2

ˆ

1´
2

kn

˙

¸

´

ˆ

1

t´ τ

ż t

τ

cscs´τds,
1

t´ τ

ż t

τ

c2
s´τds,

1

t´ τ

ż t

τ

c2
sds

˙

L
ÝÑ N p0,Σq .
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where

Σ “

»

–

Σ11 Σ12 Σ13

Σ21 Σ22 Σ23

Σ31 Σ32 Σ33

fi

fl .

and

Σ11 “
4

pt´ τq2

ż t

τ

c2
sc

2
s´τds`

4

pt´ τq2

ż t´τ

τ

c2
scs`τcs´τds

Σ12 “ Σ21 “
4

pt´ τq2

ż t

τ

c3
s´τcsds`

4

pt´ τq2

ż t´τ

τ

c3
scs´τds

Σ13 “ Σ31 “
4

pt´ τq2

ż t

τ

cs´τc
3
sds`

4

pt´ τq2

ż t´τ

τ

c3
scs`τds

Σ22 “
8

pt´ τq2

ż t

τ

c4
s´τds

Σ23 “ Σ32 “
8

pt´ τq2

ż t´τ

τ

c4
sds

Σ33 “
8

pt´ τq2

ż t

τ

c4
sds.

step 3) Set F px, y, zq “ x

p1{pt´τq
şt
τ c

2
s´τdsq

1{2
p1{pt´τq

şt
τ c

2
sdsq

1{2 `
1{pt´τq

şt
τ cscs´τds

pyq1{2pzq1{2
, then

F px, y, zq is continuous and differentiable at

ˆ

1{pt´ τq

ż t

τ

cscs´τds, 1{pt´ τq

ż t

τ

c2
s´τds, 1{pt´ τq

ż t

τ

c2
sds

˙

,
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and

F

˜

γ̂pτ, tq,
∆n

t´ τ

ÿ

i

`

ĉni´rτ{∆ns

˘2

ˆ

1´
2

kn

˙

,
∆n

t´ τ

ÿ

i

pĉni q
2

ˆ

1´
2

kn

˙

¸

´F

ˆ

1

t´ τ

ż t

τ

cscs´τds,
1

t´ τ

ż t

τ

c2
s´τds,

1

t´ τ

ż t

τ

c2
sds

˙

“
γ̂pτ, tq

ˆ

∆n

t´τ

ř

i

´

ĉni´rτ{∆ns

¯2 ´

1´ 2
kn

¯

˙1{2
´

∆n

t´τ

ř

i pĉ
n
i q

2
´

1´ 2
kn

¯¯1{2

´ρpτ, tq ` opp1q.

Delta method yields

1
?

∆n

»

—

—

—

–

γ̂pτ, tq
ˆ

∆n

t´τ

ř

i

´

ĉni´rτ{∆ns

¯2 ´

1´ 2
kn

¯

˙1{2
´

∆n

t´τ

ř

i pĉ
n
i q

2
´

1´ 2
kn

¯¯1{2

´ρpτ, tqs
L
ÝÑ N p0, V q ,

where V is given as in the corollary and it can be consistently estimated by a standard

plug-in type consistent estimator, completing the proof. Q.E.D.
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3

Spot Volatility and Microstructure Noise

Microstructure noise induced by various market frictions has long be recognized (see,

e.g., Black (1986), Madhavan (2000), Stoll (2003), and many references therein).

Recently, many statistical methods have been developed to estimate volatility for

settings with noise; see, for example, the two scale realized volatility of Zhang et al.

(2005), the multiscale realized volatility of Zhang (2006), extensions on these methods

by Li and Mykland (2007), Aı̈t-Sahalia et al. (2011), and Zhang (2011), the realized

kernel approach of Barndorff-Nielsen et al. (2008, 2011), the pre-averaging methods

of Jacod et al. (2009), Podolskij and Vetter (2009), Christensen et al. (2013), and

Jacod et al. (2019), the local method of moments estimator of Bibinger et al. (2014),

and the likelihood based method of Xiu (2010).

Meanwhile, the statistical properties of the noise, such as its variance and depen-

dence structure, have also received growing attention. Studies along this line include

Zhang et al. (2005), Hansen and Lunde (2006), Bandi and Russell (2008), and Jacod
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et al. (2017).

There are also many papers that localize various integrated volatility estimators

and propose spot estimators of volatility. Examples include Zu and Boswijk (2014),

Mancini et al. (2015), Zhang et al. (2018), and Bibinger et al. (2019).

In this chapter, I complement the spot estimation literature by showing the uni-

form convergence of spot volatility estimators and the estimator of local moments of

the noise. To my best knowledge, these uniform convergence results are new and play

important role in two-step inference procedures where the first-step nonparametric

estimation error should be globally controlled.

This chapter has been adapted and used as two sections in different papers.

Section 3.1 has been used as one application in the paper “Glivenko-Cantelli theorems

for integrated functionals of stochastic processes”, which is a joint work with Jia Li

and Yunxiao Liu (see Li et al. (2019b)); Section 3.2 serves as Theorem 1 in the paper

“Occupation density estimation for noisy high-frequency data”, joint with Jia Li and

Tim Bollerslev (see Zhang et al. (2019)).
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3.1 Independent Noise

In this section, we focus on a basic multivariate setting, where the efficient price

is contaminated by microstructure noise, which is allowed to depend on other pro-

cesses. For ease of exposition, we consider a standard synchronous sampling scheme.

We apply the pre-averaging approach and propose jump-robust spot covariance es-

timators for both the efficient price process and the noise, and we show that these

spot estimators are point-wise consistent and are convergent to the local moving

average of the true volatility uniformly over time. Our method is in a similar spirit

to Christensen et al. (2013), who use pre-averaging method to estimate integrated

covariance matrix with i.i.d. noise with constant covariance. By comparison, we

allow a more general form of noise whose covariance can be time varing. Although

the setting we consider is not a complete description of the real financial market, it

carries important theoretical insights. A slightly more general setup is considered in

the next section.

We now introduce the setting. Over the fixed time horizon r0, 1s, the latent

efficient price process X is a d-dimensional Itô semimartingale of the following form,

Xt “ x0 `

ż t

0

bsds`

ż t

0

σsdWs

`

ż t

0

ż

R
δ ps, xq 1t}δps,xq}ď1u pµ´ νq pds, dxq (3.1)

`

ż t

0

ż

R
δ ps, xq 1t}δps,xq}ą1uµ pds, dxq ,

where the drift bt takes values in Rd, the spot volatility matrix σt takes values in

Rdbd, W is a d-dimensional standard Brownian motion, δ : Ω ˆ R` ˆ R ÞÑ Rd is a
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predictable function, µ is a Poisson random measure on ΩˆR, with its compensator

ν pds, dxq “ dsb λ pdxq for some σ-finite measure λ p¨q. In practical applications, Xt

models the (log) price process of d financial assets. The process of interest in this

context is the spot covariance process defined as ct “ σtσ
J
t , which takes values in an

open set C (e.g., the collection of positive definite matrices). For ease of discussion,

all processes are assumed to be càdlàg and adapted. We further impose a regularity

condition.

Assumption 6. Let r P r0, 2q be a constant. The process X is an Itô semimartingale

given by (3.1). The processes bt and σt are locally bounded. There exists a sequence

of stopping times pTmqmě1 increasing to infinity such that for each m ě 1 and all

t ď Tm pωq:

(i) }δ pω, t, zq}r ď Dm pzq, where Dm p¨q is a sequence of nonnegative bounded

λ-integrable functions on R;

(ii) ct P Km, where Km is a sequence of compact convex subsets of C.

The observed noise contaminated prices at times 0,∆n, 2∆n, . . . , t1{∆nu are given

by

Yi∆n “ Xi∆n ` εi∆n , (3.2)

where εi∆n denotes the d-dimensional noise. It is convenient to also represent ε as a

continuous-time process, even though it comes into play only at discrete times.

We make the following assumption on the noise.

Assumption 7. The variables pεiqiě0 are F-conditionally independent with zero

mean. Moreover,

(i) for each p ą 0, E r}εi}p|Fs “Mp,i∆n for some locally bounded process Mp;
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(ii) ErεiεJi |Fs “ vi∆n for some càdlàg, Ft-adapted process pvtqtě0 taking values

in an open set C, and there exist a sequence of stopping times pTmqmě1 increasing to

infinity and a sequence pKmqmě1 of compact convex subsets of C such that vt P Km

for each m ě 1 and t ď Tmpωq.

A few remarks are in order. Assumption 9(i) is relatively mild regularity con-

dition. We assume that the noise has finite moments at all orders only for ease of

presentation. Assumption 9(ii) mainly requires that the spot covariance of the noise

vector is locally compactly valued. This assumption is akin to Assumption 6(ii) on

the spot covariance of efficient price. Like the latter, we also allow the noise volatility

process to be stochastic with jumps. This is empirically relevant and leads to some

interesting theoretical complications in our analysis.

We acknowledge that this setting is not completely general. While we allow

for unconditional dependence among the noises (as the v and Mp processes can be

highly persistent), we rule on their F -conditional dependence studied by Jacod et al.

(2017). In addition, we have implicitly assumed that the data are regularly sampled,

and hence, ruled out random sampling. The results can be extended to allow for

more general forms of noise as studied by Jacod et al. (2017).

Our goal is to establish a uniform approximation of spot estimators for moving

averages of the corresponding underlying processes, which in turn implies the (point-

wise) consistency of the spot estimator because the underlying processes are càdlàg.

But this type of uniform approximation is unavailable in the extant literature on mi-

crostructure noise. For this reason, we establish such a result that is of independent

theoretical interest. We consider spot estimators using the pre-averaging method.
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We make this choice only for concreteness, while noting that similar result may be

established using the other approaches mentioned above as well.

To implement the pre-averaging method, we consider a weight function w : R ÞÑ R

that is continuous, piecewise continuously differentiable with Lipschitz-continuous

derivative, and further satisfies wpsq “ 0 for s R p0, 1q and
ş1

0
wpsq2ds ą 0. For an

integer sequence hn of pre-averaging windows, we set

φn ”
1

hn

ÿ

jě0

w

ˆ

j

hn

˙2

, φn ” hn
ÿ

jě0

ˆ

w

ˆ

j

hn

˙

´ w

ˆ

j ´ 1

hn

˙˙2

.

The building blocks of the pre-averaging estimator are the following pre-averaged

quantities:

rY n
i ”

hn´1
ÿ

j“1

w

ˆ

j

hn

˙

∆n
i`jY,

pY n
i ”

hn
ÿ

j“1

ˆ

w

ˆ

j

hn

˙

´ w

ˆ

j ´ 1

hn

˙˙2
`

∆n
i`jY

˘ `

∆n
i`jY

˘J
.

(3.3)

The variance of the pre-averaged return rY n
i depends on both the price volatility

and the noise volatility. In fact, the variance of the noise induces a bias in the price

volatility estimation that needs to be corrected. To recover the spot volatilities,

we consider non-overlapping local estimation blocks of size kn, which also grows to

infinity but should be at a rate faster than hn, that is, kn{hn Ñ 8. We set for

i “ 1, . . . , tn{knu

v̂ni “
hn

2φ̄nkn

kn´hn
ÿ

j“1

pY n
pi´1qkn`j. (3.4)

48



Then, our estimator for vt with t P rpi´ 2qkn∆n, pi´ 1qkn∆nq, i “ 2, . . . , tn{knu, is

given by, v̂t “ v̂ni .

Remark 2. An alternative and simpler estimator v̂altt without the pre-averaging pro-

cedure is indeed possible. For i “ 1, . . . , tn{knu

v̂n,alti “
1

2kn

kn
ÿ

j“1

`

∆n
pi´1qkn`jY

˘ `

∆n
pi´1qkn`jY

˘J
,

and v̂altt “ v̂n,alti for For t P rpi´ 2qkn∆n, pi´ 1qkn∆nq, i “ 2, . . . , tn{knu.

Suppose Assumptions 6 and 9 hold. For kn{n Ñ 0 and kn Ñ 8, it can be

shown that v̂altt
P
ÝÑ vt, and that v̂altt takes values in a compact set locally in time.

We nonetheless choose the estimator (3.4) in the current paper for a cleaner bias

correction in the price volatility estimation.

Turning to the spot estimation of the price volatility, we set for i “ 1, . . . , tn{knu

ĉni ”
1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

´

rY n
pi´1qkn`j

¯´

rY n
pi´1qkn`j

¯ᵀ
1t}rY npi´1qkn`j

}ďunu

´
φ̄n

h2
n∆nφn

v̂ni ,

(3.5)

where the truncation threshold un is introduced to eliminate jumps, and the second

term is a bias correction induced by the volatility of the noise. Similarly as above,

we approximate ct at t P rpi´ 2qkn∆n, pi´ 1qkn∆nq, i “ 2, . . . , tn{knu, using ĉt “ ĉni .

Remark 3. An alternative estimator ĉn,alti of the spot covariance could be defined in

exactly the same way as (3.5) with v̂ni replaced by v̂n,alti given in Remark 2. With the
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same conditions as in Lemma 1 below, we can also verify that ĉn,altt takes values in a

compact set locally in time.

With standard chosen tuning parameters for the pre-averaging method, we give

in the following lemma the pointwise and uniform convergence results and show that

the estimators ĉt, v̂t take values in a compact set locally in time.

Lemma 1. Suppose that (i) Assumptions 6 and 9 hold; (ii) the sequences kn, hn and

un satisfy

kn — nγ, hn — n1{2, un — phn{nq
$, γ P

ˆ

6` r

8
, 1

˙

, $ P

ˆ

4p1´ γq

2´ r
,
1

2

˙

.

Then, (a) ĉt
P
ÝÑ ct and v̂t

P
ÝÑ vt for t P r0, 1q; (b) with p ą 4{p2γ ´ 1q

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

ĉni ´
n

kn

ż ikn{n

pi´1qkn{n

csds

ˇ

ˇ

ˇ

ˇ

ˇ

“ Op

`

k´1{p
n _ n1´p1´r{2q$hp1´r{2q$n k´1

n

˘

,

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

v̂ni ´
hn

2φ̄nkn

kn´hn
ÿ

j“1

hn
ÿ

l“1

ˆ

w

ˆ

l

hn

˙

´ w

ˆ

l ´ 1

hn

˙˙2

ˆ
`

vppi´1qkn`j`lq∆n ` vppi´1qkn`j`l´1q∆n

˘ˇ

ˇ “ Op

`

k´1{p
n

˘

.

Remark 4. Part (b) in Lemma 1 establishes the uniform convergence of spot volatil-

ity estimators, together with their uniform convergence rates. Similar to the standard

case without microstructure noise, the uniform convergence results are only estab-

lished for the difference between the spot estimators and the local average of the true

volatilities.
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3.2 Noise with Long-run Dependence

In this section, we consider a slightly more general setting in which we allow for

random sampling and that the noise can have long-run dependence. Similar as

above, we will use the pre-averaging method to estimate local volatilities.

We consider the same weight function as in the last section: w : R ÞÑ R is contin-

uous, piecewise continuously differentiable with Lipschitz-continuous derivative, and

further satisfies wpsq “ 0 for s R p0, 1q and
ş1

0
wpsq2ds ą 0. In addition to the weight

function w, the pre-averaging method also requires a smoothing parameter hn. Let

the ith noisy return by ∆n
i Y ” YT pn,iq ´ YT pn,i´1q, the pre-averaged returns are then

simply defined by,

rY n
i ”

hn´1
ÿ

j“1

w pj{hnq∆n
i`jY. (3.6)

In our effort to further study the volatility of the noise as an illiquidity measure,

we follow Jacod et al. (2019, 2017) and assume that it has a multiplicative structure,

εni “ γT pn,iq ¨ χi. (3.7)

Without loss of generality, we normalize the standard deviation of the χi shock to

unity, so the γ process is directly interpretable as the volatility of the noise. We

in turn use our estimate of γ as a measure of the effective spread in our empirical

analysis. Importantly, since the γ process is generally stochastic and may be strongly

persistent, our setup allows the εni noise term to be strongly serially dependent.

Moreover, the χi term is also allowed to be serially correlated, thus permitting an

extra layer of dependence. Formal regularity conditions on the different noise terms

are given in Assumption 9 below.

51



3.2.1 Regularity Conditions

Our estimation procedures naturally require some, albeit very mild, regularity con-

ditions. We begin by discussing the conditions pertaining to the irregular sampling

times, followed by the conditions for the market microstructure noise, and the latent

price process itself.

Compared to a regular sampling scheme with T pn, iq “ i∆n for some fixed sam-

pling interval ∆n, the present setting allows T pn, iq to be random, irregularly spaced,

and dependent on various underlying processes, including the latent price volatility

process. Specifically, let Nn
t ”

ř

iě1 1tT pn,iqďtu denote the number of returns observed

up to time t. The sampling interval for the ith return is then,

∆pn, iq ” T pn, iq ´ T pn, i´ 1q.

We consider an infill asymptotic setting, in which these sampling intervals go to zero

as nÑ 8 in an average sense. Below, we use ∆n to denote a positive real sequence

such that ∆n “ op1q as nÑ 8. Formally, we maintain the following assumption.

Assumption 8. The following conditions hold for some constant ρ ą 1{2, a sequence

pτmqmě1 of stopping times increasing to 8, and a sequence pKmqmě1 of strictly pos-

itive constants.

(i) α is continuous and αt ą 0 for all t.

(ii) ∆nN
n
t

P
ÝÑ At ”

şt

0
αsds, for all t.

(iii) In restriction to tT pn, i´ 1q ď τmu, |ErαT pn,i´1q∆pn, iq|FT pn,i´1qs ´ ∆n| ď

Km∆1`ρ
n and Er|αT pn,i´1q∆pn, iq|

κ|FT pn,i´1qs ď Km∆κ
n for all κ ě 2.

The α process in Assumption 8 provides a summary measure of the sampling
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intensity. Condition (iii), in particular, suggests that ∆n,i « ∆n{αT pn,i´1q, so the

sampling interval is shorter when the intensity is higher, and vice versa. As such, the

α process is only identified up to scale (scaling ∆n and α with the same constant leads

to no change in the theory). Assumption 8 is inspired by Jacod et al. (2019, 2017),

albeit slightly weaker than the conditions invoked in those papers.1 It accommodates

all of the irregular sampling schemes commonly used in the literature including, for

example, modulated Poisson schemes and time-changed regular sampling schemes

(with ρ “ 1), as well as modulated random walk schemes (with any ρ ą 0); see

Jacod et al. (2019, 2017) for more detailed discussions of these alternative schemes.

The two separate processes that combine to define the market microstructure

noise term also need to satisfy some mild regularity conditions. The next assumption

formalizes these conditions.

Assumption 9. The εni noise has the form (3.7) and the following conditions hold

for a sequence pτmqmě1 of stopping times increasing to 8, and a sequence pKmqmě1

of strictly positive constants.

(i) The process γ is càdlàg and adapted, and 1{Km ď γt´ ď Km in restriction to

tt ď τmu.

(ii) The variables pχiqiPZ form a stationary sequence, independent of F8 ”
Ž

tą0Ft,

with zero mean, unit variance, and finite moments of all orders.

(iii) The variables pχiqiPZ is ρ-mixing with mixing coefficient ρk satisfying ρk “

Opk´vq for some v ą 4.

1 See Assumption (O) in Jacod et al. (2017) and Assumption (O-ρ, ρ1) in Jacod et al. (2019).
These authors require stronger assumptions than ours so as to prove central limit theorems. The
derivation of central limit theorems for volatility occupation densities, even in the case without
microstructure noise (as in Li et al. (2013)), remains a very open question, mainly due to the fact
that the occupation density itself is a random function with very limited smoothness properties.
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Importantly, these conditions allow for quite general dependencies in the noise

term, including serial correlation.2 The serial dependence may arise through two

separate channels: calendar-time persistence in the noise volatility process pγtq, and

tick-time dependence among the shocks pχiq.

Finally, we also require a “smoothness” type condition on the actual price pro-

cesses. The following assumption formalizes this final requisite set of conditions.

Assumption 10. The following conditions hold for a sequence of stopping times

pτmqmě1 increasing to 8 and a sequence of positive constants pKmqmě1.

(i) The efficient one-dimensional price process X satisfies (3.1), with its jump

component given by

ÿ

sďt

∆Xs “

ż t

0

ż

R
δ ps, zqµ pds, dzq ,

where µ is a Poisson random measure on R` ˆ R with a deterministic compensator

νpdt, dzq “ dt b λ pdzq for some σ-finite measure λ pdzq on R, and δ is a real-

valued predictable function on Ω ˆ R` ˆ R. There exists a sequence pΓmqmě1 of

deterministic nonnegative λ-integrable functions on R such that }δ̃pω, t, zq}r ^ 1 ď

Γmpzq in restriction to tt ď τmu for some r P p0, 1s.

(ii) Each ψ P tα, b, σ, γu is an Itô semimartingale of the form,

ψt “ ψ0 `

ż t

0

b̃sds`

ż t

0

σ̃sdWs `

ż t

0

σ̃1sdW
1
s ` J̃t, (3.8)

where the processes b̃, σ̃ and σ̃1 are locally bounded and adapted, W 1 is a Brownian

2 The empirical analyses in Hansen and Lunde (2006) and Jacod et al. (2017) clearly point to the
importance of allowing for high-frequency serially dependent noise.
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motion orthogonal to W , J̃t is a purely discontinuous process of the form,

J̃t “

ż t

0

ż

R
δ̃ ps, zq 1t‖δ̃ps,zq‖ď1upµ´ νq pds, dzq `

ż t

0

ż

R
δ̃ ps, zq 1t‖δ̃ps,zq‖ą1uµ pds, dzq ,

where δ̃ is a real-valued predictable function on Ω ˆ R` ˆ R. There exists a se-

quence pΨmqmě1 of deterministic nonnegative λ-integrable functions on R, such that

}δ̃pω, t, zq}2 ^ 1 ď Ψmpzq in restriction to tt ď τmu.

(iii) For each m ě 1, 1{Km ď σt´ ď Km when t ď τm.

Assumption 10 is quite mild and is satisfied by most continuous-time models

used in economics and finance. In particular, it allows both of the σ and γ volatility

processes to exhibit intraday periodicity, very general forms of dynamic dependencies,

and jumps of unrestricted activity.

3.2.2 Estimation

We require an estimate of the spot autocovariances of the noise for a growing number

of lags k1n. As is common in the literature on spot volatility estimation, we consider a

local window Ln, and divide the (normalized) sample period r0, 1s into Mn “ t1{Lnu

non-overlapping blocks (each of length Ln in calendar time). Intuitively, we need

Ln Ñ 0 in order to “kill” the bias in the nonparametric estimation, while at the

same time requiring each of the local windows to contain a sufficiently large number

of pre-averaged returns so as to attain statistical precision.

Specifically, let Ji denote the index of the first observation in the ith estima-

tion block (i.e., rpi´ 1qLn, iLns). For this block, we define the (unnormalized) spot
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autocovariance of the noise at lag l as,

Uplqni ”

Nn
iLn

´Nn
pi´1qLn

´5kn
ÿ

j“0

`

YT pn,Ji`jq ´ ȲJi`j`2kn

˘ `

YT pn,Ji`j`lq ´ ȲJi`j`4kn

˘

, (3.9)

where Ȳ n
j ” k´1

n

řkn´1
k“0 YT pn,j`kq. For the purpose of defining the spot volatility es-

timators, it is useful to further associate the weight function w and the smoothing

parameter hn with the following constants,

φn ”
1

hn

ÿ

jPZ

w

ˆ

j

hn

˙2

,

φn,l ” hn
ÿ

jPZ

ˆ

w

ˆ

j ` 1

hn

˙

´ w

ˆ

j

hn

˙˙ˆ

w

ˆ

j ` 1´ l

hn

˙

´ w

ˆ

j ´ l

hn

˙˙

.

(3.10)

Using this notation, our spot variance estimator of the efficient price on the ith block

may be conveniently expressed as,

σ̂2
pi´1qLn ”

1

Ln

1

hnφn

Nn
iLn

´Nn
pi´1qLn

´hn
ÿ

j“0

´

rY n
Ji`j

¯2

1
t|rY nJi`j

|ďunu

´
1

Ln

1

h2
nφn

k1n
ÿ

l“´k1n

φn,lU p|l|q
n
i , (3.11)

where the truncation threshold un is introduced to eliminate jumps, and the second

term involving the growing number of k1n autocovariances corrects for the bias induced

by the possibly autocorrelated noise. Correspondingly, our estimator for the spot

variance of the noise is given by,

γ̂2
pi´1qLn ”

Up0qni
Nn
iLn
´Nn

pi´1qLn

. (3.12)
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Finally, to extend the estimators on each of the blocks defined in (3.11) to all times

in r0, 1s, we simply set,

σ̂2
t ”

#

σ̂2
pi´1qLn

, t P rpi´ 1qLn, iLnq , 1 ď i ďMn,

σ̂2
pMn´1qLn

, t P rMnLn, 1s ,
(3.13)

with γ̂2
t extended from (3.12) in a similar fashion.

The estimators defined above all rely on certain tuning parameters, as it is in-

variably the case with this type of nonparametric estimation in a general statistical

setting. Since all of these tuning parameters are introduced in a standard fashion,

the prior literature is also highly informative about their choice and interpretation.

The smoothing parameter hn, in particular, is standard in all pre-averaging type

estimators (see, e.g., Jacod et al. (2009) and Jacod et al. (2010)). It serves to reduce

the bias resulting from microstructure noise. The thresholding technique and the

use of the un truncation parameter is also standard for eliminating jumps, both in

the cases with or without noise (see, e.g., Aı̈t-Sahalia et al. (2012) and Li (2013)).

Allowing the noise to have mixing-type serial dependence necessitates the additional

tuning parameters kn and k1n for the purpose of estimating the “local long-run” vari-

ance of the noise (see Jacod et al. (2019, 2017)). This mirrors the heteroskedasticity

and autocorrelation robust variance estimation in conventional long-span time-series

settings. Finally, the use of a local window Ln is also a common feature of essen-

tially all spot volatility estimators, with or without any noise (see, e.g., Jacod and

Rosenbaum (2012)).

The following theorem formally spells out the consistency of the spot estimators

and their associated rates of convergence subject to standard choices of the different
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tuning parameters.3

Theorem 3. Suppose that (i) Assumptions 8, 9 and 10 hold; (ii) hn — ∆
´1{2
n ,

kn — ∆
´1{5
n , k1n — ∆

´1{8
n , Ln — ∆τ

n with 0 ă τ ă 1
3
, un — phn∆nq

$ and

r ă
2 tvu´ 4

2 tvu´ 3
and

1

4´ 2r
ă $ ă

2 tvu´ 3

4 tvu´ 4
.

Then, for each t P r0, 1s,

σ̂2
t ´ σ

2
t “ Op

`

∆τ{2
n _∆1{4´τ{2

n

˘

,

γ̂2
t ´ γ

2
t “ Op

`

∆τ{2
n _∆3{10´τ{2

n

˘

.

If, in addition (iii) 0 ă τ ă 11{60, then

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

σ̂2
pi´1qLn ´

1

Ln

ż iLn

pi´1qLn

σ2
sds

ˇ

ˇ

ˇ

ˇ

“ Op

`

∆1{4´τ
n _∆11{40´3τ{2

n

˘

,

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

γ̂2
pi´1qLn ´

1

Ln

ż iLn

pi´1qLn

γ2
sds

ˇ

ˇ

ˇ

ˇ

“ Op

´

∆2{5´3τ{2
n _∆τ{2

n log
`

∆´1
n

˘1{2
¯

.

Theorem 3 provides upper bounds for both pointwise and uniform convergence

rates of the spot variance estimator of the efficient price and that of the microstruc-

ture noise. The former, in particular, attains the ∆
´1{8
n pointwise convergence rate

for τ “ 1{4.4 Bibinger et al. (2019) have recently shown that in a setting with

3 These new spot estimators could in principle be used in the construction of reduced-form
forecasting models for price volatility and market illiquidity. We leave further work along those
lines for future research.

4 This optimal rate is attained by judiciously balancing the estimation bias, which is of order

Opp∆
τ{2
n q, and the statistical error, which is of order Opp∆

1{4´τ{2
n q.
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finitely-dependent noise and a random independent sampling scheme, the optimal

convergence rate for spot volatility estimation is ∆
´1{8
n . Since the present statistical

setting is more general, our spot volatility estimator thus achieves rate optimality as

well.
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3.3 Proofs

3.3.1 Proofs for Section 3.1

Throughout the proofs, we use K to denote a generic constant that may change from

line to line. By a classical localization argument, we impose the following stronger

assumption without loss of generality.

Assumption 11. We have Assumption 6 with T1 “ 8. Moreover, the processes

b,X are uniformly bounded, and c, α take values on a compact convex set.

Proof of Lemma 1. We start with introducing some additional notation. For

simplicity, we set wnj ” w pj{hnq and w̄nj ” w pj{hnq ´ w ppj ´ 1q{hnq. In addition,

we let Xc be the continuous part (drift plus diffusion) of X. The pre-averaged values

rεnj , rXc,n
j are defined in the same way as in (3.6). Let }X}p “ pEr|X|psq1{p be the

Lp norm of X, and EF r¨s “ Er¨|Fs. We further set Y c
j∆n

“ Xc
j∆n

` εj∆n . Note that

rY c,n
j “ rXc,n

j ` rεnj .

We use ĉni and v̂ni to denote the estimators calculated using returns over the i-th

block rpi´ 1qkn{n, ikn{ns, i “ 2, . . . , tn{knu. We observe ĉni “ ĉn1i ` ĉ
n2
i , where

ĉn1i “
1

kn∆nhnφn

kn´hn
ÿ

j“1

´

rY c,n
pi´1qkn`j

¯2

´
φ̄n

h2
n∆nφn

v̂ni ,

ĉn2i “
1

kn∆nhnφn

kn´hn
ÿ

j“1

ˆ

´

rY n
pi´1qkn`j

¯2

1t|rY npi´1qkn`j
|ďunu

´

´

rY c,n
pi´1qkn`j

¯2
˙

.
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To show the second assertion in Lemma 1, it is enough to prove that both ĉn1i and

ĉn2i take values in a compact set. We shall couple ĉn1i with a sequence of bounded

sequence, and show their difference uniformly converges to zero over all estimation

blocks. We will also show below that ĉn2i uniformly converges to zero.

The following lemma gives the uniform approximation for v̂ni .

Lemma 2. Suppose that (i) Assumptions 6 and 9 hold, and (ii) hn — n1{2, kn — nγ,

with 1{2 ă γ ă 1. Then, we have for p ě 2{γ

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

v̂ni ´
hn

2φ̄nkn

kn´hn
ÿ

j“1

hn
ÿ

l“1

pw̄nl q
2

ˆ
`

α2
ppi´1qkn`j`lq∆n

` α2
ppi´1qkn`j`l´1q∆n

˘ˇ

ˇ

›

›

p
ď Kk´1{p

n .

Proof of Lemma 2. We write v̂ni “ Un
1,i ` U

n
2,i ` U

n
3,i, where

Un
1,i “

hn
2φ̄nkn

kn´hn
ÿ

j“1

hn
ÿ

l“1

pw̄nl q
2
`

εpi´1qkn`j`l ´ εpi´1qkn`j`l´1

˘2
,

Un
2,i “

hn
2φ̄nkn

kn´hn
ÿ

j“1

hn
ÿ

l“1

pw̄nl q
2
`

∆n
pi´1qkn`j`lX

˘2
,

Un
3,i “

hn
φ̄nkn

kn´hn
ÿ

j“1

hn
ÿ

l“1

pw̄nl q
2 ∆n

pi´1qkn`j`lX
`

εpi´1qkn`j`l ´ εpi´1qkn`j`l´1

˘

.

First, consider Un
1,i. We set

ηni,j “
hn
ÿ

l“1

pw̄nl q
2
´

`

εpi´1qkn`j`l ´ εpi´1qkn`j`l´1

˘2

´
`

α2
ppi´1qkn`j`lq∆n

` α2
ppi´1qkn`j`l´1q∆n

˘˘

.
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Clearly, ηni,j has conditional zero mean, and ηni,j is conditionally independent of

ηni,j`hn`1. In addition, due to the fact that |w̄nl | ď K{hn, εi is conditional inde-

pendent and has finite conditional moments of all orders, we have }ηni,j}p ď Kh
´3{2
n .

From here, we deduce
›

›

›

›

›

hn
2φ̄nkn

kn´hn
ÿ

j“1

ηni,j

›

›

›

›

›

p

ď Kk´1{2
n . (3.14)

Applying a maximal inequality directly yields

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

Un
1,i ´

hn
2φ̄nkn

kn´hn
ÿ

j“1

hn
ÿ

l“1

pw̄nl q
2

ˆ
`

α2
ppi´1qkn`j`lq∆n

` α2
ppi´1qkn`j`l´1q∆n

˘ˇ

ˇ

›

›

p
ď Kn1{pk´1{2´1{p

n .

(3.15)

Picking p ą 2p1´ γq{γ, the right side goes to zero.

By classical estimates of Itô semimartingale and a maximal inequality, we imme-

diately have for p ě 1
›

›

›

›

max
1ďiďtn{knu

ˇ

ˇUn
2,i

ˇ

ˇ

›

›

›

›

p

ď Kk´1{p
n . (3.16)

Finally, note that EF r∆
n
i`jX pεi`j ´ εi`j´1qs “ 0. Then, by the same argument

as in deriving (3.14), classical estimates of Itô semimartingales, and a maximal in-

equality, we deduce
›

›

›

›

max
1ďiďtn{knu

ˇ

ˇUn
3,i

ˇ

ˇ

›

›

›

›

p

ď Kk´1{2´1{p
n . (3.17)

The assertion of the lemma readily follows from (3.15), (3.16), (3.17), and the

restriction p ě 2{γ. Q.E.D.
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Lemma 3. Suppose that (i) Assumptions 6 and 9 hold, and (ii) hn — n1{2, kn — nγ,

with 1{2 ă γ ă 1. Then, we have for p ą 4{p2γ ´ 1q

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

ĉn1i ´
n

kn

ż ikn{n

pi´1qkn{n

csds´
1

2kn∆nhnφn

kn´hn
ÿ

j“1

hn
ÿ

l“1

pw̄nl q
2

ˆ
`

α2
ppi´1qkn`j`lq∆n

´ α2
ppi´1qkn`j`l´1q∆n

˘
ˇ

ˇ

›

›

p
ď Kk´1{p

n .

If we further assume αt is an Itô semimartingale, then

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

ĉn1i ´
n

kn

ż ikn{n

pi´1qkn{n

csds

ˇ

ˇ

ˇ

ˇ

ˇ

›

›

›

›

›

p

ď Kk´1{p
n .

Proof of Lemma 3. We set wn,ipsq “ wpj{hnq, when s P rpi` j ´ 1q∆n, pi` jq∆nq

for j “ t1, . . . , hn ´ 1u. Then, by definition we can write

rXc,n
i “

ż pi`hn´1q∆n

i∆n

wn,ipsqdX
c
s .

By Itô’s formula,

´

rXc,n
i

¯2

“

˜

ż pi`hn´1q∆n

i∆n

wn,ipsqdX
c
s

¸2

“ 2

ż pi`hn´1q∆n

i∆n

ˆ
ż s

i∆n

wn,ipuqdX
c
u

˙

wn,ipsqpbsds` σsdWsq

`

ż pi`hn´1q∆n

i∆n

pwn,ipsqq
2 σ2

sds.

(3.18)

Let

pXc,n
i “

´

rXc,n
i

¯2

´

ż pi`hn´1q∆n

i∆n

pwn,ipsqq
2 σ2

sds.
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By (3.18), we can further decompose

pXc,n
i “ ξc,n1,i ` ξ

c,n
2,i ` ξ

c,n
3,i ,

where

ξc,n1,i “ 2

ż pi`hn´1q∆n

i∆n

ˆ
ż s

i∆n

wn,ipuqdX
c
u

˙

wn,ipsqσsdWs,

ξc,n2,i “ 2

ż pi`hn´1q∆n

i∆n

ˆ
ż s

i∆n

wn,ipuqσudWu

˙

wn,ipsqbsds,

ξc,n3,i “ 2

ż pi`hn´1q∆n

i∆n

ˆ
ż s

i∆n

wn,ipuqbudu

˙

wn,ipsqbsds.

By repeatedly using Burkholder-Gundy inequality, the boundedness of b, σ, and

wn,iptq, we deduce for q ě 1

E
“
ˇ

ˇξc,n1,i

ˇ

ˇ

q‰
ď Kphn∆nq

q, (3.19)

E
“
ˇ

ˇξc,n2,i

ˇ

ˇ

q‰
ď Kphn∆nq

3q{2, (3.20)

E
“ˇ

ˇξc,n3,i

ˇ

ˇ

q‰
ď Kphn∆nq

2q. (3.21)

Note that ξc,n1,i is Fpi`hn´1q∆n-measurable, and hence we deduce by the property

of martingle difference array that

›

›

›

›

›

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

ξc,n1,pi´1qkn`j

›

›

›

›

›

p

ď Kh1{2
n k´1{2

n . (3.22)

Applying a maximal inequality yields

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

ξc,n1,pi´1qkn`j

ˇ

ˇ

ˇ

ˇ

ˇ

›

›

›

›

›

p

ď Kn1{ph1{2
n k´1{2´1{p

n .

(3.23)
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With p ą 4p1´ γq{p2γ ´ 1q, the right side of (3.23) goes to zero.

Next, it is easy to see from a maximal inequality that

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

ξc,n2,pi´1qkn`j

ˇ

ˇ

ˇ

ˇ

ˇ

›

›

›

›

›

p

ď Kn1{p´1{2h1{2
n k´1{p

n .

(3.24)

The right side goes to zero as long as p ą 4p1´ γq.

Similarly, we have

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

ξc,n3,pi´1qkn`j

ˇ

ˇ

ˇ

ˇ

ˇ

›

›

›

›

›

p

ď Kn1{p´1hnk
´1{p
n .

(3.25)

Again, the right side goes to zero as long as p ą 2p1´ γq.

Combining (3.23), (3.24) and (3.25), we have

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

pXc,n
pi´1qkn`j

ˇ

ˇ

ˇ

ˇ

ˇ

›

›

›

›

›

p

ď Kn1{ph1{2
n k´1{2´1{p

n .

(3.26)

Next, we shall show

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

´

`

rεnpi´1qkn`j

˘2

´

hn
ÿ

l“1

pw̄nl q
2 α2

ppi´1qkn`j`l´1q∆n

¸
ˇ

ˇ

ˇ

ˇ

ˇ

›

›

›

›

›

p

ď Kn1{ph1{2
n k´1{2´1{p

n .

(3.27)
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For q ě 2, we observe

E
“
ˇ

ˇ

rεnj
ˇ

ˇ

q‰
ď E

«ˇ

ˇ

ˇ

ˇ

ˇ

hn
ÿ

l“1

w̄nl εj`l´1

ˇ

ˇ

ˇ

ˇ

ˇ

qff

ď K{hq{2n , (3.28)

where we used the fact that εi are conditionally independent and have finite moments

of all orders, and that |w̄nj | ď K{hn.

We define

Λn
j ”

`

rεnj
˘2
´

hn
ÿ

l“1

pw̄nl q
2 α2

pj`l´1q∆n

“

hn
ÿ

l1,l2“1

w̄nl1w̄
n
l2
pεj`l1´1εj`l2´1 ´ EF rεj`l1´1εj`l2´1sq .

Obviously, EF rΛ
n
j s “ 0. In view of (3.28), the fact that |w̄nj | ď K{hn, and the

boundedness of α, we deduce for q ě 1

E
“
ˇ

ˇΛn
j

ˇ

ˇ

q‰
ď K{hqn. (3.29)

Note that Λn
j has (conditional) zero mean and is conditionally independent of

Λn
j`hn

. Hence, in view of (3.29) and the assumption on hn, we deduce

›

›

›

›

›

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

Λn
pi´1qkn`j

›

›

›

›

›

p

ď Kh1{2
n k´1{2

n .

Applying a maximal inequality yields

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

Λn
pi´1qkn`j

ˇ

ˇ

ˇ

ˇ

ˇ

›

›

›

›

›

p

ď Kn1{ph1{2
n k´1{2´1{p

n .
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With p ą 4p1´ γq{p2γ ´ 1q, the right side goes to zero, which proves (3.27).

We denote by Ouppanq a sequence whose the uniform convergence rate under Lp

norm is an. In view of Lemma 2 and (3.27), we get for p ě 2{γ

1

kn∆nhnφn

kn´hn
ÿ

j“1

`

rεnpi´1qkn`j

˘2
´

φ̄n
h2
n∆nφn

v̂ni

“
1

2kn∆nhnφn

kn´hn
ÿ

j“1

hn
ÿ

l“1

pw̄nl q
2
`

α2
ppi´1qkn`j`l´1q∆n

´ α2
ppi´1qkn`j`lq∆n

˘

`Oup

`

k´1{p
n

˘

`Oup

`

n1{ph1{2
n k´1{2´1{p

n

˘

.

(3.30)

Now, we shall show

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

rXc,n
pi´1qkn`j

rεnpi´1qkn`j

ˇ

ˇ

ˇ

ˇ

ˇ

›

›

›

›

›

p

ď Kn1{ph1{2
n k´1{2´1{p

n . (3.31)

By conditional independence of εi, we have EF r rX
c,n
j rεnj s “ 0. Hence, rXc,n

j rεnj form

a (conditional) mean zero sequence, and rXc,n
j rεnj is conditionally independent of

rXc,n
j`hn

rεnj`hn . By (3.18), (3.19), (3.20), and (3.21), we have for q ě 1

E
”
ˇ

ˇ

ˇ

rXc,n
i

ˇ

ˇ

ˇ

qı

ď Kphn∆nq
q{2. (3.32)

We deduce by (3.28), (3.32), and the Cauchy-Schwarz inequality that

E
”
ˇ

ˇ

ˇ

rXc,n
j rεnj

ˇ

ˇ

ˇ

qı

ď

d

E
„

´

rXc,n
j

¯2q


c

E
”

`

rεnj
˘2q

ı

ď K∆q{2
n .
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From here, based on the maintained assumptions on hn, we have

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

›

›

›

›

›

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

rXc,n
pi´1qkn`j

rεnpi´1qkn`j

›

›

›

›

›

p

ď Kh1{2
n k´1{2

n ,

›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

rXc,n
pi´1qkn`j

rεnpi´1qkn`j

ˇ

ˇ

ˇ

ˇ

ˇ

›

›

›

›

›

p

ď Kn1{ph1{2
n k´1{2´1{p

n ,

which proves (3.31).

Lastly, we shall show that

›

›

›

›

max
1ďiďtn{knu

|ξni |

›

›

›

›

p

ď Kn1{phnk
´1´1{p
n , (3.33)

where

ξni ”
1

kn∆nhnφn

kn´hn
ÿ

j“1

ż ppi´1qkn`j`hn´1q{n

ppi´1qkn`jq{n

`

wn,pi´1qkn`jpsq
˘2
csds

´
n

kn

ż ikn{n

pi´1qkn{n

csds.

With p ą 2p1´ γq{p2γ ´ 1q, the right side of (3.33) goes to zero.

We set

Γni,j ”

ż ppi´1qkn`j`hn´1q{n

ppi´1qkn`jq{n

`

wn,pi´1qkn`jpsq
˘2
csds, Ct ”

ż t

0

csds.

Be the definition of wn,iptq, we observe

Γni,j “
hn´1
ÿ

l“1

pwnl q
2 ∆n

pi´1qkn`j`lC,
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and by changing the order of summations, we get

ξni “
1

kn∆nhnφn

kn´1
ÿ

v“2

∆n
pi´1qkn`vC

phn´1q^pv´1q
ÿ

l“1_pv`hn´knq

`

wn,pi´1qkn`jpsq
˘2

´
n

kn

ż ikn{n

pi´1qkn{n

csds.

“
n

kn

kn´hn`1
ÿ

v“hn

∆n
pi´1qkn`vC ´

n

kn

ż ikn{n

pi´1qkn{n

csds` e
n
i ,

where the remaining term eni satisfies }eni }p ď Khn{kn. Due to the boundedness of

ct, we deduce }ξni }p ď Khn{kn. From here, a maximal inequality gives (3.33).

The first assertion of the lemma follows from (3.26), (3.30), (3.31), (3.33), and

the restriction p ą 4{p2γ ´ 1q. The second assertion is an immediate consequence of

classical estimates of Itô semimartingles. Q.E.D.

The following lemma aims to show that ĉn2i take values in a compact set.

Lemma 4. For r P r0, 2q, suppose

kn — nγ, hn — n1{2, un — phn∆nq
$, $ P

ˆ

4p1´ γq

2´ r
,
1

2

˙

, γ P

ˆ

6` r

8
, 1

˙

.

Then,
›

›

›

›

›

max
1ďiďtn{knu

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn∆n

1

hnφn

kn´hn
ÿ

j“1

ˆ

´

rY n
pi´1qkn`j

¯2

1|rY npi´1qkn`j
|ďun

´

´

rY c,n
pi´1qkn`j

¯2
˙
ˇ

ˇ

ˇ

ˇ

›

›

›

›

1

ď Kphn∆nq
p1´r{2q$

{pkn∆nq.
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Proof of Lemma 4. First, we shall show that

E
ˆˇ

ˇ

ˇ

ˇ

´

rY n
i

¯2

1|rY ni |ďun
´

´

rY c,n
i

¯2
ˇ

ˇ

ˇ

ˇ

˙

ď Kphn∆nq
1`p1´r{2q$.

Recall the definition of wn,ipsq in the proof of Lemma 3. We set

rXd,n
i “

$

’

’

&

’

’

%

ż

ri∆n,pi`hnq∆nsˆE

δpu, zqwn,ipsqµpdu, dzq, r P r0, 1s
ż

ri∆n,pi`hnq∆nsˆE

δpu, zqwn,ipsqpµ´ νqpdu, dzq, r P p1, 2q.

According to Corollary 2.1.9 in Jacod and Protter (2012), we deduce that for

w ě r, q P p0, 1{rq and some an Ñ 0,

E
´ˇ

ˇ

ˇ
phn∆nq

´q
rXd,n
i

ˇ

ˇ

ˇ

w

^ 1|Fni
¯

ď Kphn∆nq
1´qran. (3.34)

Note that for any x, y P R and 0 ă u1 ă u ă u2, we have a universal constant K,

such that

ˇ

ˇpx` yq21t|x`y|ďuu ´ x
2
ˇ

ˇ ď K

˜

x21t|x|ąu1{2u `
1
ÿ

j“0

pu2q
2´j
|x|j

ˆ

|y|

u2

ľ

1

˙2´j
¸

.

(3.35)

In view of (3.28), (3.32), we have

E
”
ˇ

ˇ

ˇ

rY c,n
i

ˇ

ˇ

ˇ

qı

ď Kphn∆nq
q{2. (3.36)

Applying (3.34), (3.35) with x “ rXc,n
i ` rεni , y “ rXd,n

i , u “ un, u1 “ phn∆nq
${C,

u2 “ Cphn∆nq
$ for some constant C ą 1, and (3.36), we deduce that for any q ą 0

E
ˆˇ

ˇ

ˇ

ˇ

´

rY n
i

¯2

1|rY ni |ďun
´

´

rY c,n
i

¯2
ˇ

ˇ

ˇ

ˇ

˙

ď K
´

phn∆nq
p1{2´$qq`1

` phn∆nq
1`p1´r{2q$ an

¯

.

(3.37)
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Picking a large enough q, the majorant side is bounded by Kphn∆nq
1`p1´r{2q$.

From here, the assertion of the lemma follows from a maximal inequality. The

restrictions on hn, kn imply the right side goes to zero. Q.E.D.

The pointwise consistency and the compact support results in Lemma 1 are direct

consequence of Lemma 3, Lemma 4, the right continuity of α and c, and the fact

that these two processes take values in a compact convex set. This finishes the proof.

Q.E.D.

3.3.2 Proofs for Section 3.2

Throughout the proofs, we use K to denote a generic constant that may change from

line to line. By a classical localization argument, we impose the following stronger

assumption without loss of generality.

Assumption 12. We have Assumptions 8–10 with τ1 “ 8. Moreover, the functions

δ, δ̃ and the processes b, σ, 1{σ, α, 1{α, γ, 1{γ,X are bounded and for some constant

K ě 1, we have,

Nn
t ď

Kt

∆n

, (3.38)

ˇ

ˇ

ˇ

ˇ

E
„

∆pn, iq ´
∆n

αT pn,i´1q

ˇ

ˇ

ˇ

ˇ

FT pn,i´1q


ˇ

ˇ

ˇ

ˇ

ď K∆1`ρ
n , (3.39)

E r∆pn, iqκs ď K∆κ
n. (3.40)

We recall some classical estimates for Itô semimartingales that are used repeatedly

in the sequel. If Z is an Itô semimartingale that satisfies Assumption 12, then for
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any two stopping times u ď v and a constant q ě 2,

|E rZv ´ Zu|Fus| ď KE rv ´ u|Fus ,

E

«

sup
sPru,vs

|Zs ´ Zu|
q

ˇ

ˇ

ˇ

ˇ

ˇ

Fu

ff

ď KE rpv ´ uqq|Fus `KE rv ´ u|Fus .

Since E r∆pn, iqκs ď K∆κ
n (Assumption 12), we further have for any i, j ě 0, s ě 0

and q P r2, κs,

ˇ

ˇE
“

ZpT pn,iq`sq^T pn,i`jq ´ ZT pn,iq|FT pn,iq
‰
ˇ

ˇ ď Kj∆n,

E

«

sup
sPrT pn,iq,T pn,i`jqs

ˇ

ˇZs ´ ZT pn,iq
ˇ

ˇ

q

ˇ

ˇ

ˇ

ˇ

ˇ

FT pn,iq

ff

ď K ppj∆nq
q
` j∆nq .

(3.41)

Proof of Theorem 3

We start with introducing some additional notation and preliminary estimates.

For simplicity, we set wnj ” w pj{hnq and w̄nj ” w ppj ` 1q{hnq ´ w pj{hnq. For a

generic process Z, we denote Zn
i “ ZT pn,iq. Similarly, we write Fni “ FT pn,iq. We

consider the following σ-fields,

Gj ” σ pχi : i ď jq , G ” σ pχi : i P Zq , Knj “ Fnj b Gj´hn .

In addition, we let Xc be the continuous part of X, ∆NpLnq
n
i ” Nn

iLn
´ Nn

pi´1qLn
,

rpjq ” Erχ0χjs, rrn,0 ” Erprχn0 q
2
s and

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

V t ”

ż t

0

σ2
sds, ιnj ”

hn´1
ÿ

u“1

pwnuq
2 ∆n

j`uV ,

ε̂nj ”
`

rεnj
˘2
´
`

γnj
˘2
rrn,0, pXc,n

j ”

´

rXc,n
j

¯2

´ ιnj ,

Y c,n
j ” Xc

T pn,jq ` ε
n
j ,

rY c,n
j ” ´

hn´1
ÿ

u“0

wnuY
c,n
j`u,

Ξn
j ”

´

rY c,n
j

¯2

´ ιnj ´ pγ
n
j q

2
rrn,0 “ pXc,n

j ` ε̂nj ` 2 rXc,n
j rεnj ,
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where the pre-averaged values rχn0 , rεnj , rXc,n
j are defined in exactly the same way as in

(3.6).

Lemma 5. Let Z be a generic bounded càdlàg adapted process that satisfies (the

localized version of) Assumption 10(ii). Suppose (i) the conditions of Theorem 3

hold; (ii) pmnq is a sequence of positive integers satisfying mn∆1´τ
n Ñ 0. Then we

have

paq E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

∆n

Ln

p∆NpLnqni ´mnq_0
ÿ

j“0

ZT pn,Ji`jq ´ αpi´1qLnZpi´1qLn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

fi

fl ď K
`

∆τ{2
n _mn∆1´τ

n

˘

;

pbq E

»

– sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

∆n

Ln

p∆NpLnqni ´mnq_0
ÿ

j“0

ZT pn,Ji`jq ´
1

Ln

ż iLn

pi´1qLn

αsZsds

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

fi

fl

ď K
`

∆1{2´2τ
n _mn∆1´τ

n

˘

;

(c) Moreover, An,i ” t∆N pLnq
n
i ď KLn{∆n for some K ą 0u satisfies P pAn,iq Ñ 1

and, when τ P p0, 1{4q, An ” t∆N pLnq
n
i ď KLn{∆n, for all i and some K ą 0u

satisfies P pAnq Ñ 1.

Proof. Parts (a) and (b). We decompose

∆n

Ln

p∆NpLnqni ´mnq_0
ÿ

j“0

ZT pn,Ji`jq ´ αpi´1qLnZpi´1qLn “ ξni ` ξ
1n
i , (3.42)

where

ξni ”
∆n

Ln

p∆NpLnqni ´mnq_0
ÿ

j“0

ZT pn,Ji`jq ´
1

Ln

ż iLn

pi´1qLn

αsZsds,

ξ1ni ”
1

Ln

ż iLn

pi´1qLn

αsZsds´ αpi´1qLnZpi´1qLn .
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With an appeal to classic estimates for Itô semimartingales together with the as-

sumption Ln — ∆τ
n, we deduce that

E r|ξ1ni |s ď KL1{2
n ď K∆τ{2

n . (3.43)

It remains to derive bounds for the term ξni on the right-hand side of (3.42). To

this end, we decompose ξni “
ř4
k“1 ζ

n,k
i , where

ζn,1i ”
1

Ln

∆NpLnqni
ÿ

j“0

ZT pn,Ji`jq
 

∆n ´ E
“

αT pn,Ji`jq∆pn, Ji ` j ` 1q|FT pn,Ji`jq
‰(

,

ζn,2i ”
1

Ln

∆NpLnqni
ÿ

j“0

ZT pn,Ji`jqtE
“

αT pn,Ji`jq∆pn, Ji ` j ` 1q|FT pn,Ji`jq
‰

´αT pn,Ji`jq∆pn, Ji ` j ` 1qu,

ζn,3i ”
1

Ln

∆NpLnqni
ÿ

j“0

˜

ZT pn,Ji`jqαT pn,Ji`jq∆pn, Ji ` j ` 1q ´

ż T pn,Ji`j`1q

T pn,Ji`jq

Zsαsds

¸

,

ζn,4i ”
1

Ln

ż T pn,Ji`∆NpLnqni `1q

iLn

Zsαsds

´
1

Ln

ż T pn,Jiq

pi´1qLn

Zsαsds´
1

Ln

∆NpLnqni
ÿ

j“p∆NpLnqni ´mnq_0

ZT pn,Ji`jq∆n.

To prove (a), it is enough to bound Er|ζn,ki |s, for k “ 1, . . . , 4. To prove (b), we need

bounds for Ersup1ďiďMn
|ζn,ki |s, for k “ 1, . . . , 4. We consider these cases in turn.

Case k “ 1. Due to the boundedness of Z, the fact that ∆NpLnq
n
i ď Nn

1 ď K{∆n,

(3.39) in Assumption 12 and Ln — ∆τ
n, we have

"
ˇ

ˇζn,1i

ˇ

ˇ ď K∆ρ
n{Ln ď K∆ρ´τ

n ,

sup1ďiďMn

ˇ

ˇζn,1i

ˇ

ˇ ď K∆ρ´τ
n .

(3.44)

Case k “ 2. Let ηn,ij denote the summand in the definition of ζn,2i , so that we can

rewrite ζn,2i “ L´1
n

ř∆NpLnqni
j“0 ηn,ij . Note that the summands ηn,ij form a martingale
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difference array; hence, we have

E
”

ˇ

ˇζn,2i

ˇ

ˇ

2
ı

ď
1

L2
n

E

»

–

˜

sup
0ďqďK{∆n

ˇ

ˇ

ˇ

ˇ

ˇ

q
ÿ

j“0

ηn,ij

ˇ

ˇ

ˇ

ˇ

ˇ

¸2
fi

fl ď K∆n{L
2
n, (3.45)

where the first inequality follows from the fact that ∆NpLnq
n
i ď K{∆n; the second

inequality follows from Doob’s inequality and (3.40) in Assumption 12. A maximal

inequality further implies (with }¨}2 denoting the L2 norm)

›

›

›

›

sup
1ďiďMn

ˇ

ˇζn,2i

ˇ

ˇ

›

›

›

›

2

ďM1{2
n sup

1ďiďMn

´

E
”

ˇ

ˇζn,2i

ˇ

ˇ

2
ı¯1{2

ď K∆1{2
n M1{2

n {Ln. (3.46)

Since Ln — ∆τ
n and Mn ď K{Ln by definition, we deduce from (3.45), (3.46) and

Jensen’s inequality that

#

E
“
ˇ

ˇζn,2i

ˇ

ˇ

‰

ď K∆
1{2´τ
n ,

E
“

sup1ďiďMn

ˇ

ˇζn,2i

ˇ

ˇ

‰

ď K∆
1{2´3τ{2
n .

(3.47)

Case k “ 3. We observe that

E
“
ˇ

ˇζn,3i

ˇ

ˇ

‰

ď
K

Ln
E

«

K{∆n
ÿ

j“0

ż T pn,Ji`j`1q

T pn,Ji`jq

ˇ

ˇZT pn,Ji`jqαT pn,Ji`jq ´ Zsαs
ˇ

ˇ ds

ff

ď
K

Ln

K{∆n
ÿ

j“0

E

«

sup
sPrT pn,Ji`jq,T pn,Ji`j`1qs

ˇ

ˇZT pn,Ji`jqαT pn,Ji`jq ´ Zsαs
ˇ

ˇ∆pn, Ji ` j ` 1q

ff

ď K∆1{2
n {Ln,

(3.48)

where the first inequality is by the triangle inequality; the second inequality is ob-

vious; the third inequality follows from the Cauchy–Schwarz inequality, (3.40) in

Assumption 12 and (3.41). By a maximal inequality, it follows that

E
„

sup
1ďiďMn

ˇ

ˇζn,3i

ˇ

ˇ



ď KMn sup
1ďiďMn

E
“
ˇ

ˇζn,3i

ˇ

ˇ

‰

ď K∆1{2
n Mn{Ln. (3.49)
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Since Ln — ∆τ
n and Mn ď K{Ln, we deduce from (3.48) and (3.49) that

#

E
“
ˇ

ˇζn,3i

ˇ

ˇ

‰

ď K∆
1{2´τ
n ,

E
“

sup1ďiďMn

ˇ

ˇζn,3i

ˇ

ˇ

‰

ď K∆
1{2´2τ
n .

(3.50)

Case k “ 4. The expectations of the absolute values of the first two terms in the

definition of ζn,4i are bounded by K∆n{Ln. In addition, the absolute value of the

third term there is bounded by K∆nmn{Ln. Under our maintained assumptions on

Ln, we obtain

"

Er|ζn,4i |s ď Kmn∆1´τ
n ,

E
“

sup1ďiďMn

ˇ

ˇζn,4i

ˇ

ˇ

‰

ď K p∆1´2τ
n `mn∆1´τ

n q .
(3.51)

We are now ready to prove the assertions in parts (a) and (b). Under the as-

sumption that ρ ą 1{2, combining (3.44), (3.47), (3.50) and (3.51), we deduce that

E r|ξni |s ď Kp∆
1{2´τ
n _ mn∆1´τ

n q and E
“

sup1ďiďMn
|ξni |

‰

ď Kp∆
1{2´2τ
n _ mn∆1´τ

n q,

which proves part (b) of the lemma. The assertion in (a) then follows from this

estimate of E r|ξni |s, the assumption 0 ă τ ă 1{3, and (3.43).

(c) Given 0 ă τ ă 1{4, applying part (b) with mn “ 0 and Zt “ 1 identically, we

deduce

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

∆NpLnq
n
i ∆n{Ln ´

1

Ln

ż iLn

pi´1qLn

αsds

ˇ

ˇ

ˇ

ˇ

“ opp1q.

Since the process α is bounded, the variables p∆NpLnq
n
i ∆n{Lnq1ďiďMn are uniformly

bounded with probability approaching one. That is, P pAnq Ñ 1. Similarly, using

the bound in part (a), we deduce P pAn,iq Ñ 1, for each fixed i. Q.E.D.
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Lemma 6. Suppose that the conditions in Theorem 3 hold. Then for some constant

η ą 0 and an array pΦn
i,jq of G-measurable random variables satisfying ErpΦn

i,jq
2s ď 1,

the following statements hold:

(a)
ˇ

ˇE
“

Ξn
Ji`j

|KnJi`j
‰ˇ

ˇ ď KΦn
i,j∆n;

(b) E
”

ˇ

ˇΞn
Ji`j

ˇ

ˇ

4
ı

ď K ph´v^4
n `∆2

nq ;

(c) E
„
ˇ

ˇ

ˇ

ˇ

´

rY n
Ji`j

¯2

1!ˇ
ˇ

ˇ

rY nJi`j

ˇ

ˇ

ˇ
ďun

) ´

´

rY c,n
Ji`j

¯2
ˇ

ˇ

ˇ

ˇ



ď K phn∆nq
3{2`η ;

(d) for each l P t1, . . . , knu,

$

&

%

E
”
ˇ

ˇ

ˇ
Uplqni ´ rplq

ř∆NpLnqni ´5kn
j“0

`

γnJi`j
˘2
ˇ

ˇ

ˇ
1An,i

ı

ď KL
1{2
n k

1{2
n {∆

1{2
n ,

E
”

sup1ďiďMn

ˇ

ˇ

ˇ
Uplqni ´ rplq

ř∆NpLnqni ´5kn
j“0

`

γnJi`j
˘2
ˇ

ˇ

ˇ
1An

ı

ď Kk
1{2
n {L

1{2
n ∆

1{2
n .

Proof. To see part (a), we note by the triangle inequality that

ˇ

ˇE
“

Ξn
Ji`j

|KnJi`j
‰
ˇ

ˇ ď K
´ˇ

ˇ

ˇ
E
”

pXc,n
Ji`j

|KnJi`j
ıˇ

ˇ

ˇ
`
ˇ

ˇE
“

ε̂nJi`j|K
n
Ji`j

‰
ˇ

ˇ`

ˇ

ˇ

ˇ
E
”

rXc,n
Ji`j

rεnJi`j|K
n
Ji`j

ıˇ

ˇ

ˇ

¯

ď KΦn
i,j

˜

hn∆3{2
n `∆n `

∆
1{2
n

h
v´1{2
n

¸

,

where the second inequality follows from Lemma A2 and Lemma A5 in Jacod et al.

(2019). The assertion of part (a) then follows from hn — ∆
´1{2
n and v ą 4. Part (b)

can be proved similarly by noting

E
”

ˇ

ˇΞn
Ji`j

ˇ

ˇ

4
ı

ď K

ˆ

E
„

ˇ

ˇ

ˇ

pXc,n
Ji`j

ˇ

ˇ

ˇ

4


` E
”

ˇ

ˇε̂nJi`j
ˇ

ˇ

4
ı

` E
„

ˇ

ˇ

ˇ

rXc,n
Ji`j

rεnJi`j

ˇ

ˇ

ˇ

4
˙

ď K
`

phn∆nq
4
` h´v^4

n `∆2
n

˘

.

Part (c) is directly from Lemma A.6 of Jacod et al. (2019). We now turn to part

(d). In restriction to An,i ” t∆N pLnq
n
i ď KLn{∆n for some K ą 0u, we can adapt
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the proof of Lemma A.7 of Jacod et al. (2019) with Nn
t ď Kt{∆n replaced by

∆NpLnq
n
i ď KLn{∆n and deduce the first assertion in part (d). The second assertion

of part (d) then follows from the first assertion of part (d), a maximal inequality and

the fact that Mn ď K{Ln. Q.E.D.

The following lemma establishes the convergence rate of the spot estimator σ̂2.

Lemma 7. Under conditions (i,ii) of Theorem 3, we have

(a) σ̂2
pi´1qLn

´ σ2
pi´1qLn

“ Op

´

∆
τ{2
n _∆

1{4´τ{2
n

¯

.

(b) sup1ďiďMn

ˇ

ˇ

ˇ
σ̂2
pi´1qLn

´ L´1
n

şiLn
pi´1qLn

σ2
sds

ˇ

ˇ

ˇ
“ Op

´

∆
1{4´τ
n _∆

11{40´3τ{2
n

¯

if τ P

p0, 11{60q.

Proof. We decompose σ̂2
pi´1qLn

´ σ2
pi´1qLn

“
ř5
k“1 ξ

n,k
i where

ξn,1i ”
1

Ln

1

hnφn

∆NpLnqni ´hn
ÿ

j“0

ιnJi`j ´
1

Ln

ż iLn

pi´1qLn

σ2
sds,

ξn,2i ”
1

Ln

1

hnφn

∆NpLnqni ´hn
ÿ

j“0

ˆ

´

rY n
Ji`j

¯2

1!
|rY nJi`j

|ďun
) ´

´

rY c,n
Ji`j

¯2
˙

,

ξn,3i ”
1

Ln

¨

˝

rrn,0
hnφn

∆NpLnqni ´hn
ÿ

j“0

`

γnJi`j
˘2
´

1

h2
nφn

k1n
ÿ

l“´k1n

φn,lUp|l|q
n
i

˛

‚,

ξn,4i ”
1

Ln

1

hnφn

∆NpLnqni ´hn
ÿ

j“0

Ξn
Ji`j

,

ξn,5i ”
1

Ln

ż iLn

pi´1qLn

σ2
sds´ σ

2
pi´1qLn .
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We also note that σ̂2
pi´1qLn

´ L´1
n

şiLn
pi´1qLn

σ2
sds “

ř4
k“1 ξ

n,k
i . Below, we provide esti-

mates for ξn,ki , 1 ď k ď 5.

Case k “ 1. By definition, we can rewrite ξn,1i as

ξn,1i “
1

Ln

1

hnφn

∆NpLnqni ´hn
ÿ

j“0

hn´1
ÿ

u“1

pwnuq
2∆n

Ji`j`u
V ´

1

Ln

ż iLn

pi´1qLn

σ2
sds.

Changing the order of the two summations yields

ξn,1i “
1

Ln

1

hnφn

∆NpLnqni ´1
ÿ

v“1

∆n
Ji`v

V

v^phn´1q
ÿ

l“1_pv`hn´∆NpLnqni q

pwnl q
2
´

1

Ln

ż iLn

pi´1qLn

σ2
sds

“
1

Ln

∆NpLnqni ´hn`1
ÿ

v“hn´1

∆n
Ji`v

V ´
1

Ln

ż iLn

pi´1qLn

σ2
sds` e

n
i , (3.52)

where the boundary term eni is given by

eni “
1

Ln

1

hnφn

¨

˝

hn´2
ÿ

v“1

∆n
Ji`v

V
v
ÿ

l“1

pwnl q
2
`

∆NpLnqni ´1
ÿ

v“∆NpLnqni ´hn`2

∆n
Ji`v

V
hn´1
ÿ

l“v`hn´∆NpLnqni

pwnl q
2

˛

‚

ď
K

Ln

¨

˝

hn´2
ÿ

v“1

∆n
Ji`v

V `

∆NpLnqni ´1
ÿ

v“∆NpLnqni ´hn`2

∆n
Ji`v

V

˛

‚.

Due to the boundedness of σ2, (3.40) and our maintained assumptions on Ln and

hn, we have

E r|eni |s ď Khn∆n{Ln ď K∆1{2´τ
n . (3.53)

Similarly, we get

E

»

–

1

Ln

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

∆NpLnqni ´hn`1
ÿ

v“hn´1

ż T pn,Ji`vq

T pn,Ji`v´1q

σ2
sds´

ż iLn

pi´1qLn

σ2
sds

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

fi

fl ď K∆1{2´τ
n . (3.54)
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Combining (3.53) and (3.54) yields

#

E
“
ˇ

ˇξn,1i

ˇ

ˇ

‰

ď K∆
1{2´τ
n ,

E
“

sup1ďiďMn

ˇ

ˇξn,1i

ˇ

ˇ

‰

ď KMn∆
1{2´τ
n ď K∆

1{2´2τ
n ,

(3.55)

where we used a maximal inequality and the fact Mn ď K{Ln for deriving the second

(uniform) estimate in (3.55).

Case k “ 2. Recall the definitions of An,i and An from Lemma 5. In view of

Lemma 6(c) and our maintained assumptions on Mn, Ln and hn, we derive using the

triangle inequality and a maximal inequality that, for some η ą 0,

#

E
“
ˇ

ˇξn,2i

ˇ

ˇ 1An,i
‰

ď K∆
1{4`η
n ,

E
“

sup1ďiďMn

ˇ

ˇξn,2i

ˇ

ˇ 1An
‰

ď KMn∆
1{4`η
n ď K∆

1{4`η´τ
n .

(3.56)

Case k “ 3. Let λni ”
ř∆NpLnqni ´hn
j“0 pγnJi`jq

2. Note that rrn,0 “ h´1
n

ř

|l|ă8 rplqφn,l.

Hence, we can decompose ξn,3i “ Θn
i `Θ1n

i , where

Θn
i ”

λni
Lnh2

nφn

ÿ

|l|ąk1n

φn,lrplq and Θ1n
i ”

1

Lnh2
nφn

ÿ

|l|ďk1n

φn,l prplqλ
n
i ´ Up|l|q

n
i q .

Due to the boundedness of φn,l and γ, and the fact that
ř

|l|ąk1n
|rplq| ď K{k1v´1

n , we

deduce

|Θn
i | 1An ď |Θ

n
i | 1An,i ď K{k1v´1

n ď K∆pv´1q{8
n . (3.57)

Next, we further decompose Θ1n
i “ Υn,1

i `Υn,2
i , where

Υn,1
i ”

1

Lnh2
nφn

ÿ

|l|ďk1n

φn,l

¨

˝rplq

∆NpLnqni ´5kn
ÿ

j“0

`

γnJi`j
˘2
´ Up|l|qni

˛

‚,

Υn,2
i ” ´

1

Lnh2
nφn

ÿ

|l|ďk1n

φn,lrplq

∆NpLnqni ´5kn
ÿ

∆NpLnqni ´hn

`

γnJi`j
˘2
.
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Note that
ř

lPZ |rplq| ă 8. Hence, uniformly in i,

|Υn,2
i | ď K{pLnhnq “ K∆1{2´τ

n . (3.58)

In view of Lemma 6(d), as well as the assumptions on kn, k1n, Ln and hn, we deduce

E
“ˇ

ˇΥn,1
i

ˇ

ˇ 1An,i
‰

ď K
k1nk

1{2
n

L
1{2
n h2

n∆
1{2
n

“ K∆11{40´τ{2
n ,

E
„

sup
1ďiďMn

ˇ

ˇΥn,1
i

ˇ

ˇ 1An



ď KMn sup
1ďiďMn

E
“
ˇ

ˇΥn,1
i

ˇ

ˇ 1An
‰

ď K∆11{40´3τ{2
n .

(3.59)

Combining (3.58) and (3.59), we deduce (recall that τ P p0, 1{3q)

E
“

|Θ1n
i | 1An,i

‰

ď K∆11{40´τ{2
n , E

„

sup
1ďiďMn

|Θ1n
i | 1An



ď K∆11{40´3τ{2
n .

This estimate, together with (3.57) and v ą 4, implies

#

E
“ˇ

ˇξn,3i

ˇ

ˇ 1An,i
‰

ď K∆
11{40´τ{2
n ;

E
“

sup1ďiďMn

ˇ

ˇξn,3i

ˇ

ˇ 1An
‰

ď K∆
11{40´3τ{2
n .

(3.60)

Case k “ 4. We decompose ξn,4i “ ζn,1i ` ζn,2i , where

ζn,1i ”
1

Lnhnφn

∆NpLnqni ´hn
ÿ

j“0

`

Ξn
Ji`j

´ E
“

Ξn
Ji`j

|KnJi`j
‰˘

,

ζn,2i ”
1

Lnhnφn

∆NpLnqni ´hn
ÿ

j“0

E
“

Ξn
Ji`j

|KnJi`j
‰

.

By Lemma 6(a), we deduce

E
“

|ζn,2i |1An,i
‰

ď K∆1{2
n , E

„

sup
1ďiďMn

ˇ

ˇζn,2i

ˇ

ˇ 1An



ď K∆1{2´τ
n . (3.61)

81



Note that Ξn
Ji`j

´ErΞn
Ji`j

|KnJi`js is KnJi`j-conditionally mean zero and KnJi`j`2hn
-

measurable. Hence, we can use the Cauchy–Schwarz inequality to deduce that

E
”

ˇ

ˇζn,1i

ˇ

ˇ

2
1An,i

ı

ď
K

L2
nhn

KLn{∆n´hn
ÿ

j“0

E
”

`

Ξn
Ji`j

´ E
“

Ξn
Ji`j

|KnJi`j
‰˘2

ı

ď
K

Lnhn∆n

ˆ

∆n `
1

h
v{2^2
n

˙

ď K∆1{2´τ
n ,

where the second line is implied by Lemma 6(b) and v ą 0. Then, a maximal in-

equality implies
›

›sup1ďiďMn

ˇ

ˇζn,1i

ˇ

ˇ 1An
›

›

2
ď K∆

1{4´τ
n , where }¨}2 denotes the L2 norm.

From these estimates, it readily follows that

E
“ˇ

ˇζn,1i

ˇ

ˇ 1An,i
‰

ď K∆1{4´τ{2
n , E

„

sup
1ďiďMn

ˇ

ˇζn,1i

ˇ

ˇ 1An



ď K∆1{4´τ
n . (3.62)

Combining (3.61) and (3.62), we deduce

#

E
“
ˇ

ˇξn,4i

ˇ

ˇ 1An,i
‰

ď K∆
1{4´τ{2
n ,

E
“

sup1ďiďMn

ˇ

ˇξn,4i

ˇ

ˇ 1An
‰

ď K∆
1{4´τ
n .

(3.63)

Case k “ 5. Due to classic estimates of Itô semimartingales,

E
„
ˇ

ˇ

ˇ

ˇ

1

Ln

ż iLn

pi´1qLn

`

σ2
s ´ σ

2
pi´1qLn

˘

ds

ˇ

ˇ

ˇ

ˇ



ď KL1{2
n ď K∆τ{2

n . (3.64)

We are now ready to prove the assertions of the lemma. From (3.55), (3.56),

(3.60), (3.63) and (3.64), we deduce

$

&

%

E
”
ˇ

ˇ

ˇ
σ̂2
pi´1qLn

´ σ2
pi´1qLn

ˇ

ˇ

ˇ
1An,i

ı

ď K
´

∆
τ{2
n _∆

1{4´τ{2
n

¯

,

E
”

sup1ďiďMn

ˇ

ˇ

ˇ
σ̂2
pi´1qLn

´ p1{Lnq
şiLn
pi´1qLn

σ2
sds

ˇ

ˇ

ˇ
1An

ı

ď K
´

∆
1{4´τ
n _∆

11{40´3τ{2
n

¯

.
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By Lemma 5(c), P pAn,iq Ñ 1 and P pAnq Ñ 1. The assertions of the lemma then

readily follows from the inequalities displayed above. Q.E.D.

The following lemma establishes the convergence rate of the spot estimator γ̂2

for the variance of microstructure noise.

Lemma 8. Under the assumptions of Theorem 1, we have (a)

γ̂2
pi´1qLn ´ γ

2
pi´1qLn “ Op

`

∆τ{2
n _∆p3´5τq{10

n

˘

,

and (b)

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

γ̂2
pi´1qLn ´ L

´1
n

ż iLn

pi´1qLn

γ2
sds

ˇ

ˇ

ˇ

ˇ

“ Op

´

∆1{2´2τ
n _∆2{5´3τ{2

n _ log
`

∆´1
n

˘1{2
∆τ{2
n

¯

.

Proof. Recall the definitions of An,i and An from Lemma 5. Let

Bn,i ”

"

∆n∆NpLnq
n
i

Ln
ą η, for some η

*

,

Bn ”

"

∆n∆NpLnq
n
i

Ln
ą η, for some η and all i

*

.

Applying Lemma 5 with mn “ 0 and Z “ 1 implies that

$

&

%

ˇ

ˇ∆n∆NpLnq
n
i {Ln ´ αpi´1qLn

ˇ

ˇ “ opp1q for τ P p0, 1{3q ,

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

∆n∆NpLnq
n
i

Ln
´ p1{Lnq

ż iLn

pi´1qLn

αsds

ˇ

ˇ

ˇ

ˇ

“ opp1q for τ P p0, 1{4q .

Since α is bounded away from zero, we must have P pBn,iq Ñ 1 for 0 ă τ ă 1{3 and

P pBnq Ñ 1 for 0 ă τ ă 1{4. Hence, to prove part (a) and part (b), we can restrict

our calculations to An,i XBn,i An XBn, respectively, without loss of generality.
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(a) We decompose γ̂2
pi´1qLn

´ γ2
pi´1qLn

“ ξni ` ξ
1n
i , where

ξni ”
Ln

∆n∆NpLnqni

ˆ

∆n

Ln
Up0qni ´ αpi´1qLnγ

2
pi´1qLn

˙

,

ξ1ni ” ´
Lnγ

2
pi´1qLn

∆n∆NpLnqni

ˆ

∆n∆NpLnq
n
i

Ln
´ αpi´1qLn

˙

.

Lemma 5(a) applied with mn “ 5kn and Z “ γ2, coupled with the restrictions

kn — ∆
´1{5
n and 0 ă τ ă 1{3, implies

E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

∆n

Ln

∆NpLnqni ´5kn
ÿ

j“0

`

γnJi`j
˘2
´ αpi´1qLnγ

2
pi´1qLn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

fi

fl ď K∆τ{2
n . (3.65)

Using Lemma 6(d) with l “ 0, we derive

E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

∆n

Ln
Up0qni ´

∆n

Ln

∆NpLnqni ´5kn
ÿ

j“0

`

γnJi`j
˘2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1An,i

fi

fl ď K
∆

1{2
n k

1{2
n

L
1{2
n

ď K∆p3´5τq{10
n .

(3.66)

Combining (3.65) and (3.66), we deduce

E
„ˇ

ˇ

ˇ

ˇ

∆n

Ln
Up0qni ´ αpi´1qLnγ

2
pi´1qLn

ˇ

ˇ

ˇ

ˇ

1An,i



ď K
`

∆τ{2
n _∆p3´5τq{10

n

˘

.

Note that, in restriction to Bn,i, Ln{p∆n∆NpLnq
n
i q is bounded. Hence, the displayed

estimate above further implies

E
“

|ξni | 1An,iXBn,i
‰

ď KE
„
ˇ

ˇ

ˇ

ˇ

∆n

Ln
Up0qni ´ αpi´1qLnγ

2
pi´1qLn

ˇ

ˇ

ˇ

ˇ

1An,i



ď K
`

∆τ{2
n _∆p3´5τq{10

n

˘

.

(3.67)
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Due to the boundedness of γ and Lemma 5(a) applied with mn “ 0 and Z “ 1,

we deduce that

E
“

|ξ1ni | 1An,iXBn,i
‰

ď KE
„
ˇ

ˇ

ˇ

ˇ

∆n∆NpLnq
n
i

Ln
´ αpi´1qLn

ˇ

ˇ

ˇ

ˇ



ď K∆τ{2
n . (3.68)

The assertion of part (a) then follows from (3.67) and (3.68).

(b) We observe

E
„

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

γ̂2
pi´1qLn ´ L

´1
n

ż iLn

pi´1qLn

γ2
sds

ˇ

ˇ

ˇ

ˇ

1AnXBn



ď E

«

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

U p0qni
∆N pLnq

n
i

´

şiLn
pi´1qLn

αsγ
2
sds

şiLn
pi´1qLn

αsds

ˇ

ˇ

ˇ

ˇ

ˇ

1AnXBn

ff

`E

«

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

şiLn
pi´1qLn

αsγ
2
sds

şLn
pi´1qLn

αsds
´

1

Ln

ż iLn

pi´1qLn

γ2
sds

ˇ

ˇ

ˇ

ˇ

ˇ

1AnXBn

ff

.

(3.69)

It remains to bound the two terms on the majorant side of (3.69).

For the first term on the right-hand side of (3.69), we note that

E

«

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

U p0qni
∆N pLnq

n
i

´

şiLn
pi´1qLn

αsγ
2
sds

şiLn
pi´1qLn

αsds

ˇ

ˇ

ˇ

ˇ

ˇ

1AnXBn

ff

ď E

«

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

U p0qni
∆N pLnq

n
i

´
p1{Lnq

şiLn
pi´1qLn

αsγ
2
sds

∆n∆NpLnqni {Ln

ˇ

ˇ

ˇ

ˇ

ˇ

1AnXBn

ff

`E

«

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

p1{Lnq
şiLn
pi´1qLn

αsγ
2
sds

∆n∆NpLnqni {Ln
´

şiLn
pi´1qLn

αsγ
2
sds

şiLn
pi´1qLn

αsds

ˇ

ˇ

ˇ

ˇ

ˇ

1AnXBn

ff

.

(3.70)
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Recall that, in restriction to Bn, Ln{p∆n∆N pLnq
n
i q ď K. Hence,

E

«

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

U p0qni
∆N pLnq

n
i

´
p1{Lnq

şiLn
pi´1qLn

αsγ
2
sds

∆n∆NpLnqni {Ln

ˇ

ˇ

ˇ

ˇ

ˇ

1AnXBn

ff

ď KE
„

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

∆n

Ln
U p0qni ´ p1{Lnq

ż iLn

pi´1qLn

αsγ
2
sds

ˇ

ˇ

ˇ

ˇ

1AnXBn



ď K
`

∆1{2´2τ
n _∆2{5´3τ{2

n

˘

,

(3.71)

where the second inequality follows from Lemma 5(b) and Lemma 6(d). In addition,

we note that

E

«

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

p1{Lnq
şiLn
pi´1qLn

αsγ
2
sds

∆n∆NpLnqni {Ln
´

şiLn
pi´1qLn

αsγ
2
sds

şiLn
pi´1qLn

αsds

ˇ

ˇ

ˇ

ˇ

ˇ

1AnXBn

ff

ď KE
„

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

∆n∆NpLnq
n
i

Ln
´ p1{Lnq

ż iLn

pi´1qLn

αsds

ˇ

ˇ

ˇ

ˇ

1AnXBn



ď K∆1{2´2τ
n ,

(3.72)

where the first inequality holds because the processes α, γ, 1{α are bounded and

Ln{ p∆n∆NpLnq
n
i q ď K in restriction to Bn; and the second inequality follows from

Lemma 5(b). Combining (3.70), (3.71) and (3.72), we deduce

E

«

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

U p0qni
∆N pLnq

n
i

´

şiLn
pi´1qLn

αsγ
2
sds

şiLn
pi´1qLn

αsds

ˇ

ˇ

ˇ

ˇ

ˇ

1AnXBn

ff

ď K
`

∆1{2´2τ
n _∆2{5´3τ{2

n

˘

.

(3.73)

Finally, we consider the second term on the right-hand side of (3.69). Denote
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ᾱni ” L´1
n

şLn
pi´1qLn

αsds. We observe

E

«

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

ˇ

şiLn
pi´1qLn

αsγ
2
sds

şLn
pi´1qLn

αsds
´

1

Ln

ż iLn

pi´1qLn

γ2
sds

ˇ

ˇ

ˇ

ˇ

ˇ

1AnXBn

ff

ď E
„

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

1

Ln

ż iLn

pi´1qLn

αsγ
2
sds´

ˆ

1

Ln

ż iLn

pi´1qLn

γ2
sds

˙

ᾱni

ˇ

ˇ

ˇ

ˇ



ď E
„

sup
1ďiďMn

ˇ

ˇ

ˇ

ˇ

1

Ln

ż iLn

pi´1qLn

pαs ´ ᾱ
n
i q γ

2
sds

ˇ

ˇ

ˇ

ˇ



ď KE

«

sup
s,tPr0,1s,|s´t|ďLn

|αs ´ αt|

ff

ď K
`

Ln log
`

L´1
n

˘˘1{2
,

where the first inequality is due to the fact αt is bounded away from zero; the

second inequality is obvious; and the last line follows from the boundedness of γ and

Theorem 1 in Fischer and Nappo (2009). The assertion of part (b) then follows from

this estimate and (3.73). Q.E.D.

We are now ready to prove Theorem 3.

Proof of Theorem 3. By Lemma 7 and Lemma 8, for each t,

ˇ

ˇσ̂2
t ´ σ

2
t

ˇ

ˇ ď
ˇ

ˇσ̂2
t ´ σ

2
pi´1qLn

ˇ

ˇ`
ˇ

ˇσ2
pi´1qLn ´ σ

2
t

ˇ

ˇ “ Op

`

∆τ{2
n _∆1{4´τ{2

n

˘

,

ˇ

ˇγ̂2
t ´ γ

2
t

ˇ

ˇ ď
ˇ

ˇγ̂2
t ´ γ

2
pi´1qLn

ˇ

ˇ`
ˇ

ˇγ2
pi´1qLn ´ γ

2
t

ˇ

ˇ “ Op

`

∆τ{2
n _∆p3´5τq{10

n

˘

,

where i “ maxtj : 1 ď j ď Mn, pj ´ 1qLn ď tu. This proves the first assertion of

the theorem. The second assertion of the theorem follows directly from the uniform

bounds in Lemmas 7 and 8, under the condition 0 ă τ ă 11{60. Q.E.D.
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4

Continuous-Time Volatility Regression in Large
Panels

Volatility plays a central role in measuring risk and its contemporaneous relationship

with other financial variables is of great economic interest and appears routinely

in a variety of market microstructure models. For example, the Glosten–Milgrom

model (see Glosten and Milgrom (1985)) suggests that the bid-ask spread is posi-

tively related to the spot standard deviation of asset price, and the ratio between

the two measures the level of information asymmetry. Furthermore, the mixture-of-

distribution hypothesis (MDH) developed by Clark (1973), which later extended by

Tauchen and Pitts (1983) and Andersen (1996) among others, suggests an empirical

relationship between trading volume and return variance. Such economic relation-

ships are typically heterogeneous across assets and are likely to depend on a set of

firm-specific characteristics. To understand the heterogeneous dependence in the

cross section, this chapter studies a certain type of continuous-time volatility regres-
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sion under a joint asymptotic setting in which both the number of assets and the

sampling frequency increase. More specifically, I consider the following regression

over a fixed time horizon

Si,t “ αi `G pVi,tq ˆ βi ` noise, i “ 1, . . . , N, t P r0, T s, (4.1)

where Si,t is a dependent process of interest, which can be bid-ask spread or trading

volume as mentioned in the above examples, Vi,t is the latent spot variance of the

underlying price process and G p¨q is a known but possibly nonlinear transform,

whose specification is usually implied by economic theory. The regression coefficients

are allowed to depend on firm-specific characteristics through a finite-dimensional

parameter, which is of interest in this analysis. A more general model specification

and the precise conditions regarding each component will be given in Section 4.1.

This model directly extends Li and Xiu (2016) in which the authors examine

volatility regressions under a univariate setting and propose a semiparametric es-

timation method based on integrated moment conditions. Their paper, however,

is silent about the cross-sectional heterogeneity in the underlying economic depen-

dence. In contrast, the joint asymptotic setting considered here allows me to fill this

gap by connecting the regression coefficients to firm-specific characteristics, while not

assuming the coefficients are fully explained by those characteristics. For instance,

one could assume

βi “ zᵀi θ ` ξi, i “ 1, . . . , N, (4.2)

where zi are firm-level characteristics (e.g., size, institutional holdings, various ac-

counting variables, etc.), θ is a finite-dimensional parameter that captures how the
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coefficient βi depends on those characteristics and ξi is an “error” component re-

flecting the cross-sectional unobserved firm heterogeneity. The intercept term αi in

model (4.1) can also be treated in a similar way, thus allowed to be asset-specific.

Due to the presence of ξi, model (4.1) amounts to a random coefficient regression for

which a large cross section of assets is needed to recover θ. A major challenge that

arises from this joint asymptotic setup is to address the issue induced by the strong

cross-sectional dependence of high-frequency returns; indeed, asset returns are widely

represented by linear factor models, the underlying economic rationale of which is

provided in the prominent work by Merton (1973) and Ross (1976). More recent

studies by Bai and Ng (2002), Stock and Watson (2002), Bai (2003), Ait-Sahalia and

Xiu (2017), Pelger (2019a) and many others develop substantial statistical tools to

analyze such models. I show that, after representing the underlying price processes

using a factor structure, the systematic and idiosyncratic diffusive moves play dis-

tinct roles in the asymptotic theory. This refined decomposition of diffusive shocks

is a unique feature of the current large cross-sectional setting and is absent from Li

and Xiu (2016).

I propose a two-step semiparametric estimation procedure. In the first step, I

nonparametrically recover the latent stochastic volatility processes by calculating

the local variation over blocks of high-frequency price increments with the length

of blocks shrinking to zero asymptotically (see, e.g., Foster and Nelson (1996) and

Jacod and Protter (2012)). These spot volatility estimates are then plugged into a

parametric second stage. Since the G transform is possibly nonlinear and the con-

vergence rate of the spot volatility estimator cannot exceed n1{4, a nonlinearity bias

induced by the first-step nonparametric estimation is not asymptotically negligible. I
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explicitly add a bias-correction into the estimator and show that upon correcting the

nonlinearity bias, the estimator obeys a central limit theorem, formally represented

as stable convergence in law. To make the inference procedure feasible, I propose a

plug-in type consistent asymptotic covariance estimator based on a factor-analytic

method, which involves recovering the spot factor structure as a by-product.

The major technical complication, as noted above, arises from the strong depen-

dence of high-frequency returns in the cross section. Typically, in a univariate setting,

the construction of the estimator only involves one layer of sample averaging over the

time dimension (see, e.g., Li and Xiu (2016)) and the aggregation of local diffusive

shocks in the underlying price process drives the limit distribution. By comparison,

in addition to the temporal aggregation, the proposed estimator in the current work

also involves aggregating a large number of strongly dependent diffusive moves over

the cross section. To address this issue, I first disentangle local diffusive shocks from

the nonparametric approximation errors in the spirit of Jacod and Rosenbaum (2013)

and then further decompose them into a systematic and an idiosyncratic component

based on the underlying factor structure. In fact, the diffusive shocks in the common

factors, which are shared by all assets, “survive” the cross-sectional aggregation and

lead to a mixed Gaussian distribution, whereas the idiosyncratic diffusive moves are

“averaged out” over the cross section.

This chapter also contributes to empirical microstructure literature by studying

the relationship between bid-ask spread and spot standard deviation of returns. A

strong positive relation between spread and return volatility has been documented in

prior empirical work; see, for example, Wyart et al. (2008). The current work compli-

ments it by examining the cross-sectional heterogeneity of their relation using formal
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statistical tools developed for analyzing high-frequency data. As noted above, the

slope coefficient in the spread-volatility regression carries a clear economic meaning

as the level of information asymmetry (see, e.g., Glosten and Milgrom (1985), Easley

and O’Hara (1987), Easley and O’Hara (1991), and Easley et al. (1996)); hence, by

connecting firm-specific characteristics to the slope coefficient, one can potentially

shed light on the possible sources of the cross-sectional heterogeneity of information

asymmetry in financial market. To this end, I choose firm size, dispersion of ana-

lysts’ earnings forecast and institutional ownership as explanatory variables, and find

that all these variables contribute to explain the heterogeneous level of asymmetric

information. In particular, firms with smaller size, larger dispersion in earnings fore-

cast, and whose institutional ownership at the low or high end of the distribution

see higher level of information asymmetry. These new findings speak strongly to the

implications of the Glosten–Milgrom model and are consistent with various economic

predictions.

The chapter is connected to several strands of literature. First, it is related to

continuous-time regression models that estimate the so-called “diffusive betas” from

high-frequency returns. This direction of research is initiated by Barndorff-Nielsen

and Shephard (2004a), in which the authors propose a “realized regression” estimator

and provide its asymptotic theory. Other examples along the line include Andersen

et al. (2006), Mykland and Zhang (2009), Todorov and Bollerslev (2010), Patton and

Verardo (2012), and Li et al. (2017). Unlike these papers that focus on estimating

factor betas from regressing prices of individual assets on observable factors, model

(4.1) admits much more general noise contaminated dependent processes and exam-

ines their economic relationships with nonlinear transform of latent volatility, thus
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substantially enlarging the empirical scope of prior work.

Second, this work is also related to large cross-sectional linear factor models.

Earlier examples on long-horizon factor models include Bai and Ng (2002), Stock and

Watson (2002), Bai (2003), Kapetanios (2010), Onatski (2010), Ahn and Horenstein

(2013), among others. Recently, there is increasing interest in combining large cross-

sectional and high-frequency data. Examples include Fan et al. (2016), Ait-Sahalia

and Xiu (2017), Li et al. (2018), Liao and Yang (2018), Pelger (2019a), and Pelger

(2019b). In particular, Li et al. (2018) focus on jump beta and test the validity

of an exact factor structure in jump dependence. By comparison, the current work

treats jump component as nonparametric nuisance and focuses on conducting global

inference for a fixed parameter in a volatility regression model. Liao and Yang (2018)

connect factor betas to asset’s characteristics and estimate the characteristic effects

in a two-step continuous-time GMM framework. However, their focus is again mostly

on recovering and explaining factor betas, whereas the factor-analytic method used

here merely serves as an auxiliary tool to get the asymptotic distribution. Moreover,

different from Ait-Sahalia and Xiu (2017) and Pelger (2019a), where the latent factors

and their loadings are recovered over the entire time span, I use a localized method

to get spot estimators of the factor structure, which are then used to construct a

plug-in type consistent estimator of the asymptotic variance.

Third, the model specification (4.1) falls into a large class of random coefficient

panel data models, the discussion of which can be traced back to Klein (1953) (also

see Kuh (1959), Swamy (1970), Breusch and Pagan (1979), Hsiao and Pesaran (2008),

and many references therein). In contrast to the traditional panel data literature,

however, is the notion of infill asymptotics, which naturally allows for almost arbi-
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trary nonstationarity and very general form of time-varying heteroskedasticity for

the processes of interest. Another distinction is that, besides the variation in the

unobserved cross-sectional disturbance, which is captured in most limit theories for

analyzing cross-sectional data, the asymptotic (mixed) normality in the current set-

ting also relies crucially on aggregating a large number of diffusive shocks in prices,

and as a result, the inference theory is very different than the traditional setting.

The rest of the chapter is organized as follows. Section 4.1 introduces the formal

probabilistic setting, the motivating examples and the regularity conditions. Sec-

tion 4.2 presents the estimator, the asymptotic theory and the feasible inference

procedure. Section 4.3 provides a Monte Carlo study to validate the inference pro-

cedure. Section 4.4 concludes. All proofs are given in the supplementary appendix.

94



4.1 Theoretical setup and motivating examples

Section 4.1.1 introduces the probabilistic setting and specifies the econometric model;

section 4.1.2 gives two illustrative examples; and section 4.1.3 collects all regularity

conditions. I start with introducing some notations that will used throughout. Let

P
ÝÑ and

L-s
ÝÑ denote convergence in probability and stable convergence in law, re-

spectively. For a real matrix A, I denote the pi, jq element by rAs
pi,jq. In addition,

I denote its column vectorization, the Frobenius norm, the trace and the smallest

eigenvalue by vecpAq, }A}, TrpAq and λminpAq, respectively. All vectors are column

vectors. For any two real numbers of x and y, x ^ y ” min tx, yu. The integer part

of a real number x is denoted by txu. Z is the set of integers. The symbol b is used

to denote the product of σ-fields.

4.1.1 The setting and econometric model

Suppose that for each asset i “ 1, . . . , N , the log-price process Xi,t is an Itô semi-

martingale defined on the fixed filtered probability space pΩp0q,F0, pFtqtě0,Pp0qq with

the following form:

Xi,t “ Xi,0 `

ż t

0

αi,sds`

ż t

0

λᵀi dfs `

ż t

0

rσi,sdĂWi,s `
ÿ

sďt

∆Xi,s, (4.3)

where drift process αi is locally uniformly bounded, the continuous martingale part

of Xi consists of a systematic and an idiosyncratic component.1 The systematic

component is driven by a r-dimensional continuous factor process f , which is given

1 For a localizing sequence of stopping times pTmqmě1 going to infinity, there exist constants
pKmqmě1, such that |αit| ď Km for all i and t P r0, T ^ Tms.
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by

ft “

ż t

0

bf,sds`

ż t

0

σf,sdWs, (4.4)

where the processes bf and σf are locally bounded; W is a d-dimensional standard

Brownian motion. The spot covariance of the factor process f is given by Vf ” σfσ
ᵀ
f ,

which is assumed to be non-singular almost surely. The number of factors r is

unknown but assumed to be bounded. The idiosyncratic component is driven by a

one-dimensional asset-specific Brownian motion ĂWi, which is orthogonal to f in the

sense that their quadratic covariation is zero. However, ĂWi is allowed to have cross-

sectional correlation with ĂWj for i ‰ j, with their spot covariance process denoted by

rVij,t; hence (4.3) can be considered as an approximate factor model. When i “ j, the

spot variance of the idiosyncratic diffusion is given by rVi,t ” rσ2
i,t. The factor loading

λi is Rr-valued and F0-measurable. ∆Xi,t ” Xi,t ´Xi,t´ denotes the jump (if any)

in Xi at time t. Note that the spot variance process for Xi,t can be represented as

Vi,t “ λᵀiVf,tλi `
rVi,t, (4.5)

and for the entire cross section of assets, the spot covariance matrix is given by

Vt “

¨

˚

˚

˚

˝

V1,t λᵀ1Vf,tλ2 ` rV12,t ¨ ¨ ¨ λᵀ1Vf,tλN ` rV1N,t

λᵀ1Vf,tλ2 ` rV12,t V2,t ¨ ¨ ¨ λᵀ2Vf,tλN ` rV2N,t
...

...
. . .

...

λᵀ1Vf,tλN ` rV1N,t λᵀ2Vf,tλN ` rV2N,t ¨ ¨ ¨ VN,t

˛

‹

‹

‹

‚

.

We observe the data pSi,t, Xi,t, z
ᵀ
i q1ďiďNn,tě0 at discrete times t “ 0,∆n, 2∆n, . . .

within a fixed time horizon r0, T s, where ∆n is the sampling duration such that ∆n “
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1{n and Nn is the number of assets that satisfies Nn Ñ 8 as nÑ 8. In applications,

S is the dependent process of interest and X is the underlying logarithmic price

process. At the times of observation, for i “ 1, . . . , Nn, j “ 1, . . . ,Mn ” tnT u, the

econometric model takes the following form

Si,j∆n “ G pVi,j∆n , ziq
ᵀ
pθ `Ψiεiq ` φi,j∆nχi,j, (4.6)

where zi P Z Ď RK are time-invariant firm-specific characteristics, which are as-

sumed to be F0-measurable; G p¨, ¨q : R ˆ RK ÞÑ Rq is a known deterministic but

possibly nonlinear transform (in both arguments); θ P Θ Ď Rq is the key parameter

of interest; εi is an Rp-valued “error” term that captures cross-sectional unobserved

firm heterogeneity in the coefficient; Ψi is a pq ˆ pq matrix denoting the (condi-

tional) heteroskedasticity of the unobserved heterogeneity, which is also assumed to

be F0-measurable; χi,j captures both the microstructure noise that contaminates

the observations of S and any unexplained effect under this regression model, with

φi,j∆n capturing its time-varying (conditional) heteroskedasticity. This nonparamet-

ric multiplicative-type specification of the unobserved firm heterogeneity and noise

directly mirrors Jacod et al. (2017, 2019). Note that model (4.6) is a more general

specification that nests model (4.1) as a special case.

The firm-specific error term pεiqiě1 is defined on another space pΩp1q,F1,Pp1qq,

where F1 ” σpεi : i ě 1q. I set Ωp2q “ Ωp0qˆΩp1q, F2 “ F0bF1 and Pp2q “ Pp0qbPp1q.

The noise sequence χj ” pχ1,j, . . . , χNn,jq
ᵀ is stationary and ergodic and is defined

on yet another space pΩp3q,G,Pp3qq, with G ” σpχi,j : i ě 1, j P Zq. Again, I set

Ω “ Ωp2q ˆ Ωp3q, F “ F2 b G and P “ Pp2q b Pp3q. As usual, the variables, processes

and σ-fields on Ωpkq, k “ 1, 2, 3 can be automatically extended to pΩ,F ,Pq, which
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is the probability space underlying this analysis. In particular, the filtration Ft

upon trivially extended can be considered as a filtration of F . This constructive

definition of the probability space readily implies both pεiqiě1 and pχi,jqiě1,jPZ are

independent of F0, and they are mutually independent. However, I stress that both

the unobserved firm heterogeneity and the noise can be endogenous in the sense that

they can depend on other variables or processes or each other through Ψ and φ,

which are both F0-measurable. Moreover, long-run serial correlation in the noise

sequence is allowed in this study.

4.1.2 Motivating examples

Example 1. (Bid-Ask Spread-Volatility Relationship). Model (4.6) can be applied

to conduct a large cross-sectional analysis on the relationship between bid-ask spread

and volatility. Based on Glosten and Milgrom (1985), Hasbrouck (2007) shows in

a simple sequential trade model that the bid-ask spread is proportional to the spot

standard deviation of asset price and the ratio between the two is increasing in

the proportion of informed traders in the population. In the same vein, Easley

et al. (1996) show in another version of the Glosten–Milgrom model with information

event that the spread-volatility ratio is positively related to the probability of insider

trading. Similar results can also be found in the other equilibrium-based models

with information event or stop orders as shown in Easley and O’Hara (1987, 1991).

These studies provide the underlying economic mechanisms for the spread-volatility

relationship, based on which the slope coefficient in the spread-volatility regression

can be naturally interpreted as a measure of information asymmetry. To give a

visual impression on the relationship between bid-ask spread and volatility, I display
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in Figure 4.1 the scatter plots of the quoted bid-ask spread against spot standard

deviation of asset price for nine different stocks over the second quarter of 2014. As

clearly shown in the figure, the slope coefficients are heterogeneous across assets,

ranging from 0.0024 for Exxon Mobil (XOM) to 0.0372 for BlackRock (BLK). The

noticeably large discrepancy among the slope coefficients imply large heterogeneity

of information asymmetry among these assets over the considered time period.

Recall that in the Glosten–Milgrom model, the transaction price sequence is

a discrete martingale with respect to public information; hence upon applying a

limiting argument, it is plausible to describe the log price process in terms of (4.3).

Let S be the quoted bid-ask spread and G pV, zq “ p1,
?
V zᵀqᵀ, then model (4.6)

boils down to

Si,j∆n “
`

θ0 ` ξ
0
i

˘

`
a

Vi,j∆n

`

zᵀi θ1 ` ξ
1
i

˘

` φi,j∆nχi,j, (4.7)

where θ “ pθ0, θ
ᵀ
1q

ᵀ; ξ0
i and ξ1

i , which implicitly depend on zi and Ψi, are cross-

sectional unobserved error components in the coefficients representing firm hetero-

geneity. In model (4.7), the slope coefficient pzᵀi θ1 ` ξ
1
i q measures the level of asym-

metric information for asset i. By choosing various firm-specific characteristics zi

as explanatory variables and investigating how well these characteristics explain the

slope coefficient, one may potentially reveal the sources of asymmetric information

in financial market.

Example 2. (Volume-Volatility Relationship). Another direct application of model

(4.6) is to investigate the volume-volatility relationship for a large panel of assets.

Following the Mixture of Distribution Hypothesis (MDH), Andersen (1996) pro-

poses an empirical model specification between trading volume and return variance
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Figure 4.1: Spread-Volatility Relationship.

Note: This figure displays the relationship between bid-ask spread and spot standard devi-
ation for Exxon Mobil (XOM), Walmart (WMT), Starbucks (SBUX), IBM (IBM), Gold-
man Sachs (GS), 3M (MMM), Boeing (BA), Simon Property Group (SPG), and BlackRock
(BLK) over the second quarter of 2014. The horizontal axis is the square root of the spot
variance estimates (given by (4.11)) over 60-minute non-overlapping windows; the vertical
axis is the 60-minute average of the national best bid and offer (NBBO) divided by the price
level at the end of the preceding quarter, expressed in percentage units. The dashed line
is a linear fit for each asset implied by (4.7), with z “ 1. The estimated slope coefficients
θ1 are also presented.
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within the setting of the Glosten–Milgrom model, in which the conditional distri-

bution of volume given return variance is scaled Poisson, that is, Volumet|Vt „

c ¨ Poisson pm0 `m1Vtq, where m0 measures the arrival intensity of noise trading,

m1 determines how strongly volume fluctuates in response to news and c is an un-

known positive constant. To cast this relation between trading volume and spot

variance into a mean regression framework in the form of (4.6), let Si,j∆n be the

trading volume of asset i between rj∆n, pj ` 1q∆nq and let G pV, zq “ pzᵀ0 , V z
ᵀ
1q

ᵀ,

where z0 and z1 are collections of firm-specific characteristics in z. By making such

a choice, model (4.6) amounts to

Si,j∆n “
`

zᵀ0,iθ0 ` ξ
0
i

˘

` Vi,j∆n

`

zᵀ1,iθ1 ` ξ
1
i

˘

` φi,j∆nχi,j, (4.8)

where ξ0
i and ξ1

i implicitly depend on zi and Ψi. By estimating (4.8), we can explain

how the economic relationship depends on the underlying firm features.

4.1.3 Regularity conditions

The estimation procedure naturally requires some, albeit very mild, regularity con-

ditions.

Assumption 13. The following conditions hold for a sequence of stopping times

pτmqmě1 increasing to 8 and a sequence of positive constants pKmqmě1.

(i) The processes pXiq1ďiďNn satisfy (4.3) and (4.4), where bf and σf are adapted

and locally bounded, pαiq1ďiďNn are adapted and locally uniformly bounded, the spot

variance processes pViq1ďiďNn given by (4.5) take values in V “ p0,8q, and the jump

components are given by

ÿ

sďt

∆Xi,s “

ż t

0

ż

R
δi pω, s, zqµ pω; ds, dzq ,
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where µ is a Poisson random measure on R` ˆ E with a deterministic compensator

νpdt, dzq “ dt b λ pdzq for some σ-finite measure λ pdzq on a Polish space E, and

pδiq1ďiďNn are real-valued predictable functions on Ωp0q ˆ R` ˆ E. There exists a

sequence pΓmqmě1 of deterministic nonnegative functions on E, independent of i,

satisfying
ş

Γmpzq
κλpdzq ă 8 for some κ P r0, 1q and such that }δipω, t, zq} ^ 1 ď

Γmpzq for all ω P Ωp0q, t ď τm and z P E.

(ii) The process ϕ P tαi, bf , vecpσf q, rViku for i, k “ 1, . . . , Nn is also an Itô semi-

martingale defined on pΩp0q,F0, pFtqtě0,Pp0qq taking the form

ϕt “ ϕ0 `

ż t

0

b̆sds`

ż t

0

σ̆sdW̆s

`

ż t

0

ż

R
δ̆ pω, s, zq 1

t}δ̆pω,s,zq}ď1u pµ´ νq pω; ds, dzq

`

ż t

0

ż

R
δ̆ pω, s, zq 1

t}δ̆pω,s,zq}ą1uµ pω; ds, dzq , (4.9)

where b̆ and σ̆ are adapted and locally (uniformly) bounded, W̆ are (multidimen-

sional) Brownian motions that can be correlated with W and/or pĂWiq1ďiďNn, δ̆ is

a real-valued predictable function on Ωp0q ˆ R` ˆ E, such that for some sequence

pΛmqmě1 of deterministic nonnegative functions on E, satisfying
ş

Λmpzq
2λpdzq ă 8,

}δ̆pω, t, zq} ^ 1 ď Λmpzq for all ω P Ωp0q, t ď τm and z P E.

(iii) For all m ě 1 and 1 ď i ď Nn, 1{Km ď Vi,t´ ď Km in restriction to

tt ď τmu.

(iv) pλiq1ďiďNn are uniformly bounded almost surely and are F0-measurable.

Assumption 13 is a fairly mild regularity condition that is commonly used in
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analyzing high-frequency data. Although jumps are treated as non-parametric nui-

sance in the current analysis, I remark that condition (i) allows for both systematic

jumps that are driven by common jump factors and idiosyncratic jumps that are

asset-specific. This assumption naturally incorporates the setting considered in Li

et al. (2018). The upper bound for the generalized Blumenthal-Getoor index κ,

which controls the jump activity for the cross section of pXi,tq1ďiďNn , is assumed to

be less than 1. Assumption 13(ii) assumes the spot volatility processes to be Itô

semimartingales with their own stochastic volatilities and essentially unrestricted

jump activity. More importantly, W̆ is allowed to be correlated with the Brownian

motions that drive pXi,tq1ďiďNn , thus allowing for the leverage effect that is evident in

financial data. Assumption 13(iii) essentially assumes that Vi,t has a convex compact

support for all 1 ď i ď Nn. This assumption is needed in a (spatial) localization

procedure (see Li et al. (2017)) that relaxes the polynomial growth condition im-

posed on nonlinear test functions for estimating integrated functionals of volatility

(see Jacod and Rosenbaum (2013)). In this paper, the only requirement on the G

transform is the smoothness condition presented below in Assumption 16. Lastly,

condition (iv) assumes time-invariant factor loadings, which is somewhat restrictive

but quite common in factor analysis.

Assumption 14. Nn — ∆´ρ
n for some constant ρ ą 0.

Assumption 14 does not require any specific rate at which Nn grows to infinity

relative to ∆n, except that the growth rate should not exceed the polynomial rate.

This polynomial growth restriction on Nn is needed to control the jump activity for

the entire panel of assets. From empirical point of view, this assumption provides
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great flexibility in the choice of panel size and sampling frequency.

Assumption 15. For each 1 ď i ď Nn, t P r0, T s and some constant 0 ď ρ1 ă ρ,

Nn
ÿ

k“1

E
”

rV 2
ik,t

ı

“ O
´

∆´ρ1

n

¯

. (4.10)

Assumption 15 only assumes weak dependence among the idiosyncratic diffusive

processes so as to make (4.3) an approximate factor structure. In particular, the

cross-sectional sum of the squared spot covariance under expectation should grow

at a rate no faster than Nn. This restriction is trivially satisfied if the idiosyncratic

diffusions are mutually orthogonal or the idiosyncratic diffusion of one asset is only

correlated with finitely many idiosyncratic diffusions of other assets.

Assumption 16. Assume (i) zi “ p1, z1,i, . . . , zK´1,iq
ᵀ takes values in a compact

subset Z Ď RK, for all 1 ď i ď Nn; (ii) θ takes value in a compact subset Θ Ď Rq;

(iii) Gpv, zq is continuous in z and three-time continuously differentiable in v.

Assumption 17. Assume (i) the sequence pχjqjPZ is stationary ergodic and indepen-

dent of F0; (ii) the sequence pχjqjPZ is α-mixing with mixing coefficient αmix p¨q such

that
ř

jě1 αmix pjq
pp´2q{p

ă 8 for some p ą 2; (iii) for each 1 ď i ď Nn, Erχi,js “ 0,

Erχ2
i,js “ 1 and Er|χi,j|ps ă 8 for all p ą 2; (iv) for 1 ď i, k ď Nn with k ‰ i

and j, l P Z, E rχi,jχk,ls “ 0; (v) pφi,tq1ďiďNn are nonnegative, Ft-adapted and locally

uniformly bounded.

Assumption 18. Assume for each 1 ď i ď Nn, (i) EF0rεiε
ᵀ
i s “ Ip; (ii) Ψi is F0-

measurable and uniformly bounded; (iii) EF0r}εi}
4
s ă 8; (iv) for 1 ď k ď Nn with

k ‰ i, εi is F0-conditionally independent of εk.
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Assumption 17(iv) assumes zero cross-sectional correlation for the “pure noise”

sequence pχjqjPZ. However, in view of the multiplicative structure in the noise,

this condition does not rule out cross-sectional dependence; indeed, unconditionally,

the noise of one asset can be dependent on the noise of other assets through φ.

Assumption 17(ii, iv) together allow for asset-wise long-run dependence in pχi,jqjPZ.

Assumption 17(iii) and Assumption 18(i) impose unity variance conditions, which

are needed to circumvent the non-identifiability in the the multiplicative specification

of unobserved firm heterogeneity and noise. Assumption 17(v) allows for almost

arbitrary time-varying heterogeneity in the noise. Assumption 18(ii) allows for cross-

sectional heteroskedasticity in the unobserved firm heterogeneity. Assumption 18(iv)

is quite common in cross-sectional analysis and for similar reasons as above, this

condition does not rule out unconditional cross-sectional dependence in Ψiεi.
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4.2 Main results

4.2.1 Asymptotic properties

The estimation procedure consists of two steps. In the first step, I nonparametrically

recover the realized paths of volatility processes using high-frequency returns. These

nonparametric estimates are then plugged into a parametric second step to recover

θ. The inference is done based on high-frequency intraday data for a panel of assets

over the fixed time interval r0, T s. For asset i, the returns of Xi are denoted by

∆n
jXi ” Xi,j∆n ´Xi,pj´1q∆n , for 1 ď j ďMn.

To approximate the spot variance of Xi, I pick an integer sequence pknqně1 even-

tually going to infinity, which represents the size of the local estimation window, and

a sequence of real-valued truncation threshold punqně1. These sequences satisfy the

following condition.

Assumption 19. kn — ∆´ι
n and un — ∆$

n for some ι P
`

r
2
_ 1

3
, 1

2

˘

and $ P
`

1´ι
2´r

, 1
2

˘

.2

The spot variance process Vi,j∆n is then recovered by a local truncated variation

estimator due to ? using high-frequency returns over the time interval rj∆n, pj `

knq∆ns. Specifically, for each 1 ď i ď Nn and 0 ď j ďMn ´ kn,

pVi,j∆n ”
1

kn∆n

kn
ÿ

l“1

`

∆n
j`lXi

˘2
1t|∆n

j`lXi|ďunu
. (4.11)

2 To improve empirical flexibility, the truncation sequence punqně1 can be set either identically for
all assets or differently across different assets. For example, in applications one can set un,i “ ai∆

$
n

for asset i as long as the positive constants paiqiě1 are uniformly bounded and bounded away from
zero.
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Similarly, we can use kn returns preceding j∆n to approximate Vi,j∆n´. For j “

kn, . . . ,Mn ´ kn, let

pVi,j∆n´ ”
1

kn∆n

kn
ÿ

l“1

`

∆n
j´kn`lXi

˘2
1t|∆n

j´kn`l
Xi|ďunu

. (4.12)

Proposition 5 below shows that pVi,j∆n uniformly (over both i and j) approximates

the local moving average of Vit over the window rj∆n, pj ` knq∆nq, which is given by

V i,j∆n ”
1

kn∆n

ż pj`knq∆n

j∆n

Vi,sds.

Proposition 5. Under Assumptions 13, 14 and 19,

sup
1ďiďNn, 0ďjďMn´kn

ˇ

ˇ

ˇ

pVi,j∆n ´ V i,j∆n

ˇ

ˇ

ˇ
“ opp1q.

Remarks. (i) This universal uniform approximation only holds for estimating local

moving average of Vit. In general, pVi,j∆n does not serve as a uniform estimator for

Vi,j∆n , even in the univariate case, since the paths of volatility processes are allowed

to contain jumps.

(ii) Proposition 5 is a nontrivial extension of Lemma A.2 of Li and Xiu (2016) to a

large cross-sectional setting. This is accomplished by uniformly controlling the jump

activity across the entire panel of assets. The result is a critical step towards applying

a spatial localization argument as in Theorem 2 of Li et al. (2017), which eventually

relexes the polynomial growth restriction imposed on the nonlinear transform of

volatility (see Jacod and Rosenbaum (2013) for details).

Two more assumptions are needed for estimating θ.
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Assumption 20. For each t, s P r0, T s and any index l P t1, . . . , qu,

piq

›

›

›

›

›

1

Nn

Nn
ÿ

i“1

λiλ
ᵀ
i ´ ΣΛ

›

›

›

›

›

“ opp1q;

piiq

›

›

›

›

›

1

Nn

Nn
ÿ

i“1

G pVi,t, ziqG pVi,t, ziq
ᵀ
´ ΣGG,t

›

›

›

›

›

“ opp1q;

piiiq

›

›

›

›

›

1

Nn

Nn
ÿ

i“1

G pVi,t, ziqG pVi,t, ziq
ᵀ ΨiΨ

ᵀ
iG pVi,s, ziqG pVi,s, ziq

ᵀ
´ ΣΨ,t,s

›

›

›

›

›

“ opp1q;

pivq

›

›

›

›

›

1

Nn

Nn
ÿ

i“1

λiλ
ᵀ
i rG pVi,t, ziq BvG pVi,t, ziq

ᵀ θsl ´ Σ
plq
ΛGW,t

›

›

›

›

›

“ opp1q.

Assumption 20 is in a similar spirit as Assumption 4 in Li et al. (2018). It

provides several high-level but mild conditions pertaining to the weak law of large

numbers. These conditions can be easily verified as long as for each t, s P r0, T s,

pzᵀi , λ
ᵀ
i ,
rVi,t, rVi,s, vecpΨiq

ᵀqiě1 are conditionally weakly dependent in the cross section.

Unconditionally, the variables in the summands can have strong cross-sectional de-

pendence; indeed, in view of the factor structure (4.3), Vi,t depends on volatility of

other assets through the systematic component Vf .

Assumption 21. There exists some constant C ą 0, such that λminp
şT

0
ΣGG,sdsq ě C

almost surely.

I define BG pv, zq ” B2
vG pv, zq v

2, and set pGn,i,j ” GppVi,j∆n , ziq, pGn,i,j´ ” GppVi,j∆n´, ziq,

and

pG1n,i,j ” GppVi,j∆n , ziq ´ k
´1
n BGppVi,j∆n , ziq. (4.13)
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Further let

An ”

#

∆n

Nn

Nn
ÿ

i“1

Mn´kn
ÿ

j“kn

pGn,i,j´
pG1ᵀn,i,j is invertible.

+

.

Then, one can show that P pAnq Ñ 1 (see Lemma 13 in Appendix 4.5).

In restriction to An, consider the following estimator of θ:

θ̂n “

˜

∆n

Nn

Nn
ÿ

i“1

Mn´kn
ÿ

j“kn

pGn,i,j´
pG1ᵀn,i,j

¸´1 ˜

∆n

Nn

Nn
ÿ

i“1

Mn´kn
ÿ

j“kn

pGn,i,j´Si,j∆n

¸

. (4.14)

Remarks. (i) As noted above, due to the slow convergence rate of the first-step

nonparametric estimator and the possible nonlinearity of the G transform, a high-

order bias is not negligible in the second-order asymptotics. To derive the central

limit theorem, I explicitly estimate and correct that nonlinearity bias in the above

estimator; see the definition of pG1n,i,j in (4.13). Explicitly correcting the nonlinearity

bias is quite common in the estimation of integrated volatility functionals; see, for

example, Jacod and Rosenbaum (2013). Although, the proposed estimator θ̂n ap-

pears in a similar form to the classical least square estimator, the unique underlying

integrated (conditional) moment condition, which is designed for the current large

cross-sectional continuous-time setup, the plug-in procedure, and the bias correction

set θ̂n apart from the standard method-of-moments estimators.3

3 In the spirit of Li and Xiu (2016), the integrated (conditional) moment condition to consider is
given by

lim
nÑ8

1

Nn

Nn
ÿ

i“1

ż T

0

E
“

Si,t ´G pVi,t, ziq
ᵀ
θ|F0

‰

ds “ 0.

To estimate θ, one would naturally propose a sample analogue of the above condition. Using
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(ii) The instrument, G pVi,t, ziq, which is a function of latent spot variance, is ap-

proximated by pGn,i,j´. Here, I decidedly use the “pre-volatility” estimator defined by

(4.12) in the estimation of the instrument, whereas the independent variable in the

regression is estimated by pG1n,i,j, in which the usual spot variance estimator (4.11)

is used. By separating the local estimation blocks for the instrument and the inde-

pendent variable, I make the estimated instrument Fj∆n-measurable. This particular

design keeps pGn,i,j´ intact in the high-order expansion of the nonparametric approxi-

mation error in pG1n,i,j, and hence greatly simplifies both the bias correction procedure

and the derivation of the limit theorems. That being said, an estimator formed by

using only (4.11) is indeed possible. Let H pVi,t, ziq “ G pVi,t, ziqG pVi,t, ziq
ᵀ and

pH 1
n,i,j “ HppVi,j∆n , ziq ´ k

´1
n BHppVi,j∆n , ziq. Consider

θ̂1n “

˜

∆n

Nn

Nn
ÿ

i“1

Mn´kn
ÿ

j“0

pH 1
n,i,j

¸´1 ˜

∆n

Nn

Nn
ÿ

i“1

Mn´kn
ÿ

j“0

pG1n,i,jSi,j∆n

¸

.

It can be shown that θ̂1n shares the same limit behavior as θ̂n, and that the feasible

inference using θ̂1n follows almost identical steps. This seemingly more natural esti-

mator θ̂1n, however, is more complicated to compute in practice, especially when the

dimension q is relatively large, since different elements in H require different bias

corrections. In particular, at most q2{2 ` 3q{2 terms of nonlinearity biases need to

be corrected in θ̂1n, whereas only q are needed in θ̂n. Importantly, as discussed in Li

G pVi,t, ziq as instrument (estimated by pGn,i,j´), the estimator (4.14) can be derived through solving
Qn pθq “ 0, where

Qnpθq “
1

Nn

Nn
ÿ

i“1

Mn´kn
ÿ

j“kn

pGn,i,j´

´

Si,j∆n ´
pG1ᵀn,i,jθ

¯

∆n.
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et al. (2019a), analytically calculating the second partial derivatives for all elements

can be cumbersome in empirical applications, even for a problem of moderate di-

mension; hence, θ̂n permits a nontrivial improvement in terms of simplifying the bias

correction procedure. Moreover, θ̂1n is likely to have poor finite-sample performance.

For ease of exposition, I will only focus on θ̂n for the rest of the paper.

The main result of this section is given by the following theorem.

Theorem 4. Suppose Assumptions 13-21 hold. In restriction to An, we have the

following results represented as F0-stable convergence in law:

(a) if Nn∆n Ñ γ for some γ P p0,8q, then

∆´1{2
n

´

θ̂n ´ θ
¯

L´s
ÝÝÑMN p0,AVAR1q ;

(b) if Nn∆n Ñ 8, then

∆´1{2
n

´

θ̂n ´ θ
¯

L´s
ÝÝÑMN p0,AVAR2q ;

(c) if Nn∆n Ñ 0, then

a

Nn

´

θ̂n ´ θ
¯

L´s
ÝÝÑMN p0,AVAR3q ,

where

$

’

’

’

’

&

’

’

’

’

%

AVAR1 “
´

şT

0
ΣGG,sds

¯´1
`

Ξξ ` γ
´1Ξη

˘

´

şT

0
ΣGG,sds

¯´1

;

AVAR2 “
´

şT

0
ΣGG,sds

¯´1

Ξξ

´

şT

0
ΣGG,sds

¯´1

;

AVAR3 “
´

şT

0
ΣGG,sds

¯´1

Ξη

´

şT

0
ΣGG,sds

¯´1

,

and for any indices l, m P t1, . . . , qu,

#

rΞξspl,mq ” 2
şT

0
Tr

´

Vf,sΣ
plq
ΛGW,sVf,sΣ

pmq
ΛGW,s

¯

ds;

Ξη ”
şT

0

şT

0
ΣΨ,s,udsdu.

111



Remarks. (i) The central limit theorem displayed in part(a) reflects two types of

sampling variability. The first type stems from the local diffusive shocks in prices.

However, only the systematic component in the diffusive shocks drives the limiting

distribution, whereas the idiosyncratic component and the interaction between the

systematic and idiosyncratic component are both “averaged out” in the cross section.

Intuitively, the local diffusive shocks in the common factors are shared by all assets

and thus “survive” the cross-sectional sample averaging. They lead to a mixed

Gaussian distribution upon aggregated over the time dimension. In the end, the

idiosyncratic diffusions only enter the asymptotic variance through the G transform.

This unique feature of asymptotic distribution is noticeably different from most limit

theories that are based on the estimation of integrated functionals of volatility as in,

for example, Jacod and Rosenbaum (2013); Li and Xiu (2016) among others. The

second type of sampling variability comes from the cross-sectional disturbance of the

unobserved heterogeneity, which is more standard and commonly appears in limit

theories for analyzing cross-sectional data.

(ii) The two types of sampling variability coexist in the asymptotic distribution

if Nn∆n Ñ γ for some finite constant γ. Part(b,c) present two boundary cases,

where the slower dimension dominates. For example, when Nn∆n Ñ 0, the sam-

pling frequency is high enough such that the approximation error in spot variance

estimation is negligible relative to the cross-sectional disturbance of the unobserved

heterogeneity. Note that in finite-sample applications, the result in Part(a) should

be used.

(iii) The noise sequence that contaminates the observed dependent process does

not contribute any variation to the asymptotic variance under the maintained as-
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sumptions, regardless of the relative rate between Nn and ∆n. This is another major

distinction between univariate and large cross-sectional inference. In a univariate set-

ting, as shown in Li and Xiu (2016), the limiting distribution captures the long-run

variance of noise. However, since the noise is assumed to have weak cross-sectional

correlation, it vanishes upon cross-sectional aggregation. Instead of the variability

of noise, it is now the variability of the time-invariant unobserved heterogeneity that

is present in the limit.

4.2.2 A Feasible Inference Method

Let us now proceed to consistently estimate the asymptotic variance so as to make

the inference procedure feasible. To this end, two different estimators are needed to

approximate two types of variability in the asymptotic variance: the cross-sectional

variability from the unobserved heterogeneity and the high-frequency variability from

the systematic diffusive shocks. The former is relatively standard and can be esti-

mated by adapting the traditional heteroskedasticity consistent covariance estimator

of White (1980). The major technical complication comes from estimating the lat-

ter, namely Ξξ. Basically, it amounts to estimating an integrated functional of the

asset volatility, the factor volatility, the factor loadings and the firm-specific char-

acteristics. A seemingly natural strategy is to construct a plug-in type estimator,

which is in one of the usual approaches to estimate integrated volatility functionals.

However, it is well known in factor analysis that the factors and their loadings are

only identified up to an invertible matrix. This indeterminacy of the factor structure

poses challenges to the estimation of Ξξ.
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Li et al. (2018) investigate the composition of the unobserved invertible matrix

for recovering factors and their loadings, and they show that the covariance of factors

constitutes an important component of it; similar results can also be found in, for

example, Bai (2003) and Pelger (2019a). Based on these findings, I observe that the

way the spot covariance of factors enter the invertible matrix is exactly the same as

the way it enters Ξξ, and that all the other unobserved nuisance components have

asymptotically negligible effect on estimating Ξξ. This “rotation invariance” property

implies that knowing the factor and factor loadings up to an invertible matrix is as

good as knowing the true factor and their loadings. In addition, it suggests that

a plug-in type consistent estimator of the asymptotic covariance is indeed feasible:

We only need to locally approximate asset volatilities and factor loadings, and the

spot covariance of factors are then automatically estimated in this procedure as a

by-product.

To be concrete, for 0 ď j ďMn´kn, let Xn,j be a pNn ˆ knq matrix of normalized

high frequency returns of X, with its pi, lq element given by rXn,jspi,lq ” ∆n
j`lXi{

?
∆n.

Let Xc
n,j be the continuous part (drift plus diffusion) of Xn,j. In view of (4.3), we

have the following factor decomposition

Xc
n,j “ Λ‹nF

‹ᵀ
n,j ` En,j `An,j,

where the total number of factors is assumed to be r, which is unknown; Λ‹n ”

pλ1, . . . , λNnq
ᵀ is the matrix of factor loadings; the columns of F ‹n,j are the normalized

high-frequency returns of the r factors respectively; the pi, lq element of En,j is given

by rEn,jspi,lq ”
şpj`lq∆n

pj`l´1q∆n
rσi,sdĂWi,s{

?
∆n; and the pi, lq element of An,j is given by

rAn,jspi,lq ”
şpj`lq∆n

pj`l´1q∆n
αi,sds{

?
∆n.
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Prior studies have shown that in long-horizon factor models, the dimension r can

be consistently estimated using multiple approaches; see, for example, an information

criterion approach proposed by Bai and Ng (2002), an eigenvalue difference estimator

developed by Onatski (2010), and an eigenvalue ratio method studied in Ahn and

Horenstein (2013). Some of these approaches could be analogously adapted in the

continuous-time setting; see, for example, the methods developed in Ait-Sahalia and

Xiu (2017) and Pelger (2019a). In empirical applications, methods with different

objective functions could lead to different estimates of r. To avoid the risk of mis-

estimation and improve ease of implementation, I only assume that the dimension r

is bounded by a known constant r̄, which is then used as the number of factors in my

estimation. As a matter of fact, the true value of r is nonessential in the consistent

estimation of the asymptotic variance; the estimated “non-factors” are shown to be

asymptotically negligible.4

Since Xc
n,j is not directly observed, I consider the truncated normalized return

matrix pXc
n,j, whose pi, lq element is given by

”

pXc
n,j

ı

pi,lq
” rXn,jspi,lq 1t|rXn,jspi,lq|ăun{

?
∆nu.

Let the columns of pFn,j (of dimension pMn ˆ r̄q) be the ordered eigenvectors

of pXcᵀ
n,j

pXc
n,j associated with the largest r̄ eigenvalues. For identification purpose, I

assume pF ᵀ
n,j

pFn,j{kn “ Ir̄. Upon imposing this restriction, it should make intuitive

4 Determining the number of factors is of interest in its own right. Since the focus of the current
analysis is to do feasible inference for a finite-dimensional parameter and the factor-analytic method
merely serves as an auxiliary tool in this inference procedure, for ease of exposition I only use the
upper bound r̄ to form the estimator, without estimating the exact value of r. This type of agnostic
treatment is also deployed by Li et al. (2018).
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sense that the information regarding the spot covariance of factors is now translated

into the factor loadings. An additional identification assumption is presented below.

Assumption 22. For all t P r0, T s, ΣΛVf,t has distinct eigenvalues almost surely.

I set pΛn,j ” k´1
n

pXc
n,j

pFn,j “
´

pλ1,n,j, . . . , pλNn,n,j

¯ᵀ
and for d P t1, . . . , qu, set

Λ1‹n,j,d ”

¨

˚

˝

λᵀ1rGn,1,jBvG
ᵀ
n,1,jθsd

...
λᵀNnrGn,Nn,jBvG

ᵀ
n,Nn,j

θsd

˛

‹

‚

, pΛ1n,j,d ”

¨

˚

˝

pλᵀ1,n,jr
pGn,1,j´Bv pG

ᵀ
n,1,j θ̂nsd

...
pλᵀNn,n,jr

pGn,Nn,j´Bv
pGᵀ
n,Nn,j

θ̂nsd

˛

‹

‚

.

For l,m P t1, . . . , qu, consider the following series of estimators.

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

pΩn,j,d ” N´1
n

pΛᵀ
n,j

pΛ1n,j,d;
”

pΞξ

ı

pl,mq
” 2∆n

řMn´kn
j“kn

Tr
´

pΩn,j,l
pΩn,j,m

¯

;

pΞη ”
1
Nn

řNn
i“1

´

∆n

řMn´kn
j“kn

pGn,i,j´

´

Si,j∆n ´
pGᵀ
n,i,j θ̂n

¯¯

´

∆n

řMn´kn
j“kn

pGᵀ
n,i,j´

´

Si,j∆n ´
pGᵀ
n,i,j θ̂n

¯¯

;

pΣGG,j∆n ”
1
Nn

řNn
i“1

pGn,i,j´
pGᵀ
n,i,j.

The main result of this section is given in the following theorem.

Theorem 5. Suppose Assumptions 13-22 hold. We have

{AVAR1
P
ÝÑ AVAR1, {AVAR2

P
ÝÑ AVAR2, {AVAR3

P
ÝÑ AVAR3,
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where

{AVAR1 ”

˜

∆n

Mn´kn
ÿ

j“kn

pΣGG,j∆n

¸´1 ˜

pΞξ `
pΞη

Nn∆n

¸˜

∆n

Mn´kn
ÿ

j“kn

pΣGG,j∆n

¸´1

;

{AVAR2 ”

˜

∆n

Mn´kn
ÿ

j“kn

pΣGG,j∆n

¸´1

pΞξ

˜

∆n

Mn´kn
ÿ

j“kn

pΣGG,j∆n

¸´1

;

{AVAR3 ”

˜

∆n

Mn´kn
ÿ

j“kn

pΣGG,j∆n

¸´1

pΞη

˜

∆n

Mn´kn
ÿ

j“kn

pΣGG,j∆n

¸´1

.

The consistent asymptotic covariance estimators presented in Theorem 5 converge

jointly with the centered and scaled estimators presented in Theorem 4, which is

implied by the notion of stable convergence in law; hence, one can combine Theorem 4

and 5 to construct confidence intervals and conduct hypothesis tests in the standard

way.
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4.3 Monte Carlo Studies

4.3.1 Data Generating Process

In this section, I examine the finite sample performance of the proposed estima-

tor. The data generating process (DGP) broadly mimics the real data used in the

empirical section. Let the total number of assets be N “ 100, and the time hori-

zon be T “ 60, which corresponds to roughly one trading quarter. For each asset

i P t1, . . . , Nu, consider

dXi,t “ λᵀi dft ` rσi,tdĂWi,t ` JtdNt, (4.15)

where Jt is distributed according to a doubly-exponential distribution with density

fJpxq “ exp p´2 |x|q and Nt is a Poisson process with intensity λN “ 0.1, which

corresponds to one jump every ten days. The unit of time is one day. The diffusive

systematic factor process is simulated based on Li et al. (2018), where f is a three-

dimensional process given by

dft “ V
1{2
f,t dWt, with Vf,t “ diag

`

σ2
f,1,t, σ

2
f,2,t, σ

2
f,3,t

˘

,

and W is a three-dimensional standard Brownian motion. Each factor log-variance

(k “ 1, 2, 3) is specified as the following mean-reverting process

d log
`

σ2
f,k,t

˘

“ 0.1
`

log
`

σ̄2
f,k

˘

´ log
`

σ2
f,k,t

˘˘

dt

`0.2
´

ρ pdWi,t ` dW2,t ` dW3,tq `
a

1´ ρ2dBk,t

¯

` rJk,tdNt,(4.16)

where ρ “ ´0.6, which is used to capture the “leverage effect”; pBk,tqk“1,2,3 are

one-dimensional standard Brownian motions that are independent of W ; the jump
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arrivals given by Nt are exactly the same as those in the price process, capturing the

volatility co-jumps with the price; rJk,t is another doubly-exponential distribution,

independent of other components in the model, with density f
rJpxq “ 5exp p´10 |x|q;

and pσ̄2
f,1, σ̄

2
f,2, σ̄

2
f,3q “ p0.92, 0.21, 0.07q.

The idiosyncratic volatility rσi,t in (4.15) is given by

rσ2
i,t “ rρi

`

σ2
f,1,t ` σ

2
f,2,t ` σ

2
f,3,t

˘

` p1´ rρiq σ̆
2
i,t, (4.17)

where rρi is drawn independently from Uniform[0.2, 0.8] distribution, and log pσ̆i,tq is

independently simulated according to the following process

d log
`

σ̆2
i,t

˘

“ ´0.1 log
`

σ̆2
i,t

˘

dt` 0.2d rBi,t,

where p rBi,tq1ďiďN are standard Brownian motions that are independent of all other

components. Note that the idiosyncratic variance rσ2
i,t specified in (4.17) is allowed to

depend on factor volatilities and the range of admissible values of “volatility loading”

is large enough to capture the possibly large cross-sectional heterogeneity.

For each i, the factor loadings λi “ pλi,1, λi,2, λi,3q
ᵀ in (4.15) are drawn from three

independent uniform distributions, where λi,1 „Uniform[0.3, 1.7], and λi,2, λi,3 „Uniform[-

1, 1]. These numbers are directly mirror Li et al. (2018).

The true parameter is set to be θ “ pθ0, θ11, θ12, θ13q
ᵀ. Let zi1 „i.i.d. N p4.0, 0.72q

and zi2 follow independent and identical gamma distributions whose density is given

by Γp3q´10.1´3x2exp p´x{0.1q, where Γ is the gamma function. zi1 and zi2 are both

independent of other random components and independent of each other. The un-

observed asset specific effects are given by ε0i „i.i.d. Uniform r´m0,m0s, ε
1
i „i.i.d.

N
`

0, σ2
ε,1

˘

, with ε0i independent of ε1i .
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Based on ?, χ is chosen to be a moving average (MA) series which approximates

a fractionally differenced sequence. For d “ 0.3,

χi,j “ Zj `
100
ÿ

l“1

ψjZj´l, where ψj “
dp1` dq . . . pj ´ 1` dq

j!
and Zj „i.i.d. N

`

0, σ2
Z

˘

.

This specification allows the autocorrelation in noise decays slowly up to lag 100.

The conditional standard deviation of noise pφiq1ďiďN is specified as

dφi,t “ 10 p1´ φi,tq dt` 0.1 pdW1,t ` dW2,t ` dW3,tq .

Clearly, this specification allows the process φi,t to depend on prices and volatilities

through W .

The dependent process at each observational time is simulated according to

Si,j∆n “
`

θ0 ` ε
0
i

˘

` g pVi,j∆nq
`

θ11 ` zi,1θ12 ` zi,2θ13 ` ε
1
i

˘

` φi,j∆nχi,j, (4.18)

where Vi,j∆n “ λᵀiVf,j∆nλi ` rσ2
i,j∆n

and g p¨q is a real-valued function. Different

parameter configurations are given in Table 4.1. In particular, case 1 considers a

simple linear g transform, with parameters calibrated to mimic the regression of

trading volume on spot variance as alluded in Example 2, whereas case 2 considers a

more challenging scenario where more asset specific variables are included and the g

transform is the square root function, which corresponds to the regression of bid-ask

spread on spot standard deviation as examined in Example 1.

Finally, the truncation threshold is set to be

un,i,t “ 4.0ˆ
a

γiBVi,t ˆ∆0.49
n , BVi,t “

π

2

n

n´ 1

tn
ÿ

j“pt´1qn`2

ˇ

ˇ∆n
j´1Xi

ˇ

ˇ

ˇ

ˇ∆n
jXi

ˇ

ˇ . (4.19)
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Table 4.1: Parameter Setting for Monte Carlo Studies.

Case g pxq θ0 θ11 θ12 θ13 m0 σε,1 σZ

Case 1 x 20 80 0 0 5 5 5

Case 2
?
x 0.01 0.05 -0.01 0.02 0.005 0.005 0.01

Note: This table reports parameter values used in the simulations. Case
1 concerns a linear g transform, with no firm-specific variables included
in regression (4.18); Case 2 concerns a square root g transform, with two
firm-specific variables zi,1 and zi,2 entering the slope coefficient.

where BVi,t is the bipower variation of asset i on day t (see Barndorff-Nielsen and

Shephard (2006)) and γi is the time-of-day factor given by γi “ bi{
´

p1{nq
řn
j“1 bj

¯

,

with b1 “ b2 and bj “ T´1
řT
t“1

ˇ

ˇ

ˇ
∆n
pt´1qn`j´1Xi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∆n
pt´1qn`jXi

ˇ

ˇ

ˇ
for j “ 2, . . . , n.5 The

upper bound of the number of factors is chosen as r̄ “ t3, 5u, where 3 is the correct

number of factors in the DGP and 5 is a more conservative choice. Conservatively

choosing a large r̄ avoids underestimating the number of factors and is formally

justified by the inference theory. There are 1,000 Monte Carlo trials in total.

4.3.2 Results

From Table 4.2, we see that the inference procedure can overall give precise esti-

mates of the coefficients for both configurations. The highest bias arises at 5-minute

frequency under case 1. Recall that when constructing the plug-in estimator of θ, we

separately approximate the instrument and the independent variable at each time

t over two adjacent but non-overlapping estimation blocks. By doing so, we pre-

vent the nonparametric estimation errors in the instrument from intertwining with

those in the independent variable, thus simplifying the bias correction procedure.

5 Note that a deterministic intraday pattern in volatility is not introduced in the DGP. Nonetheless,
to keep in line with the following empirical study, I include the time-of-day factor in the truncation
threshold.
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In particular, when the g transform is linear as in case 1, the estimation method

does not require any explicit estimation of high-order biases. By shifting in time the

local estimates of the instruments, we essentially replace the nonlinearity bias with

another type of bias: the tracking error along the time dimension. Not surprisingly,

the inevitable finite-sample cost associated with this procedure is that estimates are

likely to be less well-centered when the local estimation window for volatility recovery

is chosen to be large, which is exactly the case at the coarser frequency of 5 min-

utes. The exhibited larger finite-sample biases for 5-minute data reflect this tradeoff.

Everything else equal, using 1-minute data with smaller local windows permits a

noticeable improvement in reducing biases, especially for case 1. Notice that under

case 2 with the square root g transform, the reported medians for both frequencies

are very close to the true values. Besides slightly larger biases, the interquartile

ranges are also wider for 5-minute data. These findings suggest that increasing sam-

pling frequency improves estimation precision, which is well expected since the limit

theory is built upon an infill asymptotic argument.

The validity of the inference theory is further checked in Table 4.3 and 4.4, where

I consider the standardized estimators and display the Monte Carlo coverage rates

for different local windows kn and different choices of r̄. As we can see, for different

kn, the coverage rates are reasonably close to the nominal levels. Moreover, choosing

the number of factors larger than the truth barely affects the coverage rates for both

cases, supporting the implementation of conservatively selecting a large r̄ in practice.

These results suggest that the feasible inference procedures have overall satisfactory

finite sample performance, at least in the calibration considered above. Nevertheless,

there exist some slight over- and under-coverage for both cases, especially for 5-
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minute data.

Table 4.2: Monte Carlo Simulation Results

∆n “ 1{400 ∆n “ 1{80

Case Parameter True Value Median IQR Median IQR

Case 1 θ0 20 19.3353 [16.0908, 22.2312] 17.3081 [11.2887, 22.4175]
θ1 80 80.2380 [77.6879, 82.8741] 80.9869 [77.6860, 83.6802]

Case 2 θ0 0.01 0.0102 [0.0096, 0.0108] 0.0101 [0.0093, 0.0109]
θ11 0.05 0.0491 [0.0465, 0.0519] 0.0489 [0.0463, 0.0516]
θ12 -0.01 -0.0099 [-0.0105, -0.0093] -0.0098 [-0.0104, -0.0092]
θ13 0.02 0.0197 [0.0174, 0.0222] 0.0196 [0.0170, 0.0223]

Note: This table reports median and interquartile range (IQR) of estimated θ across 1,000 Monte
Carlo trials for two different cases shown in Table 4.1, for which only the firm-specific variables with
non-zero effects are included in the regressions. I choose kn “ 20 for ∆n “ 1{400 and 17 for ∆n “

1{80. The column “true” shows the true parameter values used in the simulations.

123



Table 4.3: Monte Carlo Coverage Rates (%) of Confidence Intervals, Case 1.

∆n “ 1{400

r̄ “ 3 r̄ “ 5

Level θ̂0 θ̂1 θ̂0 θ̂1

kn “ 20 90% 91.80 91.90 91.80 91.90
95% 95.90 95.30 96.10 95.30
99% 99.50 98.50 99.50 98.60

kn “ 30 90% 91.20 91.30 91.20 91.30
95% 95.20 95.00 95.30 95.00
99% 99.10 98.10 99.10 98.20

∆n “ 1{80

r̄ “ 3 r̄ “ 5

Level θ̂0 θ̂1 θ̂0 θ̂1

kn “ 17 90% 93.00 92.00 93.10 92.00
95% 97.60 96.90 97.70 97.00
99% 99.50 99.40 99.50 99.50

kn “ 19 90% 92.30 91.10 92.30 91.30
95% 97.30 96.60 97.30 96.60
99% 99.40 99.40 99.40 99.50

Note: This table reports the Monte Carlo coverage
rates (%) for the standardized estimators for Case 1
in Table 4.1. I choose kn P t20, 30u for ∆n “ 1{400,
kn P t17, 19u for ∆n “ 1{80, and r̄ P t3, 5u. There are
1,000 Monte Carlo trials in total.
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Table 4.4: Monte Carlo Coverage Rates (%) of Confidence Intervals, Case 2.

r̄ “ 3 r̄ “ 5

Level θ̂0 θ̂11 θ̂12 θ̂13 θ̂0 θ̂11 θ̂12 θ̂13

Panel A. ∆n “ 1{400
kn “ 20 90% 88.30 87.50 87.20 89.10 88.40 87.50 87.20 89.10

95% 93.80 92.40 92.70 94.40 93.90 92.40 92.70 94.40
99% 98.30 98.00 97.90 98.10 98.30 98.00 97.90 98.10

kn “ 30 90% 88.30 87.30 86.90 88.80 88.30 87.30 86.90 88.80
95% 93.70 92.30 92.60 94.30 93.70 92.30 92.60 94.30
99% 98.30 97.90 97.80 98.10 98.30 97.90 97.80 98.10

Panel B. ∆n “ 1{80
kn “ 17 90% 90.90 86.80 88.50 86.70 90.90 86.80 88.50 86.70

95% 95.50 92.30 93.50 93.00 95.70 92.30 93.50 93.00
99% 99.40 97.80 98.20 97.30 99.40 97.80 98.20 97.30

kn “ 19 90% 91.00 86.80 88.40 86.60 91.10 86.80 88.40 86.60
95% 95.30 92.40 93.40 93.00 95.50 92.40 93.40 93.00
99% 99.50 97.80 98.20 97.30 99.50 97.80 98.20 97.30

Note: This table reports the Monte Carlo coverage rates (%) for the standardized es-
timators for Case 2 in Table 4.1. I choose kn P t20, 30u for ∆n “ 1{400, kn P t17, 19u
for ∆n “ 1{80, and r̄ P t3, 5u. There are 1,000 Monte Carlo trials in total.
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4.4 Conclusion

This paper studies a certain type of continuous-time volatility regression in a large

cross section using high-frequency data. The semiparametric inference procedure

involves nonparametrically recovering stochastic volatility processes and then us-

ing the volatility estimates in the estimation of a finite-dimensional parameter of

interest. The asymptotic distribution is mixed-Guassian which captures both the

diffusive variability of semimartingale processes and the unobserved heterogeneity

across assets. A feasible inference method is proposed based on a factor-analytic

method.

126



4.5 Proofs

4.5.1 Notations and auxiliary results

Notations. We denote a generic finite positive constant by C, which may be different

from line to line; when necessary, we use Ck to stress its dependence on a constant

k. For two real numbers x and y, x _ y ” max tx, yu. For a random variable Y ,

the conditional expectation E r¨|Fs is denoted by EF r¨s. For a constant p ě 1, we

write }Y }p “ pE r}Y }psq1{p and }Y }F ,p “ pEF r}Y }
p
sq

1{p
. For a sub σ-field G Ď F

and a sequence of random variables ζn, we write ζn
L|G
ÝÝÑ ζ if the G-conditional law

converges in probability to that of ζ under a metric that is associated with the weak

convergence of probability measures. Throughout the proof, we will use i to index

cross-sectional units and j to index observations along the time dimension. For

simplicity, we denote
řNn
i“1 and

řMn´kn
j“kn

by
ř

i and
ř

j, respectively. In addition, we

set

bi,t ” αi,t ` λ
ᵀ
i bf,t, Xi,t ” Xi,0 `X

1
i,t `

ÿ

sďt

∆Xi,s,

X 1
i,t ” X 1

i,f,t `
rX 1
i,t, X 1

i,f,t ”

ż t

0

bi,sds`

ż t

0

λᵀi σf,sdWs,

rX 1
i,t ”

ż t

0

rσi,sdĂWi,s, pV 1i,j∆n
”

1

kn∆n

kn
ÿ

u“1

`

∆n
j`uX

1
i

˘2
.

Following a standard localization argument, it is no restriction to impose the

following assumption, which is slightly stronger than Assumption 13.

Assumption 23. Suppose Assumption 13 holds with τ1 “ 8. The processes pαiqiě1,

bf , σf and prVikqi,kě1 are globally uniformly bounded and for some λ-integrable function
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J : E ÞÑ R, |δi pω, t, vq |
r ď Jpvq and |δ̆i pω, t, vq |

2 ď Jpvq, for all i, ω P Ωp0q, t ě 0

and v P E. Moreover, the processes pViqiě1 uniformly take values in a convex compact

subset of V.

The following lemma presents several known estimates regarding Itô semimartin-

gales and the spot variance process, some of which are nontrivial (see (4.8), (4.11)

and Lemma 4.3 in Jacod and Rosenbaum (2013) under a finite-dimensional setting).

Most of the estimates below are stated as an asset-wise result. In view of the uniform

boundedness presented in Assumption 23, it can be shown that all these estimates

hold with a universal constant C not depending on i6.

Lemma 9. Suppose Assumption 23 holds with r P r0, 1q and let ϕ be one of Xi, α,

bf , b, σf , rσ, or any power of them. Then, for some deterministic sequence φn Ñ 0,

we have

(i) }E rϕt`u ´ ϕt|Fts} ď Cs, E
“

supuPr0,ss }ϕt`u ´ ϕt}
q
|Ft

‰

ď Cqs
1^pq{2q, for

q ě 0;

(ii) E
“

supuPr0,ss
ˇ

ˇX 1
i,t`u ´X

1
i,t

ˇ

ˇ

q
|Ft

‰

ď Cqs
q{2, for q ě 0;

(iii) E
”
ˇ

ˇ

ˇ

pVi,j∆n ´
pV 1i,j∆n

ˇ

ˇ

ˇ

q

|Fj∆n

ı

ď Cqφn∆
p2q´rq$`1´q
n , for q ě 1;

(iv) E
”
ˇ

ˇ

ˇ

pV 1i,j∆n
´ Vi,j∆n

ˇ

ˇ

ˇ

q

|Fj∆n

ı

ď Cq

´

k
´q{2
n ` kn∆n

¯

, for q ě 2;

(v)
ˇ

ˇ

ˇ
E
”

ppV 1i,j∆n
´ Vi,j∆nq

2|Fj∆n

ı

´ 2k´1
n V 2

i,j∆n

ˇ

ˇ

ˇ
ď C∆

1{2
n

´

k
´1{2
n ` kn∆

1{2
n

¯

.

Proof of Proposition 5. The proof consists of two lemmas. Lemma 10 below

gives an important auxiliary estimate regarding the difference of truncated squared

6 Note that the constants in Burkholder-Davis-Gundy inequalities are independent of the choice of
the local martingale and that the constants in Corollary 2.1.9 in Jacod and Protter (2012) depend
on J and λ, both independent of i.
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returns, built on which Lemma 11 proves the claim in Proposition 5. Note that under

Assumption 23, V i,j∆n is globally uniformly bounded. Next, we set

Zn
i,j ”

ˆ

∆n
j`1Xi
?

∆n

˙2

1
t|∆n

j`1Xi|ďunu
´

ˆ

∆n
j`1X

1
i

?
∆n

˙2

1
t|∆n

j`1X
1
i|ďunu

.

Then, we have the following result.

Lemma 10. Under assumption 14, 19 and 23, we have for any q ě 1

E
„

sup
1ďiďNn

ˇ

ˇZn
i,j

ˇ

ˇ |Fj∆n



“ o
`

∆p2´rq$´ρ{q
n

˘

.

Proof. Note that px ` yq2 ´ x2 ď p|y| ` |y|2qp1 ` |x|q. Following the proof of

Lemma 13.2.6 in Jacod and Protter (2012) (with s1 “ 2, s “ 1 and p1 “ 1 in that

lemma), we deduce

ˇ

ˇpx` yq2 1t|x`y|ďun{
?

∆nu
´ pxq2 1t|x|ďun{

?
∆nu

ˇ

ˇ

ď C

ˆ

∆n |x|
1`2{p1´2$q

` p1` |x|q

ˆ

|y| ^ 1` |y|2 ^
´

un{
a

∆n

¯2
˙˙

.(4.20)

Let Y ” J ‹ µ, then |∆n
j`1X

2
i | ď |∆n

j`1Y | for all i. Applying (4.20) with x “

∆n
j`1X

1
i{
?

∆n and y “ ∆n
j`1X

2
i {
?

∆n, we get

ˇ

ˇZn
i,j

ˇ

ˇ ď C∆n

ˇ

ˇ

ˇ

ˇ

∆n
j`1X

1
i

?
∆n

ˇ

ˇ

ˇ

ˇ

1`2{p1´2$q

` C

ˆ

1`

ˇ

ˇ

ˇ

ˇ

∆n
j`1X

1
i

?
∆n

ˇ

ˇ

ˇ

ˇ

˙ˆˇ

ˇ

ˇ

ˇ

∆n
j`1Y
?

∆n

ˇ

ˇ

ˇ

ˇ

^ 1

˙

`C

ˆ

1`

ˇ

ˇ

ˇ

ˇ

∆n
j`1X

1
i

?
∆n

ˇ

ˇ

ˇ

ˇ

˙

¨

˝

´

un{
a

∆n

¯2

˜

ˇ

ˇ∆n
j`1Y

ˇ

ˇ

∆$
n

^ 1

¸2
˛

‚. (4.21)
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LetH be the σ-field generated by the restriction of the measure µ, and pGtq be the

smallest filtration containing (Ft) and with H Ă G0. Then, from (4.21) we observe

E
„

sup
i

ˇ

ˇZn
i,j

ˇ

ˇ |Fj∆n



ď C∆nE

«

sup
i

ˇ

ˇ

ˇ

ˇ

∆n
j`1X

1
i

?
∆n

ˇ

ˇ

ˇ

ˇ

1`2{p1´2$q

|Fj∆n

ff

`CE
„ˆ

ˇ

ˇ

ˇ

ˇ

∆n
j`1Y
?

∆n

ˇ

ˇ

ˇ

ˇ

^ 1

˙

|Fj∆n



`CE
„ˆ

ˇ

ˇ

ˇ

ˇ

∆n
j`1Y
?

∆n

ˇ

ˇ

ˇ

ˇ

^ 1

˙

E
„

sup
i

ˇ

ˇ

ˇ

ˇ

∆n
j`1X

1
i

?
∆n

ˇ

ˇ

ˇ

ˇ

|Gj∆n



|Fj∆n



`CE

»

–

ˆ

un
?

∆n

˙2
˜

ˇ

ˇ∆n
j`1Y

ˇ

ˇ

∆$
n

^ 1

¸2

|Fj∆n

fi

fl

`CE

»

–E
„

sup
i

ˇ

ˇ

ˇ

ˇ

∆n
j`1X

1
i

?
∆n

ˇ

ˇ

ˇ

ˇ

|Gj∆n

ˆ

un
?

∆n

˙2
˜

ˇ

ˇ∆n
j`1Y

ˇ

ˇ

∆$
n

^ 1

¸2

|Fj∆n

fi

fl .(4.22)

From here, a maximal inequality, Proposition 2.1.10(a) in Jacod and Protter

(2012) and Lemma 9(ii) imply that for any m ě 1, q ě 1 and some constant C

(independent of i)

E
„

sup
i

ˇ

ˇ

ˇ

ˇ

∆n
j`1X

1
i

?
∆n

ˇ

ˇ

ˇ

ˇ

m

|Gj∆n



ď

"

E
„ˆ

sup
i

ˇ

ˇ

ˇ

ˇ

∆n
j`1X

1
i

?
∆n

ˇ

ˇ

ˇ

ˇ

m˙q

|Gj∆n

*1{q

ď CN1{q
n sup

i

"

E
„
ˇ

ˇ

ˇ

ˇ

∆n
j`1X

1
i

?
∆n

ˇ

ˇ

ˇ

ˇ

mq

|Gj∆n

*1{q

ď C∆´ρ{q
n . (4.23)

Next, in view of Corollary 2.1.9 in Jacod and Protter (2012), we deduce that for
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some sequence φn Ñ 0 and some constant C,

E

»

–

˜

ˇ

ˇ∆n
j`1Y

ˇ

ˇ

∆$
n

^ 1

¸2

|Fj∆n

fi

fl ď C∆1´r$
n φn;

E

«˜

ˇ

ˇ∆n
j`1Y

ˇ

ˇ

?
∆n

^ 1

¸

|Fj∆n

ff

ď ∆1´r{2
n φn. (4.24)

Combining (4.23) and (4.24), we deduce that the majorant side of (4.22) is bounded

by Cp∆
1´ρ{q
n _ φn∆

p2´rq$´ρ{q
n q. This finishes the proof of the lemma. Q.E.D.

Below, we shall show that pVi,j∆n approximates V i,j∆n uniformly over both i and

j. This is an extension of Lemma A2 in Li and Xiu (2016) to a large cross-sectional

setting.

Lemma 11. Under assumption 14, 19 and 23, we have

sup
1ďiďNn, 0ďjďMn´kn

ˇ

ˇ

ˇ

pVi,j∆n ´ V i,j∆n

ˇ

ˇ

ˇ
“ opp1q.

Proof. By Itô’s formula, there exists a Cp (independent of i and j), such that for

any p ě 1

›

›

›

pV 1i,j∆n
´ V i,j∆n

›

›

›

p
ď Cpk

´1{2
n .

Applying a maximal inequality and choosing p ą 2pρ` 1q{ι, we get

›

›

›

›

sup
1ďiďNn, 0ďjďMn´kn

ˇ

ˇ

ˇ

pV 1i,j∆n
´ V i,j∆n

ˇ

ˇ

ˇ

›

›

›

›

p

ď N1{p
n sup

1ďiďNn

›

›

›

›

sup
0ďjďMn´kn

ˇ

ˇ

ˇ

pV 1i,j∆n
´ V i,j∆n

ˇ

ˇ

ˇ

›

›

›

›

p

ď CpN
1{p
n M1{p

n k´1{2
n “ Cp∆

ι{2´pρ`1q{p
n Ñ 0. (4.25)
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Next, observe that for any q ě 1

E
„

sup
1ďiďNn, 0ďjďMn´kn

ˇ

ˇ

ˇ

pVi,j∆n
´ pV 1i,j∆n

ˇ

ˇ

ˇ



ď
1

kn∆n

tT {∆nu
ÿ

j“1

E
„

sup
i

ˇ

ˇ

ˇ

`

∆n
jXi

˘2
1t|∆n

jXi|ďunu
´
`

∆n
jX

1
i

˘2
ˇ

ˇ

ˇ



ď
1

kn∆n

tT {∆nu
ÿ

j“1

E
„

sup
i

ˇ

ˇ

ˇ

`

∆n
jX

1
i

˘2
1t|∆n

jX
1
i|ąunu

ˇ

ˇ

ˇ



` o
`

∆p2´rq$´1`ι´ρ{q
n

˘

ď O
`

∆qp1{2´$q´1`ι´ρ
n

˘

` o
`

∆p2´rq$´1`ι´ρ{q
n

˘

, (4.26)

where the first inequality is obvious, the second inequality follows from the triangle

inequality and Lemma 10, and the third inequality is due to a maximal inequality and

Lemma 9(ii). In view of the maintained restrictions on ι and $ (see Assumption 19),

the right side of (4.26) goes to zero for a large enough q.

Combining (4.25) and (4.26) yields the assertion of the lemma. Q.E.D.

This finishes the proof of Proposition 5. Based on Assumption 23 and Proposi-

tion 5, it is no restriction to assume that pVi,j∆n uniformly take values in a compact

set. Below, this assumption is implicitly imposed without further mention. Next,

we shall show a couple results pertaining to the weak law of large numbers. In the

sequel, we set Gn,i,j ” G pVi,j∆n , ziq.

Lemma 12. Suppose Assumption 14, 16, 19, 20 and 23 hold, then we have

paq
∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´G
ᵀ
n,i,j “

ż T

0

ΣGG,sds` opp1q;

pbq
∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´
pG1ᵀn,i,j “

ż T

0

ΣGG,sds` opp1q,
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Proof. (a) Note that the Taylor theorem, Lemma 9(iii,iv), Assumption 16, the

maintained restrictions on ι and $ in Assumption 19 and the fact that Vi,t take

values in a compact set readily imply that Er}GppVi,j∆n , ziq´GpVi,j∆n , ziq}s ď Ck
´1{2
n .

This, along with the triangle inequality, Lemma 9(i) and Assumption 16, implies

E
”
›

›

›
G
´

pVi,j∆n´, zi

¯

´G pVi,j∆n , ziq
›

›

›

ı

ď Ck´1{2
n . (4.27)

It is easy to see that (4.27) implies

∆n

Nn

ÿ

i

ÿ

j

´

pGn,i,j´ ´Gn,i,j

¯

Gᵀ
n,i,j “ Op

`

k´1{2
n

˘

. (4.28)

From here, it is enough to show

∆n

Nn

ÿ

i

ÿ

j

Gn,i,jG
ᵀ
n,i,j “

ż T

0

ΣGG,sds` opp1q. (4.29)

To this end, let G pn, i, tq “ Gn,i,j, when pj ´ 1q∆n ď t ă j∆n, j ě 1. Then, the left

side of (4.29) can be written as

ż pMn´knq∆n

pkn´1q∆n

1

Nn

ÿ

i

G pn, i, sqG pn, i, sqᵀ ds “ ζ1,n ` ζ2,n,

where

ζ1,n “

ż pMn´knq∆n

pkn´1q∆n

1

Nn

ÿ

i

G pVi,s, ziqG pVi,s, ziq
ᵀ ds

ζ2,n “

ż pMn´knq∆n

pkn´1q∆n

1

Nn

ÿ

i

pG pn, i, sqG pn, i, sqᵀ ´G pVi,s, ziqG pVi,s, ziq
ᵀ
q ds
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Assumption 20 and the dominated convergence theorem immediately yield ζ1,n
P
ÝÑ

şT

0
ΣGG,sds. Again, by Lemma 9(i), E r}G pVi,j∆n , ziq ´GpVi,s, ziq}s ď C

?
∆n for all i

and pj ´ 1q∆n ď s ă j∆n. This and the triangle inequality imply that ζ2,n “ opp1q.

From here, assertion (a) of the lemma follows.

(b) Since we assume pVi,j∆n´ take values in a compact set (due to Proposition 5),

pGn,i,j´ is uniformly bounded. Upon view the definition of BG p¨q and applying a

similar argument as in part (a), it is easy to see that

∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´

´

pG1ᵀn,i,j ´G
ᵀ
n,i,j

¯

“ opp1q.

This, combined with part (a), gives the desired convergence, completing the proof.

Q.E.D.

Recall that

An ”

#

∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´
pG1ᵀn,i,j is invertible.

+

.

Lemma 13. Under assumption 14, 16, 19, 20, 21 and 23, we have P pAnq Ñ 1.

Proof. For notational simplicity, let pXn ” ∆n

Nn

ř

i

ř

j
pGn,i,j´

pG1ᵀn,i,j. It has been shown

in Lemma 12 that pXn
P
ÝÑ

şT

0
ΣGG,sds. Assumption 21 and the continuous mapping

theorem imply that for some constant C ą 0, detp pXnq
P
ÝÑ detp

şT

0
ΣGG,sdsq ě C, where

det pAq is the determinant of a square matrix A. Picking ζ “ C{2, we deduce

P pAnq ě P
´

det
´

pXn
¯

ą ζ
¯

Ñ 1,

which proves the claim. Q.E.D.
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4.5.2 Proof of Theorem 1

Before proving theorem 4, four lemmas are needed to characterize asymptotic be-

havior of different components in the model. In particular, Lemma 14 provides the

convergence in F0-conditional law for the cross-sectional unobserved heterogeneity;

Lemma 15 shows the asymptotic negligibility of the noise; Lemma 16 shows an-

other result regarding the weak law of large numbers; and Lemma 17 provides the

stable convergence in law for volatility functionals upon cross-sectional aggregation.

Lemma 17 is proved in the spirit of Jacod and Rosenbaum (2013) but is different

than that paper in two ways: first, it concerns a setting where the dimension of the

panel grows to infinity simultaneously with the shrinkage of the sampling duration,

which necessitates a further decomposition of nonparametric estimation errors; sec-

ond, it is based on a spatial localization argument for a large cross-section so that

the test functions G p¨q do not need to satisfy a polynomial growth condition which

is originally imposed by Jacod and Rosenbaum (2013).

Lemma 14. Let

Hn “
∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´G
ᵀ
n,i,jΨiεi;

Then, under the Assumption 14, 16, 18–21 and 23, we have

paq ∆´1{2
n Hn

L|F0

ÝÝÝÑMN
`

0, γ´1Ξη

˘

, if Nn∆n Ñ γ;

pbq ∆´1{2
n Hn “ opp1q, if Nn∆n Ñ 8;

pcq
a

NnHn
L|F0

ÝÝÝÑMN
`

0,Ξη

˘

, if Nn∆n Ñ 0.
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where

Ξη ”

ż T

0

ż T

0

ΣΨ,s,udsdu.

Proof. Case (a). Suppose Nn∆n Ñ γ.

First, we shall show that rΞη ” EF0r∆´1
n HnHᵀ

ns “ γ´1Ξη ` opp1q. In view of

Assumption 18(i,ii,iv), one can write

rΞη “
∆n

N2
n

ÿ

i

«

ÿ

j

pGn,i,j´G
ᵀ
n,i,j

ff

ΨiΨ
ᵀ
i

«

ÿ

j

Gn,i,j
pGᵀ
n,i,j´

ff

.

With an appeal to (4.27), Assumption 16 and Assumption 18(ii),

rΞη “
∆n

N2
n

ÿ

i

«

ÿ

j

Gn,i,jG
ᵀ
n,i,j

ff

ΨiΨ
ᵀ
i

«

ÿ

j

Gn,i,jG
ᵀ
n,i,j

ff

` opp1q.

Let rG pn, i, s, uq ” GpVi,j∆n , ziqGpVi,j∆n , ziq
ᵀΨiΨ

ᵀ
iGpVi,v∆n , ziqGpVi,v∆n , ziq

ᵀ when

pj ´ 1q∆n ď s ă j∆n and pv ´ 1q∆n ď u ă v∆n for j, v ě 1. Next, observe that

rΞη “
1

Nn∆n

∆2
n

ÿ

j

ÿ

v

1

Nn

ÿ

i

Gn,i,jG
ᵀ
n,i,jΨiΨ

ᵀ
iGn,i,vG

ᵀ
n,i,v ` opp1q

“
1

Nn∆n

ż pMn´knq∆n

pkn´1q∆n

ż pMn´knq∆n

pkn´1q∆n

1

Nn

ÿ

i

rG pn, i, s, uq dsdu` opp1q.

Consecutively using the triangle inequality, Lemma 9(i) and Assumption 16 imply

that for fixed i, s and u,

E
”ˇ

ˇ

ˇ

rG pn, i, s, uq ´G pVi,s, ziqG pVi,s, ziq
ᵀ ΨiΨ

ᵀ
iG pVi,u, ziqG pVi,u, ziq

ᵀ
ˇ

ˇ

ˇ

ı

ď C
a

∆n.
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From here, Assumption 20(iii), the bounded convergence theorem and the assump-

tion that Nn∆n Ñ γ yield

rΞη
P
ÝÑ γ´1

ż T

0

ż T

0

ΣΨ,s,udsdu, (4.30)

which gives the F0-conditional covariance matrix.

Next, consider a Liapunov-type condition. Observe that

ÿ

i

EF0

»

–

›

›

›

›

›

∆
1{2
n

Nn

ÿ

j

pGn,i,j´G
ᵀ
n,i,jΨiεi

›

›

›

›

›

4
fi

fl

ď C
1

N4
n∆n

ÿ

i

ÿ

j

EF0

“

}Ψi}
4
}εi}

4
‰

“ O

ˆ

1

Nn

˙

,

where we used Assumption 18(ii,iii), Assumption 16, the assumption that Vi and

pVi,j∆n´ take values in compact sets. Note that for any subsequence N1 Ď N, there

exists a further subsequence N2 Ď N1, along which (4.30) occurs almost surely. Along

N2, the Lindeberg central limit theorem under F0-conditional probability gives the

desired convergence of the conditional law. The assertion (b) of the lemma follows

from reverting the subsequence argument.

Case (b). Suppose Nn∆n Ñ 8. Applying a similar argument as in step 1 of

Case 1 and using Assumption 16 immediately yield EF0r∆´1
n }Hn}

2
s “ opp1q. The

assertion (a) of the lemma readily follows.

Case (c). Suppose Nn∆n Ñ 0. Following the exact same argument as in Case 1

completes the proof. Q.E.D.
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Lemma 15. Let ςn ” N´1
n ∆

1{2
n

ř

i

ř

j
pGn,i,j´φi,j∆nχi,j. Suppose Assumption 16 and

17 hold. Then, ςn “ opp1q.

Proof. Observe that for some p ą 2,

EF0

“

}ςn}
2
‰

“ EF0

»

–∆n

›

›

›

›

›

Mn´kn
ÿ

j“kn

1

Nn

Nn
ÿ

i“1

pGn,i,j´φi,j∆nχi,j

›

›

›

›

›

2
fi

fl

“ EF0

»

–∆n

q
ÿ

d“1

˜

Mn´kn
ÿ

j“kn

1

Nn

Nn
ÿ

i“1

”

pGn,i,j´

ı

d
φi,j∆nχi,j

¸2
fi

fl

“ ∆n

q
ÿ

d“1

Mn´kn
ÿ

j“kn

1

N2
n

Nn
ÿ

i“1

”

pGn,i,j´

ı2

d
φ2
i,j∆n

EF0

“

χ2
i,j

‰

`2∆n

q
ÿ

d“1

Mn´kn
ÿ

j“kn

Mn´kn
ÿ

l“j`1

1

N2
n

Nn
ÿ

i“1

Nn
ÿ

k“1

”

pGn,i,j´

ı

d

”

pGn,k,j´

ı

d

ˆφi,j∆nφk,l∆nEF0 rχi,jχk,ls

ď
C

Nn

` 2∆n

q
ÿ

d“1

Mn´kn
ÿ

j“kn

Mn´kn
ÿ

l“j`1

1

N2
n

Nn
ÿ

i“1

”

pGn,i,j´

ı2

d
φi,j∆nφi,l∆nEF0 rχi,jχi,ls

ď
C

Nn

` C
∆n

N2
n

q
ÿ

d“1

Mn´kn
ÿ

j“kn

Mn´kn
ÿ

l“j`1

Nn
ÿ

i“1

}χi,j}F0,p }χi,l}F0,p αmix pl ´ jq
1´2{p

ď
C

Nn

` C
∆n

Nn

Mn´kn
ÿ

j“kn

Mn´kn´j
ÿ

m“1

αmix pmq
1´2{p

ď
C

Nn

,

where the first and second equalities are by definition; the third equality is from

Assumption 17(iv,v); the first inequality is from Assumption 16, Assumption 17(iv,v)
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and the assumption that pVi,j∆n´ take values in a compact set; the second inequality

is from the mixing inequality and the uniform boundedness of pGn,i,j´ and φit (upon

using a localization argument); the third inequality is by changing of variables and the

assumption that χ has finite (conditional) moment of all orders (Assumption 17(iii));

and the last inequality is by Assumption 17(ii). From here, the assertion of the lemma

readily follows. Q.E.D.

Lemma 16. Suppose Assumption 14, 16-20 and 23, then

∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´Si,j∆n “

ˆ
ż T

0

ΣGG,sds

˙

θ ` opp1q.

Proof. In view of the model specification (4.6),

∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´Si,j∆n

“ ∆n

ÿ

j

1

Nn

ÿ

i

pGn,i,j´G
ᵀ
n,i,jθ `∆n

ÿ

j

1

Nn

Nn
ÿ

i“1

pGn,i,j´G
ᵀ
n,i,jΨiεi

`∆n

ÿ

j

1

Nn

ÿ

i

pGn,i,j´φi,j∆nχi,j. (4.31)

By Lemma 14 and 15, the second and third terms on the right side of (4.31) are

asymptotically negligible. According to Lemma 12(a), the first term converges in

probability to p
şT

0
ΣGG,sdsqθ, completing the proof. Q.E.D.

Lemma 17. Let

ξn ”
1

Nn

ÿ

i

∆1{2
n

ÿ

j

pGn,i,j´

”

pG1n,i,j ´Gn,i,j

ıᵀ
θ
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Then, under the conditions of Theorem 4,

ξn
L´s
ÝÝÑMN p0,Ξξq ,

where rΞξspl,mq “ 2
şT

0
TrpVf,sΣ

plq
ΛGW,sVf,sΣ

pmq
ΛGW,sqds, for any indices l,m P t1, . . . , qu.

Proof. We first apply a spatial localization argument so that we can without loss

of generality assume that G transform is compactly supported.

By Assumption 16(i) and Assumption 23,
 

pV i,j∆n , ziq
(

1ďiďNn,0ďiďMn´kn
take val-

ues in a compact set KˆZ, where K is a compact subset of V . For some ε ą 0, con-

sider B ” KεˆZ, where Kε ” tv P V : infv1PK |v ´ v
1| ă εu. In view of Proposition 5,

we deduce that with probability approaching one, tppVi,j∆n , ziqu1ďiďNn,0ďiďMn´kn take

values in B. By C8 Urysohn’s lemma, there exists a compactly supported C8 func-

tion ψpv, zq, which takes value 1 on B and 0 on the complement of Bε (defined in the

same way as Kε using the Euclidean norm). Then, the function G‹ ” ψG coincide

with G on B and is compactly supported; hence, BvG “ BvG
‹ and BG “ BG‹ on B.

Therefore, it is no restriction to assume in the sequel that G is compactly supported.

For notational simplicity, we set ᾰn,i,j “ p∆
n
j`1X

1
iq

2´Vi,j∆n∆n and βn,i,j “ pV 1i,j∆n
´

Vi,j∆n . Recall that pV 1i,j∆n
“ pkn∆nq

´1 řkn´1
u“0 p∆

n
j`u`1X

1
iq

2, which is an infeasible spot

variance estimator using local returns of X 1. Consider the following decomposition
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ξn “
ř4
k“1 Uk,n, where

U1,n “
1

Nn

ÿ

i

1

kn
?

∆n

ÿ

j

pGn,i,j´BvG
ᵀ
n,i,jθ

kn´1
ÿ

u“0

ᾰn,i,j`u;

U2,n “
1

Nn

ÿ

i

∆1{2
n

ÿ

j

pGn,i,j´

!

G
´

pVi,j∆n , zi

¯

´G
´

pV 1i,j∆n
, zi

¯

´
1

kn

´

BG
´

pVi,j∆n , zi

¯

´ BG
´

pV 1i,j∆n
, zi

¯¯

*ᵀ

θ;

U3,n “
1

Nn

ÿ

i

∆1{2
n

ÿ

j

pGn,i,j´

!

G
´

pV 1i,j∆n
, zi

¯

´G pVi,j∆n , ziq

´BvG pVi,j∆n , ziq βn,i,j ´
1

kn
BG

´

pV 1i,j∆n
, zi

¯

*ᵀ

θ;

U4,n “
1

Nn

ÿ

i

∆1{2
n

ÿ

j

pGn,i,j´BvG
ᵀ
n,i,jθ

1

kn

kn´1
ÿ

u“0

`

Vi,pj`uq∆n ´ Vi,j∆n

˘

.

Step 1. This step shows the stable convergence in law for the leading term U1,n.

By changing of variables and the order of summations,

U1,n “
1

Nn

ÿ

i

1
?

∆n

Mn´1
ÿ

v“kn

wn,i,vᾰn,i,v,

where wn,i,v “ k´1
n

řpv´knq^pkn´1q
u“pv´Mn`knq_0

pGn,i,pv´uq´BvG
ᵀ
n,i,v´uθ. In view of the factor struc-
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ture in X 1, one can write ᾰn,i,v “ ᾰ1,n,i,v ` ᾰ2,n,i,v ` ᾰ3,n,i,v, where

ᾰ1,n,i,v “
`

∆n
v`1X

1
i,f

˘2
´ λᵀiVf,v∆nλi∆n;

ᾰ2,n,i,v “

´

∆n
v`1

rX 1
i

¯2

´ rVi,v∆n∆n;

ᾰ3,n,i,v “ 2∆n
v`1X

1
i,f∆

n
v`1

rX 1
i.

Step 1.1. In this step, we consider

U 11,n ”
1

?
∆n

Mn´1
ÿ

v“kn

1

Nn

ÿ

i

wn,i,vᾰ1,n,i,v,

and show the stable convergence in law for U 11,n.

Note that for t P r0,∆ns, X
1
i,f,t “

şt

0
λiσf,sdWs` bi,0t`

şt

0
pbi,s ´ bi,0q ds. Applying

Itô’s lemma yields that for any i, k P t1, . . . , Nnu,

X 1
i,f,tX

1
k,f,t ´ λ

ᵀ
iVf,0λkt “

ż t

0

X 1
i,f,s pbk,s ´ bk,0q ds`

ż t

0

X 1
k,f,s pbi,s ´ bi,0q ds

`bi,0

ż t

0

X 1
k,f,sds` bk,0

ż t

0

X 1
i,f,sds`

ż t

0

λᵀi pVf,s ´ Vf,0qλkds

`

ż t

0

X 1
i,f,sλ

ᵀ
kσf,sdWs `

ż t

0

X 1
k,f,sλ

ᵀ
i σf,sdWs. (4.32)

In view of Lemma 9(i,ii), the Cauchy-Schwarz inequality, the uniform boundedness

of λi and bi and the fact that λi P F0 for all i, we get

ˇ

ˇE
“

X 1
i,f,tX

1
k,f,t|F0

‰

´ λᵀiVf,0λkt
ˇ

ˇ ď Ct2 and E
“
ˇ

ˇX 1
i,f,tX

1
k,f,t ´ λ

ᵀ
iVf,0λkt

ˇ

ˇ |F0

‰

ď Ct.(4.33)

Upon shifting in time,

|E rᾰ1,n,i,v|Fv∆ns| ď C∆2
n and E r|ᾰ1,n,i,v| |Fv∆ns ď C∆n, for all v ě 0. (4.34)
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Following similar argument, applying Itô’s formula yields

`

X 1
i,f,t

˘2 `
X 1
k,f,t

˘2
“ Mt ` 2

ż t

0

X 1
i,f,s

`

X 1
k,f,s

˘2
bi,sds` 2

ż t

0

X 1
k,f,s

`

X 1
i,f,s

˘2
bk,sds

`

ż t

0

`

X 1
k,f,s

˘2
λᵀiVf,sλids`

ż t

0

`

X 1
i,f,s

˘2
λᵀkVf,sλkds

`4

ż t

0

X 1
i,f,sX

1
k,f,sλ

ᵀ
iVf,sλkds, (4.35)

where Mt is a local martingale that vanishes at t “ 0. With an appeal to (4.33), the

Cauchy-Schwarz inequality and the classic estimates on Itô semimartingales,

ˇ

ˇ

ˇ
E
”

`

X 1
i,f,t

˘2 `
X 1
k,f,t

˘2
|F0

ı

´ λᵀiVf,0λiλ
ᵀ
kVf,0λkt

2
´ 2 pλᵀiVf,0λkq

2 t2
ˇ

ˇ

ˇ
ď Ct5{2. (4.36)

Upon shifting in time and combining (4.34), one can deduce

ˇ

ˇ

ˇ
E rᾰ1,n,i,vᾰ1,n,k,v|Fv∆ns ´ 2 pλᵀiVf,v∆nλkq

2 ∆2
n

ˇ

ˇ

ˇ
ď C∆5{2

n . (4.37)

Clearly, wn,i,v is Fv∆n-measurable and ᾰ1,n,i,v is Fpv`1q∆n-measurable. To get the

desired stable convergence in law, it is enough to apply Theorem IX 7.2.8 in Jacod

and Shiryaev (2003) (with G “ 0 and Z “ 0 in that theorem) and show the following
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sufficient conditions for any indices l,m P t1, . . . , qu

piq
1

?
∆n

Mn´1
ÿ

v“kn

1

Nn

ÿ

i

wn,i,vE rᾰ1,n,i,v|Fv∆ns “ opp1q;

piiq
1

∆n

Mn´1
ÿ

v“kn

E

«˜

1

Nn

ÿ

i

rwn,i,vsl ᾰ1,n,i,v

¸˜

1

Nn

ÿ

i

rwn,i,vsm ᾰ1,n,i,v

¸

|Fv∆n

ff

“ 2

ż T

0

Tr
´

Vf,sΣ
plq
ΛGW,sVf,sΣ

pmq
ΛGW,s

¯

ds` opp1q;

piiiq
1

∆2
n

Mn´1
ÿ

v“kn

E

»

–

›

›

›

›

›

1

Nn

ÿ

i

wn,i,vᾰ1,n,i,v

›

›

›

›

›

4

|Fv∆n

fi

fl “ opp1q;

pivq
1

?
∆n

Mn´1
ÿ

v“kn

E

«

1

Nn

ÿ

i

wn,i,vᾰ1,n,i,v∆
n
v`1M |Fv∆n

ff

“ opp1q,

where M is W d for some d or an arbitrary bounded martingale orthogonal to W .

Condition (i). In view of (4.34), Assumption 16 and the assumption that G is

compactly supported, the left side is Opp∆
1{2
n q.

Condition (ii). Let w0
n,i,v “ k´1

n

řpv´knq^pkn´1q
u“pv´Mn`knq_0Gn,i,pv´uqBvG

ᵀ
n,i,v´uθ. In view of

(4.27), Assumption 16 and the assumption that G is compactly supported, we deduce

E
“
›

›wn,i,v ´ w
0
n,i,v

›

›

‰

ď Ck´1{2
n . (4.38)

Further let w0 pn, i, tq ” w0
n,i,v and Vf pn, tq ” Vf,v∆n when pv ´ 1q∆n ď t ă v∆n,

for v ě 1. Due to the triangle inequality, the Taylor theorem, Lemma 9(i) and

Assumption 16, when 2kn ´ 1 ď v ďMn ´ kn and pv ´ 1q∆n ď t ă v∆n,

E
“
›

›w0
pn, i, tq ´G pVi,t, ziq BvG pVi,t, ziq

ᵀ θ
›

›

‰

ď C
a

kn∆n. (4.39)
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Next, consider the following calculation

1

∆n

Mn´1
ÿ

v“kn

E

«˜

1

Nn

ÿ

i

rwn,i,vsl α1,n,i,v

¸˜

1

Nn

ÿ

i

rwn,i,vsm α1,n,i,v

¸

|Fv∆n

ff

“
1

∆n

Mn´1
ÿ

v“kn

1

N2
n

Nn
ÿ

i“1

Nn
ÿ

k“1

rwn,i,vsl rwn,k,vsm

ˆ

´

E rα1,n,i,vα1,n,k,v|Fv∆ns ´ 2 pλᵀiVf,v∆nλkq
2 ∆2

n

¯

`
2

∆n

Mn´1
ÿ

v“kn

1

N2
n

Nn
ÿ

i“1

Nn
ÿ

k“1

rwn,i,vsl rwn,k,vsm pλ
ᵀ
iVf,v∆nλkq

2 ∆2
n

“ 2
∆n

N2
n

Mn´1
ÿ

v“kn

Tr

˜

Vf,v∆n

ÿ

i

λiλ
ᵀ
i rwn,i,vsl Vf,v∆n

ÿ

k

λkλ
ᵀ
k rwn,k,vsm

¸

`Opp∆
1{2
n q

“
2

N2
n

ż pMn´1q∆n

pkn´1q∆n

Tr

˜

Vf pn, sq
ÿ

i

λiλ
ᵀ
i

“

w0
pn, i, sq

‰

l

ˆ Vf pn, sq
ÿ

k

λkλ
ᵀ
k

“

w0
pn, k, sq

‰

m

¸

ds`Oppk
´1{2
n q `Opp∆

1{2
n q

“
2

N2
n

ż pMn´knq∆n

p2kn´2q∆n

Tr

˜

Vf pn, sq
ÿ

i

λiλ
ᵀ
i rG pVi,s, ziq BvG pVi,s, ziq

ᵀ θsl

ˆVf pn, sq
ÿ

k

λkλ
ᵀ
k rG pVk,s, zkq BvG pVk,s, zkq

ᵀ θsm

¸

ds

`Oppk
´1{2
n q `Opp

a

kn∆nq

“ 2

ż T

0

Tr
´

Vf,sΣ
plq
ΛGW,sVf,sΣ

pmq
ΛGW,s

¯

ds` opp1q,

where the first equality is obvious; the second equality is from (4.37), Assumption 16,

145



the assumption that Vi,j∆n´ and pVi,j∆n´ take values in compact sets, and properties

of the trace operator; the third equality follows from (4.38) and the definitions of

w0 pn, i, sq and Vf pn, sq; the fourth equality follows from (4.39); the last equality is

due to Assumption 20(iv) and the bounded convergence theorem.

Condition (iii). Due to Assumption 16, the assumption that Vi,j∆n´ and pVi,j∆n´

take values in compact sets, and Lemma 9(ii), the left side is bounded by

C

∆2
n

Mn´1
ÿ

v“0

N´1
n

Nn
ÿ

i“1

E
“

α4
1,n,i,v|Fv∆n

‰

“ Op p∆nq .

Condition (iv). The result immediately follows from Lemma 4.5 in Jacod and

Rosenbaum (2013). This finishes the proof of Step 1.1.

Step 1.2. This step shows U21,n “ opp1q, where

U21,n ”
1

?
∆n

Mn´1
ÿ

v“kn

1

Nn

ÿ

i

wn,i,vᾰ2,n,i,v.

Similar to Step 1.1, Itô’s formula gives

´

rX 1
i,t

¯2

“ Mt `

ż t

0

rVi,sds;

´

rX 1
i,t

¯2 ´

rX 1
k,t

¯2

“ Mt `

ż t

0

´

rX 1
k,s

¯2
rVi,sds`

ż t

0

´

rX 1
i,s

¯2
rVk,sds

`4

ż t

0

rX 1
i,s

rX 1
k,s

rVik,sds,

where Mt is a local martingale that vanishes at t “ 0. Then, Lemma 9(i,ii), the
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Cauchy-Schwarz inequality and a similar argument as (4.33) imply

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ˇ

ˇ

ˇ

ˇ

E
„

´

rX 1
i,t

¯2


´ rVi,0t

ˇ

ˇ

ˇ

ˇ

ď Ct2

ˇ

ˇ

ˇ

ˇ

E
„

´

rX 1
i,t

¯4


´ 3rV 2
i,0t

2

ˇ

ˇ

ˇ

ˇ

ď Ct5{2

ˇ

ˇ

ˇ

ˇ

E
„

´

rX 1
i,t

¯2 ´

rX 1
k,t

¯2


´ rVi,0rVk,0t
2 ´ 2rV 2

ik,0t
2

ˇ

ˇ

ˇ

ˇ

ď Ct5{2, if i ‰ k.

(4.40)

From here, shifting in time yields

$

’

’

&

’

’

%

|E rᾰ2,n,i,v|Fv∆ns| ď C∆2
n

ˇ

ˇ

ˇ
E
“

ᾰ2
2,n,i,v|Fv∆n

‰

´ 2rV 2
i,v∆n

∆2
n

ˇ

ˇ

ˇ
ď C∆

5{2
n

ˇ

ˇ

ˇ
E rᾰ2,n,i,vᾰ2,n,k,v|Fv∆ns ´ 2rV 2

ik,v∆n
∆2
n

ˇ

ˇ

ˇ
ď C∆

5{2
n , if i ‰ k.

(4.41)

Observe that U21,n “ ζn ` ζ
1
n, where

ζn “
1

?
∆n

Mn´1
ÿ

v“kn

˜

1

Nn

ÿ

i

wn,i,vᾰ2,n,i,v ´ E

«

1

Nn

ÿ

i

wn,i,vᾰ2,n,i,v|Fv∆n

ff¸

;

ζ 1n “
1

Nn

ÿ

i

1
?

∆n

Mn´1
ÿ

v“kn

wn,i,vE rᾰ2,n,i,v|Fv∆ns .

Due to (4.41), Assumption 16 and the assumption that G is compactly supported,

we have ζ 1n “ Opp∆
1{2
n q. It remains to show ζn “ opp1q. Let ηv,n denote the summand

in ζn, so that one can write ζn “ ∆
´1{2
n

řMn´1
v“kn

ηv,n. Note that pηv,nqvě0 form a
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martingale difference array; hence

E
“

}ζn}
2
‰

ď
C

∆n

Mn´1
ÿ

v“kn

E

»

–E

»

–

›

›

›

›

›

1

Nn

ÿ

i

wn,i,vᾰ2,n,i,v

›

›

›

›

›

2

|Fv∆n

fi

fl

fi

fl

ď
C

∆n

Mn´1
ÿ

v“kn

E

»

–

q
ÿ

l“1

E

»

–

˜

1

Nn

ÿ

i

rwn,i,vsl ᾰ2,n,i,v

¸2

|Fv∆n

fi

fl

fi

fl

ď
C

∆n

Mn´1
ÿ

v“kn

E

«

q
ÿ

l“1

1

N2
n

Nn
ÿ

i“1

Nn
ÿ

k“1

rwn,i,vsl rwn,k,vsl E rᾰ2,n,i,vᾰ2,n,k,v|Fv∆ns

ff

ď
C

∆n

Mn´1
ÿ

v“kn

E

«

1

N2
n

Nn
ÿ

i“1

´

E
“

ᾰ2
2,n,i,v|Fv∆n

‰

´ 2rV 2
i,v∆n

∆2
n

¯

ff

`
C

∆n

Mn´1
ÿ

v“kn

E

«

1

N2
n

ÿ

i‰k

E rᾰ2,n,i,vᾰ2,n,k,v|Fv∆ns ´ 2rV 2
ik,v∆n

∆2
n

ff

`C∆n

Mn´1
ÿ

v“kn

E

«

1

N2
n

ÿ

i

rV 2
i,v∆n

ff

` C∆n

Mn´1
ÿ

v“kn

E

«

1

N2
n

ÿ

i‰k

rV 2
ik,v∆n

ff

“ O
`

∆1{2
n N´1

n

˘

`O
`

∆1{2
n

˘

`O
`

N´1
n

˘

`O
´

∆ρ´ρ1

n

¯

,

where the first line is from the property of martingale difference arrays; the second to

fourth inequalities are from simple calculations, Assumption 16 and the assumption

that G is compactly supported; and last line is from (4.41), the bounded convergence

theorem and Assumption 15. Hence, we have ζn “ opp1q.

Step 1.3. This step shows U31,n “ opp1q, where

U31,n ”
1

?
∆n

Mn´1
ÿ

v“kn

1

Nn

ÿ

i

wn,i,vᾰ3,n,i,v.
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Similar to the previous steps, in view of the orthogonality between ĂW and Wf ,

applying Itô’s formula yields for any i, k “ t1, . . . , Nnu

X 1
i,f,t

rX 1
i,t “ Mt `

ż t

0

rX 1
i,sbi,sds;

X 1
i,f,t

rX 1
i,tX

1
k,f,t

rX 1
k,t “ Mt `Bt ` λ

ᵀ
iVf,0λk

ż t

0

rX 1
i,s

rX 1
k,sds`

ż t

0

X 1
i,f,sX

1
k,f,s

rVik,sds,

where Mt is a local martingale that vanishes at t “ 0; Bt is a drift term such that

E rBt|F0s ď Ct5{2 (from consecutive use of the Cauchy-Schwarz inequality). In view

of (4.40), we have

$

’

’

’

’

&

’

’

’

’

%

ˇ

ˇ

ˇ
E
”

X 1
i,f,t

rX 1
i,t|F0

ıˇ

ˇ

ˇ
ď Ct2,

ˇ

ˇ

ˇ

ˇ

E
„

`

X 1
i,f,t

˘2
´

rX 1
i,t

¯2

|F0



´ λᵀiVf,0λi
rVi,0t

2

ˇ

ˇ

ˇ

ˇ

ď Ct5{2, if i “ k,
ˇ

ˇ

ˇ
E
”

X 1
i,f,t

rX 1
i,tX

1
k,f,t

rX 1
k,t|F0

ı

´ λᵀiVf,0λk
rVik,0t

2
ˇ

ˇ

ˇ
ď Ct5{2, if i ‰ k,

(4.42)

which, in turn, implies

$

’

’

&

’

’

%

|E rᾰ3,n,i,v|Fv∆ns| ď C∆2
n;

ˇ

ˇ

ˇ
E
“

α2
3,n,i,v|Fv∆n

‰

´ 4λᵀiVf,v∆nλirVi,v∆n∆2
n

ˇ

ˇ

ˇ
ď C∆

5{2
n ;

ˇ

ˇ

ˇ
E rα3,n,i,vα3,n,k,v|Fv∆ns ´ 4λᵀiVf,v∆nλk rVik,v∆n∆2

n

ˇ

ˇ

ˇ
ď C∆

5{2
n , if i ‰ k.

(4.43)

Following the exact same argument as in Step 1.2 (decomposing U31,n into two

parts that are analogous to ζn and ζ 1n, with α2,n,i,v replaced by α3,n,i,v), it is easy

to see that ζ 1n “ opp1q upon using (4.43). Now, observe that in order to prove the

desired result, it is enough to show

1

∆n

Mn´1
ÿ

v“kn

E

»

–

q
ÿ

l“1

E

»

–

˜

1

Nn

ÿ

i

rwn,i,vsl ᾰ3,n,i,v

¸2

|Fv∆n

fi

fl

fi

fl “ op1q.
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Note that the left side of the last equality is bounded by

1

∆n

Mn´1
ÿ

v“kn

E

«

q
ÿ

l“1

1

N2
n

Nn
ÿ

i“1

Nn
ÿ

k“1

rwn,i,vsl rwn,k,vsl E rᾰ3,n,i,vᾰ3,n,k,v|Fv∆ns

ff

ď
C

∆n

Mn´1
ÿ

v“kn

E

«

1

N2
n

ÿ

i

´

E
“

ᾰ2
3,n,i,v|Fv∆n

‰

´ 4λᵀiVf,v∆nλirVi,v∆n∆2
n

¯

ff

`
C

∆n

Mn´1
ÿ

v“kn

E

«

q
ÿ

l“1

1

N2
n

ÿ

i‰k

E rᾰ3,n,i,vᾰ3,n,k,v|Fv∆ns ´ 4λᵀiVf,v∆nλk rVik,v∆n∆2
n

ff

`C∆n

Mn´1
ÿ

v“kn

E

«

1

N2
n

ÿ

i

λᵀiVf,v∆nλirVi,v∆n

ff

` C∆n

Mn´1
ÿ

v“kn

E

«

1

N2
n

ÿ

i‰k

rVik,v∆n

ff

“ O
`

∆1{2
n N´1

n

˘

`O
`

∆1{2
n

˘

`O
`

N´1
n

˘

`O
´

∆ρ{2´ρ1{2
n

¯

,

where we used Assumption 16 and the assumption that G is compactly supported,

the estimates in (4.43), the bounded convergence theorem, the Cauchy-Schwarz in-

equality and Assumption 15.

The proof of Step 1 completes upon combining Step 1.1–1.3.

Step 2. This step concerns the asymptotic negligibility of U2,n, U3,n and U4,n.

Upon noticing that pGn,i,j´ is uniformly bounded and is Fj∆n-measurable, we can

show these three terms are opp1q by adapting the proof of Lemma 4.4 in Jacod and

Rosenbaum (2013). The adaptation is simple but somewhat tedious. Since G is

compactly supported, we only need $ P r1{p2p2´ rqq, 1{2q, which is slightly weaker

than the restriction in Jacod and Rosenbaum (2013), and can be implied by the
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maintained assumption on $. In particular, we have

paq ∆1{2
n

ÿ

j

pGn,i,j´

!

G
´

pVi,j∆n , zi

¯

´G
´

pV 1i,j∆n
, zi

¯

´
1

kn

´

BG
´

pVi,j∆n , zi

¯

´ BG
´

pV 1i,j∆n
, zi

¯¯

*ᵀ

θ “ Op

`

φn∆p2p´rq$`1{2´p
n

˘

;

pbq ∆1{2
n

ÿ

j

pGn,i,j´

!

G
´

pV 1i,j∆n
, zi

¯

´G pVi,j∆n , ziq

´BvG pVi,j∆n , ziq βn,i,j ´
1

kn
BG

´

pV 1i,j∆n
, zi

¯

*ᵀ

θ

“ Op

`

k´3{2
n ∆´1{2

n _ kn∆1{2
n _ k´1{2

n

˘

;

pcq ∆1{2
n

ÿ

j

pGn,i,j´BvG
ᵀ
n,i,jθ

1

kn

kn´1
ÿ

u“0

`

Vi,pj`uq∆n ´ Vi,j∆n

˘

“ Op

`

kn∆1{2
n

˘

.

From here, we can immediately deduce that U2,n “ opp1q, U3,n “ opp1q and U4,n “

opp1q, thus ending the proof. Q.E.D.

Proof of Theorem 1. For simplicity, we first introduce additional notations (some

already defined above).

Xn “
∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´G
ᵀ
n,i,j;

pXn “
∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´
pG1ᵀn,i,j;

Yn “
∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´Si,j∆n ; Un “
∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´φi,j∆nχi,j;

Hn “
∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´G
ᵀ
n,i,jΨiεi; Vn “

∆n

Nn

ÿ

i

ÿ

j

pGn,i,j´

´

pG1n,i,j ´Gn,i,j

¯ᵀ
.
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Case 1. Suppose Nn∆n Ñ θ. By a simple calculation,

∆´1{2
n

´

θ̂n ´ θ
¯

“ R1,n `R2,n `R3,n,

where

R1,n “ ∆´1{2
n X´1

n Hn, R2,n “ ∆´1{2
n X´1

n Un, R3,n “ ´∆´1{2
n

pX´1
n VnX´1

n Yn.

With an appeal to Lemma 14(a) and Lemma 12(a), we have

R1,n
L|F0

ÝÝÝÑMN

˜

0,

ˆ
ż T

0

ΣGG,sds

˙´1

γ´1Ξη

ˆ
ż T

0

ΣGG,sds

˙´1
¸

. (4.44)

In view of Lemma 12(a) and Lemma 15, one can deduce

R2,n
P
ÝÑ 0. (4.45)

Lemma 12(a,b) and Lemma 16 imply

R3,n “ ´

ˆ
ż T

0

ΣGG,sds

˙´1
1

Nn

ÿ

i

∆1{2
n

ÿ

j

pGn,i,j´

´

pG1n,i,j ´Gn,i,j

¯ᵀ
θ

`opp1q. (4.46)

From here, Lemma 17 implies

R3,n
L´s
ÝÝÑMN

˜

0,

ˆ
ż T

0

ΣGG,sds

˙´1

Ξξ

ˆ
ż T

0

ΣGG,sds

˙´1
¸

. (4.47)

Applying Lemma A3 in Li and Xiu (2016), we have the following joint F0-stable

convergence in law

pR1,n, R3,nq
L´s
ÝÝÑ pζ1, ζ2q,
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where ζ1 and ζ2 are defined on an extension of the original space, such that they are

F0-conditionally independent and ζ1 (resp. ζ2) has the same F0-conditional laws as

the limit of (4.44) (resp. (4.47)). From here, combining (4.44), (4.45) and (4.47)

yields the assertion (a) of the theorem.

Case 2. Suppose Nn∆n Ñ 8. By Lemma 12(a) and Lemma 14(b), R1,n
P
ÝÑ 0. The

limits of R2,n and R3,n remain the same as in Case 1; hence, we have the assertion

(b) of the theorem.

Case 3. Suppose Nn∆n Ñ 0. Consider

N1{2
n

´

θ̂n ´ θ
¯

“ R11,n `R
1
2,n `R

1
3,n,

where

R11,n “
a

NnX´1
n Hn, R12,n “

a

NnX´1
n Un, R13,n “ ´

a

Nn
pX´1
n VnX´1

n Yn.

Lemma 14(c) and Lemma 12(a) yield

R11,n
L|F0

ÝÝÝÑMN

˜

0,

ˆ
ż T

0

ΣGG,sds

˙´1

Ξη

ˆ
ż T

0

ΣGG,sds

˙´1
¸

. (4.48)

Since Nn∆n Ñ 0, Lemma 15 and Lemma 12(a) imply

R12,n
P
ÝÑ 0. (4.49)

Similarly, Lemma 12(a,b), Lemma 16, Lemma 17 and the maintained assumption

that Nn∆n Ñ 0 immediately imply

R13,n
P
ÝÑ 0. (4.50)
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Applying Lemma A3 in Li and Xiu (2016) with ξn “ ξ “ 0 in that lemma and

combining (4.48), (4.49) and (4.50), we deduce the following F0-stable convergence

in law

N1{2
n

´

θ̂n ´ θ
¯

L´s
ÝÝÑMN

˜

0,

ˆ
ż T

0

ΣGG,sds

˙´1

Ξη

ˆ
ż T

0

ΣGG,sds

˙´1
¸

,

thus completing the proof of the theorem. Q.E.D.

4.5.3 Proof of Theorem 2

To prove Theorem 2, five lemmas are needed. Lemma 18 and 19 provide prelimi-

nary results. Lemma 20 is in the spirit of Theorem 2(a) of Li et al. (2018), which

examines the composition of the latent rotation matrix in recovering factor load-

ings. Lemma 21 explicitly gives the probability limit of various estimators defined

in Section 4.2.2. Lemma 22 shows the consistency of a heteroskedasticity consistent

covariance estimator. Finally, the main proof of Theorem 5 shows the consistency of

the proposed asymptotic variance estimator.

In this section, we set pF ‹n,j to be the first r columns of pFn,j, pΛ1‹n,j,d to be the

first r columns of pΛ1n,j,d,
pΛ10n,j,d to be the following pr̄ ´ rq columns of pΛ1n,j,d,

pΛ‹n,j ”

k´1
n

pXc
n,j

pF ‹n,j “ k´1
n Xc

n,j
pF ‹n,j`k

´1
n p

pXc
n,j´X

c
n,jq

pF ‹n,j and pΛ0
n,j to be the following pr̄´ rq

columns of pΛn,j. Moreover, for ϕ P Φn ” tϕ P Rkn : ϕᵀϕ “ knu, we denote

Qn,j pϕq ” k´2
n N´1

n ϕᵀ
pXcᵀ
n,j

pXc
n,jϕ;

Q‹n,j pϕq ” k´2
n N´1

n ϕᵀF ‹n,jΛ
‹ᵀ
n Λ‹nF

‹ᵀ
n,jϕ.
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Lemma 18. Under Assumptions 13, 14 and 15, we have

paq sup
ϕPΦn

k´2
n N´1

n ϕᵀEn,jᵀEn,jϕ “ opp1q;

pbq sup
ϕPΦn

k´2
n N´1

n ϕᵀAn,jᵀAn,jϕ “ opp1q;

pcq sup
ϕPΦn

k´1
n N´1

n }ϕᵀEn,jᵀΛ‹n} “ opp1q;

pdq sup
ϕPΦn

k´1
n N´1

n }ϕᵀAn,jᵀΛ‹n} “ opp1q.

Proof. (a) For notational simplicity, we drop the subscript j in this proof and denote

eil ” rEn,jspi,lq and ail ” rAn,jspi,lq. Applying Itô’s formula yields

ˇ

ˇ

ˇ
E
“

eilekl|Fpj`l´1q∆n

‰

´ rVik,pj`l´1q∆n

ˇ

ˇ

ˇ
ď C∆n. (4.51)

Next, observe that

k´2
n N´1

n ϕᵀEnᵀEnϕ “
1

k2
n

kn
ÿ

l“1

kn
ÿ

m“1

ϕlϕm
1

Nn

Nn
ÿ

i“1

eileim

ď

˜

1

k2
n

kn
ÿ

l“1

kn
ÿ

m“1

ϕ2
lϕ

2
m

¸1{2
¨

˝

1

k2
n

kn
ÿ

l“1

kn
ÿ

m“1

˜

1

Nn

Nn
ÿ

i“1

eileim

¸2
˛

‚

1{2

“

¨

˝

1

k2
n

kn
ÿ

l“1

˜

1

Nn

Nn
ÿ

i“1

e2
il

¸2

`
1

k2
n

ÿ

l‰m

˜

1

Nn

Nn
ÿ

i“1

eileim

¸2
˛

‚

1{2

,(4.52)

where the first line is obvious; the second line is from the Cauchy-Schwarz inequality;

and third lines is from the definition of Φn. Lemma 9(ii) implies that |eil|
p “ Op p1q,
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for p ě 0. This immediately gives

1

k2
n

kn
ÿ

l“1

˜

1

Nn

Nn
ÿ

i“1

e2
il

¸2

“ Op

`

k´1
n

˘

.

Without loss of generality, assume l ą m. Then, eim is Fpj`l´1q∆n-measurable.

Consider

1

N2
n

Nn
ÿ

i“1

Nn
ÿ

k“1

E reileimeklekms “
1

N2
n

Nn
ÿ

i“1

E

«

Nn
ÿ

k“1

eimekmE
“

eilekl|Fpj`l´1q∆n

‰

ff

ď
1

N2
n

Nn
ÿ

i“1

E

«

Nn
ÿ

k“1

eimekmrVik,pj`l´1q∆n

ff

` C∆n

ď
1

N2
n

Nn
ÿ

i“1

˜

E

«

Nn
ÿ

k“1

e2
kme

2
im

ff¸1{2 ˜

E

«

Nn
ÿ

k“1

rV 2
ik,pj`l´1q∆n

ff¸1{2

` C∆n

ď C
´

∆ρ{2´ρ1{2
n `∆n

¯

,

where the first equality is obvious; the first inequality is from (4.51), Jensen’s in-

equality and the fact Er|eil|ps ď C, for p ě 0; the second inequality is by consec-

utively using the Cauchy-Schwarz inequality; the third inequality is from the fact

Er|eil|ps ď C, for p ě 0 and Assumption 15.

From here, one can deduce the right side of (4.52) is opp1q. The assertion in (a)

follows from taking supremum over ϕ.
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(b) Following the identical derivation as in (a), we have

k´2
n N´1

n γᵀAnᵀAnγ ď

¨

˝

1

k2
n

kn
ÿ

l“1

˜

1

Nn

Nn
ÿ

i“1

a2
il

¸2
˛

‚

1{2

`

¨

˝

1

k2
n

ÿ

l‰m

˜

1

Nn

Nn
ÿ

i“1

ailaim

¸2
˛

‚

1{2

. (4.53)

Note that

E

»

–

˜

N´1
n

Nn
ÿ

i“1

ailaim

¸2
fi

fl “ N´2
n

Nn
ÿ

i“1

Nn
ÿ

k“1

E railaimaklakms ď K∆2
n,

where the inequality follows from the Cauchy-Schwarz inequality and the uniform

boundedness of αi,t. This implies the second term on the majorant side of (4.53)

is opp1q. Meanwhile, the uniform boundedness of αi,t readily implies the first term

on the majorant side of (4.53) is opp1q. The assertion in (b) follows from taking

supremum over ϕ.

(c) It is enough to show the assertion for each column p P t1, . . . , ru in Λ‹n, denoted

by rΛ‹nsp¨,pq. We denote the pi, pq-entry of Λ‹n by λip. Note that

1

knNn

ˇ

ˇ

ˇ
ϕᵀEn,jᵀ rΛ‹nsp¨,pq

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ˇ

ˇ

1

kn

kn
ÿ

l“1

ϕl

˜

1

Nn

Nn
ÿ

i“1

eilλip

¸ˇ

ˇ

ˇ

ˇ

ˇ

ď

˜

1

kn

kn
ÿ

l“1

ϕ2
l

¸1{2
¨

˝

1

kn

kn
ÿ

l“1

˜

1

Nn

Nn
ÿ

i“1

eilλip

¸2
˛

‚

1{2

“

¨

˝

1

kn

kn
ÿ

l“1

˜

1

Nn

Nn
ÿ

i“1

eilλip

¸2
˛

‚

1{2

, (4.54)
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where we used the fact that ϕ P Φn. Next, consider

E

»

–

˜

1

Nn

Nn
ÿ

i“1

eilλip

¸2
fi

fl “
1

N2
n

Nn
ÿ

i“1

E

«

Nn
ÿ

k“1

λipλkpE
“

eilekl|Fpj`l´1q∆n

‰

ff

ď
1

N2
n

Nn
ÿ

i“1

E

«

Nn
ÿ

k“1

λipλkprVik,pj`l´1q∆n

ff

` C∆n

ď
1

N2
n

Nn
ÿ

i“1

˜

E

«

Nn
ÿ

k“1

λ2
ipλ

2
kp

ff¸1{2 ˜

E

«

Nn
ÿ

k“1

rV 2
ik,pj`l´1q∆n

ff¸1{2

` C∆n

ď C
´

∆ρ{2´ρ1{2
n `∆n

¯

,

where the first equality is from Assumption 13(iv); the first inequality is by (4.51) and

the uniform boundedness of λi; the second inequality is from consecutively using the

Cauchy-Schwarz inequality; and the last inequality is from the uniform boundedness

of λi and Assumption 15.

From here, the majorant of (4.54) is opp1q. Taking supremum over ϕ on (4.54)

gives the desired result.

(d) Following the same calculation as in (c), one can derive

1

knNn

ˇ

ˇ

ˇ
ϕᵀAn,jᵀ rΛ‹nsp¨,pq

ˇ

ˇ

ˇ
ď

¨

˝

1

kn

kn
ÿ

l“1

˜

1

Nn

Nn
ÿ

i“1

ailλip

¸2
˛

‚

1{2

. (4.55)
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Due to the uniform boundedness of αi,t,

E

»

–

1

kn

kn
ÿ

l“1

˜

1

Nn

Nn
ÿ

i“1

ailλip

¸2
fi

fl

ď
1

kn

kn
ÿ

l“1

1

N2
n

Nn
ÿ

i“1

E

«

Nn
ÿ

k“1

λipλkpE
“

ailakl|Fpj`l´1q∆n

‰

ff

ď C∆n.

Hence, the majorant side of (4.55) is opp1q. Taking supremum over ϕ on (4.55) gives

the desired result, ending the proof. Q.E.D.

Lemma 19. Under Assumptions 13, 14, 15 and 19, we have

sup
ϕPΦn

ˇ

ˇQn,j pϕq ´Q
‹
n,j pϕq

ˇ

ˇ “ opp1q.

Proof. Let Qc
n,j pϕq “ k´2

n N´1
n ϕᵀXcᵀ

n,jX
c
n,jϕ. Observe that

Qc
n,j pϕq ´Q

‹
n,j pϕq “

1

k2
nNn

ϕᵀ
`

Xcᵀ
n,jX

c
n,j ´ F

‹
n,jΛ

‹ᵀ
n Λ‹nF

‹ᵀ
n,j

˘

ϕ

“
1

k2
nNn

ϕᵀ
``

Λ‹nF
‹ᵀ
n,j ` En,j `An,j

˘ᵀ `
Λ‹nF

‹ᵀ
n,j ` En,j `An,j

˘

´F ‹n,jΛ
‹ᵀ
n Λ‹nF

‹ᵀ
n,j

˘

ϕ

“
1

k2
nNn

ϕᵀ
ppEn,j `An,jqᵀ pEn,j `An,jqqϕ.

By Lemma 18 (a,b) and the Cauchy-Schwarz inequality, supϕPΦn |Q
c
j,n pϕq´Q

‹
j,n pϕq | “

opp1q.
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Next, it is enough to show supϕPΦn |Qn,j pϕq ´Q
c
n,j pϕq | “ opp1q. By the triangle

inequality,

sup
ϕPΦn

ˇ

ˇQn,j pϕq ´Q
c
n,j pϕq

ˇ

ˇ “ sup
ϕPΦn

ˇ

ˇ

ˇ

ˇ

1

k2
nNn

ϕᵀ
´

pXcᵀ
n
pXc
n,j ´X

cᵀ
n X

c
n,j

¯

ϕ

ˇ

ˇ

ˇ

ˇ

ď
1

k2
nNn

sup
ϕPΦn

}ϕ}2
›

›

›

pXcᵀ
n
pXc
n,j ´X

cᵀ
n X

c
n,j

›

›

›

ď
1

knNn

›

›

›

pXc
n,j ´X

c
n,j

›

›

›

2

`
2

knNn

›

›

›

pXc
n,j ´X

c
n,j

›

›

›

›

›Xc
n,j

›

› . (4.56)

Following an usual argument, (see for example Lemma 13.2.6 in Jacod and Protter

(2012) with m “ 2, k “ 1, s “ s1 “ 1, p1 “ 0, θ “ 0 in that lemma) we have, for

some sequence φn Ñ 0 and 0 ď l ďMn,

E

«

ˇ

ˇ

ˇ

ˇ

∆n
l Xi
?

∆n

1
t|∆n

l Xi|ďunu
´

∆n
l X

1
i?

∆n

ˇ

ˇ

ˇ

ˇ

2
ff

ď Cφn∆p2´rq$
n .

Also notice that }Xc
n,j} “ Op

`?
knNn

˘

; hence,

1

knNn

›

›

›

pXc
n,j ´X

c
n,j

›

›

›

2

“ opp1q and
2

knNn

›

›

›

pXc
n,j ´X

c
n,j

›

›

›

›

›Xc
n,j

›

› “ opp1q. (4.57)

This implies the majorant side of (4.56) is opp1q, thus ending the proof of the lemma.

Q.E.D.

Lemma 20. Under Assumptions 13, 14, 15, 19 and 22. For each s P rpj ´ 1q∆n, j∆nq,

we have

S‹n,s

´

pF ‹ᵀn,jF
‹
n,j{kn

¯

V
´1{2
f,s Hs

P
ÝÑ Ir, (4.58)
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where Hs is the ordered orthogonal eigenvector matrix of V
1{2
f,s ΣΛV

1{2
f,s and

S‹n,s ” diag
´

sign
´

pF ‹ᵀn,jF
‹
n,j

`

F ‹ᵀn,jF
‹
n,j{kn

˘´1{2
Hs

¯¯

.

Proof. This statement is essentially the step 2 in the proof of Theorem 2 in Li et al.

(2018). All auxiliary results that are used in the proof are provided in the previous

lemmas. The proof is omitted for brevity. Q.E.D.

Lemma 21. Under the assumptions of theorem 5, for each s P rpj ´ 1q∆n, j∆nq,

paq
1

Nn

›

›

›

pΛ‹n,j ´ Λ‹nV
1{2
f,j∆n

HsS
‹
n,s

›

›

›

2

“ opp1q;

pbq
1

Nn

›

›

›

pΛ1‹n,j,d ´ Λ1‹n,j,dV
1{2
f,j∆n

HsS
‹
n,s

›

›

›

2

“ opp1q;

pcq
1

Nn

›

›

›

pΛ0
n,j

›

›

›

2

“ opp1q;

pdq
1

Nn

›

›

›

pΛ10n,j,d

›

›

›

2

“ opp1q.

Proof. (a) This part of the proof is similar to Theorem 2(a) of Li et al. (2018).

Let rDn,j ” N´1
n p

pΛ‹n,j ´ Λ‹nV
1{2
f,j∆n

HsS
‹
n,sq

ᵀppΛ‹n,j ´ Λ‹n,jV
1{2
f,j∆n

HsS
‹
n,sq. Then, it is

enough to show Trp rDn,jq “ opp1q. Observe that rDn,j “ rD1,n,j´ rD2,n,j´ rDᵀ
2,n,j`

rD3,n,j,

where

rD1,n,j “
1

Nn

pΛ‹ᵀn,j
pΛ‹n,j,

rD2,n,j “
1

Nn

pΛ‹ᵀn,jΛ
‹
nV

1{2
f,j∆n

HsS
‹
n,s,

rD3,n,j “
1

Nn

S‹n,sH
ᵀ
sV

1{2
f,j∆n

Λ‹ᵀn Λ‹nV
1{2
f,j∆n

HsS
‹
n,s.
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To show Trp rDn,jq “ opp1q, it is enough to show rDk,n,j
P
ÝÑ Ds for k “ 1, 2, 3, where

Ds is the diagonal ordered eigenvalue matrix of V
1{2
f,s ΣΛV

1{2
f,s .

Case k “ 1. Recall that

pΛ‹n,j “
1

kn
Xc
n,j

pF ‹n,j `
1

kn

´

pXc
n,j ´X

c
n,j

¯

pF ‹n,j. (4.59)

Under the maintained assumptions, it is easy to see that } pF ‹n,j} “ Op

`?
kn
˘

, }Xc
n,j} “

Op

`?
knNn

˘

; hence (4.59) and (4.57) imply that

rD1,n,j “
1

k2
nNn

pF ‹ᵀn,j
`

Λ‹nF
‹ᵀ
n,j ` En,j `An,j

˘ᵀ `
Λ‹nF

‹ᵀ
n,j ` En,j `An,j

˘

pF ‹n,j

`
1

k2
nNn

pF ‹ᵀn,jX
cᵀ
n,j

´

pXc
n,j ´X

c
n,j

¯

pF ‹n,j `
1

k2
nNn

pF ‹ᵀn,j

´

pXc
n,j ´X

c
n,j

¯ᵀ
Xc
n,j

pF ‹n,j

`
1

k2
nNn

pF ‹ᵀn,j

´

pXc
n,j ´X

c
n,j

¯ᵀ ´
pXc
n,j ´X

c
n,j

¯

pF ‹n,j

“
1

k2
nNn

pF ‹ᵀn,j
`

Λ‹nF
‹ᵀ
n,j ` En,j `An,j

˘ᵀ `
Λ‹nF

‹ᵀ
n,j ` En,j `An,j

˘

pF ‹n,j ` opp1q

“ rD1,1,n,j ` rD1,2,n,j ` rDᵀ
1,2,n,j `

rD1,3,n,j ` opp1q,

where

rD1,1,n,j “
1

k2
nNn

pF ‹ᵀn,jF
‹
n,jΛ

‹ᵀ
n Λ‹nF

‹ᵀ
n,j

pF ‹n,j,

rD1,2,n,j “
1

k2
nNn

pF ‹ᵀn,j pEn,j `An,jq
ᵀ Λ‹nF

‹ᵀ
n,j

pF ‹n,j,

rD1,3,n,j “
1

k2
nNn

pF ‹ᵀn,j pEn,j `An,jq
ᵀ
pEn,j `An,jq pF ‹n,j.

In view of Lemma 20, one can deduce

pF ‹ᵀn,jF
‹
n,j{kn ´ S

‹
n,sH

ᵀ
sV

1{2
f,s “ opp1q. (4.60)
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Also note that pF ‹ᵀn,jF
‹
n,j{kn “ Op p1q; hence,

rD1,1,n,j “ S‹n,sH
ᵀ
sV

1{2
f,s ΣΛV

1{2
f,s HsS

‹
n,s ` opp1q

“ Ds ` opp1q.

Due to Lemma 18(c,d) and the fact that pF ‹ᵀn,jF
‹
n,j{kn “ Op p1q, rD1,2,n,j “ opp1q.

Lemma 18(a,b) and the Cauchy-Schwarz inequality imply rD1,3,n,j “ opp1q. Hence, we

have the result for the case k “ 1.

Case k “ 2. Again, using (4.57) and the fact } pF ‹n,j} “ Op

`?
kn
˘

, }Λ‹n} “

Op

`?
Nn

˘

, one can deduce

rD2,n,j “
1

knNn

pF ‹ᵀn,j
`

Λ‹nF
‹ᵀ
n,j ` En,j `An,j

˘ᵀ
Λ‹nV

1{2
f,j∆n

HsS
‹
n,s

`
1

knNn

pF ‹ᵀn,j

´

pXc
n,j ´X

c
n,j

¯ᵀ
Λ‹nV

1{2
f,j∆n

HsS
‹
n,s

“ rD2,1,n,j ` rD2,2,n,j ` opp1q,

where

rD2,1,n,j “

´

pF ‹ᵀn,jF
‹
n,j{kn

¯

pΛ‹ᵀn Λ‹n{NnqV
1{2
f,j∆n

HsS
‹
n,s;

rD2,2,n,j “
1

knNn

pF ‹ᵀn,j pEn,j `An,jq
ᵀ Λ‹nV

1{2
f,j∆n

HsS
‹
n,s.

By (4.60), we deduce

rD2,1,n,j “ S‹n,sH
ᵀ
sV

1{2
f,s ΣΛV

1{2
f,s HsS

‹
n,s ` opp1q “ Ds ` opp1q. (4.61)

Lemma 18(c,d) implies that rD2,2,n,j “ opp1q. The result for the case k “ 2 follows

from here.
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Case k “ 3. Clearly,

rD3,n,j “ S‹n,sH
ᵀ
sV

1{2
f,s ΣΛV

1{2
f,s HsS

‹
n,s ` opp1q “ Ds ` opp1q, (4.62)

which readily proves the assertion for the case k “ 3. The proof for part(a) is

finished.

(b) Assumption 16, the assumption that Vi,j∆n , pVi,j∆n take values in compact sets,

the triangle inequality, part(a) and the standard consistency result for estimating

spot variance imply that

1

Nn

›

›

›

pΛ1‹n,j,d ´ Λ1‹n,j,dV
1{2
f,j∆n

HsS
‹
n,s

›

›

›

2

ď
1

Nn

Nn
ÿ

i“1

›

›

›

pλ‹ᵀi,n,j ´ λ
ᵀ
iV

1{2
f,j∆n

HsS
‹
n,s

›

›

›

2 ”

pGn,i,j´Bv pG
ᵀ
n,i,j θ̂n

ı2

d

`
1

Nn

Nn
ÿ

i“1

›

›

›
λᵀiV

1{2
f,j∆n

HsS
‹
n,s

›

›

›

2 ´”

pGn,i,j´Bv pG
ᵀ
n,i,j θ̂n

ı

d
´
“

Gn,i,j´BvG
ᵀ
n,i,jθ

‰

d

¯2

ď
C

Nn

Nn
ÿ

i“1

›

›

›

pλ‹ᵀi,n,j ´ λ
ᵀ
iV

1{2
f,j∆n

HsS
‹
n,s

›

›

›

2

` opp1q

“ opp1q.

This finishes the proof of (b).

(c) The proof essentially follows Theorem 2(b) of Li et al. (2018).

(d) By definition of pΛ10n,j,d, part(c), Assumption 16 and the assumption that Vi,j∆n ,

pVi,j∆n take values in compact sets

1

Nn

›

›

›

pΛ10n,j,d

›

›

›

2

ď
1

Nn

Nn
ÿ

i“1

›

›

›

pλ0ᵀ
i,n,j

›

›

›

2 ”

pGn,i,j´Bv pG
ᵀ
n,i,j θ̂n

ı2

d
ď

C

Nn

›

›

›

pΛ0
n,j

›

›

›

2

“ opp1q.
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This ends the proof of (d). Q.E.D.

Lemma 22. Let

pΞη ”
1

Nn

ÿ

i

˜

∆n

ÿ

j

pGn,i,j´

´

Si,j∆n ´
pGᵀ
n,i,j θ̂n

¯

¸

ˆ

˜

∆n

ÿ

j

pGᵀ
n,i,j´

´

Si,j∆n ´
pGᵀ
n,i,j θ̂n

¯

¸

.

Under the assumptions of theorem 5, we have pΞη
P
ÝÑ Ξη.

Proof. To start with, consider the following decomposition pΞη “ rΞη` rΞ1η` rΞ2η` rΞ2ᵀη ,

where

rΞη “
1

Nn

ÿ

i

˜

∆n

ÿ

j

pGn,i,j´

´

Gᵀ
n,i,jθ ´

pGᵀ
n,i,j θ̂n

¯

¸

ˆ

˜

∆n

ÿ

j

pGᵀ
n,i,j´

´

Gᵀ
n,i,jθ ´

pGᵀ
n,i,j θ̂n

¯

¸

;

rΞ1η “
1

Nn

ÿ

i

˜

∆n

ÿ

j

pGn,i,j´

`

Si,j∆n ´G
ᵀ
n,i,jθ

˘

¸˜

∆n

ÿ

j

pGᵀ
n,i,j´

`

Si,j∆n ´G
ᵀ
n,i,jθ

˘

¸

;

rΞ2η “
1

Nn

ÿ

i

˜

∆n

ÿ

j

pGn,i,j´

´

Gᵀ
n,i,jθ ´

pGᵀ
n,i,j θ̂n

¯

¸

ˆ

˜

∆n

ÿ

j

pGᵀ
n,i,j´

`

Si,j∆n ´G
ᵀ
n,i,jθ

˘

¸

.

165



Observe that

›

›

›

rΞη

›

›

›
ď

C∆n

Nn

ÿ

i

ÿ

j

›

›

›

pGn,i,j´

›

›

›

2 ›
›

›
Gᵀ
n,i,jθ ´

pGᵀ
n,i,j θ̂n

›

›

›

2

ď
C∆n

Nn

ÿ

i

ÿ

j

›

›

›

pGn,i,j´

›

›

›

2 ´

}Gn,i,j}

›

›

›
θ̂n ´ θ

›

›

›
`

›

›

›

pGn,i,j ´Gn,i,j

›

›

›

›

›

›
θ̂n

›

›

›

¯2

,

where the triangle inequality is used. In view of Assumption 16, the assumption that

Vi,j∆n and pVi,j∆n take values in compact sets and the results in Theorem 4, one can

deduce that the majorant side of the above inequality is opp1q.

Next, we shall show that rΞ1η “ Ξη ` opp1q. In view of model (4.6), one can write

rΞ1η “ Γ1,n ` Γ2,n ` Γᵀ
2,n ` Γ3,n, where

Γ1,n “
1

Nn

ÿ

i

˜

∆n

ÿ

j

pGn,i,j´G
ᵀ
n,i,jΨiεi

¸˜

∆n

ÿ

j

pGᵀ
n,i,j´

`

Gᵀ
n,i,jΨiεi

˘

¸

;

Γ2,n “
1

Nn

ÿ

i

˜

∆n

ÿ

j

pGn,i,j´G
ᵀ
n,i,jΨiεi

¸˜

∆n

ÿ

j

pGᵀ
n,i,j´φi,j∆nχi,j

¸

;

Γ3,n “
1

Nn

ÿ

i

˜

∆n

ÿ

j

pGn,i,j´φi,j∆nχi,j

¸˜

∆n

ÿ

j

pGᵀ
n,i,j´φi,j∆nχi,j

¸

.

Note that

EF0 r}Γ3,n}s ď
1

Nn

ÿ

i

∆2
n

ÿ

j

›

›

›

pGn,i,j´

›

›

›

2

φ2
i,j∆n

EF0

“

χ2
i,j

‰

`
2

Nn

ÿ

i

∆2
n

ÿ

j

Mn´kn
ÿ

l“j`1

›

›

›

pGn,i,j´

›

›

›

›

›

›

pGn,i,l´

›

›

›
φi,j∆nφi,l∆n |EF0 rχi,jχi,ls| .

Due to Assumption 16, Assumption 17(i,iv) and the assumption that Vi,j∆n and

pVi,j∆n take values in compact sets, the first term on the majorant side is Op p∆nq.
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Similar to the proof of Lemma 15, the mixing inequality readily implies the second

term is Op p∆nq. From here,

Γ3,n “ opp1q. (4.63)

Let

Γ11,n ”
1

Nn

ÿ

i

EF0

«˜

∆n

ÿ

j

pGn,i,j´G
ᵀ
n,i,jΨiεi

¸˜

∆n

ÿ

j

pGᵀ
n,i,j´

`

Gᵀ
n,i,jΨiεi

˘

¸ff

.

Note that

E
”

›

›Γ1,n ´ Γ11,n
›

›

2
ı

ď
C

N2
n

ÿ

i

E

«

∆n

ÿ

j

›

›

›

pGn,i,j´

›

›

›

4
`

Gᵀ
n,i,jΨiεi

˘4

ff

“ O

ˆ

1

Nn

˙

,

where the first inequality is due to Assumption 18(ii,iv), the second equality is due

to Assumption 16, the assumption that Vi,j∆n and pVi,j∆n take values in compact sets

and Assumption 18(ii,iii); hence, we have

›

›Γ11,n ´ Γ1,n

›

› “ opp1q. (4.64)

It has been shown in Lemma 14 that Γ11,n
P
ÝÑ Ξη. This, combined with (4.64),

implies

Γ1,n
P
ÝÑ Ξη. (4.65)

From here, (4.63) and (4.65) and the Cauchy-Schwarz inequality imply that Γ2,n “

opp1q.

Finally, since rΞη “ opp1q and rΞ1η “ Ξη ` opp1q, the Cauchy-Schwarz inequality

yields rΞ2η “ opp1q. This proves the assertion of the lemma. Q.E.D.
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Proof of Theorem 2. Step 1. This step shows that for each s P rpj ´ 1q∆n, j∆nq,

we have the following asymptotic representation

pΩn,j,d “

˜

S‹n,sH
ᵀ
sV

1{2
f,j∆n

´

N´1
n

řNn
i“1 λiλ

ᵀ
i

“

Gn,i,jBvG
ᵀ
n,i,jθ

‰

d

¯

V
1{2
f,j∆n

HsS
‹
n,s 0

0 0

¸

`opp1q. (4.66)

By definition, pΛn,j “ rpΛ
‹
n,j

...pΛ0
n,js and pΛ1n,j,d “ r

pΛ1‹n,j,d
...pΛ10n,j,ds, where pΛ‹n,j and pΛ1‹n,j,d

collect the first r columns of pΛn,j and pΛ1n,j,d, respectively; hence one can write

pΩn,j,d “

˜

N´1
n

pΛ‹ᵀn,j
pΛ1‹n,j,d N´1

n
pΛ‹ᵀn,j

pΛ10n,j,d
N´1
n

pΛ0ᵀ
n,j
pΛ1‹n,j,d N´1

n
pΛ0ᵀ
n,j
pΛ10n,j,d

¸

. (4.67)

Let pΩ‹n,j,d ” N´1
n

pΛ‹ᵀn,j
pΛ1‹n,j,d be the upper left block in (4.67). Note that

1

Nn

›

›

›

pΛ‹ᵀn,j
pΛ1‹n,j,d ´ S

‹
n,sH

ᵀ
sV

1{2
f,j∆n

Λ‹ᵀn Λ1‹n,j,dV
1{2
f,j∆n

HsS
‹
n,s

›

›

›

ď
1

Nn

›

›

›

´

pΛ‹n,j ´ Λ‹nV
1{2
f,j∆n

HsS
‹
n,s

¯ᵀ ´
pΛ1‹n,j,d ´ Λ1‹n,j,dV

1{2
f,j∆n

HsS
‹
n,s

¯›

›

›

`
1

Nn

›

›

›

´

pΛ‹n,j ´ Λ‹nV
1{2
f,j∆n

HsS
‹
n,s

¯ᵀ
Λ1‹n,j,dV

1{2
f,j∆n

HsS
‹
n,s

›

›

›

`
1

Nn

›

›

›
S‹n,sH

ᵀ
sV

1{2
f,j∆n

Λ‹ᵀn

´

pΛ1‹n,j,d ´ Λ1‹n,j,dV
1{2
f,j∆n

HsS
‹
n,s

¯›

›

›
. (4.68)

Lemma 21(a,b) and the Cauchy-Schwarz inequality imply that the majorant side of

(4.68) is opp1q. From here, the definitions of Λ‹n and Λ1‹n,j,d yield

pΩ‹n,j,d “ S‹n,sH
ᵀ
sV

1{2
f,j∆n

˜

1

Nn

ÿ

i

λiλ
ᵀ
i

“

Gn,i,jBvG
ᵀ
n,i,jθ

‰

d

¸

V
1{2
f,j∆n

HsS
‹
n,s ` opp1q. (4.69)
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Next, by Lemma 21(c,d), the fact thatN´1
n

pΛ‹ᵀn,j
pΛ‹n,j “ Op p1q andN´1

n
pΛ1‹ᵀn,j,d

pΛ1‹n,j,d “

Op p1q and the Cauchy-Schwarz inequality, we deduce

N´1
n

pΛ‹ᵀn,j
pΛ10n,j,d “ opp1q;

N´1
n

pΛ0ᵀ
n,j
pΛ1‹n,j,d “ opp1q;

N´1
n

pΛ0ᵀ
n,j
pΛ10n,j,d “ opp1q.

The asymptotic representation (4.66) immediately follows.

Step 2. When pj ´ 1q∆n ď s ă j∆n, for any two indices l,m P t1, . . . , qu, set

apn, s, l,mq ” V
1{2
f,j∆n

˜

1

Nn

ÿ

i

λiλ
ᵀ
i

“

Gn,i,jBvG
ᵀ
n,i,jθ

‰

l

¸

V
1{2
f,j∆n

V
1{2
f,j∆n

˜

1

Nn

ÿ

i

λiλ
ᵀ
i

“

Gn,i,jBvG
ᵀ
n,i,jθ

‰

m

¸

V
1{2
f,j∆n

.

Recall that rΞξspl,mq “ 2
şT

0
TrpVf,sΣ

plq
ΛGW,sVf,sΣ

pmq
ΛGW,sqds. By (4.66), the difinition of

S‹n,s, Hs (see Lemma 20) and the properties of the trace operator,

”

pΞξ

ı

pl,mq
“ 2∆n

ÿ

j

Tr
´

pΩn,j,l
pΩn,j,m

¯

“ 2∆n

ÿ

j

Tr

˜

V
1{2
f,j∆n

˜

1

Nn

ÿ

i

λiλ
ᵀ
i

“

Gn,i,jBvG
ᵀ
n,i,jθ

‰

l

¸

V
1{2
f,j∆n

V
1{2
f,j∆n

˜

1

Nn

ÿ

i

λiλ
ᵀ
i

“

Gn,i,jBvG
ᵀ
n,i,jθ

‰

m

¸

V
1{2
f,j∆n

¸

` opp1q

“ 2

ż pMn´knq∆n

pkn´1q∆n

Tr papn, s, l,mqq ds` opp1q.
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Assumption 20(iv) and Lemma 9(i) imply that

›

›

›
apn, s, l,mq ´ V

1{2
f,s Σ

plq
ΛGW,sV

1{2
f,s V

1{2
f,s Σ

pmq
ΛGW,sV

1{2
f,s

›

›

›
“ opp1q.

From here, the bounded convergence theorem gives

”

pΞξ

ı

pl,mq

P
ÝÑ 2

ż T

0

Tr
´

Vf,sΣ
plq
ΛGW,sVf,sΣ

pmq
ΛGW,s

¯

ds (4.70)

Assumption 20(ii), the standard result for estimating spot variance and the

bounded convergence theorem yield

∆n

ÿ

j

pΣGG,j∆n

P
ÝÑ

ż T

0

ΣGG,sds (4.71)

Lemma 22, (4.70) and (4.71) together yield the assertions of Theorem 5. Q.E.D.
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5

Conclusions

The dissertation touches upon several important topics in volatility literature and

makes contributions on each front. First, I study a new notion of realized autoco-

variance for stochastic volatility, which is a special form of integrated volatility func-

tional. I propose a plug-in type estimator for the realized autocovariance, provide the

central-limit theorem, and show how it might be applied in empirical studies as a re-

alized analogue of the standard autocovariance. Second, I study the problem of spot

volatility estimation under two noisy settings and propose different pre-averaging

estimators of the spot volatility of the asset price and that of the microstructure

noise. I further provide the uniform rates of convergence for these estimators. The

spot estimators and the uniform convergence results are all new to literature. Fi-

nally, I study a semiparametric inference procedure for a finite-dimensional parameter

in a continuous-time regression model in a large cross-section. The model studies

the relationship between a dependent process and a possibly nonlinear transform of
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volatility over a fixed time span, and the coefficient is allowed to depend on a set

of firm-specific characteristics. The construction of the estimator involves two steps:

the nonparametric estimation of volatility processes, followed by a parametric second

stage that uses the volatility estimates. I show that the estimator follows a central

limit theorem and provide a feasible inference procedure based on a factor-analytic

method.

172



Bibliography

Ahn, S. C. and Horenstein, A. R. (2013), “Eigenvalue ratio test for the number of
factors,” Econometrica, 81, 1203–1227.

Aı̈t-Sahalia, Y. and Jacod, J. (2014), High-Frequency Financial Econometrics,
Princeton University Press.

Ait-Sahalia, Y. and Xiu, D. (2017), “Using principal component analysis to estimate
a high dimensional factor model with high-frequency data,” Journal of Economet-
rics, 201, 384–399.

Aı̈t-Sahalia, Y., Mykland, P. A., and Zhang, L. (2011), “Ultra high frequency volatil-
ity estimation with dependent microstructure noise,” Journal of Econometrics,
160, 160–175.

Aı̈t-Sahalia, Y., Jacod, J., and Li, J. (2012), “Testing for jumps in noisy high fre-
quency data,” Journal of Econometrics, 168, 207–222.

Andersen, T. G. (1996), “Return volatility and trading volume: An information flow
interpretation of stochastic volatility,” Journal of Finance, 51, 169–204.

Andersen, T. G. and Bollerslev, T. (1997), “Heterogeneous Information Arrivals
and Return Volatility Dynamics: Uncovering the Long-Run in High Frequency
Returns,” Journal of Finance, LII, 975–1005.

Andersen, T. G., Bollerslev, T., Diebold, F. X., and Wu, G. (2006), “Realized beta:
Persistence and predictability,” in Econometric Analysis of Financial and Eco-
nomic Time Series, pp. 1–39, Emerald Group Publishing Limited.

Bai, J. (2003), “Inferential theory for factor models of large dimensions,” Economet-
rica, 71, 135–171.

173



Bai, J. and Ng, S. (2002), “Determining the number of factors in approximate factor
models,” Econometrica, 70, 191–221.

Bandi, F. M. and Russell, J. R. (2008), “Microstructure noise, realized variance, and
optimal sampling,” Review of Economic Studies, 75, 339–369.

Barndorff-Nielsen, O. E. and Shephard, N. (2004a), “Econometric analysis of real-
ized covariation: High frequency based covariance, regression, and correlation in
financial economics,” Econometrica, 72, 885–925.

Barndorff-Nielsen, O. E. and Shephard, N. (2004b), “Power and bipower variation
with stochastic volatility and jumps,” Journal of financial econometrics, 2, 1–37.

Barndorff-Nielsen, O. E. and Shephard, N. (2006), “Econometrics of testing for jumps
in financial economics using bipower variation,” Journal of Financial Economet-
rics, 4, 1–30.

Barndorff-Nielsen, O. E., Hansen, P. R., Lunde, A., and Shephard, N. (2008), “De-
signing realized kernels to measure the ex post variation of equity prices in the
presence of noise,” Econometrica, 76, 1481–1536.

Barndorff-Nielsen, O. E., Hansen, P. R., Lunde, A., and Shephard, N. (2011), “Mul-
tivariate realised kernels: consistent positive semi-definite estimators of the co-
variation of equity prices with noise and non-synchronous trading,” Journal of
Econometrics, 162, 149–169.

Bibinger, M., Hautsch, N., Malec, P., and Reiß, M. (2014), “Estimating the quadratic
covariation matrix from noisy observations: Local method of moments and effi-
ciency,” Annals of Statistics, 42, 1312–1346.

Bibinger, M., Hautsch, N., Malec, P., and Reiss, M. (2019), “Estimating the spot
covariation of asset prices–Statistical theory and empirical evidence,” Journal of
Business & Economic Statistics, 37, 419–435.

Black, F. (1986), “Noise,” Journal of Finance, 41, 528–543.

Breusch, T. S. and Pagan, A. R. (1979), “A simple test for heteroscedasticity and
random coefficient variation,” Econometrica, 47, 1287–1294.

Christensen, K., Podolskij, M., and Vetter, M. (2013), “On covariation estimation
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