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Abstract

Subtractive machining operations such as milling, turning, and drilling are an es-
sential part of many manufacturing processes. Unfortunately, under certain com-
binations of machine settings, the motion of the cutting tool can become unstable,
due to feedback between consecutive passes of the tool. This phenomenon is known
as chatter. Mathematical models, specifically delay differential equations (DDEs),
can describe the motion of the cutting tool and predict this instability. While these
models are useful, estimates of the models’ parameters are necessary in order to ap-
ply them to real systems. Unfortunately, estimating the parameters directly can be
time-consuming, expensive, and difficult. The objective of this research is to develop
automated methods to estimate these parameters indirectly, from time series mea-
surements of the tool’s motion which can be collected in a few minutes with sensors
attached to the machine. The estimated parameters can then be used to predict
when chatter will occur so that the machine operator can select appropriate settings.

One way to estimate the parameters of a dynamics model is to match the char-
acteristic multipliers (CMs) predicted by the model to CMs estimated from time
series data. CMs describe the behavior, such as stability, of a dynamical system
near a limit cycle. While existing CM estimation methods are available, practical
challenges such as measurement noise, limited time series length, and repeated CMs
can substantially reduce their accuracy. The first part of this dissertation presents

improved methods for estimating CMs from time series. Numerical validation stud-
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ies demonstrate that the improved methods consistently provide more accurate CM
estimates than existing methods in a variety of scenarios.

The second part of this dissertation introduces improvements to CM matching
and trajectory matching methods for estimating the parameters of DDEs from noisy
time series data. For CM matching, it incorporates the empirical CM estimation
improvements from the previous part, and it introduces a way to match multiple
CM estimates for each time series. For trajectory matching, it describes how to
handle multivariate observations and prior knowledge in a principled way; it uses
the spectral element method to provide a convenient representation of the initial
interval and reduce the computational cost of computing the objective function; and
it fits multiple time series simultaneously. Simulation results demonstrate that these
improved methods work well in practice, although CM matching has some limitations
which are not a problem for the trajectory matching method.

The final part of this dissertation introduces a new approach to estimate the
parameters of a DDE model for milling from noisy time series data, based on the
trajectory matching approach described in the previous part. It extends models from
the literature to more closely fit the time series data, and it describes a procedure
to estimate the unknown parameters in stages, without having to solve a global
optimization algorithm for all the parameters simultaneously. Additionally, it adapts
the spectral element method to make predictions for this model. Experimental results
using time series data collected on an instrumented milling machine demonstrate
that the model and fitting procedure successfully estimate parameters for which the

predicted stability boundaries approximate the true stability boundaries.
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1

Introduction

Subtractive machining operations such as milling, turning, and drilling are an essen-
tial part of many manufacturing processes. Under certain combinations of machine
settings, the motion of the cutting tool can become unstable, due to feedback between
consecutive passes of the tool. This phenomenon is known as chatter. Mathematical
models can describe the motion of the cutting tool and predict this instability. While
these models are useful, estimates of the models’ parameters are necessary in order to
apply them to real systems. Unfortunately, estimating the parameters directly can be
time-consuming, expensive, and difficult. The objective of this research is to develop
automated methods to estimate these parameters indirectly, via time series mea-
surements of the tool’s motion which can be collected in a few minutes with sensors
attached to the machine. Towards this end, this dissertation presents improvements
to empirical characteristic multiplier (CM) estimation techniques, improved methods
for estimating parameters from time series measurements, and improved models and

parameter estimation methods specifically for milling processes.



1.1 Background

CMs describe the asymptotic stability of dynamical systems, such as machining pro-
cesses, about an equilibrium point or limit cycle oscillation. Given a model of a
dynamical system, the stability can be predicted by computing the CMs from the
model [1-11]; if the magnitude of any CM is greater than one, then the system will
be unstable. Often, however, a model of the dynamics or values of the model’s pa-
rameters may be unavailable. In these cases, CMs can be estimated from time series
measurements of the system’s state [11-19]. However, existing methods to estimate
CMs from time series data have practical limitations. Improvements to these meth-
ods would enable CMs to be estimated more accurately despite noisy measurements.
If CMs could be accurately estimated from time series, then parameter values of a dy-
namics model describing the system could be estimated by minimizing the difference
between these CM estimates and the CMs predicted by the model [11].

Many machining processes can be described by delay differential equation (DDE)
models [11, 20-27], where the time derivative of the system’s state, such as the
position and velocity of the cutting tool, is a function not only of the current time ¢
and system state x(t) but also the system state x(t — 7) at a fixed amount of time

in the past:
@(t) = £ (2 (t), 2(t — 7)) (L1)

For machining processes, the dependence on the delayed state x(¢ — 7) is caused by
the material removed on the previous pass of the cutting tool affecting the thickness
of the chip removed on the current pass of the cutting tool, and therefore the cutting
forces. This time-delayed feedback significantly complicates the analysis of DDEs
compared to systems modeled by ordinary differential equations (ODEs).

A particularly useful class of methods for analyzing DDE models is semi-analytical

methods based on discretizing time into elements. For example, time finite element



analysis (TFEA) has been used to predict the stability boundaries for milling sys-
tems [7, 8, 11]. A technique known as the spectral element method is similar but
has faster convergence [10]. These techniques can be used to efficiently compute the
CMs for DDEs and can also be adapted to efficiently compute trajectories described
by DDE models. However, these analysis techniques require the values of the model
parameters.

A variety of techniques have been explored for estimating the parameters of DDE
models from time series data. Most of this research has focused on autonomous DDEs
and involves estimating &(t), (), and x(t — 7) from the data, so that the relation-
ship between them can be recovered by regression or other statistical techniques [28—
36]. Other variations on this technique also exist [37-39], but they have many of the
same limitations—requiring measurements or accurate numerical estimates of @(t),
requiring measurements or a reconstruction of the full state, and being developed
only for autonomous DDEs. Two other strategies are of particular interest, since
they do not require estimates of &(¢) and are suitable for nonautonomous DDEs:
matching CMs and matching trajectories. The CM matching method uses optimiza-
tion methods to find parameters for which the CMs computed using TFEA most
closely match the CMs estimated from time series [11]. The trajectory matching
method uses optimization methods to estimate the parameters, and initial condi-
tions if necessary, which cause the trajectory predicted by the dynamics model to
most closely match the time series data [40-44]. Improvements to these techniques
would enable more accurate parameter estimation on a wider variety of systems. The
literature regarding parameter estimation from time series data is especially sparse

for milling operations, so this topic is particularly ripe for further research.



1.2 Research Contributions

The primary objective of this work is to investigate improved techniques for estimat-
ing the parameters of DDE models from time series data, especially for milling. The
research contributions of this work are in three primary areas: improved methods
for estimating CMs from time series data, improved methods for estimating model
parameters for DDEs in general, and improved methods for estimating model pa-
rameters for milling in particular. The improvements to CM estimation allow for
CMs to be estimated more accurately in the presence of observation noise and other
challenges, which make them more useful for CM matching. The investigation into
improved methods for DDE parameter estimation considers both CM matching and
trajectory matching. For CM matching, it describes how to match multiple CM es-
timates per time series, and it incorporates the improved CM estimation techniques
introduced in this work. For trajectory matching, the approach introduced in this
work handles multivarate observations and prior knowledge about parameters in a
principled way, uses the spectral element method to provide a convenient represen-
tation of the initial interval and to reduce the computational cost of computing the
objective function, and fits multiple time series simultaneously instead of only a sin-
gle time series. The investigation into parameter estimation for milling in particular
introduces a new method to estimate the parameters for a two-degree-of-freedom
milling model, combines and extends existing models to better match experimental
data, adapts the spectral element method for this model, and evaluates the proposed
methods on experimental data. In the end, the proposed methods for milling allow
the operator to, in the span of a few minutes, collect data for a few test cuts us-
ing sensors attached to the machine, run an automated algorithm to estimate the
parameters, and then automatically generate a stability chart which can be used to

select appropriate machining settings.



1.3 Organization

This work is organized into three chapters, corresponding to the three primary con-
tribution areas, followed by appendices with supplemental information. Chapter 2
introduces improvements for empirical CM estimation and compares the accuracy of
CMs computed using various methods. Chapter 3 introduces improved CM match-
ing and trajectory matching techniques for estimating the parameters of DDEs from
time series data; it incorporates the improved CM estimation techniques introduced
in Chapter 2. Chapter 4 introduces a method for estimating the parameters of an
improved DDE model for milling. At its core, the approach is based on the trajectory
matching method introduced in Chapter 3. Finally, the appendices provide supple-
mental information, including background on Floquet theory (Appendix A), how to
describe the trajectory matching problem as a least squares problem (Appendix C),
a way to guess the initial conditions for trajectory matching (Appendix D), and
adapting the spectral element method for the milling model used in this work (Ap-

pendix E).



2

Empirical Characteristic Multiplier Estimation:
A Comparison of Methods and Improvements'

2.1 Introduction

Characteristic multipliers (CMs) describe the behavior of a dynamical system close
to a time-periodic steady-state response. In particular, if the magnitudes of all the
system’s CMs are less than one, then the steady-state response is asymptotically
stable. If an accurate model of the system’s dynamics is available, the CMs can
be computed numerically or sometimes analytically [1-3]. CMs can be computed
for models with time delays, as well [4-6, 9]. However, an accurate model is often
unavailable for real, physical systems, so it is useful to be able to estimate CMs from
experimental data. Floquet theory provides the basis for computing CMs from a
time series of the system’s states following an initial perturbation from the steady-
state response. Briefly, the transformation of the perturbation over one period can
be described by multiplication with a time-periodic transition matrix, and the eigen-

values of this matrix are the CMs of the system. Existing methods to estimate CMs

! This work has been published in the Journal of Sound and Vibration [45].



from time series using Floquet theory work in ideal cases, but each has limitations
when applied in practice.

Estimating characteristic multipliers from experimental data has been explored
in a variety of settings, including machining [11], cardiac dynamics [12], human and
canine gaits [13, 14], an aeroelastic system [15], electric power systems [16], a forced
spring—pendulum [17], an impacting pendulum [18], a geometrically nonlinear os-
cillator [18], and a torsionally-excited pendulum [19]. This chapter considers only
deterministic systems, although CMs can also describe systems with some noise in
the dynamics [46]. CMs can be used not only as absolute stability criteria, but also to
determine how close the system is to the stability boundary and to qualitatively ana-
lyze how the dynamics of the system change with changing parameters. Numerically
accurate CMs may also be useful for system identification or assessing approximate
models [11, 19].

A variety of experimental challenges can occur when collecting the data necessary
to estimate CMs. For example, measurement noise is usually unavoidable. The
length of the time series may be limited if the applied perturbations are not under
the control of the experimenter, so it may be impossible to directly measure the
steady-state response of the system. Finally, it may be difficult to measure all of
the system’s state variables. To address this last issue, a variety of state space
reconstruction methods have been proposed to construct a time series representation
of the system from measurements of only a subset of the state variables [47, 48]. This
constructed time series can then be used with the various CM estimation methods [11,
12, 17, 19]. As will be demonstrated, several existing CM estimation methods have
limitations primarily related to measurement noise and short time series.

The most common method for estimating CMs from time series data is the differ-
ence method. In order to estimate the perturbation over time, the system is measured

once per period at a constant phase, the steady-state response at that phase is ap-
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proximated by the last measurement, and the perturbation is approximated by the
difference between the measurements and the approximated steady-state response.
Then, this series of perturbation estimates is used to compute the transition matrix
by ordinary least squares (OLS). This method works well if the measurement noise is
small relative to the perturbation, the time series is long enough for the perturbation
to die out, and the characteristic multipliers are distinct. However, these conditions
can be difficult to achieve in practice.

An alternative approach is to fit an affine transition model to the periodic state
measurements so that the steady-state response does not need to be estimated sepa-
rately [13, 14, 18]. However, since this method still uses only a single state measure-
ment per period, it performs poorly when the measurement noise is large relative to
the perturbation.

To address the noise issue while avoiding directly estimating the steady-state re-
sponse, Little et al. proposed using a moving average of the system’s states instead of
explicitly estimating the perturbation [19]. They showed that the averaging process
preserves the CMs, and the integral substantially reduces the effect of noise when
the number of samples per period is large. However, this approach relies on the
moving average of the steady-state response being zero, which is sometimes invalid
for physical systems.

This chapter describes new approaches which address the limitations of existing
methods. First, it shows that the moving integral method can be modified by using
an affine transition model to avoid constraining the steady-state response. Second, it
illustrates how the OLS approach used by existing methods introduces bias and how
total least squares (TLS) resolves this issue. Finally, it investigates the numerical
issues caused by repeated characteristic multipliers and describes a workaround.
Changes to the traditional methods can be combined in various ways, as illustrated

in fig. 2.1. All of the improvements can be combined to obtain a method which
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is insensitive to noise, does not make assumptions about the steady-state response,
works with short time series, and can handle cases with repeated CMs. Simulation
results for a variety of cases show that this combined method produces more accurate

CM estimates than existing methods in all the tested cases.
2.2 Existing Methods and Limitations

Consider a dynamical system

@(t) = f(x(t),t) (2.1)

with a T-periodic equilibrium response x,(t) = x,(t + T'). The asymptotic stability
of the system about the periodic response is described by the behavior of a small
perturbation from that response. Let the perturbation from the periodic equilibrium
response be £(t) = x(t) — x,(t). Then, it can be shown that, after linearizing about
the periodic response, the dynamics of the perturbation are given by a linear ordinary

differential equation (ODE) with time-periodic coefficients,

£(t) = A(t)E(t) (2.2)

where A(t) = VL f(x,(t),t) is a T-periodic matrix of coefficients. Then, it can be

shown that the transition over one period is

§(t+T) = P(t)§(t) (2.3)

where the transition matrix P(t) is periodic, P(t + 1) = P(t), and its eigenvalues
are constant. The eigenvalues of P(t) are known as the CMs. The CMs are a useful
property of the system because they describe the decay or growth in the perturbation
over time; the system is asymptotically stable about x,(t) only if the magnitudes of

all the characteristic multipliers are less than 1. See Appendix A for details.
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or din:

FI1GURE 2.1: Classification of characteristic multiplier estimation methods for a single time
series, and the corresponding acronyms used in this chapter. An asterisk represents any
option; for example, “IA*” represents either method which integrates the raw data and
uses the affine model, i.e. the IAO or IAT method. Whether or not multiple time series
are used could be an additional level of the tree, but that is not shown here for the sake of
conciseness. The methods in existing literature are indicated with a gray background.
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2.2.1 Existing Methods

Since the characteristic multipliers are such an important descriptor of a system, it
is useful to be able to estimate the CMs from experimental data. The CMs can be
estimated from a time series of the system’s response following an initial perturbation.
Existing methods to estimate CMs this way work by estimating the transition matrix
P(t,) for a given phase t,, or another analogous matrix, and then computing the

eigenvalues of that matrix.
Difference Method with Ordinary Least Squares

The most commonly used method explicitly estimates the time series of the pertur-
bation at a given phase by subtracting an estimate of the fixed point at that phase
from the state measurements, i.e. £(tq+j1") = x(ty+j1)—x,(t,). Then, this data is
used to estimate the transition matrix at that phase, as follows. Let &; = &(¢y+JT),

then by eq. (2.3),

£j+1 = P<t0>€j (2-4)
If m samples are stacked together into a single matrix, Z; = [gj &1 o Ejme 1} ,
then

E,=P(i)E, (2.5)

Then, eq. (2.5) is solved for P(t,), and the eigenvalues of P(t,) are the CM estimates.
If the values of &, ..., §,,, were known perfectly, then it would be sufficient to use m
equal to the number of state variables, and solve the equation as P(t,) = =, ="
However, when conducting a physical experiment, only noisy estimates are available,
so it is common to choose a large value for m and solve eq. (2.5) using ordinary least
squares, P(t,) = ElE'J(E'OE'T)il.

The primary issues with this method are estimating the fixed point x,(t,) and

dealing with measurement noise. Typically, the last available state measurement
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t

FIGURE 2.2: Illustration of the difference method for a linear oscillator. The full, noisy
time series is the solid blue line. The samples used for the difference method are indicated
by orange dots. The last sample, which is used as the estimate of the fixed point, is
indicated with a green X, and its state value is shown with a horizontal dotted line.

at the correct phase is used as the estimate of the fixed point in the hope that
most of the perturbation has died out by that time, but this is often not a good
approximation. With respect to noise, since only a single sample per period is used
in the calculation, the number of samples used in the calculation is small, and even

a small amount of noise can have a large impact on the results.
Affine Transition Model with Ordinary Least Squares

Instead of estimating the unknown fixed point from only the last period, as in the
difference method, an alternative approach is to estimate the fixed point as part
of fitting a transition model to all the data [13, 14, 18]. It turns out that, with
some algebra, the problem can be changed from estimating P(t,) using estimates
of the perturbation € to estimating P(¢,) and a vector b using the state . Let

x; = x(ty + jT), then starting from eq. (2.4), it can be shown that, for j = 0,1, ...,
x;1 = Plto)z; +b(ty) (2.6)

where
b(ty) = (I — P(ty)) z,(to) (2.7)
Now, instead of fitting eq. (2.4) (where the parameters to fit are P(t,)) to the

available pairs of estimated perturbations (Ej, §; +1>, eq. (2.6) can be fit (where the
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parameters to fit are P(t,) and b(t,)) to the available pairs of state values (a:j, x; +1).
With this approach, an estimate of x,(,) is not needed in order to estimate P(t),
so the steady-state behavior of the system does not need to be observed. However,

this method still suffers from noise since it uses only a single sample per period.
Mowing Integral with Ordinary Least Squares

An approach to reduce the effect of measurement noise is to numerically integrate
the state measurements [19]. Then, these integrated values can be used instead of
perturbation estimates to estimate the characteristic multipliers. It was shown that
if the integral of the steady-state response is zero, then the CMs for a transition
matrix using the integrated state values are the same as the CMs for a transition
matrix using the perturbation.

In other words, if the numerical integral of a constant integer number of periods
starting at period j of the response x(t) is denoted ;, and the numerical integral of
one period of x(t) is 0, then it can be shown that there exists a matrix P(t,) such
that

Tjiq = P<t0>53j (2.8)

where the eigenvalues of P(t,) are equal to the eigenvalues of P(t,). So, after

computing the values of &;, the approach is analogous to the difference method—

stack together samples @; into matrices and solve for P(t,) using ordinary least
squares, and then the eigenvalues of P(t,) are the CM estimates.

This method avoids the need to explicitly estimate the fixed point by assuming
that the mean of the steady-state response @ (t) is zero. Additionally, by integrating
over many data points, this approach can substantially reduce the effect of measure-

ment noise on the estimated CMs. When the assumption that the numerical mean

of steady-state response is zero is valid, this method provides much better results
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F1Gure 2.3: Illustration of the moving integral method with an integration window of one
period. The full, noisy time series is the solid blue line. The integral of each period is
indicated by the solid orange line. Zero is used as the estimate of the integral of the fixed
point; this value is indicated with a horizontal dotted line.

than the difference method. Unfortunately, this assumption is often violated for real

systems.
2.2.2  Limitations

The previously-described methods all work well for certain cases. They give good
results if the measurement noise is small relative to the size of the perturbation, the
characteristic multipliers are distinct, and the fixed point can be accurately estimated
or the mean of the steady-state response is zero. However, those conditions are often
violated for real systems, so they are important limitations when attempting to apply

the existing methods in practice.
Estimating or Constraining the Steady-State Response

The first limitation is that the existing difference and moving integral methods either
require a good estimate of the steady-state response or require it to have zero mean.
These requirements can be difficult to meet in practice, which limits the applicability
of the methods.

The usual way to estimate the steady-state response for the difference method
is to assume that the last period of data approximates the steady-state response.

However, when estimating CMs to describe the properties of a dynamical system,
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some of the most important cases to estimate accurately are when the system is near
the stability boundary; in these cases, a characteristic multiplier is near 1 and the
perturbation dies out slowly. In these cases, a very long time series may be necessary
for the last period to be a good approximation of the steady-state response. Col-
lecting a long time series is not always practical when many parameter combinations
need to be tested or when the timing of the initial perturbations is not under the
control of the experimenter. Additionally, even if a long time series can be collected,
measurement noise will influence the estimate of the steady-state response.

These limitations can be avoided by using an affine transition model on the state,
which avoids the need to explicitly estimate the fixed point. Since the fixed point is
estimated implicitly from the full time series instead of just using the last period, the
perturbation does not need to die out by the end of the time series, and the effect of
noise in the last data point is reduced. However, this idea has not been explored in
combination with the moving integral method, which also reduces the effect of noise.

For the moving integral method as described in the literature [19], requiring the
steady-state response to have zero mean is problematic because many real systems
do not meet this criterion. A simple example is a forced harmonic oscillator where
the forcing has nonzero mean. The experimenter could try to estimate the shift
necessary to make the steady-state response have zero mean, but that brings back
the problem of accurately estimating the steady-state response.

To estimate CMs in practice, it would be useful to have a method that would
allow use of the moving integral in order to reduce noise, but not require directly

estimating the steady-state response or constraining it to have zero mean.
Ordinary Least Squares is Biased

The existing methods solve for the transition matrix using ordinary least squares

with their transition models—eqs. (2.4), (2.6), and (2.8)—and estimates of &, x,
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or . The problem is that noise is present in estimates of both the independent
variables, i.e. §;, ¢; or &;, and the dependent variables, i.e. £, 1, T, or ;,4, but
ordinary least squares assumes zero noise in the independent variables. For example,

for the case of eq. (2.4), if Ej = §; + €, is the estimate of §; with error g;, ordinary

least squares assumes a regression model of the form

§ip1 —€jp1 = P(to)fj (2.9)
which is not appropriate because &; is not known exactly; only an estimate éj is
known. Since the existing methods use estimates of the independent variables in
place of true values, the result of ordinary least squares is biased; this is known as
regression dilution or attenuation bias. The resulting bias can produce surprisingly

large errors in the characteristic multiplier estimates.
Similar Characteristic Multipliers Cause Numerical Issues

When multiple characteristic multipliers have similar values, the data matrices be-
come ill-conditioned. For example, fig. 2.4 illustrates the progression of the pertur-
bation sampled at a given phase in a single time series for a system with two state
variables. When the CMs are distinct as in fig. 2.4a, the collection of perturbation
vectors has rank two, but in the repeated CMs case shown in fig. 2.4b, all the pertur-
bation vectors lie on a line passing through the origin, so they have rank one. More
generally, the data matrices become rank-deficient whenever any characteristic mul-
tipliers are repeated. In these cases, insufficient information is available to estimate
the transition matrix accurately.

This can be shown as follows. Let d be the number of state variables. Assume
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FIGURE 2.4: Effect of repeated characteristic multipliers on the rank of the perturbation
time series for an example system with two state variables. The data points represent

stroboscopically-sampled perturbations §; = [51,3‘ 527]-] T, 7 =20,1,.... The horizontal axis
is the perturbation ; ; in the first state variable, and the vertical axis is the perturbation
§y,; in the second state variable. The points in fig. 2.4b lie on a straight line passing
through the origin, while those in fig. 2.4a do not. In other words, the set of perturbation
vectors in fig. 2.4b has rank 1, while the set of perturbation vectors in fig. 2.4a has rank 2.

that P(t,) is diagonalizable, i.e. P(t,) can be expressed as

1

P(t0> = V(t0>M<V(t0)>_ (2.10)
py - 0 »
= [’01(’50) ”d(to)] oo [’01(750) 'Ud(to)} (2.11)
0 - py
where vy (ty), ..., v,(ty) are linearly independent eigenvectors and fiq, ..., g are the
eigenvalues. Without loss of generality, let
517‘7
5‘7 = V(to)sj = 817j01 + e + Sd’jvd Sj = SJ = I:S-] e Sj+m_1i| (212)
Sd,j
so that

Note that since V'(¢,) is a full-rank square matrix, rank(Z;) = rank(S;). Rearrang-
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ing and substituting,

1

s = (V) &1 = (V(t)  Plte)€; = (V(ty) Vi(t))M(V(ty)) & = Ms,

(2.14)
Then, it can be shown that
. pi 0 81,5 Nisl,j
Sji=M's;=|1 "~ i = (2.15)
0 - pal |5, Hasd,j
Substituting,
IU/(I)S].,j /’LTilsl,j Sl,j cee O ,u/? /LT_l
S;=| : - : = | P (2.16)
0 m—1 0 m—1
/“Ldsd,j cen /“'Ld de, 0 ee de, “d ,Ud
Let
51, 0 py oot
U=|: -~ Z=|: (2.17)
0 8d,j fg B
then
If and only if all sy ;,...,s,4 ; are nonzero, the d x d diagonal matrix U is full-rank,

and rank (Sj> = rank (Z). If any of them are zero, then rank (Sj> < rank (Uj) <d.
The d x m matrix Z is a Vandermonde matrix, which can be shown to have rank d
if and only if uq, ..., uy are distinct (for the case m > d).

In summary, rank (=) = rank (S,) = d if and only if s, g, ..., 54 ¢ are nonzero
and iy, ..., g are distinct. So, the data matrix is rank-deficient in the case of re-
peated eigenvalues or an initial transient that doesn’t contain all the eigenvectors.
In this case, it is not possible to estimate all of the CMs with a single time series.
For example, when using ordinary least squares, the matrix E’OEOT is non-invertible
in this case since rank (EOE'OT> = rank (5))).
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Repeated characteristic multipliers can occur fairly frequently. For example, the
linear oscillator

#(t) + 2¢w, 2 (t) + w2x(t) = I'sin 2t (2.19)

has characteristic multipliers y1; 5 = e~ T (coswyT +isinwyT) where wy = wyy/1 — (2,
T =27 /(2. The CMs are repeated whenever {2 = 2w, /k, where k = 1,2, ..., so there

are infinitely many forcing frequencies which result in repeated CMs.
2.3 Methods

This section introduces solutions for all of the limitations described in the previ-
ous section of the existing methods. The limitation of constraining the steady-state
response for the moving integral method can be resolved with an affine transition
model; the bias of ordinary least squares can be resolved by using total least squares;
and the case of repeated characteristic multipliers can be handled by collecting mul-

tiple time series.
2.3.1 Mowing Integral with Nonzero Mean

The moving integral method as described in the literature assumes that the integral
of the steady-state response is zero [19]. It would be useful to extend the method
to systems where this assumption is not met. It is also worth investigating how the
approximate nature of numerical integration compared to the true integral affects
the accuracy of the method in order to determine, for example, if numerically inte-
grating with a small number of samples causes errors in the characteristic multiplier
estimates.

Typical numerical integration rules, such as Riemann sums, trapezoidal rule, and
Simpson’s rule can be expressed as a linear combination of samples,

T(t) =Y r(r)a(t+7) (2.20)

TET
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where T is a set of time offsets and & is a scalar coefficient function. For example,
x(t) is a left Riemann sum of @(t) over one period if T = {iT'/n|i=0,1,...,n — 1}
and (1) = T'/n, but different choices of T and x can be used to express a wide
variety of other numerical integration rules. Unlike in [19], the set of time offsets
does not need to correspond to an integer number of periods; it can be arbitrary.
As described in Appendix A.4, by linearizing about the periodic solution, applying
Floquet’s theorem, and performing some manipulation, the transition over one period

can be expressed as

E(t+T) = P(0E(1) (2.21)

where ,(t) = > k(T)x,(t +7), £(t) = > e B(TIE(E+7) = Z(t) — 2, (%), and
P(t) has the same eigenvalues as P(t).
Analogously to eq. (2.4), by defining éj = &(ty +4T) for some initial time ¢, this

can be written as

5j+1 = P<t0>€j (2.22)

From this equation, it’s clear why Little et al. [19] constrained the integral of the

steady-state response to be zero; eq. (2.8) can be derived from eq. (2.22) only if

z,(t;) = 0. In contrast, eq. (2.22) is valid even in the nonzero case. Similarly,

eq. (2.22) avoids any issues related to numerical integration error due to a finite
number of samples, since it is valid for any choice of T and &, even |T| = 1.

Analogous to eq. (2.6), with some algebra, the transition can be written in terms

of state (integrals) instead of perturbation (integrals),
z;,., = P(ty)x; + b(ty) (2.23)

where b(ty) = (I — P(ty)) Z,(t,).
In summary, the transition models after numerical integration, egs. (2.22) and (2.23),

are in the same form as the original transition models, eqgs. (2.4) and (2.6), and the
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eigenvalues of the new transition matrix 1_3(750) are equal to the original characteristic
multipliers. The difference method can be applied by subtracting the last numerical
integral from the other numerical integrals and then fitting eq. (2.22). Alternatively,
a better approach is to use the affine transition model, eq. (2.23), to implicitly esti-
mate the fixed point while fitting the transition matrix. In other words, numerical
integrals of samples of the state can be treated analogously to samples of the state

for the purpose of CM estimation.
2.3.2  Total Least Squares

As described in Section 2.2.2, ordinary least squares produces a biased estimate of
the transition matrix in the presence of noise. If éj = &, + €, Is the estimate of §;

with error €;, ordinary least squares assumes a regression model of the form

§ii1—€j1 = P(ty)§; (2.24)
which is incorrect because §; is not known exactly; only an estimate Ej is known.

The correct model is an errors-in-variables model,

&€ = Plt) (§,—¢)) (2.25)
Total least squares is a method for handling this type of problem when the error
vectors are independent and normally distributed. Using total least squares, it’s
possible to specify the relative variance of the noise in the inputs and outputs, in-
cluding possibly different variances for different state variables. To estimate the
transition matrix as in eq. (2.25), the variance of the noise is the same for the inputs
and the outputs. The total least squares parameter values can be computed using
a standard implementation, such as the SciPy library’s [49] wrapper for the ODR-~
PACK library [50]. The results in Section 2.4 demonstrate that total least squares
eliminates the systematic bias of ordinary least squares when estimating CMs.
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FIGURE 2.5: The effect of multiple time series when there are repeated characteristic mul-
tipliers. The perturbations from the two time series are illustrated with different markers.
The union of the two time series is a set of perturbation vectors with rank 2, even though
the set of perturbation vectors for each time series has rank 1. Contrast this with fig. 2.4b,
which shows the perturbations from a single time series.

2.3.83 Handling Repeated Characteristic Multipliers

As described in Section 2.2.2, when multiple characteristic multipliers have similar
values, the data matrices become ill-conditioned and numerical issues arise when
estimating the CMs. A workaround for this case is to collect data starting from r
different initial conditions Sél) = V(to)sél), S(()z) = V(to)séz), ,£ér) = V(to)sg) at
the same phase, in such a way that the rows of the S, matrix corresponding to the
repeated eigenvalues become linearly independent. For example, this is illustrated
in fig. 2.5 for a two-dimensional system with repeated CMs. By starting from two
linearly independent initial conditions, the rank of the data matrix containing both

time series is two. When data is collected from r different initial conditions, the S

matrix becomes

1 1 2 2 T r
Sy = s(() ) sin)/ril sg ) sin)/rfl ‘ ‘ sé ) sfn)/?_l (2.26)
1 m/r—1 (1 2 m/r—1 (2 T m/r—1 (r
R A R Gy S A W 3 R DT S e
- : 1 m ril (1 ‘ 2) m/r—1 (2 (r) m/r—1 (r
:“?1351,2) d / Sd,z) :“?zsiz,o d / Sd,z) H?isd,o Hq / 31(1,2)
(2.27)
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where the time series are indicated with parenthesized superscripts, and the indices
within the time series are indicated with subscripts. For illustration, consider the
case where p; = p; = py, for some 4, j, k. The corresponding rows of the original S

matrix using a single initial condition are given by eq. (2.16) to be

[M?Si,o pisio - Mgn_lsi,o] =50 [M? pioo u?’l] =50 [M? T ,U;nil}
(2.28)
[M?Sj,o HiSio - M?HSJ',O] = 95,0 [“9 o “?H} = 95,0 [“? o “zm_l}
(2.29)
(10810 Bhswo - B spo] =spo [H) ph o T =spo [0 pb o p
(2.30)

which are clearly linearly dependent. However, if data is collected for three dif-

% ] and

ferent initial conditions in such a way that [S% 3528 5538], [35.1()) s

[sgjé 3(22) 5(3)] are linearly independent (which should almost always be the case

if the initial conditions are generated by randomly perturbing the system), then the

i, 7, k rows of the S, matrix become linearly independent; by eq. (2.27), they are:

1 m/r—1 (1 2 m/r—1 (2 3 m/r—1 (3
[ e R T e T R )
1 m/r—1 (1 2 m/r—1 (2 3 m/r—1 (3
S0 | |8 i
(2.31)
(1) m/r—=1 (1) (2) m/r—1 (2) (3) m/r—1 (3)
[ 13550 Kj 55,0 ‘ 13550 j 55,0 ‘ 13550 Hj 55,0 ]
1 m/r—1 (1 2 m/r—1 (2 3 m/r—1 (3
S [0 A ) e i )
(2.32)
(1) m/r—1 (1) (2) m/r—1 (2) (3) m/r—1 (3)
[ ﬂgsk,o Mg Sk,0 ‘ Ngsk,o Mg Sk,0 ‘ /L%Sk:,o Mg Sk,0 ]
1 m/r—1 (1 2 m/r—1 (2 3 m/r—1 (3
= | sty o S [0y e s sy e s |
(2.33)
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2.3.4 Combining These Improvements

Combining all these improvements in a single method avoids the limitations of pre-
vious methods. The combination of the affine model with total least squares is an

errors-in-variables model,

T — €51 = Pllo) (533‘ - €j> + b(to) (2.34)

This model can be used with state measurements directly, or to reduce the effect
of noise, with a moving sum/integral of the state measurements, as described in
Section 2.3.1. When there is a possibility of repeated characteristic multipliers,

multiple time series should be collected, as described in Section 2.3.3.
2.4 Validation Studies

In order to validate the proposed improvements and compare to existing methods,
tests were conducted using numerically simulated dynamical systems with analytically-
known characteristic multipliers. Figure 2.1 and table 2.1 summarize the tested
methods. The SDO method is the traditional difference method described in Sec-
tion 2.2.1, SAO uses the affine transition model as described in Section 2.2.1, IZO
is the method described in Section 2.2.1, and IAT is the method proposed in this
chapter. The other methods are various combinations of improvements to existing
methods. In the following text, sets of methods may be referred to with an asterisk
to represent ‘any option’; for example, ‘S*O’ refers to the SDO and SAO methods.
Numerical integrals for the I** methods were computed as left Riemann sums.

The number of simulated periods was varied between some test cases to illustrate
the effect of the length of the time series. Recall that in order to perform the
regression to estimate the transition matrix, a set of pairs of data points is needed,
where the two points in each pair are separated by one period. For example, if three
consecutive pairs of data points {(xq, ), (€1, Z5), (€4, x35)} are used from a single
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Table 2.1: Properties of the characteristic multiplier estimation methods. “S.” refers to
the number of samples per period used in the calculation, “Reg.” refers to the regression
technique, “OLS” refers to ordinary least squares, and “TLS” refers to total least squares.

Name S. Steady-state response Reg. Transition model Error model

SDO 1 est. from last sample ~ OLS §;.; = P(t,)§; £j+1 —€;1 = P(t)§;

SDT 1 est. from last sample TLS §;.; = P({,)§; £j+1 —€;1 = P(t) (Hj - sj)

SAO 1 implicit (affine model) OLS ;. = P(ty)z; +b(ty) Z;.1—e€;01 = P(ty)Z; + b(ty)

SAT 1 implicit (affine model) TLS @, = P(ty)x; +b(ty) &1 — ;01 = Plty) (5:] — ej) + b(ty)
IZO n assume zero mean OLS =, = P(to):ij %]+1 —€i1= P(to)ij

IZT n assume zero mean TLS &, = P(to)a?j a:r:Hl —€j41 = P(t,) (5:7 — e])

IDO n est. from last period ~ OLS Ejﬂ = P(to)éj éjﬂ €41 = P(to)_j

IDT n est. from last period ~ TLS éjﬂ = P(to)fj E]’+1 €41 = P(ty) (Ej — sj)

IAO  n  implicit (affine model) OLS Z,,, = P(t))Z,; +b(t)) T, — &1 = Pty)T; + b(ty)

IAT  n  implicit (affine model) TLS &;,, = P(ty)Z; + b(t,) :Izzj+1 — &1 = P(ty) (5] — 6]) + b(ty)

time series, then the time series would need to be four periods long so that it contains
all four data points x, €, 5, and ;. When comparing methods across different
numbers of time series, the number of pairs of data points was held constant, which
was slightly different from the number of periods of data.

For each test case, the system was simulated 10 000 times with randomly sampled
initial conditions and noise in order to estimate the distributions of the characteristic
multiplier estimates, which are shown as histograms. Ideally, the chosen method will

consistently have a narrow distribution, centered about the true value of the CM.
2.4.1 Forced Linear Harmonic Oscillator
The first dynamical system considered was a forced linear harmonic oscillator,

@(t) + 2Cw, 2 (t) + w2z (t) = ['sin 2t + T, (2.35)

which has characteristic multipliers p, 5 = e T (coswyT +isinwyT), where wy =

wy\/1— (2%, T = 2n/(2. The parameter values common to all cases were ( = 0.05,
w, =1, and I' = 1, so this is a lightly-damped system.
For the first set of cases, the CMs are distinct. These cases show the effect of the

number of samples per period used in the integral methods, the number of periods
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of available data, and a nonzero mean steady-state response. For the second set of
cases, the CMs are identical. These cases show the numerical issues that appear

when using a single time series and how using a second time series fixes the issue.
Distinct Characteristic Multipliers

For these cases, the forcing frequency was chosen to be 2 = 1.5wy, such that the
characteristic multipliers are distinct complex conjugates. The distribution of the
initial conditions was @ (0) ~ N(:vp(()), diag(0.162, 0.242)), and observation noise in
each component of the measurement of x(t) for each data point was independently
sampled from N (0,0.0252). In other words, the standard deviation of the noise was
about one eighth the standard deviation of the initial perturbation. Figure 2.6 shows
the steady-state response and example perturbed time series when the I, is chosen
such that mean steady-state response is zero (fig. 2.6a) or nonzero (fig. 2.6b).

The first case, shown in fig. 2.7, is the ideal case. The number of samples per pe-
riod for the integral methods is large, there are many periods of data, and the mean
of the steady-state response is zero. All the methods work fairly well in this case.
However, the bias for the methods using ordinary least squares (**O) is clearly evi-
dent, especially for the SDO method. The methods using the affine transition model
(SA*, TA*), which implicitly estimate the steady-state response from all available
data, have slightly less spread than the difference methods (SD*, ID*), which ex-
plicitly estimate the steady-state response from the last period of data. The moving
integral methods (I**) have substantially less spread than the single-sample-per-
period methods, since they integrate over a large number of samples per period.

Figure 2.8 shows the effect of a nonzero mean steady-state response. The distri-
butions for most of the methods are essentially unchanged, but the methods which
assume that the mean of the steady-state response is zero (*Z*) perform very poorly.

This shows the importance of using one of the other methods when the mean steady-

26



state response may be even slightly nonzero.

Figure 2.9 shows the effect of additionally reducing the number of periods of
data. In this case, the last period is a poor approximation of the steady-state peri-
odic response since the perturbation has not sufficiently died out, so the difference
methods (¥*D*) no longer perform well. The only methods that work well in this case
are those using the affine transition model (*A*).

Finally, fig. 2.10 shows the effect of additionally reducing the number of samples
per period used by the integral methods (I**). In this case, the integration does not
provide as substantial a benefit over the single-sample-per-period methods.

In summary, these results show how the proposed improvements to the methods
produce more accurate results. Methods using the affine transition model (*A*)
work well even when the mean of the steady-state response is nonzero and the last
period is not a good approximation of the steady-state response. They also appear to
produce slightly less spread than the equivalent difference methods (*D*). Replacing
ordinary least squares (**O) with total least squares (**T') removes substantial bias
in some cases. The IAT method, which combines the affine transition model, total
least squares, and moving integral, produces as good or better results than the other

methods in all of the cases.
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FIGURE 2.6: True steady-state response (blue line) and an example noisy, perturbed time
series (dashed orange line) with 16 sampled pairs of consecutive periods.
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FI1GURE 2.7: The distribution of the largest estimated absolute CM for each method, using
100 samples per period, 16 sampled pairs of consecutive periods, and I;; = 0. The vertical
line in each plot is the correct value.
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FIGURE 2.8: The distribution of the largest estimated absolute CM for each method, using
100 samples per period, 16 sampled pairs of consecutive periods, and I = 0.1. The vertical
line in each plot is the correct value.
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FIGURE 2.9: The distribution of the largest estimated absolute CM for each method, using
100 samples per period, 6 sampled pairs of consecutive periods, and I;; = 0.1. The vertical
line in each plot is the correct value.
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FIGURE 2.10: The distribution of the largest estimated absolute CM for each method,
using 10 samples per period, 6 sampled pairs of consecutive periods, and Iy = 0.1. The
vertical line in each plot is the correct value.

Repeated Characteristic Multipliers

The previous section considered a forcing frequency that resulted in distinct charac-
teristic multipliers. For the following case, the forcing frequency was chosen to be
f2 = wq such that the two characteristic multipliers are identical. Recall that for
this system, the CMs are repeated whenever (2 = 2w,/k, where k = 1,2, ..., so the
{2 = wy case is just one of infinitely many cases with repeated CMs. The distribution
of the initial conditions was x(0) ~ N <wp(0), diag(22, 22)>, and observation noise
in each component of the measurement of x(¢) for each data point was indepen-
dently sampled from N (0,0.025%). Figure 2.11 shows the steady-state response and
example perturbed time series.

Figures 2.12 and 2.13 show the distributions of the estimates of the absolute
values of the two characteristic multipliers when using a single time series; fig. 2.12
shows the larger estimate, and fig. 2.13 shows the smaller estimate. As expected,

none of the methods accurately estimates both characteristic multipliers when using
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FIGURE 2.11: True steady-state response (blue line) and example noisy, perturbed time
series (dashed orange / dotted green lines) with 16 total sampled pairs of periods.

a single time series. Figures 2.14 and 2.15 show the results when using two time

series. All of the methods perform very well in this case, except for the difference

methods (*D*), which have a lower CM estimate slightly below the correct value.
In summary, when the characteristic multipliers are not distinct, it is necessary

to collect multiple time series to be able to accurately estimate all of the CMs.
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FIGURE 2.12: The distribution of the largest estimated absolute CM for each method, for
a single time series with a single initial condition, with 100 samples per period, 16 sampled
pairs of consecutive periods, and Iy = 0. The vertical line in each plot is the correct value.
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FIGURE 2.13: The distribution of the smallest estimated absolute CM for each method, for
a single time series with a single initial condition, with 100 samples per period, 16 sampled
pairs of consecutive periods, and Iy = 0. The vertical line in each plot is the correct value.
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FIGURE 2.14: The distribution of the largest estimated absolute CM for each method, for
two time series with different initial conditions, with 100 samples per period, 16 sampled
pairs of consecutive periods, and Iy = 0. The vertical line in each plot is the correct value.
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FIGURE 2.15: The distribution of the smallest estimated absolute CM for each method, for
two time series with different initial conditions, with 100 samples per period, 16 sampled
pairs of consecutive periods, and Iy = 0. The vertical line in each plot is the correct value.
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2.4.2 Higher-Dimensional System

A system with four state variables was also tested to demonstrate the applicabil-
ity of the methods to higher-dimensional systems and systems with non-constant

coefficients. The dynamics of the system were described by
z(t) = A(t)x(t) + g(t) (2.36)

where A(t) was a matrix-valued periodic function with period 1 and g(t) was a
vector-valued periodic function with the same period. The details are provided
in Appendix B. The system was constructed to have an analytically-known pe-
riodic steady-state solution and analytically-known characteristic multipliers with
values 0.5,0.75¢!,0.75¢1,0.9. The distribution of the initial conditions was x(0) ~

N (a:p(O), diag(0.22,0.22,0.12, 0.12)), and observation noise in each component of the

measurement of z(t) for each data point was independently sampled from N (0, 0.0252).
Figure 2.16 shows the steady-state periodic solution and an example noisy, perturbed
time series.

Figures 2.17 to 2.20 show the results of estimating the characteristic multipliers
using all of the methods. Figure 2.17 shows the distribution of the largest of the
absolute values of the CM estimates, fig. 2.18 shows the distribution of the second
largest, etc. Some of the single-sample-per-period methods (S**) perform reason-
ably well for the larger characteristic multipliers, but the noise prevents them from
accurately estimating the smallest characteristic multiplier. The methods which as-
sume that the mean of the steady-state response is zero (IZ*) perform poorly for
all the characteristic multipliers because this assumption is violated. The difference
methods using the moving integral (ID*) perform well except for the largest char-
acteristic multiplier, which corresponds to a slower decay and the last period not
approximating the steady-state response as well. The only methods which produce

good estimates of all of the characteristic multipliers are the methods using the affine
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0.751
0.251

FIGURE 2.16: True steady-state response (blue line) and an example noisy, perturbed time
series (dashed orange line) for 20 sampled pairs of periods.

transition model and moving integral (IA*). The integral is sufficient to reduce the
noise to a level where the difference between ordinary least squares (IAO) and total
least squares (IAT) is not very noticeable in this case.

In summary, the method combining the affine transition model, total least squares,
and moving integral (IAT) provides the most accurate characteristic multiplier es-
timates. The results demonstrate that it works well even for higher-dimensional

systems with non-constant coefficients.
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FIGURE 2.17: The distribution of the largest estimated absolute CM for each method,
using a single time series with 100 samples per period and 20 sampled pairs of consecutive
periods. The true CMs are indicated with vertical dotted or solid lines, with the largest

indicated by the solid line.
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FiGure 2.18: The distribution of the second largest estimated absolute CM for each
method, using a single time series with 100 samples per period and 20 sampled pairs of
consecutive periods. The true CMs are indicated with vertical dotted or solid lines, with

the second largest indicated by the solid line.
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FIGURE 2.19: The distribution of the third largest estimated absolute CM for each method,
using a single time series with 100 samples per period and 20 sampled pairs of consecutive
periods. The true CMs are indicated with vertical dotted or solid lines, with the third

largest indicated by the solid line.
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F1GURE 2.20: The distribution of the smallest estimated absolute CM for each method,
using a single time series with 100 samples per period and 20 sampled pairs of consecutive
periods. The true CMs are indicated with vertical dotted or solid lines, with the smallest
indicated by the solid line.
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2.5 Conclusion

CMs describe the stability of a time-periodic steady-state response of a dynamical
system. CMs can be experimentally estimated using a time series of the system’s
state following an initial perturbation. However, existing CM estimation methods
have practical limitations, including a need to estimate or constrain the steady-state
response, bias due to ordinary least squares, and an inability to handle repeated
characteristic multipliers. This chapter shows that limitations can be solved, respec-
tively, by using an affine transition model on the state or state integral, using total
least squares instead of ordinary least squares, and collecting multiple independent
time series. Simulation results from a variety of scenarios show that a method com-
bining these improvements and the moving integral approach proposed by Little et
al. [19] produces more accurate CM estimates than existing methods. This new CM
estimation method avoids the practical limitations of existing methods with minimal

additional complexity, while producing more accurate results.
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3

Estimating Parameters of Delay Differential
Equations from Time Series

3.1 Introduction

Delay differential equations (DDEs) can model many real-world systems and can be
used to make stability predictions. Unfortunately, in many cases, some of the model
parameters are unknown and cannot be measured directly. As a result, it is useful to
be able to estimate the unknown model parameters given time series measurements
of the system’s state. Specifically, we are interested in estimating parameters for
multivariate, linear DDEs with periodic coefficients from multiple time series. The
estimated parameters can then be used to make predictions, such as the stability of

the system, under various conditions.
3.1.1 Related Work

A number of researchers have considered the problem of estimating the parameters

of a DDE model or pieces of the DDE model itself from time series.
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Most works consider only autonomous DDEs, i.e.

z(t) = f(x(t),z(t —19), ..., z(t — 7,),P) (3.1)

and rely on noisy estimates of (t), (t — 1), ..., x(t —7,,), and &(¢). After plotting
(x(t),z(t —1y), ..., x(t — 7,), &(t)) on a single set of axes, regression or other statis-
tical methods can be used to estimate f and p or, if f is known, p [28-31]. For models
of specific forms, convenient expressions involving x(t), (t — 1), ..., ®(t — 7,,), and
@(t) may be plotted instead [32-36]. This technique can also be applied to DDEs
with some types of dynamics noise [30, 51]. Another variation on this technique is
plotting only (x(t),z(t — 7g), ..., x(t — 7,,)) for times when @(t) = 0 [28, 37, 39].
When not all the state variables are observable, time lag embedding or filtering may
be used to reconstruct a suitable representation of the state [34, 38]. The primary
limitations of these approaches are that (1) they require directly measuring &(t)
or estimating it using numerical techniques, (2) they require measuring or recon-
structing a full representation of the state, and (3) they have been developed only
for autonomous DDEs or for DDEs where the only nonautonomous component is a
stochastic coefficient.

In contrast, trajectory matching techniques do not have these limitations. Trajec-
tory matching works by finding the initial conditions and parameters which produce
a simulated trajectory which most closely matches the measurements. This approach
can work even if the derivative cannot be estimated accurately due to noise or a large
time step between measurements, only a subset of state variables are measured, and

the DDE is nonautonomous, i.e.

z(t) = f (t,x(t),z(t —79),...,2(t —7,),P) (3.2)

Trajectory matching has also been applied to ordinary differential equation (ODE)

models; the primary difference when applying it to DDE models is that instead
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of estimating the initial condition at a single instant in time, it is necessary to
estimate x(t) for an interval of time with length equal to the largest time delay
in the DDE. Early work applying trajectory matching to DDEs did not consider
the problem of fitting an interval of initial states [40]. Later work by Horbelt, et
al., demonstrated a multiple-shooting trajectory matching approach, where initial
segments were approximated by cubic splines [41]. Deshmukh suggested a similar
multiple-shooting approach, using Chebyshev spectral collocation to approximate
the solution of the DDE, but did not consider observation noise [42]. Dai, et al.,
demonstrated trajectory matching for DDE problems but assumed that the initial
interval was fully known, without noise [43]. Finally, recent work by Sysoev, et
al., demonstrated a single-shooting trajectory matching approach for DDEs, with
observations from a single variable, using a cubic spline representation of the initial
interval [44]. These works have demonstrated the promise of trajectory matching
for DDEs, but further improvements can expand the applicability and improve the
accuracy of this approach.

Mann and Young introduced another optimization-based approach—matching
analytically-computed characteristic multipliers (CMs) to CMs estimated from the
time series—for a one-degree-of-freedom milling system [11]. The technique was
successful for that problem, but further improvements are possible.

Finally, several authors have described other methods for estimating DDE pa-
rameters from time series which are not directly applicable to the problem of interest.
These include methods which require actively perturbing the system [52, 53], an on-
line adaptive synchronization method relying on noiseless measurements [54], and a

method for coupled DDEs of a specific form [55].
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3.1.2 Contributions

This chapter presents two novel approaches to estimate parameters for multivarate
DDE models with periodic coefficients from multiple time series. Additionally, it
evaluates the accuracy of the two methods in simulation.

The first approach involves matching analytical CMs computed using the spectral
element method for the DDE model to CMs estimated from the time series. Unlike
the existing literature, the approach described here fits multiple CM estimates per
time series, instead of only the largest one, and incorporates the improved techniques
described in Chapter 2 for more accurate CM estimation.

The second approach is a trajectory matching approach which provides an im-
provement over existing approaches in the literature. In particular, the approach
introduced here handles multivarate observations and prior knowledge about param-
eters in a principled way, uses the spectral element method to provide a convenient
representation of the initial interval and reduce the computational cost of computing
the objective function, and fits multiple time series simultaneously instead of only a
single time series. Fitting multiple time series improves the accuracy of the param-
eter estimates and is necessary to estimate parameters given time series which may
not individually contain all of the necessary information.

Finally, the accuracy of the parameter estimates estimated with these approaches
is evaluated by simulating an example multivariate DDE with time-periodic coeffi-

cients.
3.2 Problem

Consider a system whose dynamics follow the DDE

z(t) = A(t,p)x(t) + B(t,p)z(t —T), Vit,p (3.3)
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with time-periodic coefficients
A(t,p)=A(t+T,p), Vtp (3.4)

B(t,p) = B(t+T,p), Vt,p (3.5)

where p is a vector of parameters. While the methods presented here can also be
applied to problems where the time delay is not equal to the period, for the sake of
simplicity, this chapter only considers the case when they are equal.

Assume that time series of observations of the system have been collected for

various combinations of parameter values. For each time series 7, a sequence of

[s] ] [d] L]

measurement vectors 2z, z; , ... for times tO],tl ,... is available. For example, t%] is

the time of the first measurement in the i*" time series, t[li] is the time of the next

(4]

measurement, etc. Each measurement z j corresponds to an unknown, true state of

i

the system " at time tg.i].

Assume a known measurement model which is the same for all time series. In

(4] [4]

particular, assume that each measurement z;" is a known function h of the state x;

with additive multivariate normal noise,

il _ h(a:[-i]> el €l w0, 3, (3.6)

and that the noise vectors egﬂ for all the samples are mutually independent.
The objective is to find the values of the unknown elements of the parameter

vector p which best match the time series data.
3.3 Overview of the Spectral Element Method for DDEs

Both parameter fitting methods described in this chapter rely on the spectral element
method for DDEs introduced by Khasawneh and Mann [10]. The spectral element

method is a way to approximate solutions and compute the CMs of DDEs in a
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State

0 T/2 T 3T/2 2T 5T /2 3T
Time

FIGURE 3.1: Illustration of the spectral element method nodes for two equally-sized ele-
ments per period and sixth order trial functions. The curve shows the true state of the
system. The vertical lines indicate the locations of the nodes, with the solid lines indicating
the division between periods, and the dashed lines indicating the division between the two
elements within each period. The state at each node is indicated with a circular marker;
the spectral element solution is the Lagrange interpolation between these nodes.

computationally efficient way. It approximates each period of the solution with
interpolation between samples at discrete times 7, ..., n,, which are known as nodes.
Each period is broken up into one or more elements, and the nodes in each element
are chosen to be Legendre-Gauss—Lobatto (LGL) points. Interpolation between the
nodes in each element is performed by Lagrange polynomials. An example of the
nodes for the spectral element method with two elements per period and sixth order
Lagrange polynomial trial functions is illustrated in fig. 3.1.

The spectral element method produces an approximate linear map M (p) for
computing the solution at the nodes in future periods. Let y(t) be the spectral

element approximation of the state x(t), then

y((k+ 1T +n,) y(kT + ng,)
y ((k+ 1)T + 77(1)) _ M(p) y(kT.-i— 77?) | 0<n, <--<n <T, .
y((k+i)T+n£) y(kT'+ ) k=01,

Figure 3.1 illustrates an example mapping over multiple periods. For example, this
is the mapping from the nodes in the green period (0,...,T) to the nodes in the
brown period (7', ...,2T") and from the nodes in the brown period (T, ..., 2T) to the
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nodes in the pink period (27, ...,37T). The matrix M(p) is an approximation of
the system’s true monodromy matrix. Its eigenvalues are an approximation of the
system’s CMs.

The spectral element approximation converges as the number of elements or
number of nodes per element increases. Convergence is linear with the number of

elements and exponential with the number of nodes per element [10].
3.4 Estimating Parameters by Characteristic Multiplier Matching

One approach for estimating DDE model parameters from multiple time series is to

use the following two-stage process:
1. Estimate the CMs for each time series individually.

2. Fit the unknown model parameters for all time series simultaneously by mini-
mizing the difference between the model’s spectral element CMs and the CMs

estimated in step 1.

The CMs for a DDE can be estimated from time series data using a method
similar to the one presented in Chapter 2. The primary difference is that, in this

case, state space reconstruction is necessary.
3.4.1 State Space Reconstruction

State space reconstruction can be used to convert measurements into values which
are more suitable for CM estimation. Unlike finite-dimensional ODEs, DDEs have
an infinite-dimensional state space. For example, for a system described by eq. (3.3),
the trajectory of the system after a time ¢, depends not just on the current value
x(ty), but on the entire continuous interval x(t) Vt € [ty — T, t,]. Measurements of

x at many discrete times in the interval can provide an approximate representation
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of this infinite-dimensional state, but such a high-dimensional representation is dif-
ficult to work with numerically. State space reconstruction can be used to obtain a
representation with reduced dimensionality which still contains the most important
state information. It works well even if measurements include only a subset of the
elements of x. For example, displacement sensors may be used to measure position
but not velocity.

The method used here for reconstructing time series from measurements of a
subset of the state variables is based on the Karhunen—Loéve transform (KLT), as
described by Little, et al. [19]. Consider a time series i of noisy measurements
z([)i], z[lﬂ, ... of a subset of the state variables, equally spaced in time. First, a moving

average with window n!¥ is applied to smooth the data without altering the CMs:

Jj+n—1

;= ;; 2] (3.8)
Then, ml? time-shifted copies of the smoothed data are used to embed the data
into a high-dimensional pseudo phase space. The principal components W in the
pseudo phase space are computed, and the components Wil with largest variance
are selected. Note that it is important for nl¥l to be large enough so that the moving
average improves the signal-to-noise ratio to a level where the principal components
corresponding to the transient response dominate. If the signal-to-noise ratio is too
low, then it is difficult to determine a suitable number of columns for WM, and the
selected principal components may be of low quality.
The selected components Wi are used to transform the time-shifted data into

the reconstructed state ql?:

qu'] — (W[i])T : (3.9)



The reconstructed state time series q([)i ], q[li], ... is then used as the input to the CM

estimation method described in Chapter 2.
3.4.2  Estimating Characteristic Multipliers from Reconstructed Time Series

The CMs can be estimated by first fitting a discrete-time affine model to the recon-
structed time series using total least squares, and then computing the eigenvalues of
the transformation matrix, as described in Chapter 2.

To properly weight the residuals in total least squares, it’s necessary to account
for the covariance of the noise in reconstructed state. First, observe that both the
moving average and component extraction are linear transformations. In particular,

eq. (3.8) can be expanded into eq. (3.10)

25;] | zg;]
: = Gl : (3.10)
i i
Z i pmlil—1 Z i pmlilpnlil—2
where
I I I -1 00 0]
1 o 1 I -1 1 0 0
Glil = 7 N (3.11)
"lo -0 I I -~ I I O
0 - 0 0 I - I I I

So, the overall transformation from relevant portion of the original time series to the

corresponding reconstructed state vector is given by
(1]
i LoNT Zj

gl = (wm) Gli : (3.12)

Substituting eq. (3.6), this becomes

i _ (yirlil) Gl : (3.13)
q; ( ) 5 <$[i] ) N il



_ (W[il)TGm o gl (3.14)
h (mﬂm[iunmd) J

where

. ~ . T .
gl — (Wm) Gl : (3.15)
! 0
€ i imlilynlil—2

So, each reconstructed state vector q[.i I has additive multivariate normal noise 5?1 ~

J
N (0, X¢i), where

T Y. 0 - T T
S = (W) 60" 3, ((WM> GM) (3.16)

Note that the noise for values of gl¥ close in time is not independent: each

[i] z[i] 0 (]
30 g mlilpnlil—2) q;

q[.i Vs computed from measurements z shares at least one

measurement, with all of qm K As a result, when reconstructing a

G0 Dbl pplil o
time series for estimating CMs, it is important to choose m!? and n!¥ small enough
so that the noise is independent between the values of gl¥! which are actually used
in total least squares for the CM estimation. Otherwise, it would be necessary to
account for the correlated noise when estimating the CMs. For example, a good

choice is for ml?) + nl' — 1 to equal the number of measurements per period.
3.4.8 Estimating Parameters from Characteristic Multipliers

The model parameters can be estimated by finding the parameter values for which
the CMs computed using the spectral element method most closely match the CMs

estimated from the time series. This can be framed as an optimization problem
argmin d (B, g (6, 3.17
i3 (8. (0.6 .17
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where Bl is the set of CM estimates for time series 4; 6 is the vector of unknown
model parameters, i.e. the unknown elements of p; !/ is the vector of any known
parameters for time series 7; and g computes the set of approximate CMs for the
parameter values using the spectral element method. This optimization problem can
be solved using standard global optimization methods, such as the basin-hopping
implementation with Powell’s method provided by the SciPy library [49].

The function d describes the error between the CMs estimated from the time series
and the CMs computed using the spectral element method for the given parameters.
Since the number of CMs in each of the two sets may differ and the correspondence
of the CMs between the two sets is unknown, the error is computed as the sum of
the distances between the CMs for the assignment which minimizes the sum,

min Z‘C‘1|bﬁ(,€) —ck’ if|C| <|B|

d(B,C) = { m€llzie "
d(C, B) otherwise

(3.18)

where B = {bl,...,qm}, C = {cl,...,qc|}, and g is the set of all permu-
tations of length |C| with elements taken from {1,...,|B|}. This is similar to the
optimal subpattern assignment (OSPA) metric commonly used for evaluating multi-
object filters [56], but without a term for the difference in cardinality between the
two sets, since there are infinitely many true CMs. Equation (3.18) can be evalu-
ated in polynomial time using the Kuhn—-Munkres algorithm, a.k.a. the Hungarian

algorithm [57].
3.5 Estimating Parameters by Trajectory Matching

An alternative approach for estimating the DDE model parameters is to find the
parameter values for which simulated trajectories most closely match the measured

time series.
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3.5.1 Parameterizing Trajectories

For ODE models, any trajectory according to the model can be fully specified by the
parameter values and the initial condition at a single instant in time. Analogously, for
the DDE model in eq. (3.3), any trajectory can be fully specified by the parameters
p and the continuous initial period of the trajectory, i.e. x(t) V ¢t € [0,T]. So,
the problem of matching a trajectory to time series can be described as finding the
parameters and initial period which minimize the difference from the measured time
series.

However, it is not possible to optimize an infinite number of unknown parameters,
such as the continuous initial period; an approximate representation is necessary.
The spectral element method provides a convenient approximate representation for
the initial period which can then be directly used to approximate the rest of the
trajectory. This representation for time series ¢ is the state values at the nodes in
the initial period:

yll(10)
ym<771) (3.19)

yl (me)

Given this initial vector, the state at the nodes in any later period can be approx-
imated by recursively applying eq. (3.7). Alternatively, the nodes for multiple pe-
riods can be computed in parallel via powers of M (p). The approximate state
yll(t,) ~ zl!(t,) for an arbitrary time ¢, can then be computed by Lagrange inter-
polation between the nodes in the period containing ¢,. So, this approach can be
used to compute the approximate trajectory at times tg], t[li], ... for matching time
series ¢.

Note that, in many cases, it’s not necessary to represent a full initial period of

all the state variables when fitting the model parameters. For example, consider the
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following DDE:

1(t) _ | %11 G2 4 (t) + by 0f |z (t—T)
(1) g1 Ao | |To(t) byy O] |zp(t—T)

In this case, @, (t) and Z4(t) depend only on x,(t), z4(t), and z,(t —T'); they do not

(3.20)

depend on x4(t —T'). As a result, to compute x4 (t), z4(t) for t > ¢, it is necessary
to know only z(t) for t € [t, — T, t,] and z4(t,); it is not necessary to know x4 (t)
fort € [ty—T,t,). So, when fitting the model parameters with trajectory matching,
it would be sufficient to use only x,(ng),...,21(n,), x5(n,) to represent the initial
period. The only potential issue is matching the measurements in the initial period,
since x4 could be an input to the measurement function h; see eq. (3.6). However,
as long as no elements of the measurement vector z depend on both z; and z,
replacing x4 (7g), ..., 5(n,_1) with constants, such as zeros, does not effect which
model parameter values minimize the objective function. Another strategy would be
to represent the period before the start of the time series in order to avoid having to
match measurements for that period, but, in that case, it would be more difficult to

make a good initial guess for the optimization.
3.5.2  Fitting the Parameters

The objective is to find the vector of unknown model parameters and initial con-
ditions which maximizes the posterior density p <9 | z[lu, > conditional on all the

time series measurements. The @ vector contains the unknown elements of p and
the representation of the initial period for each time series i, as described in Sec-
tion 3.5.1. The prior belief for 8 is assumed to be a multivariate normal density,

0 ~ N(pg, Xy). As described in Appendix C, this optimization problem can be
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expressed as minimizing a sum of squares:

(7]

argmin (Z (T?})Trgﬂ + (re)TT9> (3.21)

(2]
where
rg.ﬂ =L] (zg.i] — h(ygi]>) (3.22)
ro =L} (60— po) (3.23)

and L., Ly are factors in the Cholesky decompositions ¥.' = L_L!, ¥,' = LyL,.

This problem can be solved using standard nonlinear least-squares optimization
methods such as the Levenberg—-Marquardt method. However, observe that only a
subset of the parameters in @ affect each term in the sum. For example, the approxi-
mate initial period for one time series does not affect the approximate solution for any
other time series. This observation can be exploited to significantly reduce the com-
putational cost of optimization. For this work, the scipy.optimize.least_squares
SciPy library function [49] with the Trust Region Reflective algorithm and sparse Ja-
cobians was used to solve the optimization problem.

One remaining consideration is how to guess an initial value of @ for the opti-
mization algorithm. In many cases, a guess for the representations of the initial
periods can be obtained with ordinary least squares, as described in Appendix D.
When that is not possible, zeros could be used instead, or the values representing the
initial period could be optimized separately to fit the initial period of measurements.
Guessing the initial model parameters requires some prior knowledge. For example,
the model parameters can be sampled from the prior distribution or simply sampled
uniformly over a reasonable range. Note that least squares optimization algorithms
typically find only local optima, so it can be beneficial to run the optimization al-
gorithm multiple times, for different randomly sampled guesses, so that it is more

likely that at least one guess will be in the same basin as the global optimum.
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3.6 Results and Discussion

The proposed methods were tested by evaluating their performance for the following

simulated multivariate DDE model and initial conditions [10, 58]:

i 4 2¢0 + (1 — 0 cos 202t )u — §sin(202t)v = bu(t — T) (3.24)
U4 2¢0 4+ (1 4 dcos 202t)v — dsin(202t)u = bv(t — T) (3.25)
u(s) = sin(202s), for s € [-T,0] (3.26)
v(s) = cos(282s), for s € [-T,0] (3.27)

Equations (3.24) and (3.25) are described by eq. (3.3), with

[uft)
v(t
() = UEt; (3.28)
i(t)
I 0 0 1 0
0 0 0 1
AP = |1 5cos200) § sin 202t —2¢C 0 (3.29)
| dsin282¢ —(14dcos22t) 0 —2¢
[0 0 0 0
0000
0 b 00

The variables u and v represent non-dimensionalized deflections of the midspan of
an asymmetric shaft with delayed feedback, where ( is the damping, d describes the
asymmetry, b is a feedback gain, (2 is the rotational frequency, and T' = 7/f2 is the
delay in the feedback [10].

The system was simulated for parameter values ¢ = 0.02, § = 0.3, b = 0.04,
and four different frequencies {2 € {0.4,0.8,1.2,1.3}. The stable region in ({2,0)
parameter space corresponding to these values of ( and b is illustrated by the shaded

region in fig. 3.2. Each of the four time series consisted of 25 periods of length
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FIGURE 3.2: Stability chart for the true parameter values, ( = 0.02 and b = 0.04. The
shaded region indicates where the system is stable. The values of {2 and § for the simulated
time series are shown with circular markers.

T, with 40 uniformly-spaced measurements per period. Measurements consisted of
noisy measurements of the deflections:
(4]

uj O 0] [o* 0
J

with o = 10~!. Note, in particular, that the measurements did not depend on the

velocities u, v. Examples of the noisy time series are shown in fig. 3.3, and the
locations of the corresponding parameter values on the stability chart are shown in
fig. 3.2.

It was assumed that {2 was always known, so the parameters to fit were (log(),
9, and b. With unconstrained optimization, fitting (log ¢) instead of fitting ¢ directly
ensures that ¢ = e'°8¢ is positive; additionally, working in log space is beneficial when
the order of magnitude of ( is uncertain. The initial parameter guesses for the op-
timizers were uniformly distributed in the ranges (log(¢) € [—3,—1], § € [-0.7,0.7],
and b € [—0.2,0.2]. For both methods, when guessing initial parameter values, 1000
guesses were considered, and the best guess was used to initialize the optimizer. For

the CM matching method, the unknown parameter vector @ consisted of (log(),
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0 50 100 150 200 0 20 40 60 80 100

(a) Time series 0.

(c) Time series 2. (d) Time series 3.

FIGURE 3.3: Time series of the true state, example measurements, and corresponding fitted
time series. The noisy observations are indicated with a solid blue line; the true state values
are indicated with a green dashed line; and the fitted state values are indicated with an
orange dotted line. The start of each period of length 7" is indicated with a vertical dotted
line.

0, and b. For the trajectory matching method, the unknown parameter vector @
consisted of (log(), d, b, and the relevant state values in the initial period for each
time series i: ulf(n), ..., ulll(n,), vW(ny), ..., vA(n,), all(n,), 91¥(n,). The guesses
for the initial periods were computed using the method described in Appendix D.
The spectral element method was order 10, with 2 elements per period T'.

For the CM matching method, state space reconstruction used n = 13, i.e. 1/3 of
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the number of measurements per period, and m = 26, i.e. 2/3 of the number of mea-
surements per period. The threshold for selecting the dominant components, i.e. the
number of columns of W, was 99% of the variance (to avoid spurious components)
or 4 components (to keep the number of parameters for total least squares CM es-
timation less than the number of periods), whichever was lower. The basin-hopping
parameter optimizer for matching the CMs used 30 iterations.

For the trajectory matching method, the optimizer was run 15 times with dif-
ferent initial guesses, and the optimized parameter set with the lowest cost was
selected. The prior density had pg = 0, X5 = 0, i.e. no prior knowledge about the
parameters.

Figure 3.4 shows the distributions of the fitted parameters computed using the
two methods, for 50 different seeds for the random observation noise and initial
parameter guesses. The CM matching method produced estimates which were rea-
sonably close to the true values. The only exception was ¢§, for which this method
correctly estimated the absolute value but not the sign: roughly half of the samples
resulted in a negative estimate of 4. It turns out that, due to symmetries in the
system, the CMs are identical regardless of the sign of §; thus, it is not possible to
determine the sign of § from the CMs. In comparison to the CM matching method,
the trajectory matching method produces more consistently accurate estimates of
the parameters with less variation.

Figure 3.5 shows stability charts for the parameters estimated using the two
methods. The color at a point indicates the fraction of the 50 sampled cases for which
the point was stable for the estimated parameter values. It is clear that while the
parameter values estimated via the CM matching method produce stability estimates
which are reasonably close to reality, the location of estimated stability boundary
is quite variable in some places, such as near {2 = 0.66, 6 = 0. The parameter

values estimated using trajectory matching produced stability estimates which were
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FIGURE 3.4: Histograms of the fitted parameter values for the two methods. The CM
matching histogram has a blue background, and the trajectory matching histogram has an
orange background. The correct parameter value is indicated with a dotted vertical line.
The distributions were obtained by using 50 different seeds for the measurement noise and
initial parameter guesses. Note that the absolute value of § is plotted, instead of § itself,
since about half of the ¢ estimates using CM matching were negative. (In contrast, the
estimates for § using trajectory matching were all positive.) Note also that two, i.e. 4%, of
the samples for the CM matching method were outliers, outside the axis limits, likely due
to failure of the optimizer to find the global optimum.

variable in the same areas, but with much less overall variation. In general, the
stability boundaries computed from the parameter values estimated using trajectory
matching were very close to the true stability boundary.

For the trajectory matching method, it is also worthwhile to look at the differ-
ence between the fitted time series and the true state values. Figure 3.3 shows the
fitted time series overlaid on the time series of the true state and measurements for
one sample case, and fig. 3.6 shows the difference of the fitted time series and the
measurements from the true states. The fitted time series are quite close to the true
state values; the primary exception is in the first period, where the fitted time series
matches the noisy measurements more closely than the true state in some places.
This is unsurprising, especially when the initial period can be selected to fit the
measurements more closely without significantly affecting the predictions for later
periods. However, if a more accurate estimate of the initial period is desired, it may
be beneficial to choose a prior belief on the representation of the initial period which

has greater covariance for nodes nearby in time. For example, a good choice if the
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FIGURE 3.5: Stability charts for the estimated parameter values. The color indicates the
fraction of the 50 sampled cases for which the point was stable for the fitted parameter
values. The true stability boundary is indicated with a red dashed line. The parameter
values for the time series are shown with circular markers.

initial period is assumed to be smooth would be the squared exponential covariance
commonly used in Gaussian process regression [59].

In summary, both parameter estimation methods work fairly well for this exam-
ple DDE, but the trajectory matching method produces more consistently accurate
parameter estimates and stability boundaries and, unlike CM matching, can correctly

identify the sign of 4.
3.7 Conclusion

This chapter presents two novel approaches to estimate parameters for multivariate
DDE models with periodic coefficients from multiple time series. It then evaluates the
quality of their estimates for an example system. The first approach, CM matching,
works fairly well, but its estimates have more variability than would be ideal, and it
cannot distinguish between different parameter values which produce the same CMs.

For example, for the test problem, CM matching could not identify the sign of the
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FIGURE 3.6: Error, i.e. the difference from the true state values, in the measurements
(blue line) and corresponding time series fitted using trajectory matching (dotted orange
line) for one sample case. The start of each period of length T is indicated with a vertical
dotted line.

0 parameter, since the CMs were symmetric about § = 0. The second approach,
trajectory matching, produces consistently accurate parameter estimates which also
produce stability charts which closely match the true stability boundary. In addition
to the improved accuracy and correctly determining the sign of 9, the trajectory
matching method can more easily handle measurements at arbitrary times than the
CM matching method. One problematic case for the trajectory matching method

described here is fitting chaotic behavior, due to sensitivity to initial conditions; in
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this case, it may be better to use trajectory matching with multiple-shooting instead
of single-shooting to limit the length of segments being fit. For future investigation,
the parameter estimates from the CM matching method could possibly be improved
by matching only the largest CMs estimated from the time series, which tend to be
more accurate, or by modifying the objective function to account for the uncertainty
of the CM estimates in a principled way. Regardless, both methods presented here

worked well for the example problem.
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4

Empirical Stability Prediction for Milling

4.1 Introduction

Milling is one of the most commonly used manufacturing processes. The milling
machine rapidly spins a cutting tool and gradually feeds it into the workpiece. As
the teeth on the tool contact the workpiece, they remove small chips of material, with
the goal of producing a smooth surface at the desired location. However, vibrations
of the cutting tool can cause variation in the chip thickness, a poor surface finish, and
reduced accuracy of the machined surface. Due to the relative motion between the
tool and workpiece, each tooth passage affects the cutting forces and chip thickness
during the next tooth passage. For certain combinations of cutting parameters,
feedback between sequential tooth passages can cause unstable motion of the tool,
known as chatter. The large forces in chatter can damage the tool and produce a
poorly machined, inaccurate surface. Thus, it would be very useful to be able predict
when chatter will occur.

Researchers have developed dynamics models for milling and methods using these

models to predict stability, e.g. [21, 60]. However, these models require estimates
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of parameter values which vary between every combination of cutting tool, tool
holder, spindle, machine, workpiece material, etc. [61, 62]. Measuring the param-
eters directly requires time-consuming tests with a skilled engineer and specialized
equipment [61-64]. It would be much more useful to be able to, within a few minutes,
make a few test cuts with the milling machine itself to collect data, and then run
an algorithm to generate an estimated stability chart from the data. This chapter
presents a method to accomplish this. The proposed method is based on the trajec-
tory matching approach described in Chapter 3, but it is specifically adapted to the

problem of milling.
4.1.1  Related Work

Early work on the vibration of machine tools provided models to explain chatter,
including the development of stability charts which compactly represent stability as a
function of the system parameters, such as the spindle speed and cutting depth, and
identifying regions of stability where material could be removed more quickly by cut-
ting at higher spindle speeds [65-67]. Related works expanding on those efforts have
investigated refinements in the models, experimental validation, and improvements in
the analysis techniques [60, 65-84]. The physics-based models which describe the dy-
namics of machining are typically written as delay differential equations (DDEs) [11,
20-27]. Researchers have investigated methods to analytically or numerically ap-
proximate the solutions of these DDEs, primarily with a focus on stability [8, 9, 21,
60, 85-90]. Researchers have also worked on methods for optimization of machining
parameters, e.g. [91, 92]. Although researchers have developed sophisticated models
and analysis techniques for vibration of machine tools, the practical applicability of
this knowledge has been limited. In particular, a significant limitation is the need
for model parameters which accurately describe the structural dynamics and cutting

forces; obtaining these parameters is time-consuming, difficult, and often requires
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the expertise of a skilled engineer. This work was inspired by [11], which sought to
estimate parameters for a one-degree-of-freedom milling model from vibration time
series collected during a milling process. This chapter expands on that work by
estimating parameters for a two-degree-of-freedom milling model based on [21, 60];
it presents a new trajectory-matching approach specifically designed for time series

collected from an instrumented milling machine.
4.1.2  Contributions

For the first time, this chapter presents a method to estimate the parameters for a
two-degree-of-freedom DDE milling model directly from time series collected on an
instrumented milling machine. It combines and extends models from [21, 60] into
an updated model which incorporates steady-state vibration of the tool outside of
cutting, due to effects such as mass imbalance or misalignment of the cutting tool in
the tool holder. Appendix E adapts and extends the spectral element method [10]
to efficiently predict the trajectory of the tool using this model. Finally, this chapter
validates the proposed methods using experimental data and evaluates the quality

of the stability predictions.
4.2 Dynamics Model

Figure 4.1 provides a schematic of the down-milling process. As the cutting tool
rotates and is fed into the workpiece, it removes material from the workpiece. The
tool also bends and vibrates due to the cutting forces. Considering only the first
mode of vibration of the tool in the X and Y directions of fig. 4.1, the 2-D vibration

of the tool tip in the X and Y directions can be modeled by [60]:

M{(t) + Cq(t) + Kq(t) = f.(t) (4.1)
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FIGURE 4.1: Schematic of down-milling with an end mill. The directions of the rotation
and feed of the tool are indicated with blue arrows.

where the two components of g(t) = {qx(t) qY(t)]T are the displacements of the
tool tip in the X and Y directions, respectively, relative to the axis of rotation, at
time t; M, C, and K are mass, damping, and stiffness matrices of the tool; and f.(¢)
is the vector of cutting forces in the X and Y directions exerted by the workpiece on
the tool near the tool tip at time .

The cutting forces can be modeled by [21, 60]:

fe(t) = K. (t) (q(t) — q(t — 7)) + fo(t) (4.2)

where K _(t) is a time-periodic coefficient for cutting forces which depend on the
variation in the chip thickness; f,(¢) is a time-periodic vector of additional cutting
forces; and 7 is the tooth passing period. The value of 7 is given by 7 = 272 n_ 1, |
where 2 is the spindle speed in rad/s, and n,.;, is the number of teeth on the tool.
Section 4.2.1 discusses the cutting forces in more detail.

Equation (4.1) assumes that the steady-state position of the tool in the absence of
cutting forces is perfectly aligned to and centered about the axis of rotation. However,
this assumption may not be valid. For example, the rotating components, such as

the tool and tool holder, may have a mass imbalance which can cause vibration of the
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tool; the tool could also be imperfectly positioned in the tool holder. These effects

can be approximated by an additional, time-periodic, term f,(¢):

M(t) + Cq(t) + Kq(t) = f.(t) + fu(t) (4.3)

Substituting eq. (4.2) and rearranging the terms, eq. (4.3) can be written as a first-

order DDE:

£(t) = Alt, pe(t) + B(t pa(t — ) + lt.p) (1.4
where

2(t) = 381 (4.5)
AP = | ppagey MK, (1) —MI—lc} (4.6)
Bt.p) = —M?Kc(t) g] “.7)
| 0 48
PV L £y + MO0 e

The f,(¢) term is modeled by:

fult) = Fuo+ R [ £ ] (4.9)

where f, o is a constant, real vector, where the subscript ‘0’ refers to this being the
constant term; f,  is a constant, complex vector, where the subscript ‘p’ refers to
this being the coefficient of the periodic term; and R : C — R extracts the real
part of its argument. Note that f,(t) affects the trajectory of the system, so it is
important for fitting time series, but it does not affect the characteristic multipliers
(CMs) or stability. This can be seen most easily using the spectral element method;

see Section 4.2.3 and Appendix E.
65



4.2.1 Cltting Forces

The derivation presented here of the cutting forces for a helical cutting tool is similar
o [21], but this derivation provides simplified expressions for K (t) and f,(¢), and
it incorporates edge coefficients as in [60]. The cutting forces are distributed along
a small contact region, as shown in fig. 4.2a. The total cutting forces on the tool in
the X and Y directions can be computed by summing over the teeth and integrating

over the contact region for each tooth:

fe(t) (4.10)

Nieeth Zk,hi(t) . —sin
SR [ ([ e 28] ao ) o
k=1 ’

—_— —cosB(z,t)

where f,(z,t) and f,(z,t) are the normal and tangential cutting forces per unit height
at height z and time ¢, as illustrated in fig. 4.2b; 2y, () is the lowest position where
tooth k is in contact with the workpiece; zj, 1,;(#) is the highest position where tooth
k is in contact with the workpiece; g,(t) is 1 if tooth k is cutting, and 0 otherwise;

and the instantaneous angle of the point at height z on tooth k at time t is given by
0,(z,t) = 0, (2,ty) + 2 (t —ty) (4.11)

For points in the contact region, the radial chip thickness can be approximated by
wy(z,t) = hsinf,(z,t) + [sin 0,.(z,t) cosO(z, t)} (q(t) —q(t—7)) (4.12)
where h is the feed per tooth. The cutting forces per unit height can be modeled by
filz,t) = Kqwy (2, 1) + Ky, (4.13)
fo(z,t) = K w(z,t) + K, (4.14)

where K and K are the cutting pressures, and K, and K, are the edge coefficients.

Substituting and rearranging, eq. (4.10) becomes eq. (4.2), with

Mteeth /Zk,hi(t) [—KtSC — Kn52 —Kt62 - [(nsC dz (4 15)

Kc<t) - ; gk(t) Ktsz — KnSC KtSC — KHCQ

2 10(t)
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workpiece

(a) Isometric view of the tool and workpiece. The  (b) Cross section of the tool and workpiece,

contact region between the tooth and the work- viewed from above. The arrows labeled f;

piece is indicated with a dashed orange line. and f, show the tangential and normal cut-
ting forces per unit height at this height and
instant in time.

FIGURE 4.2: Tlustrations of the contact region and the cutting forces per unit height for
a helical cutting tool with two teeth.

Mteeth Zk hi (t) 2
’ —K.sc— K_s —K.c—K_s
foly="> gk(t)/ (h { Kok SC] + [ e CD dz (4.16)
k=1 n e

2 10(1) ne

where

s =sinf,(zt) ¢ =cosb(z,1) (4.17)

To evaluate egs. (4.15) and (4.16), it is necessary to compute g, (¢) and the bounds
of integration. For down-milling, the leading tip of a tooth enters the cut at angle

0., = m — arccos(l — 2p) and exits the cut at angle 6, = m, where the radial

immersion is pD,,, and D, is the diameter of the tool. Note, however, that for

a tool with a helix angle 5 # 0, the upper contact point of the tooth does not start
cutting until a short time after the tip starts cutting, and it does not exit the cut
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FIGURE 4.3: Illustration of the helix and lag angles. The view is looking at the side of the
tool from the point of view of the workpiece, with the helix unrolled onto a plane. The
thick diagonal lines are the helical edge of the tooth (1) when the tip of the tooth starts
cutting and (2) when the point at height b on the tooth starts cutting. The tool rotates
through an angle of 6y,, between instants (1) and (2). The shaded rectangle indicates the
size of the chip being cut on this tooth passage; the size varies with the axial cut depth b,
which determines the height, and the radial immersion, which affects the width. At any
instant during the cut, the contact between the tooth and the workpiece is the intersection
between a diagonal line representing the tooth edge and the shaded rectangle.

until a short time after the tip of the tooth exits the cut. Let

tan 3
Dtool/2 ( )
so that
0,.(z,t) =0,(0,t) — Kz (4.19)

Then, for axial cut depth b, the tool rotates through an angle of 6,,, = kb between
the tip of a tooth entering the cut and the upper contact point on the tooth entering
the cut, and between the tip of a tooth exiting the cut and the upper contact point
on the tooth exiting the cut. This is illustrated in fig. 4.3. So, the contact indicator

function for tooth k is

1 if 6,(0,t) € 0.y, 0y + 01
gr(t) = «(0.) €] g (4.20)
0 otherwise

The heights of the instantaneous lower and upper points of contact between tooth k
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and the workpiece are given by

0
Zp10(t) = {_ﬁl (0ex — 01,(0,1))

Zk,hi(t) = {b_ﬁl (een B ek(o’ t>)

and the corresponding angles for the lower and upper points of contact are

Op10(t) = O (Zk:,lo<t>7 75)

 {6,00,1)
B Hex

Opmi(t) = Oy, (Zk,hi<t)v 75)

. Hen
16,0,

Then, egs. (4.15) and (4.16) can be simplified to

TNteeth B PR Y e .
—K.s5¢— K s? —K,c?— K_sc
t) = t © n b n>
) ; 9| g9 K 3 KtR—Kn@]
Mteeth J— G — —
—K,5¢ — K_s? —K,c—K_5s
t) = t)|h i n te ne*
) ; gk( ) [ Kts2 - Kn§ * Ktes - Knec :| )
where, for t such that g, (t) = 1,
24 (t) (bsin 0,.(0,1) if k=0
5= ind )dz = 0=0}, 1i(t)
’ /20<t> b (2042 =9 1 csp) if 5 % 0
\ 0=0 10(t)
o1 (t) (b cos6,(0,t) if k=0
Cc= 0,.(z,t)dz = < 0=0} 1i(t)
¢ /z(t) cos O (2, 1) dz —Lsing ifk#0
’ \ 6=0} 10(t)
2 (¢) bsin® 0,,(0,1) ifk=0
2= in? _ 00y, 14(1
= 0 t)dz = k,h
i oo(t) sin Oy (2, 1) d= —+ (% (§ — sin 6 cos 9)) if Kk #£0
0=0} 15(t)

if 0,(0,t) €
if 6,(0,¢) €

lf Gk
lf Hk

if Qk
if 0,.(0

[6,,,,0

en’ vex

[0, 0

ex’ vex

if 6,,(0,t) €

— Oy i 0,(0,8) €
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2 () bcos? 6,(0,1) itk=0

2= 20,(2,t)dz = 0=0smi(1) 4.32
¢ /Zo(t) cos” O (2,1) dz —1 (% (6 + sin 6 cos 9)) if kK #+0 (432)
0=0), 1,(t)
21 (t) bsin 6, (0,t) cos,(0,t) if k=0
sc = / sin b (z,t) cos (2, 1) dz = ¢ (_l o 0) ‘9=9k,hi(t) 0 (4.33)
%ol " g 0=0} 16(t)

4.2.2  Analytical Solution for Vibration Between Cuts

When no teeth are in contact with the workpiece, eq. (4.4) simplifies to an ordinary

differential equation (ODE), which can be solved analytically:

z(t) = A (p)z(t) + ¢ (t,p)  Vist (9,(t) =0Vke {1, .., neernt)  (4.34)

where
Ao(p) = [_MolK —]\flc:| co<t7p) = [Mlofu(t)] (435)

It can be shown that the solution to eq. (4.34), using eq. (4.9), is

x(t) =z (t) + xy(t) Vit st (g,(t) =0 Vk € {1, ..., Nyeein }) (4.36)
where

ay (1) = eAP0) (2(t)) — 2 (t)) (4.37)

mss(t> = mss,O + R [wss,peiﬂt] (438)

-1 0
mss,O = _(Ao(p)) [M—l 8 O:| (439)
i -1 0
Lessp = (IQI o A0<p)) |:M1 ] (4'40>

Note that this implies that
Mil u,0 = {0 I} (_<A0(p)>wss,0) (441>

M fo,

[0 I](iRI—A,(p)= (4.42)

SS,p
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FIGURE 4.4: Illustration of the spectral element segments, elements, and nodes for approx-
imating the solution of eq. (4.4). The state of the system is indicated with a curved blue
line. The divisions between segments are indicated with solid vertical lines. The end of
each element is indicated with a vertical dashed line. The location of each node is indicated
with a vertical line (solid, dashed, or dotted), and the corresponding value of the state is
indicated with an orange circular marker. The intervals of time during cuts have a shaded
backgrounds (with a different color for each element within a segment), while the intervals
of time between cuts have a white background.

which provides a convenient way to obtain M ! f () from the steady-state solution

between cuts x(t).
4.2.83  Approximate Solution using the Spectral Element Method

The full solution of the DDE model (eq. (4.4)) can be approximated in a computation-
ally efficient way by an extended version of the spectral element method introduced
by Khasawneh and Mann [10]. Let y(t) be this approximation of the state x(t).
Time is split into segments of length 7, where each segment begins at the start of a
cut and ends at the start of the next cut. The time interval during each cut is split
into multiple elements. Within each element, the solution is approximated by poly-
nomial interpolation between the values of y(t) at discrete times, known as nodes.
Between cuts, the solution is described by eq. (4.36), where the initial condition is
the node at the end of the preceding cut. This is illustrated in fig. 4.4, where the
start of the initial cut is ¢;, and the duration of each cut is ;.

The spectral element method computes an approximate mapping from the nodes
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in one segment to the nodes in the next, which can be written as:

(t; + (E+1)7 4+ 1,) y(t; + kT + 1)

Yy
] Y A ) B

y(t+ (k + )71 +1n,) y(t, + v +n,) (4.43)

0<m < <my<ty k=0,1,..

where Q. ;(p) and 7, (p) represent the mapping from segment k to segment k+1,
and 7, ...,n, are the times of the each segment’s nodes relative to the start of the
segment. Due to the periodicity of A(t,p), B(t,p), and c(t,p) in eq. (4.4) with

respect to the spindle rotation period, the mapping is also periodic:

Qiin,,.., (P) = Qi(p) Thing (P) = Tr(P) (4.44)

So, given the solution at the initial nodes, y(t, +ng), ..., y(t; + 1,), a continuous
approximation of the solution for the first n segments can be obtained by the following

steps:
1. Compute Qy(p) and r(p) for k=1, ..., nyeeq-

2. Apply eq. (4.43) repeatedly to compute the solution at the nodes for each of

the first n segments.
3. For each segment:
o Within the cut, use Lagrange polynomial interpolation between the nodes
within each element.
o Following the cut, use the last node from the cut as the initial condition

for eq. (4.36).

The matrices Qy(p), ..., Q. (P) can also be used to compute the CMs, and thus

stability, of the system.
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For more details, see Appendix E. Equation (4.4) corresponds to eq. (E.1), and
eq. (4.36) corresponds to eq. (E.2). It was found that, for this problem, a good choice
for the number of elements and the polynomial order was n, = 3 and n, = 5. The
boundaries of the elements were chosen to coincide with the times when the cutting
forces were non-differentiable, i.e. when the tip of the tooth started and stopped cut-
ting and when the point on the tooth at height b started and stopped cutting. This
choice of element boundaries was beneficial because the spectral element approxi-
mation was infinitely differentiable within each element but only continuous across

elements.
4.3 Experimental Setup

The proposed model and methods were evaluated using data collected from test cuts
on a 5-axis linear motor milling machine, cutting into an aluminum (7050-T7451)
block, with various spindle speeds and cutting depths [60]. The tool was a carbide
end mill with n., = 2, diameter D, ; = 12.75mm, helix angle § = 30°, and
106 mm overhang. The radial immersion ratio was p = 0.05, and the feed rate was
h = 0.127mm per tooth. A clean-up pass to smooth the workpiece was performed
between each test cut.

The milling machine was instrumented with sensors to collect time series data for
each test cut. The time series data for each test cut consisted of a tachometer signal
and noisy measurements of the position of the tool tip. Figure 4.5 shows a photograph
of the sensor setup. The position of the tool 19 mm from the tip was measured using
two capacitive sensors held close to the tool in a rigid fixture; the position of the tool
tip was estimated by scaling these measurements. The tachometer signal indicated
at each instant in time whether a mark drawn on the tool was detected or not;
this indirectly provided information about the spindle speed and orientation of the
tool. The sampling frequency for the sensors was 25 kHz. For more details on the
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FIGURE 4.5: Annotated photograph of the cutting tool and sensor setup. [Photograph by
Brian P. Mann, 2003.]

experimental setup and data collection, see [60].
4.4  Fitting to Time Series Data

The objective of this chapter is to estimate the unknown model parameters by fitting
the model to the time series data, so that stability charts can be generated using the
estimated parameters. In theory, it would be possible to estimate all of the unknowns
simultaneously by trajectory matching, using a global optimization algorithm to fit
the spectral element approximation of the milling model to the time series. However,
this is difficult due to the large number of unknown parameters. Fortunately, the
unknown parameters can instead be estimated in a sequence of stages, where each
stage estimates a different subset of the parameters. For example, it is possible to
estimate parameters describing M~'K and M ~'C using the portions of the data
between cuts, independently of the parameters describing the cutting forces. This
approach of breaking up the overall problem into smaller subproblems limits the
number of parameters which need to be estimated simultaneously, which significantly

simplifies the optimization problems which need to be solved. This section describes
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how the model can be parameterized, provides a brief overview of the trajectory
matching technique used in the last two stages, and then describes the stages of the

parameter estimation strategy in sequence.
4.4.1 Parameterizing the Model

To make model fitting work well, it is beneficial to define the parameter vector p
such that the number of unknown parameters to fit is minimized and the parameter
values always meet physical constraints. This section describes the specific parameter
choices, in the order which they were estimated. The details of how they were
estimated are provided in the following sections.

First, the axial cut depth b, radial immersion ratio p, and feed h per tooth were
assumed to be known but possibly different between time series; they correspond to

settings on the milling machine:

pr=> (4.45)
D2 =p (4.46)
ps=h (4.47)

The number of teeth, diameter, and helix angle of the tool were assumed to be known

and the same for all time series:

P4 = Myeeth (448>
Ps = Dtool (449>
ps =15 (4.50)

The spindle speed (2 should be approximately controlled by the milling machine,
but, for higher accuracy, {2 was estimated from separate tachometer measurements.
The time ¢,,(0) of the first upward edge of the tachometer signal-—which was used as

an indicator of the phase of the tool-—could also be estimated from the tachometer
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signal, as described in Section 4.4.3.

pr =12 (4.51)
As described in Section 4.4.4, an initial estimate of the steady-state solution out-

side of cutting, x(t) (eq. (4.38)), was obtained by fitting the steady-state vibration

data before cutting started. Let

0 (t) = Qo + R [ o] (4.53)
such that
q <t) qSSO qss int
T (t) = |3 = PlHER|LAEP | € 4.54
(t) [qss(t)] [ 0 1Qqssyp ( )

So, the coefficients of the steady-state solution in eq. (4.38) are

Lss0 = [qSS’O:| Lss,p = 1528:5)13 (4'55)
Six real parameters are sufficient to describe the steady-state solution:
po=1[1 0]guo (4.56)
P10 = [0 1} 9ss,0 (457>
P11 = []‘ O} R [qss,p] P12 = [1 O} J [qss,p] (458>
p13 = [O 1} ‘W [qss,p] p14 = [O 1} ‘7 [qss,p] (459)
Then,
- oy = [P 00 (160

Recall that, by eqgs. (4.9), (4.41), and (4.42), this also describes M1 £ (t). Note
that these parameters differ between time series. In particular, the amplitude tends

to increase with spindle speed, and the phase relative to t = 0s differs.
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As described in Section 4.4.5, by fitting eq. (4.34) to the vibration between cuts,
it is possible to estimate the M 'K and M—'C matrices, refine the estimate of
the steady-state solution x(t) (which also describes M1 f (t)), and estimate the
phase of the cuts. These were parameterized as follows. First, it is reasonable to
assume that the M, K, and C matrices are approximately diagonal, so M 'K and

M~1C can be written as

MK — (MOK)XX (M_PK)YJ (4.61)
M-1C — (M‘OC)XX (M?C)YJ (4.62)

However, to be physically realistic, all the diagonal elements in these matrices should
be positive, so it’s beneficial to use the logarithm of a diagonal element as the cor-
responding parameter to ensure that the resulting diagonal element is positive. Ad-
ditionally, the two diagonal elements in each matrix should be very similar to each
other, so it can be beneficial for one parameter to describe the first element and the
other parameter to describe the ratio between the two elements. In other words, the

parameters used to describe MK and M~'C were the following:

P15 =In ((M*K)XX) (4.63)
M K) ) B

Prg = 1nﬁ = ((MK), ) —In(MK) ) (4.64)

Py =1n ((MAC)XX) (4.65)
M-'C

prs=In ﬁ — (M), )~ ((M1C) ) (4.66)

Then,
1 . ePis 0 IR eP17 0
MK = |: 0 eP15+P16] M~C = [ 0 ep17+p18:| <467)



The phase was represented by the orientation of the tip of a tooth at time ¢,,(0):

P1g =6, (07tup<0>> (4.68)

since the orientation of the tool at time ¢,,(0) should be consistent regardless of
the other parameters, as long as the tachometer position and the mark on the tool
detected by the tachometer are consistent.

During cutting, the values of M1 K_(t) and M ! f(t) are also necessary. Divid-
ing through by the first element in the mass matrix reduces the number of parameters

by one, as shown below. First, observe that M~! can be written as

1
0 1 1 0
M—l — My x [ M (469)
[ 0 ]\;YY] MXX [O MYY]

So, substituting eqs. (4.27) and (4.28),

MK_(t) (4.70)

AR ET SN B
= g Mx E i (t) K3 K)o KX K
MYY k=1 X M- X

M fy(t) (4.71)

1 O TNteeth _]\Z(t %_ J\Z{n 8_2
= [0 &] gr(t) (h [ K5 K
k=1 My x My x

In other words, dividing the pressure and edge coefficients by My allows for My~
to be eliminated as a parameter. As with the stiffness and damping, many of the
parameters are known to be positive or to have a fairly consistent ratio, so it is

beneficial to use logarithms and ratios as the parameters:

K
=1 t 4.72
p20 n MXX ( )
K K /MXX K K,
Py =N "2 =In—2 2% —p 2 _p (4.73)
2! K, K/ Mxx Mxx Mxx
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=1 4.74
P22 n My ( )
K K_ /M K K
Doy = In ne 1 ne/ XX —1In ne In te (475>
Kte Kte/MXX MXX MXX
M. M
=1 YY _ ] XX 4.76
Pas ! MXX ! MYY ( )
Then,
MK () (4.77)
1 0 Meeth —eP20GE — eP20P21 g2  _P2002 — eP20tP2156
o ) e P2a — gk( eon? — ep20+P21§ eP20g5¢c — ep20+p210_2
Mf,(t) (4.78)

n —
1 0 teeth —eP205¢ — P20t P21 g2 —eP22¢ — @P22tP23g

= t D) < C
0 e P2 ; gk( ) P3 eP2052 _ gP20tP2135¢ T eP225 — eP221P23G

-
In summary, p = {pl p24] are all the parameters needed for the milling
dynamics model, eq. (4.4). Note that when fitting to time series, the initial conditions

are also unknowns which need to be estimated.
4.4.2  Qverview of Trajectory Matching

One way to estimate the parameters of a dynamics model is to solve an optimiza-
tion problem for the parameters, where the objective function describes how closely
trajectories predicted by the model match the measured time series. The objective
function incorporates any prior belief about the parameters and penalizes differences
between the noisy measured time series and the noiseless measurements correspond-
ing to the predicted trajectories. This works even if the measurements represent
only a subset of the state variables, such as positions but not velocities. For cases
where the measurement noise vectors are independent, additive, and multivariate
normal and the prior belief on the parameters is a multivariate normal distribution
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independent of the measurement noise, the optimization problem can be expressed
as a nonlinear least squares problem which accounts for the distributions of the mea-
surement noise and the prior belief. This approach is used to estimate parameters
in Sections 4.4.5 and 4.4.6.

Fully describing a trajectory with the dynamics model requires the initial condi-
tions of the trajectory in addition to the model parameters. Typically, these initial
conditions are unknown and, as a result, need to be estimated simultaneously with
the model parameters in order to match the predicted trajectory to the measure-
ments. For an ODE model, these initial conditions consist of the system state at a
single instant in time. For a DDE model with delay 7, however, the initial conditions
consist of the trajectory of x(t) over a continuous interval of length 7, due to the
dependency of the dynamics on past values of x(t). The spectral element method
provides a convenient approximate representation of these initial conditions: the ap-
proximation of x(¢) at the nodes in the first segment. By representing the initial
conditions in this way, the future trajectory can easily be approximated using the
spectral element method, as described in Section 4.2.3.

In summary, the parameters of a dynamics model can be estimated from time
series by matching trajectories predicted by the model to the time series measure-
ments. Under certain assumptions, this can be framed as a nonlinear least squares
optimization problem which accounts for the covariance of the measurement noise
and any prior belief on the parameters. The unknowns to optimize consist of both
the unknown model parameters and the unknown initial conditions. The unknown
model parameters may consist of parameters which are common to multiple time
series, as well as parameters which are separate for each time series. Regardless, all
of the unknowns can be concatenated together into a single vector of unknowns for
the optimization problem. The optimization problem can be solved using standard

techniques. For more details on the objective function, see Appendix C.
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FIGURE 4.6: Example of finding the upward and downward edges of the tachometer signal;
only the first 30 ms is shown, due to space limitations. The tachometer signal is the solid
blue line; the threshold of 2.5V shown with the dashed orange line; the times correspond-
ing to the detected upward and downward edges are indicated with upward-pointing and
downward-pointing triangular markers, respectively.

4.4.83 FEstimating the Spindle Speed

As described in Section 4.3, the milling machine was instrumented with a tachome-
ter to more accurately estimate the spindle speed. This section describes how the
spindle speed was estimated from the tachometer signal. The tachometer signal was
approximately a square wave between 0V and 5V the edges of the signal were used
to estimate the spindle speed. First, the upward and downward edges were estimated
by finding the intersections between the tachometer signal and a threshold of 2.5V,
using linear interpolation between adjacent points of the tachometer signal. This is

illustrated in fig. 4.6. After estimating the edges, a linear model
tup(i) = 1, (0) + T (4.79)

was fit to the indices and values of the estimated upward edges using ordinary least
squares (OLS), where the first upward edge is ¢,,,(0), the next upward edge is t,,,(1),
etc. The estimated spindle speed was given by 2 = 27/T. Finally, the estimated
values of ¢,,(0) and T" were checked in various ways to verify that they were a good

fit: (1) the estimated {2 was checked against the nominal spindle speed reported by
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the milling machine, (2) the residuals between the actual estimated upward edges
and eq. (4.79) were verified to be no more than a threshold fraction of 7', and
(3) the relative errors from T' for the intervals between consecutive upward edges
and consecutive downward edges were verified to be less than a threshold. If any of
these checks failed, then the experiment was thrown out. The most common cause
of failure was a small chip from the workpiece getting stuck to the side of the tool,
which would occasionally interfere with the tachometer measurements.

Equation (4.79) was fit separately to the edges from before cutting started and
the edges during cutting, since the spindle speed changed slightly during cutting due
to the additional load on the machine. The estimated spindle speed before cutting
was used to estimate the parameters of steady-state vibration before cutting started
(Section 4.4.4), and the estimated spindle speed during cutting was used for fitting
the dynamics model (Sections 4.4.5 and 4.4.6). Additionally, the estimate of ¢,,(0)
for the data during cutting was used to match the phases of the time series, since

the orientation of the tool should have been the same for all upward edges.
4.4.4  FEstimating Steady-State Vibration Before Cutting Started

For each experiment, the machine was started with the tool outside the workpiece
and allowed to reach steady-state, then data collection was initialized, and then
the tool was fed into the workpiece. The steady-state motion of the tool before
cutting was estimated for two reasons: (1) the covariance of the difference between
the measurements and the estimated motion was a good estimate of the covariance
of the measurement noise, and (2) the estimated motion was a good initial guess for
q.(t) (eq. (4.53)) for use in fitting the vibration between cuts (Section 4.4.5).

For each time series, the steady-state motion was estimated by fitting a Fourier
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FIGurE 4.7: Example of fitting to the observations before cutting started; only the first
30ms is shown, due to space limitations. The components in the X and Y directions
are shown on separate axes. The position measurements are the solid blue lines, and the
corresponding fitted steady-state vibration g, () is indicated with dashed orange lines.

series

ft) = % + Z (ay, cos k$2t + by, sin k£2t) (4.80)
k=1

to each of the two position components of the measurements separately, using OLS.
The value of {2 had been estimated earlier from the tachometer signal, as described
in Section 4.4.3. For estimating g (t), the Fourier series were limited to n = 1; see
fig. 4.7 for an example. For estimating the covariance of the measurement noise,
n = 10 was used; the additional terms allowed fitting the data slightly more closely
to obtain a slightly better estimate of the noise covariance in case the steady-state

vibration did not perfectly match eq. (4.53).
4.4.5 Fitting Vibration Between Cuts and FEstimating the Phase of Cuts

For the low radial immersion experiments, most of the time was spent with the tool
between cuts, i.e. with no teeth in contact with the workpiece. So, the model could
be fit to the data between cuts with fewer parameters; the parameters describing the
cutting forces were not necessary. In particular, eq. (4.34) could be fit to the data

instead of eq. (4.4). By fitting fewer model parameters, the optimization algorithm
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converges faster and is more likely to find the global optimum. As an additional
benefit, fitting the vibration between cuts can be used to estimate the phase when
cuts occur. This section describes how the phase of the cuts and the relevant model
parameters can be estimated.

Observe that if a time interval is between cuts, then all intervals which are integer
multiples of 7 later in time are also between cuts, since cuts are separated in time
by 7. Given the information obtained in Sections 4.4.3 and 4.4.4, intervals between
cuts can be described by two values: the interval length a7, and the time ¢7 between
the first upward tachometer edge t,,,(0) and the start of an interval between cuts. In
other words, the intervals described by these two values are [t,,(0)+<7+k7, t,,(0)+
T+ kT + ar] for k=0,1, ....

If suitable values of ¢ and o were known, then eq. (4.34) could be fit to the data
in the intervals described by ¢ and « using trajectory matching. The parameters to
estimate are the relevant unknown model parameters which are common to all time
series, i.e. p;5, ..., D1g, the relevant unknown model parameters which differ between
time series, i.e. pg,..., P14, and the initial condition at the start of each interval.
Note that good initial guesses for py,...,p;, for each time series are available from
fitting the data before cutting starts, as described in Section 4.4.4. The trajectory
matching can be framed as a least squares optimization problem, as described in
Section 4.4.2, using the analytical solution (eq. (4.36)) for the predicted trajecto-
ries. The optimization problem can be solved using standard nonlinear least-squares
methods, such as the scipy.optimize.least_squares SciPy library function [49]
with the Trust Region Reflective algorithm. As in Section 3.5.2, only a subset of the
parameters affects each term in the objective function, so sparse Jacobians can be
used to significantly speed up the optimization algorithm. Specifically, each initial
condition affects only the terms in the corresponding interval, and each time series
has different values of py, ..., p;,. Figure 4.8 shows an example of fitting the model
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FIGURE 4.8: Example of fitting to the observations between cuts. Note that only part of
one time series is shown; the model is actually fit to multiple time series simultaneously.
The components in the X and Y directions are shown on separate axes. The position
measurements are the solid blue lines, and the corresponding fitted positions g(¢) between
cuts are indicated with dashed orange lines. The estimated initial condition for each interval
between cuts is indicated with a brown circular marker. The steady-state response g ()
estimated from the data before cutting started (Section 4.4.4) and the updated estimate
of g (t) from the data between cuts (Section 4.4.5) are shown with solid green and dotted
red lines, respectively.

to the data in the intervals between cuts. The fitted trajectories in the intervals
are indicated with dashed orange lines, and the estimated initial condition for each
interval is indicated with a brown circular marker.

Unfortunately, the phase of the intervals between cuts was unknown, since none
of the sensors could directly detect contact between the tool and the workpiece. So,
it was necessary to find suitable values of ¢ and « using the time series data. One
way to do this is to take advantage of the fact that eq. (4.34) should fit the data
in intervals between cuts more closely than data in intervals which contain cuts,
since the cutting forces cause the motion of the tool during cuts to deviate from the
dynamics described by eq. (4.34). So, given a set of candidate values of (¢, ), the
best candidate from the set can be chosen by comparing the quality of the fits for
these candidates, as described by the least squares objective function. The question,
then, is how to strategically choose candidates for (¢, ) in order to narrow in on the

correct values.
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First, it’s useful to determine the maximum possible value of o for which there
exists a value of ¢ such that all the intervals described by ¢ and « are between cuts.
This maximum value for « is 1 — =, where ~ is the fraction of each tooth passage
period for which a tooth may be cutting in any of the time series when they are
aligned by their respective values of ¢,,(0). When dealing with multiple time series

of differing radial immersions and axial cut depths,

(m}?X (9@(’;€ + 01ag,k>> - (mkin Hen’k>

27T/ Nieeth

v = (4.81)

where 6 ) and 6y, ;, are the tooth tip cut entry, tooth tip cut exit, and lag

en,kr Yex,k»

angles for the time series with index k; these angles are described in more detail in
Section 4.2.1. The process of estimating the phase can be implemented as a sequence
of steps, where each step chooses between a small number of candidates of (g, ).
The first step starts with a smaller value of o in order to find a value of ¢ which
corresponds to intervals between cuts, and then subsequent steps increase o and
adjust the value of ¢. After multiple steps, « approaches the maximum value of
1 —~. At that point, the intervals described by ¢ and « are the largest possible
intervals between cuts, and their endpoints describe when cuts occur.

The first step considers four different candidates: ¢ € {%, i, %, %}, all with a =
%—7. This value for « is chosen so that an interval of length v7 cannot simultaneously
overlap the intervals described by all four candidates. This ensures that there is
at least one candidate which represents intervals which are entirely between cuts.
Figure 4.9a shows how the choice of a = % — ~v ensures this property. In this figure,
the intervals for each of the four candidates are indicated with a solid color, and
possible cutting intervals of duration ~7, separated by time 7, are indicated with
hatched rectangles. If the hatched rectangles are slid together across the timeline,

they never intersect all four candidates simultaneously. Figure 4.9c illustrates the
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FIGURE 4.9: Strategy for estimating the phase of the cuts by the tool. The intervals
to try fitting as vibration between cuts are indicated with solid backgrounds; the size of
the interval when the tool may be cutting is indicated with a hatched region; and the
previously chosen interval being expanded in figs. 4.9b and 4.9d is indicated with a dotted

background.
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same thing, but is wrapped around a circle to more easily show the periodicity. Once
the model has been fit to the intervals for each candidate value of ¢, the value of ¢ for
which the model best fits the data is selected. Let ¢, and o, be these initially-selected
values.

In the following steps, the selected intervals are repeatedly expanded, until « is
as close as desired to 1 — 7. For each step k, given values of ¢,,_; and «;_; which
were selected on the previous step, ¢, and «;, can be chosen by considering two candi-
dates which overlap the previously-selected candidate but are somewhat larger. This
is illustrated in figs. 4.9b and 4.9d. The previously-selected candidate with inter-
vals of length «ay,_;7 is indicated with a dotted background, and the two expanded
candidates with intervals of length o7 are indicated with solid backgrounds. If
o = ay_q + %(1 — v — a;_q), then if the hatched regions are slid together across
the timeline, they cannot overlap both candidates simultaneously while remaining
outside the intervals specified by (g1, ag_1). So, if (¢,_4, ;) represents intervals
which are entirely between cuts, then at least one of the candidates is guaranteed to
represent intervals which are entirely between cuts. As the number of steps increases,
« rapidly approaches the maximum of 1 — =, which can be shown as follows. The
value of o is given by

3 if i =0
=317 ! (4.82)
a1 +5(1—y—0a; ) ifie{l,2,..}

So, the difference between 1 — v and «; is given by

A= =G - if i =0
<1_7)_O‘i_{ 1—7)—(2i_1+§(1—7—ai_1)) tic2, 1 48

1 if § —

i ifi=0 (4.84)
sI—=y—oy) ifie{l,2,..}

— %(%)Z — 9—(i+2) (4.85)
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In other words, the difference between 1—~ and « exponentially decays towards zero.
For example, after five expansion steps, (1 —7) — a5 < 1%. Using this procedure,
the only limitations on the precision of the estimate of ¢ are the time step between
measurements and the uncertainty due to measurement noise.

Once ¢ has been estimated using this procedure, it can be used in combination
with ¢,,(0) to specify the times when cuts occur, for fitting the milling model as
described in the following section. While the estimate of ¢ obtained from this proce-
dure is usually fairly close to the correct value, measurement noise can lead to larger
error than would be ideal. The following section adds a parameter to allow for small
errors in the estimates of ¢,,(0) and ¢. To allow for larger errors, it can be beneficial
to also try values of ¢ somewhat farther away, selecting the value for which the model
best fits the data. The estimates of the model parameters pg, ..., p;g, obtained while
fitting eq. (4.34) to the data for the chosen value of ¢, are used in the following

section to fit the remaining parameters.
4.4.6  Estimating the Cutting Coefficients and Mass Asymmetry

After completing the stages described in the previous sections, the only remaining
parameters which have not been estimated are those describing the cutting coeffi-
cients and mass asymmetry, i.e. py, ..., poy. These parameters can be estimated by
fitting the full milling model, i.e. eq. (4.4), to the time series after cutting started,
using the trajectory matching approach described in Section 4.4.2 with the spectral
element method described in Section 4.2.3. This is illustrated in fig. 4.10.

Most of the parameter values estimated in the previous sections were used as-
is. The only exception was an additional parameter for each time series to allow for
small errors in the estimates of parameters pg and p; g, since small errors in the phase
of the cuts can significantly affect the quality of the fit to the time series. To allow

for these small errors, the orientation of the tip of tooth 1 at the estimate of ¢,,(0)
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FIGURE 4.10: Example of fitting using the complete milling model (eq. (4.4)). Note that
only part of one time series is shown; the model is actually fit to multiple time series
simultaneously. The components in the X and Y directions are shown on separate axes.
The position measurements are the solid blue lines, and the corresponding fitted positions
q(t) are indicated with dashed orange lines. The start and end of each cut are indicated with
solid and dashed vertical lines, respectively. The cut containing the explicitly parameterized
nodes is indicated with a shaded background. The steady-state response g (t) estimated
from the data between cuts (Section 4.4.5) is shown with a dotted red line.

was represented by a shifted logistic curve:

21 2
0,(0,Dg) = Pyo — 0.05 —1 4.86
1( ’p8> p19 (nteeth> <1 + (1 + e—p25> ) ( )

where pg is the value of pg estimated in Section 4.4.3, Py is the value of p,4 estimated
in Section 4.4.5, and p,5 is an additional parameter for each time series.

To match the time series data, the initial conditions for each time series must be
estimated simultaneously with the unknown model parameters. The initial condi-
tions for a DDE with delay 7 consist of the states « over an interval of length 7. For
the approach presented here, this interval of states was represented by state values
at the spectral element nodes for one cut. Specifically, the first spectral element
segment was explicitly represented by the position g at each spectral element node
in the segment, the velocity q at the first node in the segment, and the velocity at
the last node in the segment. The velocities between the first and last nodes were
not necessary, because they affected neither the position measurements in the first
segment nor the states of later segments. An initial guess for the explicitly repre-

90



sented nodes was obtained by fitting a polynomial of order (min {n—1,|vn] }) to
the n time series measurements within the initial cut. Given the representation of
the initial segment and the model parameters, an estimate of the state x at any
time in the time series could be computed using the spectral element method, as
described in Section 4.2.3. So, the model parameters and initial conditions could be
estimated by finding the values of the parameters and initial conditions for which
the computed trajectory most closely matched the time series data, as described in
Section 4.4.2.

For the solving the least squares optimization problem to fit the time series, the
scipy.optimize.least_squares SciPy library function [49] with the Trust Region
Reflective algorithm was used. As in Section 4.4.5, only a subset of the parameters
affected each term in the objective function, so sparse Jacobians were used to sig-
nificantly speed up the optimization algorithm. Specifically, each initial condition
segment and each parameter pys affected only the terms in the corresponding time
series. Once the parameters were estimated, the milling model could be used to
make predictions. For example, the spectral element method was used to generate a

stability chart for different spindle speeds and cutting depths.
4.5 Results and Discussion

The methods presented in this chapter were designed so that a machine operator
could, in a few minutes, conduct a few short, low radial immersion test cuts; run
the automated parameter estimation procedure; and then automatically generate
a stability chart, like the one shown in fig. 4.11, using the estimated parameters.
To demonstrate their applicability to a real milling system, the methods presented
in this chapter were applied to time series collected using the experimental setup
described in Section 4.3.

Given a set of a few time series, the methods described in Section 4.4 were
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FIGURE 4.11: Stability charts for the estimated parameter values. For each point (£2,0),
the background color indicates the fraction of subsets of the data for which the estimated
parameters predicted that the point would be stable. For comparison, the experimental
stability assessments for this system from [60] are indicated with markers (stable: yellow
circle, borderline: green cross, unstable: purple triangle). The values of {2 and b for the
time series used for fitting are indicated with black boxes.

used to estimate the parameters of the dynamics model described in Section 4.2.
Then, using these parameter estimates, the spectral element method described in
Section 4.2.3 and Appendix E was used to compute approximate CMs over a grid
of spindle speeds and axial cut depths. Each point in the grid was predicted to be
stable if the magnitudes of all the CMs were less than one, and unstable otherwise.
This procedure of estimating the parameters from a set of time series and predicting
the stability over a grid of points was repeated for various sets of time series, in
order to provide an indication of the variability in the predictions. Specifically, it
was repeated for each subset of four unique time series from a set of five time series.
The spindle speeds and axial cut depths for the five time series are indicated by
black boxes in fig. 4.11. Note that all of these cases have low axial cut depths.
Low axial cut depths are a good choice for test cuts in order to minimize the risk
of damaging the tool, since the system is more likely to be stable, and even if it

is unstable, the cutting forces are smaller. The grids of spectral element stability
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predictions corresponding to the subsets of time series were overlaid on each other to
form the background color in fig. 4.11: the background color of each point indicates
the fraction of the subsets of the time series for which the point was predicted to
be stable. For comparison, true stability assessments obtained experimentally [60]
are shown with triangular, cross-shaped, and circular markers. There is noticeable
variability in the stability predictions, as indicated by the width of the transition
between the background colors corresponding to the stable and unstable regions.
However, they match the true stability assessments fairly closely. Given a stability
chart like this, the operator could easily select a good operating point by finding a
point which meets the desired criteria and is a reasonable distance from the unstable
regions.

While the purpose of the methods is to provide stability predictions via param-
eter estimation, comparing the fitted trajectories to the experimental measurements
provides some useful insight. For the same five time series which were used to gen-
erate fig. 4.11, the fitting procedure was run for all five time series together. For the
fit of the data before cutting started (Section 4.4.4), fig. 4.12 shows the estimated
q..(t) for the data before cutting started. The good fit confirms that a single sinusoid
is sufficient to represent the steady-state vibration. For the fit of the data between
cuts (Section 4.4.5), fig. 4.13 shows the estimated q(t) between cuts and the updated
estimate of g (¢). The model for the vibration between cuts fits the data very well;
this strongly supports the proposal of incorporating nonzero f,(¢) into the model
to handle cases where the tool is not perfectly centered about the axis of rotation.
For fitting all the data during cutting (Section 4.4.6), fig. 4.14 shows the estimated
q(t). While the model fits the most of the time series fairly well, some of the errors
between the observations and fitted state are systematic, i.e. not just due to mea-
surement noise. This suggests that the DDE model describing the dynamics during

each cut could be improved further or, possibly, some of the “known” parameter
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FIGURE 4.12: Fit to the observations before cutting started; only the first 30 ms is shown,
due to space limitations. The components in the X and Y directions are shown on separate
axes. The position measurements are the solid blue lines, and the corresponding fitted
steady-state vibration g.(¢) (Section 4.4.4) is indicated with dashed orange lines.
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FIGURE 4.13: Fit to the observations between cuts; only the first 10% of the data is
shown, due to space limitations. The components in the X and Y directions are shown on
separate axes. The position measurements are the solid blue lines, and the corresponding
fitted positions q(t) between cuts (Section 4.4.5) are indicated with dashed orange lines.
The estimated initial condition for each interval between cuts is indicated with a brown
circular marker. The steady-state response gy (t) estimated from the data before cutting
started (Section 4.4.4) and the updated estimate of g (t) from the data between cuts
(Section 4.4.5) are shown with solid green and dotted red lines, respectively.
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values (py,...,pg) Were not quite correct. This also explains why some of the errors
in the stability estimates in fig. 4.11 appear to be systematic, rather than due to
measurement noise.

In summary, using the proposed methods, it is possible to quickly collect data
from a small number of low radial immersion test cuts, using sensors attached to
a milling machine, and then generate a stability chart which can be used to select
appropriate parameters in the stable region. The results demonstrate that the model
fits the data fairly well, although there is room for further improvement. The sta-
bility chart in fig. 4.11 is close enough to the correct stability boundary to be useful
in practice. Fitting to subsets of the data provides an indication of the variability
or uncertainty in the stability estimates. While interpreting the variability as uncer-
tainty may be somewhat misleading because the errors are partially systematic, the
variability information allows the operator to make a more informed decision. Given
the stability chart in fig. 4.11, the operator could select a point a reasonable distance

from the unstable regions which meets the operator’s desired criteria.
4.6 Conclusion

This chapter described an automated method for estimating the parameters of a
two-degree-of-freedom milling model from a small number of time series which could
be collected using sensors attached to a milling machine. The milling model incorpo-
rated nonzero steady-state vibration of the milling tool, independent of cutting, to
better match the motion of the tool in real time series. The parameters were strate-
gically defined to be well-suited for estimation using optimization algorithms. The
fitting method proceeded in stages which estimated a few parameters at a time in
order to minimize the number of parameters which needed to be estimated simulta-
neously. Finally, the proposed method was evaluated on real experimental data. The

results demonstrated that, despite some limitations of the model, the estimated sta-
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bility chart matched the true stability boundary fairly closely and provided valuable

information which would allow an operator to select appropriate machining settings.
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5

Conclusions

This research provides significant advancements in methods for characteristic multi-
plier (CM) estimation and parameter estimation for dynamical systems from noisy
time series data, with a particular focus on delay differential equations (DDEs) and
machining applications. The primary motivation was to allow for mathematical
models of milling to be applied in practice without the need for expensive, difficult,
and time-consuming direct measurement of the process parameters using specialized
equipment and expert engineers. This work introduced an automated process to
estimate parameters and make stability predictions using time series measurements
collected from sensors attached to the machine itself.

Chapter 2 investigated the limitations of existing CM estimation methods and
introduced improvements to overcome those limitations. Specifically, these limita-
tions included a need to estimate or constrain the steady-state response, bias due
to ordinary least squares, and an inability to handle repeated CMs. This chapter
showed that the limitations could be solved, respectively, by using an affine transition
model on the state or state integral, using total least squares instead of ordinary least

squares, and collecting multiple independent time series. Simulation results from a
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variety of scenarios demonstrated that these improvements resulted in more accurate
CM estimates than existing methods.

Chapter 3 introduced improvements to CM matching and trajectory matching
methods for estimating the parameters of DDEs from time series data. For CM
matching, this chapter incorporated the empirical CM estimation improvements from
Chapter 2 and introduced a way to match multiple CM estimates for each time
series. For trajectory matching, this chapter handled multivariate observations and
prior knowledge about parameters in a principled way, used the spectral element
method to provide a convenient representation of the initial interval and reduce
the computational cost of computing the objective function, and fit multiple time
series simultaneously. Simulation results demonstrated that these improved methods
worked well in practice, although CM matching had some limitations which were not
a problem for the trajectory matching method.

Finally, Chapter 4 introduced a new approach to estimate the parameters of
a dynamics model for milling from time series data. Specifically, it combined and
extended models from the literature into an updated model which more closely fit the
time series data. It described a procedure to estimate the unknown parameters of the
model in stages, so that it was not necessary to solve a global optimization algorithm
for all the parameters simultaneously. The procedure incorporated extensions to the
spectral element method, as described in Appendix E. Experimental results using
data collected on a physical milling machine demonstrated that the proposed model

and procedure successfully approximated the true stability boundaries.

5.1 Future Research Directions

While the methods presented in this work advance the state-of-the-art, further re-
search could expand their applicability and increase their accuracy. This section

describes possible future research directions corresponding to each chapter.
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5.1.1  Empirical Characteristic Multiplier Estimation

This chapter proposed and evaluated various improvements to empirical CM estima-

tion methods. Some directions for future research include the following.

1. The methods presented in this chapter assumed that the measurement sampling
frequency was an integer multiple of the frequency of the limit cycle oscillation.
It would be useful to investigate principled approaches to handle cases where

this assumption is not met.

2. In some cases, the period of the limit cycle oscillation may be uncertain. It
would be useful to investigate how to account for this uncertainty in the period

when estimating the CMs.

3. For systems with significant nonlinearity, linearization about a limit cycle may
be a good approximation only very close to the limit cycle. It would be useful
to be able to identify these cases from the time series data. For example,
correlation between the least squares residuals may indicate that the affine
transition model is not a good match to the data. It may also be possible to

compensate for such nonlinearities.

4. In some cases, some prior information about the dynamics of the system may be
available. It would be useful to be able to incorporate prior information when
estimating the CMs. For example, when a full model is available, trajectory
matching can be used to estimate the model’s unknown parameters, and then
CMs can be computed from the model. It would be beneficial to find ways to

incorporate partial prior information when a full model is unavailable.
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5.1.2  FEstimating Parameters of DDFEs from Time Series

This chapter described improvements to CM matching and trajectory matching tech-
niques for estimating parameters of DDE models from time series. Some directions

for future research include the following.

1. Some of the CM estimates may be more certain than others. For example, the
estimates of smaller CMs tend to have more uncertainty, since the components
of the transient response corresponding to these CMs decay more rapidly. It
would be useful to determine the uncertainty of the CM estimates and incor-
porate that uncertainty information into the objective function when using the

CMs to estimate model parameters.

2. This chapter described state space reconstruction as one way to handle partial
observability of the system state when estimating CMs. More investigation into
how to best choose the components of the reconstructed state may improve the

accuracy of the CM estimates.

3. For time series of chaotic behavior, the single-shooting trajectory matching ap-
proach described in this chapter may not work well, since small errors in the
estimate of the initial conditions may lead to large errors in the trajectory. In
these cases, it may be beneficial to use a multiple-shooting approach, i.e. split-
ting the time series into shorter time series for which the initial conditions are

parameterized separately.

4. Some parameters, such as the time delay or phase, may be difficult to find
using trajectory matching with local optimization algorithms. In these cases,
it may be beneficial to investigate the use of global optimization algorithms to

solve the optimization problem.
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5. Extending these methods to systems with stochastic dynamics would be an

interesting area for exploration.
5.1.8  Empirical Stability Prediction for Milling

This chapter combined and extended existing models for milling, adapted the spectral
element method for the model, and described a procedure to estimate the model’s
parameters from time series data. Some directions for future research include the

following.

1. This work was particularly challenging due to the limitations of the sensors.
It would be useful to investigate using sensors which would provide a more
detailed view of the state of the system. For example, a sensor to detect when
the tool was cutting would be particularly useful, so that the phase of the cuts
would not need to be estimated from the time series of position measurements.
Also, it would be useful to measure the displacement at multiple heights along

the tool in order to better understand its motion.

2. While the milling dynamics model used in this chapter is fairly sophisticated,
it uses many approximations. Improvements to the dynamics model may allow
it to better fit the time series data. For example, in some cases, it may be

necessary to account for more modes of vibration.

3. The staged parameter estimation procedure described in this chapter is a good
way to estimate the parameters without having to solve a difficult global opti-
mization problem to estimate all of them simultaneously. However, it has the
disadvantage that errors in the parameters estimated in earlier stages affect
the estimates of the parameters estimated in later stages. Given the param-

eter estimates from this procedure, the estimates could be further refined in
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a final stage by optimizing them all simultaneously. Since the procedure de-
scribed in this chapter should provide good estimates of the parameters, a local

optimization algorithm may be sufficient to refine them further.

. It would be useful to extend this work to other machining operations, such as

turning and drilling.
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Appendix A

Stability of Limit Cycles

Consider a dynamical system

with a time-periodic equilibrium response with period 7T,
z,(t) =z, (t+T) (A.2)

where x is a column vector of length d.

A.1 Dynamics of a Perturbation are a System of Linear Homogeneous
ODEs
Expanding eq. (A.1) about the periodic response gives

da(t)
dt

= Fly (1), 1) + VL (@, (0), 8) (2(t) — @, (1)) + O ((m(t) _ wp(t)>2> (A.3)

If the perturbation is defined as §(t) = x(t) — x,(t) and the higher-order terms are

discarded, the result is

d (2, (1) + &)
dt

= f(x, (1), 1) + Vo f(a, (1), 1)&() (A.4)
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da,(t) de(t) dx,(t)

v T Vel (), 081 (A.5)
O 9w, 0,060 (A6)
Define A(t) = Vlf(a:p(t),t)’ then
dg(t)
g~ AmER) (A7)

where A(t) is time-periodic with period T', i.e. A(t) = A(t+T), which can be shown

as follows:
z,(t) =z, (t +T) (A.8)
da:(ft(t) _ dmp(§t+ T) (A9)
f(z,(t),t) = flx,(t+T),t+T) (A.10)
Vaof(x,(t),t) =V iflx,t+T),t+T) (A.11)
Alt) = At+T) (A.12)

A.2 Floquet Theory

A fundamental matrix @(t) for a system of d linear homogeneous differential equa-

tions, such as eq. (A.7), is a matrix-valued function
B(t) = [¢V(t) £2(t) - £D(t)] (A.13)

where £1)(t), ..., €9 (t) are linearly-independent solutions to eq. (A.7). By eq. (A.7),

a fundamental matrix satisfies
di(t) = A(t)P(1) (A.14)

Quoting from [1], by Floquet’s theorem, if @(¢) is a fundamental matrix of the
system described by eqgs. (A.7) and (A.12), then ®(t + T) is also a fundamental
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matrix. Moreover, for every such @(t) there exists a periodic nonsingular matrix

Q(t) with period T" and a constant matrix R such that
D(t) = Q(t)e'F, Q) =Q(t+T) (A.15)

Then, the transition from one period to the next is given by

S(t+T)=Q(t+T)elttDR (A.16)
= Q(t + T)etReTR (A.17)
= Q(t)e!ReTR (A.18)
= &(t) TR (A.19)

The matrix eI B

is known as the monodromy matrix of the fundamental matrix @(t).
Its eigenvalues are known as characteristic multipliers, and they describe the stability

of the system. It can be shown via proof by induction that
B(t + jT) = B(1)(eTRY, j=0,1,.. (A.20)

Let e® = WMW !, where W is the invertible matrix of eigenvectors of e ® and

M is the diagonal matrix of eigenvalues of e’ ®, i.e. the characteristic multipliers.

Then,
B(t+ jT) = Bt (WMWY | j=0,1,.. (A.21)
Bt +jT) = BHOWMW-, j=0,1,.. (A.22)
B(t + jT)W = S(H)WMI, j=0,1,.. (A.23)

This result shows that the system is stable if and only if all the characteristic mul-
tipliers have magnitude less than 1.

While the monodromy matrix is dependent on the fundamental matrix chosen, the
characteristic multipliers are the same for all choices of the fundamental matrix. This

can be shown as follows. Given a fundamental matrix @(t), any other fundamental
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matrix @’(t) can be expressed as @’ (t) = @(t)B where B is a constant nonsingular

matrix. Rearranging and substituting into eq. (A.19) gives

' (t+T)B ' =& (t)B "R = & (t+T)=& (t)BeTRB  (A.24)

from which it can be seen that the monodromy matrix of &’ (t), i.e. B 'eT®B, is

T

similar to the monodromy matrix of @(t), i.e. e, and so it has the same eigenvalues.

A.3 Estimating a Monodromy Matrix

The question now is how to estimate a monodromy matrix from data. Consider a
set {45<k) (t) | k=0,1, } of fundamental matrix solutions corresponding to a set of

time points {¢, | k = 0,1,...} which have the property that &*)(¢,) = I. Let their

R

corresponding monodromy matrices be e’ ™' Tt can be shown that for any solution

€9 (t) to eq. (A.7) and fundamental matrix @*) there exists a constant vector ¢*+?

such that
£ (t) = %) (¢) kD) (A.25)

So, by substitution,
5“)(%) — pk) (tk)c““) — Jeki) — elkii) — 5(1’) (t) = ok (t)g(zd (ty) (A.26)

Then, in subsequent periods, by egs. (A.20) and (A.26),

E0(ty + JT) = W (1), + JT)EW (1), j=01,.. (A.27)
NI .
= @)(t,) (TR ) g (ty), j=0,1,.. (A.28)
_ ( TR\ 4(0) .
= (e ) £0(t,), j=0,1,.. (A.29)

It then can be shown via proof by induction that
E0(t, + (j+1)T) = TBYE0 (1, +4T), j=0,1,... (A.30)
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In other words, using the notation from eq. (2.3),
P(t)) = eTRY (A.31)

In order to compute the characteristic multipliers, it’s sufficient to compute the
eigenvalues of eTRY for a single value of k, since, as described in the previous
section, the characteristic multipliers are identical for all choices of fundamental
matrices. If there is no noise and the vectors {ﬁ(i) (t, +47)|7=0,1, } are linearly
independent, then it is sufficient to collect d pairs of values at a single phase from a

single time series into square matrices:

Erio=[€0() €000 +T) - €900+ (d—1)T)] (A.32)
Epia = (€00, +T) €0(t, +2T) — €0(t),+dT)| (A.33)
Ek,i,l = eTR(k)Ek,i,o (A.34)
and then compute the monodromy matrix with eTRY — Ek,i,lE’k,i,O_l‘ In the

presence of noise, it is common to collect additional pairs so that the monodromy
matrix can be estimated by least squares. If the vectors from a single time series are
linearly dependent, multiple time series, i.e. multiple values of 7, must be collected
as described in Section 2.3.3. Note that all the samples must be at the same phase

TR

t;., since e is a function of k.

A.4 Linear Combinations Preserve Characteristic Multipliers

Little et al. [19] show that a moving integral of the state preserves the characteristic
multipliers (CMs) when the mean of the steady-state response is zero. However, when
working with experimental data, the integral can only be computed numerically, and
the mean of the steady-state response is often nonzero. As a result, it is useful to
demonstrate that the CMs are preserved by linear combinations and to show how to

handle the case when the mean of the steady-state response is nonzero.
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Define
T(t) =Y r(r)a(t+7) (A.35)

Z K(T)x,(t+7) (A.36)

TE€T

where T is a set of time offsets and k is a scalar coefficient function. For example,
x(t) is a left Riemann sum of @(t) over one period if T = {iT'/n|i=0,1,...,n — 1}
and k(1) = T'/n, but different choices of T and k can be used to express a wide

variety of other numerical integration rules. Expanding eq. (A.35),

Z(t) =Y r(r)z(t+7) (A.37)

TET

= Z K(T) [azp(t +7)+&(t+ T)} (A.38)
TET

—ZFL ot +7) —|—Z/i Et+1) (A.39)
TeT TeT

Rearranging and substituting,

T(t) — &, (t) =Y k()& +7) (A.40)

Te€T

If &(t) is a fundamental matrix solution, then it can be shown that there exists a con-
stant vector ¢ such that the perturbation can be written &(¢) = @(t)c. Substituting
this into eq. (A.40) and applying eq. (A.15),

T(t) —x,(t) = k(r)B(t+7)c (A.41)
TeT

= k(1) (Qt+ ) R) ¢ (A.42)
T€T

= (Z K(T)Q(t + T)e(HT)R) c (A.43)

= (Z K(T)Q(t + T)e(t+T)R> e RelRe (A.44)

TeT

110



= W(t)e'Re (A.45)

where
U(t) = G(t)e B (A.46)
G(t) =) K(r)Q(t + 7)1 R (A.47)
TeT
It follows that

c=cRw(t) " (2(t) — 2,(1)) (A.48)

After one period,
c(t+T)—x,(t+T)=(t+T)e"DEc (A.49)
=W (t+T)eTRelRe (A.50)

= W(t + T)eTRetR [e—tRsp(trl (2(t) - :ip(t)>] (A.51)
=W(t+T)eTRE () (z(t) —z,(t)) (A.52)

which can be written as
T(t+T)—z,(t+T)=P(t) (&(t) — (1)) (A.53)

where P(t) is the transition matrix for &(t) — z,(t) given by

P(t) =Ww(t+T)e "B (t) (A.54)

It is clear from this expression that if ¥(t) was periodic (i.e. ¥(t+T) = ¥(t)), then
P(t) and "B would be similar matrices and have identical eigenvalues. To show

that this is, in fact, true, the first step is to find another expression for G(t + T'),

G(t+T)=> k(r)Q(t+T1+T)el++DE (A.55)
Te€T
= (Z K(T)Q(t+ 7+ T)e(HT)R) IR (A.56)
TeT
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= (Z K(T)Q(t + T)e(”T)R) el R (A.57)

TET

where the periodicity of Q(t) was enforced in the last step. Substituting eq. (A.47),
the result is

G(t+T)=G(t)eT? (A.58)

Now, to find an expression for ¥ (¢ + T'), substituting into eq. (A.46) and applying
eq. (A.58) yields

U(t+T)=G(t+T)e DR (A.59)
=Gt +T)e TR R (A.60)
= G(t)eTRe TR IR (A.61)
=G(t)e 'R (A.62)

which by eq. (A.46) shows that

U(t+T)=v(t) (A.63)
and therefore by eq. (A.54),
P(t) = w(t)eTRY () (A.64)

Therefore, P(t) and eT® are similar matrices and have identical eigenvalues, so the
change of basis from &(t) = x(t) — x,(t) to (t) — @ ,(t) preserves the characteristic
multipliers. In other words, when applying any of the CM estimation methods,

x(t) — x,(t) can be used analogously to x(t) — z,(t).
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Appendix B

Details of Higher-Dimensional System for
Evaluating CM Estimation

The higher-dimensional system considered in Section 2.4.2 is a linear system with

time-periodic coefficients of period 1. The dynamics of the system are

w(t) = A(t)z(t) + g(t) (B.1)
where
A() = (Q() + QMR) (Q(1)) ™ (B.2)
g(t) = —A(t)z,(t) + &,(t) (B.3)
R=W(InM)W! (B.4)

The elements of the steady-state periodic solution @x,(¢) and the periodic matrix

Q(t) are described by Fourier series:

[@,), = 3ldo], + Y [dus] cos (k2t — [d,] ) (B.5)
k=1
3
QM) = 3Do], ,+ > [Do], cos (mt _ [DPJC}U) (B.6)
k=1 ’ ’
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The parameter values are:

Da,l

Da,2

Da,3 =

114

2 =27
(0.5 0 0
0 0.75¢ 0
M = 0 0  0.75e
0 0 0 0.9
[ 0.02 0.31e%311  (0.31e70311 (.58
W= 0.90 0.42e 297 (.42¢297 (.39
T | —0.71 0.83el%9  (.83e 159 (.09
| 0.90 0.41 0.41 —0.73
—0.37 [0.77 [0.40
—0.37 0.60 0.46
1 0.15 o1 = 0.50 2 = 0.04 dy3 =
0.94 10.21 10.07
[ 1.79 [—1.29
0.16 —92.21
R dpo=|_1.99 dps =
| —2.36 | 1.47
[—0.097 —0.297 —0.238  0.25
—0.22 —0.015 0.481 0.462
0.225 0.041 —0.223 —0.339
| 047 0.016 —0.384 0.123
[0.194 0.01 0.016 0.148] [—1.60 2.08
0.127 0.037 0.197 0.048 D —3.10 —2.48
0.215 0.069 0.18 0.054 pL ™ 1099 3.12
10.241 0.224 0.006 0.207 | |—0.50 0.54
[0.077 0.066 0.08 0.033] [ 1.69 —2.75
0.064 0.102 0.024 0.010 D —1.49 0.84
0.110 0.001 0.104 0.080 P27 | 027 —1.61
10.019 0.053 0.084 0.111] | 1.04 213
[0.057 0.029 0.053 0.052] [—1.81 2.0
0.047 0.043 0.050 0.053 I —0.50 —0.75
0.029 0.040 0.018 0.050 P37 1191 —1.53
10.030 0.037 0.057 0.041] |—0.28  1.42

[0.19
0.17
0.12

10.13

[ 1.69
2.92
2.18

| —1.96

—2.11
1.42
—2.68
—0.85

—0.78
0.97
—1.52
—0.32

—1.15
—0.43
1.65
—0.83

1.20 |
2.31
1.24
—2.45 |

—2.02]
0.83
—2.33
—1.86 ]

—0.65]
1.95
—0.78
—1.36




Appendix C

Maximum a Posteriori Estimation as a Least
Squares Problem

Consider maximum a posteriori (MAP) estimation of unknown parameters of an
ordinary differential equation (ODE) or delay differential equation (DDE) model
given noisy measurements of the system’s state. Assume that time series of noisy

1able. wh L ] . . o 708 k
measurements are availa e, where eac measurement Zj In time series ¢ 1S a known
i

i with additive Gaussian noise,

function of the system state

il _ h<m[?1> +el €l v, 3 (C.1)

J J J7? J

and that all the noise vectors eg-ﬂ for all the samples are mutually independent. In

other words, assume a multivariate normal density for each measurement,

D (zgi] | wy]) = ((27r)d" det ZE)% exp (—% (zgﬂ — h(azg-i])>TZE_1 (zg.i] — h(:c?)))

(C.2)
(4]

where d, is the number of elements in each z;* and 3/, is the covariance of the noise.

Let @ be a vector containing all of the unknown model parameters and unknown
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initial conditions necessary to approximately describe the trajectories of the system

corresponding to the time series. Let ygi] be the point on the i** approximate tra-

jectory which corresponds to wg-i]. For ODE models, the initial condition at a single
instant in time is sufficient for each trajectory, and the trajectories can be obtained
numerically or analytically. For DDE models, the spectral element method provides
a convenient way to represent the initial segment of each trajectory and compute
(1] [1]

the approximate trajectories. In summary, each y.' approximating x J

i is a known

function of 6:
2~y = 16) (C.3)
Assume also that the prior knowledge of 8 can be expressed as a multivariate normal

density, @ ~ N (g, Xg), i.€

N[

p(6) = ((2m)" et p) " exp (50— 9) 5y (6-s) ) (C)

where dg is the number of elements in 6.

The objective is to find the value of @ at the maximum posterior density:

argmax D <0 | zm > (C.5)
Applying Bayes’ theorem, this is equivalent to

p(z1 e |0) (9)
argmax (C.6)
o f@p<z1 5 eee | 0’)]7(0/)(19/

which is equivalent to

argznaxp(zl . |0> (9) (C.7)

since the denominator of eq. (C.6) is always positive and does not depend on 6.

Using eq. (C.3), since all yg-i] are known functions of 6, this can be approximately
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expressed as

argmax p (zl oo | y[l] ) p(0) (C.8)
]

This can be simplified as follows. First, since the noise vectors are assumed to
be independent, the joint likelihood is equal to the product of the likelihoods of the

individual noise vectors,
D <z1 yeon | y1 ,) = Hp (zg-ﬂ ] yé”) (C.9)
4,

Then, since the posterior density is always nonnegative and the natural logarithm is a
monotonically increasing function, maximimizing the posterior density is equivalent

to maximizing its natural logarithm, which can then be expanded into a sum:

argmax p (z1 TS ) p(0) = argmax (1;[19 (Z?] | yg]>) p(0) (C.10)

= argmax In ((Hp ( " | ygi])> p(G)) (C.11)
= argmax (Z Inp (zg-i] | y;i]> + lnp(O)) (C.12)

o 0]

Let
rgﬂ =L (zgi] h(y?]>) (C.13)

where L_ is a factor in the Cholesky decomposition X_1 = L_L/, so that

('~ h(”;g?]))TZe - n(=) (C.14)
~ (- n(o)) s (- (o)) ©15)

() s (e e



— (LI (zg.i]—h<yg.ﬂ>>)TLz (Zgi]_h(y;i])> (C.17)

_ (r[?l)TrW (C.18)

Similarly, let
rg = Lg (6 — 1) (C.19)

where Ly is a factor in the Cholesky decomposition Xy! = LyL), so that

(60— Me)TZJEl (0 — o) = (T9>T7’e (C.20)

Then, substituting egs. (C.2), (C.4), (C.18), and (C.20) into eq. (C.12), the

optimization problem becomes

Z In ( ( % dot 3 >_1/2 exp (—% (rg]) Trgﬂ> )

argmax (C.21)

0 3 1 T
(( % det 29) exp (—5(7"9) r(,) )
(m et 3 )‘1/2_§(rgi1)Trgi1>

= argmax (C.22)
6 1
2 1
+1n ((2m)" det Zp) * S (r9) 7
—1/2 AT
Som(en®dts,) - %Z (r) +l
R - (C.23)
? d _% 1 T
+1n ((2m) % det ) 7 =S (rg) 74

Subtracting the terms which do not depend on 6 yields

1 i T i 1 T
argmax (—5 Z (r?) 'rg-] — 5(7“9) r9> (C.24)



Dividing by —1/2 changes this into an equivalent minimization problem:

argmin (Z (r?])Trgﬂ + (rg)Trg) (C.25)

This is an unconstrained, nonlinear, least-squares optimization problem. Solving it

finds the MAP estimate of @ according to the prior, measurements, and models.
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Appendix D

Guessing the Initial Period for Trajectory Matching

When fitting a delay differential equation (DDE) model to time series, it can be
advantageous to start with a good initial guess of the unknowns. Guessing the
unknown parameter values generally relies on prior knowledge of the system, but a
good guess of the unknown initial states of the system can be obtained from the initial
data. Assuming the spectral element method is used to approximate the solution of
the model, one approach is to find the maximum likelihood estimate of the nodes in
the first period.

Using a similar derivation similar to Appendix C, an optimization problem can
be written for the approximation of the first period for each time series ¢, using only

the first period of data:

argmin Z <7“£-ﬂ) T’l“g-i] (D.1)

[4] :
Yinie {j \ t[j’]e[oj[i]]}

(1]

where ¢ is the time of the 4" sample in time series i; T is the length of the

period; n([)i], ,77,[2 are the times of the spectral element nodes in the first period;
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yll(t) ~ xll(t) is the spectral element approximation of the true state; and

rgﬂ =L! (zgi] h(yE”)) (D.2)

Yol = [ym (ng]) oyl (nﬁﬁ)] (D.3)

Equation (D.1) provides a good guess for the first period which can then be used for
the model fitting optimization problem.

Conveniently, if h(y) = Hy, and H is invertible, this can be expressed as an
ordinary least squares problem, for which an analytical solution is available. This
can be shown as follows.

(1]

For the first period, y

; can be written as

y) =Yhe!l, vile[o1] (D.4)

where qbg-i] is a column vector of the values of the spectral element trial functions at

time tg-i]. So,

il =l (2 —n(¥iel)), vile[o,10] (D.5)
:LI( i _ gyl ”)7 v e [0, 7] (D.6)
=Lz} — LIAY,¢], vt € [0,T1] (D.7)

Let v; be the number of measurements in the initial period for time series ¢, then the
minimization problem can be written as

)

argmin : (D.8)

4 T
Yo, (r%j)

T2
CEm
:ar;gjir]lin : (D.9)
init (LT [Z] LTHYn[L]t E}Z])
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= (L/H)"| argmin = (D-10)
(i) || (22— prmvfloll)|
T e\
(22 (piEY )
= (L/H) | argmin : - 5 (D10
anT AN T ; N T
(Lrerv)) (LIZB}) _(LZHYiE@Eﬂ)
:

2
=(L{H) | argmin : - : (D.12)
(i) ||| (p2=2) | |(o) (p2EYEL)

(LrEYLL)

_ 2\ |
T )" )"
-1 (L zl) <¢1 (] T

— (LTH) | argmin : | (LZHYM) (D.13)
(rmvid,) ( LIZL@)T (qﬁgﬁ)T

where || is the Frobenius norm. The minimization problem is an ordinary least

squares problem, so, using the well-known solution,
T " ' ’
0 e e
(LTH) | argmin : | (LZHYimt> (D.14)

(eest)
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Appendix E

Adapting the Spectral Element Method

Consider a system with piecewise dynamics,

z(t) = A(t,p)x(t) + B(t,p)x(t — 1) + c(t, p) ifo<t—t,(t) <ty (E.Q)
z(t) = D(t — t,(t), p) (x(t,(1)) — e(t,(t), p)) +e(t,p) iftqg <t —1,(1) <7 (E.2)

where A(t,p), B(t,p), c(t,p), and e(t,p) are functions with period T'; T is an
integer multiple of 7; and
t(t) =7t —8)/7] + 1 (E.3)

t(t) =t () + t4 (E.4)

Time is split into segments of duration 7, starting at an initial time ¢;. Within each
segment of duration 7, the system follows eq. (E.1) for the initial interval of duration
t4, and then it switches to eq. (E.2) for the remaining interval of duration 7—t4. Note
that the milling model used in Chapter 4 is of this form—eq. (4.4) corresponds to
eq. (E.1), and eq. (4.36) corresponds to eq. (E.2)—but the spectral element method
described here can also be used for any other system with dynamics of this form.
The solution for a system with dynamics described by eqs. (E.1) and (E.2) can be
approximated using an extended version of the spectral element method presented
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State

M) L
t; t + tq LT LTt G427 L+ 2T+t t + 37
Time

FIGURE E.1: Illustration of the spectral element segments, elements, and nodes for a
system with piecewise dynamics described by eqs. (E.1) and (E.2). The state of the system
is indicated with a curved blue line. The divisions between segments are indicated with
solid vertical lines. The end of each element is indicated with a vertical dashed line. The
location of each node is indicated with a vertical line (solid, dashed, or dotted), and the
corresponding value of the state is indicated with an orange circular marker. The intervals
of time following eq. (E.1) have a shaded background, while the intervals of time following
eq. (E.2) have a white background.

in [10]. The approach and derivation used here is similar, but is extended to han-
dle nonzero ¢(t,p), piecewise dynamics, and coefficients whose period is an integer
multiple of 7.

The approximate solution is represented by the value of the solution at discrete
nodes, as illustrated by the circular markers in fig. E.1. The initial interval of duration
tq in each segment is split into n, elements with indices {0, ..., n, — 1}. Within each
element, the solution is approximated by a polynomial of order n_ which interpolates
between n, + 1 nodes with indices {0, ...,n,}. Let t, ;; be the time corresponding
to node k in element j in segment ¢. The times of the nodes within segments are
consistent, i.e. ¢; ;. =t,_; ;) + 7, and consecutive elements within a segment are
for j > 0. For element j in segment ¢, the solution is

contiguous, i.e. t; ;0 =1t; ;i 1

approximated by

No

x(t) ~ Z a; ; 1PV (1)), le [tz’,j,mti,j,nJ (E.5)

k=0

where a; ;. is the solution at time ¢, ; .5 v; (t) = (t — ¢, ;0)/(t; jn. —tij0) Is a
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function shifting and scaling the time t to a coordinate in [0, 1] within the element;
and ¢, : [0,1] — R are Lagrange trial functions of order n,. The nodes are chosen
to be the Legendre-Gauss—Lobatto (LGL) points of the specified order within the

element, and the trial functions are chosen to be Lagrange polynomials, such that

1 k=m

¢k(’/i,j<tz‘,j,m)) = {0 k+m (E.6)

For times following the initial interval of duration ¢, in each segment 7, the dynamics

follow eq. (E.2), so the solution in this interval for segment ¢ is approximated by

m(t> ~ D(t - ti,nefl,n(yp) (ai,nefl,no - e<ti,nefl,no7p)> + e<t7p)7

(E.7)
te [ti,nefl,novtiJrl,O,O]
Applying this to the full interval of duration 7 — t; between the end of the last

element in previous segment and the start of the current segment yields
a;o0=D(T—14,p) (a'i—lme—l,no - e(ti—l,ne—l,novp)) +e(t; 0.0,P) (E.8)

=D(r—t4,p)a; 1 1,0, t d, (E.9)

where

~

d; = e(t;0,0,P) — D(T —tg,p)eti1n 1n,P) (E.10)

Approximate expressions for the time derivative and delayed state within each

element can be derived from eq. (E.5). Note that the value of the derivative v; ;(¢)

is independent of ¢ and ¢; this derivative will be denoted I/J’-. Then, for element j in

segment, 1,
nO
x(t) ~ Z a’i,j,ng/'(rb;f(Vi,j(t)): te [ti,j,Oa ti,j,no} (E.11)
k=0
nO
x(t—7) ~ Z az‘ﬂ,j,kﬁbk(%,j(t))a te [ti,j,Oa ti,j,no} (E.12)
k=0
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Substituting into eq. (E.1) and rearranging yields, for ¢ € [tm-’o, tz}j,no} ,

(ZO ai,j,k%%(%,j@))) — A(t,p) (ZO ai,j,k¢k(yi,j<t>)>
=0 =0

(E.13)
t,p) (Z ai—l,j,k%(’/i,j(t))) +c(t,p)
k=0
Simplifying, this becomes, for ¢ € [ti,j,0> ti,j,no} ’
S (I (v, (1) — At p)oy (v, (1)) @, 5
k=0
(E.14)

~ (i B(t7p)¢k(Vi,j(t))ai1,j,k> + c(t, p)
k=0

The method of weighted residuals can be applied to obtain multiple equations
which enforce approximate equality of eq. (E.14). As in [10], the first n, Legendre

polynomials are used as the test functions. They are denoted 1, and have indices

¢ €{0,...,n, — 1}. For each element j in segment i:
1/ n
/ (Z (IV}%(U) —A (V;Jl(a),p) ¢k<0)) ai,j,k> Ye(o)do
0 k=0

(E.15)
/ (( B( ,p) ¢r(0)a; 1,j,k> —i—c( 1( ), )) Yy(o) do
k=0

where v; (o) =t; ;0 +0- (t;,j,n, — tij,0) denotes the inverse function of v; ;. Rear-
ranging, this becomes

o

) ( / (1vj61(0) — A (1}(0).p) 64(0)) (o) dff) %k

k=0

_Z<[ B ,g vp>¢k( Yo >d0> a;_ 1]k+[ c J ),p)lﬁg(a)da

(E.16)
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which can be written as

Z jkéa’zjk_z jl{fa’L 1]k+d (E17>

where

N; o= / (Ivj¢1(0) — A(v; H0), )bk (o)) ty(0) do (E.18)

P, = / B (0), p)éy(o)ty(o) do (E.19)
dy,, = / c(v7} (o), Pby(o) do (E.20)

The integrals can be approximated by LGL quadrature using LGL weights w,,,

which is convenient because the nodes were chosen to be LGL points:

Ni,j,k,@ ~ Z (ij/qb;c(o-m) —A (ti,j,m7p) ¢k<0m)) wé(o—m)wm (E21)
m=1
Iji,j,k,f ~ Z B (ti,j,map) (bk(Um)wé(Um)wm <E22>
m=1
di,j,é ~ c (ti,j,map> V(o )W, (E.23)
m=1
where o,, t; ;m)- Substituting eq. (E.6), this simplifies to
N, jwe™ (Z )wm> I-A (ti,j,kvp) br (o) Ve(op)wy  (E.24)
Py jie ™~ B (ti00p) 61(03) 00wy (E.25)
d; i)~ c(t; jm>P)Ue(0,,) 0, (E.26)
m=1

Combining eq. (E.8) with eq. (E.17) for all the elements and trial functions yields

the following relationship between the solution in segment ¢ and the solution in
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segment 7 — 1:

For example, for n, = 2,

I
Ni,O,O,O
Nz‘ - Ni,O,O,no—l
0
0
0

0

P; 600

.

Pi,O,O,n -1

o

0
0

Equation (E.27) can be solved for a, to obtain

a; =Q;a; | +tm7

0 0 0 0
Ni,O,l,O Ni,O,nO,O 0 0
: : 0 0
Ni,O,l,no—l 1,0,m,,n,—1 0 0
0 Ni,l,O,O Ni,l,l,O i,1,n,,0
0 : ..
0 Ni,l,(),no—l Ni,l,l,no—l i,1,n,,m,—1 |
(E.28)
0 0 0 D(r —t4,p)
Pi,O71,O 1,0,n,,0 0 0
: : 0 0
Pi,O,l,nofl 1,0,m,,m,—1 0 0
0 Pi,l,O,O Pi,l,l,o i,1,n,,0
0 : ..
0 Pi,l,O,nO—l 'Pz',l,l,no—l i,1,n,,n,—1 |
(E.29)
a; 10,0 d
a; 10,1 di,0,0
01,0, @1 = |G 10n, =@ 110 d; = di,O,no—l
a; 11,1 dz‘,l,o
| a;_11,n, ] | @i 1,n,—1
(E.30)
where Q,=N;'P, r,=N;d, (E.31)

Observe that Q; = QHT/T and 7; = 7;,p/, due to the periodicity of A(t,p),

B(t,p), c(t,p), and e(t,p). As a result, Ql,...,QT/T and 7y,..., 7/, are suffi-

cient to approximately describe the dynamics of the system. For example, given a,
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they can be used to compute aq, @, ..., which can be interpolated using egs. (E.5)
and (E.7) to find the approximate solution at an arbitrary future time.

For computation of the characteristic multipliers (CMs), the equations described
by eq. (E.31) for alli = 1,...,T /7 can be combined into a single equation describing

the mapping over an entire period T,

Q) (r/r) = Q. 1/ Q1) T 1 1) (E.32)

where Q1 7/r = Qr/- - Q1 Is a constant matrix product and 7y _ 7/, is a constant

vector. The equilibrium point is given by

- -1
C_L* — (I - Q]_,,T/T) Tl’.."T/T (E'33>

which can be substituted to obtain

i1y — @ = Qi 1yr (Gi(ryr) — @) (E.34)
So, the system converges, i.e. lim,_, @; /.y = a*, if the all eigenvalues of é17-~~7T/7_
have magnitude less than 1, and diverges otherwise. In other words, the eigenvalues
of él,...,T /- are the CMs of the spectral element approximation. They approximately

describe the stability of the system being approximated.
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