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Abstract

In this work, we address the safe navigation problem for the robot equipped with

the neural network controller. Our goal is to propose a neural network controller

representation that can efficiently and safely learn a safe policy. By following the

learned safe policy, the robot can reach the goal state while avoiding hitting obsta-

cles and walls all the time. We use Hamilton Jacobi safety analysis to improve the

safety awareness of the policy and integrate it within the value iteration network to

generalize to the new, unseen domains outside the training set. Applying the transfer

learning techniques, we can learn a reward function that maps each state to a rea-

sonable reward value. We use the learned reward function to construct the unknown

part in the discrete-time Hamilton Jacobi value function and integrate this Hamil-

ton Jacobi value function into the value iteration network to construct our Hamilton

Jacobi value iteration network model. Finally, we compare the performance of our

model with the value iteration network model in the grid world domains to show our

model can safely learn a safe policy that generalizes to the new, unseen domains.
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Chapter 1

Introduction

In recent years, advanced in the deep learning field and motivated by the success

of machine learning in other areas such as computer vision, lots of learning-based

controllers have been designed for cyber-physical systems. Robot trajectory planning

and control is certainly one of the main applications where learning-based controllers

can be successfully employed [KHJ+19], [YG21],[OSL17],[WYK19],[CC21]. Although

the property of the learning method improves the robustness of the controller, the

issue of safety has arisen.

Researchers in learning and control have developed many approaches to address

this issue. One of the categories around this issue is to provide a set constraint certi-

fication for the safe controller. By combining the model-free Reinforcement Learning

(RL) and control barrier function (CBF) together, [COMB19] proposes a method

to provide a safety guarantee during the whole learning process. In the paper, the

author integrates trust region policy optimization (TRPO) and deep deterministic

policy gradients (DDPG) to learn a controller and combines CBF to provide a safety

guarantee during the entire learning. However, this method needs to know the valid

safe set, which is non-trivial. [XHLR21] proposes the BarrierNet which is a barrier

layer providing a safety guarantee by combining deep learning algorithms. The author

relaxes the hard constrained in high-order CBFs (HOCBFs) and forms the HOCBFs
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soft constraint as a differentiable layer so that it can be trained end-to-end. The

HOCBFs layer then serves as a safety layer by integrating with any neural network

controller to provide a safety guarantee. [PWET21] proposes a new end-to-end train-

able framework to ensure safety for controller design in a stochastic environment. In

the paper, the author integrates stochastic CBFs within Stochastic Optimal Control

(SOC) to provide a safety guarantee.

Except for combining control barrier functions, there are other methods that can

provide a safety certification such as combining predictive safety filters. [FESF20]

proposes the ShieldNN algorithm. The ShieldNN essentially uses a barrier function

transforming the safety problem into a constrained policy set problem. The authors

designed a novel Barrier Function (BF) for the Kinematic Bicycle Model (KBM)

and then used the BF as a safe NN filter to design a safe controller. Hamilton

Jacobi reachability also is a powerful tool to provide safety certification for controllers.

[FLRR+19] presents a promising tool for offline safety analysis. In the paper, the

authors develop a discounted Hamilton- Jacobi Bellman equation formulation that

is suitable for using reinforcement learning algorithms to compute the safety policy

and the unsafe state set. The [HRRTF21] extended the prior method by adding the

target set information. The authors propose algorithms not only can ensure safety

but also liveness through the Hamilton Jacobi Reachability reinforcement learning

formula. However, although these methods can provide a safety guarantee for learning

a safe policy, they can not guarantee the learning process is safe. It is crucial not
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only to improve safety for the optimized controller but also during learning to avoid

significant hardware damage[BGH+22].

Researchers have developed many safe reinforcement learning approaches to ad-

dress the issue mentioned above. [CNDGG18] considers the safe RL problem a con-

strained Markov decision process. The author develops a linear programming method

to construct the Lyapunov function. The author also develops safe policy iteration

and safe value iteration by integrating the Lyapunov function with a dynamic pro-

gramming algorithm. To solve the uncertainty in the environment, the author devel-

ops a safe DQN and safe DPI. [XZZ22] seeks to find a way to use an extra cost function

to provide safety criticism and penalize the Q-value to learning a safe controller. The

author proposes the Constraints Penalized Q-learning to solve the conservative prob-

lem during this process. [TLM21] mainly focuses on safe exploration in reinforcement

learning. The authors develop a model-based RL algorithm Safe Model-Based Policy

Optimization (SMBPO) that uses the reward penalty to ensure safety in exploration.

By modifying the reward function, the agent can learn a safe policy by penalizing

safety violations. [FP18] proposes a novel algorithm, Justified Speculative Control

(JSC) by integrating formal verification and the reinforcement learning algorithm

to ensure safety for the learned controller. [HFM+21] proposes Verifiably Safe Re-

inforcement Learning (VSRL) for constrained reinforcement learning to learn safe

policy.

Some other learning frames have also been developed to address the safety issue.
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[SCKV21] proposed a parameterized model to learn a safe policy called Reachability-

based Trajectory design. In the paper, an over-approximating Forward Reachable

Set (FRS) is constructed by the bounds of the error between the agent model and

the planning model. Then the FRS is used to provide a safe controller. [SCKV21]

adopts a parameterized reachable set to construct a safety layer to ensure real-time

safe reinforcement learning. This paper proposed a safe layer called a Reachability-

based Trajectory Safeguard (RTS) by combining the RTD with RL. A Planning

Reachable Set (PRS) is computed offline and to bind the tracking error, an Error

Reachable Set (ERS) is also computed. By combining PRS and ERS, a Forward

Reachable Set (FRS) is constructed and the safety constraint can be created. Then

the agent could safely learn a safe controller using a model-free RL algorithm using

RTS. Instead of learning the control input, in this paper, the RL agent learns the

plan parameter which greatly reduces the dimension of the agent’s action space for

continuous control. [IWA+19] presents an approach that can verify safety using a deep

neural network (DNN) based controller. The authors use sigmoid to transform the

deep neural network verification problem into a hybrid system verification problem

which is solvable for reachability algorithms like Flow*. These methods, however,

most of them require an accurate robot dynamic.

In this paper, we propose a new learning frame and neural network controller

representation by combining the Hamilton Jacobi safety analysis and the value it-

eration network to learn a safe controller that can generalize better to new, unseen
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domains for robot navigation problems. Using imitation learning, a safe policy could

be learned offline from an expert behavior, which can also keep the learning process

safe. We first train the value iteration to learn a reward function in the training set.

Then we use transfer learning, uploading trained parameters to our proposed neural

network controller. We train our controller again with the same training set. Our

numerical experiment shows that our controller can learn a safe policy that general-

izes well to different domain configurations that are unseen in the training set. We

organize the thesis as follows: In Chapter 2, we introduce the preliminaries and prob-

lem definition. Then we introduce the Hamilton Jacobi safety analysis, and the value

iteration network, and present how we design our new learning frame and controller

in Chapter 3. Numerical experiment results are shown in Chapter 4. Finally, We

conclude in Chapter 5.
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Chapter 2

Preliminaries and Problem Definition

2.1 Preliminaries

2.1.1 Markov Decision Processes

We model the stochastic environment as an MDP M . An MDP M is a tuple

(S,A,R, P, γ), where:

• S is a set of states;

• A is a set of actions;

• P : S×S×A 7→ [0, 1] is a state transition function such that
∑

s′∈S P (s′, s, a) =

1, for all s ∈ S, a ∈ A;

• R : S 7→ R is a reward function;

• γ ∈ [0, 1) is a discount factor.

In a state s ∈ S, the agent selects an action a ∈ A and makes a transition to a

state s′ ∈ S with the transition probability P (s′, s, a) then receives the reward R(s′).

The actions selected by the agent are determined by a policy π. A deterministic

policy π : S 7→ A is a function, for all s ∈ S, that maps a state s to an action a.
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The value function Vπ : S 7→ R is a function representing the expected return

that the agent can obtain in the state s under the policy π:

Vπ(s)
.
= E

[
k∑

α=0

(γαR(st+α) | st = s

]
, for any s ∈ S. (2.1)

The goal of the agent is to interact with the environment by selecting actions

that maximize the expected returns. The optimal value function V∗(s) represents the

maximum expected return achievable under any policy:

V∗(s)
.
= max

π
V (s), for any s ∈ S. (2.2)

If the optimal value function is available, the optimal policy π∗(s) can be retrieved

by choosing the action among all actions in the state s that maximizes the expected

return: π∗(s)
.
= argmaxa V∗(s).

Figure 2.1 and Figure 2.2 show a simple, straightforward problem that can be

modeled as an MDP. Consider a robot moving in the 8 × 8 grid world. The state

space of the robot is 64 cells. The action space of the robot is the eight actions it

can move in each of the eight compass directions. Consider two scenarios in the grid

world: the state space and action space are defined above; the rewards are +20 for

reaching the goal, -10 for hitting an obstacle, and -3 otherwise to encourage finding

the shortest path; the discount factor is 0.65. The agent can only move inside a

gird-world domain. If the agent hits the border of the gird-world, the agent would
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keep in the same position.

The first scenario is that the robot is in a deterministic environment. In this

scenario, each action deterministically causes the agent to move one cell in the re-

spective direction. Both an MDP and the optimal policy are demonstrated in Figure

2.1. The circles denote the obstacles. The arrows represent the action north, west,

south, east, northwest, northeast, southwest, southeast, and stop. When the optimal

values of each cell are large, the colors of the cells are bright. One of the shortest

paths to enter the goal position (2,2) from (6,3) is reaching (4,3) via (5,3), yet in

this case, the agent hits an obstacle in (4,3) with a penalty of -20. Thus the optimal

policy lets the agent visit (4,2) by selecting action northwest in (5,3). Following the

optimal policy, the agent ends up entering goal position (2,2) with the optimal value

at position (6,3).

The second scenario is the robot is placed in a stochastic environment. The

robot may suffer some random disturbance, and its state will transition to a random

adjacent state with some probability rather than go to the state in the intended direc-

tion. The state transition function encodes this stochastic behavior. (For example,

P ((4, 5), (4, 4), North) = 0.8, P ((5, 5), (4, 4), Northeast) = 0.2.). Figure 2.2 depicts

the optimal policy calculated by value iteration. the path that the agent enters the

goal position (5,3) from position (4,1) following the optimal policy. The agent did

not go in the intended direction because of the stochastic environment.
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Figure 2.1: The optimal policy for the deterministic environment
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Figure 2.2: The optimal policy for the stochastic environment
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2.1.2 Value Iteration

When the reward function R and the state transition function P both are known, VI

is a common algorithm to find an optimal value function and optimal policy V∗ and

π∗ in an MDP:

Vk+1(s) = max
a∈A

[
R(s) + γ

∑
s′

P (s′, s, a)Vk(s
′)

]
, for any s ∈ S. (2.3)

The use of the discount factor γ allows the agent to value the immediately re-

ceived reward more than the future reward. The value function Vk will converge to

V∗ as iteratively applying this updating rule and when k → ∞. However, in prac-

tice considering the computational efficiency, value iteration terminates when the

value function barely changes in an iteration. Algorithm 1 shows the complete value

iteration algorithm.

Algorithm 1 Value iteration

Initialize V(s) for all s ∈ S, a small threshold Θ > 0.
while flag do :

∆← 0
for each s ∈ S do

v ← V (s)
V (s)← maxa∈A [R(s) + γ

∑
s′ P (s′, s, a)V (s′)]

∆← max(∆, |V (s)− v|)
if ∆ < Θ then

flag← False

Output: π(s) = argmaxa [R(s) + γ
∑

s′ P (s′, s, a)V (s′)]
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2.1.3 Reinforcement Learning

Reinforcement learning is a class of learning algorithms for solving incompletely-

known MDPs. The task of reinforcement learning is to learn a policy that can

maximize a value function. The agent is not told directly which actions to choose

but discovers which policy yields the most reward by following it. The actions may

not only influence the immediate reward but also all future rewards. These are two

distinguishing features of reinforcement learning. These two features also bring a

challenge to reinforcement learning, which is the trade-off between exploration and

exploitation. The agent needs to exploit experiences to calculate reward but also

needs to explore to seek a better policy. The dilemma is that in order to pursue

either exploration or exploitation exclusively, the agent must exhaust all the possible

actions, which will inevitably encounter failing at the task. On a stochastic task,

each action even must be tried many times to obtain a reliable reward expectation,

which will also arise a series of safe problems.

Reinforcement learning is different from another class of learning frame which is

supervised learning. Supervised learning is a learning frame the agent learns from a

set of labeled training data generated by the external expert. Each training data is

a description of a scene combined with a label which is the correct action the agent

should take under this scene. This could also be considered to classify a category to

which the scene belongs. The main goal of supervised learning is to generalize its

responses so that the agent could take the right action in the scene that is not pre-
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sented in the training set. Although this is also a very important learning algorithm,

it is not able to learn from the interaction. In some situations such as uncharted

territory, it is very important for the agent to learn from its own experience.

There are generally two types of reinforcement learning algorithms: model-based

learning algorithms and model-free learning algorithms. The model-based learning

tries to understand the environment and create a model for it. The model can mimic

the behavior of the environment. That is to say, the model can make inferences about

how the environment behaves. For example, given the current position and action,

the model is able to make a prediction about the next state and the reward. The

model is used for planning, which means the agent can select actions by predicting

future situations before the actions are actually performed. On the other hand, in

model-free learning, the agent has to actually choose an action to see what happens

and learn from it. A common model-free learning framework is that we directly

estimate the state-action value function Q : S × A 7→ R, without the knowledge of

the dynamics of the system, and the agent will follow a policy that selects the action

with the highest value in each state. Model-free learning is more computationally

efficient. Model-based learning is more data-efficient and safer to explore but the

policy learned can only be as good as the model learned.

Tabular Q-learning is a type of model-free learning. However, it still suffers from

the curse of dimensionality, which means that the growth of the state space and the

action space will lead to an exponential growth in storage requirement [HRRTF21].
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Although deep reinforcement learning has the potential to alleviate the curse of di-

mensionality by using CNN-based deep neural networks to find approximate optimal

policies, it does not generalize well because those learned policies are inherently re-

active and lack planning nature [TWT+16].

2.1.4 Imitation Learning

In some cases, especially when the rewards are sparse or there is no direct reward

function, using RL algorithms to approximate the best policy is especially challenging.

To solve this issue, the researchers can manually design a reward function to provide

agents with more frequent rewards. However, it is difficult to design a reward function

manually to satisfy generalized situations. One way to approach this issue is imitation

learning(IL). Instead need to know the reward function, the agent tries to learn the

optimal policy by imitating an expert behavior.

For imitation learning, the environment is also an important component. The

environment is also modeled as an MDP, which means it also has a state space S, an

action space A, a transition probability P (s′, s, a), and an unknown reward function

R(s). There is also a set of expert behavior set τ = (s0, a0, s1, a1, ...). The other two

important components of IL are the loss function and the learning algorithm.

Behavior cloning is one of the common IL forms, which uses supervised learning

to learn the expert’s policy. The expert behavior set is divided into state and action

pairs. These state and action pairs are used as training data and test data, then
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supervised learning is applied. The loss function depends on the task. For some situ-

ations, behavior cloning works well. However, in most cases, behavior cloning is quite

problematic. These state and action pairs need to follow the independent and iden-

tically distributed assumption, but in MDP an action taken in a state would induce

the next state, which breaks the independent and identically distributed assumption.

The error would be added up along the trajectory. The agent would usually mistake

putting it into some state the expert has never come in before. In those states, the

behavior usually will lead to failure.

2.1.5 Transfer Learning

Transfer learning(TL) is a machine learning technique where a neural network pre-

trained on one task is reused as the starting point for training on another task.

Transfer learning aims to improve learning performance on a new task (target task)

by using the knowledge learned from a related but distinct task (source task). The

followings are some benefits of TL: solving challenges by constructing a new network

to train and test; Approaching the relation between the data set from a different

perspective. TL is also a tool that can help to learn and generate more accurate to

the target task.
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2.2 Problem Definition

The objective of this thesis is to learn a safe policy that generalizes better to new

domains with different obstacle configurations. Specifically, consider giving a bunch

of grid world instances, which contain randomly placed obstacles, start position, and

goal position. The goal of this paper is to develop a new neural network policy

representation that can use these given grid world instances and the expert behavior

in these instances to learn a safe policy π. By following the learned safe policy π,

the agent can reach the goal state in new grid world instances while avoiding hitting

obstacles and walls all the time.
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Chapter 3

Our Approach

In this Chapter, we develop the proposed Hamilton Jacobi value iteration network

model which integrated both the value iteration network (VIN) and the Hamilton

Jacobi safety analysis (HJ-SA). In Section 3.1, we introduce the VIN, and in Section

3.2, we introduce the Hamilton-Jacobi safety analysis. In Section 3.3, we will in-

troduce how we combine these two methods to construct the Hamilton Jacobi value

iteration network (HJ-VIN) and the learning frame to learn a safe policy.

3.1 Value Iteration Network

The VIN is a convolutional neural network with a value iteration algorithm embedded

within it. The task of the VIN is to learn a policy from a bunch of domain instances

and the learned policy generalizes to domain instances that have new obstacle con-

figurations [TWT+16].

A (2 ×W ×H)-sized observation image is fed into the VIN as the input image,

in which the first channel is an image of the position of the agent, and the second

channel is an image of the map of obstacles and goal position. This input image is

first fed into some convolutional layers in order to map the state image to a reward
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image R̄ of dimensions 1,W,H. This reward image R̄ is then fed into the value

iteration (VI) module, which is the most distinguishing part of the VIN. The VI

module is a neural network that approximates the value iteration computation. The

reward image R̄ is convolved with the transition function P̄ which is defined as 3× 3

kernels. Each channel of this layer can be seen as an approximation of the Q-function

for a specific action, Q̄a,i,j =
∑

l,i′,j′ P̄
a
l,i′,j′R̄l,i−i′,j−j′ . This layer is then max-pooled

along the channel to approximate the computation V̄ (s) = maxa Q̄(s, a) to obtain

the value image V̄ . The value image V̄ is then stacked with the reward image R̄

and fed back into the VI module to iterate K − 1 times in order to approximate

value iteration. After K − 1 times iteration, the value image V̄ is stacked with the

reward image R̄ and fed back only into the convolutional layer of the VI module, and

the output of this convolutional layer is seen as the final output of the VI module.

This output of the VI module is a Q-value image with dimension la,W,H which

contains the information of the optimal policy π. The Q-value image is fed into a

fully connected layer and outputs the distribution over actions. To train the VIN,

use the across-entropy loss function to compute the loss between the predicted action

of a state and the expert action executed in the same state.

Compared with some deep reinforcement learning methods in which the policies

are represented as standard CNN-based networks, such as DQN or DDQN, the VIN

generalizes better to new tasks outside the training set[TWT+16]. However, the VIN

in practice can only apply to small state space because the value iteration algorithm
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embedded needs to visit every state space[OSL17]. It also failed to provide a safety

guarantee not only for the learned policies.

Here are the implementation details of the VIN. The first 2 layers of the VIN are

convolutional layers mapping the grid world image to a state reward image. The first

convolutional layer is a hidden layer. The number of the input channel of this layer is

2. The first channel of the input image is the map of obstacle positions and the second

channel of the input image is the map of the goal position. Then the input image

is convolved with a 3 × 3 kernel with striding 1 and padding 1 so that the output

image has the same size as the input image. The number of the output channel is 150

to increase the robustness of the VIN. The second convolutional layer has 150 input

channels and 1 output channel. The output image of the last convolutional layer is

convolved with a 1 × 1 kernel with striding 1 and 0 paddings. The output image is

the state reward image of the grid world image. The third layer is a convolutional

layer mapping a state reward image to a state-action pair reward image. The number

of input channels is 1 and the number of output channels is 10. The state reward

image is convolved with a 3×3 kernel with 1 stride and 1 padding. The kernel size is

3× 3 because the agent can only visit its nearby state taking one action. The output

channel is 10 to further increase the robustness of the VIN. Then the maximum state-

action pair reward image is then convolved with a 3 × 3 kernel which denotes the

transition probability with 1 stride and 1 padding and adds on the state-action pair

reward image to approximate one times value iteration. After K times iteration, The
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output is a state-action pair reward image. Feed the value in this image where the

agent is currently positioned into the fully connected layer. The number of inputs is

10 and the number of outputs is 8 for 8 actions.

3.2 Hamilton-Jacobi Safety Analysis

Hamilton-Jacobi safety analysis (HJ-SA) is a formal verification approach for safety

that can provide state constraint set certification for a learning-based controller. The

most important concepts of HJ-SA are the backward reach-avoid set and reachable

set.

Let us first define the safety problem for HJ-SA and then the backward reach-

avoid set and reachable set under the safety problem. Consider the safety problem as

the agent wants to avoid entering some undesirable states during the operation. We

define the set of these undesirable states as a failure set F , the complement of the

failure set as a constraint set K, and the set of states we want to finally reach as the

target set T . If the agent dynamics are assumed Lipschitz continuous, then the system

trajectories ξ : R+ 7→ S are unique[HRRTF21]. We denote ξus (t) as a trajectory that

starts from a state s following control u ∈ U , where U is a compact set of control

input. A trajectory can be seen as a safe trajectory if ξus (t) ∈ K for all t ≥ 0. Define

a function l : S 7→ R such that K .
= {s ∈ S | l(s) ≥ 0}, a function g : s 7→ R such

that T .
= {s ∈ S | g(s) ≥ 0}. Then the backward-reachable set of T is formally
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defined as:

R(T ) .
= {s ∈ S | ∃u ∈ U, ∀t ≥ 0, ξus (t) ∈ T }. (3.1)

We want the robot to reach the target set without entering failure set F . This

gives us the backward reach-avoid set formal definition:

RA(T ;F) .
= {s ∈ S | ∃u ∈ U, ∀t ≥ 0, ξus (t) ∈ T ∧ ∀τ ∈ [0, t], ξus (τ) /∈ F}. (3.2)

The Hamilton Jacobi safety value function V : S 7→ R then can be defined as:

V (s)
.
= sup

u
inf
t≥0

l(ξus ). (3.3)

This value function keeps track of the minimum l obtained over time by a tra-

jectory that starts from a state s ∈ S following the best control u. During a finite

time horizon t ∈ [0, T ], we can compute the optimal value function by computing the

solution of a Hamilton-Jacobi-Bellman variational inequality:

0 = min{l(s)− V (s, t),
ϑV

ϑt
+max

u∈U
∇xV

⊺f(s, u)}, (3.4)

V (s, T ) = l(s), for all s ∈ S, (3.5)

where ṡ = f(s, u) is defined as a continuous-time dynamic, and f is assumed bounded

and Lipschitz continuous.
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The discrete-time infinite-horizon counterpart can be written as:

V (s) = min{l(s),max
u∈U

V (s′)}, (3.6)

which satisfies the fixed-point Bellman equation. To be used in reinforcement learn-

ing, [FLRR+19] introduces a discrete-time discounted dynamic programming equa-

tion which also induces a contraction mapping on V :

V (s) = (1− λ)l(s) + λmin{l(s),max
u∈U

V (s′)}. (3.7)

In a similar way, [HRRTF21] generalizes a value function formula that can consider

safety and reaching T at the same time:

V (s) = (1− λ)min{l(s), g(s)}+ λmin{max{g(s),max
u∈U

V (s′)}, l(s)}. (3.8)

The HJ-SA gives a nice value function format suited for any reinforcement learning

algorithms. Compared with other methods that provide formal safety guarantees by

providing set constraints, such as control barrier functions (CBFs), HJ-SA is easier

to design and adapt for the general system. However, this value function format can

only compute a policy that cares most about safety rather than finding a short and

safe way to reach the target. It also needs to manually distinguish the obstacles in

the image and compute the function l according to the position of the obstacles.
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3.3 The Hamilton Jacobi Value Iteration Network

In this section, we will introduce a learning framework that integrates the VIN and

the HJ-SA, called the HJ-VIN. This framework not only keeps the advantage of the

VIN, which generalizes better to new, unseen domains but also integrates Hamilton

Jacobi safety analysis to improve safety.

The most different part of VIN is its VI module - which embeds a value iter-

ation algorithm in it. The value iteration algorithm can also be seen as dynamic

programming. It will converge to the optimal value function Bellman equation after

K iterations. Notice that in [FLRR+19], the author presents a discrete-time dis-

counted dynamic programming equation (3.7). After K iterations, this equation will

also converge to the fixed point Hamilton Jacobi safety value function (3.6). These

two features from the VI module and the Hamilton Jacobi value function are start-

ing points for combining these approaches. Figure 3.2 shows the architecture of the

Hamilton Jacobi value iteration (HJ-VI) module.

There is still a problem that remains. In Figure 3.2, L denotes the l value image.

Notice that we do not specifically know what the function l is. What we only know

about the function l, as mentioned in Section 3.3, is that the value of l can distinguish

between the obstacles and the free spaces. It would be better if we could learn l. We

also notice that the VIN is not only able to learn a policy but also a reward function.

In figure 3.1, we plot the learned reward for the grid world task. As we can see, the

rewards at the obstacles are very negative, the rewards at free spaces are slightly
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negative, and the reward is positive at the goal. This learned reward from the VIN

embedded all useful information we want for the function l. Thus we construct the

function l by multiplying the learned reward function R with a trainable parameter

θ.

Following, we will introduce the learning frame of the HJ-VIN and its complete

structure with the embedded HJ-VI model. Figure 3.3 shows the HJ-VIN structure.

We notice that the HJ-VIN has part of the same structure as the VIN, which makes

us easier to implement transfer learning. To use the learned reward function R to

construct the function l, we apply a two-stage learning framework. We first train

the VIN on the training set to learn a proper reward function R. Then we load the

trained parameters to our HJ-VIN model and freeze the first two convolutional layers

of the HJ-VIN model. These first two layers are the same as the VIN, mapping the

states to rewards. Then we train the HJ-VIN in the same training set again to learn

the function l and a safe policy π.
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(a) (b)

Figure 3.1: Left: A sample grid world. Right: The learned reward image

Figure 3.2: The architecture of the HJ-VI module
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Figure 3.3: The architecture of HJ-VIN
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Chapter 4

Numerical Experiments

In this Chapter, we evaluate the effectiveness of the proposed HJ-VIN on safe planning

examples in the grid world. All the experiments in this Chapter were done on a

Python implementation on a laptop computer with a Core i7 9750H processor and

an NVIDIA GeForce RTX 2070 using PyTorch.

Consider a synthetic 16 × 16 - sized grid world domain with randomly placed

obstacles and goal positions. We aim to safely drive the agent from the start to the

goal position. We assume the proposed algorithm would learn a safe policy from these

grid world instances. The learned policy can safely drive the agent to the goal position

in the grid world instances with different obstacle configurations not seen in the

training set. The action space A is defined as A
.
= {N, S, E, W, NE, NW, SE, SW},

which denotes to move north, south, east, west, northeast, northwest, southeast,

southwest.

Our training set contains 5000 grid world domains, and at each domain, we use

the Dijkstra algorithm to generate seven paths randomly. The expert behaviors are

extracted from these trajectories. These expert behaviors are divided into state and

action pairs. To train our model, the input of our model is a 2× 16× 16 image and

the agent’s current position. The first channel of the image encodes the presence of
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obstacles (0 for free space and 1 for obstacles), and the second channel denotes the

goal position information. Iteration K in the HJ-VI module is chosen based on the

size of the grid world, which ensures cover from the goal state to any other state. We

use the cross-entropy loss function to compute the loss between the predicted action

of the state and the expert behavior executed in the state. We first train the VIN in

the training set to learn a reward function. Then we loaded the trained parameter

into our model. The first two convolutional layers of our model map the image input

to a reward image. It should be able to distinguish between obstacles, non-obstacles,

and goal positions and assign proper reward value for each of them. Since these two

layers have already been learned from the VIN, we freeze these two layers in the

HJ-VIN model and then train the HJ-VIN again using the same training set. We

evaluate our model on domain instances with different obstacle configurations than

the training set to see if the learned policy can safely drive the agent to the goal

position. The validation set is outside the training set.

We compare our HJ-VIN model with the VIN model. We consider two scenarios.

The first scenario is mainly to evaluate the performance of the VIN and our model

in the general grid world domains to show our model can also generalize well. In

the second scenario, to emphasize the safety improvement of the HJ-VIN model we

evaluate our model’s and the VIN’s performance on the domain instances where the

trajectories generated by expert behaviors are detours.
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Table 4.1: Performance of the VIN and the HJ-VIN for general cases

Model Testing Accuracy Success rate Safety Violation rate
VIN 97.65% 96.99% 3%

HJ-VIN 95.42% 91.00% 0%

4.1 Case Study I

Table 4.1 shows the performance of the HJ-VIN model and the VIN model. Here,

a trajectory succeeds if it reaches the target. A trajectory is unsafe if it hits a wall

or hits an obstacle. Our model test accuracy and success rate are very close to the

VIN, which shows that our model also generalizes well to new domains outside the

training set. The first two figures in Figure 4.1 show two random examples of the

size 16× 16 grid world, with the prediction of the HJ-VIN and the expert trajectory

between the goal and start position. The two figures at the bottom of Figure 4.1

show the prediction trajectories generated by the VIN and the expert trajectories.

4.2 Case Study II

Let us consider a scenario where the VIN may easily fail. The VIN essentially learns

a general reward function that appropriately assigns rewards for each state so that

learned policy generalizes well. However, if a safe trajectory is a long detour, the

goal position is just next to the start position with several obstacles in between, just

as shown in Figure 4.2. This is the case where the rewards need to be carefully

assigned. The agent may take the risk to go through the obstacles but still can get

the maximum expected return. For instance, if the reward is -50 for the robot hitting

the walls; the reward is -5 for the robot taking any actions; the reward is 100 for
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Figure 4.1: Top: Two instances that trajectories generated by the HJ-VIN. Bottom:
Two instances that trajectories generated by the VIN
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Table 4.2: Performance of the VIN and the HJ-VIN when expert trajectories are
detours

Model Testing Accuracy Success rate Safety Violation rate
VIN 97.65% 69.31% 23.54%

HJ-VIN 94.42% 64.23% 0.23%

reaching the goal. In this case, if the agent passes through the obstacles to reach the

goal position, it will receive a return of 40. However, if the agent follows the expert

trajectory, it can only receive a return of 25. We can see the expected return of an

unsafe trajectory would be larger than an expert trajectory. For value iteration, it

will be natural to choose the trajectory that maximizes the expected return.

Table 4.2 presents the performance of the VIN and the HJ-VI in this scenario.

We can see that the VIN does feel a little challenging to learn a safe policy. However,

the HJ-VIN performs better in this scenario than the VIN. The benefits of using the

HJ-VIN in this scenario are more apparent. The success rate of the HJ-VIN is close

to the VIN, but the HJ-VIN only has a 0.23% safety violation compared to a 23.54%

safety violation for the VIN. This shows a safety improvement in our model. In

Figure 4.2, we present some failure examples of the predicted trajectories generated

by the VIN and successful examples of the predicted trajectories generated by our

model.
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Figure 4.2: Top: Two instances with the prediction of the HJ-VIN. Bottom: Two
instances with the prediction of the VIN.
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Chapter 5

Conclusion

In this paper, we propose the HJ-VIN architecture for imitation learning to learn a

safe policy efficiently. By following the learned policy, the agent can reach the goal

without hitting obstacles or hitting the wall. We combine the VIN and the Hamilton

Jacobi value function and use the learned reward R to construct function l. We show

that the HJ-VIN can learn a safer policy that still generalizes to the domain instances

that are outside the training set compared to the VIN. However, this work has only

been evaluated on a simple grid world example. One of the future works could be

to evaluate the performance of the HJ-VIN model on a more sophisticated task for

example continuous control.
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