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Abstract

Common variance estimation methods for weighted average treatment effects (WATEs) in 

observational studies include nonparametric bootstrap and model-based, closed-form sandwich 

variance estimation. However, the computational cost of bootstrap increases with the size of the 

data at hand. Besides, some replicates may exhibit random violations of the positivity assumption 

even when the original data do not. Sandwich variance estimation relies on regularity conditions 

that may be structurally violated. Moreover, the sandwich variance estimation is model-dependent 

on the propensity score model, the outcome model, or both; thus it does not have a unified closed-

form expression. Recent studies have explored the use of wild bootstrap to estimate the variance 

of the average treatment effect on the treated (ATT). This technique adopts a one-dimensional, 

nonparametric, and computationally efficient resampling strategy. In this article, we propose a 

“post-weighting” bootstrap approach as an alternative to the conventional bootstrap, which helps 

avoid random positivity violations in replicates and improves computational efficiency. We also 

generalize the wild bootstrap algorithm from ATT to the broader class of WATEs by providing 

new justification for correctly accounting for sampling variability from multiple sources under 

different weighting functions. We evaluate the performance of all four methods through extensive 

simulation studies and demonstrate their application using data from the National Health and 

Nutrition Examination Survey (NHANES). Our findings offer several practical recommendations 

for the variance estimation of WATE estimators.

Keywords

Weighted average treatment effect; Positivity; Augmented estimator; Influence function; Standard 
bootstrap; Post-weighting bootstrap; Sandwich variance estimation; Wild bootstrap

✉Roland A. Matsouaka, roland.matsouaka@duke.edu.
Huiyue Li and Yi Liu made equal efforts and contributions.

HHS Public Access
Author manuscript
Stat Biosci. Author manuscript; available in PMC 2026 May 30.A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript



1 Introduction

A common causal estimand for measuring the effect of a treatment, an exposure, or an 

intervention is the average treatment effect (ATE). The inferential target of ATE is the 

overall population of participants where the data are sampled from. To identify ATE from 

observational data, we rely on a number of assumptions, including the essential positivity 

assumption [17, 43]. The positivity assumption requires, for each participant in the sample, 

a non-zero propensity score P Z = z ∣ X , i.e., the probability to receive any of the treatment 

options z available (z = 1 if treated and z = 0 otherwise), given the set of baseline covariates 

X that is sufficient to eliminate confounding.

When the positivity assumption is violated, it is oftentimes more sensible to shift the target 

of inference to the treatment effect on a subpopulation (i.e., a weighted population), using 

a pre-specified weight (or tilting) function g x . This provides a more general framework to 

assess treatment effects, with the ATE being a special case with the tilting function g x = 1. 

When the positivity assumption is violated, we may for instance focus on the subpopulation 

of participants whose PSs fall inside the interval [0.1, 0.9] [9, 10], i.e., the subpopulation 

O X = X:0.1 ≤ e X ≤ 0.9 , based on the tilting function g x = I 0.1 ≤ e x ≤ 0.9 , where 

e X = P Z = 1 ∣ X  is the PS (i.e., the probability of receiving treatment Z = 1, given the 

baseline covariates). Another example is the subpopulation of participants from whom 

there is clinical equipoise, using the tilting function g x = e x 1 − e x  (the overlap weight 

function [21]), which weights each observation according to how close it to the “clinical 

equipoise” [22, 35, 50], More generally, in this paper, we will consider the average causal 

effect defined on a weighted population is called the weighted average treatment effect 
(WATE). Examples of WATEs include the average treatment effect on the population defined 

by overlap weights (ATO) [9, 16, 21], matching weights (ATM) [23], trapezoidal weights 

(ATTZ) [34], entropy weights (ATEN) [61], and beta weights (ATB) [35].

There are different estimators of the WATE, among which the augmented estimator is a 

popular approach [24, 35]. The augmented estimator involves modeling on both treatment 

and outcomes. It has been shown to be a “nearly double-robust” estimator by a number 

of simulation and empirical studies, that is, when either the outcomes or treatment model 

is correctly specified, it is nearly unbiased to estimating the WATE [20, 24, 34–37]. In 

addition, when both models are correctly (or fully) specified, it achieves the semiparametric 

efficiency bound [16]. In this paper, we compare a number of variance estimation methods 

for the augmented estimator of WATE under different model specifications.

To quantify the inherent uncertainty in estimating WATE, particularly to derive the variance 

of an augmented estimator, we need to consider three different sources of variability, i.e., 

those due to estimating the WATE estimand itself, the treatment model, and the outcome 

models [1, 3, 23, 30–32, 36, 37, 47, 56, 63]. Under some regularity conditions, standard 

bootstrap (based on resampling the data at hand) and close-form sandwich (based on 

large-sample normal approximation) estimators have shown to be two valid methods that 

successfully considered these variabilities [30, 36, 58], but they also have some potential and 

practical limitations (see Sect. 3).
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As alternatives, we proposed two additional bootstrap methods, the “weight-then-resample” 

or “post-weighting” bootstrap (denoted by BOOT II) and the wild bootstrap (WB). With 

BOOT II, we first use the original sample to estimate the propensity score (PS) for each 

participant. Then, from the original sample, we resample the data with replacement to 

estimate the WATE, using the readily available PSs (rather than re-estimating them) to 

compute the corresponding WATE weights, while still re-estimating the outcome models 

as needed. This method is similar to the “simple bootstrap” proposed by Austin and Small 

[4]; it has the advantage of circumventing random violations of the positivity assumption 

and providing stable variance estimation [36, 37, 55, 61]. The WB, proposed for matching 

estimators [5, 40] has also been successfully leveraged and shown to have good performance 

for variance estimation on doubly robust estimators for ATT and average treatment effect 

on the controls (ATC) estimators [36]. It consists of perturbing the estimated influence 

function (IF) of a given estimator of an WATE, using judiciously chosen independent 

random variables. The variance of the WATE is then calculated as the mean square of the 

perturbed IFs, evaluated across the perturbed samples.

We are interested in applying and evaluating these bootstrap variance estimators for the 

WATE. Nevertheless, the extension of WB is not straightforward (as explained in Sects. 3 

and 4), mainly due to different roles of the PS plays across various WATE estimands. When 

the PS is ancillary; for instance, when estimating ATE and ATT in Hahn [15], the WB 

works well. However, when it is not ancillary (e.g., for ATO, ATM, ATEN), the uncertainty 

quantification becomes more challenging. In a recent discussion about the role PS plays 

in the variance estimation of different WATEs, Kostouraki et al. [20] emphasized that the 

performance of variance estimators depends on the choice of estimands. At the end of this 

paper, we provide several practical recommendations on the optimal choice of variance 

estimation approach for each estimand based on our explorations.

The remainder of this paper is organized as follows. In Sect. 2, we review the potential 

outcomes framework and present the augmented estimator for WATE. In Sect. 3, we 

introduce the variance estimation methods we consider while highlighting their pros and 

cons. We conduct an extensive Monte Carlo simulation study, in Sect. 4, to compare 

the performance of these methods, varying degrees of PS overlap, treatment effect 

heterogeneity, and model specifications. In Sect. 5, we apply the variance estimation 

methods to analyze the impact of fish consumption on blood mercury levels in participants, 

using data from the National Health and Nutrition Examination Survey (NHANES) 2013–

2014. Finally, we conclude the paper in Sect. 6 with some comments and remarks.

2 Notation and Definitions

2.1 Potential Outcomes Framework

Let Z ∈ 0,1  denote a binary treatment assignment (1 for treated and 0 for control), 

Y  the observed outcome of interest, and X = X1, …, Xp ′ ∈ X ⊂ ℝp a vector of p
baseline covariates, p > 0. The observed data O = Oi = Zi, Xi, Y i : i = 1, …, N  represent 

an independently identically distributed (i.i.d.) sample of N participants in the study. 

Following the potential outcome framework [39, 44], we assume that each participant 
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has two potential outcomes Y z , z = 0,1, where Y z  corresponds to the outcome that 

would have been observed, probably contrary to the fact, had a participant received the 

treatment Z = z. Thus, assuming consistency, we have the relationship of the observed 

outcome Y  and potential outcomes as Y = Y Z = ZY 1 + 1 − Z Y 0 . We also assume 

there is only one version of the treatment and that the potential outcome of a participant 

does not depend on the treatment(s) received by the other participants, i.e., the stable-unit 

treatment value assumption (SUTVA). Finally, as previously indicated, we define the PS by 

e x = P Z = 1 ∣ X = x , which is a subject-specific probability for receiving the treated given 

the baseline covariates value X = x.

Moreover, we also make the two following assumptions for the identification of causal 

effects [35, 61]:

Assumption 1 (Unconfoundedness) Y z ⫫ Z ∣ X, for z = 0,1.

Assumption 2 (Positivity) There are two positive constants c1 and c2 such that 

0 < c1 ≤ e X ≤ c2 < 1 with probability 1, for all X ∈ X.

2.2 Weighted Average Treatment Effect and Corresponding Augmented Estimator

Given the potential outcomes framework and assumptions in Sect. 2.1, we can 

define a number of causal effects. For instance, the individual treatment effect (ITE) 

defined by Y 1 − Y 0 , the conditional average treatment effect (CATE) given by 

τ x = E Y 1 − Y 0 ∣ X = x , and the average treatment effect (ATE), which is defined as 

τ = E Y 1 − Y 0 = E τ X . Furthermore, as mentioned in Sect. 1, when we want to shift 

the target of inference to a weighted population, we measure the weighted ATE (WATE) 

defined as

τg = E g X τ X
E g X ,

(1)

where g x  is a tilting function characterizing the weights to the overall population.

Examples of tilting function include those for PS trimming g x = I α ≤ e x ≤ 1 − α
for an α ∈ 0,0.5  with I ⋅  the indicator function [9, 10]; overlap weights 

g x = e x 1 − e x  [21]; matching weights g x = min e x , 1 − e x  [23] and entropy 

weights g x = − e x log e x − 1 − e x log 1 − e x  [37, 61]. Interested readers are 

referred to Table 1 in Matsouaka and Zhou [35] for a more comprehensive summary.

A common estimator for WATE is the following augmented estimator [34]

τ̂g
aug =

i = 1

N g Xi m̂1 Xi − m̂0 Xi

i = 1
N g Xi

+
i = 1

N Ziω̂1 Xi Yi − m̂1 Xi

i = 1
N Ziω̂1 Xi

−
i = 1

N 1 − Zi ω̂0 Xi Yi − m̂0 Xi

i = 1
N 1 − Zi ω̂0 Xi

,

(2)
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where mz X = E Y z ∣ X , by some postulated outcome regression (OR) model for Y z , and 

ωz x = g x e x −z 1 − e x z − 1, z = 0,1.

When estimating ATE, ATT, and ATC, the estimator τg
aug is doubly-robust in the sense that, 

whenever one of the PS or OR model is correctly specified, it is consistent. Furthermore, 

for other tilting functions g x , we have the following slightly different results: when the 

PS model is correctly specified, the estimator τg
aug is consistent regardless of the model 

specifications of Y 0  and Y 1 ; however, when the PS model is misspecified, τg
aug is only 

consistent to an estimand where the true PS is replaced by the probability limit of the 

misspecified PS model, regardless the specifications of OR models [34, 35]. Nevertheless, 

many empirical studies have shown that, if the two OR models are correctly specified, 

regardless the specification of PS model, τg
aug still has a small bias [24, 37].

3 Variance Estimation Methods

3.1 Sandwich Variance Estimation (SAND)

The sandwich variance estimator is constructed based on the M-estimation theory [30, 53], 

using an unbiased estimating equation as follows [49]

i = 1

N
ψθ Zi, Xi, Y i = 0,

for some parameter θ related to τg
aug in the form of τg

aug = c′θ, for some constant vector c (see 

“Appendix A.1” for the details related to the derivation of the variance). This estimating 

equation considers the variability in estimating both nuisance functions and the estimand. 

The solution to the equation, denoted by θ, is called the M-estimator. The pseudo-truth of θ, 

denoted by θ*, is the solution of E ψθ* Zi, Xi, Y i = 0. We have N θ − θ* d N 0, Σ θ*
as N ∞ under some regularity conditions [53], where

Σ θ* = A θ* −1B θ* A θ* −1 ′,

which is estimated by plugging in θ in lieu of θ* to obtain Σ θ = AN θ
−1

BN θ AN θ ′ −1
, 

where A θ , B θ , AN θ  and BN θ  are given by

AN θ = − 1
N i = 1

N ∂ψθ Zi, Xi, Y i
∂θ′ , BN θ = 1

N i = 1

N
ψθ Zi, Xi, Y i ψθ Zi, Xi, Y i ′,

A θ* = − E
∂ψθ* Z, X, Y

∂θ′ , B θ* = E ψθ* Z, X, Y ψθ* Z, X, Y ′ ,
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such that AN θ p A θ*  and BN θ p B θ* , as N ∞. The variance of τaug is 

determined as c′Σ θ c. The above random variable Σ θ  is referred to as the sandwich 

variance estimator for θ.

Even though the sandwich variance estimator is theoretically robust under certain 

conditions, there are however some disadvantages in using it:

• The sandwich variance estimator is not as flexible as the nonparametric 

resampling methods. The estimating equation must be solved on the case-by-

case basis as it depends on the postulated PS and outcome models. Thus, 

the sandwich variance estimator needs to be specially derived for different 

(parametric) models. Unfortunately, the number of models to choose from in 

some user-friendly software (e.g., PSW [33] and PSweight [60] packages in R) 

is limited. When machine learning methods [38, 52] are used to predict the 

nuisance functions, some of these packages ignore the uncertainty associated in 

the estimating equation for nuisance functions, assuming the machine learning 

methods predict them well.

• The sandwich variance is generally sensitive to model misspecifications, 

sometimes for a mild misspecification [13, 19] and requires more regularity 

conditions (see “Appendix A.1”) than bootstrap methods. When there is 

multicollinearity, limited sample size, or poor overlap, the sandwich variance 

estimator can be sharply inflated or even not obtainable [36, 37, 41]. In 

“Appendix B,” we also provide an example where the sandwich variance 

estimator for WATE does not work.

3.2 Bootstrap Methods (BOOT)

The bootstrap is a nonparametric resampling method for assigning measures of precision 

to a sample estimator [11]. In the standard bootstrap procedure, we resample data with 

replacement to produce multiple bootstrap samples of the same size as the original sample 

and calculate multiple point estimates from each sample. The standard deviation of these 

point estimates can then be the estimate of the model-based standard error of the sample 

estimator under some regularity conditions, e.g., asymptotic linearity of the point estimator 

[46, 53]. Since the augmented estimator is asymptotically linear, when the nuisance 

functions belong to some small classes of functions, e.g., Donsker class [42, 48], it enables 

the use of the standard bootstrap for variance estimation.

Bootstrap I (BOOT I). As in any standard bootstrap method, we resample the original 

data X, Z, Y  with replacement to get a bootstrap sample. Then, we estimate the PSs 

and calculate the corresponding weights, fit the outcome models (if we use augmented 

estimators), and finally estimate the WATE. We repeat this process in R independent 

bootstrap replicates and obtain R point estimates. The variance estimate is calculated as 

the empirical variance of the R corresponding WATE point estimates.

One of the key assumptions of PS methods is the positivity assumption [35, 55, 61]. 

Unfortunately, the use of the above BOOT I may lead to violations of the positivity 
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assumption: some of the resampled bootstrap replicates may drastically change the within 

proportion of treated participants or increase the number of participants at the fringe of the 

PS spectrum and thus lead to extreme PS weights [37]. Due to the presence of extreme 

PS weights, BOOT I may lead to the unstable standard error of the WATE. We therefore 

propose the following Bootstrap II procedure.

Bootstrap II (BOOT II). Unlike BOOT I, with BOOT II, we propose a “weight-then-

resample” approach. We first obtain the needed estimated PS ê x  using the original sample, 

then we resample X, Z, Y , e X  all together. The rest of the algorithm is the same as BOOT 

I: we calculate the desired g, ω0, ω1  and also fit the necessary outcome models m1 and m0
within each bootstrap replicate. The steps for the BOOT II are specified in the Algorithm 1. 

We also refer to this “weight-then-resample” approach as the “post-weighting bootstrap.”

The rationale and theoretical justification for BOOT II are based on the following 

consideration. Although BOOT II appears to bypass the need to account for variability 

in the estimation of the PS, Hahn [15] showed that the asymptotic variance of the augmented 

estimator for the ATE remains unchanged whether the true PS is known or estimated. This 

result follows from two key facts: (i) the augmented estimator is derived from the efficient 

influence function, and (ii) the semiparametric efficiency bound for the ATE is unaffected by 

whether the PS is known. This finding provides theoretical support for the use of BOOT II in 

estimating variance for the ATE. Motivated by Hahn’s result, we further investigate whether 

such a post-weighting bootstrap procedure can also yield valid variance estimates for other 

WATEs.

As a remark, in BOOT II, resampling without re-estimating the PS does not affect the 

consistency of the augmented estimator (2), since the point estimate is computed using the 

full, original sample; the resampling procedure is used solely to estimate its variance. At 

the same time, re-estimating the PS or not in the bootstrap samples does not affect the 

consistency of the bootstrap estimates; that is, the consistency of each bootstrap estimate 

aligns with that of the original sample estimate, as the model specifications for the PS and 

outcomes remain unchanged across bootstrap replicates.

Algorithm 1
Post-weighting bootstrap for variance estimation of WATE

1: Input: Observational data O = Zi, Xi, Y i , i = 1, …, N ; tilting function g x  of the given WATE; 

number of bootstrap replicates R; confidence level α ∈ 0,0.5 .

2: Output: Standard error estimate Σg
1/2

 and a 100 × 1 − α % confidence interval Ĉα O .

3: Fit a PS working model by ê X , e.g., using a logistic regression model ê X = e X; β̂ .

4: Derive the predicted PS ê Xi .

5: Augment data O by Oaug = Zi, Xi, Y i, ê Xi , i = 1, …, N
6: forr = 1, …, Rdo

7: Resample Oaug with replacement by size N, which gives a bootstrap data Oaug(r) with some observations 
might be repeated.
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8:
Calculate the tilting function g Xi

r
 and weights ω̂0

r Xi , ω̂1
r Xi  for i = 1, …, N.

9: Fit two working outcome models m0
r X  and m1

r X  for outcomes, respectively, on Oaug, r ∩ Zi = 0  and 

Oaug, r ∩ Zi = 1 , for i = 1, …, N, and predict for all data.

10: Plug Oaug, r ∪ ω̂0
r Xi , ω̂1

r Xi , m̂0
r Xi , m̂0

r Xi , i = 1, …, N  in (2) and get the augmented 

estimator τ g
(r)

.

11: end for

12:
Return: The standard error estimate: Σg

1/2 = IQR τ̂g
1 , …, τ̂g

R

z0.75 − z0.25
 or the standard deviation of τ̂g

1 , …, τ̂g
R

; 

the 100 × 1 − α % confidence interval Ĉα O = τ̂g
avg ±

z 1 − α/2
N Σg

1/2
, where z0.75 − z0.35 = 1.349

is the interquartile range of the standard normal distribution, and τ̂g
aug

 is by (2).

There are two additional good reasons that BOOT II may offer advantages over BOOT I. 

First, BOOT I is less favorable when the dataset is large. If we have p covariates and a 

sample size of N, it can be shown that estimating PS incurs an O Np2  complexity [45]. 

For massive data, when both N and p can be large, the BOOT II avoids fitting PS in all R
replications, thus reducing the computing time. Second, random violation of the positivity 

assumption [55] can occur in standard bootstrap samples. For example, when P Z = 1 , 

the proportion of the treated participants, is small (or large) in the original sample and, 

depending on whether the sample size is small or not, some of the standard bootstrap 

samples might not contain or just contain very few treated (or control) participants. In this 

case, a good number of PS estimates will be equal or distributed around 0 (resp. 1), which 

easily incurs extreme weights. Even if extreme weights already exist in the original sample 

by the way of BOOT II, weights from within some of the standard bootstrap samples of 

BOOT I might be more extreme.

It is worth mentioning that, in a similarly related context, the order of bootstrap and PS 

matching was investigated by Austin and Small [4]. They found that matching before 

bootstrapping results in estimates of standard error closer to the empirical standard 

deviation. Hence, as a parallel, we are also interested in the efficiency of estimating the PS 

(and thus the corresponding weights) before resampling with replacement (as with standard 

bootstrap), i.e., whether it leads to better variance estimation than running standard bootstrap

—where the weights are estimated after resampling (as with the above BOOT I). In a sense, 

our work will extend the application of the match-then-resample and the findings of Austin 

and Small [4] in the context of propensity weighting methods.

3.3 Wild Bootstrap (WB)

In the WB algorithm, sampling variability is introduced via multiplying an independent 

random variable by the part of an estimator that incurs randomness (i.e., perturbation); this 

occurs, for instance, when we perturb the residual in the linear regression setting [36, 57].
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The estimator τg
aug given in (2) is regular and asymptotically linear [51], i.e., 

N τg
aug − τg = 1

N i = 1

N
ϕg Zi, Xi, Y i + op 1 , where ϕg Z, X, Y  is the influence function 

(IF) of τg
aug, where E ϕg Z, X, Y = 0 and V ϕg Z, X, Y = E ϕg Z, X, Y 2 = Σg. Following 

Matsouaka et al. [36], we consider the WB by perturbing the estimated IF using independent 

random variables.

The established IF of estimating τg is given by [9, 16]

ϕg X, Z, Y = g X
μg

F X, Z, Y + τ X − τg + 1
μg

ψg X, Z, Y ,

(3)

where

F X, Z, Y = Z
e X Y − m1 X − 1 − Z

1 − e X Y − m0 X ,

mz X = E Y z ∣ X , z = 0,1, μg = E g X , and τ X = E Y 1 − Y 0 ∣ X .

Furthermore, we considered comparing two choices of ψg X, Z, Y  in (3), resulting in two 

different WB approaches (specified by WB I and WB II below):

WB I:ψg X, Z, Y = 0 16 , and

(4)

WB II:ψg X, Z, Y = ∂g X
∂e X τ X − τg Z − e X 9 .

(5)

We considered these two IF choices for the following reason because they originate from 

different literature and are derived under different assumptions. The IF in WB I, from Hirano 

et al. [16], assumes the PS is known in the observed data structure, whereas the IF in 

Crump et al. [9] (used in WB II) assumes the PS is unknown and must be modeled and 

estimated. This distinction is critical for practical implementation, as the PS is typically 

unknown in observational studies. Incorporating both IFs into the WB framework allows us 

to explore the role of the PS across different WATE estimands, offering valuable insights 

into accurately quantifying uncertainty in WATE estimation.

Remark 1 It is easy to verify that using option I of the ψg Z, X, Y  term, the Eq. (4), in 

the IF corresponds to the form of the augmented estimator (2). However, the empirical 

version of E ϕg Z, X, Y 2  by using this ψg Z, X, Y  in (4) is generally not useful for 

variance estimation, because in practice, the corresponding estimated IF, ϕg, is obtained 
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by plugging in estimated PS and outcomes; hence, the uncertainty in estimating nuisance 

functions is not accounted for. Technically, we need to further project the ϕg Z, X, Y

onto the orthogonal complement of the nuisance tangent space Λ⊥. Thus, the actual 

variance quantification should be E Π ϕg Z, X, Y ∣ Λ⊥ 2
, where Π ϕg Z, X, Y ∣ Λ⊥  denote 

this projection of ϕg Z, X, Y  onto the nuisance tangent space Λ⊥. It is worth mentioning 

that E Π ϕg Z, X, Y ∣ Λ⊥ 2
 is smaller than E ϕg Z, X, Y 2  by Pythagorean theorem [51]. 

However, the projection Π ϕg Z, X, Y ∣ Λ⊥  is generally hard to express and is not model-

free, which is why we seek other flexible alternative variance estimation methods for help, 

such as by evaluating whether the WB perturbation can be helpful.

We specify the WB algorithm for WATE estimators as follows. Consider ϕg Z, X, Y
an estimator of ϕg Z, X, Y , where we replace τg by its estimator τg

aug. We generate 

random vectors ξ = ξ1, …, ξN  of independent identically distributed (i.i.d.) random 

variables—with mean 0 (or 1), variance 1, and E ξi
3 < ∞, where ξ does not depend 

on the observed data Zi, Xi, Y i : i = 1, …, N —and calculate a perturbed estimator 

τg
* = τg

aug + 1
N i = 1

N ξiϕg Zi, Xi, Y i .

Assuming some regularity conditions,

τ̂g
* − τg = 1

N i = 1

N
1 + ξi ϕ̂g Zi, Xi, Y i + op N−1/2 ,

N τ̂g
* − τg d N 0, Σg

* , Σg
* = E 1 + ξ 2ϕg

2 , as N ∞ .

Moreover, the empirical distribution of 1
N i = 1

N
ξiϕg Zi, Xi, Y i  approximates the sampling 

distribution of N τg
aug − τg . This result establishes the validity of the WB procedure in the 

following Algorithm 2 based on Chernozhukov et al. [8].

Algorithm 2
Wild bootstrap (WB) for variance estimation of WATE

1: Input: Obesrvational data O = Zi, Xi, Y i , i = 1, …, N ; tilting function g x  of the given WATE; number 

of WB replicabes R; confidence level α ∈ 0, 0.5 ; estimated influence function ϕg Z, X, Y , based on the 

chosen ψg form (4) or (5) (corresponding to WB I or WB II, respectively); independent random variables ξi for 

perturbation, e.g. ξi follows the exponential EXP(1) or the Rademacher distribution (defined by the probability 

mass function P ξi = 1 = P ξi = − 1 = 1/2 .

2: Output: Standard error estimate Σg
1/2

 and a 100 × 1 − α % confidence interval Cα O .

3: forr = 1, …, Rdo
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4: Generate a random vector ξ = (ξ1, …, ξN)′ with i.i.d. components following the chosen distribution for 

perturbations.

5:
Compute Δg

(r) = 1
N ∑i = 1

N ξiϕg Zi, Xi, Y i .

6: end for

7:
Return: The standard error estimate by WB: Σg

1/2 = IQR(Δg
1 , …, Δg

R )
z0.75 − z0.25

 or the standard deviation 

of Δg
1 , …, Δg

R
; the 100 × 1 − α % confidence interval Cα(O) = τ g

aug ±
z(1 − α/2)

N Σg
1/2

, where 

z0.75 − z0.25 = 1.349 is the interquartile range of the standard normal distribution, and τ g
aug

 is by (2).

Remark 2 How are the three sources of variability in estimating a WATE accounted for 

in WB? The WB method consists of two key components: (i) the estimated IF of the 

augmented estimator and (ii) the perturbation procedure using i.i.d. variables ξ’s. The IF 

characterizes the infinitesimal impact of a single data point on the estimator [53], capturing 

variability that arises from both the outcome model and PS estimation. The perturbation 

procedure mimics sampling variability by resampling the empirical IF terms. Together, 

these components account for uncertainty due to the outcome models, PS estimation, and 

finite sample variation in a unified manner. For the augmented estimator, the IF is not 

model-free, as it depends on the specific parametric or nonparametric specifications of the 

PS and outcome models. In this work, we leverage two candidate IFs proposed in the 

literature—Eqs. (4) and (5) [9, 16]—and combine them with the WB perturbation to assess 

their performance and provide our findings and practical recommendations.

4 Numerical Experiments

4.1 Data Generating Process

We assessed the performance of all variance estimation methods using Monte 

Carlo simulations. We considered a data generating process (DGP) similar to that 

of Matsouaka et al. [36]. We used the covariate vector X = 1, X1, …, X7 ′, for N
independent observations, such that X4 Bern 0.5 , X3 Bern 0.2X4 + 0.4 , X1, X2 ′ N μ, Σ , 

X5 = X1
2, X6 = X1X2, X7 = X2

2, where μ = −X3 + X4 + 0.5X3X4, X3 − X4 + X3X4 ′ and 

Σ = X3
1 0.5

0.5 1 + 1 − X3
2 0.25

0.25 2 .

Then, we simulated the potential outcomes 

Y z = 0.5 + X1 + 0.6X2 + 2.2X3 − 1.2X4 + X1 + X2
2 + zδ X + ε z , with ε z N 0,1  as an 

i.i.d. random error, for z = 0,1. We consider both δ X = 4 for a homogeneous treatment 

effect and δ X = 4 + 3 X1 + X2
2 + X1X3 for a heterogeneous treatment effect. Next, we 

generated the treatment Z Bern 1 + exp −X′β −1  from a logistic regression model, where 

β is the regression coefficients of the PS model. The observed outcome Y  for each 

participant is then generated by Y = ZY 1 + 1 − Z Y 0 .
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We varied the value of the above β parameter to generate 5 PS models to assess our 

methods under different practical scenarios. We chose β = β0, 0.3,0.4,0.4,0.4, − 0.1, − 0.1,0.1 , 

with β0 = − 2.17, − 0.78 and 0.98, respectively, for the first 3 models. These three models 

represent practical scenarios encompassing different proportions of treated participants 

p = P Z = 1 , where we label them “Models 1–3,” corresponding to small p = 0.20 , 

medium p = 0.45 , and large p = 0.80  proportions of treated in possible real-world data, 

respectively. In addition, the first three models show moderate to high overlaps in the true PS 

distributions of the two treatment groups (see Fig. 6 in “Appendix B”). For the fourth model, 

we let β = 0.2,1.0, − 0.9, − 0.9,0.9,0.15,0.15, − 0.2 , which creates a case of poor overlap for 

the PS distributions of the two treatment groups (see Fig. 7 in “Appendix B”), accompanied 

by extreme IPW weights, and we label this case “Model 4.” This model has p = 0.49 (a 

medium p scenario). Finally, we explored a scenario where the SAND method may not work 

by utilizing the β of Model 3 p = 0.80  but under a small sample size N = 50 , which we 

labeled “Model 5.” Figure 1, shows the distribution of PSs under Model 2 (the medium p
with a moderate to high overlap), using a randomly generated sample of size Nsuper = 106.

Let us now clarify why the chosen DGP is appropriate for evaluating both the proposed and 

competing methods. First, covariates X1 − X4 act as confounders, with X5 − X7 representing 

their higher-order terms, mimicking complex settings often found in data from observational 

studies. Potential outcomes Y z  and treatment assignment Z are generated as functions of 

these covariates, along with independent random error terms ε z  for z = 0,1. Thus, this setup 

fits the structure of observational data and satisfies Assumption 1 (unconfoundedness), as 

both outcomes and treatment depend on a common set of covariates. The observed outcome 

also follows the consistency assumption, where Y = ZY 1 + 1 − Z Y 0  for all participants. 

Moreover, by varying the PS model parameters β, we can alter the distribution of Z, 

allowing us to simulate a range of practical scenarios through different PS distributions, 

including scenarios where there are violations of the positivity assumption.

To evaluate the performance of different variance estimation methods under repeated 

sampling, we generated data of sample size N = 1000 for Models 1–4 and N = 50 for Model 

5, with M = 2000 Monte Carlo simulation replicates. We considered the augmented ATE, 

ATT, ATO, ATM, and ATEN as estimators of interest in our simulation; the true values of all 

the five estimands under heterogeneous treatment effects can be found in Table 3. For BOOT 

I, BOOT II, and all WB’s, we considered R = 200 repeated (or perturbed) samples.

4.2 Competing Methods, Evaluation Criteria, and Guide to Interpreting Results

We considered several competing variance estimation methods in our simulation study. For 

clarity and conciseness, we use the following acronyms throughout Sects. 4.2 and 4.3:

• BOOT I: standard bootstrap;

• BOOT II: post-weighting bootstrap, i.e., Algorithm 1;

• SAND: sandwich variance estimator;
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• WBExp I: wild bootstrap (Algorithm 2) with ξ EXP 1  and the estimated IF ϕg
computed using (4);

• WBEXp II: wild bootstrap (Algorithm 2) with ξ EXP 1  and the estimated IF ϕ̂g
computed using (5);

• WBRad I: wild bootstrap (Algorithm 2) with ξ following Rademacher 

distribution and the estimated IF ϕ̂g computed using (4); and

• WBRad II: wild bootstrap (Algorithm 2) with ξ following Rademacher 

distribution and the estimated IF ϕ̂g computed using (5).

To assess the performance of the estimators we considered and investigate the sensitivity 

of their variance estimations when one or both models are misspecified, we included the 

following model specifications for PS and outcome regression (OR): (1) both PS and OR 

models are correctly specified; (2) only PS model is correctly specified; (3) only OR model 

is correctly specified; (4) both PS and OR model are misspecified.

For the misspecified PS and OR models, we intentionally excluded the higher-order terms 

X5 = X1
2, X6 = X1X2, and X7 = X2

2 from the original (true) models. This omission preserves 

all confounders X1 − X4  in the PS and OR models, thereby maintaining Assumption 1 for 

valid causal inference. However, it partially misspecifies the functional relationship between 

treatment (or outcomes) and covariates. This approach is consistent with prior work [18, 24, 

61].

We evaluate the simulation results and compare the performance of the estimators based on 

the following measures:

1. The relative bias, defined as τg − τg /τg, where τg is the estimate of τg in a 

simulation replicate (subscript omitted). The boxplots of the relative biases under 

Model 2 are reported in the main text. We also report the absolute relative 

percent bias ARBias % = 100 % * ∣ mean of τg − τg /τg ∣, for each scenario, in 

Appendix B;

2. The root mean square error (RMSE), defined as the square root of the average of 

τg − τg
2 over the 2000 data replicates;

3. The empirical standard deviation (ESD), SD τg , is the standard deviation of 

estimates over the 2000 data replicates;

4. The median standard error (SE), i.e., the median of the square root of estimated 

variance, for each competing method;

5. The relative efficiency (RE), which is the ratio of the empirical variance to the 

variance by a competing method. We report REs from all data replicates as 

boxplots and the median of REs out of 2000 data replicates;

6. The coverage probability (CP), i.e., the proportion of the number of times (out 

of the 2000 data replicates), the true τg fell inside the 95% Wald confidence 
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intervals constructed with the corresponding variance estimation method. A 

CP would be considered significantly different from the 0.95 nominal level if 

it is outside the range of 0.940,0.960 = 0.95 ± z0.975 0.95 1 − 0.95 /2000, where 

z0.975 = 1.96 is the 0.025-quantile of the standard normal distribution.

Based on these metrics, we further provide a step-by-step guide and clarification below 

to interpret results under possible model misspecifications, as designed in our simulations, 

when assessing the performance of a variance estimator in practice:

1. Examine the estimation bias: Relevant metrics include ARBias% and RMSE. 

These help determine whether the augmented estimator remains consistent under 

the various model specifications considered.

2. Evaluate RE: If the ARBias% and RMSE suggest that the estimator is consistent, 

RE can be used to assess how well the variance estimate captures the estimator’s 

sampling variability. An RE close to 1 indicates good alignment. However, if the 

estimator is biased, an RE near 1 does not guarantee the variance estimate is 

valid for the true WATE, and should be interpreted with caution.

3. Check CP: Finally, examine the CP to determine whether the variance estimator 

supports valid inference. Nominal coverage (e.g., ≈ 95% for a 95% confidence 

interval) is expected if the variance is well estimated. However, a good CP alone 

does not confirm validity, as it can also result from a biased estimator paired 

with an overestimated variance. Ideally, when the bias is negligible, RE is close 

to 1, and CP is near the 95% nominal level, one can be more confident that the 

variance is correctly estimated.

As a remark, the metrics ESD and SE can also serve as useful alternatives to RE. While 

RE is generally sufficient for comparing estimated variance with sampling variability, ESD 

and SE offer more direct while less summarized measures of the numerical values of the 

estimated variance and the empirical variability of the estimator. Furthermore, we emphasize 

that assessing variance estimators based solely on RE or CP is insufficient to establish their 

validity, especially under potential model misspecification. A comprehensive evaluation 

following our above step-by-step guide is necessary. The technical rationale behind this 

point is detailed in “Appendix A.3.”

4.3 Findings and Results

To be succinct and concise, we only report the simulation results for Model 2 in the 

following Figs. 2, 3, and 4, under heterogeneous treatment effect with N = 1000. This 

showcases we major contrasts across the different estimators; we defer the complete set of 

simulation results in “Appendix B.”

Because the ATO, ATM, and ATEN are similar estimands [35] and they indeed yielded 

similar results (see Table 7 and other results in “Appendix B”), we only report the results 

for ATE, ATT, and ATO here. Figure 2 reveals that, overall the augmented estimator of ATO 

has the smallest relative biases and RMSEs across the four model specifications, compared 

to the augmented estimators of ATE and ATT. The augmented estimator for all 3 estimands 

performs better when the OR model is correctly specified (cases A1 and A3) than when the 
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PS model is correctly specified. These findings are consistent with most empirical studies 

about WATEs and their augmented estimators [21, 35, 61].

Figure 3 shows the distributions of the REs by different estimands, model specifications and 

variance estimation methods. Interestingly, the performance of each variance estimation 

method depends on the estimand. For ATE, all methods are sensitive to OR model 

misspecifications as in these cases the boxplots are wider and the means of REs essentially 

deviate from 1. In addition, BOOT I and SAND methods perform slightly worse than other 

methods when only PS model is correctly specified. All WB I and WB II methods (WBExp 

I, WBRad I, WBExp II, and WBRad II) perform similarly and are similar to BOOT II. We 

should note that WB I and II are the same for ATE because the term ∂g X / ∂e X = 0 in the 

IF for WB II. Whenever the OR model is correctly specified, all methods result in good 

REs for ATE. Next, for ATT and ATO, we observed that BOOT I and SAND outperform in 

all model specifications. For BOOT II and WB methods on ATT and ATO, we found they 

generally fail to provide valid estimates of the variance, and only WBExp II and WBRad II 

for ATT perform well.

From Tables 6, 8, 10, and 12 in “Appendix,” we also note that when the treatment effect 

is homogeneous, all methods perform similarly and are valid for all ATE, ATT, and ATO 

estimands. This is because under a homogeneous treatment effect, all these estimands target 

the same quantity (here the same treatment effect τg = 4 in our simulations). Therefore, 

the level of heterogeneity of the treatment effect is also a factor that contributes to the 

uncertainty quantification. Intuitively, more heterogeneity means the individual treatment 

effects are more associated with covariates, which contributes to more uncertainty in 

estimating the estimand itself.

Figure 4 depicts radar plots to compare the CPs; each corner in a radar plot represents a 

variance estimation method. We can see that for ATE, all WB methods and BOOT II result 

in approximately 95% nominal coverage level, in most scenarios. The only exception are 

for when both PS and OR models are misspecified. BOOT I and SAND result in lower 

coverage when only PS model is correctly specified. In comparison, for both ATT and ATO, 

WB methods and BOOT II commonly result in coverage levels that are different from 95% 

nominal level, either smaller or larger (i.e., anti-conservative or conservative confidence 

intervals, respectively). BOOT I and SAND for ATT and ATO result in valid coverage levels 

whenever the OR model is correctly specified. More insights and discussions for different 

variance estimation methods follow in Sect. 6.

Finally, we briefly comment on additional results we obtained in “Appendix B” for all 

models. When the treatment effect is homogeneous and across Models 1–3 (with varying 

p from small to large), all competing methods yield similar and comparable variance 

estimates. This suggests that the variance estimators perform similarly in the absence of 

effect heterogeneity. Also, when the treatment effect is heterogeneous, Models 1 and 3 

produce results consistent with those presented in this section, indicating that varying p
does not substantially impact the relative performance of the variance estimation methods. 

In the scenario with extreme PS weights and poorer overlap (Model 4), the results are 

broadly similar to those from Models 1–3. However, the point estimates for ATE and ATT 
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exhibit greater bias across all model specifications. This result is expected given that these 

estimands rely on extreme PS weights, whereas other estimands employ bounded weights 

for all participants. Finally, for Model 5 (where SAND does not work), Table 4 shows the 

frequency of unobtainable sandwich variance estimates over 2000 simulations using Model 

5; we can see that the frequency varies between 322 and 626 for all WATEs. This means that 

when the sample size is small and there is Limited overlap, the sandwich variance estimator 

can be expected to not work properly. All the other methods also perform poorly under 

Model 5 (Tables 14 and 13), except for BOOT I. Therefore, when the sample size is small, 

our finding suggests that standard bootstrap is still the optimal choice.

4.4 Results and Discussion

When both the PS and OR models are correctly specified, we find that BOOT II and WB I 

yield RE values greater than 1 on average, whereas WB II tends to produce REs less than 1. 

For BOOT II, its strong performance for ATE contrasts with its behavior for ATT and ATO: 

BOOT II is valid for ATE but does not directly extend to other WATEs. In addition, WB I 

uses an IF that does not fully account for the role of the PS in the joint likelihood. Since 

the PS plays a non-ancillary role in defining ATT and ATO, the anti-conservative results 

observed for WB I are consistent with our theoretical understanding. For WB II, although 

the employed IF accounts for uncertainty in the PS model, we observe slightly conservative 

results for ATT and ATO. This suggests that while the IF used in WB II may not be the 

most efficient choice for the augmented estimator in Eq. (2), it offers a computationally 

efficient, model-free, and slightly conservative alternative to BOOT I and BOOT II for 

WATE estimation.

Furthermore, following the guideline provided in Sect. 4.2, we interpret the variance 

estimates through a comprehensive review of Figs. 2, 3, and 4. Interestingly, we observe 

that for some methods—such as BOOT II, WBExp I, and WBRad I for ATT—the RE values 

under both misspecified models (blue boxes) are closer to 1 than those under correctly 

specified models (green boxes). However, Fig. 4 shows that the corresponding CPs are 

substantially below the nominal 95% level. When combined with the estimation bias results 

in Fig. 2, these findings suggest the following interpretation: the variance estimators yield 

RE values close to 1 because they approximate the sampling variability of τg
aug well, but 

τg
aug itself is impacted by misspecified PS and OR models. As a result, the poor CPs are 

driven by bias in estimating the true WATE, and the good REs merely indicate that the 

variance estimators are valid for a shifted estimand induced by the limits of the misspecified 

models. Similarly, as shown in Fig. 4, some CPs under model misspecification outperform 

those under correct model specification. For example, in the cases of ATT and ATO where 

only the PS model is correctly specified (orange radars), the CPs for BOOT II and WB 

I are closer to the nominal 95% level than those under fully correctly specified models. 

However, Fig. 3 reveals that the corresponding RE values for ATT and ATO in these cases 

are substantially greater than 1, indicating that the estimated variances are much larger 

than the empirical variances—thus reflecting conservative estimation of the true sampling 

variability.
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5 Case Study

We use the data from the National Health and Nutrition Examination Survey (NHANES) 

2013–2014 to illustrate the proposed variance estimation methods [59]. The data 

can be found on the NHANES website: https://wwwn.cdc.gov/Nchs/Nhanes/2013-2014/

PBCD_H.htm. The dataset included a total of N = 1107 participants, with 234 (21.14%) 

in the treatment (or exposed) group and 873 (78.86%) in the control group. Each participant 

completed a questionnaire on seafood consumption. High fish consumption (treatment 

group, Z = 1) was defined as consuming more than 12 servings of fish or shellfish in the past 

month, while low fish consumption (control group, Z = 0) was defined as 0 or 1 serving.

To comprehensively evaluate the proposed variance estimation methods across different 

estimands, we conducted two separate analyses: one with the full data (in Sect. 5.1) and 

the other using the subset of participants who are 40 years or older (see Sect. 5.2). In both 

analyses, we included 8 covariates: race, gender, age, income, missingness indicator for 

income, education, smoking history, and number of cigarettes smoked in the past month. 

The outcome of interest was the base-2 logarithm (log2) of total blood mercury level (μg/L).

5.1 Primary Analysis

Our primary analysis uses the full dataset and applies all variance estimation methods 

discussed in this paper to the augmented estimators for five WATEs (ATE, ATT, ATO, 

ATM, and ATEN). Figure 5a presents the estimated PS between the two treatment groups, 

estimated via logistic regression, with a Linear predictor for all 8 covariates. The distribution 

of PSs for the control group (low fish consumption) is right-skewed, while that for the 

treated group (high fish consumption) is more uniformly distributed. The distributions of 

the estimated PS of two groups are highly overlapped, except for a few observations whose 

estimated PSs are greater than 0.7. Figure 5b shows the covariates balance of each covariate, 

measured by the absolute standardized mean difference (AMSD), between the two treatment 

groups. The figure shows that all covariates are well balanced for treated, overlap, matching, 

and entropy weights, i.e., all weighted ASMDs are less than the rule-of-thumb threshold 

0.1 [2], compared to the unadjusted AMSD. With the ATE weights, the ASMDs for age, 

Mexican American (race), and Non-Hispanic White (race) are at or Little over the 0.1 

threshold.

Table 1 provides the results of the difference in (log2) blood mercury level by fish 

consumption level. Among all the weighting methods, ATO has the largest effective sample 

size (ESS) of 590.28, while ATE has the smallest ESS of 403.40. The performance of 

ATO, ATM, and ATEN are very similar; overall, they are slightly more efficient (from the 

estimated SEs) than the other two estimands. The augmented estimates of ATO, ATM, and 

ATEN (1.98, 2.03, and 1.93, respectively) are overall closer to each other and are different 

from the ATE and ATT (1.74 and 2.12, respectively). The p-values are all smaller than 0.001 

and agree with the conclusion that fish consumption statistically significantly impacts the 

(log2) blood mercury level.

Regarding the variance estimation results, BOOT I and BOOT II generally induce slightly 

larger, yet comparable, SEs than other methods given the same estimand. For all estimands, 
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BOOT I and BOOT II also have very close variance estimates, especially for ATE, aligning 

with the findings from our simulations. All the five estimands are significant based on 

multiple variance estimation methods, which further suggest that there is a treatment effect 

on different target populations (overall, treated, and equipoise), and thus we have evidence 

that the fish consumption is a strong factor in affecting the blood mercury level among 

different subpopulations.

Furthermore, we provide an explanation, supported by insights from our simulation study, 

for why the estimated variances are overall comparable across methods for each estimand. 

As shown by the point estimates for the five WATEs, all are close to 2.00, suggesting that 

the average causal effects across the populations defined by these estimands are similar. 

This implies that the treatment effect may be nearly homogeneous across individuals. In our 

simulation study, we similarly observed that when the treatment effect is homogeneous, all 

variance estimation methods tend to yield comparable estimates. This observation motivates 

our secondary analysis in Sect. 5.2, where we aim to identify a case in which the variance 

estimators yield more divergent results.

5.2 Secondary Subgroup Analysis on a Perturbed Outcome

In this secondary analysis, we restrict our attention to a subgroup of older individuals 

age > 40, N = 591 , while maintaining the same covariates and treatment definition as in 

the primary analysis. Motivated by our earlier hypothesis that the treatment effect may be 

nearly homogeneous, we artificially perturb the outcome—log2 of blood mercury level—to 

introduce heterogeneity. Let Y  denote the original outcome and Y new the perturbed outcome, 

and we define

Ynew = Y − 0.168 ⋅ Z ⋅ age + gender + 8.56,

where the interaction term −0.168 ⋅ Z ⋅ age + gender  introduces heterogeneity in the 

treatment effect across individuals by incorporating variation from age and gender. This 

design allows us to assess whether variance estimation methods yield more distinguishable 

results when treatment effects vary across the population. We totally acknowledge that 

this modification does not reflect the original data generating process or underlying truth. 

However, our purpose is to further assess and validate the simulation finding that variance 

estimation methods differ in their sensitivity to treatment effect heterogeneity, enabling 

us to evaluate the advantages and potential limitations of our proposed approaches. For 

instance, applying different variance estimators may lead to different conclusions regarding 

the statistical significance of the treatment effect based on a pre-specified p-value threshold 

(e.g., 0.05), which is a critical practical concern as it may distort the interpretation of the 

treatment’s impact. Below, we present and discuss the key findings from this analysis.

First, we refer readers to “Appendix C” for the estimated PS distributions and the covariate 

balance assessment (Fig. 8), which yield results similar to those observed in the primary 

analysis in Fig. 5. In addition, Table 2 presents the results of the variance estimation 

methods applied in this secondary analysis.
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From Table 2, a key finding is that different variance estimators for ATO and ATM can lead 

to different conclusions regarding the significance of the treatment effect at the 0.05 level. 

We also observe that for all estimands except ATE, BOOT II, WBExp I, and WBRad I tend 

to produce smaller variance estimates than other methods, resulting in smaller corresponding 

p-values. This aligns with our simulation study, which showed that these methods yield 

similar variance estimates for ATE regardless of treatment effect heterogeneity. However, 

when the treatment effect is heterogeneous, BOOT II, WBExp I, and WBRad I may become 

anti-conservative.

In summary, based on our analysis of an artificially perturbed outcome with added 

heterogeneity, we find that certain variance estimation methods—particularly BOOT II, 

WBExp I, and WBRad I—may lead to anti-conservative inference for ATT, ATO, ATM, and 

ATEN when treatment effects are heterogeneous. We therefore caution applied researchers 

against using these approaches for WATE estimands other than ATE, particularly when 

treatment effects are believed to be heterogeneous in the target population, as this may lead 

to biased conclusions regarding statistical significance and overconfidence in the estimated 

treatment effect.

6 Concluding Remarks

6.1 Summary

In this paper, we compared four variance estimation methods for a number of WATE 

estimands (using their augmented estimators): the standard bootstrap (BOOT I), the post-

weighting bootstrap (BOOT II), the wild bootstrap (WB; using 2 different IFs), and the 

sandwich variance estimator (SAND). We assessed the performance of these variance 

estimation methods through extensive simulation studies and illustrated their application 

in a real-data analysis of the fish consumption effect on blood levels.

Our findings indicate that the performance of a variance estimation method may have a 

different performance for the different WATEs; each method can also have its pros and cons 

dependent on the scenarios. For example, we found that BOOT II and WB methods are 

generally better for ATE estimators under different model specifications. However, for other 

estimands, BOOT I provides more accurate estimates. In addition, our study suggests that 

SAND has a number of practical limitations, including (but not be limited to) small sample 

size or model-dependency, which often requires an acceptable model specification. It can 

also be problematic when there are violations of its regularity assumptions—while other 

methods under the same setting can perform well.

In summary, based on the results we have obtained, we make the following suggestions. 

First, for ATE using the AIPW estimator, BOOT II and WB should be primarily considered 

in practice as it is model-free and more computing time-saving than the more conventional 

BOOT I. This echoes the finding of Hahn [15] that the role of PS in estimating ATE 

is ancillary, which means its knowledge does not affect achieving (asymptotically) the 

semiparametric efficiency bound using an augmented estimator. Thus, we can ignore its 

model re-fitting and predictions in bootstrap replicates, as illustrated in Algorithm 1. 

Second, for ATT and other estimands, some further investigations on its BOOT II and WB 
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algorithms are needed in future research (see next Sect. 6.2). Thus, BOOT I still has its 

non-negligible advantages.

6.2 Discussion

Based on our extensive empirical studies, we provide alternative explanations on why BOOT 

II and WB methods fail for all the estimands but the ATE. For BOOT II, the primary reason 

for these failures is directly connected to the definitions of the WATEs. Except for the 

ATE, the WATEs depend intrinsically on the true PS e x ; the true PS is included in their 

definitions through their tilting functions g x , which are not trivial. Thus, the PS plays a key 

role in defining the target of inference. Despite the negative results for other WATEs, we 

believe our findings are still valuable and important. Our results highlight the distinct role of 

PS-induced variability across different estimands—a novel and practically important insight. 

For ATE, BOOT II offers a more efficient and robust alternative to BOOT I, avoiding 

possible random violations of the positivity assumption and reducing computational burden. 

For the other WATEs, we caution that PS-related variability remains a critical component to 

account for in variance estimation.

The above insight on the role of PS also results in two options for the IF to consider in 

the WB methods [9, 16] as discussed in Sect. 3.3—treating the PS as known and unknown 

in the joint likelihood for the population model, respectively. Using the second IF derived 

by Crump et al. [9] often leads in a conservative variance estimate (i.e., using WB II) 

for the augmented estimator (2). Although this IF does not correspond to the form of the 

augmented estimator (2) investigated in our paper, our purpose is to examine whether it 

can be a tool for uncertainty quantification for estimator (2). We found that for estimands 

other than ATE, the IF corresponding to the form of estimator (2) (the first IF) provides 

anti-conservative variance estimates. Hence, we need to introduce additional components 

in the IF for perturbation in the WB algorithm. We did not investigate the estimator that 

corresponds to the second IF in this paper, as, to the best of our knowledge, it offers no 

clear advantage compared to the estimator (2) for the following reasons. First, regarding 

consistency, it has the same requirement for correct specifications on nuisance functions 

as estimator (2). Second, it is expected as less efficient than (2), as its variance estimation 

(based on investigation in using its IF in WB methods in our simulation) is larger than the 

expected variance for estimator (2). Third, it has a more complicated mathematical form, 

which is less favorable in practice for implementation and interpretation.

In this paper, we have not studied the case where the variance is heterogeneous across 

participants (heteroscedasticity). In this case, the wild bootstrap is expected to fail while 

the standard bootstrap does not [12, 57]. This implies a trade-off in choosing between 

higher robustness and efficiency in computing time. In future endeavors, we need to develop 

robust and efficient algorithms for variance estimation on WATEs to achieve the following 

objectives: (i) computing time-saving; (ii) robust to model misspecifications; (iii) flexible 

and perhaps model-free, even if these goals might not be able to attain simultaneously. As 

a result, our paper can serve as a motivating point for many future studies. Finally, present 

work can potentially be extended to other types of outcome data, such as time-to-event 

outcomes [6], alternative causal estimands such as the weighted ATT [25, 26], data fusion 
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methods for multi-source studies [27, 28, 54, 62], randomized trials [14, 29], and integration 

with double machine learning approaches [7] for estimating nuisance functions.

Appendix 1: Technical Details

Regularity Conditions for Sandwich Variance Estimation

Denote the observed i.i.d. data U = Ui = Zi, Xi, Y i , i = 1, …, N . Consider the following 

estimating equation for θ by an i.i.d. summation,

ΨN θ = 1
N i = 1

N
Ψθ Ui = 0,

and θ = θ U  solves the above equation.

Denote the true value of θ by θ*, and introduce an operator ℙ such 

that ℙ ψθ U = ∫ ψθ u dF u , where F  is a cdf. This notation is similar to 

but different from the common definition of expectation. For example, for 

θ = θ U1, …, UN , ℙ ψθ U = ∫ ψθ u F u ≠ E ψθ U , which does not involve θ into 

randomness.

To obtain the sandwich variance estimator of θ from the estimating equation, the following 

“regularity conditions” are often made (or admitted by default) in literature, e.g., in Van der 

Vaart [53].

• The parameter space Θ is an open subset of a Euclidean space ℝd, d ≥ 1.

• θ is consistent to θ*, i.e., θ p θ*.

• The derivative 
∂ψθ u

∂θ′  exists and ℙ
∂ψθ U

∂θ′  is continuous in θ.

• sup
θ ∈ Θ

1
N i = 1

N ∂ψθ Ui
∂θ′ − ℙ

∂ψθ U
∂θ′ 0 as N ∞.

•
The matrices ℙ

∂ψθ U
∂θ′  and 1

N
i = 1

N ∂ψθ Ui
∂θ′  are nonsingular.

Then, a close-form consistent variance estimator for θ can be given as follows. 

Denote AN θ = − 1
N i = 1

N ∂ψθ Ui
∂θ′  and BN θ = 1

N i = 1

N
ψθ Ui ψθ Ui ′, A θ = ℙ

∂ψθ U
∂θ′

and B θ = ℙ ψθ U ψθ U ′ . Then, under the above regularity conditions,

Σ θ = AN θ
−1

BN θ AN θ −1 ′,

is consistent to
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Σ θ* = A θ* −1B θ* A θ* −1 ′ .

In addition, we have N θ − θ* d N 0, Σ θ* .

Formula of the Sandwich Variance Estimator

We provide the estimating equation for τg
aug as follows. Denote sγ ⋅  the score function of a 

parameter γ, then

∑
i = 1

N
ψθaug Zi, Xi, Y i =

i = 1

N

sβ Xi, Zi
Zisα1 Xi, Y i

1 − Zi sα0 Xi, Y i
g Xi m1 Xi − τ1g

m

g Xi m0 Xi − τ0g
m

Ziω1 Xi Yi − m1 Xi − μ1g
m

1 − Zi ω0 Xi Yi − m0 Xi − μ0g
m

= 0

with respect to θaug = β′, α1
′ , α0

′ , τ1g
m , τ0g

m , μ1g
m , μ0g

m ′. For the estimator τg
aug, we consider 

c = 0, 0, 0, 1, − 1,1, − 1 ′ such that τg
aug = c′θaug = τ1g

m − τ0g
m + μ1g

m − μ0g
m , where θg

aug
 is the solution 

to this equation. Assuming that the same covariates appear as predictors in the regression 

models mz x , the non-zero components Aij of the matrix AN θaug  are given by

A11 = 1
N i = 1

N
e vi 1 − e vi vivi

′; A22 = 1
N i = 1

N
ziwiwi

′; A33 = 1
N i = 1

N
1 − zi wiwi

′;

A41 = − N−1 ∑
i = 1

N ∂g vi
∂β′ β = β

m1 wi − τ1g
m ; A42 = A53 = − 1

N i = 1

N
g vi wi

′;

A44 = A55 = 1
N i = 1

N
g vi ; A51 = − 1

N ∑
i = 1

N ∂g vi
∂β′ β = β

m0 wi − τ0g
m ;

A61 = − 1
N i = 1

N
zi

∂g vi
∂β′ β = β − 1 − e vi g vi vi

′ e vi
−1 yi − m1 wi − μ1g ;

A62 = 1
N i = 1

N
ziω1 vi wi

′; A66 = 1
N i = 1

N
ziω1 vi ;
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A71 = − 1
N i = 1

N
1 − zi

∂g vi
∂β′ β = β + e vi g vi vi

′ 1 − e vi
−1 yi − m0 wi − μ0g ;

A73 = 1
N i = 1

N
1 − zi ω0 vi wi

′; A77 = 1
N i = 1

N
1 − zi ω0 vi .

An estimator of Σ θaug  is then Σ θaug = AN θaug
−1BN θaug AN θaug ′ −1

, from which we 

can derive the variance of τg
aug = c′θaug as 1

N c′Σ θaug c. Similarly as the case of Hájek-type 

estimator, we consider the same technique of the inverse of a 2 × 2 block matrix, and now we 

write AN θaug =
C11 C12
C21 C22

 with C11 = Aij i, j ∈ 1,2, 3 , the “estimated information matrix” 

of β′, α0
′ , α1

′ ′ in presence of η = τ1g
m , τ0g

m , μ1g
m , μ0g

m ′, and C22 = Aij i, j ∈ 4,5, 6,7 , the “estimated 

information matrix” of η in presence of β. Thus, similar to the case of Hájek-type estimator, 

we have

c′AN θ −1 = 1, − 1,1, − 1 −C22
−1C21C11

−1C22
−1

so we need the inverse of C11 = Aij i, j ∈ 1,2, 3  and C22 = Aij i, j ∈ 4,5, 6,7  and note that the 

latter is just a 4 × 4 diagonal matrix. This technique simplifies the computation of c′AN θ −1

for both Hájek-type and augmented estimators, compared to getting the inverse of AN θ
first and then calculating the variance estimation.

Illustration of Impact by Model Misspecifications

Suppose that the estimated PS ê X  converges in probability to a general limit e X , and 

the estimated conditional outcome regression (OR) models m̂z X  converge in probability to 

general limits mz X  for z = 0,1. That is,

ê X
p

e X , m̂z X
p

mz X .

These limits e X  and mz X  may not correspond to the true PS and outcome models, as the 

estimators may rely on misspecified models. Whenever the PS model is correctly specified, 

the augmented estimator (2) in Sect. 2 converges in probability to the true WATE τg in Eq. 

(1) [61]. However, if the PS model or all PS and the two outcome models are misspecified, 

the estimator is no longer consistent, even though it still converges to a limit τg ≠ τg. 

Under such misspecifications, we can show that the augmented estimator (2) converges in 

probability to
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τg =
E g X m1 X − m0 X

E g X ,

where g X  is the tilting function obtained by plugging e X  into the definition of g X .

As a result, even if a variance estimator Σ consistently estimates the sampling variability of 

the estimator, it corresponds to the variability around τg, not τg. In this case, the usual central 

limit theorem yields

n/Σ̂ τ̂g − τg d N 0,1 ,

instead of the more desirable

n/Σ τg − τg d N 0,1 ,

since the bias τg − τg is generally non-negligible.

Therefore, with some abuse of terminology, we note that the estimated variance may be 

consistent for the variance of a “shifted estimand”—that is, the estimand τg implicitly 

defined by the misspecified models—rather than the true WATE we aim to estimate. This 

illustration highlights that relying solely on RE, as defined in Sect. 4.2, is insufficient to 

assess the validity of a variance estimator. An RE close to 1 under model misspecification 

merely indicates that the variance is well estimated for the shifted estimand τg. Similarly, 

relying solely on CP is also not considerable enough, as the bias τg − τg plus a conservative 

variance estimate may also yield a good CP by chance.

Appendix 2: Additional Simulation Results

See 5, 9, and 11.

Table 5
Results of Model 1 (small p = 0.20), N = 1000, under heterogeneous treatment effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 0.14 0.61 94.45 0.603 0.610 1.022 5.72 4.08 77.65 2.154 3.962 3.382

BOOT 
II

0.14 0.61 94.55 0.603 0.610 1.022 5.72 4.08 88.75 2.875 3.962 1.899

WBExp 
I

0.14 0.61 93.60 0.585 0.610 1.087 5.72 4.08 86.40 2.680 3.962 2.185

WBRad 
I

0.14 0.61 93.80 0.595 0.610 1.052 5.72 4.08 89.15 3.216 3.962 1.517

WBExp 
II

0.14 0.61 93.60 0.585 0.610 1.087 5.72 4.08 86.40 2.680 3.962 2.185
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
II

0.14 0.61 93.80 0.595 0.610 1.052 5.72 4.08 89.15 3.216 3.962 1.517

SAND 0.14 0.61 94.45 0.599 0.610 1.039 5.72 4.08 72.25 1.762 3.962 5.057

ATT BOOT I 0.17 1.52 94.45 1.498 1.517 1.026 0.21 1.58 94.45 1.564 1.575 1.014

BOOT 
II

0.17 1.52 80.20 0.978 1.517 2.407 0.21 1.58 95.25 1.621 1.575 0.944

WBExp 
I

0.17 1.52 78.45 0.947 1.517 2.565 0.21 1.58 94.50 1.557 1.575 1.023

WBRad 
I

0.17 1.52 79.80 0.981 1.517 2.393 0.21 1.58 94.95 1.613 1.575 0.953

WBExp 
II

0.17 1.52 93.40 1.450 1.517 1.095 0.21 1.58 97.90 1.920 1.575 0.673

WBRad 
II

0.17 1.52 94.05 1.488 1.517 1.039 0.21 1.58 98.25 1.974 1.575 0.637

SAND 0.17 1.52 94.10 1.491 1.517 1.035 0.21 1.58 94.15 1.542 1.575 1.043

ATO BOOT I 0.30 0.88 94.65 0.880 0.883 1.007 0.55 0.95 94.55 0.951 0.948 0.994

BOOT 
II

0.30 0.88 87.75 0.709 0.883 1.550 0.55 0.95 99.45 1.489 0.948 0.405

WBExp 
I

0.30 0.88 86.80 0.692 0.883 1.626 0.55 0.95 99.20 1.415 0.948 0.449

WBRad 
I

0.30 0.88 87.55 0.701 0.883 1.585 0.55 0.95 99.35 1.466 0.948 0.418

WBExp 
II

0.30 0.88 96.30 0.983 0.883 0.807 0.55 0.95 98.70 1.295 0.948 0.536

WBRad 
II

0.30 0.88 96.95 0.999 0.883 0.780 0.55 0.95 99.10 1.343 0.948 0.499

SAND 0.30 0.88 94.65 0.868 0.883 1.034 0.55 0.95 93.60 0.930 0.948 1.039

ATM BOOT I 0.66 1.09 94.25 1.079 1.083 1.007 0.77 1.13 94.25 1.129 1.121 0.985

BOOT 
II

0.66 1.09 85.05 0.803 1.083 1.818 0.77 1.13 97.70 1.447 1.121 0.600

WBExp 
I

0.66 1.09 83.80 0.783 1.083 1.916 0.77 1.13 97.10 1.381 1.121 0.659

WBRad 
I

0.66 1.09 84.35 0.797 1.083 1.847 0.77 1.13 97.70 1.420 1.121 0.623

WBExp 
II

0.66 1.09 97.50 1.355 1.083 0.639 0.77 1.13 98.50 1.558 1.121 0.517

WBRad 
II

0.66 1.09 97.80 1.399 1.083 0.600 0.77 1.13 98.90 1.609 1.121 0.485

SAND 0.66 1.09 93.85 1.069 1.083 1.027 0.77 1.13 94.30 1.110 1.121 1.020

ATEN BOOT I 0.28 0.79 94.70 0.785 0.789 1.009 0.87 0.96 93.50 0.921 0.945 1.053

BOOT 
II

0.28 0.79 89.65 0.667 0.789 1.398 0.87 0.96 99.80 1.640 0.945 0.332

WBExp 
I

0.28 0.79 88.50 0.650 0.789 1.472 0.87 0.96 99.65 1.555 0.945 0.369

WBRad 
I

0.28 0.79 88.60 0.660 0.789 1.431 0.87 0.96 99.75 1.638 0.945 0.333

WBExp 
II

0.28 0.79 95.70 0.854 0.789 0.854 0.87 0.96 98.65 1.283 0.945 0.543

WBRad 
II

0.28 0.79 96.45 0.877 0.789 0.809 0.87 0.96 98.95 1.340 0.945 0.497
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

SAND 0.28 0.79 94.55 0.775 0.789 1.037 0.87 0.96 93.20 0.896 0.945 1.113

Augmented: only OR correctly specified Augmented: PS and OR misspecified

ATE BOOT I 0.14 0.61 94.40 0.602 0.610 1.023 3.31 4.40 83.70 2.914 4.364 2.243

BOOT 
II

0.14 0.61 94.40 0.602 0.610 1.024 3.31 4.40 84.55 2.949 4.364 2.190

WBExp 
I

0.14 0.61 93.60 0.588 0.610 1.075 3.31 4.40 84.50 3.072 4.364 2.018

WBRad 
I

0.14 0.61 93.95 0.594 0.610 1.052 3.31 4.40 87.80 3.713 4.364 1.382

WBExp 
II

0.14 0.61 93.60 0.588 0.610 1.075 3.31 4.40 84.50 3.072 4.364 2.018

WBRad 
II

0.14 0.61 93.95 0.594 0.610 1.052 3.31 4.40 87.80 3.713 4.364 1.382

SAND 0.14 0.61 94.45 0.599 0.610 1.036 3.31 4.40 82.45 2.771 4.364 2.481

ATT BOOT I 3.86 1.50 92.95 1.264 1.263 0.998 3.02 1.92 91.05 1.796 1.816 1.022

BOOT 
II

3.86 1.50 85.90 1.053 1.263 1.438 3.02 1.92 88.35 1.633 1.816 1.237

WBExp 
I

3.86 1.50 84.05 1.014 1.263 1.551 3.02 1.92 86.60 1.578 1.816 1.324

WBRad 
I

3.86 1.50 86.05 1.049 1.263 1.449 3.02 1.92 88.50 1.637 1.816 1.231

WBExp 
II

3.86 1.50 95.60 1.448 1.263 0.760 3.02 1.92 93.20 1.938 1.816 0.878

WBRad 
II

3.86 1.50 96.30 1.495 1.263 0.714 3.02 1.92 94.70 1.994 1.816 0.830

SAND 3.86 1.50 93.35 1.258 1.263 1.009 3.02 1.92 91.25 1.776 1.816 1.046

ATO BOOT I 3.84 1.07 88.50 0.807 0.809 1.006 3.91 1.67 89.30 1.473 1.517 1.060

BOOT 
II

3.84 1.07 84.75 0.750 0.809 1.164 3.91 1.67 89.30 1.483 1.517 1.047

WBExp 
I

3.84 1.07 83.85 0.733 0.809 1.220 3.91 1.67 87.85 1.425 1.517 1.132

WBRad 
I

3.84 1.07 84.00 0.743 0.809 1.186 3.91 1.67 89.90 1.467 1.517 1.068

WBExp 
II

3.84 1.07 94.35 0.961 0.809 0.709 3.91 1.67 81.95 1.189 1.517 1.628

WBRad 
II

3.84 1.07 95.25 0.988 0.809 0.671 3.91 1.67 83.15 1.219 1.517 1.548

SAND 3.84 1.07 88.45 0.803 0.809 1.016 3.91 1.67 89.70 1.465 1.517 1.071

ATM BOOT I 5.81 1.51 82.85 1.003 0.998 0.991 1.22 1.58 93.20 1.534 1.564 1.038

BOOT 
II

5.81 1.51 75.20 0.882 0.998 1.280 1.22 1.58 92.15 1.465 1.564 1.140

WBExp 
I

5.81 1.51 73.30 0.860 0.998 1.347 1.22 1.58 90.90 1.403 1.564 1.242

WBRad 
I

5.81 1.51 74.15 0.876 0.998 1.299 1.22 1.58 91.80 1.445 1.564 1.171

WBExp 
II

5.81 1.51 96.60 1.421 0.998 0.493 1.22 1.58 92.40 1.491 1.564 1.099

WBRad 
II

5.81 1.51 97.05 1.474 0.998 0.458 1.22 1.58 92.85 1.531 1.564 1.043
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

SAND 5.81 1.51 82.55 1.001 0.998 0.995 1.22 1.58 93.20 1.530 1.564 1.045

ATEN BOOT I 3.21 0.92 89.75 0.726 0.729 1.008 4.51 1.86 88.35 1.577 1.683 1.138

BOOT 
II

3.21 0.92 87.75 0.698 0.729 1.090 4.51 1.86 89.60 1.648 1.683 1.043

WBExp 
I

3.21 0.92 86.35 0.679 0.729 1.152 4.51 1.86 88.30 1.587 1.683 1.125

WBRad 
I

3.21 0.92 87.40 0.690 0.729 1.115 4.51 1.86 89.95 1.678 1.683 1.007

WBExp 
II

3.21 0.92 95.10 0.857 0.729 0.722 4.51 1.86 79.35 1.225 1.683 1.887

WBRad 
II

3.21 0.92 95.85 0.883 0.729 0.680 4.51 1.86 80.45 1.274 1.683 1.746

SAND 3.21 0.92 88.95 0.721 0.729 1.022 4.51 1.86 88.00 1.566 1.683 1.156

ARBias% absolute percent relative bias, RMSE root mean square error, CP% coverage probability (%), SE median of 
standard errors by proposed method, ESD empirical standard deviation, RE median relative efficiency, BOOT I standard 
bootstrap, BOOT II post-weighting bootstrap, WBExp (resp. ExpRad) wild bootstrap via exponential (resp. Rademacher) 
distribution, SAND sandwich variance estimator, PS propensity score, OR outcome regression

Table 6
Results of Model 1 (small p = 0.20), N = 1000, under homogeneous treatment effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 0.01 0.10 94.55 0.101 0.105 1.062 5.11 1.13 79.05 0.576 1.114 3.746

BOOT 
II

0.01 0.10 94.55 0.101 0.105 1.073 5.11 1.13 92.10 0.804 1.114 1.919

WBExp 
I

0.01 0.10 91.45 0.089 0.105 1.364 5.11 1.13 89.00 0.764 1.114 2.128

WBRad 
I

0.01 0.10 92.75 0.093 0.105 1.271 5.11 1.13 91.40 0.906 1.114 1.510

WBExp 
II

0.01 0.10 91.45 0.089 0.105 1.364 5.11 1.13 89.00 0.764 1.114 2.128

WBRad 
II

0.01 0.10 92.75 0.093 0.105 1.271 5.11 1.13 91.40 0.906 1.114 1.510

SAND 0.01 0.10 92.70 0.095 0.105 1.220 5.11 1.13 74.65 0.475 1.114 5.507

ATT BOOT I 0.00 0.09 95.25 0.088 0.087 0.990 0.54 0.33 96.85 0.263 0.334 1.607

BOOT 
II

0.00 0.09 94.90 0.087 0.087 1.009 0.54 0.33 100.00 0.539 0.334 0.384

WBExp 
I

0.00 0.09 93.75 0.084 0.087 1.079 0.54 0.33 99.90 0.523 0.334 0.407

WBRad 
I

0.00 0.09 94.75 0.085 0.087 1.049 0.54 0.33 100.00 0.555 0.334 0.362

WBExp 
II

0.00 0.09 94.25 0.085 0.087 1.061 0.54 0.33 100.00 0.642 0.334 0.270

WBRad 
II

0.00 0.09 94.85 0.086 0.087 1.028 0.54 0.33 100.00 0.673 0.334 0.246

SAND 0.00 0.09 94.90 0.086 0.087 1.023 0.54 0.33 95.95 0.241 0.334 1.918

ATO BOOT I 0.02 0.08 94.90 0.084 0.083 0.982 0.09 0.09 96.00 0.094 0.091 0.935

BOOT 
II

0.02 0.08 95.20 0.084 0.083 0.977 0.09 0.09 100.00 0.442 0.091 0.043
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBExp 
I

0.02 0.08 94.00 0.081 0.083 1.048 0.09 0.09 100.00 0.423 0.091 0.047

WBRad 
I

0.02 0.08 94.30 0.082 0.083 1.024 0.09 0.09 100.00 0.436 0.091 0.044

WBExp 
II

0.02 0.08 94.20 0.081 0.083 1.037 0.09 0.09 100.00 0.392 0.091 0.054

WBRad 
II

0.02 0.08 94.80 0.083 0.083 1.003 0.09 0.09 100.00 0.401 0.091 0.052

SAND 0.02 0.08 95.15 0.083 0.083 0.997 0.09 0.09 95.75 0.092 0.091 0.978

ATM BOOT I 0.02 0.08 95.20 0.085 0.085 0.980 0.22 0.12 95.75 0.128 0.123 0.921

BOOT 
II

0.02 0.08 95.15 0.085 0.085 0.989 0.22 0.12 100.00 0.447 0.123 0.076

WBExp 
I

0.02 0.08 94.25 0.083 0.085 1.050 0.22 0.12 100.00 0.432 0.123 0.081

WBRad 
I

0.02 0.08 94.30 0.083 0.085 1.031 0.22 0.12 100.00 0.446 0.123 0.076

WBEXp 
II

0.02 0.08 94.75 0.083 0.085 1.030 0.22 0.12 100.00 0.458 0.123 0.072

WBRad 
II

0.02 0.08 94.70 0.084 0.085 1.005 0.22 0.12 100.00 0.467 0.123 0.069

SAND 0.02 0.08 95.05 0.085 0.085 0.996 0.22 0.12 96.35 0.132 0.123 0.868

ATEN BOOT I 0.01 0.08 95.15 0.084 0.084 0.990 0.21 0.12 94.15 0.118 0.124 1.090

BOOT 
II

0.01 0.08 95.30 0.085 0.084 0.977 0.21 0.12 100.00 0.476 0.124 0.067

WBExp 
I

0.01 0.08 93.85 0.081 0.084 1.061 0.21 0.12 100.00 0.450 0.124 0.075

WBRad 
I

0.01 0.08 94.40 0.083 0.084 1.024 0.21 0.12 100.00 0.473 0.124 0.068

WBExp 
II

0.01 0.08 94.00 0.082 0.084 1.043 0.21 0.12 100.00 0.390 0.124 0.101

WBRad 
II

0.01 0.08 94.50 0.083 0.084 1.007 0.21 0.12 100.00 0.402 0.124 0.095

SAND 0.01 0.08 94.95 0.083 0.084 1.010 0.21 0.12 94.20 0.115 0.124 1.155

Augmented: only OR correctly specified Augmented: PS and OR misspecified

ATE BOOT I 0.01 0.10 95.30 0.100 0.100 1.002 4.53 1.23 84.70 0.837 1.221 2.124

BOOT 
II

0.01 0.10 95.35 0.100 0.100 1.008 4.53 1.23 84.55 0.834 1.221 2.142

WBExp 
I

0.01 0.10 92.30 0.091 0.100 1.225 4.53 1.23 84.85 0.875 1.221 1.945

WBRad 
I

0.01 0.10 93.05 0.095 0.100 1.128 4.53 1.23 87.90 1.035 1.221 1.392

WBExp 
II

0.01 0.10 92.30 0.091 0.100 1.225 4.53 1.23 84.85 0.875 1.221 1.945

WBRad 
II

0.01 0.10 93.05 0.095 0.100 1.128 4.53 1.23 87.90 1.035 1.221 1.392

SAND 0.01 0.10 94.25 0.095 0.100 1.117 4.53 1.23 83.20 0.806 1.221 2.292

ATT BOOT I 0.00 0.09 95.30 0.088 0.087 0.984 11.79 0.76 87.20 0.560 0.599 1.142

BOOT 
II

0.00 0.09 95.20 0.088 0.087 0.990 11.79 0.76 88.10 0.568 0.599 1.111
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBExp 
I

0.00 0.09 93.00 0.082 0.087 1.144 11.79 0.76 87.55 0.556 0.599 1.160

WBRad 
I

0.00 0.09 92.90 0.082 0.087 1.120 11.79 0.76 90.55 0.589 0.599 1.033

WBExp 
II

0.00 0.09 93.35 0.083 0.087 1.116 11.79 0.76 94.65 0.690 0.599 0.752

WBRad 
II

0.00 0.09 92.90 0.084 0.087 1.089 11.79 0.76 96.35 0.721 0.599 0.690

SAND 0.00 0.09 94.65 0.086 0.087 1.021 11.79 0.76 86.80 0.555 0.599 1.165

ATO BOOT I 0.00 0.09 95.00 0.086 0.086 0.982 10.39 0.63 82.15 0.454 0.471 1.075

BOOT 
II

0.00 0.09 95.20 0.087 0.086 0.978 10.39 0.63 82.30 0.457 0.471 1.061

WBExp 
I

0.00 0.09 92.65 0.079 0.086 1.163 10.39 0.63 80.75 0.441 0.471 1.141

WBRad 
I

0.00 0.09 93.10 0.081 0.086 1.127 10.39 0.63 83.00 0.459 0.471 1.052

WBExp 
II

0.00 0.09 93.45 0.080 0.086 1.137 10.39 0.63 74.35 0.386 0.471 1.488

WBRad 
II

0.00 0.09 93.65 0.081 0.086 1.106 10.39 0.63 76.10 0.397 0.471 1.407

SAND 0.00 0.09 94.65 0.085 0.086 1.020 10.39 0.63 81.95 0.453 0.471 1.080

0.986 10.76 0.65 84.00 0.478 0.481 1.015

WBExp 
I

0.01 0.09 93.05 0.081 0.086 1.138 10.76 0.65 83.25 0.467 0.481 1.063

WBRad 
I

0.01 0.09 93.25 0.082 0.086 1.107 10.76 0.65 85.25 0.483 0.481 0.994

WBExp 
II

0.01 0.09 93.50 0.082 0.086 1.111 10.76 0.65 84.05 0.471 0.481 1.046

WBRad 
II

0.01 0.09 93.65 0.083 0.086 1.078 10.76 0.65 84.95 0.485 0.481 0.986

SAND 0.01 0.09 94.95 0.086 0.086 1.012 10.76 0.65 82.85 0.469 0.481 1.054

ATEN BOOT I 0.01 0.09 95.10 0.087 0.087 0.985 9.98 0.65 83.20 0.485 0.518 1.141

BOOT 
II

0.01 0.09 95.25 0.088 0.087 0.975 9.98 0.65 83.35 0.489 0.518 1.120

WBExp 
I

0.01 0.09 92.70 0.080 0.087 1.171 9.98 0.65 81.85 0.474 0.518 1.194

WBRad 
I

0.01 0.09 93.25 0.081 0.087 1.138 9.98 0.65 84.55 0.503 0.518 1.060

WBExp 
II

0.01 0.09 92.90 0.081 0.087 1.152 9.98 0.65 72.90 0.391 0.518 1.752

WBRad 
II

0.01 0.09 93.40 0.082 0.087 1.120 9.98 0.65 75.50 0.409 0.518 1.607

SAND 0.01 0.09 94.90 0.085 0.087 1.031 9.98 0.65 82.55 0.484 0.518 1.144

ARBias% absolute percent relative bias, RMSE root mean square error, CP% coverage probability (%), SE median of 
standard errors by proposed method, ESD empirical standard deviation, RE median relative efficiency, BOOT I standard 
bootstrap, BOOT II post-weighting bootstrap, WBExp (resp. ExpRad) wild bootstrap via exponential (resp. Rademacher) 
distribution, SAND sandwich variance estimator, PS propensity score, OR outcome regression
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Table 7
Results of Model 2 (medium p = 0.45), N = 1000, under heterogeneous treatment effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 0.12 0.60 94.55 0.599 0.604 1.017 1.70 2.38 83.90 1.160 2.359 4.135

BOOT 
II

0.12 0.60 94.50 0.599 0.604 1.017 1.70 2.38 95.65 1.769 2.359 1.780

WBExp 
I

0.12 0.60 94.20 0.585 0.604 1.068 1.70 2.38 95.10 1.727 2.359 1.866

WBRad 
I

0.12 0.60 94.25 0.591 0.604 1.044 1.70 2.38 96.00 1.925 2.359 1.502

WBExp 
II

0.12 0.60 94.20 0.585 0.604 1.068 1.70 2.38 95.10 1.727 2.359 1.866

WBRad 
II

0.12 0.60 94.25 0.591 0.604 1.044 1.70 2.38 96.00 1.925 2.359 1.502

SAND 0.12 0.60 94.30 0.594 0.604 1.033 1.70 2.38 81.25 1.049 2.359 5.063

ATT BOOT I 0.13 0.93 94.25 0.914 0.932 1.038 0.14 1.05 94.95 1.014 1.045 1.063

BOOT 
II

0.13 0.93 87.60 0.745 0.932 1.565 0.14 1.05 97.50 1.189 1.045 0.773

WBExp 
I

0.13 0.93 86.70 0.722 0.932 1.665 0.14 1.05 96.85 1.164 1.045 0.806

WBRad 
I

0.13 0.93 87.50 0.738 0.932 1.593 0.14 1.05 97.25 1.188 1.045 0.774

WBExp 
II

0.13 0.93 93.35 0.892 0.932 1.092 0.14 1.05 97.90 1.277 1.045 0.670

WBRad 
II

0.13 0.93 93.80 0.904 0.932 1.061 0.14 1.05 98.05 1.306 1.045 0.640

SAND 0.13 0.93 94.20 0.912 0.932 1.044 0.14 1.05 94.60 0.994 1.045 1.106

ATO BOOT I 0.33 0.59 94.20 0.584 0.586 1.004 0.57 0.64 93.70 0.636 0.634 0.996

BOOT 
II

0.33 0.59 89.90 0.505 0.586 1.342 0.57 0.64 99.95 1.128 0.634 0.316

WBExp 
I

0.33 0.59 89.10 0.493 0.586 1.409 0.57 0.64 99.95 1.094 0.634 0.337

WBRad 
I

0.33 0.59 88.80 0.498 0.586 1.384 0.57 0.64 99.90 1.132 0.634 0.314

WBExp 
II

0.33 0.59 97.00 0.687 0.586 0.726 0.57 0.64 99.15 0.899 0.634 0.498

WBRad 
II

0.33 0.59 97.65 0.710 0.586 0.681 0.57 0.64 99.50 0.931 0.634 0.465

SAND 0.33 0.59 93.90 0.579 0.586 1.023 0.57 0.64 93.65 0.630 0.634 1.015

ATM BOOT I 0.07 0.60 94.65 0.602 0.600 0.995 0.18 0.64 94.35 0.646 0.638 0.976

BOOT 
II

0.07 0.60 88.10 0.492 0.600 1.488 0.18 0.64 99.90 1.005 0.638 0.403

WBExp 
I

0.07 0.60 87.95 0.479 0.600 1.572 0.18 0.64 99.80 0.978 0.638 0.426

WBRad 
I

0.07 0.60 88.05 0.484 0.600 1.542 0.18 0.64 99.80 0.998 0.638 0.409

WBEXp 
II

0.07 0.60 99.15 0.827 0.600 0.527 0.18 0.64 99.65 0.953 0.638 0.448

WBRad 
II

0.07 0.60 99.20 0.852 0.600 0.497 0.18 0.64 99.90 0.976 0.638 0.427

Li et al. Page 30

Stat Biosci. Author manuscript; available in PMC 2026 May 30.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

SAND 0.07 0.60 94.70 0.595 0.600 1.019 0.18 0.64 94.50 0.642 0.638 0.989

ATEN BOOT I 0.36 0.58 94.60 0.574 0.575 1.004 0.73 0.69 93.05 0.663 0.677 1.043

BOOT 
II

0.36 0.58 90.80 0.516 0.575 1.242 0.73 0.69 99.95 1.228 0.677 0.304

WBExp 
I

0.36 0.58 90.00 0.505 0.575 1.296 0.73 0.69 99.85 1.191 0.677 0.323

WBRad 
I

0.36 0.58 90.50 0.509 0.575 1.276 0.73 0.69 99.85 1.244 0.677 0.296

WBExp 
II

0.36 0.58 96.60 0.647 0.575 0.788 0.73 0.69 99.10 0.976 0.677 0.480

WBRad 
II

0.36 0.58 97.25 0.665 0.575 0.748 0.73 0.69 99.30 1.017 0.677 0.443

SAND 0.36 0.58 94.15 0.568 0.575 1.023 0.73 0.69 92.80 0.651 0.677 1.080

Augmented: only OR correctly specified Augmented: PS and OR misspecified

ATE BOOT I 0.12 0.60 94.35 0.599 0.604 1.017 8.86 2.44 75.40 1.551 1.899 1.499

BOOT 
II

0.12 0.60 94.40 0.599 0.604 1.016 8.86 2.44 76.65 1.612 1.899 1.387

WBExp 
I

0.12 0.60 94.10 0.585 0.604 1.065 8.86 2.44 75.15 1.591 1.899 1.425

WBRad 
I

0.12 0.60 94.10 0.591 0.604 1.042 8.86 2.44 78.95 1.732 1.899 1.201

WBExp 
II

0.12 0.60 94.10 0.585 0.604 1.065 8.86 2.44 75.15 1.591 1.899 1.425

WBRad 
II

0.12 0.60 94.10 0.591 0.604 1.042 8.86 2.44 78.95 1.732 1.899 1.201

SAND 0.12 0.60 94.50 0.594 0.604 1.033 8.86 2.44 74.85 1.524 1.899 1.552

ATT BOOT I 3.58 1.05 89.25 0.813 0.824 1.027 4.60 1.53 87.45 1.247 1.273 1.043

BOOT 
II

3.58 1.05 88.00 0.788 0.824 1.093 4.60 1.53 87.10 1.224 1.273 1.082

WBExp 
I

3.58 1.05 86.80 0.767 0.824 1.155 4.60 1.53 86.75 1.218 1.273 1.093

WBRad 
I

3.58 1.05 87.50 0.782 0.824 1.112 4.60 1.53 87.50 1.240 1.273 1.054

WBExp 
II

3.58 1.05 92.35 0.891 0.824 0.856 4.60 1.53 90.15 1.330 1.273 0.917

WBRad 
II

3.58 1.05 92.95 0.906 0.824 0.828 4.60 1.53 91.10 1.367 1.273 0.867

SAND 3.58 1.05 89.05 0.806 0.824 1.045 4.60 1.53 87.55 1.240 1.273 1.055

ATO BOOT I 1.45 0.66 93.25 0.617 0.625 1.026 8.19 1.66 77.45 1.090 1.115 1.046

BOOT 
II

1.45 0.66 84.85 0.476 0.625 1.723 8.19 1.66 77.45 1.101 1.115 1.027

WBExp 
I

1.45 0.66 84.30 0.465 0.625 1.803 8.19 1.66 76.35 1.073 1.115 1.081

WBRad 
I

1.45 0.66 84.10 0.467 0.625 1.789 8.19 1.66 78.40 1.112 1.115 1.005

WBExp 
II

1.45 0.66 98.00 0.769 0.625 0.659 8.19 1.66 62.65 0.844 1.115 1.746

WBRad 
II

1.45 0.66 98.40 0.805 0.625 0.602 8.19 1.66 64.25 0.867 1.115 1.654
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

SAND 1.45 0.66 93.30 0.612 0.625 1.043 8.19 1.66 77.25 1.087 1.115 1.052

ATM BOOT I 0.31 0.68 94.05 0.662 0.675 1.040 9.07 1.63 72.95 0.990 0.988 0.995

BOOT 
II

0.31 0.68 79.75 0.434 0.675 2.416 9.07 1.63 69.60 0.938 0.988 1.110

WBExp 
I

0.31 0.68 78.35 0.423 0.675 2.540 9.07 1.63 68.00 0.909 0.988 1.182

WBRad 
I

0.31 0.68 79.30 0.426 0.675 2.512 9.07 1.63 69.05 0.932 0.988 1.123

WBExp 
II

0.31 0.68 98.70 0.853 0.675 0.625 9.07 1.63 61.25 0.819 0.988 1.456

WBRad 
II

0.31 0.68 98.65 0.881 0.675 0.587 9.07 1.63 62.25 0.830 0.988 1.417

SAND 0.31 0.68 94.00 0.660 0.675 1.046 9.07 1.63 72.80 0.983 0.988 1.010

ATEN BOOT I 1.54 0.65 93.60 0.594 0.600 1.020 8.00 1.73 78.50 1.160 1.216 1.098

BOOT 
II

1.54 0.65 88.35 0.497 0.600 1.457 8.00 1.73 79.65 1.198 1.216 1.030

WBExp 
I

1.54 0.65 87.15 0.486 0.600 1.525 8.00 1.73 78.10 1.166 1.216 1.088

WBRad 
I

1.54 0.65 87.60 0.489 0.600 1.505 8.00 1.73 80.25 1.226 1.216 0.984

WBEXP 
II

1.54 0.65 97.20 0.709 0.600 0.717 8.00 1.73 67.15 0.946 1.216 1.651

WBRad 
II

1.54 0.65 97.10 0.740 0.600 0.659 8.00 1.73 69.05 0.985 1.216 1.524

SAND 1.54 0.65 93.50 0.589 0.600 1.038 8.00 1.73 78.20 1.154 1.216 1.111

ARBias% absolute percent relative bias, RMSE root mean square error, CP% coverage probability (%), SE median of 
standard errors by proposed method, ESD empirical standard deviation, RE median relative efficiency, BOOT I standard 
bootstrap, BOOT II post-weighting bootstrap, WBExp (resp. ExpRad) wild bootstrap via exponential (resp. Rademacher) 
distribution, SAND sandwich variance estimator, PS propensity score, OR outcome regression

Table 8
Results of Model 2 (medium p = 0.45), N = 1000, under homogeneous treatment effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 0.03 0.07 94.55 0.072 0.073 1.031 1.06 0.66 90.25 0.326 0.659 4.074

BOOT 
II

0.03 0.07 94.40 0.072 0.073 1.036 1.06 0.66 99.80 0.583 0.659 1.277

WBExp 
I

0.03 0.07 93.65 0.070 0.073 1.111 1.06 0.66 99.60 0.568 0.659 1.344

WBRad 
I

0.03 0.07 94.65 0.071 0.073 1.076 1.06 0.66 99.70 0.616 0.659 1.143

WBExp 
II

0.03 0.07 93.65 0.070 0.073 1.111 1.06 0.66 99.60 0.568 0.659 1.344

WBRad 
II

0.03 0.07 94.65 0.071 0.073 1.076 1.06 0.66 99.70 0.616 0.659 1.143

SAND 0.03 0.07 94.30 0.071 0.073 1.069 1.06 0.66 87.00 0.290 0.659 5.178

ATT BOOT I 0.06 0.08 94.55 0.077 0.077 1.006 1.32 0.45 92.85 0.320 0.442 1.908

BOOT 
II

0.06 0.08 94.50 0.076 0.077 1.025 1.32 0.45 99.45 0.538 0.442 0.675
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBExp 
I

0.06 0.08 94.10 0.074 0.077 1.097 1.32 0.45 99.15 0.529 0.442 0.698

WBRad 
I

0.06 0.08 94.25 0.076 0.077 1.047 1.32 0.45 99.25 0.566 0.442 0.610

WBExp 
II

0.06 0.08 94.25 0.074 0.077 1.094 1.32 0.45 99.50 0.584 0.442 0.572

WBRad 
II

0.06 0.08 94.15 0.076 0.077 1.044 1.32 0.45 99.45 0.623 0.442 0.504

SAND 0.06 0.08 94.25 0.075 0.077 1.052 1.32 0.45 91.60 0.296 0.442 2.237

ATO BOOT I 0.03 0.07 95.05 0.069 0.068 0.977 0.00 0.08 95.35 0.080 0.079 0.968

BOOT 
II

0.03 0.07 95.10 0.069 0.068 0.975 0.00 0.08 100.00 0.381 0.079 0.043

WBExp 
I

0.03 0.07 94.55 0.067 0.068 1.026 0.00 0.08 100.00 0.369 0.079 0.046

WBRad 
I

0.03 0.07 94.95 0.068 0.068 0.999 0.00 0.08 100.00 0.378 0.079 0.044

WBExp 
II

0.03 0.07 94.35 0.068 0.068 1.018 0.00 0.08 100.00 0.295 0.079 0.072

WBRad 
II

0.03 0.07 95.05 0.069 0.068 0.988 0.00 0.08 100.00 0.303 0.079 0.068

SAND 0.03 0.07 95.15 0.069 0.068 0.986 0.00 0.08 95.15 0.079 0.079 0.999

ATM BOOT I 0.03 0.07 95.70 0.070 0.069 0.971 0.04 0.08 96.00 0.088 0.084 0.908

BOOT 
II

0.03 0.07 95.70 0.070 0.069 0.977 0.04 0.08 100.00 0.341 0.084 0.061

WBExp 
I

0.03 0.07 94.35 0.068 0.069 1.030 0.04 0.08 100.00 0.333 0.084 0.064

WBRad 
I

0.03 0.07 95.15 0.069 0.069 0.995 0.04 0.08 100.00 0.339 0.084 0.062

WBExp 
II

0.03 0.07 94.50 0.068 0.069 1.017 0.04 0.08 100.00 0.294 0.084 0.082

WBRad 
II

0.03 0.07 95.30 0.070 0.069 0.982 0.04 0.08 100.00 0.301 0.084 0.078

SAND 0.03 0.07 95.50 0.070 0.069 0.979 0.04 0.08 96.20 0.089 0.084 0.885

ATEN BOOT I 0.03 0.07 94.90 0.069 0.068 0.984 0.07 0.11 95.20 0.101 0.105 1.088

BOOT 
II

0.03 0.07 95.00 0.069 0.068 0.978 0.07 0.11 100.00 0.411 0.105 0.066

WBExp 
I

0.03 0.07 94.35 0.067 0.068 1.036 0.07 0.11 100.00 0.400 0.105 0.069

WBRad 
I

0.03 0.07 94.95 0.068 0.068 1.003 0.07 0.11 100.00 0.410 0.105 0.066

WBExp 
II

0.03 0.07 94.40 0.067 0.068 1.029 0.07 0.11 100.00 0.326 0.105 0.104

WBRad 
II

0.03 0.07 95.05 0.069 0.068 0.994 0.07 0.11 100.00 0.333 0.105 0.100

SAND 0.03 0.07 95.15 0.069 0.068 0.993 0.07 0.11 94.55 0.099 0.105 1.133

Augmented: only OR correctly specified Augmented: PS and OR misspecified

ATE BOOT I 0.03 0.07 94.95 0.071 0.071 0.990 14.88 0.89 78.85 0.582 0.661 1.292

BOOT 
II

0.03 0.07 94.85 0.071 0.071 0.990 14.88 0.89 78.50 0.575 0.661 1.321
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBExp 
I

0.03 0.07 94.00 0.068 0.071 1.098 14.88 0.89 78.10 0.571 0.661 1.340

WBRad 
I

0.03 0.07 93.95 0.069 0.071 1.068 14.88 0.89 81.30 0.616 0.661 1.154

WBExp 
II

0.03 0.07 94.00 0.068 0.071 1.098 14.88 0.89 78.10 0.571 0.661 1.340

WBRad 
II

0.03 0.07 93.95 0.069 0.071 1.068 14.88 0.89 81.30 0.616 0.661 1.154

SAND 0.03 0.07 94.85 0.070 0.071 1.012 14.88 0.89 78.55 0.570 0.661 1.348

ATT BOOT I 0.05 0.07 95.50 0.074 0.073 0.960 17.29 0.96 84.20 0.594 0.672 1.279

BOOT 
II

0.05 0.07 95.35 0.074 0.073 0.968 17.29 0.96 85.95 0.614 0.672 1.198

WBExp 
I

0.05 0.07 94.10 0.071 0.073 1.060 17.29 0.96 87.50 0.625 0.672 1.156

WBRad 
I

0.05 0.07 94.55 0.072 0.073 1.023 17.29 0.96 91.75 0.680 0.672 0.978

WBExp 
II

0.05 0.07 94.15 0.071 0.073 1.057 17.29 0.96 91.65 0.691 0.672 0.946

WBRad 
II

0.05 0.07 94.75 0.072 0.073 1.016 17.29 0.96 94.50 0.746 0.672 0.812

SAND 0.05 0.07 95.20 0.073 0.073 0.988 17.29 0.96 83.15 0.582 0.672 1.333

ATO BOOT I 0.03 0.07 95.20 0.070 0.069 0.973 13.30 0.67 73.25 0.397 0.409 1.060

BOOT 
II

0.03 0.07 95.30 0.070 0.069 0.973 13.30 0.67 73.80 0.399 0.409 1.048

WBExp 
I

0.03 0.07 93.40 0.066 0.069 1.075 13.30 0.67 72.45 0.392 0.409 1.088

WBRad 
I

0.03 0.07 94.10 0.067 0.069 1.046 13.30 0.67 74.55 0.402 0.409 1.030

WBExp 
II

0.03 0.07 93.05 0.066 0.069 1.067 13.30 0.67 52.95 0.288 0.409 2.012

WBRad 
II

0.03 0.07 94.30 0.067 0.069 1.042 13.30 0.67 54.90 0.295 0.409 1.918

SAND 0.03 0.07 95.35 0.069 0.069 0.987 13.30 0.67 73.35 0.397 0.409 1.057

ATM BOOT I 0.03 0.07 95.50 0.070 0.069 0.970 11.87 0.59 72.00 0.341 0.347 1.034

BOOT 
II

0.03 0.07 95.45 0.070 0.069 0.977 11.87 0.59 71.60 0.340 0.347 1.041

WBExp 
I

0.03 0.07 93.75 0.067 0.069 1.069 11.87 0.59 70.60 0.333 0.347 1.082

WBRad 
I

0.03 0.07 94.60 0.068 0.069 1.045 11.87 0.59 72.00 0.339 0.347 1.048

WBExp 
II

0.03 0.07 93.80 0.067 0.069 1.062 11.87 0.59 53.00 0.253 0.347 1.879

WBRad 
II

0.03 0.07 94.65 0.068 0.069 1.033 11.87 0.59 53.70 0.258 0.347 1.812

SAND 0.03 0.07 95.50 0.070 0.069 0.982 11.87 0.59 71.85 0.339 0.347 1.043

ATEN BOOT I 0.03 0.07 95.00 0.070 0.069 0.977 13.72 0.71 74.80 0.430 0.449 1.088

BOOT 
II

0.03 0.07 95.05 0.070 0.069 0.975 13.72 0.71 75.70 0.433 0.449 1.075

WBExp 
I

0.03 0.07 93.30 0.066 0.069 1.082 13.72 0.71 74.20 0.426 0.449 1.111
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
I

0.03 0.07 93.85 0.067 0.069 1.050 13.72 0.71 76.50 0.444 0.449 1.023

WBExp 
II

0.03 0.07 93.15 0.066 0.069 1.074 13.72 0.71 58.50 0.335 0.449 1.793

WBRad 
II

0.03 0.07 94.15 0.067 0.069 1.044 13.72 0.71 60.30 0.346 0.449 1.683

SAND 0.03 0.07 95.10 0.069 0.069 0.991 13.72 0.71 75.20 0.430 0.449 1.088

ARBias% absolute percent relative bias, RMSE root mean square error, CP% coverage probability (%), SE median of 
standard errors by proposed method, ESD empirical standard deviation, RE median relative efficiency, BOOT I standard 
bootstrap, BOOT II post-weighting bootstrap, WBExp (resp. ExpRad) wild bootstrap via exponential (resp. Rademacher) 
distribution, SAND sandwich variance estimator, PS propensity score, OR outcome regression

Table 9
Results of Model 3 (large p = 0.80), N = 1000, under heterogeneous treatment effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 0.13 0.61 94.65 0.602 0.609 1.024 0.06 1.19 95.60 0.879 1.187 1.822

BOOT 
II

0.13 0.61 94.65 0.602 0.609 1.025 0.06 1.19 99.45 1.294 1.187 0.840

WBExp 
I

0.13 0.61 93.60 0.587 0.609 1.078 0.06 1.19 99.40 1.261 1.187 0.886

WBRad 
I

0.13 0.61 94.25 0.594 0.609 1.054 0.06 1.19 99.40 1.340 1.187 0.784

WBExp 
II

0.13 0.61 93.60 0.587 0.609 1.078 0.06 1.19 99.40 1.261 1.187 0.886

WBRad 
II

0.13 0.61 94.25 0.594 0.609 1.054 0.06 1.19 99.40 1.340 1.187 0.784

SAND 0.13 0.61 94.70 0.598 0.609 1.040 0.06 1.19 93.95 0.811 1.187 2.142

ATT BOOT I 0.15 0.67 94.75 0.659 0.666 1.020 0.63 1.10 95.00 0.938 1.093 1.359

BOOT 
II

0.15 0.67 93.20 0.609 0.666 1.195 0.63 1.10 97.75 1.157 1.093 0.893

WBExp 
I

0.15 0.67 91.70 0.593 0.666 1.258 0.63 1.10 97.20 1.122 1.093 0.950

WBRad 
I

0.15 0.67 92.40 0.600 0.666 1.231 0.63 1.10 97.50 1.168 1.093 0.876

WBExp 
II

0.15 0.67 94.00 0.642 0.666 1.076 0.63 1.10 97.80 1.162 1.093 0.884

WBRad 
II

0.15 0.67 94.25 0.652 0.666 1.042 0.63 1.10 98.00 1.215 1.093 0.809

SAND 0.15 0.67 94.85 0.654 0.666 1.037 0.63 1.10 93.50 0.875 1.093 1.561

ATO BOOT I 0.46 0.84 92.95 0.807 0.837 1.077 0.82 0.93 91.95 0.868 0.917 1.115

BOOT 
II

0.46 0.84 80.55 0.562 0.837 2.217 0.82 0.93 98.75 1.273 0.917 0.519

WBExp 
I

0.46 0.84 79.25 0.545 0.837 2.361 0.82 0.93 98.40 1.261 0.917 0.528

WBRad 
I

0.46 0.84 80.20 0.555 0.837 2.279 0.82 0.93 98.65 1.320 0.917 0.482

WBExp 
II

0.46 0.84 95.35 0.919 0.837 0.830 0.82 0.93 98.30 1.213 0.917 0.571
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
II

0.46 0.84 96.20 0.966 0.837 0.751 0.82 0.93 98.55 1.251 0.917 0.537

SAND 0.46 0.84 92.95 0.800 0.837 1.095 0.82 0.93 91.80 0.864 0.917 1.125

ATM BOOT I 0.59 0.94 93.55 0.903 0.932 1.066 1.03 1.04 92.60 0.988 1.026 1.079

BOOT 
II

0.59 0.94 78.85 0.604 0.932 2.384 1.03 1.04 98.40 1.360 1.026 0.569

WBExp 
I

0.59 0.94 77.40 0.582 0.932 2.560 1.03 1.04 98.15 1.374 1.026 0.558

WBRad 
I

0.59 0.94 78.45 0.598 0.932 2.429 1.03 1.04 98.30 1.430 1.026 0.515

WBEXp 
II

0.59 0.94 96.75 1.107 0.932 0.708 1.03 1.04 98.80 1.420 1.026 0.522

WBRad 
II

0.59 0.94 97.15 1.155 0.932 0.651 1.03 1.04 98.80 1.451 1.026 0.500

SAND 0.59 0.94 93.35 0.903 0.932 1.066 1.03 1.04 92.80 0.990 1.026 1.076

ATEN BOOT I 0.47 0.78 93.35 0.750 0.781 1.086 0.76 0.88 91.40 0.819 0.871 1.131

BOOT 
II

0.47 0.78 82.45 0.548 0.781 2.030 0.76 0.88 98.85 1.239 0.871 0.494

WBExp 
I

0.47 0.78 81.75 0.532 0.781 2.154 0.76 0.88 98.55 1.221 0.871 0.508

WBRad 
I

0.47 0.78 82.25 0.539 0.781 2.101 0.76 0.88 98.60 1.275 0.871 0.466

WBExp 
II

0.47 0.78 95.15 0.831 0.781 0.884 0.76 0.88 98.30 1.144 0.871 0.579

WBRad 
II

0.47 0.78 96.30 0.885 0.781 0.780 0.76 0.88 98.40 1.190 0.871 0.535

SAND 0.47 0.78 93.00 0.743 0.781 1.105 0.76 0.88 91.10 0.808 0.871 1.160

Augmented: only OR correctly specified Augmented: PS and OR misspecified

ATE BOOT I 0.12 0.61 94.70 0.602 0.609 1.025 11.73 2.55 71.55 1.342 1.560 1.350

BOOT 
II

0.12 0.61 94.70 0.601 0.609 1.026 11.73 2.55 70.00 1.316 1.560 1.406

WBExp 
I

0.12 0.61 93.75 0.586 0.609 1.080 11.73 2.55 73.65 1.357 1.560 1.321

WBRad 
I

0.12 0.61 94.20 0.594 0.609 1.051 11.73 2.55 80.70 1.475 1.560 1.119

WBExp 
II

0.12 0.61 93.75 0.586 0.609 1.080 11.73 2.55 73.65 1.357 1.560 1.321

WBRad 
II

0.12 0.61 94.20 0.594 0.609 1.051 11.73 2.55 80.70 1.475 1.560 1.119

SAND 0.12 0.61 94.75 0.597 0.609 1.040 11.73 2.55 69.80 1.318 1.560 1.402

ATT BOOT I 2.21 0.74 91.90 0.632 0.639 1.024 8.92 2.23 84.60 1.355 1.646 1.477

BOOT 
II

2.21 0.74 91.65 0.624 0.639 1.050 8.92 2.23 83.10 1.330 1.646 1.531

WBExp 
I

2.21 0.74 90.30 0.608 0.639 1.104 8.92 2.23 89.85 1.417 1.646 1.349

WBRad 
I

2.21 0.74 90.75 0.618 0.639 1.068 8.92 2.23 93.95 1.560 1.646 1.113

WBExp 
II

2.21 0.74 92.50 0.644 0.639 0.986 8.92 2.23 91.45 1.472 1.646 1.250
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
II

2.21 0.74 92.75 0.652 0.639 0.961 8.92 2.23 95.35 1.617 1.646 1.036

SAND 2.21 0.74 91.80 0.628 0.639 1.035 8.92 2.23 82.95 1.324 1.646 1.547

ATO BOOT I 3.06 0.81 85.35 0.643 0.662 1.060 13.92 2.46 54.05 1.171 1.211 1.069

BOOT 
II

3.06 0.81 78.55 0.552 0.662 1.438 13.92 2.46 56.20 1.208 1.211 1.005

WBExp 
I

3.06 0.81 77.40 0.537 0.662 1.521 13.92 2.46 53.20 1.171 1.211 1.069

WBRad 
I

3.06 0.81 78.25 0.546 0.662 1.467 13.92 2.46 57.65 1.233 1.211 0.965

WBExp 
II

3.06 0.81 96.45 0.977 0.662 0.459 13.92 2.46 57.35 1.234 1.211 0.962

WBRad 
II

3.06 0.81 97.20 1.045 0.662 0.401 13.92 2.46 59.55 1.269 1.211 0.910

SAND 3.06 0.81 85.10 0.639 0.662 1.073 13.92 2.46 53.45 1.159 1.211 1.091

ATM BOOT I 1.26 0.81 92.05 0.754 0.781 1.074 12.49 2.40 65.75 1.316 1.357 1.063

BOOT 
II

1.26 0.81 85.20 0.622 0.781 1.577 12.49 2.40 68.60 1.379 1.357 0.968

WBExp 
I

1.26 0.81 84.30 0.605 0.781 1.665 12.49 2.40 67.70 1.353 1.357 1.006

WBRad 
I

1.26 0.81 84.85 0.620 0.781 1.586 12.49 2.40 69.65 1.424 1.357 0.908

WBExp 
II

1.26 0.81 98.30 1.128 0.781 0.480 12.49 2.40 75.50 1.545 1.357 0.771

WBRad 
II

1.26 0.81 98.90 1.185 0.781 0.435 12.49 2.40 76.35 1.583 1.357 0.735

SAND 1.26 0.81 91.90 0.755 0.781 1.072 12.49 2.40 66.35 1.322 1.357 1.053

ATEN BOOT I 2.78 0.77 86.15 0.613 0.630 1.056 13.65 2.44 53.85 1.148 1.193 1.080

BOOT 
II

2.78 0.77 79.70 0.531 0.630 1.410 13.65 2.44 54.35 1.160 1.193 1.057

WBExp 
I

2.78 0.77 78.75 0.517 0.630 1.486 13.65 2.44 51.70 1.129 1.193 1.117

WBRad 
I

2.78 0.77 79.20 0.525 0.630 1.439 13.65 2.44 55.90 1.187 1.193 1.010

WBEXP 
II

2.78 0.77 96.75 0.955 0.630 0.436 13.65 2.44 51.70 1.120 1.193 1.134

WBRad 
II

2.78 0.77 97.70 1.035 0.630 0.371 13.65 2.44 53.80 1.160 1.193 1.057

SAND 2.78 0.77 85.65 0.609 0.630 1.071 13.65 2.44 52.85 1.139 1.193 1.097

ARBias% absolute percent relative bias, RMSE root mean square error, CP% coverage probability (%), SE median of 
standard errors by proposed method, ESD empirical standard deviation, RE median relative efficiency, BOOT I standard 
bootstrap, BOOT II post-weighting bootstrap, WBExp (resp. ExpRad) wild bootstrap via exponential (resp. Rademacher) 
distribution, SAND sandwich variance estimator, PS propensity score, OR outcome regression

Table 10
Results of Model 3 (large p = 0.80), N = 1000, under homogeneous treatment effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 0.02 0.10 94.60 0.098 0.099 1.019 1.35 0.74 92.45 0.494 0.733 2.201
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

BOOT 
II

0.02 0.10 94.55 0.097 0.099 1.032 1.35 0.74 98.50 0.776 0.733 0.893

WBExp 
I

0.02 0.10 92.50 0.090 0.099 1.221 1.35 0.74 97.65 0.739 0.733 0.985

WBRad 
I

0.02 0.10 93.15 0.093 0.099 1.129 1.35 0.74 98.00 0.829 0.733 0.783

WBExp 
II

0.02 0.10 92.50 0.090 0.099 1.221 1.35 0.74 97.65 0.739 0.733 0.985

WBRad 
II

0.02 0.10 93.15 0.093 0.099 1.129 1.35 0.74 98.00 0.829 0.733 0.783

SAND 0.02 0.10 93.55 0.093 0.099 1.128 1.35 0.74 88.80 0.429 0.733 2.918

ATT BOOT I 0.01 0.11 94.85 0.108 0.109 1.027 2.46 0.89 89.95 0.602 0.882 2.148

BOOT 
II

0.01 0.11 94.60 0.106 0.109 1.050 2.46 0.89 95.90 0.842 0.882 1.095

WBExp 
I

0.01 0.11 91.55 0.096 0.109 1.290 2.46 0.89 94.75 0.805 0.882 1.201

WBRad 
I

0.01 0.11 92.80 0.101 0.109 1.162 2.46 0.89 95.90 0.914 0.882 0.931

WBExp 
II

0.01 0.11 91.40 0.096 0.109 1.290 2.46 0.89 95.25 0.832 0.882 1.124

WBRad 
II

0.01 0.11 92.65 0.102 0.109 1.153 2.46 0.89 96.30 0.942 0.882 0.877

SAND 0.01 0.11 93.55 0.101 0.109 1.161 2.46 0.89 86.65 0.528 0.882 2.784

ATO BOOT I 0.05 0.08 94.90 0.084 0.084 0.996 0.20 0.10 95.60 0.101 0.099 0.964

BOOT 
II

0.05 0.08 94.80 0.084 0.084 0.992 0.20 0.10 100.00 0.518 0.099 0.037

WBExp 
I

0.05 0.08 93.60 0.081 0.084 1.078 0.20 0.10 100.00 0.497 0.099 0.040

WBRad 
I

0.05 0.08 94.40 0.082 0.084 1.048 0.20 0.10 100.00 0.516 0.099 0.037

WBExp 
II

0.05 0.08 94.10 0.081 0.084 1.066 0.20 0.10 100.00 0.393 0.099 0.064

WBRad 
II

0.05 0.08 94.25 0.083 0.084 1.028 0.20 0.10 100.00 0.405 0.099 0.060

SAND 0.05 0.08 95.25 0.083 0.084 1.015 0.20 0.10 95.40 0.099 0.099 1.009

ATM BOOT I 0.05 0.09 95.55 0.086 0.085 0.985 0.36 0.12 95.80 0.127 0.121 0.903

BOOT 
II

0.05 0.09 95.25 0.085 0.085 0.991 0.36 0.12 100.00 0.511 0.121 0.056

WBExp 
I

0.05 0.09 93.90 0.082 0.085 1.065 0.36 0.12 100.00 0.497 0.121 0.059

WBRad 
I

0.05 0.09 94.60 0.084 0.085 1.034 0.36 0.12 100.00 0.513 0.121 0.056

WBExp 
II

0.05 0.09 94.90 0.083 0.085 1.042 0.36 0.12 100.00 0.432 0.121 0.079

WBRad 
II

0.05 0.09 94.90 0.085 0.085 1.009 0.36 0.12 100.00 0.445 0.121 0.074

SAND 0.05 0.09 95.55 0.085 0.085 0.998 0.36 0.12 96.65 0.131 0.121 0.859

ATEN BOOT I 0.04 0.08 95.10 0.084 0.085 1.004 0.03 0.13 95.05 0.129 0.133 1.057

BOOT 
II

0.04 0.08 95.10 0.085 0.085 0.993 0.03 0.13 100.00 0.545 0.133 0.060
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBExp 
I

0.04 0.08 93.85 0.081 0.085 1.085 0.03 0.13 100.00 0.520 0.133 0.065

WBRad 
I

0.04 0.08 94.20 0.082 0.085 1.053 0.03 0.13 100.00 0.547 0.133 0.059

WBExp 
II

0.04 0.08 94.10 0.082 0.085 1.072 0.03 0.13 100.00 0.413 0.133 0.104

WBRad 
II

0.04 0.08 94.35 0.083 0.085 1.042 0.03 0.13 100.00 0.430 0.133 0.096

SAND 0.04 0.08 94.90 0.083 0.085 1.026 0.03 0.13 94.50 0.126 0.133 1.115

Augmented: only OR correctly specified Augmented: PS and OR misspecified

ATE BOOT I 0.04 0.10 95.10 0.097 0.097 1.004 34.55 1.87 81.50 0.968 1.268 1.713

BOOT 
II

0.04 0.10 95.05 0.096 0.097 1.011 34.55 1.87 81.00 0.974 1.268 1.695

WBExp 
I

0.04 0.10 93.00 0.090 0.097 1.157 34.55 1.87 89.10 1.036 1.268 1.498

WBRad 
I

0.04 0.10 93.90 0.094 0.097 1.059 34.55 1.87 94.95 1.221 1.268 1.077

WBExp 
II

0.04 0.10 93.00 0.090 0.097 1.157 34.55 1.87 89.10 1.036 1.268 1.498

WBRad 
II

0.04 0.10 93.90 0.094 0.097 1.059 34.55 1.87 94.95 1.221 1.268 1.077

SAND 0.04 0.10 94.35 0.093 0.097 1.090 34.55 1.87 78.80 0.934 1.268 1.841

ATT BOOT I 0.03 0.10 95.25 0.104 0.104 1.007 36.54 2.07 84.55 1.084 1.463 1.819

BOOT 
II

0.03 0.10 95.10 0.103 0.104 1.021 36.54 2.07 84.50 1.100 1.463 1.767

WBExp 
I

0.03 0.10 93.45 0.097 0.104 1.151 36.54 2.07 93.55 1.221 1.463 1.436

WBRad 
I

0.03 0.10 94.00 0.103 0.104 1.035 36.54 2.07 97.25 1.450 1.463 1.017

WBExp 
II

0.03 0.10 93.55 0.098 0.104 1.143 36.54 2.07 94.00 1.263 1.463 1.342

WBRad 
II

0.03 0.10 93.85 0.103 0.104 1.033 36.54 2.07 97.85 1.485 1.463 0.970

SAND 0.03 0.10 94.15 0.099 0.104 1.104 36.54 2.07 82.00 1.041 1.463 1.974

ATO BOOT I 0.06 0.09 94.90 0.087 0.087 1.003 20.44 0.98 66.15 0.529 0.542 1.052

BOOT 
II

0.06 0.09 95.00 0.087 0.087 1.002 20.44 0.98 66.55 0.531 0.542 1.043

WBExp 
I

0.06 0.09 92.85 0.079 0.087 1.193 20.44 0.98 64.05 0.512 0.542 1.123

WBRad 
I

0.06 0.09 92.50 0.080 0.087 1.166 20.44 0.98 66.75 0.531 0.542 1.044

WBExp 
II

0.06 0.09 92.75 0.080 0.087 1.179 20.44 0.98 49.50 0.415 0.542 1.706

WBRad 
II

0.06 0.09 93.15 0.081 0.087 1.148 20.44 0.98 51.05 0.426 0.542 1.619

SAND 0.06 0.09 94.65 0.085 0.087 1.044 20.44 0.98 66.20 0.526 0.542 1.062

ATM BOOT I 0.07 0.09 95.40 0.088 0.088 0.998 20.02 0.96 68.30 0.531 0.538 1.025

BOOT 
II

0.07 0.09 95.45 0.088 0.088 1.003 20.02 0.96 68.35 0.534 0.538 1.016
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBExp 
I

0.07 0.09 92.90 0.081 0.088 1.190 20.02 0.96 66.40 0.516 0.538 1.086

WBRad 
I

0.07 0.09 92.85 0.082 0.088 1.159 20.02 0.96 68.45 0.530 0.538 1.028

WBExp 
II

0.07 0.09 92.85 0.082 0.088 1.149 20.02 0.96 58.80 0.469 0.538 1.314

WBRad 
II

0.07 0.09 93.10 0.083 0.088 1.131 20.02 0.96 60.05 0.475 0.538 1.284

SAND 0.07 0.09 94.85 0.087 0.088 1.031 20.02 0.96 68.45 0.531 0.538 1.028

ATEN BOOT I 0.05 0.09 94.95 0.087 0.087 1.005 22.33 1.08 67.00 0.572 0.600 1.102

BOOT 
II

0.05 0.09 94.95 0.087 0.087 1.000 22.33 1.08 68.45 0.583 0.600 1.062

WBExp 
I

0.05 0.09 93.10 0.080 0.087 1.193 22.33 1.08 65.65 0.565 0.600 1.129

WBRad 
I

0.05 0.09 92.60 0.081 0.087 1.149 22.33 1.08 71.25 0.602 0.600 0.996

WBExp 
II

0.05 0.09 93.10 0.081 0.087 1.170 22.33 1.08 47.95 0.443 0.600 1.834

WBRad 
II

0.05 0.09 92.70 0.082 0.087 1.136 22.33 1.08 52.30 0.460 0.600 1.705

SAND 0.05 0.09 94.45 0.085 0.087 1.050 22.33 1.08 66.70 0.569 0.600 1.114

ARBias% absolute percent relative bias, RMSE root mean square error, CP% coverage probability (%), SE median of 
standard errors by proposed method, ESD empirical standard deviation, RE median relative efficiency, BOOT I standard 
bootstrap, BOOT II post-weighting bootstrap, WBExp (resp. ExpRad) wild bootstrap via exponential (resp. Rademacher) 
distribution, SAND sandwich variance estimator, PS propensity score, OR outcome regression

Table 11
Results of Model 4 (poor overlap with a medium p = 0.49), N = 1000, under heterogeneous 

treatment effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 0.13 0.61 94.35 0.606 0.614 1.025 0.15 2.02 95.10 1.337 2.016 2.271

BOOT 
II

0.13 0.61 94.35 0.606 0.614 1.028 0.15 2.02 98.15 1.638 2.016 1.513

WBExp 
I

0.13 0.61 94.25 0.596 0.614 1.063 0.15 2.02 96.65 1.449 2.016 1.936

WBRad 
I

0.13 0.61 94.40 0.602 0.614 1.039 0.15 2.02 97.45 1.550 2.016 1.690

WBExp 
II

0.13 0.61 94.25 0.596 0.614 1.063 0.15 2.02 96.65 1.449 2.016 1.936

WBRad 
II

0.13 0.61 94.40 0.602 0.614 1.039 0.15 2.02 97.45 1.550 2.016 1.690

SAND 0.13 0.61 94.45 0.605 0.614 1.032 0.15 2.02 93.15 1.208 2.016 2.783

ATT BOOT I 0.18 0.96 94.15 0.922 0.956 1.074 1.64 1.50 93.35 1.172 1.465 1.563

BOOT 
II

0.18 0.96 89.90 0.801 0.956 1.423 1.64 1.50 97.20 1.355 1.465 1.169

WBExp 
I

0.18 0.96 89.30 0.785 0.956 1.481 1.64 1.50 96.10 1.293 1.465 1.285
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
I

0.18 0.96 89.70 0.796 0.956 1.441 1.64 1.50 96.30 1.337 1.465 1.201

WBExp 
II

0.18 0.96 93.55 0.897 0.956 1.136 1.64 1.50 96.55 1.308 1.465 1.255

WBRad 
II

0.18 0.96 93.95 0.915 0.956 1.091 1.64 1.50 96.75 1.353 1.465 1.172

SAND 0.18 0.96 94.20 0.918 0.956 1.084 1.64 1.50 92.35 1.125 1.465 1.697

ATO BOOT I 0.29 0.75 94.90 0.745 0.751 1.017 0.59 0.92 93.85 0.912 0.918 1.014

BOOT 
II

0.29 0.75 93.25 0.705 0.751 1.137 0.59 0.92 99.75 1.459 0.918 0.396

WBExp 
I

0.29 0.75 92.30 0.691 0.751 1.184 0.59 0.92 99.45 1.396 0.918 0.433

WBRad 
I

0.29 0.75 93.20 0.699 0.751 1.157 0.59 0.92 99.50 1.445 0.918 0.404

WBExp 
II

0.29 0.75 98.50 0.973 0.751 0.596 0.59 0.92 99.25 1.373 0.918 0.447

WBRad 
II

0.29 0.75 98.75 1.016 0.751 0.546 0.59 0.92 99.40 1.416 0.918 0.421

SAND 0.29 0.75 94.90 0.742 0.751 1.025 0.59 0.92 93.50 0.899 0.918 1.044

ATM BOOT I 0.23 0.83 95.05 0.817 0.825 1.019 0.50 0.98 93.70 0.967 0.975 1.016

BOOT 
II

0.23 0.83 92.85 0.749 0.825 1.212 0.50 0.98 99.45 1.487 0.975 0.430

WBExp 
I

0.23 0.83 91.75 0.732 0.825 1.272 0.50 0.98 99.30 1.437 0.975 0.460

WBRad 
I

0.23 0.83 92.75 0.746 0.825 1.224 0.50 0.98 99.35 1.480 0.975 0.434

WBExp 
II

0.23 0.83 99.25 1.258 0.825 0.430 0.50 0.98 99.35 1.473 0.975 0.438

WBRad 
II

0.23 0.83 99.60 1.311 0.825 0.396 0.50 0.98 99.45 1.516 0.975 0.414

SAND 0.23 0.83 95.20 0.821 0.825 1.009 0.50 0.98 94.25 0.972 0.975 1.007

ATEN BOOT I 0.20 0.71 95.10 0.705 0.711 1.016 0.51 0.93 93.65 0.916 0.924 1.017

BOOT 
II

0.20 0.71 93.60 0.677 0.711 1.104 0.51 0.93 99.70 1.452 0.924 0.405

WBExp 
I

0.20 0.71 92.75 0.661 0.711 1.157 0.51 0.93 99.50 1.388 0.924 0.443

WBRad 
I

0.20 0.71 93.90 0.670 0.711 1.126 0.51 0.93 99.55 1.440 0.924 0.412

WBExp 
II

0.20 0.71 97.85 0.878 0.711 0.655 0.51 0.93 99.20 1.340 0.924 0.475

WBRad 
II

0.20 0.71 98.50 0.912 0.711 0.609 0.51 0.93 99.50 1.391 0.924 0.441

SAND 0.20 0.71 94.90 0.702 0.711 1.028 0.51 0.93 93.85 0.898 0.924 1.059

Augmented: only OR correctly specified Augmented: PS and OR misspecified

ATE BOOT I 0.11 0.62 95.00 0.612 0.624 1.041 9.08 5.02 91.35 2.920 4.769 2.667

BOOT 
II

0.11 0.62 94.95 0.611 0.624 1.045 9.08 5.02 90.40 2.862 4.769 2.777

WBExp 
I

0.11 0.62 95.10 0.618 0.624 1.022 9.08 5.02 93.00 3.046 4.769 2.451
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
I

0.11 0.62 95.95 0.628 0.624 0.988 9.08 5.02 96.80 3.874 4.769 1.515

WBExp 
II

0.11 0.62 95.10 0.618 0.624 1.022 9.08 5.02 93.00 3.046 4.769 2.451

WBRad 
II

0.11 0.62 95.95 0.628 0.624 0.988 9.08 5.02 96.80 3.874 4.769 1.515

SAND 0.11 0.62 94.85 0.610 0.624 1.047 9.08 5.02 88.15 2.736 4.769 3.038

ATT BOOT I 2.35 0.94 89.55 0.806 0.826 1.051 16.90 5.33 84.65 1.972 4.290 4.731

BOOT 
II

2.35 0.94 88.20 0.766 0.826 1.164 16.90 5.33 82.85 1.895 4.290 5.123

WBExp 
I

2.35 0.94 89.30 0.792 0.826 1.088 16.90 5.33 97.55 2.689 4.290 2.545

WBRad 
I

2.35 0.94 90.25 0.814 0.826 1.031 16.90 5.33 98.85 3.739 4.290 1.316

WBEXP 
II

2.35 0.94 94.55 0.954 0.826 0.751 16.90 5.33 97.75 2.703 4.290 2.519

WBRad 
II

2.35 0.94 95.10 0.975 0.826 0.718 16.90 5.33 98.95 3.746 4.290 1.312

SAND 2.35 0.94 89.30 0.801 0.826 1.064 16.90 5.33 78.30 1.856 4.290 5.344

ATO BOOT I 1.66 0.80 94.05 0.734 0.743 1.026 12.23 2.77 77.25 1.626 1.712 1.108

BOOT 
II

1.66 0.80 93.85 0.720 0.743 1.065 12.23 2.77 77.50 1.636 1.712 1.095

WBExp 
I

1.66 0.80 92.80 0.708 0.743 1.101 12.23 2.77 73.75 1.557 1.712 1.208

WBRad 
I

1.66 0.80 93.25 0.715 0.743 1.078 12.23 2.77 77.30 1.631 1.712 1.102

WBExp 
II

1.66 0.80 99.00 1.049 0.743 0.501 12.23 2.77 70.60 1.487 1.712 1.325

WBRad 
II

1.66 0.80 99.30 1.093 0.743 0.462 12.23 2.77 74.25 1.551 1.712 1.218

SAND 1.66 0.80 94.05 0.729 0.743 1.040 12.23 2.77 76.80 1.613 1.712 1.126

ATM BOOT I 2.19 0.89 93.80 0.791 0.799 1.020 11.75 2.70 77.75 1.611 1.680 1.087

BOOT 
II

2.19 0.89 93.05 0.772 0.799 1.073 11.75 2.70 77.10 1.598 1.680 1.106

WBExp 
I

2.19 0.89 91.40 0.755 0.799 1.120 11.75 2.70 73.40 1.527 1.680 1.210

WBRad 
I

2.19 0.89 92.60 0.767 0.799 1.086 11.75 2.70 77.25 1.589 1.680 1.118

WBExp 
II

2.19 0.89 99.80 1.264 0.799 0.400 11.75 2.70 74.25 1.543 1.680 1.185

WBRad 
II

2.19 0.89 99.70 1.306 0.799 0.375 11.75 2.70 76.90 1.588 1.680 1.120

SAND 2.19 0.89 93.35 0.784 0.799 1.039 11.75 2.70 77.45 1.602 1.680 1.099

ATEN BOOT I 1.62 0.77 94.10 0.701 0.709 1.024 13.07 2.94 77.35 1.693 1.815 1.149

BOOT 
II

1.62 0.77 93.75 0.690 0.709 1.057 13.07 2.94 78.40 1.726 1.815 1.106

WBExp 
I

1.62 0.77 92.95 0.678 0.709 1.096 13.07 2.94 75.50 1.649 1.815 1.211

WBRad 
I

1.62 0.77 93.40 0.685 0.709 1.072 13.07 2.94 79.30 1.741 1.815 1.087

Li et al. Page 42

Stat Biosci. Author manuscript; available in PMC 2026 May 30.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBExp 
II

1.62 0.77 98.95 1.024 0.709 0.480 13.07 2.94 70.35 1.545 1.815 1.380

WBRad 
II

1.62 0.77 99.30 1.087 0.709 0.426 13.07 2.94 75.05 1.628 1.815 1.243

SAND 1.62 0.77 94.10 0.695 0.709 1.042 13.07 2.94 76.70 1.683 1.815 1.163

SE median of standard errors by proposed method, ESD empirical standard deviation, RE relative efficiency, CP coverage 
probability, SAND sandwich variance, WBRad (resp. Exp) wild bootstrap via Rademacher (resp. exponential) distribution, 
BOOT I standard bootstrap, BOOT II post-weighting bootstrap, SAND sandwich variance estimator, PS propensity score, 
OR outcome regression

Table 12
Results of Model 4 (poor overlap with a medium p = 0.49), N = 1000, under homogeneous 

treatment effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 0.08 0.14 94.05 0.118 0.143 1.461 1.08 0.79 95.75 0.403 0.785 3.783

BOOT 
II

0.08 0.14 93.65 0.117 0.143 1.492 1.08 0.79 99.65 0.606 0.785 1.677

WBExp 
I

0.08 0.14 89.15 0.099 0.143 2.111 1.08 0.79 99.75 0.568 0.785 1.907

WBRad 
I

0.08 0.14 91.65 0.108 0.143 1.751 1.08 0.79 99.80 0.619 0.785 1.605

WBExp 
II

0.08 0.14 89.15 0.099 0.143 2.111 1.08 0.79 99.75 0.568 0.785 1.907

WBRad 
II

0.08 0.14 91.65 0.108 0.143 1.751 1.08 0.79 99.80 0.619 0.785 1.605

SAND 0.08 0.14 91.70 0.111 0.143 1.663 1.08 0.79 93.00 0.354 0.785 4.915

ATT BOOT I 0.26 0.19 93.15 0.156 0.187 1.439 2.61 1.09 93.20 0.614 1.081 3.093

BOOT 
II

0.26 0.19 92.95 0.154 0.187 1.484 2.61 1.09 98.15 0.789 1.081 1.876

WBExp 
I

0.26 0.19 82.90 0.111 0.187 2.838 2.61 1.09 97.50 0.710 1.081 2.317

WBRad 
I

0.26 0.19 86.95 0.126 0.187 2.220 2.61 1.09 98.55 0.798 1.081 1.836

WBExp 
II

0.26 0.19 83.40 0.112 0.187 2.804 2.61 1.09 97.65 0.712 1.081 2.303

WBRad 
II

0.26 0.19 87.05 0.125 0.187 2.229 2.61 1.09 98.65 0.801 1.081 1.819

SAND 0.26 0.19 89.10 0.141 0.187 1.773 2.61 1.09 88.65 0.540 1.081 4.013

ATO BOOT I 0.02 0.09 94.75 0.085 0.086 1.014 0.02 0.09 95.80 0.091 0.088 0.943

BOOT 
II

0.02 0.09 94.85 0.085 0.086 1.010 0.02 0.09 100.00 0.530 0.088 0.028

WBExp 
I

0.02 0.09 93.90 0.083 0.086 1.078 0.02 0.09 100.00 0.513 0.088 0.029

WBRad 
I

0.02 0.09 93.75 0.084 0.086 1.053 0.02 0.09 100.00 0.525 0.088 0.028

WBExp 
II

0.02 0.09 93.75 0.083 0.086 1.064 0.02 0.09 100.00 0.505 0.088 0.030
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
II

0.02 0.09 94.05 0.084 0.086 1.042 0.02 0.09 100.00 0.520 0.088 0.029

SAND 0.02 0.09 94.60 0.085 0.086 1.033 0.02 0.09 95.00 0.088 0.088 0.990

ATM BOOT I 0.01 0.09 94.95 0.087 0.087 1.006 0.00 0.13 95.85 0.135 0.128 0.903

BOOT 
II

0.01 0.09 95.05 0.087 0.087 1.014 0.00 0.13 100.00 0.544 0.128 0.055

WBExp 
I

0.01 0.09 93.70 0.084 0.087 1.073 0.00 0.13 100.00 0.526 0.128 0.059

WBRad 
I

0.01 0.09 94.15 0.085 0.087 1.055 0.00 0.13 100.00 0.541 0.128 0.056

WBEXp 
II

0.01 0.09 94.20 0.085 0.087 1.054 0.00 0.13 100.00 0.524 0.128 0.060

WBRad 
II

0.01 0.09 93.95 0.086 0.087 1.038 0.00 0.13 100.00 0.539 0.128 0.056

SAND 0.01 0.09 94.65 0.086 0.087 1.023 0.00 0.13 97.15 0.143 0.128 0.806

ATEN BOOT I 0.01 0.09 94.40 0.086 0.087 1.015 0.07 0.11 95.40 0.110 0.109 0.980

BOOT 
II

0.01 0.09 94.65 0.086 0.087 1.002 0.07 0.11 100.00 0.524 0.109 0.044

WBExp 
I

0.01 0.09 93.75 0.083 0.087 1.082 0.07 0.11 100.00 0.506 0.109 0.047

WBRad 
I

0.01 0.09 93.90 0.084 0.087 1.052 0.07 0.11 100.00 0.521 0.109 0.044

WBExp 
II

0.01 0.09 93.80 0.084 0.087 1.072 0.07 0.11 100.00 0.498 0.109 0.048

WBRad 
II

0.01 0.09 93.75 0.085 0.087 1.047 0.07 0.11 100.00 0.513 0.109 0.045

SAND 0.01 0.09 94.45 0.085 0.087 1.040 0.07 0.11 94.80 0.107 0.109 1.045

Augmented: only OR correctly specified Augmented: PS and OR misspecified

ATE BOOT I 0.02 0.19 94.65 0.135 0.186 1.913 27.52 3.35 92.30 1.280 3.161 6.099

BOOT 
II

0.02 0.19 93.55 0.130 0.186 2.069 27.52 3.35 90.45 1.201 3.161 6.924

WBExp 
I

0.02 0.19 95.20 0.141 0.186 1.747 27.52 3.35 95.90 1.430 3.161 4.887

WBRad 
I

0.02 0.19 96.90 0.173 0.186 1.167 27.52 3.35 97.50 1.956 3.161 2.612

WBExp 
II

0.02 0.19 95.20 0.141 0.186 1.747 27.52 3.35 95.90 1.430 3.161 4.887

WBRad 
II

0.02 0.19 96.90 0.173 0.186 1.167 27.52 3.35 97.50 1.956 3.161 2.612

SAND 0.02 0.19 91.40 0.127 0.186 2.165 27.52 3.35 87.35 1.205 3.161 6.879

ATT BOOT I 0.15 0.26 92.50 0.184 0.257 1.937 77.99 5.24 81.75 1.694 4.208 6.174

BOOT 
II

0.15 0.26 92.00 0.178 0.257 2.071 77.99 5.24 79.20 1.613 4.208 6.808

WBExp 
I

0.15 0.26 94.40 0.228 0.257 1.270 77.99 5.24 97.55 2.462 4.208 2.921

WBRad 
I

0.15 0.26 96.15 0.307 0.257 0.697 77.99 5.24 98.50 3.611 4.208 1.358

WBExp 
II

0.15 0.26 94.40 0.229 0.257 1.256 77.99 5.24 97.55 2.482 4.208 2.874
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
II

0.15 0.26 96.20 0.306 0.257 0.701 77.99 5.24 98.50 3.625 4.208 1.348

SAND 0.15 0.26 87.10 0.167 0.257 2.349 77.99 5.24 73.60 1.558 4.208 7.293

ATO BOOT I 0.02 0.09 94.80 0.086 0.086 1.003 13.50 0.78 84.75 0.556 0.567 1.038

BOOT 
II

0.02 0.09 94.90 0.086 0.086 1.001 13.50 0.78 83.70 0.546 0.567 1.079

WBExp 
I

0.02 0.09 92.40 0.080 0.086 1.163 13.50 0.78 81.65 0.525 0.567 1.166

WBRad 
I

0.02 0.09 92.35 0.081 0.086 1.142 13.50 0.78 83.30 0.543 0.567 1.089

WBExp 
II

0.02 0.09 93.05 0.081 0.086 1.142 13.50 0.78 81.65 0.531 0.567 1.140

WBRad 
II

0.02 0.09 92.75 0.081 0.086 1.124 13.50 0.78 84.25 0.553 0.567 1.051

SAND 0.02 0.09 94.15 0.085 0.086 1.027 13.50 0.78 84.65 0.554 0.567 1.048

ATM BOOT I 0.02 0.09 94.55 0.088 0.088 1.000 14.15 0.80 83.95 0.559 0.567 1.031

BOOT 
II

0.02 0.09 94.50 0.087 0.088 1.007 14.15 0.80 81.85 0.539 0.567 1.109

WBExp 
I

0.02 0.09 92.35 0.081 0.088 1.166 14.15 0.80 78.50 0.514 0.567 1.216

WBRad 
I

0.02 0.09 92.65 0.082 0.088 1.148 14.15 0.80 81.00 0.531 0.567 1.140

WBExp 
II

0.02 0.09 92.60 0.082 0.088 1.152 14.15 0.80 79.15 0.519 0.567 1.193

WBRad 
II

0.02 0.09 92.90 0.082 0.088 1.137 14.15 0.80 81.45 0.538 0.567 1.112

SAND 0.02 0.09 94.15 0.087 0.088 1.018 14.15 0.80 83.80 0.556 0.567 1.041

ATEN BOOT I 0.02 0.09 94.75 0.086 0.086 0.998 11.51 0.76 87.55 0.581 0.600 1.066

BOOT 
II

0.02 0.09 94.75 0.087 0.086 0.994 11.51 0.76 87.45 0.580 0.600 1.070

WBExp 
I

0.02 0.09 93.00 0.081 0.086 1.124 11.51 0.76 86.00 0.572 0.600 1.099

WBRad 
I

0.02 0.09 93.40 0.083 0.086 1.090 11.51 0.76 87.40 0.600 0.600 1.000

WBExp 
II

0.02 0.09 93.40 0.082 0.086 1.106 11.51 0.76 86.55 0.583 0.600 1.058

WBRad 
II

0.02 0.09 93.55 0.083 0.086 1.074 11.51 0.76 88.30 0.614 0.600 0.955

SAND 0.02 0.09 94.30 0.085 0.086 1.030 11.51 0.76 87.25 0.577 0.600 1.082

SE median of standard errors by proposed method, ESD empirical standard deviation, RE relative efficiency, CP coverage 
probability, SAND sandwich variance, WBRad (resp. Exp) wild bootstrap via Rademacher (resp. exponential) distribution, 
BOOT I standard bootstrap, BOOT II post-weighting bootstrap, SAND sandwich variance estimator, PS propensity score, 
OR outcome regression
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Table 13
Results of Model 5 (SAND does not work, p = 0.80), N = 50, under heterogeneous treatment 

effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 27.13 186.89 98.60 31.590 186.874 34.995 3.00 14.16 98.95 12.766 14.154 1.229

BOOT 
II

27.13 186.89 98.60 31.584 186.874 35.008 3.00 14.16 98.75 12.509 14.154 1.280

WBExp 
I

27.13 186.89 78.30 2.590 186.874 5204.923 3.00 14.16 85.10 3.833 14.154 13.633

WBRad 
I

27.13 186.89 80.50 2.828 186.874 4365.618 3.00 14.16 87.55 4.179 14.154 11.472

WBExp 
II

27.13 186.89 78.30 2.590 186.874 5204.923 3.00 14.16 85.10 3.833 14.154 13.633

WBRad 
II

27.13 186.89 80.50 2.828 186.874 4365.618 3.00 14.16 87.55 4.179 14.154 11.472

SAND 34.11 221.80 85.23 2.692 221.803 6786.679 4.00 12.42 86.71 3.706 12.406 11.207

ATT BOOT I 33.68 229.83 98.70 39.133 229.816 34.489 15.06 16.35 98.85 14.570 16.151 1.229

BOOT 
II

33.68 229.83 98.50 37.315 229.816 37.930 15.06 16.35 98.50 14.092 16.151 1.314

WBExp 
I

33.68 229.83 73.55 2.608 229.816 7762.727 15.06 16.35 77.30 3.789 16.151 18.173

WBRad 
I

33.68 229.83 76.85 2.882 229.816 6357.181 15.06 16.35 81.60 4.138 16.151 15.232

WBExp 
II

33.68 229.83 75.95 2.824 229.816 6621.424 15.06 16.35 78.25 3.871 16.151 17.406

WBRad 
II

33.68 229.83 79.00 3.104 229.816 5480.131 15.06 16.35 82.10 4.247 16.151 14.462

SAND 42.92 273.24 84.86 2.998 273.244 8309.652 16.61 14.73 83.25 4.165 14.468 12.068

ATO BOOT I 5.79 7.26 96.85 7.797 7.202 0.853 10.99 6.22 95.25 6.619 5.982 0.817

BOOT 
II

5.79 7.26 97.70 16.892 7.202 0.182 10.99 6.22 97.30 9.286 5.982 0.415

WBExp 
I

5.79 7.26 72.75 2.267 7.202 10.090 10.99 6.22 84.80 3.980 5.982 2.259

WBRad 
I

5.79 7.26 76.35 2.566 7.202 7.876 10.99 6.22 89.00 4.675 5.982 1.637

WBExp 
II

5.79 7.26 76.50 2.654 7.202 7.365 10.99 6.22 89.95 4.345 5.982 1.895

WBRad 
II

5.79 7.26 81.25 3.180 7.202 5.128 10.99 6.22 92.60 5.024 5.982 1.418

SAND 5.97 6.78 82.24 2.913 6.722 5.325 11.07 6.19 74.97 2.849 5.953 4.365

ATM BOOT I 6.27 16.34 95.40 6.980 16.309 5.460 13.61 6.44 93.90 6.541 6.069 0.861

BOOT 
II

6.27 16.34 96.80 15.970 16.309 1.043 13.61 6.44 96.35 9.223 6.069 0.433

WBExp 
I

6.27 16.34 68.20 2.285 16.309 50.930 13.61 6.44 82.90 4.158 6.069 2.131

WBRad 
I

6.27 16.34 73.25 2.650 16.309 37.869 13.61 6.44 86.90 4.956 6.069 1.500

WBExp 
II

6.27 16.34 76.10 3.114 16.309 27.425 13.61 6.44 91.10 5.132 6.069 1.399

Li et al. Page 46

Stat Biosci. Author manuscript; available in PMC 2026 May 30.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
II

6.27 16.34 81.85 3.896 16.309 17.526 13.61 6.44 93.75 5.957 6.069 1.038

SAND 5.71 18.96 80.57 3.235 18.945 34.301 13.68 6.41 77.29 3.548 6.032 2.890

ATEN BOOT I 8.12 13.83 97.55 8.785 13.777 2.460 10.74 6.38 96.15 6.749 6.163 0.834

BOOT 
II

8.12 13.83 97.80 17.885 13.777 0.593 10.74 6.38 97.40 9.506 6.163 0.420

WBExp 
I

8.12 13.83 73.70 2.240 13.777 37.833 10.74 6.38 85.45 3.860 6.163 2.549

WBRad 
I

8.12 13.83 76.75 2.526 13.777 29.759 10.74 6.38 88.95 4.469 6.163 1.902

WBExp 
II

8.12 13.83 74.75 2.449 13.777 31.648 10.74 6.38 88.15 4.051 6.163 2.315

WBRad 
II

8.12 13.83 79.75 2.894 13.777 22.661 10.74 6.38 91.70 4.681 6.163 1.733

SAND 9.02 15.33 82.39 2.741 15.268 31.026 10.63 6.40 75.69 2.799 6.180 4.877

Augmented: only OR correctly specified Augmented: PS and OR misspecified

ATE BOOT I 27.13 186.89 98.60 31.584 186.874 35.009 2.21 14.41 98.45 12.736 14.408 1.280

BOOT 
II

27.13 186.89 98.60 31.584 186.874 35.008 2.21 14.41 98.35 12.502 14.408 1.328

WBExp 
I

27.13 186.89 78.00 2.598 186.874 5174.969 2.21 14.41 80.90 3.857 14.408 13.953

WBRad 
I

27.13 186.89 80.40 2.831 186.874 4355.936 2.21 14.41 84.50 4.246 14.408 11.513

WBExp 
II

27.13 186.89 78.00 2.598 186.874 5174.969 2.21 14.41 80.90 3.857 14.408 13.953

WBRad 
II

27.13 186.89 80.40 2.831 186.874 4355.936 2.21 14.41 84.50 4.246 14.408 11.513

SAND 34.11 221.80 85.30 2.690 221.803 6799.534 3.01 12.72 84.33 4.035 12.718 9.933

ATT BOOT I 30.60 218.75 98.65 37.652 218.745 33.752 11.50 16.20 98.70 14.453 16.086 1.239

BOOT 
II

30.60 218.75 98.50 36.476 218.745 35.963 11.50 16.20 98.45 13.921 16.086 1.335

WBExp 
I

30.60 218.75 75.20 2.641 218.745 6861.145 11.50 16.20 77.75 3.819 16.086 17.739

WBRad 
I

30.60 218.75 78.90 2.927 218.745 5585.757 11.50 16.20 81.65 4.184 16.086 14.779

WBExp 
II

30.60 218.75 76.95 2.809 218.745 6063.231 11.50 16.20 78.70 3.864 16.086 17.329

WBRad 
II

30.60 218.75 80.75 3.115 218.745 4930.913 11.50 16.20 82.40 4.307 16.086 13.949

SAND 38.62 260.23 84.72 2.837 260.247 8414.953 12.75 14.55 83.67 4.237 14.392 11.539

ATO BOOT I 12.88 58.03 97.00 12.231 58.009 22.494 12.68 7.10 94.75 7.061 6.827 0.935

BOOT 
II

12.88 58.03 98.65 20.132 58.009 8.303 12.68 7.10 97.20 9.595 6.827 0.506

WBExp 
I

12.88 58.03 77.55 2.259 58.009 659.614 12.68 7.10 78.65 3.761 6.827 3.294

WBRad 
I

12.88 58.03 80.85 2.545 58.009 519.720 12.68 7.10 84.05 4.455 6.827 2.348

WBExp 
II

12.88 58.03 83.90 3.093 58.009 351.722 12.68 7.10 87.25 4.615 6.827 2.188
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

WBRad 
II

12.88 58.03 87.90 3.893 58.009 222.041 12.68 7.10 91.15 5.404 6.827 1.596

SAND 18.63 64.65 87.55 2.804 64.607 530.981 12.72 7.07 83.67 4.181 6.794 2.640

ATM BOOT I 12.36 48.00 96.20 10.721 47.971 20.021 15.07 7.17 93.35 6.857 6.767 0.974

BOOT 
II

12.36 48.00 98.35 18.967 47.971 6.397 15.07 7.17 96.60 9.450 6.767 0.513

WBExp 
I

12.36 48.00 74.65 2.345 47.971 418.445 15.07 7.17 77.25 4.076 6.767 2.757

WBRad 
I

12.36 48.00 79.20 2.665 47.971 324.017 15.07 7.17 82.75 4.899 6.767 1.908

WBExp 
II

12.36 48.00 83.70 3.616 47.971 176.024 15.07 7.17 87.95 5.427 6.767 1.555

WBRad 
II

12.36 48.00 88.85 4.597 47.971 108.880 15.07 7.17 92.30 6.315 6.767 1.148

SAND 18.11 51.42 86.10 3.113 51.354 272.127 15.39 7.07 83.31 4.648 6.637 2.039

ATEN BOOT I 15.41 71.83 97.60 13.950 71.809 26.497 11.53 7.42 95.95 7.440 7.199 0.936

BOOT 
II

15.41 71.83 98.75 21.317 71.809 11.348 11.53 7.42 97.65 9.819 7.199 0.538

WBExp 
I

15.41 71.83 77.75 2.229 71.809 1038.217 11.53 7.42 78.95 3.670 7.199 3.847

WBRad 
I

15.41 71.83 81.15 2.472 71.809 844.089 11.53 7.42 83.75 4.240 7.199 2.882

WBExp 
II

15.41 71.83 82.75 2.827 71.809 645.171 11.53 7.42 85.25 4.199 7.199 2.939

WBRad 
II

15.41 71.83 86.50 3.448 71.809 433.761 11.53 7.42 90.15 4.953 7.199 2.113

SAND 20.92 82.19 87.63 2.679 82.152 940.532 11.11 7.41 84.51 4.031 7.211 3.200

ARBias% absolute percent relative bias, RMSE root mean square error, CP% coverage probability (%), SE median of 
standard errors by proposed method, ESD empirical standard deviation, RE median relative efficiency, BOOT I standard 
bootstrap, BOOT II post-weighting bootstrap, WBExp (resp. ExpRad) wild bootstrap via exponential (resp. Rademacher) 
distribution, SAND sandwich variance estimator, PS propensity score, OR outcome regression

Table 14
Results of Model 5 (SAND does not work, p = 0.80), N = 50, under homogeneous treatment 

effect

Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 14.51 33.53 98.80 26.858 33.530 1.559 30.50 8.62 98.60 6.999 8.536 1.488

BOOT 
II

14.51 33.53 98.80 26.858 33.530 1.559 30.50 8.62 98.30 6.997 8.536 1.488

WBExp 
I

14.51 33.53 49.35 0.387 33.530 7490.192 30.50 8.62 64.60 1.574 8.536 29.400

WBRad 
I

14.51 33.53 53.50 0.420 33.530 6375.558 30.50 8.62 68.50 1.720 8.536 24.623

WBExp 
II

14.51 33.53 49.35 0.387 33.530 7490.192 30.50 8.62 64.60 1.574 8.536 29.400

WBRad 
II

14.51 33.53 53.50 0.420 33.530 6375.558 30.50 8.62 68.50 1.720 8.536 24.623

SAND 148.88 221.70 67.47 0.572 221.697 149997.297 44.97 12.05 65.26 1.620 11.920 54.171
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATT BOOT I 16.49 39.08 98.95 33.099 39.081 1.394 50.07 9.61 97.75 8.211 9.401 1.311

BOOT 
II

16.49 39.08 98.90 31.312 39.081 1.558 50.07 9.61 97.35 7.876 9.401 1.425

WBExp 
I

16.49 39.08 44.65 0.426 39.081 8397.904 50.07 9.61 52.85 1.575 9.401 35.639

WBRad 
I

16.49 39.08 48.65 0.474 39.081 6797.943 50.07 9.61 57.65 1.741 9.401 29.160

WBExp 
II

16.49 39.08 46.80 0.452 39.081 7485.640 50.07 9.61 54.80 1.663 9.401 31.960

WBRad 
II

16.49 39.08 50.40 0.498 39.081 6147.979 50.07 9.61 59.50 1.830 9.401 26.392

SAND 183.31 273.13 66.16 0.699 273.132 152,776.764 68.24 14.20 57.45 1.880 13.944 54.986

ATO BOOT I 0.63 3.56 99.70 4.788 3.565 0.554 2.70 1.28 99.85 1.994 1.272 0.407

BOOT 
II

0.63 3.56 99.90 14.402 3.565 0.061 2.70 1.28 100.00 4.616 1.272 0.076

WBExp 
I

0.63 3.56 85.65 0.344 3.565 107.094 2.70 1.28 99.60 1.501 1.272 0.718

WBRad 
I

0.63 3.56 88.85 0.377 3.565 89.469 2.70 1.28 99.95 1.697 1.272 0.562

WBExp 
II

0.63 3.56 86.85 0.355 3.565 100.900 2.70 1.28 99.35 1.365 1.272 0.868

WBRad 
II

0.63 3.56 90.50 0.409 3.565 75.996 2.70 1.28 99.65 1.546 1.272 0.677

SAND 1.63 5.75 86.54 0.397 5.749 210.046 0.68 4.36 92.01 0.816 4.357 28.518

ATM BOOT I 0.83 3.25 99.80 3.765 3.252 0.746 3.90 1.23 99.80 1.880 1.224 0.424

BOOT 
II

0.83 3.25 99.90 13.550 3.252 0.058 3.90 1.23 100.00 4.463 1.224 0.075

WBExp 
I

0.83 3.25 86.45 0.354 3.252 84.421 3.90 1.23 99.60 1.515 1.224 0.653

WBRad 
I

0.83 3.25 89.70 0.391 3.252 69.215 3.90 1.23 99.90 1.730 1.224 0.501

WBExp 
II

0.83 3.25 88.85 0.387 3.252 70.792 3.90 1.23 99.55 1.615 1.224 0.574

WBRad 
II

0.83 3.25 93.25 0.450 3.252 52.236 3.90 1.23 99.75 1.836 1.224 0.444

SAND 10.62 18.52 89.16 0.435 18.524 1815.679 1.22 4.12 95.47 0.983 4.116 17.524

ATEN BOOT I 0.47 4.73 99.55 5.838 4.728 0.656 0.86 1.43 99.95 2.183 1.425 0.426

BOOT 
II

0.47 4.73 99.85 15.276 4.728 0.096 0.86 1.43 100.00 4.805 1.425 0.088

WBExp 
I

0.47 4.73 84.85 0.340 4.728 193.027 0.86 1.43 99.55 1.489 1.425 0.916

WBRad 
I

0.47 4.73 87.05 0.370 4.728 162.979 0.86 1.43 99.95 1.697 1.425 0.705

WBExp 
II

0.47 4.73 83.15 0.339 4.728 194.357 0.86 1.43 99.05 1.308 1.425 1.187

WBRad 
II

0.47 4.73 87.70 0.391 4.728 146.557 0.86 1.43 99.35 1.485 1.425 0.921

SAND 13.73 14.94 83.33 0.387 14.935 1488.623 3.50 4.84 90.11 0.867 4.844 31.193

Augmented: only OR correctly specified Augmented: PS and OR misspecified
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

ATE BOOT I 14.52 33.53 98.80 26.857 33.531 1.559 15.62 8.88 98.00 7.140 8.861 1.540

BOOT 
II

14.52 33.53 98.75 26.856 33.531 1.559 15.62 8.88 97.75 7.070 8.861 1.571

WBExp 
I

14.52 33.53 49.20 0.384 33.531 7634.906 15.62 8.88 62.35 1.642 8.861 29.118

WBRad 
I

14.52 33.53 53.20 0.415 33.531 6523.337 15.62 8.88 67.60 1.856 8.861 22.795

WBExp 
II

14.52 33.53 49.20 0.384 33.531 7634.906 15.62 8.88 62.35 1.642 8.861 29.118

WBRad 
II

14.52 33.53 53.20 0.415 33.531 6523.337 15.62 8.88 67.60 1.856 8.861 22.795

SAND 148.90 221.70 67.83 0.567 221.697 152,655.503 36.29 12.10 64.72 1.775 12.020 45.871

ATT BOOT I 17.48 36.38 98.95 31.793 36.384 1.310 28.69 9.76 97.75 8.288 9.699 1.370

BOOT 
II

17.48 36.38 98.85 30.568 36.384 1.417 28.69 9.76 97.15 7.965 9.699 1.483

WBExp 
I

17.48 36.38 45.70 0.406 36.384 8015.563 28.69 9.76 54.95 1.641 9.699 34.951

WBRad 
I

17.48 36.38 49.20 0.448 36.384 6593.161 28.69 9.76 60.10 1.846 9.699 27.621

WBExp 
II

17.48 36.38 49.80 0.446 36.384 6649.142 28.69 9.76 56.75 1.720 9.699 31.797

WBRad 
II

17.48 36.38 53.60 0.490 36.384 5515.500 28.69 9.76 61.55 1.931 9.699 25.243

SAND 172.57 260.15 66.81 0.658 260.157 156,305.367 53.28 14.00 60.13 1.934 13.845 51.249

ATO BOOT I 1.74 22.11 97.75 9.449 22.117 5.478 15.95 2.62 97.30 2.588 2.540 0.963

BOOT 
II

1.74 22.11 99.20 17.423 22.117 1.611 15.95 2.62 99.05 4.785 2.540 0.282

WBExp 
I

1.74 22.11 68.90 0.370 22.117 3573.907 15.95 2.62 81.85 1.517 2.540 2.803

WBRad 
I

1.74 22.11 74.40 0.401 22.117 3049.583 15.95 2.62 87.55 1.710 2.540 2.208

WBExp 
II

1.74 22.11 66.05 0.383 22.117 3338.024 15.95 2.62 80.40 1.442 2.540 3.102

WBRad 
II

1.74 22.11 72.30 0.433 22.117 2612.204 15.95 2.62 86.35 1.648 2.540 2.377

SAND 56.95 64.45 81.88 0.500 64.430 16,631.410 7.71 5.03 86.77 1.651 5.020 9.240

ATM BOOT I 2.97 21.91 97.15 8.006 21.912 7.491 16.84 2.55 96.75 2.269 2.465 1.180

BOOT 
II

2.97 21.91 99.25 16.418 21.912 1.781 16.84 2.55 99.15 4.629 2.465 0.284

WBExp 
I

2.97 21.91 71.45 0.379 21.912 3340.168 16.84 2.55 83.45 1.553 2.465 2.519

WBRad 
I

2.97 21.91 77.65 0.419 21.912 2731.210 16.84 2.55 88.45 1.770 2.465 1.940

WBExp 
II

2.97 21.91 72.85 0.423 21.912 2685.489 16.84 2.55 87.50 1.698 2.465 2.108

WBRad 
II

2.97 21.91 77.70 0.484 21.912 2050.420 16.84 2.55 91.65 1.969 2.465 1.568

SAND 46.22 51.16 86.46 0.522 51.147 9596.265 10.06 4.40 90.58 1.794 4.382 5.963

ATEN BOOT I 0.68 22.64 97.80 11.128 22.643 4.140 13.99 2.89 97.75 2.939 2.833 0.929
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Estimand Method ARBias% RMSE CP% SE ESD RE ARBias% RMSE CP% SE ESD RE

Augmented: PS and OR correctly specified Augmented: Only PS correctly specified

BOOT 
II

0.68 22.64 99.15 18.440 22.643 1.508 13.99 2.89 99.00 5.064 2.833 0.313

WBExp 
I

0.68 22.64 64.85 0.366 22.643 3832.086 13.99 2.89 79.90 1.507 2.833 3.537

WBRad 
I

0.68 22.64 70.65 0.398 22.643 3233.189 13.99 2.89 86.40 1.709 2.833 2.749

WBExp 
II

0.68 22.64 61.15 0.369 22.643 3771.210 13.99 2.89 76.35 1.359 2.833 4.348

WBRad 
II

0.68 22.64 67.50 0.407 22.643 3099.994 13.99 2.89 82.95 1.550 2.833 3.342

SAND 68.53 82.01 78.46 0.498 81.995 27,073.645 3.52 5.73 82.84 1.619 5.727 12.517

ARBias% absolute percent relative bias, RMSE root mean square error, CP% coverage probability (%), SE median of 
standard errors by proposed method, ESD empirical standard deviation, RE median relative efficiency, BOOT I standard 
bootstrap, BOOT II post-weighting bootstrap, WBExp (resp. ExpRad) wild bootstrap via exponential (resp. Rademacher) 
distribution, SAND sandwich variance estimator, PS propensity score, OR outcome regression

Appendix 3: Additional Data Analysis Results

Fig. 8. 
Estimated PS distributions by treatment group and covariates balance of the NHANES 

2013–2014 data for the secondary analysis in Sect. 5.2
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Fig. 1. 
PS distribution for Model 2 (proportion of treated participants ≈ 45.9%)
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Fig. 2. 
Point estimation results by the augmented estimator (2) for ATE, ATT, and ATO, using 

relative biases and RMSEs, under Model 2 (medium p), with N = 1000 and heterogeneous 

treatment effect
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Fig. 3. 
Relative efficiencies (REs) by different variance estimation methods for the Model 2 with 

N = 1000 and heterogeneous treatment effect
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Fig. 4. 
Coverage probabilities (%) by different variance estimation methods by Model 2, with 

N = 1000 and heterogeneous treatment effect
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Fig. 5. 
Estimated PS distributions by treatment group and covariates balance of the NHANES 

2013–2014 data
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Fig. 6. 
PS distributions under different proportions of treated participants p (Models 1–3, 

corresponding to small p = 0.20, medium p = 0.45, and large p = 0.80, respectively) using 

a random sample of N = 106
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Fig. 7. 
PS distributions under poor overlap and extreme weights (Model 4, p = 0.49) using a random 

sample of N = 106
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Table 1
Difference in (log2) blood mercury level by fish consumption*

Method Estimate SE Estimate SE Estimate SE

ATE (ESS: 403.40) ATT (ESS: 508.01) ATO (ESS: 590.28)

BOOT I 1.74 0.128 2.12 0.122 1.98 0.105

BOOT II 1.74 0.127 2.12 0.117 1.98 0.102

WBExp I 1.74 0.091 2.12 0.113 1.98 0.094

WBRad I 1.74 0.109 2.12 0.103 1.98 0.093

WBExp II 1.74 0.091 2.12 0.101 1.98 0.086

WBRad II 1.74 0.109 2.12 0.116 1.98 0.100

SAND 1.74 0.114 2.12 0.115 1.98 0.097

ATM (ESS: 568.43) ATEN (ESS: 583.30)

BOOT I 2.03 0.108 1.93 0.104 *All p-values < 0.001

BOOT II 2.03 0.104 1.93 0.103

WBExp I 2.03 0.102 1.93 0.086

WBRad I 2.03 0.096 1.93 0.094

WBExp II 2.03 0.102 1.93 0.092

WBRad II 2.03 0.115 1.93 0.096

SAND 2.03 0.102 1.93 0.096

ESS effective sample size [37], SE standard error, BOOT I standard bootstrap, BOOT II post-weighting bootstrap, WBRad I (resp. Exp) 
wild bootstrap I via Rademacher (resp. exponential) distribution, WBRad II (resp. Exp) wild bootstrap II via Rademacher (resp. exponential) 
distribution, SAND sandwich variance estimation
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Table 2
Difference in (log2) the perturbed blood mercury level by fish consumption among participants with age > 40

Method Estimate SE p-value Estimate SE p-value Estimate SE p-value

ATE (ESS: 251.27) ATT (ESS: 262.77) ATO (ESS: 359.35)

BOOT I 0.21 0.145 0.15 0.54 0.228 0.02 0.28 0.163 0.09

BOOT II 0.21 0.147 0.16 0.54 0.180 < 0.01 0.28 0.144 0.05

WBExp I 0.21 0.135 0.12 0.54 0.195 0.01 0.28 0.156 0.08

WBRad I 0.21 0.134 0.12 0.54 0.200 0.01 0.28 0.143 0.05

WBExp II 0.21 0.135 0.12 0.54 0.222 0.02 0.28 0.177 0.12

WBRad II 0.21 0.134 0.12 0.54 0.253 0.03 0.28 0.182 0.13

SAND 0.21 0.134 0.12 0.54 0.222 0.02 0.28 0.166 0.09

ATM (ESS: 348.64) ATEN (ESS: 354.53)

BOOT I 0.32 0.174 0.07 0.25 0.155 0.10

BOOT II 0.32 0.149 0.03 0.25 0.142 0.07

WBExp I 0.32 0.160 0.05 0.25 0.153 0.10

WBRad I 0.32 0.150 0.03 0.25 0.139 0.07

WBExp II 0.32 0.197 0.11 0.25 0.160 0.11

WBRad II 0.32 0.232 0.17 0.25 0.166 0.13

SAND 0.32 0.179 0.07 0.25 0.155 0.10

p-values that are ≤ 0.05 are highlighted in bold

ESS effective sample size, SE standard error, BOOT I standard bootstrap, BOOT II post-weighting bootstrap, WBRad I (resp. Exp) wild bootstrap 
I via Rademacher (resp. exponential) distribution, WBRad II (resp. Exp) wild bootstrap II via Rademacher (resp. exponential) distribution, SAND 
sandwich variance estimation
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Table 3
True WATE under heterogeneous treatment effects by different PS models in the simulation

Model Case ATE ATT ATO ATM ATEN

1 Small p (0.20) 17.22 20.92 18.09 19.61 17.58

2 Medium p (0.45) 17.22 18.35 15.07 14.26 15.47

3 Large p (0.80) 17.22 16.85 15.42 15.84 15.58

4 Poor overlap and extreme weights exist (with a medium p = 0.49) 17.22 18.69 17.84 17.95 17.68

5 Sandwich variance does not work (N = 50; with a large p = 0.80) 17.22 16.85 15.42 15.84 15.58
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Table 4
Number of Monte Carlo replications when the sandwich variance is not obtainable from Model 5, under 

N = 50 and M = 2000 replicates

Model specifications ATE ATT ATO ATM ATEN

PS and OR models are correctly specified 626 626 626 626 626

Only PS model is correctly specified 322 322 322 322 322

Only OR model is correctly specified 626 622 622 622 622

PS and OR models are misspecified 322 322 322 322 322
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