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Abstract

We study the contact process on random graphs and trees.

In Chapter 2 we study the asymptotics for the critical values A\; and Ay on a
general class of periodic trees. A little over 25 years ago Pemantle [32] pioneered
the study of the contact process on trees, and showed that on homogeneous trees
the critical values Ay and \s for global and local survival were different. He also
considered trees with periodic degree sequences, and Galton-Watson trees. Here, we
will consider periodic trees in which the number of children in successive generations
is (n,ai,...,a;) with max;a; < Cn'=° and log(a; - - - ag)/logn — b as n — co. We
show that the critical value for local survival is asymptotically \/c(logn)/n where
¢ = (k —b)/2. This supports Pemantle’s claim that the critical value is largely
determined by the maximum degree, but it also shows that the smaller degrees can

make a significant contribution to the answer.

In Chapter 3 we study the contact process on Galton-Watson trees and configu-
ration models. The key to our investigation is an improved (and in a sense sharp)
understanding of the survival time of the contact process on star graphs. Using these
results, we show that for the contact process on Galton-Watson trees, when the off-
spring distribution (i) is subexponential the critical value for local survival Ay = 0
and (ii) when it is Geometric(p) we have Ay < C,, where the C), are much smaller
than previous estimates. We also study the critical value A.(n) for “prolonged persis-
tence” on graphs with n vertices generated by the configuration model. In the case
of power law and stretched exponential distributions where it is known A.(n) — 0
we give estimates on the rate of convergence. It was predicted in physics papers that
Ae(n) ~ 1/A(n) where A(n) is the maximum eigenvalue of the adjacency matrix. Our

results show that this is accurate for graphs with power-law degree distributions, but
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not for stretched exponentials.

In Chapter 4 we study the supercritical contact process on Galton-Watson trees
and periodic trees. We prove that if the contact process survives weakly then it
dominates a supercritical Crump-Mode-Jagers branching process. Hence the number
of infected sites grows exponentially fast. As a consequence we conclude that the
contact process dies out at the critical value \; for weak survival, and the survival
probability p(A) is continuous with respect to the infection rate A. Applying this
fact, we show the contact process on a general periodic tree experiences two phase
transitions in the sense that A\; < A9, which confirms a conjecture of Stacey’s [34]. We
also prove that if the contact process survives strongly at A then it survives strongly
at a X' < A\, which implies that the process does not survive strongly at the critical

value Ay for strong survival.
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Chapter 1

Introduction

The contact process, also known as the Susceptible-Infection-Susceptible (SIS) model, is
a fundamental model that describes the spread of epidemics on networks. It was first
introduced by Harris [15] on Z? and later studied on more general graphs. Vertices of the
graph represent individuals and the states 0 and 1 indicate that an individual is healthy
or infected. On a given graph G = (V,E), the contact process & : V — {0,1} evolves as

follows:
e Each infected vertex becomes healthy independently at rate 1;

e Each healthy vertex becomes infected at rate A times the number of its infected

neighbors.

Let £ be the process starting from only the origin occupied and let & be the process

starting from all sites occupied. Harris introduced the critical value
Ae = inf{\: P(&) # @ for all t) > 0}

and proved that on Z? we have 0 < A, < co. He also showed that for A > )., & converges
to a limit that is a nontrivial stationary distribution. A rich theory has been developed for
the contact process on Z%, see Liggetts 1999 book [22] for a summary of much of what is
known.

Pemantle [32] began the study of the contact process on the tree T¢ in which each vertex
has degree d + 1. Here, and in what follows, we assume d > 2 since T! = Z. Pemantle

found that the contact process on T¢ has two critical values

A1 = inf{\: P(& # @ for all t) > 0}

Ay = inf{\ : liminf P(0 € &) >0},
—00
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where £ denotes the contact process on the tree starting from only the root infected. The
contact process is said to survive weakly if the process survives but the root 0 is infected
for finitely many times almost surely, and survive strongly if the root 0 is infected for
infinitely many times with positive probability. By deriving bounds on the critical values,
Pemantle showed that A\ < A2 when d > 3. Liggett [20] settled the case d = 2 by showing
A1 < 0.605 < 0.6609 < A\a. At about the same time, Stacey [34] gave a proof that A\; < Ag
that did not rely on bounds. The stationary distributions and limiting behavior of the
contact process on trees is an interesting subject that has been extensively studied. See

Liggetts book [22] for an account of the results.

So far the contact process is well understood on homogeneous graphs such as Z%, regular
trees and random regular graphs, while much less is known on more general networks. Some
of these random networks are locally tree-like, so it is also of interest to study the process on
more general trees such as Galton-Watson trees and periodic trees. The next four sections
are devoted to understanding various aspects of the contact process on different graphs and

seeing how the underlying spatial structure would influence the behavior of the process.

1.1 Contact process on periodic trees

Throughout this section we will denote by (a1,as,...,a;) a periodic tree in which the
number of children in successive generations is given by the sequence a1, ao, ..., ag.

In a 1992 paper [32] Pemantle studied the contact process on periodic trees. In the
special case of a (a, b) tree, he showed 1/(yv/a+ v/b) < \a. He also showed that for a general
period k tree with degree sequence (ay,as, ...,ay) the critical value Ao < C/(ay - - - ag)/?*
for some constant C' > 0. When k = 2 the bound is C/(ab)'/*. When a = b, the upper and

lower bounds differ by a factor of 2. However when a =1 and b =n
1/(Va+vVb)=1/1++vn)  C/(ab)/* =C/n/* (1.1)

As Pemantle pointed out the upper and lower bounds are different orders of magnitude,

which leads to the natural question on what the sharp asymptotics for As is. Pemantle wrote

2



in [32] “The somewhat surprising answer is that the lower bound is sharp even though the

geometric mean (ay - - - ay)"/*

is clearly a better representative for the growth rate of the
tree.”
In the paper [18] with my advisor Rick Durrett, we show that the lower bound in (1.1)

is more accurate than the upper bound, but it is not quite sharp. The next theorem gives

the sharp asymptotics for As.

Theorem 1.1.1. On the (1,n) tree, as n — oo the critical value
A2 ~ y/ca(logn)/n  where ca = 1/2.

[13 ”

The notation “~” means that for any € > 0 we have

V(1 = e)ea(logn)/n < Xa < /(1 +€)ea(logn) /n

when n is sufficiently large.

On page 2103 [32], Pemantle says that “for reasonably regular non-homogeneous trees
the critical value is determined by M the maximum number of children and is at most
rM~Y2 where r is a logarithmic measure of how far apart vertices with M children are
from each other.” To investigate the role played by the maximum degree vertices, we
consider the periodic tree (n,ay,ag,...,ax) where the a;’s are of smaller order than n. It
turns out that our result confirms his intuition about the importance of the maximum

degree but also shows that the lower degree vertices can have a significant influence on As.
Theorem 1.1.2. Consider the (n,a1,as,...,ax) tree where k is a fized integer and a; can
depend on n. Suppose max; a; < Cn'=% for some positive C, 8 and

b= lim 080102 0k)
n—00 logn

Asn — oo the critical value Ao ~ /¢y logn/n where ¢, = (k —b)/2.
Theorem 1.1.1 is the special case where k = 1, a; = 1, so it suffices to prove Theorem 1.1.2.

Using the methods developed to study Ay we can derive asymptotics for A;.
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Theorem 1.1.3. Let ¢, = (k+1)/2 — (b+1). Under the assumptions of Theorem 1.1.2,

(i) If ¢j, > 0 then as n — oo the critical value Ay ~ \/c) logn/n.
(ii) If ¢}, < 0 then (logA1)/logn — —(b+1)/(k +1).

When b = k the critical value is of order 1/n, which is the correct order of magnitude value
for the homogeneous tree in which all vertices have degree n. The difference between (i)
and (ii) is that in the second case A; < n~/? so the contact process does not survive very

long on stars, which refers to the graph with a central vertex and many leaf vertices.

1.1.1 The survival time of the contact process on finite trees

The key idea in studying the aymptotics for A; and A9 is to understand the behavior of the
contact process on subgraphs of the periodic tree (n,a,as,...,ax). Let p be the root of

the periodic tree. Truncating this tree at height k£ gives a subgraph
Sk = A{x : d(p,x) <k},

where d(p, x) is the distance between p and x on the tree. Note that Sy itself is a finite tree
where the number of children in successive generations is n,as,as,...,a;. We will obtain

an upper bound on the survival time of the contact process on Sg.

Theorem 1.1.4. Suppose A\ = \/c(logn)/n where ¢ > 0. Let 1, be the survival time of
contact process on Sk = (n,a1,...,a) starting from all sites occupied where max; a; <

Cn'=9 for some positive C and §. For any € > 0, when n is sufficiently large
ET, < Co(log n)e(1+5))‘2” = Co(log n)nc1+),
where Cy is some positive constant depending on k but not on C, 4.

When k£ = 1, S reduces to the star graph. In this case the result holds for all A > 0.
Theorem 1.1.4 gives the only upper bound we know of for the survival time for the contact

process on a star graph.



There are many lower bounds for the survival time on stars. See Theorem 4.1 in [32],
Lemma 5.3 in [1], and Lemma 1.1 in [6]. These bounds can be used to show that the
critical value for prolonged survival of the contact process on some random graphs is 0, but
to identify the asymptotics for the critical value on the (n,a1,...,ax) tree, we need a more
precise result on the survival time on the star graph with n leaves. We denote the state of
the star by (7,j) where i is the number of occupied leaves and j = 1,0 when the center is
occupied, vacant. Let P;; be the law of the process starting at state (i,j) and let Ty be

the time to hit (0,0).

Theorem 1.1.5. Let L = (1 —40)An with 6 > 0 . Ifn > 0 is small then

Pra <T0,0 > 6(1*’7)’\2") —1 as n — 0o.

With Theorem 1.1.4 and 1.1.5 we are able to construct good upper and lower bounding
processes for the contact process on periodic trees and thus obtain sharp asymtotics for the

critical values.

1.2 Contact process on Galton-Watson trees

In contrast to 0 < A\; < Ag for the contact process on regular trees, Pemantle [32] proved
that both critical values A\ = Ao = 0 on Galton-Watson trees whose offspring distribution

D satisfies
pr = P(D =k) < Cexp(—k*) for some 0 < a<1andC >0.

In Chapter 3 we extend Pemantle’s result to Galton-Watson trees with subexponential tail

distribution, i.e.,

logpr _ 0

lim sup
k—o00

To prove this we improved Pemantles method for estimating A\o. Pemantle [32] has
given a formula that gives an upper bound for Ao, in which the constants are difficult to

track down. Hence the formula does not immediately yield an explicit bound.

bt



Theorem 3.2 in [32]. There are constants ca and c3 so that if p is the mean of the

offspring distribution, then for any k > 1, if we let r, = max{2, cylog(1/kpr)/p} -

Ao < e3+/73 log i log(k) / k. (1.2)

In a joint work [16] with my advisor Rick Durrett, we traced through his calculations and

are convinced that his bound is worse than the following:

Theorem 1.2.1. If p, =27F for k > 1, then \y < 2.5.

A(2) 2

0.5 0.75

Figure 1.1: Upper bounds on Ay (solid line) and A; (dotted line) as a function of p
for the geometric degree distribution. Ay < A\.(Z) < 2 is a trivial upper bound since

7 is embedded in the Galton-Watson tree.

The proof of Theorem 1.2.1 works for a general geometric pr, = (1 —p)*~1p, k > 1. We
cannot get a nice formula for the upper bound as a function of p but the upper bounds can
easily be computed numerically and graphed. These upper bounds are only interesting for
small p. A Galton-Watson tree with pg = 0 and p; < 1 contains a copy of Z (start with a
vertex with two children and follow their descendants) so using Liggett’s bound on A\.(Z)

proved in [20] we conclude Ay <2 for all 0 < p < 1.
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In addition, we can give an improvement of Pemantle’s result for stretched exponential

distributions.

Theorem 1.2.2. If the offspring distribution py for a Galton-Watson tree is subexponential

and has mean p > 1 then Ao = 0.

To give some intuition why Ao = 0 we discuss briefly the case where the offspring distribution
satisfies P(D > k) = exp(—k®) for all k£ > 0 where a < 1. Within distance k of the root
there are roughly ;¥ vertices where p is the mean offspring number. Hence the vertex with

Ve A vertex with degree n along

the largest degree within distance k has degree ~ (klog )
with its neighbors is called a star graph with degree n. The contact process on a star graph
with degree n can survive for time exp(CA?n) for some C' > 0 when n is sufficiently large
(see [6]). Here and in what follows C' is a positive constant whose value can change. While

surviving on a star graph within distance k of the root, the contact process can try to push

the infection back to the root with success probability (A/(1 + A))* for each attempt.
Since the process can survive for time exp(CA2(klog 12)'/®) on a star graph with degree

(klog p1)*/«, the probability that it fails to push the infection back to the root is (while

omitting some details)

exp 2(k1lo 1/a k
< (1= ) T o ( (HAQ exp<cA2<mogu>1/a>). (1.3)

Since the first term in the exponent decays exponentially while the second grows superex-
ponentially, the failure probability goes to 0 as k — oo for any positive values of A\. That
is, the contact process can successfully push the infection back to the root and thus survive
strongly for any A > 0.

It turns out that Theorem 1.2.2 is sharp. The critical value is positive on Galton-Watson
trees with tails thinner than the subexponential distribution. In 2019 Shankar Bhamidi,

Danny Nam, Oanh Nguyen and Allan Sly [3] proved that

Theorem 1.2.3. Consider the contact process on the Galton-Watson tree with offspring

distribution D. If E(exp(cD)) < oo for some ¢ > 0, then Ay > 0.
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An offspring distribution with this property is said to have an exponential tail, which is
thinner than the tail of the subexponential distribution. For example, suppose P(D > k) =
exp(—ck) for k > 0 and some ¢ > 0. Following the previous heuristics the vertex with the
largest degree within distance k of the root has degree ~ (klogu)/c. Again the contact
process can survival for time exp(CA2k) on a star graph with degree (klog u)/c for some

C > 0, and can push the infection back to the root with failure probability

(1 - (/1 + )\))k)exp(CAQk) A exp (— <li/\)kexp(0)\2k)> (1.4)

when ) is sufficiently small. As log(A/(1+ X))+ CA% < 0 when X is small, (1.4) does not go
to 0 when k goes to infinity. This provides some intuition why A; is strictly positive when
the offspring distribution has an exponential tail. Comparing (1.3) and (1.4), we can see
the difference between the subexpnential distribution and the exponential-tail distribution
is that in the first case the largest degree within distance k ( i.e., (klog u)'/®) grows super-
linearly in k£ and overwhelms the success probability for pushing the infection back to the

root.

1.3 Contact process on configurations models

To construct a random graph G,, on the vertex set {1,2,...,n} having a specified degree
distribution, we use the configuration model. Let dy,...,d, be independent and have the
distribution P(d; = k) = pg. In order to have a valid degree sequence, we condition on
the event E,, = {d1 + --- + d,, is even}. Since P(E,) — 1/2 as n — oo, the conditioning
will have a little effect on the distribution of d;’s. Having chosen the degree sequence
(di,da,...,d,), we attach d; half-edges to the vertex ¢, and then pair these half-edges at
random. This procedure may produce a graph with self-loops or parallel edges, but we will

ignore that problem for the moment.



1.3.1 Some known results

In the early 2000’s physicists studied the contact process on a random graphs with a power-

law degree distribution, i.e., the degree of each vertex is k with probability
pp~CE™® ask — oo.

Pastor-Satorras and Vespignani [28, 29, 30] have made an extensive study of this model using
mean-field methods. Their nonrigorous computations suggest the following conjectures
about ., the threshold for “prolonged persistence” of the contact process, and the critical
exponent (3, that controls the rate at which the equilibrium density of occupied sites p(A)
goes to 0, i.e., p(A) ~ C(X — A.)P.

o If « <3, then A\, =0. If @« <3 then 5 =1/(3 — a).
e If3<a<4,then\c>0and f=1/(a—3) > 1.

o If @« >4, then A\ >0and g =1.

See also Section V of [31]. The values of 3 quoted above are given in formula (29) of [31].

Chatterjee and Durrett [6] showed in 2009 that A. > 0 is not correct when o > 3
and P(d; < 2) = 0. The last condition guarantees that the graph is connected and that
random walks on the graph have good mixing properties. They proved survival for time
exp(O(n'~%)), which was improved to exp(O(n)) three years later by Mountford, Mourrat,
Valesin, and Yao [24].

Chatterjee and Durrett [6] also obtained bounds on the critical exponent §. In 2013
Mountford, Mourrat, Valesin, and Yao [23] extended the results of [6] to include 2 < a < 3
and proved upper and lower bounds that had the same dependence on A but different

constants, showing that

A/ (B=a) 2<a<5b/2,

P(A) ~ § A2 1002 (1/))  5/2 < o < 3,

N3 10gd722(1/)) 3 < a.
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The result for 2 < a < 5/2 agrees with the mean-field calculations quoted above but that

formula is claimed to hold for 2 < o < 3.

1.3.2 Ciritical value asymptotics when \. =0

While the results cited above show that the mean-field calculations are not correct, physi-
cists have never said they were wrong. Indeed, a 2010 paper Castellano and Pastor-Satorras
[4] claims they knew the right answer all along. “Already in 2003, Wang et al [36] argued
that the SIS epidemic threshold on any graph is set by the largest eigenvalue of the adja-

cency matrix, A

Ae(n) = 1/A(n)." (1.5)

Two years earlier Pemantle snd Stacey [33] proved that 1/A(n) is the critical value of

branching random walk on the graph. To be precise they showed in Lemma 3.1 that

Lemma 3.1 in [33]. Let G = (V, E) be a graph and let M (v,2n) be the number of paths

with 2n steps that begin and end at v. Let

n—oo

M = lim M(v,2n)"/ = sup M(v, 2n)"/?".

The limit exists by supermultipicativity and is independent of v. The critical probability for

local survival of the branching random walk is given by 1/M.

However, it is far from obvious why this should also be the critical value for the contact
process. For example on Z, the critical value A for branching random walk is 1/2 while for

the contact process A, =~ 0.82.

The first question that needs to be addressed before (1.5) can become a theorem is the
definition of A.. According to page 942 of the 2015 survey paper in Reviews of Modern
Physics [31] “Above the epidemic threshold, the activity must be endemic, so that the
average time to absorption is O(e“").” To make it clear that they wanted to insist on this

standard we note that the discussion continued with

10



“Chatterjee and Durrett proved that in graphs with power law degree distri-
bution ET > exp(O(N'~?)) for any § > 0. This result pointed to a vanishing
threshold but still left the possibility for nonendemic long-lived metastable

states.”

Survival for time e is certainly the gold standard for prolonged persistence, but follow-
ing the footsteps of Ganesh, Masoulie, and Towsley [14], we will accept survival for time
exp(O(n)) for some € > 0 as evidence that A > ..

Wang et al [36] use (1.5) to conclude that the critical value for the contact process on
a star graph with n leaves is 1/4/n. This claim is contradicted by Theorem (1.1.4), which

still holds when A = a/y/n. When n is sufficiently large, the survival time 7 satisfies
E1 < Cy(log n)euﬁ)vn = Cy(log n)e2a2.

Thus the survival time is O(logn) which is much smaller than the O(e“") that [31] demands.
Since the results in Theorem 1.1.4 and 1.1.5 show that the survival time is exp(O(A\?n)),
we would have to take A > 0 independent of n for the contact process on the star graph to
survive for this long. This serves as a counterexample to the claim of (1.5).

Returning to the implications of (1.5) for the contact process, the maximum eigenvalue
of the adjacency matrix of a random graph is trivially > d}ﬁx (generated by paths going
back and forth between a vertex with degree dy,q, and its neighbors). Using results of

Chung, Lu, and Vu [7] for the maximum eigenvalue for random graphs the authors of [4]

concluded that the critical value for power law random graphs satisfies
(d)/(d*) 2<a<5/2,

1/Vdmaz 5/2 < a,

Ac ~

where dy,q, is the maximum degree in the graph, and (d), (d?) are the average values of

d(z) and d(z)? for the graph. More concretely

plae=8)/(e=1) 9 <o < 5/2,
Ae(n) ~

2ol 5/9 < a.

11



In the joint work [16] with my advisor, we prove an upper bound on A. that supports

this prediction when a > 3. Here we set a = a — 1.
Theorem 1.3.1. Suppose that the degree distribution has
P(d(x) > k)=3%%"" fork > 3.
We assume a > 2 so that Ed(x)? < co. Let A = n~(=20/2a 4nd n > 0. If we start from

all 1’s then there is an € > 0 so that the system survives for time exp(O(n®)) with high

probability.

Combining this result with the fact that 1/A gives the critical value for branching random

walk and hence a lower bound on the critical value for the contact process we have
Ae(n) = n~(e()/2a, (1.6)
Next we consider the stretched exponential degree distribution
P(d(z) > k) = exp(—z'/* +3/%)  for k>3 and b > 1.

In this case, the maximum degree vertex on a graph with n vertices is ~ log®n, so the
maximum eigenvalue A ~ log”?n and the formula in (1.5) predicts that A\, ~ log~"?n
but results of [3] show that this cannot be correct for b < 1. In that case the moment
generating function of the degree distribution is finite for some positive 6 so \.(n) converges

to a positive limit.

Theorem 1.3.2. Suppose \, = log(lfn)(l*b)/2 n. If we start from all 1’s then for any e > 0

the system survives for time exp(O(n'=¢)) with high probability.

We believe that the last result gives the right answer.

1.4 Exponential growth and continuous phase tran-

sitions on trees

The behavior of the contact process on a d-regular tree T¢ is now well understood. Liggett

[22] gives a very extensive account for most of the known results on regular trees. It is of
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interest to see if these results can be extended to more general trees such as the Galton-
Watson trees and periodic trees. For example, some of the interesting problems are:

(i) proving exponential growth rate for the process in supercritical regime (A > A1),

(ii) understanding the behavior of the contact process at the critical values A\; and Ao,

(iii) determining if \; < Az (the existence of an intermediate phase).

The difficulty in addressing these problems lies in the fact that the proofs on regular trees
rely heavily on translation invariance, and special functions such as w,(&) = ZwEEt Pt
where p is some positive constant and ¢(z) is a function from T? to Z so that for each

x € T £(y) = £(x) — 1 for exactly one neighbor y of = and £(y) = £(z) + 1 for the other d

neighbors y of 2. The expectation of w,(&;) satisfies a submultiplicative relation

Ewp(ft+s) < Ewp(gt)Ewp(gs)

which implies Fw,(&) > [¢(p)]* where ¢(p) = limy_,o0[Ew,(&)]*/t. Properties of ¢(p) help
us obtain a lot of detailed information about the behavior of the contact process on regular

trees.

1.4.1 Galton-Watson trees

Turning to Galton-Watson trees, the analysis of the contact process becomes more compli-
cated because of the spatial heterogeneity and randomness in the tree structure. Through-
out the discussion we consider the contact process on Galton-Watson trees with an offspring

distribution D that is a random variable on N that satisfies
P(D>1)=1and ED > 1. (1.7)

Recall that a Galton-Watson tree is said to have a subexponential offspring distribution

if its offspring distribution D satisfies

limsup (log P(D =k)) /k = 0.

k—o00

In this case Theorem 1.2.2 states that Ay = Ay = 0. Clearly when the offspring distribution

is subexponential the contact process dies out at both critical values and there does not
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exist an intermediate phase. If the offspring distribution D has an exponential tail, i.e., if
E(exp(cD)) < oo for some ¢ > 0, Shankar Bhamidi et al. [3] proved, as stated in Theorem
1.2.3, that A; > 0. In this case questions (ii) and (iii) listed at the beginning of this section

become non-trivial.

For the contact process on Galton-Watson trees we solve the problems (i) and (ii) by
constructing a supercritical Crump-Mode-Jagers (CMJ) branching process that is domi-
nated by the contact process. Let &2 be the contact process on GW (D) with only the root

infected initially.

Theorem 1.4.1. Suppose the offspring distribution D satisfies (1.7). When A > A\ (GW(D)),

there is a positive constant ¢ so that

litrginf €91/ >0 Py-a.s. on Qoo = {€) # @ Vt > 0}. (1.8)

Here P, is the annealed measure which is defined rigorously in Section XXX and GW(D)

denotes the set of all realizations of the Galton-Watson trees with offspring distribution D.

Suppose an individual in the comparison CMJ branching process gives birth only once
and let 7 denote that birth time. We can then look at the branching process in terms of
time blocks of duration 7 and roughly know the growth of this process by time 7. This
suggests that a “block argument” should be a good strategy to prove the continuity of the
phase transition at A;. Indeed, if the contact process & with infection rate A survives then
it dominates a supercritical CMJ branching process. For a sufficiently small € > 0, the

A—e
t

contact process & should behave very much the same as & within a finite time block

of length 7 and thus also dominate a supercritical branching process. Hence we can show

that

Theorem 1.4.2. The contact process on GW(D) dies out at \i(GW(D)) and the survival

probability p(X\) is continuous in [0, c0).

Finally, we prove that
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Theorem 1.4.3. The contact process on G W(D) does not survive strongly at \o(GW(D)).

The proof of this result is more complicated than that of Theorem 1.4.2 but similar in spirit.
We find the suitable “block events” and construct a comparison process based on the block
events. If the contact process with infection rate A survives strongly then it dominates a
comparison process that guarantees strong survival, and hence the contact process survives

strongly at A — ¢ for sufficiently small £ > 0.

1.4.2 Periodic trees

Let Ty = (a1,a2,...,a,) be a periodic tree in which the number of children in successive
generations is ai,as,...,a,x. We only assume a; > 1 for 1 <i < g and a1 -as---ap # 1.
In order for the graph to be quasi-transitive and thus simplify the computation, T, =
(a1,as,...,a,) is arranged in the way that every vertex x in T, has one neighbor above it
and d(x) neighbors below it, where d(x) € {a1,...,ax} is the offspring number of z.

To describe T, more rigorously we will introduce a function ¢ : T,, — Z that assigns a
level to every vertex in Ty. Without loss of generality, a distinguished vertex o is chosen
to be the root where d(o) can be any value in {a,as,...,a,}. Now each vertex can be
assigned a level according to their position relative to the root o. Specifically, we will define
the function ¢ : T, — Z so that (i) £(0) = 0 and (ii) for each x € Ty, ¢(y) = ¢(x) — 1 for
exactly one neighbor y of z, and ¢(y) = ¢(z) + 1 for the other d(z) neighbors of z. For a
vertex x € Ty, ¢(x) is said to be the level of x.

If we choose the root o to be a vertex with a; children, then the periodic tree T, =
(a1,a2,...,a.) is such that a vertex on level £ of Ty has a(; wmod )41 children.

The treatment for the contact process on Galton-Watson trees can be extended to prove

analogous conclusions on periodic trees.
Theorem 1.4.4. Let & denote the contact process on Ty, starting with vertex o infected.
(i) When A > A\i(Ty), there is a positive constant ¢ so that
lim inf €21 /e®t >0 Py-a.s. on Qs = {£0 # @ Vt > 0}. (1.9)
— 00
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(i) The contact process & on the periodic tree T,, dies out at \1(Ty) and does not survive

strongly at Ao(Ty).

We are also interested in determining if \; < Ay on general periodic trees, which is
believed to be true by Pemantle [32] and Stacey [34]. Stacey was able to prove A\; < Az on
what he called “isotropic block trees”, which are to some extent similar to periodic trees
but have more stringent assumptions on the structure. Intuitively, the assumptions require
that there exist automorphisms on the tree that map distinguished vertices to one another.
The rigorous definition of the isotropic block trees is a bit involved and hence will not be
stated here. Curious readers are referred to page 1718 and 1719 in [34] for a full account.

To see the connection between isotropic block trees and periodic trees we will present

two examples of the former.
Example 1. G = (a1,a9,...,a,) where a; =1 for 1 <i <k —1 and a, > 2.

Example 2. G = (a1, a2) where ajay # 1, which is a general period-2 tree.

The above examples suggest that the isotropic block trees are, to some extent, similar to
periodic trees. However, due to the somewhat stringent assumptions on the tree structure
there are still many examples of periodic trees that fall outside this category. One of the
simplest examples among them is the periodic (2,3,4) tree, where the the number of children
in successive generations is 2,3,4.

The special structure of the isotropic blocks is a key ingredient that Stacey uses in his

proof of

exp(at) < E(|¢]) < Cexp(at), (1.10)

where C' is a constant, « is a continuous function of A and A is a set of vertices chosen
specially, see Proposition 2.1 in [34]. For example, for a period-2 tree (aj, az) the initially
infected set A is chosen to be a finite tree of depth 2 where the first generation has a;

offspring and each vertex in the second generation has ag offspring. The relation (1.10)
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implies that o = 0 when A = ;. Hence at A\; not only E(|&2|) < C for all t > 0 but also
& dies out on an isotropic block tree. These facts are the key elements in Stacey’s proof.

As we will see, the extinction at A is the real key to the proof of the existence of an
intermediate phase. For this reason we can prove A\; < Ay for general periodic trees without
trying to obtain the relation in (1.10), which is a nice relation but stronger than necessary

for our purpose. We confirm Stacey’s conjecture by showing

Theorem 1.4.5. The contact process on the periodic tree Ty, has an intermediate phase in

the sense that Ay < As.

The relation A\; < \g is believed to hold for a much broader class of trees as discussed

in [32] and [34]. It will be meaningful to prove

Conjecture 1.4.1. There exists an intermediate phase A\ < Ay on Galton- Watson trees

whose offspring distribution has an exponential tail.

Part of the difficulty in proving this conjecture lies in the correlation between the state
of a vertex and the geometry near this vertex. In an inhomogeneous graph such as a
Galton-Watson tree, the fact that a vertex v is infected at a certain time would imply that
it is more likely for v itself to have a large degree or to be connected to some vertices with
large degrees. Our method requires a certain extent of independence between the state of
a vertex and the geometry nearby, and hence does not extend to a highly inhomogeneous

graph.
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Chapter 2

The Contact Process on Periodic Trees

2.1 Introduction

This chapter is based on the joint work [18] with my advisor Rick Durrett.

Pemantle [32] considered periodic trees and Galton-Watson trees. In the special case
that the number of children alternates between a and b he showed 1/(yv/a + vb) < Ay. He
did not give the details of the proof, but this can easily be proved using Lemma 3.1 in
Pemantle and Stacey [33], which gives a formula for the critical value for local survival for
branching random walk on a general graph. Pemantle also showed, see the first sentence
after (7) on page 2103, that for a general period k tree with degree sequence (a1, as, ..., ax)
the critical value Ay < C'/(ay - - - a;)"/?*. When k = 2 the bound is C'/(ab)'/*. When a = b,

the upper and lower bounds differ by a factor of 2. However when a =1 and b =n
1/(Va+Vb)=1/1++vn)  C/(ab)"* = C/n'/" (2.1)

As Pemantle notes on page 2103, the upper and lower bounds are different orders of
magnitude. He continues with “Which of these asymptotics for Ay is sharp if either? The
somewhat surprising answer is that the lower bound is sharp even though the geometric
mean (a1 ---ag)'/* is clearly a better representative for the growth rate of the tree.” The
next result shows that the lower bound is more accurate than the upper bound, but it is

not quite sharp.

Theorem 1.1.1 On the (1,n) tree, as n — oo the critical value

A2 ~ y/ca(logn)/n  where co = 1/2.
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On page 2103, Pemantle says that “for reasonably regular non-homogeneous trees the crit-
ical value is determined by M the maximum number of children and is at most rM —1/2
where r is a logarithmic measure of how far apart vertices with M children are from each

other.” The next result confirms his intuition about the importance of the maximum degree

but also shows that the lower degree vertices can have a significant influence on As.

Theorem 1.1.2 Consider the (n,ay,aso,...,ax) tree where k is a fized integer and a; can
depend on n. Suppose max; a; < Cn'=9 for some positive C, 8 and

b= lim 08l0102° k)
n—00 logn

Asn — oo the critical value Ao ~ \/cilogn/n where ¢, = (k —b)/2.
Theorem 1.1.1 is the special case k = 1, a; = 1, so it suffices to prove Theorem 1.1.2.

Using the methods developed to study Ay we can derive asymptotics for Ay

Theorem 1.1.3 Under the assumptions of Theorem 1.1.2. (i) If ¢j, = (k+1)/2—(b+1) >0
then as n — oo the critical value Ay ~ (/¢ logn/n. (ii) If (k +1)/2 = (b+ 1) < 0 then
(log A1)/logn — —(b+1)/(k+1).

When b = k the critical value is of order 1/n, which is the correct order of magnitude value
for the homogeneous tree in which all vertices have degree n. The difference between (i)
and (ii) is that in the second case A; < n~/? so the contact process does not survive very

long on stars.

2.1.1 The survival time of the contact process on finite trees

Let p be the root of the periodic tree (n,ay,...,a;). Truncating the periodic tree at height
k gives a subgraph S; = {z : d(p,x) < k}, where d is the distance on the tree. A vertex
x € Sy at distance ¢ from the center p is said to be in the set L; (“level i”). In Sk, vertices
on level 1 <1 < k have a; children while vertices on level k are leaves, i.e., they have no
children. When the context is clear we also write Sy = (n,a1,...,ax), where the sequence
corresponds to the offspring number on each level. When we delete the root from S} we

end up with n subtrees {T};}7, with Ty ; = (a1,...,ax).
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The first step in the proof of Theorem 1.1.2 is to prove in Section 2 an upper bound on

the survival time of contact process on Sy.

Theorem 1.1.4 Suppose A = y/c(logn)/n where ¢ > 0. Let 13, be the survival time of
contact process on Sy = (n,ai,...,ar) starting from all sites infected where max;a; <

Cn'=9 for some positive C' and 6. For any € > 0, when n is sufficiently large
ET, < Cp(log n)e(lﬁ)kz” = Cy(log n)n1+9),

where Cy is some positive constant depending on k but not on C, 4.

When k = 1, Si reduces to the star graph. In this case the result holds for all A (see
[?] for details). Theorem 1.1.4 gives the only upper bound we know of for the survival time
for the contact process on the star. There are many lower bounds for the survival time on
stars. See Theorem 4.1 in [32], Lemma 5.3 in [1], and Lemma 1.1 in [6]. These bounds
can be used to show that the critical value for prolonged survival of the contact process
on some random graphs is 0, but to identify the asymptotics for the critical value on the
(n,a1,...,ax) tree, we need a more precise result on the survival time on the star graph
with n leaves. We denote the state of the star by (i,7) where i is the number of infected
leaves and j = 1,0 when the center is infected, healthy. Let P; ; be the law of the process

starting at state (7,7) and let Tp o be the time to hit (0,0).

Theorem 1.1.5 Let L = (1 — 46)\n with § > 0 . If n > 0 is small then

Pr 4 (To,o > e(l_”)AQ”) —1 as n — o0o.

Combining this with Theorem 1.1.4 shows that if A>n — oo the survival time on the star

is exp((1 + o(1))A\%n).
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2.2 Upper bound on survival times on S

2.2.1 Equilibrium on 77

To prepare for the proof of Theorem1.1.4, we first consider the contact process on S, with
the center p permanently infected. Let T} = (ay,...,ax) denote a generic subtree of p and
let T;7 be T}, with p attached to the root and with p permanently infected. Since the center
p is always infected, the contact process on Sy can be simply treated as n independent
contact processes on the T,;‘,i’s. As p is always infected, the contact process & on T} has a
stationary distribution &..

We use z; to denote a generic vertex in L;. To compute the occupancy probability
for a vertex x; € L; we need the notion of the dual process (; of &. To construct & by
graphical representation, we assign a Poisson process N, of rate 1 to each vertex € T;\{p}
and a Poisson process N(, .y of rate A to each ordered pair of vertices that are joined by
an edge of T;7. The dual process (; is constructed by looking at the dual path on the
same graphical representation we used to construct &. (See Liggett [22] for an account of

graphical representation and duality.) It follows from duality that
P(z; € &)= P(pe (Y for some s <t) < P(p € (¥ for some s > 0).

Letting t — oo gives P(z; € {x) < P(p € (¥ for some s > 0), that is, if z; € £ then the
dual contact process ¢/ starting from z; has to reach p at some time. If we have a dual
path of length ¢ + 2m from z; to p then ¢ + m steps will be toward p and m steps away.
Let (yo,y1,-- -, Yitom) denote a path from x; to p with yo = x; and y;12,m = p. To produce
a particle at p, we need a birth from y; to y;;41 to occur before the particle at y; dies for
all j =0,...94+ 2m — 1. So the expected number of particles produced at p by this path is

(A (1 4 X)iF2m < Xi+2m Tf we let d = Cn'~9 so that a; < d for all i = 1,...,k, then the
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expected number of particles N, , that reach p has

EinhD < Z <1, + m) )\z+2mdm < )\1(1 + Z 2@+2?7”L)\2mdm)

m=0 m m=1
= X142 (4Nd)™) < (14 )N’ (2.2)
m=1

Since A2d — 0 as n — o0, 1 > 0 can be arbitrarily small if n is large enough. It follows
that

P(xi € éx0) < P(Nyyp 2 1) < E(Nyyp) < (14N (2.3)

2.2.2 Proof of Theorem 1.1.4

Proof. Starting with all sites infected on Sy, we will set the center p to be infected for
an amount of time M chosen so that the distribution of the contact process on each Ty,
becomes close to the equilibrium &,,. After time M when the center p first becomes healthy

we run a trial to see if the following event occurs:
G = {p is not recolonized before the contact process dies out on Si}.

If G occurs we terminate the process and obtain an upper bound on the survival time; if
G does not occur then we set all of the sites in Sy to be 1, make p infected for the next M
units of time, and begin the next try.

Our first step is to choose M. The contact process & on T} is additive so we can write
&=¢&U é’tl where étl is the contact process on T}, with initially all 1’s, and & the contact
process on 17 with p initially and permanently infected. By the time étl dies out, we have
& = &, whose distribution is stochastically dominated by the stationary distribution ..

For our purpose M should be chosen to be roughly the extinction time of étl To simplify
notation we let d = Cn'~%, the upper bound on max; a; and consider the contact process
on the regular tree Ty. Let A; be the contact process on T; with birth rate v and death
rate 1. Since Tp C Ty, if we take v > A the contact process & on T} is stochastically

dominated by A;. Following the proof of Theorem 4.1 in part I of Liggett [22], we define
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wo(Ar) = D en, 0‘@). where £(y) is a function from T¢ to Z so that for each y € T¢,
£(z) = £(y) — 1 for exactly one neighbor z of y and ¢(z) = ¢(y) + 1 for the other d neighbors
z of y. Liggett shows that if = 1/1/d

%EAwg(At) < [2\/&7 — 1wy (Ao)
t=0

When n is sufficiently large and v = 1/(logn)vd ~ (logn)~'n=(1=9)/2 > X, for any small
n > 0 we have

Er,wo(Ar) < we(Ty)e” 1M < (dh)ke= 01, (2.4)

Markov’s inequality implies that
A2 Py, (6(z) < K for some z € A;) < dF/2e= (1Mt < gh/2¢=1/2,
It follows that
P(&} # 0) < Pr (£(x) < k for some z € A;) < d¥e /2, (2.5)

so the process dies out with high probability when t > 4klogd. Since d = Cn'~? we can
choose M = 4klogn.

With the choice of M fixed, next we will estimate the probability of the event G and
obtain an upper bound on the survival time. Now we start the contact process on T} with
all sites infected and set p to be infected for the first M units of time. After time M we

allow p to become healthy at rate 1. For any n > 0 and ¢ > M, when n is large enough

P(&(wi) =1) < P(& (i) = 1) + P(§ (w:) = 1) < P(w; € &) + P(§} # 2)

< (14X +n~ 070k < (14 2)A" by (2.3).

Call the subgraph consisting of p and all of its neighbors the central star. When the
center p first becomes healthy (after time M), we use D; to denote the set of infected
sites on the central star and Dy the set of infected sites outside the central star. By the

additivity of the process we observe that GG is the intersection of the following two events:

Gi={p¢ &l foranyt} and Gy={p¢ e for any t},
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where &/ is the contact process on Sy with an initial set A of infected sites. Since G and
G2 are both decreasing events, i.e., having more births or fewer deaths is bad for them, by

the Harris-FKG inequality
P(G) = P(G1 N Gz2) > P(G1)P(Ga).

We begin by estimating P(G2). Note that the expected number of particles outside the

central star at time ¢ > M is
< (1+2n) (nal)\2 +najas\® + ... najas - - - ak,l)\k> .

Since A = /(clogn)/n, if a; = Cn'~? for all i with § < 1/2 this grows rapidly as n — oo.

Fortunately, if we start a contact process on Sy from a site on level ¢ and freeze any
particle that reaches the center p, then the expected number of such particles is < (1+7)\¢
by the same dual path argument as in (2.2). Therefore the expected number N, of particles

reaching the center p is
< (1+n)(1+2n) <na1)\4 +najas\’ + ... najag - - ak_1A2k+2) <n 92
Hence when n is large
P(G5) < P(N, > 1) < E(N,) <n~*? <1,

Now we turn to event Gp. Let (' and Ef ' denote the contact process on T} and T},
respectively, with the site 1 € Ly initially infected. We need to estimate the probability
of event B = {(** dies out before giving birth to p}. Let o be the amount of time 0 is

infected in ¢;*. Using the definition of wy and a calculation similar to (2.4)
oo o0
Eo < / By wo(Ay)dt < / e =Mtge < 14 2n.
0 0

when 7 is small. Note that on event B, ;" and ffl can be coupled together exactly. Hence
event B occurs if there is no arrival of infection arrows pointing from z; to p during the

survival time o of (!, i.e.,

P(B) > P(Poisson(Ac) = 0) = Ee™7 > ¢ Mo > o= (1+2mA
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If there are m infected neighbors of p when it becomes healthy then we need event B to
occur on m subtrees to ensure the occurrence of G7. Again by the Harris-FKG inequality
P(Gy) > P(B)™ > e~ (420mA " Gince the occupancy of sites adjacent to the root are
independent events, (2.3) and the law of large numbers implies that for sufficiently large n

we have P(m < (1+3n)An) > 1 —n. From this it follows that for small 7 and large n
P(Gl) > (1 N 77)6—(14-277)(14-377))\211 > (1 - ,'7)6—(1+617))\2n. (26)

Therefore, P(G) > P(G1)P(G3) > (1 — n)2e~1+6mX’n That s, in expectation we need to
try (1 — n)*26(1+6’7)>‘2" times to have a success. In each trial, it takes an expected amount
of time M + 1 for p to become healthy. Let {X;}? ; be a set of i.i.d. random variables
representing the survival time of the contact process étl on {T};}i-,, respectively. We

observe that it takes time < E(maxj<;<, X;) to determine if G occurs. Since

E(max X;) <2(k+1)logn +/ P(max X; >t)dt
I<isn 2(k+1)logn  1Sisn
<2(k+1)logn +/ n- (Cn'=%)ke™/2 4t < 4klogn by (2.5),
2(k+1)logn

each round takes at most M +1+4klogn < 9k logn units of time in expectation. It follows
that

ET; < (9klogn)(1 — 77)_26(1+6”))‘2” < Co(log n)e(1+6’7)’\2"

for some Cy > 0 and sufficiently large n. O

2.3 Lower bound on )\,

Lemma 2.3.1. Let ¢y, = (k—b)/2 and € > 0. When n is sufficiently large, the critical

value A2 of the contact process on the (n,ai, a9, ...,ax) tree in Theorem 1.1.2 satisfies

N > [ SR8
(I+e)n
Proof. Let S(p) = Sk U Li41, where we recall that Ly = {y : d(y,p) = k + 1}. We start

the contact process on S(p). When a site in Si gives birth onto a site on Ly we freeze
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the particle at yr,1 We begin with only p infected and run the process until there are no
particles on Si. These particles will be the descendants of the initial particle p in a branching
random walk that we use to dominate the contact process on the periodic tree. When the
contact process on S, dies out we are left with frozen particles in L. Each frozen particle
at yr41 starts a new contact process on a subgraph S(yi+1) = {2 : |z —yi+1| < k+1} which
is isomorphic to S(p) and has center yi41. If there are several frozen particles at the same
site they start independent contact processes. Then we freeze every particle that escapes
from S(yk+1), and so on.

Let B(S(p), yx+1) be the total number of particles frozen at yp41 € Ly in the contact
process on S(p). Let y; denote the neighbor of p that is at distance k to yx+1. When the
center p is infected, it gives birth to a particle at y; at rate A. By the same reasoning
as in (2.2), starting from a particle at y;, to produce a particle at yg+1 we need a path
from y; to yx4+1 where in each step a birth occurs before death. If we set the center p to be
always infected, then we can ignore the paths from y; to yi+1 that go through p. Therefore,
starting from a particle at y; the expected number of particles reaching yz 1 is < (14 n)A\F
by the same computation as (2.2).

By Theorem 1.1.4 the expected survival time on S is < C(log n)e(H”)/\Q”. If during
this whole time the center p is infected and pushing particles to y; at rate A, then there
are an expected number of < \- C(log n)e(Hn)/\Q" times we start a process from a particle

at y; to produce particles at yi41. Hence
EB(S(p), 1) < A - Clogn)eXTMAn (1 4 ) Ak < \F+1p(420)e, (2.7)

To bound the number of particles on the periodic tree that reach the root p, we consider a
tree consisting of the vertices of degree n in which each vertex is connected to the others
vertices of degree n at distance k + 1. This is a N-regular tree with N = n(ajaz---ag).
Starting from the root, there are

2m 9

< N ™M < 29N

m

paths of length 2m that returns to it. So the expected number of particles returning to the
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root is

< 22mNm(>\k:+1n(1+2n)C)2m — (2N1/2)\k+1n(1+2n)0)2m (28)

We have log()\)/logn — —1/2 and (log N)/logn — 14 b so

_ log(2AFFIN1/2p(4e)e) E+1 140
lim = _ 4
n—00 logn 2 2

+(1+2n)ec<0

if ¢ < (k—b)/2(1 + 2n). In this case, the expected number of particles that return to the
origin is finite, which means the process does not survive locally. Taking € = 2n completes

the proof. O

2.4 Lower bound on survival time on stars

Here, following the approach of Chatterjee and Durrett [6], we will reduce the contact
process on a star to a one dimensional chain. We denote the state of the star by (j,k)
where j is the number of infected leaves and k& = 1,0 when the center is infected, healthy.
We will only look at times when the center is infected. When the center is healthy and there
are j infected leaves, the next event will occur after exponential time with mean 1/(jA+ 7).
The probability that it will be a birth at the center is A/(A 4 1). The probability it will be
the death of a leaf particle is 1/(A + 1). Thus, the number of leaf particles Z that will be
lost while the center is healthy has a shifted geometric distribution with success probability

A/ (A+1), e,
1

I
P(Z = ) = : for 7> 0. 2.9
(2 =1) <A+1) A+l = (2.9)

Note that EZ = 1/\. Since we are interested in a lower bound on the survival time, we can

simply ignore the time spent when the center is healthy. Here we will construct a process
X that gives a lower bound on the number of infected leaves in the contact process.

Let 6 > 0 and L = (1 — 46)\n. When there are k < L infected leaves and the center is
infected, new leaves become infected at rate A(n—k) > A(n—An) > A(1—0)n for sufficiently

large n since A = y/clogn/n — 0 as n — oco. Let X; have the following transition rates:
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jump at rate
X=X —1 L

Xe —»min{X; +1,L} (1—-0)\n
Xe > X — 7 1

Here Z is independent of X; and has the distribution given in (2.9).

Lemma 2.4.1. Let 6 > 0. Suppose A = \/c(logn)/n and let

1 1
9_)\+1<)\_5)\n)

If n is large then h(X;) = (1 — 0)Xt is a supermartingale when X; < L.

Proof. Suppose the current value is V' = (1 — 6)** where X; < L = (1 — 46) \n. We have:
V= V/(1-0)trate <L,V — V(1 —0) at rate > (1 —0)An, and V — V(1 — ) Zat rate
1. The changes in value due to the first two transitions are, if 6 is small,
Vv (11_9 - 1> <(1-6)7'V atrate <L
VI(1—-0)—1]=—0V atrate > (1 —9d)In

We have L = (1 —46)An < (1 —9)(1 — 35)An, so the first two types of jumps have a net
drift
(1=6)""L—(1—=0)An) OV < —(26An)0V. (2.10)

In the third case, ignoring the fact that the number of infected leaves cannot drop below

0, we have
A T P 1 g
E(1-6)"7< — ) 10 =
=07 <3 (155) a0 = 5 ()

A 1 A1 -9)

ClHAN 1T-1/1 N1 -8 A—0—-0)
so we have V(E(1—0)"% —1) = % = (6An)BV for the chosen value of §. Combining
this with (4.22) gives that for any § > 0, h(X;) is a supermartingale for large n. O
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We use P; to denote the law of the process X; starting with Xy = 4. Since X; omits
some time intervals from the contact process on the star, the next result implies Theorem

1.1.5.
Lemma 2.4.2. Let L = (1 —40)An and T, = inf{t: Xy < a}. If n > 0 is small then
Py (T, > o eli-tmnn) g
L—1 nL_We — as n — OoQ.

Proof. Suppose a < x < b are integers. Let T}, = inf{t : X; = b} and note that X (T) = b

while X (7,7) < a — 1. Since h(X;) is a supermartingale and h is decreasing
h(@) = hla— )P(T; < Ty) +h(B)1 - Po(T; < Ty)]
Rearranging we have

_ h(x) — h(b)
Pl <) < 32— ha

When x = b — 1 this implies

) Bb—1)— (1—Oh(b-1) k(b —1)/h(a— 1)
Flle <T) S =0 - "h=1)  ~ 1=hG=1)/ha=1)

Let n > 0. We will apply this result with b = L = (1 — 46)An and a = nb. If § is small
b> (1 —mn)An. If X is small then 1 — 6 <1 — (1 —n)A. With these choices

h(b—1)/h(a—1) = (1 —6)" "7 < (1 — (1 —n)A)I72D" < exp (—(1 - 37)A%n) .

If n is large,

Py (T, < Tp) < 2Xexp(—(1 — 3n)A%n). (2.11)

Let G = {X; returns (1/2)\)6(1*4’7))‘2” times to L before going < nL}. It follows from
(2.11) that P(G1) > 1 —e "’ In order to return to L we have to jump from L — 1 to L,
a time that dominates an exponential random variable with parameter An/2 so the law of
A0

large numbers tells us that the total amount of time before X; < nL is > )\Tlne(lf‘m on

G1, which completes the proof. O
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2.5 Ignition on a star graph

In this section we will describe a mechanism for the contact process on the period tree
(n,a1,...,ax) to survive, which basically relies on the dynamics on the star graphs of
degree n embedded in tree. Vertices with degree n will be called hubs.

There are three ingredients in the proof of the upper bounds on Ao
1. survival of the process on the star graph containing a hub for a long time,
2. pushing particles from one hub to other hubs at distance k + 1,

3. “ignition”, which refers to increasing the number of infected leaves at the new hub

to L.

The first point was taken care of in the previous section. The third is covered in this one.
Starting from only the central vertex of a degree n hub infected, we need to increase the
number of infected leaves to L = (1 — 46)An by time n¢/4, which is referred to as the

ignition of a hub. We treat L and K in the following lemma as integers for simplicity.

Lemma 2.5.1. Suppose A = /co(logn)/n. Let Too be the first time the star is healthy and
T; be the first time the star has i infected leaves. For any small 6 > 0 if K = An/+\/logn
and L = (1 — 46)An, then for large n

(Z.)P()’l(TK > TO,O) < 3/\/ IOg n,
(Z.Z')PKJ(T0,0 < TL) <2 exp(—(co/3) \/ log n)
(iii)E(),l min{Toyg, TL} < (1 + log TL)/Q(;
Proof. Let po(t) be the probability a leaf is infected at time ¢ when there are no infected

leaves at time 0 and the central vertex has been infected for all s <¢. pg(0) = 0 and

dpo(t)
dt

= —po(t) + A1 = po(t)) = A — (A + 1)po(t)

Solving gives po(t) = A(1—e~ A+t /(A41). Ast — 0, po(t) ~ At soif ¢ is small po(t) > At /2
Taking t = 2/+/logn it follows that if B = Binomial(n, \/+/logn)

Po1(Tk < Tpo) > P(B > K)exp(—2/+/logn)
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The second factor is the probability that the center stays infected until time 2/y/logn,
and exp(—2/+v/logn) > 1—2/4/logn. B has mean An//logn and variance < An/+/logn so
Chebyshev’s inequality implies

An/+/logn < 4+/logn - 1
(An/(2v/logn))2 =  An ~ logn

For (ii) we use the supermartingale h(X;) from Lemma 3.11.

P(B < An/(24/logn)) <

Py (Too < Tp) < 2(1 — A/3)M/Viesn
< 2exp(—A2n/3y/logn) = 2exp(—(co/3)\/logn).

For (iii) we compare with the process X; in which we ignore the time spent when the
center is healthy. To bound the time for the process X; to reach L or die out we note that

EZ =(A+1)/A—1=1/X so when n is large
= (1=0)An—(1—-45)An—1/X=30An—1/\>25\n

gives a lower bound on the drift. Let T(),o be the first time X; hits 0 and 77, be the first
time Xy hits L. X; — ut is a submartingale before time Vi = TQ A TL. Stopping the

submartingale X; — ut at the bounded stopping time Vi, A s
EX(VL ANs)—uE(VL ANs) > EXy=0.

Since EX (VL A's) < L, it follows that E(VL, As) < L/pu.

Letting s — oo we have EV, < L/j < 1/26 since L = (1 —46)An and g > 26An. Note
that the above calculation is for X; which ignores the time when the center is healthy. To
bound the time when the center is healthy, we note that the most extreme excursion that
starts at n and goes to 0 takes a time with mean (logn)/(1 4 A). During time [0, V7] the

excursions occur at rate 1, that is, Ep min{Tp o, T} < (14+logn)EVy < (1+logn)/26. O

2.6 Upper bound on X\

We will prove the result for (n,ai,...,a;) tree. Suppose that A = (/c(logn)/n with

¢ = ¢k + € where ¢, = (k — b)/2. We select one hub to call the root.
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Step 1. Pushing the particles out to distance (k+ 1)m. Lemma 2.4.2 implies that if

there at least L infected leaves before time n¢/4 then with high probability we have
Go = {there will be at least nL infected leaves during [n¢/4,3n°/4]}.

During this time interval the hub will try to push particles to hubs at distance k + 1. The

first step is to show that the center is never healthy for very long.

Lemma 2.6.1. Suppose that the number of infected leaves is always > nL on I = [n°/4,3n°/4].
Let tg = 2/(1 — 40)n and Gy = {there is no interval of length > ty in I during which the

center is always healthy}. Asn — oo, P(G1) — 1.

Proof. The center becomes healthy at times of a Poisson process with rate 1. Using large
deviations results for the Poisson process, the probability there are more than n¢ arrivals
in an interval of length n/2 is < exp(—7ync). Suppose the center is healthy and let R be

the time needed until it becomes infected.
P(R > tg) < exp(—toAnL) = exp(—2clogn) = n~*
Hence P(GS) < exp(—yn®) + nn=%¢ — 0. O

When the center is infected there is probability e™'(1 — e™*) that it will stay infected
for time 1 and give birth onto a given leaf within time 1. With probability e™! that leaf will
stay infected until time 1. Doing this for k + 1 times the probability of passing a particle

to a given hub at distance k + 1 is

k+1

> le (1 —eH)e? logn

(2.12)

(k+1)/2
> >\k+1/(262)k+1 > Cl ( )

where O = (y/c/2¢2)¥+1. Since our cycle takes time ¢; = to + 2, we have n°/t; chances to

do this during [n¢/4,3n¢/4]. The probability that all attempts fail is

(k+1)/2\ "/t
< (1 _ (logn) > < exp (_C2nc7(k+1)/2(10gn)(k+1)/2) (2.13)
n

where CQ = Cl/tl.
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It follows from (4.11) that the probability of a successful push in [n°/4,3n°/4] is
>1—exp (—C’gncf(kﬂ)ﬂ(log n)(kﬂ)/Z) > e~ *+D/2 - when n is large. (2.14)

We say that a hub at distance (k + 1)m that is a descendant of the root is wet if it has
> nL infected leaves at time mn®. Starting with a wet hub at time 0, the center of the
hub will become infected at rate at least nL and then Lemma 3.2.5 implies that the hub
will be ignited within time n¢/4 with high probability. When the hub successfully pushes a
particle to an adjacent hub during time [n¢/4,3n¢/4], that adjacent hub can ignite within
the next n¢/4 units of time with high probability and hence be wet at time n¢. Therefore
a wet hub can make an adjacent hub wet with probability > n¢~(:+1)/2 when n is large.
The pushing events for different neighbors are not independent, but we can estimate the

expected number Z,, of hubs that become wet at distance (k 4+ 1)m at time mn®. Let

N =n(ay---ag). Then EZ,, = (NnC—(k-‘rl)/Q)m.

Step 2. Bringing a particle back to the root. To simplify notation we will write
N = n(a;---ai). Let Ty denote an N-regular tree. We will compare with an oriented
percolation in Ty x Z,, where the probability for successfully pushing a particle to a
neighbor is p = n¢ *+1)/2 50 that it is dominated by the contact process (see (2.14)). The
mean number of paths NN, that go out a distance (k 4+ 1)m and lead back to the origin is
EN,, = N™p*™,

Note that the pushing events to different neighbors in the oriented percolation are not
independent due to the underlying contact process. To estimate the second moment EN?2
we need to control the correlation between different paths back to the root. For simplicity
in notation we write ag = n. For some 0 <] <m and 0 < r < k + 1, the number of pairs

of paths from distance (k + 1)m back to the root that agree in the last I(k 4 1) + r steps is

r—1 k 2
Nl <H ai) <lel Ha’b> < NINZ(mflfl)N2 _ N2mfl.
=0 i=r

Since the two paths merge at distance [(k + 1) 4+ r from the root, the corresponding step

in the oriented percolation involves two dependent pushing events from two vertices to
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their common neighbor. The probability of this event is trivially upper bounded by p.

Hence the probability that all the edges in the combined path are successful pushes is

< pl(p™1)2p = p?>™~I=1. Thus the second moment of the number of successful paths out

and back is
ENa?n < ZNmel(pQMflfl)Q < (Np2)2mp72 (Z(NPQ)l> )
=0 =0

2(crte)— (k)

Since ¢ = ¢ + ¢, Np?> = n > 1 when n is sufficiently large, which then gives

EN2 < Cp=2(Np?)*™ for some constant C' > 0.
The Cauchy-Schwarz inequality implies that E(Npliy, 03)? < E(N2)P(Ny > 0).

Rearranging we conclude that

(ENm)? (Np?)*™ P 2c—(k+1)
> > = — = .
PN >0) 2 E(NZ) ~ Cp2(Np2)2n ¢ " /c

Since m is arbitrary we have that a particle returns to the root at arbitrarily large times in
the oriented percolation. This implies that the dominating contact process survives strongly
with probability > n?¢~(*+1) /C' > 0 for any sufficiently large n. That is, Ay < /c(logn)/n

when n is large enough.

2.7 Proof of Theorem 1.1.3

Case 1: ¢, = (k+1)/2—(b+1) > 0.

We begin with the lower bound, which is proved using results from Section 3. Let
a =c, —eand A = \/a(logn)/n. Using (2.7) it follows that the total number of frozen
particles on neighboring hubs is < Cp(log n)n(1tMop+PA\k+1 for some constant Cy. From
this we see that if 7 is small then the expected number of particles that escape from Sy, is
< 1 and comparing with a branching process implies that the process dies out.

Turning to the upper bound, let 3 = ¢, + ¢ and A = \/B(logn)/n. Let L = (1 — 48)\n
with 6 > 0. Theorem 1.1.5 implies that starting from a “wet hub” (that has L infected

neighbors) then with high probability (i) the infection on the associated star survives for
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at least exp((1 —n)A%n) = n® where ¢ = (1 —n)f3, and (ii) has nL infected neighbors during
this time. Computations in Step 3 of Section 6 imply that the probability of successfully
pushing the infection to a neighboring hub during [n¢/4,3n¢/4] is > n¢~(k+1/2 when n is
large. The ignition result, Lemma 3.2.5, implies that at time n°¢ the new hub will have
at least L infected neighbors with high probability. The expected number of new wet

c+b+1—(k+1)

neighboring hubs is > n /2. 1f 1 is small then under our choice of § the number

of wet hubs dominates a supercritical branching process.

Case 2: (k+1)/2—(b+1) <0.

Again we begin with the lower bound. Suppose A = n™® with a > 1/2. In this case,
Theorem 1.1.4 implies that the contact process survives for O(log n) on the graph Si. Using
(2.7) again, the expected number of particles that escaped from Sy, is < C(log n)n? 1A+ =
C(logn)nt+1=o:+1) for some positive constant C. If o > WAL the above is < 1 when n is

large. Comparing with a branching process implies the the process dies out.

Starting with the center of Sy infected, the probability that it successfully pushes the
infection to a neighboring hub is > Ci\F+1 by (2.12). If we only use neighboring hubs that
are further from the root then we can compare with a branching process whose expected
number of offspring is > Cy 11+t = O p~a(k+D+14+b Hence when o < % the contact

process dominates a supercritical branching process, which implies A > A;.
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Chapter 3

The Contact Process on Random Graphs
and Galton-Watson Trees

3.1 Introduction

This chapter is based on the joint work [16] with my advisor Rick Durrett.

3.1.1 Results for star graphs

Let G be a star graph with center 0 and leaves 1,2,...,k and let & be the set of vertices
infected in the contact process at time ¢t. Write the state & as (i, j) where 7 is the number of
infected leaves and j = 1 if the center is infected and j = 0 otherwise. We write P; ; for the
law of the process starting from (i, 7). Pemantle [32] was the first to study the persistence
time of the contact process on stars. See his Section 4. He did his analysis on the “ladder
graph” {0,...,n} x{0,1} so he ended up with a very approximate superharmonic function

W (). Let i be the number of infected leaves, and let I(£) = 1 if the root is infected and

W(g) = e /10 (1 - I(f)w_l)> :

= 0 otherwise.

A
To make the connection change Pemantle’s n (the number of leaves) to our k£ and note
that his birth rate A = a/y/n. Pemantle has an interesting heuristic discussion on pages
2015-2016 that explains why this form is reasonable. However the 10’s that are thrown in
to make it is easier to prove it is superharmonic ruin its accuracy.
Here, following the approach in [6], we will reduce to a discrete time one dimensional

chain, we will only look at times when j = 1. When the state is (,0) with i > 0, the next
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event will occur after exponential time with mean 1/(iA + ). The probability that it will
be the reinfection of the center is A/(A 4 1). The probability it will be the healing of a leaf
is 1/(A +1). Thus, the number of leaf infections N that will be lost while the center is

healthy has a shifted geometric distribution with success probability A\/(A + 1), i.e.,

1y A
P(sz)z( ) for j > 0.

A+1) A+1
Note that
A+1 1
EN=——-1=—.
A A

The next step is to modify the chain so that the infection rate is 0 when the number of

infected leaves is at least
L =pk where p=M\/(1+4+2)\). (3.1)

(The reader will see the reasons that underlie this choice later.) Note that for the modified
chain the number of infected leaves is always < pk and the number of uninfected leaves is
> (1 — p)k. Thus if we look at the embedded discrete time process for the contact process
on the star and only look at times when the center is infected, the process dominates Y,

where

jump with prob
Y,—Y, -1 pk/D

Y, —» min{Y,, + 1,pk} A1 -—p)k/D
Y, =Y, - N 1/D

Here N is independent of Y,, and the denominator
D=pk+X1—-pk+1<Ek+Ic+1<(24+NE. (3.2)

The fact that Y, is a reflecting random walk will simplify computations. We will use the
process to lower bound survival times. Before the infection on the star graph goes extinct
it will spend most of its time near pk, (i) this does not lose much compared to the more

accurate birth and death chain, which uses the actual number of infected leaves not just a
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bound, and (ii) we make only a small error when we return to continuous time by assuming
that jumps happen at the maximum rate. In [6] it is shown, see Lemma 2.2 on page 2339,

that

Lemma 3.1.1. Suppose A\ < 1 and A2k > 50. Let Ly = M\k/4 and Sy = ﬁ exp(kA2/80).
Then

Pr; (tigsf &l < 0.4Lo> < 7eNL/B0 for =0, 1.
>0

In contrast our Lemma 3.2.4 will show that if L = Ak/(1 4 2\) and b =¢L

Pr, <tix<1£\§t] < bL> < (B+N1+7/2)"L where S = (14+A/2)F01=22) (3.3)

1
(2+ N2k
Part of the improvement comes from simply replacing Ly by L and 0.4 by &, but the most
important change is to construct a more accurate superharmonic function. If one is proving
that a critical value is 0, as [32] and [6] were, then it is not harmful to be off by a large
constant factor, but if we are trying to get a good positive upper bound we need to be

accurate. An easy corollary of Theorem 1.1.4 gives

Lemma 3.1.2. Let K = An/(n+1). For any € > 0, the contact process on the star graph
has

EK,ITO,O S (log n)e(H‘e))‘Q". (34)

when n is sufficiently large.

See also Lemma 4 in [19] for a full proof. Hence we have shown that the improved lower
bound is sharp.

If A>n — oo then the logn prefactor can be absorbed by changing e however it is
important if A = O(1/4/n), since in this case the exponential is O(1). In contrast, the lower

bound time T from (3.3), ignoring the prefactor, is

2
(14 1/2)10729) ~ exp ((1 - 2@%) .
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If A is small then the term in the exponential is about 1/2 the one in (3.4). Strictly speaking
these results are not sharp (on the exponential scale) but a factor of 2 is much better than
the factor of 80 that appears in [6]. It is not clear which result gives the right answer. The
result in (3.4) is proved by looking at the first time the center becomes healthy and then all
of the leaves become healthy before the center is reinfected. At first sight this bound seems
crazy, but the calculations above show that it is fairly accurate. We have not been able
to finding a good subharmonic function for Y, to find a better upper bound so we leave it
to a clever reader to determine the nature of the large deviation event that wipes out the

infection on the star.

3.1.2 Galton-Watson trees

Given an offspring distribution pg, we construct a Galton-Watson trees as follows. Starting

with the root, each individual has k children with probability p;. Pemantle has shown that

Theorem 3.2 in [32]. There are constants ca and c3 so that if p is the mean of the

offspring distribution, then for any k > 1, if we let r, = max{2, colog(1/kpr)/p} -

Ay < Cg\/Tk log 1y, log(k‘)/kz. (3.5)

If the offspring distribution in the Galton-Watson tree is a stretched exponential p, =
¢y exp(—k") with v < 1 then log(1/kpy) ~ k7 and hence Ay = 0.

Given this result, it is natural to ask about the critical values A1 and Ay when degrees
have a geometric distribution. py = (1 —p)*~!p for k > 1. The most interesting problem is

to prove A\; > 0. Here, we prove upper bounds.

Theorem 3.1.1. \; <p/(1—p).

Proof. Modify the contact process so that births from a site can only occur on sites further
from the root. Each vertex x will be occupied at most once. If z is occupied then it
will give birth with probability A/(\ + 1) onto each neighbor y. The birth events are not

independent but that is not important. If we let Z,, be the number of sites at distance n
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that are ever occupied, Z, is a branching process in which the offspring distribution has

mean A/((A+ 1) -p) which is > 1if A > p/(1 — p). O

When py, = (1 —p)*~1p, log(1/kpy) ~ cpk, so (1.2) gives a finite upper bound on Ay. It
is difficult to trace through all the calculations to get an explicit lower bound. However,
Pemantle uses e~!/5 = 0.0735 as the lower bound for the probability of long time survival
starting with only the center of a large degree star graph occupied, while Lemma 3.2.5 gives
1 — 3k~1/3 when the degree is k. This probability e~! /5 appears cubed near the end of his

proof, so we think that his bound is much worse than the following:
Theorem 1.2.1 If p, = 27% for k > 1, then \y < 2.5.

This result is proved by combining our new estimates for the contact process on stars with
the mysterious Lemma 2.4 in Pemantle’s paper [32] (see Lemma 3.3.3 below). The proof
works for a general geometric pp, = (1—p)*~!p, k > 1. We cannot get a nice formula for the
upper bound as a function of p but the upper bounds can easily be computed numerically
and graphed. These upper bounds are only interesting for small p. A Galton-Watson tree
with pp = 0 and p; < 1 contains a copy of Z (start with a vertex with two children and
follow their descendants) so using Liggett’s bound on A.(Z) proved in [20] we conclude

A <2forall0<p<1.

In addition, the proof of Theorem 1.2.1 yields an improvement of Pemantle’s result for

stretched exponential distributions. We say that p; is subexponential if

limsup(1/k) logpy, = 0.

k—o0

Theorem 1.2.2 If the offspring distribution pi for a Galton-Watson tree is subexponential

and has mean > 1 then Ay = 0.

Note that Ao = 0 implies A\; = 0. It turns out that the result in Theorem 1.2.2 is sharp,

which has been proved by

Bhamidi, Nam, Nguyen, and Sly [3] Consider the contact process on the Galton-

Watson tree with offspring distribution ¢, and suppose that only the root of the tree is
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A(2Z) <2

0.75

Figure 3.1: Upper bounds on A, (solid line) and A; (dotted line) as a function of p

for the geometric degree distribution. The graph is computed by using (3.13).

initially infected. If E(exp(c()) < oo for some ¢ > 0, then A1 > 0.

They also prove results for random graphs. See [3] for more details.

3.1.3 Finite graphs

Consider the contact process on {—n,...n} starting from all sites occupied and let 7,, =
inf{t : §& = 0}. Combining results of Durrett and Liu [12] and Durrett and Schonmann [13]

gives the following results
(i) If A < A then there is a constant v1(\) so that

Tn/logn — v1(A) in probability.
(ii) If A > X. then there is a constant y2(\) so that

(log ) /n — v2(\)  in probability.
(iii) When X\ > A, there is “metastability”:

Tn/ BTy = exponential(1)
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where = means convergence in distribution. Intuitively, the process on the interval stays
exponentially long in a state that looks like the stationary distribution for the process on
Z, and then suddenly dies out.

Results on Z¢ with d > 1 had to wait for the work of Bezuidenhout and Grimmett [2],
who showed that in d > 1 the contact process dies out at the critical value and in doing
so introduced a block construction that can be used to study the supercritical process.
Mountford [25] proved the metastability result in 1993 and that (log7,)/n? — (A) in
1999, see [26].

Stacey [35] studied the contact process on a tree truncated at height ¢, T@l. To be
precise, the root has degree d, vertices at distance 0 < k < £ from the root have degree
d+ 1, while those at distance £ have degree 1. Cranston, Mountford, Mourrat, and Valesin
improved Stacey’s result to establish that the time to extinction starting from all sites

occupied Tlfl satisfies

Theorem 3.1.2. [8] (a) For any 0 < A < \o(T%) there is a ¢ € (0,00) so that as £ — oo
78/ log |T¢| — ¢ in probability.

(b) For any Xo(T?) < X < oo there is a ¢ € (0,00) so that as £ — 0o
log(t8)/|T¢| — ¢ in probability.

Moreover 8/ ETl converges to a mean one exponential.

When a tree is truncated at a finite distance, a positive fraction of the sites are on
the boundary. A more natural finite version of a tree is a random regular graph in which
all vertices have degree d + 1. In this case there is no boundary and the graph has the
same distribution viewed from any point. If there are n vertices, the graph looks like Ty in
neighborhoods of a point that have < n!/3 vertices. Mourrat and Valesin have shown for a

random regular graph, the time to extinction starting from all sites occupied 7, satisfies:
Theorem 3.1.3. [27] (a) For any 0 < XA < \(T¢) there is a C < oo so that as n — oo

P(7, < Clogn) — 1,

42



(b) For any M\ (T?) < X\ < oo there is a ¢ > 0 so that as n — oo

P(ry, > e™) = c.

Notice that the threshold in the second result comes at A1, while the one in Stacey’s result
comes at Ag. The difference is that when A € (A1, A2) on the infinite tree the origin is in the
middle of linearly growing vacant region. On the truncated tree the system dies out when
the vacant region is large enough. However, on the random regular graph the occupied sites
will later return to the origin. Durrett and Jung [11] investigated the qualitative differences
between A € (A1, A2) and A > Ay on the small world graph.

To construct a random graph G,, on the vertex set {1,2,...,n} having a specified degree
distribution, we use the configuration model. Let dq,...,d, be independent and have the
distribution P(d; = k) = pg. In order to have a valid degree sequence, we condition on
the event E,, = {dy + --- + d, is even}. Since P(E,) — 1/2 as n — o0, the conditioning
will have a little effect on the distribution of d;’s. Having chosen the degree sequence
(di,da,...,d,), we attach d; half-edges to the vertex ¢, and then pair these half-edges at
random. This procedure may produce a graph with self-loops or parallel edges, but we will
ignore that problem for the moment.

In the early 2000’s physicists studied the contact process on a random graphs with a

power-law degree distribution, i.e., the degree of each vertex is k with probability
pp~Ck™ as k — oo.

Pastor-Satorras and Vespignani [28, 29, 30] have made an extensive study of this model using
mean-field methods. Their nonrigorous computations suggest the following conjectures
about ., the threshold for “prolonged persistence” of the contact process, and the critical
exponent (3, that controls the rate at which the equilibrium density of occupied sites p(A)
goes to 0, i.e., p(A) ~ C(X — A.)P.

o If « <3, then \, =0. If @« <3 then 5 =1/(3 — «).

o If3<a<4,then\c >0and f=1/(a—3) > 1.
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o If >4, then A\ >0 and 8 =1.

See also Section V of [31]. The values of 3 quoted above are given in formula (29) of [31].
Chatterjee and Durrett [6] showed in 2009 that A. > 0 is not correct when o > 3
and P(d; < 2) = 0. The last condition guarantees that the graph is connected and that
random walks on the graph have good mixing properties. They only proved survival for
time exp(O(n!'~¢)) but they obtained bounds on the critical exponent 3.
In 2013 Mountford, Mourrat, Valesin, and Yao [23] extended the results of [6] to include
2 < a < 3 and proved upper and lower bounds that had the same dependence on A but

different constants, showing that

PG 2<a<5/2

p(A) ~ § A203 10027 %(1/))  5/2<a <3

N3 10g8722(1/)) 3 <«
\

The result for 2 < a < 5/2 agrees with the mean-field calculations quoted above but that
formula is claimed to hold for 2 < o < 3. Figure 2 gives a visual comparison of the mean-
field and rigorous resultls for critical exponents. For more about why the change occurs at
5/2 see the next section and [23]. Three years later, Mountford, Mourrat, Valesin, and Yao
[24] showed that for all A > 0, there is a ¢(A) > 0 so that the survival time > e“* with high

probability.

3.1.4 Ciritical value asymptotics when A\, =0

While the results cited above show that the mean-field calculations are not correct, physi-
cists have never said they were wrong. Indeed, a 2010 paper Castellano and Pastor-Satorras
[4] claims they knew the right answer all along. “Already in 2003, Wang et al [36] argued
that the SIS epidemic threshold on any graph is set by the largest eigenvalue of the adja-

cency matrix, A

Ae(n) = 1/A(n).” (3.6)
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Figure 3.2: Mean field critical exponents (solid line) versus rigorous results (dashed

line) as « varies from 2 to 4.5.

Two years earlier Pemantle snd Stacey [33] proved that 1/A(n) is the critical value of

branching random walk on the graph. To be precise they showed in Lemma 3.1 that

Theorem. Let G = (V, E) be a graph and let M(v,2n) be the number of paths with 2n

steps that begin and end at v. Let

M = lim M(v,2n)"?" = sup M (v, 2n)"/?".
n

n—o0

The limit exists by supermultipicativity and is independent of v. The critical probability for

local survival of the branching random walk is given by 1/M.

However, it is far from obvious why this should also be the critical value for the contact
process. For example on Z, the critical value A for branching random walk is 1/2 while for
the contact process A, = 0.82.

The first question that needs to be addressed before (1.5) can become a theorem is the
definition of A.. According to page 942 of the 2015 survey paper in Reviews of Modern
Physics [31] “Above the epidemic threshold, the activity must be endemic, so that the

”

average time to absorption is O(e).” To make it clear that they wanted to insist on this
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standard we note that the discussion continued with

“Chatterjee and Durrett proved that in graphs with power law degree distri-
bution ET > exp(O(N'~?)) for any § > 0. This result pointed to a vanishing
threshold but still left the possibility for nonendemic long-lived metastable

states.”

Survival for time e is certainly the gold standard for prolonged persistence, but follow-
ing the footsteps of Ganesh, Masoulie, and Towsley [14], we will accept survival for time
exp(O(n®)) for some € > 0 as evidence that A > ..

The proofs of (1.5) in [36] and [5] do not provide a lower bound on survival time. They
let n — oo to obtain a nonlinear dynamical system (NLDS). To explain, note that if we
let p;+ be the probability ¢ is infected at time ¢ and let (j; be the probability j does not
receive infection at time ¢ then

Git = H (1 —Bpji-1)
jijevi

1—pip =1 = pie—1)Git + 0pit—1Gis

Then they argue that if A > A~! then one of the eigenvalues of the linearization of the
NLDS around 0 is > 1, see the Appendix of [5]. It is not clear what the last conclusion
implies in terms of persistence. Wang et al [36] use (1.5) to conclude that the critical value
for the contact process on a star graph with n leaves is 1//n.

The results discussed in Section 1.1 show that the survival time on the star graph
increase dramatically when A changes from O(1/y/n) to > 1/y/n. However, the claim
that critical value on a star graph is 1/A(n) is contradicted by (3.4) which shows that if
A = a/+/n then for large n

2
Ex1Too < e?* logn

where K = An/(A+1). It is not hard to show that the time needed to go from n to K is
O(logn). Thus the survival time is O(logn) which is much smaller than the O(e“") that

[31] demands. Since the results in Section 1.1 show that the survival time is exp(O(A?n)),
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we would have to take A > 0 independent of n for the contact process on the start to survive
for this long.

Returning to the implications of (1.5) for the contact process, the maximum eigenvalue
of the adjacency matrix of a random graph is trivially > d},{gx (generated by paths going
back and forth between a vertex with degree dy,q, and its neighbors). Using results of

Chung, Lu, and Vu [7] for the maximum eigenvalue for random graphs the authors of [4]

concluded that the critical value for power law random graphs satisfies
(dy/{d®) 2<a<5/2

1/Vdmar 5/2 < «

where d,q, is the maximum degree in the graph, and (d), (d?) are the average values of

A ~

d(z) and d(z)? for the graph. More concretely

) nlo=3)/(e=1) 92 <o <5/2
Ae(n) ~
n~12e=1) 5/9 <

Using our results we can prove an upper bound on A, that supports this prediction

when a > 3. Here a = o — 1.
Theorem 3.1.4. Suppose that the degree distribution has
P(d(x) > k) =3 fork > 3.

We assume a > 2 so that Ed(z)? < co. Let A = n~0=20/2¢ qnd n > 0. If we start from
all 1’s then there is an € > 0 so that the system survives for time exp(O(n®)) with high

probability.

Combining this result with the fact that 1/A gives the critical value for branching random

walk and hence a lower bound on the critical value for the contact process we have
Ae(n) = n~(e(D)/2a, (3.7)
Next we consider the stretched exponential

P(d(z) > k) = exp(—z/* + 3/%)  for k > 3.
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where b > 1. In this case, the maximum degree vertex on a graph with n vertices is
~ log®n, so the maximum eigenvalue A ~ log??n and the formula in (1.5) predicts that
Ae ~ log™%? n but results of [3] show that this cannot be correct for b < 1. In that case the
moment generating function of the degree distribution is finite for some positive 6 so A.(n)

converges to a positive limit.

Theorem 3.1.5. Suppose A\, = log(l_”)(l_b)/2 n. If we start from all 1’s then for any e >0

the system survives for time exp(O(n'~%)) with high probability.
We believe that the last result gives the right answer.

Conjecture 3.1.1. Suppose A\, = log_a/2 n where a > b — 1. If we start from all 1’s then

for any € > 0 the system dies out by time exp(O(n®)) with high probability.

The remainder of the paper is devoted to proofs. Section 2 gives our results for the
star graph. Section 3 proves our results for Galton-Watson trees. Section 4 gives the

asymptotics for A.(n).

3.2 Results for the star graph

Recall from (1) that we set
L =pk where p=\/(1+2)\).
The definition of Y,, is givn right after that formula.

Lemma 3.2.1. Let ¢/ = 1/(1 4+ N/2). If k is large enough e’ is a supermartingale while
Y, € (0,pk).

Proof. We begin by noting that

E(exp(0Yn41) — exp(0Y,)|Yn = y)

+eP (e ? —1) k/D+£ i (A ~-1
p D |Z\15x) 1+

Jj=0

e (e —1)\(1 —p)k/D (3.8)
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The term in square brackets is

1 AL A P,
L—e?/(1+X) 14+X = 14+d—ef = 14X—e"

> 0.

Note that 6 < 0 so the last inequality implies that we must take e ¢ < 1+ .

The first two terms are

so we begin by solving
(e — A1 =p)+ (e ? —1)p=0.

0

Rearranging and setting x = ¢ we want

2?M1—p) — A1 —p) +plz+p=0.
Factoring we have
(A1 =p)z —p)(z—1)=0.
Since p = A/(1 + 2\) the smaller root is

p o NA+2) 1
AML—p)  AI+N)/(1+2\)  1T+X

We let €? = 1/(1+)/2) € (1/(1+ )),1) so that there is a § > 0 with
AL =p)+ep=[N1-p)+p] -6

and hence

(€@ — DAL - p)k + (e — 1) Ik S T ek
P PRI N —e? ™~ 1+ A—e 0

From this we see that if k is large enough e is a supermartingale while Y;, € (0, pk).
The reason we restricted Y, to (0, pk) is that when Y,, < pk, the number of infected leaves
tends to grow, which makes it possible to construct a supermartingale e’* with 6 < 0.
Note that when Y, is small the number of infected leaves may become 0 before the center

is reinfected but in this case the number of lost infections N is truncated.
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Let T, = inf{n : ¥;, < ¢} and let T}, = inf{n : ¥, > m}. We write P; for the law of

the process Y,, starting with Yy = 4.
Lemma 3.2.2. Let a,b € (0,L). Ifb < a then
Po(T, <TH) < (1+A/2)0

Proof. To estimate the hitting probability let ¢(z) = exp(fz) where we take e = 1/(1 +
A/2) and note that if 7 = T,” AT} then ¢(Y (tA7)) is a supermartingale. Let ¢ = P, (T, <

Tzr ). Using the optional stopping theorem we have
o (Y (T, ) + (1 = )o(Y(T})) < ¢(a).

It is possible that Y (7,") < b. Note that since § < 0, we have ¢(x) > ¢(b) for z < b.

Hence,
qo(b) + (1 — q)d(L) < ¢(a).

Dropping the second term on the left, ¢ < ¢(a)/d(b) = (1 + A/2)*~* | which completes the

proof. O
Lemma 3.2.3. If R;, =inf{n > T, | :Y, =L} and b € [0, L) then for sufficiently large k
Pr(T, < Rp) < (2+A)(1+A/2) L

Remark. Here, and in later lemmas, the computation of explicit constants is somewhat
annoying. However, when we consider asymptotics for critical values, A will go to 0, so we

will need to know how the constants depend on A.

Proof. To compute the left-hand side we break things down according to the first jump.
The definition of R; allows us to ignore the attempted upward jumps that do nothing.
Recall that L = pk. The jump is to L — 1 with probability pk/(pk + 1) and to L — j with
probability W . Tlm. In the first case the probability of going below b before returning
to L is

<1+ A/2)0 D = (14 2/2) - (1+A/2)8 L
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In the second case we have to sum over the possible values of L — j. Using Lemma 3.2.2

<(@+A20 ) (1+))\\)j+1(1 +A/2) +
j=1

P (T, <R
T le@ < Rr)

A 142\ _
< (1 oy-L_~2 . P (T,
< (A2 ;<1+)\>+1+/\ (T, < Ri)

=2(1+2/2) 1+ PL(T, < Ryp).

1+ A

Noting that max{2,1+ A/2} < 2(1 4 A\/2) — 6 for some small § < A, we have the following

relation,

PL(T, < Rp) < PL(T, < Rp)+(2+X—=0)(1+A/2)" L.

(L+ A)(1+ pk)

Hence for k sufficiently large, we have Pp(T, < Rp) < (2+ A)(1+ A/2)0L. O
Recall that & denotes the original contact process on the star graph with k leaves.

Lemma 3.2.4. Letb=¢cL and S = m(l + )\/2)L(1—25)
Pr s (;gg 1&t] < b) < B+ N1 +A/2)7 1=

We have returned to unmodified process so (L, 1) means L leaves are infected and the center

is as well. Again when we write the state as a subscript we drop the parentheses.

Proof. Let M = (14 \/2)L(1=29) By Lemma 3.2.3 the probability that the chain fails to

return M times to L before going below €L is
< (24 N)(14A/2)7Fe.

Using Chebyshev’s inequality on the sum Sj; of M exponentials with mean 1 (and hence
variance 1),

P(Sy < M/2) < 4/M.

When the number of infected leaves is < L maximum jump rate is D < (2 + \)k so

L(1—2¢)
P ((2 iMA)k <& —;(;/i)A)k > <A(1+2/27H < (14 a/2) 7
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for large L. Adding up the error probabilities gives

Pr1 (mf 1&] < b) < (B+ N1+ A/2)7 L
and completes the proof. O

Up to this point we have shown that if a star has L infected leaves it will remain infected
for a long time. To make this useful, we need estimates about what happens when the star
starts with only the center infected. Let Tpo be the first time the star is healthy. We use
the pair (n,4) to denote the state of the star graph, where n is the number of infected leaves

and i indicates the state of the center (i = 1 means the center is infected).

Lemma 3.2.5. Let A > 0 be fized and K = \k'/3. Then for large k

Po(Ty > Too) < 2Xk7 173,

Pia(Too < T/ ) < k'3,

Eo) (T |T; < Top) < 2/A.
Proof. Clearly

(k—7)A
(k—j7)A+7

K—
P()J(T;(_ < T()o H

so subtracting the last inequality from 1 = Hf:_ol 1 and using Lemma 3.4.3 from [10]

K-1
1+ A2f2/3
P, T > Top) <
0,1( OO_JEO _])\— (k — AE1/3)A

< 2NET1/3,

For the second result we use the supermartingale en from Lemma 3.11. If q= P 1(Topo <

Tzr ), using optional stopping theorem we have
q-1+(1—q)et <X,
Dropping the second term on the left,
g < =(1+2/2)7K < E—1/3.

To bound the time we return to continuous time
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jump at rate
;=Y. -1 pk

Y: —» min{Y; + 1,pk} A1 -—-p)k
Y1 -1 —N 1

Before time Vi, = Ty o A Tzr the drift of Y; is at least
w=XAX1-pk—pk—1/A=Apk—1/\ (3.9)

so Y; — put is a submartingale. Stopping this martingale at the bounded stopping time Vi At
EY(VLAt)—uE(VL At) > EYy > 0.

Since EY (Vi At) < L, it follows that

L k
E(V,AL) <= P
,u

Tk — 1\
where p = A/(1 + 2)), so if A is fixed and & is large
E(VLAt) <2/,

which completes the proof. ]

Combining Lemmas 3.2.4 and 3.2.5 gives the following. When G occurs, we say the star

at 0 is good.

Lemma 3.2.6. Let A; denote the number of infected leaves at time t and take S as in

Lemma 3.2.4. Define G = {inf2/s;<g|At| > eL}. If A > 0 is fived and k is large then
Po1(G)>1— (2420713 (3.10)
Proof. Lemma 3.2.5 implies

Por(T < k%) > Pou(T < K*PIT} < Too)Por(Ty < Too)

> (1—(2/Nk2P) 1 - QA +20)k7 %) > 1 - (g + 2)\)k1/3
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for large k. By the definition in (3.1), L = pk where p = A\/(1 + 2)). Lemma 3.2.4 tells us
that

Pr1 <tig£ €] < sL) < (B+ N1+ A/2)" ke
Since ) is fixed the right-hand side is < k~1/3 /2 for large k. Adding up the error probabilities

completes the proof. ]

3.3 Proofs of results for Galton-Watson trees

In the previous section we developed estimates for the contact process on stars. The next
step is to obtain estimates on the probability of “pushing an infection from one star to

another.” When X\ > 0 is fixed we have to be careful not to lose too much.

Lemma 3.3.1. Let vy, v1, ... 0, be a path in a graph and suppose that vy s infected at time

0. Then there is a v > 0 so that the probability that v, will become infected by time 21 is

> (Aily (1 —exp(—r)).

If e > 0 and we let X = (1 —e)\/(A+ 1) then for large v this probability is > X'

Proof. The probability that v;_; infects v; before it is cured is A/(1+X). When this transfer
of infection occurs the amount of time is ¢; exponential with rate 1+ X. By large deviations

for the exponential distribution P(t; 4 --- +t, > 2r) < e~ 7" for some v > 0. O

We say a star is nice if starting from L infected leaves, the event in Lemma 3.2.4 occurs.

Recall that S = (1+A/2)£0-2) a5 in Lemma 3.2.4.

1
21 N2k
Lemma 3.3.2. Run the contact process on a graph consisting of a star of size k to which
there has been added a single chain vy,...v. of length v where v1 is a neighbor of 0, the
center of the star. Suppose that at time 0 there are L infected leaves and the star with
center 0 is nice.

For large r and k, the probability that v, will not be infected before time T = m(2r + 1)
for some m < S/(2r +1) is
< (1=A)™.
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Proof. Consider a sequence of times ¢; = (2r + 1)i for ¢ > 1. The center 0 may not be
infected at time ¢; but since the number of infected neighbors is > €L the center will be
infected by time ¢; + 1 with probability at least 1 — e~ **L. By Lemma 3.3.1 the probability

v, is successfully infected in [t;,¢;41) is

> (- (57 ) G- ew(on) =

for sufficiently large r and k. The desired result follows. O

Remark. Due to the way the proof is done, if we condition on 0 being good then successes

on two different chains are independent events.

To prepare for the proof of the main results we need the next lemma, which is Lemma
2.4 from [32]. Let ¢(z) = > 7 pnx™ be the generating function of the Galton-Watson

tree. We will apply Lemma 3.3.3 to
f(t)=P(0 € &)) > ppP(0 € €] 0 has at least k children).

Lemma 3.3.3. Let H be any nondecreasing function on the nonnegative reals with H(x) >
x when x € [0,x0]. If f satisfies (i) info<i<r, f(t) > 0 and (ii) f(t) > H(info<s<t—1 f(5))

fort > L some L > 0 then liminf; o f(t) > 0.

Proof. For any tg and £ > 0, (ii) implies that there is a decreasing sequence t; with ¢;11 <

t; — L and t;, < L for some k

If f(t;) < xo for all 1 <i <k then

f(t:) > fltipr) —e27"

and summing gives f(tg) > f(tx) — & which gives the desired result. Suppose now that j
is the smallest index with f(t;) > zo. If j = 0 we have f(t9) > xo. If j = 1 we have

f(to) > H(xo). If j > 2 we have

f(to) > f(tj—1) —e > H(wo) — €
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so in all cases we get the desired conclusion. O

Proof for p, = 27", n > 1. Our proof follows the outline of the proof of Theorem 3.2
in [32], see pages 2109-2110. We can suppose without loss of generality that the root has
degree k. Otherwise examine the children of the root until we find one with degree k and

apply the argument to the children of this vertex. There are two steps in the proof.

1. Push the infection to vertices at a distance » = k that have degree k.

2. Bring the infection back to the root at time t using Lemma 3.3.3.

Step 1. The mean of the offspring distribution 2. Let Z, be the number of vertices at
distance 7 from 0 and let v},...v] be the subset of those that have exactly k children,

where J is a random variable that represents the number of such vertices.

Since the root has degree k and pj, = 27% if we set r = k
EJ > kyp"'pe = k/2,

where = 2 is the mean offspring number.
If we condition on the value of W = Z,./(ku"~!) and let J = (J|W) be the conditional

distribution of J given W then
J = Binomial (k2" 1W,27%).

Let M be the random number of vertices among v}, ...v; that are infected before time

1

5= TN

(1 + )\/2)[/(1—26)

defined in Lemma 3.2.4. The event G = {inf;2/5,c¢|At| > €L} in Lemma 4.7 occurs with
high probability. By Lemma 3.3.2, conditioning on G the probability a given vertex will

not become infected by time S is

. . A
Proi < (1= X)™  where A= (1— 6)/\ 1 and
_L2/3 L(1—2¢)
mo S KT (+A2) with L= 2%
9%k +1 — 4k(2k + 1)(2 + \) 1+2)
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Combining the definitions and using (1 — z) < e we have

r* A -
Pnoi < €XP <_4k:(2k: T2 )\)) where T'=\(1+ )\/2)(1 2e)A/(1+2))
When A =25
Ail(l +A/2M 02 = 10014 > 1, (3.11)

so I' > 1 when ¢ is small and p,,,; — 0 as k — oo. From this we see that if § > 0 then for
large k
EM > (1-96)EJ.

The remark after Lemma 3.3.2 implies that if we condition on the value of W and let

M = (M|W) then
M > Binomial(k2"1W,27%(1 — ¢)).

To prepare for the following two generalizations of the result for Geometric(1/2) offspring
distribution we ask the reader to verify that in Step 2, all we use is the fact that (3.11)
implies the bounds on EM and M.

Step 2. Let Hi(t) = P(vi € &_g for some 1 < i < J) and
Hy(t) = P(0 € &|v'. € &_g for some 1 < i < .J),

so that f(¢t) > Hyi(t)H2(t). Fix t > 25 and let

x(t) =inf{f(s) : s <t—S}.

Since ¢ is fixed, we simplify the notation and write x(¢) as x.

Ignore all but the first infection of each v by its parent. any of these will evolve
independently from the time s < S it is first infected, and will be infected at time ¢t — .S
with probability at least x. Thus given M the number of infected at time t—.S will dominate
N = binomial(M, x). If we let N = binomial(M,x) and let § > 0, then by Lemma 2.3 in

[32] we see that there exists a ¢ > 0 such that

P(N>1)>(1-68)xEMAe
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Therefore Hy(t) > (1 —d)xEM A e when t > 2S.

Finally, if some v!. is infected at time ¢ — S then the probability of finding 0 infected at

time ¢ is bounded below by pjp2 where

e pi is the probability that the contact process starting with only v? infected at time
t — S infects 0 at some time s with ¢t — S < s < t. By Lemmas 3.2.5, 4.7, and 3.3.2,

p1>1—0.

e po is the probability 0 is infected at time ¢ given the infection of 0 at such a time
s. For any € > 0, by Lemma 3.3.2 the probability that 0 have not been infected by
time S/2 is less than € when k is sufficiently large. By Lemma 4.7, with probability
> 1 — (24 2\)k~'/3 there should be at least L infected leaves at time ¢t — . Hence
0 is infected at ¢ with probability at least (1 — e *<"L)e™¢, where the second term
guarantees that the root is infected at time ¢. Choosing ¢ is sufficiently small and &

sufficiently large gives ps > 1 — 0.

Thus

@ XOEM1 —68)3Ae t>28,
f(t) =
infggsgzs f(S) S <t< 28S.

We can take e < info<s<og f(s) so that f(t) > x(t)EM (1 — )3 Ae for all t > S. The
result now follows from Lemma 3.3.3 with L = S and H(z) = (1 — §)3(EM)x Ae.

Proof for p, = (1 — p)"~!p. It is now straightforward to replace 1/2 by p. We only have

to pick k and r so that we can prove the analogue of (3.11). The mean of the offspring
J

distribution is 1/p. Let Z,. be the number of vertices at distance 7 from 0 and let v}, ... v

be those that have exactly k children. Since the root has degree k and py = (1 — p)¥~!p
EJ > k(1/p)" (1 —p)*'p. (3.12)

In this case we want to pick r so that (1/p)"(1 — p)¥ ~ 1. Hence E.J can be large when k

is large. Ignoring the fact that r and k must be integers this means

r/k =log(1 — p)/logp.
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Let M be the random number of vertices among v}, ... v/ that are infected before time

S. By Lemma 3.3.2 the probability a given vertex will not become infected is

R Tk
< (1 — \"\[S/@r+1)] ~ _
<{1=A) —exp< 4k(2r+1)(2+)\)>

where T' = X'/k(1 4 A/2)(1-29M (1420 That is, if we choose A such that

r/k
(Ail> (14 A2V A2 5 (3.13)

then we have I' > 1 for large k. By the same reasoning as before this choice of A\ gives an
upper bound on As.

If we want to graph the bound as a function of p it is better to work backwards. Given
A the second factor is > 1 so we can easily find the value of r/k that makes this 1. Having

done this we can easily compute the value of p for which A gives the upper bound on As.

Proof for subexponential distributions. We suppose that the mean of the offspring

distribution is pu > 1. If p; is subexponential, i.e.,

limsup(1/k)logpy = 0,

k—o0
then for any 0 there is a k with py > (1 — 6)*. It follows from the same reasoning as in

(3.12) that we can take r such that

r_ log(l-4)
ko logp

Given any A > 0, (3.13) will hold if ¢ is small enough, which implies local survival of the

process. Therefore Ay = 0.

3.4 Asymptotics for .

We begin with some general computations and then consider our two examples: power laws

and stretched exponential.

Survival on star graph. Our first step is to adapt Lemma 3.2.4 to the situation in which

A — 0. For reasons that will become clear when we prove Lemma 3.4.3 we have to modify
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the definition of p:

A
14+ XN

p=(1—¢) L =pk, and b=cL.
Defining Y;, as before
Lemma 3.4.1. Let £ > 0. If \/(1+2)\) < ¢ then (1 + \/2)" " is a supermartingale.

Proof. (1 —p)=(1+ Xe)/(A+ 1) so we have

P 11—«
AM1—p) 14X

The right-hand side is < 1/(1 4+ A) when
1+ A—e—ed <1+ A,

which holds if A/(1 + 2A) < ¢, so the desired result follows from the proof of Lemma

3.11. O
Lemma 3.4.2. Let ¢ > 0 be fired T = exp((1 — 4¢)A2k/4). If \ is small then for large k
PLy (tg; &l < b) < dexp(—(1 — 32)\%/4),

Proof. Tt follows from Lemma 3.2.4 that if S = (1/2k(2 + \))(1 4+ A/2)(1=29) then
P @g &) < b) < (34 A1+ A/2)"L0=2)

but now

(1—e)L=(1—e)’Me/(A+1) > (1 —2e)\k/(A+ 1).

Expanding log(1+2) = x — 22/2+ 23/3 — ... and noting that if x < 1 then the right-hand

side is an alternating series with decreasing terms

(14 A/2)~(A=2/00) — oy, ((1 — 2¢) 1?5:\ log(1 + >\/2))

< exp <—(1 - 28)11]{)\ B a );D

< exp(—(1 — 3e)A\%k/4),
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when A is small. To convert the formula for S we note that

(1/26(2 + ) (1 + A/2)P01-29) — %(;H) exp <(1 - 5();1_1)25”’“ log(1 + )\/2)>

)
> exp((1 — 4e) N2k /4),

when A is small, which completes the proof. O

Push. Now we work with the configuration model. Let pr = P(d(x) = k) and suppose

that

(i) 325 k°pr < o0,

(ii) P(d(z) = k) =0 for k < 2.

The first assumption implies that the size biased degree distribution ¢j_1 = jp;/Ed(x)
has finite mean v. The second implies that the diameter of our graph ~ (logn)/logv.See
Lemma 3.4.1 in [9]. Hence Lemma 3.3.1 implies that if vg, ... v, is a path in the graph and
vg is infected at time 0, then the probability v, will be infected by time 2r is, for large r,
> (\/2)". Let

k= n3 log(2/X) )

If n is large then the distance between any two vertices is < 2vlogn with high probability.

Thus the probability that one star can transfer its infection to another before time 2rk is

>1- (1 _ (/\/2)2y1ogn>“ —1_ (1 _ n—2ulog(2/)\))ﬁ

> 1 — exp(—n" 08/, (3.14)

Ignition on star graph. We have more work to do this time. The proof of Lemma 3.2.5

requires that K = M\k*/3 — oo, and we need the new definition of L in part (iii).

Recall that T} = inf{n : Y, > m}.
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Lemma 3.4.3. Let K = \k/\/logk. If A\ — 0 and A\*k — oo then for large k

(Z)Po,l(T;{_ > T070) S 5/\/ 10g k,
(i1) P 1 (Too < T ) < exp(—A*k/2y/logk),
(Z'ii)Eo’l Inin{T070, Tg} < 2/6.

Proof. Let pyo(t) be the probability a leaf is infected at time ¢ when there are no infected

leaves at time 0 and the central vertex has been infected for all s <¢. pp(0) = 0 and

dpo(t)
dt

= —po(t) + A1 = po(t)) = A = (A + 1)po(t).

Solving gives

A
— 1 (e
Ast—0
1— ef()\+1)t
_ 1
P

so if ¢ is small po(t) > At/2.
Taking t = 4/+/log k it follows that the number of infected leaves at time ¢ dominates

B = Binomial(k, 2)\/+/log k)

Po1 (T < Top) > P(B > K)exp(—4/+/logk).

The second factor is the probability that the center stays infected until time 4/+/log k, and

exp(—4/+/logk) > 1 —4/+/logk.

B has mean 2)\k/+/log k and variance < 2A\k/+/log k so Chebyshev’s inequality implies

2Xk/\/logk _ 2\/logk
P(B < X\k/+/logk) < O/ oz k)2 < Y <1/4/logk

if k is large.
For (ii) we use the supermartingale from Lemma 3.4.1, which is the same as the one from
Lemma 3.11, and simplify formulas as in the proof of Lemma 3.4.2. If ¢ = Pg1(Tb, < TE‘)

then for A small optional stopping theorem gives

q < (14 X/2)"M/VIek < exp(—A2k/2\/log k).
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For (iii), we follow the argument in Lemma 3.2.5. We return to continuous time and

note that by (3.9) the drift is
<u=A1-p)k—pk—1/X

so Y; — pt is a submartingale before time Vi, = Ty o A TL+ . Using the optional stopping

theorem as before we conclude

L (1—2))k 1
i 14X AMl—pk—pk—1/\

Recalling the definition of p

)\(l—p)k_pk:)\[k_ (1—6)Ak} (1o 1

1+ A 1+ A A
1\ ek ek _1
1+ T+X X

The first term is much smaller than the second so multiplying by A/

L A2k

—~—_—  ~1
o eXNk—(14X) /&

since M\k? — 0. O

3.4.1 Power law graphs

Suppose P(d(x) > m) = 3%m~? for m > 3, where a > 2 so that Fd(r)? < co. In this

1/a

case, the maximum degree vertex on a graph with n vertices is ~ n*/%, so the maximum

eigenvalue A ~ n'/2% and the formula in (1.5) predicts that A. ~ n~/2%. To prove an upper
bound on A, that is close to this, we suppose that \g = n~(1=2m/2a,

If d(z) > k = n!="/% we call the vertex  a star.
P(d(z) > n(l—n)/a) — 30,—(1-n)

so if n is large there are > n' stars with high probability. Now )\%k = n/®_ By the estimate
in the Lemma 3.4.2, each individual star survives for time
> exp((1 — 4n)n"/*/4). (3.15)
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with probability > 1 — 7exp(—(1 — 3¢)n"/*/4). The time
2rk < (4vlogn) exp(O(log? n))

so (3.14) implies that with high probability the chosen star will transfer its infection to
its target by time 2rx and we conclude that with high probability no lit star will die out

during the process.

Combining these estimates shows that if n is large then the number of infected stars Y},
at time 2rxk dominates a discrete time random walk that goes up by 1 with probability
p >e/(e+ 1) and down by 1 with probability 1 — p. Let M > n" be the number of stars.
Recalling that ((1 —p)/p)* is harmonic function for a simple random walk that jumps up 1
with probability p, and down 1 with probability 1 — p random walk, we see that exp(—Yy)

is a supermartingale while Y3, € (0, M), so
Poom (T < Tar) < e,

Since each cycle takes at least 0.1 M (2rk) units of time, we have survival for time exp(O(n®))

for some € > 0.

3.4.2 Stretched exponential

Suppose P(d(z) > m) = exp(—m!/® 4 31/%) for m > 3, where b > 1. In this case, the
maximum degree vertex on a graph with n vertices is ~ log®n, so the maximum eigenvalue

A ~1log"?n and the formula in (1.5) predicts that A, ~ log~?n.

If d(z) > k = n°log”n we call the vertex z a star.
P(d(x) > n"log" n) = exp(3"/*)n",

so if n is large then the number of stars is > n'~" with high probability.

To see what value to take for A in our lower bound, we set the survival time equal to 1

over the probability of a successful push, that is

exp(Alogn) = (2/))?¥108™,
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or taking logs and rearranging

)\72 =2vlog!~tn
log2/x) %™

This means that the best upper bound we can hope to get is A\g = (log 71)(1_’7)(1_1’)/2 versus

the predicted value of log_b/ Zn.

By our choices we have

Ak = 1P (log n)!T10=1)

so Lemma 3.4.2 implies that the star survives for time
> exp((1 — 4n)” (log ) +70=1) /4)
with probability > 1 — 7exp(—(1 — 3n)n°(log n)*+7®=1 /4). The time
2rk < (4vlogn)exp(logn - O(loglogn))

so (3.14) implies that with high probability the chosen star will transfer its infection to its
target by time 2rk and we conclude that with high probability no lit star will die out during
the process. Comparing with random walk as in the previous proof, we have survival for

time exp(O(n'~%)) for any £ > 0.
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Chapter 4

Exponential Growth and Continuous

Phase Transitions on Trees

4.1 Introduction

Pemantle [32] began the study of the contact process on trees and found that there exist

two critical values

A1 = inf{\: P(&) # @ for all t) > 0}

A2 = inf{\ : liminf P(0 € &) > 0},
t—o0

where £ denotes the contact process on the tree starting from only the root infected. The
contact process is said to survive weakly if the process survives but the root 0 is infected for
finitely many times almost surely, and survive strongly if the root 0 is infected for infinitely
many times with positive probability.

By deriving bounds on the critical values, Pemantle showed that A\; < A2 when d > 3.
Liggett [20] settled the case d = 2 by showing A\; < 0.605 < 0.6609 < Az. At about the
same time, Stacey [34] gave a proof that A\; < Ay that did not rely on bounds. It has also
been shown, see [22], that the phase transitions on regular trees are continuous, that is, the

contact process on T? dies out at \; and does not survive strongly almost surely at \o.

A special function

wp(ft) = Z Pe(x)

€&

was introduced by Stacey [34] to study the contact process on regular trees, which exploits

the translation invariance that is natural to regular spatial structures. p is some positive
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constant and £(x) is a function from T% to Z so that for each x € T¢, £(y) = ¢(z) — 1 for
exactly one neighbor y of x and ¢(y) = ¢(x) + 1 for the other d neighbors y of x. The

expectation of w,(&) satisfies a submultiplicative relation

Ewp(ft—s—s) < Ewp(gt)Ewp(Q’)

which implies Fw,(&) > [¢(p)]t where ¢(p) = limy_,o0[Ew,(&)]*.
Properties of ¢(p) can be used to obtain a lot of detailed information about the behavior

of the contact process on regular trees. For example, it has been shown that

Proposition 4.27 in [22] There is a constant C(p) < oo depending only on d and p so

that

[6(p)]' < Ew,(&]) < C(p)d(p)), t=>0,

where £ is the contact process with the root initially infected. One can take C(p) < oo if
p#1/Vd.

For A > Aj, it is known that ¢(1) > 1. By Proposition 4.27 in [22] this leads to
exponential growth for supercritical contact process. Moreover, ¢(p) is also useful in terms

of understanding the critical behavior of the contact process.

Proposition 4.39 in [22] If A = Ay, then ¢(1) =1 and hence
sup F|£)] < oo
>0

and &Y dies out.

In this chapter, we are interested in extending these results on regular trees to more
general trees such as the Galton-Watson trees and periodic trees, and obtain answers to
the following questions:

(i) proving exponential growth rate for the process in supercritical regime (A > A1),
(ii) understanding the behavior of the contact process at the critical values A\; and Ao,

(iii) determining if A\; < A2 (the existence of an intermediate phase).
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4.2 Model definition

The set of all realizations of the Galton-Watson trees with offspring distribution D is
denoted by GW (D) while a certain realization is denoted by T € GW(D). Condition
(1.7) guarantees that T is infinite almost surely. Let Pr ) be the law of the contact process
with infection rate A\ on the tree T, and let 4 be the probability measure over the realizations
in GW(D). We define the annealed measure Py to be
Pa(+)=FEru(Pra(- )= > Pral - )u(T).
TEGW(D)

To simplify notation we will drop the index A when the context is clear and use GW(D)
to also represent a Galton-Watson tree with offspring distribution D.

Let &Y denote the contact process on GW (D) with initially only the root infected. The

critical value for weak survival for the contact process on T is defined as
M(T) = inf{\ : Pr (¢ # @ for all t > 0) > 0}.

In fact, A;(T) does not depend on the specific realization T € GW(D). That is, A(T) is
a constant p-almost surely. Pemantle proved a slightly different version of this result in

Proposition 3.1 in [32]. We will follow his proof to show

Proposition 4.2.1. \{(T) is a constant p-almost surely.

Proof. Let q(T) = Pr (&) # @ Vt > 0) and p; = Py(¢ = 0). If the root has n children then
there are n independent identically distributed subtrees that are themselves Galton-Watson
trees with offspring distribution D, which we denote by Ty,...,T,. If ¢(T;) > 0 for some
1 < i < n then ¢(T) > H%q('ﬂ‘i) > 0, where the first term is the probability to push the
infection to the root of T;. It follows that if the contact process dies out on T then it has
to die out on all n subtrees Tq,...,T,.

Let f be the generating function of D and let ay = P(D = k). By the independence of

the structures of the subtrees,
pr="P(g=0) <Y a(p)" = f(p1) (4.1)
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Note that f'(1) = ED > 1 by (1.7). (4.1) combined with f’(1) > 1 and f(0) = 0 implies
either p; = 1 or p; is bounded above by the unique fixed point of f in (0,1), which then

gives p; = 0. Hence A\;(T) is a constant p-almost surely. O
The critical value for strong survival is defined as
Ao(T) = inf{\: Pr (0 € & infinitely often) > 0}.
It follows from the same reasoning as in the proof of Proposition 4.2.1 that

Proposition 4.2.2. \y(T) is a constant p-almost surely.

From now on we write A (GW (D)) and A\a(GW (D)) for the critical values for the contact

process on a Galton Watson tree with offspring distribution D.

4.3 Exponential growth

In this section we prove Theorem 1.4.1 by showing that the contact process dominates a
supercritical Crump-Mode-Jagers branching process. On an inhomogeneous structure such
as the Galton-Watson tree, the infection state of a vertex x is correlated with the tree
structure near . To address this issue we observe that starting with only the root infected,
when a vertex x becomes infected for the first time no information is known about the
structure of the subtree rooted at x (i.e., the subtree made of x and all of its descendants).
Hence we can “decouple” the infection state of z and the tree structure below it.

For a vertex = € T we define S(z) to be the subtree with root z, that is, S(x) contains
x together with all the descendants of z on T. For a finite set A C T, we define its frontier
F(A) to be the set of points x € A for which at least one of its children, say z’, has
S(@')N A = @. Let A’ denote the set of 2’ such that 2’ is the child of some z € A and
Sa)NA=o.

Let Ay = Us<y €9 be the set of vertices ever infected by time t. We are interested in the

set of vertices that have never been infected and are accessible to the infection & at time
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By = {x € (Ay)' : the parent of z is in £ N F(As)}.

Let 7, = inf{t > 0: [¢YNF(A;)| > k}. The fact that each vertex in |£) N F(A;)| corresponds
to at least one vertex in B; gives |B, | > k, i.e., there are at least k unexplored subtrees
accessible to the contact process §9k. At time 73, €2 can try to start infections on each of the
k subtrees, among which each infection could survive forever with a positive probability
equal to Py\(¢) # @ Vt > 0). When k is taken to be sufficiently large, at time 74 the
contact process &Y gives birth to an expected number of more than one new process that
lives forever, which make up an underlying branching process.

Recall that Q. = {&) # @ Vt > 0}. We will begin the proof of Theorem 1.4.1 by

showing

Lemma 4.3.1. Suppose A > A\ (GW(D)). If for every k € N, 1, < oo Py\-almost surely
on Qoo then (1.8) holds.

Proof. When A > \(GW/(D)) we have p := Py(£) # @ Vt > 0) > 0. Observe that with
probability > e72(1 — e™*) an infected vertex x € &) N F(A;) can infect its child 2’ € B,
within time 1 and 2’ will stay infected until time 1.

Since the subtree S(z’) is still unexplored when 2’ € B, first becomes infected, we can
first generate S(z’) according to the measure p of GW(D) and then start a contact process

on it. The probability that the process §;}’3/ restricted to S(z’) will survive is
ES(x’)Nu(PS(x’),)\(gtz 7& t for all t > 0)) = p.

If this infection on S(x') survives, we say 2’ is a particle with an infinite line of descen-
dants. Note that each particle with an infinite line of descendants will contribute at least
size 1 to |€)| at all times. So it suffices to show the number of particles with an infinite line
of descendants grows exponentially in time on the event (2.

We will construct a branching process Z; that is dominated by the set of particles that

has an infinite line of descendants. Let Z contain only the root 0. Since {7, < oo} almost
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surely on Q. we can choose M large so that P(1, < M) > p/2. If 7, > M; we discard the
initial particle and there are no offspring. If 7, < M; then the initial particle gives birth
to X ~ Binomial(k,e2(1 —e™)) offspring at time 7. This is because the birth events of
different vertices in £ N F(A;) are independent, since they involve vertices that are disjoint
in space. If k is chosen large enough then the number of offspring X that will start a new

process on its subtree with 7, < M; has expectation
EX > ke 2(1—eMp/2>1,

which implies that Z; is supercritical.
The branching process is a Crump-Mode-Jagers (CMJ) branching process [?] because
the initial particle gives birth at time 7. If N(#) is the expected number of births by time

t then the Malthusian parameter c¢ is defined through

/ e 'dN(t) = 1.
0

Since our process has no births after time M; it is easy to see that it satisfies the conditions

in Theorem 2 of [?], which gives

Zy
— — W as. ast— oo,
ect

W(t) =
where W is a non-negative random variable with P(W > 0) > 0. To improve this to the
desired conclusion we note that for any m < oo, 7,, < oo almost surely on 4. At time
Tm, each vertex in &) N F(A;) can start an independent branching process construction
with probability at least e 2(1 — e™*) and each branching process will live forever with

probability P(W > 0). As long as one of the branching processes lives forever we will have

the desired exponential growth of ¢). Hence
P (litm inf [€9] /et > o) > P(Qo0) P(Binomial(m,e (1 — e ) P(W > 0)) > 1)
— 00
— P(Qu) <1 —(1-e2—e NP > 0))m)

for any m € N. Letting m — oo and noting that the limit can only be positive on 24

proves the desired result. ]
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Having established Lemma 4.3.1, to complete the proof of Theorem 1.4.1 it remains to

show
Lemma 4.3.2. For any k € N, 1, < 0o almost surely on Q.

Proof. In a contact process, an infected site is also referred to as a particle. The event that
an infected site passes the infection to a susceptible site is also described as a particle gives
birth to another particle. The recovery of an infected site is hence also referred to as the

death of a particle. In this proof we adopt the narrative of the particles.

If some particle z € &) N F(A;) gives birth to a particle y € By, then at the moment of
this birth y is added to &) N F(A;). In the worst case y is the last unexplored child of z, so
x is removed from &) N F(A;) and the size of £ N F(A;) remains the same. Note that the

size of &) N F(A;) will not decrease at a birth event.

When y € B; becomes infected, we try to grow |£) N F(A;)| through consecutive birth
events on the subtree S(y). Since S(y) has not been explored by the infection, every vertex
in S(y) still has all of its offspring unexplored. When a children of y (except the last one)
is infected, the size of £) N F(A;) increases by 1. Hence if every particle gives birth onto a
particle with offspring number at least 2, we need at most 2k consecutive birth events on
S(y) for |€) N F(Ay)]| to reach size k.

Taking account of the first birth event from x to y, we need 2k 4+ 1 consecutive birth
events before any death occurs and each of them is onto a vertex with offspring number at
least 2. Since each vertex in S(y) N &Y N F(A;) is connected to at least one vertex outside,
the probability that a birth occurs before any death in S(y) N &Y N F(A;) has probability
>MN(1+N).

We start the first trial at the first time when |€) N F(A4;)] > 1, i.e., when ¢ = 0. A trial
is said to have failed if a death occurs or a birth to a vertex with offspring number 1 occurs
before we have 2k 4 1 consecutive birth events to vertices with offspring number at least
2. Define the running time S; of the i-th trial to be the first time either this trial fails or

succeeds. S; is dominated by the sum of 2k + 1 i.i.d. Fap(l + \) random variables and
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hence is finite almost surely. Let Ty = 0 and define
T, =inf{t > T_1 + Si—1 : |§ N F(Ay)| > 1}

to be the time when the i-th trial starts. If T; = oo for some ¢ > 1 then set T} = oo for all

j > 4. Note that with an independent probability

A 2k+1
> — - > =
> (1_1_)\ P(D_Q)) oy,

a trial will succeed, so it takes finitely many attempts to have one success, which then gives
1€ N F(Ay)| > k. If the i-th trial fails, either we still have |¢) N F(A;)| > 1, which means
Tiy1 = T;+ S;, or [€) N F(A;)| = 0 and we have to wait until [£) N F(A;)| becomes 1 before
starting the next trial. On the event that £ survives, infinitely many sites will be infected,
ie.,

lim |A; =00  a.s. on Q.
t—o00

Since A; cannot grow when &) N F(A;) = @ we have |€) N F(A;)| > 1 infinitely often on the

event ()., meaning that for any n € N
{T,, < 0} a.s. on Q.

Hence we have infinitely many trials almost surely on the event of survival. Since the
birth and death symbols involved in different trials come from regions disjoint in space and
time, each trial succeeds with probability > «j independent of the fates of previous trials.
Therefore we will have a success in finite time almost surely on o,. The proof of Lemma

4.3.2 is complete and Theorem 1.4.1 has been established. ]

Remark 1. Our method is robust in the sense that it works on a broad class of trees. For
example, in order to prove exponential growth for the contact process on periodic trees it
suffices to extend the proof of Lemma 4.3.2 to periodic trees. The key element in the proof
of Lemma 4.5.2 is the expansion of the infected frontier £) N F(A;) through consecutive
birth events, which holds true for periodic trees too. It is easy to see that if a; > 2 for

all 1 <1 < k in the periodic tree Ty = (a1,...,ax), then each birth event in the infected
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frontier will cause the size |€) N F(Ay)| to increase by 1. If we only assume ajas ---a, # 1,
then we need k consecutive birth events in the frontier to ensure that the size |€) N F(A)]

increases by 1.

4.4 Continuous survival probability

In the branching process Z; in the proof of Lemma 4.3.1, a particle can only give birth within
time M7y, which means we are only looking at a finite time “block” in the corresponding
graphical representation. We drop the superscript 0 and let §t)‘ denote the contact process
with infection rate A and recovery rate 1 starting from the root infected. Within this
“block” the process 55\ and ft)‘/ should behave very much the same if )\ is sufficiently close
to \. If & survives with positive probability, tuning down the infection rate X slightly to \’
the resulting process ftx should still behave similarly in the finite time “block”, which then
implies the survival of 5?‘,. We will follow this idea to prove both results in this section.
A superscript A is used to denote the infection rate. For example, T,i‘ is the corresponding

hitting time of the event {|&} N F(A;)| > k}.
Lemma 4.4.1. The contact process on GW(D) dies out at \1(GW(D)).

Proof. To prove the conclusion it suffices to show Py(£) # @ for all ¢ > 0) > 0 implies
A > A1 Let p:= Py(£) # @ for all t > 0) > 0. For reasons that will become clear later we

choose k, M7 so that
ke 2(1—eMp/2>2 and P(r) < My) > p/2. (4.2)
For a small § > 0 we have
P(Té\_é < My) > P({& = €}7° for all t < min{r), M1}} N {r) < M;}).
For any € > 0, when ¢ is sufficiently small we have
P(&) # &7 for some t < min{r, M1}) < e.
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Hence,

P < M) >1—e—(1—p/2)=p/2—¢.

Following the proof of Lemma 4.3.1 we can construct a branching process Z; dominated
by 5?‘76, where a particle gives birth to X ~ Binomial(k,e ?(1 — e=*7°%)) offspring if
Té‘_‘s < M, and to no offspring if le_é > Mj. When € and ¢ are sufficiently small, by the

choice of k in (4.2) the mean number of offspring is
EX > ke 2(1—e 9 (p/2 —¢) > 1.

Hence Z; is supercritical and survives with positive probability, which implies §t)‘_5 survives

with positive probability. So A > A — d > A1 and this completes the proof. O

Let p(\) := Py(£) # @ Vt > 0) be a function of A that represents the survival probability

of the contact process &}
Lemma 4.4.2. p()) is continuous on [0, 00).

Proof. The right continuity of p(A) is immediate since

Py(&) # @) L p(N)

as t T oo and Py (&) # 9) is increasing and continuous in A for each t.

We have proved that p(A) = 0 on [0, A1], so it remains to prove the left continuity for
p(A) on (A1,00). Take A > A1, which trivially gives p(\) > 0. We will show for any € > 0,
there exists A < X such that p(\') > p(\) —e.

Since A > \; there exists Ag such that A > A9 > A;. It follows from the same argument
as in the proof of Lemma 4.4.1 that we can construct a supercritical branching process Z;
that is dominated by 52\0. Moreover, there exists some constant ¢ > 0 and a non-negative

random variable Wy with P(Wy > 0) > 0 such that

Z

— =Wy ast— oo.
ect
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To simplify notation we will write ¢ = e~2(1 — e=*)P(Wj > 0). For a given § > 0 we
will choose m so that (1—0)™ < 4. Since 77\ < oo almost surely on Qo = {£) # @ Vt > 0},

we can choose My sufficiently large so that
P(ry < My) > (1= 6)p(N). (4.3)
When XN < ) is sufficiently close to A we also have

P(&) # & for some t < My) < 0. (4.4)

Without loss of generality we can assume ) > )\g. Observe that each vertex in the
frontier & N F(A;) can start an independent branching process with probability > e=2(1 —
e~?%) and each branching process lives forever with probability at least P(Wy > 0) since
N > Xg. On the event {&) = & for t < My} N {r, < Ms}, the process & can give birth
to X ~ Binomial(m, o) branching processes that survive. If X > 1 then the process &

survives since it dominates a surviving branching process. Hence
p(\N) > P ({53 =&Y fort < My} n{r} < MQ}) P(Binomial(m, o) > 1) (4.5)
It follows from (4.3) and (4.4) that when X is sufficiently close to A
P({g) = & for t < Mo} 01 {, < Ma}) = (1= 6)p(\) &,
which then gives
p(N) = (L =0)p(A) =) (1 = (1 =0)™) = (1 = 6)p(A) = 0)(1 = 9).

Therefore, for any given € > 0 there exists § sufficiently small and X\’ sufficiently close to A

so that p(\) > p(\) —e. O

Remark 2. The same construction can be carried out on periodic trees straightforwardly,
thus proving the continuity of survival probability p(\) for the contact process on periodic

trees. As a consequence, the contact process dies out at A1 on periodic trees.
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4.5 No strong survival at A

We start by introducing some new notation. Let GW™ (D) be the set of all realizations
of the “root-added” Galton-Watson tree in which the root 0 has offspring number 1 and
its only offspring is the root of a Galton-Watson tree with offspring distribution D. A

realization in GW™ (D) is denoted by T* and the measure over the realizations by v.

Define the measure Py 4 to be

Pyi( ) =Epey(Pr+a( - ) = Z Pri (- )v(TH).
T+eGW(D)

We will drop the index A when the context is clear. The contact process on GW (D) with
with root 0 initially infected will be denoted by 1Y while the contact process on GW (D)
will still be denoted by &).

From now on we set A; = Up<s<; 70. Let |v| denote the distance from vertex v to the

root 0. For a vertex x € nY N F(A;), define a branch of z to be
S*(z) = {z} U S(2),

where z’ can be any child of x that has not been infected by time ¢. Observe that ST (x)
follows the distribution of GW™ (D).

The strategy of proving Theorem 1.4.3 is to identify a tractable process embedded in
the contact process that would infect the root infinitely often when the contact process
survives strongly. To find this embedded process it helps to look at the the macroscopic
behavior of the contact process when A > Ao.

Observe that for a sufficiently large j a lot of vertices on level j will be infected at
a certain time jt; with probability 6. This observation is intuitive if we think about the
contact process on regular trees and will be proved in Lemma 4.5.1. If there are sufficiently
many of these vertices we should be able to use them to pass the infection back to the
root with a sufficiently large probability ¢. Then we partition the Galton-Watson tree into
blocks of depth j. The root of each block (since its first infection) will be infected after

time jt;with probability at least d¢. The nice thing about trees is that at distance jn there
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will be O(e*) such blocks so that the success probability of pushing the infection from
distance jn to (7 — 1)n is sufficiently large. For this reason we can use a recursive relation
to show that in the embedded process the probability that the root is infected infinitely
often is positive.

Having identified the embedded process (which is essentially a block construction), we
will slightly tune down the infection rate A and show the embedded process with a reduced
infection rate A—e still can infect the root infinitely often. The continuity of phase transition
at Ao is thus established by a classical argument of contradiction.

The first step is to establish the observation that a lot of vertices on level j will be
infected at a certain time jt; with probability 6. This will come in handy when we estimate
the probability of successfully pushing the infection back to the root. Specifically, we
consider the infected vertices in the frontier F'(A4;) in order to obtain the independence
between the subtree structure and the infection state of its root.

Despite the seemingly complicated statement, the proof of Lemma 4.5.1 is standard

calculation of Binomial random variable.

Lemma 4.5.1. If A > A\, there exists a, 3,0 > 0 and t1 such that for all j > 1,
P (Infs, N F(Aj) N {v s jaty < v < jBt} > 1Y) > 6,

where ¢y s a positive number which may depend on .

Proof. Let § = P (n? # @ for all t > 0). It follows from the proof of Lemma 4.3.1 that

there exists ¢ > 0 such that when ¢; is sufficiently large

Py (i), N F(Ay)] =€) > 70,

W oo

For reasons that will become clear later, we choose t; large enough so that the following
also holds
(0e)/8 > 1 (4.6)

Given the choice of ¢; we can then choose a small and § large so that

Py(In) NF(Ay) N{v:at; <|v] < Bt} >e) > -0 =4. (4.7)

1
2
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A vertex z is said to be good if the event in (4.7) with probability § occurs for the
contact process on St (z) with z initially infected. If the root 0 is good, we say the root
is a good vertex at level 0. The good vertices in 77?151 NF(Aj,) N {v : jat; < |v| < 5Bt}
are called the good vertices at level j. Let N; be the number of good vertices at level j.
Trivially we have

%, NF(Aji,) N{v: jaty < |v| < Bt} > Nj.

Hence it suffices to estimate N;. Note that the good vertices in 77?1 NF(Ay)N{v:at; <
|v|] < Bt1} correspond to disjoint branches, so N1 dominates a Binomial(e“t,§) random

variable if the root 0 is good.

For a random variable X ~ Binomial(n,p), Chebyshev’s inequality gives

By (4.8) with n = €™ and p =4,

cty

deh
Ny = 1) <P (Binomial(em,(s) < 5 >

P<N1§

< (4/8)e™ ",

where (4/§)e " < 1 by (4.6). The branches of good vertices at level 1 are disjoint, so the

random variable Ny dominates Binomial(N1e,§), which gives

ct1 2 ct1 2cty ct1 2
P (N2 < <5e2 ) Ny > 562 ) <P (Bmomml <562 ,5) < <562 > >

<2 (25) < ((4/8)e")*,

It follows from the Markov property that N;+; depends only on N; for ¢ > 0. Hence,

ct i
N> <(5e > )
- 2

for any j > 1

Sectr J Sect Jj— Sect i+1
P<Nj>< 5 ) )>6P<N1> 5 )HP<N1'+1>< 5 )
=1




where o = []2; (1 — ((4/6)e™“")") > 0. Since (fe“)/8 > 1 there exists 0 < ¢) < ¢ such

that

Pects dect
ety _
e <2< =
4 2

The last equality follows from the definition § = 6/2. Hence for any j > 1, P(N; > /%) >

do > 0. O

We are now ready to prove Theorem 1.4.3, i.e., the contact process on GW/(D) does

not survive strongly at A\o(GW(D)).

Proof of Theorem 1.4.3. Since Py, (0 € & i.0.) = 0 if and only if Py, 4 (0 € nY i.0.) = 0, it
suffices to show the latter. Our goal is to show that Py (0 € ) i.0.) > 0 implies A > Ao.
Now suppose Py (0 € n? i.0.) > 0. Theorem 4.4.1 implies that A > A1, so there exists \g
such that A > Ag > A1. Applying Lemma 4.5.1 to the contact process with infection rate

Ao, there exists positive ¢y, so that for all j > 1,
Pro (IS, N F(Aju,) N {v: jaty < Jo] < B0} 2 /") 26 (4.9)

for some choice of «, 3,9 and t1.

Let B; = 77?1:1 NF(Aj,) N{v : jat1 < |v| < jBt1} and let = be a vertex in Bj. We
use the notation (x,0) — (0,¢) to denote the event that running the contact process on
the shortest path connecting x and 0 with x initially infected, 0 will be infected at time
t. Trivially, if every particle in the direct path from = € B; to 0 lives for at least 2/« and

pushes the infection toward the root 0 between time [1/«,2/a] then
Py, ((z,0) — (0,t) for some t € [jt1, (28/a)jt1]) > (6_2/0‘(6_’\0/0‘—e_%o/a))jﬁtl = (qo)jﬁtl.

Fix € = (c),/2) and p = 2P, (0 € n{ i.0.). For reasons that will become clear later we
choose jg such that

Cj, = Opelroeiott > 1, (4.10)

From now on we write tg = jot1. We want to use the vertices in Bj, to push the infection

back to the root 0. For some vertex x € Bj,, let nf denote the contact process restricted to
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the branch ST (z) starting with z infected. If z € nf for many times, then the infection can
try many times to push back to the root. Hence the probability of successfully pushing the
infection from x back to 0 is increased if x € nf for many times. To estimate the success

probability let of = 0 and define
oipp =inf{t > oy + (26/a)to : x € 0’}

Choose m so that

1— (1= (go)")™ > e, (4.11)

which is a lower bound on the probability that x successfully pushes the infection to the
root 0 within m independent trials. If the process nf restricted to S*(z) reinfects = for
infinitely many times then 0%, < oo, i.e., Py (0% < 00) > Py (0 € 7 i.0.). So we can

choose Ms such that
1
Py (o < Mp) > 5Py (0 € nY i.0.) = 2p. (4.12)

For any € < A — \g, the estimates in (4.9) through (4.11) are still true for the contact
process with infection rate A — e since A —e > A\g. By (4.12) there exists a sufficiently small

€ > 0 with € < X\ — )\g that satisfies
Prc(oh, < My) > p.

A vertex x is said to be (m, A —e¢)-recurrent if {o}, < My} occurs for the contact process
n¥ with infection rate A —e. If z is (m, A — €)-recurrent then with probability > e~ it
can reinfect the root after time ¢y. Each vertex in B}, is (m, A — €)-recurrent independently
with probability at least p.

Now we are ready to show A > Ay. The following argument is inspired by the proof of
Proposition 4.57 in Liggett [22]. Let 7; = Py_ 4 (3 t > 2ito such that 0 € ). To estimate
ri+1 we first run the contact process up to time ¢g. According to (4.9) at time ¢y the set of
infected frontier Bj, has size > Lo = exp(cy,tp) with probability §. Recall that n} is the

contact process restricted to the branch ST (z) starting with = infected. Let

R, = {3 t > 2itg such that z € nf} and G, = {z is (m, A — €)-recurrent}.
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If for some € Bj, the event R, N G, occurs then z is reinfected after (2i + 1)ty and can
push the infection back to the root after 2(i+ 1)ty with probability at least e~¢%. It follows

that

Tit1 > Py—c+ (37 € By, such that R, N G, occurs) - e~

> Pyy + (Binomial(|Bjy|, Prg,+(Re N Gy)) > 1) - e~ (since Ag < A —€). (4.13)

On a given tree T*, R, and G, are positively correlated, as they are both increasing
functions of the infection events and decreasing functions of the recovery events (see Liggett

[22] for an account of positive correlation). Thus
P (Ry NGy) = B+ (Pr+ (Ry N Gy)) 2 Er+ oy (Pr+ (Rz) - Pr+(Ga)).

In order to estimate Er+.,(Pr+(Ry)- Pr+(G;)) we will adopt a normal positive correlation
argument. The reader can skip this part and jump straight to (4.14).

Now observe that the root-added Galton-Watson tree TT can be represented by a col-
lection of i.i.d. random variables. Let the random variables Zp = 1 and Z; ~ D be the
number of offspring of the added root and the root, respectively. Then we sample a series
of i.i.d. random variables Z1 1,..., 21,7, ~ D to represent the number of offspring for each
individual in the first generation. The offspring of each individual in the second generation
is then given by the collection {Z7,1,..., ZLi,Zl,i izzll, and so on.

To simplify notation we write the index (i, 2, ...,4,) as i = (i1,49,...,ip,0,...) € NN,
Hence, given a collection Z = {Z; i € NV} of i.i.d. random variables we can construct
a Galton-Watson tree accordingly. Note that different Z’s can be mapped to the same
T+ ¢ GW+(D). For example, if Z; = 1 then we only use the element Z; ; to construct the
next generation, ignoring the elements Z; 2, Z1 3 and so on. Let ;* denote the measure over
the realizations of Z. A function h of Z is said to be increasing if for a pair Zl, Z? with
Z1 < 72 for all i we have h(Z') < h(Z?). Tt follows from the Harris inequality (see Section
2.2 in [?]) that p* has positive correlations, that is, E,« fg > E,« f - E,+g for all increasing
functions f and g with finite second moments. Note that the measure v on GW™ (D) can

be obtained from u* by collapsing different Z’s mapping to the same T, which means, for
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example,

Ert o (Pr+(Re)) = Bz, (Pz(Rz))
Both Pz(R,) and Pz(G,) are increasing with respect to Z, so it follows from the positive
correlations of u* that
Eriy (PT+ (R:L’) : P’JI”r (Gx)) = EZNu* (PZ(Rm) : PZ(Gx)) > E“N#* (PZ(Rx)) ’ EZN#* (PZ(Gx))
= Er+ v (Pr+ (R)) Ex+ o (Pr+(Gz)) = Pr(Re) Py (Ga)

That is,
P (Ry N Gy) > Pe(Ry)Pe(Gy) > rip. (4.14)

Now we can finish the calculation in (4.13)
riy1 > P(|Bjy| > Lo)P(Binomial(Lo,rip) > 1)e™ ¢ > §e0 (1 — (1 — r;p)t0)

where the term § comes from (4.9). Set f(r) = de (1 — (1 — rp)r0). Then f(0) = 0 and
f(1) < 1. Now the reason for our choice of jg in (4.10) has become clear. Under this choice
of jo we have

f/(0) = épe "Ly = Cj, > 1.
It follows that f has a fixed point r* € (0,1), i.e., f(r*) = r*. Now we prove r; > r*
inductively for ¢ > 0. First we have ro = 1. Suppose r; > r*, then the monotonicity of f

implies that
riv1 > f(ri) > f(r*) ="

Thus we have proved r; > r* for all i > 0, which implies that Py_. (0 € n? i.0.) > 0 and

thus A — € > Ao, Therefore we have shown A > Ay and this completes the proof. O

4.6 The weak survival phase on periodic trees

In this section we consider the contact process on a general periodic tree T,. We will prove

(i) A1 < A2 (see Theorem 1.4.5) and (ii) the contact process does not survive strongly at Aa
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(see Theorem 1.4.4, (ii)). The rest of Theorem 1.4.4 can be proved by similar arguments to
that of the Galton-Watson trees and hence is omitted here. The reader is referred to the

remarks in previous sections for ideas of the proofs.

Recall that the periodic tree T, = (a1,a9,...,a,) is arranged in the way that every
vertex x in T, has one neighbor above it and d(z) neighbors below it, where d(x) €
{a1,...,as} is the offspring number of x. To simplify notation we will let v = []7_; a;.
Without loss of generality, a distinguished vertex o is chosen to be the root and is said to
be on level 0. Recall that the function ¢ : T, — Z assigns a level to each vertex in Ty,
which is defined as follows: (i) £(0) = 0 and (ii) for each = € T, {(y) = ¢(x) — 1 for exactly

one neighbor y of z, and ¢(y) = ¢(z) + 1 for the other d(z) neighbors of x.

4.6.1 The growth profile

We now follow Liggett [21] and Stacey [34] to define the weight of a vertex x by

where p > 0 is a constant to be specified later. The weight of a set A of vertices is defined

to be

wy(A) = Z Pz(z)-

z€EA
Take {e,, : n € Z} in T, such that {(e,) = n and |e, — e,41| = 1, where e is what we
called the root o. As many of the things we will discuss are analogous to results in Liggett
[22] for the homogeneous tree T?, we will use the same notation as in [22]. Throughout the
discussion we will use & to denote the contact process on T, starting with only the root o

infected.

Define

u(n) = P(ey, € & for some t).

In order for the infection & to reach €(n+m)r it has to first reach e,,. Thus if we restart the

contact process with only e, infected at the moment &; reaches e, by the strong Markov
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property
u((m+n)k) > u(mr)u(nk). (4.15)

See (4.47) in Liggett [22] for a detailed argument. Hence

B(A) := lim [u(nk)]"/™

n—oo
exists and satisfies

B(X) = supu(nr)]/".

n

It is easy to show that () is independent of the type of vertex that is initially infected.
Let S(x) denote the subtree that contains vertex = and all of its descendants. We

will use & to denote the contact process restricted to S(o), starting with only the root o

infected. The following can be derived from the proof of Lemma 4.53 in [22]. Hence we

only give a sketch of proof here.
Lemma 4.6.1. For any A,

n

1mG@m%em)ZMM

n—oo

Sketch of proof. Let B(x,n) ={y € T« : |y — x| < n}. Let v,(m) be the probability that &
restricted to B(o,r) infects e, for some ¢ < r. Then

rhﬁrgo vp(m) = u(m).
Now take positive integers j, k, m,n satisfying

im+r < n.

Let 2o = €(n—jm)n> T1 = €(n—(j—1)m)rs - - - £j = €ns. In order to have an infection path from

(0,0) to (enx,t) for some ¢t < nr, we consider the intersection of following events:

the infection starting from o reaches xy within time 1 without exiting S(o0),

the infection from xg reaches x; within time r without exiting B(x1,7),

the infection from z;_; reaches z; within time r without exiting B(x;, ).
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Therefore
P(eny € & for some t < nr) > P(en—jmys € & for some ¢ < D) [v,(mk)}?

Observe that

Plens € &i41) > 6_1P(em € & for some t € [i,i+ 1]).

Hence
sup Pens € &) > max Plen, € &i41)
t 0<i<nr
>e ! max Plen, € & for some t € [i,i + 1])
0<i<nr
e ! =
> — P(eny € & for some t < nr)
nr
> e—P(e(n_jm),i € & for some t < 1)[v,(mk)]’.
nr
Therefore
lim inf (sup P(ens € f_t)> " > [Ur(mm)]l/m.
n—oo t
Taking r» — oo and then m — oo gives the result. O

To simplify notation, in this section we will write A1 for A1(T,) and Mg for Ao(Ty). The
structure of the periodic trees are similar in a way to the homogeneous trees, which allows
us to obtain many useful properties on 3(\). Here we only list one property to be used

later:

Lemma 4.6.2. (ﬁ)n < B(\) < 1/7.

Proof. When the vertex e; is infected, the probability that it infects e;41 before the infection
recovers is A/(1 + A). If this event occurs for every vertex on the path from e to ey, then

enr € & for some t. That is,

)\ nkKk
u(nk) = P(ey € & for some t) > (1+)\) 7

which implies that 3(\) > (ﬁ)ﬁ
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Suppose 3(A) > 1/7. There exists some constant a so that S(A) > a > 1/7. By Lemma

4.6.1 there exists tg and ng such that
P ¢ l/no >
(enor € &) > a.

For n € Z, we will use

L, ={zeT,:lx)=n}

to denote the set of vertices on level n. Let By = {z € &, : ©# € Lyx}. Then E|By| >
(ay)™ > 1. At time to, at each x € Bj we can start an independent contact process re-
stricted to S(x) and run them for time to. Continuing this construction gives a supercritical

branching process. Therefore S(A) > 1/~ implies A > Ay, ie., S(A1) < 1/7.

4.6.2 Proof of Theorem 1.4.5

The above discussion completes our preparation for the proof. Now we will proceed to show

the existence of an intermediate phase for the contact process on periodic trees.

There are k types of vertices in the periodic tree Ty categorized according to their
offspring numbers and relative positions in the tree. A vertex that corresponds to a;4+1 in
the tree Ty, = (a1,a2,...,as) is said to be of type i, where i € {0,1,...,x — 1}. Let {2”\
be the contact process on T} with infection rate A, starting with an infected type 7 vertex
that we denote by z;. We will also set z; to be the root on level 0 and define the function
¢ T, — Z accordingly.

If we only look at levels {L,,}nez of the tree T, then the structure resembles a ho-
mogeneous tree T?. Here we state a Lemma in Liggett [22] that will be useful in our

proof.

Lemma 4.26. (See [22] Part I) Let T denote the homogeneous tree with degree d + 1

and root o. Let

an(p) = Z Pe(x)-

|x—o|=n
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Then ag(p) =1 and forn > 1

dnfl n d2 271 +p 271
Jl pdp221p (p )’ dp? # 1

p"(n+1)—(n—-1)p%, dp®=1.

an(p) =

It is known that for the contact process ftAl on homogeneous trees, the expectation of
its weight Fw),( {\1) — 0 as t — oo, see [34]. This is a key ingredient in Stacey’s proof in
[34]. For a given € > 0 and a sufficiently large ¢ty we have Ew,( t)gl) < ¢. Hence for some A
slightly larger than A; we have

Ew,(&)) < 2e.

A
Using this fact Stacey constructed a supermartingale M,, := w‘(’;i')bfﬁ) and showed the contact

process does not survive strongly at this .

We will carry out an analogous argument for the periodic trees. In Lemma 4.6.3 we
estimate the weight function at A; for the contact process on periodic trees and then in
the proof of Theorem 1.4.5 the supermartingale is constructed. The new ingredient in our
argument is the extinction of the contact process on periodic trees at Ay, which is used in

the proof of Lemma 4.6.3.
Lemma 4.6.3. For any € > 0, there exists to > 0 so that

i\
max Ew, (&) < e.
i€{0,1,....k—1} p(§t° )<

1>\1

Proof. We will consider the contact process {2 starting with a type i vertex x; infected

and set x; to be the root of Tj,. Recall that £,, = {z € Ty : (x) = n} denotes the set
of vertices on level n and S(z) denotes the subtree that contains vertex x and all of its

descendants. For a vertex x € U,z Ly, we shall define a block with root x to be
St={yeS):|ly—=z| <rk-—1}
Note that every vertex in U,ez Ly, has type i. Define D, (x;) = {x € Ty : |x — x;| = n} and

Bp(zi) ={x €Ty : |z — x| =nk,l(x) =0 (mod k)}.
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The tree T, can be partitioned into a disjoint union of blocks

TI{ — UxEUmezﬁmn Sl‘f

The weight Ew,,({ti’h) can be split into two parts:

KN—1
Ew,(¢) Z Z w,(z)P(x € €M) Z Z w,y(z)P(z € &™) (4.16)
n=0 zeDy,(x;) n=kN €Dy (x;)

To obtain an upper bound on the second term in (4.16), we count the weight of the whole

block Sy if some vertex in this block is infected at time ¢. Hence

Z Z wy(z)P(x € gAY Z Z w,(STYP(ST N AL ) (4.17)

n=rkN z€Dp (x;) n>N zeBy, (z;)

Set agp = 1 and it is straightforward to compute

K—1 m rk—1
T x)+m T m i x
wp(Sy) = E Pe( o+ 'Haj < ’YPE( ) < E P ) < f'ﬂf( ). (4.18)
m=0 7=0 m=0

p

Let I'y, » denote the path on T, from z; to x. If I'y, , N SE # {z}, then the first vertex in
S that will be reached by the infection is not x. In this case, let 2* € I'y, , denote the
vertex that satisfies |x — 2*| = k. That is, the infection starting at x; would spread to S¥

through vertex z* € S. Then we know

P(zx € g“l for some t) if Ty, » N SE = {x},
P(SENEN £ 2) < t

P(z* € 5?1 for some t)  otherwise.

Therefore, for z € B,
P(SENEM £ 3) < B0 = B, (4.19)

Putting (4.18) and (4.19) together we have

(417) < > Z @ (A"t (4.20)
n>N xeBB, (zb)
Define an(p) = > e, (2) p'®) . As a simple corollary of Lemma 4.26 we have ag(p) = 1
and

an(p) = p "™ [(n+1) = (n—=1)p*]  when 7p* = 1. (4.21)
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It follows from (4.21) and B(A\1) < 1/~ (see Lemma 4.6.2) that we can choose N sufficiently

large so that

Y. D T AIBw) T < A=) S A Pn+1) | <eg/2. (4.22)

n>N meBn(xl) n>N
Notice that this choice of IV is independent of the type of vertex that is initially infected

as well as the time t. When N is fixed, since at A1 the contact process dies out

kKN—-1
Jim 37D wp@)Plr e ™M) =0
n=0 zeD}
for any i € {0,1,...,x — 1}. That is, there exists M; > 0 so that when t > M;,
kKN—1
Z Z w,(z)P(x € & My < /2. (4.23)
n=0 zeD:

Taking tgp = max{My, M1,...,M,_1} and adding up (4.22) and (4.23) proves the desired

result. O

Proof of Theorem 1.4.5. Given € < 1/4, by Lemma 4.6.3 we can choose ty so that

A
max  Eyw, (&M €.
i€{0,1,....k—1} A p(é ) -

Since max;cfo,1,....x—1} E,\wp(fé(’))‘) is a continuous function with respect to A, there exists

A > A1 so that

ma; Eyw, (€7Y) < 2e = 6.
ie{o,l,...),(nq} Ao (&6)

Without loss of generality we consider the contact process 5? A that starts with a type 0

vertex infected. Let F; be the o-algebra generated by §? A up to time t. We can show that

Blug€ )1 Fusl < 3 F @B 3 fw@

acefmo y6£t0
’ i\ 0,A
< Z P {01} Buwp(&;") < 6 - wp(&niy)-
xefnto
It follows that
0,\
My, = ===



is a non-negative supermartingale, which converges almost surely as n goes to infinity. Since
0=2e<1/2,

wp(fg%ﬁ‘) —0 as n — oo.

Intuitively this implies that the process §? A (where A > A1) does not survive strongly. See

Proposition 1.0 in [34] for a complete argument. Therefore A\; < A < Ao. O

4.6.3 Weak survival at \

In this section we complete the proof of Theorem 1.4.4 by showing the contact process on
T, does not survive strongly at Az. Since A\ (Ty) < A2(T,) we know the process survives
weakly at As. The proof on periodic trees is very much similar to that of Galton-Watson
trees. In this case, the estimations are simpler due to the more regular structure that comes
from periodicity.

Without loss of generality, a vertex with offspring number a; is chosen to be the root
0. Let & denote the contact process restricted to the subtree S(o) starting with the root o

infected.

Proof of Theorem 1.4.4 (). Our goal is to show that p = P(o € £ i.0.) > 0 implies A > \o.

Suppose when the infection rate is A we have p > 0. First observe that
p=P(o€ & for asequence of times t 1 00) < u(n)

for all n and A > 0. (The reader is referred to Theorem 4.65 in [22] for more details.) Hence
B(A) = limy, 0 u(n)l/” > limy o0 p*/™ = 1. Lemma 4.6.1 then implies that for any § > 0

there exists ng and tg so that
Plengs € &) > (1 —0)™.
As P(epy € &) is continuous with respect to A, there exists € > 0 so that

Plengs € & ) > (1 —26)™.
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Now we will estimate the size of the infection by comparing with a branching process.
Define £,, = {z € S(0) : |t — o] = nk}. Let By = {o} and B; = {z € ‘f_{\;s tx € Ly}
Then E|Bi| > (y(1 —2§))™ > 1 when we choose § to be sufficiently small. Specifically we
will choose § so that (1 —238)? > 1 for reasons that will become clear later.

At time %y, at each x € By we can start an independent contact process restricted to
S(z) and run it for time ty. Continuing this construction gives a supercritical branching
process |B,,| with mean E|Bj|. It is clear from the construction that B, C ?‘,;05 N Long-

Since |By,| is a supercritical branching process,

lim 7’Bm|
m—oo (E|By|)™

exists almost surely and is not trivially zero. Therefore, there exists a € > 0 such that
P(1Bul| > e(E|BI|)™) = € (4.24)

for all sufficiently large m. For reasons that will become clear later we choose mg sufficiently

large so that

P(|& ot N Lmono| = €(v(1 = 28))™0™0) > P(|Byn, | 2 e(v(1 — 25))™") >

and
e2((1 — 28)%y)momo > 1,

Let r; = P(o € €)¢, ) and M = e(y(1 — 26))™°. We can obtain the following recursive

2imoto

relation:

Tivl > P(Bz'nomial(|£)‘7E N Lingnols 7i) = 1) P(€mgnor € e )

moto moto
FA—E M FA—E\TNQ
> P([&0to N Lmono| = M)(L— (1 —=73)™ ) Plengx € &y ) (4.25)
> e(1 —20)™0m0(1 — (1 — ry)M). (4.26)

Setting f(r) = (1 — 25)™"0(1 — (1 — r)M). By our choices of § and my,
£/(0) = (1= 20)27)™70 > 1.

Following the same argument as in the proof of Theorem 1.4.3 we can show there exists
r* > 0 such that r; > r* for all ¢ > 0. That is, _t)‘_a survives strongly, which implies

A>A—e2> A O
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Chapter 5

Conclusions

We study the contact process on random graphs and trees.

In Chapter 2 we study the asymptotics for the critical values A; and As on a general
class of periodic trees. A little over 25 years ago Pemantle [32] pioneered the study of
the contact process on trees, and showed that on homogeneous trees the critical values \;
and Ay for global and local survival were different. He also considered trees with periodic
degree sequences, and Galton-Watson trees. Here, we will consider periodic trees in which
the number of children in successive generations is (n,ay,...,a;) with max; a; < Cnt—o
and log(ay - --ax)/logn — b as n — co. We show that the critical value for local survival
is asymptotically \/c(logn)/n where ¢ = (k — b)/2. This supports Pemantle’s claim that
the critical value is largely determined by the maximum degree, but it also shows that the

smaller degrees can make a significant contribution to the answer.

In Chapter 3 we study the contact process on Galton-Watson trees and configuration
models. The key to our investigation is an improved (and in a sense sharp) understanding
of the survival time of the contact process on star graphs. Using these results, we show
that for the contact process on Galton-Watson trees, when the offspring distribution (i) is
subexponential the critical value for local survival Ay = 0 and (ii) when it is Geometric(p)
we have A\ < Cp, where the C, are much smaller than previous estimates. We also study
the critical value A.(n) for “prolonged persistence” on graphs with n vertices generated by
the configuration model. In the case of power law and stretched exponential distributions
where it is known A.(n) — 0 we give estimates on the rate of convergence. It was predicted
in physics papers that A.(n) ~ 1/A(n) where A(n) is the maximum eigenvalue of the
adjacency matrix. Our results show that this is accurate for graphs with power-law degree

distributions, but not for stretched exponentials.
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In Chapter 4 we study the supercritical contact process on Galton-Watson trees and
periodic trees. We prove that if the contact process survives weakly then it dominates a
supercritical Crump-Mode-Jagers branching process. Hence the number of infected sites
grows exponentially fast. As a consequence we conclude that the contact process dies out
at the critical value A1 for weak survival, and the survival probability p()) is continuous
with respect to the infection rate A\. Applying this fact, we show the contact process on
a general periodic tree experiences two phase transitions in the sense that A\; < Ao, which
confirms a conjecture of Stacey’s [34]. We also prove that if the contact process survives
strongly at A then it survives strongly at a \’ < A, which implies that the process does not

survive strongly at the critical value As for strong survival.
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