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ABSTRACT
In cardiovascular disease (CVD) studies, the events of interest may
be recurrent (multiple occurrences from the same individual). During
the study follow-up, longitudinal measurements are often available
and these measurements are highly predictive of event recurrences.
It is of great clinical interest to make personalized prediction of the
next occurrence of recurrent events using the available clinical infor-
mation, because it enables clinicians to make more informed and
personalized decisions and recommendations. To this end, we pro-
pose a joint model of longitudinal and recurrent event data. We
develop a Bayesian approach for model inference and a dynamic
prediction framework for predicting target subjects’ future outcome
trajectories and risk of next recurrent event, based on their data up
to the prediction time point. To improve computation efficiency,
embarrassingly parallel MCMC (EP-MCMC) method is utilized. It par-
titions the data into multiple subsets, runs MCMC sampler on each
subset, and applies random partition trees to combine the posterior
draws from all subsets. Our method development is motivated by
and applied to the Antihypertensive and Lipid-Lowering Treatment
to Prevent Heart Attack Trial (ALLHAT), one of the largest CVD studies
to compare the effectiveness of medications to treat hypertension.
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1. Introduction

As a leading cause of death and disability in both men and women, cardiovascular dis-
ease (CVD) causes one in every four deaths in the United States and has became a major
public health concern [1]. The estimated direct costs for CVD is 199.2 billion dollars in
the United States [2]. It is critically important to identify risk factors of CVD which yields
important insight into prediction, prevention, and treatment of disease progression. To this
end, National Heart, Lung, and Blood Institute (NHLBI) has funded many clinical stud-
ies aiming to identify risk factors for predicting future CVD events, e.g. stroke, reoccurred
heart failure, and recurrent heart attack [3]. Anti-hypertensive and Lipid-lowingTreatment
to Prevent Heart Attack Trial (ALLHAT) study [4] is one of the largest CVD studies that
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was sponsored by NHLBI. Previous literatures have identified multiple important CVD
risk factors, e.g. hypertension, high cholesterol level, and diabetes [5,6].

An important feature of cardiovascular disease is that the CVD event occurrences are
often recurrent, i.e. subjects may experience multiple CVD events during the follow-up
period. There exists intrinsic correlation among these recurrent events within the same
subject. Ignoring the correlation leads to biased estimated risk [3]. Hence, the commonly
used Cox proportional hazard model does not apply, because it does not account for the
correlation. Moreover, the recurrent event process tends to be correlated to some longitu-
dinal measures, e.g. people with high systolic blood pressure are more likely to experience
recurrent CVD events. Analyzing these two processes separately may lead to biased esti-
mates. Hence, it is essential to jointly model the longitudinal measures and recurrent
events.

Joint models (JM) of longitudinal measurements and time-to-event data (including ter-
minal event, competing risks, and recurrent events) have been widely studied in the past
two decades and a increasing number of studies applied various joint models to large clin-
ical studies, e.g. Henderson et al. [7], Han et al. [8], and Crowther et al. [9]. A joint model
often involves two submodels, amixed effects submodel for the longitudinalmeasurements
and a survival submodel for the time-to-event data, linked by shared random effects or
latent structures. Many extensions of joint models have been developed, e.g. relaxing the
normality assumptions of random effects [10]. Of the existing literature about joint mod-
eling of longitudinal measurements and recurrent events, Liu and Huang [11] considered
a more complex setting where a repeated measures process and a recurrent event process
were correlated, both subject to a terminal event.

One novel use of JM is to provide dynamic predictions of the risk of target event and
the trajectories of longitudinal outcomes [12]. The predictions are dynamic because they
can be updated given the additional information of longitudinal trajectories and longer
history of survival process. In the literature of dynamic prediction of recurrent event risks,
Krol et al. [13] extended the models of Liu and Huang [11] to dynamic prediction. They
derived the estimated probability of having a terminal event in a specific time interval,
given all previous history and no event occurred before the prediction time. Regarding
prediction of recurrent events, Musoro et al. [14] extended dynamic prediction by land-
marking to recurrent event data. Using landmark method, they handled the longitudinal
data as a time-fixed covariate at different landmark time points. To the best of our knowl-
edge, providing personalized dynamic predictions of future longitudinal trajectories and
recurrent event risks using jointmodel approach remains an open research question. In this
article, we develop a Bayesian joint model that incorporates longitudinal clinical informa-
tion and the recurrent disease history. The proposed model consists of two submodels, the
linear mixed effect submodel for the longitudinal trajectory and the recurrent event model
with an intensity function of a Poisson process. The two submodels are linked via a shared
latent trajectory. Moreover, the proposed joint model provides dynamic predictions of the
risk of recurrent event occurrences and the future longitudinal trajectories.

The rest of the article is organized as follows. In Section 2, we introduce a cardiovascu-
lar disease study that motivates the methodological development of this article. The joint
model framework and dynamic predictionmethod are illustrated in Section 3.We conduct
simulations in Section 4 to assess our proposedmodel’s performance in inference accuracy
and prediction. In Section 5, we apply our proposed model to the motivating dataset. In
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Section 6, we summarize the findings, and discuss limitation and some future research
directions.

2. Motivating dataset

The methodological development is motivated by Antihypertensive and Lipid-Lowering
Treatment to PreventHeart Attack Trial (ALLHAT), a randomized, double-blinded, active-
controlled clinical trial conducted from February 1994 through March 2002 [4]. The aim
of the ALLHAT study is to determine whether newer anti-hypertensive agents, including
α-blocker doxazosin, differ from the reference treatment chlorthalidone in coronary heart
disease events and other CVD events. The primary outcome was composite fatal coronary
heart disease (CHD) or non-fatal myocardial infarction (MI). During the study follow-up
period, 15,255 subjects were randomized to chlorthalidone arm and 9,061 subjects were
randomized to doxazosin arm, our analysis is based on subjects from these two arms. The
maximum follow-up time in the analytic dataset was 5.57 years. Subjects who were alive at
the end of the trial, or lost to follow-up during the trial are considered as right censored.
We are interested in the composite outcome of three types of recurrent CVD events (CHD,
stroke, and heart failure) before death or censoring. To visualize the data structure, Figure 1
displays the time plot of four selected subjects who experienced composite CVD events
before death or censoring. For example, subject 1 experienced one CVD event in month

Figure 1. Data display of CVD events in ALLHAT study.
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59 and was censored on month 92, while subject 4 experienced 5 recurrent CVD events
and died in 67 month.

During the study, participants’ clinical information was collected and recorded at each
visit. Systolic blood pressure (SBP) is the most frequently measured clinical outcome in
ALLHAT study. It is well documented that high blood pressure (hypertension) is one of
the main risk factors for CVD events, and previous literature has studied the mechanisms
of how hypertension causes CHD, stroke, and heart failure [15]. In the risk predic-
tion of CVD events, systolic blood pressure is usually included in the statistical models.
Staessen et al. [16] found that among untreated patients with isolated systolic hyper-
tension, systolic blood pressure predicted cardiovascular risk. More recent publications
suggested that there was significant positive relationship between higher SBP and CVD
events [17,18]. On the other hand, subjects with previous CVD events have high risk of
future CVD recurrences [19]. Thus, incorporating the SBP trajectory and recurrent disease
history is essential to personalized prediction of next occurrence of a CVD event.

3. Methods

3.1. Jointmodel specification

Let yi(t) = {yi(tij)} be the vector of longitudinal observation for subject i at time tij, where
i = 1, . . . , n, j = 1, . . . ,mi, and n is the number of subjects andmi is the number of visits.
LetTik be the recurrent event occurrence times from study onset for subject i, k = 0, . . . , ni,
where ni denotes the number of recurrent CVD events (including CHD, stroke, and HF).
We propose a jointmodel consisting of a linearmixed effects submodel for the longitudinal
health outcome and a poisson intensity submodel for the recurrent CVD events (under
the assumption that the number of recurrent events in non-overlapping time intervals is a
poisson process).

yi(t) = XY
i (t)α + Zi(t)ui + ei(t) = fi(t) + ei(t)

ri(t) = r0(t) exp{ZR
i β + νfi(t) + vi},

(1)

where fi(t) is the unobserved true value of the longitudinal outcome and it connects two
submodels, r0(t) is the baseline hazard function for the recurrent events. The covariate
vectors XY

i (t) and ZR
i are covariates related to the longitudinal process and recurrent event

process, respectively, and they may be identical or different. Parameter vectors α and β

are the corresponding coefficients. Vector Zi(t) is a covariate vector corresponding to the
random effects vector ui. Random effects vector ui accounts for the correlation among
repeated measurements and it is assumed to be normally distributed with mean 0 and
covariance matrix �u. Random effects vi ∼ N(0, σ 2

v ) is independent of ui and it accounts
for the heterogeneity in the rate of recurrent events due to random effects not shared with
the repeatedmeasurements. Themeasurement error ei(t) ∼ N(0, σ 2

e ) is independent from
random effects ui and vi. The two submodels are linked via an association parameter ν,
which quantifies the strength of correlation between the expected longitudinal outcome
and the risk of recurrent CVD events.

One key assumption in the linear mixed effects submodel is that all measurements
from each subject are independent conditional on the random effects vector ui. Thus, the
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likelihood from the longitudinal process of subject i is:

lYi =
mi∏
j=1

1√
2πσ 2

e
exp

{
− [yi(tij) − XY

i (tij)α − Zi(tij)ui]2

2σ 2
e

}
. (2)

We approximate the baseline hazard function r0(t)using piecewise constant functions [20].
Specifically, we divide the total follow-up time interval [0, τ ] by quantiles of event times
τ t = (0, τ1, . . . , τR)′, and denote the baseline hazard vector as g = (g0, g1, . . . , gR−1)

′. The
piecewise constant hazard function is expressed as h0(t) = ∑R−1

r=0 grIr(t), where indicator
function Ir(t) = 1, if τr ≤ t < τr+1 and 0 otherwise. Let Si(xi) denote the corresponding
survival function. The likelihood of the recurrent event process for subject i is:

lRi =
ni∏
k=0

hi(tik)δikSi(xi)

=
ni∏
k=0

[
r0(tik) exp

{
ZR
i β + νfi(tik) + vi

}]δik

· exp
[
−

∫ τi

0
r0(t) exp

{
ZR
i β + νfi(t) + vi

}
dt

]
,

where δik is the indicator of a recurrent event at time tik and τi is the observed follow-up
time of subject i. The longitudinal outcome yi is assumed to be independent of recurrent
event times, conditioning on the random effects ui and vi. Hence, the full likelihood for
subject i is

li = lYi · lRi · f (ui) · f (vi), (3)

where f (ui) and f (vi) are the density functions of ui and vi, respectively. The parameter
vector is denoted by θ = {α,β , ν,�u, σv, σe}.

3.2. Dynamic prediction

Next, we illustrate the dynamic prediction framework based on the proposed joint model.
Suppose a new subject i had ni (e.g. ni = 0, 1, 2, . . .) recurrent events up to prediction time
t, with longitudinal profile yi(t) = {yi(tij); 0 ≤ tij ≤ t}, we would like to predict his/her
probability of having the next recurrent event (ni + 1) before future time t′ = t + �t
(e.g. prediction time window �t is 1 year from time t), denoted by πi(t′|t) = P(Ti,ni+1 ≤
t′|Ti,ni+1 > t, yi(t), θ), where θ is the parameter vector.

We derive πi(t′|t) as follows:

πi(t′|t) =
∫ ∫

P(Ti,ni+1 ≤ t′|Ti,ni+1 > t, ui, vi, yi(t), θ)

· P(ui|Ti,ni+1 > t, yi(t), θ , vi)duiP(vi|Ti,ni+1 > t, yi(t), θ , ui) dvi

≈ 1
M

M∑
m=1

1 − exp

[
−

∫ t′

t
r(m)
i (s|u(m)

i , v(m)
i , θ (m)) ds

]
, (4)
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where the integration with respect to ui and vi in the first equality is approximated using
Monte Carlo method, by plugging in the samples of the parameter vector and random
effects {θ (m), u(m)

i , v(m)
i ,m = 1, . . . ,M} into the proposed model, where M is the number

of posterior samples. The term r(m)
i denotes the intensity function of Poisson process based

on themth sample. Detailed derivation can be found in Appendix.
The key step to approximate the event probability πi(t′|t) is to obtain samples for ran-

dom effects ui and vi. Specifically, conditional on the mth posterior sample θ (m) and the
m−1th posterior sample v(m−1)

i , we draw samples of ui from its posterior distribution.

P(ui|Ti,ni+1 > t, yi(t), θ
(m), v(m−1)

i ) =
P

(
yi(t),Ti,ni+1 > t, ui|θ (m), v(m−1)

i

)
P

(
yi(t),Ti,ni+1 > t|θ (m), v(m−1)

i

)
∝ P

(
yi(t),Ti,ni+1 > t, ui|θ (m), v(m−1)

i

)
= P

(
yi(t)|ui, θ (m)

)
P

(
Ti,ni+1 > t|ui, θ (m), v(m−1)

i

)
P

(
ui|θ (m)

)
,

where

P
(
Ti,ni+1 > t|ui, θ (m), v(m−1)

i

)

=
ni∏
k=0

[
r(m)
0 (tik) exp

{
ZR
i β

(m) + ν(m)f (m)
i (tik) + v(m−1)

i

}]δik

· exp
[
−

∫ t

0
r(m)
0 (s) exp

{
ZR
i β

(m) + ν(m)f (m)
i (s) + v(m−1)

i

}
ds

]
.

We then draw samples of vi from its posterior distribution, conditional on θ (m) and the
mth posterior sample u(m)

i .

P
(
vi|Ti,ni+1 > t, yi(t), θ

(m), u(m)
i

)
=

P
(
Ti,ni+1 > t, vi|yi(t), θ (m), u(m)

i

)
P

(
Ti,ni+1 > t|yi(t), θ (m), u(m)

i

)
∝ P

(
Ti,ni+1 > t, vi|yi(t), θ (m), u(m)

i

)
= P

(
Ti,ni+1 > t|yi(t), θ (m), u(m)

i , vi
)
P

(
vi|θ (m)

)
,

where

P
(
Ti,ni+1 > t|yi(t), θ (m), u(m)

i , vi
)

=
ni∏
k=0

[
r(m)
0 (tik) exp

{
ZR
i β

(m) + ν(m)f (m)
i (tik) + vi

}]δik

· exp
[
−

∫ t

0
r(m)
0 (s) exp

{
ZR
i β

(m) + ν(m)f (m)
i (s) + vi

}
ds

]
.
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For each of θ (m), m = 1, . . . ,M, we adopt adaptive rejection metropolis sampling
(ARMS) [21] implemented in R HI package to draw 50 samples of ui and vi and retain
the last sample. This process is repeated for the M saved values of θ to obtain M samples
of ui and vi. Based on all the samples, we can also predict the new subject’s future outcome
trajectory. Specifically, the outcome trajectory at time t′ is yi(t′)|ui ∼ N(XY

i (t′)α(m) +
Zi(t′)u(m)

i , σ 2
e

(m)
). Suppose that subject i does not have a recurrent event between times

t and t′, then the outcome history is updated to yi(t
′). We draw new samples of ui and vi

from their dynamically updated posterior distributions P(ui|Ti,ni+1 > t′, yi(t′), θ , vi) and
P(vi|Ti,ni+1 > t′, yi(t′), θ , ui) and obtain the updated predictions.

3.3. Bayesian inference

We use Bayesian inference based onMarkov chain Monte Carlo (MCMC) posterior simu-
lations to infer unknown parameters. We use non-informative priors on all parameters in
vector θ . Specifically, the prior distribution of all elements in the coefficient vectors α,β ,
and the association parameter ν is normal distributionwithmean 0 and standard deviation
being 10. To ensure the positivity of variances σv, σe and the variance terms in �u, we use
inverse gamma distribution with α = 0.01,β = 0.01 so that the prior variance is 100. We
impose the uniform prior distribution U(−1, 1) for the correlation parameters in �u.

The model fitting is performed in Stan by specifying the full likelihood function and
the prior distributions of all unknown parameters. Stan adopts a No-U-Turn sampler
[22], which offers faster convergence and parameter space exploration compared with
other MCMC algorithms such as Gibbs sampling. To diagnose the convergence of pos-
terior samples, we use trace plots and view the absence of apparent trends in the plots
as evidence of convergence. Moreover, we ensure Gelman and Rubin [23] potential scale
reduction statistic R̂ of all parameters are smaller than 1.1, as an additional way of conver-
gence assessment. In simulation, 2,000 after burn-in samples are drawn for each parameter
in θ , the convergence of these posterior samples are ensured by meeting aforementioned
criteria.

3.4. ParallelizingMCMCwith randompartition trees

Bayesian inference for large clinical studies can be demanding in computation and mem-
ory. Multiple articles attempted to address these issues [24,25], but they either rely on
asymptotic normality of posterior distributions, or have the drawback of insufficient
resampling. To the end, Wang et al. [26] proposed an embarrassingly parallel MCMC (EP-
MCMC) approach to address the computation and memory challenges in datasets with
large sample size, without assuming any distribution of posterior samples. The theoreti-
cal property of this EP-MCMC approach grants its good performance when being applied
to different models. The algorithm consists of two steps. First, it partitions the data into
multiple subsets and independently runs MCMC sampler on each of them, then it applies
random partition trees to combine the posterior draws from all subsets.

Next, we illustrate how to fit our proposed model using EP-MCMC method. We ran-
domly divide the dataset into 10 subsets (for example), each subset contains sufficient
number of subjects and recurrent events. We then conduct Bayesian inference of our
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Table 1. Parameter estimation in the simulation study.

Results using regular MCMC Results using EP-MCMC

Parameter BIAS SD SE CP RMSE BIAS SD SE CP RMSE

α0 = −1.000 0.001 0.169 0.184 0.960 0.169 0.010 0.175 0.184 0.955 0.175
α1 = −0.200 −0.007 0.235 0.244 0.955 0.235 −0.011 0.241 0.244 0.960 0.240
α2 = 0.800 0.000 0.037 0.038 0.955 0.037 0.000 0.037 0.038 0.955 0.037
σ1 = 1.500 −0.005 0.123 0.138 0.970 0.123 −0.003 0.123 0.138 0.970 0.123
σ2 = 0.150 0.008 0.025 0.030 0.980 0.026 0.007 0.025 0.030 0.985 0.026
σv = 0.200 0.001 0.039 0.041 0.960 0.039 0.001 0.040 0.041 0.955 0.040
ρ = 0.400 0.006 0.183 0.244 0.995 0.183 0.008 0.184 0.245 0.995 0.183
σe = 5.000 −0.001 0.068 0.065 0.940 0.067 0.000 0.065 0.065 0.950 0.065
β1 = −0.12 0.003 0.025 0.025 0.955 0.025 0.002 0.025 0.025 0.960 0.025
ν = 0.750 −0.001 0.039 0.042 0.980 0.039 −0.001 0.038 0.042 0.980 0.038

proposed model in each subset, resulting into 2000 after burn-in MCMC posterior sam-
ples for every parameter of interest. For example, for the 10 unknown parameters listed
in Table 1, we have 10 matrices of size 2000 by 10, with one matrix from one subset.
We then implement PART algorithm [26] to combine the posterior samples from 10 sub-
sets. This algorithm aggregates sub-chain posterior MCMC samples and draws a certain
number (e.g. 20,000) of samples for each parameter from the combined posterior with
k-dimensional tree partition rules. In simulation, the aggregation step produces a matrix
of size 20, 000 × 10 as the posterior samples of the 10 parameters. The simulation results
in Table 1 indicates the validity of the EP-MCMC approach in making Bayesian inference
of our proposed model.

Moreover, EP-MCMC method has additional computational efficiency when conduct-
ing internal cross-validation in dynamic prediction. When using traditional Bayesian
inference, we first randomly split the whole dataset into 10 (for example) subsets of about
equal sample size. Then we estimate parameters in the training set with 9 subsets (90% of
data) and conduct the dynamic prediction on the validation subset (10% of data). The step
is repeated 10 times. This procedure is computationally intensive because themodel build-
ing step is always based on about 90% of the data and this step has to be repeated 10 times.
In contrast, EP-MCMC estimates parameters in each subset in a parallel fashion. Then it
performs the aggregation step based on the posterior samples of the unknown parameters
from 9 selected subsets and uses the aggregated samples to conduct dynamic prediction
on the remaining subset. This process is repeated 10 times without repeating the model
building steps 10 times based on 90% of the data. Therefore, EP-MCMC method is much
more computationally efficient than the traditional Bayesian inference.

3.5. Assessing predictive performance

We assess the prediction performance of the proposed model in both discrimination (dis-
criminate between subjects who will have the next recurrent event from subjects who
will not) and calibration (how well the model predicts the observed data). Specifically, we
employ receiver operating characteristic (ROC) curve and the area under the ROC curves
(AUC) to assess discrimination and the expected Brier score (BS) for calibration. AUC and
BS measure different aspects of the predictive performance. While AUC assesses model’s
overall discrimination ability, BS measures the bias between the predicted and observed
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event risks. Moreover, we adopt the methodology in Blanche et al. [17] to quantify and
compare the predictive accuracy of different models in terms of AUC and BS.

For a given threshold c ∈ [0, 1], the time-dependent sensitivity and specificity
are defined as P{πi(t′|t) > c|D(t, t′) = 1,T∗

i > t} and P{πi(t′|t) ≤ c|D(t, t′) = 0,T∗
i > t}

respectively, where D(t, t′) is an indicator function equals to 1 when a new event happens
in time interval (t, t′] and 0 otherwise, and T∗

i denotes the true event time for subject i.
Therefore, for probability p ∈ [0, 1], the ROC curve is ROCt′

t (p) = TPt
′
t [FP

t′
t ]−1(p),

where TPt
′
t denotes the true positive rate, FPt

′
t denotes the false positive rate [27]. We cal-

culate a standard “concordance” summary: the time-dependent Area Under Curve (AUC)
[28] AUC(t, t′) = ∫ 1

0 ROCt′
t (p) dp. In practice, the model with higher AUC has higher

discrimination capability.
Using the extension of the Brier score (BS) defined in survival models to joint

model framework [29], we define the expected BS for dynamic prediction as BS(t, t′) =
E[(D(t, t′) − π(t′|t))2], which can be expressed as BS(t, t′) = E[(E[D(t, t′)] − π(t′|t))2] +
E[(D(t, t′) − E[D(t, t′)])2]. The first term measures how close the prediction is to the
expected event status E[D(t, t′)], i.e. how well the model predicts the observed data. The
second term is the aggregation of resolution and uncertainty and it does not depend on
the distribution of the predictions. In general, BS = 0 indicates perfect prediction and BS
= 0.25 means no better than a random guess.

Blanche et al. [17] proposed to compute confidence regions of AUC and BS and to per-
form significance tests of between-model differences when comparing different models.
Let us denote either AUC(t, t′) or BS(t, t′) as θ(t, t′) and let �θ̂(t, t′) denote the estimated
difference of AUCor BS between two predictivemodels. The pointwise confidence interval
is �θ̂(t, t′) ± z1−α/2(σ̂�,t,t′/

√
n), where z1−α/2 is the critical value of standard normal dis-

tribution at the significance level α and σ̂ 2
�,t,t′ is the empirical estimate of variance, which

can be consistently estimated by the influence function [17].

4. Simulation setting

In this section, we assess the performance of our proposed model in inference and predic-
tion. Consider three binary covariates xi1, xi2, and zi which equal to 0 or 1 with probability
0.5. We generate the longitudinal measurements and the recurrent events from the models

yi(tij) = α0 + α1xi1 + α2xi2 + α3tij + ui1 + ui2tij + ei(tij) = fi(tij) + ei(tij)

ri(tik) = r0 exp{β1zi + νfi(tij) + vi},
where ei(tij) ∼ N(0, σ 2

e ), ui = (ui1, ui2)′ ∼ N(0,�u), and�u is the covariancematrix with
the variance terms being σ 2

1 and σ 2
2 and the correlation coefficient term being ρ. The cen-

soring time Ci is sampled from the uniform distribution Uniform(9, 10) which generates
around 50% censoring.

The inference results are based on 200 replications with the sample size being 800. We
randomly set aside 200 subjects as the validation dataset and the inference is based on the
remaining 600 subjects. There are on average 2 recurrent events per subject, while around
30% of the simulated subjects havemore than 1 event. Table 1 displays the true parameters,
bias, standard deviation (SD, the standard deviation of the posteriormeans), standard error
(SE, the square root of the average of the posterior variance), coverage probabilities (CP) of
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Table 2. Time-dependent AUCs and BSs for the simulation study.

t �t Bias AUC BS

5 1 0.002 0.746 0.014
2 0.003 0.756 0.016
3 0.004 0.759 0.017
4 0.004 0.761 0.020

6 7 0.003 0.788 0.016
1 0.004 0.788 0.017
2 0.005 0.789 0.019

7 1 0.003 0.814 0.018
2 0.004 0.812 0.021

Notes: AUC: area under the ROC curve; BS: Brier score. Notation: t is prediction time;
�t is prediction time window.

95% equal-tail credible intervals (CI), and root mean squared error (RMSE) from results
using regular MCMC (left panel) and EP-MCMC (right panel, with 3 subsets). The results
suggest that parameter estimates have negligible bias, small RMSE, SE being close to SD,
and the coverage probability close to the 95% nominal value, indicating that both regular
MCMC and EP-MCMC provide valid Bayesian inference. The computation time is about
12 h when using regular MCMC. It is significantly reduced to 3 h when using EP-MCMC
method.

We then apply the dynamic predictionmethod to the validation dataset. Table 2 displays
the bias (average of the difference between the estimated π(t′|t) and the true probability),
AUC (average of all AUCs calculated within the given time interval from 200 replications),
and BS. The bias is all under 0.005 and estimated AUC and BS suggest our model’s good
performance in discrimination and calibration.

5. ALLHAT study application results

In this section, we apply the proposed joint model to the motivating ALLHAT study.
We select the non-fatal cardiovascular disease events (composite CHD, stroke, and heart
failure) as the recurrent event outcome and SBP as the longitudinal variable which has
significant association with time to CVD events. We consider the following risk factors:
treatment (1 if doxazosin and 0 if chlorthalidone), age (in years), gender (1 for male and 0
for female), race (1 for black and 0 for white and others), diabetes (yes/no), history of MI
or Stroke at baseline (yes/no), history of coronary revascularization (yes/no), antihyper-
tensive treatment before trial (yes/no). These covariates are significant either in the linear
mixed effect model or in the recurrent event model. After excluding subjects with pend-
ing death confirmation and those with missing data in the aforementioned covariates, we
obtain the analysis dataset with 19,804 subjects. Among them, 16,811 subjects did not have
CVD events until censoring, 2179 subjects experienced 1 event, and 814 subjects experi-
enced more than 1 events. Around 15% of ALLHAT subjects experienced recurrent CVD
events during follow-up period.

Due to the large sample size of the ALLHAT study, we adopt the EP-MCMC approach
for Bayesian inference. Specifically, we randomly divide the analysis dataset into 10 sub-
sets, each with about 2000 subjects. In each subset, we run two parallel MCMC chains with
overdispersed initial values and each chain is run for 5000 iterations. The first 3000 iter-
ations are discarded as burn-in and the inference is based on remaining 2000 iterations
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Table 3. ALLHAT data analysis results.

Mean 2.5% 97.5% SD

longitudinal submodel
Intercept 2.688 1.962 3.412 0.393
doxazosin 2.796 2.428 3.143 0.186
Age (years) 0.136 0.111 0.162 0.013
Male 1.200 0.808 1.584 0.209
Race:black 2.388 2.008 2.773 0.196
Antihypertensive drug (Yes) 1.119 0.469 1.760 0.339
σ1 12.159 11.947 12.364 0.107
σ2 3.333 3.222 3.441 0.056
ρ −0.563 −0.584 −0.541 0.011
σe 12.416 12.363 12.470 0.028

recurrent event submodel
Diabetes (Yes) 0.456 0.349 0.555 0.054
MI or Stroke (Yes) 0.663 0.554 0.770 0.054
Coronary revascularization (Yes) 0.777 0.654 0.908 0.065
Association parameter 0.016 0.011 0.020 0.002

from each chain. While the model inference takes more than 3 weeks when using regular
MCMC, the computation time is reduced to 26 h by using EP-MCMC. We employ piece-
wise constant baseline hazard function. To have enough observations in each piecewise
interval, we construct intervals by every 1/4th quantile of the CVD event time. Good mix-
ing and convergence properties of the MCMC chains are observed in all trace plots and R̂
is smaller than 1.1 for all parameters.

Table 3 displays the inference results from the proposed joint model. Here, 95% CI
denotes 95% equal-tail credible intervals. The results from the longitudinal submodel sug-
gest that the systolic blood pressure for subjects in doxazosin group is on average 2.796
units (95%CI [2.428, 3.143]) higher than those in the chlorthalidone group. Other risk fac-
tors including older age, male gender, black race, and baseline anti-hypertensive drug use
are significantly associated with higher systolic blood pressure. Specifically, 1 year increase
in age increases the systolic blood pressure by 0.136 units (95% CI [0.111, 0.162]); males
tend to have 1.2 units (95% CI [0.808, 1.584]) higher systolic blood pressure than females;
black subjects have 2.388 units (95% CI [2.008, 2.773]) higher systolic blood pressure than
white subjects and others; subjects who took anti-hypertensive drugs at baseline have 1.119
units (95% CI [0.469, 1.760]) higher systolic blood pressure than those who did not. These
results are consistent with the primary ALLHAT publication [30]. For the recurrent event
submodel, we find that subjects with diabetes history have significantly higher risk of hav-
ing cardiovascular disease events (RR = 1.578; 95% CI [1.418, 1.742]). Similar effects can
be found in subjects with MI or stroke (RR = 1.941; 95% CI [1.740, 2.160]), and subjects
with history of coronary revascularization (RR = 2.175; 95%CI [1.923, 2.479]). Moreover,
the association parameter ν is statistically significant, indicating that high longitudinal sys-
tolic blood pressure measurements are associated with increased risk of recurrent CVD
event (RR = 1.016; 95% CI [1.011, 1.020]).

To assess the predictive performance, we compute the time-dependent AUC and BS of
our proposed model (Model 1) and a simple recurrent event model without considering
the longitudinal data (Model 2). 10-fold internal cross-validation is conducted following
procedures in Section 3.4 to avoid overfitting.We present the estimated AUC and BS under
various prediction scenarios (different prediction times t and prediction timewindows�t)
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Table 4. Time-dependent AUC and BS for proposed joint model (Model 1) and a
recurrent event model (Model 2).

Model 1 Model 2

t (year) �t (month) AUC BS AUC BS

1 3 0.665 0.015 0.556 0.015
6 0.676 0.027 0.556 0.028
9 0.675 0.038 0.557 0.040
12 0.668 0.049 0.558 0.051

2 3 0.660 0.015 0.572 0.015
6 0.653 0.028 0.566 0.029
9 0.658 0.041 0.559 0.052
12 0.651 0.041 0.553 0.052

3 3 0.706 0.017 0.652 0.017
6 0.695 0.034 0.603 0.035
9 0.676 0.049 0.604 0.052
12 0.658 0.065 0.598 0.070

4 3 0.744 0.020 0.639 0.021
6 0.696 0.067 0.616 0.069
9 0.685 0.059 0.576 0.063
12 0.643 0.077 0.576 0.080

Notes: AUC: area under the ROC curve; BS: Brier score. Notation: t is prediction time;�t is prediction
time window.

Figure 2. Comparison of AUC (upper panels) from the proposed joint model (Model 1, black solid line)
and a recurrent event model (Model 2, gray solid line) and the difference of AUC (lower panels).

in Table 4. Our proposed model has higher AUC and lower BS than the recurrent event
model in all prediction scenarios, suggesting that using longitudinal data improves the risk
prediction of having a new recurrent event.

Using the testing method in Blanche et al. [17], we obtain the confidence region of AUC
for all prediction scenarios in Table 4 and display in the upper panels of Figure 2. We also
compute the difference of AUC from Models 1 and 2 and display in the lower panels of
Figure 2. We find that in all prediction scenarios, AUC from our proposed model (Model
1; black solid line) is higher than the one from the recurrent event model (Model 2; gray
solid line), and the difference of AUC is always above 0. For prediction after year 1 (t = 1
year), the estimated difference of AUC from Models 1 and 2 at the prediction windows
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Figure 3. Predicted SBPmeasurements for Subject 127 (upper panels) and Subject 15 (lower panels) in
ALLHAT study. Dashed lines are the 2.5% and 97.5% percentiles. The dotted vertical line represents the
prediction time t.

Figure 4. Predicted probability of being CVD event-free for Subject 127 (upper panels) and Subject 15
(lower panels) in the ALLHAT study. Dashed lines are the 2.5% and 97.5% percentiles.

of 0.5, 0.75, and 1 year is significant at 0.05 level (first plot in the lower panels). Similarly,
for prediction after year 2 (t = 2 year), there is significant difference in estimated AUC
between Models 1 and 2 at the prediction windows of 0.75 and 1 year (second plot in the
lower panels). The differences of estimated AUC for predictions after year 3 and year 4 are
not significant.

Next, we illustrate the joint model providing personalized predictions of both future
longitudinal SBP trajectory, and the probability of having a newCVDevent in given predic-
tion time window. Figure 3 displays the estimated systolic blood pressure (SBP) of subject
127 (upper panels) and subject 15 (lower panels) at different prediction times t from year
1 to year 5. Figure 3 demonstrates how the predicted SBP are updated over time for these
two subjects. From left to right on Figure 3, by using more follow-up data, predictions are
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closer to the true observed values and the 95%uncertainty band is narrower. It also suggests
that subject 127 has higher SBP than subject 15. Figure 4 displays the predicted probability
of being free of a new CVD event. Based on the data up to year 1, subject 127 has lower
event-free probability (higher risk of having a new CVD event) than subject 15 (the first
column). This is because he/she had an CVD event occurred at month 9, which signifi-
cantly increases the risk of a new CVD event in the near future. Based on the data up to
year 2, the prediction is dynamically updated and the predicted probability of CVD event-
free increases for both subjects (the second column) because of no event occurred between
year 1 and year 2. However, for subject 127, the predicted probability of CVD event-free
after years 3 and 4 decreases sharply due tomultiple CVD event occurrences (the third and
fourth columns). Clinicians may closely monitor this subject and administer personalized
treatments based on the prediction.

6. Discussion

In this article, we propose a joint model of a longitudinal outcome process and a recurrent
event process. Two processes are correlated via a shared latent function with an associ-
ation parameter quantifying the strength of correlation. The simulation study suggests
that Bayesian methods using both regular MCMC and embarrassingly parallel MCMC
(EP-MCMC) provide valid inference and prediction results while the latter one grants
significant computational efficiency. We apply our proposed joint model to the ALLHAT
study. Our model identifies multiple risk factors for systolic blood pressure (SBP) and risk
of recurrent cardiovascular disease (CVD) events (including CHD, stroke, and heart fail-
ure) and the findings are consistent with the primary ALLHATpublication. Ourmodel can
efficiently utilize the longitudinal SBP measurements, as well as the recurrent CVD events
history to make correct predictions for new subjects. When new measurements are avail-
able, predictions can be dynamically updated and become more accurate and efficient. In
comparison to a recurrent event model, our model has significantly better performance in
predicting the risk of having a new recurrent event, suggesting that using longitudinal SBP
information improves the prediction. To address the computation issue associated with
large sample size of the ALLHAT study, we employ EP-MCMCmethod which significantly
reduces the computing time.

There are some future directions that we would like to pursue. One limitation of our
model is that death is treated as non-informative censoring. This assumption might be
strong because death may be related to the SBP measures and the recurrent CVD events.
In the future work, we will extend our model to account for the correlated death pro-
cess. Another limitation is that the longitudinal trajectory is modeled via parametric linear
mixed effects submodel, which may not be ideal under strong departure from the pre-
specified parametric trends. In such situations, nonparametric methods is more effective
and preferable [31], e.g. principal analysis by conditional expectation (PACE). The occur-
rence of CVD events are usually correlated to multiple longitudinal measures (e.g. serum
cholesterol level and serum creatinine). Multivariate Functional Principal Component
Analysis (MFPCA) method [32,33] is a promising way to incorporate multiple longitudi-
nal variables in predicting the recurrence of CVD events. By leveraging other longitudinal
outcomes, we may be able to improve the predictive accuracy. Moreover, genome-wide
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association study (GWAS) data have been conducted in many CVD studies, incorporating
genetic information in our prediction framework may improve the predictive accuracy.
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Appendix

We can derive πi(t′|t) as follows:

πi(t′|t) =
∫ ∫

P(Ti,ni+1 ≤ t′|Ti,ni+1 > t, ui, vi, yi(t), θ)

× P(ui|Ti,ni+1 > t, yi(t), θ , vi) duiP(vi|Ti,ni+1 > t, θ) dvi

=
∫ ∫

P(Ti,ni+1 ≤ t′|Ti,ni+1 > t, ui, vi, θ)

× P(ui|Ti,ni+1 > t, yi(t), θ , vi) duiP(vi|Ti,ni+1 > t, θ) dvi

=
∫ ∫

P(t < Ti,ni+1 ≤ t′|ui, vi, θ)

P(Ti,ni+1 > t|ui, vi, θ)

× P(ui|Ti,ni+1 > t, yi(t), θ , vi) duiP(vi|Ti,ni+1 > t, θ) dvi

=
∫ ∫

P(Ti,ni+1 > t|ui, vi, θ) − P(Ti,ni+1 > t′|ui, θ)

P(Ti,ni+1 > t|ui, vi, θ)

· P(ui|Ti,ni+1 > t, yi(t), θ , vi) duiP(vi|Ti,ni+1 > t, θ) dvi

= 1 −
∫ ∫

P(Ti,ni+1 > t′|ui, vi, θ)

P(Ti,ni+1 > t|ui, vi, θ)
P(ui|Ti,ni+1 > t, yi(t), θ , vi) duiP(vi|Ti,ni+1 > t, θ) dvi

= 1 −
∫ ∫

S(t′|ui, vi, θ)

S(t|ui, vi, θ)
P(ui|Ti,ni+1 > t, yi(t), θ , vi) duiP(vi|Ti,ni+1 > t, θ) dvi

= 1 −
∫ ∫

exp

[
−

∫ t′

t
ri(s|ui, vi, θ) ds

]
P(ui|Ti,ni+1 > t, yi(t), θ , vi)

× duiP(vi|Ti,ni+1 > t, θ) dvi

≈ 1
M

M∑
m=1

1 − exp

[
−

∫ t′

t
r(m)
i (s|u(m)

i , v(m)
i , θ (m)) ds

]
.

Here θ (m) is the mth sample (m = 1, . . . ,M, where M is the number of post burn-in samples) of
parameter vector θ and u(m)

i , v(m)
i is themth sample of random effects ui and vi respectively.
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