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Abstract

We present a novel algorithm, called eOptShrink, for denoising matrices in the pres-

ence of high-dimensional, colored, and dependent noise with a separable covariance

structure. The algorithm is totally data-driven and does not require estimation of the

covariance structure of the noise. We provide the asymptotic behavior of the singu-

lar values and singular vectors of the random matrix associated with the noisy data,

including the sticking property of non-outlier singular values and the delocalization

of non-outlier singular vectors with a convergence rate. These theoretical results pro-

vide guarantees for the imputation, rank estimation, and eOptShrink algorithm. On

the application side, in addition to a series of numerical simulations with a compari-

son with various state-of-the-art optimal shrinkage algorithms, we apply eOptShrink

to extract fetal electrocardiogram from the single-channel and two-channel trans-

abdominal maternal electrocardiogram and the recovery of two-dimensional random

tomography.
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1

Introduction

1.1 High Dimensional Noisy Data and Optimal Shrinkage

We are interested in a signal-plus-noise data matrix eS 2 Rp�n, where n 2 N rep-

resents the number of samples and p 2 N represents the dimension of each sample.

This matrix can be decomposed as

eS = S + Z =
rX
i=1

diuiv
>
i + Z; (1.1)

where S is a low-rank signal matrix and Z is a noise-only random matrix. The signal

matrix has the singular value decomposition
Pr

i=1 diuiv
>
i , where r � 1 is assumed

to be small compared to p and n, ui 2 Rp and vi 2 Rn are left and right singular

vectors, and di > 0 are the associated singular values that may depend on n. We

are interested in studying high dimensional data where the dimension of the signal

p is comparable to the number of observations n. In other words, we assume that

p is a function of n, denoted as p = p(n), and that p=n approaches a finite positive

value �. This scenario generalizes the traditional high-dimensional spiked model

[BY08, BY12, BS06]. In [BGN12], it was shown that under this high-dimensional
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setup, if the empirical distribution of singular values from Z converges to a compactly

supported non-random probability measure, then the extreme singular values and the

direction of the extreme left and right singular vectors of eS are biased from those of

S. These biases converge to a closed form that depends on the D-transform [BGN12]

and the Stieltjes transform [Wid38] of the limiting singular distribution of the noise-

only matrix Z. Moreover, a phase transition occurs when the signal strength di

exceeds a critical value, commonly referred to as the BBP (Baik-Ben Arous-P‘ech‘e)

phase transition, named after the authors of [BAP+05]. Therefore, when we apply

singular value decomposition (SVD) to recover S from eS, we need to account for

these biases.

In the past decade, the optimal shrinkage (OS) method for recovering S fromeS via SVD has been extensively studied [OP09, SN13, GD17b]. The OS approach

involves selecting a proper nonlinear function ’ : [0;1)! [0;1) and denoising the

matrix using the corresponding estimator bS’, which is defined as

bS’ =

p^nX
i=1

’(e�i)e�ie�>i ; (1.2)

where e�1 � e�2 � � � � � e�p^n � 0, are common eigenvalues of eS eS> and eS> eS and

fe�ig and fe�ig are the left and right singular vectors of eS respectively. Such ’ is

called a shrinker. To identify the optimal shrinker ’�, a suitable loss function Ln

that depends on both bS’ and S must be chosen. The optimal shrinker ’� is then

obtained by

’� := arg min
’

lim
n!1

Ln(bS�; S): (1.3)

In [Nad14], the closed form of the optimal shrinker is derived based on the Frobenius

norm loss. This requires the empirical singular value distribution of Z to converge

to a non-random, compactly supported probability measure as n approaches infin-
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ity. Furthermore, the derivative of its D-transform must be �1 at �+, which is

the rightmost edge of the compact support. Additionally, there is a critical conjec-

ture regarding the delocalization of the bulk singular vectors. An algorithm called

OptShrink is provided by approximating the D-transform using the truncated spec-

trum of eS. To utilize this algorithm, an accurate estimate of the ”effective” rank

is required, which is the number of significant singular values determined by the

noise structure. Typically, in the absence of prior knowledge or precise estimation

of the noise structure, both �+ and the effective rank are unknown. Currently, the

estimation of �+ and the effective rank remains an open problem.

To illustrate a special case, let’s consider white noise, where Z = X and the

entries of X are i.i.d with zero mean, variance �2=n (with � > 0), and finite fourth

moment. The limiting spectral distribution of ZZ> under this setup follows the

Marchenko-Pastur (MP) law [MP67]. By computing the D-transform of this distri-

bution, the closed-form expressions of the rightmost bulk edge �+ and the optimal

shrinker ’� under various loss functions are derived in [GD17b], which are deter-

mined solely by e�i, �, and �. The rank is determined by the number of e�i that exceed

�+, based on a noise level estimation given in [GD14] (refer to the paragraph after

Proposition 2.2.3 for more details). This OS approach, called TRAD hereafter, has

been successfully applied in various applications, such as the fetal electrocardiogram

(fECG) extraction problem from the trans-abdominal maternal ECG (ta-mECG)

[SMI+19], ECG T-wave quality evaluation [SSW20], otoacoustic emission signal de-

noising [LLW21], stimulation artifact removal from the intracranial electroencephalo-

gram (EEG) [ASFW19], and cardiogenic artifact removal from the EEG [CHF+22].

We should also mention that the idea of OS under the white noise assumption has

been developed for better estimation of covariance matrix [SW13, DGJ18] and pre-

cision matrix [GTSW22] under high-dimensional noise setup.
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1.2 Motivation

Although we have effectively utilized TRAD in the fECG challenge presented in

[SMI+19], it is important to note that the noise introduced by fECG is physiologically

expected to be non-white, and the noise between different samples is likely to be

correlated. This is a common phenomenon in many applications. When dealing

with such realistic and complex noise structures, the limiting spectral distribution

of ZZ> no longer conforms to the MP law, which may result in the performance

of TRAD being suboptimal. See Figure 1.1 for an illustration of the nontrivial

covariance structure of the fECG when it is viewed as noise. In addition, it is worth

mentioning that the application of various filters can also introduce non-white noise,

as even if the noise is originally white, the filters may alter its structure. In order to

handle more complex noise, a modification of the white noise model and TRAD is

required. Here we focus on noise with a separable covariance structure, as described

in [PS09]:

Z = A1=2XB1=2; (1.4)

where the entries of X are independent and identically distributed with zero mean

and mild moment conditions that will be specified later. The matrices A and B are

both positive-definite and deterministic, with dimensions p�p and n�n, respectively,

and they respectively characterize the color and dependence of the noise. This type

of random matrix has been extensively studied and applied to various problems, such

as spatiotemporal analysis and wireless communication, and has been the subject of

several recent applications [Efr09, Hof16, GH15, DKH21]. When B = In, it is known

that the empirical spectral distribution (ESD) of ZZ> converges to the deformed MP

law [MP67], and the distribution of the largest eigenvalue follows the Tracy-Widom

law [TW94, TW96], which is commonly referred to as edge universality. This has

been proved for A = Ip [Joh01, PY14] and for general A [EK07, Ona08, BPZ15, LS16,
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DY18, KY17] under various moment assumptions on the entries forX. Delocalization

[KY17, OVW16] and ergodicity [BKYY16] have been constructed for the sample

singular vectors. For general A and B, the convergence of the ESD to a limiting law

has been shown in [PS09, WP14, Zha07]. The edge universality and delocalization

of eigenvectors of the separable covariance matrices have been established in [DY18,

Yan19], and the local law (local estimates of the resolvents or the Green’s functions)

of ZZ> under the separable covariance structure has recently been proven in [XYY20,

Yan19]. Several approaches have been proposed to denoise matrices with noise that

follow the separable covariance model. Lee et al. [LR21, Lee21b] proposed a method

that applies the whitening technique before TRAD, where TRAD is performed on

the whitened matrix bA�1=2 eS bB�1=2. This approach is effective when A and B can

be accurately estimated, such as when they are both diagonal. A fast numerical

algorithm for the Stieltjes transform [Lee21a] is available when Z = A1=2XB1=2 and

the asymptotic spectral distribution of A and B can be accurately estimated, with

a computational complexity of O(p + n). In [DGR20], an optimal hard thresholding

method named ScreeNot is developed when Z = A1=2XB1=2:

bSSN =

p^nX
i=1

qe�i1(e�i > #)e�ie�>i ; (1.5)

where # � 0 is the hard threshold estimated by a pseudo distribution constructed

from e�i. The merit of ScreeNot is that the optimal hard threshold is estimated

without knowing A and B, if some mild conditions of the asymptotic spectral density

hold. However, the rank information is necessary since a finite number k roughly

equal to two times of the rank is required to construct the pseudo distribution, but

the rank is generally unknown without the information of the signal strength and

the structure of the noise.

We propose an extension of OptShrink [Nad14] that is practical for real data anal-
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ysis, building on the success and limitations of existing methods. Our contributions

are manifold. First, we extend the results in [BGGM11] and derive the asymptotic

behavior of the outlier singular values and the associated biased singular vectors of

the noisy data matrix eS = S + A1=2XB1=2. We establish the BBP phase transition,

the sticking properties of singular values, and the delocalization of non-outlier singu-

lar vectors, along with their convergence rates. Our results are in the same vein as

those for the deformed Wigner matrix [KY13, KY14], deformed rectangular matrix

[BGN12, Din20], and spiked covariance matrices [Pau07, BKYY16, DY21, Din21],

but have not been established for our setup to the best of our knowledge. Note that

the delocalization is an essential conjecture required for OptShrink [Nad14]. Second,

based on these results, we propose a fully data-driven optimal shrinkage algorithm

called extended OptShrink (eOptShrink). Our algorithm has two novel ingredients.

The first is a novel data-driven rank estimation from S̃, which is essential for Opt-

Shrink and ScreeNot. The second is an imputation method that recovers the top

singular values of Z that are deviated by signals. This missing value perspective is

motivated by the pioneering work in [DGR20]. The imputation enables us to con-

struct an accurate estimate of the D-transform using an imputation method. We also

extend OptShrink to cover various loss functions other than the Frobenius norm. We

evaluate our theory and algorithm numerically from different aspects. We test our

algorithm on simulated databases, showing that our proposed imputation method

and rank estimator outperform other algorithms. We demonstrate that eOptShrink

provides a more accurate D-transform estimation compared to the original OptShrink

[Nad14], even when the rank is not correctly estimated.

1.3 Notations

For any random variable X, we denote eX as the perturbed X, and bX as the estimator

of X. We use C to denote a generic positive constant, whose value may change from

6



Figure 1.1: An illustration of the model (1.4) by decomposing ta-mECG into
mECG and fECG and the covariance structure of the fECG as noise.

one line to another. For sequences fang and fbng indexed by n, an = O(bn) means

that janj � Cjbnj for some constant C > 0 as n ! 1 and an = o(bn) means that

janj � cnjbnj for some positive sequence cn # 0 as n ! 1. We also use an . bn if

an = O(bn), janj � jbnj if an = o(bn), and an � bn if an = O(bn) and bn = O(an).

For a matrix M , kMk means its operator norm and we may abuse the notation and

write M = O(a) if kMk = O(a) for some a > 0. I is reserved for the identity matrix

of any dimension. For a; b 2 R, a_ b and a^ b mean the maximal and minimal value

of a and b respectively. We follow the convention and reserve E + i� to indicate a

point in the upper half plan of C. See Tables 1.1 and 1.2 for a list of notations.
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Table 1.1: List of default notations, part 1.
S clean data matrix of size p� n
�n,� �n := p=n! � as p; n!1
r rank of S
fdigri=1 singular values of S
fui; vigri=1left and right singular vectors of S

Z Z = A1=2XB1=2, noise matrix of
size p� n

X noise matrix with i.i.d. entries
A,B colorness and dependence for noise
f�ai g

p
i=1 eigenvalues of A

f�bi gni=1 eigenvalues of B
f�igpi=1 eigenvalues of ZZ>eS eS = S + Z, noisy data matrix

fe�igpi=1 eigenvalues of eS eS>
feξigpi=1 left singular vectors of eS
feζigni=1 right singular vectors of eS
Gnu,
Gnv

independent matrices for generat-
ing ui and vi

� probability measure of entries in
Gnu and Gnv

’, ’� the shrinker and optimal shrinkgerb’i estimator of ’i = ’�(e�i)
Ŝ’ Estimator constructed by shrinker

’.
# The hard threshold

�
(n)
H empirical spectral distribution

(ESD) of an n � n symmetric
matrix H

m�(z) Steiljes transform for probability
measure � for z 2 C+

G1; G2 Green functions for ZZ> and Z>Z
m1; m2 Stieltjes transforms of ESD of

ZZ> and Z>ZeG1; eG2 Green functions for eS eS> and eS> eSem1; em2 Stieltjes transforms of ESD of eS eS>
and eS> eS

m
(p)
1c (z) �n

R
x

�z
[
1+xm

(n)
2c (z)

]�(p)
A (dx)

m
(n)
2c (z)

R
x

�z
[
1+xm

(p)
1c (z)

]�(n)
B (dx)

%
(p)
1c ,

%
(p)
2c

Corresponding densities derived

from m
(p)
1c (z) and m

(n)
2c (z)

m
(p)
1c (z)

R
1

�z
[
1+xm

(n)
2c (z)

]�(p)
A (dx)

m
(n)
2c (z)

R
1

�z
[
1+xm

(p)
1c (z)

]�(n)
B (dx)

�
(p)
1c ; �

(n)
2c Corresponding densities derived

from m
(p)
1c (z) and m

(n)
2c (z)

�+ the right most edge of support of
%1c, %2c, �1c, and �2c on (0;1)

�(di) (di � �)1=2

T (z) T (z) = zm1c(z)m2c(z), the D-
transform of �1c

� threshold � = 1=
p
T (�+)

�n bound for entries of X
r+ the index of singular values that

are su�ciently strong to pass the
BBP phase transition

O+ the set f1; � � � ; r+g
PA; P 0A the random projections for A �

O+, PA :=
P
k2A

e�ke�>k and

P 0A :=
P
k2A

e�ke�>k
�i(A) :=

(
minj =2A jdj � dij; if i 2 A;

minj2A jdj � dij; if i =2 A

b�j := e�k+1;n +
1�
(
j−1
k

)2=3

22=3�1

�e�2k+1;n � e�k+1;n

�
Fimp The cumulative eigenvalue distri-

bution function (CDF) constructed
by imputation method

F1 The CDF of ZZ>bm1;i,bm2;i

Estimators ofm1c(e�i) andm2c(e�i)
�(x) T �1(x�2)

a1(x)
m1c(�(x))

x2T ′(�(x))

a2(x)
m2c(�(x))

x2T ′(�(x))bm01;i,bm02;i Estimators ofm01c(
e�i) andm02c(

e�i)
bTi e�i bm1;i bm2;ibT 0i bm1;i bm2;i + e�i bm01;i bm2;i +e�i bm02;i bm1;ibdi =

q
1

T̂i
; ba1;i =

m̂1;i

d̂2
i T̂
′
i

and ba2;i =
m̂2;i

d̂2
i T̂
′
i


j := supxf
R+1
x �1c(x)dx > j�1

n
g

{i := i2=3n�2=3; for i = 1; : : : ; n

�i := n�3=4 + n�5=6i1=3 + n�1=2�n

�‘(E) : n1=2
h
	2(E + i�l(E)) + �n

n�l(E)

i
=

1
�z := jE � �+j, for z = E + i� 2 C
	(z) :=

q
Im m2c(z)

n�
+ 1
n�

!(di) := �n�2(di) + n�1=2�(di)

 1(di) := �n + n−1=2

�(di)

Ii := [�(di)� n�!(di); �(di) + n�!(di)]

I0 := [0; �+ + n3��2
n + n�2=3+3�]

I := I0 [
S
i2O� Ii


i :=
n
x 2 [�i�r�1; �+ + c0n2�(�2

n + n�2=3)] :

dist
�
x;Spec(ZZ>)

�
> n�1+���1

+ + n��l(x)
o
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Table 1.2: List of default notations, part 2.
D1(�1; &) := fz = E + i� : �+ < E < &; ��1 < � < �1g
D2(�2; &) := f� = E + i� : � < E < 1=

p
T (&); ��2 < � < �2g

S0(&1; &2; !) := S(&1; &2) \ fz = E + i� : � � n�1+!g
S(&1; &2) := fz = E + i� : �+ � &1 � E � &2�+; 0 < � � 1geS0(&1; &2; !) := S0(&1; &2; !) \

n
z = E + i� : n1=2

�
	2(z) + �n

n�

�
� n�!=2

o
Sout(&2; !) := fE + i� : �+ + n!(n�2=3 + n�1=3�2

n) � E � &2�+; � 2 [0; 1]g

H(z) :=

�
0 z1=2Z

z1=2Z> 0

�
; eH(z) :=

�
0 z1=2 eS

z1=2 eS> 0

�
G(z) := (H � z)�1; eG(z) := ( eH � z)�1; D =

�
0 z1=2D

z1=2D 0

�
; U =

�
U 0
0 V

�
�(z) :=

�
�1(z) 0

0 �2(z)

�
; �1(z) := �z�1 (1 + m2c(z)A)�1 ; �2(z) := �z�1(1 + m1c(z)B)�1:

�(z) :=

�
m1c(z)Ir 0

0 m2c(z)Ir

�
; 
(z) := U>G(z)U��(z)

9



2

Backgrounds

2.1 Asymptotic Framework

We introduce some notations before moving forward. The Stieltjes transform for

a probability measure, � is m�(z) :=
R

1
��zd�(�), where z 2 C+. For an n � n

symmetric matrix H, the ESD of H is defined as �
(n)
H := 1

n

Pn
i=1 �‘i , where ‘1 � ‘2 �

� � � � ‘n are the eigenvalues of H and � means the Dirac delta measure. We assume

that the entries xij of X satisfying Exij = 0, Ejxijj2 = n�1, and has finite fourth

moment. Denote the common eigenvalues of ZZ> and Z>Z (respectively eS eS> andeS> eS) by f�igp^ni=1 (respectively fe�igp^ni=1 ). For z 2 C+; denote the Green functions of

ZZ> and Z>Z as

G1(z) := (ZZ> � z)�1 and G2(z) := (Z>Z � z)�1 (2.1)

respectively. The Stieltjes transforms of ESDs of ZZ> and Z>Z are formulated

respectively by the Green functions G1(z) and G2(z) via

m
(p)
1 (z) :=

1

p
TrG1(z) and m

(n)
2 (z) :=

1

n
TrG2(z): (2.2)

10



Similarly, we denote the Green functions of eS eS> and eS> eS as

eG1(z) := (eS eS> � z)�1 and eG2(z) := (eS> eS � z)�1 (2.3)

respectively and the Stieltjes transforms of ESDs of eS eS> and eS> eS as

em(p)
1 (z) :=

1

p
TreG1(z) and em(n)

2 (z) :=
1

n
TreG2(z) (2.4)

respectively. Denote �n := p
n
: By a direct calculation, we have the relationship

m
(n)
2 (z) = �1��n

z
+ �nm

(p)
1 (z). Moreover, from [PS09], if �n ! � 2 (0;1) as

n ! 1, �
(p)
A , �

(n)
B converge to nonrandom probability distributions �A, �B with

compact supports, and the entries X are independent with mean 0 and the same

variance, then almost surely �
(p)

ZZ>
and �

(n)

Z>Z
converge to deterministic distributions

with compact supports. Besides, we define (m
(p)
1c (z);m

(n)
2c (z)) 2 C+�C+ as the unique

solution to the following system of self-consistent equations

m
(p)
1c (z) = �n

Z
x

�z[1 + xm
(n)
2c (z)]

�
(p)
A (dx);

m
(n)
2c (z) =

Z
x

�z[1 + xm
(p)
1c (z)]

�
(n)
B (dx) :

From the above equations, if we define the function f on C+ � C+ by f(z;m) :=

�m+
R

x

�z+x�n
R

t
1+tm

�
(p)
A (dt)

�
(n)
B (dx), then m

(p)
2c (z) can be characterized as the unique

solution so that f(z;m
(p)
2c (z)) = 0 for z 2 C+ [PS09]. Moreover, m

(p)
1 (z) and m

(p)
2 (z)

are the Stieltjes transforms of the densities %
(p)
1c and %

(p)
2c since

%
(p)
1c (E) = lim

�#0

1

�
Im m

(p)
1c (E + i�);

%
(n)
2c (E) = lim

�#0

1

�
Im m

(n)
2c (E + i�) ; (2.5)

11



where z = E + i� 2 C+. Also, we define

m
(p)
1c (z) :=

Z
1

�z[1 + xm
(n)
2c (z)]

�
(p)
A (dx);

m
(n)
2c (z) :=

Z
1

�z[1 + xm
(p)
1c (z)]

�
(n)
B (dx) : (2.6)

It has been known that when n ! 1, m
(p)
1c (z) � m

(p)
1 (z) and m

(n)
2c (z) � m

(n)
2 (z)

converges to zero uniformly with respect to z. See [Yan19, Theorem 3.6] and [DY21,

Theorem S.3.9] for details. Again, by letting � # 0, we obtain their corresponding

probability measures with the inverse formula

�
(p)
1c (E) = lim

�#0

1

�
Im m

(p)
1c (E + i�);

�
(n)
2c (E) = lim

�#0

1

�
Im m

(n)
2c (E + i�) : (2.7)

Throughout the rest of this paper, when there is no danger of confusion, we omit the

superscripts (p) and (n) from our notations for simplicity.

We recall the following lemma from Section 3 of [CH14].

Lemma 2.1.1. Let A and B be deterministic symmetric matrices with eigenvalues

�a1 � �a2 � : : : � �ap and �b1 � �b2 � : : : � �bn respectively and satisfy

�a1 _ �b1 � ��1 and �
(p)
A ([0; � ]) _ �(n)

B ([0; � ]) � 1� �: (2.8)

Then the densities �1c, �2c, %1c and %2c all have the same support on (0;1), which

is a union of �nite intervals
SL
k=1[e2k; e2k�1] \ (0;1), where L 2 N depends only

on �A and �B and e1 > e2 > : : : > e2L. Moreover, (x;m) = (ek;m2c(ek)) are the

real solutions of the equations f(x;m) = 0 and @f
@m

(x;m) = 0. Finally, we have

e1 = O(1), m1c(e1) 2 (�(maxj �
b
j)
�1; 0) and m2c(e1) 2 (�(maxi �

a
i )
�1; 0).

We call ek the spectral edges. In this paper, we focus on the rightmost edge

�+ := e1. For z 2 C+, we denote the D-transform of �1c as

T (z) := zm1c(z)m2c(z) : (2.9)

12



See the free probability theory, e.g., [BGN12, Section 2.5], for more details. Note

that m1c and m2c can be extended to x > �+ so that

m1c(x) =

Z �+

0

�1c(t)

t� x
dt and m2c(x) =

Z �+

0

�2c(t)

t� x
dt : (2.10)

Thus, when x > �+, m1c(x), m2c(x) and T (x) are well-defined. Moreover, by a direct

calculation, both m1c(x) and m2c(x) are negative and monotonically increasing and

T (x) is monotonically decreasing, such that m1c(x), m2c(x) and T (x) are invertible.

We denote the j-th classical location of the probability density �2c, where j = 1; : : : ; n,

as


j := sup
x

�Z +1

x

�2c(x)dx >
j � 1

n

�
: (2.11)

In particular, we have 
1 = �+.

2.2 Optimal Shrinkers for Various Loss Functions

Recall the definition of asymptotic loss and optimal shrinker.

De�nition 2.2.1 (Asymptotic loss). [GD17b, De�nition 1] Let L := fLp;njp; n 2

Ng be a family of loss functions, where each Lp;n : Mp�n �Mp�n ! [0;1) is a loss

function obeying Lp;n(S; S) = 0: Suppose p = p(n) and limn!1 p(n)=n ! � > 0.

Let ’ : [0;1) ! [0;1) be a nonlinear function and consider bS’ to be the singular

shinkage estimate (1.2). When limn!1 Lp;n exists, we de�ne the asymptotic loss of

the shrinker ’ with respect to Lp;n with the signal d = (d1; � � � ; dr) as L1(’jd) =

limn!1 Lp;n(S; bS’), where S is de�ned in (1.1).

De�nition 2.2.2 (Optimal shrinker). [GD17b, De�nition 2] Let L1 and ’ as

de�ned in De�nition 2.2.1. If a shrinker ’� has an asymptotic loss that satis�es

L1(’�jd) � L1(’jd) for any other shrinker ’, any r � 1, and any d 2 Rr; then

13



we say that ’� is unique asymptotically admissible (or simply \optimal") for the loss

family L and that class of shrinkers.

In [GD17b, Sections IV. A and C], the optimal shrinkers under different loss

functions were computed. When the loss function is the operator norm, the optimal

shrinker was proved to be ’i = di when p = n in [GD17b, Section IV.B]. Later in

[Lee22, Lemma 5.1], it is shown that ’i = di
q

a1;i^a2;i

a1;i_a2;i
when p 6= n. We list the

results here for readers’ convenience. Denote ’i := ’�(e�i).
Proposition 2.2.3 ([GD17b, Lee22]). When e�i � �+, the optimal shrinker is ’i =

di
p
a1;ia2;i, ’i = di

q
a1;i^a2;i

a1;i_a2;i
and ’i = di

�p
a1;ia2;i�

p
(1� a1;i)(1� a2;i)

�
when the

Frobenius norm, operator norm and nuclear norm are considered in the loss function

respectively, where a1;i := limn!1hui; e�ii2 and a2;i := limn!1hvi; e�ii2. When e�i <
�+, for any loss function, we have ’i = 0.

With Proposition 2.2.3, if we can estimate di, a1;i and a2;i using the eigenstructure

of the noisy matrix eS eS>, we could obtain the desired optimal shrinkers. For example,

as shown in [BGN12], if the ESD of Z converges almost surely weakly to a compactly

supported probability measure, then when e�i � �+, we have that di = 1p
T (e�i) ,

a1;i = m1c(e�i)
d2
i T 0(e�i) and a2;i = m2c(e�i)

d2
i T 0(e�i) , based on which the optimal shrinker with respect to

the Frobenius norm is derived by replacing di
p
a1;ia2;i with the corresponding values

in [Nad14]. Moreover, as shown in [GD17b], when the noise is white with � > 0, and

X have independent entries with zero mean, unit variance, and finite fourth moment,

if di � �1=4, we have e�i � �(1+
p
�) as n!1. Denote yi = e�i=�2. We have di = ‘i,

a1;i =
‘4i��
‘4i+�‘

2
i

and a2;i =
‘4i��
‘4i+‘

2
i
, where ‘i := 1p

2

q
yi � � � 1 +

p
(yi � � � 1)2 � 4�: In

this special case, when e�i � �(1+
p
�), the optimal shrinker has the closed form ’i =

�
yi

p
(y2
i � � � 1)2 � 4�, ’i = �‘i and ’i = �

‘2i yi
(‘4
i � � �

p
�‘iyi) respectively when
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the Frobenius norm, operator norm, and nuclear norm respectively is considered,

and when e�i < �(1 +
p
�), ’i = 0 for any loss function. The rank can be decided by

how many e�i � �(1 +
p
�). If � is unknown, it is suggested in [GD14] to estimate

� by �̌(eS) := smed=
p
��, where smed is a median singular value of eS and �� is the

median of the MP distribution. To extend OptShrink under our noise setup (1.4),

we study the asymptotic behavior of singular values and vectors and their relation

with di, a1;i and a2;i.

2.3 Stochastic Domination

To simplify the presentation of our results and their proofs, we apply the notion of

stochastic domination, which is a systematic framework to state results of the form

“� is bounded by � with high probability up to a small power of n” [EKY13].

De�nition 2.3.1 (Stochastic domination). Let � =
�
�(n)(u) : n 2 N; u 2 U (n)

�
and � =

�
�(n)(u) : n 2 N; u 2 U (n)

�
be two families of nonnegative random variables,

where U (n) is a possibly n-dependent parameter set. We say � is stochastically dom-

inated by �, uniformly in u, if for any �xed (small) � > 0 and (large) D > 0,

supu2U(n) P
�
�(n)(u) > n��(n)(u)

�
� n�D for large enough n � n0(�;D), and we shall

use the notation � � � or � = O�(�). Throughout this paper, the stochastic dom-

ination will always be uniform in all parameters that are not explicitly �xed, such

as matrix indices, and z that takes values in some compact set. Note that n0(�;D)

may depend on quantities that are explicitly constant, such as � in Assumption 3.1.2.

Moreover, we say an event Ξ holds with high probability if for any constant D > 0,

P(Ξ) � 1� n�D, when n is su�ciently large.

15



3

Theoretical Results and eOptShrink Algorithm

In this section, we describe the main assumptions of our model and state the main

theoretical results about the biased singular values and vectors, including the limiting

behavior and the associated convergence rate, and how we apply these results to

introduce eOptShrink algorithm. The result has been published in [SW22].

3.1 Model Assumption

De�nition 3.1.1. (Bounded support condition). X = [xij]i=1;:::;p;j=1;:::;n is a random

matrix which has a bounded support �n > 0 if maxi;j jxi;jj � �n, where �n is a

deterministic parameter and satis�es �n = n2=a�1=2 for some constant a > 4.

This bounded support assumption is introduced to simplify the discussion, and

it can be easily removed. Recall that for a random matrix X whose entries are

i.i.d. and have at least 4 + � moments, it can be reduced to a random matrix with

bounded support with probability 1� o(1) using the truncation, centralization, and

rescaling [BS10, Section 4.3.2]. Since we do not assume the entries ofX are identically

distributed, the means and variances of the truncated entries may be different.
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Assumption 3.1.2. Fix a small constant 0 < � < 1. We need the following as-

sumptions for the model eS = S + A1=2XB1=2:

(i) (Assumption on xij). Suppose X has a bounded support �n,

max
i;j
jExijj � n�2�� and max

i;j

��Ejxijj2 � n�1
�� � n�2�� : (3.1)

Further, we assume that there exists a constant C4 > 0 such that

Ej
p
nxijj4 � C4: (3.2)

(ii) (Assumptions on p=n). p = p(n) satis�es

� <
p

n
< ��1 : (3.3)

(iii) (Assumption on A and B). Assume A and B are deterministic symmetric

matrices with eigendecompositions

A = QaΣa(Qa)> and B = QbΣb(Qb)> (3.4)

respectively, where Σa = diag(�a1 ; : : : ; �
a
p), Σb = diag(�b1; : : : ; �

b
n), �a1 � �a2 �

: : : � �ap , �b1 � �b2 � : : : � �bn; Q
a = (qa1; � � � ;qap) 2 O(p) and Qb =

(qb1; � � � ;qbn) 2 O(n). We assume that

1 + m1c(�+)�b1 � � and 1 + m2c(�+)�a1 � � : (3.5)

Moreover, for all su�ciently large n, we assume (2.8) holds.

(iv) (Assumption on the signal strength). We assume

d1 � d2 � � � � � dr > 0 (3.6)

for some r � 1. Further, we assume that di < ��1: Denote a �xed value � > 0

as

� := 1=
p
T (�+) : (3.7)
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We allow the singular values dk to depend on n under the condition that there

exists an integer 1 � r+ � r such that

dk � � > �n + n�1=3; 1 � k � r+ (3.8)

(v) (Assumption on distribution of the singular vectors). Let Gp
u 2 Rp�r and

Gn
v 2 Rn�r be two independent matrices with i.i.d entries distributed according

to a �xed probability measure � on R with mean zero and variance one, and

satisfy the log-Sobolev inequality (see below). We assume that the left and right

singular vectors, ui 2 Rp and vi 2 Rn, are the i-th columns obtained from the

Gram-Schmidt (or QR factorization) of 1p
n
Gn

u and 1p
n
Gn

v respectively.

Remark 3.1.3. In (iii), (3.5) and (2.8) guarantees a regular square-root behavior

of the spectral densities �1c and �2c near �+ (See Lemma 4.1.6) and rules out the

existence of outlier eigenvalues from ZZ>. Therefore, it also makes sure that T (�+)

is well-defined so as � in (iv). The second condition means that the spectra of A and

B cannot concentrate at zero. In (iv), the lower bound in (3.8) is related to the BBP

phase transition, which means that “small” singular values di do not produce outliers

beyond the threshold �. The detail will be described in the following Theorem 3.2.1.

In (v), the log-Sobolev inequality implies that entries of ui and vi have sub-Gaussian

tails, and hence nice concentration properties [AGZ10, Section 2.3.2] that we will

describe in Lemma 4.1.5.

3.2 Singular Value and Singular Vector Biasing

We denote f�igpi=1 and f�igni=1 as respectively the left and right singular vectors of

the noise matrix Z, and fe�igpi=1 and fe�igni=1 as respectively the left and right singular

vectors of eS, which can be viewed as a perturbation of Z by adding S. For a real
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value x > �, denote three functions, �(x), a1(x) and a2(x), by

�(x) := T �1(x�2); a1(x) =
m1c(�(x))

x2T 0(�(x))
; a2(x) =

m2c(�(x))

x2T 0(�(x))
: (3.9)

These terms are used to estimate the signal strength di and inner products of the

clean and noisy left singular vectors hui; e�ji and clean and noisy right singular vectors

hvi; e�ji, which we will detail in the following theorems. The relationship between �

and T is summarized in Figure 4.1.

We first state the results for singular values. Define

O+ = f1; � � � ; r+g and ∆(di) := (di � �)1=2; (3.10)

where ∆2(di) quantifies how far di is away from �. The followings are our main

theorems, and their proofs are postponed to the supplementary. Part of the proof

of the following theorems is motivated by the original work [Yan19] and a recent

work [DY21], where the focus is the covariance matrix analysis. The main difference

comes from the fact that in general, the covariance model in [Yan19, DY21] cannot

be decomposed into the summation of two independent matrices, like S and Z =

A1=2XB1=2 in our model, so the results cannot be directly applied.

Theorem 3.2.1 (Singular value biasing). Suppose Assumption 3.1.2 holds true.

Then we have for 1 � i � r+;

je�i � �(di)j � �n∆2(di) + n�1=2∆(di) : (3.11)

Furthermore, for a �xed integer $ > r+, we have for r+ + 1 � i � $,

je�i � �+j � n�2=3 + �2
n : (3.12)

Next, we study the Singular value sticking, which states how the non-outlier

eigenvalues of eS eS> “stick” to the eigenvalues of ZZ>.
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Theorem 3.2.2 (Singular value sticking). Suppose Assumption 3.1.2 holds and

�+ := min
1�i�r

jdi � �j � n"(�n + n�1=3) (3.13)

for a small constant 0 < " < 1
2
� 2

a
. Fix any su�ciently small constant � > 0. We

have

���e�r++i � �i
��� � 1

n�+

+ n�3=4 + i1=3n�5=6 + n�1=2�n + i�2=3n�1=3�2
n (3.14)

for all 1 � i � �n. If either (a) Ex3
ij = 0 for all 1 � i � p and 1 � j � n, or (b)

either A or B is diagonal, then we have a stronger bound

���e�r++i � �i
��� � 1

n�+

; 1 � i � �n: (3.15)

The parameter �+ impacts how strongly non-outlier eigenvalues of eS eS> stick to

eigenvalues of ZZ>. When �+ is too small, we do not expect the stickness; instead,

the behavior of e�i for i = r+ + 1; : : : ; r follows (3.12).

Next we provide results about the singular vectors. We first show that when

i =2 O+, the non-outlier singular vectors, e�i and e�i, are distributed roughly uniformly

and approximately perpendicular to the space spanned by fujgrj=1 and fvjgrj=1 re-

spectively. This delocalization result is the key step toward our OS.

Theorem 3.2.3 (Singular vector delocalization). Suppose Assumption 3.1.2 holds.

For i = 1; : : : ; n, denote �i := n�3=4 + n�5=6i1=3 + n�1=2�n and {i := i2=3n�2=3. For

any su�ciently small constant c > 0 and r+ + 1 � i � cn, we have for j = 1; : : : ; r,

jhuj; e�iij2 _ jhvj; e�iij2 � n�1 + �3
n + �i

p{i

∆(di)4 + �2
n + {i

: (3.16)

If either A or B is diagonal, the right hand side of (3.16) becomes n�1+�3
n

�(di)4+�2
n+{i .

Moreover, �x a constant e� 2 (0; 1=9) such that (�n + n�1=3)ne� ! 0 as n ! 1. If
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i 2 O+ satis�es

∆(di)
2 � ne� (�n + n�1=3) ; (3.17)

we have for j = 1; : : : ; r,

jhuj; e�iij2 _ jhvj; e�iij2 � n3e� �n�1 + �3
n + �i

p{i

∆(di)4 + �2
n + {i

�
: (3.18)

Next, for any A � O+, define

�i(A) :=

(
minj =2A jdj � dij; if i 2 A;

minj2A jdj � dij; if i =2 A
(3.19)

and two projections,

PA :=
X
k2A

e�k e�>k and P 0A :=
X
k2A

e�ke�>k : (3.20)

Theorem 3.2.4 (Singular vector biasing). Suppose Assumption 3.1.2 holds. Fix any

A � O+, we have

jhui;PAuji � �ij1(i 2 A)a1(di)j _ jhvi;P 0Avji � �ij1(i 2 A)a2(di)j (3.21)

� Q(i; j;A; n)

for all i; j = 1; � � � ; r, where

Q(i; j;A; n) =1(i 2 A; j =2 A)∆(di)

"
�n

�
1=2
j (A)

+
 1(dj)∆(dj)

�j(A)

#

+ 1(i =2 A; j 2 A)∆(dj)

"
�n

�
1=2
i (A)

+
 1(di)∆(di)

�i(A)

#

+
p
R(i;A)R(j;A) ;

R(i;A) := 1(i 2 A) 1(di) + 1(i =2 A) �2
n

�i(A)
+

 2
1(di)�

2(di)

�2
i (A)

and  1(di) := �n + n�1=2

�(di)
.
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3.3 eOptShrink Algorithm

Recall the estimator bS’ given by (1.2). Here we introduce the eOptShrink algorithm,

including an adaptive estimator for rank and ’. The pseudocode of the proposed

eOptShrink algorithm to “denoise” a noisy data matrix eS is in Algorithm 1. Note

that the estimator of ’ only depends on the eigenstructure of eS eS> with different

norms as the loss function. We provide an asymptotic convergence of b’ to ’ with a

rate based on the results of singular values and singular vecotrs biasing.

3.3.1 Imputation

Before proposing a novel rank estimation, we recall an imputation scheme proposed in

[DGR20]. Since the top eigenvalues of S̃S̃> are detached from the bulk of eigenvalues

of ZZ> when the associated signal strength is sufficiently strong, they can be viewed

as “missing values” of the bulk. Note that from Lemma 4.1.6, �2c(z) � (�+ � z)1=2

as z ! �+. Thus, for a fixed large integer $, when n is sufficiently large, we have

‘� 1

n
=

Z �+


‘

�2c(z)dz = C 0
Z �+


‘

(�+ � z)1=2dz =
2C 0

3
(�+ � 
‘)3=2 (3.22)

for 1 � ‘ � $ and C 0 > 0, where 
‘ is the classical location defined in (2.11). Since


‘ can be approximated by �‘ from Lemma 4.1.10, this leads to an estimate of the

distance between the ~-th and ‘-th eigenvalues, where 1 � ~; ‘ � $,

�‘ � �~ = C 00

"�
~� 1

p

�2=3

�
�
‘� 1

p

�2=3
#
; (3.23)

for some unknown C 00 > 0. In [DGR20], by fixing an integer k so that r � k and

2k+ 1 < $ for a large constant $ and approximating �k+1 with e�k+1 and �2k+1 with

e�2k+1, C 00 is estimated by Č 00 :=
e�k+1�e�2k+1

(2k=p)2=3�(k=p)2=3 and the j-th eigenvalue as a missing

value can be estimated by �̌j := e�k+1 +
1�( j�1

k
)2=3

22=3�1
(e�k+1 � e�2k+1) for j = 1; : : : ; k.
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Note that the knowledge of r is assumed in the above imputation scheme, and

k = 2r is suggested in [DGR20]. However, in practice r is unknown. Also, by

Theorem 3.2.2, we may not be able to detect weak signals, so estimating r might

be challenging. To resolve this practical issue, we propose the following modified

imputation, based on which an r+ estimator via estimating �+. First, fix k 2 N

so that r � k and 2k + r+ + 1 � $. By Theorem 3.2.2, under a mild condition,

�k+1 � e�k+r++1 and �2k+1 � e�2k+r++1 when n is sufficiently large. So, we propose to

estimate C 00 via

bC 00 = e�k+r++1 � e�2k+r++1

(2k=p)2=3 � (k=p)2=3
; (3.24)

and reconstruct the j-th eigenvalue by

b�j := e�k+r++1 +
1�

�
j�1
k

�2=3

22=3 � 1

�e�k+r++1 � e�2k+r++1

�
; (3.25)

for j = 1; : : : ; k.

Remark 3.3.1. Suppose Assumption 3.1.2 and (3.13) hold true. By (3.14) and j
k �


k+r++1j � n�2=3, for 1 � j � k, we have the following comparison:

j�̌j � �jj �
1

n�+

+ n�2=3 + n�1=2�n + n�1=3�2
n; (3.26)

jb�j � �jj � 1

n�+

+ n�3=4 + n�1=2�n + n�1=3�2
n : (3.27)

When 4 < a � 6, the right-hand side of both (3.26) and (3.27) are both dominated

by n�1=2�n + n�1=3�2
n. When a > 6, our estimator b�j is better than �̌j.

3.3.2 Estimators for r+ and �+

We now propose our rank estimator. To this end, we estimate �+ first, and use it to

estimate r+ using Theorem 3.2.1. Note that (3.25) cannot be used directly, since r+
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is unknown in general. So we follow the estimate in [DGR20] and consider

b�+ := e�nc+1 +
1

22=3 � 1

�e�nc+1 � e�2nc+1

�
; (3.28)

where c > 0 is a fixed small constant so that nc > r. Note that when n is sufficiently

large, nc > r holds. With this estimate, we introduce an estimator of r+ based on

(3.12):

br+ =
���fe�ije�i > b�+ + n�1=3g

��� : (3.29)

We have the following theorem guarantees the performance of b�+.

Theorem 3.3.2. Suppose Assumption 3.1.2 and (3.13) hold and �x a constant 0 <

c < 1=2. We have

jb�+ � �+j �
1

n�+
+ n�2=3�c=3 + n�3=4 + n�5=6+c=3

+ n�4=3+4c=3 + n�1=2�n + n�1=3�2c=3�2
n: (3.30)

Denote the event Ξ(r+) := fbr+ = r+g: The following theorem says that the

proposed estimator for r+ is accurate with high probability.

Theorem 3.3.3. Suppose Assumption 3.1.2 and (3.13) hold true for some " such

that n"(�n + n�1=3) > n�1=6. Let 0 < c < 1=2. Then Ξ(r+) is an event with high

probability.

3.3.3 Adaptive Optimal Shrinker

We now state our optimal shrinker with the proposed rank estimator. The cumulative

distribution function (CDF) of ESD of Z is estimated by

Fimp(x) :=
1

p

pX
j=k+1

1(e�j � x) +
1

p

kX
j=1

1(b�j � x) ; (3.31)
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where k � br+ +1 is chosen by the user. Consider the following “discretization” of the

associated quantities. For 1 � i � br+, denote the estimators of m1c(e�i) and m2c(e�i)
as

bm1;i := bm1(e�i) =

Z
dFimp(x)

x� e�i =
1

p

 
kX
j=1

1b�j � e�i +

pX
j=k+1

1e�j � e�i
!
;

bm2;i := bm2(e�i) =
1� �ne�i + �n bm1(e�i): (3.32)

Similarly, denote the discretization of m01c(
e�i) and m02c(

e�i) as

bm01;i =
1

p

 
kX
j=1

1

(b�j � e�i)2
+

pX
j=k+1

1

(e�j � e�i)2

!
;

bm02;i =
1� �ne�2

i

+ �n bm01;i:
For 1 � i � br+, the estimators of the D-transform T (e�i) and its derivative T 0(e�i)
are bTi = e�i bm1;i bm2;i; bT 0i = bm1;i bm2;i + e�i bm01;i bm2;i + e�i bm02;i bm1;i; (3.33)

and the estimators of di, a1;i = hui; e�ii2, and a2;i = hvi; e�ii2 are

bdi =

s
1bTi ; ba1;i =

bm1;ibd2
i
bT 0i ; and ba2;i =

bm2;ibd2
i
bT 0i : (3.34)

As a result, the estimator of the optimal shrinker, ’i, in Proposition 2.2.3 are

(Frobenius norm) b’i = bdipba1;iba2;i;

(Operator norm) b’i = bdi;
(Nuclear norm) b’i = bdi�pba1;iba2;i �

p
(1� ba1;i)(1� ba2;i)

�
;

(3.35)

for 1 � i � br+, and b’i = 0 otherwise.
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Algorithm 1 eOptShrink

Input: eS =
Pp^n

i=1

qe�ie�ie�>i , 0 < c < 1=2, and the desired loss function.
Compute:
(i) Compute b�+ as (3.28) and obtain br+ as (3.29).

(ii) Compute b�j as (3.25) by substituting r+ with br+ for j = 1; : : : ; 2br+.
(iii) Compute Fimp(x) from (3.31) with k = 2br+.
(iv) For 1 � i � br+; acquire b’i as in (3.35) for the associated norm.

Output: The estimator of the clean data matrix bSb’ =
Pbr+

i=1 b’ie�ie�>i .

Remark 3.3.4. If we replace Fimp(x) by Ftrun(x) := 1
p�br+

Pp
i=br++1 1(e�i � x), then by

Theorem 3.3.2, eOptShrink with the Frobenius norm loss is reduced to OptShrink

proposed in [Nad14]. In the next section, we numerically show that when the rank

is not correctly estimated, using Ftrun(x) results in a growing estimation error as br+

gets worse. In contrast, a precise estimation of r+ leads to a consistently smaller

estimation error either using Ftrun(x) or Fimp(x).

The following theorem gives the convergence guarantee of the proposed estimator.

Theorem 3.3.5. Suppose Assumption 3.1.2 and (3.13) hold true. For all three

types of loss functions mentioned in Proposition 2.2.3, for 1 � i � br+, conditional

on Ξ(r+), we have j’i � b’ij � �n + n�1=2=∆(di).
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4

Theoretical Proofs

4.1 Tools for Proofs

4.1.1 Linear Algebra Tools

We recall a perturbation bound for determinants.

Lemma 4.1.1. Let A and E be two m�m matrices, where �1 � �2 � � � � � �m are

singular values of A. Then

j det(A+ E)� det(A)j �
mX
i=1

sm�i kEki2 ;

where sk :=
P

1�i1<i2<���<ik�m �i1 � � ��ik is the k-th elementary symmetric functions

of singular values of A and s0 := 1.

Lemma 4.1.2. For any a; b; �1; : : : ; �r 2 R and r 2 N, we have

det

�
aIr diagf�1; � � � ; �rg

diagf�1; � � � ; �rg bIr

�
=

rY
i=1

(ab� �2
i ) : (4.1)

Further, we summarize the Weyl’s inequality for the singular values of rectangular

matrix.
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Lemma 4.1.3. For any p � n matrices A and B; denote �i(A) as the i-th largest

singular value of A. Then we have

�i+j�1(A+B) � �i(A) + �j(B); 1 � i; j; i+ j � 1 � p ^ n:

Lemma 4.1.4. [BGK16, Lemma F.5] Let z = E + i� 2 C+. For n � n Hermitian

matrices A and eA, denote s(z) and es(z) to be the Stieltjes transforms of their ESD’s.

Then we have

js(z)� es(z)j � rank(A� eA)

n

 
2

�
^ kA�

eAk
�2

!
: (4.2)

Lemma 4.1.5. [BGGM11, Proposition 6.2] Take a measure � satisfying the As-

sumption 3.1.2(v). Then there exists a constant c > 0 so that for any matrix

A := (ajk)1�j;k�n with complex entries, any � > 0, and any g = (g1; : : : ; gn)> with

i.i.d. entries with law �, we have

P (jhg; Agi � Ehg; Agij > �) � 4e
�c
�
�
C
^ �

2

C2

�
;

where C =
p

Tr(AA>).

4.1.2 Complex Analysis Tools

We first provide the following lemma, which is similar to Lemma 2.6 of [Yan19].

Lemma 4.1.6. Assume Assumption 3.1.2 holds. Then there exist constants c1; c2 >

0 such that for x 2 R and x # 0, we have

�1c(�+ � x) = c1x
1=2 + O(x) and �2c(�+ � x) = c2x

1=2 + O(x) ; (4.3)

and for z 2 C+ and z ! �+, we have

m1c(z) = m1c(�+) + �c1(z � �+)1=2 + O(jz � �+j) ;

m2c(z) = m2c(�+) + �c2(z � �+)1=2 + O(jz � �+j) ; (4.4)
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where (z � �+)1=2 is taken with the positive imaginary part as the branch cut (the

same convention holds in the following). These estimates also hold for %1c, %2c, m1c

and m2c with di�erent constants. Moreover, there exists a constant cT > 0 such that

for z 2 C+ and z ! �+, we have

T (z) = T (�+) + �cT (z � �+)1=2 + O(jz � �+j) : (4.5)

Proof. Equations (4.3) and (4.4) are directly from Lemma 2.6 of [Yan19]. By (4.4)

and the definition of T in (2.9), we obtain (4.5).

For some properly chosen constants &1 > 0 and &2 > 1, we denote the domain of

the spectral parameter z as

S(&1; &2) := fz = E + i� : �+ � &1 � E � &2�+; 0 < � � 1g : (4.6)

Moreover, for any z = E + i�, denote

�z := jE � �+j: (4.7)

The following lemma is similar to Lemma 3.4 in [Yan19] and Lemma S.3.5 in [DY21].

Lemma 4.1.7. Suppose Assumption 3.1.2 holds. Then we have

(i) for z 2 S(&1; &2),

jT (z)j � jm1c(z)j � jm2c(z)j � 1 ; (4.8)

Im T (z) � Im m1c(z) � Im m2c(z) �

(
�p
�z+�

if E � �+p
�z + � if E � �+ ;

and

jRe T (z)� T (�+)j � jRe m1c(z)�m1c(�+)j � jRe m2c(z)�m2c(�+)j

�

(p
�z + �; if E � �+

�p
�z+�

+ �z; if E � �+ :
(4.9)

The estimates (4.8)-(4.9) hold for %1c, %2c, m1c and m2c.
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(ii) there exists constant � 0 > 0 such that for any z 2 S(&1; &2),

min
j=1;:::;n

j1 + m1c(z)�bj j � � 0 and min
i=1;:::;p

j1 + m2c(z)�ai j � � 0 ; (4.10)

where �ai and �bj are eigenvalues of A and B stated in Assumption 3.1.2.

The above estimates (i)-(ii) hold for z on the real axis, i:e:; z 2 S(&1; &2).

Proof. The estimates for m1c and m2c have been proved in Lemma S.3.5 in [DY21].

Estimates for T in (4.8) and (4.9) can be directly derived from (4.5), and we omit

details.

The following lemma describes the behavior of � and the derivatives of m1c, m2c

and T on the real line.

Lemma 4.1.8. Suppose Assumption 3.1.2 holds. For d � �, we have

j�(d)� �+j � (d� �)2: (4.11)

For x > �+, we have

m01c(x) � ��1=2
x ; m02c(x) � ��1=2

x and T 0(x) � ��1=2
x : (4.12)

Proof. With (4.5), we obtain that

d�2
i = T (�(di)) = ��2 + C

p
�(di)� �+ + O(j�(di)� �+j)

if �(di)� �+ � &1 for some sufficiently small constant 0 < &1 < 1, and

d�2
i = T (�(di)) � T (�+ + &1) = ��2 + C

p
&1 + O(&1)

if �(di) � �+ � &1, where in the inequality we use the fact that T (x) is monotone

increasing when x > �+: The above two estimates imply (4.11). The first two
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statements of (4.12) have been proved in Lemma S.3.6 in [DY21], and the third

statement then can be derived by

T 0(x) = m1c(x)m2c(x) + xm01c(x)m2c(x) + xm1c(x)m02c(x)

� C1 + C2�
�1=2
x � ��1=2

x ; (4.13)

where we used the first statement of (4.12) and (4.8) in the first � and the fact that

�
�1=2
x blows up when x! �+ in the last approximation.

Note that by (4.11) and (4.12), for d � �, we have

m01c(�(d)) � 1

d� �
; m02c(�(d)) � 1

d� �
; T 0(�(d)) � 1

d� �
(4.14)

and

�0(d) � d� � : (4.15)

Lemma 4.1.9. Suppose Assumption 3.1.2 holds. Then for any constant & > �+,

there exist constants �1; �2 > 0 such that the following statements hold.

(i) T is a holomorphic homeomorphism on the spectral domain

D1(�1; &) := fz = E + i� : �+ < E < &; ��1 < � < �1g: (4.16)

As a consequence, the inverse of T exists and we denote it by �.

(ii) � is holomorphic homeomorphism on D2(�2; &), where

D2(�2; &) := f� = E + i� : � < E < 1=
p
T (&); ��2 < � < �2g; (4.17)

such that D2(�2; &) � 1=
p
T (D1(�1; &)).

(iii) For z 2 D1(�1; &), we have

jT (z)� T (�+)j � jz � �+j1=2 and jT 0(z)j � jz � �+j�1=2: (4.18)
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Figure 4.1 : A illustration of the relationship of T , � , D 1, and D 2, and several
quantities used in the proof. Note that� (� ) = � + .

(iv) For � 2 D 2(� 2; &), we have

j� (� ) � � + j � j � � � j2 and j� 0(� )j � j � � � j: (4.19)

(v) For z1; z2 2 D 1(� 1; &) and w1; w2 2 D 2(� 1; &), we have

jT (z1) � T (z2)j �
jz1 � z2j

maxi =1 ;2 jzi � � + j1=2
; (4.20)

and

j� (w1) � � (w2)j � j w1 � w2j � max
i =1 ;2

jwi � � j: (4.21)

Note that in (3.9), � is only de�ned on the real line, but in Lemma 4.1.9(i), we

extend its de�nition to the complex plane. The relation between the domains ofD 1

and D 2 are further illustrated in Figure 4.1.
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Proof. Similar results for m1c and m2c and their proofs can be found in [DY21,

Lemma S.3.7]. We derive this Lemma speci�cally using the de�nition ofT (z) and

� (� ) with the same approach, and we omit the detail here.

4.1.3 Random Matrix Tools

We record some results from the random matrix theorem that we will repeatedly

apply in the following proofs. Recall that the eigenvalues ofZZ > are � 1 � � 2 �

� � � � � p^ n .

Denote

	( z) :=

s
Im m2c(z)

n�
+

1
n�

: (4.22)

Note that for any z = E + i� 2 S(&1; &2), from (i) of Lemma 4.1.7 and (4.10), we

have [Yan19, (3.19)]

	( z) & n� 1=2; 	 2(z) . 1=n�; (4.23)

and 	 2(E + i� ) + � n=n� is monotonically decreasing with respect to� [Yan19, below

Lemma 3.7]. Hence there is a unique� l (E) such that

n1=2

�
	 2(E + i� l (E)) +

� n

n� l (E)

�
= 1:

Note that by (4.8) and (4.22), we have

� l (E) � n� 3=4 + n� 1=2 (
p

� E + � n ) ; for E � � + : (4.24)

For E > � + , we de�ne � l (E) := � l (� + ) = O( n� 3=4 + n� 1=2� n ). Then we have the

following rigidity result. Recall the de�nition of classical location
 j in (2.11).

Lemma 4.1.10. (Rigidity of eigenvalues [Yan19, Theorem 3.8]). Suppose Assump-

tion 3.1.2 holds. Then we have the following estimates for any �xed0 < & < &1,
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where&1 comes from the de�nition ofS(&1; &2) in (4.6). For any j such that� + � &�


 j � � + , we have

j� j � 
 j j � n� 2=3
�
j � 1=3 + 1(j � n1=4� 3=2

n )
�

+ � l (
 j ) + n2=3j � 2=3� 2
l (
 j ) ; (4.25)

where � l (
 j )� n� 3=4 + n� 5=6j 1=3 + n� 1=2� n . Moreover, if either A or B is diagonal,

the bound(4.25) is improved to

j� j � 
 j j � n� 2=3j � 1=3: (4.26)

Also, we have the delocalization result for eigenvectors.

Lemma 4.1.11. (Isotropic delocalization of eigenvectors [DY21, Lemma S.3.13])

Suppose Assumption 3.1.2 hold. Then we have the following estimates for any �xed

constant0 < & < &1. For any deterministic unit vectorsu 2 Cp and v 2 Cn , we have

jhu; � k ij 2 + jhv; � k ij 2 � n� 1 + � l (
 k)
�

k
n

� 1=3

+ � l (
 k)� n ; (4.27)

for all k such that� + � &� 
 k � � + , where� l (
 k) = O( n� 3=4 + n� 5=6k1=3 + � nn� 1=2).

If the extra assumptions for (3.15) in Theorem 3.2.2 hold, we have

max
k:� + � &� 
 k � � +

�
jhu; � k ij 2 + jhv; � k ij 2	

� n� 1: (4.28)

Next, we discuss some properties of resolvents and local laws. For anyz 2 C+ ;

denote

H := H (z) :=
�

0 z1=2Z
z1=2Z > 0

�
2 C(p+ n)� (p+ n)

and

eH := eH (z) :=

 
0 z1=2 eS

z1=2 eS> 0

!

2 C(p+ n)� (p+ n) ; (4.29)
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wherez1=2 is de�ned with the positive imaginary part as the branch cut. Note that

we have

eH (z) =
�

0 z1=2Z
z1=2Z > 0

�
+

�
0 z1=2S

z1=2S> 0

�
= H (z) + UDU > ; (4.30)

where

D =
�

0 z1=2D
z1=2D 0

�
2 C2r � 2r and U =

�
U 0
0 V

�
2 R(p+ n)� 2r (4.31)

such that D = diagf d1; � � � ; dr g 2 Rr � r is a diagonal matrix formed by singular

values, andU = ( u1; � � � ; u r ) 2 Rp� r and V = ( v1; � � � ; v r ) 2 Rn� r are matrices

formed by left and right singular vectors de�ned in (1.1). The eigenvalues ofeH

coincide with the singular values ofz1=2 eS: Therefore, it su�ces to study the matrix

eH . Further, we denote the Green functions ofH and eH respectively as

G := G(z) := ( H � z)� 1 and eG := eG(z) := ( eH � z)� 1 ;

wherez 2 C+ . By the Schur's complement, we have

G(z) =
�

G1(z) z� 1=2G1(z)Z
z� 1=2Z T G1(z) G2(z)

�

eG(z) =

 
eG1(z) z� 1=2 eG1(z)Z

z� 1=2Z T eG1(z) eG2(z)

!

; (4.32)

where G1 and G2 are de�ned in (2.1). Further, by the spectral decomposition, we

have

G(z) =
p^ nX

k=1

1
� k � z

�
� k � >

k z� 1=2
p

� k � k � >
k

z� 1=2
p

� k � k � >
k � k � >

k

�
2 C(p+ n)� (p+ n)

eG(z) =
p^ nX

k=1

1
e� k � z

 
e� k

e� >
k z� 1=2

p
e� k

e� k
e� >

k

z� 1=2
p

e� k
e� k

e� >
k

e� k
e� >

k

!

2 C(p+ n)� (p+ n) : (4.33)

The following lemma characterizes the locations of the outlier eigenvalues ofeH .
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Lemma 4.1.12. [KY13, Lemma 6.1] Assume� 2 R � Spec(H ). Then � 2 Spec( eH )

if and only if

det(U > G(� )U + D � 1) = 0 : (4.34)

Next lemma provides a link between the Green functionsG(z) and eG(z): The

proof is straightforward depending on the Woodbury formula and the basic identity

A � A(A + B)� 1A = B � B(A + B)� 1B when A, B and A + B are all invertible.

Lemma 4.1.13. [Din20, Lemma 4.8] For z 2 C+ ; we have

eG(z) = G(z) � G(z)U (D � 1 + U > G(z)U )� 1U > G(z) : (4.35)

This lemma immediately leads to the following relationship.

U > eG(z)U = D � 1 � D � 1(D � 1 + U > G(z)U )� 1D � 1: (4.36)

Next, for any z 2 C+ , denote

�( z) :=
�

� 1(z) 0
0 � 2(z)

�
2 C(p+ n)� (p+ n) ; (4.37)

where

� 1(z) := � z� 1 (1 + m2c(z)A)� 1 and � 2(z) := � z� 1(1 + m1c(z)B)� 1:

Denote

�( z) :=
�

m1c(z)I r 0
0 m2c(z)I r

�
2 C2r � 2r : (4.38)

Note that �( z) and �( z) are related viam1c(z) = 1
p Tr � 1(z) and m2c(z) = 1

n Tr � 2(z),

and we will show below the relationship between �(z) and �( z) and how U > �( z)U

converges to�( z). We denote the di�erence


( z) := U > G(z)U � �( z) ; (4.39)
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which will be used to control the noise part in the analysis. With 
(z), we have the

following identity

(D � 1 + U > G(z)U )� 1 = ( D � 1 + �( z)) � 1 + ( D � 1 + �( z)) � 1
( z)(D � 1 + U > G(z)U )� 1:

(4.40)

By iteration, we have the following`-th resolvent expansion.

Lemma 4.1.14. (Resolvant identity [BGK16]) For ` � 1, we have the following̀-th

order resolvent expansion:

(D � 1 + U > G(z)U )� 1 =
` � 1X

k=0

(D � 1 + �( z)) � 1[
( z)(D � 1 + �( z))]k

+ [( D � 1 + �( z)) � 1
( z)]` [D � 1 + U > G(z)U ]� 1: (4.41)

We de�ne the following spectral regions. Recall the de�nition ofS(&1; &2) in (4.6).

Denote the following domains of the spectral parameterz as

S0(&1; &2; ! ) := S(&1; &2) \ f z = E + i� : � � n� 1+ ! g;

eS0(&1; &2; ! ) := S0(&1; &2; ! ) \
�

z = E + i� : n1=2

�
	 2(z) +

� n

n�

�
� n� != 2

�
(4.42)

and

Sout (&2; ! ) := f E + i� : � + + n! (n� 2=3 + n� 1=3� 2
n ) � E � &2� + ; � 2 [0; 1]g: (4.43)

Inside these domains, we have the following local laws.

Theorem 4.1.15. (Local laws \near" � + [DY21, Theorem S.3.9]). Suppose that

Assumption 3.1.2 holds. Fix constant&1 > 0 and &2 > 1 as those in Lemma 4.1.7.

Then for any �xed � > 0, the following estimates hold.

(1) Anisotropic local law: For any z 2 eS0(&1; &2; ! ) and deterministic unit vectors

� ; � 2 Cp+ n , we have

jh� ; (G(z) � �( z)) � ij � � n + 	( z): (4.44)

37



(2) Averaged local law: For anyz 2 eS0(&1; &2; ! ), we have

jm1(z) � m1c(z)j + jm2(z) � m2c(z)j � (n� )� 1: (4.45)

Moreover, whenz 2 eS0(&1; &2; ! ) \ f z = E + i� : E � � + ; n�
p

� z + � � n! g, we

have the following stronger estimate

jm1(z) � m1c(z)j + jm2(z) � m2c(z)j �
n� != 4

n�
+

1
n(� z + � )

+
1

(n� )2
p

� z + �
;

(4.46)

which is uniformly on z.

Note that the term \anisotropic" means that the resolventG(z) is well approxi-

mated by a deterministic matrix that is not a multiple of an identity matrix.

Theorem 4.1.16. (Anisotropic local law beyond� + [DY21, Theorem S.3.12]). Sup-

pose Assumption 3.1.2 holds. For any0 < ! < 2=3, z 2 Sout (&2; ! ) and deterministic

unit vectors v; w 2 Cp+ n ; we have

jhv; (G(z) � �( z))wij � � n +

s
Imm2c(z)

n�
� � n + n� 1=2(� z + � )� 1=4: (4.47)

Finally, we derive the following lemma to describe the di�erence between �(z)

and �( z) near and beyond� + .

Lemma 4.1.17. Under Assumption 3.1.2, for anyz 2 eS0(&1; &2; ! ) [ Sout (&2; ! ) and

i; j = 1; : : : ; r , we have

jhu i ; z� 1(1 + m2c(z)A)� 1u j i � � ij m1c(z)j

_ jhv i ; z� 1(1 + m1c(z)B)� 1v j i � � ij m2c(z)j � n� 1 ;

that is,



 U > �( z)U � �( z)




 � n� 1 : (4.48)
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Proof. When z 2 eS0(&1; &2; ! ) [ Sout (&2; ! ), by (2.6) and Lemma 4.1.5, for any� > 0

we have that

P
�
jnhu i ; z� 1(1 + m2c(z)A)� 1u j i � � ij Tr( z� 1(1 + m2c(z)A)� 1)j > �

�

= P
�
jhu i ; z� 1(1 + m2c(z)A)� 1u j i � � ij m1c(z)j > n � 1�

�
� 4e� c

�
�
C ^ � 2

C 2

�

and some constantsc; C > 0, where n is used to normalizeu i and u j to �t the

conditions of g in Lemma 4.1.5. Thus, given any small constant� > 0 and large

constant D > 0, by letting � = n! , we have

P
�
jhu i ; z� 1(1 + m2c(z)A)� 1u j i � � ij m1c(z)j > n � 1+ �

�
� 4n� cn !

C � n� D

when n is su�ciently large. By a similar approach we have the same control for the

other term, and hence the proof.

4.2 Proof of Theorem 3.2.1

With Lemmas 4.1.10, 4.1.15, 4.1.16 and 4.1.17 and the triangle inequality, for some

given �xed small � > 0; we �nd that there exists an event � of high probability such

that the followings hold when conditional on �:

(i) For z 2 eS0(&1; &2; � ), from Lemmas 4.1.15 and 4.1.17, and sincer is bounded,

we have that



 U > G(z)U � �( z)




 � n�=2(� n + 	( z)) : (4.49)

(ii) For z 2 Sout (&2; � ); from Lemmas 4.1.15 and 4.1.17, and sincer is bounded, we

have that



 U > G(z)U � �( z)




 � n�=2(� n + n� 1=2(� z + � )� 1=4) : (4.50)

(iii) From Lemma 4.1.10, there exists a large integer$ , such that for 1 � i � $;

we have

j� i � � + j � n� (n� 1=3� 2
n + n� 2=3) ; (4.51)
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where$ > r is a �xed integer.

Below, the proof is conditional on � such that (4.49), (4.50) and (4.51) hold.

Step I. Find asymptotic outlier locations � (di ) and the threshold � . We start

with �nding the asymptotic outlier locationsfor eigenvalues ofeSeS> . As is shown in

(4.50), U > G(z)U converges to�( z) in the operator norm forz 2 Sout (&2; � ). Together

with Lemma 4.1.12 and the continuity of determinant,� > � + is asymptotically an

outlier location if and only if

lim
n!1

det(U > G(� )U + D � 1) = det
�
�( � ) + D � 1

�
= 0 (4.52)

By Lemma 4.1.2, (4.52) becomes

det
�
�( � ) + D � 1

�
= det

��
m1c(� )I r 0

0 m2c(� )I r

�
+ D � 1

�

= � � r
rY

i =1

(�m 1c(� )m2c(� ) � d� 2
i ) = � � r

rY

i =1

(T (� ) � d� 2
i ) = 0 : (4.53)

By the de�nition of � (�), the determinant is zero when� = � (di ) for 1 � i � r . Note

that since T (x) is a monotonically decreasing function forx > � + , we have� (di ) as

a solution of (4.53) if and only ifd� 2
i < � + m1c(� + )m2c(� + ), which is equivalent to

di > � . In other words, � is the desired signal strength threshold.

Step II. De�ne the permissible intervals for the spectrum. Now the strategy

is to prove that with high probability there are no eigenvalues outside a neighbour-

hood of each� (di ). De�ne the index set

O� := f i : di � � � n� (� n + n� 1=3)g = f 1; 2; : : : ; r � g � O+ ; (4.54)

for somer � � r + . This means the signal strengthdi is strong enough ifi 2 O� . For
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1 � i � r , de�ne the interval

I i := [ � (di ) � n� ! (di ); � (di ) + n� ! (di )]; (4.55)

where

! (di ) := � n �( di )2 + n� 1=2�( di ) : (4.56)

Also, de�ne

I 0 := [0; � + + n3� (� 2
n + n� 2=3)] and I := I 0 [

[

i 2 O�

I i :

Step III. Show that I contains all eigenvalues of eH . By (4.39), we have

U > G(z)U + D � 1 = �( z) + D � 1 + 
( z) : (4.57)

Again, by Lemma 4.1.12 and letz = � 2 I in (4.50), where� is an eigenvalue ofeH

if and only if

det(U > G(� )U + D � 1) = det( �( � ) + D � 1) + O(n�=2(� n + n� 1=2� � 1=4
� ))

= � � r
rY

i =1

(�m 1c(� )m2c(� ) � d� 2
i ) + O(n�=2(� n + n� 1=2� � 1=4

� )) = 0 ; (4.58)

where the �rst bound comes from Lemma 4.1.1 and the bounded 2r eigenvalues of

�( � ) + D � 1. To prove that Spec(eH ) � I , by (4.58) and � + = O(1), it su�ces to

show that

min
1� i � r

j�m 1c(� )m2c(� ) � d� 2
i j � n�=2(� n + n� 1=2� � 1=4

� ) (4.59)

when � > � + and � =2 I . Before proving (4.59), we claim that for any� =2 I and

1 � i � r ,

j� � � (di )j > n � ! (di ) : (4.60)
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Step IV. Prove Claim (4.60). To show that the claim is true, we consider two

cases.(i) When i 2 O� , (4.60) is true by the de�nition of I i . (ii) When i =2 O� , from

(4.54) we have

�( di )2 = di � � < n � (� n + n� 1=3) : (4.61)

Thus, by (4.11), we have

� (di ) � � + � (di � � )2 < 2n2� (� 2
n + n� 2=3) ; (4.62)

which is controlled by n3� (� 2
n + n� 2=3) when n is su�ciently large. Thus, � (di ) 2 I 0

and j� � � (di )j > n 3� (� 2
n + n� 2=3) when � =2 I by the de�nition of I 0. Moreover, by

the de�nition of ! (di ) and (4.61), we have

! (di ) . n� (� 2
n + n� 2=3) (4.63)

for i =2 O� , which leads toj� � � (di )j > n � ! (di ). We thus obtain the claim.

Step V. Prove (4.59). With the above claim, we are ready to prove (4.59). Note

that

j�m 1c(� )m2c(� ) � d� 2
i j = jT (� ) � d� 2

i j = jT (� ) � T (� (di )) j : (4.64)

We decompose the problem into the following two cases.

Case (a): Suppose� (di ) 2 [� � c� � ; � + c� � ] for some constant 0< c < 1, which is

chosen su�ciently small so that x � � + = � x � � � for x 2 I i . From (4.11), we have

� (di ) � � + � �( di )4. Together with T 0(x) � � � 1=2
x from (4.12), for x 2 I i , we have

jT 0(x)j � jT 0(� (di ))) j � [�( di )]� 2 : (4.65)

From the claim in (4.60), when � =2 I i , it is either � < � (di ) � n� ! (di ) or � >
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� (di ) + n� ! (di ). When � < � (di ) � n� ! (di ), we have

T (� ) � T (� (di )) > T (� (di ) � n� ! (di )) � T (� (di )) & n� ! (di )�( di )� 2

= n� � n + n� 1=2+ � �( di )� 1 � n� � n + n� 1=2+ � (� (di ) � � + )� 1=4

� n�=2� n + n� 1=2+ �=2� � 1=4
� = n�=2(� n + n� 1=2� � 1=4

� ); (4.66)

where we use the monotonicity ofT in the �rst step, the mean value theorem and

(4.65) in the second step, the de�nition of! (di ) in the third step, and (4.11) in the

fourth step. Similarly, when� =2 I i such that � > � (di )+ n� ! (di ), the same argument

leads to

T (� (di )) � T (� ) � n�=2(� n + n� 1=2� � 1=4
� ) : (4.67)

By (4.66) and (4.67), the relationship (4.64) leads to (4.59) when� (di ) 2 [� � c� � ; � +

c� � ].

Case (b): Suppose� (di ) =2 [� � c� � ; � + c� � ] for the same constantc from the previous

case. For� (di ) > � + c� � , sinceT is monotonically decreasing on (� + ; + 1 ), we have

that

T (� ) � T (� (di )) > T (� ) � T (� + c� � ) � � 1=2
� � n�=2(� n + n� 1=2� � 1=4

� ): (4.68)

where we used (4.12) and mean value theorem in the second step and� � > n 3� (� 2
n +

n� 2=3) for � =2 I 0 by the de�nition of I 0 in the last step. By a similar argument, when

� (di ) < � � c� � , we have

T (� (di )) � T (� ) � n�=2(� n + n� 1=2� � 1=4
� ) : (4.69)

By (4.68) and (4.69), we obtained (4.59) when� (di ) =2 [� � c� � ; � + c� � ], and hence

the proof of (4.59).

Step VI. Show that each I i contains exactly the right number of out-

liers. We apply the continuity argument used in [KY13, Section 6.5]. Set~S(t) =
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S(t) + A1=2XB 1=2, where the singular values ofS(t) are (d1(t); : : : ; dr (t)) so that

di (t) is a continuous function on [0; 1] for i = 1; : : : ; r satisfying some conditions

detailed below, (d1(1); : : : ; dr (1)) = ( d1; : : : ; dr ) satisfying Assumption 3.1.2(iv) and

(d1(0); : : : ; dr (0)) are set in the following way.

First, we construct (d1(0); : : : ; dr (0)). Consider d1(0); � � � ; dr (0) > 0 so that As-

sumption 3.1.2(iv) is satis�ed but independentof n and denotex(0) := ( x1(0); � � �

; xr � (0)) = ( � (d1(0)); � � � ; � (dr � (0))). Assume d1(0) > d 2(0) > � � � > d r � (0) and

di (0) � di +1 (0) & 1 for 1 � i � r � � 1, such that

x1(0) > x 2(0) > � � � > x r � (0): (4.70)

We claim that whenn is large enough, eachI i (0) := [ � (di (0)) � n� ! (di (0)); � (di (0))+

n� ! (di (0))], 1 � i � r � , contains only thei -th eigenvalue ofeS(0) eS(0)> . To show this,

�x any 1 � i � r � and choose a small positively oriented closed contourC � Cn[0; � + ]

so that Conly encloseI i (0) but no other intervals I j (0) for j 6= i . De�ne two functions,

f 0(z) := det( U > G(z)U + D (0)� 1) and g0(z) := det( �( z) + D (0)� 1) ;

whereD (0) is de�ned in the same way as (4.31) withd1(0); : : : ; dr (0). Both f (z) and

g(z) are holomorphic on and insideC by the de�nition. By Lemma 4.1.2 we have

g0(z) = z� r
Q r

i =1 (zm1c(z)m2c(z) � di (0)� 2) = z� r
Q r

i =1 (T (z) � T (� (di (0)))). Thus,

g0(z) has precisely one zero atz = � (di (0)) inside C: So, by a proper choice of the

contour C, we have

min
z2C

jg0(z)j = min
z2C

jzj � r
rY

i =1

jT (z) � T (� (di (0))) j &
n� ! (di (0))

Q r
i =1 j� (di (0)) � � + j1=2

& n� ! (di (0)) & n3� � n (� n + n� 1=3)2 + n2� n� 1=2(� n + n� 1=3) ;

where �rst bound comes from the fact that� + � j zj � � � 1, the control of T (z) �

T (� (dj (0))) by (4.20) for any 1 � j � r , and the control ofjz� � (dj (0))j � j � (di (0)) �

44



� (dj (0))j=2 & 1 for any j 6= i by (4.21) and the assumptiondi (0) � di +1 (0) & 1, the

second bound comes from (4.11) sincej� (di (0)) � � + j1=2 � j di (0) � � j1=2 . � � 1, and

the last bound comes from the de�nition of! (di (0)) and the lower bound assumption

of di (0). Also, by (4.50), we have for anyz 2 C that

jf 0(z) � g0(z)j . n�=2(� n + n� 1=2(� z + � )� 1=4) ;

which is clearly dominated by minz2C jg0(z)j. Hence, the claim follows from Rouch�e's

theorem.

Second, we set the conditions for the pathsdi (t). Set x(t) := ( x1(t); x2(t);

� � � ; xr � (t)) = ( � (d1(t)) ; : : : ; � (dr � (t)). By the construction, x(t) is a continuous path

over [0; 1]. and we require thatx(t) satis�es the following properties:

(i) For all t 2 [0; 1], the number r � is unchanged. Moreover, we always have the

following order of the outliers: x1(t) � x2(t) � � � � � xr � (t) > � + .

(ii) For all t 2 [0; 1], we denote the permissible intervals asI i (t). If I i (1) \ I j (1) = ;

for 1 � i < j � r � , then I i (t) \ I j (t) = ; for all t 2 [0; 1]. The interval I 0 is

unchanged along the path.

It is straightforward that such a path x(t) exists. De�ne I (t) := I 0 [ (
S

1� i � r �
I i (t)),

whereI i (t) := [ � (di (t)) � n� ! (di (t)) ; � (di (t))+ n� ! (di (t))]. The corresponding contin-

uous path of outliers is denoted asf e� i (t)gr �
i =1 . Sincet ! eS(t) eS(t)> is continuous, we

�nd that e� i (t) is continuous in t 2 [0; 1] for all i . Note that when t = 0, we already

obtain above that e� i (0) 2 I i (0) for 1 � i � r � and e� i (0) 2 I 0 for i > r � . By the

same approach shown inStep III and IV , we can also show that all the eigenvalues

f e� i (t)g � I (t) for all t 2 [0; 1].

With the above preparation, we can �nish the proof. We decompose the problem

into two cases.

Case (a): If are r � intervals are disjoint at t = 1, then they are disjoint for all
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t 2 [0; 1] by property (ii). Together with the results whent = 0 and the continuity

of e� i (t); we conclude thate� i (t) 2 I i (t); 1 � i � r � for all t 2 [0; 1], and hence the

claim.

Case (b): If some of the intervals are not disjoint at t = 1, let B denote the

�nest partition of f 1; � � � ; r � g such that i and j belong to the same block ofB if

I i (1) \ I j (1) 6= ; . Denote by B i the block of B that contains i . Note that elements

of B i are sequences of consecutive integers. We now pick any 1� i � r � so that

jB i j > 1, and let j 2 B i such that it is not the smallest index inB i . Note that

x j � 1(1) � x j (1) � 2n� w(dj ) (4.71)

by assumption. Since the number of elements inB i is bounded byr � , we obtain that

�
�
�
�
�

[

j 2 B i

I j (1)

�
�
�
�
�

� r � n� w(dmin f j :j 2 B i g) = r � n� w(di ) ; (4.72)

where
�
�
�
S

j 2 B i
I j (1)

�
�
� stands for the length of

S
j 2 B i

I j (1). Thus, by the continuity

construction, we have

je� j (1) � � (dj )j � r � n� w(di ); j 2 B i ; (4.73)

and hence the claim.

Step VII. Locations of weak (non-outlier) signals. First, we �x a con�gu-

ration x(0) satisfying the same setup inStep VI . In this setup, whent = 0, (4.51)

and eigenvalue interlacing from Lemma 4.1.3, we have that fori 62O� ,

e� i (0) 2 I 0 and e� i (0) � � + � n� (n� 1=3� 2
n + n� 2=3) : (4.74)

Thus, we �nd that

je� i (0) � � + j � n3� (� 2
n + n� 2=3); i =2 O� :
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Next we employ a similar continuity argument as that inStep VI . For t 2 [0; 1]; by

(4.1.10) and Lemma 4.1.3, for anyt 2 [0; 1], we always have that

e� i (t) � � + � n� (n� 1=3� 2
n + n� 2=3); i =2 O� : (4.75)

If I 0 is disjoint from the other I j 's, then by the continuity of e� i (t) and Spec(eSeS> ) � I ,

we can conclude thate� i (t) 2 I 0(t) for all t 2 [0; 1]. Otherwise, we again consider the

partition B as in Step VI , and let B0 be the block ofB that contains i . With the

same arguments, we can prove that

I 0(1) [

 
[

j 2 B 0

I j (1)

!

� [0; � + + Cn3� (� 2
n + n� 2=3)]:

Then using (4.74), (4.75) and the continuity of the eigenvalues along the path, we

obtain that for all r � < i � r ,

�
�
�e� i (t) � � +

�
�
� � Cn3� (� 2

n + n� 2=3)

for all t 2 [0; 1].

4.3 Proof of Theorem 3.2.2

By Theorem 3.2.1, Lemma 4.1.15, Lemma 4.1.10, Theorem 4.1.16 and Lemma 4.1.11,

for any small constants� > 0, we can choose a high-probability event � in which

(4.49)-(4.51) and the following estimates hold:

je� i � � + j � n"=2
�
� 2

n + n� 2=3
�

; for r + + 1 � i � $; (4.76)

for some �xed large integer$ � r and

j� i � 
 i j � n� 2=3+ "=2
�
i � 1=3 + 1(i � n1=4� 3=2

n )
�

+ n"=2� l (
 i )

+ n2=3+ "=2i � 2=3� 2
l (
 i ) ;

(4.77)
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for i � �p: For any i , de�ne a set


 i :=
n

x 2 [� i � r � 1; � + + c0n2" (� 2
n + n� 2=3)]

�
�
�

dist
�
x; Spec(ZZ > )

�
> n � 1+ " � � 1

+ + n" � l (x)
o

;
(4.78)

where we de�ne� i = 1 if i < 1 and � i = 0 if i > p , Spec(ZZ > ) stands for the

spectrum ofZZ > and c0 > 0 is a small constant. Note that by (4.77), we have

jx � � + j > n � 1+ " � � 1
+ + n" � l (x) (4.79)

for all x 2 
 i . We then have the following Lemm.

Lemma 4.3.1. For � + � n" (� n + n� 1=3) and i � n1� 2" � 3
+ ; there exists a constant

c0 > 0 such that the set
 i contains no eigenvalue ofeSeS> :

With Lemma 4.3.1, the rest of the proof is exactly the same as the proof for

[DY21, Lemma S.4.5] by lettings = 0. Thus we omit it here. Below is the proof of

Lemma 4.3.1.

Proof. (Proof of Lemma 4.3.1) De�ne

� x := n� 1+ " � � 1
+ + n" � l (x) and zx := x + i� x ; (4.80)

wherex 2 
 i . Denote Gab (z) = a0G(z)b for z 2 C+ and a; b 2 Cp+ n . Recall (4.33)

and setu =
�

u1

0

�
and v =

�
0
v2

�
, we have

jGuv (zx ) � Guv (x)j

. � x jGuv (zx )j +
p^ nX

k=1

p
� k jhu; � k ih� k ; v ij

�
�
�
�

� x

(� k � x � i� x )( � k � x)

�
�
�
�

.
X

k

�
jhu; � k ij 2 + jh� k ; v ij 2� � x

(� k � x)2 + ( � x )2

= Im Guu (zx ) + Im Gvv (zx );

48



where in the second step we usejx � � k j � � x for x 2 
 i . We have similar bounds

for Guu (�), Gvu (�) and Gvv (�). Now together with (4.49), we obtain that

D � 1 + U � G(x)U (4.81)

= D � 1 + U � G(zx )U + U � (G(x) � G(zx ))U

= D � 1 + U � �( zx )U + O
�
n"=2	( zx ) + n"=2� n + Im m2c(zx )

�

= D � 1 + U � �( x)U + O
�

n"=2 Im m2c(zx ) +
n"=2

n� x
+ n"=2� n

�
;

where in the last step we used (4.8) and

	( zx ) . Im m2c(zx ) + ( n� x )� 1:

Therefore, by Lemma 4.1.12 and Lemma 4.1.1, we conclude that forx 2 
 i , x is not

an eigenvalue ofeZ eZ > if

min
1� j � r

j�m 1c(x)m2c(x) � d� 2
j j � n"=2 Im m2c(zx ) +

n"=2

n� x
+ n"=2� n : (4.82)

Sincei � n1� 2" � 3
+ , by (4.77) we have

� c0n2" (� 2
n + n� 2=3) � � + � x

.
�

i
n

� 2=3

+ n� 2=3+ "=2 + n"=2� l (
 i ) +
n2=3+ "=2

i 2=3
� 2

l (
 i ) . n� 4"=3� 2
+

(4.83)

for x 2 
 i , where we also used
 i � (i=n)2=3 and � + � n" (� n + n� 1=3). Then by

(4.4), we have

jm2c(x) � m2c(� + )j � Cn� 2"=3� + � � +

for x 2 
 i \ f x : x � � + g and

jm2c(x) � m2c(� + )j � C
p

c0n"
�
n� 1=3 + � n

�
� C

p
c0� +

for x 2 
 i \ f x : x > � + g, where the constantC > 0 is independent ofc0. Using

similar approach, we can derive the same bounds form1c(x). Plugging the above two
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estimates into (4.82) and usingj� + m1c(� + )m2c(� + ) � d� 2
j j � j dj � � j � � + (4.79)

and the triangle inequality, we obtain that

min
1� j � r

j�m 1c(x)m2c(x) � d� 2
j j & � +

as long asc0 is su�ciently small. On the other hand, using (4.8), (4.80) and (4.83),

we can verify that for x 2 
 i and x � � + ,

n"=2

�
Im m2c(zx ) +

1
n� x

+ � n

�
. n"=2

�
p

� x + � x +
1

n� x
+ � n

�
� � + ;

and for x 2 
 i and x > � + ,

n"=2

�
Im m2c(zx ) +

1
n� x

+ � n

�
. n"=2

�
� xp

� x + � x
+

1
n� x

+ � n

�
� � + :

This proves (4.82), which further concludes the proof of Lemma 4.3.1.

4.4 Proof of Theorem 3.2.3

The proof is composed of several steps.

Step I. Prepare an event. Let � > 0 be a small positive constant and take

0 < ! < 1. By Theorem 3.2.1 and Lemmas 4.1.10 and 4.1.16, we �nd that there

exists some high probability event � such that the followings hold when conditional

on �.

(i) Recall the de�nition of Sout in (4.43). Set&2 = ( � + ! )� 1 and hence

Sout (( � + ! )� 1; ! )

= f E + i� : � + + n! (n� 2=3 + n� 1=3� 2
n ) � E � ! � 1; � 2 [0; 1]g: (4.84)

For all z 2 Sout (( � + ! )� 1; ! ), we have the anisotropic local law by Theorem

4.1.16

k
 k � n� [� n + n� 1=2(� z + � )� 1=4] : (4.85)
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(ii) For i � r + ; we have

je� i � � (di )j � n� [n� 1=2�( di ) + � n � 2(di )] : (4.86)

(iii) From Theorem 3.2.1 and the rigidity of eigenvalues in Lemma 4.1.10, we have

je� i � � (di )j � n� (n� 1=2�( di ) + � n � 2(di )) ; 1 � i � r + ; (4.87)

je� i � � + j � n�=2
�
� 2

n + n� 2=3
�

; r + + 1 � i � $ (4.88)

for some �xed large integer$ � r , and

j� i � 
 i j (4.89)

� n�=2
�
n� 2=3

�
i � 1=3 + 1(i � n1=4� 3=2

n )
�

+ � l (
 i ) + n2=3i � 2=3� 2
l (
 i )

�

for 1 � i � $ .

The rest of the proof is restricted to the event �.

Step II. Prepare some quantities. We prepare some notations that will be

used in the following proofs. Fori = 1; � � � ; r , let ue
i = ( u>

i ; 0)> be the embedding

of u i in Rp+ n : By (4.32), it is easy to see that

u>
i

eG1(z)u j = ( ue
i )

> eG(z)ue
j = e>

i U > eG(z)U ej ; (4.90)

whereej 2 R2r is a unit vector with the i -th entry 1. When 1 � i; j � r , by (4.36),

we have

u>
i

eG1(z)u j = e>
i [D � 1 � D � 1(D � 1 + U > G(z)U )� 1D � 1]ej :

To study (D � 1 + U > G(z)U )� 1, by the resolvent expansion from (4.41), we will

encounter the term (D � 1 + �( z)) � 1. By an elementary computation based on the
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Schur complement, we have

[(D � 1 + �( z)) � 1]ij =

8
>>>>>><

>>>>>>:

� ij
zm2c (z)

zm1c (z)m2c (z)� d� 2
i

; 1 � i; j � r ;

� ij
zm1c (z)

zm1c (z)m2c (z)� d� 2
i � r

; r � i; j � 2r ;

� � �ij
z1=2d� 1

i

zm1c (z)m2c (z)� d� 2
i

; 1 � i � r; r � j � 2r ;

� � i �j
z1=2d� 1

j

zm1c (z)m2c (z)� d� 2
j

; r � i � 2r; 1 � j � r:

(4.91)

Next, by de�nition of � + and 
 i in De�nition 2.11 and the approximation of � 1c

around the bulk in (4.3), whenr + + 1 � i � $ , we have

j
 i � � + j . n� 2=3: (4.92)

Together with the triangle inequality and (4.88), whenr + + 1 � i � r , we have

je� i � 
 i j � j e� i � � + j + j� + � 
 i j � n�=2
�
n� 2=3 + � 2

n

�
: (4.93)

Moreover, whenr + 1 � i � $ , with the interlacing lemma from Lemma 4.1.3, we

have � i � e� i � � i � r � � + . Together with the triangle inequality, (4.92) and (4.89),

for r + 1 � i � $ , we have

je� i � 
 i j � j e� i � � + j + j� i � � + j + j
 i � � i j . j
 i � � i j (4.94)

In conclusion, by (4.89), (4.93), and (4.94), forr + + 1 � i � $ we have

je� i � 
 i j � j e� i � � + j + j� + � 
 i j + j
 i � � i j + j� i � 
 i j

� n�=2
�
i � 1=3n� 2=3 + � l (
 i ) + i � 2=3n� 1=3� 2

n + � 2
n1i � r

�
:

(4.95)

Next, we claim that for any 1� i � $ , the equation

� Im m1c(e� i + i� ) = n2� � n � + n� 1+6 � (4.96)

over � 2 [0; 1] has a unique solution. Indeed, note that� Im m1c(e� i + i� ) is a strictly

monotonically increasing function of� . Sincee� i + i� 2 S(&1; &2) when n is su�ciently
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large, the behavior of� Im m1c(e� i + i� ) is detailed in (4.8). First, consider the case

1 � i � r+ . Sincee� i is of order 1 in this case,� Im m1c(e� i + i� ) grows quadratically

when � � n3� � n . Thus we �nd a unique solution ^� i over the region 0� � � n3� � n .

When � > n 3� � n , we cannot �nd a solution since� 2 dominates n2� � n � . Second,

consider the caser+ + 1 � i � $ . In this case, we should consider the case when~� i

is less than or greater than� + . When ~� i � � + , � Im m1c(e� i + i� ) grows approximately

like � 3=2 when � > n � � n , and we can �nd a unique solution ^� i of order n4� � 2
n . When

0 � � < n � � n , we cannot �nd a solution sincen2� � n � dominates� Im m1c(e� i + i� ) in

this region. The case~� i < � + can be argued in the same way. We thus obtain the

claim. More precisely, with (4.8), one can check that

b� i �

8
>><

>>:

n4�
�
� 2

n + n� 2=3
�

if je� i � � + j � n4�
�
� 2

n + n� 2=3
�

n2� � n
p � e� i

+ n� 1=2+3 � � 1=4
e� i

if e� i � � + + n4�
�
� 2

n + n� 2=3
�

n� 1+6 � � � 1=2
e� i

if e� i � � + � n4�
�
� 2

n + n� 2=3
�

: (4.97)

Note that i 2 O+ when b� i � n2� � n
p � e� i

+ n� 1=2+3 � � 1=4
e� i

, and r + + 1 � i � r when

� i � n4�
�
� 2

n + n� 2=3
�
.

Based on the above claim, in the discussion afterwards, we �xzi = e� i + i � i 2

eS0(&1; &2; � ), where � i := b� i _ n� � l (
 i ), such that Lemma 4.1.7 can be applied. Next,

we claim that for suchzi , we have

k
( zi )k =



 U > G(zi )U � �( zi )




 . n� � Im m1c(zi ) :

To show this claim, we discuss two cases: (i)b� i � n� � l (
 i ) and (ii) b� i < n � � l (
 i ). In

case (i), sincezi 2 eS(&1; &2; � ), (4.49) can be applied tozi and we have

k
( zi )k � n�=2(� n + 	( zi )) . n� 3�=2 Im m1c(zi ) ; (4.98)

where the last inequality is by (4.96) and the de�nition of 	( zi ) in (4.22). In case

(ii), note that by (4.95) and � l (
 i ) � n� 3=4 + n� 1=2
� p

� 
 i + � n
�

by (4.24), we have

j� e� i
� � 
 i j . n�=2

�
i � 1=3n� 2=3 + n� 3=4 + n� 1=2

� p
� 
 i + � n

�
+ i � 2=3n� 1=3� 2

n + � 2
n1i � r

�
:

(4.99)
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Since� 
 i = j� + � 
 i j � � + and we consider 1� i � $ , when n is su�ciently large,

we have

� e� i
� � 
 i ;

which with (4.24) immediately leads to

� l (e� i ) � � l (
 i ) :

Recall the condition b� i < n � � l (
 i ). By comparing �̂ i and n� � l (
 i ) using (4.97), we

conclude that e� i � � + � n4�
�
� 2

n + n� 2=3
�
, and hence� e� i

& n4� (� 2
n + n� 2=3). Thus,

by a direct comparison using (4.24), we also have

n� � l (
 i ) � � 
 i : (4.100)

Sincee� i � � + � n4�
�
� 2

n + n� 2=3
�
, we have� e� i

& n4� (� 2
n+ n� 2=3), which when combined

with By (4.97)we have

n5�

n� l (
 i )
.

p
� 
 i : (4.101)

Next, from (4.8) and (4.101), we derive that

Im m1c(zi ) �
q

� e� i
+ n� � l (
 i ) �

p
� 
 i ; (4.102)

where the last approximation comes from (4.101). By putting the above together,

we have

k
( zi )k � n�=2
�
� n + 	( e� i + in � � l (
 i ))

�

. n�=2

 

� n +

s p
� 
 i

n� l (
 i )
+

1
n� l (
 i )

!

� n�=2� n + n� 2� p � 
 i . n� � Im m1c(zi );
(4.103)

where the second bound comes from the de�nition of 	 and (4.102), the third bound

comes from (4.101), and the last inequality comes from applying (4.96) and (4.102).
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Step III. Prove the theorem. With the above bounds, we start the proof. For

j = 1; � � � ; r , set ue
j = ( u>

j ; 0)> be the embedding ofu j in Rp+ n : With the spectral

decomposition (4.33), we have that for 1� i � cn,

Im hue
j ; eG(zi )ue

j i =
p^ nX

k=1

� i jhu j ; e� k ij 2

(e� k � e� i )2 + � 2
i

=
jhu j ; e� k ij 2

� i
+

X

k6= i

� i jhu j ; e� k ij 2

(e� k � e� i )2 + � 2
i

; (4.104)

and thus

jhu j ; e� i ij 2 � � i Imhue
j ; eG(zi )ue

j i : (4.105)

By Lemma 4.1.13, we obtain another identity

hue
j ; ~G(zi )ue

j i = �
1

zi d2
j
[(D � 1 + U > G(zi )U )� 1]�j �j :

Using the second order resolvent expansion shown in (4.41) for (D � 1 + U > G(zi )U )� 1

and (4.91), we have

hue
j ; ~G(zi )ue

j i = �
1

zi d2
j

h zi m1c(zi )
T (zi ) � d� 2

j

+
zi f (zi )

(T (zi ) � d� 2
j )2

+
�
[(D � 1 + �( zi )) � 1
( zi )]2(D � 1 + U > G(zi )U )� 1

�
�j �j

i
; (4.106)

wheref (z) = f 1(z) + f 2(z) and

f 1(z) := m1c(z)[zm1c(z)
( z)�j �j + ( � 1)r z1=2d� 1
j 
( z) j �j ];

f 2(z) := d� 1
j [(� 1)r z1=2m1c(z)
( z)�jj + d� 1

j 
( z) jj ]:

To estimate the right-hand side of (4.106), note that by (4.8) and the de�nition of

f ,

jf (zi )j . k
( zi )k (4.107)

and

min
j

jT (zi ) � d� 2
j j � Im T (zi ) �

(4:8)
Im m1c(zi ) �

(4.98)
k
( zi )k : (4.108)

55



Jointly by (4.107) and (4.108), the second term on the right-hand side of (4.106) is

dominated by the �rst term. For the third term in (4.106), we apply the second order

resolvent expansion on (D � 1 + U > G(zi )U )� 1, then we acquire a similar formula as

in (4.106) times [(D � 1 + �( zi )) � 1
( zi )]2. By (4.91) and (4.108), we have that




 (D � 1 + U > G(zi )U )� 1




 .

1
jT (zi ) � d� 2

j j
.

1
Im m1c(zi )

� k 
( zi )k� 1 : (4.109)

Inserting bounds from (4.107)-(4.109) into (4.106), we obtain that

hue
j ; ~G(zi )ue

j i =
m1c(zi )

1 � d2
j T (zi )

+ O
�

d2
j k
( zi )k

j1 � d2
j T (zi )j2

�
: (4.110)

The next lemma provides a lower bound for
�
�1 � d2

j T (zi )
�
� . Its proof is the same as

the one for Lemma 5.6 of [Din20], so we omit it and we refer readers with interest to

[Din20].

Lemma 4.4.1. Take zi = e� i + i� i and 1 � j � r . For any �xed � 0 < 1=3 and

� 2 [0; 1=3� � 0), whene� i 2 [0; � (� + ( � n + n� 1=3)n� + ! )], there exists a constantc > 0

such that

j1 � d2
j T (zi )j � cd2

j (n� 2� jd� 2
j � T (� + )j + Im T (zi )) :

Now we �x the � in Lemma 4.4.1. By (4.105) and (4.110), we have that

�
�
�hu j ; e� i i

�
�
�
2

� � i

�
Im

�
m1c(zi )

1 � d2
j T (zi )

�
+

Cd2
j k
( zi )k

j1 � d2
j T (zi )j2

�

=
� i

j1 � d2
j T (zi )j2

[Im m1c(zi )(1 � Re(d2
j T (zi )))

+ d2
j Rem1c(zi ) Im T (zi ) + Cd2

j k
( zi )k]

=
� i

j1 � d2
j T (zi )j2

[Im m1c(zi )(1 � d2
j T (� + ) + d2

j Re(T (� + ) � T (zi )))

+ d2
j Rem1c(zi ) Im T (zi ) + Cd2

j k
( zi )k]: (4.111)
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We next bound the terms in (4.111) one by one. For the �rst term, by (4.9) and

(4.96), we have

j� i Imm1c(zi )[(1 � d2
j T (� + )) + d2

j Re(T (� + ) � T (zi ))] j

. j� i Im m1c(zi )j

 

jdj � � j +
p

� e� i
+ �

i
_

� � ip
� e� i

+ � i
+ � e� i

�
!

: (4.112)

For the second item of (4.111), by Lemma 4.1.7 we have

j� i Rem1c(zi ) Im T (zi )j � j � i Im m1c(zi )j : (4.113)

Note that by (4.96), (4.101), and (4.8), we have

j� i Im m1c(zi )j .

(
n2� � n b� i + n� 1+6 � ; if b� i � n� � l (
 i )

n� � l (
 i )
p

� 
 i ; if b� i < n � � l (
 i )
: (4.114)

For the third term, by (4.98), (4.103) and (4.114), we have

k� i 
( zi )k �

(
n� � n b� i + n� 1+5 � ; if b� i � n� � l (
 i )

� l (
 i )
p

� 
 i ; if b� i < n � � l (
 i )
: (4.115)

Inserting the estimates from (4.97), (4.112), (4.113), (4.114) and (4.115) into (4.111)

together, we have

jhu j ; e� i ij 2 .
n4� � n b� i + n� � l (
 i )

p
� 
 i + n6� n� 1

j1 � d2
i T (zi )j2

.
n6� + � (� 3

n + � l (
 i )
p

� 
 i + n� 1)

j1 � d2
i T (zi )j2

;

(4.116)

where in the last inequality we used that forb� i � n� � l (
 i ),

� n b� i . n4� + � � n (� 2
n + n� 2=3) . n4� + � (� 3

n + n� 1): (4.117)

We still need to bound the denominator of (4.116) from below using Lemma 4.4.1,

which requires a lower bound on ImT (zi ): When i =2 O+ ,with (4.8), (4.95), and

(4.97), we �nd that Im T (zi ) � Im m1c(zi ) & � n +
p

� 
 i . Together with (4.116), this
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concludes the proof of (3.16) forjhu j ; e� i ij 2. The proof of jhv j ; e� i ij 2 is based on the

same steps and we omit details. by choosing� = 0 in Lemma 4.4.1. On the other

hand, wheni 2 O+ such that (3.17) holds, with (4.87) and (4.97) we can verify that

e� i . � (di )+ n� + e� (� 2
n + n� =3) and by (4.21) we have�

�
� + ne� + � (� n + n� 1=3)

�
� � (di ) �

n2� +2 e� (� 2
n + n� 2=3): By the two inequalities, we have

e� i . �
�
� + ne� + � (� n + n� 1=3)

�
;

and thus by (4.18) we have

je� i � � + j . n2e� +2 � (n� 2=3 + � 2
n ): (4.118)

Moreover, together with (4.97) and (4.8), we conclude that

Im T (zi ) � Im m1c(zi ) � n2� +2 e� (� n + n� 1=3) � n2� � 2e� (� n +
p

� 
 i ): (4.119)

We can therefore conclude the proof of (3.18) with (4.116) by letting� = e� � � in

Lemma 4.4.1.

4.5 Proof of Theorem 3.2.4

We only show the detailed proof for the control ofjhu i ; PA u j i � � ij 1(i 2 A )a1(di )j

in (3.21). The control of the other term is the same and we omit details. The

proof is decomposed into three main parts. First, we prove Theorem 3.2.4 under two

stronger assumptions, which is stated in Proposition 4.5.3. Then, we remove these

two assumptions. We start with introducing these two assumptions.

Assumption 4.5.1. (Non-overlapping condition). For some �xed constante� > 0,

we assume that for alli 2 A ,

� i (A ) � ne� ([�( di )]� 1n� 1=2 + � n ) = ne�  1(di ): (4.120)
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By Assumption 4.5.1, an outlier indexed byA does not overlap with an outlier

indexed by A c. That is, when di 6= dj , they are su�ciently separated if i 2 A and

j 2 A c. However, outliers indexed byA can overlap among themselves.

Assumption 4.5.2. For some �xed small constant0 < � 0 < 1=3, we assume that

for i 2 A ,

di � � � n� 0
(� n + n� 1=3) : (4.121)

The necessary argument to remove this assumption will be given in Section 4.5.3

after we complete the proof of Theorem 3.2.3, since we need the delocalization bounds

there.

4.5.1 Proof of Theorem 3.2.4 Under Stronger Assumptions

We �rst provide the following proposition, which is needed for Theorem 3.2.4.

Proposition 4.5.3. Grant the assumptions and notations in Theorem 3.2.4. Then

under Assumptions 4.5.1 and 4.5.2, we have that for alli; j = 1; : : : ; r ,

jhu i ; PA u j i � � ij 1(i 2 A )a1(di )j (4.122)

� 1(i 2 A ; j 2 A )
�
� n + n� 1=2(�( di )�( dj )) � 1=2

�

+ n� 1

�
1

� i (A )
+

1(i 2 A )
� 2(di )

� �
1

� j (A )
+

1(j 2 A )
� 2(dj )

�

+ � 2
n

��
� 2(di )
� i (A )

+ 1
� �

1
� j (A )

+
1(j 2 A )
� 2(dj )

�
^

�
� 2(dj )
� j (A )

+ 1
� �

1
� i (A )

+
1(i 2 A )
� 2(dj )

��

+ 1(i 2 A ; j =2 A )
 1(di )� 2(di )

jdj � di j
+ 1(i =2 A ; j 2 A )

 1(dj )� 2(dj )
jdj � di j

:

Proof. Consider the event space � introduced in the proof of Theorem 3.2.3 in Section

4.4, where� > 0 is a small positive constant satisfying 0< � < minf � 0; e� g=10, and

let ! < � 0=2. The rest of the proof is restricted to the event �.
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For i 2 A ; we de�ne the contour � i := @B� i (di ), where

� i := ci (� i (A ) ^ (di � � )) = ci (� i (A ) ^ � 2(di )) (4.123)

for some small constant 0< c i < 1. De�ne

� := [ i 2 A B � i (di ) and � := [ i 2 A � i : (4.124)

By choosing small enoughci , we can assume that � � D 2(� 2; &), whereD 2 is de�ned

in Lemma 4.1.9. The following lemma shows that (i)� (�) is a subset of Sout (! ) so

that we can use the estimates of (4.85); (ii)@�(�) = � (�) only encloses the outlier

eigenvalues indexed byA . The proof will be provided in Section 4.5.4.

Lemma 4.5.4. Suppose that Assumptions 4.5.1 and 4.5.2 hold. The set� (�) lies

in the spectral setSout (! ) as long as thec0
i s are su�ciently small. Moreover, by

selecting proper! and � , we havef e� aga2 A � � (�) and all the other eigenvalues lie

in the complement of� (�) .

For i = 1; � � � ; r , let ue
i = ( u>

i ; 0)> be the embedding ofu i in Rp+ n : By (4.32), it

is easy to see that

u>
i

eG1(z)u j = ( ue
i )

> eG(z)ue
j : (4.125)

By expanding eG(z) by (4.33), Cauchy's integral formula over� (�) and Lemma 4.5.4,

we have

�
1

2� i

I

� (�)
hu i ; eG1(z)u j i dz = hu i ; PA u j i : (4.126)

We �rst analyze the condition when 1 � i; j � r , and then extend the result to

1 � i; j � p afterwards.

Assume 1� i; j � r . By (4.125) and (4.126), since (ue
i )

> eG(z)ue
j = e>

i U > eG(z)U ej ,

whereej 2 R2r is a unit vector with the i -th entry 1, by (4.36), we obtain that

hu i ; PA u j i =
1

2� idi dj

I

� (�)

�
(D � 1 + U > G(z)U )� 1

�
�i �j

dz
z

; (4.127)
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where�i := i + r and �j := j + r: By the resolvent expansion from (4.41), we have

hu i ; PA u j i = sij
0 + sij

1 + sij
2 ; (4.128)

wheresij
` ; ` = 0; 1; 2; are respectively de�ned as

sij
0 =

1

2� idi dj

I

� (�)

�
(D � 1 + �( z)) � 1 �

�i �j

dz

z
;

sij
1 =

1

2� idi dj

I

� (�)

�
(D � 1 + �( z)) � 1 
( z)( D � 1 + �( z)) � 1 �

�i �j

dz

z
;

sij
2 =

1

2� idi dj

I

� (�)

h
(D � 1 + �( z)) � 1 
( z)( D � 1 + �( z)) � 1 
( z)( D � 1 + U > G(z)U ) � 1

i

�i �j

dz

z
:

From now on, we writesij
` ass` to simplify the notation. We start with s0. By using

the expansion in (4.91), we have

s0 = � ij
1

2� id2
i

I

� (�)

m1c(z)
T (z) � d� 2

i

dz = � ij
1

2� id2
i

I

�

m1c(� (� ))
� � 2 � d� 2

i

� 0(� )d�

= � � ij
di m1c(� (di )) � 0(di )

2
= � ij

m1c(� (di ))
d2

i T 0(� (di ))
= � ij a1(di ); (4.129)

where in the second equality we use the change of variablez = � (� ), in the third

equality of use the residual theorem, and in the fourth equality we simply use� 0(di ) =

2d� 3
i (T � 1)0(d� 2

i ) = 2 d� 3
i =T 0(� (di )).

Next, we control s1. Similarly, for s1 we can write it as

s1 =
1

2� idi dj

I

� (�)

�
(D � 1 + �( z)) � 1
( z)(D � 1 + �( z)) � 1

�
�i �j

dz
z

=
di dj

2� i

I

�

f (� )� 0(� )� 4

(� 2 � d2
i )( � 2 � d2

j )
d�; (4.130)

wheref (� ) = f 1(� ) + f 2(� ) and

f 1(� ) := m1c(� (� ))[ � (� )m1c(� (� ))
( � (� ))�i �j + ( � 1)�i + j � (� )1=2d� 1
j 
( � (� )) i �j ];

f 2(� ) := d� 1
i [(� 1)i + �j � (� )1=2m1c(� (� ))
( � (� ))�ij + ( � 1)i + j + �i + �j d� 1

i 
( � (� )) ij ]:
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To continue to bound s1, we prepare a bound. Denote

f ij (� ) =
f (� )� 0(� )� 4

(di + � )(dj + � )
: (4.131)

We know f (� ) is holomorphic inside the contour � by the assumption on� and !

and � 0(� ) is holomorphic as well by Lemma 4.1.9. So, by Cauchy's di�erentiation

formula, we have

f 0
ij (� ) =

1
2�i

Z

C

f ij (� )
(� � � )2

d�; (4.132)

whereC is the circle of radiusj� � � j=2 centered at�: For � = E + i � 2 �,

jf (� )� 0(� )� 4j . n� (� n + n� 1=2j� E + � j � 1=4)j� � T (� + )j

. n� (� n + n� 1=2j� (� ) � � + j � 1=4)j� � T (� + )j

. n� (� n j� � T (� + )j + n� 1=2j� � T (� + )j1=2) ; (4.133)

where in the �rst inequality we use the bound ofk
 k provided in (4.85) and� 0(� ) �

j� � � j given by (4.19), in the second inequality we use (� E + � )jz= � (� ) & j� (� ) � � + j,

and in the third inequality we use j� (� ) � � + j � j � � � j2 given in (4.19). As a

consequence, we conclude that

jf 0
ij (� )j � Cn� (� n + n� 1=2j� � T (� + )j � 1=2) : (4.134)

We consider three di�erent cases.

(i) Suppose that i 2 A and j 2 A . If di 6= dj , we have

js1j �

�
�
�
�
di dj

2� i

�
�
�
�

�
�
�
�

I

�

f ij (� )
(� � di )( � � dj )

d�

�
�
�
� � C

�
�
�
�

I

�

1
di � dj

�
f ij (� )
� � di

�
f ij (� )
� � dj

�
d�

�
�
�
�

= C

�
�
�
�
f ij (di ) � f ij (dj )

di � dj

�
�
�
� �

C
jdi � dj j

�
�
�
�

Z dj

di

jf 0
ij (� )jd�

�
�
�
�

�
(4.134)

Cn�

�
� n +

n� 1=2

�( di ) + �( dj )

�
� Cn�

"

� n +
n� 1=2

p
�( di )�( dj )

#

(4.135)

62



for some constantC > 0, where we use the arithmetic and geometric means in

the last inequality. If di = dj , then by the application of the residue's theorem

we get a similar bound

js1j �

�
�
�
�

d2
i

2� i

�
�
�
�

�
�
�
�

I

�

f ii (� )
(� � di )2

d�

�
�
�
� � C

�
�f 0

ij (di )
�
� � Cn�

�
� n +

n� 1=2

�( di )

�
: (4.136)

(ii) Supposei 2 A and j =2 A . Then we get from (4.133) that

js1j � C
jf ij (di )j
jdi � dj j

� Cn� n� 1=2�( di ) + � n � 2(di )
jdi � dj j

= Cn�  1(di )� 2(di )
jdi � dj j

: (4.137)

We have a similar estimate ifi =2 A and j 2 A .

(iii) If i =2 A and j =2 A , we haves1 = 0 by Cauchy's residue theorem since there is

no poles inside the contour. We thus conclude the bound ofs1.

It remains to estimate the second order errors2. Recall (4.124) that � =
S

i 2 A � i

We have the following basic estimates on each of these components, whose proof is

given in Section 4.5.4.

Lemma 4.5.5. For any k 2 A , 1 � ` � r and � 2 � k , we have

j� � d` j � � k + jdk � d` j : (4.138)

Now we �nish the estimate ofs2. By a trivial bound, we have

js2 j �
1

2� idi dj

I

� (�)

�
�
�
�

�
(D � 1 + �( z)) � 1 
( z)( D � 1 + �( z)) � 1 
( z)( D � 1 + U > G(z)U ) � 1

�

�i �j

1

z

�
�
�
� dz: (4.139)

By the bound ofk
 k in (4.85), (� E + � )jz= � (� ) & j� (� ) � � + j and j� (� ) � � + j � j � � � j2

given by (4.19), the entries of (D � 1 + �( z)) � 1 in (4.91) together with (4.8), and a

simple change of variable, (4.139) is bounded by

C
I

�

n2� (� 2
n + n� 1j� � � j � 1)

j� � di jj � � dj j
�







�
D � 1 + U > G(� (� ))U

� � 1





 j� 0(� )jd� (4.140)
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for some constantC > 0, which is further bounded by

C
I

�

n2� (� 2
n j� � � j + n� 1)

j� � di jj � � dj j







�
D � 1 + U > G(� (� ))U

� � 1





 d� (4.141)

by using the fact that j� 0(� )j � j � � � j from (4.19). To continue to bound (4.141), we

use the same method as that for (4.109). Assume� 2 � k , we can boundk
( � (� ))k

using (4.85) and obtain

k
( � (� ))k . n�
�
� n + n� 1=2�( dk)� 1

�
: (4.142)

By (4.18) and (4.19), we have for any 1� ` � r ,

jT (� (� )) � d� 2
` j = j� � 2 � d� 2

` j & j� � d` j � j � � dk j

= � k � ne� (� n + n� 1=2�( dk)� 1) ; (4.143)

where the last bound comes from Assumption (4.5.1). By (4.142) and (4.143), we

havejT (� (� )) � d� 2
` j � k 
( � (� ))k since we have assumed ~� > � . Hence, as we derive

the bound in (4.109), by the resolvent expansion and (4.91), we have







�
D � 1 + U > G(� (� ))U

� � 1





 . 1=jT (� (� )) � d� 2

` j .
1
� k

; (4.144)

where the last bound comes from (4.143). Together with Assumptions 4.5.1 and

4.5.2, and the fact that � k has length 2�� k , we obtain

js2j .
X

k2 A

sup
� 2 � k

n� 1+2 � + n2� � 2
n � 2(dk)

j� � di jj � � dj j
�

X

k2 A

n� 1+2 � + n2� � 2
n � 2(dk)

(� k + jdk � di j)( � k + jdk � dj j)
;

(4.145)

where we apply Lemma 4.5.5 in the last inequality. Finally, we bound (4.145). First,

by triangle inequality we have

� 2(dk) = jdk � � j � j di � � j + jdk � di j = � 2(di ) + jdk � di j:
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For i =2 A , k 2 A , we have

1
(� k + jdk � di j)

�
1

jdk � di j
�

1
� i (A )

:

For i; k 2 A , by triangle inequality, we have

� k + jdk � di j � � i :

Then we have

1
(� k + jdk � di j)

�
1
� i

.
1

� i (A )
+

1
�( di )2

;

where the last inequality is by the de�nition of � i . Plugging the above estimates into

(4.145), we get that

js2 j . n � 1+2 �
�

1

� i (A )
+

1(i 2 A )

�( di )2

� �
1

� j (A )
+

1(j 2 A )

�( dj )2

�
(4.146)

+ n2� � 2
n

��
�( di )2

� i (A )
+ 1

� �
1

� j (A )
+

1(j 2 A )

�( dj )2

�
^

�
�( dj )2

� j (A )
+ 1

� �
1

� i (A )
+

1(i 2 A )

�( di )2

��
:

Combining (4.129) for the bound ofs0, (4.135) (4.136)(4.137) for the bound ofs1,

and (4.146) for the bound ofs2, we obtain (4.122) for 1� i; j � r since � can be

arbitrarily small.

Finally, we extend the above results to 1� i; j � p. De�ne R := f 1; � � � ; r g [

f i; j g. Then we de�ne a perturbed model with SVD as

Se� :=
X

i 2R

edi u i v>
i ;

wheree� > 0 and edk = dk when 1� k � r and edk = e� when k > r and k 2 R . Then

all the previous proof goes through for the perturbed model. Takinge� # 0 and using

continuity, we get (4.122) for generali; j 2 f 1; � � � ; pg.

Note that Proposition 4.5.3 is essentially Theorem 3.2.4 with stronger assump-

tions. Thus, to �nish the proof of Theorem 3.2.4, we need to remove Assumptions

4.5.1 and 4.5.2, and this is done in the following two subsections.
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4.5.2 Removing Assumption 4.5.1

Proof. Recall the constants� 0 in Assumption 4.5.2 ande� in Assumption 4.5.1 and set

e� < � 0=4. Recall (4.54), we write an index setO� 0=2 = f i : di � � � n� 0=2(� n + n� 1=3)g.

We say that a; b 2 O� 0=2, a 6= b, overlap if

jda � dbj � ne� ( 1(da) _  1(db)) : (4.147)

For A satisfying Assumption 4.5.2, we de�ne setsL1(A ), L2(A ) � O� 0=2, such that

L1(A ) � A � L2(A ). L1(A ) is constructed by successively removingk 2 A , such

that k overlaps with an index ofA c. This process is repeated until no suchk exists.

In other words, L1(A ) is the largest subset ofA that do not overlap with L1(A )c.

on the other hand, L2(A ) is constructed by successively addingk 2 O� 0=2nA into

A , where k overlaps with an index ofA . This process is repeated until no such k

exists. In other words,L2(A ) is the smallest subset ofO� 0=2 that do not overlap with

L2(A )c. See Figure 5:2 in [BKYY16] for an illustration of construction of L1(A )

and L2(A ). It is easy to see thatL1(A ) and L2(A ) exist and are unique. The main

reason for de�ning these two sets is that (4.122) now holds under Assumption 4.5.2

with the parameter sets as (� 0=2; L1(A )) or ( � 0=2; L2(A )). Now we are ready to prove

(3.21). There are four cases, (a)-(d), to consider.

(a) i; j =2 A and i = j . If i =2 L2(A ), then using r is bounded, we see that

� i (A ) � � i (L2(A )). Then using Proposition 4.5.3 and the de�nition of 1, we

have
hu i ; PA u i i � h u i ; PL 2 (A )u i i

�
(4.122)

1
n� 2

i (L2(A ))
+ � 2

n
� 2(di ) + � i (L2(A ))

� 2
i (L2(A ))

.
 2

1(di )� 2(di )
� 2

i (A )
+

� 2
n

� i (A )
:

(4.148)

If i 2 L2(A ), which implies that L2(A ) nA 6= ; . SinceA overlaps with L2(A ),

this gives that

� i (A ) �
(4.147)

[�( di )]
� 1 n� 1=2+ e� + ne� � n = ne�  1(di ) �

(4.120)
� i (L2(A )); (4.149)
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Then Proposition 4.5.3 gives that

jhu i ; PA u i i � a1(di )j � h u i ; PL 2 (A )u i i + a1(di )

�
(4.122)

m1c(� (di ))
d2

i T 0(� (di ))
+ � n +

1
n1=2�( di )

+
1

n� 2
i (L2(A ))

+
� 2

n � 2(di )
� 2

i (L2(A ))
+

� 2
n

� 2(di )
� � 2(di ) �

(4.149)

n2e�  2
1(di )� 2(di )
� 2

i (A )
;

(4.150)

where in the second step we used (4.14) such that 1=T 0(� (di )) � (di � � ) =

� 2(di ), and (4.149) such that 1
n� 2

i (L 2 (A )) + � 2
n � 2 (di )

� 2
i (L 2 (A )) � � 2(di ), and (4.121) for

the rest terms. From (4.148) and (4.150), we conclude

jhu i ; PA u i i � a1(di )j �
n2e�  2

1(di )� 2(di )
� 2

i (A )
; i =2 A : (4.151)

(b) i; j 2 A and i = j . We �rst consider the casei 2 L1(A ). We can write

hu i ; PA u i i = hu i ; PL 1 (A )u i i + hu i ; PA nL 1 (A )u i i : (4.152)

Using (4.122) and the fact that� i (A ) � � i (L1(A )) (becausei do not overlap

with either A c or L1(A )c), we can estimate the �rst term as

�
�hu i ; PL 1 (A )u i i � a1(di )

�
� �  1(di ) +  2

1(di )� 2(di )
�

1
� 2

i (L1(A ))
+

1
� 4(di )

�

�  1(di ) +  2
1(di )� 2(di )

�
1

� 2
i (A )

+
1

� 4(di )

�
�  1(di ) +

 2
1(di )� 2(di )

� 2
i (A )

;

(4.153)

where we used that� i (A ) � � 2(di ) (by Assumption 4.5.2) in the last step. For

the second term in (4.152), it su�ces to assume thatA nL1(A ) 6= ; (otherwise

it is equal to zero). Then we observe that� i (A ) � � i (A n L1(A )). By (4.122),

similar to (4.148) with A replaced byA n L1(A ), we obtain that

hu i ; PA nL 1 (A )u i i �
 2

1(di )� 2(di )
� 2

i (A )
+

� 2
n

� i (A )
� � n +

 2
1(di )� 2(di )

� 2
i (A )

; (4.154)
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where the last step comes from the fact thati does not overlap with its comple-

ment sincei 2 L1(A ). Next, for the casei =2 L1(A ), this implies A nL1(A ) 6= ; ,

A overlaps with its complement, and thusL2(A ) n A 6= ; . With these condi-

tions, (4.149) holds by the same arguments, and with similar steps in deriving

(4.150), we get

jhu i ; PA u i i � a1(di )j � h u i ; PL 2 (A )u i i + a1(di ) �
n2e�  2

1(di )� 2(di )
� 2

i (A )
: (4.155)

Combining (4.151) and (4.153)-(4.155), we conclude that

jhu i ; PA u i i � 1(i 2 A )a1(di )j � n2e� R(i; A ): (4.156)

This concludes (3.21) for thei = j case sincee� can be chosen arbitrarily small.

(c) i 6= j and i =2 A or j =2 A . Using Cauchy-Schwarz inequality such that

jhu i ; PA u j ij
2 � h u i ; PA u i ihu j ; PA u j i ; (4.157)

and combine with (4.151) and (4.156), we �nd that in this case (4.122) holds

sincee� can be chosen arbitrarily small.

(d) i 6= j and i; j 2 A . Our goal is to prove that

jhu i ; PA u j ij � n2e�

�
 1=2

1 (di ) +
 1(di )�( di )

� i (A )

� �
 1=2

1 (dj ) +
 1(dj )�( dj )

� j (A )

�
:

(4.158)

We again split PA into

hu i ; PA u j i = hu i ; PL 1 (A )u j i + hu i ; PA nL 1 (A )u j i : (4.159)

There are four cases: (i)i; j 2 L1(A ); (ii) i 2 L1(A ) and j =2 L1(A ); (iii)

i =2 L1(A ) and j 2 L1(A ); (iv) i; j =2 L1(A ). In case (i), we can bound the
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�rst term in (4.159) using Proposition 4.5.3 and the estimates that� i (A ) �

� i (L1(A )) and � j (A ) � � j (L1(A )). The second term in (4.159) can be bounded

as in case (c) above (withA replaced byA nL1(A )) together with the estimates

� n � � i (A ) � C� i (A nL1(A )) and � n � � j (A ) � C� j (A nL1(A )). In case (ii),

we have

� i (A ) � � i (L1(A )) � � i (A n L1(A )); � i (A ) � Cjdi � dj j;

� j (A ) . � j (A n L1(A )) . ne�  1(dj ) . � j (L1(A )):
(4.160)

Then with Proposition 4.5.3, we can bound the �rst term in (4.159) as
�
�hu i ; PL 1 (A )u j i

�
�

�
1

n� i (L1(A )) � j (L1(A ))
+

1
n� j (L1(A ))� 2(di )

+ � 2
n �( di )�( dj )

��
1

� i (L1(A ))
+

1
� 2(di )

� �
1

� j (L1(A ))
+

1
� 2(dj )

��

+
 1(di )� 2(di )

jdi � dj j

.
�
 1=2

1 (di ) +
 1(di )�( di )

� i (A )

� �
 1=2

1 (dj ) +
 1(dj )�( dj )

� j (A )

�
+

 1(di )� 2(di )
jdi � dj j

:

For the last term, we �rst assume that dj � di and di � � � 2jdi � dj j. Then

 1(di )� 2(di )
jdi � dj j

� 2 1(di ) �
q

 1(di ) 1(dj ):

On the other hand, if dj � di or di � � � 2jdi � dj j, we have �( di ) . �( dj ).

Hence using (4.160), we get

 1(di )� 2(di )
jdi � dj j

. ne�  1(di )�( di ) 1(dj )�( dj )
� i (A )� j (A )

:

The above estimates show thatjhu i ; PL 1 (A )u j ij can be bounded by the right-

hand side of (4.158). The second term in (4.159) can be bounded as in case (c)
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above (with A replaced byA n L1(A )) together with the estimates in (4.160)

such that

� i (A ) � � i (A n L1(A )) & ne� � n ; � j (A ) . � j (A n L1(A )) . ne�  1(dj ):

Then we get that
�
�hu i ; PA nL 1 (A )u j i

�
�

� n2e�

"
� n

� 1=2
i (A n L1(A ))

+
 1(di )�( di )

� i (A n L1(A ))

# �
 1=2

1 (dj ) +
 1(dj )�( dj )

� j (A n L1(A ))

�

� n2e�

�
 1=2

1 (di ) +
 1(di )�( di )

� i (A )

� �
 1=2

1 (dj ) +
 1(dj )�( dj )

� j (A )

�
:

This concludes the proof of (4.158) for case (ii). The case (iii) can be handled

in the same way as case (ii) by interchangingi and j . Finally, we deal with

case (iv). Again we again splitPA as (4.159). For the �rst term in (4.159), we

have

� i (A ) . � i (L1(A )); � i (L1(A )) &  1(di );

and similar estimates for thej case. Then using Proposition 4.5.3, we can

obtain that
�
�hu i ; PL 1 (A )u j i

�
� �

1
n� i (L1(A )) � j (L1(A ))

+ � 2
n

��
� 2(di )

� i (L1(A ))
+ 1

�
1

� j (L1(A ))

�
^

��
� 2(dj )

� j (L1(A ))
+ 1

�
1

� i (L1(A ))

�

.
 1(di ) 1(dj )�( di )�( dj )p

� i (L1(A )) � j (L1(A ))

��
1

� i (L1(A ))
+

1
� 2(di )

� �
1

� j (L1(A ))
+

1
� 2(dj )

�� 1=2

.
�
 1=2

1 (di ) +
 1(di )�( di )

� i (A )

� �
 1=2

1 (dj ) +
 1(dj )�( dj )

� j (A )

�
:

For the second term in (4.159), we use the estimate

� i (A ) . � i (A n L1(A )) . ne�  1(di )
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and the same discussion in case (b) to get that

hu i ; PA nL 1 (A )u i i � � 2(di ) +  1(di ) + n2e�

�
 1(di ) +

 2
1(di )� 2(di )

� 2
i (A n L1(A ))

�

. n2e�

�
 1(di ) +

 2
1(di )� 2(di )

� 2
i (A )

�
:

A similar estimate holds forhu j ; PA nL 1 (A )u j i . Then we conclude that

jhu i ; PA u j ij � h u i ; PA u i i 1=2hu j ; PA u j i 1=2

� n2e�

�
 1=2

1 (di ) +
 1(di )�( di )

� i (A )

� �
 1=2

1 (dj ) +
 1(dj )� 1(dj )

� j (A )

�
:

This proves (4.158) for case (iv), and hence concludes the proof for case (d).

Combining cases (c) and (d), we conclude (3.21) for thei 6= j case sincee� can be

chosen arbitrarily small. This �nishes the proof of Theorem 3.2.4 under Assumption

4.5.2 together with (4.156).

4.5.3 Removing Assumption 4.5.2

By (iv) of Assumption 3.1.2, for all i 2 A � O+ , we have

� 2(di ) = di � � � � n + n� 1=3: (4.161)

Recall in Assumption 4.5.2 we had a stronger condition thatdi � � � n� 0
(� n + n� 1=3)

for 0 < � 0 < 1=3, and now we remove it.

Proof. The proof is devoted to showing that (3.21) holds forA � O+ . Fix a small

constant 0 < � < 1=3. Note that the following gap property can be checked by

contradiction; that is, there exists somex0 2 [1; r ] so that for all k such that dk >

� + x0n� (� n + n� 1=3), we have dk � � + ( x0 + 1) n� (� n + n� 1=3). Following the

idea in [BKYY16, Section 6.2], for suchx0, we split A = S0 [ S1 such that dk �

� + x0n� (� n + n� 1=3) for k 2 S0, and dk � � + ( x0 + 1) n� (� n + n� 1=3) for k 2 S1.
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Note that Assumption 4.5.2 �t in S1 by letting � 0 = � , thus Theorem 3.2.4 is valid

whenA = S1 as we proved in Section 4.5.2. Therefore, without loss of generality, we

assume thatS0 6= ; . There are totally six cases: (a)i; j 2 S0; (b) i 2 S0 and j 2 S1;

(c) i 2 S0 and j =2 A ; (d) i; j 2 S1; (e) i 2 S1 and j =2 A ; (f) i; j =2 A .

(a) i; j 2 S0. We have the splitting

hu i ; PA u j i = hu i ; PS0 u j i + hu i ; PS1 u j i : (4.162)

Applying Cauchy-Schwarz inequality as in (4.157) and (3.18) to the �rst term,

and Theorem 3.2.4 to the second term, we get that

jhu i ; PA u j i � � ij a1(di )j

�
n3� (� 3

n + n� 1)
� 2(di )� 2(dj )

+

 
� n

� 1=2
i (S1)

+
 1(di )�( di )

� i (S1)

!  
� n

� 1=2
j (S1)

+
 1(dj )�( dj )

� j (S1)

!

. n4�  1=2
1 (di ) 

1=2
1 (dj ) ;

where in the �rst step we use� l (
 i )
p

� 
 i . n� 1 + � nn� 5=6 . n� 1 + � 3
n for i 2 A

derived by (4.24) and� 
 i � n� 2=3, and

n3� (� 3
n + n� 1)

� 2(di )� 2(dj )
. n3� (� n + n� 1=3) . n4�  1=2

1 (di ) 
1=2
1 (dj );

and

� n

� 1=2
i (S1)

+
 1(di )�( di )

� i (S1)
.

 1(di )

� 1=2
i (S1)

. � 1=2
n +

n� 1=3

�( di )
. (� n + n� 1=3)1=2 .  1=2

1 (di )

in the second step, since ford = di or d = dj , we have� n + n� 1=3 � � 2(d) .

n� (� n + n� 1=3) . � i (S1) and  1(d) = � n + n� 1=2=�( d) & � n + � � 1=2
n n� 1=2� �=2 +

n� 1=3� �=2 & n� �=2(� n + n� 1=3).
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(b) i 2 S0 and j 2 S1. Similar to the previous case, by applying Cauchy-Schwarz

and Theorem 3.2.3 to the �rst term in (4.162), we get that

jhu i ; PS0 u j ij �
n3� (n� 1 + � 3

n )
� 2(di )� 2(dj )

. n4�  1=2
1 (di ) 

1=2
1 (dj ) : (4.163)

For the second term, we �rst let Assumption 4.5.1 hold and apply Proposition

4.5.3 and get that

jhu i ; PS1 u j ij �
 1(dj )� 2(dj )

jdj � di j

+  2
1(di )� 2(di )

�
1

� i (S1)
+

1
� 2(di )

� �
1

� j (S1)
+

1
� 2(dj )

�

.
�
 1=2

1 (di ) +
 1(di )�( di )

� i (A )

� �
 1=2

1 (dj ) +
 1(dj )�( dj )

� j (A )

�
; (4.164)

where we use

� i (S1) & � 2(di ); � j (S1) & � 2(dj ) ^ � j (A );  1(dj ) .  1(di ) ;

jdj � di j & � 2(dj ) & � 2(di );  1(dj )�( dj ) &  1(di )�( di ) :

This concludes the proof of case (b) if the non-overlapping condition hold.

Otherwise, we can remove the non-overlapping condition as in Section 4.5.2.

(c) Since (e) and (f) follow the same proof, we prove them together here. Note

that in all casesj =2 A , and we have� j (A ) � � j (S1). In case (c) with i 2 S0

and j =2 A , we use the splitting in (4.162) and apply Cauchy-Schwarz, Theorem

3.2.3, and Proposition 4.5.3 to the �rst term to obtain that

jhu i ; PS0 u j ij . n5�  1=2
1 (di )

"
� n

� 1=2
j (A )

+
 1(dj )�( dj )

� j (A )

#

; (4.165)

and then we use Theorem 3.2.4 to the second term and obtain that

jhu i ; PS1 u j ij �

"
� n

� 1=2
i (S1)

+
 1(di )�( di )

� i (S1)

# "
� n

� 1=2
j (S1)

+
 1(dj )�( dj )

� j (S1)

#

.  1=2
1 (di )

"
� n

� 1=2
j (A )

+
 1(dj )�( dj )

� j (A )

#

;

(4.166)
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where in the last step we also used the last inequality in solving case (a). In

case (e) withi 2 S1 and j =2 A , jhu i ; PS0 u j ij can be bounded in the same way

as case (c). On the other hand, by Theorem 3.2.4 we have

jhu i ; PS1 u j ij � �( di )

"
� n

� 1=2
j (S1)

+
 1(dj )�( dj )

� j (S1)

#

+
�
 1=2(di ) +

 1(di )�( di )
� i (S1)

� "
� n

� 1=2
j (S1)

+
 1(dj )�( dj )

� j (S1)

#

. �( di )

"
� n

� 1=2
j (A )

+
 1(dj )�( dj )

� j (A )

#

+
�
 1=2(di ) +

 1(di )�( di )
� i (A )

� "
� n

� 1=2
j (A )

+
 1(dj )�( dj )

� j (A )

#

;

where we used� i (S1) & � 2(di ) ^ � i (A ) in the second bound. In case (f) with

i; j =2 A , by Theorem 3.2.3 we obtain that

jhu i ; PS0 u j ij �
n3� (n� 1 + � 3

n )
(� 2(di ) + � n + n� 1=3) (� 2(dj ) + � n + n� 1=3)

. n5�

"
� n

� 1=2
i (A )

+
 1(di )�( di )

� i (A )

# "
� n

� 1=2
j (A )

+
 1(dj )�( dj )

� j (A )

#

;

where in the second bound we use the fact that for somek 2 S0,

� i (A ) . jdi � � j + jdk � � j . n� (� 2(di ) + � n + n� 1=3);

� j (A ) . jdj � � j + jdk � � j . n� (� 2(dj ) + � n + n� 1=3);

and

�( di ) 1 (di ) + � n vi (A )1=2 & � 3=2
n + � n n � 1=6 + n � 1=2 + � n v1=2

i (A ) & (� 3
n + n � 1 )1=2 ;

�( dj ) 1 (dj ) + � n vj (A )1=2 & � 3=2
n + � n n � 1=6 + n � 1=2 + � n v1=2

j (A ) & (� 3
n + n � 1 )1=2 ;
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by �( dk)2 = dk � � & � n + n� 1=3, for k = 1; : : : r . For the PS1 term, we have

jhu i ; PS1 u j ij �

"
� n

� 1=2
i (S1)

+
 1(di )�( di )

� i (S1)

# "
� n

� 1=2
j (S1)

+
 1(dj )�( dj )

� j (S1)

#

�

"
� n

� 1=2
i (A )

+
 1(di )�( di )

� i (A )

# "
� n

� 1=2
j (A )

+
 1(dj )�( dj )

� j (A )

#

;

where we use� i (A ) � � i (S1) and � j (A ) � � j (S1) in the second bound.

(d) i; j 2 S1. Again, using (4.162), Theorem 3.2.3, Theorem 3.2.4, and similar

steps in case (a), we get that

jhu i ; PA u j i � � ij a1(di )j

� n4�  1=2
1 (di ) 

1=2
1 (dj ) +

�
 1=2(di ) +

 1(di )�( di )
� i (S1)

� �
 1=2(dj ) +

 1(dj )�( dj )
� j (S1)

�

� n4�

�
 1=2(di ) +

 1(di )�( di )
� i (A )

� �
 1=2(dj ) +

 1(dj )�( dj )
� j (A )

�
;

where we used� i (S1) & � 2(di ) ^ � i (A ) and � j (S1) & � 2(dj ) ^ � j (A ) in the

second step.

Combining all the above six cases, we conclude that even without Assumption

4.5.2, the estimate (3.21) still holds with an additional factorn6� multiplying on the

right hand side. Since� can be arbitrarily small, we conclude the proof.

4.5.4 Proof of Lemmas 4.5.4 and 4.5.5

Proof of Lemma 4.5.4. Let � 2 �. We �rst show that there exists ec0 := ec0(ci ), such

that when ci is su�ciently small, then � satis�es (1) Re� � � , (2) jIm� j � ec0(Re� � � )

and (3) j� j � C, and then there exists a constantec1 := ec1(ec0; C) such that

Re� (� ) � � + + ec1(Re� � � )2: (4.167)
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By Assumption 4.5.2 and the de�nition of � i , (1) and (3) are satis�ed. For (2),

because we have that for all� 2 � i ,

j Im � j � � i � ci (di � � )

and

Re� � � � di � � i � � � di � ci (di � � ) � � = (1 � ci )(di � � );

which together lead to

jIm� j �
ci

1 � ci
(Re� � � ):

Thus (1), (2) and (3) are ful�lled. To show (4.167), by (1) and (3), we have 0�

Re� � � � c0 for some constantc0 > 0, then (4.167) follows from (4.19) that

Re� (� ) � � + � Re(� � � )2 � (Re� � � )2 ;

where the second� comes from (2) shown above. The claim (4.167) then follows

by �rst choosing a su�ciently small constant ec0 and then choosing an appropriate

constant ec1.

Now we can �nish the proof of the �rst statement in the Lemma. By (4.19),

we havej� (� )j � ! � 1 for all � 2 � as long as ! is su�ciently small. Also, using

(4.167), we can �nd the lower bound of< � (� ). Thus we can conclude that� (� i ) �

Sout (( � + ! )� 1; ! ) as long asci is su�ciently small, so as � (�).

To prove the second statement, it su�ces to show that:

(i) e� i 2 � (� i ) for all i 2 A ;

(ii) e� j =2 � (� i ) for all j =2 A and i 2 A .

To prove (i), we notice that under Assumptions 4.5.1,

� i � ci ([�( di )]
� 1 n� 1=2 + � n )ne� : (4.168)
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Together with (4.15), by mean value theorem we get that

j� (di + � i ) � � (di )j & (�( di )n� 1=2 + � n � 2(di ))ne�

and

j� (di � � i ) � � (di )j & (�( di )n� 1=2 + � n � 2(di ))ne�

for i 2 A : Then we conclude (i) using (4.86). In order to prove (ii), we consider the

two cases: (1)j 2 O+ n A ; (2) j =2 O+ . In case (1), ifdj > d i , we have

e� j � � (di ) > � (dj � � j ) � � (di ) � � 0(dj )(dj � di � � j ) & (�( dj )n� 1=2 + � 2(dj )� n )ne� ;

where we used that� is monotone in the �rst inequality, mean value theorem in the

second inequality, and the de�nition of� i , (4.120), and (4.15) in the third inequality.

Similarly, when dj < d i , we have

� (di ) � e� j & (�( dj )n� 1=2 + � 2(dj )� n )ne� :

In conclusion, we have

je� j � � (di )j & (�( dj )n� 1=2 + � 2(dj )� n )ne� :

Together with (4.86) and that � < e� , case (1) is proved. For case (2), the claim

follows from (4.88) and (4.19). This concludes the proof.

Proof of Lemma 4.5.5. The upper bound in (4.138) follows from the triangle inequal-

ity and the de�nition of � k in (4.123):

j� � d` j � � k + jdk � d` j:

It remains to prove a lower bound. For` =2 A , again by the de�nition of � k , we

trivially have jdk � d` j � 2� k , from which we obtain that

j� � d` j � j dk � d` j � � k � � k :
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Next we consider the casè 2 A . De�ne � := jdk � d` j � � ` � � k , which is the

distance betweenB � k (dk) and B � ` (d` ). First suppose that C0� > jdk � d` j for some

constant C0 > 1. It then follows that � k + � ` � C0 � 1
C0

jdk � d` j: As a consequence, we

obtain

j� � d` j � j dk � d` j � � k �
1

C0
jdk � d` j + � ` >

1
C0

jdk � d` j & � k + jdk � d` j :

(4.169)

Suppose now thatC0� � j dk � d` j. Then we have

jdk � d` j �
C0

C0 � 1
(� k + � ` ):

We claim that for a su�ciently large constant C0 > 0, there exists a constant

eC(ck ; c̀ ; C0) > 0 such that

eC � 1� k � � ` � eC� k : (4.170)

If (4.170) holds, then we have

j� � d` j � � ` & � k + � ` & � k + jdk � d` j :

This concludes (4.138).

It remains to prove (4.170). Recall the de�nition of� k in (4.123). Consider the

following two cases. (i) If� ` = c̀ jd` � dsj for somes such that s =2 A , we have

� `

c̀
= jd` � dsj � j dk � dsj + jds � d` j �

� k

ck
+

C0

C0 � 1
(� k + � ` ): (4.171)

Thus as long asc̀ and C0 is chosen such thatc� 1
` > C0

C0 � 1 , we obtain the upper bound

in (4.170). (ii) If � k = ck(dk � � ), the proof is the same as that in case (i), and we

omit details.

78



4.6 Proof of Theorems 3.5 and 3.6

We have the following remarks that guide us toward the proof. Suppose Assumption

3.1.2 and (3.13) hold. Give any constant 0< � � " , we �nd that there exists an

event � of high probability such that the followings hold when conditional on �:

1. By Theorem 3.2.1 and (4.11), for 1� i � r + ,

je� i � � (di )j � n� (� n � 2(di ) + n� 1=2�( di )) : (4.172)

and

e� i � � + � �( di )4; (4.173)

and for a �xed integer $ > r , when r + + 1 � i � $ we have

je� i � � + j � n� (n� 2=3 + � 2
n ) (4.174)

2. By Theorem 3.2.4, �x anyA � O+ , we have that for all i; j = 1; � � � ; r ,

jhu i ; PA u j i � � ij 1(i 2 A )a1(di )j _ jhv i ; P0
A v j i � � ij 1(i 2 A )a2(di )j

� n� (� n + n� 1=2=�( di )) : (4.175)

3. By Theorem 3.2.3, forr+ + 1 � i � r , we have forj = 1; : : : ; r

jhu j ; e� i ij 2 _ jhv j ; e� i ij 2 � n� (� n + n� 1=3): (4.176)

4. By Lemmas 4.1.10, there exists a large integer$ , such that for 1 � i � $; we

have

j� i � � + j � n� (� 2
n + n� 2=3); (4.177)

where$ > r is a �xed integer.

5. From Theorem 4.1.16 and thatr is bounded, we have that forz 2 Sout (&2; � )

jm1(z) � m1c(z)j + jm2(z) � m2c(z)j � n� (� n + n� 1=2(� z + � )� 1=4): (4.178)
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6. By Lemma 4.1.10, for any �xed 0< & < &1, where&1 comes from the de�nition

of S(&1; &2) in (4.6), for any j such that � + � &� 
 j � � + , we have

j� j � 
 j j � n� [n� 2=3
�
j � 1=3 + 1(j � n1=4� 3=2

n )
�

+ � l (
 j ) + n2=3j � 2=3� 2
l (
 j )] ;

(4.179)

7. By Theorem 3.2.2, for any su�ciently small constant� > 0: We have that for

1 � i � �n ,

�
�
�e� i + r + � � i

�
�
� � n� (

1
n� +

+ n� 3=4 + i 1=3n� 5=6 + n� 1=2� n + i � 2=3n� 1=3� 2
n ): (4.180)

Hereafter, we restrict our discussion in the event space �.

4.6.1 Proof of Theorem 3.3.5

Denote the CDF ofZZ > asF1(x) := 1
p

P p
j =1 1(� j � x). Recall the following Lemma

that comparesFimp and F1.

Lemma 4.6.1. [DGR20, Lemma 4] Supposek � r . Then the Kolmogorov-Smirnov

(KS) distance betweenFimp and F1 is controlled by

dKS(Fimp ; F1) = sup
x

jFimp (x) � F1(x)j �
k
p

:

The proof is then divided into several steps for clearance.

Step 1: Bound jm1(e� i ) � bm1;i j and jm2(e� i ) � bm2;i j: As the bound derived in

[DGR20, page 30], ifFa and Fb are CDFs of probability measures supported on an

interval I and g : I ! R is bounded and continuously di�erentiable, with an integral

by part we have
�
�
�
�

Z
g(t)(dFa(t) � dFb(t))

�
�
�
� =

�
�
�
�g(t)(Fa(t) � Fb(t)) j I +

Z
g0(t)(Fa(t) � Fb(t))dt

�
�
�
�

� k g0kL 1 (I )dKS(Fa; Fb) (4.181)
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Fix 1 � i � r + . Note that j� 1� � + j � n� (� 2
n + n� 2=3) and jb� 1� � + j � n� (� 2

n + n� 2=3) by

the de�nition of b� 1 (see the summary in the beginning of Section 4.6). Together with

(4.173), we have� 1 _ �̂ 1 < ~� i . Thus, if we takeFa = Fimp , Fb = F1, g(t) = 1 =(t � e� i )

and I = [0; � 1 _ b� 1] in (4.181), we have

jm1(e� i ) � bm1;i j = jm1(e� i ) � bm1(e� i )j .
1

n(je� i � � 1j _ j e� i � b� 1j)
; (4.182)

where the last bound comes from Lemma 4.6.1. By the de�nition ofb� 1 in (3.25) and

(4.173), we have

jm1(e� i ) � bm1;i j .
1

n� 4(di )
: (4.183)

By the same approach, we have

jm2(e� i ) � bm2;i j .
1

n� 4(di )
: (4.184)

Step 2: Bound j bm1;i � m1c(e� i )j and j bm2;i � m2c(e� i )j: By (4.173) and (4.178),

we have that for 1� i � r + ;

jm1(e� i ) � m1c(e� i )j � n� (� n + n� 1=2=�( di )) ; (4.185)

jm2(e� i ) � m2c(e� i )j � n� (� n + n� 1=2=�( di )) :

By (4.183), (4.184) and (4.185), we conclude that for 1� i � r + ;

j bm1;i � m1c(e� i )j � n� (� n + n� 1=2=�( di )) ; (4.186)

j bm2;i � m2c(e� i )j � n� (� n + n� 1=2=�( di )) :
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Step 3: Finish the claim: With the above preparation and that ~� i , m1c(~� i ),

m2c(~� i ), m̂1;i , and m̂2;i are all � 1 by (4.8) and (4.186), we immediately have

j bTi � T (e� i )j = je� i ( bm1;i bm2;i � m1c(e� i )m2c(e� i )) j

= je� i (( bm1;i � m1c(e� i )) bm2;i + m1c(e� i )( bm2;i � m2c(e� i ))) j

. n� (� n + n� 1=2=�( di )) : (4.187)

Together with (4.8) we also havebTi � T (e� i ) � 1. Recall the de�nition of bdi in (3.34).

We have

�
�
�
�
bdi � 1=

q
T (e� i )

�
�
�
� �

�
�
�
�

q
T (e� i ) �

q
bTi

�
�
�
� �

�
�
�T (e� i ) � bTi

�
�
� . n� (� n + n� 1=2=�( di )) ;

(4.188)

Also, with (4.172), (4.15), and the mean value theorem, for somed betweendi and

1=
q

T (e� i ) we have that

jdi � 1=
q

T (e� i )j = j� (di ) � e� i j=� 0(d) . n� (� n + n� 1=2=�( di )) : (4.189)

Thus, by combining (4.188) and (4.189), and the triangle inequality, we have

j bdi � di j . n� (� n + n� 1=2=�( di )) ; (4.190)

which concludes the case of the operator norm.

For the case of the Frobenius norm, by triangle inequality, we can show that for

1 � i � r +

ja1;i � ba1;i j � j a1;i � a1(di )j + ja1(di ) � ba1;i j: (4.191)

Now we need to bound the two terms on the right hand side. For the �rst term, by

(4.175) we have

ja1;i � a1(di )j � n� (� n + n� 1=2=�( di )) : (4.192)

82



For the second term, again by triangle inequality, we have

ja1(di ) � ba1;i j =

�
�
�
�
�

m1c(� (di ))
d2

i T 0(� (di ))
�

bm1;i

d̂2
i
cT 0

i

�
�
�
�
�

(4.193)

�

�
�
�
�
�

m1c(� (di ))
d2

i T 0(� (di ))
�

m1c(e� i )

d2
i T 0(e� i )

�
�
�
�
�
+

�
�
�
�
�

m1c(e� i )

d2
i T 0(e� i )

�
bm1;i

d̂2
i
cT 0

i

�
�
�
�
�

:

For somes between� (di ) and e� i , by mean value theorem and the order ofm0
1c, T 0

and T 00from (4.14), together with the bound ofj� (di ) � e� i j in (4.172) we have
�
�
�
�
�

m1c(� (di ))
d2

i T 0(� (di ))
�

m1c(e� i )

d2
i T 0(e� i )

�
�
�
�
�

=

�
�
�
�
m0

1c(s)T0(s) � m1c(s)T00(s)
d2

i (T0(s))2

�
�
�
� j� (di ) � e� i j

. n� (� n � 2(di ) + n� 1=2�( di )) : (4.194)

Also, again by triangle inequality, the order ofT 0 from (4.14), and the error bounds

from (4.186), (4.186), and (4.190), we have
�
�
�
�
�

m1c(e� i )

d2
i T 0(e� i )

�
bm1;i

d̂2
i
cT 0

i

�
�
�
�
�

�

�
�
�
�
�

m1c(e� i )

d2
i T 0(e� i )

�
bm1;i

d2
i T 0(e� i )

�
�
�
�
�
+

�
�
�
�
�

bm1;i

d2
i T 0(e� i )

�
bm1;i

d̂2
i T 0(e� i )

�
�
�
�
�

+

�
�
�
�
�

bm1;i

d̂2
i T 0(e� i )

�
bm1;i

bd2
i
cT 0

i

�
�
�
�
�

. n� (� n + n� 1=3)� 2(di ) : (4.195)

Combine (4.191)-(4.195) and the upper bound from (iv) of Assumption 3.1.2, we

conclude that

ja1;i � ba1;i j . n� (� n + n� 1=2=�( di )) : (4.196)

Also, with similar approach, we have

ja2;i � ba2;i j . n� (� n + n� 1=2=�( di )) : (4.197)

Thus, with (4.190),(4.196), and (4.197), we have

jdi
p

a1;i a2;i � bdi

p
ba1;i ba2;i j � j di

p
a1;i a2;i � bdi

p
a1;i a2;i j + jd̂i

p
a1;i a2;i � bdi

p
ba1;i a2;i j

+ j bdi

p
ba1;i a2;i � d̂i

p
ba1;i ba2;i j � n� (� n + n� 1=2=�( di )) ; (4.198)
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which concludes the case of the Frobenius norm. The proof for the nuclear norm

follows the similar approach and we omit the detail.

4.6.2 Proof of Theorem 3.3.2 and 3.3.3

Proof of Theorem 3.3.2. Fix a constant 0 < c < 1. Note that nc � r holds whenn

is su�ciently large, since r is �xed. From the de�nition of � 2c in (2.7), we have

n
Z 
 n c � r + +1


 2n c � r + +1

� 2c(x)dx = n
Z � +


 n c � r + +1

� 2c(x)dx + r + = nc: (4.199)

Together with 4.1.6 to approximate� 2c(x) as x # 0, we have

2(� + � 
 nc � r + +1 )3=2 = ( � + � 
 2nc � r + +1 )3=2 + O(( � + � 
 2nc � r + +1 )2 + n� 1) : (4.200)

Note that from (4.3), we have

� + � 
 2nc � r + +1 = O( n2(c� 1)=3): (4.201)

Thus we have

� + = 
 n c � r + +1 +
1

22=3 � 1
(
 n c � r + +1 � 
 2n c � r + +1 ) + O( n4( c� 1) =3 + n � 1 )

= � n c � r + +1 +
1

22=3 � 1
(� n c � r + +1 � � 2n c � r + +1 ) + O( n4( c� 1) =3 + n � 1 ) + O( � n c � 
 n c )

= e� n c +1 +
1

22=3 � 1
(e� n c +1 � e� 2n c +1 ) + O( n4( c� 1) =3 + n � 1 + � n c � 
 n c + e� n c +1 � � n c � r + +1 )

= b� + + O( n � [
1

n� +
+ n4c=3� 4=3 + n � 2=3� c=3 + n � 3=4 + n � 5=6+ c=3 + n � 1=2 � n + n � 1=3� 2c=3 � 2

n ]) ; (4.202)

where in the last equality we used (4.179), (4.180), and (4.201).

Proof of Theorem 3.3.3. When 0 < c < 1=2, from (4.202), with high probability we

have that

jb� + � � + j � n� (� 2
n + n� 2=3) ; (4.203)

which together with Assumption 3.1.2, (3.13) and (4.173) lead to

e� i � b� + & n2" (� 2
n + n� 2=3) (4.204)
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for all 1 � i � r + . Note that n2" (� 2
n + n� 2=3) > n � 1=3 by assumption of" . Also, by

(4.203) and (4.180), we have

je� i � b� + j � n� (� 2
nn� 1=3 + n� 2=3) � n� 1=3 (4.205)

for i = r + + 1; : : : ; r when � is chosen small enough. We thus conclude that �(r + ) is

an event with high probability.
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5

Numerical Simulation

We evaluate eOptShrink by applying numerical simulations with di�erent types of

noises. In all results, to con�rm one method outperforms the other, we provide the

interquartile range error bar or mean� standard deviation and carry out the paired

t test. The Bonferroni correction is carried out when we have multiple testing. These

results have been listed in our previous work [SW22].

5.1 Simulated Signal

We consider di�erent types of noises. SupposeX 2 Rp� n has i.i.d. entries with

Student's t-distribution with 10 degrees of freedom followed by a proper normal-

ization so that the variance is 1=n. Set A = 1
L A

QA DA QT
A 2 Rp� p, where DA =

diagf `1; `2; : : : ; `pg, QA 2 O(p) is generated by the QR decomposition of ap � p

random matrix independent ofX , and LA =
P p

i =1 ` i is a normalizing factor. The

same method is applied to generateB = 1
L B

QB DB QT
B 2 Rn� n , which is assumed to

be independent ofA and X . We consider two types of noise. The �rst one is the

white noise (called TYPE1 below); that is,DA = I p and DB = I n . The second one

has a separable covariance structure (called TYPE2 below) with a gap in the limiting
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distribution; that is, DA = diag
nq

1 + 9 � 1
p ;

q
1 + 9 � 2

p ; � � � ;
q

1 + 9 � p� 1
p ;

p
10

o

and DB = diag
nq

10 + 1
n ;

q
10 + 2

n ; � � �
q

10 + bn=4c
n ;

p
0:3 ; � � � ;

p
0:3;

p
0:3

o
. The

signal matrix is designed to beS =
P r

i =1 di u i v>
i , where r = 8, d1 = d2 = 4,

d3 = d4 = 2:2, d5 = d6 = 1:4, d7 = d8 = 0:4, and the left and right singular vectors

are generated by the QR decomposition of two independent random matrices. By a

direct calculation, we knowr + = 6 under Type 1 noise andr + = 4 under Type 2

noise, either whenp=n = 0:5 or 1. Figure 5.1 illustrates ESDs ofeS = S + A1=2XB 1=2

for both noise types whenn = 2000, where there is an obvious gap in the bulks asso-

ciated with TYPE 2 noise whenp=n = 1. The black line indicates the the estimated

bulk edge from (3.28), which separates the noise and signal for both types of noise.

The magenta line is the estimated bulk edge by TRAD using �� ( eS)(1+
p

p=n), which

separate the noise and the signal well for TYPE1 noise but not for TYPE2 noise.

The green line is the hard threshold# in (1.5) for ScreeNot, which cannot separate

the noise and signal for both types of noise. Note that with TYPE1 noise, the black

and magenta lines are exactly around 1 +
p

� . Below, for eachn, we repeat the

simulation for 50 times.

5.2 Results

First, we compareFimp and Ftrun when br + might be erroneous. In Figure 5.2, we

compare the error ratio of estimatingd1 and d4, one is far from the bulk and one is

close to, with (3.34) while usingFimp or Ftrun with di�erent estimated r + . Here we set

n = 200 and k = 2br + when computingFimp (x). As br + grows (more overestimated),

under both types of noise, the error usingFtrun grows. However, the error using

Fimp is more consistent and smaller than usingFtrun . This result shows that with an

erroneous estimate ofr + , OptShrink with Ftrun (x) results in bigger error. Second,

in Figure 5.3, the comparison of our imputation (3.25) and the one in [DGR20] is
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shown with the error ratio of estimating� 1 with b� 1. Clearly, our imputation always

has a lower error ratio. Afterwards, we will keep applying the imputation (3.25) and

Fimp in eOptShrink.

Figure 5.1 : ESD of eS when n = 2000. The black and magenta lines are the
estimated bulk edge from (3.28) and TRAD respectively. The green line is# in (1.5)
by ScreeNot. From left to right: TYPE1 noise with p=n = 0:5 and p=n = 1 and
TYPE2 with p=n = 0:5 and p=n = 1.

Figure 5.2 : Interquartile error bar of error ratios of estimatingd1 andd4 by di�erent
methods over di�erent estimating rank br + , wheren = 200. The black and red lines
stand for eOptShrink usingFimp and Ftrun respectively. The solid lines are for the
error ratio of d1 (i.e. j bd1 � d1j=d1), and the dashed lines are ford4. From left to right:
TYPE1 noise with p=n = 0:5 and p=n = 1 and TYPE2 with p=n = 0:5 and p=n = 1.

Figure 5.3 : Interquartile error bar of error ratio of estimating � 1 (i.e., jb� 1 � � 1j=� 1)
by di�erent imputations over di�erent n. The black and red lines are from the
proposed imputation (3.25) and the one in [DGR20] respectively. From left to right:
TYPE1 noise with p=n = 0:5 and p=n = 1 and TYPE2 with p=n = 0:5 and p=n = 1.

We compare eOptShrink with TRAD and ScreeNot from di�erent aspects. We

view p < 0:005 as signi�cant. For TRAD, the noise level is estimated by �� ( eS) for
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Figure 5.4 : Interquartile error bar of estimated bulk edge. The black line is by
(3.28), the green line is# in ScreeNot (1.5), and the magenta line is for TRAD. From
left to right: TYPE1 noise with p=n = 0:5 and p=n = 1 and TYPE2 noise with
p=n = 0:5 and p=n = 1.

Figure 5.5 : A comparison of the estimated rank. The solid (dashed respectively)
lines stand for the percentage of realizations so thatbr + = r + (br + < r + respectively).
The black lines are from our estimator (3.29), the green lines from ScreeNot, and the
magenta lines are from TRAD. From left to right: TYPE1 noise withp=n = 0:5 and
p=n = 1 and TYPE2 with p=n = 0:5 and p=n = 1. The solid and dashed magnets
lines overlap for TYPE2 noise.

Figure 5.6 : Interquartile range error bar of operator norm error of di�erent al-
gorithms. The black, green, and magenta lines are for eOptShrink, ScreeNot, and
TRAD respectively. From left to right: TYPE1 noise with p=n = 0:5 and p=n = 1
and TYPE2 with p=n = 0:5 and p=n = 1.

a fair comparison. For eOptShrink, we setc = 1=2:01 in Algorithm 1, particularly

when n is small so thatnc > r is guaranteed. For ScreeNot, we follow the suggested

imputation as described in [DGR20, Section 4.2] withk = 2r , and we call the esti-

mated rank by the threshold in (1.5) theScreeNot rank. In Figure 5.4, we illustrate

the error ratio of estimated bulk edge for both types of noise. For TYPE1 noise, the
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Figure 5.7 : Interquartile error bar of error ratio of estimating d1 and d4 estimated
by eOptShrink, ScreeNot, and TRAD, shown in black, green, and magenta lines
respectively. The solid lines are ford1, and the dashed lines are ford4. If the
corresponding error ratio is too high, the associated curve is not plotted to enhance
the visualization. From left to right: TYPE1 noise with p=n = 0:5 and p=n = 1 and
TYPE2 with p=n = 0:5 and p=n = 1.

error ratios of eOptShrink and TRAD decrease toward zero asn grows, and the error

ratio of eOptShrink is slightly higher than TRAD for every n. However, ScreeNot

has the highest error ratio. For TYPE2 noise, eOptShrink has the lowest error ratio

and decreases to zero asn grows, and both ScreeNot and TRAD have high error

ratios. We conclude that the proposed� + estimator (3.28) performs the best.

In Figure 5.5, we compare the estimated rank using (3.29), the ScreeNot rank, and

the rank estimated by TRAD. For (3.29), the ratio of correctly estimated rank grows

towards 100% asn increases in both types of noise. Since somedi are very close to

the bulk, whenn is small, like 200, our rank estimator sometimes underestimates the

rank. TRAD has the best performance for TYPE1 noise but always overestimates

rank for TYPE2 noise. ScreeNot often underestimates the rank, and it does not seem

to improve whenn grows.

In Figure 5.6, we focus on the operator norm loss. When TYPE1 noise is con-

sidered, the loss of ScreeNot is higher compared with other methods, TRAD has

the lowest norm with statistical signi�cance while n > 400, and the loss of our

eOptShrink is always lower than ScreeNot and decreases to the loss of TRAD as

n grows. When TYPE2 noise is considered, overall eOptShrink outperforms others

with statistical signi�cance. In Figure 5.7, we compare the error ratio of estimating
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d1 and d4 by di�erent methods. Since ScreeNot does not shrink the noisy singular

value, its error ratio is constant. TRAD has lowest error ratio only when TYPE1

noise is considered. eOptShrink achieves the same error ratio as TRAD for TYPE1

noise and has the lowest error ratio for TYPE2 noise. The above results suggest

that when TYPE1 noise is considered, since TRAD has the closed form of� + and

optimal shrinkers, it always has the best performance. However, when the noise is

TYPE2, the closed form is invalid and thus a large error. ScreeNot cannot detect

weak signals and does not perform shrinkage, thus it always has high errors for both

types of noise. eOptShrink has a similar performance as TRAD whenn is large

under TYPE1 noise and has the best performance under TYPE2 noise.
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6

Fetal ECG Extraction

In this chapter, we illustrate our algorithm for fetal ECG extraction via optimal

shrinkage. This algorithm has been applied to real and simulated fetal ECG databases

and has been published in [SMI+ 19] and [SW22].

6.1 Introduction

Extracting fetal electrocardiogram (ECG) from a single channel trans-abdominal

maternal ECG (ta-mECG) is a challenging signal processing mission. The mission

could be understood as the single channel blind source separation (scBSS); that is, we

could simply model the ta-mECG as a summation of one maternal ECG (mECG)

and one (or more if multiple birth) fetal ECG (fECG), which is contaminated by

various noises and artifacts, and ask how to decompose mECG and fECG from the

ta-mECG. The challenge we face when we deal with this fECG extraction problem

could be categorized into the following points.

(C1) Both maternal and fetal ECGs are oscillatory and spike-like, so the traditional

�ltering technique cannot be applied directly.
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(C2) Since there is only one channel, the widely applied adaptive �lter, principal

component analysis (PCA) or independent component analysis (ICA) [ABZ+ 16]

cannot be applied directly.

(C3) Both maternal and fetal ECGs have time-varying frequency due to the heart

rate variability and time-varying amplitude due to respiration. Moreover, the

oscillatory pattern changes from one cycle to the next, and the change is nonlin-

early related to the time-varying frequency and amplitude. This fact imposes

more challenges.

(C4) The noise and artifact like uterine contraction are inevitable, and both are

non-stationary in nature.

To handle these challenges, the traditional and standard approach is thetemplate

subtraction (TS) [DVDK82, vO86, CBC+ 86, VCS+ 87, KPS97, MRMS07, UBOS07,

CSA14], among other approaches like time-frequency analysis [KN00, KTFN07,

CMB+ 13, AGBR14, LKA15], sequential total variation [LL16], or state space re-

construction via lag map [RSK98, KT09, KJMK10]. Inspired by these previous

works and the need for a better fECG extraction algorithm when only single chan-

nel ta-mECG is available, we developed a new fECG extraction algorithm [SW17,

LFW17a, SMI+ 19] incorporating a nonlinear-type time-frequency analysis tool, the

de-shape algorithm, and the eOptShrink. This algorithm could be viewed as nonlin-

ear variations of existing TS tools that are designed to handle the fECG extraction

problem that leads to a high quality fECG. To be more speci�c, the main function

of the de-shape algorithm is detecting the maternal R peaks, particularly when the

heights of fetal R peaks are compatible with the heights of maternal R peaks and

the signal to noise ratio is low. The main function of eOptShrink is recovering the

mECG by removing the fECG under a proper setting, so that the mECG and fECG

are decomposed from the ta-mECG. Below, we detail each algorithm step by step
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with example, in the order that leads to the desired fECG extraction algorithm, and

refer readers with interest to [SW17, LFW17b, SMI+ 19] for its practical performance

and [Nad14, GD17a, LSW18b, SW22] for theoretical justi�cations. The step-by-step

Matlab implementation of the proposed algorithm is provided for the reproduction

purpose inhttps://github.com/PeiChunSu/fECG-decomposition .

From a time-frequency analysis perspective, the de-shape algorithm is inspired

by the analysis of nonsinusoidal oscillatory signals, such as ECG. When the goal

of signal processing is to obtain the instantaneous frequency of a signal, the non-

sinusoidal nature of an oscillatory signal can result in a complex time-frequency

representation that includes undesired harmonics. This complexity is further ex-

acerbated when multiple oscillatory components are present, like the ta-mECG we

discuss in this note. In fact, even when the instantaneous frequencies of di�erent

oscillatory components do not intersect and well separated, the instantaneous fre-

quencies of their harmonics can intersect, leading to spectral leakage and blurring in

the time-frequency representation. This challenge cannot be overcome by techniques

like the synchrosqueezing transform (SST) [DLW11], which is designed to enhance

the contrast of the time-frequency representation but treats all harmonics equally.

The de-shape algorithm leverages the periodic pattern in the time-frequency rep-

resentation to cancel out these harmonics. While SST and de-shape are designed

for di�erent purposes, they can be combined to further improve the contrast of the

resulting time-frequency representation. We will not further elaborate this to keep

things simple, and refer readers with interest to [LSW18a] for details.

Before detailing the algorithm, we shall mention that each developed tool could

be separately or jointly applied to other biomedical time series, particularly when

the single channel time series is composed of multiple oscillatory components with

complicated statistical features. For example, de-shape could be applied to analyze

photoplethysmogram [LSLY19] and its motion artifacts [MVS22], estimate gait ca-
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dence from accelerometer signal [WH22], estimate heart rate and respiratory rate

from pressure sensitive mat [HBvLD21], etc; eOptShrink could be applied to evalu-

ate the ECG T wave quality [SSW20], denoise the noisy otoacoustic emission signal

[LLW21], remove stimulation artifact from the intracranial electroencephalogram

(EEG) [ASFW19], remove cardiogenic artifact from the EEG [CHF+ 22], etc.

6.2 Proposed Algorithm

The proposed algorithm falls in the category of scBSS algorithm for the general pur-

pose. Speci�cally, the algorithm separates the fECG and mECG out of the recorded

ta-mECG. There are four main steps in addition to the standard preprocessing step.

(Step 1) Estimate the maternal heart rate based on the de-shape algorithm called de-

shape short-time Fourier transform (dsSTFT) [SW17, LFW17b]. De-shape

algorithm remove the undesired information in the spectrogram so that the

maternal heart rate could be accurately estimated.

(Step 2) With the maternal heart rate information, apply the peak tracking algorithm

to determine the maternal R peaks.

(Step 3) Divide the ta-mECG into pieces according to the maternal R peaks so that

each piece contains one maternal cardiac cycle. By aligning maternal cardiac

cycles by their R peaks and viewing fECG as noise, we could utilize eOptShrink

to remove fetal cardiac activities and noise from each maternal cardiac cycle

[SMI+ 19, SW22] and obtain the recovered mECG by attaching each denoised

maternal cardiac cycle.

(Step 4) The fECG is then obtained by subtracting the recovered mECG from the ta-

mECG. The fECG is still contaminated by the noise and possible residue of
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the mECG, so we call it therough fECG. By repeating Step 1 to Step 3 on

rough fECG, the fECG is recovered.

See Figure 6.1 for a summary of the proposed algorithm. Below we detail the

algorithm step by step for the reproducibility purpose.

6.2.1 Input data

Fix a subject and a ta-mECG recording. If the sampling rate of the recording is less

than 1000 Hz, the signal is upsampled to 1000 Hz [LS00] for the sake of enhancing

the R peak alignment needed in the following steps. Thus we assume below that

all signals are sampled atf s = 1000 Hz. Note that a higher sampling rate can be

considered, but in practice we found its bene�t marginal but the computational time

is increased. Denote the ta-mECG signal asx0 2 RN , whereN 2 N is the number

of samples; that is, the recording is over an interval ofT = N=f s = N=1000 seconds.

For a long signal with largeT, we can simply divide the signal into smaller segments,

like 300 seconds long, and apply the following steps on each segments. See Section

6.3.2 for a discussion of the signal length issue.

6.2.2 Step 0: Preprocessing and linear combination

The Butterworth low-pass �lter of order 5 with the cut-o� frequency of 100 Hz

and a notch �lter with the notch centered at 60Hz or 50Hz, depending on the re-

gion, are applied on the ta-mECG to remove high frequency noises and the power

line interference. In addition to high frequency noise and power line interference,

baseline wandering is inevitable in ta-mECG, which corresponds to low frequency

noise caused by a variety of sources including respiration, body movements and poor

electrode contact. To remove baseline wandering, we apply the following two stage

moving window median �lter with window sizes 200 and 600 ms, where we denote

the operators of median �lters with short and long window sizes asD S and D L re-
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spectively. The baseline wandering ofx0 is thus estimated byD L D Sx0
j , and hence

the detrended signal is obtained by

x = x0 � D L D Sx0 :

This two stage moving window median �lter not only can preserve a higher signal

to noise ratio (SNR) [Sam08] but also can preserve fECG morphology [PS17], which

is the desired feature for our problem. The Matlab implementation of this setp is

step0 preprocess.m. To call this function, in Matlab run the following code

x = step0 preprocess (x0; fs );

where the inputx0 is the raw signalx0 and fs is the sampling ratef s, and the output

x is the preprocessed signalx.

6.2.3 Step 1: estimate the maternal instantaneous heart rate by de-shape STFT

We apply the de-shape STFT to extract the instantaneous heart rate (IHR), or the

instantaneous frequency (IF), information of the maternal and fetal cardiac activities

from the signal x. The theoretical explanation of de-shape STFT will be further

explained in a later section.

Before introducing the algorithm, we shall brie
y mention the challenge. First,

note that it is not always possible to directly apply the traditional peak detection

algorithm to determine the maternal R peaks from the ta-mECG, since it is possible

that the fetal R peaks have similar heights as those of maternal R peaks (see an

example in Figure 6.2). On the other hand, in the spectrogram shown in Figures 6.1

and 6.2, we can see a complicated pattern that is caused by the nontrivial nonlinear

interaction of mECG and fECG, particularly in Figure 6.2, due to the non-sinusoidal

nature of the ECG. De-shape STFT is an algorithm that is designed to remove the

impact of non-sinusoidal oscillatory patterns in the spectrogram so that we could

accurately obtain the IHR.
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Fix the frequency resolution of the STFT by f s
2M , whereM 2 is the desired number

of discretization points in the frequency axis. The numerical implementation of the

de-shape STFT is summarized as the following steps, and please see Figure 6.3 for a

step-by-step illustration of the algorithm in a simulated signal.

ˆ Take the input data, including the signal x 2N , a discretized window func-

tion h 22k+1 , where k 2 is associated with the bandwidth of the window, a

su�ciently small 
 > 0, and an upsample factor� 2 .

ˆ Evaluate the STFT of jxj, denoted asV x 2N;2M , by

V x (n; m) =
1
f s

kX

l= � k

x(n + l)h(l + k + 1) e� i�n (m� M )=M ;

where m = 1; : : : ; 2M , and we padx by 0 so that x(l) = 0 when l < 1 and

l > N in the summation.

ˆ Evaluate the short time cepstrum transform (STCT) ofx, denoted asCx 2

CN;2M , by:

Cx (n; m0) :=
f s

2M

2MX

m=1

jV x (n; m)j 
 e� i�m 0(m� M )=M ;

wherem0 = 1; : : : ; 2M . In other words, at each timen, run the Fourier trans-

form of the weighted spectrumjV x (n; m)j 
 .

ˆ Upsample the positive quefency axis ofCx to be � -time �ner by the linear

interpolation; that is, construct a new matrix ~Cx 2 CN;�M , where

~C x (n; m 00) := C x

�
n; M + b

m00

�
c � 1

�

+
�

m00

�
� b

m00

�
c
� �

C x

�
n; M + b

m00

�
c
�

� C x

�
n; M + b

m00

�
c � 1

��

for all n = 1; : : : ; N and m00= 1; : : : ; �M .
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ˆ Evaluate the iSTCT of x, denoted asU x 2 CN;M , where

U x (n; m) :=
X

m00: 1=m002 [dm� 1
2 e; dm+ 1

2 e]

~Cx (n; m00) ;

wheren = 1; : : : ; N and m = 1; : : : ; M .

ˆ Evaluate the de-shape STFT ofx, denoted asW x 2 CN;M , by

W x (n; m) := V x (n; m)U x (n; m);

wherem = 1; : : : ; N and n = 1; : : : ; M .

ˆ The output is the de-shape STFT ofx, W x .

The Matlab implementation of the above algorithm can be found instep1 deshape.m.

To call this function, in Matlab run the following code:

W = step1deshape(x,fs,fr,gamma,alpha,win len,win type);

where fs is the sampling ratef s, fr is the frequency resolution in STFT (in Hz),

gammaand alpha are 
 and � respectively,win len and win type are the window

length and the window type ofh respectively, and the outputWis the discretized

time-frequency representation as a matrixW x . We suggest to take the 
attop

window with the window length 5 seconds forh , and frequency resolution as 0:02

Hz such that M = b f s
2f r

e, 
 = 0:3 and � = 10 in the numerical implementation. The

above parameter suggestion deserves a discussion.M is chosen to balance in between

computational complexity and time-frequency resolution. Note that theoretically it

might be bene�cial to take M = N 3=2 [GH07], but in our application the bene�t

of taking such a high resolution is marginal. The selection of bandwidthk is under

the empirical rule-of-thumb that the non-negligible part of the window should cover

roughly 6 � 10 cycles, so that the IHR information could be well captured. We
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shall mention that an automatic selection of the optimal window bandwidth with a

theoretical guarantee is so far an open problem.

We shall discuss some details of the algorithm. First of all, note that it is the

full recti�cation of x, that is, jx j, that is used to evaluate the STFT but notx. The

recti�cation is useful for the purpose of enhancing the fundamental component of

mECG, while its theoretical guarantee, to our knowledge, is still open [SW23]. To

be more speci�c, note that the QRS complex of the mECG, particularly when R

and S have equal weight, could be approximated by the di�erentiation of a narrow

Gaussian function. Thus, when this approximation holds true, the power spectrum

of the mECG would be weak in the low frequency region, particularly around the

fundamental frequency. In the worst case, the fundamental component may not even

exist. It is easy to see that the weaker the fundamental component is, the more dif-

�cult we could estimate the fundamental frequency of the mECG. We shall mention

that other recti�cation or nonlinear activation functions could be applied tox before

running STFT. The jV x (n; m)j 
 in the STCT is nothing but an approximation of

logjV x (n; m)j when 
 is small since log(x) = lim 
 ! 0
x 
 � 1


 when x > 0. Note that

taking log is an essential step in the cepstrum analysis. In short, due to the uneven

strength of harmonics of a maternal cardiac cycle, we could view the spectrum of a

maternal cardiac cycle as a delta chain with a slowly varying envelope. log is used

here to convert the slowly varying envelop associated with the amplitude variation

of harmonics that comes from the non-sinusoidal oscillation into a low frequency

\trend", so that the Fourier transform of jV x (n; m)j 
 could further emphasize the

information of the oscillatory period. See [OS04] for more information of cepstrum.

The upsample factor� is introduced to avoid the low sampling issue when we invert

the STCT in iSTCT; that is, when m is small (or large) in U x (n; m), the associ-

ated tick 1=m in Cx (n; �) would be coarser (�ner) than the original frequency tick of

Cx (n; �). Increasing the resolution in the quefrency domain could help this numerical
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issue. Note that we can implement this step in various alternative ways, like evaluate

the STCT with a �ner quefrency axis directly, or implement some interpolation dur-

ing upsampling. We use the current simple minded approach to keep the algorithm

easy to process.

It has been reported in [LSW18b] that the IHR of the mECG and fECG are rep-

resented as dominant curves in the time-frequency representation (TFR) determined

by the de-shape STFT. This allows us to extract the salient IHR information of

each oscillatory component [LSW18b], where we could apply dynamic programming

(DP), dynamic Bayesian networks, adaptive �lters, and others. To balance between

the accuracy and computational time, we apply the DP curve extraction algorithm

[CCW14] to track the most dominant curve in the TFR W x . The extracted curve,

when adjusted with the frequency resolution, denoted as� 1 2 RN , represents the

IHR of either mECG or fECG. To be more precise, suppose the most dominant com-

ponent at time n is located at W x (n; j n ), then � 1(n) = j n f s
2M . We could repeat this

process after masking out a band from 0:94� 1 to 1:06� 1 around � 1 inside W x , and

carry out the same DP algorithm to extract another curve, denoted as� 2. Note that

0:94 and 1:06 are chosen for the band to guarantee that the impact of the most dom-

inant curve is eliminated. This simple algorithm guarantees that� 1 is the maternal

IHR (mIHR), denoted as � m under the assumption that the mECG is strong than

the fECG, but when the fECG is stronger,� 1 is the fetal IHR (fIHR). To avoid the

case that fECG is stronger than mECG, we compare the mean of� 1 and � 2, and

assign the slower IHR to be the mIHR. See Figures 6.1 and 6.2 for an illustration of

the extracted mIHR. The Matlab implementation can be found instep1 IHR.m. To

call this function, in Matlab run the following code:

eta = step1 IHR(W,fr);

where the inputs are the time-frequency representationWand the frequency resolution
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fr and the output eta is the estimated mIHR� m .

Step 2: Obtain the maternal R peaks by the beat tracking algorithm.

Note that the IHR is directly related to the R peak to R peak interval (RRI) time

series, but they are di�erent. To obtain the exact R peak location, we leverage the

extracted mIHR � m and apply the beat tracking technique from the music signal

analysis proposed in [SW17].

Denote the maternal instantaneous heart beat period as� m (n) := 1 =� m (n), which

is the inverse of the mIHR. Our goal is to �nd an strictly increasing sequenceR (m) =

f R(m)(i )gn ( m )

i =1 , wheren(m) 2 is the number of heart beats, 1� R(m)(i ) � N so that

R(m)(i ) is the index of i -th maternal R peak position and (R(m)(i ) � R(m)(i � 1))=f s is

close to the maternal instantaneous heart beat period at timeR(m)(i )=f s, � m (R(m)(i )).

We call R(m) the maternal beat sequence. This problem can be formulated as the

following optimization problem [Ell07]:

eR (m) = arg max
R ( m )

hn ( m )X

i =1

x(R(m)(i )) + � BT

n ( m )X

i =2

P(R(m)(i ); R(m)(i � 1))
i
; (6.1)

whereP(R(m)(i ); R(m)(i � 1)) := �
�

log2

�
(R ( m ) (i )� R ( m ) (i � 1))=f s

� m (R ( m ) (i ))

�� 2
and � BT � 0 is the

penalty term determined by the user. Here,P(R(m)(i ); R(m)(i � 1)) measures how

di�erent the maternal heart period determined by the detected maternal R peak and

the maternal instantaneous heart beat period,� m (n) are, with the maximal value

zero. Clearly, if they are close, then(R
( m ) (i )� R ( m ) (i � 1))=f s

� m (R ( m ) (i )) � 1, andP(R(m)(i ); R(m)(i �

1)) is small. Thus, � BT is chosen to balance the amplitude of the detected maternal

R peaks quanti�ed in the �rst term and the estimated maternal RRI. Note that the

�rst term in the objective function in (6.1) reaches its maximal value whenR(m)(i )

matches the true maternal R-peak location.

102



The optimization problem (6.1) can be e�ciently solved e�ectively by the DP.

The main idea is that the objective function (6.1) is an accumulation in time. We

could thus divide the problem into a set of subproblems, each of which optimizes

the objective function up to a prescribed time step, and the solution is the combi-

nation of these optima at every time step. This idea is implemented by introducing

two additional vectors, C 2N and D 2N , whereC(n) records the maximum of the

objective function accumulated from 1 ton, wheren = 1; : : : ; N , and D (n) records

the estimated beat position yielding this maximum at the time step ofn � 1. Here,

D allows us to trace previous beat positions, and this step is called thebacktracking.

The whole procedure is sketched in Algorithm 2.

The resulting beat sequenceeR (m) = f eR(m)(i )gn ( m )

i =1 provides an estimate of R

peaks location; that is, eR(m)(i ) is an estimate of thei -th R peak location. See Figure

6.1 for an illustration of the result. In our experiments, setting� BT between 20 and

50 turns out to yield a suitable tradeo�, and the result is not sensitive to� BT. See

the Matlab implementation of this algorithm for the fECG extraction application in

step2 Rpeaks.m. To call this function, in Matlab run the following code:

Rm = step2Rpeaks(x,eta,fs,fr,lambdaBT);

wherelambdaBTin the input is the penalization � BT in (6.1), and the output Rmis the

maternal R-peak locationseR(m) of x. More information of this beat tracking algo-

rithm can be found in http://labrosa.ee.columbia.edu/projects/beattrack/ .

6.2.4 Step 3. Estimate maternal cardiac cycles by eOptShrink

Once we get maternal R peaks, we are ready to decompose mECG and fECG from

the ta-mECG. Recall the challenges (C1) and (C2). Due to these limitations, we need

the TS-based approach. However, due to the challenge (C3), we found that the tra-

ditional template subtraction (TS) approach might be limited. We thus incorporate
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Algorithm 2 Beat tracking by dynamic programming.
[INPUT] the ECG signal x 2 N ; the instant heart rate � m ; an weighted parameter ; � BT; the penalty function
P : N � N ! R
[STEP 2-1] Initialize C (0) = 0, D (0) = 0
[STEP 2-2] Accumulate the objective function and store the result
for i = 1 to N do

C (n) = x (n) + max m =1 ;:::;n � 1 [C (m) + � BTP (n; m )];
D (n) = arg max m =1 ;:::;n � 1 [C (m) + � BTP (n; m )];

end for
[STEP 2-3] Backtracking
a1 = arg max n C (n);
while D (al ) > 0 do

l  l + 1; al = D (al � 1 );
end while
[OUTPUT] the optimal beat sequence eR ( m ) = f eR ( m ) (j )gn ( m )

j =1 , where R ( m ) (j ) = an ( m ) � j +1 .

the eOptShrink algorithm.

First, we truncate the ta-mECG into maternal cardiac cycles according to the

maternal R peaks, align these truncated pieces by the maternal R peaks, and put

these pieces into columns of a data matrix~S 2 Rp� n , where p is the number of

samples of each truncated maternal cardiac cycle, andn is the number of truncated

maternal cardiac cycles. Under the mild assumption that the fetal heart beat does

not synchronize with maternal heart beat, the fetal cardiac cycles would happen

irregularly in the truncated maternal cardiac cycle. See Figure 6.1 for an illustration.

This step also happens in the traditional TS algorithm. We could then model the

truncated maternal cardiac cycles as a signal-plus-noise data matrix, where the signal

part, denoted asS, is the maternal cardiac cycles, and the noise part, denoted asZ ,

is the fetal cardiac cycles and other inevitable noise; that is, we have~S = S+ Z. The

goal is \denoising" this noisy data matrix ~S and recoverS. If we could successfully

denoise the noisy data matrix, we recover the maternal cardiac cycles, and hence

the mECG. eOptShrink is applied to achieve this goal, with respect to the fact

that singular vectors and singular values of~S are both biased estimators of singular

vectors and singular values ofS when p and n are of the same order. This step is

usually not considered in the traditional TS approach. Below, we detail these steps

under a relatively simple assumption, and discuss possible variations later. We refer
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readers to the Matlab codestep3 OS.mfor an implementation. To call this function,

in Matlab run the following code:

Sphi = step3 OS(x,Rm,loss);

where the input loss is the type of norm used in the loss function for eOptShrink,

including the Frobenius, operator, and nuclear norm, and the outputSphi is the

matrix of denoised maternal cardiac activitiesbSb' shown in Algorithm 1. We recom-

mend to use the Frobenius norm as the loss. The detailed steps are in the following.

� Construct a data matrix of mECG templates. Fix the i -th maternal cardiac

cycle determined by thei -th R peak. Denotew 2 N to be the rounding number of

the 95% quantile of R to R intervals ofx. Denote the corresponding ECG segment

over the cardiac cycle as

es(m)
i :=

�
x

�
R(m)(i ) � d c1we

�
; : : : ; x

�
R(m)(i ) + dc2we

�� >
2 Rp( m )

; (6.2)

wherec1; c2 > 0 are parameters chosen by the user,dxe is the smallest integer larger

than x > 0 and p(m) := dc1we+ dc2we+ 1. Based on the physiological knowledge of

PR and QT durations, we suggest to setc1 = 3=8 and c2 = 5=8 so that the whole

maternal cardiac cycle, including P, QRS and T waveforms, is covered. Collect

all truncated templates in a setL (m) := f es(m)
i gn ( m )

i =1 , where n(m) is the number of

truncated templates. Construct a data matrix eS of sizep(m) � n(m) consisting of all

segments ofL (m) in the columns; that is,

eS =
h
es(m)

1 : : : es(m)
n ( m )

i
2 Rp( m ) � n ( m )

: (6.3)

� Remove nuisance variables by optimal shrinkage. To obtain maternal car-

diac cycles, we need to reduce the in
uence of the fECG and noises fromeS. Based

on the low-rank assumption of the clean data matrix associated with mECG, we
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apply the eOptShrink in Algorithm 1. Below, to simplify the notation, we remove

the superscript (m) from p(m) and n(m) . Suppose� = p
n � 1. If not, transpose ~S and

run the following algorithm. The eOptShrink is applied and the estimator of the

clean data matrix bSb' is derived.

6.2.5 Step 4. Maternal ECG recovery

The columns ofbSb' are the estimated maternal cardiac cycles, denoted asbs(m)
i , where

i = 1; : : : ; n(m) . After obtaining all estimated maternal cardiac cycles, we reconstruct

the estimated mECG signal from
�
bs(m)

i

	 n ( m )

i =1
by the standard stitching approach

[SW17]. Denote the estimated mECG fromx as bxm . This step is implemented in

the codestep4 stitch .m. In Matlab, run the following code:

xm = step4stitch(Sphi,x,Rm);

where the output xmis the estimated mECGbxm .

6.2.6 Step 5. Obtain the fECG

For x with the estimated mECG bxm , we obtain the rough fECG by a simple sub-

traction:

x rf = x � bxm (6.4)

We repeat Step 1 onx rf to acquire the fetal heart beat locations. Denote the total

number of detected fetal R peaks inx rf by n(f ) . Then repeat Step 3 to obtain

a set of denoised fetal cardiac cycles, denoted aseL (f ) := f es(f )
i gn ( f )

i =1 , where es(f )
i is

the i -th denoised fetal cardiac cycle. Reconstruct the fECG signalex f from eL (f )

by the standard stitching approach [SW17]. This step is implemented in the code

step5 fECG.m. In Matlab, run the following code:

xf = step5 fECG(x,xm,fs,fr,gamma,alpha,...

win len,win type,lambdaBT,loss,eta);
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where the output xf is the extracted fECGex f .

6.2.7 Step 6. Enhance the mECG and rfECG by iteration

We could enhance the whole process by iterating Steps 1-5. First, improve the

mECG estimation by repeating Steps 1-4 onex rm := x � ex f . Note that the fECG

component is now suppressed inex rm . We could then recover the mECG, denoted

as, by abusing the notation,bxm , and hence the rough fECG, denoted as, by again

abusing the notation, x rf . Finally, we repeat Step 5 onx rf to acquire the fetal

heart beat locations and repeat Step 3 onx rf to obtain our proposed estimator of

the fECG, denoted asbx f . In practice, we found that applying this iteration once

helps the overall performance, but the bene�t quickly becomes marginal after that.

Seestep6 fECG.m for an implementation of this iteration step. In Matlab, run the

following code:

[xm,xf,Rm,Rf] = step6 fECG(x,xf,fs,fr,gamma,...

alpha,win len,win type,lambdaBT,loss);

where Rmand Rf are the �nal estimated maternal and fetal R-peak locations after

the iteration.

6.2.8 (Optional) Step 7. Enhance the fECG signal by the nonlocal median

When the fetus is normal sinus rhythmic, we may further improve the fECG mor-

phology by applying the nonlocal median. DenotebL (f ) := f bs(f )
i gn ( f )

i =1 to be the set

of fetal cardiac cycles inbx f . Take km 2 N, and denoteN i = f bs(f )
i `

gkm
`=1 to be those

bs(f )
i `

2 bL (f ) that have the most similar R-R intervals compared with that ofbs(f )
i .

With N i , we take the entry-wise median of these segments as the estimation of cor-

responding fetal P-QRS-T waveform; that is, thei -th fetal P-QRS-T waveform in z

is estimated by

bs(cf )
i := medianf bs(f )

i ;bs(f )
i 1

; : : : ;bs(f )
i k m

g: (6.5)
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Since the median �lter is not applied to consecutive cycles, it is called the nonlo-

cal median �lter. The nonlocal median �ltered fECG is determined by stitching

f bs(cf )
i gn ( f )

i =1 . Seestep7 nonlocalmedian .m for an implementation of this nonlocal

median �lter. In Matlab, run the following code:

xcf = step7 nonlocalmedian(xf,Rf,km);

where kmin the input is the number of nearest neighbors the user choose and the

output xcf is the enhanced fECGbxcf . We suggest to setkm= 10 when applying the

code.

6.3 Extensions and other considerations

Among many possible extensions and considerations of the proposed algorithm and

fECG extraction problem, we discuss three of them below.

6.3.1 Signal Quality

Signal quality is a big concern in any biomedical signal processing tasks, and fECG

extraction is not an exception. We could, for example, when we run the algorithm,

we could apply the bSQI [JBA+ 15] to determine the signal quality index (SQI) of the

input ta-mECG or the obtained rough fECG. Those segments with low SQI could

be abandoned in the following analysis or handled separately.

6.3.2 Manifold Model

In the eOptShrink step, we made an assumption that the clean data matrix associated

with the maternal cardiac cycles is low rank. This assumption might not hold if the

signal gets longer. See Figure 6.4 for a visualization of 5; 000 maternal cardiac cycles

by PCA. We could see a clear nonlinear structure inside. From the mathematical

perspective, we could model these cycles by parametrizing them by a low dimensional
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manifold M embedded in a high dimensional Euclidean space [LMW19]; that is,S

is sampled fromM . The noisy data matrix eS is thus a noisy set of sampled fromM .

Suppose we assume that the maternal cardiac cycles do not vary too much over a

short time, we could safely assume the low rank structure, but we need to handle the

high dimensional noise issue mentioned in Section 6.2.4. Mathematically, it means

that over a short time, the maternal cardiac cycles live in a small geodesic ball so

that the low rank assumption holds. On the other hand, when the signal length

increases, the variability of maternal cardiac cycles increases and the rank increases,

which breaks the low rank structure, but the high dimensional noise issue is relieved.

When the low rank structure is broken, we need a di�erent denoise strategy. That is

the one reason we suggest to consider ta-mECG signal of length around 300 second

or shorter in Section 6.2.1. From the perspective of manifold model, the proposed

algorithm could be viewed as a manifold denoise algorithm. A systematic treatment

of this problem with theoretical supports will be reported in our future work.

6.3.3 Multiple Channels

In general, if we have many ta-mECG channels, we could apply ICA based algo-

rithms. But when we have only 2 or 3 channels, it is a bit embarrassing to decide

what to apply. A solution is provided in [LFW17a, SMI+ 19] based on the dipole

current model for ECG [Kee98]. The idea is simple. Among all possible linear com-

binations of available channels, we choose the combination that has the strongest

fECG so that we could successfully apply the proposed single channel algorithm. We

refer readers with interest and need to [LFW17a, SMI+ 19] for details.

6.4 Materials

In this section, we validate our algorithm in not only detecting the fetal heart rate

but also recovering the fetal ECG morphology, we use the following databases.
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6.4.1 Real Database

The �rst real database is the database2013 PhysioNet/Computing in Cardiology

Challenge[SBS+ 13]https://physionet.org/challenge/2013/#data-sets , abbre-

viated asCinC2013. We focus on the set A, which is composed of 75 recordings with

the provided fetal R peak annotations. Each recording includes four ta-mECG chan-

nels that were obtained from multiple sources resampled at the sampling rate 1000

Hz and last for 1 minute duration. There is no publicly available information about

where the leads are placed on the maternal abdomen. Case a54 is discarded based

on the suggestion in [ARH+ 14] since it was discarded by the Challenge organizers.

We focus on the remaining 74 recordings.

To demonstrate the performance of recovering fECG morphology, particularly

when the fetus is arrhythmic, we also consider theNon-Invasive Fetal ECG Arrhyth-

mia Database(nifeadb ) [BBS+ 19]https://physionet.org/physiobank/database/

nifeadb/ . The nifeadb contains 12 fetal arrhythmias recordings and 14 normal

rhythm recordings. Each recording has one maternal thoracic signals and four or

�ve ta-mECG signals, with the 500 Hz or 1000 Hz sampling rate. The diagnosis

information and more details can be found in [BBS+ 19].

6.4.2 Simulated Database

Since there is no gold standard recording of fetal ECG morphology available in

any publicly available database, includingCinC2013, to validate that our proposed

algorithm has the capacity to recover the morphology of fECG from the ta-mECG, we

evaluate our algorithm on a set of semi-real simulated ta-mECG data. We consider

two databases.

The �rst one is the MITDB arrhythmia database [MM01]https://www.physionet.

org/physiobank/database/mitdb/ , abbreviated asMITDB. This dataset contains

48 half-hour excerpts of two-channel ambulatory ECG recordings, obtained from
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47 subjects studied in the Boston's Beth Israel Hospital Arrhythmia Laboratory

between 1975 and 1979. Twenty-three recordings were chosen at random from a

set of 4,000 24-hour ambulatory ECG recordings collected from a mixed popula-

tion of inpatients (about 60%) and outpatients (about 40%) at Boston's Beth Israel

Hospital; the remaining 25 recordings were selected from the same set to include

less common but clinically signi�cant arrhythmias that is not well-represented in a

small random sample. Each subject has 2 channels with the sampling frequency

360 Hz and the 11-bit resolution over a 10 mV range. The R peak annotations

are provided. The second one is the Physikalisch-Technische Bundesanstalt (PTB)

Database [BKS95]https://physionet.org/physiobank/database/ptbdb/ , abbre-

viated asPTBDB. The database contains 549 records from 290 subjects aged 17 to 87

with the mean age 57.2. Each subject is represented by one to �ve records. Each

record includes 15 simultaneously measured signals: the conventional 12 leads (I, II,

III, AVR, AVL, AVF, V1, V2, V3, V4, V5, V6) together with the Frank lead ECGs

(Vx, Vy, Vz). Each signal is digitized with the sampling frequency 1000 Hz and with

the 16 bit resolution over a range of� 16:384 mV. Out of 290 subjects, 216 subjects

have cardiological disorders, 52 subjects are healthy, and 22 subjects do not have

available clinical summary.

To create a mECG in the simulated ta-mECG, we take Vx, Vy, and Vz recordings

from healthy subjects inPTBDB, denoted asVx (t); Vy(t); Vz(t) at time t 2 R, which

are 115 seconds in total. We view the triplet (Vx (t); Vy(t); Vz(t)) as the maternal

vectocardiogram (VCG). We represent the project direction of maternal VCG by a

pair of angles,� xy and � z. The simulated mECG is then created by

mECG(t) = ( Vx (t) � cos� xy + Vy(t) � sin� xy ) � cos� z + Vz(t) � sin� z : (6.6)

Each subject has recordings created with two pairs of directions given by (� xy ; � z) =

( �
4 ; �

4 ) and (� xy ; � z) = ( �
5 ; 3�

10 ). In total, 40 mECGs of healthy subjects are generated.
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Note that in this simulation, we assume that the mECG is arrhythmia-free. The

simulated fECG's of healthy fetus are created from another 40 healthy subjects in

the PTBDB, where 114 seconds of the V2 and V4 recordings are taken. Thesimulated

fECG's of fetus with arrhythmia are created by taking the �rst 114 seconds from the

�rst and second channel of subjects in theMITDB. The simulated mECG and simu-

lated fECG come from di�erent subjects. Both healthy and arrhythmic signals are

resampled at 500 Hz. As a result, the simulated fECG has the same number of data

points as the simulated mECG, and has about double the heart rate compared with

the simulated mECG if we consider both parts sampled by 1000 Hz. The amplitude

of the simulated fECG is normalized to the same level of simulated mECG and then

multiplied by 0 < C < 1 to make the amplitude smaller then the mECG, consistent

with the usual situation of real ta-mECG signals. We generate 40 simulated healthy

and arrhythmic fECGs. The clean simulated ta-mECG is generated by directly sum-

ming simulated mECG and fECG. The �nal simulated ta-mECG is generated by

adding a Gaussian white noise to the clean simulated ta-mECG according to the

assigned signal-to-noise (SNR) ratio. As a result, we acquire 40 recordings of 57

seconds simulated ta-mECG signals with the sampling rate 1000 Hz. We mention

that it is likely true that fECG morphology is less diverse compared with adult ECG

morphology, in that the QRS duration is narrower, and QRS abnormalities such as

bundle branch block, aberrant conduction, polymorphic ventricular ectopy or ven-

tricular tachycardia are less common in the fetus. However, it does not mean that

fetus does not have rate-related aberrancy or aberrant conduction following prema-

ture atrial beats, and it is not clear how often ventricular ectopy/tachycardia occurs

and if this is monomorphic or polymorphic. See, for example, [ZCS+ 08, HC08], for

a report of fetal ventricular ectopy in the setting of complete heart block with and

without structural heart disease. If the proposed algorithm could perform well on

this more challenging semi-real ta-mECG signal for the morphologic analysis, then
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it would be reasonable to surmise that it would excel at fetal ECG morphology

analysis.

6.4.3 One-Channel fECG Extraction

In [SMI+ 19], TRAD is applied in Step 3 of 6.2 as one critical step of the iterative

algorithm that is designed when we have only one or two ta-mECG channels. As is

mentioned in Introduction, fECG as noise is not white, and there is a dependence

among segments. Thus, it is natural to consider replacing TRAD by ScreeNot or

eOptShrink. For each channel of each recording inCinC2013, we run the fECG

extraction algorithm with di�erent OS algorithms in Step 3 of Section 6.2. In Figure

6.6, we compared the recovered mECG and the detected fetal R peak locations by

TRAD and eOptShrink. It is obvious that eOptShrink has a better fECG recovery

since the peaks are better recovered. Thus, we have a more accurate estimation of

fetal R peaks. Figure 6.5 shows the ESD of the ta-mECG data matrix obtained

in Step 3 of Section 6.2 and the estimated bulk edge by eOptShrink, ScreeNot,

and TRAD. Visually, our bulk edge estimator is close to the real bulk edge, but

ScreeNot and TRAD are relatively far. The performance of di�erent methods is

evaluated by the accuracy of fetal R peak detection, where we report the F1 score,

de�ned as F1 := 2TP
2TP+ FN+ FP, whereTP, FPand FNare the true positive rate (correctly

detected R peak), false positive rate (falsely detected R peak), and false negative

rate (the existing R peak that is not detected) respectively.. We also compute the

mean absolute error(MAE), which is de�ned as 1
nTP

P nTP
i =1 jt f

i � ~t f
i j, wherenTP is the

number of correctly detected R peaks, and~t f
i and t f

i are the timestamps of thei -

th correctly detected R peak and the associated annotation. Here, we follow the

common approach [ABZ+ 16] to consider only those correctly detected R peaks to

avoid the evaluation dependence on the R peak detection accuracy. We report the

mean and standard deviation of F1 and MAE for each channel. Note that to avoid
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Table 6.1: The comparison of di�erent algorithms applied to CinC2013 when the
single channel ta-mECG is considered. All results are presented as mean� standard
deviation. The operator norm is used in all OS's. The asteroids next to mean stand
for the statistical signi�cance when comparing ScreeNot or eOptShrink and TRAD
using the paired t-test. Here we takep < 0:05 as statistical signi�cance.

channel TRAD ScreeNot (k = 10) ScreeNot (k = 15) eOptShrink
1 58.50 � 35.38 68.39* � 35.91 68.63* � 35.57 68.92* � 35.18

F1 2 67.02 � 33.78 74.00* � 32.76 74.08* � 32.74 74.42* � 32.35
(%) 3 58.06 � 36.78 64.81* � 35.34 65.67* � 35.00 66.31* � 34.88

4 65.10 � 35.50 74.82* � 32.01 74.44* � 32.76 75.37* � 31.40

1 13.43 � 8.82 11.23 � 9.38 11.16 � 9.50 11.19 � 9.62
MAE 2 11.69 � 8.20 9.77 � 8.56 9.41 � 8.20 9.65 � 8.33
(ms) 3 14.10 � 8.27 12.00 � 9.13 11.86 � 8.87 12.01 � 9.14

4 11.24 � 8.35 9.37 � 9.00 9.58 � 9.11 8.94 � 8.23

distraction, the iteration Step 6 in Section 6.2 is not carried out. We setc = 1=2:01 in

Algorithm 1. For ScreenNot, since we do not have the truer , we consider two cases,

k = 10 and k = 15, which are reasonable values because we empirically �nd that the

rank of our noisy data matrix of ta-mECG is around 1 to 7. The results in Table

6.1 show that in general, eOptShrink leads to the highest F1 score and the shortest

MAE, although there is no statistical signi�cance when comparing with ScreeNot for

both k.

6.4.4 Two-Channel fECG Extraction

We report the result when two ta-mECG channels are available. We take the physi-

ology of ECG into account, and carry out a search for the optimal linear combination

of two ta-mECG channels so that the fECG is the strongest (check Section 6.3.3 for

detail). The result is shown in Table 6.2. In this case, we see that overall eOptShrink

outperforms TRAD and ScreeNot with a higher F1 and a shorter MAE. However,

we do not �nd any statistical signi�cance due to the large standard deviation, but

only a statistically suggestive signi�cance when the 1 + 4 and 2 + 3 combinations are

considered.
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Table 6.2: The comparison of F1 and MAE of di�erent algorithms applied to
CinC2013 when two ta-mECG channels are considered. The subject a54 is removed
from the dataset. All data are presented as mean� standard deviation. The opera-
tor norm is used in the proposed method. The asteroids (stars respectively) next to
the value of mean stand for the statistically suggestive signi�cance when comparing
ScreeNot or eOptShrink with TRAD (ScreeNot with eOptShrink respectively) using
the paired t-test with Bonferroni correction; that is, the p value is larger than 0:005
but smaller than 0:05.

channels TRAD [SMI + 19] ScreeNot eOptShrink

F1 (%)

1+2 85.40� 25.58 85.38� 26.09 85.53� 26.16
1+3 89.16� 22.93 89.58� 21.77 90.31� 21.45
1+4 93.11� 14.94 92.16� 17.41 93.91? � 13.23
2+3 80.30� 30.51 80.75� 30.44 82.45*? � 28.61
2+4 85.68� 26.32 87.47� 24.36 88.32� 23.11
3+4 82.51� 28.33 83.62� 26.87 84.07� 26.91

MAE (ms)

1+2 7.18 � 7.24 6.70 � 5.99 6.31 � 5.35
1+3 6.44 � 6.07 6.31 � 5.59 6.32 � 6.05
1+4 5.54 � 4.69 5.60 � 4.49 5.48 � 4.12
2+3 8.39 � 7.01 8.82 � 7.81 8.43 � 7.56
2+4 7.55 � 7.03 7.24 � 6.89 6.86 � 6.75
3+4 7.09 � 6.56 7.09 � 6.99 6.86 � 6.28

6.4.5 Morphology Analysis

We �rst perform the morphology analysis of fECG on the semi-real ta-mECG database

of healthy fetuses constructed from thePTBDB. For each recording in the simulated

database, we run the fECG extraction algorithm with di�erent OS algorithms, in-

cluding TRAD, ScreeNot and eOptShrink in Step 3 of Section 6.2. We examine the

morphological recovery of the fECG signal using the simulated ta-mECG database

detailed in the main article. Particularly, we examine how accurate we can recover

the essential \landmarks" of the ECG signal, including the P wave, R peak and T

wave. A detected R peak (or P and T waves) is beat-by-beat compared with the

ground truth (or provided annotations) with a matching window of 50 ms [ARH+ 14].

For the R peak, We report the F1 score, and the same F1 de�nition is used for P and
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T waves. See Figure 6.7 for the interquartile range error bars and mean� standard

deviation of F1 scores when estimating the R peaks and P and T waves from the

reconstructed fECG from the single channel simulated ta-mECG. As expected, the

higher the ratio of the fECG amplitude is and the higher the SNR is, the higher

the F1 will be. Compared with TRAD, the morphology recovery performance is in

general better when ScreeNot or our proposed algorithm is applied. In general, our

proposed algorithm performs better than ScreeNot, while in many cases we cannot

see statistical signi�cance.

See Figure 6.8 for an illustration of the reconstructed fECG from two single-

channel simulated ta-mECGs from the semi-real ta-mECG database. The SNR is

20dB with the amplitude of the simulated fECG 1=4 of the simulated mECG in the

�rst case, and the SNR is 10dB with the amplitude of the simulated fECG 1=6 of

the simulated mECG in the second case. Overall, while the morphology is slightly

deviated from the simulated one, the main landmarks are easy to identify in the

reconstructed signal. We see that even if the maternal and fetal QRS complexes

overlap, we can well recover the fetal ECG morphology. However, in some cases,

particularly when the fECG amplitude is small and the SNR is low, the morphology

may have a large deviation. We can further enhance the rough fECG quality by

applying the OS. The results are shown as light red signals in the bottom of Figure

6.8. We see that the OS does help improve the quality of the rough fECG for the

visual inspection purpose.

The decomposition result on the real databases,CinC2013 and nifeadb , are

shown in Figures 6.9 and 6.10. For the normal fetus fromCinC2013, the landmarks

P, Q and T can be easily identi�ed, even if the noise level is relatively high for the

fECG in the 6-th recording. For the 59-th recording, it is hard to see any fECG in

Channel 2 and Channel 3, but after suppressing the mECG by the linear combination

idea, we are able to see the fECG in the linearly combined ta-mECG, and hence the
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extraction of the fECG. In this case, we can see clear P waves in the �nal recovered

fECG, while the T wave is relatively weak.

For the arrhythmic fetus in nifeadb , the results are demonstrated in Figure 6.10.

We show the same cases, ARR 3, ARR 4 and ARR 11, demonstrated in [BBS+ 19,

Figures 3, 4 and 5]. In ARR 3, we can easily identify the trigeminy pattern, and the

P-waves are visible in most beats, indicated by the blue arrows, allowing perinatal

cardiologists to characterize the premature atrial contraction (PACs). Compared

with [BBS+ 19, Figure 3], the reconstructed P-waves is more viable from beat to

beat. This is expected since we only use two channels. In ARR 4, the blocked P-

wave can be easily visualized. Note that compared with the extracted fECG from

the multichannel ta-mECG signals shown in [BBS+ 19, Figure 4], the blocked normal

P-wave is less clear in our recovery. In ARR 11, the atrial tachycardia with the

2:1 AV conduction can be easily identi�ed. Overall, a side-by-side comparison of

the extracted fECG's by our algorithm with those extracted by the algorithm taking

multiple channels into account shown in [BBS+ 19, Figures 3, 4 and 5], we see that the

overall quality of our result is not superior but comparable. Particularly, the proposed

algorithm could reconstruct most important structure prenatal cardiologists have

interest. This result shows the potential of the proposed algorithm for the arrhythmia

diagnosis.
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Figure 6.1 : An illustration of the fECG extraction algorithm. The signal is from
the third channel of the fourth subject in CinC2013 [SBS+ 13] database In Step 0,
we preprocess the ta-mECG. In Step 1, we obtain the time-frequency representa-
tion of the ta-mECG by applying the de-shape STFT. The maternal instantaneous
heart rate could be acquired by the dynamic programming algorithm, which is su-
perimposed as the red line in the time-frequency representation. In Step 2, with the
estimated maternal instantaneous heart rate, the maternal R peaks are estimated by
the beat tracking algorithm and showed as the red circles. In Step 3, for each mater-
nal R peak, the associated ta-mECG cycles are stacked together with the associated
maternal R peaks aligned. Only six beats are shown to enhance the visualization.
By applying the optimal shrinkage on the stacked segments, the noise and fECG are
suppressed and hence the mECG signal is reconstructed. In Step 4, the rough fECG
is obtained by subtracting the reconstructed mECG (blue line) from the ta-mECG,
and the �nal fECG could be obtained by applying Steps 1-4 on the rough fECG.
Note that in this example, the fECG is relatively weak compared with the mECG.
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Figure 6.2 : An illustration of the fECG extraction algorithm. The signal is from the
third channel of the fourth subject in CinC2013 [SBS+ 13] database. The explanation
of the �gure is the same as that of Figure 6.1, with the di�erence that the fECG is
stronger so that the fetal R peak heights are comparable with the maternal R peak
heights.
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Figure 6.3 : An illustration of the de-shape STFT algorithm. The input signal is
f (t) = (1 + t1:5=50)y(3:5(t + ( t=20)2)), where the input t is time in second (s) and
the function y(�) is a periodic function such thaty(2k + 1) = 0 :5 and y(2k) = � 0:5
for k 2 N, and for x 2 (k; k + 1), y(x) is the linear interpolation betweeny(k) and
y(k + 1). From left to right, the spectrogram, the STCT, the iSTCT and the
de-shape STFT.
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Figure 6.4 : An illustration of the manifold of cardiac activities from 5000 maternal
cardiac activities from CinC2013 database [SBS+ 13]. From blue to yellow, the data
points have smaller to larger R peak amplitude. Locally, cardiac activities with
similar R peak amplitude forms a low-dimensional manifold.
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Figure 6.5 : ESD of ta-mECG data matrix. The black line is the proposed bulk
edge (3.28) for our eOptShrink. The green line is the hard threshold estimated by
ScreeNot. The magenta line is the estimated bulk edge by TRAD.
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Figure 6.6 : A comparison of mECG and fECG recovery by di�erent algorithms
(recording 1 and channel 1 from CinC2013). The top �gure is by TRAD and the
bottom one is by eOptShrink. The original ta-mECG is shown in gray with the
recovered mECG superimposed in red and the fetal R peaks labeled by experts are
superimposed as green dots. The fetal ECG is shown in blue.
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Figure 6.7 : The comparison ofF1 scores for the locations of P, R, and T waves
when di�erent algorithms are applied to the simulated one channel ta-mECG. The
red, green and blue boxes are interquartile range error bar ofF1 for TRAD, ScreeNot,
and eOptShrink respectively. Top to bottom: SNR of 1, 0 and -1 dB respectively.
Left to right: fECG amplitudes of 1=4, 1=6 and 1=8 respectively. Mean� standard
deviation are shown as well. The asteroids stand for the statistical signi�cance when
comparing ScreeNot or eOptShrink with TRAD using the paired t-test.
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Figure 6.8 : An illustration of fetal ECG (fECG) recovery from the single channel
simulated trans-abdominal maternal ECG (mECG) recordings for two arrhythmic
fetuses. Both signals are of length 57 seconds. In the top �gure, the signal-to-noise
ratio (SNR) is 20 dB and the simulated fECG amplitude is 1=4 of the mECG. In
the bottom �gure, the SNR is 10 dB and the simulated fECG amplitude is 1=6 of
the mECG. The black tracking is the simulated ta-mECG, the gray trackings in the
middle and bottom are the simulated mECG and fECG, the blue and red trackings
are the estimated mECG and rough fECG (rfECG), and the light red tracking in
the bottom is the denoised fECG by the optimal shrinkage. We can easily identify
the landmarks P, Q and T in the sinus beats and those arrhythmic beats. It is not
surprising that the larger the fetal amplitude and SNR, the cleaner the estimated
fECG is.
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Figure 6.9 : An illustration of fetal ECG (fECG) recovery from the trans-abdominal
maternal ECG (mECG) recordings from theCinC2013database. The subplots (a),
(b) and (c) come from a linear combination of Channels 1 and 4 of the 6-th recording,
and the subplots (d), (e) and (f) come from a linear combination of Channels 2
and 3 of the 59-th recording. In (b) and (e), the black tracking is the linearly
combined ta-mECG, the blue tracking is the estimated mECG; in (c) and (f), the
red tracking is the rough fECG (rfECG), the black tracking is the estimated fECG
(fECG) depending on the optimal shrinkage, the blue crosses are the provided labels
by the experts. We can easily identify the landmarks P, Q and T in the sinus beats,
even if the noise level is relatively high for the fECG like in the 6-th recording.
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Figure 6.10 : An illustration of fetal ECG (fECG) recovery from the trans-
abdominal maternal ECG (mECG) recordings from thenifeadb database. The
optional nonlocal median �lter step is applied to enhance the fECG. The subplots
(a) and (b) come from a linear combination of Channels 3 and 4 of ARR 3, the
subplots (c) and (d) come from a linear combination of Channels 1 and 3 of ARR 4,
and the subplots (e) and (f) come from a linear combination of Channels 2 and 4 of
ARR 11. In (a), (c) and (e), the black tracking is the linearly combined ta-mECG,
the blue tracking is the estimated mECG; in (b), (d) and (f), the red tracking is
the rough fECG (rfECG) and the black tracking is the estimated fECG (fECG) de-
pending on the optimal shrinkage. In ARR 3, we can easily identify the trigeminy
pattern, and the P-waves are visible allowing to characterize the premature atrial
contraction (PACs). In ARR 4, the blocked P-wave can be visualized. In ARR 11,
we see the atrial tachycardia with 2:1 AV conduction.
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7

Robust T-end Detection

In this chapter, we further introduce the bene�t of optimal shrinkage on the recovery

of ECG morphology by T-wave end detection. The result has been published in

[SSW20].

7.1 Introduction

One important clinical application of ECG is information about the QT interval, a

measure of ventricular repolarization. A prolonged heart rate corrected QT is associ-

ated with ventricular arrhythmia and sudden death [GBJ01], and also used to study

adverse drug reactions [Mal01]. The accuracy of QT measurement directly depends

on the ability to accurately determine the Q onset and T o�set. Compared with

the Q onset, determination of the T-end is challenging. Nevertheless, various tech-

niques have been proposed for automatic T-end detection. This includes threshold

on the �rst derivative [LTC + 90], threshold on an area connected by points around

the T-wave [ZMM+ 06, VSNMR+ 11], and wavelet transform [MAO+ 04]. While those

algorithms are widely applied, they are only validated on databases without severe

noise contamination. It is thus unclear how robust they are to the inevitable noise
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and artifacts. The emerging wide use of long-term ECG recording that extends for

days calls for a robust automatic T-end annotation algorithms that handle marked

prolonged noise such as myogenic noise, electrode contact noise, motion artifacts, and

powerline interference [LD16, BKH+ 14] We introduce a novel denoising tool to sta-

bilize existing T-end annotation algorithms. The niche of the algorithm is two-fold.

First, we de�ned a signal quality index (SQI) that is suitable for the T-end anno-

tation. This SQI describes the signal quality from a di�erent perspective compared

with other SQI aiming for R peak detection. Second, we applied optimal shrinkage

which helps recover ECG morphology from noisy signals.

7.2 Material and Methods

7.2.1 Existing T-end Detection Algorithms

For the self-containedness purpose, we summarize three commonly applied T-end

detection algorithms here. The algorithms are referred by the last name of the �rst

author, including Zhang [ZMM+ 06], Carlos [VSNMR+ 11], and Martinez [MAO+ 04].

All these three algorithms require the locations of QRS complex and T-wave be-

fore estimating T-end points. Both Zhang's and Carlos's algorithm are based on

the idea that inside the designed searching window related to the detected R peaks,

the maximum value of an area function is reached over the T-end point. Mar-

tinez's algorithm uses dyadic wavelet transform to �nd the peaks and limit points

of QRS cycles, P waves, and T waves. The T-end points are de�ned as the lo-

cal maximum or minimum in the wavelet transform with dilation factor 24 or 25.

These algorithms have been evaluated on the PhysioNet QT database [LMGM97]

with low T-end detection errors. The performance of Martinez's algorithm has also

been validated on dataset 3 of the CSE multilead measurement database (CSEDB)

[WAVB + 87]. The MATLAB package of Zhang's algorithm can be downloaded at

http://www.irisa.fr/sosso/zhang/biomedical/ and Martinez's algorithm can be down-
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loaded at https://github.com/marianux/ecg-kit. We coded Carlos's algorithm ac-

cording to the original paper's description. For T-wave locations, Zhang's and Mar-

tinez's algorithms have their built-in algorithms, so we simply adopted them. The

T-wave locations estimated by Martinez were applied in Carlos. The other param-

eters of each algorithm were tuned in the same settings described in the original

papers.

7.2.2 Signal Quality Index (SQI) for T-end Detection

Signal quality index (SQI) has been a critical quantity in analysis of biomedical time

series. It could be considered as an index summarizing the relationship between noise,

artifact, and the signal of interest. In the ideal situation, if both the clean signal and

the noise are clearly de�ned, the concept of signal-to-noise ratio (SNR) is a common

approach to de�ne SQI. However, usually it is challenging to get the clean signal and

the noise or artifact from the given noisy signal, particularly when there is only one

channel. Therefore, we need a di�erent approach to determine the SQI. There have

been various ideas in the past decades to de�ne SQI for di�erent biomedical signals

[JBA+ 15, CBLR12, LMC07, RXC+ 12]. The bSQI proposed by Li et al [LMC07] is a

typical example. They applied two di�erent R peak detection algorithms to the given

ECG signal and obtained two sets of estimated R peak locations. If an ECG signal

has a high signal quality, the estimated R-peak locations should be the same, or at

least similar. This similarity is quanti�ed as the SQI. This idea is simple but brilliant,

and it can help us understand the quality of a given ECG signal. However, it only

tells us the quality of the given ECG signal in the sense of R peak detection but not

from all aspects. Speci�cally, it may not tell us how good the P wave is, or how clean

the T wave is. See Figure 7.1 for an example. In this example we have a noisy ECG

recording. Although R-peak locations estimated by two di�erent R-peak detection

algorithm, the Elgendi's [Elg13] and jqrs [JBA+ 15] algorithms, are similar, visually
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Figure 7.1 : The comparison of bSQI and tSQI. The black line is the ECG signal
from the Ultra-Long-Term ECG recordings Database with intermediate quality. The
intersection of x-axis and blue (magenta) vertical lines are the time stamps of R peak
locations estimated by Elgendi's algorithm [Elg13] (jqrs [JBA+ 15]). The intersection
of x-axis and red (green) vertical lines are the time stamps of T-end locations esti-
mated by Zhang's algorithm (Martinez's algorithm). The magenta vertical lines are
shifted right by 10 milliseconds to avoid the overlap with blue lines. The value of
bSQI is 0.99, and the value of tSQI is 0.66, which are calculated by matching points
from two di�erent algorithms as the same point if the time di�erence between them
is smaller than 50ms.

the T waves are not of high quality. Quantitatively, the T-end's estimated by Zhang's

and Martinez's algorithms are quite di�erent. In summary, the bSQI only describes

the signal quality from the aspect of R peak locations, and it cannot well manifest

the signal quality for T-wave, and hence the T-end location. Motivated by this

observation, we propose a new SQI for the automatic T-end detection here. Similar

to the idea behind the bSQI, we take two sequences of T-end locations detected by

two T-end detection algorithms, and then determine the SQI in the following way.

For each ECG segment, we assume that the R peak detection algorithm performs

well and use the detected R peaks to estimate T-end points by two chosen algorithms.

Denote A 2 N to be the number of detected R peaks and hence estimated T-end

points. Given a grace period
 > 0, we consider that two chosen algorithms match if

the time di�erence between the two estimated T-ends is smaller than
 . Assuming

we haveB 2 N of T-end points that match, we denote a value tSQI2 [0; 1] as

tSQI := B=(2A � B); (7.1)
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which is the desired SQI for the T-end detection. When tSQI= 1, it means that the

two sequences of estimated T-end locations are perfectly matched, and hence the

T-end quality is high; a lower tSQI stands for less matched estimations, and hence

a lower T-end quality. In this work, we chose Zhang's and Martinez's algorithms to

determine the tSQI in the following sections.

7.2.3 Proposed Algorithm

We detail the propose automatic T-end annotation algorithm, step by step, here.

Step 0: Preprocessing

Given an ECG recording, we resample it at the sampling rate 250 Hz. To remove the

baseline wandering, a Butterworth lowpass �lter of order 4 with the cut-o� frequency

lp Hz is applied. Since the source of data is unknown, we apply two notch �lters with

the notches centered at 50 and 60 Hz to reduce the powerline interference. The

recording after the preprocessing is denoted asz 2 RN , whereN 2 N is the number

of samples.

Step 1: Estimate QRS complex

There have been several works [JBA+ 15, Elg13, LL88] discussing how to detect the

location of QRS complexes. Since the T-end detection is our focus, here we simply use

QRS locations estimated by Elgendi's algorithm before applying any T-end detection

algorithm. We denote the collected timestamps of estimated R-peak locations as

R = f R(i )gn
i =1 ; (7.2)

where R(i ) is the timestamp of the i -th detected R peak andn 2 N is the total

number of estimated R peaks.
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Step 2: Evaluate tSQI

For the i-th cardiac cycle, we evaluate its tSQI on a signal segment

[z(R(i ) � 1250); : : : ; z(R(i ) + 1250)]T (7.3)

with a grace period
 . Given a threshold numberq 2 [0; 1], if the tSQI � q, the

�nal estimated T-end of each cardiac cycle is determined by applying the desired

T-end detection algorithm. Otherwise, the following steps are applied, and the �nal

estimation would be made in Step 4.

Step 3: Denoise low quality cardiac cycles by optimal shrinkage

Construct ECG templates. On the i -th cardiac cycle determined by thei -th

R peak, we �nd a window large enough, so that the whole P-QRS-T waveform is

covered. For instance, denotew 2 N to be the rounding number of the 95% quantile

of R to R intervals in R, and denote the corresponding ECG segment over the cardiac

cycle as

si := [ z(R(i ) � Lw); : : : ; z(R(i ) + Rw)]T 2 Rp; (7.4)

whereLw 2 N, Rw 2 N, and p := Lw + Rw + 1. A library for the ECG template is

built and denoted as

Lf si gn
i =1 : (7.5)

Remove nuisance variables by optimal shrinkage. For the i -th cardiac cycle

si , from the library L we selecte� 2 N neighbors that have the smallest di�erence

of R-to-R interval in respect to this cycle. We then construct a data matrixeS

of sizep � (� + 1) consisting of the i -th cardiac cycle in the �rst column and all

other neighbors in the remaining� columns. We perform the optimal shrinkage by

eOptShrink on eS as in Algorithm 1 and obtain the denoised matrixbSb' . The �rst

column of bSb' is the estimated QRS complex ofsi , denoted asbsi . Applying OS on
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every cardiac cycle inL , we acquire a denoised library and denote it as

bL := f bsi gn
i =1 : (7.6)

Step 4: Evaluate T-end locations

Apply the chosen T-end detection algorithm to the denoised librarybL and the esti-

mated T-end locations are the �nal output of the proposed algorithm.

7.2.4 QT Database

The �rst database we considered is a common benchmark database, the Phys-

ioNet QT database [LMGM97]. It includes ECG signals chosen from the MIT-BIH

database [MM90] and the European ST-T database [TBD+ 90]. The database con-

tains 105 subjects. Each subject has �fteen-minutes recordings of 2-channel ECG

signals sampled at the 250 Hz, which include a broad variety of QRS and ST mor-

phology. A subset of cardiac cycles in the database have been manually annotated

with waveform boundaries, and only a small portion of signals was annotated for

T-end. The manual annotations were made by two cardiologists using an interactive

graphic display to view both signals simultaneously. The �rst cardiologist (Car-

dio 1) made annotations on all 105 subjects, and the second cardiologist (Cardio

2) made annotations on only 11 subjects. Following the same approach in Zhang's

work [ZMM+ 06], we separated the QT database into three sets for analysis according

to which cardiologists made the annotations. The �rst set (Set 1) contains all 105

subjects, in which we considered the 3542 annotations made by Cardio 1 as the true

T-end points. The second set (Set 2) is from the 11 subjects annotated by both

Cardio 1 and Cardio 2, in which we considered the 487 T-end points annotated by

Cardio 1 as the ground truth. The third set (Set 3) also includes the same 11 subjects

as Set 2, but the ground truth is the 402 annotations made by Cardio 2. To eval-

uate our proposed algorithm under various noisy environments, we considered two
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additive noise models, the random Gaussian noise and the ARMA(1,1) noise [BD02],

and contaminated the QT database with these noises. Assume the original signal is

z 2 RN , where NN is the number of samples. The Gaussian noise was generated by

N random points following the Gaussian distribution with mean 0 and variance 1.

The ARMA(1,1) noise was generated by the ARMA(1,1) process:

X t � �X t � 1 = c + Z t + �Z t � 1; (7.7)

where t = 1; : : : ; N is the sampling point,X t is the ARMA(1,1) process sampled at

point t, Z t is a random variable following Student t-4 distribution sampled at point

t, and c, � and � are selected constant. We setc = 0:5, � = 0:5 and � = � 0:5 for

following evaluation. The desired ARMA(1,1) noise at point t with variance 1 was

then acquired by

X t=SD(f X tgN
t=1 ); (7.8)

where SD(f X tgN
t=1 ) is the standard deviation of the sequenceX t

N
t=1 . De�ne a con-

stant S

S :=
p

Pz=10SNR=20; (7.9)

where SNR is the desired signal to noise ratio andPz is the power of original signal.

We then multiplied both Gaussian and ARMA(1,1) noise byS and added them toz

to create the noisy signal with desired SNR. We evaluated SNR of 10 dB and 5 dB

in the following evaluation.

7.2.5 14-day ECG Recordings Database

Our database of single-lead, ultra-long-term ECG recordings comprised of four record-

ings; each recording is approximately two weeks (14 days) in length. The data was

recorded using the ZIO® Patch cardiac monitor (iRhythm Technologies, Inc., San

Francisco, California, USA) at a sampling rate of 200 Hz. The underlying information

of the subjects was unknown to us. Across the four 14-day recordings, we randomly
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selected randomly selected 51, 11, 24, 80, and 32 segments of 10s for manual review

and annotation at the Epidemiological Cardiology Research Center (EPICARE Cen-

ter, Wake Forest School of Medicine, Winston Salem, NC). The ECG core laboratory

was provided with the automated T annotation generated by our algorithm, and the

results were reviewed by the ECG core readers for accuracy and editing. The quality

of each ECG segment was also documented as part of the annotation process. In

total, 173 segments were labeled good, 16 segments were labeled intermediate, and

9 segments were labeled bad.

7.3 Evaluation

We evaluated our proposed T-end annotation algorithm, which is an enhancement

of Zhang, Carlos, or Martinez, on the above-mentioned databases. Since our focus

was automatically annotating T-end, the R peaks were assumed to be known. The

T-end detection error is the time di�erence between the automatically detected T-

end points and the provided annotations. In the QT database, since each subject

has two recordings, the estimated T-end points were chosen from the best result

that minimized the detection error among the two computed T-end positions. This

approach is the same as that used by Zhang and Carlos. The justi�cation of this

approach is that the cardiologists made their annotations by evaluating both ECG

records. For the Ultra-Long-Term ECG recordings database, since there is only one

channel for each recording, we simply calculated the estimated T-end locations and

provided annotations. To evaluate the performance of each algorithm, the mean

(ME) for the absolute values of detection errors of each recording were calculated.

Then, the median and MAD and 2:5% � 97:5% quantile interval of ME over all

recordings were computed and reported. To evaluate if the proposed OS approach

improved the existing algorithm, we applied the Wilcoxon signed rank test with the

statistical signi�cance level set to 0.05.

137



Table 7.1: The relationship between the tSQI and quality Note: If we view the label
good as 1, label intermediate as 3, and label bad as 5, the correlation coe�cient
between the tSQ and labeled quality is -0.71.

7.4 Results

For each ECG recording, we cropped a segment for analysis, which started from

1 minute before the �rst T-end annotations and ended at 1 minutes after the last

T-end annotation. The parameters of proposed algorithm were set as follows. We

set the grace period
 = 50ms for the tSQI evaluation. Moreover, we set the cuto�

frequency for low pass �lter aslp = 0:5 Hz, window length Lw = Rw = d1=2e,

where dxe is the smallest integer larger than x, and number of neighbors� = 19.

The evaluation was performed on MATLAB 2019b, Microsoft 10 system, Intel i7-

6700HQ CPU@2.60GHz 4 cores, and 16GB RAM. The code can be downloaded at:

https://github.com/MagineZ/Tend-Project

7.4.1 tSQI and Quality in the 14-day ECG Database

The comparison of the signal quality provided in the 14-day ECG database and the

proposed tSQI in the ultra-long ECG recording database is reported in Table 7.1.

We observe that the ECG signals labeled as good (or bad) quality have higher (or

lower) tSQI's. If we view label good as 1, label intermediate as 3, and label bad as

5, the correlation coe�cient between the tSQI and labeled quality is -0.71.

7.4.2 Noise Suppression

We examined if the proposed OS denoising could help stabilize existing T-end detec-

tion algorithms under various noise types and noise levels. The results for di�erent
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Figure 7.2 : Comparison of di�erent T-end detection algorithms with or without
optimal shrinkage when the signal is contaminated by the additive Gaussian noise.
In each subplot, the black line is the ECG signal from the �rst channel of a subject in
the QT database with additive noise, the light blue line is the denoised ECG signal
by the optimal shrinkage, and the magenta line is the original ECG signal without
adding any noise. The red (green) vertical lines indicate the estimated T-end by
the chosen detection algorithm on noisy signals without (with) OS applied. The
deep blue vertical line indicates the annotated T-end by Cardio 1. The plots in the
�rst (second) row are the results when the SNR is 10 dB (5 dB). The chosen T-end
algorithm in the �rst, second and third column is Zhang's, Carlos's, and Martinez's
algorithms respectively. The case index of each plot is in the title.

SNR levels are reported in Tables 7.2 and 7.3 for the Gaussian noise and ARMA(1,1)

noise respectively. It is clear that the proposed OS algorithm helps improve the tra-

ditional algorithms. Wilcoxon signed rank test over the 20 rounds' rejects the null

hypothesis with statistical signi�cance. To appreciate how the OS recovers the ECG

signal, some examples are shown in Figures 7.2 and 7.3. We see that the deviations

of estimated T-end from the annotation is obvious on the signals without OS ap-

plied, and the OS helps recover the ECG morphology and thus reduces the automatic

annotation errors. This suggests the potential of the proposed denoise algorithm to

help stabilize existing algorithms.
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Table 7.2: Evaluation of algorithms on the QT database under contamination of
Gaussian noise. Note: Column one stands for which set is used for error computation.
Column 2 is the signal to noise ratio. Column 3, 4, and 5 are the results of T-wave end
detection error using algorithms of Zhang, Carlos, and Martinez respectively, where
q stands for the tSQI threshold for deciding when to apply the optimal shrinkage.
The results are shown by taking median± MAD of ME over 20 rounds' random
noise addition. The unit is millisecond. The 2:5% and 97:5% quantile interval of ME
are also listed beneath median� MAD.

7.4.3 Evaluation in the QT and 14-day ECG Databases

We applied the proposed tSQI and OS denoising to the QT and 14-day ECG recording

databases. We considered tSQI thresholds q = 0.9 when applying the proposed

algorithm; that is, the OS was applied to those cardiac cycles with the tSQI less

than 0.9. Note that q = 0 means we do not apply the OS. The results are shown in

Tables 7.4 and 7.5. First, note that in Zhang's and Carlos's algorithms, the ME and

SD were de�ned without taking the absolute value. The error is thus underestimated
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