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Abstract

This thesis proposes an integrated procedure for identifying the nominal models of
the deterministic part and the stochastic part of a system, as well as their model
error bounds in different uncertainty structures (e.g. Ho-norm and H-norm) based
on the measurement data. In particular, the deterministic part of a system is firstly
identified by closed-loop instrumental variable method in which a known external
signal sequence uncorrelated with the system noises is injected in the control input
for the identifiability of the system in closed loop. By exploiting the second-order
statistics of the noise-driven output components, the stochastic part of a system is
identified by the improved subspace approach in which a new and straightforward
linear-matrix-inequality-based optimization is proposed to obtain a valid model even
under insufficient measurement data.

To derive an explicit model error bound on the identification model, we investi-
gate a complete asymptotic analysis for identification of the stochastic part of the
system. We first derive the asymptotically normal distributions of the empirical
sample covariance and block-Hankel matrix of the outputs. Thanks to these asymp-
totic distributions and the perturbation analysis of singular value decomposition and
discrete algebraic Riccati equation, several central limit theorems for the identified
controllability matrix, observability matrix, and the state-space matrices in the as-
sociated covariance model are derived, as well as the norm bounds of Kalman gain

and the innovations covariance matrix in the innovations model. By combining these

v



asymptotic results, the explicit Ho-norm and H-norm bounds of the model error
are identified with a given confidence level.

Practical applicability of the proposed combined deterministic-stochastic identi-
fication procedure is illustrated by the application to indirect adaptive control of a

multi-generator wave energy harvesting system.
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1

Introduction

1.1 Background and Motivation

There are many dynamical systems, such as physical systems, biological systems,
and economic systems, whose behaviors and performance attract much attention
from industry and academia. However, in practice, these dynamical systems often
demonstrate unsatisfactory performance or unstable behaviors. To compensate for
these behaviors, a controller designed based on the system model given by physical
modelling or system identification, is often implemented on these systems. Due to
modelling difficulties resulting from high system complexity and lack of complete
knowledge for the governing physical laws, system identification in many cases is
the only approach to derive a feasible system model. This thesis is concerned with
system identification.

The focus of the previous system identification research has been primarily on
the identification of the deterministic part of a system. In this area, many consistent
and efficient methods are developed, such as prediction error (PE) methods (Ljung

(1997)), instrumental variable (IV) methods (Soderstrom and Stoica (1983)), and



subspace methods (Van Overschee and De Moor (1996)), both in open loop and closed
loop. However, in order to precisely estimate the system state and design the optimal
feedback controllers (Kailath and Sayed (2000); Zhou and Doyle (1997); Dullerud
and Paganini (2000)), identification of the stochastic part of a system attracts an
increasing attention in recent years (Katayama et al. (2006); Petersen et al. (2008);
Goethals et al. (2003); Mari et al. (2000)). This thesis focuses on the identification
of the stochastic part of a system represented by vector autoregressive, moving-
average (ARMA) process. One notorious problem associated with identifying ARMA
processes is on the solvability of the associated discrete algebraic Riccati equation
(DARE) especially when the measurement data is insufficient and the system poles
are close to the unit circle (Mari et al. (2000); Goethals et al. (2003)). To identify the
deterministic part driven by control input, as well as the stochastic part of a system
driven by system noises in closed loop, this thesis considers a two-step approach, i.e.
firstly identify the deterministic part of a system by injecting known external signals
uncorrelated with system noises, and then identify the stochastic part of a system
from the noise-driven output components obtained by subtracting the input-driven
output components from the whole outputs.

After identifying a system model, a critical question appears, i.e. how much uncer-
tainty it contains. For the deterministic part, two different approaches have emerged
which provide promising solutions to this problem. The first approach (Hakvoort
(1994)) gives an upper bound on the Ho, norm of the weighted additive model error
under several simplified assumptions, such as a bound on the markov parameters of
the system and uncorrelation between control input and system noises which limits
its application for the closed loop case. The second approach (Bombois and Gevers
(1999)) quantifies the parametric uncertainty region by a ellipsoid for single input
single output (SISO) case with a given confidence level. For the stochastic part, cor-
responding quantification of the model error are not thoroughly studied. One main

2



-

G(2)

5
C(2) .80 G.(2) J:Lfl

A

Fi1GURE 1.1: Closed-loop MIMO system configuration where uy, is the control input,
fr is the injected external signal, e, is the innovations, and y; is the output.

reason for it might concern the solvability of DARE mentioned before.

With a nominal model from identification and a model error bound, various
robust control design and analysis methods (Zhou and Doyle (1997); Dullerud and
Paganini (2000); Dahleh (1996)) can be used to derive a controller which exhibits
the satisfactory performance both for the nominal model and any perturbed model
within the error bound.

In summary, the focus of this thesis will be on the identification of the determinis-
tic part of a multiple-input multiple-output (MIMO) system, as well as its stochastic
part in closed loop. After identifying a nominal system model, the Hy and H,, norm

bounds of the model error are also derived with a given confidence level.

1.2 System Identification

1.2.1 Idetification of the Deterministic Part of a System in Closed Loop

Due to the restrictions arising from safety consideration and operation conditions,
identification experiments for many dynamical systems can only be operated in closed
loop, as shown in Fig. 1.1. In this situation, the main difficulty to identify the system
model is due to the correlation between control input and system noises. To identify
G.(z) in closed loop under this difficulty, much improvement has been achieved

for traditional identification methods, such as IV method (Gilson and Van den Hof



(2005)), PE methods (Van den Hof (1998)) and subspace methods (Van Overschee
and De Moor (1997); Ljung and McKelvey (1996); Qin and Ljung (2003)). Among
these methods, IV method seems to be rather attractive due to its advantages of
closed-loop identification consistency even without the knowledge of the noise model,
and the computational efficiency due to its employment of simple linear regression.
Also, IV method can be easily extended to practical cases involving non-linear and
time-varying controllers. Due to the attractive merits of IV method, this thesis

employs it to identify the deterministic part of a system in closed loop.
1.2.2  Identification of the Stochastic Part of a System

Identifying the stochastic part of a system, i.e. G.(z) in Fig. 1.1, is undoubtedly
crucial to estimating the system state and designing optimal feedback controllers
(Kailath and Sayed (2000); Zhou and Doyle (1997); Dullerud and Paganini (2000)).
This problem has received significant attention from many researchers and engineers
for more than fifty years, during which a number of identification methods have been
proposed. A class of methods (Hannan and Deistler (1988); Glover and Willems
(1974); Ober (1991); Fuchs (1990)) require the canonical parameterization of the
ARMA model which is computationally burdensome especially for the multivariate
case and often encounters ill-conditioning problems when the system poles are very
close to the unit circle. Several methods (Van Overschee and De Moor (1994, 1996))
may encounter a failure mode, i.e. these methods may obtain an invalid model outside
the permissible model set or terminate without identifying any model. The reason
for this failure mode is verified by experimental evidence in Dahlén et al. (1998).
Maximum-looklihood methods (Stoica et al. (1987)) may terminate at a local mini-
mum, or may diverge. Subspace methods, proposed first by Faurre (1976) and then
followed by the study of several other researchers (Akaike (1976); Larimore (1983);

Van Overschee and De Moor (1991)), also may lead to the identified system poles



outside of the unit circle, or the corresponding DARE being unsolvable. To over-
come these difficulties, Mari et al. (2000) proposed an improved version of subspace
approach for stochastic system identification in which the semidefinite programming
(SDP) is used to constrain the identified system poles inside the unit circle by ma-
trix Schur restabilizing procedures, and also used for multivariate covariance fitting,
guaranteeing a positive real identified covariance model and thus the solvability of
DARE. Although promising, one drawback of this approach is its use of coprime fac-
torization, the robustness of which is not well studied for large-dimensional MIMO
systems. Goethals et al. (2003) added a regularization term to a least squares cost
function in the subspace identification algorithm for imposing positive realness on
the associated covariance model. The solvability of the corresponding DARE and
thus the feasibility of a valid model are statisfied, although at the cost of introducing
a small bias on the identified model. Different from these approaches, this thesis first
establishes an equivalence between the solvability of DARE and the nonemptyness of
a convex set, and then proposes a new and straightforward approximation approach
based on linear matrix inequalities (LMI) which is computationally attractive and

guarantees a valid model to be returned.
1.2.3  Quantification of Model Error

Due to the finite sample and influence from system noises, the identified model is
not exactly the same as the original model, and a model error therefore exists. To
handle model error and guarantee a good performance, robust control theory is often
adopted, in which a upper bound on the H.,, norm of the model error is required.
A tight H, norm model error bound, like H, optimal model reduction prolem,
requires solution of a nonconvex optimization whose global minimum remains an
open problem. To derive an H, norm model error bound for the deterministic part

of a system, various identification methods are proposed by Goodwin et al. (1990);



Ninness and Goodwin (1992); De Vries and Van den Hof (1993, 1995); Hakvoort
(1994). In Hakvoort (1994), an upper H, norm bound of model error is derived by a
frequency response curve fitting procedure which minimizes a maximum amplitude
criterion and guarantees the stability of the identified model. In this procedure, both
the linear and nonlinear programming techniques are used. Another approach to
quantify a model error is proposed by Bombois (2000) which constructs a framework
connecting PE methods with robust control theory. In this framework, the tools of
PE methods are used to quantify an uncertainty region to which robustness tools are
conveniently adapted such that robustness analysis of a controller and the quality
assessment of the uncertainty region are easily carried out.

For the stochastic part of a system, the quantification of model error is rarely
reported. A new contribution of this thesis is to derive a model error bound in terms

of Hs and H,, norm with a confidence level given by asymptotic analysis of vector

ARMA identification.

1.3 Contributions of this Thesis

In this thesis, a two-step combined deterministic-stochastic approach is proposed
which enables identification of a nominal system model including G, (z) and G.(z),
as shown in Fig. 1.1, in closed loop, as well as their model error bounds in terms of
Ho norm and H., norm with a given confidence level.

The first contribution of this thesis is to propose a new and straightforward
LMI-based optimization method which adjusts the associated covariance model and
guarantees the solvability of DARE. The intuition of this method comes from the
equivalence between the solvability of DARE and the positive realness of the covari-
ance model associated with the innovations model which represents the stochastic
part of a system. After imposing the positive realness on the covariance model by the
LMI-based optimization method, no failure mode will appear in the identification of

6



the stochastic part of a system. This method possesses several merits, such as no
need for canonical parameterization, no failuare mode, high computational efficiency
of convex optimization, feasibility even under the insufficient measurement data case,
and superior performance in the large-dimensional MIMO case.

The second contribution of this thesis is to investigate the asymptotic analysis of
vector ARMA identification in the frame of a subspace approach. In this analysis, we
derive the asymptotic distributions of the state-space matrices in the associated co-
variance model and the norm bounds of the Kalman gain and innovations covariance
matrix in innovations model. With these asymptotic properties, we solve a critical
problem of how much data is required to identify the stochastic part of a system
given a model error bound with a confidence level.

The third contribution of this thesis is to derive the H, and H, norm bounds of
the model error for the identified system. The explicit expressions for the Hs and
Ho norm error bounds are derived in terms of the Frobenius norm (F-norm) error
bounds of the state-space matrices or the empirical output covariance matrix. We
also propose an LMI-based approach to computing the H, norm error bound.

Finally, the fourth contribution of this thesis is to propose a new system identifi-
cation algorithm which enables recursive identification of the deterministic part and
stochastic part of a large-scale MIMO linear system in closed loop. This algorithm,
illustrated by a simulation example, was successfully applied to the identification-
based linear quadratic gaussian (LQG) control of a wave energy converter in a

stochastic environment.



2

Combined Deterministic-Stochastic Identification in
Closed Loop

In this chapter, a combined deterministic-stochastic identification procedure is de-
veloped for closed-loop systems, in which a known external signal uncorrelated with
system noise, is injected to the system for the identifiability in closed loop. In this
procedure, the deterministic part of a system is first identified by the closed-loop IV
method in which a noise-free IV is constructed but requiring the precise knowledge of
the deterministic part of a system. To overcome this difficulty, a bootstrap method
is used to estimate the plant parameters for the deterministic part of a system.
After the deterministic part of a system is identified by the closed-loop IV method,
the identified model for this part is used to compute the output components driven
by the inputs. Subtracting the input-driven output components from the complete
outputs, gives the noise-driven output components from which we then propose an
improved subspace approach for identifying the stochastic part of a system. In this
approach, we address the failure mode of stochastic subspace identification methods

reported by Dahlén et al. (1998), i.e. the associated covariance model is not positive



real. To impose the positive realness for a valid model returned, a new and straight-
forward approximation method enlightened by Real Positive Lemma is proposed in
which we can use 2-norm or F-norm error minimization to express the method as an

LMI optimization problem.
2.1 Identifying G, (z) in Closed Loop by IV Method

In the stochastic autoregressive moving-average model with auxiliary input (AR-
MAX), the MIMO system is expressed by the following stochastic difference equa-
tion:

Az Yye = B(z Dug, + C(z Hey, (2.1)
where {y,.}, {ux} and {e;} represent the output, the control input and the innovations,
respectively; the matrix polynomials in forward-shift operator z

A =T+ Az o+ Ay

B(z"')=Biz7' + -+ B;z4

CzYHY=I+Crz  +---+C2" (2.2)

are of the orders p, ¢ and r, respectively. For brevity, we denote the moving-average

(MA) part as a whole
e =C(z Ve =ex + Creg 1+ -+ Crep (2.3)

In closed loop, {nx} is an unknown colored noise sequence which is not necessarily
uncorrelated with the system inputs and outputs. Transform the ARMAX model to

its counterpart in linear regression model

Yy = 0" dp + i (2.4)
where
0= [A17"' aAp7Bla"' an]Ta ¢k’ = [_yk’fla y T Yk—pi U—15 "+ ;uqu] (25)

9



In (2.4), we apply Least-Squares (LS) algorithm to identify the plant parameter 6

which converges to

oLy

==
M=

o
08 = | = D anor
_N k=1

3
I

_1 . T_ 1N T T
= |~ 2, oo ~ 2 Pr(07 P + i)
_Nkz:lkk_ Nkz:lk k k
1< 711 N
_or | L ¢¢T] LS gt (2.6

Since in closed loop 7 is correlated with ¢y, the second term of (2.6) does not
converge to 0. Thus, directly applying LS algorithm leads to a biased estimation.
To eliminate the biased estimation, substituting ¢, in (2.6) with an instrumental

variable (. yields

- 1-1

i | LS aer | Ly
= | 77 k N7 k
_Nk:1 k_ Nk::l ’
1 17X
= =D, G0k | = D, (0 b +m)"
_NkZ:lkk_ Nkzlk k k
1 T
=9+[N2Ck¢;‘§] NZCW’:: (2.7)
k=1 k=1

In (2.7), the instrumental variable (, is required to satisfy the following two conditions

for the consistency of the identified parameter 6.
1 + Z]kvzl Cx@F is nonsingular as N — o0.
2. %Z]kvzl G — 0 as N — oo.

To satisfy these two conditions in closed loop where control input and output are

correlated with system noises, we inject a known external signal {fx} to the control

10



inputs {ug}. {fx} is assumed to be uncorrelated with the system noises {ex} and

satisfies the persistent excitation condition. Consider the control input

U = U + fk (28)

where 1y, is the deterministic control and fy, is a known external signal. ay, is { Vg, Xp}-
measurable where {)} is the collection {yg,---,y1} and X, is the initial condition.
Assume the control law @, = ®(Yy, Xp) is linear with respect to Vi and Aj (later we
will show it is true for wave energy harvesting applications). Define the innovations-
driven output component y; . and the external signal driven output component yy, ¢

as
A(Z_l)yk,e = B(Z_l)ak,e + C(Z_l)ek (29)

A yes = B (g + fi) (2.10)

where in closed-loop systems we have that
alae = q)(yk:,ea XO) (211)

U, = q)(yk,f,()) (2.12)

where {Vie} = {Yke, - y1et and {Ve s} = {ykyr - ,y1rt- Thus, @, consists
of two components, i.e. 1« and ug,. which are respectively {)j r}-measurable
and {V ., Xp}-measurable, and Y s and Y . are the output components driven by
{fe_1,---, f1,0} and {ex 1,---, e, Ao}, respectively. As a result, control input can

be rewritten as

Uy = ﬂ]@e + ?_Lk,f + fk (213)

Correspondingly, we can split the output ¥, into two components respectively driven

by the collections {fy_1,---, fi} and {ex_1,--- ,e1, Ao}

Yk = Yr,f T Uke (2.14)

11



Since {yk s}, {tx s} and {f;} are uncorrelated with the innovations {e;}, we can

construct a new instrumental variable

Co = [—Yhrp5 3 —Yhep.fs Uhm1.f + frm1; -+ 5 kgt + [heql (2.15)

which is the noise-free part of ¢ satisfying two conditions for the consistency of
system identification. With (j in (2.15) as the instrumental variable, the recursive

IV algorithm, like the recursive LS, is given by

Op = Ok 1 + ar_1 P 1C(yf — 61 0r_1) (2.16)
Py =Py —ar 1P 1Gudf Por,  any = (14 ¢ Po1G) ™! (2.17)
Ok = [—Ur—1; " 3 —Uh—pi Uk—15 -~ 3 U] (2.18)
CGe=[=Yevfi 5 ~YepsriUk 1+ fr1; 5 Ukqr + frq (2.19)

Since (; in (2.15) requires the knowledge of 6, we thus use a bootstrap method to

estimate 6

_ 1 & N
9h+l=e+[N;<k(eh)¢£] kZlckww (2:20)

2=

where the instrumental variable ¢;,(6"), although without the precise value of the
true 6, is estimated using the plant parameter 6" identified in the hth iteration. The
validity of this bootstrap method is verified by theorem 4.5 in Soderstrom and Stoica
(1983) which proves the nonsingularity of ZkN:1 Ch (éh) I and that 6" converges to
the true 6.

After identifying the plant parameters 6, the deterministic part G, (z) of a system
is estimated by:

Gu(z) =AY B(=Y) (2.21)

G.(z), in state-space model, can be instead represented by:

Au | By ] (2.92)

G2 = |-a1s

12



where

[ — A 0 0 ]
0 - By
A, = ol. Bu=| : |, c.=[1 0 0] (2.23)
I B;
| A, 0 0 |

and
s =maz{p,q}, A; =0,B;=0 forany p<i<s and ¢<j<s (2.24)
2.2 Identifying G¢(z) Using an Improved Subspace Approach

The system, represented by the innovations model (2.25), can be divided into two sub-
systems, illustrated in (2.26) for input-driven subsystem and (2.27) for innovations-
driven subsystem.

Try1 = Axp + Bug + Key,

ye = Cay, + €y, (2.25)

11 = Ay + Buuyg

Yk = Cuyy, (2.26)

1
To i1 = Aeo) + KQ2ey

Yok = Cevaye + Q28 (2.27)

where 29 € R™*1; yop € R™*!; K is the Kalman gain; Q = F[egel | € R™*" is the
white innovations covariance matrix; €, € R™*! are the nomalized white innovations
with covariance matrix E[éerer ] equal to the identity matrix. We assume zero-mean
processes throughout.

From the last section, we have identified the deterministic part of a system. With

this part known, (2.26) can be used to compute the input-driven output components

13



by which we subtract the whole output components for obtaining the innovations-
driven output components. From their second-order statistics, we can identify the
subsytem (2.27) driven by the innovations. With the output measurements y; avail-

able, the output components driven by the innovations can be obtained by

Yok = Yk — Y1k (2.28)

Therefore, the problem is simplified to a stochastic identification problem in which
A, C., K and () are estimated from a vector ARMA process {y2}.

A useful identification approach for a vector ARMA process is the subspace identi-
fication method proposed by Faurre (1976). One notorious difficulty with it concerns
the nonpositive realness of the associated covariance model which results in the un-
solvability of DARE especially when the system poles are very close to the unit circle
and the measurement data is insufficient. To overcome this difficulty and guaran-
tee a valid model returned, several approximation methods are proposed to impose
the positive realness (e.g. Mari et al. (2000); Goethals et al. (2003); Van Over-
schee and De Moor (1996); Vaccaro and Tomislav (1993)). Mari et al. (2000) used
process covariance fitting (Stoica et al. (2000); McKelvey et al. (2000a)) to approx-
imate a positive real covariance model. A key step of the method relies on coprime
factorization for formulating an LMI problem. However, the reliability of coprime
factorization, for the large-dimensional MIMO case, is not well studied. According
to our simulation results, the reliability of coprime factorization, with the increase
of the system dimension, tends to be weakened for the case where the system poles
are close to unit circle. To overcome this drawback, a new and more straightfor-
ward LMI-based approximation approach derived from the Positive Real Lemma is

proposed in this section.

14



2.2.1 Subspace Identification of Vector ARMA Process

In this subsection, we will recall the standard stochastic identification in Faurre
(1976) and Mari et al. (2000). From the innovations model in (2.27), the following

covariance relations can be derived:

P =APAl + KQK" (2.29)
Ry = C.PCT +Q (2.30)
D, = A.PCT + KQ (2.31)
R; = C,A"'D, (2.32)
where
P = E{xlka:;k}, R; = E{yg,kygk_i}, D, = E{xlkﬂy;k} (2.33)

In practice, we estimate R; by

_ 1 N
. (2.34)

k=i+1

where RZ denotes the empirical estimate of R; from finite data samples. RZ can be

recursively updated by

Rijy1 = R — k—H(Rzk - y27k+1y§k+1,i) (2.35)

Let the dimension of the innovations model in (2.27) be n, and assume it to be a min-
imal realization. We have that the following observability matrix and controllability
matrix are in full rank.
Ce
C.A.
O — . , I'=[D. AD. --- A’ 'D.], m=n,+1 (2.36)
Ce Am—l

e
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Noting that the sequences { R;} are the Markov parameters of the system {A., D., Ce, Ry},

the following factorization of the block-Hankel matrix of the covariances holds:

R, R, --- R,
R R ... R,

a=|"3* 7 ol =ar (2.37)
Rm Rerl e R2mfl

From (2.36) and (2.37), the rank properties of Q and I' imply that
rank(H) =n,, form>=n,+1 (2.38)
Consider the singular value decomposition (SVD) of H:
Qr =H =Uxv" (2.39)

From ¥, the dimension of the subsystem (2.27) can be determined by the number of
singular values more than the prescribed tolerance. Setting the singular values less

than the prescribed tolerance to zero, we can rewrite (2.39) as

or = [U, UQ][%1 8][% Va]"

= U5,V (2.40)

where €, I', Uy, ¥; and V; all have the same rank n,. Since {2 and UIE% span the
same column space, and that I" and 21% VI span the same row space, we have that
OT = U,
T = VT (2.41)
where T" € R™*™ is a non-singular matrix representing a similarity transformation.

By similarity transformation, the subsystem driven by the innovations is transformed

to a new subsystem:

N AL A1
To i1 = Aoy + KQ2ey
A n 1
Yo = Cella + Q%€ (2.42)
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where we denote

~ N

A =T'AT, K=T'K, C.=C.T, iy ="Taxoy (2.43)

Correspondingly, under the same similarity transformation, we denote the new ob-

servability matrix and controllability matrix as

Ce
. C.A, . . . N
O =T = ' , FzT‘Fz[De A.D, A?—De], m = ng+1
C An
(2.44)

This notation, together with (2.41), indicates that

. 1

C. = the first n. rows of U3

R 1

D, = the first n, columns of X7V}’ (2.45)

and that A, can be approximated by the following overdetermined linear equation:

ée éelee
C.A, | . C, A2
A, = ' (2.46)
C Am=2 C A1

Before going on to the next step, the stability of A, should be checked. Once the
unstable poles are detected, some care should be taken to stabilize A,. A cheap
approach is to directly project the unstable eigenvalues into the unit circle (McK-
elvey et al. (2000b)). Another more accurate approach is to use the LMI-based
optimization suggested by Mari et al. (2000):
ming,p (A — A)P|r
st. P—APAl >0

P>0 (2.47)
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where A, is obtained by (2.46), and | - ||z represents the F-norm. Substituting the
estimated A., C. and D, to (2.30) and (2.31) and then to (2.29) yields the DARE
for P:

P=APAT 4+ (D, — A.PC")(Ry — C.PCTY (D, — A, PCT)T (2.48)
After this DARE is solved, K and Q are then given by
Q = Ry — C.PCT
K = (D.— A.PCT)Q* (2.49)
2.2.2 A New Approach to Imposing the Positive Realness on the Covariance Model

By establishing an equivalence between the solvability of DARE and the positive
realness of a covariance model, a new and more straightforward approximation ap-
proach based on LMI is proposed to impose the positive realness on the covariance
model. Hereafter we refer the system (A, D., C,., Ry/2) as the covariance model
associated with the innovations model (2.27).

Due to the insufficient data, the DARE often fails especially for the large dimen-
sional system with system poles close to the unit circle. To illustrate the reason, we

first define a set P as

— T _ T
7’={P| l P—APAT D, — APC!

DT — C.PAT Ry C.PCT ] >0, and P> 0} (2.50)

According to Faurre (1976), each member in set P represents a stochastic realization
of the vector ARMA process {ya}-

P—APAT =Q

D, — APCT =5

Ry—C.PCT =R

ERE as

18



The following theorem reveals the equivalence between the solvability of DARE and

the positive realness of the covariance model.

Theorem 1. Given a symmetric, positive definite matriz Ry and a controllable and
observable covariance model (Ae, D., Ce, Ry/2), the associated Riccati equation (2.48)

has a positive definite solution P with Ry—C.PC! = 0 if only if the set P is nonempty.

Proof. Faurre (1976) and Vaccaro and Tomislav (1993) have shown that given a
controllable and observable model, (2.48) has a positive definite solution P with
Ry — C.PC! = 0 if and only if C.(z — A.)"'D. + Ry/2 is positive real. Thus, we
have DI (21 — AT)"1CT + Ry /2 is also positive real. Applying Positive Real Lemma

obtains the conclusion. O

Thus, the failure of DARE indicates that a null set P resulting from the estimate
(A, D.,C., Ry) where (-) denotes the identified value of (-). This suggests that a

feasible member in P be approximated by solving an optimization
P P Dz = arg min
’ (I),{Q Dy P,®11,P12,P22

q)ll (I>12
.. >0
|6t o |

P—APAl D,~APCT| [0y
DT —C.PAT R,—C.PCT fy, Dy

P >0 (2.52)

in which we can use 2-norm or F-norm to express it as a semidefinite program. For
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simplicity, choosing 2-norm in (2.52) gives the following LMI problem

min A

M 0 P—-APAT —®, D,—APCT -y
M DI —C.PAT — T, Ry— C.PCT — ®,,

[ 0 >0 (2.53)
sym 1
q)ll q)12
>0 2.54
[ D7, Do ] (2:54)
P>0 (2.55)

where the variables are the positive definite matrix P, the nonnegative definite ma-
trices ®1; and P9y, the non-symmetric matrix @5, and the scalar \.

For convenience, we keep A, and C, estimated from (2.45) and (2.46) unchanged,
and then adjust D, and Ry for guaranteeing that a positive definite solution to (2.48)

exists. After solving (2.52), the new P is updated by the discrete Lyapnov equation:

AT + @y, (2.56)

D.= APCT 4 @y, (2.57)
éo = éePéT + Dg9 (258)
Substituting the adjusted 156 and szo to DARE (2.48), it is guaranteed that DARE

has a positive definite solution P, and finally, the estimate K and @ in (2.27) are

updated by
Q = Ry— C,PCT (2.59)

K = (D, — A.PCT)G (2.60)
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FIGURE 2.1: Poles (=) of the innovations model (2.62).

With the estimate K and Q, the stochastic part of a system G.(z) is represented by

Go(2) = ge 5 (2.61)

KQ2 ]

2.2.3 A Numerical Example

In this subsection, we will present a typical innovations model identification example
(i.e., a example having poles close to the unit circle) in which the failure mode
appears in the standard subspace stochastic identification.

The example corresponds to the following MIMO innovations model:

" [08 08 L[ 018 085
TRl =1 02 096 |F 7| —0.25 —04 |

0.3 —0.65
Yk :[ 0.76  —1.1 ]x”e’“ (2.62)

0.075 0.037

. . _ T _
with the covariance Q) = Elege; | = [ 0.037 0.068

]. Its poles is shown in Figure

2.1.
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We identify the simulated system (2.62) for 100 cases in each of which the size of
measurement data N = 2000 and m in block-Hankel matrix (2.37) is chosen to be 4.
For most of the identification cases, the standard stochastic subspace identification
fails. The results shown afterwards are all from the proposed stochastic subspace
identification. To reflect the performance of the proposed identification procedure,

we define two indices Fand Es

1Gw) = G

B = (2.63)
L 1G) = G

e =60 (2:64)

where G(w) is the transfer function from the normalized innovations with covariance

equal to the identity matrix to the output, i.e.

G(w) _ Ce(einSI . Ae)flKQl/Q + Q1/2 (265)

where T is the sample period. Figures 2.2 and 2.3 show the two indices F, and
FE, for 100 identifications, respectively. In particular, the expectations for F, and
FE are 0.2502 and 0.3349, respectively, and their standard deviation is 0.1045 and
0.1607, respectively. Figure 2.4 shows the frequency response for one identified G (w)
with Fy, = 0.1022 and E, = 0.1251.

22



0.7

0.6

0.5

0.4r

0.3

Times

FIGURE 2.2: Hs norm relative error of the identified system for 100 identifications.
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FIGURE 2.3: H4 norm relative error of the identified system for 100 identifications.
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FIGURE 2.4: Frequency response for the original G(w) (solid) and the identified

G(w) (dashed).

24



3

Uncertainty Quantification for Combined
Deterministic-Stochastic Identification

3.1 Uncertainty Quantification for the Identification of the Determin-
istic Part

In this section, we will derive the asymptotic distribution of the plant parameter
estimate @ from the identification of the deterministic part of a system, as well
as the parametric uncertainty region for the transfer function G,(z) of the system
deterministic part.

For brevity, hereafter in this chapter we use I or I,, € R™*" to denote the identity
matrix with compatible dimension, (-) to denote the estimated value of () from the
measurement data, 8(-) = (-) — (-) to denote the perturbation of (-) due to finite data
samples, o(+) to denote the higher order perturbation satisfying o(-)/(-) — 0 as (-) —
0, and = to denote the first-order approximation due to the perturbation dH. vec(-),
®, and tr(-) represent the columnwise vectorization of a matrix, Kronecker product
and the trace of a matrix, respectively. (-)*, (-)7 and (-)¥ represent conjugate,

transpose and conjugate transpose, respectively. |- |z and || - |2 represent F-norm

and 2-norm, respectively.
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3.1.1 Asymptotic Distribution of the Estimated Parameters

The ARMAX model of MIMO system (2.1) is assumed to fulfill the following as-

sumptions:
1. The system is asymptotically stable, i.e. the roots of A(z~!) = 0 are inside the

unit circle.

2. The injected external signal { f} is a persistently exciting signal of a sufficiently

high order.
3. The equality A(z71,0,)7'B(z7",6,) = A(z71,605)7'B(27", 6,) implies 0; = 65,
i.e. the matrix fraction description of the system (2.1) is canonical.

To compute the covariance of the identified parameters 6, we first give the fol-
lowing lemma which was proved by Stoica and Soderstrom (1983).
Lemma 2. [f the ARMAX system (2.1) satisfies the assumptions 1 ~ 3, the noise-

free part (. of ¢ obeys

N—+owo N

tim 3 G60)" = BlG(G)] > 0 (3.1)

Theorem 3. Consider the estimate 6 given by (2.7). Assume that the system (2.1)

satisfies the assumptions 1 ~ 3. Then 0 is asymptotically Gaussian distributed

VNvec(d — 0) — N(0, By) (3.2)
with the covariance matriz Py given by
1 ™

Py = (I,,® R’l)% j Sy(w) ® S¢(w)dw (I, @ R (3.3)

where S¢(w) is the power spectral density (PSD) of the instrumental variable (j, in
(2.15); S,(w) is the PSD of the MA part ny, in (2.3) and given by
Sp(w) = A(e™™)Ge(e™)Ge(e™)  A(e™)" (3-4)
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with the polynomial matrix function A(z7') given in (2.2) and G.(z) the innovations-

output transfer function of system (2.27); R = E[(.C]] is the variance of the instru-

mental variable (x and given by

= ij Se(w)dw
T J x

(3.5)

Proof. According to Theorem 3.1 in Stoica and Soderstrom (1983), the estimated 6

by multivariable IV methods is asymptotically normally distributed. Here we derive

an explicit expression for its covariance matrix Py which can be estimated by the

identified § and G.(z). As N — o0, according to Lemma 2, we can rewrite (2.7) as

VNR(=0) = —= 3 Gl

k=1

Vectorizing both sides of (3.6) yields

(I, ® R)V Nvec(d — 0) an®Ck

av

from which we have the covariance matrix

Pr= (L, ®F )5 Y El®@ 0l &), ® R

1<k,s<N
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where as N — oo, we have that
1

v 2 Elm®wol o]
1<k,s<N

-5 2 Bl @ Geh)]
1<k,s<N

:% Z Ry(k—5) Q@ R¢(k —s)
1<k,s<N

=2, B @ Re(r

T

Z R, (1) ® Re(ma)e (™ ™dyw

T T,T

J )eiwn ® 2 RC (7_2)6—in2 dw

:iﬁ f 5% (w) ® ¢ (w)dw (3.9)

where R, (7) and R¢(7) are the covariance functions of 7, and (j, respectively. Sub-
stituting (3.9) to (3.8) gives (3.3). With the knowledge of G.(z), we have the transfer

function from the innovations e, to the MA part 7

O(2) = A(z"1)Gol(2) (3.10)

Noting that the innovations e, is a vector Gaussian variable with its covariance

matrix equal to identity matrix, we have the PSD S, (w) of {n;} in (3.4). O

Remark 1: suppose K(z) : fi — 4ty + fr is the mapping from the injected
external signal {f;} to the control input component {uy s + fi} contributed by the
injected external signal {f;}. We have the injected external signal driven output
component

Y.y =Gu(2) Uk + fr)
=G, (2)K(2) fx (3.11)
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Denote G¢(z) = G,(2)K(2) as the transfer function from f; to vy . Then we can

rewrite (i in terms of f; as

G = Q(2) fr (3.12)
where
[ —Gy(2)z7! ]
Q(z) = _g(fz()zz)zl ' (3.13)
| K
From (3.12), we have the PSD of {(}
Sc(w) = Q(e™)Sy(w)Q(e™™)" (3.14)

where S¢(w) is the PSD of {f}.

Remark 2: from (3.3), with more external signal fj injection, the matrix covariance
Py decreases and thus the closed-loop IV method is able to identify the system with
less measurement data. For instance, when the PSD Sy(w) is doubled, the matrix

covariance Py, as a result, decreases by one half.
3.1.2  Parametric Uncertainty Region of G,(z)

In this subsection, we extend the quantification of the parametric uncertainty region
of G (z) from SISO case (Bombois and Gevers (1999)) to MIMO case.

To briefly quantify the uncertainty regions delivered by closed-loop IV identifica-
tion, we assume that an unbiased model set is used. We also assume that the true
system is linear and time-invariant, with a rational input-output transfer function

G.(z) and a rational innovations-output transfer function G.(2):
Y = Gu(2)ur, + Ge(2)eg (3.15)
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Associated with MIMO IV identification, we consider a stable model set Mg,

with the following structure:
Mau = {Gu(2,0°)|Gul(2,0°) = (I + Az 4 o+ Az ) (Biz ™ 4+ Byz )

= (I +0"Zp) (0" Zy)} (3.16)

where the plant parameter 6 = [Ay,---, Ay, By, -, B,]", and

Zp = [Z_lfny z_plny 0 ...O]T e R(nyptnug)xny
Zy=[0..02710,, . 2740, ] € Riwrtmaaxm, (3.17)

where n, and n, are the dimensions of the input u; and the output yj, respec-
tively. To avoid the biased case, we assume that the true G,(z) € Mg, i.e. 3
a Oy € Rwpnud)xny guch that Gy(2) = Gu(2,60p). From the measurement data, a
nominal model G, = Gy (2, 8~) € Mg, is then identified, together with a covariance
estimation Py as in (3.3). The true 6, lies with probability a(n,(n,p + n.q), x2) in

the ellipsoidal uncertainty region
Ue, = {6’ | vec( — )T NP, tvec(d — 6) < Xi} (3.18)

where a(ny(n,p + nuq), x%) is the chi-square probability with n,(n,p + n,q) pa-
rameters and y? is a scalar bound. This uncertainty region Ug, corresponds to an

uncertainty region in the space of transfer function which we denote D¢, :

Da, = {Gu(2,0) | Gu(2,0) € Mg,,and 0 € Ug, } (3.19)

u

Then the true G,(z) is in D¢, with the probability a(n,(n,p + n.q), x2)-

3.2 Uncertainty Quantification for the Identification of the Stochastic
Part

In this section, we will derive the asymptotic distributions of the controllability
matrix, observability matrix (2.44), and the state-space matrices of the associated
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covariance model. Then, we apply the perturbation analysis of DARE for deriving
the F-norm bounds of Kalman gain and the innovations covariance matrix in the
innovations model. By combining these asymptotic results, the H, norm bound, as
well as the H, norm bound of the model error, is derived with a given confidence

level.

3.2.1 Influence of the Deterministic Part Identification on the Covariance Matrix
Estimation

In this subsection, the perturbation analysis is used to explore the propagation of the
error 660 from G, (z) identification. In this analysis, matrix taylor series expansion
using Vetter Calculus (Vetter (1973)) is used to analyze the error impact of 8 — 6,
where we denote 6 as the estimated deterministic plant parameters and 6, as the
true deterministic plant parameters. The noise-driven output components derived

from the previously estimated deterministic plant parameters are given by

G2k (0) =yx — G1,1(0)
=0, dn(0.) + 1 — 67 91.(6) (3.20)
where ¢r(0) = [<1k-1(0); -+ ; —G1k—p(6); t—1; -+ ur—g]. In (3.20), applying ma-
trix Taylor expansion of 87 ¢,(A) on 6 = 0, in Vetter’s notation yields
o6 (0) =0T di(0.) + mi — 07 ()
=07 0 (0x) + 1k — (0L Dr(0.) + d(67 61 (0))) + o(6 — .])
=(0F Dr(0) — 01 0(65)) + mi — d(6" Gx(8)) + o(|6 — 6.])

=y = A0 51(8)) + o( |9~ )
= = [Pea 0 54(0))]loca, [15(0 = 0.)] +0(17 = 0.1
= = [P0 o=t () © 100)) + 0 Prsad(loca, | [ 1500~ 0|

+ g+ 0(|0 — 6,]) (3.21)
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where d(+) is the differential of (+); rs(-) is the rowwise vectorization of (-); Dy (N)

is the directional derivation of N with respect to M € R"*P

N N . 0N

omi1 omis omip
N N . .
0 0
Dm(N) = | 77 o . (3.22)
oN oN . oN
(?mnl 6mn2 amnp

where m;; is the (1,j) element of matrix M. For brevity, denote
_ T
59:&49—@@
Kr =Drso(07)10=0, (In2 (p-q) @ Dk(04)) + 0L (Dyspdin(0))]o-0, (3.23)

then we have the estimated covariance matrices of vector ARMA process {yax}
_ 1 & _ _
Ro@) = ~ Y [72r(0)55:0)]

(1= K80 0010 = 1)) (v~ K50 + oI5~ 0.1) |
k=114

N
1 r ~
= < 2 ot — v2u00" KT — Kid0yT, + o(16 - 6.1 |

=
I
8

Ro () + (|0 — 6.), if in open loop
Ry(0,) — FE [y27k59TIC;‘§ + le59y§k] +0(|0 — 6,]]), if in closed loop
(3.24)

Since in closed loop the control inputs which appear in IC; are correlated with the
output component ys 5 driven by the innovations {;}, the term E [y, 667K} + Krobys. i

does not approach to 0 as N — oo. This term, while for the open loop case, ap-

proaches to 0 as N — oo due to the uncorrelation of the control inputs with innova-
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tions. Likewise, for R;(f), we have

N

- 1 o
Ru0) =5 2, [P0
N Ri(0) + o(|0 — 6.]), if in open loop
— Ri(0:) — E [yzké@TlCZ_i + /Ckfi59y§k_i] +0(|0 —6,])), if in closed loop

(3.25)

It is noticed that due to the perturbation 66, the difference of R;(8) = E[R;(0)] (i =
0,1,---,2m — 1) from R;(0.) is O(00) for the closed-loop case while for the open
loop case it is 0(60). Next, we will study the asymptotic performance of stochastic

subspace identification. To avoid the contamination from 86, we assume 6 = 6,.
3.2.2  Asymptotic Distribution of the Empirical Sample Covariance

To facilitate the deduction of asymptotic distributions of the empirical sample esti-
mates of variances and covariances of vector ARMA process {y2}, we introduce a
Lemma which illustrates that the expectation of the product of four scalar or vector
random variables, which are jointly Gaussian distributed, can be expressed in terms

of first- and second-order moments.

Lemma 4. If v1,75 € R and X3, X4 € R™*! have jointly gaussian distributions, then
1) [,Ill’ngXZ] =F [.1311‘2] E I:X3X4T] + K [Z‘ng] E [l’QXZ] + K [JIQXg] FE ['IIXI]

— 2E[11] E[z:)E [X3] E [ X] | (3.26)

33



Proof. We note that for 1 <i<nand 1 <j <mn, the (i,7) entry of £ [x1x2X3X4T],
(E |22 X3X] |)ij
=e] B [112:X3X] | ¢j = E [z1200] X3X[ €]
=E|z122|E [e?XgX:fej] +F [a:le?Xg] E [ngIej] +F [xlX:fej] E [xge;prg]
— 2E[11]E[z:)E [ X5| E [ X[ e;]
=e, (E[112:)E | X3X] | + E[21 X3]E [22X] | + E [22X35] E |2:.X] |
— 2E[z1] B[22 E [ X5] E [ X] |)e; (3.27)
where from the second line to the third line in the equation above we use the fact

(Bér and Dittrich (1971)) that for four real scalar random variables {z;}, i = 1,2, 3,4

which are jointly Gaussian distributed, we have that
E(z1291374) =FE(1122) E(2374) + E(2123) E(1924) + E(2124) E(2223)

Then the Lemma is concluded. O

We can now propose a theorem which reveals the asymptotic distributions of the

empirical sample estimates of variances and covariances of the vector ARMA process

{y27k}-

Theorem 5. Consider the empirical sample covariance Ry for the vector ARMA
process {yo.} given by (2.27) and the empirical Hankel matriz H given by substituting
each Ry in (2.37) by Ry, in (2.84). Then Ry and H are both asymptotically normally
distributed

VNvec(Ry — Ry) — N(0, Pg,) (3.29)

VNvec(H — H) — N(0, Py) (3.30)
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with the covariance matrices Pr, and Py given by

1 T
Pry = (L2 + Kne)ﬁf Sy, (W) ® Sy, (w)dw (3.31)

Py = Lz + Knem)ir (B2B") @ Sy, ()" @ (B1E) @ S, (w)) dw (3.32)

2 J_.

where Sy, (w) is the PSD of the vector ARMA process {ya1}; K, is a permutation

matriz satisfying

Kn(ei ® ej) =€ ® e; (333)

By = [1e . e®m=DT By = [em® e72@ . e=@m|T; e; is a n-dimensional unit
vector with the ith element be 1 and others 0. n. is the dimension of subsystem

(2.27).

Proof. We first proof (3.31), and then extend the proof to obtain (3.32). We have

the covariance of Vec(Ro — Ry)

Cov(vec(Ry — Ry), vec(Ry — Ry))

1 & N
=F [N Z:l(yzk®y2k —Vec Ro NhZ:l Yo, Q@ Y. —VeC(RO))T
1 T
= Nz E [(yzk ® Yo — vec(Ro)) (Y2,n @ y2,n — vec(Ro)) ] (3.34)
1<k,h<N

In the second line, we use the fact VeC(kaygj k) = Yok @Yk Each entry in the sum
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E (Y26 ® yor — vec(Ro)) (Yo, @ yon — VeC(Ro))T]

(yz kY2 h) (yz7k?/§h)]

=E [ Yo @ Y2ic) (Y20 @ y2,h)T] — vec(Ry)vec(Ry)"
=B

— vec(Ry)vec(Ry)”

=F [ <Z Yy, iyg,)le e ) (yg,kygh)] — vec(Ry)vec(Ry)”

=Yec] OF (8098, ) = vee(Ro)vec(Ro)"

= Z eie; ® ( (WSS Eoayin) + E@Shyei) EWS s + EWS s

— vec(Ry)vec(Ry)”

=A; + Ay + Az — vec(Ry)vec(Ry)"

22ky2T,h))

(3.35)

where we use Lemma 4 to derive the sixth line from the fifth line, and we denote

A= Z eieJT ® E(yé’iyg%)E(kaszh)

ihj

Az = 3 eie] ® By ) EWEnya)

ihj

Ay =Y eie] @ E(yS)yan) By )

For A, we have

ihj

Z eie] @ E(yshus)) Eyaxyi )

= 2 (ee]) ® (emer) B(SI0SNE WS vS))

= ). (ei®ey) (] ®e)) B(ysus7) E (s v5))

Z7J7m7n
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For A,, we have

Z ez ?/2 kyz k:)E(yé]f)Lygh))

= Z (ei ® E(y%yw)) (ej ® E(yé{%ym)))T

1,J

= Z vee(E 92 ky2 we; Jvec” (E(yéjzy2h))ef)

= VeC(E(ka?/QT,k))VeCT(E(?/zhsz,h))

= vec(Ry)vec(Rg)" (3.40)
For Az, we have

A3 = Z eiej ® E(yéjiyzk)E(ySLygh)

2

= > (eie]) (Z emen E(ys 1 ys)) E @S@Sﬁ))
4,J

= Y ((eie]) @ (emel)) By E(ysiusy)

2,7,m,M

= > ((eme]) @ (ere])) E(sLyS ) E(yS ) ys")
2,7,M,M

= Y (en®e) (el ®el) By EWST YY)
2,7,m,M

= ) Ku(e:®en) (e] @el) By us) EWS v
2,7,M,M

= K, A (3.41)

where we switch the indices 7 and m to derive the fourth line from the third line.
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Substituting (3.39) ~ (3.41) to (3.35), we have
E [(y2,k ® yoi — vec(Ro)) (Y20 @ Yon — VeC(Ro))T]

= (Le+K.) Y (e;®@en) (ef @el) B(yS s By

Z7]7/,71771

= (Inz + Ko, )E (y2.1931,) @ E (y2,095.1)

= (L2 + K, ) R @ Ry, (3.42)

Substituting (3.42) to (3.34), we have
Cov(vec(Ry — Ry), vec(Ry — Ry))

1
= — (L2 + K,,) 2 Ry—n ® Ri—p,

2
N 1<k,h<N

1
= 5z + Ki) Z R(T) ® R(7)

T

1 1 .
_ ) —iw(r2—71)
— (L2 + Knﬁ)_Qﬂ J E R(1) ® R(m2)e dw

“ToT,T

[ . .
= %(]ng + Kne)% J Z R(7)e“™ ®; R(7)e ™ dw

—T 7_1

rT

1 1 .
— N(Inz + Kne)g J Sy, (W) ® Sy, (w)dw

—Tr

where Sy, (w) denotes the PSD of the vector ARMA process {y2}. Thus, (3.31) is

concluded. For H in (2.37), following the same procedure we have

Cov (Vec(lff — H),vec(H — H))
1Y 1 J
= Cov (VGC(N Z VMVQTk —H), VGC(N Z VlkVQTk — H)>
k=1 k=1

1 1 (™
= — I 2.9 e * .4
. (L2 + Knem)27T J_W Sy, (W) @ Sy (w)dw (3.43)
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where Vi = [?/gk ?/g,kﬂ y2T,k+m—1]T and Vo, = [?/g,k—l ?/g,k—2 ?JzT,k—m]T? Svi(w)
and Sy, (w) denotes the spectral densities of V , and Vi respectively, and can be

obtained by

(1] I
eiw eiw
Svl (w) = : ® [ne SyQ ((.U) : ® Ine
] 6iw(m—l) ] 6iw(m—l)
1] I
eiw eiw
- : : ® S, (w) (3.44)
] eiw(mfl) ] 6iw(mfl)
Likewise, we have
[ —iw | —iw H
(& (&
e—2iw e—2iw
SVQ (w) = : ® [ne SyQ ((.U) : ® Ine
i e—iwm | e—iwm
[ —iw ] —iw H
e e
67210.) 67210.)
= : : ® S?JQ (w) (345)
i efiwm 67iwm

Substituting (3.44) and (3.45) to (3.43) gives (3.32). Proposition 7.3.2 ~ 7.3.4 in
Brockwell and Davis (1991), as well as theorem 1 in Delmas and Meurisse (2000),
claim that the sample covariances Ry, in (2.34) are normally distributed as the mea-

surement data size N goes to infinity. Thus, (3.29) and (3.30) are conluded. O

Remark 1: the PSD S,,(w) of vector ARMA process {2} can be computed by

the transfer function from the normalized innovations to output, i.e.

Sya(w) = Ge(e*)Ge (e7) (3.46)

39



3.2.3  Asymptotic Distributions of the State Space Matrices in the Covariance Model

Based on the asymptotic distributions of the estimated covariances of vector ARMA
process {21}, perturbation analysis of SVD is firstly applied to derive the asymptotic
distributions of the controllability and observability matrices, from which we then
derive the asymptotic distributions of the state space matrices in the covariance
model.

Assume the true covariance matrix H has SVD
H=UANV +UANV (3.47)

where the diagonal matrix A, € R™*™ and A, = 0. Due to finite data samples,

there exists a perturbation 6 H in H
H=H+6H (3.48)

which results in the corresponding perturbations of subspaces and singular values.
Xu (2002) developed the perturbation analysis of SVD to the second order. We will
apply its main theorem to analyze how dH influences the SVD of H. Accordingly,
the SVD on H gives

= OAV + 04,77 (3.49)
Due to 6H, all the terms on the right hand side of (3.49) may differ from those on
the right hand side of (3.47). First we define the terms below

E,, =UI'SHV, E,,=U'sHV,

E..=U'SHV, E,,=U'SHV, (3.50)
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According to the main theorem in Xu (2002), we have that

Ay =Ag + UTSHV, + 0(6H), A, = A, + U'6HV,, + 0o(6H)
U, = U, + U ULSHV,ADY + 0(6H)
Vo=V, + V,VISHTUA;' + 0o(6H)

Uy, =U, —UANVISH"U, + o(6H)

Vo, =V, = V.AJTUTSHV, + 0(0H) (3.51)

o1 1 ~1
To evaluate U,AZ and A2V, we need to first get the perturbed term of AZ. Suppose

its first-order perturbation approximation as
RZ = A2 +0A, + 0(0A,) (3.52)
Subsituting it to (3.51) obtains
1 1
Ay + UTSHV, + o(6H) = (Ag +OA, + 0(5A8q)> (Az + oA, + 0(5A5q)> (3.53)
Applying dominant balance yields
UTSHV, = A26A,, + 67, A2 (3.54)

1 1 1
Since A is a diagonal matrix with each diagonal entry positive, I,,, @ AJ + A ® I,,,

is nonsingular. There exists a unique solution to (3.54)

1 1 1
vec(A,,) = (Ine @A +AZ® Ine) vec(UTSHV,)
1 1 -1
— (Ine QA + A ® ]ne> (VT @ UT)vec(5H) (3.55)

Then we have

UAF = (Uy+ UUTSHVAL + o(0H)) (A8 + 80y, + 0(0Ms,))

— UAZ + UA,, + U UTSHV,ASE + o(0H) (3.56)
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Vectorizing both sides of the equation above gives

vec (Usf\s% — USAS%)

= vec (U0, + UUTSHV,AL ) + o(H)

= (I, ® Uyvec(dh,) + ((AS %VST> ® (U,UT)) vec(6H) +o(6H)  (3.57)
Substituting (3.55) to the equation above gives

)

1 1 -1 1
= [(Ine ® Us) (Ine ®AZ +A2 ®Ine> (VIeUul) + (AS2VST> ® (UnUg)] vec(0H) + o(0H)
(3.58)

@)=
[N

vec <[781~X —U,A

Likewise, we have

~1 1
vec <A§ VI —AZ VST)

1 1 -1 1
(Ve ®1,.) (1,% RAZ +AZ® 1%) VIieul)+ WVl e (As2 Ul )] vec(6H) + o(6H)
(3.59)

From theorem 5 and (3.58) ~ (3.59), we have the following theorem which reveals
the asymptotic distributions of the observability and controllability matrices in the

covariance model.

Theorem 6. Consider the observaility matriz Q and controllability matriz T esti-

mated by (2.44) for T = I, . They are asymptotically normally distributed
VNvec(Q — Q) — N(0, Py)

VNvee(l' =T') — N(0, Pr) (3.60)

The asymptotic covariance matrices are

Po = 11, P41} (3.61)
Pr =TI, Pyll} (3.62)
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where 11y and Ily are given as

-1
I = | (I, ®U.) (Ine ®AZ +A2 ®Ine) (VI @UT) + (A; %VST> ® (U,UT)

-1
I, = (%@Ine)(InC®A§+A§®Im> (VST®UZ)+(VnV§)®(As%UST>

(3.63)

From the asymptotical distributions of observability and controllability matri-
ces, we have the following theorem for the asymptotical distributions of state space

matrices in covariance model.

Theorem 7. Assume m = n+1. The state space matrices fle, C’e, and De estimated
from (2.45) and (2.46) are asymptotically normally distributed
\/Nvec(fle — A.) — N(0, Py)

VNvec(C, — C.) — N(0, P)

VNvec(D, — D.) — N(0, Pp) (3.64)
where
Py =ZPoE", Po = (I, ® 3)Po(1,, @ ®3)"
Pp = (@} ® I,,) Pr(®] ® I,,)" (3.65)
and

®; =[I, 0] € RO Hnexmne gy = [0, [] e R nexmne
3 =[I, 0] € R™ ™" &, = [I, 0]F € R™mexne
Uy = (QT0T0,0) 7, Wy = BTD,0, Uy = Q70T D, U, = Q70T D,
E=(V] QU)K nm + Ln, @ (V103) — (U, 03;0) @ (U, 1,)
— (VI U @ U)Ky, o (3.66)
where Ky, nom @5 a permutation matriz satisfying
vec(6Q7T) = K, p.mvec(69)
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Proof. From the structure of (2.44), we have

vec(C, — C,) = vec(®300) = (I,,, ® O3)vec(69)
vec(D, — D.) = vec(6T'd,) = (&1 ® I,,, )vec(oT) (3.67)
Applying (3.60) yields
\/Nvec(ée —C.)— N (0, (In, ® ®3)Po(l,, ® ©3)T) (3.68)
vV Nvec(D, — D) — N(0, (®T @ I, ) P (®T @ I,,)T) (3.69)
From (2.46), the least-square solution of the overdetermined linear equation for A,

is

A, = [(@19)%1@]1 (@) 0,0 (3.70)

where the inverse of the perturbed term (®;Q)7®,Q gives
~ -\ —1
((@19)%19)
= (17 2,Q + QTBT D150 + 60T DT D1Q + 0(52))
= — (@:)79,2) " (27672150 + 50T dT®,0) (2:2)72,0)
+ (@:9)73,9) " +0(50) (3.71)
Substituting it to A, yields
A =0(5Q) + A + (2707T0,0) " (697 DT B0 + Q7T 0,60
— (@ )72,0) " (7T D60 + 50T D,Q) (3:2)73,02) T QTS D,0Q  (3.72)
where we use the fact A, = (QTq){@lQ)_l OTeTP,0. For brevity, substituting

Ty ~ U, given by (3.66) to the expression of A, obtains
A, — Ao = U007 Wy + T U360 — 00,600,030 — U007 0T, 030 + 0(6Q)  (3.73)

Vectorizing both sizes of the equation above gives

vec(A, — A.) = ZvecdQ + 0(69) (3.74)
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Likewise, applying (3.60) yields
VNvec(A, — A,) — N(0,ZP,=") (3.75)

3.2.4  Perturbation Analysis of DARE

In this subsection, we use perturbation analysis of DARE to derive the F-norm error
bound of Kalman gain K and the innovations covariance Q).
Consider the general DARE
P =APAl + (D, — A.PCI)(Ry — C.PCIY (D, — A.PCI)" (3.76)

To facilitate its perturbation analysis, the general DARE is transformed to the stan-
dard DARE
P =AlPA;— AT PCT(C.PCT — Ry)™'C.PAs+ D.Ry* D! (3.77)

where Ay = AT —CTR='DT. Denote By = (Ry 2C,)7, and My = D,R; DT, we have
P~ ATPA;— ATPBy(I — BYPB,)"BTPA; — My =0 (3.78)

Using the identity
(1- BdBC?P)’l =1+ By(I — BiPBy)'BI P (3.79)
and denote Sy = ByB}, we can rewrite (3.78) in its equivalent form

P—AYP(I —S,P) Ay — My =0 (3.80)

Assume under the perturbation of §A,, 0S4, and 6 My, there exists a unique non-
negative solution in (3.80). If this assumption is not satisfied, the LMI optimization
(2.53) ~ (2.55) is used beforehand to guanrantee the solvability of DARE. with
perturbed terms on A., C., Ry, and D,, it is verified that

§Aq = 0AT — SCTRy'DY + CTRyVORR;' DI — CTRy'SD! + 0(6Ay)

My = —D.Ry'0RyRy* DI + D .R;'0DT + §D.Ry' DI + o(6 M)

§Sy = —CTRyYORy Ry 'C. + 6CT Ry C. + CTRy'6C. + 0(6S,) (3.81)
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Theorem 3.1 in Konstantinov et al. (1993) gives the solution perturbation in terms
of My, A, and 6S,. Applying it yields
[6P|r < Ka|0Malr + KaldAalr + Ks[dSa|r + O(| A7) (3.82)

where A = (”(SMd”F, H5Ad||F, H(FSde)T 3 KM, KA, and KS are defined as
Ky = |Mu2, Ka = |Malz, Ks = |Ms|s (3.83)

where
My =N, My=A"'[],, @ ATP + (ATP®I,,)K,,]
Mg =AN"YATPQAIP), A=T-AT® AL, A. = (I — S,P) ™Ay (3.84)
From (3.81), we obtain the F-norm error bound of A4, My and Sy
[0Adlr <[0Ac]r + T [6Ce|p + T2 |0 Ro|[F + T3 De |7 + o[ A
[0Mallp <TadRo||r + 2111 [0 Del[p + o(| A])
1054l e <I5 [0 Roll » + 215 0C [ 7 + o(| A[) (3.85)
where we use the fact [[vec(-)||2 = | - |F in the deduction, and
I = [DeRy' @1, 1= |DRy' @CE Ryt ll2, 1z = [T®CE Ry
Iy = [DRy' @ DRy o, s = |CL Ry @ G Ry o (3.86)

Substituting (3.85) to (3.82) gives the F-norm error bound of the positive definite

solution P to DARE.
H(5PHF <KA||5A5HF + (KAH1 + 2KSH3)H505HF + (KMH4 + KAHQ + K3H5)||(5R0HF

T+ QKT + KaTly)[6Du 5 + o(|A]) (3.87)
For Q = Ry—C.PCT and K = (D, — A.PCT)Q ! with perturbed terms on Ry, A,

C,, P, and D,, it is verified that
5Q =6Ry — 6C,PCT — C.6 PCT — C,PSCT + 0(6Q)

6K = — K6R,Q ' + K§C.PCTQ™* + (KC,P — A,P)SCIQ !
+ (KC. — A)SPCTQ™ ' +6D.Q ' — A PCTQ ! + 0(6K) (3.88)
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In view of (3.88), we get
H(5Q||F SKAH7H(5A6HF + (2H6 + KAH1H7 + 2K3H3H7)H(5CEHF + (2KMH1H7 + KAH3H7)||5D6||F

+ (1 + Ky ylly + Kallolly + KsllsH7) [0 Rol - + of[| A7)
H5K||F <(H13 + KAHH)”(SAQHF + (Hg + 1T + K4II41141 + 2K5H3H11)”50€”F
+ (Th2 + 2Ky 1111y + Kal3l1) [0 De | 7

+ (IIg + KpII410h + Kallpllyy + KglIsIlg)||0Ro | 7 + o(| A ) (3.89)

where

o= [CP®I 1o =|C®Cilo Ts= Q@ @Kls Ty = |Q'C.P@K]s
Mo = Q7' ® (KCe = APz, Ty = [Q7'Ce® (KCe — Ac)|2

M= [Q7' @12, Iy =|Q'C.P®I| (3.90)
Remark: provided that (3.77) fails due to insufficient data, (2.52), as well as (2.57)

and (2.58), is required to adjust D, and R, for a valid model. In this case, we shall

estimate the F-norm error bounds of D, and R, by triangle inequality.

||5D3HF = ”De - De + De - De”F < HD - DeHF + ”De - DeHF
|6Ro| 7 = | Ry — Ro + Ro — Rol|r < | Ro — Rollr + |Ro — Rolr (3.91)
where 156 — D and }?io — Ry result from the LMI-based adjustments in (2.57) ~ (2.58),

and D, — D, and Ry— Ry are asymptotically normally distributed, as shown in (3.64)
and (3.29).

3.2.5 Ha Norm Model Error Bound for G.(z)

In this subsection, we will derive the Hs norm bound of the model error for the
identified G,(z) as well as a confidence level.
For brevity, we denote B, = K Q% and F, = Q%. Thus, we have the true innova-

tions model transfer function and the identified one as
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Theorem 8. Let (A., Be, Ce, F.) and (fle, B.,C., Fe) be state-space representations
of the original and identified systems, as shown in (3.92), such that
A, = 0(A.), dB. = o(B.)

5C. = o(CL), 6F, = o(F,) (3.93)

Assume, without loss of generality, that the state matrices A, and A, are Hurwitz.
Let G.(w) and G.(w) be the corresponding transfer functions. Then the Hy norm of
the error system can be bounded by

|Ge(w) = Ge(w) 3, <4IBBL | Talla| Yalla6Ce & + 41 BB [ 2|1 |2 Y5 2|6 Ac |
+0F % +o(|A]r) (3.94)
where
Y= (ATQAT -1, ®1,)"
Yy=1, CI, T3=1, @ AT P,
A = (64|, |0Ce]r)" (3.95)

and Py s the positive definite solution of the following Lyapunov equation.

ATPLA, — Py +CTC, =0 (3.96)

Proof. Consider the transfer function of the error system

A, 0 B.
Ge(w)—Gew)y=1| 0 [16‘ B. (3.97)

C. —C.|F.—F,

The Hy norm of Ge(w) — G. (w) is computed by an algebraic approach
|Ge(w) = Ge(w) |3,

T
~ ~ B, B,
:tr[(Fe—Fe)T(Fe—Fe)-i-(B ) (%i 22)(3 )

B.\'( Pu Pa\( B
B. PL Py B.
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where Pj;, Pj» and Py, are the solutions to

ATPLA, — Py +CTC, =0 (3.99)
ATPLA, — Py —CTC, =0 (3.100)
APy A, — Py + CTC. = 0 (3.101)

and P;; > 0 due to the fact that (A., C.) is observable and A, is Hurwitz. Pertur-
bation analysis of (3.100) and (3.101) gives the perturbed solution
Pyy = =Py + Piy + 0((6Ac,6Ce)T)

P22 = P11 + PQQ + 0((5148, 5Ce)T) (3102)
where P, and Psy are respectively the first order terms in the asymptotic expansions
of Pi5 and P,;. Dominant balance gives

AZPHAe - AZPH(SAS - Pm - CZ(SCQ - 0
SATPLA, + AT Py A, + AT P 0A, — Py + 0CTC. + CT6C, =0 (3.103)
Algebraic manipulation gives the F-norms of P, and Ps bounded by
| Prafl p < [ T2 520 Ac] 2 + [ T2 T2 2]l 0C |

| Pozllr < 2|12 sl20Ae]lr + 2] Tu 2 Toll2[6Ce (3.104)

Substituting (3.102) to the second term of (3.98) gives

(8 () (2)

B, Pl Py B,

= tr(BT (P, + Py + Py)Be) + 0((0A., 6C.)7T)

= tr(B. BT (PL + Piy + P3)) + o((0A,, 6C.)T)

= vec(B, B ) 'vec(PL + Py + Py) + o((0 4., 6C,)T)

< vec(BBY) |2 |vec(Phy + Prz + Poo)|la + o(|A )

< BB |r (2] Przllr + | Poollp) + o(| 2| ) (3.105)
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where we use Holder’s inequality from the fourth line to the fifth line in the equation

above. Combining (3.104), (3.105), and (3.98) gives the conclusion. O

Likewise, we have the following corollary which gives the Hs norm error bound

for the identified deterministic part of a system.

Corollary 9. Let (A, By, Cy) and (flu, B,. é‘u) be the state-space representations of
the original and identified deterministic part of a system, as shown in (2.26), such

that

0A, = 0(A,), 6B, = 0(B,), 0C, = o(C,) (3.106)

Assume, without loss of generality, that the state matrices A, and A, are Hurwitz.
Let Gy (w) and Gy(w) be the corresponding tansfer functions. Then the Hy norm of

the error system can be bounded by

|Gulw) = Gu(w) 3, < o(|ANF) + 41 BuBL P T1l2] T2l2)64] 7 (3.107)

where

1

T = (Al @A —I®I)
T, =1® APy,
A = (|64
04 =[A1, -+, A" (3.108)

and Py is the nonnegative definite solution of the following Lyapunov equation.

ATP A, — P, +CTC, =0 (3.109)
With F, = Q%, we have the F-norm bound of its perturbation 0 F, = @% — Q%.

[6Fe 7 < [ Tsll0Q)% (3.110)

where
Ty=(L,®Q+Q:®I,)" (3.111)
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From (3.94), (3.110), as well as B, = KQ2, we obtain the H, norm bound of the
error system.
|Ge(w) = Ge(@) 3, <ITal318Q1F + 41 KQKT || Talla| Taoll2|6Ce |
+AKQK T |p[ 12| Tsl2|0 A7 + o(|A]r) (3.112)

where the F-norm bound of 6Q is given by (3.89).
Remark: for a special case where the poles of the error system (3.97) are all distinct,
we can get an explicit H, norm error bound in terms of Hy norm error bound.

Theorem 2 in Hara et al. (1997) gives

J6u) = Gulwlf, < (14 200152 ) 16.0) - Gulo) s (3.113)

where p is the maximum absolute value of the system poles of the error system.
The next theorem gives the confidence level associated with the Hy norm error

bound for the identified G (w).

Theorem 10. Let € be a small number such that

¢ = O(|oH )

Assume the data size N is sufficiently large such that (3.29) and (8.64) approzimately

hold. Then the Hs norm bound of the error system (3.97) is approximately given by
|Ge(w) = Ge(@) [, < AIKQET 2] Ts ]2 ETT1 ¢

+ 4| KQK™ ¢ T 1]2| Talla| (T, ® ®3)TT loe + o(| A ) (3.114)
with a confidence level more than 1 — % where N is the data size, and A =

(16 Aclr, 10Ce]r, |10 De] s 6 Rl )"

Proof. According to mutivariable Chebyshev inequality, for a normally distributed
random vector vec(0H) € R > with covariance matrix Py/N and cumulative

distribution F'(-), we have

Var(vec(0H))

P{|lvec(0H)|2 = €} < 5

(3.115)

€
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where P(+) is the probability, and

Var(vee(0H)) = J VI aR(v) (3.116)
Ve R
With [[vec(.)|s = |.|r and Var(vec(6H)) = tr(£L), we have
P{l5H]r < > 1~ T2 )
Combining (3.58), (3.59), (3.67) and (3.74) gives
vec(0A,) = Ell;vec(0H)
vec(0C,) = (I, ® ©3)1;vec(0H) (3.118)
Then we have
[0A]r < |Z114 ¢
[0Ce]F < [(In, ® P3)IL1 [ 2€ (3.119)
Also from (3.89), we have
16QI = o1 A1) (3.120)
Substituting (3.119) and (3.120) to (3.112) gives (3.114). 0

3.2.6 Hq Norm Model Error Bound for Ge(z)

In this subsection, we will first quantify the uncertainty of the state space matrices
in the system G.(z) in terms of F-norm with a confidence level, and then propose
two approaches, based on perturbation analysis and LMI technique, respectively, to
computing the H,, norm model error bound for G.(z) with a given confidence level.

Since vec(0Ry) and vec(0H) are asymptotically normally distributed with the
covariance matrices Pg, and Py, from multivariable Chebyshev inequality, we have

that

tr(Pgr,) + tr(Pg)

<el>=1-
¢} Ne2

P{H l vee(d ) ] (3.121)

vec(0H)
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tr(PRO )+tr(Pr)

e , we have that

Then with a confidence level more than 1 —

vec(dRy)
e < | ], =
vec(0Ry)
[0Ro||lF < Hl vec(5H) ] 2 <e (3.122)

Then from (3.67), (3.74), (3.58),(3.59) and (3.63), we have the following F-norm
error bounds of A,, C., and D,
[0Ac|lF < O1€, |0C:|F < Oz¢, |0D|r < Oz¢ (3.123)

where

©1 = |22, O2 = |[(In, @ ®3)I11 2, O3 = (¥ @ I, )ILaJ2 (3.124)

It is also verified that
I6F.|r < ©46Q|F

[0Be|r < O5[0Q|r + O[0K ]| (3.125)

where
01 = |Tal2. ©5 = |In, ® K2 Tal2, 6 = |Q? ® I, |12 (3.126)
Substituting (3.89) and (3.123) to (3.125) yields
[0F,||r <O4[Kall;©1 + (211 + KAII1117 + 2K g1I3117)O9 + (2K 3111117 + K 4115117)O3
+ (1 + Ky 114007 + KAIloIl; + Ksllsy) e + o(| A )
[0Be||r <[O5(K all7)O1 + O5(211g + K AIl11I7 + 2K glI3117)O9 + ©5(2K 3111117 + K4113117)O3
+ O5(1 + Ky I4ll; + KAlloIl; 4+ Kgllslly) + ©6(11i3 + K al111)0;
+ O¢(Ilg + II1p + K4IL 1111 4+ 2K g1I531111)O9 + Og(Il1o + 2K 31111111 + K 4ll31141)O3

+ @6(H8 + Ky IId0q + K 4101147 + KSH5H11)]6 + O(”AHF) (3.127)

tr(Prgy)+tr(Prr)

2 , we have the F-norm error

Thus, with a confidence level more than 1 —
bounds of the state space matrices in the system G, (z), shown in (3.123) and (3.127).
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A straightforward way to derive the Hy-norm bound of the error system is by
perturbation analysis, although a tight bound is not guaranteed. Asymptotic ex-

pansion of the transfer function G.(w) for the original system with respect to the
parameters for the identified system G, (w) in (3.97) yields

Ge(w) — G. (w)

~ . ~ -1 ~ ~ . ~\—1 .
—(C, — 5C.) (e’wI A+ 5Ae> (Be — 0B.) + F, — 6F, — C, (ew - Ae) B.—F,
= — 00 (T — A) 1B, — Co(e™T — A)T10A (e — A) 1B,

— Co(e™T — A)"Y6B, — 6F. + o(D) (3.128)

where A = (|6A.|r, |0B.|r, [0C:||#, |6F.|#)T. Taking He-norm in both sides of
(3.128) and then applying triangle inequality and submultiplicative inequality (Hoo

norm is defined on a closed Banach space) yields
|Ge(w) = Ge(w) oo
<[ Ce(€T = A) oo 6 Acl2 (€1 — Ae) ™' Belloo + [Fe

+ [6Cel2 (€] = A) ' Below + [Ce(€™T = Ac) o |0Be[l2 + o(|1 A ]2) (3.129)

Using the fact |- |» < - || in (3.129), we have that
|Ge(w) = Ge(w)]oo
< Ce(€™I = Ae) oo 6 A P (€T — Ae) ' Belloo + |0Fe |

+ 16CelpI(eT = Ae) ™ Belloo + |Ce(¢T = Ae) ™ oo[Belp + o(1A]F)  (3.130)

With the identified state-space matrices Ae, Be, C’e and ﬁ’e and their F-norm error

bounds in (3.119) and (3.125), the Hy-norm bound of the error system (3.97) can

tr(Pry)+tr(Pr)

be explicitly derived with a confidence level more than 1 — e

Next, we will introduce a lemma to address the uncertainty for the state-space
matrices in the system G.(z). By this lemma, we propose an LMI approach for

deriving an upper model error bound for G.(z).
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Lemma 11. Let A € R™", Q = QT € R™", H;, € R™, and E, € R*" (k =
1,--+, K) be given matrices. If there exist K positive scalars pu, >0 (k=1,--- , K)

and a positive definite matriz P > 0 such that

—P PA PH, PHy; --- PHg
Q+X mE[E. 0 0 0
I 0 0
ol o | <0 (3.131)
(sym) :
! —pcl ]
Then the following inequality holds
K K
(A+ > HyFE) P(A+ Y HiFBy) +Q <0 (3.132)
k=1 k=1
for each Fy, (k=1,--- K) satisfying | Fy,|2 < 1.
Proof. From (3.131), applying Schur complement yields
—P+Y% LPHHIP PA
+ Zkleuk kg « . <0 (3.133)
A P Q + Zk:l ,ukEk Ek
o P10 . P10
Multiplying (3.133) from the left by 0 T and from the right by 0 7
yields
_p-1 K 1 T
P+ Zk;l i i KA . <0 (3.134)
A Q + Zkzl ﬂkEk E,

Also, for each k, we have that

([ )i ] o) ([ ] v o) =0

(3.135)
which can be simplified as
1 T
I - |
[ k 0 uELFEFLEy, ] - [ E'FTHT 0 (3.136)

95



The condition |Fy |2 < 1, is equivalent to

FI'F. <1 (3.137)
From (3.136) and (3.137), in (3.134) we have that

_p! K
[ P At 2w HiBiB | (3.138)

AT+ Y ELFRUH] Q
which is equivalent to (3.132). O

For the Hy norm bound of the error system (3.97), we consider the following

minimization problem

: 2
min
1in 7y

e[ 2P 2L ]

P>0 (3.139)

and

I6A)r < 1, [0Belr < e, [6C.|r < e, [6F]r < e (3.141)

This LMI problem is equivalent to |Ge(w) — Ge(w)|#, < v for any [[0A.|r < €,
[0B.||F < €2, |0C,|F < €3, |0F.|F < €4 where € and e3 are given by (3.123), and €,
and €4 given by (3.127). Then we will use Lemma 11 to address the uncertainty of

A, ~ F, in (3.139). For brevity, we denote

ftzl‘ge i],é:[@],éz[@—@] (3.142)

e

Sy
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and

Jal Jel 0 0
le 0 5 HQZ 0 5 H3: 0 ; H4: 0
0 0 Vel Vel
A B F
Flz(s eaF2:5 eaF3:5OeaF4:5e
€1 €2 €3 €4

By =[\al00], By =[00+/&ll], B3 =[y&l 00], E;=[00 el] (3.143)

Then the first LMI in (3.139) becomes

(2 8] gmnm) [7 ([ 8]+ Smoen) [ 7 ]

k=1 k=1
(3.144)
where it is readily verified that |Fy|r < 1 for k = 1,2,3,4. Due to the fact that

|2 < |- |lr, we also have |Fglls < 1 for k =1,2,3,4. By Lemma 11, we arrive at a

N Lz

suboptimal, convex minimization problem

o
i P P A B P P T
o A N S | A EO ) O R
P 4
— _ + _ EF 0 0
s.t. { 721] e e B <0
—pml 0
(sym) :
| —pgd
P>0
(3.145)

e >0 (k=1,2,3,4)

whose minimum 42 is an upper bound of the 4% in (3.139) such that |G.(w) —

Ge(w)n, <7
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4

Application to Wave Energy Harvesting Systems

In this chapter, an application of the combined deterministic-stochastic identification
to wave energy harvesting systems, is discussed. The objective is to design a con-
troller for maximizing the energy harvested from ocean waves based on the identified

model.
4.1 Wave Energy Harvester Description

The application of combined deterministic-stochastic identification under considera-
tion is a wave energy harvester, as shown in Figure 4.1. In this harvester, the floating
buoy, which is excited to vibration by the ocean waves, first drives the tethers, and
then the tethers drive the pulleys to generate the electricity. In the circuit level,
control theory can be employed to design the power electronics of the generator for
the improvement in power generation. With the currents in the power generators
as the control input, and the voltages as the output, a feedback system is shown
in Figure 4.2. For the details of power electronics design in energy harvesters, the

interested readers can refer to Scruggs and Li (2011).
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pulley/
generator

spring

FIGURE 4.1: General diagram of a wave energy harvester (this picture has been
created by Steven Lattanzio).

Ocean waves Voltages
——» Energy harvesters >
Currents

Controller C(z) |

FI1GURE 4.2: Conceptual diagram of an energy harvester feadback system.

4.2 Identification-based Control for Wave Energy Harvesting Systems

4.2.1  Optimal Controller Design for Wave Energy Harvesting Systems

Assume the wave energy harvesting systems are slowly time-varying such that in
a short period (2 ~ 3 hours) the systems can be regarded as linear time invariant
systems. Consider the energy harvesting systems admit a finite-dimensional state
space innovations representation as follows:

Try1 =Axy + Bug + Key,

ye =Cy + e (4.1)

where u; and g, are the currents and voltages in the energy harvesters, respectively;
e is the white innovations with the covariance matrix S, = E[ege}]. The construc-
tion of the state-space model was introduced in Scruggs and Lattanzio (2011). For
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the consistency of identifying the systems in closed loop, the known external signal
{fx} is injected in the optimal control input, as shown in (2.8). Substituting (2.8) to
(4.1) obtains

Tpy1 =Axy, + Buy + Bfy + Key,

yr =Czy + ey (4.2)

where %, is the optimal control inputs.

To yield the most straight-forward analysis accounting for transmission dissipa-
tion, we assume that the transmission dissipation in the generators is modeled as a
simple resistive loss associated with the currents, i.e. ul Ru;, where R > 0 is the re-
sistance matrix for the stators of the generators. Our objective is to find the feedback
law C(z) : { Yk, Xo} — uy such that the following harvested power is maximum.

Pyen = E{—u}yp — ui Ruy} (4.3)
Substituting (4.1) to (4.3), we have an equivalent problem which is to find the feed-

back law C'(z) aimed at minimizing

J:—PgenzéE{[zﬂT[g QC;HZ;]} (4.4)

which is a sign-indefinite Hy problem. Although the well-posedness of this problem
is not guaranteed (i.e., J would have no minimum), for this specific case Scruggs
(2010) proved that if the energy harvesters are Weakly-Strictly Positive Real then
J has a unique, finite, and negative minumum. The following theorem gives the
performance limit of energy harvesting systems (4.2) injected by the external signals

{fx} with the covariance matrix S; = E[fif{].

Theorem 12. For any causal mapping x — u(linear or non-linear), the following
equality holds in stationary response:

BTQB BTQB

)Sp}—E{(ax—Qay)" (R+ ) (ur =)}

(4.5)

P = —%tr{KTQKSe}—tr{(RJr
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where S, = Elerel| and Sy = E|[fx f'] are respectively the covariance of innovations

and ingjected external signals, and €2 is:
Q=—-2R+B'QB)*(C + B'QA4) (4.6)
where Q) is solved by the following discrete-time Riccati Fquation:
ATQA - Q — (C+ BTQA)T" 2R+ BTQB) ' (C + BTQA) =0 (4.7)
Proof. Rearrange the objective as
— 2Pyen = E{z} CTuy + ui Oy, + uj 2Ruy} (4.8)

Suppose u = Qg + 1 + fr and substitude it to (4.8), we get
E{xi CTuy, + ui Cay + ul 2Ruy}

=E{z} (CTQ+ QTC + Q"2RD)xy, + 1l (2C + 4RQ)wy + 1] 2Rry + fL2Rf} (4.9)
From (4.6) and (4.7), we have
Q=0T+ Q"0+ Q2RO + (A+ BQ)TQ(A + BQ) (4.10)
Thus,
CTQ+Q"C +O"2RO0 = Q — (A+ BQ)TQ(A + BQ) (4.11)

Substituting (4.11) to (4.9) yields
E{x} CTuy, + uj Cxy, + ui 2Ruy,}

=FE{z{ (Q — (A + BQ)TQ(A + BQ))xy, + r} (2C + 4RQ)zy, + v} 2Rry, + fL2R fi}
(4.12)

For (4.10), suppose we multiply both sides from the left by ] and from the right by

xr and take the expectation for both sides, we get that

E{rl Qu} = E{z} (CTQ+ QTC + QT2RQ + (A + BO)TQ(A + BQ))x}  (4.13)
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With stationarity assumption, we have

E{x; Qui} = tr{QE{xraf }} = tr{QE{wr 12741} (4.14)
Note that
x(k + 1) = Axy, + Buy, + Bfy + Key, (4.15)
we have
tr{QE{zr 17t 1 }}

=tr{QE{(Azy + BQuy + Bry + Bfy + Key)(Axy + BQxy, + Bry + Bfy + Kek)T}}
(4.16)

Likewise, the following equation holds
E{ai Quy}
=tr{QE{(Az) + BQxy + Bry + Bfy, + Kep)(Axy + BQay, + Bfy + Kep)''}
=E{(Az), + BQay, + Bry + Bfy + Kep)T Q(Azy, + BQay, + Bry, + Bfy, + Ke)}
(4.17)

From the equation above, we get

E{z} (Q — (A+ BQ)TQ(A + BQ))zy}

=E{rl (2BTQA +2BTQBQ)x) + el KTQKey, + fI BTQBf, + L BTQBry}

=tr{KTQKS.} +tr{BTQBS;} + E{rf B'QBr} + E{ri{ (2BT QA + 2B QBQ)x;}

(4.18)
Substituting (4.18) to (4.12), we get that
E{z} CTuy + ui Cxy, + up 2Ruy}
=tr{ K" QKS.} + tr{B"QBS;} + E{fI2Rfi} + E{r} (BTQB + 2R)r}}
+2E{r[(C +2RQ + BTQA + B"QBQ)x}} (4.19)
From (4.6), we have
C+2RQ+BTQA+BTQBQ =0 (4.20)
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Substituting it into (4.8) gives
—2P,., = B{K"QKS.} +tr{B"QBS;} +tr{2RS;} + E{r{ (BTQB+2R)r;} (4.21)
which concludes the theorem. O

From this theorem, we can construct the optimal controller as follows

Tht1 :(A + BQ — KC)]Jk + Bfk + Ky

u =Qx) + fx (422)

To implement this controller for adaptive control and eliminate the negative influence
of the initial state on the estimation of the successive states after each controller
update, we will transform the controller (4.22) to its equivalent form in terms of the
past control inputs and outputs instead of the system states. By z-Transform, we

rewrite the controller (4.22) as

Uy, = Q(Z]— (A+BQ—KC))_1(Bfk+Kyk) + fx (423)

we perform the following left coprime factorization:

Q(zI — (A+ BQ - KQO)) ' = F1(2)G(2) (4.24)
where F'(z) and G(z) are polynomial matrices

F(z) =F+F 124 -+ Fyz' ny xn,

G(2) =G+ G_1z + -+ Go2b ny x n, (4.25)
Here, we assume that F(z) is row reduced defined in Definition A.3.E (Goodwin
and Sin (1984)) and that the transfer function Q(zI — (4 + BQ — KC))™! is proper.
According to Lemma A.3.3 (Goodwin and Sin (1984)), the leading row coefficient
matrix Fy is nonsingular. Also, the properness of the transfer function gives Gy = 0.
Combining (4.23) and (4.24) yields

TR (2)uy =27 G (2)(Bfe + Ky

(Fo+ Fiz '+ 4+ Flz Duy =(Go+ Gzt + -+ Gz ) (Bfy + Kyp)  (4.26)
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Algebraic manipulation of the equation above gives the optimal controller in terms

of up—i, fr—ipr and ye—; (i =1,2,--- [+ 1).

Uk—1
up =[—Fy 'Fy, —Fy 'Fy, - —Fy T U2
Uk—1

Ji—1

+ [Fy'GiB, F, 'GyB, - -+, Fy 'G,B] fk::2

fit

Yk-1

+ [FyIGLK, By Gy K, - By GUK ?/k:ig ‘i .
yk:.fl

Since the controller transform from (4.22) to (4.27) requires precise coprime factoriza-
tion, the suitability of (4.27) will be decreased with the increase of system dimension.
The system dimension (n, = 30 ~ 50), for wave energy harvesting system with sys-
tem poles very closed to the unit circle, is very large such that the precise coprime
factorization is difficult to attain. Thus, the optimal controller we mention hereafter
refers to (4.22).

4.2.2  Closed-loop Deterministic-Stochastic Identification Algorithm for Wave En-
ergy Harvesting Systems

Combining the identification procedure in chapter 2 and the controller design in
(4.22), the closed-loop deterministic-stochastic identification algorithm for wave en-
ergy harvesting systems is summarized as follows:

Algorithm:

init set IV to be the time interval for system updating.

for k=1,2,---
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input vy, ux, U f, fx

step 1: update IVM

Op = Or_1 + ap_1Po1Co(yi — 01 Ok_1) (4.28)
Py = Py — a1 PooaGedy Prcr, arer = (14 ¢ ProaGe) ™ (4.29)
Ok = [—Yr—13 - s —yk — Prwp—1s - k=] (4.30)
G = [=Yr—r55" " 5 =Ykmp,fi Ur—1,7 + Jo—13 3 Uk—g,s + fr—g] (4.31)

step 2: compute the output components driven by injected external signals {f;}

and by control input {u;} respectively
Ty-1,p = Auh,y + Bully,s + fr)
Uit = Culp s
Thi1,d = Auig + Byug

Yrd = CuTia (4.32)

step 3: update the covariance sequence {R;(k)}

Yke = Yk — Yk,d

Ri(k) = Rk 1) 2 (R(k 1) — il ,.) (4.33)

step 4: update the Kalman state driven by {fx} and {ex}, and then calculate w4
Tht1 :(A + BQ — KC)]Jk + Bfk + Ky

step 5: update the subsystem state driven by {f;} and calculate @1 ¢

Tp1 =(A+ BQ)z, + Bfy

g, p =Ty, (4.35)
step 6: update the system and calculate the control gain

if mod(k, N) =0
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compute the new {A., K., C.} from stochastic identification in Section 2.2
and also {A,, By, C,} from (2.23).

update the system

A:H)u j] B:[BOU], K:[[O(], C=[C. C.] (4.36)

model reduction obtains the renewed A, B, K, C.

update the control gain
ATQA—-Q — (C+BT"QA)" (2R + B"QB) ' (C + B'QA) =0

Q=—(2R+B"QB) ' (C + BTQA) (4.37)

end
end

where mod represents Modulo operation.
4.3 Simulations

The cylindrical floating buoy in Figure 4.3 is considered as the wave energy harvester
in the simulations. Its three tethers extend from points on the buoy 2.25m above the
buoy’s bottom rim and are separated by 120 degree angles in the horizontal plane
with one tether extending along the positive x-axis. Three tethers all radiate from
the centroid of the buoy. The JONSWAP spectrum is used to produce the wave
excitation with a sharpness factor equal to 1 (corresponding to a fully-developed
sea) and significant wave height of Hy/3 = 1m.

The state space model for simulation is obtained by the finite dimensional approx-
imation of wave energy harvesting systems from the frequency domain data (Scruggs
and Lattanzio (2011)). The original system, with G, (e™) and G.(e) illustrated
in Figure 4.4 and Figure 4.5, respectively, is used to demonstrate the performance
of the proposed combined deterministic-stochastic identification algorithm. Figure
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FIGURE 4.3: Wave energy harvester. Additional design parameters are u = 5300kg,
m = 50kg, ¢ = 50N - s/m, k = 50N /m.

4.4 and Figure 4.5 clearly show there are three modes of resonance. The first is
predominately surge motion, the second pitch, and the third heave. To reflect the
estimation precision of the innovations covariance S, for comparison, G.(w) is the
transfer function from the normalized innovations with the covariance equal to the

identity matrix to the output, i.e.

G.(w) = C(e“Ts] — A) LK SY? 4+ 512 (4.38)

where Ty is the sample period. The process to be identified is described by (4.2) in
which {fi} with its covariance matrix Sy = 0.01/ is a deterministic white noise signal
sequence uncorrelated with the innovations {e;}. In the identification of the process
parameters in closed loop, the identification algorithm summarized in Section 4.2.2
is used in which the time interval for system updating is set to be 3.5 x 10°.

We define two indices E, and FE. for measuring the performances of the combined

deterministic-stochastic identification algorithm.

_1Gu(w) ~ Gu(@) |,

SN TeN T (4.59)
Guw) = Gl
Ee= @ (4.40)
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FIGURE 4.4: Frequency response of G, (w).
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FIGURE 4.6: Frequency responses for the original G, (w) (solid) and the identified

Gu(w) (dashed).
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FIGURE 4.7: Frequency responses for the original G.(w) (solid) and the identified

Ge(w) (dashed).
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FIGURE 4.8: Average harvested energy power for a wave energy harvester.

where G, (w) and G,.(w) corresponds to the identified systems; |Gy (w) ||, is the H

norm of the transfer function G, (w), defined as

Gullfy, =t o [ Gule )Gty | (1.41)

2m J_,

where (-) is the conjugate transpose of (-).

The comparison of the system deterministic part G,(w) and the stochastic part
G.(w) with the identified ones in frequency domain, is shown in Figures 4.6 and 4.7.
From Figure 4.6, it is shown that with the increase of data, the identified G (w)
approaches to the original one with gradually improved precision. From (3.25), we
know that in closed loop the identified G.(w) is biased due to the biased estimation of
the output covariance matrix Ry and the block-Hankel matrix H. Since the bias of the
asymptotic estimation of R; is the same order as 66, the identified G (w) will also be
improved with the improved precision of ¢ estimation. Figure 4.8 shows the average
harvested energy power with the solid line representing the theoretical performance

computed from theorem 12 and the small circles representing the harvested power
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when the identification-based controller is implemented. The initial optimal control
is designed based on the system model identified at time point 2.5 x 10° and then
implemented afterwards until the time point for the next system updating. Since
the controller is designed based on the identifed model with model error, there is a

gap between the harvested power and its performance limit.
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5)

Summary and Perspectives

5.1 Summary

The main contribution of this thesis is the development of a combined deterministic-
stochastic identification procedure. The identification procedure obtains an identified
nominal model with an explicit model error bound suited for further applications in
robust filtering and control.

In Chapter 2, we formulate a combined deterministic-stochastic identification
procedure in closed loop by combining the IV method with the improved stochasitc
identification algorithm, which can be easily adjusted for the extension to on-line
identification and adaptive control applications. In the improved stochastic identi-
fication algorithm, we illustrate that the identifiability of the stochastic system is
equivalent to the positive realness of the associated covariance model by theorem 1.
When the identifiability of the stochastic system under insufficient data is not sat-
isfied, we propose a straightforward LMI-based approach for imposing the positive
realness on the associated covariance model, guaranteeing a positive definite solution

to the DARE and thus a valid innovations model returned. Although this approach
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is proposed in state-space model, its extention to the estimation of ARMAX param-
eters in signal processing is easily reformulated.

In Chapter 3, we investigate the uncertainty quantification for the identified de-
terministic subsystem and stochastic subsystem by a complete asymptotic and per-
turbation analysis. For the deterministic subsystem, we quantify its uncertainty by
an ellipsoidal uncertainty region and Hs-norm error bound of its transfer function,
respectively. For the stochastic subsystem, thanks to the asymptotic normal distri-
bution of the empirical block-Hankel matrix and perturbation analysis of SVD and
DARE, several central limit theorems for the controllability matrix, observability
matrix, and the state-space matrices of the associated covariance model are derived,
as well as the norm bounds of Kalman gain and the innovations covariance matrix in
the innovations model. By combining these asymptotic results, the H, norm bound,
as well as the H,, norm bound, of the error system, is derived with a given confidence
level.

Finally, Chapter 4 demonstrates the application of the combined deterministic-
stochastic identification procedure to wave energy harvesting systems where an LQG
controller is constructed for maximizing the harvested energy and meanwhile iden-
tifying the consistent system model in closed loop. In this application, we adjust
the identification procedure proposed in Chapter 2 to an online system identification
algorithm which enables to recursively identify the deterministic part and stochastic
part of a large-scale MIMO energy harvesting system in closed loop. The simulation

results illustrate the effectiveness of the proposed identificaiton procedure.
5.2 Perspectives on Future Research

In the framework of the identification procedure proposed in this thesis, several topics
deserve further investigation. One topic for future work would be the selection of the

identified model uncertainty structures for the further design of robust controller.
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For example, the weighted additive H-norm model error bound appears suitable
for modern robust control design.

Another topic would be the identification-based robust control. This concerns
the integration of model error bound identification and robust controller design.
The robust control design should make use of the identified nominal model and the

associated model error bound with a given confidence level.
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