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Abstract

This thesis proposes an integrated procedure for identifying the nominal models of

the deterministic part and the stochastic part of a system, as well as their model

error bounds in different uncertainty structures (e.g. H2-norm and H�-norm) based

on the measurement data. In particular, the deterministic part of a system is firstly

identified by closed-loop instrumental variable method in which a known external

signal sequence uncorrelated with the system noises is injected in the control input

for the identifiability of the system in closed loop. By exploiting the second-order

statistics of the noise-driven output components, the stochastic part of a system is

identified by the improved subspace approach in which a new and straightforward

linear-matrix-inequality-based optimization is proposed to obtain a valid model even

under insufficient measurement data.

To derive an explicit model error bound on the identification model, we investi-

gate a complete asymptotic analysis for identification of the stochastic part of the

system. We first derive the asymptotically normal distributions of the empirical

sample covariance and block-Hankel matrix of the outputs. Thanks to these asymp-

totic distributions and the perturbation analysis of singular value decomposition and

discrete algebraic Riccati equation, several central limit theorems for the identified

controllability matrix, observability matrix, and the state-space matrices in the as-

sociated covariance model are derived, as well as the norm bounds of Kalman gain

and the innovations covariance matrix in the innovations model. By combining these
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asymptotic results, the explicit H2-norm and H�-norm bounds of the model error

are identified with a given confidence level.

Practical applicability of the proposed combined deterministic-stochastic identi-

fication procedure is illustrated by the application to indirect adaptive control of a

multi-generator wave energy harvesting system.
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1

Introduction

1.1 Background and Motivation

There are many dynamical systems, such as physical systems, biological systems,

and economic systems, whose behaviors and performance attract much attention

from industry and academia. However, in practice, these dynamical systems often

demonstrate unsatisfactory performance or unstable behaviors. To compensate for

these behaviors, a controller designed based on the system model given by physical

modelling or system identification, is often implemented on these systems. Due to

modelling difficulties resulting from high system complexity and lack of complete

knowledge for the governing physical laws, system identification in many cases is

the only approach to derive a feasible system model. This thesis is concerned with

system identification.

The focus of the previous system identification research has been primarily on

the identification of the deterministic part of a system. In this area, many consistent

and efficient methods are developed, such as prediction error (PE) methods (Ljung

(1997)), instrumental variable (IV) methods (Soderstrom and Stoica (1983)), and
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subspace methods (Van Overschee and DeMoor (1996)), both in open loop and closed

loop. However, in order to precisely estimate the system state and design the optimal

feedback controllers (Kailath and Sayed (2000); Zhou and Doyle (1997); Dullerud

and Paganini (2000)), identification of the stochastic part of a system attracts an

increasing attention in recent years (Katayama et al. (2006); Petersen et al. (2008);

Goethals et al. (2003); Mari et al. (2000)). This thesis focuses on the identification

of the stochastic part of a system represented by vector autoregressive, moving-

average (ARMA) process. One notorious problem associated with identifying ARMA

processes is on the solvability of the associated discrete algebraic Riccati equation

(DARE) especially when the measurement data is insufficient and the system poles

are close to the unit circle (Mari et al. (2000); Goethals et al. (2003)). To identify the

deterministic part driven by control input, as well as the stochastic part of a system

driven by system noises in closed loop, this thesis considers a two-step approach, i.e.

firstly identify the deterministic part of a system by injecting known external signals

uncorrelated with system noises, and then identify the stochastic part of a system

from the noise-driven output components obtained by subtracting the input-driven

output components from the whole outputs.

After identifying a system model, a critical question appears, i.e. how much uncer-

tainty it contains. For the deterministic part, two different approaches have emerged

which provide promising solutions to this problem. The first approach (Hakvoort

(1994)) gives an upper bound on the H� norm of the weighted additive model error

under several simplified assumptions, such as a bound on the markov parameters of

the system and uncorrelation between control input and system noises which limits

its application for the closed loop case. The second approach (Bombois and Gevers

(1999)) quantifies the parametric uncertainty region by a ellipsoid for single input

single output (SISO) case with a given confidence level. For the stochastic part, cor-

responding quantification of the model error are not thoroughly studied. One main
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Figure 1.1: Closed-loop MIMO system configuration where uk is the control input,
fk is the injected external signal, ek is the innovations, and yk is the output.

reason for it might concern the solvability of DARE mentioned before.

With a nominal model from identification and a model error bound, various

robust control design and analysis methods (Zhou and Doyle (1997); Dullerud and

Paganini (2000); Dahleh (1996)) can be used to derive a controller which exhibits

the satisfactory performance both for the nominal model and any perturbed model

within the error bound.

In summary, the focus of this thesis will be on the identification of the determinis-

tic part of a multiple-input multiple-output (MIMO) system, as well as its stochastic

part in closed loop. After identifying a nominal system model, the H2 and H� norm

bounds of the model error are also derived with a given confidence level.

1.2 System Identification

1.2.1 Idetification of the Deterministic Part of a System in Closed Loop

Due to the restrictions arising from safety consideration and operation conditions,

identification experiments for many dynamical systems can only be operated in closed

loop, as shown in Fig. 1.1. In this situation, the main difficulty to identify the system

model is due to the correlation between control input and system noises. To identify

Gu�z� in closed loop under this difficulty, much improvement has been achieved

for traditional identification methods, such as IV method (Gilson and Van den Hof
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(2005)), PE methods (Van den Hof (1998)) and subspace methods (Van Overschee

and De Moor (1997); Ljung and McKelvey (1996); Qin and Ljung (2003)). Among

these methods, IV method seems to be rather attractive due to its advantages of

closed-loop identification consistency even without the knowledge of the noise model,

and the computational efficiency due to its employment of simple linear regression.

Also, IV method can be easily extended to practical cases involving non-linear and

time-varying controllers. Due to the attractive merits of IV method, this thesis

employs it to identify the deterministic part of a system in closed loop.

1.2.2 Identification of the Stochastic Part of a System

Identifying the stochastic part of a system, i.e. Ge�z� in Fig. 1.1, is undoubtedly

crucial to estimating the system state and designing optimal feedback controllers

(Kailath and Sayed (2000); Zhou and Doyle (1997); Dullerud and Paganini (2000)).

This problem has received significant attention from many researchers and engineers

for more than fifty years, during which a number of identification methods have been

proposed. A class of methods (Hannan and Deistler (1988); Glover and Willems

(1974); Ober (1991); Fuchs (1990)) require the canonical parameterization of the

ARMA model which is computationally burdensome especially for the multivariate

case and often encounters ill-conditioning problems when the system poles are very

close to the unit circle. Several methods (Van Overschee and De Moor (1994, 1996))

may encounter a failure mode, i.e. these methods may obtain an invalid model outside

the permissible model set or terminate without identifying any model. The reason

for this failure mode is verified by experimental evidence in Dahlén et al. (1998).

Maximum-looklihood methods (Stoica et al. (1987)) may terminate at a local mini-

mum, or may diverge. Subspace methods, proposed first by Faurre (1976) and then

followed by the study of several other researchers (Akaike (1976); Larimore (1983);

Van Overschee and De Moor (1991)), also may lead to the identified system poles
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outside of the unit circle, or the corresponding DARE being unsolvable. To over-

come these difficulties, Mari et al. (2000) proposed an improved version of subspace

approach for stochastic system identification in which the semidefinite programming

(SDP) is used to constrain the identified system poles inside the unit circle by ma-

trix Schur restabilizing procedures, and also used for multivariate covariance fitting,

guaranteeing a positive real identified covariance model and thus the solvability of

DARE. Although promising, one drawback of this approach is its use of coprime fac-

torization, the robustness of which is not well studied for large-dimensional MIMO

systems. Goethals et al. (2003) added a regularization term to a least squares cost

function in the subspace identification algorithm for imposing positive realness on

the associated covariance model. The solvability of the corresponding DARE and

thus the feasibility of a valid model are statisfied, although at the cost of introducing

a small bias on the identified model. Different from these approaches, this thesis first

establishes an equivalence between the solvability of DARE and the nonemptyness of

a convex set, and then proposes a new and straightforward approximation approach

based on linear matrix inequalities (LMI) which is computationally attractive and

guarantees a valid model to be returned.

1.2.3 Quantification of Model Error

Due to the finite sample and influence from system noises, the identified model is

not exactly the same as the original model, and a model error therefore exists. To

handle model error and guarantee a good performance, robust control theory is often

adopted, in which a upper bound on the H� norm of the model error is required.

A tight H� norm model error bound, like H� optimal model reduction prolem,

requires solution of a nonconvex optimization whose global minimum remains an

open problem. To derive an H� norm model error bound for the deterministic part

of a system, various identification methods are proposed by Goodwin et al. (1990);
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Ninness and Goodwin (1992); De Vries and Van den Hof (1993, 1995); Hakvoort

(1994). In Hakvoort (1994), an upper H� norm bound of model error is derived by a

frequency response curve fitting procedure which minimizes a maximum amplitude

criterion and guarantees the stability of the identified model. In this procedure, both

the linear and nonlinear programming techniques are used. Another approach to

quantify a model error is proposed by Bombois (2000) which constructs a framework

connecting PE methods with robust control theory. In this framework, the tools of

PE methods are used to quantify an uncertainty region to which robustness tools are

conveniently adapted such that robustness analysis of a controller and the quality

assessment of the uncertainty region are easily carried out.

For the stochastic part of a system, the quantification of model error is rarely

reported. A new contribution of this thesis is to derive a model error bound in terms

of H2 and H� norm with a confidence level given by asymptotic analysis of vector

ARMA identification.

1.3 Contributions of this Thesis

In this thesis, a two-step combined deterministic-stochastic approach is proposed

which enables identification of a nominal system model including Gu�z� and Ge�z�,
as shown in Fig. 1.1, in closed loop, as well as their model error bounds in terms of

H2 norm and H� norm with a given confidence level.

The first contribution of this thesis is to propose a new and straightforward

LMI-based optimization method which adjusts the associated covariance model and

guarantees the solvability of DARE. The intuition of this method comes from the

equivalence between the solvability of DARE and the positive realness of the covari-

ance model associated with the innovations model which represents the stochastic

part of a system. After imposing the positive realness on the covariance model by the

LMI-based optimization method, no failure mode will appear in the identification of
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the stochastic part of a system. This method possesses several merits, such as no

need for canonical parameterization, no failuare mode, high computational efficiency

of convex optimization, feasibility even under the insufficient measurement data case,

and superior performance in the large-dimensional MIMO case.

The second contribution of this thesis is to investigate the asymptotic analysis of

vector ARMA identification in the frame of a subspace approach. In this analysis, we

derive the asymptotic distributions of the state-space matrices in the associated co-

variance model and the norm bounds of the Kalman gain and innovations covariance

matrix in innovations model. With these asymptotic properties, we solve a critical

problem of how much data is required to identify the stochastic part of a system

given a model error bound with a confidence level.

The third contribution of this thesis is to derive the H2 and H� norm bounds of

the model error for the identified system. The explicit expressions for the H2 and

H� norm error bounds are derived in terms of the Frobenius norm (F-norm) error

bounds of the state-space matrices or the empirical output covariance matrix. We

also propose an LMI-based approach to computing the H� norm error bound.

Finally, the fourth contribution of this thesis is to propose a new system identifi-

cation algorithm which enables recursive identification of the deterministic part and

stochastic part of a large-scale MIMO linear system in closed loop. This algorithm,

illustrated by a simulation example, was successfully applied to the identification-

based linear quadratic gaussian (LQG) control of a wave energy converter in a

stochastic environment.
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2

Combined Deterministic-Stochastic Identification in
Closed Loop

In this chapter, a combined deterministic-stochastic identification procedure is de-

veloped for closed-loop systems, in which a known external signal uncorrelated with

system noise, is injected to the system for the identifiability in closed loop. In this

procedure, the deterministic part of a system is first identified by the closed-loop IV

method in which a noise-free IV is constructed but requiring the precise knowledge of

the deterministic part of a system. To overcome this difficulty, a bootstrap method

is used to estimate the plant parameters for the deterministic part of a system.

After the deterministic part of a system is identified by the closed-loop IV method,

the identified model for this part is used to compute the output components driven

by the inputs. Subtracting the input-driven output components from the complete

outputs, gives the noise-driven output components from which we then propose an

improved subspace approach for identifying the stochastic part of a system. In this

approach, we address the failure mode of stochastic subspace identification methods

reported by Dahlén et al. (1998), i.e. the associated covariance model is not positive
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real. To impose the positive realness for a valid model returned, a new and straight-

forward approximation method enlightened by Real Positive Lemma is proposed in

which we can use 2-norm or F-norm error minimization to express the method as an

LMI optimization problem.

2.1 Identifying Gu�z� in Closed Loop by IV Method

In the stochastic autoregressive moving-average model with auxiliary input (AR-

MAX), the MIMO system is expressed by the following stochastic difference equa-

tion:

A�z�1�yk � B�z�1�uk � C�z�1�ek (2.1)

where �yk	, �uk	 and �ek	 represent the output, the control input and the innovations,

respectively; the matrix polynomials in forward-shift operator z

A�z�1� � I � A1z
�1 � � � � � Apz

�p

B�z�1� � B1z
�1 � � � � �Bqz

�q

C�z�1� � I � C1z
�1 � � � � � Crz

�r (2.2)

are of the orders p, q and r, respectively. For brevity, we denote the moving-average

(MA) part as a whole

ηk � C�z�1�ek � ek � C1ek�1 � � � � � Crek�r (2.3)

In closed loop, �ηk	 is an unknown colored noise sequence which is not necessarily

uncorrelated with the system inputs and outputs. Transform the ARMAX model to

its counterpart in linear regression model

yk � θTφk � ηk (2.4)

where

θ � 
A1, � � � , Ap, B1, � � � , Bq�T , φk � 
�yk�1; � � � ;�yk�p; uk�1; � � � ; uk�q� (2.5)
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In (2.4), we apply Least-Squares (LS) algorithm to identify the plant parameter θ

which converges to

θLSN �
�
1

N

N�
k�1

φkφ
T
k

��1
1

N

N�
k�1

φky
T
k

�
�
1

N

N�
k�1

φkφ
T
k

��1
1

N

N�
k�1

φk�θTφk � ηk�T

� θ �
�
1

N

N�
k�1

φkφ
T
k

��1
1

N

N�
k�1

φkη
T
k (2.6)

Since in closed loop ηk is correlated with φk, the second term of (2.6) does not

converge to 0. Thus, directly applying LS algorithm leads to a biased estimation.

To eliminate the biased estimation, substituting φk in (2.6) with an instrumental

variable ζk yields

θ̃ �
�
1

N

N�
k�1

ζkφ
T
k

��1
1

N

N�
k�1

ζky
T
k

�
�
1

N

N�
k�1

ζkφ
T
k

��1
1

N

N�
k�1

ζk�θTφk � ηk�T

� θ �
�
1

N

N�
k�1

ζkφ
T
k

��1
1

N

N�
k�1

ζkη
T
k (2.7)

In (2.7), the instrumental variable ζk is required to satisfy the following two conditions

for the consistency of the identified parameter θ.

1. 1
N

�N
k�1 ζkφ

T
k is nonsingular as N 
�.

2. 1
N

�N
k�1 ζkη

T
k 
 0 as N 
�.

To satisfy these two conditions in closed loop where control input and output are

correlated with system noises, we inject a known external signal �fk	 to the control
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inputs �uk	. �fk	 is assumed to be uncorrelated with the system noises �ek	 and

satisfies the persistent excitation condition. Consider the control input

uk � ūk � fk (2.8)

where ūk is the deterministic control and fk is a known external signal. ūk is �Yk,X0	-
measurable where �Yk	 is the collection �yk, � � � , y1	 and X0 is the initial condition.

Assume the control law ūk � Φ�Yk,X0� is linear with respect to Yk and X0 (later we

will show it is true for wave energy harvesting applications). Define the innovations-

driven output component yk,e and the external signal driven output component yk,f

as

A�z�1�yk,e � B�z�1�ūk,e � C�z�1�ek (2.9)

A�z�1�yk,f � B�z�1��ūk,f � fk� (2.10)

where in closed-loop systems we have that

ūk,e � Φ�Yk,e,X0� (2.11)

ūk,f � Φ�Yk,f , 0� (2.12)

where �Yk,e	 � �yk,e, � � � , y1,e	 and �Yk,f	 � �yk,f , � � � , y1,f	. Thus, ūk consists

of two components, i.e. ūk,f and ūk,e which are respectively �Yk,f	-measurable

and �Yk,e,X0	-measurable, and Yk,f and Yk,e are the output components driven by

�fk�1, � � � , f1, 0	 and �ek�1, � � � , e1,X0	, respectively. As a result, control input can

be rewritten as

uk � ūk,e � ūk,f � fk (2.13)

Correspondingly, we can split the output yk into two components respectively driven

by the collections �fk�1, � � � , f1	 and �ek�1, � � � , e1,X0	

yk � yk,f � yk,e (2.14)

11



Since �yk,f	, �ūk,f	 and �fk	 are uncorrelated with the innovations �ek	, we can

construct a new instrumental variable

ζk � 
�yk�1,f ; � � � ;�yk�p,f ; ūk�1,f � fk�1; � � � ; ūk�q,f � fk�q� (2.15)

which is the noise-free part of φk satisfying two conditions for the consistency of

system identification. With ζk in (2.15) as the instrumental variable, the recursive

IV algorithm, like the recursive LS, is given by

θk � θk�1 � ak�1Pk�1ζk�yTk � φT
k θk�1� (2.16)

Pk � Pk�1 � ak�1Pk�1ζkφ
T
kPk�1, ak�1 � �1� φT

kPk�1ζk��1 (2.17)

φk � 
�yk�1; � � � ;�yk�p; uk�1; � � � ; uk�q� (2.18)

ζk � 
�yk�1,f ; � � � ;�yk�p,f ; ūk�1,f � fk�1; � � � ; ūk�q,f � fk�q� (2.19)

Since ζk in (2.15) requires the knowledge of θ, we thus use a bootstrap method to

estimate θ

θ̃h�1 � θ �
�
1

N

N�
k�1

ζk�θ̃h�φT
k

��1
1

N

N�
k�1

ζk�θ̃h�ηTk (2.20)

where the instrumental variable ζk�θ̃h�, although without the precise value of the

true θ, is estimated using the plant parameter θ̃h identified in the hth iteration. The

validity of this bootstrap method is verified by theorem 4.5 in Soderstrom and Stoica

(1983) which proves the nonsingularity of 1
N

�N
k�1 ζk�θ̂h�φT

k , and that θ̃h converges to

the true θ.

After identifying the plant parameters θ, the deterministic part Gu�z� of a system

is estimated by:

Gu�z� � A
�
z�1
��1

B
�
z�1
�

(2.21)

Gu�z�, in state-space model, can be instead represented by:

Gu�z� �
�

Au Bu

Cu 0

�
(2.22)
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where

Au �

	





�

�A1 I 0 � � � 0

0
. . . � � � ...

...
...

. . .
. . . 0

I
�As 0 � � � 0

�





� , Bu �

	

� B1

...
Bs

�

� , Cu � 
I 0 � � � 0� (2.23)

and

s � max�p, q	, Ai � 0, Bj � 0 for any p � i � s and q � j � s (2.24)

2.2 Identifying Ge�z� Using an Improved Subspace Approach

The system, represented by the innovations model (2.25), can be divided into two sub-

systems, illustrated in (2.26) for input-driven subsystem and (2.27) for innovations-

driven subsystem.

xk�1 � Axk �Buk �Kek

yk � Cxk � ek (2.25)

x1,k�1 � Aux1,k �Buuk

y1,k � Cux1,k (2.26)

x2,k�1 � Aex2,k �KQ
1
2 ēk

y2,k � Cex2,k �Q
1
2 ēk (2.27)

where x2,k � Rnx�1; y2,k � Rne�1; K is the Kalman gain; Q � E
ekeTk � � Rne�ne is the

white innovations covariance matrix; ēk � Rne�1 are the nomalized white innovations

with covariance matrix E
ēkēTk � equal to the identity matrix. We assume zero-mean

processes throughout.

From the last section, we have identified the deterministic part of a system. With

this part known, (2.26) can be used to compute the input-driven output components

13



by which we subtract the whole output components for obtaining the innovations-

driven output components. From their second-order statistics, we can identify the

subsytem (2.27) driven by the innovations. With the output measurements yk avail-

able, the output components driven by the innovations can be obtained by

y2,k � yk � y1,k (2.28)

Therefore, the problem is simplified to a stochastic identification problem in which

Ae, Ce, K and Q are estimated from a vector ARMA process �y2,k	.
A useful identification approach for a vector ARMA process is the subspace identi-

fication method proposed by Faurre (1976). One notorious difficulty with it concerns

the nonpositive realness of the associated covariance model which results in the un-

solvability of DARE especially when the system poles are very close to the unit circle

and the measurement data is insufficient. To overcome this difficulty and guaran-

tee a valid model returned, several approximation methods are proposed to impose

the positive realness (e.g. Mari et al. (2000); Goethals et al. (2003); Van Over-

schee and De Moor (1996); Vaccaro and Tomislav (1993)). Mari et al. (2000) used

process covariance fitting (Stoica et al. (2000); McKelvey et al. (2000a)) to approx-

imate a positive real covariance model. A key step of the method relies on coprime

factorization for formulating an LMI problem. However, the reliability of coprime

factorization, for the large-dimensional MIMO case, is not well studied. According

to our simulation results, the reliability of coprime factorization, with the increase

of the system dimension, tends to be weakened for the case where the system poles

are close to unit circle. To overcome this drawback, a new and more straightfor-

ward LMI-based approximation approach derived from the Positive Real Lemma is

proposed in this section.
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2.2.1 Subspace Identification of Vector ARMA Process

In this subsection, we will recall the standard stochastic identification in Faurre

(1976) and Mari et al. (2000). From the innovations model in (2.27), the following

covariance relations can be derived:

P � AePAT
e �KQKT (2.29)

R0 � CePCT
e �Q (2.30)

De � AePCT
e �KQ (2.31)

Ri � CeA
i�1
e De (2.32)

where

P � E�x2,kx
T
2,k	, Ri � E�y2,kyT2,k�i	, De � E�x2,k�1y

T
2,k	 (2.33)

In practice, we estimate Ri by

R̃i � 1

N � i

N�
k�i�1

y2,ky
T
2,k�i (2.34)

where R̃i denotes the empirical estimate of Ri from finite data samples. R̃i can be

recursively updated by

R̃i,k�1 � R̃i,k � 1

k � 1
�R̃i,k � y2,k�1y

T
2,k�1�i� (2.35)

Let the dimension of the innovations model in (2.27) be nx and assume it to be a min-

imal realization. We have that the following observability matrix and controllability

matrix are in full rank.

Ω �

	



�

Ce

CeAe
...

CeA
m�1
e

�



� , Γ � �De AeDe � � � Am�1

e De

�
, m � nx � 1 (2.36)
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Noting that the sequences �Ri	 are the Markov parameters of the system �Ae, De, Ce, R0	,
the following factorization of the block-Hankel matrix of the covariances holds:

H �

	



�

R1 R2 � � � Rm

R2 R3 � � � Rm�1
...

. . .
...

Rm Rm�1 � � � R2m�1

�



� � ΩΓ (2.37)

From (2.36) and (2.37), the rank properties of Ω and Γ imply that

rank�H� � nx, for m � nx � 1 (2.38)

Consider the singular value decomposition (SVD) of H :

ΩΓ � H � UΣV T (2.39)

From Σ, the dimension of the subsystem (2.27) can be determined by the number of

singular values more than the prescribed tolerance. Setting the singular values less

than the prescribed tolerance to zero, we can rewrite (2.39) as

ΩΓ � 
U1 U2�
�
Σ1 0
0 0

�

V1 V2�T

� U1Σ1V
T
1 (2.40)

where Ω, Γ, U1, Σ1 and V1 all have the same rank nx. Since Ω and U1Σ
1
2
1 span the

same column space, and that Γ and Σ
1
2
1 V

T
1 span the same row space, we have that

ΩT � U1Σ
1
2
1

T�1Γ � Σ
1
2
1 V

T
1 (2.41)

where T � Rn�n is a non-singular matrix representing a similarity transformation.

By similarity transformation, the subsystem driven by the innovations is transformed

to a new subsystem:

x̂2,k�1 � Âex̂2,k � K̂Q
1
2 ēk

y2,k � Ĉex̂2,k �Q
1
2 ēk (2.42)
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where we denote

Âe � T�1AeT, K̂ � T�1K, Ĉe � CeT, x̂2,k � Tx2,k (2.43)

Correspondingly, under the same similarity transformation, we denote the new ob-

servability matrix and controllability matrix as

Ω̂ � ΩT �

	



�

Ĉe

ĈeÂe
...

ĈeÂ
m�1
e

�



� , Γ̂ � T�1Γ �

�
D̂e ÂeD̂e � � � Âm�1

e D̂e

�
, m � nx�1

(2.44)

This notation, together with (2.41), indicates that

Ĉe � the first ne rows of U1Σ
1
2
1

D̂e � the first ne columns of Σ
1
2
1 V

T
1 (2.45)

and that Âe can be approximated by the following overdetermined linear equation:

	



�

Ĉe

ĈeÂe
...

ĈeÂ
m�2
e

�



� Âe �

	



�

ĈeÂe

ĈeÂ
2
e

...

ĈeÂ
m�1
e

�



� (2.46)

Before going on to the next step, the stability of Âe should be checked. Once the

unstable poles are detected, some care should be taken to stabilize Âe. A cheap

approach is to directly project the unstable eigenvalues into the unit circle (McK-

elvey et al. (2000b)). Another more accurate approach is to use the LMI-based

optimization suggested by Mari et al. (2000):

minĀe,P ��Āe � Âe�P �F

s.t. P � ĀePĀT
e � 0

P � 0 (2.47)
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where Âe is obtained by (2.46), and � � �F represents the F-norm. Substituting the

estimated Âe, Ĉe and D̂e to (2.30) and (2.31) and then to (2.29) yields the DARE

for P :

P � ÂePÂT
e � �D̂e � ÂePĈT

e ��R0 � ĈePĈT
e ��1�D̂e � ÂePĈT

e �T (2.48)

After this DARE is solved, K̂ and Q are then given by

Q � R0 � ĈePĈT
e

K̂ � �D̂e � ÂePĈT
e �Q�1 (2.49)

2.2.2 A New Approach to Imposing the Positive Realness on the Covariance Model

By establishing an equivalence between the solvability of DARE and the positive

realness of a covariance model, a new and more straightforward approximation ap-

proach based on LMI is proposed to impose the positive realness on the covariance

model. Hereafter we refer the system �Ae, De, Ce, R0�2� as the covariance model

associated with the innovations model (2.27).

Due to the insufficient data, the DARE often fails especially for the large dimen-

sional system with system poles close to the unit circle. To illustrate the reason, we

first define a set P as

P �
�
P �

�
P � AePAT

e De � AePCT
e

DT
e � CePAT

e R0 � CePCT
e

�
� 0, and P � 0

�
(2.50)

According to Faurre (1976), each member in set P represents a stochastic realization

of the vector ARMA process �y2,k	.
P �AePAT

e � Q

De � AePCT
e � S

R0 � CePCT
e � R�

Q S
ST R

�
� 0 (2.51)
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The following theorem reveals the equivalence between the solvability of DARE and

the positive realness of the covariance model.

Theorem 1. Given a symmetric, positive definite matrix R0 and a controllable and

observable covariance model �Ae, De, Ce, R0�2�, the associated Riccati equation (2.48)

has a positive definite solution P with R0�CePC �
e � 0 if only if the set P is nonempty.

Proof. Faurre (1976) and Vaccaro and Tomislav (1993) have shown that given a

controllable and observable model, (2.48) has a positive definite solution P with

R0 � CePC �
e � 0 if and only if Ce�zI � Ae��1De � R0�2 is positive real. Thus, we

have DT
e �zI �AT

e ��1CT
e �R0�2 is also positive real. Applying Positive Real Lemma

obtains the conclusion.

Thus, the failure of DARE indicates that a null set P resulting from the estimate

�Ãe, D̃e, C̃e, R̃0� where �̃�� denotes the identified value of ���. This suggests that a

feasible member in P be approximated by solving an optimization�
P,

�
Φ11 Φ12

ΦT
12 Φ22

��
� arg min

P,Φ11,Φ12,Φ22

����
�

P � ÃePÃT
e D̃e � ÃePC̃T

e

D̃T
e � C̃ePÃT

e R̃0 � C̃ePC̃T
e

�
�
�
Φ11 Φ12

ΦT
12 Φ22

�����
s.t.

�
Φ11 Φ12

ΦT
12 Φ22

�
�0

P �0 (2.52)

in which we can use 2-norm or F-norm to express it as a semidefinite program. For
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simplicity, choosing 2-norm in (2.52) gives the following LMI problem

min λ

	


�

λI 0 P � ÃePÃT
e � Φ11 D̃e � ÃePC̃T

e � Φ12

λI D̃T
e � C̃ePÃT

e � ΦT
12 R0 � C̃ePC̃T

e � Φ22

I 0
sym I

�


� � 0 (2.53)

�
Φ11 Φ12

ΦT
12 Φ22

�
� 0 (2.54)

P � 0 (2.55)

where the variables are the positive definite matrix P , the nonnegative definite ma-

trices Φ11 and Φ22, the non-symmetric matrix Φ12, and the scalar λ.

For convenience, we keep Ãe and C̃e estimated from (2.45) and (2.46) unchanged,

and then adjust D̃e and R̃0 for guaranteeing that a positive definite solution to (2.48)

exists. After solving (2.52), the new P̂ is updated by the discrete Lyapnov equation:

P̂ � ÃeP̂ ÃT
e � Φ11 (2.56)

and then the new ˆ̃De and
ˆ̃R0 are adjusted by

ˆ̃De � ÃeP̂ C̃T
e � Φ12 (2.57)

ˆ̃R0 � C̃eP̂ C̃T
e � Φ22 (2.58)

Substituting the adjusted ˆ̃De and ˆ̃R0 to DARE (2.48), it is guaranteed that DARE

has a positive definite solution P̃ , and finally, the estimate K̃ and Q̃ in (2.27) are

updated by

Q̃ � ˆ̃R0 � C̃eP̃ C̃T
e (2.59)

K̃ � � ˆ̃De � ÃeP̃ C̃T
e �Q̃�1 (2.60)
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Figure 2.1: Poles (�) of the innovations model (2.62).

With the estimate K̃ and Q̃, the stochastic part of a system Ge�z� is represented by

Ge�z� �
�

Ãe K̃Q̃
1
2

C̃e Q̃
1
2

�
(2.61)

2.2.3 A Numerical Example

In this subsection, we will present a typical innovations model identification example

(i.e., a example having poles close to the unit circle) in which the failure mode

appears in the standard subspace stochastic identification.

The example corresponds to the following MIMO innovations model:

xk�1 �
�

0.86 0.8
�0.2 0.96

�
xk �

�
0.18 0.85
�0.25 �0.4

�
ek

yk �
� �0.3 �0.65

0.76 �1.1
�
xk � ek (2.62)

with the covariance Q � E
ekeTk � �
�
0.075 0.037
0.037 0.068

�
. Its poles is shown in Figure

2.1.
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We identify the simulated system (2.62) for 100 cases in each of which the size of

measurement data N � 2000 and m in block-Hankel matrix (2.37) is chosen to be 4.

For most of the identification cases, the standard stochastic subspace identification

fails. The results shown afterwards are all from the proposed stochastic subspace

identification. To reflect the performance of the proposed identification procedure,

we define two indices E1and E2

E2 ��G�ω� � G̃�ω��H2

�G�ω��H2

(2.63)

E� ��G�ω� � G̃�ω��H�
�G�ω��H�

(2.64)

where G�ω� is the transfer function from the normalized innovations with covariance

equal to the identity matrix to the output, i.e.

G�ω� � Ce�eiωTsI � Ae��1KQ1�2 �Q1�2 (2.65)

where Ts is the sample period. Figures 2.2 and 2.3 show the two indices E2 and

E� for 100 identifications, respectively. In particular, the expectations for E2 and

E� are 0.2502 and 0.3349, respectively, and their standard deviation is 0.1045 and

0.1607, respectively. Figure 2.4 shows the frequency response for one identified G̃�ω�
with E2 � 0.1022 and E� � 0.1251.
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Figure 2.2: H2 norm relative error of the identified system for 100 identifications.
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Figure 2.3: H� norm relative error of the identified system for 100 identifications.
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Figure 2.4: Frequency response for the original G�ω� (solid) and the identified
G̃�ω� (dashed).
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3

Uncertainty Quantification for Combined
Deterministic-Stochastic Identification

3.1 Uncertainty Quantification for the Identification of the Determin-
istic Part

In this section, we will derive the asymptotic distribution of the plant parameter

estimate θ̃ from the identification of the deterministic part of a system, as well

as the parametric uncertainty region for the transfer function Gu�z� of the system

deterministic part.

For brevity, hereafter in this chapter we use I or In � Rn�n to denote the identity

matrix with compatible dimension, �̃�� to denote the estimated value of ��� from the

measurement data, δ��� � �̃������ to denote the perturbation of ��� due to finite data

samples, o��� to denote the higher order perturbation satisfying o������� 
 0 as ��� 

0, and

.� to denote the first-order approximation due to the perturbation δH . vec���,
�, and tr��� represent the columnwise vectorization of a matrix, Kronecker product

and the trace of a matrix, respectively. ����, ���T and ���H represent conjugate,

transpose and conjugate transpose, respectively. � � �F and � � �2 represent F-norm

and 2-norm, respectively.
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3.1.1 Asymptotic Distribution of the Estimated Parameters

The ARMAX model of MIMO system (2.1) is assumed to fulfill the following as-

sumptions:

1. The system is asymptotically stable, i.e. the roots of A�z�1� � 0 are inside the

unit circle.

2. The injected external signal �fk	 is a persistently exciting signal of a sufficiently

high order.

3. The equality A�z�1, θ1��1B�z�1, θ1� � A�z�1, θ2��1B�z�1, θ2� implies θ1 � θ2,

i.e. the matrix fraction description of the system (2.1) is canonical.

To compute the covariance of the identified parameters θ̃, we first give the fol-

lowing lemma which was proved by Stoica and Soderstrom (1983).

Lemma 2. If the ARMAX system (2.1) satisfies the assumptions 1 � 3, the noise-

free part ζk of φk obeys

lim
N	��

1

N

N�
k�1

ζk�φk�T � E
ζk�ζk�T � � 0 (3.1)

Theorem 3. Consider the estimate θ̃ given by (2.7). Assume that the system (2.1)

satisfies the assumptions 1 � 3. Then θ̃ is asymptotically Gaussian distributed

�
Nvec�θ̃ � θ� 
 N �0, Pθ� (3.2)

with the covariance matrix Pθ given by

Pθ � �Iny �R�1� 1
2π

� π

�π

S�η �ω� � Sζ�ω�dω�Iny �R�1� (3.3)

where Sζ�ω� is the power spectral density (PSD) of the instrumental variable ζk in

(2.15); Sη�ω� is the PSD of the MA part ηk in (2.3) and given by

Sη�ω� � A�e�iω�Ge�eiω�Ge�e�iω�TA�eiω�T (3.4)
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with the polynomial matrix function A�z�1� given in (2.2) and Ge�z� the innovations-
output transfer function of system (2.27); R � E
ζkζTk � is the variance of the instru-

mental variable ζk and given by

R � 1

2π

� π

�π

Sζ�ω�dω (3.5)

Proof. According to Theorem 3.1 in Stoica and Soderstrom (1983), the estimated θ̃

by multivariable IV methods is asymptotically normally distributed. Here we derive

an explicit expression for its covariance matrix Pθ which can be estimated by the

identified θ̃ and G̃e�z�. As N 
�, according to Lemma 2, we can rewrite (2.7) as

�
NR�θ̃ � θ� � 1�

N

N�
k�1

ζkη
T
k (3.6)

Vectorizing both sides of (3.6) yields

�Iny �R�
�
Nvec�θ̃ � θ� � 1�

N

N�
k�1

ηk � ζk (3.7)

from which we have the covariance matrix

Pθ � �Iny �R�1� 1
N

�
1
k,s
N

E
��ηk � ζk��ηTs � ζTs �

� �Iny �R�T � (3.8)
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where as N 
�, we have that

1

N

�
1
k,s
N

E
��ηk � ζk��ηTs � ζTs �

�

� 1

N

�
1
k,s
N

E
��ηkηTs � � �ζkζTs �

�

� 1

N

�
1
k,s
N

Rη�k � s� �Rζ�k � s�

�
�
τ

Rη�τ� �Rζ�τ�

� 1

2π

� π

�π

�
τ1,τ2

Rη�τ1� �Rζ�τ2�e�iω�τ2�τ1�dω

� 1

2π

� π

�π

�
τ1

Rη�τ1�eiωτ1 �
�
τ2

Rζ�τ2�e�iωτ2dω

� 1

2π

� π

�π

S�η �ω� � Sζ�ω�dω (3.9)

where Rη�τ� and Rζ�τ� are the covariance functions of ηk and ζk, respectively. Sub-

stituting (3.9) to (3.8) gives (3.3). With the knowledge of Ge�z�, we have the transfer
function from the innovations ēk to the MA part ηk

C̄�z� � A�z�1�Ge�z� (3.10)

Noting that the innovations ēk is a vector Gaussian variable with its covariance

matrix equal to identity matrix, we have the PSD Sη�ω� of �ηk	 in (3.4).

Remark 1: suppose K�z� : fk 
 ūk,f � fk is the mapping from the injected

external signal �fk	 to the control input component �ūk,f � fk	 contributed by the

injected external signal �fk	. We have the injected external signal driven output

component

yk,f �Gu�z��ūk,f � fk�

�Gu�z�K�z�fk (3.11)
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Denote Gf�z� � Gu�z�K�z� as the transfer function from fk to yk,f . Then we can

rewrite ζk in terms of fk as

ζk � Q�z�fk (3.12)

where

Q�z� �

	







�

�Gf�z�z�1

...
�Gf�z�z�p

K�z�z�1

...
K�z�z�q

�







�

(3.13)

From (3.12), we have the PSD of �ζk	

Sζ�ω� � Q�eiω�Sf�ω�Q�e�iω�T (3.14)

where Sf�ω� is the PSD of �fk	.
Remark 2: from (3.3), with more external signal fk injection, the matrix covariance

Pθ decreases and thus the closed-loop IV method is able to identify the system with

less measurement data. For instance, when the PSD Sf �ω� is doubled, the matrix

covariance Pθ, as a result, decreases by one half.

3.1.2 Parametric Uncertainty Region of Gu�z�

In this subsection, we extend the quantification of the parametric uncertainty region

of Gu�z� from SISO case (Bombois and Gevers (1999)) to MIMO case.

To briefly quantify the uncertainty regions delivered by closed-loop IV identifica-

tion, we assume that an unbiased model set is used. We also assume that the true

system is linear and time-invariant, with a rational input-output transfer function

Gu�z� and a rational innovations-output transfer function Ge�z�:

yk � Gu�z�uk �Ge�z�ēk (3.15)
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Associated with MIMO IV identification, we consider a stable model set MGu

with the following structure:

MGu � �Gu�z, θv��Gu�z, θv� �
�
I � A1z

�1 � ...� Apz
�p
��1 �B1z

�1 � ...�Bqz
�q�

� �I � θTZD��1�θTZN�	 (3.16)

where the plant parameter θ � 
A1, � � � , Ap, B1, � � � , Bq�T , and

ZD � �z�1Iny ... z�pIny 0 ...0
�T � R�nyp�nuq��ny

ZN � �0 ... 0 z�1Inu ... z�qInu

�T � R�nyp�nuq��ny (3.17)

where nu and ny are the dimensions of the input uk and the output yk, respec-

tively. To avoid the biased case, we assume that the true Gu�z� � MGu , i.e. �
a θ0 � R�nyp�nuq��ny such that Gu�z� � Gu�z, θ0�. From the measurement data, a

nominal model Gnom � Gu�z, θ̃� � MGu is then identified, together with a covariance

estimation Pθ as in (3.3). The true θ0 lies with probability α�ny�nyp � nuq�, χ2
α� in

the ellipsoidal uncertainty region

UGu �
�
θ � vec�θ � θ̃�TNP�1

θ vec�θ � θ̃� � χ2
α

�
(3.18)

where α�ny�nyp � nuq�, χ2
α� is the chi-square probability with ny�nyp � nuq� pa-

rameters and χ2
α is a scalar bound. This uncertainty region UGu corresponds to an

uncertainty region in the space of transfer function which we denote DGu :

DGu � �Gu�z, θ� � Gu�z, θ� � MGu , and θ � UGu	 (3.19)

Then the true Gu�z� is in DGu with the probability α�ny�nyp� nuq�, χ2
α�.

3.2 Uncertainty Quantification for the Identification of the Stochastic

Part

In this section, we will derive the asymptotic distributions of the controllability

matrix, observability matrix (2.44), and the state-space matrices of the associated
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covariance model. Then, we apply the perturbation analysis of DARE for deriving

the F-norm bounds of Kalman gain and the innovations covariance matrix in the

innovations model. By combining these asymptotic results, the H2 norm bound, as

well as the H� norm bound of the model error, is derived with a given confidence

level.

3.2.1 Influence of the Deterministic Part Identification on the Covariance Matrix
Estimation

In this subsection, the perturbation analysis is used to explore the propagation of the

error δθ from Gu�z� identification. In this analysis, matrix taylor series expansion

using Vetter Calculus (Vetter (1973)) is used to analyze the error impact of θ̃ � θ�

where we denote θ̃ as the estimated deterministic plant parameters and θ� as the

true deterministic plant parameters. The noise-driven output components derived

from the previously estimated deterministic plant parameters are given by

ỹ2,k�θ̃� �yk � ỹ1,k�θ̃�

�θT� φk�θ�� � ηk � θ̃T φ̃k�θ̃� (3.20)

where φ̃k�θ̃� � 
�ỹ1,k�1�θ̃�; � � � ;�ỹ1,k�p�θ̃�; uk�1; � � � ; uk�q�. In (3.20), applying ma-

trix Taylor expansion of θ̃T φ̃k�θ̃� on θ̃ � θ� in Vetter’s notation yields

ỹ2,k�θ̃� �θT� φk�θ�� � ηk � θ̃T φ̃k�θ̃�

�θT� φk�θ�� � ηk � �θT� φ̃k�θ�� � d�θ̃T φ̃k�θ̃��� � o��θ̃ � θ���

��θT� φk�θ�� � θT� φ̃k�θ��� � ηk � d�θ̃T φ̃k�θ̃�� � o��θ̃ � θ���

�y2,k � d�θ̃T φ̃k�θ̃�� � o��θ̃ � θ���

�y2,k �
�
Drsθ�θT φ̃k�θ��

�
�θ�θ�

�
rs�θ̃ � θ��

�T
� o��θ̃ � θ���

� �
�
Drsθ�θT ��θ�θ��In2

y�p�q� � φ̃k�θ��� � θT� �Drsθφ̃k�θ���θ�θ�

� �
rs�θ̃ � θ��

�T
� y2,k � o��θ̃ � θ��� (3.21)
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where d��� is the differential of ���; rs��� is the rowwise vectorization of ���; DM�N�
is the directional derivation of N with respect to M � Rn�p

DM�N� �

	



�


N

m11


N

m12

� � � 
N

m1p


N

m21


N

m22

� � � �
...

...
...


N

mn1


N

mn2

� � � 
N

mnp

�



� (3.22)

where mij is the (i,j) element of matrix M. For brevity, denote

δθ �
�
rs�θ̃ � θ��

�T
Kk �Drsθ�θT ��θ�θ��In2

y�p�q� � φ̃k�θ��� � θT� �Drsθφ̃k�θ���θ�θ� (3.23)

then we have the estimated covariance matrices of vector ARMA process �y2,k	

R̃0�θ̃� �
1

N

N�
k�1

�
ỹ2,k�θ̃�ỹ

T
2,k�θ̃�

�

�
1

N

N�
k�1

��
y2,k �Kδθ � o��θ̃ � θ���

��
y2,k �Kδθ � o��θ̃ � θ���

�T�

�
1

N

N�
k�1

�
y2,ky

T
2,k � y2,kδθ

TKT
k �Kkδθy

T
2,k � o��θ̃ � θ���

�

N ��					�

�
R0�θ�� � o��θ̃ � θ���, if in open loop

R0�θ�� �E
�
y2,kδθ

TKT
k �Kkδθy

T
2,k

�
� o��θ̃ � θ���, if in closed loop

(3.24)

Since in closed loop the control inputs which appear in Kk are correlated with the

output component y2,k driven by the innovations �ēk	, the term E
�
y2,kδθ

TKT
k �Kkδθy

T
2,k

�
does not approach to 0 as N 
 �. This term, while for the open loop case, ap-

proaches to 0 as N 
� due to the uncorrelation of the control inputs with innova-
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tions. Likewise, for R̃i�θ̃�, we have

R̃i�θ̃� �
1

N � i

N�
k�i�1

�
ỹ2,k�θ̃�ỹ

T
2,k�i�θ̃�

�

N ��					�

�
Ri�θ�� � o��θ̃ � θ���, if in open loop

Ri�θ�� �E
�
y2,kδθ

TKT
k�i �Kk�iδθy

T
2,k�i

�
� o��θ̃ � θ���, if in closed loop

(3.25)

It is noticed that due to the perturbation δθ, the difference of Ri�θ̃� � E
R̃i�θ̃�� �i �
0, 1, � � � , 2m � 1� from Ri�θ�� is O�δθ� for the closed-loop case while for the open

loop case it is o�δθ�. Next, we will study the asymptotic performance of stochastic

subspace identification. To avoid the contamination from δθ, we assume θ̃ � θ�.

3.2.2 Asymptotic Distribution of the Empirical Sample Covariance

To facilitate the deduction of asymptotic distributions of the empirical sample esti-

mates of variances and covariances of vector ARMA process �y2,k	, we introduce a

Lemma which illustrates that the expectation of the product of four scalar or vector

random variables, which are jointly Gaussian distributed, can be expressed in terms

of first- and second-order moments.

Lemma 4. If x1, x2 � R and X3, X4 � Rn�1 have jointly gaussian distributions, then

E
�
x1x2X3X

T
4

� �E 
x1x2�E
�
X3X

T
4

� � E 
x1X3�E
�
x2X

T
4

�� E 
x2X3�E
�
x1X

T
4

�
� 2E
x1�E
x2�E 
X3�E

�
XT

4

�
(3.26)
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Proof. We note that for 1 � i � n and 1 � j � n, the �i, j� entry of E
�
x1x2X3X

T
4

�
,

�E �x1x2X3X
T
4

��i,j
�eTi E

�
x1x2X3X

T
4

�
ej � E

�
x1x2e

T
i X3X

T
4 ej
�

�E
x1x2�E
�
eTi X3X

T
4 ej
�� E

�
x1e

T
i X3

�
E
�
x2X

T
4 ej
�� E

�
x1X

T
4 ej
�
E
�
x2e

T
i X3

�
� 2E
x1�E
x2�E

�
eTi X3

�
E
�
XT

4 ej
�

�eTi �E
x1x2�E
�
X3X

T
4

�� E
x1X3�E
�
x2X

T
4

�� E 
x2X3�E
�
x1X

T
4

�
� 2E
x1�E
x2�E 
X3�E

�
XT

4

��ej (3.27)

where from the second line to the third line in the equation above we use the fact

(Bär and Dittrich (1971)) that for four real scalar random variables �xi	, i � 1, 2, 3, 4

which are jointly Gaussian distributed, we have that

E�x1x2x3x4� �E�x1x2�E�x3x4� � E�x1x3�E�x2x4� � E�x1x4�E�x2x3�

� 2E�x1�E�x2�E�x3�E�x4� (3.28)

Then the Lemma is concluded.

We can now propose a theorem which reveals the asymptotic distributions of the

empirical sample estimates of variances and covariances of the vector ARMA process

�y2,k	.

Theorem 5. Consider the empirical sample covariance R̃0 for the vector ARMA

process �y2,k	 given by (2.27) and the empirical Hankel matrix H̃ given by substituting

each Rk in (2.37) by R̃k in (2.34). Then R̃0 and H̃ are both asymptotically normally

distributed

�
Nvec�R̃0 �R0� �
 N �0, PR0� (3.29)

�
Nvec�H̃ �H� �
 N �0, PH� (3.30)
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with the covariance matrices PR0 and PH given by

PR0 � �In2
e
�Kne�

1

2π

� π

�π

S�y2�ω� � Sy2�ω�dω (3.31)

PH � �In2
em

2 �Knem�
1

2π

� π

�π

��
E2E

H
2

�� Sy2�ω�
�� � ��E1E

H
1

�� Sy2�ω�
�
dω (3.32)

where Sy2�ω� is the PSD of the vector ARMA process �y2,k	; Kn is a permutation

matrix satisfying

Kn�ei � ej� � ej � ei (3.33)

; E1 � 
1 eiω ... eiω�m�1��T ; E2 � 
e�iω e�2iω... e�iωm�T ; ei is a n-dimensional unit

vector with the ith element be 1 and others 0. ne is the dimension of subsystem

(2.27).

Proof. We first proof (3.31), and then extend the proof to obtain (3.32). We have

the covariance of vec�R̃0 �R0�

Cov�vec�R̃0 �R0�, vec�R̃0 �R0��

� E

�
1

N

N�
k�1

�y2,k � y2,k � vec�R0�� 1

N

N�
h�1

�y2,h � y2,h � vec�R0��T
�

� 1

N2

�
1
k,h
N

E
�
�y2,k � y2,k � vec�R0�� �y2,h � y2,h � vec�R0��T

�
(3.34)

In the second line, we use the fact vec�y2,kyT2,k� � y2,k � y2,k. Each entry in the sum
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is

E
�
�y2,k � y2,k � vec�R0�� �y2,h � y2,h � vec�R0��T

�
�E ��y2,k � y2,k��y2,h � y2,h�T

�� vec�R0�vec�R0�T

�E ��y2,kyT2,h�� �y2,kyT2,h��� vec�R0�vec�R0�T

�E
���

i,j

y
�i�
2,ky

�j�
2,heie

T
j

�
� �y2,kyT2,h�

�
� vec�R0�vec�R0�T

�
�
i,j

eie
T
j � E

�
y
�i�
2,ky

�j�
2,hy2,ky

T
2,h

�
� vec�R0�vec�R0�T

�
�
i,j

eie
T
j �

�
E�y�i�2,ky

�j�
2,h�E�y2,kyT2,h� � E�y�i�2,ky2,k�E�y�j�2,hy

T
2,h� � E�y�j�2,hy2,k�E�y�i�2,ky

T
2,h�
�

� vec�R0�vec�R0�T

�A1 � A2 � A3 � vec�R0�vec�R0�T (3.35)

where we use Lemma 4 to derive the sixth line from the fifth line, and we denote

A1 �
�
i,j

eie
T
j � E�y�i�2,ky

�j�
2,h�E�y2,kyT2,h� (3.36)

A2 �
�
i,j

eie
T
j � E�y�i�2,ky2,k�E�y�j�2,hy

T
2,h� (3.37)

A3 �
�
i,j

eie
T
j � E�y�j�2,hy2,k�E�y�i�2,ky

T
2,h� (3.38)

For A1, we have

A1 �
�
i,j

eie
T
j � E�y�i�2,ky

�j�
2,h�E�y2,kyT2,h�

�
�

i,j,m,n

�
eie

T
j

�� �emeTn�E�y�i�2,ky
�j�
2,h�E�y�m�2,k y

�n�
2,h�

�
�

i,j,m,n

�ei � em�
�
eTj � eTn

�
E�y�i�2,ky

�j�
2,h�E�y�m�2,k y

�n�
2,h� (3.39)
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For A2, we have

A2 �
�
i,j

eie
T
j � �E�y�i�2,ky2,k�E�y�j�2,hy

T
2,h��

�
�
i,j

�
ei � E�y�i�2,ky2,k�

��
ej � E�y�j�2,hy2,h��

�T

�
�
i,j

vec�E�y�i�2,ky2,k�eTi �vecT �E�y�j�2,hy2,h��eTj �

� vec�E�y2,kyT2,k��vecT �E�y2,hyT2,h��

� vec�R0�vec�R0�T (3.40)

For A3, we have

A3 �
�
i,j

eie
T
j � E�y�j�2,hy2,k�E�y�i�2,ky

T
2,h�

�
�
i,j

�eieTj � �
��

m,n

eme
T
nE�y�m�2,k y

�j�
2,h�E�y�i�2,ky

�n�
2,h�
�

�
�

i,j,m,n

��eieTj � � �emeTn �
�
E�y�m�2,k y

�j�
2,h�E�y�i�2,ky

�n�
2,h�

�
�

i,j,m,n

��emeTj � � �eieTn �
�
E�y�i�2,ky

�j�
2,h�E�y�m�2,k y

�n�
2,h�

�
�

i,j,m,n

�em � ei�
�
eTj � eTn

�
E�y�i�2,ky

�j�
2,h�E�y�m�2,k y

�n�
2,h�

�
�

i,j,m,n

Kne �ei � em�
�
eTj � eTn

�
E�y�i�2,ky

�j�
2,h�E�y�m�2,k y

�n�
2,h�

� KneA1 (3.41)

where we switch the indices i and m to derive the fourth line from the third line.

37



Substituting (3.39) � (3.41) to (3.35), we have

E
�
�y2,k � y2,k � vec�R0�� �y2,h � y2,h � vec�R0��T

�

� �In2
e
�Kne�

�
i,j,m,n

�ei � em�
�
eTj � eTn

�
E�y�i�2,ky

�j�
2,h�E�y�m�2,k y

�n�
2,h�

� �In2
e
�Kne�E

�
y2,ky

T
2,h

�� E
�
y2,ky

T
2,h

�
� �In2

e
�Kne�Rk�h �Rk�h (3.42)

Substituting (3.42) to (3.34), we have

Cov�vec�R̃0 �R0�, vec�R̃0 �R0��

� 1

N2
�In2

e
�Kne�

�
1
k,h
N

Rk�h �Rk�h

� 1

N
�In2

e
�Kne�

�
τ

R�τ� �R�τ�

� 1

N
�In2

e
�Kne�

1

2π

� π

�π

�
τ1,τ2

R�τ1� �R�τ2�e�iω�τ2�τ1� dω

� 1

N
�In2

e
�Kne�

1

2π

� π

�π

�
τ1

R�τ1�eiωτ1 �
�
τ2

R�τ2�e�iωτ2 dω

� 1

N
�In2

e
�Kne�

1

2π

� π

�π

S�y2�ω� � Sy2�ω�dω

where Sy2�ω� denotes the PSD of the vector ARMA process �y2,k	. Thus, (3.31) is

concluded. For H in (2.37), following the same procedure we have

Cov
�
vec�H̃ �H�, vec�H̃ �H�

�

� Cov

�
vec� 1

N

N�
k�1

V1,kV
T
2,k �H�, vec� 1

N

N�
k�1

V1,kV
T
2,k �H�

�

� 1

N
�In2

em
2 �Knem�

1

2π

� π

�π

S�V2
�ω� � SV1�ω�dω (3.43)
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where V1,k � 
yT2,k yT2,k�1 ... yT2,k�m�1�T and V2,k � 
yT2,k�1 yT2,k�2 ... yT2,k�m�T ; SV1�ω�
and SV2�ω� denotes the spectral densities of V1,k and V2,k respectively, and can be

obtained by

SV1�ω� �

�
   !
	



�

1
eiω

...
eiω�m�1�

�



�� Ine

"
ÆÆÆ#Sy2�ω�

�
   !
	



�

1
eiω

...
eiω�m�1�

�



�

H

� Ine

"
ÆÆÆ#

�

�
   !
	



�

1
eiω

...
eiω�m�1�

�



�
	



�

1
eiω

...
eiω�m�1�

�



�

H"
ÆÆÆ#� Sy2�ω� (3.44)

Likewise, we have

SV2�ω� �

�
   !
	



�

e�iω

e�2iω

...
e�iωm

�



�� Ine

"
ÆÆÆ#Sy2�ω�

�
   !
	



�

e�iω

e�2iω

...
e�iωm

�



�

H

� Ine

"
ÆÆÆ#

�

�
   !
	



�

e�iω

e�2iω

...
e�iωm

�



�
	



�

e�iω

e�2iω

...
e�iωm

�



�

H"
ÆÆÆ#� Sy2�ω� (3.45)

Substituting (3.44) and (3.45) to (3.43) gives (3.32). Proposition 7.3.2 � 7.3.4 in

Brockwell and Davis (1991), as well as theorem 1 in Delmas and Meurisse (2000),

claim that the sample covariances R̃k in (2.34) are normally distributed as the mea-

surement data size N goes to infinity. Thus, (3.29) and (3.30) are conluded.

Remark 1: the PSD Sy2�ω� of vector ARMA process �y2,k	 can be computed by

the transfer function from the normalized innovations to output, i.e.

Sy2�ω� � Ge�eiω�GT
e �e�iω� (3.46)
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3.2.3 Asymptotic Distributions of the State Space Matrices in the Covariance Model

Based on the asymptotic distributions of the estimated covariances of vector ARMA

process �y2,k	, perturbation analysis of SVD is firstly applied to derive the asymptotic

distributions of the controllability and observability matrices, from which we then

derive the asymptotic distributions of the state space matrices in the covariance

model.

Assume the true covariance matrix H has SVD

H � UsΛsV
T
s � UnΛnV

T
n (3.47)

where the diagonal matrix Λs � Rne�ne and Λn � 0. Due to finite data samples,

there exists a perturbation δH in H̃

H̃ � H � δH (3.48)

which results in the corresponding perturbations of subspaces and singular values.

Xu (2002) developed the perturbation analysis of SVD to the second order. We will

apply its main theorem to analyze how δH influences the SVD of H̃ . Accordingly,

the SVD on H̃ gives

H̃ � ŨsΛ̃sṼs
T � ŨnΛ̃nṼ

T
n (3.49)

Due to δH , all the terms on the right hand side of (3.49) may differ from those on

the right hand side of (3.47). First we define the terms below

Ess � UT
s δHVs Esn � UT

s δHVn

Ens � UT
n δHVs Enn � UT

n δHVn (3.50)
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According to the main theorem in Xu (2002), we have that

Λ̃s � Λs � UT
s δHVs � o�δH�, Λ̃n � Λn � UT

n δHVn � o�δH�

Ũs � Us � UnU
T
n δHVsΛ

�1
s � o�δH�

Ṽs � Vs � VnV
T
n δHTUsΛ

�1
s � o�δH�

Ũn � Un � UsΛ
�1
s V T

s δHTUn � o�δH�

Ṽn � Vn � VsΛ
�1
s UT

s δHVn � o�δH� (3.51)

To evaluate ŨsΛ̃
1
2
s and Λ̃

1
2
s Ṽ T

s , we need to first get the perturbed term of Λ̃
1
2
s . Suppose

its first-order perturbation approximation as

Λ̃
1
2
s � Λ

1
2
s � δΛsq � o�δΛsq� (3.52)

Subsituting it to (3.51) obtains

Λs � UT
s δHVs � o�δH� �

�
Λ

1
2
s � δΛsq � o�δΛsq�

��
Λ

1
2
s � δΛsq � o�δΛsq�

�
(3.53)

Applying dominant balance yields

UT
s δHVs � Λ

1
2
s δΛsq � δΛsqΛ

1
2
s (3.54)

Since Λ
1
2
s is a diagonal matrix with each diagonal entry positive, Ine �Λ

1
2
s �Λ

1
2
s � Ine

is nonsingular. There exists a unique solution to (3.54)

vec�δΛsq� �
�
Ine � Λ

1
2
s � Λ

1
2
s � Ine

��1

vec�UT
s δHVs�

�
�
Ine � Λ

1
2
s � Λ

1
2
s � Ine

��1

�V T
s � UT

s �vec�δH� (3.55)

Then we have

ŨsΛ̃
1
2
s �

�
Us � UnU

T
n δHVsΛ

�1
s � o�δH�� �Λ 1

2
s � δΛsq � o�δΛsq�

�

� UsΛ
1
2
s � UsδΛsq � UnU

T
n δHVsΛ

� 1
2

s � o�δH� (3.56)
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Vectorizing both sides of the equation above gives

vec
�
ŨsΛ̃

1
2
s � UsΛ

1
2
s

�

� vec
�
UsδΛsq � UnU

T
n δHVsΛ

� 1
2

s

�
� o�δH�

� �Ine � Us�vec�δΛsq� �
��

Λ
� 1

2
s V T

s

�
� �UnU

T
n

��
vec�δH� � o�δH� (3.57)

Substituting (3.55) to the equation above gives

vec

	
ŨsΛ̃

1
2
s � UsΛ

1
2
s




�

�
�Ine 
 Us�

	
Ine 
 Λ

1
2
s � Λ

1
2
s 
 Ine


�1 �
V T
s 
 UT

s



�

	
Λ
� 1

2
s V T

s





�
UnU

T
n


�
vec�δH� � o�δH�

(3.58)

Likewise, we have

vec

	
Λ̃

1
2
s Ṽ

T
s � Λ

1
2
s V

T
s




�

�
�Vs 
 Ine�

	
Ine 
 Λ

1
2
s � Λ

1
2
s 
 Ine


�1 �
V T
s 
 UT

s



�
�
VnV

T
n






	
Λ
� 1

2
s UT

s


�
vec�δH� � o�δH�

(3.59)

From theorem 5 and (3.58) � (3.59), we have the following theorem which reveals

the asymptotic distributions of the observability and controllability matrices in the

covariance model.

Theorem 6. Consider the observaility matrix Ω̃ and controllability matrix Γ̃ esti-

mated by (2.44) for T � Inx. They are asymptotically normally distributed
�
Nvec�Ω̃� Ω� �
 N �0, PΩ�
�
Nvec�Γ̃� Γ� �
 N �0, PΓ� (3.60)

The asymptotic covariance matrices are

PΩ � Π1PHΠ
T
1 (3.61)

PΓ � Π2PHΠ
T
2 (3.62)
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where Π1 and Π2 are given as

Π1 �

�
�Ine 
 Us�

	
Ine 
 Λ

1
2
s � Λ

1
2
s 
 Ine


�1 �
V T
s 
 UT

s



�

	
Λ
� 1

2
s V T

s





�
UnU

T
n


�

Π2 �

�
�Vs 
 Ine�

	
Ine 
 Λ

1
2
s � Λ

1
2
s 
 Ine


�1 �
V T
s 
 UT

s



�
�
VnV

T
n






	
Λ
� 1

2
s UT

s


�
(3.63)

From the asymptotical distributions of observability and controllability matri-

ces, we have the following theorem for the asymptotical distributions of state space

matrices in covariance model.

Theorem 7. Assume m � n�1. The state space matrices Ãe, C̃e, and D̃e estimated

from (2.45) and (2.46) are asymptotically normally distributed
�
Nvec�Ãe � Ae� �
 N �0, PA�

�
Nvec�C̃e � Ce� �
 N �0, PC�

�
Nvec�D̃e �De� �
 N �0, PD� (3.64)

where

PA � ΞPΩΞ
T , PC � �Inx � Φ3�PΩ�Inx � Φ3�T

PD � �ΦT
4 � Inx�PΓ�ΦT

4 � Inx�T (3.65)

and

Φ1 �
I, 0� � R�m�1�ne�mne , Φ2 � 
0, I� � R�m�1�ne�mne

Φ3 �
I, 0� � Rne�mne , Φ4 � 
I, 0�T � Rmne�ne

Ψ1 �
�
ΩTΦT

1Φ1Ω
��1

, Ψ2 � ΦT
1Φ2Ω, Ψ3 � ΩTΦT

1Φ2, Ψ4 � ΩTΦT
1Φ1

Ξ ��ΨT
2 �Ψ1�Knx,nem � Inx � �Ψ1Ψ3� � �Ψ1Ψ3Ω�T � �Ψ1Ψ4�

� ��ΨT
4Ψ1Ψ3Ω�T �Ψ1�Knx,nem (3.66)

where Knx,nem is a permutation matrix satisfying

vec�δΩT � � Knx,nemvec�δΩ�
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Proof. From the structure of (2.44), we have

vec�C̃e � Ce� � vec�Φ3δΩ� � �Inx � Φ3�vec�δΩ�

vec�D̃e �De� � vec�δΓΦ4� � �ΦT
4 � Inx�vec�δΓ� (3.67)

Applying (3.60) yields
�
Nvec�C̃e � Ce� �
 N �0, �Inx � Φ3�PΩ�Inx � Φ3�T

�
(3.68)

�
Nvec�D̃e �De� �
 N �0, �ΦT

4 � Inx�PΓ�ΦT
4 � Inx�T � (3.69)

From (2.46), the least-square solution of the overdetermined linear equation for Ãe

is

Ãe �
�
�Φ1Ω̃�TΦ1Ω̃

��1

�Φ1Ω̃�TΦ2Ω̃ (3.70)

where the inverse of the perturbed term �Φ1Ω̃�TΦ1Ω̃ gives�
�Φ1Ω̃�

TΦ1Ω̃
��1

�
�
�Φ1Ω�

TΦ1Ω� ΩTΦT
1 Φ1δΩ � δΩTΦT

1 Φ1Ω� o�δΩ�

�1

��
�
�Φ1Ω�

TΦ1Ω

�1 �

ΩTΦT
1 Φ1δΩ � δΩTΦT

1 Φ1Ω

 �
�Φ1Ω�

TΦ1Ω

�1

�
�
�Φ1Ω�

TΦ1Ω

�1

� o�δΩ� (3.71)

Substituting it to Ãe yields

Ãe �o�δΩ� �Ae �
�
ΩTΦT

1Φ1Ω

�1 �

δΩTΦT
1Φ2Ω� ΩTΦT

1Φ2δΩ



�
�
�Φ1Ω�

TΦ1Ω

�1 �

ΩTΦT
1 Φ1δΩ � δΩTΦT

1 Φ1Ω

 �
�Φ1Ω�

TΦ1Ω

�1

ΩTΦT
1 Φ2Ω (3.72)

where we use the fact Ae � �
ΩTΦT

1Φ1Ω
��1

ΩTΦT
1Φ2Ω. For brevity, substituting

Ψ1 � Ψ4 given by (3.66) to the expression of Ãe obtains

Ãe �Ae � Ψ1δΩ
TΨ2 �Ψ1Ψ3δΩ�Ψ1Ψ4δΩΨ1Ψ3Ω�Ψ1δΩ

TΨT
4Ψ1Ψ3Ω� o�δΩ� (3.73)

Vectorizing both sizes of the equation above gives

vec�Ãe � Ae� � ΞvecδΩ� o�δΩ� (3.74)
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Likewise, applying (3.60) yields
�
Nvec�Ãe � Ae� �
 N �0,ΞPΩΞ

T � (3.75)

3.2.4 Perturbation Analysis of DARE

In this subsection, we use perturbation analysis of DARE to derive the F-norm error

bound of Kalman gain K and the innovations covariance Q.

Consider the general DARE

P � AePAT
e � �De � AePCT

e ��R0 � CePCT
e ��1�De � AePCT

e �T (3.76)

To facilitate its perturbation analysis, the general DARE is transformed to the stan-

dard DARE

P � AT
d PAd � AT

dPCT
e �CePCT

e �R0��1CePAd �DeR
�1
0 DT

e (3.77)

where Ad � AT
e �CT

e R
�1
0 DT

e . Denote Bd � �R� 1
2

0 Ce�T , and Md � DeR
�1
0 DT

e , we have

P � AT
d PAd � AT

dPBd�I �BT
d PBd�TBT

d PAd �Md � 0 (3.78)

Using the identity �
I �BdB

T
d P
��1 � I �Bd�I �BT

d PBd��1BT
d P (3.79)

and denote Sd � BdB
T
d , we can rewrite (3.78) in its equivalent form

P � AT
dP �I � SdP ��1Ad �Md � 0 (3.80)

Assume under the perturbation of δAd, δSd, and δMd, there exists a unique non-

negative solution in (3.80). If this assumption is not satisfied, the LMI optimization

(2.53) � (2.55) is used beforehand to guanrantee the solvability of DARE. with

perturbed terms on Ae, Ce, R0, and De, it is verified that

δAd � δAT
e � δCT

e R
�1
0 DT

e � CT
e R

�1
0 δRR�1

0 DT
e � CT

e R
�1
0 δDT

e � o�δAd�

δMd � �DeR
�1
0 δR0R

�1
0 DT

e �DeR
�1
0 δDT

e � δDeR
�1
0 DT

e � o�δMd�

δSd � �CT
e R

�1
0 δR0R

�1
0 Ce � δCT

e R
�1
0 Ce � CT

e R
�1
0 δCe � o�δSd� (3.81)
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Theorem 3.1 in Konstantinov et al. (1993) gives the solution perturbation in terms

of δMd, δAd and δSd. Applying it yields

�δP �F � KM�δMd�F �KA�δAd�F �KS�δSd�F �O����2F � (3.82)

where � � ��δMd�F , �δAd�F , �δSd�F �T ; KM , KA, and KS are defined as

KM � �MM�2, KA � �MA�2, KS � �MS�2 (3.83)

where

MM �Λ�1, MA � Λ�1
Inx � AT
c P � �AT

c P � Inx�Knx�

MS �Λ�1�AT
c P � AT

c P �, Λ � I � AT
c � AT

c , Ac � �I � SdP ��1Ad (3.84)

From (3.81), we obtain the F-norm error bound of Ad, Md and Sd

�δAd�F ��δAe�F � Π1�δCe�F � Π2�δR0�F � Π3�δDe�F � o�����

�δMd�F �Π4�δR0�F � 2Π1�δDe�F � o�����

�δSd�F �Π5�δR0�F � 2Π3�δCe�F � o����� (3.85)

where we use the fact �vec����2 � � � �F in the deduction, and

Π1 � �DeR
�1
0 � I�2, Π2 � �DeR

�1
0 � CT

e R
�1
0 �2, Π3 � �I � CT

e R
�1
0 �2

Π4 � �DeR
�1
0 �DeR

�1
0 �2, Π5 � �CT

e R
�1
0 � CT

e R
�1
0 �2 (3.86)

Substituting (3.85) to (3.82) gives the F-norm error bound of the positive definite

solution P to DARE.

�δP �F �KA�δAe�F � �KAΠ1 � 2KSΠ3��δCe�F � �KMΠ4 �KAΠ2 �KSΠ5��δR0�F

� �2KMΠ1 �KAΠ3��δDe�F � o����F � (3.87)

For Q � R0�CePCT
e and K � �De�AePCT

e �Q�1 with perturbed terms on R0, Ae,

Ce, P , and De, it is verified that

δQ �δR0 � δCePCT
e � CeδPCT

e � CePδCT
e � o�δQ�

δK ��KδR0Q
�1 �KδCePCT

e Q
�1 � �KCeP � AeP �δCT

e Q
�1

� �KCe � Ae�δPCT
e Q

�1 � δDeQ
�1 � δAePCT

e Q
�1 � o�δK� (3.88)
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In view of (3.88), we get

�δQ�F �KAΠ7�δAe�F � �2Π6 �KAΠ1Π7 � 2KSΠ3Π7��δCe�F � �2KMΠ1Π7 �KAΠ3Π7��δDe�F

� �1�KMΠ4Π7 �KAΠ2Π7 �KSΠ5Π7��δR0�F � o����F �

�δK�F ��Π13 �KAΠ11��δAe�F � �Π9 �Π10 �KAΠ1Π11 � 2KSΠ3Π11��δCe�F

� �Π12 � 2KMΠ1Π11 �KAΠ3Π11��δDe�F

� �Π8 �KMΠ4Π11 �KAΠ2Π11 �KSΠ5Π11��δR0�F � o����F � (3.89)

where

Π6 � �CeP � I�2, Π7 � �Ce � Ce�2, Π8 � �Q�1 �K�2, Π9 � �Q�1CeP �K�2
Π10 � �Q�1 � �KCe � Ae�P �2, Π11 � �Q�1Ce � �KCe � Ae��2
Π12 � �Q�1 � I�2, Π13 � �Q�1CeP � I�2 (3.90)

Remark: provided that (3.77) fails due to insufficient data, (2.52), as well as (2.57)

and (2.58), is required to adjust D̃e and R̃0 for a valid model. In this case, we shall

estimate the F-norm error bounds of De and R0 by triangle inequality.

�δDe�F � � ˆ̃De � D̃e � D̃e �De�F � � ˆ̃D � D̃e�F � �D̃e �De�F

�δR0�F � � ˆ̃R0 � R̃0 � R̃0 �R0�F � � ˆ̃R0 � R̃0�F � �R̃0 �R0�F (3.91)

where ˆ̃De�D̃ and ˆ̃R0�R̃0 result from the LMI-based adjustments in (2.57) � (2.58),

and D̃e�De and R̃0�R0 are asymptotically normally distributed, as shown in (3.64)

and (3.29).

3.2.5 H2 Norm Model Error Bound for Ge�z�

In this subsection, we will derive the H2 norm bound of the model error for the

identified G̃e�z� as well as a confidence level.

For brevity, we denote Be � KQ
1
2 and Fe � Q

1
2 . Thus, we have the true innova-

tions model transfer function and the identified one as

Ge�ω� �
�

Ae Be

Ce Fe

�
, G̃e�ω� �

�
Ãe B̃e

C̃e F̃e

�
(3.92)
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Theorem 8. Let �Ae, Be, Ce, Fe� and �Ãe, B̃e, C̃e, F̃e� be state-space representations

of the original and identified systems, as shown in (3.92), such that

δAe � o�Ae�, δBe � o�Be�

δCe � o�Ce�, δFe � o�Fe� (3.93)

Assume, without loss of generality, that the state matrices Ae and Ãe are Hurwitz.

Let Ge�ω� and G̃e�ω� be the corresponding transfer functions. Then the H2 norm of

the error system can be bounded by

�Ge�ω� � G̃e�ω��2H2
�4�BeB

T
e �F �Υ1�2�Υ2�2�δCe�F � 4�BeB

T
e �F �Υ1�2�Υ3�2�δAe�F

� �δFe�2F � o���̄�F � (3.94)

where

Υ1 �
�
AT

e � AT
e � Inx � Inx

��1

Υ2 � Inx � CT
e , Υ3 � Inx � AT

e P11

�̄ � ��δAe�F , �δCe�F �T (3.95)

and P11 is the positive definite solution of the following Lyapunov equation.

AT
e P11Ae � P11 � CT

e Ce � 0 (3.96)

Proof. Consider the transfer function of the error system

Ge�ω� � G̃e�ω� �
	
� Ae 0

0 Ãe

Be

B̃e

Ce � C̃e Fe � F̃e

�
� (3.97)

The H2 norm of Ge�ω� � G̃e�ω� is computed by an algebraic approach

�Ge�ω� � G̃e�ω��2H2

� tr

�
�Fe � F̃e�T �Fe � F̃e� �

�
Be

B̃e

�T �
P11 P12

P T
12 P22

��
Be

B̃e

��

� �δFe�2F � tr

��
Be

B̃e

�T �
P11 P12

P T
12 P22

��
Be

B̃e

��
(3.98)
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where P11, P12 and P22 are the solutions to

AT
e P11Ae � P11 � CT

e Ce � 0 (3.99)

AT
e P12Ãe � P12 � CT

e C̃e � 0 (3.100)

ÃT
e P22Ãe � P22 � C̃T

e C̃e � 0 (3.101)

and P11 � 0 due to the fact that �Ae, Ce� is observable and Ae is Hurwitz. Pertur-

bation analysis of (3.100) and (3.101) gives the perturbed solution

P12 � �P11 � P̄12 � o��δAe, δCe�T �

P22 � P11 � P̄22 � o��δAe, δCe�T � (3.102)

where P̄12 and P̄22 are respectively the first order terms in the asymptotic expansions

of P12 and P22. Dominant balance gives

AT
e P̄12Ae � AT

e P11δAe � P̄12 � CT
e δCe � 0

δAT
e P11Ae � AT

e P̄22Ae � AT
e P11δAe � P̄22 � δCT

e Ce � CT
e δCe � 0 (3.103)

Algebraic manipulation gives the F-norms of P̄12 and P̄22 bounded by

�P̄12�F � �Υ1Υ3�2�δAe�F � �Υ1Υ2�2�δCe�F
�P̄22�F � 2�Υ1�2�Υ3�2�δAe�F � 2�Υ1�2�Υ2�2�δCe�F (3.104)

Substituting (3.102) to the second term of (3.98) gives

tr

��
Be

B̃e

�T �
P11 P12

P T
12 P22

��
Be

B̃e

��

� tr�BT
e �P̄ T

12 � P̄12 � P̄22�Be� � o��δAe, δCe�T �

� tr�BeB
T
e �P̄ T

12 � P̄12 � P̄22�� � o��δAe, δCe�T �

� vec�BeB
T
e �Tvec�P̄ T

12 � P̄12 � P̄22� � o��δAe, δCe�T �

� �vec�BeB
T
e �T �2�vec�P̄ T

12 � P̄12 � P̄22��2 � o���̄�F �

� �BeB
T
e �F �2�P̄12�F � �P̄22�F � � o���̄�F � (3.105)

49



where we use Hölder’s inequality from the fourth line to the fifth line in the equation

above. Combining (3.104), (3.105), and (3.98) gives the conclusion.

Likewise, we have the following corollary which gives the H2 norm error bound

for the identified deterministic part of a system.

Corollary 9. Let �Au, Bu, Cu� and �Ãu, B̃u, C̃u� be the state-space representations of

the original and identified deterministic part of a system, as shown in (2.26), such

that

δAu � o�Au�, δBu � o�Bu�, δCu � o�Cu� (3.106)

Assume, without loss of generality, that the state matrices Au and Ãu are Hurwitz.

Let Gu�ω� and G̃u�ω� be the corresponding tansfer functions. Then the H2 norm of

the error system can be bounded by

�Gu�ω� � G̃u�ω��2H2
� o���̃�F � � 4�BuB

T
u �F �Ῡ1�2�Ῡ2�2�δθA�F (3.107)

where

Ῡ1 �
�
AT

u � AT
u � I � I

��1

Ῡ2 � I � AT
u P̄11

�̃ � ��δAu�F �T

θA � 
A1, � � � , Ap�T (3.108)

and P̄11 is the nonnegative definite solution of the following Lyapunov equation.

AT
u P̄11Au � P̄11 � CT

u Cu � 0 (3.109)

With Fe � Q
1
2 , we have the F-norm bound of its perturbation δFe � Q̃

1
2 �Q

1
2 .

�δFe�2F � �Υ4�22�δQ�2F (3.110)

where

Υ4 � �Ine �Q
1
2 �Q

1
2 � Ine��1 (3.111)
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From (3.94), (3.110), as well as Be � KQ
1
2 , we obtain the H2 norm bound of the

error system.

�Ge�ω� � G̃e�ω��2H2
��Υ4�22�δQ�2F � 4�KQKT �F �Υ1�2�Υ2�2�δCe�F

� 4�KQKT �F �Υ1�2�Υ3�2�δAe�F � o���̄�F � (3.112)

where the F-norm bound of δQ is given by (3.89).

Remark: for a special case where the poles of the error system (3.97) are all distinct,

we can get an explicit H� norm error bound in terms of H2 norm error bound.

Theorem 2 in Hara et al. (1997) gives

�Ge�ω� � G̃e�ω��2H� �
�
1� 2nx

1� ρ

1� ρ

�
�Ge�ω� � G̃e�ω��2H2

(3.113)

where ρ is the maximum absolute value of the system poles of the error system.

The next theorem gives the confidence level associated with the H2 norm error

bound for the identified G̃e�ω�.

Theorem 10. Let ε be a small number such that

ε � O��δH�F �

Assume the data size N is sufficiently large such that (3.29) and (3.64) approximately

hold. Then the H2 norm bound of the error system (3.97) is approximately given by

�Ge�ω� � G̃e�ω��2H2
� 4�KQKT �F �Υ1�2�Υ3�2�ΞΠ1�2ε

� 4�KQKT �F �Υ1�2�Υ2�2��Inx � Φ3�Π1�2ε� o�� ¯̄��F � (3.114)

with a confidence level more than 1 � tr�PH �
Nε2

where N is the data size, and ¯̄� �
��δAe�F , �δCe�F , �δDe�F , �δR0�F �T .

Proof. According to mutivariable Chebyshev inequality, for a normally distributed

random vector vec�δH� � Rmny�mny with covariance matrix PH�N and cumulative

distribution F ���, we have

P ��vec�δH��2 � ε	 � Var�vec�δH��
ε2

(3.115)
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where P ��� is the probability, and

Var�vec�δH�� :�
�
V � Rm2n2

y

�V �22 dF �V � (3.116)

With �vec�.��2 � �.�F and Var�vec�δH�� � tr�PH

N
�, we have

P ��δH�F � ε	 � 1� tr�PH�
Nε2

(3.117)

Combining (3.58), (3.59), (3.67) and (3.74) gives

vec�δAe� � ΞΠ1vec�δH�

vec�δCe� � �Inx � Φ3�Π1vec�δH� (3.118)

Then we have

�δAe�F � �ΞΠ1�2ε

�δCe�F � ��Inx � Φ3�Π1�2ε (3.119)

Also from (3.89), we have

�δQ�2F � o�� ¯̄��F � (3.120)

Substituting (3.119) and (3.120) to (3.112) gives (3.114).

3.2.6 H� Norm Model Error Bound for Ge�z�

In this subsection, we will first quantify the uncertainty of the state space matrices

in the system Ge�z� in terms of F-norm with a confidence level, and then propose

two approaches, based on perturbation analysis and LMI technique, respectively, to

computing the H� norm model error bound for Ge�z� with a given confidence level.

Since vec�δR0� and vec�δH� are asymptotically normally distributed with the

covariance matrices PR0 and PH , from multivariable Chebyshev inequality, we have

that

P �
����
�
vec�δR0�
vec�δH�

�����
2

� ε	 � 1� tr�PR0� � tr�PH�
Nε2

(3.121)
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Then with a confidence level more than 1� tr�PR0
��tr�PH �

Nε2
, we have that

�δH�F �
����
�
vec�δR0�
vec�δH�

�����
2

� ε

�δR0�F �
����
�
vec�δR0�
vec�δH�

�����
2

� ε (3.122)

Then from (3.67), (3.74), (3.58),(3.59) and (3.63), we have the following F-norm

error bounds of Ae, Ce, and De

�δAe�F � Θ1ε, �δCe�F � Θ2ε, �δDe�F � Θ3ε (3.123)

where

Θ1 � �ΞΠ1�2,Θ2 � ��Inx � Φ3�Π1�2,Θ3 � ��ΦT
4 � Inx�Π2�2 (3.124)

It is also verified that

�δFe�F � Θ4�δQ�F
�δBe�F � Θ5�δQ�F �Θ6�δK�F (3.125)

where

Θ4 � �Υ4�2, Θ5 � �Iny �K�2�Υ4�2, Θ6 � �Q 1
2 � Inx�2 (3.126)

Substituting (3.89) and (3.123) to (3.125) yields

�δFe�F �Θ4�KAΠ7Θ1 � �2Π6 �KAΠ1Π7 � 2KSΠ3Π7�Θ2 � �2KMΠ1Π7 �KAΠ3Π7�Θ3

� �1�KMΠ4Π7 �KAΠ2Π7 �KSΠ5Π7�
ε� o����F �

�δBe�F ��Θ5�KAΠ7�Θ1 �Θ5�2Π6 �KAΠ1Π7 � 2KSΠ3Π7�Θ2 �Θ5�2KMΠ1Π7 �KAΠ3Π7�Θ3

�Θ5�1�KMΠ4Π7 �KAΠ2Π7 �KSΠ5Π7� �Θ6�Π13 �KAΠ11�Θ1

�Θ6�Π9 �Π10 �KAΠ1Π11 � 2KSΠ3Π11�Θ2 �Θ6�Π12 � 2KMΠ1Π11 �KAΠ3Π11�Θ3

�Θ6�Π8 �KMΠ4Π11 �KAΠ2Π11 �KSΠ5Π11�
ε� o����F � (3.127)

Thus, with a confidence level more than 1� tr�PR0
��tr�PH �

Nε2
, we have the F-norm error

bounds of the state space matrices in the system Ge�z�, shown in (3.123) and (3.127).
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A straightforward way to derive the H�-norm bound of the error system is by

perturbation analysis, although a tight bound is not guaranteed. Asymptotic ex-

pansion of the transfer function Ge�ω� for the original system with respect to the

parameters for the identified system G̃e�ω� in (3.97) yields

Ge�ω� � G̃e�ω�

��C̃e � δCe�
�
eiωI � Ãe � δAe

��1
�B̃e � δBe� � F̃e � δFe � C̃e

�
eiωI � Ãe

��1
B̃e � F̃e

�� δCe�e
iωI � Ãe�

�1B̃e � C̃e�e
iωI � Ãe�

�1δAe�e
iωI � Ãe�

�1B̃e

� C̃e�e
iωI � Ãe�

�1δBe � δFe � o��̃� (3.128)

where �̃ � ��δAe�F , �δBe�F , �δCe�F , �δFe�F �T . Taking H�-norm in both sides of

(3.128) and then applying triangle inequality and submultiplicative inequality (H�

norm is defined on a closed Banach space) yields

�Ge�ω� � G̃e�ω���

��C̃e�e
iωI � Ãe�

�1���δAe�2���e
iωI � Ãe�

�1B̃e�� � �δFe�2

� �δCe�2��e
iωI � Ãe�

�1B̃e�� � �C̃e�e
iωI � Ãe�

�1���δBe�2 � o���̃�2� (3.129)

Using the fact � � �2 � � � �F in (3.129), we have that

�Ge�ω� � G̃e�ω���

��C̃e�e
iωI � Ãe�

�1���δAe�F ���e
iωI � Ãe�

�1B̃e�� � �δFe�F

� �δCe�F ��e
iωI � Ãe�

�1B̃e�� � �C̃e�e
iωI � Ãe�

�1���δBe�F � o���̃�F � (3.130)

With the identified state-space matrices Ãe, B̃e, C̃e and F̃e and their F-norm error

bounds in (3.119) and (3.125), the H�-norm bound of the error system (3.97) can

be explicitly derived with a confidence level more than 1� tr�PR0
��tr�PH�

Nε2
.

Next, we will introduce a lemma to address the uncertainty for the state-space

matrices in the system Ge�z�. By this lemma, we propose an LMI approach for

deriving an upper model error bound for Ge�z�.
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Lemma 11. Let A � Rn�n, Q � QT � Rn�n, Hk � Rn�i, and Ek � Rj�n �k �
1, � � � , K� be given matrices. If there exist K positive scalars μk � 0 �k � 1, � � � , K�
and a positive definite matrix P � 0 such that	








�

�P PA PH1 PH2 � � � PHK

Q��K
k�1 μkE

T
k Ek 0 0 � � � 0

�μ1I 0 � � � 0
�μ2I � � � 0

�sym� . . .
...

�μKI

�







�
� 0 (3.131)

Then the following inequality holds

�A�
K�
k�1

HkFkEk�TP �A�
K�
k�1

HkFkEk� �Q � 0 (3.132)

for each Fk �k � 1, � � � , K� satisfying �Fk�2 � 1.

Proof. From (3.131), applying Schur complement yields

�
�P ��K

k�1
1
μk
PHkH

T
k P PA

ATP Q��K
k�1 μkE

T
k Ek

�
� 0 (3.133)

Multiplying (3.133) from the left by

�
P�1 0
0 I

�
and from the right by

�
P�1 0
0 I

�

yields �
�P�1 ��K

k�1
1
μk
HkH

T
k A

AT Q��K
k�1 μkE

T
k Ek

�
� 0 (3.134)

Also, for each k, we have that�
1�
μk

�
Hk

0

�
��

μk

�
0
ET

k

�
F T
k

��
1�
μk

�
Hk

0

�
��

μk

�
0
ET

k

�
F T
k

�T

� 0

(3.135)

which can be simplified as�
1
μk
HkH

T
k 0

0 μkE
T
k F

T
k FkEk

�
�
�

0 HkFkEk

ET
k F

T
k H

T
k 0

�
(3.136)
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The condition �Fk�2 � 1, is equivalent to

F T
k Fk � I (3.137)

From (3.136) and (3.137), in (3.134) we have that� �P�1 A��K
k�1HkFkEk

AT ��K
k�1E

T
k F

T
k H

T
k Q

�
� 0 (3.138)

which is equivalent to (3.132).

For the H� norm bound of the error system (3.97), we consider the following

minimization problem

min
P

γ2

s.t.

� A B
C F

�T �
P

I

� � A B
C F

�
�
�
P

γ2I

�
� 0

P � 0 (3.139)

where

A �
�
Ae 0

0 Ãe

�
, B �

�
Be

B̃e

�
, C �

�
Ce � C̃e

�
, F � 
Fe � F̃e� (3.140)

and

�δAe�F � ε1, �δBe�F � ε2, �δCe�F � ε3, �δFe�F � ε4 (3.141)

This LMI problem is equivalent to �Ge�ω� � G̃e�ω��H� � γ for any �δAe�F � ε1,

�δBe�F � ε2, �δCe�F � ε3, �δFe�F � ε4 where ε1 and ε3 are given by (3.123), and ε2

and ε4 given by (3.127). Then we will use Lemma 11 to address the uncertainty of

Ae � Fe in (3.139). For brevity, we denote

Ã �
�
Ãe 0

0 Ãe

�
, B̃ �

�
B̃e

B̃e

�
, C̃ �

�
C̃e � C̃e

�
(3.142)
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and

H1 �
	
�
�
ε1I
0
0

�
� , H2 �

	
�
�
ε2I
0
0

�
� , H3 �

	
� 0

0�
ε3I

�
� , H4 �

	
� 0

0�
ε4I

�
�

F1 � δAe

ε1
, F2 � δBe

ε2
, F3 � δCe

ε3
, F4 � δFe

ε4

E1 � 
�ε1I 0 0�, E2 � 
0 0
�
ε2I�, E3 � 
�ε3I 0 0�, E4 � 
0 0

�
ε4I� (3.143)

Then the first LMI in (3.139) becomes

�� Ã B̃
C̃ 0

�
�

4�
k�1

HkFkEk

�T �
P

I

��� Ã B̃
C̃ 0

�
�

4�
k�1

HkFkEk

�
�

�
P

γ2I

�
� 0

(3.144)

where it is readily verified that �Fk�F � 1 for k � 1, 2, 3, 4. Due to the fact that

� � �2 � � � �F , we also have �Fk�2 � 1 for k � 1, 2, 3, 4. By Lemma 11, we arrive at a

suboptimal, convex minimization problem

min
P, μ

γ̄2

s.t.

�
����������

�

�
P

I

� �
P

I

�� Ã B̃
C̃ 0

� �
P

I

�
H1 � � �

�
P

I

�
H4

�

�
P

γ̄2I

�
�
�4

k�1 μkE
T
k Ek 0 � � � 0

�μ1I � � � 0

�sym�
. . .

...
�μ4I

�
����������
� 0

P � 0

μk � 0 �k � 1, 2, 3, 4� (3.145)

whose minimum γ̄2 is an upper bound of the γ2 in (3.139) such that �Ge�ω� �
G̃e�ω��H� � γ̄.
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4

Application to Wave Energy Harvesting Systems

In this chapter, an application of the combined deterministic-stochastic identification

to wave energy harvesting systems, is discussed. The objective is to design a con-

troller for maximizing the energy harvested from ocean waves based on the identified

model.

4.1 Wave Energy Harvester Description

The application of combined deterministic-stochastic identification under considera-

tion is a wave energy harvester, as shown in Figure 4.1. In this harvester, the floating

buoy, which is excited to vibration by the ocean waves, first drives the tethers, and

then the tethers drive the pulleys to generate the electricity. In the circuit level,

control theory can be employed to design the power electronics of the generator for

the improvement in power generation. With the currents in the power generators

as the control input, and the voltages as the output, a feedback system is shown

in Figure 4.2. For the details of power electronics design in energy harvesters, the

interested readers can refer to Scruggs and Li (2011).
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Figure 4.1: General diagram of a wave energy harvester (this picture has been
created by Steven Lattanzio).

VoltagesOcean waves

Currents

Energy harvesters

Controller C(z)

Figure 4.2: Conceptual diagram of an energy harvester feadback system.

4.2 Identification-based Control for Wave Energy Harvesting Systems

4.2.1 Optimal Controller Design for Wave Energy Harvesting Systems

Assume the wave energy harvesting systems are slowly time-varying such that in

a short period (2 � 3 hours) the systems can be regarded as linear time invariant

systems. Consider the energy harvesting systems admit a finite-dimensional state

space innovations representation as follows:

xk�1 �Axk �Buk �Kek

yk �Cxk � ek (4.1)

where uk and yk are the currents and voltages in the energy harvesters, respectively;

ek is the white innovations with the covariance matrix Se � E
ekeTk �. The construc-

tion of the state-space model was introduced in Scruggs and Lattanzio (2011). For
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the consistency of identifying the systems in closed loop, the known external signal

�fk	 is injected in the optimal control input, as shown in (2.8). Substituting (2.8) to

(4.1) obtains

xk�1 �Axk �Būk �Bfk �Kek

yk �Cxk � ek (4.2)

where ūk is the optimal control inputs.

To yield the most straight-forward analysis accounting for transmission dissipa-

tion, we assume that the transmission dissipation in the generators is modeled as a

simple resistive loss associated with the currents, i.e. uT
kRuk where R � 0 is the re-

sistance matrix for the stators of the generators. Our objective is to find the feedback

law C�z� : �Yk,X0	 
 uk such that the following harvested power is maximum.

P̄gen � E��uT
k yk � uT

kRuk	 (4.3)

Substituting (4.1) to (4.3), we have an equivalent problem which is to find the feed-

back law C�z� aimed at minimizing

J � �P̄gen � 1

2
E

$�
xk

uk

�T �
0 CT

C 2R

��
xk

uk

�%
(4.4)

which is a sign-indefinite H2 problem. Although the well-posedness of this problem

is not guaranteed (i.e., J would have no minimum), for this specific case Scruggs

(2010) proved that if the energy harvesters are Weakly-Strictly Positive Real then

J has a unique, finite, and negative minumum. The following theorem gives the

performance limit of energy harvesting systems (4.2) injected by the external signals

�fk	 with the covariance matrix Sf � E
fkfT
k �.

Theorem 12. For any causal mapping x �
 u(linear or non-linear), the following

equality holds in stationary response:

P̄gen � �1

2
tr�KTQKSe	�tr��R�BTQB

2
�Sf	�E��ūk�Ωxk�T �R�BTQB

2
��ūk�Ωxk�	

(4.5)
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where Se � E
ekeTk � and Sf � E
fkfT
k � are respectively the covariance of innovations

and injected external signals, and Ω is:

Ω � ��2R�BTQB��1�C �BTQA� (4.6)

where Q is solved by the following discrete-time Riccati Equation:

ATQA�Q� �C �BTQA�T �2R�BTQB��1�C �BTQA� � 0 (4.7)

Proof. Rearrange the objective as

� 2P̄gen � E�xT
kC

Tuk � uT
kCxk � uT

k 2Ruk	 (4.8)

Suppose uk � Ωxk � rk � fk and substitude it to (4.8), we get

E�xT
kC

Tuk � uT
kCxk � uT

k 2Ruk	

�E�xT
k �CTΩ� ΩTC � ΩT 2RΩ�xk � rTk �2C � 4RΩ�xk � rTk 2Rrk � fT

k 2Rfk	 (4.9)

From (4.6) and (4.7), we have

Q � CTΩ� ΩTC � ΩT2RΩ� �A�BΩ�TQ�A�BΩ� (4.10)

Thus,

CTΩ� ΩTC �ΩT 2RΩ � Q� �A�BΩ�TQ�A�BΩ� (4.11)

Substituting (4.11) to (4.9) yields

E�xT
kC

Tuk � uT
kCxk � uT

k 2Ruk	

�E�xT
k �Q� �A�BΩ�TQ�A �BΩ��xk � rTk �2C � 4RΩ�xk � rTk 2Rrk � fT

k 2Rfk	
(4.12)

For (4.10), suppose we multiply both sides from the left by xT
k and from the right by

xk and take the expectation for both sides, we get that

E�xT
kQxk	 � E�xT

k �CTΩ� ΩTC � ΩT 2RΩ� �A�BΩ�TQ�A�BΩ��xk	 (4.13)
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With stationarity assumption, we have

E�xT
kQxk	 � tr�QE�xkx

T
k 		 � tr�QE�xk�1x

T
k�1		 (4.14)

Note that

x�k � 1� � Axk �Būk �Bfk �Kek (4.15)

we have

tr�QE�xk�1x
T
k�1��

�tr�QE��Axk �BΩxk �Brk �Bfk �Kek��Axk �BΩxk �Brk �Bfk �Kek�
T ��
(4.16)

Likewise, the following equation holds

E�xTkQxk�

�tr�QE��Axk �BΩxk �Brk �Bfk �Kek��Axk �BΩxk �Bfk �Kek�
T �

�E��Axk �BΩxk �Brk �Bfk �Kek�
TQ�Axk �BΩxk �Brk �Bfk �Kek��

(4.17)

From the equation above, we get

E�xTk �Q� �A�BΩ�TQ�A�BΩ��xk�

�E�rTk �2B
TQA� 2BTQBΩ�xk � eTkK

TQKek � fT
k B

TQBfk � rTk B
TQBrk�

�tr�KTQKSe� � tr�BTQBSf� �E�rTk B
TQBrk� �E�rTk �2B

TQA� 2BTQBΩ�xk�

(4.18)

Substituting (4.18) to (4.12), we get that

E�xT
kC

Tuk � uT
kCxk � uT

k 2Ruk	

�tr�KTQKSe	 � tr�BTQBSf	 � E�fT
k 2Rfk	 � E�rTk �BTQB � 2R�rk	

� 2E�rTk �C � 2RΩ�BTQA�BTQB̄Ω�xk	 (4.19)

From (4.6), we have

C � 2RΩ�BTQA �BTQB̄Ω � 0 (4.20)
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Substituting it into (4.8) gives

�2P̄gen � E�KTQKSe	� tr�BTQBSf	� tr�2RSf	�E�rTk �BTQB�2R�rk	 (4.21)

which concludes the theorem.

From this theorem, we can construct the optimal controller as follows

xk�1 ��A�BΩ�KC�xk �Bfk �Kyk

uk �Ωxk � fk (4.22)

To implement this controller for adaptive control and eliminate the negative influence

of the initial state on the estimation of the successive states after each controller

update, we will transform the controller (4.22) to its equivalent form in terms of the

past control inputs and outputs instead of the system states. By z-Transform, we

rewrite the controller (4.22) as

uk � Ω�zI � �A�BΩ�KC���1�Bfk �Kyk� � fk (4.23)

we perform the following left coprime factorization:

Ω�zI � �A�BΩ�KC���1 � F�1�z�G�z� (4.24)

where F �z� and G�z� are polynomial matrices

F �z� �Fl � Fl�1z � � � � � F0z
l nu � nu

G�z� �Gl �Gl�1z � � � � �G0z
l nu � nx (4.25)

Here, we assume that F �z� is row reduced defined in Definition A.3.E (Goodwin

and Sin (1984)) and that the transfer function Ω�zI � �A�BΩ�KC���1 is proper.

According to Lemma A.3.3 (Goodwin and Sin (1984)), the leading row coefficient

matrix F0 is nonsingular. Also, the properness of the transfer function gives G0 � 0.

Combining (4.23) and (4.24) yields

z�lF �z�uk �z�lG�z��Bfk �Kyk�

�F0 � F1z
�1 � � � � � Flz

�l�uk ��G0 �G1z
�1 � � � � �Glz

�l��Bfk �Kyk� (4.26)
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Algebraic manipulation of the equation above gives the optimal controller in terms

of uk�i, fk�i�1 and yk�i �i � 1, 2, � � � , l � 1�.

uk �
�F�1
0 F1,�F�1

0 F2, � � � ,�F�1
0 Fl�

	



�

uk�1

uk�2
...

uk�l

�



�

� 
F�1
0 G1B,F�1

0 G2B, � � � , F�1
0 GlB�

	



�

fk�1

fk�2
...

fk�l

�



�

� 
F�1
0 G1K,F�1

0 G2K, � � � , F�1
0 GlK�

	



�

yk�1

yk�2
...

yk�l

�



�� fk (4.27)

Since the controller transform from (4.22) to (4.27) requires precise coprime factoriza-

tion, the suitability of (4.27) will be decreased with the increase of system dimension.

The system dimension (nx � 30 � 50), for wave energy harvesting system with sys-

tem poles very closed to the unit circle, is very large such that the precise coprime

factorization is difficult to attain. Thus, the optimal controller we mention hereafter

refers to (4.22).

4.2.2 Closed-loop Deterministic-Stochastic Identification Algorithm for Wave En-
ergy Harvesting Systems

Combining the identification procedure in chapter 2 and the controller design in

(4.22), the closed-loop deterministic-stochastic identification algorithm for wave en-

ergy harvesting systems is summarized as follows:

Algorithm:

init set N to be the time interval for system updating.

for k � 1, 2, � � �
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input yk, ūk, ūk,f , fk

step 1: update IVM

θk � θk�1 � ak�1Pk�1ζk�yTk � φT
k θk�1� (4.28)

Pk � Pk�1 � ak�1Pk�1ζkφ
T
kPk�1, ak�1 � �1� φT

kPk�1ζk��1 (4.29)

φk � 
�yk�1; � � � ;�yk � p; uk�1; � � � ; uk�q� (4.30)

ζk � 
�yk�1,f ; � � � ;�yk�p,f ; ūk�1,f � fk�1; � � � ; ūk�q,f � fk�q� (4.31)

step 2: compute the output components driven by injected external signals �fk	
and by control input �uk	 respectively

xk�1,f � Auxk,f �Bu�ūk,f � fk�

yk,f � Cuxk,f

xk�1,d � Auxk,d �Buuk

yk,d � Cuxk,d (4.32)

step 3: update the covariance sequence �Ri�k�	
yk,e � yk � yk,d

Ri�k� � Ri�k � 1� � 1

k
�Ri�k � 1� � yk,ey

T
k�i,e� (4.33)

step 4: update the Kalman state driven by �fk	 and �ek	, and then calculate ūk�1

xk�1 ��A�BΩ�KC�xk �Bfk �Kyk

ūk �Ωxk (4.34)

step 5: update the subsystem state driven by �fk	 and calculate ūk�1,f

x̄k�1 ��A �BΩ�x̄k �Bfk

ūk,f �Ωx̄k (4.35)

step 6: update the system and calculate the control gain

if mod�k,N� � 0
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compute the new �Ae, Ke, Ce	 from stochastic identification in Section 2.2

and also �Au, Bu, Cu	 from (2.23).

update the system

A �
�
Au 0
0 Ae

�
, B �

�
Bu

0

�
, K �

�
0
K

�
, C � 
Cu Ce� (4.36)

model reduction obtains the renewed A, B, K, C.

update the control gain

ATQA�Q� �C �BTQA�T �2R�BTQB��1�C �BTQA� � 0

Ω � ��2R�BTQB��1�C �BTQA� (4.37)

end

end

where mod represents Modulo operation.

4.3 Simulations

The cylindrical floating buoy in Figure 4.3 is considered as the wave energy harvester

in the simulations. Its three tethers extend from points on the buoy 2.25m above the

buoy’s bottom rim and are separated by 120 degree angles in the horizontal plane

with one tether extending along the positive x-axis. Three tethers all radiate from

the centroid of the buoy. The JONSWAP spectrum is used to produce the wave

excitation with a sharpness factor equal to 1 (corresponding to a fully-developed

sea) and significant wave height of H1�3 � 1m.

The state space model for simulation is obtained by the finite dimensional approx-

imation of wave energy harvesting systems from the frequency domain data (Scruggs

and Lattanzio (2011)). The original system, with Gu�eiω� and Ge�eiω� illustrated

in Figure 4.4 and Figure 4.5, respectively, is used to demonstrate the performance

of the proposed combined deterministic-stochastic identification algorithm. Figure
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Figure 4.3: Wave energy harvester. Additional design parameters are μ � 5300kg,
m � 50kg, c � 50N � s�m, k � 50N�m.

4.4 and Figure 4.5 clearly show there are three modes of resonance. The first is

predominately surge motion, the second pitch, and the third heave. To reflect the

estimation precision of the innovations covariance Se for comparison, Ge�ω� is the

transfer function from the normalized innovations with the covariance equal to the

identity matrix to the output, i.e.

Ge�ω� � C�eiωTsI � A��1KS1�2
e � S1�2

e (4.38)

where Ts is the sample period. The process to be identified is described by (4.2) in

which �fk	 with its covariance matrix Sf � 0.01I is a deterministic white noise signal

sequence uncorrelated with the innovations �ek	. In the identification of the process

parameters in closed loop, the identification algorithm summarized in Section 4.2.2

is used in which the time interval for system updating is set to be 3.5� 105.

We define two indices Eu and Ee for measuring the performances of the combined

deterministic-stochastic identification algorithm.

Eu � �Gu�ω� � G̃u�ω��H2

�Gu�ω��H2

(4.39)

Ee � �Ge�ω� � G̃e�ω��H2

�Ge�ω��H2

(4.40)
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Figure 4.4: Frequency response of Gu�ω�.
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Figure 4.5: Frequency response of Ge�ω�.
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Figure 4.6: Frequency responses for the original Gu�ω� (solid) and the identified
G̃u�ω� (dashed).
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Figure 4.8: Average harvested energy power for a wave energy harvester.

where G̃u�ω� and G̃e�ω� corresponds to the identified systems; �Gu�ω��H2 is the H2

norm of the transfer function Gu�ω�, defined as

�Gu�ω��2H2
� tr

�
1

2π

� π

�π

Gu�eiω�Gu�eiω�Hdω
�

(4.41)

where ���H is the conjugate transpose of ���.
The comparison of the system deterministic part Gu�ω� and the stochastic part

Ge�ω� with the identified ones in frequency domain, is shown in Figures 4.6 and 4.7.

From Figure 4.6, it is shown that with the increase of data, the identified G̃u�ω�
approaches to the original one with gradually improved precision. From (3.25), we

know that in closed loop the identified G̃e�ω� is biased due to the biased estimation of

the output covariance matrix R0 and the block-Hankel matrixH . Since the bias of the

asymptotic estimation of Ri is the same order as δθ, the identified G̃e�ω� will also be

improved with the improved precision of θ estimation. Figure 4.8 shows the average

harvested energy power with the solid line representing the theoretical performance

computed from theorem 12 and the small circles representing the harvested power

70



when the identification-based controller is implemented. The initial optimal control

is designed based on the system model identified at time point 2.5 � 105 and then

implemented afterwards until the time point for the next system updating. Since

the controller is designed based on the identifed model with model error, there is a

gap between the harvested power and its performance limit.
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5

Summary and Perspectives

5.1 Summary

The main contribution of this thesis is the development of a combined deterministic-

stochastic identification procedure. The identification procedure obtains an identified

nominal model with an explicit model error bound suited for further applications in

robust filtering and control.

In Chapter 2, we formulate a combined deterministic-stochastic identification

procedure in closed loop by combining the IV method with the improved stochasitc

identification algorithm, which can be easily adjusted for the extension to on-line

identification and adaptive control applications. In the improved stochastic identi-

fication algorithm, we illustrate that the identifiability of the stochastic system is

equivalent to the positive realness of the associated covariance model by theorem 1.

When the identifiability of the stochastic system under insufficient data is not sat-

isfied, we propose a straightforward LMI-based approach for imposing the positive

realness on the associated covariance model, guaranteeing a positive definite solution

to the DARE and thus a valid innovations model returned. Although this approach
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is proposed in state-space model, its extention to the estimation of ARMAX param-

eters in signal processing is easily reformulated.

In Chapter 3, we investigate the uncertainty quantification for the identified de-

terministic subsystem and stochastic subsystem by a complete asymptotic and per-

turbation analysis. For the deterministic subsystem, we quantify its uncertainty by

an ellipsoidal uncertainty region and H2-norm error bound of its transfer function,

respectively. For the stochastic subsystem, thanks to the asymptotic normal distri-

bution of the empirical block-Hankel matrix and perturbation analysis of SVD and

DARE, several central limit theorems for the controllability matrix, observability

matrix, and the state-space matrices of the associated covariance model are derived,

as well as the norm bounds of Kalman gain and the innovations covariance matrix in

the innovations model. By combining these asymptotic results, the H2 norm bound,

as well as the H� norm bound, of the error system, is derived with a given confidence

level.

Finally, Chapter 4 demonstrates the application of the combined deterministic-

stochastic identification procedure to wave energy harvesting systems where an LQG

controller is constructed for maximizing the harvested energy and meanwhile iden-

tifying the consistent system model in closed loop. In this application, we adjust

the identification procedure proposed in Chapter 2 to an online system identification

algorithm which enables to recursively identify the deterministic part and stochastic

part of a large-scale MIMO energy harvesting system in closed loop. The simulation

results illustrate the effectiveness of the proposed identificaiton procedure.

5.2 Perspectives on Future Research

In the framework of the identification procedure proposed in this thesis, several topics

deserve further investigation. One topic for future work would be the selection of the

identified model uncertainty structures for the further design of robust controller.
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For example, the weighted additive H�-norm model error bound appears suitable

for modern robust control design.

Another topic would be the identification-based robust control. This concerns

the integration of model error bound identification and robust controller design.

The robust control design should make use of the identified nominal model and the

associated model error bound with a given confidence level.
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