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Abstract

Neurodegenerative diseases such as Alzheimer’s and Parkinson’s often exhibit complex,
multivariate longitudinal outcomes that require advanced statistical methods to comprehensively
evaluate treatment efficacy. The Longitudinal Rank Sum Test (LRST) offers a nonparametric
framework to assess global treatment effects across multiple longitudinal endpoints without
requiring multiplicity corrections. This study develops a robust methodology for power and
sample size estimation specific to the LRST, integrating theoretical derivations, asymptotic
properties, and practical estimation techniques under large sample conditions. Validation through
numerical simulations demonstrates the accuracy of the proposed methods, while real-world
applications to clinical trials in Alzheimer’s disease (AD) and Parkinson’s disease (PD) highlight
their practical significance. This framework facilitates the design of efficient, well-powered
trials, advancing the evaluation of treatments for complex diseases with multivariate longitudinal
outcomes.
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1| Introduction

Neurodegenerative diseases such as Alzheimer’s disease (AD) and Parkinson’s disease(PD)
affect multiple domains of functioning, including cognitive, motor, and behavioral abilities.
These diseases often exhibit complex and heterogeneous progression patterns across
various health outcomes over time. Some outcomes may decline significantly, while

others remainstable, complicating efforts to comprehensively assess disease progression.

Correspondence: Sheng Luo (sheng.luo@duke.edu).

Conflicts of Interest

The authors declare no conflicts of interest.

Data used in the preparation of this article were obtained from the CPP Integrated Parkinson’s Database assisted with the design and
implementation of the data platform and/or provided data, but did not participate in the analysis of the data or writing of this report.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Ghosh et al.

Page 2

Randomized clinical trials (RCTs) are critical for evaluating treatment efficacy in these
conditions, collecting data on multiple health outcomes at repeated time points. For
instance, the Bapi 301 and 302 studies [1] were Phase 3 RCTs assessing the efficacy of
Bapineuzumab (Bapi) versus placebo in patients with mild-to-moderate AD. These trials
collected longitudinal data on key outcomes such as the Alzheimer’s Disease Assessment
Scale-Cognitive Subscale (ADAS-Cog) and the Disability Assessment for Dementia (DAD),
providing a detailed view of cognitive and functional changes over time.

Accurately evaluating treatment efficacy in such trials requires statistical methods that can
simultaneously account for both the temporal evolution of outcomes and their multivariate
structure. This involves incorporating variability within and between outcomes as well

as the correlations among them. Traditional approaches often reduce longitudinal data to
cross-sectional summaries, such as changes from baseline to the last observation, applying
parametric [2-5] or nonparametric [6—10] procedures. However, these methods may fail
to capture dynamic patterns of change over time, potentially overlooking treatment effects
that manifest throughout the study period. Rank-based nonparametric methods for repeated
measures [8, 11-14] have also been proposed, but they are typically limited to single
outcomes or fail to integrate information effectively across multiple outcomes, restricting
their ability to provide a comprehensive assessment of treatment effects.

To address these challenges, Xu et al. [15] introduced the Longitudinal Rank Sum Test
(LRST), a rank-based nonparametric global test derived from U-statistics to detect treatment
efficacy in clinical trials with multiple longitudinal outcomes. The LRST provides a novel
framework for obtaining a global assessment of treatment efficacy by aggregating temporal
patterns across all outcomes into a single test statistic. This approach eliminates the need
for multiplicity correction while fully leveraging the multivariate and longitudinal structure
of the data, enabling researchers to evaluate the overall impact of a treatment across
multiple domains. Xu et al. [15] derived the null distribution of the test statistic, thereby
facilitating efficient hypothesis testing and offering a unified measure of treatment efficacy
that captures both inter- and intra-outcome variability. These features make the LRST
particularly valuable for trials in neurodegenerative diseases, where progression involves a
combination of cognitive, motor, and behavioral outcomes.

Building upon this prior work, we propose a comprehensive framework for power and
sample size calculations tailored to the LRST. Our contributions include (1) deriving

the asymptotic distribution of the LRST under both null and alternative hypotheses, (2)
developing closed-form expressions for power and sample size determination, (3) providing
consistent estimates of power along with its asymptotic distribution, and (4) validating
these theoretical results through extensive simulation studies and real-world clinical trial
applications. By integrating theoretical derivations with practical estimation techniques,

we provide a robust approach for designing clinical trials that assess complex temporal
outcomes, such as those observed in AD and PD.

The remainder of this article is organized as follows: Section 2 details the methods, with
Section 2.1 providing a brief overview of the LRST, Section 2.2 describing the power
and sample size calculation framework, and Section 2.3 presenting power estimation and
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asymptotic properties. Section 3 validates the methodology through numerical studies, while
Section 4 demonstrates real-world applications using clinical trial data. Finally, Section 5
concludes with a discussion of implications and future research directions.

Methods

Overview of the Longitudinal Rank Sum Test

In AD RCTs involving multiple longitudinal outcomes across two parallel arms (treatment
vs. control or placebo), the data structure is typically represented as (x.., yu. t). Here, x..
denotes the change in outcome k (k = 1,..., K, where K is the total number of outcomes)
from baseline to time ¢ (¢ = 1, ..., T, where T is the number of post-baseline visits) for subject
i (i=1,...,n) in the control group, while y,, represents the corresponding change for subject
j (j=1,...,n) in the treatment group. The control and treatment group sample sizes are
denoted by n, and n,, respectively, with the total sample size N = n, + n,.

For each outcome k € {1,..., K} and time point ¢ € {1, ..., T}, we pool the change-from-
baseline observations from the control and treatment groups, denoted by {x.. )/, U (¥} 1,
and assign mid-ranks to the combined sample. The mid-rank assigned to the ith subject in
the control group is denoted by R..., and the mid-rank for the jth subject in the treatment
group is denoted by R,,,. These mid-ranks reflect the relative standing of individual
observations within each pooled distribution at time ¢ for outcome k. The resulting ranks

are used to compute average rank summaries for each group, which form the basis of the
LRST statistic. To summarize rank-based treatment effects, we define the average mid-ranks

. . . — ny T K
across all subjects, outcomes, and time points as R, = ;Z Z Z R, and
nTK Li =1 kit = | kdk =1

—_ 1 n, T K .
R, = mzl_ - Zt _ Zk _, R,,.. These terms represent the average mid-ranks for the

control and treatment groups, respectively, over all measured time points and outcomes. The
rank difference vector is then defined as R = (R,., — R..., ..., R,.r — R..1)', Which captures the
time-dependent rank-based treatment effect.

2.1.1| Relative Treatment Effect and Hypothesis Testing: The LRST extends
the framework of Brunner et al. [16] to quantify treatment efficacy. The relative treatment
effect for outcome k at time ¢ is defined as 6, = P(X,, < Y,.) — P(X« > Y,), where X, and
Y, are random variables corresponding to x,, and y,, with marginal distributions F,, and
G,, respectively. The relative treatment effect across all outcomes at time ¢ is given by

K . . L
6= %Ek _ , 0w Finally, the overall treatment effect across all outcomes and time points is

_ T P - .
6= %El B 19,. A positive 6 suggests that the treatment improves or slows the progression

of some outcomes, leading to the hypothesis test: H,:0 =0 vs. H,:0 > 0. Although we
focus on the one-sided hypothesis H,:6 = 0 vs. H,:6 > 0 to reflect superiority trial settings,
the LRST framework also supports two-sided alternatives (H,: 0 # 0) without requiring
modification to the test statistic or its asymptotic theory. To test this hypothesis, Xu et

al. [15] proposed the LRST statistic:

Stat Med. Author manuscript; available in PMC 2025 November 13.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Ghosh et al.

Page 4

@)

where R, and R, are the average ranks across all outcomes and time points for the
treatment and control groups, respectively. Larger values of the rank difference (R, - R..)
indicate greater treatment efficacy. The denominator, var(R, . — R..), is a consistent estimator
of the rank difference variance [17].

The LRST, a rank-based test based on U-statistics, leverages all available longitudinal data
to provide a robust, nonparametric evaluation of treatment efficacy. If H, is rejected, the
treatment is inferred to be more effective than the control. When the LRST indicates a
significant global treatment effect, further analysis using linear mixed models (LMMs) may
be conducted to identify which specific outcomes or time points drive this effect. In such
follow-up analyses, appropriate multiplicity correction should be applied to control for Type
| error across multiple outcomes. For further theoretical properties of the LRST, see Xu et al.
[15].

2.1.2| Asymptotic Properties of the Rank Difference Vector: Under large-
sample conditions, the rank difference vector R = (R,.,. = R..,.,.... R,... — R,.;.)" follows
an asymptotic normal distribution [15]:

#R ~ N(@G, ):)

where 6 = (6, ..., 6;)" is the vector of relative treatment effects over time, and X is the
variance-covariance matrix of the rank differences. The variance-covariance matrix X is
given by

K K
1 Z Z 1
Z:rlrz ~ 7 [(1 + E)Cr]k]rzkz
K%=1 =1

+(1 + )”)dllkllzkz]’ (& - }‘)

n,

The terms ¢ 6, = CoV(Gii,(Xiyt)s Gt Xiniy)) AN ity = COV(F, 1, (Vi) Froo(Yos,)) rEPresent
the covariances of the rank-based empirical cumulative distribution functions (CDFs) for the
control and treatment group outcomes, respectively, across time points #,, ¢, and outcomes
ki, k,. Here, G,,(x) = P(X,, < x) and F,,(y) = P(Y,,, < y) are the empirical cumulative
distribution functions for the control and treatment group outcomes at time 7, and outcome
k,. These covariances capture within-group dependencies, reflecting correlations across time
and outcomes. They are critical for constructing the variance-covariance matrix £ and

determining the properties of the rank difference vector. The sample size ratio 1 = Z— denotes

the control (n,) to treatment (n,) group ratio.
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Rejection of the null hypothesis H, occurs at a significance level « if T, s > z,, Where z, is
the 100(1 — a)% quantile of a standard normal distribution. These variance components, ¢, .,
and d,,.,..,, are essential for constructing the test statistic and estimating its power under the
alternative hypothesis.

Power and Sample Size Calculation

2.2.1| Estimators of Variance Components: We begin by presenting the estimators
OF ¢, iy, AN d, 4., @S Proposed in Xu et al. [15]:

1 - G,k
2 : I yjl]kl <x111k1 2 ] ]]

ellkllzkz n
i=1 J =

1 -8 K
[ Z TVt < Xiyey) = — i
1 1 + @',],(1]

Yi=1
rT nlkl < ,erlkl) - )

n, N
1 I + Oy
[n T(Xigty < Viyig) = —

where 6, = =

Z(R,u—Ro).

2.2.2| Asymptotic Properties of Estimators: To derive the asymptotic distributions
OF &,y N d,1,,1,, 2lONG With their covariance structure, we define the following notations
(u(2) is the fourth moment of a random variable z):

‘7[(1[1',(1) = ] Gy (Xiyiy)] = Var[Gflkl(Xllkl)]z’

‘%(211',(]) = /‘4[F11k1(Y11’<1)] - Var[Fll"l(Yll"l)]z’

3(” ) = Var[Gyu (X)) |V ar[Goo(Xoi,) | + cleklrzkz’

3,01 el = Var[Fy, (Yo [V ar[ Fon(Yow)] + dleklfzkz

Although %7,, %, %, and Z,do not directly enter the power or sample size formulas, they
are needed to compute G, .., and H,., which contribute to the variance of the estimated

power. Using these definitions, the following theorem provides the asymptotic distributions
of these estimators:
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Theorem 1. Leté, ., aNdd, ..., be estimators of the covariance components for the control
and treatment groups, respectively. The asymptotic distributions of these estimators are as

follows.
Mo, 7). if =tk =k
A d kL1 .
\/n—x(cllkllzkz - cllk112k2) - /V(()’ 3(111 e k2>)’ if 41 # 153
or ki # ky

\/n_}'(;i’lkl’z"z - d’l"l’z"z)

4 [HO.F), i h=hi =k

i

/V(O, 3(2’""“’2"‘2)), it £ or ki #k

d
Here, — denotes convergence in distribution, meaning that as the sample sizes n, and n,
increase, the distributions of ¢, .., andd....., approach the specified normal distributions.

Furthermore, for anyt,, ki, t, k, the estimators Né, ., andNd, ..., are asymptotically
independent. The joint asymptotic distribution is given by

(1+l)%(11~k1) 0

-/V\/N Cryky1aky A ! if t,=t,k =k
kit )’ 0 (1 ﬂ)%(’l-m ' e

+ 2
(1 " l)g(lt].kl,rz,kz) 0

¢

. \/ﬁ(d”k”m), A Jif 61 #6 or ki # ks
11kqt2ky 0 (] + 1)33‘"“”"‘2)

Detailed derivations and proofs for Theorem 1 are provided in Appendix A.

Theorem 1 provides the asymptotic distributions of the estimators ¢, ,,,,., and d, ;...
Furthermore, using the Berry—Essen bound, we can obtain finite-sample bound on the
accuracy of the normal approximation of the estimators, with a rate of # (see the Proof for

details). Based on Theorem 1, the estimate of %, ,, is given as

K
~ 1 1\~ N
By =~y > |14 s+ (14 s

K™k ky =1

and

R a + »INE€ + by
ET><T= y)

where Jisa T x 1 vector of 1’s, and € and D are estimators of the T x T matrices C and
D. Here, .., denotes the estimated covariance matrix of the rank difference vector across
T time points, where each entry £, ,, represents the covariance between time points 7, and
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.. For power and sample size calculations, the scalar quantity J 'S, ,,J captures the total
longitudinal variability. The elements of C and D are

K K K K

Cin= %Z chlkllzkz’ Dy, = %sz’ﬂvmkz

Kky=1hky=1 Koky=1ky=1

From Theorem 1, and using the asymptotic joint density of ¢, ,,,,., and d, ,,..,, We can provide

the asymptotic distribution of £, ,,,,.,, as given in the following corollary:

Corollary 1. The estimator %, , is defined as

K

K
A 1 1\~ A
B = g 23 > (14 5 et + 1+ Dl
K lh=1h=1

Using Theorem 1, it can be shown that the distribution of the test statistic is asymptotically
normal with meanx,, ,, and variance v aro(2)/N. The exact expression for the variance is

provided in Appendix B. Furthermore, the elements of JNX are asymptotically independent.

Detailed derivations and proofs for Corollary 1 are provided in Appendix B. From Corollary
1, we see that £, ,,,,., converges to a normal distribution with mean £,,,,.,., and its asymptotic
variance goes to 0 as N — oo. Using Bienaymé—Chebyshev Inequality, we conclude that

% 0t, CONVErges to =, ..., in probability.

2.2.3| Theoretical Power and Sample Size: Based on the asymptotic properties
of £, we obtain the asymptotic distribution of T, using results from Xu et al. [15] and
Slutsky’s inequality:

-R..
-R.)

TN 1

M4 ,
- WiTzs

R
T = A
LRST \/U/&(R

Yoo

@

where X = (1 + )JT(C + 4D)J/4. Under the null hypothesis (6 = 0), the distribution of T, s,
is asymptotically standard normal. Under the alternative hypothesis (6 # 0), the test statistic
T xsr follows a noncentral normal distribution with a nonzero mean. Using Equation (2), we
derive the theoretical power of the LRST test, as presented in Theorem 2. Additionally, the
corresponding minimum sample size required to achieve the desired power is provided in
Theorem 3.

Theorem 2. The test statistic T, xs+ asymptotically follows a normal distribution with mean

_YNTE and variance 1. The theoretical power of T, xs;, assuming o > 0, is given by

Var2iTsy
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P=d 4 -z
\/4(1 + »ITC+ Dy

NAT?
3

where ®( - ) denotes the cumulative distribution function of the standard normal distribution,
and z, Is the critical value at significance level a.
Detailed derivations and proofs for Theorem 2 are provided in Appendix C.

To ensure the LRST test achieves a specified power level (x), the minimum sample size
required can be derived as follows:

Theorem 3. The minimum sample size N required to achieve a power of at least =
(assuming 0 > 0) is given by

1+ nfelm + |
N=4 )+
it | 0

[JT(C +ADYJ

©

where & \(z) is the inverse cumulative distribution function of the standard normal
distribution corresponding to the desired power x, z, is the critical value for a significance
level of a, 6 is the overall treatment effect, T is the number of post-baseline time points, and
C and D are the covariance matrices for the control and treatment groups, respectively.

Detailed derivations and proofs for Theorem 3 are provided in Appendix D.

The expression for the theoretical power % and minimum sample size N depends on
0, C,and D, which in turn rely on the marginal distributions F,, and G, of X, and v,
respectively. For instance, assuming normal marginal distributions, 6, can be computed
as P(X, < Y,) — P(X, > Y,). Inparticular, if X,, ~ #(u3, 6i*) and Y, ~ #(u, 61°), then
W _ 00 ) ) ) )

0, = 2®(%) — 1. Numerical integration or Monte Carlo techniques can also be

Ok =+ Ok
employed to compute 6y, i, AN 4,0, Which are then used to derive 4, €, and D for
theoretical power calculations. These quantities can be estimated without observed data by
generating simulated data from specified distributions using assumed means and variances,
enabling power and sample size calculations at the design stage. Similar approaches apply

for other pre-specified marginal distributions.

However, in practical applications, the true marginal distributions are rarely known in
advance. Relying solely on normality assumptions may lead to inaccurate power estimations,
particularly if the data exhibit significant deviations from linearity or normality. When
parametric assumptions may be unreliable, power can be estimated empirically using
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available pilot data. Alternatively, in the absence of pilot data, simulated data may be
generated from an assumed parametric distribution to estimate power via simulation. The
asymptotic normality of the estimated power is established in Theorem 4, while Theorem

3 provides the framework for determining the minimum sample size required to achieve
desired power levels. Together, these results offer a robust methodology for practical power
and sample size calculations in real-world scenarios.

2.3 | Practical Estimation of Power for LRST

The theoretical power presented in Theorem 2 depends on the unknown variance
components, represented by the C and D matrices, which are not available in practical
scenarios. Consequently, estimating power using real-world data is necessary. The power
estimate is obtained by substituting empirical estimators of 6, C, and D into Equation (3).
Using Theorems 2 and 1, along with Corollary 1, the asymptotic distribution of the power
estimate can be derived. Specifically, the variance components ¢, .., and d, ..., are estimated

by their empirical counterparts, &, and d, ,..,, respectively.

= 1 T K . .
The overall treatment effect, 6 = K Zt _ Zk _ 16’“ is estimated as

b, = ! Z" 12;”_ (i < yiu) = I(xia > y)]. By applying Lyapunov’s Central Limit
. -

n.n,

Theorem, the asymptotic distribution of 0 is obtained. The Delta method is then used to
derive the asymptotic distribution of the estimated power, leading to the following result:

0
47'2y
NT?

Theorem 4. The estimated power of the LRST is given byﬁD = - z,|, where

®(-) Is the cumulative distribution function of the standard normal distribution, 0 Is the
estimated overall treatment effect. = is the estimated covariance matrix, and z, is the critical
value corresponding to a significance level a.

The asymptotic distribution of P follows: P ~ & (2, Var(,&)), where the variance of & is

— 72 2
A
Var(#) = Nop> 9T -z HTT 3
41'sg 16(] ):J)‘
NT?
| K
— G 1kiinka

K4 h#th kuk=1
t,thh=1

i T K K
+7Z 2 : grklzkz'*'kzl K ik

K't=1| ki #k
kiky=1
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where ¢( - ) Is the standard normal density function. The variance components are captured
by Gk and % .., defined as

1\ 1 k12 k k1,12, ko)
?,],(1,2,(2:(1+7)31" B R L e

e =14 3o + 1+ e

Here, ©,...., captures variance across different time points and outcomes, while % ... reflects
within-outcome variance components.

Theorem 4 provides a practical framework for estimating the power of the LRST using
real-world data. The variance components &, ,,.., and #..,.., account for correlations across

outcomes and time points, ensuring robust power estimation. Detailed derivations and proofs
for Theorem 4 are provided in Appendix E. An R package implementing the LRST for
randomized clinical trials, along with functions for computing theoretical and estimated
power, is available at https://github.com/djghosh1123/LRST [18].

In practice, three scenarios may arise. First, if the marginal distributions of x,, and v,, are
known, one can compute power and required sample size using Theorems 2 and 3, either
through closed-form expressions or, when such expressions are unavailable, via Monte Carlo
simulation. Second, in cases where the marginal distributions are unknown but pilot data are
available, Theorem 4 allows for direct estimation of power and minimum sample size from
the data. This provides a practical path forward when closed-form results are unavailable

or unreliable. Finally, when neither the distributions nor pilot data are available, one may
assume a reasonable parametric form for the marginal distributions and effect size, simulate
data accordingly, and use these simulations to obtain empirical estimates of power and
sample size.

3| Simulation Study

This simulation study evaluates the performance and theoretical properties of the LRST
under conditions reflective of real-world clinical trials, with objectives including validating
theoretical power calculations, comparing empirical and theoretical results, determining
sample size requirements, and assessing the consistency of variance component estimators.
Section 3.1 outlines the simulation setup, detailing the statistical model, parameters, and
assumptions based on the Bapi 302 trial protocol. Section 3.2 compares theoretical and
empirical power, highlighting their convergence with increasing sample sizes, while Section
3.3 explores sample size requirements for achieving specified power levels under different
group size ratios. Finally, Section 3.4 evaluates the accuracy and consistency of variance
component estimators, providing further validation of the LRST framework.
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Simulation Setup

The simulation study focuses on two longitudinal outcomes (K = 2) measured over seven
post-baseline visits (T = 7), which represent typical clinical endpoints in RCTs. These
outcomes are designed to reflect distinct mean trajectories for the placebo and treatment
groups, modeling differential progression over time. The setup ensures the simulation
mimics real-world scenarios, providing a robust test of the LRST framework. For the
placebo group, the mean outcome trajectories across visits are:

(1 0 —1.38507 —2.77014 —4.15521 —5.54028 —6.92535 —8.31042

H7 =10 —2.65461 —5.30922 —7.96383 —10.61844 —13.27305 —15.92766

For the treatment group, the progression is more gradual, reflecting the anticipated
therapeutic effect, which is obtained by adding the anticipated effect size as given in BAPI
protocol [1]:

0 —1.016737 —2.033473 —3.05021
@) _ —4.066947 —5.083683 —6.10042
w= 0 —1.757943 —3.515887 —5.27383

—7.031773 —8.789717 —10.54766

Both groups exhibit increasing standard deviations over time, capturing the
heteroscedasticity commonly observed in clinical trials:

) 2 0 479 543 654 7.37 815 9.11
o =0 =
0 10.27 12.85 14.95 15.35 16.87 18.19

The marginal distributions of the outcomes for the placebo and treatment groups are
modeled as F,, = #(uy, 01”) and G, = # (g, o1 °), respectively. It is to be noted here that
the mean curves are obtained using the placebo mean curve from the BAPI 302 trial and
the effect size given in the BAPI 302 protocol, and the data is simulated under these
conditions to obtain the power and minimum sample size. A correlation of 0.5 between the
two outcomes is included to account for dependencies between different clinical measures
within subjects. Although the default setup assumes a correlation of 0.5, we also explore
sensitivity to varying levels of correlation (p, = 0.3 and 0.7) in Section 3.2 to assess the
robustness of the LRST. The simulation parameters are derived from the BAPI 302 trial
protocol, ensuring realism and relevance to clinical applications. This setup provides a
rigorous framework to evaluate the performance of the LRST across varying sample sizes,
outcome distributions, and levels of correlation, aiming to assess how well the test captures
treatment effects and validates theoretical properties under practical conditions. It also
enables efficient sample size determination under different design choices (Section 3.3) and
assessment of the consistency of key variance component estimators (Section 3.4).

Comparison of Theoretical, Empirical, and Estimated Power

To evaluate the accuracy and robustness of the theoretical power derived in Theorem 2, we
compared it with the empirical power obtained from simulations and the estimated power
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derived using parameter estimation. Table 1 summarizes results across three key metrics:
Empirical power, theoretical power, and estimated power, for a range of sample sizes and
correlation levels among outcomes (p, = 0.3,0.5,0.7). Empirical power was calculated by
applying the LRST to 1000 simulated datasets. Theoretical power was computed using the
closed-form expression from Theorem 2 (Equation 3), under the assumption of Gaussian
marginal distributions that match the data-generating process. This theoretical benchmark
assumes access to the true variance components and treatment effects. Estimated power was
obtained by substituting empirical estimates of these quantities into the theoretical power
formula, as described in Theorem 4. Standard errors for the estimated power are reported in
parentheses and were computed across 1000 simulations, with results cross-validated using
the variance formula from Theorem 4.

The results in Table 1 confirm several key findings. First, all three power measures are
closely aligned across a range of correlation levels and sample sizes, supporting the
robustness of the proposed method to varying outcome correlations. For instance, when

po = 0.3, the empirical power increases from 0.37 to 0.89 as N increases from 100 to 500,
closely tracking the theoretical power (0.46 to 0.90) and estimated power (0.43 to 0.88).
Similar patterns are observed for p, = 0.5 and 0.7, where the power estimates consistently
converge as sample size increases. Second, for smaller samples (N = 100), the estimated
power tends to slightly overestimate the true power, which is expected due to greater
uncertainty in variance and effect size estimation. This overestimation diminishes with
increasing N, consistent with the asymptotic properties of the estimators. For example,

at N = 500, the estimated and empirical power values are nearly identical across all p,
values. Lastly, the inclusion of multiple correlation settings demonstrates that the LRST’s
power estimation framework remains stable across different outcome dependence structures.
This emphasizes its practical utility for power calculations and sample size planning in
longitudinal studies with multivariate outcomes, where correlation structures may not be
precisely known a priori.

Sample Size Determination for Target Power Levels

This subsection investigates the minimum sample sizes required to achieve specific power
levels for detecting an effect size of (2.21, 5.38), as outlined in the Bapi 302 trial protocol.
Table 2 presents the required sample sizes under two group size ratios: 1 = 2/3 (smaller
control group) and 4 = 1 (equal group sizes). For lower power thresholds (e.g., 0.1), the
required sample sizes are minimal, with only seven participants needed for both 1 = 2/3 and
A = 1. However, as the desired power increases, the required sample size grows substantially.
Achieving 80% power requires 318 participants for 4 = 2/3 and 306 participants for 1 = 1,
while 90% power requires 445 and 424 participants, respectively. While the differences
between these ratios are modest, they illustrate the efficiency gains associated with balanced
group sizes. Slight imbalances, such as 4 = 2/3, have minimal impact on total sample size,
but more extreme imbalances would likely demand larger overall samples to maintain
sufficient power. It is to be noted here that in the BAPI trial, Linear Mixed Effects Model
was used to calculate the minimum sample size required to obtain a power of 0.9, and the
minimum sample size calculated was approximately 1000 [1]. This is significantly higher
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than the minimum sample size required under the LRST set-up, which is approximately 450
as given in Table 2.

These findings provide practical guidance for clinical trial planning. Using the formula from
Theorem 3, researchers can efficiently estimate minimum sample sizes required to achieve
specific power levels, facilitating resource allocation while ensuring robust statistical power
to detect treatment effects. By applying these results, trial designers can optimize cost,
feasibility, and statistical rigor in longitudinal studies.

Variance Component Validation

This subsection evaluates the accuracy and convergence of the variance component
estimators C,, ,, and D, ,, as derived in Theorem 1. The performance of these estimators was

assessed using two key metrics: mean squared error (MSE) and mean absolute error (MAE),
defined as MSE = #25,2:1 &, and MAE = #ZZ,Q:] |é, o], where &, ,, = C,, ,, — C, ,, OF

&, =D, - D,.,. These measures quantify the closeness of the estimated matrices € and

D to their true counterparts C and D. The true values of C,,, and D, ,, represent expectations
over pairwise rank statistics and depend on the joint distributions of (X,,,,, Y.,,,) across

all outcome indices k;, k, = 1, ..., K. These expectations do not have closed-form solutions,
even under standard parametric assumptions such as multivariate normality. Therefore, for
simulation purposes, we compute them numerically using Monte Carlo integration based
on draws from the assumed joint distributions of the longitudinal outcomes under each

arm. Table 3 presents MSE and MAE values across sample sizes N = 100, 300, and 500.
The results demonstrate strong convergence properties of the estimators. For C, the MSE
decreases from 0.0027 at N = 100 to 0.0016 at N = 500, while the MAE reduces from 0.041
to 0.032. Similarly, for D, the MSE declines from 0.002 to 0.001, and the MAE drops

from 0.038 to 0.032 over the same sample sizes. These trends confirm that as the sample
size increases, both estimators become more accurate, converging towards the true variance
components.

To further validate the asymptotic properties of these estimators, we compared the estimated
asymptotic standard errors of C,,,, and D,, ,, with their theoretical counterparts, as derived

in Theorem 1. Table 4 reports the results for N = 500, with each matrix entry displaying

the estimated standard error alongside the theoretical standard error in parentheses. The
results show excellent agreement between estimated and theoretical values, confirming the
reliability of the asymptotic approximations. For example, at (¢, ,) = (1,1), the estimated
standard error for C,, ,, is 0.019, matching the theoretical value exactly. Similarly, the
estimated standard error for lf),,‘,2 at(r,,) = (1, 1)is0.018, closely aligning with the
theoretical value of 0.020. This pattern of close alignment persists across all matrix entries,
underscoring the consistency and robustness of the variance estimators.

The results from Tables 3 and 4 provide compelling evidence for the validity of the LRST
framework in estimating variance components for multiple longitudinal outcomes. The
decreasing MSE and MAE values, combined with the close agreement between estimated

Stat Med. Author manuscript; available in PMC 2025 November 13.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Page 14

and theoretical standard errors, affirm the reliability of the methodology. These findings
highlight the practical utility of the LRST in clinical trials and longitudinal studies, ensuring
precise variance estimation to support robust statistical inference.

Real Data Analysis

This section applies the LRST methodology to real-world clinical trial data to evaluate

its practical utility. Two notable studies, one focused on AD and the other on PD, were
analyzed to assess the LRST’s performance in detecting treatment effects across multiple
longitudinal outcomes. These analyses highlight the strengths of the LRST framework and
provide insights into its application for complex neurodegenerative conditions.

Analysis of Bapineuzumab (Bapi) 302 Trial

The Bapineuzumab (Bapi) 302 trial [1] was a Phase 3, multicenter, double-blind,
randomized controlled trial designed to evaluate the efficacy of intravenous Bapi compared
to placebo in patients with mild-to-moderate AD. Conducted across 170 sites in the United
States from December 2007 to April 2012, the trial randomized 759 participants in a 2:3
ratio into placebo (n, = 311) and treatment (n, = 448) groups. Assessments were performed
every 13 weeks over a 78-week period (r = 13, 26, 39, 52, 65, 78, T = 6). The study
evaluated two primary outcomes: the Alzheimer’s Disease Assessment Scale-Cognitive
Subscale (ADAS-cog11) and the Disability Assessment for Dementia (DAD). ADAS-cogl11
consists of 11 tasks assessing cognitive domains, including memory, language, and praxis,
with scores ranging 0-70; higher scores indicate greater cognitive impairment. The DAD
scale evaluates functional independence based on caregiver-reported activities of daily
living, such as grooming and meal preparation, with scores ranging 0-100, where higher
scores reflect better functional ability. The mean changes in ADAS-cogl11 and DAD scores
over the 78 weeks are illustrated in Figure 1. Both groups showed consistent cognitive

and functional decline, evidenced by increasing ADAS-cogl11 scores (worsening cognition)
and decreasing DAD scores (reduced daily functioning). No significant differences were
observed between the treatment and placebo groups across either outcome.

The LRST was applied to assess the global treatment effect of Bapineuzumab. The analysis
yielded a test statistic of —0.0474 (SE: 1.950), corresponding to a Z-statistic of -0.024

(P = 0.509), indicating no significant overall treatment efficacy. To further evaluate the
power of the test, the global treatment effect parameter, 6, was estimated using both a
theoretical approach, assuming normality of the marginal distributions, and an empirical
approach based on observed data. Theoretical calculations yielded 9 = — 0.02, while the

empirical estimate was 6= —0.07. Both estimates were negative, suggesting a treatment
effect in the direction opposite to the anticipated benefit. As a result, both the theoretical
and estimated power to detect a beneficial treatment effect were low (0.030 and 0.028,
respectively). These findings provide no statistical evidence of an overall treatment benefit
for Bapineuzumab in patients with mild-to-moderate AD, and the direction of the estimated
effect further argues against efficacy.
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Analysis of the Azilect Study

The Azilect study [19] was a Phase 3, randomized, double-blind, placebo-controlled trial
evaluating the efficacy of rasagiline in Japanese patients with early-stage PD. Participants
aged 30 to 79 years, diagnosed within the previous five years, were randomized 1:1 to
receive either 1 mg/day of rasagiline or placebo over a 26-week treatment period. Clinical
assessments were conducted at baseline and weeks 6, 10, 14, 20, and 26 (T = 5). The
primary endpoint was the Movement Disorder Society Unified Parkinson’s Disease Rating
Scale (MDS-UPDRYS), a widely used tool for assessing Parkinsonian symptoms in clinical
trials [20]. The MDS-UPDRS includes 65 items across four domains: Part I (Non-Motor
Aspects of Daily Living, 13 items), Part Il (Motor Aspects of Daily Living, 13 items), Part
Il (Motor Examination, 33 items), and Part IV (Motor Complications, 6 items). Each item
is scored on a 5-point Likert scale (0-4), with higher scores indicating greater symptom
severity [20, 21].

Figure 2 illustrates distinct trends across the three MDS-UPDRS components. In Part |

(top panel), nonmotor symptoms fluctuate around baseline in both groups with no clear
separation. In Part Il (middle panel), the placebo group exhibits increasing symptom
severity, while the rasagiline group shows initial improvement that diminishes toward

the trial’s end. In Part 111 (bottom panel), both groups show sustained motor function
improvement, with the rasagiline group demonstrating a consistently larger benefit. To
standardize interpretation, total scores were adjusted so that higher values correspond to
better outcomes by reversing the sign of the ordinal item scores (multiplied by —1). The
LRST vyielded a test statistic of 4.929 (SE: 1.572), corresponding to a Z-statistic of 3.135 (P
=8.592 x 1074), indicating a significant global treatment effect of rasagiline across the three
outcomes.

The effect size 0 was estimated under two approaches: assuming normality of the marginal
distributions and using the mean rank difference from the data. The effect size was 0.234
under normality and 0.948 when estimated empirically. Variance components C and D were
derived using both theoretical (under normality) and empirical (from data) methods. The

C and C matrices are presented below, with differences attributed to small sample size

and deviations from normality. Theoretical power under the Gaussian assumption was 0.39,
while the estimated power using empirical data was 0.99, indicating substantial deviation
from normality. To achieve 90% power under normality, 676 participants were required, but
the observed sample size of 209 achieved 99% power. Using empirical estimates, only 154
participants were needed for 90% power, suggesting the trial was sufficiently powered even
with a smaller sample size. These results confirm a significant treatment effect of rasagiline
on motor symptoms in early-stage PD. The discrepancy in required sample sizes underscores
the impact of distributional assumptions on power calculations, highlighting the value of
nonparametric approaches such as the LRST in longitudinal clinical trials.
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0.32 0.27 0.23 0.22 0.20
0.27 0.23 0.20 0.18 0.17
C =10.23 0.20 0.17 0.16 0.15|,
0.22 0.18 0.16 0.15 0.14
0.20 0.17 0.15 0.14 0.13

0.28 0.10 0.14 0.12 0.12
0.19 0.30 0.21 0.18 0.16
0.14 0.21 0.31 0.19 0.20
0.12 0.18 0.19 0.26 0.20
0.12 0.16 0.20 0.20 0.32

o
Il

Conclusion

This article develops a robust framework for power and sample size calculations tailored

to the LRST, addressing a critical gap in nonparametric methodologies for analyzing
multivariate longitudinal data. By integrating theoretical derivations, asymptotic properties,
and practical estimation techniques, we provide a comprehensive approach for designing
clinical trials that assess complex temporal outcomes in neurodegenerative diseases. Our
results show that the LRST framework reliably estimates power and determines appropriate
sample sizes across diverse clinical trial settings. Validation through numerical simulations
and real-world applications, including the Bapineuzumab and Azilect trials, demonstrates
its practical utility and reliability. The analysis of real data highlights the LRST’s strengths
in detecting treatment effects across multiple longitudinal outcomes while also revealing
limitations in scenarios with small effect sizes or deviations from standard distributional
assumptions. These findings emphasize the importance of incorporating both theoretical
models and empirical insights when applying the LRST to clinical data.

This work advances nonparametric inference by offering a systematic approach to evaluating
treatment efficacy that accounts for temporal dynamics and multivariate structures. Future
research could focus on extending the LRST framework to address missing data, a frequent
and complex challenge in longitudinal studies. Techniques such as multiple imputation

or inverse probability weighting could be integrated into the LRST to handle incomplete
data while preserving the nonparametric advantages of the method. Additionally, adapting
the LRST for high-dimensional outcomes, where the number of measurements exceeds

the sample size, would enhance its applicability in modern clinical trials that involve
comprehensive biomarker panels, imaging data, or multi-omics datasets. This could involve
incorporating regularization techniques or dimensionality reduction methods to maintain
statistical efficiency. Refining variance estimation techniques to improve robustness under
varying data conditions, such as non-normal distributions or heteroscedasticity, would
further strengthen the LRST’s performance. Moreover, the development of adaptive

trial designs that allow for interim analyses and sample size recalibration based on
accumulating data could optimize resource use while ensuring adequate statistical power.
Finally, integrating machine learning approaches with the LRST framework might provide
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novel insights into complex treatment effects and facilitate more personalized medicine
applications.

In conclusion, the proposed framework marks a significant advancement in nonparametric
methods for multivariate longitudinal data analysis. It lays a foundation for future
methodological innovations and practical applications in the design and analysis of clinical
trials targeting complex, progressive diseases, ensuring that robust statistical tools keep pace
with the evolving demands of modern biomedical research.
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Appendix A

Proof of Theorem 1

Introduction and Setup

The goal of Theorem 1 is to establish the asymptotic distributions of the covariance
component estimators ¢, ..., and d,,,,..,. These estimators quantify the covariance structures

in the Longitudinal Rank Sum Test (LRST) for multivariate longitudinal data.
We aim to show that:

/V(O, zfﬁ""‘”), if f =tk =k

\/”_X(Ellkllzkz - C’]kl’ZkZ) d_) (11, k1,12, k2) :
N (0, < ’ ), otherwise

. . d o
and similarly for d,,,,..,. Here, the notation — denotes convergence in distribution.

We begin by defining the estimators and simplifying the notation to facilitate the derivation
of their asymptotic properties.
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Estimation and Asymptotic Distribution of ¢, .,

We aim to estimate the covariance component ¢, ., = Cov(G,x,(Xiyx,)> Goi(Xit,)) USING the
following estimator:

. 1 Z"X |~ 1= By,
Crikingky = 7 - I(yvllkl < xullkl) B
ma=1 |mo=1

1 ny 1 - érzkz
X . 2 : I(ywzkz < szkz) I E—

Yo=1

where I(-) is the indicator function, and 4, represents the estimated treatment effect at time ¢

and outcome k.

1-0, 1

2 n.n,

Using the relationship

Ny n, .
E E I(yjx < Xie), WE CaN reWrite ¢y, 8S
i=1mi=1

. I~ [ 1<
Crikiky = 7= 2 ‘, . z : I(lekl < Xmlkl)
u=1[Yv=1

) n,
—E . I(yu/]k] < xullkl))
Tv=1
n, n,
1 1
x ,TZ 1Yoty < Xuy) = E ,TZ I(Yuuaky < Xuryio) || + o)
Yo=1 Y=

where o(1) denotes a term that converges to zero as the sample size increases.

ny

To simplify notation, we define: %, = nizu B ll(y,,,k < Xun)s Uy=Uu— E(X,). Thus, the

. . . n Ny _ =
estimator simplifies to ¢, ., ~ niE | Y
X u=

Asymptotic Distribution
When 1, # 1, Of k, # k,, applying the well-known asymptotic results for sample covariance,
we derive that ¢, is asymptotically normal with mean c,,,.,., and variance:

2 2 2
Oty Oy, ¥ Otlyys Uiy

, where:

ny

0';,21,(1 = Var[Gflkl(Xllkl)]’ O-%‘rzkz = Var[Glzkz(Xlzkz)]

and

aV/rlkI%izkz = CoV[Giyy(Xipty)s G Xinio)] = Ciy1yiniy

Hence, for #, # 1, Or k, # k,, the asymptotic distribution of ¢,,,.., can be expressed as
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Var[Gflkl (X’l k1 )]Var[szkz(szkz)] + szlklfzkz

ny

Crikyipky —™ va Ciykyokys

When ¢, =1, and k, = k,, the asymptotic distribution follows from the properties of sample
variance. In this case, ¢, ., IS asymptotically normal with mean c,,..., and variance:

”4[Gflkl(x’lkl)] - (Var[Gflkl(Xflkl)])z

where u,( -) denotes the fourth central moment.

Thus, the full asymptotic distribution of ¢, ., IS

d

V(G = Carar) —

(0, 1[Gyt (Xoi)] = (Var[ Gy (X))

if 1=tk =k
‘/V(O’ Var[Gflkl(Xllkl)]Var[szkz(Xlzkz)] + szlklfzkz)’
otherwise

d
Here, — denotes convergence in distribution, implying that as the sample size increases, the
distribution of \/n, (&, 1, — €11,) @PProaches a normal distribution.

Furthermore, we can apply the Berry—Essen bound to obtain small sample bounds for ¢, .,
Under standard conditions, the Berry—Essen Theorem yields the bound

Vs (Ciiinto = Curoato) <x
— = <

< Cp

- 00| <
(2

sup P|
x ny

where & = 1[G, (X)) = (Var[G (X)) ifty = ki, K = k, and
& = Var[ G, (X)) IV Gy X i) ] + Cortyis, OthETWiSE. AlSO, p = 15[ Gt (X14,)]-

Estimation and Asymptotic Distribution of d, .,
The estimation and asymptotic derivation for the covariance component
iy = COV(F i (Yipiy)s Frio(Yor,)) TOllOws a process analogous to that outlined for ¢, in
Appendix Section Estimation and Asymptotic Distribution of ¢, ..,. The estimator is given
by

ny ~

n,
- 1 1 L = O
diiiyinky = nj 2 : . z : ’(xmlkl < ywlkl) - fll

v=1 [ Tu=1

n N
1 <~ 1 - 6

. z : 1 (xulzkz < ylllzkz) - ffzkz
“u=1
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By applying similar asymptotic principles and the Central Limit Theorem for sample
covariances, the asymptotic distribution of d, , .., is

A d
\/n—y(dflklfzkz - ’Ik]’2k2) -
2
A0 Fu (V)] = (Varl Fo (V)
if 1=tk =h,
/V(O’ Var[Fflkl(Yllkl)]var[Ffzkz(lekz)] + dleklfzkz)’

otherwise

The notation and convergence results are consistent with those provided in Appendix
Section Estimation and Asymptotic Distribution of ¢, ., fOr ¢,«.,,- The primary difference

lies in the substitution of the marginal distributions of X,, with those of Y,.. We can also
obtain small sample bounds using the Berry-Essen Theorem, like before, to show that the
asymptotic distribution converges to a normal distribution at a rate of \/n,.

Joint Asymptotic Distribution of ¢, .., and d, .,
Next, we will derive the covariance between ¢, .., and d,,;,..,. First let us define 7,

n,
analogous to %,: 7« = nizuy ll(xu,k < Yur)-
v Ly =

COV(Ctlkltzkza drlklrzkz)

= COV{LZ”Z [%flkl - | E(%’]kl)][%fzkz - | E(%rzkz)]

ny u=1

72:; 1 [%’l"l - E 711’61)][7&’62 - E(%rzkz)]

(A1)
- n.n, Zu 1 z %11’(1 - E( flkl)][%’Z"Z - E(%fzkz)]
[%’lkl (711"1)][7%2 - E(%lzkz)]} - Cllkllz’ﬂdflklfzkz
) %nkl%!zkz%llkl%fzkz) = Crykyigkaiykyiky
(A2)

where %, = %, — E%,) and 7', = 7 . — E(7',)).
To further analyze this, consider the interaction between the first and third elements:

%’]k]?’]kl = [%flkl - (%’]kl)J[%’Ikl - E(Cyflkl)J
l yz_: [ (Yarrsy < Xuryi) = E(%’lkl)J]
1

li [I(yvtlkl > Xoygy) = E(W’Ikl)]l

mp=1
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Dependencies arise only when a = v and b = u. To isolate these, rewrite the expression:
[%rm - E(%’lkl)][%’ZkZ - E(%fzkz)]
n,
1 Y
= lnz [I(yﬂflkl < x’”l"l) - E(%flkl)]
Ya=1l,a# v

1
+,T[I(ywlkl < Xugiy) = E(%nkl)”
Yy

Ny

1
mp=1,b#u

1
oGy > Sui) = B )|

X  (erypy > Xougpy) = E(7 1)

Let us introduce the following notations:

n
1 y
Ay = }T E : [I(ymk < xmk) - E(%lk)]s
Ya=1,a#v

1
Cu = ’T[I ok < Xu) — E(U 1)),
Y

Ny

1
Bu=— > (o> ) = E(%),

b=1,b#u
1
Dy = ;[I(YI;rk > Xui) — E(% )],

Using these notations, the expectation term in the covariance expression can be written as

E(% 27 1,7 1)
= E[(&1x, + Gy (A iy + G Bty + Diyio))(Bogiy + D)
= E[(e1yty + Gy (Bt + Dryio)(Ligi + C i) (Brogy + D)
= E[(d,lklgg,]kl + A 11Dy + By Gy + (gflkl@’]kl)

X (drzkz‘%rzkz + A 115D iy + By C oy + ‘5,2,(29,2,(2)]

Since E(d, ) = E(A ) = E(B.yi,) = E(B.,) = 0, and considering the independence between

the components, we have:

E( By e Pioky) = E( 11, B1iy By i)

= E(1,,B 11, C 1isDioiy) = 0,
E( 1Dy e Bi) = E( 11 D111 By C i)

= E(A 1, D1y, 1oP i) = 0,
E(B i, C o oy Broiy) = E(Biyi Gy 1o D i)

= E(B 1,1, G, CryeP i) = 0
E(C, D iy Biiy) = E(Ci6, Dy @ iy D iy

= E(€1,, D1 BinsC i) = 0

Therefore, the final remaining terms are:
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E(%Hh%’z’cz%’lkl%&kz) = E(d’lkl‘%’lkldfzkz‘%fﬂz)
+ E(&[ukl@nkl&[&kzglzkz)
+ E(‘%flkl(gnkl‘%lzkzgg!zkz)

+ E(%nh@/lkl%lzkz@/zkz)

Note that E(,., B iy Boiy) = E( 1110 i) E(Bryiy Brogs) = ooty WHiCh cancels out
the second term in Equation (A2). Therefore, the only non-zero contributions to the
covariance come from the remaining three terms, which we address individually. Let F, ; .,
and G, ..., denote the joint distributions of (X, X.,,) and (Y., Y...,), respectively. We begin
by evaluating E(C,,Cy,):

1
E(G G i) = ?E[(I(ym]kl < Xugiy) = E(%ny))
V
(I (Yoy < Xutyio) = E(Unys,))]
1
= F{E[I()’mkl < Xinkps Vingky < xlrzkz)]

Y
= E(% o) E[1(y111y < X100,)]
= E(% ) E[H (3131 < X11315)]
+E(%11’<1)E(%fzkz)}

1
= P{E[Gnkﬁzkz(Xflkl’ Xizkz)J

— E[Gy (X0 E[ Gy X))

Similarly, we obtain:

1
E(gnkl‘@fzkz) = T{E[Fnkltzkz(yllkl’ Yfzkz)]

ny

- E[ flkl(Yllkl)]E[Ffzkz(yfzkz)] }

Therefore:

E('Q{nkldizkz@'lkl@izkz) = E('Q[flkl'dfzkz)E(gnkl@lzkz)

1
- C’]’q’z’q?{ E[FII"IIZ"Z(Y’I"I’ Yfzkz)]

X

_E[Fllk1(Yllkl)]E[Flzkz(lekz)]}
E(‘%’lklgg’ﬂ@%’lkl%&’@)
= E(‘%lel‘%’ZkZ)E(%TI‘ﬂ%QkZ)

1
- d’l“l’Z“ZF{E[G’lkl’ZkZ(X’lkl’ Xopio)]
Y

- E[Gukl(XIlkl)]E[Glzkz(szkz)] }

The final term is
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E(C’l“lC’ZkZ@'lkl@’ZkZ)
2

E I I yu,k, < Xm,k, E(%’iki))

i=1
((yu,k,>xulk,) E( zk,))]

=0
edl

Thus, with N = n, + n,, the covariance becomes:

2 2
)’

~ A N
COU(\/Nanﬂzkzs ‘/Nd‘]k]'ZkZ) = ?{E[G’lklfzkz(xflkl’ Xlzkz)]
Y

N
- E[Gflkl(Xllkl)]E[szkz(xfzkz)]} + ?{ E[F’]kl’ZkZ(Y’]kl’ Yfzkz)]

X

_E[F’l“l(Yflkl)]E[Ffzkz(Ytzkz)]} + O(%)

nin;

1 1 1
:o[n—y(l+z>]+o[n—x(1+1/x>]+0( S+ )*0

ny,  neny,

Hence, v/N&, i, and Nd, ..., are asymptotically independent, completing the proof of the
theorem.
Appendix B

Proof of Corollary 1

Using techniques similar to those employed in the proof of Theorem 2, we can demonstrate
that the summands of £, ,,, specifically ¢,,,,., and d, ..., are independent of any other

quadruple (1,k:t,k,). As a result, the asymptotic distribution is derived by summing
asymptotically independent normal distributions.

For 1, # t,, the asymptotic variance is given by

42 Z (1+ )VaI[Gflkl( Xyt [Var Gt (Xio)| + i}

K'ki=1 k=
+(1+ ’1){VaI[Fflkl(Yflkl)]VaI[Ffzkz(Yfzkz)] + d’l"l’ZkZ}]

For ¢, = 1,, the variance becomes:

K
éz [(1 + %){Var[Gflkl(Xflkl)]var[G’l"Z(XYI’Q)]} + C121k111k2

ki ky=1
ki # ka
+(1+ )”){ ar[Frlkl( flkl)]var[Fflkz( flkz)] + dleklflkz}]
2
[”4 Gflkl ’1’61)) Var(Grm( X))
k, =1

+1a(Fyy (Yiysy)) = Var( ’]kl(YII"l))2]
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Define the following quantities for simplicity:

1
?flklfzkz = (1 + 7){var[Gnkl(thkl)]VaI[szkz(szkz)] + szlklfzkz}
+(1+ ’1){Var[Fllk1(Yflkl)]var[Fka(Yfzkz)] + d121k112k2}’
2
I iy = M| Goig(Xoyiy)] = Var[ Gy (Xiwy)]

+”4[Ff1k1(Y'1k1)] - Var[F’l"l(Y’l"l)]z

The asymptotic variance of NZ,, is thus:

K K
1

Y G 1kyinkas if ty#1n,
K'k=1 k=1

Varm(ﬁ‘.rI rz) =

K K
1 Z Z .
7 ?nkmkz + %lel , if h=t
k=1

K ki k=1
ky # ks

Since all elements are asymptotically independent, the distribution of JT£J is

asymptotically normal with mean J"£J and variance given by
T K K
L
K" t#t, k=1 k=
thh=1

Varw(JTfJJ) 1 Grkrinkr

To prove the second part, we must demonstrate that the elements of £, ,, are asymptotically
independent. The elements of /NZ,, ,, can be expressed as

K K
irlyrz = LZ Z(”enkvzkz + /13’]"]’2"2)

K =it =1

where ' =1+ %

Expanding this expression gives:

K K ny

& 1 o1

2"’1~’2 = KZZ Z 4 ,szl [%’1’(1 - E(%flkl)][%fzkz - E(%Izkz)]
= =

+A-— 1 [%’l"l - E(%’l"l)][w’zkz - E(szkz)]
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The covariance between two generic elements, £, , and Z,, ,,, is then

K K
A A 1 . N
COV(EHJZ’ 2,},4) = F/{E 1 k§ 1, COV(A Ciikiioky + Adrlklrzkzv
1= 2=

”, .
A Cl3k1!4k2 + Ad13k114k2)

As previously established, the asymptotic covariance of each pair ¢, ,,,., and d, , .., With
any distinct quadruple (s, &, t., k) vanishes due to asymptotic independence. Therefore,
Cov(2, E,.,) =0.

This confirms that all elements of £ are asymptotically independent.

Appendix C

Proof of Theorem 2

It has been established by Xue et al. [15] that the rank difference vector LNR asymptotically

N

follows a multivariate normal distribution with mean vector ge and covariance matrix X,

as defined previously. Here, 6 represents the vector of treatment effects at each time point
and outcome, and X captures the covariance structure of the rank differences.

The LRST statistic, defined in Equation (1), can be expressed as

1,T R JT R
R, -R. T" N VN

Trrst = T=—= = N ~Te
JVar(R, —-R.) \/@(%JT%) VIt

where J is a contrast vector (with elements summing to zero), summarizing the rank
differences across all time points and outcomes, and £ is the estimated covariance matrix of
R.

Applying the asymptotic result from Xu et al. [15] and Slutsky’s theorem, we have

Ty NGO 1

d
Tprst — N T s
AR

where 6 = %JTG represents the average treatment effect over time and outcomes. This

result indicates that, under the alternative hypothesis H,, the test statistic follows a normal
distribution with a non-zero mean that depends on 6, the sample size N, and the covariance
structure x.

The power of the test under H, is then calculated as
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TYNO
—|— a
QZPH,Z(TLRST>Z01):®% —® T\/ive _z
20T 2T

where z, is the upper a-quantile of the standard normal distribution.

To further simplify, we substitute the structure of the covariance matrix £ = lL/l’l(c + AD),

where C and D capture within- and between-group variances, respectively, and 4 represents
the allocation ratio of the two groups. Therefore,

JTxs= ILAAJT

(C+AD)J
Substituting this into the power expression gives

P=0 0 -z
\/4(1 + NI (C+ DT

NAT?

which completes the proof. This final expression illustrates how the power depends on the
treatment effect 6, sample size N, allocation ratio 4, and the variance components € and D.

Appendix D

Proof of Theorem 3

To ensure a minimum power of z (assuming 6 > 0), the sample size N must satisfy & > z.

Substituting the expression for power from Theorem 2, we have

(o] 0 —Z4 27

41+ DIT(C + DT
NAT?

Applying the inverse cumulative distribution function @~ ! to both sides gives

0
41 + DIT(C + AD)T
NAT?

1

>z, +D (m)

Squaring both sides and solving for N yields:
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41 + DI + AD)T -
NAT? -

2
6
za+CI)_1(7r)) '

2
40+ )[z+0 @)

.
JT(C+iD)I
a2 |0

N 2>

This provides the minimum sample size N required to achieve power = for the given effect
size ¢ and covariance structure defined by C and D.

Appendix E
Proof of Theorem 4
We have the estimator for the overall treatment effect @ defined as

T n,
¢ = TKn M, Z Z Z Z (21 (X < yju) — 1]

= ]:1

S

n
y x
1

T
= TKn.n, Z Z - [ZI(Xnk < ) = 1]

Jj= = =

Define Z ., = 21(xu < yi) — 1, wWhich is a binary random variable taking values in { — 1,1}.
The sum of interestis S = ¥'_ | X7_ | X& = 1 5/ = 1 Z .. The variables Z,, exhibit

dependence across time points ¢+ and outcomes k for a fixed subject pair (i, j) due to repeated
measures. However, we assume independence across different subject pairs (i, j) and (i’, j*)
fori #i’ or j# j'. This assumption holds because observations from distinct patients are
collected independently in clinical settings. The variance of .S can be expressed as

e ny

K T
Var($) = D D D D Var(Z i)
i=1j=1k=1¢t=1
n, n,

+ E E S , CoV(Zijue» Zijier)
i=1 j=1 (kt)#(k',t)

To establish the asymptotic normality of 5, we apply the Lyapunov Central Limit Theorem
(CLT). For this, we verify the Lyapunov condition, which serves as an alternative to the
Lindeberg condition. The Lyapunov condition states that for some 6 > 0, the following must
hold:

lim 2+5 ZZZE“I’W E[Z | 2+5

Ny, Ny —> 00 Ongmyj =

where o, , is the variance of .
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Since Z ;. takes values in { — 1,1}, we have Z7,, = 1. The variance of each Z,,, is

Var(Z ;) = 4p(1 — p), where p = P(X,, < Y,). The higher moment E[|:Z°,,k, -@2p- 1)|2 + ‘5] is
bounded, as Z ., is symmetric and has only two possible values. Consequently, the sum

inside the Lyapunov condition becomes

TKnn, - E|Z 0 —p- DT 5]

Thus, the Lyapunov condition will be satisfied if the growth of the variance o, ,, outpaces
the higher moments of Z,,, as n, and », approach infinity.

The Lyapunov condition simplifies to verifying that the following expression tends to zero

as n,, n, — oo

TKn, - E||Z - 2= DF | E[|Z - @p- P T
2+0 ~
Gty [4p(1 _p)]1+5/2
R S
(TKnxn,,)(S/2

Since the higher-order moment E[|:Z,,k, —@p-DPt 5]

is bounded due to %, taking only

two possible values; the key factor determining whether the Lyapunov condition holds
is the growth rate of o, _, . As o, ,, grows proportionally with the sample size, the term

.y
1

6/2
(TKn.n,)

tends to zero as n,, n,— co. This ensures that the Lyapunov condition is satisfied.

S — E[S]

ny,ny

Therefore, by the Lyapunov Central Limit Theorem, the normalized sum converges

d

S—EISI, 4(0,1). This implies that s

ny.ny

in distribution to a standard normal distribution:

is asymptotically normally distributed. Consequently, 8 is also asymptotically normally
distributed with mean @ and variance given by
var($) _4p(l = p) 2# Cov( L Ziyur)

Var(8) = -
T2 K znf.nﬁ TKnn, T2 K 2n,2<nf

where Y. represents the sum of covariances across all (k,1) # (k',t'), formally written as
Y= Z;’; | 2;5': | (k1) # (k',r)- Thus, the asymptotic normality of 6 is established, which

serves as a critical component in deriving the asymptotic distribution of the power estimate

A

P

The estimated power of the LRST is given by
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>

A
P =00 — -z,
4JT8g

NT?

where @( - ) denotes the cumulative distribution function of the standard normal distribution,

6 represents the estimated overall treatment effect, and J'£J is a quadratic form involving
the estimated covariance matrix X.

It has been established that 8 is asymptotically normally distributed with mean 6 and

Var(S5)
TKn,n,

variance %, where o3 is derived in Corollary 1.

variance o; = . Similarly, JT£J is asymptotically normal with mean J"=J and

To derive the asymptotic distribution of ﬁé, consider the function:

where x corresponds to and y corresponds to JT£J. The function g(x, y) describes the
estimated power as a function of these two asymptotically normal random variables.

To apply the Delta Method, we compute the partial derivatives of g(x, y) with respect to x
and y. The partial derivative with respect to x is

%zd) x —zl 1

0x 4y 4y
NT? NT?

where ¢( -) is the standard normal density function.

The partial derivative with respect to y is

dg_ gl x| x INT?
ay = ITR EPY -
NT?
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—=_ — 7, denote the standardized argument of the density function. These partial

NT?

Leté=

derivatives are essential for evaluating the asymptotic variance of Zinthe subsequent

derivations.
Let o, = ;’Ia(rr(li) and o = o,75,. Applying the Delta Method, we derive the asymptotic

distribution of % = g(@, JTiJ). Specifically, Pis asymptotically normally distributed as

follows:

LN /V(g((‘a, 7Txa) Var(&))

where the asymptotic variance Var(@ﬁ) is given by

AL (9g\2 5 (08)\2 » dg 0g 2 T
Vdr(@)—(a) ag+(7y) 62+2'a-d—y-Cov(0,J 21)

with x = 6 and y=J'2J.

Substituting the expressions for the partial derivatives into the variance formula yields:

Var(@) = ¢4 —2— 2,

41'sg
NT?

=2
o7 + 0°c% N T2

T 374
4IET 41Tz
NT?

agécOv(ﬁ, JTf:J) NT2
.W.T

)
2(JT2J

Analyzing Each Term
The first term simplifies to
e Var(S)NT?

4T2r AT K22 TRy
NT?

__1 |4p(1 ~pN
4JTEJ TKnyn,
" NZ;& C;V(Zzukn gz/k'z') -0
T°K ninf
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The second term becomes

22 5 2 2. .2 K
9°c2  NT eNT? |1
4(JTEJ)3 * 16(JTEJ)3 K4t1¢t» =1

| T
= ==

2 : ?lkltkz + Z %ﬂcrk)‘

The final term, without the covariance term explicitly, simplifies to

oNT? 91?2
3/2 3/2
4(JTEJ) 4(JTEJ)
2
41— pN2 ML CoME e Tie)
TKnn, T2K2n2n2
My

AS n,, n,— oo, this term converges to

— 1 2
0(/1-'— A +2)T \/41)(1 ) Cov(zllkrazllkz)
3/2 TK 22
4Tza) T°K

The remaining task is to derive Cov(a JTﬁ:J).

cOv(fo, JTfJJ)

K T
Z Z . (21 (xi < yjue) = 1),

=

1 ny, K T
TKnn 2 Z Z . RI(xi < yju) = 1),

<
~
Il
—_
~
Il
—l
-
Il
—_
Il
i

! Z Z [( )Cflklfzkz +(1+ /l)dnkltzkz”

K2 thbh=1 k,ky=1

To compute this covariance, we consider the components Cov(21(x,u < yu) —

COV(2I(xirk <yu)— 1, atlkllzkz)-

For the ¢, term:
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COV[I(xrrk < y/rk)’ exlkltzkz]

n, n,
1 > 1 2’
= Cov I(xyrk < y/rk)a ’,T }’T I(yw]kl < xurlkl)
‘u=1[Yv=1
1- érlkl 1 & 1- szkz
—— X|— § : 1 (J’um < szkz) - )
=1

1

nyhn,

COV[I(xirk < ijk)s I(ymlq < xix]k] & yj12k2 < xilzkz)]

Similarly, for the d, .., term:

COV[I(xrrk < Yjik)» allkllzkz] = Tn}

COV[I(X,,k < y/rk)a I(y/rlkl > Xityky & Vitgky > xnzkz)]
Combining these results, we find:

n, n,
2 T2 1 1
Cov(a,J EJ)=f_E > = "> ,o(nx—n)—m

TK nnyi=1j=1kk,k,=1t1,6=1 4

Thus, the covariance between gand JTEJ asymptotically approaches zero as the sample
sizes n, and n, grow large (n,, n, — o). The above derivation demonstrates that the only

non-vanishing term in the asymptotic variance of & is the second term:

— T K

N1 | 1 o
— < 3|°a 11k 12k
16(JTZJ) K" t1#t kik=1

=1
1 T K K
+— 2 : 2 : Gityiny + 2 : Z ik
K1 | 2n k=1
ki ky=1

d
Therefore, the final asymptotic distribution of the power estimate PisP— (2, Var(é}’)),
where 2 denotes the theoretical power, and the asymptotic variance is given by

— 72 2
Var(&’) = ¢2 ?I' = Zq|* ONT 3
4178y 16(JT)2J)
NT?

K

T K T K
LZ Z g'l’(l'zh"’%z Z ?”‘1’1‘2+; Z

K4 h#Eh k,k=1 t=1| k#k
n,h=1 ki k=1
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Here, ¢( - ) represents the probability density function of the standard normal distribution,
8 is the estimated overall treatment effect, and J '=J is the quadratic form involving the
covariance matrix X. The terms €,,.., and %, capture the variance components across time
points and within specific outcomes, respectively.
Appendix F

Performance of Power Estimation Under Small Sample Sizes

This section investigates the performance of the power estimation method proposed in
Theorem 4 under small-sample settings. Table F1 summarizes the empirical power (obtained
from 1000 simulation replicates), the theoretical power (based on known parameters),

and the estimated power with standard errors for total sample sizes ranging from N = 50

to N = 200. The results show that the estimated power remains reasonably close to the
empirical power, even for smaller N, and the discrepancy diminishes as the sample size
increases. For example, at N = 50, the estimated power is 0.33 versus an empirical power of
0.23, while at ¥ = 200, the difference narrows to 0.54 versus 0.53. These findings suggest
that the proposed estimation framework provides useful approximations even with limited
pilot data and can aid in trial planning under constrained sample sizes.

TABLE F1 |
Comparison of empirical, theoretical, and estimated power across small sample sizes (V=

50 to V= 200). Standard errors for the estimated power are shown in parentheses.

Sample Size (N)  Empirical Power Theoretical Power Estimated Power (SE)

50 0.23 0.21 0.33(0.10)

100 0.35 0.35 0.43 (0.08)

150 0.47 0.45 0.52 (0.06)

200 0.53 0.52 0.54 (0.05)
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Mean change from baseline of
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‘Weeks After Randomization

FIGURE 1.

Weeks After Randomization

Mean changes from baseline to week 78 in ADAS-cogl1 (left) and DAD (right) scores
in the Bapineuzumab 302 Trial. Higher ADAS-cog11 scores indicate greater cognitive
impairment, while higher DAD scores reflect better functional independence. Vertical lines

represent 95% confidence intervals.
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FIGURE 2|.
Mean changes from baseline to each visit in MDS-UPDRS Parts I, 11, and |11 total scores.

The placebo group (red squares) and rasagiline group (blue circles) are plotted with means
and standard deviations. Vertical lines represent standard deviations, and the horizontal
dashed line denotes the baseline. Negative score changes indicate symptom improvement.
The top panel shows Part | (Non-Motor Aspects of Daily Living), the middle panel shows
Part Il (Motor Aspects of Daily Living), and the bottom panel shows Part 111 (Motor
Examination).
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