High-Dimensional Inference in
Dynamic Environments
by
Eric C. Hall

Department of Electrical and Computer Engineering
Duke University

Date:

Approved:

Rebecca Willett, Co-Supervisor

Robert Calderbank, Co-Supervisor

Sayan Mukherjee

Garvesh Raskutti

Galen Reeves

Dissertation submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Electrical and Computer Engineering
in the Graduate School of Duke University
2015



ABSTRACT

High-Dimensional Inference in
Dynamic Environments

by
Eric C. Hall

Department of Electrical and Computer Engineering
Duke University

Date:

Approved:

Rebecca Willett, Co-Supervisor

Robert Calderbank, Co-Supervisor

Sayan Mukherjee

Garvesh Raskutti

Galen Reeves

An abstract of a dissertation submitted in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in the Department of Electrical and Computer
Engineering
in the Graduate School of Duke University
2015



Copyright (© 2015 by Eric C. Hall
All rights reserved except the rights granted by the
Creative Commons Attribution-Noncommercial Licence


http://creativecommons.org/licenses/by-nc/3.0/us/

Abstract

This thesis addresses several challenges unanswered in classical statistics. The first
is the problem of sequentially arriving data in changing environments. It is often
the case that the order in which data is received can be critically important to ac-
curate inference, and this observation is especially important when the underlying
environment generating the data is likely to be changing and one wishes to study the
mechanisms driving this change. For instance, in a wide range of applications, includ-
ing video analytics, social networks, microscopy, and astronomy, analysts must cope
with large quantities of high-dimensional data generated by an environment which is
known to be changing. Classical methods often fail on such data because they ignore
the underlying dynamics, neglect physical models of data generation and statistics,
or fail to scale up to high-dimensions both computationally and statistically. While
incorporating time-varying, dynamical models can significantly increase statistical
accuracy, the difficulty and complexity of learning are increased because there are
now two sources of potential errors: observational noise and environmental change.
(Classical methods which do not account for time variation would attribute all errors
to observational noise, while some techniques, such as those used in autoregressive
moving average models, would attribute most of the variation to system dynamics.
This thesis presents work which learns a systems’ dynamics and state simultaneously,
while avoiding such strong assumptions.

The second challenge crucial to the learning process is the ability to handle the
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recent onslaught of information known as “big data.” Two types of challenges big
data present are large volumes of data and large dimensionality of data, and algo-
rithmic design must address these challenges. In order to process high volume data
algorithms must process data very efficiently in order to complete all its calculations
in a reasonable amount of time, while high-dimensional data requires algorithms to
perform efficient inference in a potentially vastly underdetermined system. Within
both of these regimes analysts face the question of “how much data must be col-
lected before reliable inference can be guaranteed?” Such questions are typically
addressed via sample complexity and regret bounds, but the existing literature on
these bounds does not account for the sequential nature and inherent dependencies
among the observed data. Methods such as LASSO have become popular in the last
decade, as they prove that the amount of data necessary should scale more closely
to the low-dimensional subspace on which the data resides, as opposed to the larger,
ambient dimension. These types of observations are critical, and the need to find
low-dimensional structure in high dimensional signals is of paramount importance
and should be addressed in proposed algorithms. Nevertheless, most LASSO analysis
does not address streaming data or temporal dependencies common when tracking
dynamic environments.

This thesis presents novel algorithms and analyses which address the issues posed
by big data in dynamic environments. The first contribution is to propose methods
to analyze sequential data in a dynamic environment using online optimization. On-
line optimization schemes are inherently designed for high volume data, as they
receive one datum at a time, make a quick calculation, and then discard it. These
methods are additionally adept at processing high-dimensional data, as they incor-
porate regularization functions that attempt to find low-dimensional structure in
high-dimensional data. The proposed online optimization routines account for time
varying environments with associated regret bounds, while making minimal assump-
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tions on the underlying system. Unlike previous work in sequential filtering, these
methods do not need the dynamical model to be specified a priori, but instead have
built-in mechanisms to find the best model within a family of candidate dynam-
ics. The next contribution is to use these methods to analyze data generated by a
Hawkes process, a model which is used to characterize complex interactions among a
collection of point processes, for instance neurons firing within a network. Using this
analysis, network inference on streaming data can be performed with more robustness
to poorly-specified model parameters than previously existing methods. Finally, pre-
viously unknown sample complexity bounds for a discretized version of the Hawkes
process, the log-linear Poisson autoregressive process, are shown and proven. These
results, which utilize recent advances in statistical learning theory, show how the
assumption of low dimensional structure can greatly aid in the estimation procedure

of high dimensional data.
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“A noble spirit embiggens the smallest man”

- Jebediah Springfield
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Introduction

1.1  Overview of Sequential Data

Modern sensors are collecting very high-dimensional data at unprecedented rates,
often from platforms with limited processing power. These large datasets allow sci-
entists and analysts to consider richer physical models with larger numbers of vari-
ables, and thereby have the potential to provide new insights into underlying complex
phenomena. For example, the Large Hadron Collider (LHC) at CERN “generates
so much data that scientists must discard the overwhelming majority of it — hoping
hard they’ve not thrown away anything useful.” [1] Typical NASA missions collect
hundreds of terabytes of data every hour [2]: the Solar Data Observatory generates
1.5 terabytes of data daily [3], and the upcoming Square Kilometer Array (SKA, [4])
is projected to generate an exabyte of data daily, “more than twice the information
sent around the internet on a daily basis and 100 times more information than the
LHC produces” [5]. In these and a variety of other science and engineering settings,
there is a pressing need to recover relevant or anomalous information accurately and

efficiently from a high-dimensional, high-velocity data stream.



Rigorous analysis of such data poses major issues, however. First, we are faced
with the notorious “curse of dimensionality”, which states that the number of obser-
vations required for accurate inference in a stationary environment grows exponen-
tially with the dimensionality of each observation. This requirement is often unsatis-
fied even in so-called “big data” settings, as the underlying environment varies over
time in many applications. Furthermore, any viable method for processing massive
data must be able to scale well to high data dimensions with limited memory and
computational resources. Finally, in a variety of large-scale streaming data prob-
lems, ranging from motion imagery formation to network analysis, the underlying
environment is dynamic yet predictable, but many general-purpose and computa-
tionally efficient methods for processing streaming data lack a principaled mecha-
nism for incorporating dynamical models. Thus a fundamental mathematical and
statistical challenge is accurate and efficient tracking of dynamic environments with
high-dimensional streaming data.

A generic statistical learning problem could be described in the following way:

e Environment generates data sequence {z;}._,,z; € R" drawn from the distri-

butions {p((+); 0;)}L, each parameterized by 6, € R?
e Learner observes data sequence {z;}7_,
e Learner creates estimate sequence {6,}7 ;.

In the classic independent, identically distributed (iid) setting, it would be as-
sumed that 6; = 6, = ... = O = 60 for all ¢, and therefore a single point estimate
6 would be produced. Of major interest to the research community is the analysis
of time-series or sequential data. As opposed to the iid setting the order and timing
of the data can be crucial, as the underlying environment may be changing, which

manifests by allowing the parameter 6, to be changing in time. If the environment is



changing rapidly, classical inference methods will break because they are inherently
built on the idea that all data share a common ground truth and any differences
between observations stem primarily from noise. However, in many applications the
environment is obviously changing and these changes need to be accounted for. For
instance, the field of contextual anomaly detection[6] tries to identify data outliers
while acknowledging that anomalous behavior at one moment may not be anomalous
at another. An example of this would be a temperature reading of 30° F. In winter
this would not necessarily be anomalous, but in the heat of summer this should raise
red flags. Due to the inherently changing seasonal weather pattern simple inference
techniques need to be modified.

While we would like to add the flexibility of allowing #; to vary in time, we also
require the value at any given time to be related in someway to values at recent times,
or else the learning process degenerates into a sequence of completely disjoint learning
problems. Therefore we can make the assumption that #; is changing according to
some time evolving process. While assuming some unknown relationship of the data
from one time to the next can add to the predictive power of the learner, it also adds
complexity to the inference process. We can propose time evolving models which
we believe reflect the way the underlying environment is changing, but by imposing
these models we allow for the possibility of accruing estimation errors from using a
poor model. Additionally, even after fitting a time-evolving model it is not always
obvious when poor estimation is due to a poor model or just a high level of noise in
the system. Thus, we need to create algorithms which can incorporate time evolving
models, but are robust to modeling errors.

A second major challenge that is side-stepped by the ubiquitous iid assumption
is dependence between observations. Even if all 6; = 0y = ... = 07, we still must
consider settings where the observations might be dependent on one another. For

instance, neurons firing in the brain have been shown to trigger or inhibit other
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connected neurons. Therefore, we require algorithms and theory which account for
dependencies between observations in order to accurately predict which neurons will
next fire. It is crucial in statistical learning to be able to answer the question, "how
much data does one need to collect in order to to achieve a desired level of accu-
racy?” In the iid setting, this question in answered using well known concentration
inequalities and central limit theorem type properties. However, these bounds in-
herently assume all the data received are equally informative. In the setting where
data are dependent, we must characterize how informative data are based on their
dependence structure, and incorporate this structure into novel concentration and
sample complexity bounds.

Additionally, it is common in the current age of “big data” for datasets to be
extremely large, and algorithms which account for this must be considered. Big
data come in two main varieties: high volume and high dimension. High volume
data means we are receiving so many data points that it could be difficult to even
store all of the raw data (T large). The solution to a high rate of data is to create
algorithms capable of processing the sequence very quickly, while still performing
accurate statistical inference. High dimensional data is the setting where the param-
eters of interest are so large that we might not ever receive enough data to perform
accurate inference under the classical regime, a phenomena known as the “curse of
dimensionality” (d large). One solution to the high dimensionality problem is the
exploitation of assumed structure in the parameters of interest. Many techniques
utilize the idea of sparsity [7; 8; 9; 10] in order to learn parameters of interest, and
show that the amount of data necessary is on the order of the sparsity level and
not the overall dimension, which can be a huge difference. Both of the big data
regimes require careful analysis of the data through algorithms which are both fast
and exploit important low-dimensional structure. Therefore, the main challenges
with sequential data is to be able to understand the mechanics of the underlying
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dynamic process while still being robust to modeling errors and noise while using
efficient algorithms.

This thesis first approaches the subject of sequential data by proposing several
online learning algorithms which incorporate dynamical models in Chapter 2. The
primary goal of online learning is to create very fast algorithms by keeping track of a
running estimate ét, then processing a single new data point to update the estimate
and repeating. In this way every data point is used, but the algorithm is very efficient
because of the relatively small amount of processing per datum. This fast processing
allows for analysis of very fast streaming data. Previous online methods such as least
mean squares, recursive least squares and mirror descent fail to incorporate rapidly
changing dynamics and other methods such as Kalman filtering are very inflexible
in the allowable dynamical models, loss functions and noise models. Chapter 3 is
devoted to showing experiments using these proposed methods in a wide variety of
problem settings including both synthetic and real data.

Chapters 4 and 5 look at specific examples of time-series problems, the Hawkes
process [11; 12; 13] and the closely related log-linear Poisson autoregressive model
[14; 15; 16]. These are multivariate point process models where each process has an
associated, time-varying rate which we would like to learn. However, each process’
rate is influenced by the actions taken by the other processes, and the magnitude
of this effect is unknown. Therefore, we can pose these problems in the form of
sequential data with a changing underlying environment. At any given moment
we are receiving data about which processes have acted as a noisy observation of
each process’ rate. However, these rates are changing rapidly in response to the
other process’ actions. Chapter 4 demonstrates the methods outlined in Chapter
2 applied to the Hawkes process in the online setting. The main advantages of
our method is that we can process information very quickly due to the streaming

nature of our algorithm, and we are robust to modeling errors if the data were not
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Algorithm 1.1 General Framework for Online Framework (Prediction)

Learner chooses él € 0.
fort=1,...,7T do
Environment produces x;

Learner incurs loss €,(6,) = ((6y; z,)

Learner uses 0, {x;}}_;, ¢; and available side information to create estimate 6,4
end for

generated precisely according to a Hawkes process, for instance. Chapter 5 shows
previously unproven error rates for the log-linear Poisson autoregressive model, where
the underlying adjacency matrix is additionally assumed to have a sparse structure.
This chapter therefore emphasizes the importance of incorporating structure into

learning processes in order to get better estimates with less data.
1.2 Online Learning

A general online learning routine is outlined in Algorithm 1.1. The basic idea is that
at every time point the learner has a current estimate on the state of the system, and
then compares that estimate to the data given by the environment. After seeing the
data, the learner makes some adjustment to the estimate which will hopefully match
the upcoming data points closely. There are two main regimes for this framework,
in the first the learner is allowed to use observations xi,...,z; in creating estimate
6,, which is called the filtering problem. The other regime is where the learner can
only use observations up to time ¢ — 1 when creating estimate ét, which is called the
prediction problem. In this thesis we focus primarily on the prediction problem. As
we can see in this general framework, the main differences in most algorithms comes
in how the learner actually creates its estimate for the next time point, which will
depend heavily on the underlying assumptions about the data sequence.

One approach to this problem is through the field of online convex programming

also known as online optimization[17; 18; 19; 20]. The basic idea in this field is that



the underlying parameter that we wish to estimate, 6 is either stationary, changing
slowly or changing only at a few distinct time instances. Because the parameter
is changing slowly, then we know that the data x; should be very informative to
the parameter at the next time 6,,;, and therefore only slight modifications of the
estimate need to be made at every given time point. A common method in this field
is called Composite Objective Mirror Descent (COMID) [21], where the estimate at

each time is created as

Orsr = arg min 1N 0(8,),0) + 1r(8) + D(8]6;)

where Vﬁt(é\t) is an arbitrary subgradient of the convex function ¢; at 5,5, N 1s a
step-size parameter, r is a convex regularization function and D(6;]|fs) is a Bregman
divergence which measures distance from points 6; and 6. The idea of this mini-
mization routine is that it seeks a value of # which both decreases the loss function
by looking at the gradient of the current estimate, attempts to find a parsimonious
solution which is immune to overfitting by incorporating the regularization function,
all while simultaneously not straying too far from the previous estimate, by including
the Bregman divergence.

Algorithms like COMID have several useful properties. The first is that the
framework is extremely general and flexible. Depending on the problem setting at
hand, we can use any choice of appropriate loss function and Bregman divergence.
Secondly, the theoretical guarantees for these methods make very mild assumptions
about the loss functions, data, and decision space. Finally, by including the function
r we can induce low-dimensional features in our estimate such as sparsity, which can
greatly decrease the amount of data needed. However, a large drawback is that this
and similar methods inherently assume that the underlying environment is changing
very slowly. This is why a Bregman divergence is included in the optimization
routine, which enforces that the estimate at one time point should be similar to

7



previous time points, essentially because it is believed that the true parameters are
also not changing very rapidly. It is this penalty that needs to be altered if we are
in a dynamic environment.

There are some pre-existing techniques which aim to incorporate dynamics into
the estimation process, one of the most famous being the Kalman filter [22]. The
basic set-up for the Kalman filter is that true state of the system is evolving according
to

Ht = Atet_l + Uy

where u; ~ N(0,%), and A; and ¥; are known matrices. Observations are of the
form

Ty = Ctet + Uy

where v; ~ N(0,%,) and, C; and Y, are known. The goal is to then incorporate
the Gaussian observation model, with the underlying linear dynamical model. This
problem is solved optimally by tracking an entire distribution of # and at every time

making the following innovations

ét+1 :(I — KtAt)ét + Ktxt

9t+1 :At+16t+1

for some optimally chosen matrix K; called the Kalman gain. We can see what
this method is essentially doing is innovating the prediction estimate with the new
observation forming a filtering estimate in ;.1 and then simply applying the mean
dynamics to generate the prediction estimate HAtH. Unlike current online optimiza-
tion routines, this method successfully incorporates the linear dynamics and has the
optimal mean squared error. However the Kalman filter makes many assumptions:
the noise is Gaussian, the loss we are interested in is mean squared error, and the

dynamics are linear and known. While there are extensions to the Kalman filter



which aim to get around a few of these issues, they generally still have somewhat
constraining assumptions.

This thesis proposes a novel optimization framework in Chapter 2 which aims to
combine the benefits of both the online optimization and sequential filtering fields.
In our method known as Dynamic Mirror Descent, we propose a two step online
optimization routine, the first step of which is an innovation step inspired by methods
like COMID, while the second step applies a known dynamical model, much in the
same way as the second step of the Kalman filter. The rest of Chapter 2 is devoted
to proving theoretical results about DMD, and extensions to learn the dynamical

model simultaneously to the estimation procedure.
1.3 Autoregressive Point Processes

One specific type of problem that uses the sequential nature of data is autoregres-
sive point processes. Such models have been used in a wide variety of applications
including seismology, neurology, epediemiology and finance. In these problems we
assume we observe a series of labeled events {(k,, 7,,) }», where k,, denotes the process
involved in the n'* action, which occurs at time 7,,. Each process k is associated
with a time varying rate function p(¢), and the likelihood of the process having an
event between times 71 and 7y is controlled by the value SZ pi(t)dt. The autore-
gressive nature of these problems comes when the functions p(t) are assumed to
be dependent on the events that occurred before time ¢. One example of such an
autoregressive point process is called the Hawkes process wherein the rate functions

take the following form:

N¢
pr(t) = i+ D hyp, (t = 7)
n=1



where i is a baseline likelihood, N; is the number of events that have occurred up to
time ¢, and hyy, (7) is a function which measures how much an event by process k,
will influence process k after a delay of 7 units of time. Specifically, we will assume
these h functions take the form hy, g, (7) = Wi, x,h(7), where all the functions have
the same time profile and are only modulated by a different magnitude based on
the two processes involved and the relative strength of the influence. The goal of
studying these processes is to be able to estimate the rate functions in order to
make predictions about possible upcoming actions, while only observing the labelled
events. It is clear that in order to make accurate predictions, accurate estimates of
the rates are needed, which in turn require accurate estimates of the network W.
Therefore this is a sequential data problem with strong dynamics which are modeled
by a parametric family of functions, with the parameter being the value of W. In
Chapter 4 we solve this problem by applying the methods of the previous chapters
to a discretized version of the Hawkes process. By applying our online methods
we create an algorithm which can both estimate the rates and the network, while
processing the information efficiently and quickly in a streaming manner and also
being robust to model mismatch.

A related, discrete time model called the log-linear Poisson autoregressive model

is defined as

xy ~ Poisson (exp (g + Wxi_1))

which we study in Chapter 5, under the assumption that the matrix W is sparse, with
at most s non-zero elements. By making the assumption that the matrix is sparse
we can prove that the estimation process requires less data than in the general dense
W scenario. We show novel error rates which scale with the sparsity level s and only

logarithmically in the overall dimension of the matrix.
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1.4 Summary of Thesis Contributions

In this thesis I present several novel contributions:

e [ propose an algorithm, Dynamic Mirror Descent (DMD), which successfully
marries the fields of online convex optimization and sequential filtering. By
considering the benefits of these two fields, I have created an algorithm which
makes far fewer assumptions on the underlying environment than sequential fil-
ters and successfully incorporates dynamics into the model, unlike conventional

online convex optimization.

e [ propose several extensions of DMD in different settings to learn not only the
time-evolving state of the system, but also the parameters of the dynamics
driving the system. Previous methods seek to learn the parameters of the
dynamic environment and then deterministically run the model forward from
the current state to do prediction. By estimating both the dynamical model
and the current state, I can make fewer assumptions and be more robust to

errors in the assumed generative model.

e For the proposed methods, I present associated regret bounds, which scale sub-
linearly in time and characterize how the methods should scale in the scenarios
where the dynamical model is known exactly, is known to be within a collec-
tion of dynamics, and is a member of a parametric family of functions. These
bounds not only show correct scaling in time, but also characterize performance

of the algorithms when the dynamical model is slightly misspecified.

e [ show how the flexibility of the DMD framework can be applied to many
settings such as Compressed Sensing, Poisson video reconstruction, foreground

background estimation in video, and network estimation.
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o [ present novel algorithms and analyses to learn network structure from stream-
ing data using the principles of DMD and the Hawkes” process. By applying
my methods to the Hawkes process, I show how network structure can be ef-
ficiently learned from streaming data which is a crucial problem in settings
such as neurology, seismology, social networks and finance. By applying the
DMD method, these estimate are more robust to modeling errors than previous

methods.

e [ prove novel risk bounds for the regularized maximum likelihood estimator for
the log-linear Poisson autoregressive process, which utilizes recent advances in
statistical learning theory. This model has been used successfully in real world
applications to estimate network structure, and this is the first risk bound
which characterizes the amount of data necessary to reach a desired level of

accuracy.
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2

Online Convex Optimization in Dynamic
Environments

2.1 Introduction

Classical stochastic gradient descent methods, including the least mean squares
(LMS) or recursive least squares (RLS) algorithms do not have a natural mech-
anism for incorporating dynamics. Classical stochastic filtering methods such as
Kalman or particle filters or Bayesian updates [22] readily exploit dynamical models
for effective prediction and tracking performance. However, these methods are also
limited in their applicability because (a) they typically assume an accurate, fully
known dynamical model and (b) they rely on strong assumptions regarding a gen-
erative model of the observations. Some techniques have been proposed to learn the
dynamics [23; 24], but the underlying model still places heavy restrictions on the na-
ture of the data. Performance analysis of these methods usually does not address the
impact of “model mismatch”, where the generative models are incorrectly specified.

A contrasting class of prediction methods, receiving widespread recent attention

within the machine learning community, is based on an “individual sequence” or
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“universal prediction” [25] perspective; these strive to perform provably well on any
individual observation sequence without assuming a generative model of the data.
Online convex programming provides a variety of tools for sequential universal predic-
tion [17; 18; 19; 20]. Here, a Learner measures its predictive performance according
to a convex loss function, and with each new observation it computes the negative
gradient of the loss and shifts its prediction in that direction. Stochastic gradient
descent methods stem from similar principles and have been studied for decades,
but recent technical breakthroughs allow these approaches to be understood without
strong stochastic assumptions on the data, even in adversarial settings, leading to
more efficient and rapidly converging algorithms in many settings.

This chapter describes a novel framework for prediction in the individual sequence
setting which incorporates dynamical models — effectively a novel combination of
state updating from stochastic filter theory and online convex optimization from
universal prediction. We establish tracking regret bounds for our proposed algorithm,
Dynamic Mirror Descent, which characterize how well we perform relative to some
alternative approach (e.g., a computationally intractable batch algorithm) operating
on the same data to generate its own predictions, called a “comparator sequence.”
Our novel regret bounds scale with the deviation of this comparator sequence from a
dynamical model. These bounds simplify to previously shown bounds when there are
no dynamics. In addition, we describe methods based on DMD for adapting to the
best dynamical model from either a finite or parametric class of candidate models.
In these settings, we establish tracking regret bounds which scale with the deviation
of a comparator sequence from the best sequence of dynamical models.

While our methods and theory apply in a broad range of settings, we are par-
ticularly interested in the setting where the dimensionality of the parameter to be
estimated is very high. In this regime, the incorporation of both dynamical models
and sparsity regularization plays a key role. With this in mind, we focus on a class of
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methods which incorporate regularization as well as dynamical modeling. The role
of regularization, particularly sparsity regularization, is increasingly well understood
in batch settings and has resulted in significant gains in ill-posed and data-starved
settings [7; 8; 9; 10]. More recent work has examined the role of sparsity in online
methods such as recursive least squares (RLS) algorithms, but do not account for

dynamic environments [26].
2.1.1 Organization of Chapter

The remainder of this chapter is structured as follows. In Section 2.2, we formulate
the problem and introduce notation used throughout the chapter, and Section 2.3
introduces the Dynamic Mirror Descent method, and gives brief comparison to ex-
isting methods along with novel tracking regret bounds. This section also describes
the application of data-dependent dynamical models and their connection to recent
work on online learning with predictable sequences. DMD uses only a single series of
dynamical models, but we can use it to choose among a family of candidate dynam-
ical models. This is described for finite families in Section 2.4 using a fixed share
algorithm, and for parametric families in Section 2.5. Section 2.6 makes concluding
remarks while proofs are relegated to Section 2.7. Experimental results of our meth-
ods in a variety of contexts ranging from imaging to self-exciting point processes are

compiled in the Chapter 3
2.2 Problem Formulation

The problem of sequential prediction is posed as an iterative game between a Learner
and the Environment. At every time point, ¢, the Learner generates a prediction @t
from a bounded, closed, convex set © — R?. After the Learner makes a prediction,
the Environment reveals the loss function ¢;(-) where ¢, is a convex function which

maps the space © to the real number line. We will assume that the loss function

15



is the composition of a convex function f; : © — R from the Environment and a
convex regularization function r : ©® — R which does not change over time. Fre-
quently the loss function, f; will measure the accuracy of a prediction compared to
some new data point z; € X where X is the domain of possible observations. The
regularization function promotes low-dimensional structure (such as sparsity) within
the predictions. We additionally assume that we can compute a subgradient of ¢; or
fi at any point 6 € ©, which we denote V¢, and V f;. Thus the Forecaster incurs the
loss €,(6;) = f.(6,) + r(B,).

The goal of the Learner is to create a sequence of predictions 51, 52, e ,§T that
has a low cumulative loss ZtT &(@). Because the loss functions are being revealed
sequentially, the prediction at each time can only be a function of all previously
revealed losses to ensure causality. Thus, the task facing the Learner is to create
a new prediction, §t+1, based on the previous prediction and the new loss func-
tion £;(-), with the goal of minimizing loss at the next time step. We character-
ize the efficacy of §T e (51,52, . ,gT) e O7 relative to a comparator sequence
0r 2 (01,05, ...,07) € ©OF using a concept called regret, which measures the differ-
ence of the total accumulated loss of the Learner with the total accumulated loss of

the comparator:

Definition 2.1 (Regret). The regret of éT with respect to a comparator Op € OF is

Rr(0r) £ 0(0,) — > 4:(6,).

Notice that this definition of regret is very general and simply measures the
performance of an algorithm versus an arbitrary sequence @r. We are particu-
larly interested in comparators which correspond to the output of a batch algorithm
(with access to all the data simultaneously) that is too computationally complex
or memory-intensive for practical big data analysis problems. In this sense, regret
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encapsulates how much one loses due to working in an online setting as opposed to
a batch setting with full knowledge of all observations.

Much of the online learning literature is focused on algorithms with guaranteed
sublinear regret (e.g., Rr(67) = O(+/T)) in the special case where the comparator 67
is constrained so that 6, = 6, = ... = 6. Unfortunately, this is a highly unrealistic
constraint in most practical streaming big data settings. The parameters 6, could
correspond to frames in a video or the weights of edges in a dynamic network and
by nature are highly variable.

This chapter focuses more generally on arbitrary comparator sequences @7 and
shows how the regret scales as a function of the temporal variability in that compara-
tor. This idea is typically referred to as “tracking” or “shifting” regret [27; 28], which
is closely-related to “adaptive” regret [29; 30]. Existing methods guarantee sublinear
regret for all 87 which do not vary at all over time, or which change only at a few
discrete points in time, or which only vary extremely slowly over time; generally,

these regret bounds depend linearly on a variation term of the form

T—1
V(Or) = > [0 — 64l
t=1

sublinear regret is only possible for comparator sequences for which this variation is
small. In contrast, the proposed methods in this paper guarantee sublinear regret for

different classes of O that allow quite large temporal variability.
2.3  Dynamic Mirror Descent

To begin, we propose a simple modification to the “mirror descent” online learning
paradigm. Specifcally, we incorporate a dynamical model ®; at each time ¢; this
approach is called Dynamic Mirror Descent. For now, we assume &, is fixed and

known. For example,
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e Streaming observations correspond to (potentially distorted) frames in a video
sequence, 0; corresponds to a set of wavelet coefficients for that frame, and P,

corresponds to a video motion model at time ¢.

e Streaming observations correspond to interactions within a social network, 6;
corresponds to the likelihood of each pair of people interacting at time ¢, and

®, captures diurnal patterns and social network evolution models.

e Streaming observations correspond to the price of stocks, 6, parameterizes a
probability distribution governing stock prices, and ®; captures underlying
autoregressive behavior and side information derived from other financial in-

struments.

In all of these settings, it is possible to posit a dynamical model ®; based on prior
knowledge of the application, akin to developing a state space model for stochastic
filters.

The DMD algorithm is presented in Algorithm 2.1. In this algorithm V f;(0)
denotes an arbitrary subgradient of f; at 6, D(QH@) is the Bregman divergence [31; 32]
which measures the distance between 6 and g, and 7; > 0 is a step size parameter.

We may compare the DMD approach with classical online learning methods [17;

29; 19; 18] and more recent reguarlized formulations [21; 33; 34]. For instance, mirror

Algorithm 2.1 Dynamic mirror descent (DMD) with known dynamics

Given non-increasing sequence of step sizes 1, > 0

Initialize 6; € ©.
fort=1,...,7T do

Observe z; and incur loss &(@t)
Environment produces dynamical model &,

Set
Opi1 = arg min NV f1(6,), 0> + nr(9) + D(]6y) (2.1a)
(S
Ore1 = @4(0r41) (2.1b)
end for
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descent (MD, [17; 18]) sets

§t+1 = arge rgin 7]t<v£t<§t>7 ‘9> + D(QH@), (2-2)

and Composite Objective Mirror Descent (COMID!, [21]) sets

D01 = arg Igin eV f2(6,), 0 + nr(0) + D(6]6)). (2.3)
(S

Specifically, note that if ®, is the identity operator for all ¢, so that ®,(0) = 6 for all
0 and t, then DMD corresponds exactly to COMID.

Methods like MD and COMID have sublinear regret bounds only for comparators
with small V(0r), such as when 6; = 0 for some 6 € © and all t. In contrast, our
method is an algorithm which incorporates a dynamical model, denoted ®; : © — O,
and admits a tracking regret bound of the form O(vVT[1 + 31" [6:41 — ®,(6,)[])
(shown in the next section).

By including ®, in the process, we effectively search for a predictor which (a)
attempts to minimize the loss and (b) which adheres to the dynamical model ®,.
The DMD approach effectively includes dynamics into the COMID framework.?

The important feature of Alg. 2.1 is Equation 2.1b, where the predetermined
function ®, is incorporated in the learning process. The main intuition is that instead
of believing the next loss function is well approximated by all the previous loss
functions as in MD and COMID, we are instead assuming the loss functions will
be well predicted by the trajectory encoded by the functions ®;. This results in

changing the class of comparators which lead to sublinear regret bounds. MD and

! The COMID formulation is helpful when the regularization function r(#) promotes sparsity in
0, and helps ensure that 6, is indeed sparse.

2 Rather than considering COMID, we might have used other online optimization algorithms, such
as the Regularized Dual Averaging (RDA) method [33], which has been shown to achieve similar
performance with more regularized solutions. However, to the best of our knowledge, no tracking
or shifting regret bounds have been derived for dual averaging methods (regularized or otherwise).
Recent results on the equivalence of COMID and RDA [35] suggest that the bounds derived here
might also hold for a variant of RDA, but proving this remains an open problem.
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COMID have sublinear regret when the comparator 87 is static or changes very
slowly. However, as we will show, DMD yields sublinear regret when the comparator
evolves according to the functions ®; or only deviates from these functions by a small
amount, meaning 3.1, [6141 — ®,(8,)] is small. Thus, while the class of 67 that has
low regret may be the same size as with MD or COMID, the classes contain very
different comparator sequences. In later sections we will address how to learn the
sequence ®; from the data. Additionally, we make no assumption about whether
the data actually follow these dynamics, but instead we derive a regret bound which

scales with how well the comparator evolves according to these functions.
2.3.1 Tracking Regret of DMD

Our main result uses the following assumptions:

e Let 1 : © — R denote a continuously differentiable function that is o-strongly

convex for some parameter ¢ > 0 and some norm | - ||

B(01) = 0(0:) + (V0(62), 61 — 6a) + 61— 6o (24)

e The Bregman Divergence used in our algorithm is defined as D (6, 6;) = ¥ (6;)—
Y(6) —(V1(62), 60, — 02). Because 1 is o-strongly convex we have

D(6:[6,) > T 61 — 6a]” (2.5)

Additionally, the definition of the Bregman Divergence implies the following
relationship: for all 8;,60,,0; € ©
D(61]02) =D(05]62) + D(61]03) + (Vi (02) — Vp(0s), 03 — 01). (2.6)

e Forallt =1,...,T the functions ¢; and ¢ are Lipschitz with constants G and
M respectively, such that |V£,(0)]. < G and |V(0)|. < M for all § € ©. The
function | - |« used in these assumptions is the dual to the norm that used in

Equation 2.4.

20



e There exists a constant Dy, such that D(6;[6y) < Dpax for all 61,05 € ©.

e Forallt =1,...,T, the transformation ®; has a maximum distortion factor Ag
such that D(@t(QI)HCI)t(HQ)) — D(91H92) < A@ for all 91,92 € ©. When A@ <0

for all t, we say that ®, satisfies the contractive property.

Theorem 2.2 (Tracking regret of dynamic mirror descent). Let ®; be a dynamical
model such that Ae < 0 fort = 1,2,...,T with respect to the Bregman divergence
used in FEquation 2.1. Let the sequence éT be generated using Alg. 2.1 using a non-
increasing series M1 < Ny, with a convex, Lipschitz function €, on a closed, convex,

bounded set ©, and let O be an arbitrary sequence in ©F. Then

Dy 2M leca
+—Vo(Or)+— > m

Rp(0r) <
r{fr) Nr+1 N 20 =

T—
with Ve (07) £ Z |01 — D (6y) |

where Vg (O1) measures variations or deviations of the comparator sequence Or from
the sequence of dynamical models ®, Po, ..., Pr. If noc lt or ntocf then for some

C > 0 independent of T,

Rr(07) < CVT (1 + Vy(67))

This bound scales with the comparator sequence’s deviation from the sequence
of dynamical models {®;};~o — a stark contrast to previous tracking regret bounds
which are only sublinear for comparators which change slowly with time or at a small
number of distinct time instances. Note that when ®; corresponds to an identity
operator, the bound in Theorem 2.2 corresponds to existing tracking or shifting
regret bounds [20; 28].

It is intuitively satisfying that this measure of variation, Vg (07), appears in the
tracking regret bound. First, if the comparator sequence evolves approximately like
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0111 = Dy(6;), this variation term will be very small, leading to low regret. This fact
holds whether ®; is part of the generative model for the observations or not. Secondly,
we can get a dynamic analog of static regret, where we enforce Vg (67) = 0. This is
equivalent to saying that the batch comparator is fitting the best single trajectory
using P, instead of the best single point. Using this, we would recover a bound
analogous to a static regret bound in a stationary setting.

The condition that Ag < 0 is similar to requiring that ®, be a contractive map-
ping. This restriction is important; without it, any poor prediction made at one time
step could be exacerbated by repeated application of the dynamics. For instance,
linear dynamic models with all eigenvalues less than or equal to unity satisfy this
condition with respect to the squared ¢ Bregman Divergence, similar in spirit to
restrictions made in more classical adaptive filtering work such as [36]. Notice also
that if ®,(f) = 0 in for all ¢, then Theorem 2.2 gives a novel, previously unknown

tracking regret bound for COMID.
2.3.2 Data-dependent Dynamics

An interesting example of dynamical models is the class of data-dependent dynamical
models. In this regime the state of the system at a given time is not only a function of
the previous state, but also the actual observations. One key example of this scenario
arises in self-exciting point processes, where the state of the system is directly related
to the previous observations. Our algorithm can account for such models since the
function ®,(#) is time varying, and therefore can implicitly depend on all data up to
time t, i.e. ®(0) = ®y(0; 21,29, ...,24). Our regret bounds therefore scale with how
well the comparator series matches these data dependent dynamics:

Ry (07) < C (ﬁ [1 + TZI 1051 — D40y 21, . .. ,xt)|]]> .

t=1
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Notice now that the data plays a part in the regret bounds, whereas before we only
measured the variation of the comparator. Data-dependent regret bounds are not
new. Concurrent related work considers online algorithms where the data sequence
is described by a “predictable process” [37]. The basic idea of that work is that if
one has a sequence of functions M; which predict x; based on x1, s, ..., 2, 1, then
the output of a standard online optimization routine should be combined with the
predictor generated by M, to yield tighter regret bounds that scale with (3, |z, —
My(zy,...,7,1)|*)"% However, [37] only works with static regret (i.e., regret with
respect to a static comparator) and their regret has a variation term that expresses
the deviation of the input data from the underlying process. In contrast, our tracking
regret bounds scale with the deviation of a comparator sequence from a prediction

model.
2.4 Prediction with a Finite Family of Dynamical Models

The DMD algorithm in the previous section uses a single sequence of dynamical
models. In practice, however, we may not know the best dynamical model to use, or
the best model may change over time in nonstationary environments. To address this
challenge, we assume a finite set of candidate dynamical models {CIDS), <I>§2)7 cee CIDEN)}
at every time ¢, and describe a procedure which uses this collection to adapt to non-
stationarities in the environment. In particular we establish tracking regret bounds
which scale not with the deviation of a comparator from a single dynamical model,
but with how it deviates from a series of different dynamical models on different
time intervals with at most m switches. These switches define m + 1 different time
segments [t;,t;.1 — 1] with time points 1 = t; < -+ < t;,42 = T. We can bound
the regret associated with the best dynamical model on each time segment and then
bound the overall regret using a Prediction with Experts Advice algorithm.

Our dynamic fived share (DFS) estimate is presented in Algorithm 2.2. Let é\fi)
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Algorithm 2.2 Dynamic fixed share (DFS)

Given decreasing sequence of step sizes n; > 0 and p, > 0
Tnitialize 0, € 0, (,9\@ € O and wli) = % fori=1,...,N,~v€e(0,1), and n;, p; > 0.
fort=1,...,7T do

Observe z; and incur loss ft(@)

Receive dynamical model @gi) fori=1,...,N
fori=1,...,N do
Set

ol exp (=0 (1))

S exo (<t (1))
e

wiy = 5 + (1=,

o, = arg rgin eV £(07), 0 + ner(0) + D66

~()
Wiy =

é\(1)1 = CI)EZ) (91521)

t+
end for
Set
Orir = Y w01,
i=1
end for

denote the output of Equation 2.1b at time ¢ using the sequence of dynamical models
CIDP, @gi), cee q),Ei’; we choose ét by using the Fixed Share forecaster on these outputs.?
In Fixed Share, each expert (here, each sequence of candidate dynamical models) is
assigned a weight that is inversely proportional to its cumulative loss at that point yet

with some weight shared amongst all the experts. Additionally, there is a parameter

3 There are many algorithms from the Prediction with Expert Advice literature which can be used
to form a single prediction from the predictions created by the set of dynamical models. We use the
Fixed Share algorithm [38] as a means to combine estimates with different dynamics; however, other
methods could be used with various tradeoffs. One of the primary drawbacks of the Fixed Share
algorithm is that an upper bound on the number of switches m must be known a priori. However,
this method has a simple implementation and tracking regret bounds. One common alternative to
Fixed Share allows the switching parameter (v in Alg. 2.2) to decrease to zero as the algorithm
runs [39; 40]. This has the benefit of not requiring knowledge about the number of switches, but
comes at the price of higher regret. Alternative expert advice algorithms exist which decrease the
regret but increase the computational complexity. For a thorough treatment of existing methods
see [41].
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~ which is the amount of weight divided evenly amongst experts so that an expert
with previously high loss quickly regain enough weight to become the leader [38; 28].
In this update, v € (0, 1) is how much of the weight is shared amongst the experts.
Notice each expert “donates” a « fraction of its weight which is then replaced by
v/N. For experts with large weights this will cause some weight to be lost, but
ensures that a minimum weight of v/N is attained for each expert. Sharing weight

allows fast switching between experts.

Theorem 2.3 (Tracking regret of DFS algorithm). Assume all the candidate dy-
namic sequences are contractive such that Ag < 0 for @ﬁi) forallt =1,...T and
1 = 1,...,N with respect to the Bregman divergence in Alg 2.1. Then for some

C > 0, the dynamic fixed share algorithm in Algorithm 2.2 with parameter v set

equal to 5, py = \/8((7"“)log(NT)erlog(T)H) and m,0c1/+/t or n,0c1//T with a con-

vex, Lipschitz function €, on a closed, bounded, convex set ©, has tracking regret

R (07) = i 00, — i 6(6,) < C (ﬁ <\/(m +1)log N + mlogT + v<m+1>(eT))) ,

where
m+1 lpp1—1 .
Vo (9,) 2 min min 3 [ — @7 (6,)]
t=tg

measures the deviation of the sequence O from the best sequence of dynamical

models with at most m switches (where m does not depend on T ).

The choice of m is important, as low values of m will have low regret but for
a smaller class of comparators, comparators with a small number of switches. Op-
positely, larger values of m will have low regret for a larger class of comparators,
but there is an overhead to be paid in the constant terms. Note that the family of
comparator sequences Or for which Rp(0r) scales sublinearly in T' is significantly
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larger than the set of comparators yielding sublinear regret for MD. This is because
Vmi(6r) < Ve, ,(0r) for any fixed i € {1,..., N}, thus this approach yields a lower
variation term than using a fixed dynamical model. However, we incur some loss by
not knowing the optimal number of switches m or when the optimal switching times

are.
2.5 Parametric Dynamical Models

Rather than having a finite family of dynamical models, as we did in Section 2.4, we
may consider a parametric family of dynamical models, where the parameter a € R
of ®; is allowed to vary across a closed, bounded, convex domain, denoted A. In
other words, we consider @, : © x A4 — O. In this context we would like to jointly
predict both o and 6.

We consider two approaches. First, in Section 2.5.1 we consider tracking only a
finite subset of the possible model parameters, in a manner similar to when we had
a finite collection of possible dynamical models, which provide a “covering” of the
parameter space. In this case, the overall regret and computational complexity both
depend on the resolution of the covering set. Second, in Section 2.5.2, we consider a
special family of additive dynamical models; in this setting, we can efficiently learn

the optimal dynamics.
2.5.1 Covering the Set of Dynamical Models

In this section we show that by tracking a subset which appropriately covers the
entire space of candidate models, we can bound the overall regret, as well as bound
the number of parameter values we have to track, and the inherent tradeoff between
the two. We propose to choose a finite collection of parameters from a closed, convex
set A and perform DFS (Alg. 2.2) on this collection. For the sake of exposition, we

specifically consider the case where the true dynamical model a* € A is unchanging
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in time and use DFS with m = 0. (Fixed share with m = 0 amounts to the Expo-
nentially Weighted Averaging Forecaster [42; 29; 20].) In the below, for any a € A,

let

T-1

qu(OT,O{) é Z ||9t+1 - (I)t(eha)H'
t=1

Theorem 2.4 (Covering sets of dynamics parameter space). Let ey > 0 and Ay
denote a covering set for A with cardinality N, such that for every a € A, there
is some o' € Ay such that | — o/ < en. Define candidate dynamical models as
O,(-, ) for a € Ay and assume they are all contractive with respect to the Bregman
Divergence used in Alg. 2.1. If |®4(6, ) — ®(0, )| < L|a — B| for some L > 0

for all a, B € A, then for some constant C' > 0, the Alg 2.2 with n, = \/%,pt =

\/— QI%UV),V = 0 yields a tracking regret bounded by

¢ (VT |/log(N) + min Va(8r, ) + Ten])

Intuitively, we know that if we set ey to be very small we will have good per-
formance because any possible parameter value a € A would have to be close to a
candidate dynamic; however, we would need to choose many candidates. Conversely,
if we run DF'S on only a few candidate models, it will be computationally much more

efficient but our total regret will grow due to parameter mismatch.

Corollary 2.5. Assume A € [Amin, Amax|", and let p > 0 be given. Let k = [(Amax—
Apin)nT?/2] and 0 = (Amax—Amin)/(2k); let Ay = {Amin+0, Amin+30, . .., Amin(2k—

1)0}™ correspond to an n-dimensional grid with k™ grid points over A. Then

max min [ — o' < T7°.
acA o’eAn

Additionally, the total number of grid points is upper bounded by

Amax — Amin)nT? \"
N<(( e 2“““)" +1) = 0(T™)
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Under the assumptions of Theorem 2.4, with this set Ay and using the fact that
norms are equivalent on finite-dimensional vectors (i.e., there’s a finite Z > 0 such
that || — 8|1 < Z||jao— S| for any o, € A for any norm), we get the following bound

on regret for some constant C' > 0.
Rr(0r) < C (\/T[ pnlog(T) + mi;‘l Vo (Or, a)] + Tl_p">
[e%S]

Here we have an explicit tradeoff between regret and computationally accuracy
controlled by p, since the computational complexity is linear in N = O(T7").

We can further control the tradeoff between computation complexity and perfor-
mance by allowing ey to vary in time. This could be done by using the doubling
trick, setting temporary time horizons, and then refining the grid once the tempo-
rary time horizon is reached using a slightly different experts algorithm which could

account for the changing number of experts as in [43].
2.5.2  Additive Dynamics in Exponential Families

The approach described above for generating a covering set of dynamical models
may be effective when the dimension of parameters is small; however, in higher
dimensions, this approach can require significant computational resources. In this
section, we consider an alternative approach that only requires the computation of
predictions for a single dynamical model. We will see that in some settings, the
prediction produced by DMD and a certain set of parameters for the dynamic model
can quickly be converted to the prediction for a different set of parameters. While
the method described in this section is efficient and admits strong regrets bounds, it
is applicable only for loss functions derived from exponential families.

The basics of exponential families are described in [44; 45], and Mirror Descent

in this setting is explored in [46; 47]. We assume some ¢ : X — R? which is a
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measurable function of the data, and let ¢, k = 1,2,...,d, denote its components:

6(z) = (é1(2), .., 0alx))" -

We use the specific loss function

t(0) = —log pg(¢) (2.7a)

where
po(x) = exp{(0, ¢(x)) — Z(6)} (2.7b)

for a sufficient statistic ¢ and Z(0) L log { exp{(0, ¢(x))}dz, known as the log-
partition function, ensures that py(z) integrates to a constant independent of 6.
Furthermore, as in [46; 47], we use the Bregman divergence corresponding to the
Kullback-Leibler divergence between two members of the exponential family, defined

by the log-partition function:

D(91H62> = Z(@l) — 2(92) — <VZ(92), 61 — 92>
In our analysis we will be using the Legendre—Fenchel dual of Z [48; 49]:

2'(3) £ sup {2 6) — Z(0)}.

Let ©* denote the image of Int©® under the gradient mapping VZ ie. ©O* =
VZ(Int©). An important fact is that the gradient mappings VZ and VZ* are

inverses of one another [18; 20; 50:

v Z*(VZ(60))

=0 .
VZ(VZ*(A) = A } Vo eInt©,\ e Int ©

Following [20], we may refer to the points in Int © as the primal points and to their

images under VZ as the dual points. For simplicity of notation, in the sequel we will

write A = VZ(6), 0 = VZ*(\), A\, = VZ(8,), etc.
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Additionally, we will use a dynamical model that takes on a specific form:

0,(0,0) = VZ*(AVZ(O) + B + ;) (2.8)

for 0 € Int©,c;, € R4, o € R, A, € R4 and B, € R¥"™ where A,, B, and ¢, are
considered known. This dynamical model encompasses some important scenarios.
For instance if the log-partition function is the regular /5 function, this model includes
all dynamics in the form of 6,,1 = A;0; + B;a+ ¢;, which is akin to an autoregressive
moving average model as in Section 3.5. These types of models could also be used
to push estimates towards a known temporal structure, e.g. a diurnal pattern with
unknown amplitude as in Section 3.7. Additionally, B; could encode additional side
information. Using these dynamics, we let ét(a) denote the output of DMD (Alg. 2.1)
at time ¢ using parameters o and XE‘*) be its dual. Under all these conditions, we

have the following Lemma.

Lemma 2.6. For any o, € A, let Xﬁa) = Xgﬁ) be the duals of the initial prediction
for DMD and K, = 0 € R¥™>". Additionally assume that the minimizer of equation
2.1a 1s a point in Int © for any parameter a € A. Then the DMD prediction un-
der a dynamical model parameterized by o can be calculated directly from the DMD

prediction under a dynamical model parameterized by B fort > 0 as
N =N+ K= B)

where Kt :(1 — ntfl)Atfthfl + Btfl.

From Lemma 2.6, we see that the prediction for dynamical model a can be
computed simply from the prediction using parameters § and the value K;. This is
a significant computational gain compared to DF'S, where we had to keep track of
predictions for each candidate dynamical model individually and therefore needed to
bound the number of experts for tractability.

Algorithm 2.3 leverages Lemma 2.6 to simultaneously track both @t and the best
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Algorithm 2.3 Dynamic mirror descent (DMD) with parametric additive dynamics

Given decreasing sequence of step sizes p;, 1 > 0
Initialize &1 = O, Kl = 0, (91 € @, )\1 = VZ(el)
fort=1,...,T do

Observe x;

Incur loss &(Gt) = —<9t, ( >> + Z( )
Set gi(ar) = L(N™) = 4,(0")

Set Q1 = prOJA (Qy — PtVQt( Q))

Set Ay = A + Ko(Grir — @)

Set ét-&-l =(1- 77t) t1 T med(2e)

Set é)t+1 = ij()\t+1)

Set Ori1 = Pi(Op11, Qry1)

Set Kt+1 = (]_ — 7]t>Ath + Bt
end for

dynamical model parameter a. In this algorithm, E is the function defined as

U(N) 2 0,(VZ5(N) = 4,(0).

The basic idea is the following: we use Online Gradient Descent to compute an
estimate of the best dynamical model parameter, compute the DMD prediction as-
sociated with that parameter, and then use DMD to update that prediction for the

next round.

Theorem 2.7. Assume that the observation space X is bounded. Let © < R? be a

bounded, convex set satisfying the following properties for a given constant H > 0:

e Forallfe 0O,
Z(0) = f exp {0, ¢(x))}dv(z) < +o0.
X
e forallfe @, V2Z(9) = 2H[d><d-

e Let f; denote the objective function in (2.1a). For every x € X and t €

{1,2,3,...}, the solution toargmin f,(0) occurs where V f; = 0
0cO©
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If the assumptions of Lemma 2.6 hold, and ®,(0,«) is contractive for all o € A
with respect to the Bregman Divergence induced by Z(0), the loss function is of the
form (2.7) and U,(\) £ 0,(VZ*(N\)) is convex in X\, and n;, pyocl/NE or 1/V/T, then
the regret for any comparator sequence @p € O associated with Algorithm 2.3 for

dynamical models of the form (2.8) is
Rr(0r) < CcNT (1 + mijl V¢(0T,a)>
e

for some constant C' > 0.

The condition that £,(\) is convex is a sufficient condition to ensure that g(c)
is convex, which we need in order to search for the optimal value of . While
this may not hold true for all exponential family distributions, it holds for many
common choices such as Gaussian, Poisson, Binomial, Exponential and many others.
Theorem 2.7 shows that Algorithm 2.3 allows us to simultaneously track predictions
and dynamics, and we perform nearly as well as if we knew the best dynamical
models for the entire sequence in hindsight. While this approach is only applicable
for specific forms of the loss functions and dynamical models, those forms arise in
a wide variety of practical problems. Additionally, this methods allows for a much
larger class of comparators which would yield sublinear regret. In fact, we now have
an algorithm with sublinear regret for any class of comparators which has a low

variation term Zthl 10111 — P4(0;, )| for any value o € A.
2.6 Conclusions

Processing high-velocity streams of high-dimensional data is a central challenge to
big data analysis. Scientists and engineers continue to develop sensors capable of
generating large quantities of data, but often only a small fraction of that data is

carefully examined or analyzed. Fast algorithms for sifting through such data can
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help analysts track dynamic environments and identify important subsets of the data
which are inconsistent with past observations.

In this Chapter we have proposed a novel online optimization method, called
Dynamic Mirror Descent (DMD), which incorporates dynamical models into the
prediction process and yields low regret bounds for broad classes of comparator
sequences. The proposed methods are applicable for a wide variety of observation
models, noise distributions, and dynamical models. There is no assumption within
our analysis that there is a “true” known underlying dynamical model, or that the
best dynamical model is unchanging with time. The proposed Dynamic Fixed Share
(DFS) algorithm adaptively selects the most promising dynamical model from a
family of candidates at each time step. Additionally we show methods which learn in
parametric families of dynamical models. The experiments in Chapter 3 demonstrate
DMD showing strong tracking behavior even when underlying dynamical models are
switching, in such applications as dynamic texture analysis, compressive video, and

self-exciting point process analysis.

2.7 Proofs

2.7.1 Proof of Theorem 2.2

The proof of Theorem 2.2 shares some ideas with the tracking regret bounds of
[19], but uses properties of the Bregman Divergence to eliminate some terms, while

additionally incorporating dynamics. We employ the following lemma.

Lemma 2.8. Let the sequence éT be as in Alg. 2.1, and let @7 be an arbitrary
sequence in O ; then

~ 1 ~ ~ Acp 2M nt 2
600~ €00 <~ [D@I) ~ DOalfln)] + 7 + = S16a — 20| + 5 6

t t
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Proof of Lemma 2.8: The optimality condition of (2.1a) implies

R B)+VrBran), Bras — 8 < %w(e@) V@) B — 0. (2.9)

The proof has a similar structure to that in [21]

£0) = £:(6,) + r(8,) — r(6) (2.10a)
= 1(0) — £:(0,) + 1(8r) — 1(Or1) + 1(Brs1) — (6r) (2.10b)
<(V1i(6.),6: = 0 + (Vr(01), 0 = Bri1) + (VT (011), 61 — 01) (2.100)
KV 00) + Vr(Brs1), Oosr = 0 + (VF(Br) + Vr(60,),0, — 61y (2.10d)

<n1<w<§t> —V(0i1), 0101 — 0 + (Vi(B) + Vr(8,),6; — 001> (2.10¢)

1 ~ ~ ~ o~ ~ ~ o~ o~
- (D(@)18) — DO 1) = D@r|)) + (VFuB) + V@), 00 = Bus)

t

(2.10f)

1 ~ ~ 1 ~ ~
= D(l0:) = DOusiPers) + - DBusa0r11) — D@00) Pers)

t b ~ o

Ty

J

1 ~ N
+ 77— D(®(0;)]0r11) — D(0¢]0s+1)
t ~~

T

1~ - ~ o~ o~
- n—D(QtH”et) +(Vfi(0r) + V7r(0:),0: — Oi11)
t

. >
v

T35

where (2.10c) follows from the convexity of f; and r, (2.10e) follows from the opti-
mality condition in (2.1a), and (2.10f) follows from (2.6). Each of these terms can

be bounded individually, and then recombined to complete the proof.

Ty =0(0r1) — V(@e(0,)) = (Ve(Bry1), Orx — D1(61)) (2.11a)
<VY(Ori1) — VY (Br41), 1 — Bi(6,)) (2.11b)
<[V (Oes1) — VO (Orr) | 0es1 — ©e(67)] (2.11c¢)
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<2M 01 — 0,(0))] (2.11d)

Ty =D(24(0,)[@:(0:+1)) — D(0:]0141) < Ay (2.11e)
g ~ ~ ~ ~ ~ ~
Ty < = 5 VB = Bl + 9 :B) + 97 @110 — B (2.11f)
t
o~ ~ o~ ~
<= gl =8P+ 51 —BIP + oG (2.11g)

where (2.11b) is due to the convexity of ¢ and (2.11c) is from the Cauchy-Schwarz
inequality. Additionally, (2.11f) is due to (2.5) and (2.11g) uses Young’s Inequality
[51, Prob 9.1] which states ab < g + % Combining these inequalities with (2.11a)
gives the lemma as it is stated. []

The proof of the theorem concludes by summing the bounds of Lemma 2.8 over

time. Denote D, = D(@tH@) and V; £ [0,41 — ®4(6,)]. Remember, we have assumed

that A@ < 0.
T T T T
D, D G? 1 1 2M
RT(OT) < Z (_t o t+1) + 2— e + DmaX (— — —> + Z —VZ

=1\l Mt+1 it = \Th+1 Tt o T
D, D 1 1\ 2M G?

<= = T Do ( - —) + T Va(O) + >
m Nr+1 nr+1 N 20 =1
Diax . 2M G?

< + —V<1>(9T> + — U ]
N1 Nr 20 &4

35



2.7.2  Proof of Theorem 2.3

The tracking regret can be decomposed as:

015w -
ST it ]<m

[ J
"

Ty

T T
v min o 36 (07) - minyi606) (2.12)
ZzT;ll it #ig11]<m =1 t=1

RT(OT) = zT] gt(é\t) - min ZT]@ <§t(it)>

J

"

Ts

where the minimization in the second term of T); and first term of T5 is with respect to
sequences of dynamical models with at most m switches, such that Zthl L] <
m. In (2.12), T, corresponds to the tracking regret of our algorithm relative to the
best sequence of dynamical models within the DMD framework, and 75 is the regret

of that sequence relative to the best comparator in the class ©,,. We use Corollary 3

of [28] to bound T}, using p; = \/8((m+1)log(Nj)fmlog(T)H) and v =m/(T—1). A slight
modification to their proof needs to be considered, because their losses are bounded
between [0,1]. In our case, we assume our loss function ¢; is convex, and Lipschitz

on a bounded, closed, convex set ©. Therefore, we can say there exists a value A

such that A £ max £,(f) — min ¢,(6). This value can be easily incorporated
te[1,7],0e© te[1,7],0e©

into the proofs and bounds of [28] to give

T, <A2\/§ ((m+ Dlog N + (T —1)h (%))

T
<A2\/— ((m+1)log N +mlogT + 1)

2

where h(z) = —zlog(z) — (1 — ) log(1 — ) with respect to the natural logarithm.

T can be bounded using Lemma 2.8 on each time interval [ty, 5,1 — 1] and summing
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over the m + 1 intervals, yielding

(m+1)Dpax  2M

2 T
T: < + V(m+1 i ]
° Nr+1 nr 2 Z

2.7.8  Proof of Theorem 2./

Let a, be the dynamical parameter in our candidate covering set, Ay which min-
imizes the cumulative loss, a* as the dynamical parameter in the entire space, A

which minimizes total loss, and & to the parameter in Ay closest to a*. Formally,

we use the following definitions:

T
A A . o~
o = min Z& at), af = manEt(ﬁ

aEAN acA =1

L

(o}

min [ — a*|.
acAn

We decompose the regret in the following way:

Ra(Or) = Y 0(0) - Y0 (9)

= t /
T
T . ~ . ~ .
+ ;ft (an*)) - ;gt <§§O‘))/ —|—;£t <§§°‘)) — tzzlft (6)2

To bound Ty we use the bounds of [20, Corr 2.2] for the Exponentially Weighted

Average Forecaster, which requires p; = ZIOgN Similarly to the proof of Theorem
2.3, the bound needs to be adjusted to account for the fact that our loss function,
instead of being bounded by [0, 1] instead has arbitrary bounds [{iin, fmax]- Because,
¢, is a convex function with a Lipschitz gradient defined on a bounded, closed, convex

set, these bounds are finite, and incorporating them into the proof of [20] is not
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difficult, yielding

T6 < (gmax - gmin) 2T IOg(N)

The term 7% is upper bounded by 0 by the definitions of a, and &. Finally, the

bound on T is just the DMD regret bound (Theorem 2.2) with respect to a:

Ts < D Z |01 — Pe(0r, &) | + —Zm

77T+1 nro4

We now use the Lipschitz assumption on &, to show the bound with respect to

a*. Notice the variation term can be separated.

MH

Va(0r) = H‘Pt(@:,) ®y(6r, ") + P10, @) — Op14 |

~
Il
—

T-1
Z (0, @) — Opia || + T'Len
t_

This shows we get a regret bound which scales like the variation from the best possible

parameter o*, in the set A. Setting moc\/iE gives the result.
2.7.4  Proof of Lemma 2.6

The proof is by induction, and we assume without loss of generality that § =
Assume that Xﬁa) = Xﬁo) + Kia; this is trivially true for ¢ = 1 since K; = 0 and
/A\ga) = X(lﬁ) by construction. If we use DMD with ®,(6,«) for ¢ > 1, applying

Algorithm (2.1) in this setting yields
N2 = AL =AY + mb(w)] + o
N = AL = )N + ()] + B+ e
A1 =)\ + K,0) + nid(z,)] + Beax + ¢
A1 = )N + mp(z)] + e + (1 — ) A Ko + By

:ng-)l + (1 — T]t)AthOé + BtOé
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:ng)l + Kt_;,_lOé. l:‘

Notice that we must assume that gt must lie on the interior of the set © such that we
can set the gradient to 0 to find the minimizer of equation 2.1a without projecting

back onto the set.

2.7.5 Proof of Theorem 2.7

Since Xia) is an affine function of a given Xiﬁ ! for any 3, and Zt()\) is a convex function

of A, we have that g,(«) is a convex function of a. For any a € R", we have

th(at) - th(et) =

1~
L=
=
—
=

T T
G(0) = D 60) + D (0)) —
t=1

t=1
“

(T
L

/

~

Ty T1o

To bound Ty, note that @t = @(&g and

2,400 = 2 6B = 5000 = 2 L0,

Furthermore,

~ A~ ~ A~

gi(@) =6(NY) = GO + Ky(a — &)

is convex in «, where we have used Lemma 2.6. Thus

ZZS\ NA that ()] < <OWT

t=1

via [19]. The term Tj can be bounded directly using Theorem 2.2, yielding for any

«

T
Ty < CQﬁ <1 + Z (s (Dt(et’a)‘) ‘ O
t=1
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3

DMD and DFS Experiments and Results

3.1 Introduction

In the previous chapter we described algorithms and associated theoretical guarantees
for incorporating dynamics into the online learning paradigm. Many online learning
problems can benefit from the incorporation of dynamical models, especially when
the underlying state of the system is known to be changing in some systematic way.
In this chapter, we describe how the ideas described and analyzed in the previous
chapter can be incorporated in many different settings. We start by showing how
examples of how a known dynamical model can be incorporated with a dynamic
textures (Section 3.2) and image registration (Section 3.3) example using DMD. We
then show how DFS can be used in situations where a finite set of candidate dynamics
is known in a pair streaming video applications: compressed sensing microscopy
(Section 3.4) and downsampled traffic surveillance (Section 3.5). Then we show how
DMD with parametric additive dynamics can be used for Poisson point-processes
(Section 3.6) as well as analyzing the Enron email corpus (Section 3.7). Finally, we

show an extended example of Foreground-Background separation in Poisson video
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which will implement multiple layers of the DFS algorithm to analyze video in low

photon settings (Section 3.8).
3.2 DMD Experiment: Dynamic Textures with Missing Data

Sensors such as the Solar Data Observatory are generating data at unprecedented
rates. Heliophysicists have physical models of solar dynamics, and often wish to
identify portions of the incoming data which are inconsistent with their models. This
“data thinning” process is an essential element of many big data analysis problems.
We simulate an analogus situation in this section.

In particular, we consider a datastream corresponding to a dynamic texture
[52][53] , where spatio-temporal dynamics within motion imagery are modeled using
an autoregressive process. In this experiment, we consider a setting where “normal”
autoregressive parameters are known, and we use these within DMD to track a scene
from noisy image sequences with missing elements. (Missing elements arise in our
motivating solar astronomy application, for instance, when cosmic rays interfere with
the imaging detector array.) As suggested by our theory, the tracking will fail and
generate very large losses when the posited dynamical model is inaccurate.

More specifically, the idea of dynamic textures is that a low dimensional, auto-
regressive model can be used to simulate a video which replicates a moving texture
such as flowing water, swirling fog, solar plasma flows, or rising smoke. This process

is modeled in the following way:
Qt = Aet—l + But
Ty = CQ + C@t + D'Ut

Vt, Uyt "’N(O,I)

In the above, 6, denotes the true underlying parameters of the system, and x; the

observations. The matrix A is the autoregressive parameters of the system, which
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will be unique for the type of texture desired, Cy the average background intensity,
C' is the sensing matrix which is usually a tall matrix, and B and D encode the
strength of the driving and observation noises respectively. Using the toolbox de-
veloped in [54] and samples of a 220 by 320 pixel ocean scene [53], we learned two
sets of parameters A, A’ € R***®°  one representing water flowing when the data
is played forward, and the other when played backwards, as well as corresponding
parameters Cy € R7400 ¢ " e R70400x50 B B ¢ R and D, D’ € R0 Param-
eters 0; € [—500,500]° and data z; € [—500,500]"% were then generated using
these parameters, with the parameters A’, B, C’, D" and Cy on t = 100, ..., 120 and
t = 300, ...,320 and the parameters A, B, C, D, on the rest of t = 1, ..., 550 accord-
ing to the above equations. Finally, every observation is corrupted by 50% missing
values, chosen uniformly at random at every time point.

The parameters A, Cy, and C' were then used to define our (imperfect) dynamical
model for DMD, ®,(0) = Af, and a loss function £,(0) = [Q,(CO — Cy — z4)]3,
where €2, is a linear operator accounting for the missing data. Note that B and D
are not reflected in these choices despite playing a role in generating the data; our
theoretical results hold regardless. We use 1(-) = 1| - |3 so the Bregman Divergence
D(z|y) = 3|z — y|l3 is the usual squared Euclidean distance, and we perform no
regularization (r(f) = 0). We set n; = ﬁ, and ran 100 different trials comparing
the DMD method to regular Mirror Descent (MD) to see the advantage of accounting
for underlying dynamics. The results are shown in Figure 3.1.

There are a few important observations about this procedure. The first is that by
incorporating the dynamic model, we produce an estimate which visually looks like
the dynamic texture of interest, instead of the Mirror Descent prediction, which looks
like a single snapshot of the water. Second, we can recover a good representation of

the scene with a large amount of missing data, due to the autoregressive parameters
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F1GURE 3.1: Loss curves for the proposed DMD method and classical MD vs. time,
averaged over 100 trials for the experiment in Section 3.2. The gray areas indicate
the intervals where the flow being imaged changed direction and hence the posited
dynamical model was not reflected by the underlying data; note the sharp increases
in the losses associated with DMD over those intervals, particularly in contrast with
the losses associated with MD. Standard online learning methods like MD do not
facilitate the detection of time periods with anomalous dynamics.

being of a much lower dimension than the data itself. Finally, because we are using
the dynamics of forward moving water, when the true data starts moving backward,
a change that is imperceptible visually, the loss spikes, alerting us of the abnormal

behavior.
3.3 DMD Experiment: Solar Flare Detection with Missing Data

We use DMD in order to detect solar flares in image sequences from the Solar Data
Observatory, in the presence of missing data and camera jitter. Solar flares represent
temporally short, and spatially localized bursts of activity of the solar scene, but can
be hard to detect when there is larger motion, and only partial observations. By
explicitly accounting for camera jitter, we can do a better job of predicting what the
scene should look like, and therefore quickly observe when and where in the scene

solar flares occur.
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In order to run DMD we choose an ¢5 loss function on the values of observed

pixels

~ 1 ~
zt(et) = gHQt(@t) - Qt(xt)Hg

where (); is a function that preserves the value of the true scene at the observed
locations and sets the value to 0 otherwise. We use Euclidean distance as our Breg-
man Divergence. The dynamical model, ®, accounts for the camera jitter at time ¢.
For our experiment we chose ®; to be a random pixel shift one pixel up, down, left
or right. This scheme is run where each pixel is missing uniformly at random with
probability 0.5. These results shown in Figure 3.2.

We can see in the loss plots that accounting for camera jitter with DMD explicitly
we are less likely to get erroneous spikes in the loss function. This is important,
because after the initial learning time, we can threshold the loss to detect anomalies
as in [47], which would correspond to solar flares in this setting. However, if we do
not explicitly account for the camera jitter, the Mirror Descent loss plot has spikes
that are of the same magnitude as the spikes corresponding to a solar flare, and

therefore thresholding would lead to either many false positives or missed detections.
3.4 DFS Experiment: Compressive Video Reconstruction

There is increasing interest in using “big data” analysis techniques in applications
like high-throughput microscopy, where scientists wish to image large collections
of specimens. This work is facilitated by the development of novel microscopes,
such as the recent fluorescence microscope based on structured illumination and
compressed sensing principles [55]. However, measurements in such systems are
acquired sequentially, posing significant challenges when imaging live specimens.
Knowledge of underlying motion in compressed sensing image sequences can allow

for faster, more accurate reconstruction [56; 57; 58]. By accounting for the underlying
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(a) Observations with 50% missing data (b) Mirror Descent residual at ¢t = 214
with 50% missing data

Mirror Descent
e DMD

0 L L L L L L L L L L
80 100 120 140 160 180 200 220 240 260 280 300

Time
(c) DMD residual at ¢t = 214 with 50% (d) Mirror Descent and DMD losses
missing data with 50% missing data

FIGURE 3.2: Results of DMD experiment in Section 3.3. Images display data and
residuals with respect to ground truth with missing data. The residuals for the pro-
posed DMD method are largest in the locations where a true solar flare occurs, while
the MD residuals are large in locations exhibiting normal solar activity. Furthermore,
DMD produces consistently lower, more stable losses. Consequently, real anomalous
behavior is more easily visible at ¢t = 220 via DMD, while MD produces large spikes
in the losses in several inactive periods.

motion in the image sequence, we can have an accurate prediction of the scene
before receiving compressed measurements, and when the measurements are noisy
and the number of observations is far less than the number of pixels of the scene,
these predictions allow both fast and accurate reconstructions. If the dynamics
are not accounted for, and previous observations are used as prior knowledge, the

reconstruction could end up creating artifacts such as motion blur or overfitting to

45



T T T T T T T T T
A = = = DMD Dynamic 1
2r N | m—- DMD Dynamic 2
| W ——DFS

1.8 3 COMID

- PSRN
Ny v
)\ L N ]
i ~“s,
—— N

Loss
o

0.8

0.6

0.4

02 I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000

Time
FIGURE 3.3: Losses averaged over 100 trials using DFS and comparing individual
models for directional motion for the experiment in Section 3.4. N = 9 candidate
dynamical models were considered within the DFS algorithm; plots for the two tem-
porarily accurate models are shown for clarity. Before ¢ = 550 the upward motion
dynamic model incurs small loss, where as after ¢ = 550 the motion to the right does
well, and DFS successfully tracks this change.

noise. There has been significant recent interest in using models of temporal structure
to improve time series estimation from compressed sensing observations [59; 60]; the
associated algorithms, however, are typically batch methods poorly suited to large
quantities of streaming data. In this section we demonstrate that DMD helps bridge
this gap.

In this section, we simulate fluorescence microscopy data generated by the system
in [55] while imaging a paramecium moving in a 2-dimensional plane; the ¢ frame
is denoted 6, (a 120 x 120 image stored as a length-14400 vector) which takes values
between 0 and 1. The corresponding observation is z; = A;0; + n;, where A; is a
50 x 14400 matrix with each element drawn iid from N(0, 1) and n; corresponds to
measurement noise with n; ~ A(0,0?) with ¢? = 0.1. This model coincides with
several compressed sensing architectures [61; 55].

Our loss function uses f,(0) = 52|z — A0|3 and r(6) = 7|6];, where 7 > 0
is a tuning parameter. We construct a family of N = 9 dynamical models, where

@gi)(Q) shifts the (unvectorized) frame, 6, one pixel in a direction corresponding
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) Ground Truth DMD  Prediction,
Correct Dynamic

) COMID Prediction ) DFS Prediction
FIGURE 3.4: Zoomed in instantaneous predlctlons at t = 1000 for the experiment in

Section 3.4. Top Left: True 6,. Top Right: proposed DMD estimate 9 HRiE)  Bottom
Left: OECOMID). Bottom Right: proposed DFS estimate (without prior knowledge of

true dynamics) ;. The prediction made with the prevailing motion is an accurate
representation of the ground truth, while the prediction with the wrong dynamic
is an unclear picture. The DFS algorithm correctly picks out the most accurate
dynamical model.

to an angle of 27mi/(N — 1) as well as a “dynamic” corresponding to no motion.
(With the zero motion model, DMD reduces to COMID.) The true video sequence
uses different dynamical models over ¢ = {1,...,550} (upward motion) and ¢ =
{551,...,1000} (motion to the right). Finally, we use ¢(-) = 3| - |3 so the Bregman
Divergence D(z|y) = 2|z — y|3 is the usual squared Euclidean distance. The DMD

= L and

sub-algorithms use 7, = \/%, 7 = .002 and the DFS forecaster uses v = z; = 555

pt is set as in Theorem 2.3. The experiment was then run 100 times.

Figures 3.3 and 3.4 show the impact of using DFS. We see that DFS switches
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between dynamical models rapidly and outperforms all of the individual predictions,
including COMID, used as a baseline, to show the advantages of incorporating knowl-

edge of the dynamics.

3.5 DFS Experiment: Downsampled Traffic Surveillance Reconstruc-
tion

The DFS framework can also be used to reconstruct and predict traffic surveillance
data by incorporating the approximately known traffic patterns into the estimation
procedure. For a traffic scene with moving objects, one frame will only be informative
for the next frame if the motion of the objects are incorporated into the prediction
scheme and thus DFS can be used to improve the prediction process for this type
of data. We used the Highway I video from the ATON shadow detection database
(http://cvrr.ucsd.edu/aton/shadow/index.html) which contains 440 frames of 240
x 320 pixel images. The foreground of this video was then extracted using the
inexact Augmented Lagrangian Multiplier method of [62]. This models the ability
of a surveillance camera to do on-board pre-processing of data to remove long term
background information and only transmit relevant, transient information. From
here the image is blurred by a 7 x 7 Gaussian kernel with width defined by o = 1.75,
downsampled by a factor of 4 in both directions (for an overall downsampling factor of
16), and finally Gaussian white noise is added. The overall process can be described
as follows:

Ty = DHQt + Ny

where H encodes the blurring operation and D the downsampling, of the vector-
ized frame 6;,. The convolution is normalized such that |[DH|]y = 1 to ensure signal
strength is maintained. The white noise has standard deviation of 20. The Gaussian
noise leads intuitively to using an /5 data fit function and because we are estimat-

ing foreground objects with background removed we use ¢; regularization to induce
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sparsity. Combining these leads to the following loss function:
(0 = 5| DHB, ~ )3 + 1A
t\Uy) = 2 t — T2 d ti1

where d is the dimension of 5,5 and 7 is the parameter which controls the relative
amount of sparsity in the solution.

In order to implement DFS; we need a collection of feasible dynamics which can
describe the data. The video shows cars moving generally from the top of the screen
to the bottom at a relatively constant speed, so 5 different dynamical models are
postulated which are simple row shifts of 10, 14, 18, 22 and 26 pixels respectively.
One slightly more complicated dynamical model is also used which is based on a
Block Matching Algorithm. For this dynamical model, a training set of the first 20
frames of the full data was used. The idea behind the Block Matching Algorithm is
that for every 8 x 8 block in a given frame, a search is done over the entire previous
frame for the block which best matches. For our purposes, we define the values of a
block in the image after applications of the dynamics, ®;(6;), to the be the values of
the block in #; which most consistently predicted the block of interest in the original
training set. This process is defined below, where 6 represents the 240 x 320 images,

and the subscripts [i : i+ 7,7 : 7+ 7] denote the 8 x 8 block starting at location i, j.
() iit7.gijam) = Of(ig)ai.g)+7,mig)mig)+7]
19

l(’L, ])7 m(z, j) =arg min Z HHTJrl,[i:iJr?,j:jJr?] - 07’,[l:l+7,m:m+7] H2

lm T=1

This map was then smoothed slightly to ensure that objects in one frame remained
intact after the application of the dynamics and not distorted. This procedure pro-
duced a dynamical model which mostly showed downward motion, similar to the
pixel shifts, but allowed for some horizontal motion as well as allowing slightly dif-
ferent velocities in different regions of the image. Overall this brings the number of
candidate dynamical models to N = 6.
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FIGURE 3.5: Moving average loss with time window=20 of DFS algorithm in the
downsampled, noisy traffic surveillance experiment described in Section 3.5. Only
shown are DMD losses for the best pixel shift dynamic and the block matching
dynamic for clarity. Notice that the pixel shift consistently out performs COMID,
and the block matching dynamic does even better. DFS quickly finds the best
dynamic and follows it closely.

Using this setup, DFS is implemented for the T' = 440 frames with 7 = 10,d =

JT T
shown in Figure 3.5. We immediately see that COMID which does not account for

240 x 320 = 76800, 7, = 1%, = \/8(31°g(N)+21°g(T)+1), and 7 = —2=. The results are

dynamics performs very poorly and is easily outperformed even by the very simple
pixel shift models (DMD Dynamic 1 in the plots corresponds to pixel shift of 18).
Additionally we see that the block matching dynamic (DMD Dynamic 2) performs
even better, and that the DFS algorithm quickly hones in on this dynamic model
and follows it very closely.

In addition to the loss plots, we can observe actual reconstructions to see how
close DFS comes to approximating the true image. An example of one segment of
one prediction is shown in Figure 3.6. We see how the DFS procedure effectively
upsamples, deblurs and denoises the data. By incorporating the dynamics, we can
much more effectively find the details in the image that is not possible by using just

COMID. Additionally, we have revealed details unobservable in the raw data. For

50



(a) Ground Truth. (b) Downsampled Noisy Obser-
vation.

(c) COMID Prediction. (d) DFS Reconstruction.
FIGURE 3.6: Zoomed in reconstruction of DF'S algorithm in the downsampled, noisy
traffic surveillance experiment described in Section 3.5. Here we see the ground truth
image, observations, COMID prediction and DFS prediction.

instance, notice the lighter shade object inside the car in The lighter shade is visible
in the DFS reconstruction, while it is impossible to see in the data. Additionally,
details such as shape and edges on the headlights and license plate are much clearer

in the DFS reconstruction compared to the data.
3.6 DMD with Parametric Additive Dynamics

We look at self-exciting point processes on connected networks [63; 64]. Here we
assume there is an underlying rate for nodes in a network which dictate how likely
each node is to participate in an action. Then, based on which nodes act, it will
increase other nodes likelihood to act in a dynamic fashion. For example, in a social
network a node could correspond to a person and an action could correspond to

crime [65]. In a biological neural network, a node could correspond to a neuron and
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an action could correspond to a neural spike [66].
We simulate observations of a such a self-exciting point process in the following
way:

>\t+1 = (bt()\ta W) :Cl/)\t + WZL’t + (1 — a)ﬁ

x; ~Poisson(\;)

For our experiments \; € (0,5]'% represents the average number of actions each of

100x100 peflacts the unknown

100 nodes will make during time interval ¢, and W € [0, 5]
underlying network structure which encodes how much an event by a one node will
increase the likelihood of an event by another node in future time intervals. Here we
assume « is a known parameter between zero and one, and i € R'® is a underlying
base event rate.

Our goal is to track the event rates A; and the network model W simultaneously;

Algorithm 2.3 is applied with

Ce(0) =(1, exp(0)) — (x4, 0), (N =1, A) =z, log A),

Z(0) =(1,exp(h)), A =VZ(0) = exp(0).

We generated data according to this model for ¢t = 1, ...,50000 for 1000 different
trials, using a = 0.5, i = 0.1 and W generated such that it is all zeros except on each
distinct 10 x 10 block along the diagonal, where elements are chosen to be uu” for a
vector u € [0.1,1.1]*® with elements chosen uniformly at random. The matrix W is
then normalized so that its spectral norm is 0.25 for stability. Using this generated
data we ran DMD with known W (Alg. 2.1), MD, and DMD with additive dynamics
(Alg. 2.3) to learn the dynamic rates. The step size parameters were set as 1, = .9/4/t
and p; = .0()5/\/¥. The results are shown for DMD with the matrix W known in
advance, MD and Alg. 2.3 in Figure 3.7. This basic model is examined in more detail

in Chapter 4 in the context of Hawkes Processes.
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time points for DMD with a known W ma-
trix, MD, and DMD exp averaged over 1000
trials.

(b) The true value of W (¢) T final estimate of W com-
puted using Alg 2.3.

FI1GURE 3.7: Experimental results tracking a self-exciting point process on a network,
described in Section 3.6. Notice how the loss curve for Alg. 2.3 approaches the DMD
curve (associated with clairvoyant knowledge of the underlying network matrix )
as the estimate of W improves, and significantly outperforms conventional mirror
descent.

We again see several important characteristics in these plots. The first is that
by incorporating knowledge of the dynamics, we incur significantly less loss than
standard Mirror Descent. Secondly, we see that even without knowing the values of
the matrix W, we can learn it simultaneously with the rate vectors \; from streaming
data, and the resulting accurate estimate leads to low loss in the estimates of the

rates.
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3.7 DMD with Parametric Additive Dynamics Experiment - Enron
Email Corpus

In this section, we analyze the Enron email corpus[67]. The goal of analyzing this
dataset is to be able to read in the emails in a streaming fashion, and be able to
detect anomalous moments, and determine if they align with important known events
in the company’s history. In order to do this, the approximately 500,000 emails were
combined into 1 hour time bins for each of the 150 given employees, from December
16th 2000 until January 1st 2003. For each employee for each hour, we receive an
indicator saying whether that employee sent or received an email at that specific
hour.

We model the indicator values as a Bernoulli random variable for each employee
for each hour, and want to learn the probability that each employee will send or
receive an email at a given time. Given an estimate p; € [0,1]"° and the actual

observations z; € {0, 1}'%Y at time ¢, we have the following loss function

gt(ﬁt) = *<$ta logﬁt> - <1 — a4, log 1 — ﬁt>

which can be rewritten as
gt(é\t) = —<$t, §t> + <1, IOg (1 + exp é\t)>

under the transformation 6 = log (%p). This formulation gives us the primal (6)

and dual (p) variables and loss functions necessary for DMD with parametric additive
dynamics algorithm described in Alg. 2.3.

In order to use Alg. 2.3 on this data set we need to postulate a sequence of
dynamics, and this dataset lends itself to several possibilities. The first possibility
is to search for possible relationships in the network that might effect a person’s

likelihood to send or receive and email. For this we consider the following dynamic
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model:

O(p) =p+n(W — Dz st. W;; =0,[W|y < 1.

This dynamic model might look a little bit strange at first, but when used in Alg.

2.3 we are left with the overall update equation of the form
Prer = (L= ne)pe + niWiay

where we can search for W, over the space W = {Wst. Wi; = 0,|[W|e < 1}
This update equation shows that we not only update our estimate of an individual’s
likelihood of sending or receiving an email based on their previous history, but also
the history of people they might be associated with in the network. For instance,
if someone is working closely with another employee, they will be more likely to
respond quickly to that person’s email as opposed to someone who works in another
department.

The next two dynamical models attempt to incorporate the weekly cycles in
email sending behavior. The first dynamical model incorporates a weighted average
over each employee’s behavior at corresponding hours in previous weeks to predict
their behavior at the current moment, and the second model incorporates a weighted
average of the entire company’s behavior in previous weeks. The first model uses the

following function:

Oi(p) =p+nl(ag — 1)t + uiy1-k + QoXpi1—ok + oo + AMTri1-MK)

where K corresponds to the amount of time backwards we wish to look, in this case
24 x 7 hours, and M is how many of these periods back we wish to look. This leads

to the total update equation

Pre1 = (L —m)pr + (ot + 01 &p1— + oo + QM Tp1-MK)

%)



where we can use Alg 2.3 to search for optimal values of o over the (M + 1) dimen-

sional simplex. A similar dynamical model leads to the final update equation

) 11721 1172,
Der1 = (1 —ne)pr + (Oéoxt-l—ozl% ot a}ﬁ%)

which uses the same mechanism for incorporating weekly patterns, but considers the
company-wide information from the previous weeks, instead of the employee specific
information. Once again our algorithm allows us to use this update equation while
searching for optimal values of a over the (M + 1) dimensional simplex. For our
experiments, we considered M=20.

Using this loss function and dynamical models, Alg. 2.3 was used to predict each
employee’s probability of sending or receiving an email for every hour in the given
time range. The DMD step size was set as n; = \1/—%, where T is the total number of

hours observed. Additionally, the step sizes p; were set at p; = % for the network

dynamics, and p; = % for the temporal behavior dynamics. In addition to these

three models, we also used Alg. 2.2 to assign weights to each of these methods,
and regular Mirror Descent, to create one combined prediction. We compared the
performance of each of these methods to Mirror Descent, and calculated the relative

Sy bON b0 oo GMP)

gain through time 7 as S

corresponds to the prediction

made by Mirror Descent. These results are shown in Figure 3.8.

Immediately we see that all of the proposed dynamic models improve the pre-
dictive power compared to Mirror Descent. Including the company’s weekly email
behavior has the biggest single impact, followed by the individual’s weekly behav-
ior, and finally the network dynamics. When all three are combined using fixed
share, we attain a performance boost of about 8% in the end, and 12% at its peak.
Additionally, our method can more accurately detect anomalies. One heuristic for

determining anomalies would be to compare a method’s instantaneous loss to the av-
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F1GURE 3.8: Relative gain of our method’s prediction using dynamical models com-
pared to Mirror Descent. Notice that all our proposed dynamics improve performance
compared to Mirror Descent in the 4-8% range at the end of the data set, and at a
maximum of around 12%.

erage loss for the preceding week. High spikes would then correspond to anomalous
moments. This value is shown in Figure 3.9 for Mirror Descent and our DF'S method.
We see that our method does a better job of finding the spikes in December 2000
and December 2001, corresponding to true anomalies, as the spikes stick out more
from the noise around them. In December 2000 energy commodity trading became

deregulated in California [68] and in December 2001 Enron filed for Chapter 11 [69].
3.8 Foreground-Background Separation in Poisson Video

Many imaging applications such as night vision, infrared imaging, and certain astro-
nomical imaging systems are characterized by limited amounts of available light. In
these and other settings, the goal is to reconstruct spatially distributed and dynamic
phenomena from data collected by counting discrete independent events, such as
photons hitting a detector. More specifically, we can model our observations at time

t as

x; ~ Poisson(6;), (3.1)
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(a) Comparison of instantaneous loss versus average of pre-
ceding week for Mirror Descent.
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(b) Comparison of instantaneous loss versus average of pre-

ceding week for our DFS method.
F1GurE 3.9: Filtered loss vs. time plots for the Enron experiment using (a) losses
stemming from MD and (b) losses stemming from the proposed DFS method. These

two plots show that our method has larger relative spikes around December 2000
and December 2001 corresponding to significant moments in the company’s history.
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where x, € Z is the vector of photon counts across n detectors and ¢, € R’} is the
intensity of interest (i.e., the n-pixel scene) [70].

We are interested in the case where 6; has two components: a dynamic foreground
¢ which occupies a relatively small portion of the scene, and a static or slowly-varying

background f;, so that
0y = o1 + G-

The goal is to recover accurate estimates of ¢; and §; from x;, especially when the
photon counts are very low and when the underlying dynamics are unknown.

There exists a rich literature on image estimation and background subtraction
methods, and a wide variety of effective tools in high SNR regimes. For instance, a
common method for object tracking is to form an estimate of the background scene,
and subtract this from the observation to get an estimate for the foreground [71].
Many of these methods make the assumption that the observed pixel values are the
true scene corrupted with white Gaussian noise distributed around the true, slowly
varying background mean [72], which is untrue both by the Poisson observation model
and in settings with dynamic backgrounds. Alternatively, another technique is to
learn and track a low-dimensional subspace representation of the background [73].
While such a method can be modified for the Poisson setting, simply subtracting this
background estimate from the observations will still not yield an accurate foreground
estimate in the low-light setting. In fact, even if the background were known exactly,
subtraction will not give a very accurate estimate of the foreground, as shown in
Figure 3.10.

The photon-limited image estimation problem is particularly challenging because
it introduces intensity-dependent Poisson statistics which require specialized algo-
rithms and analysis for optimal performance. Simply transforming Poisson data

to produce data with approximately Gaussian noise (via, for instance, the variance
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(a) Known Background (b) True Scene

(c) Poisson Observation (d) Observation minus true back-
ground

FI1cURE 3.10: Challenges of background subtractions for photon-limited video. The
background (a) and a foreground object in the top right corner form the true scene
(b). Poisson observations are then collected from the true scene (c). Even if the
background was known exactly and subtracted from the observations, the resulting
image (d) is still very noisy, making accurate inference about foreground objects
challenging.

stabilizing Anscombe transform [74; 75] or Fisz transform [76; 77]) can be effective
when the number of counts is sufficiently high [78; 79]. However, applying these
methods to foreground estimation is a difficult problem due to the non-linearities
induced by the transforms. Specifically, these tools may make it possible to estimate
0, effectively, but the inverse problem of estimating ¢; and ; is significantly more
challenging because of the nonlinear relationship between the unknowns and variance

stabilized observations.

60



In addition, the dynamic setting presents significant opportunity for improved
photon-limited surveillance. Consider the case in which the temporal dynamics are
known exactly. For the Gaussian noise setting, the Kalman filter has proved enor-
mously effective. The known dynamics can effectively act as a prior probability
model for the scene at time ¢, and once z; has been observed, this prior knowledge
can dramatically improve reconstruction accuracy even when the number of available
photons is small.

Generalizations of this approach to Poisson noise are possible with particle filters
[22], but particle degeneracy is a major practical challenge. Furthermore, classical
stochastic filtering methods typically assume an accurate, fully known dynamical
model; if a dynamical model is learned from data, it is typically assumed not to
change over time.

We show how we can use the DMD framework to estimate the underlying, time-
varying dynamical model, and use this estimate to generate online predictions of the

foreground and background video sequences.
3.8.1 Problem Formulation

We model the data as Poisson observations of a scene which is mostly background
with some dynamic foreground. In order to distinguish foreground from background,
we assume that the two have discernibly different underlying dynamics, and that
the foreground obscures only a small fraction of the background. We denote the
observation at time t as x;, the background as f; and the foreground as ¢;. Therefore
the probability density function of the observation is given as:

d )zt
plalén ) = [ L™ [ (b + B (3.2)
i=1 !

,l

Here, t indicates time index, and ¢ indicates pixel location. Notice that this model

assumes that the observed scene is the superposition of background and foreground
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at every pixel. In actuality every pixel would either be completely foreground or
completely background, but it is difficult to model this explicitly because the loca-
tions of the foreground pixels would need to be known exactly a priori. Using this
model we wish to reconstruct §; and ¢; as accurately as possible in a time-efficient

manner.
3.8.2 Method

In order to solve the problems of background and foreground estimation, we will
use an adapted version of the DFS algorithm. In this section, we will describe the
multi-layered DF'S method applied to background subtraction problems.

It is important to note that we use the DF'S algorithm for the background instead

of a moving average:

Bt _ 22:1 'y
22:1 at—s

for some a € [0,1]. This is important because if the background has some dynamic
motion, the moving average would perform poorly. If o were set too low, then the
background estimate would be heavily corrupted by Poisson noise artifacts. On the
other hand, if @ were very close to 1, the motion of the background would cause blur
in the estimate. Even if « is chosen in between these two extremes, the estimate
would not reflect the true background very well as shown in figure 3.11.

Our first step is to estimate the background, so we must first find a loss func-
tion for estimating ;. We use the negative Poisson log-likelihood function of the

observation omitting the x;! term since it is an offset not dependent on f:

d
fo0(B) = 3 (B — wilog(B; +9)).. (3:3)

A small constant, ¢ is added to ensure numerical stability. Notice that this is the

same loss function that would be used if the video sequence was assumed to only
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FIGURE 3.11: Absolute difference between moving average and true background
with o = 0.99. The true background has max value of 5, meaning the errors are
relatively large. Notice that this image contains both errors at the leading edge due
to motion, and noise errors from the observation model. Both of these errors would
adversely affect the foreground estimation performance

have background content.

We then wish to estimate ¢;. We again start by using the negative Poisson log-
likelihood as a basis for the loss function for ¢;, but now assume access to an estimate
of the background, B

- A (i + Bra)™
—log(p(x¢|9, ) Z <¢z‘ + Bri — log (T)) (3.4)

1=1 )

Assuming that the background estimate has already been found, this leads to the

following data fit function for the foreground:

Foul#:8) Z<¢z—$mlog< b —i—l)). (3.5)

6t1+6

This loss function comes from the negative log-likelihood function by subtracting
Zle BAM +log(xy,!) — x4 log(@i) which is independent of ¢;. Again, a small positive
constant 0 is used to ensure numerical stability.

Finally, we include regularization penalties, rgand r4. For this application, we

use a total variation penalty [80; 81], which insures that the estimates are somewhat
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Algorithm 3.1 Background and Foreground Estimation

fort=1,...,T do

Observe

fori=1,..N; do
@g)m = w,g)t exp (—pilpe(Bi))

(&) N1 =) ~(4)

w,@ t+1 1\771 ] ﬂ]t-i-l + (1 - V)wﬁ,tﬂ '
Bt =arg minﬁnxvmwt 0,8y + 518l + 18 = B3
5&21 = ¢(ﬂ72)(6§21)

end for e w

ﬁt-&-l = Z B,t+ t+1/2 ,Bt

Biy1 = Z ,3)t+15t+1/2 ,é’)t

for k=1,.... Ny, do
- (k k RORE
wés’2+1 = wét) exp (—piloy (@E );ﬁt+1))

k Ny (i - (k

wéﬁ,zﬂ = Nl2 ) ézﬂ +(1- W)wés,t)ﬂ
(k . > 2 (k
613, =argmin, m<Vf¢>,t<¢E Y Ben)s ) + Tlélly + o — 63
dyin = Soft Thresh (S (4{}),))

end for

S N )
Qi1 = %) t+1¢t /Zk 1wd>t+1

n N
ﬁHfl = 2 ¢>t)+1¢t /Z ¢>t+1
en or

smooth, as would be expected in natural images. This makes the overall loss functions

the following:

lse(B) = [f.(B) + 73] B]rv (3.6)
loi(d58) = fou(d; B) + 4]0 rv. (3.7)

where 73 and 7, are tradeoff parameters between data fidelity and regularization for
the background and foreground respectively. Notice how this process essentially tries
to find a coarse estimate for the underlying scene in the background, and then tries to
find a foreground which fine tunes this estimate. These loss functions, as constructed,
are convex which means we can use online convex optimization techniques. We will
also use the fact that the background and foreground should have different dynamics
to help with separation and reconstruction.

The overall procedure is described in Algorithm 3.1. For both of the inner loops,

64



the minimization can be done using the FISTA algorithm of Beck and Teboulle
[81]. Additionally, a small amount of soft thresholding is applied to the foreground
estimate at each time step, to ensure that ambiguous areas that could be considered
either background or foreground are removed from the foreground estimate. Without
this thresholding, these ambiguous areas would appear in the foreground estimate as
an underlying haze. It is important to notice that for the background and foreground
we have two slightly different estimates. The values denoted 3, and ¢, are the filtering
estimates, meaning that they are reconstructions for time ¢ using all the observations
up to time ¢t. The values Btﬂ and &tﬂ are the prediction values, meaning they use

all the data up to time ¢ to predict the observation at time ¢ + 1.
3.8.83 FExperimental Results

To test this method, we created a data set that featured an object moving across a

slowly varying background in the following way:
o7 =2, (67.)

B: :q)f)l(ﬁttﬁ
d

00 = el [Loa(i)o + (1= 144(0))57 ] e
i=1

x; ~Poisson(6;),

where 14 4(i) is the indicator of pixel i being foreground or not and e¢; is the i*"
standard basis vector. This process shows a foreground object being translated
through the function <I>,E¢) on top of a background image moving with dynamics <I>§’B ),
The images were compiled by letting certain pixels be designated as a foreground
object, and everything else being background. Notice, that the algorithm assumes

every pixel is the addition of foreground and background, but the data used is more

realistic in that each pixel is either one or the other.
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(a) True Scene (b) Poisson Observation

(c¢) Background Estimate (d) Foreground Estimate
FiGUurRE 3.12: Foreground and background reconstruction at ¢ = 250. The true
image (a) has foreground and background content, and the observations (b) are ex-
tremely noisy. We form a background estimate (c) and use it to obtain a foreground
estimate (d). Notice the details visible in the foreground estimate such as the win-
dows and tail structure of the plane.

Each image is 150 x 150, and no pixel has mean value greater than 5, so the video
is extremely photon limited. For the background, the true underlying dynamics was
a subpixel shift of 1/50th of a pixel to the top left at every time step. For the
foreground the true dynamics is a full pixel shift to the top right for the first 500
frames and bottom right for the second 500 frames. The candidate dynamic models
used for the background were subpixel shifts of 1/50th of a pixel shift in directions of
kr/4 for k = 1,2,...8 and stationary (®¥) = I). The foreground candidate dynamics

were full pixel shifts in the same directions as well as a stationary dynamic.

66



(a) True Scene (b) Poisson Observation

(c¢) Background Estimate (d) Foreground Estimate
FI1GURE 3.13: Foreground and background reconstruction at ¢ = 925. Again notice
how the foreground object in (a) is basically imperceptible in the observations (b). By
estimating the background (c¢) an accurate foreground estimate can be constructed

(d)

Figures 3.12 and 3.13 show examples of the DFS algorithm taking the series of
Poisson observations, and making accurate representations of the foreground and
background. It is especially important to notice that including the foreground and
background dynamics allows for the foreground image to become clear. Without
incorporating dynamics and regularization, the additional foreground image would
simply be the transient errors of the background estimation. By including the dynam-
ics in the optimization process, the systematic difference of the background estimate

can be found to be the foreground object.
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3.9 Conclusions

In this chapter we have shown how incorporating even modest dynamical models
into the online learning routines can increase the predictive ability of the Learner.
Specifically, we have shown that when the underlying system dynamics are known the
DMD algorithm can be used to incorporate the dynamics and obtain accurate pre-
dictions of the system as in the dynamic textures example. We have also shown how
by having a finite set of possible dynamical models, the DF'S algorithm can quickly
hone in on the best model to improve predictive power as in the Compressed Sensing
and traffic surveillance examples. We then extended the finite family scenario, to the
parametric family model and showed how that can be used in the Poisson Autore-
gressive and Enron examples. Finally, we shown a hierarchical type DFS algorithm
for Foreground-Background separation to successfully handle the Poisson streaming
video case, where the statistics of low light observations must be explicitly accounted
for. Such object tracking in low light situations has important applications such as

surveillance and astronomy.
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4

Tracking Dynamic Point Processes on Networks

4.1 Introduction

In a variety of settings, we observe a series of events associated with a group of actors
whose interactions trigger future events. The interactions between these actors can

be modeled using a network. For example:

Social networks: we observe events such as people meeting, corresponding,

voting, or sharing information [47; 82; 65; 63; 83];

e Biological neural networks: spiking action potentials can trigger or inhibit
spikes in neighboring neurons according to time-varying functional networks

[66; 84; 85; 86; 87; 88; 89].

e Financial networks: stock market shocks can trigger jumps across the global

network of financial instruments and indices[90; 91; 92];

e Epidemiological networks: as a contagion spreads through a community,
observations of symptoms in one person are strong predictors of future symp-

toms among that person’s neighbors [93]; and

69



e Seismological networks: substantial seismic activity is often predicated by
foreshocks and followed by aftershocks, with the epicenter of these shock events

determined by the local geography and plate tectonics [94; 95; 96].

In all the above settings, the interactions between actors are critical to a fundamental
understanding of the underlying network structure and accurate predictions of likely
future events.

We can model these interactions between nodes using a network or graph, where
directed edge weights correspond to the degree to which one node’s activity stimulates
activity in another node. For instance, the network structure may indicate who is
influencing whom within a social network, or the connectivity of neurons. In these
and other contexts the underlying network structure may be changing over time, for
instance as people’s relationships evolve or as a function of the activity in which
the brain is engaged. In many cases, we are interested in both the rates at which
different nodes or actors participate in events and the underlying network structure.

Our goal is to filter and track such processes. We present methods and associated
theoretical performance bounds in two settings: (a) where the underlying network
structure is known and (b) where the underlying network structure is unknown.
Our approach incorporates concepts and tools from multivariate Hawkes model of
point processes [11; 12; 13| and online convex optimization methods for dynamic
environments described in Chapter 2. In particular, the multivariate Hawkes process
is akin to an autoregressive model for point processes, where events up to time ¢
dictate the rate at which events are anticipated after time ¢.

Estimating the parameters associated with these processes is the subject of much
current research, but existing methods typically assume that the underlying network
parameters are static rather than changing with time, and require computationally-

prohibitive batch processing algorithms. Specifically, there has been substantial work
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in estimating parameters of the system through methods which seek to estimate
both the “parent event” of each event, and then use this information to learn the
parameters of the influence function and/or the network [97] using either EM-type
algorithms or Bayesian techniques [98; 99; 96; 100; 96; 64]. The difficulty with using
this approach in the online setting is that in order to accurately estimate parent
events, we need a potentially large buffer of stored event times, and do processing
that scales poorly with the number of previously observed events. The work closest to
ours is [101], which uses a Bayesian framework to learn the parameters of a discretized
version of the Hawkes process, which is computationally more efficient with regards
to the number of events observed. However, they still require at least mini-batches
and having access to data more than once, which is not a truly streaming setting.
Additionally, all of these methods require the data to exactly follow the Hawkes
model, and have no guarantees for performance in the case of misspecified influence
functions or generative model, whereas our results both theoretically and empirically
offer protection against such model mismatch.

In the settings described above, we face several key challenges:
(a) the underlying networks are dynamic,

(b) we receive either a large volume of data or data that is streaming at a high

velocity, necessitating sequential processing, and

(c) we seek performance guarantees that are robust to model mismatch (i.e. per-

form well even when the data was not truly generated by the Hawkes model).

Our proposed method will simultaneously track the time-varying rates at which
events are expected and the underlying time-varying network structure. In contrast,
most methods assume that the rates are a known, closed-form function of the ob-

served data and the network structure, and focus solely on estimating the network;

71



we will see that this approach is more fragile with respect to modeling errors. Ad-
ditionally, due to the streaming nature of our algorithms, we are in a regime where
we can easily do forecasting, which is valuable in financial, epidemiological, seismo-
logical and other networks. Our algorithms create an estimate of the process rates
at every time before seeing the actual events at the time. Therefore, the online
framework allows us to do one step ahead forecasting. This would be much harder
to do using previous methods which learn networks in Hawkes processes, because to
do prediction all the previous data would have to be processed, which is computa-
tionally intensive, and then projected forward to new time points. These methods
would either have to be run at every time point, which is computationally infeasible,
or would only be run a few times and not be able to track short term changes in the
network.

The remainder of the chapter is organized as follows: Section 4.2 introduces the
basics of the Hawkes process and a mathematical description of our learning objec-
tive. Section 4.3 reviews some of the basics for online learning with dynamics in
and why it should be applied to this setting. Section 4.4 then describes the time
discretized loss function and dynamical model which corresponds to the Hawkes pro-
cess which are needed for our online learning framework. Section 4.5 introduces our
two proposed online algorithms for tracking these processes, one which assumes the
network is known and is based on the DMD algorithm (Algorithm 2.1) and one which
attempts to learn both the time varying-rates as well as the network simultaneously,
based on the DMD in exponential families algorithm (Algorithm 2.3). Section 4.6
has a brief discussion on the computational complexity of the methods. Finally Sec-
tion 4.7 shows how our methods perform in practice on synthetic data both when
the generative model is known and when it is misspecified, as well as experiments

performed on the Memetracker data set. Proofs are placed in the appendix.
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4.2 Problem Formulation

We monitor p actors in a network, and record the identities of the actor and time of
each event. An actor and event may represent a person “liking” a photo or article
shared by another person in a social network, a neuron firing in the brain, or the
incidence of disease. That is, we observe a time series of the form {(k,,7,)},, where
kn, € {1,2,...,p} is the actor involved in the n'" event and 7,, € R, is the time at
which it occurs. With each new event, we wish to accurately predict which events
are most likely in the immediate future and the underlying network of influence. We
define 7 £0.

We wish to track the time-varying rate for each of the p actors. To do so, we
adopt a multivariate Hawkes process model [11; 12; 13] and track the parameters of
this model over time. In particular, for each actor k we have a point process with
time-varying rate function p (7). Let Ny . denote the number of recorded events for
actor k up to and including time 7, and let NTé 2221 Ni - denote the total number
of events (across all actors) up to and including time 7. The likelihood of actor
k participating in an event between times t; and ¢y is controlled by the integral
S:f g (7)dT. More formally, the collection of all observed events up to time 7" can be

denoted

HT é {Nk,ﬂ'}ke{l,...,p} .
7€(0,T7]

The log likelihood of observing HT given the p rate functions yu(t) for k € {1, ..,,p}

is then [102]
Nrp P T
log p(H" |12) = > log i, (1) = f i (T)dT. (4.1)
n=1 k=10

Thus far, everything explained is common to a wide class of point processes. The

multivariate Hawkes processes considered in this paper are essentially an autoregres-
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sive point process, where each rate function p(7) depends on the history of past
events, H™. In particular, a multivariate Hawkes process assumes the rate functions

can each be expressed as

N-

pr(T) = ik + Y P, (7 = 7). (4.2)

n=1

Here iy, is a baseline rate representing the nonzero likelihood of actor k acting even
without having been influenced by any previous actions, with ji = [fi1, .y i) T Fur-
thermore, we have p? functions of the form hy, x,(7) which describe how events asso-
ciated with actor ko will impact the likelihood of events associated with actor k;. In
order to assure causality we assume hy, ,(7) = 0 if 7 < 0 for all (ky, k) € {1, ..., p}%
These functions depend on the underlying network connectivity; if actors k; and ks
are unconnected, the corresponding function hy, x, should be identically zero for all
T.

One of the main challenges in statistical estimation for multivariate Hawkes pro-
cesses is the estimation of these p? functions. In general, this problem is highly
underdetermined and challenging. Recent work has attempted to mitigate these
challenges using low-rank and sparse models [102; 103; 104]. In this paper, we make
the common (¢f. [83; 105]) simplifying assumption that these interactions all have

the same functional form but different (and often zero-valued) amplitudes, so that
hkl,k2 (T) = Wklkah(T) (43)

where h(7) is known but the amplitude matrix W € RE*? may be unknown. We will
refer to h(7) as the influence function, as it depicts how an action’s influence on an
actor will vary in time. The matrix W indicates the strength of influence between
actors; from a graph theory perspective, W acts like the weighted adjacency matrix

of a graph representation of the network.
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Our goal is to obtain an estimate for p(¢) as it evolves and to infer
W online from streaming network data. Furthermore, we seek methods with
performance guarantees that hold even when the observed data is not generated
strictly in accordance with the above Hawkes model. That is, while we use the
Hawkes model to measure how well estimates fit the data, we recognize that the
model will never be perfectly accurate (e.g., we may have errors in our estimate of
the influence function h(7) or the linear model in (4.2) may not reflect nonlinearities
present in real data) and wish performance guarantees even in the face of these

uncertainties.
4.3 Online Learning

As described above, we wish to estimate the rate functions p(7) for k = 1,...,p
and the corresponding likelihood of future events, based solely on previous events
and the (possibly learned) network structure. In this section, we describe several key
ideas from the field of online learning which we will leverage in our problem.

As described in chapter 2, online learning techniques are generally based on the
following paradigm: at every time point ¢ we make a prediction, receive some data,
and then do a few computationally inexpensive calculations to improve our previous
prediction. In the setting of autoregressive event tracking, this means we would
have an estimate about each actor’s likelihood of acting and then see who actually
does act. Using the previous prediction, the current actions, and information about
the network itself, we update our belief of who is most likely to act next. Unlike
traditional online learning techniques, there are strong dynamics involved in the
evolution of the system that must be incorporated.

Once again, we characterize the efficacy of §T 2 (él, 52, e ,@T) e O relative to

a comparator sequence 07 = (01,0y,...,07) € O as follows:
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Definition 4.1 (Regret). The regret of éT with respect to a comparator Oy € O7 is

Rp(07) & Y 4,(6:) = > 4,(6,).

The comparator series can be thought of as the predictions from either an oracle
with knowledge of future data or a batch algorithm with access to all the data.
Therefore, the regret characterizes the amount of excess loss suffered from the online
algorithm. Previous work proposed algorithms which yielded regret of O(v/T) for
static comparators 6y, where 6, = 6 for all t (¢f. [19; 18; 21]). Basically, these methods
can only perform well if the comparator is a single point or changes either very slowly
or very infrequently. It is this characteristic that causes most existing methods to be
poorly-suited to the autoregressive nature of interactions within a network. However,
the ability to incorporate a dynamical model like Dynamic Mirror Descent (DMD)
leads to significant improvements in performance in these dynamic environments.

In the context of multivariate Hawkes processes, a known dynamical model
amounts to knowing the exact weighted adjacency structure of the network. In many
problems the network structure may be unavailable in practical contexts, and will
need to be estimated simultaneously with the rates. This will be discussed further
in Section 4.5.2

Before defining an optimization routine specifically for multivariate Hawkes data,
we briefly review the main advantage of the DMD method [106]. Let ®;: © x W —
© denote a sequence of known dynamical models that takes as input a value in
our decision space and some side information. By including ®; in the process, we
effectively search for a predictor which (a) attempts to minimize the loss and (b)
adheres closely to the trajectory defined by ®; with side information W. In our
setting W will correspond to the known or estimated values of the network. This is

similar to a stochastic filter which alternates between using a dynamical model to
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update the “state”, and then uses this state to perform the filtering action. However,
we make no assumptions about ®,’s relationship to the true underlying parameters.
It has been shown, under mild conditions on the sequence {®;}~¢, that the regret of

this algorithm obeys the following:

Ry(07) < C\T <1 + Z_: 1041 — (I)tme))

t=1

for some C' > 0 independent of T'. This bound scales with the comparator sequence’s
deviation from the sequence of dynamical models {®,;},~o — a stark contrast to pre-
vious tracking regret bounds which are only sublinear in 7" for comparators which
change slowly with time or at a small number of distinct time instances. This is
where the large advantage of using these types of methods comes into play in au-
toregressive settings, which will generally not change slowly, but instead will change
according to some dynamic model. In order to use this framework to learn the rates
and network of a Hawkes process we need to derive two key ingredients, the loss
function and the dynamical model. These ingredients will take us from the general
setup presented in this section, to the specific application being studied. These func-
tions will be derived in the next section. Once these have been derived, we can use

and expand upon the existing theory for online learning.
4.4  Loss Function and Dynamic Model

In order to analyze and make estimates of our point process network data, we must
use the Hawkes model described in Section 4.2 to define a loss function, Bregman
divergence, dynamical models, and other ingredients of the online learning framework

described in Section 4.3.
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4.4.1  Time Discretized Loss Function

We discretize time into intervals of length 6 > 0, where ¢ is small enough that it is
very infrequent that the same actor acts multiple times in the same time window.
(For simplicity, we assume the total sensing time, T, is selected such that T/ is an
integer.) We let t = 1,2,...,7/6 index these intervals, and note Ny s is the number

of events observed in the k' process (i.e. by the k' actor) up to the end of the ¢!

interval, ((t — 1)d,6], with Ny = 0.

The value zyy = N5 — Niy(5-1) denotes how many times actor k acted during
the t™ interval, which will mostly be either zero or one for an appropriately chosen
0. The vector xz; £ EZRT a:tvp]T will be our data vector at each time point. Using
the negative log likelihood of the Hawkes process up to time dt, we can formulate
appropriate loss functions to apply to an online setting. We introduce an approxi-
mation of the Hawkes process, Ay = [A1, ..., Ap] | € RE. For this approximation and
in the rest of the paper, we denote the summation over a set of events {n : 7,, < dt}

by simply saying we sum over 7,, < dt.

Mg = ik + Y. Wi, h (6t — 7,) (4.4)
<0t

Here we define a new set of times {7,}, which are the ends of the discrete time
intervals that the events occur. These times are defined by 7,, = [72]. Equation 4.4
acts the same way as the original Hawkes process, but we do not immediately update
the rates with the events as they occur but instead push them to integer multiples of
0. Notice that although we wait until 7,, to include the event in the rate, we update
it with the full knowledge of when the event actually occurred i.e. we use h(T — 7,)
instead of h(r — 7,). Equation 4.4 suggests a loss function with analogous changes

to the original, continuous time log likelihood. We define Ly (i) to be the negative

log likelihood of the Hawkes process at time 7', and Lgﬂs)()\) to be the discrete time
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equivalent.

Lo 2 Y [ el - 3 log u, ()
k=10 n=1

p T/6 T/6
~ ) (Z s — > wexlog )\t7k> SN (4.5)
k=1 \t=1 t=1

This new loss function is based on replacing the integral term with a summation and
replacing fig, (7,,) with Az, 5k, . Both of these substitutions become closer to the truth

as 0 — 0. In Lemma 4.2 we characterize the difference between the two functions.

Lemma 4.2. Given the influence function h(1) = a"1;~q and data with a mazimum
activity rate of xmax events per actor per unilt time, the negative log likelihood of
the true Hawkes Process, given in FEquation 4.1, and the approrimate negative log
likelithood for the discrete time rate, given in Equation 4.5, both generated by the
same matriz W and vector ji with all elements 0 < W;; < Wi, there exists a

constant C' > 0 depending on Tmax, P, Wmax and o such that
|[Lr(p) = L3(A)| < CNr.

Remark: For a general influence function h(t) which is Lipschitz on (0, T], a similar
proof gives a slightly higher bound of C(T Npd+ Ny log(1+ Npd)). As we focus mostly

on h(1) = a™1j~q), we show the bound for this specific function.

This Lemma says that if § is set small enough, the discrete approximation can
be used in a learning algorithm, without many errors coming from the discretization
approximation. However, the smaller ¢ is the more frequently the rates will have to
be updated, leading to a higher computational burden.

The proposed method uses the loss function:

Ci(N) = — Qog(6M), 21> + (6A, 1. (4.6)
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Here and for the remainder of the chapter, log and exp of a vector are assumed to
be taken element-wise. Notice that L3(X) = S7/° 7,(\) + {x,10g ), and thus the
total cumulative loss is the summation of instantaneous losses and a term which is
independent of the rate estimate. We now introduce a change of variables, defining

0, = 011, ... Ht,p]Té log(dA;). Using this change of variable gives a loss function in

terms of 6.
1

006, = ¢, (5 exp(@t)> = —{O;, x4y + (exp(6;), 1). (4.7)

It is important to note that this is a one-to-one relationship between ); and

0;, and thus we may operate in either the A or 6 space. Notice that Equation 4.7
corresponds to the negative log-likelihood of an exponential family distribution of

the form
pe(0) = exp {0, z,) — Z(6)}

where we omit factors depending only on x; and not 6, and where

Z(0)=2 logfexp{@, z)tdx

is the so-called log-partition function. Important to our analysis is the dual of the log-

partition function, Z*(6A)= sup{(d\, 6> — Z(0)}. In our multivariate Hawkes setting,
0o

we have Z(0) = {exp(f), 1). Performing online optimization in the § parameter space
allows us to exploit several properties of exponential families, as described in general
settings in [47] and in our specific context in Section 4.5.2. In particular, we will use
the following facts:

VZ(0) =exp(f) = oA

VZ*(6N) =log(dN) =6

We list some important properties of the loss function ¢;(6) that will be used in

the proof of the regret bounds, in section 4.5.
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e We assume a convex set of possible rate functions A\ € [Apin, Amax|F with

Amin > 0, and therefore the feasible set for 6 is equivalently © =

[10g(d Amin), log(d Amax ) P-

e We will assume that there is a maximum number of times each actor can
act per time unit, .., and the observations space X is simply [0, dZyax]?-

Furthermore, on the set ©:
IVEO)]2 <l exp(0) ]2 + ]2

<\/]36(>\max + $max) (48)

e The function Z(6) = (1, exp(h)) is strongly convex on © with strong convexity
parameter O\, with respect to the f5 norm. Therefore the Bregman diver-
gence induced by Z obeys the following:

D(6:]65) =Z(6,) — Z(6;) — (N Z(0,), 6, — 6) = 0 Amin

|60 = 0202 (4.9)

e The Bregman divergence induced by Z(0) = (1, exp(#)) is always non-negative

and can be upper bounded for any 6,60, € ©:
D(0,(02) =Z(01) — Z(02) — <NV Z(63),0, — 0s)
<(VZ(6) —VZ(0s),0, — 03)
<[VZ(61) = VZ(05)]2]02 — b2l

lo ﬁ

2
< Dol (4.10)

2 )\min

=0 A1 = Aol2

4.4.2  Dynamical Models

In order to use the DMD framework, we model the autoregressive nature of the

Hawkes process using a series of data-dependent dynamical models, &)t, which update

a rate parameter A given a weighted adjacency matrix W and the previously observed
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data H!. We can model this dependence using the dynamical model

q)t(>\, W) = At}\ + Wyt + Ct,

for X\, y;, ¢ € RP) Ay € RP*P and W e REP. If we let A, = BI for some f8 € [0, 1],
where [ is the identity matrix, it suggests that our dynamical model causes the rates
in A to decay at a rate depending on  in the absence of other effects. The term
Wy, allows us to model autoregressive effects. In particular, the matrix W could
correspond to a weighted adjacency matrix associated with the network of interest,
and y; could contain information about previous events as specified below. More
generally, we might replace the term Wy, with Y7 ' Wy, _, for an m™-order process
if we thought there should be some latency in the response times for pairs of actors.

Recall that the influence functions h(7) describe how the causal influence between
actors varies over time. Dynamical models for various forms of h(7) can be developed
for the time discretized multivariate Hawkes process described in Equation 4.4. First,
a general function h(7) is considered, with some mild assumptions, and then is used

to derive models for some specific choices of h(7).

e General influence functions: We assume (1) is a continuous, non-negative
function on 7 > 0. Additionally, we assume if h(B) = 0 for some B > 0, then
h(B+t) = 0 for any ¢t > 0. Finally, let e, € R? be a vector of all zeros, with a

single 1 in the k" entry indicating the actor involved in the n'* action. Then
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we derive the following dynamical model:

Myt =i+ > Weph(6(t+1) —7,)

Tn<d(t+1)
=i+ Z atn Wey, h(5t — 7,)
Tn <Ot
+ Y Weg, h(5(t +1) — 7,
:ﬂ + At Z Weknh(ét — Tn) + Wyt

=A\ + Wy + (I — Ay)ji

In the above we have used the following values a;,, A; and y;:

. {1, (6t — 1) =0
Atn= N h(s(t+1 —Tn
h(ot+1)—7n) h(( 6:7)7,1) ), else
(1, > Wi, (8t — 1) = 0
Tn <Ot
At,ké 4 _Z at,nthnh(ét — Tn)
Tn<5t ; else
Z kaknh(ét — Tn)
T <Ot

\

A = Diaug(Am7 Ao, ..., At,p)

Y= Z ek, h(6(t +1) = 73)

=0t
Thus, we have the dynamics in the desired form.
A1 = QA W) = AN + Wy + (I — A)pi
Notice that in general A; may be a function of W.

e Rectangular influence functions: Using the above framework, dynamical

models can be worked out for the specific instance when h(7) = 1< <p] for
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some positive B > d. We first show the values a; .

. L 1[0<6t—7—n<B] = 0
at,n -
Ljo<s(t+1)—rn<B]/L{o<st—ra<B],  €lse

=Llr.<st-B] + 1[r>s(41)-B]

This leads to the following form of A .

L Y, Wik, =0

57’-n<6t
t—Tn<B
A = a |
D Wik D) Wi, else
Tn <Ot Tn <Ot
0(t+1)—B<Tn 0t—B<tn

Notice that the elements of A;, are the weighted ratio of how many events
influence the current rate compared to how many events influence the rate at

the previous time point. Importantly, notice that A, < 1.

¢ Exponential influence functions: Here we consider influence functions of
the form

h(T) = OéT]_[T>0]
for e (0,1). We then have

Mot =fit+ Y. Weph(5(t+1) - 7)

Tn<d(t+1)

:,a + Z Wekn Oé(;(tJrl)an

Tn<d(t+1)

:ﬂ+a5 Z W@knO[(St_Tn + Z Weknaé(t+1)—7'n

T <Ot Tn=0t

=(1—a’)ii+ o’ + Wy,
yielding the dynamical model

O\ W) =X+ Wy, + (1 — o).
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e Delayed exponential influence functions: The exponential decay might
be a reasonable influence function, however reactions might not always be able
to take place immediately. To model this we use h(7) = o™ P 1{,~ p) for some
positive delay D > §. In this scenario, a similar dynamical model can be
derived as with the exponential decay, but with slight change in the additive

Wy, term:

At =i+ Y We, oD Pl ooy
Fa<d(t+1)

=7 + Z Weknaé(tJrl)an*D

Tn<d(t+1)—D

=i+ a’ Z Wey, a®=™=P
Tn+D<dt

+ Z Wek;n aé(t+1)—Tn—D

St<Tr+D<S(t+1)

=\ + Wy, + (1 - )

14 6(t+1)—1n—D
we o) ewa™
§t—D<Tn<8(t+1)—D

This takes the same basic form as the non-delayed exponential, but with a
slightly different term y; instead of y;. Also, notice that when D is equal to §
these equations become equivalent to the non-delayed version, suggesting that
the time discretization is creating estimation error on the order of a slight delay

in the influence function.

In the general setting, the dynamical model is written in the form
S\ W) = AN+ Wy, + ¢ (4.11a)

for some linear operator Ay, a vector y; which is a known function of A and previously
observed data, and a known constant ¢;. In the following, we assume a generic dy-

namical model of the form (4.11a). Furthermore, note that an equivalent dynamical
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model can be defined in the # parameter space as
®,(0, W) = VZ*(6D,(VZ(0)/5,W)). (4.11b)

The first method we present will depend on the ease of computation of the matrix
Ay, and if many observations need to be held in memory to compute A;, then the
methods could be quite slow. However, if the influence function is the exponential
decay or the delayed exponential decay, then A, is constant in time thus we only need
to compute it once. Another important feature of both the exponential decay and
delayed exponential decay functions is that the linear operator A; does not depend
on the values of the matrix W. It is this separation that will allow simultaneously

estimation of the rates, A and the values of W.
4.5 Proposed Algorithms

Our main contribution is to propose two algorithms, depending on whether or not
the weighted adjacency matrix W is known, and we show relevant regret bounds for

both.
4.5.1 DMD Algorithm - W Known

We first show a method for tracking the rate vector \; from streaming observations
xy for t = 1,2,...,T/9 using Algorithm 4.1. The basic idea is the following: at time
t we start with the current rate estimate Xt and the dual, @. We then observe z;
and incur the loss ﬁt(@). Based on this incurred loss, we update our prediction of
the quantity §t+1, which can be thought of as an a posteriori estimate of the dual at
time ¢, given all the data up to and including ¢. From here, we make our prediction
of the rate at the next time by applying our dynamic model, ®;, and converting back

to A parameter space.
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Algorithm 4.1 MV Hawkes Tracking - W Known

1: Initialize ;\1 = [, 91 = log 55\1
2: fort=1,....,T/§ do
3:  Observe z; and incur loss £;(\) = (1,0 ) — (&, log(0N))
4: Set 0,1 =argminn, (VL (6;),0) + D(6)6;)
0cO©

5: Set §t+1 = (Dt<§t+17 W)

6:  Set Xtﬂ = exp(§t+1)/(5
7. end for

Before proving regret bounds for this algorithm, we note that the dynamical func-
tions ®; must be contractive for the algorithm to have provably good performance.
By definition, we say that a dynamical model, ®; is contractive with respect to the

Bregman divergence D on the set © if for any 6,6, € © we have:
D(Dy(01, W)|| (02, W)) — D(61]|62) < 0.

This is a condition which works to ensure some amount of stability in the output
sequence by preventing small estimation errors at any one time step from getting

worse and worse as the algorithm continues.

Lemma 4.3. If the dynamical model ®,(0, W) = log (A;exp(0) + b;), where A; is a
diagonal matriz with all elements in the range [0,1] for all t and by > 0, then Oy is

contractive with respect to the Bregman divergence induced by Z(0) = (1,exp(0)) on
© = [log(d M min), l0g(0 Amax)]?-

All the dynamical models we have proposed satisfy the conditions that A; is
diagonal. Additionally, b; > 0 as long as all elements of W and i are non-negative
and h(t) = 0. The most restrictive assumption that this lemma makes is that the
elements of A; are upper bounded by one, which is true if h(t) is non-increasing after
the initial impulse.

Using Algorithm 4.1 combined with the fact that the dynamics are contractive,

leads to the following result, which bounds the amount of excess error of the output
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sequence generated by the algorithm compared to any comparator sequence.

Theorem 4.4 (Tracking regret of Algorithm 4.1). Using the Bregman divergence
induced by Z(6) = (1,exp(0)), and a contractive dynamical model ®,(0, W) for all t,

if we choose n; proportional to either 1/+/t or 1/5/T/3, then there exists a constant

C > 0 depending on 9, p, Tmazs Amax aNd Amin Such that the regret of Xl,Xg, ...,XT/(;
generated by Algorithm 4.1 for any data sequence x1,Zs,...,Z7/5 € [0, Tmax]? with

respect to a comparator sequence Ay, ..., A\r/s € [Amaxs Amin [P s bounded by:

t=1 t=1

T/s T/§
Zl@()?t) —6(\) <C (1 + D A1 — &’t()\t)b) VT,

There are a few important things revealed by this regret bound. The first is that
if the complexity measure of the comparator sequence relative to the dynamics P,
is low, then the algorithm has +/T regret, which is sublinear as desired. Secondly,
no assumptions have been made about how the comparator sequence A was actually
generated. Instead we simply measure how well it is approximated by a Hawkes
process with dynamics dictated by ®,. Therefore, if the true process acts like a
Hawkes process, there will be low regret, but if the sequence is not generated this
way or is generated as a Hawkes process with different parameters such as a different
W matrix, or a different influence function, we have an understanding about how

much this will influence the performance of the algorithm.
4.5.2  Proposed Algorithm - W Unknown

When the influence function h(t) was a decaying exponential function, the dynamical
model used had the form CTDt()\, W) = A+ Wy, + (I — Ay)ji, where A; = o°l was
independent of the value of W. This fact paired with the additional assumption that
the solution to line 4 of Algorithm 4.1 is a point on the interior of O, allows for a

method of tracking both the rates A, .., A7 as well as the matrix W. We denote
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A§W) as the estimate at time ¢ of Algorithm 4.1 using matrix W in line 5. When the

solution §t+1 is on the interior of the set ©, the value of Xﬁ_‘ﬁ) takes the form:

~ ~ X
A = (1 =) A 4+ mozégt + Wy + (1-a)p (4.12)

It is this closed form solution that leads to Lemma 4.5. It would seem that the
assumption that @H € Int(@) would be very restrictive. However, since we are
already assuming that there is a maximum amount of times any actor can act per
unit time of Tpyay, setting Apax = Tnax insures the condition on 9~t+1. Therefore, our
space © would be a bounded region, but the solution of line 4 would always be on

the interior of this feasible set under the same assumptions as Theorem 4.4.

Lemma 4.5. If Algorithm 4.1 is run separately for Wi and Wy producing estimates
ngl) and X§W2) respectively at time t, with the dynamical model ®,(\, W) = o’ +
Wy, + (1 — )i, and assuming that the value @H is always in the interior of ©,
then at any given point in time the predictions of the algorithms corresponding to W

and Wy will be related in the following way:
30730 4 (0 — W)k,

with

K =(1- Ut)OéaKt + Yt K, =0.

Using this Lemma, the losses that would have been incurred with a different
weighted adjacency matrix W can be calculated and used to update Wt using gradient
descent, yielding I//[\/t+1, as described in Algorithm 4.2. To do this, a convex feasible set
of influence matrices, denoted VW, must be defined. For instance, we might consider
families of sparse W

W= (W eRT: W], <},
or even W with partially known support (i.e., prior knowledge of a subset of the
elements of W that are zero-valued). First, the prediction Xtﬂ is updated using the
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Algorithm 4.2 MV Hawkes Tracking - W Unknown
1: Initialize Wl =Wy, K1 =0, Xl =[
2: fort=1,....,T/§ do
3:  Observe z; and incur loss ;(\;) = (1,0 — (&, log dA;)
4: Set /\t+1 = (1 — 7]t>/\t + T]tl’t/6
5. Define y,= 2 ep, h(0(t +1) —7,)
Fu=0t
6:  Set g(W) = L(A") = (1,60") — (o, log OAM)
7. Set Vg,(W) = 61K, — Diag(\}"*) a K[
8 Set Wiy = projyy (W, = pi V(W)
9: Set Kt+1 = (1 — nt)OéaKt + Yt

10: Set Apyr = Pr(err, Wo) + (Wipr — W) Koy
11: end for

previous estimate of the network, Wt. Then the estimate of W is updated, and the
transformation described in Lemma 4.5 is applied.

The next result establishes tracking regret bounds for Algorithm 4.2:

Theorem 4.6 (Tracking regret of Algorithm 4.2). Let ®,(\, W) = o’ X+ Wy, + (1 —
)i with 0 < a <1 for all W and t = 1,2,...,T/5. Additionally, let the sequence
XI,XQ,...,XT be the output of Algorithm 4.2, and let A1, Ao, ..., A\p be an arbitrary
sequence in [Amin, Amax|?- If we set m; and p, both proportional to either 1/+/t or
1/\/m, then for any data sequence x1,...,xr/s N [0, 0Tmax|? With Tmax < Amax,
there exists a constant C' > 0 which depends on 0, p, Tmaz, Amax and Amin sSuch that
T/§ T/§ T/5
;gt(xt) - ;Zt(,\t) <C (1 + VI&%; [Aer1 — DA, W)”Q) VT
This theorem is proved in Appendix 4.9.6. This bound says that running Algo-
rithm 4.2 achieves an average per-round loss which is nearly as low as what would
have been achieved with access to all data to choose the optimal time-varying rate
vectors with a batch method. The gap between the losses of the proposed method

and the losses accrued with a batch method scale with how closely the batch output
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(i.e., comparator sequence) follows the dynamical model associated with the best es-
timate of the social network structure as encapsulated by W. For instance, imagine
that there existed a true, fixed W representing a social network, and an oracle used
this W to estimate a sequence of rate vectors which followed the model in (4.11a)
exactly and, subject to that constraint, minimized the sum of losses. For that or-
acle, the variation 317" [Ar11 — @, (A, W)[2 = 0. Clearly such an estimator is not
practical because we do not know W and are operating in an online setting. Despite
these disadvantages, the difference of the average per-round losses of Algorithm 4.2
and the oracle estimator scales like 1/ VT, so that as T — oo, the performance gap
between the two methods vanishes.

These bounds do not rely on any assumptions about the data actually being
generated by a multivariate Hawkes process or even being stochastic (which would
be a fallacy in any real-world application). Rather, the ideas underlying the mul-
tivariate Hawkes model are used to generate a loss function and dynamical model.
These values are used to characterize how well our methods perform tracking in an
online setting relative to how well any other method might perform on the same
set of observations. Further, the comparator sequence against which performance
is measured might be computed in batch (rather than online) or using significantly
more computational and memory resources than are required by Algorithm 4.2.

The intuition behind why this method is robust to model mismatch can be seen
in the algorithm itself and in the regret bound. Notice in line 4 of the algorithm,
we are directly adjusting our estimate of the rate, prior to adjusting the network
weights. Because we are adjusting not only our estimate of the network weights and
directly calculating the resulting rate, our sequence of estimates is allowed to deviate
from a pure Hawkes process. This amount of deviation can allow us to be more
flexible to combat the errors due to model mismatch. Additionally, the form of the

regret bound tells us that the method will perform competitively against any set of
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comparators that nearly follows the dynamical model. Therefore if the generative
model is similar, although not exactly a Hawkes process, then this variation term

will still be low, and result in low overall loss.
4.6 Computational Complexity

One important feature of the proposed method is the low computational cost per
iteration. Algorithm 4.2 performs the tasks of estimating both the current intensity
Xt € R? and the network relationships Wt € RE*P. A brief examination of lines 3
- 6 of the algorithm shows mostly vector operations on length p vectors, requiring
O(p) operations. The main computational burden of the algorithm comes in line 7,
with the matrix multiplications requiring O(p?) operations and in line 8 projecting
on to the space W. Without the projection step, this leaves the algorithm at an
overall complexity of O(p?) to estimate p® + p values. Depending on the space W,
the algorithm may be slower. For instance, a reasonable space would be the space of
matrices with a bounded nuclear norm, which requires computing a singular value
decomposition at each step requiring O(p?) operations. Projecting onto other spaces,
such as an £ ball with some radius, would only require O(p?) operations, maintaining

our baseline complexity.
4.7 Experimental Results

In this section we present several experiments to demonstrate salient features of the
proposed algorithms. We first focus on the scenario where the network influence
matrix, W, is known. In this scenario the important observation is that our method
is more robust to model mismatch than just calculating the rate directly from the
observations, assumed influence function and matrix W. The next set of experiments
demonstrates Algorithm 4.2 for unknown W on synthetic data and demonstrates

how it can be used to learn both rates and the network of interest. Finally, we use

92



Algorithm 4.2 to analyze six months of Memetracker data corresponding to posts by
a selection of well known news websites to try to determine what relationships exist
amongst these organizations.

Throughout this section, we compare our method to the classical online learn-
ing algorithm Online Gradient Descent (OGD) used to learn the network W. This
method is described formally in Appendix 4.9.7. One alternative algorithm to learn
the network would be to simply count all the times one process has an event im-
mediately after another process had an event, with larger counts corresponding to
larger influence. OGD uses a current estimate of the network, and then uses the
loss function and the assumed influence function, to update the network estimate in
the direction of the most recent data point. Therefore the estimate is a weighted
average of previously seen data, with more weight put on more recent data. In this
way OGD is basically the same as the counting process but with more information
put into the system. We compare against this method and show in several ways that
our method performs comparatively when both methods know the correct influence
function, but our method performs better when model information is misspecified.

One challenge of online methods is the tuning of the step-size parameters, in our
case n and p. In all of our experiments, we measure the effectiveness of the step-size
based solely on accumulated loss on a small subset of the data. For instance, given
a new dataset, we could run the method several times on the first 5% of the data
with a range of step-size parameters, observe the total accumulated loss, and choose
the parameters which minimize the loss over that time empirically. The basic setup
of online learning protects us from over-fitting because setting step-sizes too large
would push our estimates very close to the immediately preceding observation, which
would cause large loss on the next observation due to over-fitting. Conversely, very
small step-sizes would not adapt or learn the parameters at all, also causing high

accumulated loss.

93



Throughout this section we plot several curves of interest to demonstrate the effi-
cacy of our methods. The first is the average per round loss of estimates Ay, Ag, ..., A\
at time ¢ defined as %2321 (-(\;). The next metric is excess cumulative loss with
respect to a comparator Af as 3)°_, () — SL_, £,(\F), where the comparator will
usually be the true underlying rate if known, or the rate calculated from Algorithm

4.1 with the true W matrix. Finally, we plot a moving average curve of excess in-
stantaneous loss, defined at time ¢ as 3 Z?:/g_l (Zt_i()\t_i) - lz_i()\;“%)» for a time

window of width D.
4.7.1 Model mismatch, W known

For our first experiment, 1000 data points were generated in a two-actor network (p =
2), with W an identity matrix scaled by 3/4, the influence function h(t) = e "1~
and ji randomly generated uniformly on [0,.01]?, using the method of [105]. The
data was then processed in several ways. The first was to calculate the discrete time
rates using an incorrect influence function, h(t) = (2¢)"1j1>q), without doing any
learning. In other words, a rate is estimated by plugging observation event times into
Equation 4.4 and using W, A(-), and fi. We will call this method direct calculation.
However, we expect suboptimal performance due to the fact that h(t) # h(t). This
method is compared to the output of Algorithm 4.1 with the same, incorrect h(t)
function, with § = 0.1 and 1, = 5/4/T/4, to show that robustness to model mismatch
has been added. These results are shown in Figure 4.1. The first plot is compared
to the losses of the continuous and discrete rates calculated with the true generating
parameters, as described in Equations 4.2 and 4.4 respectively.

Another experiment was run on the same data, generated using h(t) = e "1,
and the same true W matrix, but this time the influence function used to estimate
the rates was iz(t) = 1jo<t<5] and all other parameters are kept the same. These

results are shown in Figure 4.2. Again, learning the rates instead of performing
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FIGURE 4.1: Performance of Algorithm 4.1 using an incorrect exponential decay in-
fluence function. Tracking the rate instead of just calculating it from known network
values and the assumed influence function leads to better overall performance.
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FIGURE 4.2: Performance of Algorithm 4.1 using an incorrect rect influence function.
Again, tracking the rate has added robustness to misspecified system parameters.

direct calculations using an incorrect influence function, has added more robustness

to model mismatch.
4.7.2  Learning W

In the next set of experiments, the ability of Algorithm 4.2 to learn the network
structure and rates from just event timing data is tested. A network of 100 actors
(p = 100) is used with a true underlying network generated with a small number
of actors each with extensive influence. This network, shown in Figure 4.3, was

generated by randomly selecting a few actors to be influential, then giving them
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FIGURE 4.3: True network used to generate event times. Each pixel represents the
influence the actor represented by the column has on the actor represented by the
row, with lighter colors meaning more influence, and black meaning no influence.
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with DMD estimate with true pared with DMD with true W
W used as comparator. used as comparator with time

window of D = 10000.

FIGURE 4.4: Performance of Algorithm 4.1 with different values of W, compared
to Algorithm 4.2. Both our method and Online Gradient Descent (OGD) learn the
structure of the true network and has performance that approaches Algorithm 4.1
with the true value of W.

a random, high amount of influence, and giving everyone else a random, but low
amount of influence. The smallest edge weights of the network were set to 0, such
that about 50% of the the edge weights were non-zero. Finally this matrix was
normalized such that it had a maximum singular value of 0.8 for stability.

Similarly to the previous section, the value of p was uniformly generated on
[0.001,.01]7, and the influence function used was h(t) = e *1j;»0; and § = .01. Using
these parameters, 100,000 event times were generated. Algorithm 4.2 was then run
with 7, = 7/4/T/6 and p = .0055/+/T/5. Figure 4.4 shows the results for Algorithm

4.1 where the value of W used was the generating value, and where W was all Os.
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FIGURE 4.5: Performance of Algorithm 4.1 with different values of W, compared to
Algorithm 4.2. When the system parameters are misspecified, our method outper-
forms OGD on W in predicting likelihood of actors participating in events.

Time.

We compare these two to the result of Algorithm 4.2 and estimating W using OGD
with step size p;.

The important feature of Figure 4.4 is that the results of Algorithm 4.2 start
poorly when the estimate of W is bad, but as more and more data are revealed,
the loss approaches the loss of the algorithm with full knowledge of the true matrix
W as predicted by Theorem 4.6. Additionally, the performance of Algorithm 4.2
very closely mirrors the performance of using OGD to estimate W directly and using
that to get an estimate of the instantaneous rate using Equation 4.4. This shows
again that in the case where the influence function is known precisely, little is lost
by tracking both rates and the network.

Using the same set of event times, another set of trials was run, this time us-
ing a mismatched influence function B(t) = .9"1p-¢), and otherwise all the same
parameters. The results of these trials are shown in Figure 4.5. In these results,
the performance is not as accurate as when the ground truth influence function was
known, but Algorithm 4.2 steadily outperforms directly estimating W using OGD,
again demonstrating that our method has added robustness to poorly specified pa-

rameters.
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FIGURE 4.6: Estimates of the underlying network using Algorithm 4.2 and OGD
with both correct (a,b) and incorrect (c,d) influence functions. Our method captures
more of the network structure when influence function is misspecified.

Additionally, how well the networks have been estimated can be examined, both
with the correct and incorrect influence function. The final estimates of the networks
are shown in Figure 4.6. The estimates recover the vertical striping characteristic of
the true network. When the influence function is known correctly these structures
are more pronounced, and the networks produced by Algorithm 4.2 and OGD on W
are very similar. However, when the influence function is misspecified, our method
still recovers the vertical bands whereas directly performing OGD on W has failed
to recover many of these bands.

We also observe how well the significant elements of the network are recovered
by setting various thresholds and declaring all elements of the estimate above this
threshold as significant relationships in the network. These relationships are then

compared with the true, non-zero elements of the network to generate ROC curves
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(a) ROC Curve for Full Support (b) ROC Curve for Largest 500 Elements
FiGure 4.7: ROC Curves to demonstrate the method’s abilities to find the signif-
icant relationships in the network. Again, Algorithm 4.2 and OGD on W perform
very similarly when the h function is known, but Algorithm 4.2 does better when it
is misspecified

for each method. This curve is computed both for the full W matrix and just the
largest 500 elements of IV as baselines. We choose to also focus on these largest edge
weights as they represent the majority of the total weight in the network. These
ROCs are shown in Figure 4.7, which show our method’s increased ability to find
the important relations in the network compared to OGD.

As a final test of how well we are learning the matrix W, instantaneous esti-
mates, I//I\/t, are used to compute the total loss of the entire data using this matrix
as in Equation 4.5. As more data are revealed, each estimate is produced with an
increasing amount of training data and then tested on the full data set. Each esti-
mate approaches the cumulative loss of directly calculating the rates with the true
matrix . These batch losses were all calculated using the true influence function,
and are shown in Figure 4.8. Our online method is decreasing the overall loss and
approaches the same performance of knowing the true network. Additionally, the

estimation with the generative influence function is very similar for Algorithm 4.2

99



10°
5.85 (- T T T T T T
——Alg4.2
= =0GDonW
——Alg 4.2, Mismatch
———OGD on W, Mismatch
True W

5.8

Loss

56 L L L L L L
0 2 4 6 8 10 12 14
Time x10%

FIGURE 4.8: Batch loss of network estimates. As more data are revealed each
method’s performance improves. When the influence function is known precisely

our method and OGD on W both perform well. When the influence function is
misspecified our method outperforms OGD.

and OGD on W, but our method performs better than OGD when the influence

function is misspecified.
4.7.8  Memetracker

For the final experiment, we used the raw phrases Memetracker [107] data
set (http://www.memetracker.org/data.html) and extracted every post from web-
sites analyzed by the authors as reporting a high percentage of important news
(http://www.memetracker.org/lag.html). These 217 distinct websites made up our
network of interest. We extracted the posts from these websites for a six month span
from August 2008 through the end of January 2009, totaling over 3.5 million events.
The only information considered was which made a post and at what times, without
using information about content or links. The event times were on the resolution of
1 second intervals, and thus we chose d = 1 sec.

Algorithm 4.2 was run on this data to learn influences within the network and
validated with the delays discovered in the lag time of stories being reported. We

used the data from the first half of the first month as a test set to tune parameters and
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found that o = .995,7 = 6.1 x 107 =, p = 6.1 x 1079 and i = 2 x 10~° accumulated
relatively low loss. Using o = .995, which corresponds to a reaction’s “half-life”
being about 2 minutes and 20 seconds, is long enough time window for meaningful
reactions to take place, but not long enough for many significantly different topics to
be published. It is worth noting this performance focuses on immediate dependencies,
and thus we work on the scale of minutes, whereas the average lag times are reported
on the scale of hours, and thus we are more likely to discover which organizations
publish content faster, rather than finding websites which are likely using others as
references.

The websites were ordered based on their average lag time described on the
Memetracker results, from smallest to largest. Therefore, we expected many of the
significant relationships to be beneath the diagonal. Recall W; ; reflects influence of
actor j on actor ¢. Because the actors are ordered from smallest to largest lag time,
we expect larger elements W; ; to have 7 > j, which corresponds to more significant
relationships being beneath the diagonal. Relationships are declared “significant”
when W; ; is above a threshold. Figure 4.9 shows the number of significant relation-
ships across a range of thresholds. For most choices of threshold, more significant
relationships are below the diagonal.

We found that among the 20 most influential websites were dailyher-
ald.com, washingtonpost.com, post-gazette.com, denverpost.com, news.bbc.co.uk,
and cnn.com. All of these are either local news organizations in major metropoli-
tan areas or important national news organizations. Among the top dependencies
were apnews.myway.com reacting to dailyherald.com, elections.foxnews.com reacting
to washingtonpost.com and mcclatchydc.com reacting to washingtonpost.com. The
first two pairs are examples of large national organizations being slower to respond
than local sources. Alternatively, the third pair is an example of two local news

sources, where the organization with more journalists is able to publish faster than
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FIGURE 4.9: Amount of relationships above a threshold for the network learned
using the Memetracker dataset. For most choices of the threshold, there are more
relationships that are greater than the threshold above the diagonal than below.
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a competitor with less journalists.

4.8 Conclusion

In many real world applications, such as social, neural and financial networks, actions
by actors at one point in time will influence the future actions of others in the
network. In these applications it is beneficial to estimate the likelihood of each actor
acting at any given point in time, given only timing information about previous
occurrences. This task is particularly challenging when data are streaming at a rate
that precludes traditional batch processing methods. We have proposed two online
methods for tracking the time varying rates at which actors participate in events;
one method for when the underlying network is known and the other for when it is
unknown. Relevant regret bounds for both methods scale with the deviation of a
comparator series of point process rate or intensity functions, with no assumptions
on the actual generative model of the data. These methods were tested using both
synthetic and real data to show that they successfully track the intensities of interest,

can recover the underlying network structure, and are robust to model mismatch.
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4.9 Appendix of Chapter 4
4.9.1 Lemma 4.7

The proof of Lemma 4.2, which compares the loss of the continuous time and discrete

time autoregressive rates, relies on the following relationship.

Lemma 4.7. For 0 < a <1 and § > 0 the following inequalities hold:

-1 dal -1
— 5 < < .
log() 2 " 1—a% " log(a)

(=%}

(4.13)

Proof: The proof starts with the following observations:

i 5ol -1
im =
-0 1—a’ log(a)

0 6o’ o —a® + 6a’log(w)
b1 —ad (1—ad%)?

Because all three terms in Equation 4.13 are equal when 6 = 0, showing that the

derivative of

1‘5_0‘:6 with respect to J is between —% and 0 suffices to prove the Lemma.

The upper bound stems from the following inequality:

1+ dlog(a) <o’

— 1—a’ +dlog(a) <0

0 6a’ a® —a® + 6a’ log(a)
_ = < 0.
051 —al (1—ad)?

1 0

The proof of the lower bound requires the analysis of another function, o’ — a™°.

%(O/S —a7%) =log(a)(a® + a™)

2
(9%(045 —a”’) =log*(a)(e’ —a~’) <0 for § >0

Because this function is concave for § > 0, the following inequality holds:

o — a7 < 25log(a)
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which simply says that for 6 > 0 the function lies below its tangent line at 6 = 0.

This inequality can be used to derive the desired lower bound.

a® —a™ < 26 log(a)

o2 _
— < 6a’ log(a)
2 6 20 1
— % <a® —a® + 60’ log(a)
1 o’ —a®+d8a’logla) 0 dad
_ — — <

(1— ad)? T 51— ad

Therefore, the derivative of % is between —% and 0 for § > 0and 0 < a < 1,
which combined with the limit statement, proves the Lemma.

4.9.2  Proof of Lemma 4.2

This proof shows that the negative log likelihood of the true underlying Hawkes
process (Equation 4.1) given an excitation matrix W, differs by a factor proportional

to 0 from the discretized version (Equation 4.5).

P T P /s
pr(T)dT — Z log puk,, () Z Z Ok — Top log A
— Jo =1

P T T/s
> ( J p(r)dr =Y 5/\t7k>
k=1 t=1

0

p T/o

ZZfEtkIOg)\tk— ZIOng Tn)

k=1t=1

A

The two absolute value terms will be bounded separately. We start with the first

term, involving the integral of the true rate, and the approximation to it.
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> (LT pu(T)dT — Tf(sxt,k> '

k=1 t=1
P T /s
< Z f Z Wk,knOéT_T"dT — (SZ Z thn@&_‘rn
k=1 0 Tn<T t=1 7, <ot
p | Nr T T/s
DD e P Y
k=1|n=1 n t=7p/0+1

I
RNE

Nt T— Tn—"T T—
n o __ 1 n n o __ n
- (al 502 (Z ) |
n2—1 og(a) l1—«

x>
Il
—

I
RE

Nt 5 5

da -1 —1 . o
> W, T=n - + —am T ——
— Fokn <a (1 —al log(&)) log(a) “ 1— a5> ‘

These lines evaluate the value of the integral and the approximation to them

x>
Il

1

using a geometric sum to get a closed form for their difference. From this point, the

use of Lemma 4.7 allows us to find an upper bound

Ter 5o’ -1 N -1 0l
o n _ — « n n
I—ad log(a) log(a) 1—af
< - <-+(1- <=
log(«) 1T 2+( a)l—a5 2
We can similarly use Lemma 4.7 to find the lower bound.
. 5a’ -1 N -1 - dal
o n . —« n n
1—a% log(a) log(a) 1—ad
>—5 T —1 Sad - )
Zz——Q " - = T 3
2 log(a) 1—af 2

Combining these upper and lower bounds gives an overall bound on the integral
approximation:

p
> < pNTWmaX?)—; (4.14)

k=1

- T/5
(L i (T)dT — Z 5)\t,k>
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This shows that the integral terms deviate by no more than a linear factor of ¢ and
can be controlled by setting ¢ small.
Next the difference involving the log terms must be bounded. We make the

following observation:

~
3
S

Nt
Tplog App = Z log )\%n/é,kn

1 n=1

M=

k=1

-+
Il

This says that instead of going from time step to time step and incurring loss at
every point, we just step through every event and incur loss at the following discrete

time point 7,,. Now the log terms can be compared as
p T/6

Z::thklog)\tk—;logpkn Tn) 21 (M;:/i’;))

In order to bound this, we make the distinction between two classes of events. The
first set of events, A, = {i|7; < 7,,7; < 7a}, are events that happen before the n'
event and are not in the same time window. The second set, B,, = {i|T; < 7., Ti = Tn},

are events that happen before the n' event but in the same time window.
ﬁkn 4 Z kakia‘?n—ﬁ‘

Z Tn/(S kn i€An
log Z log : :
() ) ik + )3 Wi @™ 7 4 Y Wi, 0™
iE.An iEBn

This term needs to be upper and lower bounded to get the final result. Because
every element of W > 0 and « > 0, all the terms are positive so the terms in set B,

can be dropped, to get the following upper bound:
fir, + Y, Wi o™

& Tn/5k‘ icAy,
Z log Z log | - — (4.15a)

T T
=1 Ho (T P, + ) Wi o™
€A,

l,[/kn _|_ Z Wkn’kiaTnfTi

Ny
€A
< ) log ma =0. (4.15b)
Z Uk, + Z kakngTn*n
€A
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In Equation 4.15a positive terms have been removed from the denominator and in

4.15b the fact that 7,, > 7,, and therefore o™ < a™. Next, we lower bound T;.

/:Lk‘n 4 Z kakia?n—‘ri

Zlo ( T"/‘”“") Zlog - A — | (4.16a)

/’Lkn Tn 1 My + 2 kaki@% 04 2 kakiof" i
iGAn Z‘GBn
B Wmax
Z log <a + [Bnl ) (4.16b)
/’Lmln
Nt
maXéWmaX
- Z log <a‘5 + px—) (4.16¢)
n=1 Mmin
WmaX max.
> Nrp (M - log(a)) 5 (4.16d)
Mmin

Equation 4.16a comes from a™ % > o™, Equation 4.16b uses a~® > 1 and cancels
out like terms from the numerator and denominator, Equation 4.16¢ bounds the
number of events in B,, by pr,..0 which is the maximum number of events each
actor can participate in a ¢ length time window, times the number of actors, and
finally Equation 4.16d uses log(z +a) < £ +log(a) for a > 0 which is a consequence

of the concavity of the log function. The upper and lower bound gives

Z 10 ( Tn/8,kn )‘ < NT <Wmaxxmaxp . log(a)) 5
n=1

Hmin

which when combined with Equation 4.14 gives the result:

3Wmax Wmax max
o) — ()] < (g g Moo

- log(a)> Ny,
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4.9.8  Proof of Lemma 4.3

We start the proof with the following important observation about the Bregman

divergence in question:

D(60,62) =(exp(#1) — exp(6s),1) — {exp(bs), 0 — O3

I
RE

eXP(el,k) - eXP(ez,k) - eXp(ez,k)(Ql,k - 92,k)
k

p
2 (61,4]102.1)-

I
—

Above, 0, and 05, denote the kt" element of vectors #; and 6, respectively, and d is
the scalar Bregman divergence induced by exp(#). This shows that the p-dimensional
Bregman divergence can be broken into the sum of p terms. We will prove bounds
for the one dimensional version and then combine them to show that overall the
dynamics are contractive. We start by showing the result for when the k™ diagonal
element of the matrix A;, denoted by A;; is 0. We denote the k" element of the
vector after the application of the dynamics as [®;(6)], and the k" element of b; as

bt,k'
d([®:(01) ]k [®:(62)]) = Arp(exp(i ) — exp(6))

Appexp(O1 ) + bt,k)
At exp(Oa) + beg

— (A exp(Oax) + bi i) log (

b

:—btklog <b .
t

> = 0 = A d(0r4]020)
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When A; ;, = b, = 0 we define log(%)éo. Next, we show the result for the case when
Air >0 and by = 0:
d([Pe(61)]k | [Pe(62)]r) = Ark(exp(f1k) — exp(ba,))

Ay exp(@l,k)>

— Asexp(fay) log <At kexp(ba )

=Ag g (exp(b1,r) — exp(bz,x) — exp(b2,6) (O1x — O2))
= Ay 1 d(01k|028)-
Finally, we show that the one dimensional Bregman is non-increasing in b,y for

At,k > 0.

d([Pe(01)]kl[Pe(02)]e) _ log (At,k exp(01 1) + bt,k)
dby A pexp(ar) + b

1 1
— (A Or1) + 0 —
(Arr exp(Oa) t) (At,k; exp(brp) + b Argpexp(Oar) + bt,k)

~log (At,k exp(fa ) + bt,k) n (1 _ Appexp(Oa) + bt’k) <0

A exp(O1x) + beg Appexp(brx) + brg

The final inequality comes from the fact that 1 — z < —logz. The result of this
is that we have shown that when 0, > 0 the one dimensional Bregman divergence
is less than if b, = 0. Combining all the results with the assumption that all the
elements of the diagonal matrix A; are upper bounded by one, gives the conclusion

that these dynamics are contractive.

3

D(®4(61)®e(62)) = > d([@1(61)]x] [P (62)]1)

k=1

p p
ZAtkdelkueM > d(01k]62,) = D(6162)
k=1 k=1

4.9.4  Proof of Theorem 4.4

The proof of Theorem 4.4 is based on the proof of Theorem 2.2, specialized to the

Hawkes process. The strategy is to bound the excess loss at any given moment, and
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then add all of these bounds from ¢ = 1 to 7'/6. Importantly we use the fact that
E}(Xt) = ft(ét) and 0,(\) = £,(6,). We start with some important properties. The
first is the first order optimality condition of line 4 of Algorithm 4.1, which states,

for any 0 € © we have:

N (0,) + VZ (1) — VZ(0,), 001 — ) < 0.
By rearranging terms we get the form that is used.

<€t(ét)7 ét-‘rl - 0t> < l<Z(ét) - VZ(§t+1)7 ét-i—l - 0t> (417)

Mt

The second important fact is that a Bregman divergence induced by a function
Z takes on the form D(a|b) = Z(a) — Z(b) —(VZ(b),a — by, and therefore we have

the following:
D(a|b) — D(a|c) — D(c|b) =(VZ(b) — VZ(c),c — a). (4.18)
Using these key facts, we start by bounding the excess loss at a single time point.
0(6,) — £,(6,) <(NLy(,), 6, — 6, (4.19a)
=(VU(0:), 01 — 0y + <V 0(0), 00 — Or11)
< (V2(0) = T Z00r). B = 00+ VBB~ Dy (4190
1

:77_ <D<9tH§t) - D(QtHgtH) - D(§t+1”§t)> + <V€t(é\t), é\t - 5t+1>
t
(4.19¢)

Equation 4.19a is due the convexity of the function ¢;, Equation 4.19b uses Equation

4.17, and Equation 4.19¢ is the application of equation 4.18. We add and subtract
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necessary Bregman divergences, and bound differences separately.

~ 1 ~ ~
(0 = (0 < (DB = D6r )
t

1 ~ ~
+— (D(Or10r41) = D@10, W) Pr1) )
Mt
1 ~ ~
+— (D@0, W) [Bs1) = DO
U0
1 ~ - N A~
- n_D(et+1H6t> +{V(0r), 0, — Or11)
t

We will bound each of these lines separately.
D(Br1]0141) — D(@4(0, W) |Bis1)
=Z(0¢11) — Z(Py(0:, W)) + <VZ(§1€+1)7 (0, W) — Ory1) (4.20a)
UV Z(041) = VZ(0rs1), Py (01, W) — 0,11 (4.20D)
<IVZ(Oi1) = VZ(001) |2 @6, W) = 01 (4.200)

=H5(5\t+1 - )\t+1)H2H IOg((Si’t()\t: W)) - 10g(®\t+1)”2

1 ~
<0y/PAmasy— B (e, W) = Al (4.20d)

min

Equation 4.20a uses the definition of the Bregman divergence, Equation 4.20b the
convexity of Z, Equation 4.20c the Cauchy-Schwarz inequality, and Equation 4.20d
uses the bounded domain of A\ € [Auin, Amax]? With Apin > 0 and the Lipschitz
property of the natural logarithm on [Amin, Amax]- The next term we bound by using

the contractivity assumption on ;.

D(®(00, W)|[0re1) — D(O,]011) = D(@y(0, W)@, (Bri1, W) — D(B6111) < 0

To bound the final term, we use the strong convexity property of Z(#) which implies
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that D(60,(602) > 5’\5”1“ 61 — 65]3 (Equation 4.9).

~ -~ ~ 1 ~ ~
<V£t(9t)v 91: - 9t+1> - U_D(eﬂrl”@t)
t

5)\min

<IVGE) 18— ol — =181 — B3 (4.21a)
t
n 6)\min Y ~ 5)‘min ~ ~
<252t 4 HV&(@:)H% + —— 041 — (975”% — —tHetH _ gt”% (4.21D)

<77tp6()\max + xmax)Q
N 2)\min

(4.21c)

In the above, Equation 4.21a uses the Cauchy-Schwarz inequality and Equation 4.9,
Equation 4.21b uses Young’s inequality, and finally Equation 4.21c¢ applies Equation
4.8. Combining all the terms, we get an upper bound on the excess loss at any given

time point of the following form:

ft(:\t) - gt()\t) < l (D(Qtuat) - D(9t+1H§t+1)>

Ul

5\/5)\max
nt >\min

ntp(s()\max + -Qj'max)2

D, (\ —A
|Pe( A, W) — A2 + 7.

_l’_

To get the final bound, we must add these terms over the entire length of the opti-
mization process from ¢ = 1,...,7/§. To do this, we first show how the telescoping of
the Bregman divergence terms happens. In the following lines, we use the assump-

tion that n; is positive and non-increasing in ¢ as well as the upper bound on the
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Bregman divergence from Equation 4.10.

T/

an (D(etuét) = D(9t+1|\5t+1>)

t=1"1¢

1 1 G 11
0:/0,) — —D(0 0 )+ >, D60 e
= DOIR) — Do o) + 3 D600A) (1~ )

PO ~ N2l ( 1 1)
Ly 0.19.) — —— D(o 0 max - _
o (01]61) — (Ors541107/641) + Amin  \7T/5 T

_ NP
nT/é )\mln

Using this, we combine all the terms to get the final bound.

T/

D) — ()

T/S 2 T/s

5/\2 maxl 5\/]3>\max 1, =~ p5( max T ‘Tmax
= — DA, W) — A +
nT/é)\mm )\min 1;1 Mt H t< ! ) t+1||2 2An'un Z T
If the time horizon, T, is known, we choose 7, = 1, = ... = 175 to be a constant

: 1
proportional to Nk or if T" is unknown, we choose 7; to be proportional to \[ For

the former choice the regret bound becomes:

T/

)\max T /\max + Tmax 2
ﬁ( mad  VPAmex NV (3 )y 4 P L) )ﬁ

AInln AImn =1 2AInin

And for the later choice, we use the fact that ZtT/f \1[ 1+, T/ 1 Zdt =24/T)6—1 <

24/T/§. This brings the overall bound to

T/s

)\max )\max + Tmax 2
ﬁ( maxp \f Z”(I)t )‘t7 )‘tH2+p( T ) >\/f

)\mm mln )\min

Both of these are order /T proving the result.
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4.9.5 Proof of Lemma 4.5

The proof is a simple inductive argument. We start with the base scenario, at t = 1.

Since Algorithm 4.1 begins with A = i, then we trivially have
e A (L ATV T

Therefore the results hold for ¢ = 1, with K; = 0. Now we show the inductive
step. If we use the update form from Equation 4.12, we can explicitly compute the

difference for different values of W.
M =X =1 =)o " = A (W — W)y
=Wy — W) ((1 - Ut)aéKt + yt)

=W — Wa) K41
Here we assumed that )\ W) _ )\ (W2) + (Wy — W3) K, and then proved that the next
step holds true for K;.; = (1 — nt)a‘;Kt + v, as the Lemma states.
4.9.6  Proof of Theorem 4.6

In order to bound the regret of this algorithm, we split the regret into two separate

difference terms and bound them individually.

TS T/ T/S T/5 T/S T/6
() = D1l = D) - Z L") + Z GO =D d()
t=1 t=1 t=1 t=1

Here, Xt represents the output of Algorithm 4.2 at time ¢, and ng) is the output of
Algorithm 4.1 had we used W for any given W. We will show a bound which holds

for all W e W. The bound on the second difference follows directly from Theorem

4.4.
T/ T)5 T
DAY EDRACH (1 + D[ Be(N, W) — Amb) VT (4.22)
t=1 t=1 t=1
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In order to bound the first difference, we use the results of Lemma 4.5 to express the

loss function in terms of W.
Gy =1, 00"y = (., og(GA™))

—(1,5(0° + WEK,)) — (x4, log(6(\0 + WK,))) = go(W)

Given this loss function that is convex in W allows for searching amongst the outputs
of the Algorithm 4.1 for different values of W at every time step, to find which
W would have produced the best estimate for the current datum. The important
observation now is that every output, Xt of Algorithm 4.2 is the output of Algorithm
4.1 for the specific value Wt. To see this, notice that if Xt = XﬁVAVt), then 5\t+1 is
equivalent to the output of line 4 from Algorithm 4.1 as long as 5t+1 € Int ©. Then
in line 9 of Algorithm 4.2 we apply the dynamics and Lemma 4.5 thus producing
)\t-i-l = )\HW{“). Since Xl = [0 = ng) for any W, this shows that at any time
R = 3.

T/ T/ T/ T/

th At) th X(W = 29t<ﬁ\/t) - th(W
t=1 t=1

Since Algorithm 4.2, line 8, performs a gradient descent method [18] to produce

estimates I//[\/t, we know that the difference is bounded as

T/ T/

> 0:(W) = min Y, (W) < Con/T/5. (4.23)

Combining Equation 4.22 taken with the W = arg mmz DA, W) = Aga]2 and
Wew 5

Equation 4.23 gives the result:
T /5 T/
NNIEDNAEYe (1 i D01 - Amnz) VT,
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4.9.7  Online Gradient Descent

As a comparison to our methods, we describe an implementation of Online Gradient

Descent (OGD) that can be used to learn the network weights, W. In order to do

this, we will take the rate, A to be a direct function of the network estimate Wt using
the exponential influence function of Section 4.4 and use the loss function described

in Equation 4.6.

t—1
MW) =p + Z oIy, = p+ WK

T=1

-1
K= Z oy = 0Ky 4y

=1

g:(W) =M (W), 1) — log(dA(W)), 1)

V(W) =01K; — Diag(A(W)) 'z K,

Using these values as a framework, we can derive an Online Gradient Descent algo-

rithm for the learning the network in a Hawkes process.

Algorithm 4.3 Learning Network W with Online Gradient Descent

1: Tnitialize W, = Wp, K, = 0
2: fort=1,....T/6 do
3:  Observe z; and incur loss g;(W) = (1, 0W, K;) — {x;,log d(pn + W, Ky))

I~

4 Set Vg (W) = 61K, — Diag A" )1z, KT
5

—~

Set Wiy = Projyy (Wt - ptht(Wt))
6:  Define y,= Z ey, =)

T =0t
7: Set Kt+l = OééKt + Yt
8: end for

Comparing Algorithms 4.2 and 4.3, we can see how our proposed algorithm,
is actually a generalization of OGD, in which instead of learning just the network
weights and plugging them into the equation for the current rate, we are also al-

lowed to slightly alter the value of the rate to deviate from the direct computation.
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Additionally, comparing the two shows how OGD is simply our algorithm with the

parameter 7, = 0 for all time steps t.
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5

Log-Linear Poisson Autoregressive Model

5.1 Introduction

Imagine recording the times at which each neuron in a biological neural network
fires or “spikes” and wishing to infer the structure of the underlying network. Action
potentials or neuron spikes can trigger or inhibit spikes in neighboring neurons [66; 84;
85; 86; 87; 88; 89], so understanding excitation and inhibition among neurons provides
key insight into the structure and operation of the neural network. A central question
in the design of this experiment is “for how long must I collect data before I can be
confident that my inference of the neural network is accurate?” Clearly the answer
to this question will depend not only on the number of neurons being recording, but
also on what we may assume a prior: about the network. Unfortunately, existing
statistical and machine learning theory do not address this problem, which is the
focus of this chapter.

The above example of a network of firing neurons can be modeled as an auto-
regressive point process. That is, at each time ¢, we observe a high-dimensional vector

of counts, and the distribution of those counts depends on past observed counts. In
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general, auto-regressive models are a widely-used mechanism for studying time series
in which each observation depends on the past sequence of observations. Inferring
these dependencies is a key challenge in many settings, including finance, biology,
geoscience, and machine learning for several reasons. Specifically, a precise under-
standing of these dependencies facilitates more accurate predictions and interpretable
models of the forces that determine the distribution of each new observation.

Much of the auto-regressive modeling literature focuses on Gaussian noise and
perturbation models, but in many settings Gaussian noise fails to capture the data at
hand. This challenge arises, for instance, when observations correspond to count data
(i.e., when we collect data by counting individual events such as neurons spiking).
Time series count data arise in a variety of applications, including vehicular traffic
analysis [108; 109], finance [110; 90; 111; 91], social network analysis [47; 82; 65; 63;
83], biological neural networks [66; 84; 85; 86; 87; 88; 89], epidemiology [93], and
seismology [94; 95]. Because of their prevalence across application domains, time
series count data have been studied for decades (c¢f. [112; 113; 114; 115; 116]). In
these and other settings, the interactions among entities are critical to a fundamental
understanding of the underlying dependencies and /or network structure and accurate
predictions of likely future events.

Although a substantial fraction of this literature is focused on univariate time
series, this work focuses on multivariate settings, particularly where the vector ob-
served at each time is high-dimensional relative to the length of the time series. In
the above examples, the dimension of each observation vector would be the number
of neurons in a neural network, the number of people in a social network, or the
number of interacting financial instruments.

The above examples of time series count data are auto-regressive in that the
likelihood of future events depends on the past events. In this chapter, we conduct

a detailed investigation of a particular time series count data model: the wvector
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log-linear Poisson autoregressive (PAR) model. The PAR model has been explicitly
studied in [14; 15; 16] and is closely related to the continuous-time Hawkes point
process model [11; 12; 13] and the discrete-time INGARCH model [117; 118; 119].

This work focuses on estimating the parameters of a vector PAR model from a
time series of count data. We adopt a regularized likelihood estimation approach
that generalizes past work on Poisson inverse problems (¢f. [120; 121; 122; 123]).
While similar algorithms have been proposed in the above-mentioned PAR literature,
little is known about their sample complexity or how inference accuracy scales with
the key parameters such as the size of the network or number of entities observed,
the time spent collecting observations, and the density of edges within the network
or dependencies among entities. The temporal dependence among events can make
such analyses particularly challenging and beyond the scope of much current research
in high-dimensional statistical inference (see [124] for an overview).

That said, there has been a large body of work providing theoretical results for
certain high-dimensional models under low-dimensional structural constraints (see
e.g., [125; 123; 126; 127; 128; 129; 130; 131]). The majority of prior work has focussed
on the setting where samples are independent and /or follow a Gaussian distribution.
In the Poisson auto-regressive model, we have dependent count data samples and
signal-dependent Poisson noise. There has been some work [125; 123; 132] which
provides results for non-Gaussian noise but still rely on independent noise.

Perhaps the most closely related prior work to our setting in the high-dimensional
setting is [133]. In [133], several performance guarantees are provided for differ-
ent linear Gaussian problems with dependent samples including the Gaussian auto-
regressive model. Since [133] deal exclusively with linear Gaussian models, they ex-
ploit many properties of linear systems and Gaussian random variables that cannot
be applied to non-Gaussian and non-linear auto-regressive models. Another similar

work is [134] which studies a general framework for counting processes and provides
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estimation bounds for a LASSO type estimator. However, unlike their work, our work
considers the very high-dimensional setting with an assumed underlying sparsity of
relations, in the non-asymptotic setting.

In this chapter, we develop performance guarantees for the vector PAR model
that provide sample complexity guarantees on the high-dimensional setting under the
low-dimensional structural assumption of sparsity of the underlying auto-regressive

parameter matrix. In particular, our main contributions are the following:

e Derivation of the stationary distribution for the multivariate log-linear Poisson

autoregressive model, under the assumption of a symmetric adjacency matrix.

e Formulation of a maximum penalized likelihood estimator for vector PAR mod-

els in high-dimensional settings with sparse structure.

e Mean-squared-error bounds on the proposed estimator as a function of the

problem dimension, sparsity, and the number of observations in time.

e Novel analysis techniques leveraging Poisson concentration inequalities which

account for the unboundedness of the observed data.

The rest of the chapter is structured as follows: Section 5.2 introduces the log-linear
Poisson autoregressive model, Section 5.3 derives the stationary distribution for the
model as well as characterizes convergence properties of the model to its stationary
distribution. Section 5.4 presents the novel risk bounds associated with the RMLE
of the process. Experiments of the inference process are shown in Section 5.5, while

proofs and supplementary lemmas are put in Section 5.7.
5.2 Problem Formulation

In this chapter we consider the log-linear vector Poisson autoregressive model:

Ty1 |z, ~ Poisson (et (5.1)
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where {z;}, are M-variate vectors and W € [0, Wipax |1 *M

is some unknown pa-
rameter matrix and i € [fmin, fmax]™ 1S a known, constant rate parameter. A similar
model appears in [16], but that work focuses on maximum likelihood and weighted
least squares estimators in univariate settings that are know to perform poorly in

high-dimensional settings (as is our focus).

We can express state the conditional distribution explicitly as:

M _ oim—Wix (ﬁm_WTLE)?Jm
exp(—e* m?) e m
P(thﬂ = y|$t = iU) = H ( )

m=1

Y

Yrm !

where x and y are M-variate vectors and W,, is a column vector representing the
m" row of the matrix W (i.e. W is the m* row of W).

In general, we observe T samples {z;}7_, and our goal is to infer the matrix W.
In the setting where M is large, we need to impose additional assumptions on W in
order to have strong performance guarantees. In particular we may assume sparsity
or low-rank structure. We will assume that the matrix W is s-sparse meaning that

W belongs to the following class:

M M
Mg = {W € [0, Wipa MM | 22 (IWem| #0) < s}.

We can assess this parameter class using the element-wise ¢/1-norm along with the

negative log likelihood:

1 M
Z Z <exp —Wla,) — ngtxm,tﬂ) + AW ;. (5.2)

m=1

The decomposability of the norm means that we have the property that
Wik = [Wslly + [Wselh

where S is some set of indices of W and 8¢ the complimentary set. For the rest of
the chapter we will assume that S = {(7,7) : W, ; # 0}.
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5.3 Stationary Distribution and Mixing Time

The stationarity of processes are heavily studied particularly in many sequential data
settings. One reason that studying stationary distributions is important is that by
knowing which states are more likely than others, we can learn about the preferential
states of a system, which may help to understand about the underlying mechanisms.
In this section we assume that W = W7 which ensures reversibility of the Markov
chain described by the process defined by z;,; ~ Poisson(e”~"2t). Notice that we
have ensured stability of the system by assuming that every element of W > 0. First
we derive the stationary distribution 7(x) where x € N and then establish bounds
on the mixing time. Note that this is a countable Markov chain with transition

kernel:

M
1 I B
Pla,y) = Plaw = ylo = @) = | | —exp(=e ") exp((fim — Wr)yin).

m=1

Lemma 1. The Markov chain x;,; ~ Poisson(e”~"*) with W;; = 0 for all 1 <

1,7 < M is a reversible Markov chain with stationary distribution:

M
]_ _T = 7wT
m(r) = ————ex T+ ehm="Wm® |
() 2T o p(u > )

m=1

m=1"m: m=1

M
1 _
where 7 = E A OXP (MTx + E e“m_ng). Further, for any y € Z{‘f, if

[ < fmax for all 1 <m < M and for some fiy. < 00,

1 t
1P ) =7l < (1 b )
Proof. To prove the form of the stationary distribution we show that

(y) = Y, w(x)P(z,y),

T
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where
M -1 M
= T
P(x,y) = (H ym!> exp (uTy — 3 e W :JcTWy) .
m=1 m=1

Plugging in 7(z) as specified,

D (@) P, y)

M -1 M M
=71 Z (H xm!ym!> exp (uTx + Z efm=Wat 4 Ty — 2 efm =Wz _ xTWy>

m=1 m=1

=Z_IZ (H mm!ym!> exp(ii’ (z +y) — 2" Wy)

M
]_ _T = 7wT
—— o0 + Y e W | = (y).
2T o <u v+ Y, ) (v)

m=1

The second to last equality is due to factoring out terms that do not depend on x
and then the definition of the Taylor expansion of e” as well as using the assumption
that W7 = W.

To prove the upper bound on total variation distance, we define two chains, one
chain y; begins at the stationary distribution and the other independent chain starts
at x; begins at some arbitrary random state x, both with transition kernel P. These
two chains are said to be coupled if they are run independently until the first time
where the states are equal, then are equal for the rest of the trial. The notation
P'(x,y) denotes the probability of transitioning from state y to state x in exactly ¢

steps. Theorem 5.2 of [135] asserts that:

HPt(x, ) - 7T(')HTV < ]P)x(Tcouple > t)a

t
where Teoupre = {rg(r)l Cxy = yt}. Note first that P(7eoupre > t) < U)(l — P(x, =

yr = 0)). Since the chains are independent until 7.pupre, P(z, = y, = 0) = P(z, =
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0)P(y, = 0). Note also that:

M M
]P)(-TT = 0’557'*1 = -ZE) = exp <_ Z 6Mm_W$I> = exXp <_ Z eum) = €xp (_Meﬁiax%

m=1

where the final inequality follows from the fact that W; ; = 0. Hence P(7pypie > t) <

[T (1 — (1/ exp(2Menn))) = (1= 1/ exp(2Metn)).
5.4 Bounds for Estimation of Adjacency Matrix

In this section, we turn our attention to deriving bounds for HW — W|% using regu-
larized maximum likelihood for large M, but under the assumption that W is sparse.
We will first mention the important assumptions and facts about the process that we
will need in order to prove the error bounds. It will be important in the derivation
of the bounds that observations are bounded by a term that grows logarithmically
in 7', and additionally that a large fraction of the data is bounded by some constant.
Intuitively, these bounds will be important because if the elements of x; are very
large, then the conditional expectation exp(ii — Wx;) can be very small. When we
know that x;,, is being drawn from a Poisson distribution with mean essentially 0,
then there’s no way we can learn anything about the matrix W, which is basically
the same as not receiving any data at all from that time index. While we can allow
some time indices to be very large, it becomes a problem when it becomes too fre-
quent. We use the assumption that all entries are non-negative to ensure stability
and using this and the definition of the process we can prove that the process will

have the desired bounds, as described in the following lemmas.

Lemma 2. If log MT > 1, there exists constants C; and ¢; which depend on the
value fimayx, but are independent of 7" and M, such that 0 < x,,, < Cy log(MT) with

probability at least 1 — e~c118MT) for all 1 <t < T and 1 <m < M.
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Lemma 3. For any a € (0,1) such that aMT is an integer, there exist constants
C5 and ¢y which depend on the values of j,.c and a, but independent of 7" and M,
such that with probability at least 1 — e~MT 0 < Ty < Cy for at least aMT' of

the indices.

In addition to needing bounds on the data we will need bounds on the inner
products of the rows of the matrix W with the data. These inner products will be
useful to upper and lower bound the conditional expectations of the data. Using the
previous lemmas we have additional information about the range of the products

Wy, foral l<m < M,1<t<T:

Corollary 1 (Bounded Entries). If 0 < x;,, < Cylog MT for all (¢,m), then we
also have the following bounds, using the largest element of W, W, and the largest

amount of non-zeros in a row of W denoted by p.
0< ngt < pPWhaxC1 log MT.

Additionally, if at least aMT' observations satisfy 0 < z,,,; < C5 then, at least {T°

columns of the rates are bounded element-wise by:
0< W,Z;xt < meaxCZ

for all m = 1,..., M, where £ =1 — (1 — a)M. We will additionally assume that Cs

is large enough such that o > 2L and therefore £ € (0,1).

One last important fact about this process is that the smallest eigenvalue of
I 2E[z2T |2,_] will be bounded strictly greater than 0 for most time indices. This
is an important fact, similar to a restricted eigenvalue property, which ensures a
diversity of measurements. This guarantee is proven in Lemma 4 and the remark
that follows it. Finally, we come to our main theorem about the error bounds of

inferring W using the regularized maximum likelihood estimator. In addition to
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the previously mentioned observations and assumptions the proof of the theorem
will rely heavily on some martingale concentration inequalities which are due to the

dependence of the process from one time step to the next.

Theorem 1. If we assume \ > |2 ST (@ — P We) T, and let W be any

solution to the regularized log-likelihood loss then,
|W — W% < O(e”s)?)

with probability at least 1 — 2 exp(— min (c37/p? — cyslog(2M), coMT)) where ¢y, c3
and ¢, are independent of M, T, p and s. Further |2 S (@ — P WE)LT |, <

80f€“ma;¥g2(M D) with high probability yielding the overall error rate of

P
W _ 2<~2
W - W o(T)

with probability at least 1 — exp(—cgmin (T'/p? — slog(M),log(MT))) for some cg

independent of M, T, p and s.

Proof. We start the proof by making an important observation about the minimizer
of Equation 5.2: this loss function can be completely decoupled by a sum of functions
on rows of W. Therefore the RMLE is the matrix of the row-wise RMLEs. We can
then use a standard method in empirical risk minimization and use the definition of

the minimizer of the regularized likelihood for each row:
= . . . N
— Z elmexp(—W,xe) + W tixei1m + AN Wia
TS

1 T-1 B
ST Z e exp(—Wy i) + Wiiesim + A Wil 1.
=0

Using the model z441.m = exp(fim — Whx,) + €.m, where €, = Tip1.m — E[Ti11,m| 2]
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i1s a zero-mean random variable. Hence

T
2 Fm exp( WT$t> + W Lo (exp(pim — WEhxy) + €1m) + )\HW 1

T—
2 e exp(—WEx,) + Wha(exp(pm — Wha) + erm) + MWl

From here we can use the definition of a Bregman divergence in order to lower bound
the left hand side. An important property of Bregman divergences is that if the
function they are induced by is strongly convex, then so is the Bregman divergence.
As a result the Bregman can be lower bounded by the ¢ norm, which is where our

mean squared error term will come.

2 " (exp(—TW,fae) — exp(=Wikre) = exp(= W) (< e+ Wiie))

| T -
<|7 2 eemAL T + M| Wil1 = [Win[1),
=0

where A, = Wy, — Wy, Let D(-|-) denote the Bregman divergence corresponding

to exp(-). Hence

eumin -1 o~ 1 -1 o~
T D, DW= W) < T 2 ctmBne| + AWl = [Wialh).
t=0 t=0

Define the set Ap = {t € (0,1,..,7 — 1)| Vm € (0,1,.... M) WTx, < pWyaCo}.

Under Corollary 1, |Ar| = &T and on Ar we have i ‘;’;‘;(JC) > exp(—pWhaxCa).

Therefore on Ap it is true that D(—ngxtH —Wlhz) > W(A%%)Q and
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D(-=WZz,| — WTx,) > 0 on AS. Hence

exP(fmin — PWinaxCa) S (AT g

2T teAp "
1 T—1 P
<|7 D etmAR | + AWl = [Win1)
t=0
T-1
1 ~ —~
=7 Z Gt,mA%xt + A(HWm,SHI —|W, ; HWm,SC 1)
T t=0
1
< f Z Et,mAZ@xt + )\HAm,Sh - )\HAm,SCHI
1 T-1
<[Awmli |7 D]+ A Amsl — AlAm sl

In the above, we denote S as the true support of W and have used the decomposabil-

ity of the ¢; norm. Note that H% ZtT:_Ol wtet,m” < H Zt 0 xtet

R meaning that the

maximum absolute value of a column of a matrix is less than the maximum absolute

value of the entire matrix. Under the assumption that 2 H Zt o Tt
e¢]

< A and by

the positivity of the left hand side of the inequality, we have that

A
0< §HAmH1 + )\HA ; )\HAm,SCHI-

Using the decomposability of the ¢; norm, this inequality implies that for all rows
1 <m < M, we have that |A,, sell1 < 3|Ans|i. Now, we sum the previous bound
over all indices m. Define [W/7 = £ ¥, 4. [Wx[3 for any W e RM*M and definine

C3 = exp(tmin — pPWmaxC2), then we have the overall bound:

C
Daf < 21ah+ Alash - Mash < 2ash.

Therefore we can define the cone on which the matrix A must be defined:

Bs = {A € [_Wmaxawmax]MXM ’ ”Am,SCHl < BHA ST Ym e [172? 7M]}7
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and restrict ourselves to studying properties of matrices in that set. Since |Agl; <

V/s||A|r we have that

3
|Alz < FSA\/EHAHF:(ST”A”F, (5:3)

where 5Téc%)\\/§. Now we consider three cases: if |Alr = |A|p, then
max(|A|r, |Alr) < d7. On the other hand if |Allr < [|A|r and |A|r < 7, then
max(|Allr, |A] ) < or-

Hence the final case we need to consider is |A|r < |A|r and |A]|r = dr. Now we
follow a similar proof technique to that used in Raskutti et al. [130], to understand
this final scenario. Let us define the following set:

B(or)2

{A e [_Wmaxy WmaX]MXM| ||A7TL7$c

1 < 3| AnslliVm, [Allr < [Allg, [AlF = o7}

Further, let us define the alternative set:
B'(07) A

{A € [~ W, Wanax M| Amse i < 3[Amsly Y. [Alr < [A]p, [A]F = 07}

We wish to show that for A € B(d7), we have |A|% > k||Al|% for some € (0,1) with
high probability, and therefore Equation 5.3 would imply that max(|A|r, [A]r) <
dr/k. We claim that it suffices to show that |A[2 > k|A|% is true on B'(dr) with
high probability. In particular, given an arbitrary non-zero A € B(d7), consider the

re-scaled matrix A = ”gﬁA. Since A € B(dr) and B(dr) is star-shaped, we have

A e B(d7) and |A|p = 67 by construction. Therefore, if [A|2 = k|A|% is true,
then |A|2 > k|A|% is also true. Alternatively if we define the random variable
Zp(B') = supacp(5,9107 — |A[7}, then it suffices to show that Zp(B') < (1 — #)d7.

Recall that the empirical norm is defined as |A7 = 7 Y, 4. [Azi]3. Let N :=
Npr(7;B';||.|r) denote the proper covering number of B’ in |.[|z norm. Now let
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A',A? ... AN be a minimal vdp-proper covering of ', so that for all A € B’, there

is a A* in our covering set such that |AF — Allz < ydr. We can write:

te A teApr teApr

1 1 1
TN (6% ) Akxt@) + (T PNEETEY qut\%)

for any k € {1,2,...,N'}. By the Cauchy-Schwarz inequality, we have

1 1
= I - = Y IAnE = = 3 eF Ak - AT (@AY + Az,

teAp teAp teAp

< A" - Alr|AT + Ay

By our choice of covering, we have |AF — Az < vdr. On the other hand, by the

definition of B’ we have |A|r < §7 and |A*|7 < 67 so
IAF + Alp < 207

Overall, we have established the upper bound 7 3,4 [AFz, 5 — 7 2,04, [Az]3 <

2v62.. Hence we have:

2r(B) < max {03 — [AM3} + 2963,

where N = Npr(v0r; B'; || 7). For any A¥ in our covering set, we may use Lemma 5.

CgT

P(5% — 1AM > (1 S07)0%) < exp (_?) |

This line assumes |Ar| = T which holds with probability at least 1 —2e~MT. Now

we can use a union bound,

=1,2,...,

What remains is to bound log Np,.(vdr, B’ |.|r). Since the proper covering en-
tropy log Np,(vor, B',||.|r) is upper bounded by the standard covering entropy
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log N(%,B’, |.|T), it suffices to upper bound this quantity. Viewing the sam-
ples {z;}I, as fixed, let us define the zero-mean Gaussian process {Galaes via
Ga = \/LTZEA 2%21 wy AL v, where {w; ,,} are i.i.d. standard Gaussian random

variables. By construction, we have var[(Ga — Ga/)] = |A — A’|2. By the Su-

dakov minoration [136], for all v,d7 > 0 we have (y07/2)y/log N(vér/2,B',||.|7) <

A, [supacg Wal. Thus, we obtain the upper bound:

8
VioE N(Er/2.B.[1) <~ | sup — ZZwth s

EB/ teAm 1

The final step is to upper bound the Gaussian complexity

Eo[SuPacs 75 2iea SM w AT 2], Clearly:

Z Z wth Ty = \% Ztraee(mtthA)

teA m=1 te A

Z vewy | AL
Because A € B'(6,) we have [|[A; = |As|i + [|Ase|s

teA

oe]

< 4||A5||1 and HASHl <
VS|Asl2 < v/s|A|r = y/sér. Using this and the results of Lemma 6

, 204
log N(v6r/2, B, |.|r) < - 2021 g(2M)|Asl

0
208

5slog(2M)

and therefore

9 & B 5& 9 2048C5s ol
P <k_111}25’i¥,N5 |AF)3 > (1 >5 > < exp (<—72 log(2M) )
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By setting v = % gives us the desired bound on B'(dr)

170
P (ZT(B) > (1 — %aﬂ) (5%) < exp ((2§2wis) log(2M) — c;_?)

T
=exp <c4s log(2M) — 63—2> :
p

Overall this tells us that on the set B'(d7) we have that |A[2 > %HAH% with high
probability. Now we return to the main proof. After considering all three cases that

can follow from 5.3, we have

144

AlZ, [A2) < =——=5)% = O(e’s\
max (|| A%, [A[7) Couigs’ (e”sA)

with high probability on the event described in Lemma 3. Combining these
probability statements shows that this bound holds with probability at least
1 — 2exp(—min (ec3T/p* — cyslog(2M), co MT)).

The final part of the proof, is to choose how to set the regularization param-

T-1

eter A\. We have to satisfy the condition that A > 2|+,

zi€el' |, which is
O (log®(MT)/v/T) with probability at least 1—2 exp(— min(cy, ¢5) log(MT)) by Lem-

mas 2 and 7. Overall, we then have the main result:
max(|A 3, |AJR) < O (e log(MT))

with probability at least 1 — exp(—cgmin (T'/p? — slog(M),log(MT))) for some cg
independent of M, T, p and s. ]

These error bounds provide several important facts about the inference process.
The first is that by looking at the high probability statement, we see that we require
T = p?slog(M), up to constant terms. If p is fixed as a constant for increasing M,
this tells us that 7' needs to be on the order of slog(M), which is significantly less
than the total M? parameters which are being estimated, and therefore including
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the sparsity assumption has lead to a significant gain. The next bit of information
from the risk bound is that it provides guidance in the setting of the regularization
parameter. We see that we would like to set A generally as small as possible, since
the error ends up scaling approximately like A2, but that it also needs to be at least
as large as O(1/y/T) for the bounds to hold. The balance between setting A small
enough to have low error, while maintaining that it is large enough is an equivalent
argument to needing to set A\ large enough for it to induce sparsity, but not too large
to cause almost all elements to be fixed to 0. The next important fact about the
error is that it scales like 7!, which tells us how long we need to observe the process
in order to achieve a desired level of accuracy. Finally, we notice that the error scales
linearly with the sparsity level s but only logarithmically with the dimension M in
order to estimate M? parameters. This fact enforces the idea that doing inference
in sparse settings can greatly reduce the needed amount of sensing time especially

when s « M?2.
5.5 Experimental Results

In this section we validate our theoretical results with experimental results performed
on synthetically generated data. We do this by generating many trials of synthetic
data with known generating parameters and then compare the estimated values. For
all trials the constant offset vector, i1 was set to 0, and the 20 x 20 adjacency matrices,
W, were set such that s randomly assigned indices were given values in the range
[0,1]. Data was then generated according the process described in Equation 5.1.
An initial burn in period of 100,000 time steps was performed in order to assure
that the process had time to sufficiently mix. Then the next 7" data points were
taken and used to perform the estimation. The values of s and T were then varied

over a wide range of values. For each (s,T) pair 100 trials were performed and the
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(c) MSE vs s (d) MSE/s vs s
F1GURE 5.1: The top row of plots shows the MSE behavior over a widely varying
range of T values, from 100 to 10000, where (a) is the MSE and (b) is the MSE
multiplied by 7" to show that the MSE is behaving as 1/7". The bottom row shows
the MSE behavior over a range of s values, where (c¢) shows MSE and (d) shows
MSE divided by s to show that the MSE is linear is s. In all plots the median value
of 100 trials is shown, with error bars denoting the middle 50 percentile.

regularized maximum likelihood estimate W was calculated with A = 0.1 /AT and
the MSE was recorded. The MSE curves are shown in Figure 5.1. We have shown a
series of plots which compare the MSE versus increasing behavior of 7" and s, as well
as comparing the behavior of MSE-T and of MSE/s. What is plotted in the figure is
the median of 100 trials for each (s,T) pair, with error bars denoting the middle 50

percentile. These plots show that indeed that setting A proportional to 1/v/T gives
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(a) Ground Truth W Matrix (b) Estimate for 7' = 100

(c¢) Estimate for T' = 316 (d) Estimate for T' = 1000
FIGURE 5.2: These images show the ground truth W matrix (a) and 3 different
estimates of the matrix created using increasing amounts of data. We observe that
even for a relatively low amount of data we have picked out most of the support
but with several spurious artifacts. As the amount of data increases, fewer of the
erroneous elements are estimated. All images are scaled from 0 (dark) to 1 (bright).

us the desired T~! error decay rate. Additionally, we also see that the error increases
approximately linearly in the sparsity level s, as predicted by the theory. Finally, in
Figure 5.2 we show one specific example process and the estimates produced. First
we show the ground truth matrix, generated to be block diagonal, in order to more
easily visualize support structure whereas in the first experiment the support was
chosen uniformly at random. One set of data was generated using this matrix, and
then estimates were constructed using the first 7" = 100,316 and 1000 data points.
The figure shows how with more data, the estimates become closer to the original,
where much of the error comes from including elements off the support of the true

matrix.
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5.6 Conclusion

The log-linear Poisson autoregressive process has been used successfully in many
settings to learn network structure, for instance in neurology [85; 88] they use this
model to learn about connections in the brain from firing patterns. However, this
model is often used without any guarantees about accuracy. In this chapter we have
shown important properties of the Regularized Maximum Likelihood Estimator of
the PAR process under a sparsity assumption. First, we have derived a closed form
equation for the stationary distribution of the process under the assumption of a
symmetric network. Secondly, we have proven bounds on the MSE of the estimator
as a function of sparsity, maximum degree of a node, size of network and sensing time.
In order to prove this risk bound, we have incorporated many recently developed tools
of statistical learning, including concentration bounds for non-Gaussian, dependent
random variables. Our results on the MSE show that by incorporating sparsity the
error rate scales with the sparsity of the matrix, and not the ambient dimension,
which can be a huge saving. Additionally, we see that the error scales like % up to

log terms, which matches the rate in the Gaussian case.

5.7 Supplementary Lemmas

5.7.1 Proof of Lemma 2

Proof. For all 1 < ¢t < T and 1 < m < M, x¢y,|x;—; is drawn from a Poisson

Wl 1

distribution with mean e*m . Because W is assumed to have entries in the

- T = _
range of [0, Wiax] we know that efm=Wm®-1 < efimex where [i,, < fmax fOT SOme

Mmax < 00 for all m. Therefore we know that

P(zm = 1+ €|z,_y) < P(Y > 1+ e)
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where Y is a Poisson random variable with mean e*™=x. To bound this quantity we

can use the result in Lemma 8 in the Appendix,

n U
P(Y ) < exp (= log (1 ).
(Y > n+ e™=>) <exp Llog (1+ o

Setting n = C log M'T" — etmax,

P(Y > CilogMT) < exp (

( C’llogMT—e“maX)
< exp | — 1 .

C1log MT — etmax C1log MT — etmax
— log {1+
4 Dehmax

Here, we have assumed that C; > etm=x(2e — 1) and log MT = 1. This upper bound
is not dependent on the value of z;_1, so this quantity is also an upper bound for the
unconditional probability of x;,, = C)log MT'. Using this for a single index ¢, m of
our data x, and taking a union bound over all possible indices 1 < m < M, 1 <t < T

gives

Cylog MT — etmax
IP’( max T > Ch 10gMT> <exp (logMT— 1796 1 ¢ )
<

<exp(—cy log MT)

for c; < ©=¢ — 1. Thus if C; > max(et=>(2e — 1),4 + em=), then ¢; > 0, and
the bound is valid. O

5.7.2  Proof of Lemma 3

Proof. We are interested in bounding the number of elements in x that are above
the value C,. Saying at least j=aMT elements of z are less than a certain value, is

equivalent to saying that the j** smallest element is less than that value. Therefore
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we can say

Here we define Y;,,=1{z,, < C,}, and V' = {y € {0, 1}MXT|Zt 1Zm L Ytm =
¢}. We then can condition the values of Y; on all previous values of Y and then
understand this as a marginal of the joint distribution over Y; and z;_;. Below we

use the notation Y., to denote all the time indices of Y from 1 to ¢, and similarly for

=
)~<
I
=
I
1=

P(K = yt’YI:tfl = yl:t71>

~+~
Il
—_

T

= HZP(YZ = Y| YVie1 = Yre-1, 1 = 2)P(xi1 = 2|Yig 1 = Yr101)
t=1 =z
T M
HZ (H P(Yt,m = yt,m|$t—1 = x)) P(o, 1 = 2|Y141 = y1:-1)
t=1 x m=1

In the last line we have used the fact that conditioned on x;_q, Y; is independent
across dimensions m, and independent of previous values Y7.;_;. We can now make
the observation that P(z;,, > Cs|z,—1 = 1) is exactly the probability that a
Poisson random variable with rate exp(ji,, — Wx; 1) is greater than Cy, which
can be upper-bounded by the probability that a Poisson random variable with rate

exp(fimax) 18 greater than Cy because we have assumed all values of W are non-

MT- Zt 1 D= 1ytm

Mmax

negative. Call this probability p,, ... Thus we have P(Y = y) <p

Therefore,
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T M j MT—j5-1
P <Z D Yim <j- 1) <> %ﬁpﬂx = (14 P = ) <M€T>pﬁmax

MT
<( .)u T Py} PMT

MTe M7=
<—' (]‘+pﬂmax) p!]j\fn,l;xj'
The second inequality is from the application of Taylor’s Remainder Theorem, and
the third is from the fact that (Z) < (%)k Now use the fact that 7 = aMT as

stated in the Lemma, to give

P (1-o)MT
(Z Z Y:‘,m .7 - ]‘> ( ]junl'leC) (1 + p#max>aMT

t=1m=1
1—a MT
< p#maxe 205 .
11—«

By using Lemma 8 in a similar way as was used in the proof of Lemma 2, p, . can

be controlled by C5 in the following way,

C _ pMmax C __limax
p,umax = P(I’ > CQ) éexp (—Llog (1 + L))

4 Detimax

- ( 02 _ eﬂmax)
<exp | —+—1,
4

when Cy > eFm>x(2e — 1). Plugging the result back into the bound gives

MT

When Cy > 4+ etmax 4 22108(2) log —4log(1—«) and additionally greater than e#™=x(2e—1)

the condition from above, then the probability of this event is decaying in M and
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T. Therefore for ¢ = — (1 — £22=%2 —log(1 — )) (1 — a) — alog(2), we have the
inequality

P(at least aMT elements of z;,, < Cy) > 1 — e~ 2MT

]

Lemma 4. Define the matrix 'y € RM*M = E[z;2]], where the z; are generated
using the matrix W with all non-negative elements and the vector ji. Then the

smallest eigenvalue of T, is lower bounded by exp(min — pWmax€/ ™).

Proof. Notice that I'; can be expressed as

Iy = E[l“tﬂﬁtT] = Z E[ﬁtxﬂﬂﬁt—ﬂp(%—l)

Tt—1

=Elexp(p — W) exp(p — Wa,_1)" + Diag(z,)]

Thus I'; will have two parts, one that comes from the expected value of an outer-
product of a vector with itself, and one from the diagonal matrix formed by the
expected value of x;. We know that a positively weighted sum of outer-products
will be a positive semi-definite matrix, and therefore have a non-negative minimum
eigenvalue. The second part is a diagonal matrix, and therefore the smallest eigen-
value of the diagonal matrix is the smallest element on the diagonal. Therefore if we
can lower bound the smallest element of the expected value of x;, then that will be a
lower bound on the smallest eigenvalue of I';, because we are taking a positive sum

of the two matrices.

E[ym] = Elexp(fim — Wy,xi1)] = e exp(=W E[z,1])

This line is an application of Jensen’s inequality. To then upper bound the elements
of E[z;_1], we note that since all the elements of W are positive, x;_1,, will be
conditionally Poisson with rate less than e#”, so no matter the value of z; 5, we

have E[z;_1,,] < etm=x. Therefore,

E[a:t,m] 2 eXp([LLmln — mea’xeﬂmax)’
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where p is the maximum number of non-zero elements in any row of W, and Wiy«

is the largest value of W. This shows that the minimum eigenvalue of I'; > 0. m

Remark: While the previous Lemma shows that the matrix E[z,x;] has a
smallest eigenvalue which can be lower bounded strictly greater than 0, the same
proof can be used to show that E[x,z|z,_x] for & = 2 will also have a small-
est eigenvalue lower bounded with the same bound. If £ = 1, then a similar
argument holds to show that the smallest eigenvalue of I'; is lower bounded by
Elzim] = exp(tmin — Whzi—1) = exp(fimin — pWinaxC2) if the elements of x,_; are
bounded by Cs, as will be the case in the setting of Lemma 5. Therefore, we still

have a lower bound on the smallest eigenvalue of I'; which is strictly larger than 0.

Lemma 5. For any A € B'(d7) let the sequence x,,, T4y, ..., Tq, Where {T' < N =
|Ar| < T, be randomly drawn according to the Poisson autoregressive model with
the additional constraint that each element x; has support upper bounded by C5 as
in the second part of Corollary 1, then we have

|Ar|
A7 > WW%:ZF

with probability at least 1 — exp (—c3T/p?) for some c3 > 0 which is independent of

M, T and s, where w? is the smallest eigenvalue of E[zq, 2] |24, , ]-

Proof. Define the sequence ay, as, ... as the elements of the set A where £T" < | Ar| <

T. Then define the sequence (Y,,,n € N) as

1 & BN
Vol o DB (1800 370 ] - 7 ) 1A
=1 t=1

It is important to note that even though we are skipping time indices by only focusing

on Ar, we still have a Markov chain where p(zg,|Ta,, Tayy ooy Tay;_y) = P(Ta;|Ta;_,)-
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Notice the following values:

1 1
Yn - Ynfl :?E I:”Al’aan’iEan_l] - THAwanH%

n

Mf=>E

=1

1 1 g
(FE DA Blon. 1] - FlA012) T2, ] .

The first value shows that E[Y,, — Y, 1|24, ..., Za,_,] = 0 and therefore Y,, is a
martingale. Additionally, on Ay, we have 0 < [Az 3 < 3M ALz <

C23M A2 Because A € B'(d7), it is true that Al < 4|Ams)i. We then

use the the relationship between the ¢; and £, norms to say [Ay, slli < 1/p|Am,

P|An |2 where p is the maximum number of non-zeros per row of the true matrix

W. Putting these together means |Az|3 < 16C2pd2. We then define B=16C3 pd2.

Therefore Y, — Y,,_1| < £ and the following is true:

1 g B\"
ZE[( (1804, Blen, ] - 7lAa 13) |] <n(7)

We can then get a bound on the summation term used in Lemma 9.

k k Rk
n k n"B B/T nBY\ a5
Z AN L vk < zn(e"/—l ):Z
& Thk! T

Now we can use Markov’s inequality to get a bound on the desired quantity.

P(Yn > y) < E[enYn]efny — E[enYannJan]efny < E[enYann]ezlfny < efnfny

The final inequality comes from the use of Lemma 9, which states that the given
terms are supermartingales with initial term equal to 1, so the entire expectation is
less than or equal to 1. The next step of the proof is to find the optimal value of n

to minimize this upper bound.

A~

B
P(Y, = vy) < exp(Z, —ny) = exp (n (e"B/T —1- ?7?) _ 77?4)
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Setting n = L 5 log (Ty + 1) yields the lowest such bound, giving

Ty Ty Ty Ty
=y) < — — — + 74
P(Y, = y) <exp (n (n lo (n 1)) log (n 1

where H(z) = (1 + x)log(l + ) — 2. We can use the fact that H(z) > % for

x = 0 to further simplify the bound.

—3T2y2 )

P(Y, > y) < RGO
(Yo >y) < exp (2BTy + 6nB2

From here we, use the fact that we plug in our value of B and we look specifically

at the case where n = |Ap| < T and therefore

1 |A7| \AT|
P (T >, Ell Az, 3w, ] — Z |Azq,[3 > >
t=1

- 37T
<exp | — :
P\ T 25C2p02y + 3 - 20C 20
To get the final form of the Lemma, we make the following observation which uses

the result of Lemma 4

N b

= Z E[| Azg, [3]2a, ] = 0| AlE

Combining the two statements shows that

|Ar|
2T

|Ar|

252
2T

1AI7 = S w? AR =

with probability at least 1 — exp (—c3T/p*) where c3 < (ﬁ%) O
2 2

Lemma 6. Let (w;)L_, be i.i.d. N(0, Iy;xar) random vectors which are also inde-

pendent of (z;)I_,, where x; € [0, C5]™. Then

1 T)
= Z TWy
<\/T tEAT évm
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Proof. We first note that

Z Lt oWt m

1<l<M 1<sm<M
E.AT

] = max Ew[ max

|

and additionally that )., Ay TteWem is a normal random variable with mean 0 and

max
1<l m<M

Z Tt oWt m
G.AT

variance Y, , @7, We can use the following standard technique to bound the

)

expected value of the maximum of a set of random variables,

. - .
exp (]]Ew [132133\4 t; Tt g Wt ]) < E, [1glna<XM exp <]
T
M
< Z Ew !eXp (] Z :Ct,fwt,m) + exp <_] Z mt,ﬂ”t,m)]

m=1 te A teAp

Z Ty oWem

te Ar

j2 ZtE.AT :L.?,Z)

= 2M exp (
These lines in order use Jensen’s inequality, the monotonicity of the exponential
function, the sum of positive numbers being larger than the maximum, the fact that

el < e7® 4 ¢*, and the moment generating function of a normal random variable.

By taking logs and setting j = \/2 log(2M)/ e 4, 74 We come to

Z Ty tWe,m

teAr

[ max
1<m<M
teAr

] < \/2 log(2M) | 22, < Cyn/2T log(2M)

Noticing that this bound is independent of the index of the x sequence and dividing

both sides by v/T proves the stated result. O

Lemma 7. Assuming all of the entries of W are non-negative, x;,, < C;log(MT)
forall 1 <m < M and 1 <t <7 and that T > 2 and log(MT) > 1, then
1S log®(MT)

max — zp14(2j — Blagj|lze1])| < 4CTetme

w T = ’ VT

24C%eHmax —8C2—6
4C7+3

with probability at least at least 1 — exp(—cs5log(MT)) where ¢5 =
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Proof. This proof follows the same basic structure as that of Lemma 5. In order to
prove this Lemma, we make use of Markov’s inequality and Lemma 9 as they pertain

specifically to our problem. Define the sequence (Y,,,n € N) as

né Z Tt.m l“t+1z— [517t+1,z|95t])-

Notice the following values:

Tp—1,m

T

Yn - Ynfl = (xn,l - E[$n7[|$n,1]>

M} ZZE l<$i_l’m (zi0 — E[xze|xz_1]))k |21, ...,xi_ll ,

The first value shows clearly that E[Y,, — Y, _1|x1, ..., z,—1] = 0 and therefore Y,, (and
the negative of the sequence, —Y},) is a martingale. Secondly, define €2 as the event
where |2, < Cilog MT,Ym € {1,2,...,M},i € {1,...,T}. On this event we know

C3 log (MT) &

Y, — Y, 4| < =B. Additionally, on € the following is true:

c Ti—1,m 2
Mz - Z k [( ; (Tie — E[-’Ez‘,£|$i—1])> |z, .y :L‘Z-_l:|
i=1

1
=5 ), %1 mBl(@ie — Elmiglwi1])?|7i 4]
i=1
1 & nC?log?(MT)etmax , —~,
:_225522 m €XP (e — Af 1) < — (T2 ) =M,

where the last step is because zy;|x;_; ~ Poisson(exp(iy — W/x;_;)) and the mean

and variance of a Poisson random variable are equal. The final line uses Assumption
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1 on the event . We will also need to bound MY as follows:

n -

Ti—1.m k
Mf:ZE ( T12’ (1'17@_E[xi7g|$i,1]>> ’xlw"ax’il]

i=1 L

=B | (Th e~ Eleaalrin)) (B3 (o~ Elwidaia])) \x]

We need to use these values to get a bound on the summation term used in Lemma

9.
k k pk—2 172 172 k
n k n B Mn Mn (UB) A S
Z = 2 —M" < Z —_— < — =7
n n 2 n
k=2 k! k=2 k! B k=2 k!
Zp= Y (DY < Z,
k=2 "

In the above 2n corresponds to the sum corresponding to the negative sequence
—Yp, —Y1, ... which we will also need to obtain the desired bound. Now we are able

to use a variant of Markov’s inequality to get a bound on the desired quantity.
P(|Yo| = y) =P(Y, = y) + P(=Y, = y) < E[e""]e™" + E[e" ) ]e™™

:E[enYn—Zn+Zn]e—17y + E[en(—yn)—2n+2n]e_77y

gE[enYH*Zn]eén*ny 4 E[en(fYn)on]efnfny < 9pZn—ny

The final inequality here comes from the use of Lemma 9, which states that the given
terms are supermartingales with initial term equal to 1, so the entire expectation is
less than or equal to 1. The final step of the proof is to find the optimal value of 7

to minimize this upper bound.

_ M2
P(|Y,| = y) < 2exp(Z, — ny) = 2exp <§ (e"" —1-nB) — ny>
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Setting 1 = %l og (]1(732 + 1) yields the lowest such bound, giving

J\? yB yB y yB
—9 MgH yB
=2exp [z 2

where H(x) = (14 z)log(l + ) — x. We can use the fact that H(x) > Q(iﬂg) for

x = 0 to further simplify the bound.

—3y2 3y2T?
P(|Y,] = y) < 2exp [ — 2| = 2exp <— 2 ’ ; )
2yB + 6M?2 20T (T'y + 3nerma<) log™(MT)

To prove the Lemma, we take the case where n = T" and take a union bound over all

indices because Y7 considered specific indices m and ¢, which gives the bound

T-1

th (e — E[zgjloea])| =
0

t=

3
42t log (MT))
VT

48C1 exp?Hmax Jog*(MT) )
8C etmax log (MT) /V/T + 6C3ehmax

(
(2 log(MT) — 24225?;‘i‘ﬁg+(]\§ﬂ)

1
IP’( -
neT

<exp ( log(2M?) —

< exp

<exp (—cslog(MT))

24C2eHmax —8C2—6
4C7+3

additionally assumed that 7' > 2 and that log(MT) > 1. O

where ¢5 = which is positive for sufficiently large C;. Here we have

5.8 Appendix for Chapter 5

5.8.1 Poisson Concentration Bounds

Using Bobkov and Ledoux [137], we have the following concentration bound for

Poisson random variables.

148



Lemma 8. If x ~ Poisson(\):

t
P(x — ——1 14+ —
(z =X >1t) < exp( : og( +2)\))
5.8.2  Exponential Martingale

We make use of Lemma 3.3 from Houdré and Reynaud-Bouret [138].

Lemma 9. Let (Y,,,n € N) be a martingale. For all k > 2, let

fféZ VeI Fia].

Then for all integers n > 1 and for all n such that for all i < n, E[exp(|n(Y; —

Yio)[] < oo,

£n2 exp (nYn — Z| Mk>

k=2

is a super-martingale. Additionally, if Y; = 0, then E[e, ] < 1.
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6

Conclusion and Future Directions

In this thesis we have explored problems related to sequential and dependent data,
under dynamically changing environments. These modalities present several chal-
lenges that are not modeled by the classical independent, identically distributed
data setting. Modeling these dependencies and time variability are important, as
they are properties demonstrated in many real world settings from neurology, as-
tronomy, microscopy, social networks and seismology. We address the question of
sequential data in changing environments by proposing online optimization routines
which incorporate dynamical models. By incorporating dynamical models we are
able to learn both the state and dynamics of a system simultaneously while mak-
ing far fewer assumptions than methods in sequential filtering. Additionally, by
incorporating these dynamical models, we allow for analysis of dependence between
observations by allowing these models to take autoregressive forms. Therefore we
can analyze point processes which model complex relationships between nodes in a
network, which would be impossible using classical methods.

In our analysis of our proposed online optimization routines, we have provided

novel regret bounds and in our analysis of point processes we have provided previ-
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ously unknown sample complexity bounds. Both of these quantities are aimed at
addressing the question of how much data is necessary to achieve a certain level of
performance. By modifying the notion of regret to tracking regret in our scenario, we
can characterize how much is lost by doing learning in a streaming setting compared
to computationally expensive batch processing, in a dynamic environment. Our sam-
ple complexity bounds show how much data is required to do accurate inference in
the scenario where there is a large amount of dependence between consecutive obser-
vations, but with full processing power. Both of these bounds required using modern
statistical learning techniques. Additionally, both of these methods incorporate low-
dimensional structure in high-dimensional settings to improve accuracy.

Our work leads to many future directions and open questions:

e Can we generalize methods to learn the dynamical models from broader classes
in online learning? Our work offers solutions to learning from a finite collection
of models, or to learn a parametric model when the functional form of the loss
and dynamics work well together. Is there anything we could do more generally

to learn both efficiently?

e How can we modify our online algorithm to learn not only the adjacency matrix
in a Hawkes process, but also learn the influence function? We have shown that
our method is robust to misspecified knowledge of the influence function, but
is there a way to possibly learn it, without storing a large buffer of data? The
non-convexity of this problem would require novel algorithms and analyses, but

would be a large forward step in streaming analysis of network data.

e Can we modify and generalize our analysis of the log-linear Poisson autore-
gressive beyond generalized linear models? For instance can we get similar
sample complexity bounds for learning an adjacency matrix W, when data

are generated as x;,1 ~ Poisson g(i + Wx;) for different functions g(-)? For
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instance, neurologist have hypothesized that the true underlying model might
have g not be the exponential function, but instead be a clipped version i.e.

g(x) = max(B, exp(x)) for some B.

Can we extend the analysis of PAR to higher order autoregressive models with
more memory? Taken to the extreme, could these analyses be used to prove
sample complexity bounds for continuous time processes like the Hawkes pro-
cess? The current analysis of the Hawkes process requires large observation
time and tends to only work in the asymptotic regime, where as our results on

the PAR hold in the small T regime.
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