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Abstract

In this work, we apply L%index theory to compute the index of a non-Fredholm
elliptic operator. The operator arises in Type I’ string theory, and the index is

found to be non-zero, thus implying existence of bound states.
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Chapter 1

Introduction

1.1 Elliptic Differential Operators and Parametrices

The main goal of this work is the computation of the (L?) index of a first order
elliptic differential operator defined over an unbounded domain. Some of the very
nice properties of elliptic operators on vector bundles over compact manifolds
are lost when the compactness is dropped. For example, existence of Fredholm
extensions is no longer guaranteed and the Atiyah-Singer index theorem no longer
holds. We will see how to address these issues in the following section. For the
moment, we describe some properties that are independent of the compactness

criterion.

Theorem 1.1.1. Existence of Parametriz. If A is an elliptic pseudodifferential
operator of order m in €2 C R™, then there exists a pseudodifferential operator B

of order —m such that:

BOA:I—Rl,AOB:I—RQ (111)



where R; is order —oo for j = 1,2. B is unique up to addition of operators with

smooth kernels.

Proof. Proof is by construction and is a direct result of the composition formula

for pseudodifferential operators and the definition of ellipticity. See [I] n

The existence of such a parametrix directly implies the following;:

Corollary 1.1.2. Elliptic Regularity Let A be an elliptic pseudodifferential oper-

ator of order m in Q C R". Ifu € Hy () for some s satisfies:
Au=f (1.1.2)

for f € C>(Q), then u € C™ ().

Proof. See [1] O

1.2 Heat Kernel Index Computation
1.2.1 Compact Case

Let M be a compact manifold, S a smooth vector bundle over M and let I' (.5)
denote smooth sections of S. For M compact, an elliptic operator @ : I'(S) —
['(S) of order m, extends to a Fredholm operator @ : L2 (S) — L2, (S) for any
s, where L? (S) denotes the Sobolev space of sections with L? derivatives to order
s. The index is defined as:

Ind (Q) ¥ dim (ker (Q)) — dim (coker (Q)) (1.2.1)
This quantity is independent of the choice of extension. Since coker (Q)) ~

ker (Q*), we may express the index as:

Ind (Q) = dim (ker (@Q))) — dim (ker (Q*)) (1.2.2)
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It is standard to use the small t heat trace to compute the index, because there
exist asymptotic expansions of the heat trace for small t. That is, we would like

to compute Ind (@) using:

Tr (e7'¥Q) — Tr (e "%V") = Z et — Z e i (1.2.3)
=0 i=0

Where \; and pu; are the eigenvalues of Q*Q) and QQ* respectively. Since for
A > 0, Q/v/A\; maps the )\; eigenspace of QQ* isometrically to the \; eigenspace
of Q*Q) (and vice-versa) there is a one-one correspondence between the non-zero

eigenvalues of these operators. Thus:

dim(ker(Q)) dim(ker(Q*))

ie”i—i{)e%: o= > 1 (1.2.4)

= dim (ker (Q)) — dim (ker (Q*)) (1.2.5)
=Ind (Q) (1.2.6)

1.2.2 Non-compact Case

When the base manifold is not compact, the operators e *?9" and e~*?®"? need not
be trace class. There is much work in the literature addressing cases where the
manifold is not compact, but the operator @ is still Fredholm (cf. [2], [3], [4], [5]).
In these cases, one may begin with the above formula involving the heat kernel
trace. Note that since there is a gap between zero and the essential spectrum, the
above argument applies formally. Summarizing the argument in [4], first define:

b(t,x) o e Q (z,7) — 79 (2, 1) (1.2.7)

3



Let IT,, TI_ denote L*-orthogonal projection onto ker (Q)NL? (S) , ker (Q*)NL? (S)

and p,,p_ their associated kernel functions.

Claim:

t—oo

lim [ b(t,z)dz — / (py (x,2) —p_ (z,2))dx (1.2.8)

for any compact set K.

Proof. Note that:

1 A2 N2
5@/ dtle™ (@, y)|* = =[1Que™ (2, y)? (1.2.9)
Taking t — oo, we see that tlim Q.79 (2, 1)) = 0, so that tlim e (x,y) €

ker (Q,) and we have the analogous statement in y. But for finite ¢, we have that

e~'*(x,y) acts as the identity on ker (Q), so that tlim e () must be the

projection onto ker (Q). O

Defining the L2-Index of Q) to be:

dim (ker (Q) N L* (S)) — dim (ker (Q*) N L*(S)), (1.2.10)
it then follows:
L*Index (Q) = lim tlim b(t,z)dx, (1.2.11)
Ba

for {B,} a compact exhaustion of M. For computational purposes, it is useful to
transform the above limit ¢ — oo to a limit taking ¢ — 0. This is done as follows:

t—o0 to—0
B

[d
lim [ b(t,z)dz = lim / (to, x) d:c—l—/a/b(t,x) dzdt (1.2.12)
to Ba



When @ is a Dirac operator, the quantity %b(t,x) turns out to be the total
divergence of a vector field Vi, whose integral may therefore be transformed via
the divergence theorem to a boundary integral. In the following section, we recall
a few properties of spinor bundles and Clifford algebras that will be useful in the

next chapter.

1.2.3 Brief Review of Spinors and Clifford Algebras

We review some relevant definitions and properties necessary to support the com-

putations which follow. These results and more may be found in [6].

Definition 1.2.1. Let V be a finite dimensional vector space (over R, for our
purposes) with a quadratic form ¢ : V' — R. Let .7 (V') denote the tensor algebra
of V and let .#, denote the ideal generated by elements of the form v®@v+¢ (V) 1.

Then we define €0 (V,q) = 7 (V) /.4,

As always, the polarization of ¢ (v) gives a bilinear form ¢ (v, w). If we denote
multiplication by an element of € (V,q) by C (), we have:

C(v)C(w)+C(w)C(v) =—2q(v,w) (1.2.13)

for all v,w € V. Note that if V =R", and {e,...,e,} is an orthonormal basis of
R™, the Clifford algebra €¢ (R") is spanned by {e1, ..., e,, e1€2,€1€3,...,e1 - €, },
i.e. all (ordered) Clifford products of the basis {ei,...,e,}. A general element of

the algebra is given by:

b= ae, e, (1.2.14)

[<n



where [ is a multi-index. We define Clifford degree of an element to be the
highest |/| for which there is a non-zero a;. The group Spin,, may be realized as
the subgroup of the multiplicative group of units of ¢ (R") consisting of elements

of the form:

O =V, (1.2.15)

where 7 is even and v € R" with |v| = 1. Representations of €’¢ (R") restrict to
representations of Spin,,. We will be dealing with representations of Sping. In this
dimension, the Clifford multiplication by the volume form w squares to 1. Here,

an irreducible representation

p: €l (R®) — Homg (W, W) (1.2.16)

restricts to a reducible representation:

ps : Sping — GL (W) (1.2.17)

such that ps = pg @ pg and
ps : Sping — GL (W) (1.2.18)
ps : Sping — GL (W™) (1.2.19)

where W+ and W~ are the +1 eigenspaces of the operator defined by Clifford
multiplication by w. We will define another spinor space, generated by the vector

space:
(vt P Pw) (1.2.20)

The operators we will be concerned with are Dirac operators on a spinor bundle
whose fiber is as above. One very useful feature of trace computations involving

Clifford bundles is the following (see for example: [4])
6



Lemma 1.2.2. Let V be an even dimensional vector space and {ey,...,e,} an

orthonormal basis of V. Then:

trC (e;,)...C(e;,) =0 (1.2.21)
for any non-empty {iy, ..., i, } with all i; distinct.

Next we describe the physical model which gives rise to the operator we are

about to analyze.

1.3 Physical Model
1.3.1 DO Branes

The following is an extremely curt introduction to the physical model upon which
our mathematical contruction is based. For a more thorough review of D-branes
and their dynamics see [7]. For more on D0-brane bound states, see [8], and for
a more complete description of the construction of Type I’ strings, see [9],[10].
D-branes are defined as boundary conditions on the ends of open strings, but
they can be seen as dynamic objects themselves. At low energy, DO brane dy-
namics are governed by the dimensional reduction of 10D .4 = 1 supersymmetric
Yang-Mills to 0 + 1 dimensional gauge theory (i.e. supersymmetric quantum me-

chanics). After dimensional reduction, a system of n DO-branes has hamiltonian:

1 i i 1 i .12 1 i [0
%:%Tr(pp)—E;Trﬁx,x]] )—%Tr(@bv [x,@ZJD (1.3.1)
The ¢’s transform in the SO(9) Clifford representation given by the 7’s. After

factoring out the center of mass action, the gauge group is SU(n); thus, the z’s live

7



in the adjoint representation of SU(n). This theory has .4 = 16 supercharges:

Qu= 4ot T () — ST (T ), (132)

which obey the supersymmetry algebra:
{Qa, Qs} = 2005 (S — D) (1.3.3)

(1.3.4)

where ¢ is the gauge action:

G =1ila'p] - % [V Ve (1.3.5)

In the case n = 2, we have the gauge group SU(2). Stern and Sethi [II] have
proved the existence of a unique ground state in this model. The present work
is concerned with the addition of an OS orientifold plane and further addition of

D8-branes as occurs in Type I’ string theory.

1.3.2 DO Branes and OS8 orientifolds

Type I’ string theory is obtained as a quotient of either IA or ITA:

_IIA
- {Lar}

!/

with {1, QR} ~ Z, and ( is world sheet parity, R is reflection in the z¥ coordinate.
The effect of the quotient operation is to add two 8-dimensional orientifold planes
(at positions corresponding to the fixed points of the reflection on the circle),
each accompanied by 8 D8 branes and their mirror images. Taking one of the
orientifold planes to infinity along with its D8 branes leaves one orientifold and

16 D8 branes to consider. The description of DO brane dynamics in Type ITA
8



involves bosonic coordinates x* i = 1,...,9 living in the adjoint of SU(2), and
fermionic coordinates ¥, « =1, ...,16. The orientifold quotient breaks the gauge
symmetry to SO(2), cuts the supersymmetry in half (from .4 = 16 to A4 = 8),
and causes a projection onto the symmetric and antisymmetric coordinates as

follows:

— ('@ x2i> fori=1,...,8
Ty —Iq
) ) . 0
) —x} —z3 0
wla w2a )
—
(¢3a _¢1a

Ve V2 . 0 s, -
<w3a _1/J1a> <_Q/}3a 0 ) for a = 9, ey 16

The supercharges are:

<w1a w2a

fora=1,..,8
77D2a _1/}1a> ora

i 9 i i
Qa = Mag¥nsg + iasmg [, 2], (1.3.6)
N

where o now ranges from 9, ..., 16, and the x’s and v¢’s obey the above restrictions.
The gauge constraint in this model differs from the D0 — DO case not only in the
breaking of the symmetry to SO(2), but it also includes a term representing the

fermionic strings between the D0 branes and the D8 branes at the origin.

9 )

G =gl — .
Loxi, ox}

+ Vrataa + XiXs (1.3.7)

Now, the @, are independent of the y’s, but when we perform computations using
Q? it will be convienient to use the gauge action to replace some of the terms.

This is where the x’s will become relevant.

9



Chapter 2

L? Index

2.1 Defining the L? Index

Given an involution which anticommutes with (), we may decompose () into com-
ponents @, : I'(ST) — I'(S7) and Q_ : T'(S7) — ['(ST), where ST and S~ are

the +1 eigenspaces of our involution. For () self-adjoint, we may then write:

(0. 0)=(o. T)
@+ O @+ O
We would like to calculate the index of (), which in the case of a compact

manifold is given by:

Ind (@4 ) = dim (ker (Q4)) — dim (ker (Q_)) .

In the case at hand, however, our manifold is Euclidean space and the essential
spectrum of Q? contains zero. This means the coker(Q) is not closed, is infinite

dimensional and is not equal to ker(Q*). Thus, the usual (Fredholm) index is not

10



defined. We will instead compute the L? index:

Definition 2.1.1. The L? index of an elliptic operator Q4 : I'(ST) — T'(S7) is

defined by:

L? — Index (Q,) = dim (ker (Q)) N L* — dim (ker (Q_)) N L*.

2.2 The Green’s Operator

Proposition 2.2.1. Given a Green’s operator G for Q*, p2_Index(Q,) is given
by:

L? — Index(Qy) = tr (T + % @, TQG]> ;

where T 1s an involution which anticommutes with Q).

Proof of Proposition. Let G+ denote the restriction of G to the +1 eigenspace of

7, and let Py denote orthogonal projection onto the kernel of (). Note that
1
Since Q?G = I — P, we have:

(I+71)—P;.

N —

QQG, = (1~ P) (I +7)=

Similarly:

QG Q=5I~-1)—-P-.

N —

11



Thus,
L? — Index (Q;) = trP, — trP_

—u (G40 -Qa. ) —u (-1~ Q6.Q)

= tr ((7) — [@Q, QG4])

— tr (T + % [Q,TQG]> . (2.2.1)

For the computations to follow, we’ll need to establish the existence of G as
a singular integral operator. Before we begin, let’s fix some notation. Here we
choose the convention 1?2 = 1 = y? = 1. This is different from the physics
convention which has 1% = % Our choice of normalization also leads to a factor
of 1 in front of the laplacian in Q?, as opposed the the factor of 1/2 found in the
physics literature.

Recall that our model arises from dimensional reduction of a model describing
the dynamics of two D0 branes in type I’ string theory. This may be realized as an
orientifold quotient of the type IIA theory. In type ITA, the reduced model takes
the form of supersymmetric matrix quantum mechanics, with the coordinates tak-
ing values in the adjoint representation of SU (2). One effect of the (8-dimensional)
orientifold plane introduced transverse to the ninth spacial coordinate is a projec-

tion onto the symmetric and antisymmetric parts of the coordinate matrices as

( ! 21>—>< Por2) fori=1,..,8
xh —x xh —x
3 1 2 1

12
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) ) 0
9 9] — 9 :
Ty —T) —x3 0

Thus, we may think of our coordinates as living in R!”. The corresponding

fermions are:
W1s, s fore=1,..8 and ¢3, fori=29,...,16.

In addition, there are fermions !, x4 corresponding to strings stretching between
each DO brane and the i"® D8-brane. Our operator Q then acts on sections of a flat
spinor bundle over R'" (See [8] and [9]) We denote this bundle S, and its smooth
sections by I' (5). S is a trivial bundle whose fibers are the tensor product of the
two factors. The first is a Clifford module for the Clifford algebra associated to
the vector space spanned by the 914,199, = 1,...,8 and 35,8 = 9,...,16. The
module is a pinor representation. The second factor is the spinor representation
of the Clifford algebra associated to the vector space spanned by the x’s. The
dimension of this fiber is therefore 2'2 x 2™ where M is the number of D8-branes.
For consistency in the physical model, M is taken to be 8, so the dimesion of the

fiber of S is 2%°. In these coordinates, Q? has the form:
1 R IR A
QQ = A + 5 Z } |:ZL'A’ :LJB:| | + Z’Ya/@wllﬂza@/]gﬁ-f-
e sThtsatig + ixs (—1sthas + X1X5) | (2.2.2)

where the above restrictions apply to the indices ¢, j. The x terms have entered

Q? via the gauge constraint, which is now:

, -0
G =ax' — — xh—
Lol 20at

1 1,
+ S ¥t + 5XIXG, (2.2.3)

13



under the chosen normalizations for v, y. Note that we will sometimes write:

Q> =A+V (z)+ Hp, (2.2.4)

where

Vi(z)= %Z |[#", 27] !2. (2.2.5)

Recall that there are 8 operators @, 9 < a < 16 and:

i 9 i i
Qo = iVogthaps— +Vastbms [, 2] ;. (2.2.6)
oz’

For each «, o/, Q2 differs from @2, by a gauge transformation. Thus, our compu-
tations are independent of a. Fix o for 9 < ap < 16. Define Q) = Q,, We are

now prepared to state the main theorem of this thesis:

Theorem 2.2.2. Main Theorem.

Let Q : T'(S) — I'(S) be the elliptic operator defined above, with gauge constraint:

0 .0

7
- — X -
i 249,
oxl, ox'

A 1 1.
G =1} + §¢1a¢2a + §X11X12 (2.2.7)

where the index i runs from 1,....,M for M an even integer > 8. Let T be the

8 M
involution on S given by T = [] ¥1st2st3s [ X4x5 and decompose:
s=1 i=1

Q= (C;_ %*) : (2.2.8)

so that Q4 takes the +1 eigenspace of T to the —1 eigenspace and similarly for
Q_. Then:

L? — Index (Q, ) = 2M/>71, (2.2.9)

14



Analysis of this operator is made delicate because there are regions where the
commutator above vanishes, even as |z| = r gets very large. Let us expand V, to

see this more clearly:

V(2) = %Z [+, 27] | (2.2.10)

Y (el [ ] oy

i=1 j>i i=1
V' is zero when either of the following conditions is satisfied:
o zig) — xha) =0 for all 4,j and 2§ = 0 or
o ! =) =0 for all 4, j, and ) is arbitrary.
Calculation of the desired index has 3 main parts
e Proof of the existence of a Green’s operator
e Construction of a parametrix that approximates the Green’s operator

e Proof that the parametrix approximation computes the index (i.e. our error

terms are inconsequential)

For the first item above, we will need the following normed spaces:

Definition 2.2.3. Define Lg, (S) to be the completion of C§° (S) in the norm:

2
LQ(S)’

u
u = || —/—
I
and similarly:

15



Definition 2.2.4. Define H, (S) to be the completion of C§° (S) in the norm:

2
u

2
L A

L2(S)

In this section we prove the existence of an (unbounded) operator G : Lg, (S) —

H?(S) such that:
Q*G=1-11,

where II is orthogonal projection in the L? norm onto ker@. Define the bilinear
form D (u,v) on Hj (S) x Hf (S) so that:

D (u,v) = (Qu, Qv) 2(s) -

Theorem 2.2.5. For any [ € (LQQ (S)n (kerQ)L> with \/r2 +1f € L?, there

exists a unique u € Hj (S) N (kerQ) " such that

Q*u = f. (2.2.12)

The Lax-Milgram theorem states that if D is a bounded, coercive bilinear
functional on a hilbert space 7, then for every bounded linear functional f on

S, there exists z; € S such that:

f(z)=D(x,xy5). (2.2.13)

Therefore, if D is both bounded and coercive in Hp (S) N (kerQ) ", then weak
solutions to (2.2.12)) exist. Boundedness of D is clear from the definition of the

Hé norm, so it suffices to prove the coercive estimate:

Proposition 2.2.6. Foru € H (S)N (kerQ)", there exists ¢ > 0 such that

cu ||?
[Quliags) = | = (2.2.14)

L2(s)

16



Elliptic regularity then guarantees that our weak solutions ([2.2.12)) are smooth,

for smooth f. In particular, for any fixed y, we have:

Qgy (x) =6 (x —y) — U (x,y), (2.2.15)

where P denotes projection onto ker (()) has a solution which is smooth for = # y.

Define:

Gf (@)= [ 9,(a) £ () dy 22,10

This gives our Green’s operator as the integral operator represented by the kernel
gy (x) = g (z,y). The proof of the estimate (2.2.14]) has two main parts. We will

show:

1. For any section u € C§° (R'\Bg(0),S), R large, the estimate (2.2.14))

holds.

2. Using Rellich’s theorem, we can extend the estimate across the ball by re-

stricting to the subspace Hp (S) N (ker Q).

Proof of 1. Tt will be necessary to patch together estimates of a lower bound for
Q in 3 different regions of Q@ = R\ Bx (0). We will obtain one estimate away
from flat points (exactly what is meant by 'away’ will be clarified shortly). In
addition we will need estimates near each of the two types of flat points discussed

above. 'Near’ a flat direction is defined as:

V(z) < r?te (2.2.17)

where € > 0, for now, and an upper bound will be determined momentarily. Let
Np(e)={ze€Q:V (z) <r’*}. (2.2.18)

17



Define smooth cutoff functions pq, po so that

We need to show:

for some ¢ > 0. We have:

1Qul* = 11Q (pru + peu)|

|1 forz e Np(e/2)
pr(w) = {O for z € Q\Np (¢) (2:2.19)
p2(x) =1—p1 (2.2.20)
and such that |dp,| < C, Let u € C§° (€2, 5). Write:
U = p1u + pau. (2.2.21)
2
|Qull* > H%H (2.2.22)
= 11Q (2r)l” + 1Q () II” +2/(Q (1) , Q (p210)) - (2.2.23)

We will obtain the desired estimate from the first two terms. The last term, the

cross term, needs to be controlled. Before proceeding with the estimates, we will

simplify this term a bit. As in the introduction we denote Clifford multiplication

by forms as C' (-):

(Q (p1u), Q (pau)) = (C (dp1) u + p1Qu, C (C (dpz)) u + p2Qu)

= (C (dp1) u, C (dp2) u) + (C (dp1) u, p2Qu)
+ (mQu, C (dp2) u) + (p1Qu, paQu) (2.2.24)
> (C (dp) u, C (dpa) ) + (C (dpr) u, p2Qu)

+ (11Qu, C (dp2) u) (2.2.25)

18



[(C (dpr) u, C (dpa2) u) + (C (dp1) u, p2Qu) + (p1Qu, C (dp2) u)|

< [(C(dpr) u, C(dp2) w)| + [(C (dp1) u, p2Qu)]

+ [(p1Qu, C (dp2) u)| (2.2.26)
= [l|dpa| [ul|* + |((p1 — p2) Qu,C (dpy) u)] (2.2.27)
€ 1
< [ldpa [ull* + 3 1Qull* + oz lldpil Jul||* (2.2.28)
2e+1 9 € 9
< = : 2.2.2
S 5 Hdpa] fulll” + 5 |Qu] (2:2.29)

Substituting back into ([2.2.23)):

2e +1 €
IQul* 2 1Q (o)l + 1 puadl* = 2 (255 ol + 5 ul®).
(2.2.30)
so that:
2e +1
(1) 1Qul” = 12 (pru)l” + 1Q (o) I~ 2L ldn ). (2231)

Ultimately, we’ll need to show that the last term on the right may be absorbed

into the other two terms. First, we obtain estimates for the first two terms.

The estimate is trivial for ||Q (pou)||>. We have:
1Q (p2u)||” = (Q* (p2u) , pou) (2.2.32)

= ((A+V () + Hr) pau, pou) . (2.2.33)

Recall that Hp is linear in x4, so that

(A +V (2) + Hr) pau, pau) > ¢ (r**pou, pyu) (2.2.34)
=c Hr1+§p2uH2 : (2.2.35)

Before we begin analyzing ||@Q (p1u)||*, a few comments regarding the different

types of flat points are in order. Note that at least one of z3, xh must be of order
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r. In order to be near a flat point, if any of the 2} , are of order r, then z3 must
be of order < r/2. We have to split p;u to cover the two different regions using
cutoff functions. However, the region ’in between’ the types of flat points:

re < |af] <r'v (2.2.36)

is not part of the flat region, say for e < 1/2. That is, p; has two disjoint
components, one with xj ~ r, the other with (|z;|> + |z2|?)'/2 ~ 7. Since the
support is disjoint, we may write

p1 = P12 + Po. (2.2.37)

We can therefore treat the two situations separately, without additional cutoffs.

First we work in the case |73| < 7%. To simplify the computations in this

region, we’ll apply an SO(3) x SO(9) coordinate action as follows:

Define the map:

m : SO(3) x R? x SO(9) — R (2.2.38)

(k, A, q) — kAq,

g 00 0 0 0 0 0 0
A=10 w3 9 vs ¥ v5 v v5 0. (2.2.39)
00 00 O0O0 0 0 a9

This map is not one-to-one, but we may lift any function on the original space

to a function which is constant in the fiber. It is possible then to perform all of our
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computations in the larger space. We choose tangent vectors to SO(3) x R? x SO(9)

which descend to a basis of R!":

o 0 0 g

— Vi, j=2,..8 2.2.40
afﬂat, agé7 a‘fz‘%? Y _]727.7 Y Y 9 ( )
such that
. 0O 1 0
X=1-100 (2.2.41)
0O 0 O

and V; is the s0(9) generator with entries 1§ = 1, j1 = —1 and all others vanishing.

We then compute the metric ¢ in terms of the basis

~ - -~ 0 0 o 0
Vo, Va, o Voo Xy —— — oy ===, = 2.2.42
{ 2y V359 V8, 7afﬂat, aggv 7ag§7 ajg} ( )
of pushed down vector fields. We decompose ¢ in the following manner:
g=9g@ Iy (2.2.43)
where Ig is the 9 x 9 identity matrix, corresponding to the vector fields
0 0 o 0
—— . 3 AR A9 (2.2.44)
OTfat O35 095" 013

which are chosen to be orthonormal. We obtain:
g = 1%+ [y
G = i
= 2uys fori =2,...,8
Gij = Gji
:yéyg fori=2,..,87>1
Gii = 112 + (y;)z fori=2,..,8
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and

V|det g| = +/|det g|
= i (12— |2]) -

In this frame, we obtain the following expression for Q?:

0 2y5 0 8P —6ly* 0
() B 0 ot
a9 ") o —|pPoys (2 —|yl?) O

i\ 2 i\ 2
2 it sl (Il = ()°) + w2 (2 1asl” +3 (v) )V2

J

G I
2 2
(12 = |ya]?) 12 (12 = |yol?)

2 J yiyj 3M2_ y 2
e A CURD
- 192 — 192

+ (23)" |yol® + 123 (VrsW2s + X3X5) + 1quinyibesthse + i Vi 1says,
where we have set k = I, since k is an element of the gauge group and the space

of sections we are interested in must be gauge-invariant.

The gauge constraint now looks like (|1.3.5)):

1 .

In this formulation, the flat directions of the potential may be parametrized locally

by the radial coordinate p and 7 angular coordinates. We label terms in Q? as

follows:

_ 0° 2 9\ 2 2
Hp, = (_Wg)z +Ay2) + ((553) + [ya| )

Y, = iquviestbs (2.2.46)
Hp (y3) = igivlisihsysy
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02 20t 0 8u2—6ly* 0
Q? = H,, + pnY, — S+ — Y2 2_i_“2—|3/2|2_
O 12— |ya|" 0y (2 — |ol”) Ot

2 2 i\ 2 ) L
o (=) 52 o 4300

(12 = |y*)” 12 (12 = o)’

| 2
2
Vi

(2.2.47)

| - )
2095 oy Yol (34" = lyal")

(e Lo12\2 /. 9\2 2
(:ug - |y2|2)2 ! ,u2 (MQ . |y2|2)2 V;‘/J + (.T3) ’y2|

- Lo
+ a5 (@/)15@/)25 + §x1x2) + Hp.
We note that in this formulation we have a coordinate singularity at u? = ]y2|2.

This will not cause difficulty, however since this form of Q2 is useful only for

2
lyo|” < 7€ and p = r. Now we decompose pju as a sum:

pru = opru + (1 —Iy) pru (2.2.48)
=¢o+ P (2.2.49)

where
b0 = folp, gz (e +(5)) 2 (2.2.50)

fo is a section of the subbundle defined by Y),s (¢) = —8s(q), and Ij is projection
onto the zero eigenspace of H,, + pY,. Note that the lowest mode of ¢; has
eigenvalue 10y £ 8y > 24 under H,, + puY),. To obtain our desired bound on

1Q (pruw)]|?, we'll need to analyze:

1Q (pr) I* = Q0" + 1Q21 I +2 (@0, Q) (2.2.51)
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The first term in (2.2.51]) will be computed in section (2.7). It will be shown that

1Qoll* = (Qebo, Qebo) (2.2.52)
= (Q%*¢o, b0) (2.2.53)

(3 —€) %o ?
__" ;L (2.2.54)

Turning to the next term in (2.2.51)):
1Q1]° = (@61, Q01)
= (Q2¢17 (bl)

0? 2 .0
= ((Hm + p1Y,) ¢1,¢1) — (8_“2¢17¢1> + (Eyéa—yéﬁbh%)

8 0 1
(;@ﬁbh%) - (lﬁ <X2 + ZVJ2> ¢1,¢1)
+ (2y%XVj¢1,¢1> + (3153%‘/}‘/}%,@251)

+ ((xg)Q ly2|* 61, ¢1) + (@25 (V1st2s + XiX3) 1. ¢1) + (Hp (v3) 61, 61) -

We first note that the oscillator part of Q? yields a large, positive contribution:

[ w0z e [ oo

— o || )" (2.2.55)

Because of this large contribution, we need only show that the rest of the terms

are easily absorbed by (2.2.55). Next we analyze the action of the y, derivative
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terms:

2 0 1 ;0 71,0
(E?ha_yécblwbl) = (Eyga—yéﬁbl,ﬁﬁl) + (qbl, (_E — Ey28y§> gbl)

= - (%Cbl,ﬁbl)

2

:_7Hﬂ
1

The next derivative terms, (—I%qubl, (;51) and (—%Vfgbl, (;51) are positive. XV}, V;V;

enter with coefficients lower than 1/u? and so are absorbed into the larger positive
terms. The potential term is clearly nonnegative. The last remaining terms in ()2
are:

egYy 103 + 025 (—1atas + X1X5) -

Recall that ¢, is supported in a ’small’ neighborhood of a flat point where (x§)2 -+

lya> < 7€ For € < 1, these terms may be absorbed into (2.2.55). We have now

shown that the second estimate holds:

Q6117 > e [|12en "

The last estimate we need is the cross term, (Qgg, Qp1) = (Q*¢o, ¢1). To control

this term, we 'borrow’ from the previous two terms as follows:
(Q*¢0, d0) = (1 — ) (Q*¢o, do) + € (Q*¢o, do) (2.2.56)

2

+ & (Q*Po, ¢o) (2.2.57)

ol

and similarly for ¢;. First we control the second order derivative term in .

Define:
2
b= e ((58) Huel) 2 (2.2.58)



so that

b0 = hfp. (2.2.59)

We compute:

(% (h ) ,¢1)

(( 8M (h )f07¢1) +2 %%%- f07¢1) (2.2.60)

o
((Go)ee) o(Bgs) e
(G o)) (8 () o).
(22.62)
Now:
g_z _ (3 (@) |y212)) h and (2.2.63)
T
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so that:

(o) en) +2 (5 (52) - () o0
=~ (@) o) 2 (505) )
(G ERT) e

w2 (g (3 (@) ps) o)

_ <(§ — (@) yy2|2))2hfo,¢1)

(
(_—22> hfo, ¢1> (2.2.65)

I
8
)

- (% (( 9)2 + |y2|2> b0, ¢1) + % (<($§)2 + |y2|2>2 ¢0>¢1)
+4 (1%,@) —~ (((ng - |y2|2> %’Z’,q&l) . (2.2.66)

Each of these terms may be absorbed into the positive terms in ||Q¢o||* and
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Q¢ || as follows:

‘ (% (@) + lal?) . ¢1) ‘ - (; ((25)” + luef*) do. m) ‘ (2.2.67)
< (ﬁmﬁ%)’ (2.2.68)
< ‘ﬁ% |12/ | (2.2.69)
< % ‘ ﬁ% : n % |2 . (2.2.70)

2
The first term may be absorbed into % . The latter term above may be ab-

sorbed into Hu1/2¢1||2 for 2¢ < 1/2. The size of the next term (dropping the

irrelevant constant) is:

‘(((xg)Q * |y2\2)2¢0, ¢1> ‘ = ‘ (((903)2 + |y2!2>2 %,@N (2.2.71)

2
1 2
— 2.2.72
Fo_llal? (2272

IN

% H ((zg)Q + \3/2’2>2<250

2

cE gbo 1 2
— | = — . 2.2.
<55+l (22.73)
Next we have:
1 el|tago|® 1 .
- < Z || === — ) 2.2.74

2
The first term may be absorbed into the H‘%‘) term in ||Qdo||” and the second

once again may be absorbed into ||;L1/2¢1H2.
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The last piece coming from second order derivatives in p is:

(((1@)2 + lyal?) a%,d»l) < ‘( ‘6/4%,u5/4€¢1)’ (2.2.75)
)
< % H/ﬁ“ (;ZO H 1o )? (2.2.76)

All other second order terms all vanish, since:

(X200, ¢1) = — (X, X 1) -
X ¢ is orthogonal to ¢ and ¢, lies in the orthogonal complement of the subspace

generated by ¢g. The remaining second order terms are completely analogous.

The first derivative term in p yields:

'(%a%%,aﬁl)' = ( (— —4ys|* + (a5) )Mge_“<(xg)2+y2'2)/2fo (U>Q)a¢1)‘

= ( <|y2l + (23) )Mze_“<(xg)2+'y2'2>/2fo(u,q)m)‘

IA

MH 61

<

|l -

We now compute the effect of the y derivatives:

’ <%y§§y§¢oa (251) ’ = (% |92’2 Mz€_u(<x§)2+‘y2|z>/2fo (,Lh Q) 79251) ‘

IN

2 — z9 2 2)/2
2l e (), <u,q>H 61

IN

Jo (1, 0) H o]
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’ and Hu1/2¢1||2. Next we see:

The last two terms are easily absorbed into ‘ %
‘ ((Wéﬁyé%aiﬂaﬁ + i} (_wlsw% + XZ1X12)) ®o, ¢1) ‘
(2.2.77)

L ‘ . 1
H (W;ﬁyé%a%ﬂ + Zacg (_¢lsw25 + XﬁXlz)) ¢0H2 + B H¢1H2
(2.2.78)

DO | —

<

()2 + 1) o] + 5 ol
(2.2.79)

IN
|

ool 1,
- +§||¢1||-

I

The only remaining term in Q? left to analyze is the (z3)° [ys|?, but that term

INA
DO o0

is handled analogously to the above, so we do not repeat the computations. We

now wish to return to (2.2.31)). The term we need to be able to control is:
(2.2.80)

2e+1 9
d .
o lldpr] full

(2.2.81)

Let C, be such that:
|dp1‘ S Cp.
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We estimate:

dpl? <G, [ 7 lou+ 6l dwdudg

pe/ 2 < w|<pe

e /‘uﬂwMMWMMMq

pe/2<|wl<pe

IN

C, / p [|fo(u?q)lzﬂ“e’“(“”‘z)+|¢1|2 dwdpdg

/2 < wl|<pe

<G, / i o (@) P e dwdpdg

[w|>pe/?

+C, / p" |n)* dwdpdg

/2 <|w|<pe

<G, / 11 fo (i) e dwdpudg

+C [ il dudpd

pe/2<|wl<pe

~ € _,,14€
< Cp/ | fo (@) * 7 i e dpdq

£ [ il dudpds

pe/2<|w|<pe

(2.2.82)

The ¢; term may obviously be absorbed into H ut/ 2¢1H2. All that remains to be

shown is that:
2

Z2€+1

2e

o

1

Co C, / | fo (1, @)” 1Te™ " dpdg.
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2

o
1

- / [ fo (11, @) e T dwdpudg

= 50/,M7|f0 (1, )| dudg

>

2¢e +1 ~ &) g lte c o 14e
% Cﬂ/|fo (1, @)° p" P e dpdg for pPUt >> e

We note that ¢y can be taken arbitrarily small by restricting the support of ¢
to the complement of a sufficiently large ball. So far, we have established the
estimate for the first type of flat point, and shown that the error due to the cutoff
may be absorbed. We now treat the second type of flat point. Once again, we

use a harmonic oscillator decomposition. Let

Hyy = A, + (g;g)z Z <(Q;g)2 n (x;)2> +izy (—Urstes + X1X5)  (2.2.83)

where A, , denotes the laplacian in the @,z directions.

0 i i 1 i .0 i
Q2 = ng — ? + Z”}/aﬁl'lwzawgg + Z’)/aﬁxziﬂgal/}lg -+ 5 Z (37156% — (Ezl’]l)

Oy
(2.2.84)

2

Note that the z¢ a%i — b aii vanishes on the oscillator ground state. Thus, if gauge
2 1

invariance is to be preserved, the action of 1195 + X% X% on the ground state must

vanish as well. Then:

Hyg = Doyt ()Y (1) + (28)") = 2a3 ($15020) (2.2.85)

=1

This oscillator has a zero eigenstate. We decompose a section u supported near
this type of flat point:
U= ¢g+ ¢1 (2.2.86)
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8 N2 i\ 2
22 4 —|=z2|1 S (zh) +( =
where ¢y = %f (z3) e | 3‘21:1(( 1)) ) We will have 3 terms once again.

The cross term (Q%¢g, 1) and (Q?¢1, ¢1) are handled as in the case of the previous
oscillator decomposition, and those computations will not be repeated here. Now

we compute:
2

(Q*¢0, ¢0) = ((—(%92 + 17471 V20035 t 1V0sTaV3at18
3

+ = Z zial — alal ) ¢0,¢0> (2.2.87)

- (( 92 T3 Z xle — wh] ) ¢0,¢0> . (2.2.88)
To shorten the notation a bit, define:

e=Y ((x§)2 + (x§)2> (2.2.89)

The second order derivative in z3 gives:

( 8892%’%) . (%,%), (2.2.90)
€3

Thus, we have ||Qay|” > H%W O

We now wish to extend the coercive estimate ([2.2.14)) to sections (in our weighted
space) supported on all of R'. Suppose the estimate (2.2.14])) does not hold for
ue H(S)N (kerQ)™. That is, there exists no constant ¢ > 0 such that

2
1Qul® > ¢ ;H (2.2.91)

for every u € H}, (S) N (kerQ)™. Recall the definition:
D (u,v) = (Qu, QU)L2(S)
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The assertion that no such c exists implies the existence of an infinite orthonormal
sequence {u;/r} C (kerQ)™ N H} (S) such that

D (w:. us
MHO?D(UWU/J)HO

11
We will argue that no such sequence {u;/r} can exist.

Proposition 2.2.7. Let {u;} be a sequence in (kerQ)" NHy (S) such that {u;/r}
is L* orthonormal, and |Qu;|®> — 0. Then {u;} has a subsequence which con-

verges to 0 on compacta.

Proof. Let {u;} be a sequence in (kerQ)LﬁHCl2 (S) such that {u;/r} is L* orthonor-
mal. Define a smooth cutoff function p so that p is identically one on By (0) (some
R > 0), and vanishing on Bsyg (0) Then {pu;} is a bounded sequence in L?. For
each j, Garding’s inequality gives:

lousll g < K (1Q (pus)ll 2 + ol 2) - (2.2.92)

Since {Q (pu;)} is bounded, this means that {pu;} is bounded in H', so by the
Rellich theorem, {pu;} has a subsequence (which we rename pu;) that converges
to some ur € L*(S). Now, let {U,} be a compact exhaustion of R'7. For each
k we can find a convergent subsequence {pju;} that converges on Uj. From this
sequence, we can find a subsequence which converges on Ug,i. Thus, taking a
diagonal subsequence, obtain a sequence convergent on all the U,. We rename this

subsequence u;. Since ||Qu;||> — 0 as j — oo, for any ¢ € C5° (S), (Qu;, ) — 0.
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Thus:

lim (Quj, ) = lim (u;, Q) (2.2.93)

J—00

= lim (u;, Q) (2.2.94)
= lim (1, Q) (2.2.95)
— jhl?o (Qu, @) (2.2.96)
—0. (2.2.97)

So u € ker (Q) weakly. Elliptic regularity implies u is smooth, so u € ker (Q).

Now, since {u;} C (ker (Q))", we have:

(uj,u) =0 (2.2.98)
= ]113)10 (uj,u) (2.2.99)

= (u,u) (2.2.100)

= 0. (2.2.101)

[l

Proposition 2.2.8. kerQ N H}, (S) is finite dimensional.

Proof. Suppose there exists an infinite orthonormal sequence u; C ker@ N Hé? (9).
Following exactly the same procedure as in the proof of the preceding proposition,
taking a compact exhaustion and constructing a diagonal subsequence, we can
construct a subsequence (renamed u;) which converges on compacta to some u €
ker@Q N H (S). From this subsequence we can construct a new sequence with

terms u; — u;11 which we renormalize so that terms have L? norm 1. This new
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sequence converges (in the L? sense) to zero on compacta. Again, rename this
sequence u;. Let ¢ be a smooth cutoff function which is identically 1 on the

complement of Byg (0), and 0 on Bg (0). Then our estimate on (Bg (0))° implies:

‘SOUJ' 2
T

lim D (puy, pu;) > ¢ lim
J—0 J—00

L2(S)

Uj Uj 2
— — 1) =
r (80 ) T L2(S)

=c lim

J—00

> c.

Since u; — 0 on compacta. But
_ 2
jlggoD (gouj,gouj) =@ (SOUj)Hm(S)
- 2
= lim [|¢Qu; +[Q: ¢l usllags

=0.

Proposition 2.2.9. Zero is not in the essential spectrum of Q|HC12(S).

Proof. Let {u;} be an L-orthonormal sequence of sections in (kerQ)™ N Hy (S).
Suppose ||Qu;||;. — 0. By proposition , we can find a subsequence (rename
u;) which converges to zero on compacta. Let ¢ be a smooth cutoff function
which is identically 1 on the complement of Byg (0), and 0 on Bg (0). Then our

estimate on (Bg (0))¢ implies:

lim D (ou;, pu;) > ¢ lim P ||
j—00 U, pU;) = j—o00 r L2(S)
. Uj Uj 2
=clim ||+ (¢p—1)—=
jooo il 1T T 11L2(S)
> c.
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Since u; — 0 on compacta. But
: 2
jlinc}oD (puy, pu;) = [|@ (SOUJ‘)HL2(5)
. 2
= lim [loQu; + [Q, @] t5lLes)
= 0.

]

We have just shown that there exists no infinite orthonormal sequence {u;} C
(ker@Q)™ N H} (S) such that

D (uy, uy)

—— — 0.

151
2

Thus, we have established our coercive estimate for all u € (kerQ)™ N H 5 (9).

2.3 Decay Estimates

Let L2(S) = {ue L*(S): (r+1)u e L?(S)}. The results of the last section
along with the Lax-Milgram theorem establish the existence of an operator G :
L2 (S) — Hf (S) such that

Q*G=1-1I

Where IT is L? orthogonal projection onto the kernel of Q. Although it is difficult
to construct G explicitly, we may construct an approximation W to GG with which

an index is easily computable. We then compute:

tr <7’ + % [Q,TQW]) . (2.3.1)
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It will then be necessary to show that our approximation computes the desired

index. That is, we will need to show:
1 1
tr <T + 3 [Q,TQW]) = tr (7’ + 5 Q, TQG]) (2.3.2)
= L? — Index (Q) . (2.3.3)
Remark 2.3.1. It is enough to show tr [Q, 7Q(G — W)] = 0.
Lemma 2.3.2. Let xr be the characteristic function for Bg = ball of radius R.

Then

trxr[Q,TQ(G — W) = % / trie,7Q (G — W) (x,x) dx.

|z|=R
We give a sketch of the proof. For full formal treatment, see [4] pp. 241-246.

Sketch of Proof.

iy [, QG — W)] = / trxr [Q.7Q(G — W) (x, )

|z|<R

— / itm’e%T@ (G—=W)(z,2)dx
\

z|<R Oz’

1

=3 /M:R trie,7Q (G — W) (x,x) dx (2.3.4)

]

Corollary 2.3.3. If Q(G — W)(x, ) is decaying more rapidly than 1/ |z|"", then

trxr[Q,7Q(G — W) — 0 as R — oc.

Let
F(x,y)=(G-=W)(z,y). (2.3.5)
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Then we define the kernel e (z,y) via:

Q*F (z,y) = e(x,y) . (2.3.6)

Using the methods of [12], we can relate our main estimate (2.2.14)) and decay of

the kernel e to decay of F.

Theorem 2.3.4. Let S be a smooth, finite rank spinor bundle over R™, n > 2 and
let Q: L*(S) — L*(S) be a Dirac operator on S. Define Q2 to be the complement
in R™ of the ball about the origin of radius R > 0. Suppose there exists ¢ € RT

so |Qf|I7 > ||C%H2 for all f with supp (f) C Q. Then for F € H}, (S) such that

Q*F = e with 1 <HT6+1 In (r) pe|| +

-1, -1 9
Pl o ) € 22(5):

In (7‘)€+1/2

WFEL (S) and WQFEL (S) Ve>D0.

Proof. First note that since F' € H, (S), we may write F as a limit of a sequence

of smooth, compactly supported sections, F;,, which converge to F'in the H é norm.

Define

S r forr<m
™ Im  forr>m’

For p a smooth cutoff function such that for some fixed R:

p(r) = {(1) :;2};. (2.3.7)

Let

c

Uy = pm. (2.3.8)
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For fixed m,n, we have:
(Q*F,u F,) = (QF,Q (u2,F,))

= (QF.C(d (uy)) Fu+ 1y QF,)

= (QF, 2u,,C (du,) F, + u2,QF,)

= (QF, u,C (duy,) Fyy + unC (du) F, +u2,QF,)

= (umQF, C (duy) Fy, + C (duy) Fy + unQF,)

= (Q (upF) — C (dup) F, Q (un F) + C (duy,) F,)

where C' (du,,) denotes Clifford multiplication by du,,. Taking n — oo, we have:

(Q*F,up, F) = [[1Q (wn F) |I* = [ [dum| [F] |- (2.3.9)

Applying the assumed estimate yields:

2

F
T2\ < 1C (dug) FII? + (ue, F) . (2.3.10)

Thus:

cpre, ' F |12

cucid (Tfn_l (p (c — m) +r Idp|)> |F| o) (@31

= (I ()"

2
02p2r2(c 1) |F|2 <7’%C_1) <p (c — —ln(:“m)))) |F|?
:>/ S/ +(u eF)+Cpp,

(In (rpn))* (In (rpn))*
(2.3.12)
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where the last term on the right comes from collecting all terms with a |dp| factor

and integrating over the compact set (Bag (0))° N Bg (0).

2,.2(c—1) 2
PTm 2 pe 2 1 2
= 2c) |[F </ ———— |F|"+ - ((une, F)+Cpp
R™ In (rm)QE—l-l ( ) ‘ | — - In (rm>2€+2 ‘ | € (( ) P,P )

(2.3.13)

Since the integral on the right has an extra In (r) term in the denominator, it may

be absorbed into the left hand side. Passing to the limit, we have:
T.fn(cfl) p?

1
e (20) [FI* < lim = ((ule, F) +C, )

m—oo €

((%6, F) N cpyp,) (2.3.14)

< - ((T"’“pe, ﬁF) + Cp,pl) (2.3.15)

lim
m—oQ R" ln (rm

p2e=1) 52 )
/R I (P (20) |[F|” <

a |

—_

[

1 pe re1p
< = | f|rett Fl\+C,,
¢ ( (I (r) 2 (i ()2 >
(2.3.16)
=
~1
rle=bp 1 1 pe rle=lp
(2C> ( )e+l/2 ’F‘ < Z r (ln (T’))E_l/2 + (ln (T))E-‘rl/Q ‘F‘ CP»P’
(2.3.17)

By hypothesis, the right hand side is in L? (S), so the left hand side is bounded

for all e > 0. O

Note that if we exclude the flat regions and consider only sections supported

where

S| [af o] | > 2t (2.3.18)
Y]
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we have an even stronger estimate. Denote:

Quon-fiat = R\ BR (0 { Z| ', 2| 2*6} (2.3.19)

Recall that Hp is linear in the coordinates x*. Therefore, for f € C§° (S, Quon-flat):

1QfI* = ((A+Z\[zi,xﬂ']\2+HF> f, f) (2.3.20)

> VI + |5 f|” (2.3.21)

> | /I (2.3.22)

for some ¢ € RT. Let F € H! ( { ZHx x3]| > 7"2*6}) satisfy Q*F =

Choose a weight function u = pr®, with p defined as above. We have

¢lluF|? < [|duF|* + (u’e, F) (2.3.23)
< || (dpr® + apro=t) F||* + (ue, F) (2.3.24)
< ||(dpr® + apr*™) F||* + (ue,uF) (2.3.25)
< ||(dpre + apre=) F||* + = (yueH + JuF|?) (2.3.26)
< Chgp+ ||apr F|* + = (Hue” + [[uF|?) (2.3.27)

where C, 4, is a constant depending on p,dp and the norm of F|(BR<0))%32R<0)'

Rearranging terms:

1 2 1
(a _ 5) luF|? - HQ%FH < Cpap + 5 luel. (2.3.28)

Note that ¢ is proportional to R'*¢, and we may choose R arbitrarily large. Thus,

for R large enough
= «a 1 «a
Cllpr FIP < Cpap+ 5 llorel? (2.3.29)
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for any finite . Thus, away from flat points, the L? decay of F is at least as good

as the decay of e. We have just shown:

Lemma 2.3.5. Let Q, S be as defined in |2.5.4. Suppose f € L*(S) such that
supp () C Quon-fiat- Then if

Q*f=e (2.3.30)

with r*e € L? (S), we have r*f € L*(S), for any a > 0.

2.4 Averaging Over the Gauge Group

In the computations that follow, it will be necessary to account for the gauge
symmetry. We will do this by averaging the trace over the gauge group. Recall

the gauge action:

_ i
9 =]

0 o, o
i e+ XX 2.4.1
83712 Lo ale + ¢1 ¢2 + X1X2 ( )

To compute the trace of an operator O : L?(S) — L?(S) over gauge invariant

states, we average over the group. Let %, denote the gauge rotation in #. Then:

trO = 2i / do / e (V10v2013450) O (2, Bpr) dad. (2.4.2)
T
—T M

At a flat point, the gauge symmetry is reduced from S* to Z,. To see this, note

that if the commutator vanishes, we can simultaneously diagonalize the matrices

i T Ai O
<:E12 _xil)'_)(o _/\i) (2.4.3)
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This means we can choose a basis where the z% all vanish. Using a gauge action

we can put our coordinates in the form:

(?)) (2.4.4)
A rotation then takes: .
(S o) ()= () 24

=+ <%) (2.4.6)

since to preserve the form of (2.4.4)), we need either = 0 or § = 7; so our gauge

action is reduced to Zs.

2.5 Constructing the Parametrix

We use the procedure outlined in [IT]. We construct two separate approximate
inverses: one within a ball Br and the other in the complement, and then patch

the two together using cutoff functions. Inside the ball By, we use the kernel:
Bo

/dﬁQe‘ﬁQZ(x,y). (2.5.1)

0
Bo will be given in terms of R, so that fy — 0 as R — oo. The above kernel is
chosen so that the computation inside Br will be the standard computation for

an operator on a compact set. Outside Br, we construct W, as an approximation

to GG. Define:
Bo

AmmmwMu>/w@ﬂ%w>%w@

0

(1= p) (0) QW (29) (1= 002 ) (). (252)
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where {p, r} denotes a sequence of cutoff functions converging to the character-

istic function on a ball of radius R. The index computation is then given by:

tr <T + 1 [Q,TQW]) = lim tr (7’ + 1 Q, Am]> . (2.5.3)
2 S 2
Compute:
Bo
~ [P (2,). @) = (Qupmal 7 [ dBQE ¥ pran
0
Bo
+omn Q7 [ 490 | pran
0
Bo
+ P / 48Qe [Q, par]
0
- [Qa pm,R] TQWOO (1 - pm7§)
(1= pnn) [Q7QWoc] (1=, 1)
+ (1 - pm,R) TQWOO |:Q, (1 — pm7§>:| .
Define:

Bo
1= poat [ 45Qe " (Qupmar) + (1= pu) TQWie [@. (1= ) |

0
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We choose the right cutoffs to be identically one on the support of the left cutoffs.

Thus, T will trace to zero. We now have:

Bo
- [TAm (l’, y) ) Q] = [Q7 pm,R] T / dﬁQe_BQQPm,QR
0

Bo

o Q7 / 48Qe% | poran

0

QP TQWee (1= 0,0 1)

+ (1= ) [QTQWe] (1= p,0z) + T3

Bo
— [0, porl T / 4BQe % oy om
0

Bo
- 2pm,R7—/dﬁQ2€ﬁQ2pm,2R
0

- [Q) Pm,R] TQWs <1 — pmg)

+ (1 = pm,r) [Q, TRW] (1 - pmg) +T
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Bo
= [Q7pm,R]7—/dﬁQe_ﬁQ2pm,2R
0

- [Qa pm,R] TQWOO 1— Pm. B | — 2pm,RT‘eiﬁOQQpm,QR
)

(1= por) (7 — TE) (1 _ pmg> 4T

where FE is the error term given by:

Q*Wo =1-FE. (2.5.4)

Define:
Ty=—(1—pnr)TE. (2.5.5)

We will construct W4, so that lim tr7; — 0. So far we have shown:

R—o00

Bo

- [TAm (I’, y) ) Q] = [Qa pm,R] T / dﬁQe_ﬁcypm,QR

0

- [Qa pm,R] TQWOO (1 — pm,%) — me’RTeiﬁOQme’zR (256)
+ (1= pr) (7) (1 . pm%) YT+ T

Returning to ([2.3.1) we are left to compute:

] ] Bo
tr (T +t3 [QJQW]) = —g i tr | [Q, .l T/dﬁQe_BQ2
0

Bo—0

_ % lim tr ([Q,pm,R] TQWe (1 - Pm%))

m—00

— nlli%o tr (pmyRTe_ﬁOQmeng> (2.5.7)
Bo—0
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Bo
. ]- _ 2 _ 2
= 7711—{%0 §t1‘ [Qv pm,R] T / dﬁQ€ % [Q7 pm,R] TQWOO + 2pm,RTe fo@
0

Bo—0
1 Bo
= Jin sor [ Qupnal T [ 45Qe < (Qupn] QWL
Bo—0 0
+ / trre 9 (¢, x) (2.5.8)
lz|<R

We call the last term the 'principal contribution’, and the remaining boundary
terms the ’defect’. The contribution from these terms depends upon the manner
in which S, is taken to zero, which we will see in a moment. We begin by analyzing

the first term in (2.5.8)):

Bo
nll—l};o tr [Qa pm,R] T / dﬁQeiﬂQQ - [Q7 pva] TQWOO
0

Bo
:/ trz\enT/dﬁQeﬁQ2 — trie, TQW4 (2.5.9)
lz|=R
0

where e,, denotes Clifford multiplication by the outward unit normal to the bound-

ary of Bg. The term:

Bo
/ trie, / dBQe="Y’ (2.5.10)
ja[=R 0

vanishes when we take 3y — 0 more slowly than R~*.

To see this, write:

_ 2 _1 Bz 2 —1
e P9 = 7 | € (@ —2) dx (2.5.11)
v
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where 7 is a path enclosing the spectrum of Q2. Now let:

o, =4t > +V — 2 (2.5.12)
Define:
L= A+ drin 2 (2.5.13)
= ™, 0.
n ox;
Approximating the inverse of Q? — z:
N
(@ — z)_l R~ /62“’7'(”’_@’)0;1 Z (—=1)" (Lo ') dn (2.5.14)
k=0
LN (2.5.15)

/dﬁQ/e [h )z = (2.5.16)
o [ s e,

We will see in a moment that the first term does not contribute to the final trace

2 -1 N
2m — )T W ) dz.  (2.5.17)

for any NV > 1. Recall from section we must average the above over the gauge

group.

(x, Zyx) dz (2.5.18)

/ da:/—trze Te 0(xixg+3v1502:)

jel=R 7

Now, recall that any term with non-zero Clifford degree vanishes, so terms in
the above expression can contribute only when there are enough Clifford factors

to cancel the factor of 7 in the trace. One source of Clifford factors is e, Q:

0
enQ = | |’7r177/}Ar (’7151/)35

xB

+ s [29,24] ¢BS) . (2.5.19)
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Here we have two types of terms, one first order in & and the other zero order,
each contributing either a 1119, 1113, or 11)3. There are also terms in the above
which contribute no Clifford factors (when r = s and A = B). Those terms will
have a higher order of # than the terms we are about to consider, so we will put
them aside for now. We first focus on terms coming from the above with Clifford
degree 2. There are two other sources: Hp, and the gauge action ee(XliXéJr%w“w?S).
The gauge action cannot supply all the factors on its own, since it does not contain
any factors of 13. Any term which does not have vanishing trace must contain
some power p of Hp, where p > 7. This follows simply from a count of the Clifford
factors available in any term, and the number of Clifford factors in 7. There are
8 each of the 91,15 and 13 and as many y; and y» as there are D8-branes in the
physical model. Further, if we expand the exponential:

e (i tgvsins) i 1 (9 (Xi X5+ liﬁl (0 ))k (2.5.20)

k! A2 gt

the first term that will contribute to the trace will be (6 (x}x5 + 21b15ts,))? with

g = 114+ M — p, where M denotes the number of D8-branes (and consequently

the number of X% terms). For later convenience, let

U = v tarv¥ns (2.5.21)
s = vts Yartss. (2.5.22)
Then:
xix iy 0 miA ik T 5k
en ==V —+ =WV Al 2.5.23
Q ’I" AB@x% ‘.CE’ AB[ ]B ( )

20



The coefficient of H?, with the lowest power of o is:

/ trzenT/dﬁQ/ 5 / 2min-(2=y) g —P=L /P dpd 2. (2.5.24)
i

lz|=R

Computing the contour integral:

/ / 2min-(z—y) —p aldndZ — g 6*5(4772|77|2+V)627Ti77'(55_y)Hpd,r/
271 p! F

(2.5.25)

Note that the higher power of ¢!, the higher power of 3 produced by integrating

over the contour. Now the 7 integral:

ﬁ' —47r25|77|2627ri77'(:v—y)€—ﬂVHI@dn: '(4ﬁ—;)17/26 |z4g\ G_BVHP. (2526)
p: pl (4w

Substituting this result into (2.5.24)):

Bo

i o—y|?
[ i [ 50 e (25.21)
|z|=R 0 P
Bo ) . )
i BP Ty _le—v® (:E%—yJB) oV
=— trr v /dﬁ——e e PV +[3— | H?
uZR W) (amB) T Nl 20 ory ) "
Bo 4
OHp | 1 ijk OF ok el gy
+p—r HY ) / tr0 T/dﬁ ZA T 2k em e PVHE.
om0 )* S P :

(2.5.28)
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Finally, we average over the gauge group:

i 0(dxi+den)_ OF oy el gy
dx dﬁtrT \IIJ Xixgtg¥istas ——— 5T P e A
pl (47 B3)" 7 2|

- |x\ R

(v} — Boxy) . 59V - aHF
20 O’ 81:3

ijk ﬁp ‘fi‘ ; ,|z*@91‘2 _
+\P53Wm[x%x’“}36 @ e VHE | (25.29)

Ry (:cjl, 1:32) = (cos (0)2] + sin (0)2, —sin (8)2] + cos (9):(;%)

We rescale § — 3%/*0, and note that:

@;/40 (x{, mé) = (cos (3%/40) 2] + sin (8%/*0)x}, — sin (3%40) 2 + cos (ﬁ3/49)x§) .
(2.5.30)

For small f3:
(cos (3%40) 2 + sin (6%/40) 2, — sin (3%/40) ] + cos (63/49)1‘%)
= (le + B%%0x), — 3*/*02] + xé) (2.5.31)
and

8
2 A . , , , :
‘x - %g/4€x‘ A Z (2] — 2] + ﬁ3/40x%)2 + (a} — 334027 + x%)2 (2.5.32)

j=1
8 9 9
= ()"0 (a3)" + («1) (2:5.33)
j=1
we may write:
. N 2731/2 8 't x 2
g (S ) ) (2530



for small 5. Thus the integral ([2.5.29))

7r/63/4

/ / dx/dﬁtrre X1X2+ wlsws) B8P -
p! (473)""

—m/ g3/ Telr 0

g I — Ry’ ) oV 0H
< | v¥ (:CB 0B + HP +p FHP 1
(v (o)

O [0, 2" 5 HE) . (25.35)

Now taking the first term in the expansion of P Oaxi+31592:) that can contribute

to the trace:

54

0 L i
/ / d:p/dﬂtrTﬁMM <X1X2+§¢15¢28> ]W

/34 "eitr 0

. 8 B .
Tag o225 )" +()") e~V
|z

’ = Rory) OV OH
K (‘IB 0t B + ‘ P + FHp 1
( AP (( 20 ﬁ&v% d p@xg

+O [0, 04, HE ) . (25.36)
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Rescaling the above integral taking x%, — z% 3~ '/4:

/634

Bo
- _ d_@ 3q/4 1 ' —519
- [ g [ i fasursl (v gan) e

—n/@/ fal=p/*R O

. 8 2 .\ 2 j ]
Ty _92(2(13) +(ab) ) v (g (&= Pern) 10 P/
4 i=1 LA o5 /4 M v Hy
|x‘e € AB 2&5/4 5 a J ﬁ F
aI_[F'[{p—l

7
Oy

+ﬁ‘p4;1p

+\Ilz]k [:L_j7xk}B ﬂfp/471/2H§> . (2.5.37)

The lowest order of 3 above is

FBl+a)/ag-14 (2.5.38)

Recall that p + ¢ = 11 + M, where M is the number of y}x} terms. We have:

ﬁ%(ll-ﬁ-M)—lAl’ (2539)

and after integration over 3, for M > 4, we have at least 3'/2. Thus, each of the

terms in the integral above vanishes in lim , when the limit is taken such that

0—0
Bo — 0 more slowly than R~*. All terms not computed explicitly have higher

powers of (3. Briefly examining the error term in (2.5.17)):

Bo
ﬂz
tre,7 [ dBQ ‘ - z)_l - WZN) dz (2.5.40)
IIZR 0/ / 211
we compute:
(Q*—2)' =Wy =(Q°—2)"'(I - (Q* — 2)Wy) (2.5.41)

= (Q°—2)"'Ex (2.5.42)
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and

QIQ* —2) ' —QWN = Q(Q* — 2) 1 (I — (Q* — 2)Wy) (2.5.43)
= (Q°—2)"'QEN. (2.5.44)

If By < 1/R*, we have e * is bounded for I'mz < cR*. Then we make take our

contour v so that |Imz|? + min (Rez, 0)* ~ R®. Then:

Bo
/ trienT/dﬂ/e:i (Q* — 2)'QENdz (2.5.45)
y

2
jo|=R 0

easily vanishes as 3y — 0. Now, returning to (2.5.9)), we examine the remain-
ing term. Split the region of integration into two parts: Np(R) = 0Bg N

{neighborhood of flat points}, (neighborhood to be the region 3 |[z, 27]|* < r2+¢)
4,3

and its complement:

/trienTQWoo: / trie, TQWy + / trie, TQWx. (2.5.46)

|z|=R Nr(R) (Nrp(R))©

Next, we will construct W, in two pieces:

Wie = WE 4 piomflat, (2.5.47)

It will be shown, that for a reasonable choice of W2onflat " this term does not

contribute to the trace. We have then:

L? — Index (Q,) = tr <7‘ + % Q. TA]>

1
= lim [ / trre 7@ — 2 / tm’enTQWm], (2.5.48)
%:%O lz|<R 2 [npm)

so that ([2.5.48) has the form:
2 —Index (Q4) = I, + I (2.5.49)

25



where I, is the standard index computation for an operator defined over a compact

manifold, and Is is a defect term whose only contribution is in a neighborhood of

infinity near a flat point.

2.6 W, in the Non-flat Region

2 :
Suppose Y |[z%, 27]|" > r*T¢, for some € > 0. We need to construct a parametrix
2]

Woon-flat qyich that the error is given as an integral operator with kernel defined

by:
QU f () = f (2) + B ()

—f@)+ / P (1) £ () dy

and e°nfat (7 7)) decays rapidly enough to imply vanishing of [2.3.4] Let

o0

o (n,x) = 4x* [n|* + V ()

and define:
0
L=A+4min,— + Hp.
3:151-
Then we construct:
N
et [ gt S () (L) dy
k=0

The associated error term is:

6non-ﬁat,N _ /627ri77~(z—y) (_1)N (LU_l)N+1 d?]

o0

And now we ask, for

V=3 |t @]

> p2te

26

(2.6.1)

(2.6.2)

(2.6.3)

(2.6.4)

(2.6.5)

(2.6.6)

(2.6.7)

(2.6.8)



what is the order of AV and |VV|*?

ov | N 2
—| = 2 [2%, 27| 2= (2.6.9)
<cV(z)r? (2.6.10)

The laplacian of V, on the other hand is proportional to r2. Now if we consider

lis differentiated, we increase the power of

(Lo~ we see that each time o~
o~! by 1 and multiply by a derivative of V. This has the effect of increasing the
terms’ decay in r by 7~</2. Thus, the term with least decay in is the term

which comes from H }V +1 Estimating the n integral:

ri 16y N+1

/ (47T |77|2 +V (95))N+1d77 - / (4rp? +V (x))NHdeW (2.6.11)
= C(V(2)2 Ve 261

< O (2.6.13)

= o (2.6.14)

Recall from lemma , that away from flat points, the kernel G — JWnor-flat
decays (in the L? sense) at least as rapidly as the error e?** 4t If we take N large
enough so that reeron-fat ¢ 12(S16 (R)) then 7 (G — W) € L?(S'®(R)). If we
replace G — W in with Q (G — W), we see that we have r*™Q (G — W) €
L?(S1°(R)). The corresponding L' statement is:

_17+4€
2

1Q(G = W)l pagsinimy < 5@ G =m)| |

. (2.6.15)
1

< CRl—‘re ’

(2.6.16)

We need the error to have L? decay of 1/ r%, so we must take N > 24.
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2.7 W4 Near a Flat Point

We now explicitly construct Wit the approximate Green’s function for Q? near
infinity along a flat direction. Recall that there are two different branches of flat
directions, one for which the commutator term |ziz} — x%x{f vanishes and z
vanishes, and another where all the z%, z, vanish and z§ is arbitrary. We will see
later that the latter branch is unimportant to our final computation. We begin
with the former branch which requires delicate handling. Recall from the

previous labeling of terms in Q?:

02
H, = (_a(—g -+ Aw) + LL2 ((xg)Q + |y2|2>

2
3)
Y# = QIj7£t¢2sw3t

Hp (y2) = qijvithisibseys.

Q2 = Hm+MYu

0?2 2,0 8 0 1 2 2 92, 12
~ga e e (V) )

i,
. i Yy
i3 (Vistes + X1X3) + Hp (42) = 37F VY, (2.7.1)

As before, we decompose a section supported in the neighborhood of a flat point
in terms two subspaces: the zero mode of the harmonic oscillator H,, + ©Y,, and
its complement.

= ¢o + ¢ (2.7.3)

o8



where Il denotes projection onto the zero eigenspace of the oscillator and II; =

I — I1y. Once again, ¢y has the form:

o= f (11,q) Z—Ze‘“(($§>2+y2'2>/2 (2.7.4)

where f (i, q) is a section which satisfies:

(Ya(q) +8) f(n,q) = 0. (2.7.5)

We can then think of > = H as a matrix
Hy, H 12)
H= ,
<H21 Hyy
so that Hy; takes the ground state oscillator back to itself, Hs; takes the ground

state to a section in the orthogonal complement and similarly for His and Has.

We first calculate Hyy = IIgHIly. The first order derivative terms in p gives:

I, (_§%) __BOF 1 u((a8) Huel) 2

1 op pOp w2
2 2 2
o, ( ;% (%eﬂ((rg) 2| )/2>) (2.7.6)

_8OL I () 1) 2

Spm, (Z_je—u(<x%>2+wl2>/2 (% — (@) + 1) /2)) (2.7.7)
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and now we compute:

o (e (70 (2 ()7 4 1) 12))

N4 —n((23) w2 2 9)2 2
:/ﬁe ((«8)"+w2P?) (;_ ((xg) + s )/2) dady (2.7.8)
2 1
= (8/2) (2.7.9)
2 2
- (2.7.10)
=0, (2.7.11)

—— 2.7.12
O (2.7.12)
Turning to the second order derivative terms in p:
82 82 FLQ l(22 2+| 2) /2
Mo (gt =1 (- a1 ) e (9
P (1P (28 +wal?) /2
- Hofa_/ﬂ (Pe M(( 3> v ) ) . (2713)
Computing the second term:
0% (12 —u((a3)*+iel) /2
of i (G (97 0)
_ O (1 —u((x3) +uaP) /2 (2 02 | 2
— —Hof% (Fe e ((xg) + |y )/2 (2.7.14)

_ _Hofg_zeu((xg)ﬂyzﬁ)/? (% _ <(x§)22+y22>) + (—3> (2.7.15)
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and so we need to compute:

/N_4€—u((x§)2+yzl2>

4

(<3 2 ((ng n |y2|2)) n % ((g;g)Q n |y2|2>2) dedy (2.7.16)

4 2
_2_ 28,1 /ﬁ‘_e—u(@%) +el?) ((=3)° + yy2|2)2dxdy

02 22 4 74
2 8 T ((22) g2 2
= Gat / el ((«8) +1al?) ((x§)2 + ‘y2’2> dzdy (2.7.17)
2 8 5
— i + e (2.7.18)
1
- 2.7.19
e ( )
Substituting this result into (2.7.13)) yields an overall contribution of:
0? MQ —,u((mg)Q) (bO
—f = —. 2.7.20
( op® f) 2’ T ( )
Now the y derivatives:
2y5 Ocho 25 O 1% _u((a8) +uel?) /2
I[Iy—==—¢9 = fII - 3 . 2.7.21
"2 Dy ¢o = fllo 12 Oy € ( )

Computing the projection term:

28 0 u? _ 29)° -9 4 al(29)?
I ( y228 iﬂ—26 w((#5) +|y22)/2) — _2/,u_4 o[ e u((3) +|y2l2)dajdy (2.7.22)
K= OYg T j s

-2 (1 —((«3)"+lw2
:_2/_4\y2|26 ((#2) 1) gy (2.7.23)
v (s

2.7
= . 2.7.24

61



The overall contribution from the y derivative terms is:

-7
=2t

(2.7.25)

Next we consider the angular derivatives V;. These will act non-trivially on our

section f (y,q). First let’s find a state in the kernel of Y, (¢)+8. For simplicity, we

take ¢ = I, so that Y, = iy41asts:. Note that the sum is restricted to s = 1,...,8

and t =9, ..., 16 as a result of the physical model. Now we choose a basis so that

7! has the form:

2

L (0 I
Is 0
. Then we complexify the ¢’s. For a = 1, ..., 8, define:

ba = <w2a + i¢3a+8)

Sl -

1

bjx = (d}?a - Z.w3oz+8) .

S

2

Then Y, has the form:

Y, = — (babl, — blba) .

(2.7.26)

(2.7.27)

Choosing s (q) to be a state annihilated by b, for each a« = 1,...,8, s(q) is in the

kernel of V), (1) + 8. Therefore, we compute:
P(q)) ViP(q)

where P(q) is the projection operator:

1 1
fm:%!;f@w
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for T' a small curve about z = —8. Clearly, P(q) projects onto the kernel of
Y, (¢) + 8. By a change of coordinates, it is enough to compute V;>P(q) at ¢ = I.

Note that VY, takes the —8 eigenspace of Y), to the —4 eigenspace, since:

VY, = i hostha

8
=1 Z iw25¢30(s)
s=1

Il
]~

+ (b] +b,) (bo<s> - bl@)

s=1

8
= 3 (Bl — BB + bibote) = b))
s=1

8
= Z j:bibl(s) acting on the ground state, (2.7.28)

where o is some permutation of {1,...,8} with o(s) # s for any s. The assertion
o (s) # s follows from the fact that the gamma matrices 7', ..., v® have no diagonal

entries. Now consider Y, acting on blbi(s)s (q).

8 8
Y ViVus () = D> (babl, — biba) bIbY )5 (q)

a=1 s=1

Scf(s ) VsYo(s

— —8btbl s (q) — 4[(babL—bLb ) bib ] ()
= — 81035 (a) + 401075 (a)

= 40! s (q)

s 0'(5
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Now write:

P(q) Z V2P(q) =

i 1
I
2 1 1 1
=P — Y Y d
(Q)ZZWi/z—YH(q)V #Z—Yu(q)v "2 —Y.(q) :
¢ r
1 1 s 1
—_— <Y, dz. 2.7.2
+2m-/yu+82‘4 hy, 18" (27.29)
F 1

Note that Y, is an eigenfunction of the Laplacian Y V;?. The fact that matrix
coefficients are eigen under A may be derived in general terms as a consequence
of the Peter-Weyl theorem. However, in the matter at hand, we can see this a bit
more directly:

Let {v;}; be an orthonormal basis for a representation space of SO (8). A
matrix coefficient is a function T;;(g) = (gvs, vj)., for g € SO (8). In this case, the

matrix coefficients are given by the matrix ¢. Now we compute:

VT, = % » (gexp(tV)vj, vk) (2.7.30)
= (gVvj,vk) (2.7.31)
= Vim (gvm, i) (2.7.32)
= Vim T (2.7.33)

So we see that the action of the V; on ¢ is given simply by matrix multiplication,

and

V2= —q. (2.7.34)

J
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Thus, the last term in (2.7.29)) is a simple pole of order two and integrates to zero.

The remaining term yields:

2 1 1 1
P — Y, Y d
(Q)Z / Vi Vi HZ—YM((]) z

, 2 1 1 |
= Pla) ) (VY)) %/(z+8)(z+4)(z+8)dz

1 , .
= gP (Q) 7;5w2aw3ﬁ7;/5/¢2a’¢35/ at g =1

1

= gP (Q) 73ﬁ¢2a¢3ﬁ7351/)2a¢3ﬂ

1. ‘
= g’Yéﬁ%a?ﬂsm&g%a%ﬂ

:_21
=7

and so the contribution from this term is:

8

-1 2 _ 29 2 2 7

5 DV (f () e (8 L, (2.7.35)
=2

The remaining derivative term is given by X2. Setting the gauge constraint to

zero allows us to replace X? with:

X? = (1/115¢2s + XilXé)2 .

S
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The terms proportional to the identity are:

1 /8 M 24 M
II — 4= = 4 2.7.36
02 (4 4 ) bo 2 bo ( )

where M is the number of Y%} terms. We have cross terms coming from (yy)?,

which look like:

1L
F =2 (xixixix) (2.7.37)
i

We will hold on to these terms until later in the computation. For now, consider

the last term in IIo H1ly:

7
Iy ((xg>2 |92|2> Go = f—;@ (2.7.38)
_ oo

Thus far, we have computed:

2 0n2 )
Mo o0 = — 5 (F (n.0)) e ()

. §af (NaCZ) N_Zefu((:t%)zﬂyzl?)ﬂ
o Op

2

- %Vf (f (1, 9)) %e‘”((z§>2+y2'2>/2 + 2o (2.7.40)

112
+ lower order terms + F/p*.

The p derivatives together with the 7 angular derivatives ij are nearly an 8
dimensional laplacian, except that the coefficient of %% is 8, rather than 7. If we

redefine our sections

1 -
f= —Mf (2.7.41)
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we can shift one radial derivative as follows:
(P 8ON_ (o, 1) 7o 1
o> pon) o 2u pop  4p?

_ (o, 1N T (o 1y, 1 T
a O 2p p\op  2u)  Ap? 2p?

I

E (872 TR

We can now group together the p and V; derivative terms into the laplacian Ag

(the laplacian on R®). Gathering results from (2.7.20)),(2.7.25)),(2.7.35)),(2.7.36]),

and (12.7.39) we see that the coefficient m in (2.7.40)) is:

M 7
m:1—7+7+2+z+1 (2.7‘42)
M
=3+ I + 7/4 (2743)

We pick up one more 1/u? term from shifting the radial derivative:

M
m,=3+z+7/4—|—13/4 (2.7.44)
M
=8+ Z (2.7.45)

Now let’s look at the terms which raise the eigenvalue of ¢y under H,, + pY):
Hy =114 (i’ygﬂy§¢1a@/}3g + i} (—@/1151/)28 + XZIXZQ)) + lower order terms (2.7.46)

7,0

=11 (M(’;ﬂy;wlawgg — mgwlsws) + ITy (1$3X1X2) + lower order terms
(2.7.47)

where by "lower order terms’ we mean terms which come in with a coefficient in p
of < 1/u%. There are terms which increase the eigenvalue of ¢y by 4y coming from

the first expression on the right hand side and terms which increase the eigenvalue
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of ¢y by 21 coming from the second expression. Let b denote the sum of the first

set of terms, and b the latter. We now see that Q2 has the following form:

2 | B+M/4 | o @V] oy 5y
Q% — As+ F/pt+ =z=+F+ -3 U +b <¢0> (2.7.48)
b+b H22 ¢1

where Ag denotes the 8 dimensional laplacian acting on the flat directions. The

following transformation allows us to express Q% in upper diagonal form:

T = Lo (2.7.49)
ﬁ + % 1 . . .
Applying this to Q*:

OT = A8+F/M2+8+u—1\24/4+l%+% bt + b L0 (%)
b—f—i) Hy —L— = 1 (bl

(2.7.50)

eV

2 ~
B B R b+ B
b Ag + H,, + pY, +lo.t.

. (—ﬁl— ; (1J> (Zg?) (2.7.51)

Note that b raises the eigenvalue of ¢ by 4, and b raises the eigenvalue of ¢ by 2.

Thus, excluding terms with coefficents in p of lower order than 1/u?, we obtain

the following upper triangular form:

Tty c caV? ~
_(Aa+ S+ A by g By b+ b (%)
Lo.t. Ag + Hy, + pY, +lot. ] \¢1
(2.7.52)
To compute —%’ — g%’ we consider:
i 7 . . i i\2
(Vep¥a¥rathss — 131005 + 125X X5) (2.7.53)
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and take terms which do not contribute any 1, or 13 factors as such factors will
raise the eigenvalue of the ground state and cannot appear in the product b'b. We

have 7 coordinates y4, and one z3, and 8 each of vy, 1.

o b'b  8-8 M AF

— 4+ — = 2.7.54
4 + 2 2udp + 2u24 + 2024 ( )
M4+ F
_ % (2.7.55)
I

The last term contributes — (8 + M/4) /u? — F/u?, and all of the % terms cancel.

Now that we have a simplified expression for () near a flat point, we move on to

calculate Wiat, Define:

~ V2 ~
(Hn a ) _(As+ B+ 2,;] b+ b (2.7.56)
lot. Ho l.o.t. Ag + H,, + pY, +lo.t.

As mentioned at the beginning of this section, W2 will be constructed in two
pieces. The first is the inverse of ﬁll, called previously Wi, which we rename

Wi. The second piece is the inverse of lflgg = Wae = Wy, Le. we will construct:

o t oIt
e — (W = (0 + ) s (2.7.57)
0 Wo

with error defined by:

Q* (Wit = (gn a > (Wl - (bt + Bt) W2> (2.7.58)

l.o.t. .HQQ

0 Ws
6ﬂat 0 )
=7 2.7.59
( 0 eglat ( )
=1 — et (2.7.60)

First, we construct Ws. First write:
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where ¢ stands for the lower order terms in Hyy. Let L = Hoyy+ 47rz'77@-% + ¢ Now

define:

e2min(z—y) M ¢
W’“M:/ Z ( L (47 |n” + k) ) : (2.7.62)
=1

42 || + kp 4

Let I denote projection onto the kp eigenspace of H,, + pY,, and define

Wy =Y WML, (2.7.63)
k=1
Then we have:
Hoyy Wiy = Hy Y WHEMII, (2.7.64)
k=1
= M=) epnlly (2.7.65)
k=1 k=1
First we estimate ey p:
o ~ 27”"'7(377:[/) M -1 V4
Hop WMII, = /6— 1 Z(L 4 nf® + kp ) T,
22 22 42 |77|2+k'/lgzl( ) ( | | )
(2.7.66)

. _I\NM
_ _/e2m77(l‘—y) (1) (L (47 [nf? + kp) 1) e (27.67)

We note that since 472 ]17\2 +kup depends only on i, the only derivatives contribut-
ing to the above expression are the derivatives in . Let ¢ denote terms in ¢ that

do not contain derivatives. Then:

e M = /62”’7(’33/) (- ((A + 47, 8?1:-

. M+1
) (47® [nl” + kn) > I,
(2.7.68)
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— /62m'n(:v—y) (_1)M
0° 70 z;i 0 S\
— s = ——— A= — + ¢ ) (4n ] + & M, (2.7.69
X(( p? u8u+wnu3u+w>(wln|+ﬂ) ) oo )
Noting that |p| < c%, the term with least decay in p is:

| i 0 A
/e%m(my) ()M ((Wzm%@) (472 In|? + kp) 1) I1,. (2.7.70)

1\ M1
Expanding ((7‘(‘2771'%%) (4%2 |n|2 + k:,u) 1) yields the following highest order

term in p:

|]€'I7’M+1
< c/ i s e (2.7.71)

Taking M > 3:

|| 272 ow saw_ (3M —5 M+9
/ 5 2M+2d77§(2(M+1 ‘k‘ >y 2 I 5 r 5 .
(472 n|” + kp) )!

(2.7.72)

Choosing M > 8 gives decay |erg| < <. Since e g is summable over k, the series
K ILL b

[ee]
> ermlly converges and has decay < %
k=1

We now turn to the construction of Wj.

2.7.1 Construction of W;

We have:
Hy=A+V (z) (2.7.73)
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where

0 0

with 2! coordinates on the 8 dimensional flat directions, and Gij = 0ij + i (),
and |¢;;| < 1/p°. The potential term is:

V(z) = % + lower order terms . (2.7.75)

We construct the parametrix for Wy using a Neumann series for (A + V). Con-

vergence of the series will require the following;:

Proposition 2.7.1. Let V = VV" satisfy

V(y) < cly|™? and (2.7.76)

V/(y) < cly| (2.7.77)

suppose V., V' are supported on Br(0)¢. Consider the integral operator defined on

Kf(z) = / V(@)V'(4)f () dy. (2.7.78)

|z —y|?

Then K defines a bounded operator from Ly to Ly, with L? bound C'/R, for some

constant C'.

Proof. We note that if

V(y) < cly|*? and (2.7.79)
V(y) < cly| (2.7.80)
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then

2.7.81
/Iar yl” 2 /]x\3/2|x y|n 2\9’3/2 ( )

1
= y
] |2 | = y|n=2 [yl

(2.7.82)

By lemma 2.1 of [I3], kernel T

L - defines a bounded operator on L?,
lz—y|™ =2yl

Thus, the result follows. n

Now consider a Neumann series for (A + V?):

A+ V)T =ATA+VPATH T =AY (-1 )k

k=0

= AT - ATVIATT H ATTVIVATTVIVAT - ATV (VAT VAT 4+

i MVATIV)F VAL

. N -1
The inner sum converges in Lo. Let V = (7%)1/2 and V' =V (V> . Then

1/2
V= (%) (r*2V) (2.7.83)
=VV (2.7.84)

where both V and V' meet the requirements for the above proposition. For a

fixed N > 3, define

N
W, = -y Z WAL (2.7.85)
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Every power of V/A~1V has kernel with singularity dropping by a power of lz—yl?,
so the terms are smooth for £ > 3. The error associated to W is:

Ew, = (=DNV(VATTV)NYIAT (2.7.86)
In the following section, we make some observations about tr (QW7), and verify

that the above error has the required decay rate.

2.7.2 Integral Estimates

Consider the following:

1K (z,y)] = |QW) (z,y)] (2.7.87)
Sle—yl" 4> / z =y " (1) | P lye — P
N=1

p (yn) lyn| > lyn =y "dys . dyy (2.7.88)

where p is a smooth cutoff function that is identically one outside Byg (0) and
vanishes on B (0). In section 2.9 we will need to evaluate the above expression
at y = x and at y = —x. Eventually, we will see that the only term which
contributes to our index computation is the very first term, evaluated at y = —x.
This result follows from a combination of integral decay estimates, and algebraic
cancellations which occur when tracing over the Clifford algebra. In this section,
we will prove decay of the terms with y = z, N > 3 and with y = —x, N > 0.

That is:

Proposition 2.7.2. 1. For N > 3,

lim / |z — ylll_"p (y13) lye — yu|* ™. .. P (y]\Q lyny — x> "dy, ... dyx =0
RHOO‘ - |y | lyn|

(2.7.89)
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and

2. for N > 0,

—nP - PN —n
hm /\:U ' <|3)|y2 Y ( 3)\yN+x\2 dy ..

lyn|
|ac| R

Proof. We will require estimates of integrals of the form:

/|?/z 1—yz!k n P >’yz Yirr|" " dy;

lyalP

(2.7.90)

(2.7.91)

where m < n,k < n and k£ < p. We will obtain an estimate for this form of

integral and then iterate to find an estimate for an integral of the form ([2.7.89)):

/ 2 =y () [y P lye — w2 o () Ly Ty =y Py

Returning to ([2.7.91f), we split the region of integration:

np m—n
/Iy@ 1 —yzlk |< |p)|yz yi+1| dy;

|k np( )

= / ‘yifl — Y p
[Yit1—yil<|yi+1/2] ’ |

p(Yi)

+/ lyic1 — yi " » Vi — Yipa|" " dy;
[Yir1—=yil>|yit1/2| | |

2p k—n
S o1 — wil" "oy |y —
’yl+1| lyir1—=yil<|yit1/2|

+ 2n_m|yi+1|m_n/ lyios — yi|" "

[Yi+1—vil>lyi+1/2]

75

Yi — yira ™ " dy;

p(Yi)

’yi‘p

dyN-
(2.7.92)

(2.7.93)

(2.7.94)



In the first integral, we take y; — vy; + vy;+1, and split the second integral:

2p —-n m—n
= Tl / (Y1 = yirr = vl " p(ys + vy ™" dys
i+
lyil<lyi+1/2|
n—m m—n _np Y;
+2 |yi+1| / |yi—1 - yi|k ‘;‘p)d i
[Yi+1—vi|>|yi+1/2]
lysi—1—yi|>yi—1/2]
n—m m—n _np Y;
+ 2" |yt | / lyic1 — vil" ‘;‘p) dy; (2.7.95)

[Yi+1—vi|>|yi+1/2]
lysi—1—yil<|yi—1/2|

Label the terms I; + Iy + I5. First consider I;:

e -n m—n
T e = s = )l
it
|yi|<‘yi+1/2|
e k—n m—n
~ lyial [Yi1 = i = vl " p(Ys + yir) [ dys
it
lyi|<|yi+1/2]
lyi—(Yi—1—yi+1)|< w’
e k—n m—n
Y|P Yi-1 = Yirr — Ul " p(Yi + vir) [yl ™" dyi
i+
lyil<lyi+1/2|
[yi—(Yi—1—yi+1)[> %
(2.7.96)
2n7m+p . .
= _|y P Y1 = Yirr — yil" " p(i + Yir) Y1 — Yira | dy;
i+
lyi|<|yi+1/2|
‘yi_((yifl_yi+1)|
< y—l%w
2n—k+p - -
|Yig1[P Yie1 = Yirr | " Wi + Yir1) |yl dy;
it

\yi|<|yi+1{2| )
lyi—(yi—1—yig1)|>| =1L ‘

(2.7.97)
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2n7m+p k—n m—n
= Y|P il " p(yi + yie)Yio1 — Yia [ "y
i+
lyityi—1—yit1|<|yit1/2]
i < | =1

on—k+p

|y 1‘1) ‘yz 1 Yi 1’k nﬁ(yl yz+1>’yz|m ndyz
1+
|yi|<‘yi+1/2|

lyi—(Yi—1—vit+1)[> (7’“12;%“)

(2.7.98)

2n7m+p

|y 1|p |y1’k n/C (y’L yiflﬂyi*l yi+1‘m ndyz
i+
|yi+yi71—yi+1|<\yi+1/2|

(Y5—1—Yi+1)
lyi| < %‘

on—k+p

+ i1 — Y |FT0(ys + yi) [y ™" dy;s

|Yit1|P
lyil <lyis1/2|

lyi—(yi—1—yi+1)[> Wiz —vit1)

2
|yi—1—yi+1|<‘%|

2n—k+p

P |Yi—1 — yi+1|k_np(yi + Yir1) " dy;
|yi+1|
lyi| <|yiv1/2]

( .-y )
lyi—(Yi—1—yit1)[> %‘

|yi71*yi+1|>|%|

(2.7.99)
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i k—n m—n
= Y|P il " p(yi + yic) Yo — yia ™"y
i+
yityi—1—yit1|<|yit1/2]
lyil< (?“_17;%“)‘

Qn—k—m-+p k
el i1 = Yt "0 (i + Yier) il " dys
|Yig1[P
lyil <lyit+1/2
lyi—(Yim1—yir1)]> w

[yi—1—yit1|<|%
2n—k+p - _
[yisal? [Yic1 = Yira|" " (i + virr) |y ™" dy;

lyil<lyit1/2]

2

lyi—(Yi—1—yi+1)|>
|yi—1*yi+1|>‘ .

(2.7.100)
< %m—l — yi+1|k+m_” (2.7.101)
+ 2n|;:|+:d2 Yyi1 — yz’+1|k+m7n
< w’yz;l - yi+1|k+min (2'7'103)

|Yig1]P
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Now for I5:

2" |y " |Yio1 — yz’|k_"p(yi)d i
|ya|P
[Yi+1—vi|>|yi+1/2]
lyi—1—yil>yi—1/2|
= 2"y T / lyicy — " " 'T;y(jd i
Yit+1—yi|>|yit1/2]
[yi—1—vil>lyi—1/2]
lyi—1—yil>yi/2]
n—m m—n —n P\Yi
+ 2"y | / i1 — yil* T?EFD) dy; (2.7.104)
[Yit1—yi|>|yi+1/2]
lyi—1=yi|>yi—1/2|
lyi—1—vil<|yi/2|
< 22n—m—k|yi+1’m—n / |y2|k—n p(yl)dyZ
|yil?
[Yi+1—vi|>|yi+1/2|
lys—1—yi|>|yi—1/2]
lyi—1—yil>|yi/2|
i 22n7m7k|yi+1‘mfn / |yi71‘kin |:§y|i dyz (27105)
[Yi+1—vi|>|yit+1/2]
lyi—1—yil>yi—1/2]
lyi—1—yil<|yi/2|
< 2B gy [ / |Z/z|kinp(y2) dy;
|yil?
[Yi+1—vi|>|yi+1/2|
lyi—1—vi|>yi—1/2]
lyi—1—vi|>]yi /2|
+ 23n7m72k‘yi+1 |mfn / |yi’kfn IT:;yrZ dyl (2.7.106)
[Yir1=vi—Yi—11>]yit1/2| '
[Yi—1—yil>yi—1/2|
lyi—1—vil<|yi/2|
S (22n—m—k + 23n—m—2k) 02|yi+l|m—an:—p (27107)
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and finally, I5:

n—m m—n —np(yi)
2 |Yis1l / Y1 — yz‘|k P dy;
[Yi+1—vi|>|yi+1/2]
lyi—1—vil<|yi—1/2]
J— / iy — yiE |p(y I)”dyi (2.7.108)
[Yi+1—vi|>|yi+1/2]
lyi—1—yil<|yi—1/2|
n—m m—n -n Z+ i—
< 2" lyi] / lil* %d% (2.7.109)
[Yi+1—vi|>]yit+1/2]
lyil<lyi—1/2]
< 2" ey [Ty | P p(yia) for p >k (2.7.110)

We have:

/ |Yi—1 — yi|k7np(yi) lYi — yid|™ "y, < I + Iy + I

|y; [P

2n—m+p—kc B
|y~ 1|p : !yH - y¢+1‘k+m "
1+

+ (22n—m—k + 23n—m—2k:) CQ‘yi+1|m—an—p
+ 2" ey (Jyiga ™" yia*P) (2.7.111)
Applying this estimate to the inner integral in (2.7.92]):

np Y1) n
/’ nl'” g 1 — yal* " dyn

201

N |592|3

4 (22n73 4 237175) C2|y2’27nR72

(p(y2)lz — ol *™)

+2%c3 (|y2*"|2|7?) (2.7.112)

Now, for N = 1, evaluating at yo = —x yields a decay rate of 1/|z|". Clearly,

decay is increasing with iteration, and there are no singular terms for y; = —x.

80



Thus, we have proved the proposition for y = —x. Evaluating at y, = = results
in a singular term, but as we will see in [2.9] this term vanishes due to algebraic

considerations. If N > 1, we continue, integrating with respect to ys:

2”01 n
/ (w’m ~ el

+ (221173 + 23n75) Cz\y2]27an2 12y (’y2’2n‘x’2)> p(y2) lys — y3|27"dy2

|ya|®
2"c .
< [ (o

+ (22n—3 + 23n—5> 02|y2’2—nR—2 + 2”03 (|y2|2_”|:1:|_2))

p(y2)

ME ly2 — ys|* " dys

(2.7.113)
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The last two terms have the form:

1 / P (y2) 9 1 P (y2) 2n
o n |?J2 - 3/3’ dys = —; oy \yz - y3| dyo
R? |y2\ i R? \y2’ !

ly2—y3|>|ys/2|

1 —n
+ R2 / £ (:qyz2+)1 Y2 — y3|2 dys, (2.7.114)
y2|

ly2—y3|<|ys/2|

1 2"2p (y2)

S 72 = ys [P dye
R |y |
ly2—y3|>|y3/2|
1 2n+1p Y .
TR #Hﬁ—ygf dy
|y3]
ly2—y3|<|ys/2|
(2.7.115)
1 2" ?p(12) | j2-n
Sl T ey,
|32
ly2—y3|>|ys/2|
1 2n+1 + )
T / lp (fﬁl ) lya|* ™ dys (2.7.116)
lval<lus /2] ’
1 2"72 9_ 1 2n72
= 53 T 2.7.117
R (27.117)

If N =2, we can replace |ys| with |z| and obtain decay on the order of 1/R™*1.
For N > 2, at the next step we would multiply by p(ys)/|ys||ys — ya|>™™ and

integrate in y3. This has the same form as the y, integral above, with increased

decay. The remaining term in ([2.7.113)) is:
2"c
/ ( o — yz\?’") D) ly2 — ys|* " dys (2.7.118)

‘3/2’3 \yz 3
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Applying the estimate ([2.7.111)):

2"y —n\ P2 “n
[ (it = =) S =

22n+lc/1
|z —y3

|5—n

|y
+ (231175 + 247%8) c’2|y3|27"R*3

+ 2270l (s [P |2 7?) (2.7.119)

Our estimate is only valid upon iteration for terms where |y; — z| is raised to a
negative power. However, when a term reaches the threshold & —n > 0, we will
have p > k, so that these (smooth) terms have decay < 1/R"™. Each iteration
decreases the order of singularity by 2, thus, after 4 iterations (recall that n = 8)
we have smooth terms with decay < 1/R"™. Integration over the sphere S"~! (R)

and taking R — oo yields zero as desired. O]

Note that the above proposition also implies decay of the kernel associate to
the error term ([2.7.86|) for N > 3. We have one more issue to address before the

final index computation.

2.7.3 Transverse Branch

In this section we handle the parametrix construction for Q% near flat directions
such that 3 is arbitrary (but outside Bg (0)) and the zf , are small. (Recall that

near a flat point means V (z) < r?*¢.) As we did for the estimates in this region,
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we decompose Q? as follows. Define:

where A,, , denotes the laplacian in the z%, 2% directions.
2

0 i S i,d )2
Q* = H, — 52t apt1 V203 + 1VaT5Psatip + (2575 — aizs)”  (2.7.122)
3

For a section u supported near this type of flat point, define:

u=¢o+ ¢ (2.7.123)

—Ja]4 3 (1) + (o)’
where ¢y = @f (z)e =513 2 (( ) +lat) ) Let IIy denote L? orthogonal pro-

4

jection onto the zero eigenspace of Hy9 and II; = (1 —TIp). We write:

Q* = @Z %Q (2.7.124)
(@ T1Q7IT,
_ <H1Q2H0 . (2.7.125)

and now we compute I1yQ?II,. To shorten the notation a bit, define:

¢ = 28: (@) + (2)°) (2.7.126)

i=1
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The second order derivative in z§ gives:

02 B 12 482 ¢
(‘%g?%@ - <_(x§)2 TE Z) %o %)

(f (a3)) eI, ¢0) (2.7.127)

_ _ ey Po
( 12 + 32 18) (xg)”%)

(
[
(
- (@4 ) e-'wg'é”%aﬁo) (27129
(
[

(F (a2)) et qso) 2.7.120)

The contribution from the 1 3 (24 — zj2])” term is:

1 o o 7.8
(5 3 (wla) — ahad)” go, ¢o> = (quo,qso) (2.7.130)

14
= [ — ¢y, 2.7.131
( o ) (27.131)
So, we may write:
0? 16
T, = — + (2.7.132)

0(23)°  («3)°

We may express (2.7.125]) in a more simplified form by a change of basis
Tw O\ (1 0\ _(Ty ¥
< b T22> (% 1)~ \Lot. Tn (27.133)
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and Ty, = Ty; — bb' /4z3. Now consider:

bb* 1 (R i i 2
H04_3:§ - H04 (29) (76571 %2035 + VapTyUsatlip) (2.7.134)
1 16 -8

- 2.7.135
4(2d) ( 229 ) ( )

16
= oz (2.7.136)

(23)

So that
Tll == T11 — bbt/43§'§ (27137)
2 1 1

e (2.7.138)

—— . (2.7.139)

Now, Ty, has the large lower bound ||Taen|* > c|[(22)"? ¢4

, so construction

of a parametrix for Ty, is straightforward. Furthermore, its parametrix cannot
contribute to trace terms, as it will have exponential decay. Now, if we construct
a parametrix P, for Tj;, it looks a priori as though we could have a non-zero
contribution to the trace. We note, however, that this contribution is finite, since
Py would be at most linear in z3. (This is simply the observation that harmonic
functions of R are of the form azj + b). Then QP ~ C (dz3)a. This term does
not contribute to the final trace, as we will see in section[2.9] Now, we also need to
see that C'(dz3) Q ((T1),; — P1) has trace which vanishes as R — co. Now, we
have chosen G so that r~'!Gr~! is a bounded operator on L?. The kernel k (¢, s)

for (T1),, — P1 should have the form a (t 4+ s) 4+ b, where t * (a (t + s) +b) s™* is
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bounded on L?(R). Let ¢(s) be a bump function of L? norm one supported in a

small neighborhood of 0. Consider ¢g(s) = ¢(s — R) supported near R. Then:

/t‘l (a(t+s)+b)s 'op(s)ds = /as_lgbR (s)ds+ /t_laqﬁR (s)ds
—|—/t_lbs_1gzﬁR (s)ds (2.7.140)

The second and third terms are bounded, but the first term is unbounded, so we

see that ¢ — 0 as R — 0.

2.8 Patching W and Estimating the Error

Define:
1 for Y[z, %)) < r2ts
= oo 2.8.1
pe () 0 for > |z, xj]lz > p2te ( )
,J
and let

Wae = v, () WIS (2,9) pis, (9) + (1= pc) () W2 () (1= v, (0)
(2.8.2)
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Note that the left cutoffs are identically 1 on the support of the right cutoffs. This

is chosen so that the errors associated to cutoffs trace to zero:

QWeo = Qpx. (1) WE (2, ) piv,, (v) (28.3)
£ QA=) @ W @) (L= pwy (1) (284)
= pn. (2) Q*WE (2,9) po. () (2.8.5)
(1 pw) () QAW (2 ) (2.8.6)
+2Vpw, (x) - VW (2,9) prs. (9) (2.8.7)
— 2Vpn, (2) - VW™ (2,y) (1= px, (4)) (2:88)
+ 28y, (1) W (2,) pr,. (1) (2.8.9)
~ Apy, () W2 (2,y) (1= pw, () (2.8.10)

So that:
Q*Weo = pn, (2) Q*WE (2,y) pr,, (1) (2.8.11)
(1= o) (2) QXWE (1, y) + Fy (2,y) (2.8.12)

Putting this together with our parametrix inside Bp, we see that:

Q* (G =W)(z,y) =e(2,y) +es, (v,9) (2.8.13)

= ex (2,Y) + e, (x,y) + By (2.8.14)

= eflat yenoncflat 4 op (2,y) + E) (2.8.15)

where e, (z,y) is a compact error term. We have already seen that e2 and
enon-flat are small. Now the last part of the error that needs to be handled is that

due to Ep in (2.8.15]). Note that because of the choice that the right cutoffs are
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identically one on the support of the left, £ (z,y) vanishes at = y. When x # y,
E, is made up of terms with Wiat yynon-flat anq their derivatives, multiplied by
derivatives of the cutoffs. Ej (z,y) can have either x or y (but not both), near a
flat direction. But the support of E;(z,y) is located where the gaussian associated
to the ground state of the oscillator is small, so these terms have good decay rates.

By theorem [2.3.4] if r*le € L2 (S), then r~¢ (G — W) € L?(S). Substituting
Q (G —W) for F in theorem then gives that r*™1—<Q (G — W) € L*(S).
In the non-flat regions, we have an even stronger result, since there ||Qul|> >
¢ Hrl/ 2uH We have the same estimate in the flat regions when our section is
in the orthogonal complement of the oscillator zero eigenspace. Hence, decay of
Q (G — W) is sufficient for its trace to vanish everywhere both in the non-flat
directions, and the orthogonal complement of the oscillator zero eigenspace. But

consider:

where Ag is the 8 dimensional laplacian along the flat directions, and ¢ consists

of terms with coefficient 1/r3 or lower. We have the Poincare estimate:

= (“52)

This means our ¢ = 3 — €. We cannot obtain the required decay by applying

2
u

’ (2.8.17)

theorem [2.3.4, However, we can obtain an improved constant ¢ by considering
(G — W1) (v, w)’s dependence on both variables. For the remainder of this section,
we redefine F' to mean:

F =1y (G-W)Il (2.8.18)
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where IIj is L? orthogonal projection onto the oscillator zero eigenspace. This in-
troduces cutoff errors, of course, but they are supported away from flat directions.

Define:
Q*=Q*+Q? (2.8.19)

where v is the variable in the first factor of the product space, and w is the variable

in the second factor. Then HQF ‘

2
> 7 F 2 f 2: 2 2
o 2 1T =PI for 1 = [of +

v =wvcos (), w=wvsin(f). Setting F' = G — W, we have

Q?°F =0 (2.8.20)
We define a cutoff function p so that p vanishes for [v| < R and for |w| < R, and
is identically one for |v|,|w| > 2R. Then dp is supported in a region where either
R < |v] <2Ror R < |w| < 2R. Let p = v%p, for a fixed « such that 2¢ > a > 0.
Then, estimating p as a sequence of bounded functions and writing F' as a limit of

C§° section as in the proof of theorem [2.3.4] we can integrate by parts to obtain:

'nF 2
cp H < HdpF||2 (2.8.21)
We compute:

2 2

2_(op a0 a0p
dp|” = ( , T ay) * (” ae) (2522

S L T (P N (VT PP
S\ v Ov v 2 o0 -

Considering first the terms where p is differentiated, we need to estimate:
2 2
ap ,0p dp 1 dp 9
2—v*— *— — (V= F|*dvd
/( VV8V+(V8V> +V2(V(%’ [P dvdw

<C, / v |F|* dvdw + C, / v |F|? dvdw (2.8.24)

R<|v|<2R R<|w|<2R
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The first integral is over a region bounded in v, the second over a region bounded
in w. Since [v|** F € L? and |w|** F € L2, we see that the contribution from p

derivative terms is bounded. Now, the remaining term in |dp|” is just:

(%f (2.8.25)

14

Now, returning to our original inequality:

dpF

2
H < lapFIP (2.8.26)

a2p2
< /7 \F|°+ B (2.8.27)

where B is the contribution of the term containing derivatives of p, and is bounded

so long as [v|* F € L? and similarly for w. Thus:

2 F2
/(0'2—a2)p‘ iy (2.8.28)

V2

The integral is bounded from below only for o? < ¢?. Thus, it looks as though
we have not improved our decay rate. However, since the integral measure in the
product space is 2"~ 1dv versus \v[”_l dv in the one variable case, we actually do

have a higher decay rate.
Proposition 2.8.1. Let Q and F be as defined above, with Q*F = 0 for [v| > R
and |w| > R and v = 1/ |v]> + [w|*. Then:

IF (v,0)] < —2

S (2.8.29)

for some 0 < § < 1.
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Proof. Define € = v/2. Fix a point (vg, wp), with 13 = |vo|* + |we|” and let let
Be (vo, wp) denote the ball centered at the point (v, wp) with radius &, and let

Se (vg, wp) denote its boundary. Let 0 denote the unit normal vector field on

Se (vo,wp). Choosing coordinates so that £ = \/\17 — vo|? + | — wo|* and taking

the domain Q. = Be¢ (vo, wo) \ Be (v, wp), we begin with Green’s identity:
1 1

/ 52%2&/}7 - 8/ <£~2 2) Fdo

b)

1 1
= = AF — FA= dvol (2.8.30)
§2n—2 €2n—2

Qe

Since 0 4 (52”%2) = (2 —2n) 2" on S¢ (vg, wp), we have:

/ 0. F

0:% / 8., Fdo + / (2 —2n)¢l-

S¢ (vo,wo) Se (vo,wo) < (vo,wo)
1
+ 55— / (2—2n) Fdo + / = —; AFdvol (2.8.31)
e“n— 5
SE(’U()J,U()) Qe
So that:
F (vg, wp) = / 0y Fdo + / (2 —2n) " Fdo
S{(’UO wo) Se (vo,wo)
+ hr% 5 / Oy F + hm (2.8.32)
e—0 4"~
e (vo,wo)

Now, if F' were harmonic, 0 4 F would integrate to zero over the sphere, the

last term would vanish and we would obtain the usual mean value theorem for
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harmonic functions. Instead we have:

) 1 1
ll_f)f(l) é"_2 / a/VFdO' + c2n—2 / ('9/VFda = ém / AFdo
Se (vo,wo) Se(vo,wo) Be(vo,wo)
(2.8.33)
and so
1
F (vg, wp) = s / AFdo + / (2 —2n) " Fdo
B¢ (vo,wo) Se (vo,wo)
1
+ / = AFdvol (2.8.34)
Be(vg,wp)

Finally, using Q*F = 0 = AF = ©F, (where ¢ is just the collection of bounded

terms in Q2 with coefficients of order 1/£? or smaller) we have:

1
|F' (vg, wo)| < / (2 —2n) 2" Fdo| + gz / pFdvol

¢ (vo,wo) ¢ (vo,wo)
1
+ = AFdvol (2.8.35)
§2n—2
£(vg,wq)
1/2 1/2
146 1
S (2n — 2) 61_271 / ’f‘ FQdO' / mda
Se (vo,wo) Se (vo,wo) g
1/2 1/2
L 7| 10-° FI? dvol E=10+8 J0]
+ g2 £ | F|” dvo 1S VO
Be (vo,wo) Be (vo,wo)
1
+ / - AFdvol (2.8.36)

£(vp,wp)
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n—>
S (2n o 2) 51—2n01€n—2+5 + 02 5

+ / ! AFdvol (2.8.37)

£2n—2 an—2
§(vo,wo)
—n—1+0 1 1
<(2n—2)¢ Cy+Cy gnrs + Zns AFdvol (2.8.38)
£(vo,wo)

The first two terms have the desired decay. The last term:

1 1
/ AFdvol| = / o | F| dvol (2.8.39)

521%2 é2n72

¢ (vo,wo) ¢ (vo,wo)

requires more delicate handling. We will first prove an LP decay estimate for F':

Claim:

L F|PT e L2 (2.8.40)
for any b/4p < 7.

Proof. We have Q*F = (. Define a weight function u such that

u=v"|F|* (2.8.41)

Consider the following L? inner product:

(QF,u’F) (2.8.42)

We may write ° as the limit of a sequence of bounded functions and F as the
limit of a sequence in C§° as in the proof of Then we may integrate by parts
to obtain:

(Q?F0’F) = |QuP)|* = W' FII* > |V (uF)|]* - |lu'F|? (2.8.43)
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Thus,

0> ||WP|FPPPVF|? + 2(V(|F 1) F WP | F|*VF) (2.8.44)
1 4p
> by | f|2r 1|2 by | |20+ |2
> G VI + Y VIE
+ 2V (W) |F|*PF,V°|F|**VF) (2.8.45)
dp +1 b| (2p+1 b—1| 2p+112 b 2p  b| |2p+1
= WHV(V [F1770) = o [ FIPE1E + 2V (0)[F 1, P | F PV )
(2.8.46)
dp+1 dp +1 _
— W||V(V6|F|2p+l)”2 . 2W<va(|F|2p+l)’ be 1|F|2p+1>
4 1 4 1
- 2 P P 4 g e
p p
+ 2(V()|F | V| FI*HIV | F)) (2.8.47)
dp+1 dp+1 _
= W||V(Vb|F|2p+l)||2 - W(VAH“””, Oz
4 1 1
— 2b2ﬁ”|ﬂ2p“ub4”2 + m(%uzb_l, V.| F|*#t2) (2.8.48)
Once again, we integrate by parts:
4p+1 4p+1 15 _
= W||V(Vb|F|2p+l)||2 - WQFW“, b (—V,, - 7) vt
dp+1 _
e
1 15
2b [ -V, — — | V¥t ||t 2.8.49
bt (<9 - ) ey (2849
dp +1 2p 15 _
— eIV EFP IR - e (<9, - 32 )
dp+1 _
— b2m|||F|2p+lyb 1||2 (2850)
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dp 4+ 1 2p _
= —— = ||[VWOIFPP P — ——5 (|F[*"", b(=2b— 14) 1*7?)
(2p+1) (2p+1)
dp+1 _
— 2—<2p+ 1)2|]|F\2”“yb 12 (2.8.51)

and so we have:

> éﬁ%fyuvwwpﬂuz Gy F17*2,b (2 = 14) 29
- 2<—z4§ - 11>2”’F'2p“”“”2
.
0> [VEA|FZHY|? - ﬁqm%?, b(—2b — 14) 2-2) (2.8.52)
— V||| FPP P (2.8.53)

2pb(2b+14)|‘| |2p+1 b— 1H2

_ b| f|2pH1y||2
IVAEPI +

V|| F PP 2 (2.8.54)

This implies boundedness of the terms on the right, so long as:
2pb (2b+ 14)

S b> >0 (2.8.55)
We must have:
b
4_p <7 (2.8.56)
O

Returning to the integral (2.8.39):

/ 52”’90 / 5%2 R (2.8.57)

Be (vo,wo) ¢ (vo,wo)

1
éQn—Z

[radial
La(B1(vo,wo))

< ' (2.8.58)

LS BE Vo wo))
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for 1/s+1/q = 1. For ¢ < (2n)/2(n — 1) = 8/7, |5 < &, so we
€ L4(B1 (vo,wo))
choose s > 8. For the second factor:
3 -3
197 1P o s ansiny) = %0 ML (5000 (2.8.59)
2/s
_ (H\ ks ) (2.8.60)
LQ(BE(UO wo))
sa 2/5
_ ., —3—a 2 5/2
=y V2 |F 2.8.61
S T . (2:8.61)
2/s

is bounded for (sa/2+1)/(4(s/4—

By the preceding claim, Hl/ FS/Q‘
Y P & 0 | | LQ(Bg(vowo))

1/2)) < 7, so that:

((Ssaj;)) <14 (2.8.62)
< (14(s —2) —2) /s (2.8.63)
a<14—30/s (2.8.64)

Choosing s > 30, we may set a = 12. Substituting this result into (2.8.38)), we

have:

) 1 1
|F (vo, wo)| < (14) €77H°C + Cogir + Coym =

| (vo, wo)| < (14) £7910C, +02£11 (2.8.65)
< VO§_5 (2.8.66)
O

This gives us sufficient decay for the trace of @ (G — W) to vanish, and so the

parametrix W may be used to compute the L?*-index of Q.
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2.9 Defect Contribution

Let us now return to the trace we must compute:

1 1
- / trie, rQWao = / trienrQ (Wb i) (2.0.1)

|z|=R |z|=R

We must average over the gauge group, as discussed in section 2.4, As noted in
that section, at flat points the S! action is reduced to the discrete action Z,. We

have two terms:

1 _ .
5 Z / trie, 7o QW (37>y)|y:” (2.9.2)
O'GZQ|$|:R
where o* represents the gauge action on spinors. This action is:
1 1,
exp (0| S¥istas + 5200 (2.9.3)

The residual Z, action arises from # = 0 and # = 7. Thus, for 0 =1, 0* =1 and
8 8
for 0 = —1, 0" = [ 1st2s [ Xix%s- We obtain:

s=1 i=1

1 v
3 Z / trro*ie, QWa (x,y)|

J€Z2|x‘:R

y=ozx

8 8
=5 / trTl_[1¢13 szlxzz@enQWoo (z, y)‘y;z + 3 / trie, TQWx (2, y)
|z|=R 5= = |z|=R

‘y::c

(2.9.4)

Recall that the trace of any term with non-zero Clifford degree is zero. Away
from flat directions, the trace is over the full Clifford algebra, and it is clear from

the construction (2.6.5)) that terms which are able to contribute enough Clifford
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factors to saturate the trace will have enormous decay. Near flat points, on the

zero eigenspace of the oscillator H,, + pY),, we have (for fixed r):

i) Par 0 () = — o () . (2.9.5)

8 s
Thus, for y = z, we can replace 7 with [] ¥1s [T X\ x5 We therefore must have
s=1 i=1

at least the first 7 terms (including the leading term) of QW (z,x) vanish in
the trace. We have already seen that the trace of these terms vanishes due to
proposition [2.7.2]

Now, for y = —x, proposition also gives that the terms for N > 1 vanish
in the trace. The leading term does contribute in this case. Before proceeding
to the computation of this term, we note that some care must be taken with the
expression for W;. When we computed Hi; in section , we chose a particular
point on the sphere to calculate the contribution from the action of the angular
laplacian Vj?, acting on the spinors. We need to account for this in our trace

computation at y = —z. First define 79 so that:

ap20033M0 = —810. (2.9.6)

Le. no has eigenvalue —8 under Y, (z¢). Now we define:

0 () = gahogy (2.9.7)

where g, € Spin (8) and g,7¢g, ' = z. Then:

Y (@) no () = Gl Vhp9%  V2at359aT0 (2.9.8)
= 42175V a5V2a V3570 (2.9.9)
= —8gaMo (2.9.10)
= —8no () . (2.9.11)
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Now we need to find g_,. By definition:

9-aT0g—y = — o (2.9.12)

so that g_, must map to —1 € SO (8), under the usual double cover map. We

have:

Yo (=m0) 1m0 (=20) = =Yy (20) g—ao- (2.9.13)

We just check that g_, = [ %35 gives 1o (—x0) = g_.1no with the correct eigenvalue

under Y}, (—xo).

16 16
Y, (—ao) [ [ ¢sno = =Y, (20) [ T semo (2.9.14)
$=9 5=9
16
= H ¥35Yy (o) Mo (2.9.15)
s=9
16
= —8H¢3s770- (2.9.16)
5=9

Note that we could also have chosen g_, = []92:. The redundancy is not a
problem, since for any x, 1o (x) is eigen under 19,13, for any fixed r. Hence, in

the trace, []v9s and [] 35 are interchangeable. Thus, 7 may be replaced with
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8 8 . .
T Y1526 TT X2 X5 Now we have:
=1

s=1 %

ly=—s

8 8 8 8
1 o .
5 / tr H ¢15¢25 H lexg H Q/Jlsts H XZIXZQZenQWOO ({L‘, y)
s=1 i=1 s=1 =1

lz|=R

8 8
1 iis
+ 3 / tr H (D H X1X5ienQWos (2, ), _, (2.9.17)

|z|=R s=1 =1

ly=—a

1

|lz|=R
1 8 s
+5 / tr] [ [ [ xincien@Wee (2, ),, (2.9.18)
|x|:R s=1 =1
1 :
=5 / trie,QWeo (2,9), __, (2.9.19)

|z|=R

We also must consider the flat directions along x3. This part of W1 cannot

contribute to the trace. Note that for ¢y in the zero eigenspace of the oscillator
associated to the flat direction along 3, we have that x!x4¢9 = —8¢@g. So we can
replace the x fermions in 7 with a constant. The gauge action is identically zero
on ¢y, so we could replace the 1119 terms with y;x2 terms. But we cannot get
rid of the 3 terms, so the trace vanishes.

Now consider:

. t oIt
e — (W = (0 +9) w2 (2.9.20)
0 W,

Away from = y, W, is smooth, and satisfies [|QW || > ¢ ||7‘1/2T/V||2 so QW,|

y=—x

decays much more rapidly than the required 1/r? and this term traces to zero in

the limit R — oo.
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We have left only to compute the term associated to Wj. Recall from ([2.7.85)):
W= A" = ATV (DR VATV )F AT (2.9.21)
k=0
Let w; denote the volume of S7. Then A~! has the kernel:

1
bwrg (x —y,x —y)°

(2.9.22)

where ¢" denotes the inverse of the metric g;; and g;; = ;5 + £ij (z), and |¢;;| <
1/p5. In section we have shown that the terms in W) with & > 3 must vanish
in the trace. For k < 3, the only term with enough Clifford factors to saturate the

trace is the very first term. Now, since QW (z,y) must be evaluated at y = —x:

/ trie, QW1 (z, —z) dz

|z|=R
. 1 . 1
= trie,Q P E— + dxtrie, Q [ W1 — —
6(")7 |3§' - y| T=—= 6607 |£L’ - yl r=—=x
|z|=R |z|=R
(2.9.23)
The second term vanishes in the limit R — co. Now, the defect term is:
, 1
Is = / trie, Q) <—6)
6(.&)7 |$ - y| T=—21
lz|=R
— 23+M/2i / 1
wr |2x|7
S7(r)
— 2M/274
and so finally:
I = 2M/2~4 (2.9.24)

where M is the number of X%} terms.
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2.10 Calculating the Principal Contribution

Note: in this section, we rename (3, = [ to simplify notation. The principal
contribution is:

lim trre 79 Pydu, (2.10.1)
B=0 Jizj<r

where Py, denotes projection onto gauge-invariant states. This computation is

analogous to the boundary term computed in section [2.5] As before, we write:

e PY = / " (Q*—2)""dz (2.10.2)
2ms
Y

Now let:

o, =4t P +V — 2 (2.10.3)
Define:
.0

L =A+ 4min; 5 + Hp (2.10.4)

Approximating the inverse of Q? — z:

N
(-2~ /emW—y)a;lZ (=" (Lo;H 'y €W (2105)

k=0
/ trT/ e (Q* - z)_l dz = (2.10.6)
2mi B o
|z|<R v
e P N
tre, T -W. dz
211
|z|<R Y

+ / trenT/ 62_6:2 (@ =27 -w))a (2.10.7)



We retain the same definitions of p,q, and M as in section 2.5l We have M
representing the number of x* terms, p the number of Hy terms and ¢ the number
of gauge terms. Also note that the error term associated to this contribution
vanishes by exactly the same argument as in the case of the boundary term .
So, focusing our attention to the first integral above, we again note that the trace
is zero whenever a term does not have Clifford degree 0. Thus, we compute only
terms which saturate the trace with Clifford factors. In this case, the only terms
which contribute Clifford factors are Hr and the gauge action. Thus, we’ll need
p+q =12+ M. The term lowest order in 3 that may contribute to the trace is:

—,BZ )
/ o / 62 | / 2T PV P B2 (2.10.8)
T

lz|<R vy

Computing the contour integral:
Y

and now the 7 integral:

B2
62 , /eZﬂi”'(x_y)U;p_ngdndz :Bp/eﬁ<47r2"|2+V)62m7'(x_y)H§d7] (2.10.9)
iy

0GP ,\z;yﬁ BV 1yp
W@ e HF (21010)

/ 3P Binl? g2min (v=v) =BV TP 4y —

Again, we average over the gauge group:

p A /4 o—Ryaz|?
/ dx / B rerenronn) P = v (2.10.11)
2 (4mp)'""
|z|<R -7
Rescaling § — (33/40 and replacing
_ |e—Zg=|? 792ﬁ1/2($2+$2)
e ~e t+al (2.10.12)
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for small 3, we obtain:

r 2
/ dx/d_etr7—€9(XZiX§+¢1s¢2s)ﬁ—pl726—mZ;’z| e_/gva?
|z|<R - 2m (471-6) /

/334

2 / dx 53/4ﬁtrﬂe*ewm(ﬁﬂ”g)653/49(%)(3“[’131%)Le—ﬁva

2 (47?5)17/2 F
|z|<R —7/33/4

(2.10.13)

Expanding A OixEHva) o considering the lowest order contributing term:

ﬂ/63/4
/ dx / ﬁ?’/A‘;l—etrTe_@Zﬁl/Q(ﬁ”%) (53/49)*
7r
le|<R  —m/B3/4
1,0 q ﬁp —BV 17p
X (XiXe + Yistbas) e HY. (2.10.14)
Rescaling z° — ' 3'/4:
/314
de 2 2 2
/ dx / 32 e (22 +23) (53/4‘9)(1
2m
|z|<RBL/4 —n/B3/4
o q [3op/4 v
X (Xixs + Y1sthas) L HY (2.10.15)
Setting p + ¢ = 12 + M and counting ('s:
e (2.10.16)
= §M/Ae (2.10.17)

From the above, we see that the principal term vanishes when ( is taken to zero

more slowly than R~*, for M > 4. Putting this result together with the defect
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term calculated in the previous section, we obtain:

L? —Index (Q4) = I, + I (2.10.18)
— () 2M/24 (2.10.19)
— oM/2—4 (2.10.20)

and we have just proved the main theorem,
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Chapter 3

Conclusion

We computed the L? index of our operator Q;. Since the index is non-zero, we
conclude that bound states do exist. There are a few other observations that we
would like to note.

First, the number of x* terms being at least 8 is necessary to prove the van-
ishing of the boundary term corresponding to the principal contribution. If there
are fewer than 8 terms our  — 0 limit does not exist. Once we have 8 terms, the
principal contribution vanishes and contributions to the index come solely from
the flat directions. This is different from the related problem of calculating the L?
index of the operator associated to D0 brane binding in the absence of the orien-
tifold. There, the principal term contributes, but its contribution is non-integral.
In that case the non-integral principal term is complemented by a non-integral
defect term, which of course gives an integral index.

Another interesting feature of both this model and the related DO case is that

when Q? is decomposed in terms of oscillators transverse to flat directions, the
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1/r? terms always exactly cancel. In this model, the additional flat branch along
the z3 direction also has this property, provided there are exactly 8 x terms.

We note in conclusion, that the increased symmetry of this problem (as com-

pared to the DO — D0 case) could allow for an explicit description of the kernel

of Q.
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