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Abstract

In this work, we apply L2-index theory to compute the index of a non-Fredholm

elliptic operator. The operator arises in Type I’ string theory, and the index is

found to be non-zero, thus implying existence of bound states.
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Chapter 1

Introduction

1.1 Elliptic Differential Operators and Parametrices

The main goal of this work is the computation of the (L2) index of a first order

elliptic differential operator defined over an unbounded domain. Some of the very

nice properties of elliptic operators on vector bundles over compact manifolds

are lost when the compactness is dropped. For example, existence of Fredholm

extensions is no longer guaranteed and the Atiyah-Singer index theorem no longer

holds. We will see how to address these issues in the following section. For the

moment, we describe some properties that are independent of the compactness

criterion.

Theorem 1.1.1. Existence of Parametrix. If A is an elliptic pseudodifferential

operator of order m in Ω ⊂ Rn, then there exists a pseudodifferential operator B

of order −m such that:

B ◦ A = I −R1, A ◦B = I −R2 (1.1.1)
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where Rj is order −∞ for j = 1, 2. B is unique up to addition of operators with

smooth kernels.

Proof. Proof is by construction and is a direct result of the composition formula

for pseudodifferential operators and the definition of ellipticity. See [1]

The existence of such a parametrix directly implies the following:

Corollary 1.1.2. Elliptic Regularity Let A be an elliptic pseudodifferential oper-

ator of order m in Ω ⊂ Rn. If u ∈ Hs (Ω) for some s satisfies:

Au = f (1.1.2)

for f ∈ C∞ (Ω), then u ∈ C∞ (Ω).

Proof. See [1]

1.2 Heat Kernel Index Computation

1.2.1 Compact Case

Let M be a compact manifold, S a smooth vector bundle over M and let Γ (S)

denote smooth sections of S. For M compact, an elliptic operator Q : Γ(S) →

Γ(S) of order m, extends to a Fredholm operator Q : L2
s (S) → L2

s−m (S) for any

s, where L2
s (S) denotes the Sobolev space of sections with L2 derivatives to order

s. The index is defined as:

Ind (Q)
def
= dim (ker (Q))− dim (coker (Q)) (1.2.1)

This quantity is independent of the choice of extension. Since coker (Q) ≈

ker (Q∗), we may express the index as:

Ind (Q) = dim (ker (Q))− dim (ker (Q∗)) (1.2.2)
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It is standard to use the small t heat trace to compute the index, because there

exist asymptotic expansions of the heat trace for small t. That is, we would like

to compute Ind (Q) using:

Tr
(
e−tQ∗Q

)
− Tr

(
e−tQQ∗)

=
∞∑
i=0

e−tλi −
∞∑
i=0

e−tµi (1.2.3)

Where λi and µi are the eigenvalues of Q∗Q and QQ∗ respectively. Since for

λi > 0, Q/
√
λi maps the λi eigenspace of QQ∗ isometrically to the λi eigenspace

of Q∗Q (and vice-versa) there is a one-one correspondence between the non-zero

eigenvalues of these operators. Thus:

∞∑
i=0

e−tλi −
∞∑
i=0

e−tµi =

dim(ker(Q))∑
i=0

1−
dim(ker(Q∗))∑

i=0

1 (1.2.4)

= dim (ker (Q))− dim (ker (Q∗)) (1.2.5)

= Ind (Q) (1.2.6)

1.2.2 Non-compact Case

When the base manifold is not compact, the operators e−tQQ
∗

and e−tQ
∗Q need not

be trace class. There is much work in the literature addressing cases where the

manifold is not compact, but the operator Q is still Fredholm (cf. [2], [3], [4], [5]).

In these cases, one may begin with the above formula involving the heat kernel

trace. Note that since there is a gap between zero and the essential spectrum, the

above argument applies formally. Summarizing the argument in [4], first define:

b (t, x)
def
= e−tQ

∗Q (x, x)− e−tQQ
∗
(x, x) (1.2.7)
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Let Π+,Π− denote L2-orthogonal projection onto ker (Q)∩L2 (S) , ker (Q∗)∩L2 (S)

and p+, p− their associated kernel functions.

Claim:

lim
t→∞

∫
K

b (t, x) dx→
∫
K

(p+ (x, x)− p− (x, x)) dx (1.2.8)

for any compact set K.

Proof. Note that:

1

2
d/dt‖e−tQ2

(x, y)‖2 = −‖Qxe
−tQ2

(x, y)‖2 (1.2.9)

Taking t → ∞, we see that lim
t→∞

‖Qxe
−tQ2

(x, y)‖2 = 0, so that lim
t→∞

e−tQ
2
(x, y) ∈

ker (Qx) and we have the analogous statement in y. But for finite t, we have that

e−tQ
2
(x, y) acts as the identity on ker (Q), so that lim

t→∞
e−tQ

2
(x, y) must be the

projection onto ker (Q).

Defining the L2-Index of Q to be:

dim
(
ker (Q) ∩ L2 (S)

)
− dim

(
ker (Q∗) ∩ L2 (S)

)
, (1.2.10)

it then follows:

L2-Index (Q) = lim
α→∞

lim
t→∞

∫
Bα

b (t, x) dx, (1.2.11)

for {Bα} a compact exhaustion of M . For computational purposes, it is useful to

transform the above limit t→∞ to a limit taking t→ 0. This is done as follows:

lim
t→∞

∫
Bα

b (t, x) dx = lim
t0→0

∫
Bα

b (t0, x) dx+

∞∫
t0

d

dt

∫
Bα

b (t, x) dxdt

 (1.2.12)
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When Q is a Dirac operator, the quantity d
dt
b (t, x) turns out to be the total

divergence of a vector field VQ, whose integral may therefore be transformed via

the divergence theorem to a boundary integral. In the following section, we recall

a few properties of spinor bundles and Clifford algebras that will be useful in the

next chapter.

1.2.3 Brief Review of Spinors and Clifford Algebras

We review some relevant definitions and properties necessary to support the com-

putations which follow. These results and more may be found in [6].

Definition 1.2.1. Let V be a finite dimensional vector space (over R, for our

purposes) with a quadratic form q : V → R. Let T (V ) denote the tensor algebra

of V and let Iq denote the ideal generated by elements of the form v⊗v+q (V ) 1.

Then we define C ` (V, q) = T (V ) /Iq.

As always, the polarization of q (v) gives a bilinear form q (v, w). If we denote

multiplication by an element of C ` (V, q) by C (·), we have:

C (v)C (w) + C (w)C (v) = −2q (v, w) (1.2.13)

for all v, w ∈ V . Note that if V = Rn, and {e1, . . . , en} is an orthonormal basis of

Rn, the Clifford algebra C ` (Rn) is spanned by {e1, ..., en, e1e2, e1e3, ..., e1 · · · en},

i.e. all (ordered) Clifford products of the basis {e1, . . . , en}. A general element of

the algebra is given by:

ψ =
∑
|I|≤n

aIei1 · · · ei|I| (1.2.14)
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where I is a multi-index. We define Clifford degree of an element to be the

highest |I| for which there is a non-zero aI . The group Spinn may be realized as

the subgroup of the multiplicative group of units of C ` (Rn) consisting of elements

of the form:

ϕ = vi1 · · · vir (1.2.15)

where r is even and v ∈ Rn with |v| = 1. Representations of C ` (Rn) restrict to

representations of Spinn. We will be dealing with representations of Spin8. In this

dimension, the Clifford multiplication by the volume form ω squares to 1. Here,

an irreducible representation

ρ : C `
(
R8
)
→ HomR (W,W ) (1.2.16)

restricts to a reducible representation:

ρ8 : Spin8 → GL (W ) (1.2.17)

such that ρ8 = ρ+
8 ⊕ ρ−8 and

ρ+
8 : Spin8 → GL

(
W+

)
(1.2.18)

ρ−8 : Spin8 → GL
(
W−) (1.2.19)

where W+ and W− are the ±1 eigenspaces of the operator defined by Clifford

multiplication by ω. We will define another spinor space, generated by the vector

space: (
W+

⊕
W+

⊕
W−

)
(1.2.20)

The operators we will be concerned with are Dirac operators on a spinor bundle

whose fiber is as above. One very useful feature of trace computations involving

Clifford bundles is the following (see for example: [4])
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Lemma 1.2.2. Let V be an even dimensional vector space and {e1, ..., en} an

orthonormal basis of V . Then:

trC (ei1) . . . C (eir) = 0 (1.2.21)

for any non-empty {i1, ..., ir} with all ij distinct.

Next we describe the physical model which gives rise to the operator we are

about to analyze.

1.3 Physical Model

1.3.1 D0 Branes

The following is an extremely curt introduction to the physical model upon which

our mathematical contruction is based. For a more thorough review of D-branes

and their dynamics see [7]. For more on D0-brane bound states, see [8], and for

a more complete description of the construction of Type I’ strings, see [9],[10].

D-branes are defined as boundary conditions on the ends of open strings, but

they can be seen as dynamic objects themselves. At low energy, D0 brane dy-

namics are governed by the dimensional reduction of 10D N = 1 supersymmetric

Yang-Mills to 0 + 1 dimensional gauge theory (i.e. supersymmetric quantum me-

chanics). After dimensional reduction, a system of n D0-branes has hamiltonian:

H =
1

2n
Tr
(
pipi
)
− 1

4n

∑
i,j

Tr
([
xi, xj

]2)− 1

2n
Tr
(
ψγi

[
xi, ψ

])
(1.3.1)

The ψ’s transform in the SO(9) Clifford representation given by the γ’s. After

factoring out the center of mass action, the gauge group is SU(n); thus, the x’s live
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in the adjoint representation of SU(n). This theory has N = 16 supercharges:

Qα =
i

2
γiαβTr

(
ψβp

i
)
− i

8
Tr
([
γi, γj

]
ψ
[
xi, xj

])
α

(1.3.2)

which obey the supersymmetry algebra:

{Qα, Qβ} = 2δαβ (H − G ) (1.3.3)

(1.3.4)

where G is the gauge action:

G = i
[
xi, pi

]
− 1

2
[ψα, ψα] (1.3.5)

In the case n = 2, we have the gauge group SU(2). Stern and Sethi [11] have

proved the existence of a unique ground state in this model. The present work

is concerned with the addition of an O8 orientifold plane and further addition of

D8-branes as occurs in Type I’ string theory.

1.3.2 D0 Branes and O8 orientifolds

Type I’ string theory is obtained as a quotient of either IA or IIA:

I ′ =
IIA

{1,ΩR}

with {1,ΩR} ≈ Z2 and Ω is world sheet parity, R is reflection in the x9 coordinate.

The effect of the quotient operation is to add two 8-dimensional orientifold planes

(at positions corresponding to the fixed points of the reflection on the circle),

each accompanied by 8 D8 branes and their mirror images. Taking one of the

orientifold planes to infinity along with its D8 branes leaves one orientifold and

16 D8 branes to consider. The description of D0 brane dynamics in Type IIA
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involves bosonic coordinates xi i = 1, ..., 9 living in the adjoint of SU(2), and

fermionic coordinates Ψα α = 1, ..., 16. The orientifold quotient breaks the gauge

symmetry to SO(2), cuts the supersymmetry in half (from N = 16 to N = 8),

and causes a projection onto the symmetric and antisymmetric coordinates as

follows: (
xi1 xi2
xi3 −xi1

)
−→

(
xi1 xi2
xi2 −xi1

)
for i = 1, ..., 8

(
x9

1 x9
2

x9
3 −x9

1

)
−→

(
0 x9

3

−x9
3 0

)
(
ψ1α ψ2α

ψ3α −ψ1α

)
−→

(
ψ1α ψ2α

ψ2α −ψ1α

)
for α = 1, ..., 8

(
ψ1α ψ2α

ψ3α −ψ1α

)
−→

(
0 ψ3α

−ψ3α 0

)
for α = 9, ..., 16

The supercharges are:

Qα = iγiαβψNβ
∂

∂xiN
+ iγikαβψMβ

[
xi, xk

]
M

(1.3.6)

where α now ranges from 9, ..., 16, and the x’s and ψ’s obey the above restrictions.

The gauge constraint in this model differs from the D0−D0 case not only in the

breaking of the symmetry to SO(2), but it also includes a term representing the

fermionic strings between the D0 branes and the D8 branes at the origin.

G = xi1
∂

∂xi2
− xi2

∂

∂xi1
+ ψ1αψ2α + χi1χ

i
2 (1.3.7)

Now, the Qα are independent of the χ′s, but when we perform computations using

Q2 it will be convienient to use the gauge action to replace some of the terms.

This is where the χ′s will become relevant.
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Chapter 2

L2 Index

2.1 Defining the L2 Index

Given an involution which anticommutes with Q, we may decompose Q into com-

ponents Q+ : Γ(S+) → Γ(S−) and Q− : Γ(S−) → Γ(S+), where S+ and S− are

the ±1 eigenspaces of our involution. For Q self-adjoint, we may then write:

Q =

(
0 Q−
Q+ 0

)
=

(
0 Q∗

+

Q+ 0

)
.

We would like to calculate the index of Q+, which in the case of a compact

manifold is given by:

Ind (Q+) = dim (ker (Q+))− dim (ker (Q−)) .

In the case at hand, however, our manifold is Euclidean space and the essential

spectrum of Q2 contains zero. This means the coker(Q) is not closed, is infinite

dimensional and is not equal to ker(Q∗). Thus, the usual (Fredholm) index is not
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defined. We will instead compute the L2 index:

Definition 2.1.1. The L2 index of an elliptic operator Q+ : Γ (S+) → Γ (S−) is

defined by:

L2 − Index (Q+) = dim (ker (Q+)) ∩ L2 − dim (ker (Q−)) ∩ L2.

2.2 The Green’s Operator

Proposition 2.2.1. Given a Green’s operator G for Q2, L2−Index(Q+) is given

by:

L2 − Index (Q+) = tr

(
τ +

1

2
[Q, τQG]

)
,

where τ is an involution which anticommutes with Q.

Proof of Proposition. Let G+ denote the restriction of G to the +1 eigenspace of

τ , and let P± denote orthogonal projection onto the kernel of Q±. Note that

G+ =
1

2
G (I + τ) .

Since Q2G = I − P , we have:

QQG+ = (I − P )
1

2
(I + τ) =

1

2
(I + τ)− P+.

Similarly:

QG+Q =
1

2
(I − τ)− P−.

11



Thus,

L2 − Index (Q+) = trP+ − trP−

= tr

(
1

2
(I + τ)−QQG+

)
− tr

(
1

2
(I − τ)−QG+Q

)
= tr ((τ)− [Q,QG+])

= tr

(
τ +

1

2
[Q, τQG]

)
. (2.2.1)

For the computations to follow, we’ll need to establish the existence of G as

a singular integral operator. Before we begin, let’s fix some notation. Here we

choose the convention ψ2 = 1 = χ2 = 1. This is different from the physics

convention which has ψ2 = 1
2
. Our choice of normalization also leads to a factor

of 1 in front of the laplacian in Q2, as opposed the the factor of 1/2 found in the

physics literature.

Recall that our model arises from dimensional reduction of a model describing

the dynamics of two D0 branes in type I’ string theory. This may be realized as an

orientifold quotient of the type IIA theory. In type IIA, the reduced model takes

the form of supersymmetric matrix quantum mechanics, with the coordinates tak-

ing values in the adjoint representation of SU (2). One effect of the (8-dimensional)

orientifold plane introduced transverse to the ninth spacial coordinate is a projec-

tion onto the symmetric and antisymmetric parts of the coordinate matrices as

follows: (
xi1 xi2
xi3 −xi1

)
→
(
xi1 xi2
xi2 −xi1

)
for i = 1, ..., 8

12



(
x9

1 x9
2

x9
3 −x9

1

)
→
(

0 x9
3

−x9
3 0

)
.

Thus, we may think of our coordinates as living in R17. The corresponding

fermions are:

ψ1s, ψ2s for i = 1, ...8 and ψ3s for i = 9, ..., 16.

In addition, there are fermions χi1, χ
i
2 corresponding to strings stretching between

each D0 brane and the ith D8-brane. Our operator Q then acts on sections of a flat

spinor bundle over R17 (See [8] and [9]) We denote this bundle S, and its smooth

sections by Γ (S). S is a trivial bundle whose fibers are the tensor product of the

two factors. The first is a Clifford module for the Clifford algebra associated to

the vector space spanned by the ψ1s, ψ2s, s = 1, ..., 8 and ψ3s, s = 9, ..., 16. The

module is a pinor representation. The second factor is the spinor representation

of the Clifford algebra associated to the vector space spanned by the χ′s. The

dimension of this fiber is therefore 212×2M , where M is the number of D8-branes.

For consistency in the physical model, M is taken to be 8, so the dimesion of the

fiber of S is 220. In these coordinates, Q2 has the form:

Q2 = ∆ +
1

2

∑∣∣[xiA, xjB]∣∣2 + iγiαβx
i
1ψ2αψ3β+

iγiαβx
i
2ψ3αψ1β + ix9

3

(
−ψ1sψ2s + χi1χ

i
2

)
, (2.2.2)

where the above restrictions apply to the indices i, j. The χ terms have entered

Q2 via the gauge constraint, which is now:

G = xi1
∂

∂xi2
− xi2

∂

∂xi1
+

1

2
ψ1αψ2α +

1

2
χi1χ

i
2, (2.2.3)

13



under the chosen normalizations for ψ, χ. Note that we will sometimes write:

Q2 = ∆ + V (x) +HF , (2.2.4)

where

V (x) =
1

2

∑∣∣[xi, xj]∣∣2 . (2.2.5)

Recall that there are 8 operators Qα, 9 ≤ α ≤ 16 and:

Qα = iγiαβψAβ
∂

∂xiA
+ γikαβψBβ

[
xi, xk

]
B
. (2.2.6)

For each α, α′, Q2
α differs from Q2

α′ by a gauge transformation. Thus, our compu-

tations are independent of α. Fix α0 for 9 ≤ α0 ≤ 16. Define Q = Qα0 We are

now prepared to state the main theorem of this thesis:

Theorem 2.2.2. Main Theorem.

Let Q : Γ (S) → Γ (S) be the elliptic operator defined above, with gauge constraint:

G = xi1
∂

∂xi2
− xi2

∂

∂xi1
+

1

2
ψ1αψ2α +

1

2
χi1χ

i
2 (2.2.7)

where the index i runs from 1, ...,M for M an even integer ≥ 8. Let τ be the

involution on S given by τ =
8∏
s=1

ψ1sψ2sψ3s

M∏
i=1

χi1χ
i
2 and decompose:

Q =

(
0 Q+

Q− 0

)
, (2.2.8)

so that Q+ takes the +1 eigenspace of τ to the −1 eigenspace and similarly for

Q−. Then:

L2 − Index (Q+) = 2M/2−4. (2.2.9)
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Analysis of this operator is made delicate because there are regions where the

commutator above vanishes, even as |x| = r gets very large. Let us expand V , to

see this more clearly:

V (x) =
1

2

∑∣∣[xi, xj]∣∣2 (2.2.10)

=
7∑
i=1

∑
j>i

(
xi1x

j
2 − xi2x

j
1

)2
+

8∑
i=1

[(
x9

3x
i
1

)2
+
(
x9

3x
i
2

)2]
. (2.2.11)

V is zero when either of the following conditions is satisfied:

• xi1x
j
2 − xi2x

j
1 = 0 for all i, j and x9

3 = 0 or

• xi1 = xj2 = 0 for all i, j, and x9
3 is arbitrary.

Calculation of the desired index has 3 main parts

• Proof of the existence of a Green’s operator

• Construction of a parametrix that approximates the Green’s operator

• Proof that the parametrix approximation computes the index (i.e. our error

terms are inconsequential)

For the first item above, we will need the following normed spaces:

Definition 2.2.3. Define L2
Q (S) to be the completion of C∞

0 (S) in the norm:

‖u‖L2
Q(S) =

∥∥∥∥ u√
r2 + 1

∥∥∥∥2

L2(S)

,

and similarly:
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Definition 2.2.4. Define H1
Q (S) to be the completion of C∞

0 (S) in the norm:

‖u‖H1
Q(S) = ‖Qu‖2

L2(S) +

∥∥∥∥ u√
r2 + 1

∥∥∥∥2

L2(S)

.

In this section we prove the existence of an (unbounded) operatorG : L2
Q (S) →

H2 (S) such that:

Q2G = I − Π,

where Π is orthogonal projection in the L2 norm onto kerQ. Define the bilinear

form D (u, v) on H1
Q (S)×H1

Q (S) so that:

D (u, v) = (Qu,Qv)L2(S) .

Theorem 2.2.5. For any f ∈
(
L2
Q (S) ∩ (kerQ)⊥

)
with

√
r2 + 1f ∈ L2, there

exists a unique u ∈ H1
Q (S) ∩ (kerQ)⊥ such that

Q2u = f. (2.2.12)

The Lax-Milgram theorem states that if D is a bounded, coercive bilinear

functional on a hilbert space H , then for every bounded linear functional f on

H , there exists xf ∈ H such that:

f (x) = D (x, xf ) . (2.2.13)

Therefore, if D is both bounded and coercive in H1
Q (S) ∩ (kerQ)⊥, then weak

solutions to (2.2.12) exist. Boundedness of D is clear from the definition of the

H1
Q norm, so it suffices to prove the coercive estimate:

Proposition 2.2.6. For u ∈ H1
Q (S) ∩ (kerQ)⊥, there exists c > 0 such that

‖Qu‖2
L2(S) ≥

∥∥∥cu
r

∥∥∥2

L2(S)
. (2.2.14)
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Elliptic regularity then guarantees that our weak solutions (2.2.12) are smooth,

for smooth f . In particular, for any fixed y, we have:

Q2gy (x) = δ (x− y)− Π (x, y) , (2.2.15)

where P denotes projection onto ker (Q) has a solution which is smooth for x 6= y.

Define:

Gf (x) =

∫
gy (x) f (y) dy. (2.2.16)

This gives our Green’s operator as the integral operator represented by the kernel

gy (x) = g (x, y). The proof of the estimate (2.2.14) has two main parts. We will

show:

1. For any section u ∈ C∞
0 (R17\BR (0) , S), R large, the estimate (2.2.14)

holds.

2. Using Rellich’s theorem, we can extend the estimate across the ball by re-

stricting to the subspace H1
Q (S) ∩ (ker (Q))⊥.

Proof of 1. It will be necessary to patch together estimates of a lower bound for

Q in 3 different regions of Ω = R17\BR (0). We will obtain one estimate away

from flat points (exactly what is meant by ’away’ will be clarified shortly). In

addition we will need estimates near each of the two types of flat points discussed

above. ’Near’ a flat direction is defined as:

V (x) ≤ r2+ε, (2.2.17)

where ε > 0, for now, and an upper bound will be determined momentarily. Let

NF (ε) =
{
x ∈ Ω : V (x) < r2+ε

}
. (2.2.18)
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Define smooth cutoff functions ρ1, ρ2 so that

ρ1 (x) =

{
1 for x ∈ NF (ε/2)
0 for x ∈ Ω\NF (ε)

(2.2.19)

ρ2 (x) = 1− ρ1 (2.2.20)

and such that |dρ1| ≤ Cρ Let u ∈ C∞
0 (Ω, S). Write:

u = ρ1u+ ρ2u. (2.2.21)

We need to show:

‖Qu‖2 ≥
∥∥∥cu
r

∥∥∥2

(2.2.22)

for some c > 0. We have:

‖Qu‖2 = ‖Q (ρ1u+ ρ2u)‖2

= ‖Q (ρ1u)‖2 + ‖Q (ρ2u)‖2 + 2 (Q (ρ1u) , Q (ρ2u)) . (2.2.23)

We will obtain the desired estimate from the first two terms. The last term, the

cross term, needs to be controlled. Before proceeding with the estimates, we will

simplify this term a bit. As in the introduction we denote Clifford multiplication

by forms as C (·):

(Q (ρ1u) , Q (ρ2u)) = (C (dρ1)u+ ρ1Qu,C (C (dρ2))u+ ρ2Qu)

= (C (dρ1)u,C (dρ2)u) + (C (dρ1)u, ρ2Qu)

+ (ρ1Qu,C (dρ2)u) + (ρ1Qu, ρ2Qu) (2.2.24)

≥ (C (dρ1)u,C (dρ2)u) + (C (dρ1)u, ρ2Qu)

+ (ρ1Qu,C (dρ2)u) (2.2.25)
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|(C (dρ1)u,C (dρ2)u) + (C (dρ1)u, ρ2Qu) + (ρ1Qu,C (dρ2)u)|

≤ |(C (dρ1)u,C (dρ2)u)|+ |(C (dρ1)u, ρ2Qu)|

+ |(ρ1Qu,C (dρ2)u)| (2.2.26)

= ‖|dρ1| |u|‖2 + |((ρ1 − ρ2)Qu,C (dρ1)u)| (2.2.27)

≤ ‖|dρ1| |u|‖2 +
ε

2
‖Qu‖2 +

1

2ε
‖|dρ1| |u|‖2 (2.2.28)

≤ 2ε+ 1

2ε
‖|dρ1| |u|‖2 +

ε

2
‖Qu‖2 . (2.2.29)

Substituting back into (2.2.23):

‖Qu‖2 ≥ ‖Q (ρ1u)‖2 + ‖Q (ρ2u)‖2 − 2

(
2ε+ 1

2ε
‖|dρ1| |u|‖2 +

ε

2
‖Qu‖2

)
,

(2.2.30)

so that:

(1 + ε) ‖Qu‖2 ≥ ‖Q (ρ1u)‖2 + ‖Q (ρ2u)‖2 − 2ε+ 1

2ε
‖|dρ1| |u|‖2 . (2.2.31)

Ultimately, we’ll need to show that the last term on the right may be absorbed

into the other two terms. First, we obtain estimates for the first two terms.

The estimate is trivial for ‖Q (ρ2u)‖2. We have:

‖Q (ρ2u)‖2 =
(
Q2 (ρ2u) , ρ2u

)
(2.2.32)

= ((∆ + V (x) +HF ) ρ2u, ρ2u) . (2.2.33)

Recall that HF is linear in xiA, so that

((∆ + V (x) +HF ) ρ2u, ρ2u) ≥ c
(
r2+ερ2u, ρ2u

)
(2.2.34)

= c
∥∥r1+ ε

2ρ2u
∥∥2
. (2.2.35)

Before we begin analyzing ‖Q (ρ1u)‖2, a few comments regarding the different

types of flat points are in order. Note that at least one of x9
3, x

i
1,2 must be of order
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r. In order to be near a flat point, if any of the xi1,2 are of order r, then x9
3 must

be of order < rε/2. We have to split ρ1u to cover the two different regions using

cutoff functions. However, the region ’in between’ the types of flat points:

r
ε
2 <

∣∣x9
3

∣∣ < r1−ε (2.2.36)

is not part of the flat region, say for ε < 1/2. That is, ρ1 has two disjoint

components, one with x9
3 ≈ r, the other with (|x1|2 + |x2|2)1/2 ≈ r. Since the

support is disjoint, we may write

ρ1 = ρ̃12 + ρ̃9. (2.2.37)

We can therefore treat the two situations separately, without additional cutoffs.

First we work in the case |x9
3| < r

ε
2 . To simplify the computations in this

region, we’ll apply an SO(3)× SO(9) coordinate action as follows:

Define the map:

m : SO(3)× R9 × SO(9) → R17 (2.2.38)

(k,Λ, q) 7→ kΛq,

with k ∈ SO (2) ⊂ SO(3), q ∈ SO (8) ⊂ SO(9) and

Λ =

µ 0 0 0 0 0 0 0 0
0 y2

2 y3
2 y4

2 y5
2 y6

2 y7
2 y8

2 0
0 0 0 0 0 0 0 0 x9

3

 . (2.2.39)

This map is not one-to-one, but we may lift any function on the original space

to a function which is constant in the fiber. It is possible then to perform all of our
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computations in the larger space. We choose tangent vectors to SO(3)×R9×SO(9)

which descend to a basis of R17:

∂

∂r̃flat

,
∂

∂ỹi2
,
∂

∂x̃9
3

, X̃, Ṽj, i, j = 2, ..., 8, (2.2.40)

such that

X̃ =

 0 1 0
−1 0 0
0 0 0

 (2.2.41)

and Vj is the so(9) generator with entries 1j = 1, j1 = −1 and all others vanishing.

We then compute the metric g in terms of the basis{
Ṽ2, Ṽ3, ..., Ṽ8, X̃,

∂

∂r̃flat

,
∂

∂ỹ2
2

, ...,
∂

∂ỹ8
2

,
∂

∂x̃9
3

}
(2.2.42)

of pushed down vector fields. We decompose g in the following manner:

g = g̃ ⊕ I9 (2.2.43)

where I9 is the 9× 9 identity matrix, corresponding to the vector fields{
∂

∂r̃flat

,
∂

∂ỹ2
2

, ...,
∂

∂ỹ8
2

,
∂

∂x̃9
3

}
(2.2.44)

which are chosen to be orthonormal. We obtain:

g̃11 = µ2 + |y2|2

g̃1i = g̃i1

= 2µyi2 for i = 2, ..., 8

g̃ij = g̃ji

= yi2y
j
2 for i = 2, ..., 8 j > i

g̃ii = µ2 +
(
yi2
)2

for i = 2, ..., 8
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and √
|det g| =

√
|det g̃|

= r6
flat

(
µ2 − |y2|2

)
.

In this frame, we obtain the following expression for Q2:

Q2 =

(
− ∂2

∂ (x9
3)

2 + ∆y2

)
− ∂2

∂µ2
+

2yi2
µ2 − |y2|2

∂

∂yi2
− 8µ2 − 6 |y2|2

µ
(
µ2 − |y2|2

) ∂
∂µ

− µ2 + |y2|2(
µ2 − |y2|2

)2X2 −
µ4 + |y2|2

(
|y2|2 −

(
yj2
)2)

+ µ2
(
−2 |y2|2 + 3

(
yj2
)2)

µ2
(
µ2 − |y2|2

)2 V 2
j

+
2µyj2(

µ2 − |y2|2
)2XVj +

yi2y
j
2

(
3µ2 − |y2|2

)
µ2
(
µ2 − |y2|2

)2 ViVj + µ2
((
x9

3

)2
+ |y2|2

)

+
(
x9

3

)2 |y2|2 + ix9
3

(
ψ1sψ2s + χi1χ

i
2

)
+ iq1jµγ

j
stψ2sψ3t + iqijγ

j
stψ1sψ3ty

i
2,

where we have set k = I, since k is an element of the gauge group and the space

of sections we are interested in must be gauge-invariant.

The gauge constraint now looks like (1.3.5):

G = X − 1

2
ψ1sψ2s − χi1χ

i
2. (2.2.45)

In this formulation, the flat directions of the potential may be parametrized locally

by the radial coordinate µ and 7 angular coordinates. We label terms in Q2 as

follows:

Hm =

(
− ∂2

∂ (x9
3)

2 + ∆y2

)
+ µ2

((
x9

3

)2
+ |y2|2

)
Yr = iq1jγ

j
stψ2sψ3t (2.2.46)

H ′
F

(
yj2
)

= iqijγ
j
stψ1sψ3ty

i
2
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Q2 = Hm + µYr −
∂2

∂µ2
+

2yi2
r2 − |y2|2

∂

∂yi2
− 8µ2 − 6 |y2|2

µ
(
µ2 − |y2|2

) ∂
∂µ

− µ2 + |y2|2(
µ2 − |y2|2

)2X2 −
µ4 + |y2|2

(
|y2|2 −

(
yj2
)2)

+ µ2
(
−2 |y2|2 + 3

(
yj2
)2)

µ2
(
µ2 − |y2|2

)2 V 2
j

(2.2.47)

+
2µyj2(

µ2 − |y2|2
)2XVj +

yi2y
j
2

(
3µ2 − |y2|2

)
µ2
(
µ2 − |y2|2

)2 ViVj +
(
x9

3

)2 |y2|2

+ ix9
3

(
ψ1sψ2s +

1

2
χi1χ

i
2

)
+H ′

F .

We note that in this formulation we have a coordinate singularity at µ2 = |y2|2.

This will not cause difficulty, however since this form of Q2 is useful only for

|y2|2 < rε and µ ≈ r. Now we decompose ρ1u as a sum:

ρ1u = Π0ρ1u+ (1− Π0) ρ1u (2.2.48)

= φ0 + φ1 (2.2.49)

where

φ0 = f0(µ, q)µ
2e
−µ

“
|y2|2+(x9

3)
2

”
/2

(2.2.50)

f0 is a section of the subbundle defined by Yµs (q) = −8s (q), and Π0 is projection

onto the zero eigenspace of Hm + µYµ. Note that the lowest mode of φ1 has

eigenvalue 10µ ± 8µ ≥ 2µ under Hm + µYµ. To obtain our desired bound on

‖Q (ρ1u)‖2, we’ll need to analyze:

‖Q (ρ1u)‖2 = ‖Qφ0‖2 + ‖Qφ1‖2 + 2 (Qφ0, Qφ1) . (2.2.51)
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The first term in (2.2.51) will be computed in section (2.7). It will be shown that

‖Qφ0‖2 = (Qφ0, Qφ0) (2.2.52)

=
(
Q2φ0, φ0

)
(2.2.53)

≥
∥∥∥∥(3− ε)φ0

µ

∥∥∥∥2

. (2.2.54)

Turning to the next term in (2.2.51):

‖Qφ1‖2 = (Qφ1, Qφ1)

=
(
Q2φ1, φ1

)
= ((Hm + µYµ)φ1, φ1)−

(
∂2

∂µ2
φ1, φ1

)
+

(
2

µ2
yi2

∂

∂yi2
φ1, φ1

)

−
(

8

µ

∂

∂µ
φ1, φ1

)
−
(

1

µ2

(
X2 +

∑
V 2
j

)
φ1, φ1

)

+

(
2yj2
µ3

XVjφ1, φ1

)
+

(
3yi2y

j
2

µ4
ViVjφ1, φ1

)

+
((
x9

3

)2 |y2|2φ1, φ1

)
+
(
ix9

3

(
ψ1sψ2s + χi1χ

i
2

)
φ1, φ1

)
+
(
H ′
F

(
yi2
)
φ1, φ1

)
.

We first note that the oscillator part of Q2 yields a large, positive contribution:∫
((Hm + µYµ)φ1, φ1) ≥ c1

∫
µ (φ1, φ1)

= c1
∥∥µ1/2φ1

∥∥2
. (2.2.55)

Because of this large contribution, we need only show that the rest of the terms

are easily absorbed by (2.2.55). Next we analyze the action of the y2 derivative

24



terms:(
2

µ2
yi2

∂

∂yi2
φ1, φ1

)
=

(
1

µ2
yi2

∂

∂yi2
φ1, φ1

)
+

(
φ1,

(
− 7

µ2
− 1

µ2
yi2

∂

∂yi2

)
φ1

)

= −
(

7

µ2
φ1, φ1

)

= −7

∥∥∥∥φ1

µ

∥∥∥∥2

.

The next derivative terms,
(
− 1
µ2X

2φ1, φ1

)
and

(
− 1
µ2V

2
j φ1, φ1

)
are positive. XVj, ViVj

enter with coefficients lower than 1/µ2 and so are absorbed into the larger positive

terms. The potential term is clearly nonnegative. The last remaining terms in Q2

are:

iγiαβy
i
2ψ1αψ3β + ix9

3

(
−ψ1sψ2s + χi1χ

i
2

)
.

Recall that φ1 is supported in a ’small’ neighborhood of a flat point where (x9
3)

2
+

|y2|2 < rε For ε < 1, these terms may be absorbed into (2.2.55). We have now

shown that the second estimate holds:

‖Qφ1‖2 ≥ c1
∥∥µ1/2φ1

∥∥2
.

The last estimate we need is the cross term, (Qφ0, Qφ1) = (Q2φ0, φ1). To control

this term, we ’borrow’ from the previous two terms as follows:(
Q2φ0, φ0

)
= (1− ε)

(
Q2φ0, φ0

)
+ ε

(
Q2φ0, φ0

)
(2.2.56)

≥ (1− ε)

∥∥∥∥3φ0

µ

∥∥∥∥2

+ ε
(
Q2φ0, φ0

)
(2.2.57)

and similarly for φ1. First we control the second order derivative term in µ.

Define:

h = µ2e
−µ

“
(x9

3)
2
+|y2|2

”
/2

(2.2.58)
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so that

φ0 = hf0. (2.2.59)

We compute:(
∂2

∂µ2
(hf0) , φ1

)
=

((
∂2

∂µ2
(h) f0, φ1

)
+ 2

∂h

∂µ

∂f0

∂µ
+ h

∂2

∂µ2
f0, φ1

)
(2.2.60)

=

((
∂2

∂µ2
(h)

)
f0, φ1

)
+ 2

(
∂h

∂µ

∂f0

∂µ
, φ1

)
(2.2.61)

=

((
∂2

∂µ2
(h)

)
f0, φ1

)
+ 2

(
∂

∂µ

(
∂h

∂µ
f0

)
− 2

∂2

∂µ2
hf0, φ1

)
.

(2.2.62)

Now:

∂h

∂µ
=

(
2

µ
− 1

2

((
x9

3

)2
+ |y2|2

))
h and (2.2.63)

∂2

∂µ2
h =

((
2

µ
− 1

2

((
x9

3

)2
+ |y2|2

)2

− 2

µ2

))
h, (2.2.64)
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so that: ((
∂2

∂µ2
(h)

)
f0, φ1

)
+ 2

(
∂

∂µ

(
∂h

∂µ
f0

)
−
(
∂2

∂µ2
h

)
f0, φ1

)

= −
((

∂2

∂µ2
(h)

)
f0, φ1

)
+ 2

(
∂

∂µ

(
∂h

∂µ
f0

)
, φ1

)

=

((
2

µ
− 1

2

((
x9

3

)2
+ |y2|2

))2

hf0, φ1

)

+ 2

(
∂

∂µ

(
2

µ
− 1

2

((
x9

3

)2
+ |y2|2

)
hf0

)
, φ1

)

=

((
2

µ
− 1

2

((
x9

3

)2
+ |y2|2

))2

hf0, φ1

)

+ 2

((
2

µ
− 1

2

((
x9

3

)2
+ |y2|2

)) ∂

∂µ
(hf0) , φ1

)

+ 2

((
−2

µ2

)
hf0, φ1

)
(2.2.65)

=

((
− 2

µ

((
x9

3

)2
+ |y2|2

)
+

1

4

((
x9

3

)2
+ |y2|2

)2
)
hf0, φ1

)

+ 2

((
2

µ
− 1

2

((
x9

3

)2
+ |y2|2

)) ∂

∂µ
(hf0) , φ1

)

= −
(

2

µ

((
x9

3

)2
+ |y2|2

)
φ0, φ1

)
+

1

4

(((
x9

3

)2
+ |y2|2

)2

φ0, φ1

)

+ 4

(
1

µ

∂φ0

∂µ
, φ1

)
−
(((

x9
3

)2
+ |y2|2

) ∂φ0

∂µ
, φ1

)
. (2.2.66)

Each of these terms may be absorbed into the positive terms in ‖Qφ0‖2 and
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‖Qφ1‖2 as follows:∣∣∣∣( 2

µ

((
x9

3

)2
+ |y2|2

)
φ0, φ1

)∣∣∣∣ =

∣∣∣∣( 2

µ

((
x9

3

)2
+ |y2|2

)
φ0, φ1

)∣∣∣∣ (2.2.67)

≤
∣∣∣∣( 2

µ1+ε/4
φ0, µ

5ε/4φ1

)∣∣∣∣ (2.2.68)

≤
∥∥∥∥ 2

µ1+ε/4
φ0

∥∥∥∥∥∥µ5ε/4φ1

∥∥ (2.2.69)

≤ 1

2

∥∥∥∥ 2

µ1+ε/4
φ0

∥∥∥∥2

+
1

2

∥∥µ5ε/4φ1

∥∥2
. (2.2.70)

The first term may be absorbed into
∥∥∥φ0

µ

∥∥∥2

. The latter term above may be ab-

sorbed into
∥∥µ1/2φ1

∥∥2
for 5

4
ε < 1/2. The size of the next term (dropping the

irrelevant constant) is:∣∣∣∣(((x9
3

)2
+ |y2|2

)2

φ0, φ1

)∣∣∣∣ =

∣∣∣∣(((x9
3

)2
+ |y2|2

)2

φ0, φ1

)∣∣∣∣ (2.2.71)

≤ ε

2

∥∥∥∥((x9
3

)2
+ |y2|2

)2

φ0

∥∥∥∥2

+
1

2ε
‖φ1‖2 (2.2.72)

≤ cε

2

∥∥∥∥φ0

µ2

∥∥∥∥2

+
1

2ε
‖φ1‖2 . (2.2.73)

Next we have: ∣∣∣∣( 1

µ

∂φ0

∂µ
, φ1

)∣∣∣∣ ≤ ε

2

∥∥∥∥ 1

µ

∂φ0

∂µ

∥∥∥∥2

+
1

2ε
‖φ1‖2 . (2.2.74)

The first term may be absorbed into the
∥∥∥∂φ0

∂µ

∥∥∥2

term in ‖Qφ0‖2 and the second

once again may be absorbed into
∥∥µ1/2φ1

∥∥2
.
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The last piece coming from second order derivatives in µ is:∣∣∣∣(((x9
3

)2
+ |y2|2

) ∂φ0

∂µ
, φ1

)∣∣∣∣ ≤ ∣∣∣∣(µ−ε/4∂φ0

∂µ
, µ5/4εφ1

)∣∣∣∣ (2.2.75)

≤ 1

2

∥∥∥∥µ−ε/4∂φ0

∂µ

∥∥∥∥2

+
1

2
‖µεφ1‖2 . (2.2.76)

All other second order terms all vanish, since:(
X2φ0, φ1

)
= − (Xφ0, Xφ1) .

Xφ1 is orthogonal to φ1 and φ1 lies in the orthogonal complement of the subspace

generated by φ0. The remaining second order terms are completely analogous.

The first derivative term in µ yields:∣∣∣∣( 8

µ

∂

∂µ
φ0, φ1

)∣∣∣∣ =

∣∣∣∣( 1

µ

(
16

µ
− 4 |y2|2 +

(
x9

3

)2)
µ2e

−µ
“
(x9

3)
2
+|y2|2

”
/2
f0 (µ, q) , φ1

)∣∣∣∣
=

∣∣∣∣( 4

µ

(
|y2|2 +

(
x9

3

)2)
µ2e

−µ
“
(x9

3)
2
+|y2|2

”
/2
f0 (µ, q) , φ1

)∣∣∣∣
≤
∥∥∥∥f0 (µ, q)

µ2

∥∥∥∥ ‖φ1‖

≤
∥∥∥∥φ0

µ2

∥∥∥∥ ‖φ1‖ .

We now compute the effect of the y derivatives:∣∣∣∣( 2

µ2
yi2

∂

∂yi2
φ0, φ1

)∣∣∣∣ =

∣∣∣∣( 2

µ2
|y2|2 µ2e

−µ
“
(x9

3)
2
+|y2|2

”
/2
f0 (µ, q) , φ1

)∣∣∣∣
≤
∥∥∥∥ 2

µ2
|y2|2 µ2e

−µ
“
(x9

3)
2
+|y2|2

”
/2
f0 (µ, q)

∥∥∥∥ ‖φ1‖

≤
∥∥∥∥f0 (µ, q)

µ4

∥∥∥∥ ‖φ1‖

=

∥∥∥∥φ0

µ4

∥∥∥∥ ‖φ1‖ .
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The last two terms are easily absorbed into
∥∥∥φ0

µ

∥∥∥2

and
∥∥µ1/2φ1

∥∥2
. Next we see:∣∣((iγiαβyi2ψ1αψ3β + ix9

3

(
−ψ1sψ2s + χi1χ

i
2

))
φ0, φ1

)∣∣
≤ 1

2

∥∥(iγiαβyi2ψ1αψ3β + ix9
3

(
−ψ1sψ2s + χi1χ

i
2

))
φ0

∥∥2
+

1

2
‖φ1‖2 (2.2.77)

≤ c

2

∥∥∥((x9
3

)2
+ |y2|2

)
φ0

∥∥∥2

+
1

2
‖φ1‖2 (2.2.78)

≤ c̃

2

∥∥∥∥φ0

µ2

∥∥∥∥2

+
1

2
‖φ1‖2 . (2.2.79)

The only remaining term in Q2 left to analyze is the (x9
3)

2 |y2|2, but that term

is handled analogously to the above, so we do not repeat the computations. We

now wish to return to (2.2.31). The term we need to be able to control is:

2ε+ 1

2ε
‖|dρ1| |u|‖2 . (2.2.80)

Let Cρ be such that:

|dρ1| ≤ Cρ. (2.2.81)
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We estimate:

‖dρ1u‖2 ≤ Cρ

∫
µε/2<|w|<µε

µ7 |φ0 + φ1|2 dwdµdq

= C̃ρ

∫
µε/2<|w|<µε

µ7
[
|φ0|2 + |φ1|2

]
dwdµdq

≤ C̃ρ

∫
µε/2<|w|<µε

µ7
[
|f0 (µ, q)|2 µ4e−µ(|w|

2) + |φ1|2
]
dwdµdq

≤ C̃ρ

∫
|w|>µε/2

µ11 |f0 (µ, q)|2 e−µ|w|
2

dwdµdq

+ C̃ρ

∫
µε/2<|w|<µε

µ7 |φ1|2 dwdµdq

≤ C̃ρ

∫
|w|>µ

1+ε
2

µ7 |f0 (µ, q)|2 e−|w|
2

dwdµdq

+ C̃ρ

∫
µε/2<|w|<µε

µ7 |φ1|2 dwdµdq

≤ C̃ρ

∫
|f0 (µ, q)|2 µ7µ3(1+ε)e−µ

1+ε

dµdq

+ C̃ρ

∫
µε/2<|w|<µε

µ7 |φ1|2 dwdµdq.

(2.2.82)

The φ1 term may obviously be absorbed into
∥∥µ1/2φ1

∥∥2
. All that remains to be

shown is that:

c0

∥∥∥∥φ0

µ

∥∥∥∥2

≥ 2ε+ 1

2ε
C̃ρ

∫
|f0 (µ, q)|2 µ7e−µ

1+ε

dµdq.
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c0

∥∥∥∥φ0

µ

∥∥∥∥2

= c0

∫
|f0 (µ, q)|2 e−µw2

µ4µ7dwdµdq

= c̃0

∫
µ7 |f0 (µ, q)|2 dµdq

≥ 2ε+ 1

2ε
C̃ρ

∫
|f0 (µ, q)|2 µ7µ3(1+ε)e−µ

1+ε

dµdq for µ3(1+ε) >> e−µ
1+ε

.

We note that c0 can be taken arbitrarily small by restricting the support of φ0

to the complement of a sufficiently large ball. So far, we have established the

estimate for the first type of flat point, and shown that the error due to the cutoff

may be absorbed. We now treat the second type of flat point. Once again, we

use a harmonic oscillator decomposition. Let

Hx9
3

= ∆x1,2 +
(
x9

3

)2 8∑
i=1

((
xi1
)2

+
(
xi2
)2)

+ ix9
3

(
−ψ1sψ2s + χi1χ

i
2

)
(2.2.83)

where ∆x1,2 denotes the laplacian in the xi1, x
i
2 directions.

Q2 = Hx9
3
− ∂2

∂x9
3
2 + iγiαβx

i
1ψ2αψ3β + iγiαβx

i
2ψ3αψ1β +

1

2

∑(
xi1x

j
2 − xi2x

j
1

)2
(2.2.84)

Note that the xi1
∂
∂xi

2
−xi2 ∂

∂xi
1

vanishes on the oscillator ground state. Thus, if gauge

invariance is to be preserved, the action of ψ1ψ2 +χi1χ
i
2 on the ground state must

vanish as well. Then:

Hx9
3

= ∆x1,2 +
(
x9

3

)2 8∑
i=1

((
xi1
)2

+
(
xi2
)2)− 2ix9

3 (ψ1sψ2s) . (2.2.85)

This oscillator has a zero eigenstate. We decompose a section u supported near

this type of flat point:

u = φ0 + φ1 (2.2.86)
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where φ0 =
(x9

3)
4

π4 f (x9
3) e

−|x9
3| 12

8P
i=1

“
(xi

1)
2
+(xi

2)
2

”
. We will have 3 terms once again.

The cross term (Q2φ0, φ1) and (Q2φ1, φ1) are handled as in the case of the previous

oscillator decomposition, and those computations will not be repeated here. Now

we compute:(
Q2φ0, φ0

)
=

((
− ∂2

∂x9
3
2 + iγiαβx

i
1ψ2αψ3β + iγiαβx

i
2ψ3αψ1β

+
1

2

∑(
xi1x

j
2 − xi2x

j
1

))2

φ0, φ0

)
(2.2.87)

=

((
− ∂2

∂x9
3
2 +

1

2

∑(
xi1x

j
2 − xi2x

j
1

))2

φ0, φ0

)
. (2.2.88)

To shorten the notation a bit, define:

ξ2 =
8∑
i=1

((
xi1
)2

+
(
xi2
)2)

(2.2.89)

The second order derivative in x9
3 gives:(

− ∂2

∂x9
3
2φ0, φ0

)
≥
(

φ0

4 (x9
3)

2 , φ0

)
. (2.2.90)

Thus, we have ‖Qφ0‖2 ≥
∥∥φ0

2r

∥∥2
.

We now wish to extend the coercive estimate (2.2.14) to sections (in our weighted

space) supported on all of R17. Suppose the estimate (2.2.14) does not hold for

u ∈ H1
Q (S) ∩ (kerQ)⊥. That is, there exists no constant c > 0 such that

‖Qu‖2 ≥ c
∥∥∥u
r

∥∥∥2

(2.2.91)

for every u ∈ H1
Q (S) ∩ (kerQ)⊥. Recall the definition:

D (u, v) = (Qu,Qv)L2(S)
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The assertion that no such c exists implies the existence of an infinite orthonormal

sequence {uj/r} ⊂ (kerQ)⊥ ∩H1
Q (S) such that

D (uj, uj)∥∥uj

r

∥∥ → 0 ⇒ D (uj, uj) → 0.

We will argue that no such sequence {uj/r} can exist.

Proposition 2.2.7. Let {uj} be a sequence in (kerQ)⊥∩H1
Q (S) such that {uj/r}

is L2 orthonormal, and ‖Quj‖2 → 0. Then {uj} has a subsequence which con-

verges to 0 on compacta.

Proof. Let {uj} be a sequence in (kerQ)⊥∩H1
Q (S) such that {uj/r} is L2 orthonor-

mal. Define a smooth cutoff function ρ so that ρ is identically one on BR (0) (some

R > 0), and vanishing on B2R (0) Then {ρuj} is a bounded sequence in L2. For

each j, G̊arding’s inequality gives:

‖ρuj‖H1 ≤ K
(
‖Q (ρuj)‖L2 + ‖ρuj‖L2

)
. (2.2.92)

Since {Q (ρuj)} is bounded, this means that {ρuj} is bounded in H1, so by the

Rellich theorem, {ρuj} has a subsequence (which we rename ρuj) that converges

to some uR ∈ L2 (S). Now, let {Uk} be a compact exhaustion of R17. For each

k we can find a convergent subsequence {ρkuj} that converges on Uk. From this

sequence, we can find a subsequence which converges on Uk+1. Thus, taking a

diagonal subsequence, obtain a sequence convergent on all the Uk. We rename this

subsequence uj. Since ‖Quj‖2 → 0 as j →∞, for any ϕ ∈ C∞
0 (S), (Quj, ϕ) → 0.
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Thus:

lim
j→∞

(Quj, ϕ) = lim
j→∞

(uj, Qϕ) (2.2.93)

= lim
j→∞

(uj, Qϕ) (2.2.94)

= lim
j→∞

(u,Qϕ) (2.2.95)

= lim
j→∞

(Qu,ϕ) (2.2.96)

= 0. (2.2.97)

So u ∈ ker (Q) weakly. Elliptic regularity implies u is smooth, so u ∈ ker (Q).

Now, since {uj} ⊂ (ker (Q))⊥, we have:

(uj, u) = 0 (2.2.98)

= lim
j→∞

(uj, u) (2.2.99)

= (u, u) (2.2.100)

= 0. (2.2.101)

Proposition 2.2.8. kerQ ∩H1
Q (S) is finite dimensional.

Proof. Suppose there exists an infinite orthonormal sequence uj ⊂ kerQ∩H1
Q (S).

Following exactly the same procedure as in the proof of the preceding proposition,

taking a compact exhaustion and constructing a diagonal subsequence, we can

construct a subsequence (renamed uj) which converges on compacta to some u ∈

kerQ ∩ H1
Q (S). From this subsequence we can construct a new sequence with

terms uj − uj+1 which we renormalize so that terms have L2 norm 1. This new
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sequence converges (in the L2 sense) to zero on compacta. Again, rename this

sequence uj. Let ϕ be a smooth cutoff function which is identically 1 on the

complement of B2R (0), and 0 on BR (0). Then our estimate on (BR (0))c implies:

lim
j→∞

D (ϕuj, ϕuj) ≥ c lim
j→∞

∥∥∥ϕuj
r

∥∥∥2

L2(S)

= c lim
j→∞

∥∥∥uj
r

+ (ϕ− 1)
uj
r

∥∥∥2

L2(S)

≥ c.

Since uj → 0 on compacta. But

lim
j→∞

D (ϕuj, ϕuj) = ‖Q (ϕuj)‖2
L2(S)

= lim
j→∞

‖ϕQuj + [Q,ϕ]uj‖2
L2(S)

= 0.

Proposition 2.2.9. Zero is not in the essential spectrum of Q|H1
Q(S).

Proof. Let {uj} be an L2
Q-orthonormal sequence of sections in (kerQ)⊥ ∩H1

Q (S).

Suppose ‖Quj‖L2 → 0. By proposition 2.2.7, we can find a subsequence (rename

uj) which converges to zero on compacta. Let ϕ be a smooth cutoff function

which is identically 1 on the complement of B2R (0), and 0 on BR (0). Then our

estimate on (BR (0))c implies:

lim
j→∞

D (ϕuj, ϕuj) ≥ c lim
j→∞

∥∥∥ϕuj
r

∥∥∥2

L2(S)

= c lim
j→∞

∥∥∥uj
r

+ (ϕ− 1)
uj
r

∥∥∥2

L2(S)

≥ c.
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Since uj → 0 on compacta. But

lim
j→∞

D (ϕuj, ϕuj) = ‖Q (ϕuj)‖2
L2(S)

= lim
j→∞

‖ϕQuj + [Q,ϕ]uj‖2
L2(S)

= 0.

We have just shown that there exists no infinite orthonormal sequence {uj} ⊂

(kerQ)⊥ ∩H1
Q (S) such that

D (uj, uj)∥∥uj

r

∥∥ → 0.

Thus, we have established our coercive estimate for all u ∈ (kerQ)⊥ ∩H1
Q (S).

2.3 Decay Estimates

Let L2
r (S) = {u ∈ L2 (S) : (r + 1)u ∈ L2 (S)}. The results of the last section

along with the Lax-Milgram theorem establish the existence of an operator G :

L2
r (S) → H1

Q (S) such that

Q2G = I − Π

Where Π is L2 orthogonal projection onto the kernel of Q. Although it is difficult

to construct G explicitly, we may construct an approximation W to G with which

an index is easily computable. We then compute:

tr

(
τ +

1

2
[Q, τQW ]

)
. (2.3.1)
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It will then be necessary to show that our approximation computes the desired

index. That is, we will need to show:

tr

(
τ +

1

2
[Q, τQW ]

)
= tr

(
τ +

1

2
[Q, τQG]

)
(2.3.2)

= L2 − Index (Q+) . (2.3.3)

Remark 2.3.1. It is enough to show tr [Q, τQ(G−W )] = 0.

Lemma 2.3.2. Let χR be the characteristic function for BR = ball of radius R.

Then

trχR [Q, τQ(G−W )] =
1

2

∫
|x|=R

trienτQ (G−W ) (x, x) dx.

We give a sketch of the proof. For full formal treatment, see [4] pp. 241-246.

Sketch of Proof.

trχR [Q, τQ(G−W )] =

∫
|x|<R

trχR [Q, τQ(G−W )] (x, x)

=

∫
|x|<R

∂

∂xi
triei

1

2
τQ (G−W ) (x, x) dx

=
1

2

∫
|x|=R

trienτQ (G−W ) (x, x) dx (2.3.4)

Corollary 2.3.3. If Q(G−W )(x, x) is decaying more rapidly than 1/ |x|17, then

trχR [Q, τQ(G−W )] → 0 as R→∞.

Let

F (x, y) = (G−W ) (x, y) . (2.3.5)
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Then we define the kernel e (x, y) via:

Q2F (x, y) = e (x, y) . (2.3.6)

Using the methods of [12], we can relate our main estimate (2.2.14) and decay of

the kernel e to decay of F .

Theorem 2.3.4. Let S be a smooth, finite rank spinor bundle over Rn, n > 2 and

let Q : L2 (S) → L2 (S) be a Dirac operator on S. Define Ω to be the complement

in Rn of the ball about the origin of radius R > 0. Suppose there exists c ∈ R+

so ‖Qf‖2 ≥
∥∥cf

r

∥∥2
for all f with supp (f) ⊂ Ω. Then for F ∈ H1

Q (S) such that

Q2F = e with 1
ε

(
‖rc+1 ln (r) ρe‖+

∥∥∥ r(c−1)ρ

ln (r)ε+1/2 |F |
∥∥∥−1

Cρ,ρ′

)
∈ L2 (S):

rc−1

(ln (r))ε
F ∈ L2 (S) and

rc

(ln (r))ε
QF ∈ L2 (S) ∀ε > 0.

Proof. First note that since F ∈ H1
Q (S), we may write F as a limit of a sequence

of smooth, compactly supported sections, Fn which converge to F in theH1
Q norm.

Define

rm =

{
r for r ≤ m
m for r > m

.

For ρ a smooth cutoff function such that for some fixed R:

ρ (r) =

{
0 r < R
1 r > 2R

. (2.3.7)

Let

um = ρ
rcm

(ln (rm))ε
. (2.3.8)
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For fixed m,n, we have:(
Q2F, u2

mFn
)

=
(
QF,Q

(
u2
mFn

))
=
(
QF,C

(
d
(
u2
m

))
Fn + u2

mQFn
)

=
(
QF, 2umC (dum)Fn + u2

mQFn
)

=
(
QF, umC (dum)Fn + umC (dum)Fn + u2

mQFn
)

= (umQF,C (dum)Fn + C (dum)Fn + umQFn)

= (Q (umF )− C (dum)F,Q (umFn) + C (dum)Fn)

where C (dum) denotes Clifford multiplication by dum. Taking n→∞, we have:(
Q2F, u2

mF
)

= ‖|Q (umF ) |‖2 − ‖ |dum| |F | ‖2. (2.3.9)

Applying the assumed estimate yields:

∥∥∥∥cumFr
∥∥∥∥2

≤ ‖|C (dum)F |‖2 +
(
u2
me, F

)
. (2.3.10)

Thus:

∥∥∥∥cρrc−1
m |F |

(ln (rm))ε

∥∥∥∥2

≤

∥∥∥∥∥∥
(
rc−1
m

(
ρ
(
c− ε

ln (rm)

)
+ r |dρ|

))
|F |

(ln (rm))ε

∥∥∥∥∥∥
2

+
(
u2
me, F

)
(2.3.11)

⇒
∫

Rn

c2ρ2r
2(c−1)
m |F |2

(ln (rm))2ε ≤
∫

Rn

(
r
2(c−1)
m

(
ρ
(
c− ε

ln (rm)

)))2

|F |2

(ln (rm))2ε +
(
u2
me, F

)
+ Cρ,ρ′ ,

(2.3.12)
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where the last term on the right comes from collecting all terms with a |dρ| factor

and integrating over the compact set (B2R (0))c ∩BR (0).

⇒
∫

Rn

ρ2r
2(c−1)
m

ln (rm)2ε+1 (2c) |F |2 ≤
∫

Rn

ρ2ε

ln (rm)2ε+2 |F |
2 +

1

ε

((
u2
me, F

)
+ Cρ,ρ′

)
(2.3.13)

Since the integral on the right has an extra ln (r) term in the denominator, it may

be absorbed into the left hand side. Passing to the limit, we have:

lim
m→∞

∫
Rn

r
2(c−1)
m ρ2

ln (rm)2ε+1 (2c) |F |2 ≤ lim
m→∞

1

ε

((
u2
me, F

)
+ Cρ,ρ′

)
⇒ ∫

Rn

r2(c−1)ρ2

ln (r)2ε+1 (2c) |F |2 ≤ 1

ε

((
r2cρ2

(ln (r))2ε e, F

)
+ Cρ,ρ′

)
(2.3.14)

≤ 1

ε

((
rc+1ρe,

rc−1ρ

(ln (r))2εF

)
+ Cρ,ρ′

)
(2.3.15)

≤ 1

ε

(∥∥∥∥∥rc+1 ρe

(ln (r))ε−1/2

∥∥∥∥∥
∥∥∥∥∥ rc−1ρ

(ln (r))ε+1/2
F

∥∥∥∥∥+ Cρ,ρ′

)
(2.3.16)

⇒

(2c)

∥∥∥∥∥ r(c−1)ρ

ln (r)ε+1/2
|F |

∥∥∥∥∥ ≤ 1

ε

∥∥∥∥∥rc+1 ρe

(ln (r))ε−1/2

∥∥∥∥∥+

∥∥∥∥∥ r(c−1)ρ

(ln (r))ε+1/2
|F |

∥∥∥∥∥
−1

Cρ,ρ′


(2.3.17)

By hypothesis, the right hand side is in L2 (S), so the left hand side is bounded

for all ε > 0.

Note that if we exclude the flat regions and consider only sections supported

where ∑
i,j

∣∣[xi, xj]∣∣2 > r2+ε (2.3.18)
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we have an even stronger estimate. Denote:

Ωnon-flat = R17\BR (0) ∩

{
x :
∑
i,j

∣∣[xi, xj]∣∣2 > r2+ε

}
(2.3.19)

Recall that HF is linear in the coordinates xi. Therefore, for f ∈ C∞
0 (S,Ωnon-flat):

‖Qf‖2 =

((
∆ +

∑
i,j

∣∣[xi, xj]∣∣2 +HF

)
f, f

)
(2.3.20)

≥ ‖∇f‖2 + c
∥∥r1+ ε

2f
∥∥2

(2.3.21)

≥ c̃ ‖f‖2 (2.3.22)

for some c ∈ R+. Let F ∈ H1

(
S,

{
x :
∑
i,j

|[xi, xj]|2 > r2+ε

})
satisfy Q2F = e.

Choose a weight function u = ρrα, with ρ defined as above. We have

c̃ ‖uF‖2 ≤ ‖duF‖2 +
(
u2e, F

)
(2.3.23)

≤
∥∥(dρrα + αρrα−1

)
F
∥∥2

+
(
u2e, F

)
(2.3.24)

≤
∥∥(dρrα + αρrα−1

)
F
∥∥2

+ (ue, uF ) (2.3.25)

≤
∥∥(dρrα + αρrα−1

)
F
∥∥2

+
1

2

(
‖ue‖2 + ‖uF‖2) (2.3.26)

≤ Cρ,dρ +
∥∥αρrα−1F

∥∥2
+

1

2

(
‖ue‖2 + ‖uF‖2) (2.3.27)

where Cρ,dρ is a constant depending on ρ, dρ and the norm of F|(BR(0))c∩B2R(0)
.

Rearranging terms:(
c̃− 1

2

)
‖uF‖2 −

∥∥∥αu
r
F
∥∥∥2

≤ Cρ,dρ +
1

2
‖ue‖2 . (2.3.28)

Note that c̃ is proportional to R1+ε, and we may choose R arbitrarily large. Thus,

for R large enough

˜̃c ‖ρrαF‖2 ≤ Cρ,dρ +
1

2
‖ρrαe‖2 (2.3.29)
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for any finite α. Thus, away from flat points, the L2 decay of F is at least as good

as the decay of e. We have just shown:

Lemma 2.3.5. Let Q, S be as defined in 2.3.4. Suppose f ∈ L2 (S) such that

supp (f) ⊂ Ωnon-flat. Then if

Q2f = e (2.3.30)

with rαe ∈ L2 (S), we have rαf ∈ L2 (S), for any α > 0.

2.4 Averaging Over the Gauge Group

In the computations that follow, it will be necessary to account for the gauge

symmetry. We will do this by averaging the trace over the gauge group. Recall

the gauge action:

G = xi1
∂

∂xi2
− xi2

∂

∂xi1
+ ψ1αψ2α + χi1χ

i
2. (2.4.1)

To compute the trace of an operator O : L2 (S) → L2 (S) over gauge invariant

states, we average over the group. Let Rθ denote the gauge rotation in θ. Then:

trO =
1

2π

π∫
−π

dθ

∫
M

eθ(ψ1αψ2α+χi
1χ

i
2)O (x,Rθx) dxdθ. (2.4.2)

At a flat point, the gauge symmetry is reduced from S1 to Z2. To see this, note

that if the commutator vanishes, we can simultaneously diagonalize the matrices

xi: (
xi1 xi2
xi2 −xi1

)
7→
(
λi 0
0 −λi

)
(2.4.3)
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This means we can choose a basis where the xi2 all vanish. Using a gauge action

we can put our coordinates in the form:(
λi
0

)
(2.4.4)

A rotation then takes:(
cos (θ) sin (θ)
− sin (θ) cos (θ)

)(
λi
0

)
=

(
cos (θ)λi
sin (θ)λi

)
(2.4.5)

= ±
(
λi
0

)
(2.4.6)

since to preserve the form of (2.4.4), we need either θ = 0 or θ = π; so our gauge

action is reduced to Z2.

2.5 Constructing the Parametrix

We use the procedure outlined in [11]. We construct two separate approximate

inverses: one within a ball BR and the other in the complement, and then patch

the two together using cutoff functions. Inside the ball BR, we use the kernel:
β0∫

0

dβQe−βQ
2

(x, y). (2.5.1)

β0 will be given in terms of R, so that β0 → 0 as R → ∞. The above kernel is

chosen so that the computation inside BR will be the standard computation for

an operator on a compact set. Outside BR, we construct W∞ as an approximation

to G. Define:

Am (x, y) = ρm,R (x)

 β0∫
0

dβQe−βQ
2

(x, y)

 ρm,2R (y)

+ (1− ρm,R) (x)QW∞ (x, y)
(
1− ρm,R

2

)
(y) , (2.5.2)
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where {ρm,R} denotes a sequence of cutoff functions converging to the character-

istic function on a ball of radius R. The index computation is then given by:

tr

(
τ +

1

2
[Q, τQW ]

)
= lim

m→∞
β0→0

tr

(
τ +

1

2
[Q,Am]

)
. (2.5.3)

Compute:

− [τAm (x, y) , Q] = [Q, ρm,R] τ

β0∫
0

dβQe−βQ
2

ρm,2R

+ ρm,R

Q, τ β0∫
0

dβQe−βQ
2

 ρm,2R

+ ρm,Rτ

β0∫
0

dβQe−βQ
2

[Q, ρm,2R]

− [Q, ρm,R] τQW∞

(
1− ρm,R

2

)
+ (1− ρm,R) [Q, τQW∞]

(
1− ρm,R

2

)
+ (1− ρm,R) τQW∞

[
Q,
(
1− ρm,R

2

)]
.

Define:

T1 = ρm,Rτ

β0∫
0

dβQe−βQ
2

[Q, ρm,2R] + (1− ρm,R) τQW∞

[
Q,
(
1− ρm,R

2

)]
.
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We choose the right cutoffs to be identically one on the support of the left cutoffs.

Thus, T1 will trace to zero. We now have:

− [τAm (x, y) , Q] = [Q, ρm,R] τ

β0∫
0

dβQe−βQ
2

ρm,2R

+ ρm,R

Q, τ β0∫
0

dβQe−βQ
2

 ρm,2R
− [Q, ρm,R] τQW∞

(
1− ρm,R

2

)
+ (1− ρm,R) [Q, τQW∞]

(
1− ρm,R

2

)
+ T1

= [Q, ρm,R] τ

β0∫
0

dβQe−βQ
2

ρm,2R

− 2ρm,Rτ

β0∫
0

dβQ2e−βQ
2

ρm,2R

− [Q, ρm,R] τQW∞

(
1− ρm,R

2

)
+ (1− ρm,R) [Q, τQW∞]

(
1− ρm,R

2

)
+ T1
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= [Q, ρm,R] τ

β0∫
0

dβQe−βQ
2

ρm,2R

− [Q, ρm,R] τQW∞

(
1− ρm,R

2

)
− 2ρm,Rτe

−β0Q2

ρm,2R

+ (1− ρm,R) (τ − τE)
(
1− ρm,R

2

)
+ T1

where E is the error term given by:

Q2W∞ = I − E. (2.5.4)

Define:

T2 = − (1− ρm,R) τE. (2.5.5)

We will construct W∞ so that lim
R→∞

trT2 → 0. So far we have shown:

− [τAm (x, y) , Q] = [Q, ρm,R] τ

β0∫
0

dβQe−βQ
2

ρm,2R

− [Q, ρm,R] τQW∞

(
1− ρm,R

2

)
− 2ρm,Rτe

−β0Q2

ρm,2R (2.5.6)

+ (1− ρm,R) (τ)
(
1− ρm,R

2

)
+ T1 + T2.

Returning to (2.3.1) we are left to compute:

tr

(
τ +

1

2
[Q, τQW ]

)
= −1

2
lim
m→∞
β0→0

tr

[Q, ρm,R] τ

β0∫
0

dβQe−βQ
2


− 1

2
lim
m→∞

tr
(
[Q, ρm,R] τQW∞

(
1− ρm,R

2

))
− lim

m→∞
β0→0

tr
(
ρm,Rτe

−β0Q2

ρm,2R

)
(2.5.7)
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= lim
m→∞
β0→0

1

2
tr

[Q, ρm,R] τ

β0∫
0

dβQe−βQ
2 − [Q, ρm,R] τQW∞ + 2ρm,Rτe

−β0Q2



= lim
m→∞
β0→0

1

2
tr

[Q, ρm,R] τ

β0∫
0

dβQe−βQ
2 − [Q, ρm,R] τQW∞


+

∫
|x|<R

trτe−β0Q2

(x, x) (2.5.8)

We call the last term the ’principal contribution’, and the remaining boundary

terms the ’defect’. The contribution from these terms depends upon the manner

in which β0 is taken to zero, which we will see in a moment. We begin by analyzing

the first term in (2.5.8):

lim
m→∞

tr

[Q, ρm,R] τ

β0∫
0

dβQe−βQ
2 − [Q, ρm,R] τQW∞



=

∫
|x|=R

trienτ

β0∫
0

dβQe−βQ
2 − trienτQW∞

 (2.5.9)

where en denotes Clifford multiplication by the outward unit normal to the bound-

ary of BR. The term:

∫
|x|=R

trienτ

β0∫
0

dβQe−βQ
2

(2.5.10)

vanishes when we take β0 → 0 more slowly than R−4.

To see this, write:

e−βQ
2

=
−1

2πi

∫
γ

e−βz
(
Q2 − z

)−1
dz (2.5.11)
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where γ is a path enclosing the spectrum of Q2. Now let:

σz = 4π2 |η|2 + V − z (2.5.12)

Define:

L = ∆ + 4πiηi
∂

∂xi
+HF . (2.5.13)

Approximating the inverse of Q2 − z:

(
Q2 − z

)−1 ≈
∫
e2πiη·(x−y)σ−1

z

N∑
k=0

(−1)k
(
Lσ−1

z

)
dη (2.5.14)

def
= WN

z (2.5.15)

β0∫
0

dβQ

∫
γ

e−βz

2πi

(
Q2 − z

)−1
dz = (2.5.16)

β0∫
0

dβQ

∫
γ

e−βz

2πi
WN
z dz +

β0∫
0

dβQ

∫
γ

e−βz

2πi

((
Q2 − z

)−1 −WN
z

)
dz. (2.5.17)

We will see in a moment that the first term does not contribute to the final trace

for any N ≥ 1. Recall from section 2.4, we must average the above over the gauge

group.∫
|x|=R

dx

π∫
−π

dθ

2π
trienτe

θ(χi
1χ

i
2+ 1

2
ψ1sψ2s)Q

∫
γ

−e−βz

2πi
WN
z (x,Rθx) dz. (2.5.18)

Now, recall that any term with non-zero Clifford degree vanishes, so terms in

the above expression can contribute only when there are enough Clifford factors

to cancel the factor of τ in the trace. One source of Clifford factors is enQ:

enQ =
xiA
|x|
γir1ψAr

(
γj1sψBs

∂

∂xjB
+ γjk1s

[
xj, xk

]
B
ψBs

)
. (2.5.19)
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Here we have two types of terms, one first order in ∂
∂xi

A
and the other zero order,

each contributing either a ψ1ψ2, ψ1ψ3, or ψ2ψ3. There are also terms in the above

which contribute no Clifford factors (when r = s and A = B). Those terms will

have a higher order of β than the terms we are about to consider, so we will put

them aside for now. We first focus on terms coming from the above with Clifford

degree 2. There are two other sources: HF , and the gauge action eθ(χ
i
1χ

i
2+ 1

2
ψ1sψ2s).

The gauge action cannot supply all the factors on its own, since it does not contain

any factors of ψ3. Any term which does not have vanishing trace must contain

some power p of HF , where p ≥ 7. This follows simply from a count of the Clifford

factors available in any term, and the number of Clifford factors in τ . There are

8 each of the ψ1, ψ2 and ψ3 and as many χ1 and χ2 as there are D8-branes in the

physical model. Further, if we expand the exponential:

eθ(χ
i
1χ

i
2+ 1

2
ψ1sψ2s) =

∞∑
k=0

1

k!

(
θ

(
χi1χ

i
2 +

1

2
ψ1sψ2s

))k
(2.5.20)

the first term that will contribute to the trace will be
(
θ
(
χi1χ

i
2 + 1

2
ψ1sψ2s

))q
with

q = 11 + M − p, where M denotes the number of D8-branes (and consequently

the number of χi1χ
i
2 terms). For later convenience, let

Ψij
AB = γir1ψArγ

j
1sψBs (2.5.21)

Ψ̃ijk
AB = γir1γ

jk
1sψArψBs. (2.5.22)

Then:

enQ =
xiA
|x|

Ψij
AB

∂

∂xjB
+
xiA
|x|

˜
Ψijk
AB

[
xj, xk

]
B
. (2.5.23)
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The coefficient of Hp
F with the lowest power of σ−1

z is:

∫
|x|=R

trienτ

β0∫
0

dβQ

∫
γ

e−βz

2πi

∫
e2πiη·(x−y)σ−p−1

z Hp
Fdηdz. (2.5.24)

Computing the contour integral:∫
γ

−e−βz

2πi

∫
e2πiη·(x−y)σ−p−1

z Hp
Fdηdz =

βp

p!

∫
e−β(4π2|η|2+V )e2πiη·(x−y)Hp

Fdη

(2.5.25)

Note that the higher power of σ−1
z , the higher power of β produced by integrating

over the contour. Now the η integral:∫
βp

p!
e−4π2β|η|2e2πiη·(x−y)e−βVHp

Fdη =
βp

p! (4πβ)17/2
e−

|x−y|2
4β e−βVHp

F . (2.5.26)

Substituting this result into (2.5.24):

∫
|x|=R

trienτ

β0∫
0

dβQ
βp

p! (4πβ)17/2
e−

|x−y|2
4β e−βVHp

F (2.5.27)

= −
∫

|x|=R

trτΨij
AB

β0∫
0

dβ
βp

p! (4πβ)17/2

xiA
|x|
e−

|x−y|2
4β e−βV

(((
xjB − yjB

)
2β

+ β
∂V

∂xjB

)
Hp
F

+p
∂HF

∂xjB
Hp−1
F

)
+

∫
|x|=R

trΨ̃ijk
ABτ

β0∫
0

dβ
βp

(4πβ)17/2

xiA
|x|
[
xj, xk

]
B
e−

|x−y|2
4β e−βVHp

F .

(2.5.28)

51



Finally, we average over the gauge group:

−
π∫

−π

dθ

2π

∫
|x|=R

dx

β0∫
0

dβtrτ

(
Ψij
ABe

θ(χi
1χ

i
2+ 1

2
ψ1sψ2s) βp

p! (4πβ)17/2

xiA
|x|
e−

|x−Rθx|2
4β e−βV

((
xjB −Rθx

j
B

)
2β

+ β
∂V

∂xjB

)
Hp
F + p

∂HF

∂xjB
Hp−1
F

+Ψ̃ijk
AB

βp

p! (4πβ)17/2

xiA
|x|
[
xj, xk

]
B
e−

|x−Rθx|2
4β e−βVHp

F

)
(2.5.29)

Rθ

(
xj1, x

j
2

)
=
(
cos (θ)xj1 + sin (θ)xj2,− sin (θ)xj1 + cos (θ)xj2

)
We rescale θ → β3/4θ, and note that:

R3/4
β θ

(
xj1, x

j
2

)
=
(
cos (β3/4θ)xj1 + sin (β3/4θ)xj2,− sin (β3/4θ)xj1 + cos (β3/4θ)xj2

)
.

(2.5.30)

For small β:

(
cos (β3/4θ)xj1 + sin (β3/4θ)xj2,− sin (β3/4θ)xj1 + cos (β3/4θ)xj2

)
=
(
xj1 + β3/4θxj2,−β3/4θxj1 + xj2

)
(2.5.31)

and ∣∣∣x−R3/4
β θx

∣∣∣2 ≈ 8∑
j=1

(
xj1 − xj1 + β3/4θxj2

)2
+
(
xj2 − β3/4θxj1 + xj2

)2
(2.5.32)

= (β)3/2 θ2

8∑
j=1

(
xj2
)2

+
(
xj1
)2

(2.5.33)

we may write:

e−
|x−Rθx|2

4β ≈ e
−θ2β1/2

„
8P

i=1
(xi

1)
2
+(xi

2)
2

«
(2.5.34)
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for small β. Thus the integral (2.5.29)

≈ −
π/β3/4∫

−π/β3/4

dθ

2π

∫
|x|=R

dx

β0∫
0

dβtrτeβ
3/4θ(χi

1χ
i
2+ 1

2
ψ1sψ2s) βp

p! (4πβ)17/2

× xiA
|x|
e
−θ2β1/2

„
8P

i=1
(xi

1)
2
+(xi

2)
2

«
e−βV

×

(
Ψij
AB

(((
xjB −Rθx

j
B

)
2β

+ β
∂V

∂xjB

)
Hp
F + p

∂HF

∂xjB
Hp−1
F

)

+Ψ̃ijk
AB

[
xj, xk

]
B
Hp
F

)
. (2.5.35)

Now taking the first term in the expansion of eθ(χ
1
iχ

2
i + 1

2
ψ1sψ2s) that can contribute

to the trace:

= −
π/β3/4∫

−π/β3/4

dθ

2π

∫
|x|=R

dx

β0∫
0

dβtrτβ3q/4 θ
q

q!

(
χi1χ

i
2 +

1

2
ψ1sψ2s

)q
βp

p! (4πβ)17/2

xiA
|x|
e
−θ2β1/2

„
8P

i=1
(xi

1)
2
+(xi

2)
2

«
e−βV

(
Ψij
AB

(((
xjB −Rθx

j
B

)
2β

+ β
∂V

∂xjB

)
Hp
F + p

∂HF

∂xjB
Hp−1
F

)

+Ψ̃ijk
AB

[
xj, xk

]
B
Hp
F

)
. (2.5.36)
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Rescaling the above integral taking xiA → xiAβ
−1/4:

= −
π/β3/4∫

−π/β3/4

dθ

2π

∫
|x|=β1/4R

dx

β0∫
0

dβtrτβ3q/4 θ
q

q!

(
χi1χ

i
2 +

1

2
ψ1sψ2s

)q
βp

p! (4πβ)51/4

xiA
|x|
e
−θ2

„
8P

i=1
(xi

1)
2
+(xi

2)
2

«
e−V

(
Ψij
AB

((
xjB −Rθx

j
B

)
2β5/4

+ β1/4 ∂V

∂xjB

)
β−p/4Hp

F

+β−
p−1
4 p

∂HF

∂xjB
Hp−1
F

+Ψ̃ijk
AB

[
xj, xk

]
B
β−p/4−1/2Hp

F

)
. (2.5.37)

The lowest order of β above is

β3(p+q)/4β−14 (2.5.38)

Recall that p+ q = 11 +M , where M is the number of χi1χ
i
2 terms. We have:

β
3
4
(11+M)−14, (2.5.39)

and after integration over β, for M ≥ 4, we have at least β1/2. Thus, each of the

terms in the integral above vanishes in lim
β0→0

, when the limit is taken such that

β0 → 0 more slowly than R−4. All terms not computed explicitly have higher

powers of β. Briefly examining the error term in (2.5.17):

∫
|x|=R

trenτ

β0∫
0

dβQ

∫
γ

e−βz

2πi

((
Q2 − z

)−1 −WN
z

)
dz (2.5.40)

we compute:

(Q2 − z)−1 −WN = (Q2 − z)−1(I − (Q2 − z)WN) (2.5.41)

= (Q2 − z)−1EN (2.5.42)
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and

Q(Q2 − z)−1 −QWN = Q(Q2 − z)−1(I − (Q2 − z)WN) (2.5.43)

= (Q2 − z)−1QEN . (2.5.44)

If β0 < 1/R4, we have e−βz is bounded for Imz < cR4. Then we make take our

contour γ so that |Imz|2 + min (Rez, 0)2 ≈ R8. Then:∫
|x|=R

trienτ

β0∫
0

dβ

∫
γ

e−βz

2πi
(Q2 − z)−1QENdz (2.5.45)

easily vanishes as β0 → 0. Now, returning to (2.5.9), we examine the remain-

ing term. Split the region of integration into two parts: NF (R) = ∂BR ∩

{neighborhood of flat points}, (neighborhood to be the region
∑
i,j

|[xi, xj]|2 < r2+ε)

and its complement:∫
|x|=R

trienτQW∞ =

∫
NF (R)

trienτQW∞ +

∫
(NF (R))c

trienτQW∞. (2.5.46)

Next, we will construct W∞ in two pieces:

W∞ = W flat
∞ +W non-flat

∞ . (2.5.47)

It will be shown, that for a reasonable choice of W non-flat
∞ , this term does not

contribute to the trace. We have then:

L2 − Index (Q+) = tr

(
τ +

1

2
[Q, τA]

)

= lim
R→∞
β→0

[∫
|x|<R

trτe−βQ
2 − 1

2

∫
NF (R)

trienτQW∞

]
, (2.5.48)

so that (2.5.48) has the form:

L2 − Index (Q+) = Ip + Iδ (2.5.49)
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where Ip is the standard index computation for an operator defined over a compact

manifold, and Iδ is a defect term whose only contribution is in a neighborhood of

infinity near a flat point.

2.6 W∞ in the Non-flat Region

Suppose
∑
i,j

|[xi, xj]|2 > r2+ε, for some ε > 0. We need to construct a parametrix

W non-flat
∞ such that the error is given as an integral operator with kernel defined

by:

Q2W non-flat
∞ f (x) = f (x) + Enon-flat

∞ f (x) (2.6.1)

= f (x) +

∫
enon-flat
∞ (x, y) f (y) dy (2.6.2)

and enon-flat
∞ (x, x) decays rapidly enough to imply vanishing of 2.3.4. Let

σ (η, x) = 4π2 |η|2 + V (x) (2.6.3)

and define:

L = ∆ + 4πiηi
∂

∂xi
+HF . (2.6.4)

Then we construct:

W non-flat,N
∞ =

∫
e2πiη·(x−y)σ−1

N∑
k=0

(−1)k
(
Lσ−1

)
dη (2.6.5)

The associated error term is:

enon-flat,N
∞ =

∫
e2πiη·(x−y) (−1)N

(
Lσ−1

)N+1
dη. (2.6.6)

And now we ask, for

V =
∑
i,j

∣∣[xi, xj]∣∣2 (2.6.7)

> r2+ε (2.6.8)
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what is the order of ∆V and |∇V |2?∑
k,C

∣∣∣∣ ∂V∂xkC
∣∣∣∣2 =

∑
k,C

∣∣∣∣2 [xi, xj] ∂ [xi, xj]

∂xkC

∣∣∣∣2 (2.6.9)

≤ cV (x) r2 (2.6.10)

The laplacian of V , on the other hand is proportional to r2. Now if we consider

(Lσ−1)
N+1

, we see that each time σ−1 is differentiated, we increase the power of

σ−1 by 1 and multiply by a derivative of V . This has the effect of increasing the

terms’ decay in r by r−ε/2. Thus, the term with least decay in (2.6.6) is the term

which comes from HN+1
F . Estimating the η integral:∫
rN+1(

4π |η|2 + V (x)
)N+1

dη =

∫
ρ16rN+1

(4πρ2 + V (x))N+1
dρdω (2.6.11)

= C (V (x))
17
2
−N−1 rN+1 (2.6.12)

≤ Cr17−2N−2+ε̃rN+1 (2.6.13)

= Cr17+ε̃−N−1. (2.6.14)

Recall from lemma 2.3.5, that away from flat points, the kernel G − W non-flat
∞

decays (in the L2 sense) at least as rapidly as the error enon-flat
∞ . If we take N large

enough so that rαenon-flat
∞ ∈ L2 (S16 (R)), then rα (G−W ) ∈ L2 (S16 (R)). If we

replace G −W in 2.3.5 with Q (G−W ), we see that we have rα+1Q (G−W ) ∈

L2 (S16 (R)). The corresponding L1 statement is:

‖Q (G−W )‖L1(S16(R)) ≤
∥∥∥r 17+ε

2 Q (G−W )
∥∥∥
L2

∥∥∥r− 17+ε
2

∥∥∥
L2

(2.6.15)

≤ C
1

R1+ε
. (2.6.16)

We need the error to have L2 decay of 1/r
16+ε

2 , so we must take N > 24.
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2.7 W∞ Near a Flat Point

We now explicitly construct W flat
∞ , the approximate Green’s function for Q2 near

infinity along a flat direction. Recall that there are two different branches of flat

directions, one for which the commutator term
∣∣xi1xj2 − xi2x

j
1

∣∣2 vanishes and x9
3

vanishes, and another where all the xi1, x
i
2 vanish and x9

3 is arbitrary. We will see

later that the latter branch is unimportant to our final computation. We begin

with the former branch which requires delicate handling. Recall from (2.2.46) the

previous labeling of terms in Q2:

Hm =

(
− ∂2

∂ (x9
3)

2 + ∆y2

)
+ µ2

((
x9

3

)2
+ |y2|2

)
Yµ = q1jγ

j
stψ2sψ3t

H ′
F (y2) = qijγ

j
stψ1sψ3ty

i
2.

Q2 = Hm + µYµ

− ∂2

∂µ2
+

2

µ2
yi2

∂

∂yi2
− 8

µ

∂

∂µ
− 1

µ2

(
X2 +

∑
V 2
j

)
+
(
x9

3

)2 |y2|2

+ ix9
3

(
ψ1sψ2s + χi1χ

i
2

)
+H ′

F (y2)− 3
yi2y

j
2

µ4
ViVj (2.7.1)

As before, we decompose a section supported in the neighborhood of a flat point

in terms two subspaces: the zero mode of the harmonic oscillator Hm + µYµ and

its complement.

ϕ = Π0ϕ+ Π1ϕ (2.7.2)

= φ0 + φ1 (2.7.3)
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where Π0 denotes projection onto the zero eigenspace of the oscillator and Π1 =

I − Π0. Once again, φ0 has the form:

φ0 = f (µ, q)
µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

(2.7.4)

where f (µ, q) is a section which satisfies:

(Yµ (q) + 8) f (µ, q) = 0. (2.7.5)

We can then think of Q2 = H as a matrix

H =

(
H11 H12

H21 H22

)
,

so that H11 takes the ground state oscillator back to itself, H21 takes the ground

state to a section in the orthogonal complement and similarly for H12 and H22.

We first calculate H11 = Π0HΠ0. The first order derivative terms in µ gives:

Π0

(
− 8

µ

∂φ0

∂µ

)
= − 8

µ

∂f

∂µ

µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

− Π0

(
f

8

µ

∂

∂µ

(
µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

))
(2.7.6)

= − 8

µ

∂f

∂µ

µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

− 8

µ
fΠ0

(
µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

(
2

µ
−
((
x9

3

)2
+ |y2|2

)
/2

))
(2.7.7)
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and now we compute:

Π0

(
µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

(
2

µ
−
((
x9

3

)2
+ |y2|2

)
/2

))

=

∫
µ4

π4
e
−µ

“
(x9

3)
2
+|y2|2

”(
2

µ
−
((
x9

3

)2
+ |y2|2

)
/2

)
dxdy (2.7.8)

=
2

µ
− 1

2µ
(8/2) (2.7.9)

=
2

µ
− 2

µ
(2.7.10)

= 0, (2.7.11)

so that the contribution from the ∂
∂µ

term is just:

− 8

µ

∂f

∂µ

µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

(2.7.12)

Turning to the second order derivative terms in µ:

Π0

(
∂2

∂µ2
φ0

)
= Π0

(
− ∂2

∂µ2
f

)
µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

− Π0f
∂2

∂µ2

(
µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

)
. (2.7.13)

Computing the second term:

−Π0f
∂2

∂µ2

(
µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

)

= −Π0f
∂

∂µ

(
µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

(
2

µ
−
((
x9

3

)2
+ |y2|2

)
/2

))
(2.7.14)

= −Π0f
µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2


 2

µ
−

(
(x9

3)
2
+ |y2|2

)
2

2

+

(
− 2

µ2

) (2.7.15)
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and so we need to compute:

∫
µ4

π4
e
−µ

“
(x9

3)
2
+|y2|2

”

((
2

µ2
− 2

µ

((
x9

3

)2
+ |y2|2

))
+

1

4

((
x9

3

)2
+ |y2|2

)2
)

dxdy (2.7.16)

=
2

µ2
− 2 · 8

2µ2
+

1

4

∫
µ4

π4
e
−µ

“
(x9

3)
2
+|y2|2

” ((
x9

3

)2
+ |y2|2

)2

dxdy

=
2

µ2
− 8

µ2
+

∫
1

4π4µ2
e
−

“
(x9

3)
2
+|y2|2

” ((
x9

3

)2
+ |y2|2

)2

dxdy (2.7.17)

=
2

µ2
− 8

µ2
+

5

µ2
(2.7.18)

= − 1

µ2
(2.7.19)

Substituting this result into (2.7.13) yields an overall contribution of:(
− ∂2

∂µ2
f

)
µ2

π2
e
−µ

“
(x9

3)
2

”
+
φ0

µ2
. (2.7.20)

Now the y derivatives:

Π0
2yi2
µ2

∂φ0

∂yi2
φ0 = fΠ0

(
2yi2
µ2

∂

∂yi2

µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

)
. (2.7.21)

Computing the projection term:

Π0

(
2yi2
µ2

∂

∂yi2

µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

)
=
−2

µ2

∫
µ4

π4
|y2|2 e

−µ
“
(x9

3)
2
+|y2|2

”
dxdy (2.7.22)

=
−2

µ2

∫
1

π4
|y2|2 e

−
“
(x9

3)
2
+|y2|2

”
dxdy (2.7.23)

=
−2 · 7
2µ2

. (2.7.24)
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The overall contribution from the y derivative terms is:

=
−7

µ2
φ0. (2.7.25)

Next we consider the angular derivatives Vj. These will act non-trivially on our

section f (µ, q). First let’s find a state in the kernel of Yµ(q)+8. For simplicity, we

take q = I, so that Yµ = iγ1
stψ2sψ3t. Note that the sum is restricted to s = 1, ..., 8

and t = 9, ..., 16 as a result of the physical model. Now we choose a basis so that

γ1 has the form:

γ1 =

(
0 I8
I8 0

)

. Then we complexify the ψ’s. For α = 1, ..., 8, define:

bα =
1√
2

(ψ2α + iψ3α+8) (2.7.26)

b†α =
1√
2

(ψ2α − iψ3α+8) . (2.7.27)

Then Yµ has the form:

Yµ = −
(
bαb

†
α − b†αbα

)
.

Choosing s (q) to be a state annihilated by bα for each α = 1, ..., 8, s (q) is in the

kernel of Yµ (I) + 8. Therefore, we compute:

P (q)
∑
i

V 2
i P (q)

where P (q) is the projection operator:

P (q) =
1

2πi

∫
Γ

1

z − Yµ (q)
dz
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for Γ a small curve about z = −8. Clearly, P (q) projects onto the kernel of

Yµ (q) + 8. By a change of coordinates, it is enough to compute V 2
i P (q) at q = I.

Note that ViYµ takes the −8 eigenspace of Yµ to the −4 eigenspace, since:

ViYµ = iγistψ2sψ3t

= i
8∑
s=1

±ψ2sψ3σ(s)

=
8∑
s=1

±
(
b†s + bs

) (
bσ(s) − b†σ(s)

)

=
8∑
s=1

±
(
b†sbσ(s) − b†sb

†
σ(s) + bsbσ(s) − bsb

†
σ(s)

)

=
8∑
s=1

±b†sb
†
σ(s) acting on the ground state, (2.7.28)

where σ is some permutation of {1, ..., 8} with σ(s) 6= s for any s. The assertion

σ (s) 6= s follows from the fact that the gamma matrices γ1, ..., γ8 have no diagonal

entries. Now consider Yµ acting on b†sb
†
σ(s)s (q).

YµViYµs (q) =
8∑

α=1

8∑
s=1

(
bαb

†
α − b†αbα

)
b†sb

†
σ(s)s (q)

= −8b†sb
†
σ(s)s (q)− 4

[(
bαb

†
α − b†αbα

)
, b†sb

†
σ(s)

]
s (q)

= −8b†sb
†
σ(s)s (q) + 4b†sb

†
σ(s)s (q)

= −4b†sb
†
σ(s)s (q)
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Now write:

P (q)
∑
i

V 2
i P (q) =

= P (q)
∑
i

V 2
i

1

2πi

∫
Γ

dz

z − Yµ (q)

= P (q)
∑
i

2

2πi

∫
Γ

1

z − Yµ(q)
ViYµ

1

z − Yµ(q)
ViYµ

1

z − Yµ(q)
dz

+
1

2πi

∫
Γ

1

Yµ + 8

∑
i

V 2
i Yµ

1

Yµ + 8
dz. (2.7.29)

Note that Yµ is an eigenfunction of the Laplacian
∑
V 2
i . The fact that matrix

coefficients are eigen under ∆ may be derived in general terms as a consequence

of the Peter-Weyl theorem. However, in the matter at hand, we can see this a bit

more directly:

Let {vj}j be an orthonormal basis for a representation space of SO (8). A

matrix coefficient is a function Tij(g) = 〈gvi, vj〉., for g ∈ SO (8). In this case, the

matrix coefficients are given by the matrix q. Now we compute:

V Tjk =
d

dt

∣∣∣∣
t=0

〈gexp(tV )vj, vk〉 (2.7.30)

= 〈gV vj, vk〉 (2.7.31)

= Vjm 〈gvm, vk〉 (2.7.32)

= VjmTmk (2.7.33)

So we see that the action of the Vj on q is given simply by matrix multiplication,

and

V 2
j q = −q. (2.7.34)
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Thus, the last term in (2.7.29) is a simple pole of order two and integrates to zero.

The remaining term yields:

P (q)
∑
i

2

2πi

∫
Γ

1

z − Yµ(q)
ViYµ

1

z − Yµ(q)
ViYµ

1

z − Yµ(q)
dz

= P (q)
∑
i

(ViYµ)
2 2

2πi

∫
Γ

1

(z + 8)

1

(z + 4)

1

(z + 8)
dz

= −P (q)
∑
i

(ViYµ)
2

8

=
1

8
P (q) γiαβψ2αψ3βγ

i
α′β′ψ2α′ψ3β′ at q = I

=
1

8
P (q) γiαβψ2αψ3βγ

i
αβψ2αψ3β

=
1

8
γiαβψ2αψ3βγ

i
αβψ2αψ3β

= −1

8
γiαβγ

i
αβ

= −
∑
i

1

= −7

and so the contribution from this term is:

−1

µ2

8∑
j=2

V 2
j (f (µ, q))

µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

+
7

µ2
φ0. (2.7.35)

The remaining derivative term is given by X2. Setting the gauge constraint to

zero allows us to replace X2 with:

X2 =
1

4

(
ψ1sψ2s + χi1χ

i
2

)2
.

65



The terms proportional to the identity are:

Π0
1

µ2

(
8

4
+
M

4

)
φ0 =

2 + M
4

µ2
φ0 (2.7.36)

where M is the number of χi1χ
i
2 terms. We have cross terms coming from (χi1χ

i
2)

2
,

which look like:

F =
1

4

M∑
i6=j

(
χi1χ

i
2χ

j
1χ

j
2

)
(2.7.37)

We will hold on to these terms until later in the computation. For now, consider

the last term in Π0HΠ0:

Π0

((
x9

3

)2 |y2|2
)
φ0 =

φ0

2µ

7

2µ
(2.7.38)

=
7φ0

4µ2
(2.7.39)

Thus far, we have computed:

Π0Hφ0 = − ∂µ

∂µµ
(f (µ, q))

µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

− 8

µ

∂f (µ, q)

∂µ

µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

− 1

µ2
V 2
j (f (µ, q))

µ2

π2
e
−µ

“
(x9

3)
2
+|y2|2

”
/2

+
m

µ2
φ0 (2.7.40)

+ lower order terms + F/µ2.

The µ derivatives together with the 7 angular derivatives V 2
j are nearly an 8

dimensional laplacian, except that the coefficient of 1
µ
∂
∂µ

is 8, rather than 7. If we

redefine our sections

f =
1
√
µ
f̃ (2.7.41)
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we can shift one radial derivative as follows:

−
(
∂2

∂µ2
+

8

µ

∂

∂µ

)
= −

((
∂

∂µ
+

1

2µ

)2

+
7

µ

∂

∂µ
+

1

4µ2

)

= −

((
∂

∂µ
+

1

2µ

)2

+
7

µ

(
∂

∂µ
+

1

2µ

)
+

1

4µ2
− 7

2µ2

)

= − 1

µ1/2

(
∂2

∂µ2
+

7

µ

∂

∂µ
− 13

4µ2

)
µ1/2.

We can now group together the µ and Vj derivative terms into the laplacian ∆8

(the laplacian on R8). Gathering results from (2.7.20),(2.7.25),(2.7.35),(2.7.36),

and (2.7.39) we see that the coefficient m in (2.7.40) is:

m = 1− 7 + 7 + 2 +
M

4
+

7

4
(2.7.42)

= 3 +
M

4
+ 7/4. (2.7.43)

We pick up one more 1/µ2 term from shifting the radial derivative:

m′ = 3 +
M

4
+ 7/4 + 13/4 (2.7.44)

= 8 +
M

4
. (2.7.45)

Now let’s look at the terms which raise the eigenvalue of φ0 under Hm + µYµ:

H21 = Π1

(
iγiαβy

i
2ψ1αψ3β + ix9

3

(
−ψ1sψ2s + χi1χ

i
2

))
+ lower order terms (2.7.46)

= Π1

(
iγiαβy

i
2ψ1αψ3β − ix9

3ψ1sψ2s

)
+ Π1

(
ix9

3χ
i
1χ

i
2

)
+ lower order terms

(2.7.47)

where by ’lower order terms’ we mean terms which come in with a coefficient in µ

of ≤ 1/µ2. There are terms which increase the eigenvalue of φ0 by 4µ coming from

the first expression on the right hand side and terms which increase the eigenvalue
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of φ0 by 2µ coming from the second expression. Let b denote the sum of the first

set of terms, and b̃ the latter. We now see that Q2 has the following form:

Q2ϕ =

(
∆8 + F/µ2 + 8+M/4

µ2 + c1
µ3 +

c2V 2
j

µ5 bt + b̃t

b+ b̃ H22

)(
φ0

φ1

)
(2.7.48)

where ∆8 denotes the 8 dimensional laplacian acting on the flat directions. The

following transformation allows us to express Q2 in upper diagonal form:

T =

(
1 0

b
4µ

+ b̃
2µ

1

)
. (2.7.49)

Applying this to Q2:

Q2T =

(
∆8 + F/µ2 + 8+M/4

µ2 + c1
µ3 +

c2V 2
j

µ5 bt + b̃t

b+ b̃ H22

)(
1 0

− b
4µ
− b̃

2µ
1

)(
φ0

φ1

)
(2.7.50)

=

(
∆8 + F/µ2 + 8+M/4

µ2 + c1
µ3 +

c2V 2
j

µ5 bt + b̃t

b ∆8 +Hm + µYµ + l.o.t.

)

·

(
1 0

− b
4µ
− b̃

2µ
1

)(
φ0

φ1

)
(2.7.51)

Note that b raises the eigenvalue of φ0 by 4, and b̃ raises the eigenvalue of φ0 by 2.

Thus, excluding terms with coefficents in µ of lower order than 1/µ2, we obtain

the following upper triangular form:

=

(
∆8 + F

µ2 + 8+M/4
µ2 − btb

4µ
− b̃tb̃

2µ
+ c1

µ3 +
c2V 2

j

µ5 bt + b̃t

l.o.t. ∆8 +Hm + µYµ + l.o.t.

)(
φ0

φ1

)
.

(2.7.52)

To compute − btb
4µ
− b̃tb̃

2µ
we consider:(
γiαβy

i
2ψ1αψ3β − ix9

3ψ1sψ2s + ix9
3χ

i
1χ

i
2

)2
(2.7.53)
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and take terms which do not contribute any ψ2 or ψ3 factors as such factors will

raise the eigenvalue of the ground state and cannot appear in the product btb. We

have 7 coordinates yi2, and one x9
3, and 8 each of ψ2, ψ3.

btb

4µ
+
b̃tb̃

2µ
=

8 · 8
2µ4µ

+
M

2µ2µ
+

4F

2µ2µ
(2.7.54)

=
8 +M/4 + F

µ2
. (2.7.55)

The last term contributes − (8 +M/4) /µ2−F/µ2, and all of the 1
µ2 terms cancel.

Now that we have a simplified expression for Q2 near a flat point, we move on to

calculate W flat
∞ . Define:(

H̃11 a

l.o.t. H̃22

)
=

(
∆8 + c1

µ3 +
c2V 2

j

µ5 bt + b̃t

l.o.t. ∆8 +Hm + µYµ + l.o.t.

)
(2.7.56)

As mentioned at the beginning of this section, W flat
∞ will be constructed in two

pieces. The first is the inverse of H̃11, called previously W11, which we rename

W1. The second piece is the inverse of H̃22 = W22 = W2. I.e. we will construct:

W flat
∞ =

(
W1 −W1

(
bt + b̃t

)
W2

0 W2

)
(2.7.57)

with error defined by:

Q2
(
W flat

∞
)

=

(
H̃11 a

l.o.t. H̃22

)(
W1 −W1

(
bt + b̃t

)
W2

0 W2

)
(2.7.58)

= I −
(
eflat
1 0
0 eflat

2

)
(2.7.59)

= I − eflat
∞ . (2.7.60)

First, we construct W2. First write:

H̃22 = ∆8 +Hm + µYµ + ϕ (2.7.61)
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where ϕ stands for the lower order terms in H̃22. Let L = H22 +4πiηi
∂
∂xi +ϕ Now

define:

W k,M =

∫
e2πiη(x−y)

4π2 |η|2 + kµ

M∑
`=1

(−1)`
(
L
(
4π2 |η|2 + kµ

)−1
)`
. (2.7.62)

Let Πk denote projection onto the kµ eigenspace of Hm + µYµ and define

WM =
∞∑
k=1

W k,MΠk. (2.7.63)

Then we have:

H̃22WM = H̃22

∞∑
k=1

W k,MΠk (2.7.64)

=
∞∑
k=1

Πk −
∞∑
k=1

ek,MΠk. (2.7.65)

First we estimate ek,M :

H̃22W
k,MΠk = H̃22

∫
e2πiη(x−y)

4π2 |η|2 + kµ

M∑
`=1

(−1)`
(
L
(
4π2 |η|2 + kµ

)−1
)`

Πk

(2.7.66)

= I −
∫
e2πiη(x−y) (−1)M

(
L
(
4π2 |η|2 + kµ

)−1
)M+1

Πk. (2.7.67)

We note that since 4π2 |η|2+kµ depends only on µ, the only derivatives contribut-

ing to the above expression are the derivatives in µ. Let ϕ̃ denote terms in ϕ that

do not contain derivatives. Then:

ek,M =

∫
e2πiη(x−y) (−1)M

((
∆ + 4π2ηi

∂

∂xi
+ ϕ

)(
4π2 |η|2 + kµ

)−1
)M+1

Πk

(2.7.68)
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=

∫
e2πiη(x−y) (−1)M

×
((

− ∂2

∂µ2
− 7

µ

∂

∂µ
+ 4π2ηi

xi
µ

∂

∂µ
+ ϕ̃

)(
4π2 |η|2 + kµ

)−1
)M+1

Πk (2.7.69)

Noting that |ϕ̃| ≤ c 1
µ3 , the term with least decay in µ is:∫

e2πiη(x−y) (−1)M
((

π2ηi
xi
µ

∂

∂µ

)(
4π2 |η|2 + kµ

)−1
)M+1

Πk. (2.7.70)

Expanding
((
π2ηi

xi

µ
∂
∂µ

) (
4π2 |η|2 + kµ

)−1
)M+1

yields the following highest order

term in µ: ∫
e2πiη(x−y) (−1)M

((
π2ηi

xi
µ

∂

∂µ

)(
4π2 |η|2 + kµ

)−1
)M+1

Πk

≤ c

∫
|kη|M+1(

4π2 |η|2 + kµ
)2(M+1)

Πk. (2.7.71)

Taking M > 3:∫
|kη|M+1(

4π2 |η|2 + kµ
)2M+2

dη ≤ 2
5−M

2

(2 (M + 1))!
k

7−M
2 µ

5−3M
2 Γ

(
3M − 5

2

)
Γ

(
M + 9

2

)
.

(2.7.72)

Choosing M ≥ 8 gives decay |ek,8| ≤ ck
µ9 . Since ek,8 is summable over k, the series

∞∑
k=1

ek,MΠk converges and has decay ≤ ck
µ9 .

We now turn to the construction of W1.

2.7.1 Construction of W1

We have:

H̃11 = ∆ + V (x) (2.7.73)
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where

∆ = −gij
∂

∂xi
∂

∂xj
(2.7.74)

with xi coordinates on the 8 dimensional flat directions, and gij = δij + `ij (x),

and |`ij| ≤ 1/µ5. The potential term is:

V (x) =
b

µ3
+ lower order terms . (2.7.75)

We construct the parametrix for W1 using a Neumann series for (∆ + V )−1. Con-

vergence of the series will require the following:

Proposition 2.7.1. Let V = Ṽ Ṽ ′ satisfy

Ṽ (y) ≤ c|y|−3/2 and (2.7.76)

Ṽ ′(y) ≤ c|y|−3/2 (2.7.77)

suppose Ṽ , Ṽ ′ are supported on BR(0)c. Consider the integral operator defined on

L2(Rn) by

Kf(x) =

∫
Ṽ (x)Ṽ ′(y)f(y)

|x− y|n−2
dy. (2.7.78)

Then K defines a bounded operator from L2 to L2, with L2 bound C/R, for some

constant C.

Proof. We note that if

Ṽ (y) ≤ c|y|−3/2 and (2.7.79)

Ṽ ′(y) ≤ c|y|−3/2 (2.7.80)
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then ∫
Ṽ (x)Ṽ ′(y)

|x− y|n−2
dy ≤

∫
1

|x|3/2 |x− y|n−2 |y|3/2
dy (2.7.81)

=

∫
1

|x|
1

|x|1/2 |x− y|n−2 |y|3/2
dy. (2.7.82)

By lemma 2.1 of [13], kernel 1

|x|1/2|x−y|n−2|y|3/2 defines a bounded operator on L2,

Thus, the result follows.

Now consider a Neumann series for (∆ + Ṽ 2):

(∆ + Ṽ 2)−1 = ∆−1(1 + Ṽ 2∆−1)−1 = ∆−1

∞∑
k=0

(−1)k(Ṽ 2∆−1)−k

= ∆−1 −∆−1Ṽ 2∆−1 + ∆−1Ṽ (Ṽ∆−1Ṽ )Ṽ∆−1 −∆−1Ṽ (Ṽ∆−1Ṽ )2Ṽ∆−1 + · · ·

= ∆−1 −∆−1Ṽ
∞∑
k=0

(−1)k(Ṽ∆−1Ṽ )kṼ∆−1.

The inner sum converges in L2. Let Ṽ =
(
a
r3

)1/2
and Ṽ ′ = V

(
Ṽ
)−1

. Then

V =

(
1

r3

)1/2 (
r3/2V

)
(2.7.83)

= Ṽ Ṽ ′ (2.7.84)

where both Ṽ and Ṽ ′ meet the requirements for the above proposition. For a

fixed N > 3, define

W1 = ∆−1 −∆−1Ṽ
N∑
k=0

(−1)k(Ṽ ′∆−1Ṽ )kṼ ′∆−1. (2.7.85)
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Every power of Ṽ ′∆−1Ṽ has kernel with singularity dropping by a power of |x−y|2,

so the terms are smooth for k > 3. The error associated to W1 is:

EW1 = (−1)N Ṽ (Ṽ ′∆−1Ṽ )N Ṽ ′∆−1 (2.7.86)

In the following section, we make some observations about tr (QW1), and verify

that the above error has the required decay rate.

2.7.2 Integral Estimates

Consider the following:

|K (x, y)| := |QW1 (x, y)| (2.7.87)

≤ |x− y|1−n +
∞∑
N=1

∫
|x− y1|1−nρ (y1) |y1|−3|y2 − y1|2−n . . .

ρ (yN) |yN |−3 |yN − y|2−ndy1 . . . dyN (2.7.88)

where ρ is a smooth cutoff function that is identically one outside B2R (0) and

vanishes on BR (0). In section 2.9, we will need to evaluate the above expression

at y = x and at y = −x. Eventually, we will see that the only term which

contributes to our index computation is the very first term, evaluated at y = −x.

This result follows from a combination of integral decay estimates, and algebraic

cancellations which occur when tracing over the Clifford algebra. In this section,

we will prove decay of the terms with y = x,N > 3 and with y = −x,N > 0.

That is:

Proposition 2.7.2. 1. For N > 3,

lim
R→∞

∫
|x|=R

|x− y1|1−n
ρ (y1)

|y1|3
|y2 − y1|2−n . . .

ρ (yN)

|yN |3
|yN − x|2−ndy1 . . . dyN = 0

(2.7.89)
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and

2. for N > 0,

lim
R→∞

∫
|x|=R

|x− y1|1−n
ρ (y1)

|y1|3
|y2 − y1|2−n . . .

ρ (yN)

|yN |3
|yN + x|2−ndy1 . . . dyN = 0.

(2.7.90)

Proof. We will require estimates of integrals of the form:∫
|yi−1 − yi|k−n

ρ(yi)

|yi|p
|yi − yi+1|m−ndyi (2.7.91)

where m ≤ n, k ≤ n and k ≤ p. We will obtain an estimate for this form of

integral and then iterate to find an estimate for an integral of the form (2.7.89):∫
|x− y1|1−nρ (y1) |y1|−3|y2 − y1|2−n . . . ρ (yN) |yN |−3 |yN − y|2−ndy1 . . . dyN .

(2.7.92)

Returning to (2.7.91), we split the region of integration:∫
|yi−1 − yi|k−n

ρ(yi)

|yi|p
|yi − yi+1|m−ndyi

=

∫
|yi+1−yi|<|yi+1/2|

|yi−1 − yi|k−n
ρ(yi)

|yi|p
|yi − yi+1|m−ndyi

+

∫
|yi+1−yi|>|yi+1/2|

|yi−1 − yi|k−n
ρ(yi)

|yi|p
|yi − yi+1|m−ndyi (2.7.93)

≤ 2p

|yi+1|p

∫
|yi+1−yi|<|yi+1/2|

|yi−1 − yi|k−nρ(yi)|yi − yi+1|m−ndyi

+ 2n−m|yi+1|m−n
∫
|yi+1−yi|>|yi+1/2|

|yi−1 − yi|k−n
ρ(yi)

|yi|p
dyi (2.7.94)
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In the first integral, we take yi 7→ yi + yi+1, and split the second integral:

=
2p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−1 − yi+1 − yi|k−nρ(yi + yi+1)|yi|m−ndyi

+ 2n−m|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|>|yi−1/2|

|yi−1 − yi|k−n
ρ(yi)

|yi|p
dyi

+ 2n−m|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|<|yi−1/2|

|yi−1 − yi|k−n
ρ(yi)

|yi|p
dyi (2.7.95)

Label the terms I1 + I2 + I3. First consider I1:

2p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−1 − yi+1 − yi|k−nρ(yi + yi+1)|yi|m−ndyi

=
2p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−(yi−1−yi+1)|<
˛̨̨
(yi+1−yi−1)

2

˛̨̨
|yi−1 − yi+1 − yi|k−nρ(yi + yi+1)|yi|m−ndyi

+
2p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−(yi−1−yi+1)|>
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi−1 − yi+1 − yi|k−nρ(yi + yi+1)|yi|m−ndyi

(2.7.96)

≤ 2n−m+p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−(yi−1−yi+1)|
<

˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi−1 − yi+1 − yi|k−nρ(yi + yi+1)|yi−1 − yi+1|m−ndyi

+
2n−k+p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−(yi−1−yi+1)|>
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi−1 − yi+1|k−nρ(yi + yi+1)|yi|m−ndyi

(2.7.97)
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≤ 2n−m+p

|yi+1|p

∫
|yi+yi−1−yi+1|<|yi+1/2|

|yi|<
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi|k−nρ(yi + yi−1)|yi−1 − yi+1|m−ndyi

+
2n−k+p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−(yi−1−yi+1)|>
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi−1 − yi+1|k−nρ(yi + yi+1)|yi|m−ndyi

(2.7.98)

≤ 2n−m+p

|yi+1|p

∫
|yi+yi−1−yi+1|<|yi+1/2|

|yi|<
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi|k−nρ(yi + yi−1)|yi−1 − yi+1|m−ndyi

+
2n−k+p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−(yi−1−yi+1)|>
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi−1−yi+1|<| yi

2 |

|yi−1 − yi+1|k−nρ(yi + yi+1)|yi|m−ndyi

+
2n−k+p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−(yi−1−yi+1)|>
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi−1−yi+1|>| yi

2 |

|yi−1 − yi+1|k−nρ(yi + yi+1)|yi|m−ndyi

(2.7.99)
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≤ 2n−m+p

|yi+1|p

∫
|yi+yi−1−yi+1|<|yi+1/2|

|yi|<
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi|k−nρ(yi + yi−1)|yi−1 − yi+1|m−ndyi

+
2n−k−m+p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−(yi−1−yi+1)|>
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi−1−yi+1|<| yi

2 |

|yi−1 − yi+1|k+m−nρ(yi + yi+1)|yi|−ndyi

+
2n−k+p

|yi+1|p

∫
|yi|<|yi+1/2|

|yi−(yi−1−yi+1)|>
˛̨̨
(yi−1−yi+1)

2

˛̨̨
|yi−1−yi+1|>| yi

2 |

|yi−1 − yi+1|k−nρ(yi + yi+1)|yi|m−ndyi

(2.7.100)

≤ 2n−m+pc′1
|yi+1|p

|yi−1 − yi+1|k+m−n (2.7.101)

+
2n−k−m+pc′2
|yi+1|p

|yi−1 − yi+1|k+m−n

+
2n−k−m+pc′3
|yi+1|p

|yi−1 − yi+1|k+m−n (2.7.102)

≤ 2n−k−m+pc1
|yi+1|p

|yi−1 − yi+1|k+m−n (2.7.103)
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Now for I2:

2n−m|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|>|yi−1/2|

|yi−1 − yi|k−n
ρ(yi)

|yi|p
dyi

= 2n−m|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|>|yi−1/2|
|yi−1−yi|>|yi/2|

|yi−1 − yi|k−n
ρ(yi)

|yi|p
dyi

+ 2n−m|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|>|yi−1/2|
|yi−1−yi|<|yi/2|

|yi−1 − yi|k−n
ρ(yi)

|yi|p
dyi (2.7.104)

≤ 22n−m−k|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|>|yi−1/2|
|yi−1−yi|>|yi/2|

|yi|k−n
ρ(yi)

|yi|p
dyi

+ 22n−m−k|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|>|yi−1/2|
|yi−1−yi|<|yi/2|

|yi−1|k−n
ρ(yi)

|yi|p
dyi (2.7.105)

≤ 22n−m−k|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|>|yi−1/2|
|yi−1−yi|>|yi/2|

|yi|k−n
ρ(yi)

|yi|p
dyi

+ 23n−m−2k|yi+1|m−n
∫

|yi+1−yi−yi−1|>|yi+1/2|
|yi−1−yi|>|yi−1/2|
|yi−1−yi|<|yi/2|

|yi|k−n
ρ(yi)

|yi|p
dyi (2.7.106)

≤
(
22n−m−k + 23n−m−2k

)
c2|yi+1|m−nRk−p (2.7.107)
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and finally, I3:

2n−m|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|<|yi−1/2|

|yi−1 − yi|k−n
ρ(yi)

|yi|p
dyi

≤ 2n−m+p|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi−1−yi|<|yi−1/2|

|yi−1 − yi|k−n
ρ(yi)

|yi−1|p
dyi (2.7.108)

≤ 2n−m+p|yi+1|m−n
∫

|yi+1−yi|>|yi+1/2|
|yi|<|yi−1/2|

|yi|k−n
ρ(yi + yi−1)

|yi−1|p
dyi (2.7.109)

≤ 2n−m+p−kc3|yi+1|m−n|yi−1|k−pρ(yi−1) for p ≥ k (2.7.110)

We have: ∫
|yi−1 − yi|k−n

ρ(yi)

|yi|p
|yi − yi+1|m−ndyi ≤ I1 + I2 + I3

≤ 2n−m+p−kc1
|yi+1|p

|yi−1 − yi+1|k+m−n

+
(
22n−m−k + 23n−m−2k

)
c2|yi+1|m−nRk−p

+ 2n−m−k+pc3
(
|yi+1|m−n|yi−1|k−p

)
(2.7.111)

Applying this estimate to the inner integral in (2.7.92):∫
|x− y1|1−n

ρ(y1)

|y1|3
|y1 − y2|2−ndy1

≤ 2nc1
|y2|3

(
ρ(y2)|x− y2|3−n

)
+
(
22n−3 + 23n−5

)
c2|y2|2−nR−2

+ 2nc3
(
|y2|2−n|x|−2

)
(2.7.112)

Now, for N = 1, evaluating at y2 = −x yields a decay rate of 1/|x|n. Clearly,

decay is increasing with iteration, and there are no singular terms for yi = −x.
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Thus, we have proved the proposition for y = −x. Evaluating at y2 = x results

in a singular term, but as we will see in 2.9, this term vanishes due to algebraic

considerations. If N > 1, we continue, integrating with respect to y2:∫ (
2nc1
|y2|3

|x− y2|3−n

+
(
22n−3 + 23n−5

)
c2|y2|2−nR−2 + 2nc3

(
|y2|2−n|x|−2

)) ρ(y2)

|y2|3
|y2 − y3|2−ndy2

≤
∫ (

2nc1
|y2|3

|x− y2|3−n

+
(
22n−3 + 23n−5

)
c2|y2|2−nR−2 + 2nc3

(
|y2|2−n|x|−2

)) ρ(y2)

|y2|3
|y2 − y3|2−ndy2

(2.7.113)
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The last two terms have the form:

1

R2

∫
ρ (y2)

|y2|n+1 |y2 − y3|2−n dy2 =
1

R2

∫
|y2−y3|>|y3/2|

ρ (y2)

|y2|n+1 |y2 − y3|2−n dy2

+
1

R2

∫
|y2−y3|<|y3/2|

ρ (y2)

|y2|n+1 |y2 − y3|2−n dy2 (2.7.114)

≤ 1

R2

∫
|y2−y3|>|y3/2|

2n−2ρ (y2)

|y2|n+1 |y3|2−n dy2

+
1

R2

∫
|y2−y3|<|y3/2|

2n+1ρ (y2)

|y3|n+1 |y2 − y3|2−n dy2

(2.7.115)

≤ 1

R2

∫
|y2−y3|>|y3/2|

2n−2ρ (y2)

|y2|n+1 |y3|2−n dy2

+
1

R2

∫
|y2|<|y3/2|

2n+1ρ (y2 + y3)

|y3|n+1 |y2|2−n dy2 (2.7.116)

≤ 1

R2

2n−2

R
|y3|2−n +

1

R2

2n−2

|y3|n−1 (2.7.117)

If N = 2, we can replace |y3| with |x| and obtain decay on the order of 1/Rn+1.

For N > 2, at the next step we would multiply by ρ(y3)/|y3|3|y3 − y4|2−n and

integrate in y3. This has the same form as the y2 integral above, with increased

decay. The remaining term in (2.7.113) is:∫ (
2nc1
|y2|3

|x− y2|3−n
)
ρ(y2)

|y2|3
|y2 − y3|2−ndy2 (2.7.118)
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Applying the estimate (2.7.111):∫ (
2nc1
|y2|3

|x− y2|3−n
)
ρ(y2)

|y2|3
|y2 − y3|2−ndy2

≤ 22n+1c′1
|y3|6

|x− y3|5−n

+
(
23n−5 + 24n−8

)
c′2|y3|2−nR−3

+ 22n+1c′3
(
|y3|2−n|x|−3

)
(2.7.119)

Our estimate is only valid upon iteration for terms where |yi − x| is raised to a

negative power. However, when a term reaches the threshold k − n > 0, we will

have p > k, so that these (smooth) terms have decay < 1/Rn. Each iteration

decreases the order of singularity by 2, thus, after 4 iterations (recall that n = 8)

we have smooth terms with decay < 1/Rn. Integration over the sphere Sn−1 (R)

and taking R→∞ yields zero as desired.

Note that the above proposition also implies decay of the kernel associate to

the error term (2.7.86) for N > 3. We have one more issue to address before the

final index computation.

2.7.3 Transverse Branch

In this section we handle the parametrix construction for Q2 near flat directions

such that x9
3 is arbitrary (but outside BR (0)) and the xi1,2 are small. (Recall that

near a flat point means V (x) < r2+ε.) As we did for the estimates in this region,
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we decompose Q2 as follows. Define:

Hx9
3

= ∆x1,2 +
(
x9

3

)2 8∑
i=1

((
xi1
)2

+
(
xi2
)2)

+ ix9
3

(
−ψ1sψ2s + χi1χ

i
2

)
(2.7.120)

= ∆x1,2 +
(
x9

3

)2 8∑
i=1

((
xi1
)2

+
(
xi2
)2)

+ ix9
3

(
−ψ1sψ2s + χi1χ

i
2

)
(2.7.121)

where ∆x1,2 denotes the laplacian in the xi1, x
i
2 directions.

Q2 = Hx9
3
− ∂2

∂x9
3
2 + iγiαβx

i
1ψ2αψ3β + iγiαβx

i
2ψ3αψ1β +

(
xi2x

j
2 − xj1x

i
2

)2
(2.7.122)

For a section u supported near this type of flat point, define:

u = φ0 + φ1 (2.7.123)

where φ0 =
(x9

3)
4

π4 f (x9
3) e

−|x9
3| 12

8P
i=1

“
(xi

1)
2
+(xi

2)
2

”
. Let Π0 denote L2 orthogonal pro-

jection onto the zero eigenspace of Hx9
3

and Π1 = (1− Π0). We write:

Q2 =

(
T11 T12

T21 T22

)
(2.7.124)

=

(
Π0Q

2Π0 Π0Q
2Π1

Π1Q
2Π0 Π1Q

2Π1

)
(2.7.125)

and now we compute Π0Q
2Π0. To shorten the notation a bit, define:

ξ2 =
8∑
i=1

((
xi1
)2

+
(
xi2
)2)

(2.7.126)
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The second order derivative in x9
3 gives:(

− ∂2

∂x9
3
2φ0, φ0

)
=

((
− 12

(x9
3)

2 +
4ξ2

(x9
3)
− ξ4

4

)
φ0, φ0

)

−

(
(x9

3)
4

π4

∂2

∂ (x9
3)

2

(
f
(
x9

3

))
e−|x9

3|ξ2/2, φ0

)
(2.7.127)

=

(
(−12 + 32− 18)

φ0

(x9
3)

2 , φ0

)

−

(
(x9

3)
4

π4

∂2

∂ (x9
3)

2

(
f
(
x9

3

))
e−|x9

3|ξ2/2, φ0

)
(2.7.128)

=

(
2
φ0

(x9
3)

2 , φ0

)

−

(
(x9

3)
4

π4

∂2

∂ (x9
3)

2

(
f
(
x9

3

))
e−|x9

3|ξ2/2, φ0

)
(2.7.129)

The contribution from the 1
2

∑(
xi1x

j
2 − xi2x

j
1

)2
term is:(

1

2

∑(
xi1x

j
2 − xi2x

j
1

)2
φ0, φ0

)
=

(
7 · 8

4 (x9
3)

2φ0, φ0

)
(2.7.130)

=

(
14

(x9
3)

2φ0, φ0

)
(2.7.131)

So, we may write:

T11 = − ∂2

∂ (x9
3)

2 +
16

(x9
3)

2 (2.7.132)

We may express (2.7.125) in a more simplified form by a change of basis(
T11 bt

b T22

)(
1 0
b

4x9
3

1

)
=

(
T̃11 bt

l.o.t. T22

)
(2.7.133)
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and T̃11 = T11 − bbt/4x9
3. Now consider:

Π0
bbt

4x9
3

= Π0
1

4 (x9
3)

(
γiαβx

i
1ψ2αψ3β + γiαβx

i
2ψ3αψ1β

)2
(2.7.134)

=
1

4 (x9
3)

(
16 · 8
2x9

3

)
(2.7.135)

=
16

(x9
3)

2 (2.7.136)

So that

T̃11 = T11 − bbt/4x9
3 (2.7.137)

= − ∂2

∂ (x9
3)

2 +
16

(x9
3)

2 −
16

(x9
3)

2 (2.7.138)

= − ∂2

∂ (x9
3)

2 (2.7.139)

Now, T22 has the large lower bound ‖T22φ1‖2 ≥ c
∥∥∥(x9

3)
1/2
φ1

∥∥∥, so construction

of a parametrix for T22 is straightforward. Furthermore, its parametrix cannot

contribute to trace terms, as it will have exponential decay. Now, if we construct

a parametrix P1 for T11, it looks a priori as though we could have a non-zero

contribution to the trace. We note, however, that this contribution is finite, since

P1 would be at most linear in x9
3. (This is simply the observation that harmonic

functions of R are of the form ax9
3 + b). Then QP1 ≈ C (dx9

3) a. This term does

not contribute to the final trace, as we will see in section 2.9. Now, we also need to

see that C (dx9
3)Q ((T−1)11 − P1) has trace which vanishes as R → ∞. Now, we

have chosen G so that r−1Gr−1 is a bounded operator on L2. The kernel k (t, s)

for (T−1)11−P1 should have the form a (t+ s) + b, where t−1 (a (t+ s) + b) s−1 is
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bounded on L2 (R). Let φ(s) be a bump function of L2 norm one supported in a

small neighborhood of 0. Consider φR(s) = φ(s−R) supported near R. Then:∫
t−1 (a (t+ s) + b) s−1φR (s) ds =

∫
as−1φR (s) ds+

∫
t−1aφR (s) ds

+

∫
t−1bs−1φR (s) ds (2.7.140)

The second and third terms are bounded, but the first term is unbounded, so we

see that a→ 0 as R→ 0.

2.8 Patching W∞ and Estimating the Error

Define:

ρNε (x) =


1 for

∑
i,j

|[xi, xj]|2 < r2+ ε
2

0 for
∑
i,j

|[xi, xj]|2 > r2+ε
(2.8.1)

and let

W∞ = ρNε (x)W flat
∞ (x, y) ρN2ε (y) + (1− ρNε) (x)W non-flat

∞ (x, y)
(
1− ρN ε

2
(y)
)

(2.8.2)
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Note that the left cutoffs are identically 1 on the support of the right cutoffs. This

is chosen so that the errors associated to cutoffs trace to zero:

Q2W∞ = Q2ρNε (x)W flat
∞ (x, y) ρN2ε (y) (2.8.3)

+Q2 (1− ρNε) (x)W non-flat
∞ (x, y)

(
1− ρN ε

2
(y)
)

(2.8.4)

= ρNε (x)Q2W flat
∞ (x, y) ρN2ε (y) (2.8.5)

+ (1− ρNε) (x)Q2W non-flat
∞ (x, y) (2.8.6)

+ 2∇ρNε (x) · ∇W flat
∞ (x, y) ρN2ε (y) (2.8.7)

− 2∇ρNε (x) · ∇W non-flat
∞ (x, y)

(
1− ρN ε

2
(y)
)

(2.8.8)

+ 2∆ρNε (x)W flat
∞ (x, y) ρN2ε (y) (2.8.9)

−∆ρNε (x)W non-flat
∞ (x, y)

(
1− ρN ε

2
(y)
)

(2.8.10)

So that:

Q2W∞ = ρNε (x)Q2W flat
∞ (x, y) ρN2ε (y) (2.8.11)

+ (1− ρNε) (x)Q2W non-flat
∞ (x, y) + E1 (x, y) (2.8.12)

Putting this together with our parametrix inside BR, we see that:

Q2 (G−W ) (x, y) = e (x, y) + eBR
(x, y) (2.8.13)

= e∞ (x, y) + eBR
(x, y) + E1 (2.8.14)

= eflat
∞ + enon-flat

∞ + eBR
(x, y) + E1 (2.8.15)

where eBR
(x, y) is a compact error term. We have already seen that eflat

∞ and

enon-flat
∞ are small. Now the last part of the error that needs to be handled is that

due to E1 in (2.8.15). Note that because of the choice that the right cutoffs are
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identically one on the support of the left, E1 (x, y) vanishes at x = y. When x 6= y,

E1 is made up of terms with W flat
∞ ,W non-flat

∞ and their derivatives, multiplied by

derivatives of the cutoffs. E1 (x, y) can have either x or y (but not both), near a

flat direction. But the support of E1(x, y) is located where the gaussian associated

to the ground state of the oscillator is small, so these terms have good decay rates.

By theorem 2.3.4, if rc+1e ∈ L2 (S), then rc−ε (G−W ) ∈ L2 (S). Substituting

Q (G−W ) for F in theorem 2.3.4 then gives that rc+1−εQ (G−W ) ∈ L2 (S).

In the non-flat regions, we have an even stronger result, since there ‖Qu‖2 ≥

c̃
∥∥r1/2u

∥∥. We have the same estimate in the flat regions when our section is

in the orthogonal complement of the oscillator zero eigenspace. Hence, decay of

Q (G−W ) is sufficient for its trace to vanish everywhere both in the non-flat

directions, and the orthogonal complement of the oscillator zero eigenspace. But

consider:

H11 = ∆8 + ϕ (2.8.16)

where ∆8 is the 8 dimensional laplacian along the flat directions, and ϕ consists

of terms with coefficient 1/r3 or lower. We have the Poincare estimate:

‖∇u‖2 ≥
(

(n− 2)

2

)2 ∥∥∥∥uµ
∥∥∥∥2

(2.8.17)

This means our c = 3 − ε. We cannot obtain the required decay by applying

theorem 2.3.4. However, we can obtain an improved constant c′ by considering

(G−W1) (v, w)’s dependence on both variables. For the remainder of this section,

we redefine F to mean:

F := Π0 (G−W ) Π0 (2.8.18)

89



where Π0 is L2 orthogonal projection onto the oscillator zero eigenspace. This in-

troduces cutoff errors, of course, but they are supported away from flat directions.

Define:

Q̃2 = Q2
v +Q2

w (2.8.19)

where v is the variable in the first factor of the product space, and w is the variable

in the second factor. Then
∥∥∥Q̃F∥∥∥2

L2(R16)
≥ ‖(7− ε)F/ν‖2, for |ν|2 = |v|2 + |w|2,

v = ν cos (θ), w = ν sin (θ). Setting F = G−W , we have

Q̃2F = 0 (2.8.20)

We define a cutoff function ρ so that ρ vanishes for |v| < R and for |w| < R, and

is identically one for |v|, |w| > 2R. Then dρ is supported in a region where either

R < |v| < 2R or R < |w| < 2R. Let p = ναρ, for a fixed α such that 2c ≥ α > 0.

Then, estimating p as a sequence of bounded functions and writing F as a limit of

C∞
0 section as in the proof of theorem 2.3.4, we can integrate by parts to obtain:∥∥∥∥c′pFν

∥∥∥∥2

≤ ‖dpF‖2 (2.8.21)

We compute:

|dp|2 =

(
αp

ν
+ να

∂ρ

∂ν

)2

+

(
να
∂ρ

∂θ

)2

(2.8.22)

=
(αp
ν

)2

+ 2
αp

ν
να
∂ρ

∂ν
+

(
να
∂ρ

∂ν

)2

+
1

ν2

(
να
∂ρ

∂θ

)2

(2.8.23)

Considering first the terms where ρ is differentiated, we need to estimate:∫ (
2
αp

ν
να
∂ρ

∂ν
+

(
να
∂ρ

∂ν

)2

+
1

ν2

(
να
∂ρ

∂θ

)2
)
|F |2 dvdw

≤ Cρ

∫
R<|v|<2R

να |F |2 dvdw + Cρ

∫
R<|w|<2R

να |F |2 dvdw (2.8.24)
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The first integral is over a region bounded in v, the second over a region bounded

in w. Since |v|α/2 F ∈ L2 and |w|α/2 F ∈ L2, we see that the contribution from ρ

derivative terms is bounded. Now, the remaining term in |dp|2 is just:(αp
ν

)2

(2.8.25)

Now, returning to our original inequality:∥∥∥∥c′pFν
∥∥∥∥2

≤ ‖dpF‖2 (2.8.26)

≤
∫
α2p2

ν2
|F |2 +B (2.8.27)

where B is the contribution of the term containing derivatives of ρ, and is bounded

so long as |v|α F ∈ L2 and similarly for w. Thus:∫ (
c′2 − α2

) p2 |F |2

ν2
≤ B (2.8.28)

The integral is bounded from below only for α2 ≤ c′2. Thus, it looks as though

we have not improved our decay rate. However, since the integral measure in the

product space is ν2n−1dν versus |v|n−1 dv in the one variable case, we actually do

have a higher decay rate.

Proposition 2.8.1. Let Q̃ and F be as defined above, with Q̃2F = 0 for |v| > R

and |w| > R and ν =
√
|v|2 + |w|2. Then:

|F (v, w)| ≤ C

νn+1−δ (2.8.29)

for some 0 < δ < 1.
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Proof. Define ξ = ν/2. Fix a point (v0, w0), with ν2
0 = |v0|2 + |w0|2 and let let

Bξ (v0, w0) denote the ball centered at the point (v0, w0) with radius ξ, and let

Sξ (v0, w0) denote its boundary. Let ∂N denote the unit normal vector field on

Sξ (v0, w0). Choosing coordinates so that ξ̃ =
√
|ṽ − v0|2 + |w̃ − w0|2 and taking

the domain Ωε = Bξ (v0, w0) \Bε (v0, w0), we begin with Green’s identity:∫
∂Ωε

1

ξ̃2n−2
∂N F − ∂N

(
1

ξ̃2n−2

)
Fdσ

=

∫
Ωε

1

ξ̃2n−2
∆F − F∆

1

ξ̃2n−2
dvol (2.8.30)

Since ∂N

(
1

ξ̃2n−2

)
= (2− 2n) ξ1−2n on Sξ (v0, w0), we have:

0 =
−1

ξ2n−2

∫
Sξ(v0,w0)

∂N Fdσ +

∫
Sξ(v0,w0)

(2− 2n) ξ1−2nFdσ +
1

ε2n−2

∫
Sε(v0,w0)

∂N F

+
1

ε2n−2

∫
Sε(v0,w0)

(2− 2n)Fdσ +

∫
Ωε

1

ξ̃2n−2
∆Fdvol (2.8.31)

So that:

F (v0, w0) =
1

ξn−2

∫
Sξ(v0,w0)

∂N Fdσ +

∫
Sξ(v0,w0)

(2− 2n) ξ1−2nFdσ

+ lim
ε→0

1

ε2n−2

∫
Sε(v0,w0)

∂N F + lim
ε→0

∫
Ωε

1

ξ̃2n−2
∆Fdvol (2.8.32)

Now, if F were harmonic, ∂N F would integrate to zero over the sphere, the

last term would vanish and we would obtain the usual mean value theorem for
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harmonic functions. Instead we have:

lim
ε→0

 1

ξn−2

∫
Sξ(v0,w0)

∂N Fdσ +
1

ε2n−2

∫
Sε(v0,w0)

∂N Fdσ

 =
1

ξ2n−2

∫
Bξ(v0,w0)

∆Fdσ

(2.8.33)

and so

F (v0, w0) =
1

ξ2n−2

∫
Bξ(v0,w0)

∆Fdσ +

∫
Sξ(v0,w0)

(2− 2n) ξ1−2nFdσ

+

∫
Bξ(v0,w0)

1

ξ̃2n−2
∆Fdvol (2.8.34)

Finally, using Q̃2F = 0 ⇒ ∆F = ϕF , (where ϕ is just the collection of bounded

terms in Q̃2 with coefficients of order 1/ξ3 or smaller) we have:

|F (v0, w0)| ≤

∣∣∣∣∣∣∣
∫

Sξ(v0,w0)

(2− 2n) ξ1−2nFdσ

∣∣∣∣∣∣∣+
1

ξ2n−2

∣∣∣∣∣∣∣
∫

Bξ(v0,w0)

ϕFdvol

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
∫

Bξ(v0,w0)

1

ξ̃2n−2
∆Fdvol

∣∣∣∣∣∣∣ (2.8.35)

≤ (2n− 2) ξ1−2n

 ∫
Sξ(v0,w0)

∣∣∣ξ̃∣∣∣4−δ F 2dσ


1/2 ∫

Sξ(v0,w0)

1∣∣∣ξ̃∣∣∣4−δ dσ


1/2

+
1

ξ2n−2

 ∫
Bξ(v0,w0)

∣∣∣ξ̃∣∣∣10−δ |ϕF |2 dvol


1/2 ∫

Bξ(v0,w0)

ξ̃−10+δdvol


1/2

+

∣∣∣∣∣∣∣
∫

Bξ(v0,w0)

1

ξ̃2n−2
∆Fdvol

∣∣∣∣∣∣∣ (2.8.36)
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≤ (2n− 2) ξ1−2nC1ξ
n−2+δ + C2

ξn−5

ξ2n−2
+

∣∣∣∣∣∣∣
∫

Bξ(v0,w0)

1

ξ̃2n−2
∆Fdvol

∣∣∣∣∣∣∣ (2.8.37)

≤ (2n− 2) ξ−n−1+δC1 + C2
1

ξn+3
+

∣∣∣∣∣∣∣
∫

Bξ(v0,w0)

1

ξ̃2n−2
∆Fdvol

∣∣∣∣∣∣∣ (2.8.38)

The first two terms have the desired decay. The last term:∣∣∣∣∣∣∣
∫

Bξ(v0,w0)

1

ξ̃2n−2
∆Fdvol

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∫

Bξ(v0,w0)

1

ξ̃2n−2
ϕ |F | dvol

∣∣∣∣∣∣∣ (2.8.39)

requires more delicate handling. We will first prove an Lp decay estimate for F :

Claim:

νb−1|F |2p+1 ∈ L2 (2.8.40)

for any b/4p < 7.

Proof. We have Q̃2F = 0. Define a weight function u such that

u = νb |F |2p (2.8.41)

Consider the following L2 inner product:

〈Q̃2F, u2F 〉 (2.8.42)

We may write νb as the limit of a sequence of bounded functions and F as the

limit of a sequence in C∞
0 as in the proof of 2.3.4. Then we may integrate by parts

to obtain:

〈Q̃2F, u2F 〉 = ‖Q̃(uF )‖2 − ‖u′F‖2 ≥ ‖∇(uF )‖2 − ‖u′F‖2 (2.8.43)
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Thus,

0 ≥ ‖νb|F |2p∇F‖2 + 2〈∇(νb|F |2p)F, νb|F |2p∇F 〉 (2.8.44)

≥ 1

(2p+ 1)2
‖νb∇|F |2p+1‖2 +

4p

(2p+ 1)2
‖νb∇|F |2p+1‖2

+ 2〈∇(νb)|F |2pF, νb|F |2p∇F 〉 (2.8.45)

=
4p+ 1

(2p+ 1)2
‖∇(νb|F |2p+1)− bνb−1|F |2p+1‖2 + 2〈∇(νb)|F |2p, νb|F |2p+1∇|F |〉

(2.8.46)

=
4p+ 1

(2p+ 1)2
‖∇(νb|F |2p+1)‖2 − 2

4p+ 1

(2p+ 1)2
〈νb∇(|F |2p+1), bνb−1|F |2p+1〉

− 2b2
4p+ 1

(2p+ 1)2
‖|F |2p+1νb−1‖2 +

4p+ 1

(2p+ 1)2
‖bνb−1|F |2p+1‖2

+ 2〈∇(νb)|F |2p, νb|F |2p+1∇|F |〉 (2.8.47)

=
4p+ 1

(2p+ 1)2
‖∇(νb|F |2p+1)‖2 − 4p+ 1

(2p+ 1)2
〈∇r|F |4p+2, bν2b−1〉

− 2b2
4p+ 1

(2p+ 1)2
‖|F |2p+1νb−1‖2 +

1

4p+ 2
〈2bν2b−1,∇r|F |4p+2〉 (2.8.48)

Once again, we integrate by parts:

=
4p+ 1

(2p+ 1)2
‖∇(νb|F |2p+1)‖2 − 4p+ 1

(2p+ 1)2
〈|F |4p+2, b

(
−∇ν −

15

ν

)
ν2b−1〉

− b2
4p+ 1

(2p+ 1)2
‖|F |2p+1νb−1‖2

+
1

4p+ 2
〈2b
(
−∇ν −

15

ν

)
ν2b−1, |F |4p+2〉 (2.8.49)

=
4p+ 1

(2p+ 1)2
‖∇(νb|F |2p+1)‖2 − 2p

(2p+ 1)2
〈|F |4p+2, b

(
−∇ν −

15

ν

)
ν2b−1〉

− b2
4p+ 1

(2p+ 1)2
‖|F |2p+1νb−1‖2 (2.8.50)
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=
4p+ 1

(2p+ 1)2
‖∇(νb|F |2p+1)‖2 − 2p

(2p+ 1)2
〈|F |4p+2, b (−2b− 14) ν2b−2〉

− b2
4p+ 1

(2p+ 1)2
‖|F |2p+1νb−1‖2 (2.8.51)

and so we have:

0 ≥ 4p+ 1

(2p+ 1)2
‖∇(νb|F |2p+1)‖2 − 2p

(2p+ 1)2
〈|F |4p+2, b (−2b− 14) ν2b−2〉

− b2
4p+ 1

(2p+ 1)2
‖|F |2p+1νb−1‖2

⇒

0 ≥ ‖∇(νb|F |2p+1)‖2 − 2p

(4p+ 1)
〈|F |4p+2, b (−2b− 14) ν2b−2〉 (2.8.52)

− b2‖|F |2p+1νb−1‖2 (2.8.53)

= ‖∇(νb|F |2p+1)‖2 +
2pb (2b+ 14)

(4p+ 1)
‖|F |2p+1νb−1‖2 − b2‖|F |2p+1νb−1‖2 (2.8.54)

This implies boundedness of the terms on the right, so long as:

2pb (2b+ 14)

(4p+ 1)
− b2 ≥ 0 (2.8.55)

We must have:

b

4p
≤ 7 (2.8.56)

Returning to the integral (2.8.39):∫
Bξ(v0,w0)

1

ξ̃2n−2
|ϕF | ≤

∫
Bξ(v0,w0)

1

ξ̃2n−2
ξ−3 |F | (2.8.57)

≤
∥∥∥∥ 1

ξ̃2n−2

∥∥∥∥
Lq(B1(v0,w0))

∥∥ν0
−3 |F |

∥∥
Ls(Bξ(v0,w0)) (2.8.58)
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for 1/s + 1/q = 1. For q < (2n)/2(n − 1) = 8/7,
∥∥∥ 1
ξ̃2n−2

∥∥∥
Lq(B1(v0,w0))

< ξ, so we

choose s > 8. For the second factor:∥∥ν0
−3 |F |

∥∥
Ls(Bξ(v0,w0)) = ν−3

0 ‖|F |‖Ls(Bξ(v0,w0)) (2.8.59)

= ν0
−3

(∥∥∥|F |s/2∥∥∥2/s

L2(Bξ(v0,w0))

)
(2.8.60)

= ν0
−3−a

∥∥∥ν sa
2

0 |F |s/2
∥∥∥2/s

L2(Bξ(v0,w0))
(2.8.61)

By the preceding claim,
∥∥∥ν sa

2
0 |F |s/2

∥∥∥2/s

L2(Bξ(v0,w0))
is bounded for (sa/2+1)/(4(s/4−

1/2)) < 7, so that:

(sa+ 2)

(s− 2)
< 14 (2.8.62)

a < (14(s− 2)− 2) /s (2.8.63)

a < 14− 30/s (2.8.64)

Choosing s > 30, we may set a = 12. Substituting this result into (2.8.38), we

have:

|F (v0, w0)| ≤ (14) ξ−9+δC1 + C2
1

ξ11
+ C3

1

ν0
14

⇒

|F (v0, w0)| ≤ (14) ξ−9+δC1 + C2
1

ξ11
(2.8.65)

≤ C

ν0
9−δ (2.8.66)

This gives us sufficient decay for the trace of Q (G−W1) to vanish, and so the

parametrix W may be used to compute the L2-index of Q+.
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2.9 Defect Contribution

Let us now return to the trace we must compute:

1

2

∫
|x|=R

trienτQW∞ =
1

2

∫
|x|=R

trienτQ
(
W non-flat

∞ +W flat
∞
)

(2.9.1)

We must average over the gauge group, as discussed in section 2.4. As noted in

that section, at flat points the S1 action is reduced to the discrete action Z2. We

have two terms:

1

2

∑
σ∈Z2

∫
|x|=R

trienτσ
∗QW∞ (x, y)|y=σx

(2.9.2)

where σ∗ represents the gauge action on spinors. This action is:

exp

(
θ

(
1

2
ψ1sψ2s +

1

2
χi1χ

i
2

))
(2.9.3)

The residual Z2 action arises from θ = 0 and θ = π. Thus, for σ = I, σ∗ = 1 and

for σ = −I, σ∗ =
8∏
s=1

ψ1sψ2s

8∏
i=1

χi1χ
i
2. We obtain:

1

2

∑
σ∈Z2

∫
|x|=R

trτσ∗ienQW∞ (x, y)|y=σx

=
1

2

∫
|x|=R

trτ
8∏
s=1

ψ1s

8∏
i=1

χi1χ
i
2ienQW∞ (x, y)|y=−x

+
1

2

∫
|x|=R

trienτQW∞ (x, y)|y=x

(2.9.4)

Recall that the trace of any term with non-zero Clifford degree is zero. Away

from flat directions, the trace is over the full Clifford algebra, and it is clear from

the construction (2.6.5) that terms which are able to contribute enough Clifford
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factors to saturate the trace will have enormous decay. Near flat points, on the

zero eigenspace of the oscillator Hm + µYµ, we have (for fixed r):

iψ2rψ3rφ0 (x) = −φ0 (x) . (2.9.5)

Thus, for y = x, we can replace τ with
8∏
s=1

ψ1s

8∏
i=1

χi1χ
i
2. We therefore must have

at least the first 7 terms (including the leading term) of QW1 (x, x) vanish in

the trace. We have already seen that the trace of these terms vanishes due to

proposition 2.7.2.

Now, for y = −x, proposition 2.7.2 also gives that the terms for N > 1 vanish

in the trace. The leading term does contribute in this case. Before proceeding

to the computation of this term, we note that some care must be taken with the

expression for W1. When we computed H11 in section 2.7, we chose a particular

point on the sphere to calculate the contribution from the action of the angular

laplacian V 2
j , acting on the spinors. We need to account for this in our trace

computation at y = −x. First define η0 so that:

iγ1
αβψ2αψ3βη0 = −8η0. (2.9.6)

I.e. η0 has eigenvalue −8 under Yµ (x0). Now we define:

η0 (x) = gxη0g
−1
x (2.9.7)

where gx ∈ Spin (8) and gxx0g
−1
x = x. Then:

Yµ (x) η0 (x) = gxix
1
0γ

1
αβg

−1
x ψ2αψ3βgxη0 (2.9.8)

= gxix
1
0γ

1
αβψ2αψ3βη0 (2.9.9)

= −8gxη0 (2.9.10)

= −8η0 (x) . (2.9.11)
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Now we need to find g−x. By definition:

g−xx0g
−1
−x = −x0 (2.9.12)

so that g−x must map to −1 ∈ SO (8), under the usual double cover map. We

have:

Yµ (−x0) η0 (−x0) = −Yµ (x0) g−xη0. (2.9.13)

We just check that g−x =
∏
ψ3s gives η0 (−x0) = g−xη0 with the correct eigenvalue

under Yµ (−x0).

Yµ (−x0)
16∏
s=9

ψ3sη0 = −Yµ (x0)
16∏
s=9

ψ3sη0 (2.9.14)

=
16∏
s=9

ψ3sYµ (x0) η0 (2.9.15)

= −8
16∏
s=9

ψ3sη0. (2.9.16)

Note that we could also have chosen g−x =
∏
ψ2s. The redundancy is not a

problem, since for any x, η0 (x) is eigen under ψ2rψ3r, for any fixed r. Hence, in

the trace,
∏
ψ2s and

∏
ψ3s are interchangeable. Thus, τ may be replaced with
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8∏
s=1

ψ1sψ2s

8∏
i=1

χi1χ
i
2. Now we have:

1

2

∫
|x|=R

tr
8∏
s=1

ψ1sψ2s

8∏
i=1

χi1χ
i
8

8∏
s=1

ψ1sψ2s

8∏
i=1

χi1χ
i
2ienQW∞ (x, y)|y=−x

+
1

2

∫
|x|=R

tr
8∏
s=1

ψ1s

8∏
i=1

χi1χ
i
2ienQW∞ (x, y)|y=x

(2.9.17)

=
1

2

∫
|x|=R

trienQW∞ (x, y)|y=−x

+
1

2

∫
|x|=R

tr
8∏
s=1

ψ1s

8∏
i=1

χi1χ
i
2ienQW∞ (x, y)|y=x

(2.9.18)

=
1

2

∫
|x|=R

trienQW∞ (x, y)|y=−x
(2.9.19)

We also must consider the flat directions along x9
3. This part of W flat

∞ cannot

contribute to the trace. Note that for φ0 in the zero eigenspace of the oscillator

associated to the flat direction along x9
3, we have that χi1χ

i
2φ0 = −8φ0. So we can

replace the χ fermions in τ with a constant. The gauge action is identically zero

on φ0, so we could replace the ψ1ψ2 terms with χ1χ2 terms. But we cannot get

rid of the ψ3 terms, so the trace vanishes.

Now consider:

W flat
∞ =

(
W1 −W1

(
bt + b̃t

)
W2

0 W2

)
. (2.9.20)

Away from x = y, W2 is smooth, and satisfies ‖QW‖2 > c
∥∥r1/2W

∥∥2
so QW2|y=−x

decays much more rapidly than the required 1/r9 and this term traces to zero in

the limit R→∞.
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We have left only to compute the term associated to W1. Recall from (2.7.85):

W1 = ∆−1 −∆−1Ṽ

∞∑
k=0

(−1)k(Ṽ ′∆−1Ṽ )kṼ ′∆−1 (2.9.21)

Let ω7 denote the volume of S7. Then ∆−1 has the kernel:

1

6ω7g (x− y, x− y)3 (2.9.22)

where gij denotes the inverse of the metric gij and gij = δij + `ij (x), and |`ij| ≤

1/µ5. In section 2.7.2 we have shown that the terms in W1 with k > 3 must vanish

in the trace. For k < 3, the only term with enough Clifford factors to saturate the

trace is the very first term. Now, since QW1 (x, y) must be evaluated at y = −x:∫
|x|=R

trienQW1 (x,−x) dx

=

∫
|x|=R

trienQ

(
1

6ω7 |x− y|6

)∣∣∣∣
x=−x

+

∫
|x|=R

dxtrien Q

(
W1 −

1

6ω7 |x− y|6

)∣∣∣∣
x=−x

(2.9.23)

The second term vanishes in the limit R→∞. Now, the defect term is:

Iδ =

∫
|x|=R

trienQ

(
1

6ω7 |x− y|6

)∣∣∣∣
x=−x

= 23+M/2 1

ω7

∫
S7(r)

1

|2x|7

= 2M/2−4

and so finally:

Iδ = 2M/2−4 (2.9.24)

where M is the number of χi1χ
i
2 terms.
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2.10 Calculating the Principal Contribution

Note: in this section, we rename β0 = β to simplify notation. The principal

contribution is:

lim
β→0

∫
|x|<R

trτe−βQ
2

PG dx, (2.10.1)

where PG denotes projection onto gauge-invariant states. This computation is

analogous to the boundary term computed in section 2.5. As before, we write:

e−βQ
2

=

∫
γ

e−βz

2πi

(
Q2 − z

)−1
dz (2.10.2)

Now let:

σz = 4π2 |η|2 + V − z (2.10.3)

Define:

L = ∆ + 4πiηi
∂

∂xi
+HF (2.10.4)

Approximating the inverse of Q2 − z:

(
Q2 − z

)−1 ≈
∫
e2πiη·(x−y)σ−1

z

N∑
k=0

(−1)k
(
Lσ−1

z

)k
dη

def
= WN

z (2.10.5)

∫
|x|<R

trτ

∫
γ

e−βz

2πi

(
Q2 − z

)−1
dz = (2.10.6)

∫
|x|<R

trenτ

∫
γ

e−βz

2πi
WN
z dz

+

∫
|x|<R

trenτ

∫
γ

e−βz

2πi

((
Q2 − z

)−1 −WN
z

)
dz (2.10.7)
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We retain the same definitions of p, q, and M as in section 2.5. We have M

representing the number of χi terms, p the number of HF terms and q the number

of gauge terms. Also note that the error term associated to this contribution

vanishes by exactly the same argument as in the case of the boundary term (2.5.8).

So, focusing our attention to the first integral above, we again note that the trace

is zero whenever a term does not have Clifford degree 0. Thus, we compute only

terms which saturate the trace with Clifford factors. In this case, the only terms

which contribute Clifford factors are HF and the gauge action. Thus, we’ll need

p+ q = 12 +M . The term lowest order in β that may contribute to the trace is:∫
|x|<R

trτ

∫
γ

e−βz

2πi

∫
e2πiη·(x−y)σ−p−1

z Hp
FPG dηdz (2.10.8)

Computing the contour integral:∫
γ

e−βz

2πi

∫
e2πiη·(x−y)σ−p−1

z Hp
Fdηdz = βp

∫
e−β(4π2|η|2+V )e2πiη·(x−y)Hp

Fdη (2.10.9)

and now the η integral:∫
βpe−4π2β|η|2e2πiη·(x−y)e−βVHp

Fdη =
βp

(4πβ)17/2
e−

|x−y|2
4β e−βVHp

F (2.10.10)

Again, we average over the gauge group:∫
|x|<R

dx

π∫
−π

dθ

2π
trτeθ(χ

i
1χ

i
2+ψ1sψ2s) βp

(4πβ)17/2
e−

|x−Rθx|2
4β e−βV (2.10.11)

Rescaling θ → β3/4θ and replacing

e−
|x−Rθx|2

4β ≈ e−θ
2β1/2(x2

1+x2
2) (2.10.12)
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for small β, we obtain:

∫
|x|<R

dx

π∫
−π

dθ

2π
trτeθ(χ

i
1χ

i
2+ψ1sψ2s) βp

(4πβ)17/2
e−

|x−Rθx|2
4β e−βVHp

F

≈
∫

|x|<R

dx

π/β3/4∫
−π/β3/4

β3/4 dθ

2π
trτe−θ

2β1/2(x2
1+x2

2)eβ
3/4θ(χi

1χ
i
2+ψ1sψ2s) βp

(4πβ)17/2
e−βVHp

F

(2.10.13)

Expanding eθ(χ
1
iχ

2
i +ψ1sψ2s) and considering the lowest order contributing term:

∫
|x|<R

dx

π/β3/4∫
−π/β3/4

β3/4 dθ

2π
trτe−θ

2β1/2(x2
1+x2

2)
(
β3/4θ

)q

×
(
χi1χ

i
2 + ψ1sψ2s

)q βp

(4πβ)17/2
e−βVHp

F (2.10.14)

Rescaling xi → xiβ1/4:

∫
|x|<Rβ1/4

dx

π/β3/4∫
−π/β3/4

β12 dθ

2π
trτe−θ

2(x2
1+x2

2)
(
β3/4θ

)q

×
(
χi1χ

i
2 + ψ1sψ2s

)q β3p/4

(4π)17/2
e−VHp

F (2.10.15)

Setting p+ q = 12 +M and counting β′s:

β
3(p+q)

4
−12 = β

3(M+12)
4

−12 (2.10.16)

= β3M/4−3 (2.10.17)

From the above, we see that the principal term vanishes when β is taken to zero

more slowly than R−4, for M > 4. Putting this result together with the defect
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term calculated in the previous section, we obtain:

L2 − Index (Q+) = Ip + Iδ (2.10.18)

= 0 + 2M/2−4 (2.10.19)

= 2M/2−4 (2.10.20)

and we have just proved the main theorem, 2.2

106



Chapter 3

Conclusion

We computed the L2 index of our operator Q+. Since the index is non-zero, we

conclude that bound states do exist. There are a few other observations that we

would like to note.

First, the number of χi terms being at least 8 is necessary to prove the van-

ishing of the boundary term corresponding to the principal contribution. If there

are fewer than 8 terms our β → 0 limit does not exist. Once we have 8 terms, the

principal contribution vanishes and contributions to the index come solely from

the flat directions. This is different from the related problem of calculating the L2

index of the operator associated to D0 brane binding in the absence of the orien-

tifold. There, the principal term contributes, but its contribution is non-integral.

In that case the non-integral principal term is complemented by a non-integral

defect term, which of course gives an integral index.

Another interesting feature of both this model and the related D0 case is that

when Q2 is decomposed in terms of oscillators transverse to flat directions, the
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1/r2 terms always exactly cancel. In this model, the additional flat branch along

the x9
3 direction also has this property, provided there are exactly 8 χ terms.

We note in conclusion, that the increased symmetry of this problem (as com-

pared to the D0 − D0 case) could allow for an explicit description of the kernel

of Q.
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