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Abstract

This dissertation is devoted to modeling complex data from the Bayesian perspec-
tive via constructing priors with latent structures. There are three major contexts
in which this is done — strategies for the analysis of dynamic longitudinal data, es-
timating shape-constrained functions, and identifying subgroups. The methodology
is illustrated in three different interdisciplinary contexts: (1) adaptive measurement
testing in education; (2) emulation of computer models for vehicle crashworthiness;
and (3) subgroup analyses based on biomarkers.

Chapter 1 presents an overview of the utilized latent structured priors and an
overview of the remainder of the thesis. Chapter 2 is motivated by the problem
of analyzing dichotomous longitudinal data observed at variable and irregular time
points for adaptive measurement testing in education. One of its main contributions
lies in developing a new class of Dynamic Item Response (DIR) models via specifying
a novel dynamic structure on the prior of the latent trait. The Bayesian inference
for DIR models is undertaken, which permits borrowing strength from different in-
dividuals, allows the retrospective analysis of an individual’s changing ability, and
allows for online prediction of one’s ability changes. Proof of posterior propriety is
presented, ensuring that the objective Bayesian analysis is rigorous.

Chapter 3 deals with nonparametric function estimation under shape constraints,
such as monotonicity, convexity or concavity. A motivating illustration is to generate

an emulator to approximate a computer model for vehicle crashworthiness. Although
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Gaussian processes are very flexible and widely used in function estimation, they are
not naturally amenable to incorporation of such constraints. Gaussian processes with
the squared exponential correlation function have the interesting property that their
derivative processes are also Gaussian processes and are jointly Gaussian processes
with the original Gaussian process. This allows one to impose shape constraints
through the derivative process. Two alternative ways of incorporating derivative
information into Gaussian processes priors are proposed, with one focusing on sce-
narios (important in emulation of computer models) in which the function may have
flat regions.

Chapter 4 introduces a Bayesian method to control for multiplicity in subgroup
analyses through tree-based models that limit the subgroups under consideration
to those that are a priori plausible. Once the prior modeling of the tree is accom-
plished, each tree will yield a statistical model; Bayesian model selection analy-
ses then complete the statistical computation for any quantity of interest, resulting
in multiplicity-controlled inferences. This research is motivated by a problem of
biomarker and subgroup identification to develop tailored therapeutics. Chapter 5

presents conclusions and some directions for future research.
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1

Introduction

Many statistical problems are concerned with interpreting, incorporating and iden-
tifying meaningful structure in data. For instance, with time series data, the core
issue is often to model the data as a function of underlying latent states that have a
specified structure.

In function estimation, the unknown function is often known to possess a latent
structure, such as unimodality, monotonicity or convexity. As a practical example,
Figure 1.1 (see Bayarri et al. (2009) for further details) describes the velocity pulses
of a vehicle over a period of 0.065 seconds in reacting to a crash. In this situation, it is
reasonable to assume that the velocity output of the vehicle decreases monotonically
with time. Thus any model we build of the function should utilize this type of
constrained structure.

In subgroup analyses, biological information often suggests that only certain la-
tent subgroup structures are plausible, and basing the analysis on such structures
can greatly improve their power.

The central purpose of this thesis is to exemplify how the Bayesian use of prior

information allows one to naturally incorporate complex latent structures into the
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FIGURE 1.1: Velocity pulses in the occupant compartment from vehicle crash

analysis, through appropriate stochastic representations of the structures. Because
the Bayesian approach is completely probabilistic, these prior structures can then be
seamlessly integrated with the probabilistic data model to draw needed inferences.
This theme of prior modeling of latent structures is illustrated in three domains:
1) analyzing dynamic latent trajectories of growth in unequally-spaced longitudi-
nal/time series data; 2) imposing shape constraints (such as monotonicity, convexity
or concavity) on nonparametric function estimation with Gaussian process priors; 3)

subgroup analyses with latent subgroup structures.



1.1 Three Latent Structure Prior Models

Three of the common approaches to modeling prior structure — state space modeling,
Gaussian processes, and tree-based models — will be reviewed here. All three will be

utilized in later chapters of the thesis.
1.1.1 State Space Models

Longitudinal data is frequently encountered in social and behavioral sciences, medi-
cal and public health sciences, and finance and economics. Longitudinal data can be
regarded as a collection of many time series, each for one subject. The primary inter-
est of longitudinal data analysis usually lies in exploring the mechanism of changes
over time, including growth, aging, time effects of covariances and so on. State space
models are a successful class of models for identifying and interpreting this latent
processes underlying the observed time series. They allow a natural interpretation
of time series as the combination of several components, such as trend, seasonal or
regressive components. They also have an elegant and flexible probabilistic struc-
ture, which makes computation easy through recursive algorithms; this feature also
makes them natural to consider in a Bayesian framework.

The idea of state space modeling was clearly stated in Kalman (1960), in connec-
tion with the theory of controls in linear system. Duncan and Horn (1972) showed
that linear mixed models have a state space representation. Akaike (1974), Harrison
and Stevens (1976) used state space models for analysis of time series. State space
models for analyzing longitudinal data were described by Jones (1993). A compre-
hensive description of these models can be found in West and Harrison (1997), Petris
et al. (2009) and Prado and West (2010).

A state space model consists of an RP-valued time series of the latent state process

0; and an R%valued time series of the observation process {Y;} , fort =0,1,---,T,



and is defined to satisfy the following assumptions (see Chapter 2 in Petris et al.

(2009)):
1. 8;, fort =0,1,--- ,T is a Markov chain;

2. Conditionally on 8, for t =0,1,--- ,T, the Y,’s are independent and Y; only

depends on 6;.

Thus, the state space model is completely specified by the initial distribution 7(6)
and the conditional densities 7(0; | 6;_1) and 7(Y, | 8;) for t > 1. In fact, for any

T>1,

T

(6o, Yiur) = m(0o) [ [ 7(6: | 6:-1)7m(Y: | 6:).

i=1
The dependence structure of the state space model can be presented as a special case

of a directed acyclic graph (cf. Cowell et al. (2003)) shown in Figure 1.2.

6, >0 —->0,>--—>0, >0 >0 -

Vool Vool
Y, Y, Y, Y 7Y

1 2 t-1 t t+1

FIGURE 1.2: Dependence structure for a state space model

An important class of state space models is Dynamic linear models (DLM’s),
where the dependence of latent states and observations have a Gaussian linear struc-
tures. To be more specific, a DLM is specified by a normal prior distribution at the

p-dimensional initial state, i.e.

0 N/\/;a(mo,co),



together with the pair of observation and system equations as below for any ¢ > 1,

Observation Equation: Y, = A,0; +¢€, € i Ny(0,V,),
System Equation: 6; = B0, 1 + &, & S (0, Wy),
where A; and B; are d x p and p X p matrices, respectively, that can be known or
estimated. Estimation and forecasting with DLM’s can be easily done using the well-
known Kalman filter and Kalman smoother (see Proposition 2.2 and Proposition 2.4
in Petris et al. (2009)).

The closed forms of the Kalman filter and Kalman smoother are attractions of
DLM’s, but the assumption of the linear Gaussian structure for states and obser-
vations may not hold in many situations, especially when DLM’s are extended to
analyze longitudinal data. For example, in the analysis of adaptive testing in edu-
cation discussed in Chapter 1, a time series of binary observations is recorded for
each individual; this clearly cannot be normally distributed. The literature general-
izing state space models to nonlinear and non-Gaussian situations includes Kitagawa
(1987), Carlin et al. (1992), Fahrmeir (1992), West and Harrison (1997), Jorgensen
et al. (1999), and Song (2007).

Another limitation of standard state space models is clearly shown in Figure
1.2: there is no additional structure in the model to allow for uncertainty in the
timings between different observations, an issue that arises frequently in studies in
social or biomedical research. Huerta and West (1998) revised DLM’s in order to
consider a time series of oxygen isotope observations sampled at irregularly spaced
intervals. Xu et al. (2007) extended state space models to analyze unequally spaced
longitudinal count data from a frequentist perspective. One approach to overcoming
this problem is to let the matrices B, and W, in system equations be functions of

the time intervals between observations.



1.1.2 Gaussian Process models

Suppose the data consists of n pairs of covariates/inputs t; € 7 and noisy re-

sponses/outputs x; € R where the responses are independently
Ti = f(tl) +e, €~ ./\/(0,0’2),

with 02 being the variance of the noise. A natural question for a Bayesian is how to
build a prior distribution for the function f(-): 7 — R.

One of the most popular nonparametric prior distributions over functions is
the Gaussian process (GP) (see Rasmussen and Williams (2006)). According to

Quinonero Candela and Rasmussen (2005),

Definition 1.1. A GP is a collection of random wvariables, any finite number of

which have a joint Gaussian distribution.

This definition reveals that the main idea underlying the GP is to model (f(t1),- - -,
f(t,)) for any n € N, and any t; € 7,Vi € {1,--- ,n} jointly as a multivariate nor-
mal distribution with some mean vector (m(t;),---,m(t,))" and covariance matrix
K. Here m(-) is a mean function mapping 7 to R and K(t;,t;) fori =1,--- ,n and
j = 1,--- ,n indicates entries of covariance matrix K, which are determined by a
covariance function. (For examples, see Rasmussen and Williams (2006) Section 4.2
and Banerjee et al. (2004) Section 2.1.3).

Letting r = ||t — t'||, where || - || denotes Euclidean distance, two of the most

common covariance functions used in GP to estimate smooth functions are

e Power Exponential, (Oliveira et al. (1997))

KPE(T):JQexp<%>7, for B>0,v€(0,2].

This family of covariance functions includes both the exponential (v = 1) and

squared exponential (v = 2) covariance functions.
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e Matérn, (Matérn (1986), Handcock and Stein (1993))

m(r)zoﬁl(;) (%) K, (%) for 5> 0,0>0,

where I'(+) is the gamma function, K, (-) is the modified Bessel function of the

order v (Abramowitz and Stegun (1965), Section 9.6). This family contains
the exponential covariance function (v = 0.5) and the squared exponential

covariance function (v — o0).

If the joint multivariate normal distribution holds for any ty,--- ,t, withn € N,
the prior distribution for f(-) is a Gaussian process. Hence the Gaussian process
could be viewed as a generalization of the multivariate normal distribution to the
infinite extreme.

Let Z(t) be a real stochastic process and define mean function m(t) and the

covariance function K (t,t’) as

m(t) = E[Z(t)]

K(t,t') = E[(Z(t) — m(t))(Z(t) — m(t))].
Then, the GP is denoted as
Z(t) ~ GP(m(t), K(t,t')),

which implies the GP is completely specified by its mean function and covariance
function. Moreover, the mathematical properties of the realization of a GP, such
as continuity and differentiability are also determined by its mean function and
covariance function (see Adler (1981) for details).

One attraction of GP models is that, often, much of the computation will simply
be parametric Gaussian computation. In addition, GP models are very flexible for

modeling complex phenomena since they allow possible nonlinear effects and can

7



handle dependencies between covariates. There have been numerous uses of GP
models in statistics, including the early papers Blight and Ott (1975) and O’Hagan
and Kingman (1978). Rasmussen and Williams (2006), Kuss (2006), and references
therein demonstrated the use of GP models in regression, classification and reinforce-
ment learning in machine learning. Another important application of GP models is
multivariate interpolation, for instance, in spatial statistics under the well-known
name ‘kriging’ (see Cressie (1993), Banerjee et al. (2004) and reference therein), or
in emulating deterministic computer experiments with Gaussian response surface ap-
proximations (see Santner et al. (2003) and Fang et al. (2005) for details). Shi and
Choi (2011) summarized the use of GP models in the analysis of functional data.
GP models have not been widely used when there is prior knowledge concerning
the shape of the function. This is mainly due to the normality property of a GP,
which can not guarantee that realizations of the GP would be positive, monotonic,
convex, etc. Chapter 3 in this thesis will be devoted to the study of the possibilities

for introducing such constraints into Gaussian processes.
1.1.83  Tree-based Models

Although linear regressions and other parametric models provide a useful way for
interpreting simple structures in data, such simple structures often do not hold uni-
formly over the entire dataset. Instead, such structures might hold locally, but with
the structure changing over the range of the data. A popular tool for addressing
such problems is tree-based modeling.

Tree-based models use a recursive method to partition the feature space. Usually,
by recursively bisecting the predictor space, the hierarchical tree structure divides the
dataset into homogeneous groups and handles interactions and nonlinearities between
predictors and response in a implicit way. The subset of data in each terminal node

of the tree will supposedly be a homogeneous population that can then be modeled



using traditional statistical structures.

To elaborate further, a tree-based model contains two important parts: 1) a bi-
nary tree T' that partitions the predictor space X into b different disjoint subspaces,
where b is the terminal nodes of the tree T'; 2) a parameter space © = (61, ,6),
where the parameter 0; is associated with the ith terminal node to specify the sub-
model for observations and predictors within the terminal node. Notice that every
observation and each value of the predictor are assigned to only one specific termi-
nal node in the tree 7. Each interior node of the binary tree T has two children,
using a single predictor variable in the splitting rule. Whether a tree-based model is
called a regression tree or a classification tree depends on whether the observation
is quantitative or qualitative. A simple example of using a binary tree structure to
partition the predictor space (X7, X3) is shown in Figure 1.3, where X; and X, are
assumed to be continuous variables and Y;’s, for ¢ = 1,--- 10, are data. The tree
divides the space of X7 and X, at X; = t; and X, = t5. The orange nodes indicate
they are terminal nodes in this binary tree.

The tree partitioning, also known as recursive partitioning, was used early on
in the analysis of survey data. Belson (1959) addressed a matching issue to do
prediction. Morgan and Sonquist (1963) proposed the automatic interaction detector
algorithm for growing a binary regression tree. The application of tree-based models
has grown enormously since the development of Classification and Regression Trees
(CART) by Breiman et al. (1984). For example, Bahl et al. (1989) introduced a tree-
based language model for natural language speech recognition, Geman and Jedynak
(1996) employed decision trees to form an active testing model for tracking roads in
satellite images, De’ath and Fabricius (2000) summarized the application of CART
to ecological data, Lee et al. (2006) demonstrated the effectiveness of credit scoring
by using CART on a bank credit card dataset, and Roko and Gilli (2008) used the

classification tree to do stock selection. Moreover, the binary tree representation as

9



Xo > tg

Y;,i=6,7,8,10

F1GURE 1.3: The binary tree representation of partitioning the predictor space

shown in Figure 1.3 is natural in stratifying a population into strata of high and
low outcomes, on the basis of subjects’ characteristics, and so has become popular
in medical and clinical studies, for instance, in Marshall (2001), Lemon et al. (2003)
and Ruberg et al. (2010). The latter is particularly relevant to this thesis, in that it
considers subgroup analyses in clinical trials, the subject of Chapter 4.

The conventional approach to finding a ‘good’ binary tree is to use a greedy
algorithm to grow a tree and then prune it back to avoid overfitting (Breiman et al.
(1984) and Quinlan (1986)). In contrast, Chipman et al. (1998) and Denison et al.
(1998) proposed a Bayesian approach which induces a posterior distribution to guide
a stochastic search towards ‘more promising’ treed models. A key aspect of any
Bayesian method is to introduce prior distributions on all unknowns. As mentioned
earlier, there are two important components constituting a tree-based model, the tree
structure T' and terminal node models ©. Thus, the unknowns could be identified

as (©,T) and the question is how to specify a prior distribution Pr(©,7"). Since ©
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indexes the parametric model for each tree 7', it is often more convenient to write
Pr(0,T) as
Pr(©,7) =Pr(© | T)P(T),

and then specify Pr(© | T') and P(T") separately. The advantage of this structure
is that the choice of T" does not depend on the form of the submodel distribution
at the terminal node, which makes the specification of prior in the tree space very
flexible. In Chapter 4, we specify Pr(7") implicitly by a random tree generating
stochastic process. To be specific, each tree is a realization of such process, and can
be considered as a random draw from this prior, as in Chipman et al. (1998) and Wu
et al. (2007).

Typically, the stochastic process for drawing a tree from the prior Pr(7T) is de-
scribed in a recursive manner, where the tree starts with a single root node, and grows
by randomly splitting nodes to form children, who can be further split. The two core
issues in this growing process are the splitting probabilities and the probability of
assigning some splitting rule to the node, which actually determine the complexity of
the tree. Chipman et al. (1998) used the splitting probability a(1 +d,)~” to control
the size and shape of the generated trees, where d, here indicates the depth of the
node 7 in the tree, a € (0,1) and 3 > 0 are prechosen control parameters. Wu et al.
(2007) argued that the prior Chipman et al. (1998) used are controlling the number
of nodes and shape of the tree implicitly. They, instead, proposed a “pinball prior”
to allow for the combination of an explicit specification of a distribution for both
the tree size and the tree shape. The random mechanism we adopt in Chapter 4 to
specify the splitting and other properties of the tree is quite different from theirs,

and is tailored to specific issues arising in subgroup analyses of clinical trails.
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1.2  Outline and Contributions of the Thesis

In Chapter 2, a new class of state space models, called Dynamic Item Response
(DIR) models, is developed, in the context of the adaptive measurement testing in
psychometric and educational studies. Chapter 3 develops two alternative ways to
incorporate shape constraints into Gaussian process priors. Chapter 4 considers the
problem of subgroup analyses, where the focus is to develop a Bayesian method
to control for multiplicity. Chapter 5 gives a summary of the thesis and indicates
directions and topics for future research. In the following, the motivations and major

statistical contributions of each chapter are elaborated.
Chapter 2

Item Response Theory (IRT) models have been widely used in measurement testing
in social and behavioral sciences. In classical IRT, it is assumed that one’s response
to a particular item in the test is independent given that person’s ability and the
item difficulties in the test. However, the increased availability of large and com-
plex longitudinal data in measurement testing especially for the advent of computer
adaptive testing, has challenged this fundamental assumption in various ways. A
case in point is the reading test dataset from MetaMetrics, Inc. The three major
characteristics of MetaMetrics data are: 1) there are repeated observations available
for individuals through time, and moreover, this longitudinal data is observed at vari-
able and irregular time points; 2) besides the ability and the item difficulty, there are
numerous other factors such as health status, the understanding of the background
knowledge or context and etc. to influence one’s response to a particular item in the
test, thus going against the fundamental assumption of IRT models; 3) there is some
uncertainty associated with each item difficulty, which implies the item is randomly

drawn from a bank of items where all items have the same ensemble mean.
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Thus, the main contribution of Chapter 2 lies in developing a new class of state
space models, called Dynamic Item Response (DIR) models, in the context of item
response theory, to deal with the three critically needed generalizations mentioned
above. The dynamic structure to accommodate changes in the ability/trait is in-
corporated into the model via specifying the prior of the latent variable, i.e. the
ability /trait. A random effect approach is utilized to study the potential dependen-
cies between items in the test. The models can be applied either retrospectively to

the full data or prospectively, in cases where real-time prediction is needed.
Chapter 3

Computer models are increasingly being used to represent complex physical pro-
cesses. However, computer models are often very time consuming to run, and hence
cannot be directly utilized for many important tasks such as designs or Bayesian
inferences. A common solution is to build a statistical approximation — called an
emulator — to the output of the computer model. Gaussian process models is the
most common approximation method used to approximate the output of the com-
puter models.

Often, the response of the computer model to certain inputs has a shape-constrained
form. For example, as shown in Figure 1.1, the velocity of a relevant feature of a
vehicle in reacting to a crash will be decreasing with time. The main contribution
in Chapter 3 is to allow introduction of such shape constraints in the construction
of Gaussian process emulators. This is done by imposing constraints on the deriva-
tives of the Gaussian process at points in the input space. Two alternative ways
of incorporating derivative information into Gaussian processes are proposed, with
the second method being more suitable for functions that have flat areas. A com-
putational implementation of this idea is developed and shown to be successful in

estimating constrained functions.
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Chapter 4

Patients in a clinical trial are often not a homogeneous sample; their responses to
a treatment and the impacts of different treatments on them may vary. Indeed, it
is often plausible that there are specific subgroups of patients who would respond
more effectively than others to a treatment and the identification of such subgroups
is of great interest. But, from a statistical perspective, searching for such subgroups
is known to be problematical, because of the dangers of multiple testing.

Chapter 4 develops a new Bayesian approach to subgroup analyses using tree-
based models, in which the population is partitioned into allowable subgroups arising
from terminal nodes of trees based on population covariate splits, with possible zero
treatment effects or zero baseline effects. The terminal nodes of each tree provide a
latent partition of the population into different subgroups. Following this approach
and insisting on certain rules for tree construction result in a dramatically reduced
number of biologically reasonable subgroups that need to be considered. Determining
how to embed prior information about subgroups into these tree-based models is one
of the vital parts for this research and will stimulate further investigation.

After the completion of the specification of the tree prior, each tree results in
a statistical model, and Bayesian model selection techniques are utilized to yield a

multiplicity-controlled posterior subgroup analysis.
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2

Dynamic Item Response Models

Is it possible that we monitor the changes of one’s ability as easy as we do that of
the height and weight? Item Response Theory (IRT) models have already provided
a powerful way to measure the latent ability of individuals at one time and have
been widely used in educational measurement testing. With the advent of adaptive
measurement testing, how to measure dynamic changes for the individual ability
throughout the time is the most critical issue that is badly in need of solution. How-
ever, the recent literature of IRT models keeps silent on this. This chapter is going
to present a generalization of IRT models in the context of adaptive measurement
testing on developing a new class of IRT models, which is motivated from a large
collection of reading test data obtained from MetaMetrics, Inc.. It will focus on
extending the IRT models in the situations: when there are repeated observations
available for individuals through all the time; when there are various violations of the
common assumption that test results are conditionally independent, given abilities
and item difficulties; and when there are partial uncertainties associated with item
difficulties. The Dynamic Item Response (DIR) models proposed in this chapter

cover and extend the paper of Wang et al. (2012). The significant contributions for
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DIR models rest on adding a novel dynamic structure for the latent trait of the abil-
ity to the framework of IRT models to accommodate changes in the ability as well
as adding random components to it to account for correlated relationship between
items within a test. Although the main concentration in this chapter is on IRT mod-
els, our idea is straightforward to be applied to discrete/continuous response with
longitudinal data observed at variable and irregular time points in other kinds of

model concerned.

2.1 Literature Review and Motivations

2.1.1 Background

Item response theory (IRT) models are frequently used in modeling dichotomous
data from educational tests, since they allow separate assessment of the ability of
examinees and effectiveness of the test items. A typical one-parameter IRT model is

of the form
PI‘(Xl'l =1 ’ 91', dl) = F(@Z - dl), (21)

where 6; indicates the ability of the i-th person; d; indicates the difficulty of the [-th
test item; the item response variable X; could be either 0 or 1, corresponding to
whether the [-th test item taken by the i-th person is answered correctly or not; and
the item characteristic curve, F(+), is a cdf from a continuous distribution. When
F(-) is the standard logistic cdf, the one-parameter IRT model (2.1) becomes the

famous Rasch model

exp(#; —d
Pr(Xy =1]6;d) = 1 +e)£p(9- _l)dl)' (2.2)

If F = &, where ® is the standard normal cdf, then

Pr(Xy =110;,d) = ®(0; — dy) (2.3)
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defines the one-parameter Normal Ogive or Probit model. We will focus on the
former model in this chapter, for reasons to be discussed later, although the analysis
of the Probit model is actually easier and can be done with a simplified version of
the methodology developed here.

The development of item response theory from the classical point of view owes
much to the pioneering work of Lord (1953), Rasch (1961), and their colleagues.
Among the many noteworthy contributions are Andersen (1970) and Darrell Bock
and Lieberman (1970).

In classical IRT, it is assumed that the X;; are independent, given the person’s
ability #; and the difficulty levels d;. This is often referred to as the local independence
assumption. There are situations in which this assumption is violated. One such
is Computer Adaptive Testing (CAT), wherein the selection of the next test item
typically depends specifically on the previous questions and answers.

The situation is less clear with what is studied herein, MetaMetrics’ educational
assessment program called Computer Adaptive Instruction and Testing (CAIT) pro-
gram. With the CAIT, a test pool of articles is selected for the student based on an
estimate of their current ability; the student selects an article from this pool; and
the test questions (described later) are then generated before reading commences.
Thus, in the environment of the CAIT, the possible violation in the local indepen-
dence would arise from sources such as article selection by the student, and the fact
that the test questions relate to the same article so that overall understanding of the
article could affect all answers; in this chapter, such possible effects will be called
test effects. Other factors that could cause violation of the local independence in-
clude health status and emotional status of the student on a given day; these will be
referred to as daily effects. In the MetaMetrics scenario, there had been no previous
demonstration of the violation of the local independence through the presence of
test effects or daily effects, and there was a considerable interest in establishing such
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presence for possible enhancement of current models.

Pioneering papers that addressed the local dependence were Stout (1987) and
Strout (1990), where an essential dimensionality of the collection of test items and
an essential independence were introduced, and Gibbons and Hedeker (1992), which
considered the conditional dependence within identified subsets of items by allowing
random effects in the analysis. More recent work in this direction is the testlet
response theory modeling, proposed by Bradlow et al. (1999). They defined a testlet
as the subset of items; for example, a reading comprehensive section in the SAT is
defined as the testlet. They then modified the classic IRT models to add a random
effect term to represent the common factor affecting the responses in the testlet.
Another approach to handle the local dependence is the introduction of the Markov
structure, such as Jannarone (1986) which introduced the conjunctive IRT kernel.
A recent paper concerned is Andrich and Kreiner (2010), where they modified the
Rasch model by allowing the conditional probability of a response to an item to
depend on the answer of a previous item.

For the modeling in this chapter, the random effect approach will be followed.
Indeed, two levels of random effects will be introduced, to model the daily effects
and test effects, respectively.

Another essential generalization of the IRT models lies in their applicability to
longitudinal data, i.e., to scenarios in which an individual is tested repeatedly over
time; then, the interest typically centers on the growth of an ability in the individual.
Embretson (1991) and Marvelde et al. (2006) presented a multidimensional Rasch
model to represent the change of an ability as an initial ability and one or more
modifiabilities. Based on the belief that a person’s ability growth would be increasing
over time, Adler (1981), Tan et al. (1999) and Johnson and Raudenbush (2006) used
linear or polynomial regression of the time variable to measure the growth of ability;
their analysis required the same time span and testing points for all examinees.
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Martin and Quinn (2002) modeled the transition of a voting preference as a first-order
Markov process, where they assumed voting preference changes from the previous
time point to a new point by a random shock; this work did not incorporate a time
trend. Park (2011) supposed that changes in a voting preference were subject to
discrete agent-specific regime changes and modeled the indicator of the preference
regime changes as a first-order Markov process.

Our approach to the longitudinal issue is based on a new class of dynamic linear
models (DLM’s) (see the background of DLM’s in Section 1.1.1of Chapter 1). The
literature on DLM’s or state space models, in the framework considered here of
longitudinal binomial data is also reviewed in Section 1.1.1 of Chapter 1. Our models
are distinguished from this literature by simultaneously allowing for the following
features: (i) observations at variable and irregular time points; (ii) continuously
changing ability, but with an incorporation of knowledge concerning trends (e.g.,
increasing ability over time) in a non-dogmatic way (thus accommodating, say, a drop
in reading ability over a summer vacation); (iii) an analysis that is either individual or
hierarchical across a group of individuals, the latter allowing for “borrowing strength”
in estimates of certain overall parameters; (iv) either a retrospective analysis based
on the full data, or a real-time analysis and prediction for an individual based on the
data to date.

We consider the case in which the item difficulties are nominally specified, which
is the situation in CAIT, the test items are often computer-generated and have
theoretically determined difficulties. The actual item difficulties are quite uncertain,
however, and this uncertainty is also accommodated in the analysis. Previous papers
that introduced random effects for item parameters include Sinharay et al. (2003)

and De Boeck (2008).

19



2.1.2  Testbed Application

The model proposed in this chapter is motivated by CAIT testing developed by

MetaMetrics Inc. The main applied goals are as follows:

e The original goal is to assess the appropriateness of the local independence
assumption for this type of data. This evolves into the goal of better under-

standing the nature of the daily and test effects.

e A second goal is to understand growth in the ability of students, by retrospec-

tively producing their estimated growth trajectories for the study.

e A third goal is to enable on-line prediction of one’s ability (based solely on data
obtained up to that point), to enable a better assignment of reading materials

to match his/her ability, and to enable teachers to better assist students.

The data considered is from a school district in Mississippi. The data consisted
of 1983 students registered over two years in a CAIT reading test program conducted
by MetaMetrics Inc. The students were in different grades and entered and left the
program at different times between 2007 and 2009. Individuals took tests on different
days and had different time lapses between tests. Because of the long periods of
testing, a fully adaptive model accommodating continual changes in one’s ability is
needed.

The data was generated during sessions in which a student read an article selected
from a large bank of available articles. The articles in this bank had been assigned
to text complexity measured in Lexiles, using the Lexile Receptive Analyzer®), the
software developed by MetaMetrics Inc. to evaluate the semantic and syntactic
complexity of the text. The Lexile measure represents either an individual’s reading
ability or the complexity of a piece of text. The scale for Lexiles ranges from 0 to
1800, with 0 indicating no reading ability and with 1800 being the maximum.
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A session begins like this: a student selects from a generated list of articles having
Lexile complexities in a range targeted to the current estimate of the student’s ability.
For the selected article, a subset of words from the article are eligible to be clozed, i.e.
removed and replaced by a blank. The computer, following a prescribed protocol,
randomly selects a sample of the eligible words to be clozed and presents the article
to the student with these words clozed. When a blank is encountered while reading
the article, the student clicks it, which is then presented with the true removed word
along with three incorrect options called foils. As with the target word, the foils are
selected randomly according to a prescribed protocol. The student selects a word to
fill in the blank from among the four choices and an immediate feedback is provided
in the form of the correct answer.

The dichotomous items produced by this procedure are called “Auto-Generated-
Cloze” items. They are single-use items generated at the time of an encounter
between a student and an article. If another student selects the same article to read,
a new set of target words and foils are selected. Although it is not strictly impossible
for an individual item to be taken by more than one student, such an occurrence is
highly improbable. As a consequence, it is not feasible to obtain data-based estimates
of item calibration parameters.

Instead, the difficulties of the items generated for an encounter between a student
and an article can be modeled as a sample from an ensemble of item difficulties
associated with the article. The text complexity in Lexiles provides a theoretical
value for the ensemble mean. An estimated student ability in combination with
assumptions about the ensemble allows the calculation of a predicted success rate for
the encounter. A comparison of the observed success rate with predicted, aggregated
over many encounters, provides a basis for assessing the viability of the assumptions
incorporated into the model. The predicted success rates in Table 1 in Stenner
(2010) include the assumption that the mean of the ensemble of item difficulties for
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an article is given by its theoretical text complexity. The agreement with observed
success rates supports that assumption.

Although the MetaMetrics data is typically presented in Lexile units, there is a
simple linear transformation from Lexiles to logit units. We will utilize the more
common logit units for all data and results in this chapter. Note that this also
motivates the use of the logistic IRT model in this chapter — to preserve compatibility

with the MetaMetrics data.
2.1.8 Preview

Because of the complexity of the model considered (and of the testbed data set),
as well as the need to incorporate prior information into the model, the analysis
will be carried out using Bayesian methodologies and Markov chain Monte Carlo
(MCMC) computational techniques. A side benefit of using these methodologies
is that all uncertainties in all quantities are combined in the overall assessment of
inferential uncertainties. The MCMC procedure utilizes a novel combination of a
Gibbs sampling together with a block sampling scheme involving a forward filtering
and backward sampling.

In Section 2.2, we formally describe the proposed models to capture the dynamic
changes in a person’s ability as well as the local dependence between item responses.
Section 2.3 presents the MCMC strategy to carry out the statistical inference. Section
2.4 tests the methodology on some simulated example (where the truth is known).
Section 2.5 applies the proposed models to the MetaMetrics dataset. Section 2.6

draws conclusions from both statistical and psychological sides.
2.2 Dynamic Item Response (DIR) Models Proposed

This section formally introduces the proposed one-parameter DIR model. Although

the focus is on generalizing one-parameter IRT models, it would be straightforward
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to similarly generalize two-parameter or three-parameter IRT models.
2.2.1 The Observation Equation in DIR Models

In a typical one-parameter IRT model (2.1), the index of the item response Xj
indicates the correctness of the i-th person’s answer to the [-th question in a single
test. Consider the more involved situation in which the individual completes a series
of tests within a given day and over different days. Thus, the item response variable
is X+ s, which corresponds to the correctness of the answer of the [-th item in the
s-th test on the ¢-th day taken by the i-th person. Here ¢t = 1,--- n;t=1,---,T};
s=1,---,Sipandl=1,--- K.

Likewise, let d;; s, represent the difficulty level of the [-th item in the s-th test
at the ¢t-th day taken by the i-th person. As described in Section 2.1, we model the

item difficulties as being nominally specified, but with uncertainties. Thus we write
di,t,s,l = Qs + €it,sls (24)

where a;; s indicates the ensemble mean difficulty for the items in the s-th test taken
by the i-th person on the ¢-th day, and €;+,; is the random deviation from this
ensemble mean difficulty for the [-th item within the s-th test. In the scenario we
consider, the value of a;; s is assumed to be known, from the theoretical analysis of
the text complexity, while it is assumed that €;; .; ~ N(0, 0%) with o2 being specified
from the test design in the CAIT testing.

As mentioned in Section 2.1, we will also incorporate a term of daily random
effects, ¢;+, as well as a term of test random effects, 7;; 5, to account for the possible
local dependent factors when the person ¢ takes several tests during the day t. It is
assumed that o; ; ~ N(0,8; ") and, letting n; s = (.41, - - - ,Mit.s:,) denote the vector

of test random effects on the day ¢ for the individual 4, that n;; ~ N, (0,7, T |

Zf;tl nits = 0), with differing and unknown precision parameters J; and 7; for each
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individual ¢. The normal distribution for 7, ; is actually a singular normal distribution
because it is conditioned on the sum of the day’s test effects being zero, done to
remove any possibility of confounding with the daily random effects. (In the analysis
and computation, this singular distribution is replaced by the corresponding lower
dimensional non-singular normal distribution.)

Finally, at the observation level, the dichotomous test data is modeled as

Pr(Xi,t,s,l =1 | Qi,t, Qit.sy Pits Mist,s) Gi,t,s,l)
= F(gi,t - di,t,s,l + Yir + 77i,t,s)
= F(0iy — aips + Qip + Nigs + €irsi),
where 0;, represents the i-th person’s ability on the day ¢; we are thus assuming that
a person’s ability is constant over a given day, although there could be random fluc-

tuations captured by the ¢;; and 7;; . Letting F(-) be the logistic cdf, as previously

discussed, results in

Pr(Xiis;0=110it,0i1s, QitsMistys, Eits)

exp(bi — Qi + Pip + Nitys + €its1)
L+ exp(0is — Qips + Pit + Migs + €ips1)

2.2.2  The System Equation in DIR Models

As mentioned in Section 2.1, both parametric growth models and Markov chain
models have been utilized in contexts similar to that of this chapter. Here we com-
bine these ideas, through a generalization of dynamic linear models, to model an

individual’s ability growth trajectory over time. The proposed model is
Qi,t = 07;7t_1 + Cz(]- — pei,t—l)Az—'t—t + wi,t' (26)

which has three terms, modeling how the current ability, 6;, for the i-th person on
the t-th day, relates to the past ability and other factors. The first term is simply
the ability at the previous time point, ¢; 1.
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The second term is a parametric growth model. Here ¢; can be thought of as
the average growth rate of the i-th person’s ability over time and A;ft is the time
lapse between the person’s t-th test day and (¢t — 1)-th test day but truncated by a
pre-specified maximum time interval Ag, ., i.e. A7, = min{A;, Ag, . }; thus ¢;Af,
would reflect the ability growth over the given time interval if the growth was indeed
linear. However, this growth is truncated at Ar,_. (chosen herein to be 14 days),
reflecting the fact that, when on vacation, the student’s ability may not be growing.
Furthermore, the growth rate often declines as an ability increases (indeed an ability
typically eventually plateaus), so that a linear growth model is often unsuitable
when 6;; becomes large. The “correction factor,” —pf,,_; in (2.6), compensates
for this effect, slowing down the linear growth as the ability level becomes larger.
p is the parameter controlling the rate of this adjustment, and could be known or
unknown. In our testbed example, p is known, based on experiments conducted at
MetaMetrics (Hanlon et al. (2010)). In principle, p should be individual-specific,
but it is distinguishable from ¢; only as the individual’s ability level is reaching its
maturation; our investigation of an ability growth in the testbed data focuses on
early age students, so only the ¢; are made individual-specific.

As in all dynamic linear models, the third term, w;; in (2.6), represents the
random component of the change in the ¢-th person’s ability on the t-th day. We
assume it is N(0,¢7'A;;), where ¢ is unknown. Note that this presumes that the
random component of a person’s ability change has a variance proportional to the
time period between test days. Note, also, that we suppose that ¢ is common
across individuals. The reason for this is clear from (2.5), in which ¢;; ~ N(0,8;")
has individual-specific d;; there would be a substantial risk of confounding in the
likelihood between ¢;’s and ¢~'A,;, if the time lapse between tests for the student
were equally spaced.

It is possible to rewrite (2.6) as a first-order Markov process, and this is beneficial
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for computational reasons. Indeed, letting \;; = 0;, — p~!and gix =1— cipAZt, the

system equation (2.6) becomes
Nit = GitNig—1 + Wiy, (2.7)

where w;; ~ N(0,¢7*A;;), and this is in the form of a standard dynamic linear

model. (Note that ¢; and ¢ need to be known for this reduction.)
2.2.83 DIR Model Summary

To sum up, the one-parameter DIR model is constructed in two levels as follows:

System equation: Oie = 01 + ci(1 — plis1) AT, +wiy
Observation equation: Pr(Xitsi =1 | 0ir,Qits, QitsMitss €itsi)

exp(lit — Qits + Pit + Nits + €insi)
L+exp(bi — Qips + Qit + Nits + €itsi)

where Wit ~ N(Oa gbilAi,t)v €itsl N(Oa 0-2)7 Vit ™~ N((): 51'_1)7 Mt ~ NSi,t (07 7-7;_11 |
Zf;tl Nits = 0), and A, = min{A;;, Ag,, .}, with the a;s, p, Ay, Ag,,,, and o

being known and 0;,, ¢;, ¢, d; and 7; being unknown.
2.3 Statistical Inferences for DIR Models

In this section, the Bayesian methods that will be used for statistical inferences in
DIR models are described. Computations are based on a Gibbs sampling scheme, in

conjunction with a forward filtering and backward sampling.
2.3.1 Prior Distributions for the Unknown Parameters

Prior distributions in a Bayesian analysis must be specified carefully, but they can be
either evidence-based priors, reflecting scientific knowledge of the system under study,
or they can be objective priors, reflecting a lack of such knowledge but possessing
good overall properties — e.g., good frequentist properties (see, e.g., Berger (2006));
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a mix of both will be used in the analysis herein. Specifications of evidence-based
priors are, of course, context dependent and, here, will be done within the context
of the MetaMetrics testbed application.

A natural choice of the prior distribution for an individual’s initial latent ability,

91'70, is
0i,0 ~ N(MGjia VGM) )

where ug; and Vg, are the mean and the variance, on a logit scale, of the population
(7) to which the individual ¢ belongs — for instance, the individual’s grade in school
for the testbed application. For the average growth rate c¢; in the system equation
(2.6), the natural objective prior is a constant prior (since ¢; is a linear parameter)
but we constrain ¢; to be positive, reflecting the belief that there is a positive learning

rate; thus we choose the prior
7(¢;) o< I(¢; > 0) for all 4.

Although ¢ is a scale parameter, it occurs at the system-level of the two-stage model
and, hence, the usual scale objective prior (1/¢) would result in an improper poste-
rior; the computationally simplest adjustment is to use 7(¢) = 1/¢*?2, which does
result in a proper posterior. Similarly, for the scale parameters 9; and 7; we utilize
the objective priors m(6;) = 1/0; /2 and () =1 /TZ»B/ ®. A natural alternative would
be to try to “borrow information” across individuals, by utilizing gamma hyperpri-
ors for ;s and 7;’s. This complicates the computation, however, and does not seem

necessary for the testbed application.
2.3.2  Posterior Distribution

To facilitate the use of Gibbs sampling techniques in computation, we utilize a mix-
ture of normals representation of the logistic distribution. From Andrews and Mal-
lows (1974), if Y has a logistic distribution with location parameter 0 and scale 7%/3
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(£(0,Z)), one can write the density as

fly) = ﬁ = /OOO {\/%i exp {—%(%)2” r(v)dv, (2.8)

where v has the Kolmogorov-Smirnov(K-S) density
(v) = 82(—1)(a+1)a2u exp{—2a*?}, v>0. (2.9)
a=1

Note that the density in square brackets in (2.8) is A/(0,4?). By using the idea of
data augmentation from Tanner and Wong (1987), we consider the latent variable
Y; s, for each response variable X, s, where Y ) ~ N (0;r — airs + @it + Nits +
€itsi, 4074 ;) and define X o0 = 1if Vi, oy > 0 and X, = 0 otherwise. It is then
easy to show that Pr(X;, i = 10, @i, Qi Misys, €it,s0) = exXp(Oiy — @i s + @iy +
Nits + €its1) /(1 +exp(0sp — Qigs + it +Mists +€its1)), SO that the introduction of the
latent variables Y;; o, will not alter the model (except that there are now formally
many more unknown parameters).

As €45, bES- N(0,0%), it can be marginalized out in the distribution of Yitsis
resulting in Y o1 ~ N0y — airs + 0ix + 771',1‘/,874Vf52,t,5,l + 0?). Therefore, the one-

parameter DIR models (2.5) and (2.6) can be rewritten, with latent variables {Y;,;},

as
Oig = Oig—1+ci(l— pei,tfl)A:t + Wi, (2.10)
Yitsg = Oip — Qirs+ Qit + Nits +Eitysi (2.11)
Vitsy ~ K-S distribution (2.12)

where wi, ~ N(0, 67 Aiy), ie ~ N(0,67Y), iy ~ N, (0,77 | S5m0, = 0),
and & o0 ~ N(0,9;), ) with ¢! =402, 4 0.

Define 6 = (64,---,0,)", where 6; = (6,0,0;1,--- ,0;1,), ¢ = (c1,--+ ,¢,)" and
T = (r,-,m) fori=1-- nY ={Y o}, v=A_viis;} and X = {X;; 4}
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for il =1,--- K45, s =1,---, S, t =1--- Tandi = 1,--- ,n; ¢ = {@i+}
fort =1,--- T, i = 1,--- ,n; n = {nits} for s =1,--- Sy, t =1,--- T, and
i=1,---,nand 5, = (Mg, Mips,,—1)- Then the joint posterior density of
0,Y,c 7,9 n, vand ¢ given the data X, in the one-parameter DIR model, is

proportional to

m(0.Y,c. 7. 0,m,v,¢ | X) (2.13)
n n T, Sit Kigs
X H 7T<0i,0)7r(ci)7r(5i)7r(7—i)} () H H H H T (Vit,s,1)
i=1 i=1 t=1s=1 I=1

n T, Sit Kigs
{H (I{Yiy00 > O { Xipy = 1} + I{Vip0y < OY{ X100 = 0})

'Ltl

,lvbi, )8, wz )8 i,t,s, 97,', + Aits — Pit — Nitys 2
2;leXp( toilFisst = b 5 te = Pie = liss) M {"iss,, = — Z Mits}
L T; Sie=t Tin:t 1tnzt Lk 51 5190115
H (5-)7 % exp(———— 1111 or P(=—5)
i=1 t=1 i—1 t=1
{ﬁ & ¢ exp( (b{ezt_ i,t— 1_62(1_p91t I)A }2)}
i1 t—1 27TAi,t 2A2,t
where
2 1 1
1 2 1
v )

(Siyt—l) X (Si,t_l)

and I(Z € A) is the indicator function equal to 1 if the random varible Z is con-
tained in the set A; 7(6;0), 7(c;), m(0;), 7(7;), m(¢) are the priors specified in the
previous subsection; and 7(v; ;) is the K-S density defined at the beginning of this

subsection. This is a proper posterior under very mild conditions; see Appendix A.
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2.3.83 Computation

The computation was done by a MCMC scheme that samples from the posterior
(2.13) via a block Gibbs sampling scheme, utilizing the forward filtering and back-
ward sampling algorithm at a key point. Because of the block Gibbs sampling scheme,
we need only specify the conditional distributions of a block of variables given the

data and other unknown variables. The steps of the algorithm are given as below:

e Step 1: Sampling Y: Truncated Normal Distribution Sampling

Given 6, ¢, n and v, the latent variables {Y;;,;} are sampled from

—1 .
Yi,t,s,z ~ N+(9i,t — Qits T Qi+ Nitss %,t,s,l) if Xi,t7s,l =1

-1 .
Yitsa~N_(0ir — Girs + 0it + Nits, %,t,s,l) if X;1:=0,

where A, means the normal distribution truncated at the left by zero while
N_ is the normal distribution truncated at the right by zero and (i tl,s,l =

4v}, ., + 0. Sampling from truncated normals is fast and easy.

o Step 2: Sampling #: Forward Filtering and Backward Sampling

The latent ability vector 6; = (6,0, ,0;1,), for each individual, is typically
high dimensional with highly correlated coordinates, so sampling of the vari-
ables would appear to be highly challenging. To overcome this roadblock, the
proposed model was constructed so that #; could be block sampled — within
a Gibbs sampling step conditional on the other parameters — by the highly

efficient forward filtering and backward sampling algorithm.

To see this, consider ¢, ¢, Y, ¢, n and v as given (the Gibbs sampling step).
Define Z; ;o1 = Yitoq + Qits — it — Nits — p~! and utilize the formulation of

the model in (2.7). Then, the (conditional) one-parameter DIR model fits the
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framework of dynamic linear models (West and Harrison (1997)), i.e.

system equation: Ait = GitNig—1 + Wiy,
observation equation: Zitsi = Nig +&itsi,
where w;; ~ N(0,071A4), Civst ~ N(O,@D&%S’l) with ¢i_,t1,s,l = 4u? IS o?
As indicated in West and Harrison (1997), the forward filtering and backward
sampling algorithm to block update each vector #; proceeds as follows.
Since \ig = 0,0 — p~' and 0;9 ~ N (1G;, Va,), the conditional prior for Ao is
Nio ~ N (,u(;]. —p L VG].). Define information available on the ¢-th day for the

i-th person as

_ t
Di,t — {gi,q7 ¢, ’QZ), @, 1,C Zi,q,l,la T Zi,q,Siyq,Kiyq,siyq q=1"

We claim that the posterior distribution of \;; is then
Aig | Dig ~ N (g, Vi) (2.14)

which can be verified by induction as follows. Assume that, on the (¢ — 1)-th
day, the posterior of \;;_1, given D; 1, is N (ti -1, Viz—1). And it is easy to
see this assumption is true when ¢ = 1. Then, from the system equation, it
is easy to establish that \;; | D;j;—1 ~ N(dit, Rit) is a prior for \;;, where

dit = Gitptizr— and R;; = gitVé,tq + qbflAi,t. Therefore, we have

zt)

Si
Pr<>\i,t | Di,t) o Pr(A it | Dit H H

R_l )\Z —d 2 Sthzts A
O( exp{— z,t( 7; ) H H exp{ wztsl< zt2sl )
s=1 [=1

Then, at the t-th day, the posterior distribution of A;; is as (2.14), where j;; =

V (Rz tldzt+zs 1 l llts wl,t,lez,t,sl) and V;t (qul ” ° wz,t,sl+th )
31
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The above updating procedure is called forward filtering and after it is complete
and all quantities, i.e. p;; and V;, are saved, we can begin the backward
sampling of \; ;. For the time t = T}, we sample \;; directly from N (p; 7, Vi r).

As the time from ¢t = (7; — 1) to 0, at each time we draw \;; from
Nig | Aigr1, Dig ~ N (hiy, Hyy)

where hiy = H; (Vi i +0 9187 Migr) and Hyy = (dg2, A +Vi ) 7

This follows from

Pr()\i,t | )\i,t+17Di,t) X PT()\i,t | Di,t)Pr()\Lt—i-l ‘ Ai,taDi,t)

V! (Ai,t - ,ui,t)

it z‘_,tlJrl()\i,tH - gi,t—i-l)\i,t)Q
x exp{— 5

2

2 A
exp{—2 ’

Thus, for t =0,--- ,T;, we set 0;; = \;+ + p~ ! and each vector 6; is sampled as

a whole block, noticing that
Pr(ei | Di,Ti) = Pr(ei,Ti | Di,Ti)Pr(ei,Ti—l ’ ei,Ti; Di,T—l) T Pr(QLO \ 91',1, Di,O)-

Step 3: Sampling c: Truncated Normal Distribution Sampling

When 6 and ¢ are given, the full conditional distribution of ¢; is the truncated

normal distribution

ZtT;i(l - Pei,t—l)(ei,t - ei,t—l)Az?LtAi_tl 1
ci ~ Ny Ti (AT Al Ti (A+ INT
Zt:l(Ai,t(l - Pei,t—l)) Az’,t ¢Zt:1(Ai,t(1 - pei,t—l)) Ai,t
Step 4: Sampling n: Multivariate Normal Distribution Sampling

When 0, ¢, 7, Y and v are given, it S;; > 1, then the full conditional distribu-
tion of 7}, is the multivariate normal distribution
ny~ N, -1 ((AZtE;thi,t + TiE;tl)‘lAZtE;jtYﬁL (AZtE;thi,t + Tiz;tl)ﬂ) ,
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*
where Y = (Yir11—0i+aie1—@ie, s Yiearo o —Oietainm, —@ies » Yirsi Kis,, —

Oii + Qi s, — Pin)s By, = diag((Wig1  Yigsinkins,,))s

1 0 0 0
1 0 0 0
0 1 0 0
Ai,t_ . . . . . )
0 0 0 - 1
~1 -1 =1 - -1
1 -1 -1 - -1

S
(X2 Kit,s)X(Si,i—1)

Sio—1
and 745, = — > 01 Migs- When Sip =1, mi4,, = 0.

e Step 5: Sampling 7: Gamma Distribution Sampling

When 7 is given, the full conditional distribution of 7; is the gamma distribution

a(ZtTQSLt (T ) Zt 177*/ ztln;kt>
2 2 '

e Step 6: Sampling p: Normal Distribution Sampling

When 60, 7, Y and v are given, the full conditional distribution of ¢;, is the

normal distribution

S Z S
N Zs 1 1= 1t wz,t,s l( it,s,0 T 62 ,t + a; Jts T ni,t,s) 1
Soz’tN Szf zts (5 ) Szt ’LfS‘ 5 :
Zs 1 2ai=1 wztsl"‘ Zs 1 24=1 ¢z,t,sl+

e Step 7: Sampling §: Gamma Distribution Sampling

When ¢ is given, the full conditional distribution of §; is the gamma distribution

T;
5. ~ Ga T, —1 Zt:1 ‘Pit
! 2 2 ’
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o Step §: Sampling ¢: Gamma Distribution Sampling

When 6, ¢ is given, the full conditional distribution of ¢ is the gamma distri-

bution

b ga [ ST S ST AT By — Gip1 — (1= pi, 1) AT,
2 ’ 2 '

o Step 9: Sampling v : Metropolis-Hastings Sampling

Given Y, 0, ¢ and n, the full conditional distribution of v;,,,; is proportional

to

1 Yitsi— 0 its — Pit — Nits)?
T(Vigsa|Y, 0, 0,m) —exp{—( b o Qi — it~ Tits) },

2(02 + 41/%7871)

which is not in closed form. So we shall resort to a Metropolis-Hastings scheme
to sample this distribution. A suitable proposal for sample v is K-S distribution
itself. Thus, we first sample v from the K-S distribution whose density is defined
in (2.9). Then, we let

(M) v, with probability min(1, LR)
Vitsl = yM=D - otherwise
it,s,0

where, given Y, 0, ¢ and n,

M—1
IR - o? + 4(Vi(,t,s,z ))2 - (Yitsi—Oie + Qivs — Qit — Mins)?
o +4(v*)? 2

1 1
(02 +4(v*)? 24 4(Vi(,if[s,_zl))2) } ’

and M indicates the M-th iteration step in MCMC.
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Therefore, the Gibbs sampling starts at step 1, with initial values for 8, ¢(©)

& O O 5O 70 and v and then loops through step 9 until the MCMC
has converged. The initial values chosen in the applications were () = 0, ¢ = (),
PO =1, 00 =0, @ =0, §® =1, 7 = T and v© = I. The convergence was
evaluated informally by looking at trace plots, and was found to obtain at most after
30,000 to 50,000 iterations in the examples.

From the MCMC samples, statistical inferences are straightforward. For example,
an estimate and 95% credible interval for the latent ability trait 6;; can be formed
from the median, 2.5%, and 97.5% empirical quantiles of the corresponding MCMC
realizations. In examples, these will be graphed as a function of ¢, so that the

adaptive nature of the model is apparent.
2.4 A Simulated Example

In this section, a simulated example is used to illustrate the inferences from the
proposed one-parameter DIR models, and to study their properties, primarily from
a frequentist perspective.

The simulation examines the model’s behavior for multiple individuals taking a
series of tests that are scheduled during different time periods. In particular, suppose
there are 10 individuals, each of whom has taken tests on 50 different days. Thus
n = 10and T; = 50, forz = 1,--- , 10. During each distinctive test day, the individual
takes four tests; thus S;; = 4 for t = 1,---,50, 2 = 1,--- ,10. Each test consists
of 10 items, so that K,;, = 10 for s = 1,--- ,4, ¢t =1,--- ;50 and 7 = 1,---,10.
For the i-th person, the time lapse between two different tests is assumed to be a
function of the ¢-th day, i.e., A;y = 10+ ¢, for ¢ = 1,---,10, ¢t = 1,---,T;/2 and
A =1t—10, for t =T;/2,--- ,T;. Finally, the unknown values of parameters in the

models are chosen as follows:
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¢ = 1/0.0218?%, and the corresponding standard deviation of the random com-

ponent w;; in the system equation (2.6) is 0.0218,/A; ;.

e ¢ = (0.0055,0.0065,0.0026,0.0037,0.0061, 0.0047, 0.0035, 0.0043, 0.0039, 0.0015)’,
where each element in the vector ¢ corresponds to i-th person’s average growth

rate, respectively, for : = 1,--- | 10.

e 0 = (2.0408,1.3333,1.8182,1.2346, 1.5873,1,2.2222,1.0526, 1.1494, 2)", where
each element in the vector d corresponds to the precision parameter of daily

random effects for the ¢-th person, respectively, i = 1,--- , 10.

o 7 = (4,3.1250,4.3478,2.7027,3.7037,2.8571, 4,2.2222,9.0909, 4.5455)’, where
each element in the vector 7 corresponds to the precision parameter of test

random effects for the ¢-th person, respectively, i = 1,--- , 10.

According to the observation equation (2.5), we then simulated values for the un-
known variables and set the test difficulties, a; s, to be 6;; 4+ ¢, where ( is a random
variable with the uniform distribution on (-0.1,0.1). The values of €, s; were drawn
from N(0,0.7333%) and the value of 0.7333 is used in the test design for MetaMetrics.
Finally, we chose p = 0.1180, which is the value estimated by MetaMetrics in their
studies (Hanlon et al. (2010)).

From dichotomous data obtained from the simulation, the Bayesian machinery
from Section 2.3.3 was used in estimating the model parameters in (2.5) and (2.6).
Figure 2.1 below shows estimates of the ability trajectory for the 1st, 3rd, 5th and
9th individuals. The red dots in the figures correspond to the estimated posterior
median of the ability 6,, at the ¢-th day for the i-th person, and the red dashed
lines give the 2.5% and 97.5% quantile trajectories of 6, for ¢ = 1,---,50. The
black dots are the real abilities at the t-th day for the i-th person in the simulation.

The third trajectory is typical of what is expected in terms of an increasing ability,
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and is smoothly handled by the Bayesian machinery. The other three trajectories
are highly non-monotonic; the Bayesian estimates err in trying to be increasing (as
they are designed to do), but do adapt to the non-monotonicity when the evidence
becomes strong enough.

One method of evaluating the success of the inferential scheme is to evaluate the
percentage of time that the true ability, 6; ;, is contained in the 95% credible interval
of the estimated ability for each individual. For the ten individuals, these estimated
coverages were 100%, 100%, 99%, 99%, 100%, 100%, 94%, 100%, 100%, and 91%,
which produce an overall estimated coverage of 98.3%. Thus, while the inferential

method is Bayesian, it seems to be yielding sets that have good frequentist coverage.
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FIGURE 2.1: Estimated and actual ability trajectories of 4 individuals from the
simulated data.

. ~1/2 —1/2 .
To summarize the results for the ¢;’s, 7; /%5 and 9, /g , we compare their true
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values with the corresponding estimated values in Figure 2.2. In these plots, the
black bar represents the 95% credible interval of the posterior distribution. The blue
plus stands for the estimated posterior median and the red cross is the true value in
the simulation. Moreover, the estimated posterior median of ¢=1/2 is 0.0315 and its

95% credible interval is [0.0148, 0.0484].
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FIGURE 2.2: 95% credible intervals of ¢;, # and \/1;, for + = 1,---10 with the
simulated data.

Note that the true values of the ¢;’s, Tl-_l/z’S, 5;1/2’s and ¢ are all contained in the

95% credible intervals except 7, Y 2; thus the empirical coverage for those parameters

is 96.77%.
2.5 MetaMetrics Testbed

In this section, we apply the DIR model to the testbed MetaMetrics data. A sample
of 25 individuals from the data base of students in certain elementary schools in Mis-
sissippi is considered here; the differing characteristics of the students are described

in Table 2.1. The primary focus is the goals of this study mentioned in Section 2.1.2.
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Table 2.1: Characteristics of the 25 considered individuals from the dataset collected
by the MetaMetrics

Total Tests Days Max. Tests/Days Range of Items/Test Max. Gap Grade

No.1 147 73 8 4-25 105 4
No.2 162 64 9 3-17 102 2
No.3 118 77 4 3-21 87 2
No.4 93 53 4 9-25 147 2
No.5 114 89 3 6-25 109 2
No.6 157 57 29 4-20 116 2
No.7 153 63 7 4-20 97 2
No.8 60 50 ) 3-24 168 6
No.9 135 53 7 4-24 93 2
No.10 137 o4 6 4-17 219 1
No.11 214 100 11 3-18 108 2
No.12 113 76 4 4-16 45 2
No.13 95 65 4 4-14 113 2
No.14 116 o7 6 5-17 107 2
No.15 155 71 9 4-20 107 1
No.16 247 76 13 3-19 113 2
No.17 254 76 12 3-18 107 2
No.18 304 53 31 3-12 49 2
No.19 167 83 ) 3-23 o8 2
No.20 101 68 9 4-23 117 2
No.21 88 58 9 3-23 110 2
No.22 220 96 8 2-23 104 3
No.23 80 66 6 2-25 93 6
No.24 105 60 6 6-24 62 3
No.25 218 74 12 3-25 113 2

2.5.1 Retrospective Estimation of an Ability Growth

First consider retrospective estimation of the reading ability for an individual, utiliz-
ing all the data recorded for that individual. Figure 2.3 presents the resulting growth
trajectories for the 3rd, 12th, 17th and 25th individuals studied. In Figure 2.3, the
red dots are the posterior median estimates of each individual ability and the red
dash lines correspond to the 2.5% and 97.5% quantiles of the posterior distributions
of the abilities, while the green dots correspond to the estimates of individuals’ abil-

ities obtained by solving the equation that the expectation of expected score for the
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person’s ability is equivalent to the observed score; these can roughly be thought of
as the raw test scores put on the same scale as the 6, ;. The most interesting feature
of these growth trajectories is that, while indeed there typically does appear to be an
overall growth in an ability, this growth needs not be monotone. In particular, when
there is a large time gap between subsequent tests, the ability appears to drop for
some individuals. One natural explanation is that, during vacations, a student may
not read and could actually lose the ability. Another possible explanation is that the

student has become less adept at implementation of CAIT after a long break.
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FI1GURE 2.3: Estimated ability trajectories of 4 individuals from the dataset collected
by the MetaMetrics.

Figure 2.4 gives the summaries of the posterior distributions of the standard devi-

ations of test random effects, Ti_l/ 2’s7 the standard deviations of daily random effects,

5~V

; s and the average growth rates ¢;’s, for i = 1,--- | 25. Moreover, the estimated
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FIGURE 2.4: 95% credible intervals of the 7 1/2’8 0; /25 and ¢;’s with the Meta-
Metrics dataset.

posterior median of ¢~'/? is 0.0612 and its 95% credible interval is [0.0477,0.0757].

Figures 2.4 (a) and (b) show that the standard deviations of two random effects
are almost all quite large with 95% credible intervals well separated from zero. Recall
that these were included in the model to account for a possible lack of the local
independence; the evidence is thus strong that the local independence is, indeed,
not tenable for this data and that both types of random effects are present. The
consistency of the standard deviations of the random effects across individuals is

somewhat surprising, but lends credence to the notion that random effect modeling

of the local dependence is fruitful.
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2.5.2  On-line Estimation of an Ability Growth

In on-line estimation of a reading ability, essentially the same model is used but,
at each time point, only the data up to that time is utilized. Instead of having

—1/2

#»~'/2 unknown, however, we utilize ¢ = 0.0612, the estimate arising from the

172 cannot be effectively estimated in the on-line mode.

retrospective analysis; ¢~

Applying the Bayesian methodology yields the on-line posterior median ability
estimates, as well as the 2.5% and 97.5% quantiles of the posterior distributions of
abilities for the 25 individuals being studied; these are the purple dots and dashed
purple lines in Figure 2.5, shown for the 3rd, 12th, 17th and 25th individuals. Again
the green dots show the raw score estimates of each individual ability at each time
point, and the red dots are the retrospective estimates discussed earlier. In these
figures we also include, as blue dots, the ability estimates obtained from the current
methodology of MetaMetrics, which is a partial Bayesian procedure.

As expected, the on-line ability estimates are much more variable than the ret-
rospective estimates. Sometimes, the on-line estimates seem to be somewhat more
variable than the current MetaMetrics estimates (the blue dots). This is because at
each online estimation point, the current methodology of MetaMetrics uses a very
tight prior (arising from the previous data) for the student’s ability.

While we do not know the truth here, it is plausible that the retrospective red
dots are our best guesses as to the true abilities, and we can then judge how well
the various on-line procedures are doing relative to these best guesses. Our on-
line estimates are generally closer to these retrospective estimates than the current
MetaMetrics estimates (the 12th individual being the interesting exception). In fact,
the average mean squared error of the on-line estimates relative to the retrospective

estimates is 0.0851, while the average mean squared error of the current MetaMetrics

estimates 1s 0.1311.
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If we do view the retrospective estimates (red dots) as surrogates for the truth, it
is interesting to see how often these fall outside the on-line uncertainty bands (purple
lines). This happened very rarely; individual 17 in Figure 2.5 was one case in which
this sometimes happened. One final observation from Figure 2.5 is that the current
MetaMetric estimates usually are lower than our on-line estimates of the person’s

reading ability.
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FI1GURE 2.5: On-line estimates of ability trajectories of 4 individuals from the Meta-
Metrics data.

2.6  Conclusions and Generalizations

The evidence of the violation of the local dependence assumption in CAIT situations
is generally strong, and use of test and daily random effects to model the local

dependence seems to be necessary and successful. Embedding a dynamic linear model
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framework for an individual’s ability trajectory within the logistic IRT structure
provides a powerful and individually adaptive method for dealing with longitudinal
testing data.

The retrospective DIR model analysis seems excellent for assessing actual ability
trajectories and, hence, is of considerable use in understanding population behaviors,
such as the frequently observed drops in some abilities after a long pause in test-
ing. The on-line DIR analysis provides real-time ability estimates for assignments of
materials at the right difficulty level and other possible educational goals.

A key advantage of the Bayesian framework adopted is that uncertainty in all
unknowns can be built into the model (e.g., uncertainty in the difficulty of the random
test items), and uncertainty of the estimates is available for all inferences. Also, prior
information (e.g. knowledge about ability distributions over the population and
knowledge that general growth in ability is expected) can be built into the analysis,
in a non-dogmatic fashion that allows the data to overrule the prior.

Many extensions are possible, such as the already mentioned extension to two-
parameter and three-parameter IRT models. If one also had data for individuals over
a period of many years — including years near the maturation point in one’s reading

ability — it would be possible to include individual-specific p; in the model.
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3

Estimating Shape Constrained Functions Using
Gaussian Processes

This chapter discusses how to introduce shape constraints such as the class of mono-
tonic functions or convex functions in the Gaussian process priors over the distri-
butions of the nonparametric functions and the paper Wang and Berger (2011) is
based on some of materials presented here. Although Gaussian processes are a pop-
ular tool for nonparametric function estimations, there are not amenable to assume
shape-constrained structures for the unknown functions. However, for Gaussian pro-
cesses, which have mean square differentiability (see Section 2.2 of Adler (1981)), for
example, a Gaussian process with squared exponential correlation function, shape
constraints can be incorporated through the use of the derivative process, which are a
joint Gaussian process with the original process. The extent to which this is feasible
is discussed. The application in this chapter focuses on emulating computer mod-
els, where utilizing Gaussian processes to approximate the response surface is routine
and shape-constrained prior knowledge is available for the physical processes approx-
imated. But our proposed methods are easily extended into other contexts of which

Gaussian process models are extensively used, for instance, supervised-learning for
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both regression and classification in machine learning.
3.1 Literature Review and Motivations

In function estimation, prior knowledge about the function shape, such as mono-
tonicity, convexity or concavity, is often available. Examples include a dose response
analysis in medicine, option pricing in finance, growth curves in biology and psy-
chology and many others. Often this is the only knowledge about the function, in
which case nonparametric function estimation, subject to the shape constraint, is of
interest.

Gaussian processes are a popular tool for the nonparametric function estima-
tions, due to their flexibility, their capability of operating as interpolators, and the
fact that they produce an automatic estimate of accuracy of the function estimate.
Moreover, much of the computation with Gaussian processes is simply parametric
Gaussian computation. Gaussian processes are also mathematically equivalent or
closely related to many extensively used models, such as Bayesian linear models,
spline models, neural networks and support vector machines (see Rasmussen and
Williams (2006)). The application of Gaussian processes is widespread in spatial
models of meteorology and geology, in the analysis of computer experiments and
time series, in machine learning, and elsewhere.

We consider Gaussian processes with squared exponential correlation functions,
because they have the useful property that their derivative processes are also Gaus-
sian processes and are jointly Gaussian with the original processes. This fact allows
incorporation of shape constraints in modeling nonparametric functions by imposing
restrictions on the derivative processes. For instance, if a function is assumed to
monotonically increase, one can impose positivity constraints on the first derivative
process of the Gaussian process. Convexity can be induced by imposing positivity

constraints on the second derivative of the Gaussian process.
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The use of derivative information with Gaussian processes is not new. Solak
et al. (2003) considered the situation in which observations are available of both the
function and its derivative when modeling nonlinear dynamical systems; utilizing
the derivative information dramatically improved estimation performance. Banerjee
et al. (2003) examined the directional rates of change for selling prices of individ-
ual homes utilizing a dataset comprising residential properties in Baton Rouge in
Louisiana in 1992. They formalized and extended the notions of directional finite
difference processes and directional derivative processes beyond the concept of mean
square differentiability. Stephenson (2010) addressed the gain of efficiency in using
derivative information with emulators in the statistical analysis of computer models.

This work is more directly related with that of Riihiméi and Vehtari (2010), who
considered imposition of monotonicity at selected points through the derivative pro-
cess. Their work differs from that herein through the way the positivity constraints
are induced (through a probit link, rather than a step function), and the computa-
tional procedure utilized in the analysis; they utilized an approximate expectation
propagation algorithm, whereas we consider a Gibbs sampling method. In addition,
constraints other than monotonicity are considered herein.

There have been numerous other Bayesian approaches to nonparametric function
estimation under shape constraints. Lavine and Mockus (1995) utilized a Dirichlet
process prior to estimate a monotone function; Perron and Mengersen (2001) used
mixtures of triangular distribution functions to obtain a monotone function; Neelon
and Dunson (2004) used an autoregressive prior distribution for parameters of basis
functions in monotone regression; and Shively et al. (2009) assumed a general discrete
random probability measure prior proposed by Ongaro and Cattaneo (2004) on a
mixing distribution to model monotone functions. Recently, more general shape
constraints, such as convexity or concavity, have been considered in Chang et al.
(2007), who used the Bernstein polynomial basis for shape constrained regression,
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and Bornjamp (2009) which extended Shively et al. (2009)’s method to convexity
and monotone convexity.

One of the advantages of the Gaussian process approach to function estimation
under shape constraints is that a single technology can be used for any shape con-
straints that can be expressed in terms of function derivatives. The purpose of this
chapter, however, is not to explicitly compare the approach with other Bayesian
methods. The perspective is, instead, that the Gaussian process approach has be-
come standard (for a variety of compelling reasons) in certain important areas, such
as emulation of computer models, and we seek to understand the benefits and com-
plications of adding shape constraints to the Gaussian process machinery for such
areas. Indeed, we illustrate the benefits with an example of emulation of a computer
model of vehicle crashworthiness, from Bayarri et al. (2009).

Section 3.2 presents the basic expressions for the chosen Gaussian processes and
their derivatives. Section 3.3 formally describes the models we entertain and in-
troduces two alternative ways to express shape constraint information. Section 3.4
examines the performance of the approach with simulated data. Moreover, the ex-
ample of emulation of a computer model for vehicle crashworthiness is considered,
as this is an example where monotonicity of the response is a natural constraint to

add. Section 3.5 presents the conclusions and discussions.
3.2 Gaussian Processes and Their Derivative Processes

As indicated in Chapter 1, a Gaussian process (GP) is a stochastic process Z(t)
with inputs ¢ € 7, an open subset of the real line, such that any finite number of
realizations of the process have a joint Gaussian distribution. From that chapter, we

know that a GP is completely specified by its mean function m(t) and its covariance
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function K (t,t'), i.e.,

m(t) = E[Z(1)]

K(t,1) = cov(Z(t), Z(t) = E[(Z(t) = m())(Z(t)) — m(t'))].

The GP will be written as Z(t) ~ GP(m(t), K(t,t')).
We focus herein on the squared ezponential (SE) covariance function
1
2

K(t,t)=c2exp (—ﬁ(t - t’)z) , (3.1)

where the characteristic length-scale 3 and the signal variance o2 are the parameters
of the GP model. To simplify the presentation, we will also initially assume that
m(t) = p with p € R.

The reason for considering the squared exponential covariance function is that it
is well known that the resulting process has derivatives of all orders (refer to The-
orem 2.2.2 in Adler (1981)). Furthermore, since differentiation is a linear operator,
derivatives of the GP remain a GP. For the first order derivative process, the cor-
responding variance, covariance and mean function (joint with the original process)

are as follows:

cov Pgit), azagf’) = olexp (—2—;2(15 — t’)2> % (1 %(t — t’)Q) ,
cov Pgi ) 20| = o2exp (-2%2@ - t’)2> (—%(t - t')> (3.2)

Similarly, the second order derivative process of the GP is still a GP and its corre-

sponding mean and covariance function (joint with the original process and the first
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order derivative process) are as follows:

=

D*Z(t) 0*Z(t)]
VN Tor o

A N
V|: 52 L Z(t)

O?Z(t) 0Z(t)]
COV[ o ot

*m(t)
o
0% exp (—%ﬁz(t - t’)2) = <§(t — )" - %6‘@ — ) + 3) ,

p
1 1
texp (=gt 07) (Gt -7 - ).

—o? exp (—2%2(75 - t’)2) (t —t') (% - %(t - t’)2) :

Similarly one can define any kth order derivative process and its joint distribution

with the lower order processes, but we will only need the first two derivative processes

herein.

When utilizing the first order derivative process to introduce shape constraints,

we utilize the following more concise notation. Suppose t,t',s,s’ € 7 and denote

K(t,t)

[(11(87 S/>

K°(t,s)

o exp (—2%2@ - t')Q) |

Figure 3.1 shows these covariance functions of the first order derivative process in

one dimension, with hyperparameters § =1 and o, = 1.

Denote the input vectors for the GP and for its derivative by t and s, of lengths n
and m, respectively; and let Z(t) = (Z(t1), -+, Z(t,))T and Z'(s) = (Z'(s1), -+ , Z'(sm))T

denote the vectors of corresponding GP and derivative values; the input vectors could

contain some (or all) common inputs. It follows from (3.2) that

E

[~ ([ ] [ty e ])
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covariance display

covariance

-5 0 5
distance

F1GURE 3.1: The GP covariance relationships for 5 =1 and o, = 1.

where K(t,t) = (K (t,t')) is the matrix with elements K (¢, '), K°'(t,s) = (K°'(¢, s)),

K1%s, t) = K(t,s)" and K'(s,s) = (K'(s,s)); also 1, = (1,---,1)T_ and

1xXn
0s = (0,---,0)7T

Ixm:*

When utilizing shape constraints on the second derivatives of the GP, we utilize

the notation

K*(s,s') = oZexp <—2—;2(s — s’)2> % (%(s — s — %6(8 — )+ 3) ,
K%(t,s) = oZexp <_2L52(t - 5)2> <%(t —5)% — %) :
Then

i ]2 (Lo | [ <=6n ])
where K92(t,s) = (K%(t,s)), K20(s, t) = K°2(t,s)” and K22(s,s) = (K%*(s, §')).
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3.3 Shape Constraints Through the Derivative Processes

A GP can be influenced towards desired shape constraints by constraining its deriva-
tives appropriately. For instance, if an increasing function were desired, one could
constrain the GP derivative at a set of inputs to be positive. That is the most direct
approach to implementing constraints, and will be considered in Section 3.3.1. A
different approach — the development of a new conditional Gaussian process — will
be considered in Section 3.3.2.

Before proceeding, it is important to note that one can only constrain the deriva-
tive at a discrete set of inputs (i.e., a set of inputs that does not have a limit point).
For instance, no GP can have positive derivative at all inputs having a limit point,
so constraining the derivative at all points of a nondiscrete set would eliminate all
sample paths of the GP.

Since constraints cannot be applied at all inputs, the constrained GP realizations
will not strictly follow the constraint. However, through the choice of a dense enough
set of constrained inputs, the resulting posterior will be following the constraints for

all practical purposes.

3.83.1 Imposing Constraints via Indicator Functions

The Model and Posterior Distribution

Suppose we observe n scalar observations

at inputs #;, where ¢; "% N(0,0?), and define X = (z1,--- ,2,)?. (Note that, in em-
ulation of computer models, it is often the case that 02 = 0, i.e., one exactly observes
the function being estimated at certain inputs.) Assign Z(-) the GP prior defined in
Section 3.2 and suppose that we impose the constraint that Z(t¢) be nondecreasing
at the m points s = (s1,--+ ,Sp,). Then the marginal constrained prior distribution
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of Z'(s) is simply
[Z/(s)] ~ N (0, K" (s,8)) L{z/(s)>0, i1, m}-

Lemma 3.1. Suppose the goal is to predict Z(-) at a new set of n* inputs t*, given

the current inputs t and resulting observations X. The joint conditional posterior

distribution of (Z(t*),Z'(s)) is then
m(Z(t7),Z'(s) | X, 0) = w(Z(t") | Z'(s), X, O)7(Z'(s) | X, 0),
where
[Z(t*) | Z/(s),X,0] ~ N (ul,-+ A (ATB7N (X = pl,) + By ' AZ/(s)) , A7) |
(3.4)
R(Z(5) | X,0) o N (m(s),S(5.5)) Lze20, it im): (3.5)
with
m(s) = K'(s,t)(c’T+K(t,t)) " (X — ul,),
S(s,s) = K'™(s,s) — K'(s,t)(c?I + K(t,t)) 'K (t,s),
A = Kt tHK(t*t*) 7"
Ay = KOl(t*,s)Kll(s,S)fl,
B = oI+ K(t,t) — K(t, t")K(t" t*) 'Kt t),
By = K(t*,t") — K (t*,s)K' (s, s) 'K'(s, t*),
A = ATB'A, +By',
and 0 = (u, 0%, 3,02) are the given parameters of the model and prior.

Proof. For simplicity, we omit reference in this proof to conditioning on 6. It is
straightforward to show that the unconstrained joint distribution of (X, Z’(s)) is
X N pl, T+ K(t,t) KO(t,s)
Z'(s) 0, |’ K'(s,t) K'(s,s) '
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It is immediate that the unconstrained marginal posterior distribution of Z'(s) given
X is [Z'(s) | X] ~ N (m(s),S(s,s)). Since a constrained posterior is simply propor-
tional to the unconstrained posterior together with the constraint, (3.5) is immediate.

Next, note that
m(Z(t7) | Z'(s),X) o f(X|Z(t7))m(Z(t") | Z'(s)).
Since (Z(t*), Z'(s)) has the multivariate normal prior
{ Z(t") } NN([ il } [ K(t*,t*) KOo(t*,s) D
Z/(s) 0, || K¥s,t°) Kll(s,s) |/’
the conditional distribution 7 (Z(t*) | Z'(s)) is
[Z(t") | Z/(s)] ~ N (ulns + A2Z/(s), Ba) .

Similarly, the joint distribution of the observations and the prediction values accord-

ing to the GP prior is

1L L )

Thus, f(X | Z(t*)) is a multivariate normal distribution as well, i.e.
X | Z()] ~ N (il + A4 (Z(6) — i1,0), By)

The conditional distribution of Z(t*) given (Z'(s),X) is thus as indicated in the

lemma, completing the proof.

Sampling From the Posterior

To sample from the posterior in (3.4), it is first necessary to sample from the con-

strained normal distribution 7(Z/'(s) | X,6) in (3.5). Based on an idea from Alan
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et al. (1992), a Gibbs sampling procedure can be developed to sample from this
distribution.
Let j = 1,---, M be the iterations of the Gibbs sampler. At step j and for

1=1,---,m, draw

200 (5) | 29 (s3), X, 0 ~ N (0 13),

i

where N, denotes the normal distribution truncated at the left by 0, s_; is the set

of inputs in s other than s;,

u? = mls;) +S(si,5-)8 (s, 5)(Z'V (s—) — m(s_y)),

v; = S(Si,Si)—S(Si,S_i)S_l(S_i,S_Z’)S(S_i,Si),

S(s;i, s;) is the i-th diagonal entry of the covariance matrix S(s,s), S(s;,s_;) is the
i-th row of the covariance matrix S(s,s) without the entry from the i-th column,
S(s_;,s_;) is S(s, s) without the i-th row and i-th column, Z'% (s_;) = (Z'0H(sy), - - -,
70 (8;21), Z'9(5441), -, Z'9(5,,)), m(s_;) is the mean vector m(s;) without the
i-th element, and m(s;) is the i-th element of m(s;).

After completing these Gibbs updates, one simply block updates the normal dis-
tribution 7(Z(t*) | Z'(s), X, 0) in (3.4). Using the Woodbury, Sherman & Morrison
formula (see Lemma B.4), A™! = By — BoAT(B, + A1 B AT) "' A, B, makes the com-

putation faster and more stable.
Extending to Higher Order Derivative Processes

Suppose that, instead of monotonicity, one wishes to impose convexity constraints
on the GP at the m points s = (s1,- - , S, ). Then, using the notation from Section

3.2, the marginal constrained prior distribution of Z”(s) is simply
[Z"(s)] ~ N (0, K?%(s,s)) l{ZN(si)ZO, i=1,,m}
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The posterior distribution is then described as in Lemma 3.1, with the minor changes
of replacing K (s, s) by K?2(s, s), K'°(s, t) by K?°(s, t) and K°'(t,s) by K°?(t,s).
Sampling from this posterior distribution is also identical to the sampling method
above for monotonically constrained functions, with the indicated matrix replace-
ments.

The extension to constraints on higher order derivatives is clear, so that expres-
sions will not be given here. More complicated would be inclusion of constraints
on derivatives of differing orders, e.g. simultaneous constraints of monotonicity and

convexity, but such can be done in a similar fashion.
3.3.2  Imposing Constraints via a Conditional Gaussian Process

Using the constrained prior on Z(-) from the previous section forces the prior real-
izations to be strictly increasing (with probability one) at the constraint points s. It
is often natural, however, to also allow for the realizations to have derivative zero at
the constraint points, catering to the possibility that the function being estimated is
essentially constant over a region. (This is of particular importance in the emulation
of computer models.)

To allow for this, we define a new process. First, let
Z'M(t)y=Z'(t) V0,

where Z'(t) ~ GP (0, K''(¢,t')) is the GP derivative process. Note that Z'T(t) now
has positive probability of being 0. Then conditioned on Z'*(-) evaluated at m

virtual points, s, define the conditional Gaussian process

Zo(t) & Z(t) | {Z" ()2

s=1>

where

Z(t) [ {Z" (s)}iy ~ N (u+ KO (8, 8) K (s,8) 7 2" (s), K2 (1, 1)), (3.6)
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with K(t,t) 2 K(t,t)— K (t,s) K'!(s,s) ' K'0(s, t); this conditional distribution is

the usual GP conditional distribution given derivative values, but Z'*(-) is not a GP

m

derivative process. Also, this is only a stochastic process conditioned on {Z'*(s)}™ ;.

Posterior Distribution

Assuming observations from the model (3.3) and use of the conditional Gaussian
process prior in (3.6), the posterior distribution for Z(-) at new predictive inputs is

given in the following lemma.

Lemma 3.2. Suppose the goal is to predict Z(-) at a new set of n* inputs t*, given

the current inputs t and resulting observations X. The joint posterior distribution

of (Z(t*),Z'*(s)) is then
w(Z(t*),Z"" (s) | X,0) = w(Z(t*) | Z'" (s), X, 0)n(Z'" (s) | X, 0), (3.7)
where
[Z(t*) | Z7(s), X, 0] ~ N (2 + Aot A (X — 1), Moo — Ay AT A

and the posterior distribution of Z'"(s) given X and 0 can be found by projecting
from n(Z'(s) | X, 8), i.e.
Z'(s) = Z'(s) V O,

where

Z'(s) ' K''(s,s)"'Z/(s) !
2

(X0 = A*Z/+(s)>TBQ*1(X — il = A7)

w(Z'(s) | X,0) o< exp{—
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with

A = K" (t,s)K'(s,s)7",

B* = o I+K2(t,t) =T+ K(t,t) — KO (t, )K" (s,s) 'K'(s, t),

m ][ pl, + KONt s)KM(s,s) Z/T(s)

pe || ple + KOt s)K (s, 8) T2 (s) |
All A12 . KA(t,t)‘i‘O'QI KA<t,t*)
Aoy Ay |+ K2(t"t) K2t t) |7

and 0 = (u, 0%, 3,02) being the given parameters of the model and prior.

Proof. The only significant difference from Lemma 3.1 is the derivation of the pos-
terior distribution 7(Z'(s) | X, 6). Again to simplify notation, we omit conditioning
on ¢ in the proof.

Given the data X, the posterior distribution of Z'(s) is proportional to
m(Z'(s) | X) o< f(X | Z(s))m(Z'(s))-

From the construction of the conditional Gaussian process (3.6), the marginal con-

ditional distribution of the observed data X is
X | Z(8)] ~ N (L, + K (8, 5)K" (s,5) "2 (), K2 (. ) + 0°I).
Thus

m(Z'(s) | X) o f(X[Z7(s))m(Z'(s))

Z/(s) "K' (s,s) "' Z/(s) \
2

(X — pl, — A*Z(s))TB* (X — pl,, — A*Z'*(s))
2

x exp{—

.

exp{—

The posterior distribution of Z'*(s) = Z'(s) V 0,, is then clearly obtained by projec-

tion, completing the proof. O
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Sampling From the Posterior

The difficulty in sampling from this posterior lies in finding a suitable MCMC scheme
for sampling Z'*(s) from 7(Z'*(s) | X, 6). According to Lemma 3.2, this can be done
by sampling Z’(s) from its posterior distribution and projecting onto the positive
quadrant. A Gibbs sampling procedure is considered, wherein we draw Z'(s;) one at
a time from its full conditional distribution 7(Z'(s;) | Z'(s—;), X, 0) fori =1,--- ,m;

this distribution is derived in the following lemma.

Lemma 3.3. For anyi=1,--- ,m, the full conditional distribution of Z'(s;) is

m(Z'(5i) | Z'(s-:), X, 0) = ps N_(Z'(s:) | ki, vi) + (1 = ps )NL(Z'(s3) | pir i), (3.8)

where
o B( )
Si T o 52 A d
Cy + Cy @(;Z)Jr\/@ (=3 +25)(1 = (%))

with ®(-) is a normal cdf,
0
o = / FX | 2 (520),0,0)n(Z'(s:) | Z/(s_:).0)dZ'(s:),

G, = /OOO FXNZ (3-0), 2 (54), 0)m(Z' (53) | Z(5-4), 0)dZ' (s3),

and
ri = K (si,s-) K (smi,8-) 12/ (s-),
v, = K'"(si,8) — K" (55,5 )K" (s_s,5_;) "KM (s_y, 5),
b= BATBX =30 A2 )+ v ),
i
S AT BT
with Af = (ay;, -+, an)T, fori=1,---,m, being the m column vectors of the n x m

matriz A* = [Af,--- | A} .
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Proof. Again, we omit the conditioning on € in the proof. Clearly
m(Z'(5:) | Z'(s-3), X) o< m(Z'(s) | Z'(s-3)) f (X | 2" (s)),

so that

m(Z'(si) | Z'(s—s)) f(X | Z'(s)) (1{Z’(s)<0} + ]—{Z’(S)ZO})‘

m(Z'(s;) | Z'(s-;), X) = Cy 4 C,

Thus

Cr  w(Z'(si) | Z'(s-0)) f(X | Z" (5-4),0) 12 (5)<0}

w(Z'(s:) | Z(s-0), X) = CrtCo [0 F(X 2% (s-0),0)m(Z/(s1) | Z/(s-:))dZ'(s;)

Cy 7T(Z’(Sz-)lz’(s NS X2 (s-0), Z'(s1) Lz (9209

Cr+ G [ m(Z'(s0) | Z(s-0)) f(X | 217 (s4), Z'(50))dZ' (s:)

m(Z' (i) | Z'(s-4))Lz:(5)<0}
Il m(Z(s)) | Z/(s-0))dZ(s;)

(2 (i) | Z'(s-0)) f (X | 2" (s-4), Z'(50)) 1 2(5)20)

Si

+ (1 - psi)

Jo m(Z'(s:) | Z(s-0)) f (X | 21 (s3), Z'(s:))dZ" ()

Since Z'(s) ~ N(0,K'!(s,s)), the conditional distribution of Z'(s;) provided that
Z'(s_;) is [Z'(s:) | Z'(s—i)] ~ N (ki,v4). Thus,

m(Z'(s1) | Z'(s-i))1{z/(s)<0y

’ =N_(Z'(si) | ki, vs)
Jooom(Z'(si) | Z'(s—;))dZ'(s;) (Z'(s:) | )

where NV_ denotes the normal distribution truncated from the right by zero.

Next, define
YNZ (si) | Z/(5-0),X) oc m(Z'(si) | Z'(s-0)) F(X | 2 (5-4), Z'(54),

where

(X | Z/+( _2) Z/( )) x exp{ (X B ,U/]_n — A*Z,<S))TBQ*_1<X — ,U/]_n — A*Z,(S))}
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with Z'(s) = (2" (s1), -+ , 2" (si21), Z'(85), 2 (Si51), -+ - » Z'F(sm))T.  Then, the
distribution of 7V¢(Z’(s;) | Z'(s_;), X) is

Z'(si) | Z'(s-i), X ~ N (ps, 6),

and this means

m(Z'(si) | Z'(s_i)) (X | 2" (s ), Z'(8:)) 1 (z(5)20)
S m(Z(si) | Z'(s—)) (X | 27 (s_y), Z'(s))dZ" (s:)

=Ny (Z'(si) | pis 04) -

Moreover, from the deviation we know that

pSi - Cl + 027
then do some calculus, p;, is equal to
- (J%)
Si - K2 2 )
B(L) + Y exp(— 5= + 55)(1 — D(L4))
This completes the proof. n

The Gibbs sampling procedure is thus as follows for any j € {1,---, M}, where

M is the iteration numbers.

e Step 1: Generate r ~ Bernoulli(pg)). Then, Vi € {1,---,m}, Z'0tV(s;) is

drawn from

Z/(j—‘rl)(S‘) ~ N7<Z/(Si) ‘ Hgi),yi), lf r = 17
Z N(Z'(s5) | pP,6)), if r=0.

where

/-6() K11<3“ _Z)Kll(s_“ _Z) 1Z/(J)( )

with Z'V(s_;) = (Z/(sl)(j“),--- ,Z’(si_l)U“),Z’(siﬂ)@,--- , Z'(sm)V)) and
the analogous expressions for p ) and ps . Set Z 0 (s;) = Z'U+D () v 0.
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e Step 2: Block update ZU+Y (t*) according to
200 () | 270 (5),X,0 N (15T 4 A AT X = i), Ay — A A )

where

W 1, KR s K s 5) 2 (s),
Méj-&-l) — e+ Klo(s,t*)Kll(s, s)_IZ’Jr(jH)(S)-
Extending to Higher Order Derivative Processes

To define a conditional GP based on convexity constraints, first define
Z" () =2Z"(t) V0,

where Z"(t) ~ GP (0, K*(t,t')). Then conditioned on Z”*(-) at m virtual points,
s, the conditional Gaussian process is defined exactly as in the beginning of Sec-
tion 3.3.2, with the changes of replacing Z'*(s) by Z"*(s), K'(s,s) by K?2(s,s),
K'(s, t) by K?°(s, t) and K%'(t,s) by K°2(t,s). The posterior distribution is then
given as in Lemma 3.2, with the corresponding changes mentioned above, and sam-
pling from this posterior is identical to the Gibbs sampling method above of condi-

tional GP for monotone functions with the indicated changes.
3.3.83 FEstimating the Parameters of the Gaussian Process Models

We have assumed that the parameters p and o2 from the model and o2 and 5% from
the Gaussian process prior are given, but in most situations, they are unknown. A
fully Bayesian approach to dealing with them is possible, inserting Gibbs and/or

Gibbs-Metropolis updates into the MCMC’s discussed earlier. There is considerable

2
z

2

2 and o2 if no replicate

confounding between ¢? and (3%, however (and between o

observations are present), so that the fully Bayesian approach can be problematical.
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Also, this would presume that the inputs s have been pre-determined, whereas we
will see that their choice is actually a design question.

We thus turn to marginal maximum likelihood to estimate the parameters. Even
that, however, is problematical, in that the constraints on the derivatives of the GP
result in marginal likelihoods whose evaluation requires high-dimensional integration.
We then take a partial likelihood approach, ignoring the derivative information and
basing the maximum likelihood estimates only on the marginal likelihood resulting

from consideration of the marginal prior on Z(t), which yields
X |0~ N(ul,, K(t, t) + o°1,). (3.9)

Another perspective on this is to imagine that, ordinarily, the analysis would just
proceed with the GP on Z(t); we are considering what gain can be achieved by
adding in the derivative information, and can view this as adding in the derivative
information after the parameter estimation has been done.

Maximizing (3.9) over the four parameters is straightforward; the maximum like-
lihood estimate (MLE) for 1 given the other parameters can be given in closed form,

as can the MLE for ¢ in the situation (common in emulation of computer models)

~

where 02 = 0. Denote the MLE of 0 as 6 = (1,62, (3, 62).

z

3.8.4  Determining Locations of the Virtual Derivative Points

Because the computational complexity increases with the number of derivative con-
straints included, it is of interest to develop a method for selecting locations for the
constraints that are likely to be most effective. For clarity, we only discuss the situ-
ation in which the function is presumed to be non-decreasing, but the ideas extend
directly to other constraints.

Intuitively, constraining the derivative to be non-negative will have the most

influence at a given location if the probability that the process has negative derivative
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there is comparatively large. Hence, in an iterative fashion, we will seek locations
with the largest probabilities of having a negative derivative.

To begin, we define Si+ to be the collection of prediction locations or other loca-
tions (such as observation points) that are going to be considered as candidates to
be the virtual points at which to impose on derivative conditions. The procedure is

then defined as follows.

e Step 1: Initially and for V t* € S;+, compute the probability Pr(Z'(¢*) < 0 |
X, é), let t7 be a point where this probability is maximized, and include it in

the selection set 7g if the probability exceeds a threshold px.

o Step 2: Suppose Tg = {t},...,t;}. V t* € S« \ Zs, compute Pr(Z'(t*) <
0 | X,0,7s), using the marginal distribution of Z'(*) based on the current

selection set, which is given by

(2t | X,0,T5) = / (Z'(t) | X, 2"(Ts), 0)m (2" (T5) | X, 0)dZ" (Ts).
(3.10)

Let ¢, be a point where this probability is maximized, and include it in the

selection set if the probability exceeds the threshold px.

e Step 3: Repeat Step 2 until all probabilities for the remaining candidate points

are less than px, or a pre-determined selection set size K; has been reached.
Clearly,

Pr(Z'(t") < 0| X,0,T5) = Pr(Z'(t") < 0| X, Z2"*(T5), 0)n(Z™(Ts) | X, 0)dZ"™(Ts)

—

Q

M
1 1 (% 1% )
=1
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where {Z*O(Tg), ..., 2" (T5)} is a sample from 7(Z"*(Ts) | X, 6), which can be
obtained by the MCMC schemes from Section 3.3.1 or Section 3.3.2, depending on
the derivative constraint method being used. Note that the same sample can be used
to compute (3.11) for all remaining candidate t*.

Finally, normal computations yield

! / N /\t* )
Pr(Z'(#) < 0| X, 2"(T3),0) = ® ,

where Ay« and wy«+ are defined through the following expressions for the indicator
function method (Here, t* indicates the vector of candidates in Sg+\7s and K is the

MLE estimate of K. )

-1

b

All _ KOl(t,t*)Kll(t*,t*)

-1
)

A, = KW (t*,s)K(s,s)

A

B, = &I+K(t,t)— Kot t)K™(t*, t*) KO (t", t),

1.

B, = KMt t) — K1t s)KM(s,s) K (s,t"),

X = ATBG 4B
1 D
A= [l 4 AT (AllTBi_l (X —(1,) + Bé_lA/ZD——d Z Z/('Zs)(g)>

{=d+1
== </\17'” 7)\St*\T3)T7

A/—l
D—d

= (wjj), wj; indicates the entry of €.
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and the analogous expressions for the conditional GP method:

I
115
Ay
Ay
Ay

A

3.4 Tlustrations

i1, + KoL (t,s)K M (s,s) Z'" (s),

KU(t*, s)K ' (s,s) 2" (s),

K2 (t,t) + 671,

KOU(t, t*) — KO (t,5)K 1 (s,8) K'(s,t*) = AL,
Kll(t*, £) — Kll(t*, S)Kll(s, s)_lf{ll(s, £,

p + Ay AT (X = )

(A, Aspzs) s

Ay — Ay AT A,
D—d

(wij), wi; indicates the entry of €.

3.4.1 Simulated Examples

In this section, some simulated examples are considered in order to investigate the

behavior of the proposed methods and indicate the gain from incorporating shape

constraints in Gaussian processes.

The model

is used to simulate the data, where ¢; ~ N(0,0%) with ¢ = 0.5. The n = 50
input points ¢; are chosen equally spaced in the interval [—10, 10]. Inferences will be
performed at n* = 100 predictive points equally spaced over the same interval. The

following functions Z(t) are considered; the first three are non-decreasing functions

v, =Z(t;)+e¢, for i=1---n

while the last three are convex functions:
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Table 3.1: Summary of parameter estimates of GP models

i i | B | o

Z(t)=4/(1+exp(—t/2+4)) | 0.9593 | 0.4713 | 3.6454 | 1.0655
Z(t) =sin(t) +t -0.2330 | 0.5321 | 2.9964 | 5.4201
Monotone Stepwise function | 0.1113 | 0.4268 | 2.5046 | 2.0887
Z(t) = 5(t/25)* — 2 -1.6501 | 0.4816 | 1.4235 | 0.3690

Z(t) = (1/1050) cosh(t) — 0.55 | 2.0273 | 0.4593 | 2.0382 | 3.3787
Convex Stepwise function 2.2765 | 0.4857 | 2.6914 | 2.0648

1. Z(t) = 4/(1 + exp(—t/2 + 4));
2. Z(t) =sin(t) + t;

t+5, if t< =5,
3. Z(t)=1 0, if —5<t<5,
t—>5, if t>05;

4. Z(t) =5(t/25)? — 2;
5. Z(t) = (1/1050) cosh(t) — 0.55;

—t—>5, if t< =5,
6. Z(t)=1< 0, if —5<t<5,
t—>5, if t>5.
The three monotone functions represent three kinds of monotonic functions. The
first one is strictly increasing function, slowly increasing at the beginning and sharply
increasing at the end; the second is increasing but has a nearly flat region; the third
has a flat region where the derivative is exactly zero. Similarly, the first of the last
three convex functions is strictly convex, while the second has a nearly flat region and
the third has a flat region with exactly zero second derivative. The partial likelihood
estimates of the model and prior parameters for the various functions are given in
Table 3.1 and were used in the subsequent analysis.
We compare the two proposed methods from Section 3.3 for imposing shape

constraints. Fach MCMC was run for 10,000 iterations with a 5,000 burn-in period.
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In Figures 3.2 through 3.7, the red dots are the function’s real value at the predictive
points and the black plus points are the observations. The blue dots in each figure are
the value of the posterior median and the the blue dashed lines give the corresponding
pointwise 95% credible interval band. The (b) and (c) figures also show the virtual
derivative points used, the green dots on the x-axis. These were determined by the
method of Section 3.3.4, using the predictive points as the candidate set and setting

the probability threshold at p* < 172,
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Ficure 3.2: Comparing GP without vs with constraints for Z(t) = 4/(1 +
exp(—t/2+4).

All the figures suggest that placing constraints on the derivative process of the

original GP considerably improves estimation of the target function if, in fact, it
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FIGURE 3.3: Comparing GP without vs with constraints for Z(t) = sin(¢) + ¢.

is monotone or convex. Imposing constraints via the conditional Gaussian process
is clearly superior to use of the indicator functions in Figure 3.2, Figure 3.4 and
Figure 3.7 situations in which the function has a flat or nearly flat segment. The
performance of the conditional Gaussian process method is similar to the use of
the indicator function otherwise, and so would seem to be the preferred method.
It is more intensive computationally, however, and so use of the indicator function
method is sensible if no flat regions in the function are expected. Note that the use
of constraints can be particularly useful when data is not available in some region —

for instance the right end of Figure 3.3 without the constraints the GP would try to
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FI1GURE 3.4: Comparing GP without vs with constraints for the monotone stepwise
function.

revert to its mean in such a situation.
3.4.2  Emulating the CRASH Computer Model

The CRASH computer model was considered in Bayarri et al. (2009). This computer
model simulates the effect of a collision of a vehicle, that is analyzing the velocity
changes after impacts at key positions on the vehicle. Runs of the computer model
itself are very time consuming, so that a fast approximation —called an emulator — is
required for the statistical analysis. Bayarri et al. (2009) used a GP to produce the
emulator.

The primary output of interest from the computer model is the relative velocity
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FIGURE 3.5: Comparing GP without vs with constraints for Z(t) = 5(¢/25)% — 2.

over the time period of a crash (the time from initial impact to the vehicle reaching
stationarity) of the head of a dummy sitting in the driver’s seat. The relative ve-
locity is the difference between the actual velocity and the vehicle impact velocity.
Intuitively, this relative velocity should be monotonically decreasing over the crash
period, so imposing this shape constraint on the GP emulator is natural.

As in Bayarri et al. (2009), we denote the relative velocity output of the CRASH
model at input time ¢t by y(¢). We assume that y(¢) has a prior distribution given
by a Gaussian process with mean m(t) = p and the squared exponential covariance
function. We illustrate the methodology here by considering one of the computer

model runs, the resulting data being given in Table 3.2.
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FIGurRE 3.6: Comparing GP without vs with constraints for Z(t) =
(1/1050) cosh(t) — 0.55.

This data is dense enough that the unconstrained Gaussian process leads to a
monotone posterior mean. To illustrate the potential of our methodology, therefore,
we consider three thinned data sets: in Figure 3.8, it is presumed that only data
points 1, 7, 10, 12, and 14 in Table 3.2 are available; in Figure 3.9, that 1, 3, 6, 12,
and 14 are available; and, in Figure 3.10, that 4, 5, 9, 10, and 12 are available. The
prediction set consists of 50 points equally spaced over the time domain from 0 to 81
milliseconds, the same domain considered in Bayarri et al. (2009), as well as the real
data points that were removed in the thinning. Table 3.3 gives the partial likelihood

estimates of the GP parameters arising in each situation.
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FicUre 3.7: Comparing GP without vs with constraints for the convex stepwise
function.

The blue dots in Figure 3.8, Figure 3.9 and Figure 3.10 are the posterior median
of the prediction points and the blue dash lines in each figure are the 95% credible
bands of the posterior distribution of the prediction sets. The red dots in each figure
correspond to the data in Table 3.2 and the black plus points are the selected data
used in the analysis. The green dots on the x-axis in Figure 3.8 (b), Figure 3.9 (b),
and Figure 3.10 (b) are the locations at which the derivative constraints were placed.
It is clear, in each situation, that addition of the monotonicity information greatly

improves the function estimate.
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Table 3.2: CRASH model dataset

time (milliseconds) relative velocity (km/h)

1 1 0.00
2 3 -0.10
3 ) -0.40
4 7 -0.80
) 9 -1.40
6 11 -2.40
7 13 -3.20
8 15 -4.10
9 17 -5.20
10 20 -6.20
11 25 -8.40
12 30 -10.30
13 35 -12.90
14 40 -15.20
15 45 -17.80
16 20 -20.00
17 95 -21.90
18 60 -24.34
19 65 -26.54

Table 3.3: Estimates of GP parameters

Figure 3.8 Figure 3.9 Figure 3.10
I} 0.1713 0.2094 0.1206
0. 6.5004 2.7318 3.0088
i -9.8728  -10.0011 -10.0002

3.5 Summary and Discussion

We have put forward two alternative methods to apply shape constraints to a non-
parametric Gaussian process model, focusing on monotonicity constraints and con-
vexity /concavity constraints. For each method, we develop a Monte Carlo Markov
Chain sampling scheme to carry out the posterior analysis. In addition, a method is
proposed to determine good locations at which to specify the derivative constraints.

In the illustrations considered, use of either method for imposing shape con-
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FiGure 3.9: Comparing GP without vs with constraints for the training set
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straints results in a considerable improvement over use of the unconstrained Gaus-
sian process. However, when the target function has flat areas, the procedure for
eliciting constraints that utilizes the conditional GP appears to be superior. This is
because the conditional GP method allows the derivative of the function to be zero
with positive probability.

Although, in this chapter, we focus on Gaussian processes with the squared expo-
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FicURE 3.10: Comparing GP without vs with constraints for the training set
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nential covariance function, the two alternative proposed methods are easily extended
to other covariance functions which satisfy the conditions of Theorem 2.2.2 in Adler

(1981), for instance, the Matérn class of covariance functions. Also, the methods can
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be directly extended to higher dimensional inputs.
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4

Subgroup Analyses Using Tree-based Models

This chapter discusses subgroup analyses, the goal of which is to determine the het-
erogeneity of the treatment effect across subpopulations. Searching for subgroup
effects is difficult because of the issue of multiple testing together with the com-
plication that test statistics for subgroups are typically dependent, making simple
multiplicity corrections such as the Bonferroni correction far too conservative.

In this chapter, a Bayesian approach to subgroup analyses is proposed, utilizing
tree-based models to assign prior probabilities to subgroup effects that account for
multiplicity, and completing the analysis using Bayesian model selection techniques.
The main focus of the chapter is on utilization of the tree-based models to incorporate
prior information into the model probabilities.

An illustration of the analysis involving the subgroup analysis of biomarker effects

on treatments in clinical trials will be considered.
4.1 Literature Review and Motivation

Studies typically just compare the effect of a treatment (or compare treatments) on an
entire population. But often it is also of interest to determine if there are differential
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treatment effects on subpopulations. For instance, it may be of interest to determine
if a drug has a different effect on young patients than on old patients; or it might
be of interest to understand whether patients who carry a genetic polymorphism in
cytochrome enzyme would respond more actively to a new therapy than those who
lack the polymorphism in the enzyme.

Temple and Ellenberg (2000) mentioned that approved treatments for many con-
ditions did not subsequently appear effective in many follow-up clinical trials. They
attributed these findings in part to the heterogeneity of effectiveness among sub-
groups of patients, who often have distinctive genetical biomarker, clinical markers
(e.g. medical history, disease severity), demographics (e.g. sex, age) and social
or environmental factors (e.g. smoking habits). Thus, diagnosing the subgroups for
which there are substantial benefits might salvage some new drugs and improve over-
all success (Woodcock (2007)). Moreover, even if the treatment does exhibit overall
significance, there may be considerable differences of effectiveness in subpopulations
(Wang et al. (2007)) that would be important to understand for clinical practice.
Indeed, there is an increasing trend (or at least wish) to consider tailored treatments
in the pharmaceutical industry. The key to the tailored therapeutics is to identify
subgroups that are prone to be active for the drug (Lipkovich et al. (2011)).

While the appeal of subgroup analyses is undeniable, there are a number of
concerns with the approach. The main concerns are (e.g. Berry (1990), Pocock et al.

(2002), Cui et al. (2002), Lagakos (2006) and Wang et al. (2007)):

1. Multiplicity: When multiple subgroup analyses are performed, the issue of mul-
tiple testing arises. Standard adjustment for multiplicity such as the Bonferroni
correction can be utilized to correct for multiple testing, but it will give up too
much power when the test statistics are highly dependent, which is virtually

always the situation in subgroup analyses.
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2. Post hoc analyses (unplanned analyses or data dredging): Given a plethora of
baseline covariates and the tendency not to have prespecified subgroups, there
are a large number of possible subgroup analyses that can be performed in a
post hoc manner. Proper adjustment for post hoc multiple subgroup testing is
extremely difficult due to uncertainty for the number of tests that were actually

performed.

3. Lack of power: Most studies recruit just enough participants to guarantee that
there is sufficient statistical power to detect an overall main effect, if one is
present. The power for detecting effects for subgroups is then inherently lower,

and this power is further reduced by the needed multiplicity corrections.

In addition to these primarily statistical concerns, there are also issues concern-
ing the interpretation of findings from a subgroup analysis. Pocock et al. (2002)
advocated assessing biological plausibility along with consideration of the statistical
strength of evidences.

The Bayesian approach to subgroup analyses in this chapter is illustrated by,
and partly motivated from, a simulated clinical trial dataset from Eli Lilly. A two-
group randomized clinical trial with a continuous outcome variable Y is considered.
The treatment group is indicated as T' (T' = 0 gives placebo; T' = 1 implies receiv-
ing treatment) while a 32—dimensional covariate vector X of dichotomous (0 or 1)
biomarkers is available for each patient in the study. There is interest in determining
if these covariates themselves have any predictive value related to the disease (their
prognostic efficacy), but the primary interest centers on understanding if there are
differing treatment effects for subgroups defined by values of these covariates.

Before turning to our approach, two relevant exploratory approaches to identi-
fying subgroup effects are worth mentioning. One common approach is based on

fitting a single model which includes both main effects and interactions for all co-
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variates simultaneously. For a continuous response variable, a general form of this

regression-based model could be written as
E(Y) = po + 1T + Bh(X) + 0Tw(X) (4.1)

where the main interest would be in the response increment for the treatment-by-
covariate interaction, i.e. the term w(X) in treatment group. Although an interaction
test based on the model above partially overcomes the multiplicity concerns, such
tests are likely to be underpowered (Pocock et al. (2002)). Dixon and Simon (1991)
and Simon (2002) overcame some of those difficulties by providing a Bayesian ap-
proach to analyze an analog of (4.1) but use the first order interactions as the last
term. They defined a suitable prior distribution for the parameters of the interac-
tion terms and summarized the point and interval estimates for the subgroup-specific
treatment effects as well as posterior probabilities about the effect size of the treat-
ment in each subgroup. Jones et al. (2011) extended Dixon and Simon (1991) and
Simon (2002)’s method to be more flexible by including second- and higher-order
interaction terms. Hodges et al. (2007) used different variances for different interac-
tion terms and permitted each interaction to shrink to zero. One deficiency of this
approach is that only covariates or combination of covariates included in the func-
tion w(X) are considered as interactions in the model, which might rule out some
important situations.

Another popular approach relies on tree-based methods to identify subgroups in
which the outcome significantly differs. As mentioned in Chapter 1, the tree-based
method is an excellent tool for exploring heterogeneous structure, and can be used
to find complex and nonlinear relationships among predictors. Ruberg et al. (2010)
also argued that clinicians can better understand and more easily apply the results of
such methods in clinical practice. Negassa et al. (2005), Su et al. (2008), and Su et al.
(2009), among others, utilized the CART algorithm or random forests to recursively
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partition the data into two subgroups that show the greatest heterogeneity in the
treatment. Unlike these approaches aiming at partitioning of the entire covariate
space, Ruberg et al. (2010), Foster et al. (2011) and Lipkovich et al. (2011) developed
a search tool to identify ‘interesting’ regions in the covariate space (e.g. a region of
the covariate space where the treatment effect on the response is substantially better
than the average treatment), but ignored the rest of covariate space as ‘uninteresting’
in their recursive partitioning algorithm to define subgroups.

Enlightened by these two approaches, we develop a Bayesian model selection
approach to subgroup analyses which utilizes a tree-based method to define subgroup
models and also to assign prior probabilities to the models (the key to Bayesian
multiplicity control). At each terminal node of the tree (defining a subgroup), the
response is assumed to have a linear regression structure similar to (4.1), replacing
w(X) in the interaction term by the subgroup mean effects.

Chipman et al. (1998) and Denison et al. (1998) first utilized Bayesian model
selection techniques to implement CART. In contrast with the conventional greedy
search algorithms for CART, the Bayesian model selection approach induces a pos-
terior distribution over trees that can be used to guide a stochastic search towards
‘more promising’ treed models, broadening the search of the tree model space and
allowing for posterior summaries. Allowing such overall posterior summaries is par-
ticularly crucial for the subgroup analysis problem, since particular subgroups can
occur in many different trees, so that one must average over trees to determine the
effective of a treatment in a subgroup.

The stochastic structure by which the trees are generated defines the prior prob-
abilities of the resulting models, and is the device by which multiplicity is controlled
(cf. Scott and Berger (2010)). Sivaganesan et al. (2011) also applied a Bayesian
model selection approach to subgroup analyses, but they take a more decision-
theoretic approach in which the problem is viewed as a series of decisions concerning
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whether or not to delve more deeply into subgroups. In our approach, we simulta-
neously consider all possible subgroup analyses.

This chapter is organized as below. Section 4.2 introduces the notation for sub-
groups and the definition of allowable subgroups. Section 4.3 gives the approach
for constructing the tree and describes how to model the outcome at the terminal
nodes of the trees. Section 4.4 specifies the priors for trees in the model space and
the priors for the parameters in the outcome model. Section 4.5 illustrates how to
approximate the marginal likelihood in each model. Section 4.6 discusses how to do

posterior inferences and summarizes them.
4.2 Notation and Allowable Subgroups

Suppose the data consist of (Y, Ty, Xim, -+, Xpm)', for m =1, n, where Y}, is
the outcome variable, assumed herein to be continuous, observed on an independent
sample of subjects, T,, = 1 or T,, = 0 indicates whether the subject was in the
treatment group or the control group, and (Xi.,, -+, X,m)', are the covariates for
that individual, herein assumed to be dichotomous (0 or 1). A subgroup is then
defined as those individuals with a specfied value of one or more covariates.

In practice, there is usually some maximum number of covariates k that will be
considered in the subgroup analysis. Clearly & = 0 means only the entire cohort is
considered (i.e., only an overall treatment effect is being considered); k& = 1 defines
subgroups based on a single covariate in addition to the entire cohort; £ = 2 addi-
tionally allows subgroups based on two covariates, etc. When covariates correspond
to demographics, social/enviornmental factors or clinical variables such as gender,
age, smoking status and disease severity, £ = 1 or k = 2 will be popular choices.
But if covariates correspond to genomic factors such as biomarkers, larger k£ might
be needed. In this chapter, we focus on the situation when k < 3.

A key principle of our approach is to restrict consideration only to subgroups
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that make scientific sense, e.g., obey some biological rationale. To elaborate on this
idea and introduce the basic notation for subgroups, we first consider a pedagogical

example.

Example 4.1. Suppose age, gender and smoking status are the three dichotomous

covariates under consideration, to be denoted A, B and C, respectively:

e Denote discrete subgroup designations as numbered subscripts of the appropriate
letter. Young is Ay and old is As. Male is By and female is By. Smoking is
C1 and non-smoking is Cy. The notation A, is used, for simplicity, to denote

any variant value of the covariate (rather than the more notationally consistent

Alg).

e Denote an actual subgroup as a concatenation of letters with numbered sub-
scripts. All letters must appear in the subgroup. Hence young males is A1 B1C,,
reflecting the fact that no split has been made according to smoking status.

Young male smokers are, of course, A1 B,C}.

o A partition of the population is written as a list of subgroups, with every indi-
vidual in the population belonging to one and only one subgroup in the list. An
example partition is {A1BeCy, AsBsCo}. In this example, the entire cohort is
{AB.CL).

o Associated with each subgroup, there is a mean treatment effect which we will

write by suppressing the letters, as in [i1ee, TEpresenting the mean treatment

effect for subgroup A1 BeCl.

o Likewise, in each subgroup, let Biee define the underlying subgroup baseline

effect for subgroup Ay BeC,.
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A key observation is that the above system of defining subgroups limits the sub-
groups that can be considered. For instance, the subgroup consisting of the union
of male smokers and female nonsmokers is not representable by this notation, and
is hence excluded from our analysis. But, arguably, it should be excluded, as there
is no natural biological reason to think that these two groups of individuals would
have the same treatment effect, an effect different from the male nonsmokers or the
female smokers.

This restriction to plausible subgroups can incredibly reduce the number of sub-
groups that must be considered. When k = 4, for instance, there are only 81 such
allowable subgroups, whereas the total number of possible subgroups is 65,535. The
Bayesian approach to multiplicity correction operates by dividing up the total avail-
able prior probability of 1 amongst the various models, so limiting the number of
allowable subgroups can enormously increase the Bayesian power for detecting sub-
group effects. (Of course, the implicit assumption here is that the many implausible
subgroups should be assigned a prior probability 0, and this should be checked in

applications.)
4.3 Tree-Based Models for Subgroup Analyses

A partition of the population into allowable subgroups is the first step in defining the
statistical model. The second step is in specifying which subgroups in the partition
exhibit either or both of a zero treatment effect or a zero baseline effect (since, even
without treatment, different subgroups may differ in terms of the outcome Y'). Both

steps of this model construction can be carried out via a tree construction process.
4.3.1 Tree Formulation Rules

Trees (and hence subgroup models) will be generated according to the following rules.

When convenient, we illustrate the rules with the 3 covariates pedagogical example.
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Covariate choice and ordering: According to probabilities specified later, k out
of the p possible covariates are selected, and an ordering of the covariates (e.g.,
BJA.C,) is chosen. This will define the covariates and ordering in which the tree
splitting occurs. Thus B,A.C, implies that the first splitting is on Covariate
B, which might lead to two possible nodes By A,Cs and By A,C, (i.e., men and
women). While the initial node B,A.C, and A,B,C, are logically the same

subgroup, we distinguish the splitting order.

Assignment of effect sizes: Let s denote the level of the tree, with the initial

node defined as Level s = 0.

e When at Level s of the tree, decide with probability ~, that some node at

that level will have zero treatment effect.

— If this event happens, randomly choose one of the nodes at the s-th
level and set its treatment effect to zero. This will be indicated by

placing a 0 in front of the node label.

— If a node is set to be a zero effect node, it is a terminal node and will

not be further split.

— For example, vy would be the probability of setting the initial node
to zero effect, and doing so would result in the final node 0A,B,C,,
which here would be the null model of no treatment effect in the entire

population.

e Any terminal node that is not a zero treatment effect node is presumed

to have an treatment effect size different from any other terminal node.

Splitting of nonzero nodes: All nonzero effect nodes at a given level are subjected
to splitting. Splitting will occur probabilistically, according to the following

rules:
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e All nonzero effect nodes at a given level are associated with the same co-
variate (the covariate in the corresponding position in the initial covariate

ordering) and splits at those nodes can only occur with this covariate.

e [f there is a failure to probabilistically split at a node, that node becomes

a terminal node.

Assignment of zero baseline effects: Suppose tree growth has stopped (either
because the level of the tree has reached its maximum level s = k, or the
current end nodes of the tree did not split). For the terminal node resulting in
subgroup 7, set the baseline effect to zero with probability g;. If this happens,

it is so indicated by placing a 0 at the end of the node label.

OBQAl 020

FIGURE 4.1: A three-level tree constructed by the tree formulation rules.

An example is shown in Figure 4.1, using the 3 covariates in Example 4.1. The

construction proceeded as follows:
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e As here k = p, there was no initial selection of covariates. The covariate

ordering B, A,C, was chosen.

o At Level s = 0, the event of zero mean treatment effect did not occur, and the

node was split according to Covariate B, resulting in B1A,C, and By A,Cl,.

e At Level s = 1, the event of assigning a zero mean treatment effect did occur;
randomly, the left node was chosen to have zero mean and it became the

terminal node 0B; A,Cl.

e The right node at Level 1 did split according to Covariate A, resulting in
BgAlC. and BQAQC..

o At Level s = 2, the event of assigning a zero mean treatment effect did not
occur, so By A1Cy and By Ao Cy were subjected to possible splitting by Covariate
C.

— The left node at Level 2 split, yielding nodes By A;Cy and By A1C.

— The right node By A;C, did not split and thus became a terminal node.

e At Level s = 3, the event of assigning a zero mean treatment effect did occur;
randomly, the right node was chosen to have zero mean and it became the

terminal node 0B, A,Cs.

e Since Level 3 was the maximum tree level, growth stopped, and all terminal
nodes (those in orange in Figure 4.1) were probabilistically assigned to have
zero or nonzero baseline effects. The assigned zeroes were the rightmost nodes

at Level 2 and Level 3, becoming By A;C,0 and 0By A, C50.

It should be emphasized that the statistical model is defined only by the set of

terminal nodes, the orange nodes in Figure 4.1. This provides a partition of the entire
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population into four subgroups, {males, old females, young smoking females, young
non-smoking females}. Furthermore, the model in Figure 4.1 specifies that there
is no treatment effect for males or young non-smoking females, while old females
and young smoking females have non-zero and differing treatment effects. Finally,
the model says that old females and young non-smoking females have zero baseline
effects, with the other two subgroups have non-zero baseline effects. It is worth

formalizing this notion in the following definition.

Definition 4.2. A model is a partition of the population into subgroups, together
with the specification of zero treatment effects and zero baseline effects, arising from
the collection of terminal nodes of the tree constructed using the tree formulation

rules. The model space is the collection of all possible such models.
4.8.2  Motivation for the Tree Formulation Rules

Clearly the tree formulation rules will only construct trees that yield allowable sub-
groups as terminal nodes. Additionally, the rules are designed to preclude models
(partitions) that are scientifically unreasonable and reduce duplication of models, as
explained below.

The motivation for making a node terminal if a split does not occur is to eliminate
consideration of scientifically implausible models. For instance, in our pedagogical
example, suppose one first split on A and then only split on B for one branch of
the A split while only split on C for the other branch, declaring the resulting nodes
to be terminal. The resulting partition becomes {young male, young female, old
smoker, old non-smoker}, which does not seem a reasonable model (partition) since
it would be hard to come with a biological explanation as to why these subgroups —
but no finer subgroups — have distinct effects. Note each subgroup itself is a plausible
subgroup; it is just that this way of partitioning the populations is questionable.

The motivation for allowing only one zero treatment effect at each level of the
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tree is, likewise, based on scientific plausibility of the resulting model (partition). For
example, consider the model { B;C; A,,0B1C5A,, 0B2C1 Ay, BoC2 A0}, which has two
zero treatment effect subgroups at Level 2 of the tree. This model says that both
non-smoking men and smoking women have zero treatment effect, while the others
have non-zero treatment effect, which does not seem scientifically plausible.

There are some scientifically plausible models with more than one zero effect
node at a given level, such as {0B,C}A., 0B1CyA,, BoC Ae, BoC2A0}. But this is
equivalent to the model {0B;C,A,, BoC1A,, BoC5A,0}, which is already a part of
the model space; thus the limitation to one zero treatment effect node at each level
also helps to eliminate duplication in the model space.

The convention that each of the nonzero treatment effect subgroups in the model
has a different effect size is also a tool to reduce duplication of models. Indeed, taken
together, it is easy to see that the tree construction rules do not allow for creation
of any duplicate models for a given covariate ordering.

Duplicate models can arise when all the covariate orderings are considered. For
instance, with the ordering of A, B,C,, the tree which is unable to split on Covariate
A would result in the same model as using the ordering of B, A,C, and not splitting
on Covariate B, since both are then the entire population. Also, the partition of fully
splitting on Covariate A, C', B successively with 8 nonzero treatment effect terminal
nodes is equivalent to the partition of 8 terminal nodes from fully splitting on B, C,
A successively, assuming no zero treatment effect nodes are introduced. (In a sense,
these are the only two ways in which duplicate models can be introduced and it can
be seen that the chance of duplicate models arising is actually small.)

In any case, the possibility that duplicate models can arise if different covariate
orderings are allowed makes no difference in the posterior analysis; one obtains the
same Bayesian result from the duplicate models with separate prior probabilities, as
would be obtained by replacing all the duplicates by a single model with its prior
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probability equal to the sum of the individual prior probabilities. Having duplicates
reduces computational efficiency but, as mentioned earlier, the chance of duplicates

is small so that this is not a serious concern.
4.3.8  Outcome Modeling for a Given Model

A Bayesian analysis of the subgroup problem will proceed by considering all models
arising from the tree process, computing their marginal likelihoods, and determining
their posterior probabilities. Each marginal likelihood computation is separate, in-
ternal to the specified model, so it is convenient to switch notation and provide the
statistical outcome model specific to each partition.

Suppose the model (partition) h has I subgroups, with n;; individuals in the
i-th subgroup. Let n = Zlfi 1 Nip, be the total number of individuals in the sample.
Finally, let Y;;, denote the outcome for the j-th observation in the i-th subgroup for
the model (partition) h.

Usually, in clinical trials, there may be some prognostic covariates X, that have
a direct effect on the outcome variable regardless of the treatment or control group.
Such covariates will always be included in modeling and assumed to be separate from
the covariates defining the subgroups. The specific linear regression model assumed

for individual j in the i-th subgroup for a given model (partition) A is

Yiin = pon+ XoijnBon + 1is,,20y0in + TijnttinLin, 20y + €ijns

€ij N(0,0']%),VZ = 17 7Ih7j = 17 » TVih (42>

where 11 is an overall baseline, X;;5 are the common prognostic covariates, By s,
is the unknown vector of regression coefficients for these covariates, 7Tj; is the treat-
ment indicator (0 or 1), p; 5 is the treatment effect for subgroup 4, 3; 5 is the baseline
effect for the i-th subgroup, both 1y, , 0y and 1g,, 0} indicate whether or not they

have been set to zero in the tree partition. Note that one reason to allow 3;; to be
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zero is to minimize the possible confounding of the baseline and treatment effects.
4.4  Specification of Priors

The outcome variable Y can be viewed as arising from a three stage hierarchical

mixture model:

e The model (partition) M, is generated from P(M;),--- ,P(Mg).

/

e The model parameter vector e, = (f0.n, Bo.n, Bin, tin, 03) is generated from

P(Oéh | Mh)
e The data Y is generated from P(Y | ap,, M},) given in (4.2).

We discuss specification of the prior on each stage in turn.
4.4.1 Specifying Priors on Model Space

According to tree formulation rules in Section 4.3.1, the prior on model space requires

specification of
1. the probabilities on the covariate orderings;

2. the probabilities v5 of assigning zero mean treatment effect to some node at

Level s;
3. the tree splitting probabilities;
4. the probabilities p; of assigning zero baseline effect to subgroup .

We consider these in order.
Recall that each tree begins with a random selection of k covariates from the
p—dimensional covariates considered, so that there are (Z) possible choices among

the covariates to define subgroups. In addition, there are k! possible orderings of

91



the selected covariates. Here are three possibilities for selection of the covariates and

orderings:

1. Let each subset and ordering be equally likely, so that the probability of a

particular subset and ordering is (p — k)!/p!.

2. Assign covariate j a weight w; and choose the covariates and ordering by se-

lection without replacement proportionally to these weights.

3. Choose the covariates as in Method 2, but then randomly reorder the selected

covariates.

Method 1 is natural in problems where there is nothing known about the covari-
ates, and will be used in illustrations herein. Method 2 is attractive when certain
covariates are expected to be much more influential, but is much harder to evaluate
theoretically. Method 3 is a compromise between the two which seems to preserve
the computational simplifications discussed later.

The most natural choice of tree splitting probabilities is to associate each covariate
with a splitting probability —e.g., A with p, B with pg, and C' with pc. Thus, if one
is going to split at Covariate A, with probability p4 one would split to two children
and with probability 1 — p4 one would not split, the latter resulting in a terminal
node.

As an example, using Method 1 above and this choice of tree splitting proba-
bilities, the model probabilities in the k& = 3 (with p = 3) pedagogical example

are

P(M) = W[pzp%pgnu ) (= p) (1 = pe)]

k* E(s)
x H(l) (L= [T o7 (1 = ) T hoe) - (43)
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where a is the number of nonzero effect nodes at which an A split occurs, a’ is the
number of nonzero effect nodes at which an A split does not occur, etc.; k* < k is
the last level of the tree, E(s) is the indicator to show whether or not the tree has a
zero node at Level s, £, is the number of nodes at Level s of the tree, and [ is the
number of terminal nodes.

An obvious possibility for the zero treatment effect probabilities 7y, is to choose
them to be equal (and will be done herein), but increasing -y, might be needed,
especially when the splitting probabilities are large and one wants to preclude the
trees from becoming too large.

Similarly, an obvious possibility for the zero baseline effect probabilities p; is to
choose them to be equal (and will be done herein). However, it might be more
reasonable to choose the probability p; higher when the i-th group has been assigned

zero mean treatment effect.
4.4.2  Specifying Priors for Parameters in Qutcome Models

For simplicity of notation, we will drop use of the model index h in this subsection.
Also, we only consider the case in which there are no general prognostic covariates
Xy, although regression coefficients for that situation can be handled in the same
fashion as py below.

The marginal likelihood model for M is
P(Y | M) = /P(Y | o, M)P(ex | M)dex. (4.4)

Since there can be many models considered, it is desirable to choose P(a | M) so

that the computation does not involve high-dimensional integration. A reasonable
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choice of this prior is

Hi ~ N(/Li|ﬂm,l/2),
Hm  ~ N(O,w2),

Bi ~ N(B;]0,7%),

7T<M0702) (S8 ;7

where w?, ? and 72 are hyperparameters that, for the moment, we consider specified.
Note that 119 and o are common to all models and, hence, can be assigned the usual
objective prior. However, the other parameters are not common to all models (and,
in particular, none occur in the null model of no treatment effect with zero baseline

effect whatsoever), and thus they must be assigned proper priors.

4.5 Approximating the Marginal Likelihood of a Model

Suspend the model index h for simplicity. Define 6 = (uo, 5, 1) with 8= (61 ---, ;1)

and = (p1,- -+, pr)', where I is the number of subgroups in the model. Also define
/
Y = (}/1717"' 7}/1,71173/2717"' 7}/2,n25"' :Y'Lla"' 71/1,711) )
— /
€ = (61717"' 1 €1lnys €215 y€2ngs 7 €L, 761,711) )

and the design matrix

1, 17111{/31#0} Tll{#lsﬁo}
X = : :

1n1 1n11{,817$0} TI]‘{#I#O} nx(2I+1)
where T; = (T;q1,---,T;n,) , Vi € {1,---,I}, and white space in the matrix X
implies that the corresponding entries are zero. We can then rewrite the outcome

model as

Y =X0+e€ (4.5)
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where € ~ N (0,0%L,x,,) and I,,., is the n x n identity matrix.

Finally, note that the two sufficient statistics for this linear model are

0 = (b0 =XX)H(XY),

s = (Y —X0) (Y —X9),

and that we can write the outcome model density as

f(Y‘(g, 0,2) _ (0 — 0>/(X/X)(6) — 9))

1
(2mo2)RI+1)/2 P <_ 202

1 o (_ (Y — X)) (Y — Xé)) e

(2m02)(n—21-1)/2 252

We now derive an approximation to the marginal likelihood for the specified

model and prior in three steps.
Step 1. Elimination of 2. We first approximately integrate out o2 in (4.6), by
replacing o2 in the first factor by its maximum likelihood estimate 6% = s?/(n — 21 —

1), and then integrating out over the second factor with respect to the prior 1/02.

The result is

/0 " FY18, 03 (0%)do

Q

| (0 — 6y (XX)(0 — b)
(2m) D2 | g2(X/X) -1 [1/2 exp | — 2652

| X'X |—1/2 F(n—221—1)
(W)(n—QI—l)/Q (32)(n—21—1)/2

XX e
() (n=21=1)/2 (§2)(n=21-1)/2 °

= N(]0,62(X'X)™) (4.7)

This approximation is typically very good when degrees of freedom n — 27 — 1 is at

least moderate. Note that some of the 3; and u; could be zero, and so one could
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increase the degrees of freedom available by including those terms in the second factor
of the likelihood rather than the first factor. Again this makes little difference when

n—21—1 is at least moderate, and complicates the ensuing expressions considerably.

Step 2. Integrating out . With the approximation in Step 1,  now occurs in a
normal likelihood and has a normal prior 7( | w?, v%,72), allowing closed form inte-
gration. The following presents a computationally convenient version of the resulting

marginal likelihood.

Lemma 4.3. Define 01 = (5, 1) and its corresponding estimate Oor = (B, f)', which

are the vectors 0 and 0 without their first element. Then

) A2~/ -1 2 .2 2 1 é§12521é21
N |0,6°(X'X) (0 | W, v? 7°)dl = ) [ Sy 12 exp | —=—— |,
(4.8)
where
A +w0(1;1) +L L
222 = 222((«02, 1/277_2) - (V b WL(21] ]) H 7_2:[]><Ilj_ L22) )
with
_ L L
L =D 1<12]><21+mQ) = (L; L;z>’
aq C1
- ar Cr
D = C1 bl ’
Cr br

2Ix21
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1

T
n-— Zi:l

a;bi(ai+bi—2¢;)’

aibi—c?

aibi(ai—ci1) aibr(aj—cy)  ai(bri—c1) aiay(br—cr)
alblfcf aIbecﬁ a1b1fc% a1b170§
arbi(ai—c1) arbi(ar—cr)  arar(bi—ci1) aj(br—cr)
Q - alblfcf aIbecg a1b1fc§ alblfc%
B b3 (a1—c1) bibr(ar—cr)  aibi(bri—c1) arbi(br—cr)
alblfc% ajblfcﬁ alblfc% aIbec%
bibr(a1—c1) b?(a;—cr) a1br(bi—c1) arbr(br—cr)
albl—c% albl—cﬁ albl—c% aIbI—c%
and
ai = nilygzo,
n; g
_ . _ 2
b = E :Twl{uﬁéo} = § :Tz‘,jl{m#O}’
Jj=1 Jj=1
n;
ci = Y Tiilipous0) -
=1

Proof. Write
xx - (" s’
 \s D)/’
(ala"'7a17b17"'7b1),'

Then, the multivariate normal distribution of f can be rewritten as

N
A Ho) .2 (T S
v ((5) 7 b)

Since the priors for A7 and g are

ﬂ-(:u()) & 17

VZI[X] +w2(111’1)
Oor ~ N(O’( 21101 ’
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marginalization yields

~ -1 2 2 /
92]’\“./\/ D—g i v lej—i-w (1]1]> ,
n T 11x1

Using Lemma B.3 in Appendix B, algebra yields

-1 - _
(D—§> :D—1+w:h

n n—s'D-1ls

Thus, the density of ég[ is

- 1 0,556
i b — 72122 21
f(Oar | 3a2) 2 [ S [ exp ( ]

completing the proof.
]

Step 3. Estimating the hyperparameters. Using (4.7) and (4.8), the marginal

likelihood for a given model, conditional on the hyperparmeters, is

P(Y | M,w? v?, 7?) ~

| X'X |7Y2 0 T2 1 04555 07
(1) (2102 (2) (2102 (27) | B |1/2 exp ( ) >
where gy = Yo (w?, 2, 7%) depends on the hyperparameters.

A fully Bayesian approach to dealing with the hyperparameters would be to
assign these parameters a proper prior and integrate the marginal likelihood over
this prior. We instead adopt the empirical Bayesian approach, which is to replace
the hyperparameters by their marginal maximum likelihood estimates. The marginal

likelihood for these hyperparameters is the model-averaged marginal likelihood

H
LY |07, 7%) =) P(M)P(Y | My, w* 0%, 7%),
h=1
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where the sum is over all H models. When the models cannot be enumerated, this
will need to be done iteratively, with identification of high probability models to
include in the sum. After, obtaining the maximum likelihood estimates of %, 7% and
w?, they will simply be inserted into (4.9) to obtain the final approximation to the
model marginal maximum likelihood.

For completeness, we present the equations utilized to compute the model-averaged
marginal maximum likelihood estimates for w?, v and 72. From Lemma B.2 in Ap-

pendix B,

-1 -1 -1
E2_21 = —]?1 -1 -1 _le LlQB}l -1 />

where By = 1?1, + w?(1;1%) + Ly, — LysB5 'Ly and By = 7217, 7 + Lao.

In a given model, the logarithm of f (éQ 1| Xoo) is
log f(éﬂ | Xo2) = —1log(2m) — —log | X2 | ——(921E 921

The derivatives of log(f(égf | ¥99)) are

dlog fgjé | Xa0) —921{2221 68213;2 0 0y — %TT&CG(EQQI 8;;22)

= 3 (—Bg?ﬁ§1B12 Bfliigﬁﬁz]; 1) ch wa
dlog f(ac?j; | ¥o2) _ 352122—21%22—21921 ;Trace(Eml 882222)

- 3 ( B5]13I11:1E];]?_11]13B1_1 35;1211;?‘]1315113?‘11232;35 l) 2 ; &
0log f(aéfi | 399) _ 0212221 38222 2521é21 ;Trace(zml 83222)

1. (B 'LyB;’L,;B7' B7'L,,B;'B
(1 1255 "Lig1 By 1 L1259 L)Hﬂ__zbmv

= 2% Zp,B;'L,B; B.B,
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where Bl_l = (b}j)lxh BL = B2_1L21B1_1L12B2_1 + B2_1 = (bfj>[><l and

Therefore, the overall marginal maximum likelihood estimates of v, w? and 72 are
the solution to the system of equations
log f(Oarn | Boon)

P(My) o = 0,

] ) )
P(Mh) ng(QZaI:jJ 22,h) _ 07

log f (6 >
P(Mh) ogf( 25,:2| 22,h) _—

M= IM= I

i
L

4.6 Posterior Inferences for Subgroup Analyses

Information about unknowns is encoded in the posterior distribution, which consists

of the posterior model probabilities

P(Y | M,,)P(M,)
ZmHzl PT(Y | MH>P(MI€)

P(M,|Y)= , (4.10)
as well as the posterior distributions of model parameters given the models. Of
particular interest will be the posterior distributions of the p;; which are the mean
treatment effects for the i-th subgroup in model M.

Note that computations can be challenging when the number of models is large.
For instance, if the dimension of the subgroup covariates is p = 32 and one only
allows subgroup models of at most k = 2 covariates there are still 148, 800 potential

models. For k& = 3, enumeration of the models would not be feasible. In such cases,
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intelligent stochastic search schemes in model space would be necessary, and sums
over model space become sums over the models found in the stochastic search.
There are also issues in summarizing the information available from the posterior
distribution on model space. Individual models are typically not of interest here,
since particular subgroups will appear in many models. One marginal posterior
quantity of very clear interest is the posterior distribution of the mean effect size of
the treatment for a given individual (or, equivalently, for a given specification of the

covariates). A useful summary of this individual posterior would be

e Fy; = the probability of no treatment effect for individual 7,

e the posterior distribution of
A = the posterior treatment effect for individual j given there is an effect,

which can be summarized by the mean and variance of A.

Letting p;(j),, denote the mean treatment effect in the subgroup of Model M) to
which individual j belongs, it is clear that these quantities are given through model

averaging (see Clyde et al. (1996) and Hoeting et al. (1999)) as
Poj = ZP(Mh | Y)]‘{Mi(j),hzo}’
h

Zh E(Mi(j)vh | thY)P(Mh | Y)]'{.U“i(j),}ﬁéo}
ZhP(Mh ’ Y)l{ui(]’),h?éo} ’

Zh[var(y’i(j):h | Mh,Y) + (E(Mi(j),h | MhaY))z]P(Mh | Y)]‘{Hi(j),h#o}
ZhP(Mh | Y)]'{Ni(j),h7é0}

BATY) =

Var(A | Y) =

- (BEQAY))*

To complete this computation, we need to obtain the posterior mean and vari-
ance of each fi;(j),. The following lemma provides these for the case of known o7
and known hyperparameters. In practice, we will replace these by their maximum
likelihood and empirical Bayes estimates.
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Lemma 4.4. For simplicity, we suspend the model index h. Define 3 = (51, -+, Br)

and = (p1,- -+ , )’ The posterior mean and covariance matriz of (3, u) are
- 1.1,
B3, | Y) = AKX (T~ Y
and
Cov(f | Y) = 0*A™,
where
1,1/
A = X Ly — —2)X_; +0°Q,

o _ (V- )
T2 11r)

and X_q is the matriz X without the first row and the first column.

2

Proof. Given 02,12 w? 72, from model (4.5) and the prior distributions of (3, 1) and

Lo, We have
Y |0,0° ~ N(XO,0T.xn),
2 2 /
T 1rxr
(o) o< 1.
Therefore, the conditional posterior distribution of (3, i is

1,1
n)Y,O'QA_1> 7

ﬁau | Y70-27V27w277—2 NN (A_lxl_l(lnxn - n

completing the proof. O

It may well be of interest to present the posterior summary for a higher level

subgroup, such as the entire population. It is not immediately clear how to do
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this, in part because it is unclear how to define subgroup effects in general. One
natural definition would be to define the treatment effect size for a subgroup to be
the average of the treatment effect sizes for all individuals in the subgroup. Likewise
the probability there is an treatment effect in the subgroup could be defined as the

average of all treatment effect probabilities of the individuals in the subgroup.
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5

Concluding Remarks and Future Work

This thesis has investigated a variety of interesting practical problems and developed
several novel Bayesian modeling approaches to solve them by using latent structures
in the prior specification. These problems cover item response theory, computer
model emulation and subgroup analyses, with complex data arising in dynamic, con-
strained and dependent situations, respectively. The contribution lies in the develop-
ment of three new models from a Bayesian perspective, i.e. Dynamic Item Response
Models, Gaussian Process Models with Shape Constraints, and Tree-based Models
for Subgroup Analyses, to cope with modeling complex data, and the development
of efficient computational techniques for these models.

Chapter 2 considers a problem motivated from a time series of dichotomous re-
sponse data collected by adaptive measurement testing in education. The proposed
Dynamic Item Response Models generalizes the classical item response models in
three important ways, allowing 1) longitudinal observations at variable and irregular
time points; 2) potential dependence of items in a test; and 3) uncertainties asso-
ciated with item difficulties. The developed Bayesian approach to analyzing DIR

models not only allows for borrowing strength across individuals, but also enables
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the retrospective analysis of an individual’s changing ability, as well as online predic-
tion of their ability change. Posterior propriety of the objective Bayesian analysis is
rigorously proved and the techniques of the proof should have wider applicability to
investigations of posterior propriety in other general state space models with logistic
links and objective priors.

Chapter 3 introduces a GP prior for shape constrained functions, with the con-
straints imposed on the derivative process of the original GP. Two alternative ways
to introduce constraints in the GP prior are proposed. Although the second method,
i.e. the conditional GP method, is more computationally intensive, it has the addi-
tional flexibility of allowing for functions that have flat areas. The methodology is
illustrated on emulation of a CRASH computer model, relevant since GP models are
extensively used in emulation of computer models, and shape constraints are also
common therein.

Chapter 4 develops a tree-based model to analyze subgroup effects from a Bayesian
perspective. The subgroups arise from terminal nodes of trees based on covariate
splits. Following this approach and utilizing certain rules for tree construction lead
to a dramatically reduced number of biologically reasonable subgroups that need be
considered. The stochastic mechanism to generate the tree allows subgroups to have
zero mean treatment effect and/or zero underlying subgroup baseline effect, which is
a key to controlling for multiplicity. The terminal nodes of the tree become the model
(partition of the population into subgroups) and Bayesian model selection techniques

can be utilized to yield a multiplicity-controlled posterior subgroup analysis.
5.1 Future Work on Dynamic Item Response Models

Typically, as indicated in Figure 5.1, an individual’s ability grows quickly initially,
but slows with maturity. Indeed, it is typical that one’s ability plateaus at some
point, e.g. 7 in Figure 5.1. Therefore, a valuable extension of DIR models will
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incorporate a plateau effect.

5

(@bility) 4 v fetaate ae
.. 0:.' o >
g T T (time)
3k

F1GURE 5.1: Typical measurements of an individual’s ability over time.

This can naturally be done by introducing a change point in DIR models. Re-

calling that the current DIR models described in Chapter 2 have the form

Oir=0;1-1+ci(1— pei,tfl)A;rt + Wiy,

a reasonable system equation involving a change point to indicate when the plateau

has occurred is
Hi,t = ei,t—l -+ Cz(l — piHi,t_l)Zi(;")A;ft -+ wi’t, (51)
where Zi(;i) is the indicator function, i.e.

)

) _ 0 if t>m,
bt 1 1 otherwise

with 7; € {1,---,T;}. Note that this also requires using individual p; in (5.1), since

plateaus will typically occur at different times.
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5.2 Future Work on Gaussian Process Models with Shape Constraints

As mentioned in Chapter 3, one interesting topic is to extend the methodology
to higher dimensional inputs in GP models. Thus, suppose t now denotes a D-
dimensional input, and denote T as an n X D matrix for all observed inputs. Then

the model considered for the unknown function becomes
xz:Z(tz)+6u izl,...n,

at inputs t;. Note that the other specifications of the model are unchanged. Assume

a Gaussian process prior for the unknown function Z(t;) as usual, i.e.
Z(t;) ~ GP(u, K (t;,t7))

with squared exponential covariance function K(-,-) as

D
1 PO
K(t;,t)) = 02 exp (—5 ;ﬁcﬂ(td - td)2> 7

where t; = (¢4, -+ ,t5)T, 02 and B8 = (1,- -+, Bp)” are the hyperparameters for the
GP prior. By applying Theorem 2.2.2 in Adler (1981), we have

. {82(’5)' oy

oty | oty

0Z(t ,- 2 1 D —2 /\2 1 /
COV|: at( )7Z(t )- = o,exp <—§ ;Bd (td_td) > <—5—3(tg —tg)),

0Z(t) 0Z(t)] 1< L) 1 1 ,
COV[ o, oy, | T OO _E;ﬁdQ(td_td)Q = | Oon = 5 (th — 1)ty —

where g, = 1 if g = h, and 0 otherwise.
Obtaining analogs of Lemma 3.1 and Lemma 3.2 to estimate the constrained

function is thus quite straightforward. However, the methodology for determining
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the locations of derivative points does not easily generalize, and will need to be
studied.

Another interesting topic is to develop a fully Bayesian method to estimate the
unknown functions. The MCMC algorithm combined with some adaptive procedure
may achieve this. Some pseudo code might look like:

Input: Initialize derivative points Z(s)©®, predictive points Z(t*)® and 6.

Repeat for j =1 to M do

e Sample the ith derivative point for i = 1,--- m: Z'(s)V*) ~ 7(Z(s;) |
Z(S—i)(j)ve(j)7X)7

e Sample Z(t*)U+D: Z(t*)UHD ~ 7(Z(t) | Z(s)9),00), X),

e Generate #UtY from some suitable proposal and accept or reject #U+Y) with

the Metropolis-Hastings algorithm.

end for

Until The convergence of the Markov chain is achieved.

More delicate work might be asked for designing some adaptive procedures for the
changes of the dimensionality of Z(s) if the value of @ differs substantially between

each iteration.
5.3 Future Work on Tree-based Models for Subgroup Analyses

While Chapter 4 presents a strategy for Bayesian subgroup analyses, more experi-
ence is needed to understand the needed prior inputs to the algorithm. In particular,
there is great flexibility in the choice of probabilities defining the tree growth, and
understanding how these relate to intuitive prior beliefs of investigators will be a key
step in building a tree prior to reflect features of relative importance of covariates

in determining its covariate ordering probability as well as specifying the spiltting
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probability to split one covariate. This would implicitly help us to reduce the com-
plexity (i.e. size and the shape) of the tree and increase the probability of searching
more interested subgroups for researchers.

It is also of interest to further investigate how to summarize the posterior effect
for subgroups. For instance, suppose one is interested in an overall effect. One
could only consider those models (partitions) for which all the subgroup effects are
nonzero. The overall effect probability and the overall effect distribution would be the
appropriate averages an mixtures over these models. This idea is simply illustrated
in the example below, where we follow the convention of letter notation from the

pedagogical example in Chapter 4:

Example 5.1. Suppose the following are the possible models (ignoring the fized ef-
fects for the moment). Along with each model is given the model posterior probability

and the posterior effect distribution (given nonzero). Suppose there are 20 individuals

m A; and 30 in As.
o A, 0.2, N(n|2,1)

e 0A,: 0.3

o (A1, A} 0.2, N ((Z;) ‘ @) ’ (3 g))

[} {Al,OAQ}.' 01, N(,ul | 15,3)
L] {OAl,AQ}.' 02, N(,ug | 25,3)

The posterior probability of an overall effect would be 0.2+ 0.2 = 0.4. The poste-
rior distribution of an overall effect, given an effect exists, requires defining what is
the overall effect in the situation {A1, Ay}. Since we are within a fived model, it is

natural to define the overall effect as the relevant proportional sum of effects p; and
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pie in the two subgroups, here (2311 + 22ps] = N(2.2,1.04). Thus the final overall

effects distribution, given that there is an effect, would be

0.2 0.2
— N(2,1 — N(2.2,1.04).

This has a mean of 2.1.

However, it is not obvious which way is best to measure the spread for the overall
effects in the example above. It is also of interest to investigate the use of correct
Bayesian marginalization over the hyperparameters to obtain the model marginal
likelihoods, instead of the use of the empirical Bayesian method.

Finally, the number of subgroup partitions (models) becomes very large, a stochas-
tic search of the model space of partitions becomes necessary. In this situation, the
Markov chain Monte Carlo (MCMC) method are often used, which would facilitate
to identify high probability models for selection or model averaging. For example,
Chipman et al. (1998) and Denison et al. (1998) simulated a Markov chain sequence
of models by using the Metropolis-Hastings algorithm to stochastically gravitate to-
ward the higher posterior regions. Hoeting et al. (1999) adopted the MCMC model
composition methodology of Madigan et al. (1995) to generate a stochastic process
that moves through model space. Green (1995) used the reversible jump MCMC
for this search. Other MCMC methods to explore the model space are used propos-
als such as Evolutionary Monte Carlo (Liang and Wong (2000) and Wilson et al.
(2010)), Swendsen-Wang (Nott and Kohn (2005)) and adaptive MCMC (Nott and
Kohn (2005)). Moreover, a more recent development of Bayesian adaptive sampling
for model averaging is the paper of Clyde et al. (2011) and their algorithm of sampling
without replacement is based on binary trees. This paper is particularly interesting
to us since it enlightens us there might be some possibility to connect some of those

ideas on searching the model space in the way we build our tree-based models. Thus,
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one of major goals in our next step would be focusing on an efficient and suitable
stochastic searching algorithm in our context of the tree-based model for analyzing

subgroups.
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Appendix A

Posterior Propriety of DIR Models

We first give some needed lemmas that may be of independent interest for proving

posterior propriety in other logistic modeling scenarios.

Lemma A.1. For any three real numbers x, €, and €,

xr+€1
€ 1 —hltaltlel

X
1esta ~ 14emta =

Proof. 1t is easy to see that

et Vv 1 1
]_ ‘I’ ex-l—sl ]_ ‘I’ 6:1}-‘1—62 - 1 + e—T—¢€1 ]_ + 696-1-62 - 1 + 6CC+62 ‘I’ e~ T—€1 ‘l’ ef2—¢€1

Moreover, we have

(1 + pte +e @ 4 652751) (e*|$‘+|61|+|62‘)

— e laltlaltle] L pa—laltlaltetle| | o—r—lz|-atlaltle] | —loltlal-etlelte

Let us discuss two situations:
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1. if x > 0, then x — |z| = 0. If €5 < 0, we have €3 + |e2| = 0, otherwise, we have

€2 + |€2] > 0. Thus, e?~l#lHealtetlel > 0 — 1 Then

(1 4 oetter | pmrma | 662—61) (€—|$\+|61|+\62|) > et lzltleltetle| 5 1

2. if # <0, then —x — |z| = 0. If ¢, > 0, we have —e¢; + |e1]| = 0, otherwise, we

have —e; + |e;| > 0. Thus, e~ l#l=atlal+lel > 0 — 1 Then
(1 4+ ette L omra 4 662761) (€*|I|+|61\+|62|) > e z-lel—artleltle| > 1
Therefore, in either situations, we have

(1 4 etter 4 e 662—61) (€—|I\+|€1|+‘52|) > 1,

l.e.
1 < o-laltlal+el

14 ezte2 4 g—z—€1 | pe2a—e1 — :

Therefore,
T+€1
€ oL kel

14 erter 14 erte2 =

would hold for any situations. O

Lemma A.2. For6; € (—o00,0), i = 1,2,
/OO /OO /Oo V2R 1) (-4 00— 0t 102 -D) g i s < (4 4 20) /e (1 4102D)
—o00 J—o0 JO

Proof. Firstly, let us see the integration below

/OO LG—T(anrn%)dT — i
0o VT VI

Moreover, it is easy to prove that
01 +m|+ 101 —m| = 2max{|6:],[m]},

|02 + | + 02 —ma2| = 2max{|0s], [m2]},
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and the relationship of 2max{|61|, |m|} > 01|+ |m| and 2max{|6s], [172]} > 62|+ 92|

ThuS7
/OO /Oo /Oo 712 TOR+0) = (014 m O =m0l +H02—2D) - g i,
—0 J—00J0O
< / / %e(|91|+|m|+|92'+'”2|)d771d772
o) R

o0 o0 1
_ ﬁe—(leuwzn/ / L by,
—o0 J—o0 \/N] + 13

Let us focus on the integration part, we could decompose it into two parts, i.e.

1

1 1 27
————cImitimDgp,q </ | :/ /dd0:2
€ manz > n1an:2 r T,
/\/n?Jrn%Sl N/ <t /N + s o Jo
and
1
=(Im[+In2))
—=—¢ dmidns
/\/nf+77§>1 Vi 0
< / e~ (mlHmD gn. dn,
Vs >1
< / e~ mlH D gy dn,
= 4.
Therefore,

oo (0.) o0
/ / / V2= ) g~ (81t 03— 410+ ma +62 =) g iy e < I e~ (12D
—o0 J —o0 JO

where the constant K = (4 4 27)y/m, which completes the proof.
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Lemma A.3. For6; € (—o0,0), i = 1,2,

K
5126~ (s01+<p2 —(l61+e1l+024020) 15 Ao doy < ’
[ wdon <

with some constant K.

Proof. Analogous to Lemma A.2; we have

Then, some derivation would yield

/OO /OO /°° 523 ed) - (otel oo g5 o, dip,
—o00 J—00 JO

/ / : T 26—(|6)1+g01|+\02+g02|)d5d(p1d(p2
—o0 /=00 \/PT T ¥3
K
Y
where K is a constant and the last inequality holds by using similar idea as the last

part of derivations in Lemma A.2. Moreover,

K

1+\/92+92 1+|91

which completes the proof. O]

Lemma A.4. ForT > 2,

e’} [e’¢) e’} [e’¢) o0 1 1 _
. (&
/0 /0 /0 /oo/oo¢3/2 1+|,/$2+A(c)

N
ot

_%dzdz'dcdc'dgb < 0,

(A.1)
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where

T T
Ale) = pe H(l—cpA+ +ZCA+ H(l—cij),
t=1 t=1 i=t+1

T
B(c) = ZAt H (1= cpAN)? + ¢Ve, [[(1 = epA) ),
t=1

i=t+1
T T T
A/ / _ _ /A+ 1A+ _ /A+
() = pe, [JA=dpAl)+ D NS T] (1 =dpA]),
t=1 t=1 i=t+1

T
B(d) = Z A, H — A + Ve, [ [(1=dpa))?,
t=1

i=t+1
and we have dropped the label i in the subscripts for A4, A;;, Ciy Ha;, and Vg, .
Proof. Let K’ be sufficient large, then when ¢ > K', we have
ZAt [ (- oty ~ O,
i=t+1

and

T
Vo [ (1 = dpai)?* ~ O(c™).

t=1

Similarly, let ¢ > K, where K be sufficient large, then

zAt I (- cpat 2 ~ O(T0),

i=t+1
and
T
H (1 —cpAS)? ~ O(*h).
Let us define M = max{K’, K, p%l +1,--- ,pALT + 1}. Moreover, for simplicity, we

use Label A instead of A(c) and Label B instead of B(c) and similarly for A" and

B’. We are going to decompose the integral of (A.1) into six different regions:
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1. Let us consider the integral (A.1) in the region of ¢,¢ < M and ¢ > 1, i.e.

27 _4 dzd?' dedd do
/ / / / /oo¢3/ 1+|\/>Z—|—A| 1+‘/ Z’—i—A/

< M’ ¢3/2d¢/ —zdz/ T d
1
o

W‘T)

= 2M?2

2. Let us look at the region of ¢, ¢ > M and ¢ > 1. Firstly, define

Al
o=
e
_ e HtT:1( cpAf) + Zt 1CAJr Hz t+1< — cpA)|
T —c -
D=1 Atni::;q(l PAz) +VG Ht:l(l o CpAz,-)Q
- |MG Hf:1( CPA+)+Zt 1 A+ Hz t+1( _CPA?_”
VeI, (1 - cpny )2
CTpT—l HT AT
~ O = t+) when ¢ > M
V VGCTpT Ht:1 At
1
= O )

vVap
Thus, when ¢ > M, we have |h| < O(ﬁp). Similarly, we have |h/| =
AN/ 5 < O(ﬁ). Moreover, let us denote By = Vg [, (1 — cpA[)?

and B = Vg H:;F:l(l — dpAf)?. Then, after some algebra, the integral (A.1)
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in the region of ¢, > M and ¢ > 1 would be bounded as
o o0 o oo oo 1 1 22 1 2/2
/ / / / / 572 ez e~ 2 dzdz'dedd dg
1 M M —00 7oo¢ 1+|\/§Z+A| 1+’ B’Z +AI’
(o] o o oo oo 1 1 22 1 2/2
/ / / / / 572 ez e~ 2 dzdz'dedd do
1 M M —00 —oo¢ 1+\/§|Z+h| 1+ %’lzl+h1’

2 <1 log 1—|—\/_)]og(1_|_\/§) )
M; / / / $3/2 VB, \/B_1 dedc do
1

© 1 log(1+ /Bi) ,
+ M5M6/ / / B3/ B, 1+\/§1d0d6d¢

! M5M6/ / / ¢3/21+¢—10g1\/+—\/§dd’d¢

A

IN

+ M2/ / / ¢3/21+\/_1+\/_dcdc’d¢

> 1 log(1+4 M]c")log(1+ M
B 2 St T.T ) Log 7 ,T7 )dcdc’d¢
¢3/ M C M7 C

* 1 log(l+ MFch) 1
" / / / P32 MFcT 1+ MIeT dedc'dg
log(1 + MI'dT) )
+ / / / 021 + MTCT M7TCT dedc do

1
* / / / ¢3/21+MTCT1+MT ,Tdcdc’dgb)

O (M2, 2Ms (MyM)'™T | 2Ms (M M) 2 (MyM)P*CD)
Mz M7 T-1 Mz T-1 M2 (T —1)?

IN

< oo,
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where

T
M: = px (Va][[2D7,
t=1

(MzM)""T[1 4 (T = 1)log(M-M)]
(T'—1)? '

3. Let us compute the integral (A.1) in the region ¢,¢ > M and ¢ < 1. Define

ZAt H (1 —cpAf)?,

1=t+1

and

ZAt H — dpAf)2

i=t+1

Similarly as derived in ¢,¢ > M and ¢ > 1, we would obtain

z

1 [e) 0o o) 0o 1 1 2 1 2
/ / / / / 372 ez e~ 2 dzd?' dedc do
0 M M —o0 —c>ogZS 1+|\/§Z+A| 1+| B’Z +Al|

z

2 1
RN s
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Firstly, let us derive the bound of the integral below

2
_Z_
e 2dzdce

Lol
M 7w1+v§p+m

M
= /¢/ e2dzdc+/ / e zdzdc
M —oo1+\/§|z+h\ 2% —oo1+\/§yz+h|

M
Vé > 1 52 oo o0 1 L2
< / / e_2dzdc+/ / e 2dzdc
M —oo 1 + %|Z+h| % ,Ool+\/B1’Z+h|

/\F ¢ dc+M6/f dc
?2 Ve

< log(1 + VB o
+ M5/ MchrM(;/ de

% VB %V
MT—lchl
0 /&V’a log(1 + 9T)dc+/°° log(1 + Mf<c")
- T—1, T.T
M 1+ % Vs Mz e

T—1 T
Volog(1+ H—p—)log(1 + M) §B2p[1 4 (7 — 1) log(2

. )
M, MIMT-1(T —1)?

where My = p x (A, [[_, A)YT-D. Similarly, we have

e~ 7 dzde (A.2)

Lo
M 7w1+v§p+m

Vélog(1+ %) log(1+ M) WTody (7 1) log(2L

)
+
M MIMT-H(T = 1)2

< O

Therefore, when ¢, > M and ¢ < 1, and when T > 2, the integral would be
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bounded by

1 o) 00 o) 00 1 1 2 1 e , /
372 e 2 / e 2 dzdz dedc' do
0 M JM J-x —oo¢ 1+|\/§Z—|—A| 1+‘ /%2I+A’|

< 0 / L d
: Vo ’
1o T T+ (T —1) log(M\}M)] log(1 + ¢—) log(1 + %)
2 d
2 WA Y ¢
1 pT—272 MM
X /cb T (T Do
. METART-1)(T — 1)4,/¢
MT 1 2 Mo M
1 log? (1+¢—)log (1+%5%)
< 0 / & d
: VR ’
1 T[1+ (T — )log(M7M)] log(1 + ¢—7) log(1 + MQM)
2 d
" /0 M MFMT (T — 120 ¢
P21+ (T — 1) log(#720))”
T 2T ) f2(T—1) { ¢
Since % and W are sufficient large and set d = MyM, then
T—1 9 MyM
/1 log”(1 + prs ) log™(1 + =% )d¢ A3
0 VoME
1 10g2(%) log”(*5™)
= 0 / : de
0 Vo

- YT —1)logd — L log(qb)}2 [log d — log(¢))*
= O /D Vo d(b)
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(T — 2log d —1) log dloggb
= d
O(/o v / “w

N /0 (T — )1;g$dlog ¢d¢ / —1\}? dlog¢¢
B /01 2T (T — )\}%g dlog’ ¢>d¢ / —1\}%gdlog gb i
N /01§1og2\;1$10g2¢d B OlTlogdlog ¢ )
It is easy to see that
1} .,

/01 1O\g/;¢d¢ — 16,

/0 1 lo\g/;gbd(b — 96,

Ol%dqs = 768

Thus,

1 log?(1 + %) log®(1 + M)
2
do
/0 VoM§

= O(2(T—1)*log*d+8(T — 1)log”d + 16(T — 1) log>d — 4T(T — 1) log” d

— 32T(T —1)log®d — 96T(T — 1) + 4T log® d + 48T log d + 192T")

Then,
1 log?(1 + %) log?(1 + Hadl)
& do < .
/0 VoM§
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Similar derivation would lead to

LT+ (7 — 1) log(2224)] log(1 + Ml—%MT) log(1 + MaM)

/ ve do <
00

0 MngMT—l(T — 1)2\/g_b
and

LT21 4 (T - 1) log( )]

/ 2T A f2(T—1 d¢ < 00.

, IEIETT 1)

Therefore,

z

1 00 0 o) S| 1 2 1 2
/ / / / / 37 ez e~ 2 dzdZ'dedd dp < oo.
0 Ju Ju Joso) o ® 1+|\/§z—|—A| 14| B/z+A’|

4. Next, we look at the integral in the region ¢, < M and ¢ < 1, i.e

1 M M 00 o] 1 1 2 1 2
/ / / / / 572 ez e~z dzdz' dedd do.
0oJo Jo Jo) @ 1+|\/§z+A| 14| B'z+A’|

Since ¢, d < M, it is easy to prove that |A|, |h'| < Mo, where M is a constant.

Similarly, as the derivation before, we could obtain that

1 M  pM  poo o1 1 2 2
/ / / / / 37 7 e~ % dzdz'dedd dog
0 Jo 0 oo @ 1+|\/§Z—|—A| 1+| /| B’ Z+A’

log(1 ) log(1 )
< Mg /0 | /OM / M (bi/z = }[ - \}\ﬁ deddo
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A
N
=

where

My = ——
11 AT,

M12 = max{ V Bl> V B2a V Bi? V Béaca C/ € (O>M)}

It is easy to obtain that

1 log(
[
/1log (1+

-
[ -2

s|§
[
N

2(log(Miz + 1) + 1),

>d

a|§
<
A\

2(log(Miz + 1) + 1) + 2,

Therefore, we have

1 M M 00 o 1 1 2 1 2
/ / / / / 372 ez e~ 2 dzdz'dedd dp < oo.
0 Jo Jo Josodooo @ 1+|\/§z+,4| 1+ |y B + A
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5. Now, we consider the integral in the region ¢ > M, ¢ < M and ¢ < 1. Since
c and ¢’ are symmetric in the integral, if the the integral is finite in the region
¢c>M,d < M and ¢ < 1, then by the symmetric property of ¢ and ¢, we
would easily obtain that the integral is finite in the region ¢ < M, ¢ > M and

¢ < 1. Thus, we only need to prove the integral below is finite,

1 M oo 0o 1 1 2 1 2
/ / / / / 37 ez e~ 2 dzdz'dedd dg.
0 Jo Ju Jooo )o@ 1+!\/§z+A| 1+] %z’+A’|

From (A.2), we know that

_z2
2

22
e 2dzdc

I B
M —<><>1+\/%z+h\

Mg“—lMT—l MoM T-1
) Volog(l+ Z—r—)log(1+ 1) 45271 4 (T — 1) log(24)]

M, - MIMT-(T = 1)?

IA

and also similarly as the derivation in Situation 4, we know that

e 2 dz'dc

I ey
0 Jooo 14|/ B2 4 A

< MsMyy\/dlog(1 + %) + MsMi1\/¢.
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Then, when T" > 2, the integral below is bounded by

1 M poo  poo 1 1 2 2
/ / / / / 372 ez e~z dzd?' dedd do
0 Jo Jar Jeso oo @ 1+\\/§z+Ay 1+|,/ Bt A
log(1+ M) log(1 4 MaM ) Jog(1 4 M)
<0 / a
0 Vo

P+ (T = 1) log(*755)] log(1 + )
+ / B Ve g

0 MIM™ T —1)*V/¢

My M MoM

/1 log(1 + —=—7—)log(1 + )d¢ LTL+ (T — 1) log( 2z )]dgb
- -

0 Vo o MIMT-YT —1)?

Since MTI—TT_I and M%gﬁM are sufficient large,
(o3
MT-1 71 MT-1yT-1
log(1 + ———) = log(——F—),
P2 P2
Mo M Mo M
log(1 + Z ) = log( Z) ).

Moreover, if MT;? is sufficient large, then

My oy Mo
log(1+ﬁ)—lg(\@).

However, when \/15 is not sufficient large for ¢ closer to 1, then we just depart
the integral of ¢ into two parts, one is from 0 to €, where any ¢ < e would
guarantee that ﬁ is sufficient large, and the other one is from € to 1. Since
the integral of ¢ from € to 1 is finite, the discussion of finiteness for the integral

of ¢ from 0 to € would be the same as what we discuss here for the integral of ¢
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from 0 to 1. Thus, without loss of generality, we assume that % is sufficient

large for ¢ € (0,1). Then, by similar derivation as (A.3), we could obtain that

MTflMT—l
/1 log(1 + —2—F— prs )log(1 + M;M) log(1 + %)
0

72 dp < o0,
LT[+ (T — 1) log(M220)] log(1 + 422)
S T
1 log(1 + %) log(1 + #%)

] NG R
i)

d¢<oo.

LT[+ (T — 1) log(*
)y

Therefore, the integral

1 M oo 00 1 1 2 2
/ / / / / 37 ez e~z dzdz'dedd d¢ < oo.
0 Jo Jar Jeso oo @ 1+¢¢§z+A¢ 1+h/ 2+ A
. Finally, we consider the integral in the region ¢ > M, ¢ < M and ¢ > 1. Since
c and ¢ are symmetric in the integral, if the the integral is finite in the region
¢c>M,d < M and ¢ > 1, then by the symmetric the integral is finite in the
region ¢ < M, ¢ > M and ¢ > 1 as well. Thus, in the following, we are going

to prove that the integral in the region ¢ > M, ¢ < M and ¢ > 1 is finite, i.e.

oo M 00 00 S | 1 2 2
/ / / / / 372 ez e~ 2 dzd?' dedd do
1 0 M —0o0 —oo¢ 1+‘\/§Z+A‘ 1+|/ Z+A/
212
< 2M/ / e 2dZdd
w1+h/ "+ A
Ms

<
< 0 (3 s
< 0.
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Therefore, the lemma A.4 holds by summing up 8 different regions in the

integral, where we dividing them up to 6 situations in the discussion.

Lemma A.5. ForT > 2,

o0 00 1 2’2
exp{—;}dzdc < 00.
0 S 1|y Z e+ A
Proof. As shown in Lemma A.4, let us define A and B in the similar way as during

the proof of Lemma A.4, and we have

A

B
¢
where My is a constant. Then, following the definition of Mj5, Mg, M; and Mg in

Lemma A.4, we have

2
exp{— 5 tdzdc

I By
0 —ool+\\/§z+Ay

M oo 1 22 o] 00 1 2’2
= / / exp{——}dzdc—I—/ / exp{——1}dzdc
0 —ool+|\/§z—|—A| 2 M *0°1+|\/§z—|—A| 2

00 1 2
< M+/ / exp{—z—}dzdc
w i<t 14 Bz 4 n) 2
00 1 2
+ / / exp{—z—}dzdc
M Sz 1 4 \/§|z+h| 2

o] 1 00 1 2
< M+M5/ / dzdc—l—MG/ —exp{—z—}dzdc
M Jz4h|<1 1+\/§|z—|—h| M 1_,_\/% 2
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Mg 1 o 1
< Ol14+—+— / db
- ( Mz My Jypar 1407 )
Mg 1
< O|—
. (M7 T MINT(T 1))
< oo,
which completes the proof. ]

Theorem A.6. Supposen > 2 and fori=1,---,n, T, > 2 and S;; > 2 for at least
two dayst € {1,--- ,T;} with at least two of the tests on each of the two days having

at least one 0 and one 1 observation. Then the posterior density of the DIR model

1S proper.

Proof. In proving posterior propriety, it is easiest to work with the posterior density

without the data augmentation, namely

- 1 (0i0 — pa;,)? I

Ji
n ' . n T

1 1 1,t,8,l 51
Etl s=1 I=1 V2mo eXp( 202) {HH 2 oXp

{ i=1 t=1
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(Fr o )

i=1 t=1 2m 2

{ 7,t 1

.
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14+ exp(0iy — aigs + Qi + Nigys + €irsi)

ﬁ L QZ5 ox _¢{9i,t - 91’,t—1 - Ci(l - Pei,t—l)AL 2
. 27TAZ'¢ p 2A’i,t ’

129



Noting that

exp [Xitsi(0ir — Qs + Qig + Nits + €it,510)]
1+ exp(0iy — Qips + Piz + Migs + €ips1)

<1

— Y

an upper bound on the posterior density can be found by dropping all terms except
the 0 and 1 test observations in the assumed tests for each individual. Utilizing
Lemma A.1 for each pair of observations 0 and 1 then results in the following upper

bound on the posterior density (A.4):

1 ﬁ 1 (00 — 1a;,)? . 1 1
exp| ———— | Liccoo =555
RS /_27TVG].Z, p We {ci>0} 372 532
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€xXp (_‘e’i,ti + (Pi,ti + ni,ti,m” + |a'i,t¢,m’| + |€i,ti,m’,h’ + |€i,ti,m’,h/‘)
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ﬁ ]j ¢ exc _¢{Qi,t - ei,t—l - Ci(l — pQZ-7t_1)A?:t}2
. 27TAi,t P 2Ai,t .

(A.5)

Ignoring multiplicative constants, and integrating out all the €;;,;, (A.5) has an
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upper bound of

1 & 1 (0i0 — p1c;,)* 1 1
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(A.6)

We only consider here the ‘least information’ case in which S;;, = S;;, = 2;

the more general case can be done similarly. Then 14, m = it m» Mg =
* 2 * Iv—1 % _
iy, XD (=Tl St /2) = exp (=Tin}y, ), and exp <_Ti77i,ti/ S e,/ 2) =

exp (—Tmﬁt_,m) Using this in (A.6) and integrating out all other 1 except for 7; 4, m,
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and 7;,» and all ¢ except for ¢; 4, and ¢; 4, results in the expression
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Next integrate out over 7, 7+, » and Mt~ using Lemma A.2, resulting in the upper

bound (again ignoring multiplicative constants)
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After that integrate out d;, @i, and ¢;y using Lemma A.3. The resulting upper

(A.8)

bound on (A.8) is
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Integrating out all the 6;; except the 9,% results in the expression
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Finally, defining

t ¢ t

Aie) = pa, [J(0=cpdAl) +> and, T] (10— apdl)),
t=1 t=1 i=t+1
t t t
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t=1 i=t+1 t=1
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B,J(CJ

using Lemma A.5 to integrate out all §; » and ¢;, except for two individuals, and then
using Lemma A.4 for the remaining variables, it follows that the integral is finite,

completing the proof. O
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Appendix B

Matrix Properties

Lemma B.1. Suppose a matriz G can be partitioned into blocks as below

A B
o= (¢ p)
then if A is invertible,
|G |=|A||D-CA'B].

Lemma B.2. Suppose a matrix Gy can be partitioned into blocks as below

A B
Gl:(c D)’

and if Gy and D are invertible, then (A —BD™LC) is invertible as well and we have

a1 (A —BD-!C)~! —(A—BD!C)"'BD!
1 = \-D"'C(A -BD"!C)"! D'C(A-BD"!C)'BD'+D!/"

Lemma B.3. Suppose A is an invertible square matriz and u, v are vectors. Suppose

furthermore that 1 + v'A~'u # 0. Then the Sherman-Morrison formula states that

A luv'A!

A /71:A71_ )
(A 4+ uv') VAT
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The general form shown here is the one published by Bartlett (1951).
Lemma B.4. The Woodbury, Sherman & Morrison formula states that

(A+BCD)'=A"'-A'B(C'+DA'B)'DA,
assuming the relevant inverses all exist.

Lemma B.5. Derivatives of the elements of an inverse matrix:

OA1 L0A
o0 = A %A ’

where A /00 is a matriz of elementwise derivatives.

Lemma B.6. Derivatives of the logarithm determinant of a positive definite sym-

metric matrix are

9, B _,0A
2 log |A| = Trace(A W)
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