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Abstract

In this dissertation, we study the geometry of Engel structures, which are 2-plane
fields on 4-manifolds satisfying a generic condition, that are compatible with other
geometric structures. A complex Engel structure is an Engel 2-plane field on a
complex surface for which the 2-planes are complex lines. A Lagrangian Engel struc-
ture is an Engel 2-plane field on a symplectic 4-manifold for which the 2-planes
are Lagrangian with respect to the symplectic structure. We solve the equivalence
problems for complex Engel structures and Lagrangian Engel structures and use the
resulting structure equations to classify homogeneous complex Engel structures and
homogeneous Lagrangian Engel structures. This allows us to determine all compact,
homogeneous examples.

For complex Engel structures, compact manifolds that support homogeneous
complex Engel structures are diffeomorphic to S x SU(2) or quotients of C?, S* x
SU(2), S* x G or H by co-compact lattices, where G is the connected and simply-
connected Lie group with Lie algebra sly(R) and H is a solvable Lie group. For La-
grangian Engel structures, compact manifolds that support homogeneous Lagrangian
Engel structures are diffeomorphic to quotients of one of a determined list of nilpotent

or solvable 4-dimensional Lie groups by co-compact lattices.
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1

Introduction

A distribution is a subbundle D < T'M of the tangent bundle of a manifold M.
We will consider certain distributions with special properties, for example, distri-
butions with some integrability conditions. Given a distribution of rank n on a
manifold M™, if, for each point of M, there exists a coordinate neighborhood U and

local coordinates xq, xo,- -+ , x,, such that

aiw i =1,---,n forms a local basis for
the distribution on U, then the distribution is said to be completely integrable. To
check complete integrability, we have the Frobenius Theorem, which can be found in

[Boothby (1986)].

Theorem 1.0.1 (Frobenius Theorem). If a distribution D is involutive, i.e., for all
vector fields X,Y that are sections of D, we have [ X,Y] is a section of D, then D

15 completely integrable.

Besides complete integrability, one can consider partially integrable distributions.
An extreme condition is to be nowhere integrable, i.e., for every p € M, there exist
XY, sections of D, such that [X,Y], is not a section of D. For example, contact

structures are nowhere integrable distributions on odd dimensional manifolds. The



study of contact structures [Geiges (2006)] usually involves interplay between geom-
etry, topology and dynamics. Contact structures play an important role in the study
of low-dimensional topology.

We will study Engel structures, which are certain non-integrable distributions
defined on 4-manifolds. We will see that, locally, all Engel structures are isomorphic
but the global theory of Engel structures is not trivial. A 4-manifold can carry many
nonisomorphic Engel structures [Gershkovich (1995)]. There are relations between
contact structures on 3-dimensional manfiolds and Engel structures. For example, V.
Gershkovich [Gershkovich (1995)] proved that each Engel manifold carries a canonical
one-dimensional foliation and an Engel structure defines a contact distribution on
any three-dimensional submanifold transversal to the canonical foliation.

In this dissertation, we solve the equivalence problem for complex and Lagrangian
Engel structures and present the classification of compact quotients of homogeneous
complex Engel structures and homogeneous Lagrangian Engel structures.

Before discussing the classification of Engel structures, we need to know the
definition of an Engel structure. We will first introduce some basic concepts that

will be used to characterize Engel structures.

Definition 1.0.1. A Pfaffian system on M™ is a sub-bundle I < T*M. The space
of sections of I, T'(I), is a C®(M)-submodule of Q' (T'M), the 1-forms on M. We
let It < TM be the annihilator of I < T*M.

Engel structures (to be defined below) can be characterized in terms of the derived

system construction.

Proposition 1.0.2 (Bryant et al. (1991)). Given a Pfaffian system I, there exists a
bundle map

§:1— N*(T*M/I)
that satisfies dw = dw mod (I) for allw e I'(1).

2



Definition 1.0.2. By Proposition 1.0.2, we have a bundle map 6. Set
1M = ker§

and call IV the first derived system. Continuing with this construction, we can get
a filtration

TR . c @ 1 - 7O —

Y

defined inductively by
TR+ — (](k))(l) )

I®) is called the kth derived system.
Now we present the definition and characterization of Engel structures.

Definition 1.0.3 (Engel Structure). Given a 4-manifold M and a Pfaffian system
I c T*M, an Engel structure is a sub-bundle D = I+ of the tangent bundle of M

that satisfies
1. I is of rank 2
2. IW s of rank 1
3. 1% =0
A manifold endowed with an Engel structure D = I+ is called an Engel manifold.

Definition 1.0.4. Given an ideal Z generated by a Pffafian system I, a vector field
¢ is called a Cauchy characteristic vector field of Z if ¢ 4+ Z < Z. At a point x € M,

the set of Cauchy characteristic vector fields s
A, = {& e Ty M|é, 0T, c T} < It
and the retracting space or Cartan system s defined to be

C(I), =A(:cT*M .

3



By the definition of Engel structure I+, there is a canonical flag of sub-bundles
0OcIWclcolV)cTM.

V. Gershkovich [Gershkovich (1995)] proved the following theorem which can also be
found in [Kazarian et al. (1997)].

Theorem 1.0.3. If an orientable J-manifold admits an orientable Engel structure,

then it has trivial tangent bundle.
T. Vogel [Vogel (2009)] proved the converse of the above theorem:

Theorem 1.0.4. Every parallelizable 4-manifold admits an orientable Engel struc-

ture.

Thus for an orientable 4-manifold, parallelizability is equivalent to the existence
of an orientable Engel structure. This is a global characterization of manifolds that
support orientable Engel structures. Locally, we have the following Engel normal
form [Bryant et al. (1991)], which implies that there is no local invariant for Engel

structures, i.e., all Engel structures are locally equivalent.

Theorem 1.0.5 (Engel normal form). Let I be a Pfaffian system on M* such that
I+ < TM is an Engel structure. Then every point of M has an open neighborhood
U on which there exists local coordinates (z,vo,y1,92) : U — R* such that

[’U = {dyo —yidx, dy; — yzdl’} .

By Theorem 1.0.5, all Engel structures are locally equivalent.
1.1 Problem description

In this dissertation, we will consider two extra structures, complex structures and
symplectic structures, that are compatible with the underlying Engel structure. We

will define the meaning of compatibility as follows.

4



Definition 1.1.1. Given a complez manifold (M, J, 1) with an Engel structure D =
I+, if I+ < TM is a complex line field, the Engel structure is called a complex Engel

structure.

Remark 1.1.1. Note the definition of complex Engel structure is different from
that of holomorphic Engel structure. A holomorphic Engel structure [Presas and
Sold Conde (2014)] on a complex manifold M of complex dimension 4 is a holomor-

phic sub-bundle D < T'M of complex rank 2 which is mazimal non-integrable.

Definition 1.1.2. A Lagrangian Engel structure (M, €2, D) is a 4-manifold M en-
dowed with a symplectic form €2 and an Engel 2-plane field D that is Lagrangian for
Q. If we let I = D+ < T*M denote the annihilator, then Qe {I).

We will consider the following problems:

1. We will calculate the structure equation for complex Engel structures and clas-
sify homogeneous complex Engel structures and compact quotients that sup-

port homogeneous complex Engel structures.

2. We will derive the structure equation for Lagrangian Engel structures and
classify homogeneous Lagrangian Engel structures and compact quotients that

support homogeneous Lagrangian Engel structures.

In Section 1, we introduce the basic definitions and theorems related to Engel
structures. In Section 2, we classify homogeneous complex Engel structures and
compact homogeneous complex Engel structures. In Section 3, we classify homo-
geneous Lagrangian Engel structures and compact homogeneous Lagrangian Engel

structures.



1.2 Fundamental concepts

In this section, we will introduce some concepts that are related to Engel structures
and the equivalence problems for Engel structures.

We use the definition of coframe in our analysis of Engel structures.

Definition 1.2.1. Let M be a smooth n-manifold. A coframe at x € M 1is a linear

isomorphism u : T, M — R". The set of coframes based at x will be denoted by

FF(M).

Definition 1.2.2. For any open set U < M, a coframing of U is a choice n =
(n') where 1 < i < n and the n° are n 1-forms on U that are everywhere linearly

independent.

Given a coframing n : TU — R", there is a map H : U x GL(n,R) — F*(U)
defined by the formula
H(z,A) = A 'n,.

This map respects the right action by GL(n,R) on F*(U), i.e.
H(z,AB) = B'H(x,A) = H(x, A) - B.

Definition 1.2.3 (G-structure). Let G be a Lie subgroup of GL(n,R). A G-structure
on an n-manifold M is simply a smooth G-sub-bundle of F* = F*(M), i.e., a smooth
submanifold B < F* such that the restricted basepoint mapping m : B — M is a
surjective submersion whose fibers B, = B n F} are G-orbits. If G 1is the trivial

group containing only the identity, the G-structure is called an e-structure.

Complex Engel structures and Lagrangian Engel structures can be effectively de-
scribed in terms of G-structures as will be shown below. The classification of homo-
geneous complex or Lagrangian Engel structures will be reduced to the equivalence

problem of the corresponding G-structures. This equivalence problem of G-structures
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can be solved by the equivalence method of E. Cartan [Gardner (1989)]. In Sections
2 and 3, we will discuss how to formulate the classification problems as equivalence

problems and solve these problems via the equivalence method.



2

Complex Engel Structures

In this section, we will discuss the classification of homogeneous complex Engel struc-
tures and compact quotients that support homogeneous complex Engel structures.
Then we discuss characteristic fields of complex Engel structures and the first order

variation of complex Engel structures.
2.1 Geometry of Complex Engel Structures

Let J be the complex structure on the underlying manifold M. Choose a local

J-complex coframing (wy,ws) on an open set U < M such that
1. wy,wy are of J-type (1,0)
2. wy = 0 defines I+ on U

Then (w,ws) is called a 0-adapted coframing for the Engel structure.

It is easy to see that

Lemma 2.1.1. The 0-adapted coframings are the sections of a G-structure on M,



where G < GL(2,C) is the 3-dimensional complex subgroup

{6 %)

In the following analysis, we will denote the conjugate of wy,ws by Wy, @y instead

a,b,ce C anda,c;«é()}.

of 1, 5.

Theorem 2.1.2. A complex Engel structure has a canonical coframing (w1, ws) (i-e.,

an e-structure) such that
da)g =w] AW mod W2 ,
(2.1)

1
d(WQ + (I)Q) = —§(W1 — (I)l) AN (CLJQ — (IJQ) mod Wy + Wo .

Proof. Since wy = 0 defines the complex Engel structure, a 0-adapted coframing

(w1, ws) is defined on an open set U < M up to the following change of coframing;:

w '\ _ (a b w1
(2)2 N 0 c Wa ’
where a, b, ¢ are complex functions on U and ac # 0 on U.
The Engel condition implies that
dwy = Awy A @0y mod  wy,ws,

where A # 0. Define @y = %wg, then

dd)g =d (%) A Wy + %dwg

%Awl A W1 mod Wa, Wy (22)

=Ww; AWy mod Wa, Wy .
Thus, after rescaling wo, we can arrange that A = 1. Then

dws = w1 A Wy mod  wy, Wy . (2.3)



Such coframings will be said to be 1-adapted. They are the sections of a Gj-structure,

where GG; < G is defined by

c = aa.

The change of the coframing that preserves (2.3) is reduced to

(Z;):<gaba)(il) (2.4)

Now ws is defined up to a real multiple, so the real and imaginary parts of w, are
uniquely defined up to a real multiple. Suppose the real part of w, spans I, the
first derived system.

By (2.3), the real part of wy spans IV, the first derived system, i.e.,
d(wy + @) =0 mod  wy, @y .
Since d(wy + @3) is a real 2-form, there must be a complex function p; such that
d(wy + @9) = (prw1 — P11) A (we — o) mod  ws + Wy .
Because 1? = (0), d(wy + @) A (wy + @s) % 0 implies that p; # 0. By replacing

(w1, ws) by <—ﬁw1, ﬁu@), we can arrange p; = —%. After this arrangement, a is

fixed to be 1 in the transformation. Now the coframing satisfies
d(WQ + (Dg) = —%(wl - (Dl) A (wg — @2) mod wo + Woy . (25)

Such coframings will be said to be 2-adapted. They are the sections of a G-structure,
where G5 < (1 is defined by a = 1.
After setting a = 1, by (2.4), we is unique and w; is unique modulo ws, i.e. a

change of coframing that preserves (2.3) and (2.5) is reduced to

(2)-G(E)

10



Because wy is uniquely defined now, we can write
dwy = wy A W1 + fwr A Wy mod  ws

for some function f. Note that there is no w; A Wy term since we assumed that
(w1, ws) be of type (1,0), and the underlying almost complex structure is integrable.

By adding a multiple of wy to wy, we can arrange f = 0.
dwy = wy A @y mod  ws. (2.6)

After arranging this modification, the coframing satisfying (2.5) and (2.6) is com-

pletely determined: the original G-structure defines a canonical sub e-structure. [
Thus by a Theorem of Kobayashi [Kobayashi (1954)],

Corollary 2.1.3. The symmetry group of a complex Engel structure acts freely on

the underlying connected manifold.
Theorem 2.1.4. The canonical coframing of a complex Engel structure satisfies

dw) = —(p1w1 + paws + Q01 + W2) A w1 — (awr + T101 + Taldy) A wa
(2.7)
dwy = (w1 — w2) A W1 — (Prw1 + Paws + P11 + Pala) A wWo

where p1,p2, q1, g2, 71,72 are complex functions. Thus, a complex Engel structure has

6 fundamental functional invariants.

Proof. From Theorem 2.1.2, the structure equation can be writen as
dwy = wy A w1 + (pwy + gy + W) A Wy

for some functions p, g, r.
Therefore

d(wa + Wa) = (pw1 + g1 + TW2) A wo + (P01 + qwi + Twa) A o
(2.8)
=((p— Quwi + (¢ —p)w1) A w2 mod  (wy + @) .

11



But according to (2.5)

d((JJg + (:JQ) = —%(wl — (.211) AN (CL)Q — @2)
(2.9)
= —(w1 — (Dl) N Wo mod ((JJQ + (:JQ) .
By comparing (2.8) and (2.9), we find
g=p+1.
Thus
dw2 =W AW +W AWy + (pw1 +]§(IJ1 +7’(Z)2) AN Wy .

Let a = —(pw; + Tws), then

d(,UQ:wlA(IJ1+a)1Aw2—(a+O_é)AWQ, (210)

where « is a (1,0)-form, uniquely defined by (2.10).
Let v be a (1,0)—form and g be any 1-form. The structure equation can be written

as

dwy = —(a+9) Awp — B A ws,
(2.11)
dwy = w1 AW+ W01 Aws — (0 + @) Awsy.

Taking the exterior derivative of dwy then yields
—’_}//\wlA@l—i-wlAB/\@Q—l-wlA’yA@lEO mod ws .
Recall that « is a (1, 0)-form, so
f‘y/\@1+BA@250 mod Wi, wy.
Let v = quwy + qawo, then
(B — @) Ay =0 mod  wy, Wy,

SO
B = qowr mod Wi, wa, Wy.

12



Thus, the final structure equation of a complex Engel structure is

dwi = —(prwr + paws + Giwr + Gw2) A w1 — (Qowr + T1w1 + TaW2) A wa,
(2.12)
dwy = (w1 —w2) A W1 — (prwr + pows + P11 + Palz) A wo.

]

Remark 2.1.1. We can take exterior derivatives of (2.12), and see that there are no
further relations on p1,ps,qi,q2,71,72. All differential invariants of compler Engel

structures are these six or their derivatives with respective to the canonical coframing.

2.2 Homogeneous Complex Engel Structures and Characteristic Line
Fields

2.2.1 Homogeneous Complex Engel Structures

In this section, we will classify homogeneous complex Engel structures. The group
of diffeomorphisms preserving a complex Engel structure also preserves its canonical
coframing and hence preserves its fundamental invariants. Thus, if it is homogeneous,
then the invariants must be constant.

Thus, assume that the functions be constant and take exterior derivatives of dw,
diy, dwy and dws, and set all of these to be zero. This will yield quadratic equations
on p, q, r. After solving these equations, which was done with the help of MAPLE,

we arrive at the following theorem:

Theorem 2.2.1 (Classification of Homogeneous Complex Engel Structures). There
are six distinct two-parameter families of homogeneous structure equations of complex
Engel structures. The constants (p1,p2, q1,G2,71,T2) in equation (2.7) are listed as

follows for the sixz cases:
e Case C1: (a+1b, 0, 0, 0, 0, 0)

e Case C2: (%+ib, 0, 2ia, 0, 0, 0)

13



e Case C3: (3 —ib, 0, 2ib, £(2b+ 4)(2ia —b), 2b* —ib, (b* + 1)(2a + ib))

2

e Case C4: (0, a—1b, 2ib, a —ib, —a —ib, 0)

e Case C5: (a(l — 2ib), 1(2a —1)(2b+ i), 2ib, —%(2b+ i)?,
— 2(2b+4ab +i(2a — 1))(—2b + 1), 1a(—1+ 2bi)(1 + 4b%))

e Case C6: (3(cosa+isina)(2b+ 1), 1(—sina+ 2bcosa — 1)(2b + i)?, 2ib,
— £(2ibsina + icosa — 2bcosa — 2ib + sina + 1)(2b + )2,
(1 + 2bi)(2ibsina + icosa + 2bcosa — 2ib — sina — 1),

L (1 +4b%)(—1 + 2ib)(2ibsina + icosa + 2bcosa — 2ib — sina — 1))
where a and b are real constants.

Proof. First take the exterior derivatives of dwy and div,, which yield

o = P1g2 + P2 — q2,

(2.13)
To =Pi1g2 + P2 — Q2.
Substituting these into exterior derivatives of dw, and dws yields
@ +q=0.
So ¢ is pure imaginary. Set
q1 = 2iqo, 1 = —2iqo. (2.14)

Substituting these relations into dwy and di, yields
Spa = qo(pr + 01 — 1),

where Sps means the imaginary part of ps.

Now take the exterior derivatives of dw; and dw; and set these to be zero. The
equations are quadratic expressions in the coefficients of dwi, dws. Then solve these
quadratic equations. We get the six different 2-parameter solutions, listed in the
Theorem. ]

14



2.2.2 Characteristic Line Fields

Before classifying compact cases for homogeneous complex Engel structures, we will
first discuss Engel line fields. As we mentioned in the Introduction, an Engel struc-
ture generates contact distributions on 3-dimensional submanifolds transversal to the
canonical foliation of the Engel line field. Thus Engel line fields play an important
role in the study of Engel structures.

As explained in the Introduction, an Engel distribution D determines a flag
LcDcFEcCTM

of subbundles of the tangent bundle. Here L = ker(C(I"))) is a line bundle and
E = [D, D] is a bundle of rank three.

Definition 2.2.1. The line field L < D is defined by the condition
[L,E]c E

This line field L is called the characteristic line field, or Engel line field. The integral

curves of the line field are called characteristic leaves.
In terms of a canonical coframing (w;, ws), the Engel distribution is
D = ker(ws) .
The line field is
L = ker(ws, d(ws + @s)).

The distribution is
E = ker(wy + @9) .
Since
d(wy + W) = (w1 —wa) AWy + (01 — W) A wy
= (@0 — wy) A wo mod  (wy + W),

15



the characteristic line field is defined as
L= ker(wg, w1 — wl) .
2.3 Compact Homogeneous Complex Engel Structures

We have proved the classification result for homogeneous complex Engel structures.
Now we can classify compact homogeneous complex Engel structures. We will prove

the following theorem:

Theorem 2.3.1 (Classification of Compact Homogeneous Complex Engel Struc-
tures). Let g be the 4-dimensional Lie algebra of symmetry vector fields of a complex
Engel structure. For the six distinct 2-parameter families of homogeneous complex
Engel structures listed in Theorem 2.2.1, the results about compactness in each case

are listed as follows:

e Case C1: Ifa = % and b = 0, the Lie algebra is a 4-dimensional solvable Lie

algebra. There exists a compact quotient that supports a homogeneous complex

Engel structure if and only if a = ; and b = 0.

o Case C2: If there exists a complex number X\ and a matric A € SL3(Z) such

that
1. b= —a
2. N\ #1

3. the eigenvalues of A are (AN)71, A A

4. there exists k € Z such that —%1 log(|A]) = arg A + 2k7

then there exists a co-compact lattice I' such that G/I" supports a homogeneous

complex Engel structure.

16



o (Case C3:

1. If a = —%, the Lie algebra is a solvable Lie algebra, and there exists a

compact quotient.

2. If a =% # 0, the Lie algebra is a solvable Lie algebra, but there does not

exist a compact quotient.

8. If (a<—3) or (0<a<?b?) or(b=0 and a <0), the Lie algebra is

R x sl(2,R). There exists a compact quotient.

4. If (=2 <a<0)or(a>0b*) or(b=0 and a > 0), the Lie algebra is

R x su(2). There exists a compact quotient.

e Case C}: There is no compact quotient that supports a homogeneous complex

Engel structure.

o Case C5: If a = %, there exists a co-compact lattice I' of a solvable Lie group

G that G/T" supports a homogeneous complex Engel structure.

o Case C6: There is no compact quotients that supports a homogeneous complex
Engel structure unless a = —5 + 2kn, k€ Z and b = 0. Under this condition,

this is a special case of case C1.

In summary, compact quotients that support homogeneous complex Engel struc-

tures can occur in case C'1, case C2, case C3, and case C5.

We will prove the theorem in the following section by analyzing the structure
equation for each case. If the structure equation is solvable, we will also provide a

local coordinate system expression of the coframing.

17



2.4  Proof of Theorem 2.3.1

2.4.1 Homogeneous Case C1

In this case, (p1,p2,q1,q2,71,72) = (a +ib, 0, 0, 0, 0, 0). The structure equation is

dwl = O,
(2.15)
dwy = (w1 —w2) A wy — ((@a+ib)wy + (@ —ib)wy) A wy.
By (2.15),
d(wy A wg A ws) =—(1—2a+ 2bi)w; AWy A we A Ws. (2.16)

By Stokes’ Theorem, there is no compact example unless a = % and b = 0.
By (2.15), dw; = 0. By the complex Poincaré Lemma, there exists a holomorphic

function z locally on the manifold such that
wy =dz. (2.17)
Thus
dwy =dz ndz+ [—(a+ib)dz + (1 —a+ ib)dZ] A wo.

We will find a local coordinate system for the coframing (w;,ws) in order to
explicitly describe its group of symmetries. Since the groups of symmetries are
different for different a and b, we will consider two cases: a + ib = 1 (special case)

and generic case.
2.4.1.0.1 Special Case
Ifa+ib=11e. a=1and b=0,
d(wy + zdz) = —dz A (we + Zdz) . (2.18)

By the complex Frobenius Theorem, there exists a complex function f and a holo-

morphic function w locally on the manifold such that

we + Zdz = fdw. (2.19)
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Since (wy, weq) is a coframing, w; and wsy are linearly independent. By comparing the
local coordinate expressions (2.17) and (2.19), we know that f is nowhere zero on its

defining domain. Substituting (2.19) into (2.18) yields
df ndw=—fdzndw.

Setting f = e ?¢ for some function g # 0, we have dg A dw = 0. So the function g
is a function of w only.

wy + Zdz = e *g(w)dw .
By defining @ = § g(w)dw and dropping the tilde in the local coordinate, we get
wy + Zdz = e “dw.

Since (wy,ws) is a (1, 0)-coframing, (z,w) can serve as a local holomorphic coordinate
system in a neighborhood of the manifold. In the coordinate system of (z,w), the

coframing can be expressed as

w1 = dz .
(2.20)
wy = —Zdz + e “dw.

We consider the symmetry group of the coframing in these local coordinate. Let
I' = {k1 + iks|(2,w) = (2,w + k1 + tks), where ki, ko€ Z}.

I' acts freely and discontinuously on the coframing in the local coordinate. So we

can take a global model for this complex Engel structure

M*=C*T =R? x T?%.

2.4.1.0.2 Generic Case

Ifa+ib+#1,ie a#1orb+#0, by (2.15), we have

dz . O\ g dz
d <wg _ m) = [—(a+ib)dz + (1 —a +ib)dz] A (CUQ — m) . (2.21)
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By the complex Frobenius Theorem, there exists a complex function f and a holo-
morphic function w locally on the manifold such that

dz

Y% raw. 9.92
a1 (2.22)

%)

Substituting (2.22) into (2.21) yields
df ndw = f [—(a+ib)dz + (1 —a+ib)dZ] A dw.

By defining f = e~ (@+®)z+(-a+b)zy for some function g # 0, we get dg A dw = 0.

Thus

dz

- ef(a+ib)z+(1—a+ib)2
1l—a+1b

Wa g(w)dw .

By defining @ = { g(w)dw and dropping the tilde, we have

d 4 .
Z _ ef(aJrzb)er(lfaJrzb)zdw )

ujQ_l—a—H'b_

Since (wq,wsq) is a coframing, (z,w) can serve as a local holomorphic coordinate

system on a open set. The coframing can be written as

wp =dz,

dz

_ —(a+ib)z+(1—a+ib)2dw ]
1—a+1b

Wa + e

We will analyze the symmetry group of the coframing. Define
Gop = {(a, B)] —(a+ib)a + (1 —a +ib)a = 2kmi, where a, € C and k € Z},

where G, acts on the local coordinate as (z, w) — (2 +a, w+ ). We will analyze
the elements of G . Let a = o + icvy, where ag, oy € R. We have
(1 —2a)ag + 2ba; =0,

(2.23)
a1 = 2]€’/T,
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where k € Z.

For different a, b, there exist three families of solution for «:

1. if a # %, then ap = ’1‘8’2’“;, a1 = 2km. Define

Fl = { <(1_ilb27ra + Z27T> lﬁﬁo + ’Lﬂ1>

We can get a non-compact quotient

]{J, 50, 6162} .

C?*Ty =R x S* x T?
that supports a homogeneous complex Engel structure.

, b=0, then ay = 2kw. Define

Iy = {(ag + 12k7, Bo +ifh)| k, o, Bo, 1 €Z} .

We get a compact quotient C?/Ty that supports a homogeneous complex Engel

structure.

1

In this case, we can define 6; = —w; and 0 = w1 —3

wy. The structure equation
is
df, =0,
) (2.24)
deg = %(‘91—01) /\492.
Define 6, = o + i and 0y = v + i for real parts and imaginary parts decom-

position. We have

da =0,
dpg =0,
(2.25)
d/y:_BA(;)
dd =P nr.

21



Thus the Lie algebra is a 4-dimensional solvable Lie algebra g with nontrivial

brackets:

(X.Y] =2 [X, 2] =-Y,

where XY, Z € g. By the classification results in [Bock (2016)], the corre-

sponding connected and simply-connected Lie group has a co-compact lattice.

3. ifa= %, b # 0, then a; = 0. Define

I's = { (a0, Bo +if1)| o, Bo, B1 € Z} .

Then we can get a non-compact quotient

C?Ty =R x S' x T2,

In summary, there exists a compact quotient of type C'1 that can support a

homogeneous complex Engel structure if and only if a = % and b = 0.

2.4.1.0.3 Characteristic Line Fields
The characteristic line field of the complex Engel structure is defined as

L = ker(wg, w1 —wy). (2.26)
In the local coordinate, let the characteristic line field be

0 0 0 0
U=a1$+a2%+&1£+62%. (227)

We only consider the case that a 4+ b # 1. In this case, the coframing is

wy =dz,
(2.28)

dz + 6—(a+z‘b)z+(1—a+z‘b)zdw )

W2 = T atib
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Substituting (2.27) into (2.26) and (2.28) yields
w2(v) = (W1 —wi)(v) =0,
that is equivalent to
a; — a] = 0,

a1 —(a+ib)z+(1—a+ib)z ,
Tt T € az =0,

Note a; cannot be zero. Normalize the vector field v such that a; = 1, then

1 (a+ib)z—(1—a+ib)z

a2 = _1—a+ib€

Let y(t) = (2(t),w(t), 2(t), w(t)) be a characteristic leaf. Then

4 - (2.20)
U)/(t) _ _me(aJﬂb)Z*(lfaJrzb)z '

So there exists a constant ¢; = z(0) such that z(t) = t + ¢;. Substituting this into
(2.29) yields

/ _ (2a—1)t (a+ib)c1—(1—a+ib)cy -1
w'(t) =e X e X T

There exists a constant ¢, = w(0) such that

—9 l(61*51)t+ ,ifa= l’ b=0
w(t):{ “ @ B475 (2.30)

elatib)er—(1—a+ib)er o (17“;@1(2%1) % <€(2a—1)t —1) 4 ¢, ifa# %

So in both cases, the characteristic leaf depends on two complex numbers, that are
the initial point of the integral curve.

Ifa = %, b = 0, we can take a compact quotient and a characteristic leaf is closed
if and only if

ez~ = (cos Sey, sin Sy ) € Q + Q.

Thus, the closedness of characteristic leaves is related to SO(2,Q). In this case we
have an infinite discrete family of closed integral curves that are Engel characteristic
lines of the underlying complex Engel structure.
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2.4.2 Homogeneous Case C2

Now, (p1, P2, q1,G2,71,72) = (% + b, 0, 2ia, 0, 0, 0). Assume a # 0, otherwise, it is

a special case of C'1. The structure equation is

dwy = 21ai0 A wy
(2.31)
dwy = (w1 — w) A Wy — [(%—H’b)wl—i— (%—z’b)@l] A Wy .
By (2.31)
d(wl + (—% +i(2a — b)) wz) = (% +ib) (W1 —w1) A (w1 + (—% +1i(2a — b)) wz) )

By the complex Frobenius Theorem, there exist complex functions p and ¢, and

holomorphic functions z and w such that
w1 = pdz )

wy + (—%—i—i(Qa—b))wQ:qdw.

To calculate the function p, write w; = « + i3, where o and [ are the real and
imaginary part of wy, respectively. From the structure equation

do = —4daa A 3,

dpg =0.

Thus there exist functions f, x, y such that o = fdy, = dr and df = 4afdx

mod dy. After redefining y, we can write a = e***dy. Thus

wy = e'd (y — 4%6_4”) . (2.32)

Define z = y — ﬁe““” as a local holomorphic coordinate ( Note: (z) # 0. So,
according to the sign of a, we can restrict the definition of z to half of the complex

plane), then



From the structure equation, we get

l

1
Thus
d <1+'b> L d(z- ) d d
= (= ——d(z — 0
q 5t 20z =2) zZ—2z)q m w
—2b+i
After redefining w, we can take ¢ = (2 — 2z) 4a . So in the local holomorphic
coordinate system z, w,
—1
= d
1 2a(z — 2) =
2 —2b+1 /l
= Z—z) 4 d —dz | .
Y2 T 2(2a - by <(2 L 2)
2.4.2.1 Compact case of case C?2
By (2.31),
d(wy A Wy A wa) = 2i(a+ blwy A Wy A we A Wy . (2.33)

If a+b # 0, the volume form is exact. By Stokes’ Theorem, there cannot be a compact
quotient that supports a homogeneous complex Engel structure when a + 0 # 0. In

the following, only consider a + b = 0. Define 6; = w;. The structure equation is

d(91 = 22@@1 AN (91 s

6y — (% _ w) G0 0) 7 6. (2.34)
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Let 6, = a + 18,05 = v + id be real part and imaginary part decompositions. Then
(2.34) is equivalent to
do = —4daa A 3,

dg =0,
dy=06A6—2aB Ay,
dd=—BAy—2aB n0.
Let X1, X5, X35, X, be left-invariant vector fields dual to the left-invariant forms

a, 3,7, 0, respectively. Then the nontrivial brackets are

[XQ, Xl] = 4G,X1 s
[XQ, X4] = X3 — 2@X4,

[XQ, Xg] = *2(1X3 - X4 .

By [Bock (2016)], there exists a co-compact lattice for some a. We will calculate the
conditions for the existence of a co-compact lattice.

Let f=—2a+1, V = X3+1iX, and W = X3 —iX,. The nontrivial brackets are
[Xa, X1] = —=(f + ) X1,
[X27 V] = fV7

[X27 W] = f_W .
Since center of the Lie algebra g is trivial, we have an exact sequence
ad
0 —g— End(g),

where g ad, End(g) is the adjoint representation. Let X = xX; + yXo + 2V + zZW

be an element of g. Then

~(f+fy 0 0 (f+ /)
ad(X)(X1, V, W, X,) = (X1, V, W, X5) 8 f;)y J?y :;i
0 0 0 0
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The connected and simply-connected Lie group corresponding to the Lie algebra g

18

yUth 0 0 =z
f
G~ O w0 2 eRy>0zeC
0 0 vy =z
0 0 0 1

Proposition 2.4.1. If there exists a complex number A and a matriz A € SL3(Z)

such that
1. A\ #1

2. the eigenvalues of A are (AN)7H A, A

3. there exists k € Z such that — 4 log(|\|) = arg A + 2km

then there exists a co-compact lattice T such that G/T' supports a homogeneous com-

plex Engel structure.

Proof. Let N < G be the subgroup

1 00 r
010 =

N = 00 1 3 reRzeCyp . (2.35)
0001

It is easy to verify that IV is a normal subgroup of GG. Thus

gy 0 0 0
0 y' 0 0

G/N = v R 0
0 0 0 1

is a quotient group. Let L; = (¥, U, ¥i3) be a lattice of the normal subgroup N, to

be determined later. We need to find a lattice Ly of G/N such that the lattice of the

oty

group G is

—_

” where v € Ly, U € Ll} :
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By the multiplication rule of the group G, this is equivalent to vv' € L; for any

U1
v€ Lyand any v = | vy | € L. Hence we need to find a;; € Z and ¢ > 0 and ¢ # 1
Vs
such that
VU1 = a1t + an Vs + az Vs,
VelUa = @120) + Ag¥s + a3203 (2.36)
VU3 = a1301 + a3ty + azz¥s,
cU+hH o 0
where 7, is the linear transform with transformation matrix 0 cf 0
0 0 of
Since (7,01, Ve, Y.U3) will be a new basis for the lattice Ly, then
aj; a2 a3
A= a91 G99 Q93 € SLg(Z)
az1 a3z 0a33
(2.36) is equivalent to
Uth 0 0 ail aiz a3
0 Cf O_ = (171, 172, 173) 21 Q929 a23 (171, 172, ?73)71 (237)
0 0 ¢ as1 a2 ass

The eigenvalues of the matrix A should be ¢=U*9 ¢f and ¢ for some ¢ > 0. Assume

the eigenvalues are (A\)~!, A\ and fix

T = ) (2.38)
Thus
c— A2 . (2.39)
By (2.38),
A x [A[72a0 = [A] x ¢iEA (2.40)
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Thus the eigenvalue A and the parameter a satisfy
— 5-log(|A]) = arg A + 2km (2.41)
for certain k € Z. |

We will calculate an explicit condition on the existence of co-compact lattice.
Since the eigenvalues are (AX)~1, A, A, the characteristic polynomial of the matrix A
is

CE OOV ICEPNCEDY

. i L (2.42)
=2t = (W) a2 (AT AN T ) 21
Since A € SL3(Z), there exist m,n € Z such that
(AN H A+ A=m,
(2.43)
AR ™ £ A(ON) ™ 4 AR = .
00 1
Note if (2.43) satisfies, we can choose A= | 1 0 —n | e SL3(Z).
01 m

Define p = A+ X and ¢ = ()\/_\)71. It is easy to verify that p and ¢ are real

numbers and % > p?. To be a co-compact lattice, 0 < ¢ < 1. Then by (2.43),

p+tq=m,

1 (2.44)
pqg+—-—=mn.

q

P~
1

i

Then the eigenvalue is A = &+ é -

Remark 2.4.1. There exist countably infinite families of solutions for p and q, that
yield infinitely many families of co-compact lattices. The co-compact lattices can be
derived from solutions of (2.44).
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Now we give an example for some a such that there exists a compact quotient.

Example 2.4.1. Let

o = O
_ o O

1
1 | € SLy(Z). Define s = (108 + 124/69)3, then
0

We can calculate a by (2.41) and ¢ by (2.539).
2.4.8 Homogeneous Case C3

Now
(D1, P2 Q1 G, 71, T2) = (%—z’b, 0, 2ib, 1(2b+1)(2ia —b), 26> — ib, (62+i)(2a+ib))

Assume at least one of a or b is nonzero. Otherwise, it will be a special case of C'1

with a = % and b = 0. The structure equation is
o 1 . . _
dw, = —[—21bwy + 5(2() —1)(—2ia — b)wa] A wq

1 1
— [5(21; +1)(2ia — b)w; + (2b* + ib)w, + <b2 + Z) (2a — ib)w2] N

1
dCUQ =W AW — <§—Zb) (wl—(ﬂl) N Wo .
(2.45)
Define § = wy + (—4 + ib) wo. By (2.45), we have
df = [(3 +ib) (@1 + (2a —ib)@o) — (3 + 2a) wi| A 6. (2.46)

Since the symmetry groups are different for different parameters, we will consider

the structure equation with different parameters:

PN
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2.a=0#0

3. a#—}landaaébQ

24301 a=—

1
4

The structure equation (2.46) reduces to
L. L. T
d<w1 + (— 3 + zb)w2> = (5 + zb) <w1 + (— 3 + zb)w2> (2.47)
.
N (w1+ (—§+zb>w2).

Let wy + ( — % + ib) wy = a + 13, where v and 3 are real 1-forms. Then

da = =2ba A 3,

dg =an .

(2.48)

Since d(a + 2b3) = 0, there exists function x such that « + 2b5 = dz. By the
structure equation, we have df8 = dx A (3, that implies the existence of a function y

such that g = e*dy. Thus in terms of local coordinate x, v,

a =dx — 2be*dy ,
B =e"dy.
So

1
wy + <—§ + ib) wy = e"d(—e™" — 2by + 1y) .
Let z = —e™® — 2by + iy. Then

dz

(—%+ib>z+<—%+ib>z'

L.
w1+<—§+zb>w2=
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By (2.45), we have

1
dCUzzwl/\(Dl* (§’Lb) (wl—wl)/\WQ

B (—%‘Fib)dZ/\WQ
_(—%+ib>z+<—%~l—ib>z+(—%+z’b>z+<—%~l—ib>z (2.49)
dz ndz

((@ﬁ)

Lemma 2.4.2. Assume {dz,wy) forms a Frobenius system. Then there ezists a

|
/N
|
N |

+ ib)dz A s

_l’_

function f and a holomorphic function w such that
we = dw + fdz

Proof. Since {dz,w,) forms a Frobenius system of rank 2, there exist functions
u, v, a, b such that dz = adu + bdv and du, dv are linearly independent . Since
dz # 0, at least one of a, b is nonzero. Without loss of generality, assume b # 0. So
dv = 3(dz — adu). So v is a function of z and z and locally we take z and u, instead
of v and u, as local coordinates.

By the complex Frobenius Theorem, there exist functions r(z, u) and s(z, u) such

that

wy = r(z,u)du + s(z,u)dz

= d(fr(z,u) du) - <JW¢ZU) dz + s(z,u)dz

= d(fr(z,u) du) + [s(z,u) - <f@du>]dz

Since wy and dz are linearly independent, d( §r(z,u) du) # 0. Letw = (Sr(z, ) du)
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and f = s(z,u) — (S@du), then

wy = dw + fdz.

O
Let D = —1 + ib. By (2.49) and Lemma 2.4.2, we get
d _ dz _
df ndz = —2 n(Ddw— Ddw+ —2— —Dfdz) .
Dz + Dz Dz + Dz
Thus

of =D

ow Dz+ Dz’

of D

0w Dz+ Dz’ (250)

ﬁ o Df_ DziDé

0z Dz + Dz
Let f = fi1 +ifs, where fi; and f, are real and imaginary parts of f, respectively.

Let z = x + iy and w = u + 7v, then (2.50) is equivalent to

oh
ou
of
ov

o
ou  x+2by’

o
ov T+ 2by’

(2.51)

ofy  ofy  hi+20fa—

or  dy x + 2by ’

oh o 2h -
oy  Ox T+ 2by
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So f1 = fi(x,y), fo = g(z,y) + a:—zi-b;)y — $+“2by. The equation is equivalent to

dfi 0g _ Ji+2bg - x+22by

or dy x + 2by

Y

(2.52)
§£+@:%£12
dy Ox T+ 2y
Consider the differential ideal I = {6;, 65), where
01 = dfv — pdx — qdy ,
0, = dag + _2bfi—yg dr — _f1+2bg—$+22by ; (2.53)
> =dg+\a- p T Y.
and
dfy = —m A dx — oy A dy,
(2.54)

dfy = 9 A dx — T A dy,

where m; = dp mod (dz) and m, = dg mod (dy). This system is involutive and
its Cartan characters are (sq,$2) = (2,0). So the solution depends on 2 functions of
1 variable.

We will calculate the coframing in local coordinate for b = 0. Let Fy = F(—iz),
F; = G(iz) be two functions of one variable z and C' be a constant. The general

solution is of the following form

z+Z

4
(z+2)2+0) 5

<ﬂ+&+wiw»
21

ﬁzﬂ+g+(

fo = iF} —iF] —

Z+Zz
Thus in the case b = 0, the coframing is

1 2dz
w1 =§(dw—|—fdz)— ot

wy = dw + fdz.
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In our original parametrization, z = —e™* —2by +iy. So z+z < 0. Take a special

form £} =0 and F, = 0. Then

The coframing can be written as
1 2 — W
W) = — <dw _ Mdz) 7
2 z+z

2 — (w—w)
Z+Z

we = dw + dz .

We will prove that there exist compact quotients that support homogeneous com-
plex Engel structures. Before proving this, we need to know the Lie algebra of the

homogeneous complex Engel structures.

Proposition 2.4.3. There exists a basis (X1, Xa, X3, X4) such that the nontrivial

brackets of the Lie algebra are

[X27X3] = X17 [X27X4] = X27 [X37X4] = _X3' (255)
Proof. Recall that
da = =2ba A 3,
(2.56)
df=an .

Define wy = 7y + 9.
dy=—=2banfB—0nAF+200 A,
(2.57)
dd=anB—and—2b10.
Let e, es, 3, €4 be left-invariant vector fields dual to the left-invariant forms «, 3, ~, 6,
respectively. Then by (2.57), the nontrivial brackets are
[e1, 2] = —2bey + e — 2bes + ey
[e1,e4] = —2beg — ey (2.58)

[e2,e4] = e3 — 2bey .
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We will consider 2 separate cases:

1.b6=0

2.0#0

If b = 0, the nontrivial brackets are

[e1,e0] = ex+ ey
[61764] = €y
[ea,e4] = e3.
Define X, = —2e3, X5 = e4, X3 = 2e5 + €4, X4 = ;. Then
[Xo, X3] = Xy, [Xo, Xu] = Xo, [ X3, Xy] = —X5. (2.59)
If b # 0, define ¢; = e; — %62 — % (64 — %63) ,E4 = €4 — %63. The nontrivial

brackets are

[61,e2] = —2bé1 + €4 + (55 — 2b) €3
[é17é4] = — (2b + %) €3
[62, é4] = —2bé4

L&,. Then the nontrivial brackets are

Define é, = é; — o
[él, 62] = —2bé:1 + (2%) - 26) €3
[él, é4] = — (2b + %) €3

[62, é4] = —Qbé4

Define X1 = —4b2+163,X2 = él,Xg = é4,X4 = 1 ((-2() - L) €y — (—2b + %) 64).

2b 4b%2+1 2b

Then
[Xo, X3] = X1, [Xo, Xu] = Xy, [X3,Xy] = —X5. (2.60)

Thus the theorem is true for both cases. O

By [Bock (2016)], there exists a co-compact lattice when a = —3. Thus there

1
Z.
exists a compact quotient of type C3 when a = —i.
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24302 a=b+#0

Define

01 = wy + (26 +ib)w, + ((4b% —1) —4bi)w; + (20(4b* —3) — (12b% — 1)),

4b% + 1 4% + 1

(2.61)

Then the coframing (6, 6,) satisfies

d@l = O,

df = (=5 +1ib) 6y A .
Thus there exists a holomorphic coordinate system (z,w) such that 6; and 6 can
be written as linear combinations of (dw, dw) and dz, respectively. There exists a

function f(w,w) such that

0= df .
0 — 30 g,
Thus
W = e<7%+ib)fdz — (—% + ib) ws .
By (2.61), we have

1 1
<2b2 - 5- 2¢b> By + (2b2 + §>w2

= df — 3G, ] <(462 1) - 4b¢)e<—%—ib>fdz.

4b2+1

Let wy = hdz + gdw, where h and ¢ are functions. By scaling, fix ¢ = 1. Take

J= (202 + H)w+ (262~} — 2w, then

2 2

(—3+ib) [ <2b2+%> w+ <2b2—%—2ib> w]
2e

h=—
4% + 1

37



So

26(7%+ib)[(2b2+%)w+(2b27%72ib)w]
Wy = — dz + dw
402 + 1

and

o = dle e (g (L a)o,

Proposition 2.4.4. There does not exist a compact quotient that supports a homo-

geneous complex Engel structure when a = b* # 0.

Proof. After changing 6, to —— )91, the structure equation is

(—%-&-zb

do, =0,
(2.62)
df = 91 N
Define 6, = a + 13,60 = v+ 10 as the real and imaginary parts decompositions. Then
(2.62) is equivalent to
da =0,

dp =0,
(2.63)
dy=any—0A0,
dS=and+PBAYy.
Let — X3, X4, X1, Xy be left-invariant vector fields dual to the left-invariant forms

a, 3,7, 0, respectively. Then the nontrivial brackets are

[ X1, X3] = X1,
[Xo, X3] = X,
[ X1, Xu] = = X5,
[Xo, X4] = X3
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The Lie algebra is a solvable Lie algebra, denoted by g4,10 in [Mubarakzjanov (1963)].
According to the classification results of the existence of co-compact lattices for 4-
dimensional solvable Lie groups in [Bock (2016)], the connected and simply-connected
Lie group corresponding to g4 19 does not have a co-compact lattice. Therefore, there
does not exist a compact quotient that supports a homogeneous complex Engel

structure in this case. O

24303 a#—3 and a# b’
Let w; = a+if and we = v + i0. From the structure equation (2.45), we have

do = —4ba A B —2b%a Ay +ba A § + (dab —20)3 Ay — (2a + 4b*)B A S

—2b(i+b2>7/\5,

1 .
Cw:—4abaA’y+2aa/\5+2626/\fy—bﬁ/\5—4a<Z+b2)fy/\57 (2.64)

do = [ A (2c — v — 209) .
Define & = —2aa + bf3 — (4a* — b?)7y + 4abd. Since at least one of a or b is not

zero, @ # 0 and da = 0. Let ey, e, e3, e4 be the dual vector fields of the 1-forms

a, 3,7, 0, respectively.

Remark 2.4.2. From Lie theory, there is a split exact sequence [Fulton and Harris

(1991)]
0 — Rad(g) — g — g/Rad(g) — 0,

where Rad(g) is the radical ideal of g. Thus
g = Rad(g) ® g/Rad(g) -

Denote g; = g/Rad(g). We will prove the following theorem:
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Theorem 2.4.5. For the Lie algebra g corresponding to the structure equation(2.64),

Rad(g) is 1-dimensional and g, is simple 3-dimensional Lie algebra. Specially,
e (a<—3)or(0<a<b®) or(b=0 and a <0), the Lie algebra is R x s[(2, R).
e (—1<a<0)or(a>b*) or(b=0 and a>0), the Lie algebra is R x su(2).
Proof. We will prove this theorem by analyzing the result for the following 3 cases:
e 1.b=0

In this case & = a + 2ay. Define B =8, v =—-2a+ 7, 6 = 4, then

dB3 = —ay A0,
dy = —(1+4a)d A 3, (2.65)
do=—B A7
If a > 0, we define 5 — 1i4a5~’§ = %ﬂ,g = \/a(iTa)g (2.65) is equivalent to
df=5 4,
B =5n8,
dg = E? A A

Thus B:, 7, § are left-invariant forms of the Lie group SU(2). So if a > 0, the
manifold can be taken as S' x SU(2).

If a <0, Rad(g) = {e1 +2e3} and g/Rad(g) = {u = e; — 5-€3,0 = ez, w = ey}
Define
—44/—a

- 1+4au’

X =+/—av+w,
\—a 1

- a(l +4a)v_ a(l —|—4a)w'
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The nontrivial brackets are

[H,X] =2X,
[H,Y] = -2V,
[X,Y]=H.

(H,X,Y) forms a canonical basis for the Lie algebra sl(2,R). Since SLy(R)
has co-compact lattices [Benoist (2009)], in this case, there exists a compact

quotient that supports homogeneous complex Engel structure.

e 2. a=0

By our assumption, b # 0. The radical ideal is Rad(g) = {e + 2613;46264} and

g/Rad(g) = {u=e1,v = ey — P, w = e4}. The nontrivial brackets are

[u, v] = 2bu + 2w

[u, w] = —bu

1
[v,w] = (20* — §)u + bv + 2bw

A=21 B=1 C= D=2b+1, E=-20,F=2s=2 ifb#—3,
D=2b—1, E=2bF=2s=-2, ifb#1.

H=sv,
X =Au+ Bv+ Cw,

Y =Du+ Ev+ Fw.

Then (H, X,Y) forms a canonical basis for the Lie algebra s[(2,R) such that

[H,X] =2X,
[H,Y] = -2V,
[X,Y]=H .
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Since SLy(R) has co-compact lattices [Benoist (2009)], in this case there exists

a compact quotient that supports a homogeneous complex Engel structure.

3.@#0,617&—% and b#0

The radical ideal is Rad(g {e + 2613144;’264} and

e e 4a* — b?
g/Rad(g) = {u =e + 2—2,1} = ey — ﬁ,w = e3+ W&l}'

The nontrivial brackets are

(. 0] —8ab® + 4a® — b? N 1
u,v| = — U+ —w
’ 4ab 20

1 1
- _4 2 4 2 12 i .
[u, w] (—4ab” + 4a” — b + a) <4au + 2bv>

—4b* + 16a® + 12ab* + b* —4ab® + 4a®> — b* + a
u + v
Sab 4da

[v,w] =

—8ab® + 4a® — b?
4ab

w.

After the proof of the following proposition, we will finish the proof of the

theorem.

Proposition 2.4.6. If a # 0,a # *}1 and b # 0, there exists a compact

quotient that supports a homogeneous complexr Engel structure.

Proof. 2.4.3.0.4 a > b

Define

U

1
\/—4ab2 +4a2 -2 +a’

v

a
\/2(—4ab2 +4a? — b2 + a)
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and

1%
Azﬁb&ﬁU+M%hwW+mwB=MO=—UM

Dz—gh&#U+M%hw%éw,E=MF=Uw
a

s = 2bU .

Then define
H=sv,
X =Au+ Bv+ Cuw, (2.66)

Y =Du+ Ev+ Fw.

Then (H,X,Y) forms a canonical basis for the Lie algebra su(2) with the

following nontrivial brackets

[H,X] =Y,
[H’Y] =-X,
[X.Y]=H.

Since SU(2) has co-compact lattices, there exists a compact quotient that

supports a homogeneous complex Engel structure.

24305 0<a<b?

Define

—1
U
\/—4ab2 +4a?2 b2 +a’

—a
v
\/—4ab2 +4a2 -0 +a
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and

A= —2K<—8ab2U +4a’U —b*U —b), B=V, C =UV,
a

D = 2K(—8ab2U +4a2U — VU +b), E=V,F =-UV,
a

s = 4bU.

Then define
H = sv,
X =Au+ Bv+ Cw,

Y =Du+ Ev+ Fw.

Then (H, X,Y) forms a canonical basis for the Lie algebra sl(2,R) with non-

trivial brackets

[H,X] =2X,
[H,Y] = -2V,
(X, Y]=H.

Since SLo(R) has co-compact lattices [Benoist (2009)], there exists a compact

quotient that supports a homogeneous complex Engel structure.

24306 —1<a<0

Define

U

1
\/—4ab2 +4a2 -2 +a’

Vv

a
\/2(—4ab2 +4a? — b2 + a)
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and

1%
Azﬁb&ﬁU+M%hwW+mwB=MO=—UM

Dz—gh&#U+M%hw%éw,E=MF=Uw
a

s = 2bU .

Then define
H = sv,
X =Au+ Bv+ Cw,

Y =Du+ Ev+ Fw.

Note Y = X. (H, X,Y) forms a canonical basis of the Lie algebra su(2) with

nontrivial brackets

[H,X] =X,
[H,_] =-X,
X, X]=H.

Since SU(2) has co-compact lattices, there exists a compact quotient that

supports a homogeneous complex Engel structure.

24307 a<—;

Define

U

1
\/—4ab2 +4a?2 -2 +a’

V

—a
\/2(—4@()2 + 4a? — b* + a)
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and

1%

Azﬁb&ﬁU+M%hwW+mwB=MO=—UM
V 2 2 2

D=—2—(—8ab U+ 4a*U —bv*U —b), E=V,F =UV,
a

s = 2bU.

Then define
H = sv,
X =Au+ Bv+ Cw,

Y =Du+ Ev+ Fw.

(H,X,Y) forms a canonical basis of the Lie algebra sl(2,R) with nontrivial

brackets
[H,X] =,
[HY]=-X,
[X,Y]=—-H.

Since SLy(R) has co-compact lattices [Benoist (2009))], there exists a compact

quotient that supports a homogeneous complex Engel structure. O

Since there exists a co-compact lattice for each case, we have proved the theorem.

]

2.4.3.0.8 Characteristic line field of the Engel structure

In this section, we only consider characteristic line field on S' x SU(2). Let

su(2) = {g—ldgz [ B (_‘%0‘1 ) (02 +iag) ]

_al

a1, Qig, (ug are real 1—forms} .
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The left-invariant 1-forms satisfy
dOél = 09 N (O3,
dOéz = Q3 N\ (1,

dos = a1 A ay.

Let X, X5, X35 be the dual vectors of ay, s, a3, respectively. We first calculate

integral curves along left-invariant vector fields.

1. Consider the vector field X satisfying

_ —1 0
gldg(X1)=l 2 _]
2
SO
—i
£Xlg=g[ 2 z}
2
Thus

ezt
glexpx, -x) = g() [ ~ ] :
The period of the integral curve along X is 4.

2. Consider the vector field X, satisfying

= O

=
[

S

£&g=g[

Thus

Ni= O
=
D=
[E—
N———

g(expix, ) = g(x) - exp (t [

0

N

Since the eigenvalues of the matrix [ ] are —% and %, the period of the

Ni= O

integral curve along X5 is 4.
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3. Consider a general left invariant vector field X = ¢ X4 + o X5 + 3 X3 satisfying

Thus
g(expix -x) = g(z) - exp (t[ _%(__%Cl ics) _%(Cf +ics) D .

Since the eigenvalues of the matrix

l o “la Yo +ic) ]

—Cy + ic3) tey

are —1/c} + ¢ + ¢} and £4/c} + ¢} + 3, the period of the integral curve along

Xis — s
[CRESRAT

Now we calculate characteristic line fields for the Engel structure. We only derive
the expression for b = 0; the calculations of other cases are similar. If b = 0, the

Engel line field is defined as

L= keI‘(CUQ,(Dl - wl)

= ker(v, 4, 5) (2.67)

Let Xo, X1, X5, X3 be left-invariant vector fields dual to a, B,ﬁ, 5, respectively. By

(2.67), L = (X — 2X5). Thus the integral curve starting at (0, g) is

vl

= O
=
D=
[
N———
N———
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2.4.4 Homogeneous Case C4
Now (p1,p2,q1,q2,71,72) = (0, a—ib, 2ib, a—ib, —a—ib, 0). The structure equation
is

dwy = 2ibwy A wy — (a + ib)wg A wy + (@ — ib)wy A wo,

dwy = (w1 — w2) A w1 — (a + ib)we A wo. (2.68)
It is easy to verify that
d(wy A Wg A wa) = (1 + 2bi)wy A Wy A wy AWy # 0.

By Stokes” Theorem, there is no compact quotient of type C4 that supports a ho-
mogeneous complex Engel structure.

We will find local coordinate representations of w; and w, under different condi-
tions for a and b. The symmetry groups of the coframing are different for different a

and b. We define A =1 and

—Ltctib, where c =/t — (12 +a), 0 +a <]

B= (2.69)
—3 tic+ib, where ¢ = /(b®* +a) — 1, if b +a > }

By (2.68),

d(Aw1 + ng) AN (Acu1 + BWQ) =0.
2441 a=b=0

The structure equation (2.68) reduces to
dwl = 0,

dws = (w1 — wsy) A @1 .

Since dw; = 0, by the complex Poincaré Lemma, there exists a holomorphic function

z such that w; = dz. So dwy = (dz — wsy) A dZz, that is equivalent to d(dz — wq) =
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—(dz — wq) A dz. By the complex Frobenius Theorem, there exists a function f and
a holomorphic function w such that dz — ws = f dw and df A dw = fdzZ A dw. By
modifying w, we can write dz —wy = €* dw. So in the local coordinate system (z, w),

the coframing is

wp =dz,

Wo = —e” dw + dz.
Take a discrete symmetry group of the coframing

' = {(2a7i, Bo + if1)| o, Bo, b€ Z} =77,
I acts on the local coordinate as (z, w) — (z + 2cgmi, w + Py + if1). This action
keeps the coframing invariant. The quotient can be taken as
C*/T =R' x §' x T?,
2442 V+a<iorb+a>;

Since the calculations are similar for these two cases, without loss of generality,

assumeb2+a<}1. DeﬁneU=—%—i—c—i—ib,V:—%—c—FibandQl = wy + Uws,

92 =wp + VUJQ.
Then the structure equation is
1 _
d@l = (5 —C+Zb)82 AN 01,

1 _
d92:(§+0+ib)91/\92.

By the complex Frobenius Theorem, there exist coordinates z and w and functions
f and g, such that 6, = fdz, 6, = gdw. Since d(6; A ;) = d(fgdz A dw) = 0, so

there exists a function F(z,w) such that fg = F(z,w). Since

1
do, = df Adz= <§—c~|—ib)F(2,w)dw/\dz,

- 1
dby, = dg A dw = <§+c—|—ib>F(z,w)dZ/\dw,
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f and ¢ are both functions of 2z, w and

fu = (l—c+ib>fg,

2
g, = <%+C+ib>fg.

Thus

while

o
09
KH
s
1S3
g
Il [
N Ve
|7 =T =
N——— N———
g g
+ +
/N /N
| Ql%
—+ ——
o g
+
~.
(wpl
N———
e

|
/N
—
g
+
/N
—~ —
N | — b
+
~.
S
SN—
S
|
o
(%)
——
~
Ne)

Since (log fg)w: = (10g f9) 2w,

Since (log f).., = (%) and (log g) .., = <gj”>za

(log f)zw = (log g)zw
So there exist functions A(z) and B(w) such that

flz,w)  Az)
9(zw)  Blw)

o1




So there exists a function G(z,w) such that
0, = A(2)G(z,w)dz, 6Oy = B(w)G(z,w)dw.

After redefining z and w and the function f(z,w), we can write

01 = f(Z,’lU)dZ, 02 = f(sz)dw
fo = (L—c+ib)s?
f: = (3+c+ib)f?

Thus there exists a constant C' such that

1
—<%+c+ib)z+(%—c+ib>w+0.

f(Z’w) =

After translating z or w,

5 _ dz
' —(%+c+z’b>z+(%—c+ib>w7
6, — dw

—<%+c+ib>2+ (%—cﬂ'b)u‘/

Now change the notation from w to w, then

dz
01: )
—(%—i—c—l—ib)z—l— (%—cﬂ'b)w

d

0y = 2

~(S+eri)z+ (F-ctab)u
So the Engel structure can be defined on the complex 2-plane except two lines

—<%+c+ib>z+ (%—chib)w:O,
(2.70)
—<%+c+ib>z+ (%—c+ib>w=0.
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Now we can get the local coordinate representation of w; and ws

11 | 1 |
i = 5[5 et )+ (5 e b)),

1
= —(0; —05).
W2 20( 1 2)
Let A and p be two complex constants. The symmetry group of the coframing is

(z,w) — (\z, Aw)

1 1
(z,w) — (z+ <§—c+ib),u, w + (§+c+z’b),u>.

2.4.4.3 bV +a=;

and

The structure equation is

1 1
dw1—2ibw1/\w1—(Z—b2+ib)w2Aw1+(Z—bQ—ib)wl/\wg,

1
dtdg = (wl—wg) A Wl — (Z—bZ—Flb) Wy A Wy .
Define 6 = w; + (—% + z'b) wy. Then
R
do = (5 +b)0 A0,
Let 0 = a + i3 be the real part and imaginary part decomposition. Then
da = —2ba A 3,

df =a A B,

so d(a+2b3) = 0. Thus there exists a real function x such that o +2b3 = dx. Thus,
df = dx A . This is equivalent to d(e~*3) = 0, that implies the existence of a real

function y such that g = e*dy. So

0 = dx — 2be*dy + ie*dy.
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Let 2z = —e™ — 2by + iy. Then

dz

0 = )
(-1 +ib)z + (-1 —ib)z

Recall that the structure equation is

1 _ 1
dw; = (§+ib)9/\w1+<—§+ib>w1/\9,
_ 1 ) B _
dw2=0A9+(§+zb> (8Acu2+9/\w2).

Let wy = v +1i6 be the real part and imaginary part decomposition. Since # = a+1if,

the exterior derivative of w; can be written as

dy=any+BAd—2band+ 208 A7,

dé = 0.

So there exists a real function u such that 6 = du. Since (v, du) forms a Frobenius

system, there exist real functions p, ¢, v such that v = pdv + qdu. Write

dp = pydx + p,dy + p,du + pydv,

dq = g, dz + q,dy + g, du + g,dv .

Then from the structure equation, the functions p and ¢ satisfy

S
=2y’
. 2bp
Py = —x — 2by’

Pu = Qu,
o q—2b
T
1+ 2bg
W= —x — 2by’
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From the first two equations, we know that there exists a function C(u, v) such that

— Ci (u9v)

p= i, From the last two equations, we know that there exists a function Cy(u, v)

such that g = W From the third equation we know that % = %. Thus

d(gC’l (u, U)dU) = C1(u,v)dv + Co(u,v)du. Thus

_ C1(u,v) Qo+ (2bx —y) + Cy(u, v)du
x + 2by x + 2by

Ci(u,v)dv + Cy(u,v)du ~ 2bx —y
= + du
x + 2by x + 2by

_ d(§ Cy(u,v)dv) N 20 — Yo
x + 2by x + 2by

Now define (§C(u,v)dv) as new v, then

dv 2bx — vy
+ U.
r+2by x4+ 2by

’}/:

So

d 2bx —
= Y + Y Y + idu
xr+2by  x+2by

1
_ oh 1+ :
T [dv + (2b + i) (z + iy)du]

T +12by [d(v + (2b + i) (2 + iy)u) — (20 + D)u d(z + iy)].
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Define w = v + (2b + i)(z + iy)u and redefine z = x + iy. The coframing can be

written as

1 .
wi=—— 2y [dw — (2b + i)u dz]

1
(L tib)z+ (L —ib)z

" ldw " (% _ib) (- +ib;;];zu—% —ib)gdz] |

1
2
1
= 9—
2 —%ﬂ'b( “)
B 1
(=3 +ib)(—% +ib)z + (—5 —ib)z
w | dz +dw+ (2= wow d-
z w - —1
2 (=3 +ib)z+ (=5 —ib)z |’

where (z,w) is a local holomorphic coordinate system on the manifold. And wy =0
defines the complex Engel structure. Let A, s, t be any real constants. The coframing

is invariant under the following local transformation

(z, w) — <)\z+ (b—%i)t, /\w+3).

We can take a discrete subgroup I' such that M is locally biholomorphic to C?/I" =
R? x T2

56



2.4.5 Homogeneous Case C5

Assume a # 0. Otherwise, this is a special case of homogeneous case C4, with

a+b? = i. The structure equation is

1 1 1
dwy = (b2 -1 ib) Wa A Wy + (Za + ab® + i (§ab + 2ab3)> Wa A Wy + 21bioy A wy

1 1 1
+ (Z — Ea — 2ab* — b? — ib) W1 A Wy + (§a — 2ab® — 2iab> Wo N W,

1 1
dwy = (—14—5@—2@62+b2+i(2ab—b)>w2Aw2+w1/\wl

+ (—a + 2iab) wy A wo + (—1 + a + 2iab) wa A w1.

Define 6 = w; + (—% + ib) woy, that satisfies
1\ =
df = <§ + zb) 0 n0. (2.71)

This structure equation is same as that of the case C4, with b? +a = i. But in case
C5, a and b do not have to satisfy this relation.

Let 8 = a + i3 be the real and imaginary part decomposition. By (2.71),

do = —2ba A 3,

df =a n .

Since d(a + 2bf) = 0, there exists a real function z such that o + 2b5 = dx. Thus

dp = dx A (. So there exists a real function y such that § = e*dy, that yields
0 = dx — 2be®dy + ie*dy .
Let 2 = —e™ — 2by + 4y. Then

dz

0= .
(=3 +ib)z + (=5 —ib)z
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The symmetry groups of the coframing are different for different parameters a and

b. In the following sections, we will consider the following cases:

1. a#i%
2 a=%,b=0
3. a=3,b#0
4. az—%

2.4.5.1 a#=+1

Define A = r + is, where

1
T:(l+ay1+4w)
L 2%

(;_ay1+4my

After defining 05 = wy + A6, the structure equation reduces to

wg=z(—%+¢@9A%+mm—mmé+uQ@Ae+(%+d§9A%.

Let 6 = v +i0 and § = dﬂ:{i‘;y, where A(z) = (=1 +ib)z + (=1 —ib)z = —z — 2by is

a real function. Then

2 1 1 dab

dy=(-22 + g Ay Ad— 2y

1= A@)fﬂ@)xA7+A@)yA5 AT -
2 dab  2b 2 '

d5=A(Z)dxAer(—A(z)+A(z))dy/\§—mdxA5.

By (2.72), {v,dy) and {9, dzx) are two Frobenius systems, that implies the existence

of functions p, ¢, r, s and u, v such that

v = pdu + qdy,
0 = rdv + sdx.
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Write
dp = pydz + pydy + p,du + pydv,

dq = q.dzv + q,dy + qudu + g,dv,
dr = rydx + rydy + rydu + rydv,
ds = spdx + s,dy + s,du + s,dv.
By (2.72),
dy =dp A du+dqg A dy

= padz A du + pydy A du + pydv A du + gdx A dy + qudu A dy + gudv A dy

1
= —  |p(1 -2 1—2a)—
—TY [p( a)dx A du + (q( a) — s)dr A dy

+ rdy A dv — dabpdy A dul.

Then the functions p and ¢ must satisfy

~ —dabp
py qu - —r— 2by7

1 -2a

Py = 07
B r

Qv = —r — 2by7
~q(1—2a)~-s

A 2by

Thus there exists a function Cj(u,y) such that p = (x + 2by)**1C}(u,y). After

redefining u and ¢, we can assume C}(u,y) = 1. Then

p = (z + 2by)* .
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By (2.72),
dd =dr A dv+ds A dx

= rydx A dv + rydy A dv + rydu A do + sydy A do + s, du A dx 4 s,do A dx

1
T by [25}95@ A du + (2bq + (4ab — 2b)s)dx A dy

+ (—4ab + 2b)rdy A dv — 2ardz A dv].

Then the functions r and s must satisfy

2ar
Te =S = =57
—x — 2by
—4ab + 2b
ry = ————T1
Yo —x—2by
ry =0, (2.73)
—2bq + (—4ab + 2b)s
8 —
Y —z — 2by ’
2bp
Sy = ————.
—x — 2by

So there exists a function Cy(z, v) such that r = (z+ 2by)?*~1Cy(z, v). After redefin-

ing v and s, we can assume Cy(x,v) = 1. Then

r = (x+ 2by)* L.
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Substituting this equation into (2.73), the equations are as follows:

Gu = —2b(x + 2by)2“_2,
G = (T + 2by)2“_2,

(2a —1)g+ s

T

5y = —(x + 2by)** 2,
Su = 2b(x + 2by)** 2,

2bq + (4ab — 2b)s
B x + 2by '

This yields
92 =75+ 10
q (2.74)
= (z + 2by)** (du + idv) + is (d:z: - i—dy) :
s
To get a local holomorphic coordinate system, let ¢ = —s. Then
qu = —2b(x + 2by)** 2,

Qv = (ZL‘ + Qby)Qa_Qa

_ (2a-2)q
LA 2by '
(—4ab + 4b)q
Gy = ———5—
x + 2by

From these equations, we get

q = (1—2bu+v)(z + 2by)** 2
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Substituting this equation into (2.74) yields
Oy =~ +1id
= (pdu + qdy) + i(rdv + sdz)
= ((@ + 2by)** du + (1 — 2bu + v)(z + 2by)**dy)
+i((x 4 2by)** rdo — (1 — 2bu + v)(x + 2by)**2dz)

= (z + 2by)** Yd(u + i) —i(1 — 2bu + v)(x + 2by)**2d(x + iy).

Define w = u + iv. We get the local coordinate representation of 5:
1 1 d
92 = (—A(Z))2a_1 [dw + [Z + <§ — bZ) w — <§ + bZ) ’U_J] A(Z)] .
Recall that
1
0= w1 + <—§ +’Lb) W9,

) 1 ] 2b 9
0 = Wy + (%—I—a)(1+4b2)+Z(%_a)<1+4b2) .

Thus in the local holomorphic coordinate system (z, w), the coframing can be written

wy = {1+ (—%Hb) [(%+a)}1+4b2) +i(%—a)2(b1+4b2)]}6_ <—%+z’b> 0

1 . 2
wp =02 = [(%m) (1 + 452) +Z(%—a) (1+4b2)]0'

2.4.5.2 a=1%b=0
In this case, we can choose (a,b) such that

2
lim b =0
=3 (- a) 1+ 4?)

b—0
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Then all the formula in the case a # % applies to this case a = %, b = 0. The local

coordinate representation of the coframing is

1 . 1
w1:<§—|—zb)9—(—§+zb>92
w2:02_9.
2.4.5.3 a=13% b#0
The structure equation is
- 1 . 1 _
dwy = wy A Wy + <—§ + zb) Wi A W + (—5 + zb) Wa A 1. (2.75)
Substituting 6 = w; + (—3 + ib)ws, into (2.75) yields
i = [0 (=g )] n [0 (— 5 -iv)a
Wo = 5 0 JWa | N 5 20 |Wa
+(1+'b)9 +(—1+'b> [é—(—l—'b>‘]
5 7 A Wy 5 10 |y A 5 10 | W2
_ 1 . _ 1
=8A9+<§+zb>9/\w2+<—§+zb>9Aw2.

So {ws,#) is a Frobenius system. Write wy = v + id. Then

. —21 1 .
d(y +1id) = Wda: A dy + m(dw + idy) A (=8 + 2by).
Hence
1
- Y
dry A(Z)dy/\( d + 2by)
d6——2dAd—i— 1d/\(—6+2b)
CAERT T ae™ o

So (v, dy)y and {9, dz) are two Frobenius systems. There exist functions p, ¢, 7, s
and u, v such that
v = pdu + qdy

0 = rdv + sdzx.
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From the structure equation,
dy =dp A du+ dq A dy

= padz A du + pydy A du + pydv A du + gzdx A dy + qdu A dy + gudv A dy

1
= _A(z)dy A (—=rdv — sdz + 2bpdu).
So
o 2bp
Py = Q=077 2by’

Pz = 07

Py = 07 (276)
o

©= 0y 2by’
s

= ¥ 2by’

Since there are ambiguities for choosing p and w, by modifying « we can arrange

p=1.

From the structure equation,

dd =dr A dv+ds A dx

= rpdx A dv + rydy A dv + rydu A do + sydy A do + s,du A dx 4 s,do A dx

2
=———dr ndy+ dx A (—rdv + 2bpdu + 2bgdy).

1
A(2)? A(2)
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Then the functions r and s must satisfy

r
Ty = Sv = (=7
—x — 2by
ry = 0,
u Oa
g (2.77)
2 N 2b
S —
Yoo (r+2by)? x4+ 2byq’
2bp
Sy = ————.
—x — 2by

Since there is ambiguity for choosing r and v, by modifying v we can arrange r = 1.

Thus (2.76) and (2.77) reduces to

R
u = T+ 2by’
- 1
QU— l‘+2by’
s
o= T+ 20y’
1
Sy = ———,
x + 2by
2 N 2b
S, =
Y (x4 2by)? :1c+2byq7
%
oz 2y

Thus there exist functions C}(z,y) and Cy(x,y) such that

q= A0 (2bu —v) + Cy(z,y)
and
1
s = ~AG) (2bu —v) + Cy(x,y).
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The functions Cy(z,y) and Cy(z,y) satisfy

1

Clp = Cs,
! x + 2by 2
2b 2
Cyy = Ci+—.
W2y " (x + 2by)?

Choose Cy(z,y) = —Ci(x,y) such that z is a local holomorphic coordinate. Then

1
Cra = Ca A+ Qbycl’
2b 2
Cy = o+ QbyCI (z+ 2by)?
Then
In(z + 2by)
C = ——
1(,9) b(x + 2by)
So

Wo =7 + 10
= (pdu + qdy) + i(rdv + sdx)

In(z + 2by)
b(x + 2by)

=d(u +iv) + ( (2bu — v) — ) d(y —ix).

1
A(z)

Let w = u + tv. Then
wy = dw — @L (b + 3)w + <b — —>U_} + 1111(—14(,2)) dz.
A(z) 2 b

Recall that

So we can write w; as




2.4.5.4 a=—3
The structure equation is

1 9 N\ B 1 . 3. _
dwy = <—§+2b —2zb)w2/\w2+w1 N (§—Zb>w1 A Wy + <—§—zb>w2 A W01

=9/\9+<%+ib>9/\w2—2(%+ib>w2/\9+<%—2’b>9/\w2.

Let wy = v + id be the real and imaginary part decomposition. Then

2 1 2b
d’}/:mdl’/\’}/‘f‘md’y/\(s—Fmdy/\/y?

So {~, dy) and {4, dx) are two Frobenius systems. So there exist functions p, ¢, r, s
and u, v such that

v = pdu + qdy,
0 = rdv + sdzx.
From the structure equation,
dy =dp A du+dqg A dy

= padz A du + pydy A du + pydv A du + gdx A dy + qudu A dy + gudv A dy

1
= Y )[de A (pdu + qdy) + dy A (rdv + sdx) + 2bdy A (pdu + qdy)].
z
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This yields

_ 2bp
py Qu A<Z>’

_ o

pa} A(Z)7

po =0, (2.78)
_ r

QU - A(Z)’
29—

Qz = AG) .

Since there is ambiguity for choosing p and u, by modifying u we arrange p = ﬁ.

From the structure equation,

dd =dr A dv+ds A dx

= rpdx A dv + 1ydy A dv + rydu A do + sydy A do + s,du A dx 4 s,do A dx

2

A0 [dz A (rdv + sdz) + 2bdx A (pdu + qdy) + 4bdy A (rdv + sdz)].

The functions r» and s must satisfy

I
rl‘ S’U - A(Z)’
7 4br
YT AR)
Ty = 07 (279)
. 2 +—2bq+4bs
Y AR)? Alz) 7
L 2bp
Sy = A

Since there is ambiguity for choosing r and v, by modifying v we arrange r = ﬁ.
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(2.78) and (2.80) reduce to

B 2b
u (x + 2by)3’
B 1
@ (z + 2by)3’
2q-—s
qx - A(Z) ’
B 1
% (z + 2by)?’
2 —2bq + 4bs
Sy = + )
(x + 2by)2  —(x + 2by)
B 2b
Su (z + 2by)3

Then there are functions C(z,y) and Cy(x,y) such that

0= (=) + Cia.y)
and
1
s = TBE (2bu — v) + Cy(z, y).

The functions Ci(x,y) and Cy(z,y) satisfy

0,20

T e 2by

2bCy — 4bC: 2
Cy = 1 2

x + 2by " (x + 2by)?

(2.80)

(2.81)

Choose Cy(x,y) = —Ci(z,y) such that z is a local holomorphic coordinate. Then

3

Cra = T+ QbyCI’

60 2
Cy = o+ QbyCI (z+ 2by)?
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We can solve Cy(z,y)

B 72y(x + by)
Cl(xvy) - (l‘+2by)3
By (2.80), we get
1 y(x + by)
7= A(z)3 (2bu —v) Z(x + 2by)3
By (2.81), we get
1 y(z + by)
- Wy — v) + 2L T2V
iy YP A CLC Ay P T

So
WQI’Y+i(5

= (pdu + qdy) + i(rdv + sdx)

(2bu — v) — 2M)d(y ~ix).

= d(u + iv) + ( (z + 20y)?

1
A(2)? A(2)?

Let w = u + iv. Then

wy = ﬁdw —iﬁ[(m %)w + (b~ %)w _ %(Z —2)(1 = ib)z + (14 b)) |de.

Recall that

1
0 = w1 + (—5 —|—Zb) wa,

so we can write w; such that

2.4.5.5 Compact case of type C5

From the structure equation,

d(wi AWy Aws) = (1—2a)(1+2bi)wy AWy Awy A # 0.
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If a # %, there is no compact quotient of type C5. In the following analysis, we

assume a = %

Recall that

9 — (% +ib>éA 0,
(2.82)

dw2:9A§+<%+ib)9A@2+(—%Hb)@m@.

Let 0 = o + if and wy = 7 + i) be the real and imaginary part decompositions.
By (2.82),
da = —2ba A 3,
dp =a A S,
dy=0nrd—200 A7,
dd = —2a A B—and+2ban-ry.
Let e, es, 3, €4 be left-invariant vector fields dual to the left-invariant forms «, 3, ~, 6,
respectively. The nontrivial brackets are
[e1, e2] = —2bey + ea — 2ey,
[e1, e5] = 2bey,
le1, 4] = —eu,
[ea, €3] = —2bes,

[e2, e4] = e3.

Make a basis change: €3 = e3 + 2bey, €5 = €5 — 2bey. Then
[617 é3] = 07

[62, ég] = 0
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After dropping the tildes, the nontrivial brackets are
[e1, €] = ex — 2ey,
[617 64] = —€4,

[62, 64] = €3.

Define €5 = e3 — e4. Then

[617 é¥2] = é27
[61764] = —€4,
[é2, 4] = e3.

Then define X; = —e3, Xy = e4, X3 = €9, X4 = e;. The nontrivial brackets are

[Xo, X5] = X,
[X27X4] = X2;
[Xg,X4] = —X;.

By the classification result of solvmanifolds [Bock (2016)], there exists a co-compact
lattice I' such that G/I' is compact and supports a homogeneous complex Engel

structure.
2.4.6 Homogeneous Case C6

In this case, the symmetry groups of the coframing are different for different param-

eters a and b. We will consider the following 2 cases:

1. a=—5 +2km, keZ.

In this case, the constants (pi,p2,qi,q2,71,72) are (3 — b, 0, 2bi, %z’b(Qb +
)2, —b(—2b+1i), —1b(—2b+1i)(2b+1)?). This is a special case of homogeneous
case U3, with a = b%. There is no compact quotient that can support a homo-

geneous complex Engel structure unless b = 0. Under this condition, this is a

special case of case C'1.
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2. a# —5 +2km, keZ.

By the structure equation, we get
d(w) Awy A g) = =2 ((b + %z) cosa + (—% + b’i) (sina + 1)) Wi AW A Wy A W,

d(wy A Wy A Wg) = —% (—sina + 2bcosa — 1) (4()2 -1 +4bi) Wi A @) A Wy A Wa.

It is easy to verify that d(w; A we A Wo) = d(wy A W1 A @) = 0 if and only if
a = —%5 +2km, k€ Z. But this is contradictory to our assumption. Thus the
volume form is exact in this case. By Stokes’ Theorem, there does not exist

compact quotient that supports a homogeneous complex Engel structure.
2.5 Variation of Complex Engel Structures

In this section, we consider the variation of complex Engel structures with fixed
underlying complex structure. We only consider case C'1 with a = % and b = 0. In
this case, there exists a compact quotient that can support a homogeneous complex

Engel structure. Recall that the structure equation is
dw; =0,
dwy = (w1 — wy) A Wy — %(wl + W) A ws.
For any smooth complex function f, we want to consider the variation that is
proportional to ws + fwy.
Define g = f and df = fiw + f_1w_1 + fows + f_ow_o and similar expression for
the derivative of g.

Under the open condition 1 + %f — fo1+gf-2 # 0, define
01 = w1,

1

0, =
S A

(w2 + fwr).
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Then

d@g = 91 VAN 8_1 mod 02, 0.

The new Engel structure is defined by {(fy)*.
Now consider the first order variation of the complex Engel structure. If we
transform f to tf, we only consider the constant and first order term of ¢ in all our

expressions and drop all the higher order terms

d(@g + 6_2) = L[(14 + 2)@1 — (A + 2)&)1] AN 82 mod (92 + 8_2)

2+B

Il

(3 = 2)(A+2)wr — (A+2)wi] A by mod  (fy + 65)

A-B A—-B ~
(1+ )wl—(1+ 5 )w1 mod (02 + 02),

2
where
A=f+g—3f1+2f11+292+9-1—291 — 292 — 2911 + 2

and
B=f+g-2(f1+g)

Let X = xe; + Zey + yes + yéo be the characteristic vector field. Then

y+ l’f = 07
A-B A—-B
(1+ )T — (1 + 5 Jx =0
Only consider the first order term. Then
4 A-B
xr =
2 Y
y=—Ff.

The characteristic vector field is

A—B A—B _
X=(1+ 5 >61+(1+ 5 )61—f62—f62,
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so the first variation of the characteristic vector field is

0X = ($)€1+<A_B)61—f€2—f€2

2

By the expression for § X, there exists an injection

0 — C*(M) > x(M)

In local coordinates,
wy = dz,
1 1z
wy = 2dz + e 27 2% dw.
Write
df = f.dz + f:dZ + f,dw + fzdw
= fiwr + fows + fil1 + fals.
Consider a special case f,, = fz = 0. Then df = f.w; + fsw;. Then
A—B=f: = fz + 2(fz= — [.2),
A—B=A-B.
Let v(t) = (2(¢), 2(t), w(t), w(t)) be the integral curve. Then
. 1, 2 =
z(t) = 1+§(f2—f2)+f22—fz2 (2.83)
W(t) = —f (2.84)

To be a well-defined function on the compact manifold 72 x T2, the variation function

needs to satisfy the condition
f(Z + ko + 22]{3171') = f(Z), Vk(), kl e 7.

So the periodic function f can be expanded into Fourier series of Fourier basis. Take

the following basis

e%(z—z), eim(z+2)
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and their complex conjugates

6—%(z—z) o im(z+2)
, .

In fact, if we write 2 = x + 7y, then this basis is equivalent to the following basis
sinx, cosxz, siny, cos .
First take f(z) = e2*=2_ then A — B = f + f. Equation (2.83) reduces to
(1) =1+ %(f + 1), (2.85)
w(t) = —f. (2.86)
We can solve z(t)
20 — 20

H-(1 )¢
2(t) + cos —— + 2o

From this expression and (2.85), we get
w(t) = —ez0=%0)
SO
w(t) = —ez(=20)¢ 4y
From the period analysis of the integral curve, the curve is closed if and only if

20 — 2o . 20— 2o
cos——— and sin -
21 2

cQ

So in this case we have an infinite discrete family of closed integral curves, which is
one-to-one correspondence with the elements of SO(2, Q).

If we take f = e 2" the calculation is similar.



Thus

2(t) = (1 + cos 2 ZO) t + 2,

and
w(t) = —e~ 2070t 4 g,

Now if we take f = e'™(3+2),

then

y(t) = —27%sin (27x) — 7 cos (2mx)

Thus, there exist zy and gy such that

z(t) =t + xg

1 1
y(t) = meos2m(t + xg) — 5 sin 27 (t + o) — 7 cos (2mxy) + 5 sin (2mz0) + Yo

Thus
(1) =t +i(C(t) — C0)) + o,
and
T _ 7 . _
w(t) _ %em(2t+zo+zo) . %em(zo+20) + wo,
where

+5y 1 + 5
C(t) = mcos 2w <t+ u) — —sin 27 <t+ %).

2 2

From the expression of w(t), the integral curve is never closed on the manifold.
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3

Lagrangian Engel Structures

In this section, we study the geometry of Lagrangian Engel structures. We will
show that, after reduction of the structure group of Lagrangian Engel structures, we
can get an e-structure in generic cases, which implies the existence of a canonical
coframing of Lagrangian Engel structures. Using this canonical e-structure, we will

classify homogeneous and compact Lagrangian Engel structures.
3.1 Geometry of Lagrangian Engel Structures

Recall that

Definition 3.1.1. A Lagrangian Engel structure (M, <, D) is a 4-manifold M en-
dowed with a symplectic form 2 and an Engel 2-plane field D that is Lagrangian for
Q. If we let I = D+ < T*M denote the annihilator, then Qe {I).

A coframing w = (w1, ws, w3, wy) such that the symplectic structure can be written
as
O =w; Aws+wy A wy
while I = (wy,wy) and I = (w;) will be said to be 0-adapted to (M,Q, D).
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Proposition 3.1.1. The 0-adapted coframings are the sections of a G-structure on
M where G < GL(4,R) is the 6-dimensional subgroup

B 0 b 0 «
=] s @y =l | masermis=s) o)

Proof. Assume (wy, s, W3, w,) is a new coframing and the Engel structure in the new
coframing is I = (@1, ) and IV = (). According to the definition of a coframing

on a manifold, there exists a matrix

By B
such that
w1 w1
W %)
- =B ,
w3 w3
Wy Wy

where By, Bia, Ba1, Bae are 2 x 2 matrices. Since I = (@, @) = {wy,ws) , the block
312 = 0.

Let
0 I
e
where I is the identity matrix of dimension 2. To keep the symplectic structure

invariant under the transformation, the matrices B;; satisfy

By 0 " [Bu 0 ]_,
Bgl BQQ B21 B22 ‘

Thus
B{, By = B3 Bu1,
BBy =1,. (3.2)
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Define S = B By;. Then from (3.2), S = ST. The element of the structure group

can be written as

B — By 0 ]

(Bi)™'S (BL)™

Since I = (w,) = (&), By, must be of the form [ le bO ], where b1, ba1, bao
21 022
can be any functions.
Therefore, the structure group is of the form (3.1). O

A Lagrangian Engel structure defines a G-structure, where G is defined by (3.1).
We will prove that after reduction of the structure group, the manifold with a La-

grangian Engel structure belongs to at least one of the following categories:
1. the manifold is not compact

2. there exists a canonical coframing for the Lagrangian Engel structure on the

manifold

Suppose I = {wy,wy), IM = {w;) and I* is an Engel structure, then

dwy # 0 mod wy,
dw; =0 mod wi,ws,
dwy # 0 mod  wi,ws. (3.3)

By (3.3), there exists a function A # 0 such that
dws = Aws A wy mod  wy,wo

We can arrange A = 1 by dividing ws by A. Such coframings will be said to be

1-adapted. They are the sections of a Gi-structure, where GG; < G is defined by
biibsy = 1. (3.4)
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-2 2
Now Bj; is of the form [ by 0 ] and Bﬁl = [ b2 (_)1 ] After this ar-
ba1 Do —baabo1 by,

rangement,

dwy = ws A wy mod wi,ws . (3.5)
By (3.3), there exist functions ps3 and p4 such that
dw, = (p3ws + paws) A wy mod w; (3.6)

and at least one of p3 and p,4 is nonzero. Since we will mainly focus on the classifi-
cation of homogeneous Lagrangian Engel structures, we will study the cases where
either p3 = 0 or p3 never vanishes.

Recall that the symplectic structure is = wy A w3 + wy A wy. By (3.6),
D3
wl/\dwl/\w4=§Q/\Q. (3.7)

If the coframing is changed under the structure group G, the function ps is changed
to byyps. Thus ps is well-defined up to scaling by bsy. By (3.6), the Cartan system is
C({wr)) = (w1, wa, (psws + pawy)) and the symplectic complement of (w; ) is (w; )+ =
(w1, wa, wy). Generally, C({wy)) # {wi)t. If C({wy)) # {w;)*, this type of Lagrangian
Engel structures is said to be generic. If C({w;)) = (w;)*, this type of Lagrangian

Engel structures is said to be non-generic.
3.1.1 Geometry of Lagrangian Engel Structures in Generic Case

In the generic case, we have the following theorem:

Theorem 3.1.2 (Lagrangian Engel Structures in Generic Case). Given a symplectic
manifold (M, Q, I) with a symplectic structure Q and an Engel structure D = I*+. On
the domain where p3 # 0 in equation (3.7), there ezists a unique 0-adapted coframing
w = (w1, ws,ws,wyq) satisfying

dw) = w3 A wy + (aws + bwg) A wy,

dwy = (cwq + ews + fwy) A wy + w3 A wy,
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where a, b, c,e, f are functions on M.

Proof. Under the transformation of the structure group, the structure equation is

transformed to
dwi = (p3biws + b3o(—psbisbar + pa)ws) A wo mod w; . (3.8)

By scaling w; via b3,, we can arrange p3 = 1. This fixes byy = 1. By adding a multiple

of wy to wsz, we can arrange py = 0. This fixes by; = 0. The structure equation is
dwi = ws A Wo mod wj . (3.9)

The element of the structure group reduces to the following form

10 00
0O 1 00
S S22 10

Recall that dws = w3 A wy mod wq,ws. Thus there exist functions v and vy such
that

dwy = (v3w3 + Vywy) A W + W3 A Wy mod  wy. (3.10)

By adding a multiple of wy to w3, we can arrange v, = 0. This fixes S12 = 0. By

adding a multiple of wy to w4, we can arrange v = 0. This fixes Sy = 0. Thus
dwy = wsg A wy mod  wj. (3.11)
From equation (3.9), there exist functions us, ug, uy such that
dwy = w3 A wy + (Ugwe + Ugws + Ugwy) A W1 . (3.12)

By adding a multiple of w; to w3, we can arrange uy = 0. This yields S;; = 0. Now

the structure group of the coframing contains only the identity element. We get an
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e-structure. The structure equation is

dwy = w3 A wy + (ugws + ugwy) A Wy,
(3.13)

dwy = w3 A Wy mod wj .

By a Theorem of Kobayashi [Kobayashi (1954)],

Corollary 3.1.3. In generic case, the symmetry group of a Lagrangian Engel struc-

ture acts freely on the underlying connected manifold.
3.1.2  Geometry of Lagrangian Engel Structures in Non-Generic Case

Now we will study the geometry of Lagrangian Engel structures in non-generic case.
Since p3 = 0 and at least one of p3 and p4 is nonzero, then ps never vanishes. We
can arrange py, = +1 via dividing w; by |ps|. Then the entry boy is fixed to be +1.

From the expression of the symplectic structure, there is a transformation
Wy — —Wa, Wy — —Wy .

that fixes the symplectic structure and Engel structure. We can fix bys = 1 by this
transformation.
Now

dw = Fwy A wy mod w; . (3.14)
wy is uniquely defined by equation (3.14).
By (3.14), there exist functions Ay, A3 and A4 such that
dwy = twy A wy + (Asws + Asws + Agwy) A wy . (3.15)
Under a change of adapted coframing, a new coframing w satisfies

CZC~U1 = +W4 A Wy + A3(:)3 AW + (ile — leAg + A4)CZ)4 A W1
(3.16)
+ (FS12 £ 621599 + Ag + A3(S12 — ba1S22) + AsSa2) Wa A @y .
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By comparing (3.15) and (3.16), Az is an invariant of Lagrangian Engel structures

in the case p3 = 0. And note that by (3.15),
dwl/\ngM:—%Q/\Q. (3.17)
If A3 = +1, (3.16) is equivalent to
diy = +04 A W9 + W3 A @ + Agog A @1 + (Ag + AySa) We A @1 . (3.18)

Thus by comparing (3.15) and (3.18), A4 is an invariant of Lagrangian Engel struc-
tures.

Based on the invariants A3 and Ay in (3.15), we will prove the following theorem:
Theorem 3.1.4 (Lagrangian Engel Structures in Non-Generic Case).

1. On the domain where (A3 = 0) or (A3 # +1 and A3 # 0) in (3.17), we get an
e-structure that whose defining conditions are
dwi = Twy A wo + Aswz A Wy,

dwy = (awy + bwy) A wy + cws A wy + ws A wy,
where a,b, c are functions on M.

2. On the domain where A3 = +1 in equation (3.17), there are two cases depending

on whether A4 1s 0:
(a) On the domain where Ay =0, the structure equation is

dwi = fws A wy + w3 Awp + Ayws A Wy,

(3.19)
dwy = w3 A Wy mod w;.
(b) On the domain where Ay # 0, the structure equation is
dwi = Twy Awy + w3 Awp + Agwy A wr,
(3.20)

dws = q3w3 A wo + W3 A Wy . mod w;
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Proof. We consider the following 3 sub-cases:
1. A3 =0
2. A3 =+1
3. A3 # 0 and A3 # +1
3.1.2.1 case A3 =0
If A3 =0, (3.16) is equivalent to
diy = T4 Ay + (Ebo1 + Ag)g A&y + (FS12 & bo1Saa + Ay + AySas) o Ay . (3.21)

From the second term of (3.21), by adding a multiple of w; into wsy, we can arrange

Ay = 0. This yields by; = 0. Now

10
Bll:lo 1]212.

Equation (3.21) is equivalent to
d(:)l = i(:)4 AN (:12 + (1512 + Ag) (:12 AN (Ijl . (322)

From the second term of the right side of the above equation, by adding a multiple

of wy into wy, we can arrange Ay = 0. This yields S1o = 0. Thus

dwl = iLU4 N Wy . (323)
And
1 0 00
0 1 00
B = Sp 0 10
0 Sy 01

By (3.5), there exist functions g3 and ¢4 such that

dwy = (g3ws + Qws) A wy + Wy A Wy mod  ws.
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By adding a multiple of w; into w3, we can arrange q4 = 0. This yields S7; = 0. Thus
dws = qzw3 A W1 + W3 A Wy mod wsy. (3.24)

There exist functions 7, r3 and r4 such that
dws = (rwy + r3ws + T4ws) A wo + 3ws A Wi + W3 A Wy . (3.25)

By adding a multiple of ws into wy, we can arrange r3 = 0. This yields Soy = 0.
Now the structure group contains only the identity element, i.e., we have found

an e-structure. In this case, the structure equation is

dwl = iLU4 N Wa ,

(3.26)
dws = (rwy + T4wy) A wo + q3ws A Wi + W3 A Wy .
3.1.2.2 case Az = +1
(3.16) is equivalent to
din = +04 A Do + W3 A O + Agog A @1 + (Ag + AySas) e A @1, (3.27)
where Ay is an invariant of Lagrangian Engel structures in the case A3 = +1.
We will consider the following 2 sub-cases:
1. Ay =0
2. Ay #0
3.1.221 case: A4 =0
dwi = +ws A wy + w3 A wyp + Agws A Wy . (3.28)

Now A, is an invariant of Lagrangian Engel structures in this case. And

1 0 0 0

B_ boy 1 0 0
Sll - b21512 512 - b21822 1 _b21

512 522 O 1
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By (3.5), there exist functions g3 and ¢4 such that
dws = (q3ws + quwy) A We + w3 A Wy mod wj.

By adding a multiple of wy to w4, we can arrange g3 = 0. This yields Sy = 0.
By adding a multiple of ws to w3, we can arrange g4 = 0. This yields S5 + bg; = 0.
And

dws = w3 A wy mod wy . (3.29)

There exist functions 79, r3 and r4 such that
dwy = (rows + r3ws + T4wy) A w1 + W3 A wy .

The elements of the structure group are of the form

1 0 0 0
B ba1 1 0 0
Sy b Fby 1 —by

Tboy 0 0 1

In this case, the structure group does not reduce to the trivial group. The structure
group can be further reduced by considering the derivative of w3 and wy.

Now w; is uniquely defined by (3.28) and wy is uniquely defined up to an addition
of a multiple of w; by (3.29). Thus w; A ws is uniquely defined by (3.28) and (3.29).
Therefore,

Wi AWy Adws = W) AWy AWz A Wy (3.30)

is uniquely defined.

3.1.2.22 case: As #0

By (3.27), after adding a multiple of ws into wy, we can arrange A, = 0. This yields
SQQ = 0. And
dw1 = iW4 N Wo + w3 A Wy + A4Ld4 N W1 . (331)
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By (3.5), there exist functions g3 and ¢4 such that
dwy = (q3ws3 + Qws) A we + Wy A Wy mod w; .
From this structure equation, ¢3 is an invariant. By adding a multiple of ws and wy

to w3, we can arrange g4 = 0. This yields Sis + ba1q3 + bay = 0.

dws = qzw3 A Wa + W3 A Wy mod w;. (3.32)

Now w; is uniquely defined by (3.31) and w, is uniquely defined up to an addition
of a multiple of wy by (3.32). Thus w; A ws is uniquely defined by (3.31) and (3.32).
Therefore,

Wi Awy Adwy =w; AWwa AWs A Wy (3.33)
is uniquely defined.
3.1.2.3 case A3 # +1 and A3 # 0

By (3.16), after adding a multiple of wy to ws, we can arrange A, = 0. This yields
621 = 0. Then

dw) = fwy A we + Aswz A wy + (FS12 + As + A3S12) wa A wy. (3.34)
By adding a multiple of ws to w3, we can arrange Ay = 0. This yields Si2 = 0. Then
dwy = tws A wy + Asws A wy. (3.35)
By (3.5), there exist functions g3 and g4 such that
dws = (q3ws + quwy) A W1 + W3 A wy mod  ws.
By adding a multiple of w; to w3, we can arrange g4 = 0. This yields S;; = 0. Thus

dwy = qzw3 A W1 + W3 A Wy mod  ws. (3.36)
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There exist functions 7, r3 and r4 such that
du.)g = (7“1&]1 + r3ws + 7"4CL)4) A W2 + q3ws A W1 + W3 A Wy. (337)

By adding a multiple of wy to wy, we can arrange r3 = 0. This yields Ss = 0.
Now the structure group contains only the identity element, i.e., we have found
an e-structure. In this case, the structure equation is
dwi = +ws A wy + Asws A wy,

(3.38)

dws = (rwy + T4wy) A wo + 3wz A Wi + W3 A Wy .

3.2 Classification of Homogeneous Lagrangian Engel Structures

In this section, we derive the structure equation of homogeneous Lagrangian Engel

structures via equivalence method [Gardner (1989)].

Theorem 3.2.1 (Classification of Homogeneous Lagrangian Engel Structures). There
are at most 6 distinct families of homogeneous Lagrangian Engel structures that can

have compact quotient manifolds. These 6 families are listed as follows:

1. Case 1:
W1 Wo A W3 + awi A ws
d W9 B W3 N Wy
W3 0
Wy bwy A wWs
2. Case 2:
w1 We A W3 + awp A w3 + bwy A wy
al @2 | Z bwi A w3 + wg A Wy + bwy A Wy
w3 0
W4 0
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3. Case 3:

d

4. Case 4
w1

A
w3

Wy
5. Case 5:
6. Case 6:

1.2

w1 W A W3 + AWy A Wy — 7a°W1 A Wy
Wo —%ale A Ws + W3 A Wy — iang A Wy
| La2p — b — 143
ws 5a°b(w1 A wg —wy A wy) + abwy A ws — abwr A wy
Wy ab(wy A wg —wa A wy) + 2bwy A w3 — %aZboJl A Wy

Wy A ws + bwy A ws + awyp A wy
2
(a® + %)wl AWy + awi A W3 + Wg A Wy + AWy
2
(2a® + %asz)wlg + %wlg + bwas + a?bwrg + 20wy
ab?

ab(—a — $)wiz + abwiz + (@ — $)was + (a* — L )wig — abway

w1 W1 A W3 + Wa A Wy
d we | awi N Wo + Ws A Wy

ws || alwr Aws+wa A wy)

W4y —QaWi] N\ Wy — W3 N Wy

w1 W1 A W3 + Wa A Wy
d W9 . W3 N Wy

W3 N 0

W4y awo N\ W3 — W3 N Wy

where a and b are constants.

Proof. Since the structure group of Lagrangian Engel structures is of the form (3.1),

there exists Lie algebra-valued differential form

T T3 0 0

= = (mij)
Ty T5 —T1 —T2
T Tg 0 —T3

such that the structure equation can be written as

1
dwi = Z’ﬂ'ij A Wy + 527@']’]@&)]' A W, (339)
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where ~;;;, are torsion terms. By (3.3), there exist functions ag, as, a4 such that

w1
w1 m 0 0 0 Wy wo A (asws + aqwy)
d = — +
Wo my w3 0 0 w3 Aows A Wy
Wy

and at least one of a3 and a4 is nonzero and aq # 0.
By modifying the Lie algebra valued 1-forms 4, 75, mg and absorption of torsions,

there exist functions S; and Sy and 1-form 7 such that

w1
d Ws . Ty Ty —Tp —T9 W9 S1C<J3/\CU4+7’/\W2
|:W4]__[W5 e 0 —’/Tg] w3 +|:SQUJ3/\CU4—T/\O.)1 ’
Wy

where 7 = tsws + tyw, for some functions t3 and t4 . Thus after this absorption of

torsions, we get 0-adapted coframing such that

w1 1 0 0 0 w1 W A (CL3W3 + CL4LU4)
W9 To T3 0 0 Wwa Apgws N Wy
d + (3.40)
w3 Ty T —T —To w3 Siws A wy + T A Wsy
Wy ms om0 —m3 Wi Sos AWy — T A Wy

Since  is a symplectic form, dQ = 0. By (3.40) and d2 = 0, we get Sy =

—ay, S1 =0, t3 =0, ty = 0. Now (3.40) is transformed into

w1 m 0 0 0 w1 wo A (azws + aswy)
Wo my w3 0 0 Woy Aows A Wy
d + . (3.41)
w3 Ty Ty —T1 —T9 W3 0
Wy s Tg 0 —T3 Wy —a4W3 N Wy

Now we calculate the reduction of the group using the equivalence method. Calculate
d*w; = 0 by (3.41)

day + azme + agm =0 mod Wi, wo, w3, Wy,

das + az(2m — m3) =0 (3.42)

mod  wy,wo, w3, wy .

Since at least one of as and a4 is nonzero, there are two cases: az # 0 or as = 0.
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3.2.1 caseas #0

We can scale a3 = 1 and translate ay = 0. Then from (3.42)
2 =0 mod Wi, Wa, W3, Wy ,

2m — 13 =0 mod w1, wa, W3, W (3.43)

This means 7y, 27 — w3 are basic.

Calculating d?w, = 0 from (3.41) yields
dag + ag(m + 2m3) =0 mod w1, ws,ws, Wy .
Since ag # 0, we can scale ag = 1. Then
m + 273 =0 mod  wi,ws, w3, Wy . (3.44)
Thus from (3.43) and (3.44), we have
m=mg=m3=0 mod  wq,wo, w3, wy .

Define 7; = 37

j—1 @ijw;, where ¢ = 1,2, 3. Calculate d*w, = 0 from (3.41), then

dass + 1 =0 mod Wy, wa, w3, Wy .
We can translate azs3 = 0. Then
e =0 mod  wy,wa, w3, wy .
Calculate d?ws = 0 from (3.41), then
d(azs —ayy) + 15 =0 mod  wi,wa, w3, Wy .
We can translate ass — a;q = 0. Then

s =0 mod  wi,wo, w3, wy .
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Calculate d*w; = 0 from (3.41), then

34 = A14
and
dajy +m =0 mod Wy, wq, w3, Wy .
We can translate a;5 = 0. Then
=0 mod  wy,ws, w3, Wy .
Thus
mu=75 =7 =0 mod  wy,ws, w3, Wy .

Now we get a canonical coframing and the G-structure is reduced to an e-

structure. The structure equation is

[ w1 N Wy ]
w1 0 a13 Q14 1 0 0 w1 N W3
d Wa _ Q22 — Q31 A14 24 0 A14 1 W1 N Wy
(&8} (42 — Q51 Q11 + (43 Q44 + A1 A53 54+ G2 0 wy Aws |’
Wy as2 — Ag1 as3 as4 +azy a3 Aey + azey 0 Wa A Wy
| w3 A wy |
(3.45)

where the nonzero terms of the right side of (3.45) represent intrinsic torsion of
Lagrangian Engel structures. The coefficients of torsion terms are functional invari-
ants of Lagrangian Engel structures. We have finished the analysis of the structure

equation for the case as # 0.
3.2.2 caseasz =10

We can scale ay = 1. Thus

m =0 mod  wi,wo, w3, wy .
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Calculate d*wy = 0 from equation (3.41), then

dag + 2aqm3 = 0 mod Wy, wq, w3, Wy .

Since ag # 0, we can scale ag = 1. Then

w3 =0 mod w1, ws, w3, Wy .

Calculate d?wy = 0 from (3.41), then

dazz + mg =0 mod Wy, wq, w3, wy .

We can translate az3 = 0. Then

g = 0 mod W1, wWa, W3, Wy .

Also from d?w, = 0,

d(ass + ags) + 275 + agzme =0 mod w1, wa, w3, Wy .

We can translate ass + ags = 0. Then

275 + agz3my =0 mod  wy,wq, w3, Wy .

Calculate d?wy = 0 from (3.41), then

da34—7r5+7T250 mod Wi, wWa, W3, W4 .

There are 2 cases: ag3 # —2 or agz = —2.
1. case 1. agz # —2 We can translate azs = 0. Then

s =19 =0 mod  wy,wa, w3, Wy .
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2. case 2. agz = —2

From d?w; = 0,
days + (a13 — 1)me =0 mod  wi,wsa, w3, W

and

dajs + (—ay3 + 1)m5 =0 mod w1, wa, w3, Wy .
In summary, as long as a3 # 1 or agz # —2,

s =19 =0 mod  wy,wa, w3, Wy .
3.2.2.1 a1z # 1 or Qags # —2

From d?w, = 0,

da24 — Ty = 0 mod W1, W, Ws, Wy .

We can translate asqs = 0. Then
=0 mod  wq,wo, w3, wy .

So

M=mg=m3=mu=7m5=7=0 mod Wy, ws, W3, Wy .

Now we get an e-structure and a canonical coframing. In this case there are 2

different families of structure equations.
3.2.2.2 a3 = 1 and g3 = —2

In this case, we know that
M=nm3=Tg=mg— 75 =0 mod Wy, wq, w3, wy .

From d?w; = 0,
dais =0 mod Wy, ws, w3, Wy
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and

d(l14 =0 mod W1, Wy, W3, W4 .

I do not intend to finish the calculation of all invariants of Lagrangian Engel
structures of this case. Since the goal is to classify compact quotients that support
homogeneous Lagrangian Engel structures, I will prove that no compact quotients
can support a homogeneous Lagrangian Engel structure of this case.

From the structure equation,
d(wl/\wg/\w4) :—2(,01 AN Wy NW3 N\ Wyq.

By Stokes’s Theorem, there is no compact quotient that supports a homogeneous
Lagrangian Engel structure when a3 = 1 and ags = —2. In the following classifica-
tion of compact homogeneous Lagrangian Engel structures, we will not consider this
case any more.

Now we will classify homogeneous Lagrangian Engel structures. Assume all the
coefficients in the structure equations are constants. By taking exterior derivative of
the structure equation and setting all coefficients to zero, we can get quadratic equa-
tions of the constants. Via MAPLE, we can solve all the equations. The structure
equations of homogeneous Lagrangian Engel structures are listed in the statement
of the theorem.

For the case that a13 = 1 and ag3 = —2, it remains to determine whether there

exist homogeneous Lagrangian Engel structures. L]

3.3 Classification of Compact Homogeneous Lagrangian Engel Struc-
tures

Theorem 3.3.1 (Classification of Compact Homogeneous Lagrangian Engel Struc-

tures). There is only a 1-parameter family of compact homogeneous Lagrangian Engel
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structures. There exists a canonical coframing (w,wsq, ws,wy) such that

w1 Wo N\ W3
d wWa i W3 N Wy

W3 0

Wy b(UQ N W3

where b € R is a constant.

Proof. We will prove this theorem by analyzing each homogeneous case in Theorem
3.2.1 and determining whether there exists a compact quotient that can support the

corresponding homogeneous Lagrangian Engel structure of one particular case.
3.3.1 Analysis of Case 1

The structure equation is

W1 Wo A W3 + awi A Ws
) W3 N Wy
d - (3.46)
W3 0
Wy bwy A Ws

where a and b are constants. From the structure equation (3.46),
d(w) Awg Awy) =—aw; Aws AWg A wy.

Thus if a # 0, there is no compact quotient that can support a homogeneous La-
grangian Engel structure of case 1.
In the following, we only consider a = 0. Since dws = 0 and d(wy — bwy) = 0,
there exist functions x and y such that
wz = dy,

wg — bwy = dx.

Define wy = wy + xdy. Then

d[““]:la’“dy ] (3.47)

Wo b dy A wy
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Proposition 3.3.2. Ifa = 0, there exists a compact quotient that supports a homo-

geneous Lagrangian Engel structure of Casel for any b.

We prove this proposition by considering different values for b.

3.83.1.1 b=0

d[wl]:lm/\dy].
Wo dy A dx
Thus there exist functions u and v such that
wy = udy + dv,
wy = —zdy + du .
Since
W1 AWy Awz Awg=dvAdundyndx,

so x,¥,u,v can be a local coordinate system for the homogeneous manifold.

Let
0 w3 —Wo 2&)1
W= 0 0 Wy (09))
10 0 0 ws
0 0 0 0

be a matrix-valued 1-form. Then from (3.46), we have

dw = —w AW

(3.48)

(3.49)

Thus w is a left-invariant form of a Lie group G. The connected and simply-connected

Lie group corresponding to the left-invariant form in (3.49) is isomorphic to

1 f fe—c d
B 0 1 2¢  fe+c
G = 00 ) f where f,e,c,d e R
0 0 0 1

(3.50)

Note G is a nilpotent Lie group. In [Raghunathan (1972)], there is a theorem:
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Theorem 3.3.3. A simply-connected nilpotent Lie group G admits a lattice if and
only if there ezists a basis (X1, Xa,--+ ,X,) of the Lie algebra g of G such that the

structure constants C’fj arising in the brackets

[Xi, X;] = > CEX;, (3.51)
k

are rational numbers.

By the structure (3.49) and Theorem 3.3.3, there exists a co-compact lattice for
the group G, and thus there exists a compact quotient that can support a homoge-
neous Lagrangian Engel structure. We will find an explicit co-compact lattice in this

case. Take a discrete subgroup of Lie group G

1 f fe—c d
B 0 1 2¢e  fe+4c
= 00 1 f where ¢,d,e, f € Z } . (3.52)
0 0 0 1

It is easy to verify that I' is a subgroup of G and that M = G/I" is compact. So
if b = 0, there exists a compact quotient, that supports a homogeneous Lagrangian

Engel structure.
3.83.1.2 b<0

Set b = —f3?, where 8 > 0. Then by (3.47), we get

d(ﬁwl + (.:)2) = 5(6&)1 + (IJQ) AN dy

and
d(—ﬂwl + CI)Q) = —6(—50)1 + (:12) A dy .

So there exist functions u and v such that Bw; + @y = e #Ydu and —Bw, + @y = e*dv.

Thus

e Bdu + ePVdu
2

99

Wy =



and
e PYdu — ePYdu
20 '

w1 =

Now we take a new coframing. After scaling wy — fwy, wy — %wg and w; — %wl,

then the structure equation is transformed to

w1 Wa N\ W3
Wa W3 N Wy
d = . (3.53)
W3 0
W4y —Wa N\ W3

Define wy = wy + wy, @y = wy + wy and @y = wy — wy. Then (wp, W9, ws,Dy) is a new

coframing. In this new coframing, after dropping tildes, the structure equation is

O%)) 0
Wo B w3 N Wy

A 0 . (3.54)
W4y —W3 N W4

Let

=10 0 e e | (3.55)

be a matrix-valued 1-form. Then from (3.54)
dw = —w A w. (3.56)

Thus w is a Maurer-Cartan form of a Lie group G. The connected and simply-

connected Lie group corresponding to the Maurer-Cartan form in (3.55) is isomorphic

to
c 0 00
0 ¢!t o0 r
G = 0 0 t s where r,se Rand ¢ > 0and ¢t >0 . (3.57)
0 0 01
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Theorem 3.3.4. There exists a co-compact lattice of G.

Proof. Let (X1, Xs, X3, X4) be the left-invariant vectors dual to the left-invariant

1-forms (wq, w3, —ws, wp), respectively. Then the nontrivial brackets are

[X17X3] = Xl )

[Xo2, X3] = =X
By the classification results of [Bock (2016)], there exists a co-compact lattice. [

We will give an explicit way to construct a lattice. Consider a subgroup H < G,

where
t=t 0 r
H = 0 t s || wherer,seRandt >0 (3.58)
0 01
and the inclusion map of H to G is
caep [hn
0 t s |— (3.59)
0 0 1 0 0 ¢t s
0 0 01
Then G = R x H as a group. Let N ¢ H be the subgroup
1 0 r
N = 0 1 s || wherer,seR ;. (3.60)
00 1

Lemma 3.3.5. N is a normal subgroup of H.

7t 0 =z 1 0 r
Proof. Let h = 0 t y|landn=| 0 1 s | beany elements of H and N,
0 01 00 1
respectively. Then
10 t-r
holnh=1]0 1 t7'-s [eN. (3.61)
00 1
Hence, N is a normal subgroup of H. O
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Thus
-1
H/N;{{to (2” Wheret>0}

is a quotient group. Let L; = (U}, 05y < R? be a lattice of the normal subgroup N,
to be determined later. We need to find a lattice Ly of H/N such that the lattice of

the group H is
L:{lg ?1)” WhereyeLg,ﬁeLl}.

From the multiplication rule of the group H, this is equivalent to yv' € L, for any

U1

v ] € L;. Hence we need to find aq,as,a3,a4 € Z and ¢ > 0
2

v € Ly and any v = [
and ¢ # 1 such that
Vel = a1y + agts
Velo = agly + a4V , (3.62)

-1
where 7, is the linear transform with transformation matrix l CO 2 ] Since

(e, .Uz )y form a new basis for the lattice Lq, then [ Zl 32 ] € SLy(Z).
3 Q4

Thus (3.62) is equivalent to

C Ao Qayg

[ C(Sl . ] = (01, %) [ - ] (v, %)~ (3.63)

A B

c D ] € SLy(Z) such that (A+D)?*—4 > 0,

So we can choose any matrix S = [

then we have two real eigenvalues A\ > Ay > 0. We can set ¢ = ;. If (U,%) are

eigenvectors of S with eigenvalues (A1, \2), then we can set (v, U)oc(¥, W) L.

21

Example 3.3.1. Take S = ll )

] € SLy(Z), then ¢ = %5 We can take
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Then the lattice of the Lie group H can be
mq <71+\/5> — M2

(3+\/5>_m0 0

2 2

L= 0 <3+\/5)m° m <1+\/5> + my where mg, my, mg € Z
0 1

(3.64)
Thus for b < 0, there exists a lattice I' such that G/T' =~ S' x H/L is compact.

Remark 3.3.1. In our analysis of the existence of a lattice for H, we know that the

different lattices correspond to

1. scaling or change of basis for eigenvectors of a matriz in SLo(Z)

2. different matrices in SLo(Z) such that the absolute value of trace is greater

than 2
3.31.83 b>0

Set b = 3%, where 3 > 0. Then by (3.47), there exist functions u and v such that
iBwi + @y = e PVd(u + iv)
Take the real and imaginary part of the 1-form, we can get

1
wy = B(COS By dv — sin By du)

and
Wy = cos By du + sin By dv .
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Theorem 3.3.6. There exists a co-compact lattice.
Proof. Let (eq, es, €3, e4) be the left-invariant vectors dual to the left-invariant 1-forms
(Bw1, we, Bws, %w4), respectively. Then the nontrivial brackets are
[627 63] =€ + €4,
[63, 64] = €3.
Define X, = €1 + e4, Xo = €9, X3 = e3, X4 = e, then the nontrivivial brackets are
[X17X3] = _X27

[X27 X3] = Xl .
By the classification results of [Bock (2016)], there exists a co-compact lattice. [

So if b > 0, we get a compact quotient that supports a homogeneous Lagrangian
Engel structure.

In summary, in case 1 we can get a compact quotient if and only if a = 0.
3.3.2  Analysis of Case 2

The structure equation is

w1 We A w3 + awp A ws + bwy A wy

d wy | _ bwi A w3 + ws A wy + by A wy
w3 0 ’
Wy 0

where a and b are constants. We can assume b # 0, otherwise, this is a special case
of case 1.

From the structure equation,
d(wy A we A wz) =2bwy A We A W3 A Wy.

Since b # 0, there does not exist a compact quotient that supports a homogeneous

Lagrangian Engel structure in case 2.
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3.8.8  Analysis of Case 3

The structure equation is

1.2

wq W A W3 + awp A Wy — 70°W1 A Wy
Wo —%a%}l AN W3 + W3 A Wy — ia2w2 A Wy
d = 1.2 1.3
w3 50°b(w1 A w3 — wa A wy) + abwy A wz — a’bwy A wy
Wy ab(wy A wg —wa A wy) + 2bwy A w3 — %awal A Wy
where ¢ and b are constants. Since
2
a
d(wy A wy A wg) = WA W A W3 A Wy,

there does not exist a compact quotient that supports a homogeneous Lagrangian
Engel structure of case 3 if a # 0. In the following, we assume a = 0 and the

structure equation is

w1 Wa N\ W3
d W2 W3 N Wy

W3 0

Wy 2[)&)2 N W3

This is a special case of case 1 with a = 0. There exists a compact quotient for any

b.
3.3.4  Analysis of Case 4

The structure equation is

wy We A w3 + bwy A ws + awyp A wy

gl @2 | (a® + %)wl A Wa +2aw1 A W + W3 A Wy + awaluy
Ws (2a% + 3a%b w1z + “S-wis + bwasg + a?bwiy + 2a*way ’
Wy ab(—a — %)wlg + abwiz + (a — }l)w23 + (a® — #)wM — abwoy

where a and b are constants.

By the structure equation

d(w) Awy Aws) =2aw; A We AW AWy,
d(wy Awy Awyg) =—bwy A wy Aws A wy
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If a # 0 or b # 0, there does not exist a compact quotient that supports a homoge-
neous Lagrangian Engel structure in case 4. If a = 0 and b = 0, this is a special case

of case 1 with compact quotients.
3.8.5 Analysis of Case 5

The structure equation is

w1 W1 A W3 + Wa A Wy
d W2 awi N Wy + Ws A Wy

W3 a(wy A wz + wy A wy)

Wy —awip N\ Wy — W3 N Wy

where a is a constant.

By the structure equation
d(wl N Wy A CU4) = —2w1 N Wo N W3 N Wyg.

Thus there does not exist a compact quotient that supports a homogeneous La-

grangian Engel structure in case 5.
3.83.6  Analysis of Case 6

The structure equation is

W1 W1 A W3 + Wa A Wy
d Wa B W3 N Wy
- )
Ws 0
Wy Wy N W3 — W3 N W4

where a is a constant.

By the structure equation
d(wl AN Wy A CU4) = —2w1 AN Wo N W3s N Wyg.

Thus there does not exist a compact quotient that supports a homogeneous La-

grangian Engel structure in case 6.
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4

Conclusion

There are some open and interesting problems related to Engel structures and other

compatible geometric structures. Let us list a few:

1. A symplectic Engel structure (M,€), D) is a 4-manifold M endowed with a

symplectic form 2 and an Engel 2-plane field D that is symplectic for 2.

In the dissertation, we studied the geometry of complex Engel structures and
Lagrangian Engel structures. The obvious problem is to classify homogeneous
symplectic Engel structures and compact homogeneous symplectic Engel struc-

tures.
2. S. T. Yau proved the following theorem [Yau (1976)]:

Theorem 4.0.1. Let M be a compact two dimensional complex manifold whose

tangent bundle is trivial in the topological sense. Then either

e (i) M is a ruled surface of genus 1

e (i) M is covered by the complex torus or an elliptic fiber bundle over a
compact curve of genus > 1
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o (iii) M is the quotient space of C* by some volume-preserving affine trans-
formation group. The first Chern class of M is zero and the first Betti

number is three.

e (i) The first Betti number of M is one.

Do there exist compatible complex Engel structures on these 4 classes of mani-
folds? If there exist complex Engel structures, can they be derived from certain

variations of homogenous Engel structures?

. Given a parallelizable 4-manifold M and a hypersurface S < M with a con-
tact structure on S, does there exist an Engel structure D on M, such that
the contact structure can be realized as a transversal contact structure of the

characteristic line field of D?

. Is it possible to find a compact Engel manifold such that there exists only a

finite family of closed integral curves of the characteristic line field?
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