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Abstract

In this dissertation, we study the geometry of Engel structures, which are 2-plane

fields on 4-manifolds satisfying a generic condition, that are compatible with other

geometric structures. A complex Engel structure is an Engel 2-plane field on a

complex surface for which the 2-planes are complex lines. A Lagrangian Engel struc-

ture is an Engel 2-plane field on a symplectic 4-manifold for which the 2-planes

are Lagrangian with respect to the symplectic structure. We solve the equivalence

problems for complex Engel structures and Lagrangian Engel structures and use the

resulting structure equations to classify homogeneous complex Engel structures and

homogeneous Lagrangian Engel structures. This allows us to determine all compact,

homogeneous examples.

For complex Engel structures, compact manifolds that support homogeneous

complex Engel structures are diffeomorphic to S1 ˆ SUp2q or quotients of C2, S1 ˆ

SUp2q, S1 ˆ G or H by co-compact lattices, where G is the connected and simply-

connected Lie group with Lie algebra sl2pRq and H is a solvable Lie group. For La-

grangian Engel structures, compact manifolds that support homogeneous Lagrangian

Engel structures are diffeomorphic to quotients of one of a determined list of nilpotent

or solvable 4-dimensional Lie groups by co-compact lattices.
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1

Introduction

A distribution is a subbundle D Ă TM of the tangent bundle of a manifold M .

We will consider certain distributions with special properties, for example, distri-

butions with some integrability conditions. Given a distribution of rank n on a

manifold Mm, if, for each point of M , there exists a coordinate neighborhood U and

local coordinates x1, x2, ¨ ¨ ¨ , xm such that B

Bxi
, i “ 1, ¨ ¨ ¨ , n forms a local basis for

the distribution on U , then the distribution is said to be completely integrable. To

check complete integrability, we have the Frobenius Theorem, which can be found in

[Boothby (1986)].

Theorem 1.0.1 (Frobenius Theorem). If a distribution D is involutive, i.e., for all

vector fields X, Y that are sections of D, we have rX, Y s is a section of D, then D

is completely integrable.

Besides complete integrability, one can consider partially integrable distributions.

An extreme condition is to be nowhere integrable, i.e., for every p P M , there exist

X, Y , sections of D, such that rX, Y sp is not a section of D. For example, contact

structures are nowhere integrable distributions on odd dimensional manifolds. The
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study of contact structures [Geiges (2006)] usually involves interplay between geom-

etry, topology and dynamics. Contact structures play an important role in the study

of low-dimensional topology.

We will study Engel structures, which are certain non-integrable distributions

defined on 4-manifolds. We will see that, locally, all Engel structures are isomorphic

but the global theory of Engel structures is not trivial. A 4-manifold can carry many

nonisomorphic Engel structures [Gershkovich (1995)]. There are relations between

contact structures on 3-dimensional manfiolds and Engel structures. For example, V.

Gershkovich [Gershkovich (1995)] proved that each Engel manifold carries a canonical

one-dimensional foliation and an Engel structure defines a contact distribution on

any three-dimensional submanifold transversal to the canonical foliation.

In this dissertation, we solve the equivalence problem for complex and Lagrangian

Engel structures and present the classification of compact quotients of homogeneous

complex Engel structures and homogeneous Lagrangian Engel structures.

Before discussing the classification of Engel structures, we need to know the

definition of an Engel structure. We will first introduce some basic concepts that

will be used to characterize Engel structures.

Definition 1.0.1. A Pfaffian system on Mn is a sub-bundle I Ă T ˚M . The space

of sections of I, ΓpIq, is a C8pMq-submodule of Ω1pTMq, the 1-forms on M . We

let IK Ă TM be the annihilator of I Ă T ˚M .

Engel structures (to be defined below) can be characterized in terms of the derived

system construction.

Proposition 1.0.2 (Bryant et al. (1991)). Given a Pfaffian system I, there exists a

bundle map

δ : I ÝÑ Λ2
pT ˚M{Iq

that satisfies δω ” dω mod pIq for all ω P ΓpIq.
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Definition 1.0.2. By Proposition 1.0.2, we have a bundle map δ. Set

Ip1q “ ker δ

and call Ip1q the first derived system. Continuing with this construction, we can get

a filtration

Ipkq Ă ¨ ¨ ¨ Ă Ip2q Ă Ip1q Ă Ip0q “ I,

defined inductively by

Ipk`1q
“ pIpkqqp1q .

Ipkq is called the kth derived system.

Now we present the definition and characterization of Engel structures.

Definition 1.0.3 (Engel Structure). Given a 4-manifold M and a Pfaffian system

I Ă T ˚M , an Engel structure is a sub-bundle D “ IK of the tangent bundle of M

that satisfies

1. I is of rank 2

2. Ip1q is of rank 1

3. Ip2q “ 0

A manifold endowed with an Engel structure D “ IK is called an Engel manifold.

Definition 1.0.4. Given an ideal I generated by a Pffafian system I, a vector field

ξ is called a Cauchy characteristic vector field of I if ξ ⌟ I Ă I. At a point x P M ,

the set of Cauchy characteristic vector fields is

ApIqx “ tξx P TxM |ξx ⌟ Ix Ă Ixu Ă IK

and the retracting space or Cartan system is defined to be

CpIqx “ ApIqKx Ă T ˚xM .

3



By the definition of Engel structure IK, there is a canonical flag of sub-bundles

0 Ă Ip1q Ă I Ă CpIp1qq Ă T ˚M .

V. Gershkovich [Gershkovich (1995)] proved the following theorem which can also be

found in [Kazarian et al. (1997)].

Theorem 1.0.3. If an orientable 4-manifold admits an orientable Engel structure,

then it has trivial tangent bundle.

T. Vogel [Vogel (2009)] proved the converse of the above theorem:

Theorem 1.0.4. Every parallelizable 4-manifold admits an orientable Engel struc-

ture.

Thus for an orientable 4-manifold, parallelizability is equivalent to the existence

of an orientable Engel structure. This is a global characterization of manifolds that

support orientable Engel structures. Locally, we have the following Engel normal

form [Bryant et al. (1991)], which implies that there is no local invariant for Engel

structures, i.e., all Engel structures are locally equivalent.

Theorem 1.0.5 (Engel normal form). Let I be a Pfaffian system on M4 such that

IK Ă TM is an Engel structure. Then every point of M has an open neighborhood

U on which there exists local coordinates px, y0, y1, y2q : U Ñ R4 such that

I|U “ tdy0 ´ y1dx, dy1 ´ y2dxu .

By Theorem 1.0.5, all Engel structures are locally equivalent.

1.1 Problem description

In this dissertation, we will consider two extra structures, complex structures and

symplectic structures, that are compatible with the underlying Engel structure. We

will define the meaning of compatibility as follows.
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Definition 1.1.1. Given a complex manifold pM,J, Iq with an Engel structure D “

IK, if IK Ă TM is a complex line field, the Engel structure is called a complex Engel

structure.

Remark 1.1.1. Note the definition of complex Engel structure is different from

that of holomorphic Engel structure. A holomorphic Engel structure [Presas and

Solá Conde (2014)] on a complex manifold M of complex dimension 4 is a holomor-

phic sub-bundle D Ă TM of complex rank 2 which is maximal non-integrable.

Definition 1.1.2. A Lagrangian Engel structure pM,Ω, Dq is a 4-manifold M en-

dowed with a symplectic form Ω and an Engel 2-plane field D that is Lagrangian for

Ω. If we let I “ DK Ă T ˚M denote the annihilator, then Ω P xIy.

We will consider the following problems:

1. We will calculate the structure equation for complex Engel structures and clas-

sify homogeneous complex Engel structures and compact quotients that sup-

port homogeneous complex Engel structures.

2. We will derive the structure equation for Lagrangian Engel structures and

classify homogeneous Lagrangian Engel structures and compact quotients that

support homogeneous Lagrangian Engel structures.

In Section 1, we introduce the basic definitions and theorems related to Engel

structures. In Section 2, we classify homogeneous complex Engel structures and

compact homogeneous complex Engel structures. In Section 3, we classify homo-

geneous Lagrangian Engel structures and compact homogeneous Lagrangian Engel

structures.
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1.2 Fundamental concepts

In this section, we will introduce some concepts that are related to Engel structures

and the equivalence problems for Engel structures.

We use the definition of coframe in our analysis of Engel structures.

Definition 1.2.1. Let M be a smooth n-manifold. A coframe at x P M is a linear

isomorphism u : TxM Ñ Rn. The set of coframes based at x will be denoted by

F ˚x pMq.

Definition 1.2.2. For any open set U Ă M , a coframing of U is a choice η “

pηiq where 1 ď i ď n and the ηi are n 1-forms on U that are everywhere linearly

independent.

Given a coframing η : TU Ñ Rn, there is a map H : U ˆ GLpn,Rq Ñ F ˚pUq

defined by the formula

Hpx,Aq “ A´1ηx.

This map respects the right action by GLpn,Rq on F ˚pUq, i.e.

Hpx,ABq “ B´1Hpx,Aq “ Hpx,Aq ¨B.

Definition 1.2.3 (G-structure). Let G be a Lie subgroup of GLpn,Rq. A G-structure

on an n-manifold M is simply a smooth G-sub-bundle of F ˚ “ F ˚pMq, i.e., a smooth

submanifold B Ă F ˚ such that the restricted basepoint mapping π : B Ñ M is a

surjective submersion whose fibers Bx “ B X F ˚x are G-orbits. If G is the trivial

group containing only the identity, the G-structure is called an e-structure.

Complex Engel structures and Lagrangian Engel structures can be effectively de-

scribed in terms of G-structures as will be shown below. The classification of homo-

geneous complex or Lagrangian Engel structures will be reduced to the equivalence

problem of the corresponding G-structures. This equivalence problem of G-structures

6



can be solved by the equivalence method of É. Cartan [Gardner (1989)]. In Sections

2 and 3, we will discuss how to formulate the classification problems as equivalence

problems and solve these problems via the equivalence method.
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2

Complex Engel Structures

In this section, we will discuss the classification of homogeneous complex Engel struc-

tures and compact quotients that support homogeneous complex Engel structures.

Then we discuss characteristic fields of complex Engel structures and the first order

variation of complex Engel structures.

2.1 Geometry of Complex Engel Structures

Let J be the complex structure on the underlying manifold M . Choose a local

J-complex coframing pω1, ω2q on an open set U ĂM such that

1. ω1, ω2 are of J-type (1,0)

2. ω2 “ 0 defines IK on U

Then pω1, ω2q is called a 0-adapted coframing for the Engel structure.

It is easy to see that

Lemma 2.1.1. The 0-adapted coframings are the sections of a G-structure on M ,

8



where G Ă GLp2,Cq is the 3-dimensional complex subgroup

G “

"ˆ

a b
0 c

˙ˇ

ˇ

ˇ

ˇ

a, b, c P C and a, c ‰ 0

*

.

In the following analysis, we will denote the conjugate of ω1, ω2 by ω̄1, ω̄2 instead

of ω1, ω2.

Theorem 2.1.2. A complex Engel structure has a canonical coframing pω1, ω2q (i.e.,

an e-structure) such that

dω2 ” ω1 ^ ω̄1 mod ω2 ,

dpω2 ` ω̄2q ” ´
1

2
pω1 ´ ω̄1q ^ pω2 ´ ω̄2q mod ω2 ` ω̄2 .

(2.1)

Proof. Since ω2 “ 0 defines the complex Engel structure, a 0-adapted coframing

pω1, ω2q is defined on an open set U ĂM up to the following change of coframing:

ˆ

ω̂1

ω̂2

˙

“

ˆ

a b
0 c

˙ˆ

ω1

ω2

˙

,

where a, b, c are complex functions on U and ac ‰ 0 on U .

The Engel condition implies that

dω2 ” Aω1 ^ ω̄1 mod ω2, ω̄2 ,

where A ‰ 0. Define ω̂2 “
1
A
ω2, then

dω̂2 “ d
`

1
A

˘

^ ω2 `
1
A
dω2

” 1
A
Aω1 ^ ω̄1 mod ω2, ω̄2

” ω1 ^ ω̄1 mod ω2, ω̄2 .

(2.2)

Thus, after rescaling ω2, we can arrange that A “ 1. Then

dω2 ” ω1 ^ ω̄1 mod ω2, ω̄2 . (2.3)

9



Such coframings will be said to be 1-adapted. They are the sections of a G1-structure,

where G1 Ă G is defined by

c “ aā .

The change of the coframing that preserves (2.3) is reduced to

ˆ

ω̂1

ω̂2

˙

“

ˆ

a b
0 aā

˙ˆ

ω1

ω2

˙

. (2.4)

Now ω2 is defined up to a real multiple, so the real and imaginary parts of ω2 are

uniquely defined up to a real multiple. Suppose the real part of ω2 spans Ip1q, the

first derived system.

By (2.3), the real part of ω2 spans Ip1q, the first derived system, i.e.,

dpω2 ` ω̄2q ” 0 mod ω2, ω̄2 .

Since dpω2 ` ω̄2q is a real 2-form, there must be a complex function p1 such that

dpω2 ` ω̄2q ” pp1ω1 ´ p̄1ω̄1q ^ pω2 ´ ω̄2q mod ω2 ` ω̄2 .

Because Ip2q “ p0q, dpω2 ` ω̄2q ^ pω2 ` ω̄2q ı 0 implies that p1 ‰ 0. By replacing

pω1, ω2q by
´

´ 1
2p1
ω1,

1
4p1p̄1

ω2

¯

, we can arrange p1 “ ´
1
2
. After this arrangement, a is

fixed to be 1 in the transformation. Now the coframing satisfies

dpω2 ` ω̄2q ” ´
1
2
pω1 ´ ω̄1q ^ pω2 ´ ω̄2q mod ω2 ` ω̄2 . (2.5)

Such coframings will be said to be 2-adapted. They are the sections of a G2-structure,

where G2 Ă G1 is defined by a “ 1.

After setting a “ 1, by (2.4), ω2 is unique and ω1 is unique modulo ω2, i.e. a

change of coframing that preserves (2.3) and (2.5) is reduced to

ˆ

ω̂1

ω̂2

˙

“

ˆ

1 b
0 1

˙ˆ

ω1

ω2

˙

.
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Because ω2 is uniquely defined now, we can write

dω2 ” ω1 ^ ω̄1 ` fω1 ^ ω̄2 mod ω2

for some function f . Note that there is no ω̄1 ^ ω̄2 term since we assumed that

pω1, ω2q be of type (1,0), and the underlying almost complex structure is integrable.

By adding a multiple of ω2 to ω1, we can arrange f “ 0.

dω2 ” ω1 ^ ω̄1 mod ω2. (2.6)

After arranging this modification, the coframing satisfying (2.5) and (2.6) is com-

pletely determined: the original G-structure defines a canonical sub e-structure.

Thus by a Theorem of Kobayashi [Kobayashi (1954)],

Corollary 2.1.3. The symmetry group of a complex Engel structure acts freely on

the underlying connected manifold.

Theorem 2.1.4. The canonical coframing of a complex Engel structure satisfies

dω1 “ ´pp1ω1 ` p2ω2 ` q̄1ω̄1 ` q̄2ω̄2q ^ ω1 ´ pq2ω1 ` r̄1ω̄1 ` r̄2ω̄2q ^ ω2

dω2 “ pω1 ´ ω2q ^ ω̄1 ´ pp1ω1 ` p2ω2 ` p̄1ω̄1 ` p̄2ω̄2q ^ ω2

(2.7)

where p1, p2, q1, q2, r1, r2 are complex functions. Thus, a complex Engel structure has

6 fundamental functional invariants.

Proof. From Theorem 2.1.2, the structure equation can be writen as

dω2 “ ω1 ^ ω̄1 ` ppω1 ` qω̄1 ` rω̄2q ^ ω2

for some functions p, q, r.

Therefore

dpω2 ` ω̄2q ” ppω1 ` qω̄1 ` rω̄2q ^ ω2 ` pp̄ω̄1 ` q̄ω1 ` r̄ω2q ^ ω̄2

” ppp´ q̄qω1 ` pq ´ p̄qω̄1q ^ ω2 mod pω2 ` ω̄2q .
(2.8)

11



But according to (2.5)

dpω2 ` ω̄2q ” ´
1
2
pω1 ´ ω̄1q ^ pω2 ´ ω̄2q

” ´pω1 ´ ω̄1q ^ ω2 mod pω2 ` ω̄2q .
(2.9)

By comparing (2.8) and (2.9), we find

q “ p̄` 1 .

Thus

dω2 “ ω1 ^ ω̄1 ` ω̄1 ^ ω2 ` ppω1 ` p̄ω̄1 ` rω̄2q ^ ω2 .

Let α “ ´ppω1 ` r̄ω2q, then

dω2 “ ω1 ^ ω̄1 ` ω̄1 ^ ω2 ´ pα ` ᾱq ^ ω2 , (2.10)

where α is a p1, 0q-form, uniquely defined by (2.10).

Let γ be a p1, 0q´form and β be any 1-form. The structure equation can be written

as

dω1 “ ´pα ` γ̄q ^ ω1 ´ β ^ ω2 ,

dω2 “ ω1 ^ ω̄1 ` ω̄1 ^ ω2 ´ pα ` ᾱq ^ ω2 .
(2.11)

Taking the exterior derivative of dω2 then yields

´γ̄ ^ ω1 ^ ω̄1 ` ω1 ^ β̄ ^ ω̄2 ` ω1 ^ γ ^ ω̄1 ” 0 mod ω2 .

Recall that γ is a p1, 0q-form, so

γ̄ ^ ω̄1 ` β̄ ^ ω̄2 ” 0 mod ω1, ω2 .

Let γ “ q1ω1 ` q2ω2, then

pβ̄ ´ q̄2ω̄1q ^ ω̄2 ” 0 mod ω1, ω2,

so

β ” q2ω1 mod ω̄1, ω2, ω̄2 .

12



Thus, the final structure equation of a complex Engel structure is

dω1 “ ´pp1ω1 ` p2ω2 ` q̄1ω̄1 ` q̄2ω̄2q ^ ω1 ´ pq2ω1 ` r̄1ω̄1 ` r̄2ω̄2q ^ ω2 ,

dω2 “ pω1 ´ ω2q ^ ω̄1 ´ pp1ω1 ` p2ω2 ` p̄1ω̄1 ` p̄2ω̄2q ^ ω2 .
(2.12)

Remark 2.1.1. We can take exterior derivatives of (2.12), and see that there are no

further relations on p1, p2, q1, q2, r1, r2. All differential invariants of complex Engel

structures are these six or their derivatives with respective to the canonical coframing.

2.2 Homogeneous Complex Engel Structures and Characteristic Line
Fields

2.2.1 Homogeneous Complex Engel Structures

In this section, we will classify homogeneous complex Engel structures. The group

of diffeomorphisms preserving a complex Engel structure also preserves its canonical

coframing and hence preserves its fundamental invariants. Thus, if it is homogeneous,

then the invariants must be constant.

Thus, assume that the functions be constant and take exterior derivatives of dω1,

dω̄1, dω2 and dω̄2, and set all of these to be zero. This will yield quadratic equations

on p, q, r. After solving these equations, which was done with the help of MAPLE,

we arrive at the following theorem:

Theorem 2.2.1 (Classification of Homogeneous Complex Engel Structures). There

are six distinct two-parameter families of homogeneous structure equations of complex

Engel structures. The constants pp1, p2, q1, q2, r1, r2q in equation (2.7) are listed as

follows for the six cases:

• Case C1: pa` ib, 0, 0, 0, 0, 0q

• Case C2: p1
2
` ib, 0, 2ia, 0, 0, 0q

13



• Case C3: p1
2
´ ib, 0, 2ib, 1

2
p2b` iqp2ia´ bq, 2b2 ´ ib, pb2 ` 1

4
qp2a` ibqq

• Case C4: p0, a´ ib, 2ib, a´ ib, ´a´ ib, 0q

• Case C5: pap1´ 2ibq, 1
4
p2a´ 1qp2b` iq2, 2ib, ´1

4
p2b` iq2,

´ 1
4
p2b` 4ab` ip2a´ 1qqp´2b` iq, 1

4
ap´1` 2biqp1` 4b2qq

• Case C6: p1
2
pcos a` i sin aqp2b` iq, 1

4
p´ sin a` 2b cos a´ 1qp2b` iq2, 2ib,

´ 1
8
p2ib sin a` i cos a´ 2b cos a´ 2ib` sin a` 1qp2b` iq2,

1
4
p1` 2biqp2ib sin a` i cos a` 2b cos a´ 2ib´ sin a´ 1q,

1
16
p1` 4b2qp´1` 2ibqp2ib sin a` i cos a` 2b cos a´ 2ib´ sin a´ 1qq

where a and b are real constants.

Proof. First take the exterior derivatives of dω2 and dω̄2, which yield

r2 “ p1q2 ` p2 ´ q2 ,

r̄2 “ p̄1q̄2 ` p̄2 ´ q̄2 .
(2.13)

Substituting these into exterior derivatives of dω2 and dω̄2 yields

q1 ` q̄1 “ 0 .

So q1 is pure imaginary. Set

q1 “ 2iq0 , q̄1 “ ´2iq0 . (2.14)

Substituting these relations into dω2 and dω̄2 yields

=p2 “ q0pp1 ` p̄1 ´ 1q ,

where =p2 means the imaginary part of p2.

Now take the exterior derivatives of dω1 and dω̄1 and set these to be zero. The

equations are quadratic expressions in the coefficients of dω1, dω2. Then solve these

quadratic equations. We get the six different 2-parameter solutions, listed in the

Theorem.
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2.2.2 Characteristic Line Fields

Before classifying compact cases for homogeneous complex Engel structures, we will

first discuss Engel line fields. As we mentioned in the Introduction, an Engel struc-

ture generates contact distributions on 3-dimensional submanifolds transversal to the

canonical foliation of the Engel line field. Thus Engel line fields play an important

role in the study of Engel structures.

As explained in the Introduction, an Engel distribution D determines a flag

L Ă D Ă E Ă TM

of subbundles of the tangent bundle. Here L “ kerpCpIp1qqq is a line bundle and

E “ rD,Ds is a bundle of rank three.

Definition 2.2.1. The line field L Ă D is defined by the condition

rL,Es Ă E

This line field L is called the characteristic line field, or Engel line field. The integral

curves of the line field are called characteristic leaves.

In terms of a canonical coframing pω1, ω2q, the Engel distribution is

D “ kerpω2q .

The line field is

L “ kerpω2, dpω2 ` ω̄2qq .

The distribution is

E “ kerpω2 ` ω̄2q .

Since

dpω2 ` ω̄2q ” pω1 ´ ω2q ^ ω̄1 ` pω̄1 ´ ω̄2q ^ ω1

” pω̄1 ´ ω1q ^ ω2 mod pω2 ` ω̄2q ,
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the characteristic line field is defined as

L “ kerpω2, ω̄1 ´ ω1q .

2.3 Compact Homogeneous Complex Engel Structures

We have proved the classification result for homogeneous complex Engel structures.

Now we can classify compact homogeneous complex Engel structures. We will prove

the following theorem:

Theorem 2.3.1 (Classification of Compact Homogeneous Complex Engel Struc-

tures). Let g be the 4-dimensional Lie algebra of symmetry vector fields of a complex

Engel structure. For the six distinct 2-parameter families of homogeneous complex

Engel structures listed in Theorem 2.2.1, the results about compactness in each case

are listed as follows:

• Case C1: If a “ 1
2

and b “ 0, the Lie algebra is a 4-dimensional solvable Lie

algebra. There exists a compact quotient that supports a homogeneous complex

Engel structure if and only if a “ 1
2

and b “ 0.

• Case C2: If there exists a complex number λ and a matrix A P SL3pZq such

that

1. b “ ´a

2. |λ| ‰ 1

3. the eigenvalues of A are pλλ̄q´1, λ, λ̄

4. there exists k P Z such that ´ 1
2a

logp|λ|q “ arg λ` 2kπ

then there exists a co-compact lattice Γ such that G{Γ supports a homogeneous

complex Engel structure.
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• Case C3:

1. If a “ ´1
4
, the Lie algebra is a solvable Lie algebra, and there exists a

compact quotient.

2. If a “ b2 ‰ 0, the Lie algebra is a solvable Lie algebra, but there does not

exist a compact quotient.

3. If pa ă ´1
4
q or p0 ď a ă b2q or pb “ 0 and a ă 0q, the Lie algebra is

Rˆ slp2,Rq. There exists a compact quotient.

4. If p´1
4
ă a ă 0q or pa ą b2q or pb “ 0 and a ą 0q, the Lie algebra is

Rˆ sup2q. There exists a compact quotient.

• Case C4: There is no compact quotient that supports a homogeneous complex

Engel structure.

• Case C5: If a “ 1
2
, there exists a co-compact lattice Γ of a solvable Lie group

G that G{Γ supports a homogeneous complex Engel structure.

• Case C6: There is no compact quotients that supports a homogeneous complex

Engel structure unless a “ ´π
2
` 2kπ, k P Z and b “ 0. Under this condition,

this is a special case of case C1.

In summary, compact quotients that support homogeneous complex Engel struc-

tures can occur in case C1, case C2, case C3, and case C5.

We will prove the theorem in the following section by analyzing the structure

equation for each case. If the structure equation is solvable, we will also provide a

local coordinate system expression of the coframing.
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2.4 Proof of Theorem 2.3.1

2.4.1 Homogeneous Case C1

In this case, pp1, p2, q1, q2, r1, r2q “ pa` ib, 0, 0, 0, 0, 0q. The structure equation is

dω1 “ 0 ,

dω2 “ pω1 ´ ω2q ^ ω̄1 ´ ppa` ibqω1 ` pa´ ibq ω̄1q ^ ω2 .
(2.15)

By (2.15),

dpω1 ^ ω2 ^ ω̄2q “ ´p1´ 2a` 2biqω1 ^ ω̄1 ^ ω2 ^ ω̄2 . (2.16)

By Stokes’ Theorem, there is no compact example unless a “ 1
2

and b “ 0.

By (2.15), dω1 “ 0. By the complex Poincaré Lemma, there exists a holomorphic

function z locally on the manifold such that

ω1 “ dz . (2.17)

Thus

dω2 “ dz ^ dz̄ ` r´pa` ibqdz ` p1´ a` ibqdz̄s ^ ω2 .

We will find a local coordinate system for the coframing pω1, ω2q in order to

explicitly describe its group of symmetries. Since the groups of symmetries are

different for different a and b, we will consider two cases: a ` ib “ 1 (special case)

and generic case.

2.4.1.0.1 Special Case

If a` ib “ 1, i.e. a “ 1 and b “ 0,

dpω2 ` z̄dzq “ ´dz ^ pω2 ` z̄dzq . (2.18)

By the complex Frobenius Theorem, there exists a complex function f and a holo-

morphic function w locally on the manifold such that

ω2 ` z̄dz “ fdw . (2.19)
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Since pω1, ω2q is a coframing, ω1 and ω2 are linearly independent. By comparing the

local coordinate expressions (2.17) and (2.19), we know that f is nowhere zero on its

defining domain. Substituting (2.19) into (2.18) yields

df ^ dw “ ´f dz ^ dw .

Setting f “ e´zg for some function g ‰ 0, we have dg ^ dw “ 0. So the function g

is a function of w only.

ω2 ` z̄dz “ e´zgpwqdw .

By defining w̃ “
ş

gpwqdw and dropping the tilde in the local coordinate, we get

ω2 ` z̄dz “ e´zdw .

Since pω1, ω2q is a p1, 0q-coframing, pz, wq can serve as a local holomorphic coordinate

system in a neighborhood of the manifold. In the coordinate system of pz, wq, the

coframing can be expressed as

ω1 “ dz .

ω2 “ ´z̄dz ` e
´zdw .

(2.20)

We consider the symmetry group of the coframing in these local coordinate. Let

Γ “ tk1 ` ik2|pz, wq Ñ pz, w ` k1 ` ik2q, where k1, k2 P Zu .

Γ acts freely and discontinuously on the coframing in the local coordinate. So we

can take a global model for this complex Engel structure

M4
“ C2

{Γ – R2
ˆ T 2 .

2.4.1.0.2 Generic Case

If a` ib ‰ 1, i.e. a ‰ 1 or b ‰ 0 , by (2.15), we have

d

ˆ

ω2 ´
dz

1´ a` ib

˙

“ r´pa` ibqdz ` p1´ a` ibqdz̄s^

ˆ

ω2 ´
dz

1´ a` ib

˙

. (2.21)
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By the complex Frobenius Theorem, there exists a complex function f and a holo-

morphic function w locally on the manifold such that

ω2 ´
dz

1´ a` ib
“ fdw . (2.22)

Substituting (2.22) into (2.21) yields

df ^ dw “ f r´pa` ibqdz ` p1´ a` ibqdz̄s ^ dw .

By defining f “ e´pa`ibqz`p1´a`ibqz̄g for some function g ‰ 0, we get dg ^ dw “ 0.

Thus

ω2 ´
dz

1´ a` ib
“ e´pa`ibqz`p1´a`ibqz̄gpwqdw .

By defining w̃ “
ş

gpwqdw and dropping the tilde, we have

ω2 ´
dz

1´ a` ib
“ e´pa`ibqz`p1´a`ibqz̄dw .

Since pω1, ω2q is a coframing, pz, wq can serve as a local holomorphic coordinate

system on a open set. The coframing can be written as

ω1 “ dz ,

ω2 “
dz

1´ a` ib
` e´pa`ibqz`p1´a`ibqz̄dw .

We will analyze the symmetry group of the coframing. Define

Ga,b “ tpα, βq| ´ pa` ibqα ` p1´ a` ibqᾱ “ 2kπi, where α, β P C and k P Zu ,

where Ga,b acts on the local coordinate as pz, wq Ñ pz`α, w`β q. We will analyze

the elements of Ga,b. Let α “ α0 ` iα1, where α0, α1 P R. We have

p1´ 2aqα0 ` 2bα1 “ 0 ,

α1 “ 2kπ ,
(2.23)
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where k P Z.

For different a, b, there exist three families of solution for α:

1. if a ‰ 1
2
, then α0 “

´4bkπ
1´2a

, α1 “ 2kπ. Define

Γ1 “

"ˆˆ

´4bπ

1´ 2a
` i2π

˙

k, β0 ` iβ1

˙
ˇ

ˇ

ˇ

ˇ

k, β0, β1 P Z
*

.

We can get a non-compact quotient

C2
{Γ1 – Rˆ S1

ˆ T 2

that supports a homogeneous complex Engel structure.

2. if a “ 1
2
, b “ 0, then α1 “ 2kπ. Define

Γ2 “ tpα0 ` i2kπ, β0 ` iβ1q| k, α0, β0, β1 P Zu .

We get a compact quotient C2{Γ2 that supports a homogeneous complex Engel

structure.

In this case, we can define θ1 “ ´ω1 and θ2 “ ω1´
1
2
ω2. The structure equation

is

dθ1 “ 0 ,

dθ2 “
1
2
pθ1 ´ θ̄1q ^ θ2 .

(2.24)

Define θ1 “ α ` iβ and θ2 “ γ ` iδ for real parts and imaginary parts decom-

position. We have

dα “ 0 ,

dβ “ 0 ,

dγ “ ´β ^ δ ,

dδ “ β ^ γ .

(2.25)
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Thus the Lie algebra is a 4-dimensional solvable Lie algebra g with nontrivial

brackets:

rX, Y s “ Z, rX,Zs “ ´Y,

where X, Y, Z P g. By the classification results in [Bock (2016)], the corre-

sponding connected and simply-connected Lie group has a co-compact lattice.

3. if a “ 1
2
, b ‰ 0, then α1 “ 0. Define

Γ3 “ tpα0, β0 ` iβ1q|α0, β0, β1 P Zu .

Then we can get a non-compact quotient

C2
{Γ3 – R1

ˆ S1
ˆ T 2 .

In summary, there exists a compact quotient of type C1 that can support a

homogeneous complex Engel structure if and only if a “ 1
2

and b “ 0.

2.4.1.0.3 Characteristic Line Fields

The characteristic line field of the complex Engel structure is defined as

L “ kerpω2, ω̄1 ´ ω1q . (2.26)

In the local coordinate, let the characteristic line field be

v “ a1
B

Bz
` a2

B

Bw
` ā1

B

Bz̄
` ā2

B

Bw̄
. (2.27)

We only consider the case that a` ib ‰ 1. In this case, the coframing is

ω1 “ dz ,

ω2 “
dz

1´a`ib
` e´pa`ibqz`p1´a`ibqz̄dw .

(2.28)

22



Substituting (2.27) into (2.26) and (2.28) yields

ω2pvq “ pω̄1 ´ ω1qpvq “ 0,

that is equivalent to

ā1 ´ a1 “ 0 ,

a1
1´a`ib

` e´pa`ibqz`p1´a`ibqz̄a2 “ 0 .

Note a1 cannot be zero. Normalize the vector field v such that a1 “ 1, then

a2 “ ´
1

1´a`ib
epa`ibqz´p1´a`ibqz̄ .

Let γptq “ pzptq, wptq, z̄ptq, w̄ptqq be a characteristic leaf. Then

z1ptq “ 1 ,

w1ptq “ ´ 1
1´a`ib

epa`ibqz´p1´a`ibqz̄ .
(2.29)

So there exists a constant c1 “ zp0q such that zptq “ t ` c1. Substituting this into

(2.29) yields

w1ptq “ ep2a´1qt
ˆ epa`ibqc1´p1´a`ibqc̄1 ˆ ´1

1´a`ib
.

There exists a constant c2 “ wp0q such that

wptq “

#

´2e
1
2
pc1´c̄1qt` c2, if a “ 1

2
, b “ 0

epa`ibqc1´p1´a`ibqc̄1 ˆ ´1
p1´a`ibqp2a´1q

ˆ pep2a´1qt ´ 1q ` c2, if a ‰ 1
2

(2.30)

So in both cases, the characteristic leaf depends on two complex numbers, that are

the initial point of the integral curve.

If a “ 1
2
, b “ 0, we can take a compact quotient and a characteristic leaf is closed

if and only if

e
1
2
pc1´c̄1q “ pcos=c1, sin=c1q P Q` iQ .

Thus, the closedness of characteristic leaves is related to SOp2,Qq. In this case we

have an infinite discrete family of closed integral curves that are Engel characteristic

lines of the underlying complex Engel structure.
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2.4.2 Homogeneous Case C2

Now, pp1, p2, q1, q2, r1, r2q “ p
1
2
` ib, 0, 2ia, 0, 0, 0q. Assume a ‰ 0, otherwise, it is

a special case of C1. The structure equation is

dω1 “ 2iaω̄1 ^ ω1 ,

dω2 “ pω1 ´ ω2q ^ ω̄1 ´
“`

1
2
` ib

˘

ω1 `
`

1
2
´ ib

˘

ω̄1

‰

^ ω2 .
(2.31)

By (2.31)

d
`

ω1 `
`

´1
2
` i p2a´ bq

˘

ω2

˘

“
`

1
2
` ib

˘

pω̄1 ´ ω1q ^
`

ω1 `
`

´1
2
` i p2a´ bq

˘

ω2

˘

.

By the complex Frobenius Theorem, there exist complex functions p and q, and

holomorphic functions z and w such that

ω1 “ pdz ,

ω1 `

´

´
1

2
` ip2a´ bq

¯

ω2 “ qdw .

To calculate the function p, write ω1 “ α ` iβ, where α and β are the real and

imaginary part of ω1, respectively. From the structure equation

dα “ ´4aα ^ β ,

dβ “ 0 .

Thus there exist functions f, x, y such that α “ fdy, β “ dx and df ” 4afdx

mod dy. After redefining y, we can write α “ e4axdy. Thus

ω1 “ e4axd
`

y ´ i
4a
e´4ax

˘

. (2.32)

Define z “ y ´ i
4a
e´4ax as a local holomorphic coordinate ( Note: =pzq ‰ 0. So,

according to the sign of a, we can restrict the definition of z to half of the complex

plane), then

ω1 “
´i

2apz ´ z̄q
dz .
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From the structure equation, we get

dq ^ dw “
´1

2
` ib

¯ i

2apz̄ ´ zq
dpz̄ ´ zq ^ qdw

Thus

dq ”
´1

2
` ib

¯ i

2apz̄ ´ zq
dpz̄ ´ zqq mod dw

After redefining w, we can take q “ pz̄ ´ zq
´2b`i

4a . So in the local holomorphic

coordinate system z, w,

ω1 “
´i

2apz ´ z̄q
dz ,

ω2 “
2

´1` 2p2a´ bqi

ˆ

pz̄ ´ zq
´2b`i

4a dw `
i

2apz ´ z̄q
dz

˙

.

2.4.2.1 Compact case of case C2

By (2.31),

dpω1 ^ ω̄2 ^ ω2q “ 2ipa` bqω1 ^ ω̄1 ^ ω2 ^ ω̄2 . (2.33)

If a`b ‰ 0, the volume form is exact. By Stokes’ Theorem, there cannot be a compact

quotient that supports a homogeneous complex Engel structure when a ` b ‰ 0. In

the following, only consider a` b “ 0. Define θ1 “ ω1. The structure equation is

dθ1 “ 2iaθ̄1 ^ θ1 ,

dθ2 “

ˆ

1

2
´ ia

˙

pθ̄1 ´ θ1q ^ θ2 .
(2.34)
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Let θ1 “ α ` iβ , θ2 “ γ ` iδ be real part and imaginary part decompositions. Then

(2.34) is equivalent to

dα “ ´4aα ^ β ,

dβ “ 0 ,

dγ “ β ^ δ ´ 2aβ ^ γ ,

dδ “ ´β ^ γ ´ 2aβ ^ δ .

Let X1, X2, X3, X4 be left-invariant vector fields dual to the left-invariant forms

α, β, γ, δ, respectively. Then the nontrivial brackets are

rX2, X1s “ 4aX1 ,

rX2, X4s “ X3 ´ 2aX4 ,

rX2, X3s “ ´2aX3 ´X4 .

By [Bock (2016)], there exists a co-compact lattice for some a. We will calculate the

conditions for the existence of a co-compact lattice.

Let f “ ´2a` i, V “ X3 ` iX4 and W “ X3 ´ iX4. The nontrivial brackets are

rX2, X1s “ ´pf ` f̄qX1 ,

rX2, V s “ f V ,

rX2,W s “ f̄ W .

Since center of the Lie algebra g is trivial, we have an exact sequence

0 Ñ g
ad
ÝÑ Endpgq,

where g
ad
ÝÑ Endpgq is the adjoint representation. Let X “ xX1 ` yX2 ` zV ` z̄W

be an element of g. Then

adpXqpX1, V,W,X2q “ pX1, V,W,X2q

»

—

—

–

´pf ` f̄qy 0 0 pf ` f̄qx
0 fy 0 ´fz
0 0 f̄y ´f̄ z̄
0 0 0 0

fi

ffi

ffi

fl

.
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The connected and simply-connected Lie group corresponding to the Lie algebra g

is

G –

$

’

’

&

’

’

%

»

—

—

–

y´pf`f̄q 0 0 x
0 yf 0 z

0 0 yf̄ z̄
0 0 0 1

fi

ffi

ffi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

x, y P R, y ą 0, z P C

,

/

/

.

/

/

-

.

Proposition 2.4.1. If there exists a complex number λ and a matrix A P SL3pZq

such that

1. |λ| ‰ 1

2. the eigenvalues of A are pλλ̄q´1, λ, λ̄

3. there exists k P Z such that ´ 1
2a

logp|λ|q “ arg λ` 2kπ

then there exists a co-compact lattice Γ such that G{Γ supports a homogeneous com-

plex Engel structure.

Proof. Let N Ă G be the subgroup

N “

$

’

’

&

’

’

%

»

—

—

–

1 0 0 r
0 1 0 z
0 0 1 z̄
0 0 0 1

fi

ffi

ffi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

r P R, z P C

,

/

/

.

/

/

-

. (2.35)

It is easy to verify that N is a normal subgroup of G. Thus

G{N –

$

’

’

&

’

’

%

»

—

—

–

y´pf`f̄q 0 0 0
0 yf 0 0

0 0 yf̄ 0
0 0 0 1

fi

ffi

ffi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

y P R, y ą 0

,

/

/

.

/

/

-

is a quotient group. Let L1 “ x~v1, ~v2, ~v3y be a lattice of the normal subgroup N , to

be determined later. We need to find a lattice L2 of G{N such that the lattice of the

group G is

L “

"„

γ ~v
0 1


ˇ

ˇ

ˇ

ˇ

where γ P L2, ~v P L1

*

.
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By the multiplication rule of the group G, this is equivalent to γ~v P L1 for any

γ P L2 and any ~v “

»

–

v1

v2

v3

fi

fl P L1. Hence we need to find aij P Z and c ą 0 and c ‰ 1

such that

γc~v1 “ a11~v1 ` a21~v2 ` a31~v3 ,

γc~v2 “ a12~v1 ` a22~v2 ` a32~v3 , (2.36)

γc~v3 “ a13~v1 ` a23~v2 ` a33~v3 ,

where γc is the linear transform with transformation matrix

»

–

c´pf`f̄q 0 0
0 cf 0

0 0 cf̄

fi

fl.

Since xγc~v1, γc~v2, γc~v3y will be a new basis for the lattice L1, then

A “

»

–

a11 a12 a13

a21 a22 a23

a31 a32 a33

fi

fl P SL3pZq.

(2.36) is equivalent to

»

–

c´pf`f̄q 0 0
0 cf 0

0 0 cf̄

fi

fl “ p~v1, ~v2, ~v3q

»

–

a11 a12 a13

a21 a22 a23

a31 a32 a33

fi

fl p~v1, ~v2, ~v3q
´1 (2.37)

The eigenvalues of the matrix A should be c´pf`f̄q, cf and cf̄ for some c ą 0. Assume

the eigenvalues are pλλ̄q´1, λ, λ̄ and fix

c´2a`i
“ λ . (2.38)

Thus

c “ |λ|´
1
2a . (2.39)

By (2.38),

|λ| ˆ |λ|´
1
2a
i
“ |λ| ˆ ei arg λ . (2.40)
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Thus the eigenvalue λ and the parameter a satisfy

´ 1
2a

logp|λ|q “ arg λ` 2kπ (2.41)

for certain k P Z.

We will calculate an explicit condition on the existence of co-compact lattice.

Since the eigenvalues are pλλ̄q´1, λ, λ̄, the characteristic polynomial of the matrix A

is

px´ pλλ̄q´1
qpx´ λqpx´ λ̄q

“ x3
´

´

`

λλ̄
˘´1

` λ` λ̄
¯

x2
`

´

λ
`

λλ̄
˘´1

` λ̄
`

λλ̄
˘´1

` λλ̄
¯

x´ 1 .
(2.42)

Since A P SL3pZq, there exist m,n P Z such that

`

λλ̄
˘´1

` λ` λ̄ “ m,

λ
`

λλ̄
˘´1

` λ̄
`

λλ̄
˘´1

` λλ̄ “ n .

(2.43)

Note if (2.43) satisfies, we can choose A “

»

–

0 0 1
1 0 ´n
0 1 m

fi

fl P SL3pZq.

Define p “ λ ` λ̄ and q “
`

λλ̄
˘´1

. It is easy to verify that p and q are real

numbers and 4
q
ě p2. To be a co-compact lattice, 0 ă q ă 1. Then by (2.43),

p` q “ m,

pq `
1

q
“ n .

(2.44)

Then the eigenvalue is λ “ p
2
` i

b

1
q
´

p2

4
.

Remark 2.4.1. There exist countably infinite families of solutions for p and q, that

yield infinitely many families of co-compact lattices. The co-compact lattices can be

derived from solutions of (2.44).
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Now we give an example for some a such that there exists a compact quotient.

Example 2.4.1. Let

»

–

0 0 1
1 0 1
0 1 0

fi

fl P SL3pZq. Define s “ p108` 12
?

69q
1
3 , then

λ “ ´
s

12
´

1

s
`

?
3
`

s
6
´ 2

s

˘

2
i .

We can calculate a by (2.41) and c by (2.39).

2.4.3 Homogeneous Case C3

Now

pp1, p2, q1, q2, r1, r2q “

´

1
2
´ ib, 0, 2ib, 1

2
p2b` iqp2ia´ bq, 2b2

´ ib, pb2
` 1

4
qp2a` ibq

¯

Assume at least one of a or b is nonzero. Otherwise, it will be a special case of C1

with a “ 1
2

and b “ 0. The structure equation is

dω1 “ ´r´2ibω̄1 `
1

2
p2b´ iqp´2ia´ bqω̄2s ^ ω1

´

„

1

2
p2b` iqp2ia´ bqω1 ` p2b

2
` ibqω̄1 `

ˆ

b2
`

1

4

˙

p2a´ ibqω̄2



^ ω2 ,

dω2 “ ω1 ^ ω̄1 ´

ˆ

1

2
´ ib

˙

pω1 ´ ω̄1q ^ ω2 .

(2.45)

Define θ “ ω1 `
`

´1
2
` ib

˘

ω2. By (2.45), we have

dθ “
“`

1
2
` ib

˘

pω̄1 ` p2a´ ibq ω̄2q ´
`

1
2
` 2a

˘

ω1

‰

^ θ . (2.46)

Since the symmetry groups are different for different parameters, we will consider

the structure equation with different parameters:

1. a “ ´1
4
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2. a “ b2 ‰ 0

3. a ‰ ´1
4

and a ‰ b2

2.4.3.0.1 a “ ´1
4

The structure equation (2.46) reduces to

d
´

ω1 `

´

´
1

2
` ib

¯

ω2

¯

“

´1

2
` ib

¯´

ω1 `

´

´
1

2
` ib

¯

ω2

¯

(2.47)

^

´

ω1 `

´

´
1

2
` ib

¯

ω2

¯

.

Let ω1 `

´

´ 1
2
` ib

¯

ω2 “ α ` iβ, where α and β are real 1-forms. Then

dα “ ´2bα ^ β ,

dβ “ α ^ β .
(2.48)

Since dpα ` 2bβq “ 0, there exists function x such that α ` 2bβ “ dx. By the

structure equation, we have dβ “ dx ^ β, that implies the existence of a function y

such that β “ exdy. Thus in terms of local coordinate x, y,

α “ dx´ 2bexdy ,

β “ exdy .

So

ω1 `

ˆ

´
1

2
` ib

˙

ω2 “ exdp´e´x ´ 2by ` iyq .

Let z “ ´e´x ´ 2by ` iy. Then

ω1 `

´

´
1

2
` ib

¯

ω2 “
dz

´

´ 1
2
` ib

¯

z `
´

´ 1
2
` ib

¯

z
.
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By (2.45), we have

dω2 “ ω1 ^ ω̄1 ´

ˆ

1

2
´ ib

˙

pω1 ´ ω̄1q ^ ω2

“

´

´ 1
2
` ib

¯

dz ^ ω2

´

´ 1
2
` ib

¯

z `
´

´ 1
2
` ib

¯

z
`

´

´

´ 1
2
` ib

¯

dz ^ ω̄2

´

´ 1
2
` ib

¯

z `
´

´ 1
2
` ib

¯

z

`
dz ^ dz̄

˜

´

´ 1
2
` ib

¯

z `
´

´ 1
2
` ib

¯

z

¸2 .

(2.49)

Lemma 2.4.2. Assume xdz, ω2y forms a Frobenius system. Then there exists a

function f and a holomorphic function w such that

ω2 “ dw ` fdz

Proof. Since xdz, ω2y forms a Frobenius system of rank 2, there exist functions

u, v, a, b such that dz “ adu ` bdv and du, dv are linearly independent . Since

dz ‰ 0, at least one of a, b is nonzero. Without loss of generality, assume b ‰ 0. So

dv “ 1
b
pdz´ aduq. So v is a function of z and x and locally we take z and u, instead

of v and u, as local coordinates.

By the complex Frobenius Theorem, there exist functions rpz, uq and spz, uq such

that

ω2 “ rpz, uqdu` spz, uqdz

“ d
´

ż

rpz, uq du
¯

´

´

ż

Brpz, uq

Bz
du

¯

dz ` spz, uqdz

“ d
´

ż

rpz, uq du
¯

`

”

spz, uq ´
´

ż

Brpz, uq

Bz
du

¯ı

dz .

Since ω2 and dz are linearly independent, d
´

ş

rpz, uq du
¯

‰ 0. Let w “
´

ş

rpz, uq du
¯
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and f “ spz, uq ´
´

ş

Brpz,uq
Bz

du
¯

, then

ω2 “ dw ` fdz .

Let D “ ´1
2
` ib. By (2.49) and Lemma 2.4.2, we get

df ^ dz “
dz

Dz ` D̄z̄
^

ˆ

Ddw ´ D̄dw̄ `
dz̄

Dz ` D̄z̄
´ D̄f̄dz̄

˙

.

Thus

Bf

Bw
“

´D

Dz ` D̄z̄
,

Bf

Bw̄
“

D̄

Dz ` D̄z̄
,

Bf

Bz̄
“
D̄f̄ ´ 1

Dz`D̄z̄

Dz ` D̄z̄
.

(2.50)

Let f “ f1` if2, where f1 and f2 are real and imaginary parts of f , respectively.

Let z “ x` iy and w “ u` iv, then (2.50) is equivalent to

Bf1

Bu
“ 0 ,

Bf1

Bv
“ 0 ,

Bf2

Bu
“

2b

x` 2by
,

Bf2

Bv
“ ´

1

x` 2by
,

Bf1

Bx
´
Bf2

By
“
f1 ` 2bf2 ´

2
x`2by

x` 2by
,

Bf1

By
`
Bf2

Bx
“

2bf1 ´ f2

x` 2by
.

(2.51)
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So f1 “ f1px, yq, f2 “ gpx, yq ` 2bu
x`2by

´ v
x`2by

. The equation is equivalent to

Bf1

Bx
´
Bg

By
“
f1 ` 2bg ´ 2

x`2by

x` 2by
,

Bf1

By
`
Bg

Bx
“

2bf1 ´ g

x` 2by
.

(2.52)

Consider the differential ideal I “ xθ1, θ2y, where

θ1 “ df1 ´ pdx´ qdy ,

θ2 “ dg `

ˆ

q ´
2bf1 ´ g

x` 2by

˙

dx´

˜

p´
f1 ` 2bg ´ 2

x`2by

x` 2by

¸

dy .
(2.53)

and

dθ1 “ ´π1 ^ dx´ π2 ^ dy ,

dθ2 “ π2 ^ dx´ π1 ^ dy ,
(2.54)

where π1 ” dp mod pdxq and π2 ” dq mod pdyq. This system is involutive and

its Cartan characters are ps1, s2q “ p2, 0q. So the solution depends on 2 functions of

1 variable.

We will calculate the coframing in local coordinate for b “ 0. Let F1 “ F p´izq,

F2 “ Gpiz̄q be two functions of one variable z and C be a constant. The general

solution is of the following form

f1 “ F 11 ` F
1
2 `

ˆ

4

pz ` z̄q2
` C

˙

z ` z̄

2
,

f2 “ iF 12 ´ iF
1
1 ´

2

z ` z̄

´

F1 ` F2 `
w ´ w̄

2i

¯

.

Thus in the case b “ 0, the coframing is

ω1 “
1

2
pdw ` fdzq ´

2dz

z ` z̄
,

ω2 “ dw ` fdz .
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In our original parametrization, z “ ´e´x´2by` iy. So z` z̄ ă 0. Take a special

form F1 “ 0 and F2 “ 0. Then

fpz, wq “
2´ pw ´ w̄q

z ` z̄
.

The coframing can be written as

ω1 “
1

2

ˆ

dw ´
2` pw ´ w̄q

z ` z̄
dz

˙

,

ω2 “ dw `
2´ pw ´ w̄q

z ` z̄
dz .

We will prove that there exist compact quotients that support homogeneous com-

plex Engel structures. Before proving this, we need to know the Lie algebra of the

homogeneous complex Engel structures.

Proposition 2.4.3. There exists a basis pX1, X2, X3, X4q such that the nontrivial

brackets of the Lie algebra are

rX2, X3s “ X1, rX2, X4s “ X2, rX3, X4s “ ´X3. (2.55)

Proof. Recall that

dα “ ´2bα ^ β ,

dβ “ α ^ β .
(2.56)

Define ω1 “ γ ` iδ.

dγ “ ´2bα ^ β ´ δ ^ β ` 2bδ ^ α ,

dδ “ α ^ β ´ α ^ δ ´ 2bβ ^ δ .
(2.57)

Let e1, e2, e3, e4 be left-invariant vector fields dual to the left-invariant forms α, β, γ, δ,

respectively. Then by (2.57), the nontrivial brackets are

re1, e2s “ ´2be1 ` e2 ´ 2be3 ` e4

re1, e4s “ ´2be3 ´ e4 (2.58)

re2, e4s “ e3 ´ 2be4 .
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We will consider 2 separate cases:

1. b “ 0

2. b ‰ 0

If b “ 0, the nontrivial brackets are

re1, e2s “ e2 ` e4

re1, e4s “ ´e4

re2, e4s “ e3 .

Define X1 “ ´2e3, X2 “ e4, X3 “ 2e2 ` e4, X4 “ e1. Then

rX2, X3s “ X1, rX2, X4s “ X2, rX3, X4s “ ´X3 . (2.59)

If b ‰ 0, define ẽ1 “ e1 ´
1
2b
e2 ´

1
2b

`

e4 ´
1
2b
e3

˘

, ẽ4 “ e4 ´
1
2b
e3. The nontrivial

brackets are

rẽ1, e2s “ ´2bẽ1 ` ẽ4 `
`

1
2b
´ 2b

˘

e3

rẽ1, ẽ4s “ ´
`

2b` 1
2b

˘

e3

re2, ẽ4s “ ´2bẽ4

Define ˜̃e1 “ ẽ1 ´
1
4b
ẽ4. Then the nontrivial brackets are

r˜̃e1, e2s “ ´2b˜̃e1 `
`

1
2b
´ 2b

˘

e3

r˜̃e1, ẽ4s “ ´
`

2b` 1
2b

˘

e3

re2, ẽ4s “ ´2bẽ4

Define X1 “ ´
4b2`1

2b
e3, X2 “ ˜̃e1, X3 “ ẽ4, X4 “

1
4b2`1

``

´2b´ 1
2b

˘

e2 ´
`

´2b` 1
2b

˘

e4

˘

.

Then

rX2, X3s “ X1, rX2, X4s “ X2, rX3, X4s “ ´X3 . (2.60)

Thus the theorem is true for both cases.

By [Bock (2016)], there exists a co-compact lattice when a “ ´1
4
. Thus there

exists a compact quotient of type C3 when a “ ´1
4
.
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2.4.3.0.2 a “ b2 ‰ 0

Define

θ1 “ ω1`p2b
2
`ibqω2`

1

4b2 ` 1
pp4b2

´1q´4biqω̄1`
b

4b2 ` 1
p2bp4b2

´3q´p12b2
´1qiqω̄2

(2.61)

Then the coframing pθ, θ1q satisfies

dθ1 “ 0 ,

dθ “
`

´1
2
` ib

˘

θ1 ^ θ .

Thus there exists a holomorphic coordinate system pz, wq such that θ1 and θ can

be written as linear combinations of pdw, dw̄q and dz, respectively. There exists a

function fpw, w̄q such that

θ1 “ df ,

θ “ ep´
1
2
`ibqfdz .

Thus

ω1 “ e

´

´
1
2
`ib

¯

f
dz ´

`

´1
2
` ib

˘

ω2 .

By (2.61), we have

´

2b2
´

1

2
´ 2ib

¯

ω̄2 `

´

2b2
`

1

2

¯

ω2

“ df ´ ep´
1
2
`ibqfdz ´ 1

4b2`1

´

p4b2
´ 1q ´ 4bi

¯

ep´
1
2
´ibqf̄dz̄ .

Let ω2 “ hdz ` gdw, where h and g are functions. By scaling, fix g “ 1. Take

f “
´

2b2 ` 1
2

¯

w `
´

2b2 ´ 1
2
´ 2ib

¯

w̄, then

h “ ´
2e
p´ 1

2
`ibq

«´

2b2` 1
2

¯

w`

´

2b2´ 1
2
´2ib

¯

w̄

ff

4b2 ` 1
.
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So

ω2 “ ´
2ep´

1
2
`ibqrp2b2` 1

2qw`p2b
2´ 1

2
´2ibqw̄s

4b2 ` 1
dz ` dw

and

ω1 “ ep´
1
2
`ibqrp2b2` 1

2qw`p2b
2´ 1

2
´2ibqw̄sdz ´

ˆ

´
1

2
` ib

˙

ω2 .

Proposition 2.4.4. There does not exist a compact quotient that supports a homo-

geneous complex Engel structure when a “ b2 ‰ 0.

Proof. After changing θ1 to 1
´

´
1
2
`ib

¯θ1, the structure equation is

dθ1 “ 0 ,

dθ “ θ1 ^ θ .
(2.62)

Define θ1 “ α` iβ, θ “ γ` iδ as the real and imaginary parts decompositions. Then

(2.62) is equivalent to

dα “ 0 ,

dβ “ 0 ,

dγ “ α ^ γ ´ β ^ δ ,

dδ “ α ^ δ ` β ^ γ .

(2.63)

Let ´X3, X4, X1, X2 be left-invariant vector fields dual to the left-invariant forms

α, β, γ, δ, respectively. Then the nontrivial brackets are

rX1, X3s “ X1 ,

rX2, X3s “ X2 ,

rX1, X4s “ ´X2 ,

rX2, X4s “ X1 .
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The Lie algebra is a solvable Lie algebra, denoted by g4,10 in [Mubarakzjanov (1963)].

According to the classification results of the existence of co-compact lattices for 4-

dimensional solvable Lie groups in [Bock (2016)], the connected and simply-connected

Lie group corresponding to g4,10 does not have a co-compact lattice. Therefore, there

does not exist a compact quotient that supports a homogeneous complex Engel

structure in this case.

2.4.3.0.3 a ‰ ´1
4

and a ‰ b2

Let ω1 “ α ` iβ and ω2 “ γ ` iδ. From the structure equation (2.45), we have

dα “ ´4bα ^ β ´ 2b2α ^ γ ` bα ^ δ ` p4ab´ 2bqβ ^ γ ´ p2a` 4b2
qβ ^ δ

´ 2b

ˆ

1

4
` b2

˙

γ ^ δ ,

dβ “ ´4abα ^ γ ` 2aα ^ δ ` 2b2β ^ γ ´ bβ ^ δ ´ 4a

ˆ

1

4
` b2

˙

γ ^ δ ,

dγ “ β ^ pδ ´ 2bγq ,

dδ “ β ^ p2α ´ γ ´ 2bδq .

(2.64)

Define α̃ “ ´2aα ` bβ ´ p4a2 ´ b2qγ ` 4abδ. Since at least one of a or b is not

zero, α̃ ‰ 0 and dα̃ “ 0. Let e1, e2, e3, e4 be the dual vector fields of the 1-forms

α, β, γ, δ, respectively.

Remark 2.4.2. From Lie theory, there is a split exact sequence [Fulton and Harris

(1991)]

0 Ñ Radpgq Ñ gÑ g{Radpgq Ñ 0 ,

where Radpgq is the radical ideal of g. Thus

g – Radpgq ‘ g{Radpgq .

Denote g1 “ g{Radpgq. We will prove the following theorem:
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Theorem 2.4.5. For the Lie algebra g corresponding to the structure equation(2.64),

Radpgq is 1-dimensional and g1 is simple 3-dimensional Lie algebra. Specially,

• pa ă ´1
4
q or p0 ď a ă b2q or pb “ 0 and a ă 0q, the Lie algebra is Rˆslp2,Rq.

• p´1
4
ă a ă 0q or pa ą b2q or pb “ 0 and a ą 0q, the Lie algebra is Rˆ sup2q.

Proof. We will prove this theorem by analyzing the result for the following 3 cases:

• 1. b “ 0

In this case α̃ “ α ` 2aγ. Define β̃ “ β, γ̃ “ ´2α ` γ, δ̃ “ δ, then

dβ̃ “ ´aγ̃ ^ δ̃ ,

dγ̃ “ ´p1` 4aqδ̃ ^ β̃ ,

dδ̃ “ ´β̃ ^ γ̃ .

(2.65)

If a ą 0, we define ˜̃β “ 1?
1`4a

β̃, ˜̃γ “ 1?
a
γ̃, ˜̃δ “ 1?

ap1`4aq
δ̃. (2.65) is equivalent to

d ˜̃β “ ˜̃γ ^ ˜̃δ ,

d˜̃γ “ ˜̃δ ^ ˜̃β ,

d˜̃δ “ ˜̃β ^ ˜̃γ .

Thus ˜̃β, ˜̃γ, ˜̃δ are left-invariant forms of the Lie group SUp2q. So if a ą 0, the

manifold can be taken as S1 ˆ SUp2q.

If a ă 0, Radpgq “ te1`2e3u and g{Radpgq “ tu “ e1´
1
2a
e3, v “ e2, w “ e4u.

Define

H “
´4
?
´a

1` 4a
u ,

X “
?
´av ` w ,

Y “

?
´a

ap1` 4aq
v ´

1

ap1` 4aq
w .
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The nontrivial brackets are

rH,Xs “ 2X ,

rH,Y s “ ´2Y ,

rX, Y s “ H .

pH,X, Y q forms a canonical basis for the Lie algebra slp2,Rq. Since SL2pRq

has co-compact lattices [Benoist (2009)], in this case, there exists a compact

quotient that supports homogeneous complex Engel structure.

• 2. a “ 0

By our assumption, b ‰ 0. The radical ideal is Radpgq “
 

e1 `
2e3`4be4

1`4b2

(

and

g{Radpgq “ tu “ e1, v “ e2 ´
e3
b
, w “ e4u. The nontrivial brackets are

ru, vs “ 2bu` 2w

ru,ws “ ´bu

rv, ws “ p2b2
´

1

2
qu` bv ` 2bw

Define

#

A “ 2b´1
4b2

, B “ 1
2b
, C “ 1

2b2
, D “ 2b` 1, E “ ´2b, F “ 2, s “ 2, if b ‰ ´1

2
,

A “ 2b`1
4b2

, B “ ´ 1
2b
, C “ 1

2b2
, D “ 2b´ 1, E “ 2b, F “ 2, s “ ´2, if b ‰ 1

2
.

and

H “ sv ,

X “ Au`Bv ` Cw ,

Y “ Du` Ev ` Fw .

Then pH,X, Y q forms a canonical basis for the Lie algebra slp2,Rq such that

rH,Xs “ 2X ,

rH,Y s “ ´2Y ,

rX, Y s “ H .
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Since SL2pRq has co-compact lattices [Benoist (2009)], in this case there exists

a compact quotient that supports a homogeneous complex Engel structure.

• 3. a ‰ 0, a ‰ ´1
4

and b ‰ 0

The radical ideal is Radpgq “
 

e1 `
2e3`4be4

1`4b2

(

and

g{Radpgq “

"

u “ e1 `
e4

2b
, v “ e2 ´

e4

4a
, w “ e3 `

4a2 ´ b2

4ab
e4

*

.

The nontrivial brackets are

ru, vs “ ´
´8ab2 ` 4a2 ´ b2

4ab
u`

1

2b
w ,

ru,ws “ ´p´4ab2
` 4a2

´ b2
` aq

ˆ

1

4a
u`

1

2b
v

˙

,

rv, ws “
´4b4 ` 16a3 ` 12ab2 ` b2

8ab
u`

´4ab2 ` 4a2 ´ b2 ` a

4a
v

´
´8ab2 ` 4a2 ´ b2

4ab
w .

After the proof of the following proposition, we will finish the proof of the

theorem.

Proposition 2.4.6. If a ‰ 0, a ‰ ´1
4

and b ‰ 0, there exists a compact

quotient that supports a homogeneous complex Engel structure.

Proof. 2.4.3.0.4 a ą b2

Define

U “

c

1

´4ab2 ` 4a2 ´ b2 ` a
,

V “

c

a

2p´4ab2 ` 4a2 ´ b2 ` aq
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and

A “
V

2a
p´8ab2U ` 4a2U ´ b2U ` bq, B “ V, C “ ´UV,

D “ ´
V

2a
p´8ab2U ` 4a2U ´ b2U ´ bq, E “ V, F “ UV,

s “ 2bU .

Then define

H “ sv ,

X “ Au`Bv ` Cw , (2.66)

Y “ Du` Ev ` Fw .

Then pH,X, Y q forms a canonical basis for the Lie algebra sup2q with the

following nontrivial brackets

rH,Xs “ Y ,

rH, Y s “ ´X ,

rX, Y s “ H .

Since SUp2q has co-compact lattices, there exists a compact quotient that

supports a homogeneous complex Engel structure.

2.4.3.0.5 0 ă a ă b2

Define

U “

c

´1

´4ab2 ` 4a2 ´ b2 ` a
,

V “

c

´a

´4ab2 ` 4a2 ´ b2 ` a
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and

A “ ´
V

2a
p´8ab2U ` 4a2U ´ b2U ´ bq, B “ V, C “ UV,

D “
V

2a
p´8ab2U ` 4a2U ´ b2U ` bq, E “ V, F “ ´UV,

s “ 4bU.

Then define

H “ sv ,

X “ Au`Bv ` Cw ,

Y “ Du` Ev ` Fw .

Then pH,X, Y q forms a canonical basis for the Lie algebra slp2,Rq with non-

trivial brackets

rH,Xs “ 2X ,

rH,Y s “ ´2Y ,

rX, Y s “ H .

Since SL2pRq has co-compact lattices [Benoist (2009)], there exists a compact

quotient that supports a homogeneous complex Engel structure.

2.4.3.0.6 ´1
4
ă a ă 0

Define

U “

c

1

´4ab2 ` 4a2 ´ b2 ` a
,

V “

c

a

2p´4ab2 ` 4a2 ´ b2 ` aq
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and

A “
V

2a
p´8ab2U ` 4a2U ´ b2U ` bq, B “ V, C “ ´UV,

D “ ´
V

2a
p´8ab2U ` 4a2U ´ b2U ´ bq, E “ V, F “ UV,

s “ 2bU .

Then define

H “ sv ,

X “ Au`Bv ` Cw ,

Y “ Du` Ev ` Fw .

Note Y “ X. pH,X, Y q forms a canonical basis of the Lie algebra sup2q with

nontrivial brackets

rH,Xs “ X ,

rH,Xs “ ´X ,

rX,Xs “ H .

Since SUp2q has co-compact lattices, there exists a compact quotient that

supports a homogeneous complex Engel structure.

2.4.3.0.7 a ă ´1
4

Define

U “

c

1

´4ab2 ` 4a2 ´ b2 ` a
,

V “

c

´a

2p´4ab2 ` 4a2 ´ b2 ` aq
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and

A “
V

2a
p´8ab2U ` 4a2U ´ b2U ` bq, B “ V, C “ ´UV,

D “ ´
V

2a
p´8ab2U ` 4a2U ´ b2U ´ bq, E “ V, F “ UV,

s “ 2bU.

Then define

H “ sv ,

X “ Au`Bv ` Cw ,

Y “ Du` Ev ` Fw .

pH,X, Y q forms a canonical basis of the Lie algebra slp2,Rq with nontrivial

brackets

rH,Xs “ Y ,

rH, Y s “ ´X ,

rX, Y s “ ´H .

Since SL2pRq has co-compact lattices [Benoist (2009))], there exists a compact

quotient that supports a homogeneous complex Engel structure.

Since there exists a co-compact lattice for each case, we have proved the theorem.

2.4.3.0.8 Characteristic line field of the Engel structure

In this section, we only consider characteristic line field on S1 ˆ SUp2q. Let

sup2q “

"

g´1dg “

„

´ i
2
α1 ´1

2
pα2 ` iα3q

´1
2
p´α2 ` iα3q

i
2
α1


ˇ

ˇ

ˇ

ˇ

α1, α2, α3 are real 1-forms

*

.
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The left-invariant 1-forms satisfy

dα1 “ α2 ^ α3 ,

dα2 “ α3 ^ α1 ,

dα3 “ α1 ^ α2 .

Let X1, X2, X3 be the dual vectors of α1, α2, α3, respectively. We first calculate

integral curves along left-invariant vector fields.

1. Consider the vector field X1 satisfying

g´1dgpX1q “

„

´ i
2

0
0 i

2



,

so

LX1g “ g

„

´ i
2

0
0 i

2



.

Thus

gpexptX1
¨xq “ gpxq

«

e´
i
2
t 0

0 e
i
2
t

ff

.

The period of the integral curve along X1 is 4π.

2. Consider the vector field X2 satisfying

LX2g “ g

„

0 ´1
2

1
2

0



.

Thus

gpexptX2
¨xq “ gpxq ¨ exp

ˆ

t

„

0 ´1
2

1
2

0

˙

.

Since the eigenvalues of the matrix

„

0 ´1
2

1
2

0



are ´ i
2

and i
2
, the period of the

integral curve along X2 is 4π.
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3. Consider a general left invariant vector field X “ c1X1`c2X2`c3X3 satisfying

LXg “ g

„

´ i
2
c1 ´1

2
pc2 ` ic3q

´1
2
p´c2 ` ic3q

i
2
c1



.

Thus

gpexptX ¨xq “ gpxq ¨ exp

˜

t

„

´ i
2
c1 ´1

2
pc2 ` ic3q

´1
2
p´c2 ` ic3q

i
2
c1



¸

.

Since the eigenvalues of the matrix

„

´ i
2
c1 ´1

2
pc2 ` ic3q

´1
2
p´c2 ` ic3q

i
2
c1



are ´ i
2

a

c2
1 ` c

2
2 ` c

2
3 and i

2

a

c2
1 ` c

2
2 ` c

2
3, the period of the integral curve along

X is 4π?
c21`c

2
2`c

2
3

.

Now we calculate characteristic line fields for the Engel structure. We only derive

the expression for b “ 0; the calculations of other cases are similar. If b “ 0, the

Engel line field is defined as

L “ kerpω2, ω̄1 ´ ω1q

“ kerpγ, δ, βq

“ kerpβ̃, δ̃, γ̃ ` 2α̃q.

(2.67)

Let X0, X1, X2, X3 be left-invariant vector fields dual to α̃, β̃, γ̃, δ̃, respectively. By

(2.67), L “ xX0 ´ 2X2y. Thus the integral curve starting at p0, gq is

ˆ

t, g ¨ exp

ˆ

t

„

0 ´1
2

1
2

0

˙˙

.
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2.4.4 Homogeneous Case C4

Now pp1, p2, q1, q2, r1, r2q “ p0, a´ib, 2ib, a´ib, ´a´ib, 0q. The structure equation

is

dω1 “ 2ibω̄1 ^ ω1 ´ pa` ibqω̄2 ^ ω1 ` pa´ ibqω̄1 ^ ω2,

dω2 “ pω1 ´ ω2q ^ ω̄1 ´ pa` ibqω̄2 ^ ω2. (2.68)

It is easy to verify that

dpω1 ^ ω̄2 ^ ω2q “ p1` 2biqω1 ^ ω̄1 ^ ω2 ^ ω̄2 ‰ 0.

By Stokes’ Theorem, there is no compact quotient of type C4 that supports a ho-

mogeneous complex Engel structure.

We will find local coordinate representations of ω1 and ω2 under different condi-

tions for a and b. The symmetry groups of the coframing are different for different a

and b. We define A “ 1 and

B “

$

&

%

´1
2
˘ c` ib, where c “

b

1
4
´ pb2 ` aq, if b2 ` a ď 1

4

´1
2
˘ ic` ib, where c “

b

pb2 ` aq ´ 1
4
, if b2 ` a ą 1

4

(2.69)

By (2.68),

dpAω1 `Bω2q ^ pAω1 `Bω2q “ 0 .

2.4.4.1 a “ b “ 0

The structure equation (2.68) reduces to

dω1 “ 0 ,

dω2 “ pω1 ´ ω2q ^ ω̄1 .

Since dω1 “ 0, by the complex Poincaré Lemma, there exists a holomorphic function

z such that ω1 “ dz. So dω2 “ pdz ´ ω2q ^ dz̄, that is equivalent to dpdz ´ ω2q “
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´pdz ´ ω2q ^ dz̄. By the complex Frobenius Theorem, there exists a function f and

a holomorphic function w such that dz ´ ω2 “ f dw and df ^ dw “ fdz̄ ^ dw. By

modifying w, we can write dz´ω2 “ ez̄ dw. So in the local coordinate system pz, wq,

the coframing is

ω1 “ dz ,

ω2 “ ´e
z̄ dw ` dz .

Take a discrete symmetry group of the coframing

Γ “ tp2α0πi, β0 ` iβ1q|α0, β0, β1 P Zu – Z3.

Γ acts on the local coordinate as pz, wq ÞÑ pz ` 2α0πi, w ` β0 ` iβ1q. This action

keeps the coframing invariant. The quotient can be taken as

C2
{Γ – R1

ˆ S1
ˆ T 2 .

2.4.4.2 b2 ` a ă 1
4

or b2 ` a ą 1
4

Since the calculations are similar for these two cases, without loss of generality,

assume b2 ` a ă 1
4
. Define U “ ´1

2
` c ` ib, V “ ´1

2
´ c ` ib and θ1 “ ω1 ` Uω2,

θ2 “ ω1 ` V ω2.

Then the structure equation is

dθ1 “ p
1

2
´ c` ibqθ̄2 ^ θ1 ,

dθ2 “ p
1

2
` c` ibqθ̄1 ^ θ2 .

By the complex Frobenius Theorem, there exist coordinates z and w and functions

f and g, such that θ1 “ fdz, θ2 “ ḡdw̄. Since dpθ1 ^ θ̄2q “ dpfgdz ^ dwq “ 0, so

there exists a function F pz, wq such that fg “ F pz, wq. Since

dθ1 “ df ^ dz “
´1

2
´ c` ib

¯

F pz, wqdw ^ dz ,

dθ̄2 “ dg ^ dw “
´1

2
` c` ib

¯

F pz, wqdz ^ dw ,
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f and g are both functions of z, w and

fw “
´1

2
´ c` ib

¯

fg ,

gz “
´1

2
` c` ib

¯

fg .

Thus

plog fgqwz “
´fw
f

¯

z
`

´gw
g

¯

z

“

´1

2
´ c` ib

¯

gz `
´gw
g

¯

z

“

´

p
1

2
` ibq2 ´ c2

¯

fg `
´gw
g

¯

z
,

while

plog fgqzw “
´fz
f

¯

w
`

´gz
g

¯

w

“

´fz
f

¯

w
`

´1

2
` c` ib

¯

fw

“

´fz
f

¯

w
`

´

p
1

2
` ibq2 ´ c2

¯

fg.

Since plog fgqwz “ plog fgqzw,

´fz
f

¯

w
“

´gw
g

¯

z
.

Since plog fqzw “
´

fz
f

¯

w
and plog gqzw “

´

gw
g

¯

z
,

plog fqzw “ plog gqzw.

So there exist functions Apzq and Bpwq such that

fpz, wq

gpz, wq
“

Apzq

Bpwq
.
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So there exists a function Gpz, wq such that

θ1 “ ApzqGpz, wqdz, θ2 “ BpwqGpz, wqdw̄.

After redefining z and w and the function fpz, wq, we can write

θ1 “ fpz, wqdz, θ2 “ fpz, wqdw̄

$

&

%

fw “

´

1
2
´ c` ib

¯

f 2

fz “

´

1
2
` c` ib

¯

f 2

Thus there exists a constant C such that

fpz, wq “
1

´

´

1
2
` c` ib

¯

z `
´

1
2
´ c` ib

¯

w ` C
.

After translating z or w,

θ1 “
dz

´

´

1
2
` c` ib

¯

z `
´

1
2
´ c` ib

¯

w
,

θ2 “
dw̄

´

´

1
2
` c` ib

¯

z̄ `
´

1
2
´ c` ib

¯

w̄
.

Now change the notation from w to w̄, then

θ1 “
dz

´

´

1
2
` c` ib

¯

z `
´

1
2
´ c` ib

¯

w̄
,

θ2 “
dw

´

´

1
2
` c` ib

¯

z̄ `
´

1
2
´ c` ib

¯

w
.

So the Engel structure can be defined on the complex 2-plane except two lines

´

´1

2
` c` ib

¯

z `
´1

2
´ c` ib

¯

w̄ “ 0,

´

´1

2
` c` ib

¯

z̄ `
´1

2
´ c` ib

¯

w “ 0.

(2.70)
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Now we can get the local coordinate representation of ω1 and ω2

ω1 “
1

2c

”

p
1

2
` c` ibqθ1 ` p´

1

2
` c` ibqθ2

ı

,

ω2 “
1

2c
pθ1 ´ θ2q.

Let λ and µ be two complex constants. The symmetry group of the coframing is

pz, wq Ñ pλz, λ̄wq

and

pz, wq Ñ

ˆ

z `

ˆ

1

2
´ c` ib

˙

µ, w `

ˆ

1

2
` c` ib

˙

µ̄

˙

.

2.4.4.3 b2 ` a “ 1
4

The structure equation is

dω1 “ 2ibω̄1 ^ ω1 ´

ˆ

1

4
´ b2

` ib

˙

ω̄2 ^ ω1 `

ˆ

1

4
´ b2

´ ib

˙

ω̄1 ^ ω2 ,

dω2 “ pω1 ´ ω2q ^ ω̄1 ´

ˆ

1

4
´ b2

` ib

˙

ω̄2 ^ ω2 .

Define θ “ ω1 `
`

´1
2
` ib

˘

ω2. Then

dθ “
´1

2
` ib

¯

θ̄ ^ θ.

Let θ “ α ` iβ be the real part and imaginary part decomposition. Then

dα “ ´2bα ^ β ,

dβ “ α ^ β,

so dpα`2bβq “ 0. Thus there exists a real function x such that α`2bβ “ dx. Thus,

dβ “ dx ^ β. This is equivalent to dpe´xβq “ 0, that implies the existence of a real

function y such that β “ exdy. So

θ “ dx´ 2bexdy ` iexdy.
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Let z “ ´e´x ´ 2by ` iy. Then

θ “
dz

p´1
2
` ibqz ` p´1

2
´ ibqz̄

.

Recall that the structure equation is

dω1 “

ˆ

1

2
` ib

˙

θ̄ ^ ω1 `

ˆ

´
1

2
` ib

˙

ω̄1 ^ θ,

dω2 “ θ ^ θ̄ `

ˆ

1

2
` ib

˙

`

θ ^ ω̄2 ` θ̄ ^ ω2

˘

.

Let ω1 “ γ` iδ be the real part and imaginary part decomposition. Since θ “ α` iβ,

the exterior derivative of ω1 can be written as

dγ “ α ^ γ ` β ^ δ ´ 2bα ^ δ ` 2bβ ^ γ,

dδ “ 0.

So there exists a real function u such that δ “ du. Since xγ, duy forms a Frobenius

system, there exist real functions p, q, v such that γ “ pdv ` qdu. Write

dp “ pxdx` pydy ` pudu` pvdv ,

dq “ qxdx` qydy ` qudu` qvdv .

Then from the structure equation, the functions p and q satisfy

px “
p

´x´ 2by
,

py “
2bp

´x´ 2by
,

pu “ qv,

qx “
q ´ 2b

´x´ 2by
,

qy “
1` 2bq

´x´ 2by
.
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From the first two equations, we know that there exists a function C1pu, vq such that

p “ C1pu,vq
x`2by

. From the last two equations, we know that there exists a function C2pu, vq

such that q “ p2bx´yq`C2pu,vq
x`2by

. From the third equation we know that BC1

Bu
“ BC2

Bv
. Thus

d
´

ş

C1pu, vqdv
¯

“ C1pu, vqdv ` C2pu, vqdu. Thus

γ “
C1pu, vq

x` 2by
dv `

p2bx´ yq ` C2pu, vq

x` 2by
du

“
C1pu, vqdv ` C2pu, vqdu

x` 2by
`

2bx´ y

x` 2by
du

“
dp
ş

C1pu, vqdvq

x` 2by
`

2bx´ y

x` 2by
du.

Now define p
ş

C1pu, vqdvq as new v, then

γ “
dv

x` 2by
`

2bx´ y

x` 2by
du.

So

ω1 “ γ ` iδ

“
dv

x` 2by
`

2bx´ y

x` 2by
du` idu

“
1

x` 2by
rdv ` p2b` iqpx` iyqdus

“
1

x` 2by
rdpv ` p2b` iqpx` iyquq ´ p2b` iqu dpx` iyqs .
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Define w “ v ` p2b ` iqpx ` iyqu and redefine z “ x ` iy. The coframing can be

written as

ω1 “
1

x` 2by
rdw ´ p2b` iqu dzs

“ ´
1

p´1
2
` ibqz ` p´1

2
´ ibqz̄

ˆ

„

dw `

ˆ

1

2
´ ib

˙

w ´ w̄

p´1
2
` ibqz ` p´1

2
´ ibqz̄

dz



,

ω2 “
1

´1
2
` ib

pθ ´ ω1q

“
1

p´1
2
` ibqp´1

2
` ibqz ` p´1

2
´ ibqz̄

ˆ

„

dz ` dw `

ˆ

1

2
´ ib

˙

w ´ w̄

p´1
2
` ibqz ` p´1

2
´ ibqz̄

dz



,

where pz, wq is a local holomorphic coordinate system on the manifold. And ω2 “ 0

defines the complex Engel structure. Let λ, s, t be any real constants. The coframing

is invariant under the following local transformation

pz, wq Ñ

ˆ

λz `

ˆ

b´
1

2
i

˙

t, λw ` s

˙

.

We can take a discrete subgroup Γ such that M is locally biholomorphic to C2{Γ –

R2 ˆ T 2.
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2.4.5 Homogeneous Case C5

Assume a ‰ 0. Otherwise, this is a special case of homogeneous case C4, with

a` b2 “ 1
4
. The structure equation is

dω1 “

ˆ

b2
´

1

4
´ ib

˙

ω̄2 ^ ω1 `

ˆ

1

4
a` ab2

` i

ˆ

1

2
ab` 2ab3

˙˙

ω̄2 ^ ω2 ` 2ibω̄1 ^ ω1

`

ˆ

1

4
´

1

2
a´ 2ab2

´ b2
´ ib

˙

ω̄1 ^ ω2 `

ˆ

1

2
a´ 2ab2

´ 2iab

˙

ω2 ^ ω1,

dω2 “

ˆ

´
1

4
`

1

2
a´ 2ab2

` b2
` i p2ab´ bq

˙

ω̄2 ^ ω2 ` ω1 ^ ω̄1

` p´a` 2iabqω1 ^ ω2 ` p´1` a` 2iabqω2 ^ ω̄1.

Define θ “ ω1 `
`

´1
2
` ib

˘

ω2, that satisfies

dθ “

ˆ

1

2
` ib

˙

θ̄ ^ θ. (2.71)

This structure equation is same as that of the case C4, with b2 ` a “ 1
4
. But in case

C5, a and b do not have to satisfy this relation.

Let θ “ α ` iβ be the real and imaginary part decomposition. By (2.71),

dα “ ´2bα ^ β,

dβ “ α ^ β.

Since dpα ` 2bβq “ 0, there exists a real function x such that α ` 2bβ “ dx. Thus

dβ “ dx^ β. So there exists a real function y such that β “ exdy, that yields

θ “ dx´ 2bexdy ` iexdy .

Let z “ ´e´x ´ 2by ` iy. Then

θ “
dz

p´1
2
` ibqz ` p´1

2
´ ibqz̄

.
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The symmetry groups of the coframing are different for different parameters a and

b. In the following sections, we will consider the following cases:

1. a ‰ ˘1
2

2. a “ 1
2
, b “ 0

3. a “ 1
2
, b ‰ 0

4. a “ ´1
2

2.4.5.1 a ‰ ˘1
2

Define A “ r ` is, where

r “
1

´

1
2
` a

¯

p1` 4b2q

s “
2b

´

1
2
´ a

¯

p1` 4b2q

.

After defining θ2 “ ω2 ` Aθ, the structure equation reduces to

dθ2 “ 2a
´

´
1

2
` ib

¯

θ ^ θ2 ` p2a´ 1q
´1

2
` ib

¯

θ2 ^ θ̄ `
´1

2
` ib

¯

θ ^ θ̄2.

Let θ2 “ γ ` iδ and θ “ dx`idy
Apzq

, where Apzq “ p´1
2
` ibqz ` p´1

2
´ ibqz̄ “ ´x´ 2by is

a real function. Then

dγ “
´

´
2a

Apzq
`

1

Apzq

¯

dx^ γ `
1

Apzq
dy ^ δ ´

4ab

Apzq
dy ^ γ

dδ “
2b

Apzq
dx^ γ `

´

´
4ab

Apzq
`

2b

Apzq

¯

dy ^ δ ´
2a

Apzq
dx^ δ.

(2.72)

By (2.72), xγ, dyy and xδ, dxy are two Frobenius systems, that implies the existence

of functions p, q, r, s and u, v such that

γ “ pdu` qdy,

δ “ rdv ` sdx.
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Write

dp “ pxdx` pydy ` pudu` pvdv,

dq “ qxdx` qydy ` qudu` qvdv,

dr “ rxdx` rydy ` rudu` rvdv,

ds “ sxdx` sydy ` sudu` svdv.

By (2.72),

dγ “ dp^ du` dq ^ dy

“ pxdx^ du` pydy ^ du` pvdv ^ du` qxdx^ dy ` qudu^ dy ` qvdv ^ dy

“
1

´x´ 2by
rpp1´ 2aqdx^ du` pqp1´ 2aq ´ sqdx^ dy

` rdy ^ dv ´ 4abpdy ^ dus.

Then the functions p and q must satisfy

py ´ qu “
´4abp

´x´ 2by
,

px “
1´ 2a

´x´ 2by
p,

pv “ 0,

qv “ ´
r

´x´ 2by
,

qx “
qp1´ 2aq ´ s

´x´ 2by
.

Thus there exists a function C1pu, yq such that p “ px ` 2byq2a´1C1pu, yq. After

redefining u and q, we can assume C1pu, yq “ 1. Then

p “ px` 2byq2a´1.
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By (2.72),

dδ “ dr ^ dv ` ds^ dx

“ rxdx^ dv ` rydy ^ dv ` rudu^ dv ` sydy ^ dx` sudu^ dx` svdv ^ dx

“
1

´x´ 2by

”

2bpdx^ du` p2bq ` p4ab´ 2bqsqdx^ dy

` p´4ab` 2bqrdy ^ dv ´ 2ardx^ dv
ı

.

Then the functions r and s must satisfy

rx ´ sv “ ´
2ar

´x´ 2by
,

ry “
´4ab` 2b

´x´ 2by
r,

ru “ 0,

sy “
´2bq ` p´4ab` 2bqs

´x´ 2by
,

su “ ´
2bp

´x´ 2by
.

(2.73)

So there exists a function C2px, vq such that r “ px`2byq2a´1C2px, vq. After redefin-

ing v and s, we can assume C2px, vq “ 1. Then

r “ px` 2byq2a´1.
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Substituting this equation into (2.73), the equations are as follows:

qu “ ´2bpx` 2byq2a´2,

qv “ px` 2byq2a´2,

qx “
p2a´ 1qq ` s

x` 2by
,

sv “ ´px` 2byq2a´2,

su “ 2bpx` 2byq2a´2,

sy “
2bq ` p4ab´ 2bqs

x` 2by
.

This yields

θ2 “ γ ` iδ

“ px` 2byq2a´1
pdu` idvq ` is

´

dx´ i
q

s
dy
¯

.
(2.74)

To get a local holomorphic coordinate system, let q “ ´s. Then

qu “ ´2bpx` 2byq2a´2,

qv “ px` 2byq2a´2,

qx “
p2a´ 2qq

x` 2by
,

qy “ ´
p´4ab` 4bqq

x` 2by
.

From these equations, we get

q “ p1´ 2bu` vqpx` 2byq2a´2
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Substituting this equation into (2.74) yields

θ2 “ γ ` iδ

“ ppdu` qdyq ` iprdv ` sdxq

“ ppx` 2byq2a´1du` p1´ 2bu` vqpx` 2byq2a´2dyq

` ippx` 2byq2a´1dv ´ p1´ 2bu` vqpx` 2byq2a´2dxq

“ px` 2byq2a´1dpu` ivq ´ ip1´ 2bu` vqpx` 2byq2a´2dpx` iyq.

Define w “ u` iv. We get the local coordinate representation of θ2:

θ2 “ p´Apzqq
2a´1

„

dw `

„

i`

ˆ

1

2
´ bi

˙

w ´

ˆ

1

2
` bi

˙

w̄



dz

Apzq



.

Recall that

θ “ ω1 `

ˆ

´
1

2
` ib

˙

ω2,

θ2 “ ω2 `

«

1
`

1
2
` a

˘

p1` 4b2q
` i

2b
`

1
2
´ a

˘

p1` 4b2q

ff

θ.

Thus in the local holomorphic coordinate system pz, wq, the coframing can be written

as

ω1 “

#

1`

ˆ

´
1

2
` ib

˙

«

1
`

1
2
` a

˘

p1` 4b2q
` i

2b
`

1
2
´ a

˘

p1` 4b2q

ff+

θ ´

ˆ

´
1

2
` ib

˙

θ2

ω2 “ θ2 ´

«

1
`

1
2
` a

˘

p1` 4b2q
` i

2b
`

1
2
´ a

˘

p1` 4b2q

ff

θ.

2.4.5.2 a “ 1
2
, b “ 0

In this case, we can choose pa, bq such that

lim
aÑ 1

2
bÑ0

2b
´

1
2
´ a

¯

p1` 4b2q

“ 0
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Then all the formula in the case a ‰ 1
2

applies to this case a “ 1
2
, b “ 0. The local

coordinate representation of the coframing is

ω1 “

ˆ

1

2
` ib

˙

θ ´

ˆ

´
1

2
` ib

˙

θ2

ω2 “ θ2 ´ θ.

2.4.5.3 a “ 1
2
, b ‰ 0

The structure equation is

dω2 “ ω1 ^ ω̄1 `

ˆ

´
1

2
` ib

˙

ω1 ^ ω2 `

ˆ

´
1

2
` ib

˙

ω2 ^ ω̄1. (2.75)

Substituting θ “ ω1 ` p´
1
2
` ibqω2 into (2.75) yields

dω2 “

”

θ ´
´

´
1

2
` ib

¯

ω2

ı

^

”

θ̄ ´
´

´
1

2
´ ib

¯

ω̄2

ı

`

´1

2
` ib

¯

θ ^ ω2 `

´

´
1

2
` ib

¯

ω2 ^

”

θ̄ ´
´

´
1

2
´ ib

¯

ω̄2

ı

“ θ ^ θ̄ `
´1

2
` ib

¯

θ ^ ω̄2 `

´

´
1

2
` ib

¯

θ ^ ω2.

So xω2, θy is a Frobenius system. Write ω2 “ γ ` iδ. Then

dpγ ` iδq “
´2i

Apzq2
dx^ dy `

i

Apzq
pdx` idyq ^ p´δ ` 2bγq.

Hence

dγ “ ´
1

Apzq
dy ^ p´δ ` 2bγq

dδ “ ´
2

Apzq
dx^ dy `

1

Apzq
dx^ p´δ ` 2bγq .

So xγ, dyy and xδ, dxy are two Frobenius systems. There exist functions p, q, r, s

and u, v such that

γ “ pdu` qdy

δ “ rdv ` sdx.
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From the structure equation,

dγ “ dp^ du` dq ^ dy

“ pxdx^ du` pydy ^ du` pvdv ^ du` qxdx^ dy ` qudu^ dy ` qvdv ^ dy

“ ´
1

Apzq
dy ^ p´rdv ´ sdx` 2bpduq.

So

py ´ qu “
2bp

x` 2by
,

px “ 0,

pv “ 0,

qv “
r

x` 2by
,

qx “
s

x` 2by
.

(2.76)

Since there are ambiguities for choosing p and u, by modifying u we can arrange

p “ 1.

From the structure equation,

dδ “ dr ^ dv ` ds^ dx

“ rxdx^ dv ` rydy ^ dv ` rudu^ dv ` sydy ^ dx` sudu^ dx` svdv ^ dx

“ ´
2

Apzq2
dx^ dy `

1

Apzq
dx^ p´rdv ` 2bpdu` 2bqdyq.
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Then the functions r and s must satisfy

rx ´ sv “ ´
r

´x´ 2by
,

ry “ 0,

ru “ 0,

sy “
2

px` 2byq2
`

2b

x` 2by
q,

su “ ´
2bp

´x´ 2by
.

(2.77)

Since there is ambiguity for choosing r and v, by modifying v we can arrange r “ 1.

Thus (2.76) and (2.77) reduces to

qu “ ´
2b

x` 2by
,

qv “
1

x` 2by
,

qx “
s

x` 2by
,

sv “ ´
1

x` 2by
,

sy “
2

px` 2byq2
`

2b

x` 2by
q,

su “
2b

x` 2by
.

Thus there exist functions C1px, yq and C2px, yq such that

q “
1

Apzq
p2bu´ vq ` C1px, yq

and

s “ ´
1

Apzq
p2bu´ vq ` C2px, yq.
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The functions C1px, yq and C2px, yq satisfy

C1x “
1

x` 2by
C2,

C2y “
2b

x` 2by
C1 `

2

px` 2byq2
.

Choose C2px, yq “ ´C1px, yq such that z is a local holomorphic coordinate. Then

C1x “ ´
1

x` 2by
C1,

C1y “ ´
2b

x` 2by
C1 ´

2

px` 2byq2
.

Then

C1px, yq “ ´
lnpx` 2byq

bpx` 2byq
.

So

ω2 “ γ ` iδ

“ ppdu` qdyq ` iprdv ` sdxq

“ dpu` ivq `

ˆ

1

Apzq
p2bu´ vq ´

lnpx` 2byq

bpx` 2byq

˙

dpy ´ ixq.

Let w “ u` iv. Then

ω2 “ dw ´ i
1

Apzq

„

´

b`
i

2

¯

w `
´

b´
i

2

¯

w̄ `
1

b
lnp´Apzqq



dz.

Recall that

θ “ ω1 `

ˆ

´
1

2
` ib

˙

ω2.

So we can write ω1 as

ω1 “
dz

Apzq
´

ˆ

´
1

2
` ib

˙

ω2.
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2.4.5.4 a “ ´1
2

The structure equation is

dω2 “

´

´
1

2
` 2b2

´ 2ib
¯

ω̄2 ^ ω2 ` ω1 ^ ω̄1 `

´1

2
´ ib

¯

ω1 ^ ω2 `

´

´
3

2
´ ib

¯

ω2 ^ ω̄1

“ θ ^ θ̄ `
´1

2
` ib

¯

θ ^ ω̄2 ´ 2
´1

2
` ib

¯

ω2 ^ θ̄ `
´1

2
´ ib

¯

θ ^ ω2.

Let ω2 “ γ ` iδ be the real and imaginary part decomposition. Then

dγ “
2

Apzq
dx^ γ `

1

Apzq
dy ^ δ `

2b

Apzq
dy ^ γ,

dδ “ ´
2

Apzq2
dx^ dy `

1

Apzq
dx^ δ `

2b

Apzq
dx^ γ `

4b

Apzq
dy ^ δ.

So xγ, dyy and xδ, dxy are two Frobenius systems. So there exist functions p, q, r, s

and u, v such that

γ “ pdu` qdy,

δ “ rdv ` sdx.

From the structure equation,

dγ “ dp^ du` dq ^ dy

“ pxdx^ du` pydy ^ du` pvdv ^ du` qxdx^ dy ` qudu^ dy ` qvdv ^ dy

“
1

Apzq
r2dx^ ppdu` qdyq ` dy ^ prdv ` sdxq ` 2bdy ^ ppdu` qdyqs.
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This yields

py ´ qu “
2bp

Apzq
,

px “
2p

Apzq
,

pv “ 0,

qv “ ´
r

Apzq
,

qx “
2q ´ s

Apzq
.

(2.78)

Since there is ambiguity for choosing p and u, by modifying u we arrange p “ 1
Apzq2

.

From the structure equation,

dδ “ dr ^ dv ` ds^ dx

“ rxdx^ dv ` rydy ^ dv ` rudu^ dv ` sydy ^ dx` sudu^ dx` svdv ^ dx

“ ´
2

Apzq2
dx^ dy

`
1

Apzq
rdx^ prdv ` sdxq ` 2bdx^ ppdu` qdyq ` 4bdy ^ prdv ` sdxqs.

The functions r and s must satisfy

rx ´ sv “
r

Apzq
,

ry “
4br

Apzq
,

ru “ 0,

sy “
2

Apzq2
`
´2bq ` 4bs

Apzq
,

su “ ´
2bp

Apzq
.

(2.79)

Since there is ambiguity for choosing r and v, by modifying v we arrange r “ 1
Apzq2

.
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(2.78) and (2.80) reduce to

qu “ ´
2b

px` 2byq3
,

qv “
1

px` 2byq3
,

qx “
2q ´ s

Apzq
,

sv “ ´
1

px` 2byq3
,

sy “
2

px` 2byq2
`
´2bq ` 4bs

´px` 2byq
,

su “
2b

px` 2byq3
.

Then there are functions C1px, yq and C2px, yq such that

q “
1

Apzq3
p2bu´ vq ` C1px, yq (2.80)

and

s “ ´
1

Apzq3
p2bu´ vq ` C2px, yq. (2.81)

The functions C1px, yq and C2px, yq satisfy

C1x “
C2 ´ 2C1

x` 2by
,

C2y “
2bC1 ´ 4bC2

x` 2by
`

2

px` 2byq2
.

Choose C2px, yq “ ´C1px, yq such that z is a local holomorphic coordinate. Then

C1x “ ´
3

x` 2by
C1,

C1y “ ´
6b

x` 2by
C1 ´

2

px` 2byq2
.
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We can solve C1px, yq

C1px, yq “ ´
2ypx` byq

px` 2byq3
.

By (2.80), we get

q “
1

Apzq3
p2bu´ vq ´ 2

ypx` byq

px` 2byq3
.

By (2.81), we get

s “ ´
1

Apzq3
p2bu´ vq ` 2

ypx` byq

px` 2byq3
.

So

ω2 “ γ ` iδ

“ ppdu` qdyq ` iprdv ` sdxq

“
1

Apzq2
dpu` ivq `

´ 1

Apzq3
p2bu´ vq ´ 2

ypx` byq

px` 2byq3

¯

dpy ´ ixq.

Let w “ u` iv. Then

ω2 “
1

Apzq2
dw´ i

1

Apzq3

”´

b`
i

2

¯

w`
´

b´
i

2

¯

w̄´
i

2
pz ´ z̄qpp1´ ibqz ` p1` ibqz̄q

ı

dz.

Recall that

θ “ ω1 `

ˆ

´
1

2
` ib

˙

ω2,

so we can write ω1 such that

ω1 “
dz

Apzq
´ p´

1

2
` ibqω2

2.4.5.5 Compact case of type C5

From the structure equation,

dpω1 ^ ω̄2 ^ ω2q “ p1´ 2aqp1` 2biqω1 ^ ω̄1 ^ ω2 ^ ω̄2 ‰ 0.
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If a ‰ 1
2
, there is no compact quotient of type C5. In the following analysis, we

assume a “ 1
2
.

Recall that

dθ “
´1

2
` ib

¯

θ̄ ^ θ,

dω2 “ θ ^ θ̄ `

ˆ

1

2
` ib

˙

θ ^ ω̄2 `

ˆ

´
1

2
` ib

˙

θ ^ ω2.

(2.82)

Let θ “ α ` iβ and ω2 “ γ ` iδ be the real and imaginary part decompositions.

By (2.82),

dα “ ´2bα ^ β,

dβ “ α ^ β,

dγ “ β ^ δ ´ 2bβ ^ γ,

dδ “ ´2α ^ β ´ α ^ δ ` 2bα ^ γ.

Let e1, e2, e3, e4 be left-invariant vector fields dual to the left-invariant forms α, β, γ, δ,

respectively. The nontrivial brackets are

re1, e2s “ ´2be1 ` e2 ´ 2e4,

re1, e3s “ 2be4,

re1, e4s “ ´e4,

re2, e3s “ ´2be3,

re2, e4s “ e3.

Make a basis change: ẽ3 “ e3 ` 2be4, ẽ2 “ e2 ´ 2be1. Then

re1, ẽ3s “ 0,

re2, ẽ3s “ 0.
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After dropping the tildes, the nontrivial brackets are

re1, e2s “ e2 ´ 2e4,

re1, e4s “ ´e4,

re2, e4s “ e3.

Define ẽ2 “ e2 ´ e4. Then

re1, ẽ2s “ ẽ2,

re1, e4s “ ´e4,

rẽ2, e4s “ e3.

Then define X1 “ ´e3, X2 “ e4, X3 “ ẽ2, X4 “ e1. The nontrivial brackets are

rX2, X3s “ X1,

rX2, X4s “ X2,

rX3, X4s “ ´X3.

By the classification result of solvmanifolds [Bock (2016)], there exists a co-compact

lattice Γ such that G{Γ is compact and supports a homogeneous complex Engel

structure.

2.4.6 Homogeneous Case C6

In this case, the symmetry groups of the coframing are different for different param-

eters a and b. We will consider the following 2 cases:

1. a “ ´π
2
` 2kπ, k P Z.

In this case, the constants pp1, p2, q1, q2, r1, r2q are p1
2
´ ib, 0, 2bi, 1

2
ibp2b `

iq2, ´bp´2b` iq, ´1
4
bp´2b` iqp2b` iq2q. This is a special case of homogeneous

case C3, with a “ b2. There is no compact quotient that can support a homo-

geneous complex Engel structure unless b “ 0. Under this condition, this is a

special case of case C1.
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2. a ‰ ´π
2
` 2kπ, k P Z.

By the structure equation, we get

dpω̄1 ^ ω2 ^ ω̄2q “ ´2
``

b` 1
2
i
˘

cos a`
`

´1
2
` bi

˘

psin a` 1q
˘

ω1 ^ ω̄1 ^ ω2 ^ ω̄2,

dpω1 ^ ω̄1 ^ ω̄2q “ ´
1
2
p´ sin a` 2b cos a´ 1q

`

4b2
´ 1` 4bi

˘

ω1 ^ ω̄1 ^ ω2 ^ ω̄2.

It is easy to verify that dpω̄1 ^ ω2 ^ ω̄2q “ dpω1 ^ ω̄1 ^ ω̄2q “ 0 if and only if

a “ ´π
2
` 2kπ, k P Z. But this is contradictory to our assumption. Thus the

volume form is exact in this case. By Stokes’ Theorem, there does not exist

compact quotient that supports a homogeneous complex Engel structure.

2.5 Variation of Complex Engel Structures

In this section, we consider the variation of complex Engel structures with fixed

underlying complex structure. We only consider case C1 with a “ 1
2

and b “ 0. In

this case, there exists a compact quotient that can support a homogeneous complex

Engel structure. Recall that the structure equation is

dω1 “ 0 ,

dω2 “ pω1 ´ ω2q ^ ω̄1 ´
1

2
pω1 ` ω̄1q ^ ω2 .

For any smooth complex function f , we want to consider the variation that is

proportional to ω2 ` fω1.

Define g “ f and df “ f1ω1 ` f´1ω´1 ` f2ω2 ` f´2ω´2 and similar expression for

the derivative of g.

Under the open condition 1` 1
2
f ´ f´1 ` gf´2 ‰ 0, define

θ1 “ ω1 ,

θ2 “
1

1` 1
2
f ´ f´1 ` gf´2

pω2 ` fω1q .
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Then

dθ2 ” θ1 ^ θ̄1 mod θ2, θ̄ .

The new Engel structure is defined by xθ2y
K.

Now consider the first order variation of the complex Engel structure. If we

transform f to tf , we only consider the constant and first order term of t in all our

expressions and drop all the higher order terms

dpθ2 ` θ̄2q ”
1

2`B
rpA` 2qω̄1 ´ pĀ` 2qω1s ^ θ2 mod pθ2 ` θ̄2q

” p1
2
´ B

4
qrpA` 2qω̄1 ´ pĀ` 2qω1s ^ θ2 mod pθ2 ` θ̄2q

”

ˆ

1`
A´B

2

˙

ω̄1 ´

ˆ

1`
Ā´B

2

˙

ω1 mod pθ2 ` θ̄2q,

where

A “ f ` g ´ 3f´1 ` 2f´1,´1 ` 2g´2 ` g´1 ´ 2g1 ´ 2g2 ´ 2g1,´1 ` 2

and

B “ f ` g ´ 2pf´1 ` g1q.

Let X “ xe1 ` x̄ē1 ` ye2 ` ȳē2 be the characteristic vector field. Then

y ` xf “ 0,

p1`
A´B

2
qx̄´ p1`

Ā´B

2
qx “ 0.

Only consider the first order term. Then

x “ 1`
A´B

2
,

y “ ´f.

The characteristic vector field is

X “

ˆ

1`
A´B

2

˙

e1 `

ˆ

1`
Ā´B

2

˙

ē1 ´ fe2 ´ f̄ ē2,
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so the first variation of the characteristic vector field is

δX “

ˆ

A´B

2

˙

e1 `

ˆ

Ā´B

2

˙

ē1 ´ fe2 ´ f̄ ē2

By the expression for δX, there exists an injection

0 Ñ C8pMq
δ
ÝÑ χpMq

In local coordinates,

ω1 “ dz,

ω2 “ 2dz ` e´
1
2
z` 1

2
z̄dw.

Write

df “ fzdz ` fz̄dz̄ ` fwdw ` fw̄dw̄

“ f1ω1 ` f2ω2 ` f1̄ω̄1 ` f2̄ω̄2.

Consider a special case fw “ fw̄ “ 0. Then df “ fzω1 ` fz̄ω̄1. Then

A´B “ f̄z̄ ´ fz̄ ` 2pfz̄z̄ ´ f̄zz̄q,

Ā´B “ A´B.

Let γptq “ pzptq, z̄ptq, wptq, w̄ptqq be the integral curve. Then

9zptq “ 1`
1

2
pf̄z̄ ´ fz̄q ` fz̄z̄ ´ f̄zz̄ (2.83)

9wptq “ ´f (2.84)

To be a well-defined function on the compact manifold T 2ˆT 2, the variation function

needs to satisfy the condition

fpz ` k0 ` i2k1πq “ fpzq, @k0, k1 P Z.

So the periodic function f can be expanded into Fourier series of Fourier basis. Take

the following basis

e
1
2
pz´z̄q, eiπpz`z̄q
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and their complex conjugates

e´
1
2
pz´z̄q, e´iπpz`z̄q.

In fact, if we write z “ x` iy, then this basis is equivalent to the following basis

sinx, cosx, sin y, cos y.

First take fpzq “ e
1
2
pz´z̄q, then A´B “ f ` f̄ . Equation (2.83) reduces to

9zptq “ 1`
1

2
pf ` f̄q, (2.85)

9wptq “ ´f. (2.86)

We can solve zptq

zptq “
´

1` cos
z0 ´ z̄0

2i

¯

t` z0

From this expression and (2.85), we get

9wptq “ ´e
1
2
pz0´z̄0q

so

wptq “ ´e
1
2
pz0´z̄0qt` w0

From the period analysis of the integral curve, the curve is closed if and only if

cos
z0 ´ z̄0

2i
and sin

z0 ´ z̄0

2i
P Q

So in this case we have an infinite discrete family of closed integral curves, which is

one-to-one correspondence with the elements of SOp2, Qq.

If we take f “ e´
1
2
pz´z̄q, the calculation is similar.

9zptq “ 1`
1

2
pf ` f̄q,

9wptq “ ´f.
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Thus

zptq “
´

1` cos
z0 ´ z̄0

2i

¯

t` z0,

and

wptq “ ´e´
1
2
pz0´z̄0qt` w0,

Now if we take f “ eiπpz`z̄q,

9zptq “ 1`

ˆ

π2
´

1

2
iπ

˙

f̄ ´

ˆ

π2
`

1

2
iπ

˙

f,

9wptq “ ´f,

then

9xptq “ 1

9yptq “ ´2π2 sin p2πxq ´ π cos p2πxq

Thus, there exist x0 and y0 such that

xptq “ t` x0

yptq “ π cos 2πpt` x0q ´
1

2
sin 2πpt` x0q ´ π cos p2πx0q `

1

2
sin p2πx0q ` y0

Thus

zptq “ t` i pCptq ´ Cp0qq ` z0,

and

wptq “
i

2π
eiπp2t`z0`z̄0q ´

i

2π
eiπpz0`z̄0q ` w0,

where

Cptq “ π cos 2π
´

t`
z0 ` z̄0

2

¯

´
1

2
sin 2π

´

t`
z0 ` z̄0

2

¯

.

From the expression of wptq, the integral curve is never closed on the manifold.
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3

Lagrangian Engel Structures

In this section, we study the geometry of Lagrangian Engel structures. We will

show that, after reduction of the structure group of Lagrangian Engel structures, we

can get an e-structure in generic cases, which implies the existence of a canonical

coframing of Lagrangian Engel structures. Using this canonical e-structure, we will

classify homogeneous and compact Lagrangian Engel structures.

3.1 Geometry of Lagrangian Engel Structures

Recall that

Definition 3.1.1. A Lagrangian Engel structure pM,Ω, Dq is a 4-manifold M en-

dowed with a symplectic form Ω and an Engel 2-plane field D that is Lagrangian for

Ω. If we let I “ DK Ă T ˚M denote the annihilator, then Ω P xIy.

A coframing ω “ pω1, ω2, ω3, ω4q such that the symplectic structure can be written

as

Ω “ ω1 ^ ω3 ` ω2 ^ ω4

while I “ xω1, ω2y and Ip1q “ xω1y will be said to be 0-adapted to pM,Ω, Dq.
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Proposition 3.1.1. The 0-adapted coframings are the sections of a G-structure on

M where G Ă GLp4,Rq is the 6-dimensional subgroup

G “

"„

B11 0
pBT

11q
´1S pBT

11q
´1


ˇ

ˇ

ˇ

ˇ

B11 “

„

b11 0
b21 b22



and S P R2ˆ2, S “ ST
*

(3.1)

Proof. Assume pω̃1, ω̃2, ω̃3, ω̃4q is a new coframing and the Engel structure in the new

coframing is I “ xω̃1, ω̃2y and Ip1q “ xω̃1y. According to the definition of a coframing

on a manifold, there exists a matrix

B “

„

B11 B12

B21 B22



such that
»

—

—

–

ω̃1

ω̃2

ω̃3

ω̃4

fi

ffi

ffi

fl

“ B

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

,

where B11, B12, B21, B22 are 2ˆ 2 matrices. Since I “ xω̃1, ω̃2y “ xω1, ω2y , the block

B12 “ 0.

Let

J “

„

0 I2

´I2 0



,

where I2 is the identity matrix of dimension 2. To keep the symplectic structure

invariant under the transformation, the matrices Bij satisfy

„

B11 0
B21 B22

T

J

„

B11 0
B21 B22



“ J.

Thus

BT
11B21 “ BT

21B11 ,

BT
11B22 “ I2 . (3.2)
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Define S “ BT
11B21. Then from (3.2), S “ ST . The element of the structure group

can be written as

B “

„

B11 0
pBT

11q
´1S pBT

11q
´1



.

Since Ip1q “ xω1y “ xω̃1y, B11 must be of the form

„

b11 0
b21 b22



, where b11, b21, b22

can be any functions.

Therefore, the structure group is of the form (3.1).

A Lagrangian Engel structure defines a G-structure, where G is defined by (3.1).

We will prove that after reduction of the structure group, the manifold with a La-

grangian Engel structure belongs to at least one of the following categories:

1. the manifold is not compact

2. there exists a canonical coframing for the Lagrangian Engel structure on the

manifold

Suppose I “ xω1, ω2y, I
p1q “ xω1y and IK is an Engel structure, then

dω1 ı 0 mod ω1 ,

dω1 ” 0 mod ω1, ω2 ,

dω2 ı 0 mod ω1, ω2 . (3.3)

By (3.3), there exists a function A ‰ 0 such that

dω2 ” Aω3 ^ ω4 mod ω1, ω2

We can arrange A “ 1 by dividing ω2 by A. Such coframings will be said to be

1-adapted. They are the sections of a G1-structure, where G1 Ă G is defined by

b11b
2
22 “ 1 . (3.4)
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Now B11 is of the form

„

b´2
22 0
b21 b22



and B´1
11 “

„

b2
22 0

´b22b21 b´1
22



. After this ar-

rangement,

dω2 ” ω3 ^ ω4 mod ω1, ω2 . (3.5)

By (3.3), there exist functions p3 and p4 such that

dω1 ” pp3ω3 ` p4ω4q ^ ω2 mod ω1 (3.6)

and at least one of p3 and p4 is nonzero. Since we will mainly focus on the classifi-

cation of homogeneous Lagrangian Engel structures, we will study the cases where

either p3 ” 0 or p3 never vanishes.

Recall that the symplectic structure is Ω “ ω1 ^ ω3 ` ω2 ^ ω4. By (3.6),

ω1 ^ dω1 ^ ω4 “
p3

2
Ω^ Ω . (3.7)

If the coframing is changed under the structure group G1, the function p3 is changed

to b´5
22 p3. Thus p3 is well-defined up to scaling by b´5

22 . By (3.6), the Cartan system is

Cpxω1yq “ xω1, ω2, pp3ω3 ` p4ω4qy and the symplectic complement of xω1y is xω1y
K “

xω1, ω2, ω4y. Generally, Cpxω1yq ‰ xω1y
K. If Cpxω1yq ‰ xω1y

K, this type of Lagrangian

Engel structures is said to be generic. If Cpxω1yq “ xω1y
K, this type of Lagrangian

Engel structures is said to be non-generic.

3.1.1 Geometry of Lagrangian Engel Structures in Generic Case

In the generic case, we have the following theorem:

Theorem 3.1.2 (Lagrangian Engel Structures in Generic Case). Given a symplectic

manifold pM,Ω, Iq with a symplectic structure Ω and an Engel structure D “ IK. On

the domain where p3 ‰ 0 in equation (3.7), there exists a unique 0-adapted coframing

ω “ pω1, ω2, ω3, ω4q satisfying

dω1 “ ω3 ^ ω2 ` paω3 ` bω4q ^ ω1 ,

dω2 “ pcω2 ` eω3 ` fω4q ^ ω1 ` ω3 ^ ω4 ,
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where a, b, c, e, f are functions on M .

Proof. Under the transformation of the structure group, the structure equation is

transformed to

dω1 ”
`

p3b
5
22ω3 ` b

2
22p´p3b

2
22b21 ` p4qω4

˘

^ ω2 mod ω1 . (3.8)

By scaling ω1 via b5
22, we can arrange p3 “ 1. This fixes b22 “ 1. By adding a multiple

of ω4 to ω3, we can arrange p4 “ 0. This fixes b21 “ 0. The structure equation is

dω1 ” ω3 ^ ω2 mod ω1 . (3.9)

The element of the structure group reduces to the following form

»

—

—

–

1 0 0 0
0 1 0 0
S11 S12 1 0
S12 S22 0 1

fi

ffi

ffi

fl

.

Recall that dω2 ” ω3 ^ ω4 mod ω1, ω2. Thus there exist functions v3 and v4 such

that

dω2 ” pv3ω3 ` v4ω4q ^ ω2 ` ω3 ^ ω4 mod ω1. (3.10)

By adding a multiple of ω2 to ω3, we can arrange v4 “ 0. This fixes S12 “ 0. By

adding a multiple of ω2 to ω4, we can arrange v3 “ 0. This fixes S22 “ 0. Thus

dω2 ” ω3 ^ ω4 mod ω1. (3.11)

From equation (3.9), there exist functions u2, u3, u4 such that

dω1 “ ω3 ^ ω2 ` pu2ω2 ` u3ω3 ` u4ω4q ^ ω1 . (3.12)

By adding a multiple of ω1 to ω3, we can arrange u2 “ 0. This yields S11 “ 0. Now

the structure group of the coframing contains only the identity element. We get an
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e-structure. The structure equation is

dω1 “ ω3 ^ ω2 ` pu3ω3 ` u4ω4q ^ ω1 ,

dω2 ” ω3 ^ ω4 mod ω1 .
(3.13)

By a Theorem of Kobayashi [Kobayashi (1954)],

Corollary 3.1.3. In generic case, the symmetry group of a Lagrangian Engel struc-

ture acts freely on the underlying connected manifold.

3.1.2 Geometry of Lagrangian Engel Structures in Non-Generic Case

Now we will study the geometry of Lagrangian Engel structures in non-generic case.

Since p3 ” 0 and at least one of p3 and p4 is nonzero, then p4 never vanishes. We

can arrange p4 “ ˘1 via dividing ω1 by |p4|. Then the entry b22 is fixed to be ˘1.

From the expression of the symplectic structure, there is a transformation

ω2 Ñ ´ω2, ω4 Ñ ´ω4 .

that fixes the symplectic structure and Engel structure. We can fix b22 “ 1 by this

transformation.

Now

dω1 ” ˘ω4 ^ ω2 mod ω1 . (3.14)

ω1 is uniquely defined by equation (3.14).

By (3.14), there exist functions A2, A3 and A4 such that

dω1 “ ˘ω4 ^ ω2 ` pA2ω2 ` A3ω3 ` A4ω4q ^ ω1 . (3.15)

Under a change of adapted coframing, a new coframing ω̃ satisfies

dω̃1 “ ˘ω̃4 ^ ω̃2 ` A3ω̃3 ^ ω̃1 ` p˘b21 ´ b21A3 ` A4qω̃4 ^ ω̃1

` p¯S12 ˘ b21S22 ` A2 ` A3pS12 ´ b21S22q ` A4S22q ω̃2 ^ ω̃1 .
(3.16)
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By comparing (3.15) and (3.16), A3 is an invariant of Lagrangian Engel structures

in the case p3 ” 0. And note that by (3.15),

dω1 ^ ω2 ^ ω4 “ ´
A3

2
Ω^ Ω . (3.17)

If A3 ” ˘1, (3.16) is equivalent to

dω̃1 “ ˘ω̃4 ^ ω̃2 ˘ ω̃3 ^ ω̃1 ` A4ω̃4 ^ ω̃1 ` pA2 ` A4S22q ω̃2 ^ ω̃1 . (3.18)

Thus by comparing (3.15) and (3.18), A4 is an invariant of Lagrangian Engel struc-

tures.

Based on the invariants A3 and A4 in (3.15), we will prove the following theorem:

Theorem 3.1.4 (Lagrangian Engel Structures in Non-Generic Case).

1. On the domain where pA3 ” 0q or pA3 ‰ ˘1 and A3 ‰ 0q in (3.17), we get an

e-structure that whose defining conditions are

dω1 “ ˘ω4 ^ ω2 ` A3ω3 ^ ω1 ,

dω2 “ paω1 ` bω4q ^ ω2 ` cω3 ^ ω1 ` ω3 ^ ω4 ,

where a, b, c are functions on M .

2. On the domain where A3 ” ˘1 in equation (3.17), there are two cases depending

on whether A4 is 0:

(a) On the domain where A4 ” 0, the structure equation is

dω1 “ ˘ω4 ^ ω2 ˘ ω3 ^ ω1 ` A2 ω2 ^ ω1 ,

dω2 ” ω3 ^ ω4 mod ω1 .
(3.19)

(b) On the domain where A4 ‰ 0, the structure equation is

dω1 “ ˘ω4 ^ ω2 ˘ ω3 ^ ω1 ` A4 ω4 ^ ω1 ,

dω2 ” q3ω3 ^ ω2 ` ω3 ^ ω4 . mod ω1

(3.20)
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Proof. We consider the following 3 sub-cases:

1. A3 ” 0

2. A3 ” ˘1

3. A3 ‰ 0 and A3 ‰ ˘1

3.1.2.1 case A3 ” 0

If A3 ” 0, (3.16) is equivalent to

dω̃1 “ ˘ω̃4^ω̃2`p˘b21`A4qω̃4^ω̃1`p¯S12 ˘ b21S22 ` A2 ` A4S22q ω̃2^ω̃1 . (3.21)

From the second term of (3.21), by adding a multiple of ω1 into ω2, we can arrange

A4 “ 0. This yields b21 “ 0. Now

B11 “

„

1 0
0 1



“ I2 .

Equation (3.21) is equivalent to

dω̃1 “ ˘ω̃4 ^ ω̃2 ` p¯S12 ` A2q ω̃2 ^ ω̃1 . (3.22)

From the second term of the right side of the above equation, by adding a multiple

of ω1 into ω4, we can arrange A2 “ 0. This yields S12 “ 0. Thus

dω1 “ ˘ω4 ^ ω2 . (3.23)

And

B “

»

—

—

–

1 0 0 0
0 1 0 0
S11 0 1 0
0 S22 0 1

fi

ffi

ffi

fl

.

By (3.5), there exist functions q3 and q4 such that

dω2 ” pq3ω3 ` q4ω4q ^ ω1 ` ω3 ^ ω4 mod ω2 .
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By adding a multiple of ω1 into ω3, we can arrange q4 “ 0. This yields S11 “ 0. Thus

dω2 ” q3ω3 ^ ω1 ` ω3 ^ ω4 mod ω2 . (3.24)

There exist functions r1, r3 and r4 such that

dω2 “ pr1ω1 ` r3ω3 ` r4ω4q ^ ω2 ` q3ω3 ^ ω1 ` ω3 ^ ω4 . (3.25)

By adding a multiple of ω2 into ω4, we can arrange r3 “ 0. This yields S22 “ 0.

Now the structure group contains only the identity element, i.e., we have found

an e-structure. In this case, the structure equation is

dω1 “ ˘ω4 ^ ω2 ,

dω2 “ pr1ω1 ` r4ω4q ^ ω2 ` q3ω3 ^ ω1 ` ω3 ^ ω4 .
(3.26)

3.1.2.2 case A3 ” ˘1

(3.16) is equivalent to

dω̃1 “ ˘ω̃4 ^ ω̃2 ˘ ω̃3 ^ ω̃1 ` A4ω̃4 ^ ω̃1 ` pA2 ` A4S22q ω̃2 ^ ω̃1, (3.27)

where A4 is an invariant of Lagrangian Engel structures in the case A3 ” ˘1.

We will consider the following 2 sub-cases:

1. A4 ” 0

2. A4 ‰ 0

3.1.2.2.1 case : A4 ” 0

dω1 “ ˘ω4 ^ ω2 ˘ ω3 ^ ω1 ` A2ω2 ^ ω1 . (3.28)

Now A2 is an invariant of Lagrangian Engel structures in this case. And

B “

»

—

—

–

1 0 0 0
b21 1 0 0

S11 ´ b21S12 S12 ´ b21S22 1 ´b21

S12 S22 0 1

fi

ffi

ffi

fl
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By (3.5), there exist functions q3 and q4 such that

dω2 ” pq3ω3 ` q4ω4q ^ ω2 ` ω3 ^ ω4 mod ω1 .

By adding a multiple of ω2 to ω4, we can arrange q3 “ 0. This yields S22 “ 0.

By adding a multiple of ω2 to ω3, we can arrange q4 “ 0. This yields S12 ˘ b21 “ 0.

And

dω2 ” ω3 ^ ω4 mod ω1 . (3.29)

There exist functions r2, r3 and r4 such that

dω2 “ pr2ω2 ` r3ω3 ` r4ω4q ^ ω1 ` ω3 ^ ω4 .

The elements of the structure group are of the form

B “

»

—

—

–

1 0 0 0
b21 1 0 0

S11 ˘ b
2
21 ¯b21 1 ´b21

¯b21 0 0 1

fi

ffi

ffi

fl

.

In this case, the structure group does not reduce to the trivial group. The structure

group can be further reduced by considering the derivative of ω3 and ω4.

Now ω1 is uniquely defined by (3.28) and ω2 is uniquely defined up to an addition

of a multiple of ω1 by (3.29). Thus ω1 ^ ω2 is uniquely defined by (3.28) and (3.29).

Therefore,

ω1 ^ ω2 ^ dω2 “ ω1 ^ ω2 ^ ω3 ^ ω4 (3.30)

is uniquely defined.

3.1.2.2.2 case : A4 ‰ 0

By (3.27), after adding a multiple of ω2 into ω4, we can arrange A2 “ 0. This yields

S22 “ 0. And

dω1 “ ˘ω4 ^ ω2 ˘ ω3 ^ ω1 ` A4ω4 ^ ω1 . (3.31)
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By (3.5), there exist functions q3 and q4 such that

dω2 ” pq3ω3 ` q4ω4q ^ ω2 ` ω3 ^ ω4 mod ω1 .

From this structure equation, q3 is an invariant. By adding a multiple of ω2 and ω4

to ω3, we can arrange q4 “ 0. This yields S12 ` b21q3 ˘ b21 “ 0.

dω2 ” q3ω3 ^ ω2 ` ω3 ^ ω4 mod ω1 . (3.32)

Now ω1 is uniquely defined by (3.31) and ω2 is uniquely defined up to an addition

of a multiple of ω1 by (3.32). Thus ω1 ^ ω2 is uniquely defined by (3.31) and (3.32).

Therefore,

ω1 ^ ω2 ^ dω2 “ ω1 ^ ω2 ^ ω3 ^ ω4 (3.33)

is uniquely defined.

3.1.2.3 case A3 ‰ ˘1 and A3 ‰ 0

By (3.16), after adding a multiple of ω4 to ω3, we can arrange A4 “ 0. This yields

b21 “ 0. Then

dω1 “ ˘ω4 ^ ω2 ` A3ω3 ^ ω1 ` p¯S12 ` A2 ` A3S12qω2 ^ ω1. (3.34)

By adding a multiple of ω2 to ω3, we can arrange A2 “ 0. This yields S12 “ 0. Then

dω1 “ ˘ω4 ^ ω2 ` A3ω3 ^ ω1. (3.35)

By (3.5), there exist functions q3 and q4 such that

dω2 ” pq3ω3 ` q4ω4q ^ ω1 ` ω3 ^ ω4 mod ω2.

By adding a multiple of ω1 to ω3, we can arrange q4 “ 0. This yields S11 “ 0. Thus

dω2 ” q3ω3 ^ ω1 ` ω3 ^ ω4 mod ω2. (3.36)
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There exist functions r1, r3 and r4 such that

dω2 “ pr1ω1 ` r3ω3 ` r4ω4q ^ ω2 ` q3ω3 ^ ω1 ` ω3 ^ ω4. (3.37)

By adding a multiple of ω2 to ω4, we can arrange r3 “ 0. This yields S22 “ 0.

Now the structure group contains only the identity element, i.e., we have found

an e-structure. In this case, the structure equation is

dω1 “ ˘ω4 ^ ω2 ` A3ω3 ^ ω1 ,

dω2 “ pr1ω1 ` r4ω4q ^ ω2 ` q3ω3 ^ ω1 ` ω3 ^ ω4 .
(3.38)

3.2 Classification of Homogeneous Lagrangian Engel Structures

In this section, we derive the structure equation of homogeneous Lagrangian Engel

structures via equivalence method [Gardner (1989)].

Theorem 3.2.1 (Classification of Homogeneous Lagrangian Engel Structures). There

are at most 6 distinct families of homogeneous Lagrangian Engel structures that can

have compact quotient manifolds. These 6 families are listed as follows:

1. Case 1:

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3 ` aω1 ^ ω3

ω3 ^ ω4

0
bω2 ^ ω3

fi

ffi

ffi

fl

2. Case 2:

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3 ` aω1 ^ ω3 ` bω1 ^ ω4

bω1 ^ ω3 ` ω3 ^ ω4 ` bω2 ^ ω4

0
0

fi

ffi

ffi

fl
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3. Case 3:

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3 ` aω1 ^ ω3 ´
1
4
a2ω1 ^ ω4

´1
4
a2ω1 ^ ω3 ` ω3 ^ ω4 ´

1
4
a2ω2 ^ ω4

1
2
a2bpω1 ^ ω3 ´ ω2 ^ ω4q ` abω2 ^ ω3 ´

1
4
a3bω1 ^ ω4

abpω1 ^ ω3 ´ ω2 ^ ω4q ` 2bω2 ^ ω3 ´
1
2
a2bω1 ^ ω4

fi

ffi

ffi

fl

4. Case 4:

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3 ` bω1 ^ ω3 ` aω1 ^ ω4

pa2 ` ab2

4
qω1 ^ ω2 ` aω1 ^ ω3 ` ω3 ^ ω4 ` aω2ω4

p2a3 ` 1
2
a2b2qω12 `

ab2

2
ω13 ` bω23 ` a

2bω14 ` 2a2ω24

abp´a´ 1
4
qω12 ` abω13 ` pa´

1
4
qω23 ` pa

2 ´ ab2

4
qω14 ´ abω24

fi

ffi

ffi

fl

5. Case 5:

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω1 ^ ω3 ` ω2 ^ ω4

aω1 ^ ω2 ` ω3 ^ ω4

apω1 ^ ω3 ` ω2 ^ ω4q

´aω1 ^ ω2 ´ ω3 ^ ω4

fi

ffi

ffi

fl

6. Case 6:

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω1 ^ ω3 ` ω2 ^ ω4

ω3 ^ ω4

0
aω2 ^ ω3 ´ ω3 ^ ω4

fi

ffi

ffi

fl

where a and b are constants.

Proof. Since the structure group of Lagrangian Engel structures is of the form (3.1),

there exists Lie algebra-valued differential form

π “

»

—

—

–

π1 0 0 0
π2 π3 0 0
π4 π5 ´π1 ´π2

π5 π6 0 ´π3

fi

ffi

ffi

fl

“ pπijq

such that the structure equation can be written as

dωi “
ÿ

πij ^ ωj `
1

2

ÿ

γijkωj ^ ωk , (3.39)
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where γijk are torsion terms. By (3.3), there exist functions a0, a3, a4 such that

d

„

ω1

ω2



“ ´

„

π1 0 0 0
π2 π3 0 0



»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

`

„

ω2 ^ pa3ω3 ` a4ω4q

a0ω3 ^ ω4



and at least one of a3 and a4 is nonzero and a0 ‰ 0.

By modifying the Lie algebra valued 1-forms π4, π5, π6 and absorption of torsions,

there exist functions S1 and S2 and 1-form τ such that

d

„

ω3

ω4



“ ´

„

π4 π5 ´π1 ´π2

π5 π6 0 ´π3



»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

`

„

S1ω3 ^ ω4 ` τ ^ ω2

S2ω3 ^ ω4 ´ τ ^ ω1



,

where τ “ t3ω3 ` t4ω4 for some functions t3 and t4 . Thus after this absorption of

torsions, we get 0-adapted coframing such that

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“ ´

»

—

—

–

π1 0 0 0
π2 π3 0 0
π4 π5 ´π1 ´π2

π5 π6 0 ´π3

fi

ffi

ffi

fl

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

`

»

—

—

–

ω2 ^ pa3ω3 ` a4ω4q

a0ω3 ^ ω4

S1ω3 ^ ω4 ` τ ^ ω2

S2ω3 ^ ω4 ´ τ ^ ω1

fi

ffi

ffi

fl

. (3.40)

Since Ω is a symplectic form, dΩ “ 0. By (3.40) and dΩ “ 0, we get S2 “

´a4, S1 “ 0, t3 “ 0, t4 “ 0. Now (3.40) is transformed into

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“ ´

»

—

—

–

π1 0 0 0
π2 π3 0 0
π4 π5 ´π1 ´π2

π5 π6 0 ´π3

fi

ffi

ffi

fl

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

`

»

—

—

–

ω2 ^ pa3ω3 ` a4ω4q

a0ω3 ^ ω4

0
´a4ω3 ^ ω4

fi

ffi

ffi

fl

. (3.41)

Now we calculate the reduction of the group using the equivalence method. Calculate

d2ω1 “ 0 by (3.41)

da4 ` a3π2 ` a4π1 ” 0 mod ω1, ω2, ω3, ω4 ,

da3 ` a3p2π1 ´ π3q ” 0 mod ω1, ω2, ω3, ω4 . (3.42)

Since at least one of a3 and a4 is nonzero, there are two cases: a3 ‰ 0 or a3 “ 0.
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3.2.1 case a3 ‰ 0

We can scale a3 “ 1 and translate a4 “ 0. Then from (3.42)

π2 ” 0 mod ω1, ω2, ω3, ω4 ,

2π1 ´ π3 ” 0 mod ω1, ω2, ω3, ω4 (3.43)

This means π2, 2π1 ´ π3 are basic.

Calculating d2ω2 “ 0 from (3.41) yields

da0 ` a0pπ1 ` 2π3q ” 0 mod ω1, ω2, ω3, ω4 .

Since a0 ‰ 0, we can scale a0 “ 1. Then

π1 ` 2π3 ” 0 mod ω1, ω2, ω3, ω4 . (3.44)

Thus from (3.43) and (3.44), we have

π1 ” π2 ” π3 ” 0 mod ω1, ω2, ω3, ω4 .

Define πi “
ř4
j“1 aijωj, where i “ 1, 2, 3. Calculate d2ω4 “ 0 from (3.41), then

da33 ` π6 ” 0 mod ω1, ω2, ω3, ω4 .

We can translate a33 “ 0. Then

π6 ” 0 mod ω1, ω2, ω3, ω4 .

Calculate d2ω3 “ 0 from (3.41), then

dpa23 ´ a14q ` π5 ” 0 mod ω1, ω2, ω3, ω4 .

We can translate a23 ´ a14 “ 0. Then

π5 ” 0 mod ω1, ω2, ω3, ω4 .
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Calculate d2ω1 “ 0 from (3.41), then

a34 “ a14

and

da12 ` π4 ” 0 mod ω1, ω2, ω3, ω4 .

We can translate a12 “ 0. Then

π4 ” 0 mod ω1, ω2, ω3, ω4 .

Thus

π4 ” π5 ” π6 ” 0 mod ω1, ω2, ω3, ω4 .

Now we get a canonical coframing and the G-structure is reduced to an e-

structure. The structure equation is

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

0 a13 a14 1 0 0
a22 ´ a31 a14 a24 0 a14 1
a42 ´ a51 a11 ` a43 a44 ` a21 a53 a54 ` a22 0
a52 ´ a61 a53 a54 ` a31 a63 a64 ` a32 0

fi

ffi

ffi

fl

»

—

—

—

—

—

—

–

ω1 ^ ω2

ω1 ^ ω3

ω1 ^ ω4

ω2 ^ ω3

ω2 ^ ω4

ω3 ^ ω4

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

(3.45)

where the nonzero terms of the right side of (3.45) represent intrinsic torsion of

Lagrangian Engel structures. The coefficients of torsion terms are functional invari-

ants of Lagrangian Engel structures. We have finished the analysis of the structure

equation for the case a3 ‰ 0.

3.2.2 case a3 “ 0

We can scale a4 “ 1. Thus

π1 ” 0 mod ω1, ω2, ω3, ω4 .
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Calculate d2ω2 “ 0 from equation (3.41), then

da0 ` 2a0π3 ” 0 mod ω1, ω2, ω3, ω4 .

Since a0 ‰ 0, we can scale a0 “ 1. Then

π3 ” 0 mod ω1, ω2, ω3, ω4 .

Calculate d2ω4 “ 0 from (3.41), then

da33 ` π6 ” 0 mod ω1, ω2, ω3, ω4 .

We can translate a33 “ 0. Then

π6 ” 0 mod ω1, ω2, ω3, ω4 .

Also from d2ω4 “ 0,

dpa32 ` a64q ` 2π5 ` a63π2 ” 0 mod ω1, ω2, ω3, ω4 .

We can translate a32 ` a64 “ 0. Then

2π5 ` a63π2 ” 0 mod ω1, ω2, ω3, ω4 .

Calculate d2ω2 “ 0 from (3.41), then

da34 ´ π5 ` π2 ” 0 mod ω1, ω2, ω3, ω4 .

There are 2 cases: a63 ‰ ´2 or a63 ” ´2.

1. case 1. a63 ‰ ´2 We can translate a34 “ 0. Then

π5 ” π2 ” 0 mod ω1, ω2, ω3, ω4 .
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2. case 2. a63 “ ´2

From d2ω1 “ 0,

da14 ` pa13 ´ 1qπ2 ” 0 mod ω1, ω2, ω3, ω4

and

da12 ` p´a13 ` 1qπ5 ” 0 mod ω1, ω2, ω3, ω4 .

In summary, as long as a13 ‰ 1 or a63 ‰ ´2,

π5 ” π2 ” 0 mod ω1, ω2, ω3, ω4 .

3.2.2.1 a13 ‰ 1 or a63 ‰ ´2

From d2ω2 “ 0,

da24 ´ π4 ” 0 mod ω1, ω2, ω3, ω4 .

We can translate a24 “ 0. Then

π4 ” 0 mod ω1, ω2, ω3, ω4 .

So

π1 ” π2 ” π3 ” π4 ” π5 ” π6 ” 0 mod ω1, ω2, ω3, ω4 .

Now we get an e-structure and a canonical coframing. In this case there are 2

different families of structure equations.

3.2.2.2 a13 “ 1 and a63 “ ´2

In this case, we know that

π1 ” π3 ” π6 ” π2 ´ π5 ” 0 mod ω1, ω2, ω3, ω4 .

From d2ω1 “ 0,

da12 ” 0 mod ω1, ω2, ω3, ω4
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and

da14 ” 0 mod ω1, ω2, ω3, ω4 .

I do not intend to finish the calculation of all invariants of Lagrangian Engel

structures of this case. Since the goal is to classify compact quotients that support

homogeneous Lagrangian Engel structures, I will prove that no compact quotients

can support a homogeneous Lagrangian Engel structure of this case.

From the structure equation,

dpω1 ^ ω2 ^ ω4q “ ´2 ω1 ^ ω2 ^ ω3 ^ ω4 .

By Stokes’s Theorem, there is no compact quotient that supports a homogeneous

Lagrangian Engel structure when a13 “ 1 and a63 “ ´2. In the following classifica-

tion of compact homogeneous Lagrangian Engel structures, we will not consider this

case any more.

Now we will classify homogeneous Lagrangian Engel structures. Assume all the

coefficients in the structure equations are constants. By taking exterior derivative of

the structure equation and setting all coefficients to zero, we can get quadratic equa-

tions of the constants. Via MAPLE, we can solve all the equations. The structure

equations of homogeneous Lagrangian Engel structures are listed in the statement

of the theorem.

For the case that a13 “ 1 and a63 “ ´2, it remains to determine whether there

exist homogeneous Lagrangian Engel structures.

3.3 Classification of Compact Homogeneous Lagrangian Engel Struc-
tures

Theorem 3.3.1 (Classification of Compact Homogeneous Lagrangian Engel Struc-

tures). There is only a 1-parameter family of compact homogeneous Lagrangian Engel
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structures. There exists a canonical coframing pω1, ω2, ω3, ω4q such that

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3

ω3 ^ ω4

0
bω2 ^ ω3

fi

ffi

ffi

fl

where b P R is a constant.

Proof. We will prove this theorem by analyzing each homogeneous case in Theorem

3.2.1 and determining whether there exists a compact quotient that can support the

corresponding homogeneous Lagrangian Engel structure of one particular case.

3.3.1 Analysis of Case 1

The structure equation is

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3 ` aω1 ^ ω3

ω3 ^ ω4

0
bω2 ^ ω3

fi

ffi

ffi

fl

(3.46)

where a and b are constants. From the structure equation (3.46),

dpω1 ^ ω2 ^ ω4q “ ´a ω1 ^ ω2 ^ ω3 ^ ω4 .

Thus if a ‰ 0, there is no compact quotient that can support a homogeneous La-

grangian Engel structure of case 1.

In the following, we only consider a “ 0. Since dω3 “ 0 and dpω4 ´ bω1q “ 0,

there exist functions x and y such that

ω3 “ dy,

ω4 ´ bω1 “ dx.

Define ω̃2 “ ω2 ` xdy. Then

d

„

ω1

ω̃2



“

„

ω̃2 ^ dy
b dy ^ ω1



. (3.47)
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Proposition 3.3.2. If a “ 0, there exists a compact quotient that supports a homo-

geneous Lagrangian Engel structure of Case1 for any b.

We prove this proposition by considering different values for b.

3.3.1.1 b “ 0

d

„

ω1

ω2



“

„

ω2 ^ dy
dy ^ dx



.

Thus there exist functions u and v such that

ω1 “ udy ` dv ,

ω2 “ ´xdy ` du .

Since

ω1 ^ ω2 ^ ω3 ^ ω4 “ dv ^ du^ dy ^ dx ,

so x, y, u, v can be a local coordinate system for the homogeneous manifold.

Let

ω “

»

—

—

–

0 ω3 ´ω2 2ω1

0 0 ω4 ω2

0 0 0 ω3

0 0 0 0

fi

ffi

ffi

fl

(3.48)

be a matrix-valued 1-form. Then from (3.46), we have

dω “ ´ω ^ ω (3.49)

Thus ω is a left-invariant form of a Lie group G. The connected and simply-connected

Lie group corresponding to the left-invariant form in (3.49) is isomorphic to

G “

$

’

’

&

’

’

%

»

—

—

–

1 f fe´ c d
0 1 2e fe` c
0 0 1 f
0 0 0 1

fi

ffi

ffi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

where f, e, c, d P R

,

/

/

.

/

/

-

(3.50)

Note G is a nilpotent Lie group. In [Raghunathan (1972)], there is a theorem:
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Theorem 3.3.3. A simply-connected nilpotent Lie group G admits a lattice if and

only if there exists a basis pX1, X2, ¨ ¨ ¨ , Xnq of the Lie algebra g of G such that the

structure constants Ck
ij arising in the brackets

rXi, Xjs “
ÿ

k

Ck
ijXk (3.51)

are rational numbers.

By the structure (3.49) and Theorem 3.3.3, there exists a co-compact lattice for

the group G, and thus there exists a compact quotient that can support a homoge-

neous Lagrangian Engel structure. We will find an explicit co-compact lattice in this

case. Take a discrete subgroup of Lie group G

Γ “

$

’

’

&

’

’

%

»

—

—

–

1 f fe´ c d
0 1 2e fe` c
0 0 1 f
0 0 0 1

fi

ffi

ffi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

where c, d, e, f P Z

,

/

/

.

/

/

-

. (3.52)

It is easy to verify that Γ is a subgroup of G and that M “ G{Γ is compact. So

if b “ 0, there exists a compact quotient, that supports a homogeneous Lagrangian

Engel structure.

3.3.1.2 b ă 0

Set b “ ´β2, where β ą 0. Then by (3.47), we get

dpβω1 ` ω̃2q “ βpβω1 ` ω̃2q ^ dy

and

dp´βω1 ` ω̃2q “ ´βp´βω1 ` ω̃2q ^ dy .

So there exist functions u and v such that βω1`ω̃2 “ e´βydu and ´βω1`ω̃2 “ eβydv.

Thus

ω̃2 “
e´βydu` eβydv

2
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and

ω1 “
e´βydu´ eβydv

2β
.

Now we take a new coframing. After scaling ω4 Ñ βω4, ω3 Ñ
1
β
ω3 and ω1 Ñ

1
β
ω1,

then the structure equation is transformed to

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3

ω3 ^ ω4

0
´ω2 ^ ω3

fi

ffi

ffi

fl

. (3.53)

Define ω0 “ ω1 ` ω4, ω̃2 “ ω2 ` ω4 and ω̃4 “ ω2 ´ ω4. Then pω0, ω̃2, ω3, ω̃4q is a new

coframing. In this new coframing, after dropping tildes, the structure equation is

d

»

—

—

–

ω0

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

0
ω3 ^ ω2

0
´ω3 ^ ω4

fi

ffi

ffi

fl

. (3.54)

Let

ω “

»

—

—

–

ω0 0 0 0
0 ´ω3 0 ω2

0 0 ω3 ω4

0 0 0 0

fi

ffi

ffi

fl

. (3.55)

be a matrix-valued 1-form. Then from (3.54)

dω “ ´ω ^ ω. (3.56)

Thus ω is a Maurer-Cartan form of a Lie group G. The connected and simply-

connected Lie group corresponding to the Maurer-Cartan form in (3.55) is isomorphic

to

G “

$

’

’

&

’

’

%

»

—

—

–

c 0 0 0
0 t´1 0 r
0 0 t s
0 0 0 1

fi

ffi

ffi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

where r, s P R and c ą 0 and t ą 0

,

/

/

.

/

/

-

. (3.57)
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Theorem 3.3.4. There exists a co-compact lattice of G.

Proof. Let pX1, X2, X3, X4q be the left-invariant vectors dual to the left-invariant

1-forms pω1, ω3,´ω2, ω0q, respectively. Then the nontrivial brackets are

rX1, X3s “ X1 ,

rX2, X3s “ ´X2 .

By the classification results of [Bock (2016)], there exists a co-compact lattice.

We will give an explicit way to construct a lattice. Consider a subgroup H Ă G,

where

H “

$

&

%

»

–

t´1 0 r
0 t s
0 0 1

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

where r, s P R and t ą 0

,

.

-

(3.58)

and the inclusion map of H to G is

»

–

t´1 0 r
0 t s
0 0 1

fi

fl ÝÑ

»

—

—

–

1 0 0 0
0 t´1 0 r
0 0 t s
0 0 0 1

fi

ffi

ffi

fl

. (3.59)

Then G – RˆH as a group. Let N Ă H be the subgroup

N “

$

&

%

»

–

1 0 r
0 1 s
0 0 1

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

where r, s P R

,

.

-

. (3.60)

Lemma 3.3.5. N is a normal subgroup of H.

Proof. Let h “

»

–

t´1 0 x
0 t y
0 0 1

fi

fl and n “

»

–

1 0 r
0 1 s
0 0 1

fi

fl be any elements of H and N ,

respectively. Then

h´1nh “

»

–

1 0 t ¨ r
0 1 t´1 ¨ s
0 0 1

fi

fl P N. (3.61)

Hence, N is a normal subgroup of H.
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Thus

H{N –

"„

t´1 0
0 t

ˇ

ˇ

ˇ

ˇ

where t ą 0

*

is a quotient group. Let L1 “ x~v1, ~v2y Ă R2 be a lattice of the normal subgroup N ,

to be determined later. We need to find a lattice L2 of H{N such that the lattice of

the group H is

L “

"„

γ ~v
0 1


ˇ

ˇ

ˇ

ˇ

where γ P L2, ~v P L1

*

.

From the multiplication rule of the group H, this is equivalent to γ~v P L1 for any

γ P L2 and any ~v “

„

v1

v2



P L1. Hence we need to find a1, a2, a3, a4 P Z and c ą 0

and c ‰ 1 such that

γc~v1 “ a1~v1 ` a2~v2 ,

γc~v2 “ a3~v1 ` a4~v2 , (3.62)

where γc is the linear transform with transformation matrix

„

c´1 0
0 c



. Since

xγc~v1, γc~v2y form a new basis for the lattice L1, then

„

a1 a2

a3 a4



P SL2pZq.

Thus (3.62) is equivalent to

„

c´1 0
0 c



“ p~v1, ~v2q

„

a1 a3

a2 a4



p~v1, ~v2q
´1 (3.63)

So we can choose any matrix S “

„

A B
C D



P SL2pZq such that pA`Dq2´4 ą 0,

then we have two real eigenvalues λ1 ą λ2 ą 0. We can set c “ λ1. If p~v, ~wq are

eigenvectors of S with eigenvalues pλ1, λ2q, then we can set p~v1, ~v2q9p~v, ~wq
´1.

Example 3.3.1. Take S “

„

2 1
1 1



P SL2pZq, then c “ 3`
?

5
2

. We can take

102



~v “

„

1
´1´

?
5

2



and ~w “

„

1
´1`

?
5

2



. Thus

p~v1, ~v2q9p~v, ~wq
´1
“

1
?

5

«

´1`
?

5
2

´1
1`
?

5
2

1

ff

.

Then the lattice of the Lie group H can be

L “

$

’

’

&

’

’

%

»

—

—

–

´

3`
?

5
2

¯´m0

0 m1

´

´1`
?

5
2

¯

´m2

0
´

3`
?

5
2

¯m0

m1

´

1`
?

5
2

¯

`m2

0 0 1

fi

ffi

ffi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

where m0,m1,m2 P Z

,

/

/

.

/

/

-

.

(3.64)

Thus for b ă 0, there exists a lattice Γ such that G{Γ – S1 ˆH{L is compact.

Remark 3.3.1. In our analysis of the existence of a lattice for H, we know that the

different lattices correspond to

1. scaling or change of basis for eigenvectors of a matrix in SL2pZq

2. different matrices in SL2pZq such that the absolute value of trace is greater

than 2

3.3.1.3 b ą 0

Set b “ β2, where β ą 0. Then by (3.47), there exist functions u and v such that

iβω1 ` ω̃2 “ e´iβydpu` ivq

Take the real and imaginary part of the 1-form, we can get

ω1 “
1

β
pcos βy dv ´ sin βy duq

and

ω̃2 “ cos βy du` sin βy dv .
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Theorem 3.3.6. There exists a co-compact lattice.

Proof. Let pe1, e2, e3, e4q be the left-invariant vectors dual to the left-invariant 1-forms

pβω1, ω2, βω3,
1
β
ω4q, respectively. Then the nontrivial brackets are

re2, e3s “ e1 ` e4 ,

re3, e4s “ e2 .

Define X1 “ e1 ` e4, X2 “ e2, X3 “ e3, X4 “ e1, then the nontrivivial brackets are

rX1, X3s “ ´X2 ,

rX2, X3s “ X1 .

By the classification results of [Bock (2016)], there exists a co-compact lattice.

So if b ą 0, we get a compact quotient that supports a homogeneous Lagrangian

Engel structure.

In summary, in case 1 we can get a compact quotient if and only if a “ 0.

3.3.2 Analysis of Case 2

The structure equation is

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3 ` aω1 ^ ω3 ` bω1 ^ ω4

bω1 ^ ω3 ` ω3 ^ ω4 ` bω2 ^ ω4

0
0

fi

ffi

ffi

fl

,

where a and b are constants. We can assume b ‰ 0, otherwise, this is a special case

of case 1.

From the structure equation,

dpω1 ^ ω2 ^ ω3q “ 2b ω1 ^ ω2 ^ ω3 ^ ω4.

Since b ‰ 0, there does not exist a compact quotient that supports a homogeneous

Lagrangian Engel structure in case 2.
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3.3.3 Analysis of Case 3

The structure equation is

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3 ` aω1 ^ ω3 ´
1
4
a2ω1 ^ ω4

´1
4
a2ω1 ^ ω3 ` ω3 ^ ω4 ´

1
4
a2ω2 ^ ω4

1
2
a2bpω1 ^ ω3 ´ ω2 ^ ω4q ` abω2 ^ ω3 ´

1
4
a3bω1 ^ ω4

abpω1 ^ ω3 ´ ω2 ^ ω4q ` 2bω2 ^ ω3 ´
1
2
a2bω1 ^ ω4

fi

ffi

ffi

fl

,

where a and b are constants. Since

dpω1 ^ ω2 ^ ω3q “ ´
a2

2
ω1 ^ ω2 ^ ω3 ^ ω4,

there does not exist a compact quotient that supports a homogeneous Lagrangian

Engel structure of case 3 if a ‰ 0. In the following, we assume a “ 0 and the

structure equation is

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3

ω3 ^ ω4

0
2bω2 ^ ω3

fi

ffi

ffi

fl

.

This is a special case of case 1 with a “ 0. There exists a compact quotient for any

b.

3.3.4 Analysis of Case 4

The structure equation is

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω2 ^ ω3 ` bω1 ^ ω3 ` aω1 ^ ω4

pa2 ` ab2

4
qω1 ^ ω2 ` aω1 ^ ω3 ` ω3 ^ ω4 ` aω2ω4

p2a3 ` 1
2
a2b2qω12 `

ab2

2
ω13 ` bω23 ` a

2bω14 ` 2a2ω24

abp´a´ 1
4
qω12 ` abω13 ` pa´

1
4
qω23 ` pa

2 ´ ab2

4
qω14 ´ abω24

fi

ffi

ffi

fl

,

where a and b are constants.

By the structure equation

dpω1 ^ ω2 ^ ω3q “ 2aω1 ^ ω2 ^ ω3 ^ ω4 ,

dpω1 ^ ω2 ^ ω4q “ ´b ω1 ^ ω2 ^ ω3 ^ ω4
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If a ‰ 0 or b ‰ 0, there does not exist a compact quotient that supports a homoge-

neous Lagrangian Engel structure in case 4. If a “ 0 and b “ 0, this is a special case

of case 1 with compact quotients.

3.3.5 Analysis of Case 5

The structure equation is

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω1 ^ ω3 ` ω2 ^ ω4

aω1 ^ ω2 ` ω3 ^ ω4

apω1 ^ ω3 ` ω2 ^ ω4q

´aω1 ^ ω2 ´ ω3 ^ ω4

fi

ffi

ffi

fl

,

where a is a constant.

By the structure equation

dpω1 ^ ω2 ^ ω4q “ ´2ω1 ^ ω2 ^ ω3 ^ ω4.

Thus there does not exist a compact quotient that supports a homogeneous La-

grangian Engel structure in case 5.

3.3.6 Analysis of Case 6

The structure equation is

d

»

—

—

–

ω1

ω2

ω3

ω4

fi

ffi

ffi

fl

“

»

—

—

–

ω1 ^ ω3 ` ω2 ^ ω4

ω3 ^ ω4

0
aω2 ^ ω3 ´ ω3 ^ ω4

fi

ffi

ffi

fl

,

where a is a constant.

By the structure equation

dpω1 ^ ω2 ^ ω4q “ ´2ω1 ^ ω2 ^ ω3 ^ ω4.

Thus there does not exist a compact quotient that supports a homogeneous La-

grangian Engel structure in case 6.
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4

Conclusion

There are some open and interesting problems related to Engel structures and other

compatible geometric structures. Let us list a few:

1. A symplectic Engel structure pM,Ω, Dq is a 4-manifold M endowed with a

symplectic form Ω and an Engel 2-plane field D that is symplectic for Ω.

In the dissertation, we studied the geometry of complex Engel structures and

Lagrangian Engel structures. The obvious problem is to classify homogeneous

symplectic Engel structures and compact homogeneous symplectic Engel struc-

tures.

2. S. T. Yau proved the following theorem [Yau (1976)]:

Theorem 4.0.1. Let M be a compact two dimensional complex manifold whose

tangent bundle is trivial in the topological sense. Then either

• (i) M is a ruled surface of genus 1

• (ii) M is covered by the complex torus or an elliptic fiber bundle over a

compact curve of genus ą 1
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• (iii) M is the quotient space of C2 by some volume-preserving affine trans-

formation group. The first Chern class of M is zero and the first Betti

number is three.

• (iv) The first Betti number of M is one.

Do there exist compatible complex Engel structures on these 4 classes of mani-

folds? If there exist complex Engel structures, can they be derived from certain

variations of homogenous Engel structures?

3. Given a parallelizable 4-manifold M and a hypersurface S Ă M with a con-

tact structure on S, does there exist an Engel structure D on M , such that

the contact structure can be realized as a transversal contact structure of the

characteristic line field of D?

4. Is it possible to find a compact Engel manifold such that there exists only a

finite family of closed integral curves of the characteristic line field?
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Presas, F. and Solá Conde, L. E. (2014), “Holomorphic Engel structures,” Rev. Mat.
Complut., 27, 327–344.

Raghunathan, M. S. (1972), Discrete subgroups of Lie groups, Springer-Verlag, New
York-Heidelberg, Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 68.

Vogel, T. (2009), “Existence of Engel structures,” Ann. of Math. (2), 169, 79–137.

Yau, S. T. (1976), “Parallelizable manifolds without complex structure,” Topology,
15, 51–53.

110



Biography

Zhiyong Zhao was born on December 19th in Shangdong province, China. He earned

the following degrees at Duke University: M.S. of Computer Science in 2017 and Ph.D

of Mathematics in 2018. Zhiyong will work in Bloomberg L.P., beginning in June

2018.

111


	Abstract
	Acknowledgements
	1 Introduction
	1.1 Problem description
	1.2 Fundamental concepts

	2 Complex Engel Structures
	2.1 Geometry of Complex Engel Structures
	2.2 Homogeneous Complex Engel Structures and Characteristic Line Fields
	2.2.1 Homogeneous Complex Engel Structures
	2.2.2 Characteristic Line Fields

	2.3 Compact Homogeneous Complex Engel Structures
	2.4 Proof of Theorem 2.3.1
	2.4.1 Homogeneous Case C1
	2.4.2 Homogeneous Case C2
	2.4.3 Homogeneous Case C3
	2.4.4 Homogeneous Case C4
	2.4.5 Homogeneous Case C5
	2.4.6 Homogeneous Case C6

	2.5 Variation of Complex Engel Structures

	3 Lagrangian Engel Structures
	3.1 Geometry of Lagrangian Engel Structures
	3.1.1 Geometry of Lagrangian Engel Structures in Generic Case
	3.1.2 Geometry of Lagrangian Engel Structures in Non-Generic Case

	3.2 Classification of Homogeneous Lagrangian Engel Structures
	3.2.1 case a3 0
	3.2.2 case a3 = 0

	3.3 Classification of Compact Homogeneous Lagrangian Engel Structures
	3.3.1 Analysis of Case 1
	3.3.2 Analysis of Case 2
	3.3.3 Analysis of Case 3
	3.3.4 Analysis of Case 4
	3.3.5 Analysis of Case 5
	3.3.6 Analysis of Case 6


	4 Conclusion
	Bibliography
	Biography

