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Abstract

We focus on developing a computationally e cient nite element metha for interface
problems. Finite element methods are severely constrained in thebibty to resolve
interfaces. Many of these limitations stem from their inability in indepadently
representing interface geometry from the underlying discretizan. We propose an
approach that facilitates such an independent representation lmbedding interfaces
in the underlying nite element mesh. This embedding, however, raisestability
concerns for existing algorithms used to enforce interfacial kinatic constraints. To
address these stability concerns, we develop robust methods taface interfacial
kinematics over embedded interafces.

We begin by examining embedded Dirichlet problems { a simpler class of leed-
ded constraints. We develop both stable methods, based on Lagga multipliers,
and stabilized methods, based on Nitsche's approach, for enfogiDirichlet con-
straints over three-dimensional embedded surfaces and compand contrast their
performance. We then extend these methods to enforce petfgtied kinematics for
elastodynamics with explicit time integration. In particular, we examim the coupled
aspects of spatial and temporal stability for Nitsche's approachWe address the
incompatibility of Nitsche's method for explicit time integration by (a) proposing a
modi ed weighted stress variational form, and (b) proposing a n&f mass-lumping
procedure.

We revisit Nitsche's method and inspect the e ect of this modi ed vaiational



form on the interfacial quantities of interest. We establish that tle performance
of this method, with respect to recovery of interfacial quantitiesis governed sig-
ni cantly by the choice for the various method parametersviz. stabilization and
weighting. We establish a relationship between these parametersdgoropose an op-
timal choice for the weighting. We further extend this approach ttnandle non-linear,
frictional sliding constraints at the interface. The naturally non-gmmetric nature of
these problems motivates us to omit the symmetry term arising in Nithe's method.
We contrast the performance of the proposed approach with tlreore commonly used
penalty method. Through several numerical examples, we showathwith the pro-
posed choice of weighting and stabilization parameters, Nitsche's tined achieves the
right balance between accurate constraint enforcement and usecovery - a balance
hard to achieve with existing methods. Finally, we extend the propes approach
to intersecting interfaces and conduct numerical studies on prigms with junctions

and complex topologies.
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Introduction

1.1 Motivation

Interfaces and defects play a dominant role in governing the resyse of many physical
problems. From length-scales spanning micro and nano dimensions Kexe hetero-
geneities give rise to material interfaces, to length-scales sparmseveral kilometers
{ where interfaces arise as fault networks in geological systemBetresolution of inter-
facial mechanics is critical to understanding the physical behaviaf these systems.
With the advent of modern computing power, computer simulations @entially o er
a means for investigating increasingly complex and realistic physica¢tavior in the
presence of these interfaces. However, continuum modeling aggehes in many of
these areas are still in their infancy due, in part, to the lack of solve that could
e ciently resolve interfacial features.

In this work, we develop numerical techniques that facilitate theseontinuum
approaches in a cost-e cient and accurate manner. In the restfdhis chapter, we
place this work in a broader context by discussing the various applitan areas
where interfaces signi cantly in uence the physical response ofi¢ material systems.
We then discuss the associated modeling challenges with these irseef problems in
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computational mechanics and the strategies explored in this workrfaddressing the

said challenges.
1.1.1 Computational micro-mechanics

In many engineering applications, there is an increasing need for adeed materi-
als. For instance, the microelectronic device industry is characteed by its constant
need for miniaturization and requires materials with properties far é&yond the scope
of traditional materials (Rooney et al., 2000). Similarly, in the aviationindustry,
advanced composite materials, with much larger impact and re resance are being
considered to design the fans of aircraft engines (see Coronez312). Naturally
then, in recent years, material science has placed much emphasisdeveloping new
materials or a combination of existing materials with desired charadistic proper-
ties. Many important mechanical properties such as ultimate strgith and ductility
of materials depend on their microstructure. The key challenge thdies in deter-
mining an optimal microstructure for these materials so that we camaximize the
performance of the material for a given set of properties. Alsooim an engineer-
ing design perspective, it is imperative that we understand these mdraditional

materials well and are able to predict their response with some coredce.

Ly >> Ly >> Ly L,

Figure 1.1 {lllustration of representative length scales for multi-scale analysis. Figure
reproduced from Zohdi and Wriggers (2005)



Numerical simulations exhibit great potential in helping us answer soenof these
guestions which are at the intersection of applied mechanics, matds science and
solid-state physics. These simulations could not only help us in desiggifuture ex-
perimental programs but also provide a virtual environment to casuct experiments
hard to replicate in a physical setting. To a large extent, howevenumerical mod-
eling in materials science continues to be driven by molecular dynamidsslations.
Even with the vast increase in the computing capabilities, the compationally in-
tensive nature of atomistic simulations means that we are still unabl® reproduce
laboratory conditions in these simulations.

To overcome these limitations, there is an increasing trend of usingofecular dy-
namics simulations in conjunction with continuum modeling approaches a multi-
scale framework. The basic premise of such a multi-scale approacioisrst obtain
the parameters governing the constitutive behavior from molecutalynamics simu-
lations and then hierarchically investigate the physical behavior atraintermediate
length scale, called the meso-scale, where the continuum theories still valid (see
Figure 1.1 for a schematic). Finally information is transferred acrgssto a higher
length scale of relevance to the engineering design community. Heer to put
these multi-scale approaches in practice, we need a numerical nuaththat can ef-
ciently resolve the large heterogeneities and the grain boundaryeets that arise
at the meso-scale. Unfortunately, many existing methods are limden their capa-
bilities for handling such problems. Some of the limitations of traditionanumerical

approaches for interface problems are discussed in Section 1.2.
1.1.2 Computational geosciences

Unconventional energy sources such as geothermal energyianeeasingly being ex-
plored with an eye towards decreasing our dependence on fossl$uTester et al.,

2006). Geothermal energy refers to the thermal energy stdréen earth's crust that
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results primarily from radioactive decay of minerals at the core of thearth. This
energy is stored both in the uid that permeates the natural fratures in the earth's
sub-surface as well as the constituent rock. Given the economignstraints, the
feasibility of these geothermal reservoirs can only be determineg bvaluating the
recoverable fraction of this energy. Many well-known feasibility stlies (see Sanyal
and Butler, 2005) conclude that fractured rock volume, fractuwe spacing and fracture
surface area are key parameters in uencing the energy recoygrocess. We could
then signi cantly improve the recovery process by engineering amptimal network of
fractures that maximizes energy extraction. In addition, even ecwentional sources
of energy rely heavily on arti cially created fracture networks fore cient capturing
of shale gas (Curtis, 2002).

Faults and fractures also arise in many other areas of geo-mecitan The geologi-
cal restoration process is increasingly using geomechanics basedeling techniques
to predict the spatial and temporal evolution of reservoir deforation (Durand-Riard
et al., 2010). Much emphasis is also being placed on incorporating fatdpology in
great detail for seismic hazard characterization (Bhat et al., 200.7A computational
framework that allows these investigations in quick time will go a long wan helping

us realize these objectives and meeting our energy requirements.
1.2 Computational challenges

Though seemingly very di erent, the above problems are uni ed byhe computa-
tional challenges they face. A common thread that ties togethetldahe areas listed
above is the presence of interfaces. Interfaces pose many chaks to the traditional
nite element methods. From a modeling perspective, interfacesteh represent sur-
faces of discontinuities. Traditional nite element methods neceitate the nite

element mesh to align with these surfaces of discontinuities in ordex tecover opti-
mal rates of convergence. This is not necessarily surprising comsidg that shape
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functions used to interpolate the solution are continuous within anlement.

(c) Fault networks

Figure 1.2 { lllustration of interfaces in geosciences and materials cience. Figure
on the top left (a) shows a scanning electron micrograph of a plycrystalline specimen
while that on the top right (b) shows natural fracture networ ks that exist in fractured

rock in the sub-surface. The bottom image shows the variousalult networks that exist

in southern California. Figures (a), (b) and (c) are reproduced from Meyers et al.
(2006), Gudmundsson et al. (2001) and Plesch et al. (2007) spectively.

However, generating these nite element meshes that conform #il the inter-
facial features that arise in the physical problem being investigaleis often not
straightforward. To appreciate this further, consider the examples shown in Figure
1.2. In Figure 1.2(a), we show a scanning electron micrograph of alymwystalline
metal. Clearly, the polycrystalline microstructure shown here is vgrchallenging

to grid explicitly. In addition, to characterize the randomness inhent to a mi-
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crostructure, computations need to be performed on severdlaetent microstructural
realizations. Generating a conforming mesh for every realization kes such com-
putations prohibitively expensive. Moreover, these conforming igis also result in
several poor quality elements which need further treatment bef being used in a
nite element computation. For explicit dynamics simulations, requird for investi-
gating high strain-rate behavior such as blast/impact loading, thessmall elements
worsen the temporal stability to an extent that these computatias are no longer
tractable. On the other hand, using a non-conforming grid result& poor accuracy
and convergence rates. These issues are detailed further in Ldatabaras (2009)

Virtually identical numerical issues also surface in computational gemechanics.
In Figure 1.2(c), the various fault networks that arise in the southrn California
region are presented. Clearly, for reasons discussed above, ereiement simulations
studying fault rupture and motion of tectonic plates would require lhe generation of
nite element meshes which match the fault topology. Similarly, the neresentation of
fracture networks, both naturally existing and arti cially generated, in applications
for harnessing geothermal energy and conventional shale gaptaee would also
require complicated meshing procedures. Additionally, as these dtare networks
evolve, there would be a need to continually remesh the domain. Tocad these
challenges, many of these simulations either make simplifying assumops on the
topology or smear the fracture surfaces. However, as discusge Bhat et al. (2007)
and Marshall et al. (2008), these simplifying assumptions are likely yaeld inaccurate
results.

Moreover, even in the presence of explicitly gridded geometries,f@cing sti
kinematic constraints that arise when investigating frictional slidingalong interfaces
is a non-trivial challenge. Warner and Molinari (2006) describe theumerical chal-
lenges associated with exploring contact between grains and prgpahe use of an
explicit multi-body contact algorithm. Further, Espinosa and Zavatieri (2003) illus-
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trated the numerical instabilities that result from a poorly chosen iitial slope for a
phenomenological cohesive law in an interface-element based civieezone formula-

tion.
1.3 Thesis objectives and overview

The broader goal of this work is to develop a nite element method #t alleviates

meshing constraints and allows investigation of interfacial e ectsybembedding in-
terfaces within a background mesh. We facilitate this embedding byneching the

standard nite element basis functions in the vicinity of the interfa@ as described
in the partition of unity framework (Babiska and Melenk, 1997; Mes et al., 1999).
In other words, interface topology is represented independentbf the nite element

mesh. A schematic of the proposed approach is shown in Figure 1.3.

The particular contribution of this work is in addressing the stability isues that
arise for these methods while enforcing sti kinematic constraintsver these embed-
ded interfaces. We develop stable and stabilized variational meth®that e ciently
enforce these constraints while preserving the integrity of intextial uxes. The sta-
ble Lagrange multiplier approach builds on the vital vertex method oBechet et al.
(2009) and the stabilized approach is an extension of Nitsche's meth (Nitsche,
1971). We develop these methods to investigate both quasi-statmd transient
problems in elasticity. We also extend the stabilized methods to invegate fric-
tional sliding over these embedded interfaces.

The outline of the thesis is as follows. We begin by developing methodasednforce
embedded Dirichlet constraints in Chapter 2. These embedded Dirieth problems
are a convenient pre-cursor to the more di cult task of enforcinginterfacial con-
straints. They preserve the stability challenges that arise for tls® mixed methods
but signi cantly simplify notational complexity. We then extend the developed meth-
ods to enforce perfect continuity constraints across interfagén a transient regime in
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Figure 1.3 { Schematic of the proposed methodology. Interface topolog given by (a)
is superimposed over an independently constructed nite edment mesh (b) to result
in the embedded interface method proposed here.

Chapter 3. In particular, we establish the relationship between spal and temporal
stability for explicit dynamics problems. We propose a modi cation to Msche's
method as well as a mass-lumping procedure that allows explicit tim&epping for
constrained interface problems. We then return to quasi-staticrpblems and look
back on the e ect of the proposed modi cation to Nitsche's methodn the interfacial
guantities of interest in Chapter 4. We further adapt the Nitsche tabilized method
to enforce non-linear frictional sliding constraints in Chapter 5. Fially, in Chapter
6, we extend this method to domains with multiple intersecting interfees within an
element. In Chapter 7, we provide concluding remarks and commeaoh the future

directions for this work.



2

Imposing Dirichlet Constraints Over Embedded
Surfaces

2.1 Introduction

This Chapter focuses on weak methods for enforcing Dirichlet cdrants on em-
bedded surfaces. These embedded Dirichlet problems arise fregiyewhile model-
ing processes such as solidi cation which involve a moving front (sedé&ssa et al.
(2002) and references therein). Often, Dirichlet constraints ed to be enforced on
this evolving front. In addition, the front velocity is governed by the ux across
this evolving interface. So a robust method to model these problemvould not only
require enforcement of Dirichlet constraints with good accuracyub also an accurate
recovery of the interfacial ux. Also, as discussed previously, €se problems are a
convenient pre-cursor to the more challenging case of enforcirig imiterfacial kine-
matic constraints such as those arising in perfect and sliding contaghere stability
in the interfacial traction eld is again essential. With these issues in ind, in this
Chapter, we investigate variational strategies for constraint éarcement on embed-

ded Dirchlet boundaries that ensure good accuracy in both the premy variable and



the gradient.

While enforcing such Dirichlet constraints can be accomplished in a atghtfor-
ward manner through collocation approaches for aligned meshebgese approaches
are no longer available for embedded interfaces. This is primarily bers the ap-
proximation for elements intersected by interfaces is constructewith shape func-
tions that only reside in the physical part of these elements. Corgently, the shape
functions no longer satisfy the Kronecker-delta property and neler the collocation
techniques inadequate. Most approaches to date have focusedveeakly imposing
Dirichlet conditions, such as in the early work by Dolbow et al. (2001)ral Belytschko
et al. (2003) using Lagrange multipliers. Ji and Dolbow (2004) sulzggently showed
that the most convenient choice of Lagrange multiplier basis trigged instabilities.
Traction oscillations for sti cohesive laws on embedded surfaces svalso reported
by Simone (2004).

For moving boundary problems, a signi cant amount of work has alsbeen done
in the immersed boundary communities that is related to the issues obncern here,
but that has largely developed independently. In particular, the Gbst Fluid Method
of Fedkiw et al. (1999), the Immersed Interface Method of Levag and Li (1994)
and the Immersed Boundary Methods of Peskin (2002) are sometllod most popular
nite-di erence based approaches. These methods were devetopfor applications
ranging from modeling multi-component ows to uid-structure interaction and al-
lowed for interfaces to be embedded in the background grid. In tinelassical forms,
however, these methods are reported to be only rst order ac@aite in the vicinity
of the interface. Additionally, these methods are also, in generalp&wn to return
poor approximations to gradients at the interface. Recent extsions of Bedrossian
et al. (2010) address these shortcomings to some extent.

The stability issues experienced by nite element methods with embddd in-

terfaces can be traced back to the theory of saddle point problenin mixed nite
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element methods. In the nite-element community, the stability of nixed variational

problems is explained by the classical results of Babwska (1973)&Brezzi (1974).
In essence, these results prove that stability can only be ensurédhe interpolating

spaces for the primary variable and the multiplier satisfy the inf-sugondition. In

practice, Pitkaranta (see Pitkaranta, 1979, 1980, 1981) preed that this severely re-
stricts the choice of approximating spaces for the multiplier eld anaften rules out
the most-convenient choice of the multiplier basis.

Mixed formulations that are unstable have classically been resolveding one of
two approaches: developing stable and stabilized methods. Stablethods seek to
develop elements where the interpolating spaces for the bulk eld drthe multipli-
ers satisfy the inf-sup condition by construction. Stabilized methas, on the other
hand, consider elements that violate the inf-sup condition by consiction and add
stabilizing terms to restore stability. Early work on stabilized Lagrage multipliers
on tted surfaces was performed by Barbosa and Hughes (1991)

With respect to constraints on embedded interfaces, perhapsnse of the earliest
work using Lagrange multipliers to enforce constraints on embedtisurfaces with
nite elements was the ctitious domain method introduced by Glowin&i et al.
(1994). Recently, both stable and stabilized approaches have heexamined for
embedded interfaces. Moes et al. (2006) developed a stable Lagge multiplier
method by algorithmically coarsening the multiplier space and using a miewise
linear interpolation over this coarsened space. The use of a sepgaraoarse interfacial
mesh to discretize the multiplier in a mortar-like approach was proped by Kim
et al. (2007). Both of these approaches e ectively coarsen thésdretization of the
multiplier with respect to the bulk mesh. However neither is particuldy convenient
to extend to three-dimensional problems. Gerstenberger and W§2010) developed
an alternative mixed approach in 3D where the constraining Lagraegmultiplier
represented the stress eld as opposed to the interfacial traoh of traditional mixed
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formulations. While the developed method performed well for the osen numerical
examples, the mathematical basis for the stability of this approacks still being
developed. More recently, Bechet et al. (2009) developed an eient algorithm to
e ect a coarsening of the multiplier space. They also proposed theseiof the trace of
the bulk-shape functions as a basis for the multipliers. Both the ppmsed coarsening
and the choice of basis are particularly attractive as opposed toguiously developed
methods because they can be readily extended to three-dimensibproblems.

Stabilized approaches have largely relied on Nitsche's method(Nitech1971),
such as the work of Hansbo and Hansbo (2002) and Dolbow and Harg2009).
More recently, Burman and Hansbo (2010) developed a stabilized drange mul-
tiplier method for ctitious domains using cut elements. Codina and cevorkers
examined various stabilized methods (including Nitsche's) for imposinDirichlet
boundary conditions in immersed boundary methods (see Codina aBaiges, 2009;
Baiges et al., 2012). However, all of the aforementioned studiesravdimited to
two-dimensional problems.

Recent work by Lew and Buscaglia (2008) (see also Rangarajan &t 2009) de-
veloped an immersed boundary method for three-dimensional ptems by replacing
intersected elements with a layer of discontinuous-Galerkin elementit is noteworthy
that many of these stabilized approaches involve a mesh-dependéee-parameter
that controls the stability of the method. Also, for interface orietations that result
in arbitrarily small element con gurations, problems associated witlthe conditioning
of the discrete system of equations are also quite common.

In this Chapter, we extend the works of Bechet et al. (2009) andolbow and
Harari (2009) to three-dimensional problems. In principle, bothite stable method of
Bechet et al. (2009) and the stabilized method of Dolbow and Hara(2009) readily
extend to three-dimensional problems, but no convergence stesl had been pub-
lished prior to this work. While the stabilized methods are relatively stightforward
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to extend to three dimensions, stable Lagrange multiplier methodsbed on the vital
vertex method of Bechet et al. (2009) are more complex. We prmle essential algo-
rithmic and implementational details for the vital vertex method in three dimensions
and introduce a new discontinuous basis for the corresponding ltagge multiplier

on the embedded surface.

This Chapter is outlined as follows. In the next Section, we describéd model
problem and variational formulations for the Lagrange multiplier and\itsche-based
approaches. Section 2.3 introduces the discretized forms and dsses their numer-
ical implementation. Particular emphasis is placed on the newly proped basis for
the Lagrange multiplier in three dimensions. We then present the neés of several
benchmark problems for three-dimensional embedded surfacesSection 2.4. A dis-
cussion of the results follows in Section 2.5, followed by a summary acwohcluding

remarks.
2.2 Model Problem and Variational Formulation

As a model problem, we consider an idealized di usion problem de nedho, a
bounded domain ofR3, that is partitioned into two domains, ! and 2, by an em-
bedded surface , as depicted in Figure 2.1(a). Both ' and 2 contain a homoge-
neous and an isotropic material and have unitary and null conductity respectively,
thus leading to an idealized one-sided problem. The unit normalto  is chosen
to point outward of 1. We write u for the primal variable of this problem in 1.
It can be seen as representing the hydraulic head or temperatufeow in porous
media or thermal problems were studied, respectively.

Dirichlet boundary conditions are applied such thatu = ug on the embedded
surface , and such thatu = u on p, a portion of the outer surface, , of . The

complementary part of is ux-free. The primal variable u is de ned in U and its
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(@) Domains ! and 2 (b) Un tted discretization of

Figure 2.1 {The domain is divided in two sub-domains, 'and 2, by an embedded
surface . Itis later discretized with a mesh which does not conform wih the surface
resulting in the two discretized sub-domains " and 2". The embedded discretized

surface " is de ned by the zero-level set of an approximate signed distnce function
to

variation u is an element ofUy:

U u2 HY}), u=uon o

Uo u2 HY(), u=0on p

The potential energy of such a system subjected to a body for€ecan be con-
structed by subtracting the work done by the body force from ta internal potential

energy of the system ™:

Z Z
rurud fu d (2.1)

NI =

(u= "™ *u)=

From a variational perspective, the solutioru minimizes this potential energy under
the specied Dirichlet constraints. Clearly, the de nitions of the sdution space
and its variations account for the Dirichlet constraint on the extenal boundary.

Therefore, we emphasize on the ways to treat the constraint ohé embedded surface
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2.2.1 Variational Methods for Constraint Enforcement

The problem described above can be seen as a constrained minimizagwoblem
where we seek to minimize the potential energy of the system suttj¢o the con-
straint on the embedded surface. A standard way to transformush a constrained
minimization problem into an unconstrained one is through the use ofagrange mul-
tipliers. In order to enforce the constraint, the Lagrangian of tb system,L, may
be built by adding the work of the Lagrange mulipliers, in L = H ¥?( ), to the

potential energy of the system:

Z
Lu; )=(Cuw+ (U u)d (2.2)

The stationarity of L yields a dual variational formulation: forall (u; )2 Uy L,
nd (u; )2 U L, such that:

z z z z
L= ru rud uf d+ u d+ (u u)d=0 (2.3

Standard arguments regarding the arbitrariness ou and  result in the well
known mixed system of equations. When discretizing (2.3), it is welltablished (see
Babwska, 1973; Brezzi, 1974) thatu and cannot be approximated independently.
In order for the discretized form to remain stable, the choice of iatpolation for both

the primal and the dual variables has to satisfy the inf-sup conditim
2.2.2 Augmented Lagrangian and Nitsche's method

An alternative way to circumvent the stability issues in a Lagrange mitiplier method
applied to a constrained minimization problem is to stabilize the multiplier wh a

penalty term. An augmented Lagrangian formulation follows from ading this new
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term to the initial Lagrangian of the system:

Z Z
L¥9(u; )= ( u)+ (U uyd + E(U Up)? d (2.4)

The free parameter can be seen as a stabilization parameter which unlike a
penalty parameter of the classical penalty methods is not requiret tend to a
very large value in order to asymptotically enforce the Dirichlet cotsint. The
stationarity of L9 leads to the dual variational form: for all (u; )2 U, L, nd

(u; )2 U L, such that:

Z Z
L39=  + u( + (u ug)d+ (u u)d=0 (2.5)

As pointed out in Wriggers and Zavarise (2008) in the case of frictitess contact,
Nitsche's variational form can be related to the augmented Lagrgman one. On
sequentially using integration by parts and Green's theorem on therst variation
of " and then grouping together the terms on the boundary, one olitss: for all
(u; )2Up L:

Z Z
u(run+ + (u ugy)d+ (u uy)d=0 (2.6)

On using the arguments related to the arbitrariness ot and  in (2.6), we ensure
the satisfaction of the Dirichlet conditionu = ug on as well as the equivalence
between the multiplier and the ux on the interface suchthat = r u n.

Now if we use this equivalence and simply replace the Lagrange multiplieith
the negative of the ux in the augmented Lagrangian potential (2. we obtain the

potential function originally proposed by Nitsche:

7 Z
Nit (U) — ( U) (U uo)r u nd+ E(U U0)2 d (27)
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The stationarity of N |eads to a one- eld symmetric variational formulation:

forall u 2 Upg, nd u 2 U, such that:

y4 z Z
Nit — urund (u uo)r u nd+ u (U Uo)d:0(28)

2.3 Discretization and Implementation

In this section, we describe both the discretization and the implemtation of Nitsche's
method and the stable Lagrange multplier method based on the vitaertex algo-
rithm. We rst deal with the discretization of the bulk eld that is use d for both
methods. We then focus on the details regarding the implementatiahaspects for

each of them separately.
2.3.1 Discretization of the bulk eld

The domain is discretized using standard non-overlapping linear teadhedra and
the surface is embedded in the resulting mesh as shown in the Figure 2.1(b). The
embedded surface is located by the zero level-set ofx) which species a signed
distance to the surface from any nodal position (see Osher and Fedkiw, 2002). If
the value of the level-set is positive at a node, this node is inside, otherwise it
belongs to ? (see Figure 2.2(a)). To capture the local nature of the solution in
the vicinity of the interface, we modify the kinematics of cut elemest Following
the partition of unity method proposed in Babwska and Melenk (199), the shape
functions, N, are computed as the product of the standard Finite Element shap
functions, N, multiplied by a characteristic function H (x):

1 ifx2 1

H(x)= 0 otherwise

(2.9)

This technique, referred in the literature as eXtended Finite Elemémmethod, X-
FEM (see Moes et al., 1999; Dolbow et al., 2000; Hansbo and HansR602), allows
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for the representation of elements partially lled with matter as desribed in Fig-
ure 2.2(b).

We introduce " as the discretized embedded surface. This surface is constrdcte
in the following manner. First, we calculate the signed distance furion at each of
the nodes in the mesh, and gather them in an array . Then, an apmximate signed
distance function is constructed with the same shape functions tife background

mesh via
h=NT : (2.10)

The discretized surface " is then given by the zero-level set of ". With linear
tetrahedra, this process yields a piecewise-planar approximatiof o resulting in
either triangular (see Figure 2.2(c)) or quadrilateral surfaces, in each element.

Note that only degrees of freedom associated with elements cut the embedded

(a) Level-set (b) Partial tetrahedron T, (c) Surface element .

Figure 2.2 { Representation of partial elements using X-FEM. The black squares are
thefnodes of the bulk mesh and the blue circles are the verticeof the mesh of the
surface.

surface are a ected by the Heaviside function. Note as well thafpr a one-sided

problem, the degrees of freedom belonging to elements which arenptetely in the

void phase ( 2) { are not accounted for in the assembly procedure.
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2.3.2 Implementation of Nitsche's method

This subsection is devoted to the implementation of Nitsche's variati@al form (2.8).
To that end, we introduce the following discretized approximations fothe primal

variable and its variation respectively:
u u"=NTU u uh=NTw (2.11)

whereU and W are the vectors of nodal values of the primal variable and its variiin
respectively. The gradient of the modi ed shape functiofN is denoted byB.

The three terms of the sti ness matrix

Introducing the aforementioned approximations (2.11) in Nitsche'sariational form

(2.8) yields the following matrix system:
(Kb Kn"'Ks)U:fb fn+fs (2-12)

whereKy, K,, and K¢ are the bulk contribution, the ux contribution and the sta-

bilization contribution to the global sti ness matrix:

Z
K= BB'd (2.13)
h
Z Z
Kh= Nn'BTd+ BnNT d (2.14)
h h
Z
Ke= N NTd (2.15)
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andfy, f, andfg are the bulk contribution, the ux contribution and the stabilization

contribution to the right side of the system:

Z

fob= Nfd (2.16)
h
Z

fn= Bnugd (2.17)
h
Z

fe= N NTd (2.18)

Choice of the stabilization parameter

The choice of stabilization parameter is important for two reasondgirstly, in order
to solve (2.12) using the large amount of e ective solvers designear fsymmetric
positive de nite systems, such as preconditioned conjugate giedt, the stabiliza-
tion parameter needs to be large enough to ensure the coercivifytioe bilinear form.
More importantly, coercivity of the bilinear form allows us to use LaxMilgram type
arguments to establish existence, uniqueness and convergertea. the model prob-
lem considered, the discretized bilinear form is given by:

Z Z z Z

auhvM = rvh ru"d vh hyh

ru® nd u"r v nd+ viu d

(2.19)
We can now establish a lower bound on the parameter by nding the smallest
convenient choice that ensures coercivity cd(v";v") for all v 2 UB, where U} is
a nite dimensional approximation to U,. We introduce, for allv" 2 HY( ") and

D a subset of ", the energy seminornjjv"jje.p, the L, norm jjvhjj_,.o and, for all
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t2 H ¥2( ), the duality pairing hv";ti on | as:
Z Z Z
jiviigp = rv" rvhdD; iVt p = vV dD; hh:ti=  vitd :
(2.20)
Following Dolbow and Harari (2009), there exists a con guration-ependent pos-

itive constant C; such that the following inequality holds:
ir v* nji, n o Cajiviije; (2.21)

By applying the Cauchy-Schwarz inequality taw";r v" ni in the expression of
a(v";v") and employing the previous inequality (2.21), it follows that:
a(vh v i VUIE w o 2CajiVMiL, wiiviiie o VURE,
(2.22)
iViile; » CaiiviiiL, » T+ CRIVZ,
Although C,; may be computed globally (see Griebel and Alexander, 2002; Sargder
et al., 2009), for problems with evolving interfaces this necessitat¢he solution of
a large eigenvalue problem at every time step and thus adds signi dgnto the
computational expense.
A more e cient approach as advocated in Dolbow and Harari (2009 to choose
a stabilization parameter . in each partial elementT, greater than a constant
Cf computed in each of these elements according to (2.21). For lineatrahedral
elements, uxes are constant in each element, thus leading to thalbwing equalities:
jir V" njji,. =meas( ()jr V" nj? (2.23)
iivViigr, = meas(Te)iir vji? (2.24)
Hence,C{ can be given a lower bound in terms of the physical volume of the pait
tetrahedron T, and the area of the embedded surface,, depicted in Figure 2.2(c),
asjr v nj? jjir vz
ez Meas(e)
71 meas(,)

21

(2.25)



We thus obtain a simple algebraic expression for the stabilization pareeter. For
the current study, . is chosen as @82, The factor of 2 is chosen to obtain good
performance in computations and is based on previous numericalpexience and
parametric studies (Embar et al., 2010). For higher order elemexntwe no longer
have a piecewise constant ux in each element so analytical express akin to
(2.25) for C§ cannot be obtained. However, we can estimate lower bounds ©f

through a series of local eigenvalue problems.

Remark : Clearly, from (2.25), as meas(,) ! 0, the stabilization parameter be-
comes unbounded. Similar issues were reported by Lew and NegfX2) where they
showed sub-optimal convergence behavior for pathological cas&Vhile we did not
encounter sub-optimal convergence behavior ltp, or H; horms in any of the numer-
ical examples reported in Section 2.4, we did see a poor approximatimnthe ux

in the L; norm. We will discuss this issue further in Section 2.4. For the sake of
robustness, techniques which snap the surface to a vertex whers too close (as in
Lew and Buscaglia, 2008) or employ other tolerancing schemes as imiar et al.

(2010) are useful for such cases.
Estimation of the ux with domain integrals

Fluxes may be directly evaluated on the embedded surface by multiptg the nodal
values of the bulk eld by B, the gradient of the shape functions. However, such
a method could yield inaccurate results (Mourad et al., 2007; Dolbownd Franca,
2008). We brie y recall here an alternative method using domain inggals introduced
in Ji and Dolbow (2004) as a generalization of the work originally proged in Carey

et al. (1985). By projecting the local equilibrium of the Poisson's pldem on any
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test function v 2 Ug and by using integration by parts, it holds that:

Z Z Z
vru nd = rvrud vf d (2.26)

We write " for the discrete approximation of the ux on the embedded surfacand

the vector at each bulk node | of elements cut by the embedded surface:
run M=NT : (2.27)

h may be interpolated by any given shape functions de ned on this seif nodes.
We choose the most convenient one: the readily available bulk shap@dtions N

The discretized form of (2.26) can be expressed in terms of the bulntribution

to the sti ness matrix and the right side, the primal variable and an itegral of the

outer product of the bulk shape functions on the embedded suci
Z

NNTd = KU fy (2.28)

h
The resulting matrix has a structure very similar toK s (2.15). In order to simplify
the resolution of the previous system, the matrix of the left term @y be lumped.
The resulting diagonal coe cients may be simplied as the bulk shapeuinctions

form a partition of unity. At each bulk node | of an element cut by the embedded

surface, the ux |, can thus be directly evaluated as:

1
= R——[KU f 2.29
| N d [KeU  fol (2.29)

h

The domain integral method thus comes down to a simple post-treaent of the
bulk quantities in the vicinity of . The resulting ux is known at the bulk nodes
of the cut elements and may then be interpolated using the bulk shagunctions.
It is worth noticing that this method is totally independent from any o the Nitsche
speci ¢ terms and may also be applied for a Lagrange multiplier method
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2.3.3 Discretization of the Lagrange multiplier

The rst step in building a stable Lagrange multiplier basis is to select aubset
of vertices to prevent over-constraining the system. By a ventge we refer to an
intersection point between the bulk mesh and the embedded suréac We follow
the vital vertex algorithm introduced in Bechet et al. (2009) and ten build an
interpolation for the Lagrange multipliers at each of these locationsAll of these
interpolating shape functions have to comply with the partition of uity on . This
condition may be enforced globally as proposed in Bechet et al. (280or locally in

each element as described here.
Free basis of Lagrange multipliers with the vital vertex algthm

The vital vertex algorithm is a method to coarsen the grid of verticeon the embedded
surface. It relies on graph theory to do so. A vertex graph, distot from the
interfacial mesh, is built between the vertices and then marched irrder to identify
among all of them, a subset of vital vertices.

In order to build the vertex graph, a criterion needs to be given topecify how
vertices are connected with each other. Two vertices are context in the vertex
graph when each of them belongs to an edge of the bulk mesh thatenhat a node
of the bulk mesh. Such a node is referred to as an end-point. In Frgu2.3(a), end-
points are represented as black squares whereas nodes that raoe end-points are
represented as white squares. In the same gure, one may seattliertices b and
g are connected according to the aforementioned criterion becattbey respectively
belong to edges that meet . The vertex graph corresponding to the case depicted
in Figure 2.3(a) is presented in Figure 2.3(b). Algorithm 1 details the gsido-code
to build the vertex graph.

Once the vertex graph has been built, we need to select a subsetveftices
and mark them as vital. These vital vertices now represent the viex of unknowns
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(a) Bulk and Interfacial mesh (b) Vertex graph

Figure 2.3 { Simple example of two superposed cubes, each of them beingeshed
by 6 tetrahedra, cut by an embedded surface. Black squares arend-points and white
squares are non-end-points. The circles are the vertices tie interfacial mesh, inter-

section of the bulk mesh . Blue circles are vital vertices and white ones are non-vith
vertices. The vertex graph is generated with Graphviz (Ganser and North, 2000).

for Lagrange multipliers and are identi ed by marching the graph andequentially

testing the following two rules:
Rule 1: Two vital vertices cannot be connected in the vertex graph
Rule 2: Each non-vital vertex is connected to at least one vital vertex.

The rst rule ensures that the graph-distance between any twoital vertices is
greater than one. The second rule makes sure that this graph-disce is equal to
two or three. Indeed, any vertex can be connected to a non-vitaertex. However,
this non-vital vertex has to be connected to at least one vital vegx according to the
second rule. Therefore, the graph-distance between any twoalitvertices is at most
three. A simple way of interpreting these rules is to think of the rstrule as a criterion

to prevent an over-constraining of the system. At the same timehe second rule
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Algorithm 1 Building the vertex graph

Inputs: ? edge connectivity of the bulk mesh
? list of vertices indexed by the edge they belong to
1. Identify the end-points, bulk nodes that are connected to merthan 2 edges
containing a vertex
2. Map vertices to end-points and end-points to vertices
3. Draw the vertex connectivity

for all verticesv do
for all end-pointsep mapped tov do

for all verticesw mapped toepdo
link v to w in the vertex graph

end for
end for
end for

ensures that the coarsening does not result in an obviously undenstrained system.
The procedure presented thus far results in several sets of Viteertices, each of
them with a di erent cardinality. We choose a set of maximum cardinaly from all
permissible sets which further ensures that the constraint is impleanted well. The
following criteria de ne a total order on the vertices and enforcehat the graph is

only walked once:
Criterion 1. Vertices are sorted according to their number of connections.
Criterion 2: Equally connected vertices are sorted according to their indices.

According to these two criteria, i is the smallest vertex, thus the one to start with
and d is the biggest one, thus the last one.f and g are both connected to three
other vertices and in lexicographic orderf precedesg, thus f is smaller than g.
For the case depicted in Figure 2.3(a), the vital vertices are remented by blue
circles in Figure 2.3(b). The following pseudo code (see Algorithm 2)res up the

search procedure of the vital vertex within the vertex graph.
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Algorithm 2 Finding the vital vertices in the vertex graph

1. Compute a lexicographic order for the vertex of the graph aaabng to their
number of connections and their index
2. March the sorted graph and identify the vital vertices

for all verticesv in the sorted vertex graphdo

if v is connected to at least a vital vertexhen
V is not a vital vertex
else
Vv is a vital vertex
end if
end for

Interpolation of the Lagrange multipliers consistent witlthe partition of unity

A shape function has to be built at each vital vertex location for thecorresponding
Lagrange multipliers. In 2D for a straight surface, a straightforard choice is to
use standard hat functions de ned on the segment joining two ndigoring vital
vertices (see Moes et al., 2006). However, for more complex sigds and in 3D, this
technique implies that the embedded surface should be re-meshegging only the
vital vertices. Even if a Delaunay algorithm can achieve this triangut&on, evaluating
the product of shape functions from the bulk mesh with these hatifictions de ned
on this triangulation is quite challenging considering the non-local spprt of these
hat functions. An alternative strategy which simpli es the implemenation a great
deal would be to keep the surface mesh as the intersection of thdkbmesh with the
embedded surface and to build the shape functions of the multiplieisom the bulk
shape functions naturally de ned on this mesh. The method introdeed in Bechet
et al. (2009) thus computes the shape function of the Lagrangeuttiplier at vital
vertex v, N, , as a weighted sum of traces onto the embedded surface, ,Tof bulk
shape functions:

X
N, = 1T (Ny) (2.30)

Vv
n

The weights,! ¥, should be chosen in order for the shape functions of the Lagrang
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multipliers to satisfy the partition of unity on . By enforcing the partition of
unity for all the N, at the global level, thus using the fact that the bulk shape
functions form globally a partition of unity, the interfacial shape functions inherit the
smoothness of the bulk shape functions. However suclCgcontinuous interpolation
for the Lagrange multipliers is not a convenient choice from an implemiational
perspective. Any choice of weights! Y, that enforces the partition of unity of the
N locally in each element, results in a basis of piecewise linear shape fiorg on

. Hence, keeping the computation of the weightd,, at the element level gives
both more latitude in their choice and a more convenient implementatioin a nite
element context without introducing any theoretical inconsistenc

Knowing the support of each Lagrange multiplier shape function is gfrimary
importance in order to compute the local weights! ¥, only where it is required. To
that end, we introduce the one-ring of a node which consists of alements that
encompass the considered node in their connectivity list. The suppof a Lagrange
multiplier shape function is not restricted to the one-ring of its assmated vital vertex
as is usually the case with the nite element method. Indeed, ead}, is de ned
over the intersection of the embedded surface with the one-rind the end-points it
is related to. We recall that an end-point is a node of the bulk mesh #t meets at
least two edges that have been cut by , thus containing a vertex. For instance,
Figure 2.4 shows the support of each of the Lagrange multiplier shegunctions
corresponding to the example described in Figure 2.3(a).

When computing the Lagrange multiplier shape functiond\, , at the vital vertex
v, in an element . of the interfacial mesh, each weight ; is related to the trace
of one of the four shape functions of the cut tetrahedron of theulk mesh. Each
weight is computed according to the nature of the related bulk nodeBulk nodes
may belong to four di erent categories. They can either be not anné-point, an

end-point connected tov or an end-point not connected tov. The latter category
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(a) Support of N, (b) Support of N; (c) Support of N; (d) Support of N

Figure 2.4 { Lagrange multiplier shape functions of the example descied in Fig-
ure 2.3(a) are de ned on the shaded areas which represent tlirerespective support.
The blue circles are the corresponding vital vertices.

encompasses two distinct categories owing to the fact that not ahd-points may be
connected to a vital vertex. For instance in Figure 2.3(a), the engdoint is not
connected to any vital vertex. We thus introduce the notion of amactive end-point:
an active end-point is connected to at least one vital vertex wheas a non-active
end-point is not connected to any vital vertex. Hence, any nodd a bulk element
cut by the embedded surface can either be an active end-point cacted tov, an
active end-point not connected tov, a non-active end-point or not an end-point at
all.

The key idea introduced in Bechet et al. (2009) regarding the intgrolation of
the Lagrange multipliers with the trace of bulk shape functions is thathe shape
function of an active end-point only fully contributes to the Lagramge multiplier
shape functions at the vital vertex it is connected to. Thus, thé\, , shape functions
of active end-points connected t@ are given a unitary weight! ¥ whereas other active
end-points are given a null weight. Bulk nodes of a tetrahedramthat are not active
end-points should contribute to all the Lagrange multiplier shape fictions that are
dened on .. We write ne for the number of Lagrange multiplier shape functions
de ned over . In order for the Lagrange multiplier shape functions to form a

partition of unity over , a straightforward way to compute the weight related to

29



the trace of bulk shape functions of not active end-points is to ceitler it equal to
1=n.. Hence, in each element of the mesh of the embedded surface, rigriction

of the Lagrange multiplier shape functionN,  of the vital vertex v is computed as

e

the weighted sum of the four bulk shape functions where the locakights! )¢ are

computed as follows:

8 .
> 1 if nis connected tov
| ve — 0 if nis an active end-point not connected tw (2.31)
‘T s 1 ) :
- — otherwise
Ne

As a means of comparison between the shape functions of the Laagge multipliers
at vital vertices as introduced in Bechet et al. (2009) and the ong@roposed in the
present contribution, we plot both alternatives in Figure 2.5 for theexample depicted

in Figure 2.3(a). In both cases, the shape functions look fairly similaxcept for the

5 025 05 075
i — =

(@) Co—confinuous Nb' (b) Co—coniinuous N¢ ‘ (c) Co—coniinuous N;i ' (d) Co—confinuous Nk

025 05
—

(e) Piecewise IinearNb‘ ) Piecewise Iineaer‘ (9) Piecewise IinearNi' (ﬁ) Piecewise linearN g

Figure 2.5 { Comparison betweenCyp-continuous, as proposed in Bechet et al. (2009),
and piecewise continuous shape functions of the Lagrange ripliers de ned at vital
vertices for the example problem depicted in Figure 2.3(a).

fact that the shape functions introduced in this work are notCy-continuous over

their support but only piecewiseCy-continuous.
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It bears emphasis that all the pieces of information required to cquate the local
weights for each of the Lagrange multiplier shape functions - namelactive end-
points, non-active end-points anche, the number of shape functions de ned on each
element . of the embedded surface - may be computed on the y while runninge

vital vertex algorithm providing added e ciency and simplicity to this approach.
2.3.4 Implementation of the stable Lagrange multiplier medd

In order to discretize the dual variational form (2.3), we introdue the following
approximations of both the Lagrange multipliers and their variationsn terms of the

stable basis functions introduced in the previous subsection:
h=" TN h=LTN (2.32)

Together with the approximations of the bulk eld introduced in (2.1)), it is straight-

forward to derive the following saddle-point system:

.
Ko G v Ib (2.33)
whereG andf are respectively the o -diagonal and complementary contributioto

both the matrix and the right side:
Z

G= NNTd (2.34)

f = N ud (2.35)

and K, and f, are respectively the upper diagonal bulk contribution introduced in
(2.13) and the bulk contribution to the right side introduced in (2.16)
Due to the speci c expression of the shape functions of the Lagige multipliers,

the standard assembly procedure needs to be modi ed in order toropute G and
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f . Algorithm 3 presents a pseudo-code of the strategy we implemedtin order
to compute f . It is straightforward to extend this procedure toG using another
loop on the bulk nodes of elements cut by the embedded surface. Algorithm 3,
non-active end-points are being looped over several times for aalivertex connected
to more than one end-point. Therefore, their weights should be dded by n,, the

number of end-points that are connected to the vital vertex.

Algorithm 3 Pseudo-code to computef [],, the vi" component off

[flL=0
for all end-point e, connected to the vital vertexv do
for all bulk elemente in the one-ring ofe, do

for all noden of elemente do.
if nis not an active end-pointthen

[ he= T (N d
\'

else Z
[f v+= I WeT L(NW)uo d

end if
end for
end for
end for

2.4 Numerical Examples

In this section, we present numerical results obtained for sevéithree-dimensional
benchmark problems with Dirichlet constraints on an embedded sade treated with
Nitsche's method and the stable Lagrange multiplier method based tire vital vertex
algorithm (LMVV).

The main focus of the present numerical study is to investigate thelative per-
formance of the two concurrent methods in approximating the bulland interfacial
elds by means of convergence studies. To that end, we use seleelative error
norms for the bulk eld and the ux. The accuracy in the bulk eld is evaluated

using standardL , and H; error norms computed in terms of thed., and energy norm
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introduced in (2.20):

jiu"  ujj,;

e 2.36
NulJiy; 2 ( )

B (u)j + =

!
ujz,. .+ jiu" uji .

iuiif,, o+ diviig .

jju® :

B, (W] : = (2.37)

The accuracy in the bulk eld on the boundary as well as the accurgan the ux

are examined using thé., error norm on the surface:

h uijz;

jjulie,;

Ju (2.38)

B, (U)]

i " ou njj,
jir u njje,;

EL(r u n)j (2.39)

where " is an approximation of the ux on the embedded surface which can bitr
be constructed from Lagrange multipliers or evaluated either dirdg or using the
domain integral method for Nitsche's method. These error normseacomputed using
a4 4 4 point Gauss quadrature in the bulk or, on the embedded surfacesing a
three-point Gauss quadrature for a triangular surface patch o2 2 point Gauss
guadrature for a quadrilateral patch.

For comparison with methods that are not based on a variational prciple such
as the nite di erence method, we also present results showing cegrgence in the

maximum nodal error or the sup-norm for both the bulk eld and the ux:
E (u)j 1= max juf u(xp)j (2.40)
Xi 1

B (run) =max | N rou(xi) nj (2.41)
Xi

Contour plots of the bulk eld and the ux are also provided where illugrative.
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2.4.1 Triple cosine eld

As a rst example, we consider the following one-sided problem de dein =

(0;1) (0;1) (0;1) divided by the embedded surface into *and 2 by:

u = 2cos(x)cos(y)cos(z) in * =fx: (x)> Og
u = cos(x )cos(y) on p =fx:z=1g
u = cos(x)cos(y)cos(z ) on =fx: (x)=0g
run =20 on y =fx:x=0jl,y=0j1; (x)> Og

(2.42)

The problem has an analytical solution given byl = cos( x ) cos(y ) cos(z).
Planar embedded surface

To begin with, we consider an arbitrarily chosen planar embedded Dihlet surface
(x) =0:2x 0:2y + z+ 0:4856. For the convergence study, we report our results
on a sequence of six unstructured meshes. The results of thevaygence study are
shown in Figure 2.7. We report optimal rates of convergence for thathe methods
in the bulk eld as well as the ux. The errors in the bulk eld calculated using
Nitsche's method and LMVV are nearly indistinguishable in both the., norm as
well as theH; norm. We thus only show the approximation to the bulk solution
computed with Nitsche's method in Figure 2.6(a). For the ux, we reprt much better
accuracy using Nitsche's method as opposed to LMVV. However, camputing the
ux by applying the domain integral smoothening technique to LMVV,we obtain a
much improved accuracy, comparable to Nitsche's method, with thretable Lagrange
multiplier method as well. The approximation to the ux calculated usingNitsche's
method and LMVV are shown in Figures 2.6(c) and 2.6(e). Due to thepscic
feature of the chosen Lagrange multiplier shape functions that . a support larger
than the one-ring of the vertex they are built on, the surface habeen remeshed

retaining the vital vertices alone for visualizing the contour plots. Te remeshing
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Figure 2.6 { Finite element approximation of the bulk and the ux for the triple
cosine problem (2.42) with a planar (left) and a spherical (ight) embedded surface.
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Figure 2.7 { Convergence study for the triple cosine problem (2.42) saled on a unit
cubic domain with an embedded planar surface.

has been done only for visualizing the results and bears no signi canto the way

we evaluate the ux on the interface.
Sensitivity analysis on the position of the surface relatvto the bulk mesh

In order to examine the sensitivity of the methods to the relative p&tion of the
surface with respect to the background mesh, we carry out a s#ivity study on

a 16 16 16 structured mesh in the same spirit as Dolbow and Franca (2008
essence, for a given background mesh, we plot the errorlin norm for the ux as
the surface locationd, is varied with respect to the given background mesh of size
h as exempli ed in Figure 2.8(a). From the results reported in Figure 2(B8), we
can see that both domain integral and LMVV exhibit minimal sensitivityto surface
location while direct evaluation is quite sensitive to surface location. Aregards to
accuracy, the ux obtained using domain integral is clearly more aacate than the

ux calculated from LMVV or direct evaluation.
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Figure 2.8 { Sensitivity analysis for the triple cosine problem. Variation in the ux
error as the surface is moved with respect to the background esh.

Spherical surface

As a next example, we modify the surface geometry in the above sadered problem

such that we have an embedded spherical surface de ned by:

(x) = P (x 05)2+(y 05)2+ z2 0:81. The results for the convergence study
are shown in Figure 2.9. We again report optimal rates of convergenin the bulk
eld as well as the ux. As with the planar surface, the error plots ér Nitsche's
method and LMVV overlap in both the L, and H; norms. We choose this time to
show in Figure 2.6(b) the nite element approximation to the bulk eld computed
with LMVV. The ux on is again better approximated with the domain integral
applied to Nitsche's method than for LMVV except for the coarsesbulk mesh in-
vestigated. We approximate the embedded surface as a union of all piecewise
planar surface elements .. As a result, for a coarse discretization, we get a very
poor approximation for the interface geometry. We suspect theds in accuracy for
the coarsest case investigated is due to this error introduced whiléscretizing the

embedded surface. When the ux is evaluated using the domain inted method
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Figure 2.9 { Convergence study for the triple cosine problem solved on ainit cubic
domain with an embedded spherical surface.

in conjunction with the stable Lagrange multiplier method, the resul are almost
identical to those evaluated using domain integral method with Nitde's method.

Contour plots of the ux are shown in Figures 2.6(d) and 2.6(f).

2.4.2 Logarithmic eld

We next extend the problem modelling a logarithmic eld considered in Dbow and
Franca (2008) to a three dimensional case. The problem is de ned the domain

=(0 ;1) (0;1) (0;1) divided into two disjoint sets * and 2 by an embedded
surface located thanks to the level-set . The exact solution for the bulk variable

is given asu = log r with r, a radial coordinate de ned with respect to the center of

the eld x.. u obeys the following equations:

u = 1=r2 in ' =fx: (x)>0g

u = logr on p

u = logr on =fx: (x)=0g (2.43)
run =20 on y
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Figure 2.10 { Convergence study for the logarithmic eld problem (2.43) solved on
a unit cubic domain with an embedded spherical surface.

Spherical surface

For this rst example, we consider a spherical surface. The syming of the problem
allows us to solve it only in one-eighth of the entire sphere of radiug = 0:41 which
is centered at the origin of the coordinate system as is the logarithen eld. The
level-set has thus the simple expression = r ro. The outer Dirichlet boundary
o Where collocation is employed and the ux-free Neumann boundaryeade ned
as follows:
p=Ffx:x=1y=1,z=1g (2.44)
n =fx:x=0;y=0;2z=0; (x)> 0g (2.45)

The domain is discretized with an unstructured tetrahedral mesh.The results of
the convergence study are shown in Figure 2.10 and we report opéihrates of
convergence in the bulk eld as well as the ux for both the methods As before,
global errors for the bulk eld are indistinguishable. Thus, only the entour plot of
the bulk eld for the stable Lagrange multiplier method is presented ifrigure 2.14(a).
For the ux, we obtain a much better accuracy on using domain integl method in
conjunction with Nitsche's method than for the other two, the ux computed with
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LMVV being the least accurate. The contour plots of the relative eor for the ux
for both methods is shown in Figure 2.14(c) and 2.14(e). It is worthaticing that
no clear pattern exists in the contour of the ux for LMVV whereasthe error in ux

with domain integral is much smoother and smaller.

Figure 2.11 { Geometry of the computational domain (in green) for the logarithmic
eld problem with an embedded popcorn shaped surface (in ble).

Popcorn shaped surface

As a nal example, we consider an embedded surface in the form ofapcorn as
de ned in Chern and Shu (2007) centered as the logarithmic eld in # middle {
(Xc; Ye; Zo) = (0:5;0:5;0:5) { of the domain . The surface geometry is de ned by
the following modi ed level-set of a sphere of radiusy = 0:25:

K (x 05 x)?+(y 05 w)2+(z 05 z)°

= 4
X)=r1 1o exp 0
k=0

(2.46)
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where:

r0=p§(2005(2<:5);23in(2k=5);1); 0 k

. _ S r= 5(2cos(2k 5) 1)=5):2sin((2k 5) 1)=5):1): 5 k
KNG 2 = o (0 0rro): k =10
(0;0; ro); k=11

The full outer boundary is of Dirichlet type. The domain is discretizedwith a

structured tetrahedral grid. Its geometry is shown in Figure 2.11
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Figure 2.12 { Convergence study for the logarithmic eld problem (2.43) solved on
a unit cubic domain with an embedded popcorn shaped surface.

The results of the convergence study are reported in Figure 2.1Roth the meth-
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ods yield optimal rates of convergence in the bulk eld and ux. The pproximation
to the bulk eld is indistinguishable for both methods. The contour plo of the
bulk eld computed with the stable Lagrange multiplier method is shownn Fig-
ure 2.14(b). The accuracy in thel, norm for the ux is comparable for the direct
evaluation and the domain integral technique, and consistent withrpvious exam-
ples, is better than that obtained using the Lagrange multiplier methd. The contour
plots of the element-wise relative error for the ux are given in Figwr 2.14(d) and
2.14(f) .

The plots for maximum nodal error and the maximum error in ux are pesented
in Figures 2.12(c) and 2.12(d). In the bulk eld, we report a quadrat rate of
convergence in the sup-norm as well. In the sup-norm, the ux ceerges at a nearly
linear rate with the domain integral and LMVV. The rates of convergnce are 0.8
and 0.9 respectively. The accuracy in the sup-norm for the ux caltated using
domain integral method together with Nitsche's method is again bett than that
obtained using LMVV. However, the di erence in the obtained accuacies is much
lower as compared td_, norm. The striking result here is the non-convergence of the
ux computed using direct evaluation in the sup-norm. We suspecthat this non-
convergence is a direct consequence of the sensitivity of the naho the interface

location that we reported in Section 2.4.1.
2.4.3 Comparative study on constraint enforcement

For two of the previous examples, we also carried out a convergenstudy for the
error in L, norm for the bulk eld on the surface. The results of this study areshown
in Figure 2.13. We report quadratic rates of convergence for bothe methods. The
accuracy obtained using LMVV is slightly better than that obtained ing Nitsche's

method.
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Figure 2.13 { Convergence in the bulk eld on the surface for Poisson proleem solved
on a unit cubic domain with an embedded spherical surface (aand an embedded

popcorn shaped surface (b).

2.5 Discussion

A proper comparison between Nitsche's method and the stable Lamge multipler
method based on the vital vertex algorithm cannot be achieved onby looking at the
bulk eld. Indeed, these methods give indistinguishable results fohe bulk eld in
terms of contour plots, error inL, and H; norms as well as rate of convergence with
the mesh re nement inL, and H; norms, optimal in both cases, for all the proposed
benchmark problems. A better means of comparison is to look at theterfacial
guantities of interest, viz: the ux and constraint enforcement on the embedded
surface.

For Nitsche's method, for reasons of robustness, we recommethat the ux
should be evaluated using the domain integral post-processing Haue. This as-
sertion is fully justi ed by the lack of convergence of the directly esluated ux with
the mesh re nement of the error in the sup norm. For pathologicatases where the
surface is oriented such that the volume fraction of the element ilné computational

domain is really small, the direct evaluation is just not robust enoughral yields
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Figure 2.14 {Finite element approximation of the bulk eld and the ux fo r the log-
arithmic eld problem (2.43) with an embedded spherical surface (left) and a popcorn
shaped surface (right). The errors in ux are relative and canputed with the domain
integral technique for Nitsche's method.
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non-physical values.

For the stable Lagrange multiplier method based on the vital vertealgorithm,
ux converges with the mesh re nement at an optimal rate of conergence in the
L, norm and at a nearly optimal rate in the sup norm when directly consticted
using the Lagrange multipliers. However, such a construction, rdss in a much re-
duced accuracy in the ux as compared to that obtained from Nitdee's method with
domain integrals. We suspect that on choosing to implement the cdrant at the
vital vertices alone, and thereby reducing the Lagrange multipliempace, we are also
reducing the approximation space for the ux. Thus, for the sameéegree of re ne-
ment, we get a much coarser surface mesh with LMVV than with Nitbe's method
and hence the loss in accuracy. Again an e cient way to regain goocceuracy for
ux for this method is to post-treat the bulk eld on the embedded sirface using
domain integrals. The ux then obtained is much more accurate andoenparable to
that computed with Nitsche's method.

From an implementation perspective, Nitsche's method is clearly lesstrusive
in standard codes as all the modi cations arise at the element level.n the case
of the Lagrange multiplier method even with the proposed shape fatons de ned
in each cut element, a dedicated assembly procedure is required.rtRarmore, the
vital vertex algorithm needs to be extended to evolving surfaces@ domain decom-
position in order to be truly versatile. In terms of solvers, Nitsche'snethod fully
bene ts from the large range of methods for positive de nite sysims which make
the resolution much faster than the one of the saddle-point systeresulting from
Lagrange multiplier method. Also, as opposed to Lagrange multiplier ethod the

dimension of the resulting system remains the same on using Nitscheisthod.
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2.6 Conclusion

This Chapter presents a comparative study of two robust methadto impose Dirich-
let boundary conditions on embedded surfaces. We propose a vadaal derivation
of Nitsche's method and recall its main features: the computatiorf the stabilization
parameter and the method of domain integrals to compute the uxWe also inves-
tigate a concurrent stable Lagrange multiplier method and contrasts performance
against Nitsche's method. We brie y reintroduce the key featurefahe vital vertex
algorithm { a means to coarsen the surface mesh to prevent ovanstraining the
system { on which the method is based. We propose a new set of shdpnctions for
interpolating the Lagrange multipliers on the embedded surface, ded element by
element which are thus of importance due to the implementational sa they o er in
a nite element context.

These two methods are compared on several benchmark exampl¥ge report
optimal rates of convergence with mesh re nement in thel,, L, andL; error norms
in the bulk eld for both the methods. The errors for the ux convage optimally in
the L, norm and quasi optimally in theL ; norm for Nitsche's method in conjunction
with the domain integral method and for the stable Lagrange multiplie method.
Construction of ux directly using Lagrange multipliers on the interface results in
poorer accuracy as opposed to that obtained using Nitsche's methtogether with
domain integral formulation. Therefore, we recommend post-pcessing with the
domain integral technique even for the stable Lagrange multiplier rtieod.

While the results for the numerical experiments in this Chapter are tgely posi-
tive, the main concern lies with the non-convergence of ux (with dect calculation)
for Nitsche's method in theL; norm. It needs to be established whether this is
a direct consequence of the possible poor-conditioning that will tésfrom a large

value of the stabilization parameter for cut elements with arbitrarilysmall volume
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fractions. In addition, for such elements, we also need to look marsely at the ef-
fect of the stabilization parameter on the temporal stability in explid time-stepping.

We investigate these questions in greater detail in the next Chaptevhere we extend
these methods to enforce perfect continuity constraints ovembdedded surfaces in

elastodynamics with explicit time-stepping.
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3

Imposing Sti Interfacial Constraints Over
Embedded Surfaces in Explicit Dynamics

3.1 Introduction

In this Chapter, we consider two extensions to the stable and stdiked methods
proposed in Chapter 2. Firstly, we now focus on enforcing a perfeontinuity con-
straint across an embedded surface. In other words, while theeptous Chapter
considered the special case of treating voids, here we relax thanstraint and con-
sider bi-material interfaces. Secondly, and perhaps, more imparntly, here we con-
sider elastodynamics problems with explicit time integration. Conseeutly, apart
from the spatial stability concerns illustrated in the previous Chapgr, we also need
to account for temporal stability concerns. Perhaps, the key @stion that needs
addressing is whether the spatial and temporal stability aspectseacoupled.

As discussed in Chapter 2, there has been signi cant progress indaelssing spa-
tial stability concerns for quasi-static problems. However, priord this work, very
little attention has been devoted to the performance of these nteids for transient

problems. The numerical artifacts (namely, traction oscillations) loserved in quasi-
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static regimes have also been reported in a dynamic setting (see Reens et al.,
2001; Simone, 2004). It is natural to think that the methods deveped for quasi-
static problems would resolve the spatial stability issues in dynamic gblems as
well. However, as a rst step towards modeling more complex physlgaroblems like
dynamic cohesive fracture and polycrystalline media subjected tagh strain rates,

it is essential to study the e ect of spatial stabilization on the temjpral stability of

explicit dynamic simulations.

The rst study to identify the incompatibility of X-FEM with explicit dyn amics
was by Belytschko et al. (2003). They reported that as the disctnuity approached
an element boundary, the critical time step required for stable cqmutations in ex-
plicit dynamics approached zero. Remmers et al. (2003) and de Btoes al. (2006)
also reported the critical time step problem with discontinuous enidgnent. These
studies then all used either fully implicit time integration or implicit-expliat methods
(Hughes and Liu, 1978) with implicit time integration utilized only for cut elements.

This incompatibility was traced back to the direct extension of the rav-summing
mass lumping technique from the Finite Element Method to X-FEM by Meouillard
et al. (2006). Accordingly, they proposed a modi ed lumping proceade that resulted
in a critical time step of the same order of magnitude as that of an ent element
even as the discontinuity approached the boundaries of the cut elent. Rozycki
et al. (2008) further improved on this method for modeling voids withconstant
strain triangles and tetrahedra. Their approach resulted in idental time steps for
cut and uncut elements. Menouillard et al. (2008) adapted this appach to model
cracks with Heaviside enrichment and showed that the critical timetesp for constant
strain cracked elements remained identical to a classical nite elemte Elguedj et al.
(2009) further generalized this procedure for arbitrary enrichent functions.

It is noteworthy that all the above studies assumed that the intdaces (crack
or void surfaces) were traction free. Unfortunately, this assuption does not re-
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main valid while modeling cohesive fracture or weak discontinuities suels material
interfaces. To our knowledge, prior to this work, neither the lumpig procedures
developed for unconstrained problems nor the methods to enferconstraints on
embedded surfaces have been examined within an explicit dynamicanfiework for
constrained problems. Also, while the stable and stabilized methodsegented in
Chapter 2 stand out as the two most e cient techniques to enfore constraints in a
guasi-static framework; there is a need to evaluate their relative erits/demerits in
an explicit dynamics framework. To that end, here we extend bothhe stable and
stabilized embedded methods presented in Chapter 2 to explicit dymécs scenarios.
This Chapter is organized as follows. The model problem and the vati@nal
forms are described in the next section. In Section 3.3, we outlineetispatial dis-
cretization for the stable and stabilized forms and provide a lower bad on the
Nitsche stabilization parameter. In Section 3.4, we perform a thestical study on
the bounds for the critical time step with particular focus on the stbilized frame-
work. We also develop a novel mass lumping procedure for the stal@lizmethod. In
Section 3.5, we present results from several three-dimensionahbhmark examples
where we compare the performance of the stabilized and stablenoiations against
each other as well as against the penalty method. Finally, we sumniee and provide

concluding remarks in the last section.
3.2 Model Problem and Variational Formulations

We consider an elastodynamics problem de ned on the domain , dividkinto com-
ponent sub-domains ! and 2 by the embedded surface . We specify displace-
ments on part of the exterior boundary such thatu(t) = uf'(t) on the Dirich-
let boundaries [ and specify tractions on the Neumann boundaries such that
in™ = p(t) on T, where m = 1,2 is an index denoting the sub-domain ™.

The complementary part of the boundary is considered traction ée. A schematic
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of the problem domain is shown in Figure 3.1.

Figure 3.1 {Domain divided by the interface . into sub-domains !and 2. The
Dirichlet boundaries ], 3 and the Neumann boundaries % and 32 are shown. The
complementary part of the boundary is traction free. The nomal to the boundary of
each sub-domain,n™, points outwards as shown.

The governing equations are given (in indicial notation) by:

o= Me™ in ™ (0;T);
u'(t) = ug() on g (0;T);
it = p() on o (OT); (3.1)
u"©0) = ug in MatT =0;
u"(0) = ug in MatT=0:

The interfacial coupling conditions are traction balance and displageent continuity

across the interface:

int = Zn? on 0;T);
(3.2)
ul = u? on (0; T):

We assume that the material in both sub-domains follows a linear el&stonstitutive

relationship such that " = Cj; uf,-
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3.2.1 Variational forms

Let us begin by de ning the space of trial solutionsy; = U} U? and their variations,

V = V! V2 such that:
P=fut) 2 HYC Mut) 0 = uf(t)g;

VP =fui 2 HY( M); uij » =0g:

We formulate the Lagrangian of such a system by evaluating the dirence between

its kinetic and potential energies:

X Z lZ Z

On employing Hamilton's principle of least action to minimize the action intgral
| = RL dt, subject to the constraints (3.2), we recover the set of eqtians (3.1)
as the Euler-Lagrange equations for the considered variationaigblem. Within this
variational framework, we can enforce the constraints througbne of the following

ways:
Lagrange multiplier approach:

In this approach, we build in the interfacial constraints into the Lagangian of the
system by adding the work done by Lagrange multipliers(t), to the potential
energy of the system. We de ne the space of Lagrange multipliers gy = f (t) 2

H 2( )g. In other words,

|_Lag =L il[ui]l d ; (34)

where, by [], we denote the jump in a quantity () across an interface, in particular,

[1=()? () Now on insisting the stationarity of the action integral, we get the
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following two- eld variational formulation: nd ( u;(t); i(t)) 2 Uy L t2 (0;T)
such that forall (u;; )2V H ¥2( )

Z Z Z
= (L i[ui]d ifu]d)dt=0 ; (3.5)
T
where,
x Z z z
L = Um mu|m d UE?J)CE% U?aj) d + pi Ulm d
m m m

The arbitrariness of (u;; ;) returns the well known mixed system of equations.
As stated before, in a discrete setting, the spatial stability of thislual formulation
depends on the satisfaction of an inf-sup condition for the interpating spaces. In
Section 3.4, we extend the stable formulation presented in Chapt@rto dynamic

regimes.
Penalty function approach:

For dynamic problems, in addition to the inf-sup stability restrictions it is also
established that a dual formulation is incompatible with purely explicit tme inte-
gration (Carpenter et al., 1991). These restrictions have motivatl the development
and use of penalty function based approaches. In a penalty furart approach, the
jump constraint given by (3.2) is replaced by a spring-like Robin congtint. In other

words,

n?= i [ul; (3.6)

2
i

where, j can be interpreted as the stiness of a spring connecting the twauls-
domains together. Further, on choosing; = % i » Where j is the Kroenecker delta

function, and interpreting the Lagrange multipliers as the tractionat the interface,
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we arrive at the Lagrangian for the primal penalty function based @proach:

z 1
" = Jlul [uld : (3.7)

The stationarity of the action integral now yields: nd u;(t) 2 U;; t 2 (0; T) such

that for all u; 2 V

v v
= (L  [ui] [w]d)dt=0 : (3.8)

The main drawback of this approach is that the desired constraint iachieved
exactly only in the limit ! 1 . Due to this approximation, the method is no
longer variationally consistent. Often, to get accurate results,n@ requires the use
of a very large penalty parameter which results in ill-conditioned sysims and arti-
cial oscillations in the traction eld at the interface (Simone, 2004;Sanders et al.,
2009). For explicit dynamics simulations, the stable time step is also ieksely re-
lated to the chosen penalty parameter. This creates a three-wagmpetition between
accurate constraint enforcement, traction recovery and comjpational expense asso-
ciated with explicit time stepping and makes the choice for the pararter all the

more challenging. We discuss these issues further in Section 3.4.
Nitsche's method:

The Lagrange multiplier approach has the attractive property of ariational consis-
tency while the penalty method does not require building an inf-sup @ble space and
is compatible with explicit dynamics. Nitsche's approach is a way to cormie the
attractive features of both these methods to result in a variatioally consistent, one-
eld approach that is also compatible with explicit dynamics. Howeverthe key to
the performance of this approach lies in the choices we make fortaar free param-

eters that arise in this method. To see that further, consider théerivation of this
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method from an augmented Lagrange multiplier framework. Within tis framework,

the Lagrangian can be constructed as:

Z
LAY = | (i+ % [ublu] d : (3.9)

The stationarity of the action integral yields:

Z Z Z
= (L ifui] d [uilC i+ [uil)d)dt=0: (3.10)

Now, on using the product rule of di erentiation, applying the divergnce theorem

and grouping together the terms on the embedded boundary, weétain:

X Z Z Z
u i'n"d ifui] d [uil( i+ [ul)d=0: (3.11)

Further, on using the traction continuity at the interface in (3.11) forany ™ 2 [0; 1]

such that 1+ 2=1, we obtain

Z Z
ifu] d [uld(i+hyin'+ [ul)d=0; (3.12)
where,h ji = 1! i} + 2 If is the weighted average of the stress on the interface.
Now, the arbitrariness of (u;; ;) returns the displacement continuity constraint at

the interface and also provides us with the physical interpretationf the multiplier
as the weighted average of the traction at the interface such tha; = h i njl. On
using this interpretation of ; in (3.10) we arrive at a Nitsche stabilized and consistent
primal variational form: nd u;(t) 2 U; t 2 (0; T) such that for all u; 2 V

Z Z Z Z
| = (L + [ujh ijinjld+ |[ui]|hi,-inj1d [uiflu]d)dt=0 :

(3.13)
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The two additional boundary integrals in the Nitsche weak form thatwe see as
opposed to the penalty approach provide the method with variaticaal consistency
and symmetry while the penalty like term is used to stabilize the weak fim and
restore its coercivity. It must be recalled that coercivity here nobnly ensures spatial
stability but for transient problems also guarantees that the disate energy never
grows with time (Hughes, 2000). At the same time, as in the penalty ethod, the
stabilization parameter adversely a ects the stable time step redued for explicit
dynamics calculations. In Nitsche's method, the stabilization paranter then serves
to couple the spatial and temporal stability requirements. A judicias choice for this
parameter is therefore critical for the performance of the metid from both spatial
and temporal perspectives.

In addition to the stabilization parameter, we also have to make a suible choice
for the interfacial weights, ™. We have a lot of latitude in our choice of these weights
provided '+ 2=1. However, the key thing to appreciate is that once we have made
a choice for these weights, the stabilization parameter can no lomdee arbitrarily
chosen if we desire stability. As a quick remark, we also point out thahe choice of

1= 2=0:5returns the most commonly used \unbiased" form of Nitsche's miedd
(see Arnold et al., 2002). As we shall see in the next section, this istmecessarily
the best choice. By contrast, choosing™ at an element level allows us to arrive
at an estimate for the stabilization parameter which conforms to kb spatial and

temporal stability requirements.
3.3 Spatial Discretization

We discretize the problem domain by a set of non overlapping elemesit .. The
interface  is allowed to be embedded in the underlying background mesh allowing
for a natural discretization of the interface by the vertex set ointersection points

between the interface and the element edges. We adapt a level-sg@iproach to
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identify the location of the interface within the background mesh. Ay element with
positive level-set values for all its nodes belongs to! and with negative level-set
values for all its nodes belongs to2. Elements which have nodes with both positive
and negative level-set values are considered to contain the embeddliscontinuity.
We follow the approach suggested in Hansbo and Hansbo (2002) axwhsider every
such element with an embedded discontinuity to be a superposition o elements,
one contributing to the discretization in ! and the other in 2. In other words,
the discretized domain results from two separate meshes, one éach sub-domain,
that overlap at the interface. For concreteness, the overlapgnelement formulation
for a tetrahedral element, with a triangular surface element, is skwn in Figure 3.2.
A similar element can also be constructed when the resulting surfaeement is a

qguadrilateral.

(@) Cut element (b) Partial element: ! (c) Partial element: 2
Figure 3.2 { Overlapping element formulation for a tetrahedral element cut by an
embedded interface. The black circles are the physical nodecorresponding to the
background mesh and the hollow circles are the ghost nodes.HE blue circles represent

the discretization of the embedded interface within an elenent. The discrete interface
is constructed to be piecewise-planar throughout the meshand is based on a zero

level-set. The discrete interfacial normaln in each element is then given by that of the
discrete interfacial plane.

A similar reasoning for constructing the discrete approximation leadus to con-
sider the nite element approximation to the solution as an additive deomposition

of the solution eld existing entirely in ' and 2. Alternatively, for the solution
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eld and its variation, we write

X X o X X
uh = H™N;u;; uh = H™N; uj; (3.14)

m j21m m i2|m
where,| ™ is the set of all nodes whose supports overlap the domaifi'. The nodal
degrees of freedom are denoted by and the interpolating functions are denoted by
Ni. H™ is the characteristic function given by

1 ifx2 ™

m —_
H7(x) = 0 otherwise

(3.15)

3.3.1 Dual approach

On using Lagrange multipliers to enforce the constraints, the sy=h of semi-discrete

equations of motion is given by:

W + KbU+G = Fext;
G" = 0
u©) = up; (3.16)
uo) = w:

Here,u ; uand u represent the nodal values of accelerations, velocities and disjglac
ments respectively. The mass matrisM and the bulk sti ness matrix K, inherit the
overlapping structure from the discrete formulation and are giveas:

2 3 2 3
ML O Kt 0

b b
M =4 25; =4 25; (3.17)
0 Mj 0 K¢

The consistent mass matrix can be evaluated in a straightforward anner as:
Z

X
M = NT "N d . form=1;2 (3.18)
€ m
whereN is the shape function matrix and ' denotes the part of the element that
belongs to ™. A detailed discussion on mass lumping techniques for constrained

embedded problems is provided in Section 3.4.

58



The bulk sti ness terms in each of the sub-domains can be calculated:
Z

X
Kp = B'TD™Bd . form=1;2 (3.19)
€ m
where, the matrix B contains the gradient of shape functions and the matridD
denotes the discrete counterpart of the elasticity tensor. Th& matrix is the con-

tribution to the sti ness matrix due to the Lagrange multipliers:

x Z
G = NN d e (3.20)

whereN are the interpolating functions for the Lagrange multipliers and ¢ denotes
the portion of the interface  residing in the element. The interpolation for the
Lagrange multipliers and the coarsening of the multiplier space is doaecording to

Chapter 2.
3.3.2 Primal approaches

For the primal formulation, on introducing the spatial discretization described above
and using standard arguments regarding the arbitrariness af ", we recover a set of

semi-discrete equations of motion given by:

M’ + KU = Fext;
u) = uo; (3.21)
uo) = W
The sti ness matrix K is now given as:
2 3
Ki+ KL+ K. K
K=4 S: (3.22)
KI K2+ K2+ K?2

The mass matrixM and the bulk sti ness K, remain identical to those described by
equations (3.18) and (3.19). However, the sti ness matrix for th@rimal methods
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di ers from the sti ness matrix for the dual method due to the presence of interfacial
terms on the leading diagonal and the o -diagonal blocks. We can & the Nitsche

contribution to the leading diagonal block of the sti ness matrix as

x £ x £
Kh= m NT(n™)™D™MBd, " BT(D™™n™N d , form=1;2

e . € e
(3.23)
while the contribution of the stabilization terms to the leading diagonkblock is given
by:

x Z
KD = e NTNd, form=1;2 (3.24)

In Section 3.3.3, we leverage numerical analysis to establish an algébrexpres-
sion for the stabilization parameter = | ., for constant strain triangular and
tetrahedral elements.

The Nitsche and the stabilization terms also contribute to the o -digonal block
of the sti ness matrix denoted by K .. The o -diagonal block can be evaluated as

x £ x £ x £
Kc= e NTNd o+ ! NT(nH™DHB d + 2 BT(D?®™n?)N d

(3.25)

Finally, we notice that it is convenient to use the above discrete forrto imple-
ment the penalty method as well. On omitting the Nitsche speci ¢ terms from the
leading diagonal and the o -diagonal blocks of the sti ness matrixpne obtains the
discretized form of the penalty method. The only other di erence wuld then lie in
the choice of the stabilization parameter ., which is now completely at an analyst's

discretion.
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3.3.3 Estimate for the stabilization parameter

In arriving at the element-level stabilization parameter , we insist on the positive-
ness of discrete energy, locally, for elements intersected by timebedded surface. To
facilitate this analysis, we proceed by de ning an \energy" norm of guantity over
a domain  and L, norm of a quantity over a surface € as

Z Z
jjiuii’. = Ugj) Cijk Ugeny d e juiie = uu d g (3.26)

From (3.13), we can write the discrete energy for the consideredodel problem as

X
(u™; M ™+ a%(u;u); (3.27)
m
where,
X Z Z Z
a’(u;u) = u[‘}‘;j)ciﬂll u[ﬂ;l) d e 2 [uilCi ugeni njl d .+ [uillui] d e
m m e e
(3.28)

The mass matrix as seen from (3.18) admits a quadratic form and fendoes not
a ect the spatial stability requirements of the method. Therefoe, the stability re-
guirements are solely governed by the coercivity of the bilinear fora§(u; u). Rewrit-
ing (3.28) in a discrete setting by employing the Cauchy-Schwarz inggjity on the

second term, we obtain
as(u;u) g Uit o+ GilunTii%e 24Ul einCi Ui nili e: (3.29)

From the well-known generalized inverse estimate (Brezzi and Forf 1991), there

exists a mesh-dependent positive constaf; such that
iinCi Wi myli e Crjjufj (3.30)
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From (3.29) and (3.30),
a*(u";u") (iu"i o Giilu"li <)*+( e CPIIu"Tii%: (3.31)
From (3.31), we can ensure coercivity ife  CZ.

We use the inverse inequality (3.30) to bound the mesh-dependergrameter C?

from below. Squaring both sides of (3.30) and employing direct notan:
jinTD i ji%e CPjjui?; (3.32)
where, we denote the discrete counterpart of the elasticity teasby D and strain

by . For constant strain triangular and tetrahedral elements, assuing D remains

piecewise constant within each element, we can write
jiunjjiz, = meas( g)j( )TD* j+meas( 2)j( ?)TD?*F;
meas( ¢)j( Y)TjiDYj *j +meas( 2)i( »)TiiDj ?; (3.33)
meas( ¢)iD%j *j* + meas( 2)jD?jj 3%
where we have denoted a 2-norm of a matrix by:)j. The rst line follows from the
de nition of the energy norm (3.26) and the second and third lines &m standard

properties of matrix norms. Similarly, for the average traction at he interface, we

write
jinTD i jj?%e = meas( ®)jn"D i j?
meas( ®)jnTj3jhD i j?;
meas( ®) (( D)3DY3 21+ )+ ( ?)FD?Pj F2(1+1=));
(3.34)
where, the rst line follows from the de nition of the L, norm (3.26), and the third

line from the de nition of a unit normal and on employing Young's inequlty with

. Now on choosing
_ meas( g)iD%( ?)?.
~ meas( 2)iDY( 1)?
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DY h? b %)
meas( ) meas( 3)

jinThD i jji%. meas(®)

(3.35)
Thus, from (3.35) and (3.33), for constant strain triangular and ¢trahedral elements
the generalized inverse estimate is satis ed for

D H? DA )

2 e
Cr - meas(") meas( 1) meas( 2)

(3.36)

Based on parametric studies conducted in Embar et al. (2010), fgpood perfor-
mance in computations we choose, = 2C?, where C? is given by the equality sign
in equation (3.36). A choice of 1 = 2 = 0:5 returns an identical result as that
proposed in Dolbow and Harari (2009) for scalar elliptic problems.

For arbitrary orientations of the interface, it is not inconceivable b have elements
where either meas(l) or meas( 2) approach a very small value. In such cases, the
stabilization parameter is not bounded from above. This can have adverse e ect
on the conditioning of the system for quasi-static problems as regped in Chapter 2
and also in several earlier studies (see, for example, Lew and Bugiea 2008; Embar
et al., 2010).

For dynamic problems, as illustrated further in Section 3.4, a large abilization
parameter also places severe constraints on the stable time steguired for time
stepping schemes. In addition, the coercivity of the bilinear form islsb quite sen-
sitive to the estimate provided above and naively choosing a smallerlwa of the
stabilization parameter for such elements by replacing measy) and meas( 2) by
meas( ¢), for instance, upsets the positive-de niteness of the discretgystem. In
certain ways, this is analogous to discontinuous Galerkin methods are the choice
of numerical ux has great bearing on the stability and consistencproperties and
consequently the convergence of the chosen method (Arnold &t 2002).

Ideally, one would want a method where all the terms of the sti nesmatrix,
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including the classical and interfacial terms, grow at a comparablate. Thus, for
the sake of robustness, we aim to arrive at an estimate for the biization parameter
which varies inversely with the size of the total element as opposealthat of a partial
element. To do this, we leverage the freedom we have in choosing weghting ™.
Hence, if we choose! = meas( l)=meas( ¢) in (3.36) we obtain

2 meas( ®

: 72 jD'jmeas( )+ jD?meas( 2) : (3.37)

(meas( )

Clearly, ¢ now varies inversely with element size and grows at the same rate agt
classical nite element sti ness terms. We contend that this choic€3.37) is much
more robust than existing alternatives.

Finally, we end by remarking that for higher order elements, owing tmon-
constant ux within an element an analytical estimate for the stabiliation parameter
is not immediately obvious. However, one could still qualitatively dematrate the
dependence of the stabilization parameter on the weights. For suelements, then,
one can perform an additional element level eigenvalue calculation &orive at the

stabilzation parameter as demonstrated in Embar et al. (2010).

3.4 Temporal Discretization

3.4.1 Stability analysis

For temporal integration of the semi-discrete equations, we empgldhe Newmark
family of methods with particular focus on the central di erence algrithm. The
critical time step for the central di erence algorithm is bounded fom above by

2=! hax ,» Where,! o« is the maximum natural frequency, or the maximum eigenvalue

given by the generalized eigenvalue problem

(K 12M)u=0: (3.38)
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Dual approach:

For the dual method, Carpenter et al. (1991) noticed that a puilg explicit strategy
returns an update scheme where the displacement #t.; is completely indepen-
dent of traction at the interface att,.; and hence results in a singular system of
equations. To counter this, they employed the implicit/explicit forwad increment
Lagrange multiplier algorithm to integrate the equations of motion (3.6) in time.
The essential idea of the forward increment Lagrange multiplier algthm is to build
in the constraint from time stept,.; into the time step t,, and then integrate the
resulting equations of motion using the central di erence algorithm

The temporal stability requirements now dictate that the stable tine step for
time integration is given by 2=! 5 ., where! ¢ _  is the maximum frequency of the
constrained system. However, Rayleigh's nested eigenvalue thexar(see Belytschko
et al., 2000) states that the maximum eigenvalue of a constrainedssgm is always
bounded by the maximum eigenvalue of an unconstrained system. drefore,! ¢,
I max, Where! .« is the maximum frequency for an unconstrained system. The

eigenvalue problem associated with the constrained system (3.16pisen by

54 5=0: (3.39)

Hence, for the dual method, the stability analysis undertaken in M®uillard et al.
(2008) for unconstrained enriched elements is still valid and we emplthe same
lumping scheme as used there. A brief description of the said lumpingheme is

provided below before conducting a stability analysis for the primalpgroaches.
Primal approaches:

For primal approaches, on the other hand, the additional contrilitions to the sti ness
matrix due to the penalty and consistency expressions in the variahal form alter
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the bounds on the critical time step. A rather conservative yet sindard way of
obtaining the critical time step is to instead solve (3.38) at an elemerevel. We
can therefore concentrate on analyzing a single one-dimensional lelement with
a material interface in order to gain a better understanding of thes ect of the
additional sti ness terms on the critical time step.

For illustration, let us consider a one-dimensional element having leihgl. and
a unit cross-sectional area with a material interface at a distancef |, from the
left node, where 2 [0;1] is the volume fraction of the cut element in . The
overlapping bar elements and the truncated basis are as shown in g 3.3(a) and
Figure 3.3(b). For simplicity, in the theoretical investigation, we assme that the
element has same material properties (modulus of elasticy E and déy ) on both
sides of the interface and perform the stability analysis only for thpenalty method.

However, the conclusions we draw out will also hold for Nitsche's meiti.

N3 N4
N1 N2
[ O (e} s J
1 3 1 e 3 4 le 2 2
(a) Partial element: ! (b) Partial element: 2

Figure 3.3 { Overlapping element formulation for a one-dimensional ba element.
The black circles are the physical hodes corresponding to thbackground mesh and the
hollow circles are the ghost nodes. The blue circle representhe embedded interface.

In order to proceed with the temporal stability analysis, a rst ste is to decide
on a mass lumping procedure to diagonalize the mass matrix. As the aistization
can be viewed as one that is obtained by superposing the elds fronoth sides of
the interface, it is natural to think of a lumping procedure which lumg the mass in
both the superposing elements in the ratio of their physical masse¥his was the
idea pursued in Menouillard et al. (2008). They showed that for a disntinuous

66



element such a procedure yields a stable time step equal to that of@andard nite
element. Following the same approach, and adding the contributiomoim penalty

terms, the sti ness and mass matrices can be written as:

2 2 3
K FEM + K Pen K Pen M FEM O
K = 4 5 M = 4 5 :
K Pen (1 )K FEM + K Pen O (1 )M FEM
(3.40)

where, K™ and M ™" are the element sti ness and mass matrices for a classical
bar element and using (3.25) and (3.24):

2 3
@ )»xa )
KPen = 4 5 :
(1 ) 2 (3-41)

Now, clearly, the critical time step will depend on the location of the iterface () as
well as the penalty parameter ().

Firstly, in order to study the variation of the critical time step with t he interface
location within an element more clearly, we make a choice for the penajtarameter
as = E=l.. This choice ensures that all the terms contributing to the sti nes
matrix grow at a comparable rate. We now solve the generalized eigalue problem

at an element level by setting:
detM K 12)=0: (3.42)
For the given sti ness and mass matrices, we get:

2= o 2E 2E 4E
S 2@ ) 12 12

(3.43)

We can clearly see from equation (3.43) that as the interface apphes either node,
i.e. as ! 0 or1l, the maximum eigenvalueé o ! 1  and hence results in a null
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critical time step. As a result, some of the standard mass lumpingremes developed
for extended nite element methods fail to be robust when consdints are added to

the interface (or crack surface).
3.4.2 Mass lumping approach based on kinetic energy consdion

An interpretation of the penalty method is to consider the penalty tsness as in-
nitely sti, massless springs at the interface. Hence, as the intéace approaches a
node, we are allowing the element mass to go to zero and at the sanmeet causing
a large increase in its sti ness. Therefore, we no longer allow the nsaand sti ness
matrices to scale similarly and end up reintroducing the problem of nutiritical time
step. One approach to overcome this problem would be to assign paf the total
element mass to the spring that constrains the kinematics at the ietface and then
use this mass to our advantage to prevent the element mass ma#scof the two
overlapping elements from becoming in nitesimal.

Using the above ideas, we aim to arrive at a lumped mass matrix, thatgserves
the equivalence between the kinetic energies of the discrete anatomious systems
for rigid body modes as well as a ne expansions. The kinetic energyx@essions for
the discrete and continuous systems can be given by:

1 1Z
Tdisc = éd'TMd' and Tcont = é LF d ; (344)

where, d is the vector of nodal velocities and/ represents the lumped mass matrix

with diagonal entriesmgy; m,; mz and my.

A ne expansion: Let us rst consider a case when the two sub-domains are
trying to separate out from each other at the interface. This cabe represented by

an a ne expansion of the bar about its center with the nodes movingway from the
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center at a constant velocity. For this case, the discrete and estkinetic energy can

be written as:

1
— IAVES (3.45)

1 1
Tdisc = é(ml+ m3)( V)2+ é(m2+ m4)V2 and Tcont = 2

- I
On assumingm; = m, = m3 = My = Mg, We can say thatmy = Te

Rigid body motion: Now let us consider a case when the bar is exhibiting
rigid body motion at a constant velocity. The kinetic energy for the tcrete and

continuous systems is now given by:
1 ; 1,
Tdisc = é(ml + m2 + m3 + m4)V and Tcont = é | eV (346)

e

Again on assuming that the diagonal entries are equal, we galy = 7 Therefore,
the lumped mass matrix is now given by
2 3
1 000
. go 10 g
M= 80 01 6 (2.47)
0 001

In other words, we are now distributing the total element mass eally among all the
four diagonal entries of the mass matrix regardless of the inteda position, thereby
preventing the di culties associated with in nitesimal nodal masses

On solving (3.42) with the proposed mass matrix, we get:

6E f, f, G6E f,+f, 4E

2 2 2 ,
E E E

12= 0 (3.48)

where,f; =8E (1 )andf,=2E(1 2 )p (2  1)2+8. If we denote the critical

time step for this case by t. and denote the critical time step of a standard nite
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element by tZ™, from (3.48) we can say that for the proposed lumping scheme

FEM

te 2 —p%; te" 8 (3.49)

The ideas presented above can easily be extended to two and thoiensions as
well, as shown by the numerical performance of the lumping schemeFRigure 3.4.
In Figures 3.4(a) and 3.4(b), we compare the performance of the/d lumping pro-
cedure proposed here against the one proposed in Menouillard et @008) for a
one-dimensional bar element and a constant strain tetrahedraleenent respectively.
In both cases, we normalize the critical time step with that of a stadard nite

element and plot it against the interfacial location.

0.9

FEM
tCI’

cr—

0.1 Proposed lumping ~ ====-=- 0.1 Proposed lumping = ==== ]
. Lumping as in Menouillard et al. (2008) —_— . Lumping as in Menouillard et al. (2008) —_—
| | | |
0.2 0.8 0.2 0.8
(a) One-dimensional bar element. (b) Constant strain tetrahedral element.

Figure 3.4 { Variation of normalized critical time step with the volume fraction of
the cut element in ! for the two lumping schemes.

It is also useful to look at the critical time step, solely as a functionfahe penalty
parameter. To this end, we choose= 0:5 and again solve the generalized eigenvalue

problem given by (3.42) with the proposed mass matrix. Now we nd i,

4 4E 4E
= = (3.50)

12= 0 . .
e le

le
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It is easy to see from (3.50) that a high value of the penalty paramat has an
adverse e ect on the critical time step. From (3.36), on using thetandard form
of Nitsche's method with ' = 2 = 0:5, the stabilization parameter for a cut
element as considered in Figure 3.3(a) and 3.3(b), is shown to vary @émgely with
the volume fraction of the element on the positive and negative sidege. and
(1 ). Therefore, for the cases when the interface is oriented sudiat ! 0 or 1,
the stabilization parameter tends to a large value. Now, clearly, fro (3.50) this will

severely restrict the critical time step and make explicit calculationgrohibitively

expensive. On the other hand, the suggested weighted strespmach (3.37) yields
a stabilization parameter which remains bounded regardless of theemtation of the

interface, causing only a nominal decrease in the stable time step.
3.5 Numerical Examples

In this section, we compare and contrast the performance of esdded methods
against the classical nite element method on a series of wave-pegation test prob-
lems. Throughout the section and in the Figure legends, we denoteet weighted
version of Nitsche's method by -Nitsche and the dual method by LMVV. For the
dual method, we use the forward increment Lagrange multiplier algthm to inte-
grate the semi-discrete equations of motion in time while for penaltynd weighted
Nitsche's method, we use the classical central di erence algorithin conjunction
with the mass lumping proposed in Section 3.4. On employing the standaform
of Nitsche's method, we use the implicit/explicit mesh partitioning algathms of
Hughes and Liu (1978) and use the Newmark family of time integratioachemes
with the parameters = 0:25 and = 0:5 for the implicit elements and the classical
central di erence algorithm for the explicit elements.

In addition for the penalty method, unless otherwise speci ed, wese a penalty
parameter ofE=h, whereE is the Young's modulus anch is the characteristic mesh
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size. This choice allows the penalty terms in the stiness matrix to g at the

same rate as the other terms allowing us to circumvent any ill-conditiing issues
and resulting in a critical time step of the same order of magnitude ame obtained
using dual and the consistent primal approaches. It must howavee emphasized
that such an approach cannot always be taken with the penalty mevd and the
results presented here can be seen as the most favorable sairretd by the penalty
method.

Finally, as a reference for our studies, we solve all the examples gsihe classical
nite element method with mesh lines explicitly tted to the interface. We plot the
time evolution of displacement and stress, at a given spatial locatipand compare
the results obtained from the embedded methods with those obta&d using the
classical nite element method. As a measure of constraint enfemment, we plot
the error in the displacement and stress jump across the embeddsurface against
time for all three embedded methods. To evaluate the accuracy thfe constraint

enforcement, we employ thé., error norm given by:
Z 1

E= 1 xd (3.51)
where, [J" denotes a jump in the quantity () constructed using the nite element
approximation and []** denotes the exact value of the jump at the interface.
3.5.1 Impact loading

We rst consider a model elastodynamics problem with an embeddedaterial inter-

face such that:

r 1 = 1yl in * (0;T) =fx: (x)> 0g;
r 2 = 292 in 2 (0;T) =fx: (x)< 0g;

u =0 on p (0;T) =fx:z=1g;

n = p(t) on y (O,T) =fx:z= Og’ (352)
1 nt = 2 n2 on (0;T) =fx: (x)=0g;
ut = on 0;T) =fx: (x)=0g¢:
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Planar surface

As a rst example, we consider an embedded planar interface gively b (x) =
z 0:4856. We consider di erent material properties on each side of theterface
such that in the sub-domain !, the material is characterized by a Young's modulus
E! of 200 GPa, Poisson's ratio ! of 0.3 and mass density ! = 7800 kg=m® whereas
in the sub-domain 2 we have a Young's modulu€? of 70 GPa, Poisson's ratio
2 of 0.3 and mass density 2 = 2700 kg=nm®. We simulate the response of such a
\segmented bar" to a sudden impact loading such thap(t) = (H(t) where, (=1
MPa and H is the Heaviside function. All embedded simulations are carried out
on an unstructured constant strain tetrahedral mesh, with 8 digions along each

direction, for a total simulation time of T =5 ms.

2.5

Displacement (mm)

. -Nitsche ===
Penalty s

LMVV —‘

o

0.5 4.5

Time (ms)

Figure 3.5 { Comparison of time evolution of displacement for conformng and em-
bedded methods.

Figure 3.5 shows the evolution of displacement with time for all the tlee em-
bedded methods as well as the classical nite element method at thpatial location
(0,1,0). From the plot, we can see that the curves compare well fall three meth-
ods. It is also evident from the plots that the variationally consistenmethods have

a closer agreement with the classical nite element method than th@enalty method.
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(&) L error in displacement jump (b) L, error in stress jump

Figure 3.6 { Variation of L, error in the constraint with time.

Figures 3.6(a) and 3.6(b) plot the evolution oL, error in the jump constraints
with time. Again, it is clear from the plots that for a comparable value dpenalty
parameter, the constraint is imposed much more accurately with éhvariationally
consistent methods. The stable Lagrange multiplier formulation sewes to enforce the
constraint in stress jump with higher accuracy than Nitsche's methd.

It is possible to tune the penalty parameter to gain accuracy with th penalty
method but apart from the ill-conditioning issues seen in quasi-statjgroblems, this
also adversely a ects the critical time step. Also, since in most regroblems, we
have noa priori information on the solution, we can no longer a ord the luxury of
tuning the parameter. Additionally, as can be seen from Figure 3.7,large value of
the penalty parameter triggers non-physical oscillations in the tion eld at the
interface in the same way as was seen earlier for quasi-static probée(Sanders et al.,
2009) as well as dynamic problems (Simone, 2004). It is interestingriote that even
the standard form of Nitsche's method seems to exhibit minor oscilianhs, and we
suspect these again arise from the sensitivity of the stabilization gameter to the

interface location. Though itis possible to smooth these out with théomain integral
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(a) LMVV (b) Nitsche's method

Normal Traction Normal Traction
000408 000 2000408 -2.000408 000 2

(c) Nitsche's method (d) Penalty method and a penalty
parameter ve orders of magnitude
higher than the Young's modulus.

Figure 3.7 { Plot of normal traction at the embedded surface using all the three
embedded approaches at a time after the wave rst crosses thembedded surface.

formulation presented in Ji and Dolbow (2004), from Figure 3.7(b)he weighted
form of Nitsche's method seems much less susceptible to these osmlts, further

highlighting the robustness of the method.
Sensitivity analysis

We modify the above model problem such that the domain has identicenaterial
properties, a Young's modulusE = 200 GPa, a Poisson's ratio = 0:3 and a
mass density of = 7800kg=m?, on both sides of the interface. We now study the

sensitivity exhibited by an element level estimate of the critical timetep to the
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Menouillard (2008) Proposed lumping

Nitsche = =—— Nitsche = =—
Penalty = Penalty =
-Nitsche ===

SN

.‘\Q‘ Wﬂr '

| |
0.2 dZ:h 0.8
(a) Parameters of the sensivity analysis (b) Sensitivity of the stable time step

Figure 3.8 { lllustration of the sensitivity of the critical time step w ith the interface
location exhibited by various primal embedded approaches.

interface location. For this purpose, we vary the interface locatiowith respect to
a given structured background mesh. An illustration of the paranters used in the
sensitivity analysis is given in Figure 3.8(a).

We normalize the critical time step obtained from the various embeed ap-
proaches with that of classical nite element method and plot its vaation as a
function of the interface location in Figure 3.8(b). From the plot it is ¢ear that the
mass lumping proposed in Menouillard et al. (2008) breaks down as theerface
approaches either internal boundary for all the primal approads. Even with the
proposed lumping technique, for the standard form of Nitsche's ii@d, the large
stabilization terms increase the spectral radius of the sti ness niax resulting in
a prohibitively small time step. Clearly from the gure, the only two approaches
that do not result in a substantial reduction in the time step are thepenalty method
and the weighted form of Nitsche's method as suggested in Sectia3,3doth used in

conjunction with the proposed lumping technique.
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Popcorn shaped surface

4.5 150
LMV  — LMV —
-Nitsche === -Nitsche ===
Penalty = Penalty —
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I=1 ]
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0.5 |
! ! 150 ! !
05 Time (ms) 45 0.5 Time (ms) 45
(a) Variation of displacement with time at (b) Variation of stress with time at the spa-
the spatial location (0,1,0) tial location (0,1,0)

Figure 3.9 { Comparison of time evolution of displacement and stress foa sinusoidal
impact load applied at the bottom surface obtained using clasical and embedded
approaches for the case with an embedded popcorn shaped saré.

We further illustrate the utility of the embedded approach on a domia with
a popcorn shaped embedded surface de ned by the implicit equatemlescribed
previously in Chapter 2. To validate the results, we solve the sameqirlem with
the classical nite element method as well. On using the classical nitelement
method, to avoid the diculties associated with explicitly gridding this complex
surface, we consider identical material properties on both sidekthe surface, given
by E =200 GPa, =0:3and = 7800kg=n’. To ensure that the embedded surface
is discretized well enough, we choose a structured mesh with 24 dws along each
direction. The Neumann boundary is loaded by a time dependent siraidal traction
such thatp(t) = osin(t=T ) where =1 MPa and we simulate the response for a
total time of T =5 ms.

The variation of displacement and stress with time is plotted in Figure8.9(a)
and 3.9(b) respectively. We also plot a time snapshot of the displacent contour ob-
tained using classical and embedded approaches in Figure 3.10. Akl excellent
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agreement is observed between the classical and the embeddegragches and indi-

cates that the overall numerical performance remains the san@ both approaches.

Displacement Z Displacement Z
1e-05 2e-05 3e-05 1e-05 2e-05 3e-05

3.167e-16 3.006e-05 3.167e-16 3.006e-05

(a) FEM (b) Embedded FEM

Figure 3.10 { Time snapshot of the displacement contour for classical ad embedded
approaches with an embedded popcorn shaped surface.

Material with microstructure

As a nal example, we investigate a wave propagation problem on a main with
complex microstructural inclusions in a similar vein to the one descridein Moes
et al. (2003). It can be appreciated that, for such problems, am#edded approach
would be far more computationally e cient than an explicitly gridded approach,
especially for multiscale problems.

Here, we consider a material lled with 32 spherical inclusions as shown Figure
3.11. We distribute the centers of the spheres randomly within a unitube while
ensuring that no two spheres intersect. We assign a Young's modsilof E? = 70
GPa, Poisson's ratio 2 = 0:3 and mass density 2 = 2700kg=n? to the spheres and
a Young's modulus ofE! = 200 GPa, Poisson's ratio ! = 0:3 and mass density

1 = 7800kg=n? to the matrix surrounding the spheres. We load the bottom surfac
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(a) Computational domain (b) Matrix surrounding the spherical
inclusions

(c) Spherical inclusions

Figure 3.11 {lllustration of the microstructural geometry and computa tional domain
with 32 randomly distributed spherical inclusions.

with a sinusoidal traction as described above for the popcorn shegh surface. We
again simulate the response of the material for a total time off =5 ms. Since it is
evident from our earlier examples that the variationally consistent gthods provide
better accuracy, we conduct this simulation only with the two consient approaches
and compare our results with the classical FEM. The variation of disgpcement with

time and stress with time is plotted in Figures 3.12(a)-(b) respectig The time

shapshot of the displacement contour at a comparable time in the gsithation is also
provided for the embedded as well as the classical FEM in Figure 3.18s seen from

Figures 3.12(a)-(b), the embedded methods provide identical téts, we thus provide
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Figure 3.12 { Comparison of time evolution of displacement and stress foa sinusoidal
impact load applied at the bottom surface obtained using clasical and embedded
approaches for a cubic domain lled with microstructural in clusions.

Displacement Z Displacement Z

2.6e-03

(a) Classical FEM (b) Embedded FEM

Figure 3.13 { Time snapshot of the displacement contour for classical ad embedded
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a single snapshot representing both the embedded methods. Fetter visualization,
we only show the displacement contours on the matrix surroundindné¢ spheres and
have clipped out the spherical inclusions. From the plots, we see titae embedded
methods agree fairly well with the classical nite element method.

The amplitude of the wave for embedded methods diers from the daical
method by nearly 7%. However, we attribute the marginal di erene in the results
to a largely di erent discretization. For the embedded methods, wese a uniform
discretization with 30 divisions along each axis resulting in a mesh with @800 el-
ements. For the classical nite element method, we generate a ¢dorming mesh
using the open source meshing software NETGEN. The discretizatios therefore
signi cantly di erent as the conforming mesh is optimized and re nedmore in the
vicinity of the curved interfaces. The conforming mesh discretizéake domain into
77578 tetrahedrons.

It is also worth remarking that the CFL condition provides a stable tine step
of 87 10 ’ s for the classical nite element method whereas for the embedded
methods the stable time step is given as:® 10 ® s for LMVV and 9:6 10 ' s
for the weighted Nitsche's method. In essence, the stable time tis not restricted
any worse by the embedded methods than a corresponding ttedid required for
the classical FEM which can sometimes result in uncharacteristicallynsll elements.
This feature, coupled with the exibility the embedded methods proide, make them

a very attractive prospect for solving this class of problems.
3.6 Conclusion

In this Chapter, we investigated the performance of various embéed interface meth-
ods for explicit dynamics simulations. We highlighted the severe regttions placed
by the CFL stability conditions on the stable time step for the two primal methods
on using the existing mass lumping schemes. As an alternative, we posed a novel
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mass lumping strategy based on conserving kinetic energy for rigiddy modes and
a ne expansions. We showed that on using the proposed lumping seime, the stable
time step always remains bounded for the penalty method regardéesf the orienta-
tion of the interface. We also highlighted the incompatibility of the stadard form of

Nitsche's method with explicit time stepping schemes and proposed aiternative

variational form.

We then compared the performance of the embedded methods witie classi-
cal nite element method on several benchmark wave-propagatioexamples. We
observed excellent agreement with the classical nite element metti for all our nu-
merical examples. The advantages of variationally consistent mettis observed in
the quasi-static regimes - better constraint enforcement and eater stability in the
traction pro le - are still evident in the transient regimes.

However, for the stable Lagrange multiplier method, this robustrss and accu-
racy comes at the price of incompatibility with purely explicit temporalintegration.
We also note that the stable Lagrange multiplier method involves coiakerable pre-
processing to identify an inf-sup stable multiplier space and the assely procedure
itself is much more expensive. Moreover, for interfaces which ewlin time, the
stable Lagrange multiplier method would require this preprocessing avery time
step. Due to these considerations, we contend that the weight@dtsche's method
stands out as the more e cient choice for embedded interface poems.

In addition to its favorable performance in explicit dynamics, we alsoaticed
that the weighted Nitsche's method yielded a much more stable traioh pro le com-
pared to classical Nitsche's method in Section 3.5.1. This raises impant questions
concerning the e ect of weighting on the stability of interfacial quatities of inter-
est. We also recall that in Chapter 2, we noticed a non-convergenof ux in the
L: norm and suspected this resulted from partially lled elements with diitrarily
small volume fractions. In this Chapter, we noticed that it is precidg those ele-
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ments which result in the incompatibility of classical Nitsche's method ith explicit
dynamics. Similar problems were also reported by Burman and Hanskiz012) and
Becker et al. (2011) for ctitious domain methods and Sanders et.§2012) for mesh
mortaring approaches. It remains to be seen whether there is anwmon underlying
cause for these seemingly di erent problems. We explore this issugther in the

next Chapter.
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A

A Robust Nitsche's Method for Interface Problems

4.1 Introduction

In recent years, Nitsche's method, originally proposed in the early9Z0s has seen a
resurgence. This is primarily due to its e ciency in the treatment of irterfacial phe-
nomenon in computational mechanics. The central idea behind Nitsg's approach
is to simply replace the Lagrange multipliers arising in a dual formulatiothrough
their physical representation, namely the normal ux at the inteface. The exibil-
ity of the approach has resulted in a wide range of applications of theethod. To
name a few, the method is used to enforce inter-element continuity symmetric in-
terior penalty discontinuous Galerkin methods (Arnold et al., 2002)nesh mortaring
(Stenberg, 1998; Laursen et al., 2010; Sanders et al., 2012) o0ecifig transmission
conditions in ctitious domain methods (Hansbo et al., 2003; Beckert al., 2003)
and X-FEM type embedded interface methods (Hansbo and Hansh2004; Dolbow
and Franca, 2008; Dolbow and Harari, 2009).

While this classical form of Nitsche's method performed optimally in mositu-

ations, there were some anomalies. For example, in X-FEM methodgourad et al.
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(2007), Dolbow and Franca (2008) and Dolbow and Harari (2009)eported high
sensitivity of the normal ux when evaluated directly. In fact, in Chapter 2, we
showed non-convergence of the normal ux ibh; norm when evaluated directly. In
addition, Sanders et al. (2009) reported mild oscillations in the nornh&raction and
heavy oscillatory behaviour in the tangential traction at the interbce. Further, in
Chapter 3 we noticed the incompatibility of the classical Nitsche foroation with
explicit dynamics simulations.

Interestingly, similar issues were also reported with Nitsche baseg@moaches in
various other areas. For example, the mortar approaches of Lraan et al. (2010)
and Sanders et al. (2012) showed a stress locking pattern whemty a soft material
with a sti one. In discontinuous Galerkin approximations, Lew and Ngri (2011)
arti cially prevented the boundary from cutting arbitrarily small slic es of elements.
Burman and Hansbo (2012) added a ghost penalty term to improvée conditioning
of the discrete system for domains with small sliver pieces. Severecoiditioning
issues have also been discussed for these ctitious domain appreescby Becker et al.
(2011).

In this Chapter, we propose a uni ed solution to some of those numeal issues.
We trace these numerical issues to a common underlying cause - a-optimal choice
of numerical ux. As outlined in the seminal review by Arnold et al. (202), depend-
ing on the choice of numerical ux, a host of discontinuous Galerkinpgroaches with
varying mathematical properties can be derived. We concentraten \jump" type
constraints in particular and propose a modi ed numerical ux basé on a weight-
ing other than a simple arithmetic average. The numerical example®msidered
here all focus on embedded interfaces but the theory extendsdther Nitsche based
approaches as well.

The idea of using a weighted form has been tried under di erent castts before.
Notably, Zunino and co-workers (Zunino, 2009; Burman and Zunin@006; Ern et al.,
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2009) proposed and analyzed a sti ness weighted interior penaltparoach to model
the case of vanishing di usivity in advection-di usion-reaction equ#ons. The work

of Cai et al. (2011) also analyzes a sti ness weighted interior penglapproach for
heterogenous problems and establishes robust error estimatofdso in the context of
mesh mortaring, Sanders et al. (2012) successfully used a sti segeighted approach
to alleviate stress locking problems exhibited by classical Nitsche's thed. More

recently, Zunino et al. (2011) analyzed an un tted Nitsche metho@nd proposed an
alternative that remains robust for the worst case among small telements and
large heterogeneities.

The novelty of our approach lies in (a) establishing a clear relationshipetween
the weights and the stabilization parameter, and (b) demonstratig the critical de-
pendence of the interfacial quantities of interest on the stabilizetn parameter. We
propose a weighting such that the bulk as well as the interfacial e&lremain well
behaved in the presence of (a) elements with arbitrarily small volunfeactions, (b)
large material heterogeneities, and (c) both large heterogenegias well as arbitrar-
ily small elements. In fact, through a functional relationship betwen weights and
stabilization parameter, we prove that the proposed choice of wéig is optimal.

We begin by de ning the model problem and the variational form in thenext
section. In Section 4.3, we discuss the spatial discretization as wa#l provide a
lower bound on the stabilization parameter. Here, we also propose aeptimal choice
for the weighting parameters by establishing a functional relatiohg between the
stabilization and the weighting parameters of the method. In Sectio4.4, we demon-
strate the robustness of the proposed method against the clesd Nitsche approach
on several benchmark examples focusing particular attention onténfacial quanti-
ties of interest. Finally, in Section 4.5, we provide concluding remarkeand possible

extensions.
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4.2 Model problem and variational formulation

Sk

[oN o

onN

Figure 4.1 { Interface - partitions the bulk domains ! and 2. The Dirichlet
boundaries 1, 3 and the Neumann boundaries } and 2 are shown. The compli-

mentary part of the boundary is traction free. The normal to the boundary of each
domain, n™, points outwards as shown.

We begin by considering a particular Poisson's problem in the bulk domain !
and 2

r ™ru™ = fM™ in ™
u™ = ul on [, (4.1)
Mru™ n™ = 0 on

that are coupled together at the interface by the conditions:

[ru]l n2 = j on ;

(4.2)
[ul

i on

where,i and j are su ciently smooth functions on the interface. The de nitions of
1,2, Mmand ™ are as shown in Figure 4.1. The interface acts as a partitioning

boundary between the two bulk domains * and 2. The normalsn™ are considered
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as outward pointing from their corresponding domains and the shiiland notation
[u] corresponds to the jumpu? ut.

While the particular focus of our interest in this study is the impositionof the
jump conditions given by (4.2), we develop an approach that is equalapable of
handling both jump constraints given by (4.2) as well as sti Neumanrtonstraints.
The motivation behind this generalization is to consider a possible extgion of this
method to frictional sliding problems where a sti Neumann constraihis more likely

to arise. To that end, we consider the following interfacial conditias

rut nt }(l[u]l )+ 2% on ;
(4.3)

Yo o+ % on

2r u2 n2

Physically, 1= can be interpreted as the sti ness of cohesive springs arising while
modeling a traction-separation law at the interface or the regularaion parameter in
the Coulomb frictional laws. As can be seen from equation (4.3), ineHimiting case
of =0, the Robin type constraints collapse into jump constraints givetby equation
(4.2). Here (%; ?) are not problem speci ¢ parameters but are real numbers such
that !+ 2=1. Apossible strategy for identifying these parameters will be disssed

in Section 4.3.
4.2.1 Weak form

We begin by de ning the solution spacesy = U!  U? and weighting spacesW =
W?! W2 such that:
Um

u2 HY( ™,u=ulon 7 ;

wWm= w2H( M™,w=00n 7

Multiplying the governing equations in bulk by the weighting function, inegrating
by parts, applying the divergence theorem and summing the resulgrequations from
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both the bulk domains we have:

x £ x Z x £
rw” "rum™d w™ Mru™ nMd = whf™d . (4.4)

m m m

A similar procedure for the boundary conditions on yields:

X Z Z X Z

w" Mru™ nM™d = Wit ud + @a ™w"jd: (4.5

m m
The presence of on the highest order term lends a singularly perturbed characteot
the weighted residual form of the interfacial coupling conditions agiven by equation
(4.5). For =0or ! 0, insuch problems we tend to neglect the ux terms arising
from the boundary conditions, when in fact they are of a compar#éb order to the
rest of the terms in the equation. Often, in order to regain inform#on on the
highest order term in such singularly perturbed problems, there is@eed to recast

the equations through some rescaling. To that end, we divide eqiat (4.5) by +

where is any positive number greater than zero, and obtain:
X Z Z

" w™ Mru™ nMd = +1 wlj(i  [ul)d

) X z (4.6)
@a ™w"jd :

Now, summing the equations (4.4) and (4.6) yields:

x Z x Z z
rw" "rumd " w™ Mru™ nmd + [w][u] d
m m
x" < e 1 £ £
= whf™md + — |[W]|Id++— jhwi; d :
m m
(4.7)

From the interfacial constraints (6.2), the two following expressits can be derived:

rul nl+ 2r w2 n2=j;
ru n2=hru n%2+ 1
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Using these two relations, the boundary integral term of weightedixes in (4.7) can

be re-written as follows:

X Z Z Z
wm Mru™ nMd = wid+  [w] % u? n?d
" yA Z
= wi+ w] jd+ [wlhrui n?d
Z Z

= jhwi;, d+ [wlhrui n?d:

(4.9)
Substituting this last expression (4.9) in (4.7) leads to
X Z Z Z
rw"™ ™ru™d —— [wlhrui n?d + [w]fu] d
m m
X Z 1 Z Z
= wfm™d + —— [w]lid+  jhwi; d;
m +
(4.10)
where, the shorthand notationhi = 2()2+ 1()3, refers to the weighted average

of a quantity () across the interface. Finally, on symmetrizing, the variational fon

can be stated as: Findu" 2 U such that for all v 2 W such that:

X Z Z Z
rw™ ™r u™d —— wihrui n2d —— Mlhrwi n? d
momoz z x Z
*— Wiild  —— hroui nhrwi n?d = wmf ™ d
Z Z Z mom
—— ihrwi n>d + [wlid + jhwi, d:

(4.11)
From (4.11), we can see that the unscaled equations, with = 0O, return the
standard penalty like techniques for enforcing sti Neumann and Dichlet/jump

constraints which are no longer well de ned for = 0. On the other hand, the
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variational form for the rescaled equations is well-de ned even for= 0, such that:

¥ Z z z
rw™ Mrumd [wihr ui n?d [ulhrwi n?d
"z x Z Z Z
+ WUl d = wmf ™ d ihrw n2d+ Wid (412
VA mom |
+  jhwi, d

where, we have rede ned = 1= as the stabilization parameter. In fact, if we now
choose ' = 2 =0:5, we recover Nitsche's variational form as presented in Dolbow
and Harari (2009) for enforcing jump constraints across an intace.

In the remainder of this Chapter, we concentrate on this speciahse of =0
alone. At this point, we also remark on the similarity of the above vartgonal form
with that of a symmetric interior penalty discontinuous Galerkin appoach. The only
di erence then lies in evaluating the boundary integrals which would @e at every
internal boundary in a symmetric interior penalty approach as oppsed to the case
described here where they result only over the embedded surface

The coercivity of Nitsche's variational form and consequently thegrformance of
Nitsche's method depends critically on the stabilization parameter.nterestingly, in
a discrete setting, estimates on the stabilization parameter aredimselves dictated by
the choice of weights, * and 2 for the weighted average operator in the variational
form. We use numerical analysis to provide an optimal estimate fohé stabilization
parameter and also prescribe the best choice of weights for a rebnumerical method

in the next section.
4.3 Spatial discretization

We discretize the bulk domains ! and 2 into a set of non-overlapping simplices.
The interface is allowed to be embedded in the domain in the sense that it is
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allowed to cut through the elements. We construct a piecewise plargpproximation
to the interface and locate it through a zero iso-surface for a sigth distance level
set function in the domain. The interface is thus naturally discretizé as the vertex
set of intersection points between the zero iso-surface and thereent edges. Any
element with all its nodes having a positive level set value is consideredbelong to
2 while any element with all its nodes having a negative level set value isnsidered
to belong to !. For elements that are cut by the embedded surface, we create a
duplicate set of nodes as proposed in Hansbo and Hansbo (2003sdmtially, we then
have a discretized geometry that is de ned separately on both thdomains with an
overlapping character in the vicinity of the embedded surface. Tond further clarity
to the proposed formulation, we represent the overlapping elentéormulation for a
cut tetrahedron with a triangular surface element in Figure 4.2. A siifar element
can of course be constructed when the embedded surface resuita quadrilateral

surface element.

(@) Cut element (b) Partial element: ! (c) Partial element: 2

Figure 4.2 { Overlapping element formulation for a tetrahedral element cut by an
embedded interface. The black circles are the physical nodecorresponding to the
background mesh and the hollow circles are the ghost nodes.hE blue circles represent

the discretization of the embedded interface within an elenent. The discrete interface
is constructed to be piecewise-planar throughout the meshand is based on a zero

level-set. The discrete interfacial normaln in each element is then given by that of the
discrete interfacial plane.

The nite element discretization is now constructed on this overlappg domain

again as prescribed in Hansbo and Hansbo (2002). The approximatiand the
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weighting functions are then given by:
X X X X
uh = H™N;u; wh = H™N;w;; (4.13)
m i2Im m i2|m
where, | ™ is the set of all nodes whose supports overlap the domaif® and H™ is
the characteristic function given by

1 ifx2 ™

m —_
H7(x) = 0 otherwise

(4.14)

4.3.1 Discrete equations

On introducing the discretization for the approximation and the weigting spaces as
speci ed above into the variational form (4.12), it is straightforwad to obtain the
following linear algebraic system:

32 3

2
KL+ K+ K K¢ u fl+ 1+ f2
54 5 - 4 5 (4.15)

K KZ+ K2+ K2 u? f2+ f2 + 2
Comparing with the standard nite element discrete form, the equigons above con-
sist of the Nitsche contributionsK ', contribution from the stabilization terms KT’
and the coupling termsK .. The bulk stiness terms K{' remain identical to the
classical nite element sti ness expressions and are given by asd#img the element

level contributions, which are given as:
Z
k= BT "Bd . form=1;2 (4.16)
where the matrix B contains the gradient of the shape functions. The contributions

arising from the stabilization terms,K " is given by assembling:

Z
k= ¢ N'Nd, form=1;2 (4.17)
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The Nitsche contributions to the sti ness matrix are given by assebiing:
z z
k= D NT"nM™Bd, I B'™n™ "Nd,form=1;2 (4.18)

e e

Finally, the coupling terms arising in the discrete system are assemthlé&rom the

following element level contributions:

Z Z Z
ke= ¢ N'Nde 2 N"2n®d»™Bd. ! B™n'INde. (419

e e

e e e

The stabilization parameter . and the weighting parameters (!; 2) are de ned at
an element level in Section 4.3.2.
The discrete forcing vector also has terms arising from bulk and infacial quan-

tities. The bulk forcing vector is given by assembling:
Z
f'= N'f"d , form=1;2 (4.20)

m
e

The Nitsche and the stabilization contributions to the forcing vectoare obtained by

assembling:

e

R R R
fl= 17718 Tnld .+ 2 jNTd g f2 dNT d ¢

e e

27 2BTn2d o+ 1 jNTd o f2 dNTd ¢

e
e e e

—h
N
1

4.3.2 Estimate for the stabilization parameter

We follow Dolbow and Harari (2009) and provide a lower bound on theabilization
parameter that ensures a coercive bilinear form. To that end, wetimduce the
de nitions of \energy" norm of a quantity over a domain andL, norm of a quantity

over a surface

junjz, = ru™ Mru™d ; juhj2 = u'uhd (4.22)



In the discrete setting, the variational form (4.12) can be writteras:
a(w"; u") = 1(wh); (4.23)

where, a(w"; u") and I(w") are given by:

z z
a(w;u"y = rwm™ mpymh g Ww'ih r u"i n%d
m m
z z
[ulh r whi n%d + W'[u"] d ; (4.24)
x Z z
l(wh) = wmhEm g ihrw'i n?d
m m
z z
+  [w'id+  jhwtip d o (4.25)

From the de nitions of the norms (4.22) and the bilinear form (4.24)jt is easy

to see that the discrete energy is given by

Z
au™;u) = juiz. + j[u"iz 2 [ulhrui n?d

jutEo+ M 2L Ghruti % (4.26)
Gui ;  Gilu"Li )*+(  CHIlU"L? :
The second line follows from Cauchy-Schwarz inequality. The last linellows from

the generalized inverse estimate presented in Brezzi and Fortind9@1), which states

the existence of a mesh-dependent con guration constant sutimat:
jh ru"i n? Cjuj . : (4.27)

We now use the generalized inverse estimate (4.27) to provide a lovimyund
on C2. First, we insist on the coercivity elementwise which places a strormgeon-
straint on the stabilization parameter than that necessitated by lpbal coercivity
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requirements. However, these element level calculations facilitatealytical esti-
mates for constant strain triangular and tetrahedral elementsesulting in a more
e cient method.

For a constant strain triangle or a tetrahedron, on assuming thathe material

constant ™ remains constant within an element we obtain:

X
ju'iz. = meas( ) Mjr u™j? (4.28)

m

Similarly for average ux at the interface we have:
jhruhi n?%2 =meas( o)( 5 'r ut" n2+ 22 u2" n2)2
meas( o)( & Hr utj+ 2 Zr u?))? (4.29)
meas( (& 4r uiAL+ )+ ( 2 A u?AL+1=)):

where the rst line follows from the de nition of average ux at the interface, sec-
ond from the de nition of a unit normal. The third line follows on using Yaung's
inequality for any > 0. Now, if we choose:

_ meas( ;) *( &)
~ meas(3) 1 H?’

jh ruhi n?j? (4.30)
X e

mhiz (&) (o)

J meas( 2) meas( })

meas( ) meas( g') "jr u

m

Then from (4.30), (4.28) and (4.27) the mesh dependent parametg, obeys the

following relation:

(2, MY )

C2 meas
' (e meas( 2) meas( 1)

Now from (4.26), choosing . C? makes the bilinear form coercive and conse-
qguently provides stability to the method. Based on the parametrictadies conducted
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in Embar et al. (2010), we choose . = 2C?, where C? is obtained on considering
the equality sign in (4.31).

From (4.31), we can see that the stabilization parameter dependsrettly on
the weighting parameters ! and 2. From a consistency perspective, we are only
constrained in our choice of weights such that they sum to unity. Heever, from
a stability perspective we notice that an arbitrary choice would nessitate a large
value for the stabilization parameter providing an unstable charaet to the method.
For instance, if the weights are identically chosen ast = 2 = 0:5 as is done in
classical Nitsche's method, we notice that (a) as meas[) ! 0 (b) as ™ tends to
a large value or (c) a combination of the above would result in an unuslly large
estimate for the element level stabilization parameter.

With classical Nitsche's method, this has often resulted in numericaésues which
have surfaced in di erent contexts and have been reported in Lasen et al. (2010)
as stress locking for mesh mortaring, in Chapter 3 as incompatibility ithh explicit
dynamics, in Dolbow and Harari (2009), Mourad et al. (2007) and &ders et al.
(2009) through an uncharacteristic sub-optimal convergence the interfacial eld.
Here, we propose a smarter choice for the weights to alleviate teesumerical issues
and arrive at a more robust form of Nitsche's method.

On using the condition 1+ 2 =1, we can arrive at a functional relationship
between the stabilization parameter and the interfacial weightingueh that:

O, ey

=2 meas
(e meas( l)  meas( 2)

(4.32)

Now, we can choose an interfacial weight that minimizes the stabilizah parameter
while ensuring coercivity. For an extrema, considering the statioma point of

with respect to !, we get:

e’

. meas( Y= |
¢ meas( l)=t+meas( )= 2’
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It is also instructive to look at the second derivative of with respect to 2:

@ 1 2

@ Ml feas(h) T meas(?)

0: (4.34)

Therefore, with this particular choice of interfacial weighting givenby equation
(4.33), we indeed end up minimizing the stabilization parameter while emsng co-
ercivity of the bilinear form. On substituting this choice of weights bek into (4.32),

we get:

meas( )

4.35
meas( )= '+ meas( 3)= 2 ( )

Clearly, now even for the pathological cases encountered with dasl Nitsche's
method that we mentioned above, this choice of weights provides usth a well-
de ned estimate for the stabilization parameter that remains of tb same order of
magnitude as the classical nite element sti ness terms. We presea detailed nu-
merical senstivity study in the next section which further emphases this choice.

As an additional remark, we also note that though the above analgswas con-
ducted particularly for cut elements, it generalizes without modi céions for the case
when an interface aligns with the background mesh surfaces as ie ttase with sym-
metric interior penalty discontinuous Galerkin methods. Thereforeeven for those
methods, while a simple arithmetic average would work well for homagzus mate-
rials and a purely sti ness weighted approach for only material hetegeneities, the
proposed weighting would prove more bene cial in handling both largaaterial and
mesh anisotropies.

Finally, we conclude by remarking that for bilinear quadrilaterals andier higher
order elements, since the ux within an element no longer remains ariant, we
cannot provide analytical estimates for the stabilization paramete However, a qual-

itative dependence between the weights and the stabilization parater can still be
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established in a similar way. For such elements an additional elementéeigenvalue
calculation could be performed to evaluate the stabilization paramet, as illustrated

in Embar et al. (2010).
4.4 Numerical examples

In this section, we revisit several numerical examples studied preusly in (Dolbow
and Harari, 2009; Sanders et al., 2009; Laursen et al., 2010; Hdetslle et al., 2012;
Sanders et al., 2012; Dolbow and Franca, 2008), where classicakblie's method was
shown to perform poorly for certain pathological cases. We highligthe robustness
of the proposed formulation over those very examples by conttang its performance
with the more conventional form prevalent in literature.

Throughout the section and in the gure legends, we denote the wghted form
of Nitsche's method by Nitsche and the standard form by Nitsche. The accuracy
in bulk eld is evaluated by means of the standard., error norm while the accuracy
in the gradient is evaluated by means of the energy semi-norm. Fdre interfacial

ux guantities, we also utilize L, norm as a measure of accuracy.
4.4.1 Sensitivity study

As a rst example, we examine the following model problem as consigerby Hansbo

and Hansbo (2002):

r ™rum = fM in - ™;

u =20 on 4 =fx:z=0jlg;
Mru™ n =0 on , =fx:x=0jl;y=0jlg; (4.36)
[rul n =0 on =fx: (x)=0g¢;

[ul = u?xx) ul(x) on =fx: (X)=0g¢:
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Choosingf ! = f 2 =1, the equation admits an analytical solution given by:

31+ z? e _
E 41(1+ 2) 51 in =fx: (X)<0g;
u(x)—E 2 14@ '+ 2z 22

121+ 2 >3 in “=1fx: (x)> 0g:

We now study the sensitivity of the interfacial ux with respect to: (a) the
interface location within a cut element, and (b) contrast in materiaproperties across
the interface; over a structured three dimensional tetrahedranesh with six divisions
in each direction. In order to carefully examine the sensitivity with rgpect to the
interface location, we move a planar interface within one layer of elemts from one
internal boundary to another as shown in Figure 4.3(a). For eacHf these interfacial
locations, we vary the material parameters such that the ratio heeen 2 and ?
ranges from 10° to 10°.

For an application such as modeling plasticity at the interface, it is imptant
that the equivalent expression for ux obtained from Nitsche's mdtod i.e. [u]
hr ui nis evaluated accurately at each gauss point on the interface. Withuch
an application in mind, we plot the maximum error in ux at gauss points o the
interface which is akin to looking at error in theL; norm.

The error contour plots for weighted and classical Nitsche's metbaare shown in
Figures 4.3(b)-(c). In the plot, the horizontal axis representshte normalized varia-
tion in interface locationi.e. d,=h while the vertical axis represents the log value of
variation in contrast in material propertiesviz. log( 2= 1). Itis clear from the plots
that classical Nitsche's method is much more sensitive to both the giee of hetero-
geneity as well as the position of interface within a cut element. Whiléhe variation
in error for the weighted form of Nitsche's method is relatively modeésvith error val-
ues ranging from 20-40% for almost the entire spectrum, classidditsche's method
exhibits severe sensitivity with error values shooting up to 18000%rfthe worst
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(a) Parameters of the sensivity anal-

ysis
Percent Error Percent Error
20.0 40.0 60.0 80.0 20.0 40.0 60.0 80.0
8.48 100. 100.

(b) Nitsche's method
Figure 4.3 { Contour plot of the percentage error in L; norm for equivalent ux at
the interface. The variation in the interfacial location d,=h is along the horizontal axis

while the variation in contrast in material properties log( 2= 1) is along the vertical
axis. Percentage error is indicated by the color contour.

(c) Nitsche's method

possible cases. The contour plot is scaled between 8-100 % for drettisualization.
It is also interesting to note that this sensitivity plot for classical Nische's method

is not entirely symmetric. It seems that classical Nitsche's method isorst a ected
whend,=h! 0Oand ?= *=10 © orits corresponding situation wherd,=h! 1 and
2= 1 =1065. To get a better understanding, we study the sensitivity with resgct to
one parameter at a time while holding the other xed. We rst plot the maximum

error by varying only the interface location for a high contrast in meerial properties
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in Figure 4.4(a) and for identical material properties in Figure 4.4(h) We then vary
the contrast in material properties while holding the interface locabn xed such
that in Figure 4.5(a) the interface is approaching a lower internal handary and in

Figure 4.5(b) the interface is approaching an upper internal bourady.

100 100 [

E1
=3

10

2-1-19 6 2= 1-106 7 2-1-1 ]

Nitsche — Nitsche — L Nitsche — ]

10} Nitsche — Nitsche — | L Nitsche — |

o d=h ! 0 ~ d.=h !
(a) High contrast in material parameters (b) Identical material parameters

Figure 4.4 { Sensitivity in interfacial ux error with interfacial loc ation. Percentage
error in the interfacial ux in L; norm is plotted along the vertical axis and the
normalized interfacial location is plotted along the horizontal axis for (a) high degree

of heterogeneity (b) homogeneous material.

From Figure 4.4(b), it is clear that even for a homogeneous materials the inter-
face approaches either internal boundary, for classical Nits¢henethod, interfacial
ux is erroneous to the point that it is barely usable without some pdstreatment
as reported earlier by (Mourad et al., 2007; Dolbow and Franca, 280Hautefeuille
et al., 2012). On the other hand, weighted Nitsche's method remaingell behaved.
The only di erence between classical and weighted approaches fihie aforemen-
tioned case is the averaging of the ux that arises in the consistenderms in the
variational form. This averaging as it turns out is the key to the nurerical stability
of the method.

Averaging biased towards either side mandates a large value of thakslization
parameter which causes the method to revert back to unstable lweviour as exhibited
by penalty function approaches with a large penalty parameter. Bentially, a large
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boundary: d,=h=0:13 nal boundary: d,=h=0:87

Figure 4.5 { Sensitivity in interfacial ux error with degree of hetero geneity. Percent-
age error in the interfacial ux in L1 norm is plotted along the vertical axis and the
log ratio of material parameters is plotted along the horizantal axis for (a) an interface
approaching a lower internal boundary (b) an interface appoaching an upper internal
boundary.

value for the stabilization parameter nulli es the advantages of a vekly continuous
approach and enforces the constraints a little too strongly. Thisufther explains the
asymmetry in the plots in Figures 4.4(a), 4.5(a) and 4.5(b). If we caentrate on
the case when 2= 1 = 10% and d,=h! 1, for classical Nitsche's method, we notice
a spike in the error. For that case, a simple averaging is already ogstimating the
ux from 2 and when the material parameter is large we end up amplifying that
a ect. On the other hand, whend,=h! 0, a simple average is underestimating the
ux contribution from 2 and a high value of material parameter counterbalances
that to some extent resulting in better performance of classicalitdche's method.
This suggests to us that as long as we can ensure an \unbiased" raggng in the
ux for the consistency terms arising in the variational form, we r&ain a well behaved
numerical method. Fortunately, the essence of the above qualitze discussion is
captured by the expression for stabilization parameter (4.32) whicleads us to the

choice of the weights for the averaging as speci ed in (4.33).
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4.4.2 Pure bending

We next consider a rectangular beam of length and height H subjected to pure
bending conditions as considered by Laursen et al. (2010) and Sarglet al. (2009,

2012) and demonstrate the robustness of the proposed appia

Figure 4.6 { Geometry and loading for the beam bending problem.

On considering idealized pure bending with no shear and centering thempu-
tational domain around (0,0), one can arrive at the analytical exmssions for the

displacement eld given by:

2 2
P i omoouneg= P YD gy m s (a37)

u'(x) =
x (X) EmH = in

where p is the maximum value of the distributed traction applied at théooundaries

to produce the bending moment M. For the purpose of this numeritaxperiment,

we choose p = 1. In addition, we consider a straight vertical interte such that
(X) = x x , partitions the domain into component sub-domains * = fx :
(xX) < 0Ogand 2= fx: (x)> Og. Displacements and tractions are assumed to

be continuous across the interface.
Stress locking

We rst demonstrate the stress locking phenomenon as observedLaursen et al.
(2010); Sanders et al. (2012). The phenomenon is best highlightetien there is a

high contrast in sti nesses on either side of an embedded interfackosen as (x) =
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Figure 4.7 { Representative mesh geometry zoomed near the interface fdhe stress
locking problem.
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X, as well as a corresponding scaling in the mesh densities. Figure 4.dwsh a
zoom of a representative mesh in the vicinity of the interface. Hereie consider the
material properties such that the Young's modulE?! = 10° and E? = 102 while the
Poisson's ratios are identically considered as = 2 =0. The loading is prescribed
by constraining the displacement eld to the exact solution given byauation (4.37)
on the Dirichlet boundary 4 = fx : x = L=2jL=2g. Clearly from Figure 4.8, we
can see that classical Nitsche's method results in wildly oscillating behaur in the
bending stress and renders the results unusable when the bendstrgsses are desired

by an analyst.

-y

Figure 4.8 { Bending stresses top: for classical Nitsche's method and ditom: for
Nitsche's method.

Furthermore, we conduct a spatial convergence study on ve ggentially re ned
unstructured meshes. The mesh on the sti er side is approximatelfipur times as
re ned as the mesh on the softer side. Also, the meshes are rethsuch that this
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Figure 4.9 { Convergence study for the beam bending problem solved on actangular
beam with a straight vertical interface.

contrast in mesh densities is always maintained the same for eachmement. Figure
4.9(a) plots the convergence of bulk eld inL, norm while Figure 4.9(b) plots the
convergence of the bending stressy in the energy semi-norm. From Figure 4.9(b),
it is clear that classical Nitsche's method fails to converge which cotvorates the
result seen in Figure 4.8. It is interesting to note that an area-weitdd Nitsche's
method as proposed in Chapter 3 also fails to converge. This is notrgusing

however as equation (4.32) suggests that an area-weighted aggmech can still lead
to a large stabilization parameter for certain con gurations of cutelements if there
is a high degree of heterogeneity. The weighting proposed here & tother hand
is expected to behave better by always keeping the stabilization tes in check as
demonstrated by the optimal convergence behaviour of the proped approach. It is
also interesting to note from Figure 4.9(a) that classical as well abe¢ area-weighted
approaches yield sub-optimal convergence behaviourlin norm in the bulk eld as

well.

106



Interfacial traction

In order to successfully model more complex interfacial behaviolike frictional slid-
ing, it is essential to have an accurate representation of normas avell as tangential
traction at the interface. With that in mind, we now examine the inteffacial traction
for the aforementioned beam bending problem.

We again consider a rectangular beam subjected to pure bending asove but
with length L = 16 and height H = 4 and rst conduct computations on a struc-
tured triangular mesh for a non-pathological case, such thak=h = 0:5 for classical
Nitsche's method. The de nition of dy is as shown in the inset of Figure 4.10(a).
We consider 21 divisions along botlk and y directions and consider the interface to
be located exactly at the center of the domain, such that(x) = x. The material
properties are identically prescribed aE' = E2=10%and '= 2 =0. The exact
solution is still given by equation (4.37) and is again prescribed as a Diniet bound-
ary condition on the surfaces 4 = fx : x = L=2jL=2g. The normal and interfacial
traction pro les are plotted in Figures 4.10(a)-(b) respectively foclassical Nitsche's
method, weighted Nitsche's method as well as for penalty method.h& penalty pa-
rameter used for penalty method scales &-=h, h being the characteristic length of
the mesh.

Similar plots were provided by Sanders et al. (2009), where they mced that
normal traction pro le showed very mild oscillations while the tangentl traction
oscillated wildly for classical Nitsche's method. They rightly attributel this to the
poor performance of a constant strain triangular element. Howex; we contend
here that while a constant strain triangular element contributes in prt, some of
this unstable behaviour can also be attributed to the numerical inability inherent
in the classical Nitsche formulation as evident from the relatively snaher pro les

produced by the penalty method for the chosen penalty parametelt is therefore
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interesting to note from 4.10(a)- (b), the traction pro le obtained from the weighted
formulation is much smoother in both the normal and tangential diretions. Tangen-
tial traction still exhibits oscillatory pattern but the amplitude of th ese oscillations

is much lower than classical Nitsche's method.

2.5 0.35
Nitsche —— Nitsche ——
Penalty —— Penalty ——
Nitsche — Nitsche —

Normal Traction
Tangential Traction

-~
dx

T2 Length along the interface 2 2 Length along the interface 2
() (b)

250

[ee]

Nitsche —— Nitsche ——
Penalty —— Penalty ——
Nitsche ——

Nitsche ——

Normal Traction

Tangential Traction

-200
-1.5 Length along the interface 15 -2 Length along the interface 2

(© (d)

Figure 4.10 { Plot of normal and tangential traction at the interface for beam bend-
ing problem. Contrast in material properties as well as disance between the clos-
est internal boundary and the interface is varied from idenical material properties
(E1 = E2 = 10%) on both sides andd, = h=2 for top-left and right to E! = 10°,
E2 =102 and dy = :01 for bottom-left and right. The inset in (a) shows the de ni tion
of parametersdy and h.

IN

Since the weighted form exhibits advantages even in a case that ippasedly
non-pathological for classical Nitsche's method, we now perforrhg same analysis

for a pathological case withd, = :01. We also consider a highly heterogeneous
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case withE! = 10° and E2? = 103. Poisson's ratio is identically considered zero in
both domains. Clearly from Figures 4.10(c)-(d), one can apprec&that the traction
obtained from classical Nitsche's method is as bad as that obtained an unstable
Lagrange multiplier implementation.

Penalty method also seems to revert back to unstable behaviour towe must
mention that the penalty parameter used here scales as m&& E?)=h. It is likely
that a smaller parameter yields better performance but the probtes in a penalty
function approach are twofold - (a) we see a loss in optimal convergce behaviour in
both bulk and interfacial elds and (b) the accuracy of the resultsn both the bulk
and interfacial elds are highly dependent on the penalty parameteand this choice
is completely at an analyst's discretion leading to a lack of robustness

We also compare the interfacial tractions obtained for the beam bding problem
with two other choices of weighting in the Nitsche approach: (a) tharea-weighted
approach as proposed in Chapter 3, and (b) the sti ness-weigltteapproach as pro-
posed in references (Zunino, 2009; Burman and Zunino, 2006; Etnal., 2009). We
again consider a highly heterogeneous case wilt = 102 and E? = 10°, while
the Poisson's ratio is identically zero. Again, it is clear from the plots ée Figures
4.11)that the approach presented in this work leads to a much mostable traction
pro le than one would obtain from choosing either a simple area-weitgd approach
or a pure sti ness weighted approach.

It is also worth remarking that one might improve on the results obtamed on using
only the approach suggested in (Hansbo and Hansbo, 2002) or thee suggested in
(Zunino, 2009; Burman and Zunino, 2006; Ern et al., 2009) throught, by switching
between them on an element by element basis as suggested by Zumihal. (Zunino
et al., 2011). However, as one can appreciate from the plots shomnFigure 4.11
such a strategy might not be su cient in the face of both small cut &ments and
large heterogeneities.
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Figure 4.11 { Comparison of analytical surface tractions obtained usirg the proposed
approach with those obtained using other choices of weightsThe material parameters

areE1 =103, E2=10° and dy = :05.
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Figure 4.12 { Comparison of analytical surface tractions with those obtained using
Nitsche's method for the pathological case:E! = 10°, E? = 102 and dy = :01.

Finally, we also compare the normal and tangential tractions obtaed from the

weighted formulation with the analytical solutions in Figures 4.12(ajb). We can

clearly see that the proposed weighted formulation remains well bered even for

a severely pathological case as described here. We again notice esascillatory

behaviour in the tangential eld however. At the same time, we alscamark that the

amplitude of oscillations remains approximately the same as that seéor the case

110



indicating minimal sensitivity as

1es

| material propert

ICal

5 and ident

0

=h

 —

whend

opposed to classical Nitsche's method.

1%
Faararatd

AVAVaVATA]

17
17
1/

!
A7

177
177

7]

R
AR

£

5
I

1

NN
N

i
g

N
RISRY
INNST

L

IO}
N

KT
Ny
A

A

e v v,

)
Joooo

ATATAYATAPAAYA
AN

2 PV ViV VPV Vi VA Vi VA Vi VA
VeVl VPV Vi VA AV VAV i

2 shown in green and * shown in blue

{ Computational domain with
for the logarithmic eld problem with a popcorn shaped embedded surface.

Figure 4.13

Though this situation is designed particularly to highlight a worst casscenario for

d/extended

ere

th geal

iues wi

classical Nitsche's method, while modeling heterogene

oneften encounters

te element methods or with discontinuous Galerkin methods;

ni

heméo get rid of

ing sc

t to use toleranc

inconvenien

such situations and it is highly

these pathological cases. It is therefore encouraging that theeghted formulation

ing

Il behaved and allows for a method without the need foryatoleranc

remains we

schemes.

4.4.3 Popcorn interface

th a popcon shaped

|d problem w

IC €

t the logarithm

is

we rev

As a nal example

hlet prédm studied there

Ifnc

Chapter 2 and reformulate the Di

In

surface considered

blem given below

as a jump pro

f

logr

7

z=0j1g

0j1

y =
Og
Og

1

j

x=0
(X)

fx
fx
fx

on ¢4 =
on

ul(x) on

b

r u?2 n2
u?(x)

(x) =

[ul =

111



Choosingf = 1=r?in 2=fx: (x)>0Ogandf =0in !=fx: (x)< Og,
it is easy to see that the exact solution is given by a constant eld*=1in !anda
logarithmic eld u?=logr in 2 wherer is a radial coordinate de ned with respect
to the center of the eld x. = (0:5;0:5; 0:5). The computational domain is shown in

Figure 4.13.

T T
Nitsche ===

DI =
Nitsche =~ ——

10

E1
T
|

01 20 1=h 50
Figure 4.14 { Convergence of uxin L1 norm for the logarithmic eld problem with
a popcorn shaped embedded surface. In the gure legend, we dete the error in ux
obtained from the domain integral formulation by DI.

We plot the maximum error in the average ux at the interface i.e.hr ui  n?,
evaluated at each Gauss point in Figure 4.14. In Chapter 2, it was shio that on
directly calculating the normal ux from the gradient of the eld, classical Nitsche's
method fails to converge in theL; norm. In contrast, from Figure 4.14 we can see
that the weighted formulation proposed here converges with optih rates. In fact,
for this particular problem, in the L; norm, the weighted formulation seems to have
better accuracy than even the domain integral postprocessingahnique to recover

ux as proposed by Ji and Dolbow (2004).
4.5 Conclusion

In this work, we demonstrated the lack of robustness exhibited bthe classical
Nitsche formulation for a certain class of embedded interface piems. Indeed,
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the bulk eld remains reasonably well behaved even in these pathologl cases and
it is therefore essential to look at the behaviour of the interfaciakld to comment
on the robustness of the method. We applied numerical analysis taghlight the
possible cause of this lack of robustness and proposed an alteengdriational form
based on a smarter choice for the weights in the Nitsche consistgrierms.

We then demonstrated through several numerical examples thelustness of the
proposed variational form and contrasted it against the standdrform prevalent in
literature. We report quadratic rates of convergence in the bulkeld and linear rates
of convergence in the interfacial elds. We also report minimal seitisity with re-
spect to the interface location as well as degree of heterogeneityusing the proposed
form. Even though our simulations are restricted to embedded intiace problems,
we contend that the results hold for Nitsche based ctitious domaiimmethods and
discontinuous Galerkin methods such as the symmetric interior pelhyaapproaches
where there is a huge contrast in material properties and/or whethere is a large
gradient in the mesh density. We also contend that for applicationsivere the inter-
facial eld is of critical importance, such as evolving interface prdbms and frictional
contact, it is imperative to use the weighted form of Nitsche's mettth

Going forward, the robust traction recovery of the weighted Nitshe approach is
encouraging for modeling the evolution of tangential traction thragh an inelastic
dissipative mechanism. In the next Chapter, we will extend the pragsed method to

model such non-linear behavior at the interface.
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3

A Nitsche Stabilized Embedded Finite Element
Method for Frictional Sliding Problems

5.1 Introduction

Robust enforcement of nonlinear constitutive laws (such as frictial contact) on
embedded interfaces has remained a challenge. Key issues inclugedavelopment
of stable methodologies that preserve the accurate recoveryiatierfacial tractions.
In this Chapter, we extend the weighted Nitsche's method, proped in Chapter 4,
to enforce frictional constraints at the interface, and contendhat it is the most
accurate, e cient, and robust method for this class of problems.

The rst work to treat frictional contact on embedded interfaces was performed
by Dolbow et al. (2001), in the context of the X-FEM. In that work, the LArge
Time INcrement (LATIN) method of Ladeweze (1999) was employe to enforce fric-
tional contact constraints on crack surfaces. The LATIN methd is essentially an
augmented Lagrange multiplier method that has been widely used fdomain de-
composition problems. It possesses the advantages of a symigesystem matrix,

and does not require the calculation of a global tangent operatoFor a recent exten-
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sion of the method to three-dimensional problems, see Gravouil &t (2011). Since
the work of Dolbow et al. (2001), both dual and primal methods ha/been pursued
for frictional contact constraints on embedded interfaces.

The challenge with Lagrange multiplier methods for this class of probtes con-
cerns the construction of a stable Lagrange multiplier space. Silty is crucial in
this case to avoid arti cial oscillations in the interfacial tractions. Sich a stable
space was constructed by Kim et al. (2007) through a discretizatioof the surface
mesh independent from the underlying bulk mesh. However, the exision of their
approach to three-dimensional problems is not immediately obvioudechet et al.
(2009) constructed a nonlocal Lagrange multiplier eld based on éhunderlying mesh
(see Hautefeuille et al. (2012) for an extension of this approach 3®). For an appli-
cation of the method of Bechet et al. (2009) to large sliding contdcsee Nistor et al.
(2009).

Classical penalty methods have also been explored for this class afigems, see
for example, the work of Liu and Borja (2008), and Khoei and Niklddnt (2007) for
small deformation elastostatics. They noted the superior rate$ convergence for the
penalty method compared to the LATIN method. The approach habeen extended
to problems with bulk plasticity (Khoei et al., 2006; Liu and Borja, 200) and large
sliding contact (Khoei and Mousavi, 2010; Liu and Borja, 2010a)t should be noted
that these approaches still represent a regularization of a disteeformulation that
is unstable, and involve a free penalty parameter.

More recently, Liu and Borja (2010b) proposed a stabilized formuian for low-
order elements, with the option of either Lagrange multipliers or pexity regulariza-
tion to enforce the interfacial constraints. Unfortunately, themethod still retains a
free stabilization parameter as well as a free penalty parameter fthe regularized
case. Coon et al. (2011) proposed the use of classical Nitsche'shma to model

frictional contact on embedded interfaces with the X-FEM. In th& work, however,
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the Nitsche stabilization parameter was left free, and a smoothinge¢hnique was
developed for calculating the frictional tractions. Classical Nitsa&s method was
also proposed for frictionless contact with standard nite elemergpproximations by
Wriggers and Zavarise (2008).

In this Chapter, we advocate the use of weighted Nitsche's methpgroposed in
Chapter 4, for modeling frictional contact on embedded interfase There are many
advantages to the weighted Nitsche's approach over the aforemtiened methods.
First and foremost, it is a primal method that does not introduce aditional degrees
of freedom at the embedded interface. Secondly, upon linearizatiohe method
provides fast convergence in the displacement eld. Thirdly, as de#bed in Chapter
4, with the aid of numerical analysis and low-order elements, the nteid does not
contain any free parameters. Finally, in comparison to the standdNitsche method,
our approach yields much more accurate approximations to the infacial traction
elds. This accuracy is essential for robustly capturing the evolidn of the interfacial
slip.

This Chapter is outlined as follows. In the next Section, we introducthe model
problem and the associated variational formulation. In Section 5.3he discretized
forms for the embedded nite element method with weighted Nitschetabilization
are presented. Numerical examples demonstrating the accuraayd e cacy of the
approach are then presented in Section 5.4. Finally, the last Sectigmovides a

summary, some concluding remarks and possible extensions.

5.2 Model problem and variational formulation

5.2.1 Governing equations for linear elastostatics and dihg contact

We begin by considering two domains ! and 2 separated from each other by an in-
terface  (see Figure 5.1). In this work, we will con ne attention to two-dimesional

problems, although the extension to three-dimensional problemsdsnceptually iden-
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d
Figure 5.1 {Domains !and 2 separated by a shared boundary . The Dirichlet
boundaries 1, 3 and the Neumann boundaries % and 2 are as shown. The com-

plementary part of the boundary is traction free. The normal to the boundary of each
sub-domain,n™, points outwards from the domain ™ as shown.

tical. Force balance is assumed to hold in each domain and across therface. The

governing equations in each of the domains are given, in indicial noi@, by:

moo=0 in ™
u" = uj on T, (5.1)
mpeym —_ m m.
in™ = h" on [

where " and u denote the components of the stress and displacement elds in
domain ™, respectively, andn the components of the unit outward normal. The
displacement is xed to the prescribed eldu}' on the Dirichlet portion of the bound-
ary, and h™ denotes the prescribed traction on the Neumann portion of the badary.
Introducing the traction eld on the embedded interface by projeting the stress
from each domain,
th= §n" on (5.2)

Force balance on the interface is given by

tt+t2=0 on (5.3)
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We assume a linear elastic reponse for the constitutive relationship the bulk do-
main:

i = Cil Ugey in ™, (5.4)
where Cif;, denotes the fourth-order elasticity tensor, andig,, is the symmetric
gradient of the displacement eld.

Regarding the interfacial kinematics and constitutive laws, given (8), we nd it

convenient to use a single interfacial traction eld, de ned by
tt th=t> on ; (5.5)

and express things in then?! ! plane of the interface. In particular, consider the
following decompositions of interfacial tractions and displacemenisto normal and

tangential components

t=tyni+t L ou"=ulnt+um o on (5.6)

We assume that sliding conditions hold on the interface, such that éne exists no

gap in the normal component of the displacement eldi.e.

uy=u% on (5.7)

while the tangential component of the displacement eld is allowed toédiscontinu-
ous, and is strongly tied to the tangential traction on the interfae. In particular, we
assume that the tangential traction evolves through a given inelas dissipative law
at the interface. We demonstrate our proposed method by consiihg two interfa-
cial laws: (a) perfect plasticity and (b) Coulombian frictional behaior. However, the
proposed framework can also be used to model more complex irder&l behavior.
As there is a strong analogy between the governing equations fastb Coulombian
friction and elastic-perfectly plastic behavior, we list the governingquations for
both these cases in a common framework following Simo and Hughe898) below.
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We use [] = uj2 uj1 to denote the jump in the displacement eld across the
interface. We rst additively decompose the tangential displacenmt into an \elastic"

or recoverable part and a non-recoverable plastic part, such tha

[u1=[uT+[u"T: (5.8)

The ow rule describing sliding and the yield (or slip) function are written in rate

form, and given by:

pl — _t_. .
W= 5y &9

(t) it oty (5.10)

where _represents the slip rate andy represents the yield traction. For a perfectly
plastic interface, this yield traction assumes a constant value and asmaterial char-
acteristic property. In the case of Coulombian behavior this tracbn depends on
the normal traction such thatty = t \, where represents a coe cient of friction
between the two materials. Finally, the Kuhn-Tucker complimentariy conditions
and the consistency equation are given by:
- 0 (t) O - =0;
(5.11)
—=0(f =0):

The rst line in equation (5.11) speci es the requirements on the admsibility of the

traction eld. It also states that any slip only occurs on the yield suface.
5.2.2 Variational form

The variational statement can now be derived by multiplying the gowaing equations

in each domain by a corresponding weighting function and summing timetogether.
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On application of the divergence theorem, we have:

X £ m m X 2 m4m X £ me.m .
Wiij ) ij d wi'ti" d = wi'h" d : (5.12)
m m m m m
Upon using the traction continuity (5.3) and the de nition of the interfacial traction

(5.5), we obtain the following weak form: Findu; 2 U; such that
X Z Z X Z
Wiy i [wilti d = w'h" d 8w 2Vj; (5.13)
m m m m
where v] = w? w! represents the interfacial jump in the variations. Herel
and V; represent spaces of su ciently smooth functions for the displacgents and

variations, respectively.

5.3 Algorithmic treatment and discretization
5.3.1 Weighted Nitsche's method for frictional sliding
We focus attention on the contact virtual work. The second integl in (5.13) can

be rewritten as a sum of normal and tangential contributionsyiz.

Z Z
fwiltid = (fwn]tn +[w Jt ) d : (5.14)

Methods for the treatment of contact are largely di erentiated ly the algorithmic
treatment of the interfacial traction (Laursen, 2003; Wriggers2006). Along these

lines, we begin by de ning a weighted interfacial pressure and shear
p=nthyins f = thyinh (5.15)

whereh ji = ' tnl+ 2 &nl represents a weighted average of stress across the

interface. Here, the weights * > 0 and 2 > 0 are only required to satisfy 1+ 2=1.

120



In the weighted Nitsche's method for frictional sliding, we replace & normal
traction in (5.14) by
tn=1p n[un s (5.16)

where y > 0 is a stabilization parameter. This expression is analogous to what
appears in augmented Lagrangian treatments of contact, wheffer frictional sliding)

one would nd the normal traction replaced by
tn= ~n nIuD (5.17)

with  the Lagrange multiplier and n the penalty parameter. The primary di er-
ence between Nitsche's method for contact and augmented Lagggan treatments is
that the former does not introduce an additional eld. Further, the parameter

doesn't serve so much to enforce the non-interpenetrability cdrngint as it does to
ensure the coercivity of the bilinear form. See Wriggers and Zavai§€2008) for addi-
tional discussion comparing Nitsche's method to penalty and augnted Lagrangian
methods.

Similar to equation (5.16), we now introduce the weighted Nitsche rafgrization

for the tangential traction:

t = f Mul [°D: (5.18)

This equation describes a linear relationship between the \elastic" peaof the tangen-
tial slip and the tangential tractions. The basic di erence betweeithe two equations
(5.16) and (5.18) stems from the fact that there is no \inelastic" onon-recoverable
component in the equations describing normal tractions. Here, ¢hstabilization pa-
rameter  serves as the slope of the regularized traction-displacement rébaiship
in the tangential direction. This expression, too, is analogous to \ah appears in

augmented Lagrangian treatments of frictional contact (see,@ Laursen, 2003).

121



Substitution of (5.16) and (5.18) into (5.14) and (5.13) results in a vek form that
is non-symmetric. A symmetric weak form can be recovered by addiim symmetric
analogs to (5.16), (5.18), and (5.14). As examples, see the weakn® developed by
Wriggers and Zavarise (2008) for frictionless contact and that éfoon et al. (2011)
for frictional contact. As discussed in Simo and Laursen (1992) @rLiu and Borja
(2008), for Coulombian friction models, the consistent tangent ntax is naturally
non-symmetric due to the coupling between the normal and tangeal directions.
Accordingly, we leave out such contributions to the bilinear form to @ive at a
variationally consistent but non-symmetric method. The precise daitions of the
weights and the stabilization parameters that arise in the formulatio is detailed at

an element level in Section 5.3.4.
5.3.2 Spatial discretization

We triangulate the bulk domains ! and 2 into a set of non-overlapping linear
triangles. Further, we consider the interface to be ‘embedded’ in the domain;
i.e. we represent the interface independently of the bulk discretizah so that it
cuts through elements. We follow Hansbo and Hansbo (2002) andnstruct the
discretization in the vicinity of embedded interface through overlgung elements
also described previously in Chapters 3 and 4. We also follow Chapt&&sand 4
and locate the embedded interface implicitly through a level-set fuhon. Figure 5.2
shows a schematic of the followed approach.

The nite element discretization is now constructed on these ovenpping domains
as described in Hansbo and Hansbo (2002). The approximation artetweighting
functions are then given by:

uh:X X H™Nu;; WhIX X H™Nw;; (5.19)
m i21m m i21m
where, | ™ is the set of all nodes whose supports overlap the domaif' and H™ is
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Figure 5.2 { Spatial discretization for the embedded interface formuhtion. The black
circles are the physical nodes corresponding to the backgumd mesh and the hollow
circles are the phantom nodes. The red hollow circles represt the discretization of

the embedded interface within an element. The discrete intdace .is constructed to
be piecewise-planar throughout the mesh, and is based on areeiso-surface of the

level-set function.

the characteristic function given by

1 ifx2 ™

0 otherwise (5.20)

H™(x) =

5.3.3 Discrete equations

On introducing the discretization for the approximation and the weigting spaces
as speci ed above into the variational form (5.13), it is straightfoward to obtain the

following discrete statement of equilibrium in the residual form:

R(U) = Fext (Fit;n + F?nt) = 0 (5.21)
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Algorithm 4  Updating interfacial tractions for an element intersected by an em
bedded interface at the (n+1)-th load step and k-th iteration

for all gauss-pointsgp do
(k)

Compute jump in the displacements: {],.;

Compute trial traction: t" ® = h ® nt el |[u]|ﬂ?1_
Compute trial yield function: oy @ = (728 ) = jit"™ X ji ty

if yield condition is not violated: 2'31' ® <=0 then
Trial state is true state: t%, =t ®
else

Normal direction - no yielding: tﬂf) T tf{l'a'nf'l‘)

Tangential direction - return mapping algorithm:

trial, (k)
_ n+1
- e
ttrial, (k)
t(k) . - ttrial,l(k) e ; N+l
;n+ N+ s ptrial, (k) s
it i
trial, (k)
plik) — [ i+l
|[U]| pn+l T I[u]lp;ﬂ + - trial, (K) s
”t ;n+l J
Update °©
end if
end for

In the absence of body forcedr.y is obtained by locally assembling the element
contributions from traction boundary conditions on the Neumann bundary:

Z
m= N'h"d, form=1;2 (5.22)

ext —

The internal force vector has contributions from both bulk matdal and contact

tractions. The bulk contribution to the internal force vector, F, , is obtained by

int »

assembling:
z

f2m"= (BTD™B)uTd  form=1;2 (5.23)
e

int

m
e

where the matrix B contains the shape function derivatives, the matribD™ denotes
the discrete counterpart of the elasticity tensor andig' is the local vector of nodal

unknowns. Finally, the contact contribution to the internal forcevector is obtained
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by assembling:
Z

foe = NTt(uDd o (5.24)
wheret([u]) is the contact traction. Clearly, the resulting problem is nonlineamas
the tangential tractions have a dependence on tangential slip.

We apply the external load incrementally and solve the nonlinear set equations
(5.21) at each load step using the Newton-Raphson iterative schemWe linearize
the internal force vector,Fi?,’t,(';)+1 + Fic,;tf';)+1 , about the current state, de ned byu®, ,

using a rst-order Taylor series expansion to obtain:

K k+1 b, (k , (K .
K(n+)1 UE]++1) = Feqner  (Fig'my + Fil (5.25)

int, n+1 int, n+1 /»

We solve for the incremental nodal displacement, uﬁlk:ll) , at the k-th iteration. For

notational ease, subsequently, we omit the superscript, k, antté subscript, n+1,
denoting the iteration and load counters respectively. The tangémnatrix, at the
(n+1)-th load step and the k-th iteration is now denoted byK , such that:

K = @F R + Fi).

a (5.26)

On substituting the global internal force vector assembled usindg 23) and (5.24) in
(5.26), it is easy to obtain the following block structure for the tangnt matrix:

3
KoL+ KE K
K = 4 S (5.27)
2 2
Kea  KP2+Kg

where the matricesK ™ arise from the linearization of the bulk contribution to the

internal force vector,F?,. These can be assembled from the local matrices:

Z
kM= BTD™Bd . form=1;2 (5.28)

®3
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In addition, we also have contributions to the leading diagonal blockand o -
diagonal blocks of the tangent matrixviz. K 3™ and K ¢ respectively. These contri-
butions arise from the linearization of the contact contribution to he internal force
vector, Fi, .

Clearly these contributions have a direct dependence on the intacial tractions.
These tractions are updated by applying the classical return mapm algorithm over
the incremental form of the rate equations (5.8){(5.11) which g&rn the evolution
for tangential tractions. Algorithm 4 describes the traction updge procedure within
a standard nite element loop. While the interface is still under perfet contact, the

matrices can be assembled from the following local matrices:

7 Z
k" = NT Nde ™ NT(n™'D™Bd, form=1;2
eZ L
;
Kol = NT oNdc+ 2 NT(n?)'D?Bd ¢ (5.29)
Ze 4
K2 = NT Nde+ & NT(n)'D'B o

When in perfect contact, the stabilization parameters in the nornmaand tangential
directions are chosen identically such that . = |, where the stabilization parameter
and the interfacial weights ' are evaluated locally as detailed in Section 5.3.4.
At the onset of sliding, the linearization of the normal traction remas the same
as given by (5.29), however, the linearization of the tangential tcdion depends on
the particular form of the interfacial response. In the case of aepfectly plastic

interface, we have a constant value of tangential traction and hee no contribution

to the tangent matrix. We enforce this in then plane by the following:
2 03
e=4 3 @t _,. (5.30)
oo ©@



wheref is given by (5.15) and@f=@ is a row vector in the matrix ("™)"'D™B
that contributes towards the tangential traction. When the intaface exhibits a
Coulombian frictional response, the tangential traction is given aa characteristic
coe cient of friction, , times the normal traction. This can be enforced in thae

plane by the following:

0
@f _ @p
e=4 5 - 5.31
. @ (5.31)

a

wherep is also given by (5.15) and@ p=@ represents a row vector in the matrix
(n™TD™B that contributes towards the normal traction.

As a nal remark, we mention that the stick-slip response is identi d at the
gauss-points of integration for each interfacial segment. Comgently, we can also
have interfacial elements with one gauss point exhibiting a sliding respse while
the other exhibits a stick-state. Since we are summing up the coifiutions from
each gauss point to the local tangent matrix, this behavior does nhwarrant any

additional consideration.
5.3.4 Estimate for the stabilization parameter and interfaal weights

We now provide precise de nitions to the weighting and stabilization pameters,
locally, following Chapter 4. Before the onset of sliding, the stabilizatn parameter
in both normal and tangential directions is identically chosen as:

DY &)? , ID?( &)?

=2 meas
(e meas( 1) meas( 2)

(5.32)

This choice ensures that the bilinear form remains coercive and thessures stabil-
ity. The analysis required to arrive at the above expression is detadereviously in
Chapter 3 for vector problems and Chapter 4 for scalar problemg:urther, as de-
scribed in Chapter 4, we choose an interfacial weights that minimizéé stabilization
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parameter while ensuring coercivity:

m — meas( ¢')5D "] _ L
- - - _ - =1: 2 .
¢ meas( })5D?j + meas( 2)5D? m (5.33)

Finally, it is also worth highlighting some of the di erences that arise in he
nonlinear setting as opposed to the linear case where the aforetimmed analysis was
conducted. Firstly, the bilinear form we are advocating is hon-symetric in contrast
to the symmetric bilinear form of linear problems. We could still use thstabilization
parameter obtained from analyzing symmetric problems becausesteymmetrization
term has a negative contribution to the bilinear form. From a coercity standpoint,
omitting this term only makes the parameter more conservative.

Secondly, the frictional contact constraint we are enforcing heris, in the tan-
gential direction, akin to enforcing a sti Neumann constraint befoe the onset of
sliding and a Neumann constraint thereafter. In the normal dire@bn, on the other
hand, we have a sti Neumann constraint throughout. As discussein Chapter 4,
the stability issues in these enriched approaches arise only while impgssti Neu-
mann or Dirichlet type constraints. A standard Neumann constraincan be handled
weakly just as in classical nite element methods. Therefore, whildé normal direc-
tion is handled throughout using the proposed stabilized approachn the tangential

direction, the stabilized approach is only used to handle perfectlyed kinematics.
5.4 Numerical examples

In this section, we consider several benchmark examples to validahe performance
of the proposed approach. In the gure legends, the weightedrfo of Nitsche's
method is referred as -Nitsche. We provide plots for both the bulk elds as well
as the contact tractions and compare them with existing studies.nlparticular, we

compare and contrast the performance of the weighted Nitschasethod with the
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classical Nitsche's method (with weights identically chosen as 0.5) atite penalty
method to illustrate the advantages of the proposed method.

To load the structure, we follow a displacement based incrementablding scheme.
In particular, we prescribe an initial value for the displacement increent such that
we reach the full load in 25 steps. However, if we fail to converge amty step, we
reduce the increment in half until we see convergence. Once thisluetion is done,
if convergence occurs in less than 4 iterations for more than foubsequent load
steps, we double the increment until we reach the initial value. We lfow a similar

procedure while unloading as well.

5.4.1 Perfectly plastic interface

In the following examples, we consider the interface to follow pertgalasticity.
Compressive loading of a composite beam

As a rst example, we consider a composite beam in a state of planeests and loaded
in pure compression. We consider a straight vertical interface = fx : (x) =0g;
where (x) is given by the signed-distance functiox x . This interface partitions
the domain into component sub-domains * = fx : (x) < Ogand 2 = fx :
(x) > Og as shown in Figure 5.3(a). We consider identical Young's modulii on ot
sides of the interface such thaE' = E2 = 1000 units. However, we only allow the
material in ! to behave under Poisson's e ect; in particular, we choose' = 0:3
and 2 =0. This choice naturally leads us to a problem where we expect sliding a
the interface. We characterize this sliding behavior by consideringedect plasticity
at the interface with a yield traction ty. By varying the value for this yield traction
ty, we can simulate di erent material response - ranging from frictidess sliding
to perfect contact at the interface. The above problem set-up isiotivated by the

contact patch test described in Cris eld (2000) and is an extensionf the set-up
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described there to frictional sliding problems. This problem has alscebn studied

previously with classical Nitsche and penalty approaches by Mayr@20).

'R z

X

T
T,

(a) Geometry and loading

>| |«
dx
(b) Representative mesh and sensitivity parameters

Figure 5.3 { A beam with a material interface loaded in pure compression (a)
illustration of geometry and loading conditions (b) representative nite element mesh
and de nition of the sensitivity parameters.

We consider the beam to bé& = 16 units long andH = 4 units high. On assuming
a uniaxial state of stress ,x = 25 units for the beam, it is easy to construct an
analytical displacement eld in the component sub-domains:

L) = (X FLE) R (L2 x) B o T2 (5.39)

uy' (x) yyw in ™ (5.35)

where the strains {j and [ are given as:

m

— XX 1 . —
n= 2 (0=

in ™ (5.36)

Em X
These displacement values are now applied as Dirichlet boundary cdrmahs on the
boundaries 4= fx :x = L=2jL=2g. The remaining surfaces are traction-free.
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We now consider a structured triangular mesh with 72 divisions in the-direction
and 18 divisions in the y-direction. Since embedded methods are nabois with
respect to interface con gurations which result in arbitrarily smallvolume fractions,
we delibarately choose a position of the interface that correspando a value of
dy=h=0:8%. The de nitions of d, and h are shown in Figure 5.3(b). In particular,
for the rst study, we x the position of the interface such that x = 2:4462.
Finally, as a convergence criterion for the Newton-Raphson algdrin, we specify a
tolerance of 1 10 2 in the energy norm.

In Figures 5.4(a)-(f), we plot the y-component of displacement areturning back
to the completely unloaded state for di erent values of the interfaial yield traction
ty. This represents the residual plastic strain in the considered prigm. In Figures
5.4(a) and 5.4(f), which represent the kinematically linear casedz. frictionless
sliding at the interface and a perfectly-tied interface respectivelye nd the expected
result of no residual strain. For the rest of the casese. Figures 5.4(b)-(e), we again
nd the expected trend of decreasing residual strain with increasy values of the
interfacial yield traction.

On using the weighted form of Nitsche's method, 25 displacement iecnents was
enough to obtain convergence in all the cases except when the yie&ttion ty = 0:5.
For this case, we required 32 displacement increments. In contrradassical Nitsche's
method required much smaller increments and close to 180 load stépgeach the
maximum prescribed load while satisfying the speci ed tolerance foonvergence.
This is however not a surprising result considering the poor perfoance of classical
Nitsche's method, with respect to interfacial tractions, when thenterface is close
to either internal boundary as illustrated in several previous studs (Mourad et al.,
2007; Dolbow and Harari, 2009; Sanders et al., 2009; Zunino et al.12Q This also
motivates our next study where we intend to study the sensitivity bthe convergence
behavior of Newton-Raphson algorithm with the interface position.
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Disp_Y

0.0e+00

_ 0.0e+00
(a) Yield stress: ty, =0:0

Disp_Y
2.1e-03

'0.0e+00

-2.0e-03

(b) Yield stress: t, =0:5

Disp_Y
f.Se—OS
|0.06+00
-2.5e-03

(c) Yield stress: ty, =1:0

Disp_Y
i.Ze—04
Io.0e+oo
-7.4e-04

(d) Yield stress: ty, =2:0

Disp_Y
is.5e704
|0A0e+00
-3.6e-04

(e) Yield stress: ty = 3:0

Disp_Y
.0e+00
0.0e+00

(f) Yield stress: t, = 101°

Figure 5.4 { Residual strain in the fully unloaded state with yield stress at the
interface presented in ascending order. Case (a) represera frictionless sliding problem

while case (f) represents a perfectly tied interface. All tre other subcases allow for
frictional sliding.
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Table 5.1 { Newton-Raphson convergence behavior of weighted Nitsche method
and Nitsche's method with respect to position of interface vithin an element.

Normalized interface position -Nitsche's method Nitsche's method
dx:h (in %) Nicad  Niter Nioad Niter
0.1 25 6 DNC -
0.2 30 5 DNC -
0.4 30 5 DNC -
0.8 32 5 DNC -
5 27 5 DNC -
10 26 5 25 9
50 25 6 25 6
90 25 5 25 10
95 28 5 34 6
99.2 32 5 175 6
99.6 25 5 337 7
99.8 25 5 DNC -
99.9 25 5 DNC -

* DNC: Did not converge in 500 load steps.

Sensitivity study

We now replicate the problem set-up described in Section 5.4.1 and dant a sen-
sitivity study with respect to the interface position. Since we would gt the largest
yield zone when the yield traction is the smallest, we conduct this stydfor the
case whenty = 0:5. We compare the performance of the proposed weighted form
with classical Nitsche's method as we move the interface from oneemal boundary
to another. The results of this sensitivity study are shown in Table .. The rst
column in Table 5.1 contains the normalized interfacial positiod,=h. The second
column shows the convergence behavior of weighted Nitsche's noathwhile the third
column describes that of classical Nitsche's method. We describestbonvergence
behavior in terms of two parameters: (a) minimum number of load sps required
to reach the full load while converging to the speci ed tolerance in thenergy norm

(denoted bynqaq in the Table) and (b) of all the converged load steps, the maximum
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number of iterations required at any load step (denoted bygi,, in the Table). If the
method fails to converge in 500 load steps, we state non-converge (denoted by
DNC = did not converge in the Table).

From Table 5.1, we notice that as the interface approaches eithettennal bound-
ary, the convergence pro le of the classical Nitsche's method neces drastically. In
fact even as the measure of interface positi@h=h approaches 10% on either side, the
rate of Newton-Raphson convergence falls as indicated by the largiumber of iter-
ations required for convergence. As illustrated in several previ®studies (Mourad
et al., 2007; Dolbow and Harari, 2009; Sanders et al., 2009; Zuninaét 2011), as the
interface approaches either internal boundary and vyields arbitrdy small elements,
the classical Nitsche's method results in a deteriorating traction prle. High errors
in traction can yield to false prediction of yielding at the interface. Aditionally,
these arbitrarily small element con gurations also yield a particularlylarge value
for the stabilization parameter. Since the stabilization parametercs as an initial
elastic sti ness in the return-mapping algorithm and therefore estblishes an initial
guess for the Newton-Raphson algorithm, it is not surprising that &arge value leads
the algorithm astray. The weighted Nitsche's method, on the othehhand, exhibits
a much more uniform convergence pattern and shows minimal sensty to the in-
terface position. As shown previously, this is a direct consequenafethe much more

robust traction recovery that characterizes this method.
5.4.2 Coulombian frictional law

In the following examples, we consider the interface to follow Coulorsbfrictional

law.
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JA &

(a) Loading and boundary conditions (b) Finite element mesh

Figure 5.5 { A unit square domain with an inclined material interface th at exhibits
Coulombian frictional behavior (a) illustration of geometry and loading conditions - the
interface is inclined such thattan =0:2 (b) nite element mesh used in computations.

Compressive loading of a plate with an inclined interface

The rst example we consider with a Coulombian frictional model involes a plate
with an inclined material interface loaded in compression. The matefianterface
= fx : (x) =0g acts as an internal boundary to the domains ! and 2. The
level set is given by the equation of an inclined plane(x) =y 0:2x 0:4586. The
slope of the line de nes the inclination of the interface and is equal tan =0:2. We
consider identical material properties on both sides of the interda,i.e. E' = E? =
1000 units and ' = 2 =0:3. The Coulomb's frictional coe cient characterizing
the interface is chosen as =0:19 and = 0:21 for two separate computations.
This problem has been studied previously by Dolbow et al. (2001) andrK et al.
(2007). It serves as a good benchmark for frictional sliding prolohs because of its
close analogy with a classical problem in mechanigg&. a rigid block resting on a
rough inclined plane. Analogus to that problem, we can predict slippingehavior
when the frictional coe cient < tan and a stick state otherwise. Therefore, since

for the given interface tan = 0:2, we expect a sliding response when= 0:19 and
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Table 5.2 { Newton-Raphson convergence behavior of weighted Nitsche method for
the problem where a plate with an inclined interface loaded m compression.

Iteration number Energy norm

1 1.00e+00
2 9.41e-06
3 5.35e-32

a stick state otherwise.

We conduct the simulations on a unit square domain and use a struced triangu-
lar mesh with 20 divisions in each direction. The nite element mesh used compu-
tations is shown in Figure 5.5(b). Also, we perform the computationgsing weighted
Nitsche's method. The loading is applied on the top surfacey = fx :y=1gas a
Dirichlet boundary condition such thatuy, = 0:1. The nodes on the bottom surface
are constrained from moving in y-direction. The problem set-up anthe boundary
conditions are shown in Figure 5.5(a). In addition, we apply the entiréading in
one load step.

We plot the resulting response of the structure in Figures 5.6(app). Consistent
with expectations, when the frictional coe cient between the maerials is less than
the tangent of the inclination of the surface, we recover slipping bavior while when
it is larger, we see a stick state. For the stick response, the profvias linear and
again consistent with expectations the method converged in two W&n-Raphson
iterations. In contrast, when slipping is expected, the method tdothree iterations

to converge. The convergence pro le for the slipping case is givey BPable 5.2.
Sliding of an elastic block on a rigid surface

As a next example, we investigate the performance of the methog bimulating an
elastic block sliding on a rigid surface. This is a standard benchmarkusty used

for frictional contact problems and was rst examined by Oden andPires (1984)
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Figure 5.6 { Horizontal displacement contours and deformed geometry ér compres-
sive lodaing of a plate with an inclined material interface. The inclination of the
interface is such that tan = 0:2. Slip is predicted (left) when the frictional coe cient

< tan while stick is predicted (right) when > tan . The deformation is scaled
by a factor of 2.
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(a) Problem domain and applied boundary (b) Finite element mesh
conditions

Figure 5.7 { Elastic block sliding on a rigid surface: (a) illustration of geometry and
loading conditions: the applied traction boundary conditions are such thatp, = 200
units and py = 60 units. (b) Discretized problem domain used in computations.
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and then by Wriggers et al. (1990) and Simo and Laursen (1992) inlmequent
studies. This example serves as a more quantitative bechmark as @@ compare
the contact tractions with the existing studies. The problem setqo is described in
Figure 5.7(a). We consider a square domain spanning (2;2) ( 2;2). The
material interface = fx : (x) = 0g partitions the domain into component sub-
domains !and 2. Here we consider a straight material interface (x) = y+0:9644.
We consider the material in the sub-domain 2 to be elastic with a Young's modulus
of E2 = 1000 units and Poisson's ratio of 2 = 0:3. The material in sub-domain

! is considered rigid. In order to simulate rigid response, we choogé = 10'2
units and ! =0. Consistent with earlier studies, the Coulomb frictional coe cien
between the materials is chosen as= 0:5. The applied tractions are as shown in
Figure 5.7(a); on the top surface a compressive loading @f= 200 units is applied.
To remain consistent with earlier studies, the compressive tractiois applied such
that the rst and last layer of elements from both the left and right boundaries are
allowed to remain traction free. Also the extreme right boundary is yled with a
force ofp, = 60 units. Additionally, in order to replicate the response of a rigid
material, the bottom surface is constrained in both directions.

The computations are conducted on a structured triangular mestvith 20 di-
visions in each direction. The nite element mesh is shown in Figure 5.7(b We
remark that the chosen value of the level set results in an interfat position that is
not generally ideal for embedded methods. In particular, it is delibately chosen to
result in arbitrarily small volume fractions. Though the problem setip can be con-
sidered rather idealized, in an embedded interface context it provdd a convenient
platform to examine the performance of the proposed approach the presence of
both arbitrarily small elements and large material heterogeneitiedt is well known
that embedded methods have problems when they encounter eithef these cases
independently (Zunino et al., 2011; Sanders et al., 2012; Dolbow anéudri, 2009;
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Table 5.3 { Newton-Raphson convergence behavior of embedded methoder the
sliding block problem.

Iteration number Energy norm

-Nitsche's method Nitsche's method Penalty method

1 1.00e+00 1.00e+00 1.00e+00
2 1.18e-04 1.29e+11 5.78e-02
3 9.25e-05 3.89e+15 2.23e-03
4 9.89e-09 7.57e+18 1.50e-05
5 5.53e-13 1.03e+24 3.31e-08
6 - 1.29e+27 4.36e-11
7 - 1.48e+30 4.50e-14
8 - 1.60e+33 -

9 - 1.06e+36 -

10 - 1.46e+40 -

Mourad et al., 2007) so examining them in the presence of both proesl a sti
challenge for the method. Here, we illustrate the robustness ofetweighted Nitsche
approach by contrasting it with both penalty and classical Nitsche'spproaches.

In Table 5.3, we show the convergence pro le of the Newton-Rapis method
in the energy norm for all three embedded methods. Classical Nit&s method
fails to converge to the speci ed tolerance of 1 10 *? and in fact diverges. The
penalty method on the other hand is highly sensitive to the choice ohé penalty
parameter. The right combination of the normal parameter y and  which results
in convergence is hard to choose. The common practice of choosingalue that
is orders of magnitude higher than the larger Elastic modulus leads thvergence.
On the other hand, if the parameter is chosen closer to the softBtastic modulus,
the constraint is not satis ed well and we again fail to converge. Tiough some
trial and error, however, the following choices resulted in convergce =1 10°
and =8 1C. The convergence pro le for this specied choice is shown in the

fourth column of Table 5.3. The rate of convergence is slightly slowfar the penalty
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method and it takes seven iterations to reach the speci ed tolerae as opposed to
ve by the weighted Nitsche's method. Additionally, as a word of caubn, we also
mention that a slightly di erent choice in the tangential direction, =5 1, led

to divergence indicating a very high sensitivity to the penalty paranter.

300

Normal pressurcs, penalty solution —&m—
250 Tangential stress, penalty solution ——0— b
Normal pressures, 4 augmentations — - —
200 - ‘Tangential stress, 4 augmentations — & — 7
_1 150 -
E 100 1
& 50 b 4
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I * ]
1 J 1 J 77 -100 B
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1] RN ENN o

1 2 3 4
(@) Deformed geometry reproduced from(b) Contact tractions reproduced from Simo
Simo and Laursen Simo and Laursen (1992)and Laursen Simo and Laursen (1992).

.9
250

150

Contact tractions

‘ ‘ -100
Normalized interface length
(c) Deformed geometry using weighted (d) Contact tractions using weighted
Nitsche's method. The plotted displace- Nitsche's method.
ment contours are the y-components of
the displacement.

Figure 5.8 { Deformed geometry and contact tractions for the elastic bbck sliding
on a rigid surface.

The deformed shape and the y-displacement contours obtainedngsthe weighted

Nitsche's method are shown in Figure 5.8(c) and seem to be in goodegmnent with
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earlier studies (see Figure 5.8(a)). We also compare the contacadtions for the
weighted Nitsche's method and the penalty method for the above ap ed values
of penalty parameters. From Figure 5.8(d), we nd that the weightd Nitsche's
method yields a traction pro le that is in close agreement with existingstudies
(Figure 5.8(b)). The tractions do not give an exact quantitative mgh, but the
di erences are small. We can attribute this slight mismatch to varioudi erences
in the problem set-up. Firstly, we are trying to replicate the behavio of a rigid
block using a very high elastic modulus. Secondly, we are also usingstant strain
triangular elements as opposed to earlier studies which used quadslal elements.
In addition, here as well as in the existing studies, the traction prde is plotted at
gauss points which are bound to be di erent owing to a di erent disa@tization.

We also notice a slightly oscillatory behavior in the traction pro le in boh normal
and tangential elds. As discussed earlier, the considered probleepresents a highly
pathological case given the presence of both large heterogensitend arbitrarily
small elements. Under those circumstances, these minor oscillasaito not represent
a signi cant drawback. In fact as demonstrated by the convergee pro le of the
Newton-Raphson algorithm, these oscillations are too small to haeay considerable
impact on the convergence behavior and accuracy. Furthermoras discussed in
Sanders et al. (2009), constant strain triangular elements are alprone to shear-
locking and the use of a higher-order element (bilinear quads, for iasce) might
signi cantly improve the performance.

The advantages of the proposed approach are further illustratevhen we look at
the traction pro le recovered by the penalty method (see Figure.8). The traction
eld in both normal as well as tangential directions oscillates wildly redering it un-
usable. The unstable traction pro le explains why it is hard to choosa combination
of parameters \ and that leads to convergence. In conclusion, the shortcomings
of the penalty method, from an analyst's perspective, are twofold not only is it
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hard to choose the penalty parameters ( and ) that would lead to convergence,
but also that the choice that yields convergence is not guaranteed yield a stable

traction pro le.

I <8000

|

Contact tractions
o

-4000

I i R
I |
| VY|

Normalized interface length
Figure 5.9 { Contact tractions for the elastic block sliding on a rigid surface using

penalty method with penalty parameters =1 10°and =8 10°.

-8000

Mesh convergence study

As a next example, we conduct the mesh convergence study parfed in Liu and
Borja (2008) to better understand the numerical convergenaaf the method as the
mesh is re ned. As described in Liu and Borja (2008), we consider aitisquare
domain = (0 ;1) (0;1) with a material interface = fx : (x) = 0g. The
level set of the interface is given as(x) = y 0:5. The interface divides the
domain into component sub-domains ! and 2. The material properties in both

1and 2 are considered identical such thaE! = E?2 =10 GPaand ! = 2=
0:3. Further, the frictional coe cient for the interface is given as = 0:1. The
bottom surface is constrained to move in both directions while a xedisplacement
of uy = 0:05 (m) anduy, = 0:09% 0:01 (m) is applied on the top surface. The
geometry and boundary conditions are described in Figure 5.10. Wewn consider
four nite element discretizations with 222, 1250, 5202 and 2040&angular elements
respectively.
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TA TA

Figure 5.10 { A unit square domain loaded in compression and shear at the dp
surface and constrained at the bottom surface. Frictional fiding is allowed at the
material interface

We rst examine the convergence of normal tractions and tanggal slip as the
mesh is re ned. Figure 5.11(a) plots the normal traction pro le forall the four
meshes using weighted Nitsche's method. The results are in closeeagnent to those
presented in Liu and Borja (2008). As noticed by them, the normakactions are
nearly insensitive to mesh re nement. We do notice slight oscillations ithe nor-
mal traction pro le for the coarse mesh. However, unlike their stdy, we have not
smoothed the obtained tractions through a domain integral type @stprocessing tech-
nique. We plot the tractions obtained at the gauss points throughicect evaluation.
The tangential slips reported in our study (Figure 5.12(a)) are sligly smaller than
those reported by Liu and Borja (2008).

To investigate this further, since they used the penalty method inhteir study,
we plot the normal tractions and tangential slips on using the penaltmethod as
well in Figure 5.11(b) and 5.12(b). However, we rst performed a pameter study
on the penalty parameter to remove any penalty sensitivity in the malts. For
this parameter study we concentrated on the convergence ofnggential slip and

considered the results to be free of penalty sensitivity when thertgential slip was
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Figure 5.11 { Convergence of normal tractions with mesh re nement for weaghted

Nitsche's method (left) and penalty method (right).

parameter used is y =

=5

Normalized interface length

(b) Penalty

For the penalty method, the

10 12 and was obtained from a parameter study.

insensitive to the increase in penalty parameter. This gave us a pédiyagparameter

of v = =5 10% for all four meshes. A smaller parameter yields a larger
slip which is in closer agreement with Liu and Borja (2008), however i serves to
further illustrate why it is important to eliminate free-parameters wthin a method.
As seen from Figures 5.11(a)-(b), and Figures 5.12(a)-(b), onmeving the penalty

sensitivity for the penalty method, the results are almost identicalor both methods.
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Figure 5.12 { Convergence of tangential slip with mesh re nement for weghted
Nitsche's method (left) and penalty method (right). For the penalty method, the

parameter used is N = =5 10 '? and was obtained from a parameter study.

144



The advantages of a variationally consistent approach howeverme forth on
more closely inspecting the non-interpenetration constraint. Toaso, we plot the
non-interpenetration constraint at the interface for the weightd Nitsche's method as
well as the penalty method in Figure 5.13(a). For the penalty methqdve rst use a
parameter that we obtained from the sensitivity studyi.e. y= =5 10 ltis
easy to see that this value of the penalty parameter results in a ntutarger interpen-
etration than weighted Nitsche's method. However, since it is pos$gbto tune the
penalty parameter, we choose a value which enforces the non-ipenetration con-
straint with nearly identical accuracy to Nitsche's methodviz. = =1 10%,
Now, we plot the normal tractions for both these choices of penglparameters as
well as weighted Nitsche's method in Figure 5.13(b). The traction pre for the
weighted Nitsche's method overlaps with that of the penalty methodvith a param-
eterof y= =5 10% so that the curves are nearly indistinguishable. However,
the traction pro le for the penalty method with = =1 10 results in highly
oscillatory behavior. From these results, it is easy to appreciate dh while we can
tune the penalty parameter to better enforce the constraintst results in a deteri-
orating traction pro le. Unsurprisingly, as is often seen with mixed rethods, the
stronger the constraint is enforced, the larger the oscillations. #mart choice for the
method parameters in the weighted Nitsche approach, as pres&there, strikes the
right balance between obtaining an accurate enforcement of ctnagnts while not

compromising the stability of the interfacial elds.
Crack face contact

As a nal example, we examine frictional sliding across a crack suda This problem
was rst investigated by Dolbow et al. (2001) and then by Liu and Bga (2008).
The problem involves a pre-cracked square elastic domain subjette compressive

loading. The crack faces are allowed to slide across each other failt@vCoulomb's
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Figure 5.13 { Comparison of the relative performance of the weighted Nische and
penalty methods in enforcing the non-interpenetration corstraint (left) and recovery

of normal tractions (right). The results for the penalty met hod are plotted for two
parameters y= =5 102 (invioletyand 5= =1 10 (in blue). Traction

pro le for weighted Nitsche (in red) and penalty method with = =5 10% (in

violet) are nearly indistinguishable.

Figure 5.14 { Finite element mesh for the problem simulating crack face fictional
contact. The domain is a unit square (Q1) (0;1) with an inclined crack extending
from the coordinates (0.3, 0.33) to (0.7, 0.68).
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law but the crack tips are not allowed to advance. Here, we considarunit square
domain with a crack extending from the coordinates (0.3, 0.33) to (0, 0.68). The
material parameters are chosen &8 = 10 GPaand = 0:3. The Coulomb's frictional
coe cient on the crack surface is assumed to be = 0:1. The crack is loaded
compressively by applying a uniform displacement af, = 0:1 on the top surface.
The bottom surface is considered to be xed. The computations arperformed on
an 80 80 mesh as shown in Figure 5.14. Finally, the tolerance for Newton4bteson

iterations is setto 1 10 2 in the energy norm.
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Figure 5.15 { x and y displacement contours obtained using weighted Nitghe's
method (top) and Penalty method (bottom) for the crack face frictional contact prob-

lem.

The horizontal and vertical displacement contours obtained usingeighted Nitsche's



method are plotted in Figures 5.15(a)-(b). For comparison, we algdot the displace-
ment contours using the penalty method with the same penalty panmaeters as Liu
and Borja (2008),i.e. n = =1:0 10'. The plots are again in excellent agree-
ment with earlier studies. The proposed method converged in thréewton-Raphson
iterations as opposed to the LATIN, iterative strategy employed alier in Dolbow
et al. (2001) which required in excess of 100 iterations to convergé@dditionally,
unlike the LATIN method used by Dolbow et al. (2001) and the penaltynethod of
Liu and Borja (2008) we do not have any tunable regularization paraeters in our
method which could a ect the accuracy of our constraint enforeeent as well as the
rate of Newton-Raphson convergence.

These results are very encouraging and in conjunction with our é&r work in
Chapter 3, make the proposed approach a desirable candidate ickling high- delity
guasi-static and dynamic crack propagation studies (see, for emple, the work of
Combescure and co-workers Combescure et al. (2005); Elguddjle(2007); Gegoire
et al. (2007, 2009)).

5.5 Conclusion

We proposed a Nitsche stabilized approach to model frictional cat problems.
The proposed formulation extends Nitsche's method to handle ndimear constraints
and allows us to incorporate frictional behavior at the interface. Hhe frictional
problems described here are naturally non-symmetric and therefowe propose a
non-symmetric variational form. As with linear problems, the methd parameter
arising in the variational formulation is provided by analytical estimaes, lending the
formulation additional robustness. The frictional constraint is inorporated directly
in the variational form as a Neumann condition. This also allows us to incporate
various forms of frictional constraints in the same framework, ademonstrated in
the numerical studies where we incorporate both perfectly plastinterfaces and
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Coulombian frictional models.

We performed several numerical studies to demonstrate the ahtages of the pro-
posed approach for frictional sliding problems over the more commig used penalty
methods. In these studies, we also highlighted the lack of robussseof the more
classical form of Nitsche's method. The advantages of the progosmethod over
a penalty approach stem from its variational consistency. This allavthe method
to enforce the constraints much more accurately while using a smalabilization
parameter - akin to an augmented Lagrange multiplier method with sall penalties.
However, this is a primal approach and therefore neither adds aitidnal degrees of
freedom nor requires an outer augmentation loop. Unlike penalty itieds, where
accuracy and convergence both strongly depend on the regulation parameter, the
proposed method is free of tunable parameters. Furthermores aeen from the nu-
merical examples, the proposed choice for the method parametaturally strikes the
right balance between enforcing the non-interpenetrability consdint and recovering
the interfacial tractions - a balance hard to achieve with traditionamixed methods.

Going forward, in the next Chapter, we extend the proposed appach to handle

multiple locally intersecting interfaces.
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6

A Nitsche Stabilized Embedded Finite Element
Method for Junctions

6.1 Introduction

In this thesis, so far, while we have considered complex geometrisabpes embed-
ded within a bulk mesh, they have all represented a single interfacea{boundary
separating two domains. In this Chapter, we relax this assumptionna consider
problems with multiple intersecting interfaces within a region. In paitular, we ex-
tend the weighted Nitsche's approach to consider perfectly-tiechd perfectly plastic
intersecting interfaces. These intersections could arise eitheriihs a computational
domain - where two internal interfaces intersect; or on the boumdy of the compu-
tational domain - where an internal interface intersects with the>d¢ernal boundary.
We propose a variational treatment of both the interfacial kinemiacs and the exter-
nal Dirichlet constraints within Nitsche's framework. In light of these intersections,
the previously provided de nitions of the method parameters mighho longer be
su cient. We will now need to account for these intersections explidy in the local

coercivity analysis to ensure the method parameters are chosenrectly.
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The motivation for investigating these intersecting interfaces coes from some
of the applications (in computational micromechanics and geo-sceas) discussed
in Chapter 1. We have also discussed some of the computational lidrages asso-
ciated with traditional nite element methods for such problems thee. Most of
these challenges arise because interfaces cannot be repredenigependently from
the underlying nite element mesh. Not surprisingly then, there ha® been many
studies investigating the use of enriched approximations (such asBPEM) which can
accomplish this decoupling for these topologically complex problems.

Moes et al. (2003) rst proposed the use of X-FEM for the homeanization of
periodic basic cells in two-phase composites. Since then, the comdiXeFEM/level-
set approach has been extended to model interfacial failure in cposites (see Hettich
and Ramm, 2006; Hettich et al., 2008), for obtaining homogenized querties for
heterogeneous structures (see Legrain et al., 2011), and fotadbing e ective elastic
modulii in nanocomposites (Yvonnet et al., 2008). For geo-mechaalicproblems,
X-FEM has been employed to model faulting (see the work of Liu anddga, 2009,
2010a), earthquake ruptures (Coon et al., 2011) and subsurdaow (Huang et al.,
2011).

There have also been several studies investigating the perforreanof X-FEM
in the presence of junctions. Daux et al. (2000) rst studied brached discontinu-
ities in the X-FEM. To treat these, they proposed using a Heavisideufiction for
every intersecting interface and also an additional junction funn. Sukumar et al.
(2003) modeled brittle fracture in polycrystalline materials using an >EM ap-
proach. Further, Simone et al. (2006) proposed a G-FEM apprdador modeling
grain boundary sliding in polycrystalline materials. Robbins and Voth (@07) used
X-FEM with Heaviside enrichments to model the shock response oblgcrystalline
materials. For problems with intersecting material interfaces, Argn et al. (2010)
presented novel enrichment functions that preserve optimal oeergence rates for
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guadratic approximations. More recently, Shabir et al. (2011) in&igated the role
of cohesive properties on intergranular crack propagation in brldg polycrystalline
materials using the G-FEM approach of Simone et al. (2006).

However, to our knowledge, development of numerical approashthat could
robustly enforce sti kinematic constraints, such as perfect andliding contact, over
intersecting embedded interfaces has received little attention. Ehtraditionally used
approaches su er from shortcomings well-known in mixed nite elenm¢ methods,
viz. an unstable traction eld. Only recently, Siavelis et al. (2012) presged a
stable Lagrange multiplier approach to enforce large sliding consinés on branched
discontinuities. This method relies on the vital vertex algorithm of Bchet et al.
(2009) to construct aninf-sup stable space for the Lagrange multipliers.

By contrast, we extend the weighted Nitsche approach, preseutin Chapter 5, to
model small-deformation frictional sliding on intersecting embeddeidterfaces. We
use this method in conjunction with the overlapping element formulan of Hansbo
and Hansbo (2004). As discussed earlier, the method is advantage because it
does not introduce an additional multiplier eld and is parameter free Also, the
proposed approach provides a natural way to treat elements witimultiple discon-
tinuities without giving rise to linear dependencies as opposed to theetmod of
Simone et al. (2006) and is much easier to implement compared to thengtion
function approach of Daux et al. (2000) and Siavelis et al. (2012).

The Chapter is organized as follows. We begin by de ning the model qgislem
and the variational form in the next section. In Section 6.3, we disss the spatial
discretization and provide a local estimate for the stabilization paraeter in the
presence of intersecting interfaces. In Section 6.4, we demoatdrthe robustness
of the proposed method on several benchmark examples for bghrfectly-tied and
perfectly-plastic sliding embedded interfaces with junctions. Finallyin Section 6.5,

we provide a summary and concluding remarks. In Appendix A, we prige the
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variational form for frictional sliding problems and also describe thalgorithmic
details regarding the assembly of local tangent matrix for elementsith multiple

interfaces.
6.2 Model problem and variational formulation

As a model problem, we consider Poisson's equation. This choice deala better
presentation of the local coercivity analysis, required to bound éhstabilization pa-
rameter, by avoiding notational complexities. However, for compleness, we present
the governing equations, the variational statement, and algorithic details for fric-

tional sliding problems in Appendix A.

Figure 6.1 { Schematic of the problem domain. Domains !, 2 and 2 and the
Dirichlet and Neumann boundaries ¢, n are as shown. Each pair of domains 2 and

b are separated by a shared internal boundary 2. The normal to the boundary
segment 2° is given by n@ and points outwards as shown for the interface 21.

The governing equations in each domain™, for m=1,2,3 are given as:

r M"ru™ = 0 in ™
u™ = ug on g; (6.1)
"ru™ n = 0 on g
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These are then coupled together at every interface®, for ab = f 21; 31; 329, by the
following conditions:

I[ r u]lab r]ab

0 on @;
(6.2)
[ul® = 0 on @2:
where by [()]?*, we denote the jump ()° ()2 in a quantity ( ). The interfaces,
a are allowed to intersect with one another and act as internal bouades between
the domains. The normal to each of these internal boundaries? is denoted by
n? and is pointing from 2to P. Further, the Dirichlet and Neumann boundaries
are denoted by 4 and |, and are allowed to intersect with the internal boundaries.
Figure 6.1 describes the problem set-up and lends concretenesshi de nitions of
the introduced quantities.
Now, neither the interfacial kinematics nor the speci ed Dirichlet costraint can
be handled through standard approaches. Consequently, we pose a variational

treatment for both using Nitsche's method.
6.2.1 Weak form

A weak statement of the model problem (6.1) { (6.2) is presented lwsv. For su -
ciently smooth functional spaced) and V, nd u 2 U, such that for all w 2 V the

following statement holds:

a(w;u) = I(u): (6.3)
Here,
x £ x £
a(w;u) = rw™ M™ru™d Wl*hrui , n® d
m ab
x Z % 2
I[u]labh r wi " nab d + I[W]Iab abl[u]lab d
ab al al
X Z x 20®
w ru” ngd u" 'rw" ngd
r 07 roa
X -
+ w' u'd
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[(u) = wmf ™ d Ug 'rw ngd+ w fugd ;
m r r
d= T d=
X . X
where denotes a sum over all the bulk domains and by , we denote the sum
m ab

over all internal boundaries 2°. Further, if we de ne the boundary of a domain ™

by @ ™ then 4. » denotes the part of Dirichlet boundary that belongs ta@ ™. By

X
, we denote the sum over all domains' such that 4- + 6 ?.

The outward pointing normal at the Dirichlet boundary is denoted byngy. The
stabilization parameter for each interface 2 is denoted by 2 while that for the
Dirichlet boundary segment 4 . is denoted by '. Finally, the weighted average

ux at the interface is given by h r ui na® =( L arua+ 2 prup) n?®, with

ab

wt H=1
6.3 Discretization

We construct a mesh partition of the domains !, 2 and 2 into a set of non-
overlapping triangles. The underlying nite element mesh is independe of the
interface geometry (see Figure 6.2 for a schematic). The approxtion and the
weighting functions are then given by:

uh:X * H™N;u;; WhIX * H™N;wi: (6.4)

m i21m m i21m

where, | ™ is the set of all nodes whose supports overlap the domaif' and H™ is
the characteristic function given by

1 ifx2 ™

m —_
HP(x) = 0 otherwise

(6.5)

Although equivalent to the X-FEM with Heaviside enrichment, the Hasbo ap-
proach described above is attractive from an implementational std-point. Unlike
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Figure 6.2 { Spatial discretization for the embedded interface formuhtion. The black
circles are the physical nodes corresponding to the backgumd mesh and the hollow
circles are the phantom nodes. The red hollow circles represt the discretization of
the embedded interface within an element.

the approach of Daux et al. (2000) and Siavelis et al. (2012), the Risbo approach
does not require a junction function and is also directly extendableotany number
of intersecting interfaces. Moreover, unlike the approach of Sime et al. (2006)
where particular care needs to be exercised for elements with jtinos to avoid lin-
ear dependencies, the Hansbo approach results in a linearly indegpent basis by
construction (see Robbins and Voth (2007) for a more detailed dission). Finally,

it is also worth mentioning that the Hansbo approach decouples theterfacial kine-
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Figure 6.3 { Decomposition of a parent element with three local domainsinto corre-
sponding children. The shaded region in the element represés the physical volume
of the element. The black circles represent the physical nogs while the black hollow
circles represent the phantom nodes. The red circles represt the discretization of the
embedded surface.

matics from the choice of the enrichment functions. The interfadikinematics are
enforced through variational means in a discontinuous Galerkin s This provides
the capability to model a wide range of interfacial kinematics (for irance, per-
fectly tied - material interfaces, tangential sliding and decohesiprwithin the same
framework.

From an implementational perspective, the only noticeable di erere from the
case we discussed in Chapter 5 arises for elements with multiple ingexs. Within
the described framework, a background element is replaced by aany duplicate
elements as its original constituent domains. See for example, theded triangular

element containing the junction in Figure 6.2. Further, for elementwith junctions, it
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is also likely that a background element edge might be intersected nedhan once and
result in a child element that has no physical nodes (see Figure 6.3ucB elements
can also be handled naturally within the described phantom node fraawork and do

not warrant any additional consideration.
6.3.1 Stability

Stability is established by choosing stabilization parameters that esblish coercivity
of the discrete bilinear form at an element level. However, from thesdhition of the
bilinear form (6.3), the following scenarios are likely to yield a distinct Iad bilinear

form and consequently distinct requirements for the stabilizationgrameter:

(a) Part of the Dirichlet boundary belongs to the element boundary 4- ;6 ?.
(b) Element contains a single interface.
(c) Element contains multiple interfaces.

(d) Element boundary contains part of the Dirichlet boundaryand the element

contains a single interface.

(e) Element boundary contains part of the Dirichlet boundaryand the element

contains multiple interfaces.

Case (a) has been previously addressed in Dolbow and Harari (2pD@8d case (b)
has been discussed in Chapter 4. We now conduct the stability anal/dor case
(c) here. In particular, we focus on the case when the element tains multiple

intersecting interfaces. For an element with multiple non-intersettg interfaces, the
analysis yields identical results. For cases (d) and (e), for conaiess, we omit the

analysis but directly provide the expression for the stabilization pameter.
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We begin by recalling the de nitions of \energy" andL, norms:

7 Z
jir umip. = ru™ Mru™d; o jjumiz, = u™ umd (6.6)

®3

We also recall that, for every interface 2°, there exists a con guration dependent

constant C,, such that the following generalized inverse inequality holds:

jihrui s n®j e Caiir Uj o (6.7)
wherejjr ujjng; = Jir u¥jjza a + jir ubjjzg; -
Element contains multiple intersecting boundaries

Consider an element with multiple intersecting interfaces as shown indure 6.3. For

such an element, from (6.3), the local bilinear form is:

33 Z
a(u;u)® = jir uMi?e. w2 [UPPhrouig n*td
"7 3 z
2 [uPhruig n*d 2 [uPhruig n®d (6.8)
31 32

+ gljj |[U]|21jj2g1 + gljjl[u]|3ljjzgl + gzjjl[u]l?’zijgz:

We establish a lower bound on 2%; 3 and 322 by ensuring coercivity of the local

bilinear form (6.8). Now, the following inequalities can be derived:

a(u; u)® ir umiiZp, W 2i[ulFi b rouig 0 oa
m=1
2iulPi wiih roui g i e 2j[ulFi b roui g, N g

+ gljj |[U]|21jj251 + gljjl[u]l?’lijgl + gzjj [U]Iszjjzgz;

(6.9)
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jir uii?a,  Ai[ul*ii piiboroui i

N
Re
—
=
N
=

jir uii?z, AUl gdiborouig 0w

NI~ N~ N
(0]
S

+ S Jir uii’e, 4Ll gjib roui g, n¥jj e

+ Ui+ Siulite + Sl (6.10)
5 i Uiy AL pCair v g+ LW

t 5 i ity AT pCair v g+ L%

5 uite, AP eCaiir Ui 2+ I (6.11)

1. . 1. . 1. .
S(ir uii &, Cor[ul®)? + Sir i g, Car[ul®h)? + S(ir uij g Cao[u]*%)?
+( 5 2051)11'IIU]IzlJ'J'Zg1 +( % 2CL)ii |[U]|31jjzgl +( ¥ 2CL)ij |[u]|32jj232: (6.12)

Equation (6.9) follows from using Cauchy-Schwarz inequality in equiah (6.8). Equa-
tion (6.10) follows from using the following identity:
. . ﬁ

ir uii?a +ir i, +ic Uitz =20 it Ui (6.13)
m=1

while equations (6.11) and (6.12) follow on using the generalized inversstimate
(6.7) in (6.10). It is clear from (6.12) that the stability of the bilinear form can be
ensured if 3 2C2, for ab = f21;31; 32g.

A lower bound on the con guration dependent constantC,, is now provided as

discussed in Chapter 4 and results in:

ley2 b 2e\2 a

®=2 meas(2 ab + Lan ; 6.14
€ (&) meas( B) meas( 3) (6.14)
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where the weights are chosen to minimize the stabilization parameter

le _ meas( )= " .
_ , 6.15
%~ meas( B)= P +meas( 3)= 2 (6.15)
ay— a
5= meas( ¢) (6.16)

meas( 2)=  + meas( 3)= 2’

for ab = f21; 31; 32g respectively.

(a) (b)

Figure 6.4 {Representative elements for the case when the element boudlary contains
part of the Dirichlet boundary and the element contains: a shgle embedded interface
(left); multiple intersecting interfaces (right).

For cases (d) and (e), we obtain estimates for the stabilization pameters at both
interfaces and the external Dirichlet boundaries by following a similgprocedure as
one described above. Consider an element with an embedded integfad® separating
the regions 2and 8. Further, one of the element edges is also a part of the Dirichlet
boundary as shown in Figure 6.4(a). For this case, the stabilizationapameter at
the interface, 2° remains identical to one provided above by equation (6.14). The
stabilization parameter for the Dirichlet boundary, 4- n, that is intersected by ab

is given by the following expression:

m

m — - .
e =2 meas( g4= em)imeas( D) form = a,b: (6.17)
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For case (e), we can either have a scenario where an element edge is a part of
a Dirichlet boundary is intersected by one interface or intersectdoy more than one
interface. For such elements, we choose an estimate based onl#ter case as this
results in a larger value. Figure 6.4(b) describes a representativieraent for case
(e). The stabilization parameter at an interface B9 and for the Dirichlet boundary
segment 4- p is given by:

(for o, (Gor>

g = 3 meas( P9
(&) meas( ) meas( §)

for pg = fab, ac, bg;

m

s = 3 meas(g- ?)W(m) form = a,b,c:
e

(6.18)

Finally, in concluding this section, we remark that for the case with irgrsecting
interfaces, even with the proposed choice of weights, the exmies for the stabiliza-
tion parameter (6.14) might still yield a large value if the physical volura of two
of its constituent domains is small. However, from the expression,evalso notice
that the expression is directly related to the length of the segmenheas( 2°). In
a Voronoi tessellation, it is rather dicult to generate a con guration where this
segment length is large and the physical volume of two constituenbhains is small.

To further illustrate this point, in the next section, we present a sesitivity
study where we show that the discrete system of equations is likely temain well-
conditioned regardless of the location of the junction within an eleme for the
weighted Nitsche's method. Also, in all of the numerical examples mented in
the next section, we do not have any control over the junction lation since the
Voronoi tessellation is generated from randomly seeded grain cens. However, we

do not report unstable uxes in any of these examples.
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6.4 Numerical examples

We now validate the proposed method through various benchmarkimerical studies
in the presence of junctions. In order to accomplish this, we praag by rst exam-
ining the convergence behavior of the proposed method for lineamoplems. These
convergence studies are conducted by measuring error in therstard L, norm for
the bulk variable and in the energy semi-norm for the gradient. We #n investigate
non-linear problems with perfectly plastic interfacial behavior. Aga, to validate,
at rst we examine the performance of the method on numerical periments that
we conducted in Chapter 5. However, we now replicate those exjpeents such that
the problem set-up has intersecting material interfaces and comug the obtained
results with those previously presented in Chapter 5. Finally, to deamstrate the
robustness of the proposed approach, we conduct numericaperments on a poly-
crystalline geometry and qualitatively discuss the obtained resultsSThroughout the
section, we refer to Nitsche's method with weights identically chosergual to 0.5 as
the classical Nitsche's method. Also, in the gure legends, we refer the weighted
Nitsche's method as -Nitsche's method.

We solve the non-linear equilibrium equations using the Newton-Rapts algo-
rithm and as a convergence criterion, we specify a tolerance of 110 ° in the
energy norm. To load the structure, we follow a displacement baseédcremental

loading scheme as discussed in Chapter 5.
6.4.1 Sensitivity study

We begin with a numerical sensitivity study for an element that contms a triple
junction. The interfaces are oriented such that they are paralléb the element edges
as shown in Figure 6.5(a). We now vary the location of the junction wie keeping

the inclination of the interfaces xed. The position of the junction isobtained using
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Figure 6.5 { lllustration of the parameters for the sensitivity study. On the left, for

a particular position of the junction, the orientation of in terfaces is shown. On the
right, the various positions of the junction used in the study are shown as blue dots.
Tcr;e zoom on the right shows that the junction does not actually lie on the element
edge.

a barycentric coordinate system such that:

X3
VA

X3+ 2Xpt+  3Xg;

6.19
1y1+ 2y2t+ 3Yys; ( )

where &3;V3), (X1;¥1), (X2;¥2), and (Xs;Yy3) represent the ;y) locations for the
junction and for the three vertices of the triangular element, rggectively. For this
study, we consider an equilateral triangle such thatx@;yi), (X2;y2) and (Xs;Y3)
are chosen as (M), (1;0) and (0.5;p§=2) respectively. (1; »; 3) represent the
barycentric coordinates such that the constraint, ; + , + 3 = 1, holds. The
position of the junction is now varied by generating two vectors, presenting ; and

2, 0f 100 linearly spaced points between 0.0001 and 0.9999. The ergmenple space
for the position of junction used in this study is shown in Figure 6.5(b)A zoom of
the element in the vicinity of the vertex (Xs; y3) is shown in the inset of Figure 6.5(b).
From the inset, we can see that for the conducted study, we came a position for
the junction that is arbitrarily close to the element edge and can, trefore, result in
arbitrarily small volume fractions.

We now intend to study the conditioning of the discrete system of eations as
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1 ; . 3 1 T T 3

log(' e meas(¢)) log(' e meas(e))

0 0.2 1 0.8 1 0 0.2 ) 1 0.8 1
(a) Weighted Nitsche's method (b) Classical Nitsche's method

T T 0.3 1 T T 0.3
log( e meas( e)) log( e meas( e))
0.8 ] 0.25 . 0.25

2

0.2
ok ‘

0

0

0.2 i 1, 0.8 1 0.2 . 1. 0.8 1
(c) Weighted Nitsche's method (d) Classical Nitsche's method

Figure 6.6 { Variation of stabilization parameter for the weighted (le ft) and the
classical (right) Nitsche's method as a function of the bargentric coordinates for the
junction. The plotted values for the stabilization parameter are normalized with the
element volume. The ranges for the contour plots on the top ad bottom are di erent
as seen from the gure legends. On top, the plots are over therdire range of variation
of the stabilization parameter obtained from classical Nitsche's method while on the
bottom the range of variation for the stabilization parameter is that obtained from the
weighted Nitsche's method.

the position of junction is varied within an element. A measure of theonditioning
of the discrete system of equations can be obtained by studyingetliate at which
the interfacial sti ness terms grow compared to the bulk sti nessgerms. The bulk
sti ness terms grow inversely with the element volume while the inteafcial sti ness
terms grow directly with the stabilization parameter. With this in mind, we normal-
ize the stabilization parameter { obtained from the analytical exprssion de ned in
Section 6.3.1 { by multiplying it with the element volume. Also, it must be nted
that for the presented case, we have three local stabilization @aneters. We con-
duct the sensitivity analysis on the largest of these values becaube largest value

will most adversely a ect the conditioning of the discrete system. fie results of the
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variation of this normalized value with the position of the junction withn an element
are plotted in Figure 6.6.

In the plot, we show a variation of the logarithm of the normalized stailization
parameter on the ;- , plane. It is instructive to plot the values this way because
as either of ; or , tend to zero, the position of the junction in the x-y plane
tends towards an element edge. This normalized value varies overdl orders of
magnitude on using the classical Nitsche's method, therefore, wetat on a log scale
to capture this variation better. From Figures 6.6(a) and 6.6(c), & can see that for
the weighted Nitsche's method, the normalized value for the stabiliian parameter
exhibits minimal sensitivity and varies between 1 and 2 (between 0 ard3 on the
log-scale). This means that the interfacial terms in the sti ness ntex can, at most,
grow up to twice as fast as the bulk sti ness terms but the order ofmagnitude of
these terms remains the same. On the other hand, from Figures @)pand 6.6(d),
clearly, the classical Nitsche's method exhibits a much greater séivity. In fact,
when either of ; and , are close to 0, the order of magnitude of the normalized
stabilization parameter is 16 and in the worst possible case when both; and
tend to zero, the order of magnitude of the normalized value tends 10°. As a
consequence, the interfacial terms can grow up to 1000 timestéasthan the bulk
sti ness terms which could lead to ill-conditioning. As shown in the sulegjuent
examples, the generated mesh could very easily result in such eletae@md result in

a poor approximation.
6.4.2 Poisson's equation

We now conduct a numerical convergence study on a domain with jctions and a
large variation in material properties. We consider a domain with multile intersect-
ing interfaces as shown in Figure 6.7. These interfaces partition tld®main into

50 component sub-domains ™, with each sub-domain representing a single grain.
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For this arbitrarily chosen con guration, the material conductivities are randomly
distributed within the 50 grains such that they have a large contrdsratio. The

conductivities vary between =1and =3:8 1 units and the distribution is as
shown in Figure 6.7. The nite element mesh is chosen such that thegiens with

higher values of conductivity are more re ned.

Figure 6.7 {Schematic of computational domain, nite element mesh anddistribution
of material properties.

We now solve the following jump problem on this domain:

r Mrum™ = M in ™

u =20 on 4 =fx:x=0jlg
"ru™ n = 0 on , =fx:y=0jlg (6.20)
[rul® n =0 on @

uP(x) u?(x) on

|[u]|ab
where 2 is the set of all material interfaces arising in the problem domain. Clsing

f™ =1, the equation admits an analytical solution given by:

(3 1+( 2+ 3+ 4):3))( X2
4m( 1+( 24+ 34 4):3) 2 m

u(x) = in ™M

As speci ed by the interfacial conditions, the solution admits jumpsn the primary

variable but has a continuous ux across the material interfaces.For the given
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distribution of material properties, since 4 >> f 1; 2; 3g the product ™r u™

varies linearly and is given as ™r u™  0:25 x. This product represents hy-
draulic conductivity in porous media ow and local heat ux in thermal conduction
problems. The accurate recovery of this quantity is therefore sntial in many
physical problems. Figure 6.8(a) shows the variation of™r u™ recovered from
both the classical Nitsche's method and the weighted Nitsche's meitt. While the
weighted Nitsche's method returns the expected linearly varying baviour, the clas-
sical Nitsche's method, as noticed before in the case of a single ifdee (Chapter 4),
exhibits wildly oscillatory behavior at every interface where there is sharp contrast
in material properties.

The closed form analytical solution also allows us to perform a numesicmesh
convergence study for this problem. The results of this convergze study show
sub-optimal rates inL, norm for the bulk variable with classical Nitsche's method.
For ™r u™, the classical Nitsche's method converges in the \energy" semifno
with mesh re nement but the errors are two orders of magnitudeigher than those
obtained from the weighted Nitsche's method. The weighted Nitsclsemethod con-
verges at the expected rates,e. quadratically for the bulk variable in the L, norm
and linearly for ™r u™ in the \energy" semi-norm. The weighted Nitsche's method
also returns a much higher accuracy in both cases. The succekgRerformance of
the weighted Nitsche's method in the presence of junctions and l&gontrast ratios
for linear problems motivates our next study where we investigatesitbehaviour for

a perfectly plastic interface.
6.4.3 Composite beam study

To begin with, we return to the composite beam study we conductedarlier in
Chapter 5 of this work. However, we now investigate this problem irhe presence

of junctions and then compare the results with those obtained wheve had a single
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(@) Variation of ™Mr u™ with both classical (left) and weighted Nitsche's
method (right)

0.02 " Classical Nitscﬁe —_] [ —— " Classical Nitscﬁe —_]
: -Nitsche —s— F -Nitsche —— 7100
[ E C -4 10
LD‘]‘ I L 4w
[ 40.1
0.0002 | 1] \\
Iy =0.01
L L L L M L L L L L L L L L L
25 1=h 301 25 1=h 301
(b) Convergence study in L, norm for (c) Convergence study in \energy" norm
the bulk variable for Mr u™

Figure 6.8 { Top: Variation of ™r u™ across the domain. Bottom left: Convergence

in L, norm for the bulk variable. Bottom right: Convergence in enagy norm for
mr um

embedded interface. For completeness, we repeat the problentige and loading
conditions here.

We consider a composite beam of length = 16 units and height H = 4
units being loaded under compression in a state of plane stress. Td@main =
( L=2;L=2) ( H=2;H=2)is partitioned into ve component sub-domains by seven

embedded interfaces as shown in Figure 6.9. To reproduce the desb set-up consid-
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Figure 6.9 { lllustration of the geometry and loading conditions for a beam with
several material interfaces loaded in pure compression.

ered in Chapter 5, we choose identical Young's modulii for all the stdomains such
that E™ = 1000 units where m2 [1;5]. We also choose the Poisson's ratios in the
sub-domains ! and 2 to be identical such that ' = 2 =0:3. We further require
that the sub-domains to the right of the vertical interface, = 3'[ 4 %[ %2
have identical Poisson's ratios: 3= 4= °=0.

We now recover a problem where sliding occurs only along the verticaterface
if we can ensure that the interfaces?!, 4%and %% are in perfect contact. We ensure
this by specifying a large value for the yield traction on these interées, in particular,
we choosey = 10 units. For the vertical interface , we vary the yield traction
ty between 0 units and 1& units to simulate di erent material response ranging
from frictionless sliding to perfect contact along this interface. Waliscretize the
domain using a structured triangular mesh with 73 divisions in the x-daction and
19 divisions in the y-direction as shown in Figure 6.10(a). A zoom of tleterface 2!
in Figure 6.10(b) also highlights that the chosen discretization resdtin arbitrarily
small elements.

We assume a uniaxial state of stress,, = 25 units for the beam. For the
prescribed state of stress, the displacement eld is linear and camious in the x-

direction while it is linear and discontinuous in the y-direction. In particlar, the
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(a) Finite element mesh used in computations for the beam with sevel interfaces.

(b) Zoom of the mesh near the embedded interface 2.

Figure 6.10 { lllustration of the nite element mesh used in the composite beam
study.

displacement eld is given by:

Uy (X) = %x in;ou'(x)= yy oin ™y (6.21)

where the strain {,"y is:

m(x) = in ™ (6.22)

E—m XX
These displacement values are now applied as Dirichlet boundary cdrmahs on the
boundaries 4 = fx : x = L=2jL=2g. The remaining boundaries are considered
traction-free.

In Figures 6.11(a) and 6.11(b), we plot the displacement contours imoth the
x and y-directions respectively at the maximum prescribed load fohe case when
the yield traction ty on the vertical interface is O units. From the gures, we see
that the obtained results are in excellent agreement with the expex analytical
elds. In the x-direction, the displacement is linear and continuoushroughout the
domain. In the y-direction, while the displacements are linear in domaén * and 2
and continuous across them, we also clearly see the discontinuity@ss the vertical
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interface that arises from the discontinuous Poisson's ratio.

(a) Displacement contours in the x-direction at the maximum load for frictionless
sliding along .

(b) Displacement contours in the y-direction at the maximum load for frictionless
sliding along .

Figure 6.11 { Displacement contours at the maximum prescribed load in the com-
posite beam study.

In Figures 6.12(a) { 6.12(f), we plot the y-component of the displagnent eld
when the beam is back in the fully unloaded state for di erent valuesfgield traction
on the vertical interface . This serves as an indication for the radual plastic
strain in the beam. As expected, for the cases when the interfaiseperfectly tied
- 6.12(f) and when the interface is sliding under frictionless contaet6.12(a), the
residual plastic strain is zero due to the reversible nature of thedenematically
linear problems. However, for all other cases, we end up with sonesidual plastic
strain which is decreasing with increasing yield traction. Finally, we alsemark that
the contours are in excellent agreement with those obtained for angle embedded
interface in Chapter 5 indicating that the numerical method is perfioning well in

the presence of both junctions and nonlinear interfacial respans

6.4.4 Unit cell geometry

We now consider a geometry similar to that examined previously by Gheemani
(1980) and subsequently by Simone et al. (2006). The chosen getm might arise
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() Yield traction on : ty =0:0

(b) Yield tractionon : ty =0:5

(c) Yield tractionon : ty =1:0

(d) Yield tractionon : ty =2:0

(e) Yield traction on : ty =3:0

(f) Yield tractionon : ty =101¢

Figure 6.12 { Residual strain in the fully unloaded state with yield stre ss at the
interface presented in ascending order. Case (a) represera frictionless sliding problem

while case (f) represents a perfectly tied interface. All tle other sub-cases allow for
frictional sliding.
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as a unit cell under the assumption of modeling polycrystals as a petio array of
hexagonal cells. However, in the present context, our motivatios not so much to
investigate micro-mechanical response but to better understdrihe performance of

the proposed numerical method in handling such geometries e cidwt

\V/ \V

|

|

g> —

P 4

4o 42

Figure 6.13 { lllustration of the geometry and loading conditions for th e unit-cell
problem.

To that end, we now set up a test problem where the described geetny is being
loaded in uniaxial tension through a prescribed displacement=3 10 3 units on
the extreme right boundary. All other boundaries are consideretd be constrained
in the normal direction through rollers. The geometry and loading cwlitions are
described in Figure 6.13. The grain boundaries are considered to hed under
perfect plasticity. We use a structured triangular mesh with 101 digions in the x-
direction and 77 divisions in the y-direction to discretize the domain. Ae material
properties are chosen identically in all the sub-domains with the Yogs modulus

M = 1000 units and the Poisson's ratio ™ = 0:3. We now study the response of
the structure by varying the yield traction between the boundarige for four distinct
cases: (a)y =0:0 units, (b) ty =0:10 units, (c) ty = 0:25 units, and (d)ty = 1016
units. We plot the von Mises stress for all the four cases in Figure 6.1 We also
plot the displacement contours in the x and y directions for the caseith ty = 0:10

units in Figures 6.14(a) and 6.14(b) respectively.
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(a) Displacements in the x-direction

(b) Displacements in the y-direction

Figure 6.14 { Displacement eld for the unit-cell problem for the case when the yield
traction between the boundaries isty = 0:10 units.

Firstly, from the displacement contours in Figure 6.14, the discontinity in the
displacement due to the tangential sliding along the inclined interfacs clearly ev-
ident. Further, from the von Mises stress plot in Figure 6.15, we alsdearly see
the stress concentrations near the triple junctions as well as até points where the
interface intersects the external boundaries. At the externddoundary, the enforced
boundary conditions are such that sliding along the interface is premted. Similarly,
the triple points provide an internal constraint against sliding in orde to ensure
compatibility. At both these points, this increased resistance agash sliding causes
considerably higher stress build-up than in other parts of the donma

Further, we also notice that as the yield traction on the grain bounaries increases,
the stress concentration at the junctions is reduced. This redtion is expected

because an increased value of yield traction signi es higher resistanto sliding and
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(a) Yield stress: ty = 0:0 units. (b) Yield stress: ty = 0:10 units.

(c) Yield stress: ty = 0:25 units. (d) Yield stress: ty =10 units.

Figure 6.15 {von Mises stress for the unit-cell problem presented in asending order
of yield tractions at the interface.

therefore the geometric constraint at the junctions that prevets sliding has lesser
bearing than it has on a freely sliding grain boundary. We also note thas the
yield traction on the grain boundaries increases, stress is transtsl much more
e ectively across the grain boundaries and the stress contourseamuch atter and
tending towards a uniform state of stress. Finally, in case (d), thiarge value of the
yield traction makes the interfaces behave as they would in a perfigctied scenario.
For the prescribed loading, we would expect a uniform stress stabe the entire

problem domain and the results shown in Figure 6.15(d) agree with théxpectation.

6.4.5 Polycrystalline geometry

Shear loading

We now consider the shear deformation of a polycrystalline materiat the meso-
scale. We consider the polycrystalline microstructure to be genéed from a Voronoi
tessellation of the computational domain =[0;1] [0;1]. In order to generate the

Voronoi tesselation, we randomly distribute the grain centers in # computational
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domain . We however follow Wei and Anand (2004) and impose a numial tol-
erance between any two of these randomly generated grain cesteThis prevents
the Voronoi tessellation from generating uncharacteristically smiagrains and also
prevents a large dierence between the grain volumes. We also sethamerical
tolerance to prevent the generation of extremely small edges iinathis tessellation.
Consequently, the procedure to generate microstructures thperform well in nite

element computations is automated and we do not have to discard yagenerated

realizations.

l T
l T

(af_ScherrHic of the ge?netry%d loading(b) Zoom of nite element mesh in the
conditions for the polycrystalline example. vicinity of grain boundaries for the 200
grain example.

Figure 6.16 { Description of the geometry, loading conditions and nite element mesh
for studying shear response of a polycrystalline specimen.

We now qualitatively study the e ect of grain size on the material rgsonse by
varying the number of grains in the domain. We speci cally consider tiee cases,
when the domain is discretized by (a) 14 grains, (b) 50 grains, and) (200 grains.
In order to represent the heterogeneous character of matdsaat this length scale,
we randomly distribute the materials properties for each of the gias betweenE =
1:8 10 units and E =2:1 10 units. Further, the grain boundary characteristic

property is also varied randomly betweerty = 35 units and ty = 50 units. The
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distribution of both the bulk and grain boundary properties is shownn Figures

6.17(a) through 6.17(f).

(a) 14 Grains (b) 50 Grains (c) 200 Grains

(d) 14 Grains (e) 50 Grains (f) 200 Grains

Figure 6.17 { Distribution of Young's modulii (top) and yield tractions (bottom) for
randomly generated polycrystalline specimens.

We use an unstructured nite element mesh for each case genemtusing the
open-sourced nite element meshing program Gmsh (Geuzaine anérRacle, 2009).
The nonlinear character of the response near the grain boundarieequires greater
resolution in this region. The generated mesh is thus more re ned aethe grain
boundaries. Figure 6.16(b) presents the zoom of the mesh in theirity of a grain
boundary for the case with 200 grains. Notice also from this plot thave have no
control over the location of junction within an element and we can gentially have
arbitrarily small elements. The number of elements is progressivelycieased for
each case. For the case with 14 grains, the originally generated me®onsists of
10,071 constant strain triangular elements and the modi ed meshtaf accounting
for enriched elements consists of 11,035 elements. For the caséh w00 grains,

the mesh consists of 39,502 elements before accounting for emniehts and 48,261
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elements after the enriched elements have been added.

(a) 14 grains: ux (b) 14 grains: uy (c) 14 grains: von Mises stress
(d) 50 grains: ux (e) 50 grains: uy (f) 50 grains: von Mises stress
(g) 200 grains: uy (h) 200 grains: uy (i) 200 grains: von Mises stress

Figure 6.18 { Magnitude of displacement and von Mises stress for the polgrystalline
geometry subjected to shear loading. Number of grains is véd from 14 to 200.
Discontinuities in displacements are clearly evident in the contour plots at the grain
boundaries. Stress concentrations at the junctions are ats clearly visible. Grain
boundary regions shown in black are under slip while those siwn in white are sticking.

The loading is prescribed on the computational domain through Kineatic Uni-
form Boundary Conditions (KUBC), as discussed in the works of Kanet al. (2003)
and Huet (1990). Recalling the de nition presented in Kanit et al. (203), under the
assumptions of KUBC, for a pointx belonging to the boundary 4 the prescribed

displacement is speci ed as:

179



ux)=E x 82 g (6.23)

The macroscopically averaged strain and stress tensors are givsn

Z z

1
E= dv; = v dv (6.24)

1 n
\%
v v

Now, in order to prescribe a pure shear state, we consider that lgrthe o -
diagonal terms in the macroscopic strain tensor are populated. i¢eat the maximum
prescribed load, we arbitrarily set these terms as 0.001.

0 CIOOl3
E=4 5 (6.25)
0001 O
We now use equation (6.25) in equation (6.23) to prescribe the dispéawent values,
incrementally, on all the external boundaries.

We plot the displacement contours and von Mises stress plots for #fle three
cases, at the maximum prescribed load, in Figures 6.18(a) throughl8(i). The
displacement discontinuity that arises due to the tangential slidinglang the grain
boundaries is clearly evident in the contour plots. Further, it is alsolear from the
von Mises stress plots that stress concentration arises at thengtions of the grain
boundaries due to the geometrical constraint that prevents slidgn At the prescribed
load, the grain boundaries that are sliding tangentially are shown in bt& while the
grain boundaries that continue to be in perfect contact are showm white. It is
clear from the plot again that at the maximum prescribed load, a largpercentage
of grain boundaries is in slip. However, on comparing the cases with &88d 200
grains, we also notice that as the number of junctions increasesiedto the increased
geometrical constraints against sliding, a greater percentagetofal grain boundaries

is maintaining perfect contact.
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Figure 6.19 { Spatially averaged stress-strain plot.

Finally, we also plot the macroscopically averaged shear stress,, given by
equation (6.24), against the shear angle for all the three cases iiglire 6.19. From
the plot, we can see that as the number of grains increases from tb450, the
material response clearly becomes softer. We can attribute thie the fact that as
the number of grains increases, the grain boundaries occupy aajeg percentage of
the total volume. Consequently, a larger percentage of the tdtaolume is slipping
and shows up as the softened material response in Figure 6.19. Ewsv, as the
number of grains is further increased from 50 to 200, not only do#ee ratio of grain
boundary volume to the total volume increase but it also results in amcrease in the
number of junctions. Now, even though a larger percentage ofgm boundary volume
provides with an increased potential for sliding, the increased nurab of junctions
0 ers greater resistance against sliding. These competing meclgns show up in
Figure 6.19 as an increased shear resistance for the case with 2@éhg as compared

to the case with 50 grains.
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Figure 6.20 { Schematic of the geometry and loading conditions for studyng the
e ect of con nement on a polycrystalline sample.

E ect of con nement

As a nal example, we study the e ect of lateral con nement on the shear resistance
of alumina ceramic. We consider a unit square domain tessellated witRQLgrains
and meshed with a nite element mesh consisting of 16294 constaftagn elements

before enrichment and 20681 elements after enrichment. The gesry and loading

(a) Finite element mesh for a 120 grained (b) Zoom of nite element mesh in the
microstructure. vicinity of grain boundaries.

Figure 6.21 { Finite element mesh used for studying the e ect of con nemert on a
polycrystalline specimen with 120 grains.
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conditions are shown in Figure 6.20. The nite element mesh used in cpatations

is shown in Figure 6.21(a) and a zoom of the nite element mesh in the gy of

a grain boundary is shown in Figure 6.21(b). The material propertiegre chosen to
represent those of aluminiunviz. the modulus of elasticity E = 70 GPa and the
Poisson's ratio =0:3.

This example is inspired by a similar study conducted to investigate the ect
of con ning pressure on the compressive strength of alumina ceme by Warner
and Molinari (2006). However, their material model allowed for freture along grain
boundaries. In the present study, we are only permitting grain bawary sliding and
consequently the compressive strength will remain una ected. [@uto the presence
of tangential sliding, we would expect the shear strength, on theher hand, to be
in uenced by con ning pressure.

4

3.5 f
3 —
g
o 25 |
£
g 2 .
(]
—
B 15 -
=3
Q.
< 1 Con ning Pressure —
0 MPa ==
500 MPa =
05k 1000 MPa === ]
: 1500 MPa =—
0 | | | | |
0 0.2 0.4 0.6 0.8 1 1.2
Ei2( 10 9)
Elr%lég% r3.22 { Spatially averaged stress-strain plot to study the e ect of con ning

Following their work, we neglect the a ect of anisotropy in the grain@nd assume
that the grain interiors follow a linear elastic constitutive relationship Also following

their work, we choose the shear strength along grain boundariesta = 0:63 GPa.
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We apply a compressive load of 4 GPa on the top surface, incremdhtafollowing
the load-stepping procedure described at the beginning of this §en. However,
the con ning pressure was applied as a uniform constant pressutt@oughout. We
now vary the con ning pressure from 0-1500 MPa in steps of 500 MPWe plot the
macroscopically averaged shear strain with the applied loading.

The results of this study are shown in Figure 6.22. From the plot, wdearly see
that as the con ning pressure is increased, there is a decrease fe tmacroscopically
averaged shear strain for the same value of applied load. In facte wotice that not
only does sliding begin at a larger load as con ning pressure is incregidsut also
that the shear modulus { given by the slope of the stress-strain ore once sliding
begins { is directly dependent on the con ning pressure.

Under the applied uniaxial compressive loading, shear deformatiohong the
grain boundaries results from the lateral expansion of the matetidue to Poisson's
e ect. However, application of con nement pressure preventshts lateral expansion
resulting from Poisson's e ect. As a result, sliding along grain bound&s is now
much more constrained than in the absence of con ning pressuracahence shows
up as an increased resistance in the shear response for the materThese results
bear resemblance with those reported by Warner and Molinari (26D on the e ect
of con ning pressure on the compressive strength of alumina cerme.

We conclude this section by remarking that the performance of thisiethod in
handling such complicated geometries without explicitty meshing them isncour-
aging and further demonstrates its utility in handling complex micro-rachanical or

geo-mechanical problems.
6.5 Conclusion

We presented a Nitsche stabilized embedded method to enforce stinematic con-
straints over embedded interfaces with junctions. In particulanve derive a geometric
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expression for the Nitsche stabilization parameter for constantrain elements in the
presence of intersecting interfaces such that the method remaistable. We also pro-
vide algorithmic details (see Appendix A) to extend the Nitsche stabiled method
for frictional sliding problems { presented in Chapter 5 { to embedd# interfaces
with junctions. Through several numerical examples, we demomate the perfor-

mance of this for both kinematically linear and non-linear problems. teed, the
presented approach results in expected rates of convergencéath bulk and inter-

facial quantities for linear problems even in the presence of junctie. The presented
approach is also very robust in the presence of both large heteeogities and arbi-
trarily small elements. We also show through a perfectly plastic intéacial law that

the method is capable of handling topologically challenging problems theould arise
in micro-mechanical modeling and geomechanics in an e cient manner.

Going forward, we remark that while the developed approach has sigant
promise in handling micro-mechanical and geo-mechanical problentisere are sev-
eral simplifying assumptions that need to be relaxed before it couldebome truly
predictive in nature. For instance, it would be interesting to extendhe method
to handle large sliding at the interface. It will also be interesting to inade non-
linearities in the bulk constitutive behavior. Moreover, it will be usefuto extend
the method to handle more challenging interfacial constitutive behl#r that could
model combined sliding and separation. As for the extension of theethod to
three-dimensional problems is concerned, though conceptually mieal, one needs
to account for the implementational challenges associated with (apmputational ge-
ometry for random Voronoi tessellations and (b) the algorithmic geects of frictional

sliding on a surface.
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7

Conclusion

In this dissertation, we developed a nite element method that canreat interfacial
phenomena in a computationally e cient manner. The proposed apmach allows
an arbitrary representation of the interface geometry from theinderlying nite ele-
ment mesh. This exibility translates to signi cant savings in computaional time for
problems where the interface exists on a complex topology or evava time. How-
ever, a robust enforcement of interfacial kinematics is centrabtthe performance of
the proposed approach.

We showed that many existing approaches to enforce these intaial kinematics
su er from either a lack of stability or a lack of variational consisteny. The lack of
variational consistency translates to poor constraint enforceent while the lack of
stability results in a spurious oscillatory behavior for the interfacialeld. In many
ways, there is a competition between how well the constraint is eméed versus the
recovery of the interfacial quantity of interest. Moreover, if eglicit time stepping
is desired, then we also have an additional competing parameter {dfcritical time
step. Perhaps the key question that needed addressing conegtithe development of

an approach that would resolve this competition without adversely acting either
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parameter. To accomplish this, we developed stable and stabilized tmads for
enforcing constraints on embedded interfaces, with particular ¢as on the stabilized
approach.

The stable method relied on algorithmic coarsening of the multiplier spa and
carefully constructing a basis for the multipliers from the underlyingoulk shape
functions. The stable method is certainly a robust choice to enfacconstraints
for this class of problems. However, it does su er from certain sttoomings. It
requires additional pre-processing to coarsen the multiplier spac&his coarsening
needs to be performed every time the interface changes oriemnvat and this could
add computational expense for evolving interface problems or sitdical calculations
in micro-mechanics. Also, the stable method is incompatible with explicdynamics
and is, in general, more intrusive to implement in existing nite element @ckages.

The stabilized method, on the other hand, is a primal method basedh dNitsche's
variational form. The method eliminates the need for constructionf a stable multi-
plier space by replacing the multiplier eld with its physical interpretation. However,
the stability of the method and consequently the performance depd strongly on
certain method parameters that arise in this variational form. We idnti ed a re-
lationship between these parameters and enabled a way to systeically eliminate
them in terms of other known quantities, namely mesh-size and mat& constants.
In fact, for lower-order elements used in this dissertation, we praed explicit expres-
sions for these parameters. With these choices, we extended bliess approach to
elastostatics, elastodynamics and small-deformation frictional sify over embedded
interfaces (including junctions).

There are several avenues that could be explored in future. Fromamethod de-
velopment perspective, the proposed stabilized method could beended to handle
non-linearities in the bulk behavior. In the past, there have been ep questions
concerning the development of a variational form for non-linear edtcity. However,
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proceeding through a Lagrange multiplier approach and replacing éhmultipliers

through their physical interpretation could help us answer some dfiese questions.
The impact of this nonlinearity however, on the choice of stabilizatioand weighting

remains to be seen. Further, extensions to bulk plasticity would aldwe of interest.

Clearly, the limitations of standard linear triangles and tetrahedralelements could
pose challenges in this regard.

Modeling large sliding over these embedded surfaces using the pgzbweighted
approach could be useful in many areas of computational geo-scies. Additionally,
the promising performance of the weighted Nitsche approach in flienal contact
over embedded surfaces makes it an attractive choice for suctolplems even with
standard nite element approximations where often similar issues witconstraint
enforcement are experienced.

From a physical perspective, the approach could be used to modebre chal-
lenging interfacial behavior with combined sliding and separation. Ingsticular,
exploring the e ects of grain boundary sliding and separation in nanorystalline
materials could be an interesting problem in computational materialcgnce. Many
challenging questions concerning the e ects of grain size on the qoetition between
bulk and grain-boundary dissipation mechanisms remain to be thorghly examined
for lack of a cost-e cient solver. This approach could provide a camnient platform

to explore some of these questions.
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Appendix A

A Nitsche Stabilized Embedded Finite Element
Method for Junctions

In this appendix, we give the governing equations and discretizedfies for frictional

sliding problems with junctions.
A.0.1 Frictional Sliding

The governing equations in each of the domains shown in Figure 6.1 @igen, in

indicial notation, by:

no=0 in ™
um™ = ud on g4- m; (A.1)
in"o= hi on .- m;

where [ and ul" denote the components of the stress and displacement elds in
domain ™, respectively, andn" the components of the unit outward normal. The
displacement is xed to the prescribed eldu¢ on the Dirichlet portion of the bound-
ary, and h; denotes the prescribed tractions on the Neumann portion of theobndary.
By 4- , and .-, we denote the part of Dirichlet and Neumann boundaries that

belongto@ ™ - the boundary of the domain ™.
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A.0.2 Weak form

The weak statement of equilibrium for the above strong form is givess: Findu; 2 U;

such that
X Z m m X Z rer x Z IFARYYL
m 2 r de T r d '
X x &0 X ‘Z
+ w "uj d Wt d = w’h; d (A2)
r ab S
X dZ x ? n=
utiw' d -+ wi "ud d 8w, 2 Vi;
r r
d= T d=Tr
X _ X
where denotes a sum over all the bulk domains and by , we denote the sum
m ab
X X

over all internal boundaries °. By and , we denote the sum over all domains
r S

"and °suchthat 4-+ 6 ? and .- 6 ?, respectively. Also,tf" = [nT"
represent the components of the traction eld obtained by projing the stress from
the corresponding domains on to the boundary of the domain. Finally" represents
the stabilization parameter on the Dirichlet boundary and {v;]J?° represents the jump

w? w2 on the interface 2.

A.0.3 Discretization

We now discretize the weak form introduced above (A.2) using the enapping
element approach described in Section 6.3. For elements without irfeces and for
elements with a single embedded interface, the resulting local mag&remain iden-
tical to those previously described in Chapter 5. Here, for simplicityve focus only
on a tangent matrix for an element with a junction. For those elemés which also
contain a Dirichlet boundary, to the tangent matrix presented bela, contribution
from terms that weakly enforce Dirichlet boundary conditions neexto be added.

Also, we assume that the load is applied incrementally and solve the nbnear set
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Algorithm 5 Updating interfacial tractions for an element with intersecting embd-
ded interfaces at the (n+1)-th load step and k-th iteration

for all local embedded-interfaces2® do
for all gauss-pointsgp do
Compute jump in the displacements: [J]J2°

Compute trial traction: t2"2® = n ®

]
n+1
nab abl I[u]lab(k)

ab n+1
Compute trial yield function: "% ® = ab(tab”'ﬁLfk’ ) = jjtebTel W gab
if yield condition is not violated: ab:f‘l" ® <=0 then
Trial state is true state: t2%, = ta!eh ©
else _
trial, (k)

Normal direction - no yielding: t*{’ ., =t &
Tangential direction - return mapping algorithm:

abtrial, (k)
n+1
- ab
€ trial, (k)
ptrial,
tab(k) _ tabtrial, ® ab (S N+l
yn+l ;n+l e ”tabtrlal 1(k) ”
n+
trial, (k)
|[u]|abp| () _ I[U]Iabpl + te in+l
T et
lép]gate ab
ena i
end for
end for

of equations using a Newtn-Raphson iterative scheme. We providepeessions for
the tangent matrix at the (n+1)-th load step and k-th iteration but omit the iteration

and load counters to simplify notation.
Tangent matrix for an element with a junction

Consider an element with three local domains®; J, and ¢ and three intersecting
interfaces B9; B, and 2 as shown in Figure A.1. For such an element, the tangent

matrix can be written as:

2
b,p c,p
k + k kod pPq kod pr
c.q b,q c.q c.q .
g Kod. o k9 + kg4 Kog ar : (A.3)
c,r b,r c,r
od pr od,gr k + kd
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Figure A.1 { Representative element with three intersecting interfaces separating the
local domains &, dand L.

Here, k>™ represents the bulk contribution to the element tangent matrix ad is

given as:
Z

kb= BTD™B d . form=p,q,r: (A.4)
The other terms result from linearization of contact tractions analepend on whether
the interface is in the stick-state or slip-state. As discussed in Cpter 5, a trial-
state return-mapping algorithm is used to determine if the interfag is sliding and to
update tractions. The contribution to the leading-diagonal blockrbm linearization
of contact tractions is denoted bykg™ for m = p,q and r. For a perfectly-tied

interface, these local matrices are computed from:
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Z Z

k§P = NT BINd. 2 NT'(nP)'DPBd .
z Z
+ NT Nde 2 N'(n")'DPBd .
4 4
z z
kg = NT BINde 2 NT(n®)'DIB .
S N (A5)
+ NT ¥Nd. 2 NT(n™)'DIB .
x ¥
z z
kS = NT BNd, 2 N'(n®)'D'Bd.
z z
+ NT INde 22 N'(n)'D'Bd .
qr qr

e e

By kgﬁpq, we denote the contribution to the o -diagonal block resulting fran the

linearization of contact tractions on interface £9 for the child element with phys-
ical volume 2. We follow the same convention in naming the other o -diagonal

contributions. While in perfect contact, these o -diagonal contibutions are given

as:

z z
keb oy = NT BINd + 22 NT(n®)'DIB d

g a

z z
kgap,pr = NT 2N d e+ Sre NT(n®)'D'B d «;

y o

z z
Kodpa = NT BINd + 2 NT(P)'DPBd

g P

z Z (A.6)
kgdq,qr = NT INd e+ §f NT(n)'D'B d e

x @

z z
Kodpr = NT INde+ 2 NT(n™)'DPBd ¢

4 o

z z
Kodar = NT INde+ % NT(n")'DIBd e

qr qr
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The stabilization parameters in the normal and tangential directios are evaluated
as described in Chapter 5 of this study. While the interface is still uret perfect
contact, the stabilization parameters in both normal and tangeml directions are
chosen identically. Both the stabilization parameter and the interfaial weights are
computed as described in Section 6.3.1. When the interface beginsistig the sti -

ness is evaluated from the particular form of the interfacial law. Té algorithm
described in Chapter 5 for elements with a single embedded interfazan be gener-
alized to handle elements with multiple interfaces by looping over all thiaterfaces

local to the current element (see Algorithm 5).
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