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Abstract

Motivated by the complexity of modern data and the need to fully take advantage of
their geometric structure, in this thesis, we study a flexible notion of centrality for data
not necessarily lying on a linear space. In particular, we consider a broad generalization of
the Fréchet mean. The classical Fréchet mean is obtained minimizing a quadratic notion
of dispersion. Our generalization instead considers a more general definition of dispersion
indexed by an increasing and convex function ¢. We start by showing the main properties
of these means on linear spaces, and then we study their properties when defined on metric
spaces. In this setting, we find necessary and sufficient conditions for ¢-means to be well-
defined and provide a tight bound for the diameter of the ¢-mean set. We also provide
sufficient conditions for all the ¢-means to coincide in a single point.

In one of our main contributions, we prove the consistency of the sample ¢-mean of
iid observations to its population analogue. Moreover, motivated by the need for robust
estimation, we consider a setting in which multiple notions of dispersions are considered
jointly. For this purpose, we find conditions under which classes of sample ¢-means converge
uniformly.

Secondly, we quantify more precisely the speed of convergence of the sample ¢ means,
for this we need to restrict to Riemannian manifolds where the locally linear structure of
these space allows us to prove a CLT. Our result is able to capture the slowing impact of
the possible presence of probability mass on the cut locus of the population ¢-mean. This
phenomenon is known in the literature as smeariness and we effectively isolate its impact
on the asymptotic variance in our CLT. As in the case of Consistency, we deal with the
problem of the joint behaviors of classes of ¢-means and provide a functional CLT in this
case.

We illustrate applications of our results in specific settings that can be of use in practical
applications, like when the ambient space is linear, a Sphere, a projective space, or the Lie
group of 3d rotations, SO3. We also briefly describe the algorithms that can be used when

dealing with generalized Fréchet means.
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1. Introduction
1.1 Motivation

Motivated by practical applications, a broad objective in my research has been the need
to design theoretically sound statistical procedures for complex data displaying certain
geometric or algebraic regularities. In particular, I have contributed towards developing a
statistics theory for the large sample behaviour of a large class of non-parametric estimators
on Metric Spaces and Manifolds. In particular, along with my advisor, I considered a broad
generalization of Frechét means which derives from simple and flexible hypotheses on the
loss function, and I provided consistency results not just of each such estimator, but also
studied the joint behaviour of classes of these estimators. In our first work Aveni and
Mukherjee, 2024, we provided a uniform consistency result reminiscent of Glivenko-Cantelli
class results. In a second work Aveni and Mukherjee, 2025 we restricted to Riemannian
Manifolds and we considered Central Limit Theorems for our generalized Frechét means,
and again we studied their joint behaviour in a way reminiscent of Donsker class results.

The concept of Generalized Féchet mean naturally finds an application even in a discrete
setting when dealing with ranking aggregation. This research area, on which I worked with
Ludovico Crippa and Giulio Principi, is similarly driven by the need for techniques that are
at the same time theoretically motivated, flexible, and computationally feasible. In Aveni
et al., 2024 we provided a unified axiomatic approach to the problem of rank aggregation
with applications in several fields, in particular with Mallows Models. And, from the
computational standpoint, we generalized an essential result regarding the computation of
a particular case of Generalized Fréchet mean by Diaconis Diaconis and Graham, 1977 to

our class of distances.

1.2 Main Results

In applied data analysis and mathematical statistics, the increasing complexity of mod-
ern data has motivated the development of statistical inference on more geometric objects

such as Riemannian manifolds or metric spaces — examples include data that are shapes,



positive definite matrices, or linear subspaces. These kinds of data appear routinely in
Geoscience, Astrophysics, Elementary Physics, Radiology, and Data Visualization. The
Fréchet mean, defined as the point in a metric space for which the sum of squared distances
is minimized (see Fréchet, 1948; Grove and Karcher, 1973), naturally extends the notion of
the mean and centrality from Euclidean spaces to these general settings.

The recent literature in applied probability and mathematical statistics on Fréchet
means has focused on two aspects of Fréchet means: large sample asymptotics and gener-
alization of the definition of the mean itself. The work of Bhattacharya R. Bhattacharya
and Patrangenaru, 2003, R. Bhattacharya and Patrangenaru, 2005, R. Bhattacharya and
Lin, 2017 originated a vast theoretical literature on the large sample asymptotics of Fréchet
means on metric spaces for both intrinsic and extrinsic means recently extended to strat-
ified spaces in Mattingly et al., 2024. The other direction has been the generalization of
the Fréchet mean, an illustrative example is moving from the squared distance to other
exponents p > 1 A. Bhattacharya and Bhattacharya, 2012. The argument made for the
generalizations has been that using the squared distance is restrictive and different.

In my contributions, I considered both aspects — large sample asymptotics and gener-
alization of the Fréchet mean. Previous generalizations of the Fréceht mean have focused
on particular loss functions or a single parameter family of loss functions. We consider
less restrictive generalizations of Fréchet means. In addition, we fill a gap in the literature
studying the joint behaviour of classes of Generalized Fréchet means. Instead, I consider
a broad generalization of the Fréchet means indexed not by a single real parameter but by
a convex function ¢ and whose large sample behaviour is explored jointly. In particular,
let ¢ : Ry — R4 be an increasing convex function, then we define the ¢-mean of a Borel
probability measure y on a metric space (X, p) as the set

m? (p) —argmm/¢ p(x,y))u(dy).
xeX

We show that under mild conditions, this set is well-defined, non-empty, and compact.

Furthermore, we characterize its diameter. Our main focus is, however, the convergence of
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the sample ¢-mean to its population counterpart. Thus, let mf,’ = m‘P(% 2?21 5Xj) be the
random variable obtained from a sequence of iid observations X; from p. We study how
well m§ approximates m?(j).

In our first paper Aveni and Mukherjee, 2024 we focus on consistency, and our first

result is a Strong Law that characterizes the p and ¢ for which

pr(md,m? () S 0,

n—ao0

where py denotes the asymmetric Hausdorff distance which reduced to p when both argu-
ments are singletons.

But our strongest result deals with uniform consistency of families of ¢-means. In
particular, using techniques from Empirical Processes (Vaart and Wellner, 1996), we find
conditions under which y and a family ¥ of functions ¢ are such that

sup ppr (miy, m? () 3 0.
s ¢

One condition for this second result to hold is that m?(u) needs to be a singleton. For
this reason, we investigate conditions that guarantee this to happen. We find that if X
is a Riemannian symmetric space (described in Cartan, 1926) and u is continuous with a
density radially decaying around a point x € X, then m?(u) = {x} is the same singleton
independently on ¢.
In our second paper Aveni and Mukherjee, 2025, we focused on the case in which X is
a Riemannian manifold and we always assumed m?(y) to be a singleton. In this case, we
can quantify the speed of convergence of mﬁ tom? := m?(u) with a Central Limit Theorem
(CLT). In order to do so, we need to linearize X" in the vicinity of the population ¢-mean.
The Riemannian structure is precisely what enables us to perform this linearization. In
¢

particular, when m;, is sufficiently close to m?, we can project it onto the tangent plane

To X at m? through the log map exp;,% : X — T, X which is a well defined radial isometry

(see do Carmo, 2013). Using this technique we obtain a vector expn_l}, (mﬁ) which we can
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now inflate with a function depending on n. The first result we obtained, is that if ¢'(0) = 0

and under some mild conditions

Viexpl(md) B A0, 1Y),

n—oo

where w denotes the convergence in distribution, A is the multivariate normal distribution
and V? is a positive definite symmetric function depending on ¢ and p. Our expression for
V¢ comprises two terms; a standard term generalizing that corresponds to the Variance in
the Euclidean and quadratic CLT and a non-standard term that only appears when the cut
locus of the manifold X at m? is topologically significant (in particular when it has at least
codimension 2). The impact of the cut locus has previously been noted in special cases and
it is known in the literature as smeariness. (Described for the first time in Eltzner, 2020
and analyzed in the context of CLTs in Hotz et al., 2022)

Moreover, as in the case of consistency, we also study the joint behaviour of multiple
¢-means. In particular, we conjecture conditions for families of functions ¥ under which

sup W <\/ﬁexp;;(m;€),/\f(0, V‘P)) — 0,

PpeY =0

where W is the Wasserstein distance between (the distribution of) the random variable
vn exp;; (m%) and the normal distribution A(0, V9). This allows us to also strengthen

our previous CLT to the case in which ¢'(0) > 0 as in the case of the median.
1.3 Structure of this Thesis

In the first Chapter, we provide an overview of our results and we explain their novelty
in comparison to the existing literature.

In the second Chapter, we provide the basic definitions of our object of study, the
generalized Fréchet means. We explain some basic properties of these objects, and in par-
ticular we illustrate the generality of our definition with general results and with numerical
examples.

In the third Chapter, we start considering the statistical problem of estimating the

4



population ¢-mean of a distribution with its sample counterpart. In particular, in this
Chapter, we work on metric spaces and we establish our Consistency results. The first one
for a fixed function ¢ and the second for classes of these functions.

In the fourth Chapter, we restrict ourselves to Riemannian spaces, and we, after intro-
ducing the relevant notions about manifolds (with particular emphasis on the cut locus) we
state and prove our CLT. Finally, we expose our conjecture for a uniform CLT.

In the fifth Chapter, we illustrate our results for particular classes of manifolds of
particular interest in applications. We also illustrate some algorithms that can be used to
effectively compute generalized Fréchet means.

In the sixth and last Chapter, we consider an applied problem of particular interest
where ¢ means arise naturally. In particular, in this Chapter we deal with ranking aggre-

gation.
1.4 Literature Review

The Fréchet mean extended the notion of the mean and centrality from Euclidean spaces
to more general settings like Riemannian manifolds or metric spaces. In applied data analy-
sis and mathematical statistics, the increasing complexity of modern data has motivated the
development of statistical inference on more geometric objects such as Riemannian mani-
folds or metric spaces — examples include data that are shapes, positive definite matrices,
or linear subspaces. The Fréchet mean, defined as the point in a metric space for which
the sum of squared distances is minimised (see Fréchet, 1948; Grove and Karcher, 1973) is
a natural extension of the arithmetic mean to arbitrary metric spaces.

The recent literature in applied probability and mathematical statistics on Fréchet
means has focused on two aspects of Fréchet means: large sample asymptotics and gener-
alization of the definition of the mean itself. The work of Battacharia R. Bhattacharya and
Patrangenaru, 2003 originated a vast theoretical literature on the large sample asymptotics
of Fréchet means on metric spaces for both intrinsic and extrinsic means. The other direc-

tion has been the generalization of the Fréchet mean, an illustrative example is moving from



the squared distance to other exponents p > 1 A. Bhattacharya and Bhattacharya, 2012.
The argument made for the generalizations has been that the use of the squared distance
is restrictive so one should consider at least a one-parameter family of Fréchet means.

This paper considers both aspects — large sample asymptotics and generalisation of the
Fréchet mean. Previous generalizations of the Fréceht mean have focused on particular
loss functions or a single parameter family of loss functions. We consider less restrictive
definitions of Fréchet means. In addition, we fill a gap in the literature studying the
joint behaviour of classes of Generalized Fréchet means. This paper considers a broad
generalization of the Fréchet means indexed not by a single real parameter but by a convex
function ¢. In addition, we study the joint behaviour of particular classes of Generalized
Fréchet means.

The standard notion of a mean in linear vector spaces is the arithmetic mean, however,
other notions of centrality such as the geometric median are used for robustness with respect
to outliers, see Narula and Wellington, 1982 for a discussion in the context of linear models.
An illuminating discussion of the concept of mean is provided in the papers by De Finetti
de Finetti, 1931 and Kolmogorov Kolmogorov, 1930. Again, Fréchet means generalize the
usual notion of the arithmetic mean, typically for Riemannian manifolds or metric spaces.

The large sample properties of Fréchet means and generalisations of Fréchet means in
metric spaces have been an area of active research. The two main large sample properties
considered have been (strong) law of large numbers (SLLN) and central limit theorems
(CLT). Note the CLT provides information regarding the speed of convergence of the em-
pirical Fréchet mean to its population counterpart. The starting point of this literature
is in the influential papers by Bhattacharya R. Bhattacharya and Patrangenaru, 2003 and
R. Bhattacharya and Patrangenaru, 2005, where an extensive theory of convergence of the
Fréchet mean on manifolds was laid out for both the intrinsic and extrinsic means. The
Fréchet mean on the circle has been examined in detail with the goal of finding necessary
and sufficient conditions for the Fréchet mean to be a singleton Charlier, 2012; Hotz and

Huckemann, 2015. The consistency of Fréchet means where distances are given by the
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p-norm (the 2-norm is the Fréchet mean) has been studied A. Bhattacharya and Bhat-
tacharya, 2012; Evans and Jaffe, 2020. For all the above definitions of the Fréchet mean,
the distance function is either fixed or a parametric family, typically a one-parameter fam-
ily. Recently, positive results on the consistency of non-parametric generalizations of the
Fréchet means Romon and Brunel, 2023; Schotz, 2018 have been provided under suitable
conditions. For central limit theorems the influential paper R. Bhattacharya and Lin, 2017
proved a CLT for a large class of spaces but assumed strong conditions on the support of the
probability measures. Most of the hypotheses on the support of the probability measures
were removed in a recent paper Hotz et al., 2022 that proved a CLT for Fréchet means on
Riemannian manifolds. A Donsker theorem for p-means on manifolds also exists Le, 2016.
In a different direction, a CLT for Fréchet means was recently provided for stratified spaces
Mattingly et al., 2024 — stratified spaces are unions and intersections of manifolds.

The strong law of large numbers results for Fréchet means stated above all consider
the convergence of a single generalized Fréchet mean and do not consider the problem of
joint consistency across a class of generalized Fréchet means. This joint analysis in addition
to a necessary and sufficient condition on the class to ensure the joint consistency, is the
main contribution of our paper. In a companion paper Aveni and Mukherjee, 2025, we
will restrict the space to Riemannian manifolds and provide a uniform CLT for classes of

¢-means.



2. Definitions . )
2.1 Definition of Generalized Frechet Means

Given a (Borel) probability measure p, the classical notion of centrality is the mean,

which can be defined on a linear space X as follows

my = /X yu(dy)

This definition, however, cannot be easily extended to non-linear spaces, because in the
absence of a vector structure, the operations of summing points and multiplying them with
a scalar (indeed the above integral is precisely a weighted sum of vectors) are not defined.
However, it is possible to characterize the mean on linear spaces in a way that does not rely
on the vector structure of these spaces, but rather as the solution of a minimization problem
only involving the distance p between points. In particular, if we define the quadratic loss

function F, : X — Ry as
R = [ (o) Pu(dy)

then we have the following.

Proposition 1. Given any probability measure y with finite second moment, we have that

my, = arg min F, (x)
xeX

Since the definition of F, only depends on the metric structure of the space X, by taking
this characterization as the definition of the mean, we can extend it to any metric space.
The resulting object is the Fréchet mean defined for the first time in Fréchet, 1948. This
concept adheres to the classical notion of mean on linear space and for probability measures
in £2, but can exhibit exotic behaviours on general metric spaces. In particular, it may not
be given by a unique point, but instead by a set. A typical example would be a uniform
distribution on a circle; in the case the Fréchet mean set is the entire circle.

The Fréchet mean is thus defined as the point (or the collection of points) on a metric

space, that minimizes the average squared distance from all the points in the space weighted
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according to a certain measure y. This definition immediately leads to a notion of dispersion
for a distribution. In particular, the Fréchet dispersion of a probability measure can be
defined as

Sy 1= r){éi?F,,(x) = F,(my)

This notion of dispersion reduces to the definition of the Variance when X = R and to the
so called total variance (that is the trace of the covariance matrix) in the case of X = R".
From this review of the Fréchet mean, we can see how the notion of mean is intimately
linked to the choice of a particular loss function that depends uniquely on the distance
between points. In the case of the Fréchet mean, the choice is to consider the average
squared distance. This is a reasonable choice since the square function is an increasing
function, and thus the resulting loss will increase the further away we are from the "center"
of our distribution . Moreover, the square is a convex function and this leads to a unique
minimizer (at least in the case of linear spaces). However, this choice forces us to consider
only those measures finite second moment and moreover tend to give high importance
to points in the support of y that are far away from its "center". In many contexts, a
subquadratic loss function is preferable, especially in the presence of outliers.

Our generalization of the Fréchet mean is similarly defined starting from a loss function
depending only on the distance between points but is much more general in that, instead of
the square distance, it considers a generic increasing and convex function ¢ of the distance,
which is then similarly averaged according to p. Let ® denote the collection of all functions
¢ : R — Ry that are strictly increasing, convex and with ¢(0) = 0, then we defined the

generalized Fréchet mean as
Definition 2. Given y € P(X) and ¢ € ®, we define the p-mean of y as

mﬁ = arg min F;f’(x),

xeX



where, P;f : X — Ry is the ¢-loss function of u,

F) = [ glotxy)m(an.

Moreover, we define the ¢-dispersion of u as

sj = min F{ (x) = Ff (mf).

As usual in the literature, when m(ﬁ is a singleton, we do not distinguish between the

singleton and its sole member.
We also define a notion of ¢-mean for a collection of observations (xj);?zl. Such a collec-

tion of observations corresponds uniquely to an empirical probability measure ﬁ((x]-)}“:l) =

%27:1 dx; and the ¢-mean of the observations is defined as the ¢-mean of the induced em-

pirical measure. That is

1
() = arifj(‘mnj;Mp(x, %)),

Often when the observations are clear from the context, we simply write F,(f , mﬁ and 5(5
instead of P((l;j)]n:l(x), m‘f’((xj);-“:l) and 5‘7’((x]-);7:1).

Our definitions of ¢-mean and ¢-dispersion make sense on general metric spaces, how-
ever, in order to guarantee the ¢-mean set to be well behaved (for instance to be non-empty
and compact), we will restrict ourselves to particularly nice metric spaces. In particular, we
work on a complete, locally-compact, length-metric space (X, p). By length-metric spaces,
we mean metric spaces where the distance between any two points is equal to the infimum
of the length of all the continuous curves connecting the two points. Notice that, in partic-

ular, length-spaces are path connected. By the general version of the Hopf-Rinow Theorem
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proven by Cohn-Vossen in 1935 (see Gromov, 2007), such a space has the Heine-Borel
property meaning that closed and bounded subsets of X are compact. An important class
of spaces with these properties is given by connected and complete Riemannian manifolds
equipped with their geodesic metric. (For further details see Chapter 6 of Lee, 2021 or
Chapter 3 of do Carmo, 2013.) We endow X’ with its Borel sigma algebra X, and all the
probability measures we consider will belong to P(X), the collection of all Borel probability
measures on (X, X,).

As particular cases, by considering ¢ : t — t> we recover the classical Fréchet mean.
Instead, by taking ¢ : t — |t|, we obtain a generalization of the median on general metric
spaces, known as the geometric median.

As we said previously, the requirement of ¢ being increasing is essential in order to
obtain a measure of centrality. Indeed, we need a loss function that increases when we get
progressively further away from the "center" of our distribution. Convexity of ¢ is also
required, both for mathematical traceability, but also for reasons that will be explored in
section 2.2. Finally, given that ¢ is increasing and convex, it must be bounded from below

and thus, the assumption of ¢(0) = 0 is wlog because adding any constant to it does not
modify the minimization problem and thus does not affect mi. Moreover, this arbitrary
choice is essential in order to guarantee that ¢-dispersion will be non negative and that

degenerate distributions will have zero ¢-dispersion.
2.2 Basic properties of generalized Fréchet means

In this section, we consider the main properties that each ¢-mean for ¢ € ® has on
Euclidean spaces X = R™. This will help elucidate the importance of the requirement of
functions in ® to be convex. We denote by ®* the collection of functions in @ that are

strictly convex, meaning that for any x < y we have that ¢((x +v)/2) < (¢(x) +¢(y))/2.

Theorem 3. Let ¢ € @, the the ¢p-mean m? has the following properties that holds for any collec-

tion (x;)_; of points.
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Identity. Forall x e X,

m?((x)y) = x.

Symmetry. Forallxe X,c € S,

m?((x7)iey) = m?((xo(j))j2a)-

Coherence. For any number of repetitions m,

m? (((x))j)i) = m?((x))j20).

Stability. If x € m?((x;)1_,), then

mgb((xj);'l:l/ (x);ﬂzl) = X.

* Equivariance. For any isometry f : X — X,
w? ((f(x)jz) = f(w?((x)))1))-

Moreover, if X = R" is an Euclidean space and ¢ € @, then
* Uniqueness. The ¢-mean is well defined it is a unique point.

* Conwvexity. Let co denotes the convex hull, then

w?((x))je) € co((x))j)-
® Monotonicity. For any direction w € R",
(W, Oply—om? (x1 + hw, (xj)7:2)> > 0.
Proof. The first three properties are immediate observations. As for stability, we have that

the only difference between the corresponding losses is given by

(M)l o o) = 1EG 0 () = m(p(x, ).

=1\ ¥j=1

And this quantity is non-negative and strictly positive for any y # x. This implies that the

argmin of Fﬁx]')}‘:y(ﬂ?:l) is now reduced to x.

12



For equivariance, we have that

F LS
(e ) = 7 25900

J

And thus,

=f (argmmFEP ) 1(2)) :

zeX

In the case in which X = R”, each loss Fg;)n is a sum of convex functions, and it is
]

j=1
itself convex, thus the ¢-mean will be a closed convex set. In particular, if ¢ € ®T, then
the loss function will be strictly convex and the minimum will be unique.

Since each function x — ¢([x — x;||) is continuous and convex, its subgradient is defined
everywhere and given by

¢'(lx — ;)

V(=) = (= x) =

= (x —xj)h(]x — x;]),

where f’ is the subdifferential of the convex function t — ¢(|t|) and h : t — f'(t)/t is
well definite and finite everywhere, except possibly at zero, where the expression (x —
xj)h(|lx — x;|) (interpreted in a limiting way) is nonetheless finite. Thus, the ¢-mean is

given by the unique point x such that

1¢ ¢'(lx = xil)
¢ - . 71
OEVXF(x]-)/, x) E Vap(x —x5]) = ng xj) lx—xj]

But then, by rewriting these terms, we obtain that the unique minimum can be expressed

13



as a convex linear combination of the observations (xj);?zl.

¢'(lx — ;) ¢'(lx —xi) | _ 2Zxih(lx — x])
2’ % = x] Z le—xi ] Xh(lx—x)

Where, notice that the weight of each observation only depends on its distance from the
"center". As for monotonicity, we need to apply the implicit function theorem to the above
expression. Let v; := x — x; and ¢; := ||v1], then the Jacobian of the function x; — x =

m? (x})7-) is given by the matrix

-1

n vl \ ¢'(t) vl

._ ivi ) ¢ (] 17j
M|, M= <1— 2 ) (),
j=1 j

j )

We can generally assume that ¢; > 0, then all the matrices involved are positive definite

with determinant

P d-1
det(Mj):<¢(t’)> ¢" (t;).

£
which is positive precisely when ¢ € ®*. Finally, the quantity of interest is given by,
(W, Oply—om? (x1 + hw, (%)) = w Jw =0
O

The monotonicity property indicates that when one observation is moved in a certain
direction w, the resulting ¢-mean also moves approximately in the same direction at least
in the sense that the inner product between w and the derivative of the ¢-mean when an
observation is moved infinitesimally in the direction of w is non-negative.

Notice that in the case of the mean, when ¢ : t — t2, we have that M; = I and thus
Onlpom? (x1 + hw, (x]');lzz) is precisely equal to w/n and the two directions are parallel.
For a generic ¢ we cannot expect these two vectors to be parallel, but at least to move in

similar directions. We illustrate this with a figure.

14



o 4

x

FIGURE 2.1: We drew 20 points in black, and we perturbed one observation according
to the black arrow. The colored points are the ¢-means when ¢ : t — tF for different
values of p. Each of these is accompanied by an arrow that shows the effect of perturbing
the back observation. These effects are multiplied by 20, to ease their comparison with
the black arrow. As it is possible to see, all ¢-means move in a similar direction as the
perturbed observation. However, only the classical Fréchet mean moves precisely as the
black observation. We can also see how higher values of p tend to give more weight to
outliers, and vice-versa, how values of p closer to one lead to more robust ¢-means.

2.2.1 The case of two points

When we have just one point, it is immediate to see that m?(x) = x independently
of ¢ and of the metric space X'. The case of two points is slightly more interesting, and
it will provide strong reasons to always take convex functions ¢. Given any two distinct
points x,y on a complete, locally-compact, length-metric space, there is always at least one
minimal geodesic connecting them. We will show that, according to our intuition, when ¢
is strictly convex, the ¢-mean of (x,y) consists of the collection of midpoints of all these
minimal geodesics. On the contrary, if ¢ is just convex, the ¢-mean will consist of some

"central" section of these geodesics; finally if ¢ is simply increasing, it may be the case that
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the ¢-mean is given by the endpoints x,y, violating our intuition. More precisely, we have

the following statement.

Proposition 4. Let X be a complete, locally-compact, length-metric space and let x,y € X with
d = p(x,y). We denote by T, the collection of all unit speed minimizing geodesics <y : [0,d] — X
with y(0) = x and y(d) = y. Then,

e Ifp e DT, then

m?((x,)) = | 7(d/2).

yel

o If ¢ € ®, then there is some a € [0,d /2] depending only on p(x,y) such that

w?((x,y)) = [ v([a,d/2 - a]).

yel

e If ¢ is a non-negative continuous increasing function, then there is a subset A < [0, d] with

d/2— A = A such that
m?((x,y)) = | 7(A).

yel

Proof. Letd = p(x,y). We start by proving the third point, of which the other are partic-
ular cases. Assume by contradiction, that there is some z € X'\ |, 7([0,d]) among the
¢-means. Let us say that p(z,x) =t > 0. Since w € [, r 7([0,4d]) iff p(x, w) + p(w,y) =
p(x,y), we must have that p(z,y) > d —t. Now, if w € {J,r 7([0,d]) is any point with

p(w, x) = min(t,d), we have that

2!, (2) = $(5) + 9(p(z,)) > 9(1) +9((d— 1)) = Y, (w).

This shows that m?((x,y)) < U,er 7([0,4d]). The fact that it must be of the form in the
proposition is clear by the symmetry of the sum and by the independence of the problem

on the specific geodesic considered. In particular, we have that

A = argmin¢(t) + ¢(d — t).
te[0,d]
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Now that we have established the third point, we can see that, when ¢ is convex, the same
is true for ¢(t) + ¢(d — t) (which is the value of the loss function at any point of the form
7v(t)). This is a symmetric function around d/2 and thus, in this case, A = [a,d/2 — a] for
some a € [0,d/2]. Finally, if ¢ € &, we have that A must be a singleton, implying part

one. O

We illustrate the situation by considering d = 1 and functions ¢ of the form ¢ : t — |¢|P
for p € [0,00). In the following figure we plot the loss function evaluated on points of the

form 7y (t) with t € [0,1]. As we can see, when ¢ is strictly convex, we get m? = (1/2),

0.54

0.0+ T T T T T
0.00 0.25 0.50 0.75 1.00

t
FIGURE 2.2: The loss function F(q; y)(’y(t)) forg :t— tPand p = (1,...,20)/4. As can be

seen, these losses are minimized at the midpoint of the interval only when p > 1.

when ¢ = id, we get m? = 7([0,1]) and when ¢ is not convex, we get m? = ({0,1}).

Another pathology that we obtain when ¢ is not convex is sketched in the next subsection.
2.2.2 Distribution of maximal dispersion

Given a (sub)set X', we may want to find the most ¢-dispersed distribution, that is

argmax 5;6.

HeP(X)
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We consider the case of X’ being a compact interval [a,b] (which is equivalent to consider-
ing any geodesically convex geodesic segment in complete, locally compact, length-metric
space). In this case, it is natural to assume that the most dispersed distribution will be

given by (0, + dp) /2, however, this is the case only when ¢ is convex.
Proposition 5. Let ¢ € ®, then the only distribution of maximal ¢-dispersion is (6, + 8y) /2.

Proof. Wlog, we can take X = [—1,1]. Recall that when ¢ is convex (and we are in a
convex subset of a linear space), the loss function is convex too, thus mfj will be a closed
interval. If moreover ¢ € ®, this will be a point.

First of all, assume that we have some 1 € argmax,.p 5ﬁ which is not symmetric
(meaning that u(A) # u(—A) for some A € B(X)). We define two new probability
measures, fi(-) = u(—) and v := (u + ji) /2. Clearly, we have that v is symmetric and, for

any x € [—1,1], we have that

1 -
Fe = [ oly=" o)

1 _
_ /1 ¢y —x]) 42r¢(!y+X\)y(py)

1
> [ oshntey)
= FJ(0) > s,

but then,

s) = arg min F,‘,p(x) > 5;’3

xe[—1,1]

Thus, if y is a solution, v is a solution too. Moreover, this also shows that if y is a solution,
it must have 0 € Ey[u], otherwise, v would be strictly better than .

Therefore, any solution y, must have 0 € Ey[y], but then

1
= [ olbuten) < o(0).
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And the equality is obtained only if 4 = pd_1 + (1 — p)d; for some p € [0, 1]. But of these

solutions, only the one with p =1/2has0 e mi and this concludes the proof. O

Space of sub-exponential convex functions

For our main results we consider a particular class of functions in ® for which the loss

Ff,’ satisfies continuity properties under mild hypotheses (see Lemmas 14 and 15).

Definition 6. We define the class of subexponentially growing functions in ® as

1+
0= pe @379 < 2wy = sup SHLED

For all ¢ € @, the quantity vy is a measure of the growth rate of the function ¢
and ®,, is the collection of functions in & with finite growth. This is a large class of
functions, including, for p > 1, ¢ : t — tP and the exponential functions ¢ : t — p' — 1. In
the appendix, we provide alternative characterizations of this class of functions and prove
several properties employed in next sections.

We recall that by ® we denote the collection of all bijections of Ry := [0,0) that are
convex. Thus, every function ¢ € ® is strictly increasing and continuous. Moreover, we

defined

— o Pp(x+1)
D,y = {¢€¢'7¢'_5§{}iq)(ac)—i—qb(l)<oo}'

Notice that for any ¢ € ®, the function x — ¢(1+ x)/(¢(1) + ¢(x)) is continuous. Thus,

an equivalent characterization of this set is given by

= {00 e Sl <) = {oe @ tmanp Fry <)

We also have that ¢(1+x)/(¢(1) + ¢(x)) is equal to 1 at x = 0 so that vy > 1. It is easy
to see that 4 = 1 only when ¢ is linear, that is ¢(x) = x¢(1). Examples of functions in

this class are given by ¢ : x + x? for p > 1; in this case 7y = 2P=1 Another class is given

by(P:X*—»%forp)linthiscase'yq,:p.
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Both & and &, are closed under multiplication, sum and positive multiples. In particular

we have that, for every ¢ > 0 and ¢, P € Dy,

Yep = Yor You < 27¢Vy, Yoty < max(Ye, Ty),

The first equality is clear, as for the second,

o P DP )
Tov = T8 909 (x) + p(1)p(1)

N S ) Cout) o(x)
5 @00 + ¢ (0) (p(x) + 9(D)) (1+ HeGT o)

sup sup

¢(p(x) + p(1)¢(x) ¢px+1) px+1)
xeR4 (P(x) + 4)(1) xeR4 l/)(x) + 710(1)

s (l TP b @p() + o)1)

< 2’)/¢’)’1p.

Using elementary calculus, it can be seen that PP PR 3 ) o1 at x = 0, it increases

P(x)p(x)+p(1)p(1)
up to 1 at x =1 and then decreases back to 0 for x — co. Finally, for the third inequality,

we have that

p(x+1)+yp(x+1)

Yoy = 2P 9(x) + 9(x) + ¢(1) + 9(1)
_ qup PG+ P(x) + p(1) .
X 00+ o(1) o) + o(1) + ¥(x) + $(1)
p(x+1) <1_ o(x) +9(1) )
P+ o)\ () + (1) + p(x) + p(1)
o(x) +9(1)
SR P o) () () "

) o(x) + (1)
* (1 o)+ p(1) + (x) + wm) v

< sup ayg + (1 —a)yy = max(yg, vy)-
ae(0,1]

We now want to remark that the choice of 1 in the definition of ®,, is arbitrary, in the

sense that
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Lemma 7. For any t > 0 we can alternative characterize O,y as

®,. — {‘Pe P - ’réf) — :;5 qm < oo} = {(P ed: lirxn_i;olsp qb(;(;:)t) < oo}

Proof. We prove this by showing thatif s,t > 0, then the conditions fyg) < o0 and 'y(s) <

are equivalent. Without loss of generality, we assume that 0 < s < t. Let now ¢ € ® with

'yg) < o, then

(s) P(x+s)
To = 28 () + 9(s)

< qup 9D _9(1) +o(x)
T aer, 9(0) + () ¢(s) + P(x)

— < 0

S06) o o T =7 9s)

o) o et () ¢(t)

(s)

On the contrary, if ¢ € ® has y,’ < oo, then
10— qup BEED 9519 0

r 00+ o) " om 9(x) +0(5)

[t/s] [t/s]

o ¢ (x +ns) + ¢(s) o PEENS) +9(s)
on, L oG =5 +95) 1L oGt (n—1)s) + ¢(5)

< (1 + ’y(s))[t/S] < o0

The following lemma motivates the name of ®,,.

Lemma 8. Functions in @,y are dominated by exponentials, in particular, if ¢ € P,y with y =
Yo > 1, then

-1

vreR,, () <yl T,
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Proof. Let ¢ € @y with vy = 74 > 1, then for any x > 0, we prove by induction on | x| that
x|
DY o+ Me(x —|x])
i=1

Indeed, if |[x] = 0, then x € [0,1), and ¢(x) = ¢(1)0 + 1¢(x — |x]). So let now assume
the formula to hold for all numbers with floor part equal to 1, and that y is such that

|ly] = n+1, then x := y — 1is such that |x] = nand x — |x| = vy — |y|, thus

P(y) = p(x +1) < v(¢(1) + ¢(x))
[x]
<7 (¢><1) +o(1) D7+ yHp(x - txJ))
j=1
[yl
=o)X Y + ¥y - y))

j=1

By convexity, and by the fact that ¢(0) = 0, we have that

1x]
va+’y —|x]) <7

Now, for any ¢ > 1 and y > 0, we have that y < g— thus we conclude that

o) - T Lyp(1) < T (g1 ) 4l (2 o)

= 2Vl (x— e fﬂvl_Jl‘l) <0

Also notice that if vy = 1, then ¢(x) = x¢(1) = ¢(1) lim, Y=L - 1

We prove some basic properties of functions in ®,, that we use extensively.

Lemma 9. If ¢ € Oy with v = 4, then for any h € (0,1],

P(x+h) —p(x) < h(vp(1) + (v = 1)(x))
22



Moreover, if a, b, ¢ are positive numbers such that a < b+ c, then

2¢(a/2) < ¢(b) + ¢(c)

Proof. We have that ¢(x +1) < y(¢p(x) + ¢(1)), so that p(x +1) — p(x) < y¢(1) + (v —

1)¢(x). And now, because of convexity, for any h € (0,1],

Px+h) —¢(x) < h(Pp(x +1) = d(x)) < h(r9(1) + (v — D¢(x)).

We want to show that for any 2 > 0 and for any ¢ € ®, we have that for any b,c > 0

such thata < b+ ¢, then ¢(a) < zLa)z)(‘P(b) + ¢(c)). It holds that

#la/
in (¢(0) +9(e) = | min = (9()+¢(c)) = min (¢(b) +p(a—b)) =29(a/2)
Then, we have that
¢(a) ¢(a) ¢(a)

$@) = o073y 20(@/2) = 5o min (§(0) +6(e)) < 5T (9(0) + (e)

Notice that, because of convexity and because ¢(0) = 0, we must have that % > 1.

Now by simplifying, we get our desired result. O

Also, notice that this result implies that

lim sup 4)([:*(%) < limsup (rp—1)¢ qg&+ Yo (1)
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3. Consistency

In this section we study one essential aspect of the sample ¢-mean as an estimator for
the population ¢-mean. First we consider this problem for a given function ¢ € @, and
then, we consider the joint behavior of ¢-means when ¢ belongs to a subcollection ¥ < ®,.

We now introduce the probabilistic framework.
3.1 Probabilistic Framework

In this section (X, p) will always be a metric space with the Heine-Borel property and
it will be equipped with its Borel o-algebra . All probability measures will be defined on
this o-algebra.

We consider iid samples of points from a probability measure y, and employ a notion
of sample ¢-mean. Starting from a random variable X : (), X) — (X, X,) with probability
law p, we consider an infinite sample of iid observations distributed according to u, so that
(Xj)j>1 is a random variable from (€ := O, L := £%%) to (X*,Z¥*) with law given by

pi= u® . Given w € Q and n > 0, the empirical measure is denoted by
. 1
fin s w > ;5&((‘;)-
]:

Now we define the empirical loss function and the corresponding empirical ¢-mean.

Definition 10. Let w € Q, n > 0, and (X;);>1 iid according to y € P(X),
F(P(w) = i L En P(p(Xj(w), x)) “‘¢(W) = m{
n ﬁn(w) . N 4 1 p ] 7 7 n ﬁ (w)
]:

For the sake of simplicity, we avoid any reference to € and we write F,‘f and m?;. Finally,
by almost surely, we always mean p-almost surely.

In this section, we state our two main results concerning the consistency of the sample
¢-means as estimators for the population ¢-means. Since m? and mi’ may not be singletons,

we now introduce a notion of distance between sets, called the one-sided Hausdorff distance.

24



Definition 11. For all compact sets A, B = X we define

P (A, B) :=supinfp(a,b)
aeA beB

It is easy to see that po (A, B) < € iff A is contained in an e-thickening! of B as p (A, B) =
S, p(0,B).

3.2 Main Results

We now state our first consistency result, which provides conditions under which, given
a specific ¢ € Dy, the set mf converges almost surely to m? in the sense of one-sided

Hausdorff distance.

Theorem 12. Let (X, p) be a metric space with the Heine-Borel property, ¢ € Qey, and p € P(X)

be such that Fﬁf is finite somewhere. Then, as n — oo,
o (mtmt) * 0

This implies that, if ¢,; is any measurable selection from m% then under the hypotheses
of the theorem, p(&,, m?) 5 0, highlighting the applicability of the result.

Next, we strengthen the previous result, under a few additional assumptions, to prove
uniform consistency. In particular, we study the collective behaviour of classes of sample
¢-means and their uniform (almost sure) convergence to the respective population ¢-means.
Before stating the result, we need to make some further notations.

A collection ¥ € ®,, is called
* dominated from above, if sup .y 7y < 00 and sup .y $(1) < 0. According to Lemma
8 this implies that there is some ¢ € ¥, such that, for all ¢ € ¥ and t > O,
o(t) < (8),
* compact if for any k > 0, the collection {¢|gx : ¢ € ¥} is compact under the sup

norm on C([0,k]).

1 That is the collection of points at distance less than ¢ from B.
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An example is given by {¢ : t — t7 : p € [1, P|} for any fixed P > 1.

Theorem 13. Let (X, p) be a metric space with the Heine-Borel property, let y € P(X) and
Y < &,y be compact, dominated from above with € D,y be such that ¢(t) < P(x) forallp € ¥,

and such that F,f is finite with a unique minimizer for every ¢ € Y. Then as n — oo,

sup poo (mh, m?) %5 0.
lsh ¢

Notice that under the hypothesis that m? is a singleton, we have that po (mf, m?) =

p(m‘,'g, m?). Theorem 31 provides a large collection of examples where the hypotheses of

Theorem 13 are satisfied. This theorem hints at an analogy between certain collections of

sample ¢-means and Glivenko-Cantelli classes.
3.3 Proofs of Theorems 12 and 13

In order to prove these theorems, we need results concerning finiteness, continuity, and

compactness.

3.3.1 Finiteness and Continuity

We now study the properties of ¢-means, when ¢ € ®,,. First of all, it is important to
determine whether and where the loss function F;f is finite. This depends on the space X,
the probability measure y and the function ¢. It is immediate to see that if A" is compact,

then Ff,’ is always finite. Thus, we focus on the case in which X is not compact. In this

case, we prove that if ¢ € ®,y, then F;f is either infinite everywhere or finite everywhere.

Notably, a converse is also provided.

Lemma 14. Let X be a metric space with the Heine Borel property. If u € P(X) and ¢ € Doy,
then F;f is finite somewhere iff it is finite everywhere. Conversely, if X is an unbounded, complete,

locally compact, length metric space, ¢ € ® and for all p € P(X), Ff,b is finite everywhere iff it is

finite somewhere, then ¢ € P,.
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Proof. If ¢ € Py, let p, g € X be such that Fﬁ’(p) < wand p(p,q) <1, then, by Lemma 9,

Fi(q) = /¢(P(x,q))y(dx) < /¢(p(x,p)+p(p,q))u(dX)
<100 +7 [ 9ol p)n(dx) = 76(1) + YL (p) < =

By induction, we obtain finiteness on the entire space. Of course, if X is compact or u
has compact support, then Fﬁ’ will always be finite everywhere for any ¢ € ® and indeed
in this case any ¢ € ® can be replaced by an equivalent 2 ¢ € ®,, in such a way that
¢$(x) = P(x) for every x € [0, diam(X)].

If X is unbounded and ¢ € P\ P,,, then we can find a probability measure y € P(X) such
that Ff,’ is finite only on a nontrivial subset of X. Indeed, it is enough to prove this claim on
an unbounded interval [—7, ®0), since any unbounded, complete, locally compact, length
metric space has the Heine-Borel property by the Hopf-Rinow theorem (see Gromov, 2007
Section 1B) and it contains a subset isometric to [—7, c0). We then consider the following

probability measure

g(x)l[o,oo)(x) dx

S I
NERSHR PHE)
g(x)-—nz_:an?\(An);

B
““%'¢m+ww['+”}

where ¢ = [1* fgg&x) € (0, 00) is the integration constant and A is the Lebesgue measure.

It is now possible to see that F;f is finite in some points but not in others, indeed

vy [T 90 g 1o Il A
FF(O)_/O 4)(1)+¢(X> C dx < C/O g( )d C’;nz 6¢ < %,

_ 7 9+l g(x) [P () dx 1 &1
HE= [ o rpm e = N e e 7 e =

2 that is such that for any probability measure y, F;f = F;,p
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This concludes the proof since X’ is trivially closed in itself. O

Notice that for certain measures y there may not exist any ¢ € ®,, for which Fﬂ) is finite.
The typical example would be to consider X = R and p a Cauchy probability measure,

that is p(dx) = 1+1x2 dx

Now we study the continuity properties of the loss function.

Lemma 15. Let X' be a metric space with the Heine Borel property and u € P(X). For all
P € Dey, if Fﬂ’ is finite somewhere, then it is finite and continuous everywhere. In particular, F;f is

locally Lipschitz continuous.

Proof. Global finiteness of Fff follows from Lemma 14. Assume p,q € X be such that
p(p,q) < 1. By triangular inequality, for any x € X, [o(p, x) — p(x,q)| < p(p,q) < 1. Thus,
by Lemma 9,

FLp) = L)1 < [ 1000(p, )~ 9lp(x)ln(d)

< urer{l’ig{;}@(p(x, u) +p(p,q)) — ¢(p(x,u)))pu(dx)

uep,q

<p(p,q) <7¢4>(1) (79— 1) mm/cp X, 1) dX>)

<o(p,4) (wm (1o —1) min E(u ))

ue{p.q}

This shows that on any ball By /,(p), the loss function F;f is Lipschitz continuous with

constant smaller or equal than

Yop(1) + (1o —1) sup Fl(q) < .
9€B1/2(p)

O]

Notice that when 74 = 1 (that is when ¢(x) = x¢(1)), Ff,’ is globally Lipschitz con-

tinuous with constant bounded by ¢(1). Another case in which F;f is globally Lipschitz
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continuous is, of course, when X is compact. However, in general, it is not. For instance, if
X = R and p is compactly supported, then it is easy to verify that Fﬁ) is globally Lipschitz
iff ¢ is globally Lipschitz.

With Lipschitz continuity, we can prove the compactness of the ¢-mean set.

Theorem 16. Let X be a metric space with the Heine Borel property, u € P(X), and ¢ € Py If

Fﬁ,’ is finite somewhere, then mi is a non-empty compact set with a diameter bounded by

: ¢ -1 ¢
diam(my,) < 2¢ (;21; E; (x)> .

Proof. Since X has the Heine-Borel property, we just need to show that m? (y) is closed and
bounded. Closedness is a consequence of the continuity of F;f which is in turn guaranteed

by Lemma 14. Boundedness is clear if X" is compact, so we prove boundedness assuming

X to be unbounded. Let p € X, we know that Fﬂ) (p) is finite (and positive), there is an

rp >0 such that

Ef (p).

N —

| et =
Brp(P)

But now, if g € X is such that p(p,q) > krp, and k > 3, then

Bz [ ole@auan= [ g(t=Dppg)n(d)

By, () Brp(P)

S [ e > -1 [ gl (@

Brp(P)

Sk [ pletepn(an) = SRR ) 2 5 p)

Where (*) hold because if ¢ is convex, with ¢(0) = 0 and ¢ > 1, then ¢(cx) > c¢(x) for
every x > 0. This shows that (for any p € X) m?(u) < B, (p) so we obtain boundedness.
If m?(u) is a singleton, then the result is obvious, so let y,z € m?(u) be distinct. We
consider the triangle inequality with a generic point x € X, p(y,z) < p(y, x) + p(x,z), but
then from Lemma 9 we have that

2¢(p(y,2)/2) < ¢(p(y, x)) + ¢(0(z %))
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And now, integrating by u(dx), we conclude that

29(p(y,2)/2) < F{(y) + F{(2) = 2 inf F ().

O]

This proof also shows that if X is unbounded, then Ff,’ is unbounded too, and in par-

ticular, for any p € X and m > 0, we can find a radius s; , such that

vq ¢ Bsp,m(p)’ F;T(Q) = m.

Notice that inf,cy F;f(x) is zero iff u is a Dirac distribution. In this case Lemma 16 yields
that m{ = {}.
We now show with an example that this bound can be tight. Let X = S!, ¢ = Id and u

be the normalized Haar measure. In this case we have that Fﬁ) is constant and equal to

T d 1 T
Hov= [ o5 =5 [ xdx=7

Thus, in this case, mi =& and diam(mfj) = diam(S') = 7w = 2¢ ! (inf e F;,P(p))

Also notice that Lemma 16 implies that, whenever y has compact support,

diam(m‘ﬁ) < diam(supp(p)).
3.3.2 Proof of Consistency

The proof of Theorem 12 is based on the following two lemmas.

Lemma 17. For any compact set K <€ X, as n — o,

sup F(x) - Fq’(x)‘ =30

xeK
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Proof. Lety := . Fix an arbitrary € > 0 and k := [diam(K)]| < co. For any z € K,

9 (BN
sup Fy (x )—ilellgnjzlwp( <sup 247 z) +p(z,x))
1& emma 1
< -2 9(p(Xj,2) + ) T kL Z4> = 7*F!(z)

j=1

As E[F{(z)] = F#(z) < oo s finite by Lemma 14, we can apply the SLLN to find an almost

surely finite random integer N such that for any 1 > N, F{ (z) < F?(z) + 1. Therefore,

p—as
V=N, supFl(x) < 7 (FP(z) +1) = ax

xeK

Moreover, for any 6; < 1and n > N,

sup [E0(x) — FL(v)
xyekip(xy)<éy

< sup 3o X))~ (el X))
j=1

x,yeK:p(x,y) <1

< sup i;mm&wmm&mwmww ~1)¢(p(x, X))

x,yeK:p(x,y) <6

<& (vcp() (y—1)sup — qu ))

xek N j=1

o1 (v¢(1) + (v — Dak) -

Where we applied 9 in the third inequality.

Thus by taking &; sufficiently small, we get that |F{ (x) — Ef (y)| < e/3 for any x,y € K
with p(x,y) < &

Furthermore, by Lemma 14, Pﬁ’ is continuous, thus we can find some 6, > 0 such that
|F;f(x) - Fﬂ’(y)| < ¢/3 for any x,y € K with p(x,y) < . Now let 6 = min(éy,7), by

compactness of K, we can find a finite number of points (z;)"" ; such that K <  J;”; Bs(z;).
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For every i € {1,...,m}, the SLLN guarantees the existence of an almost surely finite

variable N; such that

V=N, |EP(zi) - F(z)| S /3

-----

surely finite, and for alln > N’,

sup |Ef (x) — F?(x)| <sup |Ef (x) — Ef (z},)|+
xeK xeK

+sup |F(z;,) — F(z;,)|+

xeK

+sup |F¥(z;,) - F/ ()|
xeK

<e/3+¢/3+¢e/3=c¢.
where we denoted j, := min{j e {1,...,m} : p(z;,x) < J}. O
Lemma 18. Let m = infycx F?(x). There is an almost surely finite random variable N and a
compact set A including m? such that foralln > N,

;Qfx min (F (y), Ey (y)> >m+1

Proof. If X is compact, then we can just take A = X and we are done. Instead, assume X
to be unbounded, then we can find a compact set B such that [}, 1(dx) > 3/4 and then we

consider Ay = {x € X : p(x, B) < k}. This is compact, and moreover,

WAL HW) > [ gl = pluE) = 90

And since limy_, o, ¢(k) = oo, we have that this quantity is larger than m + 1 for some k.

As for the sample case, we have that

_ X eBY
n

Wy¢ Aw EL(y) = ) ¢lp(y, X))

jZX]‘EB

¢ (k)

32



But by the SLLN, we have that [{j : X; € B}|/n converges almost surely to (B) = 3/4 so
that, there is an almost sure finite random variable N such that if n > N, then |{j : Xj €
B}|/n > 1/2. Thus, we can take k* := inf{k : ¢(k)/2 > m + 1} and define A := A+ and
we are done. Indeed, it is easy to see that m? < A, because, by definition of m?, we have

that F*(m?) = m < m + 1. O
Now we are ready to proceed with the proof of Theorem 12.

Proof of Theorem 12. Let m = inf,cy F?(x), and let ¢ > 0, we need to prove that there is a

constant § > 0 and an almost-surely finite random variable N such that for any n > N,

sup Ff (x) < m+6, inf  Ff(x) > m+ 3.

xem? x:p(xm?)>e
To this end, let A and N3 := N be as in the proof of Lemma 18, and define
K:={xe A:p(x,m?) > e}.

This is compact and m’ := min{F?(x) : x € K} > m. Then set § := (m’ — m)/4 so that
m' > m + 45. Now we can apply the Lemma 17 to the compact sets m? and K and find

almost surely finite random variables Nj, N so that if n > max(Nj, N», N3), we have

Yx e m?, F(x)<m+6
Vx ek, Fl(x)>m —6=m+36
Vx ¢ A, Fl(x)=m+1
This forces the sample ¢-mean set m{, to be contained in an e-engrossing of m?. O

3.3.3 Proof of Uniform Consistency

The proof of this result, despite being more technical, follows the same steps of the
proof of Theorem 12 and uses the following lemmas. For the relevant concepts and tools of
this section see Chapter 4 of Wainwright, 2019, Chapter 7 of Vaart and Wellner, 1996 and

Chapter 3 Sen, 2022.
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Lemma 19. Let ¥ < O,y be dominated, y € P(X') be such that F,f is finite for all ¢ € ¥, then as

n — o, for any compact set K,

sup sup IEP(x) — F?(x)| "=° 0.
¢t xeK

Proof. Under the hypotheses and by Lemma 8 there is some ¢ € ®,, such that

sup ¢(x) < i(x)

sk ¢

for every x > 0. Thus, for any z € X, sup, 4 F?(z) < F¥(z). Now we fix an arbitrary
e>0.

Firstly, by inspecting the proof of Lemma 2.3, we see that, for any ¢ € ¥, the Lipschitz

constants of FZ) |k are bounded by a common constant not depending on ¢. Thus, for any

¢ > 0 there is a 41 > 0 such that

sup sup |F?(x) — F?(y)| < /3
pe¥ x,yeK:p(x,y)<d

Secondly, let 7 := sup,.y 79, z € K be an arbitrary point and k := [diam(K)], then

1 n
sup sup Ff (x) < sup FY (x) = sup . Z P(o(x, X;))
j=1

¢e¥ xeK xeK xeK i—
1 < 1<
<sup 2 ¥(e(xz) +o(z, X)) < - >k +p(z, X))
X€E =1 j=1

n

1
<7 2k +p(z, X)) = 1 (2)
j=1
Where we applied 9 in the last inequality. But E[F!(z)] = F¥(z) < o, thus by SLLN,

there is an almost surely finite integer-valued random variable N such that if n > N,
F!(z) < F¥(z) + 1 < o0 and thus, if n > N, we also have that

supsup Ff (x) < 7 (F¥(z) +1) =: ag < .
Pe¥ xeK
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Now, if ¢ is sufficiently small, we have that

sup  sup |F}(x) —F{(y)|
¢e¥ x,yeK:p(x,y)<o

1 n
<sup  sup EZ [p(p(x, X)) — ¢y, X;))|
$eY xyeKip(xy)<d 7 j=1

1 n
<sup  sup  — > |o(x, X)) — (v, X)) (vp¢(1) + (vp — 1) (p(y, X))
¢e¥ xyeK:p(x,y)<é j=1

xeK

<6 (W(l) +(y—1)sup % Y. 9o, Xj)))
j=1

TN 5 (1) + (- D).

Where we applied 9 in the second inequality. Thus, we can find some J; such that for any
n> N,

sup  sup IFY(x) — FY (y)| < e/3.
¢t x,yeK:p(x,y)<b

Thirdly, let 03 = min(éy,92), by compactness of K, we can find finitely many balls
(Bs, (2i) )ieq1,...,my so that K = [ JiZ; Bs,(z;). For each z; and ¢ € ¥ we have that ]E[Ff(zi)] =
F?(z;), thus by SLLN, IEY (z;) — F¥(z;)| 3 0. However we need now to show the stronger
statement that at each z;, sup .y IF? (z;) — F?(z;)] 5 0. This is the same as asking the

collection of functions F := {fy = ¢ op(z;,-) : X — Ry : ¢ € ¥} to have the Glivenko-

Cantelli property. This is the case because of Lemma 20 below. Thus, foranyie {1,...,m}

there is an N; almost surely finite such that for any n > N;, sup o |1—",(;{J (z;) — F?(z;)| < ¢/3

and, if n > N’ := maxeq1, _m) (N;) 2 o,

max sup \E? () — F*(z;)| < e/3.
ie{l,...,m} ¢€\}f
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Finally, if n > max(N, N’), by combining the previous three results, we conclude that

sup sup |F,‘f(x) — P"”(x)] < sup sup |F,‘f(x) — F,‘f(zjx)\
¢e¥ xeK ¢e¥ xeK

+ supsup [F{ (z;,) — F#(z;,)]
¢e¥ xeK

+supsup [F?(z;,) — F(x)| <&
¢e¥ xeK

O]

Lemma 20. Let p € P(X), ¥ < D,y be dominated and such that F;,P is finite. Then, for any

z € X the class of functions F := {fy : x — ¢p(p(z,x)) : ¢ € Y} is u-Glivenko Cantelli.

Proof. Given a class of measurable functions F, Theorem 3.2 of Sen, 2022 guarantees that

a sufficient condition for F to be u-Glivenko-Cantelli is that for every e > 0,
NH (E, f, Ll (y)) < 00.

By Njj we denote the bracketing number (see Chapter 3 of Sen, 2022 and Chapter 7 of

Vaart and Wellner, 1996 for definition and properties). In our case

={pop(z-): pe¥}

However, for any y € P(X'), we can find some v € P(R) such that
900y = [ 9ozl = [ plrvidn.
+

Thus, any bracketing of (F,L!(u)) corresponds to a bracketing of (¥,L!(v)), and thus
Np(e, F, LY (1)) = Nyj(e, ¥, L' (v)). Let ¢ € @, be such that ¢ < ¢ for every ¢ € ¥. Now,
since [¢|1(,) < oo, there must be some a > 0 such that f(u,oo) P(r)v(dr) < /2. Also let
b := y(a). Let now fi, f> be two increasing functions defined from [0, 4] to [0, b] such that
fi < frand |f2 — leLl(V“O/a]) < ¢/2, then by extending f; to be 0 and f, to coincide with ¢

on (a,0), we see that | f2 — fi[11(,) < e. This implies that

NH (8, Y, L! (1/)) < NH (5/2/ £a,b/ L' (V’ [O,a]))/
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where L, is the set of increasing functions from [0,a] to [0,b]. But, by a simple grid

argument exposed in Theorem 2.7.5 of Vaart and Wellner, 1996, we know that

N (e/2,L,p, Ll(v|[0ﬂ})) <
for any ¢, and we are done. O
Lemma 21. Let A = infycx F¥(x). There is an almost surely finite random variable N and a
compact set A containing | Jyey m? such that foralln > N,

ég‘g;gg min (F (y), Ey (y)> >A+1

Proof. If X is compact, then we can just take A = & and we are done. Instead, assume
X to be unbounded, we can find a compact set B such that [, u(dx) > 3/4 and then

we consider Ay = {x € X : p(x,B) < k}. This is compact, and moreover, by denoting

@ : t— infyey $(1),

Ve, vy ¢ Ay, Fi(y) > /AW(W))V(dx) > g(k)u(A) = pr(k)

Since limy_, o, ¢(k) > limy_, o, kinfyey ¢(1) = o0, we have that this quantity is larger than

A + 1 for some k. As for the sample case, we have that

- ’{j<”¢Xj€A}’q)
- n

Vpe¥, Vyd A, Fi(y)= Y. ooy, X)) (k)

]X]EA

But by the SLLN, we have that |{j : X; € A}|/n converges almost surely to yu(A) = 3/4
so that, there is an almost sure finite random variable N such thatif n > N, then |{j < n :
Xj e A}|/n > 1/2. Thus, we can take k* := inf{k : ¢(k)/2 > A + 1} and define K := A«
and we are done. Indeed it is now trivial to see that ey m? is contained in B, because

for each ¢ € ¥, we have that F®(m?) = inf,cx F?(x) < infyex F¥(m?) = A. O

Notice that Lemma 21 also proves that U¢6‘P m? is precompact. Now we are ready to

proceed with the proof of Theorem 13.
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Proof of Theorem 13. Let my = infyey F?(x), and let ¢ > 0, we would like to prove that

there is 6 > 0 and an as finite random variable N such that forany ¢ € ¥, n > N,

sup Ff (x) < my + 96, inf  FJ(x) > my + 36

yem?d x:p(x,m?)>e

This will conclude the proof. Let A and N be as in the proof of Lemma 19, and define
K:={xe A:p(x,m?) > e}.

This is compact and m := min{F?(x) : x € K} > my. Then set § := infgey (my, —my) /4
which can be shown to be strictly positive because of the hypothesis of ® being compact
Indeed, this is a consequence of Lemmas 22 and 23 ). Then, for any ¢ € ¥, my > Ay +
46. Now we can apply the Lemma 18 to the compact set A and find almost surely finite

random variables N’ so that if n > max(N, N’), we have at the same time

Vx e m?, F(x) <mg+6
Vx ek, Ff(x))mfp—ézmgb—i—%
Vx ¢ A, F(x) >m+1

This forces each of the sample ¢-mean sets m? to be contained in an e-engrossing of the

corresponding m?. O

This lemma is a consequence of Berge’s maximum theorem Berge, 2010, all the relevant

notions are presented in Chapter 7 of Rockafellar and Wets, 1998.

Lemma 22. Let F be a closed subset of continuous functions from a compact set A to R such
that for each F € F, F ha a unique minimizer (that we call xp) contained in K_ := {x € A :
p(x,0A) > n} for some 17 > 0. Then, for any € < 17, the map & : F — MiNyep.p(xxp)>e F(X) —

F(xg) is continuous. Thus, 6 := infrcr 6¢(F) > 0.

Proof. By Theorem 7.33 of Rockafellar and Wets, 1998, since F is closed in the sup-norm

and it contains only continuous functions, the map F > argmin,__, F(x) (from F to 2K) is
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epigraphically continuous. Moreover, since by assumption, each F has a unique min-
imum, this implies that the map F — xr is continuous from F to K. By the closed
graph theorem (Theorem 1.4.8 of Aubin and Frankowska, 2009), we also have that the
map C : F — {x € K : p(x,xp) > €} = cl(K\Be(xF)) is upper and lower epicontinous
and compact valued, thus we can apply Berge’s maximum theorem (see Berge, 2010) and

deduce that the map : F +— min,.c(r) F(x) is continuous too. O

Lemma 23. If Y is a "compact” collection of maps in @y such that p > ¢ for any ¢ € Y and F;,p

is finite, then for any compact set A € X, the collection F := {Ff,’ |a : ¢ € Y} is compact.

Proof. We can defineanormon ¥ as |- |y : ¢ — | % |- This is well defined and makes
¥ compact because each function of the form ¢/ (1 + ) is continuous and bounded by

one. Now we show that the map sending ¢ € ¥ to Fff |4 € Loy (A) is continuous.

|| alle = sup | ¢(p(x,y))du(y)
xeA JX

M(l +(p(x,y)))du(y)

=su 4
xeg X 1+ lp(p(x,y

< ¢l <1 +sup X¢<p<x,y>>du<y>)

XeA

<ol (1 +supF;!’<x>) |

xeA
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3.4 An Examples

Here we show an example of application of our results. We drewn n = 100 samples from

a bimodal distribution on the sphere S3. In particular, the generating process is as follows

s (51+5.1)/2,

) 0] [1 0 0
yi 9N [ fo],lo 1 0],
2| o 0 1
xi = Yi/ |yil2-

This is effectively a mixture of two isotropic distributions centered respectively on the north
pole and the south pole of the sphere. As a consequence, the resulting population ¢-mean
(for any ¢ € @) is given by all the points on the equator, that is points with null third
component. However, when drawing a sample from such a distribution, the resulting ¢-mean
m? will almost surely be given by just a single point, as the empirical distribution is almost
surely not symmetric with respect to the equator. However, according to the consistency
result, the one-sided Hausdorff distance between m‘,lf and m? will converge to zero almost
surely. This case makes it clear why it is essential to use the one-sided Hausdorff distance
instead of the symmetric Hausdorff distance. The reason is that using the symmetric version
we would get that the distance between a single point and the equator can never go below
7t. Instead, using the one-sided version, accurately assign a value of zero for the distance
between a point on the equator and the equator itself.

Below is an illustration of a simulation with ¢ : t — t¥ for p € [1,3].
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FIGURE 3.1: In black are the 100 samples, in blue is the population ¢-mean (which does
not depend on ¢) and in red are the sample ¢-means. As we can see they are not spread
all over the equator, but they are all close to it.
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4. Central Limit Theorems

In the previous Chapter and in the article Aveni and Mukherjee, 2024 we established

a Consistency result for ¢-means which shows that, under mild hypothesis, the sample

¢-mean mi) converges almost surely to its population counterpart m¢?.

In this section, we better quantify the speed of this convergence by providing a CLT
for generalized Fréchet means. However, in order to state such a result we need to restrict
ourselves to a more restrictive setting than just metric spaces with the Heine Borel property.
We need to be able to locally approximate our space X with a linear space. For this reason
we assume from now on X to be a Riemannian manifold equipped with its geodesic distance
0, even though more general settings have been recently explored by Mattingly et al., 2024.

In the first section, we will briefly recall some relevant notions from Riemannian geom-
etry and then we will provide and prove our CLT. Finally we will illustrate these results
with examples on common Riemannian manifolds like spheres and the Lie group of spatial

rotations SOs.

4.1 Notation and results on the cut locus

The basic notions of Riemannian geometry that we need are covered, for instance, in
Chapter 6 of Lee, 2021, Chapter 5 of do Carmo, 2013, Chapter 5.4 of Jost, 2011 or Chapter
3.2 of Chavel, 2006. For the more specialized results on the cut locus, essential references
are Eltzner et al., 2024, Le and Barden, 2014, Barden and Le, 1997 and most importantly
for our work Hotz et al., 2022. The reason why we are interested in the cut locus is that
this is a set of points where the distance function is not smooth and, despite the cut locus
having volume measure zero, this can slow down the convergence of the sample ¢-means.
In particular, the contribution of the cut locus to the asymptotic variance of the sample
¢-means is known in the literature as smeariness and it was first described in Eltzner, 2020.

We denote by T, X’ the tangent space of X" at x and by exp,, : Ty X — X" the exponential
map, which maps a tangent vector v € T, X to the point reached at £ = 1 by the unique

geodesic ¢y : R — X with ¢(0) = x and §(0) = v.
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We denote by V, and Ny the largest neighborhood of 0 € TyX and of x € X for which
exp, is a diffeomorphism from V, to Ny. The set Ny has full volume measure in X" and its
complement C, is the cut locus of x which is known to have at least Hausdorff codimension
one (see Barden and Le, 1997). We have that C; = exp,(0Vy). For this reason the
tangential preimage of C, is sometimes called the tangential cut locus (see for instance
Jin-ichi and Minoru, 1998).

On N, we can define the log map as the inverse of the exponential map and we denote
it by exp;1 : Ny — T,X. This is by definition of N, a diffeomorphism. When y € Cy,
by exp*1 (y) we mean the preimage of y in the tangential cut locus 0Vy through exp,.
The failure of exp, to be a diffeomorphism can be due to a lack of injectivity or to a
degeneracy in its derivative. This allows to partition C, into two (or indeed countably
many) disjoint parts, in particular, let Hy be the set of points y € C, for which there are
exactly two minimal geodesics connecting x to y. This set is known (Barden and Le, 1997) to
be a (possibly empty) disjoint union of hypersurfaces (codimension one properly embedded
submanifolds). Moreover, its complement in C, has at least codimension two and it contains
the set of first conjugate loci (i.e. the points in Cy at which the exponential map has a

degenerate derivative). Notice that Hy can be also written as {y € C, : [exp, 1 (y)| = 2}.
4.2 Central Limit Theorem

We now consider the regularity of the map py : X — Ry sending y — p(x,y). This
function is smooth on Ny\{x} with unitary gradient and it is just continuous on C, s {x}.
Despite this, py is relatively well behaved on Hy (and at x where it is completely analogous
to the cone y + [y|z in RF). In particular, we recall the following facts proved in Hotz

et al.; 2022.

Lemma 24. Let S < H, be a sufficiently small subset of a connected component of Hy, then
exp; ' (Hy) will be made by two disconnected regions of Cy. There are two disjoint neighborhoods
V1, V2 < T, X\{0} containing these two regions such that (exp, |y:)._, , are two diffeomorphism

1=

onto the same set U = exp, (V') = exp,(V?). We can now define o', : U — R as the map

43



sending y — | (exp, |yi) "1 (y)|. We have that these two maps are smooth and that they agree only

on U n H,. Moreover,
Vye U, px(y) =min(oy(y), p3(y)).

In addition for i € {1,2}, ify € S and v' is the only element in exp;(y) N V', then
Vei(y) =o'/ o]

and the geodesics ', v* with o' (0) = x and 7'(0) = v’ are the two minimal geodesics connecting

x to y in a unit of time.

Now, for each connected component of Hy, following the constructions in the previous
lemma (and carefully patching together the different maps constructed at each connected
component), we define p; on a neighborhood of all these connected components and by
making arbitrary choices of signs, we define xx : ¥ — pi(y) — p%(y). This map is well
defined on some neighborhood of Hy. In [] it is proved that Hy 3 y — Vx(y|x) is a non-
vanishing vector field normal to Hy.

From this we define for every y € Hy,

Koty = [Vl ney = Vae(y)/xe(y)-

We have that, if ¢ : R — Ry is a C! function, then for y € Hy,

1V (elokv) — 93 w)) | = |

¢ (01 ))VPr(y) — ¢ (02(1) VR (y)|

=¢'(p(x, ) IVx«(y)l
=¢'(o(x,y))xx(y)

We also have that if y € Hy,

Voi(y) = lim_ Vpi(2).
z—y,{expy (2),Vpi(y))<0

For y € Hy we define the 1-form dy* : v — (n,(y),v) and the (0,2)-tensor J,(y) : (u,v) —
@' (p(x,¥))xx (y){nx(y), u)(ny(y),v). Now impossible definition of 7y, ().
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Now, for any C? function ¢ € ®, we define A? : t — ¢/(t)/t this is well defined and

A?(0) = ¢”(0). If u is a probability measure on X', we define the following vector field

Definition 25.

Gltx) = [ A*(exp () exp (n)dn(v)

Now, if u(Cyx) = 0 which is always the case if y is absolutely continuous with respect

to the volume measure in a neighborhood of Cy, then

VE (x) = /X Vo (o(x,y))dp(y)

—— [ LR W ottt

- - / APl exp; ! (1)) exp (1)dp(y) = ~Gul).

X

Indeed, as can be seen from an application of the chain rule, we have that the gradient of

fx:y — ¢(px(y)) is the vector field

¢'(py (%)

V()bopy(x) = - Py x)

exp ' (v)

Moreover, the Hessian of fy is the symmetric (0,2)-tensor

Hessfx(y) : (u,0) = (Do(V fx) (y)u, 0)y
By calling Ay (y) the (1,1)-tensor sending v € Ty X" to
Dy (A?(Jexp; (1)) exp; ' (y) ) € ToX,

we have that Hessfy(y)(u,v) = —(Ax(y)(u),v). In what follows we will need to consider

the expected value of A, which is the map Al : T,X — T, X sending

Al:v— Ax(y)(v)du lfy / Ax( (y) (4.1)
Ny
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Given a probability measure p absolutely continuous around H, with density i := di;é I

we also define the (1,1)-tensor field J, as

AfCZUH/H ¢’ (o(x, y) ey (x)<my (x), )7, (0)my (x) fi(y ) dvoly, (y) (4.2)

Clearly, if Hy is empty (that is if Cy has codimension > 2) or if # has vanishing density over
Cy, then A2 is zero. Finally, putting together these two terms A = AL + A2 we get the
essential term for the next linearization result, which will allow us to compute the Hessian
of FY.

Finally, before stating our we recall the notions of metric continuity. We denote by

As(x) :==Cpy = |J Cy  Bs(x):=Bs(Cy) = ] Bs(y)
yeB;(x) yeCy

Since x € C;, iff y € Cy, we can rewrite the first set as
As(x) ={ye X :Cyn Bs(x) # I}

Metric continuity, which holds for every Riemannian manifold, proven in Jin-ichi and Mi-

noru, 1998 for compact manifolds and in Le and Barden, 2014 for general ones, says that

Lemma 26. For any Riemannian manifold X and for any x € X,
Ve > 036 > 0: As(x) < Be(x).

Now we present the following CLT, which is a generalization of the one presented in
Hotz et al., 2022. The assumptions are extremely weak, in particular, it is conjectured that
assumption (ii) is always satisfied on any Riemannian manifold. In particular it is known

to be satisfied on any symmetric space.
4.3 Central Limit Theorem for Smooth Functions

Theorem 27. Let X' be a connected Riemannian manifold, y a Borel probability measure on X

with a unique ¢p-mean m?. Under the following assumptions
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There is some & > 0 such that y has a continuous density with respect to the volume measure

on Bs(m?).

As 6] 0,vol(As(m?)) = O(6)

The terms Al ,, A2, are well defined and finite.
Then
Viexpt(mf) > Ny (0, (A%,) 12 (AL,)T)

The proof of this theorem will result from the following lemmas.

Lemma 28. Under the hypothesis of Theorem 27, the vector field G;’f admits the linearization
My G (4) = =g, (exp 3 (¥)) +0(p(x, m?)).
Proof. Let z € X be fixed, we need to linearize the vector field g‘ZP sending
N; 3 x — A?(|exp,*(z)]) exp, ' (z) € T+ X

In particular, let x,y € N, be contained in a geodesically convex neighborhood, so that
there is a unique minimal geodesic ¢ with ¢(0) = x and v(p(x,y)) = y. We now have
two possibilities. We could have that ([0, p(x,y)]) S N, or that ([0, p(x,y)]) v C, # &.

In the first case, we have that by definition of covariant derivative,

11y, (8:(y)) = 8=(x) + Az (x) (expl ' (y)) + 0(p(x,v)) (4.3)

As for the second case, by taking x, y generic and sufficiently small, we will only consider
the case in which ([0, p(x,y)]) intersects C, just once at some time t* € (0, p(x,y)) and

that ¢ := y(+*) € H,. In this case, we have that

Tyx(82(y)) = 82(x) + Az(x) (exp (1)) + ¢ (02(8))k=(E) e 2 (n2(2)) +0(p(x,y))  (44)

Indeed, if o} and p? are the functions defined in Lemma ? that we now label in such a way
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that p. (7(£)) = pL((1)) Liefoe] + P2(Y (1)) i () then we can write
Ty, (8:()) — 8=(x) =Tya(82(y)) ~ Tz V(90 p1)(©))
+ g (VP op) (@) ~ e (V@0 02)(2))
+ g (V(9002)(2)) — g (%)
= (Tl (V(92p)(2)) —2:(v)
g (9 (p=(8) = (&) (2))

+ Az (x)(exp; ' (€)) + 0(o(x,§))
=~y (A:(y) (exp, (@) +0(p(E, 1)) )
+ W(PZ(‘Z))KZ(C)HC,X(HZ(E))

+ Az(x) (expy 1 (€)) + o(p(x,0)).

Where we used the definitions of x,n, and the fact that, along a geodesic v, LTy (a),7(0) ©

IL, ) 1(c) = Tya)4(c)- Thus, we have that I, (g:(y)) — gz(x) is given, up to an error

o(p(x,y)), by
Az (x)(exp 1 (8)) + 1Ty (Az(y)(— engl(C))) + ¢ (02(8) ) %2 (5T 1 (n2(8))-

However, x, ¢,y are on a geodesic, and thus we have that if « := p(x,{)/p(x,y),p =

p(¢,y)/p(x,y) = 1—a, then

Ax(x)(exp; (y)) = Az (x)(exp; ' (&)) — Ty (A=(y) (— exp ' (x))))
= A=(x) (expy (1) — w Az (x)(exp; ! (1)) + Bz (A=(y) (exp; ' (x)) )

= B (A=(x)(expy (1)) ~ Tyx (A= (1) Ty (exp7 ' )))) ) = 0 (p(x,9))

Thus, we have indeed shown (4.4).

Now we can Let x be a point in a geodesically convex neighborhood of m at distance
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p(x,m) = t and let y be the unit speed geodesic from m to x. For k > 1, we consider
Lyi={ye X : |7((0,1)) nCy| = [7((0,£)) " Hy| =k}

LY = {y e X :[v((0,1)) nHy| = 0 or[7((0,¢)) n (Cy\Hy)| > 0}

Ll = {ye X :9((0,1)) nCy # J}.

Clearly, L!! is the union of LY and all the LY, and L' < A4;(x), thus, by hypothesis
vol(LK) = O(t), moreover, if t is sufficiently small so that y is absolutely continuous in
A (x), we also have that j(Ly,) = O(t). Now, the ¢-mean m is such that G;f (m) =0, thus,

if x is in a geodesically convex neighborhood of m,

Hx,m(G;f(x))

_ / m(gy (x))dp(y)
X

(4.3) _
2 84/(m) 4y (m) (expy 3) +o(p(m, 1)) du(y)
{y((04))nCy=0}

i | 8u(m) + Ay (m) (expy 1) + (00 (6))sy ()T m (g (£)) + 0 (m, 2))dp(y)

+ /U ()
+/ , on(gu(x))auy)
—Gfm)+ [ Amdn(v)) (expy' o
+ [, 9/ u(@)R D) (o @)y +op(m. )

Now, since x, n are defined and continuous in a neighborhood of each ¢ € H,, and since y

is absolutely continuous in L,l(, with density i, we have that
0 (@) (@) Teim(my (€)= | oy )y () () (1) dvol ()

+0(pm(x)?)
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Given this formula, we can now apply the same geometric construction in the proof

of Theorem 1 of Hotz et al., 2022 and conclude the proof of the Lemma.

4.4 Uniform CLT

We are currently working toward the proof of a Uniform CLT. In particular,

Conjecture 29. Under the same hypothesis of Therem 27 and when ¥ < @, satisfies the same

hypothesis in Theorem 13 with dominating function 1, then

Where A is the same as in (4.1) and (4.2),
0¥ = C [vvzo (h;*;(v)) Voo (hlf((v)” )

and by LY (¥) we mean the space ¥ equipped with the norm |||, 4 := B/ oo

We provide here an illustration of the validity of this statement in a particular case.

Let X = [-1,1]/1 ~ —1 be a circle. We consider the isotropic measure with density
given by p(dx) = (% + fcos(7x)) dx. Since the circle is compact, symmetric and p is
isotropic, we have that mi = {0} for any ¢. We now consider the collection of functions

Y = {t —» t’ : p € [1,3]}. In this case, we have that according to our conjecture, the

covariance of the limiting Gaussian process should be given by

2771/ (p+q-1)+ f(p+4q)
D D@ ®5)

where f:p — 01/2

xP~2 cos?(7tx)dx. The proof can be found in the next chapter in 5.1.2.
In the next figure, we compare the theoretical covariance (4.5) with the empirical covariance

we obtained from simulations.

50



37ueleA0D

FIGURE 4.1: The covariance ofy/n expn:i (mﬁ) for ¢ : t — t¥ and p € [1.5,3]. The same
H
quantity, both according to our conjecture and (in red) according to simulations.
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5. Examples
5.1 The simplest case: The real line

Let ¢ € @,y and let pu be a probability measure with a unique ¢-mean that we can
assume to be in zero. In this case, exp, = id and Cyp = (J so that A? vanishes. As for the

other terms we have
5 = Vg(X)] = / PP()du(x), AP = Al = E[¢"(X)] = / ¢ (x)du(x)

Assuming these two quantities to be well defined and non-zero, we will get the following

asymptotic distribution for the sample ¢-mean

w 2(x)du(x)
mn\/7—>_/\/’ 0,x/ A2 :N<0/ fR(P ( ) H )
AR (Jr 9" (x)dn(x))*

For instance, if ¢ : t — |t|P for some p > 1, then the asymptotic variance will be

Jr¢?(@)dp(x) PP V) 1 [j(*)Pdu(x)

(J¢"@)du(x)?  (fep(p—DlxlP-2du(x))®> P =D (g xlp~2du(x))*

While, if p =1 and p has a continuous density fi in a neighborhood of zero, then

Jr9?@)dp(x) _ fpldp(x) 1

(Jr¢"()du(x)®  (Jr200(x)du(x))?  4#2(0)

For instance, if p is a Normal with mean zero and variance 02 and ¢ : t — [t|P (for p = 1),

then we get asymptotic variance

Jr¢?(0)du(x)  m T(p—-1/2)

(' (du(x)? 2 T(p+1)/2)7

Which is a well defined convex function in p, taking its minimum at p = 2, where it is just
02. Indeed, the sample mean (p = 2) is the UMVU estimator in this case. Moreover, we
see that the asymptotic variance is diverging when p — o0 and indeed, it is well known that
the variance of the mid-range of a Normal population converge to zero at the slow rate of
1/ In(n).
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If instead p has a uniform distribution on (—a,a), then we get asymptotic variance

9 @)dp(x) o
(Je¢"(x)du(x))*  2p—1

Which is a well defined convex function decreasing to zero as p — co0. This is in line with the
known fact that the mid-range (p = ) of a uniform distribution is the UMVU estimator
of the mean and it converges to a Cauchy distribution when multiplied by the sample size

n (and thus it will go to zero when scaled by /7 instead).

5.1.1 A Variational Problem

When p is fixed and it has full support and a non-vanishing continuous density i it
is possible to ask which ¢ makes the asymptotic variance of the sample ¢-mean minimal.

Given formula (5.1), to solve this variational problem we can use the Lagrangian

£g) = | ¢ (0 -2 ( / <P”(X)ﬁdX>2

Under regularity conditions, the functional derivative of this Lagrangian is (twice)

So that, we obtain the solution ¢(x) = a + bIn(ji(x)) for some constants a,b € R. In the

case of y being the normal distribution we get as a solution ¢(t) = t2.

5.1.2 Non trivial cut locus: The Circle

Let X be a circle [-1/2,1/2]/ ~ where —1/2 ~ 1/2 and let p be the probability

measure with density

fi(x) = % + cos?(7rx)

According to Theorem 31, we have that the ¢-mean of u is 0 for any ¢ € ®. And, clearly,

exp,(x) = x for any x € Vo = (—1/2,1/2). The cut locus at zero is given by the singleton
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Co = Hp = {+1/2}. We now consider ¢, : t — [t|F.
Zp = Vi [A? ([ expy ! (X)) expy ' (X))

= Vxou[p| X7~ 'sign(X)] = p?E[| X[*P~ V]
1/2 1
= 2P2/ X2 (2 + C052(7Tx)> dx
0

Thus, if for instance p = 1,2,3,4 we get respectively

1 1 9 9(m*-6) 1 3(120 — 207 + %)
M=l =gy BT T ga o Mg 4716

As for A we have that

p(p—1)[x[P=2 ifp>1

Ag(x) = pox(|x|P~'sign(x)) = {250(x) ifp=1

so that if p = 1, we get Al = 2/i(0) = 3 while if p > 1,

1/2 1
Al =2p(p - 1)/ xP=2 (2 +cosz(7'cx)> dx
0

So that A = 2,3/2 —3/7%,1—3/7% when p = 2,3,4 respectively. Finally, for A%, we

have that 7/(0) = 1, n can be taken as 1, while ¥ = 2, thus we have
A% = —2¢/(1/2)i(1/2) = —p/2F L.

Thus if p = 1, A? = 2, otherwise
1/2
A? =2p(p—1) / xP~2 cos?(rrx)dx.
0

Overall, the asymptotic distribution of y/am, is a normal with variance £¢/(A?)? which

for p =1,2,3,4 is respectively equal to

11 1 60-107°4 7% 7° 217" + 4207 — 2520
4" 3 a2 5(n2—-4)2 7 7m2(t2 —6)2

In the following plot we illustrate how the asymptotic variance varies with p.
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0.30 4

Asymptotic Variance

0.254

1.0 1.5 2.0 2.5 3.0

FIGURE 5.1: A numerical computation of the asymptotic variance A? for the circle when
¢ : t— tPand p € [1,3]. In red, the exact values for p = 1,3/2,2,5/2,3. In these cases,

m2—2 11 4(mt—6m%424) 60—1072+ 74
m(V2+C(v2)R 3w m(4n-3v25(v2))r’  S(mi-4)?
Fresnel integral functions.

. where C and S are the

we have %,
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5.1.3 Spheres

We consider S" = {x € R"*! : ||x|» = 1} and a probability measure absolutely contin-
uous with respect to the volume measure with isotropic monotone density, more precisely,

we assume that fi(x) = f(p(x,e)) with f : [0, 7] — R smooth monotonically decreasing
with f/(0) = f'(71) = 0. Let now oy, := 27"*1)/2/T((n 4 1)/2) be the surface volume of
the unit n-sphere and &, = w"*1/2/T((n 4+ 3)/2) the volume of the unit ball. Then, by

31, m? = e and

2 = V[A?(Jexp, ! (X)) exp, ! (X)]
= E[(A?(Jexp, (X)) (exp, (X)) exp,  (X)]

- /7T Op_q sin " (r) f(r)d"(r) ylydydr
0 Sn—l

7T
:/ (Tn_lsinnfl(r)f(r)ﬁz(r)l g 1y%dydr
0 n—

T /2
- / O 1 sin" L () F (1) 92 (P)] / 20,5 cos" () sin?()dtdr
0 0
= [ auasint )90 1dr = TElg(p(e, X))
0

Where f f(x)d(x) := [ f(x)d(x)/ [ d(x). In spheres the cut locus is always just a single
point, and H, is empty for n > 1 and it is equal to —e when n = 1. Thus, A2=0ifn > 1
and when n = 1, x = 2, T = 1 and thus we have A2 = —2¢/(7) f(7r). As for Al, we can

caluclate in general that (if r = p(e, X))

Ac(X) 0 > 9/(7) cot(r)o -+ ¢/ (1) (1 — /() cot(r)) o, P X), e (X)
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Thus, assuming f to be differentiable,
Al v sE[A(X)(0)]

=E [cp’(r) cot(r)v + (1= ¢/(r) cot(r))¢"(r) (v, exp;l(X)>exp;1(X)

72

=0 /n 0n_1¢’ (r) cos(r) sin™ 2 (r)dr
0

+ /07r u_19” (r) (1 — ¢’ (r) cot(r)) sin”_l(r)]i (x,v)yxdxdr

n—1

=vE [qﬁ’(r) cot(r) + %4)”(1’)(1 —¢'(r) cot(r))]

On—1

=0 /7T (cp”(r) sin"1(r) + ¢'(r)(n — 1) cos(r) sin”_z(r)) f(r)dr

n Jo

On—1
= —0

/ "9/ (1) sin™ (1) (r)dr

n

Which is finite and strictly positive as long as f is continuous, non-increasing and non-

constant. Thus, if n > 1 we conclude that on §",

n T2 (r) sin ! r)dr
Viexp, H(m,) 5 N, (0, Jo ¢°(r) (r)f(r) )
o Tut (fy7 ¢ (1) sin" (1) f(r)dlr)”

And finally, if n = 1, we get the following CLT on the circle S

To2(r)f(r)dr
\/Exel(mn)ﬂj\/'<0,l fO‘P()f() )
o 2 (7 ¢ () () dr + ¢ ()£ ()

Notice that the term 2¢(7r) f (77) is the dampening effect due to the presence of some mass

on Hy,. This phenomenon has been described for the first time (in the case of ¢(t) = #?)

in Eltzner, 2020 and named smeariness.
5.1.4 Real Projective Spaces

The case of Real projective spaces is similar to spheres as these are quotients of spheres

by the antipodal map. In particular,

m/
Y = 11/ Z(Tn_l sin~(r) f(r) ¢ (r)dr.
0

n
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Similarly,

n/
Al = —Il/ 2(7,1,1 sin" 1 (r) f' ()¢ (r)dr.
0

n

In this case, however, the cut locus has codimension 1 and A? does not vanish. Indeed,

A= — /Sn1 2¢'(70/2)f(1/2)y ydy = —0,_1¢'(7/2) f(71/2) = *%W(ﬂ/z)f(”/z)-

Thus, in this case we obtain the following CLT,

n Jy"? 2 (r) sin" (1) f(r)dr
,U'i’lfl /2 s n—1 / ’ 2
(J5/2 @' (r) sin () fr(r)ar + ¢/ (7/2) f(/2) )

Viexp; L(my) S [ 0

5.1.5 A useful example: Rotations in 3 dimensions

We consider SO3 as the Lie group of tridimensional special orthogonal matrices (i.e.
3 x 3 matrices x with positive determinant such that xTx = xxT = I) equipped with its
bi-invariant Riemannian metric (corresponding, up to a constant, to the Frobenius inner
product on s03) which we normalize so that diam(SO3) = 7. Notice that under this
normalization we have that p(x,y) = |lexp;* (x~'y)|r/+/2. This manifold is isometric to
the Real Projective Space RIP?. In particular the cut locus C; of the identity is the geodesic
sphere {x € SO3 : p(I,x) = 7} which is the same as the set of all rotations by 7 around
any axis. This is a two dimensional embedded submanifold isometric to RIP?. Let u be a
probability measure with density fi(x) = f(p(I,x)). In order to integrate such probability
measures we need to know the area of the geodesic spheres 5%03 (r) ={xeS0Osz:p(I,x)=r}
which is given by A, = 47rsin?(r). Given the formula for the area of geodesic spheres in SO3

we can deduce the radial part of the Laplacian from which we recover the heat equation.

In general, if A, is the area of a geodesic sphere at distance r, then

0, A,
Ar

0, "2 32 4 2 cot(r) o,

Ar:az_’_
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So that the heat equation in SO3 for a radially symmetric function is 6; = 62 + 2 cot(r)d,,

whose solution is given by

Z sm kx _H(k2—1)
27'[2 sin(x)

This can also be derived (with some effort) from Proposition 3.6 of Avramidi, 2023. This

function reaches it maximum at r = 0 and its minimum at r = 7r, where

o0
2—tk21 1 k12—tk21
£(0,8) = ZZZk ), 2—; )i ),

This is properly normalized, indeed

iy (x)dvol (x) = / " e sin? (x) ig () dx
SO;3 0

0

2 2 T
=) ket / sin(kx) sin(x)dx

TS 0

0
Z 715]{1:1
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Moreover,
E[|x|] :/ |x|fi (x)dvol(x) :/ 4rrx sin®(x) iy (x)dx
O3 0

2 & 2 &
=— Z ket _1)/ x sin(kx) sin(x)dx

k=1 0

2 G, ey [T 4k
= Z ke 1) <45k,1 - (kz_l)z(skeven)

2 o 2 i
=— Z ket 1)/ x? sin(kx) sin(x)dx

T 0
2 & 2703 — 37 4(—1)*rk

= Z k ie-1) ( Okt — (2 ) > ‘Skeven>
e 12 (k2 —1)

We can compute A? in general on RIP"”. We have that

2 _ _ 3n/2-14 n—1 n;3_§ 3.7 = ’r_=1 % . k+127tk2 1)
A = (Nt ) 37 ¢ ()(7) 3 k; ke

As for A, we have that if v € T/RIP" and y # I, then v can be decomposed into a component

parallel to epr_1 (y) and one orthogonal to it. Then we find easily that

cos(r)
sin(r)

Aly) = ¢ () S+ 9" (1) 5o

When integrating this with a radially symmetric density, the second term vanishes and we
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are left with

—471/ ¢'(r) cos(r) sin(r)fi(r)dr

= %Z ke t(®=1) /0” ¢’ (r) sin(kr) cos(r)dr

k=1

122 kZ 1)
4k2—1

5.2 Computational Results

We start this section with a powerful result that removes the need to perform any
computations in a vast class of interesting cases. In particular, we will now prove that on
any symmetric space if the probability measure is isotropic around a point z and decreasing,
then all the well defined ¢-means coincide with this unique point £. This result is quite
intuitive, but perhaps surprisingly it fails completely when the hypothesis of symmetry is

removed.
5.2.1 Isotropic Probabilities on Symmetric Spaces

In this section, we will restrict ourselves to symmetric spaces. We also consider abso-
lute continuous measures with isotropic decreasing density, that is measures of the form

prs(dx) = f(o(x,£))vol(dx) for some point £ € X and f, is any non-constant, decreasing

functions from [0, o) to itself.

Definition 30. A complete Riemannian Manifold X is said to be symmetric if for any two

distinct points x,y € X, there is an isometry Ry, exchanging x and y of period two (meaning that

= id).

Theorem 31. If f is non-negative, decreasing and non constant and X is symmetric, then for

every £ € X, the measure p(dx)ocf(p(x,£))vol(dx) has ¢-Fréchet mean % for every ¢ for which

FZ) is finite.

Proof. Lety € X\{%}, then we have that X := {x € X : p(x,£) > p(x,y)} is congruent

with X~ := {x € X : p(x,%) < p(x,y)} because the isometry R exchanging £ and y also
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exchanges these two sets. In particular, any point x € X with ¢(p(x, %)) — p(p(x,y)) >0

is sent to a point Rx with ¢(p(Rx, %)) — ¢(p(Rx,y)) = —[p(p(x, %)) — p(p(x,y))] < O.

Moreover, we have that for any x € X*, p(x, £) < p(Rx, £), thus

FL8) ~ FE) = [ (el %)) = 9lp(x, ) F(p(i,#)vol ()

X

:/X+(<P(P(x/9?)) —¢(o(x,y)))f(p(x, £))vol(dx)+
+/(¢(P(X'/f)) —¢(p(x',y)))f(p(x', £))vol(dx')

=/X+(<P(P(x,9?)) —¢(o(x,y)))f(p(x, 2))vol(dx)+
+/X+(<P(P(Rx,3?)) —¢(p(Rx,y))) f(p(Rx, £))vol(dx)

:/x+ [p(o(x,2)) = ¢(0(x, y))ILf (0(x, 2)) = f(o(Rx, %))]vol(dx) <0

Where the last inequality holds because of the fact that vol(X™) = vol(X)/2 > 0. This

proves that £ is the global minimum of F?. O

Symmetric spaces have been completely classified in Cartan, 1926, Cartan, 1927, and
they include the spheres, the real, complex, and quaternionic projective spaces, and all the
compact semi-simple Lie Groups. Moreover, the family of symmetric spaces is closed under
Cartesian products. Thus, for instance, the torus T" belongs to the category.

Thus our result is useful in dealing with the population ¢-means but not with the sample

¢-mean. For this we considered the algorithms described in the next subsections.
5.2.2 Newton Method on nested grids

This method is extremely fast and precise on low dimensional manifolds but becomes
unpractical when the dimension increases. We used when dealing with the line, the circle,
the plane, and the sphere.

We illustrate it in the case of the plane. In the following code, X is a matrix with the
samples.

fre=function (X){
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n=nrow (X); h=1/10000
loss=function (x){
0=0
for (j in 1:n){
| omorphi (sart (el X1 1) "2 (x021 13 20)"2))

return (o)

}

x0=y0=0
for(s in 1:4){
L=xx=yy=c ()

for (i in 1:100){
x=x0+(i -50)/100" s
for (j in 1:100){
y=y0(j —50)/100" s
xx=c¢(xx,X); yy=c(yy,y)
L=c(L,loss (c(x,y)))

}
}
x0=xx [ which .min(L)|; yO=yy|which . min(L)|; L=xx=yy=c()

}

return(c(x0,y0))
}
This algorithm at each step produces two additional digits of the ¢-mean by exploring

the loss function on an increasingly small grid in the neighborhood of the previously found

minimum.

5.2.3 Gradient descent

This is a standard algorithm and its performance is widely studied. In particular,
its convergence to the global minimum is not certain and in any case, it is not able to
provide the entire set of minima in the case in which there are multiple. In our context the
performance of this algorithm is optimal in the case of moderately convex functions like
¢ : t — t2, but it is not usable when ¢ is flat (like ¢ : t — |t|) or when it is too convex
(like when ¢ : t +— t19). In the first case, the gradient of F? is constant in magnitude and
thus the estimates constantly orbit around the global minimum without ever reaching it; in
the second case, the convergence eventually occurs but becomes exceedingly slow at points

close to the minimum. These problems are known, and there are some solutions in the

literature.
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5.2.4 Tangent plane flipping

This is the most promising algorithm that we considered and we used it on spheres
and Projective Planes. It relies on the Lemma we prove below which guarantees that at
a local minimum x of F?, the pushforward of u on TyX though the exponential map has
¢-mean equal to zero. There are two main drawback of this algorithm. Firstly it requires
to compute the log and exponential maps at several points on the manifold which is doable
only when these maps are known in closed form (which they are on symmetric spaces).
Secondly, it requires to compute the ¢-mean on the tangent plane, which is straightforward

only when ¢ : t — #? (in which case m‘,’i is the classical mean) but in general requires the

appeal to one of the previous algorithms.
Inputs: The sample (Xj)?zl and an initial guess my

Setk=1landd=1
while d > ¢ do

U <— arg minvekaX % Z?:l ¢(|lo - expyzg(Xj) ()
d < [ox]my
M1 < eXPmk(Uk)
k=k+1
end
Algorithm 1: Tangent flipping algorithm
Lemma 32. Let y be a probability measure supported on X such that y(qum¢(H) Cy) = 0, then,

if jip denotes the pushfoward of y through the map exp,, in V, < T, X, we have that,

pemt(n) oyt Ocargmin [ (o wliy(dv)
veT, X JTpX
Proof. By definition a point p € m?(p) iff p € arg min gex F;f (q). If this is the case, then we
must have that moving away from p in any possible direction does not decrease F;f . That
is, if p € m?(u), we must have that

Yoe T,X, | Ff(exp,(tv)) =0

Where by /|, f(t), we mean limy,o(f (k) — f(0))/h. Notice that this quantity is well

defined and finite because of lemma ?. But we, remembering that that the exponential
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map is a radial isometry (so that p(p, exp,(w)) = [[w]) we get that

0 < ool (exp,(10)) = o7, | Plotexp, (19) ()
-/ 9o e, o)l
= [, Pt sy (0 P)) 2 (3 (12))
= 101 Pt 3, (P03 P)) €050 ()
= ol |, Hantntn (P(05P, (0), €30, 0))) cos(Ou)iy ()
= [, Hancomn (10D )
-/ o (101D 2 (10wl

= [ & lypllto—why(dw) = 5|y B, 0+ t0)

P

But now notice that ng 10— fT 2 ¢(|v —wlg)fi,(dw) is a convex function defined on a

linear space. Thus 0 € arg min F‘P precisely iff 0" 1-"('{J (04+tv) =0 O
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6. A discrete application
6.1 Introduction

Analyzing how individual preferences differ across a set of alternatives is crucial for
many fields, including economics, political science, and computer science. For instance,
researchers often run experiments to elicit participants’ preferences and then assess the
dissimilarity in their choices to understand the variability or polarizations of preferences
in the aggregate. Similarly, in modern recommender systems, assessing the difference in
users’ past clicking behaviors on movies or shopping items is a common practice to improve
future recommendations.

In all these contexts it is often needed to find ways to aggregate preferences and possibly
to cluster them around some "central" rankings. This is particularly useful for profiling
users.

Once a distance d is defined on the space of rankings over a finite number of objects
C = [n], a natural way to produce a "central ranking" is to consider a ¢-mean. In particular,
in the literature, the median (corresponding to ¢ : t — t) is frequently considered.

In what follows given a permutation ¢, the k-th element o} € C is interpreted as the
k-th preferred option by . If A is some menu of alternatives (that is, a subset of C), we
denote by M4 (c) the most preferred element by ¢ over A.

The pioneering works Kendall, 1938 and Kemeny, 1959, proposed and axiomatized a
distance function, known as the Kendall metric, defined over the space of permutations
(equivalently, rankings). In particular, for some

The Kendall metric assesses the dissimilarity between two rankings by counting the
number of times they have different favorite elements over all possible menus of size two.

Formally,

dl(o,m) = Y U(Myj(0) # My (). (6.1)
{ijtcC

This metric has been employed successfully in several contexts. For instance, when used

to retrieve a median (consensus) ranking from a collection of individual preferences, it
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has been shown to induce desirable welfare properties, such as Pareto optimality and the
Majority principle.

However, despite its popularity, by focusing solely on the total number of disagreements
over menus of size two, the Kendall metric has several shortcomings. First, it gives the
same importance to disagreements over top-ranked alternatives as those over lower-ranked
alternatives. Moreover, it does not account for the identity of the alternatives involved.

Consider the following rankings,

C1 C1 o Cy Cq
C2 C C1 C3 C3
C3 C4 c3 C1 2
C4 c3 Cq 2 C1

o o’ o w W'

FIGURE 6.1: Rankings o, ¢/, ¢”, w and «’. Notice that from ¢ to ¢’ (and from w to w’)
the last two items are exchanged, while when going from ¢ to ¢” the first two items are
exchanged.

6.1.0.0.1 Top-bottom trade-off. In Figure 6.1, observe that ¢’ is derived from ¢ by swap-

" is obtained

ping the positions of its two least preferred elements, c3 and c4. Similarly, o
from o by reversing the order of its two most preferred elements, ¢; and cy. As such, o and
o’ differ only when faced with the menu of alternatives {c3, c4}, whereas o and ¢” disagree
on all four menus that contain both c; and ¢;.! The greater number of disagreements in
the second case naturally suggests that d(o,0’) < d(c,c”). However, this is not captured

by the Kendall metric, which disregards the choices over menus with sizes larger than two

and concludes that the two distances are identical.

6.1.0.0.2 Heterogeneous alternatives. Even if two couples of rankings disagree over the
same number of menus, their respective choices may differ. For example, in Figure 6.1, o and

o’ differ only over the menu {c3, ¢4}, just as w and ' differ solely over {c1,cp}. Therefore,

1 Specifically, they disagree over the menus {c1,c2}, {c1,c2,c3}, {c1,¢2, ¢4}, and {c1, 2, c3, ¢4}
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their Kendall distances are equal. Yet, if the options in C have distinct characteristics—such
as movies from different genres or products with different prices—it can be inappropriate
to see these rankings as equally distant.

These limitations recently led to the development of the top-difference distance in
Nishimura and Ok, 2023, where the specular point of view is taken. While the Kendall
metric focuses exclusively on menus of size two, the metric of Nishimura and Ok, 2023
counts the total number of disagreements between two preferences across all possible menus

of alternatives.? Formally,

di(o, ) := > | Da(o,m)|, (6.2)
AcC

where A (0, 71) := Ma(0) A Ma(7r) and A denotes the symmetric difference between sets.
By taking into account menus larger than two, the top-difference distance agrees with our
expectations in the example of Figure 6.1, concluding that di(c,0’) < d1(c,0”). Moreover,
when the cardinality |- | in (6.2) is replaced by a general measure y over C, the resulting
distance, denoted by d?, introduces some degree of heterogeneity among the alternatives,
since in these cases their identity matters for computing d;’ .

While providing some remedy to the main limitations of the classical Kendall metric,
some aspects of the top-difference idea require further scrutiny. First, the underlying as-
sumption behind the top-difference metric is that all menus are equally important. As long
as the total number of menus with disagreements remains the same, the size of these menus

is irrelevant.

2 More precisely, it returns twice the total number of disagreements over all menus.
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C1 C1 2

c2 Cq €1

C3 C3 C3

C4 (05] C4
o 0 7T

w

6
n

N

# of disagreements with o
=

2 3 4
Menu size

FIGURE 6.2: Rankings o, 6, and 7, together with a plot summarizing their number of
disagreements relative to o.

In Figure 6.2, the top-difference metric determines that dq(c, ) = d1(0,6), as both
rankings 7t and § disagree with ¢ over four menus. However, the right plot illustrates that
the distribution of these disagreements differs significantly. Specifically, while the disagree-
ments between ¢ and 71 are more evenly distributed across menu sizes, those between o
and § are mainly concentrated on smaller menus of size two, without involving the full set
of alternatives.

Failing to account for the menus’ size is undesirable in many applications, particularly
in settings where the primary focus is on top-ranked candidates. Consider, for example, the
task of aggregating user preferences over a subset of available movies of size n to generate
a (ranked) recommendation list of length k < n. In this case, a natural approach is to
focus solely on the top k elements of each ranking. This can be implemented by restricting
attention to menus of size at least n — k + 1, as no candidate ranked below k can ever be the
favorite element over these menus. The rigidity of the top-difference metric prevents such
a specification and could bias our assessment by giving too much weight to small menus.
Moving beyond the example, assigning greater weights to larger menus reflects the idea

that the importance of disagreements grows as the menu size increases.

69



Second, while replacing the cardinality |- | in (6.2) with a general measure y provides
some degree of variability, we next argue that this modification does not capture the whole
extent of heterogeneity, as it does not account for the relation between the alternatives
(clustering). To illustrate this, consider a simple scenario where four candidates are running

for an election: two from the Republican party and two from the Democratic party.

72 2 ) ) dq dq dq dq

dy dy 3 3 dy dy 13 r3

dq 3 dq dy 72 r3 ) dy

3 dy dy dq r3 2 dy 2
w w’ P (4 ) o 6 o’

FIGURE 6.3: Voters’ preferences over C = {dy,12,12,ds}: 11,1, are Republican while dq, dy
are Democrats.

Observe that each ranking with a superscript is obtained from the same ranking without
a superscript, by exchanging the order of the last two entries. Consider the comparison
between the distances d(w,w’) and d(y,¢’). It is reasonable to expect that d(w,w’) >
d(¢, ') since ¢ and ¢’ only differ for the ranking of the two democratic candidates, whereas
w and w’ disagree in their preference between a democratic and a republican. Similarly,
when comparing d(6,4") with d(6,6"), we would expect d(5,8") < d(6,0'), as rp and r3 are
both Republicans, while d4 is a Democrat. However, satisfying these intuitive requirements

using any u-top-difference distance leads to a contradiction. Indeed, we would need
dy (w,@') = p(dr) + p(rs) > p(dr) + p(da) = dy (9, 9')
di(6,8") = p(r2) + u(rs) < p(r2) + p(ds) = dy(6,6).

Motivated by the considerations above, in Aveni et al., 2024, we propose a new class of
distances over rankings that can deal with the top-bottom trade-off and items’ heterogeneity

while maintaining desirable computational properties. This class extends and unifies several
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existing semimetrics, including the Kendall metric and the top-difference semi-metrics,
within a single formulation (see §6.4).

6.2 Mathematical notation and preliminaries
Rankings.

We consider a set C of n > 3 elements which we interpret as items or candidates. Our
investigation revolves around rankings over C represented as lists that arrange candidates
based on preference, with the foremost candidate being the most favored and the ultimate
candidate the least favored. We arbitrarily label the candidates with the numbers [n] :=
{1,...,n}, so that a ranking is represented by a permutation; we use the terms permutations
and rankings interchangeably. By a permutation we mean a bijective function o : [n] — [n],
with o; denoting the candidate in the ih-position according to o. Therefore, the set of all
rankings over [n], is the symmetric group denoted by S,. Often, we write permutations as
ordered lists, e.g., ¢ = (074, ...,0,). For all permutations ¢ € S, and alternatives i,j € [n],

1 —1

we write i >, j if 0 ranks item i before j, that is, 0, < o

[ 3 The identity permutation

(1,...,n) is denoted by id. Often we employ the group structure of S, and we adopt the
convention that for two permutations o, € S, o7 : i — 05, Particularly relevant for
our work are transpositions. For distinct i,j € [n], we denote by t;; the i, j-transposition,
that is, the permutation that agrees with the identity id, but swaps the items i and j;
formally, t;; = (1,...,i—=1,j,i+1,...,j—=1,i,j+1,...,n). Whenever |i —j| = 1, we refer
to t;; as adjacent. Note that, in general, for o € S,, we have ot;; # t;;0. While ot;;
is the permutation obtained from ¢ by exchanging ; with oj, t; ;0 is obtained from ¢ by
exchanging the items i and j.

Given a ranking ¢ € S, and an alternative j € [n], we denote by j the collection of

alternatives preferred to j by ¢, and j*¥ is defined analogously. More precisely,
Wi={ien]:i>,j}, M= {ien] i<, j}.

We denote by P the collection of subsets of [n] with cardinality larger or equal than two,

3 The symbol <, has the analogous meaning.
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and occasionally we refer to members of P as menus. Given a set S € P and a ranking

4 We often refer to

o € S,, the best element in S with respect to ¢ is written as Mg(0).
Ms(0) as the choice induced by ¢ over S, for all S € P and o € S,. For any ranking o,
we denote by ¢* its antipodal permutation, that is, the ranking obtained by reversing the

order of all items in o.

Distances and (semi)metrics over rankings.

We study distances and (semi)metrics over the space of rankings S,. A function d :
S, xS, — Ry is said to be a distance if d(x,x) =0 and d(x,y) = d(y, x) for all x,y € S,.
A distance d is a semimetric if it satisfies the triangle inequality, that is, d(x,z) < d(x,y) +
d(y,z) for all x,y,z, while it is a metric if it is a semimetric satisfying x = y whenever
d(x,y) = 0. For any couple of rankings ¢ and 7, the classical Kendall metric, denoted by
dk (o, 7r), counts the minimum number of adjacent transpositions necessary to transform o
into 7t. The set of all paths of adjacent transpositions that transform ¢ into 7t is denoted
by

dg (o,

)
dx(o,
T(o,m) = (tﬂkrllkﬂLl)ki(lU g =0 H Fay 41
k=1

In particular, given a path, observe that its 1% transposition f,, 5,41 swaps in ¢ the items

ay,
in positions a; and a; + 1, and, for k > 1, its k™ transposition swaps in (7]_[;:11 tas 041 the
items in positions a; and ar + 1. Similarly, for each k, we write iy and ji to refer to the
unique items that are exchanged by the k™ transposition along the chosen path. When
we want to make explicit the dependence on the chosen path t € T(c¢, 71), we write instead
ai(t), ik (t), and ji(t).

Finally, a distance over rankings d : S, x 5, — Ry is said to be a graphic distance if

for all o, 7, there exists a path from ¢ to 7, i.e., t € T(c, ), such that d(c, 7r) can be

4 Formally, Ms(c) is the o-maximum element over S, that is, Mg(c') > i foralli € S\Mg(c) and S € P.
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decomposed as

dk (o, 7) j—1 i
d(a.' 7-[) = Z d o H tllk(t),ak(t)+1’ o 1_[ tak(t),ﬂk(t)+1 . (63)
=1 k=1 k=1

When d is a semimetric and a graphic distance, it is termed graphic semimetric and, by the
triangle inequality, d(o, 77) equals the minimum value of the right-hand side of (6.3) taken

over all t e T(o, 7).

Parameters.

As illustrated in the introduction, the distances we study depend on two parameters: a
vector of weights B = (Ba,...,Bn) € R"! and a function g : [n] x [n] — R. The functions
we consider are symmetric, gj; = gji, and vanish on the diagonal, g;; = 0. We denote the
collection of such functions by G and refer to its elements as dissimilarity functions. We also
denote by G (G™) the sub-collections of G that are non-trivially zero and positive (strictly
positive) outside the diagonal. The following sub-collections are employed to determine

when p% is a (semi)metric,
Ge ={g€G°:gij+ gjx = gi for all distinct 7, j, k}

G = {g e G™:gij+ gjx > &k for all distinct 7, , k}

Let g € G°, if there is some p € R" such that g;; = p; + p; for all distinct 7, j € [n], we say
that g is additive, and we refer to such y as representing function of g. If g € G* is additive,
then the representing function y is unique, and we denote by M3 (M™) the collection of
all functions p that represent the additive elements of G° (G™). The collections M3 and

M™ are defined analogously.”

5 One can verify that

M® = {p € R"\ {0} : p; + p; = 0 for all distinct , j} and MZ. = R’ \ {0}
M™ = {p e R"\ {0} : y; + p; > 0 for all distinct 7, j} and M =R ;.
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6.3 Definition, dual representation, and computability
Consider a dissimilarity function ¢ € G and some weights f = (,Bi)?ZZ e R"1 Ifa
distance d on S,, can be written as

d: (0,7) = . Bisi8uMs(e),Ms(r): (6.4)
SeP

then it is termed (B, g)-distance, and denoted by p%. By construction, both the size of each
menu and the identity of the items matter to assess the difference between any couple of
rankings. Different choices of the weights B and the dissimilarity function g induce a large
class of distances, offering a unified framework to study distances over rankings.

For instance, by specifying B = (1,0,...,0), the comparison between rankings is re-
stricted to binary menus, in the spirit of the classical Kendall distance. We denote such
distances by diﬁ Contrarily, by choosing B = (1,1,...,1) we impose that each menu
contributes equally to the overall disagreement. This approach aligns with the distances
proposed by Nishimura and Ok, 2023, and we denote them by df 7 By modulating the
parameter B, we can bridge these two cases allowing for scenarios where the menu sizes
are weighted differently. By changing ¢ one controls how the identity of the alternatives
contributes to measuring the disagreement. If ¢ is constant outside the diagonal, then all
alternatives are treated symmetrically. In this case, the total disagreement reduces to a
weighted count of the number of menus where the rankings disagree. To ease notation,
in these cases, we suppress the dependence of p% on g. When the function g is additive,
the dissimilarity between two rankings is unaffected by the distinct groups to which the
alternatives may belong, and only their individual characteristics are considered. In this
case, we use as superscript the representing function p, i.e., d;. Instead, with a general g
we can consider both the individual features of each alternative, as well as the clusters they

belong to.

6 When g is equal to one outside the main diagonal, dfi = 2d, but this is equivalent to dk for the purposes
of our analysis.

7 The semimetric proposed by Nishimura and Ok, 2023 are obtained when g = (1,...,1) and g is u-additive
with p e R
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We now illustrate how the degrees of freedom provided by the parameters B and g allow
p% to overcome the difficulties that previously proposed semimetrics face. In particular, re-
visiting the issues described in the introduction, we propose the following parametrizations.

Consider a context in which the analyst is interested in the difference two rankings
express in their top k positions (e.g., Figure 6.2). A reasonable choice of the parameters
would be to set f; = 1j>, 4+1. This ensures that swaps between items below position
k are irrelevant. On the other hand, if the alternatives are clustered into groups (e.g.,
Figure 6.3), one may want to model that within-group disagreements are less important
than across-group disagreements. A reasonable choice of g for such case is to select for
some h > ¢ > 0:

¢ if i and j belong to the same group
8 = {h if i and j belong to different groups.

A dual representation

According to their definition, our distances compare the choices each ranking makes
over different menus. We next establish a dual representation that reveals the nature of
p‘z as graphical semimetrics, providing additional insights about their structure. Following
Farnoud and Milenkovic, 2014, a possible way to quantify the disagreement between two
rankings is as follows: assign weights (costs) to each adjacent transposition and take the
shortest (i.e., minimum cost) path that transforms one ranking into the other. In particular,

for some costs ¢ € R'}:l, the following semimetric is considered,

dg(o,m)
dg : (0, 71) — in 1;1 Py (1) (6.5)

where we recall that T (o, 71) denotes the set of all paths t of adjacent transpositions trans-
forming ¢ into 77 in dg (o, 7) steps,® and ax(t) denotes the smallest position involved in the

kth transposition. Observe that if ¢ =1, then dg reduces to the classical Kendall metric

8 It is known that T(c, 7t) is not empty and there is no path transforming ¢ into 7t in fewer than dg(c, 77)
transpositions.
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dg. A dual representation for the special case of B = 1 and p constant is provided in
Nishimura and Ok, 2023. In particular, the authors observed that dj is equivalent to dg
with exponential costs ¢ = 2n=1-k " However, when y is not constant, the same authors
show that there is no ¢ for which the equality dp = d}; can hold.

We next prove that in fact it is possible to obtain a dual representation for each member
in the class of (B, g)-distances by suitably generalizing (6.5). Given ¢ € Rflfl and g € G,

we define,

dg (o, )
p‘;’;:(O',ﬂ)*—’ min Z Par ()8 (1) ju(v)7

teT(o,m)

where we recall that i (t) and ji(t) are the unique elements in [n] that are exchanged by
the k™ transposition of t. Therefore, in p‘% the cost of an adjacent transposition depends
on both the position and the identity of the swapped elements.

We relate pf; and p‘g by showing that when the weights ¢ are decreasing, there is a unique

vector of weights B (depending on ¢) such that p‘z = p%. Specifically, consider the following

linear functions

F3.3'—’¢:<é]2<nki21>;3k>

One can show that F and G are bijective maps such that F = G~!. Via these functions,

n—1

,G:p—p= (f( 1)“*"( )cpn 1 k)

a=1 k=0

(6.6)

we can finally establish a dual representation for p%. To this end, we define the set of

decreasing weights ¢ that are not identically equal to zero by

D= {p e RITN\{0}: (i = ) = (i < ¢))}-

Proposition 33. Let ¢ € G be non-zero. If pg = dg then B = G(¢). Moreover, if ¢ € G and
¢ € R, then p% = dg (¢ fand only if g € ©°.
This proposition plays a central role in the rest of the paper. The dual representation

pf; turns out to be useful for both axiomatization purposes and parameter identification.
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Indeed, later in the paper, we provide an axiomatic characterization of p‘; using the equiv-
alence established in Proposition 33. We defer the reader to §6.4 for a broader discussion.
Second, we observe that fitting from data the costs of swapping adjacent elements ¢ might
be easier than trying to select directly the weights B. Through Proposition 33, calibrating
¢ allows to identify B using the function G. Finally, although this paper mainly focuses
on rankings, we highlight that p% can be directly extended to larger domains, including
preferences that can be incomplete, and exhibit ties and intransitivity. On the other hand,

we observe that the dual semimetric pél; cannot be directly extended beyond S;,.
Parameter space

Having outlined and explained the logic behind our distances, in this section, we answer
a basic, yet fundamental, question: which choices of B and g make p% a (semi)metric? We
begin our analysis by focusing on the simpler case when g is constant outside the diagonal.

To this end, we collect all the relevant parametrizations of B in the following sets

BS:={BeR"!: dg is a non-trivial semimetric} and B™ := {f € R"!: dg is a metric},

where we are using s and m, as mnemonics for semimetric and metric. Leveraging the dual

representation established in Proposition 33, we characterize these sets in terms of the costs
.
Lemma 34. Recall G in (6.6). We have B> = G(®°) and B™ = G(P™), where d™ :=

s n—1
P* R

Thus, whenever the costs ¢ are decreasing and positive the corresponding distance dG(¢) is
a semimetric. If, in addition, each component of ¢ is strictly positive, then dG(4,) becomes
a metric.

To tackle the general case p‘; is convenient to partition the set B (B™) into two subsets as

follows. We define Bs! (B™!) as the collection of B € BS (B™) such that only first component,

B2, is non-zero, and B%? (B™?) as its complement in BS (B™).?

¥ Formally, Bs! := {B e BS:Vj>2:p; =0}, B™ := {BeB™:Vj>2:p; =0}, B?:= {feB:3>2:
Bj # 0}, and B™? := {f € B™ : 3j > 2: B; # 0}. Notice that BS = BS! Ly B2, Bs! = B™ = Ry} x {0}" 2.
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First, observe that if g = 0 or B = 0, then pgﬁ reduces to the trivial semimetric, which is
constantly equal to zero. Proposition 35 characterizes the parameters B and ¢ that make

p% a (semi)metric.

Proposition 35. pf; is a non-trivial semimetric iff precisely one of the following conditions holds
e BeBlandge G (or, B —B and g e —G°)
e BeB2andge G (or, e —B?and ge —G2)
Similarly, p% is a metric iff precisely one of the following conditions holds
e BeB™and ge G™ (or, B —B™ and g € —G™)
* BeB™ and ge G™ (or, B —B™ and g € —G™)

The proof of this result is based on the restrictions imposed by two of the defining properties
of semimetrics. In particular, apart from the trivial cases, the positivity of the semimetric
imposes that ¢ belongs to G°. Further, if Bx # 0 for some k > 2, then the triangle inequality

leads to the positivity of gj + gjx — gik, that is ¢ € G&. The inclusion of the cases within
parentheses in Proposition 35 is unavoidable because we clearly have that d:% = p%. It is

easy to check that p% is neutral, i.e., it treats symmetrically all alternatives, if and only if

g is constant outside the diagonal.

Computability

The computation of the distance p‘% between any two rankings, according to its defini-

tion, is prohibitive for large n as it requires computing the most preferred elements for O(2")
menus. However, we provide a convenient reformulation of p% computable in polynomial

time.

Lemma 36. Fix a dissimilarity function ¢ € G and some weights B € R"~1. Then,

plo,m) = 3 gifp(li T
ij:

i>gj,j>mi

- " ¢
), where fg : t — kZ:z,Bk (k - 2). (6.7)
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This representation (6.7) significantly reduces the computational complexity of p‘;;. Us-
ing Pascal’s identity, we can pre-compute the weighted binomial sum f[; in O(n?) time.
Consequently, the overall time complexity for computing pf; using (6.7) can be reduced
from O(2") to O(n3). This follows from the fact that there are O(n?) ordered couples (i, f),
and, for each of them, the value |i* n j»7| can be evaluated in O(n) time.

In addition, when g is additive (6.7) can be simplified further:

op(e, ) = 3 (FpU) + fp(i1) = 2 (i i) ) (6.8)

i€[n]

where
. t
f/g it 2 ,Bk< )
= \k-1
The computational complexity of pg reduces to O(n?).

6.4 Axiomatic characterization

In this section we establish our main result, providing an axiomatic foundation for the
class (B, g)-distances. Our postulates allow us to break down the fundamental structure
behind how p‘; measures the dissimilarity between any two rankings.

Our first postulate, betweeness axiom, describes how our distances deal with in-between
rankings. In particular, a ranking w is said to be between ¢ and 7t, denoted by ¢ — w — 7,
if for each pair of alternatives, w agrees with ¢ or 7t or both. More formally, o — w — 7 if
for all i # j

Mijy(0) = My () = Myp(w) = My (0).

We say that w is strictly between o and 7 if 0 — w — 7 and it is distinct from both of them.

Axiom 37 (Betweenness). For all o, 7w € S, disagreeing on more than one pair of elements there

exists w € S, strictly between o and 7 such that d(o, 7) = d(o, w) + d(w, 7).

Axiom 37 links the notion of betweenness for rankings with its geometric counterpart,

as captured by the triangle equality. In particular, for any couple of non-adjacent rankings,
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there is a ranking strictly in-between the two of them for which the triangle inequality
holds as equality. The main implication of Axiom 37 for semimetrics is established in the

following proposition.

Proposition 38. A semimetric d satisfies Axiom 37 if and only if d is a graphic semimetric, that

is, forall o, me Sy,

dg (o, )

d(o,m) = min Z d U'Htuk )it +1/‘7Htak(t e . (6.9)

teT (o, )

Thus, a semimetric d satisfies Axiom 37 if and only if, for any ¢ and 7t, d(o, 7t) can be
decomposed into a sum of distances over adjacent rankings, obtained by successively swap-
ping two adjacent alternatives until ¢ is transformed into 7t. Graphically, this proposition
links all semimetrics that satisfy Axiom 37 to the structure of the permutahedron, as shown

in Figure 6.4 for the case n = 3.
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FIGURE 6.4: Permutahedron (black edges) together with its completion (colored edges)
on [3].
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The permutahedron is a graph whose vertices are the elements of S,, and its edges con-
nect adjacent permutations. Each edge is assigned a weight corresponding to the distance
between the connected rankings. In Figure 6.4, the edges of the permutahedron are rep-
resented in black and are arbitrarily weighted from a to f. In the same figure, we also
link all the remaining couples of permutations with colored edges. Under Axiom 37, their
weights are uniquely determined by the weights of the edges of the permutahedron (black).
Therefore, to characterize a semimetric that satisfies Axiom 37, it is sufficient to describe
how it measures the distance between adjacent rankings, i.e., rankings that differ only in

the positioning of two consecutive items. Our second axiom is the following.

Axiom 39 (Monotonicity). For all o, T € S, and positions a < b,

{00, 0011} = {mmp, mp11} = d(0,0tg041) = d(7T, Ty p11)-

Axiom 39 captures the idea that disagreements over items placed higher in a ranking have
at least as much importance as disagreements over the same items in lower positions.
This axiom addresses the top-bottom issue discussed in Farnoud and Milenkovic, 2014 and
Nishimura and Ok, 2023. When a = b, Axiom 39 also implies an invariance property. If
we swap two alternatives placed in positions a and a + 1, the order of the other items is
irrelevant to assess the distance between any ranking ¢ and ot,,41. Mixing axioms 37 and

39 yields the next proposition.

Proposition 40. If a semimetric d satisfies axioms 37 and 39, then there exists g : [n — 1] x[n]? —

R symmetric in the last two entries with .(i,i) = 0 for all i € [n] such that forall o, T € S,,

dg (o, )

d(o, ) min Z San(t) (i (1), i (1)) (6.10)

teT (o,m)

This proposition is one of the building blocks of our main result. Its key implication is that
now the distance between any couple of adjacent rankings o and ot,,+1 = t;;jo depends
only on the interaction between the identity of the swapped items (i, ) and their positions

(a,a+ 1), via some function g,(7,j). Our next axiom models this interaction.
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Axiom 41 (Proportionality). Forall o, 7, p, T € S, and distinct a,b € [n — 1] with

{00, 0at1} = {70, tp1} and {04, Pat1} = {Tp) Tp41}

we have that

d(o,0tsei1)d(T, Tty pe1) = d(7, 7wty py1)d(o, ptaar1)-

Equivalently, Axiom 41 requires the existence of a function ¢ : [n] x [n — 1] — R4 such

that for all rankings o, 71 € S,, and positions a < b
{00, 0011} = {1y, 1} = (7, Tty i) = c(b,a)d(0, 0taat1). (6.11)

To evaluate the consequences of Axiom 41 we analyze its interplay with Axiom 39. Consider
two rankings, ¢ and 7t, in which the items 7 and j are adjacent but occupy different positions.
Suppose that in both rankings, i precedes j, and let the positions of i be a4 in ¢ and b in
7t. We aim to compare the distances between ¢ and ot, .1, and between 71 and 71ty 4.
By Axiom 39, the order of the items not affected by the swaps plays no role in determining
these distances. Therefore, any difference between these two distances can only be due
to the interaction of the identity of the items being swapped and their positions. Axiom
41 imposes a (multiplicative) separation of this interaction. This is clear by looking at
the reformulation (6.11), which imposes that the ratio between the corresponding distances
depends only on the positions of the items, a and b.

These three axioms completely characterize the semimetrics p% and p%, which coincide

for a suitable choice of the parameters B, ¢, and g.

Theorem 42. For a non-trivial semimetric d, the following are equivalent:
1. d satisfies axioms 37, 39, and 41.
2. Thereis (¢,g) € F(B*!) x G U F(B%?) x GS_ such that forall o, T € S,,,

dg (o, )
d(e,m) = min_ ;1 Py (681 (8)js (1)
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3. Thereis (B,g) € B! x G5 U B2 x G5 such that forall o, T € S,,,

d(o, 1) = ). B8 (Ms (o), Ms(mr)).

SeP

Moreover, we have the following remark

Remark 43. Given any non-trivial semimetric satisfying axioms 37, 39, and 41, the choice of
(¢,g) or (B,g) is unique up to multiplicative constants. In particular, g can be chosen to be the

same in the two representations, in which case p = G(¢) and ¢ = F(B).

The proof of the implication 1 = 2 is based on three steps. First of all, by Axiom 37, d
must be a graphic semimetric (Proposition 38), and thus it is completely determined by the
value it assigns to adjacent permutations. Secondly, adding Axiom 39 we retrieve (Propo-
sition 40) that the distance between 0,0’ = ot, .41 = t;jo depends only on three factors:
the position a at which the transposition occurs and the swapped items i and j. Thus, we
recover the expression d(c,0’) = g,(i,j). Finally, Axiom 41 allows to break g,(i,j) into a
factor depending only on the position of the swap ¢, and another depending only on the
identity of the swapped items g;;, so that overall g,(i,j) = Pagij-
The proof of 2 < 3 follows from the dual representation of '0% (Proposition 33). In conclu-
sion, the necessity of the axioms is easily retrieved using the two equivalent representations
p% and di.

To conclude the section, we retrieve the axiomatic characterization of the additive ver-
sion of p%. It is natural to imagine that, to characterize p% with an additive dissimilarity
function g, one needs to impose a further separability condition. This exact condition is

provided by the following axiom.
Axiom 44 (Additivity). Forall o, 7,0, T €S, and a € [n — 1] with

{U'u/ Ua+1} [ {7'511/ 7Ta+1} = {Pa/ Pa+1} ] {Ta/ Ta—H}

we have that

d(U’, O-tu,a—&-l) + d(n/ 7Tta,a+1) = d(Pr Pta,a-i-l) + d(T/ Ttu,a+l)~
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Adding it to the mix of axioms in Theorem 42 yields the desired characterization.

Proposition 45. For a non-trivial semimetric d, the following are equivalent:
1. d satisfies axioms 37, 39, 41, and 44.
2. There exists (¢, i) € F(BS')x M® U F(B%?) x M$_ such that for all o, T € S,,,

dg (o, )

d(o, ) = min Z Pay(ty (H(ik (1)) + Bk (1)) - (6.12)

teT (o,m)

Moreover, u can be chosen so that Y, u(i) = 1.
3. There exists (B, u) € Bt x M® U B2x M. such that for all o, 7w € Sy,

d(o, ) = ) Bisip (As(o, 7).

SeP

Moreover, y can be chosen so that Y, u(i) = 1.

Parametrizations of § and g

In addition to the cases discussed in §6.3, our distance p% relates to well-known dissim-
ilarity functions established in the literature:

e Ifp=(1,...,1,0,...,0) and g is p-additive we get the metrics in Gilbert et al., 2022.

e Iff=((a— 1)k_2)Z:2 for some & > 1 and g is constant, then we recover the unavail-
able candidate model of Lu and Boutilier, 2010.

e If ¢ is constant, then we recover the weighted Kendall distance (with decreasing
weights ¢) proposed and axiomatized by Farnoud and Milenkovic, 2014.

¢ If ¢ is constant and the weights ¢ are completely monotone and positive, we retrieve

the distances of Baldiga and Green, 2013 with exchangeable distributions.
6.5 Generalized Diaconis-Graham inequalities

In this section, we restrict attention to u-additive dissimilarity functions and provide a
generalization of the celebrated Diaconis-Graham (DG) inequality Diaconis and Graham,

1977, which can be used to approximate our distances. The DG inequality establishes a
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connection between the Kendall metric and another measure of disagreement, known as

Spearman distance:

_ ‘xm

s(o,m) = ) o' =t = ) |lx E
]

x€[n] x€ln

Thus, s quantifies the disagreement between rankings, o and 7r, by summing, over all items,
the absolute value of the difference between the position of each item with respect to o and
.10 Tt was established in Diaconis and Graham, 1977 that the Spearman distance is never
too far from the Kendall metric. Specifically, they always stay within a factor of two, that

is, for all o and 7,

s(o, ) < d'k‘ (o, ) < 2s(c, ).t (6.13)

This relation has found application on several fronts: for instance, it has been exploited
by Dwork et al., 2001 to provide a 2-approximation algorithm to the problem of finding a
median ranking (with respect to the Kendall metric) starting from a collection of individual
rankings.

The main result of this section shows that, in fact, there exists a family of these in-
equalities, and that the factor two appearing in (6.13) is the worst-possible that can emerge
inside the family.

For all Be R"™! and y € R, we define the (B,u)-Spearman’s distance as

) = fp(lxT

sp: (0,7) = ZH fp(lx+ )|n(x), (6.14)

where fg is the function defined in (6.8). Differently from the classical Spearman’s distance,
the cardinalities of " and x* are inputs for the function fp and each item x is weighted

by yx.lz We first study the case where y is constant. The following is the main result of

this section.

10 Recall that in our notation oy ! denotes the position of item x in the ranking o.
11 Recall that d‘k‘ (0, ) = 2dk (o, 7r), where di is the Kendall metric.

12 Observe that when B=1(1,0,...,0), then, for all ¢, fﬁ(t) = t, so that if i is constant to one, we are back to
the classical Spearman’s distance. Thus, the (B, 4)-Spearman distance is a proper generalization.
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Theorem 46. If B € B, then, for all o, T € Sy, it holds
sp(o, ) < dg(o, ) < ygsg(o, 1),

where the approximation factor vy g takes the form

Vg = {12%? <1 + m> with Hg :={h € [2,n] : fg(n —h+1) > 0}.

As the function fg is increasing, Theorem 46 readily implies that for each choice of
the weights B, the B-semimetric and the B-Spearman distance remain within a factor of
two, extending the conclusion of Diaconis and Graham, 1977 to the family of B-distances.
However, as we next illustrate, factor 2 is the worst that can be obtained within the family
of generalized DG inequalities.

We then move to address the case when p is not constant. In these instances, the
approximation gets worse, since the approximation factor degrades with the support of p.
However, for a “small” amount of heterogeneity, the approximation can still be useful. In

particular, we have

Corollary 47. Let B € B® and p € R", | be such that u < y; < U, for some positive u and U.
Then, for all o, 7t € Sy, it holds

vgU
s(0, 1) < plglo, ) < L =sy(o, 7).

To illustrate the power behind these inequalities, we now adapt the arguments of Dwork
et al., 2001 and show how Corollary 47 yields a polynomial-time ygU /u-approximation
algorithm for the median rank aggregation problem (with respect to (B, u)-distances). The
running time of the algorithm is O(mn?), where n is the number of alternatives and m is
the number of rankings.

Dwork et al. Dwork et al., 2001 proposed to obtain a polynomial-time approximation
algorithm for the Kendall rank aggregation problem by minimizing the sum of Spearman’s

distances via a minimum cost perfect matching algorithm.
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Following a similar spirit, we leverage on Corollary 47 to provide an approximation
algorithm for our rank aggregation problems. First, we show that, by minimizing the sum

of (B, n)-Spearman distances, we can obtain U /u-approximations for the median rank

aggregation problem induced by d;. For any collection of input rankings V = (vj )]’”:1
defined over [n], denote by
Papx o ]
gy (V) := argmin Z sg(o,v)),
€S, j=1

Then,

Corollary 48. Let B € BS, y e Ry with0 <u < u; < U, foralli e [n], V = (vf)] 1, and

oaPX ¢ P;};X(V). We have,

m
min ) d(o, o) < dg(o®, V) Y in Z d(o, o).

€S, 4 u €Sy, s

Proof of Corollary 48. Let o?P* € PZZX(V) and ¢* be a minimizer of 271:1 dZ(U, ol). The

following inequalities hold

. "
B 2390 < R0 ) L )
0 U (c) u u“ ,
< g D 560" 7)) < v Zdﬁ o, o) =y min SACADE
j=1 ] 1 j=1

where (a) and (c) hold by using Corollary 47, and (b) holds since, by construction, c?P* is

a minimizer of 3" ; sg(, o). O

The Hungarian algorithm can be implemented to retrieve a permutation minimizing the

quantity Z]m:l s§(~, o).

Lemma 49. P is computable in O(mn?>) time.
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Proof of Lemma 49. Let (vl )jL, be m input rankings over [n]. Construct the following bi-
partite graph G = ([n], [n], E), where each vertex c € [n] corresponds to an alternative in
[n], and each vertex p € [n] corresponds to a possible ranking. Edges e = {c, p} € E are

interpreted as “alternative c is in position p”. We weight each edge ¢ = {c, p} € E by

14

wep = Y. |fp(n—p) = fp(lc+*D|u(c)
j=1

Observe that we can compute all weights {w},p in time O(mn?®). Indeed, by using Pas-
cal’s formula, we can pre-compute {fg(0),..., fg(n — 1)} in time O(n?). Clearly, the num-
ber of edges {c, p} is n?. Fix {c, p} and recall that we have a profile of m preferences. For
each preference, we need to compute et | and this can be done in linear time. Therefore,
in total, it takes O(mn®) to compute all weights.

Further, note that each perfect matching is associated with a linear order ¢, such
that |c"“| = n — p, whenever the edge {c, p} belongs to the matching. Particularly, by
solving for a minimum weight perfect matching, we obtain ¢®* e S, that minimizes
w — Z]“jl sg(w, v/). Finally, we can compute a minimum weight perfect matching by re-
lying on the Hungarian algorithm whose running time is O(n%). Thus, the overall running

time is O(mn3). O
By combining Corollary 47 with Corollary 48 and Lemma 49, we obtain the following.

Theorem 50. Let B, pand V be as in the statement of Corollary 48. Then, there exists a -ygU / u-

approximation algorithm for the (B, u)-rank aggregation problem running in time O(mn?>).

Proof of Theorem 50. Combine Corollary 47 with Corollary 48 and Lemma 49. O

6.6 Applications to voting and statistical inference

Median preference correspondences and majority

Aggregating individuals’ preferences into a consensus ranking is a classical problem

in the theory of social choice. Suppose that there is an election with several candidates
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and an ensemble of voters. Each voter submits a ballot, formalized as a ranking over the
candidates, and a woting rule is then implemented to determine the election’s winners.
A typical approach (see e.g., Young, 1977) to obtain a consensus ranking is by solving a
median rank aggregation problem with respect to some given distance. In this subsection,
we study the median voting rules induced by our distances p‘;.

Formally, an electorate V = (v',...,0™) is an ordered list of rankings over the set

of candidates [n], and we denote by V, := (Ji2; Sk the set of all possible electorates.
The theory of voting rules revolves around the notions of preference and social choice
correspondences. A preference correspondence P : V,; 3 5, associates to each electorate V
a set of rankings P(V) called the set of consensus preferences. In particular, the median

preference correspondence induced by a distance d is

14
Py:V= (vf)]“;'1 — arggninZ d(c, /),
TgES), ]':1

Each preference correspondence P naturally defines a social choice correspondence Wp :
V,, 3 C, that gives the set of possible winners - candidates ranked first by some consensus

preference. Formally,

When d = p%, we denote Pg := P4, and similarly, when P = Pg , we denote Wf; = Py

Studying the properties of each P and Wp is fundamental to deciding which voting rule
should be adopted in different contexts. In this regard, the notion of majority is central to
the analysis of voting rules and thus, we devote the remaining part of the section to the
study of this property.

Given an electorate V and a candidate ¢, we denote by n(V,c) the number of voters
having ¢ as their most favorite alternative minus the number of voters who do not. A

preference correspondence P satisfies the majority principle if for all V € V,, and c € C,

n(V,c) = 0= ce Wp(V).
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Similarly, a preference correspondence P satisfies unanimity if n(V,c) = |V| implies ¢ €

Wp(V).
Proposition 51. If pj is a semimetric, then Py satisfies the majority principle and unanimity.

The generality behind Proposition 51 highlights that it is possible to maintain desirable
welfare properties while allowing to treat asymmetrically the candidates. This is relevant
for contexts where the status quo is prioritized or where the candidates are clustered in

different political groups.

Dispersion of ranking data

Probabilistic models are important to understanding the generating process for ranking
data and providing forecasts. A popular probabilistic model for rankings has been proposed
by Mallows, 1957 and assumes the presence of a central (modal) ranking &. In particular,

the probability of selecting a ranking o decreases with the distance d(7, ). Formally,
IP[o]oce—0d(@7)

where 6 > 0 is the dispersion parameter, ¢ is the central ranking and d is a distance on
S,. Originally Mallows, considered the Kendall distance, but more general versions have
been studied. For instance, Marden, 1995 considers the weighted Kendall metric dg, and
Diaconis, 1989 focuses on general neutral distances. It is easy to see that, for any Mallows
model, the MLE estimator of the central ranking is the median ranking. In particular,

given a sample of rankings ¥ = ((Tj)]’-”zl,

omLe(X) = argmin L3 (o) = argminl Z d(m, o),

oeS, €S, m oeY

where Lg is the loss function induced by the distance d given the data X. In this section,
we analyze the Mallows model with p%. We simulate data involving rankings formulated

over six items that belong to two groups of movies: sci-fi anime

a1 = Ghost in the shell, a, = Akira, a3 = Evangelion
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and historical dramas
by = The Handmaiden, b, = Rashomon, b3 = Silence.

The data-generating process we use in our experiment is inspired by the ratings pro-
vided by the users of Letterboxd, where voters tend to rank first the items in one class and
then rank the movies in the other class, e.g., (az,a1,a3,by,b1,b3) or (by, b3, by,az,a3,a1).
More precisely, We generated 1000 rankings with the following procedure. For each user,
we decided independently and with probability 1/2 if this user will prefer anime or histor-
ical movies. Moreover, we select randomly how to permute the movies in each category.
In particular, independently of the genre, we pick the following permutations with the

corresponding probabilities.

permutation | 1,2,3 1,3,2 2,1,3 2,3,1 3,1,2 3,2,1
probability | 6/21 5/21 4/21 3/21 2/21 1/21

So that, for instance, the probability that any user produces the ranking (b1, b, ba, a2, a1, a3)
is given by 1/2 % 5/21 % 4/21. Moreover, we are not particularly interested in how different
movies’ genres are ordered by the voters, but, rather, in how movies in each category are
ranked. Thus, for pé, we consider a dissimilarity function ¢ that takes into account the
clusters of the two movie genres, and gives low importance to swaps between movies of
different groups:

)& ifi,jboth belong to the same cluster
8 = B if i, j both belong to different clusters

with B < &. Within our sample %, we show that using the distance dy, (with g = a/10) we
observe a much smaller dispersion in X, in contrast to the one observed using the Kendall
metric dg. By dispersion V4(X), we mean the value of the loss function evaluated at its
minimum, normalized by the maximum value this minimum can reach over all possible

samples of data. Formally,

Vi(z) = minges, L3(0) LY (0mre(2))
d( ) T . >/ — YA ; .
supy, minges, L5 (0)  supy, LY (Omre(X))
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This normalization makes sure that V(%) lies between 0 (zero dispersion, i.e., degenerate
data - all rankings equal) and 1 (maximal dispersion). For each generated X, we observe
that Vg (£) < V4, (X) and the difference between the two dispersions is at least Vg, (%) —

Vi (X) > 0.174. This suggests that d§< is more suitable than dg to capture the actual

g
K

dispersion within a sample of rankings with clustered alternatives.
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7. Conclusion

We defined and studied a generalization of Fréchet means on metric spaces and man-
ifolds. We provided Uniform consistency results, a CLT and finally, we explored various

applications.
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