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Abstract
Motivated by the complexity of modern data and the need to fully take advantage of

their geometric structure, in this thesis, we study a flexible notion of centrality for data

not necessarily lying on a linear space. In particular, we consider a broad generalization of

the Fréchet mean. The classical Fréchet mean is obtained minimizing a quadratic notion

of dispersion. Our generalization instead considers a more general definition of dispersion

indexed by an increasing and convex function ϕ. We start by showing the main properties

of these means on linear spaces, and then we study their properties when defined on metric

spaces. In this setting, we find necessary and sufficient conditions for ϕ-means to be well-

defined and provide a tight bound for the diameter of the ϕ-mean set. We also provide

sufficient conditions for all the ϕ-means to coincide in a single point.

In one of our main contributions, we prove the consistency of the sample ϕ-mean of

iid observations to its population analogue. Moreover, motivated by the need for robust

estimation, we consider a setting in which multiple notions of dispersions are considered

jointly. For this purpose, we find conditions under which classes of sample ϕ-means converge

uniformly.

Secondly, we quantify more precisely the speed of convergence of the sample ϕ means,

for this we need to restrict to Riemannian manifolds where the locally linear structure of

these space allows us to prove a CLT. Our result is able to capture the slowing impact of

the possible presence of probability mass on the cut locus of the population ϕ-mean. This

phenomenon is known in the literature as smeariness and we effectively isolate its impact

on the asymptotic variance in our CLT. As in the case of Consistency, we deal with the

problem of the joint behaviors of classes of ϕ-means and provide a functional CLT in this

case.

We illustrate applications of our results in specific settings that can be of use in practical

applications, like when the ambient space is linear, a Sphere, a projective space, or the Lie

group of 3d rotations, SO3. We also briefly describe the algorithms that can be used when

dealing with generalized Fréchet means.
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1. Introduction
1.1 Motivation

Motivated by practical applications, a broad objective in my research has been the need

to design theoretically sound statistical procedures for complex data displaying certain

geometric or algebraic regularities. In particular, I have contributed towards developing a

statistics theory for the large sample behaviour of a large class of non-parametric estimators

on Metric Spaces and Manifolds. In particular, along with my advisor, I considered a broad

generalization of Frechét means which derives from simple and flexible hypotheses on the

loss function, and I provided consistency results not just of each such estimator, but also

studied the joint behaviour of classes of these estimators. In our first work Aveni and

Mukherjee, 2024, we provided a uniform consistency result reminiscent of Glivenko-Cantelli

class results. In a second work Aveni and Mukherjee, 2025 we restricted to Riemannian

Manifolds and we considered Central Limit Theorems for our generalized Frechét means,

and again we studied their joint behaviour in a way reminiscent of Donsker class results.

The concept of Generalized Féchet mean naturally finds an application even in a discrete

setting when dealing with ranking aggregation. This research area, on which I worked with

Ludovico Crippa and Giulio Principi, is similarly driven by the need for techniques that are

at the same time theoretically motivated, flexible, and computationally feasible. In Aveni

et al., 2024 we provided a unified axiomatic approach to the problem of rank aggregation

with applications in several fields, in particular with Mallows Models. And, from the

computational standpoint, we generalized an essential result regarding the computation of

a particular case of Generalized Fréchet mean by Diaconis Diaconis and Graham, 1977 to

our class of distances.

1.2 Main Results

In applied data analysis and mathematical statistics, the increasing complexity of mod-

ern data has motivated the development of statistical inference on more geometric objects

such as Riemannian manifolds or metric spaces – examples include data that are shapes,
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positive definite matrices, or linear subspaces. These kinds of data appear routinely in

Geoscience, Astrophysics, Elementary Physics, Radiology, and Data Visualization. The

Fréchet mean, defined as the point in a metric space for which the sum of squared distances

is minimized (see Fréchet, 1948; Grove and Karcher, 1973), naturally extends the notion of

the mean and centrality from Euclidean spaces to these general settings.

The recent literature in applied probability and mathematical statistics on Fréchet

means has focused on two aspects of Fréchet means: large sample asymptotics and gener-

alization of the definition of the mean itself. The work of Bhattacharya R. Bhattacharya

and Patrangenaru, 2003, R. Bhattacharya and Patrangenaru, 2005, R. Bhattacharya and

Lin, 2017 originated a vast theoretical literature on the large sample asymptotics of Fréchet

means on metric spaces for both intrinsic and extrinsic means recently extended to strat-

ified spaces in Mattingly et al., 2024. The other direction has been the generalization of

the Fréchet mean, an illustrative example is moving from the squared distance to other

exponents p ě 1 A. Bhattacharya and Bhattacharya, 2012. The argument made for the

generalizations has been that using the squared distance is restrictive and different.

In my contributions, I considered both aspects – large sample asymptotics and gener-

alization of the Fréchet mean. Previous generalizations of the Fréceht mean have focused

on particular loss functions or a single parameter family of loss functions. We consider

less restrictive generalizations of Fréchet means. In addition, we fill a gap in the literature

studying the joint behaviour of classes of Generalized Fréchet means. Instead, I consider

a broad generalization of the Fréchet means indexed not by a single real parameter but by

a convex function ϕ and whose large sample behaviour is explored jointly. In particular,

let ϕ : R+ Ñ R+ be an increasing convex function, then we define the ϕ-mean of a Borel

probability measure µ on a metric space (X , ρ) as the set

mϕ(µ) := arg min
xPX

ˆ
X

ϕ(ρ(x, y))µ(dy).

We show that under mild conditions, this set is well-defined, non-empty, and compact.

Furthermore, we characterize its diameter. Our main focus is, however, the convergence of

2



the sample ϕ-mean to its population counterpart. Thus, let m
ϕ
n := mϕ( 1

n
řn

j=1 δXj) be the

random variable obtained from a sequence of iid observations Xj from µ. We study how

well mϕ
n approximates mϕ(µ).

In our first paper Aveni and Mukherjee, 2024 we focus on consistency, and our first

result is a Strong Law that characterizes the µ and ϕ for which

ρH(m
ϕ
n ,mϕ(µ))

a.s.
Ñ

nÑ8
0,

where ρH denotes the asymmetric Hausdorff distance which reduced to ρ when both argu-

ments are singletons.

But our strongest result deals with uniform consistency of families of ϕ-means. In

particular, using techniques from Empirical Processes (Vaart and Wellner, 1996), we find

conditions under which µ and a family Ψ of functions ϕ are such that

sup
ϕPΨ

ρH(m
ϕ
n ,mϕ(µ))

a.s.
Ñ

nÑ8
0.

One condition for this second result to hold is that mϕ(µ) needs to be a singleton. For

this reason, we investigate conditions that guarantee this to happen. We find that if X

is a Riemannian symmetric space (described in Cartan, 1926) and µ is continuous with a

density radially decaying around a point x P X , then mϕ(µ) = txu is the same singleton

independently on ϕ.

In our second paper Aveni and Mukherjee, 2025, we focused on the case in which X is

a Riemannian manifold and we always assumed mϕ(µ) to be a singleton. In this case, we

can quantify the speed of convergence of mϕ
n to mϕ := mϕ(µ) with a Central Limit Theorem

(CLT). In order to do so, we need to linearize X in the vicinity of the population ϕ-mean.

The Riemannian structure is precisely what enables us to perform this linearization. In

particular, when m
ϕ
n is sufficiently close to mϕ, we can project it onto the tangent plane

TmϕX at mϕ through the log map exp´1
mϕ : X Ñ TmϕX which is a well defined radial isometry

(see do Carmo, 2013). Using this technique we obtain a vector exp´1
mϕ (m

ϕ
n) which we can

3



now inflate with a function depending on n. The first result we obtained, is that if ϕ1(0) = 0

and under some mild conditions

?
n exp´1

mϕ (m
ϕ
n)

w
Ñ

nÑ8
N (0, Vϕ),

where w denotes the convergence in distribution, N is the multivariate normal distribution

and Vϕ is a positive definite symmetric function depending on ϕ and µ. Our expression for

Vϕ comprises two terms; a standard term generalizing that corresponds to the Variance in

the Euclidean and quadratic CLT and a non-standard term that only appears when the cut

locus of the manifold X at mϕ is topologically significant (in particular when it has at least

codimension 2). The impact of the cut locus has previously been noted in special cases and

it is known in the literature as smeariness. (Described for the first time in Eltzner, 2020

and analyzed in the context of CLTs in Hotz et al., 2022)

Moreover, as in the case of consistency, we also study the joint behaviour of multiple

ϕ-means. In particular, we conjecture conditions for families of functions Ψ under which

sup
ϕPΨ

W
(?

n exp´1
mϕ (m

ϕ
n),N (0, Vϕ)

)
Ñ

nÑ8
0,

where W is the Wasserstein distance between (the distribution of) the random variable
?

n exp´1
mϕ (m

ϕ
n) and the normal distribution N (0, Vϕ). This allows us to also strengthen

our previous CLT to the case in which ϕ1(0) ą 0 as in the case of the median.

1.3 Structure of this Thesis

In the first Chapter, we provide an overview of our results and we explain their novelty

in comparison to the existing literature.

In the second Chapter, we provide the basic definitions of our object of study, the

generalized Fréchet means. We explain some basic properties of these objects, and in par-

ticular we illustrate the generality of our definition with general results and with numerical

examples.

In the third Chapter, we start considering the statistical problem of estimating the

4



population ϕ-mean of a distribution with its sample counterpart. In particular, in this

Chapter, we work on metric spaces and we establish our Consistency results. The first one

for a fixed function ϕ and the second for classes of these functions.

In the fourth Chapter, we restrict ourselves to Riemannian spaces, and we, after intro-

ducing the relevant notions about manifolds (with particular emphasis on the cut locus) we

state and prove our CLT. Finally, we expose our conjecture for a uniform CLT.

In the fifth Chapter, we illustrate our results for particular classes of manifolds of

particular interest in applications. We also illustrate some algorithms that can be used to

effectively compute generalized Fréchet means.

In the sixth and last Chapter, we consider an applied problem of particular interest

where ϕ means arise naturally. In particular, in this Chapter we deal with ranking aggre-

gation.

1.4 Literature Review

The Fréchet mean extended the notion of the mean and centrality from Euclidean spaces

to more general settings like Riemannian manifolds or metric spaces. In applied data analy-

sis and mathematical statistics, the increasing complexity of modern data has motivated the

development of statistical inference on more geometric objects such as Riemannian mani-

folds or metric spaces – examples include data that are shapes, positive definite matrices,

or linear subspaces. The Fréchet mean, defined as the point in a metric space for which

the sum of squared distances is minimised (see Fréchet, 1948; Grove and Karcher, 1973) is

a natural extension of the arithmetic mean to arbitrary metric spaces.

The recent literature in applied probability and mathematical statistics on Fréchet

means has focused on two aspects of Fréchet means: large sample asymptotics and gener-

alization of the definition of the mean itself. The work of Battacharia R. Bhattacharya and

Patrangenaru, 2003 originated a vast theoretical literature on the large sample asymptotics

of Fréchet means on metric spaces for both intrinsic and extrinsic means. The other direc-

tion has been the generalization of the Fréchet mean, an illustrative example is moving from
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the squared distance to other exponents p ě 1 A. Bhattacharya and Bhattacharya, 2012.

The argument made for the generalizations has been that the use of the squared distance

is restrictive so one should consider at least a one-parameter family of Fréchet means.

This paper considers both aspects – large sample asymptotics and generalisation of the

Fréchet mean. Previous generalizations of the Fréceht mean have focused on particular

loss functions or a single parameter family of loss functions. We consider less restrictive

definitions of Fréchet means. In addition, we fill a gap in the literature studying the

joint behaviour of classes of Generalized Fréchet means. This paper considers a broad

generalization of the Fréchet means indexed not by a single real parameter but by a convex

function ϕ. In addition, we study the joint behaviour of particular classes of Generalized

Fréchet means.

The standard notion of a mean in linear vector spaces is the arithmetic mean, however,

other notions of centrality such as the geometric median are used for robustness with respect

to outliers, see Narula and Wellington, 1982 for a discussion in the context of linear models.

An illuminating discussion of the concept of mean is provided in the papers by De Finetti

de Finetti, 1931 and Kolmogorov Kolmogorov, 1930. Again, Fréchet means generalize the

usual notion of the arithmetic mean, typically for Riemannian manifolds or metric spaces.

The large sample properties of Fréchet means and generalisations of Fréchet means in

metric spaces have been an area of active research. The two main large sample properties

considered have been (strong) law of large numbers (SLLN) and central limit theorems

(CLT). Note the CLT provides information regarding the speed of convergence of the em-

pirical Fréchet mean to its population counterpart. The starting point of this literature

is in the influential papers by Bhattacharya R. Bhattacharya and Patrangenaru, 2003 and

R. Bhattacharya and Patrangenaru, 2005, where an extensive theory of convergence of the

Fréchet mean on manifolds was laid out for both the intrinsic and extrinsic means. The

Fréchet mean on the circle has been examined in detail with the goal of finding necessary

and sufficient conditions for the Fréchet mean to be a singleton Charlier, 2012; Hotz and

Huckemann, 2015. The consistency of Fréchet means where distances are given by the

6



p-norm (the 2-norm is the Fréchet mean) has been studied A. Bhattacharya and Bhat-

tacharya, 2012; Evans and Jaffe, 2020. For all the above definitions of the Fréchet mean,

the distance function is either fixed or a parametric family, typically a one-parameter fam-

ily. Recently, positive results on the consistency of non-parametric generalizations of the

Fréchet means Romon and Brunel, 2023; Schötz, 2018 have been provided under suitable

conditions. For central limit theorems the influential paper R. Bhattacharya and Lin, 2017

proved a CLT for a large class of spaces but assumed strong conditions on the support of the

probability measures. Most of the hypotheses on the support of the probability measures

were removed in a recent paper Hotz et al., 2022 that proved a CLT for Fréchet means on

Riemannian manifolds. A Donsker theorem for p-means on manifolds also exists Le, 2016.

In a different direction, a CLT for Fréchet means was recently provided for stratified spaces

Mattingly et al., 2024 – stratified spaces are unions and intersections of manifolds.

The strong law of large numbers results for Fréchet means stated above all consider

the convergence of a single generalized Fréchet mean and do not consider the problem of

joint consistency across a class of generalized Fréchet means. This joint analysis in addition

to a necessary and sufficient condition on the class to ensure the joint consistency, is the

main contribution of our paper. In a companion paper Aveni and Mukherjee, 2025, we

will restrict the space to Riemannian manifolds and provide a uniform CLT for classes of

ϕ-means.
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2. Definitions
2.1 Definition of Generalized Fréchet Means

Given a (Borel) probability measure µ, the classical notion of centrality is the mean,

which can be defined on a linear space X as follows

mµ :=
ˆ
X

yµ(dy)

This definition, however, cannot be easily extended to non-linear spaces, because in the

absence of a vector structure, the operations of summing points and multiplying them with

a scalar (indeed the above integral is precisely a weighted sum of vectors) are not defined.

However, it is possible to characterize the mean on linear spaces in a way that does not rely

on the vector structure of these spaces, but rather as the solution of a minimization problem

only involving the distance ρ between points. In particular, if we define the quadratic loss

function Fµ : X Ñ R+ as

Fµ(x) =
ˆ
X
(ρ(x, y))2µ(dy),

then we have the following.

Proposition 1. Given any probability measure µ with finite second moment, we have that

mµ = arg min
xPX

Fµ(x)

Since the definition of Fµ only depends on the metric structure of the space X, by taking

this characterization as the definition of the mean, we can extend it to any metric space.

The resulting object is the Fréchet mean defined for the first time in Fréchet, 1948. This

concept adheres to the classical notion of mean on linear space and for probability measures

in L2, but can exhibit exotic behaviours on general metric spaces. In particular, it may not

be given by a unique point, but instead by a set. A typical example would be a uniform

distribution on a circle; in the case the Fréchet mean set is the entire circle.

The Fréchet mean is thus defined as the point (or the collection of points) on a metric

space, that minimizes the average squared distance from all the points in the space weighted

8



according to a certain measure µ. This definition immediately leads to a notion of dispersion

for a distribution. In particular, the Fréchet dispersion of a probability measure can be

defined as

sµ := min
xPX

Fµ(x) = Fµ(mµ)

This notion of dispersion reduces to the definition of the Variance when X = R and to the

so called total variance (that is the trace of the covariance matrix) in the case of X = Rn.

From this review of the Fréchet mean, we can see how the notion of mean is intimately

linked to the choice of a particular loss function that depends uniquely on the distance

between points. In the case of the Fréchet mean, the choice is to consider the average

squared distance. This is a reasonable choice since the square function is an increasing

function, and thus the resulting loss will increase the further away we are from the "center"

of our distribution µ. Moreover, the square is a convex function and this leads to a unique

minimizer (at least in the case of linear spaces). However, this choice forces us to consider

only those measures finite second moment and moreover tend to give high importance

to points in the support of µ that are far away from its "center". In many contexts, a

subquadratic loss function is preferable, especially in the presence of outliers.

Our generalization of the Fréchet mean is similarly defined starting from a loss function

depending only on the distance between points but is much more general in that, instead of

the square distance, it considers a generic increasing and convex function ϕ of the distance,

which is then similarly averaged according to µ. Let Φ denote the collection of all functions

ϕ : R Ñ R+ that are strictly increasing, convex and with ϕ(0) = 0, then we defined the

generalized Fréchet mean as

Definition 2. Given µ P P(X ) and ϕ P Φ, we define the ϕ-mean of µ as

m
ϕ
µ := arg min

xPX
Fϕ

µ (x),

9



where, Fϕ
µ : X Ñ R+ is the ϕ-loss function of µ,

Fϕ
µ (x) :=

ˆ
X

ϕ(ρ(x, y))µ(dy).

Moreover, we define the ϕ-dispersion of µ as

s
ϕ
µ = min

xPX
Fϕ

µ (x) = Fϕ
µ (m

ϕ
µ).

As usual in the literature, when m
ϕ
µ is a singleton, we do not distinguish between the

singleton and its sole member.

We also define a notion of ϕ-mean for a collection of observations (xj)
n
j=1. Such a collec-

tion of observations corresponds uniquely to an empirical probability measure µ̂((xj)
n
j=1) :=

1
n

řn
j=1 δxj and the ϕ-mean of the observations is defined as the ϕ-mean of the induced em-

pirical measure. That is

Fϕ

(xj)
n
j=1
(x) : = Fϕ

µ̂((xj)
n
j=1)

(x) =
1
n

n
ÿ

j=1

ϕ(ρ(x, xj)),

mϕ((xj)
n
j=1) : = m

ϕ

µ̂((xj)
n
j=1)

= arg min
xPX

1
n

n
ÿ

j=1

ϕ(ρ(x, xj)),

sϕ((xj)
n
j=1) : = s

ϕ

µ̂((xj)
n
j=1)

= min
xPX

1
n

n
ÿ

j=1

ϕ(ρ(x, xj)).

Often when the observations are clear from the context, we simply write Fϕ
n , mϕ

n and s
ϕ
n

instead of Fϕ

(xj)
n
j=1
(x), mϕ((xj)

n
j=1) and sϕ((xj)

n
j=1).

Our definitions of ϕ-mean and ϕ-dispersion make sense on general metric spaces, how-

ever, in order to guarantee the ϕ-mean set to be well behaved (for instance to be non-empty

and compact), we will restrict ourselves to particularly nice metric spaces. In particular, we

work on a complete, locally-compact, length-metric space (X , ρ). By length-metric spaces,

we mean metric spaces where the distance between any two points is equal to the infimum

of the length of all the continuous curves connecting the two points. Notice that, in partic-

ular, length-spaces are path connected. By the general version of the Hopf-Rinow Theorem
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proven by Cohn-Vossen in 1935 (see Gromov, 2007), such a space has the Heine-Borel

property meaning that closed and bounded subsets of X are compact. An important class

of spaces with these properties is given by connected and complete Riemannian manifolds

equipped with their geodesic metric. (For further details see Chapter 6 of Lee, 2021 or

Chapter 3 of do Carmo, 2013.) We endow X with its Borel sigma algebra Σρ and all the

probability measures we consider will belong to P(X ), the collection of all Borel probability

measures on (X , Σρ).

As particular cases, by considering ϕ : t ÞÑ t2 we recover the classical Fréchet mean.

Instead, by taking ϕ : t ÞÑ |t|, we obtain a generalization of the median on general metric

spaces, known as the geometric median.

As we said previously, the requirement of ϕ being increasing is essential in order to

obtain a measure of centrality. Indeed, we need a loss function that increases when we get

progressively further away from the "center" of our distribution. Convexity of ϕ is also

required, both for mathematical traceability, but also for reasons that will be explored in

section 2.2. Finally, given that ϕ is increasing and convex, it must be bounded from below

and thus, the assumption of ϕ(0) = 0 is wlog because adding any constant to it does not

modify the minimization problem and thus does not affect m
ϕ
µ. Moreover, this arbitrary

choice is essential in order to guarantee that ϕ-dispersion will be non negative and that

degenerate distributions will have zero ϕ-dispersion.

2.2 Basic properties of generalized Fréchet means

In this section, we consider the main properties that each ϕ-mean for ϕ P Φ has on

Euclidean spaces X = Rm. This will help elucidate the importance of the requirement of

functions in Φ to be convex. We denote by Φ+ the collection of functions in Φ that are

strictly convex, meaning that for any x ă y we have that ϕ((x + y)/2) ă (ϕ(x) + ϕ(y))/2.

Theorem 3. Let ϕ P Φ, the the ϕ-mean mϕ has the following properties that holds for any collec-

tion (xj)
n
j=1 of points.

11



• Identity. For all x P X ,

mϕ((x)n
j=1) = x.

• Symmetry. For all x P X , σ P Sn,

mϕ((xj)
n
j=1) = mϕ((xσ(j))

n
j=1).

• Coherence. For any number of repetitions m,

mϕ(((xj)
n
j=1)

m
i=1) = mϕ((xj)

n
j=1).

• Stability. If x P mϕ((xj)
n
j=1), then

mϕ((xj)
n
j=1, (x)m

j=1) = x.

• Equivariance. For any isometry f : X Ñ X ,

mϕ(( f (xj))
n
j=1) = f (mϕ((xj)

n
j=1)).

Moreover, if X = Rn is an Euclidean space and ϕ P Φ+, then

• Uniqueness. The ϕ-mean is well defined it is a unique point.

• Convexity. Let co denotes the convex hull, then

mϕ((xj)
n
j=1) P co((xj)

n
j=1).

• Monotonicity. For any direction w P Rn,

xw, Bh|h=0 m
ϕ(x1 + hw, (xj)

n
j=2)y ě 0.

Proof. The first three properties are immediate observations. As for stability, we have that

the only difference between the corresponding losses is given by

(n + m)Fϕ

((xj)
n
j=1,(x)m

j=1)
(y) ´ nFϕ

(xj)
n
j=1
(y) = mϕ(ρ(x, y)).

And this quantity is non-negative and strictly positive for any y ‰ x. This implies that the

argmin of Fϕ

((xj)
n
j=1,(x)m

j=1)
is now reduced to x.

12



For equivariance, we have that

Fϕ

( f (xj))
n
j=1
(y) =

1
n

n
ÿ

j=1

ϕ(ρ(y, f (xj)))

=
1
n

n
ÿ

j=1

ϕ(ρ( f ´1(y), xj)) = Fϕ

(xj)
n
j=1
( f ´1(y)).

And thus,

mϕ(( f (xj))
n
j=1) = arg min

yPX
Fϕ

( f (xj))
n
j=1
(y)

= arg min
yPX

Fϕ

(xj)
n
j=1
( f ´1(y))

= f
(

arg min
zPX

Fϕ

(xj)
n
j=1
(z)
)

.

In the case in which X = Rn, each loss Fϕ

(xj)
n
j=1

is a sum of convex functions, and it is

itself convex, thus the ϕ-mean will be a closed convex set. In particular, if ϕ P Φ+, then

the loss function will be strictly convex and the minimum will be unique.

Since each function x ÞÑ ϕ(}x ´ xj}) is continuous and convex, its subgradient is defined

everywhere and given by

∇xϕ(}x ´ xj}) = (x ´ xj)
ϕ1(}x ´ xj})

}x ´ xj}
= (x ´ xj)h(}x ´ xj}),

where f 1 is the subdifferential of the convex function t ÞÑ ϕ(|t|) and h : t ÞÑ f 1(t)/t is

well definite and finite everywhere, except possibly at zero, where the expression (x ´

xj)h(}x ´ xj}) (interpreted in a limiting way) is nonetheless finite. Thus, the ϕ-mean is

given by the unique point x such that

0 P ∇xFϕ

(xj)
n
j=1
(x) =

1
n

n
ÿ

j=1

∇xϕ(}x ´ xj}) =
1
n

n
ÿ

j=1

(x ´ xj)
ϕ1(}x ´ xj})

}x ´ xj}
.

But then, by rewriting these terms, we obtain that the unique minimum can be expressed
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as a convex linear combination of the observations (xj)
n
j=1.

x =

 n
ÿ

j=1

xj
ϕ1(}x ´ xj})

}x ´ xj}

 /

 n
ÿ

j=1

ϕ1(}x ´ xj})

}x ´ xj}

 =

ř

xjh(}x ´ xj})
ř

h(}x ´ xj})
.

Where, notice that the weight of each observation only depends on its distance from the

"center". As for monotonicity, we need to apply the implicit function theorem to the above

expression. Let vj := x ´ xj and tj := }v1}, then the Jacobian of the function x1 ÞÑ x =

mϕ((xj)
n
j=1) is given by the matrix

J = M1

 n
ÿ

j=1

Mj

´1

, Mj :=

(
I ´

vjvT
j

t2
j

)
ϕ1(tj)

tj
+

vjvT
j

t2
j

ϕ2(tj).

We can generally assume that tj ą 0, then all the matrices involved are positive definite

with determinant

det(Mj) =

(
ϕ1(tj)

tj

)d´1

ϕ2(tj).

which is positive precisely when ϕ P Φ+. Finally, the quantity of interest is given by,

xw, Bh|h=0 m
ϕ(x1 + hw, (xj)

n
j=2)y = wT Jw ě 0.

The monotonicity property indicates that when one observation is moved in a certain

direction w, the resulting ϕ-mean also moves approximately in the same direction at least

in the sense that the inner product between w and the derivative of the ϕ-mean when an

observation is moved infinitesimally in the direction of w is non-negative.

Notice that in the case of the mean, when ϕ : t ÞÑ t2, we have that Mj = I and thus

Bh|h=0 m
ϕ(x1 + hw, (xj)

n
j=2) is precisely equal to w/n and the two directions are parallel.

For a generic ϕ we cannot expect these two vectors to be parallel, but at least to move in

similar directions. We illustrate this with a figure.
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FIGURE 2.1: We drew 20 points in black, and we perturbed one observation according
to the black arrow. The colored points are the ϕ-means when ϕ : t ÞÑ tp for different
values of p. Each of these is accompanied by an arrow that shows the effect of perturbing
the back observation. These effects are multiplied by 20, to ease their comparison with
the black arrow. As it is possible to see, all ϕ-means move in a similar direction as the
perturbed observation. However, only the classical Fréchet mean moves precisely as the
black observation. We can also see how higher values of p tend to give more weight to
outliers, and vice-versa, how values of p closer to one lead to more robust ϕ-means.

2.2.1 The case of two points

When we have just one point, it is immediate to see that mϕ(x) = x independently

of ϕ and of the metric space X . The case of two points is slightly more interesting, and

it will provide strong reasons to always take convex functions ϕ. Given any two distinct

points x, y on a complete, locally-compact, length-metric space, there is always at least one

minimal geodesic connecting them. We will show that, according to our intuition, when ϕ

is strictly convex, the ϕ-mean of (x, y) consists of the collection of midpoints of all these

minimal geodesics. On the contrary, if ϕ is just convex, the ϕ-mean will consist of some

"central" section of these geodesics; finally if ϕ is simply increasing, it may be the case that
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the ϕ-mean is given by the endpoints x, y, violating our intuition. More precisely, we have

the following statement.

Proposition 4. Let X be a complete, locally-compact, length-metric space and let x, y P X with

d = ρ(x, y). We denote by Γ, the collection of all unit speed minimizing geodesics γ : [0, d] Ñ X

with γ(0) = x and γ(d) = y. Then,

• If ϕ P Φ+, then

mϕ((x, y)) =
ď

γPΓ

γ(d/2).

• If ϕ P Φ, then there is some a P [0, d/2] depending only on ρ(x, y) such that

mϕ((x, y)) =
ď

γPΓ

γ([a, d/2 ´ a]).

• If ϕ is a non-negative continuous increasing function, then there is a subset A Ď [0, d] with

d/2 ´ A = A such that

mϕ((x, y)) =
ď

γPΓ

γ(A).

Proof. Let d = ρ(x, y). We start by proving the third point, of which the other are partic-

ular cases. Assume by contradiction, that there is some z P X z
Ť

γPΓ γ([0, d]) among the

ϕ-means. Let us say that ρ(z, x) = t ą 0. Since w P
Ť

γPΓ γ([0, d]) iff ρ(x, w) + ρ(w, y) =

ρ(x, y), we must have that ρ(z, y) ą d ´ t. Now, if w P
Ť

γPΓ γ([0, d]) is any point with

ρ(w, x) = min(t, d), we have that

2Fϕ

(x,y)(z) = ϕ(t) + ϕ(ρ(z, y)) ą ϕ(t) + ϕ((d ´ t)+) = Fϕ

(x,y)(w).

This shows that mϕ((x, y)) Ď
Ť

γPΓ γ([0, d]). The fact that it must be of the form in the

proposition is clear by the symmetry of the sum and by the independence of the problem

on the specific geodesic considered. In particular, we have that

A = arg min
tP[0,d]

ϕ(t) + ϕ(d ´ t).
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Now that we have established the third point, we can see that, when ϕ is convex, the same

is true for ϕ(t) + ϕ(d ´ t) (which is the value of the loss function at any point of the form

γ(t)). This is a symmetric function around d/2 and thus, in this case, A = [a, d/2 ´ a] for

some a P [0, d/2]. Finally, if ϕ P Φ+, we have that A must be a singleton, implying part

one.

We illustrate the situation by considering d = 1 and functions ϕ of the form ϕ : t ÞÑ |t|p

for p P [0, 8). In the following figure we plot the loss function evaluated on points of the

form γ(t) with t P [0, 1]. As we can see, when ϕ is strictly convex, we get mϕ = γ(1/2),

FIGURE 2.2: The loss function Fϕ

(x,y)(γ(t)) for ϕ : t ÞÑ tp and p = (1, . . . , 20)/4. As can be
seen, these losses are minimized at the midpoint of the interval only when p ě 1.

when ϕ = id, we get mϕ = γ([0, 1]) and when ϕ is not convex, we get mϕ = γ(t0, 1u).

Another pathology that we obtain when ϕ is not convex is sketched in the next subsection.

2.2.2 Distribution of maximal dispersion

Given a (sub)set X , we may want to find the most ϕ-dispersed distribution, that is

arg max
µPP(X )

s
ϕ
µ.
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We consider the case of X being a compact interval [a, b] (which is equivalent to consider-

ing any geodesically convex geodesic segment in complete, locally compact, length-metric

space). In this case, it is natural to assume that the most dispersed distribution will be

given by (δa + δb)/2, however, this is the case only when ϕ is convex.

Proposition 5. Let ϕ P Φ, then the only distribution of maximal ϕ-dispersion is (δa + δb)/2.

Proof. Wlog, we can take X = [´1, 1]. Recall that when ϕ is convex (and we are in a

convex subset of a linear space), the loss function is convex too, thus m
ϕ
µ will be a closed

interval. If moreover ϕ P Φ+, this will be a point.

First of all, assume that we have some µ P arg maxµPP(X ) s
ϕ
µ which is not symmetric

(meaning that µ(A) ‰ µ(´A) for some A P B(X )). We define two new probability

measures, µ̃(¨) = µ(´¨) and ν := (µ + µ̃)/2. Clearly, we have that ν is symmetric and, for

any x P [´1, 1], we have that

Fϕ
ν (x) =

ˆ 1

´1
ϕ(|y ´ x|)

µ + µ̃

2
(ρy)

=

ˆ 1

´1

ϕ(|y ´ x|) + ϕ(|y + x|)

2
µ(ρy)

ě

ˆ 1

´1
ϕ(|y|)µ(ρy)

= Fϕ
µ (0) ě s

ϕ
µ

but then,

s
ϕ
ν = arg min

xP[´1,1]
Fϕ

ν (x) ě s
ϕ
µ

Thus, if µ is a solution, ν is a solution too. Moreover, this also shows that if µ is a solution,

it must have 0 P Eϕ[µ], otherwise, ν would be strictly better than µ.

Therefore, any solution µ, must have 0 P Eϕ[µ], but then

s
ϕ
µ =

ˆ 1

´1
ϕ(|y|)µ(ρy) ď ϕ(1).
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And the equality is obtained only if µ = pδ´1 + (1 ´ p)δ1 for some p P [0, 1]. But of these

solutions, only the one with p = 1/2 has 0 P m
ϕ
µ and this concludes the proof.

Space of sub-exponential convex functions

For our main results we consider a particular class of functions in Φ for which the loss

Fϕ
µ satisfies continuity properties under mild hypotheses (see Lemmas 14 and 15).

Definition 6. We define the class of subexponentially growing functions in Φ as

Φex := tϕ P Φ : γϕ ă 8u, where γϕ := sup
xPR+

ϕ(1 + x)
ϕ(1) + ϕ(x)

.

For all ϕ P Φ, the quantity γϕ is a measure of the growth rate of the function ϕ

and Φex is the collection of functions in Φ with finite growth. This is a large class of

functions, including, for p ą 1, ϕ : t ÞÑ tp and the exponential functions ϕ : t ÞÑ pt ´ 1. In

the appendix, we provide alternative characterizations of this class of functions and prove

several properties employed in next sections.

We recall that by Φ we denote the collection of all bijections of R+ := [0, 8) that are

convex. Thus, every function ϕ P Φ is strictly increasing and continuous. Moreover, we

defined

Φex :=

#

ϕ P Φ : γϕ := sup
xPR+

ϕ(x + 1)
ϕ(x) + ϕ(1)

ă 8

+

.

Notice that for any ϕ P Φ, the function x ÞÑ ϕ(1 + x)/(ϕ(1) + ϕ(x)) is continuous. Thus,

an equivalent characterization of this set is given by

Φex =

"

ϕ P Φ : lim sup
xÑ8

ϕ(1 + x)
ϕ(1) + ϕ(x)

ă 8

*

=

"

ϕ P Φ : lim sup
xÑ8

ϕ(1 + x)
ϕ(x)

ă 8

*

We also have that ϕ(1 + x)/(ϕ(1) + ϕ(x)) is equal to 1 at x = 0 so that γϕ ě 1. It is easy

to see that γϕ = 1 only when ϕ is linear, that is ϕ(x) = xϕ(1). Examples of functions in

this class are given by ϕ : x ÞÑ xp for p ě 1; in this case γϕ = 2p´1. Another class is given

by ϕ : x ÞÑ
px´1
p´1 for p ě 1 in this case γϕ = p.
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Both Φ and Φex are closed under multiplication, sum and positive multiples. In particular

we have that, for every c ą 0 and ϕ, ψ P Φex,

γcϕ = γϕ, γϕψ ď 2γϕγψ, γϕ+ψ ď max(γϕ, γψ),

The first equality is clear, as for the second,

γϕψ = sup
xPR+

ϕ(x + 1)ψ(x + 1)
ϕ(x)ψ(x) + ϕ(1)ψ(1)

= sup
xPR+

ϕ(x + 1)ψ(x + 1)
(ϕ(x) + ϕ(1))(ψ(x) + ψ(1))

(
1 +

ϕ(1)ψ(x) + ψ(1)ϕ(x)
ϕ(x)ψ(x) + ϕ(1)ψ(1)

)

ď

(
1 + sup

xPR+

ϕ(1)ψ(x) + ψ(1)ϕ(x)
ϕ(x)ψ(x) + ϕ(1)ψ(1)

)
sup
xPR+

ϕ(x + 1)
ϕ(x) + ϕ(1)

sup
xPR+

ψ(x + 1)
ψ(x) + ψ(1)

ď 2γϕγψ.

Using elementary calculus, it can be seen that ϕ(1)ψ(x)+ψ(1)ϕ(x)
ϕ(x)ψ(x)+ϕ(1)ψ(1) is zero at x = 0, it increases

up to 1 at x = 1 and then decreases back to 0 for x Ñ 8. Finally, for the third inequality,

we have that

γϕ+ψ = sup
xPR+

ϕ(x + 1) + ψ(x + 1)
ϕ(x) + ψ(x) + ϕ(1) + ψ(1)

= sup
xPR+

ϕ(x + 1)
ϕ(x) + ϕ(1)

ϕ(x) + ϕ(1)
ϕ(x) + ϕ(1) + ψ(x) + ψ(1)

+

+
ψ(x + 1)

ψ(x) + ψ(1)

(
1 ´

ϕ(x) + ϕ(1)
ϕ(x) + ϕ(1) + ψ(x) + ψ(1)

)

ď sup
xPR+

ϕ(x) + ϕ(1)
ϕ(x) + ϕ(1) + ψ(x) + ψ(1)

γϕ

+

(
1 ´

ϕ(x) + ϕ(1)
ϕ(x) + ϕ(1) + ψ(x) + ψ(1)

)
γψ

ď sup
αP[0,1]

αγϕ + (1 ´ α)γψ = max(γϕ, γψ).

We now want to remark that the choice of 1 in the definition of Φex is arbitrary, in the

sense that
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Lemma 7. For any t ą 0 we can alternative characterize Φex as

Φex =

#

ϕ P Φ : γ
(t)
ϕ := sup

xPR+

ϕ(x + t)
ϕ(x) + ϕ(t)

ă 8

+

=

"

ϕ P Φ : lim sup
xÑ8

ϕ(x + t)
ϕ(x)

ă 8

*

Proof. We prove this by showing that if s, t ą 0, then the conditions γ
(t)
ϕ ă 8 and γ

(s)
ϕ ă 8

are equivalent. Without loss of generality, we assume that 0 ă s ă t. Let now ϕ P Φ with

γ
(t)
ϕ ă 8, then

γ
(s)
ϕ = sup

xPR+

ϕ(x + s)
ϕ(x) + ϕ(s)

ď sup
xPR+

ϕ(x + t)
ϕ(x) + ϕ(t)

ϕ(t) + ϕ(x)
ϕ(s) + ϕ(x)

ď
ϕ(t)
ϕ(s)

sup
xPR+

ϕ(x + t)
ϕ(x) + ϕ(t)

ď γ
(t)
ϕ

ϕ(t)
ϕ(s)

ă 8

On the contrary, if ϕ P Φ has γ
(s)
ϕ ă 8, then

γ
(t)
ϕ = sup

xPR+

ϕ(x + t)
ϕ(x) + ϕ(t)

ď sup
xPR+

ϕ(x + rt/sss) + ϕ(s)
ϕ(x) + ϕ(s)

= sup
xPR+

rt/ss
ź

n=1

ϕ(x + ns) + ϕ(s)
ϕ(x + (n ´ 1)s) + ϕ(s)

ď

rt/ss
ź

n=1

sup
xPR+

ϕ(x + ns) + ϕ(s)
ϕ(x + (n ´ 1)s) + ϕ(s)

ď

(
1 + γ

(s)
ϕ

)rt/ss

ă 8

The following lemma motivates the name of Φex.

Lemma 8. Functions in Φex are dominated by exponentials, in particular, if ϕ P Φex with γ =

γϕ ą 1, then

@x P R+, ϕ(x) ď γ
γx ´ 1
γ ´ 1

ϕ(1).
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Proof. Let ϕ P Φex with γ = γϕ ą 1, then for any x ě 0, we prove by induction on txu that

ϕ(x) ď ϕ(1)
txu
ÿ

j=1

γj + γtxuϕ(x ´ txu)

Indeed, if txu = 0, then x P [0, 1), and ϕ(x) = ϕ(1)0 + 1ϕ(x ´ txu). So let now assume

the formula to hold for all numbers with floor part equal to n, and that y is such that

tyu = n + 1, then x := y ´ 1 is such that txu = n and x ´ txu = y ´ tyu, thus

ϕ(y) = ϕ(x + 1) ď γ(ϕ(1) + ϕ(x))

ď γ

ϕ(1) + ϕ(1)
txu
ÿ

j=1

γj + γtxuϕ(x ´ txu)



= ϕ(1)
tyu
ÿ

j=1

γj + γtyuϕ(y ´ tyu)

By convexity, and by the fact that ϕ(0) = 0, we have that

ϕ(x) ď ϕ(1)
txu
ÿ

j=1

γj + γtxuϕ(x ´ txu) ď γ
γtxu ´ 1
γ ´ 1

ϕ(1) + γtxu(x ´ txu)ϕ(1)

Now, for any g ą 1 and y ě 0, we have that y ď g gy´1
g´1 thus we conclude that

ϕ(x) ´
γx ´ 1
γ ´ 1

γϕ(1) ď
γϕ(1)
γ ´ 1

(γtxu ´ γx) + γtxu(x ´ txu)ϕ(1)

= γtxuϕ(1)

(
x ´ txu ´ γ

γx´txu ´ 1
γ ´ 1

)
ď 0

Also notice that if γϕ = 1, then ϕ(x) = xϕ(1) = ϕ(1) limγÓ1 γ γx´1
γ´1 .

We prove some basic properties of functions in Φex that we use extensively.

Lemma 9. If ϕ P Φex with γ = γϕ, then for any h P (0, 1],

ϕ(x + h) ´ ϕ(x) ď h(γϕ(1) + (γ ´ 1)ϕ(x))
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Moreover, if a, b, c are positive numbers such that a ď b + c, then

2ϕ(a/2) ď ϕ(b) + ϕ(c)

Proof. We have that ϕ(x + 1) ď γ(ϕ(x) + ϕ(1)), so that ϕ(x + 1) ´ ϕ(x) ď γϕ(1) + (γ ´

1)ϕ(x). And now, because of convexity, for any h P (0, 1],

ϕ(x + h) ´ ϕ(x) ď h(ϕ(x + 1) ´ ϕ(x)) ď h(γϕ(1) + (γ ´ 1)ϕ(x)).

We want to show that for any a ą 0 and for any ϕ P Φ, we have that for any b, c ě 0

such that a ď b + c, then ϕ(a) ď
ϕ(a)

2ϕ(a/2) (ϕ(b) + ϕ(c)). It holds that

min
b+cěa

(ϕ(b) + ϕ(c)) = min
b+cěa,min(b,c)ďa

(ϕ(b) + ϕ(c)) = min
bP[0,a]

(ϕ(b) + ϕ(a ´ b)) = 2ϕ(a/2)

Then, we have that

ϕ(a) =
ϕ(a)

2ϕ(a/2)
2ϕ(a/2) =

ϕ(a)
2ϕ(a/2)

min
b+cěa

(ϕ(b) + ϕ(c)) ď
ϕ(a)

2ϕ(a/2)
(ϕ(b) + ϕ(c))

Notice that, because of convexity and because ϕ(0) = 0, we must have that ϕ(a)
2ϕ(a/2) ě 1.

Now by simplifying, we get our desired result.

Also, notice that this result implies that

lim sup
xÑ8

ϕ1
+(x)

ϕ(x)
ď lim sup

xÑ8

(γϕ ´ 1)ϕ(x) + γϕϕ(1)
ϕ(x)

= γϕ ´ 1.
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3. Consistency
In this section we study one essential aspect of the sample ϕ-mean as an estimator for

the population ϕ-mean. First we consider this problem for a given function ϕ P Φex and

then, we consider the joint behavior of ϕ-means when ϕ belongs to a subcollection Ψ Ď Φex.

We now introduce the probabilistic framework.

3.1 Probabilistic Framework

In this section (X , ρ) will always be a metric space with the Heine-Borel property and

it will be equipped with its Borel σ-algebra Σρ. All probability measures will be defined on

this σ-algebra.

We consider iid samples of points from a probability measure µ, and employ a notion

of sample ϕ-mean. Starting from a random variable X : (Ω, Σ) Ñ (X , Σρ) with probability

law µ, we consider an infinite sample of iid observations distributed according to µ, so that

(Xj)jě1 is a random variable from (Ω := Ω8, Σ := Σb8) to (X8, Σb8
ρ ) with law given by

µ := µb8. Given ω P Ω and n ě 0, the empirical measure is denoted by

µ̂n : ω ÞÑ
1
n

n
ÿ

j=1

δXj(ω).

Now we define the empirical loss function and the corresponding empirical ϕ-mean.

Definition 10. Let ω P Ω, n ě 0, and (Xj)jě1 iid according to µ P P(X ),

Fϕ
n (ω) = Fϕ

µ̂n(ω)
: x ÞÑ

1
n

n
ÿ

j=1

ϕ(ρ(Xj(ω), x)), m
ϕ
n(ω) = m

ϕ

µ̂n(ω)
.

For the sake of simplicity, we avoid any reference to Ω and we write Fϕ
n and m

ϕ
n. Finally,

by almost surely, we always mean µ-almost surely.

In this section, we state our two main results concerning the consistency of the sample

ϕ-means as estimators for the population ϕ-means. Since mϕ and m
ϕ
n may not be singletons,

we now introduce a notion of distance between sets, called the one-sided Hausdorff distance.
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Definition 11. For all compact sets A, B Ď X we define

ρ8(A, B) := sup
aPA

inf
bPB

ρ(a, b)

It is easy to see that ρ8(A, B) ă ε iff A is contained in an ϵ-thickening1 of B as ρ8(A, B) =

supaPA ρ(a, B).

3.2 Main Results

We now state our first consistency result, which provides conditions under which, given

a specific ϕ P Φex, the set m
ϕ
n converges almost surely to mϕ in the sense of one-sided

Hausdorff distance.

Theorem 12. Let (X , ρ) be a metric space with the Heine-Borel property, ϕ P Φex, and µ P P(X )

be such that Fϕ
µ is finite somewhere. Then, as n Ñ 8,

ρ8

(
m

ϕ
n ,mϕ

)
µ´as
Ñ 0

This implies that, if ξn is any measurable selection from m
ϕ
n, then under the hypotheses

of the theorem, ρ(ξn,mϕ)
as
Ñ 0, highlighting the applicability of the result.

Next, we strengthen the previous result, under a few additional assumptions, to prove

uniform consistency. In particular, we study the collective behaviour of classes of sample

ϕ-means and their uniform (almost sure) convergence to the respective population ϕ-means.

Before stating the result, we need to make some further notations.

A collection Ψ Ď Φex is called

• dominated from above, if supϕPΨ γϕ ă 8 and supϕPΨ ϕ(1) ă 8. According to Lemma

8 this implies that there is some ψ P Ψex such that, for all ϕ P Ψ and t ě 0,

ϕ(t) ă ψ(t),

• compact if for any k ą 0, the collection tϕ|[0,k] : ϕ P Ψu is compact under the sup

norm on C([0, k]).

1 That is the collection of points at distance less than ε from B.
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An example is given by tϕ : t ÞÑ tp : p P [1, P]u for any fixed P ą 1.

Theorem 13. Let (X , ρ) be a metric space with the Heine-Borel property, let µ P P(X ) and

Ψ Ď Φex be compact, dominated from above with ψ P Φex be such that ϕ(t) ă ψ(x) for all ϕ P Ψ,

and such that Fϕ
µ is finite with a unique minimizer for every ϕ P Ψ. Then as n Ñ 8,

sup
ϕPΨ

ρ8(m
ϕ
n ,mϕ)

as
Ñ 0.

Notice that under the hypothesis that mϕ is a singleton, we have that ρ8(m
ϕ
n ,mϕ) =

ρ(m
ϕ
n ,mϕ). Theorem 31 provides a large collection of examples where the hypotheses of

Theorem 13 are satisfied. This theorem hints at an analogy between certain collections of

sample ϕ-means and Glivenko-Cantelli classes.

3.3 Proofs of Theorems 12 and 13

In order to prove these theorems, we need results concerning finiteness, continuity, and

compactness.

3.3.1 Finiteness and Continuity

We now study the properties of ϕ-means, when ϕ P Φex. First of all, it is important to

determine whether and where the loss function Fϕ
µ is finite. This depends on the space X ,

the probability measure µ and the function ϕ. It is immediate to see that if X is compact,

then Fϕ
µ is always finite. Thus, we focus on the case in which X is not compact. In this

case, we prove that if ϕ P Φex, then Fϕ
µ is either infinite everywhere or finite everywhere.

Notably, a converse is also provided.

Lemma 14. Let X be a metric space with the Heine Borel property. If µ P P(X ) and ϕ P Φex,

then Fϕ
µ is finite somewhere iff it is finite everywhere. Conversely, if X is an unbounded, complete,

locally compact, length metric space, ϕ P Φ and for all µ P P(X ), Fϕ
µ is finite everywhere iff it is

finite somewhere, then ϕ P Φex.
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Proof. If ϕ P Φex, let p, q P X be such that Fϕ
µ (p) ă 8 and ρ(p, q) ď 1, then, by Lemma 9,

Fϕ
µ (q) =

ˆ
ϕ(ρ(x, q))µ(dx) ď

ˆ
ϕ(ρ(x, p) + ρ(p, q))µ(dx)

ď γϕ(1) + γ

ˆ
ϕ(ρ(x, p))µ(dx) = γϕ(1) + γFϕ

µ (p) ă 8

By induction, we obtain finiteness on the entire space. Of course, if X is compact or µ

has compact support, then Fϕ
µ will always be finite everywhere for any ϕ P Φ and indeed

in this case any ϕ P Φ can be replaced by an equivalent 2 ψ P Φex in such a way that

ϕ(x) = ψ(x) for every x P [0, diam(X )].

If X is unbounded and ϕ P ΦzΦex, then we can find a probability measure µ P P(X ) such

that Fϕ
µ is finite only on a nontrivial subset of X . Indeed, it is enough to prove this claim on

an unbounded interval [´7, 8), since any unbounded, complete, locally compact, length

metric space has the Heine-Borel property by the Hopf–Rinow theorem (see Gromov, 2007

Section 1B) and it contains a subset isometric to [´7, 8). We then consider the following

probability measure

µ(dx) : =
g(x)1[0,8)(x)

1 + ϕ(x)
dx
c

,

g(x) : =
8
ÿ

n=1

1An(x)
n2λ(An)

,

An : =
"

x :
ϕ(1 + x)

ϕ(1) + ϕ(x)
P [n, n + 1)

*

where c =
´ 8

0
g(x)dx
1+ϕ(x) P (0, 8) is the integration constant and λ is the Lebesgue measure.

It is now possible to see that Fϕ
µ is finite in some points but not in others, indeed

Fϕ
µ (0) =

ˆ 8

0

ϕ(x)
ϕ(1) + ϕ(x)

g(x)
c

dx ď
1
c

ˆ 8

0
g(x)dx =

1
c

8
ÿ

n=1

1
n2 =

π2

6c
ă 8,

Fϕ
µ (´1) =

ˆ 8

0

ϕ(x + 1)
ϕ(1) + ϕ(x)

g(x)
c

dx ě

8
ÿ

n=1

ˆ 8

0

1An(x)
nλ(An)

dx
c

ě
1
c

8
ÿ

n=1

1
n
= 8.

2 that is such that for any probability measure µ, Fϕ
µ = Fψ

µ
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This concludes the proof since X is trivially closed in itself.

Notice that for certain measures µ there may not exist any ϕ P Φex for which Fϕ
µ is finite.

The typical example would be to consider X = R and µ a Cauchy probability measure,

that is µ(dx) = 1
1+x2

dx
π .

Now we study the continuity properties of the loss function.

Lemma 15. Let X be a metric space with the Heine Borel property and µ P P(X ). For all

ϕ P Φex, if Fϕ
µ is finite somewhere, then it is finite and continuous everywhere. In particular, Fϕ

µ is

locally Lipschitz continuous.

Proof. Global finiteness of Fϕ
µ follows from Lemma 14. Assume p, q P X be such that

ρ(p, q) ď 1. By triangular inequality, for any x P X , |ρ(p, x) ´ ρ(x, q)| ď ρ(p, q) ď 1. Thus,

by Lemma 9,

|Fϕ
µ (p) ´ Fϕ

µ (q)| ď

ˆ
|ϕ(ρ(p, x)) ´ ϕ(ρ(x, q))|µ(dx)

ď

ˆ
min

uPtp,qu
(ϕ(ρ(x, u) + ρ(p, q)) ´ ϕ(ρ(x, u)))µ(dx)

ď ρ(p, q)
(

γϕϕ(1) + (γϕ ´ 1) min
uPp,q

ˆ
ϕ(d(x, u))µ(dx)

)

ď ρ(p, q)
(

γϕϕ(1) + (γϕ ´ 1) min
uPtp,qu

Fϕ
µ (u)

)

This shows that on any ball B1/2(p), the loss function Fϕ
µ is Lipschitz continuous with

constant smaller or equal than

γϕϕ(1) + (γϕ ´ 1) sup
qPB1/2(p)

Fϕ
µ (q) ă 8.

Notice that when γϕ = 1 (that is when ϕ(x) = xϕ(1)), Fϕ
µ is globally Lipschitz con-

tinuous with constant bounded by ϕ(1). Another case in which Fϕ
µ is globally Lipschitz
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continuous is, of course, when X is compact. However, in general, it is not. For instance, if

X = R and µ is compactly supported, then it is easy to verify that Fϕ
µ is globally Lipschitz

iff ϕ is globally Lipschitz.

With Lipschitz continuity, we can prove the compactness of the ϕ-mean set.

Theorem 16. Let X be a metric space with the Heine Borel property, µ P P(X ), and ϕ P Φex. If

Fϕ
µ is finite somewhere, then m

ϕ
µ is a non-empty compact set with a diameter bounded by

diam(m
ϕ
µ) ď 2ϕ´1

(
inf
xPX

Fϕ
µ (x)

)
.

Proof. Since X has the Heine-Borel property, we just need to show that mϕ(µ) is closed and

bounded. Closedness is a consequence of the continuity of Fϕ
µ which is in turn guaranteed

by Lemma 14. Boundedness is clear if X is compact, so we prove boundedness assuming

X to be unbounded. Let p P X , we know that Fϕ
µ (p) is finite (and positive), there is an

rp ą 0 such that
ˆ

Brp (p)
ϕ(ρ(x, p))µ(dx) ě

1
2

Fϕ
µ (p).

But now, if q P X is such that ρ(p, q) ě krp, and k ě 3, then

Fϕ
µ (q) ě

ˆ
Brp (p)

ϕ(ρ(q, x))µ(dx) ě

ˆ
Brp (p)

ϕ((k ´ 1)ρ(p, q))µ(dx)

˚

ě (k ´ 1)
ˆ

Brp (p)
ϕ(ρ(p, q))µ(dx) ě (k ´ 1)

ˆ
Brp (p)

ϕ(kρ(p, x))µ(dx)

˚

ě k(k ´ 1)
ˆ

Brp (p)
ϕ(ρ(x, p))µ(dx) =

k(k ´ 1)
2

Fϕ
µ (p) ě 3Fϕ

µ (p).

Where (*) hold because if ϕ is convex, with ϕ(0) = 0 and c ą 1, then ϕ(cx) ě cϕ(x) for

every x ě 0. This shows that (for any p P X ) mϕ(µ) Ď B3rp(p) so we obtain boundedness.

If mϕ(µ) is a singleton, then the result is obvious, so let y, z P mϕ(µ) be distinct. We

consider the triangle inequality with a generic point x P X , ρ(y, z) ď ρ(y, x) + ρ(x, z), but

then from Lemma 9 we have that

2ϕ(ρ(y, z)/2) ď ϕ(ρ(y, x)) + ϕ(ρ(z, x))
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And now, integrating by µ(dx), we conclude that

2ϕ(ρ(y, z)/2) ď Fϕ
µ (y) + Fϕ

µ (z) = 2 inf
xPX

Fϕ
µ (x).

This proof also shows that if X is unbounded, then Fϕ
µ is unbounded too, and in par-

ticular, for any p P X and m ą 0, we can find a radius sp,m such that

@q R Bsp,m(p), Fϕ
µ (q) ě m.

Notice that infxPX Fϕ
µ (x) is zero iff µ is a Dirac distribution. In this case Lemma 16 yields

that m
ϕ
δx̂
= tx̂u.

We now show with an example that this bound can be tight. Let X = S1, ϕ = Id and µ

be the normalized Haar measure. In this case we have that Fϕ
µ is constant and equal to

Fϕ
µ (p) =

ˆ π

´π
ϕ(|x|)

dx
2π

=
1
π

ˆ π

0
xdx =

π

2

Thus, in this case, mϕ
µ = X and diam(m

ϕ
µ) = diam(S1) = π = 2ϕ´1(infpPX Fϕ

µ (p)).

Also notice that Lemma 16 implies that, whenever µ has compact support,

diam(m
ϕ
µ) ď diam(supp(µ)).

3.3.2 Proof of Consistency

The proof of Theorem 12 is based on the following two lemmas.

Lemma 17. For any compact set K Ď X , as n Ñ 8,

sup
xPK

ˇ

ˇ

ˇ
Fϕ

n (x) ´ Fϕ(x)
ˇ

ˇ

ˇ

µ´as
Ñ 0
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Proof. Let γ := γϕ. Fix an arbitrary ε ą 0 and k := rdiam(K)s ă 8. For any z P K,

sup
xPK

Fϕ
n (x) = sup

xPK

1
n

n
ÿ

j=1

ϕ(ρ(Xj, x)) ď sup
xPK

1
n

n
ÿ

j=1

ϕ(ρ(Xj, z) + ρ(z, x))

ď
1
n

n
ÿ

j=1

ϕ(ρ(Xj, z) + k)
Lemma 9

ď γk 1
n

n
ÿ

j=1

ϕ(ρ(Xj, z)) = γkFϕ
n (z)

As E[Fϕ
n (z)] = Fϕ(z) ă 8 is finite by Lemma 14, we can apply the SLLN to find an almost

surely finite random integer N such that for any n ě N, Fϕ
n (z) ď Fϕ(z) + 1. Therefore,

@n ě N, sup
xPK

Fϕ
n (x)

µ´as
ď γk (Fϕ(z) + 1

)
=: αK

Moreover, for any δ1 ď 1 and n ě N,

sup
x,yPK:ρ(x,y)ďδ1

ˇ

ˇ

ˇ
Fϕ

n (x) ´ Fϕ
n (y)

ˇ

ˇ

ˇ

ď sup
x,yPK:ρ(x,y)ďδ1

1
n

n
ÿ

j=1

ˇ

ˇϕ(ρ(x, Xj)) ´ ϕ(ρ(y, Xj))
ˇ

ˇ

ď sup
x,yPK:ρ(x,y)ďδ1

1
n

n
ÿ

j=1

|ρ(x, Xj) ´ ρ(y, Xj)|(γϕ(1) + (γ ´ 1)ϕ(ρ(x, Xj)))

ď δ1

γϕ(1) + (γ ´ 1) sup
xPK

1
n

n
ÿ

j=1

ϕ(ρ(x, Xj))


as
ď δ1 (γϕ(1) + (γ ´ 1)αK) .

Where we applied 9 in the third inequality.

Thus by taking δ1 sufficiently small, we get that |Fϕ
n (x) ´ Fϕ

n (y)|
as
ď ε/3 for any x, y P K

with ρ(x, y) ď δ1.

Furthermore, by Lemma 14, Fϕ
µ is continuous, thus we can find some δ2 ą 0 such that

|Fϕ
µ (x) ´ Fϕ

µ (y)| ď ε/3 for any x, y P K with ρ(x, y) ď δ2. Now let δ = min(δ1, δ2), by

compactness of K, we can find a finite number of points (zi)
m
i=1 such that K Ď

Ťm
i=1 Bδ(zi).
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For every i P t1, . . . , mu, the SLLN guarantees the existence of an almost surely finite

variable Ni such that

@n ě Ni, |Fϕ
n (zi) ´ Fϕ(zi)|

as
ď ε/3

Now, by finiteness of m, the random variable N1 := max(N, maxiPt1,...,mu Ni), is almost

surely finite, and for all n ě N1,

sup
xPK

|Fϕ
n (x) ´ Fϕ(x)| ď sup

xPK
|Fϕ

n (x) ´ Fϕ
n (zjx)|+

+ sup
xPK

|Fϕ
h (zjx) ´ Fϕ(zjx)|+

+ sup
xPK

|Fϕ(zjx) ´ Fϕ(x)|

ďε/3 + ε/3 + ε/3 = ε.

where we denoted jx := mintj P t1, . . . , mu : ρ(zj, x) ă δu.

Lemma 18. Let m = infxPK Fϕ(x). There is an almost surely finite random variable N and a

compact set A including mϕ such that for all n ě N,

inf
yRA

min
(

Fϕ(y), Fϕ
n (y)

)
ě m + 1

Proof. If X is compact, then we can just take A = X and we are done. Instead, assume X

to be unbounded, then we can find a compact set B such that
´

B µ(dx) ą 3/4 and then we

consider Ak = tx P X : ρ(x, B) ď ku. This is compact, and moreover,

@y R Ak, Fϕ
µ (y) ě

ˆ
B

ϕ(ρ(y, x))µ(dx) ě ϕ(k)µ(B) =
3
4

ϕ(k)

And since limkÑ8 ϕ(k) = 8, we have that this quantity is larger than m + 1 for some k.

As for the sample case, we have that

@y R Ak, Fϕ
n (y) ě

ÿ

j:XjPB

ϕ(ρ(y, Xj)) ě
|tj : Xj P Bu|

n
ϕ(k)
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But by the SLLN, we have that |tj : Xj P Bu|/n converges almost surely to µ(B) = 3/4 so

that, there is an almost sure finite random variable N such that if n ě N, then |tj : Xj P

Bu|/n ą 1/2. Thus, we can take k˚ := inftk : ϕ(k)/2 ą m + 1u and define A := Ak˚ and

we are done. Indeed, it is easy to see that mϕ Ď A, because, by definition of mϕ, we have

that Fϕ(mϕ) = m ă m + 1.

Now we are ready to proceed with the proof of Theorem 12.

Proof of Theorem 12. Let m = infxPX Fϕ(x), and let ε ą 0, we need to prove that there is a

constant δ ą 0 and an almost-surely finite random variable N such that for any n ě N,

sup
xPmϕ

Fϕ
n (x) ď m + δ, inf

x:ρ(x,mϕ)ąε
Fϕ

n (x) ě m + 3δ.

To this end, let A and N3 := N be as in the proof of Lemma 18, and define

K := tx P A : ρ(x,mϕ) ě εu.

This is compact and m1 := mintFϕ(x) : x P Ku ą m. Then set δ := (m1 ´ m)/4 so that

m1 ą m + 4δ. Now we can apply the Lemma 17 to the compact sets mϕ and K and find

almost surely finite random variables N1, N2 so that if n ą max(N1, N2, N3), we have

@x P mϕ, Fϕ
n (x) ď m + δ

@x P K, Fϕ
n (x) ě m1 ´ δ = m + 3δ

@x R A, Fϕ
n (x) ě m + 1

This forces the sample ϕ-mean set mϕ
n to be contained in an ϵ-engrossing of mϕ.

3.3.3 Proof of Uniform Consistency

The proof of this result, despite being more technical, follows the same steps of the

proof of Theorem 12 and uses the following lemmas. For the relevant concepts and tools of

this section see Chapter 4 of Wainwright, 2019, Chapter 7 of Vaart and Wellner, 1996 and

Chapter 3 Sen, 2022.
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Lemma 19. Let Ψ Ď Φex be dominated, µ P P(X ) be such that Fϕ
µ is finite for all ϕ P Ψ, then as

n Ñ 8, for any compact set K,

sup
ϕPΨ

sup
xPK

|Fϕ
n (x) ´ Fϕ(x)|

µ´as
Ñ 0.

Proof. Under the hypotheses and by Lemma 8 there is some ψ P Φex such that

sup
ϕPΨ

ϕ(x) ď ψ(x)

for every x ě 0. Thus, for any z P X , supϕPΨ Fϕ(z) ď Fψ(z). Now we fix an arbitrary

ε ą 0.

Firstly, by inspecting the proof of Lemma 2.3, we see that, for any ϕ P Ψ, the Lipschitz

constants of Fϕ
µ |K are bounded by a common constant not depending on ϕ. Thus, for any

ε ą 0 there is a δ1 ą 0 such that

sup
ψPΨ

sup
x,yPK:ρ(x,y)ăδ1

|Fϕ(x) ´ Fϕ(y)| ă ε/3

Secondly, let γ := supϕPΨ γϕ, z P K be an arbitrary point and k := rdiam(K)s, then

sup
ϕPΨ

sup
xPK

Fϕ
n (x) ď sup

xPK
Fψ

n (x) = sup
xPK

1
n

n
ÿ

j=1

ψ(ρ(x, Xj))

ď sup
xPK

1
n

n
ÿ

j=1

ψ(ρ(x, z) + ρ(z, Xj)) ď
1
n

n
ÿ

j=1

ψ(k + ρ(z, Xj))

ď γk 1
n

n
ÿ

j=1

ψ(k + ρ(z, Xj)) = γkFψ
n (z)

Where we applied 9 in the last inequality. But E[Fψ
n (z)] = Fψ(z) ă 8, thus by SLLN,

there is an almost surely finite integer-valued random variable N such that if n ě N,

Fψ
n (z) ď Fψ(z) + 1 ă 8 and thus, if n ą N, we also have that

sup
ϕPΨ

sup
xPK

Fϕ
n (x) ă γk(Fψ(z) + 1) =: αK ă 8.
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Now, if δ is sufficiently small, we have that

sup
ϕPΨ

sup
x,yPK:ρ(x,y)ďδ

|Fϕ
n (x) ´ Fϕ

n (y)|

ď sup
ϕPΨ

sup
x,yPK:ρ(x,y)ďδ

1
n

n
ÿ

j=1

|ϕ(ρ(x, Xj)) ´ ϕ(ρ(y, Xj))|

ď sup
ϕPΨ

sup
x,yPK:ρ(x,y)ďδ

1
n

n
ÿ

j=1

|ρ(x, Xj) ´ ρ(y, Xj)|
(
γϕϕ(1) + (γϕ ´ 1)ϕ(ρ(y, Xj))

)

ď δ

γψ(1) + (γ ´ 1) sup
xPK

1
n

n
ÿ

j=1

ϕ(ρ(x, Xj))


if nąN

ď δ (γϕ(1) + (γ ´ 1)αK) .

Where we applied 9 in the second inequality. Thus, we can find some δ2 such that for any

n ą N,

sup
ϕPΨ

sup
x,yPK:ρ(x,y)ďδ2

|Fϕ
n (x) ´ Fϕ

n (y)| ă ε/3.

Thirdly, let δ3 = min(δ1, δ2), by compactness of K, we can find finitely many balls

(Bδ3(zi))iPt1,...,mu so that K Ď
Ťm

i=1 Bδ3(zi). For each zi and ϕ P Ψ we have that E[Fϕ
n (zi)] =

Fϕ(zi), thus by SLLN, |Fψ
n (zi) ´ Fψ(zi)|

as
Ñ 0. However we need now to show the stronger

statement that at each zi, supϕPΨ |Fϕ
n (zi) ´ Fϕ(zi)|

as
Ñ 0. This is the same as asking the

collection of functions F := t fϕ = ϕ ˝ ρ(zi, ¨) : X Ñ R+ : ϕ P Ψu to have the Glivenko-

Cantelli property. This is the case because of Lemma 20 below. Thus, for any i P t1, . . . , mu

there is an Ni almost surely finite such that for any n ą Ni, supϕPΨ |Fϕ
n (zi) ´ Fϕ(zi)| ă ε/3

and, if n ą N1 := maxiPt1,...,mu(Ni)
as
ă 8,

max
iPt1,...,mu

sup
ϕPΨ

|Fϕ
n (zi) ´ Fϕ(zi)| ď ε/3.
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Finally, if n ą max(N, N1), by combining the previous three results, we conclude that

sup
ϕPΨ

sup
xPK

|Fϕ
n (x) ´ Fϕ(x)| ď sup

ϕPΨ
sup
xPK

|Fϕ
n (x) ´ Fϕ

n (zjx)|

+ sup
ϕPΨ

sup
xPK

|Fϕ
n (zjx) ´ Fϕ(zjx)|

+ sup
ϕPΨ

sup
xPK

|Fϕ(zjx) ´ Fϕ(x)| ď ε

Lemma 20. Let µ P P(X ), Ψ Ď Φex be dominated and such that Fψ
µ is finite. Then, for any

z P X the class of functions F := t fϕ : x ÞÑ ϕ(ρ(z, x)) : ϕ P Ψu is µ-Glivenko Cantelli.

Proof. Given a class of measurable functions F , Theorem 3.2 of Sen, 2022 guarantees that

a sufficient condition for F to be µ-Glivenko-Cantelli is that for every ε ą 0,

N[](ε,F , L1(µ)) ă 8.

By N[] we denote the bracketing number (see Chapter 3 of Sen, 2022 and Chapter 7 of

Vaart and Wellner, 1996 for definition and properties). In our case

F := tϕ ˝ ρ(z, ¨) : ϕ P Ψu.

However, for any µ P P(X ), we can find some ν P P(R+) such that

}ϕ ˝ ρ(z, ¨)}L1(µ) =

ˆ
X

ϕ(ρ(z, x))µ(dx) =
ˆ

R+

ϕ(r)ν(dr).

Thus, any bracketing of (F , L1(µ)) corresponds to a bracketing of (Ψ, L1(ν)), and thus

N[](ε,F , L1(µ)) = N[](ε, Ψ, L1(ν)). Let ψ P Φex be such that ϕ ď ψ for every ϕ P Ψ. Now,

since }ψ}L1(ν) ă 8, there must be some a ą 0 such that
´
(a,8) ψ(r)ν(dr) ă ε/2. Also let

b := ψ(a). Let now f1, f2 be two increasing functions defined from [0, a] to [0, b] such that

f1 ă f2 and } f2 ´ f1}L1(ν|[0,a])
ă ε/2, then by extending f1 to be 0 and f2 to coincide with ψ

on (a, 8), we see that } f2 ´ f1}L1(ν) ă ε. This implies that

N[](ε, Ψ, L1(ν)) ď N[](ε/2,La,b, L1(ν|[0,a])),
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where La,b is the set of increasing functions from [0, a] to [0, b]. But, by a simple grid

argument exposed in Theorem 2.7.5 of Vaart and Wellner, 1996, we know that

N[](ε/2,La,b, L1(ν|[0,a])) ă 8

for any ε, and we are done.

Lemma 21. Let λ = infxPK Fψ(x). There is an almost surely finite random variable N and a

compact set A containing
Ť

ϕPΨ mϕ such that for all n ě N,

inf
ϕPΨ

inf
yRA

min
(

Fϕ(y), Fϕ
n (y)

)
ą λ + 1

Proof. If X is compact, then we can just take A = X and we are done. Instead, assume

X to be unbounded, we can find a compact set B such that
´

B µ(dx) ą 3/4 and then

we consider Ak = tx P X : ρ(x, B) ď ku. This is compact, and moreover, by denoting

φ : t ÞÑ infϕPΨ ϕ(t),

@ϕ P Ψ, @y R Ak, Fϕ
µ (y) ě

ˆ
A

φ(ρ(y, x))µ(dx) ě φ(k)µ(A) =
3
4

φ(k)

Since limkÑ8 φ(k) ě limkÑ8 k infϕPΨ ϕ(1) = 8, we have that this quantity is larger than

λ + 1 for some k. As for the sample case, we have that

@ϕ P Ψ, @y R Ak, Fϕ
n (y) ě

ÿ

j:XjPA

φ(ρ(y, Xj)) ě
|tj ď n : Xj P Au|

n
φ(k)

But by the SLLN, we have that |tj : Xj P Au|/n converges almost surely to µ(A) = 3/4

so that, there is an almost sure finite random variable N such that if n ě N, then |tj ď n :

Xj P Au|/n ą 1/2. Thus, we can take k˚ := inftk : φ(k)/2 ą λ + 1u and define K := Ak˚

and we are done. Indeed it is now trivial to see that
Ť

ϕPΨ mϕ is contained in B, because

for each ϕ P Ψ, we have that Fϕ(mϕ) = infxPK Fϕ(x) ď infxPK Fψ(mϕ) = λ.

Notice that Lemma 21 also proves that
Ť

ϕPΨ mϕ is precompact. Now we are ready to

proceed with the proof of Theorem 13.
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Proof of Theorem 13. Let mϕ = infxPX Fϕ(x), and let ε ą 0, we would like to prove that

there is δ ą 0 and an as finite random variable N such that for any ϕ P Ψ, n ě N,

sup
xPmϕ

Fϕ
n (x) ď mϕ + δ, inf

x:ρ(x,mϕ)ąε
Fϕ

n (x) ě mϕ + 3δ

This will conclude the proof. Let A and N be as in the proof of Lemma 19, and define

K := tx P A : ρ(x,mϕ) ě εu.

This is compact and m1
ϕ := mintFϕ(x) : x P Ku ą mϕ. Then set δ := infϕPΨ(m1

ϕ ´ mϕ)/4

which can be shown to be strictly positive because of the hypothesis of Φ being compact

Indeed, this is a consequence of Lemmas 22 and 23 ). Then, for any ϕ P Ψ, m1
ϕ ą λϕ +

4δ. Now we can apply the Lemma 18 to the compact set A and find almost surely finite

random variables N1 so that if n ą max(N, N1), we have at the same time

@x P mϕ, Fϕ
n (x) ď mϕ + δ

@x P K, Fϕ
n (x) ě m1

ϕ ´ δ = mϕ + 3δ

@x R A, Fϕ
n (x) ě m + 1

This forces each of the sample ϕ-mean sets m
ϕ
n to be contained in an ε-engrossing of the

corresponding mϕ.

This lemma is a consequence of Berge’s maximum theorem Berge, 2010, all the relevant

notions are presented in Chapter 7 of Rockafellar and Wets, 1998.

Lemma 22. Let F be a closed subset of continuous functions from a compact set A to R such

that for each F P F , F ha a unique minimizer (that we call xF) contained in K´ := tx P A :

ρ(x, BA) ą ηu for some η ą 0. Then, for any ε ă η, the map δ : F ÞÑ minxPA:ρ(x,xF)ąε F(x) ´

F(xF) is continuous. Thus, δ := infFPF δε(F) ą 0.

Proof. By Theorem 7.33 of Rockafellar and Wets, 1998, since F is closed in the sup-norm

and it contains only continuous functions, the map F ÞÑ arg minxPK F(x) (from F to 2K) is
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epigraphically continuous. Moreover, since by assumption, each F has a unique min-

imum, this implies that the map F ÞÑ xF is continuous from F to K. By the closed

graph theorem (Theorem 1.4.8 of Aubin and Frankowska, 2009), we also have that the

map C : F ÞÑ tx P K : ρ(x, xF) ą εu = cl(KzBε(xF)) is upper and lower epicontinous

and compact valued, thus we can apply Berge’s maximum theorem (see Berge, 2010) and

deduce that the map : F ÞÑ minxPC(F) F(x) is continuous too.

Lemma 23. If Ψ is a "compact" collection of maps in Φex such that ψ ě ϕ for any ϕ P Ψ and Fψ
µ

is finite, then for any compact set A P X , the collection F := tFϕ
µ |A : ϕ P Ψu is compact.

Proof. We can define a norm on Ψ as } ¨ }Ψ : ϕ ÞÑ }
ϕ

1+ψ }8. This is well defined and makes

Ψ compact because each function of the form ϕ/(1 + ψ) is continuous and bounded by

one. Now we show that the map sending ϕ P Ψ to Fϕ
µ |A P L8(A) is continuous.

}Fϕ
µ |A}8 = sup

xPA

ˆ
X

ϕ(ρ(x, y))dµ(y)

= sup
xPA

ˆ
X

ϕ(ρ(x, y))
1 + ψ(ρ(x, y))

(1 + ψ(ρ(x, y)))dµ(y)

ď }ϕ}Ψ

(
1 + sup

xPA

ˆ
X

ψ(ρ(x, y))dµ(y)
)

ď }ϕ}Ψ

(
1 + sup

xPA
Fψ

µ (x)
)

.
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3.4 An Examples

Here we show an example of application of our results. We drewn n = 100 samples from

a bimodal distribution on the sphere S3. In particular, the generating process is as follows

si
iid
„ (δ1 + δ´1)/2,

yi
iid
„ N

0
0
2

 ,

1 0 0
0 1 0
0 0 1

 ,

xi = yi/}yi}2.

This is effectively a mixture of two isotropic distributions centered respectively on the north

pole and the south pole of the sphere. As a consequence, the resulting population ϕ-mean

(for any ϕ P Φ) is given by all the points on the equator, that is points with null third

component. However, when drawing a sample from such a distribution, the resulting ϕ-mean

mϕ will almost surely be given by just a single point, as the empirical distribution is almost

surely not symmetric with respect to the equator. However, according to the consistency

result, the one-sided Hausdorff distance between m
ϕ
n and mϕ will converge to zero almost

surely. This case makes it clear why it is essential to use the one-sided Hausdorff distance

instead of the symmetric Hausdorff distance. The reason is that using the symmetric version

we would get that the distance between a single point and the equator can never go below

π. Instead, using the one-sided version, accurately assign a value of zero for the distance

between a point on the equator and the equator itself.

Below is an illustration of a simulation with ϕ : t ÞÑ tp for p P [1, 3].
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FIGURE 3.1: In black are the 100 samples, in blue is the population ϕ-mean (which does
not depend on ϕ) and in red are the sample ϕ-means. As we can see they are not spread
all over the equator, but they are all close to it.
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4. Central Limit Theorems
In the previous Chapter and in the article Aveni and Mukherjee, 2024 we established

a Consistency result for ϕ-means which shows that, under mild hypothesis, the sample

ϕ-mean m
ϕ
n converges almost surely to its population counterpart mϕ.

In this section, we better quantify the speed of this convergence by providing a CLT

for generalized Fréchet means. However, in order to state such a result we need to restrict

ourselves to a more restrictive setting than just metric spaces with the Heine Borel property.

We need to be able to locally approximate our space X with a linear space. For this reason

we assume from now on X to be a Riemannian manifold equipped with its geodesic distance

ρ, even though more general settings have been recently explored by Mattingly et al., 2024.

In the first section, we will briefly recall some relevant notions from Riemannian geom-

etry and then we will provide and prove our CLT. Finally we will illustrate these results

with examples on common Riemannian manifolds like spheres and the Lie group of spatial

rotations SO3.

4.1 Notation and results on the cut locus

The basic notions of Riemannian geometry that we need are covered, for instance, in

Chapter 6 of Lee, 2021, Chapter 5 of do Carmo, 2013, Chapter 5.4 of Jost, 2011 or Chapter

3.2 of Chavel, 2006. For the more specialized results on the cut locus, essential references

are Eltzner et al., 2024, Le and Barden, 2014, Barden and Le, 1997 and most importantly

for our work Hotz et al., 2022. The reason why we are interested in the cut locus is that

this is a set of points where the distance function is not smooth and, despite the cut locus

having volume measure zero, this can slow down the convergence of the sample ϕ-means.

In particular, the contribution of the cut locus to the asymptotic variance of the sample

ϕ-means is known in the literature as smeariness and it was first described in Eltzner, 2020.

We denote by TxX the tangent space of X at x and by expx : TxX Ñ X the exponential

map, which maps a tangent vector v P TxX to the point reached at t = 1 by the unique

geodesic γ : R Ñ X with γ(0) = x and γ̇(0) = v.
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We denote by Vx and Nx the largest neighborhood of 0 P TxX and of x P X for which

expx is a diffeomorphism from Vx to Nx. The set Nx has full volume measure in X and its

complement Cx is the cut locus of x which is known to have at least Hausdorff codimension

one (see Barden and Le, 1997). We have that Cx = expx(BVx). For this reason the

tangential preimage of Cx is sometimes called the tangential cut locus (see for instance

Jin-ichi and Minoru, 1998).

On Nx we can define the log map as the inverse of the exponential map and we denote

it by exp´1
x : Nx Ñ TxX . This is by definition of Nx a diffeomorphism. When y P Cx,

by exp´1(y) we mean the preimage of y in the tangential cut locus BVx through expx.

The failure of expx to be a diffeomorphism can be due to a lack of injectivity or to a

degeneracy in its derivative. This allows to partition Cx into two (or indeed countably

many) disjoint parts, in particular, let Hx be the set of points y P Cx for which there are

exactly two minimal geodesics connecting x to y. This set is known (Barden and Le, 1997) to

be a (possibly empty) disjoint union of hypersurfaces (codimension one properly embedded

submanifolds). Moreover, its complement in Cx has at least codimension two and it contains

the set of first conjugate loci (i.e. the points in Cx at which the exponential map has a

degenerate derivative). Notice that Hx can be also written as ty P Cx : | exp´1
x (y)| = 2u.

4.2 Central Limit Theorem

We now consider the regularity of the map ρx : X Ñ R+ sending y ÞÑ ρ(x, y). This

function is smooth on Nxztxu with unitary gradient and it is just continuous on Cx \ txu.

Despite this, ρx is relatively well behaved on Hx (and at x where it is completely analogous

to the cone y ÞÑ }y}2 in Rk). In particular, we recall the following facts proved in Hotz

et al., 2022.

Lemma 24. Let S Ď Hx be a sufficiently small subset of a connected component of Hx, then

exp´1
x (Hx) will be made by two disconnected regions of Cx. There are two disjoint neighborhoods

V1, V2 Ď TxX zt0u containing these two regions such that (expx |Vi)i=1,2 are two diffeomorphism

onto the same set U = expx(V
1) = expx(V

2). We can now define ρi
x : U Ñ R+ as the map
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sending y ÞÑ }(expx |Vi)´1(y)}. We have that these two maps are smooth and that they agree only

on U X Hx. Moreover,

@y P U, ρx(y) = min(ρ1
x(y), ρ2

x(y)).

In addition for i P t1, 2u, if y P S and vi is the only element in exp´1
x (y) X Vi, then

∇ρi
x(y) = vi/}vi}

and the geodesics γ1, γ2 with γi(0) = x and γ̇i(0) = vi are the two minimal geodesics connecting

x to y in a unit of time.

Now, for each connected component of Hx, following the constructions in the previous

lemma (and carefully patching together the different maps constructed at each connected

component), we define ρi
x on a neighborhood of all these connected components and by

making arbitrary choices of signs, we define χx : y ÞÑ ρ1
x(y) ´ ρ2

x(y). This map is well

defined on some neighborhood of Hx. In [] it is proved that Hx Q y ÞÑ ∇χ(y|x) is a non-

vanishing vector field normal to Hx.

From this we define for every y P Hx,

κx : y ÞÑ }∇χx(y)} nx : y ÞÑ ∇χx(y)/κx(y).

We have that, if ϕ : R+ Ñ R+ is a C1 function, then for y P Hx,
›

›

›
∇
(

ϕ(ρ1
x(y)) ´ ϕ(ρ2

x(y))
)›

›

›
=

›

›

›
ϕ1(ρ1

x(y))∇ρ1
x(y) ´ ϕ1(ρ2

x(y))∇ρ2
x(y)

›

›

›

= ϕ1(ρ(x, y))}∇χx(y)}

= ϕ1(ρ(x, y))κx(y)

We also have that if y P Hx,

∇ρi
x(y) = lim

zÑy, xexp´1
y (z),∇ρi

x(y)yă0
∇ρi

x(z).

For y P Hx we define the 1-form dyx : v ÞÑ xnx(y), vy and the (0, 2)-tensor Jx(y) : (u, v) ÞÑ

ϕ1(ρ(x, y))κx(y)xnx(y), uyxnx(y), vy. Now impossible definition of τx|y(t).
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Now, for any C2 function ϕ P Φ, we define λϕ : t ÞÑ ϕ1(t)/t this is well defined and

λϕ(0) = ϕ2(0). If µ is a probability measure on X , we define the following vector field

Definition 25.

Gϕ
µ(x) =

ˆ
Nx

λϕ(} exp´1
x (y)}) exp´1

x (y)dµ(y)

Now, if µ(Cx) = 0 which is always the case if µ is absolutely continuous with respect

to the volume measure in a neighborhood of Cx, then

∇Fϕ
µ (x) =

ˆ
X
∇ϕ(ρ(x, y))dµ(y)

= ´

ˆ
X

ϕ1(} exp´1
x (y)})

} exp´1
x (y)}

exp´1
x (y)dµ(y)

= ´

ˆ
Nx

λϕ(} exp´1
x (y)}) exp´1

x (y)dµ(y) = ´Gµ(x).

Indeed, as can be seen from an application of the chain rule, we have that the gradient of

fx : y ÞÑ ϕ(ρx(y)) is the vector field

∇ϕ ˝ ρy(x) = ´
ϕ1(ρy(x)

ρy(x)
exp´1

x (y)

Moreover, the Hessian of fx is the symmetric (0,2)-tensor

Hess fx(y) : (u, v) ÞÑ xDv(∇ fx)(y)u, vyy

By calling Ax(y) the (1,1)-tensor sending v P TxX to

Dv

(
λϕ(} exp´1

x (y)}) exp´1
x (y)

)
P TxX ,

we have that Hess fx(y)(u, v) = ´xAx(y)(u), vy. In what follows we will need to consider

the expected value of Ax which is the map Λ1
x : TxX Ñ TxX sending

Λ1
x : v ÞÑ

ˆ
Nx

Ax(y)(v)dµ(y)
if µ(Cx)=0

=

ˆ
X

Ax(y)(v)dµ(y) (4.1)
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Given a probability measure µ absolutely continuous around Hx with density µ̃ := dµ
dvol ,

we also define the (1, 1)-tensor field Jµ as

Λ2
x : v ÞÑ

ˆ
Hx

ϕ1(ρ(x, y))κy(x)xny(x), vyτ1
y|x(0)ny(x)µ̃(y)dvolHx(y) (4.2)

Clearly, if Hx is empty (that is if Cx has codimension ě 2) or if µ has vanishing density over

Cx, then Λ2
x is zero. Finally, putting together these two terms Λϕ

x = Λ1
x + Λ2

x we get the

essential term for the next linearization result, which will allow us to compute the Hessian

of Fϕ
µ .

Finally, before stating our we recall the notions of metric continuity. We denote by

Aδ(x) := CBδ(x) =
ď

yPBδ(x)

Cy, Bδ(x) := Bδ(Cx) =
ď

yPCx

Bδ(y)

Since x P Cy iff y P Cx, we can rewrite the first set as

Aδ(x) = ty P X : Cy X Bδ(x) ‰ Hu.

Metric continuity, which holds for every Riemannian manifold, proven in Jin-ichi and Mi-

noru, 1998 for compact manifolds and in Le and Barden, 2014 for general ones, says that

Lemma 26. For any Riemannian manifold X and for any x P X ,

@ε ą 0Dδ ą 0 : Aδ(x) Ď Bε(x).

Now we present the following CLT, which is a generalization of the one presented in

Hotz et al., 2022. The assumptions are extremely weak, in particular, it is conjectured that

assumption (ii) is always satisfied on any Riemannian manifold. In particular it is known

to be satisfied on any symmetric space.

4.3 Central Limit Theorem for Smooth Functions

Theorem 27. Let X be a connected Riemannian manifold, µ a Borel probability measure on X

with a unique ϕ-mean mϕ. Under the following assumptions

46



• There is some δ ą 0 such that µ has a continuous density with respect to the volume measure

on Bδ(m
ϕ).

• As δ Ó 0, vol(Aδ(m
ϕ)) = O(δ)

• The terms Λ1
mϕ , Λ2

mϕ are well defined and finite.

Then
?

n exp´1
mϕ (m

ϕ
n)

w
Ñ Nd

(
0, (Λϕ

mϕ)
´1Σϕ(Λϕ

mϕ)
´T
)

The proof of this theorem will result from the following lemmas.

Lemma 28. Under the hypothesis of Theorem 27, the vector field Gϕ
µ admits the linearization

Πx,mϕ Gϕ
µ(x) = ´Λϕ

mϕ(exp´1
mϕ (x)) + o(ρ(x,mϕ)).

Proof. Let z P X be fixed, we need to linearize the vector field gϕ
z sending

Nz Q x ÞÑ λϕ(} exp´1
x (z)}) exp´1

x (z) P TxX

In particular, let x, y P Nz be contained in a geodesically convex neighborhood, so that

there is a unique minimal geodesic γ with γ(0) = x and γ(ρ(x, y)) = y. We now have

two possibilities. We could have that γ([0, ρ(x, y)]) Ď Nz, or that γ([0, ρ(x, y)]) Y Cz ‰ H.

In the first case, we have that by definition of covariant derivative,

Πy,x(gz(y)) = gz(x) + Az(x)(exp´1
x (y)) + o(ρ(x, y)) (4.3)

As for the second case, by taking x, y generic and sufficiently small, we will only consider

the case in which γ([0, ρ(x, y)]) intersects Cz just once at some time t˚ P (0, ρ(x, y)) and

that ξ := γ(t˚) P Hz. In this case, we have that

Πy,x(gz(y)) = gz(x) + Az(x)(exp´1
x (y)) + ϕ1(ρz(ξ))κz(ξ)Πξ,x(nz(ξ)) + o(ρ(x, y)) (4.4)

Indeed, if ρ1
z and ρ2

z are the functions defined in Lemma ? that we now label in such a way
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that ρz(γ(t)) = ρ1
z(γ(t))1tP[0,t˚] + ρ2

z(γ(t))1tP(t˚,ρ(x,y))], then we can write

Πy,x(gz(y)) ´ gz(x) =Πy,x(gz(y)) ´ Πξ,x

(
∇(ϕ ˝ ρ1

z)(ξ)
)

+ Πξ,x

(
∇(ϕ ˝ ρ1

z)(ξ)
)

´ Πξ,x
(
∇(ϕ ˝ ρ2

z)(ξ)
)

+ Πξ,x
(
∇(ϕ ˝ ρ2

z)(ξ)
)

´ gz(x)

= ´ Πy,x(Πξ,y

(
∇(ϕ ˝ ρ1

z)(ξ)
)

´ gz(y))

+ Πξ,x (ϕ
1(ρz(ξ))κz(ξ)nz(ξ))

+ Az(x)(exp´1
x (ξ)) + o(ρ(x, ξ))

= ´ Πy,x

(
Az(y)(exp´1

y (ξ)) + o(ρ(ξ, y))
)

+ ϕ1(ρz(ξ))κz(ξ)Πξ,x(nz(ξ))

+ Az(x)(exp´1
x (ξ)) + o(ρ(x, ξ)).

Where we used the definitions of κ, n, and the fact that, along a geodesic γ, Πγ(a),γ(b) ˝

Πγ(b),γ(c) = Πγ(a),γ(c). Thus, we have that Πy,x(gz(y)) ´ gz(x) is given, up to an error

o(ρ(x, y)), by

Az(x)(exp´1
x (ξ)) + Πy,x

(
Az(y)(´ exp´1

y (ξ))
)
+ ϕ1(ρz(ξ))κz(ξ)Πξ,x(nz(ξ)).

However, x, ξ, y are on a geodesic, and thus we have that if α := ρ(x, ξ)/ρ(x, y), β :=

ρ(ξ, y)/ρ(x, y) = 1 ´ α, then

Az(x)(exp´1
x (y)) ´ Az(x)(exp´1

x (ξ)) ´ Πy,x

(
Az(y)(´ exp´1

y (x)))
)

= Az(x)(exp´1
x (y)) ´ αAz(x)(exp´1

x (y)) + βΠy,x

(
Az(y)(exp´1

y (x))
)

= β
(

Az(x)(exp´1
x (y)) ´ Πy,x

(
Az(y)(Πx,y(exp´1

x (y)))
))

= o (ρ(x, y))

Thus, we have indeed shown (4.4).

Now we can Let x be a point in a geodesically convex neighborhood of m at distance
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ρ(x,m) = t and let γ be the unit speed geodesic from m to x. For k ě 1, we consider

Lk
x := ty P X : |γ((0, t)) X Cy| = |γ((0, t)) X Hy| = ku

L8
x := ty P X : |γ((0, t)) X Hy| = 8 or |γ((0, t)) X (CyzHy)| ą 0u

Ltot
x := ty P X : γ((0, t)) X Cy ‰ Hu.

Clearly, Ltot
x is the union of L8

x and all the Lk
x, and Ltot

x Ď At(x), thus, by hypothesis

vol(Lk
x) = O(t), moreover, if t is sufficiently small so that µ is absolutely continuous in

At(x), we also have that µ(Lx,y) = O(t). Now, the ϕ-mean m is such that Gϕ
µ(m) = 0, thus,

if x is in a geodesically convex neighborhood of m,

Πx,m(G
ϕ
µ(x))

=

ˆ
X

Πx,m(gy(x))dµ(y)

(4.3)
=

ˆ
ty:γ((0,t))XCy=Hu

gy(m) + Ay(m)(exp´1
m x) + o(ρ(m, x))dµ(y)

(4.4)
+

ˆ
L1

x

gy(m) + Ay(m)(exp´1
m x) + ϕ1(ρy(ξ))κy(ξ)Πξ,m(ny(ξ)) + o(ρ(m, x))dµ(y)

+

ˆ
Ť

ką1 Lk
x

Πx,m(gy(x))dµ(y)

+

ˆ
L8

x

Πx,m(gy(x))dµ(y)

=Gϕ
µ(m) +

(ˆ
X

Ay(m)dµ(y)
)
(exp´1

m x)

+

ˆ
L1

x

ϕ1(ρy(ξ))κy(ξ)Πξ,m(ny(ξ))dµ(y) + o(ρ(m, x))

Now, since κ, n are defined and continuous in a neighborhood of each ξ P Hy and since µ

is absolutely continuous in L1
x, with density µ̃, we have that

ˆ
L1

x

ϕ1(ρy(ξ))κy(ξ)Πξ,m(ny(ξ))dµ(y) =
ˆ

L1
x

ϕ1(ρy(m))κy(m)ny(m)µ̃(y)dvol(y)

+ O(ρm(x)2)
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Given this formula, we can now apply the same geometric construction in the proof

of Theorem 1 of Hotz et al., 2022 and conclude the proof of the Lemma.

4.4 Uniform CLT

We are currently working toward the proof of a Uniform CLT. In particular,

Conjecture 29. Under the same hypothesis of Therem 27 and when Ψ Ď Φex satisfies the same

hypothesis in Theorem 13 with dominating function ψ̂, then

(
ϕ ÞÑ

?
n exp´1

m
ϕ
µ

(
m

ϕ
n

))
w, L8,ψ̂(Ψ)

Ñ GP
(

0, [(Λϕ)´1Σϕ,ψ(Λψ)´T]ϕ,ψPΨ

)
Where Λ is the same as in (4.1) and (4.2),

Σϕ,ψ = C
[
∇v=0

(
hϕ

X(v)
)

,∇v=0

(
hψ

X(v)
)]

,

and by L8,ψ̂(Ψ) we mean the space Ψ equipped with the norm }ϕ}8,ψ̂ := }ϕ/ψ̂}8.

We provide here an illustration of the validity of this statement in a particular case.

Let X = [´1, 1]/1 „ ´1 be a circle. We consider the isotropic measure with density

given by µ(dx) =
( 1

2 +
1
4 cos(πx)

)
dx. Since the circle is compact, symmetric and µ is

isotropic, we have that m
ϕ
µ = t0u for any ϕ. We now consider the collection of functions

Ψ = tt ÞÑ tp : p P [1, 3]u. In this case, we have that according to our conjecture, the

covariance of the limiting Gaussian process should be given by

2
2´p´q/(p + q ´ 1) + f (p + q)

(p ´ 1)(q ´ 1) f (p) f (q)
(4.5)

where f : p ÞÑ
´ 1/2

0 xp´2 cos2(πx)dx. The proof can be found in the next chapter in 5.1.2.

In the next figure, we compare the theoretical covariance (4.5) with the empirical covariance

we obtained from simulations.
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FIGURE 4.1: The covariance of
?

n exp´1
m

ϕ
µ

(
m

ϕ
n

)
for ϕ : t ÞÑ tp and p P [1.5, 3]. The same

quantity, both according to our conjecture and (in red) according to simulations.
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5. Examples
5.1 The simplest case: The real line

Let ϕ P Φex and let µ be a probability measure with a unique ϕ-mean that we can

assume to be in zero. In this case, exp0 = id and C0 = H so that Λ2 vanishes. As for the

other terms we have

Σϕ = V[ϕ12(X)] =

ˆ
R

ϕ12(x)dµ(x), Λϕ = Λ1 = E[ϕ2(X)] =

ˆ
R

ϕ2(x)dµ(x)

Assuming these two quantities to be well defined and non-zero, we will get the following

asymptotic distribution for the sample ϕ-mean

mn
?

n w
Ñ N

(
0, Σ/(Λ)2) = N

(
0,

´
R ϕ12(x)dµ(x)(´
R ϕ2(x)dµ(x)

)2

)

For instance, if ϕ : t ÞÑ |t|p for some p ą 1, then the asymptotic variance will be

´
R ϕ12(x)dµ(x)(´
R ϕ2(x)dµ(x)

)2 =

´
R p2|x|2(p´1)dµ(x)(´

R p(p ´ 1)|x|p´2dµ(x)
)2 =

1
(p ´ 1)2

´
R(x2)p´1dµ(x)(´
R |x|p´2dµ(x)

)2 .

While, if p = 1 and µ has a continuous density µ̃ in a neighborhood of zero, then

´
R ϕ12(x)dµ(x)(´
R ϕ2(x)dµ(x)

)2 =

´
R 1dµ(x)(´

R 2δ0(x)dµ(x)
)2 =

1
4µ̃2(0)

For instance, if µ is a Normal with mean zero and variance σ2 and ϕ : t ÞÑ |t|p (for p ě 1),

then we get asymptotic variance

´
R ϕ12(x)dµ(x)(´
R ϕ2(x)dµ(x)

)2 =

?
π

2
Γ(p ´ 1/2)

Γ2((p + 1)/2)
σ2

Which is a well defined convex function in p, taking its minimum at p = 2, where it is just

σ2. Indeed, the sample mean (p = 2) is the UMVU estimator in this case. Moreover, we

see that the asymptotic variance is diverging when p Ñ 8 and indeed, it is well known that

the variance of the mid-range of a Normal population converge to zero at the slow rate of

1/ ln(n).
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If instead µ has a uniform distribution on (´a, a), then we get asymptotic variance

´
R ϕ12(x)dµ(x)(´
R ϕ2(x)dµ(x)

)2 =
a2

2p ´ 1
.

Which is a well defined convex function decreasing to zero as p Ñ 8. This is in line with the

known fact that the mid-range (p = 8) of a uniform distribution is the UMVU estimator

of the mean and it converges to a Cauchy distribution when multiplied by the sample size

n (and thus it will go to zero when scaled by
?

n instead).

5.1.1 A Variational Problem

When µ is fixed and it has full support and a non-vanishing continuous density µ̃ it

is possible to ask which ϕ makes the asymptotic variance of the sample ϕ-mean minimal.

Given formula (5.1), to solve this variational problem we can use the Lagrangian

L(ϕ) =
ˆ

R
ϕ12(x)µ̃dx ´ λ

(ˆ
R

ϕ2(x)µ̃dx
)2

Under regularity conditions, the functional derivative of this Lagrangian is (twice)

ϕ1(x)µ̃(x) ´ αµ̃1(x)

So that, we obtain the solution ϕ(x) = a + b ln(µ̃(x)) for some constants a, b P R. In the

case of µ being the normal distribution we get as a solution ϕ(t) = t2.

5.1.2 Non trivial cut locus: The Circle

Let X be a circle [´1/2, 1/2]/ „ where ´1/2 „ 1/2 and let µ be the probability

measure with density

µ̃(x) =
1
2
+ cos2(πx)

According to Theorem 31, we have that the ϕ-mean of µ is 0 for any ϕ P Φ. And, clearly,

exp0(x) = x for any x P V0 = (´1/2, 1/2). The cut locus at zero is given by the singleton
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C0 = H0 = t˘1/2u. We now consider ϕp : t ÞÑ |t|p.

Σp = VX„µ[λ
ϕp(} exp´1

0 (X)}) exp´1
0 (X)]

= VX„µ[p|X|p´1sign(X)] = p2E[|X|2(p´1)]

= 2p2
ˆ 1/2

0
x2p´2

(
1
2
+ cos2(πx)

)
dx

Thus, if for instance p = 1, 2, 3, 4 we get respectively

Σ1 = 1, Σ2 =
1
3

´
1

π2 , Σ3 =
9

80
´

9(π2 ´ 6)
8π4 , Σ4 =

1
28

´
3(120 ´ 20π2 + π4)

4π6 .

As for Λ we have that

A0(x) = pBx(|x|p´1sign(x)) =

#

p(p ´ 1)|x|p´2 if p ą 1
2δ0(x) if p = 1

so that if p = 1, we get Λ1 = 2µ̃(0) = 3 while if p ą 1,

Λ1 = 2p(p ´ 1)
ˆ 1/2

0
xp´2

(
1
2
+ cos2(πx)

)
dx

So that Λ1 = 2, 3/2 ´ 3/π2, 1 ´ 3/π2 when p = 2, 3, 4 respectively. Finally, for Λ2, we

have that τ1(0) ” 1, n can be taken as 1, while κ ” 2, thus we have

Λ2 = ´2ϕ1(1/2)µ̃(1/2) = ´p/2p´1.

Thus if p = 1, Λϕ = 2, otherwise

Λϕ = 2p(p ´ 1)
ˆ 1/2

0
xp´2 cos2(πx)dx.

Overall, the asymptotic distribution of
?

nmn is a normal with variance Σϕ/(Λϕ)2 which

for p = 1, 2, 3, 4 is respectively equal to

1
4

,
1
3

´
1

π2 ,
60 ´ 10π2 + π4

5(π2 ´ 4)2 ,
π6 ´ 21π4 + 420π2 ´ 2520

7π2(π2 ´ 6)2 .

In the following plot we illustrate how the asymptotic variance varies with p.
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FIGURE 5.1: A numerical computation of the asymptotic variance Λϕ for the circle when
ϕ : t ÞÑ tp and p P [1, 3]. In red, the exact values for p = 1, 3/2, 2, 5/2, 3. In these cases,
we have 1

4 , π2´2
π2(

?
2+C(

?
2)2 , 1

3 ´ 1
π2 , 4(π4´6π2+24)

π2(4π´3
?

2S(
?

2))2 , 60´10π2+π4

5(π2´4)2 . where C and S are the
Fresnel integral functions.
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5.1.3 Spheres

We consider Sn = tx P Rn+1 : }x}2 = 1u and a probability measure absolutely contin-

uous with respect to the volume measure with isotropic monotone density, more precisely,

we assume that µ̃(x) = f (ρ(x, e)) with f : [0, π] Ñ R smooth monotonically decreasing

with f 1(0) = f 1(π) = 0. Let now σn := 2π(n+1)/2/Γ((n + 1)/2) be the surface volume of

the unit n-sphere and σ̄n = π(n+1)/2/Γ((n + 3)/2) the volume of the unit ball. Then, by

31, mϕ = e and

Σϕ = V[λϕ(| exp´1
e (X)|) exp´1

e (X)]

= E[(λϕ(| exp´1
e (X)|))2(exp´1

e (X))T exp´1
e (X)]

=

ˆ π

0
σn´1 sinn´1(r) f (r)ϕ12(r)

 
Sn´1

yTydydr

=

ˆ π

0
σn´1 sinn´1(r) f (r)ϕ12(r)I

 
Sn´1

y2
1dydr

=

ˆ π

0
σn´1 sinn´1(r) f (r)ϕ12(r)I

ˆ π/2

0
2σn´2 cosn´2(t) sin2(t)dtdr

=

ˆ π

0
σn´1 sinn´1(r) f (r)ϕ12(r)

1
n

Idr =
1
n

E[ϕ12(ρ(e, X))]I.

Where
ffl

f (x)d(x) :=
´

f (x)d(x)/
´

d(x). In spheres the cut locus is always just a single

point, and He is empty for n ą 1 and it is equal to ´e when n = 1. Thus, Λ2 ” 0 if n ą 1

and when n = 1, κ = 2, τ1 ” 1 and thus we have Λ2 = ´2ϕ1(π) f (π). As for Λ1, we can

caluclate in general that (if r = ρ(e, X))

Ae(X) : v ÞÑ ϕ1(r) cot(r)v + ϕ2(r)(1 ´ ϕ1(r) cot(r))xv,
exp´1

e (X)

r
y

exp´1
e (X)

r
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Thus, assuming f to be differentiable,

Λ1 : v ÞÑE[Ae(X)(v)]

=E

[
ϕ1(r) cot(r)v +

(1 ´ ϕ1(r) cot(r))ϕ2(r)
r2 xv, exp´1

e (X)y exp´1
e (X)

]

=v
ˆ π

0
σn´1ϕ1(r) cos(r) sinn´2(r)dr

+

ˆ π

0
σn´1ϕ2(r)(1 ´ ϕ1(r) cot(r)) sinn´1(r)

 
Sn´1

xx, vyxdxdr

= vE

[
ϕ1(r) cot(r) +

1
n

ϕ2(r)(1 ´ ϕ1(r) cot(r))
]

= v
σn´1

n

ˆ π

0

(
ϕ2(r) sinn´1(r) + ϕ1(r)(n ´ 1) cos(r) sinn´2(r)

)
f (r)dr

= ´v
σn´1

n

ˆ π

0
ϕ1(r) sinn´1(r) f 1(r)dr

Which is finite and strictly positive as long as f is continuous, non-increasing and non-

constant. Thus, if n ą 1 we conclude that on Sn,

?
n exp´1

e (mn)
w
Ñ Nn

(
0,

n
σn´1

´ π
0 ϕ12(r) sinn´1(r) f (r)dr(´ π
0 ϕ1(r) sinn´1(r) f 1(r)dr

)2

)

And finally, if n = 1, we get the following CLT on the circle S1

?
n exp´1

e (mn)
w
Ñ N

(
0,

1
2

´ π
0 ϕ12(r) f (r)dr(´ π

0 ϕ1(r) f 1(r)dr + ϕ1(π) f (π)
)2

)
.

Notice that the term 2ϕ1(π) f (π) is the dampening effect due to the presence of some mass

on Hm. This phenomenon has been described for the first time (in the case of ϕ(t) = t2)

in Eltzner, 2020 and named smeariness.

5.1.4 Real Projective Spaces

The case of Real projective spaces is similar to spheres as these are quotients of spheres

by the antipodal map. In particular,

Σϕ = I
1
n

ˆ π/2

0
σn´1 sinn´1(r) f (r)ϕ12(r)dr.
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Similarly,

Λ1 = ´I
1
n

ˆ π/2

0
σn´1 sinn´1(r) f 1(r)ϕ1(r)dr.

In this case, however, the cut locus has codimension 1 and Λ2 does not vanish. Indeed,

Λ2 = ´

ˆ
Sn´1
+

2ϕ1(π/2) f (π/2)yTydy = ´σ̄n´1ϕ1(π/2) f (π/2) = ´
σn´1

n
ϕ1(π/2) f (π/2).

Thus, in this case we obtain the following CLT,

?
n exp´1

e (mn)
w
Ñ N

0,
n

σn´1

´ π/2
0 ϕ12(r) sinn´1(r) f (r)dr(´ π/2

0 ϕ1(r) sinn´1(r) f 1(r)dr + ϕ1(π/2) f (π/2)
)2


5.1.5 A useful example: Rotations in 3 dimensions

We consider SO3 as the Lie group of tridimensional special orthogonal matrices (i.e.

3 ˆ 3 matrices x with positive determinant such that xTx = xxT = I) equipped with its

bi-invariant Riemannian metric (corresponding, up to a constant, to the Frobenius inner

product on so3) which we normalize so that diam(SO3) = π. Notice that under this

normalization we have that ρ(x, y) = } exp´1
I (x´1y)}F/

?
2. This manifold is isometric to

the Real Projective Space RP3. In particular the cut locus CI of the identity is the geodesic

sphere tx P SO3 : ρ(I, x) = πu which is the same as the set of all rotations by π around

any axis. This is a two dimensional embedded submanifold isometric to RP2. Let µ be a

probability measure with density µ̃(x) = f (ρ(I, x)). In order to integrate such probability

measures we need to know the area of the geodesic spheres S2
SO3

(r) = tx P SO3 : ρ(I, x) = ru

which is given by Ar = 4π sin2(r). Given the formula for the area of geodesic spheres in SO3

we can deduce the radial part of the Laplacian from which we recover the heat equation.

In general, if Ar is the area of a geodesic sphere at distance r, then

∆r = B2
r +

Br Ar

Ar
Br

in SO3= B2
r + 2 cot(r)Br
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So that the heat equation in SO3 for a radially symmetric function is Bt = B2
r + 2 cot(r)Br,

whose solution is given by

f (r, t) =
1

2π2

8
ÿ

k=1

k
sin(kx)
sin(x)

e´t(k2´1)

This can also be derived (with some effort) from Proposition 3.6 of Avramidi, 2023. This

function reaches it maximum at r = 0 and its minimum at r = π, where

f (0, t) =
1

2π2

8
ÿ

k=1

k2e´t(k2´1), f (π, t) =
1

2π2

8
ÿ

k=1

(´1)k+1k2e´t(k2´1).

This is properly normalized, indeed
ˆ

SO3

µ̃t(x)dvol(x) =
ˆ π

0
4π sin2(x)µ̃t(x)dx

=
2
π

8
ÿ

k=1

ke´t(k2´1)
ˆ π

0
sin(kx) sin(x)dx

=
8
ÿ

k=1

ke´t(k2´1)δk,1 = 1.
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Moreover,

E[|x|] =

ˆ
SO3

|x|µ̃t(x)dvol(x) =
ˆ π

0
4πx sin2(x)µ̃t(x)dx

=
2
π

8
ÿ

k=1

ke´t(k2´1)
ˆ π

0
x sin(kx) sin(x)dx

=
2
π

8
ÿ

k=1

ke´t(k2´1)
(

π2

4
δk,1 ´

4k
(k2 ´ 1)2 δkeven

)

=
π

2
´

2
π

8
ÿ

k=1

16k2

(4k2 ´ 1)2 e´t(4k2´1),

E[x2] =

ˆ
SO3

x2µ̃t(x)dvol(x) =
ˆ π

0
4πx2 sin2(x)µ̃t(x)dx

=
2
π

8
ÿ

k=1

ke´t(k2´1)
ˆ π

0
x2 sin(kx) sin(x)dx

=
2
π

8
ÿ

k=1

ke´t(k2´1)
(

2π3 ´ 3π

12
δk,1 ´

4(´1)kπk
(k2 ´ 1)2 δkeven

)

=
2π2 ´ 3

6
´

8
ÿ

k=2

8(´1)kk2

(k2 ´ 1)2 e´t(k2´1).

We can compute Λ2 in general on RPn. We have that

Λ2 = ´π3n/2´1ϕ1(π)
n ´ 1

Γ(n/2 + 1)
n=3
= ´

8
3

π3ϕ1(π)µ̃t(π)
ϕ1(r)=1
= ´

4
3

π
8
ÿ

k=1

(´1)k+1k2e´t(k2´1).

As for Λ1, we have that if v P TIRPn and y ‰ I, then v can be decomposed into a component

parallel to exp´1
I (y) and one orthogonal to it. Then we find easily that

AI(y) = ϕ1(r)
cos(r)
sin(r)

+ ϕ2(r)
r2 xv, y

When integrating this with a radially symmetric density, the second term vanishes and we
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are left with

Λ1 = 4π

ˆ π

0
ϕ1(r) cos(r) sin(r)µ̃(r)dr

=
2
π

8
ÿ

k=1

ke´t(k2´1)
ˆ π

0
ϕ1(r) sin(kr) cos(r)dr

ϕ1(r)=1
=

2
π

8
ÿ

k=1

8k2

4k2 ´ 1
e´t(4k2´1)

5.2 Computational Results

We start this section with a powerful result that removes the need to perform any

computations in a vast class of interesting cases. In particular, we will now prove that on

any symmetric space if the probability measure is isotropic around a point z and decreasing,

then all the well defined ϕ-means coincide with this unique point x̂. This result is quite

intuitive, but perhaps surprisingly it fails completely when the hypothesis of symmetry is

removed.

5.2.1 Isotropic Probabilities on Symmetric Spaces

In this section, we will restrict ourselves to symmetric spaces. We also consider abso-

lute continuous measures with isotropic decreasing density, that is measures of the form

µ f ,x̂(dx) = f (ρ(x, x̂))vol(dx) for some point x̂ P X and f , is any non-constant, decreasing

functions from [0, 8) to itself.

Definition 30. A complete Riemannian Manifold X is said to be symmetric if for any two

distinct points x, y P X , there is an isometry Rx,y exchanging x and y of period two (meaning that

R2
x,y = id).

Theorem 31. If f is non-negative, decreasing and non constant and X is symmetric, then for

every x̂ P X, the measure µ(dx)9 f (ρ(x, x̂))vol(dx) has ϕ-Fréchet mean x̂ for every ϕ for which

Fϕ
µ is finite.

Proof. Let y P Xztx̂u, then we have that X+ := tx P X : ρ(x, x̂) ą ρ(x, y)u is congruent

with X´ := tx P X : ρ(x, x̂) ă ρ(x, y)u because the isometry R exchanging x̂ and y also
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exchanges these two sets. In particular, any point x P X+ with ϕ(ρ(x, x̂)) ´ ϕ(ρ(x, y)) ą 0

is sent to a point Rx with ϕ(ρ(Rx, x̂)) ´ ϕ(ρ(Rx, y)) = ´[ϕ(ρ(x, x̂)) ´ ϕ(ρ(x, y))] ă 0.

Moreover, we have that for any x P X+, ρ(x, x̂) ă ρ(Rx, x̂), thus

Fϕ
µ (x̂) ´ Fϕ

µ (y) =
ˆ

X
(ϕ(ρ(x, x̂)) ´ ϕ(ρ(x, y))) f (ρ(x, x̂))vol(dx)

=

ˆ
X+

(ϕ(ρ(x, x̂)) ´ ϕ(ρ(x, y))) f (ρ(x, x̂))vol(dx)+

+

ˆ
X´

(ϕ(ρ(x1, x̂)) ´ ϕ(ρ(x1, y))) f (ρ(x1, x̂))vol(dx1)

=

ˆ
X+

(ϕ(ρ(x, x̂)) ´ ϕ(ρ(x, y))) f (ρ(x, x̂))vol(dx)+

+

ˆ
X+

(ϕ(ρ(Rx, x̂)) ´ ϕ(ρ(Rx, y))) f (ρ(Rx, x̂))vol(dx)

=

ˆ
X+

[ϕ(ρ(x, x̂)) ´ ϕ(ρ(x, y))][ f (ρ(x, x̂)) ´ f (ρ(Rx, x̂))]vol(dx) ă 0

Where the last inequality holds because of the fact that vol(X+) = vol(X)/2 ą 0. This

proves that x̂ is the global minimum of Fϕ.

Symmetric spaces have been completely classified in Cartan, 1926, Cartan, 1927, and

they include the spheres, the real, complex, and quaternionic projective spaces, and all the

compact semi-simple Lie Groups. Moreover, the family of symmetric spaces is closed under

Cartesian products. Thus, for instance, the torus Tn belongs to the category.

Thus our result is useful in dealing with the population ϕ-means but not with the sample

ϕ-mean. For this we considered the algorithms described in the next subsections.

5.2.2 Newton Method on nested grids

This method is extremely fast and precise on low dimensional manifolds but becomes

unpractical when the dimension increases. We used when dealing with the line, the circle,

the plane, and the sphere.

We illustrate it in the case of the plane. In the following code, X is a matrix with the

samples.

f r e=f unc t i on (X){
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n=nrow (X) ; h=1/10000
l o s s=f unc t i on ( x ){

o=0
f o r ( j in 1 : n){

o=o+phi ( sqr t ( ( x [1] −X[ j ,1 ] )^2+(x [2] −X[ j , 2 ] ) ^ 2 ) ) /n
}
return ( o )

}
x0=y0=0
f o r ( s in 1 : 4 ) {

L=xx=yy=c ( )
f o r ( i in 1 :100){

x=x0+(i −50)/100^ s
f o r ( j in 1 :100){

y=y0+(j −50)/100^ s
xx=c ( xx , x ) ; yy=c ( yy , y )
L=c (L , l o s s ( c (x , y ) ) )

}
}
x0=xx [ which . min (L ) ] ; y0=yy [ which . min (L ) ] ; L=xx=yy=c ( )

}
return ( c ( x0 , y0 ) )

}

This algorithm at each step produces two additional digits of the ϕ-mean by exploring

the loss function on an increasingly small grid in the neighborhood of the previously found

minimum.

5.2.3 Gradient descent

This is a standard algorithm and its performance is widely studied. In particular,

its convergence to the global minimum is not certain and in any case, it is not able to

provide the entire set of minima in the case in which there are multiple. In our context the

performance of this algorithm is optimal in the case of moderately convex functions like

ϕ : t ÞÑ t2, but it is not usable when ϕ is flat (like ϕ : t ÞÑ |t|) or when it is too convex

(like when ϕ : t ÞÑ t10). In the first case, the gradient of Fϕ is constant in magnitude and

thus the estimates constantly orbit around the global minimum without ever reaching it; in

the second case, the convergence eventually occurs but becomes exceedingly slow at points

close to the minimum. These problems are known, and there are some solutions in the

literature.
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5.2.4 Tangent plane flipping

This is the most promising algorithm that we considered and we used it on spheres

and Projective Planes. It relies on the Lemma we prove below which guarantees that at

a local minimum x of Fϕ, the pushforward of µ on TxX though the exponential map has

ϕ-mean equal to zero. There are two main drawback of this algorithm. Firstly it requires

to compute the log and exponential maps at several points on the manifold which is doable

only when these maps are known in closed form (which they are on symmetric spaces).

Secondly, it requires to compute the ϕ-mean on the tangent plane, which is straightforward

only when ϕ : t ÞÑ t2 (in which case m
ϕ
n is the classical mean) but in general requires the

appeal to one of the previous algorithms.

Inputs: The sample (Xj)
n
j=1 and an initial guess m1

Set k = 1 and d = 1
while d ą ε do

vk Ð arg minvPTmkX
1
n

řn
j=1 ϕ(}v ´ exp´1

mk
(Xj)}mk )

d Ð }vk}mk
mk+1 Ð expmk

(vk)

k = k + 1
end

Algorithm 1: Tangent flipping algorithm

Lemma 32. Let µ be a probability measure supported on X such that µ(
Ť

qPmϕ(µ) Cq) = 0, then,

if µ̃p denotes the pushfoward of µ through the map expp in Vp Ď TpX , we have that,

p P mϕ(µ) only if 0 P arg min
vPTpX

ˆ
TpX

ϕ(}v ´ w}g)µ̃p(dw)

Proof. By definition a point p P mϕ(µ) iff p P arg minqPX Fϕ
µ (q). If this is the case, then we

must have that moving away from p in any possible direction does not decrease Fϕ
µ . That

is, if p P mϕ(µ), we must have that

@v P TpX , B+t
ˇ

ˇ

0 Fϕ
µ (expp(tv)) ě 0

Where by B+t

ˇ

ˇ

0 f (t), we mean limhÓ0( f (h) ´ f (0))/h. Notice that this quantity is well

defined and finite because of lemma ?. But we, remembering that that the exponential
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map is a radial isometry (so that ρ(p, expp(w)) = }w}) we get that

0 ď B+t |0Fϕ
µ (expp(tv)) = B+t

ˇ

ˇ

0

ˆ
Np

ϕ(ρ(x, expp(tv)))µ(dx)

=

ˆ
Np

B+t
ˇ

ˇ

0 ϕ(ρ(x, expp(tv)))µ(dx)

=

ˆ
Np

ϕ1

sign( B+
t |0

ρ(x,expp(tv)))
(ρ(x, p)) Bt|0 ρ(x, expp(tv))µ(dx)

= }v}

ˆ
Np

ϕ1
sign(cos(θ

v,exp´1
p (x)

))(ρ(x, p)) cos(θv,exp´1
p (x))µ(dx)

= }v}

ˆ
Vp

ϕ1
sign(cos(θv,w))

(ρ(expp(w), expp(0))) cos(θv,w)µ̃p(dw)

=

ˆ
Vp

ϕ1
sign(xv,wy)(}w})

xv, wy

}w}
µ̃p(dw)

=

ˆ
Vp

ϕ1
sign(xv,wy)(}w}) Bt|0 (}tv ´ w})µ̃p(dw)

=

ˆ
Vp

B+t
ˇ

ˇ

0 ϕ(}tv ´ w})µ̃p(dw) = B+t
ˇ

ˇ

0 F̃ϕ
µ̃p
(0 + tv)

But now notice that F̃ϕ
µ̃p

: v ÞÑ
´

TpX ϕ(}v ´ w}g)µ̃p(dw) is a convex function defined on a

linear space. Thus 0 P arg min F̃ϕ
µ̃p

precisely iff B+t

ˇ

ˇ

0 F̃ϕ
µ̃p
(0 + tv) ě 0
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6. A discrete application
6.1 Introduction

Analyzing how individual preferences differ across a set of alternatives is crucial for

many fields, including economics, political science, and computer science. For instance,

researchers often run experiments to elicit participants’ preferences and then assess the

dissimilarity in their choices to understand the variability or polarizations of preferences

in the aggregate. Similarly, in modern recommender systems, assessing the difference in

users’ past clicking behaviors on movies or shopping items is a common practice to improve

future recommendations.

In all these contexts it is often needed to find ways to aggregate preferences and possibly

to cluster them around some "central" rankings. This is particularly useful for profiling

users.

Once a distance d is defined on the space of rankings over a finite number of objects

C = [n], a natural way to produce a "central ranking" is to consider a ϕ-mean. In particular,

in the literature, the median (corresponding to ϕ : t ÞÑ t) is frequently considered.

In what follows given a permutation σ, the k-th element σk P C is interpreted as the

k-th preferred option by σ. If A is some menu of alternatives (that is, a subset of C), we

denote by MA(σ) the most preferred element by σ over A.

The pioneering works Kendall, 1938 and Kemeny, 1959, proposed and axiomatized a

distance function, known as the Kendall metric, defined over the space of permutations

(equivalently, rankings). In particular, for some

The Kendall metric assesses the dissimilarity between two rankings by counting the

number of times they have different favorite elements over all possible menus of size two.

Formally,

d|¨|

K (σ, π) :=
ÿ

ti,juĎC

1(Mti,ju(σ) ‰ Mti,ju(π)). (6.1)

This metric has been employed successfully in several contexts. For instance, when used

to retrieve a median (consensus) ranking from a collection of individual preferences, it
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has been shown to induce desirable welfare properties, such as Pareto optimality and the

Majority principle.

However, despite its popularity, by focusing solely on the total number of disagreements

over menus of size two, the Kendall metric has several shortcomings. First, it gives the

same importance to disagreements over top-ranked alternatives as those over lower-ranked

alternatives. Moreover, it does not account for the identity of the alternatives involved.

Consider the following rankings,

c4

c3

c2

c1

σ
c3

c4

c2

c1

σ1

c4

c3

c1

c2

σ2

c2

c1

c3

c4

ω
c1

c2

c3

c4

ω1

FIGURE 6.1: Rankings σ, σ1, σ2, ω and ω1. Notice that from σ to σ1 (and from ω to ω1)
the last two items are exchanged, while when going from σ to σ2 the first two items are
exchanged.

6.1.0.0.1 Top-bottom trade-off. In Figure 6.1, observe that σ1 is derived from σ by swap-

ping the positions of its two least preferred elements, c3 and c4. Similarly, σ2 is obtained

from σ by reversing the order of its two most preferred elements, c1 and c2. As such, σ and

σ1 differ only when faced with the menu of alternatives tc3, c4u, whereas σ and σ2 disagree

on all four menus that contain both c1 and c2.1 The greater number of disagreements in

the second case naturally suggests that d(σ, σ1) ă d(σ, σ2). However, this is not captured

by the Kendall metric, which disregards the choices over menus with sizes larger than two

and concludes that the two distances are identical.

6.1.0.0.2 Heterogeneous alternatives. Even if two couples of rankings disagree over the

same number of menus, their respective choices may differ. For example, in Figure 6.1, σ and

σ1 differ only over the menu tc3, c4u, just as ω and ω1 differ solely over tc1, c2u. Therefore,

1 Specifically, they disagree over the menus tc1, c2u, tc1, c2, c3u, tc1, c2, c4u, and tc1, c2, c3, c4u.
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their Kendall distances are equal. Yet, if the options in C have distinct characteristics—such

as movies from different genres or products with different prices—it can be inappropriate

to see these rankings as equally distant.

These limitations recently led to the development of the top-difference distance in

Nishimura and Ok, 2023, where the specular point of view is taken. While the Kendall

metric focuses exclusively on menus of size two, the metric of Nishimura and Ok, 2023

counts the total number of disagreements between two preferences across all possible menus

of alternatives.2 Formally,

d1(σ, π) :=
ÿ

AĎC

| △A (σ, π)|, (6.2)

where △A(σ, π) := MA(σ)△ MA(π) and △ denotes the symmetric difference between sets.

By taking into account menus larger than two, the top-difference distance agrees with our

expectations in the example of Figure 6.1, concluding that d1(σ, σ1) ă d1(σ, σ2). Moreover,

when the cardinality | ¨ | in (6.2) is replaced by a general measure µ over C, the resulting

distance, denoted by dµ
1 , introduces some degree of heterogeneity among the alternatives,

since in these cases their identity matters for computing dµ
1 .

While providing some remedy to the main limitations of the classical Kendall metric,

some aspects of the top-difference idea require further scrutiny. First, the underlying as-

sumption behind the top-difference metric is that all menus are equally important. As long

as the total number of menus with disagreements remains the same, the size of these menus

is irrelevant.

2 More precisely, it returns twice the total number of disagreements over all menus.
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FIGURE 6.2: Rankings σ, δ, and π, together with a plot summarizing their number of
disagreements relative to σ.

In Figure 6.2, the top-difference metric determines that d1(σ, π) = d1(σ, δ), as both

rankings π and δ disagree with σ over four menus. However, the right plot illustrates that

the distribution of these disagreements differs significantly. Specifically, while the disagree-

ments between σ and π are more evenly distributed across menu sizes, those between σ

and δ are mainly concentrated on smaller menus of size two, without involving the full set

of alternatives.

Failing to account for the menus’ size is undesirable in many applications, particularly

in settings where the primary focus is on top-ranked candidates. Consider, for example, the

task of aggregating user preferences over a subset of available movies of size n to generate

a (ranked) recommendation list of length k ă n. In this case, a natural approach is to

focus solely on the top k elements of each ranking. This can be implemented by restricting

attention to menus of size at least n ´ k + 1, as no candidate ranked below k can ever be the

favorite element over these menus. The rigidity of the top-difference metric prevents such

a specification and could bias our assessment by giving too much weight to small menus.

Moving beyond the example, assigning greater weights to larger menus reflects the idea

that the importance of disagreements grows as the menu size increases.
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Second, while replacing the cardinality | ¨ | in (6.2) with a general measure µ provides

some degree of variability, we next argue that this modification does not capture the whole

extent of heterogeneity, as it does not account for the relation between the alternatives

(clustering). To illustrate this, consider a simple scenario where four candidates are running

for an election: two from the Republican party and two from the Democratic party.

r3
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d4

r2

ω
d1

r3

d4
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d1

d4
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r2

ψ1

r3

r2
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δ
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d1

δ1
d4

r2

r3

d1

θ
r2

d4

r3

d1

θ1

FIGURE 6.3: Voters’ preferences over C = td1, r2, r2, d4u: r1, r2 are Republican while d1, d4
are Democrats.

Observe that each ranking with a superscript is obtained from the same ranking without

a superscript, by exchanging the order of the last two entries. Consider the comparison

between the distances d(ω, ω1) and d(ψ, ψ1). It is reasonable to expect that d(ω, ω1) ą

d(ψ, ψ1) since ψ and ψ1 only differ for the ranking of the two democratic candidates, whereas

ω and ω1 disagree in their preference between a democratic and a republican. Similarly,

when comparing d(δ, δ1) with d(θ, θ1), we would expect d(δ, δ1) ă d(θ, θ1), as r2 and r3 are

both Republicans, while d4 is a Democrat. However, satisfying these intuitive requirements

using any µ-top-difference distance leads to a contradiction. Indeed, we would need

dµ
1 (ω, ω1) = µ(d1) + µ(r3) ą µ(d1) + µ(d4) = dµ

1 (ψ, ψ1)

dµ
1 (δ, δ1) = µ(r2) + µ(r3) ă µ(r2) + µ(d4) = dµ

1 (θ, θ1).

Motivated by the considerations above, in Aveni et al., 2024, we propose a new class of

distances over rankings that can deal with the top-bottom trade-off and items’ heterogeneity

while maintaining desirable computational properties. This class extends and unifies several

70



existing semimetrics, including the Kendall metric and the top-difference semi-metrics,

within a single formulation (see §6.4).

6.2 Mathematical notation and preliminaries
Rankings.

We consider a set C of n ě 3 elements which we interpret as items or candidates. Our

investigation revolves around rankings over C represented as lists that arrange candidates

based on preference, with the foremost candidate being the most favored and the ultimate

candidate the least favored. We arbitrarily label the candidates with the numbers [n] :=

t1, . . . , nu, so that a ranking is represented by a permutation; we use the terms permutations

and rankings interchangeably. By a permutation we mean a bijective function σ : [n] Ñ [n],

with σi denoting the candidate in the ith-position according to σ. Therefore, the set of all

rankings over [n], is the symmetric group denoted by Sn. Often, we write permutations as

ordered lists, e.g., σ = (σ1, . . . , σn). For all permutations σ P Sn and alternatives i, j P [n],

we write i ąσ j if σ ranks item i before j, that is, σ´1
i ă σ´1

j .3 The identity permutation

(1, . . . , n) is denoted by id. Often we employ the group structure of Sn, and we adopt the

convention that for two permutations σ, π P Sn, σπ : i ÞÑ σπi . Particularly relevant for

our work are transpositions. For distinct i, j P [n], we denote by ti,j the i, j-transposition,

that is, the permutation that agrees with the identity id, but swaps the items i and j;

formally, ti,j = (1, . . . , i ´ 1, j, i + 1, . . . , j ´ 1, i, j + 1, . . . , n). Whenever |i ´ j| = 1, we refer

to ti,j as adjacent. Note that, in general, for σ P Sn, we have σti,j ‰ ti,jσ. While σti,j

is the permutation obtained from σ by exchanging σi with σj, ti,jσ is obtained from σ by

exchanging the items i and j.

Given a ranking σ P Sn and an alternative j P [n], we denote by jÒ,σ the collection of

alternatives preferred to j by σ, and jÓ,σ is defined analogously. More precisely,

jÒ,σ := ti P [n] : i ąσ ju , jÓ,σ := ti P [n] : i ăσ ju .

We denote by P the collection of subsets of [n] with cardinality larger or equal than two,

3 The symbol ăσ has the analogous meaning.
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and occasionally we refer to members of P as menus. Given a set S P P and a ranking

σ P Sn, the best element in S with respect to σ is written as MS(σ).4 We often refer to

MS(σ) as the choice induced by σ over S, for all S P P and σ P Sn. For any ranking σ,

we denote by σ˚ its antipodal permutation, that is, the ranking obtained by reversing the

order of all items in σ.

Distances and (semi)metrics over rankings.

We study distances and (semi)metrics over the space of rankings Sn. A function d :

Sn ˆ Sn Ñ R+ is said to be a distance if d(x, x) = 0 and d(x, y) = d(y, x) for all x, y P Sn.

A distance d is a semimetric if it satisfies the triangle inequality, that is, d(x, z) ď d(x, y)+

d(y, z) for all x, y, z, while it is a metric if it is a semimetric satisfying x = y whenever

d(x, y) = 0. For any couple of rankings σ and π, the classical Kendall metric, denoted by

dK(σ, π), counts the minimum number of adjacent transpositions necessary to transform σ

into π. The set of all paths of adjacent transpositions that transform σ into π is denoted

by

T(σ, π) :=

$

&

%

(tak ,ak+1)
dK(σ,π)
k=1 : π = σ

dK(σ,π)
ź

k=1

tak ,ak+1

,

.

-

.

In particular, given a path, observe that its 1st transposition ta1,a1+1 swaps in σ the items

in positions a1 and a1 + 1, and, for k ą 1, its kth transposition swaps in σ
śk´1

j=1 taj,aj+1 the

items in positions ak and ak + 1. Similarly, for each k, we write ik and jk to refer to the

unique items that are exchanged by the kth transposition along the chosen path. When

we want to make explicit the dependence on the chosen path t P T(σ, π), we write instead

ak(t), ik(t), and jk(t).

Finally, a distance over rankings d : Sn ˆ Sn Ñ R+ is said to be a graphic distance if

for all σ, π, there exists a path from σ to π, i.e., t P T(σ, π), such that d(σ, π) can be

4 Formally, MS(σ) is the σ-maximum element over S, that is, MS(σ) ąσ i for all i P SzMS(σ) and S P P .
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decomposed as

d(σ, π) =
dK(σ,π)

ÿ

j=1

d

σ

j´1
ź

k=1

tak(t),ak(t)+1, σ

j
ź

k=1

tak(t),ak(t)+1

 . (6.3)

When d is a semimetric and a graphic distance, it is termed graphic semimetric and, by the

triangle inequality, d(σ, π) equals the minimum value of the right-hand side of (6.3) taken

over all t P T(σ, π).

Parameters.

As illustrated in the introduction, the distances we study depend on two parameters: a

vector of weights β = (β2, . . . , βn) P Rn´1 and a function g : [n] ˆ [n] Ñ R. The functions

we consider are symmetric, gij = gji, and vanish on the diagonal, gii = 0. We denote the

collection of such functions by G and refer to its elements as dissimilarity functions. We also

denote by Gs (Gm) the sub-collections of G that are non-trivially zero and positive (strictly

positive) outside the diagonal. The following sub-collections are employed to determine

when ρ
g
β is a (semi)metric,

Gs
Ź = tg P Gs : gij + gjk ě gik for all distinct i, j, ku

Gm
Ź = tg P Gm : gij + gjk ą gik for all distinct i, j, ku

Let g P Gs, if there is some µ P Rn such that gij = µi + µj for all distinct i, j P [n], we say

that g is additive, and we refer to such µ as representing function of g. If g P Gs is additive,

then the representing function µ is unique, and we denote by Ms (Mm) the collection of

all functions µ that represent the additive elements of Gs (Gm). The collections Ms
Ź and

Mm
Ź are defined analogously.5

5 One can verify that

Ms = tµ P Rnz t0u : µi + µj ě 0 for all distinct i, ju and Ms
Ź = Rn

+z t0u

Mm = tµ P Rnz t0u : µi + µj ą 0 for all distinct i, ju and Mm
Ź = Rn

++.
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6.3 Definition, dual representation, and computability

Consider a dissimilarity function g P G and some weights β = (βi)
n
i=2 P Rn´1. If a

distance d on Sn can be written as

d : (σ, π) ÞÑ
ÿ

SPP
β|S|gMS(σ),MS(π), (6.4)

then it is termed (β, g)-distance, and denoted by ρ
g
β. By construction, both the size of each

menu and the identity of the items matter to assess the difference between any couple of

rankings. Different choices of the weights β and the dissimilarity function g induce a large

class of distances, offering a unified framework to study distances over rankings.

For instance, by specifying β = (1, 0, . . . , 0), the comparison between rankings is re-

stricted to binary menus, in the spirit of the classical Kendall distance. We denote such

distances by dg
K.6 Contrarily, by choosing β = (1, 1, . . . , 1) we impose that each menu

contributes equally to the overall disagreement. This approach aligns with the distances

proposed by Nishimura and Ok, 2023, and we denote them by dg
1.

7 By modulating the

parameter β, we can bridge these two cases allowing for scenarios where the menu sizes

are weighted differently. By changing g one controls how the identity of the alternatives

contributes to measuring the disagreement. If g is constant outside the diagonal, then all

alternatives are treated symmetrically. In this case, the total disagreement reduces to a

weighted count of the number of menus where the rankings disagree. To ease notation,

in these cases, we suppress the dependence of ρ
g
β on g. When the function g is additive,

the dissimilarity between two rankings is unaffected by the distinct groups to which the

alternatives may belong, and only their individual characteristics are considered. In this

case, we use as superscript the representing function µ, i.e., dµ
β. Instead, with a general g

we can consider both the individual features of each alternative, as well as the clusters they

belong to.

6 When g is equal to one outside the main diagonal, dg
K = 2dK , but this is equivalent to dK for the purposes

of our analysis.

7 The semimetric proposed by Nishimura and Ok, 2023 are obtained when β = (1, . . . , 1) and g is µ-additive
with µ P Rn

+.
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We now illustrate how the degrees of freedom provided by the parameters β and g allow

ρ
g
β to overcome the difficulties that previously proposed semimetrics face. In particular, re-

visiting the issues described in the introduction, we propose the following parametrizations.

Consider a context in which the analyst is interested in the difference two rankings

express in their top k positions (e.g., Figure 6.2). A reasonable choice of the parameters

would be to set β j = 1jěn´k+1. This ensures that swaps between items below position

k are irrelevant. On the other hand, if the alternatives are clustered into groups (e.g.,

Figure 6.3), one may want to model that within-group disagreements are less important

than across-group disagreements. A reasonable choice of g for such case is to select for

some h ą ℓ ě 0:

gij =

#

ℓ if i and j belong to the same group
h if i and j belong to different groups.

A dual representation

According to their definition, our distances compare the choices each ranking makes

over different menus. We next establish a dual representation that reveals the nature of

ρ
g
β as graphical semimetrics, providing additional insights about their structure. Following

Farnoud and Milenkovic, 2014, a possible way to quantify the disagreement between two

rankings is as follows: assign weights (costs) to each adjacent transposition and take the

shortest (i.e., minimum cost) path that transforms one ranking into the other. In particular,

for some costs ϕ P Rn´1
+ , the following semimetric is considered,

dϕ : (σ, π) ÞÑ min
tPT(σ,π)

dK(σ,π)
ÿ

k=1

ϕak(t), (6.5)

where we recall that T(σ, π) denotes the set of all paths t of adjacent transpositions trans-

forming σ into π in dK(σ, π) steps,8 and ak(t) denotes the smallest position involved in the

kth transposition. Observe that if ϕ ” 1, then dϕ reduces to the classical Kendall metric

8 It is known that T(σ, π) is not empty and there is no path transforming σ into π in fewer than dK(σ, π)
transpositions.
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dK. A dual representation for the special case of β ” 1 and µ constant is provided in

Nishimura and Ok, 2023. In particular, the authors observed that d1 is equivalent to dϕ

with exponential costs ϕk = 2n´1´k. However, when µ is not constant, the same authors

show that there is no ϕ for which the equality dϕ = dµ
1 can hold.

We next prove that in fact it is possible to obtain a dual representation for each member

in the class of (β, g)-distances by suitably generalizing (6.5). Given ϕ P Rn´1
+ and g P G,

we define,

ρ
g
β : (σ, π) ÞÑ min

tPT(σ,π)

dK(σ,π)
ÿ

k=1

ϕak(t)gik(t),jk(t),

where we recall that ik(t) and jk(t) are the unique elements in [n] that are exchanged by

the kth transposition of t. Therefore, in ρ
g
β the cost of an adjacent transposition depends

on both the position and the identity of the swapped elements.

We relate ρ
g
β and ρ

g
β by showing that when the weights ϕ are decreasing, there is a unique

vector of weights β (depending on ϕ) such that ρ
g
β = ρ

g
β. Specifically, consider the following

linear functions

F : β ÞÑ ϕ =

(
n

ÿ

k=2

(
n ´ a ´ 1

k ´ 2

)
βk

)n´1

a=1

, G : ϕ ÞÑ β =

(
a´2
ÿ

k=0

(´1)a+k
(

a ´ 2
k

)
ϕn´1´k

)n

a=2

.

(6.6)

One can show that F and G are bijective maps such that F = G´1. Via these functions,

we can finally establish a dual representation for ρ
g
β. To this end, we define the set of

decreasing weights ϕ that are not identically equal to zero by

Φs := tϕ P Rn´1
+ zt0u : (i ě j) ñ (ϕi ď ϕj)u.

Proposition 33. Let g P G be non-zero. If ρ
g
β = dg

β, then β = G(ϕ). Moreover, if g P Gs
Ź and

ϕ P Rn´1
+ , then ρ

g
β = dg

G(ϕ)
if and only if ϕ P Φs.

This proposition plays a central role in the rest of the paper. The dual representation

ρ
g
β turns out to be useful for both axiomatization purposes and parameter identification.
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Indeed, later in the paper, we provide an axiomatic characterization of ρ
g
β using the equiv-

alence established in Proposition 33. We defer the reader to §6.4 for a broader discussion.

Second, we observe that fitting from data the costs of swapping adjacent elements ϕ might

be easier than trying to select directly the weights β. Through Proposition 33, calibrating

ϕ allows to identify β using the function G. Finally, although this paper mainly focuses

on rankings, we highlight that ρ
g
β can be directly extended to larger domains, including

preferences that can be incomplete, and exhibit ties and intransitivity. On the other hand,

we observe that the dual semimetric ρ
g
β cannot be directly extended beyond Sn.

Parameter space

Having outlined and explained the logic behind our distances, in this section, we answer

a basic, yet fundamental, question: which choices of β and g make ρ
g
β a (semi)metric? We

begin our analysis by focusing on the simpler case when g is constant outside the diagonal.

To this end, we collect all the relevant parametrizations of β in the following sets

Bs := tβ P Rn´1 : dβ is a non-trivial semimetricu and Bm := tβ P Rn´1 : dβ is a metricu,

where we are using s and m, as mnemonics for semimetric and metric. Leveraging the dual

representation established in Proposition 33, we characterize these sets in terms of the costs

ϕ.

Lemma 34. Recall G in (6.6). We have Bs = G(Φs) and Bm = G(Φm), where Φm :=

Φs X Rn´1
++ .

Thus, whenever the costs ϕ are decreasing and positive the corresponding distance dG(ϕ) is

a semimetric. If, in addition, each component of ϕ is strictly positive, then dG(ϕ) becomes

a metric.

To tackle the general case ρ
g
β is convenient to partition the set Bs (Bm) into two subsets as

follows. We define Bs1 (Bm1) as the collection of β P Bs (Bm) such that only first component,

β2, is non-zero, and Bs2 (Bm2) as its complement in Bs (Bm).9

9 Formally, Bs1 := tβ P Bs : @j ą 2 : β j = 0u, Bm1 := tβ P Bm : @j ą 2 : β j = 0u, Bs2 := tβ P Bs : Dj ą 2 :
β j ‰ 0u, and Bm2 := tβ P Bm : Dj ą 2 : β j ‰ 0u. Notice that Bs = Bs1 \ Bs2, Bs1 = Bm1 = R++ ˆ t0un´2.
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First, observe that if g ” 0 or β = 0, then ρ
g
β reduces to the trivial semimetric, which is

constantly equal to zero. Proposition 35 characterizes the parameters β and g that make

ρ
g
β a (semi)metric.

Proposition 35. ρ
g
β is a non-trivial semimetric iff precisely one of the following conditions holds

• β P Bs1 and g P Gs (or, β P ´Bs1 and g P ´Gs)

• β P Bs2 and g P Gs
Ź (or, β P ´Bs2 and g P ´Gs

Ź)

Similarly, ρ
g
β is a metric iff precisely one of the following conditions holds

• β P Bm1 and g P Gm (or, β P ´Bm1 and g P ´Gm)

• β P Bm2 and g P Gm
Ź (or, β P ´Bm2 and g P ´Gm

Ź )

The proof of this result is based on the restrictions imposed by two of the defining properties

of semimetrics. In particular, apart from the trivial cases, the positivity of the semimetric

imposes that g belongs to Gs. Further, if βk ‰ 0 for some k ą 2, then the triangle inequality

leads to the positivity of gij + gjk ´ gik, that is g P Gs
Ź. The inclusion of the cases within

parentheses in Proposition 35 is unavoidable because we clearly have that d´g
´β = ρ

g
β. It is

easy to check that ρ
g
β is neutral, i.e., it treats symmetrically all alternatives, if and only if

g is constant outside the diagonal.

Computability

The computation of the distance ρ
g
β between any two rankings, according to its defini-

tion, is prohibitive for large n as it requires computing the most preferred elements for O(2n)

menus. However, we provide a convenient reformulation of ρ
g
β computable in polynomial

time.

Lemma 36. Fix a dissimilarity function g P G and some weights β P Rn´1. Then,

ρ
g
β(σ, π) =

ÿ

i,j:
iąσ j,jąπ i

gij f̃β(|iÓ,σ X jÓ,π|), where f̃β : t ÞÑ

n
ÿ

k=2

βk

(
t

k ´ 2

)
. (6.7)
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This representation (6.7) significantly reduces the computational complexity of ρ
g
β. Us-

ing Pascal’s identity, we can pre-compute the weighted binomial sum f̃β in O(n2) time.

Consequently, the overall time complexity for computing ρ
g
β using (6.7) can be reduced

from O(2n) to O(n3). This follows from the fact that there are O(n2) ordered couples (i, j),

and, for each of them, the value |iÓ,σ X jÓ,π| can be evaluated in O(n) time.

In addition, when g is additive (6.7) can be simplified further:

ρ
µ
β(σ, π) =

ÿ

iP[n]

(
fβ(|iÓ,π|) + fβ(|iÓ,σ|) ´ 2 fβ(|iÓ,σ X iÓ,π|)

)
µi, (6.8)

where

fβ : t ÞÑ

n
ÿ

k=2

βk

(
t

k ´ 1

)
.

The computational complexity of ρ
µ
β reduces to O(n2).

6.4 Axiomatic characterization

In this section we establish our main result, providing an axiomatic foundation for the

class (β, g)-distances. Our postulates allow us to break down the fundamental structure

behind how ρ
g
β measures the dissimilarity between any two rankings.

Our first postulate, betweeness axiom, describes how our distances deal with in-between

rankings. In particular, a ranking ω is said to be between σ and π, denoted by σ ´ ω ´ π,

if for each pair of alternatives, ω agrees with σ or π or both. More formally, σ ´ ω ´ π if

for all i ‰ j

Mti,ju(σ) = Mti,ju(π) ùñ Mti,ju(ω) = Mti,ju(σ).

We say that ω is strictly between σ and π if σ ´ ω ´ π and it is distinct from both of them.

Axiom 37 (Betweenness). For all σ, π P Sn disagreeing on more than one pair of elements there

exists ω P Sn strictly between σ and π such that d(σ, π) = d(σ, ω) + d(ω, π).

Axiom 37 links the notion of betweenness for rankings with its geometric counterpart,

as captured by the triangle equality. In particular, for any couple of non-adjacent rankings,
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there is a ranking strictly in-between the two of them for which the triangle inequality

holds as equality. The main implication of Axiom 37 for semimetrics is established in the

following proposition.

Proposition 38. A semimetric d satisfies Axiom 37 if and only if d is a graphic semimetric, that

is, for all σ, π P Sn,

d(σ, π) = min
tPT(σ,π)

dK(σ,π)
ÿ

j=1

d

σ

j´1
ź

k=1

tak(t),ak(t)+1, σ

j
ź

k=1

tak(t),ak(t)+1

 . (6.9)

Thus, a semimetric d satisfies Axiom 37 if and only if, for any σ and π, d(σ, π) can be

decomposed into a sum of distances over adjacent rankings, obtained by successively swap-

ping two adjacent alternatives until σ is transformed into π. Graphically, this proposition

links all semimetrics that satisfy Axiom 37 to the structure of the permutahedron, as shown

in Figure 6.4 for the case n = 3.
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FIGURE 6.4: Permutahedron (black edges) together with its completion (colored edges)
on [3].
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The permutahedron is a graph whose vertices are the elements of Sn, and its edges con-

nect adjacent permutations. Each edge is assigned a weight corresponding to the distance

between the connected rankings. In Figure 6.4, the edges of the permutahedron are rep-

resented in black and are arbitrarily weighted from a to f . In the same figure, we also

link all the remaining couples of permutations with colored edges. Under Axiom 37, their

weights are uniquely determined by the weights of the edges of the permutahedron (black).

Therefore, to characterize a semimetric that satisfies Axiom 37, it is sufficient to describe

how it measures the distance between adjacent rankings, i.e., rankings that differ only in

the positioning of two consecutive items. Our second axiom is the following.

Axiom 39 (Monotonicity). For all σ, π P Sn and positions a ď b,

tσa, σa+1u = tπb, πb+1u ùñ d(σ, σta,a+1) ě d(π, πtb,b+1).

Axiom 39 captures the idea that disagreements over items placed higher in a ranking have

at least as much importance as disagreements over the same items in lower positions.

This axiom addresses the top-bottom issue discussed in Farnoud and Milenkovic, 2014 and

Nishimura and Ok, 2023. When a = b, Axiom 39 also implies an invariance property. If

we swap two alternatives placed in positions a and a + 1, the order of the other items is

irrelevant to assess the distance between any ranking σ and σta,a+1. Mixing axioms 37 and

39 yields the next proposition.

Proposition 40. If a semimetric d satisfies axioms 37 and 39, then there exists g : [n ´ 1]ˆ[n]2 Ñ

R+ symmetric in the last two entries with g¨(i, i) = 0 for all i P [n] such that for all σ, π P Sn,

d(σ, π) = min
tPT(σ,π)

dK(σ,π)
ÿ

k=1

gak(t)(ik(t), jk(t)). (6.10)

This proposition is one of the building blocks of our main result. Its key implication is that

now the distance between any couple of adjacent rankings σ and σta,a+1 = ti,jσ depends

only on the interaction between the identity of the swapped items (i, j) and their positions

(a, a + 1), via some function ga(i, j). Our next axiom models this interaction.
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Axiom 41 (Proportionality). For all σ, π, ρ, τ P Sn and distinct a, b P [n ´ 1] with

tσa, σa+1u = tπb, πb+1u and tρa, ρa+1u = tτb, τb+1u

we have that

d(σ, σta,a+1)d(τ, τtb,b+1) = d(π, πtb,b+1)d(ρ, ρta,a+1).

Equivalently, Axiom 41 requires the existence of a function c : [n] ˆ [n ´ 1] Ñ R+ such

that for all rankings σ, π P Sn and positions a ă b

tσa, σa+1u = tπb, πb+1u ùñ d(π, πtb,b+1) = c(b, a)d(σ, σta,a+1). (6.11)

To evaluate the consequences of Axiom 41 we analyze its interplay with Axiom 39. Consider

two rankings, σ and π, in which the items i and j are adjacent but occupy different positions.

Suppose that in both rankings, i precedes j, and let the positions of i be a in σ and b in

π. We aim to compare the distances between σ and σta,a+1, and between π and πtb,b+1.

By Axiom 39, the order of the items not affected by the swaps plays no role in determining

these distances. Therefore, any difference between these two distances can only be due

to the interaction of the identity of the items being swapped and their positions. Axiom

41 imposes a (multiplicative) separation of this interaction. This is clear by looking at

the reformulation (6.11), which imposes that the ratio between the corresponding distances

depends only on the positions of the items, a and b.

These three axioms completely characterize the semimetrics ρ
g
β and ρ

g
β, which coincide

for a suitable choice of the parameters β, ϕ, and g.

Theorem 42. For a non-trivial semimetric d, the following are equivalent:

1. d satisfies axioms 37, 39, and 41.

2. There is (ϕ, g) P F(Bs1) ˆ Gs Y F(Bs2) ˆ Gs
Ź such that for all σ, π P Sn,

d(σ, π) = min
tPT(σ,π)

dK(σ,π)
ÿ

k=1

ϕak(t)gik(t),jk(t)
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3. There is (β, g) P Bs1 ˆ Gs Y Bs2 ˆ Gs
Ź such that for all σ, π P Sn,

d(σ, π) =
ÿ

SPP
β|S|g (MS(σ), MS(π)) .

Moreover, we have the following remark

Remark 43. Given any non-trivial semimetric satisfying axioms 37, 39, and 41, the choice of

(ϕ, g) or (β, g) is unique up to multiplicative constants. In particular, g can be chosen to be the

same in the two representations, in which case β = G(ϕ) and ϕ = F(β).

The proof of the implication 1 ñ 2 is based on three steps. First of all, by Axiom 37, d

must be a graphic semimetric (Proposition 38), and thus it is completely determined by the

value it assigns to adjacent permutations. Secondly, adding Axiom 39 we retrieve (Propo-

sition 40) that the distance between σ, σ1 = σta,a+1 = ti,jσ depends only on three factors:

the position a at which the transposition occurs and the swapped items i and j. Thus, we

recover the expression d(σ, σ1) = ga(i, j). Finally, Axiom 41 allows to break ga(i, j) into a

factor depending only on the position of the swap ϕa and another depending only on the

identity of the swapped items gij, so that overall ga(i, j) = ϕagij.

The proof of 2 ô 3 follows from the dual representation of ρ
g
β (Proposition 33). In conclu-

sion, the necessity of the axioms is easily retrieved using the two equivalent representations

ρ
g
β and dg

ϕ.

To conclude the section, we retrieve the axiomatic characterization of the additive ver-

sion of ρ
g
β. It is natural to imagine that, to characterize ρ

g
β with an additive dissimilarity

function g, one needs to impose a further separability condition. This exact condition is

provided by the following axiom.

Axiom 44 (Additivity). For all σ, π, ρ, τ P Sn and a P [n ´ 1] with

tσa, σa+1u \ tπa, πa+1u = tρa, ρa+1u \ tτa, τa+1u

we have that

d(σ, σta,a+1) + d(π, πta,a+1) = d(ρ, ρta,a+1) + d(τ, τta,a+1).
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Adding it to the mix of axioms in Theorem 42 yields the desired characterization.

Proposition 45. For a non-trivial semimetric d, the following are equivalent:

1. d satisfies axioms 37, 39, 41, and 44.

2. There exists (ϕ, µ) P F(Bs1)ˆMs Y F(Bs2)ˆMs
Ź such that for all σ, π P Sn,

d(σ, π) = min
tPT(σ,π)

dK(σ,π)
ÿ

k=1

ϕak(t) (µ(ik(t)) + µ(jk(t))) . (6.12)

Moreover, µ can be chosen so that
ř

i µ(i) = 1.

3. There exists (β, µ) P Bs1ˆMs Y Bs2ˆMs
Ź such that for all σ, π P Sn,

d(σ, π) =
ÿ

SPP
β|S|µ (△S(σ, π)) .

Moreover, µ can be chosen so that
ř

i µ(i) = 1.

Parametrizations of β and g

In addition to the cases discussed in §6.3, our distance ρ
g
β relates to well-known dissim-

ilarity functions established in the literature:

• If β = (1, . . . , 1, 0, . . . , 0) and g is µ-additive we get the metrics in Gilbert et al., 2022.

• If β =
(
(α ´ 1)k´2)n

k=2 for some α ą 1 and g is constant, then we recover the unavail-

able candidate model of Lu and Boutilier, 2010.

• If g is constant, then we recover the weighted Kendall distance (with decreasing

weights ϕ) proposed and axiomatized by Farnoud and Milenkovic, 2014.

• If g is constant and the weights ϕ are completely monotone and positive, we retrieve

the distances of Baldiga and Green, 2013 with exchangeable distributions.

6.5 Generalized Diaconis-Graham inequalities

In this section, we restrict attention to µ-additive dissimilarity functions and provide a

generalization of the celebrated Diaconis-Graham (DG) inequality Diaconis and Graham,

1977, which can be used to approximate our distances. The DG inequality establishes a
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connection between the Kendall metric and another measure of disagreement, known as

Spearman distance:

s(σ, π) :=
ÿ

xP[n]

|σ´1
x ´ π´1

x | =
ÿ

xP[n]

||xÓ,σ| ´ |xÓ,π||.

Thus, s quantifies the disagreement between rankings, σ and π, by summing, over all items,

the absolute value of the difference between the position of each item with respect to σ and

π.10 It was established in Diaconis and Graham, 1977 that the Spearman distance is never

too far from the Kendall metric. Specifically, they always stay within a factor of two, that

is, for all σ and π,

s(σ, π) ď d|¨|

K (σ, π) ď 2s(σ, π).11 (6.13)

This relation has found application on several fronts: for instance, it has been exploited

by Dwork et al., 2001 to provide a 2-approximation algorithm to the problem of finding a

median ranking (with respect to the Kendall metric) starting from a collection of individual

rankings.

The main result of this section shows that, in fact, there exists a family of these in-

equalities, and that the factor two appearing in (6.13) is the worst-possible that can emerge

inside the family.

For all β P Rn´1 and µ P Rn
+, we define the (β,µ)-Spearman’s distance as

sµ
β : (σ, π) ÞÑ

ÿ

xP[n]

ˇ

ˇ fβ(|xÓ,σ|) ´ fβ(|xÓ,π|)
ˇ

ˇµ(x), (6.14)

where fβ is the function defined in (6.8). Differently from the classical Spearman’s distance,

the cardinalities of xÓ,σ and xÓ,π are inputs for the function fβ and each item x is weighted

by µx.12 We first study the case where µ is constant. The following is the main result of

this section.

10 Recall that in our notation σ´1
x denotes the position of item x in the ranking σ.

11 Recall that d|¨|

K (σ, π) = 2dK(σ, π), where dK is the Kendall metric.

12 Observe that when β = (1, 0, . . . , 0), then, for all t, fβ(t) = t, so that if µ is constant to one, we are back to
the classical Spearman’s distance. Thus, the (β, µ)-Spearman distance is a proper generalization.
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Theorem 46. If β P Bs, then, for all σ, π P Sn, it holds

sβ(σ, π) ď dβ(σ, π) ď γβsβ(σ, π),

where the approximation factor γβ takes the form

γβ := max
hPHβ

(
1 +

fβ(n ´ h)
fβ(n ´ h + 1)

)
with Hβ := th P [2, n] : fβ(n ´ h + 1) ą 0u.

As the function fβ is increasing, Theorem 46 readily implies that for each choice of

the weights β, the β-semimetric and the β-Spearman distance remain within a factor of

two, extending the conclusion of Diaconis and Graham, 1977 to the family of β-distances.

However, as we next illustrate, factor 2 is the worst that can be obtained within the family

of generalized DG inequalities.

We then move to address the case when µ is not constant. In these instances, the

approximation gets worse, since the approximation factor degrades with the support of µ.

However, for a “small” amount of heterogeneity, the approximation can still be useful. In

particular, we have

Corollary 47. Let β P Bs and µ P Rn
++ be such that u ď µi ď U, for some positive u and U.

Then, for all σ, π P Sn, it holds

sµ
β(σ, π) ď ρ

µ
β(σ, π) ď

γβU
u

sµ
β(σ, π).

To illustrate the power behind these inequalities, we now adapt the arguments of Dwork

et al., 2001 and show how Corollary 47 yields a polynomial-time γβU/u-approximation

algorithm for the median rank aggregation problem (with respect to (β, µ)-distances). The

running time of the algorithm is O(mn3), where n is the number of alternatives and m is

the number of rankings.

Dwork et al. Dwork et al., 2001 proposed to obtain a polynomial-time approximation

algorithm for the Kendall rank aggregation problem by minimizing the sum of Spearman’s

distances via a minimum cost perfect matching algorithm.
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Following a similar spirit, we leverage on Corollary 47 to provide an approximation

algorithm for our rank aggregation problems. First, we show that, by minimizing the sum

of (β, µ)-Spearman distances, we can obtain γβU/u-approximations for the median rank

aggregation problem induced by dµ
β. For any collection of input rankings V = (vj)m

j=1

defined over [n], denote by

Papx
β,µ (V) := argmin

σPSn

m
ÿ

j=1

sµ
β(σ, vj),

Then,

Corollary 48. Let β P Bs, µ P R++ with 0 ă u ď ui ď U, for all i P [n], V = (vj)m
j=1, and

σapx P Papx
β,µ (V). We have,

min
σPSn

m
ÿ

j=1

dµ
β(σ, vj) ď dβ(σ

apx, V) ď γβ
U
u

min
σPSn

m
ÿ

j=1

dµ
β(σ, vj).

Proof of Corollary 48. Let σapx P Papx
β,µ (V) and σ˚ be a minimizer of

řm
j=1 dµ

β(σ, vj). The

following inequalities hold

min
σPSn

m
ÿ

j=1

dµ
β(σ, vj) ď

m
ÿ

j=1

dβ(σ
apx, vj)

(a)
ď γβ

U
u

m
ÿ

j=1

sµ
β(σ

apx, vj)

(b)
ď γβ

U
u

m
ÿ

j=1

sβ(σ
˚, vj)

(c)
ď γβ

U
u

m
ÿ

j=1

dβ(σ
˚, vj) = γβ

U
u

min
σPSn

m
ÿ

j=1

dµ
β(σ, vj),

where (a) and (c) hold by using Corollary 47, and (b) holds since, by construction, σapx is

a minimizer of
řm

j=1 sβ(¨, vj).

The Hungarian algorithm can be implemented to retrieve a permutation minimizing the

quantity
řm

j=1 sµ
β(¨, vj).

Lemma 49. σapx is computable in O(mn3) time.
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Proof of Lemma 49. Let (vj)m
j=1 be m input rankings over [n]. Construct the following bi-

partite graph G = ([n], [n], E), where each vertex c P [n] corresponds to an alternative in

[n], and each vertex p P [n] corresponds to a possible ranking. Edges e = tc, pu P E are

interpreted as “alternative c is in position p”. We weight each edge e = tc, pu P E by

wc,p =
|V|
ÿ

j=1

ˇ

ˇ fβ(n ´ p) ´ fβ(|cÓ,vj
|)

ˇ

ˇµ(c)

Observe that we can compute all weights twc,puc,p in time O(mn3). Indeed, by using Pas-

cal’s formula, we can pre-compute t fβ(0), . . . , fβ(n ´ 1)u in time O(n2). Clearly, the num-

ber of edges tc, pu is n2. Fix tc, pu and recall that we have a profile of m preferences. For

each preference, we need to compute |cÓ,vj
| and this can be done in linear time. Therefore,

in total, it takes O(mn3) to compute all weights.

Further, note that each perfect matching is associated with a linear order σ, such

that |cÓ,σ| = n ´ p, whenever the edge tc, pu belongs to the matching. Particularly, by

solving for a minimum weight perfect matching, we obtain σapx P Sn that minimizes

ω ÞÑ
ř|V|

j=1 sβ(ω, vj). Finally, we can compute a minimum weight perfect matching by re-

lying on the Hungarian algorithm whose running time is O(n3). Thus, the overall running

time is O(mn3).

By combining Corollary 47 with Corollary 48 and Lemma 49, we obtain the following.

Theorem 50. Let β, µ and V be as in the statement of Corollary 48. Then, there exists a γβU/u-

approximation algorithm for the (β, µ)-rank aggregation problem running in time O(mn3).

Proof of Theorem 50. Combine Corollary 47 with Corollary 48 and Lemma 49.

6.6 Applications to voting and statistical inference
Median preference correspondences and majority

Aggregating individuals’ preferences into a consensus ranking is a classical problem

in the theory of social choice. Suppose that there is an election with several candidates
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and an ensemble of voters. Each voter submits a ballot, formalized as a ranking over the

candidates, and a voting rule is then implemented to determine the election’s winners.

A typical approach (see e.g., Young, 1977) to obtain a consensus ranking is by solving a

median rank aggregation problem with respect to some given distance. In this subsection,

we study the median voting rules induced by our distances ρ
g
β.

Formally, an electorate V = (v1, . . . , vm) is an ordered list of rankings over the set

of candidates [n], and we denote by Vn :=
Ť8

k=1 Sk
n the set of all possible electorates.

The theory of voting rules revolves around the notions of preference and social choice

correspondences. A preference correspondence P : Vn Ñ Sn associates to each electorate V

a set of rankings P(V) called the set of consensus preferences. In particular, the median

preference correspondence induced by a distance d is

Pd : V = (vj)
|V|

j=1 ÞÑ arg min
σPSn

|V|
ÿ

j=1

d(σ, vj),

Each preference correspondence P naturally defines a social choice correspondence WP :

Vn Ñ C, that gives the set of possible winners - candidates ranked first by some consensus

preference. Formally,

WP(V) :=
ď

vPP(V)

M[n](v).

When d = ρ
g
β, we denote Pg

β := Pd, and similarly, when P = Pg
β , we denote Wg

β := WPg
β
.

Studying the properties of each P and WP is fundamental to deciding which voting rule

should be adopted in different contexts. In this regard, the notion of majority is central to

the analysis of voting rules and thus, we devote the remaining part of the section to the

study of this property.

Given an electorate V and a candidate c, we denote by n(V, c) the number of voters

having c as their most favorite alternative minus the number of voters who do not. A

preference correspondence P satisfies the majority principle if for all V P Vn and c P C,

n(V, c) ě 0 ùñ c P WP(V).
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Similarly, a preference correspondence P satisfies unanimity if n(V, c) = |V| implies c P

WP(V).

Proposition 51. If ρ
g
β is a semimetric, then Pg

β satisfies the majority principle and unanimity.

The generality behind Proposition 51 highlights that it is possible to maintain desirable

welfare properties while allowing to treat asymmetrically the candidates. This is relevant

for contexts where the status quo is prioritized or where the candidates are clustered in

different political groups.

Dispersion of ranking data

Probabilistic models are important to understanding the generating process for ranking

data and providing forecasts. A popular probabilistic model for rankings has been proposed

by Mallows, 1957 and assumes the presence of a central (modal) ranking σ̄. In particular,

the probability of selecting a ranking σ decreases with the distance d(σ̄, σ). Formally,

P[σ]9e´θd(σ,σ̄)

where θ ą 0 is the dispersion parameter, σ̄ is the central ranking and d is a distance on

Sn. Originally Mallows, considered the Kendall distance, but more general versions have

been studied. For instance, Marden, 1995 considers the weighted Kendall metric dϕ, and

Diaconis, 1989 focuses on general neutral distances. It is easy to see that, for any Mallows

model, the MLE estimator of the central ranking is the median ranking. In particular,

given a sample of rankings Σ = (σj)m
j=1,

σ̂MLE(Σ) = arg min
σPSn

LΣ
d(σ) = arg min

σPSn

1
m

ÿ

σPΣ

d(π, σ),

where LΣ
d is the loss function induced by the distance d given the data Σ. In this section,

we analyze the Mallows model with ρ
g
β. We simulate data involving rankings formulated

over six items that belong to two groups of movies: sci-fi anime

a1 = Ghost in the shell, a2 = Akira, a3 = Evangelion
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and historical dramas

b1 = The Handmaiden, b2 = Rashomon, b3 = Silence.

The data-generating process we use in our experiment is inspired by the ratings pro-

vided by the users of Letterboxd, where voters tend to rank first the items in one class and

then rank the movies in the other class, e.g., (a2, a1, a3, b2, b1, b3) or (b2, b3, b1, a2, a3, a1).

More precisely, We generated 1000 rankings with the following procedure. For each user,

we decided independently and with probability 1/2 if this user will prefer anime or histor-

ical movies. Moreover, we select randomly how to permute the movies in each category.

In particular, independently of the genre, we pick the following permutations with the

corresponding probabilities.

permutation 1, 2, 3 1, 3, 2 2, 1, 3 2, 3, 1 3, 1, 2 3, 2, 1
probability 6/21 5/21 4/21 3/21 2/21 1/21

So that, for instance, the probability that any user produces the ranking (b1, b3, b2, a2, a1, a3)

is given by 1/2 ˚ 5/21 ˚ 4/21. Moreover, we are not particularly interested in how different

movies’ genres are ordered by the voters, but, rather, in how movies in each category are

ranked. Thus, for ρ
g
β, we consider a dissimilarity function g that takes into account the

clusters of the two movie genres, and gives low importance to swaps between movies of

different groups:

gij =

#

α if i, j both belong to the same cluster
β if i, j both belong to different clusters

with β ă α. Within our sample Σ, we show that using the distance dg
K (with β = α/10) we

observe a much smaller dispersion in Σ, in contrast to the one observed using the Kendall

metric dK. By dispersion Vd(Σ), we mean the value of the loss function evaluated at its

minimum, normalized by the maximum value this minimum can reach over all possible

samples of data. Formally,

Vd(Σ) :=
minσPSn LΣ

d(σ)

supΣ1 minσPSn LΣ1

d (σ)
=

LΣ
d(σ̂MLE(Σ))

supΣ1 LΣ1

d (σ̂MLE(Σ1))
.
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This normalization makes sure that Vd(Σ) lies between 0 (zero dispersion, i.e., degenerate

data - all rankings equal) and 1 (maximal dispersion). For each generated Σ, we observe

that Vdg
K
(Σ) ă VdK(Σ) and the difference between the two dispersions is at least VdK(Σ) ´

Vdg
K
(Σ) ą 0.174. This suggests that dg

K is more suitable than dK to capture the actual

dispersion within a sample of rankings with clustered alternatives.
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7. Conclusion
We defined and studied a generalization of Fréchet means on metric spaces and man-

ifolds. We provided Uniform consistency results, a CLT and finally, we explored various

applications.
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