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Abstract. The level set method is one of the most successful methods for the simula-
tion of multi-phase �ows. To keep the level set function clos e the signed distance func-
tion, the level set function is constantly reinitialized by solving a Hamilton-Jacobi type
of equation during the simulation. When the �uid interface i ntersects with a solid wall,
a moving contact line forms and the reinitialization of the l evel set function requires
a boundary condition in certain regions on the wall. In this w ork, we propose to use
the dynamic contact angle, which is extended from the contac t line, as the boundary
condition for the reinitialization of the level set functio n. The reinitialization equation
and the equation for the normal extension of the dynamic cont act angle form a cou-
pled system and are solved simultaneously. The extension equation is solved on the
wall and it provides the boundary condition for the reinitia lization equation; the level
set function provides the directions along which the contac t angle is extended from
the contact line. The coupled system is solved using the 3rd order TVD Runge-Kutta
method and the Godunov scheme. The Godunov scheme automatically identi�es the
regions where the angle condition needs to be imposed. The numerical method is il-
lustrated by examples in three dimensions.

AMS subject classi�cations : 65Z05, 76T10

Key words : Level set method, two-phase �ows, moving contact lines, co ntact angle, reinitializa-
tion, level set function.

1 Introduction

Contact line refers to the line where a �uid interface inters ects with a solid wall. The
modeling and simulation of moving contact lines have attrac ted much attention in recent
years. This is not only due to the many industrial applicatio ns, e.g. in micro�uidics, but
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also scienti�c interests such as the stress singularity, contact angle hysteresis, etc.. We
refer to the review articles [1–4] and the monographs [5–7] f or discussions of the current
status of the moving contact lines problem.

Some numerical methods have been developed for the simulati on of multi-phase
�ows with moving contact lines. These include the volume of � uids method [8–10],
the front tracking method [11, 12], the phase �eld method [13– 16], the level set method
[17–20], etc.. More can be found in a recent review paper [21]. In this paper, we will focus
on the level set method, in particular, the boundary conditi on for the reinitialization of
the level set function in the simulation of the moving contac t lines in three dimensions
(3d).

In the level set method, the interface is implicitly represe nted using the zero-level set
of a function f (x), which is called the level set function. Usually the signed d istance
function is used as the level set function. It is evolved acco rding to the velocity �eld of
the �uids u,

¶f
¶t

+ u �r f = 0. (1.1)

During the evolution, the level set function is usually dist orted in the sense that it devi-
ates from the signed distance function and develops large va riations. This may affect the
accuracy of the numerical solution. To prevent this from hap pening, the level set function
is reinitialized during the evolution. This is done by solvi ng the following reinitialization
equation in pseudo time t [22]:

¶f
¶t

+ S(f 0) (jr f j � 1) = 0, (1.2)

where f 0 is the level set function before the reinitialization, and S(�) is the sign function.
Eq. (1.2) is a transport equation with the velocity

v f = S(f 0)n, where n =
r f

jr f j
. (1.3)

Denote the outward unit normal of the wall by nw, then it is readily seen that Eq. (1.2)
needs a boundary condition in regions where v f �nw < 0 (i.e. when the transport veloc-
ity points into the �uid domain) on the wall; in contrast, no b oundary condition can be
imposed in regions where v f �nw > 0. This is illustrated in Fig. 1, where the �uid inter-
face is indicated by the bold curve. To reinitialize the give n level set function shown
in the �gure, a boundary condition is needed on the wall outsid e the droplet, whereas
no boundary condition is needed inside the droplet. After so lving the reinitialization
equation, the level set function becomes the signed distance function to the interface, ex-
cept in the wedge (shaded region) where the level set functio n depends on the boundary
condition speci�ed on the wall.

Several strategies have been proposed regarding the boundary condition for the reini-
tialization equation. Most of these methods are for 2d proble ms as shown in Fig. 1, in
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Figure 1: Schematics of the level set functionf . The zero-level set off , which represents the 
uid interface, is
indicated by the bold line. The arrows are the transport velocity v f in the reinitialization equation. A boundary
condition is needed on the wall wherev f points from the wall into the 
uid domain. After reinitialization, the
level set function in the shaded region depends on the boundary condition speci�ed on the wall.

which the contact line reduces to two contact points. In Ref. [17], the contact point is �rst
located and the �uid interface is extended into the wall at th e contact point by a linear ex-
trapolation. Several layers of ghost points are introduced next to the wall; on these ghost
points, the level set function is de�ned either by the distanc e to the extended interface, or
the linear extrapolation of the level set function. This typ e of methods requires the exten-
sion of the �uid interface, which is not straightforward for 3d problems. In Ref. [23], the
grid points on the wall where a boundary condition is needed a re �rst identi�ed, then
the level set function on these points are obtained by solvin g the following relaxation
equation:

¶f
¶t

= cosq� cosq0, (1.4)

where q is the angle between the iso-surfaces off and the wall, i.e. cosq= �r f �nw/ jr f j,
and q0 is the angle before reinitialization. This equation aims at keeping the angle of the
isosurfaces of f to be the same as that prescribed in the initial data f 0. This requires a
proper choice of the initial data. In Refs. [19, 24–26], the contact angle was used as the
boundary condition, and different numerical schemes were p roposed to impose this an-
gle condition. In all these work, the system (a droplet) was a ssumed to be axisymmetric,
thus the contact angle is constant along the contact line. In these work, this spatially
uniform contact angle was imposed on the level set function a long the wall during reini-
tialization.

In the current work, we consider general 3d problems in which the dynamic contact
angle may vary along the contact line. This is the case, for example, when a droplet slides
down a tilted plane in which the dynamic contact angle in the f ront (i.e. the advancing
contact angle) differs from that in the back (i.e. the recedi ng contact angle), though the
equilibrium contact angle may be the same everywhere on the w all, or when a droplet
spreads on a chemically heterogeneous surface in which the contact angle is position
dependent.

Similar to the earlier work, we also propose to impose the ang le condition on the level
set function when solving the reinitialization equation. H owever, in the 3d problems
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considered in this work, due to the variation of the dynamic c ontact angle along the
contact line, the angle away from the contact line needs to be carefully speci�ed so that
it is consistent with the angle along the contact line. This i s in contrast to the 2d or
axisymmetric systems considered in the earlier work, where a spatially constant angle
was used everywhere on the wall.

In our method, the angle on the wall is obtained from the norma l extension of the
dynamic contact angle from the contact line. The reinitiali zation equation for the level
set function and the extension equation for the angle form a c oupled system and are
solved at the same time. The later is solved on the wall and it p rovides the boundary
condition for the level set function; the level set function provides the directions along
which the contact angle is extended.

The paper is organized as follows. In Section 2, we describe the coupled equations
and propose numerical methods for these equations. The upwi nd scheme in the numer-
ical method automatically identi�es the regions where the an gle condition needs to be
imposed. In Section 3, we present numerical examples to illu strate the performance of
the proposed method. The paper is concluded in Section 4.

2 The numerical method

As shown in Fig. 2, we consider an evolving droplet on a solid w all in the three-dimensional
space. The surface of the droplet intersects with the solid w all at the contact line. We de-
note the computational domain containing the droplet by W. The lower boundary of W
lies on the solid wall and is denoted by ¶Ww. We use the Cartesian coordinate so that the
solid wall is on the plane z= 0. In this work, we will focus on the contact line and the
boundary condition on the solid wall, therefore we simply as sume the periodic boundary
condition in the x and y directions.

f = 0

yz

x

q

f > 0

f < 0

Figure 2: Schematics of a droplet on a solid wall. The closed curve at which the 
uid interface intersects with
the wall is the contact line. q denotes the contact angle, andf is the level set function.

Equations. To solve the reinitialization equation (1.2) for a given int erface, one needs to
specify a boundary condition for the level set function f in the region where S(f )¶zf > 0
on the solid wall. We denote this region by ¶Ww,c. Here we require the angle q at which
the iso-surface of f intersects with the wall equals to some speci�ed value. In pri nciple,
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we are free to use any value for qas long as it is consistent with the dynamic contact angle
of the �uid interface. The simplest method, which guarantee s the consistency, is to use
the normal extension of the dynamic contact angle from the co ntact line. Note that for an
evolving interface, the dynamic contact angle depends on th e local contact line velocity;
therefore, in general it differs from the equilibrium conta ct angle given by the Young's
relation and varies along the contact line.

The extension of the contact angle is done by solving the norm al extension equation
on the wall [27–29]

¶q
¶t

+ S(f )ns(f ) �r sq= 0, for (x,y) 2 ¶Ww, (2.1)

where ns= r sf / jr sf j and r s= ( ¶x,¶y) is the surface gradient on the wall. In this equa-
tion, the contact angle of the �uid interface at the contact l ine is extended to the wall
following the normal direction of the level curves of f on the wall. This extended angle
is used as the boundary condition for the reinitialization e quation.

The extension equation (2.1) and the reinitialization equa tion (1.2) form a coupled
system: The extension equation provides the boundary condi tion for the reinitializa-
tion equation, while the latter provides the directions alo ng which the angle is extended.
Thus, we solve these two equations concurrently:

¶f
¶t

+ S(f 0)( jr f j � 1)= 0, x2 W, (2.2a)

l
¶q
¶t

+ S(f )ns(f ) �r sq= 0, x2 ¶Ww. (2.2b)

Eq. (2.2a) is supplemented with the boundary condition

¶zf =
q

(¶xf )2+( ¶yf )2cotq, x2 ¶Ww,c. (2.3)

The parameter l in Eq. (2.2b) is to control the propagation speed of q relative to the
dynamics of f . A small l increases the propagation speed ofq. In particular, in the limit
l ! 0, at any instant the angle on the wall equals to the contact angle extended from the
contact line according to the current con�guration of f . On the other hand, a larger l
decreases the extension speed. In this work we usel = 1.

The above equations are solved with the initial condition

f (x,0)= f 0(x), x2 W. (2.4)

The initial value of q is obtained from f 0:

q(x,0)= arccos(¶zf / jr f j) , x2 ¶Ww. (2.5)

Remark 2.1. In Eq. (2.2b), the contact angle is extended to the whole boundary ¶Ww.
However, when solving the reinitialization equation, it is imposed as the boundary con-
dition for f only in the region ¶Ww,c. This is achieved by using an upwinding scheme to
be discussed next in the numerical discretization.
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To better conserve the droplet volume, a constrained reinit ialization technique (HCR2)
proposed by Hartmann et al.[30] is used in this work. In this scheme, a delta force, which
concentrates on the �uid interface, is added to Eq. (2.2a). This delta force is to keep the in-
terface pinned in space during the reinitialization proces s. We refer to Ref. [30] for details
of this technique.

Spatial discretization. The coupled equations in (2.2), (2.3) are solved using the �ni te
difference method on a uniform mesh. We use equal mesh size in the three directions,
and denote the grid points by (xi ,yj ,zk) where the integers i,j and k range from 0 to Nx,
Ny and Nz respectively. The zero-th level of the mesh in the z direction i.e. f (xi ,yj ,z0)g,
de�nes a uniform mesh for the 2d domain ¶Ww. We denote by f m

i,j,k the numerical solution
of f at the grid point (xi ,yj ,zk) and the time t m= mDt , where Dt is the time step; similarly,
we denote by qm

i,j the numerical solution of q at the grid point (xi ,yj ,z0) and the time t m.

In Eq. (2.2a), the derivatives in jr f j =
�
(¶xf )2+( ¶yf )2+( ¶zf )2

� 1/2
are approximated

using the Godunov scheme [31]; for example,

(¶xf )2 � (Dxf )2=
�

max
�
ja+ j2,jb� j2

�
, if S(f ) � 0,

max
�
ja� j2,jb+ j2

�
, if S(f ) > 0,

(2.6)

where

a+ = max
�
D+

x f ,0
�
, a� = min

�
D+

x f ,0
�
, (2.7a)

b+ = max
�
D �

x f ,0
�
, b� = min

�
D �

x f ,0
�
. (2.7b)

The one-sided differences D+
x f and D �

x f are computed using the third-order WENO
scheme [31]:

�
D+

x f
�

i,j,k =
(1� w+ )

2h

�
f i+ 1,j,k� f i � 1,j,k

�
+

w+

2h

�
� 3f i,j,k+ 4f i+ 1,j,k � f i+ 2,j,k

�
,

�
D �

x f
�

i,j,k =
(1� w� )

2h

�
f i+ 1,j,k� f i � 1,j,k

�
+

w�

2h

�
3f i,j,k � 4f i � 1,j,k+ f i � 2,j,k

�
,

where

w+ =
1

1+ 2r2
+

, w� =
1

1+ 2r2
�

,

r+ =
h+( f i+ 2,j,k� 2f i+ 1,j,k+ f i,j,k)
h+( f i,j,k+ 1� 2f i,j,k+ f i � 1,j,k)

,

r � =
h+( f i,j,k � 2f i � 1,j,k+ f i � 2,j,k)
h+( f i,j,k+ 1� 2f i,j,k+ f i � 1,j,k)

,

and h is a small parameter. Similar schemes are used to approximate f y and f z.

�K�W�W�S�V�������G�R�L���R�U�J�������������������F�L�F�S�����������������������������D���3�X�E�O�L�V�K�H�G���R�Q�O�L�Q�H���E�\���&�D�P�E�U�L�G�J�H���8�Q�L�Y�H�U�V�L�W�\���3�U�H�V�V



S. Xu and W. Ren / Commun. Comput. Phys., 20 (2016), pp. 1163-1182 1169

k=0

k=-1

k=-2

x

z

Figure 3: Schematics of the computational mesh in 2d. The bold curve is the interface. The line indicated by
k= 0 is the solid wall. The points indicated by crosses (� ) are the ghost points. Thez-derivative of f on the
points indicated by squares (� ) and triangles (N) are computed usingD �

z f and D+
z f , respectively.

The discretization of f z on the solid wall ¶Ww requires the values of f at the ghost
points (xi ,yj ,z� 1) and (xi ,yj ,z� 2); these values are de�ned according to the current value
qi,j obtained by solving (2.2a):

f i,j,� k = f i,j,0� kh

r

(Dxf )2
i,j,0+

�
Dyf

� 2
i,j,0cotqi,j , k= 1,2. (2.8)

This extrapolation, together with the Godunov scheme (2.6) , makes the angle condition
be imposed only in regions where it is needed. This is illustr ated in Fig. 3. Without loss of
generality, we assume the interface has an acute contact angle. In this case, the boundary
condition is only needed in the region to the left of the conta ct line, and this is the region
we denoted by ¶Ww,c earlier. On the solid wall, the one-sided differences D �

z f are both
positive (at least near the contact line where the reinitial ization equation is solved in the
local level set method to be discussed below). Then according to (2.6), D �

z f (thus the
angle q) is used in the region to the left of the contact line where S(f ) > 0; in contrast,
D+

z f is used in the region to the right of the contact line where S(f ) < 0. Since the angle
q has little effect on D+

z f , the angle condition is not imposed in the region to the right of
the contact line.

The extension equation for q is solved in the 2d domain ¶Ww on the wall. Derivatives
in the unit vector ns= r sf / jr sf j are computed using upwind �nite difference [22]; for
example, ¶x f is computed using

Dxf i,j,0=

8
<

:

f i,j,0� f i � 1,j,0, if f i � 1,j,0 � min f f i,j,0,f i+ 1,j,0g,
f i+ 1,j,0� f i,j,0, if f i+ 1,j,0 � min f f i,j,0,f i � 1,j,0g,
0, if f i,j,0 � min f f i � 1,j,0,f i+ 1,j,0g,

(2.9)

and similarly for ¶yf . The derivatives in r sq are computed by the third-order WENO
scheme.

The Local level set method. Since the level set function is only needed near the in-
terface, we employ the local level set technique [32, 33] to improve the ef�ciency. The
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reinitialization and extension equations in (2.2) are only solved near the interface. Specif-
ically, the level set function and the angle q are only computed within the tube de�ned
by

T m =
�

(xi ,yj ,zk) : min
a,b,c= � 1,0,1

jf m
i+ a,j+ b,k+ cj < g

�
. (2.10)

For given f m, the reinitialization equation is solved in T m by one time step, and the
solution is denoted by f m,� . The new level set function is then de�ned as

f m+ 1=

8
<

:

� g, if f m,� < � g,
f m,� , if jf m,� j � g,
g, if f m,� > g.

(2.11)

Since the reinitialization equation is not solved outside t he tube, there is no need to de�ne
the angle q outside the tube.

Finally, the spatially discretized equations are integrat ed in time using the third-order
TVD Runge-Kutta method [34].

The major steps of the numerical method are summarized as fol lows. Let f m and qm

be the solution at the m-th time step, the computation of the solutions at the new tim e
step proceeds as follows:

Step 1. Solve Eq. (2.2b) forqm+ 1 on the wall and inside T m, using f m;

Step 2. Extend f m to the ghost points below the wall using qm+ 1;

Step 3. Solve Eq. (2.2a) forf m+ 1 inside the tube T m.

The performance of the numerical method is illustrated usin g examples in the next sec-
tion.

3 Numerical examples

In this section, we illustrate the performance of the propos ed reinitialization method us-
ing some representative examples in 3d. We �rst test the numer ical method for �xed
interfaces (Example 1), then we consider the situation in wh ich the interface is advected
by a given velocity �eld (Example 2); �nally the reinitializat ion of the level set function
is coupled with the Navier-Stokes equation (Examples 3 and 4 ). In all the simulations,
we take g = 15h, Dt = h/10, and use periodic boundary condition in x and y directions.
Unless otherwise speci�ed, the grid size is set as h= 1/80.
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