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Abstract

In the finite element simulation of problems with contact there arises the need to

change the mesh and continue the simulation on a new mesh. This is encountered

when the mesh has to be changed because the original mesh experiences severe dis-

tortion or the mesh is adapted to minimize errors in the solution. In such instances

a crucial component is the transfer of data from the old mesh to the new one. This

work proposes a strategy by which such remeshing can be accomplished in the pres-

ence of mortar-discretized contact, focusing in particular on the remapping of contact

variables which must occur to make the method robust and efficient. By splitting the

contact stress into normal and tangential components and transferring the normal

component as a scalar and the tangential component by parallel transporting on the

contact surface an accurate and consistent transfer scheme is obtained. Penalty and

augmented Lagrangian formulations are considered. The approach is demonstrated

by a number of two and three dimensional numerical examples.
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1

Introduction

Mechanical contact is ubiquitous in the natural and engineered worlds, in a vari-

ety of different circumstances. Ranging from biomechanics, where different parts

of the human body come into contact with each other, their surroundings, and

various therapeutic interventions; to automotive applications, where issues such as

tires/pavement interaction, automotive crash proofing, and vehicle dynamics appli-

cations are frequently of interest; to geomechanics, where interactions of foundations

with soil, and associated base isolation methods benefit from simulation; to metal

forming, where forming processes can often be designed virtually; the range of appli-

cations for effective numerical simulation techniques involving contact and friction

is vast. In studies such as these, the finite element method has emerged as probably

the most popular numerical method available for numerical analysis in engineering

settings.

This works concerns itself primarily with the Lagrangian finite element approach

to large deformation contact problems, in which the finite element mesh moves with

the object as it undergoes motion and deformation. The specific issue we consider in

this work is the case where, at some point during an incremental solution procedure,
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we wish to change the mesh topology and need to remap the contact variables. This

may occur primarily because of two reasons:

• Excessive Mesh Distortion. In the simulation of many problems (such as ve-

hicle crash testing, metal forming, rubber shock mounting), the finite element

mesh can become extremely distorted and unusable as a solution proceeds.

Mathematically, the formulations describing the approximation to the field

equations rely on a well-posed coordinate transformation between the initial

position of the mesh (and the element coordinates associated with it), and

the so-called deformed or current configuration. When such large distortion

occurs, the transformation between the standard element used for numerical

integration and the physical element which is distorting with the object be-

comes non-unique. One solution to this difficulty is to generate a new mesh

when excessive distortion is detected, with the incremental loading procedure

being continued after such remeshing occurs. Such remeshing can be done by

either changing the location of the nodes while keeping the mesh topology the

same (mesh smoothing) or by creating an entirely new mesh (remeshing).

• Adaptive Mesh Refinement. As in any approximate solution, the solution ob-

tained from a finite element simulation will have an error, which can be reduced

by using a fine mesh. However using a fine mesh all over the computational

domain increases the problem size, memory requirements and computational

time. It is therefore advantageous to allocate more grid points to parts of the

object where the finite element solution errs relatively more, and use coarser

grids elsewhere. In the last two decades significant research has been done on

a posteriori error estimates for the finite element method, enabling adaptive

meshing by subdividing or refining in regions featuring large values for the

error indicator and merging elements in areas where coarsening is desired. In

2



contact problems, particularly, such adaptivity is particularly advantageous, as

it is natural to use finer meshes around the contact region. Since such contact

regions tend to change with time, it is crucial to be able to refine and coarsen

as indicated by the error estimate and seamlessly continue the simulation as

the simulation proceeds.

Figure 1.1: Extreme distortion during automotive crash testing. (www.flickr.com)

In either case (remeshing for distortion or adaptive refinement), once the mesh

is altered, one needs to transfer the solution from the old mesh to the new one

for a solution to continue. Particularly in the presence of friction (which is path

dependent), the effective transfer of history in such a procedure must be accomplished

for subsequent equilibria to have any meaningful relationship to the history predating

the transfer. In this case the history dependence of the solution means that we

must be concerned whether equilibrium iterations after a remeshing event could

converge to a different solution, and upon further loading follow a different path,

than would have been the case on the original mesh. In addition, the variables to
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be transferred in a remeshing event are frequently interrelated, so that transferring

variables separately can give an inconsistent set of variables on the new mesh. In

the case of contact mechanics, friction laws impose restrictions in addition to those

imposed by equilibrium, compatibility, and constitutive relations of the contacting

bodies.

In addressing this problem, existing works have made important contributions

but have left some important challenges left to be met, particularly for treatment

of incremental friction constitutive equations. Lee and Bathe (1994) and Wriggers

and Scherf (1998) mention having transferred data in error based adaptive remeshing,

without providing details as to how the transfer is done. Sheng et al. (2009) proposed

a scheme featuring a transfer of the total tangential distance traveled by nodes on

the boundary of a flexible body in contact with a rigid object, which is not readily

extensible for problems where both bodies in contact are deformable, or even to

a unilateral contact problem when the friction constitutive equation depends on

incremental rather than total slip. For arbitrary Lagragian-Eulerian simulations with

contact Ghosh (1992), Boussetta et al. (2006) and Stoker (2006) modified friction

laws so that the contact part of the problem becomes history independent, thus

precluding any need for transfer of friction history.

Accordingly, the central objective of our work is to develop accurate and consis-

tent data transfer strategies for two and three dimensional frictional contact problems

undergoing large deformations. The scheme as described focuses on the large defor-

mation contact between hyperelastic bodies, such that no inelasticity occurs within

the bulk continua. Transfer schemes suitable for history dependent friction laws

and multilateral contact have been developed based on parallel transport of vectors

on surfaces. We borrow ideas from discrete differential geometry in developing the

formulation described herein. While the focus is on mortar methods for contact

analysis, the method described here is probably suitable with minimal adaptation to

4



other contact spatial discretization methods as well.

Although the objective of this work is to develop a data transfer scheme for

contact variables, the practical fact that we end up with a new mesh necessitates the

ability to transfer non-contact (bulk) variables such as displacements, deformation

gradients, plastic strains and other variables depending on the constitutive model

used. To this end we limit ourselves to hyperelastic materials and adopt a scheme

where the displacement gradient is transferred. This largely follows Espinosa et al.

(1998).

Finally there is the question of how the new mesh is generated after a posteriori

error estimation or severe element distortion. For the two dimensional case we devel-

oped a mesh smoother for linear quadrilateral elements. For the three dimensional

case we made use of the freely available tetrahedral mesh generator TetGen.

To recap, the work reported here involved

• developing and implementing contact data transfer schemes for two and three

dimensional problems

• adopting a bulk data transfer scheme and implementing an element to handle

the necessary modifications

• developing and implementing a mesh smoothing scheme

• integrating the TetGen mesh generator with our finite element code.

In Chapter 2 we give an overview of the finite element method for large defor-

mation contact problems. This is followed in Chapter 3 with details of the mortar

method for contact. A review of existing work in the area of data transfer for contact

variables and related issues is provided in Chapter 4. An algorithmic framework for

the data transfer operation is given in Chapter 5. In the same chapter we outline

the bulk data transfer scheme adopted. The contact data transfer method for two

5



dimensional problems and numerical examples are shown in Chapter 6. This is ex-

tended to the three dimensional case in Chapter 7. Three dimensional numerical

examples with tetrahedral elements are also shown. Finally a conclusion is provided

in Chapter 8.
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2

Description of a Contact Problem

A contact problem with two contacting bodies is shown in Figure 2.1. We use two

bodies to describe the contact problem. However, problems involving more bodies

can be handled in the same manner.

The original undeformed configuration of the ith body is denoted by Ωpiq P R
nsd

where nsd “ 2, 3 specifies the spatial dimension. Subsequent configurations are given

by ϕpiq.

The boundary of Ωpiq is denoted by BΩpiq . The union of the set Ωpiq and its

boundary BΩpiq is denoted by its closure Ω̄piq . The boundary is partitioned into

a nonempty portion Γ
piq
u where displacements are prescribed, a portion Γ

piq
σ where

tractions (stresses) are prescribed, and a portion Γ
piq
c which can potentially come

in contact with the boundary of another body. In the case of a deformable body,

the above three sets are pairwise disjoint. In a similar manner, the boundary of

the deformed configuration γpiq “ ϕpiqpΩpiqq is partitioned into pairwise disjoint sets

γ
piq
u “ ϕpiqpΓ

piq
u q,γ

piq
σ “ ϕpiqpΓ

piq
σ q, and γ

piq
c “ ϕpiqpΓ

piq
c q.

We seek solutions ϕpiq of the boundary value problem satisfying the static equi-
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Γ
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u
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γ(1)u γ(1)σ

Γ
(1)
σ

γ(2)σ
Γ
(1)
σ

R
nsd

Figure 2.1: A finite deformation contact problem.

librium equations and boundary conditions given by

DIVP piq ` F piq “ 0 in Ωpiq, (2.1)

P piqN piq “ T̄ piq on Γpiq
σ , (2.2)

ϕpiq “ ϕ̄piq on Γpiq
u , (2.3)

where DIV is the divergence operator with respect to the original configuration,

P piq is the first Piola-Kirchhoff stress tensor, F piq is the body force per unit volume

of the undeformed configuration, N piq is the unit outward normal on the original

configuration, and T̄ piq & ϕ̄piq are prescribed tractions & deformations, respectively.

The Piola-Kirchhoff stress tensor is related to the deformation mapping via con-

stitutive relations. Details on that and restrictions of the admissible deformations

are available in continuum mechanics text books such as Malvern (1969) or with

particular emphasis on nonlinear finite element methods in Belytschko et al. (2000).

In addition the contact constraints are imposed on the contacting surfaces as

8



described in Section 2.1.

In the finite element method we pose the boundary value problem in the weak

form. As such we seek a solution ϕpiq P U piq, i “ 1, 2 for which

Gpϕ,
˚
ϕq :“

2
ÿ

i“1

t

ż

Ωpiq

GRAD
˚
ϕ : Ppiq ´

˚
ϕ ¨ FpiqdΩ ´

ż

Γ
σpiq

˚
ϕ ¨ T̄piqdΓu

´
2
ÿ

i“1

ż

Γ
cpiq

˚
ϕ ¨ TpiqdΓ “ 0, @

˚
ϕ

piq
P V piq, (2.4)

is satisfied for all
˚
ϕ

piq
P V piq where

U piq “ tϕpiq P H1pΩpiqq : ϕpiq “ ϕ̄piq on Γpiq
u u, (2.5)

V piq “ t
˚
ϕ

piq
P H1pΩpiqq :

˚
ϕ

piq
“ 0 on Γpiq

u u. (2.6)

and H1pΩpiqq represents the Sobolev space of functions which along with their first

derivatives are square integrable over the domain Ωpiq.

The contact contribution in the above virtual work expression can be written over

the current configuration. Considering the balance of linear momentum across the

interface, and assigning pairings between so-called slave points X P Γcp1q and their

contacting master points Ȳ P Γcp2q , the contact virtual work becomes

Gcpϕ,
˚
ϕq “ ´

ż

γ
cp1q

tp1q ¨

ˆ

˚
ϕ

p1q
pXq ´

˚
ϕ

p2q
pȲpXqq

˙

dγ (2.7)

where ϕp2qpȲpXqq gives the current location of the point ¯YpXq on the master surface.

In the continuum case, the current location of ȲpXq will in general coincide with

that of X if the constraints to be discussed next are enforced exactly, at least in

regions where the contact traction is nonzero. In the algorithmic setting, however,

the correspondence between slave points and master contact points will be made

only indirectly, through mortar projection.
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2.1 Contact constraints and regularization

Points on a body in a contact problem should not penetrate into another body at any

instance during the deformation. In addition, in the absence of adhesion, pairs of

interacting bodies apply compressive normal stresses on each other. Algorithmically

points on one surface of a contact pair, named the slave surface are prevented from

penetrating the other surface, named the master surface. In subsequent discussion,

we will use γ
p1q
c and γ

p2q
c as the slave and master surface respectively.

The impenetrability and compressive normal interaction constraints are expressed

via the classic Kuhn-Tucker conditions as

gpXq “ np1q ¨
`

ϕp1qpXq ´ ϕp2qpȲpXqq
˘

ď 0, (2.8)

t
p1q
N “ ´tp1q ¨ np1q ě 0, (2.9)

t
p1q
N g “ 0, (2.10)

where np1q is the unit outward normal to the slave surface, g is the normal gap and

t
p1q
N is the normal contact stress. A variety of definitions of g are possible; in the

continuum setting, it suffices to say it is a signed distance function between the

material point X and the opposing master surface (positive if interpenetrated).

In addition to normal interfacial traction, the presence of friction gives rise to

tangential traction. While various friction laws have been proposed to relate the

tangential traction, relative tangential motion and normal traction we consider here

the classic Coulomb friction law given as

vT ´ 9γ
t

p1q
T

||t
p1q
T ||

“ 0, (2.11)

Φ :“ ||t
p1q
T || ´ µt

p1q
N ď 0, (2.12)

Φ 9γ “ 0, 9γ ě 0, (2.13)
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where vT is the relative tangential velocity of a point on the slave surface with

respect to the master surface, t
p1q
T is the tangential traction, µ is the coefficient of

friction, and 9γ is a consistency parameter. In the sequel, we will drop superscripts

for interfacial quantities and non superscripted quantities should be understood to

be defined on the slave surface.

The contact constraints place limitations on the solution space. Construction of

solution spaces satisfying the contact constraints a priori is an arduous task. Often a

regularization of the constraints is followed to allow use of the original solution and

weighting function spaces given in equations 2.5 and 2.6. Here we will discuss the

penalty and augmented Lagrangian regularizations.

The penalty method is given by

tN “ ǫN ă g ą (2.14)

for the normal constraints and

L
v
tT “ ǫT

„

vT ´ 9γ
tT

||tT ||



, (2.15)

Φ :“ ||tT || ´ µtN ď 0, (2.16)

9γ ě 0, (2.17)

Φ 9γ “ 0, (2.18)

for the tangential contact constraints, where ǫN and ǫT are the normal and tangential

penalty parameters and ă ‚ ą is the Macaulay bracket representing the positive part

of the operand. The Lie Derivative of the tangential traction is defined via

L
v
tT :“ 9tTα

τα, (2.19)

where the over-dot denotes a time derivative and τα, α “ 1..nsd´1 are the dual basis

of the tangent plane of the contact surface at the point under consideration. Note

that we have used summation notation over the indices α.
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In the augmented Lagrangian method 2.14 and 2.15 change to become

tN “ă λN ` ǫNg ą, (2.20)

L
v
ptT ´ λT q “ ǫT

„

vT ´ 9γ
tT

||tT ||



, (2.21)

where λN and λT are iteratively updated Lagrange multiplier parameters. The pro-

cedure for updating these parameters is outlined in Section .

For details of finite element solution of contact mechanics problems, including

various friction laws and constraint regularization strategies one may refer to Laursen

(2002), Wriggers (2006) and Zhong (1993).

It is to be stressed that traditionally the contact constraints are enforced point-

wise on the slave surface as described above; each slave node is prevented from

penetrating the master surface. This is in contrast to the mortar methods to be

described in Chapter 3 where the constraints are weakly imposed.
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3

Mortar Contact

The central feature of mortar methods for constrained problems is the weak enforce-

ment of the constraints, with identifications of contacting pairs being made weakly

through a variational projection. In the case of contact problems this means that

instead of point-wise gaps one takes the weighted average of the gaps. In this section

we outline salient features of the mortar contact method including kinematics, con-

straint enforcement, contact virtual work and solution procedures for the resulting

nonlinear system of equations. This discussion largely follows Yang et al. (2005) and

Yang (2006); full details of the three dimensional implementation used are also given

in Puso and Laursen (2004).

3.1 Mortar kinematics and kinetics

We consider the discretized setting of the problem, and introduce approximations

for the unknown deformations, restricted for simplicity to the contact surfaces, via

ϕpiq “

npiq
ÿ

A“1

N
piq
A ϕ

piq
A , (3.1)

13



where N
piq
A is the finite element shape function and ϕ

piq
A is the current location cor-

responding to node A of the ith body. The mortar gap vector at slave node A is

defined as

gA :“ κA

ż

γ
p1q
c

N
p1q
A

“

ϕp1qpXq ´ ϕp2qpȲ pXqq
‰

dγ, (3.2)

“ κA

«

ns
ÿ

B“1

η
p1q
ABϕ

p1q
B ´

nm
ÿ

C“1

η
p2q
ACϕ

p2q
C

ff

, (3.3)

where ther mortar integrals η
p1q
AB, η

p2q
AC and the scaling factor κA are given by

η
p1q
AB “

ż

γ
p1q
c

N
p1q
A pξp1qpXqqN

p1q
B pξp1qpXqqdγ, (3.4)

η
p1q
AC “

ż

γ
p1q
c

N
p1q
A pξp1qpXqqN

p2q
C pξp2qpȲ pXqqqdγ, (3.5)

κA “
1

řns

D“1 η
p1,refq
AD

, η
p1,refq
AD “

ż

Γ
p1q
c

N
p1q
A pξp1qpXqqN

p1q
D pξp1qpXqqdΓ. (3.6)

In the above equations, ns stands for the number of slave nodes, nm stands for

the number of master nodes, and ξ’s are the finite element local coordinates. The

scaling factor κA is to some extent arbitrary, but is introduced to assure dimensional

consistency of the gap measures.

With the mortar projected gap vector at hand, we can now evaluate the mortar

normal gap gA and the frame indifferent relative velocity via

gA “ gA ¨ nA, (3.7)

and

vTA
“ κA

nsd´1
ÿ

α“1

«

ns
ÿ

B“1

9η
p1q
ABϕ

p1q
B ´

nm
ÿ

C“1

9η
p2q
ACϕ

p2q
C

ff

¨ τAα
τα
A , (3.8)

where the over-dots denote time derivatives and nsd is the number of spatial dimen-

sions. The basis and dual basis vectors to the tangent plane at the slave node A

14



in the deformed configuration are given by τAα
and τα

A respectively. Issues related

with frame indifference of the relative tangential velocity are presented in detail in

Laursen (2002) and for this particular mortar implementation in Yang et al. (2005)

and Yang (2006).

A key point to be emphasized in the mortar formulation, and which enters into

the contact remapping scheme to be introduced, is the use of unit outward normal

nA to resolve the contact tractions. Notably, this normal is based at the slave node

A, and will in general not be the same as the surface normals of the facets attached

to the node, given the piecewise continuous nature of the faceted slave surface (see

Figure 3.1). Accordingly, one must make an algorithmic choice as to what normal

will be used to resolve the normal and tangential parts of the contact constraints and

tractions. We summarize just one algorithmic choice here (the one given in Yang

et al. (2005); a similar averaging technique for three dimensions is given in Puso and

Laursen (2004)).

The mortar unit outward normal nA in the deformed configuration is obtained

by normalizing the weighted average of the surface normals of the facets via

ñA “

řnf

i“1 ñAi
Si

řnf

i“1 Si

, (3.9)

nA “
ñA

||ñA||
, (3.10)

where nf is the number of contact facets attached to node A, Si is the area of the

ith facet, and n̂Ai
is the unit outward normal at A based on the ith facet. In the

implementation we will describe, such an averaged surface normal will be used for

nA in the resolution of the kinematic constraints (as in (3.7) and (3.8)), and in the

traction measures to follow.

Once the nodal normal is obtained this way, a continuous normal vector field is

defined over the contact surface using shape function interpolation and normalizing
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ñA1

ñA2

ñA3

ñA4

ñA5

nA

A

Figure 3.1: Averaged and normalized surface normal nA.

as

npXq “

řns

A“1N
p1q
A pξp1qpXqqnA

||
řns

A“1N
p1q
A pξp1qpXqqnA||

. (3.11)

Note, for example, that in the case of linear elements in the plane and four node

tetrahedrons in three dimensions the surface normal just defined varies from one

quadrature point on a contact facet to another as opposed to the original fixed facet

normal.

Finally, the surface traction is discretized as

tpXq “
ns
ÿ

A“1

N
p1q
A pξp1qpXqqtA, (3.12)

where tA is the nodal traction which in turn is split into normal and tangential

components (using the above averaged surface normal) via

tA “ tNA
` tTA

“ ´tNA
nA `

nsd´1
ÿ

α“1

tTAα
τα
A . (3.13)

The mortar quantities gA,vTA
, tNA

and tTA
are subjected to the contact con-

straints summarized by equations (2.8) through (2.18), and substitution of (3.12) in
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(2.7) and gives the mortar version of the contact virtual work

Gcm “ ´
ns
ÿ

A“1

tA ¨

«

η
p1q
AB

˚
ϕ

p1q

B ´
nm
ÿ

C“1

η
p2q
AC

˚
ϕ

p2q

C

ff

. (3.14)

3.2 Trial/Return procedure

We will be designing a remapping scheme suitable for an incremental loading pro-

cedure in nonlinear finite element analysis. Accordingly, some discussion of the in-

cremental formulation of the contact interactions is in order. As is typical, we start

with a known solution at time tn and use that as in initial estimate to iteratively

arrive at the solution at time tn`1. Here we consider the Newton-Raphson method

combined with a backward Euler time integration for the friction law. To satisfy the

algebraic inequalities stemming from Coulomb’s law, the time integration is done via

a trial state and return map procedure.

For an augmented Lagrangian method the solution involves three nested loops:

the time step loop, the loop for updating the Lagrange multipliers, and the Newton-

Raphson loop where the Lagrange multipliers are held fixed. Within the Newton-

Raphson loop the trial state and return map procedure is used to calculate the

tangential traction (with multiplier estimates fixed) via

• Normal traction

t
pk,iq
NAn`1

“ă λ
pkq
NAn`1

` ǫNg
pk,iq
An`1

ą (3.15)

where the superscripts k and i denote the augmented Lagrangian and Newton-

Raphson iteration numbers, respectively.
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• Trial tangential stress assuming stick (∆γ “ 0)

t
trialpk,iq
TAn`1α

“ tTAnα
` λ

pkq
TAn`1α

` ǫTκA

«

ns
ÿ

B“1

´

η
p1qpk,iq
ABn`1

´ η
p1q
ABn

¯

ϕ
p1qpk,iq
Bn`1

(3.16)

´
nm
ÿ

C“1

´

η
p2qpk,iq
ACn`1

´ η
p2q
ACn

¯

ϕ
p2qpk,iq
Cn`1

ff

¨ τ
pk,iq
An`1α

• Check the slip function

Φ
trialpk,iq
An`1

“ ||t
pk,iq
TAn`1

|| ´ µt
pk,iq
NAn`1

(3.17)

• Return map

t
pk,iq
TAn`1

“

$

’

&

’

%

t
trialpk,iq
TAn`1

if Φ
trialpk,iq
An`1

ď 0(stick)

µt
pk,iq
NAn`1

t
trialpk,iq
TAn`1

||t
trialpk,iq
TAn`1

||
otherwise (slip)

(3.18)

The procedure for updating Lagrange multipliers in the intermediate loop is car-

ried out as follows.

• At the beginning of every time step we have

λ
pk“0q
NAn`1

“ă λNAn
` ǫNgAn

ą, λ
pk“0q
TAn`1

“ 0 (3.19)

• For subsequent augmentation loops

λ
pk`1q
NAn`1

“ă λ
pkq
NAn`1

` ǫNg
pkq
An`1

ą (3.20)

λ
pk`1q
TAn`1

“

$

’

’

’

’

&

’

’

’

’

%

λ
trialpk`1q
TAn`1

“
řnsd´1

α“1

”

tTAnα
` λ

pkq
TAn`1α

` ǫTvTA
¨ τ

pkq
An`1α

ı

τ
αpkq
An`1

,

if ||λ
trialpk`1q
TAn`1

|| ´ µλ
pk`1q
NAn`1

ď 0,

µλ
pk`1q
NAn`1

λ
trialpk`1q
TAn`1

||λ
trialpk`1q
TAn`1

||
, otherwise.

(3.21)

18



For details of the updating procedure for the Lagrange multipliers described here

one may refer to Laursen (2002).

We want to underline here that for the penalty and augmented Lagrangian meth-

ods the tangential traction history tTn
is needed in the computation at time step

n ` 1. The augmented Lagrangian method additionally requires λNn
for the first

augmentation loop of a new time step. When a mesh is changed those two variables

need to be transferred from the old mesh to the new mesh, in addition to other

non-contact variables as determined by the constitutive equation of the solids in

contact.

Although it may appear from the trial state/return map procedure that the mor-

tar integrals from time step n are part of the history variables, in practice they are

calculated from the geometry at the beginning of the new time step.
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4

Previous Work

The transfer of data between meshes is an important component of Lagrangian meth-

ods where the mesh has to be changed at certain intervals to fend off mesh distortion,

after an a posteriori error based mesh adaptation, and in arbitrary Lagrangian-

Eulerian methods.

In the case of contact mechanics problems we can classify the set of variables

to be transferred in to two: bulk variables and contact variables. The contact vari-

ables are associated with interfacial interactions between separate bodies. In this

set we primarily have the history of tangential traction at the slave nodes. In the

case of augmented Lagrangian constraint enforcement considered here and Lagrange

multiplier methods the Lagrange multipliers associated with the normal traction are

included. The bulk variables are variables that are involved in the solution of a

deforming solid whether the body is an isolated object or potentially makes contact

with another body. These include nodal displacements, stresses, elastic and plastic

parts of the strain measure being used, hardening parameters, damage parameters

and more depending on the material behavior.

A plethora of work is available in the literature regarding transfer of bulk vari-
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ables. on the other hand efforts at addressing transfer of contact variables have been

few and incomplete. In this chapter we give a summary of the most relevant related

works. Although we have used elastic constitutive relations in our work, in this

review we also consider publications related to elastoplasticity. This is motivated

because of the close mathematical analogy between constitutive equations for plas-

ticity and the Coulomb friction law. In both cases we have history dependence and

inequality relations between variables that need to be transferred.

While the central aim of our work is to develop data transfer schemes for contact

mechanics problems regardless of how a new mesh is obtained, in practice one needs

to have a new mesh to work with which preferably has better qualities as compared

to the old mesh. A brief overview of mesh quality metrics and mesh improvement

methods is given at the end of this section.

4.1 Transfer of bulk variables

During finite element calculations some variables are stored at the mesh nodes

whereas others are stored at quadrature points. Nodal variables are primary vari-

ables such as displacements (or current location) in solid mechanics problems and

temperature in heat transfer problems. Also time derivatives of the primary vari-

ables are stored at the nodes. Spatial derivatives such as the deformation gradient,

on the other hand, are stored at quadrature points. Any other variable which either

is a function of or evolves depending on these gradients is also stored at quadrature

points.

In most works nodal variables were transferred using shape function interpolations

(Boroomand and Zienkiewicz (1999); Bucher et al. (2005); Espinosa et al. (1998); Lee

and Bathe (1994); Peric et al. (1996, 1999)). This involves locating the new mesh

node to which data is to be transferred to in an element of the deformed configuration

of the old mesh and interpolating from the nodes of the old mesh element using shape
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functions of the old mesh. An exception is the approach followed by Brancherie

et al. (2008) for small deformation inelastic problems where they obtain strains and

calculate nodal displacements by finding the coefficients of an assumed polynomial

for displacements such that the values on the Dirichlet boundary are matched and

spatial derivatives reproduce the strains.

Various approaches have been followed in the transfer of quadrature point data.

We can roughly divide most methods in to two: transfer through the nodes and

direct transfer between quadrature points of the old and new meshes. In the first

method the data is first transferred from the quadrature points in the old mesh to

nodes of the old mesh using averaging from a certain number of closest points or a

polynomial whose coefficients can be determined using a least squares approxima-

tion. Next the data is transferred using shape functions of the old mesh to the new

nodes as described earlier for nodal data transfer. Finally the data is transferred

from the nodes of the new mesh to quadrature points of the new mesh using shape

functions of the new mesh (Lee and Bathe (1994); Mediavilla et al. (2006); Peric

et al. (1996, 1999)). In Boroomand and Zienkiewicz (1999) no transfer is made to

the nodes of the new mesh. Once data is obtained at the nodes of the old mesh

it is transferred to the quadrature points of the new mesh using an area weighting

scheme. These procedures, however, are long and susceptible to diffusion of the data

from repeated transfer. Alternatively direct quadrature point to quadrature point

transfer schemes have been proposed by Brancherie et al. (2008) and Espinosa et al.

(1998) to address this problem. Espinosa et al. (1998) make a Delauney triangula-

tion of the quadrature points in the old mesh and then locate new mesh quadrature

points in one of those triangles. Finally they use the triangle’s area coordinates to

interpolate the data. Recently Brancherie et al. (2008) suggested a moving least

square interpolation between quadrature points. Instead of local coordinates, global

coordinates of the points are used.
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An entirely different transfer scheme for quadrature point data has been suggested

by Bucher et al. (2005). In addition to the usual quadrature points used for spatial

integration, the authors add extra points at the nodes where the history variables are

stored. When there is a need for data transfer, they use shape functions to transfer

data directly from these extra points at the nodes of the old mesh to the usual

quadrature points of the new mesh. In a later work Bucher et al. (2007) compared

their method with the method of Boroomand and Zienkiewicz (1999) we mentioned

earlier and reported better results with the new approach.

For elastic problems, one can transfer nodal displacements or the deformation

gradient. Other variables such as stress can be recovered by using the constitutive

relations. The variables so transferred can be used as trial values in the next time

step. If equilibrium is achieved, the solution is going to be unique for the boundary

conditions at that instant and thus any error introduced during the data transfer will

be corrected. In the case of inelastic problems, however, the solution is dependent

on the history of loading which is carried through by variables such as plastic strain.

It is thus important to keep the history variables as close as possible to the results

on the old mesh. When transferring more than one variable, care should be taken to

prevent the interpolated results from violating constraints which exist between the

variables.

In Brancherie et al. (2008) a minimal set of variables is independently transferred.

During the transfer of other variables any relation which exists between a variable

which is currently being transferred and a variable already transferred is added as

a constraint to the moving least squares approximation. For example yield stress is

transferred before Cauchy stress and during the transfer of stress the yield condition

is used as a constraint. Some authors transferred interrelated variables independently

and later modify some of the variables so as to satisfy constitutive equations, yield

condition or other constraints (Mediavilla et al. (2006); Nazem et al. (2006)).
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4.2 Transfer of contact variables

One of the early works in contact mechanics where data needs to be transferred

is done by Ghosh (1992). The author considers an arbitrary Lagrangian-Eulerian

method for elastic-viscoplastic objects in contact. He uses a modified version of

Coulomb’s friction law given by

tT “ ´µtN

„

2

π
arctanp

||vT ||

ǫT
q



vT

||vT ||
. (4.1)

where the relative tangential velocity is, opposite our notation, that of a point on

the master surface relative to that on the slave surface. The more important point,

however, is that although the inverse tangent function mimics the Coulomb law to

some degree, this regularization makes the current tangential traction independent

of the history. This is in contrast with the regularization shown in equations 2.15-

2.18. Consequently while the author needed data transfer schemes for the history

associated with viscoplasticity, none was needed for friction.

More recently Boussetta et al. (2006) and Stoker Stoker (2006) adopted similar

history independent friction laws for simulation of metal forming processes. The first

considers adaptive remeshing in a Lagrangian setting while the later deals with an

arbitrary Lagrangian-Eulerian formulation.

Lee and Bathe (1994) mention remapping of contact variables in relation to error

adapted remeshing in two dimensional and axisymmetric problems. It is mentioned

that they interpolate the “contact condition” (sticking, sliding, out of contact) from

the old mesh to the new mesh “giving preference to ’sticking’ followed by ’sliding’

conditions”. No further detail is given about how the interpolation is carried out.

Similarly Wriggers and Scherf (1998) list remapping of history variables as one of

the steps in adaptive finite element simulation of two dimensional frictional contact

problems with out giving further details.
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Sheng et al. (2009) discuss an arbitrary Lagrangian-Eulerian simulation where

unilateral contact in two dimensions is part of a deep penetration simulation for

geomechanics applications. Here a slip function is transferred between meshes. The

slip function is given by the total tangential distance that a slave node on the de-

formable body has slid along the master surface defined by the surface of a rigid

object. This strategy is not suitable for friction constitutive equations where the the

tangential traction depends on incremental rather than total slip.

4.3 Mesh smoothing and remeshing

From a finite element perspective elements become “badly shaped’ when the deter-

minant of the Jacobian of the mapping between the physical space and the standard

element becomes zero or negative. As this determinant varies within an element,

it is necessary for computational efficiency to have as few parameters as possible

to detect such distorted elements. A detailed survey of such parameters is given

by Salagame and Belegundu (1994). For four-node quadrilaterals, for example, the

Jacobian determinant varies linearly between the nodal values and at the nodes it is

equivalent to the sine of the vertex angles. Besides non-positive Jacobians, tapered

elements are also undesirable. Remeshing, mesh smoothing or a combination can be

used to obtain better elements.

In remeshing a new mesh is generated with a different element connectivity and

possibly different nodal locations. The strategies used for remeshing are the same as

those used in mesh generation. Among the widely used mesh generation algorithms

are the Delaunay method, the advancing front method, and recursive region splitting

(Wriggers (2008)). For forging problems, where contact between the die and the

billet is encountered, it has been found that mesh generators using the advancing

front method are best suited (Hattangady (1999)). In these problems elements in

the contact regions get more distorted as compared to elements in the interior of the
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bodies. The advancing front algorithm works starting at the boundary and marches

towards the interior; thus the elements in the vicinity of the boundary of the resulting

mesh are typically good (Hattangady (1999)).

On the other hand, in mesh smoothing the nodes of the finite element mesh

are moved while the mesh topology(element connectivity) is held fixed. Typically

this involves defining a node based objective function which usually is a sum of

contributions from each element containing the node and finding an optimal location

of the node to minimize the objective function. Most objective functions measure

the deviation of the element from an ideal element; for example, deviation of a

quadrilateral from a square. Knupp (2000a) compared the performance of several

such objective functions. Sarrate and Huerta (2001) propose an objective function

suitable for graded meshes.
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5

An Algorithmic Framework for Variable Remapping

We have seen in the trial/return procedure discussed in Section 3.2 that for comput-

ing the solution at a new time step of the incremental loading procedure the converged

tangential traction and the normal Lagrange multiplier from the previous time step

are used as parameters. In addition to these contact related quantities which in the

discrete case are defined on the slave nodes, other non contact (bulk) quantities such

as nodal displacements or displacement gradients at quadrature points are needed.

If the contacting bodies have inelastic constitutive models additional variables such

as plastic strain and yield stress, in the case of plasticity, from the previous time step

need to be known at quadrature points.

After an a posteriori error estimation or excessive element distortion makes fur-

ther loading on the original mesh inviable remeshing is necessary. While for the

case of adaptive remeshing the number of nodes/elements and the element connec-

tivity change, for the case of element distortion one can also use mesh smoothing to

keep the mesh topology the same and improve mesh quality by changing only node

locations. For the two dimensional problem, we considered problems with element

27



distortion and used mesh smoothing to change the mesh. For the three dimensional

problems we used the tetrahedral mesh generator and Delaunay triangulator TetGen

for complete remeshing both in the case of adaptive remeshing or problems with

element distortion.

Now when the mesh is changed at the end of a given a time step and a new mesh

is going to be used for further loading the above quantities need to be known on the

new mesh. This is achieved by transferring the necessary data between nodes of the

two meshes for nodal quantities, quadrature points of the meshes for quantities like

displacement gradient or yield stress, and slave nodes of the two meshes for contact

variables. The procedure for the data transfer procedure is shown in Fig. 5.1.

Figure 5.1: Data transfer procedure.

As shown in Fig. 5.1 after remeshing the nodes on the boundary of the new

mesh have to be projected to the boundary of the old mesh. While it is reasonable

to expect remeshers to keep the boundary of the new mesh close to that of the
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old mesh, we add this extra layer because for penalty or augmented Lagrangian

contact formulations the normal traction is dependent on the gap between slave and

master surfaces. Even a change insignificant from the point of view of the bulk

calculations can introduce significant changes in the contact traction when large

penalty parameters are involved.

In this chapter we outline the procedure for transfer of bulk variables. Transfer

of contact variables is detailed in Chapters 6 and 7 for two and three dimensional

problems, respectively. We would like to point out that besides these variables one

also needs to remap boundary conditions and loading curves to the new mesh.

5.1 Changing a mesh

We have noted that either mesh smoothing which keeps the mesh topology fixed or

complete remeshing can be used to obtain a new mesh.

In two dimensions we used a quadrilateral mesh smoother which can also be used

for other element types. Mesh smoothers improve the quality of a mesh by moving

nodes. To this end one in general defines a nodal objective function which usually

is the sum of contributions from elements containing the node. The variables in the

objective function are the coordinates of the node and the minimizer of the objective

function is where the node should be moved to.

Sarrate and Huerta (2001) proposed a nodal objective function which improves

the average element quality at a node while preserving mesh grading. We modified

this objective function to maximize the quality of the worst element using a mini-

max optimization. Details of the method and examples are provided in Appendix

A.

In three dimensions we used the tetrahedral mesh generator TetGen. For improv-

ing mesh quality one can specify a maximum radius-edge ratio which is the ratio of

the radius of the circumsphere of a tetrahedron to the length of the shortest edge.
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In the case of adaptive refinement one can specify a maximum element volume to

each element. If the maximum element volume specified for an element is less than

the actual volume, that element will be refined by inserting extra nodes. Otherwise

the element will be left as is. This means that one can not coarsen. This can be a

handicap. In contact mechanics problems, for example, as the contact region moves

it is more efficient to refine the mesh in the current contact region and coarsen in

regions which were previously in contact but which are not in contact any more.

Otherwise one needlessly keeps fine elements where they are no longer needed.

5.2 Transfer of bulk variables

Consider an object which occupies the domain Ωo in the undeformed configuration,

Ωi at some intermediate time, and Ωc at the current time as shown in Figure 5.2.

In our case the intermediate configuration refers to the configuration at which the

mesh is changed.

ϕr

Ωo

R
nsd

Ωc

Ωi
ϕp

ϕ

Figure 5.2: Decomposition of deformation gradient.

In the case of an elastic problem we have two options to continue loading on a
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new mesh from the intermediate configuration. The first option is to transfer the

nodal displacements at the intermediate configuration from the old mesh to the new

mesh and use the transferred displacements as the trial solution for the time step

immediately after remeshing. This procedure leaves us with nodal locations and

interpolated displacements on the new mesh. To carry out the computations we

need to also know the locations of these new nodes in the undeformed configuration

Ωo. We can obtain that by subtracting the interpolated displacements of the new

nodes from their respective locations in the intermediate configuration. This is the

procedure followed by, for example, in Lee and Bathe (1994).

While this option can be useful for the case of adaptive mesh refinement, it can

run into difficulties when applied to problems with extreme element distortion. Even

if we have a good new mesh in the intermediate configuration, it is possible that the

undeformed mesh reconstructed from the nodal locations and interpolated displace-

ments can have bad quality. Thus we can potentially end up moving the element

distortion from the intermediate configuration in the old mesh to the undeformed

configuration in the new mesh. Espinosa et al. (1998) recognize this and propose a

solution where instead of displacements, the displacement gradients are transferred

between quadrature points of the meshes. In this case we can compute the defor-

mation gradient in later time steps from a multiplicative decomposition between

the transferred deformation gradient and the deformation gradient of the current

configuration with respect to the intermediate configuration. In this method we do

not need the reconstruct the mesh in the old configuration Ωo. This is the method

we adopted in this work. For an elastic problem transferring only the displacement

gradient is enough.
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5.2.1 Two dimensional problems: quadrilateral elements

For two dimensional problems we considered linear quadrilateral elements. We used a

moving least squares interpolation to transfer deformation gradients between meshes.

The idea is applicable to other elements.

Consider the problem of estimating the value of a dependent variable u at x̂

given values uk at xk, k “ 1..m. We assume here the dependent variable to be a

polynomial function of the independent variable. While other functional forms can

be used, we focus here on low order polynomials. In ordinary least squares the

coefficients αi, i “ 0..n of an nth order polynomial

ppxq “
n
ÿ

i“0

αix
i, (5.1)

can be obtained by minimizing

Jpαq “
m
ÿ

k“1

«

n
ÿ

i“0

αix
i
k ´ uk

ff2

. (5.2)

Then upx̂q “ ppx̂q yields an estimate of the dependent variable at x̂.

In the moving least squares approximation the objective function is biased so

that source points closer to x̂ are weighed more. The coefficients of the polynomial

are not going to be global but rather dependent on x̂. To this end, the objective

function to be minimized is

Jpαpx̂qq “
m
ÿ

k“1

wpxk ´ x̂q

«

n
ÿ

i“0

αix
i
k ´ uk

ff2

, (5.3)

where w is the weighting function. We used

wpdq “ expp´p
||d||

||d||max

q2q. (5.4)
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Solving for the minimum of the objective function results in a linear system

P TWPα “ P TWu, P “
“

x0 x1 ... xn
‰

, W “ diagpwpx ´ x̂qq. (5.5)

The coefficients so found can then be substituted in equation 5.1 to find upx̂q.

Here we have presented the procedure for a one dimensional case. The same can

be done in multiple dimensions. In a two dimensional problem, for example, we have

ppx, yq “
nx
ÿ

i“0

ny
ÿ

j“0

αijx
iyj, (5.6)

where nx and ny are the orders of the polynomials in the x and y directions.

In this work we transfer the deformation gradient ∇u “ Bϕ
BX

by interpolating

each component using the a polynomial which is quadratic in both x and y, i.e.,

nx “ ny “ 2.

The question now is which points to take as source points. In our case we start

with a quadrature point in the new mesh, find the element in the old mesh containing

the new mesh quadrature point, and then use all old mesh quadrature points from the

element so found and neighboring elements. Each component of the old displacement

gradient is then interpolated. The procedure is shown schematically in Figure 5.3.

5.2.2 Three dimensional problems: tetrahedral elements

In this work we consider linear tetrahedral elements. In that case the displacement

gradient is constant over an element. The remeshing in TetGen splits existing el-

ements by introducing new nodes. Thus to transfer the displacement gradient the

following simple procedure is followed.

1. Locate a quadrature point in the new mew mesh in an element of the old mesh.

2. Store the displacement gradient for that element as a prestretch ∇pup at the

quadrature point.
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Figure 5.3: Transfer of displacement gradient from old mesh to new mesh. Circular
dots are quadrature points in the old mesh and the star is a quadrature point in the
new mesh to which data is transferred.

5.2.3 Continuing loading after data transfer

Referring to Fig. 5.2 the current location of a point X P Ωo is given by

x “ ϕpXq “ ϕrpϕppXqq. (5.7)

The deformation gradient is thus given by

F “
Bϕ

BX
“ FrFp “ ∇rur∇pup ` ∇rur ` ∇pup ` I, (5.8)

where ∇rur is the displacement gradient of the current configuration with respect

to the intermediate configuration, ∇pup is the interpolated displacement gradient of

the intermediate configuration with respect to the old configuration, and I is the
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identity tensor. The interpolated old displacement gradient ∇pup acts as a sort of a

prestretch on the new mesh.

The expressions for the integrals in the force vectors and tangent stiffness matrices

have to be changed taking care of the derivatives and differential elements. For

example the internal force vector changes according to

f int
Ii “

ż

Ωo

NI,jFikSjkdΩ0 “

ż

Ωr

N̂I,mF
p
mjF

r
inF

p
nkSjkdΩr{J

p, (5.9)

where N̂I is the shape function over the new mesh at node I, Jp “ detpF pq and S is

the second Piola-Kirchoff stress. Note that the summation convention is used in the

above equation.

While modifications to existing element formulations have to be made for the

bulk, no such modifications are necessary for the contact element as the contact

contributions in the existing element are computed in the current configuration and

contact conditions and tractions depend on the latest geometry and incremental

relative displacements. The only quantities which can not be obtained from current

locations and incremental relative displacements are the contact history variables.

Those are precisely the variables which we need to transfer from the old mesh to the

new mesh. The next chapters detail our data transfer schemes and show numerical

results.
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6

Transfer of Contact Variables for Two Dimensional

Problems

In the incremental solution procedure we look for a solution at time step n` 1 given

the solution at time n. In particular, the tangential traction from time step n is

needed for both the penalty and augmented Lagrangian methods while the later

method additionally requires the normal Lagrange multipliers.

At a local level we need to find the contact traction at a new slave node Ê given

the old geometry and nodal tractions at neighboring old nodes as shown in Fig. 6.1.

The transfer should be done in such a way that

1. The contact traction on the new surface should be as close as possible to the

traction on the old surface.

2. The traction field on the new surface should satisfy compressibility of the nor-

mal traction and Coulomb’s friction law.

If we follow the mortar traction distribution used by Yang et al. (2005) it is natural

to consider a component wise shape function interpolation of the entire traction
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A

nA

 

n̂
Ê

Ê

B

nB

Figure 6.1: Projection of a new surface node back to an old facet and mortar
normals on old and new slave nodes.

vector via

t̂T
Ê

“
ÿ

A

NApεpÊqqtTA
, (6.1)

where NA and tTA
are shape functions and nodal tractions of the old slave surface

and εpÊq is the element coordinate of the projection of a node Ê on the new slave

surface to a facet on the old slave surface.

After component-wise interpolation given above, one needs to split the traction

at a new slave node into normal and tangential components based on the geometry

of the new mesh. When the loading is continued on the new mesh, the normal trac-

tion so obtained will be used as the normal Lagrange multiplier and the tangential

part as friction history. However, the normal and tangential traction so obtained

can possibly violate Coulomb’s law. A similar problem is encountered in data trans-

fer for elastoplastic problems where the transferred Cauchy stress and yield stress

violate yield conditions. Mediavilla et al. (2006) and Nazem et al. (2006) brought

the variables back to agreement with yield conditions by modifying the yield stress

after interpolation. The reason for modifying yield stresses instead of the Cauchy

stress was the convenience of dealing with a scalar instead of a tensor. In the case
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of contact problems that would be equivalent to modifying the magnitude of the

normal traction.

However even such a fix may not prevent some unphysical results. Consider, for

example, a frictionless problem. Component-wise interpolation of the traction will

result in non-zero tangential components at the new slave nodes. Any modification of

the normal traction after interpolation will still end up with a traction field violating

friction laws.

In this work, we avoid such unphysical or inaccurate situations by interpolating

the normal traction as a scalar and parallel transporting the tangential traction from

the old slave nodes to the new slave node before interpolation. The central issue here

is that for a curved surface tangent vectors at different points on the surface generally

live in two different vector spaces. Consequently we can not add tangential tractions

from two slave nodes together. Before interpolation, one needs to find a connection,

i.e., a way to move a tangent vector from one point to another. That is why we use

parallel transport. First the tangential tractions are parallel transported from the

old mesh nodes to a new mesh node. At this point we have a set of vectors all in the

tangent plane of the new slave node. Then we can interpolate between these parallel

transported vectors to obtain the tangential traction at the new node.

We have to bear in mind the faceted nature of the contact surfaces in a finite

element mesh and the way the continuous surface normal field is defined in our

mortar formulation as discussed in Chapter 3. After a new mesh has been obtained,

the procedure illustrated in Fig. 3.1 will be used on the new mesh to obtain unit

normal vectors at each new slave node. This is shown in Fig. 6.1. We want to stress

that the normal vectors play a crucial role in our data transfer scheme.

In the following sections we will discuss parallel transport on smooth curves in two

dimensions, discrete parallel transport, implementation in the mortar formulation

and implications on the friction laws and slip-stick status on the new surface. This
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will be extended to surfaces in R
3 in Chapter 7.

6.1 Parallel transport on smooth curves

We start with some basic definitions and notation following closely those of Oprea

(2007). Here we use the Einstein summation convention. We assume the surfaces

considered are differentiable and regular.

Let D denote an open set in R
2. A surface in R

3 can be parametrized by

x : D Ñ R
3 : pu1, u2q ÞÑ px1pu1, u2q, x2pu1, u2q, x3pu1, u2qq. (6.2)

We can define basis vectors for tangent vectors on the surface using partial deriva-

tives of x with respect ot the parameters u1 and u2 as

e1 “
Bx

Bu1
“ p

Bx1

Bu1
,

Bx2

Bu1
,

Bx3

Bu1
q, e2 “

Bx

Bu2
“ p

Bx1

Bu2
,

Bx2

Bu2
,

Bx3

Bu2
q. (6.3)

The component of the basis vectors above are given with respect to the Cartesian

basis vectors.

Now any vector field tangent to the surface can be expressed as

vpu1, u2q “ v1pu1, u2qe1 ` v2pu1, u2qe2. (6.4)

Finally a curve γ on the surface is given by Cartesian components

γptq “ px1pu1ptq, u2ptqq, x2pu1ptq, u2ptqq, x3pu1ptq, u2ptqqq, t P ra, bs Ă R (6.5)

We say that a vector v is parallel transported along a curve γ if the vector in

unchanging from the view point of residents of the surface. Unless the surface is flat,

a vector parallel transported on a surface is not in general parallel to the the original

vector in the Euclidean sense.

The equations used for parallel transport can be obtained by setting the surface

covariant derivatives of the tangential vector field to zero. For a vector v given above
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this results in
„

Bvs

Buj
` viΓs

ij



duj

dt
“ 0, i, j, s “ 1, 2, (6.6)

where the Christoffel symbols are given by

Γs
ij “

1

2

„

Bgik
Buj

`
Bgjk
Bui

´
Bgij
Buk



gks, i, j, k, s “ 1, 2 (6.7)

and

gij “ ei ¨ ej, (6.8)

gives the components of the surface metric tensor. The components of the inverse of

the metric tensor are denoted by gij.

Given a point on a surface, an initial tangent vector at that point, and a curve

on the surface passing through that point, one can solve the system of first order

differential equations to parallel transport the vector to another point on the curve.

One can show that a parallel transported tangent vector has a constant magnitude.

For two dimensional problems we have a two dimensional curve defining the

interface. Thus a tangent vector is given by

v “ vpuqe, epuq “ p
Bx1

Bu
,

Bx2

Bu
q (6.9)

and the system (6.6) reduces to the scalar differential equation

Bv

Bu
` vΓ1

11
“ 0, Γ1

11
“

e

g11
¨

Be

Bu
, g11 “ e ¨ e. (6.10)

From this we can show that a parallel transported vector in two dimensions is given

by

vpuq “ α
epuq

||epuq||
, (6.11)

where α is constant. That means a parallel transported tangent vector in two di-

mensions has constant magnitude and keeps the same orientation as it traverses the
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curve. We can see from this that the rotation which takes the unit tangent vector at

point A given by τA “ epuAq
||epuAq||

to the unit tangent vector τB at B parallel transports a

vector from point A to point B as shown in Figure 6.2. We can also use the rotation

that takes the unit normal vector nA at A and to that at B, nB.

vA

vA||B
A B

α

α

Figure 6.2: Two dimensional parallel transport of a tangent vector.

6.2 Discrete parallel transport

In an isoparametric finite element discretization the location of a point on the bound-

ary is given by

xpξq “
nN
ÿ

I“1

NIpξqxI , (6.12)

where xI denote the location of nodes on the facet containing x, and NIpξq are the

restrictions of the shape functions to the boundary.

This parametrization can not be substituted in the parallel transport equations

because the outward normal vector obtained from this parametrization is not consis-

tent with that used by the mortar method. In the mortar method the unit normal

vector is given by

npξq “
n̂pξq

||n̂pξq||
, n̂pξq “

nN
ÿ

I“1

NIpξqnI , (6.13)
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where the normals nI are obtained by averaging from the unit normals of patch

of facets at each nodes and normalizing. For tetrahedral elements, for example,

the parametrization (6.2) gives flat facets with normals constant over each facet,

whereas (6.13) clearly has non uniform normals over facets. Even then the unit

outward normal at a new mesh node is calculated from the new mesh geometry and

can be different from what would be obtained by plugging in (6.13) the element

coordinate of the projection of the new node to a facet of the old slave surface. We

therefore resort to a discrete parallel transport.

One could do a discrete parallel transfer by discretizing the parallel transport

equation (6.6) including the Christoffel symbols. But this results in tedious work.

More recent works in discrete differential geometry approach the problem by finding

simple operations which capture some properties of parallel transport.

In two dimensional problems we have shown that parallel transport is the same

as rotation of the tangent vector on the plane. Thus if we know the normal vectors

at the original and destination points, we can rotate the tangent vector by the same

rotation that will take the normal vector at the source point to the normal vector at

the destination point. This is shown in Figure 6.3.

6.3 Mortar implementation

In the mortar method unit normals at slave nodes are defined by averaging from the

normals of the patch of facets intersecting at that node. To transfer the tangential

traction between the two meshes, we first project the new slave nodes to the closest

facet in the old mesh. Then unit normals at the new slave nodes are defined using

the new geometry. Now the discrete connection described in the preceding sections

is used to transport tangential tractions from the nodes on the old facet to the new

node. Now that all the parallel transported vectors are in the same vector space one

can do arithmetic component wise. This is illustrated in Fig. 6.4.
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vA

vA||B

A

nA

nB

θAB

vA
θ

Figure 6.3: Two dimensional discrete parallel transport of a tangent vector.

On a new slave node Ê the tangential traction is given by

t̂T
Ê

“
ÿ

A

NApξ̂qtT
A||Ê

, (6.14)

where ξ̂ is the element coordinate of the projection of Ê to the old mesh facet.

The normal traction is interpolated as a scalar and used as a normal Lagrange

multiplier in the new mesh.

To summarize, the data transfer operation for the contact traction at a given new

slave node involves the following steps.

1. Find the old surface facet closest to the new slave node.

2. Project the new slave node to the closest old surface facet.

3. Calculate the mortar normal at the new slave node.

4. Carry out discrete parallel transport of the tangential traction to the new node
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tTB

 

n̂
Ê

Ê
B

(a) Mortar normals and original tangential traction.

tT
A||Ê

 

n̂
Ê

Ê tT
B||Ê

(b) Tangential traction vectors parallel transported to target new node.

 

n̂
Ê

Ê

t̂T
Ê

(c) Parallel transported traction vectors interpolated.

Figure 6.4: Transfer of tangential traction.
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from nodes on the closest old surface facet.

5. Interpolate between the parallel transported vectors to get the tangential trac-

tion history on the new node.

6. Interpolate the normal Lagrange multiplier as a scalar using shape function

interpolation.

The transferred tangential traction and normal Lagrange multiplier have to satisfy

Coulomb’s friction law. We can easily see that this is indeed the case for linear shape

functions from

||t̂T
Ê

|| “ ||
ÿ

A

NApξ̂qtT
A||Ê

|| ď
ÿ

A

||NApξ̂qtT
A||Ê

|| “
ÿ

A

NApξ̂q||tTA
||,

ď
ÿ

A

NApξ̂qµtNA
“ µλ̂N

Ê
. (6.15)

After transfer the stick-slip status of a node on the new mesh will be in slip if all

nodes on the closest old mesh facet were in slip and the parallel transported vectors

all point in the same direction at the new mesh node. Otherwise it will be in stick.

In two dimensional problems this means that if the two nodes on the old mesh facet

are slipping with the tangential tractions being both clockwise or counter clockwise

a new mesh node between them will be slipping. The same is true if one of the two

mesh nodes is slipping and the other one has zero traction. Obviously in both two

and three dimensional problems if a new slave node overlaps with an old mesh node

it inherits the slip-stick status from the old node.

An alternative way of interpolating the traction is to transfer the normal traction

as a scalar and the tangential traction component-wise with out the parallel trans-

port. The result from such an interpolation satisfies the friction law as one can see by

an argument similar to (6.15). However, the interpolated tangential traction is not

actually tangential to the surface at the location of a new slave node. One would now
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need to project the interpolated vector to the tangent plane and use the projection

as the tangential traction. The resulting reduction in magnitude of the tangential

traction puts the node in stick even when all the nodes in the closest old surface

facet are slipping in the same direction. Therefore although this method is superior

to component-wise interpolation of the whole traction vector, it is still less accurate

than interpolation of the tangential traction combined with parallel transport as we

propose in this work.

In this work we interpolated contact traction using history on just the nodes on

one facet. One may opt to include more nodes, such as all facets adjacent to the

closest old facet. The arguments of this section remain valid as long as one uses a

partition of unity interpolation.
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6.4 Numerical examples

In this section we show numerical examples to demonstrate the accuracy of the

data transfer schemes for bulk and contact variables for two dimensional problems.

We also compare solutions obtained by continuing loading with and without re-

equilibration immediately after mesh change. First we consider a problem where

the solution can be carried out on the old mesh until the end of the load steps.

We smooth the mesh at an intermediate load step and continue loading on the new

mesh after data transfer. We compare the accuracy of this later solution using the

solution obtained by direct loading on the old mesh. Second we modify dimensions

and material parameters to obtain a problem where the solution can not be carried

out on the original mesh beyond some load step because the elements get distorted.

We show that by smoothing the mesh before this happens we are able to continue

calculations beyond this load step.

6.4.1 Problem with no severe element distortion

A rigid indenter of radius 7.5 mm is pushed into a 15 mm ˆ 5 mm rubber substrate.

The rubber block is a Neo-Hookean material with shear modulus of 5 MPa and

Poisson’s ratio of 0.4. In the undeformed configuration, there is a 0.1 mm gap

between the two objects.

The indenter is pushed 1.5 mm into the substrate and then held fixed. After that

the rubber is pulled 8 mm horizontally to the right. A displacement boundary condi-

tion is also applied at the bottom of the substrate to have no vertical displacement.

The undeformed mesh and the boundary conditions are shown in Fig. 6.5. The

top surface of the rubber is taken as the slave surface and the circular part of the

indenter is taken as the master surface. The coefficient of friction between the two

surfaces is µ “ 0.5. The loading curves are shown Fig. 6.6. The time step is 0.01.
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Figure 6.5: Undeformed mesh. Ticks on boundary nodes show prescribed displace-
ments.

Figure 6.6: Loading curve.
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Data transfer with slip-stick transition

First we consider transferring from a state where part of the contact region contains

both slip and stick zones. To obtain that we considered time t “ 3.1. The tangential

traction and µtN are shown in Fig. 6.7. As it can be seen from the figure, there is an

inner part of the contact region in stick and there are outer parts in slip. At this time

step the mesh is smoothed. The original and smoothed meshes are shown in Fig.6.8.

The transferred traction and the values after re-equilibration on the new mesh are

shown in Fig. 6.9 for the augmented Lagrangian method. Similar comparisons are

shown for the penalty method in Fig. 6.10.

For the case of continuing loading with no re-equilibration we compare the solu-

tion at the load step immediately after the smoothing with the direct loading solution

and solution on the new mesh with re-equilibration. The augmented Lagrangian so-

lutions are shown in Fig. 6.11. The solutions on the new mesh with and without

re-equilibration overlap. We obtained similar results for the penalty method.

To compare the state of stress in the bulk, we now examine σxx at the ultimate

load (t “ 6.0) for the three cases using the augmented Lagrangian method. See Fig.

6.12.

Data transfer from a state with contact region entirely in slip

We now smooth the mesh at time t “ 4.0 instead of t “ 3.1. The contact region

here is entirely in slip. The meshes before and after smoothing are shown in Figs.

6.13 and 6.14. We show here results for the augmented Lagrangian method only.

The penalty method behaved similarly in our numerical experiments. As shown in

figures we observe that the solution on the new mesh agrees with the solution on

the old mesh at time steps immediately after smoothing and later. Additionally

re-equilibration offers no advantage as can be seen in Figs. 6.15-6.20.
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Figure 6.7: Tangential traction on the slave surface of the old mesh at t “ 3.1
shown in solid line. µtN is shown in dotted line.

6.4.2 Problem with element distortion

We now take a longer substrate of 20 mm length with the center of the indenter at

x “ 0 and the left edge of the substrate at x “ ´7.5mm. We take the coefficient

of friction to be 1.0. The higher surface roughness induces large shear deformation

resulting in distorted elements around the contact region. As in the earlier problems

the indenter is pressed onto the substrate, then held fixed while the substrate is

pulled to the right. On the original mesh the calculations crashes after a pull of

9.14mm. By smoothing the mesh twice we are able to pull the substrate 13.62mm

and the elements get distorted again.
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(a) Original and smooth meshes.

(b) Mesh zoomed in around the contact region.

Figure 6.8: Comparison of tangential traction.
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(a) Normal traction.

(b) Tangential traction.

Figure 6.9: Traction on the original mesh, values interpolated to the new mesh
and after re-equilibration on the new mesh. Augmented Lagrangian method.
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(a) Normal traction.

(b) Tangential traction.

Figure 6.10: Traction on the original mesh, values interpolated to the new mesh
and after re-equilibration on the new mesh. Penalty method.
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(a) Normal traction.

(b) Tangential traction.

Figure 6.11: Contact traction at t “ 3.11 on the original mesh, and new meshes
with and without re-equilibration. Augmented Lagrangian method.
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(a) Direct loading.

(b) New mesh with re-equilibration.

(c) New mesh without re-equilibration.

Figure 6.12: σxx at the ultimate load. Augmented Lagrangian method.
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Figure 6.13: Original and smoothed mesh at t “ 4.0.

Figure 6.14: Original and smoothed mesh at t “ 4.0; zoomed in around the contact
region.
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Figure 6.15: Original and re-equilibrated tangential traction at t “ 4.0.

Figure 6.16: Original and re-equilibrated normal traction at t “ 4.0.
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Figure 6.17: Comparison of tangential traction at t “ 4.01 (load step after mesh
smoothing).

Figure 6.18: Comparison of normal traction at t “ 4.01 (load step after mesh
smoothing).
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Figure 6.19: Comparison of tangential traction at t “ 5.0 (mesh smoothed at
t “ 4.0).

Figure 6.20: Comparison of normal traction at t “ 5.0 (mesh smoothed at t “ 4.0).
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The loading curve is shown in Fig. 6.21 with pointers to the times at which the

calculations crash on the original mesh, the smoothing times, and the time at which

the elements become distorted again after smoothing. The time step used is 0.01.

The original mesh just before the calculation crashes is shown in Figs. 6.22 and

6.23. The mesh at t “ 7.0, immediately after the second smoothing, is shown in Fig.

6.24. The elements are of a much better quality than those shown in Fig. 6.23 for the

original mesh. Finally the mesh just before element distortion stops the calculation

on the smoothed mesh is shown in Fig. 6.25. This problem demonstrates that while

the data transfer scheme combined with smoothing can delay element distortion and

associated failure of calculations, using only smoothing for mesh improvement can

not completely remove element distortion.

We used the augmented Lagrangian method for this problem.

Figure 6.21: Loading Curves.
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Figure 6.22: σxx just before computation crashes with element distortion at t “
6.57.

Figure 6.23: Mesh at the end of time step just before the computation crashes due
to element distortion on the original mesh at t “ 6.57.
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Figure 6.24: Mesh after second smoothing at t “ 7.0.

Figure 6.25: Calculation crashes from mesh distortion here after two smoothings
at t “ 8.81.

62



7

Transfer of Contact Variables for Three

Dimensional Contact

We have seen in Chapter 6 that for two dimensional problems

• parallel transport is exactly equivalent to the rotation taking the unit normal

vector at the source point to the unit normal vector at the destination point,

• if the normal traction is interpolated as a scalar and tangential traction is first

parallel transported and then interpolated using a partition of unity interpola-

tion the contact traction obeys Coulomb’s friction law.

The second part holds for three dimensional problems too. We will therefore focus

only on the tangential traction transfer in this chapter. The first part, however, is

not necessarily true. A major issue in three dimensions is the dependence of parallel

transport on the curve followed between source and destination points.

In two dimensional problems the tangential traction has only two potential direc-

tions: clockwise or counter clockwise on the boundary of the contacting body along

the tangent to the boundary. In the case of three dimensional problems, however,

there are infinitely many directions on the tangent plane. As will be shown in the
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numerical examples, component-wise interpolation can give an inaccurate tangential

traction field in the new mesh.

In this chapter we extend our method to three dimensions and show numerical

examples of the method applied to adaptive mesh refinement problems and problems

with excessive element distortion.

7.1 Parallel transport on surfaces

In the case of three dimensional problems, parallel transport is in general dependent

on the curve used. Thus it becomes ambiguous what curve among the infinite pos-

sibilities one can use. One particular choice is to use the curve which appears to be

a straight line from the point of view of residents of the surface, i.e., the geodesic

curve.

Parallel transport along a geodesic can be obtained by solving the geodesic equa-

tion

d2us

dt2
` Γs

ij

dui

dt

duj

dt
“ 0, i, j, s “ 1, 2, (7.1)

together with the parallel transport equation (6.6).

Consider a splitting of the tangent vector is as

vptq “ αptqτ ptq ` βptq̟ptq, (7.2)

where τ ptq is the unit vector in the direction of dγ{dt and ̟ptq is the unit vector in

the direction normal to the curve (still tangent to the surface) . If γ is a geodesic,

parallel transport keeps α and β constant. This idea will be used in discrete parallel

transport in the next section.

Let us now go back to the situation in two dimensional problems. The boundary

of a two dimensional problem is the cross-section normal to the axis of a three
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dimensional cylinder given by

xpu1, u2q “ px1pu1q, x2pu1q, u2q. (7.3)

The curve obtained by setting u2 constant is a geodesic on a cylinder.

Consider a problem where the solution is uniform along the axis, as in a plane

strain problem for example. A tangent vector is given by (7.2) with βptq “ 0. Now

three dimensional parallel transport along the geodesic obtained by fixing u2 gives

vptq “ ατ ptq which is consistent with what was obtained earlier for two dimensional

parallel transport. That is, the solution of a two dimensional problem is consistent

with the solution of the three dimensional problem it is simplified from if parallel

transport in three dimensions is done along a geodesic.

7.2 Discrete parallel transport

One could do a discrete parallel transfer by discretizing the parallel transport equa-

tion (6.6) including the Christoffel symbols. But this results in tedious work. More

recent works in discrete differential geometry approach the problem by finding simple

operations which capture some properties of parallel transport.

We have noted that in three dimensions parallel transport is path dependent and

that the geodesic curve connecting the source and destination point is a preferred

choice for the path. We have also noted that when a tangent vector is parallel

transported along a geodesic its components along the geodesic and normal to the

geodesic remain constant. Thus if we know the directions of the velocity vector dγ{dt

at the source and destination points A and B respectively, we can know what the

parallel transported tangent vA||B will be given an original vector vA.

The question now is whether given two points on the surface there exists a

geodesic curve connecting the two point. If the two points are sufficiently close

there is a unique geodesic connecting the points (Hertzmann and Zorin (2007)).
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Hertzmann and Zorin (2007) also suggest a way of approximating the directions of

dγ{dt at the two end points. These tangents at A and B are approximated by the

projections of the ray
ÝÝÑ
AB into the tangent planes at the vertices. See Figure 7.1.

Then parallel transport is given by the rigid transformation that maps the projection

of
ÝÝÑ
AB to the tangent plane at A to the projection at B. This transformation is the

same as the rotation taking nA to nB on the plane normal to both normal vectors

and containing the two points as shown in Figure 7.2. Similar ideas for discrete par-

allel transport based on appropriate rotations have also been used by Bergou et al.

(2008) and Hanson and Ma (1995).

A

B

geodesic

Figure 7.1: Approximation of the direction vectors of a geodesic, after Hertzmann
and ZorinHertzmann and Zorin (2007).

The discrete parallel transport of vA from point A to B results in

vA||B “ cospθABqvA ` sinpθABqlAB ˆ vA ` p1 ´ cospθABqq rlAB b lABsvA, (7.4)

where θAB is the angle of rotation from nA to nB and the axis of rotation is given

by

lAB “ nA ˆ nB. (7.5)
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A

B

Figure 7.2: Discrete parallel transport between nearby points.

As was the case in two dimensions, new slave nodes have to be projected back to

the nearest facet in the old mesh and new mortar normals have to be calculated; see

Fig. 7.3. These normal vectors are what become arguments in the discrete parallel

transport operation just discussed.

7.3 Error estimation and adaptive refinement

A posteriori error estimators for the Poisson equation and some mixed problems

in elasticity are reviewed in Gratsch and Bathe (2005). Error estimators for the

elasticity problem are detailed in Verfurth (1999) where the equivalence of the energy

norm and the H1 norm is proved. For frictional contact problems error estimators

are given in Wriggers and Scherf (1998), Hu and Wriggers (2002), and Hueber and

Wohlmuth (2012). While in Wriggers and Scherf (1998) and Hu and Wriggers (2002)

two dimensional problems are considered, in Hueber and Wohlmuth (2012) the error

estimation is done in the undeformed configuration. We follow the residual error

estimators given in the current configuration from Wriggers and Scherf (1998) and

Hu and Wriggers (2002) for three dimensional problems. The error estimator is given
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A1
Ê

 

A2

A3

(a) Projection of a new surface node back to an old facet.

n̂
Ê

nA1

A1
Ê

A2

A3

 

(b) Unit normal vector at a new slave node.

Figure 7.3: Mortar normals of new and old slave nodes in three dimensions.

by

E2 “
ÿ

e

E2

e , (7.6)

where the element contribution is given by

E2

e “ h2T ||divσh ` f ||2L2peq `
1

2
hf ||rσfnf s||2L2pfintq

` hf ||σfnf ´ fn||2L2pfextXγσq ` hf ||σfnf ´ t||2L2pfextXγcq, (7.7)

where hT and hf are the element and face diameter, respectively, nf is the element

face normal. The second term is evaluated over interior faces and the last two terms
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are evaluated over exterior faces.

The error estimation and refinement procedure is outlined below.

1. Compute E2.

2. Compute E2

avg “ E2{N , where N is the total number of elements.

3. Refine elements where E2

e ě E2

avg.

4. Remesh for mesh quality improvement.

5. Transfer data.

6. Proceed to the next load increment.

In general if the error contribution from a region of a mesh is too small, the

mesh in that region has to be coarsened. In this work, however, we consider only

refinement because the mesh generator TetGen does not have the ability to coarsen.

69



7.4 Numerical examples

7.4.1 Comparison of data transfer schemes: coarse mesh

In this example we consider a rigid a spherical punch with radius 5 units pressed

centrally down on a flexible substrate 20 units long, 20 units wide and 2 units high.

In the undeformed configuration there is a gap of 0.1 units between the indenter

and the substrate. The substrate is a neo-Hookean material with Young’s modulus

E “ 1.0 and Poisson’s ratio ν “ 0.0. The contact surface on the substrate was taken

as the slave surface and the spherical surface on the indenter was designated a master

surface.

Initially the sphere is pushed down 1.19 units (excluding the gap) in 96 equal

load steps. The deformed configuration at that point is shown in Fig. 7.4. Because

of symmetry we consider a quarter of the mesh.

Figure 7.4: Deformed mesh before remeshing.

After the deformation shown in Fig. 7.4 a remeshing was done and data was

transferred to the new mesh. For the contact data we consider two case.
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1. Componentwise interpolation of the complete traction given by Eqn. 6.1.

2. Parallel transport and interpolation of the tangential traction coupled with

interpolation of the normal traction as a scalar as discussed in Section 5.2, i.e.,

the method we propose in this work.

In Fig. 7.5 we show the a vector plot of the tangential traction on the original

slave surface and on the slave surface after remeshing. One can see that while the

original tangential traction vectors point towards the center of the slave surface, this

is not the case after component-wise interpolation. The interpolation introduces

significant errors in the traction direction. The proposed method, however, captures

the directions accurately.

We compare the magnitude of the original and interpolated tangential traction

in Fig. 7.6. One can see that the result from the proposed method overlaps with

the original magnitude whereas a naive componentwise interpolation of the traction

is markedly different.

Finally, we continued loading on the new mesh for 15 more time steps (0.18 units

of further indentation). The resulting tangential traction distribution is different if

we continued loading using the results of the component-wise interpolation or our

proposed method. This is shown in Fig. 7.7. We can see that the error introduced

during component-wise interpolation pollutes the solution going forward.

7.4.2 Comparison of data transfer schemes: fine mesh

Here we consider a variation of the problem in Sec. 7.4.1 with the indenter being

flexible with Young’s modulus E “ 2.0 and Poisson’s ratio ν “ 0.0. The mesh has

been refined so that the central quarter of the substrate is twice as fine as in Sec.

7.4.1 and the master surface on the sphere has elements two-third the size before.

At the same load (indentation of 1.19 units) we remesh and transfer variables.
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(a) Original.

(b) Componentwise interpolation. (c) Proposed interpolation.

Figure 7.5: Tangential traction directions before and after interpolation.

Here we just show a comparison of the magnitude of the tangential traction on the

diagonal cross-section. Note that while the error in the component-wise interpolation

reduces with mesh size, the proposed method works better.

7.4.3 Application to adaptive mesh refinement

In this example we consider an a posteriori error estimate based adaptive mesh

refinement problem where after each mesh refinement the data is transferred using

the schemed we developed. We compare the result with what is obtained by loading

the original coarse mesh and a fine benchmark mesh throughout.

A rigid punch is pressed down on a flexible neo-Hookean substrate with Young’s

modulus E “ 1.0 and Poisson’s ratio ν “ 0.0. The substrate is 20 units long, 5 units
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Figure 7.6: Tangential traction magnitude on a cross-section along the diagonal of
the slave surface.

(a) Componentwise interpolation. (b) Proposed interpolation.

Figure 7.7: Tangential traction directions after continued loading on new mesh.
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Figure 7.8: Tangential traction magnitude on a cross-section along the diagonal of
the slave surface.

wide and 2.5 units high. The punch which is also 5 units wide has a central flat part

7.5 units long and is bent at each ends with radii of 3 units. The contact surface on

the flexible body was taken as the slave surface. The indenter is pressed 0.17 units

vertically down in 34 equal increments.

In the adaptively refined case, the mesh was first refined after 5 load steps. Data

was transferred to a new mesh and loading was continued for 15 more load steps on

the new mesh at which point the mesh was refined again. This last mesh was used

for the last 14 load steps.

The original mesh and the mesh after two adaptive refinements are shown in Fig.

7.9. The original coarse slave surface, the slave surface of the fine bench mark mesh,

and the slave surface after two adaptive refinements are shown in Fig. 7.10.
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