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Abstract

Scientific inquiry about natural phenomena and processes are increasingly relying

on the use of computer models as simulators of such processes. The challenge

of using computer models for scientific investigation is that they are expensive

in terms of computational cost and resources. However, the core methodology

of fast statistical emulation (approximation) of a computer model overcomes this

computational problem.

Complex phenomena and processes are often described not by a single computer

model, but by a system of computer models or simulators. Direct emulation of a

system of simulators may be infeasible for computational and logistical reasons.

This thesis proposes a statistical framework for fast emulation of systems of

computer models and demonstrates its potential for inferential and predictive scientific

goals.

The first chapter of the thesis introduces the Gaussian stochastic process (GaSP)

emulator of a single simulator and summarizes ideas and findings in the rest of

the thesis. The second chapter investigates the possibility of using independent

GaSP emulators of computer models for fast construction of emulators of systems of

computer models. The resulting approximation to a system of computer models is

called the linked emulator. The third chapter discusses the irrelevance of attempting

to model multivariate output of a computer model, for the purpose of emulation of

that model. The linear model of coregionalization (LMC) is used to demonstrate
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this irrelevance, from both a theoretical perspective and from simulation studies.

The fourth chapter introduces a framework for calibration of a system of computer

models, using its linked emulator. The linked emulator allows for development of

independent emulators of submodels on their own separately constructed design

spaces, thus leading to effective dimension reduction in explored parameter space.

The fifth chapter addresses the use of some non-Gaussian emulators, in particular

censored and truncated GaSP emulators. The censored emulator is constructed to

appropriately account for zero-inflated output of a computer model, arising when

there are large regions of the input space for which the computer model output is

zero. The truncated GaSP accommodates computer model output that is constrained

to appear in a certain region. The linked emulator, for systems of computer models

whose individual subemulators are either censored or truncated, is also presented.

The last chapter concludes with an exposition of further research directions based on

the ideas explored in the thesis.

The methodology developed in this thesis is illustrated by an application to

quantification of the hazard from pyroclastic flow from the Soufrière Hills Volcano

on the island of Montserrat; a case study on prediction of volcanic ash transport

and dispersal from the Eyjafjallajökull volcano, Iceland in April 14-16, 2010; and

calibration of a vapour-liquid equilibrium model, a submodel of the Aspen Plus

c© chemical process software for design and deployment of amine-based CO2 capture

systems.
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1

Introduction

Uncertainty quantification (UQ) of computer models, is a field concerned with various

aspects of uncertainty associated with computational challenges in scientific and

engineering applications, in particular applications which heavily depend on scientific

computer models.

Computer models as simulators of natural phenomena, physical and biological

processes, and engineering systems are being increasingly used for improvement in

understanding and prediction of such processes. For example, simulators of chemical

processes facilitate construction of engineering systems Aspen Plus R© (2017); computer

simulations for nuclear engineering help to reduce the number of field experiments

(US Department of Energy initiative); geophysical computer models are used to

identify conditions which lead to hazardous events from volcanic eruptions Bayarri

et al. (2009); biomechanics and biomaterials research uses simulators to identify

possible causes for failure rates of a hip resurfacing procedure Long et al. (2009);

computer models of windfields assist in weather prediction and design of renewable

energy generators Zhu and Genton (2012); and numerical and statistical models are

exploited for irrigation management in agriculture Hamann et al. (2017).
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A simulator which describes a physical process is, typically, a solution to a complex

system of differential equations Oberkampf et al. (2002) or, for example, an agent-

based model simulation Bonabeau (2002). Given an initial set of input parameters,

the numerical solution to the equations or agent-based model is obtained. It is not

unusual for this solution to require computational time ranging from a few hours to

several months, for just one run of the model. This computational obstacle makes

direct exploration of a model difficult.

Due to lack of physical experimentation and promotion of innovation, construction

of fast statistical approximations to such models has been widely explored Santner

et al. (2013). One particularly attractive solution is to utilize a Gaussian process

prior as a representation of the computer model and train it on a few available

observations from the simulator using Bayes theorem, with the result being a very

fast probabilistic representation of the simulator Bayarri et al. (2007b). Such an

approximation is called an emulator of the computer model. In contrast to other

numerical approximations, e.g. polynomial chaos Owen et al. (2017), GaSP emulators

have the attractive property of having an internal estimate of the uncertainty in their

approximation to the computer model.

The GaSP emulator is used throughout the thesis as a building block for the

developed methodology. An introduction to this methodology, following Bayarri et al.

(2007b), is given in the following section 1.1 of this chapter. That section is followed

by an outline of the thesis, with presentation of its contributions done in section 1.2.

1.1 GaSP emulator of a computer model

Suppose a computer model g represents a smooth function gpzq, which takes input

z P D � Rd (possibly, multidimensional, d ¥ 1) and produces an output gpzq P
R. Suppose we observe m computer model outputs pgpz1q, . . . , gpzmqq, evaluated

at corresponding inputs z � pz1, . . . , zmq. From this set of inputs and outputs,
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assuming a Gaussian process prior on computer model data, one finds a probabilistic

representation of an output of a computer model g at a new input z1.

A Gaussian stochastic process, gMp�q, is fully specified by its mean and covariance

function. Given parameters, θg, of the GaSP, for any finite set z � tz1, . . . , zmu of

d-dimensional inputs tzi � pzi1, zi2, . . . , zidqumi�1, gMpzq � tgMpz1q, . . . , gMpzmqu �
pgpz1q, . . . , gpzmqq has a multivariate normal distribution. That is,

gMpzq � Npµpzq, σ2
gKzq , (1.1)

where µpzq � pµ̃pz1q, . . . , µ̃pzmqq and µ̃p�q is the mean function of the GaSP, σ2
g is the

unknown variance and Kz is the correlation matrix whose pk, lq element is given by a

correlation function cpzk, zlq.
Sometimes the GaSP model has to be augmented with iid mean-zero Gaussian

white noise ε to provide a more appropriate emulator (Gu and Berger (2016)) or

for numerical stability of a GaSP (Gramacy and Lee (2012)). Then, for any z,

gMpzq � Npµpzq, σ2Kz � τ 2Iq. For convenience we reparametrize the model as

gMpzq � Npµpzq, σ2
gCzq , (1.2)

where Cz � Kz � ηI, with Kz being a correlation matrix defined as before and η

determining the ratio of the nugget variance τ 2 to σ2
g .

We present the methodology for this general case of an emulator augmented with

a nugget; note, however, that the results will also apply if the nugget effect is initially

assumed to be zero (simply set η � 0 in the expressions).

Note that GaSP computer model runs outputs, gMpzq, at a set of inputs z,

together with computer model run outputs, gMpz1q, at another set of inputs z1, follow

a joint multivariate normal distribution

�
gMpzq
gMpz1q



� N

��
µpzq
µpz1q



, σ2

�
Cz cpz, z1q

cpz1, zq Cz1




, (1.3)
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where Cz1 is the correlation matrix whose pk, lqth element is given by a correlation

function cp�, �q and a nugget component for diagonal elements, that is cpz1k, z1lq�η1k�l.
It follows that, conditional on the observed computer model evaluations gMpzq,

the posterior predictive GaSP at any input z1 (given GaSP parameters θg) follows a

normal distribution with mean µ�pz1q and variance σ�2pz1q given by

µ�pz1q � µpz1q � cpz1, zqC�1
z pgMpzq � µpzqq, (1.4)

σ�2pz1q � σ2pCz1 � cpz1, zqC�1
z cpz, z1qq. (1.5)

Traditionally the GaSP mean function µ̃p�q is chosen to be a linear model hp�qβ,

where hp�qT is a vector of regression functions (Sacks et al. (1989)) and β P Rn is a

vector of unknown regression coefficients, i.e.,

hp�qβ � β0h0p�q � β1h1p�q � . . .� βnhnp�q . (1.6)

The GaSP correlation function cp�, �q is typically assumed to be in the form

of a product of one-dimensional correlation functions along each dimension of the

d-dimensional inputs. The correlation between outputs at two inputs zk and zl equals

cpzk, zlq �
d¹
j�1

cpzkj, zljq. (1.7)

For the jth coordinate, the correlation is often assumed to be of the power

exponential form

cpzkj, zljq � exp

"
�
� |zkj � zlj|

δj


αj*
, (1.8)

with a range parameter δj P p0,8q and a smoothness parameter along each coordinate

αj P p0, 2s.
The correlation cpz, z1qT � cpz1, zq � pcpz1, z1q, . . . , cpz1, zmqq. For any two

inputs zi and z1, the resulting power exponential correlation is cpz1, ziq �
4



exp
�
�°d

j�1

�
|z1j�zij |

δj

	αj	
, where d is the number of coordinates in input z and

j � 1, . . . , d denotes one of the d coordinates in each zi � pzi1, . . . , zidq; i � 1, . . . ,m

denotes one of m inputs z1, . . . , zm. Parameters tαjuj�1,...,m are often assumed to be

fixed because of prior beliefs about smoothness of the computer model output along

each input coordinate.

Once all the parameters of the GaSP, θg, are specified, the conditional posterior

predictive distribution is used for emulation of the computer model g.

GaSP emulator presented in this section is used as a starting building block in

the rest of the thesis. We refer to this emulator as type 1 GaSP emulator. Other

types of GaSP emulators will be developed in the following chapter.

1.2 Thesis outline

This thesis explores several aspects of uncertainty quantification (UQ) for systems of

complex scientific computer models.

Chapter 2. Linked emulator of a system of computer models. Sometimes several computer

models need to be utilized to explore an interesting phenomenon (Madankan et al.

(2014); Stevens and Atamturktur (2016)). For instance, to model the true danger

of a volcano pyroclastic flow, one might need to combine the flow model (which can

produce the flow size and force at a location) with a computer model that provides

an assessment of structural damage, for a given flow size and force. Or, to predict

volcano air travel disruption and the danger from volcanic ash, one needs to combine

a plume model that gives the magnitude and height of an eruption, together with a

wind model that will predict its transport and dispersion.

A system of computer models, which consists of several subsimulators, is called a

coupled model simulator (Farajpour and Atamturktur (2012)). Direct coupling of

computer models is not feasible due to the large computational cost of that endeavor.
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In this chapter we, instead, propose coupling two computer models by linking their

separately developed GaSP emulators. The resulting approximation is called the

linked emulator.

The straightforward approach to linking emulators is simply to do so by simulation:

for a given input to the first emulator, draw a sample from the GaSP emulator output,

and then run this sample through the second emulator to obtain a sample from

the coupled emulator. This, however, quickly becomes computationally expensive,

especially because one often needs to perform analysis involving randomness in the

original emulator input (Williams et al. (2000)).

Another issue in developing the linked emulator is to produce an accurate way

of quantifying the uncertainty in the emulator. The sampling approach may be

prohibitive for accurate assessment of the uncertainty in the emulator output.

As an alternative, we seek a closed form expression for the linked emulator mean

and its uncertainty, i.e. variance (Candela et al. (2003)). This is not possible for

all GaSP emulators, but is for some. With analytic expressions available for the

mean and variance of the linked emulator, we form confidence intervals for the linked

prediction assuming normality; an approximation, because the linked emulator is not

actually normally distributed. Assessment of the accuracy of this approximation is

done both analytically (with Taylor’s series approximations), and via simulations.

The linked emulator is demonstrated to be an accurate emulator of the true

coupled computer model and, also, typically results in smaller epistemic uncertainty

than a direct GaSP of the coupled computer model would produce. These features

are demonstrated via simulations. Two case studies involving computer models of

volcanic eruptions are also presented.

Chapter 3. Multivariate output of a computer model. The irrelevance of modeling

multivariate structure of the output of a computer model, for emulation purposes,

6



is discussed. First, modeling multivariate output of a computer model with perfect

correlation of the outputs is proven to give the same predictive results as modeling

each output of a computer model independently. The theorem is illustrated by a

simple example, which also provides the intuition as to why modeling of multivariate

output does not have a systematic advantage over modeling each output individually.

Second, following Kleijnen and Mehdad (2014), a commonly used (Schmidt and

Gelfand (2003)) linear model of coregionalization (LMC) for modeling multivariate

output structure is shown not to lead to any systematic improvements in its predictive

distributions over simpler individual modeling of each output of a computer model.

The likelihood of the LMC model and predictions based on the LMC model are

proven to depend not only on the correlation structure between outputs Σ, but also

on the chosen form of Cholesky decomposition A of the corresponding covariance

matrix Σ; in particular, for any two different Cholesky decompositions A1 and A2,

with Σ � A1A
T
1 � A2A

T
2 , the likelihood functions are not equivalent and will lead to

different predictive results.

Simulation studies demonstrate that, irrespective of dependencies between outputs

of a computer model and irrespective of accounting for possibly high correlations

between outputs, the emulators from the LMC approach are almost exactly the same

as the emulators obtained with independent modeling of the outputs.

Several results which lead to computational simplifications of implementation of the

LMC model are obtained. Indeed, Lemma 3.5.3 introduces a dramatic simplification of

the inverse of the covariance matrix in the LMC model: if the covariance of the LMC

model with the number of input sets n among a set of p outputs is Σ̃ � °p
j�1Cj b Tj ,

where Tj � A�jA
T
�j and A�j is the jth column of A, then Σ̃�1 � °p

j�1C
�1
j b Sj , where

Sj � A�1
�j A

�T
�j . Lemma 3.5.1 follows, showing that det Σ̃ � pdet Σqn±p

j�1Cj. These

technical results are likely of considerable use in other multivariate spatial contexts.
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Chapter 4. Modularized calibration of a system of computer models. Methodology for

modularized calibration for systems of computer models is proposed within the

Bayesian inverse problem framework. This part of the research follows ideas on

modularization analysis of computer models introduced in Liu et al. (2009). For

example, an engineering system for carbon sequestration has up to several dozen

submodels, all with their own parameters and, maybe, distinct input spaces. Direct

emulation of such a system would require development of an emulator over a large (up

to 100-dimensional) input parameter space, which would be extremely challenging.

Instead, a modularized approach to calibration is proposed, which effectively

utilizes the structure of the system to achieve dimension reduction. The linked

emulator allows for development of independent emulators of submodels on their

own separately constructed design spaces. This allows a substantial reduction in the

dimension of the parameter space and leads to efficient construction of an emulator

of a coupled model. This strategy reduces the computational cost of an expensive to

run and complex system of computer models. The approach is analyzed from both a

theoretical perspective and through simulations.

The Bayesian inverse problem framework is compared with the simplified frame-

work based on Kennedy and O’Hagan (2001) (KO) framework. KO framework is

demonstrated to give misestimation of variance parameter used for modeling exper-

imental field observations. Our Bayesian inverse framework seems preferable for

our goal of calibration of physical quantities of a computer model with only limited

experimental data.

We demonstrate the proposed framework with a case study of calibration for a

vapour-liquid equilibrium model for amine-based CO2 capture systems.

Chapter 5. Non-Gaussian emulators: Censoring and truncation. Computer models often

produce output for which Gaussian processes are no longer appropriate (Wang and
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Berger (2016); Maatouk and Bay (2016)). For instance, a computer model of a

volcanic pyroclastic flow produces heights of the flow at various locations. However,

the height of the flow is clearly non-negative. Moreover, the flow is often precisely

zero, when the pyroclastic flow has not reached the location. Indeed, in our case

study, two thirds of the computer model outputs are zeros. Thus, the problem

of zero-inflated output emerges and requires methodological care for appropriate

emulation and prediction.

A censored GaSP (with the traditional GaSP as a latent process) is developed for

emulation of computer models with zero-inflated output. The volcanic pyroclastic

flow case study is used to demonstrate that a wrong assessment hazard event can

happen if an emulator does not adequately incorporate the zero-inflation information.

The proposed censored GaSP approach is compared to the posterior projection GaSP

approach (similar to ideas introduced in Lin and Dunson (2014) for constraining

GaSPs of monotonic functions); the comparisons show an advantage for the censored

GaSP approach.

The chapter also discusses a truncated GaSP of a function, relevant when the

function output is restricted to a certain range. Finally, a generalization of the linked

emulator methodology is provided for coupled systems, when one or more of the

computer models has a zero-inflated or truncated situation.

The last chapter of the thesis discusses several important extensions of the proposed

framework. The generalizations involve other forms of emulators, emulation of systems

of computer models with functional input and output, and a calibration framework

involving modeling of the bias between a computer model and reality. The broader

scientific relevance of the framework is also briefly discussed.
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2

Coupling Computer Models Through Linking Their
GaSP Emulators

2.1 Introduction

The approach to coupling computer models by using their GaSP emulators originates

from the literature on sensitivity analysis (SA) of the output of a computer model,

due to uncertain inputs to the model. A recent review of SA methods can be found

in Borgonovo and Plischke (2015), with current developments being Song et al. (2016)

and Owen and Prieur (2016). Another approach to the analysis of the influence

on outputs of an uncertain input to the model is the variance-based methods given

in Oakley and O’Hagan (2004).

Alternatively, to account for stochastic inputs, Goldberg et al. (1997) suggested

utilizing Monte Carlo methods, for example, a Gibbs sampler. Unfortunately, this

approach can be inefficient in terms of computational time and resources.

Another area of research in terms of propagation of uncertainty stems from the

field of Machine Learning: uncertain inputs are viewed as latent variables and may

be either optimized or integrated out approximately with subsequent maximization
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of the lower bound on the marginal likelihood (Damianou and Lawrence (2014));

unfortunately, these methods to not provide estimates of the uncertainty in the

produced estimate.

An analytical method of coupling emulators was considered in Candela et al.

(2003). It was shown that, within the framework of a predictive Gaussian process

(with zero-mean and squared exponential kernel), analytical closed forms for the

coupled mean and variance are available. This is the approach to development of

a linked estimator that we will follow, utilizing a normal approximation with these

analytic mean and variance functions, i.e., using a linked GaSP as the approximation.

(The linked emulator itself is not normally distributed.) Simulation and examples

show that the linked emulator is well approximated by the linked GaSP. The quality

of this approximation is also investigated through linear approximation of the linked

emulator via a Taylor’s series expansion.

If one simply estimates the parameters of a GaSP and plugs in the estimates, the

uncertainty in these parameter values is not accounted for. Objective Bayes analysis

provides a framework to overcome this problem, by providing analytically tractable

full Bayesian inference (Bayarri et al. (2007b)). The linked emulator will also be

studied in this situation.

The outline of this chapter is as follows. Using the GaSP emulator methodology

introduced in Section 1.1 in Chapter 1, the linked emulator of a system of simulators

is defined in Section 2.2. The linked GaSP, a normal approximation to the linked

emulator, is also presented in Section 2.2. The approach is illustrated with a simulation

study.

A coupled system of simulators may be viewed as one computer model, without

identifying its submodels, and an emulator can be directly developed for the coupled

system; we call this the composite emulator. Comparisons of the linked emulator,

its approximation linked GaSP and the composite emulator are given in Section 2.3.
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Predictive measures for assessment of an emulator are given in this section.

Other GaSP emulators, which account for uncertainty in parameters of the GaSP

using the objective Bayesian framework, are introduced in Section 2.4. Corresponding

linked emulators of systems of computer models are provided as well. This section

also has an illustrative example comparing a linked GaSP and a composite emulator

of a system of simulators.

Two case studies are investigated in Section 2.5. Conclusions are given in Sec-

tion 2.6. A linked emulator with multivariate sub-GaSPs is discussed in the Appendix

section 2.7. Additional examples demonstrating the empirical frequency coverage of

a linked GaSP and proofs are also provided in this section.

2.2 Linked emulator

2.2.1 Methodology

Suppose that we have two computer models, g and f , and have constructed their

corresponding GaSP emulators, gM and fM , as described in section 1.1. Thus the

GaSP emulator gMp�q, of the model g at any new input, given pairs tz,gpzqu of model

runs and GaSP parameters θg, is

gMp�q|gMpzq, θg � GaSPpµ�gp�q, σ�2
g p�, �qq. (2.1)

Likewise, the GaSP emulator fMp�q, of the model f , given pairs tx, fpxqu of model

runs and its parameters θf , is

fMp�q|fMpxq, θf � GaSPpµ�f p�q, σ�2
f p�, �qq. (2.2)

We are interested in the marginal distribution of an emulator of a composite

computer model g � f at any input u to this model, that is

pppg � fqMpuq|gMpzq, fMpxq, θf , θg,uq �»
ppgMpfMpuqq|gMpzq, fMpuq, θgqppfMpuq|fMpxq, θf qdfMpuq. (2.3)
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Definition 2.2.1. The variable ξ � pg � fqMpuq|gMpzq, fMpxq, θf , θg,u with the

distribution (2.3) is called the linked emulator.

We will sometimes use the shortcut notation for the linked emulator

pppg � fqMp�q �
»
ppgMpfMp�qqqppfMp�qqdfMp�q. (2.4)

Generalization to the multivariate case, where g has a multidimensional input, is

crucial, as this is the case that most often appears in applications. Then the GaSP

emulator gMp�q, of the model g at any new d-dimensional input, given pairs tz,gpzqu
of model runs and GaSP parameters θg, is

gMp�, . . . , �loomoon
d

q|gMpzq, θg � GaSPpµ�gp�, . . . , �loomoon
d

q, σ�2
g p�, . . . , �loomoon

d

qq . (2.5)

Suppose that we would like to link an emulator gMp�, . . . , �q with independent

emulators fMj p�q of models fj for coordinates j P b, . . . , d. We are supposing that first

b� 1 coordinates do not arise from other computer models and hence do not need to

be linked. We thus construct, for each j P b, . . . , d, a GaSP emulator fMj p�q of the

model fj, given pairs txj, fpxjqu of model runs and parameters θfj , as

fMj p�q|fMpxjq, θfj � GaSPpµ�fjp�q, σ�2
fj
p�, �qq. (2.6)

The marginal distribution of the emulator of a composite computer model g �
pfb, . . . , fdq, at a finite-dimensional new input u, is then

pppg � pfb, . . . , fdqqMpuq|gMpzq, fM
j pxjq

jPb,...,d
, θfjjPb,...,d

, θg,uq �»
ppgMpu0, fMb pubq, . . . , fMd pudqq|gMpzq, fM

j pxjq
jPb,...,d

, θgq

d¹
j�b

ppfMj pujq|fM
j pxjq, θfjqdfMb pubq, . . . , dfMd pudq, (2.7)

where the new input u consists of the first b� 1 inputs of the model g and the new

inputs uj are the inputs to the models fj @j P b, . . . , d, i.e. u � Ypu0, tujudj�bq with

u0 � pz1, . . . , zb�1q.
13



Definition 2.2.2. The variable ξ � pg � pfb, . . . , fdqqMpuq|gMpzq, fM
j pxjq

jPb,...,d
,

θfjjPb,...,d
, θg,u, with the distribution (2.7), is called the multivariate-input linked

emulator.

For brevity, in the rest of the paper we will simply write gMp�q and fMp�q without

the conditioning, implicitly assuming the conditioning on relevant model run data

and model parameters.

The linked emulator ξ does not have a closed form distribution. The key fact

in developing an approximation is that, if the smoothness parameter of the power

exponential correlation function is α � 2 or α � 1 and if ppzq is one of three

distributions – Normal, Laplace or Exponential – one can give closed form expressions

for the overall mean and variance of the linked emulator, providing the regression

functions in the GaSP mean hpzq (and hpzq2) have closed form expectations when

z � ppzq. Typically hpzq is either zero, constant, or linear in the inputs, in which

case these expectations will be available in closed form.

The choice α � 1 corresponds to the exponential covariance function, which yields

GaSP sample paths that are not mean-square differentiable. In most applications,

the computer model is a smooth function of the inputs, so α � 1 is not usually a

reasonable choice. On the other hand, α � 2 corresponds to the squared exponential

covariance function, which results in a GaSP with infinitely differentiable sample

paths, and so is a better reflection of the smoothness of the computer model in

applications. In the spatial statistics literature, α � 2 is often criticized for producing

too smooth sample functions, but the situation with computer models is different

than that for most spatial models, in that the input points for the computer model

runs are usually quite distant. GaSPs with squared exponential covariance functions

have also proven to be useful for incorporating shape constraints such as monotonicity

and convexity (Wang and Berger (2016)).
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Theorem 2.2.3. Let gM , with given parameters θg � pβ, σ2, tδjuj�1,...,d, ηq, be a type

1 GaSP emulator (introduced in Section 1.1) of a simulator g exercized at training

input points z, i.e. gMp�q as in (2.5). Suppose the mean is linear in the bth coordinate

of the input z1, so that the mean is hpz1qβ � β0�β1z
1
b. Let the gMp�q GaSP correlation

function smoothness parameters αj of coordinates j P b, . . . , d be equal to 2. For each

j P b, . . . , d, let fMj be an independent emulator of a simulator fj, corresponding to the

coordinate j of the input to the simulator g, i.e. fMj p�q as in (2.6). Then the mean Eξ

and variance Vξ of the linked emulator ξ of the coupled simulator pg � pfb, . . . , fdqqpuq,
as defined in definition 2.2.2, are

Eξ � β0 � β1µ
�
fb
pubq �

m̧

i�1

ai

b�1¹
j�1

exp

�
�
� |uj � zij|

δj


αj
 d¹
j�b

I ij, (2.8)

Vξ � σ2p1� ηq � β2
0 � 2β0β1µ

�
fb
pubq � β2

1pσ�2
fb
pubq � pµ�fbpubqq2q � pEξq2��

m̧

k,l�1

palak � σ2tCz�1uk,lq
b�1¹
j�1

e
�

��
|uj�zkj |

δj


αj
�

�
|uj�zlj |

δj


αj
 d¹
j�b

I1k,l
j

�
�

2
m̧

i�1

ai

b�1¹
j�1

exp

�
�
� |uj � zij|

δj


αj
�
β0I

i
b � β1I

�i
b

	 d¹
j�b�1

I ij,

(2.9)

where a � pa1, . . . , amqT � C�1
z pgMpzq � hpzqβq and

I ij �
1c

1� 2
σ�2
fj

pujq

δ2j

exp

�
�pzij � µ�fjpujqq2
δ2
j � 2σ�2

fj
pujq

�
(2.10)

I1k,l
j � 1c

1� 4
σ�2
fj

pujq

δ2j

e

�

�
zkj�zlj

2 �µ�
fj

pujq


2

δ2
j
2 �2σ�2

fj
pujq

e
�

pzkj�zljq
2

2δ2
j (2.11)

I�
i
b �

2
σ�2
fb

pubq

δ2b
zib � µ�fbpubqd�

1� 2
σ�2
fb

pubq

δ2b


3
exp

�
�pzib � µ�fbpubqq2
δ2
b � 2σ�2

fb
pubq

�
. (2.12)
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The proof of the theorem is in the appendix.

2.2.2 Linked GaSP as a linear approximation to the linked emulator

In this section we define a normal approximation to the linked emulator, using

its analytical mean and variance. We call this approximation the linked GaSP.

Justification for the use of such an approximation is given through a set of propositions

in the rest of the section.

Definition 2.2.4. Following the notation of the previous section, if variable ξ �
pg �pfb, . . . , fdqqMpuq|gMpzq, fM

j pxjq
jPb,...,d

, θfjjPb,...,d
, θg,u with the distribution (2.7) is

the linked emulator, then variable ζ � NpEξ,Vξq is called the linked GaSP.

Lemma 2.2.5. If, for each j P b, . . . , d, the emulators fMj p�q are as in (2.6) and

gMp�q is an emulator as in (2.5), then, for any new input u,

E

�����ξ �
�
gMpu0, µ�fbpubq, . . . , µ�fdpudqq�

ḑ

j�b

µ�g
1

zj
pu0, µ�fbpubq, . . . , µ�fdpudqqσ�fjpujqN0,1

	�����
2

�

ḑ

j�b,kj�1

σ�2
g

2

zjzj
pu0, µ�fbpubq, . . . , µ�fdpudqqσ�2

fj
�

O

�
�����

¸
|K|�3,|L|�1;
|K|�|L|�2;
|K|�1,|L|�3

σ�fjpujqkj�ljσ�fipuiqki�li

�
����
, (2.13)

where ξ is the linked emulator given in definition 2.2.2, µ�g
1

zj
is the partial derivative

of the function µ�gp�, . . . , �q with respect to the jth coordinate, and σ�2
g

2

zjzj
is the second-
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order partial derivative of the function σ�2
g p�, . . . , �q with respect to the jth coordinate

and N0,1 is a standard normal random variable.

The proof of the lemma is given in the Appendix.

We next give some conditions under which the linked GaSP can be shown to be

an accurate (even exact) approximation to the linked emulator. The conditions are

essentially that the GaSPs which form inputs to gM must have very small variances.

Theorem 2.2.6. Under the same conditions and using lemma 2.2.5

ξ �
�
gMpu0, µ�fbpubq, . . . , µ�fdpudqq �°d

j�b µ
�
g

1

zj
pu0, µ�fbpubq, . . . , µ�fdpudqqσ�fjpujqN0,1

	
converges in L2-norm to zero as σ�2

fj
pujq goes to zero for each j.

Corollary 2.2.7. Under the same conditions as in lemma 2.2.5, it follows from

theorem 2.2.6 that ξ converges in L2-norm to gMpu0, µ�fbpubq, . . . , µ�fdpudqq as σ�2
fj
pujq

goes to zero for each j.

Theorem 2.2.8. Under the same conditions as in lemma 2.2.5 and if, for each

j P b, . . . , d, uj is such that σ�2
fj
pujq � 0, then ξ � gMpu0, µ�fbpubq, . . . , µ�fdpudqq.

This last theorem states that, under the indicated conditions, the linked GaSP is

exactly the linked estimator.

2.2.3 Illustration 1

To illustrate the developed methodology of the linked GaSP, two functions are

considered as simulators: fpxq � 3x � cosp5xq, x P r�1, 1s and gpzq � cosp7z{5q �
z, z P r�4, 4s. Model f was evaluated at 6 equally spaced training input points

x � p�1,�0.63,�0.26, 0.11, 0.48, 0.85q, resulting in z � fpxq � pfpx1q, . . . , fpx6qq �
pz1, . . . , z6q. An emulator fMp�q of the model f was constructed, based on these

observations tx, zu, as described in Section 1.1.
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Table 2.1: Estimates of the parameters in the GaSP emulators fMp�q of the model
f and gMp�q of the model g. α denotes the smoothness parameter and δ the range
parameter, σ2 is the variance, β0 is the intercept and β1 is the slope of the mean
function, and τ 2 is the nugget variance.

α δ σ2 β0 β1 τ 2

fMp�q fixed at 1.99 0.53 1.22 0.06 2.69 fixed at 0
gMp�q fixed at 2 2.19 1.74 -0.08 -1.18 fixed at 0
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Figure 2.1: Independent emulators constructed for two test functions: fpxq on the
left panel and gpxq on the right. Each emulator is an interpolator at its design points.
The dark green lines are the true functions. The pink lines are the emulator means.
The green shaded regions correspond to the emulators areas encompassed by 2.5%
and 97.5% quantiles of the emulators. The circles on the plots correspond to the
design points which were used to fit the emulators.

The output points z were then used as design input points to the model g.

Model g was evaluated at z, resulting in gpzq � pgpz1q, . . . , gpz6qq. We then used

tz,gpzqu to construct the emulator gMp�q of the simulator g. Parameter estimates of

each of the GaSPs were obtained, using the methodology that will be described in

subsection 2.4.1; Table 2.1 gives these parameter values. The resulting emulators are

shown in Figure 2.1.

We next link the constructed emulators fMp�q and gMp�q through the approach of
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Figure 2.2: The linked GaSP constructed from fMp�q and gMp�q. The dark green
line is the true function. The pink line is the emulator mean. The green shaded
region corresponds to the emulator area encompassed by 2.5% and 97.5% quantiles of
the emulator. The circles on the plot correspond to the design points tx, pg � fqpxqu.

the previous section, and use this linked emulator to obtain an emulator pg � fqMp�q
of the coupled model g � f . The resulting linked GaSP is shown on Figure 2.2. The

linked GaSP is doing exceptionally well, acting as an interpolator at the design points

to the simulator f and capturing the entire composite function g � fpxq on x P r�1, 1s
within its 95% credible area.

Important to note that two models f and g do not need to be evaluated sequentially.

In practice, we envision that individual models may benefit from separate designs

used for obtaining training and testing data for the models. The discussion of this
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point is given in section 2.6. For the illustration example we choose to run models

sequentially, so that we can demonstrate how the performance of the linked emulator

is compared to the performance of the traditional emulator of the system of computer

models. This is discussed in the following section.

2.2.4 Comparing the linked GaSP approximation with the linked emulator and the
composite emulator

Recall that the linked GaSP is an approximation to the true linked emulator, which

has distribution pppg � fqMp�q � ³ ppgMpfMp�qqqppfMp�qqdfMp�q, and it is natural to

study the accuracy of the approximation. In simple settings such as the previous

example, it is easy to simulate from the linked emulator (something much more

difficult in realistic problems) and, hence, make comparisons. After constructing

the emulator fMp�q of model f and the emulator gMp�q of model g, one simply

generates a realization from the emulator fMp�q and then a realization from gMp�q
conditional on the realization from fMp�q; the result is a realization from the true

linked emulator pppg � fqMp�q. Repeating this procedure many times results in a

Monte Carlo representation of the true linked emulator.

Comparison of the linked GaSP and true linked emulator is given in Figure 2.3,

again using example 2.2.3. The linked GaSP behaves very similarly to the true linked

emulator, essentially coinciding over the entire domain. The simulation is based on

104 samples from the true linked emulator.

The other natural emulator that we mentioned is the composite emulator, formed

by sequentially running the simulators f and g, and then developing an emulator

based only on the inputs to f and outputs of g. More formally, suppose we have

m d-dimensional inputs z � tz1, . . . , zmu to a composite simulator g � pfb, . . . , fdq.
In order to evaluate a composite computer model at these inputs, we first evaluate

each model fj, for j P b, . . . , d, at corresponding inputs zj
1:m � pzj

1, . . . , z
j
mq where
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Figure 2.3: The Monte Carlo results for the true linked emulator. The dark green
line is the true function. The pink line is the emulator mean (the same for both the
true linked emulator and the linked GaSP). The green shaded region corresponds to
the emulator area encompassed by 2.5% and 97.5% quantiles of the linked GaSP. The
long dash lines correspond to 2.5% and 97.5% quantiles of the linked emulator. The
circles on the plot correspond to the design points tx, pg � fqpxqu.

zj
i � tzikukPIj . That is, for each input zj

i we obtain output fjpzj
iq. Then, using the

outputs from all models fj, j P b, . . . , d, we evaluate g at each of the ith d-dimensional

inputs pzi1, . . . , zi pb�1q, fbpzb
i q, . . . , fdpzd

i qq. Thus, we obtain a set of training inputs-

outputs of the composite simulator z � tziumi�1 and tpg � pfb, . . . , fdqqpziqumi�1. Then

the emulator of pg � pfb, . . . , fdqqMp�q may be constructed, using these inputs-outputs,

as described in section 1.1.
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Definition 2.2.9. The GaSP emulator pg � pfb, . . . , fdqqMp�q of the composite

model g � pfb, . . . , fdq, given GaSP parameters θg�pfb,...,fdq, namely the emulator

pg � pfb, . . . , fdqqMp�q|�, pg � pfb, . . . , fdqqMpzq, θg�pfb,...,fdq described above, will be called

the composite emulator.

For our test example, Figure 2.4 shows the composite emulator for pg �fqpxq in the

domain x P r�1, 1s, using the same design points x as in Section 2.2.3. Surprisingly,

the composite emulator does a much worse job of emulation. It has a much bigger

variance but, even worse, considerably misses the true composite function over much

of the domain.

This comparatively poor behavior of the the composite emulator is quite common.

It seems to arise because, while the functions f and g might be quite smooth –

which allows for their accurate emulation with a small number of design points, the

composite function pg � fqpxq can be considerably more ’wiggly’, and hence much

harder to emulate directly. Additional evidence for this will be seen later.

2.3 Assessment of an emulator

Validation of a linked emulator cannot, in general, be established from validity

of the separately developed emulators themselves. Several simulation examples

given in the Appendix section 2.7.4 demonstrate this point. Indeed, one must put

very strict assumptions on the subemulators (e.g. strict monotonicity of all the

emulator’s quantiles) to be able to validate the linked emulator based on validity of

its subemulators.

It is thus typically important to evaluate linked emulators empirically. Standard

assessment measures of the performance of an emulator typically consist of three

predictive checks: root-mean-square predictive error (RMSPE), average length LCI

of credible intervals (CIs) and empirical frequency coverage EFC of the credible
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Figure 2.4: Composite emulator of a composite test function. The dark green line
is the true function. The pink line is the emulator mean. The green shaded region
corresponds to the emulator area encompassed by 2.5% and 97.5% quantiles of the
emulator. The circles on the plot correspond to the design points tx, pg � fqpxqu.

invervals.

Let u � pu1, . . . , unq be n test points, for which the true value of a simulator fpuiq
is known for each i � 1, . . . , n. For each test point we find a predictive distribution

pi � Npµi, σ2
i q or pi � Tdfpµi, σ2

i q (needed for evaluation of later emulators). Then
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the predictive checks are defined as follows:

RMSPE �
d

ņ

i�1

pYi � µiq2{n, (2.14)

LCI �
°n
i�1pq0.975

i � q0.025
i q

n
, (2.15)

EFC �
ņ

i�1

IYiPCIi{n, (2.16)

where q0.975
i and q0.025

i are, respectively, the 97.5% and 2.5% quantiles of the predictive

distribution pi.

RMSPE assesses the discrepancy between a simulator and an emulator’s mean.

The average length of credible intervals, LCI, of the predictive distributions over the

test points u quantifies the uncertainty provided by the emulator. The empirical

frequency coverage, EFC, with the nominal value 95% is the number of times the

true function falls within the 95% credible intervals, averaged over the m test points.

Usually RMSPE is compared to some reference estimate, which, for example, can

be defined as follows

RMSPEbase �
d

m̧

i�1

pYi � fpzqq2{m, (2.17)

where fpzq is a sample mean of the observed computer model output fpzq �
pfpz1q, . . . , fpzmqq which are used to construct an emulator. The larger the ra-

tio RMSPEbase{RMSPE, the better the performance of an emulator is with respect

to RMSPE.

2.3.1 Predictive checks for Illustration 1

We assess the linked GaSP and the composite emulator of the coupled simulator

g � f , using the predictive measures discussed in Section 2.3. 201 test points, u,
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Table 2.2: Predictive checks for the linked GaSP and composite emulators in Illustra-
tion 1.

RMSPE EFC LCI

Linked 0.13 1.00 0.62
Composite 0.43 0.76 0.92

equally spaced in r�1, 1s, are used for the assessment. Numerical results are presented

in Table 2.2. The performance of the linked GaSP is much better in terms of the

predictive measures than the performance of the composite emulator. The RMSPE

of the linked GaSP is more than 3 times smaller than that of the composite emulator.

While the linked GaSP is capturing the composite simulator on the whole domain

r�1, 1s in its 95% credible intervals, the composite emulator intervals miss the truth

about 24% of the time. The length of the credible intervals of the linked GaSP are

about two thirds of those of the composite emulator.

2.4 Other linked emulators

Previously, we have only considered emulators of a function g when all parameters of

the emulator are given. We call this emulator a type 1 emulator and the corresponding

linked emulators type 1 linked emulators. In practice, this would arise from estimating

the parameters of the GaSP and simply plugging in the estimates; optimal ways to

do that are discussed in Section 2.4.1. If we account for the uncertainty in these

parameters (highly desirable), the emulator changes and the corresponding linked

emulator changes as well. This section discusses these issues, and presents the changed

emulators.
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2.4.1 Parameters in the GaSP and their estimates

It is common to just use maximum likelihood to estimate the GaSP parameters.

However, these can be very problematical (Gu et al. (2016)), and a better method is

to develop estimates as posterior modes using an objective Bayesian implementation,

as initially done in Berger et al. (2001). Follow up work in in Gu (2016), Gu et al.

(2016) and Paulo (2005) has led to the following recommendations for estimating

the highly confounded parameters σ2, η and tδjuj�1,...,d in the covariance function.

First, transform to ˜deltaj � �αj log δj, for all j � 1, . . . , d, and ˜eta � log η
1�η

. Then

estimate these as the marginal posterior modes found by objective Bayesian analysis,

using the reference priors that are available in the above references. Finally, transform

back to obtain estimates of η and tδjuj�1,...,d. All our analyses will be based on using

these estimates.

For the parameters β and σ2, however, there are several possibilities. One is to

just use their maximum likelihood estimates, which are readily available. The second

possibility is to perform an objective Bayesian analysis with the mean parameters

β, but use the marginal maximum likelihood estimate of σ2. We discuss this choice

in 2.4.2. The third possibility is to perform full Bayesian analysis for both β and

σ2; this is discussed in 2.4.4. We will give a general discussion of predictive GaSPs,

which appear after accounting for uncertainty in the estimation of parameters, and

the effect on linked emulation, in Section 2.4.

Note that the exact form of the emulator fMp�q does not influence the mathematical

expressions in theorems for linked emulation. We only require that fMp�q bea Gaussian

process emulator.

2.4.2 Type 2 linked emulator

Suppose that GaSP mean is a linear function. We perform an objective Bayesian

analysis with the parameters β in the mean (using a constant prior πpβq91), but use
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the marginal maximum likelihood estimate of σ2. The corresponding GaSP (with β

integrated out, the MLE estimate of σ2 plugged in, and the reference posterior mode

estimates of ζ plugged in), conditional on the observed computer model evaluations

gMpzq, follows a normal distribution with mean µ�pz1q and variance σ�pz1q given by

µ�pz1q � hpz1qβ � cpz1, zqC�1
z pgMpzq � hpzqβq, (2.18)

σ�pz1q � σ2
�
Cz1 � cpz1, zqC�1

z cpz, z1q � phpz1q � cpz1, zqC�1
z hpzqq

phpzqTC�1
z hpzqq�1phpz1q � cpz, z1qC�1

z hpzqqT
	
.

(2.19)

We call the developed emulator type 2 GaSP emulator. This choice will also yield

exact analytic formulas for the posterior mean and variance of the linked emulator.

Theorem 2.4.1. Let gM with given parameters θg � pσ2, η, tδjuj�1,...,dq be a type 2

GaSP emulator of a simulator g exercized at training input points z, i.e. gMp�q as

in (2.18). Suppose the mean is linear in the bth cooordinate of an input z1, so that

the mean is hpz1qβ � β0 � β1z
1
b. Let the gMp�q GaSP correlation function smoothness

parameters αj of coordinates j P b, . . . , d be equal to 2. For each j P b, . . . , d let fMj

be an independent emulator of a simulator fj, corresponding to the coordinate j of

the input to the simulator g, i.e. fMj p�q as in (2.6). Then the mean Eξ and variance

Vξ of the linked emulator ξ of the coupled simulator pg � pfb, . . . , fdqqpuq as defined
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in definition 2.2.2 are

Eξ � β̂0 � β̂1µ
�
fb
�

m̧

i�1

ai

b�1¹
j�1

exp

�
�
� |uj � zij|

δj


αj
 d¹
j�b

I ij, (2.20)

Vξ � σ̂2p1� ηq � β̂0

2 � 2β̂0β̂1µ
�
fb
pubq � β̂1

2pσ�2
fb
pubq � pµ�fbpubqq2q � pEξq2�

m̧

k,l�1

palak � σ̂2qklq
b�1¹
j�1

e
�

��
|uj�zkj |

δj


αj
�

�
|uj�zlj |

δj


αj
 d¹
j�b

I1k,l
j �

2
m̧

i�1

ai

b�1¹
j�1

exp

�
�
� |uj � zij|

δj


αj
�
β̂0I

i
b � β̂1I

�i
b

	 d¹
j�b�1

I ij�

σ̂2pT11 � pT12 � T21qµ�fbpubq � T22pσ�2
fb
pubq � pµ�fbpubqq2qq�

σ̂2

m̧

i�1

�
A2iI

u
2
i
b � 2A1iI

u
1
i
b

�
,

(2.21)

where�
β̂0

β̂1



� phpzqTC�1

z hpzqq�1phpzqTC�1
z gMpzq, (2.22)

qkl � pC�1
z hpzqphpzqTC�1

z hpzqq�1hpzqTC�1
z � C�1

z qk,l, (2.23)

T �
�
T11 T12

T21 T22



� phpzqTC�1

z hpzqq�1, (2.24)

A � phpzqTC�1
z hpzqq�1hpzqTC�1

z , (2.25)

σ̂2 � gMpzqT pC�1
z � C�1

z hpzqphpzqTC�1
z hpzqq�1hpzqTC�1

z qgMpzq
m

. (2.26)
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Table 2.3: Estimates of parameters in GaSP emulators fMp�q of the model fpxq and
gMp�q of the model gpxq.

α δ σ2 β0 β1 τ 2

fMp�q fixed at 1.99 1.03 1.79 0.01 -0.89 fixed at 0
gMp�q fixed at 2 0.56 1.62 0.21 0.003 fixed at 0

and

Iu1
i
b �

1c
1� 2

σ2
fb
pubq

δ2b

e
�

�
ui�µ

�
fb

pubq


2

δ2
b
�2σ2

fb
pubq

, (2.27)

Iu2
i
b �

2
σ2
fb
pubq

δ2b
ui � µ�fbpubqd�

1� 2
σ2
fb
pubq

δ2b


3
e
�

�
ui�µ

�
fb

pubq


2

δ2
b
�2σ2

fb
pubq

. (2.28)

2.4.3 Illustration 2

We present another simulation example to illustrate the methodology of the linked

emulator. Two functions are considered as simulators: fpxq � sinpπxq in the domain

x P r�1, 1s and gpzq � cosp5zq in the domain z P r�1, 1s.
Model fpxq has been evaluated at 6 training input points x, resulting in z � fpxq.

Training input points x for emulator fMp�q were chosen to be equally spaced. Output

points z were subsequently used as design input points for the emulator gMp�q. Model

g has been evaluated at z. Parameter estimates of GaSP emulators of the models are

provided in Table 2.3.

Here we construct type 2 emulators fMp�q and gMp�q of both functions, shown

on Figure 2.5, as described, and then link these emulators to obtain type 2 linked

emulator(theorem 2.4.1). Figure 2.6 shows the results of applying the methodology

of the linked emulator and linked GaSP to two test functions to emulate composite
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Figure 2.5: Independent emulators constructed for two test functions: fpxq on the
left panel and gpxq on the right. Each emulator is an interpolator at its design points.
The dark green lines are the true functions. The pink lines are the emulator means.
The green shaded regions correspond to the emulators areas encompassed by 2.5%
and 97.5% quantiles of the emulators. The circles on the plots correspond to the
design points which were used to fit the emulators.

model g � f . The linked GaSP is a good emulator, acting as an interpolator at the

design points of the emulator fMp�q and providing 100% coverage, better than the

nominal coverage. Uncertainties of each of the emulators are incorporated in the

uncertainty provided by the linked GaSP.

Comparison of the linked GaSP and composite emulator

The composite emulator, for a comparison purpose is constructed for a composite

simulator g � f . The resulting traditional GaSP emulator of the composite simulator

is shown on Figure 2.7. The emulator completely misses the behavior of the function.

We assess the linked GaSP and the composite emulator of the composite simulator

g � f with measures as discussed in Section 2.3. 201 test points u which are equally

spaced in r�1, 1s are used for the assessment. The numerical results are presented in

the Table 2.4. The performance of the linked emulator is much better in terms of

predictive measures than the performance of the composite emulator. RMSPE of the
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Figure 2.6: Linked GaSP of a system of simulators.
The dark green line is the true function. The pink line is the emulator mean. The
green shaded region corresponds to the emulator area encompassed by 2.5% and 97.5%
quantiles of the emulator. Circles on the plot correspond to sequentially obtained
design points tx, pg � fqpxqu.

linked GaSP is more than 13 times smaller than that of the composite emulator. The

composite emulator is not capturing the composite simulator on the domain r�1, 1s
in its 95% credible area, while the linked GaSP is covering the whole function in its

credible area. Likewise, the length of credible intervals of the linked GaSP is about 8

times of that of the composite emulator.

In practice, since the coverage of the composite emulator is so low, we would not

check its length of credible intervals. In practical applications we only present lengths
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Figure 2.7: Composite emulator of a composite test function.
The dark green line is the true function. The pink line is the emulator mean. The
green shaded region corresponds to the emulator area encompassed by 2.5% and 97.5%
quantiles of the emulator. Circles on the plot correspond to sequentially obtained
design points tx, pg � fqpxqu.

Table 2.4: Simulation example 2. Predictive checks for linked GaSP and composite
emulator.

RMSPE EFC LCI

Linked 0.07 1.00 0.56
Composite 0.79 0.06 0.07
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of credible intervals, if coverages of two emulators are the same or similar.

2.4.4 T-process linked emulator

The third possibility is to use this second choice for the emulator fM , and a t-process

for the emulator gM , based on full Bayesian analysis of both parameters of the gM

GaSP β and σ2 (using a reference prior πpβ, σ2q9 1
σ2 ). A t-process emulator is (see Gu

and Berger (2016)) with a reference prior estimate of ζ plugged in and integrated

out β and σ2 conditional on the observed computer model evaluations gMpzq follows

Student’s t-distribution with m� q degrees of freedom and mean µ�pz1q and variance

σ�pz1q given by

µ�pz1q � hpz1qβ � cpz1, zqC�1
z pgMpzq � hpzqβq, (2.29)

σ�pz1q � gMpzqT pC�1
z � C�1

z hpzqphpzqTC�1
z hpzqq�1hpzqTC�1

z qgMpzq
m� q�

Cz1 � cpz1, zqC�1
z cpz, z1q � phpz1q � cpz1, zqC�1

z hpzqq

phpzqTC�1
z hpzqq�1phpz1q � cpz, z1qC�1

z hpzqqT
	
,

(2.30)

where q is the number of terms in the linear mean function.

We call the developed emulator t-process GaSP emulator. The corresponding

linked emulator is given in the next theorem.

Theorem 2.4.2. Let gM with given parameters θg � pσ2, η, tδjuj�1,...,dq be a t-process

GaSP emulator of a simulator g exercized at training input points z, i.e. gMp�q as

in (2.29). Suppose the mean is linear in the bth cooordinate of an input z1, so that

the mean is hpz1qβ � β0 � β1z
1
b. Let the gMp�q GaSP correlation function smoothness

parameters αj of coordinates j P b, . . . , d be equal to 2. For each j P b, . . . , d let

fMj be an independent emulator of a simulator fj, corresponding to the coordinate

j of the input to the simulator g, i.e. fMj p�q as in (2.6). Then the mean Eξ of

the linked emulator ξ of the coupled simulator pg � pfb, . . . , fdqqpuq as defined in
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definition 2.2.2 is the same as that of the type 2 linked emulator. Variance Vξ differs

from that of the type 2 linked emulator by the expression for σ̂2 which instead equals

to gMpzq
T
pC�1
z �C�1

z hpzqphpzqTC�1
z hpzqq�1hpzqTC�1

z qgMpzq
m�2

.

In this development the mean stays the same for three types of linked emulators

(if we use MLE estimates of GaSP parameters in type 1 linked emulator and the

same GaSPs fjp�q in all three types of a linked emulator). Only variance of the

tradational GaSP changes (and a distribution when a t-process), reflecting that the

more uncertainty in parameter estimates we account for, the larger the variance of

the corresponding emulator.

Another note, the difference between type 2 linked emulator and t-process linked

emulator in practice is very small (both produce essentially the same variance), if the

number of observations m is large enough.

2.5 Case studies

We first show how the technique can be applied to stochastic inputs represented by a

normal distribution, linked with a GaSP emulator, and then present an example of

coupling two complex computer models.

2.5.1 Volcano pyroclastic flow model

To model the danger from a pyroclastic flow at Soufrière Hills Volcano, one needs

to combine the model of basal friction (the friction of the pyroclastic flow with the

surface) – a model developed and discussed in Ogburn et al. (2016), Spiller et al. (2014)

and Gu and Berger (2016) – with a computer model of pyroclastic flow (TITAN2D, a

differential equation model which requires roughly 2 hours per run).

34



TITAN2D

The relevant output of TITAN2D is the maximum height of the pyroclastic flow,

which (for our purposes) is a function of 4 input variables: the volume V (in cubic

meters) of a pyroclastic flow (on the logarithm to the base 10 scale), the initiation

angle of the flow φ, the basal friction y, and the internal friction of the flow. Internal

friction is a very weakly influential variable and one can construct a better emulator

by omitting it and adding a nugget effect (Gu and Berger (2016)).

We construct a t-process GaSP emulator, gMp�q, of the TITAN2D model g at a

new input z� � pV, φ, yq with the GaSP parameters θg � ptδju3
j�1, ηq estimated as

discussed earlier; the resulting estimator is

gMpz� � pV, φ, yqq|gMpzq, θg � Npµ�gpz�q, σ�2
g pz�qq. (2.31)

Basal friction model

Following Ogburn et al. (2016), define x � V � 5.5 and model the basal friction y

as a linear regression on x; based on collected external data, the posterior model for

basal friction is

y|x � Np.5336� .1971x, 0.00037205� 0.00054567x� 0.00044155x2q. (2.32)

Switching to emulator notation, the emulator fM3 p�q of basal friction f at new input

x� is given by

fM3 px�q|fMpxq, θf � Npµ�f3px�q, σ�2
f3
px�qq , (2.33)

where µ�f3px�q � .5336� .1971px�� 5.5q and σ�2
f3
px�q � 0.00037205� 0.00054567px��

5.5q � 0.00044155px� � 5.5q2.

T-process linked emulator

Since the basal friction model has been linked into TITAN2D, the input variables

corresponding to the composite function g � f3 is the two-dimensional u � pV, φq; in
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Figure 2.8: A representation of the model fM of the uncertain basal-friction/volume
relationship, based on the median and 95% confidence intervals.

terms of the earlier notation, u0 � pV, φq and u3 � V . (V is the only input in the

Basal friction model, while both V and φ input into the TITAN2D emulator.) It is

interesting that V enters separately in both models.

We then follow the t-process approach to obtain an emulator of the coupled model

g � f3 at a new input u, that is

pg � f3qMpuq|gMpzq, fM
3 pxq, θf , θg,uq . (2.34)

Figure 2.9 shows a contour plot of the mean of the height of the pyroclastic flow

on the island given solely by an emulator of TITAN2D with the 3 inputs – volume,

initiation angle, and basal friction – fixed at particular values . Figure 2.10 shows

a contour plot given by the linked emulator of TITAN2D, with the basal friction

stochastic input integrated out and the same values of volume and initiation angle.
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Figure 2.9: Emulator, gM , of the 7 meter height flow spatial contours on Montserrat
island for input values V � 108.02, initiation angle φ � 2.15� and basal friction y � 6�,
evaluated at 15,952 locations.

The contour plot does not change qualitatively from the previous plot.

2.5.2 Volcano ash cloud transport and dispersion

The two models that are to be coupled are the bent model of a volcanic ash plume

and the puff model describing how the ash cloud disperses; see Bursik et al. (2012);

Madankan et al. (2014); Stefanescu et al. (2014) for discussion. A direct coupling of

bent and puff (not emulation) was used for analysis of the 14 April 2010 paroxysmal

phase of the Eyjafjallajökull eruption, Iceland, based on observations of Eyjafjallajökull

volcano and information from other similar eruptions of the past. The goal in this

section is to develop a linked emulator of these computer models.

Bent simulator

Bent is a volcanic eruption column model. The inputs to this model are the source

conditions for an eruption. Most of the parameters of the models are fixed at
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Figure 2.10: The 7 meter height flow spatial contours resulting from the linked
emulator, with input values V � 108.02 and initiation angle φ � 2.15�; basal friction
has been integrated out.

particular values, with only four parameters – vent radius, vent velocity, mean grain

size, and grain size standard deviation – being variable. These four parameters,

x � px1, x2, x3, x4q, are thus the inputs to the bent model.

Bent produces 5 output variables: plumeMax, plumeMin, plumeHwidth, ashLog-

Mean and ashLogStdev. We model each output variable, j � 1, . . . , 5, as an individual

type 2 GaSP, depending on input x�, so that fMj px�q � Npµ�fjpx�q, σ�2
fj
px�qq.

Puff simulator

The puff computer model takes the output of bent, the 5-dimensional vector z, and

produces positions of representative numerical particles of the ash cloud, as they are

affected by wind, turbulence and gravity. These outputs are post-processed to extract

quantities of interest at a given geographical location and time point. The puff output

that we emulate here is the maximum height of the ash (at a given space-time location)

gMp�q � GaSPpµ�gp�q, σ�2
g p�, �qq. The puff simulator produces different random output
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Table 2.5: Predictive checks for bent output emulators.

RMSPEbase{RMSPE EFC LCI

plumeMax (m) 59.71 0.980 58.84
plumeMin (m) 60.78 0.978 55.10
plumeHwidth (km) 33.66 0.949 0.196
AshLogMean,

�
log2

1
mm

�
136.19 0.991 0.009

AshLogSdev,
�
log2

1
mm

�
47.21 0.978 0.021

Table 2.6: Predictive checks for the emulator of puff.

RMSPEbase{RMSPE EFC LCI

6.06 0.95 18.46

values for the same input, so that we choose a t-process GaSP emulator with nugget

to model puff.

Diagnostics of individual GaSPs

The emulator of bent was trained on 400 randomly chosen design inputs and validated

on 1000 randomly chosen held-out points, both chosen out of 5454 initial points from

a Latin Hypercube Design. The puff emulator was trained on a total of 739 design

points and tested on 1000 held-out data points.

To establish the truth for predictive evaluations, bent and puff were run sequen-

tially, forming the true composite computer model. Starting with the 400 training

data points (outputs of bent model) as inputs to puff, puff emulator may produce

different output on the same input space, so that we can have replicates. With

replicates I chose 400 data points plus 339 available replicates which resulted in

different outputs on the same input space. Puff emulator has been trained on a total

of 739 data points.

Tables 2.5 and 2.6 show the results with predictive measures introduced in

39



Table 2.7: Predictive checks for a linked GaSP of a coupled system of puff and bent.

RMSPEbase{RMSPE EFC LCI

5.91 0.951 18.551

Table 2.8: Predictive checks for a composite emulator of a coupled system of puff
and bent.

RMSPEbase{RMSPE EFC LCI

5.85 0.96 19.52

Section 2.3 for the bent and puff emulators respectively. The columns represent the

cross-validation measures. The rows represent the output variable of bent and the

output of puff for which emulators were constructed. The relative ratios of RMSPEs

are high, and CIs are small, indicating good approximation, while having empirical

coverages either close to or greater than the nominal value.

Linked emulator

We obtain the t-process linked emulator pg � pf1, . . . , f5qqMp�q from the individual

GaSPs and present diagnostics for the emulator on the same held-out test points as

before. Linked GaSP metrics are shown in Table 2.7. Cross-validation measures show

good performance of the emulator: rather small CIs with empirical coverage very

close to the nominal value.

Composite emulator

Since bent and puff were run sequentially, we can construct the composite emulator of

the composite simulator. Predictive metrics of the composite emulator are summarized

in Table 2.8. The composite emulator performance is good here: small CIs with

empirical coverage just above the nominal value.
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We can also compare the performance of the linked GaSP and the composite

emulator. The performance of the linked emulator is better; the CIs lengths on

average are smaller than for the composite emulator, with the coverage close to or

greater than 95%. Indeed, 989 out of 1000 test points had linked emulator credible

intervals smaller than that of the composite emulator.

2.6 Conclusion

This chapter proposes a method for developing a quick surrogate, statistical emulator,

for a complex coupled system of scientific computer models. The approach is to link

separate emulators the computer models. We focused, in particular, on the linked

GaSP, a closed form approximation to a linked emulator which allows for very rapid

computation.

The linked emulator allows the use of independently, separately developed emu-

lators of the submodels. Thus this approach is simpler than trying to directly link

series of simulators. The approach also provides an efficient way of accounting for

uncertainty in the resulting emulator. The linked emulator effectively accumulates

the uncertainty by borrowing it appropiately from the single GaSPs of each model.

The advantage of the approach is that each of the emulators may be trained on

its own design space to achieve fast and efficient approximation to an underlying

composite computer model, without sequential running of physical simulations. This

opens up an interesting opportunity for design of large computer experiments. Designs

on smaller subspaces are expected to be more effective, with fewer design points

required for training of each subemulator. Indeed the advantage of using this approach

for calibration of high-dimensional complex computer models is demonstrated in

Chapter 4.

Interestingly, in practice the linked emulator seems to result in a smaller epistemic

uncertainty than a composite emulator of the coupled computer model would have, if
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such an emulator were even computable.

Finally the issue of linking a GaSP emulator of model g with a multivariate GaSP

emulator of multivariate simulator f is introduced in the Appendix to this chapter,

in Section 2.7. Closed form expressions for the resulting mean and variance functions

are available, and are given in Section 2.7.1.

We do not highlight these results in the chapter because it was subsequently found

that the multivariate modeling does not bring significant advantages over individual

modeling of each univariate output of f . Analysis and discussion of this is given in

Section 2.7.2. (More generally, modeling of multivariate output of a computer model

is typically irrelevent, since it leads to almost the same results as individual modeling

of each output; this is investigated and demonstrated in Chapter 3.)

2.7 Appendix

2.7.1 Linked emulator with multivariate GaSP

GaSP emulator gMp�q of the model g at any new d-dimensional input given pairs of

model observations tz,gpzqu and GaSP parameters θg is

gMp�, . . . , �loomoon
d

q|gMpzq, θg � GaSPpµ�gp�, . . . , �loomoon
d

q, σ�2
g p�, . . . , �loomoon

d

qq (2.35)

Suppose linking an emulator gMp�, . . . , �q with multivariate emulator fMj p�q of

simulators fj for coordinates j P b, . . . , d is of interest. Let first b� 1 coordinates are

not related to the linking of emulators.

Let a multivariate GaSP for coordinates j P b, . . . , d, a GaSP emulator fMb:dp�q of

simulators fj

fMb:dp�q � GaSPpµ�fb:dp�q,Σp�, �qq. (2.36)

This is such that for any new input ub:d to fMb:dpub:dq

fMb:dpub:dq � Npµ�fb:dpub:dq,Σpub:d,ub:dqq, (2.37)
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where µ�fb:dpub:dq � pµ�fbpubq, . . . , µ�fdpudqq is a vector of means. Σpub:d,ub:dq is such

that diagpΣpub:d,ub:dqq � pσ�2
fb
pubq, . . . , σ�2

fd
pudqq � σ�2

fb:d
pub:dq.

Theorem 2.7.1. Let gM with given parameters θg � pβ, σ2, tδjuj�1,...,d, ηq be a type

1 GaSP emulator of a simulator g exercized at training input points z, i.e. gMp�q as

in (2.5). Suppose the mean is linear in the bth cooordinate of an input z1, so that

the mean is hpz1qβ � β0 � β1z
1
b. Let the gMp�q GaSP correlation function smoothness

parameters αj of coordinates j P b, . . . , d be equal to 2. For j P b, . . . , d let fMb:d be a

multivariate emulator of a multivariate simulator fb:d, corresponding to coordinates

j � b, . . . , d of the input to the simulator g, i.e. fMb:dp�q as in (2.36). Then the mean

Eξ and variance Vξ of the linked emulator ξ of the coupled simulator pg � pfb:dqqpuq
are

Eξ � β0 � β1µ
�
fb
pubq �

m̧

i�1

ai

b�1¹
j�1

exp

�
�
� |uj � zij|

δj


αj


p2πq d�b�1
2

?
detMNzib:dpµ�fb:dpub:dq,M � Σpub:d,ub:dqq,

(2.38)

Vξ � σ2p1� ηq � β2
0 � 2β0β1µ

�
fb
pubq � β2

1pσ�2
fb
pubq � pµ�fbpubqq2q � pEξq2��

p2πqd�b�1 detM
m̧

k,l�1

palak � σ2tCz�1uk,lq
b�1¹
j�1

e
�

��
|uj�zkj |

δj


αj
�

�
|uj�zlj |

δj


αj


Nzkb:d pzlb:d, 2MqNµ�fb:d
pub:dq

�
zkb:d � zlb:d

2
,
M

2
� Σpub:d,ub:dq




�

2 p2πq d�b�1
2

?
detM

m̧

i�1

ai

b�1¹
j�1

exp

�
�
� |uj � zij|

δj


αj

pβ0 � β1m

i
1q

Nzib:d

�
µ�fb:dpub:dq,M � Σ

�
ub:d,ub:d

��
,

(2.39)

where matrix M � 2 � diagpδ�2
b , . . . , δ�2

d q and in general Nxpµ,Σq denotes a normal

density of vector x with mean µ and covariance Σ, a � pa1, . . . , amqT � C�1
z pgMpzq �

hpzqβq; V � pΣpub:d,ub:dq�1 �M�1q�1 and mi
1 is the first element of the vector
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Table 2.9: Range of ratios of twice the inverse of squared range parameters of inputs
to model puff to the marginal variances of corresponding emulators of bent outputs.

plumeMax plumeMin plumeHwidth AshLogMean AshLogSdev
Min 1563 2533 3380 8436 2776
Max 3502 7892 11844 4413190 1851116

mi � V
�
Σpub:d,ub:dq�1µ�fb:dpub:dq �M�1zib:d

�
.

2.7.2 Analysis on multivariate linking of bent and puff

If Σp�, �q produces a diagonal matrix, multivariate model reduces to an independent

scenario, keeping the same marginal variances. Analysis of expressions for the mean

shows that the difference in dependent and independent cases is in the following set of

distributions Nzibd
psb:d,M�Σq (dependent) and Nzibd

psb:d,M�diagpΣqq (independent),

where diagpΣq is the diagonal matrix of Σ.

In bent and puff the ratios of diagpMq
diagΣ

, i.e. ratios of twice the inverse of squared range

parameters of model puff to the marginal variances of corresponding bent emulators,

where diagΣ are variances of predictive distributions obtained from independent

bent GaSPs of outputs plumeMax, plumeMin, plumeHwidth, AshLogMean and

AshLogSdev, are summarized in Table 2.9. For all of the 1000 test points, the

described ratio is calculated and the range of corresponding ratios are presented.

According to the expressions for the linked mean (2.38) and linked variance (2.39),

Σ has not much weight compared to M . The expressions would be “disturbed”

very little through changes in the densities of corresponding distributions. This

provides insight on possible performance of the multivariate linking compared to the

independent scenario. Numerical differences in the multivariate and independent

linking of bent and puff should be expected negligible.
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2.7.3 Proofs

Proof of theorem 2.2.3. The mean and variance of the linked emulator can be ex-

pressed through the law of iterated expectation and the law of total variance respec-

tively.

For general mean of the GaSP hp�q, the expressions are

Eξ � Ehpu0, fMb pubq, . . . , fMd pudqqβ �
m̧

i�1

ai

b�1¹
j�1

exp

�
�
� |uj � zij|

δj


αj
 d¹
j�b

I ij,

(2.40)

Vξ � σ2p1� ηq � pEξq2�
m̧

k,l�1

palak � σ2tCz�1uk,lq
b�1¹
j�1

e
�

��
|uj�zkj |

δj


αj
�

�
|uj�zlj |

δj


αj
 d¹
j�b

I1k,l
j �

» ��
hpu0, fMb pubq, . . . , fMd pudqqβ�2 � 2

�
hpu0, fMb pubq, . . . , fMd pudqqβ�

m̧

i�1

ai

d¹
j�1

exp

�
�
� |uj � zij|

δj


αj
� d¹
j�b

ppfMj pujqqdfMj pujq.

(2.41)

Proof of lemma 2.2.5. Taylor expansion of gMpu1, . . . , ub�1, f
M
b p�q, . . . , fMd p�qq is

gMpu1, . . . , ub�1, f
M
b pubq, . . . , fMd pudqq � gMpu1, . . . , ub�1, µ

�
fb
pubq, . . . , µ�fdpudqq�

8̧

|K|�1

Dkb,...,kdgMpu1, . . . , ub�1, µ
�
fb
pubq, . . . , µ�fdpudqq

kb! . . . kd!

d¹
j�b

pfMj pujq � µ�fjpujqqkj , (2.42)

where the sum is taken over all combinations of kb, . . . , kd such that kb� . . .�kd � |K|.
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The convergence in L2-norm is established as

E

�����gMpu1, . . . , ub�1, f
M
b pubq, . . . , fMd pudqq�

�
gMpu1, . . . , ub�1, µ

�
fb
pubq, . . . , µ�fdpudqq �

ḑ

j�b

µ�g
1

zj
pµ�fjpujqqσjpujqN0,1

� �����
2

�

E

�����
ḑ

j�b

�
D1
zj
gMpu1, . . . , ub�1, µ

�
fb
pubq, . . . , µ�fdpudqq � µ�g

1

zj
pµ�fjpujqq

	

σjpujq
�
fMj pujq � µ�fjpujq

σjpujq

�
�

8̧

|K|�2

Dkb,...,kdgMpu1, . . . , ub�1, µ
�
fb
pubq, . . . , µ�fdpudqq

kb! . . . kd!

d¹
j�b

σ
kj
j pujq

�
fMj pujq � µ�fjpujq

σjpujq

�kj
�����
2

. (2.43)

Let Vj �
fMj pujq�µ�fj

pujq

σjpujq
� Np0, 1q, then Vb, . . . , Vd are iid. The statement of the lemma

follows.

Proof of theorem 2.2.8. Since σ�2
fj
pujq � 0, fMj pujq has a degenerate distribution with

PrpfMj pujq � µ�fjpujqq � 1.

pppg � pfb, . . . , fdqqMpuq|gMpzq, fM
j pxjq

jPb,...,d
, θfjjPb,...,d

, θg,uq

�
»
ppgMpu0, fMb pubq, . . . , fMd pudqq|gMpzq, fM

j pxjq
jPb,...,d

, θgq

d¹
j�b

δpfMj pujq � µ�fjpujqqdfMb pubq, . . . , dfMd pudq. (2.44)
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2.7.4 Coverage of a linked emulator

Examples in the following section show that empirical frequency coverage of a linked

emulator is a complicated function of not only empirical or nominal coverages of

underlying separate emulators, but also of a form of underlying functions themselves.

In general case, one can not derive a linked emulator coverage based only on coverages

of the underlying emulators.

Intrinsic coverage of an emulator

We calculate empirical frequency coverage of function f from the previous example

vs. the number of test points. The coverage converges to some value, which we define

as “intrinsic empirical coverage”. This coverage corresponds to infinite number of

test points in a test domain of a function. In the example, as shown on Figure 2.11,

this value is greater than the nominal coverage 95% of emulator fM .

Example 1

Two test functions fpxq � cosp2x � 6.5q in the domain x P r�1, 1s and gpxq �
cosp2x � 6.5q (g and f are the same functions) in the domain x P r�1.52, 1.02s are

considered. Based on a few simulator functions data points, type 1 GaSP emulators

are constructed independently for each simulator. See Figure 2.12 for details. In

this and other examples in this section both GaSPs emulators have linear mean and

power-exponential correlation function for covariance structure.

The linked emulator pg � fqM of a composite function g � f , as introduced in Chap-

ter 2, is constructed. The empirical linked emulator, along with its approximation, is

shown on Figure 2.13.

Both emulators fM and gM , as well as linked emulator pg � fqM are tested on 210

test points and have empirical coverages 94.76% (less than the nominal value) and

95.24% (greater than the nominal value). Linked emulator coverage is 86.67%.
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Figure 2.11: Empirical coverage vs. the number of equally-spaced design points on
corresponding intervals of inputs to separate emulators of two functions f and g.
The first point corresponds to the number of design points equal to 100. The number
of points grows with 10 points increment.

Example 2

Two test functions fpxq � cosp2x � 6.5q in the domain x P r�1, 1s and gpxq �
cosp�2x � 6.5q in the domain x P r�1.07, 1.01s are considered. Based on a few

simulator functions data points, which are evaluated sequentially, type 1 GaSP

emulators are constructed. See Figure 2.14 for details.

The linked emulator pg � fqM of a composite function g � f is constructed. The

empirical linked emulator, along with its approximation, is shown on Figure 2.15.

Nevertheless that empirical coverage of underlying separate emulators of f and g

is greater than 95%, the linked emulator coverage is 45.6%.
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Figure 2.15: Left panel: normal approximation to linked emulator of pg � fqM
through its exact mean and variance. Right panel: running forward empirical linked
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3

Emulation of Computer Models with Multivariate
Output

3.1 Introduction

This chapter focuses on discussion of computer models that produce multiple outputs.

For instance, the outputs of a volcanic plume model (that will be discussed later)

include the minimum height and the maximum height of the volcanic eruption column,

and it might seem desirable to jointly model these outputs, as opposed to treating

them independently.

The early proposals on dealing with multiple functions in model-based spatial

statistics and multivariate output of a computer model, within a Gaussian process

statistical framework, are Schmidt and Gelfand (2003); Conti and O’Hagan (2010);

Bhat et al. (2010); Fricker et al. (2013); Paulo et al. (2012). A comprehensive review on

construction of cross-covariance functions for multiple outputs is given in Genton et al.

(2015). Some recent developments on modeling multivariate structure of the output,

including modeling of multivariate output of a simulator, are given in Parussini et al.

(2017); Xing et al. (2016); Pourmohamad et al. (2016); Overstall and Woods (2016);
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Li and Zhou (2016).

In these works and in UQ more generally, one of the most common models for

dealing with multiple output is the linear model of coregionalization (LMC). We focus

on this model in this chapter, although we believe the same conclusions would apply

to other approaches towards dealing with multiple outputs.

The chapter is focused on studying the effect of the LMC model on the emulation

of multiple outputs. The conclusion will be that the LMC model gives almost the

same answers as would use of independent emulators of each output. This has been

observed before; indeed, Gu and Berger (2016) showed this to be true theoretically, if

all emulators used the same correlation parameters, and Kleijnen and Mehdad (2014)

noted that, in all of the examples they had considered, predictions from the LMC

model for multiple outputs were no better than predictions from individual modeling,

even knowing the true parameters of the LMC model. Some initial theoretical results

on this problem concerning equivalent Gaussian measures were also given in Zhang

et al. (2015).

In this chapter, we systematically study why, in general, LMC modeling of

multivariate output does not lead to better predictions. This will be done partly

through theory; for instance, when there is perfect correlation or anticorrelation

between outputs in the LMC model, the results will be shown to be identical to the

results of individual modeling.

Section 3.3 begins the discussion with an example that provides intuition as to

why modeling of multivariate output does not have a systematic advantage over

modeling each output individually.

Section 3.4 introduces the formal definition of correlation between functions and

outputs of a computer model that we will use in our investigations.

Section 3.5 provides an introduction to the LMC model and investigates properties

of the model, including maximum likelihood estimation of the between-outputs
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covariance matrix and predictive distributions. Analytical formulae for the LMC

GaSP emulator are also derived. This section also contains results that lead to

substantial computational simplification in the implementation of the LMC model.

Section 3.6 introduces special cases of the LMC model, namely, an independent

model, having a diagonal covariance, and a separable model with a separable covariance

matrix; the section focuses on predictive properties of these models.

Two simulation studies are presented in Section 3.7. We discuss the value of the

use of multivariate output emulators, for purposes other than emulation, in Section 3.8.

Section 3.9 presents some conclusions. Proofs of theorems and propositions are given

in the Appendix to the Chapter 3.10. Two additional simulation studies of computer

models with multivariate input, are given in Section 3.10.2.

3.2 Notation for (individual) GaSPs

Formal construction of an emulator for a function fp�q, following Rasmussen and

Williams (2006), starts by assuming a Gaussian stochastic process (GaSP) prior on

the function , i.e.

fMp�q � GaSPpµp�q, σ2cp�, �qq, (3.1)

where µp�q is the mean function, σ2 is the unknown variance and cp�, �q is the correlation

function of the GaSP. Typically cp�, �q is assumed to follow some functional form,

depending on the distance between inputs to the functions and also on parameters δ,

the range and smoothness parameters. Herein, we assume the smoothness parameter

is fixed to avoid confounding with the range parameter and variance (Zhang (2004)).

Suppose a computer model produces two outputs, which may be described as

two smooth functions f1p�q and f2p�q. Suppose the simulator data is obtained at

n d-dimensional points x � px1, . . . ,xnq of the input space X � X1 � . . . � Xd,
for the computer model, and denote the bivariate output from the simulator by
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y1 � pf1px1q, . . . , f1pxnqq and y2 � pf2px1q, . . . , f2pxnqq. In other words, at the ith

input xi, the output of the simulator is the two-dimensional vector pf1pxiq, f2pxiqqT .

Commonly, multivariate outputs of a computer model are modelled independently,

by constructing emulators for each output separately. Each output is assigned a

GaSP prior, as in equation (3.1),

fM1 p�q � GaSPpµ1p�q, σ2
1c1p�, �qq, (3.2)

fM2 p�q � GaSPpµ2p�q, σ2
2c2p�, �qq . (3.3)

The resulting independent emulators are the posterior predictive distributions at

a new input x1, conditional on the observed computer model evaluations y1 and

y2 at inputs x. These posterior predictive distributions are independent normal

distributions Npµ�i px1q, σ�2
i px1qq, i � 1, 2, with means and variances given by

µ�i px1q � µipx1q � cipx1,xqCi�1
x pyi � µipxqq, (3.4)

σ�2
i px1q � σ2

i pCix1 � cipx1,xqCi�1
x cipx,x1qq. (3.5)

We want to compare such emulators to an emulator of a joint py1,y2qT | x in

terms of their predictive distributions. This will be done in the following motivating

example, and then later with the more general LMC model.

3.3 Motivating example

As a motivating example of the (lack of) effect of correlation on emulation, suppose

f2p�q � λf1p�q � ξ, where λ and ξ are unknown constants. Figure 3.1 gives one such

example, although the discussion here will be general. We thus have a situation of two

perfectly correlated functions, for which one might expect to achieve the most value

from multivariate modeling. The following proposition is the first step in establishing

that this is not so.

Proposition 3.3.1. Suppose the simulator outputs, y1 and y2, are observed at the

same input points x, and that y2 � λy1 � ξ. Denote the GaSPs that would result
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Figure 3.1: Two outputs Y1 and Y2 of a computer model. The circles correspond to
the design input-output points that are used to construct the emulator.

from emulating each output independently as Y1 � GaSPpµ1p�q, σ2
1c1p�, �qq and Y2 �

GaSPpµ2p�q, σ2
2c2p�, �qq, and assume that c1p�, �q and c2p�, �q have the same functional

form, but with possibly different parameters δ1 and δ2. Also assume that each Gaussian

process mean is linear with the same vector of regression covariates hp�qT, with

h0p�q � 1 defining an intercept, i.e., µip�q � hp�qβpiq. Then the MLE estimates of the

model parameters have the following properties.

1. The MLE estimates of the correlation parameters are the same, i.e. δ̂1 � δ̂2.

2. The MLE estimates of the variances satisfy σ̂2 � λσ̂1.
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3. The MLE estimates of the regression parameters satisfy
ˆ
β
p2q
0 � λ

ˆ
β
p1q
0 � ξ and

ˆ
β
p2q
j � λ

ˆ
β
p1q
j for the other regression coefficients.

The proposition also holds true for the maximum a posteriori (MAP) estimates

of the range parameters, arising from the robust GaSP methodology discussed in Gu

(2016); Gu et al. (2016).

To see the impact of this proposition, let the predictive distribution of the first

output at a new point x1 be denoted as

fM1 px1q � Npµ�1px1q, σ�1 px1qq, (3.6)

and the predictive distribution of the second output as

fM2 px1q � Npµ�2px1q, σ�2 px1qq. (3.7)

Corollary 3.3.2. At a new point x1, the predictive means and variances of the two

independent emulators fM1 p�q and fM2 p�q (with MLE estimates of parameters) are

related as

µ�2px1q � ξ � λµ�1px1q, (3.8)

σ�2
2 px1q � λ2σ�2

1 px1q. (3.9)

Now consider the example from the viewpoint of joint modeling. The joint

predictive distribution of the two functions can be specified conditionally, i.e.,

ppfM2 px1q, fM1 px1q | x1q � ppfM2 px1q | fM1 px1q,x1qppfM1 px1q | x1q. (3.10)

Now, intuitively, we could not do better with this joint modeling than we could

if were were given ppfM2 px1q | fM1 px1q,x1q exactly. Thus suppose we were told that

ppfM2 px1q | fM1 px1q,x1q is a degenerate distribution concentrated on the distribution

of λfM1 px1q � ξ, with given values of λ and ξ. But, from Proposition 3.3.1 and
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Corollary 3.3.2, this means that the emulator of fM2 p�q is exactly the same as it was

when independent emulators were applied.

Note that this joint emulator does say something in addition to the independent

emulators, in that it specifies that any realization of fM2 px1q will correspond to the

realization from fM1 px1q, in that it will exactly equal λfM1 px1q � ξ; in the case of

independently developed emulators, we do not know this joint relationship. But,

typically, it is just the marginal emulators that are needed in applications, and this

extreme example shows that one then gains nothing, even when exactly knowing the

conditional distribution ppfM2 px1q | fM1 px1q,x1q.
The key to this example was that, since the two functions are perfectly correlated,

the estimated correlation parameters in their individual GaSPs will be the same, and

then marginal GaSPs are the same as individual GaSPs. But, at the other extreme, if

the two functions are not correlated at all (see the next section for a formal definition),

than we can expect no gain (and likely harm) from multivariate modeling. If the two

extremes of correlation suggest no gain for multivariate modeling, then it should not

be surprising that there is never a significant gain.

3.4 Correlation between functions

In this section, the definition that we will use, of correlation between multiple

outputs of a computer model, is given. Corresponding notions of correlation between

variables and sample correlation are also introduced. Finally, several properties of

the correlation between outputs are discussed.

Definition 3.4.1. The correlation ρ, between two variables Y1 and Y2, is defined as

ρ � ErpY1 � EY1qpY2 � EY2qsa
EpY1 � EY1q2EpY2 � EY2q2

. (3.11)
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Definition 3.4.2. The correlation ρf1f2, between two smooth functions f1pxq and

f2pxq on some input space X , is defined as

ρf1f2 �
³
X rpf1pxq �

³
X f1pzqdzqpf2pxq �

³
X f2pzqdzqsdxb³

X pf1pxq �
³
X f1pzqdzq2dx

³
X pf2pxq �

³
X f2pzqdzq2dx

. (3.12)

Proposition 3.4.3. Perfect correlation, ρ � 1, or perfect anti-correlation, ρ � �1,

occurs if and only if f1pxq and f2pxq (or Y1 and Y2), as defined in above definitions,

are linearly dependent, i.e., f2pxq � ξ � λf1pxq (or Y2 � ξ � λY1).

Note that the functions f1pxq and f2pxq in the example in section 3.3 do have

correlation ρf1f2 � 1, according to this definition.

Since we can only compute f1pxq and f2pxq at a modest number of inputs, we will

need to be concerned with sample correlations. Suppose, as before, that we have m

values of each vector output py1,y2q from two functions f1 and f2 at some inputs x.

Then the sample correlation is defined as

Definition 3.4.4.

ρsmpl �
°m
i�1py1i � y1qpy2i � y2qa°m

i�1py1i � y1q2
°m
i�1py2i � y2q2

. (3.13)

In simulation studies, the underlying true functions are known, and the actual

correlation, defined in equation (3.12), may be obtained via Monte-Carlo integration;

indeed, as the number of randomly sampled points grows, ρsmpl Ñ ρf1f2 .

3.5 Linear model of coregionalization

Let Wi � GaSPp0, cip�, �qq, i � 1, . . . , p, be p independent Gaussian processes with

unit variances. Let A be a p � p matrix. In the LMC model, the p outputs of a

computer model, Y � pY1, . . . , Ypq, are modeled as

Y � ηp�q � AW, (3.14)
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where W � pW1, . . . ,Wpq and ηp�q � pη1p�q, . . . , ηpp�qq is a vector of p mean functions.

In this model, Σ � AAT is interpreted as the output covariance matrix (as opposed

to the covariance matrices arising from varying the inputs). The LMC model can be

viewed as a factor model.

Suppose we have evaluated the computer model at n, possibly multivariate, input

points x � px1, . . . ,xnq and obtained the p-dimensional corresponding output points

pyp1q, . . . ,ypnqq, where ypjq � pypjq1 , . . . , y
pjq
p q. According to the LMC model, the joint

distribution of the observed outputs is then�
����

yp1q

yp2q

...
ypnq

�
���
� N

�
����
�
����
µp1q

µp2q

...
µpnq

�
���
, Σ̃ �

�
����

AAT AD12A
T � � � AD1nA

T

AD12A
T AAT � � � AD2nA

T

...
...

. . .
...

AD1nA
T AD2nA

T � � � AAT

�
���

�
���
, (3.15)

where Dij � diagpc1pxi, xjq, c2pxi, xjq, � � � , cppxi, xjqq. Due to the symmetry of corre-

lation functions, Dij � Dji. The mean function vectors are µpjq � pη1pxjq, . . . , ηppxjqq,
with ηip�q being the mean function corresponding to the ith output variable,

i � 1, . . . , p.

The likelihood of the LMC model can be written

yp1:nq � Npµp1:nq, Σ̃ �
p̧

j�1

Cj b Tjq , (3.16)

where µp1:nq � pµp1q, . . . ,µpnqq, b denotes the Kronecker product, Tj � A�jA
T
�j with

A�j being the jth column of matrix A, and Cj is the jth correlation matrix whose

pk, lqth element is given by a correlation function cjpxk,xlq evaluated at inputs xk

and xl.

Alternatively, if one rearranges the vector yp1:nq so that yr � py1, . . . ,ypq, with

yj � pyp1qj , y
p2q
j , . . . , y

pnq
j q for any j � 1, . . . , p, then the LMC likelihood can be written

yr � Npµr, Σ̃r �
p̧

j�1

Tj b Cjq, (3.17)
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where µr � pµ1, . . . ,µpq and µi � pηipx1q, . . . , ηipxnqq, @ i � 1, . . . , p.

3.5.1 Crucial computational lemmas

In the following, we will be utilizing the following two crucial computational lemmas,

which are new (to our knowledge). The results are useful for the derivation of some

results on properties of the LMC model, including the explicit formulae for LMC

GaSP emulator. These lemmas are also of considerable potential interest for many

other spatial predictive problems.

The first lemma presents computational simplification for the following determi-

nant.

Lemma 3.5.1.

det Σ̃ � det

�
p̧

j�1

Cj b Tj

�
� pdet Σqn

p¹
j�1

detCj. (3.18)

Corollary 3.5.2.

det

�
p̧

j�1

Cj b Tj

�
� det

�
p̧

j�1

Tj b Cj

�
. (3.19)

An explicit expression for the inverse of the covariance matrix Σ is given in

lemma 3.5.3; this result is of independent interest, for computations requiring inversion

of Σ when using LMC (and other) models.

Lemma 3.5.3.

Σ̃�1 �
p̧

j�1

C�1
j b Sj (3.20)

Equivalently,
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Σ̃�1 �

�
����
A�T D̃11A

�1 A�T D̃12A
�1 � � � A�T D̃1nA

�1

A�T D̃12A
�1 A�T D̃22A

�1 � � � A�T D̃2nA
�1

...
...

. . .
...

A�T D̃1nA
�1 A�T D̃2nA

�1 � � � A�T D̃nnA
�1

�
���
, (3.21)

where D̃ij � diagpC�1
1 ij, C

�1
2 ij, � � � , C�1

p ij
q is the diagonal matrix of pi, jq ele-

ments of inverses of each of the correlation matrices Ck, k � 1, . . . , p and Sj ��
A�T

�j

� �
A�T

�j

�T
.

The following useful results presented in the following lemma 3.5.4, and standard

results for Kronecker products, have been utilized for derivation of the previous

lemma 3.5.3 and for derivation of the LMC GaSP emulator.

Lemma 3.5.4. Defining Sj �
�
A�T

�j

� �
A�T

�j

�T
, where

�
A�T

�j

�
is the jth column of

A�T , the following statements are true.

1.
°p
j�1 Tj � Σ,

2. Tj � T Tj ,

3. TjSi � 0 @ i � j,

4.
°p
j�1 TjSj � I,

5. TjSjTj � Tj.

Explicit expressions for the LMC GaSP emulator are given in the next Section 3.5.2.

3.5.2 Joint and conditional distributions

We have presentred results that will be useful for the derivation and for computation

of the LMC GaSP emulator in Section 3.5.1. Using explicit expression for the inverse

of the covariance matrix Σ, given in lemma 3.5.3, we provide analytical expressions for
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the joint and conditional distributions of the LMC model, in lemma 3.5.5 and its corol-

lary 3.5.6, respectively. Finally, the expressions for the LMC GaSP emulator (3.25)

conclude the section.

Lemma 3.5.5. Writing yp1:nq � �yp1:mq,yppm�1q:nq
�
, where yp1:mq � pyp1q, . . . ,ypmqq

and yppm�1q:nq � pypm�1q, . . . ,ypnqq, the joint LMC distribution is�
yp1:mq

yppm�1q:nq



� N

��
µp1:mq

µppm�1q:nq



,

�°p
j�1Rj11 b Tj

°p
j�1Rj12 b Tj°p

j�1Rj
T
12 b Tj

°p
j�1Rj22 b Tj




, (3.22)

where Rj12 is the cross-correlation between outputs at inputs x1:m and xpm�1q:n, Rj11

is the correlation matrix of inputs x1:m, and Rj22 is the correlation matrix between

outputs at inputs xpm�1q:n. The pk, lqth element in each of these matrices is given by

the correlation function cjpxk,xlq.

Lemma 3.5.4, lemma 3.5.5 and standard results for Kronecker products lead to

the following corollary.

Corollary 3.5.6. The conditional distribution of yppm�1q:nq|yp1:mq � Npµ̄, R̄q, with

µ̄ � µppm�1q:nq �
�

p̧

j�1

Rj
T
12

�
Rj11

��1 b TjSj

��
yp1:mq � µp1:mq

�
, (3.23)

R̄ �
p̧

j�1

�
Rj22 �Rj

T
12

�
Rj11

��1
Rj12

	
b Tj. (3.24)

Corollary 3.5.7. The LMC GaSP emulator, conditional on the computer model

evaluations yp1:nq and at any new point x1, is given by y1M � py1M1 , . . . , y1Mp q �
yMpx1q � Npµ1, R1q, where

µ1 � ηpx1q �
�

p̧

j�1

Rj
T
x,x1

�
Rjx,x

	�1

b TjSj

��
yp1:nq � µp1:nq

�
, (3.25)

R1 �
p̧

j�1

�
1�Rj

T
x,x1

�
Rjx,x

	�1

Rjx,x1



b Tj, (3.26)
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with Rjx,x1 being the cross-correlation between a new input x1 and the vector of inputs

x1:n and Rjx,x being the correlation matrix of inputs x1:n.

3.5.3 Correlation in the LMC model

The following propositions show that the correlation between outputs of the LMC

model can behave in a nonintuitive fashion. In particular, zero-correlation between

outputs of a computer model does not imply independence between the outputs, as

one might wish or expect.

Proposition 3.5.8. Following 3.4.1, the correlation between the kth and lth outputs,

Yk and Yl, of the p-variate output of a computer model, at each input point of the

LMC model, is given by

ρkl �
°p
i�1 akialiap°p

i�1 a
2
kiqp
°p
i�1 a

2
liq
. (3.27)

Corollary 3.5.9. 1. If ρkl � �1, then detA � 0, since the kth and lth rows of

the matrix A are then linearly dependent.

2. If the kth and lth rows of the matrix A are linearly dependent, i.e. aki{ali � η @i,
then ρkl � �1.

3. For bivariate output, ρ � �1 if and only if detA � 0.

Corollary 3.5.10. If aki � alj � 0 @k � i, l � j, then ρkl � 0. The converse, for

general LMC model, is not true.

Intuitively, we would like zero-correlation to imply independence of the two

processes for each function, but this is not the case, as shown in the above corollary.

As exceptions, there are two special cases of the LMC model for which zero-

correlation between outputs implies independence of the outputs. These special cases

are given in the following corollary.
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Corollary 3.5.11. 1. In the case of bivariate output, if ρ12 � 0, then a11a21 �
a12a22 � 0. Thus, if ρ12 � 0 and A is symmetric, then a12 � a21 � 0 so that

the processes are independent.

2. In the case of separable model, which is introduced later in section 3.6, if ρkl � 0,

then kth and lth outputs are independent.

3.5.4 Estimation of covariance matrix

In this work we would like to avoid specification of the priors on the parameters

to eliminate their possible influence on the estimates of the parameters and further

behaviour of predictive distribution which constitute the emulator.

Thus, the following theorem shows that A is not estimable from the data only, in a

sense that one can not find MLE estimate of A independently from other parameters

in the LMC model, typically and in our case these would be parameters in correlation

functions. This theorem finds the MLE estimate of matrix A conditional on given

processes W s (i.e. fixed correlation functions with the parameters of the functions).

Theorem 3.5.12. If LMC model has Â, a MLE of A which is in no special a priori

form, while correlation functions cjp�, �q of processes Wjs are fixed @ j � 1, . . . , p, then

Â must satisfy the following system of equations

1

2n

¸
ij

Â�T D̃ijÂ
�1pypjqypiqT � ypiqypjqT q � Ip�p. (3.28)

Corollary 3.5.13.

1. If Â is the MLE of the LMC model parameter A, then a matrix which is obtained

from Â by multiplying any columns of Â by �1 is also a solution to the system

and is also a MLE estimate of A.

2. There are 2p MLE estimates of A.
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As have been noted in Simpson et al. (2015), large number of parameters in the

model results in flat likelihood surface, making estimation of parameters in the model,

a challenging problem.

Corollary 3.5.14. If ρ � �1, i.e. detA � 0, then the likelihood of the LMC model

does not exist, so MLEs cannot be defined.

Corollary 3.5.15. If the observed vectors are proportional to each other, i.e. y2 �
λy1, λ � 0, then the likelihood of the LMC model does not exist, so MLEs cannot be

defined.

Previous estimates of A and Σ

Most previous papers working with the LMC model have focused on identifying the

matrix Σ, assuming that the covariance matrix of outputs is the key quantity. This

makes sense, say, from the viewpoint of elicitation, since the output covariance is all

that one could reasonably assess.

Interestingly, however, the LMC model depends on A itself explicitly, and not

just on Σ � AAT . The decomposition Σ � AAT is not unique, so that for the same

covariance matrix Σ, depending on the chosen decomposition, different results may

be obtained.

The value of the likelihood depends not only on Σ, but on the value of A itself, so

that for the same covariance matrix Σ, but two different decompositions, determined

by different matrices As, LMC model provides different values of the likelihood.

Therefore, depending on the chosen decomposition, different LMC GaSP emulators

may be obtained.

The representation (3.14) suggests that there should be no any restriction on

entries of A (except that ai1, ai2, . . . , aip are not zeros at the same time for each ith

row (i � 1, . . . , p) of matrix A).
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Historically, Schmidt and Gelfand (2003) overlooked the importance of A and

uses lower triangular matrix A of Cholesky decomposition. Later Fricker et al. (2013)

recognizes that inference with such a specification depends on the order of data

vectors yp1:nq in which one writes the LMC likelihood.

With the lower triangular matrix A one necessarily models the first component

of the vector Y1 as one Gaussian process, the second one — as the sum of two

Gaussian processes and so on. Clearly the procedure then depends on the order of

data vectors yp1:nq and various estimates of A and Σ (and including predictive LMC

GaSP emulator) may be obtained depending just on the order of data.

The formal propositions on comparison of the inference from the LMC model

made with Cholesky decomposition in completely arbitrary setting of parameters of

the LMC model (matrix A and parameters in correlation functions of the processes

Wi, i � 1, . . . , p) is not tractable.

In order to provide more tangible demonstration of the consequences of the

procedure we turn to the more simplified framework, when processes W s are considered

to be given (i.e. the parameters in their correlation functions are assumed to be

fixed).

For simplicity of exposition, we confine ourselves here to the p � 2 case, and assume

that A is the lower triangular matrix

�
a11 0
a21 a22



. We assume that correlation

functions of the processes Wi, i � 1, 2 with their parameters are given.

Proposition 3.5.16.

1. (a) The joint process for Y1 and Y2 is�
Y1

Y2



� A

�
W1

W2



�
�

a11W1

a21W1 � a22W2



. (3.29)

(b) The MLE estimate of Σ and the correlation ρ between the two functions f1
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and f2 are given by

Σ̂ �
�

α
n

αδ
nβ

αδ
nβ

�
pα�βqδ2

nβ2 � ω
n

�� , (3.30)

ρ̂ � δ

c
α

pα � βqδ2 � ωβ2
, (3.31)

where α � y1
TC�1

1 y1, β � y1
TC�1

2 y1, δ � y2
TC�1

2 y1, and ω � y2
TC�1

2 y2.

2. (a) If the order of W1 and W2 is reversed and the order of Y1 and Y2 is reversed,

then �
Y2

Y1



� A

�
W2

W1



�
�

a11W2

a21W2 � a22W1



(3.32)

(b) The MLE estimate of Σ and the correlation ρ between functions f1 and f2

are given by

Σ̂ �
�

ω
n

ωγ
nκ

ωγ
nκ

�
pω�κqγ2

nκ2
� α

n

��
, (3.33)

ρ̂ � γ

c
ω

pω � κqγ2 � ακ2
, (3.34)

where γ � y2
TC�1

1 y1 and κ � y2
TC�1

1 y2.

Proposition 3.5.16 shows that the order in which the variables are listed (or,

equivalently, the choice of Cholesky decomposition of Σ) leads to MLE estimates of

the covariance matrix and correlations between functions that differ. There are two

other possible order-based LMC models, and the following proposition states (without

given the resulting covariance estimates) that the also lead to different models.

Proposition 3.5.17. 1. If the order of Y1 and Y2 is reversed, but not that of W1

and W2, then the joint process for Y1 and Y2 is�
Y2

Y1



� A

�
W1

W2



�
�

a11W1

a21W1 � a22W2



, (3.35)
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which is different from the other order-based joint processes, providing a21 � a22.

2. If the order of the processes W1 and W2 is reversed, but not that of Y1 and Y2,

then the joint process for Y1 and Y2 is the fourth different process (providing

a21 � a22) �
Y1

Y2



� A

�
W2

W1



�
�

a11W2

a21W2 � a22W1



. (3.36)

The four cases described in propositions 3.5.16 and 3.5.17 all provide different

likelihood for simulation output Y, depending not only on the simulator data yp1:nq,

but on the order of data written out in the likelihood and the order of independent

processes Wis, i � 1, 2. Thus, in each of the cases, the MLE estimate of A is different

from any other case.

Fricker et al. (2013) suggests instead of Cholesky decomposition to use spectral

decomposition of Σ � PΛP T to avoid the dependence on the order. The authors

recommend to look at only symmetric A � PΛ1{2P T . We formaly present this

argument in propositions 3.5.18 and 3.5.21.

Proposition 3.5.18. Let A be symmetric and independent processes W1,W2, . . . ,Wp

be not fixed (with parameters of the processes not fixed). Then any permutation of

Y1, Y2, . . . , Yp leads to the LMC likelihood with the form of matrix A preserved to be

symmetric.

However, we show in proposition 3.5.20 that the symmetric representation A may

also have undesirable properties of the dependence of inference (and predictions) from

the LMC model which, when such a decomposition is chosen, depend not only on

parameters of the model, but on the order of data yp1:nq as well.

Namely, in order to safely use symmetric matrix A and avoid dependence on the

order of data, one has to have processes W s exchangeable, i.e. not following any

prespecified order in any sense and not to be fixed.
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Interestingly, Paulo et al. (2012) says, citing working paper at that time of Fricker

et al. (2013), that A � PΛ1{2 solves problem of reordering in functions, while it does

not.

Symmetric matrix A has been chosen originally for simplification of computations.

However, Fricker et al. (2013) report that even with their examples with p � 3 and

p � 6 outputs, identifying parameters of their LMC model was challenging. They

highlight that the numerical procedure used for obtaining the parameter estimates,

had no guarantee of achieving the global maximum of the chosen LMC likelihood.

Detailed implementation of their algorithm is not discussed in that paper, so we can

not discuss it further.

We would like however to highlight a few implementation strategies, which while

using symmetric matrix A, destroy its nice property of avoiding dependence on the

order of Y.

Consider example of larger number of outputs p. As example, p � 30 outputs.

Symmetric matrix A then has 465 parameters to estimate and additionally parameters

in correlation functions of processes W s. Unavoidably one would like to reduce that

large number of parameters, by bringing further assumptions on processes W s. One

may attempt to proceed by fixing the processes W s as well as having matrix A

symmetric. However, the following proposition 3.5.20 shows that as soon as the

processes are fixed, the order in which vector of data Y is written out influences the

answer — the likelihood, and then the emulator based on the LMC model.

For example, assuming some ordering on processes W1,W2, . . . ,Wp, for example,

δ1   δ2   . . .   δp (without necessarily fixing the processes) and assuming symmetric

A leads to the LMC likelihood to depend on the order of data associated with

processes Y1, Y2, . . . Yp. This can be easily seen in the following proposition.

Proposition 3.5.19. Let processes W1 and W2 follow some order, for example, let
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range parameters of the processes be δ1   δ2 and let A be symmetric 2� 2 matrix in

LMC model with bivariate output Y1 and Y2 written out in this order.�
Y1

Y2



�
�
a11 a12

a12 a22


�
W1

W2



�
�
a11W1 � a12W2

a12W1 � a22W2



. (3.37)

Then changing the order of processes Y1 and Y2 in this setting changes the LMC

likelihood of the data.�
Y2

Y1



�
�
a11 a12

a12 a22


�
W1

W2



�
�
a11W1 � a12W2

a12W1 � a22W2



. (3.38)

Alternatively, one can write�
Y1

Y2



�
�
a12 a22

a11 a12


�
W1

W2



�
�
a12W1 � a22W2

a11W1 � a12W2



. (3.39)

The symmetry of matrix A is not preserved.

Important to note that, although we discuss properties of the LMC model with

symmetric matrix A, there is no any motivation to restricting A to a certain form

other than for “computational benefits”, which have been demonstrated to be more

of spurious benefits rather than the true benefits.

Next, we demonstrate another ad hoc implementation procedure which may seem

advantageous, while using symmetric matrix A, but a nice property of symmetry of

matrix A is also no longer valid.

Proposition 3.5.20. Let processes W1, W2 and W3 be fixed, and let A be a symmetric

3� 3 matrix in LMC model with tri-variate output.�
�Y1

Y2

Y3

�

� A

�
�W1

W2

W3

�

�

�
�a11 a12 a13

a12 a22 a23

a13 a23 a33

�


�
�W1

W2

W3

�

. (3.40)

Changing the order of independent processes Wj, j � 1, . . . , 3 to, for example, a

permutation tW3,W1,W2u leads to change in the corresponding matrix Ar in order
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to provide the same likelihood. Ar has to be nonsymmetric. Explicitly,�
�Y1

Y2

Y3

�

� Ar

�
�W3

W1

W2

�

�

�
�a12 a13 a11

a22 a23 a12

a23 a33 a13

�


�
�W3

W1

W2

�

. (3.41)

Proposition 3.5.20 shows that two different permutations, orders of independent

processes Wj, j � 1, . . . , p, and assumption of a symmetry in A, leads to different,

not equivalent, likelihood functions for simulator output. If the order of independent

processes changes and A is chosen in some prespecified form, in order to obtain the

same likelihood function, the form of matrix A should be changed accordingly, and

the initially chosen form of matrix A is violated.

One more related proposition is an exception to that rule given in proposi-

tion 3.5.21.

Proposition 3.5.21. Let independent processes W1,W2, . . . ,Wp associated with com-

puter model processes Y1, Y2, . . . , Yp be fixed, and A - symmetric. Any permutation of

Y1, Y2, . . . , Yp together with the same permutation of processes W1,W2, . . . ,Wp leads

to the LMC likelihood with the form of matrix A preserved to be symmetric.

However, if processes W1, . . . ,Wp are associated with specific outputs of a computer

model, then it is not clear what would motivate modeling them as linear combinations

of these independent processes. The idea of the LMC model is to model each vector of

data from a corresponding function out of p available outputs as a linear combination

of p underlying unknown processes, thus the processes W1,W2, . . . ,Wp should not be

associated with any specific function.

Corollary 3.5.22. Likelihood of LMC model does not change, if matrix A has no any

assumptions or restrictions on its entries for any permutation of processes Y1, Y2, . . . ,

Yp corresponding to p outputs of a model and any permutation of processes W1,

W2, . . . ,Wp and any order of processes W1,W2, . . . ,Wp.
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The order of functions and corresponding processes Yj , j � 1, . . . , p does not matter

as long as independent processes Wj, j � 1, . . . , p are not fixed (the parameters of

the processes are not fixed) and the processes do not follow any predefined order and

matrix A is in no any special form or symmetric; or simply matrix A is in no any

special form. The order of functions matters as soon as we order or fix processes

Wj, j � 1, . . . , p and prespecify A in some form.

Note that specification of A in symmetric form (or any other form), rather than

keeping it in unrestricted form, is not supported by a compelling argument, since

likelihood of the LMC model clearly changes with any specification of matrix A.

Arguments about computational simplifications achieved with such specifications are

not supported by examples which demonstrate computational challenges with the fit

of the LMC model with such specifications.

Thus we should not associate processes W1,W2, . . . ,Wp with specific order of

p original functions, and A should not have any restrictions on its entries. The

property of matrix A to be in no any restricted form is that any prior ordering of

processes W s is allowed and even fixed processes W s are allowed as well. In any of

such cases, likelihood of the model does not depend on the order of the data yp1:nq

associated with processes Y. Fixing either the order of processes Wi, i � 1, . . . , ps or

the processes themselves may be often desirable from the implementation point of

view. Simultaneous estimation of large number of parameters of the LMC model may

virtually be impossible to perform otherwise.

3.6 Special cases of the LMC model

In this section, we investigate important special cases of the LMC model, to which

the general LMC model can be compared. We are particularly interested in properties

of the predictive distributions in these special cases.
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3.6.1 Independent model

Suppose that, in the LMC model (3.14), A is chosen to be diagonal, with diagonal

elements ajj � 0. Then the jth output of the model is independent from any other

output,

Yj � GaSPpηjp�q, a2
jjcjp�, �qq , (3.42)

and Σ is the diagonal matrix with diagonal elements Σjj � a2
jj.

Lemma 3.6.1. If the correlation functions cjp�, �q are completely specified, the MLE

for Σ is diagonal with diagonal elements

Σ̂jj �
yj
TC�1

j yj

n
. (3.43)

3.6.2 Separable model

A separable LMC model results if the correlation functions corresponding to each

output variable are assumed to be the same, that is cjp�, �q � cip�, �q � cp�, �q for any

i, j � 1, . . . , p. Then the joint distribution of the p output variables, obtained from

evaluation of the computer model at n input points x, is

yp1:nq � Npµp1:nq, Σ̃ � R b Σq , (3.44)

where R is the common correlation matrix arising from the correlation function cp�, �q
and inputs x. Σ represents the covariances between the p outputs at any input. It is

interesting that the likelihood of the separable model depends only on Σ, and not on

the matrix A defining the LMC model.

Lemma 3.6.2. In the separable case of a common correlation function, the MLE for

Σ is the matrix whose pk, lqth element is

Σ̂kl � yk
TC�1yl

n
. (3.45)
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If, further, the correlation function is fully specified, diagpΣ̂q coincides exactly with

that arising from the independent model in lemma 3.6.1.

The joint distribution of yp1:nq � pyp1:mq,yppm�1q:nqqT is�
yp1:mq

yppm�1q:nq



� N

��
µp1:mq

µppm�1q:nq



,

�
R11 b Σ R12 b Σ
RT

12 b Σ R22 b Σ




, (3.46)

where R12 is the cross-covariance between yp1:mq and yppm�1q:nq, R11 is the covariance

of yp1:mq, and R22 is the covariance of yppm�1q:nq.

Using corollary 3.5.6, the conditional distribution of yppm�1q:nq|yp1:mq � Npµ̄, R̄q,
with µ̄ and R̄ given in the following lemma.

Lemma 3.6.3. The conditional distribution yppm�1q:nq|yp1:mq has mean and covariance

matrix

µ̄ � µppm�1q:nq � �RT
12 pR11q�1 b I

� �
yp1:mq � µp1:mq

�
, (3.47)

R̄ � �R22 �RT
12 pR11q�1R12

�b Σ . (3.48)

The following corollary gives important properties of the predictive separable

LMC GaSP emulator.

Corollary 3.6.4.

1. From lemma 3.6.3, it follows that the predictive mean, Eyppm�1q:nq|yp1:mq, of

the separable model does not depend on the matrix Σ.

2. The predictive variance, Vyppm�1q:nq|yp1:mq, does depend on the covariance

matrix Σ.

Thus the marginal means (corollary 3.6.4) of the separable LMC GaSP emulator

coincide exactly with those given by the individual LMC GaSP emulators for all p

outputs of the LMC model.
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In the next section we show that the marginal variances (theorem 3.6.5) also

coincide exactly with those given by the individual LMC GaSP emulators if the MLE

estimate of Σ is used.

3.6.3 Comparison of the predictive distributions of the general LMC and its special
cases

The following theorems provide the basis for the desired comparisons.

Theorem 3.6.5. If the correlation function cp�, �q is completely specified, then the

separable model marginal predictive variances diagpVyppm�1q:nq|yp1:mqq with MLE

estimate of Σ plugged in equal to the MLE estimates of corresponding variances which

could be obtained from independent modeling of p outputs.

Theorem 3.6.6. LMC model with zero-mean for data y1 and y2 � λy1 reduces to

the separable model with degenerate matrix Σ. Necessarily, marginal emulator Y1 �
GaSPp0, σ2cp�, �qq for some correlation function cp�, �q and some variance parameter

σ2 and marginally, Y2 � λY1 � GaSPp0, λ2σ2cp�, �qq.

If one models functions which are assumed to be highly correlated (or anti-

correlated), then one would rationally model such outputs using the same kernel

functions for covariance structure. Moreover, since the set of input points for two

outputs is exactly the same, the estimates of range parameters of corresponding

GaSPs should result in similar values. Thus, the theorem 3.6.6 explicitly says that in

the limit of estimates of range parameters being equal to each other, no matter what

A is, the predictive distributions, which define an emulator with MLE estimates of

Σ, stay exactly the same. Therefore the closer kernel correlation functions are, the

closer the IND and LMC emulators are to each other.

We have shown in theorem 3.6.5 that predictions from separable model and

independent model are the same. We also have shown in theorem 3.6.6 that outputs

become more and more correlated, LMC model goes to the separable model.
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Next theorem shows that, if A is chosen to be symmetric, then the total marginal

variance of the LMC GaSP emulator is fixed.

Theorem 3.6.7. If A is symmetric and if we keep marginal variances of the p

processes the same (as done, for example, in Paulo et al. (2012)), i.e. we fix°p
j�1A

2
ij � σ2

i for each i � 1, . . . , p, then the sum of predictive variances at any

new input x1 stays constant and does not depend on matrix A other than through

tσ2
i ui�1,...,p, i.e.

°
diagpVyMpx1q|yp1:nqq � const.

This means that the amount of variance one of the p components decreases by is

exactly the amount of variance by which all other components increase.

Lemma 3.6.8.

1. If A is a lower triangular matrix of the Cholesky decomposition of Σ, then the

first output mean and variance EyMpx1q1 and VyMpx1q1 stay the same as in the

independent scenario.

2. If A is an upper triangular matrix of the Cholesky decomposition of Σ, then the

pth output mean and variance EyMpx1qp and VyMpx1qp stay the same as in the

independent scenario.

Even if someone told us that improvement is possible by considering one func-

tion first, and then the second, conditionally on the first one (as with Cholesky

decomposition of A), usually one would not know which function to take first.

In other general cases we have found that LMC model for general functions will

lead to different predictive distribution, than IND model. However, we have not

found that these distributions, from theoretical perspective should be closer to true

functions. They may result in either improved or deteriorated estimates. This is

illustrated with several numerical studies given in the next section 3.7 and in the

Appendix section 3.10.2.
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Of course, LMC model always has the “advantage” of flexibility over the IND

model, because it has more parameters. IND model has p sets of parameters in

correlation functions (of dimensionality of an input) and p parameters in matrix

A. LMC model has p sets of parameters in correlation functions as well, but p2

parameters from matrix A. Separable model has one set of correlation parameters

and ppp� 1q{2 parameters in covariance matrix Σ.

However, we will show with simulation examples that no systematic improvement

by utilising LMC model is given.

3.7 Numerical studies

We present several numerical studies comparing the LMC and IND models, using

MLE estimates of all the parameters in both models. This is meant to be a more

comprehensive study than the already excellent examples that were considered

in Kleijnen and Mehdad (2014), in part because their examples constrained A to

be symmetric, introduced regularization terms when estimating parameters of the

model, and excluded from consideration examples with correlation 0 and negative

correlations.

We consider 343 examples, with a range of correlation between ρ � �1 and ρ � 1.

The examples have one to three dimensional input spaces and a two-dimensional

output space. The results with a one-dimensional input are presented in this section,

with the higher dimensional results relegated to Appendix section 3.10.2, since the

conclusions are the same.

The earlier theoretical results gave many situations where LMD modeling produced

the same results as independent modeling. LMC modeling can be expected to be

inferior with completely uncorrelated functions (the extra parameters of A that must

be estimated will degrade the emulator predictions) while, with completely correlated

functions, the results (at least the emulator means) were the same. So, here, we
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numerically investigate the in-between situations.

For these illustrations, we will use zero-mean GaSPs, with correlations

cpxk,xlq �
d¹
j�1

cpxkj, xljq, cpxkj, xljq � exp�
� |xkj � xlj|

δj


αj
,

having smoothness parameters αj � 1.9 @j � 1, . . . , d, for numerical stability. The

range parameters tδjuj�1,...,d are considered though their transformed versions δ̃j �
�αj log δj for all j � 1, . . . , d.

3.7.1 Predictive checks and scoring rules for comparison of emulators

We compare the LMC and IND emulators in terms of their performance in predicting

two functions f1 and f2. Standard practice is to compare models based on their

root-mean-squared predictive error (RMSPE). While this is a useful comparison, it

does not reflect the fact that emulators produce entire predictive distributions. We

thus turn to scoring rules for the comparison, as these allow comparison of the full

distributions. Scoring rules compare the true value of a function evaluated at an input

x, i.e. y � fpxq, to the predictive distribution given by the constructed emulator.

We consider four proper scoring rules: logarithmic score, quadratic score, spherical

score, and continuous ranked probability score, all oriented so that minimal score are

optimal. For a review of scoring rules, see Gneiting and Raftery (2007).

In our examples, all predictive densities, p, are normal, say Npµ, σ2q. The corre-

sponding four predictive scores, which evaluate p by comparison to the true value
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y � fpxq, are

logSpp, yq � � log ppyq, (3.49)

QSpp, yq � �
�

2ppyq � 1

2
?
πσ



, (3.50)

sphSpp, yq � �ppyq
b

2
?
πσ, (3.51)

CRPSpp, yq � �σ
�

1?
π
� 2φ

�y � µ

σ

	
�
�y � µ

σ

	�
2Φ
�y � µ

σ

	
� 1
	


, (3.52)

where φ and Φ denote the probability density function and the cumulative distribution

function of a standard Gaussian variable.

We will evaluate a Npµi, σ2
i q predictive density, pi, by taking m test points

x1, . . . , xm (not at the points used to design the emulator) with true values of

yi � fpxiq for each i � 1, . . . ,m, and then computing the average scores

logS �
m̧

i�1

logSppi, yiq{m P p�8,8q, (3.53)

QS �
m̧

i�1

QSppi, yiq{m P p�8,8q, (3.54)

sphS �
m̧

i�1

sphSppi, yiq{m P p�8, 0q, (3.55)

CRPS �
m̧

i�1

CRPSppi, yiq{m P p0,8q. (3.56)

We find the empirical frequency coverage EFC, over the m points, corresponding

to the 95% nominal credible intervals,

EFC �
�

m̧

i�1

IYiPCIi{m
�

100% P p0, 100q. (3.57)

We also consider the standard predictive check, RMSPE, as well as LCI, the
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average length of the 95% credible intervals CIi over the m points, defined as

RMSPE �
d

m̧

i�1

pyi � µiq2{m P p0,8q, (3.58)

LCI �
°m
i�1 2 � 1.96σi

m
P p0,8q. (3.59)

In our examples, logS, QS and sphS behave similarly, penalizing a large variance

of a predictive distribution more than the discrepancy between the mean and the

true observed point. In contrast, CRPS seems to penalize the discrepancy from the

mean more than a large variance of the predictive distribution. See Figure 3.2. This

behavior of the scores is likely specific to the models and predictive distributions

discussed here, and may well be very different in other scenarios (Smith et al. (2015)).

For the 343 examples we consider, we will calculate how many times the four

average scores were larger for the LMC model than for the IND model, how many

times the four average scores were larger values for the IND model than for the LMC

model, and how many times the four scores disagreed in their favoring of either of the

models. We also calculate how many times the standard predictive checks RMSPE

and LCI are smaller for LMC than for IND, how many times both are smaller for

IND than for LMC, and how many times they were in opposite directions.

3.7.2 Example 1

The functions f1pxq � cos 5x and f2pxq � cosp5px � κqq{2 are the two outputs of

the computer model, on the domain x P r�1, 1s. We choose n � 9 equidistant

training points px1, x2, . . . , x9q in the domain of x (with x1 � �1 and x9 � 1); the

functions are evaluated at these points and used to train the emulators. The function

values at these points are y1 � pf1px1q, . . . , f1px9qq and y2 � pf2px1q, . . . , f2px9qq.
See Figure 3.3 for example.
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Figure 3.2: The contour lines of the four proper scoring rules shown with solid lines
versus the contour lines of RMSPE shown with long dashed line.

We vary κ from �π{5 � 4π{5
105

to �π{5 � 101π{5
105

with increment π{5
105

. Thus we

avoid perfect and very near perfect correlation and anti-correlation between functions

because MLE estimates either do not exist (as shown in corollary 3.5.14) or are

computationally unstable. All in all, we have 98 different values of κ. In this study

each value of κ has a one-to-one correspondence with the ρ values in this study. See

Figure 3.4.

For each value of κ we run a simulation. For brevity we refer to the ith simulation

as κi.
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Figure 3.3: The two output functions (blue and green curves) in Example 1. They
are observed together at the same input points (shown with circles on the plot).
Left panel shows two output responses which are almost perfectly correlated, given
by f1pxq � cos 5x and f2pxq � cosp5px � κ98qq, where κ98 � �π

5
� 101π{5

105
. Right

panel shows two output responses which are almost perfectly anticorrelated, given by
f1pxq � cos 5x and f2pxq � cosp5px� κ1qq, where κ1 � �π

5
� 4π{5

105
.

We construct predictive distributions with LMC and IND emulators at m test

points in range r�1, 1s with the increment of 0.01, but excluding training points. In

total, there are 192 test points.

Tables 3.1 and 3.2 show the, averaged over 192 test points, predictive checks

and scores values of LMC and IND emulators of each of the two simulator output

functions f1 and f2, across all simulations studies with different κ values. Values for

LMC emulator of function f1 and values for IND emulator of function f1, the two

columns of Table 3.1, are identical. LMC emulator of function f2 performs almost

identical to IND emulator of function f2, the two columns of Table 3.2, with only

small differences shown in quadratic score QS and spherical score sphS.

Exactly identical figures in Tables 3.1 and 3.2 are largely due to rounding of

the scores. For more detailed comparison, Table 3.3 provides absolute differences in

predictive checks and scores for LMC and IND emulators of each output function

f1 and f2. LMC and IND emulators also showed 100% coverage of true simulator
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Figure 3.4: Correlation parameter ρf1f2 between functions f1 and f2. This parameter
varies with the constant κ in function f2pxq from �1 to 1.

output functions. A pictorial representation of the information summarized in the

last table is also given on Figure 3.5.

Tables 3.1, 3.2 and 3.3 together with its pictorial representation in Figure 3.5

suggest that LMC and IND emulators exhibit essentially the same behaviour, in its

predictions of two outputs across all the simulation studies κ1, . . . , κ98. For formal

comparison we present how many times LMC or IND model had all scores smaller

than the other (see Table 3.4) and how many times LMC and IND emulators had all

predictive checks smaller than the other (see Table 3.5). As can be seen, predictive

checks and scores most of the time do not allow to conclude that one emulator is
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Table 3.1: Predictive checks, empirical coverage and scores for function f1.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f1 IND f1

RMSPE 0.01 (0.01,0.01) 0.01 (0.01,0.01)
LCI 0.28 (0.28,0.28) 0.28 (0.28,0.28)
EFC 100 (100,100) 100 (100,100)

logS -1.79 (-1.79,-1.79) -1.79 (-1.79,-1.79)
QS -9.04 (-9.04,-9.03) -9.04 (-9.04,-9.04)
CRPS 0.02 (0.02,0.02) 0.02 (0.02,0.02)

sphS -3 (-3,-3) -3 (-3,-3)

Table 3.2: Predictive checks, empirical coverage and scores for function f2.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f2 IND f2

RMSPE 0.01 (0.01,0.01) 0.01 (0.01,0.01)
LCI 0.13 (0.13,0.14) 0.13 (0.13,0.14)
EFC 100 (100,100) 100 (100,100)

logS -2.55 (-2.59,-2.49) -2.55 (-2.59,-2.49)
QS -19.12 (-19.95,-18.23) -19.11 (-19.95,-18.11)
CRPS 0.01 (0.01,0.01) 0.01 (0.01,0.01)

sphS -4.37 (-4.45,-4.27) -4.36 (-4.45,-4.25)

better than the other.

Interestingly, in this study correlation between functions estimated from LMC

model is well captured by the model (Figure 3.6), and corresponds to both, true

correlation between output functions f1 and f2 and observed, sample correlation,

obtained from the simulator output data.

3.7.3 Simulation study 2

For the second simulation example we choose two functions f1pxq � 3x� cos 5px� κq
and f2pxq � sin πpx� κq, in which we vary κ from �3π

2
to π{2 in both functions.
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Table 3.3: Absolute differences in predictive checks and scores.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f1 - IND f1 LMC f2 - IND f2

∆RMSPE 0 (0,0) -4e-04 (-0.0015,0)
∆LCI 0 (0,1e-04) 3e-04 (0,5e-04)
∆EFC 0 (0,0) 0 (0,0)

∆logS 0 (-1e-04,5e-04) 5e-04 (-0.0053,0.003)
∆QS 0 (-7e-04,0.0043) -0.0038 (-0.1276,0.0471)
∆CRPS 0 (0,0) 0 (-2e-04,0)

∆sphS 0 (-1e-04,7e-04) -0.0017 (-0.021,0.0059)

Table 3.4: Number of models in favor of either LMC or IND via scoring rules.

Neither LMC IND

71 10 17

Example of two functions f1 and f2 observed together, Figure 3.7.

We perform 211 simulations κ1, . . . , κ211. Then correlation between functions

varies with κ as can be seen on Figure 3.8.

We choose the same training points px1, . . . , x9q as before.

The analysis of LMC and IND emulators is similar to the one in the previous

example. We highlight main conclusions and the differences. First, there is more

variation in predictive checks and scores, as can be seen in Tables 3.6 and 3.7, for both

output functions. However, the absolute differences in the scores are small (Table 3.8

with corresponding pictorial representation provided in Figure 3.9). Both emulators

provide 100% empirical frequency coverage in all simulations in this example.

Again, we check if either of the emulators, LMC or IND, is preferred across

simulations κ1, . . . , κ211. We conlclude, based on information in Tables 3.9 and 3.10,

that neither of the emulators is preferred.
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IND marginal emulators of function f1. Right column corresponds to this information
related to marginal emulators of function f2. Each row provides the average value of
a score or a predictive check (shown with the circle) with the range of values across
all the simulation studies shown by a corresponding interval.

Important, that in this study LMC model does not capture the correlation between

two functions. See Figure 3.10. This is in contrast to the first simulation study.

The explanation for this phenomenon is that in the first study the number of input

points px1, . . . , x9q at which the output was obtained was enough for capturing the

correlation between functions, and in this study this number is not enough. Usually,

with expensive computer models, we do not know if we have enough observations to

captuer the correlation between functions or not.
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Figure 3.6: Left panel: true correlation between functions f1 and f2 vs. observed
sample correlation. Right panel: true correlation vs. the estimate from the LMC
model. The solid line on both panels is y � x.
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Figure 3.7: Examples of two output functions (blue and green curves) observed
together at the same input points (shown with circles on the plot). Left panel:
functions f1pxq � 3x � cos 5px� κq and f2pxq � sin πpx� κq with κ24 � 23π

105
�

3π
2

. Right panel: the same functions f1pxq and f2pxq with κ191 � 190π
105

� 3π
2

. The
corresponding observed sample correlations are about 0.82 and �0.83 respectively,
with the true correlations being 0.93 and �0.94. These are maximum and minimum
sample correlations among all simulations with various values of κ.
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Table 3.5: Number of models in favor of either LMC or IND via predictive checks.

Neither LMC IND

90 0 8

We provide two more simulation studies, which have multivarite input to a

simulator in addition to the multivariate output. These are in Appendix 3.10.2.
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Figure 3.8: Correlation ρf1f2 between two functions varies with the constant κ,
ranging from about �0.94 to about 0.93.
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Table 3.6: Predictive checks, empirical coverage and scores for function f1.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f1 IND f1

RMSPE 0.02 (0.01,0.06) 0.02 (0.01,0.04)
LCI 0.42 (0.39,0.44) 0.42 (0.39,0.44)
EFC 100 (100,100) 100 (100,100)

logS -1.39 (-1.43,-1.35) -1.38 (-1.42,-1.37)
QS -5.95 (-6.22,-5.66) -5.91 (-6.08,-5.84)
CRPS 0.03 (0.03,0.03) 0.03 (0.03,0.03)

sphS -2.44 (-2.5,-2.33) -2.43 (-2.44,-2.42)

Table 3.7: Predictive checks, empirical coverage and scores for function f2.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f2 IND f2

RMSPE 0.01 (0.01,0.01) 0.01 (0.01,0.01)
LCI 0.13 (0.12,0.14) 0.13 (0.13,0.14)
EFC 100 (100,100) 100 (100,100)

logS -2.54 (-2.60,-2.48) -2.54 (-2.58,-2.49)
QS -18.9 (-19.82,-17.74) -18.8 (-19.66,-17.95)
CRPS 0.01 (0.01,0.01) 0.01 (0.01,0.01)

sphS -4.36 (-4.46,-4.21) -4.35 (-4.45,-4.25)

3.7.4 Correlation and likelihood in simulation studies

Correlation between functions may or may not be well estimable from LMC model.

In the study 1, with the simplest function, the correlation is estimated well in

all simulations, but in other studies (simulation study 2 and two more studies in

Appendix 3.10.2) correlation is typically not captured well by the LMC model. Even

when observed sample correlation is close to its true value, LMC model may severely

mismeasure it.

The values of likelihood of LMC model occasionally may be much higher than
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Table 3.8: Absolute differences in predictive checks and scores.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f1 - IND f1 LMC f2 - IND f2

∆RMSPE 0.0019 (-0.0031,0.0152) 8e-04 (-1e-04,0.0044)
∆LCI -0.0045 (-0.0283,0.0084) -0.0012 (-0.0044,0.0012)
∆EFC 0 (0,0) 0 (0,0)

∆logS -0.0059 (-0.0636,0.0717) -0.0059 (-0.0225,0.0145)
∆QS -0.0322 (-0.3718,0.4166) -0.0972 (-0.415,0.2198)
∆CRPS 1e-04 (-0.0015,0.0049) 0 (-1e-04,4e-04)

∆sphS -0.0043 (-0.075,0.1106) -0.0068 (-0.0443,0.0411)

Table 3.9: Number of models in favor of either LMC or IND emulator via scoring
rules.

Neither LMC IND

133 66 12

of the IND model. See Figure 3.11. This typically happens when two outputs are

highly correlated, however, again, there is no systematic difference in the emulators

performance in such cases. Two models perform very similar to each other.

RMSPE and CIs and frequency coverage of the LMC emulator is comparable to

that of the IND emulator.

3.8 Multivariate output beyond emulation

In this chapter we have demonstrated that multivariate output modeling for the

purpose of emulation of computer models is not useful, since there is no systematic

advantage in utilising joint emulator over independent emulators of each output.

However, assuming independence between outputs, when this is not appropriate,

may be not beneficial.

For example, consider the problem of linking emulators of simulators of a system
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Figure 3.9: Absolute differences in predictive checks and scores. Left column
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a score or a predictive check (shown with the circle) with the range of values across
all the simulation studies shown by a corresponding interval.

of computer models. The following simple examples demonstrate when dependence

between outputs may be important to account for.

Example 1. Let function fpy1, y2q � y1 � y2, and suppose the constructed emulator

of that function is ξ|Y1, Y2 � Y1 � Y2.

1. Let processes Y1 and Y2 be independent, with correlation ρ � 0, but each with
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Table 3.10: Number of models in favor of either LMC or IND emulator via predictive
checks.

Neither LMC IND
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Figure 3.10: Left panel: true correlation between functions f1 and f2 vs. observed
sample correlation. Right panel: true correlation vs. the estimate from the LMC
model. The solid line on both panels is y � x.

the same mean and variance

Y1 � GaSPpµ, vq, (3.60)

Y2 � GaSPpµ, vq. (3.61)

Then, the linked emulator ζ of f with inputs Y1 and Y2 marginalized over, is

ζ � GaSPp0, 2vq. (3.62)

2. Let Y1 and Y2 being perfectly correlated, so that ρ � 1.

Y1 � GaSPpµ, vq, (3.63)

Y2|Y1 � Y1. (3.64)

Marginally Y1 and Y2 have the same distributions as in previous examples.
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Figure 3.11: Maximum likelihood values on a log-scale in 4 simulation examples
(including two examples from the Appendix). Black circles correspond to likelihood
values of independent model IND, star points correspond to values of likelihood of
the LMC model.

However, in this case the linked emulator ζ of f with Y1 and Y2 marginalized

over, is

ζ � GaSPp0, 0q. (3.65)

If we believe that we should have considered dependent emulators instead of

independent, then in this example the variance of the linked emulator is severely

overestimated. And vice versa, if we should have considered independent emulators

instead of dependent, then variance would be underestimated.
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Example 2. Let function fpy1, y2q � y1 � y2, and suppose we have constructed a

perfect emulator of that function ξ|Y1, Y2 � Y1 � Y2.

1. Let processes Y1 and Y2 be independent, defined as before in equation (3.60).

Then, the linked emulator ζ of f with inputs Y1 and Y2 marginalized over, is

ζ � GaSPp2µ, 2vq. (3.66)

2. Let Y1 and Y2 being perfectly correlated, defined as before in equation (3.63).

The linked emulator ζ of f with Y1 and Y2 marginalized over, is

ζ � GaSPp2µ, 4vq. (3.67)

In this example the direction of misestimation of variance is the opposite compared

to the previous example.

Example 3. Let the emulator of ξ|Y1, Y2 � 3Y1 � cosp5Y2q. In this example linking

ξ with GaSPs of Y1 and Y2 gives virtually the same results no matter if Y1 and Y2

are correlated or not, since 3Y1 and cosp5Y2q are not correlated in any case. Thus,

correlation between outputs does not make difference for the linked emulator. This

has also been the case in the case study presented in Section 2.7.2 of chapter 2, where

the analysis of linking emulators with multivariate dependent output and multivariate

independent output has been performed.

Further investigation of the meaning of the dependencies in multivariate output

of a computer model and its use for purposes beyond emulation is one of potential

areas for future research. In particular, important to investigate if there other

purposes beyond emulation of a computer model, for which multivariate modeling of

multivariate output is necessary.
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3.9 Conclusion

In this work we have argued for independent statistical modeling of multiple outputs

of a computer model instead of the multivariate modeling of such an output.

We have demonstrated that marginally emulators of each of the outputs of a

computer model are essentially the same as independently constructed emulators

of the outputs. In certain cases emulators of outputs constructed using the two

approaches individually and multivariately coincide exactly. In other cases emulators

may not coincide, however, the differences in these emulators are negligible. This

feature has been demonstrated with numerical studies. The studies also show that

there is no systematic advantage of the multivariate emulator over the independent

emulators.

Linear model of coregionalization (LMC) has been employed for formal demonstra-

tion of this phenomenon. Differences in LMC and independent modeling in various

examples are only due to statistical variation of parameter estimates in the models.

LMC model does not demonstrate advantage over independent modeling, even though

it has much greater number of parameters than independent IND model.

Of course, one may obtain all sorts of different emulation results, by utilizing

different kernel covariance functions, using different priors on parameters in the mean

and covariance functions of the processes, and different procedures for the estimation

of these parameters, however, with no guarantee of systematic improvement for

emulation of underlying functions.

Since even within the same model we may construct various multivariate GaSP

approximations with their own parameterizations and priors Chen et al. (2016); Paulo

(2005); Oakley (2002), resulting in different posteriors, then due to chance for specific

data one of such approximations will be better than others.

Usually, in statistics we know in advance that our model is wrong. So, the question
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is if our model is good enough or if the more complex model leads to “better” results.

We conclude that for GaSP emulation of multivariate output IND model is good

enough, compared to LMC model.

LMC model has often been used in model-based applications of multivariate

spatial statistics. It is important to note that performance of the LMC model for

spatial data on a grid is exactly the same as have been discussed in this chapter,

i.e. the use of LMC model is not advantageous over independent modeling of a

multivariate variable for the predictive purpose.

One can easily construct examples when LMC model leads to improvement in its

prediction of two varialbes. Consider, for example, the case of observing, say two

responses Y1 and Y2 which are essentially the same (after accounting for the mean in

responses), each at different sets of input locations, using the most simplified version

of LMC model, when one process W is shared by the two responses and used for

modeling each of them, e.g.

Y1 � η1p�q � a11W (3.68)

Y2 � η2p�q � a21W, (3.69)

where W is a Gaussian process.

For non-gridded data if the observed functions really represent one function, but

observations come from different sources and with different magnitude and, possibly,

mean, then it’s reasonable to assume one process W with different scales and means,

which correspond to observations from different sources.

Then the general LMC model is simplified to the model with A �
�

0 a12

0 a22



or

equivalently A �
�
a11 0
a21 0



. This essentially states that, unlike IND modeling, corre-

lation between outputs is perfect ρ � �1, the model has only one kernel correlation

function, which allows for borrowing information about one range parameter from
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two outputs, and at the same time allows for different variances in two outputs to

account for different magnitudes of observations.

In this example, if parameters of the process W are estimated using the data from

two processes, one necessarily obtains systematic advantage from such a modeling

over independent emulators of each response.

Further research may focus on exploring if and why LMC model may be useful

for some non-gridded data and when using this model necessarily leads to systematic

improvement for predictive purpose. The most important and interesting would be

to find out the systematic behaviour of LMC in cases of modeling various different

variables, which are being observed at different sets of spatial locations for each

variable.

3.10 Appendix

3.10.1 Proofs

Proof of proposition 3.3.1. Log-likelihood of each model for a vector yi, i � 1, 2:

logLi � �1

2
log detσ2

iAi �
1

2
pyi � hβpiqqT 1

σ2
i

A�1
i pyi � hβpiqq (3.70)

It is easy to show that logL2 � �1
2

log λ2n � logL1, and the statements of the

proposition follow.

Proof of proposition 3.4.3. This holds due to Cauchy-Shwarz inequality.

Proof of proposition 3.5.16. Log-likelihood of an LMC model is

log det Σ̃�1{2 � 1

2
yp1:nqT Σ̃�1yp1:nq (3.71)

Assuming A to be a lower triangular 2� 2 matrix (corresponding to bivariate output

of a simulator) leads to the MLE estimate of A which must satisfy the following
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system of equations $''''&
''''%

a2
11 � α

n

a12 � 0

a2
21 � αδ2

nβ2

a2
22 � 1

n

�
ω � δ2

β

	
.

(3.72)

The statements of the theorems on MLE estimates of Σ and ρ are obtained using the

MLE estimate of A.

Proof of proposition 3.5.21. Permutation of rows (which correspond to vectors of

data yi, i � 1, . . . , p) and columns (which correspond to processes Wi, i � 1, . . . , p)

of matrix A, both in the same order, does not violate the symmetry of matrix A.

Proof of lemma 3.5.1. This is easy to see using, for instance, results on block matrices

as Powell (2011).

Proof of theorem 3.5.12. Log-likelihood of the LMC model is

log det Σ̃�1{2 � 1

2
yp1:nqT Σ̃�1yp1:nq. (3.73)

Using lemma 3.5.1, the derivative of the log-likelihood over A�1 is as follows

nAT � 1

2

¸
ij

D̃ijA
�1pypjqypiqT � ypiqypjqT q. (3.74)

Setting the derivative of the log-likelihood to zero completes the proof.

Proof of proposition 3.5.8.

ρ � EpYkpxqYlpxqqa
EY 2

k pxqqEpY 2
l pxqq

�

Ep°p
i�1 akiWipxqqp

°p
i�1 aliWipxqqqapEp°p

i�1 akiWipxqq2qpEp
°p
i�1 aliWipxqq2q

�

°p
i�1 akialiap°p

i�1 a
2
kiqp
°p
i�1 a

2
liq

(3.75)
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Proof of proposition 3.5.15. If y1 � λy2, then the following quantities defined as

before are α � k2κ, β � k2ω, γ � λκ and δ � λω. Then the system of equations for

MLE gives that detA � 0.

Proof of lemma 3.6.2. The statement follows from two facts:

d log det Σ̃�1{2

dΣ�1
� n

2
ΣT � n

2
Σ, (3.76)

trpyp1:nqTC�1 b Σ�1yp1:nqq �
ņ

ij�1

C�1
ij ypjqypiqT . (3.77)

Proof of theorem 3.6.7. Marginal predictive variance for the ith component is

p̧

j�1

p1�Rj
T
12Rj

�1
22 Rj12qA2

ij. (3.78)

It can be shown that the sum of these variances equals

¸
diagpVyMpx1q|yp1:nqq �

p̧

j�1

σ2
i p1�Rj12Rj

�1
22 Rj12q. (3.79)

3.10.2 Additional simulation examples with multivariate input

The following examples consider cases when a simulator with multivariate output has

also a multivariate input.
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3.10.3 Simulation study 3

We consider a simulator function f1px1, x2q from Lim et al. (2002), which has a

bivariate input.

f1px1, x2q � pp30� 5x1 sinp5x1qqp4� expp�5x2qq � 100q {6� 0.01. (3.80)

The second function f2px1, x2q is obtained as a rotation of Cartesian coordinate

system by an angle κ, which varies from 0 to 2π in polar coordinates, around the

point p0.5, 0.5q, namely

f2px1, x2q � f1px̃1 � 0.5, x̃2 � 0.5q, (3.81)

where x̃1 � r cosφ and x̃2 � r sinφ and

r �
a
px1 � 0.5q2 � px2 � 0.5q2, (3.82)

φ � atan2px2 � 0.5, x1 � 0.5q � κ. (3.83)

We choose 14 values of κ in the domain p0, 2πq for simulations which correspond

to different values of correlation ρ between functions. See Figure 3.13.

For training points we use a latin hypercube design (LHD) in 2 dimensions, with

total number of points equal to n � 25. See Figure 3.14. For testing points we

choose all points on a grid of r0, 1q � r0, 1q with increments 0.03 along each direction.

Training points are not part of the set of testing points, and in total we obtain 1156

testing points.

Tables 3.11 and 3.12 summarize the results of this simulation study the same way

as examples in Section 3.7 in the main part of the chapter. An interesting difference

between this example and previous examples is that emulators do not provide 100%

empirical frequency coverage, but the coverage varies around the nominal value of

95%, ranging from 90% to 100%. All in all, the difference in performance in two

emulators is small. The amount of variation in the results, qualitatively, is similar to

previous examples, as can be seen in Table 3.13.

100



x1

x 2

 1 

 2 

 3 

 4 

 4 

 5 
 6 

 7 

 8  9 

0.0 0.4 0.8

0.
0

0.
4

0.
8

f1

x1

x 2

 1 

 2  3 

 4 

 4 

 5 

 6 

 7 
 8 

 9 
 10 

0.0 0.4 0.8

0.
0

0.
4

0.
8

f2 w/ κ = π/10

x1

x 2

 1 

 2 

 3 

 4 

 4 

 5  6
 

 7
 

 8
 

 9
 

0.0 0.4 0.8

0.
0

0.
4

0.
8

f2 w/ κ = π/2

x1

x 2

 1 

 2 

 3 
 4 

 4 

 5 
 6 

 7 

 8  9 

0.0 0.4 0.8

0.
0

0.
4

0.
8

f2 w/ κ = π

x1

x 2

 1 

 2 

 3 

 4 

 4 
 5  6

  7
 

 8
 

 9
 

0.0 0.4 0.8

0.
0

0.
4

0.
8

f2 w/ κ = 3π/2

x1
x 2  1 

 2 

 3  4  4 

 5 

 6 

 7 
 8 

 9 

0.0 0.4 0.8

0.
0

0.
4

0.
8

f2 w/ κ = 1.9π

Figure 3.12: Functions f1 and various f2.

In this simulation study neither of the two emulators LMC and IND are system-

atically preferred by predictive scores (Table 3.14) or predictive checks (Table 3.15)

across simulations κ1, . . . , κ14.

Again, LMC model misestimates the correlation between two functions in most

experiments κ, except for those which have almost perfect correlation. See Figure 3.15.

3.10.4 Simulation study 4

We consider a simulator function f1px1, x2, x3q from Dette and Pepelyshev (2010),

which has a trivariate input

f1px1, x2, x3q � 4px1 � 2� 8x2 � 8x2
2q2 � p3� 4x2q2 � 16

?
x3 � 1p2x3 � 1q2. (3.84)
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Figure 3.13: True correlation between functions f1px1, x2q and f2px1, x2q vs. rotation
angle κ. Circle points are points of simulation studies.

The second function f2px1, x2, x3q is obtained as a rotation of Cartesian coordinate

system by an angle κp1q from 0 to 2π and angle κp2q from 0 to π around the point

p0.5, 0.5, 0.5q in spherical coordinates, namely

f2px1, x2, x3q � f1px̃1 � 0.5, x̃2 � 0.5, x̃3 � 0.5q, (3.85)

where x̃1 � r cosφ sin θ, x̃2 � r sinφ sin θ and x̃3 � r cos θ and

r �
a
px1 � 0.5q2 � px2 � 0.5q2 � px3 � 0.5q2, (3.86)

φ � atan2px2 � 0.5, x1 � 0.5q � κp1q, (3.87)

θ � arccos

�
x3 � 0.5

r



� κp2q. (3.88)
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Figure 3.14: Training input points.

We choose 20 values of pairs κ, shown on Figure 3.16 of contourplots of corre-

sponding correlation values ρ between two functions f1 and f2, as functions of κp1q

and κp2q.

For training points, we create a LHD-design with 35 points along 3 dimensions.

For testing points we choose 729 points in R3 on a grid r0.05, 0.95s � r0.05, 0.95s �
r0.05, 0.95s, with 9 equidistant points along each axis.

Tables 3.16 and 3.17 summarize the results of this simulation study. In this study

the overall performance of two emulators, is similar, although the empirical frequency

coverage of emulators, both LMC and IND may go as low as 82%, and the difference
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Table 3.11: Predictive checks, empirical coverage and scores for function f1.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f1 IND f1

RMSPE 0.09 (0.08,0.1) 0.08 (0.08,0.08)
LCI 0.52 (0.48,0.55) 0.55 (0.55,0.55)
EFC 98.96 (98.01,99.65) 99.48 (99.48,99.48)

logS -1.01 (-1.05,-0.97) -0.99 (-0.99,-0.99)
QS -3.73 (-3.94,-3.55) -3.65 (-3.65,-3.65)
CRPS 0.05 (0.04,0.05) 0.04 (0.04,0.04)

sphS -1.94 (-1.99,-1.88) -1.93 (-1.93,-1.93)

Table 3.12: Predictive checks, empirical coverage and scores for function f2.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f2 IND f2

RMSPE 0.25 (0.09,0.51) 0.25 (0.09,0.51)
LCI 0.79 (0.56,1.18) 0.84 (0.59,1.32)
EFC 96.12 (89.53,100) 96.99 (90.57,100)

logS -0.42 (-0.95,-0.05) -0.42 (-0.89,-0.09)
QS -2.49 (-3.55,-1.76) -2.47 (-3.30,-1.68)
CRPS 0.10 (0.05,0.15) 0.10 (0.05,0.15)

sphS -1.54 (-1.89,-1.31) -1.53 (-1.83,-1.29)

in the corresponding emulators coverage may reach almost 11%. See Table 3.18.

However, otherwise, the absolute difference in predictive scores and predictive checks

is small. Tables 3.19 and 3.20 summarize that neither emulator is systematically

preferable over another.

LMC model misestimates the correlation between two functions in most exper-

iments κ as well, except for three experiments, two of them having almost perfect

correlation. See Figure 3.17.
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Table 3.13: Absolute differences in predictive checks and scores.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f1 - IND f1 LMC f2 - IND f2

∆RMSPE 0.0101 (0.0007,0.0214) 0.0036 (-0.0364,0.0257)
∆LCI -0.0353 (-0.0762,-0.0017) -0.0495 (-0.1478,-0.0102)
∆EFC -0.5252 (-1.4706,0.173) -0.8712 (-2.5087,0.0865)

∆logS -0.0192 (-0.0626,0.0143) 0.0017 (-0.1162,0.0765)
∆QS -0.0782 (-0.2890,0.1033) -0.0267 (-0.2994,0.1069)
∆CRPS 0.0019 (-0.0009,0.0051) 0.0018 (-0.0124,0.0116)

∆sphS -0.0073 (-0.0646,0.0478) -0.0030 (-0.1099,0.0448)

Table 3.14: Number of models in favor of LMC and IND emulators via scoring rules.

Neither LMC IND

14 0 0

Table 3.15: Number of models in favor of LMC and IND emulators via predictive
checks.

Neither LMC IND

14 0 0
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Figure 3.15: Left panel: true correlation between functions f1 and f2 vs. observed
sample correlation. Right panel: true correlation vs. the estimate from the LMC
model. The solid line on both panels is y � x.

Table 3.16: Predictive checks, empirical coverage and scores for function f1.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f1 IND f1

RMSPE 1.22 (1.15,1.34) 1.21 (1.21,1.21)
LCI 4.42 (4.37,4.45) 4.45 (4.45,4.45)
EFC 98.67 (95.75,99.45) 99.18 (99.18,99.18)

logS 1.32 (1.28,1.42) 1.31 (1.31,1.31)
QS -0.36 (-0.37,-0.33) -0.36 (-0.36,-0.36)
CRPS 0.58 (0.55,0.66) 0.58 (0.58,0.58)

sphS -0.58 (-0.60,-0.55) -0.59 (-0.59,-0.59)
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Figure 3.16: True correlation contour plots vs. κ � pκp1q, κp2qq. Black circle points
are points with further simulation studies. Corresponding correlation ρ varies between
about 0.37 and 0.98.
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Table 3.17: Predictive checks, empirical coverage and scores for function f2.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f2 IND f2

RMSPE 3.26 (1.35,5.62) 3.65 (1.20,6.58)
LCI 8.31 (4.26,12.25) 8.73 (4.33,12.9)
EFC 92.53 (84.91,97.39) 91.19 (81.89,99.45)

logS 2.28 (1.54,2.95) 2.37 (1.42,3.42)
QS -0.18 (-0.30,-0.12) -0.18 (-0.33,-0.11)
CRPS 1.45 (0.70,2.14) 1.59 (0.60,3.04)

sphS -0.41 (-0.53,-0.33) -0.40 (-0.57,-0.31)

Table 3.18: Absolute differences in predictive checks and scores.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of κ.

LMC f1 - IND f1 LMC f2 - IND f2

∆RMSPE 0.0086 (-0.0619,0.1330) -0.3909 (-2.5904,0.2314)
∆LCI -0.0219 (-0.0711,0.0035) -0.4242 (-0.9604,0.6037)
∆EFC -0.5075 (-3.4294,0.2743) 1.3443 (-7.4074,10.9739)

∆logS 0.0132 (-0.0257,0.1162) -0.0930 (-0.8926,0.1281)
∆QS 0.0045 (-0.0102,0.0357) -0.0061 (-0.0796,0.0484)
∆CRPS 0.0080 (-0.0243,0.0784) -0.1408 (-1.1737,0.2150)

∆sphS 0.0043 (-0.0093,0.0342) -0.0046 (-0.0815,0.0519)

Table 3.19: Number of models in favor of either LMC and IND emulators via scoring
rules.

Neither LMC IND

10 5 5
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Table 3.20: Number of models in favor of LMC and IND emulators via predictive
checks.

Neither LMC IND

Both functions 13 7 0
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Figure 3.17: Left panel: true correlation between functions f1 and f2 vs. observed
sample correlation. Right panel: true correlation vs. the estimate from the LMC
model. The solid line on both panels is y � x.
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4

Calibration of a System of Computer Models

4.1 Introduction

In chapter 2 we introduced the framework for linking GaSPs with the goal of accurate

approximation of a system of computer models. The present chapter describes how

to use this linked emulator for the purpose of calibration of a system of computer

models.

Uncertainty quantification, UQ of computer models, often requires calibration of

the models with respect to some experimental or field data. For example, calibration of

cosmological computer models has been considered in Habib et al. (2007), calibration of

agro-ecosystem models in Lehuger et al. (2009), calibration of oil reservoir forecasting

models in Mondal et al. (2014) and of physics-based materials simulation models

in Tapia et al. (2017).

Calibration is often methodologically and computationally complex, and may

require iterative analysis. For instance, a procedure known as history matching is

used for identifying parameters of the model which match the produced outcome of

the model to the observed data (Vernon et al. (2010) and Andrianakis et al. (2015)).
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This chapter focuses on modularized calibration of systems of computer models.

Modularization for the analysis of computer models was proposed in Liu et al. (2009)

and its use was demonstrated in Li et al. (2013). Systems of computer models provide

natural systems for modularization, since they consist of modular subsystems, the

subsimulators. The linked emulator of a system of simulators allows for development

of independent emulators of submodels on their own separately constructed design

spaces. This feature of a linked emulator is highlighted as being important for the

proposed methodology of calibration of a system of simulators.

The methodology discussed in this chapter is motivated by a problem of calibration

of complex engineering systems, such as the systems considered in Stevens and

Atamturktur (2016). The specific example that will be considered is a to-be-developed

engineering system for carbon sequestration (part of the US Department of Energy’s

carbon capture initiative). This system may have up to 20 submodels which make up

one large complex model.

Such a system is very high-dimensional, if considered as a single computer model,

having hundreds of parameters that need to be calibrated. If the system were viewed

as a single simulator, it would require the development of an emulator over a large

parameter space, making exploration of the computer model and the construction of

a composite emulator of that model a hard problem.

Instead, the proposed approach is to construct independent emulators of the

submodels of the large system, which are then linked in order to obtain an emulator of

the entire system, and used to preform the needed calibrations. This approach replaces

the huge space of calibration parameters with a number of much smaller spaces of

calibration parameters, which leads to considerably more efficient calibration.

In Section 4.2, the Bayesian inverse analysis approach to calibration is reviewed,

under the assumption (which we will be making) that the computer model has no

bias. This is in contrast to the Kennedy and O’Hagan (2001) (KO) framework, which
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assumes that the computer model is biased. This latter framework makes calibration

considerably more difficult (Tuo et al. (2015)). Of course, if the computer model

does have significant bias, the calibration achieved under the assumption of no bias

will often be very incorrect due to the (incorrectly) calibrated parameters trying to

compensate for the model bias. So one should feel confident that there is no model

bias before making that assumption in a calibration problem. This is indeed the case

in our case study, which has motivated the methodology developed in this chapter.

Section 4.3 proposes a modularized approach to the calibration of systems of

computer models. Section 4.4 discusses calibration of a system with a composite

emulator. These two approaches are illustrated with two simulation examples in

Sections 4.5 and 4.6, and comparison of the modularized calibration with a linked GaSP

to conventional calibration with a composite emulator is discussed. In Section 4.7, the

proposed modularized approach is further illustrated with a case study of calibration

of a vapour-liquid equilibrium model, for amine-based CO2 capture systems .

4.2 Calibration as a Bayesian inverse problem

4.2.1 Calibration with noiseless observations

Calibration of a computer model may be straightforwardly formulated as a Bayesian

inverse problem. A set of d-dimensional inputs z to a computer model are typically

divided into two categories, control variables zv and calibration variables (also

called calibration parameters) zp. For brevity and clarity of exposition we denote

parameters zp � ω. n experimental field observations y � py1, . . . , ynq are obtained

with conditions of corresponding control variables zv
� � pzv�1 , . . . , zv�nq known.

In the context when a computer model is known up to its approximation, a GaSP

emulator,

gMp�q|gMpzq � GaSPpµ�p�q, σ�2p�, �qq, (4.1)
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such that multivariate distribution

gMppzv�1 , ωq, . . . , pzv�n, ωqq|zv
�, ω,gMpzq (4.2)

serves as the likelihood for experimental data y � py1, . . . , ynq observed at a set of

inputs z� � ppzv�1 , ωq, . . . , pzv�n, ωqq to a computer model.

The goal of calibration is to find such values of parameters ω, that the computer

model output gMpzv�1 , ωq, . . . , gMpzv�n, ωq exercised with these parameters plugged in

matches closely experimental data y.

Within the Bayesian inverse problem framework, parameters ω are assigned a

prior distribution ppωq. This is typically an expert-elicited prior. The solution to the

calibration problem is the posterior distribution ppω|yq on the calibration parameters

of the model given by equation (4.3)

ppω|yq9ppy|zv
�, ω,gMpzqqppωq . (4.3)

One common feature of some computer models is that they may be a biased

representation of reality. While this is an interesting aspect of such models, this is

not so in the case study considered in this chapter. Thus we assume hereafter that a

computer model is unbiased. This simplified setting helps us to consentrate on other

issues of calibration problems and to investigate conceptual ideas on the modularized

calibration framework.

4.2.2 Calibration with noisy observations

Typically experimental data y are observed with noise ε. An additive structure on

the truth y and noise ε is usually assumed

yFi � yi � εi, i � 1, . . . , n . (4.4)

This means that true value of experimental data y are not known, but may be

estimated from the observed field data yF if distribution of ε is known. Within the

113



Bayesian framework, a posterior distribution ppy|yFq on the true values of y may be

obtained.

Often ε is assumed to be white noise, so that for the ith observation

εi � Np0, σ2q iid @ i � 1, . . . , n . (4.5)

Having obtained posterior belief on the true values y|yF, calibration scheme (4.3)

becomes

ppω|yFq �
»
ppω|yqppy|yFqdy , (4.6)

where ppω|yq is given by equation (4.3).

We refer to this scheme as calibration of a computer model with noisy field

observations. The form of the posterior reflects that we may be unsure about the true

values y. The more sure we are about the truth, the closer calibration scheme (4.6)

is to (4.3). To add, calibration scheme (4.6) also states that we are able to calibrate

only to the extent that the observed data allow us to do it. This scheme explicitly

acknowledges the possibility that calibration task with corrupt data (e.g., data with

large noise or biased data or data on which there is limited information how this data

was obtained) will not allow us to perform calibration.

Computationally, an approximation to ppω|yFq may be obtained through sampling

of the distribution ppy|yFq. For each of the r independent samples ysmpli � ppy|yFq,
i � 1, . . . , r, the distribution ω|ysmpl may be obtained, and then all combined (to

integrate out y|yF) and obtain marginal ppω|yFq. This approach is easily paralleliz-

able, since ppω|ysmpliq is independent from ppω|ysmpljq for all independent samples

ysmpli, i � 1, . . . , r, i � j.

The posterior (4.6) obtained from calibration is well-defined and proper. However

The next step, after obtaining the posterior of parameters, is to verify that the match

between the data and emulator with found posterior estimates is indeed good and

acceptable.
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This step is important in practice for qualitative assessment of the match between

the calibrated computer model and experimental data. For instance, no matter what

the numerical solution to calibration problem is in terms of its posterior, neither

of the matches may be acceptable from scientific point of view. Such a situation

would often indicate a problem with a prior on calibration parameters and necessarily

require more work with experts to investigate potential problems.

4.2.3 Comparison to KO framework

Kennedy and O’Hagan (2001) framework is different from the calibration within

Bayesian inverse framework. Assuming no bias in the computer model, analogously

to the previously considered framework, a simplified version of KO framework is given

by the following set of equations

yF p�q � yMp�q � εp�q, (4.7)

yMp�q � GaSPpµp�q, σ2
gcp�, �qq . (4.8)

In this framework ε is conventionally assumed to be white noise, as introduced in

equation (4.5).

On one hand, KO framework targets the following posterior distribution within

its framework

ppω|yFq �
³
S ppyF|ω, σ2qppσ2qppω|σ2qdσ2³
Ω,S ppyF|ω, σ2qppω, σ2qdωdσ2

. (4.9)

On the other hand, the targeting posterior from Bayesian inverse calibration

framework (4.6) is explicitly given by distribution ω|yF equal to

ppω|yFq �
»
Y

ppy|ωqppωq³
Ω
ppy|ωqppωqdω

³
S ppyF|y, σ2qppy|σ2qppσ2qpσ2

ppyFq dy . (4.10)

It is easy to see that the Bayesian inverse posterior (4.10) and KO posterior (4.9)

are different in principal because the two frameworks target different posteriors, which

are not equivalent within the two frameworks.
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The Bayesian inverse posterior (4.10) of ω|yF has in its expression a prior on

the truth ppy|σ2q (or equivalently ppyq), while KO framework does not. Rather KO

framework assumes that the emulator, a constructed approximation to a computer

model, is the truth. However, this assumption would typically be far from reality.

Bayesian inverse framework acknowledges that there are two approximations to

the reality, i.e. to the truth. One approximation comes from a computer model (and,

thus, an emulator of that model), another approximation comes from experimental

observations.

The true Bayesian answer (4.10) allows to keep unknown components of different

nature, namely ω P Ω and ε, with σ2 P S, separate, while KO framework does not

distinguish between the two.

The variance component of an emulator of the model and the variance in the

experimental data are not identifiable. Moreover, in the simplest scenarios it can be

shown that this framework leads to systematic underestimation or overestimation of

the noise error. Simulation examples, with true parameters of all components in the

model known, show that the true noise value parameter, represented by its posterior

distribution, cannot be restored from the data within KO framework. Simulation

examples are given in the Appendix section to the chapter 4.9.1. It may easily be seen

that this feature remains unchanged in the full KO framework. However, since we do

not discuss bias modeling in this thesis, we confine ourselves to a very simplified KO

framework to demonstrate this feature.

Thus, in this chapter instead of KO framework, a Bayesian inverse calibration

procedure is employed.

Separate treatment of the computer model with its emulator and experimental

observations is the first step in the proposed modularized calibration approach. The

benefit of this step has been discussed in Liu et al. (2009).

Additionally, we emphasize that within the Bayesian inverse approach to calibra-
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Figure 4.1: Simulation study to a system of two computer models f and g with
calibration parameters θ and ω, design variables X and Y and outputs of the models
Y and Z.

tion given by the posterior equation (4.10), any form of noise ε in experimental data

can be easily handled within the framework.

The second step of the developed methodology is to obtain a posterior distribution

of parameters of interest given noiseless observations, i.e. ppω|yq. We discuss this

step in the next section.

4.3 Modularized calibration of a system of simulators

4.3.1 Methodology

The scenario of a system of computer models, which consists of two submodels, is

considered.

Suppose that a simulator f is represented by a continuous function f : Xf ÞÑ Y

with parameters of the function θ. fp�q is such that at any (possibly multivariate)

input Xf � Rd results in (possibly multivariate) p-dimensional output Y � fpXf q �
Rp. Suppose another computer model g is represented by a continuous function

g : tXg, Y u ÞÑ Z with parameters ω. At any ps�pq-dimensional input pXg, Y q, where
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Figure 4.2: Simulation study to a coupled model g � f with calibration parameters
θ and ω, design variables X and output of the model Z.

Xg � Rs, it results in possibly multivariate output Z � gpXg, Y q � Rl. Inputs Xf

and Xg in general are different inputs to two models f and g, but they may overlap

or even coincide. The development of the methodology stays the same for any of such

cases. A pictorial representation of a setup of the two models is given on Figure 4.1.

Two models f and g form a composite simulator g � f which is represented by

a function g � f : X � tXf , Xgu ÞÑ Z with parameters of the function, θ and ω. A

composite function takes its input X � pXf , Xgq and produces the output Z, i.e.

Z � pg � fqpXq � gpXg, fpXf qq. A pictorial representation of the composite model

as a system of submodels is given in Figure 4.2.

θ and ω are parameters of the model g � f , while X are design variables and Z

are outputs of the composite model.

Our interest is in calibration of parameters θ and ω. In principle, Bayesian inverse

problem is employed, but in practice the main challenge is computational. Often

parameters θ and ω are multivariate, and their dimensionalities may reach several

dozens in each. Calibration of a system of computer models may be difficult due to

this large number of variables in the models.

We propose the modularized approach to performing reliable calibration while

reducing computational burden. This is achieved via implementation of efficient

designs on rather small design spaces in order to minimize the number of computer
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model runs. The goal is to quickly eliminate areas for exploration of variables and

parameters which do not contribute to further learning of parameters of interest.

We assume that GaSP emulators may be constructed for each model f and g.

The two-stage modularized calibration of the system is as follows.

1. Conditional on evaluations yfdsgn � fpxfdsgn, θdsgnq of a computer model f at the

design points txfdsgn, θdsgnu, a GaSP emulator of the model f is constructed

φp�q � fMp�q|�, yfdsgn, x
f
dsgn, θdsgn � GaSPpEφp�q,Covφp�, �qq . (4.11)

For any new input xf
�
, θ� predictive distribution of the emulator is

fMpxf�, θ�q|xf�, θ�, yfdsgn, x
f
dsgn, θdsgn � Npµ�f pxf�, θ�q, σ�2

f pxf�, θ�qq . (4.12)

With experimental data Df � txDf , yDf u available, parameters θ of a simulator

f may be calibrated within a Bayesian inverse problem framework, i.e. posterior

distribution θ|Df may be found

ppθ|Df q9ppyDf |xDf , θ, yfdsgn, x
f
dsgn, θdsgnqppθq , (4.13)

where yDf |xDf , θ, yfdsgn, x
f
dsgn, θdsgn denotes the GaSP posterior predictive distri-

bution’s likelihood of the model f at the experimental data Df .

If the model f and observations are such that calibration of θ may not be

performed well, then model f and its data bring very little information about θ

and the whole challenge of calibrating θ and ω relies on the next model g.

We assume thereafter that model f is trustworthy, so that using observations

Df we can calibrate θ. Next, we will also assume that performed calibration

provides good, acceptable posterior results on parameters θ. For the ease of the

exposition we further denote the unknown true value of calibrated parameters

θ as h.
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Having calibrated θ, the posterior predictive distribution of fMpxf�q|xf�, yfdsgn,

xfdsgn, θdsgn, Df may be obtained by integrating out θ|Df from fMpxDf , θq|xDf , θ,

yfdsgn, x
f
dsgn, θdsgn. In other words,

ppfMpxf�q|xf�, yfdsgn, x
f
dsgn, θdsgn, Df q �»

ppfMpxDf , θq|xDf , θ, yfdsgn, x
f
dsgn, θdsgnqppθ|Df qdθ . (4.14)

If θ is such that the posterior of θ|Df may be approximated by a (possibly, multi-

variate) normal distribution, then the linked GaSP ψp�q, following methodology

in Chapter 2, may be constructed as

ψp�q � pf � hqMp�q|�, yfdsgn, x
f
dsgn, θdsgn, Df � GaSPpEψp�q,Covψp�, �qq . (4.15)

We next focus on obtaining calibration of parameters ω using the second

computer model g and experimental field data corresponding to a system of

simulators.

2. Suppose that the computer model g has been evaluted at input sets xgdsgn, y
g
dsgn,

ωdsgn and resulted in computer model output zgdsgn � gpωdsgn, x
g
dsgn, y

g
dsgnq. The

following emulator of simulator g is constructed

φp�q � gMp�q|�, zgdsgn, y
g
dsgn, x

g
dsgn, ωdsgn � GaSPpEφp�q,Covφp�, �qq . (4.16)

For any new input pxg�, yg�, ω�q

gMpxg�, yg�, ω�q|xg�, yg�, ω�, zgdsgn, y
g
dsgn, x

g
dsgn, ωdsgn �

Npµ�gpxg�, yg�, ω�q, σ�2
g pxg�, yg�, ω�qq . (4.17)

We construct a linked GaSP of g and f � h

ξp�q � pg � f � hqMp�q|�, zgdsgn, y
g
dsgn, x

g
dsgn, ωdsgn, y

f
dsgn, x

f
dsgn, θdsgn, Df �

GaSPpEξp�q,Covξp�, �qq , (4.18)
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such that for any new input sets tx�, ω�u, where x� � txf�, xg�u, we have

pg � f � hqMpx�, ω�q|x�, ω�, zgdsgn, y
g
dsgn, x

g
dsgn, ωdsgn, y

f
dsgn, x

f
dsgn, θdsgn, Df �

NpEξpX�, ω�q,CovξppX�, ω�q, px�, ω�qqq . (4.19)

Let Dg�f � txDg�f , zDg�f u be experimental field data which correspond to the

system of simulators f and g. Calibration for ω is given by

ppω|Dg�f q9ppzDg�f |xDg�f , ω, zgdsgn, y
g
dsgn, x

g
dsgn, ωdsgn, y

f
dsgn, x

f
dsgn, θdsgn, Df qppωq,

(4.20)

where the distribution

zDg�f |xDg�f , ω, zgdsgn, y
g
dsgn, x

g
dsgn, ωdsgn, y

f
dsgn, x

f
dsgn, θdsgn, Df

denotes the likelihood of observed experimental data Dg�f .

The importance of calibrating θ in the first step is revealed as we move towards

construction of an emulator for model g at the second step.

First, the framework allows the use of model g for calibration and allows one to

construct an emulator without parameters θ in the design space of corresponding

system of emulators (having these parameters integrated out).

Second, Y and X are part of the design space for the model g. If θ had not been

calibrated in the previous stage, we would have needed to construct a design space

on the whole domain of ω, Y,Xg with the domain of Y available only from the prior

information. Having θ calibrated, we can look for a reduced design, confined to the

inferential relationship between Xf and Y . This allows substantial reduction of the

design space needed for construction of the emulator of the simulator g.

Third, if parameters θ appear in the model g as well, to reduce the nonidentifiability

problem among parameters ω and θ, we may envision avoiding updating θ at the

second stage, using model g. This may be imposed by setting the posterior of θ to be

ppθ|Df ,Dg�f q � ppθ|Df q. (4.21)

121



4.3.2 Linked emulator stochastic process

For the purpose of emulation of a system of computer models introduced in Chapter 2,

it sufficed to find the mean and variance of the linked emulator of a system of

simulators. A closed form expression for corresponding approximation, a linked GaSP,

was given.

Calibration as a Bayesian inverse problem, in contrast to emulation task, formally

requires one to employ a full linked GaSP emulator as a linked GaSP stochastic

process, given in formulas (4.15) and (4.18), including dependencies between its

variables. Through the dependencies between variables of the emulator, the likelihood

incorporates information on sample trajectories of the GaSP process in addition to

marginal distributions of variables of a stochastic process.

If a set of true noiseless field observations is given, they represent a sample of

observations from a sample path of computer model data. For calibration, in order

to find the best match between the output of a computer model and the field data

observed surface, the linked emulator likelihood should reflect the information not

only about marginal distribution of the data, but about the whole trajectory as well.

In this work we consider the standard framework of conventional GaSPs and use

traditional covariance functions which produce stronger correlation for close-by points

and correlation decaying to zero with distance.

In this framework the closer the field design inputs of experimental data, the more

important it is for accurate calibration to account for GaSP trajectory, i.e. to account

for GaSP correlations among its variables.

The farther away the field design inputs of experimental data are from each other,

the less important it is to account for the trajectory of the GaSP, since correlations are

going to be close to zero, and calibration performed using only marginal information

from the emulator may produce numerically very similar results.
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Next we give full treatment for obtaining complete linked GaSP stochastic process.

In order to construct a linked GaSP stochastic process, the covariance structure

between variables of the linked emulator may be found and is given in theorem 4.3.2.

First, the following lemma establishes a general formula for covariance between

variables of the linked emulator.

Lemma 4.3.1. Following the notation introduced in chapter 2, let ξ1 � pg � fjqMpu1q
and ξ2 � pg � fjqMpu2q be two marginal distributions of a linked emulator pg � fjqM

at new respective inputs u1 and u2, then the covariance between ξ1 and ξ2 is

Covpξ1, ξ2q � EfMj 1
,fMj 2

CovpgM1 |fMj 1
, gM2 |fMj 2

q�

CovpEgM1 |fMj 1
gM1 ,EgM2 |fMj 2

gM2 q . (4.22)

Using lemma 4.3.1, a closed form expression of covariance between variables of a

linked emulator stochastic process in some special cases may be found as shown in

the following theorem.

Theorem 4.3.2. Let gM with given parameters θg � pβ, σ2, tδjuj�1,...,d, ηq be a type

1 GaSP emulator of a simulator g exercized at training input points z, i.e. gMp�q as

in (2.5). Suppose the mean is linear in the bth cooordinate of an input z1, so that

the mean is hpz1qβ � β0 � β1z
1
b. Let the gMp�q GaSP correlation function smoothness

parameters αj of coordinates j P b, . . . , d be equal to 2. For each j P b, . . . , d, let

fMj be an independent emulator of a simulator fj, corresponding to the coordinate

j of the input to the simulator g, i.e. fMj p�q as in (4.24). Then the covariance

Covpξ1, ξ2q between two variables of the linked emulator ξ1 � pg �pfb, . . . , fdqqpu1q and

ξ2 � pg � pfb, . . . , fdqqpu2q evaluated at new inputs u1 and u2 to the coupled simulator
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pg � pfb, . . . , fdqqp�q as defined in definition 2.2.2 is

Covpξ1, ξ2q � β2
0 � β0β1pµb�1 � µb

�
2q � β2

1pµb�1µb�2 � ρbσb
�
1σb

�
2q � pEξ1qpEξ2q�

σ2
b�1¹
j�1

cpu1j, u2jq
d¹
j�b

Jj �
m̧

k,l�1

pakal � σ2tC�1
z uk,lq

b�1¹
j�1

cpu1j, zkjqcpzlj, u2jq
d¹
j�b

Jk,lj �

β0

m̧

i�1

ai

�
b�1¹
j�1

cpu2j, zijq
d¹
j�b

J ij,2 �
b�1¹
j�1

cpu1j, zijq
d¹
j�b

J ij,1

�
�

β1

m̧

i�1

ai

�
b�1¹
j�1

cpu2j, zijqJ�2 i

b

d¹
j�b�1

J ij,2 �
b�1¹
j�1

cpu1j, zijqJ�1 i

b

d¹
j�b�1

J ij,1

�
, (4.23)

where a � pa1, . . . , amqT � C�1
z pgMpzq � hpzqβq and

�
fj
M
1 pu1q

fj
M
2 pu2q



� N

��
µj

�
1

µj
�
2



,

�
σj

�2
1 ρjσj

�
1σj

�
2

ρσj
�
1σj

�
2 σj

�2
2




(4.24)

and

Jj � δje
�

pµj
�
1
�µj

�
2
q2

δ2
j
�2pσj

�2
1 �σj

�2
2 �2ρjσj

�
1 σj

�
2 qb

δ2
j � 2pσj�2

1 � σj�2
2 � 2ρjσj�1σj

�
2q
, (4.25a)

Jk,lj � δ2
j e

�2
p
δ2j
2 �σj

�2
2

qpzkj�µj
�
1
q2�p

δ2j
2 �σj

�2
1

qpzlj�µj
�
2
q2�2ρjσj

�
1
σj

�
2
pzkj�µj

�
1
qpzlj�µj

�
2
q

δ4
j
�2δ2

j
pσj

�2
1 �σj

�2
2 q�4p1�ρ2

j
qσj

�2
1 σj

�2
2b

δ4
j � 2δ2

j pσj�2
1 � σj�2

2 q � 4p1� ρ2
jqσj�2

1 σj
�2
2

, (4.25b)

J ij,k �
1c

1� 2
σj

�2
k

δ2j

exp

�
�pzij � µj

�
kq2

δ2
j � 2σj�2

k



, (4.25c)

J�1
i

b �
δbe

�
pµb

�
1�zibq

2

δ2
b
�2σb

�2
1 ppδ2

b � 2σb
�2
1 qµb�2 � 2ρbσb

�
2σb

�
1pzib � µb

�
1qapδ2

b � 2σb�2
1 q3

, (4.25d)

J�2
i

b �
δbe

�
pµb

�
2�zibq

2

δ2
b
�2σb

�2
2 ppδ2

b � 2σb
�2
2 qµb�1 � 2ρbσb

�
1σb

�
2pzib � µb

�
2qapδ2

b � 2σb�2
2 q3

. (4.25e)
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Thus, we have completed the specification of a linked Gaussian stochastic process

emulator (linked GaSP emulator) constructed as an approximation to the exact linked

emulator of a coupled system of computer models. The mean and variances of the

process at each point are given in Section 2.2 in chapter 2, the covariance between

every pair of variables is given in Section 4.3.2.

4.4 Calibration with a composite emulator

A fair comparison to the modularized calibration with a linked emulator is calibration

performed with a composite emulator of a system of computer models.

Suppose that a system of computer models g � f has been evaluted at input

sets xg�fdsgn, ωdsgn, θdsgn and resulted in computer model output zg�fdsgn � pg � fqpxg�fdsgn,

ωdsgn, θdsgnq. xg�f has input variables xf and xg which are inputs to models f and g

respectively.

The following composite emulator of a system of simulators g � f is constructed

ξcmpp�q � pg � fqMp�q|�, zg�fdsgn, x
g�f
dsgn, ωdsgn, θdsgn �

GaSPpEξcmpp�q,Covξcmpp�, �qq . (4.26)

For any new input pxg�f�, ω�, θ�q, we have

pg � fqMpxg�f�, ω�, θ�q|xg�f�, θ�, ω�, zg�fdsgn, x
g�f
dsgn, ωdsgn, θdsgn �

Npµ�g�f pxg�f�, θ�, ω�q, σ�2
g�f pxg�f�, θ�, ω�qq . (4.27)

With experimental data Dg�f , calibration for parameters θ and ω is

ppθ, ω|Dg�f q9ppzDg�f |xDg�f , θ, ω, zg�fdsgn, x
g�f
dsgn, θdsgn, ωdsgnqppθ, ωq , (4.28)

where zDg�f |xDg�f , θ, ω, zg�fdsgn, x
g�f
dsgn, θdsgn, ωdsgn denotes the likelihood of experimental

field data Dg�f .
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We demonstrate with simulations that construction of an appropriate GaSP

emulator of such a system is challenging, giving nonstable calibration results. We

also show that the construction of the composite emulator in the following case study

is not feasible.

Other potential possibilities for calibration, which are not directly relevant to

our case study, are described for a framework when design variable Y is part of the

control variables in the expremental design Dg�f as well. This posibility is discussed

in Section 4.9.3 in the Appendix to this chapter.

4.5 Simulation study 1

To illustrate the modularized calibration methodology and its several benefits, the

following system of simulators is considered:

fpθ,Xf q � sinpθXf q, (4.29)

gpω, Y,Xgq � cospωpY �Xgq{2q. (4.30)

The composite simulator g � f is

pg � fqpθ, ω,Xf , Xgq � cospωpsinpθXf q �Xgq{2q. (4.31)

True parameters of the simulating functions are set to be θ � π and ω � 5.

In this simulation example, 5 independent studies are in fact performed by

using random designs from simulators and simulated field data subject to noise.

This strategy allows us to demonstrate the sensitivity of the simulation results to

randomness in both the design and experimental field data. Complete analysis and

understanding of sensitivity to the randomness is not a goal of this endeavor. That

said, by doing so, we can assess and illustrate some features of the performance of

the developed methodology.
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Table 4.1: Predictive checks for emulator of model f .

Study/metrics RMSPEbase{RMSPE EFC LCI

1 4.720 0.95 0.388
2 4.587 0.85 0.430
3 5.277 0.90 0.351
4 3.845 0.80 0.464
5 6.159 0.95 0.469

Calibration of θ. Type 1 GaSP emulator of a simulator f is constructed, using 20

points of Latin hypercube design (LHD), and assessed with another 20 points. The per-

formance of the resulting emulator is given in Table 4.1. All five emulators show good

performance with short credible intervals, small predictive error (with RMSPEbase

being about 4 times larger than the emulators RMSPE), and high empirical frequency

coverage around the nominal value.

Experimental data Df , which correspond to this part of the model, are generated

from the model yFi � yi�εi for the ith true observation yi. A total of eight observations

are simulated from true simulator y � fpπ, xfdsgnq with additive white noise ε whose

variance equals 0.052 at points xfdsgn � p�0.95,�0.45, 0.05, 0.55q with an additional

replicate at each xfdsgnj
, j � 1, . . . , 4. The model for truth recovery from exprerimental

data is in Appendix section 4.9.2.

With the posterior distribution on the true field observations and a GaSP emulator

of the computer model f , calibration of the parameter θ is performed according to

scheme (4.6).

A calibration scheme requires specification of a prior on unknown parameters.

Expert prior beliefs on parameters are often given in the form of belief intervals. In this

simulation example this is reflected by assigning a uniform prior on θ � Up1{2, 2πq.
The posterior of θ is easy to obtain with numerical integration. The results on
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Figure 4.3: Posterior of θ after stage-one calibration.

the posterior of θ from 5 independent simulation studies are shown on Figure 4.3.

Posteriors from 5 studies show that there is some variability in the results,

depending on design of the emulator and experimental data, although all posteriors

concentrate near the true value of θ � π.

Within each simulation study, we calibrate θ|ysmpli , where ysmpli � ppy|yFq for

each sample i � 1, . . . , r. An example of variability in posteriors θ|ysmpli from one

simulation study is shown on Figure 4.15 in the Appendix section 4.9.3.

Calibration of ω. The posterior of θ may be approximated by the normal distribution

with the mean and variance from the actual posterior, to obtain closed form posterior
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Table 4.2: Predictive checks for emulator of model g.

Study/metrics RMSPEbase{RMSPE EFC LCI

1 2.894 0.90 0.536
2 4.756 0.90 0.543
3 2.129 0.88 0.792
4 4.139 0.90 0.538
5 2.780 0.86 0.617

predictive distirubution of Y |Xf via the linked GaSP. The actual posterior of θ is

not normal, however, the normal approximation may be often assumed to be good

enough and useful for our practical goal.

Computer model g is emulated over a space of ω P p1{2, 2πq, Y P p�1, 1q and

Xg P p�1, 1q. 35 points of LHD design are used for construction of an emulator.

Another 35 points are used to assess the performance of an emulator. Results are shown

in Table 4.2. The performance of this emulator is also good, with substantial reduction

in the RMSPE from the base value and short credible intervals. Empirical frequency

coverage is about 90% while the nominal value is 95%. The overall performance of

these emulators of function g (Table 4.2) are a bit worse than emulators of function

f (Table 4.1).

Six experimental design input points with a replicate at each point (and total of

12 points) have been used as experimental data Dg�f corresponding to a system of

emulators. The data are observed with white noise ε whose variance is 0.022. The

same model as before (Appendix section 4.9.2) has been used for finding posterior

distribution on the true values.

Within each simulation study we calibrate ω|zsmpli , where zsmpli � ppz|zFq for

each sample from the posterior distribution on the truth. An example of variability in

posteriors ω|zsmpli from one simulation study is shown on Figure 4.16 in the Appendix

section 4.9.3.
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Figure 4.4: Posterior of ω obtained using linked GaSP.

The linked GaSP has been constructed from two emulators: a GaSP emulator of

model g and the obtained distribution Y |Xf . The linked GaSP is subsequently used

as the likelihood for experimental observations. Calibration scheme (4.6) is complete

with the specification of the prior distiribution on ω � Up1{2, 2πq. A posterior

distribution of ω is obtained via numerical integration and shown on Figure 4.4.

Five posteriors from independent simulations show that they concentrate at or

near the true value of ω � 5, but do show more variability in calibration results for ω

than those of θ due to various random field observations and designs for emulator

gM . This behaviour is not surprising because as we noted before the GaSP emulator

of function g is worse than that of function f .
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Table 4.3: Predictive checks for composite emulator of model g � f .

Study/metrics RMSPEbase{RMSPE EFC LCI

1 1.073 0.91 2.052
2 1.094 0.84 1.835
3 1.261 0.80 1.393
4 0.982 0.80 1.674
5 1.191 0.78 1.476

4.5.1 Comparison to calibration with composite emulator

The composite emulator of a simulator g � f is trained over 55 design points, the

number of single runs of the model g � f which is equal to the total number of runs

of model g and model f separately in modularized calibration. This is one possible

way to ensure a fair comparison between the modularized calibration with a linked

emulator and calibration with a composite emulator.

The developed type 1 GaSP emulator is assessed on another set of 55 LHD-design

points. The performance of the emulator is presented in Table 4.3. The performance

of this emulator is not good. GaSP emulator does not capture the behavior accurately.

RMSPE is as good as a constant prediction assessed with RMSPEbase, with average

lengths of credible intervals being at least twice as large of that of the GaSP emulator

of the model g. High frequency coverage EFC values are not surprising, given large

credible intervals.

Such a composite emulator is typically not used in practice. The emulator needs

to be improved for practical purposes. However, in the simulation study this would

mean that we need to increase the number of design runs from the coupled model,

breaking the fair comparison between two methods.

In this simulation study the example of calibration with developed composite

emulator is demonstrated on Figure 4.5 for four simulation examples. The formal
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Figure 4.5: Posterior of θ and ω obtained with the use of composite emulator in
the first four independent simulation studies.

application of Bayesian calibration is possible, but is not reliable and highly volatile

for parameter ω depending on chosen design points for emulators and corresponding

experimental data. As can be seen from Figure 4.5, the parameter θ simply cannot

get restored with this emulator. As we expect, the composite emulator is not good

for the purpose of emulation or calibration.

Going back to the modularized approach with the linked GaSP we note that

although the exact posterior which could be derived from the complete Bayesian

model is not targeted, since several approximations are used along the way. Thus, the

implementation of this approach allows us to capture important features of posterior
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distributions of parameters. In practice, arguably, it would be more important to

capture important features accurately and reasonably quickly, rather than targeting

exact posterior of a statistical model (which itself in practice is known to be wrong).

This example also demonstrates that the quality of designs for computer models,

as well as quality of experimental data, are important for accurate and reliable

calibration results.

4.6 Simulation study 2

The second simulation study is presented to demonstrate the benefits of the modu-

larized calibration for designs employed for exploration of a computer model and to

highlight some practical issues and features of an approach.

The following two functions are considered as simulators f and g

Y � fpXf , θq � θ1 � θ2106e�
θ3
100

Xf

, (4.32)

Z � gpω,Xg, Y,Xf q � pY Xgqω sin

�
Xf � 273

25



. (4.33)

True parameters of the simulators are θ1 � 1.5, θ2 � 8, θ3 � 5, ω � �0.25.

The first function f is considered to be computationally cheap and fast to evaluate,

while g is assumed to be computationally expensive. 1000 computer model data are

available from this model 4.6. In this example, function f is also observed subject to

white noise ε with variance σ2
1 � .01.

Since the number of simulator data points is large, we assume a model with a

known functional form. Thus, statistical model is used directly for identification of

parameters of the model. This part is intentionally assumed to be simple, because

in practice submodels of a large model may often be represented as such. This also

holds in a case study in this chapter, following this simulation study.

133



●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●● ●●
●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

●
● ●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

● ●

●

●

●●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

● ●●
●

●

●
●

●

●
●

●
●

●
●

●

●
● ●

●

●

●

●

●

●

●

●

●
●

●
●

● ●●
●

●

●

●

●

●
●

●●●

● ●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●
●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ● ●

●

●

●

●
●

●

●

●

●

● ●

●
●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

● ● ● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

300 320 340 360 380

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

x1

y 1

Figure 4.6: Computer model f data.

Assuming the following statistical model

Y � Npθ1 � θ2106e�
θ3
100

Xf

, σ2
1q , (4.34)

and uniform priors on parameters of the model σ1 � Up0,8q, θi � Up0, 100q, i � 1, 2, 3,

posteriors of parameters are obtained. Table 4.4 provides posterior summaries of the

parameters.

After parameters θ are estimated, the posterior predictive inferential relationship

between Xf and Y , namely the 95% credible region of the relationship is used for

obtaining a design for computer model experiment g.
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Table 4.4: Posterior summaries of θ and σ2
1.

true mean sd

θ1 1.5 1.482 0.008
θ2 8 5.489 1.062
θ3 5 4.868 0.064
σ1 .1 0.098 0.002

Calibrating θ and finding the relationship between Xf and Y helps to subtantially

reduce the design space for model g, since both Xf and Y are part of design inputs to

the model g. Without this calibration step Xf and Y are considered as independent

variables. Orthogonal designs are typically considered for such variables. With the

calibration step completed Xf and Y are considered as dependent, and designs on

nonorthogonal spaces are necessary Wu and Hamada (2011). Interestingly, with

the same budget for number of single runs of the model the orhogonal design over

independent Xf and Y is inferior to the nonorthogonal design restricted to the true

relationship between dependent variables Xf and Y .

Since the first computer model is cheap, and many runs of the model are available,

sensitivity to design is expected to be negligible. In this simulation study we utilize

several designs for the second computer model only, which allow us to assess the

sensitivity of calibration results to the design of a computationally expensive model g.

LHD-designs with 40, 70 and 100 points are utilized. Each of the three designs were

replicated 10 times. Each time emulators were tested on 25 LHD points. Performance

of emulators across the studies is summarized with boxplots of the predictive checks

shown in Figure 4.7.

RMSPE metrics is substantially improved going from 40 design points to 100

design points. RMSPE is from 2 to 6 times smaller for designs with 100 points than

for designs with 40 points. The empirical coverage is close to 95% for designs with
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Figure 4.7: Predictive checks for the emulator of the model g.

greater than 40 points. Average lengths of credible intervals is about 1.5-3 times

shorter for designs with 100 points than for designs with 40 points.

Experimental data z are obtained in controlled conditions on variables Xf and

Xg and true parameter of ω � �0.25, which is subject to white noise with variance

σ2
2 � 0.001{9. In total 25 data points at various design input variables with 3

replicates were obtained. The datapoints are shown on Figure 4.8.

10 draws from z|zF were used further to approximate the distribution on true

values.

The linked GaSP of g � f � h is obtained and used as a likelihood for experimental
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Figure 4.8: Simulated experimental data for simulation study 2. The data are used
for calibration of a corresponding system of simulators.

Table 4.5: Posterior summaries of ω. Medians of summary statistics across 10
replications of each design with ranges of values in parentheses.

true mean sd

n2 � 40 -0.25 -0.240 (-0.254, -0.228) 0.0155 (0.0133, 0.0176)
n2 � 70 -0.25 -0.242 (-0.258, -0.230) 0.0125 (0.0101, 0.0137)
n2 � 100 -0.25 -0.250 (-0.261, -0.238) 0.0094 (0.0070, 0.0118)

data z. ω is assigned a prior Up0, 100q. Thus, a posterior, according to calibration

framework (4.6), has been obtained. The summary of posteriors across replicated

studies with varying number of design points is given in Table 4.5.

A posterior of ω has been approximated with numerical integration. As seen from

the Table 4.5, the more data from the second simulator are used, the better the true

ω is recovered. Although, the results of calibration are very close to true value of ω

for all simulation studies presented, including those with smallest number of design

points.
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Table 4.6: Predictive checks of composite emulator g � f .

RMSPEbase{RMSPE EFC LCI

0.672 0.94 18.572

4.6.1 Comparison to calibration with composite emulator

In the simulation study, if, for example, the first model f is not available, and the

relationship between Xf and Y may not be inferred, model g has to be explored over

a much greater region. Figure 4.6 shows this region would encompass the Cartesian

product of Xf P p300, 380q and Y P p1, 4q. Construction of such an emulator with the

same budget of design points, n � 100 in LHD design over Xf , Xg, Y, ω leads to poor

performance. The numerical results of one simulation example are summarized in

Table 4.6. As can be seen from the table, root-mean-square predictive error is too big,

along with very large predictive credible intervals. Emulators with such predictive

performance are not useful for either emulation or calibration purposes.

4.7 Case study

A system of models we consider in the case study describes a vapour-liquid equilibrium

model. The system itself consists of large number of submodels to capture the details

of chemical properties and kinetics of the process. In this case study we consider for

illustrative purpose part of the model which consists of only two submodels which

constitute a system of simulators.

For substance “i” the first model f (4.35) describes empirical correlation for

Henry’s law, which says that the fraction of substance “i” in the vapour phase is

directly proportional to the fraction of substance “i” in the liquid phase. Since the

range of temperatures under investigation is narrow, we will only use the first two

parameters of this relationship. Thus, for Henry’s law we have
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Y � lnpHiq � Ai � Bi

Xf
� Ci lnpXf q �DiX

f � Bi

Xf 2 . (4.35)

Model f has the following inputs and outputs. Y denotes the log of Henry’s

constant, Xf denotes temperature (in K) of the solvent solution. θ are parameters in

the statistical model (4.36) of a log of Henry’s constant as a function of temperature

(in K) Xf for the amine solvent in water. Hence we have

Y � N

�
θ1 � θ2

Xf
, σ2



. (4.36)

The second model g describes the chemical potential of substance “i” between the

vapour and liquid phases. This is one of the models implemented in Aspen Plus R©

(2017), process design software to facilitate the design and deployment of amine-based

CO2 capture systems.

Model g has output Z, the partial pressure of the amine solvent in the vapour

phase. Input Xg is the mole fraction of the amine in the liquid phase. Parameters for

calibration ω1 and ω2 are used to predict molecular interactions due to intermolecular

forces between two distinct species in a non-ionic liquid phase.

The first step in the modularized calibration is to calibrate model f . Model f is

cheap, since this is explicitly given as a statistical model. We perform calibration for

this model within Bayesian inverse problem framework with 11 experimental data

points corresponding to this model (assuming the following priors on parameters

ppθ1, θ2, σq91). Posterior of parameters are obtained. The resulting inferential

relationship between Xf and Y with a 95% credible region is shown on Figure 4.9.

The second model g has a form which is not available analytically. Thus it must be

approximated computationally. We construct type 1 GaSP emulator of the model 4.37

based on 150 input-output design points and test the emulator on another 150 points.

139



310 320 330 340

3
4

5
6

7

Temperature(K)

lo
g 

H
en

ry
s 

co
ns

ta
nt

Predicted mean
Approx. 95%−CIs
Observed output

Figure 4.9: Model of Henry’s constant. Points are 11 observational data points.

Our model g is approximated by

Z � GaSPpX1, X2, θ, ω, Y1q . (4.37)

The emulator performs very well, as can be seen from the summary provided

in Table 4.7. RMSPE is 17 times smaller than the RMSPEbase, while frequency

coverage is 95%. Interestingly, this result is much better than for any other emulator

in previous simulation studies.

We construct the linked emualtor of two models and then following the procedure

as described in the previous section, calibrate parameters ω using the linked GaSP of

the complex model and 38 experimental field observations. 105 number of MCMC

samples from the posterior has been obtained with 2000 burn-in samples. Acceptance
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Table 4.7: Performance of emulator of Aspen computer model.

RMSPEbase{RMSPE EFC LCI

17.376 95% 2.24

rate is 42%. The result of the calibration is shown with bivariate density plot for

parameters ω on Figure 4.10.

We check that the match between the output of an emulator and the experimental

data is acceptable. Figure 4.11 shows the predictive distribution evaluated at the

median of the posterior distribution of calibrated parameters ω together with the
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Figure 4.10: Posterior probability density for ω.
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Figure 4.11: Predictive distribution from the linked emulator evaluated at the
median of the posterior distribution of calibrated parameters ω, together with exper-
imental data. Two grey surfaces show central 95% credible region of the emulator
over the region of inputs X1 and X2 and output Z. Gridded surface shows the mean
of the emulator. Green points correspond to experimental data. Four perspectives on
the emulators surfaces summaries are given for clear visualization.

experimental data. From the plot we see that, indeed, the developed emulator matches

the experimental data well. 34 out of 38 experimental data points, which constitute

about 90% of experimental data, stay within 95% credible area of the emulator.

From scientific point of view, calibration of parameters ω may lead to important

insights on physical aspects of the vapour-liquid equilibrium. For instance, a physical

quantity, τ , which is approximately known to be τ � ω1�ω2{330 is of scientific interest.

Having calibrated ω, we may also summarize posterior beliefs about ω1 � ω2{330,
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Figure 4.12: Posterior on physical quantity τ � ω1 � ω2{330.

which is shown on Figure 4.12 and facilitate further scientific discoveries.

4.8 Conclusion

In this chapter we have developed methodology for calibration of a complex system of

computer models, utilizing linked emulators that are constructed on reduced design

spaces.

The modularized calibration approach is built using the framework of Bayesian

inverse problems, under the assumption that the computer model is unbiased, rather

than using the Kennedy and O’Hagan (2001) (KO) framework which is valid under

the assumption of model bias. The goal of our problem is to calibrate physical

143



quantities and/or parameters of computer models, and calibration parameters are

not considered simply being statistical parameters. We demonstrate that within

the theoretical perspective, the solution to the Bayesian inverse problem is different

from the solution based on a simplified version of KO framework. Our simulation

examples show that KO framework does not allow one to correctly restore all the

parameters of the model. Thus, the Bayesian inverse problem framework is preferable.

At minimum, the noise parameters related to the experimental field data can not

be restored. The question of how this misestimation of these parameters influences

the estimation of other parameters of interest in the case of a full KO framework is

left as a further research direction. Tuo et al. (2015); Tuo and Jeff Wu (2016) have

shown previously that the KO framework is only asymptotically valid, so indeed more

research is needed on properties and validity of the KO framework.

Simulation studies in this chapter illustrate the procedure of the modularized

calibration and demonsrate its benefits over calibration of a system of computer

models as a single computer model.

The case study on calibration of vapour-liquid equilibrium model demonstrates

that the problem of calibrating models of interest may be solved with modularized

calibration for any solvent. For instance, different solvents may be subject to differ-

ent relationships between temperature and Henry’s constant. If one would like to

understand what would happen for a few different solvents within a single simulator,

a system would require one to obtain an emulator on a large design space of the

whole domain of all control and calibration inputs, and typically such an emulator is

a poor emulator of the simulator. The task is viable within modularized calibration

framework.

The well-made case study allowed us to concentrate on the calibration in principle.

A few important generalizations are necessary in order to make such calibration tool

useful for other applications in UQ.
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Models are often biased representations of reality. Systems of computer models

then are also biased representations. Incorporation of discrepancy representation

between a simulator and reality is important. For systems of computer models, the

challenge is to identify where and how to account for discrepancy. For example, if

each model in the system is biased, should the discrepancy be introduced at each

step of the model? Or is the discrepancy term between the whole system and the

reality works as well?

Another potential area is to find robust and efficient designs for each submodel of

the system to maximize the benefit of the use of the modularized calibration approach.

This involves investigation for possibilities of such designs on nonorthogonal spaces.

4.9 Appendix

4.9.1 Simulation example. Misestimation of noise variance in KO framework

The following simulation examples illustrate misestimation of noise variance in KO

framework. In a scenario, when field observations yF are observed with white noise,

the representation given by Kennedy and O’Hagan (2001) is

yF p�q � yMp�q � εp�q , (4.38)

where εp�q � Np0, σ2q.
The following model leads to systematic misestimation of variance σ2. Let yMp�q

for simplicity be

yMi � NpµpXi, ωq, vpXi, ωqq iid @i � 1, . . . , n , (4.39)

with vpXi, ωq � v. Then yFi � NpyMi , σ2q. Rewriting this as

yFi � NpµpXi, ωq, v � σ2q , (4.40)

we see that if σ2 is small compared to vpX,ωq, then it should be overestimated by the

KO framework. Further, if σ2 is comparable to vpX,ωq, it should be underestimated.
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Figure 4.13: Example of overestimation of variance in the KO framework. Example
σ � 0.05 and vpX,ωq � 0.1.

We will only do well with this approach in estimating σ2, if it is much larger than

vpX,ωq, but this would mean that observations are so noisy compared to the emulator,

that we are not able to calibrate — we will virtually accept all the possible values of

our parameter of interest ω.

Example: overestimation of variance. In the following two examples: y|X � X. Six

groups of points with replicates (two points per group) has been obtained and used

as experimental data. Example of overestimation of variance is shown in Figure 4.13.

Example: underestimation of variance. The example is shown in Figure 4.14.

4.9.2 Model for experimental data

We let

yij � Npµj, σ2q (4.41)

for ith observation within group j P 1, . . . , J . The model is complete with priors

ppµ1, . . . , µJ , σq91. MCMC estimates of the posteriors for all parameters in such
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Figure 4.14: Example of underestimation of variance in the KO framework. Example
σ � 0.3 and vpX,ωq � 0.1.

models in our simulation examples have been obtained using Stan ( Carpenter et al.

(2016)), namely R package, version 2.9.0-3.

4.9.3 Calibration with each draw of the distribution

In this subsection we show two examples of calibration of posteriors with respect

to several draws of the distribution which is being integrated out. Corresponding

posteriors of θ in the first simulation study is shown on Figure 4.15. Corresponding

posteriors of ω in the first simulation study is shown on Figure 4.16.

4.9.4 Additional details

In practice experimental data Dg�f does not contain variable Y as part of the controlled

input in the design, and we consider this case. However, below we discuss calibration

possibilities, if Dg�f � txDg�f , yDg�f , zDg�f u contains Y as part of the controlled design.

We calibrate θ and ω based on data from both models, i.e. find ppθ, ω|Df ,Dgf q.
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Figure 4.15: Simulation study 1. Posteriors of θ calibrated with respect to each
draw of the posterior distribution of the truth.

We have

ppθ, ω|Df ,Dg�f q9ppzDg�f |xDg�f , yDg�f , ω, zgdsgn, x
g
dsgn, y

g
dsgn, ωdsgn, θdsgnq

ppyDf |xDf , θ, yfdsgn, x
f
dsgn, θdsgnqppθ, ωq . (4.42)

Sequential refinement of priors: sequentially posteriors from previous models

become priors for the following model. This calibration procedure is in line with the

proposed method in Lai et al. (2016). First, calibrate θ, as before, from the first

model (4.13). Then choose design for the second computer model according to the
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Figure 4.16: Simulation study 1. Posteriors of ω calibrated with respect to each
draw of the posterior distribution of the truth.

posterior of θ. This yields

ppθ, ω|Df ,Dg�f q9ppzDg�f |xDg�f , yDg�f , ω, zgdsgn, x
g
dsgn, y

g
dsgn, ωdsgn, θdsgnqppθ|Df qppωq .

(4.43)

The form of the likelihood (and the posterior) is the same mathematically as in the

previous joint calibration case, but in practice the reduced design space is much

smaller, than full one, allowing better exploration (acquiring data) by the second

model.

If the two sets of observed data are Df � pxDf , yDf q and Dg � pxDg , yDg , zq, then

we can compare the described calibration scheme to others. Sequential calibration for
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such cases is preferred because it allows to reduce the desing space for the model g.
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5

Emulators of Simulators with Zero-inflated Output
and Truncated Output

This chapter considers two extensions of the GaSP emulation methodology, to handle

two problems that frequently in emulation of computer modeling. The first is dealing

with computer model output that is zero (or another constant) over much of the

input domain; this will be called the problem of zero-inflated output. The second

problem is when the computer output is truncated at some value (above or below or

both); this will be called the problem of truncated output. The difficulty is that such

output cannot be directly modelled by GaSPs, since GaSP sample paths cannot be

constant over a compact region. We thus consider non-Gaussian emulators that can

address these problems.

5.1 Introduction

As an example of the zero-inflated output problem, the computer model TITAN2D

produces, for given inputs such as the volume of the flow, the maximum height of

the pyroclastic flow at any given geographical location over a domain of interest. For
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Figure 5.1: Distribution of non-zero heights of the pyroclastic flow on a transformed
logph� 1q scale, where h stands for the maximum height of the pyroclastic flow (in
meters).

instance, there are 24,576 locations of interest in terms of such flow on the island

of Montserrat. But most flows will typically occur in only a portion of the island,

so that most places will have maximum flow height of zero. Indeed, for 500 runs of

TITAN2D done over the plausible space of inputs, 8491 locations (constituting about

one third of all the locations of interest) never received any pyroclastic flow. Hence

there is a huge domain of the output space where the output is zero. Even for the

other 16,085 locations, over two thirds of the 500 outputs from the computer runs

resulted in zero flow heights. The distribution of non-zero values of the height of the

pyroclastic flow is shown in Figure 5.1.

The second problem with GaSP emulation of TITAN2D is that flow heights can

never be negative, and yet realizations of any GaSP can be negative anywhere over

the input space. So, whether or not one is in a region of zero flow height, one must
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deal with the need to truncate any negative flow heights, arising from the GaSP, at

zero.

There are several possibilities to deal with zero-inflated output of a simulator. One

possibility is to simply ignore this information, training the GaSP emulator only at

points which resulted in positive height of the flow. Unfortunately, this throws away

the information carried by the points with zero-height output, and this information

can be crucial in developing a good emulator.

The second possibility is to treat the zero-inflated output data points as regular

points of a smooth function, and utilize this information in constructing the GaSP. The

resulting GaSP can be severely distorted, however, since it is trying to fit something

that is impossible (GaSPs cannot be constant on compact sets).

The zero-problem was acknowledged in Spiller et al. (2014), and treated through

a clever adhoc use of the above two described possibilities. The approach tried to

identify “non-important” zeros (those that are far from the non-zero outputs), and

eliminated those from consideration, leaving only a few “important” zero values to be

used with the non-zero values in construction of the GaSP. While this adhoc approach

was reasonable for the specific problem being considered, it is not a principled approach

and may not account for all the important features of the output of TITAN2D, as is

suggested by a later illustrative study.

In this chapter, we deal with the zero-inflated problem by introducing a new process

that is essentially a censored GaSP. Section 5.2 introduces this methodology, which

involves introduction of an unconstrained GaSP as a latent process. The methodology

is illustrated with an illustrative study and the TITAN2D case study. Section 5.3

discusses the related problem of construction of emulators for computer models

whose output is restricted to a certain region, and introduces truncated projected

GaSPs as an adhoc solution for such situations. Illustrations of the methodology are

given. Section 5.4 discusses possible alternative solutions to the truncated problem,
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including transformations of the output of the computer model. The often used

log-transformation is discussed as an example of a transformation which exhibits

several unattractive properties, if traditional GaSP emulators are constructed from

the transformed output of a simulator. Section 5.5 introduces methodology for linking

traditional GaSP and truncated GaSP emulators. The case study, on linking the

TITAN2D traditional GaSP emulator with a truncated normal model of basal friction,

is given as a demonstration of the methodology. Section 5.6 also presents methodology

for linking a traditional GaSP and a censored GaSP emulator, and is illustrated with

an example Section 5.7 presents some conclusions.

5.2 Censored GaSP

5.2.1 Methodology

Suppose, as before, that the computer model output gpzq is a smooth function. This

function is observed at a set of m inputs, zO � pzO1, . . . , z
O
mq, with corresponding

outputs pgpzO1q, . . . , gpzOmqq.
Suppose in addition, that, at some inputs zC, it is known that gpzq takes values

in the range pa, bq but that the values of gpzq are not available. That is, all that is

known is that a   gpzCiq   b over the set zC. Statistical models of this type are

called Tobit models (Ertin (2007); Costa et al. (2014)).

In the TITAN2D example, the actual output occurs in the range r0,8q, i.e., the

output cannot be negative. Because this is our primary example, we will only consider

processes constrained by a lower bound a.

To deal with this situation, we define a new process called a censored GaSP, given

by

gMa pzq �
#
gMpzq, if gMpzq ¡ a

a, otherwise
, (5.1)

where gMp�q � GaSPpµp�q, σ2cp�, �qq is a traditional GaSP.
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We are using the word censored, borrowing the term for convenience from classical

statistical methodology. In classical framework, loosely speaking, data which fall into

certain region may be replaced by zeros and thus are called censored. In UQ and in

particular in our example, zero-points are actual output of a computer model. The

zero-output is different from other outputs of a computer model, because it has a

non-zero probability to occur. Thus it is convenient to view this output as censored,

based on an underlying latent process.

Given parameters, θg, of the GaSP, for any finite set z � tz1, . . . , zmu
of d-dimensional inputs tzi � pzi1, zi2, . . . , zidqumi�1, outputs gM

a pzq �
tgMa pz1q, . . . , gMa pzmqu � pgapz1q, . . . , gapzmqq. This vector of outputs has a mix-

ture distribution, an absolutely continuous distribution with respect to the reference

measure that is the sum of a unit point-mass at the m-dimensional vector pa, . . . , aq,
Lebesgue measure on Rm

� , and mixed measures on R|S̄|
� � a|S|. Here S is a subset of

indices of variables S � 1 : m � t1, . . . ,mu, S̄ � t1, . . . ,muzS is a complementary

subset of S. Indeed, letting Pp1 : mq denote the powerset of 1 : m and |S| � cardS,

gMa pzq has the probability density function

ppgM
a pzqq �

$''''''''&
''''''''%

³c
�8

. . .
³c
�8

ppgMpzqq±m
i�1 dg

Mpziq, gMa pziq � c, i � 1,m,

@ S P Pp1 : mqztH, 1 : mu gMa pziq ¡ a, i P S̄
ppgMpzqS̄q

³ � � � ³
∆
ppgMpzqS|gMpzqS̄qdgMpzqS̄, gMa pziq � a, i P S

ppgMpzqq gMa pziq ¡ a, i � 1,m,

(5.2)

where ∆ � p�8, aqcardS, gMpzq has the multivariate normal distribution Npµpzq,
σ2Czq, and gMpzqS � tgMpziquiPS is a realization with variables S in this vector.

The joint multivariate distribution of the emulator gMpzq of simulator gpzq at

design points z � pzO, zCq, where zO are the design points at which the computer
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model is observed and zC are the censored output design points, is given by the

distribution

gMpzOq � N
�
µpzOq, σ2CzO

�
, (5.3)

gMpzCq|gMpzOq � N
�
µ�pzCq, σ�2pzCq� , (5.4)

with

µ�pzCq � µpzCq � cpzC, zOqCzO�1pgM
a pzOq � µpzOqq, (5.5)

σ�2pzCq � σ2pCzC � cpzC, zOqCzO�1cpzO, zCqq . (5.6)

Above CzC is the correlation matrix whose pk, lq element is given by a correlation

function cp�, �q and a nugget component for diagonal elements, that is cpzC
k, z

C
lq �

η1k�l.

The corresponding joint multivariate distribution of an emulator gMa pzq of the

simulator output gzpzq at design input points z is given by the distribution

gMpzOq � N
�
µpzOq, σ2CzO

�
, (5.7)

gM
a pzCq|gMpzOq � TNp�8,aq

�
µ�pzCq, σ�2pzCq� , (5.8)

where gM
a pzCq|gMpzOq � gMpzCq|gMpzOq,gMpzCq   a.

Now we turn to the question of obtaining the predictive distribution of a simulator

gMa pzq at a new input z1.

The predictive distribution given by the latent emulator gMp�q at a new input z1,

conditional on evaluations of the computer model gMpzq at design input points z, is

gMpz1q|gMpzq � N
�
µpz1q � cpz1, zqC�1

z pgMpzq � µpzqq,

σ2pCz1 � cpz1, zqC�1
z cpz, z1qq� . (5.9)

Let gMpzq � pgMpzOq,gMpzCqq, the vector of evaluations of the model at fully

observed inputs zO and censored inputs zC. The computer model output gMpzOq is
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given to us, but gMpzCq are unknown. However, it is known that

gMpzCq|gMpzOq,gMpzCq   a � TNp�8,aq

�
µ�pzCq, σ�2pzCq� . (5.10)

Computationally, in order to account for the censored observations zC, samples

from this truncated normal distribution (5.10) of gMpzCq|gMpzOq,gMpzCq   a may

be obtained. Say, n samples of vector tgMpzCqui�1,...,n are available. For each sample,

a vector gMpzqi � pgMpzOq,gMpzCqiq is used further to sample from (5.9), i.e. the

distribution gMpz1q|gMpzqi which is

gMpz1q|gMpzqi � N
�
µpz1q � cpz1, zqC�1

z pgMpzqi � µpzqq,

σ2pCz1 � cpz1, zqC�1
z cpz, z1qq� . (5.11)

Finally, the latent marginal distribution

gMpz1q|gMpzq � gMpz1q|gMpzOq,gM
a pzCq � gMpz1q|gMpzOq,gMpzCq   a

is

ppgMpz1q|gMpzOq,gMpzCq   aq �
»
. . .

»
ppgMpz1q|gMpzOq,gMpzCqq

ppgMpzCq|gMpzOq,gMpzCq   aqdgMpzCq. (5.12)

The predictive distribution of the emulator gMa p�q at a new input to the computer

model z1 is thus

gMa pz1q|gMpzOq, gMpzCq   a �#
gMpz1q|gMpzOq,gMpzCq   a, gMpz1q ¡ a³a
�8

ppgMpz1q|gMpzOq,gMpzCq   aqdgMpz1q, gMpz1q � a.
(5.13)

5.2.2 An illustrative example

The test function fpxq � 3x � cosp5xq, in the range x P r�1, 1s, is used to provide

a simple illustration of the developed methodology. In this example, all GaSPs are
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Figure 5.2: Left: latent GaSP of the function fpxq. Right: GaSP with additional
xC � 0 treated as actual data. Circled points correspond to training inputs which
were used to fit the emulator. Star points correspond to censored observations.

constructed with an a priori linear mean basis function and squared-exponential

correlation functions. A simulator produces the censored output

fapxq � maxt0, fpxqu. (5.14)

In this example, the zero-output points happen to be “clustered” together in the

negative design region, more precisely, the region x   �0.2. This is done intentionally,

since our application with the computer model TITAN2D has such a pattern of

occurrences of zeros.

The inputs xO � p0.2, 0.4, 0.6, 0.8q result in observed outputs of fpxOq and are

used to construct a traditional GaSP. Specifically, a zero-mean type 1 GaSP emulator

is used and all the parameters in this GaSP are learned from the pairs of data

tpxOi , fpxOi qu5
i�1. Inputs xC � p�1.0,�0.8,�0.6,�0.4,�0.2q, with censored output

fapxCq, are used for construction of GaSPs with the 3 methods discussed in the

introduction to the chapter, and comparisons between the methods are made.

The constructed traditional GaSP is shown in the left panel of Figure 5.2. This

GaSP does not account for censoring. For example, for the point x � �0.2 the
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Figure 5.3: Left: the resulting latent GaSP. Right: the resulting censored GaSP.

probability of zero-height is zero. If we project the posterior of the GaSP (based

on ideas introduced in Lin and Dunson (2014)), i.e. censor the posterior predictive

distribution of the GaSP, then the probability of a simulator output being positive is

87% and the probability of a simulator output being exactly zero is only 13%. What

we would like to see is the probability of a zero at point x � �0.2 being close to 1.

The right panel of Figure 5.2 shows the traditional GaSP when the inputs xC �
p�1.0,�0.8,�0.6,�0.4,�0.2q, with censored output fapxCq � 0, are treated as data

points from a smooth function. As can be seen from the figure, this GaSP provides

very tight credible intervals in the area where censored observations occurred. Not

surprisingly, this GaSP mean follows the output of the simulator well in the censored

area, since it follows the zero region well. In the noncensored data area, the emulator

and its 95% credible sets misses the true function for x P p�0.2, 0.2q with a large

discrepancy between the mean and the true function; for x ¡ 0.2, the emulator

slightly misses the true function.

The third approach discussed in the introduction is to construct a censored

GaSP for the function fapxq. The resulting latent GaSP is shown on the left panel

of Figure 5.3, and the corresponding censored GaSP is shown on the right panel

159



Table 5.1: Comparison of three emulators: projected traditional GaSP without zeros,
projected traditional GaSP with zeros and censored GaSP. Comparison is made on
all testing points, including both, zero-output points and positive-output points.

GaSP RMSPE EFC LCI

Censored 0.032 1.000 0.067
Projected traditional (w/ zeros) 0.197 0.413 0.104
Projected traditional (w/o zeros) 0.204 1.000 0.729

of Figure 5.3. In this case, the latent GaSP adequately assigns almost all of its

probability mass to the negative values of a simulator output fpxq. The probability

of occurrence of a zero at the censored input x � �0.2 is 87%. Also, the censored

GaSP captures the function f in this region, and also in the region of positive output.

Tables 5.1, 5.2 and 5.3 give numerical summaries of the performance of the

three emulators – projected traditional GaSP with no zero points in its training

data, projected traditional GaSP at 201 equidistant testing points in r�1, 1s with

zero-output points included in its training data, and the censored GaSP – utilizing the

predictive checks RMSPE, EFC, and LCI introduced in Section 2.3 of Chapter 2. The

first table 5.1 provides comparison of emulators in the area of all output testing points,

including zero-output testing points of a simulator and including positive-output

testing points of a simulator. The second table 5.2 provides comparison of emulators

in the zero-output region only, and the third (table 5.3) provides comparison in the

positive output region only.

From comparison of numerical results given in Tables 5.1, 5.2 and 5.3, it can be

seen that the projected traditional GaSP which does not have zeros in its training

points performs worse than the other two emulators. For example, this GaSP and

the censored GaSP both have empricial frequency coverage equal to 100%, however,

the RMSPE is at least 4 times larger (Table 5.3) for the projected traditional GaSP

and the average length of its credible intervals is at least twice as large. This was
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Table 5.2: Comparison of three emulators: projected traditional GaSP without zeros,
projected traditional GaSP with zeros and censored GaSP. Comparison is made on
zero-output testing points.

GaSP RMSPE EFC LCI

Censored 0.000 1.000 0.000
Projected traditional (w/ zeros) 0.012 0.963 0.023
Projected traditional (w/o zeros) 0.235 1.000 0.412

Table 5.3: Comparison of three emulators: projected traditional GaSP without zeros,
projected traditional GaSP with zeros and censored GaSP. Comparison is made on
positive output testing points.

GaSP RMSPE EFC LCI

Censored 0.042 1.000 0.112
Projected traditional (w/ zeros) 0.254 0.042 0.157
Projected traditional (w/o zeros) 0.184 1.000 0.283

anticipated, since this emulator does not make use of the zero training points.

We turn then to comparison of the censored GaSP emulator with the projected

traditional GaSP with zero training points included in the construction of the emulator.

Visually the censored GaSP performs similar to the projected traditional GaSP. The

projected traditional GaSP in the area of positive output has the emulator mean

closely following the true function. In the area of nonnegative output, the predicted

mean also closely follows the true zero-valued output. However, numerical comparison

reveals clear differences in the behaviour of the two emulators. Table 5.1 shows that

the RMSPE of the censored GaSP is 6 times smaller than that of the projected

traditional GaSP; the length of the credible intervals is 1.5 times smaller for the

censored GaSP; and the empirical coverage is only 41% for the projected traditional

GaSP, compared with 100% for censored GaSP.

Comparing the numerical summaries for the two emulators in zero-output testing
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Figure 5.4: Probabilities of a zero at testing points assigned by the projected
traditional GaSP which has zero-output points included in its training set.

region (Table 5.2), we find that censored GaSP perfectly predicts zero-output in this

region, virtually producing RMSPE equal to zero and also essentially zero-length

credible intervals, while empirical coverage is 100%. Projected traditional GaSP is a

bit worse, with non-zero, but still small RMSPE and LCI.

Considering the probability of a zero-output to occur in this area, the projected

traditional GaSP assigns the probability to be about 1{2 on average, while the

censored GaSP assigns probability that a zero-value occurs there to be almost 1.

More detailed analysis on the probability of zero-output given by two GaSPs is

demonstrated on Figures 5.4 and 5.5.
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Figure 5.5: Probabilities of a zero at testing points assigned by the censored GaSP.

Figure 5.4 shows that the probabilities on a zero-output based on projected

traditional GaSP do not correspond to adequate beliefs: projected traditional GaSP

assigns to points in censored area probability of zero-output to be about 80� 99%

while immediate nearby points may have probability of zero-output about 0� 20%.

Figure 5.5 shows much more appropriate posterior beliefs on the probability of

zero-output given by censored GaSP, which assigns probability of zero-output to be

almost 1 in the censored area.

Comparison of emulators in positive output testing region (Table 5.3) gives

different qualitative performance of the two emulators. RMSPE of censored GaSP is

6 times smaller than that for projected traditional GaSP, length of credible intervals
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of two emulators is similar, but censored GaSP LCI is 1.4 times smaller. At the same

time, empirical frequency coverage is only 4% for projected traditional GaSP, while

censored GaSP has 100% empirical coverage.

Along with the inferior performance of projected traditional GaSP to censored

GaSP, the former does not allow for true distinction between small-height values and

zero-height of the flow, while censored GaSP capture this difference.

5.2.3 Case study

The case study refers to the described TITAN2D computer model of the maximum

height of the pyroclastic flow (without transformation). 15,122 locations were con-

sidered at which the GaSPs were trained and tested. All these locations have both

exact zero-height output points and positive height output points.

Table 5.4 summarizes the performance of the three developed emulators, the

projected traditional emulator with and without zeros in the training data and the

censored GaSP, utilizing the predictive measures RMSPE, EFC and LCI.

As in the earlier example, we use the same training points for construction of

the projected traditional GaSP with zero-height output points included and for the

censored GaSP. We use only positive height training points for construction of the

projected traditional GaSP with zero-height output points excluded from its training

set. All the same testing points are used for comparison of the performance of the

three emulators.

The censored GaSP provides the best approximation while maintaining high

empirical frequency coverage. The censored GaSP provides RMSPE comparable

to that of the projected traditional GaSP with zeros included in the training data;

however the average length of the credible intervals is smaller for the censored GaSP,

than for the projected traditional one.

Interestingly, the projected traditional GaSP without zeros in the data performs
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Table 5.4: Comparison of three emulators: the projected traditional GaSP w/o zeros,
projected traditional GaSP w/zeros, and censored GaSP. Comparison is made on all
testing points, including both zero-height output points and positive-height output
points.

GaSP RMSPE EFC LCI

Censored 0.649 0.941 1.091
Projected traditional (w/ zeros) 0.618 0.914 1.371
Projected traditional (w/o zeros) 5.356 0.945 7.893

Table 5.5: Comparison of two emulators: traditional with zeros and censored GaSP
on zero-testing points.

GaSP RMSPE EFC LCI

Censored 0.111 0.999 0.175
Projected traditional (w/ zeros) 0.160 0.998 1.165

much worse than the other two emulators: its RMSPE and LCI are very large. This

is because the number of positive data points is only about one third the number

of all data points (including zero-height output points) available. Also zero-height

testing points, as in the earlier example, occur in “clusters”; thus the traditional

GaSP without zeros has to do extrapolation at such points, rather than interpolation.

Table 5.5 summarizes the performance of the censored GaSP and projected

traditional GaSP with zeros in the training data on zero-height testing points only.

The RMSPE for censored GaSP is about two thirds of that of a projected traditional

GaSP and LCI is more than 6 times smaller for censored GaSP. Empirical frequency

coverage of both emulators is more than 99%.

Table 5.6 summarizes the performance of the censored GaSP and projected

traditional GaSP with zeros in the training data on positive height testing points only.

The RMSPE for censored GaSP and traditional GaSP with zeros are close. Average
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Table 5.6: Comparison of two emulators: traditional with zeros and censored GaSP
on non-zero testing points.

GaSP RMSPE EFC LCI

Censored 0.833 0.864 1.930
Projected traditional (w/ zeros) 0.853 0.806 1.543

Table 5.7: Average probability of a zero-height of three emulators: projected tra-
ditional GaSP without zeros, projected traditional GaSP with zeros and censored
GaSP at zero-testing points.

GaSP P ph � 0q
Censored 0.968
Projected traditional (w/ zeros) 0.504
Projected traditional (w/o zeros) 0.712

length of predictive intervals LCI are about 25% larger for censored GaSP than

for traditional GaSP, though the empirical frequency coverage (EFC) of projected

traditional GaSP is only 80%, while the censored GaSP has larger EFC of 86%.

Projected traditional with zeros GaSP underestimates uncertainty in a region of

positive height of the flow, because it has two thirds of its training data being

zero-output data points included in construction of the GaSP.

Table 5.7 shows the average probability of a zero-height flow over all zero-output

testing points. Censored GaSP results in such a flow with probability close to 1,

which is what we would like to see from the performance of an emulator. Two other

traditional emulators result in average probabilities of zero being too far away from

the expected probability of 1. These are the artefacts of these GaSPs, which make

these GaSPs inappropriate for direct emulation of a zero-inflated output of a computer

model.

The distributions of resulting probabilities over all zero-testing points are presented
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Figure 5.6: Left: histogram of probability of zero for censored GaSP. These are
probabilities at zero-height testing points. Right: histogram of probability of a zero
for projected traditional GaSP w/ zeros if posterior is projected to be censored at
zero.

in Figure 5.6. The left panel of the figure provides a histogram of censored GaSP

proabilities of a zero to occur. This distribution is highly concentrated near probability

value being 1. The right panel of the figure demonstrates that projected traditional

GaSP with zeros included as data points provides probability of a zero at zero-testing

points concentrated around 50%, indicating bad performance of an emulator.

Thus, these distributions induce the following distributions of a zero-height to

occur among all testing points: zero-height testing points and positive height testing

points, shown on Figure 5.7. The left histogram of values, which correspond to the

ones given by censored GaSP emulator shows that probability of a zero-height flow

concentrates near zero-probability or near 100% probability for a zero-height to occur.

The histogram on the right indicates, that traditional GaSP with zeros provides

unattractive strong peak at probability of a zero-height being around 50% in addition

to extremes of near 0% and 100% probabilities.
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Figure 5.7: Left: histogram of probability of zero for censored GaSP. These are
probabilities for all testing points. Right: histogram of probability of zero for
traditional GaSP w/ zeros if posterior is projected to be censored at zero.

5.3 Truncated projected GaSP

A closely related, but different, problem arises when linking emulators with truncated

stochastic inputs.

One of the inputs to TITAN2D is basal friction of a pyroclastic flow, the friction

of the flow with the surface. The relationship between basal friction of a pyroclastic

flow and volume of a flow has been modelled in Ogburn et al. (2016), and a stochastic

representation has been obtained, as described in Chapter 2 (in the corresponding

case study example in Section 2.5.1) as

y|x � Np0.5336� 0.1971x, 0.00037205� 0.00054567x� 0.00044155x2q, (5.15)

where y is a basal friction, and x � V � 5.5 with V being volume of a flow on a log10

scale.

For large volumes of a pyroclastic flow there are only small number of historical

data points, and the inferential relationship (5.15) is less reliable. Geological rea-

soning suggests that basal friction does not decrease as much for large volumes as

the inferential relationship states; a reasonable solution compatible with geological
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knowledge is to adopt some threshold, c, at which basal friction asymptotes as a

function of flow volume. This would result in the model

y|x � TNpc,8qp0.5336� 0.1971x, 0.00037205� 0.00054567x� 0.00044155x2q. (5.16)

5.3.1 Methodology

General setting for which normal GaSP approximation is not adequate and truncated

version of the GaSP may be applicable is introduced.

Suppose that gpzq is an output of a simulator, represented by a smooth function.

The simulator data gpzq are evaluations of the simulator at some input points z.

Suppose that in addition, it is known that a simulator takes values in the range pa, bq.
That is, a   gpzq   b.

The difference in this framework from censoring methodology introduced in the

previous section 5.2 constitutes in that there is no positive point mass on any value

of the output variable.

Thus we would like to construct an emulator which takes values in a specific region

and has representation via an absolutely continuous random variable. Unfortunately,

the following stochastic process

gMtr p�q � TNpa,bqpµp�q, σ2cp�, �qq, (5.17)

such that all finite-dimensional multivariate distributions are joint truncated multi-

variate normal, does not exist, which may be demonstrated using results in Horrace

(2005).

An ad hoc method, (as introduced, for example, in Lin and Dunson (2014) for

constraining GaSPs of monotonic functions), is to construct a traditional GaSP, and

then truncate posterior predictive distribution to a region pa, bq.
Let gMpz1q|gMpzq be a traditional GaSP posterior predictive distribution at a

new input point z1, approximation to simulator output gpz1q, then the proposed
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approximation is

gMtr pz1q � gMpz1q|gMpzq, a   gMpz1q   b. (5.18)

Joint distribution of emulator output at points z and z1 follows multivariate normal

distribution �
gMpzq
gMpz1q



� N

��
µpzq
µpz1q



, σ2

�
Cz cpz, z1q

cpz1, zq Cz1




, (5.19)

where Cz1 is the correlation matrix whose pk, lq element is given by a correlation

function cp�, �q.
Conditional on the observed computer model evaluations gMpzq the truncated

posterior predictive at any input z1 (given GaSP parameters θg) follows a truncated

to pa, bq normal distribution Npµ�pz1q, σ�2pz1qq, i.e.

gMtr pz1q|gMpzq � TNpa,bqpµ�pz1q, σ�2pz1qq, (5.20)

where

µ�pz1q � µpz1q � cpz1, zqC�1
z pgMpzq � µpzqq, (5.21)

σ�2pz1q � σ2pCz1 � cpz1, zqC�1
z cpz, z1qq . (5.22)

The mean, any quantile of the distribution gMtr pz1q|gMpzq, and the variance of this

distribution have the following closed form expressions

EgMtr pz1q|gMpzq � µ�pz1q �
φp b�µ�pz1q

σ�pz1q
q � φpa�µ�pz1q

σ�pz1q
q

Φp b�µ�pz1q
σ�pz1q

q � Φpa�µ�pz1q
σ�pz1q

q
σ�pz1q, (5.23)

QgMtr pz
1q|gMpzqpqq � Φ�1

�
Φpa�µ�pz1q

σ�pz1q
q � Φp b�µ�pz1q

σ�pz1q
q � Φpa�µ�pz1q

σ�pz1q
qq � µ�pz1q

σ�pz1q

�
, (5.24)

VgMtr pz1q|gMpzq � σ�2pz1q
�

1�
b�µ�pz1q
σ�pz1q

φp b�µ�pz1q
σ�pz1q

q � a�µ�pz1q
σ�pz1q

φpa�µ�pz1q
σ�pz1q

q
Φp b�µ�pz1q

σ�pz1q
q � Φpa�µ�pz1q

σ�pz1q
q

�

�
EgMpz1q|gMpzq � µ�pz1q

σ�pz1q

2
�
,

(5.25)

where QgM pz1q|gMpzqpqq is a qth quantile of distribution gMtr pz1q|gMpzq.
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5.3.2 Illustration

The following example demonstrates the methodology. Test function fpxq � 3x �
cosp5xq � 3.1 in the range x P r�1.3, 1s. We assume that fpxq ¡ 0, so there is the

threshold c � 0 below which simulator output should not exist. In this example

traditional GaSP has mean zero and squared-exponential correlation function.

Truncated normal approximation accounts for truncation region with no assign-

ment of positive probability to regions of actual zero probability, opposed to the

behaviour of a usual GaSP, with substantial probability for negative values. Truncated

approximation acts as an interpolator at training inputs in the case of no nugget.

5.4 Computer model output transformation as an alternative

Alternative way to deal with this problem is to apply a monotone transformation g

to the output of fpxq P pa, bq, so that values of gpfpxqq P p�8,8q. For instance, in

the last illustrative example pa, bq � p0,8q. One commonly used transformation to

apply for the positive valued function fpxq is gpfq � logpfq. Then a conventional

GaSP is constructed using transformed output of a computer model.

Suppose that type 1 GaSP emulator has been constructed for a simulator, using its

transformed output. Let us denote the predictive GaSP distribution of transformed

output of a computer model at a new point x� as

gMpx�q � Npµ�, σ�2q. (5.26)

Since we have performed log-transformation, then backwards transformation

to the original scale of the output of a simulator is exponential transformation

fMpx�q � exp gMpx�q. The following properties of this transformation are important

1. In case of normal GaSP, the exponential transformation will give that pos-

terior predictive distribution given by emulator fMpx�q follows a log-normal
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Figure 5.8: GaSP and truncated GaSP of test function fpxq. Circled points
correspond to training inputs which were used to fit the GaSP emulator.

distribution

fMpx�q � LNpµ�, σ�2q. (5.27)

2. Quantiles are transform-invariant for exponential transformation.

3. Transformed median of fMpx�q equals to exp pµ�q.

4. Transformed mean is EfMpx�q � exp pµ� � σ�2{2q.

5. Transformed variance is VfMpx�q � pexp pσ�2 � 1qq exp p2µ� � σ�2q.

The properties of the exponential backwards transformation show that predictive

172



−
3

−
2

−
1

0
1

2
3

−
3

−
2

−
1

0
1

2
3

−
3

−
2

−
1

0
1

2
3

−
3

−
2

−
1

0
1

2
3

−1 −0.5 0 0.5 1

true  f
GaSP mean
95%−CIs

Type 1 N−GaSP

x

f

Emp. coverage = 60.61%

0
1

2
3

4
5

6
7

0
1

2
3

4
5

6
7

0
1

2
3

4
5

6
7

0
1

2
3

4
5

6
7

0
1

2
3

4
5

6
7

−1 −0.5 0 0.5 1

true f(x)
GaSP mean
GaSP median
95%−CIs

Type 1 N−GaSP

x

f(
x)

Emp. coverage = 60.61%

Figure 5.9: Left: The results of applying the GaSP methodology to a test function:
gpxq. Right: Transformed function fMpxq � exp gMpxq and transformed GaSP.

emulator fMpx�q has unattractive property that σ�2 enters expression for the mean.

If σ�2 is comparable to µ� or simply large, then the transformed mean may explode,

as well as the transformed variance. Typically one should seek very low-uncertainty

emulator gMp�q of the log-transformed output of a computer model, in order to obtain

acceptable backwards transformed answer.

A short example illustrates the transformation methodology. Function fpxq �
3x� cosp5xq � 3.1 in the domain x P p�1.3, 1q with the threshold c � 0 is considered.

The log-transformation of the output has been applied. Resulting emulators on

original and transformed scale are shown on Figure 5.9.

The GaSP has no assignment of positive probability to regions of the output of

actual zero probability. However, the overall emulators performance is not good with

empirical 95% frequency coverage being about 60% and large predictive intervals in

region x ¡ 0. We may want to reduce variance in this region. The log-transformation

is not very good for this data, because it also created an unattractive dimple for

transformed data. However, the point here is not to find a good transformation, but

to illustrate how this method works.
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T-GaSP emulator and its transformation.

If gMp�q is a T-GaSP, then backwards transformation results in a process fMp�q �
exp gMp�q which is a log�T process.

• The unattractive property of the log�T distribution is that it has no positive

moments.

Thus, applying exponential backwards transformation for a T-GaSP would require

some ad hoc truncation of means and variances at very large values.

log-transformation for TITAN2D output. The output of TITAN2D is often modelled

on a log-scale, with transformation of the maximum of the height h of the pyroclastic

flow y � logph� 1q. The inverse transformation is h � ey � 1.

Then, if we use a T-GaSP for the transformed output of TITAN2D, then on

original scale even the mean of the pyroclastic flow does not exist, as well as its

variance.

5.5 Linking a GaSP emulator with a truncated GaSP

5.5.1 Methodology

Now we present methodology on linking a GaSP emulator with truncated GaSP

emulators fMj , whose distributions at a new point is in the form

fMj p�q � TNcpsj, σ2
j q . (5.28)

Next theorem states closed form expressions for mean and variance of the emulator.

Theorem 5.5.1. Let gM with given parameters θg � pβ, σ2, tδjuj�1,...,d, ηq be a type

1 GaSP emulator of a simulator g exercized at training input points z, i.e. gMp�q as

in (2.5). Suppose the mean is linear in the qth cooordinate of an input z1, so that

the mean is hpz1qβ � β0 � β1z
1
q. Let the gMp�q GaSP correlation function smoothness
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parameters αj of coordinates j P b, . . . , d be equal to 2. For each j P b, . . . , q�1 let fMj

be an independent GaSP emulator of a simulator fj, corresponding to the coordinate

j of the input to the simulator g, i.e. fMj p�q as in (2.6). For each j P q, . . . , d let fMj

be an independent truncated normal GaSP emulator of a simulator fj, corresponding

to the coordinate j of the input to the simulator g, i.e. fMj p�q � TNcpsj, σ2
j q (5.28).

Then the mean Eξ and variance Vξ of the linked emulator ξ of the coupled simulator

pg � pfb, . . . , fdqqpuq as defined in definition 2.2.2 are

Eξ � β0 � β1EfMq �
m̧

i�1

ai

b�1¹
j�1

e
�

�
|uj�zij |

δj


αj q�1¹
j�b

I ij

d¹
j�q

I0i
j, (5.29)

Vξ � σ2

�
1� η �

m̧

k,l�1

tCz�1uk,l
b�1¹
j�1

e
�

��
|uj�zkj |

δj


αj
�

�
|uj�zlj |

δj


αj
 q�1¹
j�b

I1k,l
j

d¹
j�q

I2k,l
j

�
�

β2
0 � 2β0β1EfMq � β2

1pVfMq � pEfMq q2q�

2
m̧

i�1

ai

b�1¹
j�1

exp

�
�
� |uj � zij|

δj


αj

pβ0I

i
q � β1I

�i
qq

q�1¹
j�b

I ij

d¹
j�q�1

I0i
j�

m̧

k,l�1

alak

b�1¹
j�1

e
�

��
|uj�zkj |

δj


αj
�

�
|uj�zlj |

δj


αj
 q�1¹
j�b

I1k,l
j

d¹
j�q

I2k,l
j � pEξq2,

(5.30)

where a � pa1, . . . , amqT � C�1
z pgMpzq � hpzqβq, tq � cq�sq

σ�fq
and

EfMq �
�
sq � σ�fqφptqq{Φp�tqq

	
, (5.31)

VfMq � σ�fq

�
1� φptqq

Φp�tqq
�

φptqq
Φp�tqq � tq




(5.32)
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and

I ij �
1c

1� 2
σ�2
fj

pujq

δ2j

exp

�
�pzij � µ�fjpujqq2
δ2
j � 2σ�2

fj
pujq

�
, (5.33)

I0i
j �

1

Φ

�
� cj�sj

σ�fj


 1c
1� 2

σ�2
fj

δ2j

exp

�
�pzij � sjq2
δ2
j � 2σ�2

fj

�

Φ

�
�2pzij � cjqσ�2

fj
� psj � cjqδ2

jb
δ2
j � 2σ�2

fj

�



, (5.34)

I1k,l
j � 1c

1� 4
σ�2
fj

pujq

δ2j

e

�

�
zkj�zlj

2 �µ�
fj

pujq


2

δ2
j
2 �2σ�2

fj
pujq

e
�

pzkj�zljq
2

2δ2
j , (5.35)

I2k,l
j � 1

Φ

�
� cj�sj

σ�fj


 1c
1� 4

σ�2
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δ2j

exp�pzkj � zljq2
2δ2
j
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�
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zkj�zlj
2

� sjq2
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j {2� 2σ�2
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�
Φ
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fjb
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(5.36)
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176



−
3

−
2

−
1

0
1

2
3

−
3

−
2

−
1

0
1

2
3

−
3

−
2

−
1

0
1

2
3

−
3

−
2

−
1

0
1

2
3

−1 −0.63 −0.26 0.11 0.48 0.85

true f(x)
GaSP mean
95%−CIs

Truncated Type 2 N−GaSP

x

f(
x)

Emp. coverage = 100%

Truncated at  −3

−
4

−
3

−
2

−
1

0
1

2
−

4
−

3
−

2
−

1
0

1
2

−
4

−
3

−
2

−
1

0
1

2
−

4
−

3
−

2
−

1
0

1
2

f(x2)f(x1) f(x5) f(x4) f(x6)

true  g(x)
GaSP mean
95%−CIs

Type 1 N−GaSP

x

g(
x)

Emp. coverage = 100%

Figure 5.10: Left: truncated emulator for the simulator fpxq. Right: the emulator
of the simulator gpxq.
Circled points correspond to training inputs which were used to fit emulators.

5.5.2 Illustation

We give an illustration to the methodology with the following example. Two functions

fpxq � 3x � cosp5xq � .1 in the domain x P p�1.32, 1q and gpxq � cosx � x in the

domain x P p�3, 3q. Type 1 GaSP is constructed for function gpxq and type 2 GaSP

is constructed for function fpxq, which is further truncated at c � �3. Two functions

with their emulators are shown on Figure 5.10.

The resulting linked GaSP of such a system of simulators f and g is shown on

Figure 5.11. Comparison to empirical running forward linked emulator is also given

on the plot. The performance of the linked emulator and its approximation, linked

GaSP, is good. The developed emulators capture the function in its whole considered

domain and provide small credible intervals. Since trunctation operation reduces

variance of a variable, approximation with a linked GaSP should be expected to be

not worse than linking with original, non-truncated distribution.
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Figure 5.11: Linked GaSP and the empirical running forward emulator. Circled
points correspond to training inputs which were used to fit original emulators.

5.5.3 Case study

In this example the model TITAN2D is approximated as a traditional GaSP and

truncated normal distribution is used as an empirical model for basal friction. Basal

friction distribution is shown on Figure 5.12. We compare the output of TITAN2D

linked with this distribution to the output of TITAN2D linked with a normal distri-

bution as has been shown in Chapter 2.

178



5 6 7 8 9

5
10

15
20

                
                              log10Volume    (log10m

3)

B
as

al
 fr

ic
tio

n 
(d

eg
re

es
)

Median
95%−CIs

5 6 7 8 9

5
10

15
20

                
                              log10Volume    (log10m

3)

B
as

al
 fr

ic
tio

n 
(d

eg
re

es
)

Median
95%−CIs

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●
●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

7

Figure 5.12: Left: the resulting relationship in Ogburn et al. (2016) between basal
friction and volume. Right: this relationship truncated at 7 degrees of basal friction.
Circle points correspond to computer model runs data from TITAN2D.

For TITAN2D linking with normal distribution and truncated normal distribution

is compared in terms of its median of the 7-meter height contour of the flow. While

qualitatively the contours are somewhat similar, the flow with truncated distribution

of basal friction is restrained more.

5.6 Linking a GaSP emulator with a censored GaSP

In this chapter the possibility of linking of a GaSP emulator with the censored normal

distribution is investigated. Closed form expressions for mean and variance of such a

linked emulator are given.

Let the model for the predictive distribution of a censored GaSP fMj p�q be

fMj px|sj, σ2
j q �

$&
%

Φ
�
cj�sj
σj

	
, x � cj

1
σj
φ
�
x�sj
σj

	
, x ¡ cj

, (5.38)

where φp�q and Φp�q are density and cumulative distribution functions of a normal

distribution.
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Figure 5.13: Two plots show 7 meter height flow spatial contours on Montserrat
island for input values: volume of a pyroclastic flow V � 108.02, initiation angle
φ � 2.15� and basal friction δ � 6� evaluated at 15952 locations. Left: result from
Chapter 2. TITAN2D linked with normal distribution (5.15). Right: Linked emulator
of TITAN2D with truncated at 7 normal distribution. Both linked emulators of
TITAN2D do not have basal friction as their input any more.

Theorem 5.6.1. Let gM with given parameters θg � pβ, σ2, tδjuj�1,...,d, ηq be a type

1 GaSP emulator of a simulator g exercized at training input points z, i.e. gMp�q as

in (2.5). Suppose the mean is linear in the qth cooordinate of an input z1, so that

the mean is hpz1qβ � β0 � β1z
1
q. Let the gMp�q GaSP correlation function smoothness

parameters αj of coordinates j P b, . . . , d be equal to 2. For each j P b, . . . , q�1 let fMj

be an independent GaSP emulator of a simulator fj, corresponding to the coordinate

j of the input to the simulator g, i.e. fMj p�q as in (2.6). For each j P q, . . . , d let fMj

be an independent censored GaSP emulator of a simulator fj, corresponding to the

coordinate j of the input to the simulator g, i.e. fMj p�q (5.38). Then the mean Eξ

and variance Vξ of the linked emulator ξ of the coupled simulator pg � pfb, . . . , fdqqpuq
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as defined in definition 2.2.2 are

Eξ � β0 � β1EfMq �
m̧

i�1

ai

b�1¹
j�1

e
�

�
|uj�zij |

δj


αj q�1¹
j�b

I ij

d¹
j�q

I0i
j, (5.39)

Vξ � σ2

�
1� η �

m̧

k,l�1

tCz�1uk,l
b�1¹
j�1

e
�

��
|uj�zkj |

δj


αj
�

�
|uj�zlj |

δj


αj
 q�1¹
j�b

I1k,l
j

d¹
j�q

I2k,l
j

�
�

β2
0 � 2β0β1EfMq � β2

1pVfMq � pEfMq q2q�

2
m̧

i�1

ai

b�1¹
j�1

exp

�
�
� |uj � zij|

δj


αj

pβ0I

i
q � β1I

�i
qq

q�1¹
j�b

I ij

d¹
j�q�1

I0i
j�

m̧

k,l�1

alak

b�1¹
j�1

e
�

��
|uj�zkj |

δj


αj
�

�
|uj�zlj |

δj


αj
 q�1¹
j�b

I1k,l
j

d¹
j�q

I2k,l
j � pEξq2,

(5.40)

where a � pa1, . . . , amqT � C�1
z pgMpzq � hpzqβq, tq � cq�sq

σ�fq
and

EfMq �
�
sqΦ p�tqq � σ�fqφptqq � cqΦptqq

	
, (5.41)

VfMq � c2
qΦptqq � σ�2

fq

�
Φp�tqq � φptqq

�
φptqq

Φp�tqq � tq




�

�
sqΦp�tqq � σ�fqφptqq

	2

Φp�tqq � pEfMq q2,

(5.42)
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and

I ij �
1c

1� 2
σ�2
fj

pujq

δ2j

exp

�
�pzij � µ�fjpujqq2
δ2
j � 2σ�2

fj
pujq

�
, (5.43)

I0i
j � exp

�
�pcj � zijq2

δ2
j



Φ

�
cj � sj
σ�fj

�
�
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1� 2

σ�2
fj

δ2j

exp

�
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δ2
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�
Φ

�
�2pzij � cjqσ�2
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Figure 5.14: Left: at each point x there is a normal distribution associated with the
points. Circled points correspond to training inputs which were used to fit original
emulators. Right: at each point x censoring is induced.

Illustration

Linking the type 1 GaSP with a nugget with a censored type 2 GaSP with a nugget.

First row: on the left the emulator for the simulator fpxq � 3x � cosp5xq � .1 in

the range x P p�1, 1q. On the right: we apply censoring to this emulator, which has

distribution as described in equation (5.38). The threshold for censoring is c � �.9.

Second row: on the left the emulator of the simulator gpxq � cosx� x in the range

x P p�3, 3q. On the right: the corresponding linked emulator and the empirical

(running forward) emulator

Analogous theorems involving type 2 GaSP and TGaSP emulators may also be

established.

5.7 Conclusion

This chapter has demonstrated an importance of treating special features of under-

lying emulators functions in a principled way. Using traditional GaSP emulator for

special computer model output, not a smooth function, straightforwardly is no longer
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Figure 5.15: Left: Emulator of function g. Right: resulting censored linked emulator
of function g with distributions associated with function f .

appropriate and doing so may lead to misrepresentation of the emulator of a model

with such an output. Moreover, ad hoc adjustments, as a projected traditional GaSP,

may be helpful for capturing some aspects of the emulator, but not the others.

The illustrations and the case study have demonstrated that censored GaSP and

projected traditional GaSP have the mean of each emulator closely following the

simulator function with zero-inflated output. Although these two approaches provide

similar results with the mean, indicated by similar RMSPEs, these two emulators

provide fundamentally different estimates on uncertainties about its mean.

This further translates into very different estimates on the probabilities of a

zero-output to occur. If our purpose is not only to construct an emulators mean as

an approximation to the simulator, but to use this emulator further for providing

adequate uncertainty estimates and its use in estimation of a probability of an event,

for example a natural hazard, then for appropriate decision making support we may

prefer to use a valid approximation, which in this case is given by a censored GaSP

and not given by a projected traditional GaSP.

We have also found that straightforward truncation of a computer model output
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is not directly possible, and the methodology of a projected traditional GaSP has

been proposed. The methodology for linked GaSP emulators with censored GaSP

and truncated GaSP has been investigated.

Important future generalization of presented methodology in this chapter is to

construct a linked emulator of all non-Gaussian emulators of submodels, for example,

a linked emulator of a censored TITAN2D output model with truncated model of

basal friction.

Further directions on emulation of computer models which have other interesting

features may be developed based on methods introduced in this chapter. For example,

introduced censored methodology is generalizable to an important case, when a

computer model has both zero-inflation and inflation of ones, such that the model

should have a non-zero probability mass at two outcomes of the computer model.
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6

Conclusions and Future Directions

This thesis has presented a methodology for uncertainty quantification (UQ) for

systems of computer models. The proposed approach leads to fast and accurate

statistical approximation of a system of computer models, by developing an emulator

that is accurate and computationally efficient when evaluation of the system of

computer models at a new input is too expensive. The approach, which we called a

linked emulator of a system of simulators, is useful for predictive and inferential goals,

namely, prediction of the computer model output at a new input and calibration of

unkown parameters of a system of simulators. The speed of the analysis was partly

achieved through determination of useful analytical expressions for linked emulators.

Case studies that were considered included linking the volcano pyroclastic flow

model TITAN2D with a model for basal friction, and linking the volcanic plume

model Bent with the volcanic ash transport and dispersal model Puff.

A second important discussion in the thesis centered around the irrelevance, in

emulation, of using multivariate modeling when dealing with multivariate output of a

computer model. This was extensively illustrated, using theoretical and numerical

methods, for the linear model of coregionalization (LMC), a model which is often
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used for modeling of multivariate output of computer models.

The third issue addressed in the thesis was calibration of parameters that occur

within a system of computer models. A modularized calibration approach, using

linked emulators, was developed within the framework of classical Bayesian inverse

theory, assuming that there is no model bias. The advantage of classical Bayesian

inverse problem over the simplified version of widely used (Kennedy and O’Hagan

(2001)) (KO) framework (with no bias term) in estimation of true parameters of the

computer model is discussed. A case study on the vapour-liquid equilibrium model

for amine-based CO2 capture systems illustrates this modularized calibration with a

linked emulator.

Additionally, emulation of computer models that have extensive zero values or that

have truncated output was discussed. In particular, the censored GaSP methodology

for computer models with zero-inflated output was developed, and illustrated on the

problem of emulating the TITAN2D computer model of volcano pyroclastic flow.

The rest of this chapter outlines additional research directions that are natural to

pursue.

Other closed form linked emulators and their approximations. In this thesis, the linked

emulator approach focused on emulation using the squared exponential correlation

function in the a priori structure of the GaSP. While this correlation kernel is arguably

the most used kernel in the literature, other possibilities may be advantageous. For

example, Handcock and Stein (1993) advocates the use of the Matérn kernel, since it

prevents the correlation from decreasing too quickly.

The general structure of the Matérn kernel, with any smoothness parameter ν,

is complicated, and closed form expressions for the mean and variance of a linked

emulator are not available. However, certain classes of Matérn (e.g. ν � 1{2, ν � 3{2,

ν � 5{2, etc.) may lead to closed form expressions of some moments of a linked
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emulator.

Another potential area of research is to seek accurate closed form approximations

to expressions of interest in cases when they may not be computed exactly, through

Taylor series approximations Girard and Murray-Smith (2005) or by employing a

Karhunen-Loéve expansion of the process Mondal et al. (2014). Such scenarios appear,

e.g. for power exponential kernels (with smoothness α � 2) and general Matérn

kernels (with any smoothness parameter ν).

Also, it may be of interest to investigate the potential for closed form approxi-

mations to emulators with stochastic inputs which follow non normal distributions

(or variants such as truncated and censored normal distributions). Closed form

expressions may be obtained, for example, for Laplace or exponential distributions of

stochastic inputs. Investigation of which types of stochastic processes may arise in

such cases may expand the applicability of the proposed framework.

Linked emulator of a system of computer models with feedback. In this thesis the focus

has been on the investigation of the possibilities of rapid emulation of systems with

so-called weak coupling, that is, systems with one-way interactions, which consist of

a forward sequential pattern of feeder and consumer computer models.

An important generalization is to construct rapid approximations to systems with

strong coupling, that is, systems with two-way interactions, in which a feeder model

is a consumer model at the next stage and a consumer model is a feeder model at

that stage. Such coupled systems are also called systems with feedback, or dynamic

systems, and may be represented as

g � f � g � f � . . . � g � f. (6.1)

Interestingly, the linked emulator approach seems promising for emulation of

such models as well. For example, two sequentially evaluated models with strong

188



coupling produce output X and Y of two submodels, respectively, at each evaluation

of the system. Pairs of observations, pX,Yq and pY,Xq, from submodels of a system

with strong coupling, may be formed at each iteration (similarly to Castruccio et al.

(2014)), and two separate emulators may be constructed. Linking the two emulators

as described in this thesis effectively leads to emulation of a coupled system.

Linked emulator of a system of computer models with functional input and functional output.

Another relevant emulation challenge is when the computer model produces not scalar,

but functional output (a curve) for every run of the model Auder et al. (2012); Bayarri

et al. (2007a). For instance, climate computer models may produce a temperature

time-series for every run of the model with specific initial conditions.

Direct emulation of models with functional output is usually not feasible due to

the huge amount of resulting data. Therefore, methodology for emulation of models

should be accompanied with data-reduction techniques Ramsay and Silverman (2002);

Constantine et al. (2014). The choice of the data reduction method is crucial and

model-specific Campbell et al. (2006).

The extension of this framework to emulation of, not one computer model with

functional output, but systems of models with functional output, and thus, functional

input as well, is one of the potential reseach directions. As a starting point, one

might consider linking of models whose output may be expressed through principal

components (PCA) Higdon et al. (2008). Important generalization would be to do so

with functional PCA (FPCA) introduced in James et al. (2000).

After making an appropriate decomposition of the original curves of a model in the

system, the reduced representation of the original simulator is subject to emulation.

The final step would be an appropriate combining (linking) of developed emulators

and transformation of the linked emulator back to the original scale of the data from

a system of computer models.
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Part of this research should address the accuracy of the representation given by

any method of dimensionality reduction being used.

Incorporation of discrepancy between a system of computer models and reality. Under-

standing the discrepancy between a computer model and reality is critical for validation

and calibration of simulators Oakley and Youngman (2015). This discrepancy, also

known as bias bp�, ζq between the model and reality, is often introduced as the differ-

ence between the true process yT p�q and the computer model yMp�, ζq (ζ being the

calibration parameters in the computer model)

bp�, ζq � yT p�q � yMp�, ζq. (6.2)

Bias formulation depends on the exact problem and what is known a priori about

the nature of the discrepancy between the model and reality. The discrepancy term

bp�, ζq may not have a physical meaning, in that it might depend on computer model

calibration parameters that do not exist in reality. For instance, the form bp�, ζp�qq
with corresponding discrepancy parameter ζp�q, being dependent on the input to the

model,

bp�, ζp�qq � yT p�q � yMp�, ζp�qq. (6.3)

is considered advantageous in Brown and Atamturktur (2016).

In a system of computer models, it is less clear where and how to introduce and

account for a discrepancy term. One possible solution is to introduce bias for each

submodel in the system Stevens et al. (2014). Another is to introduce bias for the

overall system of models.

The information about the nature of the bias is essential. The exact answer

to such a question is likely to depend on what kind of a priori information about

submodels of a system and experimental data for calibration is available in every
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particular problem. The analysis and investigation of benefits of each of the two

possible approaches leaves plenty of room for further research.

Analysis of complex systems of computer models and its submodels. The linked emulator

allows for affordable modularization of systems of computer models. For example, if

one submodel in a system of computer models is suspicious (e.g. it may be biased

or inaccurate), this model may be substituted by another, more reliable model, or

simply this model may be analysed and improved.

The linked emulator makes investigation of properties of various submodels in the

system possible. Identifying weak submodels, e.g. high uncertainty models or heavily

biased models, informs scientists as to how to improve conceptual models and further

research directions.

Another part of UQ research is related to sensitivity analysis on systems of

computer models. With the linked emulator approach, one possibility is to investigate

the sensitivity of a system of simulators to uncertain inputs to the whole system itself,

instead of sensitivity to its submodels.

With closed form expressions for means, variances and covariances of the linked

emulator, such analysis can be done much faster, and optimization over the input space

becomes a feasible task. One potential direction is to combine the linked emulator

approach with recent developments on sensitivy indices Owen and Prieur (2016) and

ideas on the implementation of the sensitivity analysis using emulators Oakley and

O’Hagan (2004).

Experimental design for a system of computer models. The linked emulator approach is

well suited for sequential design of a system of simulators. Also, experimental designs

may enjoy the benefit of employing designs of submodels on smaller subspaces. These

strategies are important for parsimonious use of computational resources.
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In this thesis, elimination of large parts of design spaces has been demonstrated to

lead to efficient time and computational resource allocation. To maximize the benefit

of using the linked emulator approach to a system of computer models, strategies for

optimum design and sampling from the components of a large system of simulators

are of interest for further investigation.

Integrated modeling with a linked emulator. The proposed approach in this thesis

provides a convenient framework for so-called integrated modeling Liu et al. (2008);

Alfaro et al. (2017). Multidiciplinary models: models of natural phenomena, social

sciences models and economic models, may all need to be considered as forming a

complex system for adequate representation and analysis in such areas as urban and

rural development, energy systems engineering, water resources management and

natural hazard assessment.

One potential research direction is to investigate the ability of the proposed

framework for scenario-based modeling. This may be expected to be achieved via

flexible choice of various submodels and their fast substitution. Another direction is

to combine a linked emulator of a system of computer models with models for decision

making, possibly, multi-objecive utility models for ensuring adequate decision support

when utilizing complex systems.
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