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Abstract

Scientific inquiry about natural phenomena and processes are increasingly relying
on the use of computer models as simulators of such processes. The challenge
of using computer models for scientific investigation is that they are expensive
in terms of computational cost and resources. However, the core methodology
of fast statistical emulation (approximation) of a computer model overcomes this
computational problem.

Complex phenomena and processes are often described not by a single computer
model, but by a system of computer models or simulators. Direct emulation of a
system of simulators may be infeasible for computational and logistical reasons.

This thesis proposes a statistical framework for fast emulation of systems of
computer models and demonstrates its potential for inferential and predictive scientific
goals.

The first chapter of the thesis introduces the Gaussian stochastic process (GaSP)
emulator of a single simulator and summarizes ideas and findings in the rest of
the thesis. The second chapter investigates the possibility of using independent
GaSP emulators of computer models for fast construction of emulators of systems of
computer models. The resulting approximation to a system of computer models is
called the linked emulator. The third chapter discusses the irrelevance of attempting
to model multivariate output of a computer model, for the purpose of emulation of

that model. The linear model of coregionalization (LMC) is used to demonstrate

v



this irrelevance, from both a theoretical perspective and from simulation studies.
The fourth chapter introduces a framework for calibration of a system of computer
models, using its linked emulator. The linked emulator allows for development of
independent emulators of submodels on their own separately constructed design
spaces, thus leading to effective dimension reduction in explored parameter space.
The fifth chapter addresses the use of some non-Gaussian emulators, in particular
censored and truncated GaSP emulators. The censored emulator is constructed to
appropriately account for zero-inflated output of a computer model, arising when
there are large regions of the input space for which the computer model output is
zero. The truncated GaSP accommodates computer model output that is constrained
to appear in a certain region. The linked emulator, for systems of computer models
whose individual subemulators are either censored or truncated, is also presented.
The last chapter concludes with an exposition of further research directions based on
the ideas explored in the thesis.

The methodology developed in this thesis is illustrated by an application to
quantification of the hazard from pyroclastic flow from the Soufriere Hills Volcano
on the island of Montserrat; a case study on prediction of volcanic ash transport
and dispersal from the Eyjafjallajokull volcano, Iceland in April 14-16, 2010; and
calibration of a vapour-liquid equilibrium model, a submodel of the Aspen Plus
(© chemical process software for design and deployment of amine-based CO, capture

systems.
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Introduction

Uncertainty quantification (UQ) of computer models, is a field concerned with various
aspects of uncertainty associated with computational challenges in scientific and
engineering applications, in particular applications which heavily depend on scientific
computer models.

Computer models as simulators of natural phenomena, physical and biological
processes, and engineering systems are being increasingly used for improvement in
understanding and prediction of such processes. For example, simulators of chemical
processes facilitate construction of engineering systems Aspen Plus® (2017); computer
simulations for nuclear engineering help to reduce the number of field experiments
(US Department of Energy initiative); geophysical computer models are used to
identify conditions which lead to hazardous events from volcanic eruptions Bayarri
et al. (2009); biomechanics and biomaterials research uses simulators to identify
possible causes for failure rates of a hip resurfacing procedure Long et al. (2009);
computer models of windfields assist in weather prediction and design of renewable
energy generators Zhu and Genton (2012); and numerical and statistical models are

exploited for irrigation management in agriculture Hamann et al. (2017).
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A simulator which describes a physical process is, typically, a solution to a complex
system of differential equations Oberkampf et al. (2002) or, for example, an agent-
based model simulation Bonabeau (2002). Given an initial set of input parameters,
the numerical solution to the equations or agent-based model is obtained. It is not
unusual for this solution to require computational time ranging from a few hours to
several months, for just one run of the model. This computational obstacle makes
direct exploration of a model difficult.

Due to lack of physical experimentation and promotion of innovation, construction
of fast statistical approximations to such models has been widely explored Santner
et al. (2013). One particularly attractive solution is to utilize a Gaussian process
prior as a representation of the computer model and train it on a few available
observations from the simulator using Bayes theorem, with the result being a very
fast probabilistic representation of the simulator Bayarri et al. (2007b). Such an
approximation is called an emulator of the computer model. In contrast to other
numerical approximations, e.g. polynomial chaos Owen et al. (2017), GaSP emulators
have the attractive property of having an internal estimate of the uncertainty in their
approximation to the computer model.

The GaSP emulator is used throughout the thesis as a building block for the
developed methodology. An introduction to this methodology, following Bayarri et al.
(2007b), is given in the following section 1.1 of this chapter. That section is followed

by an outline of the thesis, with presentation of its contributions done in section 1.2.
1.1 GaSP emulator of a computer model

Suppose a computer model g represents a smooth function g(z), which takes input
z € D  R? (possibly, multidimensional, d > 1) and produces an output g(z) €
R. Suppose we observe m computer model outputs (g(z1),...,9(zm)), evaluated
at corresponding inputs z = (z1,...,2%,). From this set of inputs and outputs,

2



assuming a Gaussian process prior on computer model data, one finds a probabilistic
representation of an output of a computer model g at a new input z’.

A Gaussian stochastic process, g (+), is fully specified by its mean and covariance

function. Given parameters, fg, of the GaSP, for any finite set z = {z4,...,2m} of
d-dimensional inputs {z; = (21, zi2, - - -, zia) } oy, ¥ (2) = {¢M(z1),. .., M (Zm)} =
(9(z1), ..., 9(zm)) has a multivariate normal distribution. That is,

gM(z) ~ N(u(z),ang) , (1.1)

where u(z) = (fu(21), .. ., fl(Zm)) and fi(-) is the mean function of the GaSP, o7 is the
unknown variance and K, is the correlation matrix whose (k,[) element is given by a
correlation function c¢(zy, z).

Sometimes the GaSP model has to be augmented with iid mean-zero Gaussian
white noise € to provide a more appropriate emulator (Gu and Berger (2016)) or
for numerical stability of a GaSP (Gramacy and Lee (2012)). Then, for any z,

gM(z) ~ N(u(z),0?K, + 72I). For convenience we reparametrize the model as

g™ (2) ~ N(u(z), 7;Cx) (1.2)

where C, = K, + nl, with K, being a correlation matrix defined as before and n
determining the ratio of the nugget variance 7° to o;.

We present the methodology for this general case of an emulator augmented with
a nugget; note, however, that the results will also apply if the nugget effect is initially
assumed to be zero (simply set = 0 in the expressions).

Note that GaSP computer model runs outputs, gM(z), at a set of inputs z,
together with computer model run outputs, gM(z’), at another set of inputs z’, follow

a joint multivariate normal distribution

(B) 5 ((12) (& 27)) o



where C is the correlation matrix whose (k,[)th element is given by a correlation
function ¢(-, -) and a nugget component for diagonal elements, that is ¢(z'y, z'1) +n1g;.

It follows that, conditional on the observed computer model evaluations gM(z),
the posterior predictive GaSP at any input z' (given GaSP parameters 6g) follows a

normal distribution with mean p*(z’) and variance o*%(z') given by

pi(2) = u(z) + o(z, 2)C; (g™ (2) — p(2)). (1.4)

o*}(z) = 0*(Cy — c(2',2)C. (2, 7). (1.5)
Traditionally the GaSP mean function fi(-) is chosen to be a linear model h(-)s,

where h(-)" is a vector of regression functions (Sacks et al. (1989)) and 3 € R" is a

vector of unknown regression coefficients, i.e.,

h(-)B = Boho(-) + Biha () + ... + Buln() - (1.6)

The GaSP correlation function c(-,-) is typically assumed to be in the form
of a product of one-dimensional correlation functions along each dimension of the

d-dimensional inputs. The correlation between outputs at two inputs z, and z; equals

:&

c(zx, 71) 2k, 215)- (1.7)

J=1

For the jth coordinate, the correlation is often assumed to be of the power

c(zkj, 215) = exp {— (%—m) } , (1.8)
j

with a range parameter §; € (0, 00) and a smoothness parameter along each coordinate

exponential form

€ (0,2].

The correlation c(z,z' )7 = c(z',2) = (c(Z',21),...,c¢(z',2m)). For any two

inputs z; and 2z, the resulting power exponential correlation is ¢(z',z;) =

4



! .. Qg
exp (— Zd ('Zj Z”') ]), where d is the number of coordinates in input z and

j=1 5;
j=1,...,d denotes one of the d coordinates in each z; = (2;1,...,24); i =1,...,m
denotes one of m inputs z, ..., 2y,. Parameters {a;};_1, ., are often assumed to be

fixed because of prior beliefs about smoothness of the computer model output along
each input coordinate.

Once all the parameters of the GaSP, 0, are specified, the conditional posterior
predictive distribution is used for emulation of the computer model g.

GaSP emulator presented in this section is used as a starting building block in
the rest of the thesis. We refer to this emulator as type 1 GaSP emulator. Other

types of GaSP emulators will be developed in the following chapter.
1.2 Thesis outline

This thesis explores several aspects of uncertainty quantification (UQ) for systems of

complex scientific computer models.

Chapter 2. Linked emulator of a system of computer models. Sometimes several computer
models need to be utilized to explore an interesting phenomenon (Madankan et al.
(2014); Stevens and Atamturktur (2016)). For instance, to model the true danger
of a volcano pyroclastic flow, one might need to combine the flow model (which can
produce the flow size and force at a location) with a computer model that provides
an assessment of structural damage, for a given flow size and force. Or, to predict
volcano air travel disruption and the danger from volcanic ash, one needs to combine
a plume model that gives the magnitude and height of an eruption, together with a
wind model that will predict its transport and dispersion.

A system of computer models, which consists of several subsimulators, is called a
coupled model simulator (Farajpour and Atamturktur (2012)). Direct coupling of

computer models is not feasible due to the large computational cost of that endeavor.
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In this chapter we, instead, propose coupling two computer models by linking their
separately developed GaSP emulators. The resulting approximation is called the
linked emulator.

The straightforward approach to linking emulators is simply to do so by simulation:
for a given input to the first emulator, draw a sample from the GaSP emulator output,
and then run this sample through the second emulator to obtain a sample from
the coupled emulator. This, however, quickly becomes computationally expensive,
especially because one often needs to perform analysis involving randomness in the
original emulator input (Williams et al. (2000)).

Another issue in developing the linked emulator is to produce an accurate way
of quantifying the uncertainty in the emulator. The sampling approach may be
prohibitive for accurate assessment of the uncertainty in the emulator output.

As an alternative, we seek a closed form expression for the linked emulator mean
and its uncertainty, i.e. variance (Candela et al. (2003)). This is not possible for
all GaSP emulators, but is for some. With analytic expressions available for the
mean and variance of the linked emulator, we form confidence intervals for the linked
prediction assuming normality; an approximation, because the linked emulator is not
actually normally distributed. Assessment of the accuracy of this approximation is
done both analytically (with Taylor’s series approximations), and via simulations.

The linked emulator is demonstrated to be an accurate emulator of the true
coupled computer model and, also, typically results in smaller epistemic uncertainty
than a direct GaSP of the coupled computer model would produce. These features
are demonstrated via simulations. Two case studies involving computer models of

volcanic eruptions are also presented.

Chapter 3. Multivariate output of a computer model. The irrelevance of modeling

multivariate structure of the output of a computer model, for emulation purposes,



is discussed. First, modeling multivariate output of a computer model with perfect
correlation of the outputs is proven to give the same predictive results as modeling
each output of a computer model independently. The theorem is illustrated by a
simple example, which also provides the intuition as to why modeling of multivariate
output does not have a systematic advantage over modeling each output individually.

Second, following Kleijnen and Mehdad (2014), a commonly used (Schmidt and
Gelfand (2003)) linear model of coregionalization (LMC) for modeling multivariate
output structure is shown not to lead to any systematic improvements in its predictive
distributions over simpler individual modeling of each output of a computer model.

The likelihood of the LMC model and predictions based on the LMC model are
proven to depend not only on the correlation structure between outputs >, but also
on the chosen form of Cholesky decomposition A of the corresponding covariance
matrix ¥; in particular, for any two different Cholesky decompositions A; and As,
with ¥ = A AT = Ay A? | the likelihood functions are not equivalent and will lead to
different predictive results.

Simulation studies demonstrate that, irrespective of dependencies between outputs
of a computer model and irrespective of accounting for possibly high correlations
between outputs, the emulators from the LMC approach are almost exactly the same
as the emulators obtained with independent modeling of the outputs.

Several results which lead to computational simplifications of implementation of the
LMC model are obtained. Indeed, Lemma 3.5.3 introduces a dramatic simplification of
the inverse of the covariance matrix in the LMC model: if the covariance of the LMC

model with the number of input sets n among a set of p outputs is & = 25:1 C; ®@1Tj,
where T; = A; AT and A is the jth column of A, then yl = - C;'®S;, where
S; = A;lA;T. Lemma 3.5.1 follows, showing that det > = (det X)" o_1 Cj. These

technical results are likely of considerable use in other multivariate spatial contexts.



Chapter 4. Modularized calibration of a system of computer models. Methodology for
modularized calibration for systems of computer models is proposed within the
Bayesian inverse problem framework. This part of the research follows ideas on
modularization analysis of computer models introduced in Liu et al. (2009). For
example, an engineering system for carbon sequestration has up to several dozen
submodels, all with their own parameters and, maybe, distinct input spaces. Direct
emulation of such a system would require development of an emulator over a large (up
to 100-dimensional) input parameter space, which would be extremely challenging.

Instead, a modularized approach to calibration is proposed, which effectively
utilizes the structure of the system to achieve dimension reduction. The linked
emulator allows for development of independent emulators of submodels on their
own separately constructed design spaces. This allows a substantial reduction in the
dimension of the parameter space and leads to efficient construction of an emulator
of a coupled model. This strategy reduces the computational cost of an expensive to
run and complex system of computer models. The approach is analyzed from both a
theoretical perspective and through simulations.

The Bayesian inverse problem framework is compared with the simplified frame-
work based on Kennedy and O’Hagan (2001) (KO) framework. KO framework is
demonstrated to give misestimation of variance parameter used for modeling exper-
imental field observations. Our Bayesian inverse framework seems preferable for
our goal of calibration of physical quantities of a computer model with only limited
experimental data.

We demonstrate the proposed framework with a case study of calibration for a

vapour-liquid equilibrium model for amine-based COs capture systems.

Chapter 5. Non-Gaussian emulators: Censoring and truncation. Computer models often

produce output for which Gaussian processes are no longer appropriate (Wang and



Berger (2016); Maatouk and Bay (2016)). For instance, a computer model of a
volcanic pyroclastic flow produces heights of the flow at various locations. However,
the height of the flow is clearly non-negative. Moreover, the flow is often precisely
zero, when the pyroclastic flow has not reached the location. Indeed, in our case
study, two thirds of the computer model outputs are zeros. Thus, the problem
of zero-inflated output emerges and requires methodological care for appropriate
emulation and prediction.

A censored GaSP (with the traditional GaSP as a latent process) is developed for
emulation of computer models with zero-inflated output. The volcanic pyroclastic
flow case study is used to demonstrate that a wrong assessment hazard event can
happen if an emulator does not adequately incorporate the zero-inflation information.
The proposed censored GaSP approach is compared to the posterior projection GaSP
approach (similar to ideas introduced in Lin and Dunson (2014) for constraining
GaSPs of monotonic functions); the comparisons show an advantage for the censored
GaSP approach.

The chapter also discusses a truncated GaSP of a function, relevant when the
function output is restricted to a certain range. Finally, a generalization of the linked
emulator methodology is provided for coupled systems, when one or more of the
computer models has a zero-inflated or truncated situation.

The last chapter of the thesis discusses several important extensions of the proposed
framework. The generalizations involve other forms of emulators, emulation of systems
of computer models with functional input and output, and a calibration framework
involving modeling of the bias between a computer model and reality. The broader

scientific relevance of the framework is also briefly discussed.



2

Coupling Computer Models Through Linking Their
GaSP Emulators

2.1 Introduction

The approach to coupling computer models by using their GaSP emulators originates
from the literature on sensitivity analysis (SA) of the output of a computer model,
due to uncertain inputs to the model. A recent review of SA methods can be found
in Borgonovo and Plischke (2015), with current developments being Song et al. (2016)
and Owen and Prieur (2016). Another approach to the analysis of the influence
on outputs of an uncertain input to the model is the variance-based methods given
in Oakley and O’Hagan (2004).

Alternatively, to account for stochastic inputs, Goldberg et al. (1997) suggested
utilizing Monte Carlo methods, for example, a Gibbs sampler. Unfortunately, this
approach can be inefficient in terms of computational time and resources.

Another area of research in terms of propagation of uncertainty stems from the
field of Machine Learning: uncertain inputs are viewed as latent variables and may

be either optimized or integrated out approximately with subsequent maximization
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of the lower bound on the marginal likelihood (Damianou and Lawrence (2014));
unfortunately, these methods to not provide estimates of the uncertainty in the
produced estimate.

An analytical method of coupling emulators was considered in Candela et al.
(2003). It was shown that, within the framework of a predictive Gaussian process
(with zero-mean and squared exponential kernel), analytical closed forms for the
coupled mean and variance are available. This is the approach to development of
a linked estimator that we will follow, utilizing a normal approximation with these
analytic mean and variance functions, i.e., using a linked GaSP as the approximation.
(The linked emulator itself is not normally distributed.) Simulation and examples
show that the linked emulator is well approximated by the linked GaSP. The quality
of this approximation is also investigated through linear approximation of the linked
emulator via a Taylor’s series expansion.

If one simply estimates the parameters of a GaSP and plugs in the estimates, the
uncertainty in these parameter values is not accounted for. Objective Bayes analysis
provides a framework to overcome this problem, by providing analytically tractable
full Bayesian inference (Bayarri et al. (2007b)). The linked emulator will also be
studied in this situation.

The outline of this chapter is as follows. Using the GaSP emulator methodology
introduced in Section 1.1 in Chapter 1, the linked emulator of a system of simulators
is defined in Section 2.2. The linked GaSP, a normal approximation to the linked
emulator, is also presented in Section 2.2. The approach is illustrated with a simulation
study.

A coupled system of simulators may be viewed as one computer model, without
identifying its submodels, and an emulator can be directly developed for the coupled
system; we call this the composite emulator. Comparisons of the linked emulator,
its approximation linked GaSP and the composite emulator are given in Section 2.3.

11



Predictive measures for assessment of an emulator are given in this section.

Other GaSP emulators, which account for uncertainty in parameters of the GaSP
using the objective Bayesian framework, are introduced in Section 2.4. Corresponding
linked emulators of systems of computer models are provided as well. This section
also has an illustrative example comparing a linked GaSP and a composite emulator
of a system of simulators.

Two case studies are investigated in Section 2.5. Conclusions are given in Sec-
tion 2.6. A linked emulator with multivariate sub-GaSPs is discussed in the Appendix
section 2.7. Additional examples demonstrating the empirical frequency coverage of

a linked GaSP and proofs are also provided in this section.

2.2  Linked emulator

2.2.1 Methodology

Suppose that we have two computer models, g and f, and have constructed their
corresponding GaSP emulators, g™ and ™, as described in section 1.1. Thus the
GaSP emulator g™ (), of the model g at any new input, given pairs {z, g(z)} of model

runs and GaSP parameters 0, is

9" ()18 (2). 0 ~ GaSP(uy(-), 0% (-,-)). (2.1)

Likewise, the GaSP emulator f¥(-), of the model f, given pairs {x, f(x)} of model

runs and its parameters 0, is

FHOIEM(x), 0 ~ GaSP(uj (), a7*(-, ). (2.2)

We are interested in the marginal distribution of an emulator of a composite

computer model g o f at any input u to this model, that is

p((g o /)M (w)g™(2), £¥(x), O¢, O, u) =

JP(QM(fM(U))IgM(Z),fM(u),9g)p(fM(u)|fM(X),Hf)dfM(u)- (2:3)
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Definition 2.2.1. The variable §¢ = (g o f)M(u)|gM(z), fM(x), ¢, 04, u with the

distribution (2.3) is called the linked emulator.

We will sometimes use the shortcut notation for the linked emulator

(g HY() = f (g™ (PN ()M, (2.4)

Generalization to the multivariate case, where g has a multidimensional input, is
crucial, as this is the case that most often appears in applications. Then the GaSP
emulator g™ (-), of the model g at any new d-dimensional input, given pairs {z, g(z)}

of model runs and GaSP parameters 0y, is

GV ()M (2), B ~ GaSP(i (., ), 020 ). (2.5)
d d d

Suppose that we would like to link an emulator g*(-,...,) with independent
emulators f}''(-) of models f; for coordinates j € b, ...,d. We are supposing that first
b — 1 coordinates do not arise from other computer models and hence do not need to
be linked. We thus construct, for each j € b,...,d, a GaSP emulator fJM(-) of the
model f;, given pairs {xJ,f(x7)} of model runs and parameters g, as

FTOIEM (), 0 ~ GaSP(u (), 072(:, ). (2.6)

The marginal distribution of the emulator of a composite computer model g o

(fo,---, fa), at a finite-dimensional new input u, is then

p((go (fba7fd))M(u)|gM(Z)7f]M(XJ)]eb d70f:jj€b d70g7u) =

..........

.....

| pta™ . ) M) ) L, 0)

d

| [p( (@) IEV (), 0)df (uP), ..., df) (), (2.7)

j=b
where the new input u consists of the first b — 1 inputs of the model g and the new
inputs w are the inputs to the models f; Vj € b,...,d, i.e. u = u(u®, {w}i_,) with
u® = (21,...,21).
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Definition 2.2.2. The wvariable £ = (g o (fb,...,fd))M(u)|gM(z),ij(Xj)jebMd,
ijjebmdﬁg,u, with the distribution (2.7), is called the multivariate-input linked
emulator.

For brevity, in the rest of the paper we will simply write ¢g* () and f*(-) without
the conditioning, implicitly assuming the conditioning on relevant model run data
and model parameters.

The linked emulator £ does not have a closed form distribution. The key fact
in developing an approximation is that, if the smoothness parameter of the power
exponential correlation function is & = 2 or @ = 1 and if p(z) is one of three
distributions — Normal, Laplace or Exponential — one can give closed form expressions
for the overall mean and variance of the linked emulator, providing the regression
functions in the GaSP mean h(z) (and h(z)?) have closed form expectations when
z ~ p(z). Typically h(z) is either zero, constant, or linear in the inputs, in which
case these expectations will be available in closed form.

The choice av = 1 corresponds to the exponential covariance function, which yields
GaSP sample paths that are not mean-square differentiable. In most applications,
the computer model is a smooth function of the inputs, so a = 1 is not usually a
reasonable choice. On the other hand, o = 2 corresponds to the squared exponential
covariance function, which results in a GaSP with infinitely differentiable sample
paths, and so is a better reflection of the smoothness of the computer model in
applications. In the spatial statistics literature, o = 2 is often criticized for producing
too smooth sample functions, but the situation with computer models is different
than that for most spatial models, in that the input points for the computer model
runs are usually quite distant. GaSPs with squared exponential covariance functions
have also proven to be useful for incorporating shape constraints such as monotonicity

and convexity (Wang and Berger (2016)).
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Theorem 2.2.3. Let g™, with given parameters 05 = (8,0%,{0;}j=1.._a,m), be a type

1 GaSP emulator (introduced in Section 1.1) of a simulator g exercized at training
input points z, i.e. g™ (-) as in (2.5). Suppose the mean is linear in the bth coordinate
of the input z', so that the mean is h(z')3 = Bo+ B12,. Let the g™ (-) GaSP correlation
function smoothness parameters «; of coordinates j € b, ..., d be equal to 2. For each
J€Eb, ... d, let fJM be an independent emulator of a simulator f;, corresponding to the
coordinate j of the input to the simulator g, i.e. fJM() as in (2.6). Then the mean E
and variance V& of the linked emulator £ of the coupled simulator (go (fy, ..., f4))(u),
as defined in definition 2.2.2, are

m b—1 j d
BE = o+ i (u%) + Do Hexp( ('“f Z”') )HI, (2.8)

J=1 j=b

VE = 0*(1+n) + B3 + 280, (u°) + B (077 (u) + (uF, (u”)?) — (E)*+

(i (- at(e. e [To ((5) +(55)) H1> +
(2.9)

kl=1 j=1 j=b

j=b+1
where a = (a1, ..., a,)" = C71(gM(z) — h(z)B) and
| 1 2y — pj, (w))?
I = %2(4) P <_ (5;4- 2(:;5(u3; (2.10)
g u y .
149 fj(Sz J i
J
(ij+zlj uk (uJ>)
- 2 (zg;—=15)
Il?,l _ 1 0 57]+2a}‘j2(uj) 67% (2.11>
o2 (ud)
L+ 45
J
O'?;(ub) % b
b= TP\ TS v 202(wr) ) '




The proof of the theorem is in the appendix.
2.2.2  Linked GaSP as a linear approximation to the linked emulator

In this section we define a normal approximation to the linked emulator, using
its analytical mean and variance. We call this approximation the linked GaSP.
Justification for the use of such an approximation is given through a set of propositions

in the rest of the section.

Definition 2.2.4. Following the notation of the previous section, if variable & =
(go(fo,-- -, fa))M(u)gM(z), %M(Xj)jeb _____ 005 i, g 0> 0 with the distribution (2.7) is

the linked emulator, then variable ¢ ~ N(EE, V&) is called the linked GaSP.

Lemma 2.2.5. If, for each j € b,...,d, the emulators f}'(-) are as in (2.6) and

g™ (-) is an emulator as in (2.5), then, for any new input u,

Ble = (oM, pf, (0), ... g, (u))+
d 2
Z“;z ( O’Ni(ub)ﬁ vﬂ;d(ud))af (u)Ng 1) =
j=b
d "
Do b, ()
]=b,k]'=1

N s
0] Mooop () e ()|, (2.13)
|K|=3,|L|=1;
|K|=|L|=2;
|K|=1,|L|=3

where & is the linked emulator given in definition 2.2.2, ,u;‘, 1s the partial derivative
zj

of the function p}(-, ..., -) with respect to the jth coordinate, and 032” _ s the second-
ZjZj
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order partial derivative of the function 052(-, ..., +) with respect to the jth coordinate

and Ny is a standard normal random variable.

The proof of the lemma is given in the Appendix.
We next give some conditions under which the linked GaSP can be shown to be
an accurate (even exact) approximation to the linked emulator. The conditions are

essentially that the GaSPs which form inputs to ¢™ must have very small variances.

Theorem 2.2.6. Under the same conditions and using lemma 2.2.5
* * d ' ® ® # j
€ = (900, i3, (), g, (0h) + S g (0 5, (), g, (0))rs ()N )

converges in Lo-norm to zero as O'ZQ(UJ) goes to zero for each j.

Corollary 2.2.7. Under the same conditions as in lemma 2.2.5, it follows from
theorem 2.2.6 that & converges in Ly-norm to g™ (u®, pf (u®), ..., % (u?)) as Jz_g(uj)

goes to zero for each j.

Theorem 2.2.8. Under the same conditions as in lemma 2.2.5 and if, for each

je€b,...,d, W is such that a}’ijz(uj) =0, then & = g™ (u®, p} (uP), ... 5 (u?)).

This last theorem states that, under the indicated conditions, the linked GaSP is

exactly the linked estimator.
2.2.8  Ilustration 1

To illustrate the developed methodology of the linked GaSP, two functions are
considered as simulators: f(z) = 3z + cos(bx),x € [—1,1] and g(z) = cos(7z/5) —
2,z € [—4,4]. Model f was evaluated at 6 equally spaced training input points
x = (—1,-0.63,—0.26,0.11,0.48,0.85), resulting in z = f(x) = (f(x1),..., f(ze)) =
(21,...,2). An emulator fM(.) of the model f was constructed, based on these

observations {x,z}, as described in Section 1.1.
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Table 2.1: Estimates of the parameters in the GaSP emulators f*(-) of the model
f and g™ (-) of the model g. a denotes the smoothness parameter and § the range
parameter, o2 is the variance, 3, is the intercept and f; is the slope of the mean
function, and 72 is the nugget variance.

« ) 0'2 50 ﬁl 7'2
M) fixed at 1.99 0.53 1.22  0.06 2.69 fixed at 0
g™ (") fixed at 2 2.19 1.74 -0.08 -1.18 fixed at 0

< < H
N / [V
w— © o °
¥ 3
_
1 T
1 -063 -026 011 048 085 1(xx)1(x) f(xa)  f(xd)xa) f(%e)
X Z

FIGURE 2.1: Independent emulators constructed for two test functions: f(x) on the
left panel and g(z) on the right. Each emulator is an interpolator at its design points.
The dark green lines are the true functions. The pink lines are the emulator means.
The green shaded regions correspond to the emulators areas encompassed by 2.5%
and 97.5% quantiles of the emulators. The circles on the plots correspond to the
design points which were used to fit the emulators.

The output points z were then used as design input points to the model g.
Model g was evaluated at z, resulting in g(z) = (9(z1),...,9(2)). We then used
{z,g(z)} to construct the emulator g (-) of the simulator g. Parameter estimates of
each of the GaSPs were obtained, using the methodology that will be described in
subsection 2.4.1; Table 2.1 gives these parameter values. The resulting emulators are
shown in Figure 2.1.

We next link the constructed emulators f*(-) and g (-) through the approach of
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FIGURE 2.2: The linked GaSP constructed from f¥ () and g™ (). The dark green
line is the true function. The pink line is the emulator mean. The green shaded
region corresponds to the emulator area encompassed by 2.5% and 97.5% quantiles of
the emulator. The circles on the plot correspond to the design points {x, (g o f)(x)}.

the previous section, and use this linked emulator to obtain an emulator (g o f)(.)
of the coupled model g o f. The resulting linked GaSP is shown on Figure 2.2. The
linked GaSP is doing exceptionally well, acting as an interpolator at the design points
to the simulator f and capturing the entire composite function go f(x) on x € [—1,1]
within its 95% credible area.

Important to note that two models f and g do not need to be evaluated sequentially.
In practice, we envision that individual models may benefit from separate designs

used for obtaining training and testing data for the models. The discussion of this
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point is given in section 2.6. For the illustration example we choose to run models
sequentially, so that we can demonstrate how the performance of the linked emulator
is compared to the performance of the traditional emulator of the system of computer

models. This is discussed in the following section.

2.2.4  Comparing the linked GaSP approximation with the linked emulator and the
composite emulator

Recall that the linked GaSP is an approximation to the true linked emulator, which
has distribution p((g o )™ (-) = {p(g™ (f¥()))p(f(-))df(-), and it is natural to
study the accuracy of the approximation. In simple settings such as the previous
example, it is easy to simulate from the linked emulator (something much more
difficult in realistic problems) and, hence, make comparisons. After constructing
the emulator f*(-) of model f and the emulator g*(-) of model g, one simply
generates a realization from the emulator f(.) and then a realization from g (.)
conditional on the realization from f(-); the result is a realization from the true
linked emulator p((g o f)™(-). Repeating this procedure many times results in a
Monte Carlo representation of the true linked emulator.

Comparison of the linked GaSP and true linked emulator is given in Figure 2.3,
again using example 2.2.3. The linked GaSP behaves very similarly to the true linked
emulator, essentially coinciding over the entire domain. The simulation is based on
10* samples from the true linked emulator.

The other natural emulator that we mentioned is the composite emulator, formed
by sequentially running the simulators f and g, and then developing an emulator
based only on the inputs to f and outputs of g. More formally, suppose we have
m d-dimensional inputs z = {z1,...,Zmn} to a composite simulator g o (fy,..., fa).
In order to evaluate a composite computer model at these inputs, we first evaluate

each model f;, for j € b,...,d, at corresponding inputs zjl:m = (z),...,2) ) where
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FiGURE 2.3: The Monte Carlo results for the true linked emulator. The dark green
line is the true function. The pink line is the emulator mean (the same for both the
true linked emulator and the linked GaSP). The green shaded region corresponds to
the emulator area encompassed by 2.5% and 97.5% quantiles of the linked GaSP. The
long dash lines correspond to 2.5% and 97.5% quantiles of the linked emulator. The
circles on the plot correspond to the design points {x, (g o f)(x)}.

ZJ; = {Zit}rer;- That is, for each input zf we obtain output f; (ZJI) Then, using the
outputs from all models f;,7 € b,...,d, we evaluate g at each of the ith d-dimensional
inputs (21, ..., zi@p-1), fo(2), ..., fa(z{)). Thus, we obtain a set of training inputs-
outputs of the composite simulator z = {z;}72, and {(g o (fs,. .., fa))(z:)}~;. Then
the emulator of (go (fs,..., fa))™(-) may be constructed, using these inputs-outputs,

as described in section 1.1.
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Definition 2.2.9. The GaSP emulator (g o (fy,..., fa))M(:) of the composite
model g o (fp,..., fa), given GaSP parameters Ogo(ty,...£0), namely the emulator
(go (for s JA)MO)| (80 (Fos oo, £a))M(2), Ogocty,... 1) described above, will be called

the composite emulator.

For our test example, Figure 2.4 shows the composite emulator for (go f)(z) in the
domain z € [—1, 1], using the same design points x as in Section 2.2.3. Surprisingly,
the composite emulator does a much worse job of emulation. It has a much bigger
variance but, even worse, considerably misses the true composite function over much
of the domain.

This comparatively poor behavior of the the composite emulator is quite common.
It seems to arise because, while the functions f and g might be quite smooth —
which allows for their accurate emulation with a small number of design points, the
composite function (g o f)(x) can be considerably more 'wiggly’, and hence much

harder to emulate directly. Additional evidence for this will be seen later.
2.3 Assessment of an emulator

Validation of a linked emulator cannot, in general, be established from validity
of the separately developed emulators themselves. Several simulation examples
given in the Appendix section 2.7.4 demonstrate this point. Indeed, one must put
very strict assumptions on the subemulators (e.g. strict monotonicity of all the
emulator’s quantiles) to be able to validate the linked emulator based on validity of
its subemulators.

It is thus typically important to evaluate linked emulators empirically. Standard
assessment measures of the performance of an emulator typically consist of three
predictive checks: root-mean-square predictive error (RMSPE), average length L

of credible intervals (Cls) and empirical frequency coverage EFC of the credible
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FiGURE 2.4: Composite emulator of a composite test function. The dark green line
is the true function. The pink line is the emulator mean. The green shaded region
corresponds to the emulator area encompassed by 2.5% and 97.5% quantiles of the
emulator. The circles on the plot correspond to the design points {x, (g o f)(x)}.

invervals.
Let u = (uy,...,u,) be n test points, for which the true value of a simulator f(u;)
is known for each ¢ = 1,...,n. For each test point we find a predictive distribution

pi ~ N(pi, 02) or p; ~ Tae(1s, 02) (needed for evaluation of later emulators). Then
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the predictive checks are defined as follows:

RMSPE = \/i(yi — 1i)%/n, (2.14)

i=1

n 0.975 _ 40.025
LCI — Zi:l(Qz QZ )

, 2.15
_ .15
EFC = ) Iy.ecr,/n, (2.16)

i=1
where ¢?9" and ¢?9%° are, respectively, the 97.5% and 2.5% quantiles of the predictive

distribution p;.

RMSPE assesses the discrepancy between a simulator and an emulator’s mean.
The average length of credible intervals, L¢y, of the predictive distributions over the
test points u quantifies the uncertainty provided by the emulator. The empirical
frequency coverage, EFC, with the nominal value 95% is the number of times the
true function falls within the 95% credible intervals, averaged over the m test points.

Usually RMSPE is compared to some reference estimate, which, for example, can

be defined as follows

RMSPEbase = \/i(}/l - E)Z/Tnﬂ (217)

i=1

where f(z) is a sample mean of the observed computer model output f(z) =
(f(z1),..., f(zZm)) which are used to construct an emulator. The larger the ra-
tio RMSPE}.s/RMSPE, the better the performance of an emulator is with respect
to RMSPE.

2.3.1 Predictive checks for Illustration 1

We assess the linked GaSP and the composite emulator of the coupled simulator
g o f, using the predictive measures discussed in Section 2.3. 201 test points, u,
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Table 2.2: Predictive checks for the linked GaSP and composite emulators in Illustra-
tion 1.

RMSPE EFC Lg

Linked 0.13 1.00 0.62
Composite 043 0.76 0.92

equally spaced in [—1, 1], are used for the assessment. Numerical results are presented
in Table 2.2. The performance of the linked GaSP is much better in terms of the
predictive measures than the performance of the composite emulator. The RMSPE
of the linked GaSP is more than 3 times smaller than that of the composite emulator.
While the linked GaSP is capturing the composite simulator on the whole domain
[—1,1] in its 95% credible intervals, the composite emulator intervals miss the truth
about 24% of the time. The length of the credible intervals of the linked GaSP are

about two thirds of those of the composite emulator.
2.4 Other linked emulators

Previously, we have only considered emulators of a function g when all parameters of
the emulator are given. We call this emulator a type 1 emulator and the corresponding
linked emulators type 1 linked emulators. In practice, this would arise from estimating
the parameters of the GaSP and simply plugging in the estimates; optimal ways to
do that are discussed in Section 2.4.1. If we account for the uncertainty in these
parameters (highly desirable), the emulator changes and the corresponding linked
emulator changes as well. This section discusses these issues, and presents the changed

emulators.
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2.4.1 Parameters in the GaSP and their estimates

It is common to just use maximum likelihood to estimate the GaSP parameters.
However, these can be very problematical (Gu et al. (2016)), and a better method is
to develop estimates as posterior modes using an objective Bayesian implementation,
as initially done in Berger et al. (2001). Follow up work in in Gu (2016), Gu et al.
(2016) and Paulo (2005) has led to the following recommendations for estimating
the highly confounded parameters 02,7 and {0;};=1,.. a4 in the covariance function.
First, transform to de[taj = —ajlogd;, for all j = 1,...,d, and eta = log &7 Then
estimate these as the marginal posterior modes found by objective Bayesian analysis,
using the reference priors that are available in the above references. Finally, transform
back to obtain estimates of n and {0;};-1.. 4. All our analyses will be based on using
these estimates.

For the parameters 8 and o2, however, there are several possibilities. One is to
just use their maximum likelihood estimates, which are readily available. The second
possibility is to perform an objective Bayesian analysis with the mean parameters
B, but use the marginal maximum likelihood estimate of 0. We discuss this choice
in 2.4.2. The third possibility is to perform full Bayesian analysis for both g and
o?; this is discussed in 2.4.4. We will give a general discussion of predictive GaSPs,
which appear after accounting for uncertainty in the estimation of parameters, and
the effect on linked emulation, in Section 2.4.

Note that the exact form of the emulator f*(-) does not influence the mathematical
expressions in theorems for linked emulation. We only require that f(-) bea Gaussian

process emulator.
2.4.2 Type 2 linked emulator

Suppose that GaSP mean is a linear function. We perform an objective Bayesian

analysis with the parameters 5 in the mean (using a constant prior m(5)ocl), but use
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the marginal maximum likelihood estimate of 0. The corresponding GaSP (with 3
integrated out, the MLE estimate of o plugged in, and the reference posterior mode
estimates of ¢ plugged in), conditional on the observed computer model evaluations

gM(z), follows a normal distribution with mean u*(z') and variance o*(z') given by
p (@) = h(z')8 + (2, 2)C; (g™ (2) — h(z)P), (2.18)

o*(z') = o? (Czr —c(z',2)C 1 c(z,2) + (h(z') — c(z,2)C ' h(z))
(2.19)
(h(2)"C. 'h(z)) ' (1(#) - c(z,2)C. "h(z))" ).
We call the developed emulator type 2 GaSP emulator. This choice will also yield

exact analytic formulas for the posterior mean and variance of the linked emulator.

.....

GaSP emulator of a simulator g exercized at training input points z, i.e. g™ () as
in (2.18). Suppose the mean is linear in the bth cooordinate of an input z', so that
the mean is h(z')3 = By + Pr2;. Let the g™ (-) GaSP correlation function smoothness
parameters o of coordinates j €b,...,d be equal to 2. For each jeb,...,d let fJM
be an independent emulator of a simulator f;, corresponding to the coordinate j of
the input to the simulator g, i.e. f'(-) as in (2.6). Then the mean EE and variance

V¢ of the linked emulator € of the coupled simulator (g o (fs,..., fa))(u) as defined
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in definition 2.2.2 are

m b—1 ; d
Be = o+, + Y [ Joww (- (15221) )n
i=1  j=1 =b

VE =21+ 1) + o+ 280, (u®) + By (072(u®) + (3 (uP))?) — (BE)2+

m b—1 (( G k]|>“j+<\ujlej\>“j> d .
Z alak+02qkl He % Hllj’—i-
7j=1

kl=1

m d
2Zaﬂexp( ("5 20)7) (i) 11 1

0(T11 + (Thiz + Ton) 1}, (UP) + Tz (032 (uP) + (1, (u®))?)+

j=b

02 Y (Anlyy — 2A11)
i=1

2

where

ﬁAO . ZT —1 Z—l ZT —lMZ
(Bl)—al()oz h(z)) " (h(z)"C- M (2),

au = (C7'h(z)(h(2)" CT'h(2)"h(z) O = O,
7= (o 1) - Gerenhen
A= (h(z)"C;'h(z) 'h(z)"C. "

T _

o° =
m
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g™ (2)' (C.' — C-'h(z)(h(z)" C; 'h(z)) 'h(z)'C. )gM(z)

(2.20)

(2.21)

(2.22)

(2.23)
(2.24)

(2.25)

(2.26)



Table 2.3: Estimates of parameters in GaSP emulators f¥(-) of the model f(z) and
g™ () of the model g(x).

« ) o? 5o 51 72
fM() fixed at 1.99 1.03 1.79 0.01 -0.89 fixed at 0
g™ (") fixedat 2 056 1.62 0.21 0.003 fixed at 0

and

2
. 1 77@3_“7%(“2)
oL R (2.27)
42780
51)

o2 (ub) (wi-n (ub))2
2fb— . * by \"iTHp
I% _ (Sg U; + :ufb (11 )e 45£+20?b(ub) ' (2‘28)

3
o2 (ub

2.4.8 Illustration 2

We present another simulation example to illustrate the methodology of the linked
emulator. Two functions are considered as simulators: f(x) = sin(7z) in the domain
x € [—1,1] and g(z) = cos(5z) in the domain z € [—1,1].

Model f(x) has been evaluated at 6 training input points x, resulting in z = f(x).
Training input points x for emulator f*(.) were chosen to be equally spaced. Output
points z were subsequently used as design input points for the emulator g™ (-). Model
g has been evaluated at z. Parameter estimates of GaSP emulators of the models are
provided in Table 2.3.

Here we construct type 2 emulators f(-) and ¢™(-) of both functions, shown
on Figure 2.5, as described, and then link these emulators to obtain type 2 linked
emulator(theorem 2.4.1). Figure 2.6 shows the results of applying the methodology

of the linked emulator and linked GaSP to two test functions to emulate composite
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FIGURE 2.5: Independent emulators constructed for two test functions: f(x) on the
left panel and g(x) on the right. Each emulator is an interpolator at its design points.
The dark green lines are the true functions. The pink lines are the emulator means.
The green shaded regions correspond to the emulators areas encompassed by 2.5%
and 97.5% quantiles of the emulators. The circles on the plots correspond to the
design points which were used to fit the emulators.

model g o f. The linked GaSP is a good emulator, acting as an interpolator at the
design points of the emulator f¥(-) and providing 100% coverage, better than the
nominal coverage. Uncertainties of each of the emulators are incorporated in the

uncertainty provided by the linked GaSP.
Comparison of the linked GaSP and composite emulator

The composite emulator, for a comparison purpose is constructed for a composite
simulator g o f. The resulting traditional GaSP emulator of the composite simulator
is shown on Figure 2.7. The emulator completely misses the behavior of the function.

We assess the linked GaSP and the composite emulator of the composite simulator
g o f with measures as discussed in Section 2.3. 201 test points u which are equally
spaced in [—1, 1] are used for the assessment. The numerical results are presented in
the Table 2.4. The performance of the linked emulator is much better in terms of

predictive measures than the performance of the composite emulator. RMSPE of the

30



1 -063 -026 011 048  0.85
X

FI1GURE 2.6: Linked GaSP of a system of simulators.

The dark green line is the true function. The pink line is the emulator mean. The
green shaded region corresponds to the emulator area encompassed by 2.5% and 97.5%
quantiles of the emulator. Circles on the plot correspond to sequentially obtained
design points {x, (g o f)(x)}.

linked GaSP is more than 13 times smaller than that of the composite emulator. The
composite emulator is not capturing the composite simulator on the domain [—1, 1]
in its 95% credible area, while the linked GaSP is covering the whole function in its
credible area. Likewise, the length of credible intervals of the linked GaSP is about 8
times of that of the composite emulator.

In practice, since the coverage of the composite emulator is so low, we would not

check its length of credible intervals. In practical applications we only present lengths
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F1GURE 2.7: Composite emulator of a composite test function.

The dark green line is the true function. The pink line is the emulator mean. The
green shaded region corresponds to the emulator area encompassed by 2.5% and 97.5%
quantiles of the emulator. Circles on the plot correspond to sequentially obtained
design points {x, (g o f)(x)}.

Table 2.4: Simulation example 2. Predictive checks for linked GaSP and composite
emulator.

RMSPE EFC Lg

Linked 0.07 1.00 0.56
Composite 0.79 0.06 0.07
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of credible intervals, if coverages of two emulators are the same or similar.
2.4.4 T-process linked emulator

The third possibility is to use this second choice for the emulator £, and a t-process
for the emulator g™, based on full Bayesian analysis of both parameters of the g™
GaSP 3 and o? (using a reference prior (8, 0?)oc ). A t-process emulator is (see Gu
and Berger (2016)) with a reference prior estimate of ¢ plugged in and integrated
out 8 and o2 conditional on the observed computer model evaluations gM(z) follows
Student’s t-distribution with m — ¢ degrees of freedom and mean p*(z’) and variance

o*(z') given by

p*(2') = h(z')B + c(2',2)C. (g™ (2) — h(z)B), (2:29)
() = gM(z)' (C.! - C.'h(z)(h(z) C. 'h(z)) ‘h(z)" C. )gM(z)
m—q
(C — (2, 2)CT (2, 2) + (h(Z) — (2, 2)CT ' h(z)) (2.30)

(b(z)" C'h(2)) " (B(z) — e(2.2)CT'h(z))”)

where ¢ is the number of terms in the linear mean function.
We call the developed emulator t-process GaSP emulator. The corresponding

linked emulator is given in the next theorem.

.....

GaSP emulator of a simulator g exzercized at training input points z, i.e. g™ (-) as
in (2.29). Suppose the mean is linear in the bth cooordinate of an input z', so that
the mean is h(z')3 = By + Prz;. Let the g™ (-) GaSP correlation function smoothness
parameters o of coordinates j € b,...,d be equal to 2. For each j € b,...,d let
f]M be an independent emulator of a simulator f;, corresponding to the coordinate
J of the input to the simulator g, 1i.e. fJM(-) as in (2.6). Then the mean EE of
the linked emulator & of the coupled simulator (g o (fp, ..., fa))(1) as defined in
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definition 2.2.2 is the same as that of the type 2 linked emulator. Variance V& differs

from that of the type 2 linked emulator by the expression for o2 which instead equals

to BM@ (71 -CT h(z)(h(x) O h(z) Th(z)TCZHgM(z)

m—2

In this development the mean stays the same for three types of linked emulators
(if we use MLE estimates of GaSP parameters in type 1 linked emulator and the
same GaSPs f;(:) in all three types of a linked emulator). Only variance of the
tradational GaSP changes (and a distribution when a t-process), reflecting that the
more uncertainty in parameter estimates we account for, the larger the variance of
the corresponding emulator.

Another note, the difference between type 2 linked emulator and t-process linked
emulator in practice is very small (both produce essentially the same variance), if the

number of observations m is large enough.
2.5 Case studies

We first show how the technique can be applied to stochastic inputs represented by a
normal distribution, linked with a GaSP emulator, and then present an example of

coupling two complex computer models.
2.5.1 Volcano pyroclastic flow model

To model the danger from a pyroclastic flow at Soufriere Hills Volcano, one needs
to combine the model of basal friction (the friction of the pyroclastic flow with the
surface) — a model developed and discussed in Ogburn et al. (2016), Spiller et al. (2014)
and Gu and Berger (2016) — with a computer model of pyroclastic flow (TITAN2D, a

differential equation model which requires roughly 2 hours per run).
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TITAN2D

The relevant output of TITAN2D is the maximum height of the pyroclastic flow,
which (for our purposes) is a function of 4 input variables: the volume V' (in cubic
meters) of a pyroclastic flow (on the logarithm to the base 10 scale), the initiation
angle of the flow ¢, the basal friction y, and the internal friction of the flow. Internal
friction is a very weakly influential variable and one can construct a better emulator
by omitting it and adding a nugget effect (Gu and Berger (2016)).

We construct a t-process GaSP emulator, g™ (+), of the TITAN2D model g at a
new input z* = (V, ¢,y) with the GaSP parameters 6y = ({d;}7_,,7) estimated as

discussed earlier; the resulting estimator is

9" (z" = (V.6,9))Ig" (2),0g ~ N(uy(z"), 05%(2")). (2.31)
Basal friction model
Following Ogburn et al. (2016), define z = V' — 5.5 and model the basal friction y

as a linear regression on x; based on collected external data, the posterior model for

basal friction is
ylr ~ N(.5336 + .1971x,0.00037205 — 0.00054567x + 0.00044155x2). (2.32)

Switching to emulator notation, the emulator f2(-) of basal friction f at new input
x* is given by

' (@) M (x), O ~ N(uj, (2%), 0 (2)) (2.33)
where % (v*) = .5336 +.1971(z* — 5.5) and 0;32(30*) = 0.00037205 — 0.00054567 (z* —
5.5) + 0.00044155(x* — 5.5)2.

T-process linked emulator

Since the basal friction model has been linked into TITAN2D, the input variables

corresponding to the composite function g o f3 is the two-dimensional u = (V, ¢); in
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FIGURE 2.8: A representation of the model f¥ of the uncertain basal-friction/volume
relationship, based on the median and 95% confidence intervals.

terms of the earlier notation, u® = (V, ¢) and u® = V. (V is the only input in the
Basal friction model, while both V' and ¢ input into the TITAN2D emulator.) It is
interesting that V' enters separately in both models.

We then follow the t-process approach to obtain an emulator of the coupled model

g o f3 at a new input u, that is

(gOfg)M(u)|gM(Z),fé\/l(x),ef,eg,u) : (2'34)

Figure 2.9 shows a contour plot of the mean of the height of the pyroclastic flow
on the island given solely by an emulator of TITAN2D with the 3 inputs — volume,
initiation angle, and basal friction — fixed at particular values . Figure 2.10 shows
a contour plot given by the linked emulator of TITAN2D, with the basal friction

stochastic input integrated out and the same values of volume and initiation angle.
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FIGURE 2.9: Emulator, g™, of the 7 meter height flow spatial contours on Montserrat
island for input values V' = 10%°2, initiation angle ¢ = 2.15° and basal friction y = 6°,
evaluated at 15,952 locations.

The contour plot does not change qualitatively from the previous plot.
2.5.2  Volcano ash cloud transport and dispersion

The two models that are to be coupled are the bent model of a volcanic ash plume
and the puff model describing how the ash cloud disperses; see Bursik et al. (2012);
Madankan et al. (2014); Stefanescu et al. (2014) for discussion. A direct coupling of
bent and puff (not emulation) was used for analysis of the 14 April 2010 paroxysmal
phase of the Eyjafjallajokull eruption, Iceland, based on observations of Eyjafjallajokull
volcano and information from other similar eruptions of the past. The goal in this

section is to develop a linked emulator of these computer models.
Bent simulator

Bent is a volcanic eruption column model. The inputs to this model are the source

conditions for an eruption. Most of the parameters of the models are fixed at
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F1GURE 2.10: The 7 meter height flow spatial contours resulting from the linked
emulator, with input values V = 10%%2 and initiation angle ¢ = 2.15°; basal friction
has been integrated out.

particular values, with only four parameters — vent radius, vent velocity, mean grain
size, and grain size standard deviation — being variable. These four parameters,
x = (x1, X9, T3, x4), are thus the inputs to the bent model.

Bent produces 5 output variables: plumeMax, plumeMin, plumeHwidth, ashLog-
Mean and ashLogStdev. We model each output variable, j = 1,...,5, as an individual

type 2 GaSP, depending on input x*, so that f(x*) ~ N(uj, (x*), 072 (x*)).
Puff simulator

The puff computer model takes the output of bent, the 5-dimensional vector z, and
produces positions of representative numerical particles of the ash cloud, as they are
affected by wind, turbulence and gravity. These outputs are post-processed to extract
quantities of interest at a given geographical location and time point. The puff output
that we emulate here is the maximum height of the ash (at a given space-time location)

gM(-) ~ GaSP(ui(-),0%(-,-)). The puff simulator produces different random output
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Table 2.5: Predictive checks for bent output emulators.

RMSPEp.s/RMSPE  EFC Ly

plumeMax (m) 59.71 0.980 58.84
plumeMin (m) 60.78 0.978 55.10
plumeHwidth (km) 33.66 0.949 0.196
AshLogMean, (log2 #) 136.19 0.991 0.009
AshLogSdev, (log2 ﬁ) 47.21 0.978 0.021

Table 2.6: Predictive checks for the emulator of puff.

RMSPEp.s/RMSPE  EFC  L¢;
6.06 0.95 18.46

values for the same input, so that we choose a t-process GaSP emulator with nugget

to model puff.
Diagnostics of individual GaSPs

The emulator of bent was trained on 400 randomly chosen design inputs and validated
on 1000 randomly chosen held-out points, both chosen out of 5454 initial points from
a Latin Hypercube Design. The puff emulator was trained on a total of 739 design
points and tested on 1000 held-out data points.

To establish the truth for predictive evaluations, bent and puff were run sequen-
tially, forming the true composite computer model. Starting with the 400 training
data points (outputs of bent model) as inputs to puff, puff emulator may produce
different output on the same input space, so that we can have replicates. With
replicates I chose 400 data points plus 339 available replicates which resulted in
different outputs on the same input space. Puff emulator has been trained on a total
of 739 data points.

Tables 2.5 and 2.6 show the results with predictive measures introduced in
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Table 2.7: Predictive checks for a linked GaSP of a coupled system of puff and bent.

RMSPEp.e/RMSPE  EFC Ly
5.91 0.951 18.551

Table 2.8: Predictive checks for a composite emulator of a coupled system of puff
and bent.

RMSPEp.../RMSPE  EFC L
5.85 0.96 19.52

Section 2.3 for the bent and puff emulators respectively. The columns represent the
cross-validation measures. The rows represent the output variable of bent and the
output of puff for which emulators were constructed. The relative ratios of RMSPEs
are high, and CIs are small, indicating good approximation, while having empirical

coverages either close to or greater than the nominal value.
Linked emulator

We obtain the t-process linked emulator (g o (fi,..., f5))™(:) from the individual
GaSPs and present diagnostics for the emulator on the same held-out test points as
before. Linked GaSP metrics are shown in Table 2.7. Cross-validation measures show
good performance of the emulator: rather small Cls with empirical coverage very

close to the nominal value.
Composite emulator

Since bent and puff were run sequentially, we can construct the composite emulator of
the composite simulator. Predictive metrics of the composite emulator are summarized
in Table 2.8. The composite emulator performance is good here: small Cls with

empirical coverage just above the nominal value.
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We can also compare the performance of the linked GaSP and the composite
emulator. The performance of the linked emulator is better; the Cls lengths on
average are smaller than for the composite emulator, with the coverage close to or
greater than 95%. Indeed, 989 out of 1000 test points had linked emulator credible

intervals smaller than that of the composite emulator.

2.6  Conclusion

This chapter proposes a method for developing a quick surrogate, statistical emulator,
for a complex coupled system of scientific computer models. The approach is to link
separate emulators the computer models. We focused, in particular, on the linked
GaSP, a closed form approximation to a linked emulator which allows for very rapid
computation.

The linked emulator allows the use of independently, separately developed emu-
lators of the submodels. Thus this approach is simpler than trying to directly link
series of simulators. The approach also provides an efficient way of accounting for
uncertainty in the resulting emulator. The linked emulator effectively accumulates
the uncertainty by borrowing it appropiately from the single GaSPs of each model.

The advantage of the approach is that each of the emulators may be trained on
its own design space to achieve fast and efficient approximation to an underlying
composite computer model, without sequential running of physical simulations. This
opens up an interesting opportunity for design of large computer experiments. Designs
on smaller subspaces are expected to be more effective, with fewer design points
required for training of each subemulator. Indeed the advantage of using this approach
for calibration of high-dimensional complex computer models is demonstrated in
Chapter 4.

Interestingly, in practice the linked emulator seems to result in a smaller epistemic
uncertainty than a composite emulator of the coupled computer model would have, if
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such an emulator were even computable.

Finally the issue of linking a GaSP emulator of model ¢ with a multivariate GaSP
emulator of multivariate simulator f is introduced in the Appendix to this chapter,
in Section 2.7. Closed form expressions for the resulting mean and variance functions
are available, and are given in Section 2.7.1.

We do not highlight these results in the chapter because it was subsequently found
that the multivariate modeling does not bring significant advantages over individual
modeling of each univariate output of f. Analysis and discussion of this is given in
Section 2.7.2. (More generally, modeling of multivariate output of a computer model
is typically irrelevent, since it leads to almost the same results as individual modeling

of each output; this is investigated and demonstrated in Chapter 3.)

2.7 Appendix

2.7.1 Linked emulator with multivariate GaSP

GaSP emulator g*(-) of the model g at any new d-dimensional input given pairs of

model observations {z,g(z)} and GaSP parameters 0 is

G (o) EM(2), 0 ~ GaSP(IE(, ), 022(,. ) (2.35)
S~—— S~—— N~——
d d d

Suppose linking an emulator ¢ (-,...,-) with multivariate emulator f(-) of
simulators f; for coordinates j € b, ..., d is of interest. Let first b — 1 coordinates are
not related to the linking of emulators.

Let a multivariate GaSP for coordinates j € b,...,d, a GaSP emulator fM(-) of

simulators f;
fra(-) ~ GaSP(u, (), 2(, ). (2.36)

This is such that for any new input u”d to fM (uPd)

Fra(@” %) ~ N(pf,  (u9), S, u)), (2.37)
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where pf, (uP?) = (u% (uP), ..., puf (u?)) is a vector of means. ¥(u™9, u™9) is such

that diag(2(uP, ubd)) = (032(u®), ..., 032(u?)) = 032, (uP9).

Theorem 2.7.1. Let g™ with given parameters 0y = (8,02,{0;};=1...a,n) be a type

1 GaSP emulator of a simulator g exercized at training input points z, i.e. g™ (-) as
n (2.5). Suppose the mean is linear in the bth cooordinate of an input z', so that
the mean is h(z')3 = By + Biz;. Let the g™ (-) GaSP correlation function smoothness
parameters a; of coordinates j € b,...,d be equal to 2. For je€b,....d let fM be a
multivariate emulator of a multivariate simulator fy.q, corresponding to coordinates
Jj=0b,...,d of the input to the simulator g, i.e. f(-) as in (2.36). Then the mean
E¢ and variance V& of the linked emulator & of the coupled simulator (g o (f.q))(u)

are

E¢ = By + Bupg, (u +Zaznexp( (|u" Z”|) )

(271‘) d—l2)+

VE = o?(1+n) + B3 + 2601}, (u®) + B (072 (uP) + (uf, (uP))?) — (E€)*+

(2.38)

“Vdet MN,, ,(u%, (uPd), M + S(ud ubd)),

I
—_

<(27r)d b+l det M Z ajay — o*{C, l}kl)b 1e_<(|ujg;kj‘)&j+(|uj;ljl)aj)

k=1 J

Zkb:d T Zibd
Nzkb:d (Zlb:d7 2M) Nuﬁb:d(ub:d) <T’

m b—1 a;
2 (2m) 2/ det MZ a; | | exp ( (W) >(/60 + Bymt)

i=1  j=1

Nzib:d (M;b;d (ub:d), M+ X (ub:d, ub:d)) ,

(2.39)
where matriz M = 2 - diag(d, %, ...,9;2) and in general N,(u1,X) denotes a normal
density of vector x with mean p and covariance 3, a = (ay, ..., ay)" = C; 1 (gM(z) —

h(z)B); V = (B uPd)=L + M=1)~=1 and m? is the first element of the vector
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Table 2.9: Range of ratios of twice the inverse of squared range parameters of inputs
to model puff to the marginal variances of corresponding emulators of bent outputs.

plumeMax plumeMin plumeHwidth AshLogMean AshLogSdev
Min 1563 2533 3380 8436 2776
Max 3502 7892 11844 4413190 1851116

mi =V (E(ub:d’ ub:d)_lluj”b:d (ub:d) + M_lzib:d)-
2.7.2  Analysis on multivariate linking of bent and puff

If ¥(-,-) produces a diagonal matrix, multivariate model reduces to an independent
scenario, keeping the same marginal variances. Analysis of expressions for the mean
shows that the difference in dependent and independent cases is in the following set of
distributions N, (sy.a, M +X) (dependent) and N, (sp.a, M +diag(X)) (independent),

where diag(Y) is the diagonal matrix of .

£ diag(M)

In bent and puff the ratios o YR

i.e. ratios of twice the inverse of squared range
parameters of model puff to the marginal variances of corresponding bent emulators,
where diag}. are variances of predictive distributions obtained from independent
bent GaSPs of outputs plumeMax, plumeMin, plumeHwidth, AshLogMean and
AshLogSdev, are summarized in Table 2.9. For all of the 1000 test points, the
described ratio is calculated and the range of corresponding ratios are presented.
According to the expressions for the linked mean (2.38) and linked variance (2.39),
> has not much weight compared to M. The expressions would be “disturbed”
very little through changes in the densities of corresponding distributions. This
provides insight on possible performance of the multivariate linking compared to the

independent scenario. Numerical differences in the multivariate and independent

linking of bent and puff should be expected negligible.
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2.7.3 Proofs

Proof of theorem 2.2.3. The mean and variance of the linked emulator can be ex-
pressed through the law of iterated expectation and the law of total variance respec-
tively.

For general mean of the GaSP h(-), the expressions are

m d
E¢ = Eh(u®, fM(uP),.. MB + Zalnexp ( (|u] Z”|> ) HI;,
=1 j=1 0 j=b

(2.40)

VE =0*(1+n) — (E&)*+

i s — 10110 ﬁ6_<<|uj;;kj)aj_;,_(lu-_zz]) ) Hllkl

Proof of lemma 2.2.5. Taylor expansion of g™ (uy, ..., up_1, [(), ..., [M()) is

QM(Ula ceey Up—1, flf\/l(ub)7 SR fc]lu(ud)) = gM(u17 s 7ub717:u;b(ub)7 s 7M;d(ud))+
O DFveskagM (gt (uP), L ek (ud)) 2 . o
h P T () = i (), (2.42)
k! . kg J
|K|=1 j=b
where the sum is taken over all combinations of ky, ..., kg such that ky+. ..+ kg = |K].
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The convergence in Ly-norm is established as

B gM(ula coey Up—1, fbjw(ub)v SRR féw(ud))_
2
(gM(ul,-..,ub_l,u}’ib(ub),..-,ufd +Zu (uj)No,1> =
d
B Y (D40 (s, (), () = g (4 (0)))
j=b
(B0
L DRvkagMy, o ,ub,l,,u;ib(ub), . ,,u;id(ud))
s ky! .. kg
d M) — e () [
[]o () (2 () = 1, () (2.43)
i o;(ud)
fIVI w
Let V; = % N(0, 1), then V4, ..., Vy are iid. The statement of the lemma
follows.

]

Proof of theorem 2.2.8. Since o7 ?(w) = 0, f(u) has a degenerate distribution with

Pr(f(w) = i (w)) = 1.

p((g © (fba R fd))M(u)|gM(Z)’ ij(Xj)jeb ..... d’ efjjeb ..... d’ 9%7 u)

.....

= Jp(gM(uoafbM(ub)w"afé\/[(ud)”gM(Z)?f:iM(xj)jeb djeg)

[ 007" (W) = (@) (u®), . df (u). (2.44)

<.
Il
>

[l
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2.7.4 Coverage of a linked emulator

Examples in the following section show that empirical frequency coverage of a linked
emulator is a complicated function of not only empirical or nominal coverages of
underlying separate emulators, but also of a form of underlying functions themselves.
In general case, one can not derive a linked emulator coverage based only on coverages

of the underlying emulators.
Intrinsic coverage of an emulator

We calculate empirical frequency coverage of function f from the previous example
vs. the number of test points. The coverage converges to some value, which we define
as “intrinsic empirical coverage”. This coverage corresponds to infinite number of
test points in a test domain of a function. In the example, as shown on Figure 2.11,

this value is greater than the nominal coverage 95% of emulator f.
Ezample 1

Two test functions f(z) = cos(2z — 6.5) in the domain = € [—1,1] and g(x) =
cos(2z — 6.5) (g and f are the same functions) in the domain x € [—1.52,1.02] are
considered. Based on a few simulator functions data points, type 1 GaSP emulators
are constructed independently for each simulator. See Figure 2.12 for details. In
this and other examples in this section both GaSPs emulators have linear mean and
power-exponential correlation function for covariance structure.

The linked emulator (go f)M of a composite function go f, as introduced in Chap-
ter 2, is constructed. The empirical linked emulator, along with its approximation, is
shown on Figure 2.13.

Both emulators f™ and g, as well as linked emulator (g o f) are tested on 210
test points and have empirical coverages 94.76% (less than the nominal value) and

95.24% (greater than the nominal value). Linked emulator coverage is 86.67%.
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FIGURE 2.11: Empirical coverage vs. the number of equally-spaced design points on
corresponding intervals of inputs to separate emulators of two functions f and g.
The first point corresponds to the number of design points equal to 100. The number
of points grows with 10 points increment.

FExample 2

Two test functions f(z) = cos(2z — 6.5) in the domain = € [—1,1] and g(x) =
cos(—2z — 6.5) in the domain = € [—1.07,1.01] are considered. Based on a few
simulator functions data points, which are evaluated sequentially, type 1 GaSP
emulators are constructed. See Figure 2.14 for details.
The linked emulator (g o f)™ of a composite function g o f is constructed. The
empirical linked emulator, along with its approximation, is shown on Figure 2.15.
Nevertheless that empirical coverage of underlying separate emulators of f and g

is greater than 95%), the linked emulator coverage is 45.6%.
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Type 1 N-GaSP Type 1 N-GaSP

true f
* GaSP mean
* 95%-Cls

« true Fg
« GaSP mean
* 95%-Cls

Emp. coverage =95.24%

Emp. coverage =94.76%

T T T
-0.4 x 0.2217 0.85 -0.4 0.2455 0.85

FIGURE 2.12: Left panel: the emulator f¥ constructed for a test function f(z) in
the domain x € [—1,1]. Right panel: the emulator g™ constructed for a test function
g(x) in the domain x € [—1.52,1.02]. This range encompasses 95%-quantile region of
the emulator fM.

Circles correspond to design inputs which were used to fit emulators. Each emulator
is an interpolator at its design points.

Linked Type 1 N-GaSP Linked type 1 N-GaSP (emp. and theor.)

o~ e truegof o e truegof
* GaSP mean * GaSP mean
* 95%-Cls « Cls (normal approx.)
« empir. mean
95%-Cls
-

Emp. coverage =90.48%

Emp. coverage =86.67%

T T T T T T T
-0.4 X 0.2217 0.85 -0.4 X 0.2217 0.85

FIGURE 2.13: Left panel: normal approximation to linked emulator of (g o f)M

through its exact mean and variance. Right panel: running forward empirical linked
emulator.
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FIGURE 2.14: Left panel: the emulator f™ constructed for a test function f(z) in
the domain = € [—1,1]. Right panel: the emulator g™ constructed for a test function
g(x) in the domain z € [-1.07,1.01]. This domain is the range of the mean of the

emulator fM.

Circles correspond to design inputs which were used to fit emulators. Each emulator

is an interpolator at its design points.

Linked Type 1 N-GaSP

H e truegof
* GaSP mean
= 95%—Cls

Linked type 1 N-GaSP (emp. and theor.)

< truegof

* GaSP mean
« Cls (normal approx.)

« empir. mean
5%

FIGURE 2.15: Left panel: normal approximation to linked emulator of (g o f)M
through its exact mean and variance. Right panel: running forward empirical linked

emulator.
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3

Emulation of Computer Models with Multivariate
Output

3.1 Introduction

This chapter focuses on discussion of computer models that produce multiple outputs.
For instance, the outputs of a volcanic plume model (that will be discussed later)
include the minimum height and the maximum height of the volcanic eruption column,
and it might seem desirable to jointly model these outputs, as opposed to treating
them independently.

The early proposals on dealing with multiple functions in model-based spatial
statistics and multivariate output of a computer model, within a Gaussian process
statistical framework, are Schmidt and Gelfand (2003); Conti and O’Hagan (2010);
Bhat et al. (2010); Fricker et al. (2013); Paulo et al. (2012). A comprehensive review on
construction of cross-covariance functions for multiple outputs is given in Genton et al.
(2015). Some recent developments on modeling multivariate structure of the output,
including modeling of multivariate output of a simulator, are given in Parussini et al.

(2017); Xing et al. (2016); Pourmohamad et al. (2016); Overstall and Woods (2016);
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Li and Zhou (2016).

In these works and in UQ more generally, one of the most common models for
dealing with multiple output is the linear model of coregionalization (LMC). We focus
on this model in this chapter, although we believe the same conclusions would apply
to other approaches towards dealing with multiple outputs.

The chapter is focused on studying the effect of the LMC model on the emulation
of multiple outputs. The conclusion will be that the LMC model gives almost the
same answers as would use of independent emulators of each output. This has been
observed before; indeed, Gu and Berger (2016) showed this to be true theoretically, if
all emulators used the same correlation parameters, and Kleijnen and Mehdad (2014)
noted that, in all of the examples they had considered, predictions from the LMC
model for multiple outputs were no better than predictions from individual modeling,
even knowing the true parameters of the LMC model. Some initial theoretical results
on this problem concerning equivalent Gaussian measures were also given in Zhang
et al. (2015).

In this chapter, we systematically study why, in general, LMC modeling of
multivariate output does not lead to better predictions. This will be done partly
through theory; for instance, when there is perfect correlation or anticorrelation
between outputs in the LMC model, the results will be shown to be identical to the
results of individual modeling.

Section 3.3 begins the discussion with an example that provides intuition as to
why modeling of multivariate output does not have a systematic advantage over
modeling each output individually.

Section 3.4 introduces the formal definition of correlation between functions and
outputs of a computer model that we will use in our investigations.

Section 3.5 provides an introduction to the LMC model and investigates properties
of the model, including maximum likelihood estimation of the between-outputs
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covariance matrix and predictive distributions. Analytical formulae for the LMC
GaSP emulator are also derived. This section also contains results that lead to
substantial computational simplification in the implementation of the LMC model.

Section 3.6 introduces special cases of the LMC model, namely, an independent
model, having a diagonal covariance, and a separable model with a separable covariance
matrix; the section focuses on predictive properties of these models.

Two simulation studies are presented in Section 3.7. We discuss the value of the
use of multivariate output emulators, for purposes other than emulation, in Section 3.8.
Section 3.9 presents some conclusions. Proofs of theorems and propositions are given
in the Appendix to the Chapter 3.10. Two additional simulation studies of computer

models with multivariate input, are given in Section 3.10.2.
3.2 Notation for (individual) GaSPs

Formal construction of an emulator for a function f(-), following Rasmussen and
Williams (2006), starts by assuming a Gaussian stochastic process (GaSP) prior on

the function , i.e.
fM() ~ GaSP(,u(-), 020(" ))7 (31)

where p(-) is the mean function, o2 is the unknown variance and ¢(-, -) is the correlation
function of the GaSP. Typically c(-,-) is assumed to follow some functional form,
depending on the distance between inputs to the functions and also on parameters 9,
the range and smoothness parameters. Herein, we assume the smoothness parameter
is fixed to avoid confounding with the range parameter and variance (Zhang (2004)).

Suppose a computer model produces two outputs, which may be described as
two smooth functions fi(-) and f3(-). Suppose the simulator data is obtained at
n d-dimensional points x = (Xj,...,X,) of the input space X = &) x ... x Xy,

for the computer model, and denote the bivariate output from the simulator by
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y1 = (fi(x1),..., fi(xn)) and y2 = (fa(X1), ..., f2(Xn)). In other words, at the ith
input x;, the output of the simulator is the two-dimensional vector (fi(x;), fo(xi))%.

Commonly, multivariate outputs of a computer model are modelled independently,
by constructing emulators for each output separately. Each output is assigned a

GaSP prior, as in equation (3.1),
flM() ~ GaSP(Ml(')7 O-%Cl(W ))’ (32)

f2'(-) ~ GaSP(uz(-), o5¢2(-, ) - (3-3)

The resulting independent emulators are the posterior predictive distributions at
a new input x’, conditional on the observed computer model evaluations y; and
y2 at inputs x. These posterior predictive distributions are independent normal
distributions N(uf(x'), 0¥*(x’)),7 = 1,2, with means and variances given by

i (x) = pi(X') + (%, %) Ciy (ys — pi(x)), (3.4)

o2 (x") = 0} (Cip — (X', x)Ci, ei(x, X)), (3.5)

(2

We want to compare such emulators to an emulator of a joint (y1,y2)? | x in
terms of their predictive distributions. This will be done in the following motivating

example, and then later with the more general LMC model.
3.3 Motivating example

As a motivating example of the (lack of) effect of correlation on emulation, suppose
fo(-) = Afi(5) + &, where X and & are unknown constants. Figure 3.1 gives one such
example, although the discussion here will be general. We thus have a situation of two
perfectly correlated functions, for which one might expect to achieve the most value
from multivariate modeling. The following proposition is the first step in establishing

that this is not so.

Proposition 3.3.1. Suppose the simulator outputs, y1 and ys, are observed at the
same input points x, and that yo = A\y1 + £. Denote the GaSPs that would result
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10

Y (X)=E+VY,

Yl and Y2

Y1 ovix)

1 -0.63 -026 011 048 0.85
X

F1cURE 3.1: Two outputs Y] and Y5 of a computer model. The circles correspond to
the design input-output points that are used to construct the emulator.

from emulating each output independently as Y1 ~ GaSP(uy(+),c%ci(+,+)) and Yz ~
GaSP(u2(+), 02¢a(+, ), and assume that ci(-,-) and co(-,-) have the same functional
form, but with possibly different parameters 61 and éo. Also assume that each Gaussian
process mean 1is linear with the same vector of regression covariates h(-)T, with
ho(-) = 1 defining an intercept, i.e., pi(-) = h(-)3Y. Then the MLE estimates of the

model parameters have the following properties.
1. The MLE estimates of the correlation parameters are the same, i.e. 61 = 0.

2. The MLE estimates of the variances satisfy o = \oy.
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3. The MLFE estimates of the regression parameters satisfy 6(()2) = )\B(()l) + & and
5;2) = )\6](1) for the other regression coefficients.
The proposition also holds true for the maximum a posteriori (MAP) estimates
of the range parameters, arising from the robust GaSP methodology discussed in Gu
(2016); Gu et al. (2016).

To see the impact of this proposition, let the predictive distribution of the first

output at a new point x’ be denoted as

AT () ~ N (%), o1 (x)), (3.6)

and the predictive distribution of the second output as

[ () ~ N(pz (x'), 03 (x)).- (3.7)

Corollary 3.3.2. At a new point X', the predictive means and variances of the two
independent emulators fM () and fM(-) (with MLE estimates of parameters) are

related as

s (x') =&+ Apf (%), (3.8)

o (x) = Mo (x). (3.9)

Now consider the example from the viewpoint of joint modeling. The joint

predictive distribution of the two functions can be specified conditionally, i.e.,

p(f2" () [T () | %) = p(f2" () | A7 (), xDp(f (%) | %), (3.10)

Now, intuitively, we could not do better with this joint modeling than we could
if were were given p(f}(x') | fM(x'),x') exactly. Thus suppose we were told that
p(fM(x") | fM(x'),x') is a degenerate distribution concentrated on the distribution

of AfM(x') + &, with given values of A\ and £. But, from Proposition 3.3.1 and
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Corollary 3.3.2, this means that the emulator of f3(-) is exactly the same as it was
when independent emulators were applied.

Note that this joint emulator does say something in addition to the independent
emulators, in that it specifies that any realization of f}(x’) will correspond to the
realization from fM(x’), in that it will exactly equal A\fM(x’) + &; in the case of
independently developed emulators, we do not know this joint relationship. But,
typically, it is just the marginal emulators that are needed in applications, and this
extreme example shows that one then gains nothing, even when exactly knowing the
conditional distribution p(f3(x’) | fi¥(x'),x’).

The key to this example was that, since the two functions are perfectly correlated,
the estimated correlation parameters in their individual GaSPs will be the same, and
then marginal GaSPs are the same as individual GaSPs. But, at the other extreme, if
the two functions are not correlated at all (see the next section for a formal definition),
than we can expect no gain (and likely harm) from multivariate modeling. If the two
extremes of correlation suggest no gain for multivariate modeling, then it should not

be surprising that there is never a significant gain.
3.4 Correlation between functions

In this section, the definition that we will use, of correlation between multiple
outputs of a computer model, is given. Corresponding notions of correlation between
variables and sample correlation are also introduced. Finally, several properties of

the correlation between outputs are discussed.

Definition 3.4.1. The correlation p, between two variables Y7 and Y3, is defined as

E[(Y1 — EY1)(Y, — EY)]

P VB BVPE(, - BV o
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Definition 3.4.2. The correlation py,y,, between two smooth functions fi(x) and

fo(z) on some input space X, is defined as

f1(z)dz)(fa(x fa(z

Phif = llh(@) ~ SX . (3.12)
\/SX filz Sxfl )dz) Qdﬂfgx f2 SXfZ z)%dx

Proposition 3.4.3. Perfect correlation, p = 1, or perfect anti-correlation, p = —1,

occurs if and only if f1(x) and fa(x) (orYy and Ys), as defined in above definitions,
are linearly dependent, i.e., fo(x) =&+ Mfi(x) (or Yo =&+ AY)).

Note that the functions fi(z) and fo(z) in the example in section 3.3 do have
correlation py,r, = 1, according to this definition.

Since we can only compute fi(x) and fy(x) at a modest number of inputs, we will
need to be concerned with sample correlations. Suppose, as before, that we have m
values of each vector output (yi,y2) from two functions f; and f, at some inputs x.

Then the sample correlation is defined as
Definition 3.4.4.

Zﬁl(yu - ﬂ) (y2i - y_z)

Psmpl = ™ —— ™ —
" \/Zizl(yli - }’1)2 Zi:l(y% - Y2)2

(3.13)

In simulation studies, the underlying true functions are known, and the actual
correlation, defined in equation (3.12), may be obtained via Monte-Carlo integration;

indeed, as the number of randomly sampled points grows, psmp — Pf, f,-
3.5 Linear model of coregionalization

Let W; ~ GaSP(0,¢(+,)), i = 1,...,p, be p independent Gaussian processes with
unit variances. Let A be a p x p matrix. In the LMC model, the p outputs of a
computer model, Y = (Y7,...,Y,), are modeled as

Y = n() + AW, (3.14)
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where W = (W4, ..., W,) and n(-) = (m(-),...,n,(-)) is a vector of p mean functions.
In this model, ¥ = AAT is interpreted as the output covariance matrix (as opposed
to the covariance matrices arising from varying the inputs). The LMC model can be
viewed as a factor model.

Suppose we have evaluated the computer model at n, possibly multivariate, input

points x = (X1, ...,Xy,) and obtained the p-dimensional corresponding output points

(y,...,y®™), where y& = (ygj), o ,y,()j)). According to the LMC model, the joint

distribution of the observed outputs is then

yili Mili AAT ADleT s ADlnAT
2 2 ADj, AT AAT .o AD,, AT
y(n) I_l,(n) ADlnAT ADQnAT e AAT
where D;; = diag(ci (i, z;), ca(@i, x;), - -, cp(xi, 7). Due to the symmetry of corre-
lation functions, D;; = Dj;. The mean function vectors are u@ = (n;(x;), . .., 7,(x;)),

with 7;(-) being the mean function corresponding to the ith output variable,
1=1,...,p.
The likelihood of the LMC model can be written

p
y(lzn) ~ N(:u(lm)’ Y= Z OJ ®TJ) ) (316)
j=1
where p'™ = (u® ... u™) ® denotes the Kronecker product, Tj = A AL with
A.; being the jth column of matrix A, and C} is the jth correlation matrix whose
(k,l)th element is given by a correlation function ¢;(xx,x;) evaluated at inputs xx
and xj.

Alternatively, if one rearranges the vector y(* so that y* = (¥1,---,Yp), with

Vi = (y](-l), y§2), o ,yJ(")) for any j = 1,...,p, then the LMC likelihood can be written

p
Y~ N3 = ) T, 00), (3.17)

j=1
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where p” = (p1, ..., pp) and p; = (mi(x1), ..., 7i(%n)), Vi=1,....p.
3.5.1  Crucial computational lemmas

In the following, we will be utilizing the following two crucial computational lemmas,
which are new (to our knowledge). The results are useful for the derivation of some
results on properties of the LMC model, including the explicit formulae for LMC
GaSP emulator. These lemmas are also of considerable potential interest for many
other spatial predictive problems.

The first lemma presents computational simplification for the following determi-

nant.

Lemma 3.5.1.

p p
det ¥ = det (2 C;® T]> = (det )" | [ det C;. (3.18)

j=1 Jj=1

Corollary 3.5.2.

=1 j=1

det (Zp: C;® T]> = det (i T; ® C}) : (3.19)

An explicit expression for the inverse of the covariance matrix > is given in
lemma 3.5.3; this result is of independent interest, for computations requiring inversion

of ¥ when using LMC (and other) models.

Lemma 3.5.3.

p
S =30 ®S; (3.20)
j=1

FEquivalently,
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ATTDyATY ATDRAY 0 ATTD, A

- ATDA™ A TDpA - ATD,, A7
IR - ,22 , ; , (3.21)

ATD, AT ATTDy, AT oo ATTD,,ATY
where Dy = diag(C’flij,C’Q_lij,--- ,C’;lij) is the diagonal matriz of (i,7) ele-
ments of inverses of each of the correlation matrices Cy, k = 1,...,p and S; =

(A7) (A47))".

The following useful results presented in the following lemma 3.5.4, and standard
results for Kronecker products, have been utilized for derivation of the previous

lemma 3.5.3 and for derivation of the LMC GaSP emulator.

Lemma 3.5.4. Defining S; = (A*T.j) (A*T.j)T, where (A*T.j) 1s the jth column of

AT the following statements are true.
1. Z?:l 1; =%,
2 T, =17,
3. T;8, =0VYi+#7,
4. Z?:l 1;5; =1,
5. TS, = T).
Explicit expressions for the LMC GaSP emulator are given in the next Section 3.5.2.

3.5.2 Joint and conditional distributions

We have presentred results that will be useful for the derivation and for computation
of the LMC GaSP emulator in Section 3.5.1. Using explicit expression for the inverse

of the covariance matrix X, given in lemma 3.5.3, we provide analytical expressions for
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the joint and conditional distributions of the LMC model, in lemma 3.5.5 and its corol-
lary 3.5.6, respectively. Finally, the expressions for the LMC GaSP emulator (3.25)

conclude the section.

Lemma 3.5.5. Writing y(t™) = (y(lzm),y((m“):“)), where y™) = (y() | y(m)

and y(m+m) — (ym+1) W) the joint LMC distribution is
(1:m) (1:m) p ®T R ®T>)
Yy n Jll 712 J
AU SN c ). . (3.22
(y(( +1): )) (('u,(( +1): )) ( p R, T & T; Z 1 Rjoo T ( )

where R;,, is the cross-correlation between outputs at inputs Xi1.m and Xmi1)n, 1,
is the correlation matriz of inputs X1.m, and R;,, is the correlation matriz between
outputs at inputs X(m41ym- The (k,1)th element in each of these matrices is given by

the correlation function cj(Xk,X).

Lemma 3.5.4, lemma 3.5.5 and standard results for Kronecker products lead to

the following corollary.

Corollary 3.5.6. The conditional distribution of y((™+Vm)|yXm) L N(a, R), with

‘;: I

P
pi <Z 312 Jll ®Tij> (y(l:m) N “’(lzm))’ (3.23)

i ( j22 T (Rju)il Rj12) ;. (3.24)

Corollary 3.5.7. The LMC GaSP emulator, conditional on the computer model

evaluations y™ and at any new point X', is given by y'™ = (y11, ... ,y’;w) =

yM(2') ~ N(i/, R'), where

N (Z Jx,x’ < Jx,x) B ®T’JS]> (y(lin) - “(ln)) ) (325)

P -1
- Z (1 o RJ:X (ij,x) ij,x’) ®71]7 (326)
i1
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with R;__, being the cross-correlation between a new input X' and the vector of inputs

X1 and R being the correlation matriz of inputs Xi.q.
3.5.8  Correlation in the LMC model

The following propositions show that the correlation between outputs of the LMC
model can behave in a nonintuitive fashion. In particular, zero-correlation between
outputs of a computer model does not imply independence between the outputs, as

one might wish or expect.

Proposition 3.5.8. Following 3.4.1, the correlation between the kth and lth outputs,
Yi and YY), of the p-variate output of a computer model, at each input point of the
LMC model, is given by

ZP_l Qi Ay
Pkl = L= . (327)
\/(Z?:l ap,) (X0, apy)
Corollary 3.5.9. 1. If pyy = +1, then det A = 0, since the kth and lth rows of

the matriz A are then linearly dependent.

2. If the kth and lth rows of the matriz A are linearly dependent, i.e. ay;/a;; = n Vi,

then py = 1.
3. For bivariate output, p = +1 if and only if det A = 0.

Corollary 3.5.10. If ai; = a;; = 0 Yk # 4,1 # j, then piy = 0. The converse, for

general LMC model, is not true.

Intuitively, we would like zero-correlation to imply independence of the two
processes for each function, but this is not the case, as shown in the above corollary.

As exceptions, there are two special cases of the LMC model for which zero-
correlation between outputs implies independence of the outputs. These special cases
are given in the following corollary.
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Corollary 3.5.11. 1. In the case of bivariate output, if p1o = 0, then ajjas; +
a12a90 = 0. Thus, if p1o = 0 and A is symmetric, then ao = as; = 0 so that

the processes are independent.

2. In the case of separable model, which is introduced later in section 3.6, if p = 0,

then kth and lth outputs are independent.
3.5.4  Estimation of covariance matrix

In this work we would like to avoid specification of the priors on the parameters
to eliminate their possible influence on the estimates of the parameters and further
behaviour of predictive distribution which constitute the emulator.

Thus, the following theorem shows that A is not estimable from the data only, in a
sense that one can not find MLE estimate of A independently from other parameters
in the LMC model, typically and in our case these would be parameters in correlation
functions. This theorem finds the MLE estimate of matrix A conditional on given

processes Ws (i.e. fixed correlation functions with the parameters of the functions).

Theorem 3.5.12. If LMC model has A, o MLE of A which is in no special a priori
form, while correlation functions c;(-,-) of processes Ws are fized ¥ j = 1,...,p, then

A must satisfy the following system of equations

1 TR A1) HINGHE
on A TDG A (yWyD" ¢ yOy®Ty — (3.28)
ij

Corollary 3.5.13.

1. ]fA is the MLE of the LMC model parameter A, then a matriz which is obtained
from A by multiplying any columns ofA by —1 is also a solution to the system

and is also a MLE estimate of A.

2. There are 2P MLE estimates of A.
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As have been noted in Simpson et al. (2015), large number of parameters in the
model results in flat likelihood surface, making estimation of parameters in the model,

a challenging problem.

Corollary 3.5.14. If p = £1, i.e. det A = 0, then the likelihood of the LMC model

does not exist, so MLEs cannot be defined.

Corollary 3.5.15. If the observed vectors are proportional to each other, i.e. yo =
Ay1, A # 0, then the likelihood of the LMC model does not exist, so MLEs cannot be
defined.

Previous estimates of A and %

Most previous papers working with the LMC model have focused on identifying the
matrix X, assuming that the covariance matrix of outputs is the key quantity. This
makes sense, say, from the viewpoint of elicitation, since the output covariance is all
that one could reasonably assess.

Interestingly, however, the LMC model depends on A itself explicitly, and not
just on 3 = AAT. The decomposition ¥ = AAT is not unique, so that for the same
covariance matrix >, depending on the chosen decomposition, different results may
be obtained.

The value of the likelihood depends not only on X, but on the value of A itself, so
that for the same covariance matrix X, but two different decompositions, determined
by different matrices As, LMC model provides different values of the likelihood.
Therefore, depending on the chosen decomposition, different LMC GaSP emulators
may be obtained.

The representation (3.14) suggests that there should be no any restriction on
entries of A (except that a;1,a;0,. .., a;, are not zeros at the same time for each ith

row (i =1,...,p) of matrix A).
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Historically, Schmidt and Gelfand (2003) overlooked the importance of A and
uses lower triangular matrix A of Cholesky decomposition. Later Fricker et al. (2013)
recognizes that inference with such a specification depends on the order of data
vectors y*) in which one writes the LMC likelihood.

With the lower triangular matrix A one necessarily models the first component
of the vector Y; as one Gaussian process, the second one — as the sum of two
Gaussian processes and so on. Clearly the procedure then depends on the order of
data vectors y*™ and various estimates of A and ¥ (and including predictive LMC
GaSP emulator) may be obtained depending just on the order of data.

The formal propositions on comparison of the inference from the LMC model
made with Cholesky decomposition in completely arbitrary setting of parameters of
the LMC model (matrix A and parameters in correlation functions of the processes
Wi, i=1,...,p) is not tractable.

In order to provide more tangible demonstration of the consequences of the
procedure we turn to the more simplified framework, when processes W's are considered
to be given (i.e. the parameters in their correlation functions are assumed to be
fixed).

For simplicity of exposition, we confine ourselves here to the p = 2 case, and assume

a1 0

. We assume that correlation
Q21 Q22

that A is the lower triangular matrix (

functions of the processes W, 7 = 1,2 with their parameters are given.
Proposition 3.5.16.
1. (a) The joint process for Yy and Yy is
Yi Wi anWi
=A = . 3.29
(YQ) (W2> <a21W1 + Cl22W2) ( )
(b) The MLE estimate of ¥ and the correlation p between the two functions fi
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and fy are given by

a ad
R pos Py
E = ad (06—6)52 w ) y <330)
<% [+
(6%
= 31
=0T (3.31)

where o = Y1T01_1Y1; B = Y1TO2_1Y17 0= Y2TCQ_1YI; and w = Y2TCQ_1Y2-

2. (a) If the order of Wy and W is reversed and the order of Y1 and Y5 is reversed,

Y, Wy apWs
= A = 3.32
(Yl) (W1) (CL21W2 + a22W1) ( )

(b) The MLE estimate of > and the correlation p between functions fi and fo

then

are given by

w wy
% I:(wfn)’yz + g:l) ) (333)

w
D = .34
P 7\/(w — k)2 + ak?’ (3.34)

where v =y T Clyy and k = yo,TC ys.

Proposition 3.5.16 shows that the order in which the variables are listed (or,

equivalently, the choice of Cholesky decomposition of ¥) leads to MLE estimates of

the covariance matrix and correlations between functions that differ. There are two

other possible order-based LMC models, and the following proposition states (without

given the resulting covariance estimates) that the also lead to different models.

Proposition 3.5.17. 1. If the order of Y1 and Y5 s reversed, but not that of Wi

and Wy, then the joint process for Y1 and Ys is

Y, Wi a; Wi
=A = , 3.35
(Yl) (W2) (ale + CL22W2) ( )
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which is different from the other order-based joint processes, providing as; # ags.

2. If the order of the processes Wy and Wy is reversed, but not that of Y1 and Y3,

then the joint process for Yy and Yy is the fourth different process (providing

Y Ws ay Wa
=A = . 3.36
<Yz) (W1> (GQ1W2 + CL22W1) ( )

The four cases described in propositions 3.5.16 and 3.5.17 all provide different

Aoy # G92)

likelihood for simulation output Y, depending not only on the simulator data y™),
but on the order of data written out in the likelihood and the order of independent
processes W;s, i = 1,2. Thus, in each of the cases, the MLE estimate of A is different
from any other case.

Fricker et al. (2013) suggests instead of Cholesky decomposition to use spectral
decomposition of ¥ = PAPT to avoid the dependence on the order. The authors
recommend to look at only symmetric A = PAY?PT. We formaly present this

argument in propositions 3.5.18 and 3.5.21.

Proposition 3.5.18. Let A be symmetric and independent processes Wy, Ws, ..., W,
be not fived (with parameters of the processes not fized). Then any permutation of

Y1,Y,,...,Y, leads to the LMC likelihood with the form of matriz A preserved to be

symmetric.

However, we show in proposition 3.5.20 that the symmetric representation A may
also have undesirable properties of the dependence of inference (and predictions) from
the LMC model which, when such a decomposition is chosen, depend not only on
parameters of the model, but on the order of data y(*™ as well.

Namely, in order to safely use symmetric matrix A and avoid dependence on the
order of data, one has to have processes W's exchangeable, i.e. not following any
prespecified order in any sense and not to be fixed.
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Interestingly, Paulo et al. (2012) says, citing working paper at that time of Fricker
et al. (2013), that A = PA'2 solves problem of reordering in functions, while it does
not.

Symmetric matrix A has been chosen originally for simplification of computations.
However, Fricker et al. (2013) report that even with their examples with p = 3 and
p = 6 outputs, identifying parameters of their LMC model was challenging. They
highlight that the numerical procedure used for obtaining the parameter estimates,
had no guarantee of achieving the global maximum of the chosen LMC likelihood.
Detailed implementation of their algorithm is not discussed in that paper, so we can
not discuss it further.

We would like however to highlight a few implementation strategies, which while
using symmetric matrix A, destroy its nice property of avoiding dependence on the
order of Y.

Consider example of larger number of outputs p. As example, p = 30 outputs.
Symmetric matrix A then has 465 parameters to estimate and additionally parameters
in correlation functions of processes Ws. Unavoidably one would like to reduce that
large number of parameters, by bringing further assumptions on processes Ws. One
may attempt to proceed by fixing the processes Ws as well as having matrix A
symmetric. However, the following proposition 3.5.20 shows that as soon as the
processes are fixed, the order in which vector of data Y is written out influences the
answer — the likelihood, and then the emulator based on the LMC model.

For example, assuming some ordering on processes Wy, Wy, ..., W, for example,
d1 < 69 < ... <0, (without necessarily fixing the processes) and assuming symmetric
A leads to the LMC likelihood to depend on the order of data associated with

processes Y7,Ys,...Y,. This can be easily seen in the following proposition.

Proposition 3.5.19. Let processes Wy and W follow some order, for example, let
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range parameters of the processes be 9y < 09 and let A be symmetric 2 x 2 matriz in

LMC model with bivariate output Y1 and Yo written out in this order.
Y _ (o a2 Wi _ anWh + aaWs (3.37)
Y, ajz G2 Ws a2Wh + apWs ) - '
Then changing the order of processes Yy and Yy in this setting changes the LMC
likelihood of the data.

Y, _ (@ a2 |44} _ an Wi + a;oWs (3.38)

Yy a1z G2 Wy a oWy + ageWs ) '
Alternatively, one can write

Y; _ (G2 a2 Wi _ a12W1 + agWs (3.39)

Y, ailr a2 Wy anWi +aiWs ) '

The symmetry of matrix A is not preserved.

Important to note that, although we discuss properties of the LMC model with
symmetric matrix A, there is no any motivation to restricting A to a certain form
other than for “computational benefits”, which have been demonstrated to be more
of spurious benefits rather than the true benefits.

Next, we demonstrate another ad hoc implementation procedure which may seem
advantageous, while using symmetric matrix A, but a nice property of symmetry of

matrix A is also no longer valid.

Proposition 3.5.20. Let processes Wy, Wy and W3 be fized, and let A be a symmetric

3 x 3 matrix in LMC model with tri-variate output.

Y) Wi a1 G2 013 Wi
ng =A WQ = 12 Q22 Q923 WQ . (340)
Y; W3 a3 Q3 0as3 W3

Changing the order of independent processes W;,j =1,...,3 to, for example, a
permutation {Ws, Wy, Ws} leads to change in the corresponding matriz A™ in order
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to provide the same likelihood. A" has to be nonsymmetric. Ezxplicitly,

Y, Wiy a2 a3 A Wi
Yé =A" W1 = Qo2 Q23 Q12 W1 . (341)
Y3 Wy azs azz aiz) \Ws

Proposition 3.5.20 shows that two different permutations, orders of independent
processes W;,j = 1,...,p, and assumption of a symmetry in A, leads to different,
not equivalent, likelihood functions for simulator output. If the order of independent
processes changes and A is chosen in some prespecified form, in order to obtain the
same likelihood function, the form of matrix A should be changed accordingly, and
the initially chosen form of matrix A is violated.

One more related proposition is an exception to that rule given in proposi-

tion 3.5.21.

Proposition 3.5.21. Let independent processes Wi, Ws, ..., W, associated with com-
puter model processes Y1,Ys, ..., Y, be fizred, and A - symmetric. Any permutation of
Y1,Ys, ..., Y, together with the same permutation of processes Wi, Ws, ..., W, leads

to the LMC likelihood with the form of matrix A preserved to be symmetric.

However, if processes W1, ..., W), are associated with specific outputs of a computer
model, then it is not clear what would motivate modeling them as linear combinations
of these independent processes. The idea of the LMC model is to model each vector of
data from a corresponding function out of p available outputs as a linear combination
of p underlying unknown processes, thus the processes Wy, Wy, ..., W, should not be

associated with any specific function.

Corollary 3.5.22. Likelihood of LMC model does not change, if matriz A has no any
assumptions or restrictions on its entries for any permutation of processes Y1,Ya, ...,
Y, corresponding to p outputs of a model and any permutation of processes Wi,
Wa, ..., W, and any order of processes Wi, W, ..., W,,.
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The order of functions and corresponding processes Yj, j = 1,..., p does not matter
as long as independent processes W;,j = 1,...,p are not fixed (the parameters of
the processes are not fixed) and the processes do not follow any predefined order and
matrix A is in no any special form or symmetric; or simply matrix A is in no any
special form. The order of functions matters as soon as we order or fix processes
W;,j=1,...,p and prespecify A in some form.

Note that specification of A in symmetric form (or any other form), rather than
keeping it in unrestricted form, is not supported by a compelling argument, since
likelihood of the LMC model clearly changes with any specification of matrix A.
Arguments about computational simplifications achieved with such specifications are
not supported by examples which demonstrate computational challenges with the fit
of the LMC model with such specifications.

Thus we should not associate processes Wy, Wy, ..., W, with specific order of
p original functions, and A should not have any restrictions on its entries. The
property of matrix A to be in no any restricted form is that any prior ordering of
processes Ws is allowed and even fixed processes Ws are allowed as well. In any of
such cases, likelihood of the model does not depend on the order of the data y™™
associated with processes Y. Fixing either the order of processes W;, 2 = 1,...,ps or
the processes themselves may be often desirable from the implementation point of
view. Simultaneous estimation of large number of parameters of the LMC model may

virtually be impossible to perform otherwise.
3.6 Special cases of the LMC model

In this section, we investigate important special cases of the LMC model, to which
the general LMC model can be compared. We are particularly interested in properties

of the predictive distributions in these special cases.
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3.6.1 Independent model

Suppose that, in the LMC model (3.14), A is chosen to be diagonal, with diagonal
elements aj; # 0. Then the jth output of the model is independent from any other
output,

Vi ~ GaSP(iy(), 265, ), (3.42)

and ¥ is the diagonal matrix with diagonal elements ¥;; = a?j.

Lemma 3.6.1. If the correlation functions c;(-,-) are completely specified, the MLE
for ¥ 1s diagonal with diagonal elements
To 1y,
S NARRST N

3.6.2  Separable model

A separable LMC model results if the correlation functions corresponding to each
output variable are assumed to be the same, that is ¢;(-,-) = ¢(-,-) = ¢(+,-) for any
1,7 = 1,...,p. Then the joint distribution of the p output variables, obtained from

evaluation of the computer model at n input points x, is

yE - N(p™ 2 = RY), (3.44)

where R is the common correlation matrix arising from the correlation function c(-, -)
and inputs x. X represents the covariances between the p outputs at any input. It is
interesting that the likelihood of the separable model depends only on ¥, and not on
the matrix A defining the LMC model.

Lemma 3.6.2. In the separable case of a common correlation function, the MLE for

Y is the matriz whose (k,l)th element is

& vy C 7y

S, = 3.45
— (3.45)
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A

If, further, the correlation function is fully specified, diag(X) coincides exactly with

that arising from the independent model in lemma 3.6.1.

The joint distribution of y*™ = (y(tm) y((m+1)m)T jq
(1:m) (1:m) R Y R N
y v 11 12 &
my | ~N ) | , 3.46
(y((m+1)~n)) ((“((m+1).n)) <R{2 ®Y Ryp® Z)) ( )

m+1):

where R, is the cross-covariance between y(lzm) and y(( “), Ri; is the covariance

of y) “and Ry, is the covariance of y((m+1)m),

Using corollary 3.5.6, the conditional distribution of y((m+Lm)|y(m) o N(f R),

with fi and R given in the following lemma.

Lemma 3.6.3. The conditional distribution y(®+1)m) |y(1:m) has mean and covariance

matrix

= plm ) 4 (RT(Ry) T @1) (™ — ptm™) | (3.47)

il
R=(Rypy— R, (Ri1) ' Rin) ®%. (3.48)

The following corollary gives important properties of the predictive separable

LMC GaSP emulator.
Corollary 3.6.4.

1. From lemma 3.6.3, it follows that the predictive mean, Ey((m+1)‘“)|y(1:m), of

the separable model does not depend on the matriz 3.

2. The predictive variance, Vy m+m)|y(m) = does depend on the covariance

matriz Y.

Thus the marginal means (corollary 3.6.4) of the separable LMC GaSP emulator
coincide exactly with those given by the individual LMC GaSP emulators for all p

outputs of the LMC model.
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In the next section we show that the marginal variances (theorem 3.6.5) also
coincide exactly with those given by the individual LMC GaSP emulators if the MLE

estimate of X is used.

3.6.3 Comparison of the predictive distributions of the general LMC' and its special
cases

The following theorems provide the basis for the desired comparisons.

Theorem 3.6.5. If the correlation function c(-,-) is completely specified, then the
separable model marginal predictive variances diag(Vy((m+1m)|y@m)y with MLE
estimate of X plugged in equal to the MLE estimates of corresponding variances which

could be obtained from independent modeling of p outputs.

Theorem 3.6.6. LMC model with zero-mean for data y1 and yo = Ay1 reduces to
the separable model with degenerate matriz >2. Necessarily, marginal emulator Y, ~

GaSP(0,0%c(+,-)) for some correlation function c(-,-) and some variance parameter

o2 and marginally, Yo = \Y; ~ GaSP(0, \?o2c(-, -)).

If one models functions which are assumed to be highly correlated (or anti-
correlated), then one would rationally model such outputs using the same kernel
functions for covariance structure. Moreover, since the set of input points for two
outputs is exactly the same, the estimates of range parameters of corresponding
GaSPs should result in similar values. Thus, the theorem 3.6.6 explicitly says that in
the limit of estimates of range parameters being equal to each other, no matter what
A is, the predictive distributions, which define an emulator with MLE estimates of
Y, stay exactly the same. Therefore the closer kernel correlation functions are, the
closer the IND and LMC emulators are to each other.

We have shown in theorem 3.6.5 that predictions from separable model and
independent model are the same. We also have shown in theorem 3.6.6 that outputs

become more and more correlated, LMC model goes to the separable model.
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Next theorem shows that, if A is chosen to be symmetric, then the total marginal

variance of the LMC GaSP emulator is fixed.

Theorem 3.6.7. If A is symmetric and if we keep marginal variances of the p
processes the same (as done, for example, in Paulo et al. (2012)), i.e. we fix

?:1 A?j = o2 for each i = 1,...,p, then the sum of predictive variances at any
new input x' stays constant and does not depend on matriz A other than through

{a?}izlwp, i.e. Zdiag(VyM(x’)|y(1:“)) = const.

This means that the amount of variance one of the p components decreases by is

exactly the amount of variance by which all other components increase.
Lemma 3.6.8.

1. If A 1s a lower triangular matriz of the Cholesky decomposition of 32, then the
first output mean and variance Ey™ (x'); and Vy™ (x'); stay the same as in the

independent scenario.

2. If A is an upper triangular matriz of the Cholesky decomposition of 33, then the
pth output mean and variance Ey™ (x'), and VyM(x'), stay the same as in the

independent scenario.

Even if someone told us that improvement is possible by considering one func-
tion first, and then the second, conditionally on the first one (as with Cholesky
decomposition of A), usually one would not know which function to take first.

In other general cases we have found that LMC model for general functions will
lead to different predictive distribution, than IND model. However, we have not
found that these distributions, from theoretical perspective should be closer to true
functions. They may result in either improved or deteriorated estimates. This is
illustrated with several numerical studies given in the next section 3.7 and in the

Appendix section 3.10.2.
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Of course, LMC model always has the “advantage” of flexibility over the IND
model, because it has more parameters. IND model has p sets of parameters in
correlation functions (of dimensionality of an input) and p parameters in matrix
A. LMC model has p sets of parameters in correlation functions as well, but p?
parameters from matrix A. Separable model has one set of correlation parameters
and p(p + 1)/2 parameters in covariance matrix .

However, we will show with simulation examples that no systematic improvement

by utilising LMC model is given.
3.7 Numerical studies

We present several numerical studies comparing the LMC and IND models, using
MLE estimates of all the parameters in both models. This is meant to be a more
comprehensive study than the already excellent examples that were considered
in Kleijnen and Mehdad (2014), in part because their examples constrained A to
be symmetric, introduced regularization terms when estimating parameters of the
model, and excluded from consideration examples with correlation 0 and negative
correlations.

We consider 343 examples, with a range of correlation between p = —1 and p = 1.
The examples have one to three dimensional input spaces and a two-dimensional
output space. The results with a one-dimensional input are presented in this section,
with the higher dimensional results relegated to Appendix section 3.10.2, since the
conclusions are the same.

The earlier theoretical results gave many situations where LMD modeling produced
the same results as independent modeling. LMC modeling can be expected to be
inferior with completely uncorrelated functions (the extra parameters of A that must
be estimated will degrade the emulator predictions) while, with completely correlated

functions, the results (at least the emulator means) were the same. So, here, we
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numerically investigate the in-between situations.

For these illustrations, we will use zero-mean GaSPs, with correlations

d ;i
|y — ]
(X, X1) HC Trjs iy),  C(Tig, Ty) = exp — 5. g
j=1 J

having smoothness parameters a; = 1.9 Vj = 1,...,d, for numerical stability. The
range parameters {0;};-1 4 are considered though their transformed versions (5} =

—ajlogd; forall j=1,...,d.
3.7.1 Predictive checks and scoring rules for comparison of emulators

We compare the LMC and IND emulators in terms of their performance in predicting
two functions f; and fy;. Standard practice is to compare models based on their
root-mean-squared predictive error (RMSPE). While this is a useful comparison, it
does not reflect the fact that emulators produce entire predictive distributions. We
thus turn to scoring rules for the comparison, as these allow comparison of the full
distributions. Scoring rules compare the true value of a function evaluated at an input
X, 1.e. y = f(x), to the predictive distribution given by the constructed emulator.

We consider four proper scoring rules: logarithmic score, quadratic score, spherical
score, and continuous ranked probability score, all oriented so that minimal score are
optimal. For a review of scoring rules, see Gneiting and Raftery (2007).

In our examples, all predictive densities, p, are normal, say N(u,0?). The corre-

sponding four predictive scores, which evaluate p by comparison to the true value
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y = f(x), are

logS(p, y) = —logp(y), (3.49)
QS(p,y) = — <2p(y) - 2\/1%() : (3.50)
sphS(p,y) = —p(y)r/2v/70, (3.51)

CrPS(p) = o (=20 (“H) = (1) (20 (124) <1)).

where ¢ and ® denote the probability density function and the cumulative distribution
function of a standard Gaussian variable.

We will evaluate a N(u;,0?) predictive density, p;, by taking m test points

Z1,...,%y, (not at the points used to design the emulator) with true values of
y; = f(x;) for each i = 1,...,m, and then computing the average scores
logS = ZlogS(pi,yi)/m € (—o0, ), (3.53)
i=1
QS = > QS(pi, yi)/m € (—0,0), (3.54)
i=1
sphS = ZsphS(pi,yi)/m € (—o0,0), (3.55)
i=1
CRPS = ) CRPS(p;, ;) /m € (0, 0). (3.56)
i=1

We find the empirical frequency coverage EFC, over the m points, corresponding

to the 95% nominal credible intervals,

EFC = <Z Iy.ecy, /m> 100% € (0,100). (3.57)

i=1

We also consider the standard predictive check, RMSPE, as well as L¢p, the
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average length of the 95% credible intervals CI; over the m points, defined as

RMSPE = \/i(yz — 113)?/m € (0, 00), (3.58)

i=1

m

Lo = € (0, 0). (3.59)

In our examples, logS, QS and sphS behave similarly, penalizing a large variance
of a predictive distribution more than the discrepancy between the mean and the
true observed point. In contrast, CRPS seems to penalize the discrepancy from the
mean more than a large variance of the predictive distribution. See Figure 3.2. This
behavior of the scores is likely specific to the models and predictive distributions

discussed here, and may well be very different in other scenarios (Smith et al. (2015)).

For the 343 examples we consider, we will calculate how many times the four
average scores were larger for the LMC model than for the IND model, how many
times the four average scores were larger values for the IND model than for the LMC
model, and how many times the four scores disagreed in their favoring of either of the
models. We also calculate how many times the standard predictive checks RMSPE
and L¢r are smaller for LMC than for IND, how many times both are smaller for

IND than for LMC, and how many times they were in opposite directions.
3.7.2 FExample 1

The functions fi(x) = cosbx and fo(z) = cos(5(z + k))/2 are the two outputs of
the computer model, on the domain = € [—1,1]. We choose n = 9 equidistant
training points (21, Z, ..., x9) in the domain of x (with x; = —1 and x9 = 1); the
functions are evaluated at these points and used to train the emulators. The function
values at these points are y1 = (fi(z1),..., fi(xg)) and y2 = (fo(z1),..., fa(xg)).

See Figure 3.3 for example.
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FI1GURE 3.2: The contour lines of the four proper scoring rules shown with solid lines
versus the contour lines of RMSPE shown with long dashed line.

4m/5
We vary & from —m/5 + 2 to —m/5 +

1017/5 . 1. - /5
Tor with increment 105 - Thus we

avoid perfect and very near perfect correlation and anti-correlation between functions
because MLE estimates either do not exist (as shown in corollary 3.5.14) or are
computationally unstable. All in all, we have 98 different values of k. In this study
each value of k has a one-to-one correspondence with the p values in this study. See
Figure 3.4.

For each value of k we run a simulation. For brevity we refer to the ith simulation

as K.
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F1GURE 3.3: The two output functions (blue and green curves) in Example 1. They
are observed together at the same input points (shown with circles on the plot).
Left panel shows two output responses which are almost perfectly correlated, given
by fi(z) = cosbr and fy(x) = cos(5(x + kgg)), where kgs = —F + 101107;/5. Right
panel shows two output responses which are almost perfectly anticorrelated, given by

fi(z) = cosbz and fo(r) = cos(5(x + k1)), where ky = —F + %.

We construct predictive distributions with LMC and IND emulators at m test
points in range [—1, 1] with the increment of 0.01, but excluding training points. In
total, there are 192 test points.

Tables 3.1 and 3.2 show the, averaged over 192 test points, predictive checks
and scores values of LMC and IND emulators of each of the two simulator output
functions f; and fs, across all simulations studies with different x values. Values for
LMC emulator of function f; and values for IND emulator of function f;, the two
columns of Table 3.1, are identical. LMC emulator of function f5 performs almost
identical to IND emulator of function fs, the two columns of Table 3.2, with only
small differences shown in quadratic score QS and spherical score sphS.

Exactly identical figures in Tables 3.1 and 3.2 are largely due to rounding of
the scores. For more detailed comparison, Table 3.3 provides absolute differences in
predictive checks and scores for LMC and IND emulators of each output function

f1 and f;. LMC and IND emulators also showed 100% coverage of true simulator
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FIGURE 3.4: Correlation parameter py, , between functions f; and f,. This parameter
varies with the constant x in function fy(z) from —1 to 1.

output functions. A pictorial representation of the information summarized in the
last table is also given on Figure 3.5.

Tables 3.1, 3.2 and 3.3 together with its pictorial representation in Figure 3.5
suggest that LMC and IND emulators exhibit essentially the same behaviour, in its
predictions of two outputs across all the simulation studies k1, ..., kog. For formal
comparison we present how many times LMC or IND model had all scores smaller
than the other (see Table 3.4) and how many times LMC and IND emulators had all
predictive checks smaller than the other (see Table 3.5). As can be seen, predictive

checks and scores most of the time do not allow to conclude that one emulator is

83



Table 3.1: Predictive checks, empirical coverage and scores for function f.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, IND £,
RMSPE  0.01 (0.01,0.01)  0.01 (0.01,0.01)
Ler 0.28 (0.28,0.28)  0.28 (0.28,0.28)
EFC 100 (100,100) 100 (100,100)
logS -1.79 (-1.79-1.79)  -1.79 (-1.79,-1.79)
QS -9.04 (-9.04,-9.03) -9.04 (-9.04,-9.04)
CRPS 0.02 (0.02,0.02)  0.02 (0.02,0.02)
sphS -3 (-3,-3) -3 (-3,-3)

Table 3.2: Predictive checks, empirical coverage and scores for function fs.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, IND f,

RMSPE  0.01 (0.01,0.01) 0.01 (0.01,0.01)
Lot 0.13 (0.13,0.14) 0.13 (0.13,0.14)
EFC 100 (100,100) 100 (100,100)
logS -2.55 (-2.59,-2.49) -2.55 (-2.59,-2.49)
QS -19.12 (-19.95,-18.23) -19.11 (-19.95,-18.11)
CRPS 0.01 (0.01,0.01) 0.01 (0.01,0.01)
sphS ~4.37 (-4.45,-4.27) -4.36 (-4.45,-4.25)

better than the other.

Interestingly, in this study correlation between functions estimated from LMC
model is well captured by the model (Figure 3.6), and corresponds to both, true
correlation between output functions f; and f; and observed, sample correlation,

obtained from the simulator output data.
3.7.83  Simulation study 2

For the second simulation example we choose two functions f;(z) = 3x + cos 5(x + k)

and fo(z) = sinm(z + k), in which we vary & from —2F to /2 in both functions.
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Table 3.3: Absolute differences in predictive checks and scores.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, - IND fi  LMC f, - IND f

ARMSPE 0 (0,0) ~4e-04 (-0.0015,0)
ALcy 0 (0,1e-04) 3e-04 (0,5e-04)
AEFC 0 (0,0) 0 (0,0)

AlogS 0 (-1e-04,5e-04) 5e-04 (-0.0053,0.003)
AQS 0 (-7e-04,0.0043) -0.0038 (-0.1276,0.0471)
ACRPS 0 (0,0) 0 (-2e-04,0)
AsphS 0 (-1e-04,7e-04)  -0.0017 (-0.021,0.0059)

Table 3.4: Number of models in favor of either LMC or IND via scoring rules.

Neither LMC IND
71 10 17

Example of two functions f; and fy observed together, Figure 3.7.

We perform 211 simulations kq,...,k911. Then correlation between functions
varies with x as can be seen on Figure 3.8.

We choose the same training points (z1, ..., xg) as before.

The analysis of LMC and IND emulators is similar to the one in the previous
example. We highlight main conclusions and the differences. First, there is more
variation in predictive checks and scores, as can be seen in Tables 3.6 and 3.7, for both
output functions. However, the absolute differences in the scores are small (Table 3.8
with corresponding pictorial representation provided in Figure 3.9). Both emulators
provide 100% empirical frequency coverage in all simulations in this example.

Again, we check if either of the emulators, LMC or IND, is preferred across
simulations kK1, ..., k211. We conlclude, based on information in Tables 3.9 and 3.10,

that neither of the emulators is preferred.
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F1GURE 3.5: Absolute differences in predictive checks and scores. Left column
corresponds to differences in the predictive checks and scores between the LMC and
IND marginal emulators of function f;. Right column corresponds to this information
related to marginal emulators of function f;. Each row provides the average value of
a score or a predictive check (shown with the circle) with the range of values across
all the simulation studies shown by a corresponding interval.

Important, that in this study LMC model does not capture the correlation between
two functions. See Figure 3.10. This is in contrast to the first simulation study.
The explanation for this phenomenon is that in the first study the number of input
points (z1,...,x9) at which the output was obtained was enough for capturing the
correlation between functions, and in this study this number is not enough. Usually,
with expensive computer models, we do not know if we have enough observations to

captuer the correlation between functions or not.
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FI1GURE 3.6: Left panel: true correlation between functions f; and f, vs. observed
sample correlation. Right panel: true correlation vs. the estimate from the LMC
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FIGURE 3.7: Examples of two output functions (blue and green curves) observed
together at the same input points (shown with circles on the plot). Left panel:

functions fi(z) = 3z + cosb(z + k) and fo(z) = sinm(z + k) with ky = 2T —
3% Right panel: the same functions fi(x) and fo(x) with k1gy = £ — 2T The

corresponding observed sample correlations are about 0.82 and —0.83 respectively,
with the true correlations being 0.93 and —0.94. These are maximum and minimum
sample correlations among all simulations with various values of .
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Table 3.5: Number of models in favor of either LMC or IND via predictive checks.

Neither LMC IND
0 8

90

We provide two more simulation studies, which have multivarite input to a

simulator in addition to the multivariate output. These are in Appendix 3.10.2.
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ranging from about —0.94 to about 0.93.
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Table 3.6: Predictive checks, empirical coverage and scores for function f.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, IND f,
RMSPE  0.02 (0.01,0.06)  0.02 (0.01,0.04)
Lo 0.42 (0.39,0.44)  0.42 (0.39,0.44)
EFC 100 (100,100) 100 (100,100)
logS -1.39 (-1.43-1.35) -1.38 (-1.42,-1.37)
QS -5.95 (-6.22,-5.66) -5.91 (-6.08,-5.84)
CRPS 0.03 (0.03,0.03)  0.03 (0.03,0.03)
sphS 2.44 (-2.5-2.33)  -2.43 (-2.44,-2.42)

Table 3.7: Predictive checks, empirical coverage and scores for function fs.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, IND f,
RMSPE  0.01 (0.01,0.01) 0.01 (0.01,0.01)
Lo 0.13 (0.12,0.14) 0.13 (0.13,0.14)
EFC 100 (100,100) 100 (100,100)
logS -2.54 (-2.60,-2.48)  -2.54 (-2.58,-2.49)
QS -18.9 (-19.82,-17.74) -18.8 (-19.66,-17.95)
CRPS 0.01 (0.01,0.01) 0.01 (0.01,0.01)
sphS -4.36 (-4.46,-4.21)  -4.35 (-4.45,-4.25)

3.7.4  Correlation and likelthood in simulation studies

Correlation between functions may or may not be well estimable from LMC model.
In the study 1, with the simplest function, the correlation is estimated well in
all simulations, but in other studies (simulation study 2 and two more studies in
Appendix 3.10.2) correlation is typically not captured well by the LMC model. Even
when observed sample correlation is close to its true value, LMC model may severely
mismeasure it.

The values of likelihood of LMC model occasionally may be much higher than
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Table 3.8: Absolute differences in predictive checks and scores.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, - IND f; LMC f, - IND f,
ARMSPE  0.0019 (-0.0031,0.0152)  8e-04 (-1e-04,0.0044)
ALy -0.0045 (-0.0283,0.0084) -0.0012 (-0.0044,0.0012)
AEFC 0 (0,0) 0 (0,0)
AlogS -0.0059 (-0.0636,0.0717) -0.0059 (-0.0225,0.0145)
AQS -0.0322 (-0.3718,0.4166)  -0.0972 (-0.415,0.2198)
ACRPS le-04 (-0.0015,0.0049) 0 (-1e-04,4e-04)
AsphS -0.0043 (-0.075,0.1106)  -0.0068 (-0.0443,0.0411)

Table 3.9: Number of models in favor of either LMC or IND emulator via scoring
rules.

Neither LMC IND
133 66 12

of the IND model. See Figure 3.11. This typically happens when two outputs are

highly correlated, however, again, there is no systematic difference in the emulators

performance in such cases. Two models perform very similar to each other.
RMSPE and Cls and frequency coverage of the LMC emulator is comparable to

that of the IND emulator.
3.8 Multivariate output beyond emulation

In this chapter we have demonstrated that multivariate output modeling for the
purpose of emulation of computer models is not useful, since there is no systematic
advantage in utilising joint emulator over independent emulators of each output.
However, assuming independence between outputs, when this is not appropriate,
may be not beneficial.
For example, consider the problem of linking emulators of simulators of a system
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FIGURE 3.9: Absolute differences in predictive checks and scores. Left column
corresponds to differences in the predictive checks and scores between the LMC and
IND marginal emulators of function f;. Right column corresponds to this information
related to marginal emulators of function f;. Each row provides the average value of
a score or a predictive check (shown with the circle) with the range of values across
all the simulation studies shown by a corresponding interval.

of computer models. The following simple examples demonstrate when dependence

between outputs may be important to account for.

Ezample 1. Let function f(y1,y2) = y1 — 2, and suppose the constructed emulator

of that function is £|Y7,Ys = Y] — V5.

1. Let processes Y; and Y5 be independent, with correlation p = 0, but each with
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Table 3.10: Number of models in favor of either LMC or IND emulator via predictive
checks.

Neither LMC IND
188 13 10
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FIGURE 3.10: Left panel: true correlation between functions f; and f; vs. observed
sample correlation. Right panel: true correlation vs. the estimate from the LMC

model. The solid line on both panels is y = .

the same mean and variance
Y1 ~ GaSP(u,v), (3.60)

Yy ~ GaSP(p, v). (3.61)

Then, the linked emulator ¢ of f with inputs Y; and Y, marginalized over, is

¢ ~ GaSP(0, 2v). (3.62)

2. Let Y] and Y, being perfectly correlated, so that p = 1.
Y) ~ GaSP(u,v), (3.63)
YolVy =Y. (3.64)

Marginally Y; and Y5 have the same distributions as in previous examples.
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FIGURE 3.11: Maximum likelihood values on a log-scale in 4 simulation examples
(including two examples from the Appendix). Black circles correspond to likelihood
values of independent model IND, star points correspond to values of likelihood of
the LMC model.

However, in this case the linked emulator ¢ of f with Y; and Y5 marginalized
over, is

¢ ~ GaSP(0,0). (3.65)

If we believe that we should have considered dependent emulators instead of
independent, then in this example the variance of the linked emulator is severely
overestimated. And vice versa, if we should have considered independent emulators

instead of dependent, then variance would be underestimated.
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Example 2. Let function f(y1,y2) = y1 + 42, and suppose we have constructed a

perfect emulator of that function £|Y;,Ys = Y; + V5.

1. Let processes Y] and Y, be independent, defined as before in equation (3.60).

Then, the linked emulator ¢ of f with inputs Y; and Y5 marginalized over, is

¢ ~ GaSP(2u, 2v). (3.66)

2. Let Y} and Y, being perfectly correlated, defined as before in equation (3.63).

The linked emulator ¢ of f with Y} and Y5 marginalized over, is

¢ ~ GaSP(2u, 4v). (3.67)

In this example the direction of misestimation of variance is the opposite compared

to the previous example.

Example 3. Let the emulator of £]Y7, Yy = 3Y) + cos(5Y5). In this example linking
¢ with GaSPs of Y] and Y5 gives virtually the same results no matter if ¥; and Y5
are correlated or not, since 3Y; and cos(5Y3) are not correlated in any case. Thus,
correlation between outputs does not make difference for the linked emulator. This
has also been the case in the case study presented in Section 2.7.2 of chapter 2, where
the analysis of linking emulators with multivariate dependent output and multivariate
independent output has been performed.

Further investigation of the meaning of the dependencies in multivariate output
of a computer model and its use for purposes beyond emulation is one of potential
areas for future research. In particular, important to investigate if there other
purposes beyond emulation of a computer model, for which multivariate modeling of

multivariate output is necessary.
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3.9 Conclusion

In this work we have argued for independent statistical modeling of multiple outputs
of a computer model instead of the multivariate modeling of such an output.

We have demonstrated that marginally emulators of each of the outputs of a
computer model are essentially the same as independently constructed emulators
of the outputs. In certain cases emulators of outputs constructed using the two
approaches individually and multivariately coincide exactly. In other cases emulators
may not coincide, however, the differences in these emulators are negligible. This
feature has been demonstrated with numerical studies. The studies also show that
there is no systematic advantage of the multivariate emulator over the independent
emulators.

Linear model of coregionalization (LMC) has been employed for formal demonstra-
tion of this phenomenon. Differences in LMC and independent modeling in various
examples are only due to statistical variation of parameter estimates in the models.
LMC model does not demonstrate advantage over independent modeling, even though
it has much greater number of parameters than independent IND model.

Of course, one may obtain all sorts of different emulation results, by utilizing
different kernel covariance functions, using different priors on parameters in the mean
and covariance functions of the processes, and different procedures for the estimation
of these parameters, however, with no guarantee of systematic improvement for
emulation of underlying functions.

Since even within the same model we may construct various multivariate GaSP
approximations with their own parameterizations and priors Chen et al. (2016); Paulo
(2005); Oakley (2002), resulting in different posteriors, then due to chance for specific
data one of such approximations will be better than others.

Usually, in statistics we know in advance that our model is wrong. So, the question
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is if our model is good enough or if the more complex model leads to “better” results.
We conclude that for GaSP emulation of multivariate output IND model is good
enough, compared to LMC model.

LMC model has often been used in model-based applications of multivariate
spatial statistics. It is important to note that performance of the LMC model for
spatial data on a grid is exactly the same as have been discussed in this chapter,
i.e. the use of LMC model is not advantageous over independent modeling of a
multivariate variable for the predictive purpose.

One can easily construct examples when LMC model leads to improvement in its
prediction of two varialbes. Consider, for example, the case of observing, say two
responses Y7 and Y, which are essentially the same (after accounting for the mean in
responses), each at different sets of input locations, using the most simplified version
of LMC model, when one process W is shared by the two responses and used for

modeling each of them, e.g.
Yi=m() +anW (3.68)

Yy = na(:) + anW, (3.69)

where W is a Gaussian process.

For non-gridded data if the observed functions really represent one function, but
observations come from different sources and with different magnitude and, possibly,
mean, then it’s reasonable to assume one process W with different scales and means,

which correspond to observations from different sources.

Then the general LMC model is simplified to the model with A = (8 212) or
22

a11

equivalently A = (
Q21

8) This essentially states that, unlike IND modeling, corre-

lation between outputs is perfect p = +1, the model has only one kernel correlation

function, which allows for borrowing information about one range parameter from
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two outputs, and at the same time allows for different variances in two outputs to
account for different magnitudes of observations.

In this example, if parameters of the process W are estimated using the data from
two processes, one necessarily obtains systematic advantage from such a modeling
over independent emulators of each response.

Further research may focus on exploring if and why LMC model may be useful
for some non-gridded data and when using this model necessarily leads to systematic
improvement for predictive purpose. The most important and interesting would be
to find out the systematic behaviour of LMC in cases of modeling various different
variables, which are being observed at different sets of spatial locations for each

variable.

3.10 Appendix

3.10.1 Proofs

Proof of proposition 3.3.1. Log-likelihood of each model for a vector y;, ¢ = 1, 2:

1 1 N 1 A
log L; = —3 log det o7 A; — 5(}’1 — hB)T = A7 (y; — hBW) (3.70)
g
It is easy to show that log L, = —%log A?" 4 log L;, and the statements of the
proposition follow. O
Proof of proposition 3.4.3. This holds due to Cauchy-Shwarz inequality. [

Proof of proposition 3.5.16. Log-likelihood of an LMC model is

- 1 .
logdet 2712 — §y(1’n)TE_1y(1:“) (3.71)

Assuming A to be a lower triangular 2 x 2 matrix (corresponding to bivariate output

of a simulator) leads to the MLE estimate of A which must satisfy the following
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system of equations

aj, = o

192 = 0

a2 _ a_<52 (372)
21 7 nB2
2

The statements of the theorems on MLE estimates of > and p are obtained using the

MLE estimate of A. O]

Proof of proposition 3.5.21. Permutation of rows (which correspond to vectors of
data yi, ¢ = 1,...,p) and columns (which correspond to processes W;, i =1,...,p)

of matrix A, both in the same order, does not violate the symmetry of matrix A. [

Proof of lemma 3.5.1. This is easy to see using, for instance, results on block matrices

as Powell (2011). O

Proof of theorem 3.5.12. Log-likelihood of the LMC model is
S —1/2 1 (1mn)T -1, (1m)
log det X7/ — Y ¥yt (3.73)

Using lemma 3.5.1, the derivative of the log-likelihood over A™! is as follows

1 ~ o T 0T
T =S 2 Dy AT (y Dy +y By, (3.74)

Setting the derivative of the log-likelihood to zero completes the proof. ]

Proof of proposition 3.5.8.
_ BG@Ye)
VEY () E(Y(x))

By arWiz)) (35, aWi(x)))
VBT arWi()?) (B aiWi(x))?)

Zf Qi Qg
Limt T (3.75)
\/( i= la‘kz)( i= 1alz)
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O

Proof of proposition 3.5.15. If y; = Aya, then the following quantities defined as
before are a = k%, B = k?w,y = Ax and § = Aw. Then the system of equations for

MLE gives that det A = 0. O

Proof of lemma 3.6.2. The statement follows from two facts:

dlogdetX~"2  n_, n
= 5 5> (3.76)
tr(y(lzn)TCfl @YX lytm)y = Z C 1y(J) (3.77)
ij=1
0

Proof of theorem 3.6.7. Marginal predictive variance for the ¢th component is
P
—1 2
Z R] 12R]22 RJ 12)Aij‘ <3‘78)
=1
It can be shown that the sum of these variances equals

p
D diag(VyM (x)ly™™) = > 07(1 = Ry, Rjpy Ryyy)- (3.79)

7j=1

3.10.2  Additional simulation examples with multivariate input

The following examples consider cases when a simulator with multivariate output has

also a multivariate input.
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3.10.3  Simulation study 3

We consider a simulator function fi(z1,22) from Lim et al. (2002), which has a

bivariate input.
fi(z1,22) = ((30 + 5z sin(bz1))(4 + exp(—bxy)) — 100) /6 + 0.01. (3.80)

The second function fo(z1,x9) is obtained as a rotation of Cartesian coordinate
system by an angle x, which varies from 0 to 27 in polar coordinates, around the

point (0.5,0.5), namely
fa(x1,20) = fi(21 + 0.5,25 + 0.5), (3.81)

where 27 = rcos ¢ and 25 = rsin ¢ and

r=+/(z1 —0.5)% + (z2 — 0.5)2, (3.82)

¢ = atan2(xe — 0.5, 21 — 0.5) + k. (3.83)

We choose 14 values of  in the domain (0, 27) for simulations which correspond
to different values of correlation p between functions. See Figure 3.13.

For training points we use a latin hypercube design (LHD) in 2 dimensions, with
total number of points equal to n = 25. See Figure 3.14. For testing points we
choose all points on a grid of [0,1) x [0,1) with increments 0.03 along each direction.
Training points are not part of the set of testing points, and in total we obtain 1156
testing points.

Tables 3.11 and 3.12 summarize the results of this simulation study the same way
as examples in Section 3.7 in the main part of the chapter. An interesting difference
between this example and previous examples is that emulators do not provide 100%
empirical frequency coverage, but the coverage varies around the nominal value of
95%, ranging from 90% to 100%. All in all, the difference in performance in two
emulators is small. The amount of variation in the results, qualitatively, is similar to

previous examples, as can be seen in Table 3.13.
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In this simulation study neither of the two emulators LMC and IND are system-

Again, LMC model misestimates the correlation between two functions in most

[o0]
2
A N
© s
'_5/6\ 2
7
8_’;@ 7
00 04 08
X1
fobw k=1
_—\7 S~9g— 8
[o0] z \7/—
o 6/5—
e
<
3
o
O'_I T T T T T
00 04 08
X1

across simulations k1, ...

[o¢]
o

<
o

o
o

f, w/ k =110

4

5
6

_;8 l/

T T T T
0.4 0.8

X1

T T
0.0

f, w/ k = 3112

X2
0.4

X2
0.4

0.8

0.0

0.8

<
o

fo w/ k=191

A

~

A

6
==

00 " 08

FIGURE 3.12: Functions f; and various fs.

3.10.4  Simulation study 4

which has a trivariate input

, R14.
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atically preferred by predictive scores (Table 3.14) or predictive checks (Table 3.15)

experiments k, except for those which have almost perfect correlation. See Figure 3.15.

We consider a simulator function f;(z1,xe,x3) from Dette and Pepelyshev (2010),

fi(@1, 9, 23) = 4(x1 — 2+ 819 — 823)° + (3 — 4w9)* + 16v/a3 + 1(223 — 1)°. (3.84)



0.0

FIGURE 3.13: True correlation between functions fi(x1, 22) and fo(xq, x2) vs. rotation
angle k. Circle points are points of simulation studies.

The second function fy(x1, x9, x3) is obtained as a rotation of Cartesian coordinate
system by an angle x!) from 0 to 27 and angle x® from 0 to 7 around the point

(0.5,0.5,0.5) in spherical coordinates, namely
fg(l’l, 9, 1’3) = fl(ffl + 05, fg + 057 f3 + 05), (385)

where 27 = rcos¢sinfl, o = rsin¢sinf and 23 = rcos 6 and

r=/(z1 —0.5)2 + (23 — 0.5)2 + (23 — 0.5)2, (3.86)

¢ = atan2(zy — 0.5, 21 — 0.5) + k), (3.87)
—0.5

§ = arccos (x?’ > + k. (3.88)
r
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We choose 20 values of pairs x, shown on Figure 3.16 of contourplots of corre-
sponding correlation values p between two functions f; and f,, as functions of x(!
and s,

For training points, we create a LHD-design with 35 points along 3 dimensions.

For testing points we choose 729 points in R? on a grid [0.05,0.95] x [0.05,0.95] x

1.0
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0.2 0.4 0.6 0.8
X1

FIGURE 3.14: Training input points.

[0.05,0.95], with 9 equidistant points along each axis.

Tables 3.16 and 3.17 summarize the results of this simulation study. In this study
the overall performance of two emulators, is similar, although the empirical frequency

coverage of emulators, both LMC and IND may go as low as 82%, and the difference
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Table 3.11: Predictive checks, empirical coverage and scores for function f;.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, IND f;
RMSPE  0.09 (0.08,0.1) 0.08 (0.08,0.08)
Lo 0.52 (0.48,0.55) 0.55 (0.55,0.55)
EFC 98.96 (98.01,99.65) 99.48 (99.48,99.48)
logS -1.01 (-1.05,-0.97)  -0.99 (-0.99,-0.99)
QS -3.73 (-3.94,-3.55)  -3.65 (-3.65,-3.65)
CRPS 0.05 (0.04,0.05) 0.04 (0.04,0.04)
sphS -1.94 (-1.99-1.88)  -1.93 (-1.93,-1.93)

Table 3.12: Predictive checks, empirical coverage and scores for function fs.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, IND f,
RMSPE  0.25 (0.09,0.51)  0.25 (0.09,0.51)
Lcr 0.79 (0.56,1.18)  0.84 (0.59,1.32)
EFC 96.12 (89.53,100)  96.99 (90.57,100)
logS -0.42 (-0.95,-0.05) -0.42 (-0.89,-0.09)
QS -2.49 (-3.55,-1.76) -2.47 (-3.30,-1.68)
CRPS 0.10 (0.05,0.15)  0.10 (0.05,0.15)
sphS -1.54 (-1.89,-1.31) -1.53 (-1.83,-1.29)

in the corresponding emulators coverage may reach almost 11%. See Table 3.18.
However, otherwise, the absolute difference in predictive scores and predictive checks
is small. Tables 3.19 and 3.20 summarize that neither emulator is systematically
preferable over another.

LMC model misestimates the correlation between two functions in most exper-
iments x as well, except for three experiments, two of them having almost perfect

correlation. See Figure 3.17.
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Table 3.13: Absolute differences in predictive checks and scores.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, - IND f,

LMC f, - IND f»

ARMSPE  0.0101 (0.0007,0.0214)  0.0036 (-0.0364,0.0257)
ALcy -0.0353 (-0.0762,-0.0017) -0.0495 (-0.1478,-0.0102)
AEFC -0.5252 (-1.4706,0.173)  -0.8712 (-2.5087,0.0865)
AlogS -0.0192 (-0.0626,0.0143)  0.0017 (-0.1162,0.0765)
AQS -0.0782 (-0.2890,0.1033)  -0.0267 (-0.2994,0.1069)
ACRPS  0.0019 (-0.0009,0.0051)  0.0018 (-0.0124,0.0116)
AsphS -0.0073 (-0.0646,0.0478)  -0.0030 (-0.1099,0.0448)

Table 3.14: Number of models in favor of LMC and IND emulators via scoring rules.

Neither LMC IND
14 0 0

Table 3.15: Number of models in favor of LMC and IND emulators via predictive
checks.

Neither LMC IND
14 0 0
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Table 3.16: Predictive checks, empirical coverage and scores for function f;.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f; IND f;
RMSPE  1.22 (1.15,1.34) 1.21 (1.21,1.21)
Lo 4.42 (4.37,4.45) 4.45 (4.45,4.45)
EFC 98.67 (95.75,99.45) 99.18 (99.18,99.18)
logS 1.32 (1.28,1.42) 1.31 (1.31,1.31)
QS -0.36 (-0.37,-0.33)  -0.36 (-0.36,-0.36)
CRPS 0.58 (0.55,0.66) 0.58 (0.58,0.58)
sphS -0.58 (-0.60,-0.55)  -0.59 (-0.59,-0.59)
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FIGURE 3.16: True correlation contour plots vs. x = (k™ k). Black circle points
are points with further simulation studies. Corresponding correlation p varies between
about 0.37 and 0.98.
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Table 3.17: Predictive checks, empirical coverage and scores for function f.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f, IND f,
RMSPE  3.26 (1.35,5.62) 3.65 (1.20,6.58)
Lo 8.31 (4.26,12.25) 8.73 (4.33,12.9)
EFC 92.53 (84.91,97.39) 91.19 (81.89,99.45)
logS 2.28 (1.54,2.95) 2.37 (1.42,3.42)
QS -0.18 (-0.30,-0.12)  -0.18 (-0.33,-0.11)
CRPS 1.45 (0.70,2.14) 1.59 (0.60,3.04)
sphS -0.41 (-0.53,-0.33)  -0.40 (-0.57,-0.31)

Table 3.18: Absolute differences in predictive checks and scores.
Each cell of the table provides the average value of a score or a predictive check (with minimum and
maximum values in parentheses) across all the simulation studies with various values of k.

LMC f; - IND f4 LMC f, - IND fy
ARMSPE  0.0086 (-0.0619,0.1330) -0.3909 (-2.5904,0.2314
ALcy -0.0219 (-0.0711,0.0035) -0.4242 (-0.9604,0.6037
AEFC -0.5075 (-3.4294,0.2743) 1.3443 (-7.4074,10.9739

)
AQS 0.0045 (-0.0102,0.0357)  -0.0061 (-0.0796,0.0484
ACRPS 0.0080 (-0.0243,0.0784) -0.1408 (-1.1737,0.2150
(- ) (-

)
)
EFC )
AlogS 0.0132 (-0.0257,0.1162)  -0.0930 (-0.8926,0.1281)
)
CRP )
AsphS 0.0043 (-0.0093,0.0342)  -0.0046 (-0.0815,0.0519)

Table 3.19: Number of models in favor of either LMC and IND emulators via scoring
rules.

Neither LMC IND
10 5 5
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Table 3.20: Number of models in favor of LMC and IND emulators via predictive
checks.

Neither LMC IND
Both functions 13 7 0

1.0
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Observed correlation
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05 0.6

LMC estimated correlation
0.7

04 05 06 07 08 09 04 05 06 07 08 09
Defined correlation Defined correlation

FIGURE 3.17: Left panel: true correlation between functions f; and f; vs. observed
sample correlation. Right panel: true correlation vs. the estimate from the LMC

model. The solid line on both panels is y = .
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4

Calibration of a System of Computer Models

4.1 Introduction

In chapter 2 we introduced the framework for linking GaSPs with the goal of accurate
approximation of a system of computer models. The present chapter describes how
to use this linked emulator for the purpose of calibration of a system of computer
models.

Uncertainty quantification, UQ of computer models, often requires calibration of
the models with respect to some experimental or field data. For example, calibration of
cosmological computer models has been considered in Habib et al. (2007), calibration of
agro-ecosystem models in Lehuger et al. (2009), calibration of oil reservoir forecasting
models in Mondal et al. (2014) and of physics-based materials simulation models
in Tapia et al. (2017).

Calibration is often methodologically and computationally complex, and may
require iterative analysis. For instance, a procedure known as history matching is
used for identifying parameters of the model which match the produced outcome of

the model to the observed data (Vernon et al. (2010) and Andrianakis et al. (2015)).
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This chapter focuses on modularized calibration of systems of computer models.
Modularization for the analysis of computer models was proposed in Liu et al. (2009)
and its use was demonstrated in Li et al. (2013). Systems of computer models provide
natural systems for modularization, since they consist of modular subsystems, the
subsimulators. The linked emulator of a system of simulators allows for development
of independent emulators of submodels on their own separately constructed design
spaces. This feature of a linked emulator is highlighted as being important for the
proposed methodology of calibration of a system of simulators.

The methodology discussed in this chapter is motivated by a problem of calibration
of complex engineering systems, such as the systems considered in Stevens and
Atamturktur (2016). The specific example that will be considered is a to-be-developed
engineering system for carbon sequestration (part of the US Department of Energy’s
carbon capture initiative). This system may have up to 20 submodels which make up
one large complex model.

Such a system is very high-dimensional, if considered as a single computer model,
having hundreds of parameters that need to be calibrated. If the system were viewed
as a single simulator, it would require the development of an emulator over a large
parameter space, making exploration of the computer model and the construction of
a composite emulator of that model a hard problem.

Instead, the proposed approach is to construct independent emulators of the
submodels of the large system, which are then linked in order to obtain an emulator of
the entire system, and used to preform the needed calibrations. This approach replaces
the huge space of calibration parameters with a number of much smaller spaces of
calibration parameters, which leads to considerably more efficient calibration.

In Section 4.2, the Bayesian inverse analysis approach to calibration is reviewed,
under the assumption (which we will be making) that the computer model has no
bias. This is in contrast to the Kennedy and O’Hagan (2001) (KO) framework, which
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assumes that the computer model is biased. This latter framework makes calibration
considerably more difficult (Tuo et al. (2015)). Of course, if the computer model
does have significant bias, the calibration achieved under the assumption of no bias
will often be very incorrect due to the (incorrectly) calibrated parameters trying to
compensate for the model bias. So one should feel confident that there is no model
bias before making that assumption in a calibration problem. This is indeed the case
in our case study, which has motivated the methodology developed in this chapter.
Section 4.3 proposes a modularized approach to the calibration of systems of
computer models. Section 4.4 discusses calibration of a system with a composite
emulator. These two approaches are illustrated with two simulation examples in
Sections 4.5 and 4.6, and comparison of the modularized calibration with a linked GaSP
to conventional calibration with a composite emulator is discussed. In Section 4.7, the
proposed modularized approach is further illustrated with a case study of calibration

of a vapour-liquid equilibrium model, for amine-based CO5 capture systems .

4.2 Calibration as a Bayesian inverse problem

4.2.1  Calibration with noiseless observations

Calibration of a computer model may be straightforwardly formulated as a Bayesian
inverse problem. A set of d-dimensional inputs z to a computer model are typically
divided into two categories, control variables z, and calibration variables (also
called calibration parameters) z,. For brevity and clarity of exposition we denote
parameters z, = w. n experimental field observations y = (v, ...,yn) are obtained
with conditions of corresponding control variables z,* = (z,%,. .., z,%) known.

In the context when a computer model is known up to its approximation, a GaSP

emulator,

9" ()lg" (z) ~ GaSP(u* (), o™*(,)), (4.1)
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such that multivariate distribution

g ((zfw), -, (o w))2e™, w0, g™ (2) (4.2)
serves as the likelihood for experimental data y = (yi,...,y,) observed at a set of
inputs z* = ((2,],w), ..., (2,5, w)) to a computer model.

The goal of calibration is to find such values of parameters w, that the computer
model output g™ (2, w), ..., gM(2,* w) exercised with these parameters plugged in
matches closely experimental data y.

Within the Bayesian inverse problem framework, parameters w are assigned a
prior distribution p(w). This is typically an expert-elicited prior. The solution to the
calibration problem is the posterior distribution p(w|y) on the calibration parameters

of the model given by equation (4.3)

p(wly)ocp(ylzy*, w, g™ (z))p(w) . (4.3)

One common feature of some computer models is that they may be a biased
representation of reality. While this is an interesting aspect of such models, this is
not so in the case study considered in this chapter. Thus we assume hereafter that a
computer model is unbiased. This simplified setting helps us to consentrate on other
issues of calibration problems and to investigate conceptual ideas on the modularized

calibration framework.

4.2.2  Calibration with noisy observations

Typically experimental data y are observed with noise e. An additive structure on
the truth y and noise € is usually assumed

vl =yite,i=1,...,n. (4.4)

This means that true value of experimental data y are not known, but may be
estimated from the observed field data y¥ if distribution of € is known. Within the
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Bayesian framework, a posterior distribution p(y|y¥) on the true values of y may be
obtained.

Often € is assumed to be white noise, so that for the ¢th observation
€ ~N(0,0%)iidVi=1,...,n. (4.5)

Having obtained posterior belief on the true values y|y*, calibration scheme (4.3)

becomes
p(wly®) = f p(wly)p(ylyF)dy | (4.6)

where p(w|y) is given by equation (4.3).

We refer to this scheme as calibration of a computer model with noisy field
observations. The form of the posterior reflects that we may be unsure about the true
values y. The more sure we are about the truth, the closer calibration scheme (4.6)
is to (4.3). To add, calibration scheme (4.6) also states that we are able to calibrate
only to the extent that the observed data allow us to do it. This scheme explicitly
acknowledges the possibility that calibration task with corrupt data (e.g., data with
large noise or biased data or data on which there is limited information how this data
was obtained) will not allow us to perform calibration.

Computationally, an approximation to p(w|y*) may be obtained through sampling
of the distribution p(y|y*). For each of the r independent samples ynp; ~ p(y|y"),
i =1,...,r, the distribution w|ysmpr may be obtained, and then all combined (to
integrate out y|y¥) and obtain marginal p(w|y¥). This approach is easily paralleliz-
able, since p(w[ysmpi;) is independent from p(w|ysmpi;) for all independent samples
Ysmplyy 0= 1, ..., 1 # J.

The posterior (4.6) obtained from calibration is well-defined and proper. However
The next step, after obtaining the posterior of parameters, is to verify that the match
between the data and emulator with found posterior estimates is indeed good and
acceptable.
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This step is important in practice for qualitative assessment of the match between
the calibrated computer model and experimental data. For instance, no matter what
the numerical solution to calibration problem is in terms of its posterior, neither
of the matches may be acceptable from scientific point of view. Such a situation
would often indicate a problem with a prior on calibration parameters and necessarily

require more work with experts to investigate potential problems.
4.2.3  Comparison to KO framework

Kennedy and O’Hagan (2001) framework is different from the calibration within
Bayesian inverse framework. Assuming no bias in the computer model, analogously
to the previously considered framework, a simplified version of KO framework is given
by the following set of equations
y () =y () +e(), (4.7)
y" () ~ GaSP(u("), oge(-, ). (4.8)
In this framework € is conventionally assumed to be white noise, as introduced in
equation (4.5).
On one hand, KO framework targets the following posterior distribution within

its framework

_ §sPF|w, 0*)p(o*)p(w]o?)do?
$0.6 P(YF|w, 02)p(w, 02)dwdo? -

p(wly™) (4.9)

On the other hand, the targeting posterior from Bayesian inverse calibration
framework (4.6) is explicitly given by distribution w|y¥ equal to

2

p(w|yF):J p(ylwpw) §sp&"ly. o®)p(ylo®)p(o?)po

v S p(y|w)p(w)dw p(yF) dy . (4.10)

It is easy to see that the Bayesian inverse posterior (4.10) and KO posterior (4.9)
are different in principal because the two frameworks target different posteriors, which

are not equivalent within the two frameworks.

115



The Bayesian inverse posterior (4.10) of w|y¥ has in its expression a prior on
the truth p(y|o?) (or equivalently p(y)), while KO framework does not. Rather KO
framework assumes that the emulator, a constructed approximation to a computer
model, is the truth. However, this assumption would typically be far from reality.

Bayesian inverse framework acknowledges that there are two approximations to
the reality, i.e. to the truth. One approximation comes from a computer model (and,
thus, an emulator of that model), another approximation comes from experimental
observations.

The true Bayesian answer (4.10) allows to keep unknown components of different
nature, namely w €  and €, with 02 € S, separate, while KO framework does not
distinguish between the two.

The variance component of an emulator of the model and the variance in the
experimental data are not identifiable. Moreover, in the simplest scenarios it can be
shown that this framework leads to systematic underestimation or overestimation of
the noise error. Simulation examples, with true parameters of all components in the
model known, show that the true noise value parameter, represented by its posterior
distribution, cannot be restored from the data within KO framework. Simulation
examples are given in the Appendix section to the chapter 4.9.1. It may easily be seen
that this feature remains unchanged in the full KO framework. However, since we do
not discuss bias modeling in this thesis, we confine ourselves to a very simplified KO
framework to demonstrate this feature.

Thus, in this chapter instead of KO framework, a Bayesian inverse calibration
procedure is employed.

Separate treatment of the computer model with its emulator and experimental
observations is the first step in the proposed modularized calibration approach. The
benefit of this step has been discussed in Liu et al. (2009).

Additionally, we emphasize that within the Bayesian inverse approach to calibra-
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FIGURE 4.1: Simulation study to a system of two computer models f and g with
calibration parameters # and w, design variables X and Y and outputs of the models
Y and Z.

tion given by the posterior equation (4.10), any form of noise € in experimental data
can be easily handled within the framework.

The second step of the developed methodology is to obtain a posterior distribution
of parameters of interest given noiseless observations, i.e. p(w|y). We discuss this

step in the next section.

4.3 Modularized calibration of a system of simulators

4.3.1 Methodology

The scenario of a system of computer models, which consists of two submodels, is
considered.

Suppose that a simulator f is represented by a continuous function f : X/ — Y
with parameters of the function 6. f(-) is such that at any (possibly multivariate)
input X/ = R? results in (possibly multivariate) p-dimensional output Y = f(X/) <
RP. Suppose another computer model g is represented by a continuous function

g {X9, Y} — Z with parameters w. At any (s+ p)-dimensional input (X9,Y), where
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FIGURE 4.2: Simulation study to a coupled model g o f with calibration parameters
0 and w, design variables X and output of the model Z.

X9 < R®, it results in possibly multivariate output Z = ¢(X9,Y) < R'. Inputs X/
and X9 in general are different inputs to two models f and g, but they may overlap
or even coincide. The development of the methodology stays the same for any of such
cases. A pictorial representation of a setup of the two models is given on Figure 4.1.

Two models f and g form a composite simulator g o f which is represented by
a function go f : X = {X/, X9} — Z with parameters of the function, # and w. A
composite function takes its input X = (X7, X9) and produces the output Z, i.e.
Z = (go f)(X) =g(X9, f(X/)). A pictorial representation of the composite model
as a system of submodels is given in Figure 4.2.

0 and w are parameters of the model g o f, while X are design variables and Z
are outputs of the composite model.

Our interest is in calibration of parameters § and w. In principle, Bayesian inverse
problem is employed, but in practice the main challenge is computational. Often
parameters ¢ and w are multivariate, and their dimensionalities may reach several
dozens in each. Calibration of a system of computer models may be difficult due to
this large number of variables in the models.

We propose the modularized approach to performing reliable calibration while
reducing computational burden. This is achieved via implementation of efficient

designs on rather small design spaces in order to minimize the number of computer
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model runs. The goal is to quickly eliminate areas for exploration of variables and
parameters which do not contribute to further learning of parameters of interest.
We assume that GaSP emulators may be constructed for each model f and g.

The two-stage modularized calibration of the system is as follows.

1. Conditional on evaluations ygsgn =f (:vﬁsgn, Basen) Of a computer model f at the

design points {xécsgn, Basen > & GaSP emulator of the model f is constructed

QS() = fM()|’ yé[sgrﬂ ‘rgsgn’ HngH ~ GaSP(Egb()? COV¢('7 )) : (411)
For any new input z/*, 6* predictive distribution of the emulator is

P 0% 0%, Y T O ~ N3 (7", 6%), 072", 6%)) . (4.12)

With experimental data D¢ = {27, yP7} available, parameters 6 of a simulator
f may be calibrated within a Bayesian inverse problem framework, i.e. posterior

distribution 6|D¢ may be found
p(O)De)ocp (Y 227, 0, yyns Thogns Outsen)D(0) | (4.13)

where yPr|xPs 0, yﬁsgn, xﬁsgn, fasgn denotes the GaSP posterior predictive distri-

bution’s likelihood of the model f at the experimental data Dy.

If the model f and observations are such that calibration of 8 may not be
performed well, then model f and its data bring very little information about

and the whole challenge of calibrating # and w relies on the next model g.

We assume thereafter that model f is trustworthy, so that using observations
D¢ we can calibrate 6. Next, we will also assume that performed calibration
provides good, acceptable posterior results on parameters 6. For the ease of the
exposition we further denote the unknown true value of calibrated parameters

6 as h.
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Having calibrated @, the posterior predictive distribution of fM(2/™)]x/™, ygsgn,
xﬁsgn, Basgn, Dy may be obtained by integrating out 0Dy from fM (27, 0)|zP7, 0,

y(’;sgn, xﬁsgn, fdsen- In other words,
p(f (xf )|If ’ ydsgn’ xdsgn? engn’ Df) =

fp(fM@Df, 0) P76,y T B )p(B[DE)A6 . (4.14)

If 6 is such that the posterior of #|D¢ may be approximated by a (possibly, multi-
variate) normal distribution, then the linked GaSP (), following methodology

in Chapter 2, may be constructed as
77Z)() = (f © h)M()|7 y(];sgn’ l’gsgn7 QngIU Df ~ GaSP(E¢()7 COV¢(.’ )) : (415)

We next focus on obtaining calibration of parameters w using the second
computer model g and experimental field data corresponding to a system of

simulators.

. Suppose that the computer model g has been evaluted at input sets xgsgn, ygsgn,
Wasgn and resulted in computer model output Z(glsgn = g(Wdsgns mgsgn, ygsgn). The

following emulator of simulator g is constructed

¢() = gM()|7 nggm ygsgn7 x!c]lsgn7 Wdsgn ~ GaSP(E¢()7 COV¢(', )) : (416)
For any new input (z9*, 9%, w*)
M

g* , g% * g* o g% * 9 g g
g 7o,y W )|l’ Yy oW 7stgn7ydsgnamdsgn7wdsgnN

N (9%, 7%, w*), 022 (2%, y* w*)) . (4.17)

’7g

We construct a linked GaSP of g and foh

f() = (g ofo h)M()|7 nggm ygsgn’ "L‘gsgrﬂ Wdsgn s ycjicsgn’ xﬁsgn’ Qngnv Df ~

GaSP(E¢(+), Cové(-,-)), (4.18)
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such that for any new input sets {2*, w*}, where 2* = {2/", 9%}, we have

My % #\| % & _g g g f f
(gofoh) (ZL' W )|l’ W 7stgn7ydsgn7xdsgn7wdsgn7ydsgn’xdsgmedsgn’Df ~

N(EE(X™, w*), CovE((X™*,w™), (x*,w"))). (4.19)

Let Dgop = {aPof, zPs1} be experimental field data which correspond to the
system of simulators f and g. Calibration for w is given by

D D g g g f f
p(w|Dgof)Ocp(Z 9of |x 9of ) w? zdsgn) ydsgn7 CCdsgn? wdsgru ydsgn7 xdsgn’ 0dsgn7 Df)p(w)’

(4.20)
where the distribution

D

Dyoy ¥ g g g f f
ZTe et w, stgn’ ydsgn’ xdsgn’ Wdsgn, ydsgn’ degn’ engn’ Df

denotes the likelihood of observed experimental data Dgef.

The importance of calibrating € in the first step is revealed as we move towards
construction of an emulator for model g at the second step.

First, the framework allows the use of model g for calibration and allows one to
construct an emulator without parameters # in the design space of corresponding
system of emulators (having these parameters integrated out).

Second, Y and X are part of the design space for the model g. If # had not been
calibrated in the previous stage, we would have needed to construct a design space
on the whole domain of w, Y, X9 with the domain of Y available only from the prior
information. Having # calibrated, we can look for a reduced design, confined to the
inferential relationship between X/ and Y. This allows substantial reduction of the
design space needed for construction of the emulator of the simulator g.

Third, if parameters 6 appear in the model g as well, to reduce the nonidentifiability
problem among parameters w and ¢, we may envision avoiding updating # at the

second stage, using model g. This may be imposed by setting the posterior of 8 to be

p(6|D¢, Dyet) = p(6]Dy). (4.21)
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4.3.2  Linked emulator stochastic process

For the purpose of emulation of a system of computer models introduced in Chapter 2,
it sufficed to find the mean and variance of the linked emulator of a system of
simulators. A closed form expression for corresponding approximation, a linked GaSP,
was given.

Calibration as a Bayesian inverse problem, in contrast to emulation task, formally
requires one to employ a full linked GaSP emulator as a linked GaSP stochastic
process, given in formulas (4.15) and (4.18), including dependencies between its
variables. Through the dependencies between variables of the emulator, the likelihood
incorporates information on sample trajectories of the GaSP process in addition to
marginal distributions of variables of a stochastic process.

If a set of true noiseless field observations is given, they represent a sample of
observations from a sample path of computer model data. For calibration, in order
to find the best match between the output of a computer model and the field data
observed surface, the linked emulator likelihood should reflect the information not
only about marginal distribution of the data, but about the whole trajectory as well.

In this work we consider the standard framework of conventional GaSPs and use
traditional covariance functions which produce stronger correlation for close-by points
and correlation decaying to zero with distance.

In this framework the closer the field design inputs of experimental data, the more
important it is for accurate calibration to account for GaSP trajectory, i.e. to account
for GaSP correlations among its variables.

The farther away the field design inputs of experimental data are from each other,
the less important it is to account for the trajectory of the GaSP, since correlations are
going to be close to zero, and calibration performed using only marginal information

from the emulator may produce numerically very similar results.
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Next we give full treatment for obtaining complete linked GaSP stochastic process.
In order to construct a linked GaSP stochastic process, the covariance structure
between variables of the linked emulator may be found and is given in theorem 4.3.2.
First, the following lemma establishes a general formula for covariance between

variables of the linked emulator.

Lemma 4.3.1. Following the notation introduced in chapter 2, let & = (go f;)™ (uy)
and & = (g o ;)M (uz) be two marginal distributions of a linked emulator (g o f;)M

at new respective inputs uy and us, then the covariance between & and & is

Cov(&1,&) = EfJMlvf}WQCOV(Q{WUJMp 9§4|fJM2)+

COV(Eg{\/IUJMlg{W,Egé\4‘fjgv12géw). (4.22)

Using lemma 4.3.1, a closed form expression of covariance between variables of a
linked emulator stochastic process in some special cases may be found as shown in

the following theorem.

Theorem 4.3.2. Let g™ with given parameters 0y = (3,02,{0;}j=1...a,n) be a type
1 GaSP emulator of a simulator g exercized at training input points z, i.e. g™ (-) as
in (2.5). Suppose the mean is linear in the bth cooordinate of an input z', so that
the mean is h(z')3 = By + Prz;. Let the g™ (-) GaSP correlation function smoothness
parameters o of coordinates j € b,...,d be equal to 2. For each j € b,....,d, let
fJM be an independent emulator of a simulator f;, corresponding to the coordinate
j of the input to the simulator g, i.e. fJM(-) as in (4.24). Then the covariance
Cov (&1, &) between two variables of the linked emulator & = (go (fy, ..., fa))(u1) and

& =(g90(fp,.., fa)(ua) evaluated at new inputs uy and ug to the coupled simulator
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(go (fo,-.-, fa)() as defined in definition 2.2.2 is

Cov(&r, &) = B3 + Bobr(iey + mws) + B7 (1ot 1ues + poovions) — (BEr) (E&)+

b1 d m b1 d
2 21 k.l
o nc Uy, Ug; HJ] + Z aga; — o {C; }ra) Hc Uy, Zkj)C le,UQj)HJj +
j=1 j=b k=1 Jj=1 Jj=b
m b—1 d b—1 d
(3 T
fo 2 ai | | [elun;, 25) Jgﬁl_[wu’zu [T/ )+
i=1 j=1 = i=1 b

m b—1
ﬁlZai<chQ3,z@] J;Z H 2+HCU13,ZU 1b n )7 (4.23)
i=1

j=1 j=b+1 j=b+1

where a = (a1, ..., a,)" = C;(gM(z) — h(z)B) and

z

(fﬁ(uﬂ) N ((MT) ( 51 Pjajfgjz)) (4.24)
iy (uz) 13 POj105  Tjs

and
52 *guj?;l;jg)2 kK
S.e CitAojiTHojaT 205051 055)
J; = J (4 25&)
J ) .
2 %2 w2 e
\/53' +2(051% + 053 — 2p0,10;3)
2 2
(7"'"]2 )(zhj — “11) +(7+"J1 )z~ “12)2 2rjo ]1 JQ(ij_“jT)(zlj_”j;)
(526 614202 (0 ¥ 40,32 +4(1—p2)0; ¥2 ;52
k,l j
Jj, == J y (425b)
4 2 %2 _ *2 ~ %2
\/5]- + 2030432 + 0432) + 4(1 — p3)ost204
j 1 (2ij — p5z)?
i J Ik
Jiy=—F——=—0exp| ——5 .7 | (4.25¢)
1+20j;:2 (Sj + 205}
2
9
7(#1;?‘—211;)
62 +20, %2 2 2
gri _ Ove T (8 + 200 ios + 2pu005007 (2ib — ot 1954
16— ) ( . )

(0F + 20p3%)?

_(ubg‘—zib)Q
e %2003 (02 + 20452t + 20000 o (Zin — 1) (4.25¢)
oy (07 + 20,7)° | |
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Thus, we have completed the specification of a linked Gaussian stochastic process
emulator (linked GaSP emulator) constructed as an approximation to the exact linked
emulator of a coupled system of computer models. The mean and variances of the
process at each point are given in Section 2.2 in chapter 2, the covariance between

every pair of variables is given in Section 4.3.2.
4.4 Calibration with a composite emulator

A fair comparison to the modularized calibration with a linked emulator is calibration
performed with a composite emulator of a system of computer models.

Suppose that a system of computer models g o f has been evaluted at input

gof

SetS Tgqgn;

Wasgns Oasgn and resulted in computer model output zgzgn =(gof) (mﬁ:gn,

Wasgn Odsgn ) - 29°7 has input variables 2/ and x¢9 which are inputs to models f and g
respectively.

The following composite emulator of a system of simulators g o f is constructed

Eamp (1) = (9.0 )M O, 2lopr T Watsen, Oatsen ~

GaSP (E€emp(+), Covéemp (-, ) - (4.26)
For any new input (9°/", w*, 6*), we have

M of ¥ % px of* px % _gof _gof
(gof) (xg ! , W 79 )|xg ! 76 , W 7stgnaxdsgmwdsgnaedsgn ~

N(pgop (z9°77, 0% w%), opap (x9°77, 0%, w*)) . (4.27)

With experimental data Dg.¢, calibration for parameters ¢ and w is

p(ev <")|Dgof)ocp(ZDgOf ngofa 97 w, Zg:gna xg:gnv edsgna stgn)p(ea w) ) (428>
where zPoor |2Psor 0, w, zg:gfn, xgzgn, Oasgn, Wasgn denotes the likelihood of experimental

field data Dgos.
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We demonstrate with simulations that construction of an appropriate GaSP
emulator of such a system is challenging, giving nonstable calibration results. We
also show that the construction of the composite emulator in the following case study
is not feasible.

Other potential possibilities for calibration, which are not directly relevant to
our case study, are described for a framework when design variable Y is part of the
control variables in the expremental design Dg.¢ as well. This posibility is discussed

in Section 4.9.3 in the Appendix to this chapter.
4.5 Simulation study 1

To illustrate the modularized calibration methodology and its several benefits, the

following system of simulators is considered:
f(0,X7) =sin(6X7), (4.29)

g(w,Y, X9) = cos(w(Y + X7)/2). (4.30)
The composite simulator g o f is
(go )0, w, XT, X9) = cos(w(sin(0X7) + X9)/2). (4.31)

True parameters of the simulating functions are set to be § = 7 and w = 5.

In this simulation example, 5 independent studies are in fact performed by
using random designs from simulators and simulated field data subject to noise.
This strategy allows us to demonstrate the sensitivity of the simulation results to
randomness in both the design and experimental field data. Complete analysis and
understanding of sensitivity to the randomness is not a goal of this endeavor. That
said, by doing so, we can assess and illustrate some features of the performance of

the developed methodology.
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Table 4.1: Predictive checks for emulator of model f.

Study /metrics RMSPE}.so/RMSPE  EFC  L¢g

1 4.720 0.95 0.388
2 4.587 0.85 0.430
3 2.277 0.90 0.351
4 3.845 0.80 0.464
3 6.159 0.95 0.469

Calibration of 8. Type 1 GaSP emulator of a simulator f is constructed, using 20
points of Latin hypercube design (LHD), and assessed with another 20 points. The per-
formance of the resulting emulator is given in Table 4.1. All five emulators show good
performance with short credible intervals, small predictive error (with RMSPE} .
being about 4 times larger than the emulators RMSPE), and high empirical frequency
coverage around the nominal value.

Experimental data D¢, which correspond to this part of the model, are generated

from the model " = y;+e¢; for the ith true observation y;. A total of eight observations

f

dsgn) With additive white noise e whose

are simulated from true simulator y = f(m,x

variance equals 0.05% at points xﬁsgn = (—0.95,—0.45,0.05,0.55) with an additional

replicate at each wﬁsgnj, j =1,...,4. The model for truth recovery from exprerimental
data is in Appendix section 4.9.2.

With the posterior distribution on the true field observations and a GaSP emulator
of the computer model f, calibration of the parameter 6 is performed according to
scheme (4.6).

A calibration scheme requires specification of a prior on unknown parameters.
Expert prior beliefs on parameters are often given in the form of belief intervals. In this
simulation example this is reflected by assigning a uniform prior on 6 ~ U(1/2, 27).

The posterior of 6 is easy to obtain with numerical integration. The results on
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F1GURE 4.3: Posterior of 0 after stage-one calibration.

the posterior of 6 from 5 independent simulation studies are shown on Figure 4.3.
Posteriors from 5 studies show that there is some variability in the results,
depending on design of the emulator and experimental data, although all posteriors
concentrate near the true value of 8 = 7.
Within each simulation study, we calibrate 8]ygmp1., where yonp, ~ p(y|y") for
each sample i = 1,...,r. An example of variability in posteriors f|ygypl. from one

simulation study is shown on Figure 4.15 in the Appendix section 4.9.3.

Calibration of w. The posterior of # may be approximated by the normal distribution

with the mean and variance from the actual posterior, to obtain closed form posterior
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Table 4.2: Predictive checks for emulator of model g.

Study /metrics RMSPE}.so/RMSPE  EFC  L¢g

1 2.894 0.90 0.536
2 4.756 0.90 0.543
3 2.129 0.88 0.792
4 4.139 0.90 0.538
3 2.780 0.86 0.617

predictive distirubution of Y| X/ via the linked GaSP. The actual posterior of § is
not normal, however, the normal approximation may be often assumed to be good
enough and useful for our practical goal.

Computer model ¢ is emulated over a space of w € (1/2,27),Y € (—1,1) and
X9 e (—1,1). 35 points of LHD design are used for construction of an emulator.
Another 35 points are used to assess the performance of an emulator. Results are shown
in Table 4.2. The performance of this emulator is also good, with substantial reduction
in the RMSPE from the base value and short credible intervals. Empirical frequency
coverage is about 90% while the nominal value is 95%. The overall performance of
these emulators of function g (Table 4.2) are a bit worse than emulators of function
f (Table 4.1).

Six experimental design input points with a replicate at each point (and total of
12 points) have been used as experimental data Dg.¢ corresponding to a system of
emulators. The data are observed with white noise € whose variance is 0.022. The
same model as before (Appendix section 4.9.2) has been used for finding posterior
distribution on the true values.

Within each simulation study we calibrate w|Zsmp1,, where zgy, ~ p(z|z¥) for
each sample from the posterior distribution on the truth. An example of variability in
posteriors w|zgmpl, from one simulation study is shown on Figure 4.16 in the Appendix

section 4.9.3.
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FIGURE 4.4: Posterior of w obtained using linked GaSP.

The linked GaSP has been constructed from two emulators: a GaSP emulator of
model g and the obtained distribution Y| X7. The linked GaSP is subsequently used
as the likelihood for experimental observations. Calibration scheme (4.6) is complete
with the specification of the prior distiribution on w ~ U(1/2,27). A posterior
distribution of w is obtained via numerical integration and shown on Figure 4.4.

Five posteriors from independent simulations show that they concentrate at or
near the true value of w = 5, but do show more variability in calibration results for w
than those of # due to various random field observations and designs for emulator
gM™. This behaviour is not surprising because as we noted before the GaSP emulator

of function ¢ is worse than that of function f.
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Table 4.3: Predictive checks for composite emulator of model g o f.

Study /metrics RMSPE}.so/RMSPE  EFC  L¢g

1 1.073 0.91 2.052
2 1.094 0.84 1.835
3 1.261 0.80 1.393
4 0.982 0.80 1.674
5 1.191 0.78 1.476

4.5.1  Comparison to calibration with composite emulator

The composite emulator of a simulator g o f is trained over 55 design points, the
number of single runs of the model g o f which is equal to the total number of runs
of model g and model f separately in modularized calibration. This is one possible
way to ensure a fair comparison between the modularized calibration with a linked
emulator and calibration with a composite emulator.

The developed type 1 GaSP emulator is assessed on another set of 55 LHD-design
points. The performance of the emulator is presented in Table 4.3. The performance
of this emulator is not good. GaSP emulator does not capture the behavior accurately.
RMSPE is as good as a constant prediction assessed with RMSPE, ..., with average
lengths of credible intervals being at least twice as large of that of the GaSP emulator
of the model g. High frequency coverage EFC values are not surprising, given large
credible intervals.

Such a composite emulator is typically not used in practice. The emulator needs
to be improved for practical purposes. However, in the simulation study this would
mean that we need to increase the number of design runs from the coupled model,
breaking the fair comparison between two methods.

In this simulation study the example of calibration with developed composite

emulator is demonstrated on Figure 4.5 for four simulation examples. The formal
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FI1GURE 4.5: Posterior of # and w obtained with the use of composite emulator in
the first four independent simulation studies.

application of Bayesian calibration is possible, but is not reliable and highly volatile
for parameter w depending on chosen design points for emulators and corresponding
experimental data. As can be seen from Figure 4.5, the parameter 0 simply cannot
get restored with this emulator. As we expect, the composite emulator is not good
for the purpose of emulation or calibration.

Going back to the modularized approach with the linked GaSP we note that
although the exact posterior which could be derived from the complete Bayesian
model is not targeted, since several approximations are used along the way. Thus, the

implementation of this approach allows us to capture important features of posterior
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distributions of parameters. In practice, arguably, it would be more important to
capture important features accurately and reasonably quickly, rather than targeting
exact posterior of a statistical model (which itself in practice is known to be wrong).

This example also demonstrates that the quality of designs for computer models,
as well as quality of experimental data, are important for accurate and reliable

calibration results.
4.6 Simulation study 2

The second simulation study is presented to demonstrate the benefits of the modu-
larized calibration for designs employed for exploration of a computer model and to
highlight some practical issues and features of an approach.

The following two functions are considered as simulators f and ¢

Y = f(X7,0) = 0, + 0,10% 105X | (4.32)
XF -2
7 = g(w, X9,Y, X)) = (YX9)“sin (Tm> : (4.33)
True parameters of the simulators are #; = 1.5,05 = 8,03 = 5,w = —0.25.

The first function f is considered to be computationally cheap and fast to evaluate,
while ¢ is assumed to be computationally expensive. 1000 computer model data are
available from this model 4.6. In this example, function f is also observed subject to
white noise € with variance 0% = .01.

Since the number of simulator data points is large, we assume a model with a
known functional form. Thus, statistical model is used directly for identification of
parameters of the model. This part is intentionally assumed to be simple, because
in practice submodels of a large model may often be represented as such. This also

holds in a case study in this chapter, following this simulation study.
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FIGURE 4.6: Computer model f data.

Assuming the following statistical model
Y ~ N0, + 0,100 165X 02) (4.34)

and uniform priors on parameters of the model o ~ U(0,00),0; ~ U(0,100),i = 1,2, 3,
posteriors of parameters are obtained. Table 4.4 provides posterior summaries of the
parameters.

After parameters 0 are estimated, the posterior predictive inferential relationship
between X/ and Y, namely the 95% credible region of the relationship is used for

obtaining a design for computer model experiment g.
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Table 4.4: Posterior summaries of § and o7?.

true mean sd

6 1.5 1.482 0.008
0, 8 5489 1.062
0; 5  4.868 0.064
op .1 0.098 0.002

Calibrating § and finding the relationship between X/ and Y helps to subtantially
reduce the design space for model g, since both X7 and Y are part of design inputs to
the model g. Without this calibration step X/ and Y are considered as independent
variables. Orthogonal designs are typically considered for such variables. With the
calibration step completed X/ and Y are considered as dependent, and designs on
nonorthogonal spaces are necessary Wu and Hamada (2011). Interestingly, with
the same budget for number of single runs of the model the orhogonal design over
independent X7/ and Y is inferior to the nonorthogonal design restricted to the true
relationship between dependent variables X7/ and Y.

Since the first computer model is cheap, and many runs of the model are available,
sensitivity to design is expected to be negligible. In this simulation study we utilize
several designs for the second computer model only, which allow us to assess the
sensitivity of calibration results to the design of a computationally expensive model g.
LHD-designs with 40, 70 and 100 points are utilized. Each of the three designs were
replicated 10 times. Each time emulators were tested on 25 LHD points. Performance
of emulators across the studies is summarized with boxplots of the predictive checks
shown in Figure 4.7.

RMSPE metrics is substantially improved going from 40 design points to 100
design points. RMSPE is from 2 to 6 times smaller for designs with 100 points than

for designs with 40 points. The empirical coverage is close to 95% for designs with
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shorter for designs with 100 points than for designs with 40 points.

replicates were obtained. The datapoints are shown on Figure 4.8.

100

FIGURE 4.7: Predictive checks for the emulator of the model g.

greater than 40 points. Average lengths of credible intervals is about 1.5-3 times

X9 and true parameter of w = —0.25, which is subject to white noise with variance

o5 = 0.001/9. In total 25 data points at various design input variables with 3
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FI1GURE 4.8: Simulated experimental data for simulation study 2. The data are used
for calibration of a corresponding system of simulators.

Table 4.5: Posterior summaries of w. Medians of summary statistics across 10
replications of each design with ranges of values in parentheses.

true mean sd

ny =40  -0.25 -0.240 (-0.254, -0.228) 0.0155 (0.0133, 0.0176)
ne =70 -0.25 -0.242 (-0.258, -0.230) 0.0125 (0.0101, 0.0137)
ney =100 -0.25 -0.250 (-0.261, -0.238) 0.0094 (0.0070, 0.0118)

data z. w is assigned a prior U(0,100). Thus, a posterior, according to calibration
framework (4.6), has been obtained. The summary of posteriors across replicated
studies with varying number of design points is given in Table 4.5.

A posterior of w has been approximated with numerical integration. As seen from
the Table 4.5, the more data from the second simulator are used, the better the true
w is recovered. Although, the results of calibration are very close to true value of w
for all simulation studies presented, including those with smallest number of design

points.
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Table 4.6: Predictive checks of composite emulator g o f.

RMSPEp.e/RMSPE  EFC Ly
0.672 0.94 18.572

4.6.1  Comparison to calibration with composite emulator

In the simulation study, if, for example, the first model f is not available, and the
relationship between X7/ and Y may not be inferred, model g has to be explored over
a much greater region. Figure 4.6 shows this region would encompass the Cartesian
product of X7 € (300,380) and Y € (1,4). Construction of such an emulator with the
same budget of design points, n = 100 in LHD design over X/, X9 Y, w leads to poor
performance. The numerical results of one simulation example are summarized in
Table 4.6. As can be seen from the table, root-mean-square predictive error is too big,
along with very large predictive credible intervals. Emulators with such predictive

performance are not useful for either emulation or calibration purposes.

4.7 Case study

A system of models we consider in the case study describes a vapour-liquid equilibrium
model. The system itself consists of large number of submodels to capture the details
of chemical properties and kinetics of the process. In this case study we consider for
illustrative purpose part of the model which consists of only two submodels which
constitute a system of simulators.

For substance “i” the first model f (4.35) describes empirical correlation for

(155}

Henry’s law, which says that the fraction of substance “i” in the vapour phase is

733}
1

directly proportional to the fraction of substance in the liquid phase. Since the
range of temperatures under investigation is narrow, we will only use the first two

parameters of this relationship. Thus, for Henry’s law we have
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B; B;
Cn(H) = A+ 2o 4 DX 4 2
Y =In(H;) = A+ 5 + Cin(XT) + DixT + . (4.35)

Model f has the following inputs and outputs. Y denotes the log of Henry’s
constant, X/ denotes temperature (in K) of the solvent solution. § are parameters in
the statistical model (4.36) of a log of Henry’s constant as a function of temperature
(in K) X/ for the amine solvent in water. Hence we have

0
Y =N (91 + X—2f 02> . (4.36)

733}
1

The second model g describes the chemical potential of substance between the
vapour and liquid phases. This is one of the models implemented in Aspen Plus®
(2017), process design software to facilitate the design and deployment of amine-based
CO4 capture systems.

Model g has output Z, the partial pressure of the amine solvent in the vapour
phase. Input X9 is the mole fraction of the amine in the liquid phase. Parameters for
calibration w; and wy are used to predict molecular interactions due to intermolecular
forces between two distinct species in a non-ionic liquid phase.

The first step in the modularized calibration is to calibrate model f. Model f is
cheap, since this is explicitly given as a statistical model. We perform calibration for
this model within Bayesian inverse problem framework with 11 experimental data
points corresponding to this model (assuming the following priors on parameters
p(01,0,,0)cl). Posterior of parameters are obtained. The resulting inferential
relationship between X/ and Y with a 95% credible region is shown on Figure 4.9.

The second model g has a form which is not available analytically. Thus it must be

approximated computationally. We construct type 1 GaSP emulator of the model 4.37

based on 150 input-output design points and test the emulator on another 150 points.
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FIGURE 4.9: Model of Henry’s constant. Points are 11 observational data points.

Our model g is approximated by
Z = GaSP(X1, X5,0,w, Y1) . (4.37)

The emulator performs very well, as can be seen from the summary provided
in Table 4.7. RMSPE is 17 times smaller than the RMSPE, .., while frequency
coverage is 95%. Interestingly, this result is much better than for any other emulator
in previous simulation studies.

We construct the linked emualtor of two models and then following the procedure
as described in the previous section, calibrate parameters w using the linked GaSP of
the complex model and 38 experimental field observations. 10° number of MCMC

samples from the posterior has been obtained with 2000 burn-in samples. Acceptance
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Table 4.7: Performance of emulator of Aspen computer model.

RMSPEyae/RMSPE  EFC  L¢yg
17.376 9% 2.24

rate is 42%. The result of the calibration is shown with bivariate density plot for
parameters w on Figure 4.10.

We check that the match between the output of an emulator and the experimental
data is acceptable. Figure 4.11 shows the predictive distribution evaluated at the

median of the posterior distribution of calibrated parameters w together with the
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FIGURE 4.10: Posterior probability density for w.
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FI1GURE 4.11: Predictive distribution from the linked emulator evaluated at the
median of the posterior distribution of calibrated parameters w, together with exper-
imental data. Two grey surfaces show central 95% credible region of the emulator
over the region of inputs X; and X5 and output Z. Gridded surface shows the mean
of the emulator. Green points correspond to experimental data. Four perspectives on
the emulators surfaces summaries are given for clear visualization.

experimental data. From the plot we see that, indeed, the developed emulator matches
the experimental data well. 34 out of 38 experimental data points, which constitute
about 90% of experimental data, stay within 95% credible area of the emulator.
From scientific point of view, calibration of parameters w may lead to important
insights on physical aspects of the vapour-liquid equilibrium. For instance, a physical
quantity, 7, which is approximately known to be 7 & wy +w,/330 is of scientific interest.

Having calibrated w, we may also summarize posterior beliefs about w; + ws/330,
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FIGURE 4.12: Posterior on physical quantity 7 ~ w; + wy/330.

which is shown on Figure 4.12 and facilitate further scientific discoveries.
4.8 Conclusion

In this chapter we have developed methodology for calibration of a complex system of
computer models, utilizing linked emulators that are constructed on reduced design
spaces.

The modularized calibration approach is built using the framework of Bayesian
inverse problems, under the assumption that the computer model is unbiased, rather
than using the Kennedy and O’Hagan (2001) (KO) framework which is valid under

the assumption of model bias. The goal of our problem is to calibrate physical
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quantities and/or parameters of computer models, and calibration parameters are
not considered simply being statistical parameters. We demonstrate that within
the theoretical perspective, the solution to the Bayesian inverse problem is different
from the solution based on a simplified version of KO framework. Our simulation
examples show that KO framework does not allow one to correctly restore all the
parameters of the model. Thus, the Bayesian inverse problem framework is preferable.
At minimum, the noise parameters related to the experimental field data can not
be restored. The question of how this misestimation of these parameters influences
the estimation of other parameters of interest in the case of a full KO framework is
left as a further research direction. Tuo et al. (2015); Tuo and Jeff Wu (2016) have
shown previously that the KO framework is only asymptotically valid, so indeed more
research is needed on properties and validity of the KO framework.

Simulation studies in this chapter illustrate the procedure of the modularized
calibration and demonsrate its benefits over calibration of a system of computer
models as a single computer model.

The case study on calibration of vapour-liquid equilibrium model demonstrates
that the problem of calibrating models of interest may be solved with modularized
calibration for any solvent. For instance, different solvents may be subject to differ-
ent relationships between temperature and Henry’s constant. If one would like to
understand what would happen for a few different solvents within a single simulator,
a system would require one to obtain an emulator on a large design space of the
whole domain of all control and calibration inputs, and typically such an emulator is
a poor emulator of the simulator. The task is viable within modularized calibration
framework.

The well-made case study allowed us to concentrate on the calibration in principle.
A few important generalizations are necessary in order to make such calibration tool
useful for other applications in UQ.
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Models are often biased representations of reality. Systems of computer models
then are also biased representations. Incorporation of discrepancy representation
between a simulator and reality is important. For systems of computer models, the
challenge is to identify where and how to account for discrepancy. For example, if
each model in the system is biased, should the discrepancy be introduced at each
step of the model? Or is the discrepancy term between the whole system and the
reality works as well?

Another potential area is to find robust and efficient designs for each submodel of
the system to maximize the benefit of the use of the modularized calibration approach.

This involves investigation for possibilities of such designs on nonorthogonal spaces.

4.9 Appendix

4.9.1  Simulation example. Misestimation of noise variance in KO framework

The following simulation examples illustrate misestimation of noise variance in KO
framework. In a scenario, when field observations y¥ are observed with white noise,

the representation given by Kennedy and O’Hagan (2001) is
v () =y () +e(), (4.38)
where €(-) ~ N(0, 0?).

The following model leads to systematic misestimation of variance o?. Let y™(-)

for simplicity be
yM ~ N(p(X;,w),v(X;,w)) ildVi=1,...,n, (4.39)
with v(X;, w) = v. Then y!" ~ N(yM, 0?). Rewriting this as
i~ N(u(Xy, w),v +0%) | (4.40)

we see that if o2 is small compared to v(X,w), then it should be overestimated by the

KO framework. Further, if 0% is comparable to v(X,w), it should be underestimated.
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FI1GURE 4.13: Example of overestimation of variance in the KO framework. Example
o =0.05 and v(X,w) =0.1.

We will only do well with this approach in estimating o2, if it is much larger than
v(X,w), but this would mean that observations are so noisy compared to the emulator,
that we are not able to calibrate — we will virtually accept all the possible values of

our parameter of interest w.

Example: overestimation of variance. In the following two examples: y|X = X. Six
groups of points with replicates (two points per group) has been obtained and used

as experimental data. Example of overestimation of variance is shown in Figure 4.13.
Ezxample: underestimation of variance. The example is shown in Figure 4.14.

4.9.2  Model for experimental data

We let
Yij ~ N(uj, 0%) (4.41)

for ith observation within group j € 1,...,.J. The model is complete with priors

p(pa, ..., g, 0)ocl. MCMC estimates of the posteriors for all parameters in such
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FI1GURE 4.14: Example of underestimation of variance in the KO framework. Example
o =03 and v(X,w) =0.1.

models in our simulation examples have been obtained using Stan ( Carpenter et al.

(2016)), namely R package, version 2.9.0-3.
4.9.3  Calibration with each draw of the distribution

In this subsection we show two examples of calibration of posteriors with respect
to several draws of the distribution which is being integrated out. Corresponding
posteriors of # in the first simulation study is shown on Figure 4.15. Corresponding

posteriors of w in the first simulation study is shown on Figure 4.16.
4.9.4 Additional details

In practice experimental data Dgo¢ does not contain variable Y as part of the controlled
input in the design, and we consider this case. However, below we discuss calibration
possibilities, if Dgog = {wPser, yPoor zPeer} contains Y as part of the controlled design.

We calibrate 6§ and w based on data from both models, i.e. find p(#, w|Dg, Dgt).
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FIGURE 4.15: Simulation study 1. Posteriors of 6 calibrated with respect to each
draw of the posterior distribution of the truth.

We have

D D D g g g
p(ev w|Df7 Dgof)ocp(z 9ol |x gofa Yy gofv W, stgna xdsgm ydsgna Wdsgn edsgn)

p(yPr|xP1 .0, ygjsgn, xgsgn, Oasen)P(0, W) . (4.42)

Sequential refinement of priors: sequentially posteriors from previous models
become priors for the following model. This calibration procedure is in line with the
proposed method in Lai et al. (2016). First, calibrate 6, as before, from the first

model (4.13). Then choose design for the second computer model according to the
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FIGURE 4.16: Simulation study 1. Posteriors of w calibrated with respect to each
draw of the posterior distribution of the truth.

posterior of #. This yields

p(0, w|Dg, Dgop)ocp(27o2f [aPoos yPoer ), Zasens Lasgns Yodsgn Wsgns Oasgn)P(0|De)p(w) -
(4.43)
The form of the likelihood (and the posterior) is the same mathematically as in the
previous joint calibration case, but in practice the reduced design space is much
smaller, than full one, allowing better exploration (acquiring data) by the second
model.
If the two sets of observed data are Dy = (277, y"7) and Dg = (P9, yPs, 2), then

we can compare the described calibration scheme to others. Sequential calibration for
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such cases is preferred because it allows to reduce the desing space for the model g.
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5

Emulators of Simulators with Zero-inflated Output
and Truncated Output

This chapter considers two extensions of the GaSP emulation methodology, to handle
two problems that frequently in emulation of computer modeling. The first is dealing
with computer model output that is zero (or another constant) over much of the
input domain; this will be called the problem of zero-inflated output. The second
problem is when the computer output is truncated at some value (above or below or
both); this will be called the problem of truncated output. The difficulty is that such
output cannot be directly modelled by GaSPs, since GaSP sample paths cannot be
constant over a compact region. We thus consider non-Gaussian emulators that can

address these problems.
5.1 Introduction

As an example of the zero-inflated output problem, the computer model TITAN2D
produces, for given inputs such as the volume of the flow, the maximum height of

the pyroclastic flow at any given geographical location over a domain of interest. For
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F1GURE 5.1: Distribution of non-zero heights of the pyroclastic flow on a transformed
log(h + 1) scale, where h stands for the maximum height of the pyroclastic flow (in
meters).

instance, there are 24,576 locations of interest in terms of such flow on the island
of Montserrat. But most flows will typically occur in only a portion of the island,
so that most places will have maximum flow height of zero. Indeed, for 500 runs of
TITAN2D done over the plausible space of inputs, 8491 locations (constituting about
one third of all the locations of interest) never received any pyroclastic flow. Hence
there is a huge domain of the output space where the output is zero. Even for the
other 16,085 locations, over two thirds of the 500 outputs from the computer runs
resulted in zero flow heights. The distribution of non-zero values of the height of the
pyroclastic flow is shown in Figure 5.1.

The second problem with GaSP emulation of TITAN2D is that flow heights can
never be negative, and yet realizations of any GaSP can be negative anywhere over

the input space. So, whether or not one is in a region of zero flow height, one must
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deal with the need to truncate any negative flow heights, arising from the GaSP, at
zZero.

There are several possibilities to deal with zero-inflated output of a simulator. One
possibility is to simply ignore this information, training the GaSP emulator only at
points which resulted in positive height of the flow. Unfortunately, this throws away
the information carried by the points with zero-height output, and this information
can be crucial in developing a good emulator.

The second possibility is to treat the zero-inflated output data points as regular
points of a smooth function, and utilize this information in constructing the GaSP. The
resulting GaSP can be severely distorted, however, since it is trying to fit something
that is impossible (GaSPs cannot be constant on compact sets).

The zero-problem was acknowledged in Spiller et al. (2014), and treated through
a clever adhoc use of the above two described possibilities. The approach tried to
identify “non-important” zeros (those that are far from the non-zero outputs), and
eliminated those from consideration, leaving only a few “important” zero values to be
used with the non-zero values in construction of the GaSP. While this adhoc approach
was reasonable for the specific problem being considered, it is not a principled approach
and may not account for all the important features of the output of TITAN2D, as is
suggested by a later illustrative study.

In this chapter, we deal with the zero-inflated problem by introducing a new process
that is essentially a censored GaSP. Section 5.2 introduces this methodology, which
involves introduction of an unconstrained GaSP as a latent process. The methodology
is illustrated with an illustrative study and the TITAN2D case study. Section 5.3
discusses the related problem of construction of emulators for computer models
whose output is restricted to a certain region, and introduces truncated projected
GaSPs as an adhoc solution for such situations. Illustrations of the methodology are

given. Section 5.4 discusses possible alternative solutions to the truncated problem,

153



including transformations of the output of the computer model. The often used
log-transformation is discussed as an example of a transformation which exhibits
several unattractive properties, if traditional GaSP emulators are constructed from
the transformed output of a simulator. Section 5.5 introduces methodology for linking
traditional GaSP and truncated GaSP emulators. The case study, on linking the
TITAN2D traditional GaSP emulator with a truncated normal model of basal friction,
is given as a demonstration of the methodology. Section 5.6 also presents methodology
for linking a traditional GaSP and a censored GaSP emulator, and is illustrated with

an example Section 5.7 presents some conclusions.

5.2 Censored GaSP

5.2.1 Methodology

Suppose, as before, that the computer model output g(z) is a smooth function. This
function is observed at a set of m inputs, z° = (294, ..., 2%,,), with corresponding
outputs (g(2%1),...,9(2%)).

Suppose in addition, that, at some inputs z€, it is known that g(z) takes values
in the range (a,b) but that the values of g(z) are not available. That is, all that is
known is that a < g(2%;) < b over the set z€. Statistical models of this type are
called Tobit models (Ertin (2007); Costa et al. (2014)).

In the TITAN2D example, the actual output occurs in the range [0, ), i.e., the
output cannot be negative. Because this is our primary example, we will only consider

processes constrained by a lower bound a.

To deal with this situation, we define a new process called a censored GaSP, given

by

() = {QM(Z)’ o) = 5.1)

a, otherwise

where g () ~ GaSP(u(-), o%c(+,-)) is a traditional GaSP.
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We are using the word censored, borrowing the term for convenience from classical
statistical methodology. In classical framework, loosely speaking, data which fall into
certain region may be replaced by zeros and thus are called censored. In UQ and in
particular in our example, zero-points are actual output of a computer model. The
zero-output is different from other outputs of a computer model, because it has a
non-zero probability to occur. Thus it is convenient to view this output as censored,
based on an underlying latent process.

Given parameters, 6y, of the GaSP, for any finite set z = {z1,...,2m}
of d-dimensional inputs {z; = (zi1,2i,...,24)}",, outputs gM(z) =
{oM(z1),...,9M(2m)} = (9a(Z1),---,9a(Zm)). This vector of outputs has a mix-
ture distribution, an absolutely continuous distribution with respect to the reference

measure that is the sum of a unit point-mass at the m-dimensional vector (a,...,a),

. S .
™, and mixed measures on RL' x alsl. Here S is a subset of

Lebesgue measure on R
indices of variables S € 1:m = {1,...,m}, S = {1,...,m}\S is a complementary
subset of S. Indeed, letting P(1 : m) denote the powerset of 1 :m and |S| = card 5,

gM(2) has the probability density function

({0 (e™(2) T, dg™ (20), 92 (z:) = ¢,i=1,m,
M) — VSeP(l:m\{J,1:m} gM(z;) > a,ie S
P& () =) M(2)g) -, pleM()sleM (@)s)dg™ (s, 6 (a) = a.i€ S
[ p(g™(2)) 93" (z;) > a,i=1,m,
(5.2)

where A = (—o0,a)®®95 gM(z) has the multivariate normal distribution N(u(z),
02C.), and gM(z)s = {g™(2;)}ics is a realization with variables S in this vector.
The joint multivariate distribution of the emulator g*(z) of simulator g(z) at

(0]

design points z = (29, z€), where z© are the design points at which the computer
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model is observed and z€ are the censored output design points, is given by the

distribution
g™ (z%) ~ N (u(z°),0%C.0), (5.3)
g (z%)|g™ (2°) ~ N (1" (2), 0*(2%)) , (5.4)
with
p(29) = u(2) + (2°,2°)C.o ™ (g3 (2°) — u(2°)), (5.5)
o*2(2°) = 0*(C.e — ¢(2°,2°)C.0 1¢(2°,2°)) . (5.6)

Above C,c is the correlation matrix whose (k,1) element is given by a correlation
function c(-,-) and a nugget component for diagonal elements, that is ¢(zCy, zC) +
N lg=i-

The corresponding joint multivariate distribution of an emulator g (z) of the

simulator output ¢.(z) at design input points z is given by the distribution
g™ (2%) ~ N ((z°).0°C.o) (5.7)

g’ (2°)[8™(2°) ~ TN(—w,0) (1"(27),0™(27)) . (5:8)

where g3(z)|g™(z°) = gV (2)|g™(2°), 8V (2°) < a.

Now we turn to the question of obtaining the predictive distribution of a simulator
gM(z) at a new input 2’.

The predictive distribution given by the latent emulator g (-) at a new input 2/,

conditional on evaluations of the computer model g™ (z) at design input points z, is

9" ()1g™(2) ~ N (u(2) + (2, 2)C (8" (2) — u(2)),

o*(Cy — (', 2)C (2, 2'))) . (5.9)

Let gM(z) = (gM(z°), g™ (z®)), the vector of evaluations of the model at fully

observed inputs z° and censored inputs z€. The computer model output gM(z°) is

156



given to us, but gM(z€) are unknown. However, it is known that

gM(2°) g% (2°). gM(2°) < a ~ TN( ) (4°(2%),0%(z%)) . (5.10)

C

Computationally, in order to account for the censored observations z“~, samples

from this truncated normal distribution (5.10) of gM(z€)|gM(z?), g™ (z®) < a may

,,,,,

a vector gM(z); = (gM(z?), g™ (z),) is used further to sample from (5.9), i.e. the

distribution ¢ (2")|gM(z); which is
9" ()1g™(2), ~ N (u(=) + (', 2)C; (g¥(2); — u(2)),
o*(Cy — c(2,2)C (2, 2"))) . (5.11)
Finally, the latent marginal distribution
9" (2)|g™(2) = g™ ()|g"(2°), 82" (2°) = g™ (+))|g" (2°), 8" (z°) < a
(g™ (2)lg" (z°), " (z°) < a) ~ f . fp(gM(Z’NgM(ZO% g™ (z%))
(g™ (z°)g" (2°), " (27) < a)dg™(z®). (5.12)

The predictive distribution of the emulator g (-) at a new input to the computer

model 2’ is thus
92" (2")|g" (2°), g™ (z°) <a =

{gM(Z’)IgM(ZO),gM z°) < a, 9" () > a (5.13)

§ o p(g"(2)1gM(2°), 8™ (2€) < a)dg(+), ¢Y(¢) =a
5.2.2  An illustrative example

The test function f(x) = 3z + cos(5x), in the range x € [—1, 1], is used to provide

a simple illustration of the developed methodology. In this example, all GaSPs are
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FIGURE 5.2: Left: latent GaSP of the function f(x). Right: GaSP with additional
¢ = 0 treated as actual data. Circled points correspond to training inputs which
were used to fit the emulator. Star points correspond to censored observations.

constructed with an a priori linear mean basis function and squared-exponential

correlation functions. A simulator produces the censored output

fa(z) = max{0, f(x)}. (5.14)

In this example, the zero-output points happen to be “clustered” together in the
negative design region, more precisely, the region z < —0.2. This is done intentionally,
since our application with the computer model TITAN2D has such a pattern of
occurrences of zeros.

The inputs z° = (0.2,0.4,0.6,0.8) result in observed outputs of f(2®) and are
used to construct a traditional GaSP. Specifically, a zero-mean type 1 GaSP emulator
is used and all the parameters in this GaSP are learned from the pairs of data
{(9, f(29)}2_,. Inputs 2¢ = (-1.0,-0.8,—0.6, —0.4, —0.2), with censored output
fa(z9), are used for construction of GaSPs with the 3 methods discussed in the
introduction to the chapter, and comparisons between the methods are made.

The constructed traditional GaSP is shown in the left panel of Figure 5.2. This

GaSP does not account for censoring. For example, for the point x = —0.2 the
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FIGURE 5.3: Left: the resulting latent GaSP. Right: the resulting censored GaSP.

probability of zero-height is zero. If we project the posterior of the GaSP (based
on ideas introduced in Lin and Dunson (2014)), i.e. censor the posterior predictive
distribution of the GaSP, then the probability of a simulator output being positive is
87% and the probability of a simulator output being exactly zero is only 13%. What
we would like to see is the probability of a zero at point x = —0.2 being close to 1.

The right panel of Figure 5.2 shows the traditional GaSP when the inputs 2 =
(—1.0,-0.8,—0.6, —0.4, —0.2), with censored output f,(z%) = 0, are treated as data
points from a smooth function. As can be seen from the figure, this GaSP provides
very tight credible intervals in the area where censored observations occurred. Not
surprisingly, this GaSP mean follows the output of the simulator well in the censored
area, since it follows the zero region well. In the noncensored data area, the emulator
and its 95% credible sets misses the true function for z € (—0.2,0.2) with a large
discrepancy between the mean and the true function; for x > 0.2, the emulator
slightly misses the true function.

The third approach discussed in the introduction is to construct a censored
GaSP for the function f,(x). The resulting latent GaSP is shown on the left panel

of Figure 5.3, and the corresponding censored GaSP is shown on the right panel
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Table 5.1: Comparison of three emulators: projected traditional GaSP without zeros,
projected traditional GaSP with zeros and censored GaSP. Comparison is made on
all testing points, including both, zero-output points and positive-output points.

GaSP RMSPE EFC Lg

Censored 0.032  1.000 0.067
Projected traditional (w/ zeros) 0.197  0.413 0.104
Projected traditional (w/o zeros)  0.204  1.000 0.729

of Figure 5.3. In this case, the latent GaSP adequately assigns almost all of its
probability mass to the negative values of a simulator output f(z). The probability
of occurrence of a zero at the censored input = = —0.2 is 87%. Also, the censored
GaSP captures the function f in this region, and also in the region of positive output.

Tables 5.1, 5.2 and 5.3 give numerical summaries of the performance of the
three emulators — projected traditional GaSP with no zero points in its training
data, projected traditional GaSP at 201 equidistant testing points in [—1, 1] with
zero-output points included in its training data, and the censored GaSP — utilizing the
predictive checks RMSPE, EFC, and L¢; introduced in Section 2.3 of Chapter 2. The
first table 5.1 provides comparison of emulators in the area of all output testing points,
including zero-output testing points of a simulator and including positive-output
testing points of a simulator. The second table 5.2 provides comparison of emulators
in the zero-output region only, and the third (table 5.3) provides comparison in the
positive output region only.

From comparison of numerical results given in Tables 5.1, 5.2 and 5.3, it can be
seen that the projected traditional GaSP which does not have zeros in its training
points performs worse than the other two emulators. For example, this GaSP and
the censored GaSP both have empricial frequency coverage equal to 100%, however,
the RMSPE is at least 4 times larger (Table 5.3) for the projected traditional GaSP

and the average length of its credible intervals is at least twice as large. This was
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Table 5.2: Comparison of three emulators: projected traditional GaSP without zeros,
projected traditional GaSP with zeros and censored GaSP. Comparison is made on
zero-output testing points.

GaSP RMSPE EFC Lg

Censored 0.000  1.000 0.000
Projected traditional (w/ zeros) 0.012  0.963 0.023
Projected traditional (w/o zeros)  0.235  1.000 0.412

Table 5.3: Comparison of three emulators: projected traditional GaSP without zeros,
projected traditional GaSP with zeros and censored GaSP. Comparison is made on
positive output testing points.

Censored 0.042  1.000 0.112
Projected traditional (w/ zeros) 0.254  0.042 0.157
Projected traditional (w/o zeros)  0.184  1.000 0.283

anticipated, since this emulator does not make use of the zero training points.

We turn then to comparison of the censored GaSP emulator with the projected
traditional GaSP with zero training points included in the construction of the emulator.
Visually the censored GaSP performs similar to the projected traditional GaSP. The
projected traditional GaSP in the area of positive output has the emulator mean
closely following the true function. In the area of nonnegative output, the predicted
mean also closely follows the true zero-valued output. However, numerical comparison
reveals clear differences in the behaviour of the two emulators. Table 5.1 shows that
the RMSPE of the censored GaSP is 6 times smaller than that of the projected
traditional GaSP; the length of the credible intervals is 1.5 times smaller for the
censored GaSP; and the empirical coverage is only 41% for the projected traditional
GaSP, compared with 100% for censored GaSP.

Comparing the numerical summaries for the two emulators in zero-output testing
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FI1GURE 5.4: Probabilities of a zero at testing points assigned by the projected
traditional GaSP which has zero-output points included in its training set.

region (Table 5.2), we find that censored GaSP perfectly predicts zero-output in this
region, virtually producing RMSPE equal to zero and also essentially zero-length
credible intervals, while empirical coverage is 100%. Projected traditional GaSP is a
bit worse, with non-zero, but still small RMSPE and Lc;.

Considering the probability of a zero-output to occur in this area, the projected
traditional GaSP assigns the probability to be about 1/2 on average, while the
censored GaSP assigns probability that a zero-value occurs there to be almost 1.
More detailed analysis on the probability of zero-output given by two GaSPs is

demonstrated on Figures 5.4 and 5.5.
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FI1GURE 5.5: Probabilities of a zero at testing points assigned by the censored GaSP.

Figure 5.4 shows that the probabilities on a zero-output based on projected
traditional GaSP do not correspond to adequate beliefs: projected traditional GaSP
assigns to points in censored area probability of zero-output to be about 80 — 99%
while immediate nearby points may have probability of zero-output about 0 — 20%.

Figure 5.5 shows much more appropriate posterior beliefs on the probability of
zero-output given by censored GaSP, which assigns probability of zero-output to be
almost 1 in the censored area.

Comparison of emulators in positive output testing region (Table 5.3) gives
different qualitative performance of the two emulators. RMSPE of censored GaSP is

6 times smaller than that for projected traditional GaSP, length of credible intervals
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of two emulators is similar, but censored GaSP Ly is 1.4 times smaller. At the same
time, empirical frequency coverage is only 4% for projected traditional GaSP, while
censored GaSP has 100% empirical coverage.

Along with the inferior performance of projected traditional GaSP to censored
GaSP, the former does not allow for true distinction between small-height values and

zero-height of the flow, while censored GaSP capture this difference.
5.2.83 Case study

The case study refers to the described TITAN2D computer model of the maximum
height of the pyroclastic flow (without transformation). 15,122 locations were con-
sidered at which the GaSPs were trained and tested. All these locations have both
exact zero-height output points and positive height output points.

Table 5.4 summarizes the performance of the three developed emulators, the
projected traditional emulator with and without zeros in the training data and the
censored GaSP, utilizing the predictive measures RMSPE, EFC and Lcj.

As in the earlier example, we use the same training points for construction of
the projected traditional GaSP with zero-height output points included and for the
censored GaSP. We use only positive height training points for construction of the
projected traditional GaSP with zero-height output points excluded from its training
set. All the same testing points are used for comparison of the performance of the
three emulators.

The censored GaSP provides the best approximation while maintaining high
empirical frequency coverage. The censored GaSP provides RMSPE comparable
to that of the projected traditional GaSP with zeros included in the training data;
however the average length of the credible intervals is smaller for the censored GaSP,
than for the projected traditional one.

Interestingly, the projected traditional GaSP without zeros in the data performs
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Table 5.4: Comparison of three emulators: the projected traditional GaSP w/o zeros,
projected traditional GaSP w/zeros, and censored GaSP. Comparison is made on all
testing points, including both zero-height output points and positive-height output
points.

GaSP RMSPE EFC Lg

Censored 0.649  0.941 1.091
Projected traditional (w/ zeros) 0.618 0914 1.371
Projected traditional (w/o zeros)  5.356  0.945 7.893

Table 5.5: Comparison of two emulators: traditional with zeros and censored GaSP
on zero-testing points.

GaSP RMSPE EFC Lg

Censored 0.111 0999 0.175
Projected traditional (w/ zeros)  0.160  0.998 1.165

much worse than the other two emulators: its RMSPE and L¢; are very large. This
is because the number of positive data points is only about one third the number
of all data points (including zero-height output points) available. Also zero-height
testing points, as in the earlier example, occur in “clusters”; thus the traditional

GaSP without zeros has to do extrapolation at such points, rather than interpolation.

Table 5.5 summarizes the performance of the censored GaSP and projected
traditional GaSP with zeros in the training data on zero-height testing points only.
The RMSPE for censored GaSP is about two thirds of that of a projected traditional
GaSP and L¢y is more than 6 times smaller for censored GaSP. Empirical frequency
coverage of both emulators is more than 99%.

Table 5.6 summarizes the performance of the censored GaSP and projected
traditional GaSP with zeros in the training data on positive height testing points only.

The RMSPE for censored GaSP and traditional GaSP with zeros are close. Average
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Table 5.6: Comparison of two emulators: traditional with zeros and censored GaSP
on non-zero testing points.

GaSP RMSPE EFC Lg

Censored 0.833  0.864 1.930
Projected traditional (w/ zeros)  0.853  0.806 1.543

Table 5.7: Average probability of a zero-height of three emulators: projected tra-
ditional GaSP without zeros, projected traditional GaSP with zeros and censored
GaSP at zero-testing points.

GaSP P(h =0)
Censored 0.968

Projected traditional (w/ zeros) 0.504
Projected traditional (w/o zeros)  0.712

length of predictive intervals L¢r are about 25% larger for censored GaSP than
for traditional GaSP, though the empirical frequency coverage (EFC) of projected
traditional GaSP is only 80%, while the censored GaSP has larger EFC of 86%.
Projected traditional with zeros GaSP underestimates uncertainty in a region of
positive height of the flow, because it has two thirds of its training data being
zero-output data points included in construction of the GaSP.

Table 5.7 shows the average probability of a zero-height flow over all zero-output
testing points. Censored GaSP results in such a flow with probability close to 1,
which is what we would like to see from the performance of an emulator. Two other
traditional emulators result in average probabilities of zero being too far away from
the expected probability of 1. These are the artefacts of these GaSPs, which make
these GaSPs inappropriate for direct emulation of a zero-inflated output of a computer
model.

The distributions of resulting probabilities over all zero-testing points are presented
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FIGURE 5.6: Left: histogram of probability of zero for censored GaSP. These are
probabilities at zero-height testing points. Right: histogram of probability of a zero
for projected traditional GaSP w/ zeros if posterior is projected to be censored at
zZero.

in Figure 5.6. The left panel of the figure provides a histogram of censored GaSP
proabilities of a zero to occur. This distribution is highly concentrated near probability
value being 1. The right panel of the figure demonstrates that projected traditional
GaSP with zeros included as data points provides probability of a zero at zero-testing
points concentrated around 50%, indicating bad performance of an emulator.

Thus, these distributions induce the following distributions of a zero-height to
occur among all testing points: zero-height testing points and positive height testing
points, shown on Figure 5.7. The left histogram of values, which correspond to the
ones given by censored GaSP emulator shows that probability of a zero-height flow
concentrates near zero-probability or near 100% probability for a zero-height to occur.
The histogram on the right indicates, that traditional GaSP with zeros provides
unattractive strong peak at probability of a zero-height being around 50% in addition

to extremes of near 0% and 100% probabilities.
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FI1GURE 5.7: Left: histogram of probability of zero for censored GaSP. These are
probabilities for all testing points. Right: histogram of probability of zero for
traditional GaSP w/ zeros if posterior is projected to be censored at zero.

5.3 Truncated projected GaSP

A closely related, but different, problem arises when linking emulators with truncated
stochastic inputs.

One of the inputs to TITAN2D is basal friction of a pyroclastic flow, the friction
of the flow with the surface. The relationship between basal friction of a pyroclastic
flow and volume of a flow has been modelled in Ogburn et al. (2016), and a stochastic
representation has been obtained, as described in Chapter 2 (in the corresponding

case study example in Section 2.5.1) as
ylr ~ N(0.5336 + 0.1971z,0.00037205 — 0.00054567x + 0.000441552%),  (5.15)

where y is a basal friction, and x = V' — 5.5 with V being volume of a flow on a log,
scale.

For large volumes of a pyroclastic flow there are only small number of historical
data points, and the inferential relationship (5.15) is less reliable. Geological rea-
soning suggests that basal friction does not decrease as much for large volumes as
the inferential relationship states; a reasonable solution compatible with geological
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knowledge is to adopt some threshold, ¢, at which basal friction asymptotes as a

function of flow volume. This would result in the model

Y|z ~ TN(¢,0)(0.5336 + 0.19712,0.00037205 — 0.0005456 72 + 0.000441552%). (5.16)
5.83.1 Methodology

General setting for which normal GaSP approximation is not adequate and truncated
version of the GaSP may be applicable is introduced.

Suppose that g(z) is an output of a simulator, represented by a smooth function.
The simulator data g(z) are evaluations of the simulator at some input points z.
Suppose that in addition, it is known that a simulator takes values in the range (a, b).
That is, a < g(z) < b.

The difference in this framework from censoring methodology introduced in the
previous section 5.2 constitutes in that there is no positive point mass on any value
of the output variable.

Thus we would like to construct an emulator which takes values in a specific region
and has representation via an absolutely continuous random variable. Unfortunately,

the following stochastic process

gir () ~ TNy (1(), o%c(, 1)), (5.17)

such that all finite-dimensional multivariate distributions are joint truncated multi-
variate normal, does not exist, which may be demonstrated using results in Horrace
(2005).

An ad hoc method, (as introduced, for example, in Lin and Dunson (2014) for
constraining GaSPs of monotonic functions), is to construct a traditional GaSP, and
then truncate posterior predictive distribution to a region (a, b).

Let gM(2")|g*(z) be a traditional GaSP posterior predictive distribution at a
new input point z’, approximation to simulator output g(z’), then the proposed
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approximation is
g () = g (9" (2),a < g™ (2') <. (5.18)

Joint distribution of emulator output at points z and 2z’ follows multivariate normal

() (1) = (S0 ) o

where C, is the correlation matrix whose (k,[) element is given by a correlation

distribution

function c(+, ).
Conditional on the observed computer model evaluations g™(z) the truncated
posterior predictive at any input 2’ (given GaSP parameters ) follows a truncated

o (a,b) normal distribution N(u*(2'), 0*2(2")), i.e.

9 (Z')g" () ~ TN (1™ (), 0™(2)), (5.20)

where
pH(Z) = p(2) + (2, 2)C (g™ (2) — u(2)), (5.21)
o2(2) = 0*(C — c(,2)CT e(z, 2')). (5.22)

The mean, any quantile of the distribution g (2')|gM(z), and the variance of this

distribution have the following closed form expressions

. S — o)
Egl (=)™ (2) = p*(+') — =2 =

o (2, (5.23)

D=L — o)
B ) + () — B g — ()
-1 o*(2') o*(2') o*(2')
Qo (1gM(z) (2) = P ( () , (5:24)
bt ) (i)Y amit () o))
Vg]g o gM 7) — 0_*2 o 1 o*(2") o*iz ), U*(z)* : o*(2")
t ( )| ( ) ( ) @(bzg(slz)))_q)(aag(z(,z)))

(5.25)

EgM (2)lg™(z) — p*(2') )
() )

where Qv (. gM(z)(q) is a gth quantile of distribution g} (z")[gM(z).
170



5.5.2 Illustration

The following example demonstrates the methodology. Test function f(x) = 3z +
cos(5z) + 3.1 in the range x € [—1.3,1]. We assume that f(z) > 0, so there is the
threshold ¢ = 0 below which simulator output should not exist. In this example
traditional GaSP has mean zero and squared-exponential correlation function.
Truncated normal approximation accounts for truncation region with no assign-
ment of positive probability to regions of actual zero probability, opposed to the
behaviour of a usual GaSP, with substantial probability for negative values. Truncated

approximation acts as an interpolator at training inputs in the case of no nugget.
5.4 Computer model output transformation as an alternative

Alternative way to deal with this problem is to apply a monotone transformation g
to the output of f(x) € (a,b), so that values of g(f(x)) € (—o0,00). For instance, in
the last illustrative example (a,b) = (0,00). One commonly used transformation to
apply for the positive valued function f(x) is g(f) = log(f). Then a conventional
GaSP is constructed using transformed output of a computer model.

Suppose that type 1 GaSP emulator has been constructed for a simulator, using its
transformed output. Let us denote the predictive GaSP distribution of transformed

output of a computer model at a new point z* as
9" (z*) ~ N(u*, ™). (5.26)

Since we have performed log-transformation, then backwards transformation
to the original scale of the output of a simulator is exponential transformation

fM(x*) = exp g™ (2*). The following properties of this transformation are important

1. In case of normal GaSP, the exponential transformation will give that pos-

terior predictive distribution given by emulator f(z*) follows a log-normal
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FIGURE 5.8: GaSP and truncated GaSP of test function f(z). Circled points
correspond to training inputs which were used to fit the GaSP emulator.

distribution

M (x*) ~ LN(u*, 0*?). (5.27)
2. Quantiles are transform-invariant for exponential transformation.
3. Transformed median of fM(z*) equals to exp (u*).
4. Transformed mean is Ef™(z*) = exp (u* + 0*2/2).
5. Transformed variance is VM (z*) = (exp (6*? — 1)) exp (2u* + 0*?).

The properties of the exponential backwards transformation show that predictive
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FI1GURE 5.9: Left: The results of applying the GaSP methodology to a test function:
g(z). Right: Transformed function fM(x) = exp ¢™(z) and transformed GaSP.

emulator f(z*) has unattractive property that o*? enters expression for the mean.
If 0*2 is comparable to u* or simply large, then the transformed mean may explode,
as well as the transformed variance. Typically one should seek very low-uncertainty
emulator g™ (-) of the log-transformed output of a computer model, in order to obtain
acceptable backwards transformed answer.

A short example illustrates the transformation methodology. Function f(x) =
3z + cos(bx) + 3.1 in the domain z € (—1.3,1) with the threshold ¢ = 0 is considered.
The log-transformation of the output has been applied. Resulting emulators on
original and transformed scale are shown on Figure 5.9.

The GaSP has no assignment of positive probability to regions of the output of
actual zero probability. However, the overall emulators performance is not good with
empirical 95% frequency coverage being about 60% and large predictive intervals in
region x > 0. We may want to reduce variance in this region. The log-transformation
is not very good for this data, because it also created an unattractive dimple for
transformed data. However, the point here is not to find a good transformation, but

to illustrate how this method works.
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T-GaSP emulator and its transformation.

If g™ (-) is a T-GaSP, then backwards transformation results in a process fM () =

exp g™ (-) which is a log —T process.

e The unattractive property of the log —T distribution is that it has no positive

moments.

Thus, applying exponential backwards transformation for a T-GaSP would require

some ad hoc truncation of means and variances at very large values.

log-transformation for TITAN2D output. The output of TITAN2D is often modelled
on a log-scale, with transformation of the maximum of the height h of the pyroclastic
flow y = log(h + 1). The inverse transformation is h = e¥ — 1.

Then, if we use a T-GaSP for the transformed output of TITAN2D, then on
original scale even the mean of the pyroclastic flow does not exist, as well as its

variance.

5.5 Linking a GaSP emulator with a truncated GaSP

5.5.1 Methodology

Now we present methodology on linking a GaSP emulator with truncated GaSP

emulators fJM , whose distributions at a new point is in the form

SM() ~ TNu(sj,03) . (5.28)

J

Next theorem states closed form expressions for mean and variance of the emulator.

Theorem 5.5.1. Let g™ with given parameters 0y = (8,02,{0;}j=1...a,n) be a type
1 GaSP emulator of a simulator g exercized at training input points z, i.e. g™ (-) as
in (2.5). Suppose the mean is linear in the qth cooordinate of an input z', so that
the mean is W(z')8 = By + P1z,. Let the g™ (-) GaSP correlation function smoothness
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parameters o of coordinates j € b, ..., d be equal to 2. For eachjeb,...,q—1 let f]M
be an independent GaSP emulator of a simulator f;, corresponding to the coordinate
j of the input to the simulator g, i.e. fJM(-) as in (2.6). For each j € q,...,d let fJM
be an independent truncated normal GaSP emulator of a simulator f;, corresponding
to the coordinate j of the input to the simulator g, i.e. fJM(-) ~ TNC(S]',UJZ) (5.28).
Then the mean EE and variance VE of the linked emulator € of the coupled simulator

(go (fy,..., fa))(u) as defined in definition 2.2.2 are

|u z”\) Jj qg—1

Hﬂ ﬁ] (5.29)

Jj=b J=q

VE = o” <1+n— i (O i—[ (Pt} 7 (erat)” )Hflklnﬂkl)

k=1 j=1

b—1
E¢ = o+ BLES) +Zaﬂ (
j=1

B+ 25051Equ + Bf(vféw + (Equ)2)+

m 1 d
2Zaﬂexp( ('“J z”') )ﬂozwﬁlﬁ’ T T 1
i=1 = ] J

b jmgi
$ 1 (7 Vg
R o (5.30)
where a = (ar,..... )" = C-'(gM(2) ~h(2)f), £, = 4 and
BfM = (sq 4 o;qqﬁ(tq)/cp(—tq)) , (5.31)
v = (- g (s 1) 532
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and

U;‘J_ ?
: (5.34)
o Q(Zij - C])U;f + (3] — C])(SJQ.
2 #2
(zkj+ZZj ¥ (uj)>
f.
k,l 1 5 +20*2(]uj) g my)”
'V = ———¢ 2 e 26% , (5‘35)
J *2( ,])
1+4-%,
J
okl 1 1 (ij . le)
] I Ci—8; 0.*2 p - 252
(I) (_ J = J) 1 4 4L21 j
I 5].
(5.36)
exp (J———) ) ey + 2y — 2¢)/02 + (s, — )
2 *2 :
Zig—S 2
[+i = 1 1 7(633—201)2
Top(_anu ) 4 /(1 +2072/02)
2012 2iq + Sqégq) 2072 (2ig — ) + 62(54 — ¢q) o
2 2 .
20';1 + 6(1 5(10'711\/20—;‘_374_62
o-;;q(sq 20‘}22(2:@ - Cq) + 53(311 — cq)

¢
*2 % *2
53 - 2qu 5q0-fq 20'fq + (53
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FIGURE 5.10: Left: truncated emulator for the simulator f(z). Right: the emulator
of the simulator g(z).

Circled points correspond to training inputs which were used to fit emulators.

5.5.2  Illustation

We give an illustration to the methodology with the following example. Two functions
f(z) = 3z + cos(bx) + .1 in the domain z € (—1.32,1) and g(x) = cosz — x in the
domain z € (—3,3). Type 1 GaSP is constructed for function g(z) and type 2 GaSP
is constructed for function f(x), which is further truncated at ¢ = —3. Two functions
with their emulators are shown on Figure 5.10.

The resulting linked GaSP of such a system of simulators f and g is shown on
Figure 5.11. Comparison to empirical running forward linked emulator is also given
on the plot. The performance of the linked emulator and its approximation, linked
GaSP, is good. The developed emulators capture the function in its whole considered
domain and provide small credible intervals. Since trunctation operation reduces
variance of a variable, approximation with a linked GaSP should be expected to be

not worse than linking with original, non-truncated distribution.
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FIGURE 5.11: Linked GaSP and the empirical running forward emulator. Circled
points correspond to training inputs which were used to fit original emulators.

5.5.3 Case study

In this example the model TITAN2D is approximated as a traditional GaSP and
truncated normal distribution is used as an empirical model for basal friction. Basal
friction distribution is shown on Figure 5.12. We compare the output of TITAN2D
linked with this distribution to the output of TITAN2D linked with a normal distri-

bution as has been shown in Chapter 2.
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FIGURE 5.12: Left: the resulting relationship in Ogburn et al. (2016) between basal
friction and volume. Right: this relationship truncated at 7 degrees of basal friction.
Circle points correspond to computer model runs data from TITAN2D.

For TITAN2D linking with normal distribution and truncated normal distribution
is compared in terms of its median of the 7-meter height contour of the flow. While
qualitatively the contours are somewhat similar, the flow with truncated distribution

of basal friction is restrained more.
5.6 Linking a GaSP emulator with a censored GaSP

In this chapter the possibility of linking of a GaSP emulator with the censored normal
distribution is investigated. Closed form expressions for mean and variance of such a
linked emulator are given.

Let the model for the predictive distribution of a censored GaSP f(-) be

u ) o (CJU;SJ) . T =
fit(alsg, o) =1 o <;_SJ : (5.38)

oj)’ T > ¢y

93

where ¢(-) and ®(-) are density and cumulative distribution functions of a normal

distribution.
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FIGURE 5.13: Two plots show 7 meter height flow spatial contours on Montserrat
island for input values: volume of a pyroclastic flow V' = 10%°2 initiation angle
¢ = 2.15° and basal friction § = 6° evaluated at 15952 locations. Left: result from
Chapter 2. TITAN2D linked with normal distribution (5.15). Right: Linked emulator
of TITAN2D with truncated at 7 normal distribution. Both linked emulators of
TITAN2D do not have basal friction as their input any more.

Theorem 5.6.1. Let g™ with given parameters 0y = (8,02,{0;}j=1...a,n) be a type
1 GaSP emulator of a simulator g exercized at training input points z, i.e. g™ (-) as
in (2.5). Suppose the mean is linear in the qth cooordinate of an input z', so that
the mean is W(z')8 = By + P1z,. Let the g™ (-) GaSP correlation function smoothness
parameters o of coordinates j € b, ..., d be equal to 2. For each j€b,...,q—1 let fJM
be an independent GaSP emulator of a simulator f;, corresponding to the coordinate
j of the input to the simulator g, i.e. f}(-) as in (2.6). For each j€q,...,d let f}
be an independent censored GaSP emulator of a simulator f;, corresponding to the
coordinate j of the input to the simulator g, i.e. fJM(-) (5.38). Then the mean E&

and variance V& of the linked emulator & of the coupled simulator (go (fy, ..., fa))(u)
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as defined in definition 2.2.2 are

m b—1 uj z” Y g—1
B¢ = Bo+ BESY + > ai] Je () HIZHIO
i=1 7j=1

(5.39)

e (ene Sl 50 Co T o) o

W
115117
k=1 1

Jj=b Jj=q

B+ 25051Ef(§w + 5%(quM + (Equ)2)+

m

q—1 d ]
22(1@1_[6?(1)( (|uj ZZJ|) )BOI’L"FBIIJFZ HI IO;+
.7

Jj=b  j=gq+1
m b—1 <(|uj—zkj\)aj (|u]-—zlj|)aj) qg—1 d
- . =" K, k,l
B o 1K, 2K, 2
D aar] e i ) [ 15 ] — ®)?,
k=1 j=1

o (5.40)
where a = (ay, . ..,am)" = C7H(gM(z) — h(z)B), t, = C‘;}:q and
BfM = (50@ (~tg) + 0}, 0(ty) + e ®(Ly)) (5.41)
VA = o) + o (91 - o) (s 1) ) +
, (5.42)
(Sqq)(_tq) + U;q(?(tq))

(I)(—tq) - (Efév[)za
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and
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FIGURE 5.14: Left: at each point z there is a normal distribution associated with the
points. Circled points correspond to training inputs which were used to fit original
emulators. Right: at each point x censoring is induced.

THlustration

Linking the type 1 GaSP with a nugget with a censored type 2 GaSP with a nugget.
First row: on the left the emulator for the simulator f(x) = 3z + cos(5z) + .1 in
the range x € (—1,1). On the right: we apply censoring to this emulator, which has
distribution as described in equation (5.38). The threshold for censoring is ¢ = —.9.
Second row: on the left the emulator of the simulator g(x) = cosz — x in the range
x € (—=3,3). On the right: the corresponding linked emulator and the empirical
(running forward) emulator

Analogous theorems involving type 2 GaSP and TGaSP emulators may also be

established.
5.7 Conclusion

This chapter has demonstrated an importance of treating special features of under-
lying emulators functions in a principled way. Using traditional GaSP emulator for

special computer model output, not a smooth function, straightforwardly is no longer
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F1GURE 5.15: Left: Emulator of function g. Right: resulting censored linked emulator
of function g with distributions associated with function f.

appropriate and doing so may lead to misrepresentation of the emulator of a model
with such an output. Moreover, ad hoc adjustments, as a projected traditional GaSP,
may be helpful for capturing some aspects of the emulator, but not the others.

The illustrations and the case study have demonstrated that censored GaSP and
projected traditional GaSP have the mean of each emulator closely following the
simulator function with zero-inflated output. Although these two approaches provide
similar results with the mean, indicated by similar RMSPEs, these two emulators
provide fundamentally different estimates on uncertainties about its mean.

This further translates into very different estimates on the probabilities of a
zero-output to occur. If our purpose is not only to construct an emulators mean as
an approximation to the simulator, but to use this emulator further for providing
adequate uncertainty estimates and its use in estimation of a probability of an event,
for example a natural hazard, then for appropriate decision making support we may
prefer to use a valid approximation, which in this case is given by a censored GaSP
and not given by a projected traditional GaSP.

We have also found that straightforward truncation of a computer model output
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is not directly possible, and the methodology of a projected traditional GaSP has
been proposed. The methodology for linked GaSP emulators with censored GaSP
and truncated GaSP has been investigated.

Important future generalization of presented methodology in this chapter is to
construct a linked emulator of all non-Gaussian emulators of submodels, for example,
a linked emulator of a censored TITAN2D output model with truncated model of
basal friction.

Further directions on emulation of computer models which have other interesting
features may be developed based on methods introduced in this chapter. For example,
introduced censored methodology is generalizable to an important case, when a
computer model has both zero-inflation and inflation of ones, such that the model

should have a non-zero probability mass at two outcomes of the computer model.
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6

Conclusions and Future Directions

This thesis has presented a methodology for uncertainty quantification (UQ) for
systems of computer models. The proposed approach leads to fast and accurate
statistical approximation of a system of computer models, by developing an emulator
that is accurate and computationally efficient when evaluation of the system of
computer models at a new input is too expensive. The approach, which we called a
linked emulator of a system of simulators, is useful for predictive and inferential goals,
namely, prediction of the computer model output at a new input and calibration of
unkown parameters of a system of simulators. The speed of the analysis was partly
achieved through determination of useful analytical expressions for linked emulators.

Case studies that were considered included linking the volcano pyroclastic flow
model TITAN2D with a model for basal friction, and linking the volcanic plume
model Bent with the volcanic ash transport and dispersal model Puff.

A second important discussion in the thesis centered around the irrelevance, in
emulation, of using multivariate modeling when dealing with multivariate output of a
computer model. This was extensively illustrated, using theoretical and numerical

methods, for the linear model of coregionalization (LMC), a model which is often
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used for modeling of multivariate output of computer models.

The third issue addressed in the thesis was calibration of parameters that occur
within a system of computer models. A modularized calibration approach, using
linked emulators, was developed within the framework of classical Bayesian inverse
theory, assuming that there is no model bias. The advantage of classical Bayesian
inverse problem over the simplified version of widely used (Kennedy and O’Hagan
(2001)) (KO) framework (with no bias term) in estimation of true parameters of the
computer model is discussed. A case study on the vapour-liquid equilibrium model
for amine-based CO, capture systems illustrates this modularized calibration with a
linked emulator.

Additionally, emulation of computer models that have extensive zero values or that
have truncated output was discussed. In particular, the censored GaSP methodology
for computer models with zero-inflated output was developed, and illustrated on the
problem of emulating the TITAN2D computer model of volcano pyroclastic flow.

The rest of this chapter outlines additional research directions that are natural to

pursue.

Other closed form linked emulators and their approzimations. In this thesis, the linked
emulator approach focused on emulation using the squared exponential correlation
function in the a priori structure of the GaSP. While this correlation kernel is arguably
the most used kernel in the literature, other possibilities may be advantageous. For
example, Handcock and Stein (1993) advocates the use of the Matérn kernel, since it
prevents the correlation from decreasing too quickly.

The general structure of the Matérn kernel, with any smoothness parameter v,
is complicated, and closed form expressions for the mean and variance of a linked
emulator are not available. However, certain classes of Matérn (e.g. v = 1/2, v = 3/2,

v = 5/2, etc.) may lead to closed form expressions of some moments of a linked
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emulator.

Another potential area of research is to seek accurate closed form approximations
to expressions of interest in cases when they may not be computed exactly, through
Taylor series approximations Girard and Murray-Smith (2005) or by employing a
Karhunen-Loéve expansion of the process Mondal et al. (2014). Such scenarios appear,
e.g. for power exponential kernels (with smoothness a # 2) and general Matérn
kernels (with any smoothness parameter v).

Also, it may be of interest to investigate the potential for closed form approxi-
mations to emulators with stochastic inputs which follow non normal distributions
(or variants such as truncated and censored normal distributions). Closed form
expressions may be obtained, for example, for Laplace or exponential distributions of
stochastic inputs. Investigation of which types of stochastic processes may arise in

such cases may expand the applicability of the proposed framework.

Linked emulator of a system of computer models with feedback. In this thesis the focus
has been on the investigation of the possibilities of rapid emulation of systems with
so-called weak coupling, that is, systems with one-way interactions, which consist of
a forward sequential pattern of feeder and consumer computer models.

An important generalization is to construct rapid approximations to systems with
strong coupling, that is, systems with two-way interactions, in which a feeder model
is a consumer model at the next stage and a consumer model is a feeder model at
that stage. Such coupled systems are also called systems with feedback, or dynamic

systems, and may be represented as

gofogofo...ogof. (6.1)

Interestingly, the linked emulator approach seems promising for emulation of

such models as well. For example, two sequentially evaluated models with strong
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coupling produce output X and Y of two submodels, respectively, at each evaluation
of the system. Pairs of observations, (X,Y) and (Y, X), from submodels of a system
with strong coupling, may be formed at each iteration (similarly to Castruccio et al.
(2014)), and two separate emulators may be constructed. Linking the two emulators

as described in this thesis effectively leads to emulation of a coupled system.

Linked emulator of a system of computer models with functional input and functional output.
Another relevant emulation challenge is when the computer model produces not scalar,
but functional output (a curve) for every run of the model Auder et al. (2012); Bayarri
et al. (2007a). For instance, climate computer models may produce a temperature
time-series for every run of the model with specific initial conditions.

Direct emulation of models with functional output is usually not feasible due to
the huge amount of resulting data. Therefore, methodology for emulation of models
should be accompanied with data-reduction techniques Ramsay and Silverman (2002);
Constantine et al. (2014). The choice of the data reduction method is crucial and
model-specific Campbell et al. (2006).

The extension of this framework to emulation of, not one computer model with
functional output, but systems of models with functional output, and thus, functional
input as well, is one of the potential reseach directions. As a starting point, one
might consider linking of models whose output may be expressed through principal
components (PCA) Higdon et al. (2008). Important generalization would be to do so
with functional PCA (FPCA) introduced in James et al. (2000).

After making an appropriate decomposition of the original curves of a model in the
system, the reduced representation of the original simulator is subject to emulation.
The final step would be an appropriate combining (linking) of developed emulators
and transformation of the linked emulator back to the original scale of the data from

a system of computer models.
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Part of this research should address the accuracy of the representation given by

any method of dimensionality reduction being used.

Incorporation of discrepancy between a system of computer models and reality. Under-
standing the discrepancy between a computer model and reality is critical for validation
and calibration of simulators Oakley and Youngman (2015). This discrepancy, also
known as bias b(-, () between the model and reality, is often introduced as the differ-
ence between the true process y*'(-) and the computer model y* (-, ¢) (¢ being the

calibration parameters in the computer model)

Bias formulation depends on the exact problem and what is known a prior: about
the nature of the discrepancy between the model and reality. The discrepancy term
b(-,¢) may not have a physical meaning, in that it might depend on computer model
calibration parameters that do not exist in reality. For instance, the form b(-, ((-))
with corresponding discrepancy parameter ((-), being dependent on the input to the
model,

b(.C()) =y () = yM (- ¢()- (6.3)
is considered advantageous in Brown and Atamturktur (2016).

In a system of computer models, it is less clear where and how to introduce and
account for a discrepancy term. One possible solution is to introduce bias for each
submodel in the system Stevens et al. (2014). Another is to introduce bias for the
overall system of models.

The information about the nature of the bias is essential. The exact answer
to such a question is likely to depend on what kind of a priori information about

submodels of a system and experimental data for calibration is available in every
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particular problem. The analysis and investigation of benefits of each of the two

possible approaches leaves plenty of room for further research.

Analysis of complex systems of computer models and its submodels. The linked emulator
allows for affordable modularization of systems of computer models. For example, if
one submodel in a system of computer models is suspicious (e.g. it may be biased
or inaccurate), this model may be substituted by another, more reliable model, or
simply this model may be analysed and improved.

The linked emulator makes investigation of properties of various submodels in the
system possible. Identifying weak submodels, e.g. high uncertainty models or heavily
biased models, informs scientists as to how to improve conceptual models and further
research directions.

Another part of UQ research is related to sensitivity analysis on systems of
computer models. With the linked emulator approach, one possibility is to investigate
the sensitivity of a system of simulators to uncertain inputs to the whole system itself,
instead of sensitivity to its submodels.

With closed form expressions for means, variances and covariances of the linked
emulator, such analysis can be done much faster, and optimization over the input space
becomes a feasible task. One potential direction is to combine the linked emulator
approach with recent developments on sensitivy indices Owen and Prieur (2016) and
ideas on the implementation of the sensitivity analysis using emulators Oakley and

O’Hagan (2004).

Ezperimental design for a system of computer models. 'The linked emulator approach is
well suited for sequential design of a system of simulators. Also, experimental designs
may enjoy the benefit of employing designs of submodels on smaller subspaces. These

strategies are important for parsimonious use of computational resources.
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In this thesis, elimination of large parts of design spaces has been demonstrated to
lead to efficient time and computational resource allocation. To maximize the benefit
of using the linked emulator approach to a system of computer models, strategies for
optimum design and sampling from the components of a large system of simulators

are of interest for further investigation.

Integrated modeling with a linked emulator. The proposed approach in this thesis
provides a convenient framework for so-called integrated modeling Liu et al. (2008);
Alfaro et al. (2017). Multidiciplinary models: models of natural phenomena, social
sciences models and economic models, may all need to be considered as forming a
complex system for adequate representation and analysis in such areas as urban and
rural development, energy systems engineering, water resources management and
natural hazard assessment.

One potential research direction is to investigate the ability of the proposed
framework for scenario-based modeling. This may be expected to be achieved via
flexible choice of various submodels and their fast substitution. Another direction is
to combine a linked emulator of a system of computer models with models for decision
making, possibly, multi-objecive utility models for ensuring adequate decision support

when utilizing complex systems.
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