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Abstract

We explore the interplay among probability, stochastic analysis, and dynamical sys-
tems through two lenses: (1) absolute continuity of singular stochastic partial differ-

ential equations (SPDEs); (2) Bayesian inference on dynamical systems.

In the first part, we prove that up to a certain singular regime, the law of the
stochastic Burgers equation at a fixed time is absolutely continuous with respect
to the corresponding stochastic heat equation with the nonlinearity removed. The
results follow from an extension of the Girsanov Theorem to handle less spatially
regular solutions while only proving absolute continuity at a fixed time. To deal
with the singularity, we introduce a novel decomposition in the spirit of Da Prato-
Debussche and Gaussian chaos decomposition in singular SPDEs, by separating out
the noise into different levels of regularity, along with a number of renormalization
techniques. The number of levels in this decomposition diverges to infinite as we
move to the stochastic Burgers equation associated to the KPZ equation. This result
illustrates the fundamental probabilistic structure of a class of singular SPDEs and
a notion of “ellipticity” in the infinite-dimensional setting.

In the second part, we establish connections between large deviations and a class of
generalized Bayesian inference procedures on dynamical systems. We show that pos-
terior consistency can be derived using a combination of classical large deviation tech-
niques, such as Varadhan’s lemma, conditional /quenched large deviations, annealed
large deviations, and exponential approximations. We identified the divergence term
as the Donsker-Varadhan relative entropy rate, also related to the Kolmogorov-Sinai
entropy in ergodic theory. As an application, we prove new quenched/annealed large
deviation asymptotics and a new Bayesian posterior consistency result for a class of

mixing stochastic processes. In the case of Markov processes, one can obtain ex-

v



plicit conditions for posterior consistency, when estimates for log-Sobolev constants
are available, which makes our framework essentially a black box. We also recover
state-of-the-art posterior consistency on classical dynamical systems with a simple
proof. Our approach has the potential of proving posterior consistency for a wide

range of Bayesian procedures in a unified way.
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Chapter 1

Overview

The language of dynamical systems with randomness is universal for describing the time-
evolution behavior of physical phenomena, biological processes, and numerical algorithms.
Analysis and inference on dynamical systems with randomness are of fundamental impor-
tance for driving discoveries in physical sciences, engineering, artificial intelligence, and so
on. However, many dynamical systems possess (at least) one of the two major charac-
teristics: (1) infinite dimensionality, or (2) long-range dependency. These characteristics
pose great challenges for analyzing and performing inference. In this dissertation, we try to
tackle the challenges in two problems: (1) absolute continuity of singular stochastic partial

differential equations (SPDEs); (2) Bayesian inference on dynamical systems.

1.1 Absolute continuity of singular SPDESs

In the first part of the dissertation, we consider stochastic analysis of infinite-dimensional
dynamical systems. Infinite dimensionality is prominent when we consider dynamical sys-
tems defined by partial differential equations (PDEs), because one can often view these
systems as evolution equations on function spaces, inherently infinite-dimensional. The sit-
uation becomes even more complex if we consider PDEs with external stochastic forcing
being injected, i.e., stochastic partial differential equations (SPDEs). These systems are
widely used for modeling in science and engineering, and here is an incomplete list par-
tially from [127]: fluid mechanics [111, 65|, population dynamics [47, 68|, disorder media
[114], sampling [98, 156, 99, 124|, non-linear filtering [167, 142], and quantum field theory
[45, 93, 86]. For general introductions and applications of SPDEs, we refer the readers to
43, 141, 44].

Stochastic analysis on infinite-dimensional spaces faces a number of difficulties compared
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to the finite-dimensional case. In the finite-dimensional case, one has access to the classical
Hormander’s Theorem, which essentially allows one to work with the Lebesgue measure as
the reference measure. More precisely, consider a finite-dimensional stochastic differential
equation (SDE):

dX; = b(Xy)dt + o(Xy) dWy.

The classical Hormander’s Theorem says that if the drift b and diffusion coefficient o satisfy
the parabolic Hormander’s bracket condition, i.e., a hypoelliptic condition, the law of X;
is absolutely continuous with respect to the Lebesgue measure. Now consider a semi-linear

SPDE living on some Hilbert spaces or Holder spaces:
dut = AUt + b(ut) dt +o th

When oW, is finite-dimensional, for example, when only a finite number of Fourier modes
are active, by looking at finite-dimensional projections of u:, a version of Hormander’s
Theorem can be shown [77] under an infinite-dimensional “hypoelliptic” condition for b and
o, by building on a series work in [123, 95, 96| using Malliavin calculus. However, when
oW, is truly infinite-dimensional, if we look at the whole state space of u;, the problem
of absolute continuity becomes much more subtle, because we do not have a standard
measure, like the Lebesgue measure, and a standard topology, like the Euclidean topology,
in infinte dimensions. In this part, we try to find the natural infinite-dimensional Gaussian
measure such that wu; is absolutely continuous. The Gaussian measure will play the role of
reference measure and lives in certain function space which sets the natural topology for
this SPDE. This illustrates a notion of “ellipticity” in the infinite-dimensional setting, as
initially discussed in [122, 163, 125, 126].

When the external stochastic forcing is rough in space, such as the space-time white
noise, we enter the singular SPDE regime where the nonlinear term is no longer well-
defined. More precisely, the solution u; will also be rough in space, so it will no longer be a
function but a Schwartz distribution, and multiplications of Schwartz distributions are not
classically defined. In recent years, a lot of work has been devoted to studying the well-

posedness of these singular SPDESs, starting from the classical work of Da Prato-Debussche
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[39] to the seminal work in regularity structures [92, 27, 20, 21| and paracontrolled calculus
[87, 8, 25, 7]. Different from the probabilistic theory of Itd calculus based on martingale
integrations, these theories are analytic and motivated by rough path theory [69, 70|, the
analytical counterpart of stochastic calculus. In contrast to the analytical flavor of the
singular SPDEs literature, our result brings some probabilistic flavor into the picture, as we
identify the transition density of u; with respect to an explicit infinite-dimensional Gaussian

measure.

1.2 Bayesian inference on dynamical systems

In the second part of the dissertation, we consider Bayesian inference on dynamical systems
with potentially long-range dependency. Bayesian inference is ubiquitous in learning un-
derlying parameters of the data-generating process given observed samples. The standard
procedure is usually to start with a prior distribution on the set of parameters ©. When
a sequence of samples yg, 91, - - ., y: is observed, one can derive posterior distributions on ©
based on the likelihood or a loss function. The problem of frequentist posterior consistency
is concerned with whether as more and more samples are observed, the posterior distribution

will converge to the underlying “true” parameters.

One can think of a spectrum of stochastic processes and dynamical systems given by
the order of dependency. The simpliest case is the class of i.i.d processes, where data at
every time step are independent of any other time steps, so the order of dependency is zero.
The next case is the class of Markov processes, where the current state depends on the
previous state, so it has dependency of order one. Following the same principle, one can
consider higher-order Markov processes further down in this spectrum. At the very end of
the specturm, we have deterministic dynamical systems, where the current state depends
all the way back to the initial state, since the dynamics is deterministic. The second part
of the dissertation is concerned with developing a unified Bayesian inference framework for

this whole spectrum of stochastic processes and dynamical systems.



Most of the existing literature on posterior consistency focuses on very specific cases of
the underlying data-generating processes and Bayesian procedures, for example, Bayesian
binary regressions with uniform mixtures [35] or Gaussian processes [79|, density estima-
tions with logistic Gaussian processes [157] or Dirichlet mixtures [78], and hidden Markov
models [58, 159]. Each case is treated with many ad hoc arguments that do not general-
ize, which limits the applicability. In addition, very few posterior consistency results exist
for dynamical systems that involves potentially long-range dependency. It was unclear how
posterior consistency connects with other well-studies properties of dynamical systems, such

as mixing conditions.

To improve the aforementioned drawbacks of the current literature, we develop a large
deviation framework for posterior consistency for general dynamical systems. We show
that by standard arguments in large deviation theory, one can derive posterior consistency
based on mixing properties of dynamical systems. We identify the divergence term as the
Donsker-Varadhan relative entropy rate, which governs the large deviation asymptotics of
the posterior distributions. To illustrate the power of our framework, we prove Bayesian
consistency for a class of mixing stochastic processes [32] that were not covered by exist-
ing approaches. Along the way, we establish new quenched and annealed large deviation
asymptotics for this class of mixing stochastic processes. One can derive natural sufficient
conditions based on mixing properties. In the special case of Markov processes, the mixing
properties can be verified if one has uniform estimates on the log-Sobolev constants. As a
result, whenever there is new progress in estimating log-Sobolev constants, posterior consis-
tency will follow, which makes our framework essentially a black-box tool. Also, we recover
the-state-of-art result [129] of Bayesian inference on dynamical systems with a much simpler

argument.



Chapter 2

The Gaussian Structure of the Singular
Stochastic Burgers Equation

2.1 Introduction

The lack of one, distinguished standard Borel topology, with its associated Lebesgue mea-
sure, is the source of many differences between stochastic dynamics in finite and infinite
dimensions. It is typical for the law of a stochastic ordinary differential equation to have a
transition law that is absolutely continuous with respect to the Lebesgue measure. In finite
dimensions, the equivalence of transition densities is the norm while in infinite dimensions
it is the exception. Of course, this fact is at the core of the difference between ordinary and
partial differential equations. In the stochastic setting, it produced additional difficulties,
as many of the classical ideas such as ellipticity, smoothing and transition densities, are tied

to the existence of a Lebesgue measure.

Here, we provide an analysis showing when there is a preferred topology whose associ-
ated Gaussian measure plays the role of the Lebesgue measure in infinite dimensions. We
study the stochastically forced Burgers equation in a singular regime and show that the
distribution of the dynamics at time ¢ is mutually absolutely continuous with the Gaussian

measure associated with linear dynamics where the nonlinear term has been removed.

In the infinite-dimensional setting, if one only considers finite-dimensional functionals of
the solution (such as the evaluation in a space-time point), existence of densities with respect
to the natural reference measure — again the Lebesgue measure — has a large literature,
mostly related to Malliavin calculus. Here we point out, for instance, to the monograph
[149] and the recent paper [113] that contains a more thorough literature review, or the
papers [123, 96, 77|. In particular, the setting in [123, 96, 77| is orthogonal to ours, as the

authors there consider equations driven by finite-dimensional Wiener processes, while our
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equation is very singular with a stochastic forcing that is nondegenerate in all directions.
Through that lens, these papers are dealing with the hypoelliptic setting but only answering
finite-dimensional questions about any transition densities, while this paper considers what
might be called the truly elliptic setting where the structure of the stochastic forcing sets
the relevant topology, and hence the reference measure, for the full infinite-dimensional
setting (see [122] for a broader, although dated, discussion of this). We also point out that
[76] proves existence of density for finite-dimensional projections of the ®3 measure. In
partular, this work focuses on the singular regime like us, but it does not consider the full

infinite-dimensional setting.

Much more substantial literature is devoted to the same problem (in a smoother regime)
at the level of path measures, thanks to the Girsanov Theorem. We point out, for instance,
to the monograph [41]|. There is strong evidence that that approach is not directly applicable

to our setting.

The first works we are aware of that consider the problem we are interested are [40, 125].
In [40] equivalence is proved for invariant measures and, via the strong Feller property,
the solution at fixed times. This work takes a different tack, leveraging the Time-Shifted
Girsanov method contained in [125, 126], and in a more consistent presentation in [163].
Those works are the starting point for this investigation, but we will see that significant

work is required to extend to the singular setting.

In the case of rough but sufficiently smooth forcing when all of the objects are classically
defined, the Time-Shifted Girsanov method contained in [125, 126, 163] can be applied to our
setting. As the roughness increases, we decompose the equation into an increasing number
of levels of equations, and some stochastic objects in some levels require renormalizations
in the sense of [91, 87, 88, 135, 25]. The additional levels of decomposition are driven
by our need to prove absolute continuity and not by the need for renormalizations in the
sense of singular SPDEs. The analysis further illuminates the structure of the equations
by underlining structural changes that occur as the roughness increases. In particular, the

KPZ equation (in Burgers equation form) presents itself as a boundary case just beyond the



analysis of this paper. There is strong evidence that this relates to a fundamental change
in the structure of the equation in the KPZ setting.

If the KPZ is the boundary case, it is still open whether our results extend to that
case. When the forcing is precisely the spatial derivative of the space-time white noise, the
invariant measure is Gaussian. However, it is unclear if any Gaussian structure persists if
the structure of the noise is perturbed. Since the semigroup in that setting is known to be
Strong Feller in the KPZ case [94] even with more general forcing, we know that the failure
of our results to generalize will not be because of the appearance of a rough, random shift
outside of the needed Cameron-Martin space of admissible shifts as in [12|. (See [38] and
Sections 2.3.2 and 2.5.1.) In [12], the authors prove the singularity of the ®; measure with
respect to the Gaussian free field and absolute continuity with respect to a random shift of
the Gaussian free field. A similar result is also established for the @% measure in the work
[136].

Additionally, we believe that establishing absolute continuity of the dynamics with re-
spect to a Gaussian reference measure will open additional perspectives and approaches
to analyzing these rough SPDEs. Finally, we mention that in [14], the authors prove a

connection between a nonlinear problem and a linear problem.

2.2 Main result

Consider the stochastic Burgers equation on T = [0, 2] with periodic boundary condition:

where A = —04y, £ = 0 + A, B(u,v) = 0z(uv), and we write B(u) := B(u,u). Also, W
is a cylindrical Brownian motion on L?(T). Since A is a positive, symmetric operator on
functions in L?(T) with mean zero in space, we can define A9 for any § € R by its spectral
decomposition. Assume that Q ~ A%/2 for some a € R, where we write Q ~ A%/2 for some
S € R when A and Q have a common eigenbasis and A~?QQ* is bounded with bounded

mverse.



We denote by e *4 the semigroup generated by —A. The use of the notation Zu; on
the left-hand side of (2.2.1) is meant to be both compact and evocative of the fact that we
will consider the mild or integral formulation of the equation. Namely, if ug is the initial

condition, then u solves

¢ ¢
up — e g = / e~ ()4 B (u,)ds —I—/ e (t=94Qaw, . (2.2.2)
0 0

Based on the assumption on ) and the structure of the equation, if ug has spatial mean zero,
all terms in the equation will have mean zero, which is in consistency with the domains of
A% and e *4. We will consider the setting when Q ~ A% fora < 1, with particular interest
in the case of «a close to 1.

We will see that when a < 1, local solutions exist in the Holder space G- up to a
stopping time 74 that is almost surely positive for initial conditions in C” for v > —1.'When
a < %, standard energy estimates guarantee the existence of a unique global solution (that
is Too = 00 almost surely). When o > %, the solution is no longer a function and extra care
needs to be taken as it is a priori possible that 7., < oo with positive probability.

Because in the settings of primary interest, global solutions are not assured, we will
extend our state space to include an isolated “death” state, denoted by &, and define
u; = & when t > 7. This also has the advantage of underscoring the applicability of these
ideas to equations with explosive solutions. With this in mind, we will extend state space
to include the death state by defining C# = C% U {&}. We extend the dynamics by setting
u; = & for all ¢ > 0 if ug = &. To state our main results we define the Markov transition

semigroup Py by

(Pt¢) (UO) = Euo qb(Ut),

where ¢: C(3-®7 5 R is a bounded measurable function. This extends in a natural way
to a transition measure Pi(ug, K) = (Pili)(uo) = Py, (us € K) for measurable subsets K

of CG=™ and to the left action of probability measures p on C' (3-0)” by

[ Pib = / (Prs) (w)p( ).

LA formal definition of the function spaces used is given at the start of Section 2.4.
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Our main result will show that, at a fixed time ¢, the law of the random variable

u; on the event {7o > t} is absolutely continuous to the law of the Ornstein-Uhlenbeck

process obtained by removing the non-linearity from (2.2.1). In other words, if we define
Qi(20, K) = P, (2 € K) where

Lz = QdWy, (2.2.3)

then we have the following result which will follow from more detailed results proved in

later sections.

Theorem 2.2.1. For any a < 1, t > 0, and any ug, 20 € C7 with v > —1 and zero spatial
mean, Py(uo, - ) ~ pQi(z0, - )+ (1 —p)Lligy(+) 2 where p = Py, (7o > t). In other words,
the law of ug, conditioned on non-explosion by time t, is equivalent as a measure to the law

of z¢ when uy and z start from ug and zo respectively.

Remark 2.2.2. The absolute continuity given in Theorem 2.2.1 implies that any almost
sure property of the Gaussian measure Qu(zo, - ) is shared by Pi(ug, - ). For example,
the spatial Hélder regularity or the Hausdorff dimension of spatial level-sets or solutions of

(2.2.1) are the same as those of (2.2.3). See [5] for results along these lines.

Unfortunately, our methods are not (yet!) powerful enough to cover the case & = 1. We
remark though that with a little effort, and the help of [94], one can prove that, at least
when the diffusion operator in equation (2.2.1) is Q = 0, ~ A%, the law of the solutions of
eq. (2.2.1) and of eq. (2.2.3) at each fixed time are both equivalent to the law of white noise.
Indeed, by [94], the transition semigroup of eq. (2.2.1) is strong Feller. If one assumes that
the transition semigroup is irreducible, then by a theorem of Khasminskii (see, for instance,
[42]), transition probabilities are equivalent. The final part of the argument is, again by
[94], that white noise is invariant for the semigroup. We do not know if equivalence holds

beyond the case @ = 0,.

2Here p ~ v signifies that the two measure are mutually absolutely continuous with respect to
each other. That is to say, p < v and v < u, where v < p means v is absolutely continuous with

respect to p.



2.3 Central ideas

We will now give the central arc of three different (but related) arguments which can prove
Theorem 2.2.1. Though there is overlap in the arguments, we feel each highlights a particular

connection and helps to give a more complete picture.

2.3.1 First decomposition

The core idea used to prove Theorem 2.2.1 is the decomposition of the solution of (2.2.1)
into to the sum of different processes of increasing regularity. In (2.2.1), the smoothness of
solutions is dictated solely by the stochastic convolution term, namely the last term on the

right-hand side of (2.2.2).

We begin by taking the stochastic convolution as the first level in our decomposition.
This first level will be fed through the integrated nonlinearity, namely the first term on the
right-hand side of (2.2.2). We will then keep only the roughest component and use it to
force the next level in our hierarchy. At each level, we will include a stochastic forcing term
which, though smoother than the forcing at the previous level, will be sufficiently rough to
generate a stochastic convolution which is less smooth than the forcing generated by the
previous level through the nonlinearity. Eventually, we will reach a level where the terms

in the equation can be handled by classical methods, and the expansion terminated.

More concretely, fixing number of levels n, n € N, we begin by positing the existence of

process X© . X and remainder term R so that

w25 XY 4 R, (2.3.1)
1=0
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where == denotes equality in law. We define the terms in this expansion by

)
2x0 = Quaw ),
2xM = B(xMydt + Quaw Y,
2x® = (B(x["V) = B(X["))dt + Qaaw,?,

2x® = (B(x"?) = B(X"Y))dt + Qsaw?, (2.3.2)

2x™ = (B(x*" D) = B D)) dt + Qudw ™,

2R = (B(X™ + RM™) — B(X*" ")) dt + QndW ™,

where the Q1,...,Qn, @n are a collection of linear operators, the Wt(o), ey Wt(n), Wt(n) a

collection of standard, independent, cylindrical Wiener processes, and

Xt(m,n) _ zn: Xt(z)’

with Xt(o’_l) = Xt(o,—z) = 0. If we choose Xéo) =...= X(()n) =0 and R(()n) = ug and require
Q@5 + QiQi + -+ + QuQ;, + Qn@) = QQ, (2.3.3)
then
QW = Q" + Zn: QW (2.3.4)
k=0

and, at least formally, the condition given in (2.3.1) holds. To make the argument complete,
we need to demonstrate that each of the equations in (2.3.2) is well-defined and has at least
local solutions. The number of levels n will be chosen as a function of a. The closer « is to
one, the more levels are required.

Notice that because of (2.3.4), which followed from (2.3.3), the stochastic convolution

from (2.2.2) satisfies

t o n
2= etz + /0 e~ =AQaw, = ZW + N zM | (2.3.5)
k=0

11



where
22% = 0uaw®  and 2Z™ = QpdW™ (2.3.6)

with initial conditions Z(SO) = ... = én) = 0 and Zén) = z9. It is worth noting that
Zt(o) = Xt(o) and that all equations, but Rgn), are “feed-forward” in the sense that the
forcing drift B(Xt(o’k_l)) - B(Xt(o’k_Q)) in the k-th level is adapted to the filtration ]-"t(k_l) =
O'(Ws(j) :j < k—1,s <t). In this sense, conditioned on ]-"t(kfl), Xt(k) is a forced linear
equation with both stochastic and (conditionally) deterministic forcing. This in turn implies

that conditioned on Fék_l), Xt(k) is a Gaussian random variable.

We will prove Theorem 2.2.1 by showing, for any fixed t >0 and all k =1,...,n, 3

LaW(Xt(k) | ft(kfl)) ~ Law(Zt(k)) a.s., and )
N (2.3.7
Law(R,En) | Too > t,]-"t(n)) < LaW(Zt(n)) a.s. .

We will see in Section 2.6.1 that the random existence time of R(™ is almost surely equal to
that of u and hence we will use 7 in both settings. We will show in Section 2.6.2 how this
sequence of statements about the conditional laws combined with the structure of (2.3.2)

will imply Theorem 2.2.1.

Remark 2.3.1. We have chosen to structure the initial conditions in (2.3.2) with X(()O) =
= Xén) =0 and R(()n) = ug. This is solely for convenience, as a number of the estimates

for the Xt(k) and Zy are simpler to develop without the mild complication of initial conditions.

We could have just as easily taken X(()O) = ug and the rest zero or Rén) =0 and Xéo) =...=

X(gn) = %UO-

2.3.2 Second decomposition

Accepting the result of (2.3.7) from the previous section, it might seem reasonable to replace

the instances of Xt(j ) in (2.3.1) with Zt(j ). This would have a number of advantages. One is

3Given a random variable X and a o-algebra F, we write Law(X | F) for the random measure
defined by Law(X | F)(A) = E(14(X) | 7). When F is not the trivial o-algebra, randomness

will remain, and one typically requires that properties of Law(X | F) hold only almost surely.
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that the Zt(j ) are explicit Gaussian processes which will simplify the rigorous definition of
some of the more singular terms in the decomposition. Additionally, it will emphasize the
relationship between the Xt(j ) construction in (2.3.1) and the tree constructions developed
in analysis of singular SPDEs (such as [91, 135, 88]), which is driven by isolating the singular
objects in the solution.
Motivated by this discussion, we now consider the expansion
n
u E SV 45, (2.3.8)
i=0

where
2v, 0 = Qoaw”,

2vV = B(Z")dt + Qawy",
2Y® = (B(Z"Y) - B(z"V))dt + QodW?,

2V — (B2 - B(Z"V))dt + Qzaw?, (2.3.9)

2y = (BZ" ) = Bt + Qua”,

28M = (B + 5™y = Bz ) dt + Quaw ™,

and the @Q)’s are again as in (2.3.3) and
n .
7 =320,
i=m

with Zt(l), cee Zt(n) again defined by (2.3.6). Again we take YO(O) = ... = Yo(n) = 0 and
S(()n) = up where uy was the initial condition of (2.2.1).

Although in many ways we find the X expansion in (2.3.9) more intuitive and better
motivated, we will find it easier to prove Theorem 2.2.1 for the Y expansion in (2.3.9) first.

We will then use it to deduce Theorem 2.2.1 for the X expansion in (2.3.2).

More concretely, we will begin by proving that for each k < n,
LaW(Yt(k) | ft(k_l)) ~ LaW(Zt(k)) a.s., and
_ (2.3.10)
Law(St(n) |t < Too, ]:t(n)) < LaW(Zt(n)) a.s. .

13



Then we will deduce that for k=1,...,n,

Law(Xt(k) ] ffk_l)) ~ LaW(Y;(k) | ft(k_l)) a.s., and
(2.3.11)

Law(R\" | 7o > t, ") < Law(Z\") a.s..
By combining (2.3.10) with (2.3.11), we can deduce that (2.3.7) holds.

There is no fundamental obstruction to proving (2.3.7) directly, as it essentially requires
the same calculation as proving (2.3.11). Similarly, we could have directly proven (2.3.7)
before (2.3.10); however, along the way we would have collected most of the estimates needed
to prove (2.3.10). We hope that proving all three statements, namely (2.3.7), (2.3.11), and

(2.3.10), will help show the relationship between different ideas around singular SPDEs.

Remark 2.3.2. The careful reader has likely noticed that the absolute continuity statements
in (2.3.7), (2.3.11), and (2.3.10) are stated only at a fized time t and not on the space of
trajectories from 0 to t. Hence one is not free to prove the result for the Y expansion by
simply replacing the X with Z in (2.3.2) by a change of measure on path-space to obtain
(2.3.9). There is strong evidence that Z is not absolutely continuous with respect to X on
path-space since the conditions we are checking are optimal in finite dimensions. It is of
course possible that our estimates are suboptimal. See Remark 2.5.7 for a discussion of
optimality. Fven though we cannot prove absolute continuity on path-space, we will show
that Y and X satisfy a modified version of absolute continuity on path-space relative to Z

that will imply (2.3.11).

2.3.3 Cameron-Martin Theorem and Time-Shifted Girsanov
Method

The Cameron-Martin Theorem and the closely related Girsanov’s Theorem are the classical
tools for proving two stochastic processes are absolutely continuous. Both describe when a
“shift” in the drift can be absorbed into a stochastic forcing term while keeping the law of
the resulting random variable or stochastic process absolutely continuous with respect to

the original law.
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More concretely, to prove (2.3.10), we will absorb the drift terms on the right-hand side
of the equations for Yt(l), . ,Yt(n), St(n) into the stochastic forcing term on the right-hand
side of the the same equation. In the case of the Cameron-Martin Theorem, this absorption
is done using the integrated, mild form of the equation, analogous to (2.2.2). The resulting
expressions are identical in form to the analogous Z expressions implied by (2.3.6). The
Girsanov Theorem proceeds similarly as the Cameron-Martin Theorem, but the drift is
removed instantaneously at the level of the driving equation and not in an integrated form
as in the Cameron-Martin Theorem. We will see that this leads to both stronger conclusions
and a need for stronger assumptions in order to apply the Girsanov Theorem.

In [125, 126, 163], Girsanov Theorem was recast by shifting the infinitesimal perturbation
injected by the drift at one instance of time to a later instance. By shifting the drift
perturbation forward in time by the flow e *4, it is regularized in space. This regularized,
time-shifted drift can then be compensated by the noise at the later moment of time,
thereby extending the applicability of Girsanov’s Theorem. This extended applicability will
be critical to our results. The price of the extended applicability is that only a modified form
of trajectory-level absolute continuity is proven, which nonetheless is sufficient to deduce
absolute continuity at the terminal time of the path. We have dubbed this approach as the
TIME-SHIFTED GIRSANOV METHOD. A full discussion with all of the details is provided in

Section 2.5.3.
2.3.4 Gaussian regularity

When applying either the Cameron-Martin Theorem or the Time-Shifted Girsanov Method,
there is a tension between the roughness of the stochastic forcing, set by ) ~ A%, and the
roughness of the drift term on the right-hand side of the k-th equations. The gap between
these regularities cannot be too big. Hence, it is critical to understand the regularity of the
solutions and the drift term involving the nonlinearity B.

When o < %, we will see that the Time-Shifted Girsanov Method can be applied directly

to (2.2.1) to obtain the desired result following the general outline of [126, 163]. When

1

a € [3,1), the multi-level decomposition from (2.3.2) and (2.3.9) will be required to make
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sure the jump in regularity between the stochastic forcing in an equation and the drift to

be removed is not too large.

The reason for this change at o = % is fundamental to our discussion. When a < %, the
product of all of the spatial functions f and g contained in B(f, g) is well-defined classically
as the functions will have positive Holder regularity. Hence, pointwise multiplication is well-
defined. When o > %, we must leverage the Gaussian structure of the specific processes
being multiplied and a renormalization procedure to make sense of the product of some of
the terms in B(f,g). When a € [%, %), through these considerations, we will always be
able to give meaning to B(f,g) at each moment of time in all of the needed cases. When
o€ [%, 1), at times we must consider the time integrated version of the drift term from the
mild formulation (analogous to the second term from the right in (2.2.2)) and leverage time

decorrelations of the Gaussian process to make sense of the nonlinear term in its integrated

form J(f,g): defined in (2.4.4).

2.3.5 Relation to trees and chaos expansions

We now briefly explore the relationship between tree representations of stochastic Gaussian
objects from [91, 135, 88] and this work, in a heuristic way. One way to view the trees in
those work is to consider the expansion one obtains by formally substituting the integral
representation of z given in (2.3.6) back into the first integral term on the right-hand side
of (2.2.2). Repeated applications of this is one way to develop an expansion of the solution
uz in terms of finite trees of z with a remainder. These tree representations of stochastic
objects are key to the analysis in those works. We will later see that the drift terms of
(2.3.9) can be decomposed into some of the same trees of z.

We push the idea of tree expansions further by grouping the trees formed by Z with
different regularity, and adding an extra stochastic forcing at each level. Here, looking back
at (2.3.5), as we have subdivided our noise into n levels (Z(M, ..., Z(™) and one remainder
term (2 (”)), we have a tree-like expansion mixing the Gaussian inputs of different levels.

This work can be viewed as giving a more refined analysis of the stochastic objects in (2.2.1),
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since we finely decompose the noise into Gaussian processes of different regularity. We will
see that our eventual assumptions on the Q’s will imply that the regularity of the Z®*)

increases with k.

Note that the drift in each equation of (2.3.2) and (2.3.9) can be expanded fully in
terms of the sum of trees of the Z’s. Hence, we can understand the drifts in (2.3.2) and
(2.3.9) as two different groupings of a subset of the tree objects from this expansion. We
group them at each level in these two ways such that their regularity allows the use of the
Cameron-Martin Theorem or the Time-Shifted Girsanov Method at that level. Clearly this

grouping is not unique, but it makes analysis based on regularity more straightforward.

Finally, we want to note that a series of recent work [118, 116, 139, 117| develop a
tree-free approach to the theory of regularity structures. Intuitively, the authors consider a
greedier approach of grouping the stochastic objects indexed by trees in a way that is more
appealing to analysts, and the resulting index set are consisting of multi-indices. Each multi-
index B corresponds to a partial derivative with respect to the coefficients of a power series
representation of the nonlinearity, and each f is associated to a homogeneity || dictated by
the inherent scaling of the equation. Since our approach is also a greedier grouping grouping
of the stochastic objects, it is of great interest to further investage potential connections

between their grouping and ours.

2.4 Preliminaries

We now collect a number of estimates and observations that will be needed to prove the
versions of Theorem 2.2.1 based on the expansion across noise levels given in (2.3.2) and
(2.3.9). We start by setting the function analytic setting in which we will work and recalling
some basic estimates on the operator A and the semigroup it generates. We then discuss
the stochastic convolution, the regularity of solutions (2.2.1) and the equations in (2.3.2)

and (2.3.9).
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2.4.1 Function spaces and basic estimates

We shall denote by C7, v € R, the separable version of the Besov-Holder space B oo(T) of
order 7, namely the closure of periodic smooth functions with respect to the B, o norm.
See Appendix A.1 for some details about Besov spaces. If f € C7, we will say that f has

(Holder) regularity . We will write C7~ for the intersection of all of space C® with 8 < 7.

4

Given a Banach space X of functions f(x) on T, we will write C7X for the space of
time-dependent functions f(¢,x) on [0,7] x T such that for each t € [0,7T], f(¢, - ) € X and
as s — t we have that || f(s, - ) — f(t, - )||x — 0. We will endow this space with the norm

Ifllerx = sup [[f(t, - )lx-
t€[0,T]
Typical examples we will consider are CrC? and CpL2. If f € CpC?, we will say that f has
(Holder) regularity « (in space). For convenience, we will write CpC?  for the intersection

of all of the spaces C7C? with § < 7.

As we are interested in solutions that might have a finite time of existence, we will
introduce the one-point compactification of C¥, C' = C7 U {®}. C” is a topological space
where the open neighborhoods of & are given by {u € C7 : |Ju|cv > R} for R > 0. With a
light abuse of notation, we will write C7C’ to mean the space of all continuous functions on
0, 7] taking values in C'. We do not place a norm on C7C’ and view it only as a topological
space. Observe that if u € C7C' and 7 € (0, 00] such that for t € [0,T), us = & if t > 7
and u; € C7 if t < 7, then for all ¢t € [0,7] N [0,7), u € C;C” because u is continuous in
C'. We feel this justifies the notation C7:C' for continuous functions on C? even though the
space is not endowed with the supremum norm. Additionally, because of our choice of open

neighborhoods of &, if 7 < co then |ug|jcv — 0o as t — 7. Again, we will write C7C’  for

the intersection of all of the spaces CT@ﬁ with 8 < .

We collect a few useful properties of A and its semigroup in the following proposition.

4Notice that this definition does not coincide with the classical definition of Hélder spaces for

integer values of the index. See Remark A.1.3.
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Here and throughout the text, we write a < b to mean there exists a positive constant ¢
so that a < ¢b. When the constant ¢ depends on some parameters we will denote them by
subscripts on <. We will write 2 when the reverse inequality holds for some constant and

~ when both < and 2 hold (for possibly different constants).

Proposition 2.4.1. For vy € R, 9, : C¥ = C'" " and A : C7 — CY~2 are bounded linear

operators. Additionally, if 6 € R with v < § then
le " flles S 2O fller and (| AZe A l|pa S 207D A3 1o (24.1)
In particular, for any e > 0 and 0,t > 0,
|42 flle S 1142 fllee S 42079 fler (24.2)
Using these estimates, one can obtain the regularity of the solution z; of (2.2.3).

Remark 2.4.2 (Regularity of Stochastic Convolution). Using the results (2.4.1) and some

classical embedding theorems, we have that if
t
2z = / e~ (0AZ qw,, (2.4.3)
0

with Z ~ A3 (and hence is a mild solution of £z = ZdWy), then ||zt]lcv < oo uniformly
on finite time intervals for all v < % — 3. More compactly, z € th(%—é)— for anyt >0

almost surely.

Given the structure of the nonlinearity B, we are particularly interested in the properties
of the pointwise product of two functions. We now summarize the results in the classical

setting and recall the results in the Gaussian setting.

Remark 2.4.3 (Canonical Regularity of Gaussian Products). It is a classical result that if
f el and g € C, then their product is well-defined if § +~ > 0 with fg € C This can
be summarized more completely in the statement that the pointwise product (g, f) v— gf is
a continuous bilinear operator between CY x C° to C if v+ > 0.

When f € C° and g € CY with v+ 6 < 0, there is no canonical way to define the

product. A critical observation for this work, and most of the recent progress in singular
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PDEs [91, 87, 135, 88, 25/, is that even when v+ § < 0 one can often define the product
in B(f,g) via a renormalization procedure to have the canonical reqularity by leveraging the
particular Gaussian structure of f and g. We will see that this is not possible in the needed
cases when v + 9§ < —%. However, we still can make sense of B(f,g) convolved in time
with the heat semigroup, by leveraging the specific structure of the time correlations of the

specific f and g of interest.

With this fact about Gaussians in mind, we make the following definition to simplify

discussions.

Definition 2.4.4. Given f € C° and g € C7, we will say that the product fg has the
CANONICAL REGULARITY if it is well-defined, possibly after a renormalization procedure,

with fg € C" where r =~y Ad A (7 +90).

2.4.2 Regularity of the mild form of the nonlinearity

Looking back at (2.2.2), we see that the nonlinearity B integrated in time against the
heat semigroup (namely the first term on the right-hand side of this equation) will be a
principal object of interest. We now pause to study the main properties of this object,

while postponing some more technical considerations to the Appendix.

In the sequel, it will be notationally convenient to define the bilinear operator J(f, g):

by
t
Hfaghi= [ B g0 ds (2.4.4)

and J(f)e = J(f, -

Remark 2.4.5 (Canonical regularity of J). If f € C:CY and g € C;C® with v+ 6 > 0, then

B(f,g) € C,C"Y where r =y A& A (v + 8), which implies that

t t
(i—s 1
1T(f, 9)elles S / le™ 1B (£, go)lles ds S 1 fallower / o ds.
0 0 (t—s)2fr+D
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Here we have used the estimate from Proposition 2.4.1. Since this last integral is finite
when %(ﬁ —r+41) < 1, we deduce that § < v+ 1, implying that J(f,g); € CUtD™ where

r=vA0NA(y+9).

As mentioned in Remark 2.4.3 (and proved in Section 2.7), we can prove that product
fg is well-defined with canonical regularity in the specific examples needed in this work,
when f € C,CY and g € C,CP with v+ § > —%. However, we will show in Section 2.7 that
when ~v+4§ > —%, J(f,g) is well-defined with J(f,g) € C;:C+)™ where r = yAS A (y49),

even though the product fg might not be well-defined with its canonical regularity.

Definition 2.4.6. Given f € C;C° and g € C;C7, we will say that J(f,g) has the CANON-
ICAL REGULARITY if J(f,g) is well-defined (possibly via a renormalization procedure) with

J(f,g9) € C,Cr Y™ where r =~y A S A (v +9).

Remark 2.4.7 (J regularizes in our setting). Looking at (2.2.1), it is relevant to understand
when the map f — J(f): produces an image process that is more regular than the input
process f. Assume that we are in the setting where J(f); has the canonical reqularity. Then
J(f)e will be smoother if f € CY withy <~vy+1ifvy >0 andy < 2y+1 ify <0. Thus, J is
always reqularizing when applied to functions of positive reqularity, and it will be reqularizing
in the canonical setting for a distribution of negative Holder regularity greater than —1. We

will always find ourselves in one of these two settings.

Building from the above, it is also relevant to understand how the reqularizing effect of J
interact with products. More specifically, later we need to compute the reqularity of sums of
terms that are essentially like B(z,2"), B(J(z),z), B(J(z)), and so on, where 2z’ is another
Ornstein- Unlenbeck process with positive Hélder reqularity. In our setting, we will see that
a term like B(z,2') is the least reqular term, which dictates the canonical reqularity of the

sum, while all other terms with more J’s involved are more regular.

The regularizing nature of J highlighted in Remark 2.4.7 is closely related to the use of
fixed point methods to prove the existence and uniqueness of local in time solutions with

the needed regularity. This is explored further in Appendix B.1.
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2.4.3 Regularity of solutions

We now turn to the regularity of the Burgers equation (2.2.1) and those in our decompo-
sitions (2.3.2) and (2.3.9). Most of the equations are forced linear equations except for the
remainder equations R; and S; and the original Burgers equation (2.2.1). While the follow-
ing discussion will be illuminating in these later cases, it is most directly applicable in the
setting of forced linear equations. A complete treatment in the nonlinear setting (namely
R, S; and (2.2.1)) involves a fixed point argument which we postpone to Appendix B.1.
Nonetheless, the discussion in this section will still be illuminating to these cases while
focusing on the forced linear equation setting.

We begin by studying a more general equation which can subsume most of the equations
in our decompositions (2.3.2) and (2.3.9). Since all of the forcing drift terms on the right-
hand side of the equations are a finite sum of terms of the form B(f,g) for some f and g,

it is enough to consider the more general equation
.,vat = B(ft, gt)dt + = th y (245)

for some given f € CyCY and g € C4C% and = ~ AP/ for some 8,7 € R. All of the forced

linear equations of interest are a finite sum of equations of this form.

The solution to (2.4.5) with initial condition vy is given by
ve = e oo+ J(f,9)i + 2,

where now z; is the stochastic convolution solving (2.4.3) and J is again defined by (2.4.4).
We will assume that f and g are such that J(f, g); has the canonical regularity in the sense
of Definition 2.4.6.

For any t > 0 and any reasonable vy, e "*4vg € CP for all b € R. Hence, the first term will
not be the term that fixes the regularity of the equation, and either J or z will determine
the maximal regularity of the system.

By Remark 2.4.2; the stochastic convolution z € C’tc(%_ﬂ)_. By Definition 2.4.6, we

have that J(f,g) € C;C"*+D™ where 1 = v A6 A (y 4+ ). Hence the regularity of the
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solution will be set by the stochastic convolution z to be CtC(%f’B)f if r > % — . We will
arrange our choice of parameters so that the equations (2.3.2) and (2.3.9) will always satisfy
this condition. Hence, the equations will always have their regularity set by the stochastic

convolution term in the equation. With this motivation, we make the following definition.

Definition 2.4.8. We say that an equation of the general form (2.4.5) has CANONICAL
REGULARITY if vy has the same Holder regularity as the associated stochastic convolution z

uniformly on finite time intervals.

The above considerations are also relevant to assessing the regularity of the remaining
equations in (2.3.2) and (2.3.9) as well as the original Burgers equation. Observe that the

solution to (2.2.1) can be written as

up = e Mg + J(uw); + 2,

17

where z; solves (2.2.3). Since Q ~ A%/2 we know from Remark 2.4.2 that z € C,C(27%)".
Since we are interested in o < 1, we have that % —-—a > —%. In light of Remark 2.4.7,
we see that u; has the same regularity in space as z; then J(u); will be more regular in
space (assuming we can show that J(u); has the canonical regularity dictated by u). Hence,
it is expected that in our setting the regularity of (2.2.1) will be set by the regularity of

1
37a)

the stochastic convolution term so u € C,C! . For more details, see the discussion in

Appendix B.1.

2.5 Absolute continuity of measures

We now turn to the main tools used to establish the absolute continuity statements required

to prove Theorem 2.2.1 as outlined in Section 2.3.2.

Whether at the level of the Burgers equation (2.2.1) or when considering one of the

levels in the expansions in (2.3.1) or (2.3.8), we are left considering when the law of v; is
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equivalent with respect to the law of z; where

X’Ut == Ftdt+Eth,
(2.5.1)
gzt == th .
Here = ~ AP/2 for some 8 € R, and F; is a continuous (in time) stochastic process with
the space regularity to be specified presently. We always assume that F; is adapted to some
filtration to which W; is also adapted. In some instances, it is possible that F'is independent

of W.

When all of the terms are well-defined and zy = vy, observe that v; = z; + hy where

t
hy = / e (=94, ds. (2.5.2)
0

2.5.1 The Cameron-Martin Theorem

The Cameron-Martin Theorem gives if and only if conditions describing when the Law(z;)
is equivalent to Law(v;), with vy = z; + hy, for a fixed time ¢ and a deterministic shift hy.
If = ~ AP/2, then the covariance operator of the Gaussian random variable z; is (up to a
compact operator) A°~!. Then Cameron-Martin Theorem requires that HA¥ hel|z2 < o0
(see |38, Theorem 2.8|). If F} is random but independent of the stochastic forcing Wi, then
we can still apply the Cameron-Martin theorem by first conditioning on the trajectory of F.
This produces the following sufficient condition for absolute continuity, which is a version

of the classical Cameron-Martin Theorem adapted to our setting.

Theorem 2.5.1 (A version of Cameron-Martin). In the setting of (2.5.1) with zy = vy,
let Gy be a filtration independent of the Brownian forcing Wy. Let hy be as in (2.5.2) and
adapted to Gy. If for some t > 0, ||A% hi||2 < oo almost surely, then Law(z; + he | Gi) is
equivalent as a measure to Law(z;) almost surely. In particular, it is sufficient that hy € CY

almost surely for v+ 8 > 1.

Remark 2.5.2. If F = B(f,g) for some f € C:C7, and g € C:C® such that J(f,g); has
canomnical regularity then hy = J(f,g): € CUtD™ where r = v AS A (v + 68). Hence, the

condition in Theorem 2.5.1 becomes r+ =~y ANdA(y+6)+ 8> 0.
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Notice that this remark extends to the setting where
F=>"aB(f%,¢") (2.5.3)

for some ¢; € R, ) € C,CY% and ¢\) € C,C% where r; = v; A S; A (vi 4+ d;) and the condition

on the indexes becomes r + > 0 with r = min r;.

Remark 2.5.3. Theorem 2.5.1 immediately extends to the setting where vy = z¢ + hy + k¢
and both hy and k; are adapted to G with hy satisfying the assumptions of Theorem 2.5.1.
Then the Law(zy + hy + ki | Gi) is equivalent as a measure to the Law(z; + k¢ | Gt) almost

surely.
Remark 2.5.4. The condition that zg = vg is only for simplicity and not needed.

Proof of Theorem 2.5.1. Without loss of generality, we can take zg = vg = 0 since the effect
of the initial condition cancels out when looking at the difference between z; and vy. Since hy
is adapted to G;, we can apply the classical Cameron-Martin Theorem with h; considered as
deterministic by conditioning. A direct application of the Itd isometry to (2.4.3) shows that
z¢ from (2.5.1) has covariance operator C; = [ e~ (=9)Agzre~(=9)Aqs Because = ~ AP/?,
we have that C; ~ (~7t = fo e~ (t=5)A pBe=(t=5)Ags  Hence, the classical condition from the
Cameron-Martin Theorem that ||C’t% ht]| 12 < oo is equivalent to HA% ht|| 12 < co. Since this
condition is assumed to hold almost surely, the classical Cameron-Martin Theorem implies
that Law(z; + hy | o(hs : s < t)) is equivalent as a measure to Law(z;) almost surely.
Since (W5 : s < t) is independent of G;, we have that the complement of o(hs : s < t)
in G; is independent of the random measure Law(z; + hy | o(hs : s < t)), which implies
Law(z; + ht | G¢) is equivalent as a measure to the Law(z;). To verify the last remark,
observe that since h;y € C7 almost surely we have A" he € CYTA~1 almost surely. Now
since HA%htHL? < ||A%ht|lce, we see that if 3+~ —1 > € for some € > 0 the last remark

holds. This is possible because we have assumed 8 + v > 1. ]
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2.5.2 The standard Girsanov Theorem

The Girsanov Theorem is essentially the specialization of the Cameron-Martin theorem to
the path-space of a stochastic differential equation, while relaxing the assumptions to allow
random shifts in the drift which are adapted to the Brownian motion forcing the SDE.

We again consider the setting of (2.5.1). Since we will be discussing path-space measures,
we will write vjg4 and z|g4 for the random variable denoting the entire path of v and z
respectively on the time interval [0,¢]. We now give a version of the Girsanov Theorem

adapted to our setting.

Theorem 2.5.5 (A version of Girsanov). In the setting of (2.5.1) with zo = vy, let F; be a
filtration to which W is an adapted Brownian Motion, and let G; be a filtration independent
of Fy. Let T be a stopping time adapted to Hy = o(Gy, Fy) with P(7 > 0) > 0 such that vy

and F; are stochastic processes adapted to Hipr so that vy solves (2.5.1) fort < 7, and
t
/ |ARE|2, ds < oo, (2.5.4)
0

almost surely for all t < 7. Then Law(vjgy |t < T,Gt) < Law(2jg) almost surely.

In particular, it is sufficient that F € CiC° for o+ > 0 and any t < T for (2.5.4) to

hold almost surely.

Remark 2.5.6. In the setting of Theorem 2.5.5, we assume that there exist stochastic
processes f; and g; so that Fy = B(fi,g) for allt < 7 with f € C,C7, g € CyC° and such
that Fy = B(f:,gt) has canonical regularity, namely F € C;C"~1 forr =y AS A (y+ ) and
all t < 7. Then Theorem 2.5.5 applies and the regularity assumption in (2.5.4) is implied
byr—1+B=9ANIAN(y+0)+B—-1>0orratherr+B=yANIAN(y+d)+8>1.

The condition r+5 = YAIA(y+0)+ S > 1 from Remark 2.5.6 should be contrasted with
the condition r 4+ 38 =~y AJ A (y+0)+ S > 0 from Remark 2.5.2. Relative to the Cameron-
Martin Theorem 2.5.1, the basic Girsanov Theorem 2.5.5 does have the advantage that F}
can be adapted to the forcing Brownian motion and not independent. Also, the results are
not comparable, as Theorem 2.5.5 proves pathwise equivalence while Theorem 2.5.1 only

proves equivalence at a fixed time ¢.
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Proof of Theorem 2.5.5. We begin by defining
t

v = T Ainf {t >0: / ||A*5/2FSH%2dS > M}
0

and

LM =1y Frdt +ZdW;.

Observe that v is well-defined on [0,¢] for any ¢ > 0 due to the stopping time and that

vy = vM on the event {t < 7}, Then,

t
exXp <A “Aiﬁ/21{5<TM}FsH%2dS> < C(l +€M),

almost surely for some fixed constant C. Thus, the classical Kazamaki criterion (see for
instance [112]) ensures that the local-martingale in the Girsanov Theorem is an integrable
martingale. Let v[]g 1l and zjg4 be the path-valued random variables over the time interval
[0,¢]. We have that Law(v[](\)/{ t]) is equivalent as a measure to Law(z[p ). Since G; is indepen-
dent of the Brownian motion W, we have that the Law(v[]g 1 | Gt) is equivalent as a measure
to the Law(2(g ) almost surely.

We now show we can remove the truncation level M. Now let E' be a measurable subset
of paths of length T" such that P(Z[O’T] € E) = 0. To prove the absolute continuity claim,
we need to show that P(vy 7 € E,7 > T | Gr) = 0 almost surely. If P(t > T | Gp) =0

almost surely, we are done. Hence we proceed assuming P(7 > T | Gr) > 0 almost surely.

Because, conditioned on Gr, the law of U[%/[T] is equivalent to the law of zjg ) almost

surely, we know that ]P(v[](\)/[T] € E| Gr)=0for all M > 0 almost surely. We also know from
the construction of v that IP’(U[]\[;{T] €E, 7y >T|Gr) =Pvor € E,7m > T | Gr). Now

since

{v[oﬂ €E, > T} c U {U[Q,T] €E > T},
M=0
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we have that
]P’(U[QjT] eFE,r>T ‘ QT) < sup P('U[O,T} eE my>T ‘ QT)
M>0

< sup IP’(U[JX{T] € E,my>T|Gr)
M>0

< sup IP’(U[]‘({T] €EE|Gr) =0,
M>0

as already noted since P(Z[O,T] € E) = 0. O

Remark 2.5.7. We belicve that in the context of diffusions, namely when the F in (2.5.1)
is a non-anticipative function of v, condition (2.5.4) of Theorem 2.5.5 should be optimal, in
the sense that equivalence holds if and only if (2.5.4) holds. This statement is true in finite

dimension, see [119, Theorem 7.5].

Remark 2.5.8. Building on Remark 2.5.7, by adding a condition similar to (2.5.4) for z
it should be possible to prove equivalence of the laws. The extension of these results in the
framework of Theorem 2.5.5 goes beyond the scope of this chapter and will be addressed
elsewhere.

Alternatively, if one has control of some moments of the solution sufficient to implied
global existence (namely Toc = 00), one can typically prove the equivalence between the
laws in Remark 2.5.6. For example, this can be accomplished using the relative entropy

calculations given in Lemma C.1 of [125].

2.5.3 The Time-Shifted Girsanov Method

We now present the TIME-SHIFTED GIRSANOV METHOD which was developed in [125,
126, 163|. It will provide essentially the same regularity conditions in our setting as in
Remark 2.5.2 while allowing adapted shifts as in the standard Girsanov Theorem. Interest-
ingly, we will see that the classical Cameron-Martin Theorem still holds some advantages
when dealing with extremely rough Gaussian objects.

Considering the mild-integral formulation of (2.5.1)

t t
v — e g = / e~ (=9AR ds + / e~ (=)A= qw, , (2.5.5)
0 0
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we can understand the first term as the shift of the Gaussian measure which is the second
term. We will now recast the drift term in (2.5.5) to extend the applicability of the Girsanov

Theorem.

We begin with the observation that for fixed T" > 0

T T
A Y A T L
0 0
T - N (2.5.6)
:2/ e_(T_S)Ae_(T_S)AFQS_Tds:/ e_(T_S)AFSds,
0

~

2

where

Fy =217 gy(s)e” T By . (2.5.7)

2
Since 2s — T < s for all s € [%,T], ﬁs is adapted to the filtration of o-algebras generated

by the forcing Wiener process W when Fj is also adapted to the same filtration. Hence, we

can define the auxiliary It6 stochastic differential equation
LV = F,dt + ZdW,, (2.5.8)

which is driven by the same stochastic forcing as used to construct v;. Choosing the initial
data to coincide with vg, the mild/integral formulation of this equation is

t _ ¢
U — e Hyy = / e U=9)AR ds + / e~ =)A= g, . (2.5.9)
0 0

By comparing (2.5.5) and (2.5.9), we see that vy = vy while v; need not equal v; for
t #T. Hence, if we use the standard Girsanov’s theorem to show that the law of vjp 1) on
path-space is absolutely continuous with respect to the law of z(o 77 (the solution to (2.5.1)),
then we can conclude that the law of vp (at the specific time T') is absolutely continuous
with respect to the law of zp (again at the specific time 7). Finally, since vp = vp, we
conclude that the law of vp is absolutely continuous with respect to the law of zp, both at

the specific time T.

The power of this reformulation is seen when we write down the condition needed to

apply the Girsanov Theorem to remove the drift from (2.5.8). We now are required to have
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control over moments of
T _ T
/ |A=P2E||2, ds = / AP 2e=(T=94F |12, ds (2.5.10)
0 0

to apply the standard Girsanov Theorem to transform the path-space law of vy 7y to that

of 2o, 7. Comparing (2.5.4) with (2.5.10), we see that the additional semigroup e~ (T=9)4 i

the integrand improves its regularity significantly.
Similarly, if we want to compare the distribution at time 7" > 0 of two equations starting

from different initial conditions vy, 2o € C?, for € R, then we can observe that

T 2
e TApy = e T4 + e_TA(vg —29) = e 4% + / e_(T_S)ATe_SA(vo —20)ds
T

2

T
=e T4, +/ e*(T*S)AIES(O) ds,
T

2

where F\”) = Lz T}(s)%e*s“‘(vo — 2p). This is the observation at the core of the Bismut-
2

Elworthy-Li formula [17, 64]. Observe that FO e CrCb for any b € R, regardless of the

initial conditions, so A5 FO) € OrL?, and we will always be able to use the Girsanov

Theorem to remove this term.

It will be convenient to consider a slightly generalized setting where v, v; and (; respec-

tively solve mild forms of the following equations,
Lv = Fy dt + Gydt +ZEdWy,
L = (F+ FEO)dt + Gydt + =dW, (2.5.11)
L= Gedt + ZdW,

with initial conditions vy and zy where (o = vy9 = z9. Here }7} is defined as in (2.5.7), E(O)

as just above, and G; and F; are some stochastic processes.

Theorem 2.5.9 (Time-Shifted Girsanov Method). In the setting of (2.5.11), let F; be a
filtration to which W is an adapted Brownian Motion, and let Gy be a filtration independent
of Fi. Fiz initial conditions vy and zo, and let T be a stopping time adapted to Hy = o (Ft, Gt)

such that P(t > 0) > 0. Let Gt be stochastic processes adapted to G: and defined for all
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t > 0. Let vy and F; be stochastic process adapted to Hinr, such that vy solves (2.5.11) for
t <71 and

t
/ IA= 294,12, ds < o (2.5.12)
0

almost surely for allt < 7, and vy and (¢ have initial conditions vy and zg respectively. Then
Law(vy | t < 7,G¢) < Law((; | Gt) almost surely. Additionally, there exists a solution vy
which solves (2.5.11) for t < 7 and with Law(vjoy | t < 7,G1) < Law((oq | G¢) almost
surely. In particular, it is sufficient that F € CyC? almost surely for o + 3+ 1 > 0 and for

any t < T to ensure (2.5.12) holds.

Remark 2.5.10. In the setting of Theorem 2.5.9, we assume that there exists stochastic
processes f; and gy so that Fy = B(fi, g¢) for all t < 7 with f € C,C7Y, g € C4C° and such
that Fy = B(f:,g:) has canonical regularity, namely F € Ci,C"™' for r = y A6 A (y + )
and all t < 7. Then the regularity assumption of (2.5.4) is satisfied provided that r + =
YAIA(y+0)+ 8 >0.

As in Remark 2.5.2, this remark extends to the setting where
F =Y cB(9.g0),
i=0
for some ¢; € R, f(i) e CyC" and g(i) € CyC% where r; = v; A6 A (vi 4+ d;) and the condition

on the indexes becomes r + > 0 with r = minr;.

Remark 2.5.11 (Comparing Theorems 2.5.1, 2.5.5, and 2.5.9). Comparing the Cameron-
Martin Theorem, the Standard Girsanov Theorem, and the Time-Shifted Girsanov Method
in the setting of Fy = B(fi,g¢), we see that the Cameron-Martin Theorem and the Time-
Shifted Girsanov Method impose identical reqularity conditions on f; and g.. The Time-
Shifted Girsanov Method has the added advantage of allowing one to consider f and g
which are only adapted to the Brownian Motion W and not independent as the Cameron-
Martin Theorem requires. This added flexibility will be critical to proving the needed absolute
continuity for the remainder variables R and S.

Both only prove equivalence at a fized time which is an advantage as we only need this

for our applications. However, we will see that the requirement that B(f;, ;) has canonical
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reqularity of the Time-Shifted Girsanov Method will be more restrictive than the requirement

that J(f,g)¢ has canonical reqularity of the Cameron-Martin Theorem.

Proof of Theorem 2.5.9. Fixing a time T, we define
T 8 ~ T ]
/ |A=2 Fy||2, ds :/ [A=2eT=94F|12, ds < oo,
0 0
almost surely on the event {T' < 7}. Fix a positive integer M. The following stopping time
t
Tv = T Adnf {t >0: / HA_gFSHQLg ds > M}
0

is well-defined, and 75y — 7 monotonically as M — oco. Let v; be the solution to (2.5.8)
and observe that it is well-defined on [0, 7] on the event {1 < 7} with v = vr on the same

event. Now consider
M - ~0) -
.,%’Ut = 1{t<TM}Ftdt+Ft dt + Gy dt + ZdWy,

with Tg = zg. Clearly, 97 = ©v; for t < 7. Furthermore, because of the definition of 7/
and the fact that F(© ¢ C7C? for any b € R, the classical Girsanov Theorem implies that
the law of the trajectories of 7™ on [0, 7], conditioned on Gr, are equivalent (i.e. mutually
absolutely continuous) to the law of ¢, conditioned on Gr, on [0,7]. In the sequel, we will
write ([o 7] for the random variable on paths of lengths 7" induced by the law of ¢.

By the same argument as in Theorem 2.5.5, we remove the localization by 7 to obtain
Law (v | 7 > T') < Law((jo.71 | Gr) almost surely.

To conclude the proof, we let D be any measurable subset such that P((; € D | Gr) =0
where 27 is the distribution of z at the fixed time T'. Let Djg 7} be the subset of path-space

of trajectories that are in D at time T'. Then
0:]P’(CT€D|QT)
= P(Cjo,1) € Doy | 91) =P (00,17 € Doy 7 > T | Gr)

=P(@reD,7>T|Gp) =Pvr € D,7>T|Gr),
(2.5.13)

where the last equality follows from the fact that vp = vy on the event {7 > T'}. The
chain of implications in (2.5.13) shows that the law of vr restricted to the event {r > T'} is

absolutely continuous with respect to the law of (7 with both conditioned on Grp. O
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2.5.4 Range of applicability of methods

We now consider the regimes for which the Cameron-Martin Theorem and the Time-Shifted
Girsanov Method can be applied directly to (2.2.1) to prove Theorem 2.2.1. We will pro-
ceed formally with the understanding that some neglected factors will lead to additional

complications that will require more nuanced arguments.

For the moment, we assume that (2.2.1) has the canonical regularity, namely the regu-

larity dictated by the stochastic convolution term. Thus, u € th(%—a)f where recall that

« is the exponent that sets the spatial regularity of the forcing.

When a < %, the solution u; to (2.2.1) has positive Holder regularity with u; € cG="
This implies that B(u;) has canonical regularity with B(u;) € C (=2=)7_ Thus, the regular-
ity condition to apply the Cameron-Martin Theorem or the Time-Shifted Girsanov Method
to (2.2.2) becomes %—a—i—a = % > 0, which is always true. See Remark 2.5.2, Remark 2.5.10,
and Remark 2.5.11.

When a > %, the solution wu; to (2.2.1) has negative Holder regularity since u; € C (3-0)”
still. If we proceed as if the relevant terms have their canonical regularity (B(u;) in the
case of the Time-Shifted Girsanov Method and J(u); in the case of the Cameron-Martin
Theorem), then the regularity condition becomes 2(% —a)+a=1—a> 0, which restricts
us to the setting of @ < 1. One cannot directly apply eitherr the Time-Shifted Girsanov
Method or the Cameron-Martin Theorem directly to (2.2.1) when a > % We will see
that we need the multilevel decomposition to incrementally improve the regularity of the
solution to the point where we can apply the Time-Shifted Girsanov Method to the last
level, namely R(™ or S(™ depending on the decomposition. Along the way, we typically
use the Cameron-Martin Theorem to prove equivalence of the levels in the decomposition
to the appropriate Gaussian processes. This is possible since the fed-forward structure of
the decomposition means each level is conditionally independent from the previous. When
o € [%, 1), there is an added complication that the terms to be removed by the change of

measure can be defined only when integrated against the heat semigroup. This necessitates

the use of the Cameron-Martin Theorem rather than the Time-Shifted Girsanov Method.
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2.5.5 Interpreting the Time-Shifted Girsanov Method

It is tempting to dismiss the manipulations in (2.5.6) as a trick of algebraic manipulation.

We encourage you not to do so.

The standard Girsanov Theorem compares the two equations of the form in (2.5.1) and
asks when we can shift the noise realization to another “allowed” noise realization to absorb
any differences in the drift terms, namely the F}; in our setting. Here “allowed” means in a
way that across all realizations, the resulting noise term’s distribution stays equivalent to
the original noise term’s distribution. To keep the path measures equivalent on [0, 7], one

needs to do this instantaneously at every moment of time.

Since the equation for z; in (2.5.1) is a forced linear equation, the linear superposition
principle (a.k.a Duhamel’s principle or the variation of constants formula) applies. It states
that we move an impulse injected into the system at time s to another time ¢ by mapping
it under the linear flow from the tangent space at time s to the tangent space at time t.
Through this lens, we can interoperate (2.5.6) as a reordering of the impulses injected into
the system by Fs over the interval s € [0,7]. The impulse injected at time s is moved to

time t = (T + s) via e~ (=94 = e 2794 F, is the resulting effective impulse at the

NI= o=

time t = 5(T + s). The Time-Shifted Girsanov Method compensates for the time-shifted
impulse F, using the forcing via a change of measure. The resulting F} is more regular
than F; for t < T. The regularizing effect of the semigroup e*4 vanishes as we approach
T. The requirement 8 + v+ 1 > 0 ensures that the singularity at ¢ = T is sufficiently
integrable to apply the classical Girsanov Theorem to the resulting process with its forcing

impulses rearranged, which was denoted by v in the Time-Shifted Girsanov discussion in

Section 2.5.3.

2.6 A decomposition of noise and smoothness

The idea of decomposing the solution into the sum of terms of different regularity is a

staple of SPDE analysis dating back at least to the pioneering work of Da Prato, Zabczyk,
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Flandoli, Debussche, and so on. See, for instance, [42, 66, 39]. The decomposition of the
solution u; into z; + vy where z; solves (2.2.3) is the starting point of many arguments. The
advantage of this decomposition is that z, the rougher of the two equations, is very explicit
and has all the direct stochastic forcing. In contrast, typically the equation for v is not a
stochastic equation (as it contains no It6 integrals). Rather, it is a random equation, and z
is contained in some of its terms. This leads to v typically being more regular than z.

We will build on these ideas with some important distinctions. The most basic will be
that because we intend to use the Cameron-Martin Theorem /Time-Shifted Girsanov Method
on each level, we will leave noise in each equation. Moreover, we see that our explorations
expose additional structures in the equation. In particular, to reach to « arbitrarily close
to one, we will be required to divide our solution into an ever-increasing number of pieces
as we approach one.

As mentioned in the introduction, there are three key ingredients in our result. The
first is that products of Gaussian objects can be defined via renormalizations with their
canonical regularity. The second is the Cameron-Martin Theorem/Time-Shifted Girsanov
Method. These two elements were discussed in the proceeding two sections. We now
introduce the third component, a noise decomposition across scales. With all three central

ideas on the table, we can sketch the main proofs of this note.

2.6.1 Regularity and existence times of solutions

We begin with a simple lemma which relates the maximal time of existence of u; with those
of XO xW  x® R™ gatisfying (2.3.1) and (2.3.2), and y©O y@® o y®m g
satisfying (2.3.8) and (2.3.9).

Lemma 2.6.1. Let 7o be the maximal existence time of uy.

1. If (X(O),X(l), o ,X(”),R(”)) solves (2.3.2), then Xt(o),Xt(l), e ,Xt(n) exist for all
time t. Additionally, if (2.3.1) holds (or equivalently (2.3.3) holds), then the mazimal

time of existence for R"™ is the same as Too almost surely.
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2. If (Y(O), y o ym) S(”)) solves (2.3.9), then Yt(o), Yt(l), e ,Y;(n) exist for all time
t. Additionally, if (2.3.8) holds (or equivalently (2.3.3) holds), then the mazimal time

of existence for S is the same as Too almost surely.

Proof. The argument is the same in both cases. We detail the first case. Xt(o), Xt(l), e
Xt(n) exist for all time ¢, because they are linear equations, and the drifts are well-defined

for all time. If (2.3.1) holds, we have
n . )
. S
1=0

so the maximal time of existence for R(™ is the same as that of u almost surely. If (2.3.3)

holds, then (2.3.2) combined with (2.3.3) implies (2.3.1). O

Remark 2.6.2. Moving forward we will take us to be constructed by the decomposition in
either (2.3.1) or (2.3.8). Hence, in light of Lemma 2.6.1 , the existence time T will be
almost surely that of R™ and S™ . Recalling the definition of C’Téé from Section 2.4.1,
we will see in Proposition 2.6.19 and Proposition 2.6.26 that R™, 8™ ¢ CTééi for some
6 > 0, by setting R,En) =& fort > 75 and the same for S . Both of these results follow
from the rather classical existence and uniqueness theory in Appendiz B.1, once all the more

singular terms have been properly renormalized to give them meaning.

2.6.2 Absolute continuity via decomposition

As already indicated, we will prove Theorem 2.2.1 using the decomposition in either (2.3.1)
or (2.3.8). In the first case, we will prove (2.3.7) and in the second case (2.3.10). In both

cases, Theorem 2.2.1 will follow from inductively applying the following lemma.

Lemma 2.6.3. Let U, U', Z, and Z' be random wvariables. Let G be a o-algebra such
that U and Z are G-measurable, and Z' is independent of G. If Law(U) < Law(Z) and
Law(U’ | G) < Law(Z') almost surely, then Law(U’ + U) < Law(Z' + Z).

Proof of Lemma 2.6.3. We can assume Law (U’ | G)(w) < Law(Z’) for every w. Let D be

any measurable set with P(Z'4+Z € D) = 0. Since Z is G-measurable and Z' is independent
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of G, there exists a set E such that P(Z € E) =1 and
0=P(Z' eD—-z|Z=2)=P(Z €D —u),

for every x € E. Also, we have P(U € E) = 1 since Law(U) < Law(Z), and P(U’ €
D —xz|G) =0 for every x € E since Law(U’ | G) <« Law(Z’). In particular, since U is
G-measurable, the previous statement implies
]P’(U+U/6D):/]P’(U’eD—x]U:a:)IP’(Uedm):O,
E

which completes the proof. O

Corollary 2.6.4. Assume that, for some n, the system of equations (2.3.2) (respectively
(2.3.9)) is well-defined and satisfies the absolute continuity conditions given in (2.3.7) (re-
spectively (2.3.10)). Then in the first case
Law (R,ﬁ") +5 x ’ Too > t> < Law (Zt(") +3° Zt(k))
k=0 k=0
holds, and in the second
Law (St(n) + Z Yt(k) ’ Too > t) < Law (Z(n) + Z Zt(k)>
k=0 k=0

holds.

Proof of Corollary 2.6.4. The proof in the two cases is the same. We give the first. Since
LaW(Xt(O)) = LaW(Zt(O)) and LaW(Xt(l) | ]:t(o)) ~ Law(Zt(l)) almost surely where Xt(o)
and Zfo) are adapted to ]__t(o)’ and Zt(l) is independent of ]_-t(o)’ Lemma 2.6.3 implies
that Law(Xt(O) + Xt(l)) ~ LaW(Zt(O) + Zt(l)). We proceed inductively. If we have shown
that Law(Y 7 Xt(k)) ~ Law(3 7 Zt(k)), then because > 77 Xt(k) and 7 Zt(k) are
adapted to ]-'t(m_l), and Zt(m) is independent of ]__t(m—l)’ the fact that Law(Xt(m) | ft(m_l)) ~
Law(Zt(m)) almost surely implies the next step in the induction again using Lemma 2.6.3.
For the final step in the proof, note that Law(Rgn) | Too > t,]:t(")) < LaW(ZlE")). We repeat
the previous steps for 1 < m < n with Lemma 2.6.3 by conditioning on {7 > t} and apply

Lemma 2.6.3 once more to include ngn) and Zf(n) in the summations. O
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The proof of the following corollary is completely analogous to that of Corollary 2.6.4.

Corollary 2.6.5. Assume that, for some n, the system of equations (2.3.2) and (2.3.9) is
well-defined with (2.3.11) holding. Then

Law (zn: X,W) ~ Law (Zn: Y}’”) .

k=0 k=0
2.6.3 Some informal computations

With tools above, we can informally describe how to choose the number of levels and the
Q;’s in the decomposition (2.3.2) and (2.3.9). We focus on (2.3.2) because the equation
structure of X and the remainder R is aligned, which makes discussions more intuitive.
But the intuition is the same for (2.3.9), and later we will see that the result for (2.3.9)
is actually more straightforward to prove rigorously. For simplicity, we do not distinguish
between the Cameron-Martin Theorem or the Time-Shifted Girsanov Method, since they

require the same condition on canonical regularity, as discussed in Remark 2.5.11.

Building on the preliminary discussion in Section 2.4, the first idea is that we assume
every Gaussian term, i.e., each of the X9 B(X©9) or J(X(©4) in (2.3.2) can be well-
defined with its canonical regularity. As a reminder, it means that X has the same
Holder regularity as Z(?), and the B terms (and J terms) have canonical regularity following
Remark 2.4.3 and Remark 2.4.5. The second idea is that we want X to become smoother
as 1 increases, so we can take Q; ~ A%i/2 g0 that Z() € crC (%_ai)f, where «; decreases as ¢
increases. It is straightforward to show (later) that we can choose Q;, Qn satisfying (2.3.3)
with o = a.

When a < %, as discussed in Section 2.5.4, we can directly apply the Time-Shifted
Girsanov Method to (2.2.2) and obtain Law(u;) < Law(z;). In fact, since the solutions can

be seen to be almost surely global with finite control of some moments of the norm, one can

show that Law(u;) ~ Law(z).

When a > %, then wu; € (3= s a distribution with its canonical regularity, so we

cannot make sense of u? classically. We first consider u; = Xt(o) + Xt(l) + Rgl) in (2.3.2) for
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t < Too. Clearly, X(© = Z() To apply the Cameron-Martin Theorem or the Time-Shifted
Girsanov Method on XM to show (2.3.7), the regularity condition is 29 — a1 < 1. On
the other hand, note that the remainder R™ is not a Gaussian object. We want RS) to
have positive regularity so that B (R,El)) is well-defined, so we can take C~21 ~ AP for some
B < % For convenience of computing regularity, we additionally impose a1 < % so that
ZW has positive regularity. Assume R also has its canonical regularity as ZW. Then
B (Xt(o’l), Rgl)) is well-defined classically if 1 — 81 — ag > 0, and the roughest term in the
drift is
B(XOD) - B(x©) = 2B(Xx© xM) 4+ p(xV) e crel-z—a0)"

so the Time-Shifted Girsanov condition for R is % —ap + B1 > 0. By collecting the above
constraints on «q, a1, and 31, we see that as long as a@ = oy < %, we can find a; and 53

such that all constraints are satisfied and

Law(uy | t < Too) = Law(Xt(O) + Xt(l) + REI) |t < Too)

0)

< LaW(Zt( + Zt(l) + Zt(l)) = Law(z)

follows from Corollary 2.6.4.

Remark 2.6.6. The careful reader may notice that for XM and R to have their canonical
reqularity, additional constraints on a1 and 51 are needed to ensure that the stochastic forcing
s rougher than the drifts, but one can check and will see later that those constraints are

implied by the constraints for the Cameron-Martin Theorem/Time-Shifted Girsanov Method.

The previous informal computation is based on the decomposition (2.3.2) when n = 1.
Next, we consider the case n = 2, ie., uy = Xt(o) + Xt(l) + Xt(2) + Rgz). Again, based on
the same reasoning, we take (); ~ A%i/2 i =0,1 and @2 ~ AP2/2_ and we assume that R(?
has its canonical regularity as Z® and ay < % < a1 < aq for convenience. For the same
reason as in the case n = 1 above, we need By < %, 200 — a1 < 1, 1 — By — g > 0, and
% — ag + [z > 0. Similarly, to show (2.3.7) on X @) we need additionally ag 4+ o — ap < 1.
However, one can check that the above constraints on «;, B2 give no solutions if ag > %,

and the bottleneck is the constraint 1 — 2 — ap > 0 for B(Xt(O’Q), Rg)) to be classically
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well-defined. To resolve this issue, we employ the Da Prato-Debussche trick of interpreting

R® =@ 4 p@ where n® and p satisfy

377152) _ @2 th(2)7

2o = BX{"?) = B(X"V) +2B(x{" n”))
+2B(X"? o) + B(p*) + 2B(pP 0P + B(n™).

with 77(()2) =0 and péz) = up. Then we can interpret

B(x*?, R®) = B(x["? 4?) + B(x?, p?)),

where B(X (02 1(?)) is a well-defined Gaussian object, and one can check and will see that as
long as ag < 1, B(X(2) p()) is classically well-defined. Now we do not need the constraint
1 — B9 — ag > 0, and the remaining constraints can be satisfied as long as o = ay < %.
Following the heuristics above, we can increase the number n of levels of the decompo-
sition (2.3.2) to obtain the main result up to o < 1. The informal computations above will

be justified in a clean and rigorous way in the next section.

2.6.4 Basic assumptions on factorization of noise into levels

We now fix additional structure in the X and Y systems (equations (2.3.2) and (2.3.9)
respectively) to allow us to better characterize the regularity of the different levels. We

assume that there exists a sequence of real numbers

B <oy <ap_1<...<og=aq, (2.6.1)
with
1
oy < 3 < ap_1 (2.6.2)
such that
Qi ~ A%/? and Q, ~ AP/?. (2.6.3)

40



We will see that the effect of the assumption in (2.6.1) is to make the levels in (2.3.2) and
(2.3.9) have increasing spatial regularity as k increases. Conditions (2.6.1)-(2.6.3) will be

our standing structural assumption on the noise.

Remark 2.6.7 (Importance of Condition (2.6.2)). At first sight, Condition (2.6.2) may

seem unnecessary for our main result. However, it is critical mainly for two reasons:

1. In later arguments, Condition (2.6.2) gives a clean break between terms that are func-
tions (positive Holder reqularity) and those that are distributions (non-positive Holder

reqularity). In particular, it makes computations for reqularity straightforward.

2. It makes sure that the drift in the remainder equation, R or S, can be defined without
being convolved with the heat kernel. This in turn allows us to apply the Time-Shifted
Girsanov Method. This is critical, as the remainder equations have drift terms that
depend on the solution of the equation. As such, we cannot apply the Cameron-Martin

Theorem, and tools based on the Girsanov Theorem seem the only option.

Remark 2.6.8 (First Note on o < 1). Throughout this note, we implicitly assume oy =
a < 1, because in Section 2.7, we only construct relevant Gaussian objects up to the case
of a < 1. Howewver, if the condition ag < 1 is explicitly stated in the assumptions of later

results, it highlights another non-trivial dependence on this condition.

The following lemma shows that one can choose the {o; : i = 0,...,n} and f,, so that
in addition to (2.6.1)-(2.6.3) the condition in (2.3.3) holds, which implies that the sum of
the stochastic forcing in (2.3.2) or (2.3.9) has the same distribution as that of the Burgers

equation in (2.2.1).

Lemma 2.6.9. For any sequence of real numbers as in (2.6.1) and any choice of operator

Q from (2.2.1) with Q ~ A%/2, there exist operators Qg, Q1,...,Qn,Qn satisfying (2.6.3)
and (2.3.3).

Proof of Lemma 2.6.9. We can take Q; = \/ﬁAo‘i/Q for 1 <4 <n and én = \/ﬁAﬁn/Q.

Note that the operator

QQ* — QnQf — QuQl — -+ — Q2Q5 — Q1Q;
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is symmetric and positive definite, so it is equal to QoQ for some operator QQp. Since

Q ~ A%? and o = ap is the largest among «;’s and S, we have Qg ~ A%0/2, O
Remark 2.6.10 (Sums of Z)). With the proofs of Lemma 2.6.9, we note that for 0 < i < n,

t
700 ! / e~ (=)4Q0D g,
0

for some operator Q) ~ A%0/2,

2.6.5 The Y Equations

We will begin by establishing the needed structural and desired absolute continuity results

for Y(¥. They will be leveraged to prove the results about the X system.

Proposition 2.6.11 (Canonical regularity of drifts). Under the standing noise factorization

assumptions (2.6.1)-(2.6.3), one has with probability one
J(z0 0y - g(2(072)) ¢ opeaomai-n)” (2.6.4)
for 1 <i<mn. In particular, J(Z0=D) = J(Z(=2) has canonical reqularity. In addition,

the equations for {Y(i) :1=0,...,n} are well-posed with global solutions.

Proof of Proposition 2.6.11. By assumptions (2.6.1)-(2.6.3) and Proposition 2.7.8, Z() e

CTC(%_"”)_. The expression
1—2
J(ZO) = g (20 = g(207 )+ 2) (2D, Z07Y) (2.6.5)
=0

is well-defined and belongs to CpCZ~0~®-1)" almost surely, by Proposition 2.7.12 and
Proposition 2.7.16, because J(Z(), Z(0-1) ¢ CpC?~*0~*-1)" a5 is the least regular

term. O

Proposition 2.6.12 (Constraints from canonical regularity of Y(i)). Under the standing
noise factorization assumptions (2.6.1)-(2.6.3), if in addition ag + ;-1 — o < % for all
1 <i<n, then all the YD equations have canonical regularity,

v e opela—ei™
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namely that of the stochastic convolution in each equation.

Proof of Proposition 2.6.12. For any 1 < i < n and ¢t > 0, we only need to make sure that
the drift
J(zO=0y — J(2©072)y e opePo0mai-)T g,

is smoother than the stochastic convolution
AQNS C’TC(%””)_ a.s.

so that Y has the same regularity as the stochastic convolution. This holds if 2 — ag —

Qi1 > % — Q. O

We will apply the Cameron-Martin Theorem 2.5.1 in our setting to each level by con-
ditioning on previous levels. As mentioned in Remark 2.5.11 and Section 2.5.4, the reason
why we cannot apply Time-Shifted Girsanov Method to some of the levels is that some of
the terms involving Z® can only be defined when convolving with the heat kernel. For ex-
ample, we cannot define B(Zt(o)) but can only define J(Z(®); when ag > 3 (see Section 2.7
for more details). In this case, the Time-Shifted Girsanov Method, Theorem 2.5.9, cannot

be applied.

Proposition 2.6.13 (Constraints from Cameron-Martin for Y. Under the standing noise
factorization assumptions (2.6.1)-(2.6.3), if ap + aj—1 — o; < 1 for all 1 <1i < n, then the
reqularity conditions, given in Remark 2.5.2, needed to apply the Cameron-Martin Theo-
rem 2.5.1 hold. More concretely, it implies that for 1 < i <mn, for anyt > 0, it holds almost
surely that

Law (V" | 7{™V) ~ Law(2"),

where we recall ]:t(i_l) = O‘(Ws(j) j<i—1,s<t).
Proof of Proposition 2.6.13. For each 1 <14 <n, we have
Yt(i) _ J(Z(O,i—l))t _ J(Z(o,z‘—2))t +Zt(i)_

Since Q) ~ A%/2 by (2.6.4), the condition from Theorem 2.5.1 and Remark 2.5.2 for the

equation of Y is exactly ag + ;1 — a; < 1. ]
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Remark 2.6.14 (Redundant constraints). It is clear that the parameter constraints in

Proposition 2.6.13 imply those in Proposition 2.6.12.

With all the constraints so far, we establish the relation between the range of o and the

corresponding number n of levels needed in the decomposition (except for the remainder).

Proposition 2.6.15 (Choosing the number of levels n in {Y®}). Fiz an n and an a so

that % <a< §Zi§ Then there exists a sequence of sreal numbers oy, < ... < ay =
a such that the standing noise factorization assumptions on the {oj : j = 0,...,n} in
(2.6.1)-(2.6.3) hold as well as the hypothesis of Proposition 2.6.11, Proposition 2.6.12, and
Proposition 2.6.13.

Proof of Proposition 2.6.15. First, we make sure the assumption in (2.6.2) is satisfied. Based
on Proposition 2.6.12, 2.6.13 and Remark 2.6.14, we only need to make sure ag+a;—1—a; < 1
for any 1 < ¢ < n. In particular, we have ag + ;1 — 1 < «;, which implies
ap > 209 —1
= a2 >a;+ag—1>3a9—2

— ag3>ar+ag—1>4a9—3

= ap>ap-1+ag—1>(n+1)ag—n.

. 1 1 1 1 _ 2n+1 —
Since a;, < 5, we deduce 5 < ag and (n+1)ag—n < 3,50 5 <a = < Srig and starting

from this constraint, we may find the possible values of ay, ..., ay,. O

Remark 2.6.16 (Second Note on o < 1). From Proposition 2.6.15, we see that when o < 1,
each level of the decomposition “gains” reqularity of the gap 1 — «, and this gap is crucial

for our method to work.

2.6.6 Analysis of remainder S and associated constraints

Recall the remainder equation from (2.3.9):

28" = (BOO") = Bz V) + 280", () + BS{))dt + QudW{".  (2.6.6)
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Note that in this equation, the drift depends on the solution S itself, so we cannot apply

the Cameron-Martin Theorem 2.5.1 by conditioning on previous levels. However, unlike the

previous level, the drift is regular enough so that it can be defined without convolving with

the heat kernel. This is reflected by the fact that a + o, < % and a4+ 5, < % We are in

good position to use the Time-Shifted Girsanov Method, Theorem 2.5.9.

We first study the well-posedness of S and canonical regularity of the terms. We start

with the term B(Yt(o’n)) - B(Zt(o’nfl)).

Proposition 2.6.17. Under the standing noise factorization assumptions (2.6.1)-(2.6.3),

if the YO equations are well-posed with all their terms possessing canonical regularity (as

guaranteed, for example, by Proposition 2.6.11 and Proposition 2.6.12), then if additionally

ag < 1, with probability one for any t > 0, we have
B(Y©m) — p(z0n=1) ¢ opel-z-20)"
That is to say these terms are well-defined with their canonical reqularity.
Proof of Proposition 2.6.17. Note that
y (On) _ J(Z(o,n—l)) + Z(O,n)’

which yields

B(Y(O,n)) _ B(Z(O,nfl)) _ B(J(Z(O,nfl)) + Z(O,n)) _ B(Z(O,nfl))
_ B(J(Z(O,n—l))) + 2B(J(Z(O,n—1))’ Z(O,n))

+ B(ZOM) - B(700mY),

and to leverage independence among the Z () we note that
B(Z0nD), Z00) = B(J(Z20"Y), Z0D) 1 BJ(20mV), 700),

B(zOm))y — B(zOr=Vy = B(z™) 4+ 2Bz z(M),
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By ap < 1,a, < 3, Remark 2.6.10, Section 2.7.3 - 2.7.7,

B(J(ZOn=1)Y) e opeti—200)"
B(J(20m7Y), z0m) e oreame0),
B(z") = B(z" V) e Cret-aeo),

almost surely. Therefore, since ag < 1,
BYOm)y — B(zO0n=1) ¢ CrC(—3—0)"
almost surely. O

Unlike the system (2.3.9) of Y@, where all terms are Gaussian objects, some product
terms in (2.6.6) may not be a priori well-defined. Assume for the moment that S is
well-defined with its canonical regularity. From the assumptions of Lemma 2.6.17, we have
Bn < an < 1 and so Slfn) is function-valued almost surely, which makes B (St(")) well-defined
and belong to C (=382 almost surely. The only term we need to define appropriately is
By, sM).

As motivated in Section 2.6.3, we interpret the term B(Yt(o’n), Sgn)) as

0,n n 0,n n
B, O, ") + B, O, o),

where 7™ and p(™ solve

angn) — Q. th("),

2" = B = B ) 42800 ")
+2B(Y " o) + B(pi™) +2B(o" . ni™) + B(n{™), (2.6.8)

with 178“) =0and p(()n) = ug. Note that the stochastic forcing term n(™ is just Z(™ but with

zero initial condition. In this case, B(Y (®™) n(™) can be defined with Section 2.7.3 - 2.7.7,
since (™ is an Ornstein-Uhlenbeck process with zero initial condition. On the other hand,
as we remove the stochastic forcing term, p(”) has better regularity so that B (Y(O’"), p(”))

can be classically defined with appropriate choice of parameters.
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Lemma 2.6.18. Assume the standing noise factorization assumptions (2.6.1)-(2.6.3) hold.
If the YO equations are well-posed with all their terms possessing canonical reqularity, then

with probability one
n™ e 0rcG=B" BY©m M)y e ope-3—e0)" (2.6.9)

If g < 1, then p™ and B(Y(O’”), p(”)) are well-defined locally in time, and for any T < Too,

the maximal existence time,
p™ € opcEo0)” By On) M) e opel-z-20)" (2.6.10)

In particular, S = n™ 4+ p(") s well-defined locally in time and for T < Too,

B(Y©m g™y = pry©m My 4 py©Om sy e cpe-3-00",

Proof of Lemma 2.6.18. The first statement is proved as before with Remark 2.6.10, Propo-

sition 2.7.8, and Section 2.7.6 and 2.7.7.

We turn to the second statement. Note that we can rewrite (2.6.8) as
Zp" = B(p{") +2B(p{" n") + F",
where F(™ is given by
F = By, ") = Bz ) + 2807 ™) + Boi™).

By (2.6.9), we know n" ¢ CTC(%_ﬁn)f. By Section 2.7.6 and 2.7.7, since ag + B, < %, it
is clear that

By ©m) )y ¢ CTc(—%—ao)* )

Hence, by (2.6.7), we have F(") ¢ CTC<_%_O‘0)7. By a standard fixed point argument in
Appendix B.1, we obtain that equation (2.6.8) is well-posed with local in time solutions

such that p(”) € C'TC(%fao)_. In particular, since ag < 1, B(Y(()’”),,o(”)) € CTC(féfao) is

well-defined classically. O

Now we are in a good place to figure out the needed constraints for S(™ to have its

canonical regularity and for the application of the Time-Shifted Girsanov Method.
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Proposition 2.6.19 (Constraint from canonical regularity for S (”)). Under the standing
noise factorization assumptions (2.6.1)-(2.6.3), if the YO equations are well-posed with all
their terms possessing canonical reqularity, then if in addition ag < 1 and ag— B < 1, then
S has canonical reqularity,

S ¢ opeG=8n)"

for any T < 714, namely that of the stochastic convolution in the equation. Setting St(n) =&

(L gy~
for t > 7o, we have that S™ € CTC(2 Bn) for any T > 0 (see Section 2.4.1 for the

definition of C’Téa),

Proof. By Lemma 2.6.18, we have S = (") 4+ p(®) where p(®) e CrC(2=0)7 and n" e
C’TC(%_B”)_ for T < T4, the maximal existence time. Since 17(”) is exactly the stochastic
convolution in the equation, it suffices to have n(™ less regular than p(™ | which is guaranteed
by the condition % —qap > % — Bn. L]
Proposition 2.6.20 (Constraint from Time-Shifted Girsanov for S, Under the standing
noise factorization assumptions (2.6.1)-(2.6.3), if the YO equations are well-posed with all
their terms possessing canonical reqularity, and if in addition ag < 1 and ag — B, < %, then
the reqularity conditions needed to apply Time-Shifted Girsanov Method to S™ hold. More

concretely, it implies that for any t > 0, it holds almost surely that
(n) (n) >(n)
Law (S, |t < 7o, F; ) < Law(Z;),

where we recall ]—"t(n) = O'(Ws(j) 17 <n,s<t).
In particular, as long as ag < 1, By, (and «y,) can be taken close enough to % to satisfy

the condition ag — B < %

Proof. In the setting of Proposition 2.6.17 and Lemma 2.6.18, we see that the roughest
drift term in (2.6.6) is in CrC272)7 5o the Time-Shifted Girsanov condition from Re-

mark 2.5.10 and the associate Theorem 2.5.9 is satisfied if % —ag+ B, > 0. O

Remark 2.6.21 (Redundant constraint). As in Remark 2.6.14, the constraint for the Time-
Shifted Girsanov Method oy — B < % in Proposition 2.6.20 also implies that ag — B, < 1

in Proposition 2.6.19, i.e., S™ has canonical regularity.
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Remark 2.6.22 (Third Note on a < 1). We reiterate where o = ag < 1 is needed for the

analysis of the remainder S™ :

1. Together with (2.6.1)-(2.6.2), i.e., a + an < 3 and o+ B, < 3, it makes sure that
various B(f, g) terms, such as (2.6.7) and (2.6.9), are well-defined with their canonical

reqularity, where f and g are Gaussian objects.

2. It makes sure that B(YO™) — B(ZOn=1) has the same regularity as B(ZO0™) —
B(297=1) 50 that (2.6.7) holds. This corresponds to the regularization effect of J as

discussed in Remark 2.4.7.

3. It makes sure that the equation (2.6.8) is well-posed with (2.6.10) holds.

Finally, by collecting all the results above, we prove our main absolute continuity of the

law of u; with respect to the law of z; defined in (2.2.3), for a < 1.

Corollary 2.6.23 (The overall result on the Y system). Fiz an n and an « so that

% <a< gzg Then there exists a sequence of real numbers B, < a, < ... < oy = «
such that the standing noise factorization assumptions on the {c; : j =0,...,n} in (2.6.1)-

(2.6.3) hold as well as the hypothesis of Proposition 2.6.11, Proposition 2.6.12, Proposi-
tion 2.6.13, Proposition 2.6.17, Lemma 2.6.18, Proposition 2.6.19, and Proposition 2.6.20.

More concretely, it implies that for any t > 0, it holds almost surely that
Law(ut | 7o > t) = Law <St(n) + ZYt(k) ’Too > t)
k=0

< Law <Z(") + Z Zt(k)> = Law(z),
k=0

where, as a reminder, z; is the linear part of u; with initial condition zy as defined in (2.2.3).

Proof. The constraint from S can be satisfied as long as a = ag < 1. The result follows

from Proposition 2.6.15 and Corollary 2.6.4. O
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2.6.7 The X decomposition of noise and smoothness

Now we consider the X system (2.3.2). We note that the maximal existence time 7, of
solutions of (2.3.2) is the same as u, as in Lemma 2.6.1. We want to show that the same
noise factorization assumptions (2.6.1)-(2.6.3) on the system (2.3.2) also give the desired
absolute continuity result (2.3.11). Since all computations are based on canonical regularity,
which is dictated by the same stochastic forcing terms, we may follow the same arguments
of the previous section with minimal modifications. The main change is the need to make
sense of products of more complicated Gaussian chaos objects X (09 The idea is that when
a = ap < 1, the singular terms have positive regularity after convolving with the heat kernel
once or twice. Hence, most products can be classically defined, and the remaining ones are
exactly those that appeared before. Compared to the direct construction of X 04 in this

way we don’t need to construct objects in n-th Gaussian chaos for arbitrary large n.

Lemma 2.6.24 (Canonical regularity of X® and drifts). Under the standing noise fac-
torization assumptions (2.6.1)-(2.6.3), if, in addition, ag < 1 and ap + aj—1 — oy < %, for

1 <i <mn, then it holds a.s. that for 0 <i <mn,
X0 e cpela=a)™ g(x©i-D) _ j(x(©0i-2)) ¢ ope@-ao—ai)” (2.6.11)
In particular, the terms are well-defined with their canonical reqularity.

Proof. With the same argument in Proposition 2.6.12, as long as each term in the equation
for X is well-defined, it holds a.s. that X® ¢ C’TC(%_‘”)_. Hence, we can focus on the
drifts in (2.3.2). We proceed by (finite) induction.

We start with base cases. For i = 0, clearly X(©0) = X(©) = Z(0) and it holds a.s. that
X© ¢ cpcz=20)7 Forj = 1, J(X©) = J(Z2©) is well-defined by Proposition 2.7.12, and
it holds a.s. that

J(X Oy e ope-200)"

For the purpose of induction, we also note that

BI(X®),200) = BUI(29), 200) = B(Z"), 29) + B (2), 2)
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is well-defined by Remark 2.6.10, Section 2.7.4 and 2.7.7, and it holds a.s. that

B(J(X ), 20D € ore-ameo),

Next, we show our induction step. Assume that for 0 < j < i < n, each term in the

equation for XU) is well-defined, and it holds a.s. that
J(X©iDy _ j(x 052y ¢ gpe@a—ei-)” - p(J(x©09), 700ty e cpel-zme0)”

We want to show

J(X(O,z‘)) _ J(X(O,i—l)) c CTC(Q‘O‘O—%‘)*,
(2.6.12)
B(J(x ), 204V) € Creameo,

We start with proving the first part of (2.6.12). Note that
We can rewrite

J(X(O,’L)) — J(J(X(O,’L—l)) + Z(O,l))

— X)) 1 23(I(XO), Z09) 1 1(209),

which gives

J(X(Oui)) _ J(X(O,i—l))
= J(J(X(o,z;l)) + Z(O,i)) _ J(J(X(o,id)) + Z(o,iq))
(2.6.13)
= J(J(X(O,Zfl))) _ J(J(X(O,l*?))) 4 J(Z(O,z)) - J(Z(O,ifl))
+2(J(J(X D) 7Oy _ g((x(0i-2)y, Z(Oi=1)y),

so it suffices to show the existence and regularity of each term in (2.6.13). For j < 4, using
the induction hypothesis, we can define J(X (O’j)) by the telescoping sum
J
J(X(O,j)) — Z J(X(O,f)) _ J(X(Olfl)).
=0
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Since J(X(%9)) has the regularity of J(X(), the roughest term in the sum, and a < 1,

B(J(X(09))) is well-defined classically and
B(J(X0)) e cpeti—200)" (2.6.14)
Also, by the induction hypothesis, we know
B(J(X =1y z0dy _ p(j(x©i-2)) z0i=D) ¢ opel-z—20)" (2.6.15)
By Proposition 2.6.11, we have
J(Z00) — J(2©0=D) e CreBraomed)”,

Since a; > 1, based on (2.6.14) and (2.6.15), J(X©09D) — J(X©+=1) is well-defined with the
same regularity of J(Z(9) — J(Z(©#=1)) which is the roughest term in (2.6.13).
To finish the induction step, we show the second part of (2.6.12). As before, we only

need to work with each term in the following expansion
B(J(X©)), 70D — B(y(J(X V) 4 200)) 704+1))
— B(J2(X©i-D)) 4 B(J(20), 70+
+2B(J(J(X 071,z ZOi+1))
Similarly, since o < 1, B(J?(X(%=1)) is well-defined classically and
B(J2(X©=1y) e opc—200)"
Again by (2.6.1)-(2.6.3), (2.6.5), Section 2.7.4 and 2.7.7,
B(J (200, 04Dy ¢ cpel-aa0)”,
By the induction hypothesis, we know
J(J(X i1 200y ¢ opela—a0)™,
Again, since ag < 1 and 2+ e CpC (3-00)" the following term is classically well-defined:

B(J(J(X 070y, 700y 7041y ¢ O30

because the sum of the regularity of the two terms in the product is positive. Therefore,

B(J(x ), z(0+1)) is well-defined with the desired regularity. O
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Consider proving (2.3.11) for each level X () of (2.3.2) before the remainder R(™, where
X = g(x©=0y, - g(x©i=2y, 4 70,

In the decomposition (2.6.13), the term J(Z(©#=1) — J(Z(%=2)) is exactly the drift in the
Y@ equation (2.3.9), which gives the same constraint, as in the assumption of Proposi-
tion 2.6.13, for the Cameron-Martin theorem in Theorem 2.5.1 and Remark 2.5.2. Since
the remaining terms in (2.6.13) at time ¢ > 0 are smoother than the term J(Z©#=1), —
J(Z9=2)); and adapted to .Ft(ifl), they also satisfy the condition for the Cameron-Martin
Theorem 2.5.1. Thus, we arrive at the same constraint for parameters as in the assumption

of Proposition 2.6.13.

Proposition 2.6.25. Under the standing noise factorization assumptions (2.6.1)-(2.6.3),
if ag + a1 —a; < 1 for all 1 < i < n, then the regularity conditions needed to apply
Theorem 2.5.1, the Cameron-Martin Theorem, hold for X®. More concretely, it implies

that for 1 <1i <mn, for any t > 0, it holds almost surely that
Law(X{" | F'7Y) ~ Law(v,? | F'7Y) ~ Law(2"),
where we recall ]-"t(ifl) = O'(Ws(j) 7 <i—1,8s<t).
For the remainder, recall from (2.3.2) that
2R™ = (B(x"™) - B(x*"™V) +2B(X*" R™) + B(R™))dt + QndW,™ (2.6.16)

with initial condition ug. It remains to make sense of the term B(X (™) — B(X(©»=1) with
its canonical regularity. From the proof of Lemma 2.6.11, in particular the decomposition
(2.6.13) with J replaced by B and i replace by n, we can show the same regularity for each
term in the decomposition, except for the term B(Z(%%)) — B(Z(=1). Under Condition

(2.6.2), instead we have
B(z©)) — B(z®# ) € cpc-z2—0)”
by Section 2.7.3, 2.7.6 and the similar argument in Lemma 2.6.17. In this case, we have

B(XOm)y _ B(x©n-1y ¢ cpel-3-00) (2.6.17)
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Now we use basically the same argument in Lemma 2.6.18 and Proposition 2.6.17 to obtain

the same constraint for canonical regularity.

Proposition 2.6.26 (Constraint from canonical regularity for R(™). Under the standing
noise factorization assumptions (2.6.1)-(2.6.3), if the X equations are well-posed with all
their terms possessing canonical reqularity, and if in addition ag < 1 and g — By, < 1, then

R™ has canonical reqularity,

R™ ¢ cpcG=Pn)"
namely that of the stochastic convolution in the equation, and
B(X©m RM)y e cpelz—a0)”

for any T < 75 almost surely. Setting Rin) = @ fort > 7o, we have that R™ €

—(1_8.)-
CTC(2 Bn) for any T > 0.
Remark 2.6.27 (Fourth Note on o < 1). We note again the dependencies on o < 1:

1. Under this condition, the J(Z) terms have positive Hélder regularity, which greatly

reduces the complexity of making sense of the X equations in Lemma 2.6.24.

2. It makes sure that B(XO®) — B(XOk=1) has the same regularity as B(ZOF) —
B(ZOk=1) for 1 < k < n so that (2.6.11) and (2.6.17) hold. This also corresponds

to the reqularization effect of J as discussed in Remark 2.4.7.

3. It makes sure that the R™ equation is well-posed, and the Time-Shifted Girsanov

Method applies in exactly the same way as the S™ equation.

We observe that the terms in R(™) have the same regularity as the corresponding terms

in S so we obtain the same result of Proposition 2.6.20 for R(™.

Proposition 2.6.28 (Constraint from Time-Shifted Girsanov for R(™). Under the standing
noise factorization assumptions (2.6.1)-(2.6.3), if the X equations are well-posed with all

their terms possessing canonical reqularity, and if in addition ag < 1 and ag — B < %, then
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the reqularity condition needed to apply Theorem 2.5.9, the Time-Shifted Girsanov Method,

to R™ holds. More concretely, it implies that for any t > 0, it holds almost surely that
(n) (n) ~(n)
Law(R, " |t < Too, Fy ') < Law(Z,),

where we recall .Ft(n) =o( s(j) 17 <n,s<t).
In particular, as long as ag < 1, By, (and ay,) can be taken close enough to % to satisfy

the condition ag — B < %

Again, since the main argument in the previous section follows from computations of
the same regularity, we can obtain the same overall result as the previous section, by Corol-

lary 2.6.4.

Corollary 2.6.29 (The overall result on the X system). Fiz an n and an « so that % <

2n+1

onys- Lhen there exists a sequence of real numbers B, < ap < ... < ag = « such that

a <

the standing noise factorization assumptions on the {a; : j = 0,...,n} in (2.6.1)-(2.6.3)
hold as well as the hypothesis of Lemma 2.6.24, Proposition 2.6.25, Proposition 2.6.26 and
Proposition 2.6.28 . More concretely, it implies that for any t > 0, it holds almost surely
that

Law(us | Too > t) = Law (Rtn) + ZXt(k) ‘TOO > t)
k=0

< Law <Zt(n) + Z Zt(k)) = Law(z),
k=0

where, as a reminder, z; is the linear part of u; with initial condition zy as defined in (2.2.3).

2.7 Construction of finite Gaussian chaos objects

In this section, we construct various singular processes with their canonical regularity that
are necessary for our analysis above. We refer to [91, 88, 135, 25, 87| for relevant technical
details. In particular, [88] provides constructions of many of these Gaussian objects that

correspond to the harder case of & = 1 in our setting. We mainly apply the unified argument
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in [135] and point out the minimal modifications for our setting. More specially, we only need
to change relevant Fourier multipliers of the nonlinearity and the driving noise and compute
estimates with the same procedure. In principle, all of these objects can be constructed by
invoking the abstract main result from [27], but we find it instructive to construct them by

hand as a reference for “pedestrians” in the spirit of [135].

We first set up some notations:

o We write Zy = Z \ {0}.

e For z € (T, k € Z, Z(k) denotes the k-th Fourier mode of x.

e For k € Z, let e be the k-th Fourier basis function given by complex exponentials.
e For a process x, we use the notation x4 := x; — .

e We write =~ to mean both < and 2.

o We write k ~ k' if k € supp ¢;, k' € supp ¢; and |i — j| < 1, and by abuse of this

notation, we write k ~ 27 if k € supp (;, where ; is defined in (A.1.1).

e Let 9 be a smooth radial function with compact support and ¢(0) = 1. We regularize

a process x by setting

g =Y (k)i (k)ex,

kEZ

and for convenience, we also write
e .
xp = g 2 (k)eg.
k| <et

Fix 7,0 € (0,1). Let (zp) : t € [0,7]) denote the Ornstein-Uhlenbeck process defined
by
t
zt(v) — / e~ =40 g,
0

for some operator Q) ~ A2 and W is a cylindrical Brownian motion. We define z(%)
in the same way, but we use different symbols to note that z() and z(® are driven by

different, independent cylindrical Brownian motions so that they are independent. It is
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more convenient to write (7 and 29 in Fourier space: we have a family of independent,

standard complex-valued Brownian motions (W (k) : k € Z) with the real-valued constraint

W (k) = W(—k) such that for k € Z,
L) ke
) = [ M gaw, k)
0

where g is the eigenvalue of @) corresponding to ex and |gx| ~ |k|?. In particular, ¢o = 0,

—_

so zy) (0) = 0, which means z(?) has mean zero in space.

Remark 2.7.1. Since we work with processes like 2V that have mean zero in space, we 1g-
nore the 0-th Fourier mode by default, for example, in various summations involving Fourier

modes.

2.7.1 Preliminary results
We will use Proposition 3.6, Lemma 4.1 and Lemma 4.2 from [135].

Proposition 2.7.2 ([135]). Let = : [0,T] — Z/(T) be a stochastic process in some finite

Wiener chaos such that
k+k #£0 = Elzs(k) 7 (k)] = 0.

If for some t € [0, T, E[|2:(0)|] <1 and for all k € Zy,

E[E(9) ] S vz (271)
then for every 8 < k, p > 2, we have
E[[Jz:[lgs] < oo
If, in addition to (2.7.1), there exists h € (0,1) such that E[|75.(0)[*] < |t — s|* and
BIFA (0 $ e 212)

~ |k[IF2Ze-2h’

uniformly in 0 < |t — s| < 1 and k € Zy, then T € C7C?, and
Ellzs ¢llgs

sup  ——— -
0<|t—s|<1 |t — 8|2
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Remark 2.7.3. Later when we apply Proposition 2.7.2, checking the condition on the 0-th

Fourier mode is straightforward, so we will omit details of that part.

Lemma 2.7.4 ([135]). Let a,b € R satisfy a +b > 1 and a,b < 1. We have uniformly for
all k € 7o,

Z 1 1 < 1

b ~ +b—1"
2 Tl Rl TR
ki1+ko=k

Lemma 2.7.5 ([135]). Let a,b € R satisfy a+ b > 1. We have uniformly for all k € Zy,

Z 1 1 < 1
o Gy, PRl a7 o=t
Fa~ka

The following proposition provides a way to bound p-th moments of Hoélder norms of a

process via estimates of its Littlewood-Paley blocks.

Proposition 2.7.6. Let x : [0,T] — ./(T) be a stochastic process in some finite Wiener

chaos such that for h > 0 small enough
E [|Aj250(2) | < CJt - sfh2792h),
Then for any < k and p > 1,

E |22, ¢s] 5 €72

Proof. By Gaussian hypercontractivity (e.g. [135, Proposition 3.3]), for p > 1, h > 0 small
enough

E [Hijs,t <Clt— S‘hp2—jp(2rc—2h)_

i?;p} < HE [\Aj:vs,t(x)ﬂ ‘ Zp(dx)

For any 8 < k, by taking h small enough and p large enough, by [135, Proposition 2.7| or
Besov embedding, Proposition A.1.4, we have

E [lasl25] S C72lt sl ¥
By a variant of Kolmogorov continuity theorem or the standard Garsia-Rodemich-Rumsey
lemma ([74]), we obtain
< v,

E[ll2)2, cs]
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2.7.2 Regularity and convergence of z

The following result as in [87, Lemma 4.4] follows from a straightforward computation,

which will be useful later.

Lemma 2.7.7. The spatial Fourier transform z() of 2 is a complex-valued, centered

Gausstan process with covariance

- Y 1k:k/|]{J|_2+2’7(6_|k|2|t1_t| — €—|k|2(t/+t))7 k ?é 0
E [z§7)(k) zt(,V)(k”)] ~

0 k=0.

where k, k' € Z, t,t' € [0,T]. In particular, we have

— 2
1
E z@(k)‘ ] S (2.7.3)
E ) k 20 k)| S ! ! 2.7.4
2 ( )Zt’ ( ) ~ |t_t/’p‘k|2_2,y+2p7 ( sl )

|

for all s, t,t' €10,T), p,h € [0,1] and k € Zy.

/(-7\) 2 < |t — S|h
Zs,t (k> ~ |]€|2_2’7_2h. (275)
Using Proposition 2.7.2 with the previous lemma, we have the following result.

Proposition 2.7.8. For any 8 < % — ~, we have 2V € CpCP.

One may also adapt the argument by changing a few parameters in |25, Section 4.1] to

prove the following approximation result.

Proposition 2.7.9. For any 5 < % — v and any p > 1, we have

lim E {Hz(w’ﬁ - z('y)Hp } =0.
e—0 CrCh

2.7.3 Construction of B(z(")) and J(z")

If v < %, 27 is a function-valued process, so (2(1)2 and J(z(?)) are well-defined classically.

Then B(z) € CrCP for any B < —3 -
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If % <, 21 is distribution-valued, and (z(V))2 is not classically well-defined, so we

introduce a renormalization procedure. For the regularized process z(7):€, define the renor-

malized product

(0152 o= (207 ~ B[]

Lemma 2.7.10. For any s,t,t' € [0,T], we have

— 27 1
E “(25)?2(79)‘ Y PRE= e (2.7.6)
- ki+ka=k, 1 2
k1], k2| Se™?
e ——] 1 1
€\02 )02
E[(z POER0| St Y mEmemEse 217)
- k1+ko=k,
k1, lk2| et
E /GE k 2] < |¢ h 1 278
(Z )s,t( ) N‘ _S‘ Z |k1|2_27_h|k2|2_27_h7 ( o )
- k1+k’2=k’,
ki, k2| Se?

for any k € Zg, and p,h € [0,1].

Proof. For convenience, we write z = z(?). Because of the renormalization, (2€)$? belongs
to the second homogeneous Wiener chaos. For k € Zg, t > 0, by Itd formula,

t s
ST [ e g g, W () Y ),
k

k1+ko=k,
k1], k2| Se™t

()72 (k) = 2

so we have
e[

and (2.7.6), (2.7.7) hold. On the other hand,

Y s
k1|72 | ko | =2

t S1
< / / o2t 2(t-s1)~2Mal2(=52) g g,
k1+ko=k, S 0
k1, |k2|Se !

/s /51 (efwm|2<tfs1>f|k2\2<tfsz> _ efwn\2<sfs1>f|k2\2<sfs2>)2 dsy dsl)
0 0
S (1+11)

ki+ho=F, [y | 727 o =27
[k, |k2| <e™?

t S
2 |k |271!k: !27/ / ¢ P2kl dr g,
1 2 0 0

ki+ka=k,
|1, k2|Se™?

ERCIE

B |Gz ] <

_l’_
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where using both the bound e™” < 1 and 1 — e™"* < 7t for » > 0 and computing integrals

of the form [ e "dr, for any h € [0, 1],

1t 2 1 1 it — s|P
IS/ e Akl lt=s1) gg) < (/\ t—s) < — 15,
Tl ), VR el e M) < e
0 / ’ / o (6—(|k1|2+|k2|2>(t—s>_1)2e—2|k1\2<s—s1>—2\kzl2<s—52>dgz dsi
0 0
1 1 [t — s|h
< [ Ap-s|) <
S TP <|k1|2 | ’> S T P2 2

so (2.7.8) holds by exchanging the role of k; and ko. O

For v < %, we can show that the renormalized product (z(V)’ﬁ)<>2 converges to a limiting

process (z(1))°2 with the desired regularity.

Proposition 2.7.11. [f% << %, then there exists a process (2(7))02 such that

E [‘(Wz(k)ﬂ < k‘?)_lh_n (2.7.9)

forany k € Zy, 0 <t <T and small enough n > 0, and

lim M(N%E)O? — (z0y2

e—0

p
=0,
CrCh

forany B <1—2v and p > 1.

Proof. When ~ > %, by (2.7.6) and Lemma 2.7.4, it holds uniformly in e that

P2 1 1 1
€\o2
e[R0f | Y s S e 2.7.10
k1+ko=k

When ~ = %, in order to apply Lemma 2.7.4, we give up arbitrarily small amount of decay

in k1 and ko of (2.7.10) to obtain (2.7.9).

Similarly, using (2.7.8) and Lemma 2.7.4, for h > 0 small enough,

—_— 2 t— h ]
e [lasel’] s T [ER0f | < T gt <oz
k27 k27
which implies, by Proposition 2.7.6,
supE H(Z(V),e)OQ p c >
€ CrCB
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for any B < 1— 2y and p > 1. We can obtain the same estimate for (2€)°2 — ()2, since
the terms involving ¢(ek), 1 (€'k’) are uniformly bounded, and other terms are the same.

As €, — 0, in the k-th Fourier mode, we have a factor like

w(ekl)@b(ék}g) — 1,[1(6,]{21)@[)(6,]{32) — 0.

By dominated convergence, ((2(7):€)°?). is a Cauchy sequence in LP(Q,CrC?), where Q
denotes the underlying probability space. We denote the limit by (2(7))02, and the result
follows. O

However, if v > %, (2(7))02 is no longer a well-defined process but a space-time dis-

tribution so that (2(1)¢? has no meaning at a fixed time ¢ > 0. This can be recognized

from the fact that the summation in (2.7.10) diverges. In this case, we instead consider the

regularized process

t
J (20 ::/ e (=948, (20692 g,
0

for which we can show that, with the help of temporal regularity provided by the heat

kernel, J(2(7))° converges to a well-defined process J(2(?))® with the desired regularity.

Proposition 2.7.12. ]f% < v <1, there exists a process J(z)° such that

E [)Ji?i333g(kgj2} < ’k|;‘4v, (2.7.11)
e (/G0 | 5 il (2712)

for any k € Zg, h € [0,1] and s,t € [0,T], and

hmE“P@W“Y—J@WY

e—0

p
=0,
CcrCh

forany B <2—2y and p > 1.

Proof. We focus on the case % < v < 1, since the other case is already done. Take p € (0,1)
satisfying 2y — % <p<7y-— %, and by (2.7.7) and Lemma 2.7.4,

— V= 1 1 1 1 1
€)o2 €)02 < § <
E (Z )s (k)(z )s’ (k)] ~ |s _ Sl|p el |k1|2727+p |k2|2—2'y+p ~ \s _ S/|p ’k|3—4’y+2ﬂ’
1 2=
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which implies
— 2 tort , — /\7
E“J(ze)g(kj)‘ } :/ / |k|2e—\k\2(t—s)—|kl2(t—s E (26)22(1{;)(26) (k:) ds’' ds
0o Jo

t t
, 1 1
< 2 —|k|?(t—s)—|k|?(t—s) /
~/o /o ke s — oo Rz 05 8

1
|k[p—47

N

On the other hand, by taking p € (0,1) as above, using the bound
e~ kP (t=s1)=|k[?(t—s2)
<1,

|51 — sa|Plk[?

with similar computations for (2.7.8), we have

2 ‘k’Q e~ [kI? (t=s1)— k| (t—s2)
UJ St(k)) } ’k‘?’ it / / |s1 — so|P|k|?P dsz ds,
—|k|?(s—s1)—|k[*(s—s2)
—|k| (t—s) _ 1\2¢
// 1) 51— salP[HI% d32d51>

< /\\t—s| < [t —s|"
|k|174'y |k:|4 I [2 |k[5—4r—2h’

for h € [0,1]. With the above estimate, the last statement follows from the same argument

as in Proposition 2.7.11. ]

Remark 2.7.13 (Renormalization is not needed for the nonlinearity of Burgers). Since
Dy : CP — CP~1 is continuous and annihilates quantities that are constant in space, we note

that
9 ()% = 1im 9, (2)°% = lim 9,(z))2 = B(z).

e—0 e—0

Also, by the Fourier expansion of B(z(7)76), we see that the 0-th mode is zero, so the renor-
malization procedure is not actually needed for B(z(V)). By the same reasoning, we can

interpret J(2()) = J(z0)°,

2.7.4 Construction of B(J(z"), z")

If v < &, then B(J(z()),2() is classically well-defined. Then B(.J (")), 2(V) € C7CP for
any B< ((3 =) A (3 —7)A(2—27) —1=—3 —~, according to Remark A.1.9.
If % < 5 < 1, we show the existence of the resonant product J(z(") o 2(7).
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Proposition 2.7.14. Suppose % <y <1 Letv = J(z(V)), z = 2. We have for any

k € Zy,

— 2 1
E |:’19t ozt(k)‘ :| 5 W,

and Yo z € CrCP forcmyﬁ<%—3’y.

Proof. Our approach is the same as [135, Page 29 - 31|, and to see the argument more

clearly, the reader is encouraged to write down the corresponding diagrams of our case.
For convenience, write P,(k) = e“k‘ztltzo. By the Wiener chaos decomposition (see
[135] for a simple strategy using diagrams),
Jr o z(k) = I (k) +2 x 1, (k),
where I3 belongs to the third Wiener chaos, I(!) belongs to the first Wiener chaos, and
they are given by

190 =6 Y /Ot [ /OtP&lsl<k1>PS452<k2>Pt33<k3>Pt84<k4>

k1+ko=k4,
k3+k4:k7
ka~ky

X iky k1 9ko ks dsy dW51 (kl) dWS2 (k2) dWSs (k3)’

=3 / t / t / " Py (k1) Payay (2) Prs (E3) Py ()

k1+ko=ka,
ks+ks=k,
k3~kq,
k1+k3=0

X ik4 Qi Qo Qs A1 dS4 AW, (K2).

Consider E[|It(3)(k)]2] and expand out the integrals. We see that the inner integral has
almost the same expression as E[|J;(k')|?] which can be bounded by W%“' With this
bound, the remaining outer integral has almost the same expression as E[|Z;(k”)|?] which

can be bounded by M%QW Hence, we have by Lemma 2.7.5,

30| 1 1 1
B[00 ¥ s s S e
Kk =k,
k/Nk//
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Now consider ]E[]It(l)(k)\Q] and expand out the integrals. The inner integral becomes the

left-hand side the following expression, almost the same as E[|Z;(k)|?],

(= <_ -
| PP (R S

With this bound, the next outer integral has the following expression

o0 [ee]
/ ik'Py_ (k) / P (K"Py_ o (—K")q20 drds, (2.7.13)
0 0

kl+k/l:k,
k/Nkl/

whose size is bounded by, using Lemma 2.7.5 again,

3 1t 1
’k" ’k”’2_27 ~ ’k‘Q—QW
k'+k'"=k
k./Nk//’

The remaining outer integral also has the form (2.7.13). We arrive at the result

3
(1) 2 < 1 B 1
£ “It (v ] < <k\> = 7o

For the remaining statement, we note that

ﬁtozt_ﬁsozs:ﬁtozs,t"i_ﬁs,tozs‘

We can show (2.7.2) of Proposition 2.7.2, by replacing similar bounds used above (2.7.3)
and (2.7.11) with (2.7.5) and (2.7.12). O

Hence, if £ <y < 1, B(J(2"),200) € CrCP for any B < ((2—27) A (3 —7) A (

wlot

37)) — 1= —3% — v, according to Remark A.1.9.

2.7.5 Construction of B(J(Z(V)))

Since v < 1, J(2() € CrCP for some § > 0. Hence, B(J(z("))) is classically well-defined.
By Remark A.1.9, if v < %, then B(J(z"))) € C7CP for any B < % — v, and if % <<,

then B(J(21))) € CrCP for any B < 1 — 27,
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2.7.6 Construction of B(z), 2(9) and J(z"), 20%))

Recall that 20 and z(® are independent. For Y4+ < %, then it suffices to show the

existence of the resonant product 2" o (9.

Proposition 2.7.15. Suppose v+ § < % Then we have for any k € Zo,

E

S T

— 2 1
zt(ﬂ/) o zt((s)(k)) ] <
and 20 0 200 € C7CP for any B <1 —~ — 6.

Proof. By the definition of zp) o zt(a), independence and (2.7.3), we have for any k € Zg

—

— 2 — 2 2
E zﬁ”oz@(k)”s 3 E[zﬁ”(h)”@[z@(@)]

k1+k2:k7
kirks (2.7.14)

< Z 1 1 < 1

~ k1|2727 [kg|2720 ™ [K[3-21-20"
k1+ka=k,
k1~kso

where we used Lemma 2.7.5, since v+ 0 < % Note that

()

)0z 2l o) =20 02l +2]) 0 2.

We can show (2.7.2) of Proposition 2.7.2 in the same way as (2.7.14) by using (2.7.5) instead.

Then the result follows from Proposition 2.7.2. O

Thus, when v+6 < 2, B(2"), 200)) € C7CP for any 8 < (3 —7)A(3—6)A(1—v—6))—1,
according to Remark A.1.9.

When 3 < v+ 4§ < 2, we encounter the same situation as (2092 that 2V 29 is not
a well-defined process but a space-time distribution, so we work on defining the process

J(z), 20)) as we did for J(z()).

Proposition 2.7.16. Suppose % <y4+0<2. Let z= 20, 2= 20 Then we have for any

k € Zy,
— 2 1
E Uﬂzaz)t(k)‘ ] S W7
and J(z,%) € C7CP for any B < 2 —~ — 6.
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Proof. Let k € Zy. By independence and (2.7.4), for any p1, p2 > 0,

S [ESNCTESRTS] B Dt ety A PUS EmTs

ki1+ko=k

< 1 1 1
~ |S _ S/‘pl—i-pz Z |k1|2—2'y+2p1 |k2|2—26+2p2 :
ki+ko=k

Recall that +,6 < 1. By taking p1, po > 0 such that

1 1 3
P<7y=g p<d-g, prtp>7+di-g,

we can use Lemma 2.7.4 to obtain

T 1 1
B |G 0] S o

where p = p1 + p2 € [0,1]. Then
— 2 t ot , —
E [‘J(z,%)t(k)‘ ] 5/ / || 2o WP E=9)= k(=5 [(zi)s(k)(zé)s/(k) ds ds’
0o Jo

t t
< 2 k|2 (t—s)— K[> (t—s") 1 1 /
~ /o /0 |k|%e |s — '[P |kP~2—20+20 dsds

< 1
~ k226"

By the same computation in Proposition 2.7.12, for any h € [0, 1],

— 2] [t — s|"
E ‘J(Zaz)s,t(k)‘ S Rp22h

The result follows from Proposition 2.7.2. O

2.7.7 Construction of B(J(z"), 2(%)

If v < 1, then B(J(2")),209) is classically well-defined. Then B(J(2)),2(9)) € C7CP for
any B< ((3 =) A(3—68)A(2—7—6)) — 1, according to Remark A.1.9.

If % <7 < 1, we need to show the existence of the resonant product J(z(V)) 0 z(9,

Proposition 2.7.17. Suppose % <y <1 Let® = J:ED), z =29, We have for any

k € Zy,
— 2 1
E Uﬁtozt(k)‘ ] S Wa
and ¥ o z € CpCP forcmyﬁ<%—2’y—5.
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Proof. By the definition of ¥; o z;, independence, (2.7.3) and (2.7.11), we have for any
k € Zy,
2 ~ 2 N )
Bl[fronwf |5 ¥ E|jam]|E[amr

k1+ko=k,
ky~kso

s 2 . L oo 1
el P [ 2720 ([0 m20
k1~k2

where we used Lemma 2.7.5, since v, < 1. Similar to Proposition 2.7.15, we can show
(2.7.2) of Proposition 2.7.2 by using (2.7.5) and (2.7.12). Then the result follows from

Proposition 2.7.2. O

Thus, when 3 <~ < 1, B(J(21),29) € CrCP for any 8 < ((2 —29) A (3 — &) A (

DUt

27y —9)) — 1, according to Remark A.1.9.

2.8 Discussion

The Time-Shifted Girsanov Method, described in Section 2.5.3, was used in [125] to show
that the hyper-viscous two-dimensional Navier-Stokes equation satisfied the translation of
Theorem 2.2.1 to that setting when the forcing is smooth enough to have classical solutions
but not so smooth that is infinitely differentiable in space. This is completely analogous to
the theorem proven here when a < % We conjecture that the translation of Theorem 2.2.1
for the classical two-dimensional Navier-Stokes equation does not hold for the same kind of
forcing as in Section 2.5.3, because it is just right beyond the validity of the Time-Shifted
Girsanov Method. It would be interesting to compare and contrast that setting to the
current one when o = 1, since both cases are right at the boundary of the Time-Shifted
Girsanov Method, while the former case does not involve any singularity. In both settings,
it would be interesting to understand the structure of the transition measure when Q ~ e~4

where we expect the system to have more in common with a finite-dimensional hypoelliptic

system.
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Chapter 3

Large Deviation Asymptotics and Posterior
Consistency on Dynamical Systems

3.1 Introduction

In this chapter, we provide asymptotic results concerning (generalized) Bayesian inference
for certain dynamical systems based on a large deviation approach. The central contribution
of this chapter is to provide a flexible proof framework that can be applied to a variety of
stochastic processes and dynamical systems including both discrete and continuous state
spaces and discrete-time and continuous-time dynamics. In generalized Bayesian inference,
we only require the existence of a loss function that can be used to assess how well a sequence
generated by a model process fits the observed data sequence. In contrast, Bayesian inference
requires knowledge of the likelihood or the data generation process, and it is generally
assumed that the data generation process belongs to the family of candidate model processes.
We consider generalized Bayes procedures for two reasons: (1) the large deviation approach
to Bayesian inference is more natural for considering general loss functions, and (2) when
studying dynamical or other complex systems, it may be unrealistic to assume knowledge
of the data generating system and difficult to verify that the data generating process is in

the model class specified.

The elements of our model include a sequence of observations y, a class of model pro-
cesses parameterized by 6 € © which can be characterized as a stochastic process X¢ or a
measure fig, a prior distribution my on ©, and a loss function L which measures the error
between y and a realization of X?. These elements together allow us to specify the gener-
alized posterior distribution (0 | y). The goal of this chapter is to study the asymptotic
behavior of m(0 | y) as ¢ — oo. In particular, we state conditions on the model family

{po}oco and the loss function L such that the posterior distribution converges. The two
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conditions we require are: (1) a conditional large deviation behavior for a single X¢ and (2)
an exponential continuity condition over the model family for the map from the parameter

6 to the loss incurred between X? and the observation sequence y.

A key result in our framework is the identification of the divergence term more suit-
able for dynamical systems, which governs the large deviation asymptotics of the posterior
distributions. This divergence term coincides with the classical Donsker-Varadhan relative
entropy rate in process-level large deviation principles, which can be defined on a variety of
stochastic processes and dynamical systems. It also connects to other classical quantities
in ergodic theory, such as the Kolmogorov-Sinai entropy. This divergence allows us to for-
mulate and prove posterior consistency for a variety of stochastic processes and dynamical

systems.

The motivations for proposing the large deviation framework developed in this chapter
are simplicity and generality. We simplify proving posterior consistency to checking for two
properties that have been well-studied in the large deviation literature. As the proposed
framework can be applied to a wide class of processes, we are providing new proof techniques
that can be used to analyze posterior consistency for novel stochastic models. In this chapter,
we provide some evidence of the generality of our procedure via applications to continuous-
time hypermixing processes and Gibbs processes on shifts of finite type. The point is that
the same procedure for proving posterior consistency can be used for two very different
dynamical systems.

To obtain posterior consistency of hypermixing processes, we prove new quenched and
annealed large deviation asymptotics. In the special case of Markov processes, we make
explicit connections with the log-Sobolev inequality and hypercontractivity, where our suf-
ficient conditions for posterior consistency can be seamlessly identified. This makes our

framework essentially a black box in the case of Markov processes.
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3.1.1 Connections to previous work

Large deviations have been applied to Bayesian procedures including posterior distributions
of i.i.d. random variables [72|, Markov chains [140, 62], Dirichlet processes |73], and empir-
ical likelihoods [84]. These papers do not specifically consider posterior consistency and do
not provide a general methodology for proving posterior consistency, rather they focus on

deriving the large deviation rate function for a particular Bayesian procedure.

Posterior consistency for i.i.d. processes is well-studied, going back to initial results
by Doob [56] and Schwartz [150]. Counterexamples and challenges to proving posterior
consistency for nonparametric models were highlighted by Diaconis and Freedman in [50].
Posterior consistency for Bayesian nonparametric models is an active area of research, for

a detailed review see [80].

There are far fewer results for posterior consistency for dependent processes or dynamical
systems. Posterior consistency for hidden Markov models was established in [33, 58, 75, 159].
For dynamical systems, [129] established posterior consistency of (hidden) Gibbs processes
on mixing subshifts of finite type using properties of Gibbs measures, and [120] directly

used large deviation results to prove a similar result.

The setting of this chapter is similar to [152]|, where the author establishes posterior
consistency by proving the large deviation principle for the posterior distribution of some
dependent processes with likelihood ratios instead of loss functions. There are technical
difficulties in verifying the main assumptions in [152|, in particular when the state space
is neither finite nor compact. In addition, [152] does not provide any procedures to check
the required assumptions. Our work can be seen as a general framework for verifying those
assumptions. Additionally, the methods used in both this chapter and [152] are similar to
the entropy-based argument in [130] based on [13], which originates from [57].

From a large deviation perspective, we will make extensive use of two techniques in
large deviation theory. We will require large deviation behavior on each model process
conditioning on a given observation y. In the large deviation literature, this is closely

related to the conditional large deviation principle or the quenched large deviation principle

71



which has been studied for a variety of stochastic models [151, 34, 31]. We will also require
a regularity condition on the map from parameters to model processes called exponential
continuity, which is adapted from the work on the large deviation of mixtures or the annealed
large deviation principle. This formalism has been widely studied for a variety of processes
[34, 15, 51, 165], with exchangeable sequences the most notable from the literature [51, 165].
The idea of exponential continuity we use comes from [51], and it is also implicit in the study
of uniform large deviation principles of Markov processes with different initial conditions in
[60, 23].

The idea of a variational formulation of Bayesian inference was developed by Zellner
[168], and the link between statistical mechanics and information theory with Bayesian in-
ference was at the heart of the inference framework advocated by Edwin T. Jaynes [103].
In the variational perspective Bayesian inference is an optimization procedure over distri-
butions that minimizes an error term and a regularization term that enforces the posterior
to be close to the prior. Generalized Bayes inference refers to procedures for updating prior
beliefs where the loss may not necessarily be the log-likelihood and the regularization term
need not be the relative entropy to the prior. The idea of using loss functions to update
beliefs goes back at least to Vovk [160]. It has played a central role in the PAC-Bayesian
approach to statistical learning [128, 26] and has been adopted by the mainstream Bayesian
community [18, 133]. In [85] consistency and rates of convergence are obtained for general-

ized Bayesian methods.

3.1.2 Overview

In Section 3.2, we provide notations, the setup of our problem and the main results of
the chapter. In Section 3.2.5, we outline our large deviation framework to prove posterior
consistency and provide both details and examples for the steps required and the various
mathematical quantities involved. In Section 3.3.5, as a sanity check, we apply our frame-
work to Bayesian inverse problems. In Section 3.5 and 3.6, we apply our large deviation

framework to two very different dynamic models: continuous-time hypermixing stochastic
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processes and Gibbs processes on shifts of finite type. We close with a discussion. We also

provide appendices for deferred proofs, background material and auxiliary technical results.

3.2 The setting

Our inference framework consists of two components. The first component is the dynamical
system that generated the observations. The second component is a parameterized family
of stochastic processes for which (generalized) Bayesian updating provides a posterior dis-
tribution conditioning on the observations. We will denote T as the time index. In this
chapter, we consider both discrete T = N time indices, equipped with discrete topology,
and continuous T = [0, c0) time indicies, equipped with Euclidean topology. In both cases,

T is equipped with its Borel o-algebra.

3.2.1 Observed system

Let Y be a Polish space equipped with the Borel o-algebra. We denote an one-parameter
family of measurable transformations acting on Y by (¥!)cr, i.e., for each t € T, ¥t :
Y — Y is a measurable map, the map T x Y — Y, (t,y) — P!y is jointly measurable,
and Ut = Wl o U3, We recall a few definitions from ergodic theory. A Borel probability
measure v on ) is said to be W-invariant if v((V*)"'E) = v(E) for any ¢t € T and any
measurable set £ C ). A set E C ) is said to be U-invariant if (U*)"!1(E) = E for any
t € T. A U-invariant Borel probability measure v is called ¥-ergodic if v(E) € {0, 1} for any
U-invariant set £ C ). A function f : Y — [—00,00] is called W-invariant if for v-almost
every y € Y, f(y) = f(¥ly) for any ¢t € T. In the following, we assume that observations

come from a dynamical system (Y, ¥, r) where v is ¥-ergodic.

In the continuous time case T = [0, 00), we make an additional assumption that (¥!);ct
is an one-parameter family of continuous transformations so that the map (¢,y) — ¥'(y) is

continuous. This ensures the integrals in time in this paper are all well-defined.
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3.2.2 Parameterized model processes

As we consider Bayesian inference in this paper, our objective is to obtain a posterior
distribution over a parameterized family of processes which quantifies the evidence that
each of the model processes in the family could have generated the observed data. We
specify the family of processes as (X?);cr indexed by parameter # € © and our inferential
goal is to obtain a posterior distribution 7;(6 | y) given observations y up to time ¢. Before
we rigorously state the form of the posterior, we formally specify the general form of the
model processes we consider in this paper.

Let S be a Polish space with the Borel o-algebra. Let X = C(T,S) be the space of
continuous paths x : ¢ — x; on S equipped with the topology of uniform convergence on
compact intervals of T, so X is also a Polish space under this topology with a compatible
metric dy. The natural one-parameter family of continuous transformations acting on X is
the family of time shift maps (®!);er given by ®¢ : X — X, (®!(z))s = z44s. Thus, X can be
viewed as the canonical probability space of continuous S-valued stochastic processes. Let
© be a compact metric space of parameters with the metric denoted by dg. One can view
the family of model processes as a family of ®-invariant measures {ug}oco on X, perhaps
a more dynamical perspective. A more probabilistic view considers a parameterized family
of S-valued stationary stochastic processes {X? = (X?);cr}oco with corresponding laws
{mo}oco on X. Both perspectives will be considered in this paper. From the probabilistic
view point, we have the freedom to choose the underlying probability space (£2, F,P) of the

stochastic process X?.

Remark 3.2.1 (Parametric and non-parametric inference). It may seem that we are working
in a parametric setting, since each model process depends on a parameter 6. However, non-
parametric inference is basically parametric inference when the parameter space is infinite-
dimensional, such as functions. We do not assume © to be finite-dimensional, so our setting

includes non-parametric inference.

Remark 3.2.2 (Compactness of ©). It is not uncommon in the posterior consistency liter-

ature to assume the parameter space to be compact. In the discussion section at the end, we
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briefly provide a reason why compactness is necessary from the large deviation perspective.
Even so, compactness of © is only used in the last step of large deviation framework. Also,
the large deviation asymptotics is strictly stronger than posterior consistency. We believe
that the current framework can be extended to mon-compact ©, for example, by assuming

some exponential decay of the prior distribution .

3.2.3 Posterior inference

In Bayesian inference, the quantity of interest is the posterior distribution on the parameters

given our observation sequence y up to time ¢,

Lik!(y | 0) x mo(9)

0
(0 1) Joreo LikE(y [ 67) X m0(67) d6"”

where 7o(6) is the prior distribution or the belief over the parameters § € ©, Lik'(y | ) is
the likelihood of observing the data y given parameter 6 up to time ¢, and for the purpose
of this paper, the denominator is a normalizing constant (in Bayesian inference it is the
marginal probability of the data y). Another formulation of Bayesian inference focuses on
the loss function I*(y; @) = — log Lik'(y | §) which measures the incurred error or loss on the

data y given a parameter 6 up to time t. The posterior in this setting is

exp(—1t(y;0)) x mo(6)
Joreo exp(—1t(y; ') x mo(6) dO’”

(6 [ y)

We will focus on the above loss-based formulation of Bayesian inference because it makes
more transparent the connections between large deviation theory and posterior consistency,
and it allows us to provide results for the wider class of generalized Bayesian updating
procedures.

We consider a general loss function L: © x X x Y — R, (0,z,y) — Lg(z,y), where the
path z € X can be interpreted as the underlying state of the observed data. We define the

(integrated) loss up to time ¢ for the continuous and discrete cases as
t
Li(z,y) :—/ Lyg(®5x, Uy)ds, Lh(z,y) ZL@ Sz, Uiy)
0
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We now formally state the posterior distribution of interest in this paper. We assume the
space of parameters © is equipped with its Borel o-algebra and a fully supported prior

measure my. Given an observation g, the posterior distribution is

1

MUE 1) = s [ e (<L) dis(a) dmo(0), (3.2.1)

where ¥ C © and the normalization constant or partition function is

:wwzéwmw%mmwwmmwx (3:22)

when 7 is any Borel probability measure on ©. Again, when Ly(x,y) is the negative log

likelihood of y given x and €, one recovers Bayesian inference.

The goal of this chapter is to study the asymptotic behavior of the posterior distribution
(- | y) as t — oo. In particular, we want to understand under what conditions on the model
family {pg}oco and the loss function L, the posterior distribution m(- | y) converges, and

around what set of parameters it concentrates asymptotically.

3.2.4 Main results

We develop a large deviation framework to study the asymptotic behavior of the posterior
distribution (- | y). We introduce the notion of exponentially continuous families for
describing the regularity of the parametrization map 6 — ug with respect to the loss L and
prove the following variational characterization of exponential asymptotics of the partition

function.

Theorem 3.2.3. Suppose {19} gcgq is an exponentially continuous family with respect to the
loss function L. Then there exists a continuous function V : © — R such that for any Borel
probability measure m on O, for v-almost every y € Y,

R S
Jim, = log 27(y) = eeshr;;fy () Vo).

As a corollary from [129, Theorem 2|, we obtain the convergence of the posterior distri-

bution (- | y) as t — oo and characterize the set it concentrates on asympotically.
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Corollary 3.2.4. Let Oni, be the set of minimizers of V in ©. Then if U is an open

neighborhood of Omin, for v-almost every y € Y, we have
lim 7(©\ Uy) = 0.

To generalize previous results on posterior consistency and demonstrate the flexibility
of our framework, we provide natural sufficient conditions of exponential continuity for
two classes of very different model processes: (1) a class of continuous-time, dependent
processes on general state spaces called hypermixing processes; (2) a class of discrete-time,
discrete-valued dynamical systems called Gibbs processes on shifts of finite type. For these
two classes of examples, we also characterize V' explicitly so that the posterior distribution
concentrates asymptotically to those parameters that minimize the sum of the expected loss
and a divergence term, thus proving posterior consistency.

In the case of hypermixing processes, we obtain new quench and annealed type of large
deviation asymptotics, which may be of independent interests. For the special case of
Markov processes, we derive explicit and checkable conditions for exponential continuity
based on the connections between hypermixinig, hypercontractivity, and the log-Sobolev

inequality, which makes our framework essentially a black box.

3.2.5 Notations

Suppose Z is a Polish space equipped with the Borel o-algebra and (R!)ier is an one-
parameter family of (continuous if T = [0, 00)) transformations on Z. The following objects

appear throughout the paper.

Measures: Let M(Z) denote the vector space of finite Borel measures on Z, M;(Z) the
subset of Borel probability measures on Z, and M;(Z, R) the subset of R-invariant Borel
probability measures. The topology we consider is the weak convergence of measures. In
particular, M;(Z) is a Polish space under this topology. Let M, (X x )) denote the set of

Borel probability measures on X x ) with Y-marginal v. For z € Z, we write the empirical
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process of z on Z in continuous and discrete time as

/ (SRS dS Mt 26R527

where ¢, is the Dirac Delta measure at z.

Sigma algebras: Consider X and )Y as canonical probability spaces for the stochastic process
X = (X¢)ter and the random variable Y (defined by X; : 2 — xp and Y : y — y). We
define the o-algebra F; = (X5 : 0 < s < t) on X as generated by X up to time ¢ and
ﬁt =0(Xs,Y :0<s<t)on X x) as generated by X up to time ¢ with full information
of Y.

Functions: Let C(Z) denote the set of bounded continuous functions f : Z = R, Cp joc(X)
the set of functions f € Cy(X) such that f is F,-measurable for some r > 0, and Cp joc(X %))
the set of functions f € Cy(X x Y) such that f is F,-measurable for some r > 0.

For a continuous function f : Z — R and interval I C T, we write in continuous time
and discrete time, respectively,

= [frnds, 1= 3 fr)
I sel

and we write ft:= fO08 ft .= fl0OLt=1} regpectively. We denote the sup norm of f by
I1£1-

Joint processes: Let J(® : v) denote the set of (® x ¥)-invariant probability measures with
Y-marginal v, and J.(® : v) the (& x ¥)-ergodic elements of J (P : v).

3.3 A large deviation framework for posterior con-
sistency

In this section, we present a framework of proving posterior convergence using a large

deviation approach. We start with the observation in [129] that there is a variational
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characterization that implies posterior consistency. Starting with this observation, the large
deviation approach to posterior consistency is based on showing the following;:
1. a conditional large deviation behavior of some empirical process on X x Y; this allows

us to prove the variational characterization for a single model process;

2. an exponential continuity condition over the model family, adapted from the large
deviation theory of mixtures; this allows us to prove the variational characterization

over the entire model family.

3.3.1 A variational formulation for posterior convergence

A central idea in [129] was that proving posterior consistency can be reduced to proving a
variational characterization of the asymptotics of the normalizing constant 2{" at an expo-
nential scale. The results in [129] were for a specific model family, Gibbs processes on mixing
subshifts of finite type. A key point in this paper is that the variational characterization of
the asymptotics of normalizing constant at an exponential scale will hold for a wide class
of processes, and this characterization can be used to prove posterior consistency.

We start by restating Theorem 1 and 2 in [129] using the notation for model processes

in our paper.

Theorem 3.3.1 ([129]). Suppose there exists a lower semicontinuous function V : © — R

such that for any Borel probability measure m on ©, for v-almost every y € ),

lim 1 log Z"(y) = inf V(0). (3.3.1)

t—oo 1t 0c supp ()

Let Omin be the set of minimizers of V in ©. Then if U is an open neighborhood of Omin,

for v-almost every y € Y, we have
Jim 7,(©\ Uy) = 0.

In other words, to show posterior consistency, it suffices to prove (3.3.1) for any prob-

ability measure m on ©. Moreover, Theorem 3.3.1 reveals that the generalized posterior

79



distribution concentrates asymptotically on minimizers of the function V. A crucial obser-
vation in [129] was that V' can be explicitly stated when the model processes are Gibbs
processes on mixing subshifts of finite type:

V() = inf Lo d) + h(\ : 3.3.2
0=t { [ Lot iolmen) (332)

where Ly is the map (z,y) — Lg(z,y), J (P : v) are the joint processes defined before, and
h(\ || po ® v) measures the divergence of A from pg ® v, defined explicitly later. Intuitively,
when a parameter 6 is given without further information of the dynamics on X and )Y, the
natural guess for the joint distribution on X and )Y is the independent coupling ug ® v.
From this perspective, we may interpret the parameters in O, as those minimizing the
expected loss and the divergence from the prior belief. We provide a short proof of Theorem
3.3.1 in Section 3.7.1. The proof is very similar to the proof of in Theorem 2 in [129], but

we added it to provide a proof that uses our notation and to be self-contained.

3.3.2 The process-level LDP and the relative entropy rate

In this subsection, we provide a variational characterization of the partition function for a
single parameter 6 as a direct application of large deviation theory. More specifically, we
state the partition function specified in (3.2.2) for a fixed parameter 6 € © (consider 7 = dg
on O):

ZOy) = L (y) = / exp (~Zb(z. 1)) dpo (). (3.3.3)
X

Then the variational characterization (3.3.1) for a fixed 6 reduces to

lim %log Z0(y) = —V(8), (3.3.4)

{00
where V() has the form of (3.3.2). We will show that (3.3.4) is implied by some large
deviation principle.

The large deviation principle quantifies asymptotic behavior of probability measures on

an exponential scale through the rate function via the following definition.
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Definition 3.3.2 (Large Deviation Principle (LDP)). Let Z be a Polish space and T : Z —
[0,00] be a lower semicontinuous function. A family (ny)ier of probability measures on Z
1s said to satisfy the large deviation principle with rate function T if for every closed set
ECZ,

1
limsup — log n:(E) < — inf Z(z), (3.3.5)
t—oo U zel

and for every open set U C Z,

1
N >
hgg)lf . logm:(U) > Zuelgl(z) (3.3.6)

In particular, we say that a stochastic process (Zi)ieT on Z satisfies the large deviation

principle with rate function T if the law of (Z¢)ier on Z does.

Note that the variational characterization of the scaled log partition function in equation
(3.3.1) takes a similar form as the above LDP. The connection is even more explicit when
we consider Varadhan’s Lemma [23, Theorem 1.5| which states the following equivalent

definition of the large deviation principle.

Theorem 3.3.3 (Varadhan’s Lemma). Let Z be a Polish space and T : Z — [0,00] be
a lower semicontinuous function. A stochastic process (Zi)ieT on Z satisfies the large de-

viation principle with rate function I, then it satisfies the Laplace principle, i.e., for all

F € Cy(2), we have

lim ~ log E [exp(—tF(Z:))] = — inf (F(2) + Z(2)). (3.3.7)

t—oo t z€EZ

In fact, the large deviation upper bound (3.3.5) implies the “ <7 part of (3.3.7), while the

lower bound (3.3.6) implies the “ > 7 part of (3.3.7).

Varadhan’s Lemma states that the large deviation principle implies the Laplace princi-
ple. Actually, the large deviation principle and the Laplace principle are equivalent if the
rate function Z has compact sublevel sets, see [23, Theorem 1.8].

We now specify a collection of stochastic processes for which the variational characteri-

zation (3.3.4) of the single process partition function can be stated as a direct application
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of Varadhan’s Lemma. We set Z2 = M (X x )) and the stochastic process (Z;)ier of

probability measures on (X x ), ® x ¥) as

1 t 1 t—1
Zt = Mt(Xe,y) = t/o 5((I>SX07\I/sy) ds or ; E (5(¢,SX67\1,sy)
5=0

for a fixed observation y € ) and the model process (Xf )teT ~ g corresponding to a fixed

parameter 6 € ©. Next, we pick a specific function F' that is defined by

F:Mi(Xx)Y)—=R, n— Ly(x,y) dn(z,y), (3.3.8)
XxY

where 6 is the same fixed parameter. By plugging in the Z; and F' into the left-hand side

of equation (3.3.7), we recover the partition function

E [exp(—tF (%)) = /X exp (~L(x, ) dpo(z) = 2°(y).

Hence, if (M;(X?,y))ier satisfies the large deviation principle on M1(X x V) with rate
function Zy : M;(X x Y) — [0, o0] given by

hA|pg@v), ifAeT(P:v),
To(A) = (3.3.9)

0, otherwise,

then by Varadhan’s Lemma, we obtain the variational characterization for a fixed 6:

.1 0, N . _
i 1os 20 = it { [Loart 1M lwen ) = -vio)

In the remainder of this subsection, we define rigorously the divergence term h(- || -) with

examples for some stochastic processes and dynamical systems.

Remark 3.3.4. The large deviation principle is stronger than (3.3.4), since the latter only
requires (3.3.7) to hold for the one selected function (3.3.8) rather than all functions in
Cy(Z2). We will exploit this fact to prove part of the large deviation principle that is sufficient

to ensure (3.3.4) instead of the full large deviation principle.

We now outline the role of the divergence term as the rate function. We need to make
sense of the divergence term h(-|| 4 ® v), where we set u = ug for a fixed parameter 6.
We start with the definition of relative entropy, which quantifies the divergence between

measures.
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Definition 3.3.5. Let Z be a Polish space. For \,n € M(Z), the relative entropy, also
called the Kullback-Leibler divergence, of \ with respect to n is defined as

leogf%d)\, if A<,
K(An) = !

00, otherwise,
where A <K n means that A is absolutely continuous with respect to n, and % 1s the corre-

sponding Radon-Nikodym derivative.

The relative entropy plays a universal role in large deviation theory. See [60, 23| for
derivations of many well-known LDPs using the relative entropy. For discrete time case,
Sanov’s Theorem [63] establishes the LDP for empirical measures (7 S8 0x,)ien of in-
dependent and identically distributed random variables Xg, X1,..., X, ~ po on & with
rate function function Z(n) = K(n || ). In the case of empirical measures of discrete-time
Markov chains [54, 52, 53], the rate function will be based on a relative entropy term involv-
ing both the Markov transition kernel as well as the initial stationary distribution. As the

processes we are interested in can have arbitrary dependencies, and the dynamics can be

deterministic, we will study the large deviation behavior of the whole empirical processes

t—1 t—1
1 1
My (X) = (t > 5@5){) = <t > 5(XS,XS+1,XS+2,...)> :
s=0 s=0

teN teN
so we need to consider the role of the relative entropy on the whole processes as dynamical

systems.

As discussed in [129], the relative entropy cannot be directly applied to measures on
dynamical systems, as any two different ergodic measures are mutually singular, the relative
entropy will be infinite. We are in need of a more useful divergence for measures on the
path space and on dynamical systems. Thus, we introduce the relative entropy rate on X,
which usually appears as the rate function of the process-level LDPs, such as the LDP of the
empirical process M;(X) on X for well-behaved stochastic processes (X;)ier. The relative

entropy rate quantifies the divergence between measures on the path space in a meaningful

way.
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Definition 3.3.6 (The relative entropy rate on X). For A\,n € M(X), we define the relative

entropy rate of A with respect to n as

!
M lln) = Jim K | 7l)
if the limit exists, where Xz, and n|x, are X and n restricted on F;.

For many well-behaved stochastic processes (X;):er with some law p on X, the relative
entropy rate h(-| p) is a well-defined, nontrivial function on M;(X), and the empirical
process M;(X) satisfy an LDP with rate function

h(n”u)a ifHEMl(X7CI))7
Z(n) =

o, otherwise.

See, for instance, [63, 151, 32, 147].

We introduce the relative entropy rate on X x Y, and we adapt [151, equation (3.7)]
which states the process-level conditional LDP of Markov chains on a random environment

which is analgous to our observation y.

Definition 3.3.7 (The relative entropy rate on X x ). For A\,n € M(X x Y), we define

the relative entropy rate of A with respect to n as

1
M) = lim SK Oz l)
if the limit exists.

Now we are in a good position to restate the first step of our strategy: to show that for
X% ~ pp with any fixed 6, it holds for v-almost every y € Y, (My(X%, 9))er satisfies the
large deviation principle on M (X x ) with well-defined rate function (3.3.9), or a weaker
result that is sufficient to guarantee (3.3.4). The previous statement can be interpreted
in the following way: we have hope of proving posterior consistency as long as our model

family {s}yce corresponds to processes with good large deviation behavior.
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Examples of the relative entropy rate

For concreteness, we include a few examples, where the relative entropy rate on X is a
closed form expression. The second and third examples below come from [61, Appendix A],
where computations are shown in full details. The fourth example comes from [28|. The

fifth example comes from [104].

Example 3.3.1 (I.L.D. processes). Consider two discrete-time i.i.d. processes (Xi)ten,
(Z)ten on S, where for each t € N, Xy ~ g and Z; ~ ny in S, respectively, and the whole
process (Xt)ien, (Zt)ten have law p = uf)@N, n= 778§N on the path space X = SN, respectively.

Then the relative entropy rate of n with respect to w is h(n || u) = K(no || to)-

Example 3.3.2 (Discrete-time Markov chains). Let (X;)ien, (Zt)ien be two Markov chains
on § with transition kernels p and q, and stationary initial measures po and ng on S,
respectively. Let p, 1 be the law of (Xt)ien, (Zt)ien on the path space X = SV, respectively.
Then the relative entropy rate of n with respect to u is h(n || pn) = K(no ® q|| o @ p), where
tio @ p is the probability measure on S x S defined by (o ® p)(A x B) = [, p(z, B) dpo ().

Example 3.3.3 (Stochastic differential equations). Consider two Ité diffusion processes on

RY:

dX; = a(Xy)dt + o(X)dW,

dZt = b(Zt)dt + O'(Zt)th,

where a, b are vector fields on R? and o(x) € RY*? is non-singular so that each of the stochas-

tic differential equations above have unique global weak solutions, given stationary initial

conditions Xo ~ po and Zo ~ no. Let p, 1 be the law of (Xt)ie(o,00), (Zt)iefo,00) 0N the path

space X = C([0,00),R%), respectively. Under some assumptions for Novikov’s condition,
1

one can show the relative entropy rate of n with respect to pi is h(n || 1) = B, lla — bl|3-1,

where ¥ := ool is the diffusion matriz and [6()[|5-1(2) = E?,j:l bi(x)zfjl(m)bj(x).
Remark 3.3.8. The preceding example can be generalized to the case where o is singular

but b — a € range(o) by the following similar steps in the proof of [37, Theorem 4.1 and
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4.2]. In this case, X1 denotes the Moore-Penrose matriz pesudo-inverse of . On the other
hand, when X and Z have different diffusion coefficient o, one can still compute the relative

entropy rate at least in the case of martingale diffusions in dimension 1 (see [3]).

Example 3.3.4 (Shifts of finite type (SFT)). Let T = N and S be a finite alphabet. Let
00 € My(S) be the uniform probability measure, and o = o5 € M1(X) be the product
measure on X. Let n € Mi(X,®) be an arbitrary ®-invariant measure. Then the relative
entropy rate of n with respect to o is h(n || o) = h(o) — h(n) = log|S| — h(n), where h(n)

denotes the measure-theoretic or Kolmogorov-Sinai entropy of n.

Example 3.3.5 (Gibbs processes on SFTs). Let T = N and S be a finite alphabet. Given
a Hélder continuous potential function ¢ : X — R, let p € My(X,®) be the corresponding
Gibbs measure. Given an invariant measure n € My (X, ®), the relative entropy rate of n
with respect to pu is h(n || ) = P— [ ¢ dn—h(n), where h(n) denotes the measure-theoretic or
Kolmogorov-Sinai entropy of n, and P denotes the pressure of ¢. See the precise Definition

3.6.1 later.

Remark 3.3.9 (The relative entropy rate in ergodic theory). From the ergodic theory point
of view, one may view the o-algebras F; as measurable partitions consisting of cylinder sets of
the path space X . From this perspective, the relative entropy rate on many dynamical systems
can be related to other well-studied quantities in ergodic theory, such as the Kolmogorov-Sinai
entropy (as in Example 3.5.4), Lyapunov exponents, and equilibrium states. See Section

3.8.5 for a review of related work.

3.3.3 The exponentially continuous model family and the loss
function

So far, we have a strategy for proving the variational characterization (3.3.4) for a single
parameter  using large deviation techniques. It remains to push (3.3.4) to the variatonal
characterization (3.3.1) on the support of any probability measure 7 on the parameter space
©. In this case, we need to study the large deviation behavior of the mixture [ g dm(6)

of probability measures {fg}y.g mixing by 7. Intuitively, to recover (3.3.1) based on the
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previous reasoning using Varadhan’s Lemma, we want the process-level LDP to hold for
the empirical process of [ g dm(0) with rate function infpegupp (r) Lo, Where Iy is the rate
function for the process-level LDP of pg. This observation is reminiscent of the work on
large deviations of mixtures [165, 51, 15]. The key property required for large deviations of
mixtures is exponential continuity on the parametrization map 6 — pg. The intuition for
exponential continuity is that if 6; — 6, then {1, }, is an exponential approximation of 19
in the language of large deviation theory [48, Section 4.2.2] so that {ug,} has the same large
deviation asymptotics as py as t — oco. In our case, we consider exponential approximations

of the empirical processes. We adapt the definition of exponential continuity to our setting.

Definition 3.3.10 (Exponentially continuous family). We say {p0}ycq s an exponentially
continuous family with respect to L if the following holds: for all 6 € ©, it holds for v-a.e.

y € Y that the following limit exists

1
lim —log Z(y)

t—o00 o t—o00

lim 1log/Xexp (—Lj(z,y)) duo(z) (3.3.10)

which we define as =V (0), and if (0y)ter is a family of parameters such that 6, — 6 in ©,

then

1 1
lim : log 2 (y) = tlim 7 log/ exp (— L, (z,y)) dug, (x) = =V (). (3.3.11)
X

t—o00 —00

Note that in (3.3.11), t and 6; are changing at the same time.

For clarity of exposition, we focus on the loss function L with the following assumption.
Weaker assumptions are possible but will complicate theorem statements and are not as

natural when the state space S is non-compact.

Assumption 3.3.1 (The loss function). We assume that the loss function L : © x X x Y —

R, (0,z,y) — Lg(x,y) satisfies the following properties:
1. For all 0 € ©, the map Ly : (x,y) — Lo(x,y) belongs to Cpoc(X X V).
2. Forany 0,0/ € ©, z,2/ ¢ X andy € ),

Lo(a,y) — Lo (', y)| < w(do(6,0)) + w(da(z,2'))
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for some function w : [0,00) — [0,00) with lim,_,g+ w(r) = w(0) = 0, which can be

viewed as the modulus of continuity.

The natural class of loss functions we are considering is the following.

Example 3.3.6. Let dy € Cy(V?) be a bounded metric and o : © x X — Y, (0, ) — py(z)
be a uniformly continuous function such that for every 0 € ©, the map pg : X — Y,
x — pg(x) is Fpg)-measurable for some r(0) > 0. Then the loss function L defined by

Ly(z,y) := dy(pe(x),y) satisfies Assumption 3.3.1.

Remark 3.3.11. Note that every metric is equivalent to a bounded metric. The assumption
that Lg belongs to Cpoc(X % V) is practical, since if the loss Lo(x,y) depends on the whole

path of x, then it is more difficult for real-world computations.

As an intermediate step of proving exponential continuity, it is convenient to show that
given a fixed 0 € O, for v-a.e. y € Y, if (0;)ter is a sequence in O such that §, — 6, then
there exists a probability space (€2, F,P) such that for all € > 0,

1 1
lim sup ElogIP) (‘t(Lg(Xet,y) — Lg(Xe,y))' > e> = —o0. (3.3.12)

t—o00

The expression (3.3.12) is basically the same as the definition of exponential approximations
[48, Definition 4.2.10]. To show (3.3.12), we will see that it requires the continuity of the
map 6 — g, Assumption 3.3.1 on the loss function, and additional non-trivial restrictions
depending on the model family, which we will see in our example processes.

Once the exponential continuity of {ug},.g is established, the continuity of V' and
the variational characterization (3.3.1) needed for posterior consistency follow immediately.
In particular, posterior consistency holds by Theorem 3.3.1. This step does not require

Assumption 3.3.1 on the loss function.

Lemma 3.3.12. If {pg}ycq is an exponentially continuous family with respect to the loss

function L, then V is a continuous function.
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Proposition 3.3.13. Suppose {p6}geg is an exponentially continuous family with respect
to the loss function L and w is a Borel probability measure on ©. Then for v-almost every

yey,

A S
dim, =5 log 27 (y) = QGSIUIZI)]E () Vo).

We defer the proofs to Section 3.7.2 as they adapt known arguments.

Remark 3.3.14 (Continuity of V). Although Theorem 3.3.1 only requires lower semicon-
tinuity of V', the continuity of V is actually of significance.

In [129], the authors only required lower semicontinuity on V' as the focus was on the
dependency of the divergence term h(X || pg@v) on 0, which is generally only lower semicon-
tinuous. However, if one considers both terms as a whole in 'V, infy [ Ly dX+ h(X\ || po @ v)
this expression is usually continuous in 0. This is an advantage of the Laplace principle
mentioned in Theorem 8.83.1 compared to the usual LDP, which is exploited for proving
uniform LDPs in [23, Proposition 1.12].

The continuity of V resolves a subtle discrepancy between the analoguous posterior con-
sistency results of [152] and [129]. More specifically, the posterior distributions in [152]
converge to the essential minimizers (those that achieve the my-essential infimum) of V

instead of the actual minimizers of V', while there is no difference if V is continuous.

3.3.4 A summary of the strategy

We summarize our strategy of proving posterior consistency for a given model family
{mo}pco and a loss function L. The guiding principle is that if each member pg of the
model family has good large deviation behavior such as satisfying the process-level LDP,
then we have hope to prove posterior consistency. The strategy consists of the following

two steps:

1. Extend the LDP of M;(X?) to the (conditional) LDP of M (X y) for v-a.e. y € Y

so that the following limit exists:

lim 1log/xexp (—Lj(z,y)) dug(z) =: =V ().

t—o00
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As a byproduct, we obtain an explicit form of V:

V(0) = inf Lgd)+ h(\ .
O =t { [t nmen)

2. Prove exponential continuity (Definition 3.3.10) of the map 6 — 1 with respect to the
loss function L. Then posterior consistency follows from Lemma 3.3.12, Proposition

3.3.13 and Theorem 3.3.1.

These steps can be taken in a generic way, meaning we can use any variant of large deviation
behaviors that exist to guarantee the needed variational characterization (3.3.1). In partic-
ular, we will apply a standard approach of directly proving the large deviation behavior and
exponential contintuity in the case of hypermixing processes, while we will reduce the case
of Gibbs processes on shifts of finite type to known results for i.i.d. processes by exploiting
the large deviation structure. These two different approaches highlights the flexibility of

our framework.

3.3.5 Related work

We now summarize previous work relating large deviation theory and posterior consistency

to our framework.

Large deviations in Bayesian inference

In [72], the authors prove the large deviation principle for posterior distributions of i.i.d.
random variables with finite values as an inverse of Sanov’s Theorem, Large deviation results
are obtained in [140, 62| for posterior distributions of Markov chains with a finite state space.
In [73], a large deviation result is proved for Dirichlet posteriors. In [84, 83|, the authors

give a probabilistic justification of empirical likelihoods through large deviations.

The authors of [146] develop a large-deviation analogue of asymptotic decision theory,
which establishes an asympotic lower bound for the sequence of minimax risks, in analogy

with Le Cam’s Minimax Theorem.
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Large deviation theory

A huge and growing body of literature is devoted to the study of large deviations, and
we refer to textbooks [63, 48, 147, 23| for general introductions. In particular, the weak
convergence approach based on relative entropy in [60, 23| has a strong influence to our
understanding of the large deviation phenomenon in this work. We survey some of the

literature that are most relevant.

Large deviation theory on i.i.d. processes can be found in the book [63]. Donsker and
Varadhan established large deviations of certain Markov processes in a series of work [54,
52, 53|, and the extension to hidden Markov models is established in [101]. Large deviations
on some mixing stochastic processes are studied in [22, 32|, and that on Gaussian processes
are studied in [55]. In particular, we will apply our framework to processes satisfying
the hypermixing condition in [32|. Besides stochastic processes, large deviation properties
are also shown in [138, 166, 107, 148| for many well-behaved dynamical systems, such as
Gibbs processes on mixing subshifts of finite type, Axiom A systems, and some non-uniform
hyperbolic systems. We point out that following our strategy, one may adapt the proof for
the large deviation behavior of Gibbs states in [166] to obtain the posterior consistency

result in [129] for Axiom A systems.

The large deviation principle conditioning on a given observation y is referred as the
conditional large deviation principle or the quenched large deviation principle. Quenched
large deviation principles are widely studied in various settings, including irreducible Markov
chains with random transitions [151], random walks in a random environment [34], finite
state Gibbs random fields [31] and some mixing processes [30]. As we pass from a single
parameter to a mixture over the parameter space, we move to what is called the large
deviation of mixtures or the annealed large deviation principle. This formalism has been
widely studied for exchangeable sequences [51, 165], random walks in a random environment
[34], and other stochastic models [15]. The idea of exponential continuity we use appears in
[51] and is implicit in the study of uniform large deviation principles of Markov processes

with different initial conditions in [60, 23|, here the “parameter” is the initial condition of
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the process.

Large deviation techniques extend to infinite-dimensional processes [24] and random
fields, i.e., processes indexed by lattices [147]|. This highlights the potential applicability of
our framework to a very rich class of models. There are also connections of various ideas

with statistical mechanics, as presented in [63, 147, 158|.

The relative entropy rate in ergodic theory

There are connections between the relative entropy rate and other notions of entropy in
ergodic theory, such as the Kolmogorov-Sinai entropy [161] of a dynamical system. One
can either compare the limit definitions with other notions of entropy, using the variational
characterization [23, Lemma 2.4.(e)| of the relative entropy over partitions of the space, or
identify the relative entropy rate with the unique large deviation rate function of a well-
behaved dynamical system. In the case of mixing shifts of finite type—including finite-state
Markov chains or the Bernoulli shift—one obtains explicit characterizations of the relative
entropy rate of Gibbs measures in terms of the pressure and the corresponding potential
functions, see [166, 107, 137, 28| and the exposition in [147, Chapter 8.2]. For continuous
space Markov chains as in [54, 52, 53|, the relative entropy rate has an explicit expres-
sion in terms of the transition kernel and the stationary initial distribution, also called
the Donsker-Varadhan entropy. Moreover, the divergence term in [131] is the conditional
version of the relative entropy replacing the usual Kolmogorov-Sinai entropy with the fibre
entropy of a random dynamical system [109, 108]. In the case of Axiom A systems, the
relative entropy rate of Riemannian or SRB measures are characterized by Lyapunov expo-
nents, see [166, 107]. Also, [115] provides a more general perspective. A large collection of
examples including both stochastic processes and dynamical systems from the point of view

of nonequilibrium statistical physics is presented in the exposition [104].

Finally, we point out some recent applications of the relative entropy rate. The first one
[61] uses it in sensitivity analsyis and uncertainty quantification, where relative entropy rates

of some Markov chains and some stochastic differential equations are computed explicitly
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as examples. The second one [37] uses it for evaluating numerical simulations of stationary

diffusions.

3.4 Non-dynamic example: Bayesian inverse prob-
lems

In this section, we apply our framework to a trivial dynamical system as a sanity check.
This example can be related to a simplified version of Bayesian inverse problems, where the
negative log likelihood is replaced by the loss function. It also highlights the connection
between our framework and the seminal work [155, 46].

Let T = N and let the parameter space be the same as the state space ® = S. For
each 0 € O, the parameterized model pp is given by the Dirac delta gy, ), i.e., the
corresponding stationary process is given by X? = (6,6,...). Clearly, ug is an ®-ergodic
measure on X, which makes the dynamical system (X, ®, ug) trivial. In this case, we may
perform generalized Bayesian inference with a loss function L on the underlying state 6
given observations y = (yo, y1,- - -)-

Example 3.4.1. We may consider the following signal-plus-noise model as a simplified

version of inverse problems discussed in [155]: for some true parameter 0* € O,
Yi = g(e*) + €5

where y; € Y is the sequence space of some vector space with U being the shift map, and (€;)

are i.i.d random noises on that vector space.

Using our framework, we derive the generalized posterior distribution: for any Borel set

E Co,

o oot H
m(E = —— exp(—Ly(x,vy)) dug(x) dmg (0
t( |y) th o(y) 1)y ( 6’( y)) ,UJO( ) 0( )
1 / '
= ——— [ exp(—Ly((0,0,...),y)) dmo(6
% o(y) 5 ( 9(( ) y)) 0( )
where the partition function is given by

Z70(y) = /e exp(—L5((6.9, ...}, ) dmo (6).
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We may write Lg(y) = Lg((0,6,...),y). In particular, m(-|y) satisfies the varitional prin-
ciple of Bayesian posterior distribution by [168]:
ml-19) = argmin | L) dn(®) + K| 7o),
neM1(0) JO
and 71 (- |y) is the loss-based version of the posterior distribution in the Bayesian inverse
problem setting [155, 46]. For loss-based Bayes methods on inverse problems, we refer to

the recent work [4, 169, 59].

One can verify the variational characterization of posterior consistency (Theorem 3.3.1)
by following the same steps in the next section with a straight forward argument in this
setting, or just treat the current setting as a special case of the next section. In fact, one can
substantially weaken the assumptions on the loss function L in this non-dynamical setting.
Since j1g = 6(p9,..), one can easily check for any A € J(® : v), the relative entropy rate
h(AM [ g @v) =0if A = pg @ v, and h(\ || pg ® v) = oo, otherwise. Hence, we obtain the
corresponding function V' as discussed in the previous section:

vo = it { [earenimen | = [ Lomaw),
AET (®:v) y
since A = pp ® v is a minimizer. Therefore, by Theorem 3.3.1, as ¢ — oo, m(-|y) will
concentrate on those parameters that minimize V', the expected loss. This result is in
consistency with the discussion in [4, Section 2.3.3].

In the case of Example 3.4.1, if the loss has the form of Ly((yo,v1,-..)) = [|G(0) — vol|?,

and the noises (¢;) have mean zero and finite variance, then the true parameter 6* will be

a minimizer of V.

Remark 3.4.1. In [181], authors discuss extensively the signal-plus-noise model in a dy-
namical setting, like

Yt = g(XtQ) + €t,

where g is a general ®-invariant measure, so the dynamics is non-trivial. They provide
sufficient conditions and negative examples for when the signal 0 is recoverable as a mini-

mizer of the expected loss, based on a complexity measure of dynamical models (essentially
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the topological entropy). On the other hand, our example above is simple because the relative
entropy rate h is trivial. It is of interest whether by assuming that the complexity of the
dynamical models {pg}oco is zero as in [131], the relative entropy rate h(\ || pg ® v) will

simplify. If true, we may try to develop the main results of [131] in the Bayesian setting.

3.5 Example: hypermixing processes

Most posterior consistency results make at least one of the following assumptions on the
model processes: (1) it is a discrete time process; (2) the state space S is compact or
discrete; (3) the dependency structure is simple, such as Markov chains; (4) the dynamics
have a particular structure, such as Gaussian processes. We are motivated to prove posterior
conistency for a general class of continuous-time, dependent processes on general state spaces
with good large deviation behavior.

Hypermixing processes refer to a class of stochastic processes with certain strong mixing
properties. In this section, we apply our framework to prove posterior consistency when the
model family is a collection of hypermixing processes. Along the way, we also obtain new
quenched and annealed large deviation asymptotics for hypermixing processes. We will
focus on the continuous-time horizon T = [0, 00), though the results can be stated and
proved analogously for discrete-time processes.

We start with relevant definitions. Given a closed interval I C T, we denote the o-
algebra F; = o(Xy : t € I). The following definitions come from [49, Section 5.4| and
[32].

Definition 3.5.1 ([32]). Given ¢ > 0, n > 2, and real-valued functions fi,...,fn on X,
we say that f1,..., fn are £-measurably separated if there exist intervals Iy, ..., I, such that
dist(Iy, I ) > € for 1 <m <m/ <n and f, is Fy, -measurable for each 1 < m < n, where

dist(I,I') denotes the distance between I and I'.

Definition 3.5.2 ([32]). We say that u € My(X,®) is hypermizing if there exist a number
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lp > 0 and non-increasing o, f : [{y,00) — [1,00) and v : [y, 00) — [0, 1] which satisfy

éliglo a(l) =1, li]?isogpﬁ(ﬁ(ﬁ) —1) < o0, eli}nélofy(ﬁ) =0 (3.5.1)
and for which .
1 Fallzy < T e Lo (H-1)
k=1
whenever n > 2, £ > ly, and f1,..., fn are {-measurably separated functions, and

[ sadu- ( / fdu> ( / gdu)] <O 1o 19l (H-2)

whenever £ > ly and f,g € L*(u) are £-measurably separated.

In this section, we denote the law of a hypermixing process by p. The main large

deviation result in [32] states the following theorem.

Theorem 3.5.3 ([32]). The empirical process My(X) of a hypermizing process X ~ p

satisfies the large deviation principle with rate function

h(nllpm), if n e Mi(X,®),
Z(n) =

00, otherwise.

Remark 3.5.4. We will see that property (H-1) of hypermizing processes is already enough

for posterior consistency.

Remark 3.5.5. In [22], a process with only a slight modification of property (H-2) satisfies
the LDP, but the rate function may not coincide with the relative entropy rate. Properties

of the relative entropy rate are crucial for our approach.

3.5.1 Concrete examples of hypermixing processes
We now present some concrete examples of stochastic processes that are hypermixing.

Example 3.5.1 (L.I.D. processes). Consider the discrete time case T = N. Let (Xy)ier be

an S-valued i.i.d process with law p on X, then u is hypermizing.
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Example 3.5.2 (Markov processes). Let (X)ieT be an S-valued Markov process which can
be realized on X = C(T,S), and we denote the associated Markov semigroup acting on
bounded measurable functions on S by (P;)ier. Let po € M1(S) be an invariant measure
(in the sense of Markov processes) with respect to (Py)ier, and p € My (X, ®) be the corre-
sponding ®-invariant measure on the path space X. Then according to [49, Theorem 6.1.3],

we have the following characterization of the hypermizing property.

Proposition 3.5.6. u is hypermizing if and only if the operator norm of Pr : L*(ug) —

L*(uo) is one for some T > 0, i.c., the Markov semigroup (P;)ser is po-hypercontractive.

Hypercontractivity is implied many other well-studied properties such as the logarithmic
Sobolev inequality, which can be verified in a wide class of examples. See [49, Chapter VI] for
more details and [9] for a general introduction. We will outline a class of Markov processes
precisely in Section 3.5.6 to illustrate the power of our framework, which essentially becomes
a black box. We will also mention other Markov processes, where hypercontractivity is

proved by other tools.

Example 3.5.3 (More examples). More ezamples of hypermizing processes can be found
at [82], including e-Markov processes (i.e., generalized Markov processes where the current
state depends on the past up to a time interval of length €) and some Gaussian processes

with certain decay in their spectral density matrices.

3.5.2 The structure of the large deviation proof

We apply the strategy outlined in Section 3.3.4 to the case of hypermixing processes. We
also detail the components of the proof.
First, we work on one hypermixing process (X;)ier ~ p. The immediate goal is to show
for any f € Cpoc(X x V), it holds for v-a.e. y € Y that
.1 "
lim —log [ exp (f*(z,y)) du(z) = sup fdA—=h(A|p®@v) ;.
t=oo 1 X AET (i)

We will established this in a series of steps:
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1. We show that given f € Cpoc(X x V), for v-a.e. y € ), the limit

p(f) = limsupilog/xexp (ft(x,y)) du(x)

t—o00

exists and does not depend on y. In particular, p : Cpoc(X x V) — R is called the

pressure functional.

2. We show that

hrAlp@v) ifAeT(S:v),
PN =

00 else

where p* : M1 (X x )) — R is the Fenchel-Legendre transform of p, i.e.,

p(A) = Sup{/fd)\ —p(f) : f € Chioc(X x 37)} :
This establishes the existence of the relative entropy rate.

3. As suggested by Theorem 3.3.3, we show the upper bound
1
lim sup — log/ exp (f'(z,y)) du(z) < sup {/fd/\ —h(A|p® y)}
t—oo T X AET (®:v)

by proving the large deviation upper bound of (M;(X,y))ter.

4. We show the lower bound
1
lim inf ~ log/ exp (f'(z,y)) du(z) > sup {/fd)\ —h(A\ | p® 1/)}
t—oo ¢ X AT (D)
by exploiting the properties of the relative entropy rate and linearity of integration

on measures.

The steps above prove new quenched large deviation asymptotics for hypermixing processes.
Next, we need to show that the parameterized family of processes is exponentially continuous
to obtain posterior consistency. Toward this end, we introduce the notion of a regular family
{1o}yce of hypermixing processes. We show that when {19}, ¢ is regular, it is exponentially
continuous with respect to the loss function L. As a result, we also obtain new annealed

large deviation asymptotics for hypermixing processes.
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3.5.3 The pressure functional

The main result of this subsection is the existence of the pressure functional p. Once p is
established, the existence and properties of the relative entropy rate will hold immediately,

and we will obtain the large deviation upper bound in the following subsections.

Theorem 3.5.7. If f € Cpjoc(X x V), then the following limits exist, and the equalities
hold

p(f) = lim ylog (/) x0 (7e0) aute) ) vt

t—oo t

/y limsup 7 L log < /X exp (f'(2,)) du(x)) du(y) (3.5.2)

t—o0

= limsup % log /X exp (f'(z,y)) du(z).

t—o00

fory e E, where E C Y is a set of full v-measure that is independent of f.

The proof combines the ideas from [32] and [31, Lemma 2].

Proof. Let f € Chioe(X x V). Then f is fr—measurable for some r > 0. Let £ > {3 and

r'(0) =€+ r. For y € Y, write

pe(fry) = 110g/Xexp (f'(z,y)) du(z).

Fix s,t € T,t > s. The idea is to divide [0, ] into smaller intervals of length s that are
1’ (¢)-separated to apply (H-1) on the smaller intervals. For u € T, let Ji* be the collection

of disjoint intervals of the form
w+ (s+7r'(€))ym+10,s] C[0,¢], meN,

and I = [0, 4] \ Ujeyst L. Then for u € [0, s +1'(€)], by properties of f and (H-1),

plf) < jiog [ e S fwy) | du()

IeJst

Mg oy [ e | 3 7w | dute) (35.3)

IeJs?

<My 1 Z 1og/ exp (a(0)f" (@) dp(x),

99



where \I_fb’t\ denotes the total length (the Lebesgue measure) of .
Next, we average the inequality (3.5.3) over u to obtain a tighter estimate, which is

given by the following lemma, whose proof is deferred to the end of this subsection.

Lemma 3.5.8. We have for any t > s,

pt(fa y) S As,t + Bs,t(y) (354)

where

lim lim Ag; =0,
$—00 t—00 ’

L s 0 /O (a0 f, Uty) du.

B, =—
() ta(l) s+ r!

Remark 3.5.9. The idea of Lemma 3.5.8 is to observe

U 7' ={u+[0,s] : ueot—s]}. (3.5.5)
u€[0,s+7'(£)]

An examination of the time intervals in the integrals on the right-hand side of (3.5.3) allows

us to formally show, up to a vanishing remainder,

/ TS g [ exp ()£ .9) dut) du
0 st X ’

IeJ,
_ /0 " log /X exp (a(0) 109, y) ) dia(z)

and apply ®-invariance of u. The above equality is exact and straightforward in discrete time,
where integrals in time are replaced by summations, and the equality follows by rearranging
the summations using (3.5.5). For continuous time, we pass to the limit to obtain the

Riemann integrals.

(Proof of Theorem 3.5.7, Continued.) From (3.5.3) and Lemma 3.5.8, we have
pe(f,y) < Asi + Bsa(y)-

Integrate with respect to v on both sides and obtain

/ pulf.y) dily) < Aey + / Bualy) dv(y)
y y
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where by the W-invariance of v,

t—s S
[ Bt = i | e dviy)

t—s s
< ([t ) + @0 -1

and we used the bound

1

wps(a(f)f, y) <ps(fry) + () =D 1] (3.5.6)

By taking t — 00, s — o0 and ¢ — oo successively, we obtain

tinsup [ p(f,) dvly) < limint [ p.(f.0) du(y).
t—oo JY 500 Jy
Therefore, the limit p(f) exists.
Recall from (3.5.4), we have

1 s

t—s
pe(fry) < Age + mm /0 ps(a(l) f, ¥'y) du.

By taking ¢ — oo, we apply Birkhoff’s pointwise ergodic theorem (Theorem A.4.1) and

(3.5.6) on the right hand side above and obtain, for v-a.e. y € ) independent of f,

linsuppe(f,y) < Jim Ave+ s ( /y ps(f,9) dvy) + ((0) - 1)HfH> .

By taking s — oo and then ¢ — oo, we have limsup p;(f,y) < p(f). By Fatou’s lemma, we

t—o0
also have
PP < [ twsupp(£,0) dv(y)
Yy t—oo
Thus, it must be limsup p(f,y) = p(f) for v-a.e. y € Y. O
t—o0

Remark 3.5.10. When T = N and i is the law of an i.i.d. process, the limsup in Theorem

3.5.7 can be replaced by the exact limit.

To complete the argument, we present the proof of Lemma 3.5.8.

Proof of Lemma 3.5.8. Note that the number of intervals in Ji" is at least ui://((?) — 1J for

wel0,s+7(0)], so |I)' <t — |55~ ]s. We write

s+r/ (L)

Fl(y) = log / exp (a(0) 1 (2.)) dpa().
X
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Let 0 = u® < u" < -+ < ul = s+ r'(¢) be a partition of [0,s + 7/(£)] such that

ity —ult = HTTI(E) Then by ordering the left endpoints of intervals in (J;, ! qult, we

obtain a partition 0 = v < V" < ... <o, <t —sof [0,t — s| by setting v]"' =t — s,
0 1 n—1 n

and we have max; v, — vf" < M. Note that J5* has at most in:/,((i))J intervals for any

€ (0,5 + (0], s0 <L§j;’;%))J - 1) m<n< S0

Consider the Riemann sum

n—1

s+r'(0) Iy = s+7'(0) v 4[0,9]
05 S pit = IO prewa)
=0 resyt 3=0
Note that
S+T/(£)n . vj +Os] n_l v} +10,5]
j=0 ]=0

where o(t) denotes a term with lim;_,~, o(t)/t = 0 and hence,

1
s+ 1'(0) I(y < m4 o,
lim E E F'(y) <ot —i—n}l_r)réog vty — vt ) FY 0] (4))
7=0

m—0o0
=0 I€Jy,
t—s
=o(t) + / Fur0sl(y) du.
0

Therefore, by averaging the right-hand side of the inequality (3.5.3),

1 1 1 +
p(fy) < st Z > P = At mE e - Z > Flly

=0 IGJZ: =0 IGJS:

By taking m — oo and by the ®-invariance of p,

where

t—s
Bul) = mp s e [ e f“ﬂos](:c,y))du(x)du

_0(1(6 e /t Slog/ exp (0) 05, wv )) dp(x) du

o~

1 s

_toz(ﬁ)s—l—r’(f)/o s( ()fa\pu)
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3.5.4 The relative entropy rate

With the existence of the pressure functional p, the existence of the relative entropy rate
can be established by a convex duality argument. We also prove properties of the relative

entropy rate which will be crucial for proving the lower bound.

Proposition 3.5.11. For A € J(® : v), h(\||p ® v) as defined by Definition 3.3.7 exists

as h(A || p ®@ v) = p*(\), where p* is the Fenchel-Legendre transform of p, i.e.,

p*()‘) = sup {/fd)‘ _p(f) : f € Cb,loc(X X y)} . (357)

In particular, we have for v-a.e. y € Y,
1
Jim SK Oyl alz) = b @) (3.5.8)

The proof of Proposition 3.5.11 requires the following two lemmas, whose proofs are
deferred to Section 3.7.3. The first one provides a useful estimate for obtaining p*. The
second one establishes a generalized subaddtive property for proving (3.5.8), which can
be viewed as a subadditive ergodic result, and combined with Section 3.8, it may be of

independent interest for ergodic theory of random dynamical systems.

Lemma 3.5.12. If f € Cpjoc(X x V) is fr—measumble, then for £ > {g,

W< e e ([ cesnm0renduie)) avty) (35.9)

Lemma 3.5.13. Let A € J(® : v) with its disintegration A = [ A\, ® 6, dv(y) (see Theorem
A.2.2). Fort >0, define a function Fy : Y — [—00,0] by Fy(y) = —K(MN| 7, || l7,). Fiz

> ly. Then for v-a.e. y €Y, anyn € N and ty,...,t, € [0,00),

n

1 ekt
Fn-nersy 4.(y) < NG SRy (W DEHE ).
k=1

Proof of Proposition 3.5.11. We start with the first statement. Fix r > 0 and let f €

Chloc(X x Y) be a F.-measurable function.
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By the definition of p*, Lemma 3.5.12 and Jensen’s inequality,

p*(A)Z/MdA_p<(€+f)(€)>

T 00 ( fdx— log (/X ef @) du(x)) du(y))
d\—log [ e/ d
(ETr0) ( / f og (h® ))
. . . " KAz, ln®vlg ) .
Taking suprememum over such f implies p*(\) > — e S0 by taking r — oo, we

obtain p*(\) > h(A || p ® v).
To prove the other side of inequality, note that by uniqueness of disintegration (Theorem

A.2.2) and the chain rule of the relative entropy (Theorem A.3.2), we have
KOUs e vlz) = K01) + [ KOyls i) o)

- / K(\l7 | al7) do(y).
y

Now note that f! is ﬁt+T—measurable. In particular, for every y € Y, fi(-,y) is Fryr-

measurable. Then by the variational property of relative entropy (Theorem A.3.1),

KOz, L) = [ 54d0, =10 [ exp (7Ge.0) duta). (35.10)

Integrate both sides with respect v and obtain
KOs, Inovis, )= [ 1ran= [os ([ e () dute) ) avin

= t/fdA /log (/ exp (f*(z,y)) du(fﬂ)) dv(y).

Divide both sides by t and take ¢ — oo and get

W@ v) /fdA o(f

Theorefore, h(A || p ® v) > p*(A).
We show the last statement. For ¢ > 0, define a sequence of function F; : ) — [—o0, 0]

by Fi(y) = —K(\y|7, || p#|7). Based on Section 3.8, since (3.8.1) holds by Lemma 3.5.13,

Fi(y)
t

/ lim Ftiy) dv(y) = —h(A || p @ V).
Yy

t—o00

then by using Proposition 3.8.4, we have lim;_, exists for v-a.e. y € ), and
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Since limy—; 00 % is a U-invariant function (see [2]) and v is ¥-ergodic, it must hold for v-a.e.

y € Y that
.1
Jim S K(yl7 [ plr7) = A p@v).

O

Remark 3.5.14. When T =N and p is the law of an i.i.d. process, (3.5.8) follows directly
from Subadditive Ergodic Theorem [2].

Once the existence of the relative entropy rate is established, the following properties

are known consequences.

Proposition 3.5.15. The relative entropy rate h(- || u ® v) is a conver and lower semi-
continuous function on J(® : v). Moreover, h(-||p ® v) is affine (see Lemma A.4.5) on

J(@:v).

Proof. The proof is the same as that for the same properties of h(- || ) in [147, Proposition
6.8] and [49, (5.4.23)]. O

3.5.5 The large deviation upper bound
We now prove the following upper bound.

Proposition 3.5.16. Let f € Cp(X x V). Then for v-a.e. y €Y,

tsup 1 10g [ exp (7'(2.0) du(e) < s ){ [1ar=urlusn}.

tooo 1 AT (P:v

According to Theorem 3.3.3, it suffices to show the large deviation upper bound (3.3.5)
for empirical process (My(X,y))ter with X ~ u, for v-a.e. y € Y. We first establish the
weak large deviation upper bound, which together with exponential tightness implies the
large deviation upper bound, as a common procedure in large deviation theory. See [147,

Theorem 2.19].
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Lemma 3.5.17. For v-a.e. y € Y, it holds that for any compact set K C M1(X x Y),

1
limsup — log 1 (My(+,y) € K) < —i%fp*,

t—00 t

where p* is the Fenchel-Legendre transform (also known as the convex conjugate) of p, i.e.,

p ) s=sup{ [ FaN=p(1) 1 € Cuul¥ x 9)].

In other words, for v-a.e. y € Y, the empirical process (My(X,y))ier with X ~ u satisfies
the weak large deviation upper bound with rate function p*. Moreover, p*(\) = oo if A is

not (® x U)-invariant, or A does not have Y-marginal v.

With Theorem 3.5.7 in place, the proof of Lemma 3.5.17 is standard in large deviation

theory, so we defer it to Appendix B.2. Now we can prove the desired upper bound.

Proof of Proposition 3.5.16. By the first part of Lemma 3.5.17, we know that for v-a.e.
y € ), the empirical process (My(X,y))ter with X ~ pu satisfies the weak large deviation
upper bound with rate function p*. Since (M;(X))ter is exponentially tight (implied by
its LDP), then by Lemma B.2.1, for v-ae. y € Y, (M(X,y))ter is also exponentially
tight, hence satisfying the large deviation upper bound (3.3.5). The statement follows from

Theorem 3.3.3, Proposition 3.5.11 and the second part of Lemma 3.5.17. O

3.5.6 The large deviation lower bound
We now prove the following lower bound.

Proposition 3.5.18. Let f € Cy(X x Y). Then for v-a.e. y € Y,
1
lim inf — log/ exp (f'(z,y)) du(z) > sup {/fd)\ —h(A | p® 1/)} .
t=oo 1 X AET (®wv)
Remark 3.5.19. When T = N and p is the law of an i.i.d. process, the lower bound follows
directly from the inequality p** < p in convex duality, where p** is the convex conjugate of

*

p .
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We apply a standard approach for proving lower bounds, see [147, Proof of Theorem
6.13| and [49, Lemma 5.4.21|. We will use the affine property of the relative entropy rate
and the integrated cost as a linear (hence affine) functional on measures, and see that it
is enough to prove the case when A is ergodic. We do not need to consider the full large
deviation lower bound (3.3.6). Moreover, the proof holds for other processes as long as
the corresponding relative entropy rate is an affine function on invariant measures. The

following lemma is the main technical step.

Lemma 3.5.20. Let A € J.(® : v). Then for v-a.e. y € Y, it holds that for any open
neighborhood U C M1 (X x Y) of A,

1
liminf - log pu (Me(,y) € U) 2 ~h(A | p @ v).

Proof. Assume that h(A || p ®v) < oco. Then K(A|z |[p®v|z) < oo for all ¢ > 0. Pick
a countable sequence of time ¢, — oo. Consider the disintegration A = f)\y ® 0y dv(y),
see Theorem A.2.2. We can take a set F C Y of full v-measure of y € ) such that
K(M\y|7, || 1|7, ) < oo. Since t, — oo, if y € B, K(A\y|7, || | 7,) < oo, for any ¢ > 0.

For y € E, let g{ := % : X — [0, 00] be the Radon-Nikodym derivative on F;. Recall
that M;(X x ) is a Polish space, which has a countable base. Let U be a base element

containing A. By Appendix A.2, U contains the subset

{néMl(Xxy) : ‘/fidn—/fid)\'<e,i:1,...,m}

for some € > 0 small enough and some fi, fo,..., fm € Cpoc(X x DY) that are F,-measurable
for r large enough. Without loss of generality, it suffices to consider U of this form.

Then the event {M;(-,y) € U} is Fiq, measurable for r large enough. Let A (y) =
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{a: eX : My(z,y) €U, g/ (x) > 0}. By change of measure and Jensen’s inequality,
1
logu (Mi(-,y) € U)

> Liog /A ) @@

| = o

1 1 1 _
=7 log Ay (Ai(y)) + n log <)\y(z4t(y)) /At(y) (974r) 1(33) d)‘y(93)>

1
;bg)\ (Ae(y)) - h(Ay) (/At(y) log g7, (x) dAy(@) :

By using xlogx > —1/e for = > 0,

/ log g/, (x) / logg{,, d / gt log gl du
Ac(y) Ac(y)

()‘ |-7:t+r || ILL|]:t+r) + 1/6

—_

By Birkhoft’s pointwise ergodic theorem,
A{(z,y) e X xY : My(z,y) €eU}) — 1
Thus, there exists a set £/ C Y of full v-measure such that if y € F’,
Ay(Mi(-y) € Ai(y)) = Ay (Mi(-y) € U) — 1
Combining the above and (3.5.8), we have for y € EN E’,

.1 o1
liminf —log i (Mi(y) € U) = = lim ~K Q5 [l ulz) = —h(\ || @ v)

O]

Proof of Proposition 8.5.18. Note that by Proposition 3.5.15, the expression inside the

supremum of the right hand side is affine in \. By Lemma A.4.5 and Proposition A.4.6, it

suffices to prove for v-a.e. y € Y,

lim inf — log/ exp (f'(z,y)) du(z) > /fd)\ —h(A || p®@v), (3.5.11)

t—o00

where A € J.(® : v) belongs to a maximizing sequence of the right hand side. Fix € > 0.

Define the set

U:{nEMl(Xxy):/fdn>/fd)\—e},
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which is an open neighborhood of A\. Then by Lemma 3.5.20, for v-a.e. y € Y,

.1 t
hgg}lf; IOg/XGJXP (f (1’72/)) dp(z)
> lim inf 1 log/ exp (ft($7 y)) du(x)
t—oo 1 {M(-y)eU}
1
> /fdA—e+1itrginftlogu(Mt(-,y) el)

Z/fdA—e—h(AHu@y).

We can take a countable sequence of € — 0 so that we still have a set of full v-measure of

such y € Y for (3.5.11). O

3.5.7 The exponentially continuous family of hypermixing pro-
cesses

Assume that we have a model family {y}ycq of hypermixing processes, and we define the
function V' : © — R by (3.3.2). We have shown that given a fixed 6 € ©, it holds for v-a.e.
yel,

lim %log /X exp(—Lb(x, ) dug(x) = —V (8), (3.5.12)

t—o0
as long as Ly € Cy(X x ), by Proposition 3.5.16 and Proposition 3.5.18. Now we introduce

a sufficient condition on the family of hypermixing processes for posterior consistency.

Definition 3.5.21. A family {1¢}gcq of hypermizing processes is called regular if

1. the map 0 — pg is continuous, and

2. if (O¢)ter is a sequence in © with 6, — 0, then there exists {y > 0, and non-
increasing oy : (bp,00) — [1,00) which corresponds to the a in (H-1) for pg, such

that sup,cr o (fy) < oo.

The hypermixing property (H-1) can be viewed as strong decay of correlation between
the values of the process at distant times, where the coefficient o measures the speed of
decorrelation. Intuitively, the second condition of Definition 3.5.21 says that any family

of hypermixing processes {up,} indexed by a converging sequence of parameters (6;) do
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not have arbitrarily slow decay of correlation. For many Markov processes, one can often
compute explicitly the mixing coefficients « (see [49, Chapter VI]), so this condition can be

verified. We will provide such examples at the end of this section.

The main result of this subsection is the following proposition, which is the final step of

proving posterior consistency on a regular family of hypermixing processes.

Proposition 3.5.22. Suppose L is a loss function satisfying Assumption 3.8.1, and {9 }ycq
is a reqular family of hypermizing processes. Then {g}ycq is an exponentially continuous

family with respect to the loss function L.

As mentioned in Section 3.3.3, the following lemma is a useful intermediate step for
proving exponential continuity, the proof adapts an exponential approximation argument

used in the proof of [165, Lemma 2.5]|.

Lemma 3.5.23. Suppose L is a loss function satisfying Assumption 3.3.1 and {p19}gcg is a
reqular family of hypermizing processes. If 8 € ©, then it holds that for every y € Y that if
(0¢)ter is a sequence in © such that 8, — 0, then there exists a probability space (Q, F,P)

such that for all € > 0,

1 1
lim sup - log P <‘t(L§(X9f,y) - L};(Xe,y))' > e) = —00, (3.5.13)
t—00
which implies, for v-a.e. y € Y,
1
lim log/ exp(—Lj(z,y)) dug, (z) = =V (0). (3.5.14)

Proof. Fix 0 € ©. Let {0, }tcT be a sequence in O such that 6; — 6. For ease of notation,

we write Xt := X% X := X% f:= —Ly, and
S 1 S
O X ) = {00 = (X))
We start with proving (3.5.13). By Skorohod’s Representation Theorem, there exists a

probability space (2, F,P) on which (X! X) has law g, ® pg and Xt — X as t — oo,
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P-almost surely. Fix € > 0 and N > 0. By the Markov-Chebyshev inequality,

1
lim sup n log P (dt(Xt,X, y) > e)

t—o0

< —Ne+limsup%logE [exp (Ntdt(Xt,X,y))] .

t—o0

It suffices to show

lim sup % log E [exp (Ntdt(Xt,X,y))] = 0.

t—o00

By Assumption 3.3.1, f € Cpoc(X x V). Also, it holds that (X%, X,)ser is hypermixing
on (X2, ® x ®) ~ (C(T,S?),® x ®), for every t € T. As in the proof of Theorem 3.5.7, we
write

ps(N,t,y) = élogE [exp (Nsds(Xt,X, y))] ,
and following the same argument of Lemma 3.5.8, we have for fixed ¢t > s, there exists £ > 0
such that

1 t—s
DNt y) < Agp+ 25 / ps(CN, 1, W) du,
’ 'I“+€ 0

¥s+

where the constant C' comes from Definition 3.5.21, and lims_,oo limyoo A5y = 0. By

Assumption 3.3.1,
sup s dg( X', X, 1) < /Os(w(d@(Ht, 0)) + w(dy(®" X', ®"X))) dr
Y
which goes to zero as t — 0o. Therefore, by Lebesgue dominated convergence,
sup ps(CN,t,¥'y) — 0
u
as t — oo. Then by taking ¢ — oo and s — oo successively, we have

limsup p;(N, t,y) =0

t—o00

as desired.

The proof of (3.5.14) follows the same argument of [23, Theorem 1.17], so we defer it to
Section 3.7.3. O

Remark 3.5.24. When {ug}ycq is a family of i.i.d. processes, Condition 1 of Defini-
tion 3.5.21 is already enough for proving exponential continuity with a similar but simpler

argument as done in [165].
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Proof of Proposition 3.5.22. Fix 6 € ©. Let {0, }scT be a sequence in © such that §; — 0.
By Lemma 3.5.23, take y € ) from a set of full v-measure such that (3.5.12) and (3.5.14)
hold. Then

1
fimsup ; 10g | exp(~Lj, (2,1) din,(2)
X

t—o00

. 1
< limsup + log /X exp(—Lh(w,y) + ta(de (0, 0))) dyig, (x)

t—o00

. 1
= timsupw(de (6, 0)) +  log / exp(—Lj(x, ) dug, (x)
X

t—o00

= -V(0).
The other side of inequality follows from replacing w with —w and limsup with liminf. [

3.5.8 Concrete example: Markov processes with bounded log-
Sobolev constants and beyond

In this section, we apply our framework to (Feller) Markov processes with bounded log-
Sobolev constants. We will not focus on the technical details, such as definitions of classical
terms and domains of operators. One can consult [9] and its references for a rigorous
treatment. Let (X¢)ier be an ergodic (Feller) Markov process on S with the corresponding
Markov semigroup (P;)ier and stationary distribution gy € M7(S). In particular, we can
define its infinitesmal generator £. The corresponding carré du champ associated to L is
given by

L(f,9) =5 (L(fg) — fLg —gLf).

N |

Definition 3.5.25 (the log-Sobolev inequality). Given the setting above, we say that

satisfies the log-Sobolev inequality with constant Cpgs if for any A € M(S),
Crs
KM 0) < S22 100 )
where (X no) is called the Fisher information defined by

fg%dﬂo if A< po and f = 2
I(A [ o) = "

00, otherwise.
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Remark 3.5.26. See [16/] for a large deviation principle on empirical measures of Markov
processes where the rate function is given by a constant multiple of the Fisher information,
which is also known as the Dirichlet form. We also refer to [100, 154] for similar connections

between the log-Sobolev inequality, mixing, and large deviations on Ising-type models.

The following theorem comes from [49, Theorem 5.5.17, Theorem 6.1.3 and Corollary
6.1.17].

Theorem 3.5.27 (the log-Sobolev inequality, hypercontractivity, and hypermixing [49]).

Suppose pg is (P;)-reversible. The following are equivalent:
1. pg satisfies the log-Sobolev inequality with constant Cps.
2. Py is po-hyperconctrative, i.e., for all f € LP(ug), we have
1P f Nl Lacuo) < 1N Leuo)
fort>0and1 < p<q< oo such that e?/°ts > (¢ —1)/(p — 1). In particular,
1Pl 2o cuo)y < NN 22(u0)
fort > Ty, where Ty := %.

3. Let p € My(X,®) be the corresponding ®-invariant measure on path space X given
initial distribution py and Markov semigroup (P;). It holds that p is hypermizing with
by =12Ty and « : [ly,00) — [1,00) given by

(1 + exp(af))(1 4 exp(—al))
exp(al) — exp(—a)

a(l) =

where o := %, Other coefficients can also be explicitly computed as well.

In particular, the equivalence between (2) and (3) does not require py to be (P;)-reversible.

Now we may consider a parameterized family of Markov processes {X%}gco with cor-
reponding Markov semigroup {(P?)}gco and starting at stationary distribution {ug ¢ }gco-
Since we have explicit dependence of the mixing coefficient o on the log-Sobolev constant

Crs, we have the following straightforward conclusion.
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Proposition 3.5.28. {X%}gco is a regular family of hypermizing processes (Definition
3.5.21) if

1. Each pop satisfies the log-Sobolev inequality with constant Crs(6).

2. If 0, — 0, then pop, — o weakly, and Ptesf — Ptef i sup norm for allt >0

and f € Cy(S), continuous functions vanishing at infinity.
3. If 6 — 0, then sup, Crs(0s) < co.

Proof. Condition 1 implies that each X? is hypermixing. Condition 2 implies that if
0; — 0, then X% — X% weakly by classical results on convergence of (Feller) Markov
pocesses (see [105, Theorem 17.25]). Condition 3 verifies the boundedness condition of

mixing coefficient ay. O

Example 3.5.4 (overdamped Langevin dynamics with convex potentials). Suppose we
want to perform generalized Bayesian inference on a set of parametrized potentials {Wy}oco
on R, The Markov processes {X%} are given by the corresponding overdamped Langevin

stochastic differential equation with unique stationary initial distributions g o e Wo.:

dX? = —VWy(X%)ds +V2dB;.
The corresponding infinitesmal generator L% and carré du champ T are given by
LOf = Af = (YWp, YV ra, T'(f.9) = (V] Vo).

If po,p is pg-strongly log-concave (or Wy is pg-strongly convex), then it satisfies the log-
Sobolev inequality with constant Cps(0) = 1/py, which follows from Bakry-Emery curvature-
dimension criterion CD(pg,00) (see [9, Section 5.7]). Hence, Condition 1 of Proposition
3.5.28 is satisfied. Mild continuity conditions on 0 — Wy will verify Condition 2 of Proposi-
tion 8.5.28, for example, by continuous dependence of solutions of parabolic PDEs defined by
L% on the parameter 6. Similar to above, as long as we have a lower bound inf; pg, > p > 0
for any converging (6;), Condition 3 of Proposition 3.5.28 is satisfied. We have posterior

consistency.
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The previous example can be generalized in at least two directions. The first direction is
to consider the Bakry-Emery curvature-dimension criterion. Indeed, we can easily generalize
the same setting of Langevin dynamics from Euclidean spaces to Riemannian manifolds [9,
Section 5.7]. The second direction is to consider estimating log-Sobolev constants for more
general potentials beyond the strongly convex case. Recent work such as [132, 121] provide
explicit estimates on log-Sobolev constants when potentials are locally nonconvex or have
complex energy landscapes. We will outline how to extend Example 3.5.4 to the case of

locally nonconvex potentials described in [121].

Definition 3.5.29 (local nonconvexity [121]). W : R? — R is (£, p, r)-locally nonconver if:
1. VW is £-Lipschitz continuous, and the Hessian V>W exists for all points.
2. W is p-strongly convex outside B(0,r) the Euclidean ball of radius .

3. W has a local extremum.

One of the main result in [121] is the following computation of the log-Sobolev constant

w

for pg o< e with locally nonconvex potential W, which follows from approximating W by

a strongly convex potential and using the Holley-Stroock perturbation principle [100].

Proposition 3.5.30 ([121]). Let W be a (¢, p,r)-locally nonconvexr potential . For pg o

2
eV uo satisfies a log-Sobolev inequality with constant Crg = Zeleer®,

Example 3.5.5 (overdamped Langevin dynamics with locally nonconvex potentials). We
employ the same setting as Fxample 3.5.4. Now we have a parametrized family of potentials
{Wyloco, where Wy is (Ly, pg, r9)-locally nonconver. Again, based on Proposition 3.5.28,
the parametrized family of Markov processes is regular, which implies posterior consistency,
if for any converging (6;), we have sup, £y, < 00, sup, rg, < oo, and inf; pg, > 0.

The assumption of local nonconvexity is standard in the literature of sampling from
nonconvex potentials. See [29] and references therein. Local nonconvezity holds for many
mizture models with strongly log-concave priors, as mentioned in [121]. For example, if W

1s the negative log-likelihood of a mixture of Gaussians, W is locally nonconvex.
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Basically, in the case of Markov processes, we can almost use our framework as a black
box. Whenever there are new explicit estimates for the log-Sobolev constants and related
conditions, one can obtain new posterior consistency results. Such estimates are available
for other types of Markov processes, such as interacting particle systems, like stochastic

Ising models [100] and McKean-Vlasov dynamics [89].

It is well-known that many non-reversible Markov processes do not satisfy the log-
Sobolev inequality. Still, some of them can be proved to be hypercontractive, which allows
us to obtain conditions for posterior consistency. We sketch the argument for two classes of

examples below.

Example 3.5.6 (Beyond log-Sobolev inequality: underdamped Langevin dynamics). Since
our primary example above is overdamped Langevin dynamics, it is natural to consider the
case of underdamped Langevin dynamics. These are degenerate, hypoelliptic SDEs of the
following form:

dX, =V, dt,

dV, = —VW(X;) dt — V; dt + /2 dB;,
also known as examples of stochastic Hamiltonian systems. It is easy to check that these
Markov processes are non-reversible, and the log-Sobolev inequality does not hold (see [162]).
However, hypercontractivity still holds under natural assumptions, which is proved in [162]
by leveraging other tools: Harnack inequality, coupling, and concentration. Hence, these are
also hypermixing processes by Theorem 3.5.27. Unfortunately, the constant for hypercon-
tractivity is harder to keep track in the proof. Nevertheless, we believe that if we rigorously
follow the constants line by line, we can work out the explicit dependence on parameters of

potential W, hence providing explicit conditions for exponential continuity.

Example 3.5.7 (Beyond log-Sobolev inequality: stochastic delay equations). Another nat-
ural class of non-reversible Markov processes do mot satisfies the log-Sobolev inequality is

called stochastic delay equations (see [10] for the explanation). These are SDEs of the form:

dXt = b(Xt) dt + O'(Xt) dBt
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where the state space is the space of segments of paths, i.e., Xy € S = Cy([—¢, 0], R?), which
1s also the domain of b,o. Here € is a delay parameter. We believe that these are e-Markov
processes as mentioned at the begining of the section and introduced in [32]. Although the
log-Sobolev inequality is not applicable, hypercontractivity still holds, which is proved in [10]
and also [11] for the infinite-dimensional case, i.e., SPDEs, by using the same tools as in
the case of stochastic Hamiltonian systems above. Again, the constant for hypercontractivity
1s also harder to track, but still it seems possible to work out explicitly the dependence on

the parameters.

3.6 Example: Gibbs processes on shifts of finite type

We proved posterior consistency for some families of continuous-time stochastic processes.
We now show that the same framework can be used to prove posterior consistency of Gibbs
processes on shifts of finite type (SFT). These are discrete-time, discrete-state dynamical
systems that include finite-state Markov chains with arbitrary order of dependencies. As
posterior consistency was already proven in [129], we will be concise on some of the technical
details. Our motivation for including this example is to highlight the flexibility of the large
deviation framework that can be used to prove posterior consistency.

Consider T = N and S is a finite alphabet endowed with the discrete topology. We endow
X = SN with the product topology and a compatible metric dy, for example, dy(z,2') =

2-(=:%") where n(x, ') is the infimum of those m such that z,, # =/ .

Definition 3.6.1. Given a Hélder continuous potential function ¢ : X — R, a Borel prob-
ability measure p € My (X, ®) is the corresponding Gibbs measure, if the following Gibbs

property is satisfied: there exists constants P € R and N > 0 s.t. forallx € X andt > 1,

_ u([xo,ml,...,xt_l])
N-l< oxp (P 1 4(2)) <N, (3.6.1)

where we write [w] ={z € X ; T; = w;, i =0,...,t — 1} for any w € St. We call the process

(Xt)ter with law p the Gibbs process corresponding to ¢.
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See [19] for details of Gibbs processes. For notational convenience, we focus on the case
of the one-sided full shift, but one may also prove the same result for two-sided mixing

subshift as in [129].

Example 3.6.1. We refer back to [129] for concrete examples of Gibbs processes which
include finite state Markov chains with arbitrary order of dependencies and models from

statistical physics, such as Ising models, Potts models, and nearest neighbor spin systems.

3.6.1 Large deviation asymptotics for one Gibbs process

Recall that the first step is to prove (3.3.4) for a single Gibbs measure p. Unlike the previous
example, instead of directly proving the needed large deviation behavior for u, we reduce
the problem to the case of product measures, using ideas of exponential tilting.

Let 09 € M;(S) be the uniform probability measure on the finite alphabet S, and let

o= 08911‘ € M;i(X) be the corresponding product measure on X', which is hypermixing.

Lemma 3.6.2. If £ € F;_1, then

-1 w(E)
N = S T e (Pt 4 d@do(e) =

Proof. Let E € F;_1. Then 1g only depends on the first ¢t coordinates, so by conditioning

on the first ¢ coordinates and the Gibbs property (3.6.1),

<N Z min 15(z) exp(—Pt + ¢'(z))

1 t]ﬁ glx
sszz (M/M 15(z) exp(~Pt + 6'(z)) do (x)

= N]S\t/ exp(—Pt + ¢'(z)) do(z).
E
The other side of inequality is proved similarly by replacing min with max. O

For convenience, we write (n, f) := [ fdn for n € Mi(X x Y) and f € Cpoc(X x V).

Following the same idea in [147, Chapter 6], we denote the periodic empirical process by
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]\Z(az, Y) = Mt(E(t),y), where 7(®) € X is given by fgt) =zsfor0<s<t—1and 5@ = 57(})
if s =7 mod t. For any f € Cpjoc(X x V) and any y € Y,

lim sup |(My(z,y), f) — <z\7t(x,y), f>‘ —0. (3.6.2)

t—o00 zeX

The key point of introducing ]\Ajt(:n, y) is that l{J\A/ft(~,y)eE} is Fi_1-measurable for any Borel
set E C Mi(X x Y). Also, when X ~ o, using (3.6.2), we can prove the same large
deviation result for ]\Z(X ,y) as that for My(X,y) in the previous section. Hence, we can
reduce the problem of proving (3.3.4) of the Gibbs measure p to the product measure o by
Lemma 3.6.2:

t—o00

lim  log /X exp(f!(z, ) du(x)

t—o00

= lim 1log/Xexp (t <]\Z(a:,y), f>> du(x)

= lim 1log/Xexp (t (Mi(x,y), f))dp(x)

t—00
.1 ~
=log|S|—P + tllglo n log/Xexp (t <Mt(m,y), f+ <zﬁ>> do(x)

=log|S|—P+ sup {/f—i—(bd)\—h()\HJ@y)}
)

AET (D
for v-a.e. y € Y.
One can check, as Example 3.3.4, that h(\||o ® v) = log|S| — h¥(\), where h¥()\) is
the fibre entropy (see [109]) of A with respect to v. Therefore, we recover that for any
[ € Chioc(X x Y), it holds that for v-a.e. y € Y,

tlim110g/)(exp(ft(w,y))d,u(x): sup ){/fd)x—?’-f-/(ﬁd)\—i-h”(/\)}.

—00 AT (Pv
Although the above is already sufficient for our Assumption 3.3.1 on loss functions, we note
that with a little more work we can recover the above equality for f € Cy(X x )). One can

also prove that for A € J(® : v),

WO @ v) :P—/qbd)\—h”()\)
by following similar ideas in [28] and [129, Lemma 7.
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Remark 3.6.3 (Gibbs processes on general state spaces). One can establish the same con-
vergence result for Gibbs processes on general state spaces by a similar exponential tilting
argument (see [147, Chapter 8]), but the exponential continuity in this case may not be as

straightforward.

3.6.2 The exponentially continuous family of Gibbs processes

We first recall the definition of a regular model family {116} gcg in [129]. Recall that to obtain
the main convergence result (3.3.1), it suffices to prove exponential continuity (Definition
3.3.10) of {ug}yce With respect to the loss function L.

Definition 3.6.4. A family {¢o}gcq of potential functions is reqular if all the ¢g : X — R
are r-Holder continuous for some r > 0 and the map 0 — fy is continuous with respect to

the usual Hélder norm || -||.. We denote the corresponding reqular family of Gibbs measures

by {Me}eee'

When {¢g}ycq is a regular family, the corresponding map 6 +— pp is continuous with
respect to the weak topology on measures. Moreover, the maps from 6 to the corresponding
constants Ny and Py in (3.6.1) are also continuous (see [1]). As a result, by the compactness
of ®, we have a uniform Gibbs property: there exist a uniform constant N and a continuous

map 6 — Py such that

T X N — ; ) = PPN - 1
N-! < ,u({:c € AT =T, 0 tOﬂ 't }) < N. (3.6.3)
exp (=Pt + ¢f(x))

We have shown that given a fixed 6 € O, for v-a.e. y € ),

lim + oz | exp(~Li(z.9)) dufa) =~V (6).

t—o00

as long as Ly € Cpjoc(X % V), where

V()= inf ){/LgdA+P9—/¢9dA—h”(A)}.

AT (B
Finally, we show that {1¢}.g is exponential continuous (Definition 3.3.10) with respect to
the loss function L, by exploiting the uniform Gibbs property (3.6.3) in basically the same
way as in [129].
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Lemma 3.6.5. Suppose L is a loss function satisfying Assumption 3.3.1. Then for any

€ > 0, there exists T > 0 such that for all 0,0’ € ©, y €Y, and t > 1,

Jx exp(=Ly(x,y)) dpo(x) _ N2H@(do (0,01)+)+(t+T)(1Po—Peys |+l do—dor )
[ exp(=Li (2, y)) dpgr (') ~ '

Proof. Let 6,0 € © and y € ). Note that by the uniform Gibbs property (3.6.3), for any

t>1and we S,

Ho([W]) _ \r2 t(1Po Py 1160 —60rl)
polfwl) = | e

Also, by Assumption 3.3.1, we see that

exp(—Ly(z,y)) < M(do(0.0)+31h wlda(®°2.0%0")) (3.6.5)
exp(—Ly (¢',y)) ~

Take T' > 0 such that for any z, 2’ € X with z; = 2 for 0 < i < T—1, we have dy(z,2') <.

Using (3.6.5) and (3.6.4), we obtain
/ exp(—Lb(z,y)) dyio(z)
X
T /[ (L) ot 1)

wesSt+T

< e 0INTI S pg([u]) / exp(—Liy (2',y)) dpg (2'| [w])

weStH+T [w]

< N2et@(de(0,0))+e)+(E+T)(1Po—Py | +ll¢o—dy )

> rlfu) | exp(-Ly (' 9)) dun (e’ | )

weStH+T [w]

— N2etHw(de(0,0)+e)+(t+T)([Po—Py [+l do—der )

/ exp(—L (2',y)) dug ().
X
O

Corollary 3.6.6. Suppose L is a loss function satisfying Assumption 3.3.1, and {pg}gceq
is a regular family of Gibbs processes. Then {jig}gcq is an exponentially continuous family

with respect to the loss function L.
Proof. Fix 6 € ©. Then for v-a.e. y € Y,

fim + o | exp(~Li(e.9)) dufa) =~V (6).

t—o00
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Let y € Y be as above. By Lemma 3.6.5, for any € > 0, there exists T' > 0 such that

lim '1log | expl-Li (0.) i (o) ~ <—v<9>>\

t—o00

1
< lim -
t—oo t

log /X exp(—Lb, (&) dysg, () — log /X exp(—Lb(z,y)) dyig(z)

t+T
+—

et oim [w@z@(et,e» (1Ps, — Pol + |10, — mn] .

Hence, we obtain the desired result. O

3.7 Deferred proofs

3.7.1 The variational characterization of posterior consistency
To be self-contained, we reproduce the short proof of Theorem 3.3.1 from [129, Theorem 2|.

Proof of Theorem 3.3.1. Let U be an open neighborhood of Oyi,. Then E' = O\ U is closed
and thus a compact subset of ©. If mo(E) = 0, then m(E|y) = 0 for any ¢t > 0 and any
y € ). Otherwise, consider the conditional prior probability measure mg = my(- | £) which
is supported on E. Let V* = infgcg V(0). Since E is disjoint from U, there exists € > 0
such that infpep V(0) > V* + €. We apply (3.3.1) on mp and 7g. Then for v-a.e. y € Y,

there exists T > 0 large enough such that for all ¢t > T, we have

1
108 27 (y) < V" +¢/3,
]‘ TE : *
- > —¢/3> .
; log 7% (y) > ég}fEV(G) €/3>V*+2¢/3
As a result, for all ¢ > T, we have
1
ﬂEy:W/ exp (—L5(x,vy)) due(z) dmo (0
t( | ) %o(y) B ( 9( )) :UG( ) 0()
_ mo(E) 2 (y)
27(y)

<exp(—V*t — (2¢/3)t + V't + (¢/3)t)
< exp(—(e/3)t),
which tends to zero as t — oo. O
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3.7.2 The exponentially continuous family

For the proof of Lemma 3.3.12, we adapt the argument from |23, Proposition 1.12].

Proof of Lemma 3.3.12. We write

v«aay>::—1kg/gemx—Lamy»dudx>

Then for v-a.e. y € Y, limy oo V(¢,0,y) =: V(0), and lims_,oc V(¢,6;,y) = V(6) for any
0; — 0 by Definition 3.3.10. We assume for contradiction that V' is not continuous. Then
there exists a sequence (0, )nen and 0 such that 6, — 0 but |V (0,,) — V(6)| > € for some
e > 0. Take y € Y from a set of full v-measure such that limy, oo V(m,0,,y) = V(6,)
for all n and lim,,_,o V(n,én,y) = V(0), for any 0,, —> 0. Then for n € N, there exists
my, > n such that |V (my, 0n,y) — V(0,)| < €/2, which implies |V (my,, 0,,y) — V(0)| > €/2

and a contradiction to the fact that we can show lim,, o V(my, 0n,y) = V(6). O

For the proof of Proposition 3.3.13, we adapt the argument from [51, Theorem 2.1 &

2.2]. One may also use the approach in [165].

Proof of Proposition 3.3.13. We first show one side of the inequality. Let § € supp (7) which
is a closed and thus compact subset of ©, and we take y € ) from a set of full v-measure
such that (3.3.10) and (3.3.11) hold for §. We claim that for all € > 0 there exists an open

set Uy containing 6 and Ty € [0, 00) such that for every 6’ € Uy and t > Ty,

Ame%mmm@mme@H»

If not, we can find a sequence of parameters 6, — 6 and a subsequence nj; € N such that

/Xexp (—Lg: (az,y)) dpg,, (z) < exp(—ni(V(0) +¢€)),

which contradicts to (3.3.11). Now since Uy is open and 6 € supp (7), m(Ug) > 0 and so for
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t> Ty,

20) = [ [ exp (<L) duo @) dr(@)
2LK;(/;exp(—-Lb(w,y))duw(x)dﬂ(y)
> /Zeexp<—¢<v%e>—%e>>dw<eﬁ
= 7(Up) exp(—(V(6) + ),

which gives
lim inf % log 27" (y) > =V (0) — e.

Taking € from a countable sequence that goes to zero and choosing 6 to be a minimizer of
V' on supp (7), we obtain the desired inequality.

Next, we show the other side of inequality. Again, let § € supp (7) and we take y € )
from a set of full v-measure such that (3.3.11) holds. Let ¢ > 0. By the same argument,
there exists an open set Uy containing 6 and Ty € [0,00) such that for every 6’ € Uy and
t > Ty,

| ex0 (<L) dio(z) < exp(—2(V(6) = ).
Since supp (7) is compact, it can be covered by a finite cover {Up, },;,, - In this case,
we take y € Y from a set of full v-measure such that (3.3.10) and (3.3.11) hold for 6,

1 <k <m. Thus, for t > max{Ty,,..., Ty, },
T (y) = /@/Xexp (—Lg, (x,y)) dug (z) dr ()
< Z/ / exp (=L (z,y)) dug (z) dr(0)
k=1"Uo, /X

/em%wm%wwv
Uy

k

<

Mz T ]

™(Us,) exp(=t(V (0k) — €)),

>
I
—_

which implies

1
i - () < v <— .
hﬁigp ; log 27 (y) < pax (Or) + €< eesgl%;f) - V(0)+e
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Again, taking e from a countable sequence that goes to zero we obtain the desired inequality.

O

3.7.3 Technical lemmas for hypermixing processes
For the proof of Lemma 3.5.12, we adapt the arguments in [49, Lemma 5.4.13].

Proof of Lemma 3.5.12. Let £ > {3 be given and v’ = £ + r. The goal is to show

/ylog (/X exp (fw, (x,y)) dﬂ(@) dv(y)

< [ o (/[ exp (a0 duto)) vt

Indeed, by dividing both sides by nr’ and taking n — oo, we obtain the desired result. We
first show the inequality for a Riemann sum of f™ and then pass to the integral. Write

st = 2. Then by generalized Holder’s inequality for the product of multiple functions and

(H_l)v

—_

1

3

,m

r

exp —
X m «

Fo(®x ) (@ y) | du(x)
k=0 7=0

m—1 ; n—1
- [ Tew ( fo (@ x Wy (x,y>) e
X =0 mi20
m—1 n—1 1/m
< </ exp (') fo(®x W) (%y)) dM(l‘))
j=0 \’/¥& k=0
m—1n—1 , 1/ma(f)
<L ([ oo (s v+ y) duto))
j=0 k=0 /&

o) /ylog (/X exp (r’a(ﬁ)f(x, \Ils§"+k’”/y)> d,u(g;)> dv(y)

o ([ exp (ral6)a.) ) ) vy,

2
<
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Note that the right hand side does not depend on m. For every (z,y) € X
/ m—1
o sj +kr s+kr’
n}gréomg fo(®xW)% (x,y) /f (P x W) (z,y

and clearly,

x Y,

)ds,

n—1 . nr’
o s+kr’ ds — s 51) ds = nr! .
kzzo/o Fo@x Wy myds = [ f(@ a0y ds = 7 (0

Now as m — oo, by Lebesgue dominated convergence, we obtain

[ e ([ ex0 (57 (@.0)) dut) ) vt

< o (/e (a1 duto)) avto)

O

Proof of Lemma 3.5.13. Note that by the monotone convergnce of relative entropy (Theo-

rem A.3.3), Fi(y) is left continuous in ¢, so the map ¢ — Fi(y) is determined by the values

on those t € Q N [0, c0).

Letn € N, t1,...,t, € [0,00) and s = (k—l)@—i—Z?;ll tj. Let fr : X = R be a bounded

Fi,-measurable function. Then by the variational property of relative entropy (Theorem

A.3.1) and the hypermixing property (H-1),

= Fovyeryr_, 4, (y)

(Z fro <I>Sk> ANy — log/ exp (Z fro <I>S’f> du
k=1 & k=1

s ><\

v

fr o @k d, a(lg) log /X exp (a(?) fr, o D°*) du)

k

I
—

pllqz

(/
(

/X fre d\wsi () — (5) log /X exp (a(f) fr) du)

k=1
1
— 5[ aseariag ~10s [ ewaOn) ).
a(l) = \Jx x
where we used, by Proposition A.4.3, that for v-ae. y € Y, Ay o ot = Aty

for any

t € QN [0,00), and we used the invariance of p. By taking the supremum of each fi, we
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obtain

O

For the proof of (3.5.14) in Lemma 3.5.23, we basically follows the proof of |23, Theorem
1.17].

Proof of (3.5.14) in Lemma 3.5.23. Take y € Y from the set of full v-measure such that
(3.3.10) and (3.5.13) hold. For every € > 0,

lim sup % logE [eXp (ft(Xt7 @/))]

t—o00

. 1
= lim sup : log (E [exp (ft(Xt, y)) 1{dt(Xt,X,y)§e}]

t—o00

+ B [exp (£1(X",9) Laxt.xa)>0])

< lim sup E log (E [exp (f*(X,y) + te)]

t—00 t

+exp (¢ fI) P (de (X', X, y) > €))

By using the fact [48, Lemma 1.2.15] that if a4, by > 0, then

t—o00 t—o00 t—o00 t

1 1 1
lim sup n log (a; 4+ b;) = max {lim sup - log a;, lim sup — log bt} ,

we have

lim sup % log (E [exp (f*(X,y) + te)]

t—o00

+ exp (¢ fI) P (di (X', X,y) >¢))

= max {limsup 1 logE [exp (f'(X,y) + te)]

t—o00 t

71| +limsupllogP (dt (Xt,X,y) > e)}
t—o0 t
= lim sup 1logl[ﬂ lexp (f'(X,y))] +¢€
t—o00 t

=-V(0)+e.
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Similarly,

o1 t/yt
liminf  log E [exp (f'(X% )]
> hm 1nf logE [exp (ft(Xt, y)) 1{dt(Xt,X,y)§e}}

1
> liminf - logE [exp (ft(X,y) — te) ]_{dt(Xt7X7y)S€}:|

t—o00

> hm 1nf log ( [exp (ft(X, y) — te)]

— esp (L f]] ~ )P (d (X', X,9) > )"

= htmlnf logE [exp (f'(X,y))] —

=-V(0) —,

where at := max{a,0}, and the last equality follows from the fact that if a;, by > 0,

1 1
lim — log a; = a in R, and limsup — log by = —oo, then liminf = log (a; — b)) = a. O
t—o0 t—00 t—oo t

3.8 An extentison of Subadditive Ergodic Theorem

This section includes auxiliary subaddive ergodic results that are adapted to hypermixing
processes. Let (), U,v) be a dynamical system such that v is a WU-invariant measure. We
consider a sequence of measurable functions F; : J) — [—o0, 0] that are subadditive in the

following sense: there exists £y > 0 and non-increasing « : [y, 00) — [1,00) such that

lim a(f) =1,
{—00
and for all ¢1,t9,...,t, € T and £ > ¢,
1 n
Fonyersy 4, (W) < o Fy, (W DS ). (3.8.1)
k=1

When ¢ = 0 and «(¢) = 1, (3.8.1) is the exactly the subadditive property. One can relate
(3.8.1) to decomposing the interval of length (n—1)¢+> "7 _, ¢ into n subintervals of length

t1, tg, ..., t, that are £ separated from each other.
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First, we consider the discrete time case T = N, and (Y, ¥, v) is a discrete-time dynam-

ical system. We assume that we already showed the limit

k—o0

lim /y Fu(y) dv(y)

exists. The goal is to show

lim + /y Fi(y) du(y) = / tim inf 229 () = /y lim sup 2

which in particular implies that lim,, F"T(y) exists for v-a.e. y € ) and

Jim % /y Fi.(y) dv(y) = /y Jim F"éy) dv(y).

We adapt the argument in [2, 153] to prove the following results. The idea is that F} can

be treated as subadditive on those ¢ that are ¢ apart from each other for ¢ > ¢y, and this

extra factor of £ is negligible if we consider arbitrarily large time scale k.

Proposition 3.8.1.

im — n(y) dv(y) < iminf —== dv(y).
in [ R < [ )

n—oo N hY n—o0 n

Proof. Let F, := liminf, %, which is a W-invariant function. Suppose F, > —C for

some constant C' > 0. Fix e >0, £ > fy and 1 < k < N < n. Define the set

F
Ek,NZ{yEy: j(y) §F*(y)—|—6forsomek:§j§N}.
J

Fix y € Y such that F(y) = F.(¥'y) for all t € N. Note that a(f) Fn_1)+nk < Fo—1)e4nk
if n’ <n. In a similar way as in [2, 153], we decompose the interval of length (n’ — 1)¢ 4+ nk
into classes of subintervals that are ¢ separated from each other, where n’ < n counts the
total number of subintervals. One class is of the form [7;,7; 4+ [;) for some k < [; < N
and Uy € Ej, n, one class is of the form [o;, 05 + k) where U7y € EE,N, and a remainder

interval with length at most max {N,k} = N.

Let ng = 0, and we define inductively a sequence of integers depending on y

O0=nop<ni<ng<--
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by taking

n; = min {ﬁ >njq: \Ifﬁ(z+k)+(j_l)Z+Nj‘1y € Ek,N}

where for convenience, we write Ng = 0 and N; = Zgzl l;;, and we take [; such that
k<l; <N and
F, (\I,nj(é+k)+(j—1)é+Njf1y) < lj(F*(y) +€).

i
Take 7 be the largest integer such that kn, + N, < nk. Then by (3.8.1), the invariance of
F,ony, and F; <0,

1
Fln1)enk(y) < WF(n’—l)Z—&-nk(y)

Q

r n;—1

< a(1£)2 Z Z F, (\I,i(z+k)+(j—1)z+1vj,1y>

Jj=1 \t=n;_1

+ ﬂj <\Ijnj(€+k)+(j—1)@+Nj—1y> ) + non-positive terms

IA

1 < 7 (04+k) (= 1)+ N,
Wzﬂj(qjj(+)+(J )+]1y)
j=1

1

()2
1

a(0)?

where we used the fact that N, < nk. Note that

IN

Q

IN

(nke + Fi(y)N,),

(n—1)l+nk

nk—k > 1g (¥'y)-N<N,.
=0

By the W-invariance of F, and v,
/ Fi.(y)N,dv < (nk:—N)/ Fodv—((n—1){+nk+ 1)k F,dv.
Yy y Ep N

Then we have

1
a(f)? lim — /y Fl—1)eqnk dv < k/yF* dv — (k + é)k/ Fodv + ke.

n—,oo N c
Ek,N

By taking N — oo, we have v(Ej ) — 0, so

1
a(0)?(k +¢) lim / Fndugk/ F. dv + ke.
Yy Yy

n—oo N
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Then the result follows from dividing both sides by k, and taking k — oo, £ — oo succes-
sively.
For the general Fy, we define F,,SC) = max {—C, F,} for C > 0. The above argument

holds by replacing F, with F*(C). Then we have by monotone convergence

1
lim / F,dv < lim F*(C) dv = / F. dv.

Lemma 3.8.2. For any k € N, £ > £y, for anyy € Y,

F - n n
lim sup M > a(l)(k + £) limsup M

n—00 n n—oo n

Proof. Fix £ > {y. Let n € N. Then n = my,(k 4+ ¢) — ¢ + r for some my,,r € N such that
0 <r<k+20 By (38.1),

1 1
Fo(y) < —(F Fy_ (W (k+0) <-—_F .
(y) < a(f)( i (k-0)—e (1) + Fr—o( (y))) < ald) v (k-0)—(Y)
By taking n — oo, we have m, — oo and == — k%ré’ SO
lim su n(y) 1 L lim su 7}%(”@4(3})
n—>oop n B OZ(Z) k+/¢ n—)oop n ’
O
Proposition 3.8.3.
1 F,
lim — [ Fi(y)dv(y) > / lim sup Fuly) dv(y).
k—o0 y Yy n—oo n
Proof. Fix k € N and ¢ > {y. Note that from (3.8.1), for n € N,
1 n—1
F, < — Y B (i), 8.2

I
o

Based on this, for n € N, we define

n—1

Gh(y) =) Fu(w'Hy),
=0
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which is the n-th Birkohff sum of F}, with respect to U*+¢. Clearly, G* is additive in n. By

the subadditive ergodic theorem,

k k
/hmsqu dv = lim G”dV:/dey.
y y

n—oo N n—oo [y n

Then by (3.8.2) and Lemma 3.8.2,

k n—1

1
lim sup Gn = limsup — E F), 0 Uik+0)
n—oo N n—oo M i—0
Flo—1)e4nk

> «(¢) lim sup

n—oo

F
> a(0)?(k 4 £) lim sup —=

n—o0

By integrating on both sides, we obtain

1 Ey
/ Frpdv > a(f)Q/ lim sup — dv.
k+¢ y y n—oo TN

The result follows by taking the limit as & — oo on the left hand side and then taking

¢ — oo on the right hand side. O

Now we want to push the subadditive ergodic result to the continuous-time case. Con-
sider now T = [0, 00) and (), ¥, v) is a continuous-time dynamical system. The argument

is inspired by [110, Theorem 4].

Proposition 3.8.4. For y € Y, we have the following connection between convergence in

discrete time and continuous time:

F, F; F; F,
lim inf M < lim inf M < lim sup M < lim sup M,
n—00 n t—00 t t—00 n—o0 n

E) _ Fn(y)

n—oo

lim/dy—/ hmzdu
t—o0 t—o0

Proof. Fix £ € N with £ > £3. Let t be large enough so that we don’t get negative times

In particular, lim exists for v-a.e. y € Y, and
t—o0

below, and let n € N be the integer part of ¢t. By (3.8.1), we have

Fy(y) < %(Fn—f(y) + Fn(P"Y),  Foger1(y) < a(lf)(Ft(y) + P (),
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which implies, using the assumption that F; <0,

1

a(O)Fpira(y) < Fi(y) < an_g(y).

Now it is clear that the result follows. O

3.9 Discussion

The motivation for this chapter was to propose a general framework for proving large devi-
ation results for inference in dynamical systems. It is of interest to explore the breadth for
applications of the framework we propose. A natural class of candidate models are Bayesian
inverse problems that arise in uncertainty quantification. Another class of models we do
not consider in this chapter arise where the dynamic model class is not characterized as a
stochastic process but as an algorithm, examples of this include learning using recurrent

neural networks such as long short-term memory networks.

There are technical conditions in our framework that are natural to relax such as those
of the loss function. Our framework starts with Varadhan’s Lemma which requires the loss
function to be continuous and bounded. It is not unreasonable to consider more general loss
functions and work with generalizations of Varadhan’s lemma developed in large deviation
theory that do not require continuity or boundedness, see [23, Theorem 1.18 & 1.20]. It is
also of interest to explore our framework for discontinuous processes. Our framework is not
restricted to continuous processes, since process-level large deviation results for discontinu-
ous processes are also known [49, Theorem 5.4.27|. In that case, we let X = D(T,S) be the
Skorohod space equipped with the Skorohod topology and follow the framework we have
outlined.

It is tempting to consider posterior consistency over non-compact parameter spaces.
Most work in posterior consistency, including ours, requires compactness of the parameter
space. A basic question is whether compactness can be relaxed. In our large deviation
framework, posterior consistency is obtained by requiring a process-level large deviation

behavior. In [165]|, the author proves that the process-level LDP of a mixture of i.i.d.
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processes {fig}ycq by the fully supported prior g is equivalent to the compactness of the
parameter space ©. This suggests that from the perspective of large deviation theory,
the assumption on the compactness of ® may be difficult to relax. Still, since posterior
consistency does not require the full large deviation principle, we believe that one can
extend our framework to non-compact parameter space, for example, by assuming some

exponential decay of the prior distribution.

134



Chapter 4

Conclusions

In previous chapters, we discussed two problems on analysis and inference of dynamical
systems, using tools from probability theory, stochastic analysis, and ergodic theory. These
systems are particularly challenging, because either they are infinite-dimensional or they
possess long-range dependencies. Although they are harder to analyze, they give rise to a
spectrum of interesting problems that potentially lead to deeper understanding and a more

unifying point of view.

From hypoellipticity to ellipticity for SPDESs

In finite dimensions, the distinction between ellipticity and hypoellipticity is clear, as one
only needs to check whether the vector fields on the diffusion coefficient push the stochastic
forcing to all directions or they only span a subset of the directions, and the drift term is
required for transporting noise to other directions. In both cases, the law of the SDE at
a fixed time has a smooth density with respect to the Lebesgue measure, by Hérmander’s
Theorem. In infinite dimensions, the distinction between hypoellipticity and ellipticity is
much more subtle. One can formulate similar hypoelliptic conditions in infinite dimensions,
as the stochastic forcing is injected into a finite set of directions [77, 123, 95, 96]. In contrast,
ellipticity is much harder to formulate, since intuitively, the noise should be injected into all
directions, but the number of directions is infinite, so we need to care about the convergence
of infinite sums, which depends on the topology we pick.

In Chapter 2, we illustrate a notion of ellipticity by showing that the law of the solution
of the stochastic Burgers equation at a fixed time is absolutely continuous with respect to
the linear part of the equation, which is a Gaussian process that lives on certain function

spaces and sets the topology for the equation. Intuitively, one can interpret this ellipticity
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as the diffusion term dominating the drift term for transporting the noise. However, the
same computation just barely fails for 2D stochastic Navier-Stokes equations, even though
stochastic forcing is injected in all directions, i.e., it is “elliptic” in some sense. We sus-
pect that in the case of the stochastic Navier-Stokes equation, the nonlinearity twists the
stochastic forcing in a way that the law of the solution is no longer absolutely continuous
with respect to the linear part of the equation. From this perspective, the behavior of
the stochastic Naiver-Stokes equation is more like a hypoelliptic diffusion, where the drift
term makes a significant difference in how the noise spreads through the system. In a way,
unlike finite dimensions, the transition from hypoellipticity to ellipticity is not straightfor-
ward in infinite dimensions. It is of great interest to formalize and illustrate a spectrum of

infinite-dimensional systems from hypoellipticity to ellipticity.

Bayesian inference on more dynamical systems

In Chapter 3, we developed a large deviation framework for proving posterior consistency
in dynamical systems. In particular, we showed that a well-studied hypermixing condition
can imply posterior consistency. In the case of Markov processes, this condition can be
seamlessly checked, when the log-Sobolev inequality holds and the log-Sobolev constants
are computable. Although the hypermixing condition can be defined for general dynam-
ical systems, the condition is harder to check beyond Markov processes, because general
dynamical systems do not have access to convenient tools, like the log-Sobolev inequality
and hypercontractivity. On the other hand, our posterior consistency framework may serve
as a motivation for proving mixing properties of general dynamical systems, as one can in
turn perform Bayesian inference for these systems beyond Markov processes. For example,
it is natural to expect some mixing properties to hold for non-Markovian SDEs driven by
fractional Brownian motions, though there are not so many results in this direction beyond
ergodicity [90, 97].

We believe that our large deviation arguments are far from being sharp, since we made

a few assumptions for the sake of clarity of exposition, but still we at least included two
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rich classes of examples. Compared to the existing literature on posterior consistency, it
is straightforward to track which step uses which assumptions. We expect that one can
substantially weaken the assumptions on the loss function, the parameter space, and the
model family because large deviation theory has a very flexible and powerful set of tools.
We illustrated the flexibility by reproving the posterior consistency of Gibbs measures on
shifts of finite type using exponential tilting. Following the same idea, it will not be too hard
to establish posterior consistency for other Gibbs-type interacting particle systems. On the
other hand, we do not think that the full process-level large deviation principle is needed to
show some version of posterior consistency. There are many dynamical systems exhibiting
good statistical properties, including weaker forms of large deviation principles, such as
nonuniformly hyperbolic systems admitting Young tower extensions with exponential return

times [148]. It is of great interest to expand the framework to include those systems as well.
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Appendix A

Background Material

A.1 Besov spaces and paraproducts

Results of this section can be found at 6, 87, 25]. We recall the definition of Littlewood-

Paley blocks. Let y, ¢ be smooth radial functions R — R such that
© 0<x, ¢ <1, Xx(&) + X j50p(277¢) =1 for any £ €R,
o suppx C B(0, R), supp p C B(0,2R) \ B(0, R),
e supp (277 ) Nsupp p(27%) = 0 if |i — j| > 1.
The pair (x, ¢) is called a dyadic partition of unity. We use the notations

po1=x =927, (A.1.1)

for j > 0. Then the family of Fourier multipliers (A;);>_1 denotes the associated Littlewood-
Paley blocks, i.e.,
Acr=x(D), A;=e(27D),

for y > 0.
Definition A.1.1. For s € R,p,q € [1,00], the Besov space By, , is defined as

Bpq= {“ € 7" ulls,, = H(2]S||Aj“||Lp)jz—1Heq < Oo}'

S

As a convention, we denote by C* the separable version of the Besov-Holder space B, .,

i.e., C° is the closure of C°°(T) with respect to || - ||ps, . We also write || - [lcs to mean
I 1Bs, -

Remark A.1.2. To show that u € %" is in C*%, it suffices to show Hu”ng _ <o for some
s’ > s.
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Remark A.1.3. For 0 < s < 1, f is in the classical space of s-Hélder continuous functions

if and only if f € L and ||f||cs < o0.

Proposition A.1.4 (Besov embedding). Let 1 < p; < ps < oo and 1 < q; < g2 < 0. For
,(L, 1 )

s 1
s € R, the space By, . is continuously embedded in Bp, 4" **

Definition A.1.5. A smooth function n: R — R is said to be an S™-multiplier if for every

multi-index o,
%
or®

(5)‘ <o (L4 )™l ve e R.

Proposition A.1.6. Let m € R and n be a S™-multiplier. Then, for oll s € R and

1 < p,q < o0, the operator (D) is continuous from By , to By ™.
The following estimate can be found at |25, Lemma 2.5] and [87, Lemma A.7].
Proposition A.1.7. Let A be the negative Laplacian, and v,§ € R with v < 6. Then
le™*ulles < #2072 Jufle-
for allu € C7.
For u € C” and v € C?, we can formally decompose the product uv as
w=u=<v+uov+u>uv, (A.1.2)

where

U<V=0>u:= E AjulAjv, uov = g Ajuljv.
i<j—1 li—jl<1

Proposition A.1.8 (Bony estimates). Let 7,5 € R. Then we have the estimates
o |lu=<vles < llullpelvlles for u € L™ and v € C°.
o |lu<v|gves S luller|v]les for v <0, u €CY and v € CO.

o |luov|grrs < luller|v]les for v+6 >0, u€CY and v € CO.
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Remark A.1.9. Note that the paraproduct < is always a well-defined continuous bilinear
operator. The product CY x C® — CYNNOH) (4 v) — wv is a well-defined, continuous
bilinear map provided v+ § > 0. In this case, we say the product is classically well-defined.
On the other hand, if we can directly show the existence of the resonant product u o v of
two terms u and v, then the product uv will be well-defined. In this case, we usually have
wowv e C'0 giwen that u € CY and v € C°, so we still obtain uwv € CYNOH) without the

condition v+ § > 0.

A.2 Probability measures on Polish spaces

The following results can be found at [81] and [147, Chapter 4].

Let U be a Polish space. A duality pairing of M(U) and Cy(U) is given by (n, f) =
Jyy fdn for n € M(U) and f € Cy(U). This duality pairing generates a weak topology on

M(U) and hence on the closed convex subset M1 (), with a base given by sets of the form

{WEM(U) : ’<777 fi>_<7707 fi>’<€7 i=1,...,m}

for e >0, m e N, nyg € M(U) and f; € Cp(U), 1 < i < m. In particular, M;(U) is a Polish
space under this weak topology which also characterizes the weak convergence of probability
measures. In the case when U/ is X or X x ), the duality pair of M(U) and Cj o.(U) with

the same pairing also generates the same weak topology on M(U) and M;(U).

Definition A.2.1 (Weak convergence). A sequence of probability measures n, € Mi(U)

converges weakly to another probability measure n € My(U) if [ fdn, — [ fdn, for every
feGU).

Theorem A.2.2 (Disintegration of measures). Let U and Y be Polish spaces. Let A €
MU x Y) and let v be the Y-marginal of X. Then there exists a Borel map Y — Mi(U),

y = Ay such that for every bounded Borel function f:U x Y — R,

[ 1= /y /u £, y) dy (u) dv(y).
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In particular, such a map is unique in the sense that if y — Xy 18 another such map, then

Ay =N, forv-a.e. y €Y. We also write \ = fy Ay ® 8y dv(y).

A.3 Properties of relative entropy

The following results can be found at [23, Section 2] and [147, Exercise 6.11].

Theorem A.3.1 (Donsker-Varadhan variational formula). Let U be a Polish space equipped
with the Borel o-algebra, and let \,n € My1(U). Then we have the following variational

formula of the relative entropy:

K(A[[n) = sup /ufdA—log/MeXp(f)dn

fEBy(U)

_ dx —1 d
sup )/uf A og/uexp(f) n,

feCy,(U

where By(U) denotes the set of bounded measurable functions on U.

Theorem A.3.2 (Chain rule). Let U and Y be Polish spaces, and let \,n € My(U x ).
Let Ay and ny be the Y-marginal of X and n. Then we have the following chain rule on the

relative entropy:
K\ n) = KO 1) + /u Ky llmy) Av(dy),

where Ay, and n, are given by the disintegration of A and n with respect to their Y-marginal,

given by Theorem A.2.2.

Theorem A.3.3 (Monotone convergence). Let {F;} be an increasing family of o-algebras
and let F be their limit. Let X and i be two probability measures on F. Then the relative

entropy K (A7, || n|7,) is monotonically increasing and converges to K (A || n|F).

A.4 Ergodic theory

We refer to [145, 161] for general introductions to ergodic theory.
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Standard results

The following results can be found in [49, Section 5.2|. Let Z be a Polish space equipped
with the Borel o-algebra, and R' : Z — Z be an one-parameter family of measurable

transformations on Z.

Theorem A.4.1 (Birkhoff’s pointwise ergodic theorem). Letn € M1(Z, R) be an R-ergodic
measure and f € Cy(Z). Then there exists a measurable set E C Z with full n-measure

such that for all z € E,
.1t s
tlggot/o f(R z)ds-/zfdn.
In fact, E can be taken independently of f € Cy(Z). See [131, Lemma 7.2/.
Theorem A.4.2 (The ergodic decomposition). Let n € M1(Z,R). There exists a Borel

probability measure Q on M1(Z, R) such that Q assigns full measure to the set of R-ergodic
measures in M1(Z,R), and if f € L'(n), then f € L'(p) for Q-a.e. p € M1(Z,R), and

/Zfdnz/Ml(z’R)/zfdde(p)-

We also write n = [ pdQ.

A.4.1 Properties of joint processes

The following results can be found at [109] and [131, Lemma A.2|. Let Z, ) be Polish spaces
equipped with the Borel o-algebras. Let R' : Z — Z and ¥! : ) — Y be one-parameter
families of measurable transformations on U and Y. Let v € M;(Y, V) be an W-ergodic

measure.

Proposition A.4.3. Let A € J(R : v) with its disintegration A\ = fy Ay ® 0y dv(y) over v,
given by Theorem A.2.2. Then for any t > 0, we have for v-a.e. y € Y, A\yo (R~ = Awty,

and so for every f € Cp(Z), we have
[ R0 = [ 1) draey ),
zZ zZ
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Theorem A.4.4 (Structure of the space of joint processes). J(R : v) is a non-empty and
convez set. If X € J(R : v) and X = [ pdQ is its ergodic decomposition, then Q-a.e.
peJ(R:v).

Lemma A.4.5. Let F' : J(R : v) — [0,00] be an affine functional in the sense that
F(an+ (1 —a)\) = aF(n) + (1 —a)F(X) for any a € (0,1) and n,\ € J(R : v). Then for

any X € J(R : v) with its ergodic decomposition A = [ pdQ, we have

FO= [ F(pda()
Je(R:v)

Proof. Since F is affine, if A € J(R:v) and A = [ pdQ is its ergodic decomposition, then
by [49, Lemma 5.4.24| and Theorem A.4.4,

O]

Proposition A.4.6. Let F': J(R:v) — R be a functional such that for any A € J(R : v)

with its ergodic decomposition A = [ pdQ,

Then we have

sup F(A\) = sup F(A).
AeJ (R:w) AeJe(R:v)

Proof. Straightforward. O
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Appendix B

Variants of standard results

B.1 Existence and regularity of solutions

We now prove a local existence theorem by a fixed point argument for the type of equa-
tions needed in this note. This result is quite standard, and we sketch the argument both
for completeness and to highlight the structure of these equations. We will consider the

following integral equation
v = e g + aJ () + cad(g,v) + Gy of D(v)y, (B.1.1)

where ¢; € R, and for some T' > 0, we have G € CrC?, g € CrC"Y and vg € C? for some 7

and 0. We will assume that
y+1>0>0 and o+~ >0. (B.1.2)
Now for v, v(2) € C;C7 for some t € (0,T)], we have for s € (0, 1] that
(M), — d(w ), = o (g, 0 — @), + e J (0D + 0@ 1) — @) (B.1.3)
Because of our assumptions on ¢ and v, we have that
17 (0@, 0@ — @)oot Ss [0V loser + [0 [l eser) [0 = vP|eyco
17(g, v = o) ever Ss gl llo® = 0P floyer,

where the dependent constant s in each inequality goes to zero as s — 0. Hence, there

exists a K so that K; — 0 as s — 0 and
[@(v W) — @) c,co < KWW lcser + 0P leuer + lgllewe) o™ —v@leyer -

Hence, fixing any R > 0 so that ||vg|lce +||G|lcpce < R and ||g|lcrcv < R, there exists s > 0

such that ® is a contraction on {v € CsC7 : ||v||c,ce < R}. This implies that there exists a
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fixed point with v; = ®(v); for all ¢ € [0, s]. Since ¢1J(v) + c2J(g,v) € CsC7 is well-defined

classically for v € C4C? given our assumptions (B.1.2), we have proven the following result.

Proposition B.1.1 (Local existence and regularity). In the above setting with y+1 > o > 0
and v+ o > 0, the integral equation (B.1.1) has a unique local solution v with v € CsC?
for some s > 0. In particular, if the regularity of the additive forcing Gy is set by the
stochastic convolution in the equation, then (B.1.1) has the canonical reqularity in the sense

of Definition 2.4.8.

Remark B.1.2. By repeatedly applying the above result we can extend the existence to a
mazimal time T such that ||v¢||ce — o0 ast — T when T < co. By setting vy = & for all
t > 7 when T < o0, we see that v e CrC’ for all T > 0. (See Section 2.4.1 for the definition

of CrC° and related discussions.)

The previous Proposition B.1.1 can be seamlessly extended to less regular initial condi-
tions. Assume

v > —3, o>0 and o+v>0, (B.1.4)

set p =0 A (y+ 1), and consider vy € C?°, with
oo > —1, p—oo € (0,2). (B.1.5)
Set 6 = 1(p — 0y), and for T > 0 define the space

X;OW — {U (= CTCOO : tS[IéI;] t9||u(t)HCP < 00}7
e b

with norm
[l o0 = ullerero + sup 7 [u(t)|ce.
te[0,7)

With the above choice of oy and under conditions (B.1.4) and (B.1.5), we have that
It = e~ o]l o0 < Jlvolleoo,
1T, 0@ yoor S KrlloM | gm0 [0 o0,
17(g V)l xz00 S Krllgllcre vl xzoe,
1Gll 00 S IGlleree,
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with K7 | 0 as T | 0. With these inequalities at hand, the same proof outlined above for

Proposition B.1.1 can be adapted to this setting, yielding the following result.

Proposition B.1.3. Consider v,0 as in (B.1.4), p = o A (v + 1), and oy as in (B.1.5),
and let vg € C°°. Then the integral equation (B.1.1) has a unique local solution v in Xs°*

for some s > 0.

The restriction on p can be dropped by parabolic regularization, yielding the following

result.

Corollary B.1.4. Considery,o asin (B.1.4), p = o A(y+1) and og such that =1 < o9 < p.
If vg € C?9, then the integral equation (B.1.1) has a unique local solution v in CsC° for
some s > 0 such that v € C([e, s|;CP) for all € > 0.

In particular, if o < v+ 1, and the regularity of the additive forcing G is set by a
stochastic convolution in the equation, then (B.1.1) has the canonical reqularity in the sense

of Definition 2.4.8 on every closed interval included in (0, s].

B.2 Conditional large deviation lemmas

B.2.1 A conditional weak large deviation upper bound

Proof of Lemma 3.5.17. We basically reproduce the argument of [147, Theorem 4.24| and

only need to make sure the result holds for a subset of ) with full v-measure.

Let £ € My(X x )) be a compact subset. Fix an € > 0 and ¢ < infx p*. For every
A € K, there exists f € Cpoc(X x V) such that [ fdX — p(f) > c¢. Consider the following

open neighborhood of 7:

BE()\,f):{neMl(Xxy) : ‘/fd)\—/fdn‘<e}.

Since K is compact, it can be covered with Be(A1, f1), ..., Be(Am, fm) with corresponding

146



fi,-o s fm € Chioc(X x V). Then for every y € ),

p(Mi(-5 y) € Be(Nis fi))

:t/’ exp(—tfi(z,y) + tfi(z,y)) du()
{M:(-,y)EBe(Ni, f3)}

X 1 dN\; + € xp(tfi(x,y))d .
<ep(( [ +))AMM%&Wﬁ»emwcrw>mm

By Theorem 3.5.7, for v-a.e. y € Y independent of f;, hence independent of K,

limsup ;g u(Mi(19) € Belhi f) < = [ fedhiot et p(f) < e e

t—o00

Hence, for v-a.e. y € ) independent of K,

lim sup — log,u(Mt( y) € K) < max hmsupflog u(Mi(-,y) € Be(Ni, fi))

t—00 1<is<m o0

< —c+e.

We take ¢ — 0 and ¢ — inf p* to yield the desired result.

That p*(\) = oo if A is not (® x ¥)-invariant follows from the same proof as in [49,
p. 218|. The last statement is also straightforward: if the }-marginal of X is not v, then
for any N > 0, there exists f € Cy(Y) such that [ fd\ — [ fdv > N, so by Birkhoff’s

pointwise ergodic theorem, p*(X) > [ fdX —p(f) > N. ]

B.2.2 The conditional exponential tightness

To obtain the full large deviation upper bound, we need to show that for X ~ p and v-a.e.
y €Y, (My(X,y))er is exponentially tight, i.e., for all @ > 0, there exists a compact subset
K C Mi(X x Y) such that

lim sup — . log,u (My(X,y) € K°) <

t—o00

The following generic lemma allows us to push exponential tightness from M;(X) to

Mi(X x V).

Lemma B.2.1. Suppose X ~ p, (My(X))ter is an exponentially tight family of My (X)-
valued random variables. Then for v-a.e. y € YV, (My(X,y))ter is an exponentially tight
family of My (X x Y)-valued random variables.
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Proof. Note that by Theorem A 4.1, for v-a.e. y € Y, My(y) — v, so {M;(y)}, has compact
closure. Let y € Y be such one and Ky be the closure of {M;(y)},, which is a compact
subset of M1()). Fix a > 0. By exponential tightness of (M;(X));, there exists a compact
subset Ky C X such that

1
limsup — log u (M(X) € K%) < —a.

t—o00 t

Consider the set K = {A € M1(X x)Y) : Ax € Kx, \y € Ky}, where Ay denotes the X-
marginal of A, and similar for Ay. It is easy to check K C M;(X x Y) is closed and tight,
hence compact by Prokhorov’s Theorem. Then we obtain

1
lim sup n log i (My( X, y) € K)

t—o0

1
< lim sup n log (1 (My(X) € K%) + 6y (Mi(y) € K5))

t—o00

1
= lim sup n log (1 (My(X) € K%)) < —a.

t—o00
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