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Design and Analysis of Individually Randomized

Group-Treatment Trials with Time to Event Outcomes

Summary: In a typical individually randomized group-treatment (IRGT) trial,

subjects are randomized between a control arm and an experimental arm. While

the subjects randomized to the control arm are treated individually, those in the

experimental arm are assigned to one of clusters for group treatment. By sharing some

common frailties, the outcomes of subjects in the same groups tend to be dependent,

whereas those in the control arm are independent. In this paper, we consider IRGT

trials with time to event outcomes. We modify the two-sample log-rank test to compare

the survival data from TRGT trials, and derive its sample size formula. The proposed

sample size formula requires specification of marginal survival distributions, bivariate

survival distribution for the experimental arm, cluster size distribution, and accrual

period or accrual rate together with additional follow-up period. In a sample size

calculation, the cluster sizes are given and the number of clusters may be calculated or

the number of clusters is pre-determined at the study open and calculate the required

accrual period to determine the cluster sizes. Simulations and real data example show

that the proposed test statistic controls the type I error rate and the formula provides

accurately powered sample sizes. We also propose optimal designs minimizing the

total sample size or the total cost when the cost per subject is different between two

arms.

KEY WORDS: Design effect; Group treatment; Intracluster correlation coefficient;

Log-rank test; Optimal design; Random cluster size; Sample size formula
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1 Introduction

In a traditional randomized trial, patients are randomized between a control and an

experimental arms and individually treated. In this case, their outcome data are

independent, so that standard test statistics are used to compare the resulting data

between two treatment arms. Their sample size methods are well developed for most

type of outcome variables.

Often, small groups of individuals, called clusters, are randomized between treat-

ment arms. Typically, clusters are families, classes, communities, surgeons operating

patients, and so on. Such trials are called cluster randomization trials (CRTs). The

subjects in each cluster share common frailties, so that their outcomes tend to be

positively correlated. Two sample testing methods for CRT have been proposed by

many statisticians, including Donner and Banting (1988) and Ahn, Jung, Kang (2003)

for binary data, and Jung and Jeong (2003) for time to event endpoints. Sample size

methods for these statistical tests are proposed by Kang, Ahn, Jung (2003) for binary

data and Li and Jung (2020) for time to event outcome. The methods for clustered

survival data under cluster randomization are extended to those under subunit ran-

domization by Jeong and Jung (2006) for weighted rank tests and Li and Jung (2022)

for their sample size calculation.

Individually randomized group-treatment (IRGT) trials are composite of tradi-

tional independent subject randomization and cluster randomization trials. In an

IRGT trial, the control arm is to treat patients individually, whereas the experimental

arm is to treat patients using a group training, education, or treatment to increase the

treatment effect by close interactions with patients. As a result, the outcome data of

the control arm are independent as in traditional trials, but those in the experimental

arm are correlated within each group, called cluster as in cluster randomization trials.

Hence, two arms in IRGT trials have different dependency structures. Unlike stan-
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dard cluster randomization trials, clusters of IRGT trials are usually organized after

randomization. But statistically, they have identical statistical issues between the two

types of trials, i.e. accounting for the dependency within each cluster.

The number of IRGT trials is growing6, but design and analysis methods for them

are still in need. Turner et al. (2017A, B) discuss statistical issues and analysis meth-

ods for IRGT trials that have been developed by then. Roberts and Roberts9 propose a

sample size method for continuous outcomes and Moerbeek and Wong (2008) propose

sample size methods for IRGT trials with binary and continuous outcome variables,

and Wang, Turner, and Li (2024) propose a sample size method for IRGT trials collect-

ing longitudinal data. These methods assume constant cluster sizes. Candel and Van

Breukelen (2009) investigate the relative efficiency of test statistics between constant

cluster size cases and varying cluster size cases based on a random effect model that

can cover continuous outcomes and binary outcomes for both cluster randomization

and subunit randomization trials (SRTs), but do not propose a sample size formula

for these types of trials.

Usually, the number of clusters is given in advance and cluster sizes grow during

accrual period. Even when we assume identical cluster sizes at the time of study design,

the attained cluster sizes may vary due to the random allocation to different clusters

post-randomization. As shown by Candel and Van Breukelen (2009), the power of

the statistical tests depends on the mean and variance of cluster size distribution for

trials with clusters, so that it is important to accurately reflect the expected cluster

size distribution in sample size calculations.

In this paper, we propose a modified log-rank test and its sample size calculation

method for IRGT trials with time to event endpoints by modifying the log-rank test

of Jung and Jeong3 and its sample size method of Li and Jung5 that are proposed for

CRTs. The proposed log-rank test is so robust that it does not require any assumptions
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except that survival time and censoring time are independent for each individual. The

censoring times of subjects in each cluster of experimental arm may be correlated

or even common. Cluster sizes may be either constant or random. The sample size

of the log-rank test modified for IRGT trials depends on the marginal survival and

censoring distributions of two arms, bivariate survival and censoring distributions and

cluster size distribution of experimental arm. The bivariate censoring distribution can

be fully specified by the univariate censoring distribution for popular trial designs.

The sample size method allows the cases where the number of clusters is given and

cluster sizes grow during accrual period, or cluster sizes are given (whether constant

or random) and the number of clusters grows over accrual period. We also propose

optimal allocation proportions minimizing the total sample size in the presence of intra-

cluster dependency or the total cost when two arms have different cost for treatment

per subject. Simulations are conducted to evaluate the performance of the proposed

testing and sample size methods. The sample size method is demonstrated with an

example mimicking a real IRGT trial.

2 Rank Test for IRGT Trials

Suppose that arm 1 is a control arm and arm 2 is an experimental arm, nk patients are

randomized to arm k = (1, 2), and n = n1 + n2 denotes the total number of patients.

Let pk = nk/n denote the allocation proportion for arm k. Arm 2 has ν2 clusters, so

that each patient in arm 2 will be assigned to one of the clusters after randomization.

Let mi denote the number of patients assigned to cluster i(= 1, ..., ν2), by which we

have n2 =
∑ν2

i=1mi. For the large sample approximation, we assume that ν2 is large,

i.e. ν2 = Op(n).

Tk1, ..., Tk,nk
are survival times of patient i in arm k with survival function (SF)

Sk(t) = P (Tki ≥ t) and cumulative hazard function Λk(t) = − logSk(t). We want to

4
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test H0 : Λ1(t) = Λ2(t) against H1 : Λ1(t) ̸= Λ2(t).

Survival times are subject to censoring, so that we observe (Xki, δki) from patient

i in arm k, where Xki is the minimum of survival time Tki and censoring time Cki and

δki is the event indicator taking 1 if the patient has an event and 0 otherwise. We

assume that censoring times are independent of survival times.

For patient i in arm k, letNki(t) = δkiI(Xki ≤ t) and Yki(t) = I(Xki ≥ t) denote the

event and at-risk processes, respectively, Nk(t) =
∑nk

i=1Nki(t), N(t) = N1(t) + N2(t),

Yk(t) =
∑nk

i=1 Yki(t), and Y (t) = Y1(t) + Y2(t). The weighted rank statistic for testing

H0 : Λ1(t) = Λ2(t) against H1 : Λ1(t) ̸= Λ2(t) is given as

W =
√
n
∫ ∞

0
H(t){dΛ̂1(t)− dΛ̂2(t)} (1)

where Λ̂k(t) =
∫ t
0 Y

−1
k (s)dNk(s) is the Nelson-Aalen estimator (Nelson 1969, Aalen

1978) of Λk(t) and H(t) is a predictable process of bounded variation that is uniformly

convergent to a square integrable function h(t). For example,H(t) = n−1Y1(t)Y2(t)/Y (t)

for the log-rank statistic (Peto and Peto 1972), H(t) = n−2Y1(t)Y2(t) for the Gehan-

Wilcoxon test (Gehan 1965), and H(t) = n−1Ŝ−(t)Y1(t)Y2(t)/Y (t) for the Prentice-

Wilcoxon test (Prentice 1978), where Y (t) = Y1(t) + Y2(t) and Ŝ−(t) is the left-

continuous version of the Kaplan-Meier (1958) estimate from the pooled sample {(Xkj, δkj), j =

1, ..., nk, k = 1, 2}. When individuals within clusters in arm 2 are independent, the

asymptotic distribution of the test statistics is well developed (Gill 1980, Fleming and

Harrington 1991).

Since the patients of arm 2 are clustered after randomization, their survival times

will be dependent within each cluster, whereas those in arm 1 stay independent. In

order to account for this, we change the notations for arm 2 patients slightly. Let

(X2ij, δ2ij) denote the survival data for patient j(= 1, ...,mi) in cluster i(= 1, ..., ν2) of

arm 2, and N2ij(t) and Y2ij(t) are redefined from N2i′(t) and Y2i′ accordingly. By the

new arrangement, we have N2(t) =
∑ν2

i=1

∑mi
j=1 N2ij(t) and Y2(t) =

∑ν2
i=1

∑mi
j=1 Y2ij(t).
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Under H0, W is expressed as

W =
√
n{

n1∑
i=1

∫ ∞

0
H(t)Y −1

1 (t)dM1i(t)−
ν2∑
i=1

∫ ∞

0
H(t)Y −1

2 (t)dM2i(t)}

where M1i(t) =
∫ t
0{dN1j(t) − Y1j(t)dΛ1(t)}, M2i(t) =

∑mi
j=1 M2ij(t), and M2ij(t) =∫ t

0{dN2ij(t)− Y2ij(t)dΛ2(t)}.

Let G(t) = P (Cki ≥ t) denote the SF of the censoring distribution which is common

between two arms. Then, n−1
k Yk(t) and H(t) uniformly converge to yk(t) = Sk(t)G(t)

and h(t), respectively. Read Ying and Wei (1994) about the uniform convergence of

n−1
2 Y2(t) with clustered data. Hence, under H0, we have

W =
1√
n

{ n1∑
i=1

∫ ∞

0

h(t)

p1y1(t)
dM1i(t)−

ν2∑
i=1

∫ ∞

0

h(t)

p2y2(t)
dM2i(t)

}
+ op(1)

=
1√
n
(
n1∑
i=1

ϵ1i −
ν2∑
i=1

ϵ2i)

where

ϵki =
∫ ∞

0

h(t)

pkyk(t)
dMki

As in Appendix A, underH0, W is asymptotically normal with mean 0 and variance

σ2 that can be consistently estimated by

σ̂2 = n−1(
n1∑
i=1

ϵ̂21i +
ν2∑
i=1

ϵ̂22i)

where ϵ̂ki are obtained from ϵ̂ki by replacing h(t), pkyk(t), and Λk(t) with H(t),

n−1Yk(t), and Λ̂(t) =
∫ t
0 Y

−1(t)dN(t), the Nelson-Aalen (Nelson 1969, Aalen 1978)

estimator from the pooled data, respectively. We reject H0 if |W |/σ̂ > z1−α/2, where

z1−α/2 is the 100(1− α/2) percentile of N(0, 1) distribution.

3 Sample size calculation for the log-rank test

We derive a sample size formula for the log-rank test with H(t) = Y1(t)Y2(t)/{nY (t)},

i.e.

W =
1√
n

∫ ∞

0

{Y2(t)

Y (t)
dN1(t)−

Y1(t)

Y (t)
dN2(t)

}
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Sample size formula for other weighted rank tests can be similarly derived.

The power of the log-rank test for IRGT trials depends the distribution of cluster

sizes mi in arm 2, so that we have to specify the cluster size distribution for a sample

size calculation. Cluster sizes mi in arm 2 may be either random or constant. Let

m̄ = E(mi) and ¯̄m = E(m2
i ) denote the first and second moments, respectively, of

cluster size distribution. If cluster sizes are constant with mi = m, then we have

m̄ = m and ¯̄m = m2. Note that n2/ν2 = ν−1
2

∑ν2
i=1mi converges to m̄.

For a sample size formula of W , we need to derive the distribution of W under

H1 : Λ1(t) ̸= Λ2(t). As shown in Appendix A, the asymptotic distribution of W

under H1 depends on the bivariate distributions of survival times and censoring times

between two patients in each cluster of arm 2 as well as their marginal distributions

for two arms.

Suppose that, for arm k(= 1, 2), patients have marginal hazard function λk(t) =

∂Λk(t)/∂t, and two patients in each cluster of arm 2 have a bivariate SF

S2(t1, t2) = P (T2ij ≥ t1, T2ij′ ≥ t2)

and joint probability density function f2(t1, t2) = ∂2S2(t1, t2)/∂t1∂t2. Further, for arm

2, we define the joint hazard function

λ2(t1, t2) = f2(t1, t2)/S2(t1, t2)

and two conditional hazard functions

λ2(1|2)(t1, t2) = lim
ϵ→0

P (t1 ≤ T2ij < t1 + ϵ, T2ij′ ≥ t2)

P (T2ij ≥ t1, T2ij′ ≥ t2)
= −∂S2(t1, t2)/∂t1

S2(t1, t2)

and

λ2(2|1)(t1, t2) = lim
ϵ→0

P (T2ij ≥ t1, t2 ≤ T2ij′ < t2 + ϵ)

P (T2ij ≥ t1, T2ij′ ≥ t2)
= −∂S2(t1, t2)/∂t2

S2(t1, t2)

for j ̸= j′. For two subunits j ̸= j′ in a cluster of arm 2, let G(t1, t2) = P (C2ij ≥

t1, C2ij′ ≥ t2) denote the bivariate SF of the clustered censoring times.

7

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



As n → ∞, ν−1
2

∑ν2
i=1 mi and ν−1

2

∑ν2
i=1m

2
i converges to m̄ and ¯̄m, respectively. From

Appendix A, under H1, W is asymptotically normal with mean ω
√
n and variance

σ2 = σ2
1 + σ2

2 + ( ¯̄m/m̄− 1)c2 = σ2
1 + σ2

2{1 + ( ¯̄m/m̄− 1)ρ}

where

ω = p1p2

∫ ∞

0

S1(t)S2(t)G(t)

p1S1(t) + p2S2(t)
{dΛ1(t)− dΛ2(t)}

σ2
k = pkp

2
k−3

∫ ∞

0

Sk(t)S3−k(t)
2G(t)

{p1S1(t) + p2S2(t)}2
dΛk(t)

c2 = p21p2

∫ ∞

0

∫ ∞

0

S1(t1)S1(t2)S2(t1, t2)G(t1, t2)

{p1S1(t1) + p2S2(t1)}{p1S1(t2) + p2S2(t2)}
dA2(t1, t2)

dA2(t1, t2) = {λ2(t1, t2)− λ2(1|2)(t1, t2)λ2(t2)− λ2(2|1)(t1, t2)λ2(t1) + λ2(t1)λ2(t2)}dt1dt2

and

ρ =
c2
σ2
2

=

∫∞
0

∫∞
0

S1(t1)S1(t2)S2(t1,t2)G(t1,t2)
{p1S1(t1)+p2S2(t1)}{p1S1(t2)+p2S2(t2)}dA2(t1, t2)∫∞

0
S2
1(t)S2(t)G(t)

{p1S1(t)+p2S2(t)}2dΛ2(t)

denotes the intracluster correlation coefficient (ICC) of arm 2.

Hence, the power of the log-rank test is given as

1− β = P
( |W |

σ̂
≥ z1−α/2|H1

)
≈ P

(W − ω
√
n

σ
≥ z1−α/2 −

ω
√
n

σ
|H1

)
(2)

Since (W − ω
√
n)/σ is N(0, 1) under H1, from (2), we have

1− β = Φ̄
(
z1−α/2 −

ω
√
n

σ

)
(3)

where Φ̄(·) is the SF of N(0, 1) distribution. By solving (3) with respect to n, we

obtain the sample size

n =
σ2(z1−α/2 + z1−β)

2

ω2
(4)

From Appendix B, under the nearby alternative hypothesis with where S1(t) ≈

S2(t), we have ω = p1p2d(∆− 1) ≈ p1p2d log∆ and σ2 = p1p2d×DE, so that we have

σ2

ω2
=

DE

p1p2d(log∆)2

8
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and (4) is simplified to

n =
(z1−α/2 + z1−β)

2

p1p2d(log∆)2
DE (5)

where ∆ = Λ1(t)/Λ2(t) is the hazard ratio, d = p1d1 + p2d2, dk = −
∫∞
0 G(t)dSk(t) is

the probability that a patient in arm k experiences an event during the study, and

DE = 1 + p1ρ( ¯̄m/m̄− 1) (6)

is the design effect factor indicating the increase of sample size due to the ICC in arm

2 that is expressed as

ρ = d−1
∫ ∞

0

∫ ∞

0
S2(t1, t2)G(t1, t2)dA2(t1, t2)

If the survival times of arm 2 are independent, then we have ρ = 0 and DE = 1, so

that D = n × d in (5) is reduced to the formula for required number of events by

Schoenfeld (1983) for the log-rank test with independent survival data. Furthermore,

the design effect for CRTs DEc = 1+ ρ( ¯̄m/m̄− 1) by Li and Jung5 is larger than that

of IRGT trials (6), so that IRGT trials are more powerful than CRTs.

When n patients are recruited, the last cluster of arm 2 may not have been filled

up yet. In this case, we propose to randomize patients between two arms until the last

cluster of arm 2 is filled in. In (5), the expected number of clusters in arm 2 is p2[n/m̄],

where [x] is the round-up of x. By rounding up the expected number of clusters in

arm 2, the total number of patients randomized is likely to be slightly larger than n

calculated by (5).

3.1 Distributional Assumptions for Sample Size Calculation

Note that the sample size of the log-rank test modified for IRGT trials depends on the

bivariate distributions of censoring and survival times, and cluster size distribution of

arm 2. For IRGT trials, however, the bivariate censoring distribution function can be

9
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fully specified by its univariate distribution function as described below. In this section,

we consider some survival and censoring distributions for sample size calculations.

3.1.1 Censoring Distribution

In IRGT trials, patients are randomized between two arms, and only those randomized

to arm 2 will be clustered for treatment. In this sense, whichever arm they are assigned

to, all patients are recruited independently, so that we have G(t1, t2) = G(t1)G(t2) if

there are no loss to follow-up (i.e., administrative censoring only) or dependent loss to

follow-up within each cluster. If there exists loss to follow-up, however, the censoring

times of patients in arm 2 may be possibly correlated within each cluster. If it is the

case, we can model the bivariate censoring distribution for arm 2 accounting for the

expected cluster-specific loss to follow-up at the study design stage. In this paper,

we consider administrative censoring only, so that G(t1, t2) = G(t1)G(t2) for arm 2

patients.

If patients are recruited with a constant rate over an accrual period a and followed

for additional period b after completion of accrual, then the censoring distribution is

U(b, a+ b), so that we have

G(t) = I(t < a+ b)− t− b

a
I(b ≤ t < a+ b)

3.1.2 Survival Distribution

For arm 1, we assume exponential distribution with hazard rate λ1. We may use

any multivariate survival distribution for arm 2 for sample size calculation. But, for

sample size calculations in this paper, we consider the Clayton and Cuzick’s (1985)

frailty model with an exponential marginal distribution whose bivariate SF is given as

S2(t1, t2) = {exp(λ2t1/θ) + exp(λ2t2/θ)− 1}−θ

10
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where θ = 1/(2τ)− 1/2 and τ ∈ [0, 1] is the Kendall’s tau, 0 meaning no relationship

and 1 meaning a perfect relationship between paired survival times. For this joint

survival distribution, we have the joint hazard function

λ2(t1, t2) =
λ2
2(1 + 1/θ)e(t1+t2)λ2/θ

(eλ2t1/θ + eλ2t2/θ − 1)2

and two conditional hazard functions

λ2(1|2)(t1, t2) =
λ2e

λ2t1/θ

eλ2t1/θ + eλ2t2/θ − 1

λ2(2|1)(t1, t2) =
λ2e

λ2t2/θ

eλ2t1/θ + eλ2t2/θ − 1

and

dA2(t1, t2) = λ2
2

{ (1 + 1/θ)e(t1+t2)λ2/θ

(eλ2t1/θ + eλ2t2/θ − 1)2
− eλ2t1/θ + eλ2t2/θ

eλ2t1/θ + eλ2t2/θ − 1
+ 1

}
dt1dt2 (7)

Hence, for the Clayton and Cuzick’s (1985) model with an exponential marginal

distribution and independent U(b, a+ b) censoring assumption, we have

ω = p1p2(λ1 − λ2)
∫ a+b

0

e−(λ1+λ2)t(1− a−1[t− b]+)

p1e−λ1t + p2e−λ2t
dt

σ2
k = pkp

2
k−3λk

∫ a+b

0

e−(λk+2λ3−k)t(1− a−1[t− b]+)

(p1e−λ1t + p2e−λ2t)2
dt

and

c2 = p21p2

∫ a+b

0

∫ a+b

0

e−λ1(t1+t2){eλ2t1/θ + eλ2t2/θ − 1}−θ

(p1e−λ1t1 + p2e−λ2t1)(p1e−λ1t2 + p2e−λ2t2)

×(1− a−1[t1 − b]+)(1− a−1[t2 − b]+)dA2(t1, t2)

for formula (4), and

dk = 1− (1− e−aλk)
e−bλk

aλk

and ρ = c2/d with

c2 = p21p2

∫ a+b

0

∫ a+b

0

(1− a−1[t1 − b]+)(1− a−1[t2 − b]+)

{exp(λ2t1/θ) + exp(λ2t2/θ)− 1}θ
dA2(t1, t2)

for formula (5). Here, [x]+ = x × I(x > 0) and dA2(t1, t2) in (7) is used for the both

sample size formulas.
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3.2 When Number of Clusters is Given

So far, we have assumed that clusters and their subunits are recruited over accrual

period a. In an IRGT trial, however, all of clusters are recruited before opening the

trial, so that number of clusters ν2 is pre-determined together with their relative sizes.

Furthermore, it is easier to estimate the accrual rate r for a new trial based on the

number of patients who have visited the clinics participating in the trial recently,

rather than to specify an accrual period a. Let γi denote the relative size of cluster

i(= 1, ..., ν2) with
∑ν2

i=1 γi = 1. In this case, pkr patients will be randomized to arm

k during a unit time of accrual period. And, p2r patients of arm 2 will be randomly

allocated to ν2 clusters with the proportions of γi per unit time period, so that accrual

rate of cluster i in arm 2 is ri = p2rγi. So, for an accrual period a, the number of

patients in arm 1 will be n1 = p1ar and the number of patients in cluster i of arm 2

will be a function of a given as mi(a) = [a× ri] = [p2arγi], so that

m̄(a) = ν−1
2

ν2∑
i=1

mi(a) =
p2ar

ν2

and

¯̄m(a) = ν−1
2

ν2∑
i=1

m2
i (a) =

p22a
2r2

∑ν2
i=1 γ

2
i

ν2

Also, in the left hand size of (5), n ≈ ar, and d = d(a) and ρ = ρ(a) are functions of

unknown parameter a. By plugging these functions of a in (5), we have

a× r =
(z1−α/2 + z1−β)

2

p1p2d(a)(log∆)2
DE(a) (8)

where DE(a) = 1 + p1ρ(a){ ¯̄m(a)/m̄(a) − 1}. Note that, in DE(a), ¯̄m(a)/m̄(a) =

p2ar
∑ν2

i=1 γ
2
i . The required accrual period a = a∗ is obtained by solving equation (8),

and the total number of patients is n = a∗ × r. By rounding up mi(a) values to

[p2arγi], the final sample size may be slightly increased.

12
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4 Optimal Designs

One may want to find p = p1 minimizing the total sample size n. In (5), sample size

n depends on p = p1 through

Q1(p) =
1 + pρ( ¯̄m/m̄− 1)

p(1− p)

In fact, d = pd1 + (1− p)d2 in (5) also depends on p, but d1 ≈ d2 under the nearby al-

ternative hypothesis, so that d is approximately free of p. By some simple calculations,

we find that Q1(p) is minimized at

p =
−1 +

√
1 + ρ( ¯̄m/m̄− 1)

ρ( ¯̄m/m̄− 1)
(9)

As p = p1 changes, however, d and ρ changes a little, so that the p value minimizing

n is sightly different from that given in (9). It is easy to numerically find p minimizing

n directly without any approximation.

On the other hand, the cost per patient may be different between two arms. In

this case, we may want to find the allocation proportion p = p1 minimizing the total

cost for the study. Let ηk denote the cost per patient for arm k and η = η2/η1 the

relative cost between two arms. For a given p = p1, the total cost is

C(p) = η1n1 + η2n2 = η1n{p+ η(1− p)}

By plugging n from (5) in this equation and removing the factors free of p, we can

find the optimal p minimizing

Q2(p) =
{p+ (1− p)η}{1 + pρ( ¯̄m/m̄− 1)}

p(1− p){pd1 + (1− p)d2)}

From Q2(p), we find that optimal allocation proportion p = p1 depends on c, cluster

size distribution, and bivariate survival distribution through ICC ρ of arm 2. We can

use a numerical method to identify the p value minimizing Q2(p).
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5 Numerical Studies

5.1 Simulations

Our sample size formula is derived using an asymptotic theory. We conduct extensive

simulations to evaluate the finite sample properties of our proposed test statistic and

sample size formulas.

Survival times for arm 1 t11, ..., t1,n1 are generated from independent exponential

distribution with hazard rate λ1, i.e. for independent and identically distributed (IID)

U(0, 1) random variables u11, ..., n1,n1 , t1i = −λ−1
1 log u1i.

We assume that clustered survival times for arm 2 have the Clayton and Cuzick’s

model with an exponential marginal distribution whose joint SF for a cluster with size

m is given as

S2(t1, ..., tm) = {
m∑
j=1

exp(λ2tj/θ)− (m− 1)}−θ

For this distribution, the conditional SF of tj given (t1, ..., tj−1) is

S2(tj|t1, ..., tj−1) =
∂j−1S2(t1, ..., tj)

∂t1 · · · ∂tj−1

/∂j−1S2(t1, ..., tj−1)

∂t1 · · · ∂tj−1

=

∑j
j′=1 e

λ2tj′/θ − j + 1∑j−1
j′=1 e

λ2tj′/θ − j + 2

−θ−j+1

For IID U(0, 1) random variables u1, .., um, survival times (t1, ..., tm) for a cluster

in arm 2 are sequentially generated by solving the equations u1 = S2(t1) = exp(−λ2t1)

and uj = S2(tj|t1, ..., tj−1) for j ≥ 2 with respect to t1, ..., tm. That is, starting from

e0 = 0 and t1 = −λ−1
2 log u1, calculate ej and then tj+1 using algorithm ej = ej−1 +

exp(λ2tj/θ) and

tj+1 =
θ

λ2

log{j − ej + (ej − j + 1)u
−1/(θ+j)
j+1 }

for 1 ≤ j ≤ m− 1.

In this simulation study, we assume that cluster sizes in arm 2 are fixed at mi = 10

or mi = 15, or random with a discrete uniform distribution between 8 and 12, denoted

14
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as U(8, 12) or a discrete uniform distribution between 13 and 17, denoted as U(13, 17).

Note that mi = 10 and U(8, 12) have the same mean m̄ = 10, but different variances

0 and 2, respectively, and mi = 15 and U(8, 12) have the same mean m̄ = 15, but

different variances 0 and 2, respectively. We set α = 0.05; 1 − β = 0.8, 0.85, or 0.9;

p1 = p2 = 1/2 for balanced allocations; λ1 = 0.5, and λ2 = 0.5 under H0 and λ2 = 0.3

or 0.35 under H1. Kendall’s τ = 0.1, 0.2, or 0.3; (a, b) = (3, 2).

At first, we calculate the required sample size n using (5) under each design set-

ting of (α, 1 − β, λ1, λ2, τ, p1, a, b) and cluster size distribution. Once a sample size is

calculated, we generate a sample of IRGT data under H1 and apply the log-rank test

(1) with H(t) = Y1(t)Y2(t)/{nY (t)}. A total of 5,000 samples are generated under the

same design setting and the empirical power 1 − β̂ is estimated by the proportion of

simulation samples rejecting H0 out of the 5,000 samples. If the empirical power is

close to the nominal level, 1 − β, then we will conclude that the calculated power is

accurately powered. In order to evaluate the finite sample performance of the log-rank

statistic, we also generate 5,000 samples of size n under H0 and estimate the empirical

type I error rate α̂.

(Table 1 may be placed around here.)

Table 1 summarizes the simulation results. As expected, sample size increases

in 1 − β, τ , mean cluster size m̄ (e.g. mi = 10 vs. mi = 15), and variance of

cluster size distribution (e.g. mi = 10 vs. mi ∼ U(8, 12)), and decreases in hazard

ratio ∆ = λ1/λ2. The sample sizes maintain the nominal power well overall. If the

calculated sample size is small and is slightly larger than a multiple of the cluster

size, e.g. n = 251 for (1 − β,mi, λ2, τ) = (0.8, 10, 0.3, 0.1), the empirical power can

be higher than the nominal level. This is because the trial will continue randomizing

patients until the last cluster of arm 2 is completely filled and its impact will be large
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when the total sample size is small. Under H0, the log-rank test tends to be slightly

anti-conservative when sample size is small. In summary, the calculated sample sizes

are appropriately powered and the log-rank test controls type I error rate accurately

overall.

5.2 Optimal Sample Sizes

We identify optimal allocation proportion p1 and the corresponding sample size n under

the design settings considered for simulations of Table 1. To identify the proportion

minimizing total cost, we consider relative cost of η = η2/η1 of 5/4, 3/2, 7/4, and

2. Table 2 lists optimal sample size n (together with the optimizing p1 value in the

parentheses) under the settings. For comparison, Table 2 also lists n for p1 = p2 = 1/2

that are listed in Table 1. Since the optimal allocation proportion does not depend

on the nominal power, only 1 − β = 0.8 is considered here. From Table 2, we find

that p1 value minimizing the total sample size n decreases in τ . In other words, if the

ICC of arm 2 is high, then the optimal allocation randomizes much less patients to

arm 1. On the other hand, as the cost of arm 2 relative to that of arm 1 increases,

the allocation proportion p1 minimizing the total cost tends to increase from the p1

value minimizing n. That is, the p1 value just minimizing n assigns too many patients

to arm 2, so that the p1 value minimizing the total cost moves toward the balanced

allocation with p1 = 1/2 if the relative cost for arm 2 is high.

5.3 A Real Example

Harper et.al. (2015) conducted a CRT to study interventions for reducing unintended

pregnancy for young women. They performed the study in 40 clinics across USA, of

which 20 clinics were randomly assigned to receive a specialized training on intrauterine

devices or progestin implants (arm 2) and the other 20 clinics to receive a standard

care (arm 1). If the standard care does not need a group training, we can consider
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an IRGT design for this trial. Suppose that only the experimental arm has ν2 = 20

clusters while the control arm of standard care has independent individuals, with a

balanced allocation, i.e. p1 = p2 = 1/2. The 20 training groups have similar recruiting

capacity, so that we assume γi = 1/ν2 = 1/20 for i = 1, ..., ν2. The 1-year pregnancy-

free probability for the control arm is known to be 80%, and we want to calculate the

required accrual period and the sample size to detect a hazard ratio of ∆ = λ1/λ2 = 2

with a power of 1−β = 90%. The expected annual accrual rate for the whole study is

r = 200 and all participating women will be followed until an unexpected pregnancy or

for additional b = 1 year after completion of accrual. Assuming exponential survival

distributions, we have λ1 = − log(0.8) = 0.223 and, under H1, λ2 = λ1/∆ = 0.112.

Assuming τ = 0.05, corresponding to θ = 9.5 and corr(T2ij, T2ij′) = 0.1, we need an

expected accrual period of a = 1.76 years and a total sample size of n = 353 from

(8) for the log-rank test with 2-sided α = 0.05. From 5,000 simulations we observe

an empirical type I error rate of 0.051 and power of 0.892. By rounding up mi values

using mi(a) = [p2arγi], the final sample size is slightly increased to n = 361 by a

balanced randomization. The allocation proportion minimizing the total sample size

is p1 = 0.58 with n = 345. If the cost for arm 2 is 50% higher than that of arm 1,

i.e. η = 1.5, then the allocation proportion minimizing the total cost is p1 = 0.64 with

n = 353. Note that this numerical study is slightly different from those for Tables 1

and 2. Accrual rate r is given and the number of clusters for arm 2 is fixed here, while

accrual period a and cluster sizes are given and the required number of clusters for

arm 2 is calculated in the simulations for Tables 1 and 2.

6 Discussion

The proposed testing method and its sample size formula are very flexible to reflect

the diverse design aspects of IRGT trials. The methods developed using large sample
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approximations are shown to have good finite sample performance through simulations.

As shown through numerical studies, the sample size depends on many design

parameters including the survival and censoring distributions, and ICC and cluster

size distribution of arm 2. The sample size calculation of an IRGT trial should be

based on the best estimate of these design parameters reflecting the basic design of

the new trial.

In designing a new IRGT trial, we propose to use a sample size robust to possible

mis-specification of these parameters. As a common example, when all participating

clusters are expected to have similar recruiting capacity, we may assume constant

cluster sizes at the sample size calculation. When the trial is conducted, however,

the attained cluster sizes may vary slightly due to randomization. In this case, the

calculated sample size will be slightly under-powered by the increased variance of

cluster size distribution. Accounting for possible loss to follow-up snd any possible

discrepancy between the design parameters specified for sample size calculation and

the true or attained ones, we propose to increase the calculated sample size by 5% to

10%.

The Fortran program developed for numerical studies is available from the author.
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Appendix A: Limiting distribution of the log-rank statistic under H1

We derive the distribution of W under H1 : Λ1(t) ̸= Λ2(t). By definition of the

log-rank test is

W =
1√
n

∫ ∞

0

{Y2(t)

Y (t)
dN1(t)−

Y1(t)

Y (t)
dN2(t)

}
so that we have

W =
1√
n

∫ ∞

0

Y2(t)

Y (t)
{dN1(t)− Y1(t)dΛ1(t)} −

1√
n

∫ ∞

0

Y1(t)

Y (t)
{dN2(t)− Y2(t)dΛ2(t)}

+
1√
n

∫ ∞

0

Y1(t)Y2(t)

Y (t)
{dΛ1(t)− dΛ2(t)} (A.1)

Since n−1
k Yk(t) uniformly converge to yk(t) = Sk(t)G(t), from (A.1), we have

W =
p2√
n

n1∑
i=1

∫ ∞

0

y2(t)

y(t)
dM1i(t)−

p1√
n

ν2∑
i=1

∫ ∞

0

y1(t)

y(t)
dM2i(t) + ω

√
n+ op(1) (A.2)

where y(t) = p1y1(t) + p2y2(t) and

ω = p1p2

∫ ∞

0

y1(t)y2(t)

y(t)
{dΛ1(t)− dΛ2(t)}

= p1p2

∫ ∞

0

S1(t)S2(t)G(t)

p1S1(t) + p2S2(t)
{dΛ1(t)− dΛ2(t)} (A.3)

Since the patients in the two arms are independent, the first two terms of (A.2)

are independent. Further, M11, ...,M1,n1 are independent 0-mean martingales, so that

the variance of the first term of (A.2) is given as

σ2
1 = p1p

2
2

∫ ∞

0

y1(t)y2(t)
2

y(t)2
dΛ1(t)

= p1p
2
2

∫ ∞

0

S1(t)S2(t)
2G(t)

{p1S1(t) + p2S2(t)}2
dΛ1(t) (A.4)

By Ying and Wei (1994), n−1/2 ∑ν2
i=1M2i(t) converges weakly to a Gaussian process

U2(t). As in Lee, Wei and Ying (1993), we can show that the second term of (A.2)

converge a.s. to
∫∞
0 y1(t)/y(t)}dU2(t). Hence, by the standard central limit theorem
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for sum of independent random variables, the second term of (A.2) converges to a

normal distribution with mean 0 and variance

var
{ ∫ ∞

0

y1(t)

y(t)
dM2i(t)

}
=

∫ ∞

0

y21(t)

y2(t)
Y2idΛ2(t)

+2
∫ ∞

0

∫ ∞

0

y1(t1)y1(t2)

y(t1)y(t2)

∑
1≤j<j′≤mi

Yi(j,j′)(t1, t2)dA2(t1, t2)

where Y2i(t) =
∑mi

j=1 Y2ij(t), Yi(j,j′)(t1, t2) = I(X2ij ≥ t1, X2ij′ ≥ t2) for j ̸= j′ and

dA2(t1, t2) = {λ2(t1, t2)− λ2(1|2)(t1, t2)λ2(t2)− λ2(2|1)(t1, t2)λ2(t1) + λ2(t1)λ2(t2)}dt1dt2

by similar arguments of Li and Jung5.

So, the variance of the second term of (A.5) is

v2 =
p21
n

∫ ∞

0

y21(t)

y2(t)
Y2(t)dΛ2(t)

+
p21
n

∫ ∞

0

∫ ∞

0

y1(t1)y1(t2)

y(t1)y(t2)

ν2∑
i=1

∑
1≤j<j′≤mi

Yi(j,j′)(t1, t2)dA2(t1, t2)

We can show that ∑ν2
i=1

∑
1≤j<j′≤mi

Yi(j,j′)(t1, t2)∑ν2
i=1mi(mi − 1)

uniformly converge to y2(t1, t2) = S2(t1, t2)G(t1, t2) as in Lin and Ying (1993), and we

have ν−1
2

∑ν2
i=1mi(mi − 1) → ¯̄m− m̄ and ν2/n = (ν2/n2)(n2/n) → p2/m̄.

Hence,

v2 = σ2
2 + ( ¯̄m/m̄− 1)c2 (A.5)

where

σ2
2 = p21p2

∫ ∞

0

y21(t)y2(t)

y2(t)
dΛ2(t) = p21p2

∫ ∞

0

S2
1(t)S2(t)G(t)

{p1S1(t) + p2S2(t)}2
dΛ2(t) (A.6)

and

c2 = p21p2

∫ ∞

0

∫ ∞

0

y1(t1)y1(t2)

y(t1)y(t2)
y2(t1, t2)dA2(t1, t2)

= p21p2

∫ ∞

0

∫ ∞

0

S1(t1)S1(t2)S2(t1, t2)G(t1, t2)

{p1S1(t1) + p2S2(t1)}{p1S1(t2) + p2S2(t2)}
dA2(t1, t2) (A.7)
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Note that the ICC in arm 2 is expressed as

ρ =
c2
σ2
2

=

∫∞
0

∫∞
0

S1(t1)S1(t2)S2(t1,t2)G(t1,t2)
{p1S1(t1)+p2S2(t1)}{p1S1(t2)+p2S2(t2)}dA2(t1, t2)∫∞

0
S2
1(t)S2(t)G(t)

{p1S1(t)+p2S2(t)}2dΛ2(t)
(A.8)

From (A.4) and (A.5), under H1, var(W ) = σ2 is given as

σ2 = σ2
1 + σ2

2 + ( ¯̄m/m̄− 1)c2 = σ2
1 + σ2

2{1 + ( ¯̄m/m̄− 1)ρ}

Appendix B: Limiting distribution of the log-rank statistic under the

nearby alternative hypothesis

We simplify the asymptotic mean ω and variance σ2 of W under the nearby al-

ternative hypothesis, where S1(t) ≈ S2(t)(= S(t)). Under the nearby alternative

hypothesis, ω in (A.3) is simplified to

ω = p1p2(∆− 1)
∫ ∞

0
S(t)G(t)dΛ(t) = p1p2(∆− 1)

where ∆ = λ1/λ2, Λ(t) = − logS(t), and d =
∫∞
0 G(t)dS(t) is the probability that a

patients experiences an event during study. We propose to calculate d by p1d1 + p2d2

with dk =
∫∞
0 G(t)dSk(t). Hence, we have

ω = p1p2(∆− 1)d

By the Taylor expansion, we have ∆− 1 ≈ log∆, so that we have

ω = p1p2d log∆

From (A.4) and (A.6), we have

σ2
k = pkp

2
3−k

∫ ∞

0
S(t)G(t)dΛ(t) = −pkp

2
3−k

∫ ∞

0
G(t)dS(t) = pkp

2
3−kd

under the nearby alternative hypothesis.
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From (A.7),

c2 = p21p2

∫ ∞

0

∫ ∞

0
S2(t1, t2)G(t1, t2)dA2(t1, t2)

Hence, we have

σ2 = p1p
2
2d+ p21p2d{1 + ( ¯̄m/m̄− 1)ρ} = p1p2d{1 + p1ρ( ¯̄m/m̄− 1)}

where the ICC in (A.8) is reduced

ρ =
c2
σ2
2

= d−1
∫ ∞

0

∫ ∞

0
S2(t1, t2)G(t1, t2)dA2(t1, t2)
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Table 1. Sample size n (and simulation results of empirical type error rate α̂ and

power 1− β̂) in parenthesis) under various design settings. Cluster sizes are constant,

mi = 10 or 15, or random with discrete uniform distribution, U(8, 12) or U(13, 17),

and the hazard rates are λ1 = λ2 = 0.5 under H0 and λ2 = 0.3 or 0.35 under H1.

1− β mi λ2 τ = 0.1 τ = 0.2 τ = 0.3
0.8 10 0.3 251(0.060, 0.821) 335(0.069, 0.780) 418(0.067, 0.790)

0.35 518(0.054, 0.797) 704(0.059, 0.806) 886(0.064, 0.801)
U(8, 12) 0.3 252(0.067, 0.842) 337(0.067, 0.800) 421(0.070, 0.801)

0.35 520(0.057, 0.803) 708(0.059, 0.808) 892(0.055, 0.805)
15 0.3 298(0.069, 0.793) 428(0.077, 0.808) 558(0.073, 0.784)

0.35 622(0.055, 0.802) 912(0.061, 0.800) 1195(0.061, 0.794)
U(13, 17) 0.3 298(0.069, 0.833) 430(0.070, 0.810) 560(0.070, 0.799)

0.35 624(0.069, 0.799) 915(0.068, 0.792) 1199(0.057, 0.787)
0.85 10 0.3 287(0.067, 0.853) 383(0.068, 0.854) 478(0.070, 0.834)

0.35 592(0.057, 0.853) 805(0.059, 0.850) 1013(0.056, 0.839)
U(8, 12) 0.3 288(0.067, 0.858) 385(0.067, 0.827) 481(0.066, 0.838)

0.35 594(0.056, 0.843) 810(0.058, 0.842) 1020(0.059, 0.832)
15 0.3 340(0.065, 0.853) 490(0.068, 0.859) 638(0.065, 0.847)

0.35 712(0.057, 0.841) 1044(0.057, 0.843) 1367(0.058, 0.846)
U(13, 17) 0.3 341(0.071, 0.860) 491(0.075, 0.834) 640(0.067, 0.846)

0.35 713(0.062, 0.849) 1047(0.053, 0.837) 1372(0.060, 0.841)
0.9 10 0.3 336(0.065, 0.897) 448(0.062, 0.892) 560(0.064, 0.897)

0.35 693(0.058, 0.908) 942(0.056, 0.894) 1186(0.059, 0.900)
U(8, 12) 0.3 337(0.062, 0.911) 451(0.067, 0.901) 563(0.066, 0.896)

0.35 696(0.055, 0.900) 948(0.059, 0.905) 1194(0.054, 0.892)
15 0.3 398(0.070, 0.900) 573(0.072, 0.907) 746(0.066, 0.886)

0.35 833(0.056, 0.896) 1221(0.061, 0.895) 1600(0.049, 0.901)
U(13, 17) 0.3 399(0.070, 0.911) 575(0.063, 0.896) 749(0.066, 0.893)

0.35 835(0.057, 0.908) 1225(0.061, 0.901) 1605(0.055, 0.889)
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Table 2. Sample size n (and p1) for (0.5) with p1 = 0.5, for p minimizing n, and for

those minimizing the total cost with a relative cost of η = η2/η1 = 5/4, 3/2, 7/4, or

2, for 1− β = 0.8

Minimizing the total cost with η = η2/η1
mi λ2 τ (0.5) minn 5/4 3/2 7/5 2
10 0.3 0.1 251 249(0.43) 250(0.48) 252(0.51) 254(0.53) 256(0.54)

0.2 285 325(0.39) 326(0.44) 328(0.46) 331(0.48) 335(0.50)
0.3 351 397(0.36) 398(0.41) 401(0.43) 404(0.45) 409(0.47)

0.35 0.1 518 508(0.43) 510(0.46) 513(0.48) 518(0.50) 524(0.52)
0.2 629 670(0.37) 672(0.41) 678(0.44) 685(0.46) 689(0.47)
0.3 786 819(0.34) 822(0.38) 827(0.40) 834(0.42) 843(0.44)

U(8, 12) 0.3 0.1 253 251(0.42) 251(0.48) 253(0.50) 256(0.53) 258(0.54)
0.2 288 328(0.39) 330(0.44) 332(0.46) 335(0.48) 339(0.50)
0.3 356 402(0.35) 402(0.40) 406(0.43) 410(0.45) 414(0.47)

0.35 0.1 522 512(0.42) 514(0.46) 517(0.48) 522(0.50) 528(0.52)
0.2 637 677(0.37) 679(0.41) 683(0.43) 689(0.45) 697(0.47)
0.3 797 829(0.34) 832(0.38) 837(0.40) 845(0.42) 855(0.44)

15 0.3 0.1 298 292(0.40) 292(0.45) 295(0.48) 298(0.50) 301(0.52)
0.2 360 406(0.35) 407(0.40) 410(0.43) 414(0.45) 419(0.47)
0.3 463 513(0.33) 515(0.37) 520(0.40) 525(0.42) 531(0.44)

0.35 0.1 622 600(0.40) 602(0.43) 606(0.45) 611(0.47) 618(0.49)
0.2 809 841(0.33) 842(0.37) 850(0.40) 858(0.42) 868(0.44)
0.3 1053 1063(0.30) 1066(0.34) 1072(0.36) 1081(0.38) 1093(0.40)

U(13, 17) 0.3 0.1 299 293(0.40) 294(0.45) 296(0.48) 299(0.50) 303(0.52)
0.2 362 408(0.35) 409(0.40) 413(0.43) 416(0.45) 421(0.47)
0.3 466 516(0.33) 518(0.37) 521(0.39) 528(0.42) 534(0.44)

0.35 0.1 625 603(0.39) 605(0.43) 608(0.45) 614(0.47) 621(0.49)
0.2 814 845(0.34) 847(0.37) 854(0.40) 862(0.42) 873(0.44)
0.3 1060 1069(0.30) 1072(0.34) 1079(0.36) 1088(0.38) 1100(0.40)
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