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Abstract 

SABRE (Signal Amplification by Reversible Exchange) methods provide a 

simple, fast, and cost-effective method to hyperpolarize a wide variety of molecules in 

solution, and have been demonstrated with protons and, more recently, with heteronuclei 

(X-SABRE). In this dissertation, we first present oscillating pulse SABRE that use 

magnetic fields far away from the resonance condition of continuous excitation and can 

commonly triple the polarization. An analysis with average Hamiltonian theory indicates 

that the oscillating pulse, in effect, adjusts the J-couplings between hydrides and target 

nuclei and that a much weaker coupling produces maximum polarization. This theoretical 

treatment, combined with simulations and experiment, shows substantial magnetization 

improvements relative to traditional X-SABRE methods. It also shows that, in contrast to 

most pulse sequence applications, waveforms with reduced time symmetry in the 

toggling frame make magnetization generation more robust to experimental 

imperfections.  

A high-pressure SABRE approach is presented to enhance the exchange rate of 

the dihydride by increasing its concentration. To achieve this, two methods are proposed 

to improve the concentration of hydrogen gas: the brute-force high-pressure method and 

the supercritical SABRE method. The brute-force approach has been found to effectively 

increase the polarization by over three times. Further numerical analysis has shown that 

combining the oscillating pulse technique with the high-pressure method, and 
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implementing temperature control, can effectively further enhance the polarization to 

higher levels.  
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Chapter 1: Introduction  

The inherent limitation of nuclear magnetic resonance (NMR) is its low 

sensitivity, which arises from the small energy difference between the Zeeman splitting 

and thermal energy. Consequently, the resulting equilibrium fractional magnetization is 

typically low, ranging from 10-5 to 10-6. However, there are hyperpolarization techniques 

that can produce significantly higher magnetization by obtaining spin order from other 

sources (Fig. 1.1). Three major methods have evolved over the last several decades: 

 

Figure 1.1: Comparison of thermal polarization and h yperpolarization  

dissolution dynamic nuclear polarization (d-DNP)1, 2, which derives nuclear spin order 

from unpaired electrons, spin exchange optical pumping (SEOP)3, which derives it 

indirectly from circularly pumped optical transitions, and hydrogenative para-hydrogen-
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induced polarization (PHIP)4, 5, which derives spin order from parahydrogen, the singlet 

isomer of the H2 molecule. Despite their benefits, all these methods have limitations, 

which have prompted ongoing research. For example, SEOP is limited to a few noble 

gases, d-DNP requires expensive hyper-polarization hardware and requires a long 

hyperpolarization time (often an hour or so for 13C and 15N), and PHIP requires a suitable 

precursor molecule and catalyst. 

Recently, various techniques have emerged that employ reversible interactions 

between parahydrogen, a target molecule, and an iridium catalyst. These techniques 

originated from Signal Amplification By Reversible Exchange (SABRE)6 method and 

involve the exchange of both parahydrogen and target substrate with sites on the catalyst 

metal center in a rapid and reversible manner. At a low magnetic field strength of 

approximately 6 mT, J-couplings between the hydrides and protons on the bound species 

enable the transfer of spin order between them, leading to the spontaneous creation of 

excess magnetization on the target protons. Over time, a range of extended SABRE 

methods (X-SABRE)7-11 have been developed, which have fewer experimental 

restrictions. One such technique is SABRE-SHEATH (Signal Amplification By 

Reversible Exchange in SHield Enables Alignment Transfer to Heteronuclei), which 

allows direct targeting of heteronuclei (such as 15N, 13C, 19F, and 31P) with much longer 

T1 values than 1H. For this technique, the optimal magnetic field strength is around 0.6 

µT, so experiments are typically conducted in a magnetic shield. Other X-SABRE 

methods have been modified to transfer spin order directly from parahydrogen in a high 

field magnet10.  
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SABRE and X-SABRE are simpler, faster, and less expensive compared to 

hyperpolarization methods available commercially, and more general than PHIP. 

However, the amount of polarization produced at any one time is generally lower than 

with d-DNP or SEOP, although there is no fundamental reason why this must be true. We 

have recently discovered that a big part of the reason is that the novel field regime for 

SABRE and X-SABRE (where even heteronuclear couplings can be readily 

interconverted between the strong and weak coupling limits), combined with the very 

complex exchange dynamics, imply that the method is theoretically underexplored; there 

are clearly better (but nonintuitive) approaches to creating polarization than a simple 

continuous field. Specifically, an alternating two-field pulse sequence (both fields high, 

but with a small average) can produce very large SABRE enhancements. 

We have conducted a systematic investigation into the use of periodic field 

perturbations to create enhanced magnetization with reduced sensitivity to experimental 

imperfections such as field inhomogeneity12. This approach capitalizes on a significant 

advantage of operating in the low field regime: the ability to rapidly change the main 

magnetic field using simple hardware, much faster than any couplings. We first obtained 

general insight from average Hamiltonian theory and then performed highly precise 

calculations using an exact dissipative master equation treatment13. Optimal pulse 

sequences in all cases appeared non-intuitive and did not match continuous excitation, 

either in their peak or average field strength. In both simulations and experiments, we 

generated maximal magnetization (~ 5%) with a continuous ~ 0.6 µT field, but much 

larger magnetization (~ 18%) was produced by a properly timed oscillating pulse with an 
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offset from a zero average field by approximately one-fifth that value (~ 0.13 µT) (Fig. 

1.2). An analysis using average Hamiltonian theory revealed that the oscillating pulse 

adjusts the J-couplings between hydrides and target nuclei, and that a much weaker 

coupling produces maximum polarization. This theoretical treatment, combined with  

 

Figure 1.2: Polarization as a function of both the off set field and the diminished effective 

J-coupling b etween the dihydride and the target nuclei.  

simulations and experiments, led to substantial improvements in magnetization compared 

to traditional X-SABRE methods. We also demonstrated that, unlike most pulse sequence 

applications, waveforms with reduced time symmetry in the toggling frame make 

magnetization generation more robust to experiment imperfections.  
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In the oscillating pulse sequence case, only the efficiency of the coherent quantum 

evolution is improved. The second part of my research is to improve the efficiency 

associated with the chemical exchange processes. In principle, a faster chemical 

exchange rate of the dihydride induced higher final polarization. Since the chemical 

exchange rate is positively proportional to the concentration of the component, we 

proposed two different methods to dramatically increase the concentration of hydrogen 

gas. The first one is to brutely increase the gas pressure of the hydrogen gas and then 

accordingly increase its solubility. Another method is to create a supercritical mixture of 

hydrogen gas and the SABRE solution. This approach has the advantage of the 

supercritical fluid being miscible with gas, thus overcoming the limitation of low gas 

solubility in solution. The brute-force high-pressure SABRE method resulted in a three-

fold enhancement of polarization at 300 bar, but beyond this pressure, the magnetization 

signal exhibited a decline whose underlying reason remains unclear and necessitates 

further investigation. In the case of supercritical SABRE, CO2 was utilized as the solvent 

due to its green nature and convenient supercritical parameters. However, it was found 

that CO2 is capable of binding to the SABRE catalyst and competing with the substrate 

and hydrogen gas, which greatly reduces the final polarization. The ease of binding 

depends on the specific catalyst complex. The utilization of a more suitable SABRE 

catalyst for CO2 could lead to practical applications for the supercritical SABRE method. 

Because the release of the SABRE solvent is straightforward through depressurizing the 

gas mixture, rendering it ideal for research and applications that involve biological 

injections.  
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Chapter 2: The Basis of NMR and SABRE 

Nuclear magnetic resonance (NMR) is a physical phenomenon in which the 

magnetic moment of a nucleus, a consequence of its intrinsic spin angular momentum, 

precesses at a specific f requency in an added magnetic field. When the precession is 

perturbed by an oscillating magnetic field along a different direction the nucleus produces 

an oscillating magnetic field, and this is a signal that can be picked up by a receiver. An 

NMR spectrum is able to display detailed dynamical and structural information about 

molecules. NMR has become a powerful tool for a wide range of applications in physics, 

chemistry, biology, medicine, after decades of development14-17. However, it has 

intrinsically low sensitivity especially for heteronuclei due to the fact that the magnetic 

energy difference between different spin states is far less than thermal energy. 

Consequently, hyperpolarization NMR techniques have been developed to lift this 

limitation.  

2.1 The origin and theory of NMR 

The concept of spin had been firmly established in the 1930s after the verification 

with the Stern ï Gerlach experiment18. In this experiment, a narrow beam of atoms is 

deflected into discrete directions after traversing a strong magnetic field with a gradient. 

The force on a dipole m in the magnetic field B  is given by ( )F Bm=Ð Ö, therefore, the 

deflections demonstrated the quantization of the dipole moment. The intrinsic property 

that causes the magnetic moment is now known as ñspinò or spin angular momentum19. 

The magnetic moment is proportional to spin angular momentum, Sm g= ,  where g is 
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the gyromagnetic ratio and different for each particle, which indicates that the spin 

angular momentum is quantized as well. A spin quantum number of m leads to (2m+1) 

discrete states.  Electron, proton, and neutron are all spin-
1

2
 particles. Most nuclei 

possess spin as well if the proton spin and the neutron spin donôt cancel out, and the spin 

quantum number of a nucleus depends on how many protons and neutrons it has. The 

most widely used nuclei in NMR are spin-1/2 nuclei, such as 1H, 13C, 15N, 19F, 31P and 

129Xe, and I will predominantly treat nuclei with spin-1/2 in all  my work.  

In quantum physics, every physical quantity is mapped to a quantum operator. 

Spin angular moment is directional thus mapped to a vector operator labelled with 

( )Ĕ Ĕ Ĕ Ĕ, ,x y zS S S S= . Spin operators pointing in x, y, and z directions correspond to the well 

know Pauli matrices multiplied by 
2

 so that they have the dimensions of angular 

momentum.    

0 1 0 1 0Ĕ Ĕ Ĕ, , .
1 0 0 0 12 2 2 2 2 2

x x y y z z

i
S S S

i
s s s

-å õ å õ å õ
= = = = = =æ ö æ ö æ ö

-ç ÷ ç ÷ ç ÷
 (2.1) 

The two stationary spin states of each spin operator and the magnitude of their angular 

momentum are the eigenstates and the eigenvalues of each matrix, respectively. For 

example, the two sets of eigenstates and eigenvalues of ĔzS  are 
1

;
02

a
ë ûå õ

=ì üæ ö
ç ÷í ý

 and 

0
;

12
b

ë ûå õ
- =ì üæ ö

ç ÷í ý
, which are known as ñspin-upò and ñspin-downò states. The spin 

operator in an arbitrary direction  
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 ( )( ), , sin cos ,sin sin ,cosx y zn n n n q f q f q= =  (2.2) 

is  

 
cos sinĔĔ .

2 sin cos

i

n i

e
S n S

e

f

f

q q

q q

-å õ
= Ö =æ ö

-ç ÷
 (2.3) 

 By solving the eigenstates and eigenvalues of this matrix, we obtain the spin state 

parallel to n  with spin angular momentum 
2

 and the state antiparallel to n  with spin 

angular momentum 
2
-  

 

; cos sin
2 2

; sin cos
2 2

i

i

n e

n e

f

f

q q

q q

+ = ¬ + ®

- = ¬ - ®

 (2.4) 

If a spin is inserted in a magnetic field B , the Hamiltonian (energy operator) of this spin 

is  

 Ĕ ĔĔ ,zB BSm g=- Ö =- (2.5) 

by assuming the direction of the magnetic field is along Ĕz . The associated time evolution 

unitary operator is  

 

 
Ĕ

Ĕ Ĕ= exp exp .z

t Bt
i i S

gå õ å õ
- =æ ö æ öæ ö ç ÷ç ÷

 (2.6) 

At time zero, a spin state pointing along the direction specified by the angles ( ),q f is the 

upper Eq. (2.4). After time t, it evolved into  
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( )

Ĕ/

/2

Ĕ, ,0 cos sin
2 2

cos sin ,
2 2

zi BtS i

i Bti Bt

t e e

e e

g f

f gg

q q

q q -

å õ
Y = Y = ¬ + ®æ ö

ç ÷

å õ
= ¬ + ®æ ö

ç ÷

 (2.7) 

in which the overall phase is negligible. The polar angle q of the spin state stays the 

same, while the azimuth angle varies with frequency Bg- , which means the spin rotates 

about the field direction at this frequency. This precessing frequency is called the Larmor 

frequency and in the range of radio frequency at common field strength (1-10T). 

 .Bw g=-  (2.8) 

The pre-degenerate energy levelsE B Sm w=- Ö = Ö of a spin split with an added 

magnetic field because of the distinct eigenvalues of the spin operator. This phenomenon 

is Zeeman splitting20. The energy difference between the splitting levels will be absorbed 

or emitted as the nucleus flips from one orientation to the other. This physical 

phenomenon is Nuclear Magnetic Resonance (NMR).  

In 1938 Rabi et al. made the first direct measurement of nuclear magnetic 

moment, which was also the first observation of NMR21. A stream of hydrogen molecules 

was sent through three magnetic fields in sequence. The first and third magnetic fields 

were similar with the inhomogeneous one used in Stern ï Gerlach experiment and the 

inverse of each other to refocus the split  beam which were. However, the middle field is 

homogeneous, where the molecules were also subjected to a radio frequency (rf) 

electromagnetic radiation at right angles to the constant field. If the rf energy was 
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absorbed by the molecules, the beam was re-oriented and failed to refocus. As a result, 

the intensity at the detector located at the refocused spot went down.  

However, making a stream of molecules is not easy or feasible for every molecule 

species, especially for large molecules, which limited the practicability of Rabiôs 

technique. In 1946, Felix Bloch and Edward Mills Purcell expanded on Rabiôs method by 

detecting the displaced macroscopical nuclear magnetization formed by the magnetic 

moment of each nucleus in a bulk sample instead of detecting the single magnetic 

moment one by one in a particle stream22, 23. With this technique, NMR was 

demonstrated for the first time on liquids and solids. The magnetic field Bloch used 

consists of a time-independent z component and a circularly polarized field representing a 

magnetic field rotating on the (x, y) plane, which is the same as the middle field used in 

Rabiôs experiment 

 
0 1( ) ( cos sin ).B t B z B x t y tw w= + -  (2.9) 

The spin Hamiltonian is  

 ( )0 1
Ĕ Ĕ Ĕ Ĕ( ) ( cos sin ) ,z x yt B S B S t S tg w w=- + -  (2.10) 

which is time dependent. This system can be radically simplified to a time-independent 

one after being transformed to the Zeeman interaction frame which rotates about the z-

axis with angular frequency w- . A spin state which is fixed in the lab frame rotates 

about the z-axis with angular frequency w in the interaction frame. The operator that 

generates this rotation is Ĕ Ĕ( ) exp z

i t
t S

wå õ
= æ ö

ç ÷
. Generally, states in the original and 
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interactive pictures obeys a mapping rule of () ()Ĕ(t)t tY = Y , and the Hamiltonian 

of the interaction frame could be obtained by submitting ()tY  into the time dependent 

Schrodinger equation, which is  

 À ÀĔ Ĕ( ) ( )g g

d
t t i

dt

å õ
= +æ ö

ç ÷
 (2.11) 

Accordingly, after being transferred into the Zeeman interaction frame under the 

transformation of Ĕ Ĕ( ) exp z

i t
t S

wå õ
= æ ö

ç ÷
, the Hamiltonian expressed in Eq. (2.10) becomes 

 ( )0
Ĕ Ĕ Ĕ' ,z xS Sw w w= - +  (2.12) 

where 0 0Bw g=-  and 
1' Bw g=- . In NMR experiment 1 0B B  is held in the vast 

majority of cases. If the frequency of the oscillating field is far away from the Larmor 

frequency of the spin, i.e., 0 0w w- , the static magnetic field in the z-direction 

dominates. While, if 0w w@ , the field in the x-direction dominates, and resonance 

happens. The x-field forces a spin to precess about x-direction at frequency 'w  in the 

form of  

 () ()
' Ĕexp 0 .x

t
t i S

wå õ
Y = - Yæ ö

ç ÷
 (2.13) 

 A spin initially pointing in the positive z direction, in time 
2 '

p
t

w
= , will be rotated into -

y axis (Fig. 2.1 (a)). Therefore, an oscillating magnetic field rotating at a frequency close 

to 0w  in the x-y plane with pulse duration of 
2 '

p

w
is a 90  pulse.  When moving back to 
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the lab frame, () ()0 Ĕexp zt i S t
wtå õ

Y = Yæ ö
ç ÷

, the spin is slowly rotating at 
1w  towards 

the x-y plane, while rapidly rotating around the z direction at 0w . In short, the spin spirals 

into the x-y plane (Fig. 2.1 (b)). 

 

Figure 2.1: A schematic diagram shows how a 90  pulse rotates a spin init ially alon g the 

z-axis in both the Zeeman interaction frame (a) and the lab frame (b). 1 0/ 0.1B B  

illustrated here, whereas in realist ic cases in high field NMR the ratio i s 1/10000. 

A realistic NMR experiment involves studying a collection of interacting nuclear 

spins in a bulk sample. A group of spins of nuclei in a molecule is called a spin system, 

and the entire sample consists of an ensemble of spin systems. For a system that contains 

more than one particle, the dimensions of the whole system will be expanded in the form 

of dim( )
spin

i

i

VÔ , where iV  is the Hilbert space (complex vector space) of the spin i. A 

quantum operator acting on the whole spin system is the tensor product (symbolized as 

Ã) of the quantum operator acting on each spin, which is mathematically expressed as  
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 1 2
Ĕ Ĕ Ĕ Ĕ
system n= Ã ÃÖÖÖÃ (2.14) 

If  the system operator Ĕsystem only makes changes to one or some of the spins and keep 

the rest untouched, we update the operators of the unaffected spins to identify operator ĔE  

which, for the sake of simplification, are usually all omitted.  

We restrict our study to diamagnetic materials in which electrons of the molecule 

are all paired so the total magnetic field produced by these two electrons is zero. A 

theoretical treatment of a spin system starts with its spin Hamiltonian. However, the 

Hamiltonian of a spin system inserted in a static magnetic field is not as simple as 

ĔĔ= -
spins

i i

i

B Sg Öä . Even though the Coulomb interactions between the nuclei and electrons 

are merely produce a static structure based on the Born-Oppenheimer approximation24 

(the ultra-fast freedom of motion of electrons could be averaged to a constant potential), 

the electrons surrounding a nucleus in a molecule serves to provide a shielding of the 

applied magnetic field. A shif t in the resonance frequency called the chemical shift is 

caused by this shielding s in terms of 0(1 )Bw g s=- -, where the value of s depends 

on the configuration and density of electrons. In addition to surrounding electrons, a 

nuclear spin also interacts with other nuclear spins though direct dipole-dipole coupling25 

in the form of 
( )( ) ( )1 2 1 20 1 2

5 3

3
( )

4

S r S r S S

r r

mgg

p

Ö Ö Ö-
- , where 0m  is the magnetic constant, 

r  is the vector connecting the interacting dipoles, 1g and 2g are the gyromagnetic ratios 

of the two spins. The value of this term averages to zero if all orientations of the molecule 
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are represented, which is why the direct magnetic dipole-dipole coupling are ignored for 

rapidly tumbling molecules in liquids and gases.  

In general, an NMR spectrum does not only consist of clean and neat singlets. 

Multiple lines are very common even for molecules with rapid molecular tumbling. The 

splitting is caused by the indirect dipole-dipole coupling (also called J-coupling or scalar 

coupling) between nuclei. A qualitative interpretation of J-coupling is that the shared 

electrons in a chemical bond connecting two nuclei are paired (anti-parallel) according to 

the Pauli exclusion principle, which shifts the energy of the two bonded nuclei. Either the 

parallel spin states are more favorable and the antiparallel states less favorable ( 0J> ) or 

vice versa ( 0J< ) (Fig. 2.2). In the case of 0J= , the energy used to flip one of the 

nuclear spins has nothing to do with the state of the second spin. However, when 0J¸ , 

taking 0J>  as an example, antiparallel nuclear spin states are lowered in energy, and 

parallel states are raised in energy by the same amount, so flipping one spin with the 

other spin pointing up is no longer degenerate with the case that the second spin pointing 

down, which accounts for the signal splitting. Unlike chemical shifts, the magnitude of J-

coupling is independent of the applied magnetic field because it is an interaction only 

induced by the spin magnetic moments instead of the applied field. Also, the J-coupling 

interaction does not average to zero with rapid molecular tumbling, and it was shown to 

be of the form of a scalar product, 2 ij i jJ S Sp Ö , where ijJ  refers to the coupling strength26, 

27. The negative and positive sign of J-coupling cannot be distinguished in the NMR 

spectrum, and only its magnitude is displayed.  
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Figure 2.2: Schematic interpret ation of J-couplin g in terms of a two-spin system with the 

chemical shift dif ference much larger than the J-coupling JsD  . 

Finally, the Hamiltonian of a spin system in liquid state immersed in a static 

magnetic field is  

 ( )0

Ĕ ĔĔ Ĕ= - 1 2
spins spins spins

i i iz ij i j

i i j i

B S J S Sg s p
<

- + Öä ää  (2.15) 
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The interaction described by this simple form is limited to isotropic liquid solutions 

containing spin-1/2 nuclei. For solids, anisotropic liquids, and nuclei with spin greater 

than ½ , the Hamiltonian becomes more complex due to the involvement of magnetic 

dipole and electric quadrupole interaction27-29. As is shown in Eq. (2.15), if  there are no J-

couplings each spin is independent and can be treated separately as a two-level system. 

However, due to the presence of the J-couplings the states of distinct spins are tunneled, 

and much more interesting spin dynamics are possible. What does a 90  pulse do to this 

multi-spin system? To deal with the quantum dynamics of a statistical ensemble, it is not 

practical to calculate the evolution of each spin. Instead, the density matrix (or density 

operator) Ĕr of the ensemble average was conceived, which is defined as 

 Ĕ ,i i i

i

pr= Y Yä  (2.16) 

where iY  are the pure states of the system, and ip  are the respective probabilities. The 

equation of motion for the density matrix is known as the Liouville-von Neumann 

equation,  

 ()
Ĕ( ) ĔĔ[ , ],

t i
t

t

r
r

µ
=-

µ
 (2.17) 

which derives from the Schrodinger equation, and the solution of this equation is  

 () () () ()À
Ĕ Ĕt tĔ ĔĔ Ĕ Ĕ(t) 0 exp 0 exp ,

i i
t tr r r

å õ å õ
= = -æ ö æ öæ ö æ ö

ç ÷ ç ÷
 (2.18) 

where the second equation holds for time-independent Hamil tonian or trivial time-

dependent Hamiltonian (which means Hamiltonian at different instances commute with  
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each other 1 2
Ĕ Ĕ( ), ( ) 0t tè ø=
ê ú

).   

The initial density matrix is also necessary to know the evolution of the spin 

system. At equilibrium, the particles in a system distribute on diff erent energy states with 

a certain probability. Since the identical molecules in a bulk sample are distinguishable, 

the energy distribution is managed by the Maxwell-Boltzmann equation30  

 

/( )

/( )

1

,
i B

j B

k T

i n
k T

j

e
p

e

e

e

-

-

=

=

ä
 (2.19) 

where, 
ip  is the probability of state i, 

ie is the energy of state i, 
Bk  is the Boltzmann 

constant, T is the temperature of the system, and n is the number of all states. In the 

presence of an external magnetic field 
0B z, the two static states ¬  and ®  of a spin-

1/2 nucleus have respective energy 0

2

Bg
° ,  namely different probabilities based on Eq. 

(2.19), and the density matrix is  

 0
0

1 ĔĔĔ tanh( ) .
2 2

z

B

B
E S

k T

g
r= +  (2.20) 

In the absence of external magnetic field, i.e., 
0 0B = , the two stational states ¬  and 

®  of a spin1/2 nucleus are degenerate, and the density matrix degenerates to identity 

matrix which has no physical significance. According to the tensor product concept Eq. 

(2.14), the total density matrix of the whole spin system is the tensor production of each 

spinôs density matrix.  
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Take the simplest interactional spin system, 2-spin system, as an example. With 

an added magnetic field 
0B z the Hamiltonian of the spin system is  

 
1 1 2 2 12 1 2

Ĕ ĔĔ Ĕ Ĕ2 ,z zS S J S Sw w p= + + Ö (2.21) 

where 
1 1 0 1(1 )Bw g s=- - , and 

2 2 0 2(1 )Bw g s=- - . The matrix form of this Hamiltonian 

with respect to the spin matrix in Eq. (2.1) is 

1 2 12

1 2 12
12

1 2 12
12

1 2 12

0 0 0
2

0 0
2

0 0
2

0 0 0
2

J

J
J

J
J

J

aa ab ba bb

w w p
aa

w w p
ab p

w w p
ba p

w w p
bb

+ +

- -

- + -

- - +

 (2.22) 

in which the spin-up ¬  and spin-down ®  states are replaced by a  and b , 

respectively, by convention, and the natural unit 1=  is used from now on. If the two 

nuclei are distinguishable the two off-diagonal elements can be ignored because the 

chemical shift difference is much large than the J-coupling 1 2 122 Jw w p- . 

Consequently, the Hamiltonian is diagonalized, and the basis of this matrix are the 

eigenfunctions, and the diagonal elements are the eigenvalues. According to the selection 

rule that an allowed transition involves only the flip of one nuclear spin, the possible 

level transitions and their energy difference are  
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2 12

1 12

1 12

2 12

,

,

,

, ,

J

J

J

J

aa ab w p

aa ba w p

bb ab w p

bb ba w p

ª +

ª +

ª -

ª -

 (2.23) 

which is the reason why the signal centered at 
1w  and 

2w  are split into doublet. However, 

for indistinguishable nuclei, not only they have identical chemical shift 
1 2w w= , but also 

the state ab and ba are superposed by the J-coupling 
12J . Therefore, ab and 

ba are replaced by 
2

ab ba+
 (symmetric) and 

2

ab ba-
 (antisymmetric), and 

the matrix form of the Hamiltonian in the new basis is 

 

12
1

12

12

12
1

2 2

0 0 0
2

0 0 0
2 2

3
0 0 0

2 2

0 0 0
2

J

J

J

J

ab ba ab ba
aa bb

p
aa w

ab ba p

ab ba p

p
bb w

+ -

+

+

-
-

- +

 (2.24) 

Based on the selection rule that an allowed transition only involves states with the same 

symmetry, there are only two possible transitions, 
2

aa bb
aa

+
ª  with energy 

splitting 1w and 
2

aa bb
bb

+
ª  with the same splitting. Therefore, for 

indistinguishable nuclei no signal splitting associated with J-coupling could be observed.  
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                Above, the eigenvalues and eigenfunctions are calculated to analyze the 

splitting of signals. The quantum evolution method in terms of Eq. (2.18) yields the same 

results. Now take two distinguishable nuclei as an example. At equilibrium, the density 

matrix of the system is  

1 0 2 0
0 1_ 0 2_ 0 1 2

1 2 1 2
1 2 1 2

1 1Ĕ ĔĔ ĔĔ Ĕ Ĕ tanh( ) tanh( )
2 2 2 2

Ĕ 1 Ĕ Ĕ Ĕ Ĕtanh( ) tanh( ) tanh( ) tanh( )
4 2 2 2 2 2

z z

B B

z z z z

B B B B

B B
E S E S

k T k T

E
S S S S

k T k T k T k T

g g
r r r

w w w w

å õ å õ
= Ã = + Ã +æ ö æ ö

ç ÷ ç ÷

å õ
= + + +æ ö

ç ÷

(2.25) 

in which the non-linear term 1 2
Ĕ Ĕ

z zS S  is omitted because the interaction between a nuclear 

magnetic dipole and a magnetic field 
0Bg´  generally is much smaller than the thermal 

energy Bk T , thus tanh( ) 1
2 Bk T

w
, and all its higher orders could be omitted. This 

approximation almost does not alter the trace of the matrix and is known as the high 

temperature approximation in NMR. In an NMR experiment an oscillating RF field with 

frequency w in Eq. (2.9) is superposed on the static field for a duration of 
1 12 B

p

g
to rotate 

the bulk magnetization of the first spin species from z direction to -y direction (Eq. 

(2.13)). If 
1 2g g=  i.e., spin 1 and spin 2 are the same species, with a relative strong 

amplitude 1B  the oscillating field tilt  both spin 1 and spin 2, however for a weak 

amplitude only spin 1 are excited unless 1 2w w=  (spin 1 and spin 2 are chemically 

equivalent). The former is known as a hard pulse and the latter is a soft or selective pulse.  

The density matrix of the 2-spin system after the 90x
 pulse is  
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1 2
1 1 2 1 2

1 2
1 1 2 1 2

Ĕ 1 Ĕ ĔĔ tanh( ) tanh( ) (for )
4 2 2 2

or

Ĕ 1 Ĕ ĔĔ tanh( ) tanh( ) (for ).
4 2 2 2

y y

B B

y z

B B

E
S S

k T k T

E
S S

k T k T

w w
r g g

w w
r g g

å õ
= - + =æ ö

ç ÷

å õ
= + - + ¸æ ö

ç ÷

 (2.26) 

The identity matrix ĔE  stays unchanged under any evolution, and ĔzS  commutes with the 

Hamil tonian of the system (Eq. (2.21)), thus does not change either. The only thing 

needed to take into account is how ĔyS  evolves. By submitting both the free precession 

Hamiltonian (2.21) and 1
Ĕ

yS  into Eq. (2.18), we have  

 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 12 1 1 12 1 1 2

12 1 1 12 1 1 2

Ĕ Ĕ Ĕ Ĕcos sin sin sin 2

Ĕ Ĕ Ĕcos cos sin cos 2 ,

y x y z

y x z

S J t t S J t t S S

J t t S J t t S S

p w p w

p w p w

­ +

- +
 (2.27) 

where only the 1
Ĕ

xS  and 1
Ĕ

yS  terms are observable by the magnetometer. The precessing 

transverse magnetization induces a signal voltage in an RF coil which can be digitized, 

stored, and displayed in a computer. In modern NMR spectrometer a Helmholtz coil is 

used to both provide and receive RF magnetic fields (Fig. 2.3).  The NMR signal is 

usually represented as a complex number with the real part being proportional to the x-

magnetization and the imaginary part being proportional to the y-magnetization. 

Therefore, the signal for spin 1 at time t is  

 
( ) ( )( )1 12 1 12signal( ) .

2

i J t i J ti
t e e

w p w p- + - -
´ +  (2.28) 

The tilted magnetization of spin 1 then precsses about the external field at the center 

frequency 1w  but with a doublet splitting of 122 Jp . If spin 2 is the same species with spin 
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1 and excited as well, similarly i ts rotation frequency is centered at 
2w  with the exact 

same splitting.  

However, the precession of bulk magnetization is not permanent. According to 

thermodynamics, in the absence of other forces, a system wil l tend spontaneously to both 

an arrangement with maximum entropy and an equilibrium with minimum energy 31, 32. 

The time that the magnetic moments take to lose their synchronization (attain maximum 

entropy) in the horizontal direction is transverse relaxation time noted as 2T . Even 

identical nuclei do not always experience the same magnetic field. Due to the fact that the 

nearby oscillating magnetic or electric fields that come from each nucleus and electron 

interfere with the applied magnetic field, some nuclei experience a slightly augmented 

magnetic field and precess faster while others experience a slightly diminished one and 

precess slower. Consequently, the magnetic moments of the identical nuclei will be 

dephased, and macroscopically, the transverse magnetization is zero. The revised signal 

expression of Eq (2.28) is  

 
( ) ( )( )1 12 1 12 2/

signal( ) .
2

i J t i J t t Ti
t e e e

w p w p- + - - -
´ +  (2.29) 

Therefore, what is detected is a damped oscillating electric signal which is named Free 

Induction Decay (FID) (Fig. 2.3). A Fourier Transform (FT) of the FID33 gives this 

electric oscillation frequency, namely the nuclear Larmor Frequency.  

           The time that all the magnetic moments take to return back to their equilibrium 

(minimum energy) is longitudinal relaxation time noted as 1T . The main mechanism for 

1T  involves a direct dipole-dipole interaction. Imagine a target nuclear spin and an 
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Figure 2.3: The basic 90 x pulse-acquire NM R experiment.  

adjacent spin undergoing constant rotational and translational motions. The local 

magnetic fields induced by their magnetic moments oscillate at the same frequency as 

their motion. If the oscillation frequency of one spin is comparable to the Larmor 

frequency of the other spin, spin flip occurs, and energy transfers between these two 

magnetic moments. This energy exchange keeps going at a rate governed by 1T  until 

equili brium is reestablished.  

2.2 The Application of NMR 

The discovery of the chemical shift and J-coupling concept illuminated the 

direction that NMR could be used as an analytical method in interdisciplinary sciences 

such as chemistry, biology, and medicine. At the very beginning NMR was used to 

determine the structure of small molecules both organic and inorganic34-36. Biochemists 

realized that the same methods could also be applied to much larger biomolecules such as 

metabolites and to protein structure analysis37-39, especially with the development of two-

dimensional NMR techniques40-42. 2D refers to two time scales. Apart from the time scale 

of the acquisition stage in 1D NMR, the 2D NMR has an extra time scale of evolution. 

The complete stages of a 2D NMR is composed of (i) a preparation stage during which 
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RF pulses are applied to transfer nuclei away from the equilibrium state, (ii ) an evolution 

stage during which the chemical shifts and/or coupling constants freely evolve, (iii) a 

mixing stage during which further RF pulses or delays are applied to transfer information 

between the nuclei, and (iv) a detection stage during which FID signal is collected. For 

example, 2D Correlation Spectroscopy (COSY)43-46 can explicitly display whether two 

nuclei are coupled or not with an off-diagonal data point, and J-Resolved spectroscopy (J-

Res)41, 47-51 is able to directly show the splitting pattern of a peak caused by J-coupling, 

both of which are more useful than the 1D splitting peaks. NMR is also a powerful tool to 

investigate molecular dynamics. Intramolecular and intermolecular interactions 

associated with different nuclei can be linked to specific locations in the structure. Any 

changes of the locations could be mapped to the alter of the corresponding NMR signal. 

For example, diffusion ordered spectroscopy (DOSY)52 is used to detect the diffusion 

coefficient of each component in a sample, and exchange spectroscopy (EXSY)53 is a tool 

to study the chemical shift processes in a system.  

After the invention of NMR imaging known as MRI40, 54, NMR application started 

booming in biomedicine55, 56. It was discovered that 2D images and later 3D could be 

obtained by applying magnetic field gradients to a sample. In the presence of this 

gradient, the Larmor frequency is mapped to a function of position 

 ( )( )0 1 1 ,B Grw g s=- - +  (2.30) 

where G  is the field gradient in direction r . A 2D image is constructed by repeating the 

measurement with gradients in different directions. NMR spectroscopy is a noninvasive 

technique, and compared to other radiological method like ultraviolet, X-ray, and higher 
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energy electromagnetic radiation, it is a nonionizing radiation and thus a safer diagnosis 

method57-60.   

2.3 SABRE and Parahydrogen 

In section 1.1 it is mentioned that the Zeeman splitting of nuclear spins is much 

smaller than the thermal energy. More specifically, consider protons in a 10 T magnetic 

field at room temperature 295K. The energy of spin-up and spin-down states are 

approximately 70 8.8 10
2

H Bg -° º° ³eV, and the thermal energy is 22.5 10Bk T -º ³ eV. 

Using Boltzmann distribution (1.19), we can obtain the polarization of protons as 

( ) 50tanh 10
2

H
up down

B

B
p p

k T

g -å õ
- = æ ö

ç ÷
. The polarization of heteronulcei whose 

gyromagnetic ratio is much smaller than proton is even lower. This low sensitivity is the 

intrinsic limitation of NMR and limits the potential application of NMR. To overcome 

this limitation, the concept of hyperpolarization has been conceived. The basic idea of 

hyperpolarization is transferring spin order from another species which is called spin 

source to the target nuclei. Nowadays there have developed various hyperpolarization 

methods, including Dynamic Nuclear Polarization (DNP)1, 2, Spin-Exchange Optical 

Pumping (SEOP)3, ParaHydrogen-Induced Polarization (PHIP)4, 5, Signal Amplification 

By Reversible Exchange (SABRE)6-9, and so on.  

SABRE is the latest method which was invented in 2009 by Ralph Adams and co-

workers6. Parahydrogen is used as the spin source in SABRE, and a proper 

organometallic acts as a catalyst which builds a connection between the parahydrogen 
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and the target molecule through chemical bounds. Both parahydrogen and target substrate 

rapidly and reversibly exchange with sites on the catalyst metal center. In a suitable static 

magnetic field, J-couplings between the hydrides and the target nuclei on the bound 

species transfer spin order between them, and this makes it possible to spontaneously 

create excess magnetization on the target nuclei.  

Now, take a closer look at the spin source, parahydrogen61-63. The two protons in 

the dihydrogen molecule are indistinguishable fermions, so their total state function must 

be antisymmetric under exchange. The Born-Oppenheimer approximation24 is used to 

allow us to consider the motion of the electrons to be independent of those of the nuclei.  

The six degrees of freedom of the hydrogen molecule including the motion of electrons, 

the translational motion of the center of mass of the two protons, vibrational motion 

along the internuclear vector, rotational motion about the center of mass, nuclear 

interaction, and spin, are independent of each other. Consequently, the quantum state of 

the two protons could be written as  

 ,e T V R N Sy y y y y yY =  (2.31) 

where T, V, R, N, and S refer to translation, vibration, rotation, nuclear interaction, and 

spin, respectively. Ty , Vy , and Ny  are all symmetric wave functions with respect 

to nuclear interchange. Ry  is a spherical harmonic function because the rotation model 

of the two protons is approximated to a rigid rotor. Therefore, the rotational wave 

function Ry  associated with an even rotational quantum number is symmetric, while 

Ry  associated with an odd rotational quantum number is antisymmetric. To make sure 
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that the whole quantum state Y  is antisymmetric, either Ry  is symmetric, and the 

spin state Sy  is antisymmetric, or the opposite. A dihydrogen molecule with its two 

protons in symmetric spin states is called orthohydrogen and called parahydrogen with 

the two protons in antisymmetric spin state. The symmetric and antisymmetric spin states 

are 

 

( )

( )

0

0

1
total spin quantum number :1

2

1
total spin quantum number : 0.

2

T
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= +ì
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 (2.32) 

The state of protons on each rotational orbital with quantum number J  is 

( )2 1J+ -fold degenerate and has rotational energy 
( )21

2 m

J J

I

+
, where 

mI  is the moment 

of inertia of the two protons. Submitting this energy into Boltzmann distribution (2.19), 

we could calculate the ratio of parahydrogen to orthohydrogen as  
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 (2.33) 

where 3 in the denominator is because of the 3-fold degeneration of the symmetric spin 

states in Eq. (2.32). Figure 2.4 shows the population of both parahydrogen and 

orthohydrogen in equilibrium as a function of temperature. At room temperature or 

higher temperatures, the ratio of parahydrogen to orthohydrogen is 1:3. Around 80K, the 
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ratio is 1:1. At a temperature lower than 20K, the gas is almost pure parahydrogen. The 

density matrix of pure parahydrogen is  

 ( )0 0 1 2

1 Ĕ Ĕ ĔĔ ,
4

para S S Er s s= = - Ö (2.34) 

where 1
Ĕs  and 2

Ĕs  are the Pauli matrices of the two protons.  

 

Figure 2.4: Populat ion of parahydrogen and  orthohydrogen a s a function of 

temperature. 

However, based on the selection rule mentioned before that a transition between 

states with different symmetry is not allowed, the transition probability between ortho 

and para states is zero. Therefore, even with temperature variation, the ortho-para ratio 

cannot change, and the system will  not be at its thermal equilibrium because of the 

prohibited ortho-para transition. In practice, a magnetic material which generates a 

proximal inhomogeneous magnetic field is used as a catalyst to break the symmetry. The 

most common catalyst is rust. The easiest way to generate parahydrogen is flowing 
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thermal hydrogen through a copper coil which is filled with rust and immersed in liquid 

nitrogen(77K), and then around 50% parahydrogen is produced.   

                SABRE was first used to hyperpolarize protons in the target molecule, and the 

magnetic field used is close to 100 times that of the earth field (~6.5mT). Later, varieties 

of SABRE methods (X-SABRE)10, 11, 64-69 have extended the application to heteronuclei, 

such as 13C, 15N, 19F and 31P70-74. SABRE-SHEATH11 (Signal Amplification by 

Reversible Exchange in Shield Enables Alignment Transfer to Heteronuclei) is the most 

popular variant by shielding the earth field and adjusting the added magnetic field. For 

example, the field used to hyperpolarize 15N is usually ~0.6µT75.  The mechanism of 

SABRE-SHEATH11 is schematically represented in (Fig. 2.5). In a SABRE experiment, 

pre-activated catalyst and substrates are first dissolved in a solvent. Then a fully activated 

and stable SABRE sample is produced by bubbling hydrogen gas through the solution for 

a while. During the catalyst activation process, the cyclooctadiene moiety undergoes 

hydrogenation and removes from the metal complex, and the color of the catalyst 

gradually fades simultaneously. Finally, an octahedral molecular structure is created with 

the dihydride exchanging with hydrogen molecule and the transverse ligands exchanging 

with their free species. The spontaneous spin order transfer is only associated with the 

fully activated sample, so is our investigation.  

The different molecules involved in the hyperpolarization process are hydrogen 

molecules, SABRE complex, and the target substrate, which are three different but non-

independent spin systems by reason of chemical exchange. Al l the spin systems  
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Figure 2.5: Schematical representation of generation of hyperpol arized 15N labelled 

acetonitri le. IMes, Py and MeCN represent [1,3-bis(2,4,6-trime thypheny l)-imidazoyl], 

pyr idine li gands, and acetonitrile, respectively. Reprinted with permissi on from ref. 79. 

experience quantum evolution, chemical exchange, and relaxation, therefore, the general 

master equation could be written as 

' ' 0
Ĕ Ĕ

Ĕ Ĕ,

Ĕ Ĕ
0 ' '
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ç ÷

 (2.35) 

in which , , and  are the super operators of quantum evolution, relaxation, and 

chemical exchange, respectively, and the subscript H , C, and S indicate hydrogen 

molecule, activated complex, and free substrate, respectively76. Both the quantum 

evolution and the relaxation of the dihydrogen system are ignored. Because the inflow 

and outflow of dihydrogen makes an open system, and we assume that a dissociated 

dihydrogen wil l be immediately replaced by a fresh one. The substrate molecule usually 

contains more than one spin, but the spins that weakly couple with the target nuclei could 
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be neglected. Similarly, this weak couple approximation also works for the SABRE 

complex system.  

                Take 15N labelled acetonitrile as an example (Fig. 2.6), which consists of the 

dihydride and the target 15N nucleus. The rest of the spins are neglected because of the 

zero or near zero couplings. The Hamiltonian of this 3-spin system in a static low 

magnetic field 0B z is 

 ( )1 2 1 2 1

Ĕ Ĕ Ĕ ĔĔ Ĕ Ĕ Ĕ2 2 ,H z z L z HH HLI I L J I I J I Lw w p p= + + + Ö + Ö (2.36) 

where ĔI  exclusively represents the spin operator of a proton, and L  refers to the target 

nuclei in the substrate ligand. 0H H Bw g=-  and 0L LBw g=- . Since the magnetic field 

applied is very low ~0.6ɛT, the chemical shift of the nuclei is neglected, and the secular 

approximation is not applicable here, i.e., xx yy+  in the J-coupling terms cannot be 

 

Figure 2.6: (a) Molecular diagram  of the SABRE complex with acetoni tr il e as the 

substrate and pyridine  as the co-ligand. (b) reduced 3-spin system of the SABRE 

complex 

omitted. The matrix form of the Hamiltonian is 
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Each empty spot in the matrix means number zero. The basis used here is the singlet-

triplet states ( 0 0, , ,H H H HT T T S+ - ) of the two protons times the spin-up (a) and spin-down 

(b) of the target nucleus. The whole Hamiltonian is block diagonalized into two one-

dimensional and two 3 3³  submatrices. The one-dimensional submatrices have no 

physical significance and will be omitted in all the following content. A close look at the 

two 3 3³  subspaces reveals that they are not the same even though very similar. The off-

diagonal terms have a slight phase difference which is not important. The difference 

between their diagonal elements is the key point which breaks the balance between states 

La  and Lb , and thus generate polarization of the target nuclei. Assume the system is 

initially composed of parahydrogen and thermally balanced target nuclei, then the initial 

state could be expressed as 0 0 0 0

0

1 1
Ĕ

2 2
H L H L H L H LS S S Sr a a b b= + . The two terms of 

0
Ĕrevolve under the management of the first and second3 3³  submatrices, respectively. 

Figure 2.7 shows how the population of the target nucleiôs spin-up La and spin-down Lb  
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states evolve with time in each subspace and the total polarization as a function of time. 

In the absence of a magnetic field, the two submatrices are the same, and the fluctuations 

of the 
La and 

Lb  states in one subspace cancel out the other. However, with an 

appropriate magnetic field (-0.5µT is used in the simulation) the spin-up and down 

population oscillations are no longer the same, and the polarization is created. It is 

 

Figure 2.7: (a) In the case of no external magnetic field , the popul ation of both the spin-

up La (blue) and spin-down  Lb  (red) states in subspace #1 (a1) and subspace #2 (a2) 

(shown in Eq. 2.37) as a function of time, and how the polarization  vary w ith time  (a3). 

More specifically , in the first 3 3³  subspace the popul ations of state 0

H LT a  and 0

H LS a  are 

summed up to yield the total po pulatio n of  
La , and similarly , in the second 3 3³  

subspace the popul ations of state 0

H LT b  and 0

H LS b  are summed up to generate the total 

population of  Lb  (b) A counterpart  of (a) in the case of a proper magnetic field.   

obvious that when the added magnetic field is so large that H L HLJw w- , the off-

diagonal element in the first row and column of both the submatrices in Eq. (2.36) are 

negligible based on Secular Approximation. Consequently, the spin-up and down states 



 

34 

of the target nuclei are mutually independent, and there is no longer any population 

transfer between them. With only the quantum evolution being considered, the density 

matrix of the SABRE complex evolves in terms of the Liouvil le-von Neumann Eq. (2.17) 

 ĔĔ Ĕ Ĕ, .Ct C C Cir r rè øµ = =-
ê ú

 (2.38) 

Spin relaxation must be taken into account since hyperpolarized spin are always returning 

back to equilibrium. The two dominant relaxation process ï losing synchronization ( 2T ) 

and losing energy ( 1T ) could be mathematically expressed as 

                         
2, 1,

Ĕ Ĕ Ĕ Ĕ( ) ( )
Ĕ .

equspin

i i
t

i i i

Diag Diag

T T

r r r r
r

è ø- -
µ = +é ù

é ùê ú
ä  (2.39) 

Ĕ( )iDiag r  and Ĕ( )Diag r  in the above equation are reduced matrix of Ĕir and Ĕr with all 

the diagonal elements staying unchanged while all the off -diagonal elements vanishing. 

Ĕ( )iDiag r  is fully out of phase but have the same energy with Ĕir. Ĕequ

ir  is the equilibrium 

state of spin i. 
1,iT  and 

2,iT  are the respective longitudinal and transversal relaxation time 

of spin i. In the case of small molecules, 1T  and 
2T  are approximately equal. Therefore, 

Eq. (2.39) can be further simplified into 
1,

Ĕ Ĕ
Ĕ

equspin

i
t

i iT

r r
r

-
µ =ä .  

The quantum process explained why spin order could be transferred back and 

forth between the dihydride and the target nuclei. However, to accumulate polarization 

chemical exchange is crucial. Both dihydrogen and substrates have two existent forms, 

freely tumbling in the sample solution as an independent molecule or binding to the 

catalyst center. The two forms are exchangeable at an average frequency known as 



 

35 

exchange rate and denoted with 
Hk  and 

Lk , respectively. This chemical exchange rate 

depends on many different factors, such as concentration of the component, temperature 

of the sample, chemical-bond energy, and so on. Each time an exchange happens, the 

quantum evolution process is interrupted, and the bound species dissociates and takes 

away its spin state information (mathematically manipulated using reduced density 

matrix), while a free species takes up the empty spot and integrates its spin state 

information into the spin system (mathematically manipulated using tensor product). 

More specifically, in the situation that one of the bound ligand exchanges with its free 

species, the new density matrix of the SABRE complex becomes 
{ }( )Ĕ Ĕ

C SH
Tr r rÃ  where 

{}()Tr  is a reduce density matrix with the remaining spins displayed in the curly 

brackets, and the density matrix of the dissociated target spin is 
{}( )ĔCL

Tr r . However, in 

the situation that the dihydride exchange with dihydrogen, the new density matrix of the 

SABRE complex is 
2

Ĕ Ĕ
paraH Sr rÃ , which mean both a new parahydrogen and a new 

substrate molecule associate to the catalyst center. This is because the complex which is 

only composed of substrate ligands without dihydride is not a possible configuration. In 

other words, each exchange of the dihydride is accompanied by the exchange of the 

transverse substrates. Consequently, the density matrix evolution of the SABRE complex 

and the free substrate caused by chemical exchange are expressed as  

 
( ) ( )

( ) { }( )
2

Ĕ Ĕ Ĕ Ĕ Ĕ, ,

Ĕ Ĕ Ĕ Ĕ Ĕ,

HC SCt C H C S C

L H C S H paraH S L CH
k k Tr k k

r r r r r

r r r r r

µ = +

= - Ã + Ã -
 (2.40) 

and  
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 ( )
[]
[] {}( )( )Ĕ Ĕ Ĕ Ĕ Ĕ' , ,t S SC S C L C SL

C
k Tr

S
r r r r rµ = = -  (2.41) 

where the exchange operators HC , SC , and 'SC  are prementioned in Eq (2.35); []C  

and []S  are the concentration of the SABRE complex and the concentration of the free 

substrate, respectively. This is the traditional way to treat the exchange process. It is 

obvious that quantum evolution , spin relaxation , and chemical exchange  do not 

commute with each other. Therefore, to reliably execute the evolution of the density 

matrix the time step must be very short. A recent work released this limitation of small 

step size by solving the exact form of chemical exchange in dynamic quantum systems 

using infinite-order perturbation theory13. Surprisingly, the modification of chemical 

exchange converges to a simple exponential form 

 exp ,
2

k t
k k

Då õ
¹ -æ ö

ç ÷
 (2.42) 

where k  and k  are the modified and pre-modified exchange rate, respectively, and tD  is 

the evolution time step. By replace Hk  and Lk  in Eq. (2.40) and (2.41) with 

exp
2

H
H H

k t
k k

Då õ
¹ -æ ö

ç ÷
 and exp

2

L
L L

k t
k k

Då õ
¹ -æ ö

ç ÷
, we obtain the modified chemical 

exchange operation.  

Now we could easily expand the chemical exchange operator to a symmetric 4-spin 

AAôBBô system. Figure 2.8 gives a typical example of this spin system ï dihydride and 

two pyridine binding to the catalyst center. Similar with Eq. (2.40) and (2.41), the 
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corresponding differential equation of motion of both the SABRE complex density 

matrix and free substrate density matrix in terms of chemical exchange are    

            

( )
{ }( ) { }( )( )( )1 2 1 21 2

2

1Ĕ Ĕ Ĕ Ĕ Ĕ
2

Ĕ Ĕ Ĕ Ĕ,

L H

t C C S L L C S L LHL HL

H paraH S S L C

k k
Tr Tr

k k

r r r r r

r r r r

-

ª ª

-
µ = Ã + Ã

+ Ã Ã -

 (2.43) 

and 

 
[]
[]

{ }( ) { }( )
1 2

Ĕ Ĕ
Ĕ Ĕ.

2

C CL L

t S L S

Tr TrC
k

S

r r
r r

+å õ
µ = -æ ö

æ ö
ç ÷

 (2.44) 

 

Figure 2.8: (a) Molecular diagram of the AAɀBBɀ SABRE complex with  pyridine  as the 

substrate (b) reduced spin system of the SABRE complex. 

Combining all these dynamics together, we have the exact Dissipative Master 

Equation (DMEx), which is extremely powerful for numerically simulating the evolution 

of spin systems. Figure 1.9 displays how the hyperpolarization of the target nuclei is built 

up with time. As time goes by more and more free substrates have contacted with the 

parahydrogen and been hyperpolarized, and in the meantime, they keep losing 
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polarization as well. Consequently, the total polarization of the target spin ensemble 

reaches a new level of balance. The red curve simulates an ideal evolution without any 

 

Figure 2.9: Polarization of the target nuclei as a function of time. Red curve refers to the 

ideal case with out relaxation, whi le blue curve takes relaxation into account. An AAɀB 

spin system and 100% parahyd rogen are used in the numerical simulat ion, and the 

specific parameters are 0 0.5B Tm=- , 8HHJ Hz=- , 24HLJ Hz=- , 120Lk s-= ,  

12Hk s-= , and 
[]
[]

1

10

C

S
= .   

spin relaxation, while the blue curve refers to a situation with 
1 , 30L freeT s= , 

1 , 3L boundT s= , 

and 
1 , 1H boundT s= . We can also figure out the optimal low field ( ~ 0.6 Tm° ) applied to the 

3-spin system by sweeping the magnitude of 0B  (Fig. 2.10).  

SABRE enjoys a lot of advantages. Its polarization process is easy since both the 

chemical exchanges and spin order transfer are spontaneous, and the maximum 

polarization is achieved quickly, which is usually 30 ï 60s (displayed in (Fig. 2.9)) and 

much shorter than other techniques like DNP and SEOP (generally, several hours are 

needed). Whatôs more, SABRE is a cost-effective method, because all the materials and 



 

39 

the low magnetic field are easily available and low-cost. However, SABRE has not 

become a perfect hyperpolarization method. One major reason is that the 

hyperpolarization yielded by SABRE is not very high ï the optimized polarization is 63% 

for 1H, 25% for 13C, and 43% for 15N, which are not close to 100%, especially for 

heteronuclei. Therefore, improvement of SABRE is highly necessary.  

 

 

Figure 2.10: Magnetic field  profile  of a AAɀB spin system, wh ich shows both experiment  

(dots) and simulation  (curve) resul ts. Image courtesy of S. Eriksson, et al., Sci. Adv. 8, 11, 

(2022). 
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Chapter 3: Oscillating Pulse Sequence SABRE 

The traditional SABRE-SHEATH method is limited in its ability to produce high 

levels of polarization. A big part of the reason is that the novel field regime for SABRE 

and X-SABRE (where even heteronuclear couplings can be readily interconverted 

between the strong and weak coupling limits), combined with the very complex exchange 

dynamics, imply that the method is theoretically underexplored; there are clearly better 

(but nonintuitive) approaches to creating polarization than a simple continuous field. 

Specifically, ref. 76 shows that an alternating two-field pulse sequence (both fields high, 

but with a small average) can produce very large SABRE enhancements. Therefore, 

novel techniques are required to achieve a breakthrough77-79. Here we more 

systematically explore the use of the periodic field perturbations, with the goal of creating 

enhanced magnetization with low sensitivity to experimental imperfections such as field 

inhomogeneity12. In particular, we have studied four pulse sequences: square pulse, sine 

wave pulse, chirped pulse, and ramp pulse, as illustrated in Fig. 3.1. These investigations 

hold promise for the development of improved magnetic resonance techniques. Each 

pulse sequence consists of a low offset field ( 1 Tm< ) and an oscillating pulse with 

interleaving positive and negative amplitude (10 100 Tm- ). Every pulse is specified by 

three parameters ï the constant offset field 0B , the oscillating field ( )B t , and the pulse 

period T . A simulation with DMEx13 verifi es the efficiency of square pulse (Fig. 3.2). A 

3-spin system (shown in Fig. 2.6) undergoes a square pulse whose pulse amplitude is 

fixed at 10 Tm . The ultimate polarization of the target nuclei is plotted as a function of  
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Figure 3.1: Pulse sequences for enhanced SABRE excitation. (a) square pulse, (b) sine 

wave pulse, (c) chirped pu lse, and (d) ramp pulse. The dashed grey line refers to zero 

magnetic field, and the black line is an offset field, 0B z. Reprinted with permission from 

ref. 79. 

both the offset field 0B  and the pulse period T . If the pulse oscillates extremely fast 

( 0T ), it does not make any difference to the spins, and the whole system recovers to a 

CW situation (the very left column of the 3D plot in Figure 3.2). The maximal 

polarization ( 5%) is generated with a continuous 0.5 Tm°  field (shown in Fig. 2.10). 

However, a far larger polarization ( 18%) is produced by a correctly timed square wave 

offset from a zero average field by about one-fourth that value ( 0.13 Tm° ). Apart from 

numerical verification, a theoretical understanding of the improved performance of the 

pulse sequences is very helpful.  
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Figure 3.2: Schematic representation of the unbalanced square pulse and the final 

polarization level  simulated with DMEx. The coupling str ength between the two 

hydrides is 8HHJ Hz=- , and the coupling between the hydride and the target nuclei is 

25HLJ Hz=- . The offset field 0B  is varied from 0.5 Tm-  to 0.5 Tm , and the pulse 

period T is scanned in the range of 0 to 4.4ms, whi le the pulse amplitude B  is fixed at 

10 Tm . Simulation parameters: 100% parahydrogen, 124Lk s-= , 18Hk s-= , 
[]
[]

1

10

C

S
= . A 

pulse with 
0 0.13B Tm=°  and 4T ms= yields the maximal polariz ation ( 18%), which 

is much larger than the continuous wave counterpart  ( 5%). Reprinted with 

permission from ref. 79. 
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3.1 Theoretical Perspective of Pulse Sequence 

3.1.1 Hamiltonian in the Interaction Frame 

For the sake of comprehensiveness, we analyze both AAôB 3-spin system and 

AAôBBô 4-spin system. The full Hamiltonian of the three-spin AAôB system is expressed 

as: 

() ()( ) ( )( ) ( ) ( )0 1 2 1 2 1

Ĕ Ĕ Ĕ ĔĔ Ĕ Ĕ Ĕ2 2prime H z z L z HH HLt B B t I I L J I I J I Lg g p p=- + + + + Ö + Ö (3.1) 

The Hamiltonian could be rearranged as: 

 
()( )

( )
0 1 2 0

1 2 1

Ĕ Ĕ Ĕ Ĕ Ĕ( ) ( ( )) ( )

Ĕ Ĕ Ĕ Ĕ
2 ( ) 2 ,

rearranged H z z z z

HH HL

t B B t I I L t L

J I I J I L

g w w

p p

=- + + + + D +D

+ Ö + Ö
 (3.2) 

in which ( )0 0 H LBw g gD = -  and () ()( )H Lt B tw g gD = -  are the Larmor frequency 

difference between hydrides and the target nuclei caused by the offset field and the 

oscillating pulse, respectively. The first term in the rearranged Hamiltonian which is 

directly proportional to the z component of the total spin angular momentum can be 

ignored since it commutes with the rest of the Hamiltonian, giving a simplified 

Hamiltonian of the form 

 ()( ) ( )0 1 2 1

Ĕ Ĕ Ĕ ĔĔ Ĕ( ) 2 ( ) 2 ,z HH HLt t L J I I J I Lw w p p= D +D + Ö + Ö (3.3) 

which is not trivially time dependent. According to Eq. (2.11), we know that an 

interaction picture transformation could simplify the Hamiltonian or even remove the 

time-dependence. Here, we use the only time-dependent term Ĕ
zLwD  to create a rotating 

operator 
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 ()
0

Ĕ Ĕ( ) exp( ' ').
t

zt iL t dtw= - Dñ  (3.4) 

The corresponding Hamiltonian in the interaction frame is 

 

( ) ( ){ }
( )
( ) ( ){ }

À

0 1 2 1

0 1 2

1 1 1 1 1

Ĕ Ĕ Ĕ ĔĔ ĔĔ( ) 2 2

Ĕ ĔĔ 2

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ2 ( ) ( )

z HH HL

z HH

HL z z x x y y x y y x

t L J I I J I L

L J I I

J I L M t I L I L N t I L I L

w p p

w p

p

= D + Ö + Ö

=D + Ö

+ + + + -

 (3.5) 

in which 

 

() ()( )
() ()( )

0

0

cos ' '

sin ' ' .

t

t

M t t dt

N t t dt

w

w

= D

= D

ñ

ñ
 (3.6) 

The time-dependent information has been passed on from a Zeeman term to the J-

coupling between the hydride and the target nuclei. The original J-coupling term, 

1 1
Ĕ Ĕ Ĕ Ĕ

x x y yI L I L+ , and the new interaction form, 1 1
Ĕ Ĕ Ĕ Ĕ

x y y xI L I L- , are tuned by the factor ()M t  

and ()N t , respectively. Replacing the spin operators in the x and y directions with the 

raising and lowering operator, Ĕ Ĕ Ĕ
x yI I iI+= -  and Ĕ Ĕ Ĕ

x yI I iI-= +  we could rewrite the 

Hamiltonian as 

 

( )0 1 2

1 1 1

Ĕ ĔĔ( ) 2

( ) ( ) ( ) ( )Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ2 .
2 2

z HH

HL z z

t L J I I

M t iN t M t iN t
J I L I L I L

w p

p + - - +

=D + Ö

- +ë û
+ + +ì ü

í ý

 (3.7) 

 When the oscillating pulse vanishes, the system recovers to the CW SABRE-SHEATH 

with 1M =  and 0N= , and the flip-flop terms 1
Ĕ ĔI L+ - and 1

Ĕ ĔI L- + have fixed coefficient 
1

2
. 
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It is worth noting that the change of the J-coupling is only caused by frame 

transformation and has nothing to do with the pulse sequence, which means it is a generic 

result. The offset term survives because it commutes with the rotation operator Ĕ, and 

the role of it is to provide a small external magnetic field to the system, which works the 

same as the continues wave used in the ordinary SABRE-SHEATH.  

              A similar calculation could be executed to the AAôBBô system. The original full 

Hamiltonian of the 4-spin system experiencing an extra oscillating pulse is  

 

() ()( ) ( ) ()( )( )

( ) ( ){ }
0 1 2 1 2 0 1 2

1 2 1 1 2 2

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ
2 .

H z z z z z z

HH HL

t B B t I I L L t L L

J I I J I L I L

g w w

p

=- + + + + + D +D +

+ Ö + Ö + Ö
 (3.8) 

Simplifying the Hamiltonian by taking out the first term which commutes with the rest of 

the Hamiltonian gives  

 () ()( )( ) ( ) ( ){ }0 1 2 1 2 1 1 2 2

Ĕ Ĕ Ĕ Ĕ Ĕ ĔĔ Ĕ Ĕ 2 .z z HH HLt t L L J I I J I L I Lw w p= D +D + + Ö + Ö + Ö (3.9) 

Then transfer this Hamiltonian to the toggling frame 

 ( ) ()1 2
0

Ĕ Ĕ Ĕ( ) exp( ' ').
t

z zt i L L t dtw= - + Dñ  (3.10) 

The corresponding Hamiltonian is expressed as 

()( )( ) ( ) ( ){ }{ }
( ) ( )

( ) ( ){ }

( )

À

0 1 2 1 2 1 1 2 2

0 1 2 1 2

1 1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

Ĕ Ĕ Ĕ Ĕ Ĕ ĔĔ ĔĔ Ĕ( ) 2

Ĕ ĔĔ Ĕ 2

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ2 ( ) ( )

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ2 ( ) ( )

z z HH HL

z z HH

HL z z x x y y x y y x

HL z z x x y y x y

t t L L J I I J I L I L

L L J I I

J I L M t I L I L N t I L I L

J I L M t I L I L N t I L

w w p

w p

p

p

= D +D + + Ö + Ö + Ö

=D + + Ö

+ + + + -

+ + + + ( ){ }2 2
Ĕ Ĕ ,y xI L-

 (3.11) 



 

46 

in which ()M t  and ()N t  are the same with the 3-spin case Eq. (3.6). Since there are two 

target nuclei in every SABRE complex, and each one couples with one of the two 

hydrides, these two couplings are adjusted identically by the oscillation pulse.  

3.1.2 Average Hamiltonian  

It seems that the Hamiltonian is not simplified at all, but the physics is much 

clearer by transferring the time dependent information to the J-coupling, and another 

bonus of this frame transformation is that the average Hamiltonian converges way faster 

in the rotation frame. Analyzing a time-varying Hamiltonian is usually very difficult , 

therefore the average Hamiltonian tool80-82 is applied here to get rid of the time 

dependence. The general principle of the average Hamiltonian is that under suitable 

conditions, a time-dependent Hamiltonian can be replaced with the time-independent 

effective Hamiltonian over a time period. The evolution of a spin system driven by a 

time-dependent external field can be described by the average effect of the field over one 

cycle of its oscillation.  

 () ()( ) ( )
0

Ĕ exp exp ,
T

t i t dt i T= - = -ñ  (3.12) 

where  is the Dyson time order operator. Usually, it is impossible to analytically 

calculate the propagator of a non-trivial time-dependent Hamiltonian. Therefore, Eq. 

(3.12) is for numerical purposes only.  The analytical solution of the average Hamiltonian 

is expanded in a series expansion, known as the Magnus expansion 

 
() () () ()0 1 2 3

...= + + + + (3.13) 

The first three orders of the Magnus expansion are given by 
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 () ()0

0

1 T

t dt
T
= ñ  (3.14) 

 () () ()
11

1 2 1 2
0 0

1
,

2

T t

dt dt t t
iT

è ø= ê úñ ñ  (3.15) 

() () () () () () (){ }1 22

1 2 3 1 2 3 1 2 3
0 0 0

1
, , , , .

6

T t t

dt dt dt t t t t t t
T

-
è ø è øè ø è ø= +ê ú ê úê ú ê úñ ñ ñ  (3.16) 

If  the Magnus expansion converges fast enough, a good approximation of the 

Hamiltonian could be made by truncating at the first few orders.   

We focus on the AAôB system during the whole average Hamiltonian analysis. 

The generic expression of the zero-order average Hamiltonian of the 3-spin system is  

 

()

( )
( ) ( ){ }

(0)

0

0 1 2

1 0 1 1 0 1 1

1

Ĕ ĔĔ 2

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ2 .

T

z HH

HL z z x x y y x y y x

t dt
T

L J I I

J I L M I L I L N I L I L

w p

p

=

=D + Ö

+ + + + -

ñ

 (3.17) 

A matrix expression of this zero-order Hamiltonian is powerful for providing physical 

insight. The basis used here to express the matrix of the AAôB system is a singlet-triplet 

basis for the AAô pair and the Zeeman basis for the B spin. We only give the two 3 3³  

subspaces of the zero-order Hamiltonian, which indicate that 
0 0M iN°  alter the 

interaction between the spin up states 
La  and spin down states Lb  of the target nuclei, 

and that the interaction strength only depends on its magnitude, 2 2

0 0M N+ . 
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 (3.18) 

This is a generic matrix form of the zero-order expansion, and the features of each 

specific pulse are carried by the coefficients 0M  and 0N . For the sake of simplification, 

we denote the rotation angle in a half cycle as 

 ( ) ()
/2

0
, ,

T

B T t dtq w= Dñ  (3.19) 

so q is a function of both pulse amplitude and pulse period. In the squared pulse situation, 

 

()

()

0

0

sin

1 cos
.

M

N

q

q

q

q

=

-
=

 (3.20) 

When q is an integer multiple of 2p, both 0M  and 0N  go to zero, which means the 

coupling between hydrides and the target nuclei disappear at this situation, and no spin 
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order transfer could take place. Similarly, in the sine wave case, the expressions of 
0M  

and 
0N  are 
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0
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0

1 2
cos 1 cos
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1 2
sin 1 cos ,

2

T

T

T t
M dt

T T

T t
N dt

T T

w p

p

w p

p

èD øå õ
= -æ öé ù

ç ÷ê ú

èD øå õ
= -æ öé ù

ç ÷ê ú

ñ

ñ

 (3.21) 

Al ike, for the ramp pulse, we have  
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The zero-order average Hamiltonian of the AAôBBô system have a similar 

expression  
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and its matrix form is displayed in Eq. (3.24). The basis used here is the singlet-triplet 

basis for both the dihydride and the two target nuclei. The coupling between states 0

LS  

and 0

LT  stays unchanged, and the coupling between states 
LT+ and 

LT- is always zero. The 

rest couplings which are directly associated with the spin order transfer are adjustable. 

The signal enhancement of this 4-spin system is also confirmed by the numerical DMEx 

method (Fig. 3.3). A square pulse with fixed amplitude 10B Tm=  is  
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used, and the corresponding 0M  and 
0N  have the same expression as that of the AAôB 

system (Eq. 3.20). If ( ) / 2 2H L BT ng g p- = , the coupling between the dihydride and the 

target nuclei vanish, so the resulting polarization is zero along the vertical line of 

4.3T ms= . The optimal condition for polarization by scanning both the offset field 0B  

and the pulse period T  is 0 0.16B Tm=- , and 4T ms=  when the pulse amplitude is 

maintained at 10B Tm= . Compared with the 3-spin system, the optimal offset shifted a 

little bit which is caused by the different spin configuration of the SABRE complex, but 

the optimal pulse period stays the same since HLJ  is tuned identically in both 3-spin and 

4-spin cases. 
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Figure 3.3: Polarization of a AA ɀBBɀ system varies with the  square pules period and the 

offset field. The pulse amplitude is pinned at 10B Tm= , and the optimal  condition  of 

polarization is 
0 0.16B Tm=-  and 4T ms= . Simulation parameters: 100% 

parahydrogen , 124Lk s-= , 18Hk s-= , 
[]
[]

1

10

C

S
= , 8HHJ Hz=- , 25HLJ Hz=- . Reprinted 

with permissi on from ref. 79. 

Another important consideration is determining the appropriate truncation point 

for the Magnus expansion. The zero-order expansion is much simpler and more intuitive 

than the higher order terms, so it is helpful to find conditions where the zero-order term 

suffices. We analytically calculate the first and second order Magnus expansions. Based 

on Eq. (3.15) and (3.16), the commutation relations of () ()1 2,t tè ø
ê ú and 

() () ()1 2 3, ,t t tè øè ø
ê úê ú

 are needed.  
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Each pulse shown in Fig. 3.1 have an axisymmetric Hamiltonian in the rotating 

frame, because ()M t  and ()N t  of an anti-symmetric pulse shape are axisymmetric. 

According to Eq. (3.6), ()M t  and ()N t  refer to the cosine and sine value of the rotation 

angle ()
0

' '
t

t dtwDñ  at time t . For an anti-symmetric pulse shape, in each cycle 

 () ()
0 0

' ' ' '.
t T t

t dt t dtw w
-

D = Dñ ñ  (3.27) 

Accordingly, () ( )M t M T t= -  and () ( )N t N T t= - . Therefore, the Hamiltonian is 

axisymmetric  

 () ( ).t T t= -  (3.28) 

Because of this axial symmetry, all the odd order Magnus expansions are zero.  

                Visualizing how each matrix element of the exact average Hamiltonian  

varies with the pulse period T  reveals the reason why the higher order expansion could 

be omitted (shown in Fig. 3.4). It should be noted that the pulse period T  could not be 

too long in most SABRE system with reasonable exchange rate (usually 150s-¢ ), 

otherwise the SABRE complex only experiences a constant high magnetic field during its 

lifetime. Therefore, we are only interested in pulse periods that are smaller or comparable 

to the lifetime of SABRE complex. For the sake of conciseness, here we only plot the 

square pulse and ramp pulse and only display the result of one of the two 3 3³ subspace 

since the other one has similar behavior.  

               In the zero-order case, only the non-secular matrix elements which connect the 

La  state and Lb  states are altered, and the resulting 'M s  and 'N s  are identical. 
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However, for the higher orders, diagonal elements are tuned as well, which is caused by 

the term 1
Ĕ Ĕ

z zI L-  and 1 2 2
Ĕ Ĕ Ĕ Ĕ

z z z zI I I L-  in the second order expansion. Even though the 'M s 

and 'N sdiverge in the higher order approximation, this divergence is always very small. 

So are the alters of the three diagonal elements. In Fig. 3.4, we plot the diagonal elements  
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Figur e 3.4: A graphical representation of both th e diagonal elements and off -diagonal M 

and N as a function  of pulse period T. The results of the square pulse (left) and the ramp 

pulse (right ) are explicit ly displayed  here. The upper two pl ots ((a) and (b)) refer to the 

three diagonal elements, while  the lower two ((c) and (d)) indic ate the changes of the off 

diagonal M  and N . In all cases the dotted li nes represent the zero order results wh ile 

the full curves correspond to the summation of all the higher orders (excluding the zero-

order). Reprinted with permission from ref. 79. 

as well as the off-diagonal M  and N . The way we numerically calculate the summation 

of all the higher-order expansions (excluding the zero-order) is subtracting the zero-order 

approximation from the exact average Hamiltonian. To visually demonstrate that this 

summation of higher-order expansions does not have a significant impact, we compare 

the values associated with zero order approximation to the values associated with 

subtraction. According to Fig. 3.4, the terms associated with the subtraction are at least 

two orders of magnitude smaller than their zero-order counterparts. Therefore, all higher 

order Magnus expansions could be neglected, and the zero-order expansion is indeed a 

reliable approximation of the whole average Hamiltonian. 

3.1.3 Correctly Attenuated J-coupling Enhances Polarization 

A direct numerical evaluation of the full effective Hamiltonian using Eq. (3.12) 

gives a good comparison to double check the validity of this zero-order expansion. 

Initially, a meticulous analysis of the square pulse is conducted. Each cycle of the square 

pulse can be broken down into two constant fields, 0B B+  and 0B B- , in time sequence. 

Labeling the corresponding time-independent Hamiltonians as Ĕ+  and Ĕ- , the 

propagator of this spin system is expressed as 

 ( ) ( ) ( )Ĕ Ĕ Ĕexp / 2 exp / 2 exp .i T i T i T- += - - = -  (3.29) 
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Extracting the average Hamiltonian by an expression such as ()Ĕlog /i T=  can be 

done numerically by diagonalizing Ĕ to a matrix ieL , then taking the log of each 

eigenvalue (which will always have magnitude 1), ÀĔ iVe VL= ; () ÀĔlog Vi V= L , but this 

lead to a well-known ambiguity as the phase is only determined modulo 2p. This 

ambiguity is avoided by multiplying 
HHJ  and 

HLJ  by a scale factor a , calculating  in 

the limit of very small a , and correcting for 2p phase jumps as a  is increased to 1. This 

approach justifies that the zero-order expansion is already a good approximation of the 

average Hamiltonian (Fig. 3.5), and higher orders can be neglected. 0M , 
0N , and 

2 2

0 0M N+ (solid curves) calculated with the zero-order average Hamiltonian are in great 

agreement with their numerical counterparts (dashed curves). The coupling magnitude 

2 2

0 0M N+  vanishes at 2nq p= , which agrees with the analytical expressions of 0M  and 

0N  (Eq. (3.20)). 2 2

0 0M N+  attenuates as q increases, in that it cannot fully recover to 

the previous maximum. The value of 2 2

0 0M N+  is in the range of [ ]0,1 , which is 

obvious from the formula of ()M t  and ()N t  (equation (3.6)) because they are conjugate 

trigonometric functions. In other words, the coupling between hydrides and target nuclei 

can only be attenuated instead of being increased.  

             Unexpectedly, a diminished coupling strength yields much higher polarization 

for the smaller off-diagonal matrix elements reduce the coupling of unwanted states.  
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Figure 3.5: (a) Curves of M  and N  as a functi on of 
q

p
. The solid Lines (underlying 

bright red and bright blue curves ) are the zero-order theoretical approxima tion of M  

and N , namely, 0M  and 
0N , and the dashed lines (ligh t red and  blue) are the exact 

values of M  and N  calculated with numer ical method. (b) shows how the value of 

2 2M N+  varies with 
q

p
. Likew ise, the solid curve  (underlying  black) and the dashed 

line (grey) correspond to the theoretical approximation and the numerical result, 

respectively.  The horizontal green bar indic ates the optimal value of 2 2M N+ . (c) 

Numeri cally simulat ed 15N polarizati on of a 3-spin system wi th the pulse amplitude 

being fixed at 10 Tm  and the offset being maintained at 0.13 Tm- . The green arrows 

mark the maximum  signals and their corresponding value of 2 2M N+ . Reprinted 

with permiss ion from ref. 79. 

Figure 3.5 (b) and (c) gives the relationship between the final polarization level and the 

value of 2 2

0 0M N+  with the offset field 0B  fixed at 0.13 Tm- . The polarization is 
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numerically simulated with the DMEx13 method, and the dependence on q indicates that 

when the interaction strength reduces to 2 2

0 0 0.066M N+  (shown with a horizontal 

green bar in Fig. 3.5(b)), polarization is maximized. This unbalanced square wave indeed 

yields a large increase in signal. However, the optimal interaction strength 

2 2

0 0 0.066M N+  is very close to zero, and the polarization oscillations in Fig. 3.5 (c) 

imply that the large signals are not robust to imperfections of the pulse sequence such as 

inhomogeneity. This issue could be avoided if  2 2

0 0M N+  reduces gradually and 

maintain at 0.066 for long instead of periodically going to zero. To find a pulse sequence 

with this behavior of  2 2

0 0M N+ , more complex wave forms must be considered ï sine 

wave, chirped pulse, and ramp pulse.  

3.1.4 Symmetry Reduces Robustness 

Similarly, we could also visualize the 0M , 0N , and 2 2

0 0M N+  of all the other 

pulse sequences as a function of
( ),B Tq

p
 (Fig. 3.6). Same as the square pulse, the 0M  

and 0N  of the sine wave and the isosceles triangle pulse periodically vanish at the same 

time. However, the chirped pulse and ramp pulse have regularly declined curve trend 

which is exactly what we are looking for. The chirped pulse we study consists of evenly 

growing wavelength in each period, 0t, 0t t+D, é 0 mt t+ D, and its smallest period is 

( )0

0

m

j

j Tt t
=

+ D =ä . The specific chirped pulse in figure 3.6 (c) has 0 0.2mst t=D = . 
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Figure 3.6: Depiction of how 0M (red curve), 
0N (blue curve), and 2 2

0 0M N+  (black 

dott ed curve) vary as a functi on of the pulse period and/or pu lse amplitude . (a) sine 

wave, (b) isosceles triangle pulse, (c) chirped square pulse, and (d) ramp pulse. The 

offset fi eld is maintained at 0.13 Tm- . Reprinted with permission from ref. 79. 

2 2

0 0M N+  of this pulse is close to the optimal value 0.066 when the pulse amplitude B  

is larger than 40 Tm , accordingly the experimental robustness to the pulse ampli tude is 

indeed improved. The last ramp pulse (Fig. 3.6 (d)) turns out to be robust to both the 

pulse period and the field strength. Unlike the square pulse and the sine wave whose flip -

flop terms can be fully averaged out when 0M and 0N  vanish at the same time, the ramp 

pulse successfully avoids zero points, and in a wide period and amplitude 

domain 2 2

0 0M N+  always stays close to the optimal value 0.066.  
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Al l the highly symmetric pulses we have studied here share a common 

symmetrical property, which is central axial symmetry, since every pulse has a symmetric 

trajectory with respect to the center axis of each half cycle (Fig. 3.7(a)). Pulses with 

higher symmetry intuitively would be expected to produce cleaner pumping dynamics. 

However, given the cases shown above this additional symmetry causes the periodic 

vanishment of the effective 
HLJ . To understand this key symmetric feature, note that for 

an arbitrary oscillating pulse shape, 
0M and 

0N  are given by 
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1 1
cos ' '

1 1
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 (3.30) 

 

Figure  3.7: (a) Examples of center axisymmetr ic pulses. (a1) square pulse, (a2) sine or 

cosine wave, (c) isosceles triangle pulse, (d) an arbitra ry axisymmetri c pulse. (b) A 

coordinate tr ansformation  by rotating  the original  rectangular coordin ate system (solid 

line) an angle q to the new system (dashed line).   

which are integrals of the cosine and sine function of the instantaneous angle 

()
0

' '
t

t dtwDñ . In other words, 0M  and 0N  are the integrals of the projections of a 
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rotating unit vector on the x-axis and y-axis, respectively, in a rectangular coordinate 

system.  The rotation angle of the first and second half cycle is denoted by 

 () ()
/2

0 /2
' ' ' '

T T

T
t dt t dtw w qD = D =ñ ñ  (3.31) 

A coordinate transformation is made in the way that the x-axis equally divides these two 

q. 
0'M  and 

0'N  in this new coordinate are  
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where 
0'M  equals to some number which depends on the specific pulse shape, while 

0'N  is always zero for the angular frequency ()'twD  is symmetric with respect to the xô- 

axis. Solving 
0M  and 

0N  gives 
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To guarantee 0' 0N = , one of the following condition must be true ï (i) 
1

2
nq p
å õ
= +æ ö
ç ÷

,  

0 0M = ; (ii ) nq p= , 
0 0N = ; (iii ) 

0 0 0M N= =. Consider two specific cases, 
2

p
q d= +, 

0 sin NumberM d= ³ , and 
3

2

p
q d= - , 0 sin NumberM d=- ³ , with 0 1d< . Since 

these two values are opposite, and 0M  is a continuous function of pulse period T  and 

pulse amplitude B , a zero point must exist between 
2

p
 and 

3

2

p
. However, cos 0q̧  in 
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the range of 
3

,
2 2

p på õ
æ ö
ç ÷

, which means that 
0N  much vanish. Therefore 

0 0 0M N= = has 

been proved, and these coincident zero points recur after every 2p rotation which 

accounts for the periodic vanishment of 
NHJ .  Frequent zero-crossings impose a serious 

constraint for all axisymmetric pulses on the unstable fields, particularly if 

inhomogeneity is present. Only lower symmetric pulses without axial symmetry is 

possible to avoid this issue, and the chirped pulse and ramp pulse shown in Figure 3.6 (c) 

and (d) are two prime examples.  

3.2 Numerical and Experimental Veri fication 

The main theoretical conclusions of the previous section are that a oscillating 

pulse with correctly tuned magnitude or period enhances the SABRE polarization by 

effectively adjusting the J-coupling between the hydride and the target nuclei, and an 

axisymmetric pulse is certain to yield a periodic vanishment of the effective NHJ  which 

makes the improved polarization very vulnerable to the unstable magnetic field. In this 

section, we verify the analytical results with both simulations and experiments.  

             All oscillating pulse SABRE-SHEATH experiments were performed by bubbling 

43% parahydrogen through a methanol-d4 solution under 7 bars of pressure at room 

temperature. The SABRE sample used here was prepared by adding 2µL 15N-acetonitrile 

(50mM), 1µL natural abundance 14N-pyridine (25mM), and 1.3mg the catalyst precursor 

[IrCl(COD)(IMes)] (4.4mM) into 500 µL deuterated methanol solvent. The catalyst was 

first activated by bubbling hydrogen gas through the SABRE sample for 30 min to 

generate SABRE complex [IrH2(
15N-MeCN)(14N-Py)2(IMes)]+(15N-MeCN=15N-
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acetonitrile)(14N-Py=14N-pyridine). The whole sample was then bubbled for 60s inside a 

solenoid coil within a µ-metal magnetic shield (Fig. 3.8). A function generator was 

connected to the solenoid coil to general all kinds of magnetic pulses in the coil where the 

polarization transfer occurs. Finally, the sample was manually transferred (1-2s) to a 1 

Tesla 15N NMR spectrometer for detection. 

For all the pulses displayed in Fig. 3.1, we numerically simulated how the final 

polarization varies with both the offset fi led and the oscillating pulse. Each 3D plot in 

Fig. 3.9 is a numerical simulation of a specific pulse sequence and comes accompanied 

with two 2D experimental data as well as the corresponding numerical fitting. In the 

cases of axisymmetric pulse, square pulse and sine wave, we swept the offset and the 

pulse period T . In each situation, the optimal offset field is ~0.13µT rather than ~0.6µT 

 

Figure  3.8: Experimental procedure of SABRE-SHEATH. First, activate the SABRE 

sample by bubbling  hydrogen gas through the solutio n for  about 30 minutes. Then, 

hyperpolarize the sample in a shield. Finally, transfer the sample into a magnetometer 

for detection.   



 

64 

in the CW SABRE-SHEATH case, and the polarization periodically vanishes with the 

change of the pulse period. The amplitude of the square pulse was maintained at 10µT.  

At the points 20.8T ms=  and 25T ms=  in Fig 3.9(a2), 2nq p=  which means 
0M  and 

0N   are both zero, therefore no polarization could be produced. The polarization of the 

sine wave has a similar periodicity. Fig. 3.9(b1) shows the polarization of a sine wave 

pulse as a function of both the pulse period and the offset field while the pulse amplitude 

is maintained at 50µT. We varied either the pulse period (1 8ms T ms¢ ¢ , 
0 0.13B Tm=- ) 

in Fig. 3.9(b2) , or the offset field (
01 0T B Tm m- ¢ ¢ , 3.5T ms= ) in Fig. 3.9(b3). In 

agreement with the theoretical predictions, the final polarization periodically reduces to 

zero at a frequency corresponding to wD , and the optimal pulse periods come close to  

zero polarization points. 
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Figure  3.9: Experimental validation of the theoretical predictions. (a) Square pulse (a1) 

Theoretical effects of a square pulse sequence with a fixed amplitud e 10B Tm=  and 

various pulse period and o ffset field. (a2) Comparison of theoretical calculations wit h 

experimental data holding 
0 0.13B Tm=-  and varying  T . (a3) Comparison of theoretical 

calculations wi th experimental data hold 22.7T ms=  and varying 
0B . (b) Sine wave 

(b1) Theoretical effects of a sine wave sequence with a fixed amplit ude 50B Tm=  and 

changing pulse period and offset field. (b2) Comparison of theoretical calculations with 

experimental data holding  
0 0.13B Tm=-  and varying T . (b3) Comparison of 

theoretical calculat ions with experimental data holding 3.5T ms=  varying 
0B . (c) 

Chirped pulse (c1) Theoretical effects of a chirped pulse with evenly increasing pul se 

length from 0.2ms to 2ms in a step of 0.2ms. The offset and pulse ampl itude are both 

scanned. (c2) Comparison of theoretical calculations wi th experimental data holding 

0 0.13B Tm=-  and varying B . (c3) Comparison of theoretical calculations with 

experimental data holding 50B Tm=  and varying 0B . (d) Ramp pulse (d1) Theoretical 

effects of a ramp pulse with a fixed off set field 
0 0.1B Tm=- . (d2) Comparison of 

theoretical calculations with experimental  data holding 
0 0.1B Tm=- , 50B Tm=  and 

varying T . (d3) Comparison of theoretical calculations with experime ntal data holding  

20T ms=  and varying B . The green dashed lines in each subfigure (2) refer to the 

maximum  polarization obta ined wit h the CW SABRE-SHEATH method usi ng the same 

sample. Simulation parameters: 100% parahydr ogen, 124Lk s-= , 18Hk s-= , 
[]
[]

1

10

C

S
= , 

8HHJ Hz=- , 25HLJ Hz=- . The maximum polar ization  for a continuous field 

experiment (with 43% parahydr ogen as used experimentally ) is marked by the dashed 

green lines (~1.6%). Reprinted with permission from ref. 79. 

In the case of chirped pulse (Fig. 3.9(c)), we swept the offset field 0B  and the 

pulse amplitude B  because the experimental operation is much simpler compared to 

switching the pulse period. The periodic vanishment of the final polarization disappears. 

The optimal offset is maintained in the range from -0.18µT to -0.08µT, and the 

polarization is robust to all pulse amplitudes larger than 40µT and stays within the range 

from 16.5% to 19%. Fig. 3.9(d) shows the results of the ramp pulse. We have already 

known the optimal offset is in close to ±0.13 µT, so the offset field was held at -0.1µT, 
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and both the pulse period and pulse amplitude were varied. Fig. 3.9(d1) clearly displays 

that in a wide range of both the pulse period and the pulse amplitude the final polarization 

always stays close to the maximum, which has been confirmed by experiments (Fig. 

3.9(d2) and (d3)). By varying the pulse period (11 20ms T ms¢ ¢ , 50B Tm= , 

0 0.1B Tm=- ), we always obtained almost maximum polarization. All the analysis based 

on theory is in accordance with the experimental results. The signal enhancement of these 

oscillating pulse sequences is as high as 300%.   

Based on all the theoretical analysis and experimental verification, we could 

safely draw some conclusions. The time-dependent information of the oscillating pulse in 

the lab frame is transferred to the time-varying effective 
NHJ in an interaction frame (Eq. 

(3.5)) created with rotation operator ()
0

Ĕ Ĕ( ) exp( ' ')
t

zt iL t dtw= - Dñ , which is a general 

truth for all time-dependent pulses along z-direction. If the pulse is antisymmetric, with a 

low offset field, the zero-order average Hamiltonian is a good approximation of the spin 

system, which is also a generic conclusion and has nothing to do with the pulse shape. In 

addition, if the pulse has axial symmetry by a phase shif t, the flip -flop terms periodically 

vanish with the pulse period or the pulse amplitude (Eq. (3.31)-(3.33)), which guarantees 

that 2 2

0 0M N+  could be any value in [ ]0,1  including 0.066. Consequently, adding an 

offset around 0.13 Tm°  yields maximum polarization. While, for a non-axisymmetric 

pulse shape, such as the chirped pulse and the ramp pulse, 2 2

0 0M N+  is also in the range 

of [ ]0,1  in theory, but it slowly approaches zero instead. We need to make sure that 
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2 2

0 0M N+  reaches 0.066 within a reasonable region of pulse period which could not be 

longer than the lifetime of the SABRE complex. The chirped pulse and the ramp pulse 

with the specific pulse parameters are precisely modulated to work properly.   

3.3 Validity  of Level Anti -crossings 

Diff erent models and theories have been conceived to understand and optimize 

the performance of SABRE. The one which drew most attention and had long been 

accepted is level anti-crossings (LAC)66, 83-86. LAC is a useful tool in many spectroscopic 

applications and has been widely used in SABRE system to predict or explain the optimal 

magnetic field used in SABRE experiment. Level anti-crossings describe the 

phenomenon that the two energy levels of a two-state quantum system avoid crossing in 

the presence of an extra coupling between the two basis states. For example, consider a 

two-level system with Hamiltonian 

 Ĕ ,
0

k

k

Så õ
=æ ö
ç ÷

 (3.34) 

where S and k are the energy difference and the coupling between the two basis states, 

respectively. Without the coupling, the two energy levels intersect at the point 0S= (Fig. 

3.10(a)). However, with the extra coupling k the crossing at 0S= is avoided (Fig. 

3.10(b)). At the avoided crossing the two basis states are maximally superposed which 

leads to the maximum population flow between the two basis states.  
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Figure 3.10: (a) Level crossing of a two-level system. (b) Level anti -crossing of the same 

system with  an extra coupling 0.5k= .  

This LAC theory claims that the avoided crossing region reveals the optimal 

condition for SABRE. However, for the AAôB system used here the optimal magnetic 

field of SABRE-SHEATH at room temperature is 0.6 Tm° , which is far from the value 

0.04 Tm°  predicted by LACs. It has been demonstrated that the LAC condition does 

not even give qualitatively correct predictions except for very small couplings and very 

slow exchange77. Fig. 3.11 depicts that the optimal magnetic field is not fixed and 

unchanging but varies with the exchange rates of Hk  and Lk . The failure of the LAC 

condition here is mainly because it oversimplifies a 3 3³ (or larger) subspace to a 2 2³  

space and usually cannot accurately account for the dynamics of the original system. 

Interestingly, though, the LAC condition becomes more relevant for the oscillating pulse 

SABRE, because the oscillating pulse reduces the off-diagonal elements in Eq. (3.18) but 

not the diagonal ones, thus improving the separation from unwanted states. Fig. 3.12 

depicts how the energy levels of the first subspace in Eq. (3.18) vary with the offset field. 
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Figure 3.11: The optimal  magnetic field of CW SABRE-SHEATH  varies as the chemical 

exchange rates of both the dihydride and the target substrate. The optimal field is not 

fixing  and changes from -0.3µT to -2µT (from red to blue). 

The Fig. 3.12(a) relates to 0HLJ = , and no LACs occur because there is no interaction 

between the states. While Fig. 3.12(b) refers to the case of optimal interaction  

 

Figure 3.12: Eigenvalues as a function of the offset field. (a) corresponds to the case of 

0HLJ = , while (b) refers to the case of optimal  interaction 2 2

0 0 0.066M N+  with  

24HLJ Hz=- . Reprinted with permission from ref. 79. 
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2 2

0 0 0.066M N+ , in which the circled LAC is in great agreement with the optimal 

 offset field 0.13 Tm° .  

A diff erent model is introduced here to support the validity of LAC, which is also 

a AAôB system with the coupling between the two hydrides being positive, 8HHJ Hz= , 

while 24HLJ Hz=-  stays unchanged. The same square pulse with amplitude 10B Tm=  is 

applied to this 3-spin system. Fig. 3.13(a) depicts how polarization varies with both the 

offset field and the pulse period, in which the optimal offset field is about 0.38 Tm° . Fig. 

3.13(b) displays the LACs of one 3 3³  subspace with pulse period being fixed at the 

optimal value, 3.6ms, and the offset field changing from 0 to 0.4µT. The circled LAC at 

0 0.37B Tm  agrees greatly with the optimal offset field. Therefore, the validity of LACs 

in oscillating pulse SABRE-SHEATH is confirmed again.  

 

Figure 3.13: The prediction of LAC agrees with experimental optimum. Th e square pulse 

we use has a stable amplitu de 10 Tm  while varying offset and pulse period. (a) displays 

polarization  as a function  of both the offset and the pulse period. The optim al offset and 

the optimal pu lse period are 0 0.38B Tm=°  and 3.6T ms= , respectively. (b) is the 

corresponding LACs of one of the 3 3³  subspaces. The circle LAC occurs near 

0 0.37B Tm . Reprinted with pe rmission from  ref. 79. 
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3.4 Robustness to Exchange Rate 

In this section, we use the DMEx13 simulation method to demonstrate that 

oscillating pulse SABRE-SHEATH is robust to variations of exchange rate. We use the 

same square pulse as in Fig. 3.9(a) and calculate the polarization, varying the exchange 

rate by a factor of 100. In the case of low substrate exchange rate (Fig. 3.14), the optimal 

condition stays around 0 0.11B Tm=-  and 4.1T ms= . Ultimately, as the exchange rate of 

the substrate goes up, the optimal offset field increases and the pulse period decreases. 

Here we give an explanation using the quantum dynamics of SABRE. Fig. 3.15 shows 

the polarization of the target nuclei as a function of quantum evolution time. Both 

chemical exchange and relaxation processes are neglected. The four curves in Fig. 

3.15(a) depicts the quantum dynamics using optimal parameters 0B  and T  for the four  

 

Figure 3.14: Diffe rent optimal  polarization conditi ons caused by different exchange rates 

of substrate. (a) 11Hk s-= , 11Lk s-= , the optimal fi eld is -0.11µT, and the optimal period 
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is 4.12ms. (b) 11Hk s-= , 110Lk s-= , the optimal fie ld is also -0.11 µT, and the optimal 

period is 4.08ms. (c) 11Hk s-= , 150Lk s-= , the optimal field  is -0.17 µT, and the optimal 

period is 4.0ms. (d) 11Hk s-= , 1100Lk s-= , the optimal f ield is -0.37 µT, and the optimal 

period is 3.8ms. The four subplots have inconsistent color scales to show off more detai l. 

Reprinted with permission from ref. 79. 

cases of Fig. 3.14, respectively. The red and blue curves clearly show that under the 

condition 
0 0.11B Tm=-  and 4.1T ms= , the polarization of the target nuclei could be 

raised up to 80%. However, when the chemical exchange processes are included, the 

quantum evolution is interrupted, which means the spin order transfer is interrupted. On 

one hand, if the lifetime of the SABRE complex is long, for example 11Lk s-=  or 

110Lk s-= , there is enough time that the target nuclei could be polarized before they 

dissociate from SABRE catalyst. On the other hand, during a short lifetime, say 

150Lk s-=  or 1100Lk s-= , substantial spin order transfer process works better (the green 

and black curves). As pulse period T decreases, the value of 2 2

0 0M N+  grows, and the 

coupling between the hydrides and the target nuclei increases accordingly, which causes 

the spin order transfer faster (shown in Fig. 3.15(b)). For a fixed pulse period T, there 

exists an optimal offset field which maximizes the polarization of the substrate. In 

conclusion, maximizing SABRE polarization is a trade-off between the speed of spin 

order transfer and the largest transfer degree. Usually, the exchange rate Lk  is in the 

range from 
15s-  to 

150s- , and the corresponding optimal condition remains near 

0 0.11B Tm=-  and 4.1T ms=  is still larger than the maximum signal (0.2%) produced by 

CW SABRE-SHEATH method. 
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Figure 3.15: (a) Polarization generated by quantum evo lution of the 3-spin system. Red 

curve 0 0.11B Tm=- , 4.12T ms= ; blue curve 0 0.11B Tm=- , 4.08T ms= ; green curve 

0 0.17B Tm=- ,  4.0T ms= ; black curve 0 0.31B Tm=- , 3.8T ms= . (b) A zoomed-in 

version of the red box in figure (a). As the period goes down the spin order t ransfer 

process speeds up. Reprinted with permission from ref. 79. 

3.5 Some Expansions of Oscillating Pulse SABRE 

All the pulse sequences we have studied by now have such a small offset field that all the 

higher-order Magnus expansions are negligible. While, for relatively large offset, the 

zero-order expansion is no longer an eligible approximation. Based on the analysis of the 

CW SABRE, a high constant field (>5µT) yields ultra-low polarization (Fig. 2.10). 

However, in the presence of an extra oscillating pulse, a high polarization is still possible 
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with respect to a high offset field. Fig. 3.16 exhibits how the final polarization level 

change with the constant offset field while the oscillating pulse is fixed ( 10B Tm=  and 

23.5T ms= ). Even when the offset field is larger than the amplitude of the oscillating 

pulse, high polarization is still available. In both Fig. 3.2 and 3.9, the offset field is 

scanned but only in a narrow region of [ ]0.5,0.5 Tm- , denoted with two blue dotted lines 

in Fig. 3.16. With a high offset, the Magnus expansion does not converge fast. Therefore,    

 

 

Figure 3.16: Polarization as a function of the offset field. The square pulse used here is 

unchanged with fi xed pulse amplitude  10B Tm=  and pulse period 20.8T ms= . 

it is difficult to obtain an analytical expression of the approximate average Hamiltonian. 

Here, we give a qualitative description based on the investigation of the numerical 

average Hamiltonian. According to Eq. (3.25) and (3.26), not only the off-diagonal HLJ  
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terms are adjustable, but also the diagonal terms could be tuned by 1
Ĕ Ĕ

z zI L-  and 

2 1
Ĕ Ĕ Ĕ( )z z zI I L-  in the higher order Magnus expansions, therefore more complicated 

quantum dynamics arises. The periodic zero points in Fig. 3.9 are caused by two different 

reasons. One is that the two 3 3³  submatrices are almost the same, therefore the transfer 

from spin-up to spin-down in the first subspace cancels out the transfer from spin-down 

to spin-up in the second subspace, which accounts for the sharp zero crossings. However, 

the generation of the curly zero crossings is because in each subspace there is almost no 

interaction between the spin-up state 
La  and the spin-down state 

Lb , i.e., the effective 

0HLJ  in the off-diagonal elements. Between any two adjacent zeros, there exists a 

maximum polarization. 

This high offset field has practical significance. As noted previously, the 

hyperpolarization of SABRE-SHEATH is generated in a solenoid coil sitting in a metal 

shelter, where the earth field is shielded by the mu-metal, and a ultra-low field is 

provided by the coil. If a high offset field works as well, the lab field ( 30 Tm ) could 

directly work as the offset field. Fig. 3.17 depicts how the final polarization varies with 

the period of a sine wave with the offset being fixed at 30 Tm  and the sine wave 

amplitude being maintained at 50 Tm . By modulating the pulse period, we can easily 

figure out the optimum condition. Modulation of the pulse amplitude works equivalently. 

A ramp pulse with fixed pulse period ( 20T ms= ) and pulse amplitude ( 50B Tm= ) is 

applied to experimentally verify the validity of the high-offset oscillating pulse SABRE 

(Fig. 3.18). The polarization undergoes a periodic change from 5% to -5% as the offset is  



 

76 

 

 

Figur e 3.17: A depiction  of how the final polarization varie s with the period of a sine 

wave sequence. This sine wave has unchanged amplit ude 50B Tm= , and the offset is 

maintai ned at 0 30B Tm= .  

scanned, even when the offset is larger than 5 Tm . The numerical prediction (Fig. 

3.18(a)) is perfectly confirmed by the experimental results (dotted line in Fig. 3.18(b)). 
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Figure 3.18: (a) A numerical simulation result shows that the polarizat ion vari es 

periodi cally wit h the offset field. (b) An experimental confirm ation of (a). 

Consider a special case that the offset field is equal to the amplitude of a square pulse, so 

the overall magnetic field is a unidirectional oscillating square pulse (Fig. 3.19), which 

we call a two-state square pulse. Similarly, the maximum polarization of this pulse could 

be searched by tuning the pulse period or pulse amplitude. Shannonôs work77 studied this 

two-state square pulse and used a different theoretical strategy, which is the Taylor series 

expansion of the solution of the Liouville von Neumann equation, to understand the 

generation of enhanced SABER signal. In addition, this signal enhancement was verified  

 

Figure 3.19: A combination of square pulse and a constant field  which  have identical  

ampl itude y ields a unidirectional  oscillating square pulse.  

by experiment (Fig. 3.20). Fig 3.20 (a) depicts a two-state square pulse with the length of 

the first and the second state being 3ms and 13.5ms. The signal strength varies 

periodically with the amplitude of the square (green lines in Fig. 3.20(c)). The vertical 

black dotted lines indicate the zero crossings caused by vanished effective HLJ . Base on 

Eq. (3.19), when the rotation angle of each square is 2 2q w t p=D ³ =, the M  and N  in 

the off-diagonal goes to zero simultaneously. Fig. 3.20 (b) is a variant of the two-state 
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Figure 3.20: (a) A  two -state square pulse. (b) A var iant of  two -state square pul se which 

loses the axial symmetry. (c) Experimental verifi cation of signal enhancement. The green 

dotted line is the experimental data of the two-state pulse, while  the blue dotted line 

refers to the variant puls e. The solid  curves are the corresponding  fitting s. Image 

courtesy of S. Eriksson, et al., Sci. Adv. 8, 11, (2022). 

pulse which is no longer axisymmetric. According to the precious theoretical analysis, 

this pulse is robust to the pulse amplitude and the pulse period like the ramp pulse, which 

is also demonstrated experimentally (blue lines in Fig. 3.20 (c)). As the pulse magnitude 

changes from -24µT to -21µT, the signal always stays at the maximum. We emphasized 

earlier that with same symmetry the pulse shape does not make essential differences, 

which is supported by a positive sine wave (Fig. 3.21 (a)) and a positive triangle pulse 

(Fig. 3.21 (b)) without an offset field. However, in the presence of an arbitrary offset or 

an arbitrary free evolution interlacing with the pulse, the final polarization has similar 

features. 
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Figure 3.21: Polarization varies as the pulse period of a (a) uni direction al sine wave and 

(b) a unidirectional triangle wave. The offset of both cases is zero.  

3.6 Conclusion and Outlook 

We have shown, in both experiments and simulations, that a variety of oscillating 

magnetic fields can significantly improve SABRE-SHEATH hyperpolarization. In effect, 

the interaction between hydrides and target nuclei are adjustable by tuning the pulse 

amplitude, pulse period, and the offset. As described above, we improve the robustness to 

experimental imperfections by exploring different pulse shapes. Finally, it turns out that a 

pulse shape without an axial symmetry, such as a ramp wave, generates significant 

improvements in achievable polarization and is robust to experimental imperfections. In 

the last part, we show that this oscillating pulse SABRE could be expanded to any pulse 

shape. By correctly adjusting either the pulse period, pulse amplitude, or the offset field, 

one can easily obtain the maximum polarization. 

In this work, the largest polarization yielded with 43% parahydrogen is ~5.3%; 

this would correspond to 22% polarization with 100% parahydrogen. In our simulations, 
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the maximum polarization generated by SABRE-SHEATH method is as high as 60% 

using 100% parahydrogen.  This gap between principle and reality indicates that SABRE 

retains room for improvement. Since this oscillating pulse in z-direction is not able to 

generate 100% polarization even in an ideal situation, recently, our group members are 

studying pulse sequences in an arbitrary direction, which has been numerically 

demonstrated to further enhance the polarization.  
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Chapter 4: High-pressure SABRE 

In the previous chapter, we improved the effectiveness of SABRE from the 

perspective of quantum dynamics. However, SABRE includes many other complicated 

processes. For example, the dihydrogen inflow and outflow processes and its chemical 

exchange rate also play a crucial role. In this chapter, we study how the parahydrogen 

supply impacts the SABRE signal. This supply and loss are related to two factors. One is 

the exchange rate of the dihydride, which determines over what period of time the bound 

dihydride will be replaced by dihydrogen; and the other is the dihydrogen inflow and 

outflow process, which determines the stable ratio of the fresh dihydrogen to the used 

dihydrogen in the SABRE solution during the bubbling process.  

With the exchange rate of the substrate being fixed, increasing the exchange rate 

of the dihydride could increase the final polarization a lot. Fig. 3.1 displays the maximum 

SABRE signal as a function of the exchange rate of both the dihydride Hk  and the 

substrate Lk .  Since the hydride cannot exchange faster than the substrate H Lk k¢ , 

reducing the difference between them enhances the SABRE signal. However, in the 

simulation we assume that the dissociated dihydrogen was immediately blown out and 

would not rebind to the catalyst for recycling, which is an ideal case. When the rate of 

both the incoming and outgoing dihydrogen is low, the replacement of used 

parahydrogen with fresh parahydrogen is hindered and slowed down. It is evident that the 

rebinding of used dihydrogen will diminish the polarization efficiency. Fig. 3.2(a) depicts 

that the polarization efficiency decreases as the increased probability of dihydrogen 
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Figure  4.1: Maximum  polarizatio n as a funct ion of both Hk  and Lk (simulati on 

parameters are the same as Fig. 3.9) 

rebinding. Fortunately, in our SABRE experiment this is an easily solved problem by 

increasing the bubbling speed, because at room temperature and low pressure the 

solubility of hydrogen in the SABRE solvent methanol is relatively low so that the 

amount of dissolved hydrogen is consequently low. Fig. 4.2(b) shows that in our SABER 

experiment rebinding of dihydrogen is negligible provided the gas flow rate is higher 

than 80 milliliters per minute, since keeping raising the flow rate does not boost the 

signal further. Based on these facts, increasing the exchange rate of the dihydride is a 

significant factor to enhance the SABRE signal. Prior thermal experimental 

investigations87 have altered the exchange rates within the SABRE system by 

manipulating its temperature. However, this thermal study does not improve the 

effic iency of SABRE, because both the exchange rate HHJ  and HLJ  are altered with 
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Figure 4.2: (a) SABRE signal decreases as the increased probability  of dihydrogen 

rebinding . (b) SABRE signal varies with  the flow rat e of hydrogen gas 

temperature. What is needed is to alter the exchange rate of the dihydride while keeping 

the exchange rate of the substrate almost uninfluenced. This is how the idea of high-

pressure SABRE came about.  

4.1 Ways to Improve the Accessibility of Dihydrogen 

The solubility  of hydrogen gas in methanol at room temperature (~25°C) and 1 

atm pressure is approximately 0.017 g/L88. According to Henryôs law89-91, at a constant 

temperature, the concentration of a gas in a liquid is directly proportional to the partial 

pressure of that gas above the liquid. Mathematically, Henryôs law can be expressed as: 

 ,HC k P= ³  (4.1) 

where C  is the concentration of the gas in the liquid, P  is the partial pressure of the gas 

above the liquid, and Hk is the Henryôs law constant, which is specific to each gas-liquid 

system and depends on factors such as temperature and the nature of the gas and liquid 

molecules. In traditional SABRE, the gas pressure is usually 7 bar, therefore, the 

solubility of hydrogen in methanol at room temperature is around 26.2mM. Since the 
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concentration of SABRE complex is around 4.4 mM, in average, six hydrogen molecules 

are sitting around one SABRE complex, and this low concentration leads to a low 

exchange rate of the dihydride which is generally less than 110s- . The most 

straightforward way to substantially improve the accessibility of dissolved hydrogen is 

increasing the gas pressure. For example, at 200 bar and room temperature, the 

concentration of dissolved dihydrogen is increased to 748.6 mM as a result, and each 

SABRE complex is surrounded by 170 dihydrogen in average.  

Another method to increase the concentration of dihydrogen is generating a 

supercritical SABRE sample instead of a liquid one such that it is miscible with hydrogen 

gas. A supercritical fluid92-96 is a substance that is at a temperature and pressure above its 

critical point, where it exhibits properties of both a liquid and a gas. At this point, the 

substance is in a state that is intermediate between a gas and a liquid. Supercritical fluids 

have a density that is similar to a liquid, but they also have the ability to diffuse through 

materials like gas. They also have the ability to dissolve materials like a liquid, but their 

solvating power can be adjusted by changing the temperature and pressure97. For 

example, Fig. 4.3 is the phase diagram of CO298 which shows the different phases of 

CO2 (solid, liquid, and gas) and the conditions under which they exist, based on 

temperature and pressure. The top right corner of the diagram beyond the critical point 

represents the region where CO2 is a supercritical fluid. In this situation of supercritical, 

the solvent used in SABRE must meet both the requirements that (1) it is able to dissolve 

the SABRE complex as well as the substrates, and (2) it has accessible critical 

parameters. Methanol and ethanol are most commonly used solvents because they have a 
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Figure 4.3: Carbon dioxid e pressure-temperature phase diagram. Image credit: B. Finney 

and M. Jacobs, Wikipedi a99. 

relatively high solubility for both the SABRE catalyst and hydrogen gas. However, their 

critical temperature is not easy to access. Table 3.1 list the critical temperature and 

critical pressure of some commonly used solvents100, 101, which shows that only carbon 

dioxide and xenon have accessible critical parameters. Xenon is a prohibitively expensive 

inert gas, so carbon dioxide is the most suitable supercritical solvent. Additionally, there 

are many other advantages to using CO2 as a solvent. CO2 is a naturally occurring gas and 

is non-toxic, non-flammable, and non-corrosive. It is an environmentally friendly solvent. 

CO2 can dissolve both polar and non-polar compounds, making it a versatile solvent for a 

wide range of applications. The solubility of a compound in CO2 can be easily controlled  
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Table 4.1: Cri tical parameters of some commonly used solvents 

Substance Criti cal Temperature 

(K)  

Critical Pressure 

(bar) 

Carbon dioxide 304 74 

Water 647 221 

Ammonia 406 114 

Xenon 290 58 

Methanol 513 81 

Ethanol 514 61 

Acetone 508 47 

Acetonitrile 546 48 

Acetic acid 596 58 

Benzene 562 49 

Toluene 592 41 

by adjusting the temperature and pressure, allowing for selective extraction of specific 

compounds102, 103. Assuming we use a gas mixture of 20% hydrogen and 80% CO2 at 200 

bars to run a SABRE experiment, the concentration of hydrogen gas is around 1.8M. A 

gas mixer is used to premix H2 and CO2 in a supercritical SABRE experiment, otherwise 

H2 is loaded to the primer pump directly. This primer pump is unidirectional, so the 

incoming gas cannot flow back. The downstream gas in the system could be pressurized 

to some value between 50 bars and 100 bars by the primer pump as needed. Then the 

syringe pump right after the primer pump slowly and accurately pumps the gas pressure 
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in the sample tube to the required value (usually in the range from 150 bars to 400 bars) 

(Fig. 4.4). The conventional sample tube made of glass utili zed in SABRE, which permits 

the bubbling of gas through the solution, is limited to a maximum gas pressure of less 

than 10 bar. Instead, we use a high-pressure tube constructed from zirconia to sustain 

pressure reaching up to 1000 bar.  

 

Figure 4.4: High -pressure system setup, whi ch is composed of a gas mixture, a primer 

pump , a syringe pump, and a high-pressure sample tube. 

Unlike the glass sample tube, this high-pressure tube does not allow bubbling of 

gas through the sample, therefore, after being pressurized the whole sample and the gas in 

the remaining space are sealed in the tube. Consequently, in the case of brute-force high-

pressure SABRE, there exists an extremely low exchange between the dissolved 

dihydrogen and the hydrogen gas above the solution due to the permeability of the 

hydrogen gas in the SABRE solution. While, in the case of supercritical SABRE, there is 

no such exchange at all. Based on our previous analysis, no or litt le in-flow and out-flow 
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of the hydrogen gas causes recycling of the dihydrogen and then diminishes the SABRE 

signal. However, if the concentration of the dissolved hydrogen is way larger than that of 

the SABRE complex, only an extremely small fraction of the dihydrogen would be 

consumed during the signal build-up period of SABRE (which is usually less than 60s), 

and the rebinding probability could be maintained at a markedly low point (Fig. 4.5). 

Therefore, the master equation of the SABRE system (Eq. (2.40), (2.41)) requires some 

modifications. The conversion between parahydrogen and orthohydrogen is still ignored, 

and the in-flow and out-flow rate of hydrogen is assumed to be zero. While, recycling of 

the dihydrogen must be considered, and the corresponding differential equation of the 

density matrix of the hydrogen ensemble is  

 
[]
[] {}( )( )Ĕ Ĕ Ĕ,t H H C HH

C
k Tr

H
r r rµ = -  (4.2) 

where, [ ]H  is the concentration of the dissolved dihydrogen, and exp
2
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ç ÷
 

is the modified exchange rate of the dihydride. Based on the new master equation, we 

could simulate the polarization build-up process of the high-pressure SABRE (Fig. 4.6). 

In Fig. 4.6(a) we compare the traditional SABRE-SHEATH (red curve) and the high-

pressure SABRE-SHEATH (blue curve), which share the same simulation parameters 

except that the 
[]
[]

1

1000

C

H
=  in the high-pressure case while each dissociated dihydrogen 

is immediately replaced by an unused molecule in the conventional SABRE case. In the 
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first ten seconds these two cases have the same signal build-up trajectory. As the 

consumption of hydrogen increases, the resultant signal experiences a decrease in 

 

Figure 4.5: The left column refers to the traditional  bubbling SABRE, in w hich the 

concentration of the dissolved hy drogen is very low, but the supplement of fresh gas is 

ongoing. However, in closed SABRE systems (middle and right columns ) hydrog en gas 

is being increasingly consumed, and recycling of hydrogen is inevitable . When the 

concentration of the hydrogen gas is extremely higher than the concentration of the 

SABRE complex, the consumption of hydrogen gas becomes very slow, and recycling 

will not constitute a cause for concern (the right column ).   

magnitude. Then high-pressure case starts to fall behind the traditional case and lose 

polarization after ~23s. In this comparation, we assume both the cases have the same 

exchange rate of the dihydride. Consequently, the traditional case is in an ideal condition, 

which has no hydrogen recycling, and outperforms the high-pressure case without 

question. However, the increased concentration of hydrogen leads to a faster chemical 
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exchange rate104-106. By assuming that the dihydride exchanges as fast as the substrate, we 

depict the signal build-up curve (black line in Fig 4.6(b)), which agrees with our previous 

analysis (Fig. 4.1) that a faster exchange rate of the dihydride yields a higher polarization. 

Here, the enhancement is more than 3 times. The signal build-up time of the high-

pressure SABRE is as short as 5s, and subsequently, there was a rapid decline in 

polarization in that the faster exchange causing a faster consumption of parahydrogen. 

The positive results obtained from the analysis warrant further investigation through 

experimental confirmation.  

 

Figure 4.6: (a) Contrast an open SABRE system that permi ts the inflo w and outf low of 

hydrogen gas with a closed SABRE system that does not allow an exchange of hydrogen 

gas. (b) Analyze the polarization bui ld-up mechanisms in a SABRE system with a high 

rate of dihydri de exchange, in comparison to the same system wit h a low  rate of 

dihydride exchang e. 

4.2 Experimental Results of Brute-force High-pressure SABRE 

As the name implies, the Brute-force high-pressure method straightforwardly 

increases the hydrogen gas pressure. The SABRE solution we prepare is the same as the 

one used in the last chapter which is composed of 2µL 15N-acetonitrile (50mM), 1µL 

natural abundance 14N-pyridine (25mM), 1.3mg the catalyst precursor 
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[IrCl(COD)(IMes)] (4.4mM), and 500 µL deuterated methanol solvent. 43% 

parahydrogen is first loaded into the high-pressure tube and pressurized to ~200 bar to 

activate the catalyst. To complete the activation process, it is recommended to shake the 

tube a few times and maintain the high-pressure gas in the tube for at least 30 minutes. 

Subsequently, the gas can be slowly depressurized to several bars (which usually takes 45 

minutes) using the syringe pump, and the consumed parahydrogen can be exhausted. The 

sample is now activated and ready for the SABRE-SHEATH experiment. Following this 

step, fresh parahydrogen can be repump into the high-pressure tube, which typically takes 

10 minutes. The target substrate can be hyperpolarized by placing the tube in an 

appropriate magnetic field within the metal shield (as shown in Fig. 3.8). Immediately 

prior to inserting the tube into the shield, it is advisable to vigorously agitate the tube 

serval times. This promotes the displacement of the parahydrogen gas that has been 

consumed in the solution with fresh gas that is present above the liquid. Finally, the tube 

can be transferred to a magnetometer efor signal detection, and the transfer time is 

typically around 20 seconds.  

To investigate whether there are any chemical differences between the low-

pressure and high-pressure cases in SABRE, the thermal proton spectra of the high-

pressure SABRE sample was detected. The purpose of this is to compare the chemical 

characteristics of the SABRE sample at high pressures and determine if there are any 

noticeable changes or alterations in its chemical composition. The proton spectrum of a 

sample comprising high-pressure hydrogen, substrates, and the solvent methanol, in the 

absence of the IMes catalyst, is depicted in Fig. 4.7 (a). The proton spectrum of pyridine  
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Figure 4.7: (a) Proton spectrum of a solution consisting of high -pressure hydrogen gas, 

substrates (pyri dine and acetonitrile), and deuterated methanol as the solvent. (b) Proton 

spectrum of a high -pressure SABRE solution which is composed of the same sample in 

(a) with presence of SABRE catalyst IMes. (c) Proton spectrum of the identical  sample as 

in (b) subsequent to being hermetically sealed for a prolonged duration ( a couple of 

hours).  

exhibits distinct peaks at three different positions, which are labeled as peak . Peak  

corresponding to the undeuterated hydroxyl group (-OH) of methanol or any remaining 

water present in the solvent. Peak  is attributed to the presence of dissolved hydrogen 

gas in the sample. Peak  is assigned to the undeuterated methyl group (-CH3) of 

methanol. Finally, peak  is associated with the methyl group of acetonitrile. Upon 

addition of the SABRE catalyst to the sample and subsequent activation, the substrates 

pyridine and acetonitrile bind to the metal center of the catalyst. This binding interaction 

results in the appearance of small peaks in the proton spectrum corresponding to the extra 

bound species, as depicted in Fig. 4.7(b).  

Af ter prolonged sealing of the sample at high pressure within the tube, alterations 

are observed in the peaks of the hydroxyl group and the hydrogen gas. Specifically, the 

peak associated with the hydroxyl group exhibits significant growth, whereas the peak 

corresponding to the hydrogen gas experiences substantial shrinkage. Additionally, three 

peaks, which are equidistant, emerge near the hydrogen gas peak. Based on the observed 

chemical shift in close proximity to the hydrogen gas, as well as the splitting pattern 

caused by a coupling of approximately 42Hz, it can be inferred that the three additional 

peaks correspond to the presence of HD. This molecule is an isomer of dihydrogen, with 

one of its hydrogen atoms replaced by a deuterium atom. The presence of deuterium can 
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only be attributed to the deuterated methanol used in the experiment. This suggests that 

during the dissociation and association process of exchangeable substrates, methanol 

molecules briefly bind to the catalyst center and exchange their deuterium atoms in the 

hydroxyl group with the dihydride, as shown in Fig. 4.8(a). Furthermore, this observation 

accounts for the increase in intensity of the hydroxyl group peak in the spectrum. 

Nonetheless, this exchange mechanism causes a perturbation in the correlation between 

the two hydride species, leading to the destruction of their singlet state. Moreover, it is 

noteworthy that the rate of this exchange reaction exhibits an upward trend with 

increasing pressure, posing further challenges for accurate characterization of the SABRE 

system. Fig. 4.8(b) illustrates the bound species of the dihydrogen, which exhibits  

 

 

Figure  4.8: (a) Deuterated methanol molecule shortly binds to the catalyst center and 

exchanges its deuterium atom  with one of the dihydride.  (b) Hydride signal of the high-

pressure SABRE system.  

chemical inequivalence of the two hydrides due to the presence of two different 

horizontal ligands, namely, pyridine and acetonitrile. Specifically, the antiphase peak on 
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the right side corresponds to the hydride nucleus that forms a bond perpendicular to the 

acetonitrile ligand, while the antiphase doublet peak on the left side represents the 

hydride nucleus that forms a bond parallel to the ligand. The splitting of this doublet peak 

arises from the coupling between the hydride and the 15N nucleus in the substrate ligand. 

The detection of the hyperpolarized hydride signal is a reliable indicator of successful 

hyperpolarization by SABRE, as it confirms the existence of hydride and its exchange 

process within the sample.   

Through the manipulation of gas pressure, an investigation was conducted to 

examine the relationship between the signal of SABRE and the pressure of hydrogen gas. 

Specifically, Fig. 4.9(a) presents a stacked display of the SABRE signal across a range of 

pressures spanning from 10 bar to 400 bar, while Fig. 4.9(b) depicts the specific 

polarization value as a function of the hydrogen gas pressure. The findings of the present 

investigation support the existence of a positive relationship between enhanced solubility 

of hydrogen and amplification of SABRE signal, as long as the gas pressure remains 

below 300 bar (which corresponds to a concentration of dissolved hydrogen gas of 

approximately 1.15M). However, when the pressure exceeds this threshold, the signal 

exhibits a decrease, which suggests that a surplus of hydrogen gas can have an adverse 

impact on the polarization efficiency. This might be because that an excessive 

concentration of hydrogen gas within the SABRE system can cause the SABER complex 

to break down. The excess hydrogen gas can compete with the substrate for binding to 

the metal catalyst, leading to the formation of a different complex that is no longer 

capable of enhancing the NMR signal. Additionally, the excess hydrogen gas can cause 
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the SABRE complex to become unstable, leading to its decomposition and loss of 

activity. The application of the high-pressure SABRE method resulted in a maximum 

polarization of approximately 5.9%, surpassing the maximum polarization of 1.7%  

 

Figure 4.9: (a) A stacked display  of the SABRE signal across a range of pressures 

spanning from 10 bar to 400 bar. (b) A depiction  of the polariza tion v alue at each specific 

gas pressure.    
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achieved using the conventional SABRE-SHEATH method by more than threefold. 

Hence, it can be concluded that the high-pressure SABRE method represents a significant 

advancement over the conventional methodology.   

4.3 Experimental Results of Super-critical  SABRE 

Another approach involves the generation of a supercritical solution of SABRE 

utilizing CO2 as the supercritical solvent. In this context, the experimental protocol 

utilized was as follows: (1) introduction of the SABRE complex and substrates into the 

sample tube; (2) injection of a gas mixture of 80% CO2 and 20% H2 into the tube, which 

was subsequently pressurized to 200 bar and agitated to produce a homogenous solution; 

(3) sealing of the sample and allowing it to remain in this state for a minimum 30 minutes 

to fully activate the SABRE complex; (4) immersion of the sample tube into liquid 

nitrogen to freeze all components, except for the hydrogen gas; (5) release of the 

hydrogen gas, followed by warming of the sample to room temperature; (6) subsequent 

introduction of fresh hydrogen gas and pressurization to 200 bar, along with vigorous 

shaking to achieve a uniform solution; (7) immediate transfer of the sealed sample tube 

into an electrified solenoid coil (the place where polarization takes place) immersed in a 

hot bath to regulate the sampleôs temperature; (8) after exposure to the low magnetic field 

for a designated period, transfer of the sample for signal detection. The activated SABRE 

sample is reusable by repeating the procedures outlined in steps (4) to (8). It is 

noteworthy that the critical parameter of a mixture differs from that of its individual 

components and is contingent upon the weight of each component107-111. Hence, the gas 

mixture CO2 and H2 has distinct critical parameters in comparison to its constituents. 
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Specifically, at room temperature, when subjected to 200 bar pressure, a mixture of 80% 

CO2 and 20% H2 reaches a supercritical state.  

In this study, we conducted an experiment using the same SABRE catalyst (IMes) 

and substrates (pyridine and acetonitrile) as previously mentioned. The corresponding 

proton spectrum of the sample is presented in Fig. 4.10. The three small peaks on the left 

correspond to the free species of pyridine. The strong peak in the middle indicates the 

 

Figure  4.10: Proton spectrum obtained from a super-critical SABRE sample, which was 

prepared by mixing 1 µL pyridine , 2 µL 15N-acetoni trile,  and 1 mg of IMes catalyst in 

the high-pressure sample tube with a volume of approxim ately 1 mL. The tube was then 

filled with  a gas mixture of 20% H2 and 80% CO2 at a pressure of 200 bar. 

hydrogen gas. On the right side, the higher peak corresponds to the free species of 

acetonitrile, while the lower peak represents the bound species. Interestingly, we did not 

observe any evidence of the presence of the bound species of pyridine, and no hydride 

signal was detected either. Moreover, a SABRE-SHEATH experiment using this sample 
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generated only a tiny polarization signal, which suggests that the sample is not suitable 

for SABRE. An alternative sample was then examined, wherein the solvent (CO2) 

remained constant, while a phosphorus catalyst was introduced instead (illustrated in Fig. 

4.11(a)). Only one substrate, acetonitrile, was employed, and no co-ligand substrate was 

required. The corresponding proton spectrum was exhibited in Fig. 4.11(b), wherein  

 

Figur e 4.11: (a) Molecular diagram of the phosphorous catalyst. (b) Proton spectrum of  

the new supercritical SABRE sample which consists of 1 mg phosphorus catalyst, 2 µL 

acetonitrile , and a mixture of 20% H2 and 80% CO2. 

the protons present in the hydrogen gas as well as both the free and bound species of  

acetonitrile was detected. Encouragingly, despite the low signal to noise ratio, the 

hyperpolarized hydride signal linked to the phosphorus catalyst was successfully 

detected, as shown in Fig. 4.12(a). Additionally, as the two hydrides were chemically 

inequivalent, they exhibited different chemical shifts. Each peakôs triplet splitting arose 

from the coupling of each hydride with both a 15N and a 31P. The configuration of this 

SABRE complex is displayed in Fig. 4.12(b), which is a 6-spin system comprising two 

hydrides, one 15N in the vertical ligand of acetonitrile, one 15N in the horizontal ligand of 

acetonitrile, as well as one 15N and one 31P in the catalyst itself. 
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Subsequently, we sought to optimize the degree of polarization by systematically 

varying several key parameters, specifically, the temperature of the hot bath, the duration 

of exposure to the low magnetic field (also called evolution time), and the strength of the 

low magnetic field. The temperature of the hot bath plays a crucial role in modulating the 

 

Figure 4.12: (a) Hyperpolar ized hydride signal of the new SABRE system previously 

described in Fig. 4.11. (b) The configurat ion of the SABRE complex. 

chemical exchange rates of both the dihydride and the exchangeable ligands. Additionally, 

the duration of exposure to the magnetic field is carefully chosen to ensure that the spin 

order transfer is stopped at the time that the system reaches the maximum achievable 

polarization level. Lastly, the offset field is manipulated to optimize the quantum 

dynamics of the spin order transfer process. Figure 4.13 presents a graphical 

representation of the experimental data. The sample utilized in the experiments is 

previously mentioned in Figure 4.10. Subfigure (a) of Fig. 4.13 illustrates the variation of 

the temperature of the hot bath, ranging from 40°C to 100°C while maintaining the 

evolution time at 30s and the magnetic field at 0.6µT. The result suggests that the optimal 

temperature for the hot bath is approximately 70°C. Subfigure (b) demonstrates the effect 
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of evolution time on the experiment, ranging from 15s to 75s while fixing the hot bath 

temperature at 65°C and the magnetic field at 0.6µT. The data indicates that the optimal  

 

Figure 4.13: Illustratio n of the polarization of the supercritical  SABRE changes with  (a) 

temperature, (b) exposure time in the low field , and (c) magnitude  of the low fi eld. 
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evolution time is approximately 45s. Subfigure (c) depicts the variation in the magnetic 

field while holding the hot bath temperature at 65°C and the evolution time at 45s, and 

the data suggests that the optimal magnetic field is approximately 0.75µT.  

Despite optimization of the three parameters, the maximum signal obtained 

(~1.5%) falls short of the conventional SABRE-SHEATH method (~1.7%). Even though 

the experimental method has a lot of room for improvement, for example, we could do a 

more rigorous multi-dimensional scanning rather than three one dimensional scanning, or 

we could explore more parameters like the H2 to CO2 ratio and the pressure of the gas 

mixture, the current experimental results do not demonstrate the potential of this 

supercritical method to enhance the SABRE signal. The low efficiency of this 

supercritical SABRE method may result from competition between CO2 and the hydride. 

Indeed, CO2 can form bonds with certain transition metals by accepting electrons from 

the metal112-116. An anomalous experiment phenomenon supports this hypothesis ï 

subsequent loading of CO2 and H2 into the sample tube rather than premixing them 

results in no hyperpolarized signal of both hydride and target nuclei. This observation 

could be attributed to the prior binding of CO2 and substrate to the central metal of the 

catalyst, rendering the site unavailable for hydrogen activation and therefore inhibiting its 

competition with CO2. Despite the absence of successful signal amplification, this 

method holds significant application potential. The easy isolation of the substrate by 

depressurizing the gas converts CO2 from a supercritical or liquid state to a gas, 

facilitating its separation from the SABRE complex in solid state and the substrate in 

liquid state. Given that most SABRE catalysts and solvents are toxic or biologically 
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intolerable, direct injection of the hyperpolarized sample into human or animal body for 

nuclear magnetic imaging is unfeasible. Consequently, this facile isolation of the 

substrate could broaden the scope of SABRE application in biomedical and clinical fields.  

4.4 Combination of High-pressure and Oscillat ing Pulse 

We have presented two distinct strategies for enhancing the SABRE signal. The first 

involves utilizing an oscillating pulse in place of a static field to improve the efficiency of 

spin order transfer during the quantum evolution process. The second involves 

augmenting the accessibility of the spin source, parahydrogen, to enhance the efficiency 

of the chemical exchange process. An important question that naturally arises is whether 

the integration of these two methods can further amplify the polarization of the signal. To 

address this query, a numerical simulation can be employed to obtain an answer. The 

SABER system employed in the simulation is the 3-spin AAôB system, previously 

detailed, where the J-coupling between the two hydrides is 8HHJ Hz=- , the J-coupling 

between the target nucleus and the hydride is 25HLJ Hz=- , and the catalyst to substrate 

concentration ratio is 
[]
[]
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S
= . The simulation which depict the polarization build-up 

process (depicted in Figure 4.14) investigates four distinct scenarios: (1) the use of an 

oscillating pulse SABRE for an open system (represented by the blue curve), (2) the 

implementation of an oscillating pulse SABER for a closed high-pressure system 

(depicted by the red curve), (3) the utilization of high-pressure CW SABRE-SHEATH 

(represented by the green curve), and (4) the application of conventional SABRE-
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SHEATH (represented by the black curve). In the open system, the gas pressure is low (~ 

7 bar), resulting in a significantly lower exchange rate of the dihydride 

12Hk s-= compared to the substrate 118Lk s-= , while in the high-pressure case, because  

 

Figure 4.14: Signal build -up curves of four different scenarios. Red curve: oscillating  

pulse SABRE for a closed high -pressure system. Blue curve: oscillating pulse SABRE for 

an open system. Green curve: constant wave SABRE-SHEATH for a closed high-

pressure system. Black curve: constant wave SABRE-SHEATH for an open  system.  

of the high concentration of the dissolved hydrogen gas, 
[]
[]
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H
= , we assume the 

exchange rate of the hydride and the substrate are approximately equivalent.  In the case 

of oscillating SABRE, the optimal condition 2 2

0 0 0.066M N+  is implemented using 

the most basic square pulse, characterized by a pulse amplitude of 10B Tm=  and a pulse 

period of 4T ms= . Additionally, the optimal offset field 0 0.13B Tm=-  established in 

Chapter 3 is applied. Whereas, for the conventional SABRE, the optimal field 
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0 0.6B Tm=-  is employed. The simulation has not taken into account the effects of 

relaxation and the inductance effect of the solenoid coil. The comparation of the four 

cases shown in Fig. 4.14 indicates that a combination of oscillating pulse and high-

pressure hydrogen gas is able to boost the polarization higher.  

            In the previous simulation, the substrateôs exchange rate is held constant at a 

given value 118Lk s-= . However, it is noted that this rate is temperature-dependent and 

can be modulated by applying temperature control. Through varying the temperature of 

the SABRE sample, the exchange rate of the hydrides and the substrate, which are 

presumed to be identical under a condition of high hydrogen gas concentration, can be 

equivalently modified. Fig. 4.15 illustrates the processes of signal accumulation 

corresponding to various exchange rates. It should be noted that the high-pressure 

SABRE system utilized in this study employs an optimal square pulse, as previously 

mentioned. At lower exchange rate, such as 11H Lk k s-= = , the polarization accumulation 

process is relatively gradual. However, at higher exchange rates, such as 125H Lk k s-= = , 

this composite approach forfeits its effectiveness and fails to produce higher polarization 

compared to the individual oscillating pulse SABRE method. By precisely controlling the 

temperature, we can identify the optimal exchange rate that generates the highest 

polarization, which is 15H Lk k s-= . Theoretically, the composite method is capable of 

generating polarization levels up to eight times higher than those achieved by the 

conventional SABRE-SHEATH approach. Nevertheless, in practical experiments, several 

factors such as field inhomogeneity, inductance effect of the solenoid coil, and other 
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experimental imperfections, can result in significant reductions in observed polarization 

levels. All the theoretical analysis presented in this section requires experimental 

validation in the future.  

 

Figure 4.15: Polarization bui ld -up process with respect to diff erent exchange rates.  

4.5 Conclusion and Outlook 

In this chapter, we introduce a novel approach for improving the SABRE signal 

by increasing the exchange rate of the dihydride via elevated levels of dissolved 

hydrogen gas. To enhance the solubility of hydrogen, we explored two distinct methods. 

The first method, brute-force high-pressure SABRE, involved simply increasing the 

pressure of hydrogen gas, which led to a more than three-fold increase in the SABRE 

signal. The second method, creating a supercritical SABRE solution which is accordingly 



 

107 

miscible with hydrogen gas, failed to boost the SABRE signal due to the competition 

between the CO2 used as the SABRE solvent and hydrogen gas, which reduced the 

efficiency of spin order transfer. To further improve the polarization level, we combined 

the high-pressure method with the oscillating pulse method presented in the previous 

chapter, and numerically demonstrated the potential for an even greater enhancement. 

Moving forward, we aim to experimentally validate the effectiveness of this composite 

method and attempt the supercritical method with different catalysts or solvents. By 

identifying a catalyst that can prevent CO2 from competing with hydrogen gas in 

bonding, which is not impossible because we have already observed that the phosphorus 

catalyst works much better than IMes catalyst, or by discovering a better supercritical 

solvent that does not interfere with the SABRE process, we can significantly enhance the 

efficacy of the supercritical method. Until now, the observed increase in the generation 

rate of the triplet HD signal with increasing hydrogen gas pressure provides support for 

our hypothesis that the exchange of the dihydride also increases. To confirm this 

experimentally, we plan to use the 2D EXSY (EXchange SpectroscopY) method to 

accurately measure the exchange rate in the future.  
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Chapter 5: Attempt to Polarize Xenon with SABRE 

5.1 Motivation  

Xenon has unique physical and chemical properties that make it useful in a 

variety of applications117, 118. Hyperpolarized xenon could be used as a contrast agent in 

MRI to enhance the images of the lungs, allowing for better visualization of lung function 

and the detection of lung diseases. In gas-phase NMR, hyperpolarized xenon can be used 

to study the surfaces of materials such as catalysts, zeolites, and polymers, providing 

valuable insights into their structure and reactivity. Furthermore, hyperpolarized xenon 

can also be used in environmental research to study air-sea exchange and atmospheric 

chemistry. Overall, hyperpolarized xenon has the potential to advance our understanding 

of a range of scientific  and medical fields, making it an important area of research. 

Nowadays, the most common method to hyperpolarize xenon is Spin Exchange Optical 

Pumping (SEOP). The process of SEOP begins by introducing a mixture of rubidium or 

cesium vapor and xenon into a sealed container with a buffer gas. The container is then 

placed in a strong magnetic field, typically on the order of several Tesla. Next, circularly 

polarized light is shone onto the mixture at a specific wavelength that matches the 

resonant frequency of the alkali metal atoms. This excites the atoms, causing them to 

emit photons that are absorbed by noble gas atoms. The noble gas atoms then undergo 

spin exchange collisions with the polarized alkali metal atoms, transferring their spin 

polarization to the noble gas atoms. This process leads to a buildup of polarization in the 

noble gas, resulting in hyperpolarization. However, SEOP is an extremely costly method, 

which makes it prohibitive for most applications. SEOP requires specialized equipment 
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such as high-power lasers and strong magnetic fields, which can be expensive to purchase 

and maintain. These systems need to be precisely calibrated and maintained to ensure 

optimal performance, which can add to the cost. Moreover, the process of 

hyperpolarizing noble gases using SEOP is time-consuming and requires a significant 

amount of energy. The polarization process can take several hours or even days to 

complete, depending on the desired level of polarization, which can drive up energy costs.  

In contrast, SABRE is a relatively rapid and cost-effective method for 

hyperpolarization. Successful hyperpolarization of xenon using SABRE could greatly 

expand the application of this noble gas. So far, SABRE has demonstrated successful 

hyperpolarization of hundreds of different organic molecules; however, the 

hyperpolarization of noble gases has not yet been achieved. Noble gases are known to be 

inert and diff icult to react, as they have complete outer electron shells. Take 129Xe as an 

example, whose electron configuration and orbital diagram are shown in Fig. 5.1. Noble 

gases are known for their very low reactivity due to their stable electronic configurations, 

with complete outermost electron shells. This stable configuration makes it difficult for 

them to lose or gain electrons and form chemical bonds with other elements. However, 

despite being a noble gas, xenon has been found to be capable of reacting chemically 

under certain conditions. This is due to the fact that, although xenon has a complete outer 

shell, it has an outermost electron shell that is relatively large and diffuse, which makes it 

possible for xenon to interact with other elements and molecules in specific ways that can 

lead to chemical reactions119, 120. One such way that xenon can react is through the 

formation of weak chemical bonds, such as van der Waals forces, between its outer 
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electrons and other molecules or ions. These weak bonds allow xenon to form 

compounds with certain elements, such as fluorine, oxygen, and nitrogen, under specific 

conditions. Another way that xenon can react is through the process of ionization, where 

it loses one or more electrons to become a positively charged ion. The resulting xenon 

ions can then react with other ions or molecules to form chemical compounds.  

 

Figure 5.1: Electron configuration  of xenon. 

Since 1962, hundreds of noble gas compounds have been synthesized121-126. In 2000, a 

metal-xenon compound with xenon directly binding to gold was created127, 

demonstrating the possibility of xenon-metal bonding. While the formation of chemical 

bonds between xenon and transition metals in relatively rare and often requires specific 

conditions, it is possible and has been observed in a number of different compounds128-132. 

Such bonding is a precondition for the hyperpolarization of xenon using SABRE, as the 

target substrate and the parahydrogen must bind to the metal center of the catalyst in 

SABRE. Therefore, the creation of xenon-metal bonding has opened up the possibility of 

hyperpolarizing xenon with SABRE.  
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5.2 Current Experimental Observations 

Given the limited understanding of the iridium-xenon bond, we tried the simplest 

SABRE method first, continuous wave SABRE-SHEATH, to test whether SABRE could 

potentially achieve successful polarization of xenon. Three different SABRE catalysts 

(shown in Fig. 5.2) were available for testing, and each was tried separately using a high-

pressure setup, which allowed for gas pressure adjustment and easy recycling of xenon 

gas. The experimental procedure was as follows: (1) The high-pressure sample tube was 

fill ed with 250 µL of SABRE solvent and 1 mg of one of the SABRE catalysts. (2) Pure 

xenon gas was then loaded into the tube and pressurized to 50 bars. (3) The tube was then 

loaded with parahydrogen and pressurized to 200 bars, shaken vigorously to achieve a 

homogeneous solution. (4) The tube was sealed and left for at least 30 minutes to fully 

activate the catalyst. (5) The solution was then frozen by immersing the sample tube in 

liquid nitrogen, and then hydrogen gas was released. (6) Till the sample warmed up to 

room temperature, fresh parahydrogen gas was then reloaded into the tube and 

pressurized to 200 bars again. Subsequently, sealed the tube and vigorously shook it for a 

couple of minutes. (7) A CW SABRE-SHEATH experiment was performed, with the 

magnetic field and sample temperature varied, but unfortunately, no hyperpolarized 

signal was detected.  

However, an unexpected phenomenon was observed during the experiment. After 

the addition of xenon gas but before the introduction of hydrogen gas, the dark red 

solution containing the first catalyst (Fig. 5.2(a)) lost its color and turned pale yellow. 

This fading effect was unique to the first catalyst and was not observed with the other two 
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Figure 5.2: Molecul ar diagram of the three available SABRE catalysts. 

catalysts. The color change was verified using the UV-Vis method, as demonstrated in 

Fig. 5.3(a), which compares the absorption spectra of the sample before and after the 

addition of xenon gas. In the absence of xenon, the red curve exhibits absorption of blue 

and ultraviolet light and therefore appears red. In contrast, the black curve in the presence 

of xenon absorbs a small portion of blue light and ultraviolet light, and thus appears pale 

yellow. However, upon closer inspection of the absorption peaks in Figure 5.3(b), it can 

be observed that both samples absorb light of the same wavelength, with only differences 

in the amount of absorption.  

 

Figure 5.3: (a) A comparison of the absorption spectra of the sample before (red) and 

after (black) the addition o f xenon gas. (b) Zoomin of the absorption peaks. 
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            The color change in the SABRE solution suggested that the chemical bonds 

associated with the central metal underwent a change. Typically, in the activation process 

of SABRE, the cyclooctadiene moiety is hydrogenated and removed from the Iridium 

complex, resulting in a colorless and transparent liquid. However, in this case, the color 

change was caused by the introduction of xenon gas since hydrogenation could not occur 

before the addition of hydrogen gas. To investigate the effect of xenon gas, the proton 

spectrum of the sample was compared with and without xenon. The solvent used was a 

liquid mixture of 150 µL DMSO-d6 and 100 µL methanol-d4, because the catalyst has 

low solubility in pure methanol but is relatively more soluble in DMSO, while xenon has 

low solubility in DMSO but is relatively more soluble in methanol. The upper green 

spectra in Fig 5.4 represent the sample after the addition of xenon, while the lower red 

spectra represent the sample before the addition of xenon. The peaks , , and  in 

the lower spectrum of Fig 5.3(a) belong to the aromatic group in the catalyst; the peaks 

, , and  belong to the cyclooctadiene moiety; The peak  refers to the methyl 

group in the catalyst; The peaks  and  are the residual methanol and DMSO, 

respectively.  The only peak in the lower 31P spectrum is represents the 31P atom binding 

to the iridium center. The significant difference between these spectra suggests that 

xenon reacted with the catalyst, resulting in the observed color fading. Therefore, in 

addition to the free species of xenon, there should also exists a bound species of xenon in 

some compounds, even though the concentration of which is low. However, only the 

signal of the 129xenon atom was detected (ill ustrated in Fig. 5.5), and no bound species 

was observed as expected even after a frequency range of thousands of ppm. This may be  
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Figure 5.4: (a) Proton spectra and (b) 31P spectra of the SABRE sample before (upper) and 

after (lower ) the addition of xe non.  

because the sample concentration is too low, resulting in an extremely low signal to noise 

ratio. Or it could be because the exchange rate between the bound and free xenon is too 

fast, causing two signals to merge into one. More efforts are needed to reveal the truth. 

To figure out the configuration of the SABRE complex in the presence of xenon, 

we executed several more experiments. Fig. 5.6 il lustrates (a) the 31P decoupled proton 

spectrum and (b) the proton decoupled 31P spectrum of  the SABRE sample in the 


