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Abstract

This dissertation studies information and dynamic incentives. I analyze the value

of information in decision problems with multidimensional action spaces in Chapter

1, developing a condition called ”monotone quasi-garbling” that involves adding

reversely monotone noise to an information structure. This condition is necessary

and sufficient for obtaining a higher expected payoff and is applied to problems in

nonlinear monopoly pricing and optimal insurance, refining the previous garbling

condition by Blackwell (1951, 1953).

In Chapter 2, I examine a dynamic principal-agent problem involving two project

completion routes: directly attacking it or splitting it into two subprojects. When the

project is split, the principal can better monitor the agent by verifying the comple-

tion of the first subproject, but the inflexible nature of this approach may generate

inefficiencies. The optimal contract is determined by the interplay of monitoring,

efficiency, and the endogenous deadline.

In Chapter 3, I collaborate with Francisco Poggi to explore firms’ incentives

to conceal intermediate research discoveries in innovation races. We consider an

innovation game where two firms allocate resources between two R&D paths towards

a final innovation, and fully characterize equilibrium behavior in cases of public and

private research progress information. Additionally, we find that firms may conceal

discoveries in private information settings, which can result in inefficiently slower

innovation rates.
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1

Introduction

This dissertation consists of three essays on information and dynamic incentives. In

Chapter 2, I study the value of information in monotone decision problems where

the action spaces are potentially multidimensional. As a criterion for comparing

information structures, I develop a condition called monotone quasi-garbling meaning

that an information structure is obtained by adding reversely monotone noise (more

likely to return a higher signal in a lower state and a lower signal in a higher state)

to another. It is shown that monotone quasi-garbling is a necessary and sufficient

condition for decision makers to get a higher ex-ante expected payoff. Under the

monotone likelihood ratio property, this new criterion is equivalent to the accuracy

condition by Lehmann (1988) and refines the garbling condition by Blackwell (1951,

1953). To illustrate, I apply the result to problems in nonlinear monopoly pricing

and optimal insurance.

In Chapter 3, I study a dynamic principal-agent problem where there are two

routes of completing a project: directly attacking it or splitting it into two sub-

projects. When the project is split, the principal can better monitor the agent by

verifying the completion of the first subproject. However, the inflexible nature of

1



this approach may generate inefficiencies. To mitigate moral hazard, the principal

needs to commit to a deadline, which also affects her choice of project management

strategy. The optimal contract is determined by the interplay of these three factors:

monitoring, efficiency, and an endogenous deadline.

Chapter 4, which is a joint work with Francisco Poggi, investigates firms’ incen-

tives to conceal intermediate research discoveries in innovation races. To study this,

we introduce an innovation game where two racing firms dynamically allocate their

resources between two distinct research and development (R&D) paths towards a

final innovation: (i) developing it with the currently available but slower technol-

ogy; (ii) conducting research to discover a faster new technology for developing it.

We fully characterize the equilibrium behavior of the firms in the cases where their

research progress is public and private information. Then, we extend the private

information setting by allowing firms to conceal or license their intermediate discov-

eries. We show that when the reward of winning the race is high enough, firms would

conceal their interim discoveries, which inefficiently retards the pace of innovation.
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2

Comparing Information in
General Monotone Decision Problems

2.1 Introduction

Consider a pair of information structures that provide signals about uncertain states.

When can we say that one is superior to the other? This fundamental question

has numerous economic applications including investment, monopoly pricing, and

auctions. A common feature in such settings is that the decision maker would like

to take a higher action when a higher signal is realized, that is, the decision problem

is often monotone.

The classical way of comparing information structures is to use the garbling condi-

tion developed by Blackwell (1951, 1953). By this criterion an information structure

pGq is worse than another pF q if G can be obtained from F by adding some noise—

in other words, G is a garbling of F . Intuitively, the added noise reduces the value

of information. Indeed, Blackwell’s condition implies that for any preferences that

satisfy the von Neumann-Morgenstern axioms, the expected payoff under F is higher

than under G. This is a powerful result because once a pair of information structures

3



are ranked by the garbling order, the rank is preserved in every decision problem.

Unfortunately, it is hard to satisfy the garbling order, so Blackwell’s criterion has

limited applicability.

If we restrict attention to monotone decision problems, it is sometimes possi-

ble to compare information structures that are unrankable by Blackwell’s condition.

One well-known criterion for doing so is the accuracy condition by Lehmann (1988).

Lehmann considers a specific class of monotone decision problems and shows that his

criterion refines Blackwell’s garbling condition. Although the accuracy condition has

been applied widely in economic settings, its precise meaning remains underexplored.

Specifically, the accuracy criterion does not deliver as clear an economic interpreta-

tion as Blackwell’s garbling condition does. This leads to the first main question of

this paper: can we understand Lehmann’s condition by using the garbling notion?

To answer this question, I introduce a novel concept called monotone quasi-

garbling by modifying Blackwell’s garbling order. Specifically, I relax the assumption

of the garbling condition that the added noise is independent of the state. I define

the monotone quasi-garbling order by (i) allowing noise to be state-dependent; (ii)

but restricting noise to be reversely monotone in the sense that it is more likely

to return a higher signal in a lower state and a lower signal in a higher state. In

other words, G is a monotone quasi-garbling of F if G can be obtained from F by

adding reversely monotone noise. I show that if the monotone likelihood ratio prop-

erty (MLRP) holds, then Lehmann’s order and the monotone quasi-garbling order

are equivalent (Theorem 2.4.1). This result provides a fresh view for interpreting

Lehmann’s condition by using the noise notion: under MLRP, F is more Lehmann

accurate than G if and only if G is generated by adding reversely monotone noise to

F .

The second main question of this paper is whether we can extend Lehmann’s

analysis to general classes of monotone decision problems. In the seminal paper on

4



monotone comparative statics, Milgrom and Shannon (1994) posit a partial order on

a multidimensional action set to study the direction of change of the optimal actions

in response to exogenous changes in parameter values. Nevertheless, in most extant

work studying information in monotone decision problems, the common assumption

is that the action set is unidimensional and the order of actions is simply inherited

from the real line (Quah and Strulovici, 2009; Chi, 2015; Athey and Levin, 2017; Li

and Zhou, 2020). Because of this restriction, we cannot directly apply these earlier

results to problems involving multidimensional actions such as an investment decision

with Arrow-Debreu securities or a nonlinear monopoly pricing mechanism involving

a menu of tariffs and quantities. I show that the introduction of the monotone quasi-

garbling order helps extend information comparisons to general monotone decision

problems exhibiting multidimensional actions in applications such as these.

As a first step towards this characterization, I formally define ‘general monotone

decision problems’ where the action space can be multidimensional. Since there is no

generic order in a multidimensional set, the action set needs to have a partial order

to identify which actions are higher or lower. To guarantee that this order is sensible,

I impose a condition called the dominated decreasing decision rule (DDDR). This

condition means that for any state-contingent decision rule decreasing in states with

respect to the given partial order, there exists an action dominating the decision rule

independent of states. It is shown that this condition is even weaker than the interval

dominance order condition by Quah and Strulovici (2007, 2009) (Section 2.5.1 and

Appendix A.2) and can be satisfied in some economic applications (Section 2.6 and

Appendix A.3). In addition, given an information structure, to say that a decision

problem is monotone, an optimal action under a higher signal realization is higher

in the partial order. If this holds for any pair of signal realizations, I say that the

monotone comparative statics (MCS) condition is satisfied. When a partial order on

the action set satisfies the DDDR condition and an information structure satisfies the

5



MCS condition, I then say the problem is in the class of general monotone decision

problems.1

One of the key results of this paper is that if G is a monotone quasi-garbling of F ,

for any general monotone decision problem, the decision maker obtains a higher ex-

ante expected payoff under F than under G (Theorem 2.5.1). That is, the monotone

quasi-garbling order is a sufficient condition for informativeness on general monotone

decision problems. Intuitively, under monotone decision problems, the information

structure G is degraded by adding reversely monotone noise to F , thus, the expected

payoff under G will be less than under F . In addition, when a class of decision

problems includes a basic class of monotone decision problems, I also show that

monotone quasi-garbling can serve as a necessary condition for informativeness on

the class of decision problems (Theorem 2.5.2).

I apply this result to analyze the value of information in monopoly pricing with

second-degree price discrimination as in Maskin and Riley (1984). At the begin-

ning of the game, the seller chooses between two sources of information about the

buyer’s type. Unlike a standard monopoly pricing problem where the seller makes

a unidimensional choice of price or quantity, in a nonlinear pricing problem, the

seller needs to provide a menu of tariffs and quantities–which is multidimensional.

Although this problem is usually modeled as a two-player game, it can be cast as a

multidimensional decision problem for a seller constrained by incentive compatibility

and individual rationality by regarding the buyer’s type as a state. Moreover, with

fairly mild assumptions, I show that this application satisfies the DDDR condition

and the MCS condition, thus the main result of this paper is also applicable in this

setting. In Appendix A.3, I also provide another application on optimal insurance

with Arrow-Debreu securities.

1 My analysis differs from Milgrom and Shannon (1994) in that they identify conditions of utility
functions that make decision problems monotone whereas I assume that monotone comparative
statics are already present and focus on the comparison of information structures.
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The rest of the paper is organized as follows. I review the literature in Section

2.2. Section 2.3 sets up the preliminary notions. In Section 2.4, I introduce the

monotone quasi-garbling order and compare it to other orderings such as Blackwell’s

garbling condition and Lehmann’s accuracy condition. In Section 2.5, I define general

monotone decision problems and show that the monotone quasi-garbling order is

a necessary and sufficient condition for informativeness. I apply this result to a

nonlinear pricing problem in Section 2.6. Proofs and examples omitted from the text

are in the Appendix.

2.2 Related Literature

The comparison of information structures has been applied in numerous economic

situations: Bayesian games (Gossner, 2000; Mekonnen and Leal Vizcáıno, 2021), in-

vestment decisions (Cabrales et al., 2013), auctions (Persico, 2000; Ganuza and Pe-

nalva, 2010), matching markets (Roesler, 2015), principal agent models with moral

hazard (Kim, 1995), competitive markets with adverse selection (Levin, 2001), strate-

gic sampling (Di Tillio et al., 2021), and monopoly pricing (Athey and Levin, 2017;

Ottaviani and Prat, 2001).

Since Blackwell (1951, 1953) introduced a criterion to compare information struc-

tures in general decision problems, subsequent studies have refined this criterion by

restricting it to monotone decision problems. In a seminal paper, Lehmann (1988)

mentions location experiments to point out the limit of Blackwell’s condition. Then,

he restricts decision problems to have the MLRP for information structures and

monotone utility introduced by Karlin and Rubin (1956) and establishes a theorem

showing that his accuracy condition is a necessary and sufficient condition for in-

formativeness. Persico (2000) utilizes this accuracy condition for decision problems

7



with single crossing utility.2 Quah and Strulovici (2009) introduce the interval dom-

inance order property which is weaker than the single crossing property and shows

that Lehmann’s condition can also be utilized as a criterion for decision problems

with this property. These studies are well summarized by a unified framework pro-

vided by Chi (2015). He establishes an equivalence of accuracy, informativeness,

and posterior dispersion under decision problems with supermodular, single cross-

ing, and interval dominance order preferences. Last but not least, Li and Zhou

(2020) show that Lehmann’s ordering is robust under monotone decision problems

with ambiguity-averse decision makers. However, as mentioned in the introduction,

all of these studies assume that the action set is unidimensional whereas this paper

allows the decision maker to choose a multidimensional action.3

To my knowledge, Jewitt (2007) is the only paper that links Blackwell’s condition

and Lehmann’s condition. He shows that under the MLRP condition, Lehmann’s

condition is equivalent to Blackwell on Dichotomies, which means that for any pair of

states, an information structure restricted to those states is more Blackwell sufficient

than the other. Although this characterization helps us to understand better the

relationship between the conditions by Blackwell and Lehmann, it still does not

provide a ‘garbling’ interpretation of Lehmann’s condition.

A property of the monotone quasi-garbling criterion is that the ordering is inde-

pendent of prior beliefs. It is also true for the conditions of Blackwell and Lehmann.

On the other hand, several recent studies exploit prior beliefs to refine Lehmann’s

condition. Athey and Levin (2017) restrict utility functions to satisfy certain condi-

tions such as supermodularity and fix a prior belief, then introduce a criterion called

monotone information order. Ganuza and Penalva (2010) apply integral and super-

2 Jewitt (2007) compares Karlin Rubin monotonicity and the single crossing property.

3 Quah and Strulovici (2007) extend their comparative statics results in Quah and Strulovici (2009)
to the multidimensional action case, but they do not provide an information comparison result. In
Section 2.5.1, I discuss how their extended results can be applied in this paper’s framework.
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modular orders, which are defined on probability measures on expectations of states,

to auction problems. Note that the expectation of states largely depends on the prior

belief. Last, Cabrales et al. (2013) restricts attention to an investment decision prob-

lem and shows that an entropy ordering, which is prior dependent, gives a complete

informative ordering. Since these orderings utilize prior beliefs as additional sources

for information comparisons, they perform better than prior independent orderings if

the prior is known. Nevertheless, it is still important to establish prior independent

orderings because it is essential for applications with unknown or multiple prior be-

liefs. For example, in the presence of ambiguity, Li and Zhou (2016, 2020) emphasize

the role of prior-free criteria such as the conditions of Blackwell and Lehmann.

2.3 Preliminaries

Let Ω � rω, ωs � R be the set of states of nature. Denote ω P Ω as a generic state.

The decision maker, hereafter the DM, has a prior belief Λ P ∆pΩq, where ∆pZq is the

set of cumulative distribution functions on any compact set Z � R.4 An information

structure is composed of (i) a closed interval of signals X � rx, xs � R; and (ii) a

collection of (cumulative) distribution functions tF p�|ωquωPΩ with F p�|ωq P ∆pXq for

all ω P Ω. Simply denote this information structure as F . For another information

structure G, let the set of signals be Y � ry, ys � R, and the collection of signal

distributions be tGp�|ωquωPΩ.

Without loss of generality, we assume that Λ is continuous in ω P Ω, and F and

G are continuous in x P X and y P Y for all ω P Ω, i.e., there is no mass point.

To achieve this, we can use the construction introduced in Theorem 5.1 of Lehmann

(1988): if H P ∆prz, zsq is discontinuous at z0, i.e., p � Hpz0q �Hpz�0 q ¡ 0, we can

4 By Theorem 1.2.1 of Durrett (2019), for any H P ∆pZq, the following statements hold: (i) Hp�q
is (weakly) increasing; (ii) Hp�q is right continuous, i.e., limyÓzHpyq � Hpzq; and (iii) Hpzq � 1
where z � maxZ.
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define another distribution H̃ P ∆prz, z � 1sq such that

H̃pzq �

$'&
'%
Hpzq, if z   z0,

Hpz�0 q � p � pz � z0q, if z P rz0, z0 � 1s,

Hpz � 1q, if z ¡ z0 � 1.

Then, H̃ is continuous on rz0, z0 � 1s, and from the DM’s perspective, H and H̃ are

statistically equivalent. From the continuity, there exist the probability distribution

functions corresponding to Λ, F p�|ωq, and Gp�|ωq: i.e., there exist λ, fp�|ωq and gp�|ωq

such that Λpωq �
³ω
ω
λpzqdz, F px|ωq �

³x
x
fpz|ωqdz, and Gpy|ωq �

³y
y
gpz|ωqdz.5

When a prior belief is Λ and an information structure is F , the marginal sig-

nal distribution, denoted by FΛ P ∆pXq, is defined as FΛpxq �
³ω
ω
F px|ωqλpωqdω

for all x P X. Suppose that a signal x is realized, i.e., fΛpxq ¡ 0 where fΛ

is the probability distribution function corresponding to FΛ. Then, the posterior

belief, Λx
F P ∆pΩq, is defined as Λx

F pωq � fpx|ωq � Λpωq{fΛpxq, or equivalently

dΛx
F pωqdFΛpxq � dF px|ωqdΛpωq.

Let the set of actions or feasible decisions be A P A where A is a collection of

multidimensional real-valued compact sets, i.e., A is closed, bounded, and A � Rn

for some n P N. Note that I allow an action to be multidimensional. Assume that

the DM’s payoff function u : A � Ω Ñ R is continuous in a P A. Let UA denote the

set of all continuous real-valued payoff functions on A� Ω.

The decision making process is given as follows.

1. The DM chooses between information structures F and G.

2. From the chosen info structure (say F ), the DM receives a signal x P X.

5 By using the similar construction, the case with discrete state and signals can be transformed to
the continuous state and signal case. For example, when a discrete set of states Ω � tω1, � � � , ωNu

with 0   ω1   � � �   ωN and the probability mass function λ : Ω Ñ r0, 1s with
°N
n�1 λpωnq � 1 are

given, we an construct the corresponding continuous state space and the probability distribution
function as follows: if ω P pωn�1, ωns for some n ¥ 2, λpωq � λpωnq{pωn � ωn�1q, or if ω P r0, ω1s,
λpωq � λpω1q{ω1.

10



3. The DM updates a belief on the state to Λx
F pωq and chooses a P A.

4. The state ω is revealed and the payoff upa, ωq is realized.

If the payoff function is u, when a signal is realized in the third stage, the DM

chooses a P A to maximize the interim expected payoff function U : A �X defined

as follows:

Upa;xq �

»
Ω

u pa, ωq dΛx
F pωq. (2.3.1)

Let A�
F,Λpxq � A denote the set of solutions for the interim maximization prob-

lem, i.e., A�
F,Λpxq � arg maxaPA Upa, xq . Note that A�

F,Λpxq is nonempty since u is

continuous and A is compact. The expected utility of the DM given the information

structure F at the first stage is that for any a�pxq P A�
F,Λpxq,

V pF ;u,Λq �

»
X

Upa�pxq;xqdFΛpxq

�

»
X

»
Ω

u pa�pxq, ωq dΛx
F pωqdFΛpxq

�

»
Ω

»
X

u pa�pxq, ωq dF px|ωqdΛpωq.

(2.3.2)

Then, in the first stage, the DM chooses an information structure by compar-

ing V pF ;u,Λq and V pG;u,Λq. Based on this comparison, the informativeness for

decision problems in U �
�
APA UA � U is defined as follows.

Definition 2.3.1 (Informativeness on U). An information structure F is more in-

formative than another information structure G on U � U if and only if for all priors

Λ P ∆pΩq and all u P U , V pF ;u,Λq ¥ V pG;u,Λq holds.

Remark 1. Though I focus on the case where the state space Ω is a continuum, the

main analysis can also be applied to the discrete state case by substituting integration

for summation. For the applications in Section 2.5.1 and 2.6, I assume that the state

space is discrete to facilitate the analysis.
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2.4 Information Ranking Criteria

In this section, I introduce a novel condition called the monotone quasi-garbling

order. Then, I explore how it is related to classical information ranking criteria

such as Blackwell’s garbling condition and Lehmann’s accuracy condition. Since the

monotone quasi-garbling order is motivated by Blackwell’s garbling notion, I begin

the section by reviewing the garbling condition.

Definition 2.4.1 (Garbling Condition by Blackwell (1951, 1953)). An information

structure G is said to be a garbling of another information structure F , denoted F ©B

G, if there exists a function Γ : X Ñ ∆pY q such that Gpy|ωq �
³
X

Γpy|xqdF px|ωq

for all ω P Ω.

Blackwell shows that an information structure F is more informative than G for

all decision problems if and only if G is a garbling of F . In other words, V pF ;u,Λq ¥

V pG;u,Λq for any set of actions A, payoff function u P UA and prior belief Λ P ∆pΩq

if and only if F ©B G. Blackwell’s garbling condition is widely used by economists

not only because it has a powerful equivalence condition but also because it has a nice

interpretation. We can imagine that a signal y from information G is constructed

by adding noise Γ to signals in X from information F and the noise deteriorates the

quality of information so that F gives better information than G.

Even though the garbling condition is useful, this criterion is quite restrictive

because it requires preserving the order for ‘all’ decision problems. If we restrict

attention to ‘monotone’ decision problems, there is room to improve Blackwell’s

ordering. I now introduce the monotone quasi-garbling order by adding a monotone

structure to the garbling condition.

Definition 2.4.2 (Monotone Quasi-Garbling). An information structure G is said to

be a monotone quasi-garbling of another information structure F , denoted F ©MQG

12



G, if there exists a function Γ : X � Ω Ñ ∆pY q such that

1. Gpy|ωq �
³
X

Γpy|x, ωqdF px|ωq for all y P Y , x P X and ω P Ω,

2. Γp�|x, ωq ¥FOSD Γp�|x, ω1q for all ω1 ¡ ω and x P X, i.e., Γpy|x, ωq ¤ Γpy|x, ω1q

for all y P Y .

We can easily observe that the garbling order implies the monotone quasi-garbling

order. If G is a garbling of F via a function Γ̂ : X Ñ ∆pY q, we can see that G is also

a monotone quasi-garbling of F by setting Γpy|x, ωq � Γ̂py|xq for all ω P Ω, because

a probability distribution is first order stochastic dominant over itself. However,

the converse is not true. In Appendix A.1.2, I provide an example of a pair of

information structure pF,Gq such that F ©MQG G but F«BG. This observation is

formally stated in the following proposition.

Proposition 2.4.1. For any pair of information structures pF,Gq, F ©B G implies

F ©MQG G, but F ©MQG G does not imply F ©B G.

The key difference between these two criteria is that the noise may depend on

the state ω under the monotone quasi-garbling order. Note that if there were no

restriction on Γ, any information structure G could be generated by adding state-

contingent noise to F and it would be a meaningless criterion.6 The second condition

restricts state-contingent noise to be reversely FOSD-ordered. This means that the

noise is more likely to return a higher y for a lower state and lower y for a higher

state, thus, it can be interpreted as a reversely monotone noise. We can guess that

the reversely monotone noise would deteriorate the quality of information under

monotone decision problems.

6 For example, when there is no restriction on Γ, we can use Γpy|x, ωq � Gpy|ωq for all x P X,
y P Y and ω P Ω to satisfy the first condition.

13



Next, I review the accuracy condition by Lehmann (1988), which is widely used

in monotone decision problems. Then, I explore how it is related to the monotone

quasi-garbling order.

Definition 2.4.3 (Accuracy Condition by Lehmann (1988)). An information struc-

ture F is said to be more Lehmann accurate than another information structure

G, denoted F ©L G, if for all y P Y , a function Φ : Ω � Y Ñ X defined by

Φpω; yq � sup tx | F px|ωq ¤ Gpy|ωqu is increasing in ω.7

An assumption that is usually paired with Lehmann’s condition is the monotone

likelihood ratio property.

Definition 2.4.4 (Monotone Likelihood Ratio Property). An information structure

F is said to satisfy the monotone likelihood ratio property (MLRP) if and only if

fpx0|ω0qfpx1|ω1q ¥ fpx1|ω0qfpx0|ω1q holds for all x1 ¡ x0 and ω1 ¡ ω0.

First, I show that Lehmann’s accurate condition implies the monotone quasi-

garbling order, i.e., F ©L G implies F ©MQG G. Observe that Φpω; yq is increasing

in y since Gpy|ωq is increasing in y for any ω P Ω. Construct a function Γ : X �Ω Ñ

∆pY q as follows:

Γpy|x, ωq �

#
1, if x ¤ Φpω; yq,

0, if x ¡ Φpω; yq.

Then, we can easily check that Γpy|x, ωq is well defined.8 In addition, since Φpω; yq ¤

Φpω1; yq for all ω1 ¡ ω and y P Y , we have Γpy|x, ωq ¤ Γpy|x, ω1q for all x P X, i.e.,

Γ is reversely monotone.

7 In Lehmann (1988), he implicitly assumes that F px|ωq is continuous and strictly increasing in
x, thus F�1p�|ωq is properly defined and set Φpω; yq � F�1pGpy|ωq|ωq. Under the continuity and
strict increasingness assumptions on F px|ωq, we have F pΦpω; yq|ωq � Gpy|ωq, thus, Definition 2.4.3
coincides with Lehmann’s original condition.

8 First, Γpy|x, ωq is nondecreasing in y because Φpω; yq is nondecreasing in y. Next, Γpy|x, ωq is
right-continuous in y because (i) if Φpω; yq ¥ x, since Φpω; yq is nondecreasing in y and Φpω; y1q ¥ x
for all y1 ¡ y, thus limỹÓy Γpỹ|x, ωq � 1 � Γpy|x, ωq; (ii) if Φpω; yq   x, by the definition of Φ,
we have Gpy|ωq   x, then since Gpy|ωq is continuous in y, there exist ε ¡ 0 and δ ¡ 0 such that
Gpy � ε|ωq   x� δ and Φpω; y � εq   x, thus, we have limỹÓy Γpỹ|x, ωq � 0 � Γpy|x, ωq.
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Last, observe that for all y P Y and ω P Ω,

Gpy|ωq � F pΦpω; yq|ωq �

» Φpω;yq

x

dF px|ωq �

»
X

Γpy|x, ωqdF px|ωq.

Therefore, G is a monotone quasi-garbling of F . The following proposition formally

states this result.

Proposition 2.4.2. Suppose that F ©L G. Then, F ©MQG G.

Next, I explore whether F ©MQG G implies F ©L G. The following proposition

shows that the monotone quasi-garbling order implies Lehmann’s accuracy condition

when F satisfies MLRP. The proof is relegated to Appendix A.1.1.

Proposition 2.4.3. Suppose that an information structure F satisfies the MLRP.

Then, F ©MQG G implies F ©L G.

Based on the above results, we can establish the equivalence between the mono-

tone quasi-garbling order and Lehmann’s order under the MLRP condition.

Theorem 2.4.1. Suppose that an information structure F satisfies the MLRP. Then,

F ©MQG G and F ©L G are equivalent.

Last, I show that the MLRP plays a crucial role in the equivalence between the

monotone quasi-garbling order and Lehmann’s accuracy condition. In Appendix

A.1.2, in addition to the information structures F and G which are used in Proposi-

tion 2.4.1, I introduce an information structure H which does not satisfy the MLRP.

In this example, I show that (i) H ©B F but H«LF ; and (ii) H ©MQG G but

H«BG and H«LG. The first result implies that when the MLRP is not assumed,

Lehmann’s accuracy condition is no longer a sufficient condition for Blackwell’s gar-

bling condition. The second result means that there exists a pair of information

structures that can be comparable by the monotone quasi-garbling order but neither
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MQG

pH,Gq

B
pH,F q

L
pF,Gq

(a)

(a) Without the MLRP

MQG = L

B

(b)

(b) With the MLRP

Figure 2.1: The relationship among criteria

by Blackwell’s garbling condition nor by Lehmann’s accuracy condition. Therefore,

the monotone quasi-garbling order generally permits more comparisons than the con-

ditions by Blackwell and Lehmann. The following proposition formally states these

arguments.

Proposition 2.4.4. Without the assumption of the MLRP on F , F ©B G does not

imply F ©D G, and F ©MQG G does not imply F ©L G.

The results in this section are summarized in Figure 2.1. Figure 2.1a illustrates

the relationship among Blackwell’s garbling condition, Lehmann’s accuracy condi-

tion, and the monotone quasi-garbling condition when the MLRP is not assumed

on the supposedly higher information structure. On the other hand, if the MLRP

is assumed on the supposedly better information structure, the Lehmann order and

the monotone quasi-garbling order are equivalent and refine the Blackwell garbling

condition as shown in Figure 2.1b.

2.5 General Monotone Decision Problems

In this section, I show that the monotone quasi-garbling order can serve as a criterion

for comparing information structures under monotone decision problems. Specifi-
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cally, I allow the set of feasible decisions, A, to be multidimensional. Unlike the

unidimensional action space case, there is no generic order in this setup. Hence, to

establish a monotone decision problem under this general action space, an order on

the set of actions needs to be properly defined. Since we will only use this order

to compare the optimal actions, it does not need to be a complete order over A.

Rather, a partial order, which can compare the potential optimal actions, would be

enough. To say that a decision problem is monotone, (i) this partial order needs to

be sensible; and (ii) an optimal action under a higher signal realization needs to be

higher in this order.

Definition 2.5.1 (Dominated Decreasing Decision Rule Condition). A payoff func-

tion u : A�Ω Ñ R satisfies the dominated decreasing decision rule (DDDR) condition

with respect to a partial order ¥A of the set of feasible decisions A if for any (weakly)

decreasing (in terms of ¥A) state-contingent decision rule h : Ω Ñ A,9 there exists

â P A such that

upâ, ωq ¥ uphpωq, ωq, @ω P Ω. (2.5.1)

This condition is about whether the partial order ¥A is sensible or not. Loosely

speaking, under a given payoff function, a highly ranked action needs to be better for

a higher state and worse for a lower state and vice versa for a lowly ranked action.

According to this interpretation, a state-contingent decision rule, which is decreasing

in states, should not be an optimal way of establishing a decision rule. This is because

a highly ranked action (which is worse for a lower state) corresponds to a lower state

and a lowly ranked action (which is worse for a higher state) corresponds to a higher

state. The DDDR condition implies that any decreasing state-contingent decision

rule is dominated by a constant decision rule. In this sense, the order ¥A can be

considered sensible.

9 For ω1 ¡ ω and h : Ω Ñ A, h is decreasing in terms of ¥A if hpωq ¥A hpω
1q.
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Definition 2.5.2 (Monotone Comparative Statics Condition). An information struc-

ture F satisfies the monotone comparative statics (MCS) condition with respect to a

payoff function u : A�Ω Ñ R and a partial order ¥A, if for any prior belief Λ P ∆pΩq,

there exists a function a� : X Ñ A such that a�pxq P A�
F,Λpxq and a�pxq ¥A a�px1q

for all x, x1 P X with x ¥ x1.

This condition simply implies that there exists an optimal decision rule, which is

nondecreasing (in terms of the given partial order) with respect to the signal. I call

a class of decision problems U is generally monotone with respect to an information

structure F , if for any u P U , there exists a partial order ¥A such that u satisfies

the DDDR condition with respect to ¥A and the information structure F satisfies

the MCS condition with respect to u and ¥A. I also call a decision problem u is

generally monotone with respect to F if U � tuu is generally monotone with respect

to F .

The following theorem stipulates that the monotone quasi-garbling order can

serve as a sufficient condition for informativeness on general monotone decision prob-

lems.

Theorem 2.5.1. Suppose that U is generally monotone with respect to an infor-

mation structure G and G is a monotone quasi-garbling of F . Then, F is more

informative than G on U .

The formal proof is in Section 2.5.2, but I briefly delineate the idea of this result.

Consider any increasing decision rule ψ : Y Ñ A, i.e., ψpy2q ¥A ψpy
1q for all y2 ¥A y

1.

When G is a monotone quasi-garbling of F , i.e., G is generated from F by adding a

reversely monotone noise, I show that there exists ψ̃ : p0, 1q �X �Ω Ñ A such that

ψ̃ is decreasing in ω and for any ω P Ω,

»
Y

upψpyq, ωqdGpy|ωq �

» 1

0

»
X

upψ̃pt;x, ωq, ωqdF px|ωqdt. (2.5.2)
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Then, by applying the DDDR condition, we can construct a mixed-action decision

rules φ : X � p0, 1q Ñ A on the information structure F which dominates ψ on G

(Proposition 2.5.2). Now assume that u is generally monotone with respect to G,

i.e., the optimal decision rule under G, a�G : Y Ñ A, is increasing in y. By applying

the above result, there exists a mixed-action decision rules dominating a�G, but this

decision rule is dominated by a�F which eventually gives the expected payoff under

F . Therefore, the expected payoff under F will be greater than that under G.

Next, to establish the necessary condition for informativeness, I introduce a bare-

bones class of decision problems. Consider a binary action set A � t0, 1u and the

generic order on A: 1 ¡ 0. I also define a class of utility functions U consisting of

following functions: for some 0   κ   1 and ω̂ P Ω,

upa, ωq �

#
�a � κ, if ω   ω̂.

a � p1� κq, if ω ¥ ω̂.10
(2.5.3)

The following theorem shows that the monotone quasi-garbling order is a necessary

condition for informativeness when the class of decision problems U includes the

bare-bones class of decision problems U . The proof is provided in Section 2.5.3.

Theorem 2.5.2. Suppose that U � U , U is generally monotone with respect to

information structures F , and F is more informative than G on U . Then, (i) F

satisfies the MLRP; and (ii) F is more Lehmann accurate than G, thus, G is a

monotone quasi-garbling of F .

In this theorem, I show that the informativeness implies the monotone quasi-

garbling order by showing that an information structure is more Lehmann accurate

than the other (recall that F ©L G implies F ©MQG G by Proposition 2.4.2). As an

10 This choice of utility function is inspired by Chi (2015). He shows that the class of mono-
tone decision problems with certain properties, such as super modular, single crossing, or interval
dominance order preferences, includes U .
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intermediate step for the result, it is also shown that F satisfies the MLRP when all

decision problems in the bare-bones class U are generally monotone with respect to

F .

Note that I impose different assumptions on the above results: in Theorem 2.5.1,

I assume that the decision problems with a supposedly ‘worse’ information structure

are generally monotone, whereas, in Theorem 2.5.2, I assume that the decision prob-

lems with a supposedly ‘better’ information structure are generally monotone and

the class of decision problems includes U . Therefore, if we assume that the decision

problems with both information structures are monotone (and include U), we can

see that the monotone quasi-garbling order can serve as a necessary and sufficient

condition for informativeness. In addition, under these assumptions, both informa-

tion structures will satisfy the MLRP and the monotone quasi-garbling condition

and Lehmann accuracy condition are equivalent.

Corollary 2.5.1. Suppose that U � U and U is generally monotone with respect to

information structures F and G. Then, F is more informative than G on U if and

only if G is a monotone quasi-garbling of F , or equivalently, F is more Lehmann

accurate than G.

Remark 2. Corollary 2.5.1 extends the results of Chi (2015) that Lehmann’s accuracy

condition can serve as a necessary and sufficient condition for the informativeness in

some monotone decision problems. First, he assumes that both information struc-

tures have the MLRP, but I derive the MLRP as a result. Next, he restricts attention

to the ‘unidimensional’ class of decision problems with well-known preferences such

as supermodular, single crossing, and interval dominance order preferences. On the

other hand, Corollary 2.5.1 can be applied to any (potentially ‘multidimensional’)

monotone decision problems including U .
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2.5.1 General Interval Dominance Order

Before presenting the proofs of the main theorems, I demonstrate how the concept

of the general monotone decision problem is connected to the general version of the

interval dominance order condition introduced in Quah and Strulovici (2007).

I assume that the state space is discrete as described in Footnote 5: Ω �

tω1, � � � , ωNu with 0   ω1   � � �   ωN . Suppose that a compact set of action A � Rn

has a partial order ¥A with (i) transitivity (a2 ¥A a1 & a1 ¥A a ñ a2 ¥A a); (ii)

reflexivity (a ¥A a); and (iii) anti-symmetry (a1 ¥A a & a ¥A a
1 ñ a � a1). I also

assume that the partial order is continuous: for all sequences tamu
8
m�1 and tbmu

8
m�1

with limmÑ8 am � a, limmÑ8 bm � b, and am ¥A bm for all m ¥ 1, then, a ¥A b.

Let ra1, a2s denote the set ta P A | a1 ¤A a ¤A a
2u. Then, if a sequence tamu

8
m�1 in

ra1, a2s converges to a, by the continuity of the partial order, a1 ¤A a ¤A a2, i.e.,

a P ra1, a2s. Therefore, ra1, a2s is compact since it is a closed subset of A.

Now I briefly review the interval dominance order condition, then show that it is

a sufficient condition for the DDDR condition in Proposition 2.5.1.

Definition 2.5.3 (Interval Dominance Order (IDO)). Let v1 and v2 be two real-

valued functions defined on A. We say that v2 dominates v1 by the interval dominance

order (or, for short, v2 I-dominates v1) if, for any a2 ¡A a
1, whenever v1pa2q ¥ v1paq

for all a P ra1, a2s,

v1pa2q ¥ p¡q v1pa1q ùñ v2pa2q ¥ p¡q v2pa1q. (2.5.4)

In addition, a payoff function u : A�Ω Ñ R is said to be IDO-ordered with respect

to ¥A if up�;ω2q I-dominates up�;ω1q for all ω2 ¡ ω1.

Proposition 2.5.1. Suppose that the set of actions A has a transitive, reflexive,

anti-symmetric, and continuous partial order ¥A, a payoff function u : A � Ω Ñ R
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is continuous and IDO-ordered. Then, u satisfies the DDDR condition with respect

to ¥A.

Proof of Proposition 2.5.1. First, I show that the payoff function u satisfies the

DDDR condition with respect to the partial order. Consider a decreasing state-

contingent decision rule h : Ω Ñ A. I inductively define a sequence taiu
N
i�1 as

follows: aN � hpωNq, and for all 1 ¤ n ¤ N � 1,

an � arg max
aPran�1,hpωnqs

upa, ωnq. (2.5.5)

Note that an exists since u is continuous and ran�1, hpωnqs is compact.

Observe that upan, ωnq ¥ upa, ωnq for all a P ran�1, ans. Then, by the IDO

condition, we have

upan, ωn1q ¥ upan�1, ωn1q (2.5.6)

for all n1 ¡ n.

Now set â � a1. Then, for all 1 ¤ n ¤ N , by (2.5.6), we have upâ, ωnq ¥ upan, ωnq.

In addition, by (2.5.5), upan, ωnq ¥ uphpωnq, ωnq. Therefore, upâ, ωnq ¥ uphpωnq, ωnq

for all 1 ¤ n ¤ N , i.e., u satisfies the DDDR condition with respect to the partial

order.

A natural subsequent question is whether the IDO condition can serve as a neces-

sary condition. In Appendix A.2, I provide a simple (even unidimensional) example

of a decision problem such that it is a general monotone decision problem but it

does not satisfy the IDO condition. Thus, the IDO condition cannot be a necessary

condition for the DDDR condition.

Next, to establish the MCS condition, additional conditions are needed. Following

Topkis (1998), let a1 _ a2 denote (if exists) the least upper bound of ta1, a2u, that is,

pa1_a2q ¥A a
1, pa1_a2q ¥A a

2, and a ¥A pa
1_a2q for all a with a ¥A a

1 and a ¥A a
2.
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Likewise, let a1 ^ a2 denote the greatest lower bound of ta1, a2u, i.e., a1 ¥A pa
1 ^ a2q,

a2 ¥A pa
1 ^ a2q, and pa1 ^ a2q ¥A a for all a with a1 ¥A a and a2 ¥A a. A partially

ordered set A is called to be a lattice if a1 _ a2 and a1 ^ a2 exist for all a1, a2 P A. A

payoff function u : A� Ω Ñ R is supermodular in A if for all a1, a2 P A and ω P Ω,

upa1 _ a2, ωq � upa1, ωq ¥ upa2, ωq � upa1 ^ a2, ωq.

When an information structure F satisfies the MLRP, for any x2 ¡ x1, Λx2

F is the

monotone likelihood ratio (MLR) shift of Λx1

F , that is, λx
2

F pωq{λ
x1

F pωq is nondecreasing

in ω where λxF is the probability mass function of Λx
F . Also note that A�

F,Λpxq �

arg maxaPA Upa;xq is nonempty since U is continuous in a and A is compact. Under

the IDO conditions on u and the MLRP of F , by Proposition 2 of Quah and Strulovici

(2007), we have Up�;x2q I-dominates Up�;x1q. Observe that U is supermodular in A

when u is supermodular in A. Then, by Theorem 1 of Quah and Strulovici (2007), we

have A�
F,Λpx

2q dominates A�
F,Λpx

1q in the strong set order, i.e., for any a2 P A�
F,Λpx

2q

and a1 P A�
F,Λpx

1q, a2_ a1 P A�
F,Λpx

2q and a2^ a1 P A�
F,Λpx

1q.11 Therefore, there exists

a� : X Ñ A such that a�px2q ¥A a
�px1q for all x2 ¡ x1, i.e., the MCS condition holds,

and u is generally monotone with respect to F . The following corollary formally

states these findings.

Corollary 2.5.2. Assume that the set of actions A is compact and a lattice with a

transitive, reflexive, anti-symmetric, and continuous partial order ¥A. In addition,

a payoff function u : A�Ω Ñ R is continuous, IDO-ordered, and supermodular in A,

and an information structure F satisfies the MLRP. Then, u is generally monotone

with respect to F .

11 Quah and Strulovici (2007) actually impose I-quasisupermodular condition which is weaker than
the supermodular condition.
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2.5.2 Proof of Theorem 2.5.1

I begin by stating a useful lemma.

Lemma 2.5.1. For any reversely monotone noise Γ : X � Ω Ñ ∆pY q and random

variable τ uniformly distributed on p0, 1q, there exists a mapping m : p0, 1q � X �

Ω Ñ Y such that the cumulative distribution induced by mpτ |x, ωq is Γp�|x, ωq and

mpt|x, ωq ¥ mpt|x, ω1q for all ω1 ¡ ω and t P p0, 1q.12

Proof of Lemma 2.5.1. The proof is a slight modification of Theorem 1.2.2 of Durrett

(2019). For any t P p0, 1q, x P X and ω P Ω, define mpt|x, ωq � supMpt|x, ωq where

Mpt|x, ωq �
 
y P Y � ry, ys : Γpy|x, ωq   t

(
Y tyu.

Note that Mpt|x, ωq is nonempty and bounded above, thus, mpt|x, ωq is properly

defined.

Now suppose that a random variable τ is uniformly distributed on p0, 1q. Observe

that Prpmpτ |x, ωq ¤ ŷq � Γpŷ|x, ωq for any ŷ P Y if and only if Lpŷ|x, ωq � Rpŷ|x, ωq

where

Lpŷ|x, ωq � tt P p0, 1q : mpt|x, ωq ¤ ŷu ,

Rpŷ|x, ωq � tt P p0, 1q : t ¤ Γpŷ|x, ωqu .

First, when ŷ � y, by the definition of Mpt|x, ωq and Γpy|x, ωq � 1, we have

Lpy|x, ωq � Rpy|x, ωq � p0, 1q.

Next, consider the case where ŷ P ry, yq. Suppose that t P Lpŷ|x, ωq, i.e.,

mpt|x, ωq ¤ ŷ. If Γpŷ|x, ωq   t, by the right continuity of Γ, there exists y P pŷ, yq

such that Γpy|x, ωq   t. Then, y P Mpt|x, ωq and it contradicts ŷ � supMpt|x, ωq.

Therefore, we have Γpŷ|x, ωq ¥ t, which implies t P Rpŷ|x, ωq, and Lpŷ|x, ωq �

Rpŷ|x, ωq. Conversely, if t P Rpŷ|x, ωq, we have Γpy|x, ωq ¥ Γpŷ|x, ωq ¥ t for all

12 I thank an anonymous referee for providing this lemma.
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y ¥ ŷ. Thus, the upper bound of Mpt|x, ωq is at most ŷ, i.e., ŷ ¥ mpt|x, ωq. Hence,

we have t P Lpŷ|x, ωq, and Rpŷ|x, ωq � Lpŷ|x, ωq. Therefore, Rpŷ|x, ωq � Lpŷ|x, ωq

for any ŷ P Y and the distribution induced by mpτ |x, ωq is Γp�|x, ωq.

By the reverse monotonicity, Γpy|x, ωq ¤ Γpy|x, ω1q for all y P Y , x P X and

ω, ω1 P Ω with ω1 ¡ ω. Therefore, we have Mpt|x, ω1q � Mpt|x, ωq, and it implies

mpt|x, ωq ¥ mpt|x, ω1q for all t P p0, 1q and ω1 ¡ ω.

Next, by using this lemma, for any increasing decision rule ψ : Y Ñ A on G, I

construct a mixed-action decision rules φ : X�p0, 1q Ñ A on F which gives a higher

expected payoff than ψ for any state.

Proposition 2.5.2. Suppose that G is a monotone quasi-garbling of F and u satisfies

the DDDR condition with respect to ¥A. For any increasing decision rule ψ : Y Ñ A,

there exists a mixed-action decision rules φ : X � p0, 1q Ñ A such that for all ω P Ω,

»
X

�» 1

0

upφpx; tq, ωqdt

�
dF px|ωq ¥

»
Y

upψpyq, ωqdGpy|ωq. (2.5.7)

Proof of Proposition 2.5.2. By the definition of F ©MQG G, we have

»
Y

upψpyq, ωqdGpy|ωq �

»
X

»
Y

upψpyq, ωqdΓpy|x, ωqdF px|ωq.

From Lemma 2.5.1, the right hand side is equal to

»
X

�» 1

0

upψpmpt|x, ωqq, ωqdt

�
dF px|ωq.

Since ψ is increasing and m is decreasing in ω, ψpmpt|x, ωqq is decreasing in ω.

(Therefore, ψ̃pt;x, ωq � ψpmpt|x, ωqq satisfies (2.5.2) for all ω P Ω and is decreasing

in ω.)
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Given t and x, by the DDDR condition, there exists an action a P A such that

upa, ωq ¥ upψpmpt|x, ωqq, ωq for all ω, and denote φpx; tq. Then, by using the in-

equalities for each t and x, we can derive (2.5.7).

Now we are ready to prove Theorem 2.5.1.

Proof of Theorem 2.5.1. Fix a prior belief Λ P ∆pΩq and a payoff function u P U .

Let a�G : Y Ñ A be the optimal decision function defined in the MCS condition:

a�Gpyq P A
�
G,Λpyq and a�Gpyq ¥A a�Gpy

1q for all y ¥ y1. By Proposition 2.5.2, there

exists a mixed-action decision rules φ : X � p0, 1q satisfying (2.5.7). Then, we have

V pG;u,Λq �

»
Ω

»
Y

upa�Gpyq, ωqdGpy|ωq dΛpωq

¤

»
Ω

»
X

�» 1

0

upφpx; tq, ωqdt

�
dF px|ωq dΛpωq

�

» 1

0

�»
X

»
Ω

upφpx; tq, ωqdΛx
F pωqdFΛpxq

�
dt

¤

»
X

»
Ω

upa�F pxq, ωqdΛx
F pωqdFΛpxq � V pF ;u,Λq.

The third equality is simply from rearranging the integration order. The fourth

inequality holds from the optimality of a�F pxq, and the last equality is straightforward.

Therefore, F is more informative than G on U .

Remark 3. Proposition 2.5.2 is closely related to Proposition 9 of Quah and Strulovici

(2009). Their result is stronger in the sense that they show that there exists an

increasing pure-action decision rule φ : X Ñ A (rather than a mixed-action deci-

sion rules which are not necessarily increasing) such that
³
X
upφpxq, ωqdF px|ωq ¥³

Y
upψpyq, ωqdGpy|ωq for all ω P Ω. This is because their assumptions are stronger

than the ones on Proposition 2.5.2: they impose the interval dominance order con-

dition on the payoff function which is stronger than the DDDR condition; and they
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also assume that F is more Lehmann accurate than G, which is also stronger than

the monotone quasi-garbling order in the absence of the MLRP.

2.5.3 Proof of Theorem 2.5.2

I focus on information structures with which decision problems in U are generally

monotone. To qualify that a decision problem in U is generally monotone, we first

need to check whether the DDDR condition holds. The following lemma confirms

this and the proof is relegated to Appendix A.4.1. The proof of Theorem 2.5.2 follows

the lemma.

Lemma 2.5.2. The generic order on A satisfies the DDDR condition with respect

to U .

Proof of Theorem 2.5.2. First, I show that F satisfies the MLRP. I fix a pair of

signals x0   x1 and a pair of states ω0   ω1 and show that fpx1|ω1q � fpx0|ω0q ¥

fpx1|ω0q � fpx0|ω1q. Consider a prior belief Λ P ∆pΩq such that there are probability

masses 1{2 on ω0 and ω1. Observe that the posterior belief has probability masses

λ̃F pxq � fpx|ω1q{pfpx|ω0q � fpx|ω1qq on ω1 and 1 � λ̃F pxq on ω0.13 For the utility

function, set ω̂ � ω1. Then, upon receiving a signal x, the DM solves the following

problem:

max
aPt0,1u

»
Ω

upa, ωqdΛx
F pωq � max

aPt0,1u
a
�
�κ � p1� λ̃F pxqq � p1� κq � λ̃F pxq

�

� max
aPt0,1u

a
�
λ̃F pxq � κ

	
.

Note that a � 1 solves the above maximization problem if and only if κ ¤ λ̃F pxq.

Consider κ � λ̃F px0q � ε for some ε ¡ 0. Then, a � 1 is the only optimal choice

13 This is the case when there is no probability mass at x neither at the state ω0 nor at the state ω1.
If there is a probability mass at either state, λ̃F should be defined by λ̃F pxq � Prpx|ω1q{pPrpx|ω0q�
Prpx|ω0qq where Prpx|ωq � F px|ωq � F px�|ωq.
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under a signal x0. To satisfy the MCS condition, a � 1 also needs to be a solution

under a signal x1. It implies that λ̃F px1q ¥ κ � λ̃F px0q � ε. By sending ε to zero,

we can derive that λ̃F px1q ¥ λ̃F px0q. By rearranging the terms, we can derive that

fpx1|ω1q � fpx0|ω0q ¥ fpx0|ω1q � fpx1|ω0q. Therefore, F satisfies the MLRP.

Now I show that F ©L G, i.e., Φpω1; ŷq ¥ Φpω0; ŷq for all ω1 ¡ ω0 and ŷ P Y . Set

ω̂ � ω1, and κ � λ̃F pΦpω0; ŷqq. By the MLRP of F , we have

#
λ̃F pxq ¥ κ, if x ¥ Φpω0; ŷq,

λ̃F pxq   κ, otherwise.

Recall that a � 1 will be chosen if and only if κ ¤ λ̃F pxq, i.e., x ¥ Φpω0; ŷq. Also

note that FΛpxq � pF px|ω0q�F px|ω1qq{2 and λ̃F pxq � dFΛpxq � fpx|ω1q{2. Then, we

can derive that

V pF ;u,Λq �

» x

Φpω0;yq

�
λ̃F pxq � κ

	
dFΛpxq

�
1� κ

2
p1� F pΦpω0; ŷq|ω1qq �

κ

2
p1� F pΦpω0; ŷq|ω0qq .

Next, observe that

V pG;u,Λq �

» y

y

�
max
aPt0,1u

a �
�
λ̃Gpyq � κ

	�
dGΛpyq

¥

» y

ŷ

�
λ̃Gpyq � κ

	
dGΛpyq

�
1� κ

2
p1�Gpŷ|ω1qq �

κ

2
p1�Gpŷ|ω0qq .

Since F is more informative than G on U and u P U � U , we have V pF ;u,Λq ¥

V pG;u,Λq which implies

p1� κq pGpŷ|ω1q � F pΦpω0; ŷq|ω1qq ¥ κ pGpŷ|ω0q � F pΦpω0; ŷq|ω0qq .
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Note that the right hand side is equal to zero by the definition of Φpω0; ŷq. Then,

we have Gpŷ|ω1q ¥ F pΦpω0; ŷq|ω1q, which implies Φpω1; ŷq ¥ Φpω0; ŷq. Therefore,

F ©L G, and by Proposition 2.4.2, we have F ©MQG G.

2.6 Application: Nonlinear Monopoly Pricing

As an application of general monotone decision problems, I investigate information

ranking in the context of monopoly pricing with second-degree price discrimination

as in Maskin and Riley (1984). In this section, I review their model and basic results

and rewrite them in the grammar of Section 2.5.14

A risk-neutral monopolistic seller that possesses full power of commitment wishes

to sell output to a single buyer. The buyer has a privately known type ω P Ω �

tω1, � � � , ωNu with ωn   ωn�1. In the first stage of the game, the seller chooses

between two sources of information about the buyer’s type. Next, the signal is

received from the chosen information source and the seller updates the belief on

the buyer’s type. Then, the seller posts a menu of quantities and tariffs (non-linear

prices). In the last stage, the buyer selects an element from the menu or decides not

to participate. The outside option of both parties yields a payoff of zero.

Let the utility of a type ω buyer from consuming q units of the good and paying p

units of money be vpq, ωq�p. Let the cost function of the seller be some c : R� Ñ R�,

then the seller’s payoff would be p� cpqq.15 I assume some standard conditions on c

and v.

14 Comparison of information structures for monopoly pricing has also been studied by Athey and
Levin (2017) and Ottaviani and Prat (2001). Athey and Levin applied their result in a setting
where the seller receives a signal about the buyer’s type and determines the simple monopoly price
and there is no second-degree price discrimination. In the study by Ottaviani and Prat, both the
seller and the buyer receive a signal about the buyer’s type and the seller offers a nonlinear price.
The setup in this section is a mixture of these two models: the buyer is fully aware of her type, the
seller receives a signal about the buyer’s type and then a menu of nonlinear prices is offered.

15 Note that in this example, the seller’s utility itself is not dependent on ω. However, different
payoffs across states arise from price discrimination.
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Assumption. The seller’s cost function c : R� Ñ R� and the buyer’s utility function

v : R� � Ω Ñ R satisfy the following properties:

1. v is continuous, nondecreasing in ω, and supermodular in pq, ωq, i.e., vpq1, ω1q�

vpq, ω1q ¥ vpq1, ωq � vpq, ωq for all q1 ¥ q ¥ 0 and ω1 ¡ ω. In addition,

vp0, ωq � 0 for all ω P Ω.

2. c is continuous in q with cp0q � 0;

3. there exists Q ¡ 0 such that vpQ,ωq � cpQq   0 for all ω P Ω.

The seller has a prior belief Λ P ∆pΩq with a corresponding probability mass

function λ. After receiving a signal about the buyer’s type, the seller forms a posterior

belief and sets pricing options t~qpωq, ~ppωquωPΩ based on the updated belief. The set

of actions can be viewed as a subset of r0, QsN � RN
� .

A pricing option p~q, ~pq can be implemented if and only if it satisfies the following

familiar constraints: for all ω, ω1 P Ω,

vp~qpωq, ωq � ~ppωq ¥ vp~qpω1q, ωq � ~ppω1q, (IC)

vp~qpωq, ωq � ~ppωq ¥ 0. (IR)

Therefore, the set of feasible decisions is

AM �
!
p~q, ~pq P r0, QsN � RN

�

��� p~q, ~pq satisfies ICs and IRs
)
. (2.6.1)

I call that an information F has the full support if fpx|ωq ¡ 0 for all x P X and

ω P Ω. Likewise, I call that a prior belief Λ has the full support if λpωq ¡ 0 for all

ω P Ω. Then, upon receiving a signal x, the probability mass of the posterior belief

is λxF pωq ¡ 0 for all ω P Ω. This is essential for the further argument because if

λxF pωq � 0 for some ω P Ω, the seller would ignore some ICs and IRs and suggest a

menu of pricing which might not be in AM . Under the full support assumption, the
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seller’s problem is

max
p~q,~pqPAM

Ņ

n�1

r�cp~qpωnqq � ~ppωnqs � λ
x
F pωnq. (2.6.2)

It is well known that an allocation ~q is implementable iff ~q is monotone, and

all the local downward ICs and IR for the lowest type are binding at the solution of

(2.6.2) (Maskin and Riley (1984), Guesnerie and Laffont (1984)). That is, the optimal

pricing policy given the quantity allocation ~q is as follows: for all 1 ¤ n ¤ N ,

~ppωnq � vp~qpωnq, ωnq �
n�1̧

i�1

rvp~qpωiq, ωi�1q � vp~qpωiq, ωiqs .
16 (2.6.3)

In addition, we can restrict attention to the set of decisions Q:

Q �
 
~q P r0, QsN

�� for all 1 ¤ i ¤ j ¤ N, ~qpωjq ¥ ~qpωiq
(
. (2.6.4)

By plugging (2.6.2) into the seller’s payoff function, define

up~q, ωnq � vp~qpωnq, ωnq �
n�1̧

i�1

rvp~qpωiq, ωi�1q � vp~qpωiq, ωiqs � cp~qpωnqq. (2.6.5)

Then, we can rewrite (2.6.2) as max~qPQ Up~q;xq where

Up~q ;xq �
Ņ

n�1

up~q, ωnq � λ
x
F pωnq. (2.6.6)

Under the optimal mechanism, no matter what the seller’s belief is, quantities

for higher types are almost as high as the first best quantity. However, quantities

for lower types serve as a tool for incentivizing not only the lower types of the buyer

but also higher types through the pricing policy (2.6.3). From the supermodularity

of v, we observe that reducing a quantity for a low type buyer would induce a price

16 Note that the IR for the lowest type binds, i.e., ~ppω1q � vp~qpω1q, ω1q.
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increase for a high type buyer. Note that if the seller believes that the buyer is more

likely to be a high type, then the seller would be less concerned about the possibility

of distorting the quantities designed for low types in order to raise the prices for high

types.

Using this intuition, consider a partial order ¥Q on Q defined as follows: for any

~qi, ~qj P Q,

~qj ¥Q ~qi ðñ ~qjpωq ¤ ~qipωq @ ω P Ω. (2.6.7)

The next lemma justifies this partial order by showing that the payoff function sat-

isfies the DDDR condition with respect to this partial order.

Lemma 2.6.1. Assume that v is supermodular in pq, ωq. The payoff function defined

in (2.6.5) satisfies the DDDR condition with respect to the partial order ¥Q defined

in (2.6.7).

The next task is to check the MCS condition. I use a similar argument as in the

latter part of Section 2.5.1: (i) show that Up~q ;xq is supermodular in Q; (ii) also

show that Up~q ;x2q I-dominates Up~q ;x1q for all x2 ¡ x1; then (iii) apply Theorem 1

of Quah and Strulovici (2007).1718

I begin by showing that Q is a lattice. Observe that ~qi_~qj � pmint~qipωq, ~qjpωquqωPΩ

and ~qi ^ ~qj � pmaxt~qipωq, ~qjpωquqωPΩ under this partial order.19 When ~qi and ~qj are

in Q, i.e., they are nondecreasing in ω, mint~qi, ~qju and maxt~qi, ~qju are nondecreasing

in ω as well. Thus, ~qi_~qj and ~qi^~qj are in Q, i.e., Q is a lattice. For any function w :

17 This argument is slightly different from Section 2.5.1 in the second step. In Section 2.5.1, I
use the IDO condition for the payoff function u to show that u satisfies the DDDR condition and
Up~q ;x2q I-dominates Up~q ;x1q. In this example, I directly show these properties in Lemma 2.6.1
and 2.6.2.

18 The proof of the MCS result in the previous version of the paper was based on the first-order
condition and the ironing technique with stronger conditions on the primitives. The interval-
dominance-order-based argument presented in this version is due to an anonymous referee, which
not only weakens the conditions in the previous version, but also substantially simplifies the proof.

19 Note that it is opposite from the case with the usual product order of which inequality is reversed
from (2.6.7).
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RÑ R, we have wpaq �wpbq � wpmaxta, buq� hpminta, buq. By using this to vp�, ωq

and cp�q, we can easily derive that up~qi, ωnq�up~qj, ωnq � up~qi_~qj, ωnq�up~qi^~qj, ωnq,

thus, u is supermodular in Q. Since Up~q ;xq is a convex combination of up~q, ωq,

Up~q ;xq is also supermodular in Q.

Next, the following lemma shows that Up~q ;x2q I-dominates Up~q ;x1q when the

MLRP condition is imposed. The proof is provided in Appendix A.4.3.

Lemma 2.6.2. Suppose that an information structure F satisfies the MLRP and has

the full support, and the prior belief Λ has the full support. Then, for any x2 ¡ x1,

Up~q ;x2q I-dominates Up~q ;x1q.

Now we are ready to show that the monotone quasi-garbling order can be served

as a criterion for comparing information in the nonlinear monopoly pricing problem.

Proposition 2.6.1. Suppose that assumptions 1-4 hold for pv, cq, F and G have full

support, G satisfies the MLRP, and G is a monotone quasi-garbling of F . Then, the

seller prefers F to G for any prior belief Λ with full support.

Proof. By Lemma 2.6.1, the payoff function u defined in (2.6.5) satisfies the DDDR

condition. Next, under the assumption that G satisfies the MLRP, since Up~q ; yq is

supermodular in Q and Up~q ; y2q I-dominates Up~q ; y1q for all y2 ¡ y1, by Theorem

1 of Quah and Strulovici (2007), the MCS condition holds: there exists ~q� : Y Ñ Q

such that ~q�py
2q ¥A ~q�py

1q for all y2 ¡ y1. Therefore, the seller’s problem is generally

monotone with respect to G. Then, when G is a monotone quasi-garbling of F , by

Theorem 2.5.1, we have V pF ;u,Λq ¥ V pG;u,Λq.
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3

Managing a Project by Splitting it into Pieces

3.1 Introduction

In project management, a work breakdown structure (WBS)—a step-by-step ap-

proach to complete projects—is widely used (Organ and Bottorff, 2022).1 The appli-

cations of the WBS range from simple projects such as moving an office to compli-

cated projects such as construction, engineering, or software development.2 Although

there are many advantages of employing the WBS (e.g., clarifying the goals, com-

municating better, etc.), a fundamental benefit is monitoring progress. As a project

is broken down into smaller chunks, a manager can better audit a subordinate’s

progress, which may reduce the moral hazard issue. Nevertheless, decomposing a

project into too small pieces may make the project rigid (Golany and Shtub, 2001).

It may lead the manager to micromanage the project which in turn slows down

project progress, i.e., generates inefficiencies. Thus, when a manager splits a project,

she faces a tradeoff between monitoring and efficiency.

1 The PMBOK guide provides a formal definition of a work breakdown structure: “A hierarchical
decomposition of the total scope of work to be carried out by the project team to accomplish the
project objectives and create the required deliverables.” (Project Management Institute, 2017)

2 See Project Management Institute (2006) for further examples.
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In this article, I introduce a stylized model to study this tension between effi-

ciency and monitoring in breaking a project down.3 Specifically, I consider a dy-

namic principal-agent model with two routes to achieving success. One is to attack

the project head-on (the direct approach). This method requires a breakthrough

which arrives at a low rate. The alternative route is to divide the project into two

subprojects and complete them one by one (the sequential approach). This method

requires two breakthroughs that each arrive at higher rates. Each breakthrough in

this approach can be understood as the completion of a subproject. At the beginning

of the game, the principal offers a contract specifying: a schedule dictating which

approach to use, how much reward to pay upon success, and a cancellation policy.

If the agent accepts the contract, then at each point in time, he chooses whether to

work on the specified approach or shirk for private benefit. The principal does not

observe the agent’s effort, generating the potential for moral hazard.

To highlight the tension between the direct and sequential approaches, I impose

two key assumptions. First, the completion of the first subproject (in the sequential

approach) is observable and contractually verifiable. This implies that the project

breakdown can help the principal monitor progress. The second assumption is that

the direct approach is more efficient than the sequential one. Hence, the sequential

approach has an advantage in monitoring the agent but has a disadvantage in effi-

ciency vis a vis the direct approach. To be clear, the probability of ultimate project

completion is higher under the sequential approach, but the expected running time

and concomitant operating cost dominate this effect.

In addition to these elements, there is a third important economic factor that

affects the choice of methodology: a deadline effect. The principal needs to impose

a deadline because, in the absence of a deadline, the agent could (and would) shirk

3 I refer to splitting the project in two as “breaking it down” to conform with project management
nomenclature. My model never involves a project breakdown in the sense of an accident or mishap.

35



forever without completing the project. Thus, the deadline is essential to mitigate

moral hazard. This deadline generates a subtle difference between the incentive

schemes implementing each approach. If the principal wants to induce the direct

approach, the agent is compensated by an immediate payment upon project suc-

cess. On the contrary, if the principal wants to induce the sequential approach, the

principal slightly extends the deadline after observing the subproject completion and

pays the agent only upon the successful completion of the entire project. Thus, the

principal chooses between approaches by comparing the expected payoffs from the

immediate payment scheme and the deadline extension scheme. When the principal

uses the deadline extension scheme, the agent may work for a longer period of time.

As noted above, this means that under the sequential approach the probability of

ultimate success is higher, but the expected running cost is higher as well. This

highlights another motive for the principal to employ the direct approach besides

comparing the monitoring loss and efficiency gain. Specifically, when the deadline is

close by, i.e., the probability of project completion is low, the principal may prefer

saving the expected cost by choosing the direct approach rather than slightly raising

the chance of project completion by employing the sequential approach.

To facilitate analysis, I begin by characterizing the optimal contract in the case

where both approaches are equally efficient. Here, I can abstract from efficiency

considerations and focus on the interaction between monitoring and the deadline.

Monitoring gives a generic advantage to the sequential approach while the deadline

effect—described in the previous paragraph—gives an advantage to the direct ap-

proach when the deadline is imminent. This suggests that the principal would prefer

the sequential approach when the deadline is distant and the direct approach when

it is near at hand. However, it is possible that the monitoring advantage is so strong

that the principal chooses the sequential approach even near the deadline. On the

contrary, it is also possible that the optimal deadline is short enough that the princi-
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pal would want to choose the direct approach even at contract inception. Therefore,

depending on the economic environment, different types of contracts may be optimal

even in this simplified setting.

The main result of this analysis is that the form of the optimal contract depends

crucially on the project return; i.e., the gross value to the principal from completing

the project (given its operating cost). As described above, the sequential approach

has a higher chance of project completion despite its higher expected cost. Because

the project return must be scaled by the probability of successful completion, the

sequential approach is preferred when the project return is large and the direct

approach is preferred when the project return is small. Based on this observation, I

show that the optimal contract is derived as follows:

(a) when the project return is low, the optimal deadline is short and the principal

only chooses the direct approach;

(b) when the project return is high, monitoring is highly advantageous and the

principal only chooses the sequential approach;

(c) when the project return is intermediate, there is a switching point such that the

principal first chooses the sequential approach and then – absent a breakthrough

– switches to the direct approach until the deadline is reached.

Next, I introduce the efficiency loss to the sequential approach, representing the

idea that requiring milestones may slow down ultimate project development. When

the efficiency loss is small enough, I show that a similar result as in the previous

case holds: there are three regions of the project return that characterize the form

of the optimal contract. In other words, the characterization of the optimal contract

when the approaches are equally efficient is robust to a small efficiency loss. This is

mainly because efficiency dominates monitoring only if the deadline is distant. I also
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consider the case where the efficiency loss is large. Here, even if the project return

is moderately high, the principal prefers the direct approach over the sequential

approach to avoid the efficiency cost. Nevertheless, if the project return is very high,

the principal prefers to monitor it to some degree. In fact, there is a cutoff value

for the project return such that the principal chooses the direct approach when the

return is below the cutoff. Interestingly, if the return is above the threshold, then the

principal begins by choosing the direct approach, switches to the sequential approach,

then switches back to the direct approach until the deadline is reached.

My results are congruent with the observation that applied scientific research

(e.g., development of a new drug, clinical trials) is typically staged. The magnitude

of applied research projects is usually large, implying the superiority of the sequential

approach. In contrast, the immediate value of basic research (e.g., chemistry, in-vitro

experiments) is lower than applied research because “basic research is performed

without thought of practical ends” (Bush, 1945).4 My results suggest that the direct

approach should be preferred for basic research because such projects tend to have

lower returns than applied ones. For instance, the Research Project designation

(R01) grant by the National Institute of Health (NIH) supports “a discrete, specified,

circumscribed project” rather than a staged project.5

The remainder of this article is organized as follows. Related literature is dis-

cussed below. Section 3.2 introduces the basic setup of the model and analyzes the

first-best case. Section 3.3 provides heuristic arguments on the derivations of the

value function and the optimal contract. Then, Section 3.4 and 3.5 characterize the

optimal contracts for the cases with and without the efficiency losses from the project

4 Bush argues that although broad and basic studies seem to be less important than applied ones,
they are essential to combat diseases because progress in the treatment “will be made as the result
of fundamental discoveries in subjects unrelated to those diseases, and perhaps entirely unexpected
by the investigator.” However, since this article does not consider externalities, I abstract from this
possibility and focus on the principal’s return from the completed project.

5 https://grants.nih.gov/grants/funding/r01.htm
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breakdown. The formal analysis and the proofs are relegated to an Appendix.

Related Literature

There is a growing literature on contracting for multi-stage projects, e.g., Hu (2014);

Green and Taylor (2016a); Wolf (2018); Moroni (2022). The most closely related

study is Green and Taylor (2016a), who study a model in which multiple break-

throughs are needed to complete a project and in which an agent must be incentivized

to exert unobservable effort. The sequential approach considered here comprises the

baseline model with the tangible breakthrough in the working paper version of their

paper (Green and Taylor, 2016c). However, the option to complete the project di-

rectly, which is not considered in their setup, allows the principal to face a choice

problem between the two approaches. Moreover, this choice problem arises at every

point in time. Therefore, the principal’s problem becomes more complex from a

dynamic perspective.

Another article that has a similar flavor is Carnehl and Schneider (2021). They

consider a two-armed bandit problem where an arm requires one breakthrough (the

doing arm) but another arm requires multiple breakthroughs (the thinking arm) to

succeed. The arrival rates for the thinking arm are known to the agent whereas the

arrival rate for the doing arm is not: the agent needs to infer whether the method

is feasible or not by experimenting. The presence of this uncertainty is one key

difference between their article and this one. Moreover, their main analysis focuses

on a decision problem by a single agent whereas this article considers a principal-

agent contracting setting. In addition, they have an exogenous deadline whereas

the deadline is endogenously determined in this paper. Despite these differences, we

share a common insight in that the chosen approaches may switch up to two times.

However, the economic forces that drive choosing the thinking arm (or the sequential

approach) are somewhat different. In their paper, as the agent pulls the doing arm
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and does not achieve any success, the belief that the initial method is feasible goes

down. When the belief becomes sufficiently low, the thinking arm would be chosen

because it may be more efficient than the doing arm. Thus, experimentation and

efficiency are key driving forces for choosing the thinking arm. On the contrary, in

this paper, the principal chooses the sequential approach to monitor the agent, not

because beliefs about the direct approach have deteriorated.

This article is also somewhat related to the literature on monitoring in dynamic

contracts, e.g., Orlov (2015); Piskorski and Westerfield (2016); Dilmé and Garrett

(2019); Marinovic and Szydlowski (2019); Varas et al. (2020); Marinovic and Szyd-

lowski (2020); Chen et al. (2020). In most of these papers, a monitoring process

provides some information on the agent’s current or past action. In this sense, the

first breakthrough in the sequential approach can be considered as a monitoring

device since it lets the principal know that the agent has worked. However, the

completion of the first subproject gives more information than merely the agent’s

past actions. Before the subproject completion, the success requires one relatively

hard breakthrough or two easier breakthroughs. After completing the subproject, it

requires only one relatively easy breakthrough. Thus, the subproject completion is

distinguished from standard monitoring processes since it also provides information

about the subsequent procedure toward success.

The problem of choosing approaches is naturally related to multitasking in the

sense that there are multiple options to pursue. In their seminal study, Holmstrom

and Milgrom (1991) consider an economic situation where a production worker faces

multiple tasks such as producing output and maintaining quality in a static environ-

ment. Dewatripont et al. (2000) and Laux (2001) also study multitasking problems

in static environments. Several subsequent multitasking problems are also explored

in dynamic settings (Manso, 2011; Capponi and Frei, 2015; Varas, 2017; Szydlowski,

2019). A common assumption in these studies is that each task has a different payoff
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structure.6 For example, Manso (2011) studies a two-armed bandit problem in a

simple agency model with two periods. The main assumption is that if the agent

chooses to experiment (pulls the risky arm), the payoff is stochastic, and if the agent

chooses to exploit (pulls the safe arm), the payoff is constant. In contrast, the two

approaches in this article have the same ultimate payoff. The difference in the ap-

proaches is ‘how’ the main project is completed–via the direct approach or via the

sequential approach.

This article is relevant to the literature studying complementary innovations, e.g.,

Green and Scotchmer (1995); Gilbert and Katz (2011); Bryan and Lemus (2017);

Poggi (2021). Two subprojects in the sequential approach can be considered as

‘perfect’ complements in the sense that completing a subproject does not create any

value but completing both of them does. However, to my knowledge, most of the

studies in this literature focus on the problems with competing firms or a single

decision maker, whereas this article studies an agency problem.

Last, from a technical viewpoint, the current article utilizes Poisson processes

which are widely used to address dynamic moral hazard, e.g., Biais et al. (2010);

Myerson (2015); Green and Taylor (2016a); Bonatti and Hörner (2017); Varas (2017);

Sun and Tian (2017).

3.2 The Model

3.2.1 The Setting

A principal (she) hires an agent (he) to complete a (main) project. The project

is conducted in continuous time and can be potentially operated over an infinite

horizon: t P r0,8q. Once the project is completed, the principal realizes a payoff

6 The only study that does not have this assumption is Varas (2017). He considers a dynamic
model with a Poisson process in which the agent chooses between a good project and a bad project.
These projects look identical to the principal and yield the same payoff, but differ in the rate of
failure.
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Π ¡ 0, dubbed the project return, and the game ends. While the project is running,

the principal incurs an operating cost of c ¡ 0 per unit of time. The principal is

assumed to have an infinite amount of resources to fund the project while the agent is

protected by limited liability, i.e., the principal can only transfer nonnegative rewards

to the agent.7 The principal and the agent are both risk-neutral and patient, i.e.,

they do not discount the future.8 Both players have outside options of zero.

There are two routes to achieving success. One is to attack the project directly,

and I accordingly call this the direct approach. Another way is to break the main

project into two subprojects and I call this the sequential approach. Completing

the (first) subproject does not have any independent value for the principal or the

agent.9 However, the completion of the subproject is observable by both players and

contractually verifiable by a court. Thus observing the completion of the subproject

can be considered a type of monitoring.

At time 0, the principal offers the agent a contract consisting of the deadlines,

at which the project is terminated; the reward schedules upon project completion;

the approaches to be taken; and the agent’s recommended effort. See Section B.1

for the formal definition of the contract. The principal can fully commit to these

contractual terms. Note that the contract is contingent on the subproject completion.

When the subproject has not been completed, at each point in time t, the contract

specifies which approach to take: the direct approach pat � 1q or the sequential

approach pat � 0q. The agent allocates his 1 unit of effort to working pb̃t P r0, 1sq,

and shirking p1 � b̃tq.
10 The allocation of efforts is unobservable to the principal.

Then, at time t, the project is completed at the arrival rate λDatb̃t (and the agent

7 See Remark 5 for further discussion of limited liability.

8 I explore the case of a positive discount factor in Online Appendix Section B.8.

9 In Online Appendix Section B.7, I consider the case where the completion of the first subproject
raises outside options for the agent and the principal.

10 The agent’s choice will be denoted with tilde, whereas the principal’s choices are not.
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receives the reward Rt), the subproject is completed at the rate λSp1�atqb̃t, and the

agent receives φp1 � b̃tq as a private flow benefit from shirking. I assume that the

marginal private benefit φ is positive but less than the principal’s flow operating cost

c. It is easier to complete the subproject than to complete the main project, i.e., λS

is greater than λD. If neither the main project nor the subproject is completed by

the deadline, the project is terminated. When the subproject succeeds, the deadline

and the reward schedule are updated. In this case, the agent only needs to complete

one more subproject (with the same arrival rate) to make the entire project succeed.

Thus, the main project is completed at the rate λS b̃t.
11

3.2.2 The First-Best Case

As a benchmark, I consider the case where the agent’s effort is observable to the

principal, namely the first-best situation. Since the benefit from shirking is less than

the flow cost, it is optimal for the principal to make the agent work in this case.

To see which approach is more efficient, we need to compare the expected payoffs

of both approaches. Suppose that the principal takes the direct approach indefinitely,

i.e., until the project is completed. Then, the probability distribution of the date of

project completion (τm) is given by λDe
�λDτm . From this, we can derive the expected

payoff of (indefinitely employing) the direct approach as follows:

» 8

0

pΠ� c � τmqλDe
�λDτmdτm � Π�

c

λD
.

Since it does not have a deadline and the agent never shirks, the project will be

surely completed and the principal will receive Π (recall that both parties do not

discount). The second term comes from the cumulative costs: since the expected

duration of the project is 1{λD, the expected cost is c{λD.

11 I assume that two subprojects in the sequential approach are symmetric. In Online Appendix
Section B.6, I relax this assumption and analyze the case where the two subprojects are asymmetric.
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Next, consider the case where the principal takes the sequential approach indef-

initely. In this case, in addition to τm, we need to consider the date of the first

subproject completion–denoted by τs. Conditional on the completion of the subpro-

ject at the date τs, the probability distribution of τm is λSe
�λSpτm�τsq for τm ¡ τs

and 0 otherwise. Since the marginal probability distribution of τs is λSe
�λSτs , the

marginal probability distribution of τm can be derived as follows:

» τm

0

λSe
�λSpτm�τsq � λSe

�λSτsdτs � λ2
Sτme

�λSτm .

Then, the expected payoff of (indefinitely employing) the sequential approach is given

as follows: » 8

0

pΠ� c � τmqλ
2
Sτme

�λSτm � Π�
2c

λS
.

Since the expected duration for each step is 1{λS, the expected cost is 2c{λS in this

case.

I assume that the sequential approach is profitable: Π ¡ 2c{λS. I also assume

that the sequential approach is not more efficient than the direct approach, i.e.,

monitoring may harm the efficiency of the project: λD ¥ λS{2. Together with

the previous assumption, this implies that the direct approach is also profitable:

Π ¡ c{λD.

I introduce a parameter η � λS{λD � 1, which measures the efficiency of the

sequential approach. If η is equal to one, or equivalently λS � 2λD, the sequential

approach is equally efficient as the direct approach. As η decreases, the efficiency

loss from monitoring increases. In Section 3.4 and 3.5, I derive the optimal contract

respectively for the case of no efficiency loss from monitoring (η � 1) and the case

of efficiency loss from monitoring (η   1), and show that the form of the optimal

contract depends crucially on η.
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Remark 4. When the sequential approach is less efficient than the direct approach,

even if the principal is allowed to switch methods, she will stick to the direct approach

in the first-best case. On the other hand, when the sequential approach is equally

efficient to the direct approach, she may switch back and forth.

Remark 5. If the agent is not protected by limited liability, the following contract

will allow the principal to achieve the first-best outcome. The principal does not

use any deadline and always chooses the direct approach. Then, at each point of

time, if the project is not completed, she charges φ to the agent, i.e., the agent pays

φ to the principal. If the project is completed, the principal pays φ{λD � ε to the

agent for some small ε ¡ 0. Observe that the agent will always work because the

instantaneous payoff from working is λDpφ{λD � εq � φ whereas that from shirking

is zero. Then, the agent’s expected payoff is ε, and the principal’s expected payoff

is Π � c{λD � ε. By sending ε to zero, the principal is able to achieve the first-best

outcome.

3.3 Minimum-Incentive Contracts and Deadlines

In this section, I provide heuristic arguments on the optimal contract derivation. See

Appendix B.1 and B.2 for the formal analysis.

3.3.1 The Value Function

Following the standard approach in the dynamic contract literature, I consider the

agent’s promised utility as a state variable and write a contract recursively (see,

e.g., Spear and Srivastava, 1987). For a contract Γ, let P0pΓq and U0pΓq be the

expected payoffs of the principal and the agent at time 0 when the agent adheres

to the recommended effort specified in the contract. The core of the analysis is the

derivation of the principal’s value function, denoted by V puq, which represents her
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maximized expected utility P0pΓq subject to the promise-keeping constraint U0pΓq �

u and the incentive compatibility condition—which will be demonstrated in Section

3.3.2. If a contract Γ satisfies P0pΓq � V puq and U0pΓq � u, Γ is said to implement

a pair of expected payoffs pu, V puqq. Once the value function is characterized, the

principal solves

ū � arg max
u¥0

V puq. (MP)

Then, the optimal contract is the contract that implements pū, V pūqq. In the rest of

this section, I describe how to derive the value function V puq.

I begin by solving the principal’s problem given that the subproject is completed

at time t. I also consider the agent’s promised utility utS as a state variable. Upon

the subproject completion at time t, the contract is updated to Γ̂t. Define the

value function VSpu
t
Sq as the function that maximizes the principal’s expected utility

P̂ tpΓ̂tq subject to the promise-keeping constraint Û tpΓ̂tq � utS and the incentive

compatibility condition. Since this case only requires one more breakthrough, it

is identical to the single-stage benchmark of Green and Taylor (2016a), thus I can

directly use their results. They show that VSpu
t
Sq is the expected profit from running

the project for utS{φ units of time net of utS:

VSpu
t
Sq �

�
Π�

c

λS


�
1� e�

λS
φ
utS

	
� utS. (3.3.1)

In addition, they show that this can be implemented by a contract with a deadline

t� utS{φ and a linearly diminishing reward schedule tRt
sut¤s¤t�utS{φ where

Rt
s � utS � φ{λS � φps� tq (3.3.2)

for all t ¤ s ¤ t � utS{φ. The intuition is that when the agent’s promised utility is

utS, the principal can incentivize the agent to work at most utS{φ units of time. This

is because if the principal requires him to work more than utS{φ units of time, he can

achieve higher payoffs than the promised utility by shirking.
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3.3.2 The Agent’s Problem

Now consider the agent’s problem when the subproject has not been completed.

Suppose that the promised utility is ut at some time t. Under the direct approach, if

the agent works for a small interval of time rt, t�dtq, the breakthrough occurs and the

agent receives the reward Rt with a probability λDdt. However, in this event, he loses

the continuation utility, thus, the expected payoff of working is λDpRt�utqdt. On the

other hand, if he shirks, his payoff is φdt. Therefore, to induce the agent to work, Rt

should be greater than or equal to ut � φ{λD. Next, under the sequential approach,

the agent is compensated in the form of the promised utility upon the subproject

completion. Thus, the expected payoff of working for rt, t � dtq is λSpu
t
S � utqdt.

Then, to induce the agent to work, utS should be greater than or equal to ut � φ{λS.

To sum up, Rt ¥ ut � φ{λD and utS ¥ ut � φ{λS serve as incentive compatibility

conditions for the direct approach (at � 1) and the sequential approach pat � 0q

respectively.

3.3.3 The Principal’s Problem

Next, consider the principal’s problem. At each point of time t, the principal needs

to choose which approach to take patq, the reward upon project completion pRtq, the

updated contract upon the subproject completion pΓ̃tq, and the agent’s recommended

effort pbtq. If the agent shirks, neither the whole project nor the subproject can be

completed, but the flow cost incurs. Thus, the principal would recommend the

agent to work unless the contract is terminated. Note that when the subproject

is completed, the agent only cares about his updated promised utility, utS, which

can eventually determine the updated contract and the principal’s expected payoff

VSpu
t
Sq. Thus, the principal’s problem reduces to the choice of at, Rt, and utS subject

to the incentive compatibility conditions.

We can naturally guess that the incentive compatibility conditions bind in the
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optimal contract, i.e., the principal provides the minimum incentive for the agent

to work.12 I now show that under the minimum-incentive contract, (i) Rt linearly

diminishes over time; (ii) the deadline is extended by 1{λS when the subproject is

completed. First, observe that in the absence of any completion, the agent’s promised

utility is consumed at the same rate with the benefit from shirking: du{dt � 9ut � �φ.

This is because the agent is indifferent between shirking and working under the

minimum incentives and it gives the following promised utility dynamics:

ut � ut�dt � φdt � ut � 9utdt� φdt ùñ 0 � 9ut � φ.

Note that ut � u0�φt, which means that if any completion has not been made by time

t, the agent is promised to the continuation utility u0�φt. Under the direct approach,

to make the incentive compatibility condition bind, Rt � ut�φ{λD � u0�φt�φ{λD,

which linearly diminishes over time. Next, if the completion has not been made by

u0{φ, the promised utility is equal to the agent’s outside option 0, thus, the contract is

terminated, or equivalently, the deadline of the contract is u0{φ. Under the sequential

approach, to make incentive compatibility bind, utS � ut�φ{λS. Because the updated

deadline is t � utS{φ � u0{φ � 1{λS, the deadline is extended by 1{λS. In addition,

when the original deadline is T (u0 � φT ), by (3.3.2) and utS � u0 � φt� φ{λS, the

reward upon project completion at time t is determined as follows:

Rt
s � u0 � 2φ{λS � φs � φ pT � 2{λS � sq ,

i.e., the reward is linearly diminishing over time.

The remaining step is to determine which approach to take. If the principal

12 In the formal analysis, I show that it is indeed optimal for the principal to provide the minimum
incentive to the agent. To do this, I use the ‘guess and verify’ method which is widely used in
continuous-time analysis. That is, I first guess the principal’s value function by letting her provide
the minimum incentives to the agent, then verify that the principal does not have an incentive to
deviate from it. The verification parts of the proof are long and tedious, so they are relegated to
the latter part of the appendix (Appendix B.4). Specifically, I provide proof that the principal does
not deviate from providing the minimum incentives in B.4.2.
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chooses the direct approach for rt, t� dtq, the expected payoff is

λDdtpΠ�Rtq � p1� λDdtqV put�dtq � cdt

� λDdtpΠ�Rtq � p1� λDdtq pV putq � V 1putq 9utdtq � cdt.

When dt is small enough, we can take dt2 Ñ 0, then, the above equation can be

rewritten as follows:

V putq � tλD pΠ�Rt � V putqq � φV 1putq � cu dt.

Likewise, if the principal chooses the sequential approach for rt, t� dtq, the expected

payoff can be written as follows:

V putq �
 
λSpV pu

t
Sq � V putqq � φV 1putq � c

(
dt.

By plugging in Rt � ut � φ{λD and utS � ut � φ{λS, the principal determines which

approach to take as follows:

at �

#
1, if αDputq ¡ αSputq,

0, if αDputq   αSputq,
13

(3.3.3)

where

αDpuq � λDΠ� λDpV puq � uq � c� φ,

αSpuq � λS

�
VS

�
u�

φ

λS



� u�

φ

λS



� λSpV puq � uq � c� φ.

3.3.4 The Optimal Approach at the Deadline

I now explore how the principal chooses the approach at the deadline. Note that

V p0q � 0 because the contract is terminated when the agent’s promised utility is 0.

13 If equality holds, the principal is indifferent between the two approaches.
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Then, at the deadline, the principal chooses which approach to take by comparing

the following two values:

αDp0q � λDΠ,

αSp0q � λS

�
VS

�
φ

λS



�

φ

λS



� λS

�
Π�

c

λS



p1� e�1q

� p1� e�1qpη � 1qλDΠ� p1� e�1qc.

This can be interpreted as follows. If the direct approach is chosen, the project is

completed at rate λD, and the contract is terminated otherwise. If the sequential

approach is chosen, the subproject is completed at rate λS. If the subproject is

completed, the deadline will be extended by 1{λS and the agent will try to complete

the remaining subproject at rate λS. This deadline extension has a mixed effect:

(i) it may increase the chance of project completion if p1 � e�1qpη � 1qλD ¡ λD, or

equivalently, η ¡ 1{pe� 1q; (ii) it will incur running cost (p1� e�1qc in expectation)

which the principal would not pay under the direct approach. Based on this com-

parison, the principal chooses which approach to take at the deadline. First, when

η ¤ 1{pe � 1q, due to high efficiency loss from the project breakdown, the deadline

extension does not even deliver a higher chance of project completion, thus, the di-

rect approach will be preferred at the deadline, i.e., αDp0q ¡ αSp0q always holds.

Second, when η ¡ 1{pe� 1q, the principal needs to take into account the benefit and

the cost from the deadline extension. In this case, we have

αDp0q ¡ αSp0q ðñ Π  
e� 1

ηpe� 1q � 1
�
c

λD
� ΠSpηq. (3.3.4)

Therefore, at the deadline, the principal would split the project if and only if the

efficiency loss from project breakdown is low (η ¡ 1{pe� 1q) and the project return

is high pΠ ¥ ΠSpηqq.
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3.4 Optimal Contracts under No Efficiency Loss

In this section, I characterize the optimal contract under the assumption that there

is no efficiency loss from breaking down the project, i.e., η � 1.

If the principal uses the sequential approach, she can monitor the agent’s inter-

mediate progress. On the other hand, if the principal chooses the direct approach,

the principal cannot observe progress until the main project is done. Therefore, the

sequential approach has a comparative advantage in supervising the agent and can

potentially lessen the moral hazard problem. Moreover, in this case, the sequential

approach is even more attractive due to no efficiency loss. However, as argued in

the previous section, when the deadline is close by, the direct approach can be more

appealing despite the monitoring advantage.

Based on this intuition, I construct three types of minimum-incentive contracts

which involve at most one switch of the employed approach.

Definition 3.4.1. (a) A contract is called a direct-only contract with a deadline T

if (i) the direct approach is employed up to the deadline T , (ii) the reward upon

project completion at time t is Rt � φpT � t � 1{λDq, and (iii) the contract is

terminated if the project is not completed by the deadline T ;

(b) A contract is called a sequential-only contract with a deadline T if (i) the sequen-

tial approach is employed up to the deadline T , (ii) the contract is terminated

if the subproject is not completed by the deadline T , (iii) when the subproject

is completed before T , the contract is extended to T � 1{λS, i.e., the contract

is terminated if the project is not completed by T � 1{λS, and (iv) the reward

upon project completion at time t is Rt � φpT � t� 2{λSq;

(c) A contract is called a contract with a switch from the sequential approach to the

direct approach at S and a deadline T if (i) the sequential approach is employed
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up to the intermediate deadline S, (ii) when the subproject is completed before

S, the contract is extended to T �1{λS and the reward upon project completion

at time t is Rt � φpT � t � 2{λSq, (iii) if the subproject is not completed by

S, the direct approach is employed up to the deadline T and the reward upon

project completion at time t is Rt � φpT � t � 1{λDq, and (iv) the contract is

terminated if the project is not completed by the deadline T .

In the following proposition, I derive the benchmark value functions that can be

implemented by the above contracts. The proof is relegated to Appendix B.2.3.

Proposition 3.4.1. The following statements hold:

(a) A direct-only contract with the deadline u{φ implements a pair of expected payoffs

of the principal and the agent pV dpuq, uq where

V dpuq �

�
Π�

c

λD


�
1� e�

λD
φ
u
	
� u. (3.4.1)

(b) When 0 ¤ u1 ¤ u, a contract with a switch from the sequential approach to the

direct approach at pu � u1q{φ and the deadline u{φ implements pV dspu|u1q, uq

where

V dspu|u1q �

�
Π�

2c

λS


�
1� e

λS
φ
pu1�uq

	
� pV dpu1q � u1qe

λS
φ
pu1�uq

�

�
Π�

c

λS



λS
φ
pu� u1qe

�
λS
φ
u�1 � u.

(3.4.2)

(c) A sequential-only contract with the deadline u{φ implements pV dspu|0q, uq.

Next, I show that the principal’s value function can be characterized by the above

benchmark value functions. From (3.3.4), the sequential approach is preferred at the

deadline if and only if Π ¥ ΠSp1q. In this case, we can guess that the principal
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will use a sequential-only contract, i.e., the principal’s value function will take the

form V dspu|0q. On the other hand, if Π is less than ΠSp1q, we can also guess that

there exists a cutoff promised utility level u1 ¡ 0 such that the direct approach is

employed for 0 ¤ u   u1 and the sequential approach is employed for u ¡ u1. That

is, the value function would take forms of (3.4.1) when 0 ¤ u   u1 and (3.4.2) when

u ¡ u1. The following proposition confirms the conjecture. The proof is relegated to

Section B.4.

Proposition 3.4.2. Suppose that η is equal to 1. Then, the principal’s value function

is characterized as follows.

(a) When ΠSp1q ¡ Π ¡ c
λD

� 2c
λS

, there exists u1 ¡ 0 such that

V puq �

#
V dpuq, if 0 ¤ u ¤ u1,

V dspu|u1q, if u1   u.
(3.4.3)

(b) When Π ¥ ΠSp1q, V puq � V dspu|0q for all u ¥ 0.

This result is illustrated in Figure 3.1. I set parameters λD � 2, λS � 4, c �

1, φ � .5, then plot the graphs of the value functions for Π � .8, .85, and 1.3.

The horizontal axis represents the agent’s promised utility u and the vertical axis

represents the principal’s value function V puq. Recall that 9u � �φ when the principal

employs the minimum incentive contract. Thus, time flows along the horizontal axis

from the right to the left. Observe that ΠSp1q � 1.196 and Π   ΠSp1q in Figure

3.1a and 3.1b. In these figures, the level u1 represents the promised utility level at

which the approach switches. If u is in the blue region, i.e., below u1, it is optimal

for the principal to employ the direct approach (a � 1). If u is in the red region, i.e.,

above u1, it is optimal for the principal to use the sequential approach (a � 0). Also

note that Π ¡ ΠSp1q in Figure 3.1c. Thus, the sequential approach is always chosen

over the direct approach.
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(a) Π � .8, η � 1 (b) Π � .85, η � 1 (c) Π � 1.3, η � 1

Figure 3.1: Value functions when there is no efficiency loss
(λD � 2, λS � 4, c � 1, φ � .5)

Now that I have characterized the contract that maximizes the principal’s ex-

pected payoff under the constraint that the agent’s promised utility is equal to u,

the next step is to pin down the optimal initial promised utility level. Recall that

the optimal contract is the one that implements pū, V pūqq where ū is the solution to

(MP). this will determine where the principal will start the contract in Figure 3.1

and how long the deadline will be.

The feasibility of the project depends on whether ū is greater than or equal to 0.

When ū is equal to zero, the principal’s expected payoff is maximized at u � 0. In this

case, it is optimal for the principal not to initiate the contract in the first place, i.e.,

the project is infeasible. This occurs when the project return is very low. In Appendix

B.3.1, for any efficiency level η, I show that the project is feasible if and only if Π

is greater than ΠF � pc � φq{λD. Intuitively, at the deadline, a feasible project has

to be profitable at least with the direct approach: 0   αDp0q � λDΠ � c � φ, or

equivalently, Π ¡ ΠF .

Next, the form of the optimal contract depends on whether ū is greater than

u1 or not. For example, the value functions in Figure 3.1a and 3.1b both involve a

switching point u1, however, ū is greater than u1 in Figure 3.1a and less than u1 in

Figure 3.1b. Thus, the optimal contracts are a direct-only contract in Figure 3.1a

and a contract with a switch from the sequential approach to the direct approach
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in Figure 3.1b. In Appendix B.3.2, I show that there exists a threshold ΠDp1q such

that ū ¡ u1 if and only if Π ¡ ΠDp1q (Lemma B.3.1).

Last but not least, as argued in Proposition 3.4.2, the form of the optimal con-

tract depends on whether Π is greater than ΠSp1q or not. This determines whether

the direct approach is ever employed in the optimal contract. Based on the above

arguments, the following theorem characterizes the optimal contract and shows that

the project return Π determines which case will be applied. The formal proof is

presented in Appendix B.3.3.

Theorem 3.4.1. Suppose that there is no efficiency loss from monitoring (η � 1).

There exists a threshold ΠDp1q such that ΠSp1q ¡ ΠDp1q ¡ ΠF � pc�φq{λD and the

optimal contract is determined as follows:

(a) when Π ¤ ΠF , the project is infeasible;

(b) when ΠDp1q ¥ Π ¡ ΠF , pū, V pūqq is implemented by a direct-only contract with

a deadline ū{φ;

(c) when ΠSp1q ¡ Π ¡ ΠDp1q, there exists u1 P p0, ūq such that pū, V pūqq is im-

plemented by a contract with a switch from the sequential approach to the direct

approach at pū� u1q{φ and a deadline ū{φ;

(d) when Π ¥ ΠSp1q, pū, V pūqq is implemented by a sequential-only contract with a

deadline ū{φ.

This theorem provides a clear interpretation of the form of the optimal contract

with respect to the project return. When the return is very low (Π ¤ ΠF ), the

project is not feasible and it is optimal not to initiate the contract. As the return

grows and Π is now in pΠF ,ΠDp1qq, the project becomes feasible and the principal

employs the direct approach near the deadline. In addition, the optimal length of the
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contract is too short to employ the sequential approach, thus, the direct-only contract

is optimal. Next, when Π is in pΠDp1q,ΠSp1qq, the optimal length of the contract

is long enough to begin the contract with the sequential approach. In addition, the

return is not too high so the direct approach will be preferred near the deadline.

Thus, the optimal contract involves a switch from the sequential approach to the

direct approach. Last, when Π is greater than ΠSp1q, the sequential approach is

preferred even at the deadline, thus, the sequential-only contract is optimal.

Remark 6. A mixture of contracts also generates another contract. For example, a

contract with a soft deadline—randomly terminating the agent after reaching the

soft deadline—as in Green and Taylor (2016a) can be represented by a mixture of

two contracts defined here. However, a mixed contract cannot improve the one

characterized above. This follows because the value functions derived in Proposition

3.4.2 are shown to be concave (see Appendix B.4.3). Consider a set of contracts

tΓiu1¤i¤n where the agent’s expected utility of Γi is ui and the weight is wi with°n
i�1wi � 1 and

°n
i�1 uiwi � u. The principal’s expected payoff from this mixture is°n

i�1wiP0pΓiq and the agent’s expected utility is u. By concavity, we have V puq ¥°n
i�1wiV puiq. In addition, we have V puiq ¥ P0pΓiq for all 1 ¤ i ¤ n because V puiq

is the principal’s maximized expected profit given that the agent’s expected payoff is

ui. Thus, V puq is greater than or equal to the expected payoff of the mixed contract.

Hence, any mixed contract cannot improve the characterized contract.

3.5 Optimal Contracts under Efficiency Loss

I now introduce an efficiency loss from breaking down the project, that is, η is

less than 1. In this case, we need to consider efficiency as another economic force

determining the optimal contract in addition to monitoring and deadlines. I begin

by showing that the value function from the previous section cannot be supported as
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a value function in the efficiency loss case when the promised utility is high enough.

Assume the contrary, i.e., V dsp�|u1q is the principal’s value function for all u ¥ u1.

Note that limuÑ8 V
dspu|u1q�u � Π� 2c

λS
and limuÑ8 VS

�
u� φ

λS

	
�u� φ

λS
� Π� c

λS
.

Also observe that

lim
uÑ8

αDpuq �λDΠ� λD

�
Π�

2c

λS



� pc� φq �

1� η

1� η
c� φ,

lim
uÑ8

αSpuq �λS

�
Π�

c

λS



� λS

�
Π�

2c

λS



� pc� φq � �φ.

From η   1, αDpuq ¡ αSpuq for some high enough u, i.e., the (more efficient) direct

approach is always preferred if u is high enough. Thus, V dspu|u1q cannot constitute

the value function.

Intuitively, for longer time horizons, the sum of expected payoffs for both players

from the contract converges to the first-best contract, that is, efficiency determines

which approach should be chosen. Since we focus on the case where the sequential

approach is less efficient than the direct approach, the principal would choose the

direct approach when the deadline is far off. Based on this intuition, I construct

a contract that provides a minimum incentive not to shirk and potentially has two

switches from the direct approach to the sequential approach, then to the direct

approach again.

Definition 3.5.1. A contract is called acontract with two switches at S1 and S2

and a deadline T if (i) the direct approach is employed up to the first intermediate

deadline S1 and the reward upon project completion is Rt � φpT � t � 1{λDq, (ii)

if the project is not completed by S1, the sequential approach is employed up to

the second intermediate deadline S2, (iii) when the subproject is completed, the

deadline is extended to T � 1{λS and the reward upon project completion at time

t is Rt � φpT � t � 2{λSq, (iv) if the subproject is not completed by S2, the direct
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approach is employed up to the deadline T and the reward upon project completion

at time t is Rt � φpT � t� 1{λDq, (v) the contract is terminated if the project is not

completed by the deadline T .

The following proposition derives another benchmark value function that can be

implemented by the above contract. The proof is relegated to Appendix B.2.3.

Proposition 3.5.1. When 0 ¤ u1   u2 ¤ u, a contract with two switches at pu �

u2q{φ and pu� u1q{φ and the deadline u{φ implements pV dsdpu|u1, u2q, uq where

V dsdpu|u1, u2q �

�
Π�

c

λD


�
1� e

λD
φ
pu2�uq

	
� pV dspu2|u1q � u2qe

λD
φ
pu2�uq � u.

(3.5.1)

As a next step, I show that the principal’s value function can be characterized by

the combination of (3.4.1), (3.4.2) and (3.5.1). Recall that the sequential approach

is preferred at the deadline if and only if η ¡ 1{pe � 1q and Π ¥ ΠSpηq (Section

3.3.4). In this case, for a low level of the agent’s promised utility u, the principal’s

value function will take the form of V dspu|0q. However, as argued above, when u is

large enough, the direct approach will be employed. Then, we can guess that there

exists a cutoff promised utility level u2 ¡ 0 such that the principal’s value function

would take a form of V dspu|0q for 0 ¤ u   u2 and V dsdpu|0, u2q for u ¡ u2.

In the remaining cases, the direct approach is preferred at the deadline. Unlike

in the no efficiency loss case, due to the efficiency loss from the project breakdown,

it is possible that the sequential approach is never chosen in the value function

characterization. Specifically, there exists ΠMpηq ¥ 2c{λS such that the sequential

approach is never employed if and only if Π ¤ ΠMpηq (Lemma B.4.2). Thus, when

Π is less than or equal to ΠMpηq, the principal’s value function is V dpuq. On the

other hand, when Π is greater than ΠMpηq, the sequential approach will be employed

at some point, but the direct approach is preferred when u is very low (due to the
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(a) Π � .8, η � .9 (b) Π � .95, η � .9 (c) Π � 2, η � .9

Figure 3.2: Value functions when the efficiency loss is small
(λD � 2, λS � 3.8, c � 1, φ � .5)

deadline) or very high (due to efficiency). Therefore, we can guess that there exist

u2 ¡ u1 ¡ 0 such that the value function takes a form of V dpuq when u   u1,

V dspu|u1q when u1   u   u2, and V dsdpu|u1, u2q when u2   u. The following

proposition confirms the conjecture. The proof is relegated to Section B.4.

Proposition 3.5.2. Suppose that η is less than 1. Then, there exists ΠMpηq such

that the following statements hold.

(a) When ΠMpηq ¥ Π ¡ 2c
λS

, V puq � V dpuq for all u ¥ 0.

(b) Suppose that one of the following hold: (i) η ¤ 1{pe� 1q and Π ¡ ΠMpηq; or (ii)

1{pe� 1q   η   1 and Π P pΠMpηq,ΠSpηqq. There exist u2 ¡ u1 ¡ 0 such that

V puq �

$'&
'%
V dpuq, if 0 ¤ u ¤ u1,

V dspu|u1q, if u1   u ¤ u2,

V dsdpu|u1, u2q, if u2   u.

(3.5.2)

(c) When 1{pe� 1q   η   1 and Π ¥ ΠSpηq, there exists u2 ¡ 0 such that

V puq �

#
V dspu|0q, if 0 ¤ u ¤ u2,

V dsdpu|0, u2q, if u2   u.
(3.5.3)
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This result is illustrated in the graphs in Figure 3.2 and 3.3. I set parameters

λD � 2, c � 1, φ � .5, and λS � 3.8 (or equivalently η � .9) for Figure 3.2 and

λS � 3.1 (or equivalently η � .55) for Figure 3.3. Note that .9 ¡ 1{pe � 1q � .582.

Then, there are three different cases for Figure 3.2: (a) when the project return is

low, the sequential approach is never employed in the characterized value function

(Figure 3.2a); (b) when the project return is intermediate, the sequential approach

is employed for intermediate u (u P pu1, u2q) and the direct approach is chosen for

high and low u (u ¡ u2 or u   u1) (Figure 3.2b); (c) when the project return is

high, the sequential approach is utilized for low u (u   u2) and the direct approach

is employed for high u (u ¡ u2) (Figure 3.2c). Next, note that .55   1{pe � 1q

and the third case in Proposition 3.5.2 will not be applied. Thus, there are two

cases for Figure 3.3: (a) when the project return is low, the sequential approach

is never employed in the characterized value function (Figure 3.3a); (b) when the

project return is intermediate, the sequential approach is employed for intermediate

u (u P pu1, u2q) and the direct approach is chosen for high and low u (u ¡ u2 or

u   u1) (Figure 3.3b).

To obtain more precise results, we need to compare two switching points u1 and

u2 (if they exist) with the profit maximizing promised utility level ū as we did in the

no efficiency loss case. In the efficiency loss case, the type of the optimal contract

depends not only on Π but also on η. For the rest of this section, I characterize

optimal contracts for two cases: (i) when η is above maxt
a
c{pc� φq, 1{pe � 1qu,

i.e., the efficiency loss is small; (ii) when η is below mint1{pe � 1q, c{pc � φqu, i.e.,

the efficiency loss is large.14

Theorem 3.5.1. Suppose that η is greater than
a
c{pc� φq and 1{pe� 1q, i.e., the

14 These cases do not cover the case where the efficiency loss is intermediate. In that case, the form
of the optimal contract depends highly on parameter values η and Π and there are many subcases
to consider.
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(a) Π � .8, η � .55 (b) Π � 4, η � .55

Figure 3.3: Value functions when the efficiency loss is large
(λD � 2, λS � 3.1, c � 1, φ � .5)

efficiency loss from monitoring is small. There exist thresholds ΠDpηq and ΠSpηq

with ΠSpηq ¡ ΠDpηq ¡ ΠF � pc�φq{λD such that the optimal contract is determined

as follows:

(a) when Π ¤ ΠF , the project is infeasible;

(b) when ΠDpηq ¥ Π ¡ ΠF , pū, V pūqq is implemented by a direct-only contract with

a deadline ū{φ;

(c) when ΠSpηq ¥ Π ¡ ΠDpηq, there exists u1 P r0, ūs such that pū, V pūqq is im-

plemented by a contract with a switch from the sequential approach to the direct

approach at pū� u1q{φ and a deadline ū{φ;

(d) when Π ¡ ΠSpηq, pū, V pūqq is implemented by a sequential-only contract with a

deadline ū{φ.

This result is similar to Theorem 3.4.1. Intuitively, when the efficiency loss is

small, it only induces the principal to choose the direct approach when the deadline

is fairly far away and it may go further than the optimal length of the contract. Thus,

the switch from the direct approach to the sequential approach may not occur in the

optimal contract. The condition that η is greater than
a
c{pc� φq ensures that the
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switching point u2 would be always above the optimal initial promised utility level

ū (Figure 3.2b and 3.2c), or the switching point does not exist at all (Figure 3.2a).15

Also, the condition that η is greater than 1{pe � 1q makes the principal prefer the

sequential approach even at the deadline when Π is large enough (Figure 3.2c).

These results confirm that the findings from the no efficiency loss case are robust

to the introduction of small efficiency costs. However, – as might be expected – the

results no longer hold when the efficiency loss is large.

Theorem 3.5.2. Suppose that η is less than c{pc� φq and 1{pe � 1q, i.e., the effi-

ciency loss from monitoring is large. There exists a threshold ΠMpηq with ΠMpηq ¡

ΠF � pc� φq{λD such that the optimal contract is determined as follows:

(a) when Π ¤ ΠF , the project is infeasible;

(b) when ΠMpηq ¥ Π ¡ ΠF , pū, V pūqq is implemented by a direct-only contract with

a deadline ū{φ;

(c) when Π ¡ ΠMpηq, there exist u1 and u2 such that 0   u1   u2   ū and pū, V pūqq

is implemented by a contract with two switches at pū�u2q{φ and pū�u1q{φ and

a deadline ū{φ.

This result is significantly different from the previous ones in that the optimal

contract involves either zero or two switches. Intuitively, when there is a large

efficiency loss from monitoring, the principal would choose the direct approach for

the majority of the time and choose the sequential approach for only short periods.

If Π is not that large, the principal would not employ the sequential approach at

all (Figure 3.3a). However, if Π is large enough, the principal would choose the

sequential approach in the middle of the optimal contract (Figure 3.3b). To get this

result, we need to show that ū ¡ u2 ¡ u1 ¡ 0. The condition that η is less than

15 Refer to Lemma B.3.3 for details.
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c{pc� φq ensures that u2 is always below ū.16 Also, the condition that η is less than

1{pe � 1q makes the principal choose the direct approach at the deadline no matter

what Π is.17

Intuitively, the principal generally prefers the direct approach since there is a

large efficiency loss from the sequential one. Nevertheless, when Π is large enough,

the principal may take advantage of the monitoring benefit by choosing the sequential

approach. If the principal decides to monitor at some point, it is optimal to monitor

in the middle of the contract. This is because efficiency outweighs monitoring at the

beginning of the contract and the deadline effect outweighs monitoring at the end of

the contract. Hence, the optimal contract involves two switches when Π is large.

For a very high-return project, the theorem illustrates that a type of contract

involving all three economic forces is optimal. At the beginning of the contract, the

principal chooses the direct approach because it is more efficient (i.e., efficiency is

initially the dominant concern). When the success is not delivered by a specified time,

the principal begins to monitor the agent more closely by switching to the sequential

approach (i.e., monitoring becomes the primary concern). She extends the deadline

if the agent makes intermediate progress, but if he does not make progress before the

deadline is near, the principal switches back to the direct approach in a “last-ditch”

attempt at getting the job done (i.e., the deadline effect becomes the preeminent

motivation).

16 Refer to Lemma B.3.2 for details.

17 Refer to Proposition 3.5.2 for details.
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4

Strategic Concealment in Innovation Races

4.1 Introduction

In the course of research and development (R&D), firms often discover interim knowl-

edge that brings them closer to successfully producing a final innovation. When

multiple firms race towards such innovation, a firm’s optimal R&D strategy is likely

to be influenced by the information about whether its rivals have made intermediate

breakthroughs. Thus, a firm may want to conceal intermediate discoveries in order

to hinder its rivals from adjusting their R&D strategies. On the other hand, it may

prefer to disclose an intermediate discovery because this can open the opportunity

for monetization via licensing the technological breakthrough. In this paper, we

introduce and study an innovation race model that captures the tradeoffs between

licensing and concealing interim discoveries and characterize firms’ equilibrium be-

havior.

We consider a situation where two firms race towards developing an innovative

product, such as a COVID-19 vaccine or a full self-driving (FSD) vehicle. The first

firm to develop the product receives a reward (e.g., a transitory flow of monopoly
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profit) and the other firm does not. At each point in time, the firms allocate their

limited resources between two routes for developing the product and incur constant

flow costs. One route is to conduct basic research to discover a new technology

that does not directly deliver the product but makes developing it faster, e.g., mes-

senger RNA (mRNA) or light detection and ranging (LIDAR) technology.12 This

route requires two breakthroughs: discovering the new technology and developing the

product with it. The other route is to develop the product with a currently available

but slow technology, namely the incumbent technology. For example, the viral vector

method for developing a COVID vaccine and the camera-based vision technology for

developing an FSD vehicle can be considered incumbent technologies.34 This path

requires a single breakthrough but the arrival rate is relatively low. We assume that

the path with the new technology is more efficient: the total expected completion

1 The mRNA technology was not utilized in practice before the COVID-19 outbreak. Thus, phar-
maceutical firms had to first acquire basic knowledge in order to employ this new methodology. The
advantage of possessing this intermediate technology is that firms can develop vaccines in a labo-
ratory by using readily available materials. Hence vaccines can be developed faster with mRNA
technology than with older methods. Moderna and Pfizer-BioNTech utilize mRNA technology
to develop COVID-19 vaccines. For more information, see the web page of the Centers for Dis-
ease Control and Prevention (CDC): https://www.cdc.gov/coronavirus/2019-ncov/vaccines/
different-vaccines/mrna.html.

2 LIDAR is a laser radar that can provide extensive and reliable information surrounding a ve-
hicle including an object’s distance, size, position, and velocity if it is moving. Most FSD vehicle
developers including Waymo—formerly the Google self-driving car project—use LIDAR combined
with cameras. The main drawback of LIDAR is its current high cost. Thus, to develop a com-
mercializable FSD vehicle, firms first need to discover a way to make LIDAR less expensive. Once
LIDAR becomes affordable, it will be relatively easy to develop a commercializable FSD vehicle. In
this sense, successfully developing an FSD vehicle with the LIDAR technology can be understood
as a route requiring two breakthroughs.

3 The viral vector technology was used during recent disease outbreaks including the 2014-2016
Ebola outbreak in West Africa. Many pharmaceutical firms had access to this methodology when
the COVID-19 outbreak began. Indeed, this technology was utilized to develop COVID-19 vaccines
by Oxford-AstraZeneca and Janssen (Johnson&Johnson). For more information, see the web page
of the CDC: https://www.cdc.gov/coronavirus/2019-ncov/vaccines/different-vaccines/

viralvector.html.

4 Unlike other companies, Tesla’s approach towards developing an FSD vehicle is to use only
cameras without LIDAR (Templeton, 2019). Since camera technology is already very cheap, no
cost-saving breakthrough is needed to implement it. However, the quality of information attained
from cameras is inferior to that attained from LIDAR, thus it will take more time to develop an
FSD vehicle utilizing only cameras.
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time of doing research for the new technology and developing the product with it

is shorter than that of developing with the incumbent strategy. Thus, the socially

efficient policy is to have both firms allocate all their resources to research, and once

one of them discovers the new technology, have it share the breakthrough with the

other firm to prevent duplication of research costs.

We investigate three different settings in the context of this framework. First, we

consider the case where it is public information whether a firm has discovered the

new technology or not. In this setting, a firm can condition its strategy not only on

its own technological breakthrough but also on its rival’s progress. We show that

there exists a unique equilibrium and its form is determined by the relative efficiency

of the new technology. The efficiency measure is defined to be inversely proportional

to the expected total completion time of the path with the new technology, i.e., doing

research is more attractive when efficiency is high. It is shown that when efficiency

is extreme (high or low), a firm’s equilibrium strategy does not depend on its rival’s

progress. Specifically, when the new technology is highly efficient, both firms allo-

cate all their resources to research (i.e., perform research only); and when the new

technology is not much more efficient, both firms allocate all their resources to devel-

opment (i.e., develop with the incumbent technology only) regardless of their rival’s

status. On the contrary, when efficiency is intermediate, the equilibrium strategy

of each firm does depend on its rival’s progress. In this case, both firms begin by

conducting research, but once one firm makes the intermediate technological break-

through, the other switches to developing with the incumbent technology, namely it

pursues a fall-back strategy.

Next, we analyze the setting where technological discoveries are private informa-

tion, i.e., a firm cannot observe its rivals’ technological progress. As in the public

information setting, when efficiency is high, each firm conducts research until it suc-

ceeds or its rival produces the final innovation. Similarly, when efficiency is low,
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both firms endeavor to develop with the incumbent technology. This invariance oc-

curs because, in the extreme cases of very high and very low efficiency, firms do not

use the information about their rival’s progress even when it is observable. However,

in the case of intermediate efficiency, the firms cannot use the fall-back strategy as

in the public information setting since they are no longer able to make their resource

allocations contingent on their rivals’ state of technology. Instead, their resource al-

locations must depend on their ‘beliefs’ about their rivals’ progress. We characterize

the unique symmetric equilibrium that is Markov with respect to these beliefs. The

equilibrium strategy has a cutoff structure: firms conduct research exclusively up to

a certain date (belief), then they start allocating their resources between developing

with the incumbent technology and researching the new one, namely they employ

a stationary fall-back strategy. The most intriguing feature of this equilibrium is

that beliefs remain constant once the allocation of resources to development begins.

This stationarity derives from two conflicting effects in the belief evolution. First,

as time passes, it becomes more likely that one’s rival has found the new technology

(the duration effect). On the other hand, the lack of one’s rival producing the final

innovation (which is publically observable) implies that it is less likely that the new

technology has been discovered (the still-in-the-race effect).

Last, we extend the private information setting by allowing firms to protect their

discoveries by using either a patent or a trade secret. First, when a firm treats the

new technology as a trade secret, it conceals the discovery, i.e., its rival still cannot

observe its progress. However, this does not prohibit the firm’s rival from discovering

the new technology independently. Second, when a firm files a patent, it discloses

the discovery of the new technology. On the one hand, if its rival has not yet made

the technological breakthrough, then the exclusive right to use the new technology

is bestowed on the patenting firm. In addition, the patenting firm may license the

new technology, i.e., it may permit its rival to use the new technology for a fee.
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Once the licensee pays the fee, both firms race for the final innovation employing the

new technology. On the other hand, if the rival firm has already discovered the new

technology, i.e., it was protected as a trade secret. Then, the patenting firm cannot

claim the exclusive right—rather, the new technology is now considered common

property—and both firms can use it without making transfers.56

We first show that if a firm files a patent and the rival firm does not possess the

new technology, the patenting firm always licenses. Thus, both firms develop the

final innovation with the new technology, which is socially efficient. Once a firm files

a patent, its rival can only try to develop the product with the old slow technology.

Given this, the patenting firm can extract rent from its rival by allowing it to use the

new technology for a fee. This is an application of the classical result of Coase (1960)

in the sense that the socially efficient outcome can be achieved when the property

right of the new technology is given to a firm and trade involves no transaction costs.

Therefore, disclosing the new technology implies licensing it.

Finally, we explore whether a firm prefers to disclose or conceal the new tech-

nology. We show that this decision crucially depends on the size of the reward of

winning the race: when the reward is high, firms may prefer to conceal their discov-

eries, whereas when the reward is low, they disclose and license them. Intuitively,

this is because concealment involves a higher chance of winning the race, which is

more attractive when the reward is high. Whereas, disclosure delivers an immedi-

ate payment from licensing, which is more appealing when the reward is low. More

specifically, when a firm conceals a discovery, its rival does not know whether it pos-

sesses the new technology. Thus, per the results from the private information setting,

5 When a firm files a patent, the firm with the trade secret can dispute the patent based on 35
U.S. Code §273 - Defense to infringement based on prior commercial use.

6 For more information about trade secrets and patents, see the web page of the World Intellec-
tual Property Organization: https://www.wipo.int/about-ip/en/. Also, see Lobel (2013) for
examples.
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the rival firm continues allocating some of its resources to researching the new tech-

nology. This is not desirable for the rival, especially when efficiency of the new

technology is intermediate, because if it knew that the other firm already possessed

the new technology, then its best response would be to allocate all its resources to

development with the incumbent technology (i.e., to employ the fall-back strategy).

In this sense, concealing the new technology hinders the rival firm from strategically

responding to its discovery.

Concealment is detrimental not only to the rival firm but also to social surplus

because it generates duplicate research efforts. This slows down the pace of innova-

tion. On the contrary, the socially efficient outcome could be achieved by disclosing

and licensing the new technology. These results on firms’ incentives for concealment

imply a simple policy intervention. Reducing the reward of winning the race (e.g.,

weakening the transitory monopoly power in the innovative product market by im-

posing a tax,) reduces incentives to conceal and promotes licensing, thus speeding

up the pace of innovation.

Related Literature

This paper primarily contributes to the literature on patent vs. secrecy by intro-

ducing a novel incentive to conceal a firm’s discovery: hindering its rival’s strategic

response. Previous studies mainly focused on the limited protection power of patents.

For example, the seminal article by Horstmann et al. (1985) posits that “patent cov-

erage may not exclude profitable imitation.” Thus, in their framework, the main

reason why a firm may choose secrecy over a patent is not to be imitated.7 An-

other limitation of a patent is that it expires in a finite time. For instance, Denicolò

and Franzoni (2004) consider a framework where a patent gives the patenting firm

7 Many subsequent papers study the imitation threat and potential patent infringement, e.g.,
Gallini (1992); Takalo (1998); Anton and Yao (2004); Kultti et al. (2007); Kwon (2012); Zhang
(2012).
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monopoly power only for a certain period of time (and no profit after expiration),

whereas secrecy can give indefinite monopoly power to a firm but it can be leaked or

duplicated by a rival with some probability. On the contrary, in this paper, we ab-

stract from the restrictions of patents and focus analysis on the potential advantages

of concealment.

Another hallmark of this paper is its consideration of ‘interim’ discoveries. There-

fore, it is naturally related to the literature on licensing of interim R&D knowledge,

e.g., Bhattacharya et al. (1992); d’Aspremont et al. (2000); Bhattacharya and Guriev

(2006); Spiegel (2008). In these papers it is assumed that firms already know which

of them has superior knowledge, i.e., the firm that will license the technology is ex-

ogenously given. Unlike in those studies, we allow firms to choose when to license

(and even allow them not to license), i.e., the licensing decision is endogenous.

We also contribute to the innovation literature by introducing a model with two

characteristics. First, there are different avenues towards innovation: developing

with the incumbent technology and doing research for the new technology. Second,

one of the paths involves multiple stages: once a firm discovers the new technology,

then the firm develops the innovative product with it.

With respect to the first characteristic, there is a recent branch of the literature

that studies races where there are different routes to achieve a final objective. Das

and Klein (2020) and Akcigit and Liu (2016) study a patent race where two firms

compete for a breakthrough and there are two methods to get the breakthrough: a

safe method and a risky method. In Das and Klein (2020) the safe method has a

known constant arrival intensity while the risky method has an unknown constant

arrival intensity. In Akcigit and Liu (2016), instead, the safe method has a known

payoff associated with breakthrough arrival, while there is uncertainty about the

payoff if the risky method is used. In this paper, firms face no uncertainty about

whether the innovation is feasible. Instead, they are uncertain whether their rival
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possesses the new and faster technology.

The second characteristic, multi-stage innovation, is also widely studied in the

literature, e.g., Scotchmer and Green (1990); Denicolò (2000); Green and Taylor

(2016b); Song and Zhao (2021). Our paper shares the framework with these in

that we use two sequential Poisson discovery processes and ask whether a firm would

patent the first discovery or not. A feature setting apart from their works is that there

is another path that only requires one but slower breakthrough toward innovation.

This feature connects our model to Carnehl and Schneider (2022) and Kim (2022)

in the sense that players can choose between a sequential approach—which requires

two breakthroughs—and a direct approach, which requires only one breakthrough,

but its riskier or slower.8 Our model mainly differs from theirs in that multiple play-

ers compete by choosing between these approaches, whereas Carnehl and Schneider

(2022) considers a problem by a single decision maker and Kim (2022) studies a

contracting setup between a principal and an agent. In their studies, a key factor for

a player to choose the direct approach is a deadline that is either exogenously given

or endogenously determined to reduce moral hazard. In contrast to these, a deadline

is not involved in our model. Rather, the race with the rival firm may induce a

firm to develop with the incumbent technology, which can be considered as a direct

approach.

Last, this paper is related to the recent literature on information disclosure in

priority races, e.g., Hopenhayn and Squintani (2016); Bobtcheff et al. (2017). In those

papers, once a firm makes a breakthrough, the innovation value grows as time passes

until one of the firms files a patent. Thus, firms face a tradeoff between disclosing

to claim the priority and delaying in order to grow the innovation value. On the

8 In Carnehl and Schneider (2022), an agent is uncertain whether the direct approach is feasible
or not, i.e., this approach is risky. On the other hand, in Kim (2022), there is no uncertainty on the
feasibility of the direct approach, but its completion rate is slower than the ones for the sequential
approach. In this sense, our framework is closer to Kim (2022).
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contrary, in this paper, the value of innovation is fixed and the discovery of the new

technology only allows the firm to develop the innovative product faster. Therefore,

a firm may delay the disclosure purely to confound the rival’s R&D decisions.

Roadmap

We introduce the model in the next section, then characterize equilibria in the private

and the public information settings in Section 4.3 and 4.4. In Section 4.5, we extend

the private information setting by allowing firms to disclose their discoveries. All

proofs appear in the appendix.

4.2 Model

Two risk-neutral firms (i P tA,Bu) race to develop an innovative product. Time

is continuous and infinite t P r0,8q. Neither firm discounts the future and each

owns a unit of resources per unit of time. The innovative good can be developed by

either a slower incumbent technology or a faster new technology. At the beginning

of the race, both firms have access to the incumbent technology, but not to the new

technology. To utilize the new technology, firms need to make a discovery through

conducting research.

At each time t, Firm i can use a fraction of its resources either to do ‘research’

to discover the new technology (σit) or to ‘develop’ the innovative product with the

incumbent technology (1 � σit). With the incumbent technology, the firm develops

the innovative product stochastically at rate λLp1 � σitq. From the research, firms

discover the new technology stochastically at rate µσit. Hereafter, we simply denote

that at time t, Firm i develops when σit � 0 and does research when σit � 1 unless

stated otherwise. The new technology does not generate any direct benefit to a firm,

but helps the development faster. That is, once the new technology is obtained by a

firm, it will develop the product stochastically at rate λH ¡ λL.
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The firm that develops the innovative product first (either with the incumbent

technology or the new one) receives a reward worth Π, i.e., it is a winner-takes-all

competition.9 The other firm does not capture any rents from innovating second.

Firms pay a flow cost c at each point of time until making the innovation or quitting

the race. Whether a firm makes the ultimate innovation is publicly observable,

however, a firm cannot observe how its opponent allocates time between attempting

to discover the new technology and attempting to develop the innovative product

with the old technology.

We fix λL and c throughout the paper. To facilitate, we introduce two relevant

parameters measuring the efficiency and the relative intensity of the new technology:

η �
Er completion time with the incumbent technology s

Er total completion time with the new technology s
�

1
λL

1
µ
� 1

λH

,

δ �
Er research completion time with the new technology s

Er total completion time with the new technology s
�

1
µ

1
µ
� 1

λH

.

Most of the results will be presented in terms of these parameters and Π. Note

that the more efficient technology will deliver a shorter expected completion time.

Thus, η will increase as the new technology becomes more efficient. We assume

that the new technology is more efficient than the incumbent technology: η ¡ 1.

Also note that when η is fixed, a higher δ implies that the new technology is more

research-intensive (or less development-intensive). This is because when firms try to

achieve innovation via the new technology, they are expected to spend more time in

research as δ increases. Last, we assume that the incumbent technology is profitable:

Π ¥ c{λL or equivalently π � λLΠ{c ¥ 1.

9 A winner-takes-all payoff structure has been commonly used in the innovation race literature,
e.g., Loury (1979); Lee and Wilde (1980); Denicolò and Franzoni (2010). Following the literature,
we can regard Π as the societal value of having the innovative product, and the first firm that
introduces the innovative product becomes the monopolist and captures all the social value, e.g.,
by using the first-degree price discrimination. In this article, we abstract away from the market
after the race and focus on the activities during the race.
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We conclude the section by introducing the planner’s problem, namely the first-

best case. Consider a social planner who is able to control firms’ resource allocations

and observe progress. In addition, the planner can force a firm to share its technology

to the other firm. The goal of the planner is to maximize the joint expected profit.

Since there is no discounting in time and one of firms will receive the reward, the

planner’s problem is equivalent to the minimization problem of the expected com-

pletion time of the product development. Then, the planner’s optimal solution is to

take the more efficient path:

(i) both firms fully allocate their resources to research and the research is com-

pleted at rate 2µ;

(ii) if one of the firms discovers the new technology, and it immediately shares the

new technology to the other firm, and then the firms develop the innovative

product with the new technology—the development is completed at rate 2λH .

Hence, the (ex-ante) expected completion time is given as follows:

LFB �
1

2µ
�

1

2λH
�

1

2λLη
. (4.2.1)

4.3 Public Information Setting

We begin by exploring a setting where firms’ research progress is public information,

i.e., firms can observe whether their opponents have discovered the new technology.

In this case, the list of firms that have obtained the new technology is common

knowledge and we can regard it as a state: ω P Ω � ttA,Bu, tAu, tBu,Hu. We

assume the firms employ Markov strategies, i.e., Firm i’s strategy is defined by

σi : Ω Ñ r0, 1s. Since a firm possessing the new technology derives no value from

research, we can restrict attention to the strategies such that σipωq � 0 when i P ω.
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A pair of strategies pσA, σBq constitutes a Markov perfect equilibrium if, for any

state, each firm’s strategy is the best response to the opponent’s strategy.

Before characterizing the equilibrium of this game, we introduce three benchmark

strategies.

Definition 4.3.1. (a) A research strategy is such that a firm fully allocates the

resources to research regardless of the opponent’s technology level (σipHq �

σiptjuq � 1).

(b) A fall-back strategy is such that (i) a firm fully allocates the resources to doing

research when neither firm has obtained the new technology (σipHq � 1); (ii) a

firm fully allocates the resources to developing with the incumbent technology if

its opponent discovers the new technology (σiptjuq � 0).

(c) An incumbent strategy is such that a firm fully allocates the resources to de-

veloping with the incumbent technology regardless of the opponent’s technology

level pσipHq � σiptjuq � 0q.

The following proposition shows that it is a Markov perfect equilibrium for both

firms to simultaneously use one of the above strategies, depending on parameter

values. The proof is in Appendix C.1.

Proposition 4.3.1. Suppose that firms can observe whether their opponents have

made a technological breakthrough. Then, the Markov perfect equilibrium is uniquely

characterized as follows.

(a) If η ¥ ηpδq � 1� δ, both firms play the research strategies;

(b) If ηpδq ¡ η ¡ ηpδq � 1
2

�
1�

a
1� 4δp1� δq

	
, both firms play the fall-back

strategies;
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Figure 4.1: Markov Perfect Equilibrium under the Public Information Setting

(c) If ηpδq ¥ η, both firms play the incumbent strategies.

The above proposition provides a clear picture of how the efficiency of the new

technology pηq affects the firms’ R&D decisions. When the new technology is suf-

ficiently efficient and research is relatively easy (η ¥ ηpδq), the firms do research

regardless of whether their opponent has discovered the new technology. When the

new technology is relatively inefficient (η ¤ ηpδq), the firms do not engage in research

at all. In the intermediate case (ηpδq   η   ηpδq), the firms’ R&D decisions are af-

fected by the opponent’s progress: when neither firm has made the technological

breakthrough, both firms do research; but once a firm obtains the new technology,

the follower—the firm without the new technology—switches to develop with the

incumbent technology.

The proposition also shows that the thresholds depend on δ, the relative intensity

of the new technology. Figure 4.1 illustrates how these thresholds depend on δ. First,

to determine the threshold for the equilibrium with the research strategy, we need

to consider the case when one firm (the leader) has discovered the new technology

and the other (the follower) has not. Say that Firm i is the follower and Firm j

is the leader. Firm i needs to determine whether to follow j (σiptjuq � 1) or to
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switch to the incumbent technology (σiptjuq � 0). When it is difficult to attain the

new technology, the follower would choose to follow only if the new technology is

efficient enough. Thus, the threshold for the equilibrium with the research strategy

is increasing as δ increases.

Second, why is the threshold for the equilibrium with the incumbent strategy

hump-shaped? To answer this question, we need to consider the situation where

neither firm yet possesses the new technology. The firms allocate resources by taking

into account the difficulty and the advantage of becoming a leader. Consider the case

with δ   1{2, i.e., attaining the new technology is relatively easy, but the leader’s

advantage is relatively weak (due to low λH). In this case, the major determinant

is the difficulty of becoming a leader. Fix the efficiency pηq and marginally increase

δ. Then it becomes more difficult to attain leadership, which makes the incumbent

strategy more attractive. Next, consider the case with δ ¡ 1{2, i.e., attaining the

new technology is relatively difficult, but it is more advantageous to become a leader

(due to high λH). In this case, the major determinant is the leader’s advantage.

If δ decreases, the leader’s advantage decreases, which again makes the incumbent

strategy more attractive.

We conclude this section by deriving the expected completion time of developing

the product in the public information setting. When ηpδq ¥ η, the expected comple-

tion time is 1
2λL

since both firms develop with the incumbent technology. Next, when

η P pηpδq, ηpδqq, the expected time until one of the firms discover new technology is

1
2µ

. Then, a firm develops with the new technology and the other firm develops

with the incumbent technology, thus, the expected completion time from then on is

1
λH�λL

. Therefore, the (total) expected completion time is 1
2µ
� 1

λH�λL
. Last, when

η ¥ ηpδq, unlike in the previous case, the firm without the new technology keeps do-

ing research. Then, the expected time until either the firm with the new technology
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develops the product or the firm without the new technology discovers it is 1
λH�µ

.

With the probability µ
λH�µ

, the firm without the new technology discovers it earlier

than the product development, then it takes an additional expected completion time

1
2λH

. Therefore, the total expected completion time is

1

2µ
�

1

λH � µ
�

µ

λH � µ
�

1

2λH
�

1

2

�
1

µ
�

1

λH
�

1

λH � µ



.

The expected completion time is summarized as follows:

Lpublic �

$'''''&
'''''%

1

2

�
1

µ
�

1

λH
�

1

λH � µ



, if η ¥ ηpδq,

1

2µ
�

1

λH � λL
, if η P pηpδq, ηpδqq,

1

2λL
, if η ¤ ηpδq.

(4.3.1)

4.4 Private Information Setting

Now we assume that firms’ research progress is private information, i.e., firms cannot

observe whether their opponents have the new technology or not. In this case, the

firms can only condition their strategies on their own progress and calendar time

t. Again, a firm with the new technology will fully allocate its resources to develop

with that technology. Thus, we focus on the dynamic resource allocation problem

of a firm that has not discovered the new technology: a strategy for a player can be

therefore described by a function σ : R� Ñ r0, 1s that represents the allocation at a

given time conditional on the new technology not being discovered. Let S be the set

of such strategies.

4.4.1 Evolution of Beliefs and Recursive Formulation

Although firms cannot observe their opponents’ technology levels, they do form be-

liefs about whether their opponents have acquired the new technology. Let pit be
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Firm i’s belief that Firm j possesses the new technology given that neither firm has

made the innovative product by t and that Firm j follows the resource allocation

σj : R� Ñ r0, 1s.10 Since it is common knowledge that neither firm possesses the new

technology at the beginning of the race, we have pi0 � pj0 � 0, which will serve as an

initial condition for the belief evolution. The following lemma characterizes how the

belief pi evolves conditional on the absence of innovation. The proof is provided in

Appendix C.2.

Lemma 4.4.1 (Evolution of Beliefs). Suppose that Firm i does not observe whether

Firm j has made a technological breakthrough and believes that Firm j follows the

resource allocation σj. Then, in the absence of innovation, Firm i’s belief, pi, evolves

via the following differential equation:

�
d

dt
logp1� pitq �

9pit
1� pit

� µ � σjt �
 
λH � p1� σjt qλL

(
� pit. (4.4.1)

The left hand side of (4.4.1) is the opposite of the time derivative for the log belief

that Firm j does not possess the new technology. The right hand side of (4.4.1)

captures two distinct effects in updating the belief. First, given that Firm j has not

yet attained the new technology by time t, the research succeeds at rate µ �σjt and it

may raise the belief. The first term of (4.4.1) represents this effect, which we dub the

duration effect (DE). On the other hand, the fact that firm j has not produced the

innovative good indicates that it is less likely to have the new technology in hand.

The second term of (4.4.1) reflects this effect, which we dub the still-in-the-race effect

(SRE).11 Notice that this term is proportional to λH � p1� σjt qλL, which is the rate

10 It is technically convenient to assume strategies depend on time rather than beliefs about the
other firms breakthrough status because it is cumbersome to analyze all off-path beliefs. As we
show below, in any symmetric equilibrium there is a unique mapping from calendar time to beliefs.

11 Similar types of the belief updating can be found in the strategic experimentation literature,
e.g., Keller et al. (2005); Bonatti and Hörner (2011). The main difference is that the agents form
beliefs about whether the project is good or bad in those papers, whereas the firms form beliefs
about whether the rival possesses the new technology or not in our model.
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Figure 4.2: Duration Effect (Black) and Still-in-the-Race Effect (Red)

of successful innovation development given the new technology net of that without

the new technology.

A natural benchmark is a firm’s belief when the opponent fully allocates its

resources to research. We characterize this belief in the following lemma. The proof

is also in Appendix C.2.

Lemma 4.4.2. Suppose that Firm i does not observe whether Firm j has made a

technological breakthrough and believes that Firm j fully allocates the resources to

research up to time T (σjt � 1 for all 0 ¤ t ¤ T ). Then, piT � qT where

qT �
1
λH

�
e�µT � e�λHT

�
1
µ
e�µT � 1

λH
e�λHT

. (4.4.2)

In addition, qT is increasing in T , limTÑ8 qT � 1 if µ ¡ λH (or equivalently δ   1{2),

and limTÑ8 qT � µ{λH � p1� δq{δ if µ   λH (or equivalently δ ¡ 1{2).

This result is easily understood as a tradeoff between the duration effect and the

still-in-the-race effect. In Figure 4.2, we illustrate these effects when Firm j fully
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allocates its resources to research (σjt � 1 for all t ¥ 0). Specifically, we provide the

graphs of the terms of each effect divided by p1� pq: µ (DE), λHp (SRE). In Figure

4.2a, we depict the case where µ � λH , i.e., δ � 1{2. Observe that the duration effect

is always larger than the still-in-the-race effect here. If we fix λH and increase µ, we

can easily see that the duration effect will still dominate the still-in-the-race effect.

Hence, when δ � λH{pλH � µq   1{2, we can see that the belief keeps increasing

up to 1 (limTÑ8 qT � 1). On the other hand, in Figure 4.2b, we illustrate the case

where µ   λH , i.e., δ   1{2. Observe that the duration effect is greater than the

still-in-the-race effect only when p   µ{λH . This induces the belief to converge to

p1� δq{δ (limTÑ8 qT � µ{λH � p1� δq{δ).

We now explore the dynamics of the firms’ expected payoffs. Suppose that Firm i

possesses the new technology and Firm j’s strategy is σj. Then, the expected payoff

of Firm i at time T , denoted by V 1,i
T , can be written as follows.

V 1,i
T �� cdt� Π � λHdt� 0 �

�
λHp

i
T � λLp1� piT qp1� σjT q

�
dt

� p1� λHdt� λHp
i
Tdt� λLp1� piT qp1� σjT qdtqpV

1,i
T � 9V 1,i

T dtq.

Thus, we can derive the Hamilton-Jacobi-Bellman (HJB) equation:

0 � 9V 1,i
T � λHpΠ� V 1,i

T q �
 
λHp

i
T � λLp1� piT qp1� σjT q

(
V 1,i
T � c. (HJB1)

This HJB equation gives a clear interpretation on the evolution of V 1,i
T : at an instant

T , (i) Firm i wins the race at rate λH and gets the rent Π but loses the continuation

payoff V 1,i
T ; (ii) Firm j wins the race at rate λHp

i
T � λLp1� piT qp1� σjT q and Firm i

loses the continuation payoff; (iii) the flow cost c is charged.

Next, let V 0,i
T denote the expected payoff of Firm i at time T given that it has not

succeeded in research. In this case, the firm needs to choose between doing research
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and developing with the incumbent technology:

V 0,i
T � max

σiT Pr0,1s
� cdt� Π � λLp1 � σiT qdt� V 1,i

T � µσiTdt

� 0 �
�
λHp

i
T � λLp1 � piT qp1 � σjT q

	
dt

�
�

1 � λLp1 � σiT qdt� µσiTdt� λHp
i
Tdt� λLp1 � piT qp1 � σjT qdt

	

� pV 0,i
T � 9V 0,i

T dtq.

By using the linearity of σiT , the corresponding HJB equation can be derived as

follows:

0 � 9V 0,i
T �

 
λHp

i
T � λLp1� piT qp1� σjT q

(
V 0,i
T � c

� max
σiT Pr0,1s

�
σiT � µpV

1,i
T � V 0,i

T q � p1� σiT q � λLpΠ� V 0,i
T q

�
.

(HJB0)

This HJB equation determines whether Firm i allocates the resources to research

or development. If µpV 1,i
T � V 0,i

T q ¡ λLpΠ � V 0,i
T q, Firm i allocates all the resources

to doing research: σiT � 1. If λLpΠ � V 0,i
T q ¡ µpV 1,i

T � V 0,i
T q, Firm i allocates all

the resources to developing with the incumbent technology: σiT � 0. If µpV 1,i
T �

V 0,i
T q � λLpΠ�V

0,i
T q, Firm i is indifferent between the research and the development:

σiT P r0, 1s.

4.4.2 Symmetric Markov Equilibrium

To characterize the equilibrium in the private information setting, we focus on strat-

egy profiles that are symmetric and Markov with respect to the belief on the op-

ponent’s technology level. Formally, we call σ : R� Ñ r0, 1s a symmetric Markov

strategy if σA � σB � σ, and for i P tA,Bu, pit � pit1 implies σit � σit1 where pi is

the belief process derived from pi0 � 0 and (4.4.1). A strategy profile σ constitutes a

symmetric Markov equilibrium if σ is a symmetric Markov strategy and σA � σB � σ

solves (HJB0) for all T ¥ 0. The following proposition characterizes the symmetric

Markov equilibria of the game.
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Proposition 4.4.1. Suppose that the firms cannot observe their opponent’s techno-

logical level. The following statements hold.

(a) (Cutoff Structure) Any symmetric Markov equilibrium can be characterized

by a cutoff time T � P R Y t8u and a stationary strategy σ� P r0, 1q where both

firms fully conduct research up to time T � (σt � 1 for all t   T �), and choose

σ� from then on (σt � σ� for all t ¡ T �).

(b) (Equilibrium Characterization) The unique symmetric Markov equilibrium

is characterized as follows.

(i) If η ¥ η̃pδq � mintηpδq, 2 � δu, both firms play research strategy (T � �

8). In equilibrium, a firm’s expected payoffs with and without the new

technology are V t
0 � V 0pqtq and V t

1 � V 1pqtq where q is the belief defined in

(4.4.2) and

V 1pqq �
1

2

�
Π�

c

λH



p1� δp1� qqq , (4.4.3)

V 0pqq �
1

2

�
Π�

c

µ
�

c

λH



p1� δqq �

c

2pλH � µq
. (4.4.4)

(ii) If η ¤ ηpδq, both firms play incumbent strategy (T � � 0, σ� � 0). In

equilibrium, the expected payoff of each firm is V 0
t �

λLΠ�c
2λL

for all t ¥ 0.12

(iii) If η̃pδq ¡ η ¡ ηpδq, both firms play stationary fall-back strategy (T � P

p0,8q, σ� P p0, 1q). Moreover, for all t ¥ T �, σt � σ�, pt � p�, V 1
t � V �

1

and V 0
t � V �

0 where

σ� �
η

1� δ
�
η � δ

η � δ
, p� �

1

2

"
η

δ
�

1� δ

η � 1

*
,

V �
1 �

λL
µ
�
λHΠ� c

λH � λL
, V �

0 �
λL

µ� λL
�
λLΠ� c

λH � λL
.13 (4.4.5)

12 When a firm possesses the new technology—though it is off the equilibrium path—the expected
payoff is V t1 � λHΠ�c

λH�λL
.
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Figure 4.3: Symmetric Markov Equilibrium under the Private Information Setting

The formal proof of the proposition is relegated to Appendix C.3, but we provide

a sketch of the proof here. We begin by showing that the belief derived from a

symmetric Markov strategy is nondecreasing in time, i.e., 9pt ¥ 0 (Lemma C.3.1).

This is because if 9pt   0 for some t ¡ 0, by the Markov property, the belief cannot

go above pt which contradicts 9pt   0. Note that 9pt   0 if pt ¡ 0 and σt � 0. This

allows us to focus on the following two cases: (i) σt � 0 for all t ¥ 0; or (ii) σt ¡ 0

for all t ¥ 0 (Lemma C.3.2). The first case corresponds to incumbent strategy in

the observable-breakthrough benchmark (T � � 0 and σ� � 0). Even though the

strategy space is different from the benchmark, it is qualitatively equivalent since

the firm always develops with the incumbent technology. Similarly, a special case of

the second case—σt � 1 for all t ¥ 0—corresponds to research strategy (T � � 8).

In the remaining case, on the equilibrium path, σS P p0, 1q for some S ¥ 0, i.e., firms

are indifferent between researching to find the new technology and developing the

innovation with the old technology at time S. In this case, we show that from then

on (t ¥ S), the firms continue to be indifferent between research and development

(Lemma C.3.3). In addition, we show that to make firms indifferent for all t ¥ S, the

13 See Remark 7 for the expected payoffs for t P r0, T�s
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firms’ strategies and beliefs should be stationary: σt � σ� and pt � p� for all t ¥ S

(Lemma C.3.4). By identifying the earliest time T at which firms are indifferent,

we can show that it corresponds to the stationary fall-back strategy: σt � 1 for all

t   T and σt � σ� for all t ¡ T . Thus, we have three types of symmetric Markov

equilibria: both firms play (i) the research strategy; (ii) the incumbent strategy; or

(iii) the stationary fall-back strategy.

Next, we need to identify which regions of the parameter space give rise to each of

the three types of equilibrium. First, consider parameter values under which the fall-

back policy is not the second-best policy (η ¥ ηpδq or η ¤ ηpδq). In this case, firms do

not change their resource allocations even if they can observe their opponent’s tech-

nological breakthroughs. Thus, the same strategy profiles (fully conducting research

or fully developing with the incumbent technology) will constitute an equilibrium in

the private information setting.

Now consider the remaining case pηpδq ¡ η ¡ ηpδqq. In this case, the new tech-

nology is efficient enough (η ¡ ηpδq) for both firms to begin by doing only research.

However, They need to determine whether to keep fully conducting research indef-

initely (T � � 8) or to hedge their bets by switching to the stationary fall-back

strategy at some point (T �   8 and σ� P p0, 1q). The answer crucially depends

on the relative intensity δ. When the new technology is more development-intensive

(δ   1{2), if firms keep fully conducting research indefinitely, then the beliefs that

their opponent has made a breakthrough converge to 1 by Lemma 4.4.2. Since they

are in the parameter region where firms switch to development with the incumbent

technology if they know that their opponent possesses the new technology (or equiv-

alently p � 1), they will find it better to choose the stationary fall-back strategy

when the belief is sufficiently close to 1. Next, consider the case where the new tech-

nology is more research-intensive (δ ¡ 1{2). In contrast to the previous case, there

exists a region where both firms play the research strategy indefinitely in equilibrium
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(2 � δ   η   ηpδq � 1 � δ). This result is also easily understood by considering the

belief about technological status. By Lemma 4.4.2, this belief cannot exceed p1�δq{δ

in this region of the parameter space. Since the belief is bounded strictly below 1,

firms may find it preferable to keep fully conducting research in the private infor-

mation setting, even though they would switch to development with the incumbent

technology if they were able to observe a breakthrough by their opponent. As δ

increases, the upper bound of the belief p1 � δq{δ decreases, so the firms will keep

fully conducting the research even with the relatively low η. Thus, the threshold be-

tween the equilibria with the stationary fall-back strategy and the research strategy

decreases in δ.

Remark 7. In Lemma C.3.6, we characterize the generic forms of the expected payoffs

when both firms use σt � 1 for all t P r0, T s. It allows us to derive the expected

payoffs at each point in time under the equilibrium with the stationary fall-back

policy. By using V 1
T� � V �

1 and V 0
T� � V �

0 in (4.4.5) as terminal conditions at time

T �, the constants C0 and C1 in (C.3.11) and (C.3.12) can be determined. Moreover,

C1 is negative (see the proof of Lemma C.3.8). Thus, the expected payoffs V 1
t and

V 0
t for any t P r0, T �s can be derived.

4.4.3 Comparison of Expected Completion Times

Now that we characterized the firms’ equilibrium behavior in the private informa-

tion settings, we compare it with the benchmarks. Recall that the (ex ante) expected

completed times for the first-best case and the public information setting are charac-

terized in equations (4.2.1) and (4.3.1). In Figure 4.4, we fix δ and display the curves

of the expected completion times for the first-best case (black) and the second-best

case (blue) with respect to the efficiency measure η. The gap between these two

expected completion times is generated since the new technology is not shared.
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Figure 4.4: Expected completion times for the first-best case, private and public
information settings

Observe that when η ¥ ηpδq or η ¤ ηpδq, the equilibrium strategy in the pri-

vate information setting is consistent with the public information setting, i.e., the

expected completion times for these settings are same. When η P pηpδq, ηpδqq, in the

private information setting, the firms cannot use the fall-back strategy because they

are not able to observe the rivals’ technology levels. Rather, they use stationary

fall-back strategies (η P pηpδq, η̃pδqq) or research strategies (η P rη̃pδq, ηpδqq), which

are suboptimal compared to the public information case. Therefore, the expected

completion time would be longer, i.e., a lack of information transmission about the

research status retards the pace of innovation. Figure 4.4 also illustrates these re-

sults: there is a gap between the expected completion times of the public and private

information settings only if η P pηpδq, ηpδqq.
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4.5 Disclosure vs. Concealment

We now extend the private information setting by adding options to protect interim

discoveries. Once a firm discovers the new technology, it can choose to conceal its

discovery and treat it as a trade secret or disclose it to file a patent. In addition,

if a firm files a patent, it can decide whether to license it or not. To facilitate the

analysis, we assume that η ¡ ηpδq to rule out the case where firms do not engage in

research at all.

4.5.1 The Game after Patenting

We begin by describing the game that takes place after a firm files a patent. First,

consider the case where the rival already had the new technology and protected it

as a trade secret. Then, the trade secret right allows the rival firm to dispute the

patent. Thus, both firms have the right to use the new technology and the expected

payoffs of them are VC �
λHΠ�c

2λH
.

Next, suppose that the rival firm does not possess the new technology. Then, the

patenting firm has the exclusive right to use the new technology and the rival firm

has to develop with the incumbent technology. Then, the expected payoffs of the

patenting firm and the rival firm are VP �
λHΠ�c
λH�λL

and VR �
λLΠ�c
λH�λL

.

Now we explore whether the patenting firm has an incentive to license the tech-

nology. Assume that the patenting firm can make a take-it-or-leave-it (TIOLI) offer

x P R� to the rival firm for the right to use the new technology.14 After licensing,

both firms can use the new technology. Thus, the expected payoffs of the patenting

firm and the rival firm after licensing are VC �x and VC �x. Then, the optimal offer

14 This assumption implies that the patenting firm has all the bargaining power. If the firm conceals
the discovery even in this case, then it will conceal it in the less bargaining power cases.
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x� should satisfy VC � x� � VR. With simple algebra, we can derive that

x� �
pλH � λLqpλHΠ� cq

2λHpλH � λLq
�
λH � λL
λH � λL

�
VC �

c

λH



¡ 0. (4.5.1)

Then, the expected payoff for the patenting firm after licensing is

VL � VC � x� �

�
1�

pλH � λLqc

λHpλHΠ� cq



VP ¡ VP . (4.5.2)

This implies that the patenting firm can always be better off by licensing the new

technology.

4.5.2 Immediate-Disclosure Equilibrium

We first explore whether the first-best outcome can be achieved by allowing the firms

to disclose the new technology and license it. Recall that in the first-best case, both

firms do research, and a firm’s new technology is immediately spilled over to the

rival. Thus, we consider a strategy profile such that a firm with the new technology

employs the immediate-disclosure strategy—a firm discloses (and licenses) the new

technology as soon as it discovers—and a firm without the new technology employs

the research strategy (σt � 1 for all t ¥ 0). Then, we ask whether both firms playing

this strategy can be sustained as an equilibrium.

Suppose that a firm (say Firm A) just discovered the new technology and Firm

B has not disclosed it yet. Given that Firm B sticks to the immediate disclosure and

research strategy, Firm A’s belief that Firm B has the new technology is zero. Then,

by disclosing the new technology, Firm A expects to license it, i.e., the expected

payoff for Firm A after disclosure is VL. Now consider Firm A’s deviation to delay

the disclosure by time dt. With the probability λHdt, Firm A wins the race and

receives Π. But with the probability µdt, Firm B will discover the new technology

and files a patent, but it will be disputed by Firm A’s trade secret right. Thus, both
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firms will race with the new technology from then on and the expected payoff is VC .

With the probability p1 � λHdt � µdtq, neither of the events happens and Firm A

licenses, then the expected payoff is VL. Last, the flow cost cdt will be paid. To sum

up, Firm A’s expected payoff from delaying the disclosure is

Π � λHdt� VC � µdt� p1� λHdt� µdtq � VL � cdt

�VL � rpµ� 2λHqVC � pµ� λHqVLs dt

�VL � rλHVC � pµ� λHqx
�s dt.

Then, from δ � λH{pµ � λHq, the immediate-disclosure and research strategy can

be sustained as an equilibrium if and only if δVC ¤ x�. By using (4.5.1) and some

algebra, this inequality is equivalent to:

p1� δqpηpδq � ηq

2pη � 1� δq
¤

c

λHΠ� c
. (4.5.3)

From the assumption that λLΠ ¥ c, observe that (4.5.3) always holds if η ¥ ηpδq.

Recall that firms do research regardless of the rival’s progress. It implies that there

does not exist any incentive for a firm to conceal its progress. Therefore, the firms

would monetize the new technology by licensing it as soon as it discovers, and the

first-best outcome would be achieved.

Next, suppose that ηpδq   η   ηpδq. Then, (4.5.3) is equivalent to:

π �
λLΠ

c
¤ 1�

η2 � p1� δq2

ηpηpδq � ηq
� πpη, δq. (4.5.4)

Also note that πpη, δq ¡ 1 since η ¡ 1 � δ ¡ 0. Therefore, when the reward of

winning the race is sufficiently low (1 ¤ π ¤ πpη, δq), the firms would license the new

technology as soon as it discovers.

The following proposition formally summarizes the above results.
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Proposition 4.5.1. Suppose that one of the following conditions holds: (i) η ¥ ηpδq;

or (ii) η P pηpδq, ηpδqq and 1 ¤ π ¤ πpη, δq. Then, there exists an equilibrium such

that the firms fully allocate their resources to research and license as soon as they

find the new technology.

4.5.3 No-Disclosure Equilibrium

We now explore whether the worst-case scenario for the planner can be realized, i.e.,

firms never disclose their discoveries and the expected completion time corresponds

to the private information setting case.

First, we consider the case where η̃pδq � mint2� δ, ηpδqu ¤ η   ηpδq � 1� δ. By

Proposition 4.4.1, in the equilibrium under the private information setting, firms do

research until it succeeds (T � � 8 and σt � 1 for all t ¥ 0). Suppose that both firms

stick to this resource allocation strategy and never disclose their discoveries. When

Firm A discovers the new technology at time t and never discloses it, the expected

payoff of Firm A is V t
1 � t1� δp1� qtqu � VC by Proposition 4.4.1 (b-i). If Firm A

discloses the discovery at time t, Firm B has the new technology with the probability

qt. Thus, the expected payoff from the disclosure is VC �qt�VL�p1�qtq � VC�p1�qtqx
�.

Therefore, the firm will not disclose if x�   δVC . We can also consider the case

where Firm A discovers at time t but conceals until t1 and decides to disclose or

not at time t1. Even in this case, Firm A faces the same problem as before and

will not disclose if x�   δVC . Recall that x�   δVC is equivalent to π ¡ πpη, δq.

Therefore, if π ¡ πpη, δq, there exists an equilibrium such that firms never disclose

their discoveries and do research until it succeeds.

Next, we consider the case where ηpδq   η   η̃pδq. By Proposition 4.4.1 (b-iii), in

the equilibrium under the private information setting, firms employ the stationary

fall-back strategy (for some T � P p0,8q and σ� P p0, 1q, σt � 1 for all 0 ¤ t   T �

and σt � σ� for all t ¥ T �). Suppose that Firm A discovers the new technology
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at t ¥ T �. If Firm A keeps the discovery secret, the expected payoff of Firm A

is V �
1 �

2δ

η � 1� δ
VC . In addition, V �

1   V 1pp
�q � t1� δp1� p�quVC (see Lemma

C.3.8). On the other hand, if Firm A discloses the discovery, the expected payoff

from the disclosure is VC � p1 � p�qx�. Then, Firm A does not disclose under the

condition stronger than x�   δVC . In this case, there exists πpη, δq ¡ πpη, δq such

that Firm A does not disclose when π ¡ πpη, δq. The following proposition formally

states this result.

Proposition 4.5.2. Suppose that η P pηpδq, ηpδqq. Then, there exists πpη, δq ¡

πpη, δq such that for all λLΠ{c ¡ πpη, δq, the following strategy can be sustained

as an equilibrium: (i) firms never disclose their discoveries; (ii) and employ the

equilibrium resource allocations in the private setting: σt � 1 for all t   T � and

σt � σ� for all t ¡ T � for some T � P p0,8s and σ� P p0, 1q.
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5

Conclusion

In Chapter 1, I develop the concept of the monotone quasi-garbling order, which

implies that one information structure is obtained from another by adding reversely

monotone noise. I show that this ordering is equivalent to Lehmann’s accuracy

condition under the MLRP. I also show that this order is a necessary and sufficient

condition for informativeness in general classes of monotone decision problems where

the decision maker is allowed to choose a multidimensional action. I illustrate this

result in decision problems of optimal insurance and nonlinear monopoly pricing.

The general setup presented here can be applied to conduct research on information

comparisons in many other economic contexts. For example, as in the nonlinear

monopoly pricing application, many mechanism design problems can be recast as

general monotone decision problems amenable to analysis via the methods presented

in this paper.

In Chapter 2, I study the economic tradeoffs between a direct approach and a

sequential approach for achieving a discrete goal in the context of a principal-agent

setting. The optimal contract is determined by the interplay of monitoring, efficiency,

and an endogenous deadline. I show that the form of the optimal contract depends
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on the project return. When the efficiency loss from splitting the project in two does

not exist or is small, only the direct approach will be chosen if the project return

is low, whereas only the sequential approach will be chosen if the project return is

high. If the project return is intermediate, it is optimal to begin with the sequential

approach and then switch to the direct approach. When the efficiency loss is large,

the principal generally chooses the direct approach. However, if the project return

is above a certain cutoff, she may choose the sequential approach for a short period

of time in the middle of the contract (i.e., there may be two switches).

There are numerous avenues open for further research. For example, the principal

may be able to design the approaches directly. In this article, I assume that the two

approaches are exogenously given and the principal chooses between them. However,

in practice, a project manager often designs how many milestones to partition the

main project into and how difficult each subproject is. We could also introduce ‘learn-

ing by doing’ into the model. If we assume that the agent learns from early errors,

the arrival rate of project completion would increase over time.1 Finally, we might

consider competition between firms. Many technology companies are often exposed

to competition and this may significantly influence which approach project managers

take. For instance, competitive pressure may manifest as increased time sensitivity

tipping the choice of approach toward the more efficient direct methodology. I leave

these intriguing questions–and others–for future work.

In Chapter 3, we study the long-lasting question of patent vs. secrecy from a

different angle from the literature: a firm’s concealing motive to hinder the rival’s

strategic response. We introduce an innovation race model with multiple paths and

show that firms’ disclosing decisions depend on the reward of winning the race. Based

on this result, we can argue that reducing the reward for the winner may promote

1 This possibility contrasts with the setting considered by Carnehl and Schneider (2021), where
learning causes the expected arrival rate to fall.
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licensing which would speed up the pace of innovation.

There are many avenues open for further research. For example, we assume that

there are exogenously given two paths towards innovation, and one of the paths

requires two breakthroughs. However, in practice, there are numerous ways to make

an innovation, and it often requires more than two breakthroughs. We also assume

that a firm’s R&D resources are fixed over time, but we could also allow firms to

endogenously choose how much effort to put in each point in time. Finally, we

assume the contest structure is given by the winner-takes-all competition, but we

might consider a contest designing problem. We leave these intriguing questions and

others for future work.
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Appendix A

Appendix for Chapter 2

A.1 Details for Relationship among Criteria

A.1.1 Proof of Proposition 2.4.3

Proof of Proposition 2.4.3. Suppose that F ©L G does not hold, i.e., there exists

ω1 ¡ ω and y P Y such that Φpω1; yq   Φpω; yq. Since F ©MQG G, there exists

Γ such that Gpy|ωq �
³x
x

Γpy|x, ωqdF px|ωq and Γp�|x, ωq ¥FOSD Γp�|x, ω1q for all

ω1 ¡ ω. Also note that Gpy|ωq � F pΦpω; yq|ωq �
³Φpω;yq

x
dF px|ωq. Then, we can

rewrite Gpy|ωq �
³x
x

Γpy|x, ωqdF px|ωq �
³Φpω;yq

x
dF px|ωq as follows:

» Φpω;yq

x

p1� Γpy|x, ωqqdF px|ωq �

» x

Φpω;yq

Γpy|x, ωqdF px|ωq. (A.1.1)

Suppose that (A.1.1) is equal to zero. Since 1 ¥ Γpy|x, ωq ¥ 0 for all x, it implies

that Γpy|x, ωq � 1 a.e. for x ¤ Φpω; yq, and Γpy|x, ωq � 0 a.e. for x ¡ Φpω; yq.

Observe that, by Γp�|x, ωq ¥FOSD Γp�|x, ω1q, Γpy|x, ω1q � 1 a.e. for x ¤ Φpω; yq.

Then, we have

Gpy|ω1q �

» x

x

Γpy|x, ω1qdF px|ω1q ¥ F pΦpω; yq|ω1q,
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which implies Φpω1; yq � suptx |F px|ω1q ¤ Gpy|ω1qu ¥ Φpω; yq contradicting Φpω1; yq  

Φpω; yq. Therefore (A.1.1) is nonzero.

Note that�» x

Φpω;yq

Γpy|x, ωqdF px|ωq



�

�» Φpω;yq

x

p1� Γpy|x, ωqqdF px|ω1q

�

�

» x

Φpω;yq

» Φpω;yq

x

Γpy|x, ωqp1� Γpy|x, ωqqdF px|ωqdF px1|ω1q

¤

» x

Φpω;yq

» Φpω;yq

x

Γpy|x, ωqp1� Γpy|x, ωqqdF px1|ωqdF px|ω1q

�

�» x

Φpω;yq

Γpy|x, ωqdF px|ω1q



�

�» Φpω;yq

x

p1� Γpy|x, ωqqdF px|ωq

�

where the inequality is derived by doubly integrating the MLRP conditions multiplied

by Γpy|x, ωqp1� Γpy|x1, ωqq.

By canceling terms by using (A.1.1), we can derive that

F pΦpω; yq|ω1q �

» Φpω;yq

x

dF px|ω1q ¤

» x

x

Γpy|x, ωqdF px|ω1q.

Also from Γpy|x, ωq ¤ Γpy|x, ω1q for all x P X,

» x

x

Γpy|x, ωqdF px|ω1q ¤

» x

x

Γpy|x, ω1qdF px|ω1q � Gpy|ω1q.

Then, the above two inequalities imply F pΦpω; yq|ω1q ¤ Gpy|ω1q, thus, Φpω1; yq ¥

Φpω; yq contradicting Φpω1; yq   Φpω; yq. Therefore, F ©L G holds.

A.1.2 An Illustrative Example on Information Ranking

In this section, I provide an illustrative example that is discussed in Section 2.4. Let

the state space be Ω � r0, 4s. I construct a triplet of information structures, F , G
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and H where their signal spaces are X � Y � r�1, 1s and Z � r�2, 2s, and their

probability distribution functions are given as in Figure A.1. Observe that F and G

satisfy the MLRP, but H does not.

ωz signal

ω P r3, 4s

ω P r2, 3q

ω P r1, 2q

ω P r0, 1q

hpz|ωq

r�2,�1q r�1, 0q r0, 1q r1, 2s

1/2 1/2 0 0

1/2 0 1/2 0

0 1/2 0 1/2

0 0 1/2 1/2

fpx|ωq

r�1, 0q r0, 1s

1 0

1/2 1/2

1/2 1/2

0 1

gpy|ωq

r�1, 0q r0, 1s

5/6 1/6

2/3 1/3

2/3 1/3

1/3 2/3

Figure A.1: An example of information structures

In the subsequent subsections, I show the following statements which are sum-

marized in Figure A.2.

1. G is neither a garbling of F nor H, but F is a garbling of G (F«BG, H«BG,

but F ©B G);

2. H is more Lehmann accurate than neither F nor G, but F is more Lehmann

accurate than G (H«LF , H«LG, but F ©L G);

3. G is a monotone quasi-garbling of H and F, and F is a monotone quasi-garbling

of H (H ©MQG F , H ©MQG G, and F ©MQG G).

Blackwell’s Garbling Condition

First, I show that G is a garbling of neither F nor H by showing that there ex-

ists a prior belief Λ and a utility function u such that V pG;u,Λq ¡ V pF ;u,Λq �

V pH;u,Λq. Consider a case where a prior Λ is uniformly distributed, A � r0, 1s and

utility function u : A�Ω Ñ R is linear in a, i.e., upa, ωq � a �up1, ωq�p1�aq�up0, ωq,
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H

F

G

©
B,M

QG

«
L

©L,
M
QG

«B

«B,L

©MQG

Figure A.2: Relationship among criteria in the example

and up1, ωq and up0, ωq are defined as follows:

up1, ωq �

#
1, if ω P r1, 3q,

0, otherwise,
up0, ωq �

#
0, if ω P r1, 3q,

1, otherwise.

Observe that the DM’s optimal decision is determined by the posterior belief that

the state is in r1, 3q. Under the information structure F and H, the posterior belief

that the state is in r1, 3q is 1{2 for any signal realization. Therefore, V pF ;u,Λq �

V pH;u,Λq � 1{2. Under the information structure G, if he receives a negative signal,

which happens at probability 15{24, the posterior belief that the state is in r1, 3q is

8{15. In this case, it is optimal to choose a � 1 and the expected utility is 8{15. If

he receives a nonnegative signal, which happens at probability 9{24, the posterior

belief that the state is in r1, 3q is 4{9. In this case, it is optimal to choose a � 0 and

the expected utility is 5{9. Then, we have

V pG;u,Λq �
15

24
�

8

15
�

9

24
�

5

9
�

13

24
¡

1

2
� V pF ;u,Λq � V pH;u,Λq.

Therefore, G is a garbling of neither F nor H, i.e., F«BG and H«BG.

Next, I show that F is a garbling of H by constructing a noise Γ : Z Ñ ∆pXq.

Consider Γ derived from the following probability distribution function:

γpx|zq �
x   0 x ¥ 0

z   0 1 0
z ¥ 0 0 1

.
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Figure A.3: Lehmann Effectiveness Condition for F and G

By simple algebra, we can see that fpx|ωq �
³2

�2
γpx|zqhpz|ωqdz for all ω P Ω.

Therefore, F is a garbling of H, i.e., H ©B F .

Lehmann’s Effectiveness Condition

I show that H is not more Lehmann accurate than F by finding a signal x and a pair

of states pω, ω1q such that ω1 ¡ ω and Φpω;xq ¡ Φpω1;xq. Consider x � 0, ω � 0,

and ω1 � 1. Observe that

Φp0; 0q � suptz |Hpz|0q ¤ F p0|0q � 1u � 2,

Φp1; 0q � suptz |Hpz|1q ¤ F p0|1q � 1{2u � 0,

thus, Φp0; 0q ¡ Φp1; 0q and H«LF .

Likewise, I show that H is not more Lehmann accurate than G by considering

y � 0, ω � 2 and ω1 � 3:

Φp2; 0q � suptz |Hpz|2q ¤ Gp0|2q � 2{3u � 4{3,

Φp3; 0q � suptz |Hpz|3q ¤ Gp0|3q � 1{3u � 2{3.

Last, I show that F is more Lehmann accurate than G. With simple algebra, we

can derive Φ as follows.
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1. When ω P r0, 1q,

Φpω; yq �

$'&
'%

5
6
y � 1

6
, if � 1 ¤ y   0,

1
6
y � 1

6
, if 0 ¤ y   1,

2, if y � 1.

2. When ω P r1, 3q,

Φpω; yq �

#
4
3
y � 1

3
, if � 1 ¤ y   0,

2
3
y � 1

3
, if 0 ¤ y ¤ 1.

3. When ω P r3, 4s,

Φpω; yq �

#
1
3
y � 1

3
, if � 1 ¤ y   0,

2
3
y � 1

3
, if 0 ¤ y ¤ 1.

Figure A.3 illustrates the above results. As we can see in the figure, Φpω; yq is

nondecreasing in ω. Therefore, F is more Lehmann accurate than G.

Monotone Quasi-Garbling Order

Since Blackwell’s garbling condition implies the monotone quasi-garbling order, we

have H ©MQG F . We also have F ©MQG G because Lehmann’s accuracy condition

also implies the monotone quasi-garbling order (Proposition 2.4.2). It remains to

show that G is a monotone quasi-garbling of H. I construct a reversely monotone

noise Γ : Z�Ω Ñ ∆pY q derived from the following probability distribution functions:

1. if ω P r0, 1q,

γpy|z, ωq �

y   0 y ¥ 0
z P r�2,�1q 1 0
z P r�1, 0q 2/3 1/3
z P r0, 1q 0 1
z P r1, 2s 0 1

,
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2. if ω P r1, 2q,

γpy|z, ωq �

y   0 y ¥ 0
z P r�2,�1q 1 0
z P r�1, 0q 2/3 1/3
z P r0, 1q 1/3 2/3
z P r1, 2s 0 1

,

3. if ω P r2, 4s,

γpy|z, ωq �

y   0 y ¥ 0
z P r�2,�1q 1 0
z P r�1, 0q 1 0
z P r0, 1q 1/3 2/3
z P r1, 2s 1/3 2/3

.

With simple algebra, we can show that gpy|ωq �
³2

�2
γpy|z, ωqhpz|ωqdz holds for

all y P Y and ω P Ω. In addition, we can also see that Γpy|x, ωq ¤ Γpy|x, ω1q for all

y P Y , x P X, and ω   ω1, i.e., Γ is a reversely monotone noise. Therefore, G is a

monotone quasi-garbling of H, i.e., H ©MQG G.

A.2 An Example on IDO and DDDR Conditions

In this section, I provide an example of a decision problem that does not satisfy the

IDO condition but is generally monotone with respect to any information structure

with the MLRP. Let Ω � tω1, ω2u and A � r0, 6s. Consider a usual order in A.

Define a payoff function u : A� Ω Ñ R as follows:

upa, ω1q �

$'&
'%
a� 1, if a ¤ 2,

5� a, if 2   a ¤ 5,

a� 5, if 5   a,

upa, ω2q �

$'&
'%

0, if a ¤ 1,

a� 1, if 1   a ¤ 4,

5� a, if 4   a.

This function is illustrated in Figure A.4.
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Figure A.4: Illustration of dominated decreasing decision rules, where the interval
dominance property is violated.

First, observe that this function does not satisfy IDO condition: up6, ω1q ¡

upa, ω1q for all 5 ¤ a   6, but up6, ω2q   up5, ω2q. Now I show that it satis-

fies the DDDR condition. Consider any decreasing function h : Ω Ñ A. When

hpω1q ¤ 4, set â � hpω1q. Then, upâ, ω1q � uphpω1q, ω1q by definition of â, and

upâ, ω2q � uphpω1q, ω2q ¥ uphpω2q, ω2q since upa|ω2q is increasing when a   4. When

hpω1q ¡ 4, set â � 4. Then, upâ, ω1q ¥ uphpω1q, ω1q since up4, ω1q ¥ upa, ω1q for all

a ¥ 4. In addition, upa, ω2q is maximized at a � 4, thus, upâ, ω2q ¥ uphpω2q, ω2q.

Therefore, this decision problem satisfies the DDDR condition with respect to the

generic order.

Now I show that it satisfies the MCS condition. Observe that for any a   2

and ω, upa, ωq   up2, ωq. Similarly, for any a ¥ 4, upa, ωq ¤ up4, ωq. Therefore, it

is without loss to focus on a P r2, 4s. Let the posterior belief given a signal x be

ψx � Prpω2|xq and 1� ψx � Prpω1|xq. Then, the expected payoff given the signal x

is

ψxpa� 1q � p1� ψxqp5� aq � p2ψx � 1qa� 5� 6ψx.
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Therefore, the optimal action given x is

a�pxq �

#
4, if ψx ¥ 1{2,

2, if ψx ¤ 1{2.

Also observe that for any information structure with the MLRP, prior belief and

pair of signals px1, xq with x1 ¡ x, the posterior belief on ω2 is nondecreasing, i.e.,

ψx1 ¥ ψx. Therefore, a�pxq is nondecreasing in x, thus, the MCS condition holds.

A.3 Application: Optimal Insurance

I now present a familiar economic application that can be considered a general mono-

tone decision problem. Specifically, I consider an optimal insurance problem similar

to the investment problem studied by Cabrales et al. (2013). An agent (DM) pri-

vately acquires information about a future state ω P Ω � tω1, � � � , ωNu, which will

be his realized income, with ωN ¡ � � � ¡ ω1 ¡ 0. At the beginning of the investment

decision, the agent chooses between two sources of information, say F and G. The

agent receives a signal from the chosen source. After receiving a signal (and before

the realization of the state), the agent can buy or sell Arrow securities. Assume that

the Arrow security market is large enough so that the agent’s demand does not affect

prices. Let the price vector be p � pp1, � � � , pNq and assume that
°N
i�1 pi � 1 and

pi ¡ 0.

In this example, an action by the agent is the number of securities bought (or

sold) for each state, thus, the action space is multidimensional. For any 1 ¤ i ¤ N ,

denote the amount of securities bought for a state ωi by qi. By allowing a short sale,

qi can be negative. Assume that the agent is not allowed to execute a short sale

more than his realized income, i.e., qi � ωi ¥ 0 for all 1 ¤ i ¤ N . Along with these

constraints, the agent’s budget constraint determines the set of feasible decisions. By

assuming the agent’s budget is zero, i.e., he must finance purchases through short
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sales, we get the set of feasible decisions as follows:

A � tq � pq1, � � � , qnq P Rn | p � q ¤ 0 and ωi � qi ¥ 0 @i P Nu . (A.3.1)

Also note that the budget constraint will bind at the optimum and define the set of

budget binding decisions as follows:

A1 � tq � pq1, � � � , qnq P Rn | p � q � 0 and ωi � qi ¥ 0 @i P Nu . (A.3.2)

For the agent’s utility function, assume constant relative risk aversion (CRRA)

preferences with respect to the realized net income:

U �

"
u : A2 � Ω Ñ R :

upq, ωiq � vpωi � qiq @1 ¤ i ¤ N,
D ρ ¡ 0 s.th. vpzq � pz1�ρ � 1q{p1� ρq

*
.1 (A.3.3)

Next I define a partial order ¥A on A. Recall that the purpose of this order is

to compare the optimal actions, thus it only needs to be defined over A1 � A. I

construct the partial order as follows: for any q, q1 P A1,

q1 ¥A q ô
ωj � q1j
ωi � q1i

¥
ωj � qj
ωi � qi

for all j ¡ i. (A.3.4)

This definition is inspired by the following equation holding at the optimum bundle:

for any i   j,

Prpωiq � v
1pωi � qiq

Prpωjq � v1pωj � qjq
�
pi
pj
. (A.3.5)

This equation says that the (expected) marginal rate of substitution of every pair of

states is equal to the price ratio. Observe that when a bundle q1 is higher than another

bundle q in the order ¥A, the left hand side of (A.3.5) increases. Suppose that the

DM receives a higher signal that leads to a fall in the likelihood ratio Prpωiq{Prpωjq

in (A.3.5). Since the price ratio is assumed to be fixed, i.e., the right hand side of

1 When ρ � 1, vpzq � logpzq.
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(A.3.5) is unchanged, the DM would choose a higher bundle in terms of ¥A. In this

sense, the order ¥A is reasonable in this example. The following proposition shows

that this insurance problem is a general monotone decision problem with this order.

Proposition A.3.1. The following statements hold:

(a) The partial order ¥A defined on (A.3.4) satisfies the DDDR condition for the set

of payoff functions U defined on (A.3.3);

(b) Suppose that an information structure f satisfies the MLRP. Then, f satisfies

the MCS condition with respect to U and ¥A.

Proof of Proposition A.3.1. (a) Consider a decreasing decision rule tqjujPN P pA1qn

where q1 ¥A � � � ¥A q
n. Define q̂i � qii and q̂ � pq̂1, � � � , q̂nq. To check whether

¥A satisfies the DDDR condition for U , it is enough to show that q̂ P A since for

any u P U , there exists a function v such that upq̂, ωiq � vpq̂i�ωiq � vpaii�ωiq �

upqi, ωiq for all 1 ¤ i ¤ N . Note that ωi � q̂i � ωi � qii ¥ 0 from qi P A1.

Therefore, it suffices to show that p � q̂ ¤ 0.

For all 1 ¤ i, j ¤ N , define rji � pipωi � qji q{p
°n
s�1 psωsq and rj � trji u1¤i¤N .

Note that
°
iPN r

j
i � 1 from qj P A1, thus, rj can be considered an element of

∆pΩq. Moreover, the condition (A.3.4) makes trjujPN reversely MLRP ordered,

i.e., r1 ¥MLRP � � � ¥MLRP rn. Therefore, r1 ¥FOSD � � � ¥FOSD rn. Then, the
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following inequalities hold:

1 � rn1 � rn2 � � � � � rnn�2 � rnn�1 � rnn

¥ prn�1
1 � rn�1

2 � � � � � rn�1
n�2 � rn�1

n�1q � rnn pby rn�1 ¥FOSD rnq

¥ prn�2
1 � rn�2

2 � � � � � rn�2
n�2q � rn�1

n�1 � rnn pby rn�2 ¥FOSD rn�1q

...

¥ r1
1 � r2

2 � � � � r
n�2
n�2 � rn�1

n�1 � rnn pby r1 ¥FOSD r2q

�
¸
iPN

pipωi � q̂iq°n
s�1 psωs

From the last inequality, 0 ¥
°
iPN piq̂i � p � q̂. Therefore, ¥A satisfies the DDDR

condition for U .

(b) Fix a prior belief Λ P ∆pΩq and a utility function u P U with upq, ωiq � vpωi�qiq

and vpzq � z1�ρ{p1 � ρq for some ρ ¡ 0. In the third stage with the signal x,

DM’s problem is

max
qPA

¸
iPN

λxF pωiqvpωi � qiq. (A.3.6)

When an information structure is tfp�|ωquωPΩ and the agent receives x as a signal,

let the solution of (A.3.6) be tqipxquiPN . Note that the solution can be obtained

as follows:

ωi � qipxq �

�
λxF pωiq

pi


1{ρ

�

°n
s�1 ωs � ps°n

s�1 λ
x
F pωsq

1{ρ � ps1�1{ρ
, (A.3.7)

for all i P N .

Assume that an information structure F satisfies the MLRP. By Milgrom (1981),

the posterior belief also shows the MLRP, that is, for all x1 ¡ x and j ¡ i,

λx
1

F pωjqλ
x
F pωiq � λxF pωjqλ

x1

F pωiq ¥ 0 ô
λx

1

F pωjq

λxF pωjq
¥
λx

1

F pωiq

λxF pωiq
. (A.3.8)
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We see that this condition represents the intuition that with a lower signal, a

lower state is more likely to happen and with a higher signal, a higher state is

more likely to happen. Note that from (A.3.7),

ωj � qjpx
1q

ωj � qjpxq
¥
ωi � qipx

1q

ωi � qipxq
ô

λx
1

F pωjq
1{ρ

λxF pωjq
1{ρ

¥
λx

1

F pωiq
1{ρ

λxF pωiq
1{ρ
, (A.3.9)

and it holds from (A.3.8). Therefore, we can see that

tqipx
1qu1¤i¤N ¥A tqipxqu1¤i¤N

for all x1 ¡ x and the MCS condition holds.

Proposition A.3.2 (Informativeness in the optimal insurance problem ). In the

optimal insurance problem, if G satisfies the MLRP and G is a monotone quasi-

garbling of F , then the decision maker obtains greater expected utility in the first

stage from F than from G for all priors.

Proof of Proposition A.3.2. When G satisfies the MLRP, by Proposition A.3.1, U

is a general monotone decision problem with respect to G. Since G is a monotone

quasi-garbling of F , by Theorem 2.5.1, the expected payoff from F is greater than

that from G.

A.4 Proofs of Lemmas

A.4.1 Proof of Lemma 2.5.2

Proof of Lemma 2.5.2 . Observe that any decreasing decision rule h : Ω Ñ A has a

following structure:

hpωq �

#
1, ω   ω̃,

0, ω ¥ ω̃.
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When ω̃ ¤ ω̂, observe that

uphpωq, ωq �

#
up1, ωq � �κ ¤ 0 � up0, ωq, if ω   ω̃ ¤ ω̂,

up0, ωq � 0 ¤ 0 � up0, ωq, if ω̃ ¤ ω.

Thus, hpωq is dominated by the constant action a � 0.

When ω̃ ¡ ω̂, observe that

uphpωq, ωq �

$'&
'%
up1, ωq � �κ ¤ �κ � up1, ωq, if ω   ω̂   ω̃,

up1, ωq � 1� κ ¤ 1� κ � up1, ωq, if ω̂ ¤ ω   ω̃,

up0, ωq � 0 ¤ 1� κ � up1, ωq, if ω̂   ω̃ ¤ ω.

Thus, hpωq is dominated by the constant action a � 1.

A.4.2 Proof of Lemma 2.6.1

Proof of Lemma 2.6.1. Consider any tqpω; squpω,sqPΩ�Ω P Q
N such that for all s1 ¡ s

tqp�; squ ¥Q tqp�; s
1qu,

i.e., qpω; s1q ¥ qpω; sq for all s1 ¡ s and ω P Ω. Then, I consider q̂p�q defined by

q̂pωq � qpω;ωq. Observe that for any ω1 ¡ ω, we have

q̂pω1q � qpω1;ω1q ¥ qpω1;ωq ¥ qpω;ωq � q̂pωq.

The first inequality holds from the definition of ¥Q and the second inequality holds

since qp�;ωq is nondecreasing. Therefore, q̂p�q is nondecreasing and q̂p�q P Q.

Next, I show that upq̂p�q, ωq ¥ upqp�;ωq, ωq for all ω P Ω. From the definition of

u and q̂pωq � qpω;ωq, we can derive that

upq̂p�q, ωnq � upqp�;ωnq, ωnq

�
n�1̧

j�1

rvpqpωj;ωnq, ωj�1q � vpqpωj;ωjq, ωj�1q � vpqpωj;ωnq, ωjq � vpqpωj;ωjq, ωjqs .

Then, from qpωj;ωnq ¥ qpωj;ωjq for j   n and the supermodularity of v, we have

upq̂p�q, ωq ¥ upqp�;ωq, ωq. Therefore, ¥Q satisfies the DDDR condition for u.
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A.4.3 Proof of Lemma 2.6.2

Proof of Lemma 2.6.2 . Assume the contrary, that is, Up~q ;x2q does not I-dominate

Up~q ;x1q. Then, there exist ~qa, ~qb P Q such that ~qa ¥Q ~qb and Up~qa ;x1q ¥ Up~q ;x1q

for all ~q P r~qb, ~qas, but (i) Up~qa ;x2q   Up~qb ;x2q; or (ii) Up~qa ;x1q ¡ Up~qb ;x1q and

Up~qa ;x2q � Up~qb ;x2q.

Consider the first case: Up~qa ;x2q   Up~qb x
2q. Let ~qc P arg max~qPr~qb,~qas Up~q ;x2q.

Then, we have Up~qc ;x2q ¡ Up~qa ;x2q. Now I show that for each n ¤ N , the following

inequality holds:

Sn �
ņ

i�1

rup~qc, ωiq � up~qa, ωiqs � λ
x2

F pωiq ¥ 0. (A.4.1)

Define ~qn P r~qc, ~qas as follows:

~qnpωiq �

#
~qapωiq, if i ¤ n,

~qcpωiq, if i ¡ n.

Observe that for any i ¤ n,

up~qnpωiq, ωiq � vp~qapωiq, ωiq �
i�1̧

k�1

pvp~qapωkq, ωk�1q � vp~qapωkq, ωkqq � cp~qapωiqq

� up~qapωiq, ωiq.

Next, for any i ¡ n, we have

up~qnpωiq, ωiq � up~qcpωiq, ωiq

�
ņ

k�1

tpvp~qcpωkq, ωk�1q � vp~qapωkq, ωk�1qq � pvp~qcpωkq, ωkq � vp~qapωkq, ωkqqu .

Since ~qcpωkq ¥ ~qapωkq for all 1 ¤ k ¤ n (from ~qa ¥Q ~qc) and v is supermodular, we

have up~qnpωiq, ωiq ¥ up~qcpωiq, ωiq. From the optimality of q̂c, we have Up~qc ;x2q ¥

110



Up~qn ;x2q, which is equivalent to

0 ¤Sn �
Ņ

l�n�1

rup~qcpωkq, ωkq � up~qnpωkq, ωkqsλ
x2

F pωlq.

By using up~qnpωlq, ωlq ¥ up~qcpωlq, ωlq for all l ¥ n� 1, we have Sn ¥ 0.

Observe that

Up~qc ;x1q � Up~qa ;x1q �
λx

1

F pωNq

λx
2

F pωNq
SN �

N�1̧

n�1

�
λx

1

F pωnq

λx
2

F pωnq
�
λx

1

F pωn�1q

λx
2

F pωn�1q



� Sn.

By the MLRP of F , we have λx
1

F pωnq{λ
x2

F pωnq ¥ λx
1

F pωn�1q{λ
x2

F pωn�1q for all 1 ¤ n ¤

N � 1. Then, from (A.4.1), we have

Up~qc ;x1q � Up~qa ;x1q ¥
λx

1

F pωNq

λx
2

F pωNq
SN �

λx
1

F pωNq

λx
2

F pωNq
pUp~qc ;x2q � Up~qa ;x2qq ¡ 0,

which contradicts the assumption that ~qc P r~qb, ~qas and Up~qa ;x1q ¥ Up~q ;x1q for all

~q P r~qb, ~qas.

Consider the second case: Up~qa ;x1q ¡ Up~qb ;x1q and Up~qa ;x2q � Up~qb ;x2q .

If there exists ~qc P r~qb, ~qas such that Up~qc ;x2q ¡ Up~qa ;x2q, we can use the same

argument as in the first case. If not, for all ~q P r~qb, ~qas, Up~qa ;x2q � Up~qb ;x2q ¥

Up~q ;x2q, i.e., ~qb P arg max~qPr~qb,~qas Up~q ;x2q. Then, we can use the similar argument as

in the first case by substituting ~qc to ~qb. The only difference is that the last inequality

in (A.4.3) should be replaced to equality, thus we have Up~qb ;x1q ¥ Up~qa ;x1q. But

it contradicts the assumption that Up~qa ;x1q ¡ Up~qb ;x1q. Therefore, Up~q ;x2q I-

dominates Up~q ;x1q.
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Appendix B

Appendix for Chapter 3

B.1 Contracts

At the beginning of the game, the principal offers a contract to the agent and fully

commits to all contractual terms. If the agent rejects the offer, the principal and the

agent receive zero payoffs. Note that if the agent has not completed either the main

project or the subproject, the calendar time is the only relevant variable summarizing

the public history.

A (deterministic) contract is denoted by Γ �
!
T, tat, bt, Rt, Γ̂

tu0¤t¤T

)
, where each

variable is defined as follows at the calendar time t:1

1. T P R� Y t8u: the deadline date at which the project is terminated absent

the completion of the main project or the subproject. T � 8 means that no

deadline is included in the contract;

2. at P t0, 1u: the principal’s choice of an approach at t;

3. bt P r0, 1s: the agent’s recommended effort at t;

1 See Remark 6 for discussion on deterministic and mixed contracts.
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4. Rt ¥ 0: the monetary payment from the principal to the agent for the success

of the main project at t;2

5. Γ̂t � tT t, tbts, R
t
sut¤s¤T tu: an updated contract when the subproject is com-

pleted at t;

(a) T t P tŤ : Ť ¥ tu Y t8u: the deadline date at which the project is

terminated;

(b) bts P r0, 1s: the agent’s recommended effort at time s ¥ t;

(c) Rt
s ¥ 0: the monetary payment from the principal to the agent for the

completion of the main project at time s.

Consider the case where the subproject is completed at time t. Then, the updated

contract Γ̂t will be executed. In this case, the agent’s admissible action space is

B̂t � ttb̌sut¤s¤T t : b̌s P r0, 1su. The agent’s action profile b̃t � tb̃tsut¤s¤T t P B̂t

induces a probability distribution Pb̃t over a main project completion date τm. Let

Eb̃t denote the corresponding expectation operator. When the agent adheres to the

recommended action of Γ̂t, the principal’s expected utility at time t is given by

P̂ tpΓ̂tq � Ebt
��

Π�Rt
τm

�
� 1tt¤τm¤T tu �

» T t^τm

t

c ds

�
, 3

where the first term in the expectation is the net profit from the success and the

second term is the cumulative operating cost. The agent’s expected utility is given

by

Û tpΓ̂tq � Ebt
�
Rt
τm � 1tt¤τm¤T tu �

» T t^τm

t

φp1� btsqds

�
,

2 Since both the principal and the agent are risk neutral and do not discount the future, without
loss of generality, all monetary payments to the agent can be backloaded (see, e.g., Ray, 2002). The
nonnegativity of Rt is due to limited liability.

3 For each x and y, let x^ y denote the minimum of x and y, and let x_ y denote the maximum
of x and y.
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where the first term is the payoff from the success and the second term is the benefit

from shirking.

Now consider the problem at time 0. The agent’s admissible action space (prior

to any completion) is B � ttb̌tu0¤t¤T : b̌t P r0, 1su. In this case, any completion

depends not only on the agent’s effort (b̃t) but also the principal’s choice of approach

(at). Then, a pair of actions by the principal and the agent, pa, b̃q, induces a proba-

bility distribution Pa,b̃ over a pair of completion dates for the main project and the

subproject pτm, τsq. Let Ea,b̃ denote the corresponding expectation operator. If the

agent adheres to the recommended actions of Γ, the principal’s (ex ante) expected

utility is given by

P0pΓq � Ea,b
�
pΠ�Rτmq � 1tτm τs^T u � P̂τspΓ̂τsq � 1tτs τm^T u �

» T^τm^τs

0

c dt

�
,

(B.1.1)

where the first term is the net profit from the main project completion, the second

term is the expected payoff from the subproject completion at time τs, and the last

term is the cumulative operating cost. The agent’s expected utility is given by

U0pΓq � Ea,b
�
Rτm � 1tτm¤T u � Û τspΓ̂τsq � 1tτs τm^T u �

» T^τm^τs

0

φp1� btq dt

�
,

(B.1.2)

where the first term is the payoff from the main project completion, the second term

is the expected payoff from the subproject completion at time τs, and the last term

is the benefit from shirking. By using the agent’s expected payoffs, I define incentive

compatibility (IC) of contracts as follows.

Definition B.1.1. A contract Γ �
!
T, tat, bt, Rt, Γ̂

tu0¤t¤T

)
is incentive compatible

if
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1. for all t ¤ T , the recommended effort profile tbtsut¤s¤T t in the updated contract

Γ̂t maximizes the agent’s expected utility at time t, i.e.,

Û tpΓ̂tq � max
b̃PB̂t

Eb̃
�
Rt
τm � 1tτm¤T tu �

» T t^τm

t

φp1� b̃sqds

�
.

2. the recommended action profile tbtu0¤t¤T maximizes the agent’s expected util-

ity at time 0, i.e.,

U0pΓq � max
b̃PB

Ea,b̃
�
Rτm � 1tτm¤T u � Û τspΓ̂τsq � 1tτs τm^T u �

» T^τm^τs

0

φp1� b̃tq dt

�
.

The objective of the principal is to find a contract Γ that maximizes her ex

ante expected utility P0pΓq subject to the incentive compatibility constraint and the

individual rationality constraint, i.e., U0pΓq ¥ 0. Designate such a contract as an

optimal contract.

B.2 Recursive Formulation

B.2.1 The Agent’s Problem

I now consider the agent’s problem when he has not yet completed the first subpro-

ject. Given a contract Γ, let UtpΓq denote the agent’s maximized continuation utility

at time t, that is,

UtpΓq � max
b̃PBt

Ea,b̃
�
Rτm � 1tτm¤τs^T u � Û τspΓ̂τsq � 1tτs τm^T u

�
³T^τm^τs
t

φp1� b̃sq ds

��� t ¤ τm ^ τs

�
,

(B.2.1)

where Bt � ttb̃sut¤s¤T : b̃s P r0, 1su.

Observe that the agent’s continuation utility can be heuristically rewritten as
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follows:

ut � max
b̃tPr0,1s

φp1� b̃tqdt�Rt � λDatb̃tdt� utS � λSp1� atqb̃tdt

� p1� λDatb̃tdt� λSp1� atqb̃tdtq � ut�dt

where ut � UtpΓq and utS � Û tpΓ̂tq. Using a Taylor expansion ut�dt � ut� 9utdt�opdtq

where 9ut � dut{dt, canceling ut on both sides, and taking the limit as dt Ñ 0, we

obtain a Hamilton-Jacobi-Bellman (HJB) equation:

0 � max
b̃tPr0,1s

9ut � φp1� b̃tq � pRt � utqλDatb̃t � pu
t
S � utqλSp1� atqb̃t. (HJBPK)

Also note that UT pΓq � 0 since the contract is terminated at time T . The following

lemma shows that the HJB equation (HJBPK) with a boundary condition uT � 0

characterizes the evolution of the continuation utility UtpΓq. The proof is relegated

to Appendix B.2.1.

Lemma B.2.1. Given a contract Γ, suppose that a continuous and differentiable

process tutu0¤t¤T satisfies uT � 0 and (HJBPK). Then, ut � UtpΓq.

The HJB equation (HJBPK) provides a clear interpretation of the agent’s be-

havior. The first term is the drift term of the agent’s continuation utility from no

success and the second term is the benefit from shirking. When the main project

is completed at rate λDatb̃t, the agent receives the immediate payment Rt but he

loses the continuation utility since the contract is terminated. When the subproject

is completed at rate λSp1 � atqb̃t, the new phase of the contract with the promised

utility utS begins and he loses the continuation utility since the current phase of the

contract is over.

Proof of Lemma B.2.1

In this subsection, I formally derive the agent’s continuation utility and prove Lemma

B.2.1.
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I begin by specifying the probability distribution functions for possible events

given a profile of approaches a � tasut¤s¤T and an admissible action profile b P Bt

conditional on no completion has made by time t. The probability that neither the

main project nor the subproject is completed by time T is fpa, b; t, T q where

fpa, b;x, yq � e�λD
³y
x albldl � e�λS

³y
xp1�alqbldl.

Next, the probability density that the main project is completed at time s and the

subproject is not completed by that time (s � τm   τs) is λDasbs � fpa, b; t, sq. Sim-

ilarly, the probability density that the subproject is completed at time s and the

main project is not completed by that time (s � τs   τm) is λSp1�asqbs �fpa, b; t, sq.

Last, the probability density that either the main project or the subproject is com-

pleted at time s and the other has not arrived by then, i.e., τs ^ τm � s, is

pλDas � λSp1� asqqbs � fpa, b; t, sq.

Based on the above results, we can derive that

Ea,b
�
Rτm � 1tτm¤τs^T u | t ¤ τm ^ τs

�
�

» T

t

Rs � λDasbs � fpa, b; t, sqds,

Ea,b
�
ÛτspΓ̂

τsq � 1tτs τm^T u | t ¤ τm ^ τs

�
�

» T

t

ÛspΓ̂
sq � fpa, b; t, sqds.

Observe that d
ds
fpa, b; t, sq � �pλDas�λSp1�asqqbs �fpa, b; t, sq. By using integration

by parts, we have

Ea,b
�» T^τm^τs

t

φp1� bsq | t ¤ τm ^ τs

�

�

» T

t

�» s

t

φp1� blqdl

�
� pλDas � λSp1� asqqbs � fpa, b; t, sqds

�

�» T

t

φp1� bsqds

�
� fpa, b; t, T q

�

» T

t

φp1� bsq � fpa, b; t, sqds.
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Then, by plugging the above expressions into (B.2.1), UtpΓq can be rewritten as

follows:

UtpΓq � sup
b̃PBt

» T

t

�
Rs � λDasb̃s � ÛspΓ̂

sq � λSp1� asqb̃s � φp1� b̃sq
�
fpa, b̃; t, sqds.

(B.2.2)

Now we can prove Lemma B.2.1 by using the above equation. The proof is inspired

by Proposition 3.2.1 in Bertsekas (1995).

Proof of Lemma B.2.1. Consider an arbitrary admissible action b̃ P Bt. By rearrang-

ing (HJBPK), we can derive that

� 9us � pλDas � λSp1� asqqb̃sut ¥ RsλDasb̃s � usSλSp1� asqb̃s � φp1� b̃sq

and it is equivalent to

d

ds
r�us � fpa, b; t, sqs ¥

�
pRsλDas � usSλSp1� asqq b̃s � φp1� b̃sq

�
� fpa, b; t, sq.

By integrating the above inequality from t to T and using uT � 0, we can derive

that

ut ¥

» T

t

�
pRsλDas � usSλSp1� asqq b̃s � φp1� b̃sq

�
� fpa, b̃; t, sqds

for all b̃ P Bt.

Suppose that b� P Bt attains the maximum in the equation (HJBPK) for all

0 ¤ t ¤ T . Then, we have

ut �

» T

t

rpRsλDas � usSp1� asqqλSb
�
s � φp1� b�s qs � fpa, b

�; t, sqds

¥

» T

t

�
pRsλDas � usSλSp1� asqq b̃s � φp1� b̃sq

�
� fpa, b̃; t, sqds

for all b̃ P Bt. Therefore, by (B.2.2), we have ut � UtpΓq.

118



B.2.2 The Principal’s Problem

I now consider the principal’s problem. I begin by considering the incentive compat-

ibility condition. To make a contract incentive compatible, at each point of time, the

recommended effort level should coincide with the agent’s choice in (HJBPK), that

is,

b P arg max
b̃Pr0,1s

φp1� b̃q � pR � uqλDab̃� puS � uqλSp1� aqb̃. (IC)

In addition, since (HJBPK) is linear in b̃, it can be rewritten as follows:

9ut � �
�
φ_

�
pRt � utqλDat � pu

t
S � utqλSp1� atq

��
. (B.2.3)

I now explore how the principal’s value function evolves. Note that V p0q � 0

since the agent will not participate in the contract when the continuation utility is

zero. This will serve as a boundary condition. The value function V putq can be

heuristically written as follows:

V putq � max
Rt¥0, utS¥0,

atPt0,1u, btPr0,1s

� cdt� pΠ�RtqλDatbtdt� VSpu
t
SqλSp1� atqbtdt

� p1� λDatbtdt� λSp1� atqbtdtqV put�dtq
.

By using V put�dtq � V putq�V
1putq 9utdt�opdtq, canceling V putq on both sides, taking

the limit as dtÑ 0 and plugging (B.2.3) in, we obtain an HJB equation:

0 � max
R¥0, uS¥0,

aPt0,1u, bPr0,1s

� c� pΠ�R � V puqqλDab� pVSpuSq � V puqqλSp1� aqb

� rφ_ tpR � uqλDa� puS � uqλSp1� aqusV 1puq
.

(HJBV )

Then, the principal’s problem is to solve (HJBV ) subject to (IC) with the bound-

ary condition V p0q � 0. The following lemma shows that the solution of the problem

maximizes the principal’s expected payoff subject to a promise keeping constraint

U0pΓq � u. The proof is relegated to Appendix B.2.2.
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Lemma B.2.2 (Verification Lemma). Suppose that a differentiable and concave

function V̄ solves (HJBV ) subject to (IC) with the boundary condition V̄ p0q � 0.

Then, for any incentive-compatible contract Γ with U0pΓq � u,

V̄ puq ¥ P0pΓq.

Given this result, I derive the value function by using the ‘guess and verify’

method. I construct a differentiable and concave value function, V̄ : R� Ñ R, which

solves (HJBV ) subject to (IC) for all u ¥ 0. Next, for any u ¥ 0, I find a deterministic

and incentive-compatible contract Γ that implements pu, V̄ puqq. Then, by the above

verification lemma, V̄ puq is the highest expected payoff among incentive-compatible

contracts with U0pΓq � u, i.e., V̄ puq � V puq. In the main text, I provide intuition of

how I guess the value function. The actual guess appears in Appendix B.2.4. The

formal verification proof is relegated to the Online Appendix.

Proof of Lemma B.2.2

Proof of Lemma B.2.2. Consider an arbitrary (deterministic) incentive-compatible

contract Γ where the agent’s expected payoff is given by ut. The payoff to the

principal under Γ is

P0pΓq �

» T

0

pΠ�Rt � c � tq � λDatbtfpa, b; 0, tqdt

�

» T

0

pVSpuS,tq � c � tq � λSp1� atqbtfpa, b; 0, tqdt� c � T � fpa, b; 0, T q

�

» T

0

ppΠ�RtqλDatbt � VSpuS,tqλSp1� atqbt � cq fpa, b; 0, tqdt

where uS,t � ÛtpΓ̂
Sq.

Since Ṽ solves the HJB equation, we have

0 ¥� c� pΠ�Rt � Ṽ putqqλDatbt � pVSpuS,tq � Ṽ putqqλSp1� atqbt

� rφ_ tpRt � utqλDat � puS,t � utqλSp1� atqus Ṽ
1putq.
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By using (B.2.3), rearranging, and multiplying by fpa, b; 0, tq, we can obtain that

pλDatbt � λSp1� atqbtqfpa, b; 0, tq � Ṽ putq � fpa, b; 0, tq � Ṽ 1putq 9ut

¥fpa, b; 0, tq ppΠ�RtqλDatbt � VSpuS,tqλSp1� atqbt � cq

(B.2.4)

Note that

d

dt

�
�fpa, b; 0, tqṼ putq

	
� pλDatbt�λSp1�atqbtqfpa, b; 0, tq�Ṽ putq�fpa, b; 0, tq�Ṽ 1putq 9ut.

Then, by integrating (B.2.4) over r0, T s and noting that fpa, b; 0, 0q � 1, uT � 0 and

Ṽ p0q � 0, we have

Ṽ pu0q � Ṽ pu0q � fpa, b; 0, T qṼ puT q

¥

» T

0

fpa, b; 0, tq � ppΠ�RtqλDatbt � VSpuS,tqλSp1� atqbt � cq dt � P0pΓq.

Therefore, Ṽ pu0q is greater than or equal to any deterministic contract where the

agent’s expected payoff is equal to u0. Since Ṽ is assumed to be concave, it is greater

than or equal to any randomized contract.

B.2.3 Implementation

Proof of Proposition 3.4.1

Proof of Proposition 3.4.1. (a) Let ΓdpT q denote a direct-only contract with the

deadline T . The agent’s expected payoff is

U0pΓdpT qq �

» T

0

RτmλDe
�λDτmdτm

�

» T

0

φ rT � τm � 1{λDsλDe
�λDτmdτm

�� φ pT � τmq e
�λDτm

���T
0

�φT.
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Therefore, U0pΓdpu{φqq � u.

Also note that

P0pΓdpT qq � U0pΓdpT qq �

» T

0

pΠ� cτmqλDe
�λDτmdτm � cTe�λDT

�� pΠ� cτm � c{λDq e
�λDτm

����
T

0

� cTe�λDT

�� pΠ� cT � c{λDq e
�λDT � pΠ� c{λDq � cTe�λDT

�pΠ� c{λDq
�
1� e�λDT

�
.

Therefore,

P0pΓdpu{φqq �

�
Π�

c

λD



p1� e�

λD
φ
uq � U0pΓdpu{φqq

�

�
Π�

c

λD



p1� e�

λD
φ
uq � u � V dpuq.

(b) Let ΓsdpT1, T q denote a contract with a switch from the sequential approach to

the direct approach at T1 and the deadline T . The subcontract at time t ¤ T1 is

denoted by Γ̂sdpt|T1, T q. Then, the agent’s expected payoff for the subcontract

Γ̂sdpt|T1, T q at time t is

UtpΓ̂sdpt|T1, T qq �

» T�1{λS

t

φ pT � 1{λS � τm � 1{λSqλSe
�λSpτm�tqdτm

�� φ pT � 1{λS � τmq e
�λSpτm�tq

���T�1{λS

t

�φ pT � 1{λS � tq .

Also note that» T1

0

UτspΓ̂spτs|T1, T qqλSe
�λSτsdτs �

» T1

0

φpT � 1{λS � τsqλSe
�λSτsdτs

�� φpT � τsqe
�λSτs

��T1
0

�φT � φpT � T1qe
�λST1 .
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Then, the agent’s expected payoff at time 0 is

U0pΓsdpT1, T qq �

» T1

0

UτspΓ̂spτs|T1, T qqλSe
�λSτsdτs

� e�λST1
» T

T1

φpT � 1{λD � τmqλDe
�λDpτm�T1qdτm

�φT � φpT � T1qe
�λST1 � e�λST1

�
φ pT � τmq e

�λDpτm�T1q
��T
T1

�
�φT.

Thus, U0pΓsdpT1, u{φqq � u.

The sum of expected payoffs for the subcontract is

PtpΓ̂sdpt|T1, T qq � UtpΓ̂sdpt|T1, T qq

�

» T�1{λS

t

pΠ� cpτm � tqqλSe
�λSpτm�tqdτm � c

�
T �

1

λS
� t



e
�λS

�
T� 1

λS
�t

	

��

�
Π�

c

λS
� cpτm � tq



e�λSpτm�tq

���T�1{λS

t
� c

�
T �

1

λS
� t



e
�λS

�
T� 1

λS
�t

	

��

�
Π�

c

λS
� c

�
T �

1

λS
� t




e
�λS

�
T� 1

λS
�t

	
� Π�

c

λS

� c

�
T �

1

λS
� t



e
�λS

�
T� 1

λS
�t

	

�

�
Π�

c

λS


�
1� e

�λS

�
T� 1

λS
�t

	

.
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Also note that» T1

0

�
PτspΓ̂sdpτs|T1, T qq � UτspΓ̂sdpτs|T1, T qq � cτs

�
λSe

�λSτsdτs

�� pΠ� 2c{λS � cτsq
���T1
0
� pΠ� c{λSq e

�λSpT�1{λSqτs

���T1
0

�

�
Π�

2c

λS


�
1� e�λST1

�
� cT1e

�λST1 �

�
Π�

c

λS



T1e

�λS

�
T� 1

λS

	
,

and » T

T1

pΠ� cpτm � T1qqλDe
�λDpτm�T1qdτm � cpT � T1qe

�λDpT�T1q

�V dppT � T1q{φq � pT � T1q{φ � V dpu1q � u1.

Then, we can derive that

P0pΓsdpT1, T qq � U0pΓsdpT1, T qq

�

» T1

0

�
PτspΓ̂spτs|T qq � UτspΓ̂spτs|T qq � cτs

�
λSe

�λSτsdτs � cT1e
�λST1

� e�λST1
�» T

T1

pΠ� cpτm � T1qqλDe
�λDpτm�T1qdτm � cpT � T1qe

�λDpT�T1q

�

�

�
Π�

2c

λS



p1� e�λST1q �

�
Π�

c

λS



T1e

�λS

�
T� 1

λS

	
� e�λST1

�
V dpu1q � u1

�

�

�
Π�

2c

λS


�
1� e

λS
φ
pu1�uq

	
� pV dpu1q � u1qe

λS
φ
pu1�uq

�

�
Π�

c

λS



λS
φ
pu� u1qe

�
λS
φ
u�1,

thus P0pΓsdpT1, T qq � V dspu|u1q.

(c) Note that a sequential-only contract with a deadline T is equivalent to a contract

with a switch from the sequential approach to the direct approach at T1 � T
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and a deadline T . Therefore, by the previous result, a sequential-only contract

with the deadline u{φ implements pV dspu|0q, uq.

Proof of Proposition 3.5.1

Proof of Proposition 3.5.1. Let ΓdsdpT1, T2, T q denote a contract with two switches

at T1 and T2 and a deadline T . Note that at time T1 (if the project has not been

successful), the remaining contract is equivalent to ΓsdpT2 � T1, T � T1q. Then, the

agent’s expected payoff at time 0 is

U0pΓdsdpT1, T2, T qq �

» T1

0

φpT � 1{λD � τmqλDe
�λDτmdτm

� e�λST1U0pΓsdpT2 � T1, T � T1qq

�φT � φpT � T1qe
�λDT1 � e�λDT1φpT � T1q

�φT.

Thus, U0pΓdsdpT1, T2, u{φqq � u.

Also note that

P0pΓdsdpT1, T2, T qq � U0pΓdsdpT1, T2, T qq

�

» T1

0

pΠ� cτmqλDe
�λDτmdτm � cT1e

�λDT1

� e�λDT1pP0pΓsdpT2 � T1, T � T1qq � U0pΓsdpT2 � T1, T � T1qqq

�

�
Π�

c

λD


�
1� eλDT1

�
�
�
V dspφpT � T1q|φpT � T2qq � φpT � T1q

�
e�λDT1

�

�
Π�

c

λD


�
1� e

λD
φ
pu2�uq

	
�
�
V dspu2|u1q � u2

�
e
λD
φ
pu2�uq,

thus P0pΓdsdpT1, T2, T qq � V dsdpu|u1, u2q � u.
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B.2.4 Properties of Benchmark Value Functions

Proposition B.2.1. The following equations hold:

φV d1puq � � c� λD

�
Π�

φ

λD
� u� V dpuq



� αDpuq, (B.2.5)

φV ds1pu|u1q � � c� λS
�
VS pu� φ{λSq � V dspu|u1q

�
� αSpuq, (B.2.6)

φV dsd1pu|u1, u2q � � c� λD

�
Π�

φ

λD
� u� V dsdpu|u1, u2q



� αDpuq. (B.2.7)

Proof of Proposition B.2.1. By taking the derivative of (3.4.1) and multiplying by

φ, we have

φV d1puq �λD

�
Π�

c

λD



e�

λD
φ
u � φ � �c� λD

�
Π�

φ

λD
� V dpuq � u



,

�λDΠ� λDpV
dpuq � uq � c� φ � αDpuq,

i.e., (B.2.5) holds.

Next, by taking the derivative of (3.4.2) and multiplying by φ, we have

φV ds1pu|u1q �λS

�
Π�

2c

λS



e
λS
φ
pu1�uq � λSpV

dpu1q � u1qe
λS
φ
pu1�uq

�

�
Π�

c

λS



λSe

�
λS
φ
u�1 � λS

�
Π�

c

λS



λS
φ
pu� u1qe

�
λS
φ
u�1 � φ.

Observe that it can be rewritten as follows:

φV ds1pu|u1q � � c� λS

�
Π�

c

λS


�
1� e

�λS
φ

u�1
	
� λSu� λSV

dspu|u1q

� � c� λS
�
VSpu� φ{λSq � V dspu|u1q

�
�λS pVSpu� φ{λSq � u� φ{λSq � λSpV

dspu|u1q � uq � c� φ � αSpuq,

i.e., (B.2.6) holds.
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Last, by taking the derivative of (3.5.1) and multiplying by φ, we have

φV dsd1pu|u1, u2q �λD

�
Π�

c

λD



e
λD
φ
pu2�uq � λD

�
V dspu2|u1q � u2

�
e
λD
φ
pu2�uq � φ

�� c� λD

�
Π�

φ

λD
� uV dsdpu|u1, u2q



,

�λDpΠ� V dsdpu|u1, u2qq � c� φ � αDpuq,

i.e., (B.2.7) holds.

B.3 Optimal Contracts

B.3.1 Feasibility (ΠF )

Now that we characterized the value function that solves (HJBV ) subject to (IC),

the next step is to solve (MP) subject to u ¥ 0. I begin by checking the feasibility of

the project. If the maximum of the value function V is greater than 0, the principal

earns positive expected payoff from the contract, thus the project is feasible. If

V 1p0q ¡ 0, there exists u ¡ 0 such that V puq ¡ 0. Thus, the project is feasible. On

the other hand, if V 1p0q ¤ 0, the maximum of the value function is 0 at u � 0 since

V is concave (Proposition 3.4.2 and 3.5.2). Thus, the project is infeasible. Note that

from (HJBV ), V 1p0q ¡ 0 is equivalent to

max rλDΠ� φ, λSVS pφ{λSqs ¡ c, (B.3.1)

i.e., the project is feasible if at least one of the instantaneous payoff at the deadline

covers the operating cost c. Note that

λSVSpφ{λSq �λSpΠ� c{λSq
�
1� e�1

�
� φ

�p1� ηqp1� e�1qλDΠ� p1� e�1qc� φ.

Then, we can derive that λSVSpφ{λSq ¡ c is equivalent to

Π ¡
p2� e�1qc� φ

p1� ηqp1� e�1qλD
,
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whereas λDΠ � φ ¡ c is equivalent to Π ¡
c� φ

λD
. By simple algebra, we can show

that

p2� e�1qc� φ

p1� ηqp1� e�1qλD
¡
c� φ

λD
.

Therefore, Π ¡ ΠF �
c� φ

λD
is equivalent to (B.3.1) and the project is feasible if this

condition is satisfied.

B.3.2 The Length of the Contract (ΠD)

Given that the project is feasible, there exists ū ¡ 0 that maximizes V puq. Since

V is concave and differentiable, ū is the solution of V 1pūq � 0. To check what type

of contract would be utilized to implement pū, V pūqq, we need to compare ū with

switch points u1 and u2 defined in (3.4.2) and (3.5.1).

If Π is less than or equal to ΠMpηq, by Proposition 3.4.2 and 3.5.2, the value

function is equal to V dpuq, i.e., it does not have any switch point. Therefore, it is

enough to restrict attention to the case where Π is greater than ΠMpηq.

If Π is greater than ΠMpηq and less than ΠSpηq, there exists a switch point u1 ¡ 0

such that V dpu1q � V ds1pu1|u1q. Note that if Π is greater than or equal to ΠSpηq and

η is greater than 1{pe � 1q, the value function near u � 0 corresponds to V dspu|0q

by Proposition 3.4.2 and 3.5.2. Thus, in this case, we can consider u1 as 0. The

following lemma characterizes the threshold of Π for comparing ū and u1.

Lemma B.3.1. Suppose that Π ¡ ΠMpηq and 2λD ¥ λS ¡ λD are satisfied. Then,

there exists ΠDpηq ¥ ΠMpηq such that u1   ū if and only if Π ¡ ΠDpηq. Moreover,

if η ¤
a
c{pc� φq, ΠDpηq is equal to ΠMpηq.

Now I compare ū and the second switching point u2. The following lemma shows

that u2 is less than ū if η is sufficiently small. Thus, in this case, the optimal contract

involves two switches of approaches.
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Lemma B.3.2. Suppose that Π ¡ ΠMpηq and η ¤ c{pc� φq are satisfied. Then, u2

is less than ū.

On the other hand, the following lemma shows that u2 is greater than ū if η is

close to 1. Thus, in this case, the optimal contract involves at most one switch of

approaches.

Lemma B.3.3. Suppose that Π ¥ ΠDpηq and η ¥
a
c{pc� φq are satisfied. Then,

u2 is greater than or equal to ū.

The proofs for the above lemmas are relegated to Appendix B.5

B.3.3 Proofs of Theorems

Proof of Theorem 3.4.1. (a) By the argument in Appendix B.3.1, the project is in-

feasible when Π is less than ΠF .

(b) When ΠDp1q ¥ Π ¡ ΠF � c{λD � ΠMp1q, by Lemma B.3.1, the switching point

u1 is greater than or equal to ū. Then, V pūq � V dpūq by (a) of Proposition

3.4.2. In both cases, by (a) of Proposition 3.4.1, pū, V pūqq is implemented by a

direct-only contract with the deadline ū{φ.

(c) When Π P pΠDp1q,ΠSp1qq, u1 is greater than 0 and less than ū by Lemma B.3.1

and Proposition 3.4.2 (a). Then, V pūq � V dspū|u1q by Proposition 3.4.2. By (b)

of Proposition 3.4.1, pū, V pūqq is implemented by a contract with a switch from

the sequential approach to the direct approach at pū � u1q{φ and the deadline

ū{φ.

(d) When Π ¥ ΠSp1q, V puq � V dspu|0q by (b) of Proposition 3.4.2. By (c) of

Proposition 3.4.1, pū, V pūqq is implemented by a sequential-only contract with

the deadline ū{φ.
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Proof of Theorem 3.5.1. Note that u2 is greater than ū by Lemma B.3.3 since η ¡a
c{pc� φq. When Π P rΠF ,ΠMpηqs, V pūq � V dpūq by (a) of Proposition 3.5.2.

Then, by (a) of Proposition 3.4.1, pū, V pūqq is implemented by a direct-only contract

with the deadline ū{φ. For other cases, the statements can be similarly proved as in

Theorem 3.4.1, except that we need to use Proposition 3.5.2 instead of Proposition

3.4.2.

Proof of Theorem 3.5.2. The proof for part (a) is same as Theorem 3.4.1, thus, it is

enough to show (b) and (c).

(b) When Π P rΠF ,ΠMpηqs, V pūq � V dpūq by (a) of Proposition 3.5.2. By (a) of

Proposition 3.4.1, pū, V pūqq is implemented by a direct-only contract with the

deadline ū{φ.

(c) When Π ¡ ΠMpηq, since η   c{pc� φq is assumed, u2 is less than ū by Lemma

B.3.2. Also note that (b) of Proposition 3.5.2 applies since η   1{pe � 1q.

Therefore, V pūq is equal to V dsdpu|u1, u2q. By (a) of Proposition 3.4.1, pū, V pūqq

is implemented by a contract with two switches at pū�u2q{φ and pū�u1q{φ and

the deadline ū{φ.

B.4 Proofs for Value Function Characterization

In this section, I provide the proofs for value function characterization. In Section

B.4.1, by using the smooth pasting conditions, I identify the thresholds ΠS and ΠM

which determine the number of potential switches in the value function. In Section

B.4.2, I define the functions that specify deviations from the given value function

and present useful lemmas. By using these results, I prove Proposition 3.4.2 and

3.5.2 in Section B.4.3.
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B.4.1 Conditions for Smooth Pasting

The goal of this analysis is to construct a differentiable and concave function V that

solves (HJBV ) subject to (IC) with V p0q � 0 and apply Lemma B.2.2. To construct

such ‘differentiable’ function, I need to find a point where one benchmark function

has the same first derivative to another benchmark function, i.e., two benchmark

functions are ‘smoothly pasted.’ Depending on the parameter Π, such a switching

point may or may not exist. In the following propositions, I formally introduce

threshold of Π, ΠS and ΠM , as functions of η p� λS{λD � 1q and characterize the

conditions for smooth pasting by using those thresholds.

Proposition B.4.1. Suppose that η is equal to 1. There exists ΠSp1q ¡ c{λD such

that the following statements hold.

(a) If ΠMp1q � c{λD ¤ Π ¤ ΠSp1q, there exists u1 ¥ 0 such that V d1puq ¡

V ds1pu|uq for all 0 ¤ u   u1, V d1pu1q � V ds1pu1|u1q, V
d2pu1q   V ds2pu1|u1q,

and V ds1pu|u1q ¡ V dsd1pu|u, u1q for all u ¡ u1.

(b) If Π ¡ ΠSp1q, V
ds1p0|0q ¡ V d1p0q and V ds1pu|0q ¡ V dsd1pu|0, uq for all u ¥ 0.

Proposition B.4.2. Suppose that η is less than 1. There exists ΠS : p1{pe�1q, 1q Ñ

R� and ΠM : p0, 1q Ñ R� such that the following statements hold.

(a) If c{λD   Π   ΠMpηq, V
d1puq ¡ V ds1pu|uq for all u ¥ 0.

(b) Suppose that one of the followings hold: (i) η ¤ 1{pe � 1q and Π ¥ ΠMpηq; (ii)

1{pe� 1q   η   1 and Π P rΠMpηq,ΠSpηqs. Then, there exist a pair pu1, u2q with

u2 ¥ u1 ¥ 0 such that:

(i) V d1puq ¡ V ds1pu|uq for all 0 ¤ u   u1,

(ii) V d1pu1q � V ds1pu1|u1q and V d2pu1q   V ds2pu1|u1q,
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(iii) V ds1pu|u1q ¡ V dsd1pu|u, u1q for all u2 ¡ u ¡ u1,

(iv) V ds1pu2|u1q � V dsd1pu2|u1, u2q and V ds2pu2|u1q   V dsd2pu2|u1, u2q,

(v) V dsd1pu|u1, u2q ¡
1
φ

�
λSpVSpu� φ{λSq � V dsdpu|u1, u2qq � c

�
for all u ¡ u2.

(c) If 1{pe� 1q   η   1 and Π ¡ ΠSpηq, V
ds1p0|0q ¡ V d1p0q and there exists u2 ¡ 0

such that:

(i) V ds1pu2|0q � V dsd1pu2|0, u2q, V
ds2pu2|0q   V dsd2pu2|0, u2q and V ds1pu|0q ¡

V dsd1pu|0, uq for all u2 ¡ u ¥ 0,

(ii) V dsd1pu|0, u2q ¡
1
φ

�
λSpVSpu� φ{λSq � V dsdpu|0, u2qq � c

�
for all u ¡ u2.

Useful Lemmas

Lemma B.4.1. If η is less than or equal to 1{pe�1q, the inequality V d1p0q ¡ V ds1p0|0q

always holds. If η is greater than 1{pe � 1q, V d1p0q ¡ V ds1p0|0q is equivalent to Π  

ΠSpηq. Moreover, if Π � ΠSpηq, then V d1p0q � V ds1p0|0q and V d2p0q   V ds2p0|0q.

Proof of Lemma B.4.1. By Proposition B.2.1, V d1p0q � αDp0q and V ds1p0|0q � αSp0q.

By using the arguments in Section 3.3.4, when η ¤ 1{pe� 1q, V d1p0q ¡ V ds1p0|0q al-

ways hold, and when η ¡ 1{pe� 1q, V d1p0q ¡ V ds1p0|0q is equivalent to Π   ΠSpηq.

When Π � ΠSpηq, V
d1p0q � V ds1p0|0q. Also note that

φV d2p0q � �λD

�
1� V d1p0q

	
� �

λD
φ
pλDΠ� cq,

φV ds2p0|0q � λSV
1
S pφ{λSq � λSV

ds1p0|0q �
λS
φ

�
φV 1

Spφ{λSq � φV ds1p0|0q
	

�
λS
φ
pφV 1

Spφ{λSq � λSVSpφ{λSq � cq

�
λS
φ
pλSΠ� 2λSpVSpφ{λSq � φ{λSqq .
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When Π � ΠSpηq, λDΠ � λS pVSpφ{λSq � φ{λSq from V d1p0q � V ds1p0|0q. Then,

φ2V ds2p0|0q � φ2V d2p0q � λSpλSΠSpηq � 2λDΠSpηqq � λDpλDΠSpηq � cq

� λ2
D

��
λS
λD

� 1


2

ΠSpηq �
c

λD

�

� λ2
D

�
η2ΠSpηq �

c

λD

�

� λDc

�
pe� 1qη2

pe� 1qη � 1
� 1

�
.

Since pe � 1qx2 ¡ pe � 1qx � 1 for all x ¡ 1{pe � 1q, we can see that V ds2p0|0q ¡

V d2p0q.

Lemma B.4.2. There exists ΠMpηq ¥ 2c{λS with ΠMp1q � 2c{λS � c{λD such that

the following statements hold.

(a) If c{λD ¤ Π   ΠMpηq, V
d1puq ¡ V ds1pu|uq for all u ¥ 0.

(b) Suppose that one of the following statements hold: (i) η ¤ 1{pe � 1q and Π ¡

ΠMpηq; (ii) η ¡ 1{pe � 1q and ΠSpηq ¥ Π ¡ ΠMpηq. Then, there exists u1 ¡ 0

such that V d1pu1q � V ds1pu1|u1q, V
d2pu1q   V ds2pu1|u1q and V d1puq ¡ V ds1pu|uq

for all u P r0, u1q;

Proof of Lemma B.4.2. Consider a function H1 : R� Ñ R defined as follows:

H1puq � φV ds1pu|uq � φV d1puq. (B.4.1)
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Then, H1puq can be rewritten as follows:

H1puq � λS

�
pΠ� c{λSqp1� e�

λS
φ
u�1q � V dpuq � u

	
� λDpΠ� u� V dpuqq

� pλSΠ� cq
�

1� e�
λS
φ
u�1

	
� pλS � λDqpu� V dpuqq � λDΠ

� pλSΠ� cq
�

1� e�
λS
φ
u�1

	
� pλS � λDq pΠ� c{λDq p1� e�

λD
φ
uq � λDΠ

� pλS{λD � 1qpλDΠ� cqe�
λD
φ
u � p2� λS{λDqc� pλSΠ� cqe�

λS
φ
u�1

� ηpλDΠ� cqe�
λD
φ
u � pλSΠ� cqe�

λS
φ
u�1 � p1� ηqc

� �tpη � 1qλDΠ� cu e�1e�
pη�1qλD

φ
u � ηpλDΠ� cqe�

λD
φ
u � p1� ηqc

Define x � e�
λD
φ
u. Then, by considering H1puq as a function of x and Π, it can

be rewritten as follows:

H̃1px; Πq � � tpη � 1qλDΠ� cu e�1xη�1 � ηpλDΠ� cqx� p1� ηqc.

Observe that

B2H̃1

Bx2
px; Πq � �pη � 1qη tpη � 1qλDΠ� cu e�1xη�1,

thus H̃1 is a strict concave function in x when Π ¥ c{λD. Let x�pΠq be the solution

of maxxH1px; Πq subject to 0 ¤ x ¤ 1. Then, when Π ¥ c{λD, from the first order

condition, we can derive that

x�pΠq �

�
ηpλDΠ� cq

pη � 1qtpη � 1qλDΠ� cue�1

� 1
η

.4

Now define

hpΠq � H̃1px
�pΠq; Πq � K

�
λDΠ� c

λSΠ� c


 1
η

pλDΠ� cq � p1� ηqc

4 When Π ¤ pη�1qe�1�η
pη�1q2e�1�η �

c
λD

, the solution of the maximization problem max0¤x¤1H1px; Πq is

x�pΠq � 1. However, we can show that pη�1qe�1�η
pη�1q2e�1�η   1 for any 0   η, which implies that we can

focus on the interior solution when Π ¥ c{λD
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where K � η2

η�1

�
ηe
η�1

	 1
η
. Observe that

h

�
2c

λS



�p1� ηqc

�
η2

pη � 1q2

�
ηp1� ηqe

pη � 1q2


 1
η

� 1

�
  0

from η   1 and ηp1� ηqe ¤ e{4   1 ¤ pη � 1q2. In addition, lim
ΠÑ8

hpΠq � 8 and

h1pΠq � KpλDΠ� cq1{ηpλSΠ� cq�1{η�1λDλSΠ ¡ 0.

Therefore, there exists a unique Π such that hpΠq � 0 and Π ¥ 2c{λS. Let the

solution of hpΠq � 0 with Π ¥ 2c{λS be ΠMpηq. Also note that when η � 1,

hp2c{λSq � 0 thus ΠMp1q � 2c{λS � c{λD.

(a) Suppose that c{λD ¤ Π   ΠMpηq. We have 0 ¡ hpΠq � H̃1px
�pΠq; Πq ¥

H̃1px; Πq for all 0 ¤ x ¤ 1. It is equivalent to 0 ¡ H1puq � φpV ds1pu|uq�V d1puqq

for all u ¥ 0, thus V d1puq ¡ V ds1pu|uq for all u ¥ 0 in this case.

(b) First, suppose that η ¤ 1{pe � 1q and Π ¡ ΠMpηq. Then, we have 0   hpΠq �

H̃1px
�pΠq; Πq. In addition, by Lemma B.4.1, we have H̃1p1; Πq � φpV ds1p0|0q �

V d1p0qq   0. Then, by concavity of H̃1 w.r.t. x and BH̃1

Bx
px�pΠq; Πq � 0, there

exists x1 P px
�pΠq, 1s such that H̃1px1; Πq � 0, BH̃1

Bx
px1; Πq   0 and H̃1px; Πq   0

for all x P px1, 1s. By defining u1 � � φ
λD

log x1, the above conditions can be

translated into: V d1pu1q � V ds1pu1|u1q, V
d2pu1q   V ds2pu1|u1q and V d1puq ¡

V ds1pu|uq for all u P r0, u1q.

Next, suppose that η ¡ 1{pe � 1q. Note that by the definition of ΠSpηq, if

Π ¥ ΠSpηq, H1p0q � H̃1p1; Πq ¥ 0. It implies that hpΠq ¥ H̃1p1; Πq ¥ 0 and

Π ¥ ΠMpηq. Therefore, we can see that ΠSpηq ¥ ΠMpηq. If ΠSpηq ¥ Π ¡ ΠMpηq,

we also have H̃1px
�pΠq; Πq ¡ 0 ¡ H̃1p1; Πq. By using the same arguments as

above, we can show that there exists u1 ¡ 0 such that V d1pu1q � V ds1pu1|u1q,

V d2pu1q   V ds2pu1|u1q and V d1puq ¡ V ds1pu|uq for all u P r0, u1q.
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Lemma B.4.3. Suppose that Π ¡ c{λD and one of the followings hold: (i) V d1pu1q  

V ds1pu1|u1q; (ii) V d1pu1q � V ds1pu1|u1q and V d2pu1q   V ds2pu1|u1q.

(a) If η � 1, V ds1pu|u1q ¡ V dsd1pu|u1, uq for all u ¡ u1.

(b) If η   1, there exists u2 ¡ u1 such that V ds1pu2|u1q � V dsd1pu2|u1, u2q and

V ds2pu2|u1q   V dsd2pu2|u1, u2q and such u2 is unique. Moreover, V ds1pu|u1q ¡

V dsd1pu|u1, uq for all u P pu1, u2q.

Proof of Lemma B.4.3. Define a functionH2 : ru1,8q Ñ R asH2puq � φV dsd1pu|u1, uq�

φV ds1pu|u1q. From φV dsd1pu|u1, uq � �c � λD
�
Π� φ{λD � u� V dsdpu|u1, uq

�
(by

(B.2.5)), V dsdpu|u1, uq � V dspu|u1q and (3.4.2), H2puq can be rewritten as follows:

H2puq � λD

�
Π�

φ

λD
� u� V dspu|u1q



� c� φV ds1pu|u1q

�
2λD � λS

λS
c� pλSΠ� cqe�1�

λS
φ
u1

�
1�

λS � λD
λS

λS
φ
pu1 � uq

�
e
λS
φ
pu1�uq

� pλS � λDq

�
Π�

2c

λS
� pV dpu1q � u1q

�
e
λS
φ
pu1�uq

�
1� η

1� η
c� pλSΠ� cqe�1�

λS
φ
u1

�
1�

η

1� η

λS
φ
pu1 � uq

�
e
λS
φ
pu1�uq

� η

�
1� η

1� η
c� pλDΠ� cqe�

λD
φ
u1

�
e
λS
φ
pu1�uq.

Define x � e
λS
φ
pu1�uq. Then, H2puq can be rewritten as follows:

H̃2pxq �
1� η

1� η
c� pλSΠ� cqe�1�

λS
φ
u1

�
1�

η

1� η
log x

�
x

�η

�
1� η

1� η
c� pλDΠ� cqe�

λD
φ
u1

�
x.

(B.4.2)
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Note that H̃2p1q � H2pu1q � φV dsd1pu1|u1, u1q � φV ds1pu1|u1q � φV d1pu1q �

φV ds1pu1|u1q ¤ 0. By differentiating H̃ twice, we have

H̃2
2 pxq �

η

1� η
pλSΠ� cqe�1�

λS
φ
u1 1

x
¡ 0.

Since Π ¡ c{λD ¡ c{λS, H̃2 is strictly convex in x. Also note that

lim
xÑ0

H̃2pxq �
1� η

1� η
c,

and we simply denote by H̃2p0q.

(a) Suppose that η � 1. Then, by the strict convexity of H̃2, for all x P p0, 1q,

H̃2pxq   p1� xqH̃2p0q � xH̃2p1q ¤ 0.

Therefore, for all u ¡ u1, H2puq   0, i.e., V ds1pu|u1q ¡ V dsd1pu|u1, uq.

(b) Suppose that η   1. Then, H̃2p0q ¡ 0. If V ds1pu1|u1q   V d1pu1q, H̃2p1q   0. In

this case, there exists x2 P p0, 1q such that H̃2px2q � 0. Let u2 � u1 �
φ
λS

log x2.

Then, Hpu2q � 0, i.e., V ds1pu2|u1q � V dsd1pu2|u1, u2q.

Next, consider the case with V ds1pu1|u1q � V d1pu1q and V ds2pu1|u1q ¡ V d2pu1q.

By differentiating (B.2.5) and (B.2.6) once, we have

φV d2pu1q � �λDp1� V d1pu1qq,

φV ds2pu1|u1q � λS

�
V 1
Spu� φ{λSq � V ds1pu|u1q

	
.

Then, from the above expressions and V ds1pu1|u1q � V d1pu1q, V
ds2pu1|u1q ¡

V d2pu1q is equivalent to :

λS pV
1
Spu1 � φ{λSq � 1q ¡ pλS � λDqp1� V d1pu1qq

ðñ
λS
φ
λS

�
Π�

c

λS



e�

λS
φ
u1�1 ¡ pλS � λDq

λD
φ

�
Π�

c

λD



e�

λD
φ
u1

ðñ pη � 1qpλSΠ� cqe�
λS
φ
u1�1 ¡ ηpλDΠ� cqe�

λD
φ
u1 . (B.4.3)
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Note that H̃2p1q � p1 � ηqc � pλSΠ � cqe�1�
λS
φ
u1 � ηpλDΠ � cqe�

λS
φ
u1 � 0 from

V ds1pu1|u1q � V d1pu1q. Then,

H̃ 1
2p1q � pλSΠ� cqe�1�

λS
φ
u1

�
1�

η

1� η

�
� η

�
1� η

1� η
c� pλDΠ� cqe�

λD
φ
u1

�

� pλSΠ� cqe�1�
λS
φ
u1 �

η

1� η
pλDΠ� cqe�

λD
φ
u1

¥ 0.

The last inequality is due to (B.4.3).

H̃2p1q � 0 and H̃ 1
2p1q ¡ 0 imply H̃2p1�εq   0 for small enough ε ¡ 0. Then, since

H̃2p0q ¡ 0 and H̃2p1 � εq   0, there exists x2 P p0, 1 � εq such that H̃2px2q � 0

& H̃ 1
2px2q   0, thus there exists u2 such that V ds1pu2|u1q � V dsd1pu2|u1, u2q &

V ds2pu2|u1q   V dsd2pu2|u1, u2q.

Suppose that there exists another u12 with H2pu
1
2q � 0. Consider corresponding

x12, then H̃2px
1
2q � 0. If x12 ¡ x2,

0 � H̃2px
1
2|u1q  

1� x12
1� x2

H̃2px2q �
x12 � x2

1� x2

H̃2p1q ¤ 0

from H̃2px2q � 0 and H̃2p1q ¤ 0. Similar logic holds for the case of x12   x2.

Therefore, there is unique u2 satisfying H2pu2q � 0.

From H̃2px2q � 0, H̃2p1q   0 and the strict convexity of H̃2, for all x P px2, 1q,

H̃2pxq  
1� x

1� x2

H̃2px2q �
x� x2

1� x2

H̃2p1q   0.

Therefore, for all u2 ¡ u ¡ u1, H2puq   0, i.e., V ds1pu|u1q ¡ V dsd1pu|u1, uq.
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Lemma B.4.4. Suppose that Π ¡ c{λD, V ds1pu2|u1q � V dsd1pu2|u1, u2q and

V ds2pu2|u1q   V dsd2pu2|u1, u2q. Then,

λS
�
VSpu� φ{λSq � V dsdpu|u1, u2q

�
� φV dsd1pu|u1, u2q � c   0

for all u ¡ u2.

Proof of Lemma B.4.4. By (B.2.5) and (B.2.6), we have

φV ds1pu|u1q � λS pVS pu� φ{λSq � u� φ{λSq � λS
�
V dspu|u1q � u

�
� c� φ,

φV dsd1pu|u1, u2q � λDΠ� λD
�
V dsdpu|u1, u2q � u

�
� c� φ.

By differentiating above equations, we have

φV ds2pu|u1q � λS pV
1
S pu� φ{λSq � 1q � λS

�
V ds1pu|u1q � 1

	
,

φV dsd2pu|u1, u2q � �λD

�
V dsd1pu|u1, u2q � 1

	
.

Then, V ds1pu2|u1q � V dsd1pu2|u1, u2q and V ds2pu2|u1q   V dsd2pu2|u1, u2q imply

that

pλS � λDqp1� V ds1pu2|u1qq ¡ λSpV
1
Spu2 � φ{λSq � 1q

ðñ ηp1� V ds1pu2|u1qq ¡ pη � 1q

�
λSΠ� c

φ



e�

λS
φ
u2�1. (B.4.4)
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Define a function H3 : ru2,8q Ñ R as

H3puq � λS
�
VSpu� φ{λSq � V dsdpu|u1, u2q

�
� φV dsd1pu|u1, u2q � c

� λS rVSpu� φ{λSq � u� φ{λSs � λS
�
u� V dsdpu|u1, u2q

�
� φp1� V dsd1pu|u1, u2qq � c

�

�
λS
λD

� 2



c� pλSΠ� cqe�

λS
φ
u�1

�

�
λS
λD

� 1


�
λDΠ� c� λDpV

dspu2|u1q � u2q
�
e
λD
φ
pu2�uq

� pη � 1q c� pλSΠ� cqe�
λS
φ
u2�1 � e

λS
φ
pu2�uq

� η
�
λDΠ� c� λD

�
V dspu2|u1q � u2

��
e
λD
φ
pu2�uq

� pη � 1q c� pλSΠ� cqe�
λS
φ
u2�1 � e

λS
φ
pu2�uq

� ηφ
�
V ds1pu2|u1q � 1

	
e
λD
φ
pu2�uq.

Also note that

H3pu2q � λS
�
VSpu2 � φ{λSq � V dspu2|u1q

�
� c� φV dsd1pu2|u1, u2q

� φV ds1pu2|u1q � φV dsd1pu2|u1, u2q � 0.

Define x � e
λD
φ
pu2�uq. Then, H3puq can be rewritten as follows:

H̃3pxq � pη � 1qc� pλSΠ� cqe�
λS
φ
u2�1xη�1 � ηφ

�
V ds1pu2|u1q � 1

	
x

and H̃3p1q � H3pu2q � 0.

Note that

H̃ 1
3pxq � �pη � 1qpλSΠ� cqe�

λS
φ
u2�1xη � ηφ

�
V ds1pu2|u1q � 1

	
.
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By (B.4.4), we can derive that

H̃ 1
3p1q � �pη � 1qpλSΠ� cqe�

λS
φ
u2�1 � ηφ

�
V ds1pu2|u1q � 1

	
¡ 0.

Also note that

H̃2
3 pxq � �pη � 1qηpλSΠ� cqe�

λS
φ
u2�1xη�1   0.

Therefore, H̃ 1
3pxq ¡ 0 for all 0   x   1. Since H̃3p1q � 0, H̃3pxq   0 for all x P p0, 1q.

Thus, λS
�
VSpu� φ{λSq � V dsdpu|u1, u2q

�
�φV dsd1pu|u1, u2q�c   0 for all u ¥ u2.

Lemma B.4.5. Suppose that V 1puq ¥ �1. The solution of (HJBV ) subject to (IC)

involves b � 1.

Proof of Lemma B.4.5. Assume that b�   1 solves (HJBV ) subject to (IC). Observe

that ppΠ�R � V puqqλDa� pVSpuSq � V puqqλSp1� aqqb� � 0 from (HJBV ). This is

because pΠ�R � V puqqλDa� pVSpuSq � V puqqλSp1� aq � 0 when b� P p0, 1q.

Also note that p�φ� pR � uqλDa� puS � uqλSp1� aqq b� � 0 from (HJBPK).

Then, we have 9u � �φ. By plugging this into (HJBV ), we have 0 � �c � φV 1puq,

i.e., V 1puq � �c{φ   �1. It contradicts the assumption of V 1puq ¥ �1. Therefore, b

should be equal to 1 for the solution of (HJBV ) subject to (IC).

Lemma B.4.6. Suppose that 2λD ¥ λS ¡ λD and Π ¡ c{λD. Then, the following

statements hold:

(a) V dpuq   Π� c{λD � u, V d1puq ¡ �1 and V d2puq   0;

(b) Suppose that u1 satisfies V d1pu1q ¤ V ds1pu1|u1q. Then, for all u ¥ u1, V dspu|u1q  

Π� c{λD � u, V ds1pu|u1q ¡ �1 and V ds2pu|u1q   0.

141



(c) Suppose that u1 and u2 satisfy V d1pu1q ¤ V ds1pu1|u1q and u2 ¡ u1. Then, for all

u ¥ u2, V dsdpu|u1, u2q   Π�c{λD�u, V dsd1pu|u1, u2q ¡ �1 and V dsd2pu|u1, u2q  

0.

Proof of Lemma B.4.6. (a) By (3.4.1) and e�λDu{φ ¡ 0, V dpuq   Π � c{λD � u. By

differentiating (3.4.1), we have

V d1puq �

�
Π�

c

λD



λD
φ
e�

λD
φ
u � 1 ¡ �1.

By differentiating once again, we have

V d2puq � �

�
Π�

c

λD



λ2
D

φ2
e�

λD
φ
u   0.

(b) By (3.4.2), Π� 2c{λS ¤ Π� c{λD, V dpu1q � u1   Π� c{λD and u ¥ u1, we can

derive that

V dspu|u1q   Π�
c

λD
� u.

From (3.3.1), (B.2.5) and (B.2.6), we can derive that

V d1pu1q � �
c

φ
� 1�

λD
φ

�
Π� u1 � V dpu1q

�
,

V ds1pu1|u1q � �
c

φ
� 1�

λS
φ

��
Π�

c

λS


�
1� e�

λS
φ
u1�1

	
� V dpu1q � u1



.

Then, V d1pu1q ¤ V ds1pu1|u1q is equivalent to

u1 � V dpu1q ¤ Π�
c

λS � λD
�

λS
λS � λD

�
Π�

c

λS



e�

λS
φ
u1�1. (B.4.5)
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By differentiating (3.4.2) twice, we have

V ds2pu|u1q � �

�
λS
φ


2

e
λS
φ
pu1�uq

��
Π�

2c

λS



�
�
V dpu1q � u1

��

�

�
Π�

c

λS


�
λS
φ


2 �
�2�

λS
φ
pu� u1q

�
e�

λS
φ
u�1

�

�
λS
φ


2

e
λS
φ
pu1�uq �

�
V dpu1q � u1

�

�

�
λS
φ


2

e
λS
φ
pu1�uq �

�
�

�
Π�

2c

λS



� 2

�
Π�

c

λS



e�

λS
φ
u1�1

�

�

�
Π�

c

λS


�
λS
φ


3

pu� u1qe
�
λS
φ
u�1.

By using (B.4.5), we can show that

V ds2pu|u1q ¤

�
λS
φ


2

e
λS
φ
pu1�uq

�
λS � 2λD

λSpλS � λDq
c�

λS � 2λD
λS � λD

�
Π�

c

λS



e�

λS
φ
u1�1

�

�

�
Π�

c

λS


�
λS
φ


3

pu� u1qe
�
λS
φ
u�1.

Then, from 2λD ¥ λS ¡ λD and Π ¡ c{λS, we can derive that V ds2pu|u1q ¤ 0.

Note that

V ds1pu|u1q �
λS
φ
e
λS
φ
pu1�uq

��
Π�

2c

λS



� pV dpu1q � u1q

�

�

�
Π�

c

λS


�
λS
φ


�
1�

λS
φ
pu� u1q

�
e�

λS
φ
u�1 � 1,

lim
uÑ8

V ds1pu|u1q � �1.

Then, by the concavity of V dspu|u1q, V
ds1pu|u1q ¡ �1.

(c) By (3.5.1), V dspu2|u1q � u2   Π� c{λD and u ¥ u2, we can derive that

V dsdpu|u1, u2q   Π�
c

λD
� u.
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By differentiating (3.5.1) once, we have

V dsd1pu|u1, u2q �
λD
φ

�
Π�

c

λD
� pV dspu2|u1, u2q � u2q



e
λD
φ
pu2�uq � 1.

By the previous result (V dspu2|u1, u2q � u2   Π � c{λD), we can derive that

V dsd1pu|u1, u2q ¡ �1.

By differentiating (3.5.1) twice, we can derive that

V dsd2pu|u1, u2q � �

�
λD
φ


2 �
Π�

c

λD
� pV dspu2|u1, u2q � u2q



e
λD
φ
pu2�uq   0.

Proofs for Proposition B.4.1 and B.4.2

Proof of Proposition B.4.1. (a) Observe that ΠMp1q � c{λD   ΠSp1q from Lemma

B.4.1 and B.4.2. Suppose that ΠMp1q � c{λD   Π ¤ ΠSp1q. Then, by Lemma

B.4.2, there exists u1 ¥ 0 such that V d1pu1q � V ds1pu1|u1q, V
d2pu1q   V ds2pu1|u1q

and V d1puq ¡ V ds1pu|uq for all u P r0, u1q. By Lemma B.4.3 (a), we have

V ds1pu|u1q ¡ V dsd1pu|u1, uq for all u ¡ u1.

(b) Suppose that Π ¡ ΠSp1q. By Lemma B.4.1, V d1p0q   V ds1p0|0q. Set u1 � 0.

Note that V ds1p0|0q ¡ V d1p0q � V dsd1p0|0, 0q. Next, by Lemma B.4.3 (a), we

have V ds1pu|0q ¡ V dsd1pu|0, uq for all u ¡ 0.

Proof of Proposition B.4.2. (a) If c{λD   Π   ΠMpηq, by Lemma B.4.2, V d1puq ¡

V ds1pu|uq for all u ¥ 0.

(b) (i-ii) By Lemma B.4.2, there exists u1 ¡ 0 such that V d1pu1q � V ds1pu1|u1q,

V d2pu1q   V ds2pu1|u1q and V d1puq ¡ V ds1pu|uq for all u P r0, u1q.
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(iii-iv) By Lemma B.4.3, there exists u2 ¡ u1 such that V ds1pu2|u1q � V dsd1pu2|u1, u2q,

V ds2pu2|u1q   V dsd2pu2|u1, u2q and V ds1pu|u1q ¡ V dsd1pu|u1, uq for all u P

pu1, u2q.

(v) By Lemma B.4.4, for all u ¡ u2, we have

V dsd1pu|u1, u2q ¡
1

φ

�
λS

�
VSpu� φ{λSq � V dsdpu|u1, u2q

�
� c

�
.

(c) Suppose that 1{pe � 1q   η   1 and Π ¡ ΠSpηq. By Lemma B.4.1, we have

V d1p0q   V ds1p0|0q. Now set u1 � 0, then V d1pu1q   V d2pu1|u1q.

(i) By Lemma B.4.3, there exists u2 ¡ u1 � 0 such that

V ds1pu2|0q � V dsd1pu2|0, u2q, V
ds2pu2|0q   V dsd2pu2|0, u2q and

V ds1pu|0q ¡ V dsd1pu|0, uq for all u P p0, u2q.

(ii) By Lemma B.4.4, for all u ¡ u2, we have

V dsd1pu|u1, u2q ¡
1

φ

�
λS

�
VSpu� φ{λSq � V dsdpu|u1, u2q

�
� c

�
.

B.4.2 Functions for Deviation

In this subsection, I introduce functions that specify deviations from the given value

functions. These functions will be used when I verify that the constructed value

functions solve (HJBV ) subject to (IC). Then I present some properties of these

functions.5

1. Functions for deviation given V d

5 This approach is inspired by the tangible first breakthrough case of Green and Taylor (2016c).
In their paper, they only need to consider the deviation from working to shirking. In this paper,
we also need to consider the deviation from an approach to another approach. Thus, we need to
define two functions for each case.
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(a) Define

LD1 pu,Rq � λDpΠ�R � V dpuqq � c� λDpR � uqV d1puq.

Given u, maximizing this function with respect to R ¥ u�φ{λD is equivalent to

maximizing the right hand side of (HJBV ) under the condition that b � 1 solves

(HJBPK) with a � 1.

(b) Define

LS1 pu,wq �λSpVSpwq � V dpuqq � c� λSpw � uqV d1puq (B.4.6)

�λS

��
Π�

c

λS


�
1� e�

λS
φ
u�

λS
φ
pw�uq

	

�

�
Π�

c

λD


�
1� e�

λD
φ
u
	
� pw � uq

�
λDΠ� c

φ



e�

λD
φ
u

�
� c.

Given u, maximizing this function with respect to w ¥ u�φ{λS is equivalent to

maximize the right hand side of (HJBV ) under the condition that b � 1 solves

(HJBPK) with a � 0.

2. Functions for deviation given V ds

(a) Define

LD2 pu,R|u1q � λD
�
Π�R � V dspu|u1q

�
� c� λDpR � uqV ds1pu|u1q.

(b) Define

LS2 pu,w|u1q � λS
�
VSpwq � V dspu|u1q

�
� c� λSpw � uqV ds1pu|u1q.

3. Functions for deviation given V dsd

(a) Define

LD3 pu,R|u1, u2q � λD
�
Π�R � V dsdpu|u1, u2q

�
� c� λDpR � uqV dsd1pu|u1, u2q.
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(b) Define

LS3 pu,w|u1, u2q � λS
�
VSpwq � V dsdpu|u1, u2q

�
� c� λSpw � uqV dsd1pu|u1, u2q.

Useful Lemmas

Lemma B.4.7. Suppose that Π ¡ c{λD and 2λD ¥ λS ¡ λD are satisfied. Then,

LD1 and LS1 satisfy the following properties:

(a) LD1 pu,Rq ¤ 0 for all u ¥ 0 and R ¥ u� φ{λD.

(b) If Π ¤ ΠMpηq, L
S
1 pu,wq ¤ 0 for all u ¥ 0 and w ¥ u� φ{λS.

(c) If ΠMpηq   Π   ΠSpηq, L
S
1 pu,wq ¤ 0 for all u P r0, u1s and w ¥ u� φ{λS where

u1 is the threshold defined on Proposition B.4.1 or B.4.2.

Proof of Lemma B.4.7. (a) Note that B
BR
LD1 � �λDp1 � V d1puqq   0 by Lemma

B.4.6. Therefore, for a fixed u, LD1 is maximized at R � u � φ{λD. Note

that by the definition of V d, LD1 pu, u � φ{λDq � 0, thus, LD1 pu,Rq ¤ 0 for all

R ¥ u� φ{λD.

(b) Define x � e�
λD
φ
u and y � w � u. Note that u ¥ 0, w ¥ u � φ{λS and

2λD ¥ λS ¡ λD imply that 1 ¥ x ¡ 0, y ¥ φ{λS and 1 ¥ η ¡ 0. Then, LS1 can

be rewritten as follows:

L̃b1px, yq � � λS

��
Π�

c

λS



e�

λS
φ
y � xη �

�
1�

λDy

φ


�
Π�

c

λD


�
x� pη � 1qc.

By Π ¡ c{λD ¡ c{λS, η ¡ 0 and x ¡ 0,

B2 L̃S
1

Bx2
� �λS

�
Π�

c

λS



e�

λS
φ
ypη � 1qηxη�1   0,

147



thus, L̃S
1 is strictly concave in x.

By differentiating L̃S
1 once by x,

B L̃S
1

Bx
� �λS

�
pη � 1q

�
Π�

c

λS



e�

λS
φ
yxη �

�
1�

λDy

φ


�
Π�

c

λD


�
.

If y ¥ φ{λD and x ¥ 0, L̃S
1 is decreasing in x, thus, L̃S

1 is maximized at x � 0.

Then, for all 1 ¥ x ¡ 0 and y ¥ φ{λD, the following inequalities hold:

L̃S
1 px, yq ¤ L̃S

1 p0, yq � pη � 1qc ¤ 0,

thus, LS1 pu,wq ¤ 0 for all u ¥ 0 and w ¥ u� φ{λD.

When φ{λD ¡ y ¥ φ{λS and y is fixed, since L̃S
1 px, yq is concave in x, L̃S

1 p�, yq is

maximized at

x�pyq �

�
pλDΠ� cq p1� λDy{φq e

λS
φ
y

pλSΠ� cq

� 1
η

.

Define gpyq � p1� λDy{φq e
pλS{φqy. Then, differentiating gpyq gives

g1pyq � �
λD
φ
e
λS
φ
y �

λS
φ

�
1�

λDy

φ



e
λS
φ
y

�
λDλS
φ

e
λS
φ
y

�
�

1

λS
�

1

λD
�
y

φ



.

Note that since y ¥ φ{λS and 2λD ¥ λS, gpyq is decreasing in y, hence, x�pyq is

also decreasing in y.

Now, restrict attention to 1 ¥ x ¡ 0. If x�pyq   1, the maximum value of L̃S
1 p�, yq

is

L̃S
1 px

�pyq, yq �ηλS

�
Π�

c

λS



e�

λS
φ
yx�pyqη�1 � pη � 1qc

�η pλSΠ� cq

�
λDΠ� c

λSΠ� c

�
1�

λDy

φ



e
λDy

φ

� 1�η
η

� pη � 1qc
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Note that p1 � λDy{φqe
λDy{φ is decreasing in y,6 thus, L̃S

1 px
�pyq, yq is also de-

creasing in y.

If x�pyq ¥ 1, since
BL̃b1
Bx

is negative for all 0 ¤ x ¤ 1, the maximum value of

L̃S
1 p�, yq is

L̃S
1 p1, yq � �λS

��
Π�

c

λS



e�

λS
φ
y �

�
1�

λDy

φ


�
Π�

c

λD


�
� pη � 1qc.

Note that x�pyq ¥ 1 implies that 0 ¡ �λDy{φ ¥ pλSΠ � cqe�
λS
φ
y � pλDΠ � cq.

Also note that

B L̃S
1 p1, yq

By
�
λS
φ

�
pλSΠ� cq e�

λS
φ
y � pλDΠ� cq

�
  0.

Therefore, L̃S
1 p1, yq is decreasing in y.

When x�pφ{λSq ¤ 1, x�pyq ¤ 1 holds for all φ{λD ¡ y ¥ φ{λS since x�pyq is

decreasing in y. Then,

L̃S
1 px, yq ¤ L̃S

1 px
�pyq, yq ¤ L̃S

1 px
� pφ{λSq , φ{λSq

since x�pyq maximizes L̃S
1 px, yq and L̃S

1 px
�pyq, yq is decreasing in y.

When x�pφ{λSq ¡ 1, there exists y� P pφ{λS, φ{λDq such that x�py�q � 1 since

x�pφ{λDq � 0. Then, x�pyq   1 for y ¡ y� and x�pyq ¡ 1 for y   y�. When

y   y�, by using the decreasingness of L̃S
1 p1, yq for x�pyq ¡ 1,

L̃S
1 px, yq ¤ L̃S

1 p1, yq ¤ L̃S
1 p1, φ{λSq.

When y ¡ y�,

L̃S
1 px, yq ¤ L̃S

1 px
�pyq, yq ¤ L̃S

1 px
�py�q, y�q � L̃S

1 p1, y
�q ¤ L̃S

1 p1, φ{λSq.

6 Differentiating the term by y gives �pλ2
Dy{φ

2qeλDy{φ   0.
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By combining the above results, we can show that

max
1¥x¡0,

φ{λD¡y¥φ{λS

L̃S
1 px, yq �

#
L̃S

1 px
� pφ{λSq , φ{λSq if x� pφ{λSq ¤ 1,

L̃S
1 p1, φ{λSq if x� pφ{λSq ¡ 1.

Note that

L̃S
1 px, φ{λSq � LS1 pu, u� φ{λSq � φV ds1pu|uq � φV d1puq

where u � � φ
λD

log x. Then, by Lemma B.4.2, if c{λD   Π ¤ ΠMpηq,

L̃S
1 px, φ{λSq ¤ 0 for all x P p0, 1s. Therefore, if c{λD   Π ¤ ΠMpηq, for all

x P p0, 1s, y ¥ φ{λS,

L̃S
1 px, yq ¤ L̃S

1 px
�pφ{λSq ^ 1, φ{λSq ¤ 0,

thus, LS1 pu,wq ¤ 0 for all u ¥ 0 and u� φ{λD ¡ w ¥ u� φ{λS.

(c) By Lemma B.4.1, if ΠSpηq ¥ Π,

L̃S
1 p1, φ{λSq � φV ds1pu|uq � φV d1puq   0.

In the previous case, we show that B
By

L̃S
1 p1, yq   0, thus L̃S

1 p1, yq   0 for all

y ¥ φ{λS.

On the other hand, by the definition of u1, V d1pu1q � V ds1pu1|u1q and V d2pu1q  

V ds2pu1|u1q. Let x1 � e�
λS
φ
u1 . Then,

L̃S
1 px1, φ{λSq � LS1 pu1, φ{λSq � φV ds1pu1|u1q � φV d1pu1q � 0.

Then, we can derive that

�pλSΠ� cqe�1xη�1
1 � ηpλDΠ� cqx1 � pη � 1qc � 0.
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Note that

B L̃S
1

By
px1, yq �

λS
φ

�
pλSΠ� cqe�

λS
φ
yxη1 � pλDΠ� cq

�
x1

�
λS
φ

�
pλSΠ� cqxη1e

�1 � e
�
λS
φ

�
y� φ

λS

	
� pλDΠ� cq

�
x1

�
λS
φ

�
pηpλDΠ� cqx1 � pη � 1qcq � e

�
λS
φ

�
y� φ

λS

	
� pλDΠ� cqx1

�

�
λS
φ

�
pλDΠ� cq �

�
ηe

�
λS
φ

�
y� φ

λS

	
� 1



x1 � pη � 1qc � e

�
λS
φ

�
y� φ

λS

	�
.

Since η ¤ 1, y ¥ φ{λS and λDΠ ¡ c,
B L̃S

1

By
px1, yq   0. Therefore, L̃S

1 px1, yq   0

for all y ¥ φ{λS.

In the previous case, we show that L̃S
1 is strictly concave, thus, for all x1 ¤ x ¤ 1

and y ¥ φ{λS,

L̃S
1 px, yq ¤

x� x1

1� x1

L̃S
1 p1, yq �

1� x

1� x1

L̃S
1 px1, yq ¤ 0.

Therefore, LS1 pu,wq ¤ 0 for all u P r0, u1s and w ¥ u� φ{λS.

Lemma B.4.8. Suppose that 2λD ¥ λS ¡ λD, Π ¡ ΠMpηq and V d1pu1q   V ds1pu1|u1q

or V d1pu1q � V ds1pu1|u1q & V d2pu1q   V ds2pu1|u1q are satisfied. Then, LD2 and LS2

satisfy the following properties:

(a) LS2 pu,w|u1q ¤ 0 for all u ¥ u1 and w ¥ u� φ{λS.

(b) When η � 1, for all u ¡ u1 and R ¥ u� φ{λD, LD2 pu,R|u1q   0 is satisfied.

(c) When η   1, LD2 pu2, u2�φ{λD|u1q � 0, LD2 pu,R|u1q   0 for all u1   u   u2 and

R ¥ u� φ{λD, where u2 is the threshold defined on B.4.2.
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Proof of Lemma B.4.8. (a) Note that B
Bw
LS2 � λSpV

1
Spwq � V

ds1pu|u1qq and B2

Bw2L
S
2 �

λSV
2
S pwq   0. By differentiating (B.2.6) once, we can derive that

φV ds2pu|u1q � λS

�
V 1
S

�
u�

φ

λS



� V ds1pu|u1q



.

By (b) of Lemma B.4.6, V ds2pu|u1q   0. Thus, the following inequality holds:

0 ¡
B

Bw
LS2 pu, u� φ{λS|u1q � λS

�
V 1
S

�
u�

φ

λS



� V ds1pu|u1q



.

Then, LS2 pu,w|u1q subject to w ¥ u � φ{λS is maximized at w � u � φ{λS for

a given u. Also note that LS2 pu, u � φ{λS|u1q � 0 holds by (B.2.6). Therefore,

LS2 pu,w|u1q ¤ 0 for all u ¥ u1 and w ¥ u� φ{λS.

(b) Note that if V d1pu1q ¤ V ds1pu1|u1q,
B
BR
LD2 � �λDp1� V

ds1pu|u1qq   0 by Lemma

B.4.6. Therefore, for all u ¡ u1 and R ¥ u� φ{λD,

LD2 pu,R|u1q ¤ LD2 pu, u� φ{λD|u1q.

Note that

LD2 pu, u� φ{λD|u1q � φV dsd1pu|u1, uq � φV ds1pu|u1q

By (a) of Lemma B.4.3, when η � 1, V dsd1pu|u1, uq   V ds1pu|u1q for all u ¡ u1,

thus, LD2 pu,R|u1q   0 for all u ¥ u1 and R ¥ u� φ{λD.

(c) By the definition of u2, V ds1pu2|u1q � V dsd1pu2|u1, u2q and

V ds2pu2|u1q   V dsd2pu2|u1, u2q, thus LD2 pu2, u2 � φ{λD|u1q � φV dsd1pu2|u1, uq �

φV ds1pu2|u1q � 0. Moreover, V dsd1pu|u1, uq   V ds1pu|u1q for all u P pu1, u2q, thus,

LD2 pu,R|u1q   0 for all u P pu1, u2q and R ¥ u� φ{λD.
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Lemma B.4.9. Suppose that 2λD ¥ λS ¡ λD, Π ¡ ΠMpηq, V
d1pu1q   V ds1pu1|u1q or

V d1pu1q � V ds1pu1|u1q & V d2pu1q   V ds2pu1|u1q, V
ds1pu2|u1q � V dsd1pu2|u1, u2q and

V ds2pu2|u1q   V dsd2pu2|u1, u2q are satisfied. Then, LD3 and LS3 satisfy the following

properties:

(a) LD3 pu,R|u1, u2q ¤ 0 for all u ¥ u2 and R ¥ u� φ{λD.

(b) LS3 pu,w|u1, u2q ¤ 0 for all u ¥ u2 and w ¥ u� φ{λS.

Proof of Lemma B.4.9. (a) Note that B
BR
LD3 pu,Rq � �λD

�
1� V dsd1pu|u1, u2q

	
. By

(c) of Lemma B.4.6, V dsd1pu|u1, u2q ¡ �1, thus B
BR
LD3 pu,Rq and LD3 pu,Rq ¤

LD3 pu, u� φ{λDq for all u ¥ u2 and R ¥ u� φ{λD.

By (B.2.5),

LD3

�
u, u�

φ

λD

�� u1, u2



�λDpΠ� u� φ{λD � V dsdpu|u1, u2qq

� c� φV dsd1pu|u1, u2q

�0.

Therefore, LD3 pu,Rq ¤ 0 for all u ¥ u2 and R ¥ u� φ{λD.

(b) By differentiating LS3 by w, we have

B

Bw
LS3 pu,w|u1, u2q � λS

�
V 1
Spwq � V dsd1pu|u1, u2q

�

� λS

�
λS
φ

�
Π�

c

λS



e�

λS
φ
w �

1

φ

�
�c� λDpΠ� u� V dsdpu|u1, u2qq

��

�
λS
φ

�
pλSΠ� cqe�

λS
φ
w � λD

�
Π�

c

λD
� pV dspu2|u1q � u2q



e
λD
φ
pu2�uq

�
.
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By w ¥ u� φ{λS,

B

Bw
LS3 pu,w|u1, u2q

 
λS
φ

�
pλSΠ� cqe�

λS
φ
u�1 � λD

�
Π�

c

λD
� pV dspu2|u1q � u2q



e
λD
φ
pu2�uq

�

�
λS
φ
e
λD
φ
pu2�uq

�
�� pλSΠ� cqe�

λS
φ
u2�1e

λS�λD
φ

pu2�uq

�λD

"
Π�

c

λD
� pV dspu2|u1q � u2q

*
�
��

Since u ¥ u2 and λS ¡ λD, we have

B

Bw
LS3 pu,w|u1, u2q  

λS
φ
e
λD
φ
pu2�uq

�
�� pλSΠ� cqe�

λS
φ
u2�1

�λD

"
Π�

c

λD
� pV dspu2|u1q � u2q

*
�
�� .

By (B.2.5), (B.2.6), V dspu2|u1q � V dsdpu2|u1, u2q and V ds1pu2|u1q � V dsd1pu2|u1, u2q,

we can derive that

pλSΠ� cqe�
λS
φ
u2�1 � pλS � λDqpΠ� pV dspu2|u1q � u2qq � c.

By plugging this into the above inequality, we have

B

Bw
LS3 pu,w|u1, u2q  

λS
φ
e
λD
φ
pu2�uqpλS � 2λDq

�
Π� pV dspu2|u1q � u2q

�
,

thus, since 2λD ¥ λS and Π � c{λD ¡ V dspu2|u1q � u2 ((b) of Lemma B.4.6),

LS3 pu,w|u1, u2q is decreasing in w. Therefore,

LS3 pu,w|u1, u2q ¤ LS3 pu, u� φ{λS | u1, u2q

for all w ¥ u� φ{λS.

Note that LS3 pu, u�φ{λS|u1, u2q � H3puq and H3puq ¤ 0 for all u ¥ u2 by Lemma

B.4.4. Therefore, LS3 pu,w|u1, u2q ¤ 0 for all u ¥ u2 and w ¥ u� φ{λS.
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B.4.3 Proof of Proposition 3.4.2 and 3.5.2

Proof of Proposition 3.4.2. (a) From Proposition B.4.1 (a), there exists u1 ¥ 0 such

that V d1pu1q � V ds1pu1|u1q and V d2pu1q   V ds2pu1|u1q. Therefore, the function

defined in (3.4.3) is differentiable.

First, consider the case where u P r0, u1s. Then, by Lemma B.4.6 (a), we have

V d1puq ¡ �1. By Lemma B.4.5, we can set b � 1. When a � 0, (IC) with b � 1

is equivalent to uS ¥ u � φ{λS. By (c) of Lemma B.4.7, LS1 pu, uSq ¤ 0 for all

uS ¥ u � φ{λS. When a � 1, (IC) with b � 1 is equivalent to R ¥ u � φ{λD.

By (a) of Lemma B.4.7, 0 ¥ LD1 pu,Rq for all R ¥ u � φ{λD. In addition, from

the definition of V d, we have LD1 pu, u� φ{λDq � 0. Therefore, when u P r0, u1s,

V dpuq solves (HJBV ) subject to (IC).

Second, consider the case where u ¡ u1. Then, by Lemma B.4.6 (b), we have

V ds1pu|u1q ¡ �1. By Lemma B.4.5, we can set b � 1. When a � 1, (IC) with

b � 1 is equivalent to R ¥ u�φ{λD. By (b) of Lemma B.4.8, 0 ¥ LD2 pu,R|u1q for

all R ¥ u� φ{λD. When a � 0, (IC) with b � 1 is equivalent to uS ¥ u� φ{λS.

By (a) of Lemma B.4.8, LS2 pu, uS|u1q ¤ 0 for all uS ¥ u � φ{λS. In addition,

from the definition of V ds, we have LS2 pu, u�φ{λD|u1q � 0. Thus, for all u ¡ u1,

V dspu|u1q solves (HJBV ) subject to (IC). Therefore, the value function specified

in (3.4.3) solves (HJBV ) subject to (IC).

Next, by (a) of Lemma B.4.6, V d2puq   0 for all 0   u   u1. By (b) of Lemma

B.4.6 and V d1pu1q � V ds1pu1|u1q, we have V ds2pu|u1q   0 for all u ¡ u1. It

remains to show that the function defined in (3.4.3) is concave at u1. Observe

that

V dpuq   V dpu1q � V d1pu1qpu1 � uq (B.4.7)
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for all 0   u   u1, and

V dspu|u1q   V dspu1|u1q � V ds1pu1|u1qpu� u1q (B.4.8)

for all u1   u. Therefore, the function defined in (3.4.3) is concave for all u ¡ 0.

By Lemma B.2.2, any incentive compatible contract delivers the principal’s ex-

pected payoff less than or equal to V dpuq for u ¤ u1 and V dspu|u1q for u ¡ u1. In

addition, by Proposition 3.4.1 (a) and (b), these values can be implemented by

some incentive compatible contracts, i.e., they are maximized expected payoff of

the principal given the agent’s promised utility. Thus, the function defined in

(3.4.3) is the principal’s value function.

(b) By Proposition B.4.1 (b), we have V ds1p0|0q ¡ V d1p0q pΠ ¡ ΠSp1qq or V ds1p0|0q �

V d1p0q & V ds2p0|0q ¡ V d2p0q pΠ � ΠSp1qq. Consider any u ¥ 0. By using

V ds1p0|0q ¥ V d1p0q and Lemma B.4.6 (b), we have V ds1pu|0q ¡ �1. By Lemma

B.4.5, we can set b � 1. When a � 1, (IC) with b � 1 is equivalent to R ¥

u� φ{λD. By (b) of Lemma B.4.8, 0 ¥ LD2 pu,R|0q for all R ¥ u� φ{λD. When

a � 0, (IC) with b � 1 is equivalent to uS ¥ u � φ{λS. By (a) of Lemma B.4.8,

LS2 pu, uS|0q ¤ 0 for all uS ¥ u � φ{λS. In addition, from the definition of V ds,

we have LS2 pu, u � φ{λD|0q � 0. Therefore, the value function V dspu|0q solves

(HJBV ) subject to (IC).

By (b) of Lemma B.4.6 and V d1p0q   V ds1p0|0q, we have V ds2pu|0q   0 for all

u ¡ 0, i.e., V dp�|0q is concave. By Lemma B.2.2 and Proposition 3.4.1 (c),

V dspu|0q is the principal’s value function.

Proof of Proposition 3.5.2. (a) By Lemma B.4.6 (a), we have V d1puq ¡ �1. By

Lemma B.4.5, we can set b � 1. When a � 0, (IC) with b � 1 is equivalent to
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uS ¥ u � φ{λS. By (b) of Lemma B.4.7, LS1 pu, uSq ¤ 0 for all uS ¥ u � φ{λS.

When a � 1, (IC) with b � 1 is equivalent to R ¥ u � φ{λD. By (a) of Lemma

B.4.7, 0 ¥ LD1 pu,Rq for all R ¥ u�φ{λD. In addition, from the definition of V d,

we have LD1 pu, u � φ{λDq � 0. Therefore, V dpuq solves (HJBV ) subject to (IC).

By (a) of Lemma B.4.6, V d is concave. By Lemma B.2.2 and Proposition 3.4.1

(a), V d is the principal’s value function.

(b) Set the thresholds u1 and u2 as in Proposition B.4.2 (b).

First, when u P r0, u1s, by following the same steps as in Proposition 3.4.2 (a),

we can show that V dpuq solves (HJBV ) subject to (IC).

Second, consider the case where u1   u ¤ u2. Then, by Lemma B.4.6 (b), we

have V ds1pu|u1q ¡ �1. By Lemma B.4.5, we can set b � 1. When a � 1, (IC) with

b � 1 is equivalent to R ¥ u�φ{λD. By (c) of Lemma B.4.8, 0 ¥ LD2 pu,R|u1q for

all R ¥ u� φ{λD. When a � 0, (IC) with b � 1 is equivalent to uS ¥ u� φ{λS.

By (a) of Lemma B.4.8, LS2 pu, uS|u1q ¤ 0 for all uS ¥ u � φ{λS. In addition,

from the definition of V ds, we have LS2 pu, u�φ{λD|u1q � 0. Thus, for all u ¡ u1,

V dspu|u1q solves (HJBV ) subject to (IC).

Last, consider the case where u ¡ u2. Then, by Lemma B.4.6 (c), we have

V dsd1pu|u1, u2q ¡ �1. By Lemma B.4.5, we can set b � 1. When a � 0, (IC) with

b � 1 is equivalent to uS ¥ u�φ{λS. By (b) of Lemma B.4.9, LS3 pu, uS|u1, u2q ¤ 0

for all uS ¥ u�φ{λS. When a � 1, (IC) with b � 1 is equivalent to R ¥ u�φ{λD.

By (a) of Lemma B.4.9, LS3 pu, uS|u1, u2q ¤ 0 for all uS ¥ u� φ{λS. In addition,

from the definition of V dsd, we have LD3 pu, u � φ{λD|u1, u2q � 0. Therefore, the

value function specified in (3.5.2) solves (HJBV ) subject to (IC).

By using Lemma B.4.6, V d1pu1q � V ds1pu1|u1q and V ds1pu2|u1q � V dsd1pu2|u1, u2q,

the function defined in (3.5.2) is concave.
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(c) Set the thresholds u1 � 0 and u2 ¡ 0 as in Proposition B.4.2 (c).

First, consider the case where u P r0, u2s, so V puq � V dspu|0q. By using

V ds1p0|0q ¡ V d1p0q and Lemma B.4.6 (b), we have V 1puq � V ds1pu|u1q ¡ �1.

By Lemma B.4.5, we can set b � 1. When a � 1, (IC) with b � 1 is equivalent

to R ¥ u� φ{λD. By (b) of Lemma B.4.8, 0 ¥ LD2 pu,R|0q for all R ¥ u� φ{λD.

When a � 0, (IC) with b � 1 is equivalent to uS ¥ u� φ{λS. By (a) of Lemma

B.4.8, LS2 pu, uS|0q ¤ 0 for all uS ¥ u � φ{λS. In addition, from the definition

of V ds, we have LS2 pu, u � φ{λD|0q � 0. Therefore, for all u P r0, u2s, the value

function V dspu|0q solves (HJBV ) subject to (IC).

Next, consider the case where u ¡ u2, so V puq � V dsdpu|0, u2q. By using

V ds1p0|0q ¡ V d1p0q and Lemma B.4.6 (c), we have V 1puq � V dsd1pu|0, u2q ¡ �1.

By Lemma B.4.5, we can set b � 1. When a � 0, (IC) with b � 1 is equivalent to

uS ¥ u�φ{λS. By (b) of Lemma B.4.9, LS3 pu, uS|0, u2q ¤ 0 for all uS ¥ u�φ{λS.

When a � 1, (IC) with b � 1 is equivalent to R ¥ u � φ{λD. By (a) of Lemma

B.4.9, LS3 pu, uS|0, u2q ¤ 0 for all uS ¥ u� φ{λS. In addition, from the definition

of V dsd, we have LD3 pu, u� φ{λD|0, u2q � 0. Thus, for all u ¡ u2, the value func-

tion V dsdpu|0, u2q solves (HJBV ) subject to (IC). Therefore, the value function

specified in (3.5.3) solves (HJBV ) subject to (IC).

By using Lemma B.4.6, V d1p0q   V ds1p0|0q and V ds1pu2|0q � V dsd1pu2|0, u2q, we

can show that V is concave.
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B.5 Proofs of Lemmas in Section B.3

B.5.1 Proof of Lemma B.3.1

Proof of Lemma B.3.1. If Π is greater than or equal to ΠSpηq and η is greater than

1{pe� 1q, u1 is equal to zero by Proposition B.4.1 and B.4.2. Note that

ΠSpηq �
e� 1

pe� 1qη � 1
�
c

λD
¥
e� 1

e� 2
�
c

λD
¡

2c

λD
¥
c� φ

λD
� ΠF .

Then, the project is feasible and ū is greater than 0, thus, ū is always greater than

u1.

Now suppose that ΠDpηq   Π   ΠSpηq. Since V is strictly concave, u1   ū is

equivalent to 0   V 1pu1q � V d1pu1q. Note that 0   V d1pu1q is equivalent to:

φ

λDΠ� c
  e�

λD
φ
u1 .

Recall that u1 is the solution of

�H1puq � ppη � 1qλDΠ� cqe�1e�
pη�1qλD

φ
u � ηpλDΠ� cqe�

λD
φ
u � p1� ηqc � 0.7

Define x1 � e�
λD
φ
u1 . Then, x1 is the solution of

H̃1pxq � ppη � 1qλDΠ� cqe�1xη�1 � ηpλDΠ� cqx� p1� ηqc � 0,

and we need to identify a condition for x1 ¡ φ{pλDΠ� cq.

Note that

B2H̃1

Bx2
pxq � pη � 1qηppη � 1qλDΠ� cqe�1xη�1 ¡ 0,

thus there exists x P p0, 1q that minimizes H̃1. Also note that ΠSpηq ¡ Π ¡ ΠMpηq

imply that H̃1p1q ¡ 0 ¡ H̃1pxq and x1 P px, 1q.

7 See the proof of Lemma B.4.2 for the definition of H1.
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There are two possible cases that satisfy x1 ¡ φ{pλDΠ� cq: (i) x ¥ φ{pλDΠ� cq;

(ii) φ{pλDΠ� cq ¡ x and H̃1pφ{pλDΠ� cqq   0.

The first case is equivalent to H̃ 1
1pφ{pλDΠ � cqq   0. By algebra, we can show

that it is equivalent to

pη � 1qλDΠ� c

pλDΠ� cqη�1
 

ηe

η � 1
φ�η. (B.5.1)

The second case is equivalent to H̃ 1
1pφ{pλDΠ� cqq ¥ 0 and H̃1pφ{pλDΠ� cqq   0.

By algebra, we can show that it is equivalent to

ηe

η � 1
φ�η ¤

pη � 1qλDΠ� c

pλDΠ� cqη�1
  pηpc� φq � cq eφ�η�1. (B.5.2)

Last, by the proof of Lemma B.4.2, we can show that Π ¡ ΠMpηq is equivalent

to

pη � 1qλDΠ� c

pλDΠ� cqη�1
 

�
η2

1� η2


η
ηe

1� η
c�η. (B.5.3)

Now I compare the above three conditions. When η ¡
a
c{pc� φq, by simple

algebra, we can show that

ηe

η � 1
φ�η   pηpc� φq � cqeφ�η�1  

�
η2

1� η2


η
ηe

1� η
c�η.

Therefore, the inequality

pη � 1qλDΠ� c

pλDΠ� cqη�1
  pηpc� φq � cq eφ�η�1

imply that (B.5.1), (B.5.2) and (B.5.3). Define ΠDpηq be the value of Π that makes

both sides of the above inequality equal. Then, ΠDpηq ¡ ΠMpηq since Π   ΠMpηq

implies Π   ΠDpηq. Therefore, there exists ΠDpηq ¡ ΠMpηq such that u1   ū if and

only if Π ¡ ΠDpηq.
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When η ¤
a
c{pc� φq, by simple algebra, we can show that

ηe

η � 1
φ�η ¥ pηpc� φq � cqeφ�η�1 &

ηe

η � 1
φ�η ¥

�
η2

1� η2


η
ηe

1� η
c�η.

Therefore, (B.5.2) cannot hold in this case and (B.5.3) implies (B.5.1). It means

that Π ¡ ΠMpηq implies H̃ 1
1pφ{pλDΠ � cqq   0. Moreover, Π ¡ ΠMpηq is necessary

for the existence of u1. Hence, u1   ū holds if and only if Π ¡ ΠMpηq.

B.5.2 Proof of Lemma B.3.2

Proof of Lemma B.3.2. Since V is strictly concave, u2   ū is equivalent to 0  

V 1pu2q. By (b) of Proposition 3.5.2, we have V 1pu2q � V ds1pu2|u1q � V dsd1pu2|u1, u2q.

By (B.2.5) and V dsdpu2|u1, u2q � V dspu2|u1q, 0   V dsd1pu2|u1, u2q is equivalent to:

λDpu2 � V dspu2|u1qq   λDΠ� c� φ. (B.5.4)

Also note that V dsd1pu2|u1, u2q � φV ds1pu2|u1q and V dsdpu2|u1, u2q � V dspu2|u1q im-

ply that

λDpΠ� u2 � V dspu2|u1qq � λS

�
VS

�
u2 �

φ

λS



� u2 �

φ

λS



� λS

�
V dspu2|u1q � u2

�

by (B.2.5) and (B.2.6). By plugging (3.3.1) into the above equation, we can derive

that

pλS � λDqpV
dspu2|u1q � u2q �λS

�
Π�

c

λS


�
1� e�

λS
φ
u2�1

	
� λDΠ

ðñ ηλDpV
dspu2|u1q � u2q �ηλDΠ� c� pλSΠ� cqe�

λS
φ
u2�1.

Then, by plugging this into (B.5.4), 0   V dsd1pu2|u1, u2q is equivalent to

pη � 1qc� ηφ   pλSΠ� cqe�
λS
φ
u2�1.
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Since Π ¡ c{λD ¡ c{λS, the right hand side of the above inequality is always

greater than 0. Since it is assumed that η ¡
c

c� φ
, the left hand side of the above

inequality is always less than 0. Therefore, the above inequality always holds, i.e.,

u2 is less than ū.

B.5.3 Proof of Lemma B.3.3

Proof of Lemma B.3.3. By following the proof of Lemma B.3.2, u2 ¥ ū is equivalent

to

ŷ �
pη � 1qc� ηφ

pλSΠ� cqe�
λS
φ
u1�1

¥ e
λS
φ
pu1�u2q (B.5.5)

By the proof of Lemma B.4.3, x2 � e
λS
φ
pu1�u2q is the solution, which is not equal

to 1, of H̃2pxq � 0.8. Since u2 ¥ u1, if ŷ ¥ 1, the above inequality holds, thus, I

restrict attention to the case of ŷ   1. Observe that the inequality H̃2pŷq ¤ 0 implies

(B.5.5) because H̃2 is strictly convex in x and H̃2p1q ¤ 0.

Note that H̃2pxq can be rewritten as follows:

H̃2pxq �
1� η

1� η
c�H1pu1qx�

�
�

1� η

1� η
c�

η

1� η
pλSΠ� cqe�

λD
φ
u1�1 log x

�
x

where H1 is a function defined in (B.4.1). Also note that H1pu1q � φV ds2pu1|u1q �

φV d1pu1q ¥ 0.

By plugging the definition of ŷ into the above equation, we can derive that

H̃2pŷq �
1� η

1� η
cp1� ŷq �H1pu1qŷ �

η

1� η
ppη � 1qc� ηφq log ŷ.

Now define a new function G as follows:

Gpyq �
1� η

1� η
cp1� yq �H1pu1qy �

η

1� η
ppη � 1qc� ηφq log y,

8 The function H̃2 is defined in (B.4.2)
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and it is enough to show that Gpyq ¤ 0 for all y   1.

Note that

G2pyq � �
η

1� η

�
pη � 1qc� ηφ

y2



  0

from η ¥
a
c{pc� φq ¡ c{pc� φq. Also note that

G1p1q � �H1pu1q �
1

1� η

�
pη2 � 1qc� η2φ

�
  0.

from η ¥
a
c{pc� φq and H1pu1q ¥ 0. Lastly, note that Gp1q � �H1pu1q ¤ 0.

Therefore, for all y   1, Gpyq ¤ Gp1q �G1p1qp1� yq ¤ 0. Therefore, H̃2pŷq ¤ 0 and

u2 ¥ ū.
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Online Appendix for “Managing a Project by Splitting it into Pieces”

I also explore three variations of the model that reflect relevant features in some

economic applications. First, I analyze the case of asymmetric arrival rates of sub-

projects and ask whether this can change the form of the optimal contract (Section

B.6). Next, I consider outside options for both players that emerge after the comple-

tion of the subproject under the sequential approach and investigate how they affect

the optimal contract (Section B.7). Last, I introduce discounting and discuss how it

affects the desirability of each approach (Section B.8).

B.6 Asymmetric Arrival Rates for Subprojects

Here I investigate a setting where the arrival rates for the subprojects in the sequential

approach are no longer the same. Let λS,1 and λS,2 denote the arrival rates for the

first and second subprojects. The ratio between these two arrival rates, λS,2{λS,1,

is denoted by κ. In Theorem B.6.1, I show that the form of the optimal contract

depends crucially on κ.

To simplify the discussion, I restrict attention to the case where there is no

efficiency loss from monitoring. I begin by considering the first-best scenario to

derive the condition that fulfills this restriction. Under the assumption that the

agent’s allocation of effort is observable to the principal, the principal’s expected

profit from the sequential-only contract without a deadline is derived as follows:» 8

0

» 8

τs

�
Π�

» τm

0

c dt



λS,2e

�λS,2pτm�τsqdτm λS,1e
�λS,1τsdτs � Π�

c

λS,1
�

c

λS,2
.

Note that the principal’s expected profit from the direct-only contract without a

deadline is Π � c{λD. By using similar steps to those in Section 3.2.2, we can show

that there is no efficiency loss from monitoring if and only if 1{λD � 1{λS,1 � 1{λS,2.

Under this condition, by using the definition of κ, we can derive that λS,1 �

p1� 1{κqλD and λS,2 � p1� κqλD. From these equations, we observe that higher κ

164



implies that it is harder to achieve the first subproject (lower λS,1) but it is easier

to complete the second subproject (higher λS,2). Note that the completion of the

first subproject is monitored by the principal. If the first subproject becomes more

difficult and the second subproject becomes easier, we can think of monitoring as

relatively more effective. Thus, κ can be interpreted as a parameter that measures

the effectiveness of monitoring. The following theorem characterizes the optimal

contract under an arbitrary κ.

Theorem B.6.1. Suppose that there is no efficiency loss from monitoring and the

arrival rates of the subprojects are not necessarily symmetric. There is a threshold

κ� ¡ 0 such that the optimal contract is implemented as follows.

(a) If κ   κ�, there exist ΠA
S pκq ¡ ΠA

Dpκq ¡ ΠA
F pκq � ΠF � pc� φq{λD such that the

optimal contract is determined as follows:

(i) when Π ¤ ΠA
F pκq � ΠF , the project is infeasible;

(ii) when ΠA
Dpκq ¥ Π ¡ ΠA

F � ΠF , pū, V pūqq is implemented by a direct-only

contract with a deadline ū{φ;

(iii) when ΠA
S pκq ¡ Π ¡ ΠA

Dpκq, there exists u1 P p0, ūq such that pū, V pūqq is

implemented by a contract with a switch from the sequential approach to

the direct approach at pū� u1q{φ and a deadline ū{φ;

(iv) when Π ¥ ΠA
S pκq, pū, V pūqq is implemented by a sequential-only contract

with a deadline ū{φ.

(b) If κ ¥ κ�, there exists ΠA
F pκq ¤ ΠF such that the optimal contract is determined

as follows:

(i) when Π ¤ ΠA
F pκq, the project is infeasible;
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Figure B.1: Optimal contracts under asymmetric arrival rates and no efficiency
loss

(ii) when Π ¡ ΠA
F pκq, pū, V pūqq is implemented by a sequential-only contract

with a deadline ū{φ.

This theorem is illustrated in Figure B.1. When monitoring is relatively ineffec-

tive, i.e., κ is below κ�, optimal contracts are characterized in the same way as in

Theorem 3.4.1: (i) a sequential-only contract when Π is high; (ii) a contract with one

switch when Π is intermediate; (iii) a direct-only contract when Π is relatively low;

(iv) infeasible when Π is very low. However, when monitoring is relatively effective,

i.e., κ is above κ�, optimal contracts are characterized in a different manner. In this

case, the optimal contract is in the form of a sequential-only contract when Π is not

low, and the project is infeasible when Π is low.

From this exercise, we can conclude that the form of the optimal contract is

determined not only by the return of the project pΠq but also by the effectiveness

of monitoring pκq. In particular, when monitoring is effective enough, monitoring

is a more important factor than time pressure. Thus, even when the return of the
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project is low, the principal always chooses the sequential approach so long as the

project is feasible.

The rest of this section is devoted to the derivation of Theorem B.6.1.

B.6.1 Benchmark Value Functions

Under the assumption that the arrival rates for the subprojects are no longer sym-

metric, the agent’s HJB equation (HJBPK) can be rewritten as follows:

0 � max
atPt0,1u,
btPr0,1s

9ut � φp1� btq � pRt � utqλDatbt � pu
t
S � utqλS,1p1� atqbt. (PKA)

Then, we can observe that the sequential approach can be induced with a minimum

incentive by setting utS � ut � φ{λS,1.

Also note that the principal’s value function given that the subproject, V A
S , is

already completed can be written as follows:

V A
S puSq �

�
Π�

c

λS,2
� uS



�

�
Π�

c

λS,2



e�

λS,2
φ
uS . (B.6.1)

Let the principal’s value function prior to the completion of the subproject be

V A. The HJB equation for V Apuq is

0 � max
R¥0, uS¥0,

aPt0,1u, bPr0,1s

�c�pΠ�R�V ApuqqλDab�pV
A
S puSq�V

ApuqqλS,1p1�aqb�V
A1puq 9u.

(HJBA)

Then, the principal’s problem is to solve (HJBA) subject to (PKA). We can derive

two benchmark value functions as follows:9

1. When the agent’s promised utility is lower than a switching point u1, the prin-

cipal would recommend the direct approach and the benchmark value function,

9 Since I focus on the case of no efficiency loss from splitting the project, a benchmark value
function involving two switches such as (3.5.1) is not needed.
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V d
A , would be the same as (3.4.1):

V d
Apuq �

�
Π�

c

λD


�
1� e�

λD
φ
u
	
� u.

2. When the agent’s promised utility is higher than a switching point u1, the

principal would recommend the sequential approach. By following the similar

steps in Section B.2.4, the benchmark value function, V ds
A , is derived as follows:

V ds
A pu|u1q �

�
Π�

c

λS,1
�

c

λS,2


�
1� e

λS,1
φ

pu1�uq



� pV d

Apu1q � u1qe
λS,1
φ

pu1�uq

�

�
Π�

c

λS,2



e
λS,2
φ

pu1�uq � e
λS,1
φ

pu1�uq

κ� 1
e�

λS,1
φ
u1�κ � u.10

(B.6.2)

B.6.2 Value Function Derivation

To derive the value function, we need to characterize a threshold of Π that determines

the recommended approach at the deadline as in Lemma B.4.1.

Lemma B.6.1. Suppose that there is no efficiency loss from splitting the project and

κ � λS,2{λS,1. The inequality V d
A
1
p0q ¡ V ds

A
1
p0|0q holds if and only if

Π   ΠA
S pκq �

1� e�κ

1� pκ� 1qe�κ
�
c

λD
.11 (B.6.3)

In addition, ΠA
S pκq is decreasing in κ.

10 Note that

lim
κÑ1

e
λS,2
φ pu1�uq � e

λS,1
φ pu1�uq

κ� 1
�
pu� u1qe

λS,2
φ pu1�uq

φ
.

Hence, when κ � 1, i.e., λS,1 � λS,2, (B.6.2) is equivalent to (3.4.2).

11 Note that 1 � e�κ ¡ 1 � pκ� 1qe�κ ¡ 0 for all κ ¡ 0, thus, ΠA
S pκq ¡ c{λD.
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Proof of Lemma B.6.1. Note that

V d
A

1
p0q �

1

φ
pλDΠ� φ� cq ,

V ds
A

1
p0|0q �

1

φ

�
λS,1V

A
S

�
φ

λS,1



� c




�
1

φ

��
1�

1

κ



p1� e�κqλDΠ�

1

κ
p1� e�κqc� φ� c



.

Therefore, V d
A
1
p0q ¡ V ds

A
1
p0|0q is equivalent to

p1� e�κqc ¡ p1� pκ� 1qe�κqλDΠ.

Since 1�pκ�1qe�κ ¡ 0 for all κ ¡ 0, the above inequality is equivalent to ΠA
S pκq ¡ Π.

By differentiating ΠA
S with respect to κ, we have

ΠA
S

1
pκq � �

eκ pe�κ � κ� 1q

p1� pκ� 1qe�κq2
�
c

λD
.

Since e�κ ¡ �κ� 1, we have ΠA
S
1
pκq   0. Thus, ΠA

S is decreasing in κ.

Proposition B.6.1. Assume that both technologies are equally efficient and λS,2{λS,1

is equal to κ. Then, the following statements hold:

(a) When Π P pc{λD,Π
A
S pκqq, for some u1 ¡ 0, V d

A
1
pu1q � V ds

A
1
pu1|u1q and

V Apuq �

#
V d
Apuq if 0 ¤ u ¤ u1,

V ds
A pu|u1q if u1   u

(B.6.4)

solves (HJBA) subject to (PKA).

(b) When Π ¥ ΠA
S pκq, V

Apuq � V ds
A pu|0q solves (HJBA) subject to (PKA).
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B.6.3 Thresholds

Feasibility (ΠA
F )

Now I derive a threshold that determines the feasibility of the project. By using the

same logic in Appendix B.3.1, the project is feasible if and only if V 1p0q ¡ 0, and it

is equivalent to

max
�
λDΠ� φ, λS,1V

A
S pφ{λS,1q

�
¡ c.

Note that

λS,1V
A
S pφ{λS,1q �λS,1

�
Π�

c

λS,2



p1� e�κq � φ

�

�
1�

1

κ



λDp1� e�κqΠ�

1� e�κ

κ
c� φ.

Therefore, λS,1V
A
S pφ{λS,1q ¡ c is equivalent to

Π ¡
1

pκ� 1qλD

�
c�

κ

1� e�κ
pc� φq

�
.

Then, the project is feasible if and only if

Π ¡ min

�
c� φ

λD
,

1

pκ� 1qλD

�
c�

κ

1� e�κ
pc� φq

��
� ΠA

F pκq.

The Length of the Contract (ΠA
D)

Next, I derive another threshold that determines whether there is a switch in the

optimal contract. Let ū denote the value that maximizes V Apuq. Then, we need to

compare ū with a switch point u1. The following lemma characterizes the threshold

ΠA
D.

Lemma B.6.2. Suppose that there is no efficiency loss from splitting the project and

κ � λS,2{λS,1. Then, there exists ΠA
Dpκq such that u1   ū if and only if Π ¡ ΠA

Dpκq.
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Proof of Lemma B.6.2. I begin by deriving the closed form of u1. Define a function

HA
1 as in (B.4.1):

HA
1 puq � φV ds

A

1
pu|uq � φV d

A

1
puq. (B.6.5)

Then, HA
1 puq can be rewritten as follows:

HA
1 puq � λS,1

�
pΠ� c{λS,2qp1� e�

λS,2
φ
u�κq � V d

Apuq � u



� λDpΠ� u� V d

Apuqq

� pλS,1Π� c{κq

�
1� e�

λS,2
φ
u�κ



� pλS,1 � λDqpu� V d

Apuqq � λDΠ

� pλS,1Π� c{κq

�
1� e�

λS,2
φ
u�κ



� pλS,1 � λDq pΠ� c{λDq p1� e�

λD
φ
uq � λDΠ

� pλS,1{λD � 1qpλDΠ� cqe�
λD
φ
u � p1{κ� λS,1{λD � 1qc

� pλS,1Π� c{κqe�
λS,1
φ
u�κ

� pλDΠ� cqe�
λD
φ
u{κ� pλS,2Π� cqe�

λS,1
φ
u�κ{κ.

By the definition of u1, it is the solution of HA
1 puq � 0. Then, by using the above

equation, we can derive that

u1 �
φ

λD

�
1

κ
log

�
λS,2Π� c

λDΠ� c



� 1

�
.

The next step is to compare u1 with ū. Since V A is strictly concave, u1   ū is

equivalent to 0   V A1pu1q � V d
A
1
pu1q. By using the above equation, we can derive

that u1 � ū is equivalent to

pλDΠ� cq1�κ

p1� κqλDΠ� c

�
e

φ


κ

� 1. (B.6.6)

Note that the left hand side is increasing in Π, is equal to zero when Π is equal to

c{λD, and diverges as Π goes to infinity. Therefore, there exists a unique solution that

satisfies (B.6.6) and I denote the solution as ΠA
Dpκq. Then, Π ¡ ΠA

Dpκq is equivalent

to ū ¡ u1.
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Comparison of Thresholds

Lemma B.6.3. Let κ� be the positive solution of the equation

0 � φ� pc� φqκ� φeκ. (B.6.7)

Then,

1. if κ ¡ κ�,

ΠA
F pκq �

1

pκ� 1qλD

�
c�

κ

1� e�κ
pc� φq



¡ max

�
ΠA
Dpκq, ΠA

S pκq
�
,

2. if κ � κ�,

ΠA
F pκ

�q �
c� φ

λD
�

1

pκ� � 1qλD

�
c�

κ�

1� e�κ�
pc� φq



� ΠA

Dpκ
�q � ΠA

S pκ
�q;

3. if κ   κ�,

ΠA
F pκq �

c� φ

λD
  ΠA

Dpκq   ΠA
S pκq;

4. as κÑ 0,

lim
κÑ0

ΠA
Dpκq �

c� φ � ψ pc{φq

λD
and lim

κÑ0
ΠA
S pκq � 8,

where ψ : R� Ñ r1,8q is the inverse function of x logpxq for x ¥ 1.

Proof of Lemma B.6.3. Note that for all κ ¡ 0 and λD ¡ 0,

c� φ

λD
¡

1

pκ� 1qλD

�
c�

κ

1� e�κ
pc� φq




ô pc� φqpκ� 1qpeκ � 1q ¡ cpeκ � 1q � pc� φqpκ� 1� eκq

ô 0 ¡ gpκq � φ� pc� φqκ� φeκ.
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Also note that gpκq is concave in κ, lim
κÑ0

gpκq � 0, lim
κÑ8

gpκq � �8 and lim
κÑ0

g1pκq �

c ¡ 0. Then, there exists a unique positive solution to gpκq � 0, which is κ�. Then,

gpκq   0 is equivalent to κ ¡ κ�. Therefore,

ΠA
F pκq �

$'''''''&
'''''''%

c� φ

λD
, if κ   κ�,

c� φ

λD
�

1

pκ� � 1qλD

�
c�

κ�

1� e�κ�
pc� φq



, if κ � κ�,

1

pκ� 1qλD

�
c�

κ

1� e�κ
pc� φq



, if κ ¡ κ�.

For i P tF,W, Su, note that Πipκq can be considered as a unique solution (greater

than c{λ) to the equation

LpΠq � RipΠ|κq,

where

LpΠq � pκ� 1qλDΠ� c,

RF pΠ|κq �

# κ

1� e�κ
pc� φq if κ ¥ κ�

κpc� φq � φ if κ ¤ κ�
, 12

RW pΠ|κq � φ � eκ �

�
λDΠ� c

φ


κ�1

,

RSpΠ|κq � φ � eκ �

�
λDΠ� c

φ



.

Note that Lpc{λDq   Ripc{λD|κq, lim
ΠÑ8

LpΠq ¡ lim
ΠÑ8

RipΠ|κq and L and Rip�|κq cross

only once for all i P tF,W, Su and κ ¡ 0.

If RipΠipκq|κq ¡ RjpΠipκq|κq,

LpΠipκqq � RipΠipκq|κq ¡ RjpΠipκq|κq,

12 Note that κ�pc� φq{p1 � e�κ
�

q � κ�pc� φq � φ by the definition of κ�.
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and it implies that Πjpκq is lower than Πipκq. Similarly, RipΠipκq|κq � RjpΠipκq|κq

implies that Πjpκq is equal to Πipκq and RipΠipκq|κq   RjpΠipκq|κq implies that

Πjpκq is greater than Πipκq.

1. When κ ¡ κ�, to prove that ΠA
F pκq ¡ max

�
ΠA
Dpκq,Π

A
S pκq

�
, it is enough to

show that RF pΠ
A
F pκq|κq   RW pΠ

A
F pκq|κq and RF pΠ

A
F pκq|κq   RSpΠ

A
F pκq|κq.

Define xpκq as follows:

xpκq �
κ

eκ � 1

�
c� φ

φ



.

Then, xpκq   1 is equivalent to gpκq   0, i.e., κ ¡ κ�. Also note that

λDΠA
F pκq � c

φ
�

κ

κ� 1

�
c� eκφ

eκ � 1



�
xpκq � κ

κ� 1
.

By using the definition of xpκq and the above equation, we can see that

RF pΠ
A
F pκq|κq � φ � eκ � xpκq,

RW pΠ
A
F pκq|κq � φ � eκ �

�
xpκq � κ

κ� 1


κ�1

,

RSpΠ
A
F pκq|κq � φ � eκ �

�
xpκq � κ

κ� 1



.

(B.6.8)

Consider a function hpxq �
�
x�κ
1�κ

�κ�1
. Note that h1pxq �

�
x�κ
1�κ

�κ
and h2pxq �

κ
1�κ

�
x�κ
1�κ

�κ�1
¡ 0. Then, hpxq ¡ hp1q � h1p1qpx � 1q � x for x   1. Hence,

RW pΠ
A
F pκq|κq ¡ RF pΠ

A
F pκq|κq. Also, we can easily see that

x� κ

κ� 1
¡ x is

equivalent to x   1, i.e., RSpΠ
A
F pκq|κq ¡ RF pΠ

A
F pκq|κq.

2. When κ � κ�, to prove that ΠA
F pκq � ΠA

Dpκq � ΠA
S pκq, it is enough to show

that RF pΠ
A
F pκq|κq � RW pΠ

A
F pκq|κq � RSpΠ

A
F pκq|κq.
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Note that xpκ�q � 1. Hence, by (B.6.8), RF pΠ
A
F pκq|κq � RW pΠ

A
F pκq|κq �

RSpΠ
A
F pκq|κq.

3. When κ   κ�, to prove that ΠA
S pκq ¡ ΠA

Dpκq ¡ ΠA
F pκq, it is enough to show

that RF pΠ
A
F pκq|κq ¡ RW pΠ

A
F pκq|κq and RW pΠ

A
S pκq|κq ¡ RSpΠ

A
S pκq|κq.

In this case, ΠA
F pκq � pc � φq{λD. Then, by the definition of RF and RW ,

RF pΠ
A
F pκq|κq � κpc � φq � φ and RW pΠ

A
F pκq|κq � φ � eκ. Since κ   κ� is

equivalent to κpc� φq � φ ¡ φeκ, RF pΠ
A
F pκq|κq ¡ RW pΠ

A
F pκq|κq.

Also note that

λDΠA
S pκq � c

φ
�

1�e�κ

1�pκ�1qe�κ
c� c

φ
�

κ � c

peκ � pκ� 1qqφ
¡ 1.

Then, sinceRW pΠ
A
S pκq|κq � RSpΠ

A
S pκq|κq�

�
λDΠ�c

φ

	κ
, RW pΠ

A
S pκq|κq ¡ RSpΠ

A
S pκq|κq.

4. When κÑ 0, by L’Hôpital’s Rule,

lim
κÑ0

ΠA
S pκq � lim

κÑ0

1� e�κ

1� pκ� 1qe�κ
�
c

λD
� lim

κÑ0

e�κ

κ e�κ
�
c

λD
� 8.

Define ypκq �
�
λDΠA

Dpκq � c
�
{φ ¡ 0. Then, from (B.6.6), ypκq satisfies the

following equations for all κ ¡ 0:

ypκq1�κ � eκ � p1� κqypκq �
c

φ
κ

ñ p1� κq log rypκqs � κ � log

�
p1� κqypκq �

c

φ
κ

�
.

By differentiating the above equation by κ, we have

log rypκqs � 1�
1� κ

ypκq
y1pκq �

ypκq � c
φ

p1� κqypκq � c
φ
κ
�

1� κ

p1� κqypκq � c
φ
κ
y1pκq.
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By sending κÑ 0, we have

yp0q � log ryp0qs �
c

φ
,

i.e., yp0q � ψpc{φq. Then, we have

lim
κÑ0

ΠA
Dpκq �

c� φ � yp0q

λD
�
c� φ � ψ

�
c
φ

	
λD

.

B.6.4 Proof of Theorem B.6.1

Proof of Theorem B.6.1. (a) By Lemma B.6.3, when κ   κ�, ΠA
S pκq ¡ ΠA

Dpκq ¡

ΠA
F pκq � pc� φq{λD.

(i) By the argument in Section B.6.3, the project is infeasible if Π ¤ ΠA
F pκq.

(ii) When ΠA
Dpκq ¥ Π ¡ ΠA

F pκq, u1 is greater than or equal to ū by Lemma

B.6.2. By Proposition B.6.1, the value function is V Apuq � V g
Apuq for

u ¤ ū ¤ u1. Thus, the optimal contract is to execute the direct approach

for all u ¤ ū. Therefore, the direct-only contract with T � ū{φ implements

pū, V pūqq.

(iii) When ΠA
S pκq ¡ Π ¡ ΠA

Dpκq, u1 is less than ū by Lemma B.6.2 and greater

than zero by Lemma B.6.1. By Proposition B.6.1, the value function is

V puq � V ds
A pu|u1q for u1   u   ū and V puq � V g

Apuq for 0 ¤ u ¤ u1. Thus,

the optimal contract is to execute the sequential approach for u1   u ¤ ū

and the direct approach for 0 ¤ u ¤ u1. Therefore, the contract with a

switch from the sequential approach to the direct approach at pū � u1q{φ

and a deadline ū{φ.
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(iv) When Π ¥ ΠA
S pκq, V

Apuq � V ds
A pu|0q by Proposition B.6.1. Thus, the

optimal contract is to execute the sequential approach for 0 ¤ u ¤ ū.

Therefore, the sequential-only contract with T � ū{φ implements pū, V pūqq.

(b) By Lemma B.6.3, when κ ¥ κ�, ΠF ¥ ΠA
F pκq ¥ ΠA

S pκq.

(i) By the argument in Section B.6.3, the project is infeasible if Π ¤ ΠA
F pκq.

(ii) When Π ¡ ΠA
F pκq, Π is greater than ΠA

S pκq. Thus, V Apuq � V ds
A pu|0q by

Proposition B.6.1 and the sequential-only contract with T � ū{φ imple-

ments pū, V pūqq.

B.7 Independent Values from a Subproject

In many relevant applications, both players may benefit from the completion of

the subproject. In particular, their outside options will differ before and after the

intermediate breakthrough. For example, by adding experience to his resume, the

agent can get a better offer from other firms. For the principal, even if the agent

does not finish the main project, she may be able to license out the current progress

to another company.

The goal of this section is to investigate how these outside options affect the

optimal contract. I address this question by exploring a numerical example. I fix

parameter values as follows: Π � 5, c � 1, φ � .5, λD � 1, λS � 2. Note that

λS is equal to 2λD which means that two approaches are equally efficient. More-

over, Π is greater than ΠSp1q implying that the optimal contract takes a form of a

sequential-only contract with a deadline when there are no intermediate values from

the subproject.
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Let BP ¥ 0 and BA ¥ 0 denote the outside options for the principal and the

agent when the subproject is completed. We can interpret a high BP involving an

active buyout market for projects and a high BA involving an active labor market for

experienced workers. The goal is to provide comparative statics on the deadlines and

the principal’s expected payoffs from the optimal contracts with respect to BA and

BP . To derive the optimal contracts, we need to reformulate the principal’s problem

by adding BA and BP .

I begin by rewriting the promise-keeping constraint (HJBPK). Once I introduce

the outside option BA for the agent, the effective promised utility for the agent at

time t would be uB,tS � utS � BA where utS is the agent’s promised utility for the

success of the subproject at t. Then, (HJBPK) can be rewritten as follows:

0 � max
atPt0,1u,
btPr0,1s

9ut�φp1� btq� pRt�utqλDatbt�pu
B,t
S �ut�BAqλSp1� atqbt. (HJBB

PK)

From this equation, we can infer that to induce the sequential approach, uB,tS has to

be greater than or equal to ut�φ{λS�BA. To simplify discussion, I focus on the case

where the principal “extends” the deadline after the completion of the subproject,

i.e., BA   φ{λS � .25.

Next, we need to reconsider the principal’s expected payoff after the completion of

the subproject. Note that the additional value for the second subproject would be Π�

BP since the principal has the outside option of BP . In addition, the principal needs

to work with the agent’s effective promised utility rather than the original promised

utility. Then, given the subproject completion, the principal’s value function can be

written as in (3.3.1):

V B
S pu

B
S q �

�
Π�BP �

c

λS


�
1� e�

λS
φ
uBS

	
� uBS . (B.7.1)

This value stands for the principal’s expected payoff additional to the outside option
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BP when the agent’s effective promised utility is uBS . Thus, V B
S pu

B
S q � BP is the

principal’s expected payoff after the completion of the subproject.

Note that the introduction of BA and BP does not affect the direct approach, thus

V d remains the same. Since (HJBPK) is replaced by (HJBB
PK), when the sequential

approach is chosen, we need to substitute uBS � u�φ{λS�BA for uS. The principal’s

value function after the intermediate breakthrough (VSpuSq) also needs to be replaced

by V B
S pu

B
S q �BP . Then, the HJB equation (B.2.6) can be rewritten as follows:

0 � �c� λS
�
V B
S pu� φ{λS �BAq �BP � V ds

B pu|u1q
�
� φV ds

B

1
pu|u1q (B.7.2)

where V ds
B is the new value function.

By plugging (B.7.1) into (B.7.2) and following the same steps in Appendix B.2.4,

we can derive the closed form of V ds
B as follows:

V ds
B pu|u1q �

�
Π�

2c

λS
�BA


�
1� e

λS
φ
pu1�uq

	
� pV dpu1q � u1qe

λS
φ
pu1�uq

�

�
Π�BP �

c

λS



λS
φ
pu� u1qe

λS
φ
pBA�uq�1 � u.

If there is no switching point, V ds
B pu|0q would serve as the value function. If there

exists a switching point, we can pin down the switching point by following the same

steps in Appendix B.4.1. When the switching point is u1, the value function for

u ¤ u1 is V dpuq and that for u ¡ u1 is V dspu|u1q.

In Figure B.2, I illustrate the comparative statics on the optimal deadlines and

the principal’s expected payoffs under four different scenarios. In Figure B.2a and

B.2b, I demonstrate the comparative statics with respect to BA when BP is 0 or 3.

In Figure B.2c and B.2d, I display the comparative statics with respect to BP when

BA is 0 or .2. In the left panels, the green curves demonstrate the optimal deadlines

and the blue curves display the switching time from the sequential approach to the

direct approach. If the blue curves are not present, it means that the sequential
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(a) Deadlines and the principal expected payoffs when BP � 0

(b) Deadlines and the principal expected payoffs when BP � 3

(c) Deadlines and the principal expected payoffs when BA � 0

(d) Deadlines and the principal expected payoffs when BA � .2

Figure B.2: Comparative Statics with respect to BA and BP
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approach is chosen until the deadline. The principal’s expected payoffs (before the

intermediate breakthrough) are shown in the right panels.

First, we can observe that the principal’s expected payoffs are increasing in BA

or BP in every panel in Figure B.2. This means that the principal benefits from

both the active buyout market for projects and the labor market for experienced

workers. Since the active buyout market allows the principal to liquidate the project

easier, it directly helps the principal. When the labor market for experienced workers

becomes more active, it is easier for the principal to incentivize the agent to split the

project. Given the intermediate breakthrough, while the principal needs to extend

the deadline by 1{λS without the labor market, she only needs to extend the deadline

by 1{λS � BA{φ with the labor market. This numerical example shows that the

principal benefits from this decreased incentive under the restriction that BA is less

than φ{λS.13

Next, in the left panels of Figure B.2a and B.2b, we can see that the optimal

deadline increases as BA increases. The principal expects that the deadline extension

would be shortened as BA increases, thus she preemptively prolonds the deadline.

Another interesting feature is that switching to the direct approach occurs when BA

is large and BP is small as in the left panel of Figure B.2a. As BA rises, the sequential

approach becomes less appealing to the principal since the probability of success is

lowered by the shortened deadline extension. Therefore, it may be more profitable

to switch to the direct approach near the deadline. When BP is large, even though

the sequential approach becomes less desirable, it may still be better than the direct

approach. Thus, there may not exist a switch at all as in B.2b.

Last, the left panels of Figure B.2c and B.2d show that the optimal deadline

13 The case where BA is greater than φ{λS is problematic for the following reason. In this case, if
the principal provides the minimum incentive not to shirk, the deadline would be shortened after
the completion of the subproject. This lowers the probability for the success of the project implying
that it may not be optimal to employ “the minimum incentive contract” in the first place. This
possibility significantly complicates the analysis of the model even numerically.
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decreases as BP rises. This is simply because an “early buyout” becomes more

attractive as the buyout market grows. Moreover, as BP increases, the sequential

approach becomes more desirable. The left panel of Figure B.2d shows that the

direct approach is optimal when BP is small, but the sequential approach eventually

dominates as BP grows.

B.8 The Role of the Discount Rate

Finally, I introduce discounting to the model and investigate how it distorts the

efficiency of each approach. Let r ¥ 0 denote the common discount rate for the

principal and the agent. The expected payoffs for indefinitely employing the direct

approach and the sequential approach can be rewritten respectively as follows:

FDprq �

» 8

0

�
e�rτmΠ�

» τm

0

e�rtcdt



λDe

�λDτmdτm

�

» 8

0

�
λD

λD � r
�
�

Π�
c

r

	
� pλD � rqe�pλD�rqτm �

c

r
� λDe

�λDτm



dτm

�
λD

λD � r

�
Π�

c

λD



�

λD
λD � r

Π�
1

λD � r
c,

FSprq �

» 8

0

» 8

τs

�
e�rτmΠ�

» τm

0

e�rtcdt



λSe

�λSpτm�τsqdτm λSe
�λSτsdτs

�

» 8

0

�
λS

λS � r
�
�

Π�
c

r

	
� e�rτs �

c

r



λSe

�λSτsdτs

�
λ2
S

pλS � rq2

�
Π�

c

r

	
�
c

r
�

λ2
S

pλS � rq2
Π�

2λS � r

pλS � rq2
c.

From these expressions, when r ¡ 0, we observe that the efficiency relationship

depends not only on the arrival rates but also on the return of the project (Π) and

the flow cost (c). This is significantly different from the no-discounting case. When

r � 0, the efficiency relationship is simply determined by comparing the expected
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durations under the two approaches (1{λD and 2{λS). Thus, the presence of the

discount factor complicates the analysis.

To simplify the argument, I focus on the case where there is no efficiency loss

from monitoring; i.e., 2λD � λS. The following proposition shows how the discount

rate distorts the efficiency of each approach.

Proposition B.8.1. Suppose that 2λD � λS and Π ¡ c{λD. Then, for all r ¡ 0,

the following inequality holds: FDp0q � FSp0q ¡ FDprq ¡ FSprq.

Proof of Proposition B.8.1. Note that

FDp0q � Π�
c

λD
� Π�

2c

λS
� FSp0q,

and

FDp0q �
λDΠ� c

λD
¡
λDΠ� c

λD � r
� FDprq

since Π ¡ c{λD and r ¡ 0. Also note that

FDprq � FSprq �
λDr

pλD � rqpλS � rq2
prΠ� cq ¡ 0,

thus FDprq ¡ FSprq.

This proposition says that the introduction of the discount rate harms the effi-

ciency of the sequential approach more than that of the direct approach. In other

words, if players begin to discount the future, the sequential approach becomes less

appealing in terms of efficiency. Recall that the sequential approach is less advan-

tageous in the short run. Thus, a high discount rate distorts the efficiency of the

sequential approach more than that of the direct approach.
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Appendix C

Appendix for Chapter 4

C.1 Proofs for Public Information Setting

C.1.1 Transformation

It is useful to write conditions in terms of the rate µ. The following lemma summa-

rizes this transformation.

Lemma C.1.1. Let µ � 2λLλH
λH�λL

and µ � λLpλH�λLq
λH�λL

. Then, η ¥ ηpδq is equivalent to

µ ¥ µ and η ¤ ηpδq is equivalent to µ ¤ µ.1

Proof of Lemma C.1.1. First, we have:

η � ηpδq � η � p1� δq �
µλH

λLpλH � µq
�

λH
λH � µ

� 1

�
µpλH � λLq � 2λLλH

λLpλH � µq
�

λH � λL
λLpλH � µq

pµ� µq.

1 Although µ and µ are the functions of λL and λH , we suppress them to simplify.
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Therefore, η ¥ ηpδq is equivalent to µ ¥ µ. Next, we have

�
ηpδq � η

��
η �

1�
a

1� 4δp1� δq

2

�
�� η2 � η � p1� δqδ

��

�
µλH

λLpλH � µq


2

�
µλH

λLpλH � µq
�

µλH
pλH � µq2

�
µλHpλH � λLq

λ2
LpλH � µq2

�
µ� µ

�
.

Note thatη ¡ 1 implies η�
!

1�
a

1� 4δp1� δq
)
{2 ¡ 0. Thus, η ¤ ηpδq is equivalent

to µ ¤ µ.

C.1.2 Proof of Proposition 4.3.1

Proposition 4.3.1 characterizes the MPE of the setting with observable technologies.

A Markov strategy for player i is a mapping σi : Ω Ñ r0, 1s, where the state Ω

represents the set of firms that possess the new technology. A MPE consists of a

profile of Markov strategies such that each of the players is best responding to the

strategy of their opponent.2

The existence of a best response that is Markov to a Markov opponent strategy is

supported by the stationarity of the problem from the firm’s perspective. Thus, the

best Markov response must also be a best response over all strategies. This means

that we need only consider Markov deviations to determine the Markov Perfect

Equilibria.

Given a Markov strategy profile, we can compute the expected value for each

player at every state. Let U j
ω denote Firm j’s continuation value at the state ω.

Notice that for every strategy, a positive transition rate from state ω to ω1 implies that

2 Existance of these equilibria for a larger class of continuous-time stochastic games with finite
states and actions has been studied in Neyman (2017).
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ω � ω1. This allows us to obtain the equilibrium Markov strategies and continuation

value at any MPE via backward induction.

We begin with the state ω � tA,Bu. For any firm that possesses the new technol-

ogy, it is optimal to develop with it. Thus, in any MPE, σAptA,Buq � σBptA,Buq �

1 and the continuation value is

UA
tA,Bu � UB

tA,Bu �
1

2

�
Π�

c

λH



� VC (C.1.1)

Next, we consider jointly the states ω � tAu and ω � tBu, i.e. the cases in which

only one of the firms possesses the new technology. The firm with the new technology

will trivially find it optimal to develop with it. Thus, σAptAuq � σBptBuq � 1 in any

MPE. The following lemma characterizes σiptjuq, i.e. the opponent firm’s optimal

action.

Lemma C.1.2. If η   ηpδq then, in any MPE, σAptBuq � σBptAuq � 0. When

η ¡ ηpδq then, in any MPE, σAptBuq � σBptAuq � 1.

Proof of Lemma C.1.2. Let ω � tiu, i.e., only firm i possesses the new technology.

Firm i will develop with the new technology. For firm j, the problem is to choose σ

to maximize his continuation value:

U j
tiu � max

σPr0,1s

σµVC � p1� σqλLΠ� c

σµ� p1� σqλL � λH

Taking the derivative of the previous objective function with respect to the choice

variable σ, and using (C.1.1) we obtain

pλHΠ� cq � rµpλH � λLq � 2λHλLs

2λHpλH � λL � σpµ� λLqq2
�
pλHΠ� cqpλH � λLqpµ� µq

2λHpλH � λL � σpµ� λLqq2

Note that the above equation is positive if and only if µ ¡ µ̄, or equivalently by

Lemma C.1.1, η ¡ ηpδq. Therefore, the best response is σiptjuq � 1 if η ¡ ηpδq, and
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σiptjuq � 0 if η   η. In addition, we have

U j
tiu �

$'&
'%
µVC � c

µ� λH
, if η ¥ ηpδq,

λLΠ� c

λL � λH
, if η   ηpδq.

Finally, it remains to analyze the state ω � tHu. We divide the analysis into the

following three lemmas.

Lemma C.1.3. Assume η   ηpδq. Then the unique MPE involves σApHq �

σBpHq � 0.

Proof of Lemma C.1.3. Notice that η   ηpδq ¤ ηpδq. Thus, By Lemma C.1.2, once

a firm finds the new technology, i.e., ω � tAu or tBu, the other one switches to

developing with the incumbent technology since. In these cases, the values of the

firms are given as follows:

UA
tAu � UB

tBu �
λHΠ� c

λL � λH
and UB

tAu � UA
tBu �

λLΠ� c

λL � λH
. (C.1.2)

Back to the state H, let πipσ
i
H, σ

j
Hq be the expected continuation payoff of Firm

i when firms play the actions σiH and σjH as long as neither firm obtains the new

technology, and continue with the optimal actions thereafter.

Given that firm j plays σ̂ at state ω � H, the best response of firm i is:

max
σPr0,1s

σµU i
tiu � p1� σqλLΠ� σ̂µU i

tju � c

σµ� p1� σqλL � σ̂µ� p1� σ̂qλL
(C.1.3)

Taking the derivative of the previous objective function with respect to σ and using

eq. C.1.2, we get

rµpλH � λLq � λLpλH � λLqs � rc� ΠpλL � σ̂pµ� λLqs

pλH � λLqpλLp2� σ � σ̂q � µpσ � σ̂qq2
(C.1.4)
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This is negative since η   ηpδq implies, by Lemma C.1.1, µ   µ � λLpλL�λHq
λH�λL

.

Therefore, the best action independently of the action of the opponent at state H is

to use the incumbent technology, given optimal continuation.

Lemma C.1.4. Assume η P pηpδq, ηpδqq. Then the unique MPE involves σApHq �

σBpHq � 1.

Proof of Lemma C.1.4. The problem of firm i at state H is, as before,

max
σPr0,1s

σµU i
tiu � p1� σqλLΠ� σ̂µU i

tju � c

σµ� p1� σqλL � σ̂µ� p1� σ̂qλL

By the assumption η   ηpδq and Lemma C.1.2, the equations (C.1.2) also hold for

this case. Thus, the derivative is the same as we obtained in eq. C.1.4. The difference

is that now, since η ¡ ηpδqq, the derivative changes sign. Thus, independently of the

action chosen by the opponent in state H, it is optimal to do research (given optimal

continuation).

Thus, the strategy profile that both firms play fall-back strategies constitutes the

unique equilibrium.

Lemma C.1.5. Assume η ¡ ηpδq. Then the unique MPE involves σApHq �

σBpHq � 1.

Proof of Lemma C.1.5. By Lemma C.1.2, in any MPE the firms do research once

the opponent obtains the new technology. Thus,

U i
tiu �

λHΠ� µVC � c

µ� λH
and U i

tju �
µVC � c

µ� λH
.

Using these in the problem of firm i in state H (eq. C.1.3) and taking derivatives

with respect to the choice variable σ we obtain:
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λHΠpµpλH � λLq � λHλLqrλL � σ̂pµ� λLqs � cpλ2
Hpµ� λLq � µ2pλH � λLq � 3λLλHµq

λHpλH � µqpλLp2� σ � σ̂q � µpσ � σ̂qq2

Note that the denominator is positive. The numerator can be rewritten as

tµpλH � λLq � λHλLu � tλHΠ � pλL � σ̂pµ� λLqq � c � pµ� λHqu

Which is positive since µ ¡ 2λHλL
λH�λL

¡ λHλL
λH�λL

. Thus, the best response at state H, for

every σ̂, is to choose σ � 1.

C.2 Private Information: Evolution of Beliefs

Proof of Lemma 4.4.1. Suppose that Firm j allocates σjt attention to research con-

ditional on not having found the good project so far. Finally, let Σt �
³t
0
σjs ds.

Let pit be the belief of Firm i that Firm j obtained the new technology by time t.

1� pt
pt

�
Pr(no success in research and development)

Pr(success in research but no success in development)

�
e�µΣt � e�λLpt�Σtq³t

0
µ � σs � e�µΣs � e�λLps�Σsq � e�λHpt�sq ds

(C.2.1)

Let Ut and Rt be the numerator and the denominator of the right-hand side of

(C.2.1). Note that

BUt
Bt

� �Ut �
�
pµ� λLqσ

j
t � λL

�
BRt

Bt
� µ � σjt � Ut � λH �Rt

By Differentiating (C.2.1) and multiplying Rt{Ut,

�
9pit

p1� pitqp
i
t

�
�Ut �

�
pµ� λLqσ

j
t � λL

�
�Rt � µ � σjt � U

2
t � λH �Rt � Ut

R2
t

�
Rt

Ut

��
�
pµ� λLqσ

j
t � λL

�
� λH � µ � σjt p1� pitq{p

i
t

�
 
λH � λLp1� σjt q

(
� µ � σjt {p

i
t.
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By multiplying �p1� pitqp
i
t, we have (4.4.1).

Proof of Lemma 4.4.2. By plugging σt � 1 to (4.4.1), we have 9pt � pµ�λHptqp1�ptq.

By rearranging the differential equation, we can derive that

λH � µ � pλH � µq
λH 9pt

pµ� λHptqpλH � λHptq
�

d

dt
log

�
λH � λHpt
µ� λHpt



.

Then, from p0 � 0, we can derive that

λHp1� pT q

µ� λHpT
�
λH
µ
epλH�µqT .

By rearranging the above equation, we have (4.4.2).

Observe that

9qT �
µpλH � µq2epλH�µqT

pλHeλHT � µeµT q2
¡ 0.

Thus, q is increasing in T .

When µ ¡ λH ,

lim
TÑ8

qT � lim
TÑ8

1
λH

�
epλH�µqT � 1

�
1
µ
epλH�µqT � 1

λH

� 1.

When µ   λH ,

lim
TÑ8

qT � lim
TÑ8

1
λH

�
1� epµ�λHqT

�
1
µ
� 1

λH
epµ�λHqT

�
µ

λH
.
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C.3 Private Information: Equilibria

C.3.1 Cutoff Structure

Lemmas

Lemma C.3.1. If the belief process tptu is derived from a symmetric Markov strategy

σ, then 9pt ¥ 0 for all t ¥ 0.

Proof of Lemma C.3.1. Suppose that 9pt   0 for some t ¥ 0. Note that the belief is

nonnegative. Then, pt�η ¡ pt ¥ 0 for a small η ¡ 0. Also note that p0 � 0 and

9p0 � µ �σ0 ¥ 0 by (4.4.1). By the continuity of p, there exists t1   t such that pt1 � pt

and 9pt1 ¥ 0. However, since the strategy is Markov, σt1 � σt, which gives 9pt1 � 9pt

and contradicts 9pt1 ¥ 0 ¡ 9pt. Therefore, 9pt ¥ 0 for all t ¥ 0.

Lemma C.3.2. If σ constitutes a symmetric Markov equilibrium, σt � 0 for all

t ¥ 0 or σt ¡ 0 for all t ¥ 0.

Proof of Lemma C.3.2. Consider the case with pt ¡ 0. If σt � 0, by (4.4.1), 9pt �

�pλH � λLqptp1 � ptq. Since pt cannot be equal to 1, 9pt   0, which contradicts the

previous result. Therefore, σt ¡ 0 whenever pt ¡ 0. If σ0 � 0, then 9p0 � 0 and the

belief stays at 0. By the Markov property, σt � 0 for all t ¥ 0. If σ0 ¡ 0, then 9p0 ¡ 0

and pt ¡ 0 for a small enough t ¡ 0. Then, σt � 0 will never be chosen, i.e., σt ¡ 0

for all t ¥ 0.

Lemma C.3.3. If σ constitutes a symmetric Markov equilibrium and σS P p0, 1q for

some S ¥ 0, then µpV 1
t � V 0

t q � λLpΠ� V 0
t q for all t ¥ S.

Proof of Lemma C.3.3. By Lemma C.3.2, if σS ¡ 0 for some S ¥ 0, σt ¡ 0 for all

t ¡ 0, thus, µpV 1
t � V 0

t q ¥ λLpΠ� V 0
t q for all t ¥ 0.
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Assume the contrary. Then, we can properly define T � inftt ¡ S | µpV 1
t �V

0
t q ¡

λLpΠ � V 0
t qu. Then, µpV 1

s � V 0
s q � λLpΠ � V 0

s q holds for S ¤ s ¤ T , and for some

δ ¡ 0, µpV 1
s � V 0

s q ¡ λLpΠ� V 0
s q for all T   s   T � δ.

When µpV 1
t �V

0
t q � λLpΠ�V 0

t q, we show that µp 9V 1
t � 9V 0

t q ¤ �λL 9V
0
t if and only

if

λHpt � λLp1� ptqp1� σtq ¤
µpλH � λLqpΠ� V 1

t q � λLc

λLΠ
.

First, by (HJB1) and (HJB0), we have

µ 9V 1
t � µpλH �XtqV

1
t � µpλHΠ� cq, (C.3.1)

pµ� λLq 9V
0
t � pµ� λLqXtV

0
t � pµ� λLqpµpV

1
t � V 0

t q � cq, (C.3.2)

where Xt � λHpt�λLp1�ptqp1�σtq. Also note that pµ�λLqpV
1
t �V

0
t q � λLpΠ�V

1
t q.

Then, µp 9V 1
t � 9V 0

t q ¤ �λL 9V
0
t is equivalent to:

λLΠ �Xt �
 
µV 1

t � pµ� λLqV
0
t

(
Xt

¤µpλHΠ� cq � µλHV
1
t � pµ� λLqc� µpµ� λLqpV

1
t � V 0

t q

� µpλH � λLqpΠ� V 1
t q � λLc.

Let σT� :� limtÑT� σt and σT� :� limtÑT� σt. Note that σT� � 1. By the

continuity of p and V 1, we have pT� � pT� � pT and V 1
T� � V 1

T� � V 1
T .

First, consider the case with σT�   1.3 In this case, we have

XT� �λHpT � λLp1� pT qp1� σT�q

 λHpT � λLp1� pT qp1� σT�q �
µpλH � λLqpΠ� V 1

T q � λLc

λLΠ
.

Then, µp 9V 1
T� �

9V 0
T�q   �λL 9V

0
T� . Since µpV 1

T � V 0
T q � λLpΠ � V 0

T q, for small enough

η ¡ 0, λLpΠ� V 0
T�ηq ¡ µpV 1

T�η � V 0
T�ηq which contradicts σT� � 1.

3 It is possible that σT� is not properly defined. Even in this case, the following argument still
holds by considering a converging subsequence of tσtu.
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Next, consider the case with σT� � 1. Note that µpV 1
T � V 0

T q � λLpΠ � V 0
T q

and µp 9V 1
T �

9V 0
T q � �λL 9V

0
T . If we show that µp:V 1

T� �
:V 0
T�q   �λL :V

0
T� , it contradicts

σT� � 1. Observe that σT� � 1 and 9σT� � 0, thus, 9XT� � λH 9pT . By taking

derivatives for (C.3.1) and (C.3.2), we can derive that

µ:V 1
T� �µλH

�
p1� pT q 9V

1
T � 9pTV

1
T

�
,

pµ� λLq:V
1
T� �pµ� λLq

�
λHpT 9V

0
T � λH 9pTV

0
T � µp 9V 1

T � 9V 0
T q
�
.

Then, we have

µ:V 1
T� � pµ� λLq:V

0
T� �λHpT

!
µ 9V 1

T � pµ� λLq 9V
0
T

)
� µλH 9V 1

T

� λH 9pT
 
µV 1

T � pµ� λLqV
0
T

(
� µpµ� λLqp 9V

1
T � 9V 0

T q

�µpλH � λLq 9V
1
T .

(C.3.3)

Note that pλHΠ � cq{pλH � λHpT q is the expected payoff of the firm (with the

new technology) at time T if the opponent shuts down when it does not possess the

new technology at time T . Then, in equilibrium, the expected payoff cannot exceed

this value: V 1
T   pλHΠ�cq{pλH�λHpT q. From (C.3.1), we have 9V 1

T   0. By (C.3.3),

µp:V 1
T� �

:V 0
T�q   �λL :V

0
T� , which contradicts σT� � 1.

Lemma C.3.4. Suppose that there exists 0 ¤ T   8 such that σ is a symmetric

Markov equilibrium with σt � 1 for all t   T and µpV 1
t � V 0

t q � λLpΠ � V 0
t q for all

t ¥ T . Then, for all t ¥ T , σt � σ�, pt � p�, V 1
t � V �

1 , and V 0
t � V �

0 , i.e., σ is a

stationary fall-back equilibrium. In addition, T � 1
λH�µ

log
�
µp1�p�q
µ�λHp�

	
.

Proof of Lemma C.3.4. To have 0   σt   1 for all t ¥ T ,

µpV 1
t � V 0

t q � λLpΠ� V 0
t q. (C.3.4)
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By taking a derivative, we also have

µ 9V 1
t � pµ� λLq 9V

0
t . (C.3.5)

Define Xppt, σtq � λHpt � λLp1� ptqp1� σtq. By (HJB1), we have

µ 9V 1
t � Xppt, σtqµ � V

1
t � µλHpΠ� V 1

t q � µc. (C.3.6)

By (HJB0) and (C.3.4), we also have

pµ� λLq 9V
0
t �Xppt, σtqpµ� λLqV

0
t � pµ� λLqµpV

1
t � V 0

t q � pµ� λLqc

�Xppt, σtqpµV
1
t � λLΠq � µλLpΠ� V 1

t q � pµ� λLqc.
(C.3.7)

By using (C.3.5), (C.3.6) and (C.3.7), we have

Xppt, σtq �
µpλH � λLqpΠ� V 1

t q � λLc

λLΠ
. (C.3.8)

By plugging (C.3.8) into (HJB1), we can derive that

0 � 9V 1
t �

1

λLΠ

 
µpλH � λLqpΠ� V 1

t q � λLc
(
V 1
t � λHpΠ� V 1

t q � c

� 9V 1
t �

µpλH � λLq

λLΠ

"
V 1
t �

λLpλHΠ� cq

µpλH � λLq

*
pΠ� V 1

t q

� 9V 1
t �

α

Π� β
pV 1

t � βqpΠ� V 1
t q

(C.3.9)

where α � µpλH�λLqpΠ�βq
λLΠ

and β � λLpλHΠ�cq
µpλH�λLq

. Note that

Π� β �
λLλH
λH � λL

��
1

λL
�

1

λH
�

1

µ



Π�

c

µ

�
¡ 0.

Thus, α and β are strictly positive.

Also note that Π� c{λH ¡ V 1
t for all t ¥ 0 since the firm’s expected profit under

the competition cannot exceed that without the competition. If V 1
T ¡ β, V 1

t ¡ β for

all t ¥ T . If not, there exists t ¡ T such that Vt ¡ β and 9Vt � 0, which contradict
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(C.3.9). Likewise, if V 1
T   β, V 1

t   β for all t ¥ T . Now suppose that V 1
T � β. By

(C.3.9), we have

α �
pΠ� βq

pV 1
t � βqpΠ� V 1

t q
9V 1
t �

d

dt
log

�
|β � V 1

t |

Π� V 1
t




By integrating the above equation side-by-side from T to t, we have

αpt� T q � log

�
|β � V 1

t |

Π� V 1
t



� log

�
|β � V 1

T |

Π� V 1
T




ðñ
|β � V 1

T |

Π� V 1
T

eαpt�T q �
|β � V 1

t |

Π� V 1
t

.

Notice that the right-hand-side is bounded above and below since V 1
t   Π � c{λH .

The left-hand-side diverges to positive or negative infinite. Thus, it must be that

V 1
T � β.

In addition, by solving (C.3.9) with the initial condition V 1
T � β, we have V 1

t �

β � V �
1 for all t ¥ T . By plugging V 1

t � β into (C.3.4), we also have

V 0
t �

µβ � λLΠ

µ� λL
�

λL
µ� λL

�
�Π�

λHΠ� c

λH � λL



�

λL
µ� λL

�
λLΠ� c

λH � λL
� V �

0

Next, by plugging V 1
t � β into (C.3.8), we have

λHpt � λLp1� ptqp1� σtq �
µpλH � λLqpΠ� βq � λLc

λLΠ
�
λH � λL
λL

µ� λH ,

or equivalently,

1� σt �

�
λH�λL
λL

	
µ� λHp1� ptq

λLp1� ptq
. (C.3.10)
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From (4.4.1), we have

9pt �p1� ptq rµ� λHpt � p1� σtqpµ� λLptqs

�p1� ptqpµ� λHptq �

"�
λH � λL
λL

� λHp1� ptq



µ

*�
µ

λL
� pt




�
µpλH � λLq

λ2
L

pµ� µq �

�
λH � λL
λL



p2µ� µqpt

�
pλH � λLqp2µ� µq

λL
ppt � p�q.

If pT � p�, then the solution of the above differential equation diverges and

contradicts 0 ¤ pt ¤ 1 for all t ¥ T . Therefore, pT � p� and it also gives pt � p� for

all t ¥ T . Also note that

1� p� �
pµ� µqpµ� λLq

λLp2µ� µq
.

By plugging this into (C.3.10), for all t ¥ T , we have

σt �1�

�
λH�λL
λL

	
µ� 2λH � λHp1� p�q

λLp1� p�q

�1�

λH�λL
λL

pµ� µq � λH
pµ�µqpµ�λLq
λLp2µ�µq

pµ�µqpµ�λLq
p2µ�µq

�1�
�pλH � λLqp2µ� µq � λHpµ� λLq

λLpµ� λLq

�1�
�pλH � λLqpµ� λLq � λLpµ� λLq

λLpµ� λLq
� σ�.

Last, since σt � 1 for all 0 ¤ t ¤ T , the belief that the opponent has the

new technology at time t is p� � pT � qT where q is defined as in (4.4.2). By

the definition of q, we can derive that epλH�µqT � µp1�p�q
µ�λHp�

, or equivalently, T �

1
λH�µ

log
�
µp1�p�q
µ�λHp�

	
.
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Proof of Proposition 4.4.1 (a)

Proof of Proposition 4.4.1 (a). By Lemma C.3.1, σ satisfies σt � 0 for all t ¥ 0 or

σt ¡ 0 for all t ¥ 0. In the former case, we can set T � � 0 and σ� � 0, then we have

σt � σ� for all t ¡ T � � 0. Now consider the latter case. If tt ¥ 0|σt P p0, 1qu is

empty, set T � � 8. Then, σt � 1 for all t   T �. If tt ¥ 0|σt P p0, 1qu is nonempty,

we can properly define T � � inftt ¥ 0|σt P p0, 1qu   8. Then, σt � 1 for all t   T �.

In addition, by Lemma C.3.3, µpV 1
t � V 0

t q � λLpΠ� V 0
t q for all t ¥ T �. By Lemma

C.3.4, σt � σ� for all t ¥ T �.

C.3.2 Equilibrium Characterization

The Equilibrium with Incumbent Strategies

Lemma C.3.5. Suppose that σ is the incumbent strategy, i.e., σt � 0 for all t ¥ 0.

Then, σA � σB � σ constitutes a symmetric Markov equilibrium if and only if µ ¤ µ.

Proof of Lemma C.3.5. Suppose that the incumbent strategy constitutes an equilib-

rium. Since neither firm conducts research, the belief that the other firm possesses

the new technology is 0, i.e., pt � 0 for all t ¥ 0. Observe that V 0
t � λLΠ�c

2λL
since

both firms develop with the incumbent technology. If a firm happens to have the

new technology and the other firm sticks with the strategy, the expected payoff is

λHΠ�c
λH�λL

, i.e., V 1
t � λHΠ�c

λH�λL
for all t ¥ 0. To support this equilibrium, from (HJB0),

µpV 1
t � V 0

t q ¤ λLpΠ� V 0
t q needs to hold. By plugging V 1

t and V 0
t in, we have

µ

�
λHΠ� c

λH � λL
�
λLΠ� c

2λL



¤ λL

�
Π�

λLΠ� c

2λL




ðñ
µpλLΠ� cqpλH � λLq

2λLpλH � λLq
¤
λLΠ� c

2

ðñ µ ¤
λLpλH � λLq

µpλH � λLq
� µ.
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Now suppose that µ ¤ µ. By the above inequality, the strategy profile with σt � 0

for all t ¥ 0 constitutes an equilibrium, i.e., the incumbent equilibrium exists.

The Equilibrium with Research Strategies

Lemma C.3.6. Suppose that for some T , both firms play σt � 1 for all 0 ¤ t ¤ T .

Then, there exist C0, C1 P R such that the expected payoffs of the firm with and

without the new technology at time t P r0, T s is given as follows:

V 1
t �V 1pqtq � C1 � p1� qtq �

�
µ� λHqt

1� qt


µ�λH
µ�λH

, (C.3.11)

V 0
t �V 0pqtq �

�
C0

�
µ

λH
� qt



� C1

µ

λH



�

�
µ� λHqt

1� qt


µ�λH
µ�λH

.4 (C.3.12)

Moreover, if both firms play the research strategy (T � 8), C1 � C0 � 0, i.e.,

V 1
t � V 1pqtq and V 0

t � V 0pqtq.

Proof of Lemma C.3.6. Consider V n
t as a value function with respect to the belief

process qt defined as in (4.4.2): V n
t � Vnpqtq. Note that 9V n

t � V 1
npqtq 9qt � V 1

npqtqpµ �

λHqtqp1� qtq. By plugging this into (HJB1), we have

0 � V 1
1pqqpµ� λHqqp1� qq � λHp1� qqV1pqq � λHΠ� c. (C.3.13)

By multiplying pµ � λHqq
� 2µ
µ�λH p1 � qq

3λH�µ

µ�λH and rearranging the equation, for all

0 � q0 ¤ q ¤ qT , we can derive that

0 �
d

dq

�
� p1� qq

2λH
µ�λH

pµ� λHqq
µ�λH
µ�λH

 
V1pqq � V 1pqq

(�� . (C.3.14)

4 If µ � λH , we need to replace

�
µ� λHqt

1 � qt


µ�λH
µ�λH

to e
2

1�qt .
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Therefore, for all 0 � q0 ¤ q ¤ qT , we have

V1pqq � V 1pqq � C1 � p1� qq �

�
µ� λHq

1� q


µ�λH
µ�λH

(C.3.15)

for some C1 P R. By V 1
t � V1pqtq for all 0 ¤ t ¤ T , (C.3.11) holds.

Next, plug 9V 0
t � V 1

0pqtqpµ� λHqtqp1� qtq into (HJB0):

0 �V 1
0pqqpµ� λHqqp1� qq � λHqV0pqq � c� µpV1pqq � V0pqqq

�V 1
0pqqpµ� λHqqp1� qq � V0pqqpλHq � µq � c

� µ

�
Π�

c

λH


�
1

2
�
λHp1� qq

2pλH � µq



� µC1 � p1� qq �

�
µ� λHq

1� q


µ�λH
µ�λH

.

(C.3.16)

By multiplying p1�qq
2λH
µ�λH pµ�λHqq

�
3µ�λH
µ�λH and rearranging the equation, 0 ¤ q ¤ qT ,

we have

0 �
d

dq

�
� p1� qq

µ�λH
µ�λH

pµ� λHqq
2µ

µ�λH

"
V0pqq � V 0pqq � C1 �

µ

λH
�

�
µ� λHq

1� q


µ�λH
µ�λH

*�� .

Therefore, we have

V0pqq �V 0pqq �

�
C0

�
µ

λH
� q



� C1

µ

λH



�

�
µ� λHq

1� q


µ�λH
µ�λH

. (C.3.17)

for some C0 P R. By V 0
t � V0pqtq for all 0 ¤ t ¤ T , (C.3.12) holds.

Now suppose that both firms play research-first strategy. Then, (C.3.11) and

(C.3.12) hold for all t ¥ 0. When µ ¡ λH , by Lemma 4.4.2, limtÑ8 qt � 1. Since

limtÑ8p1�qtq
�
µ�λHqt

1�qt

	µ�λH
µ�λH � 8 and limtÑ8

�
µ�λHqt

1�qt

	µ�λH
µ�λH � 8, to make the value

functions converge, C1 � C0 � 0. When µ   λH , by Lemma 4.4.2, limtÑ8 qt � µ{λH ,

which also implies limtÑ8p1 � qtq
�
µ�λHqt

1�qt

	µ�λH
µ�λH � 8 and limtÑ8

�
µ�λHqt

1�qt

	µ�λH
µ�λH �

8. Likewise, we also have C1 � C0 � 0 in this case to make the value functions

converge.
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Lemma C.3.7. Suppose that σ is the research strategy, i.e., σt � 1 for all t ¥ 0.

Then, σA � σB � σ constitutes a symmetric Markov equilibrium if and only if

µ ¥ mintµ, µ̂u.

Proof of Lemma C.3.7. Suppose that both firms play the research-first strategy. By

Lemma C.3.6, the expected payoffs at time t with and without the new technology

are V 1
t � V 1pqtq and V 0

t � V 0pqtq.

Both firms playing the research strategy constitutes an equilibrium if and only if

µpV 1pqtq � V 0pqtqq ¥ λLpΠ� V 0pqtqq for all t ¥ 0. Note that

d

dq

�
µpV 1pqq � V 0pqqq � λLpΠ� V 0pqqq

�
� �

�
Π� c

µ
� c

λH

	
� c

λL

2
�
λH�µ
λHλL

	   0.

Therefore, it is enough to check whether the following inequality holds:

lim
tÑ8

�
µpV 1pqtq � V 0pqtqq � λLpΠ� V 0pqtqq

�
¥ 0. (C.3.18)

When µ ¥ λH , by limtÑ8 qt � 1, (C.3.18) is equivalent to

µpV 1p1q � V 0p1qq � λLpΠ� V 0p1qq �
pλHΠ� cqµλL pµ� µq

2pλH � µq
¥ 0. (C.3.19)

When λH ¡ µ, by limtÑ8 qt � µ{λH , (C.3.18) is equivalent to

µ
�
V 1 pµ{λHq � V 0 pµ{λHq

�
� λL

�
Π� V 0 pµ{λHq

�

�
pµΠ� cqλLλH ppλH � 2λLqµ� λLλHq

2µpλH � µq
¥ 0.

(C.3.20)

Observe that when λH   3λL, λH   µ   µ̂. In this case, by (C.3.19), (C.3.18)

holds iff µ ¥ µ � mintµ, µ̂u. When λH ¥ 3λL, note that λH ¥ µ ¥ µ̂. If µ ¥ λH ¥ µ,

(C.3.18) holds by (C.3.19). If λH ¡ µ ¥ µ̂, (C.3.18) holds by (C.3.20). Therefore,

(C.3.18) holds iff µ ¥ µ̂ � mintµ, µ̂u.
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The Equilibrium with Stationary Fall-back Strategies

Lemma C.3.8. Suppose that σ is a stationary fall-back strategy, i.e., for some T ¥ 0

and σ� P r0, 1q, σt � 1 for all t   T and σt � σ� for all t ¡ T . If σA � σB � σ

constitutes a symmetric Markov equilibrium, then ηpδq   η   mint1 � δ, 2 � δu.

Conversely, if ηpδq   η   mint1� δ, 2� δu, there exists a unique symmetric Markov

equilibrium and it is a stationary fall-back strategy.

Proof of Lemma C.3.8. Suppose that σA � σB � σ constitutes an equilibrium. By

Lemma 4.4.2 and C.3.4, p� � pT � qT ¡ 0. Since 2µ ¡ µ, to have p� ¡ 0, µ ¡ µ has

to hold.

Next, we show that µ   mintµ̂, µu. When λH   µ,

lim
T̃Ñ8

qT̃ � 1 ¡ qT � p�.

By using the definition of p�, µ � µ�λL, 1 ¡ p� is equivalent to pµ�µqpµ�λLq ¡ 0,

thus, µ ¡ µ. Then, µ ¡ µ ¡ λH is equivalent to 3λL ¡ λH , which implies µ̂ ¡ µ.

Therefore, mintµ̂, µu ¡ µ in this case. Consider the case with λH ¡ µ and 3λL ¥ λH .

In this case, µ̂ ¡ µ ¥ λH ¡ µ, thus, mintµ̂, µu ¡ µ. Last, consider the case with

λH ¡ µ and 3λL   λH . Then, we have µ ¡ µ̂ and

lim
T̃Ñ8

qT̃ �
µ

λH
¡ qT � p�.

By rearranging the inequality, we have λLλH � λHµ� λLµ ¡ pλH � 2λLqµ, which is

equivalent to mintµ̂, µu � µ̂ ¡ µ.

Now we assume that µ   µ   mintµ, µ̂u and show that the stationary fall-back

strategy defined in Lemma C.3.4 constitutes an equilibrium. By the construction of

the strategy, for all t ¥ T , µpV 1
t � V 0

t q � λLpΠ � V 0
t q, which supports σt P p0, 1q.

Next, we need to show that µpV 1
t � V 0

t q ¥ λLpΠ � V 0
t q for all 0 ¤ t   T to support

σt � 1. Assume the contrary: µpV 1
s � V 0

s q   λLpΠ� V 0
s q for some 0 ¤ s   T . Since
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µpV 1
T �V

0
T q � λLpΠ�V

0
T q, there exists s   t ¤ T such that µpV 1

t �V
0
t q � λLpΠ�V

0
t q

and µp 9V 1
t � 9V 0

t q ¡ �λL 9V
0
t , or equivalently,

λL 9V
1
t ¡ pµ� λLqp 9V

0
t � 9V 1

t q. (C.3.21)

As a first step, we show that there exists C1   0 such that V 1
t is given as (C.3.11)

in Lemma C.3.6 for all 0 ¤ t   T . By V 1
T � V �

1 and qT � p�, we have

C1 �
1

p1� p�q

�
1� p�

µ� λHp�


µ�λH
µ�λH �

V �
1 � V 1pp

�q
�

where V 1 is defined as in (4.4.3). With some algebra and mintµ, µ̂u ¡ µ, we can

derive that

V 1pp
�q � V �

1 �

�
Π�

c

λH



�
pµ� µq2 pλLλH � pλH � 2λLqµq

2λLλHpλH � λLqp2µ� µq
¡ 0. (C.3.22)

Therefore, C1   0. Then, for all 0 ¤ t   T , we have

9V 1
t � 9qt

�
�

�
Π�

c

λH



λH

2pλH � µq
� C1 �

λHp1� qtq

1� qt

�
1� qt

µ� λHqt


 2λH
λH�µ

�
  0.

(C.3.23)

By (HJB1) and (HJB0), we have

9V 1
t �λHp1� qtqV

1
t � c� λHΠ

9V 0
t �λHqtV

0
t � c� µpV 1

t � V 0
t q.

By using λLpΠ� V 0
t q � µpV 1

t � V 0
t q, we can derive that

9V 0
t � 9V 1

t �λHp1� qtqpV
0
t � V 1

t q � µpV 0
t � V 1

t q � λHpΠ� V 0
t q

� rpλH � λLqµ� λHλLp1� qtqs

�
Π� V 0

t

µ



.

202



Note that Π ¡ V 0
t since the expected payoff cannot exceed the rent Π. By using

Π ¡ V 0
t , p� ¥ qt and mintµ, µ̂u ¡ µ, we can derive that

9V 0
t � 9V 1

t ¥ rpλH � λLqµ� λHλLp1� p�qs

�
Π� V 0

t

µ




�
pµ� µq pλLλH � pλH � 2λLqµq

2µ� µ

�
Π� V 0

t

µ



¡ 0.

(C.3.24)

Then, (C.3.23) and (C.3.24) contradict (C.3.21). Therefore, µpV 1
t �V

0
t q ¥ λLpΠ�

V 0
t q for all 0 ¤ t   T , and the stationary fall-back strategy constitutes an equilibrium.
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Denicolò, V. and Franzoni, L. A. (2010), “On the winner-take-all principle in inno-
vation races,” Journal of the European Economic Association, 8, 1133–1158.

Dewatripont, M., Jewitt, I., and Tirole, J. (2000), “Multitask agency problems:
Focus and task clustering,” European economic review, 44, 869–877.

Di Tillio, A., Ottaviani, M., and Sørensen, P. N. (2021), “Strategic sample selection,”
Econometrica, 89, 911–953.

205
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