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Abstract

We study Galerkin truncations of the two-dimensional Navier-Stokes equation
under degenerate, large-scale, stochastic forcing. We identify the minimal set of
modes that has to be forced in order for the system to be ergodic. Our results
rely heavily on the structure of the nonlinearity© 2001 John Wiley & Sons,

Inc.

1 Introduction and Main Result

One basic assumption in the theory of turbulence is that of ergodicity: Under
large-scale forcing, energy is transferred through nonlinearity to the small scales
and the system establishes a unique statistical steady state. In numerical simula-
tions, one typically forces very few low modes when studying the direct cascade
process. Statistical properties of the turbulent flows are measured or calculated
through time averaging rather than ensemble averaging. The main purpose of our
work is to rigorously establish the validity of this basic assumption. We find it con-
venient to study this problem in a stochastic setting. Consider the two-dimensional
Navier-Stokes equation with a stochastic forcing

a _ dF
B4 (u-VIu+Vp=vAau+ 5

(2.1) V.-u=0.

For simplicity we will work with the periodic boundary conditions on the do-
main [0, 2 ]%. This two-dimensional torus will be denoted %Y. It is more con-
venient to work with the vorticity

au ou d 0
w="r2 Ayt vi=(-2 ).
X1 OXo X2 90Xy
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Then (1.1) can be expressed as

dw df

1.2 — Vo = vA il

(1.2) T U- Vo =vAw + at
with df = V+ . dF. We will consider the case when the stochastic forcing has the

following form:

(1.3) df =) " oxcogk - x)dBc(t) + > pcsink - X)dWh(t)

keK keK

where theBy's andW’s are independent standard Wiener processes defined on a
probability spacéS2, F, P). Expectations on this probability space will be denoted
by E. ox andyx are positive constants representing the amplitude of the forcing.
K is the set of modes that are forced. We will primarily be interested in the case
when K contains very few low modes. We limit ourselves to the situation when
there is no mean flow. Hence we assume for the remainde¢@h@it ¢ K.

Our main purpose is to identify the minimal condition in order for the system
to have a unique invariant measure. Writingx, t) = >, ax(t) cosk - x) +
>« Be() sin(k - x) where the index is in the first quadrant, we can rewrite (1.3)
as

.
(1.4) doy = {—v|||2a| + ) J“.—lz(—ajak + i)

k=l

0
+ J“~—|z(aj“k +ﬁjﬂk)}dt+o.da

j—k=I

ok
(1.5) dg = {—VI||2/3| - Z ”?(ajﬂk + Bax)
j+k=l
itk
M (—Olj,Bk + ,Bjak)}dt +ndW

2

j—k=I

wherej* = (—j», j1). Here and in the following, we adopt the convention that
the summation is done only over terms in which the indicés andl are in the
first quadrant. We will us¢ - || to denote thd_2-norm onT?. Of course|w|? =

> a2 + B2 is the enstrophy. In this paper, we will consider finite-dimensional
approximations of (1.4) and (1.5):

N K
(141\]) dOt| = {—l)|||20{| + Z J.—z(—Ole{k +/3j,3k)
i
N L
+ Z —(Oéjak-l-ﬁjﬂk)}dt-i-mda

G e
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N 'J_ . k
(1.50) dp = {—vll|2ﬁ| = ’W@qﬂk + Bren)

j+k=I

N .
+ ) JU.Tk(—Oljﬁk + ﬂjak)}dt + ndW
j—k=l
wherezN means that the sum is over first quadrant indicds andl such that
Just as (1.4) and (1.5) give the evolution of the Fourier mageand g of
a functionw (x, t) that solves (1.2), we can associate a functié¥ (x, t) whose
Fourier modes solve (134 and (1.%). One sees that\) satisfies the equation

N dftNn

1.2 PyU™N . )™ = pAe™N 4+ — |
(1.2v) 3t+N(u w vA® +dt

Here £y is the projection operator onto the Fourier modes less than or eqbil to
and fN = 2 f andu™ = Pyu. From now on we will restrict our attention
to (2n), (4n), and (5) and omit the superscrigtl. (1.4y) and (1.%) define a
diffusion process oRN+D*~1. In counting the dimension of the state space, we
exclude thg0, 0) mode, as there is no mean flow. By an invariant measusge
mean a probability measure that solves

(A = / Pi(w, A (dw)

for all measurable setd andt > 0. HerePi(wo, A) = P, {w(t) € A}is the
transition kernel for the Markov process (%)4(1.5v).
Our main result is the following:

THEOREM1.1 Let Ky = {(0,1), (1, 1)} and K> = {(1,0), (1, 1)}. If K D Ky or
K D Kj, then(1.4y) and(1.5y) have a unique invariant measute

The existence of an invariant measure follows from standard compactness argu-
ments. The tightness needed to yield compactness is implied by a priori bounds on
the enstrophy. Because the existence of an invariant measure is covered by results
in the appendix, we do not dwell on it here. The proof of uniqueness uses the fol-
lowing result of Harris [10]: Le{x,,n =0, 1, ...} be a Markov process on a topo-
logical spaceX with Borelo-algebra3. The Markov procesgs,,n =0, 1,...}is
said to satisfy Harris’ condition if there existgrafinite measuren on X such that
if m(E) > 0, E €8, then

Py, {Xn € E infinitely often} = 1
for all starting pointsxg in X. Under this condition Harris proved that there is a
measure), unique up to a constant multiplier, that solves the equation

Q(E) = / P(x, E)Q(dx) forE ‘B

X
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whereP (X, -) is the transition probability distribution of the Markov process.
Our task is reduced to showing that (4)&and (1.5) satisfy Harris’ condition.
This is done by proving the following:

(1) Starting from any initial position, the dynamics enters any neighborhood
of the origin infinitely often.
(2) The transition probability distribution has a smooth density.

The main idea for proving (1) is to observe that in the absence of forcing, solutions
of (1.4y) and (1.%) decay exponentially fast due to the viscous term. This decay
still holds when the forcing is small. The main idea for proving (2) is to prove that
the Fokker-Planck operator associated with (}-41.5y) is hypoelliptic. Since
the work of Harris, there has been extensive work extending his basic result to
continuous-time Markov processes [9, 13, 16, 22]. In particular, it is proven in [1,
9] that a diffusion process satisfying the continuous analogue of Harris’ condition
has at most one invariant probability measure.

The following two lemmas, proved later, will be used to establish that our dif-
fusion process satisfies Harris’ condition:

LEMMA 1.2 Assume that Kc K or K, ¢ K. Then the Markov procegs.4y)—
(1.5y) has a transition densityx, y) thatis C* in (x, y,t) fort > 0.

LEmMMA 1.3 Fix an h > 0and an open neighborhoodydf the origin. Then given
any initial conditionwe € RN+D*-1,

P, {w(nh) € Ug for infinitely many n = 1.
By using these lemmas, ergodicity follows quickly.

PrROOF OFTHEOREM1.1: To prove uniqueness, it is enough to show that the
chain obtained by sampling the Markov process at fixed time intervals has a unique
invariant measure.

Fixah > 0 and let 0 denote the origin. Sin¢epy (0, y)dy = 1, there exists a
yo € RN+D?~1 gych thatpn(0, yo) > 0. By the regularity ofpn(x, ), there exists
an open neighborhood of 0, denoted Ay, an open neighborhood gf, denoted
by A,, and a positive constadg such that

Ph(X,y) >80 ifxeA,yehA;.

Let m be the normalized Lebesgue measurefon We claim that the Markov
chain w, obtained from (1.4)—(1.5y) by settingw, = w(nh) satisfies Harris’
condition. In other words, we need to show that for any measurable sBlogeA,
such tham(B) > 0,

Py, {wn € B for infinitely manyn} = 1.

To see this, let, be then™ time that{w,} is in A;. By Lemma 1.3, we see that the
t, are well-defined and finite with probability 1. Defing@) to be the number of
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k € [0, n] such thatvx € B. First observe that sind®@ C Ay,

Pogfon € B | on1 € Ad} = / B(@n_1, Yy = Som(B) .
B

Sincem(B) > 0, we know that; = §om(B) > 0. Now fix some positivévl andn
with n > M. In light of the above calculatio®{#g(th+1) < M} < (1 — §)"M.
Sincet, — oo asn — oo, we see thaP{#g(n) < M} — 0 asn — oo. SinceM
was arbitraryB is visited infinitely many times almost surely. This implies that the
invariant measure must be unique. This completes the proof of Theorem 111.

Theorem 1.1 together with the ergodic theorem implies that the time averages of
the empirical measures converge to the unique invariant measure. This convergence
can be improved. In fact, we can prove the following:

THEOREM 1.4 Under the same assumption as Theotei the unique invariant
measurer guaranteed by Theorefinlis exponentially attracting. More precisely,
there exist fixed positive constants B and r so that

sup| P (wo, A) — 7 (A)] < B[L1+ [wol*le™
Ael

wherewy = Y ax(0) cogk - X) + B« (0) sin(k - x) and2l is the measurable subsets
of RIN+D-1

It is important to remark that the constaf@sandr depend on the order of the
approximationN used to define (1) and (1.%). The proof of this result, and an
even stronger one, is given in the appendix. Even though our proof of Theorem 1.4
will imply Theorem 1.1, we give a separate proof of Theorem 1.1. We do this
in hopes of highlighting the central issues in proving ergodicity in such a system
without the complications of extracting a convergence rate.

Before we end this section, let us remark that the same results can also be
extended with little change to the system

o+ U-Vo=—aw—+ f

wheree is a fixed positive constant. In fact, when considering finite-dimensional
Galerkin truncations of these systems, the friction teraw has the same effect
as the viscous termAw. The importance of considering frictional damping in
studying two-dimensional turbulence is discussed in [5].

2 Regularity of the Transition Density

(1.4y)—(1.5y) is a degenerate diffusion process with analytic coefficients. The
regularity of the transition density of such processes can be studied using Malliavin
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calculus or more classical methods. If we write the Fokker-Planck operator (the
generator) of a diffusion process in the form

1
(2.1) L=xo+§fo,

then the transition density is smooth if at each point of the state §pydcd’-1

X; , j=12...,1,
[vaxk]a j,kzo,l,...,l,
(H) (X, X Xioll. Jokike=0.1,....1,

span the tangent space [12, 15, 17, 23]. Notice that we allow the first-order terms to
enter into the higher-order brackets. This condition can be restated as follows: The
ideal generated b¥(1, X, ..., X, inthe Lie algebra generateth, X1, Xo, ..., X

must have full rank at every point. We denote by gpanthe ideal generated

by X1, Xa, ..., X at the pointw in RN+D*~1 The Fokker-Planck operator for
(1.4n)—(1.5y) can be written as

1 3 \? 1¢ 3 \?
_ - 2~ - 2 _~_
(2.2) L_XO+2|(X:GK(8(X|<) +22yk(aﬁ)
eK keK
where
N N ™
XO:Z{ Z —— (—ajox + fjow)
s
N
i~ -k 2 }3
+ . jok + BiB) — vl g —
,-;:. T ot Ao —villPen oo
N N JJ_k
+Z{ > ME (—aj B — Bjow)
| |

L
Nk

9
B

+
7=

(—a B + Biaw) — VI||2ﬁ|}



1392 W. E AND J. C. MATTINGLY

We can now calculate

9
Yo :[xo, aam}
_XN: (L_L)Jr N ;( my-2
T mE T = miz) T mE T me da
N 1 1 1 1
+IZ{,3l—m(W——“_m|2> Bm-— ||m|2 ,3I+m||+ |}( )_,3
9
_U|m| R
dam
Ym =

0
[X"’ 8,3m]

N
1 1 1
Z{ﬂ m( |m|2 = m|2) + Bm- mE +ﬁm+|7|l+m|2}( )a_oq

1 1 1 1
+Z{“"m<W i —m|2> TemmE T +m|2}( )8_,3I

0

8:8m

We emphasize our convention that the terms are present in the sums only if the
indices are in the first quadrant. If we denote by

On=1{ =(1,]2,0=<]j1, j2=< N, (j1, j2) # (0,0)},
then the first sum irX,, should be written as

N N DY
Z”“ﬁﬁfﬁ@*>a

II-meQn

1 n B
+ Z Olml )—+ Z OlIJme(l 'm)a—,

L, m—1eQn A meon ol

and similarly for the other terms. We then have

T R T T e
™ 9Bl Imi2 k12 0Bmsk  IMZ0Bm—rk  IKIZBk—m ]’

o o actoml (L~ L)@ 1 98 1 3
™ day | M2 |kl2)damik  IM2dam—k  IKI? do—m ]’
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[y 8}_(kLm){(1 1)3 19 1 a}
L™ 0B M2 k22)dampk  IM20am k(K2 dak_m ]

VL . 1 1) 9 19 1 9
Yo e | = M T T e T me e :
[ O Im[# K2/ 0Bmsk M2 0Bmrk  |KI? IBk—m

Again the same summation convention as we discussed above applies. Fix any
w € RN+D’-1 Takem = (1, 1) andk = (0, 1); then we have

[ ad 1 d ad ad 1 ad ]
xm, P = 3 + ’ Ym, v = — 3 - .
L Bak 2 80[(1,2) 30[(1,0) 3,8k 2 30[(1,2) Ba(l,o)

Therefore ifK; C K, then
0
daz 0o

Similarly, takek = (1, 0) andm = (1, 2); we findd/d« 2 € spanw). Proceed-
ing in this way, we find

€ spanow) .

0
, € spanfw) forl < N.
30[(1,|) 80l(oy|)
Takek = (1, 0) andm = (1, 1); we getaa‘;’zn € spanw) forl > 0. Takek = (2, 1)
andm = (0, 1); we getd/da .0 € spariw). By induction, we obtain
9 , e spanfw) forallO<k,I <N, (k1) #(0,0).
dail) 9Bk

This proves Lemma 1.1 in the case whién ¢ K. The case wheik, C K is
proved in the same way.

Another application of Malliavain calculus to the study of invariant measures
of stochastic PDEs can be found in [6].

3 Recurrence of Neighborhoods of the Origin

The main result of this section is the proof of Lemma 1.3. It will be based on
two auxiliary lemmas given below. The first says that if one waits long enough,
the chance of entering any neighborhood of the origin from any initial condition
in a compact ball is uniformly bounded away from zero. The second says that this
compact ball can be chosen so that the process enters it regularly. These ideas are
made precise by Lemmas 3.1 and 3.2, respectively.

We begin by clarifying our setting and notation. Recall that(}.dnd (1.5)
are defined relative to some level of approximatin As this level of approxi-
mation will play no explicit role in this section, we will write (t) for o™ (t) to
alleviate notational clutter. In fact, E||Af| < oo, then the proofs in this section
hold uniformly inN and even hold for the true solution to (1.2). Defining

B() = {g e LAT? : ||gll = (f |g<x)|2dx) < c},
'H‘Z
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we prove the following:

LEMMA 3.1 Let By = B(Cp) and B1 = B(C,) be two arbitrary balls about the
origin and h be some positive constant. Then there exists=a To(Cy, C1) > 0
so that for any T> T there is a p with

inl‘@ Puofw(t) € By forallt € [T, T +h]} > p* > 0.
woEBLQ
We emphasize that*is a positive constant depending only on T, 3, &d G.

The above lemma reflects the fact that the origin is the global attractor of the
unforced dynamics. The next lemma reflects the fact that enstrophy is a classical
Lyapunov function for the system when forced with a fixed deterministic body
forcing. In the stochastic setting, this has the interpretation that outside of some
ball the dynamics moves inward on average. We will make this observation more
precise in the appendix. For the moment we need only the following result:

LEMMA 3.2 If |wo|| > C a.s. for some C, with €> &;/2v, & = >, (62 + ¥,
then
E{lwoll?}

Plre(wo) 2t} = —

exp(—2vst)
wheres = 1 — &/2vC?, € = B(C), and
Te(w) = inf{s > 0: w(s) € C givenw(0) = wo} .
Before proving the above two lemmas, we use them to prove Lemma 1.3.

PrROOF OFLEMMA 1.3 : DefineC and€ as in Lemma 3.2. Sindd; is open,
we can pick aC; small enough so thaB; = 8(C;) € U;. Now let Ty be the
constant given by Lemma 3.1 wheBy = € andh is taken to be the sampling rate
given in the statement of Lemma 1.3. Now Tetbe the smallest integer multiple
of h that is greater thafily + 2h) and sen* = T/h. (Notice that by construction
n* > 2.) Definew, by w(nh). By Lemma 3.1 there existsja > 0 so that

(3.1) P{wnine—1 € Uz | o(t) € € for somet € [(n — 1)h, nh]} > p*.
Define the sequence of increasing integer stopping timéy

o=Iinf{n > 1: w(t) € C for somet € [(n — 1)h, nh]}
and fork > 0

w=infln>t_1+ (" +1):wt) € Cforsomet € [(n— 1)h, nh]}.

By Lemma 3.2, it is clear that eaah is almost surely finite. As in the proof of
Lemma 1.3, defined(n) as the number dk € [0, n] so thatw, € U;. By (3.1),
we have that for ang andM, with M < n, P{#y, (tn +n*) > M} < (1— p*)"M,
By the same reasoning used in the proof of Lemma 1.3, we se&thatvisited
infinitely often almost surely. O
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PROOF OFLEMMA 3.1: Definev(t) = w(t)— f (t) wheref (t) = f(t)— f (0).
Here f (1) is the Brownian motion defined in (1.3), which takes values in analytic
functions on the two-dimensioinal torus. Using (1.2), we seeutttatsatisfies

av N

Fri VAV — PnUu-V)(v+ ).
Taking theL ?>—inner product of this equation withand recalling that
(3.2) /v(x)(u(x) -Vv(x)dx =0

produces

1d > 2 Ny,
Sgiivls=—vivel /U(X)(U(X) V) f(0dx.

T2
By standard estimates on the nonlinear term (see [3]) and the fact we are on the
torus, we have

‘ f V() UX) - V) fx)dx| < Csllv]l VU]l |Af].

Since||Vu|| = ||| andw = v + f, the above estimate gives
1d R
E&Ilvll2 < —vlIVull> + Cslvll v+ flI AT

< —v|[Voll> + Callvl® |A fIl 4+ Calwll [ I 1A T
Using the Poincaré inequalityp||? < || Vv||?, we get

1d 2 v 2 2 C% £ 2 12
E&”UH S—(E—CaﬂAfll)HUH +Ellf|| IAf]~.

Fix anys > 0 and define forany > 0
QG T) = {g € C([0, T +h; LA(T?) : sup [|Ag(S)|| < min <5, L)}
S€[0,T] 4C3

If f e, then there exists a consta@y depending only on the domain so that

v C4 . V 4
D% < v(0)]Pe 3t + == 8, — ) .
l@®I* < llvO]“e2" + )2 mm( ’4C3)

Hence if||w(0)|| < Cyq, then given anyC; > 0 there exists & and as such that
lv(T)|| < C1/2. By possibly decreasinty we can assume thaff (t)|| < C,/2 for

t e [T, T+h]if f e Q. Putting everything together, we have that for appropriate
T ands,

lo@l <Co and feQ'©T)= lo®l = v®OI+I1fOI <Cs

fort € [T, T + h]. Since for anyT € (0, co) andéy > 0, Q' is an open set in the
supremum topology, we know th&{Q2'} > 0. O
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PROOF OFLEMMA A.1: Define
Y(s ) = "o ()| = e25“'°‘<2 e+ Y |ﬂk|2) :
Applying It6’s formula to the map — Y (s, a); gives ‘
dY(s) = [2<svv(s)—2ve5VS||Vw(s)||2+e25”581]ds+2e25”5/w(x, s)-df(x, s)dx
T2
whereg; = Y, (lok|? + ||?) and
[ 0.9 dfx 91dx = Y adB®) + Y AdWe(s).
T2 k k
Using the Poincaré inequality on the second term allows us to obtain
dY(s) < [61— 2v(1 - 9)llw(s)[?]e® " ds + 2e25”5/w(x, s) - df(x, s)dx.
T2

Integrating up to some stopping tirffieand observing that by definition2l—§) =
&1/C? produces

T 2
EY(T) <EY(0) + 81E925VT/ [1_ lw ()|l ]ds
0

CZ
(3.3) T
+Ef ez‘s”s/w(x,s)-df(x,s)dx.
0
']1*2

For anyn > 1, defineS, = inf{s > 0: |w(s)||? = n|lw(0)||?}. Fix at > 0 and
setT = e A S A L. (Herea A b = min(a, b).) Observe that the optional stopping
time lemma implies that

T T
Ef ezavs/w(x, s) - df(x, s)dx:IEf eZ“S/a)(x,sx\ S) - df(x, s)dx
0 0
T2 T

=0

because the martingale is now a bounded martingale and the stopping time a bound-
ed stopping time. Furthermore, fer< zc we know that||w(s)|| > C, and hence

the second term on the right-hand side of (3.3) can be neglected. This produces
EY(T) < EY(0). Since|w(s)||? is almost surely finite and continuous in time,

S, — oo asn — oo. Hence takingh — oo givesEY (t A 7e) < EY(0). Next
observe that

EY(0) > E{Y(ze) [t > e} P{t > e} + E{Y() |t < e} P{t < 7¢}
>E{YM) |t <t} P{t < 7e)
> C%e®°'P{t < 10}



FINITE-DIMENSIONAL APPROXIMATION 1397

Rearranging things gives the result. O

4 Concluding Remarks

Several interesting questions remain. The most obvious is the question whether
the result continues to hold under the same assumption for the full Navier-Stokes
equation. While we strongly believe this is so, we have not yet succeeded in giving
a proof. In fact, for the full Navier-Stokes equation, the only existing result so
far for the uniqueness of an invariant measure under degenerate noise is for the
case when all determining modes are forced [2, 4, 14]. The number of determining
modes goes to infinity as — 0. Previous results on unigueness of invariant
measures [7, 8] require that all modes be forced. The second question is whether
the condition in Theorem 1.1 is sharp. We suspect in the case of Kolmogorov flow
when only the modél, 0) or (0, 1) is forced, the invariant measure should not be
unique at high enough Reynolds number. For small Reynolds numbers, there is a
unigue invariant measure regardless of the structure of the forcing [18]. It is not
clear what happens if both modék 0) and(0, 1) are forced. Next one might ask
whether the bracket calculation correctly captures the rate of energy transfer. Work
on this problem is in progress.

Appendix: Exponential Convergence

We say thatv : RY — [0, oo) is a Lyapunov function for a diffusiod, with
generatolL if the following hold:

(1) V(X) = oo as|x| — oc.
(2) The level set$x : V (X) < c} are precompact for all positive
(3) There exist positive constardasandb and a compact s so that

(L) LV(X) < —aV(x) + blc(x) forall x.

The existence of a Lyapunov function will serve us in two ways. First, it is more
than enough to prove that the process is bounded in probability. This in turn pro-
vides the tightness that gives the existence of invariant measures. Second, it ensures
the positive recurrence needed to ensure uniqueness. In fact, it ensures a recurrence
regular enough to give exponential mixing.

LEMMA A.1 The enstrophy is a Lyapunov function for systdmy) and (1.5y).
More precisely, consider L defined (8.2) and{(ax, Bk)} k<~ Solving(1.4y) and
(1.50). If V(ak, k) = X (@2 + B2), then

LV <-20VW+ &

where&; = Y, (62 + 12).
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Observe that this implies that enstrophy is a Lyapunov function with th€ set
defined by

3 &
C= {(ak, Br)ki<N [ (o + ﬁz)} < } :
Xk: K K 2v — €

a = 2v — ¢, andb = &, wheree is any number in0, 2v). Of courseC can be
viewed as a set itPy L?(T?) given by

&
C= {geﬂ)NLzarZ) gl < —= }
2v — €

PROOF OFLEMMA A.1l: Thisis justthe standard enstrophy estimate. By direct
calculation and using the fact that the nonlinearity disappears because of (3.2), we
obtain

LY (i + 80 = —2v ) [kIX(ef + B + ) _(0f + 1)
k k k
<-20) (G+BD+ Y O +¥d).
k k

O
THEOREMA.2 Let X, be a diffusion oRY satisfying the hypoellipticity condition
(H). Suppose the following additional conditions hold

(i) There exists a function VRY — R* that is a Lyapunov function, in the
sense of(L), for the diffusion X

(i) There exists a point*such that for any open neighborhood U df, xhe
following property holds There exists a sampling rate 1 0 so that for
any x € RY there exists an n- 0 with

Py{Xnh € U} > 0.

Then the diffusion Xhas an invariant measure, and this measure is unique.
Furthermore, there exists positive B and r so that for all x

IP(x, ) = 7lltv < [P, -) =7y < BIL+V(X)le™".

Here| - ||tv is the standard total variation norm afid- ||y is the weight
total-variational norm given by
I1Rex. ) =l =sup| [ TRex.dy - [ f<y>n<dy>’
€

with V = {measurabld with | f (X)] < 1+ V(X)}.

PrROOF OFTHEOREMS1.1AND 1.4: We only need to show that the assump-
tions of Theorem A.2 are satisfied. Hypoellipticity was shown in Section 2. The
needed Lyapunov function is given by Lemma A.1. Taking the origin as the distin-
guished poink*, the last condition is implied by Lemma 3.1. a
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Now we turn to the proof of Theorem A.2. With a little additional work, this
theorem follows from [10, 13], or [20, 21, 22]. Since [20, 21, 22] are closest to
our setup, we will connect with the theorems contained there. These works apply
to a much more general setting and the reader should not think that the proof of
Theorem A.2 is overly involved. Once the the assumptions of Theorem A.2 are
established, a direct proof of the theorem is rather straightforward. If one proceeds
along the lines of Lemma 1.3 but with more care, one can control the frequency
of visits to neighborhoods of the origin. From this one can estimate the rate of
convergence; see [19], for example.

Since realizing such an analysis does require some setup, we opt instead to
connect with existing theorems in the literature. To make contact with the results
in [20, 21, 22], we need a few definitions and preliminary results. Consider the
Markov chain obtained fronX; by sampling at time intervals. We setX! =
Xnh. Recall the definition of-irreducibility. X is g-irreducible if there exists
a nontrivial, finite measure such that the following holds for any initiad and
measurable se:

¢(B) > 0= Py{X" € B} >0 forsomen > 0.

The following lemma will be the bridge between the measure-theoretic irreducibil-
ity defined above and the more topological irreducibility implied by the results of
Section 3.

LEMMA A.3 Let X be a diffusion inRY satisfying(H). Then for any t> 0 and
x' € RY, there exist a ballB; about X, a measurable set A, and constant (0, 1)
such that

inf Pi(X, -) = éma(-).

XeB1

Here ma(-) is the Lebesgue measure restricted to the set A and normaliZed to
In other words, m(A) = 1 and my(A®) = 0.

PROOF OFLEMMA A.3: By hypoellipticity, we know that

Pi(x, B) = f B (x, yym(dy)
B

wherem is Lebesgue measure gn(x, y) is C* as a function in(x, y). Since
P.(x’,RY = 1, there must be somg so thatp(x’, yo) > 0. Definea =
ZPu(X, Yo) and setA’ = {(x,y) : p(X,y) > a}. Sincepi(x,y) is continuous
in y and x, there must be an open ball arourt call it 8;, and an open ball
aroundyp, call it A, so thatB; x A C A. SinceAis an open balln(A) > 0. Set
3 = m(A) and definema(-) by

m(- NA)

ma(-) = 5
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Let ¢ = ma. We now use the above lemma to show that the diffusion under
guestion has a-irreducible sampled chain.

LEMMA A4 Let X be a diffusion satisfying the assumptions of Theofeg
Then the sampled cha{iX"} is ¢-irreducible.

PROOF. We begin by applying Lemma A.3 with= h andx’ = x*. We must
show that ifma(B) > 0 then}P’x{X{,1 € B} > 0 for somen. From Lemma A.3, we
know that there exists an opeBy aboutx* so that ify € B, thenIPy{XQ € B} >
sma(B). By the second hypothesis of Theorem A.2, for any RY, there exists a
n’ so thatIP’X{XL‘, € B1} > 0. Settingn = n’ + 1, we have the desired estimate to
prove irreducibility. Namely, by the Markov property,

Py (X" € B} > Py (X", € 81} in;; Py{X] € B} = Py (X", € B1)ma(B).
yedb

Since by constructioBx{ X" € B;} > 0, we know thaPx{ X" € B} > 0 whenever
ma(B) > 0. Hence X! is g-irreducible. O

Before turning to the proof of Theorem A.2, we recall a last definition and an
associated result from [20]. A s€tis said to bepetitefor a Markov chain with
transition kernelP if there exists a probability measure a constant € (0, 1),
and a positive sequenga, }°, with > " & = 1 such that

[e¢)

ZanP”(x, ) >cu(-) forallx eC.

n=1
Being petite amounts to a strengthening of the idea of begiirgeducible on a set
in that it provides a degree of uniformity. This is heeded to gain control of the
mixing rate. However, as the next lemma shows, in our setting the two ideas are
essentially equivalent.

LEMMA A5 Let X be a nonexploding diffusion iRY satisfying(H). Consider
the Markov chain X obtained by sampling with some frequency h. Then every
compact set is petite for Xf and only if X! is g-irreducible.

PROOF This fact is related to the proof of irreducibility given in Lemma A.3.
This is simply a combination of theorem 3.3 of [21] and lemma 3.2 from [20].
The result is simply a restatement in different language of the fact that the transi-
tion densityp; (X, y) is continuous irx. The second lemma shows that given this
continuity, all compact sets being petite is equivalengdoreducibility. O

We now quote a result from [22] which, together with the above lemmas, will
yield Theorem A.2.

THEOREM A.6 (Theorem 5.1 and 6.1 of [22]let X; be a right process with a
Lyapunov function V as ifL). If all compact sets are petite for some sampled
chain, then there exists a positive B and r so that

IP(X, ) —mllv < B[1+VX)]e™"
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with V = {measurable f withf (x)| < 1+ V(X)}.

PROOF OFTHEOREMA.2: SinceX; is an Itd diffusion, we know it has a right-
continuous version. Lemma A.1 establishes the existence of a Lyapunov function.
The nonexplosiveness follows easily from the Lyapunov structure (see [11] or the-
orem 2.1 of [21]), and hence Lemma A.5 implies that all compact sets are petite.
Thus Theorem A.6 concludes the proof. O
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