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Abstract

We present a microscopic derivation of the two-dimensional focusing cubic nonlinear
Schrédinger equation starting from an interacting N-particle system of Bosons. The in-
teraction potential we consider is given by Wz (x) = N =128 (NPz) for some spherically
symmetric and compactly supported potential W € L>°(R% R). The class of initial wave
functions is chosen such that the variance in energy is small. Furthermore, we assume
that the Hamiltonian Hy, ; = — Zjvzl Aj+ > cjonen Walzj —zp) + Zjvzl Ay (z;) ful-
fills stability of second kind, that is Hy, ; > —CN. We then prove the convergence of the
reduced density matrix corresponding to the exact time evolution to the projector onto
the solution of the corresponding nonlinear Schrodinger equation in either Sobolev trace
norm, if || A;||, < oo for some p > 2, or in trace norm, for more general external potentials.
For trapping potentials of the form A(x) = C|z|* ,C > 0, the condition Hy,; > —CN

can be fulfilled for a certain class of interactions Wj, for all 0 < 8 < :ié, see [26].
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1 Introduction

During the last decades the experimental realization and the theoretical investigation of Bose-
Einstein condensation (BEC) regained a considerable amount of attention. Mathematically,
there is a steady effort to describe both the dynamical as well as the statical properties of such
condensates. While the principal mechanism of BEC is similar for many different systems,
the specific effective description of such a system depends strongly on the model one studies.
In this paper we will focus on a dilute, two dimensional system of bosons with attractive
interaction.

Let us first define the N-body quantum problem we have in mind. The evolution of N
interacting bosons is described by a time-dependent wave-function ¥; € L2(R?V,C), || ¥,|| = 1

(Here and below norms without index || - | always denote the L?-norm on the appropriate
Hilbert space.). L2(R*V,C) denotes the set of all ¥ € L?(R*V,C) which are symmetric under
pairwise permutations of the variables z1,...,zy € R2. W¥; solves the N-particle Schrédinger
equation

iat\Pt — HWg,t\Pt ) (1)

where the time-dependent Hamiltonian Hyy, ; is given by

N N
Hy,o==Y N+ > Walzj—ap) + Y Ar(zy) . (2)
j=1

j=1 1<j<k<N

The scaled potential Ws(z) = N1 W(NPx), W € LP(R2% R) describes a strong, but
short range potential acting on the length scale of order N9 (we assume W to be compactly
supported). The external potential A, € LP(R? R) for some p > 1 is used as an external
trapping potential. Below, we will comment on different choices for A; in more detail. In
general, even for small particle numbers NV, the evolution equation (1) cannot be solved directly
nor numerically for W;. Nevertheless, for a certain class of initial conditions ¥y and certain
interactions W, which we will make precise in a moment, it is possible to derive an approximate
solution of (1) in the trace class topology of reduced density matrices.

Define the one particle reduced density matrix 7\(1,10) of Wy with integral kernel

’y\(I,lO)(a:,a;’) = /21\7 ) Uz, x9,...,e8)Vo(2, 2o, ..., xN)dP2s ... 2z .
RN

To account for the physical situation of a Bose-Einstein condensate, we assume complete
condensation in the limit of large particle number N. This amounts to assume that, for N —
00, 7\(1,10) — |00) (o] in trace norm for some ¢ € L*(R%,C), [[¢o|| = 1. Define a = [g. d*zW (z)
(throughout this paper, a will always denote the integral over W). Let ¢; solve the nonlinear

Schrodinger equation
10t = (—A + Ay) or + aloePor =: hyS (3)

with initial datum . Our main goal is to show the persistence of condensation over time. In
particular, we prove that the time evolved reduced density matrix 7\(1,13 converges to |py) (@]

in trace norm as N — oo with convergence rate of order N~" for some explicitly computable



n > 0, see Lemma 3.8. Assuming W € L°(R?,R), such that W is spherically symmetric and
W > 0, we were possible to show convergence ’y\(l,lt) — |¢¢)(p¢| in trace norm for all g > 0,
under suitable conditions on ¥y and ¢ [18], see also [21] for a prior result. The problem
becomes more delicate for interactions which are not nonnegative, especially if (3) is focusing,
which means a < 0. For strong, attractive potentials, it is known that the condensate collapses
in the limit of large particle number. To prevent this behavior, our proof needs stability of
second kind for the Hamiltonian Hyy,, that is, we assume Hy,: > —CN. If Wj is partly
or purely nonpositive, this assumption gets highly nontrivial for higher 5. For g < 1/2, the

inequality
. (W, Hw, + V)
1nf —_—
TeL2(R2N C),||w||=1 N

> et (e (196@P + A@let@l + 5 [ dalo@)P v« o)) ) )

T pel2(B2,0) lpl=1
(4)

—o(1) — CN#~1,

which was proven in [24], shows Hy, > —CN, if (4), which is the ground state energy of
the nonlinear Hartree functional, is bounded from below uniformly in N (Here and in the
following, (-,-) denotes the scalar product on L?(R?"N C).). Assuming 4, > —C, this is the
case if

i, (B fHORE )Y 5

pEH(R2,C) el Vel

holds [26]. Assuming condition (5) together with 4, € L (R%R), Ai(z) > Clz|*, s > 0,
stability of second kind was subsequently proven for all 0 < 8 < ‘;i; [26]. In particular, it was
shown that the ground state energy per particle of Hyy, ; is then given (in the limit N — o00)
by the corresponding nonlinear Schrédinger functional; see also [25] for an earlier result which
also treats the one- and three-dimensional cases.

Condition (5) thus restricts the set of interactions W. Indeed, stability of the second kind

fails if

&M%M@WWwaw§<_l (6)

in
peH(R?,0) < el Vell?

see [25, 20] for a nice discussion. Let W~ denote the negative part of W and let a* > 0 denote
the optimal constant of the Gagliardo-Nirenberg inequality

([ eavur) ([ eouwr) =% ([ dur)

It is then easy to prove that [p, d*z|[W ™ (z)| < a* implies condition (5). On the other hand,
(5) implies a > —a*. While (5) is in general a weaker condition than [p, d*z|W ™ (z)| < a*, for
W <0, they are equivalent. Consequently, for nonpositive W and for a < —a*, the nonlinear
Hartree functional is not bounded from below in the limit N — oo, which in particular implies
that Hy, is not stable of the second kind. It is also known that a* is the critical threshold
for blow-up solutions, that is, for a < —a* the solution of (3) may blow up in finite time



[6, 7, 8, 20, 42, 44].

The condition Hy,: > —CN is needed in our proof to control the kinetic energy of those
particles which leave the condensate, see Lemma 3.9. In prior works, it was necessary to
control the quantity ||[V1q1W,|| * sufficiently well in order to show convergence of the reduced
density matrices for large (3, using the method introduced in [10]. While it is possible to
obtain an a priori estimate of ||V1q1 || for repulsive interactions, it is not obvious how one
could generalize this estimate for nonpositive W. Our strategy to overcome this difficulty is to
control the quantity [|g2V1¥,|| instead. Under some natural assumptions (see (A2), (A4) and
(A5) below), it is possible to obtain a sufficient bound of ||g2V1W,||, if initially the variance of
the energy

Varmy, (Vo) = L((‘Ifo, (Hws0 — ((‘PO,HWB,O‘PO»)Z W) (7)

=z
is small and Hyy,; is stable of second kind. For product states Wo = ©®% with ¢ regular
enough, a straightforward calculation yields VarHWﬂ,o(\I’O) < C(1 4+ N8 4 N=2+28) | see
Lemma 3.9. Therefore, at least for 8 < 1, there exist initial states Vg, for which the variance
is small. The strategy to control |g2V1W|| instead of ||V1¢1W¢|| by means of the energy
variance was already used in [23] where the derivation of the Maxwell-Schrédinger equations
from the Pauli-Fierz Hamiltonian was shown?. Adopting this method, we are able to prove
convergence of 7&}3 to |pe){p¢| in trace norm as N — oo with convergence rate of order
N~ .n >0, if the assumptions (A1)-(A5) (see below) are fulfilled. We like to remark that it
is unclear if the assumptions (A1) (stability of second kind of Hy, ;) and (A3) (smallness of
VarHWﬁ’O (Pg)) can be fulfilled for g > 1.

A stronger statement than convergence in trace norm is convergence in Sobolev trace norm.
For external potentials A; € LP(R? R), with p €]2, 00|, we are able to show

lim Tr |VT=A() — leo) (o )VT—A| =0, (8)

N—oo t

if initially the energy per particle N~ (W, Hyy,,0Wo) is close to the NLS energy (¢o, (—A + %|¢o|? + Ao) ¢o).-
To obtain this type of convergence, we adapt some recent results of [1, 34], where a similar
statement was proven.

The rigorous derivation of effective evolution equations has a long history, see e.g. [3, 4, 5, 12,
13, 14, 15,22, 35, 36, 39, 40, 41] and references therein. In particular, for the two-dimensional
case we consider, it has been proven, for 0 < 5 < 3/4 and W nonnegative, that 7\(1,13 converges
to |pe)(pt] as N — oo [21]. This was later extended by us to hold for all 5 > 0 [18]. For
A(z) = |z|* and W < 0 sufficiently small such that Hyy,, > —CN, the respective convergence
has been proven in [9] for 0 < f < 1/6. One key estimate of the proof was to show the
stability condition Hy,: > —CN. The authors note that their proof actually works for all
0 < B < 3/4,if Hy, > —CN holds. As mentioned, this was subsequently proven by [20]
in a more general setting. Recently, the validity of the Bogoloubov approximation for the
two-dimensional attractive bose gas was shown in [37] for 0 < 5 < 1. In contrast to our result,
the authors were actually able to achieve norm convergence and did not need to impose the

! Here, ¢ denotes the complement of the projection onto ¢ (1), see Definition 3.2 below.
2 We would like to thank Nikolai Leopold for pointing out to us the idea to use the variance of the energy
VaerB,n (U) in our estimates and how to include time-dependent external potentials.



stability condition Hyy, > —CN, but only required the bound [, d*z|W ™~ (x)| < a*. They
then use some refined localization method on the number of particles. This strategy enables
them to analyze the dynamics without any external field. It would be nice to achieve a better
understanding on the relationship between stability of second kind and the bound on the
negative part of W, as stated above. We plan to come back to this point in the future. We
want to emphasize that norm convergence is a stronger statement than convergence in the
topology of reduced densities. However, convergence in Sobolev trace norm as defined in (8)
does in general not follow from norm convergence.

It is also possible to consider the two dimensional Bose gas in the regime where the short scale
correlation structure is important for the dynamics. The scaling to consider in such a case is
given by e?NW (eVz). We refer the reader to [18, 30].

For 0 < 8 < 1/4, it can be verified that the methods presented in [38], where the attractive
three dimensional case is treated, can be applied, assuming some regularity conditions on ¢
(the corresponding conditions for the three dimensional system were proven in [11]). Interest-
ingly, this proof does not restrict the strength of the nonpositive potential nor does it require
stability of second kind, but rather assumes a sufficiently fast convergence of ’y\(l,lo) to o) {wol.
Therefore, one can prove BEC in two dimensions for 5 < 1/4 and arbitrary strong attractive
interactions for times for which the solution ¢; exists and is regular enough, that is, before
some possible blow-up.

2 Main result

We will bound expressions which are uniformly bounded in N and ¢ by some constant C' > 0.
We will not distinguish constants appearing in a sequence of estimates, i.e. in X < CY < CZ
the constants may differ. We denote by (,-) the scalar product on L*(R*¥ C) and by (-,-)
the scalar product on L?(R?, C).

We will require the following assumptions:

(A1) For B8 > 0, let Ws be given by Ws(z) = N~F25W(NPz), for W € LP(R%R), W
spherically symmetric. We assume that there exist constants 0 < €, 4 < 1 such that

N

N
HI(;:% = (1= ) (~Ar)+ > Wslzi—aj) + (1 —p) Y Ailay) > ~CN .
k=1 i<j k=1

(A2) For any real-valued function f, decompose f(z) = f*(z)— f~(z) with f*(x), f~(z) > 0,
such that the supports of f+ and f~ are disjoint. We assume that A, € L>®(R% R).
Furthermore, we assume that A; € H?(R% R) is differentiable with respect to ¢ and
fulfills

A; € L®(R%,R) , VA, € L®(R?% R) ,AA; € L(R?, R)
for all t € R.

(A3) For any s € R, we denote for k € N the domain of the self-adjoint operator (mes)k by
D((HW&S)]“). Define the energy variance Vargy, . D((Hy,,s)?) — RT as

1

Vars,, (0) = < (¥, (Hw,.s — (¥, Hy, s ))* w) .



We then require Vaerﬁyo(\Ilo) < CN79 for some ¢ > 0.

(A4) Let ¢ the solution to iy = hiy ¢y, |lgoll = 1. We assume that ¢, € H*(R?,C).
(A5) Assume that the energy per particle
N7H{(Wo, Hy, 00| < C

and the NLS energy
a
‘(900, (-A + §|900|2 + Ao) 900>‘ <C

are bounded uniformly in NV initially.

(A5)" Assume that there exists a 0 > 0, such that

_ a _
N~ (Wo, Hw, 0%0) — (o, (—A + §|<,oo|2 + A0> 900>‘ <CON7.

Remark 2.1 (a) Note that (A1) together with (A2) directly implies Hév )t >—-CN Hég;z >

—CN and Hy, = Hévﬁ; > —CN. As mentioned in the introduction, (A1) and (A2)

are fulfilled for A(x) > Clz|® ;s >0 for any 0 < 8 < zi—é, assuming (5). [20].

(b) Assuming Wo = o5 with o € W (R2,C)NH(R?,C), |0 = 1 such that {po, Aopo)+
(0, A%po) < C, it follows that VarHWB’O(\I/O) < C(N~HB 4 N=2428) see Lemma 5.1;
and hence (A3) is then valid for all 0 < § < 1.

(c) For A; € {0,|x|?}, (A4) follows from the persistence of reqularity of solutions, assuming

vo € H*(R%,C), HA wol| < o0, see Appendiz 5.2. However, for reqular enough external
potentials, a > —a* and regular enough ¢y we believe (A4) to be valid, too.

(d) It is interesting to note that both (A1) and (A8) can be fulfilled for 0 < 5 < 1, while it
is unclear if they hold for > 1.

We now state our main Theorem:

Theorem 2.2 Let Wy € LE(R*,C) N D((Hw,0)?) with [|[¥o| = 1. Let g9 € L*(R?,C)

with ||eol| = 1 and assume A}im <N5Tr\’y\(1,lo) - !tpo><<,00H> = 0 for some 6 > 0. Let U, the
—00

unique solution to i0;¥; = HWﬁ,t\I’t with initial datum Vo. Let ¢ the unique solution to

10ppy = hé\{tLScpt with wnitial datum @q.
(a) (Convergence in trace norm) Assume (A1)-(A5). Then, for any t > 0

Jim 'Vq/t o) (et (9)

n trace norm.

(b) (Convergence in Sobolev trace norm) Assume (A1)-(A5) and (A5)’. Furthermore, as-
sume that Ay € LP(R?,R) holds for some p €]2,00] and for allt € R. Then, for any
t>0

lim Tr|VI=A(y, - e ed)VT=4| = 0. (10)

N—oo



Remark 2.3 (a) It is well known that convergence of ’y\(I,lt) to |¢e) (@] in trace morm is
equivalent to the respective convergence in operator norm since |o¢){pt| is a rank-1-
projection, see Remark 1.4. in [/1]. Other equivalent definitions of asymptotic 100%
condensation can be found in [33]. Furthermore, the convergence of the one-particle

reduced density matriz 7&}3 — |pe)(pt| in trace norm implies convergence of any k-

particle reduced density matrix ’y&,’? against ]cp?kﬂgpf?k] wn trace norm as N — oo and k

fized, see for example [22].

(b) In our proof we will give explicit error estimates in terms of the particle number N. We
shall show that the rate of convergence is of order N0 for some § > 0, assuming that

initially Tr]’yl(l,lg — |@o){pol] < CN~2 holds. See (21) for the precise error estimate.

(¢) Under assumption (A2), the domains D(Hy,,) and D((Hw,)?*) of the time depen-
dent Hamiltonian Hw,+ are time-invariant, see Appendiz 5.5. Therefore, the condition
Uy € D((HW[%O)Q) is sufficient to define and to differentiate the variance of the energy
VGTHWB,t(‘I’t)-

(d) For Ai(x) = |z|*>, 0 < B < 3/4 and under condition (5), the assumptions (A1)-(A5)
can be fulfilled by choosing Vg = <,06®N with @ regular enough. We are therefore able to

reproduce the result presented in [9] under slightly different assumptions, using the result
of [26] which implies (A1).

(e) For external potentials Ay which are bounded from below, assumption (A1) has been
proven for all0 < 8 < 1/2, under the condition (5) [2/]. We are therefore able to control

the convergence of ’y\(I,lt) to @) (| in Sobolev trace norm as N — oo for 0 < 5 < 1/2.

(f) In our estimates, we need the regularity conditions
[A@t]loo < 00, [Vorlloo < 00, [l@tlloc < 00, [[Vepr]| < 00, [Ap < oo

That is, we need p; € H?(R%,C) N W2>(R% C). Then, |Alp:|?| which also appears in
our estimates, can be bounded by
Alpl? = Apr + e A} +2(Ve) - (Veor)
1AL 2l <21 A@t et oo + 21V et Vet oo
Recall the Sobolev embedding Theorem, which implies in particular H*(R?,C) = WF2(R2,C) C
CF=2(R2,C). If ¢ € C%(R%,C) N H%(R%,C), then p € W*>®(R? C) follows since both

¢ and V¢ have to decay at infinity. Thus, ¢, € H*(R? C) implies ¢; € H*(R?,C) N
W2(R2,C), which suffices for our estimates 3.

3 Proof of Theorem 2.2 (a)

We fix the notation we are going to employ during the rest of the paper.

3 Actually, ¢ € H>T¢(R? C) for some ¢ > 0 would suffice for our estimates. Note that it is reasonable to
expect persistence of regularity of o, assuming ¢; € L*(R?,C), see also Appendix 5.2.



Notation 3.1 (a) We will denote the operator norm defined for any linear operator f :
L2(R?N C) — L*(R?N,C) by

£ llop = sup LFe-
YELA(R2N 0),]|¥]=1

(b) We will denote for any multiplication operator F : L*(R?,C) — L?*(R2,C) the corre-
sponding operator

190D @ e 1°Wh . LA(RY, C) - LA(RY,C)

acting on the N-particle Hilbert space by F(xy). In particular, we will use, for any
U, Qe L2(R?N | C) the notation

(2,190 @ F o 190VR0) = (Q, F(zy)T) -

In analogy, for any two-particle multiplication operator K : L?(R?,C)®? — L2(R?,C)®2,
we denote the operator acting on any ¥ € L?>(R?*N,C) by multiplication in the variable
x; and xj by K(x;,x;). In particular, we denote

(Q, K(zj, )W) = K(wi,2)Q% (z1,. ., 2n)U(21, ..., 2n)d?2r .. A2y

R2N

(c) We will denote by K(¢;) a constant depending on time, via | A¢|so, |A7 |loo » fg ds|| As||oo
and ||p¢||gra. As mentioned above, we make use of the embedding H?(R?, C)NW?2>(R2, C)
HY(R2,C).

The method we use in this paper is introduced in detail in [10] and was generalized to derive
various mean-field equations. Our proof is based on [18, 39]. In [18] we proved the equivalent of
Theorem 2.2 for nonnegative potentials and for all § > 0. However, since we are not covering
the two dimensional Gross-Pitaevskii regime where one considers an exponential scaling of the
interaction, our estimates are less involved. Furthermore, we adopt some ideas which were
first presented in [23]. Heuristically speaking, the method we are going to employ is based on
the idea of counting for each time ¢ the relative number of those particles which are not in
the state ;. It is then possible to show that the rate of particles which leave the condensate
is small, if initially almost all particles are in the state ¢g. In order to compare the exact
dynamic, generated by Hyy, ;, with the effective dynamic, generated by hg{;s, we define the
projectors p}o and q}o.

Definition 3.2 Let ¢ € L*(R% C) with ||¢|| = 1. For any 1 < j < N the projectors Py
L*(R?N,C) — L*(R?*M,C) and q5 L2(R?N C) — L*(R?N,C) are defined as

piv = o(x;) /RQ O (T)V (21, Ty, xn)d2E; VU € LHR?N,C) (11)

and qF =1 — p}o. We shall also use, with a slight abuse of notation, the bra-ket notation

-



For ease of notation, we will often omit the upper index ¢ on pj, g;, except where their ¢-
dependence plays an important role. Our key strategy is to define a convenient functional «,
depending on ¥; and ¢, such that A}im a(Uy, @) = 0 implies Theorem 2.2.

— 00

Definition 3.3 Let ¥ € L*(R*N,C) N D((Hw,,.)?) and let ¢ € L*(R?,C), ||¢| = 1. Define
a: 2R, C) x L}(R?%,C) — RY,
a(¥,9) = (U, qf W) + Var,, (V). (12

Using a general strategy, we will estimate the time derivative %a(\llt, ¢¢). In particular, we
show that

SV < Kl (alw, o)+ N°)

holds for some § > 0. By a Gronwall estimate, which precise form can be found below, we
then obtain oy (W, @) — 0 as N — oo, if a(¥g, o) converges to zero.

Lemma 3.4 Let U € LZ2(R*N C) N D((Hw,,.)?), V] =1 and let ¢ € L*(R?,C), [l¢| = 1.
Let a(¥, @) be defined as above. Then,

(1) _

]\;E}nooa(\lf,go) =0 & A}gnoo Yo' = le)(¢| in trace norm
and]\;gnoo Vaerﬁ,_(\If) =0. (13)
Proof: lmy_eo (¥, 7 ¥) = 0 < Hmy_eo ’y\(pl ) = l©) (| in trace norm follows from the in-

equality (¥, ¢7W) < Tl — o) (ell < v/BTT, g7 Y, see [22].

O
Definition 3.5 Let
a a

2 . 0) = Wil — ) — o) — <l (o) (1)

Define the functional v : L*(R*N,C) x L*(R%,C) — R{ by
(¥, ) =2N ‘((‘If,plng(iﬂl,m)%m‘l’»‘ (15)
+2N ‘((\I’yplpzzg(wl,962)(]1(12‘1/»‘ (16)
+2N‘((‘If,Q1p22§($1,$2)Q1Q2‘I’>>‘ : (17)

Lemma 3.6 Let Uy the unique solution to i0yVy = Hyy, 1V with initial datum Vo € L? (]R2N, C)n
D((Hw,0)?), [[Woll = 1. Let ¢ the unique solution to idyp; = hé\{tLScpt with initial datum
0o € H2(R2%,C) , |lpo|| = 1. Let a(Wy, 1) be defined as in Definition 3.3. Then

dt dt (18)

d d
— (W, 01) < (e, 1) + '_ Vaerﬁ,t(\I’t)

10



Remark 3.7 The three different contributions of v(¥, ) can be identified with three distinct
transitions of particles out of the condensate described by . The first line can be identified
as the interaction of two particles in the state p, causing one particle to leave the condensate.
The second line estimates the evaporation of two particles. The last contribution describes the
interaction of one particle in the condensate with one particle outside the condensate, causing
the particle in the state ¢ to leave the condensate.

Proof: For the proof of the Lemma we restore the upper index ¢ in order to pay respect to
the time dependence of py* and ¢{*. The proof is a straightforward calculation of

d 13
(W)

=i(Hyw, Ve, ¢f" We) — i, ¢ Hw,y 1 W) — i{ W4, [A1 + aloe* (21) + Ag(z1), ¢f" 1V4)
=i(N = 1)(W, (25" (21, 22), af" |90) = ~2(N = DI (@4, 28" (21, 2)af" 04) )

Using the identity 1 = p{* 4 ¢f*, we obtain

d

(W, ") = Dt (@, pf* 25" (21, 22)a7" 91} )

2N — 1) ({0, pf 5 25 (1, 220 5 W) )
2N — D)t (0, 595 25" (1,2 )a" qm»)
(N (¢ )f >>)

)af

(
Uy, pitas' 25" (w1, 22
(

1)Im

_2( - 1)Im <<<\I’t,p1 (ZQ Z% T1,T2)q

Note that Im (((\I/t,pl q2tZ“0t (z1, azg)ql‘ptpgtlllt») = 0, which concludes the proof.

We now establish the Gronwall estimate.

Lemma 3.8 Let U, the unique solution to i0; ¥, = Hyy, 1V with initial datum Wy € L2 (R2N C)n
D(H%V&O) ol = 1. Let ¢ the unique solution to iOyp; = hNLSgot with initial datum
@0 € L*(R%,C), |lpol| = 1. Assume (A1)-(A5). Then,

Y(Wisor) <K() () (@(Wrip0) + NP ()2 4 NP Im(N)2) L (19)

The proof of this Lemma can be found in Section 3.2.

Proof of Theorem 2.2 (a): Once we have proven Lemma 3.8, we obtain with Gronwall’s Lemma
that

J§ dsK(es)

O‘(\I’ta‘;@t) < N n()1/2 OZ(\I’(],(,D())

JEdrK(er)
/ dsK(ps)N /2 <N‘2B In(N) + N~1/3 ln(N)2> . (20)

11



Note that under the assumptions (A2) and (A4) there exists a time-dependent constant C; <

00, such that fg dsK(ps) < Cy. Furthermore, the assumption A}im (N‘;T‘r|7\(1}0) — |(po><(’po||) =
—00

0 for some 0 > 0 then implies together with (A3)

J§ dsk(es)
lim (N =Y a(Wg,¢0) | =0,

N—oo

since (¥, g7 W) < Tr]’y\(pl) — @) (ol] < /8(¥, ¢ ), see [22]. Therefore,

) Smosi7z=0/2
Trlyy, — lwe) (pr]| SCN 2@
supgeo,¢) 1€t —Csl
+C\|C;N =2 (N=28In(N) + N-1/31In(N)?) . (21)

This proves Theorem 2.2 (a).

3.1 Energy estimates

Lemma 3.9 Let ¥ € L2(R*N,C) N D((Hw,0)*) with ||| = 1. Let ¥y the unique solution
to 10,V = Hyw, o0V with initial datum Wo, |[Wol| = 1. Let p; the unique solution to i0yp; =
hé\{tLSgot with initial datum @y € L*(R%,C), |lpoll = 1. Assume (A1),(A2), (A4) and (A5).
Then,

(a)
V1] < K(gr) - (22)
(b)

a5 Vil < K(er) (a(®r, 00) + N712) (23)

(c) For any p € N, there exists a constant C,, depending on p, such that

2
It =l aft | < KGN (g +NE) L (2

Proof:

(a) Using (A1) together with (A2), we directly obtain the operator inequality

N
- Z A, <Hw,, + CN.
k=1

Using 4 N~1(W,, Hyy, 1¥y) < || A¢|| oo together with (A5), the energy per particle N~! (W, Hyy, 1¥) <
K(p¢) is uniformly bounded in N. Since ¥, is symmetric, we obtain

N

Ne( Wy, —A 1) =(,, <— > eAk) ) < K(¢;)N.

k=1

12



(b) (see also [23].) We estimate

N

eV |? = ﬁ«‘yt,%ﬁ ];(_Ak)%‘l’t» - ﬁ«‘l’t,%(—Az)Qﬂ’t»
SNl_ 1 (Ut g2Hw, 1q2Ve) + C(Ve, q104)
g (N B, 000 ) 00) e (e Ho, 0 (0 00
_ﬁ«‘yt, q2Hw, tp2 ) + C{Vr, g1 04)
<CVarp, ,(¥:)+ ﬁ\«\l’t, g2 Hw, ip2 V)| + 2K (1)l e .
It remains to estimate

ﬁ!«%, q2Hw, p2Vy)|
<l (AW |+ (¥ W (o1 — 22)p2 W) + (W g2 A (w0}
< (12l IVl + IV ulP) + Wallgelloo s,y (@1 — 2220l + il Wl
o (147 oo + AP Wl A el + (o1, Avp),

where we used ¢go = 1 — py for all three contributions in the last inequality. Recall the
two-dimensional Sobolev’s inequality as presented in e.g. [27], Theorem 8.5. For any
p € HY(R?,C) and for any 2 < p < oo, there exists a constant C), depending on p, such
that

lellz < Cp (llol* + 1V21%) (25)

holds. It is shown in Theorem 8.5. in [27] that C), fulfills C;, < Cp. We use this inequality
in the z; variable and obtain together with Holder’s inequality, to obtain

L5, )@ — 22) W

1/N
SH]IBCN5(0)”1\/\71/d2x2'”d2x1\f </d2x1‘\11t(x1,...,xN)‘2N>

§C’N1_2B/d2$2...d2x1\/ </d2x1|V1\I’t($1,...,xN)|2+/d2x1|\I't(x1,...,:17N)|2> .

SCNT20 (V0| + [[94]f?) -
With |[Ws|| = CN~18 we obtain together with (a)
IWalllis, o — w2)Wl < KN 2. (26)

Next, we show that |y/A; Uy and ||/ A; ¢ are uniformly bounded in N. Using the
operator inequality (A1) together with (A2) and (A5) directly implies

N

(0> AS (@)1 < (Uy, Hwyt W) + K1) N < K(2)N
k=1

13



To control (¢, A y), let Q = V. Then
e(pr, Af o) < N7H(Qy, Hyg 1) + K(r)

a
(ot (=0 + Slerl + Ar) o) + K1)

1 a
+Hon (507 = DWs <l = Slorl) o0)

Note that

< [l Alloo -

d a
PSS <—A + 5l + At) Pr)
which implies together with (A5)

a
(et <—A + 5’%’2 + At) o) < K(pt) -
Furthermore, we obtain as in (43)

|<<Pt7 ((N — 1)Wpg x ‘%’2 - a’%’z) (Pt>‘
<llellze (|NWs * e = aleol|| + W1 lleell2)
<K(o) (NP In(N) + N7

This concludes the proof of (b).

(c) First, we like to recall the following Gagliardo-Nirenberg interpolation inequality: for
any o € H'(R? C) any for any 2 < m < oo, there exists a constant C,,, depending only

m—2

on m, such that ||g|l, < Cpn||Vol =

Holder’s - and the inequality above

HQH% holds. For 1 < p < oo, we estimate, using

2

2
|Vt = ]| < Wl L1 = e

SCN2B/ dzxg...dzx]v/ dlel(Q1QQ\I/t)(x1,...,xN)‘2]lB (0)(331 —1’2)
R2N-2 R2

CN—B
283
<GV 1, ol 2, [

R2N -2
<c, N (5) /

R2N -2

1/p
d2:172 . d2:17N </2 d2$1|(QIQQ\I’t)(x1, ... ,xN)|2p>
R

p—1

P

d*zy... d*zy (/2 Px1|(V1iqig2 Vo) (a1, - .- 7$N)|2>
R

X </R2 T |(qr g2 ) (T, - ,xN)\2>1/p (27)

We use Holder’s inequality with respect to the xo, ... xy-integration with the conjugate

pair r = 1% and s = p to obtain

p—1

28 2
(27) < CoN7 |[VigquaWe|* 7 |lqrga®e]|7.
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Note that

IV1010291 ]2 < 2| V1p102Wel? + 2|V102Wi ]2 < K(or) (@, 1) + N7H2).

Renaming p, we thus obtain with part (b), that there exists a constant depending on p

such that
2

H\/’NWﬁ(ﬂﬂl — 22)|q1q2 ¥y

3.2 Proof of Lemma 3.8

S Cp]C((,Dt)NB/p (Oé(\I’t,(,Dt) + N_1/2) .

Following a general strategy, we will smear out the potential W3 in order to use smoothness

properties of W. For this, we define
Definition 3.10 For any 0 < 81 < 3, we define

ANTIH for || < NP,
Us, () = { 0 else.

and

o sla) = 3= [ Inle =3l (Wslw) = U (o)

Lemma 3.11 For any 0 < 1 < B, we obtain with the above definition
(a)
Ahg, 5= Ws = Ug,.

(b)
Ihg, gll SCNT' =P In(N) for B >0,
lhogll <CN™! for >0,
IVhs, sll <CN~H(In(N))'/2,

Proof: The lemma has been proven in [18], Lemma 7.2. for nonnegative potentials Wjs. It is
easy to verify that this proof also works without specifying the sign of W3. We thus refer the

reader to [18] for the details of the proof.

Next, we prove some well known properties of the projectors pj, g;.

Lemma 3.12 Let f € L' (Rz,C), geL? (Rz,(C). Then,

lp; f (x5 = 2)pillop <IIfllllellZ

Ipjg* (x5 — i) llop =llg(x; — z1)Pjllop < gl lll0o
(@) (Vio(z)|h* (x5 — xp)llop =h(x; — 21)Vipillop < [RI[IVElloo -

15
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Proof: First note that, for bounded operators A, B, ||AB||op = ||B*A*||op holds, where A* is

the adjoint operator of A. To show (34), note that

pif(xj — z)p; = pi(f * ) (k) -

It follows that
Ipi f (x5 — z)psllop < 111 lleoll2, -
For (35) we write
lg(z; — z)pjll2, = ||§/1|181 lg(z; — zk)p; ¥|* =
= sup (¥,pjlg(z; — zp)[*p; V)
w=1
<|lpjla(z; — zx)*p;llop -

With (34) we get (35). For (36) we use

lg(a; — xx)Vpjlla, = Hilﬁgl((\l’,pj(!g\Q * [Vl ) (@p) T < llgl* * [Vl [loo

<lgl*IVelZ

We further need the following

(37)

Lemma 3.13 Let Q,x € L2(R*N,C) such that Q and x are symmetric w.r.t. to the exchange
of the variables x2,...,xN. Let O;; be an operator acting on the ith and j*" coordinate. Then

1
(€2, 0120 < 12 + [(O1,2x, O1 3x )| + mHOl,zXW :

Proof: Using symmetry and Cauchy Schwarz

N N
1 1
620120 =746 301Dl < =190 |32 Ovx

j=2
2

N
1
<||* + e > 015
j=2

Note that
2

N N N
> Ouix|| =01 > O1xx)
i=2 =2 k=2

N N
<Y 100+ 1 Y- (O1x, 01k
i=2 kg k=2

IN

N = D[(O12x, O12x)| + (N = 1)(N = 2)[{O1,2x; O1,3x)| -

16
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We now prove Lemma 3.8.

Lemma 3.14 Let ¥ € LZ(R*N,C) N D(Hw,,.), V] = 1 and let p € L*(R?,C), || = 1.
Assume (A1), (A2) and (A5). Then,

()
N [(@pipaZ (@1, 22)ap2 )| < K(@) (N7 + N~ (V) . (39)

(v)
NI, p1poZ (@1, 22)a102¥)| < Klp) (¥, ) + N7 m(V)?) . (40)

(c)
N (¥, aipaZf (@1, 22)0102%) | < K(0) (V)2 (a0, ) + N7TV2) L (41)

(d) Let @y the solution to idypy = hé\{tLScpt, lleoll = 1. Let Wy the solution to i0W; = Hy, Wy
with Uy € Lg(RzN,(C) ﬂD((HWﬂ7Q)2), H\I’()H =1 Then,

d
— Vaerﬁyt(\Ilt)

pn < K(p) (P, 00) + N7 (42)

Remark 3.15 (a) and (b) have essentially been proven in [18] for a slightly different definition
of (U, ). Itis (c) where our old estimates fail. In [15] we we able to control (c) by estimating
Vi ¥|| in terms of a(V,p) and some small error. In this estimate, it was crucial that
(1 =p1p2)Wa(x1 —x2)(1 —p1p2) > 0 holds as an operator inequality and therefore forces Wy to
be nonnegative (cf. the definition of Qz(¥,p) below Equation (100) in [18]). In this paper, we
make use of a strategy which was developed in [25] to derive the Mazwell-Schrédinger equations
from the Pauli-Fierz Hamiltonian. Instead of estimating ||V1q1 V||, we now control |[V1g2¥||,
see Lemma 3.9.

Proof:

(a) We estimate

N ‘«‘I’,mng(%,$2)Q1p2‘1’>> < N|p1p2Z (21, 2)q1p2llop -
lengg(ml, x2)q1p2|lop can be estimated using pi1g; = 0 and (37).

a

N — 1|90($1)|2

< [[p1p2(NWa(z1 — 22) — alp(1)[*)p2lop + Clloll2 N
< lellos [IN(Wa x|0?) = alel?|| + Cllel 2N~

a

N 2
| el )

P1P2 <W5(ZL"1 )

op

17



Let h be given by
1 9 a
hz)=— [ dyln|z—yNWs(y) — 2—1n |z .
R2 m

:271'

It then follows
Ah(x) = NWg(z) — ad(x)

in the sense of distributions. Since a = fR2 d?zW (z), this implies (see Lemma 3.11),
h(x) = 0 for © ¢ Bpy-5(0), where RN ~# is the radius of the support of Ws. Thus,

1
Ihly <5 /R K /R Pylnle il 0@ NWs()

lal

+ dlen(\x])]lBRNiﬁ(o) (x)

2T R2
<CN~2’In(N) .
Integration by parts and Young’s inequality then imply
IN(Wa x 6?) — alol?l| = (AR) * [ol?] (43)
<[|hlhl[Alel] < K()N~> In(N) .
Thus, we obtain the bound
N ((\I/,plngg(a:l,xg)qlpgqﬁlll»‘ < K(p) (N_l + N2 ln(N)> , (44)
which then proves (a).

(b) We will first consider the case 0 < 5 < 1/3. Note that plngg(xl, x2)q1q2 = p1p2Wa(x1—
x2)q1q2. We estimate

N

N
NI(Y, 1@2Ws(z1 = 22)pip2 V)] = 7 [{ar L, > @ Ws(ar — 2x)p1pe )|
k=2
N
< v W, — \\
<y _—qlavl kzzz% 5(x1 — Tk)P1pw
N 2
(U, ¥ + Z%Wﬁ(ﬂﬂl — xk)p1pK ¥
k=2

(W, ) + (N = 1) g2 Wa(1 — 22)pr1p2 ¥

+(N = 1)(N = 2){(¥, p1p2Wp(21 — 22)q2g3Wp(x1 — 23)p1p3 V)
<, W) + N[Wal*[lell3

+N?|paWs(z1 — z2)p1 |12, a1 ¥

<K(¢) (@, qw) + N71H)

In the last estimate, we used Lemma 3.11 together with Lemma 3.12 to estimate

lp1 W (@1 — 22)p2llop < Ilp1v/TWallZ, < lellZllv/TWallI? < K(e)N 1.
This proves (b) for the case § < 1/3.

18



(b) for 1/3 < 8: We use Ug, from Definition 3.10 for some 0 < 51 < 1/3. We then obtain

N, p1p2Wa(r1 — 22)q1q2V)

=N (¥, p1p2Up, (71 — 72)q1q2V) (45)

TN (¥, p1p2 (Wa(z1 — 22) — Up, (21 — 22)) 12 V). (46)
Term (45) has been controlled above. So we are left to control (46).
Let Ahg, 3 = Wz —Usg,, as in Lemma 3.11. Integrating by parts and using Vihg, g(x1 —
x9) = —Vahg, g(x1 — z2) gives

N[{¥, p1p2 (Wp(x1 — 22) — Up, p(z1 — 72)) 102 )|

< N{Vip1¥, paVahg, s(z1 — 72)q1G2 V)| (47)

+ N (¥, p1p2Vahs, p(z1 — 22)Viqie W) - (48)
Let t1 € {p1,Vip1} and let T' € {19, V11 V}.

For both (47) and (48), we use Lemma 3.13 with O = N1+77/2q2V2h5175(a;1 — x9)p2,
x =t¥ and Q = N~/2I". This yields

(47) + (48) < 2 sup (v7r)? (49)
tie{p1,Vip1 },I'e{q1¥,Viq1 ¥}
N2+77 9
ty T la2Vahe s(z1 — 22)tip2 V| (50)
+ NPT (W, t1pagsVahg, s(x1 — 22)Vshg, g(z1 — 23)t1q2ps V)| ) : (51)

The first term can be bounded using |[V1g1 ¥ < K(p).
Using ||t ¥]|? < K(¢), we obtain
2+n 2+n

N
IVahs, g1 = z2)p2ll, < K(o)

N
(50) <K(¢) 131V Ra, 51

N -1
<K(p)N""'n(N) ,
where we used Lemma 3.11 in the last step.
Next, we estimate
(51) SN*TpaVahg, g(a1 — 22)t1g2 9
2N |pohg, 5(x1 — 22)t; Vago ¥ |?
F2NZ [ (22) ) (Vip(2) gy 5 (21 — 22)t102 2
<S2N*Ipohg, p(21 — w2)llop [t Vg2 ¥
F2NZ [ (22) ) (Vip(2) gy 5 (21 — 22) 55 1029
<K(@)N* g 5]* < K(@)N"2 In(N)? .
Thus, for all n € R

N(W, pip2 (Wa(z1 — 22) — U, p(z1 — 22)) 102V )
<K(p, Ay) (N‘" + N7 n(N) + N2 ln(N)2) :
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Hence, we obtain, using N7~ In(N) < N7~ In(N),
N, pip2Wa(z1 — 22)q192 )

< K(p, A) | (U, @) + inf  inf (N”—%l In(N)2 4+ N~ 4 N‘”) .
n>0 %251>0

and we get (b) in full generality by choosing n = 1 = 1/3.
(¢) First note that

V| pa ot P | < Clol (.0

Let Uy be given by Definition 3.10. Using Lemma 3.12 and integrating by parts we get

N (¥, q1p2Wa(x1 — 22)q1q2V)|
SN (¥, qip2Uo (21 — 2)q12 W) | + N [{(¥, q1p2(A1ho (w1 — 2))q102 V) |

SNl ¥ || |Uolloo lg1 g2 || (52)
+N [(Vap2q1 ¥, (Vaho g(x1 — 22))q1q2 V)| (53)
+N (¥, qip2(Vaho g(x1 — 22))V2qig2 V)| . (54)

The first contribution is bounded by
(52) < C{¥, 1 %) .

The second term (53) can be estimated as

(53) =N [(A2p2q1V, ho g(x1 — 2)q1q2P)| (55)
+N [(Vap2q1 ¥, ho g(x1 — 22)q1 V2 U)) | (56)
+N [(Vap2q1 ¥, ho g(x1 — x2)q1 Vopa V)| . (57)

The last contribution (54) can be rewritten as

(54) <N (W, 1p2(Vaho p(1 — 22)) Va1 V)| (58)
N[V, q1p2(Vaho g(21 — 22)) Vapaun V)| - (59)

We estimate each contribution separately, using Lemma 3.11 together with Lemma 3.12.
We obtain

(55) <N g1 ¥||[|ho,p(w1 — 22)Aop2|lopllgr g2V ||
<C|A@]loo (¥, 1 7).

Analogously,

(57) <Nllq1¥|[[|ho,s(w1 — 22)Vap2llop IV lloollg1 V||
<OVl 2 (¥, a1 ).
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Next, we control

(59) <Nllq1¥||[|p2V2ho s(x1 — 22) Vapallopllg1 V|
<C|IV@llsollelloo NI Vhosll1 g1 P2
<CVellssll@lloc (T, g1 ).

To control (56) and (58), we estimate for to € {pa, [p(22))((Ve)(x2)|} and s € {hg g, V2ho g}
N[0, tas(z1 — 2)Voq1 V)|
<In(N)Y2(|qu¥|* + In(N) V2N |[tas(z1 — 22) |5, | Va1 ¥
<K(p) (V)2 (Var,, (9) + (¥, ) + N71/2).

In the last line, we used Lemma 3.9 (b) together with Lemma 3.11.
(d) We estimate

d d

%Vaerﬁ,t(‘I’t) E«\Ijta (Hwgsi — (¥4, HWB,t‘I’t»)z W)

<OV (e, (i o — (0, Hi 1 90)) (Ailer) = (@0, Aglan)00) o))
2N (P, (Hwye — Uy, Hw, 0 9y) <p1x4t($1)p1 - <<‘I’t,p1At($1)p1‘I’t>>) ‘I’t»‘

+2N (W, (Hwyt — (¥, Hw, 0 ¥4) (PlAt(xl)th - ((\I’t,plAt(wl)Q1‘I/t>>> \I/t»‘

— N2

N
+2N T (W, (Hwy e — (U4, Hwy 1 04)) (N‘l > apAi(@r)pe — (T4, qlAt<:c1>p1\Ivt>>> Uy
k=1

2N (W, (Hwye — (U, Hw,y 1 Ue)) (Q1At(l’k)Q1 - ((\I’t,Q1At($k)Q1‘I/t>>> \I/t»‘
< WV, () + | (prAuCe0p — (@0 prduCepen) ) o

[ (prAena — (@em Adeaey) v
2

N
+ (N_l > apAi(r)pr — <<‘Pt,Q1At($1)P1‘I’t>>) vy
k=1

+ <Q1At(f€1)ql - <<‘I’t7Q1At(x1)Q1\Pt>>) \PtHQ

Note that
H <p1At($1)p1 - <<‘I’t,p1z4t($1)p1‘1ft>>> ‘PtH2

2
- </R2 d%&(w)!%(m)‘z) (W, prWe) (1 — (g, pr0,Y)
<K(00) (W, 1)
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Furthermore
2

H ( ! ZQkAt T)pK — ((\I’t7Q1At($1)p1\I’t>>> Wy
N
=N S (WA aa A ) — (@ adde)pw)|
k=1

(s, prAn(21)q1 g2 A (w2)pa e + %«\I’mplAt(afl)%At(xl)pl\I’t» + (| Atlloo (1, g1 T¢)
<K(en) ({0 + 1)
To control the two remaining terms, let s1 € {p1,¢1}. Then, we need to estimate

H (81At(ﬂf1)Q1 - ((\I’uSlAt(ﬂ?l)m‘I/t») ‘I/tH2

—(We quAsw)s1As (o) a0 - (U, 51 Ad(@1)a W)
<2)| A3 (s, 1) -

‘ 2

In total, we obtain

< K(p) (T, 00) + N7

d

Combining the estimates (a)-(d), Lemma 3.8 is then proven.

4 Proof of Theorem 2.2 (b)
Proof: We make use of the inequality
T [VI= B0 ~ e (e VI 8] < O+ [Vagl)2(larel + gl + [Vaglell + V1024,

which was proven in [34], see also [1]. Using Theorem 2.2 (a), we are left to show ]\}im Vi1 ¥ =
—00
0. In general, this does not follow from ]\}lm IV1g2¥|| = 0. To see this, consider the sym-
—00

metrized wave-function
F(ﬂjl,...,:L'N 90 331 k) 90(331\7)
VN Z

for n, ¢ € L*(R?,C), |Inll = [l¢ll =1, (n,¢) =0. Then
[¢fT|>=N"" [ViggTI> = N7Vl [VigfT|]> = N~ Vn|* .

Note that ||Vn|| can be chosen arbitrarily. However, for A; € LP(R%,R), with p > 2, it
is possible to control ||[V1q1W:|| in terms of |q1%¢||, [|[Vig2¥¢|| and the energy difference
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|INTH(Wo, Hw,0%0) — (@0, (—A + |eol® + Ao) ¢o)|, assuming conditions (A2) and (A4). To-
gether with assumptions (A1), (A3), (A5) and (A5)" and Theorem 2.2, part (a), it is then
possible to bound ||V1q1 V|| sufficiently well. First, we consider

IV18* = [[Vee|?] < ‘%«\PO’HW&O\I’O» — (o0, (—A + g’%P + AO) ®o) (60)
+/0 ds ‘«\Ils;As(‘Tl)\I/s» - <9087A5908> (61)
+% [(Uy, p1p2(N — D)Wa(z1 — 22)p1pa¥e) — aler, [ *er)| (62)
+N [{(Ve, p1paWp(a1 — 22)(1 — p1p2) W) (63)
+N [V, (1 = p1p2) W (21 — 22)(1 — p1p2) U4} (64)
+[(Wt, Ae(z1)Ws) — (pr, Arr)] - (65)

We estimate each line separately. From condition (A5)’, it follows that (60) < CN =9, Using
A; € L®°(R? R), we estimate

(61) <t Sl[lop] <|<¢S’As¢8>|<<qjs,Qfsqj8>> +2 ‘«\I’&pfSAS(:El)QfS\I’s»
se|0,t

(W af* Au@n)ar w)

<t sup (Il 4sloo(llaf* @, + lgf w,|%)) -

s€[0,t]
Next,

(62) < |<90t7 (N = 1)Ws [0t Po) (We, p1p2 Vi) — aler, \@t!zﬁptﬂ
<K()INWelllqrWell® + [(we, (N — 1)Ws * [@e]* — aleor|*) )|
<K(p0) (0 @) + N2 (V) + N1,

Note that

(63)+ (04) < C | NWoler ~ a2l

)

<H\/N|W5($1 — 2)|q192%¢

i H\/NWB(‘“ — 9)|qup2 Py

2

2
+C H\/N|WB(331 —x2)|p1@e¥e|| +C H\/N|Wg($1 — 22)|q1q2Y4

Using Lemma 3.9 (c), we obtain

2
< K(et) o7 (al(Wr, 1) + N72).

VWit = )l

Furthermore,

HVN [Walay = a2)lpr|| < K(er).

op

Note that it was shown in part (a) that a(¥;, o)+ < K(p;) N~ for some § > 0. Choosing
p € N large enough, we then obtain (63) 4 (64) < K(¢¢)N 7, for some v > 0. We estimate,
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using [(Wy, g1 Ai(z1)q1 W) | < |lquWel[([[Acpe|l + [[Ae(z1)Wel]),

1(65)] <[(pt; Arpe) [((Ve, 1 We) + 2[( Ve, 1AL (@1) @1 Ve )] + [( Ve, g1 Ae(z1)q1 V)|
<Kets Aror)|[ (e, 1 Vi) + lgn el ([[Arpell + (| Ae(z1) W)

If A; € L>(R?,R) holds, we obtain
1(65)] < K(pe)(lqrWell + llqr®:]l?).

On the other hand, using Sobolev and Hélder inequality (see the proof of Lemma 3.9), together
with [{pr, Aror)| + [V + ||[Veer|| < K(pt), we obtain, for any 1 < p < oo

1(65)] < Klspr) (14 14el 22, ) (lar @ell + i @)
Therefore, if A; € LP(R?,C) holds for some p €]2, 00| and for all ¢t € R, we obtain

V1P = IVl < t sup (K(ps) (a(Ws,00) + Valy00) + N7+ N7H).

s€[0,t]
Since
IV |? < V2 = (Ve l*[ + IV (We, W) + 20 Veor [l qr @e[[| |

holds, we obtain with part (a) of Theorem 2.2, part (b) of Theorem 2.2.

5 Appendix

5.1 Energy variance of a product state

Lemma 5.1 Let U = ¢®N and assume that ||¢]|oo + || — Ap|loo + || — A + | V|| + (@, Asp) +
(0, A2p) < C. Then,

Varp,, (V) < C(N~'+ N~ 4 N72020) (66)

Proof: The proof is a direct calculation using the product structure of ¥ = ®V. We first
calculate, denoting T' = Zﬁzl(—Ak), W = Ei\;g Wa(z; —xj) and A = Z]kvzl As(zg),

0 Hig ) = (0 (T4 W A) W)
Z%(Nm ~Ap) + W«o, W * o *0) + N(p, Asp))”
12
=(p, —Ap)? + u(tp, W |0 0)? + (@, Asp)?

4
+(N = 1){, —Ap) (0, Wg * 0]*0) + 2(, —Ap) {0, Asp)
+(N = 1){p, Asp) (0, W = |0 0).
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It then follows that

2
HW,g,s 1

Vari, () =(0, S2°W) — (0, Hiy, 7))
= (0, T20) — (o, Ag)?
o Re((TW, W) — (N = 1)(, ~ Ao, W * Il
mswovrey - B oy
g (0, APT) — (o, Asp)?

+%2Re(<<A\I/, TUY) — 2, —Ap) o, Asp)

3 Re((AT, W) — (N — 1)p, W * %) (6, Aug).

We estimate each line separately.

67)] = | 4%, (~80)2w) + 2w, (- A (-22)W) ~ (g, ~Ag)?

=2l + Vel
< ¥ :

Note that

1
m2Re(({T\Il, WU))

1 N N
:WZ > Re(((—A)T, Wp(x; — x;)T))
k=1i#j=1
:#Re(«(—ﬂl)‘k Wiz — 22)W))
+(N — 13\(7N —2)
g%umumuwgm — )¢l
+(N — 13\([N — 2)

<CNHApllooll#lloo +

Re({((=AD)W, Ws(xo — 23)¥))

IVel* (0, Wa * |o]*)
(N~ 1)(N —2)

(s —Ap) (0, W * [l *0),
which immediately implies

IVellollello + IVl lellos

(68) < C N
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Next, we calculate

W) = Z Z (W, W (i — )Wy — ) ¥)
i#j=1k#l=1
=N2N (¥, Wl — 22)°W)

el 13\(7 )<<\1/ Wi (1 — 29)Wp(xe — 23) W)

G 1)(]\;N )V —3) (O, Wg(x1 — 22)Ws(x3 — 24) 1) .

The first term is bounded by

N -1
2N
The second term can be bounded using

[, danlo)P W @ - )

i (O, Wa(a1 — 22)° ) < [lollZ[Wsl* < ONT2F27||3, .

f($2) —N—1+28

<N~! /Rz da1|p(N~Pzy)P[W (21 — NPay)| < N7H[W | [lell2

(N — 1)(N — 2

) (W, Wa(z1 — 22)Wp(22 — 23) V)

N —1)(N —
e /de:”2|90($2)|2f($2)2§%HW\I%IIwII?ﬁo-

It therefore follows that
1(69)] < CN*" |12, + CN7 ([l + llells) -

(70) is estimated by
A e)Pw) + (AL ) A (a2)0) — (0, A

(0, AZ0) + (@, Asp)?
N

70 =|

<

Furthermore,
I AL - A0+ 270 A1) (-B2)) — 2p. - 0) 5. Au)

o= 2ol Asell + IVel*{p, Ase)
N

(7)) <

Finally,
[(72)] <C (|{As(z1) ¥, Wg(21 — 22) W) | + [(V, As(21)Wp(22 — 23)¥)])
<C(|AselllWallllelloo + (@, Aso)Wall1llel|2)
<C(N| Aspllllelloo + N7 e, As)lloll%) -
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5.2 Persistence of regularity of ¢,

We study the nonlinear Schrédinger equation in two spatial dimensions (3) with a harmonic
potential

iOpr = (—A + aloe” + |2*)

under the conditions a > —a* and ||| = 1. The solution theory of (3) is well studied
in absence of external fields. There, the global existence and persistence of regularity of
¢r € H¥(R?,C) was established, assuming g regular enough [8]. The condition a > —a* is
known to be optimal, that is, for a < —a®*, there exist blow-up solutions. It is interesting
to note that global existence of solutions in L (R?,C) directly implies persistence of higher
regularity of solutions in H*(R?, C), see [¢] and below.

Lemma 5.2 Let pg € H'(R%,C), [0 = 1 such that Vol >+ |[|z]eol|>+ (w0, l¢ol*eo) < C.
Let a > —a*.

(a) The nonlinear Schréodinger equation
oy = (A + aloy|* + |z|*) ot

admits a solution ¢, € H(R?,C) globally in time.

(b) Define the norm |l = /ST ([VFulP + [TaFul?). Then
t 2
[otllza < H(POHZAeCfo dslesllse

(¢) Assume ||@o||sa < 0o. Then, there exist a time dependent constant Cy, also depending
on ||polls.4, such that ||¢¢||sa < Ct.

Remark 5.3 Part (c) directly implies that p; € H*(R?,C). Our proof relies on the works
of [0, 7, 8, 20, 42, /], see also the references therein. It also might be possible to show a
polynomial growth in t of the constant Cy, using the refined estimates presented in [0, 7].

Proof:

(a) The global existence in H'(R?, C) is well known, see Remark 3.6.4 in [3]. We sketch the
proof for completeness. Let U; denote the generator of the time evolution of the linear
Schrédinger equation idyu; = (—A + |z|?)us. For any ¢y € L?(R?,C), we consider the
Duhamel formula

t
ot = Uppo — ia/ dSUt—S“PSPCPS . (73)
0

Note that is is known that there exists a nonempty open interval I, 0 € I such that
(73) has a unique solution ¢, provided the initial datum g fulfills ||pg|/s1 < C (see
Proposition 1.5. in [7]). Furthermore, for any t € I, ||¢¢|| = ||pol| = 1. We may assume
that I is the maximal interval on which a solution of (73) exists. Assume now that ¢,

blows up in finite time, i.e. I is bounded. It is then known that fosuPI dt||¢e]|3 = oo [20].
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Assume t € I and consider the NLS energy

a
Ents(er) = [IVeel® + 5 (vt e @e) + llzlpel* -
Under the conditions a > —a*,||¢g|| = 1, the two dimensional Gagliardo-Nirenberg

inequality & |jul|} < ||Vul/?[jul?, v € H*(R?, C) implies that Exrs(p:) > 0. Furthermore
%gNLs(got) = 0, see Proposition 1.6. in [7]. This directly implies that there exists an
e > 0 such that

e||[Ve||> < C.

The two dimensional Gagliardo-Nirenberg inequality implies, together with ||¢| =
lleoll, vt € 1,

sup [ sup [
/ dt| et < c/ dt| V|2 < CsupT < oo
0 0

Therefore, the solution ¢y of (73) exists globally in time and fulfills o, € H'(R?, C), |||=|e:|| <
0.

Let A(x) = |z|* and define, for any v € L?(R?,C), the norm ||ul[x 4 = \/Zﬁzzo l(—A + A)mul|?.
Note that || - ||5,4 is invariant under U, that is ||Upul|.a = ||ullr,a. We will first show
that |jull2.4 and ||ul/s 4 are equivalent norms. Let u € H*(R?,C). Note that
ull3, 4 =llul® + (A + A)ul® + [[(-A + A)%ul®

<[lull + 2/ = Aul|? + 2|| Au|?

I ((—A)% + A%+ (—AA) + 2A(—A) —2(VA) - V) ul|?

<C(l[ull® + I = Aul® + | Aul® + [[(=2)ul|* + || A%

+HAG=A)ul® +[[(VA) - Vul?) .

Since VA? = 4|z|?2, AA? = 12A, we obtain,

IA(=A)ul® =(u, (~A)A%(~A)u)
=(u, (~AA%)(=A)u) +2{u, (~VA?) - V(=A)u) + (u, A (~A)%u)
<C(|Aulll| = Aul| + |z Pull |V Aul| + || A%ul[[|(=A)u])
<C(|Aull + || = Aull® + [I(=A)%ul® + [|A%]?) .
For the last inequality, we used |||z|3u? = {|z|?u, |z|*u) < ||Aul/® + ||A%u]?, as well as

[VAu|| < || — Aul|? + ||(=A)?u||>. We use polar coordinates (r,¢). Then, (VA) -V =
2r0,.. Hence,

[(VA) - Vu||* = — 4(u, 9, (r*0,u)) = —4(u, (2rd, + r*02) u)
= — 4{u,r? (r_lar + 8,%) u)y — 4{u, rou)

1 T

2 -1 2 2

<4(r‘u, — <r Op + 0y + ﬁ%) u) —4 <\x!mu, Vu>
<SC(|Aul® + || = Aul® + f[|zful® + [|Vu]?) .
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Therefore, ||ull2,4 < C||lul[s 4 holds. To show the converse, first note that HUH%4
C(llull® + | Aul]® + || — Aul|? + || A%ul/? + ||A%u)|?). Since —A < —A + |z|? and |z|?
—A + |z|? holds as an operator inequality, we directly obtain ||u|s4 < C|lull2.4.

By |luv| ge < ||ullool|vllgr + lwll g lv]loo 5 | - |l2,4 fulfills the generalized Leibniz rule

luv]lz,.a <Clluvfsa < Cllullcollvllsa + [[ulls,allv]lo)
<C([lullz,allvlloo + [[u]loo[[v]l2,4) -

From (73), we obtain
t
lotlln <IUrpollz.a + lal / 05 Us—sl 003 2.0
0
¢ 2
—loll2.4 + la] /0 ds 5|25 2.0

t
<Ilgollaa +C / ds0al% I 0sll2a -
0

By a Gronwall inequality, we obtain (b).

(c) We show that ¢; € H?(R?,C) globally in time. Recall the existence of global in time
solutions of

i@tut = (—A + a]ut\z)ut . (74)

in H%(R% C), provided that a > —a* and up € H?(R?,C),||ug|| = 1 holds. Using the
lens transform [6, 42], for [¢t| < 7/2

)

(LZ') _ 1 u £ e—i@ tan(t)
P = cos(t) ™\ cos(t)

@t then solves i0;0; = (—A + a|ps|?> + |z|?)p; with initial datum g = ug. We therefore
see that the existence of a global-in-time solution of (74) in H2(R?, C) implies existence
of a solution ¢; in H?(R% C) locally in t €] — 7/2,7/2[. By translation invariance of
time, the solution ¢; then exists globally in H?(R?,C). By the embedding L>°(R?,C) C
H?(R?,C), we obtain, together with (b), (c).

O

5.3 Self-Adjointness
Lemma 5.4 Let

N N N
Hyw,e =Y (=Ak) + Y Walai — ;) + ) Aulay)
k=1 i<j=1 k=1

and assume (A1) and (A2). Then, for all t € R,

(a) Hyy, is selfadjoint with domain D(Hy, ) = D (Zgzl(—Ak + Ao(xk))>.
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(b) (Hw,)? is selfadjoint with domain D((Hw,.)?) = D((Hw,,0)?). 1If, in addition, W €
C2(R2,R), then D((Hw, 1)) = D ((Cply(~ Ak + Ao(wx))?) holds,
Proof:
(a) First note that D(Hyw,o0) = D (Z;ngzl(—Ak +Ao(a:k))), since W5 € LP(R%,R). We

write

N o
HWg,t — HWg,O + Z/ dSAS(:Ek‘) .
—1J0

Abbreviate A; = ST, fot dsAg(xy). Since || AV| < Nfg’ ds||As|loo||¥]| holds for all
U ¢ L?(R?%,C), A; is infinitesimal Hyy, 0 bounded, which implies by Kato-Rellich that
D(HWB,O) = ID(HWB,t)'

b) Note that (Hy, )? is self-adjoint on D((Hy, 0)?). Consider
B B

(HWg,t)2 :(HW[;,O)2 + HW&oAt + AtHW&o + .At2 .

Under assumption (A2) HWﬁ,oAt+«4f,HWﬁ,0+A% is a symmetric operator on D((HWB,O)Q).
We estimate, for ¥ € D((Hyw,,0)%), ¥ # 0,

H (HWﬁ,OAt + AHyw, o + (At)2) qu
t . t . 2
<oN /0 dsl| Al | Hyv, 0¥ + N? ( /0 dsuAsuoo) 1o

N t )
Z/ dsV Ag(2,) V1, @
k=10

t
N / ds| AAy ]| 9] + 2
0

Note that

t t
. . 2
2N/0 dsHAsHooHHwﬁ,o\IfH=2N/0 dSHAsHoo\/«‘I’,(HWmo) )

g\/2N2 (/t dSHAsHoo>2 Jwlp + H(HW&O)zwuz

<WN/ ds|| Al 0] +

lemas]

Furthermore, for € > 0

N ot
2 Z/ dsV i Ag(z) Vi W
0

N t
<23 [ ds| VAl V1]
k=10

IN [ [t 2 e &
< A — E 2

1
= / IV ) 1]+ 5 0 o8) + N9
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Since || W] (W, H, 0%) < 51]| + sy [ Hiw, 0% < ]+ [(Hiw, )], we obtain

H (HWB,O-At + AtHw, 0 + (-At)2) ‘I/H < <% + i) 1(Hw,,0)* 9|

t ) oON [/ [t ) 2
+(van / dsumsumT( / dsumsum) Lon )|
0 0

t
N /O ds|| Ao ]

Thus, HWB,OAt+AtHW570+(At)2 is relatively (HWﬁ70)2 bounded with bound % —1—% <1.
By Kato-Rellich, (HWﬁ,t)Z is self-adjoint with domain D((HWﬁ7t)2) = D((HWB,O)Q), for all
t € R. By a similar estimate, we also obtain D((Hy,0)?) = D ((Zszl(—Ak + Ao(:nk))z)
if W e C%*(R2?,C).

0
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