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Abstract

We propose nonparametric Bayesian models for supervised dimension reduction and

regression problems. Supervised dimension reduction is a setting where one needs to re-

duce the dimensionality of the predictors or find the dimension reduction subspace and

lose little or no predictive information. Our first method retrieves the dimension reduction

subspace in the inverse regression framework by utilizing adependent Dirichlet process

that allows for natural clustering for the data in terms of both the response and predictor

variables. Our second method is based on ideas from the gradient learning framework and

retrieves the dimension reduction subspace through coherent nonparametric Bayesian ker-

nel models. We also discuss and provide a new rationalization of kernel regression based

on nonparametric Bayesian models allowing for direct and formal inference on the uncer-

tain regression functions. Our proposed models apply for high dimensional cases where

the number of variables far exceed the sample size, and hold for both the classical set-

ting of Euclidean subspaces and the Riemannian setting where the marginal distribution is

concentrated on a manifold. Our Bayesian perspective adds appropriate probabilistic and

statistical frameworks that allow for rich inference such as uncertainty estimation which is

important for measuring the estimates. Formal probabilistic models with likelihoods and

priors are given and efficient posterior sampling can be obtained by Markov chain Monte

Carlo methodologies, particularly Gibbs sampling schemes. For the supervised dimension

reduction as the posterior draws are linear subspaces whichare points on a Grassmann

manifold, we do the posterior inference with respect to geodesics on the Grassmannian.

The utility of our approaches is illustrated on simulated and real examples.
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Chapter 1

Introduction

Nonparametric Bayesian models refer to probability modelson function spaces. Unlike

traditional parametric models that utilize a finite number of parameters to represent the

unknown hence can suffer from either over-fitting or under-fitting when the number of

parameters or model complexity is not appropriately specified, in nonparametric Bayesian

models the unknown is represented by an infinite dimensionalparameter, that is, a function

f , for which suitable prior information can be incorporated to control the model complexity.

Such a methodology overcomes the rigid nature of parametricassumptions and leads to

highly flexible inference: on one hand with the potentially massively many parameters the

model support is wide enough to avoid under-fitting, and on the other hand proper choice

of priors controls the model complexity hence mitigates over-fitting.

In principle nonparametric Bayesian models find applications anywhere a functionf

needs to be learned. In unsupervised framework this could bea density estimation task

where the target is a density or distribution function of interest, that is, given samples

θ1, · · · , θn i.i.d. ∼ f to make inference onf . Traditional parametric models such as the fi-

nite Gaussian mixture modeling approach for density estimation directly assume a specific

form for f through pre-specified Gaussian kernel functions and a finitenumber of para-

meters. Nonparametric methods, in contrast, place appropriate priors onf . Popular prior

choices in this category include Dirichlet Process (DP) priors (Ferguson, 1973, 1974) and

their extension stick-breaking priors (Sethuraman, 1994;Ishwaran and James, 2001), Polya

Trees (Lavine, 1992, 1994), Logistic Gaussian Processes (Lenk, 1988), Bernstein Polyno-

mials (Petrone, 1999a,b; Petrone and Wasserman, 2002), etc, among which DP priors are
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the most popular and have broad applications in a variety of disciplines.

In supervised scenario where there are predictor and response variables available and

prediction is of the central focus,f could naturally be the underlying regression or clas-

sification function. In regression problems the main purpose is to infer the relationship

between a response variableY ∈ Y ⊂ R and predictors or explanatory variablesX ∈ X ⊂

R
p. The regression model is typically summarized byY = f(X, ε) with f an unknown

regression function andε some noise and the goal is to infer the regression functionf

which represents the relationship between the response andpredictor variables. Traditional

parametric models proceed by directly assuming a parametric form for f , for instance a

linear form, followed by parameter estimation through procedures such as least squares or

maximum likelihood methods. Nonparametric Bayesian models, on the other hand, incor-

porate suitable prior information onf to ensure thatf appropriately reflects the relationship

betweenY andX and avoids both over-fitting and under-fitting. The underlying idea of

nonparametric Bayesian models in this setting resembles much of the (non-probabilistic)

regularization methodology (Tikhonov and Arsenin, 1977) that generally choosesf from a

candidate functional space by a “minimizing loss function plus penalty” framework popu-

lar in machine learning community. Indeed they both share the key idea of ensuring wide

support (viewingf as a random function from a functional space v.s. choosingf from

a candidate functional space) and controllable complexity(placing priors onf v.s. im-

posing penalty onf ). The primary difference is that the former is probabilistic while the

latter is not. In cases where probabilistic inference such as evaluation of estimate uncer-

tainty is needed, nonparametric Bayesian models will be highly preferred. Nonparametric

approaches have been extensively applied in supervised settings which have greatly facili-

tated the development of both Statistics and Machine Learning. Popular methods such as

kernel models (Vapnik, 1998; Schölkopf and Smola, 2001), spline models (Wahba, 1990),

tree models (Breiman et al., 1984; Friedman, 1991), waveletmodels (Donoho and John-
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stone, 1994) are now standard. Kernel models, with the celebrated “Support Vector Ma-

chine” (Cortes and Vapnik, 1995) as a special case, are extensively applied due to their high

predictive accuracy and computational ease.

The primary focus of this thesis is to develop nonparametricBayesian models in dimen-

sion reduction and regression problems. Dimension reduction is an effective methodology

to mitigate the “curse of dimensionality” (Bellman, 1961) issue when analyzing high di-

mensional data sets which have been common nowadays in almost all disciplines. Dimen-

sion reduction techniques can help researchers gain insight for the structure of the data and

problem, overcome the difficulties caused by high dimensionsuch as over-fitting, facilitate

the use of other statistical methods which may only be applicable in small or moderate

size problems, and reduce data storage cost. Though many dimension reduction methods

exist in literature (Cox and Cox, 2001; Mika et al., 1999; Tenenbaum et al., 2000; Roweis

and Saul, 2000; Belkin and Niyogi, 2003; Li, 1991, 1992; Wu etal., 2007; Mukherjee and

Zhou, 2006; Mukherjee and Wu, 2006; Wu et al., 2007, 2008; Xiaet al., 2002; Sugiyama,

2007), most of these methods are not probabilistic hence keyquestion of uncertainty es-

timation cannot be addressed, calling for the imperative need for probabilistic dimension

reduction methodologies. Nonparametric Bayesian approaches have been very successful

in many fields by bringing about rich inference, however their development and application

on dimension reduction tasks are extremely limited (for a recent example see Tokdar et al.

(2008)). This thesis aims to bridge the gap between these areas. We develop nonparametric

Bayesian models, with focus on Dirichlet Process models andtheir extensions, and kernel

models, in dimension reduction and regression problems. The dimension reduction studied

in this thesis will primarily be in the supervised frameworkin which the reduction is in the

sense of preserving the predictive information. We first give a detailed background intro-

duction of Dirichlet Processes related models, kernel models, and the theory and practice

of dimension reduction.
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1.1 Dirichlet Processes and Extensions

1.1.1 Dirichlet Processes

In the task of density estimation, a standard finite Gaussianmixture modeling approach

proceeds by assuming a parametric form through Gaussian kernel functions for the target

distribution or density function that is of interest. In this setting however a major limitation

is that one needs to specify the number of mixture component which is generally unknown.

Nonparametric Bayesian models overcome this limitation byplacing proper functional pri-

ors on the target unknown distribution function, so that inference could be done directly on

the target distribution function itself, henceforth adding in more flexibility.

Among all functional priors over distribution functions, the Dirichlet process (DP) prior

is perhaps the most poplar choice. Suppose random variablesθ1, · · · , θn which could be

either samples or parameters follow a distribution function G. Consider placing a prior

on G. For a specified distributionG0 called “base measure” having the same support

asG and a positive scale/concentration parameterα0, the notation DP(α0, G0) implies

that for any measurable partition of the sample space(B1, B2, . . . , Bk), the random vector

(G(B1), . . . , G(Bk)) follows a Dirichlet distribution, that is

(G(B1), . . . , G(Bk)) ∼ Dirichlet(α0G0(B1), . . . , α0G0(Bk))

(Ferguson, 1973, 1974). This definition implies that the Dirichlet process is a natural ex-

tension to random functions of the traditional Dirichlet distribution on finite dimensional

random variables. HereE(G) = G0, so that the base measure serves as the “center” for

the random distributionG; The scale parameterα0 reflects the concentration ofG to G0:

in fact one has Var(G(A)) = G0(A)(1 − G0(A))/(α0 + 1) for any measurable setA, so

that a biggerα0 implies thatG will have a smaller variance hence tend to be more sim-
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ilar to G0. The technical definition of DP prior however does not demonstrate what the

function with such a prior should look like. The two representations or characterizations

of the DP, namely, the stick breaking representation (Sethuraman, 1994) and the Polya-urn

representation (Blackwell and MacQueen, 1973), provide insight into important properties

of DP.

The stick breaking representation states that a distribution function following a DP prior

is an infinite mixture

G =
∞
∑

h=1

πhδν∗
h
, (1.1)

πh = βh

h−1
∏

l=1

(1 − βl), βh ∼ Beta(1, α0),

ν∗h ∼ G0

whereδ· is the delta function,ν∗h’s are called “atoms” that are simply i.i.d. draws from

the base measure andπh’s are called “weights” that are constructed from a unit “stick”

by sequentially sampling from a Beta distribution based on what is left after the previous

sampling. This construction demonstrates a specific form for the distribution functions that

follow a DP prior, and a salient point is that such functions have a discrete support, the

random atoms sampled from the base measureG0. As a consequence, a natural clustering

machinery will be induced for the random variablesθ1, · · · , θn that followG. The scale

parameterα0 controls the magnitude of theβh, so that a bigα0 tends to induce smallβh

hence smallπh in general which tends to makeG more similar or concentrated toG0.

A second representation, the Polya-urn scheme, focuses on the implication for the DP

prior on the random variables followingG rather than the functional form forG itself.

Supposeθ1, · · · , θn ∼ G andG ∼ DP(α0, G0), then the predictive distribution for a new

5



elementθn+1 givenθ1, · · · , θn whenG is integrated out, is given by

P (θn+1 ∈ A|θ1, · · · , θn) =
1

α0 + n

(

α0G0(A) +
n
∑

i=1

δθi
(A)
)

(1.2)

whereA is any measure set andδθi
(A) = 1 if θi ∈ A and= 0 otherwise. This predictive

form is highly consistent with the discrete nature ofG implied by (1.1) and the clustering

machinery, in thatθn+1 could equal to one ofθ1, · · · , θn with probability proportional to1

and also has a probability proportional toα0 of having a brand new value sampled from the

base measure.

The discrete nature of the DP prior might be undesirable in applications where contin-

uous distribution functions are of interest. In such cases one simply needs to letθ1, · · · , θn
be individual parameters of a continuous function which could be the sampling distribution

function. Specifically one could have

yi|θi ∼ g(·|θi) (1.3)

θi|G ∼ G

G ∼ DP(α0, G0)

whereyi’s are the actually observed samples andg(·|θi) is a continuous distribution func-

tion in the sample with parametersθi. This is termed “Dirichlet Process mixture models

(DPM)”. For example, ifg is assumed to be Gaussian then a Gaussian mixture model is

effectively produced and resembles much of the traditionalGaussian mixture modeling

framework, for the extra benefit that one lets the data speak for itself and does not have to

impose any rigid assumptions such as pre-specifying the number of mixture components

as one would have to do in traditional parametric mixture modeling framework.

Computational advantages are also a major factor for the popularity of the DP pri-

6



ors. Efficient Gibbs sampling methodologies are developed in literature (Escobar and

West, 1995; MacEachern and Müller, 1998; Ishwaran and James, 2001), which are pri-

marily divided into two categories: the conditional approach and the marginal approach.

The conditional approach is related to the stick breaking representation for DP and in

practice aims to approximate the infinite mixtures in (1.1) by a mixture with sufficiently

many mixture components, i.e., to find a large enoughH to replace∞ in (1.1). The re-

sulting sampling scheme is then analogous to that for finite mixture models, that is, for

θ1, · · · , θn ∼ G =
∑H

h=1 πhδν∗h , one introduces latent variables called “labels”z1, · · · , zn
s.t.

zi = h⇔ θi = ν∗h

meaning thei-th sample or parameter is assigned to theh-th mixture component, and iter-

atively updateszi, θi, ν∗h under their full conditional posterior distributions which are easily

tractable. The marginal approach, on the other hand, utilizes the Polya-urn scheme in (1.2)

which implies a prior onθi(i = 1 · · · , n), s.t.

θi|θ−i =
1

α0 + n− 1

(

α0G0 +

n−1
∑

j=1

δθj

)

whereθ−i denotes{θ1, · · · , θi−1, θi+1, · · · , θn}. If there is a sampling distribution as in

(1.3), the sampling distribution is taken as the likelihoodfunction in θi, and by mul-

tiplying the likelihood and the prior forθi one can obtain the conditional posterior of

θi|(y1, · · · , yn, θ−i) again as a mixture with a tractable form as long asg andG0 are conju-

gate (Escobar and West, 1995).
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1.1.2 Dependent Dirichlet Processes

An important premise for DP models is thatθ1, · · · , θn areexchangeable, that is any

finite permutation of the indices should result in the same joint distribution. This natural

holds by De Finetti’s theorem (Diaconis and Freedman, 1980)in the settingθ1, · · · , θn i.i.d. ∼

G which is a commonly adopted framework. In some scenarios, however,θi is dependent

on covariates sayxi ∈ X , so thatθi in effect follows a distribution functionGi that depends

on xi. For example in density estimation tasks where covariates are available, instead of

assuming all the samplesθi’s from the same common distributionG, it is more desirable to

assign an individual covariates-dependent distribution functionGi to eachθi; Supervised

framework whereyi is a response andxi is an predictor variable also falls into this category:

the distribution ofyi is xi-dependent. In such settings theθi’s are no longer exchangeable.

Dependent Dirichlet Processes (DDP) are important extensions to DP that address the

above issue involving covariates. The DDP was first introduced in MacEachern (1999)

to generate DP to settings where covariates need to be incorporated when modeling a un-

known distributionG. Consider the stick-breaking representation forG in (1.1). Now ifG

depends on some covariatesx and one wants to induce dependence among different such

G’s through the dependence among differentx’s one could effectively achieve this by al-

lowing theπh’s, or theν∗h’s, or both, in (1.1), to depend onx. For example, one could

have

Gx =

∞
∑

h=1

πhxδν∗
h

in which now the subscriptx is added toG andπh to show their explicit dependence on

x, where the dependence structure amongGx’s is induced via the dependence among the

weightsπhx throughx. There are multiple ways to construct such dependentGx’s leading

to different DDP (Dunson and Park, 2008; Gelfand et al., 2005; Griffin and Steel, 2006;

Iorio et al., 2004; Dunson et al., 2008). As will be seen DDP ishighly relevant and useful

8



in our supervised dimension reduction task.

1.2 Kernel Models

Regression models are typically summarized byY = f(X) + ε with f an unknown

regression function,X, Y predictor and response variables respectively andε noise. Non-

parametric non-probabilistic methods on regression problems, instead of imposing a rigid

parametric form onf , generally adopt a regularization framework popular in machine

learning. In this frameworkf is chosen from a candidate functional space with regular-

ization, that is,f is selected in such a way that it minimizes a pre-chosen loss function and

a penalty term, so that over-complex or non-smooth functions tend to be penalized to mit-

igate the problem of over-fitting. An important class of suchmodels is the nonparametric

kernel models which have been used extensively for classification and regression problems

(Hastie et al., 2001; Schölkopf and Smola, 2001). The most well known example is the cel-

ebrated support vector machines (SVMs) (Cortes and Vapnik,1995) which have been high

successful in practice since its inception. The appealing properties of nonparametric kernel

models are their flexibility and predictive accuracy, and most importantly, their ability to

handle high dimensional data.

Nonparametric kernel models proceed by constructing a so called reproducing kernel

Hilbert space (RKHS)Hk (Wahba, 1990) generated by a positive semi-definite kernel func-

tion k(x, u) with x, u ∈ X , the input space, and selecting the estimate inHk. Hk can be

formally characterized as the following provided that the kernel functionk(·, ·) is a Mercer

kernel (Mercer, 1909):

Hk =

{

f | f(x) =

∞
∑

j=1

ajφj(x) s.t.
∞
∑

j=1

a2
j/λj <∞

}

,
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where{λj} and{φj(x)} are the eigenvalues and eigenfunctions of the Mercer kernelfunc-

tion k(·, ·). Denotekx(·) = k(x, ·) referred to as the kernel function at knotx, the RKHS

Hk could be roughly described as a Hilbert space containing allthe linear combinations of

kernel functions at any knot in the input space, and their point-wise limits. Thus

Hk =







T
∑

t=1

atkxt
(·), at ∈ R, xt ∈ X , T ∈ Z+







The regularization or penalized loss function framework can be stated as

f̂ = arg min
f∈Hk

L(f, data) + λ‖f‖2
Hk

(1.4)

whereL is some loss function measuring the fit off to the data — typically a more complex

(less smooth) form forf would lead to a smaller loss value; the second term is a penalty that

penalizes over-complexf that would over-fit the data:‖ · ‖Hk
is the RKHS norm defined

on the RKHS space measuring the complexity off , andλ is a tuning parameter specifying

the strength of the penalty — a largerλ forces the procedure to choose smoother forms for

f while a smallerλ encourages more complex and wiggled ones, hence a proper specified

λ balances the trade-off between minimizing the fitting errors and the smoothness.

Although the optimization in (1.4) may be over an infinite dimensional space the op-

timal solution has the following finite dimensional representation due to the representor

theorem (Kimeldorf and Wahba, 1971)

f̂(x) =

n
∑

i=1

wi k(x, xi), (1.5)

This reduces an infinite dimensional optimization problem to one inn variables, which is

very attractive for high-dimensional analysis since the optimization is overn≪ p variables
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and independent of the dimensionp.

While (1.5) is appealing, one can only obtain a point estimate and hence limited in-

ference without a direct way to evaluate estimate and predictive uncertainty unless one

seeks additional computationally heavy methods such as bootstrap, a drawback shared by

all non-probabilistic methods. A fully Bayesian approach of kernel methods would provide

a natural framework to add in probabilistic interpretations and provide rich inference such

as easy evaluation of uncertainly for estimates and prediction through posterior samples.

Nonparametric Bayesian kernel methods, for example Bayesian SVMs, have been pro-

posed (Tipping, 2001; Sollich, 2002) based on applying Bayesian estimation directly to the

finite representation from equation (1.5). However, the direct adoption of (1.5) is not a

proper statistical model, as the model changes with the sample size and observed covariate

values defining the knots, without a coherent argument.

1.3 Dimension Reduction

1.3.1 The Setup

High dimensional data sets where one has many variables are common nowadays in

diverse domains such as statistics, engineering, bioinformatics, econometrics, etc. Tradi-

tional statistical methods typically break down when dealing with these large data sets due

to the infamous manifesto “the curse of dimensionality” (Bellman, 1961), which asserts

that with the increase of the dimensionality (the number of variables) the available data

become sparse exponentially and render many of the traditional methodologies incapable.

For example, in a linear regression problem, over-fitting will occur when one has too many

predictor variables and make the inference unreliable.

Dimension reduction is a suitable way to overcome this difficulty. It is the process of
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reducing the number of variables in consideration and meanwhile aiming to lose as little

information as possible. The foundation of dimension reduction is that, in many cases,

though the data are from a possibly very high dimensional space, the problem is intrinsi-

cally low dimensional. For instance, in a regression problem, although one may potentially

have a huge number of predictor variables, only some of them are in fact relevant. Dimen-

sion reduction techniques aim to find such a low dimensional structure in these settings,

and can thus help researchers better understand the problemand facilitate the use of other

statistical methods.

Mathematically the dimension reduction can be stated as follows: given the samples

x1, · · · , xn ∈ X ⊂ R
p, produce lower dimensional “features”x̃1, · · · , x̃n ∈ X ⊂ R

d with

d < p according to certain criteria to ensure of minimization of loss of information in

certain sense, so that there exists a map

D : R
p 7→ R

d, d < p, D(xi) = x̃i

Different dimension reduction approaches have different sense of defining the “minimiza-

tion of loss of information” as will be seen below. Note that the mapD(·) may or may not

be explicitly found. IfD(·) is not explicitly found then only the lower dimensional features

x̃1, · · · , x̃n are produced and one does not have a general map to reduce the dimensionality

of new observations.

1.3.2 Some Dimension Reduction Techniques

Dimension reduction techniques are typically classified into linear methods and nonlin-

ear methods. For linear methods the mapD(xi) = B′xi whereB = (β1, · · · , βd) is ap× d

matrix, so that effectively ad dimensional subspaceB formed by the span of the columns

of B is found and thep dimensional sample vectors are projected into this subspace to
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achieve dimensionality reduction. Principle component analysis (PCA) is perhaps the most

celebrated linear dimension reduction technique. PCA seeks the directions or subspace to

maximize the variation of the variables, i.e., PCA finds the directionsβ1, · · · , βd s.t.

βi = argmax|β|=1Var(β ′X), i = 1, · · · , d

s.t. cov(βiX, βjX) = 0, for j < i, i > 1

whereX ∈ X ⊂ R
p is a random sample vector. It turns out these directions are simply

the firstd eigen-vectors of the covariance matrix ofX corresponding to the largestd eigen-

values. Extensions such as factor models are closely related to dimension reduction. Factor

models state that

X − µ = AX̃ + ǫ

whereµ is the mean ofX ∈ X ⊂ R
p, A ∈ R

p×d andX̃ ∈ R
d are named “factor loading”

matrix and “factor score” respectively, andǫ is noise with mean0 and covariance matrix di-

agonal. The fundamental assertion underlying factor models is that the covariance structure

in thep-dimensional variableX is in fact primarily explained or generated by the latentd-

dimensional factor score, and the factor loading matrix serves as the measure of correlation

between them, which adds in rich interpretations for the framework. This setup is closely

related to dimension reduction in that the factor scoreX̃ can be effectively viewed as the

features that are of lower dimensionality thanX. Note that in this setting only reduced

features are obtained and a general mapD(·) is not available.

For nonlinear methods the mapD(·) is nonlinear and often cannot be explicitly repre-

sented. Standard examples include kernel principle component analysis (Mika et al., 1999)

(kernel PCA) and multi-dimensional scaling (MDS) (Cox and Cox, 2001). In kernel PCA

one specifies a bi-variate kernel functionk(x, u), (x, u ∈ X ⊂ R
p), for instance,k(x, u) =

exp(− |x−u|2

2σ2 ) with σ being some bandwidth parameter and a kernel matrixK ∈ R
n×n s.t.
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the (i, j)-th entry isKij = k(xi, xj) wherexi, xj represent the sample vectors. Then the

features are produced in terms of the eigen-vectors ofK, i.e., if η1, · · · ηd are thed eigen-

vectors ofK corresponding to the largestd eigen-values withηj = (η
(1)
j , · · · , η(n)

j )′, then

thed dimensional feature vector̃xi = (η
(i)
1 , · · · , η(i)

d ), i = 1, · · · , n. Clearly the relation-

ship betweenxi and x̃i is nonlinear and the mapD(·) cannot be explicitly given in the

sense that for a new observation vectorx ∈ X one cannot obtain the corresponding feature

vector without re-calculating a new kernel matrix and doingan eigen-decomposition on it.

Most of the nonlinear dimension reduction approaches in literature are of this flavor, that

is they obtain the feature vectors as the eigen-vectors of certain matrix, for instance, multi-

dimensional scaling and the recently very popular so-called manifold learning methods

such as ISOMAP (Tenenbaum et al., 2000), locally linear embedding (LLE) (Roweis and

Saul, 2000), Laplacian eigenmap (Belkin and Niyogi, 2003),etc. These manifold learning

methods assert that the high dimensional data in effect lie on an intrinsically low dimen-

sional manifold (not necessarily a subspace) and aim to “learn” this manifold by the local

information in the ambient space.

1.3.3 Supervised Dimension Reduction

The methods aforementioned are all unsupervised in that there is no response variable.

In settings where one is confronted with both response variables and high dimensional

predictor variables one may need to reduce the dimensionality of the predictors while keep

the predictive information. Supervised dimension reduction (SDR) formulates the problem

as finding a low-dimensional subspace (or manifold) that contains predictive information of

the response variable and seeks to replace the original predictors with projections onto this

low dimensional subspace. This low dimensional subspace isoften called the dimension

reduction (d.r.) space.
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The underlying model in supervised dimension reduction is given p-dimensional co-

variatesX and a responseY the following holds

Y = g(b′1X, · · · , b′dX, ε) (1.6)

where the column vectors ofB = (b1, ..., bd) are named the d.r. directions andε is noise

independent withX. In this framework all the predictive information is contained in the

d.r. spaceB which is the span of the columns ofB, sinceY ⊥⊥ X | PBX, where⊥⊥ denotes

“independent with” andPB denotes the orthogonal projection operator onto the subspace

B. SuchB may not be unique and one wants to find the so-called central subspace (Cook,

1996)SY |X defined as the intersection of all subspacesS ⊆ R
p having the property that

Y ⊥⊥ X | PSX, so that the central subspace is effectively the “minimal” d.r. subspace.

In our work we do not distinguish the term central subspace and d.r. subspace since we

always aim for the minimal d.r. subspace.

The d.r. subspaceB is on a so-called Grassmann manifold denoted asG(d,p) which is

defined as the set of all thed dimensional linear subspaces ofR
p. Existing non-Bayesian

dimension reduction approaches seek to find a “best” d.r. subspace, which is effectively an

optimal point onG(d,p). However Bayesian probabilistic models are of great interest here

since rich inference can be made through posterior distributions on the wholeG(d,p) hence

significantly enlarge our scope.

Approaches to inference of the d.r. space in literature can be divided into three cate-

gories. The first is called “forward regression”, where the conditional probabilityY | X

is directly modeled, or equivalently in (1.6) the functiong is directly modeled. A classic

example of this approach is Projection Pursuit Regression (PPR) (Friedman and Stuetzle,

1981), where one assumes an additive form forg in (1.6), namelyY =
∑d

m=1 gm(b′mX)+ε

and applies a fitting strategy which iteratively performs the task of optimizing overgm given
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bm by any suitable smoothers such as spline models or kernel models, and optimizing over

bm give gm which involves a Newton search. A modern Bayesian example isproposed

in Tokdar et al. (2008) where a variant of logistic Gaussian processes is utilized to model

Y | PBX or the functiong in (1.6). The major limitation of this type of methods is that

it is difficult to obtain an accurate estimate for the unknowndistributionY | PBX or the

functiong.

The second line of methods is named “gradient learning” approach. Consider a slightly

restricted framework in which the reduction is captured in the regression (mean) function:

denote the regression functionf(x) = E(Y |X = x) and

Y = f(X) + ε = g̃(b′1X, . . . , b
′
dX) + ε

by additive error assumption. The observation that the gradient of the regression function,

∇f ∈ R
p, lies in the d.r. space motivates this approach. A variety ofmethods exist in this

category (Xia et al., 2002; Mukherjee and Zhou, 2006; Mukherjee and Wu, 2006; Wu et al.,

2007). In all these methods a central quantity termed “Gradient Outer Product” (GOP)

matrix defined asE(∇f∇f ′) is estimated and the firstd eigen-vectors corresponding to

the largestd eigen-values are taken as the basis for the d.r. space. They differ in how

inference is done for the gradient or GOP. In Xia et al. (2002)an efficient method named

“MAVE” is provided which estimates the gradient∇f by local polynomial fitting, however

it is not directly applicable when the number of predictor orexplanatory variables is larger

than the sample size due to over-fitting and numerical instability. In Mukherjee and Zhou

(2006); Mukherjee and Wu (2006); Wu et al. (2007) kernel methods are utilized to learn

the gradient and overcome the over-fitting problems in thep > n scenario by adding a

regularization term in the gradient estimate. The utilization of kernels introduces nonlinear

features to the problem hence makes these methods more flexible. The main drawback,
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however, is their lack of probabilistic interpretations.

The third category is the “inverse regression” type of approaches, where the condi-

tional distributionX | Y is the focus. The classic examples are the celebrated sliced

inverse regression (SIR) (Li, 1991) for the continuous response setting and reduced rank

linear discriminant analysis (LDA) for the discrete response setting, in which an important

idea that the conditional distribution of the predictor given the response can provide useful

information in the reduction of the dimensions was introduced. SIR estimates the inverse

regression curveE(X | Y ) to infer about the d.r. space. SIR and LDA are not probabilistic.

These methods are extended to more general probabilistic settings in Principal Fitted Com-

ponent (PFC) models (Cook, 2007). A major drawback of PFC as well as SIR and LDA is

that they suffer from the multi-modality issue that the d.r.space is degenerate when the re-

gression function is symmetric along certain directions inwhich case important directions

might be lost.

1.4 Overview of the Remaining Chapters

In this thesis we develop nonparametric Bayesian models on supervised dimension re-

duction and regression problems and demonstrate the rich inference brought by these flex-

ible models.

In chapter 2 we shall develop a Bayesian framework for supervised dimension reduc-

tion using a flexible nonparametric Bayesian mixture modeling approach that extends the

model-based approach of Cook (2007). Our method retrieves the dimension reduction sub-

space by utilizing a dependent Dirichlet process that allows for natural clustering for the

data in terms of both the response and predictor variables. Formal probabilistic models

with likelihoods and priors are given and efficient posterior sampling of the d.r. subspace

can be obtained by a Gibbs sampler. As the posterior draws arelinear subspaces which are
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points on a Grassmann manifold, we output the posterior meand.r. subspace with respect

to geodesics on the Grassmannian. The salient point is that our method applies to data

generated from distributions where the support of the predictive subspace is not a linear

subspace of the predictors but is instead a nonlinear manifold. The projection is still lin-

ear but it will contain the nonlinear manifold that is relevant to prediction. The Bayesian

formulation of the inverse regression framework has a natural model-based underpinning

based on distribution theory.

Chapter 3 will formulate a coherent Bayesian nonparametricmodel that is based on

ideas from the gradient learning framework and adds appropriate probabilistic and statis-

tical frameworks that allow for uncertainty estimation which is important for measuring

the estimates. The proposed model holds for both the classical setting of Euclidean sub-

spaces and the Riemannian setting where the marginal distribution is concentrated on a

manifold. The method is especially relevant for the high-dimensional setting where the

number of predictor variables far exceed the number of observations. A Markov chain

Monte Carlo procedure for inference of model parameters is provided. We will illustrate

how our Bayesian model allows for formal inference of uncertainty in dimension reduction

as well as inference the uncertainty of conditional dependencies in graphical models.

In Chapter 4 a fully Bayesian framework and theory for kernelregression and classifi-

cation will be provided. We specify priors on the entire RKHSand induce a class of func-

tions that span the RKHS, providing an equivalence between the nonparametric Bayesian

models and kernel models used in the penalized loss framework. This implies a Bayesian

representor theorem that results in the finite representation in equation (1.5) derived from

a Bayesian formulation, and that is coherent across samplesand sample sizes. This formal

model then easily and coherently addresses problems of inference on hyper-parameters,

variable selection, and ancillary issues such as unlabeleddata (in semi-supervised learn-

ing).
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Chapter 2

Bayesian Mixture Modeling of Inverse

Regression for Supervised Dimension Reduction

2.1 Introduction

As stated in Section 1.3.3, supervised dimension reduction(SDR) can be formulated as

finding a low-dimensional subspace or manifold that contains all the predictive informa-

tion of the response variable. This low-dimensional subspace is often called the dimension

reduction (d.r.) subspace. Projections onto the d.r. spacecan be used to replace the original

predictors, without affecting the prediction. This is a counterpart of unsupervised dimen-

sion reduction such as principal components analysis whichdoes not take into account the

response variable. The underlying model in supervised dimension reduction is given in

(1.6).

A variety of methods for SDR have been proposed in literaturethat can be divided into

three categories: methods based on forward regression thatdirectly model the conditional

probabilityY | X; methods based on learning gradients of the regression function; and

methods based on inverse regression that model the conditional distributionX | Y . See

Section 1.3.3 for details. In this chapter we focus on the inverse regression category.

The idea that the conditional distribution of the predictors given the response can pro-

vide useful information in the reduction of the dimensions was introduced in sliced inverse

regression (SIR) (Li, 1991) for the regression setting and reduced rank linear discriminant

analysis for the classification setting. SIR proposes the semiparametric model in (1.6) and
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claims that the centered conditional expectationE(X | Y = y)−E(X), called the inverse

regression curve, is contained in the (transformed) d.r. space spanned by the columns ofB.

SIR is not a model based approach in the sense that a sampling or distributional model is

not specified forX | Y . The idea of specifying a model forX | Y is developed in principal

fitted component (PFC) models (Cook, 2007). Specifically, the PFC model assumes the

following multivariate form for the inverse regression

Xy = µ+ Aνy + ε (2.1)

whereXy ≡ X | Y = y; µ ∈ R
p is an intercept;ε ∼ N(0,∆) with ∆ ∈ R

p×p is a

random error term;A ∈ R
p×d andνy ∈ R

d imply that the mean of the (centered)Xy

lie in a subspace spanned by the columns ofA with νy the coordinate (similar to a factor

model setting withA the factor loading matrix andνy the factor score). Under this model

formulation it is important thatνy is modeled otherwise the above model is an adaptation

of principal components regression, see sections 2.2.1 and2.2.1 for the models used here.

In this framework it can be shownB = ∆−1A (Cook, 2007), so that the columns of∆−1A

spans the d.r. space.

SIR and PFC both suffer from the problem that the d.r. space isdegenerate when

the regression function is symmetric along certain directions ofX, in this case important

directions might be lost. The primary reason for this is thatXy for certain values ofy may

not be unimodal: there may be two clusters or components in the conditional distribution

X | Y = y. An additional drawback of SIR is that the slicing procedureon the response

variable is rigid and not based on a distributional model. Intuitively, the slicing approach

should allow for borrowing information across the responsevariable. Data points with

similar responses tend to have similar conditional distributions yet because of the rigid

nature of the slicing procedure these data points may belongto different bins and are treated
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independently.

Sliced average variance estimation (SAVE) (Cook and Weisberg, 1991) utilizes both

the first and second moment of the distributionX|Y in capturing the d.r. space however

can also be problematic when moments are degenerate as relevant directions are often lost;

Principal hessian directions (PHD) (Li, 1992) focuses on the hessian matrix of the regres-

sion functionf(x) = E(Y |X = x) and locates the directions along whichf(x) shows

large curvature, however PHD is constrained due to the requirement of strong distribu-

tional assumptions such as normality of the predictor variables to accurately estimate the

Hessian matrix. Another problem with PHD is that directionsthat are linearly correlated to

the output variables are lost.

To address the multimodality problem a possibility is to develop a mixture model, that

is, to assume a normal mixture model rather than a simple normal model forXy. This is

the approach taken in mixture discriminant analysis (MDA) (Hastie and Tibshirani, 1996b)

which utilizes in the classification setting a finite Gaussian mixture model for each class.

However MDA can only be applied when the response is discreterather than continuous,

and the pre-specification of the (generally unknown) numberof mixture components is an

issue.

In this chapter we develop a Bayesian methodology we call Bayesian mixtures of in-

verse regression (BMI) that extends the model-based approach of Cook (2007). A semi-

parametric model will be stated. A salient point is that it applies to data generated from

distributions where the support of the predictive subspaceis not a linear subspace of the

predictors but is instead a nonlinear manifold. The projection is still linear but it will con-

tain the nonlinear manifold that is relevant to prediction.The Bayesian formulation of the

inverse regression framework has a natural model-based underpinning based on distribu-

tion theory. A further important point of great interest is that the d.r. subspace is on a

so-called Grassmann manifold denoted asG(d,p) which is defined as the set of all thed
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dimensional linear subspaces ofR
p, and our model allows for rich inference such as uncer-

tainty evaluation by drawing posterior samples (subspaces) from this manifold rather than

merely obtaining an optimal point from this manifold as by other SDR methods.

2.2 Bayesian mixtures of inverse regression (BMI)

2.2.1 Model specification

We propose a semiparametric mixture model that generalizesthe PFC model (2.1):

X | (Y = y, µyx,∆) ∼ N(µyx,∆) (2.2)

µyx = µ+ Aνyx (2.3)

νyx ∼ Gy (2.4)

whereµ ∈ R
p,∆ ∈ R

p×p, A ∈ R
p×d have the same interpretations as in (2.1);νyx ∈ R

d is

analogous toνy in (2.1) except it depends ony and the marginal distribution ofX, and it

follows a distributionGy that depends ony. Note that (2.1) can be recovered by assuming

Gy = δνy
which is a point mass atνy, and in this caseνyx ≡ νy.

However by consideringGy as a random process hence specifying flexible nonpara-

metric models forX | Y we can greatly generalize (2.1). For example a Dirichlet process

prior (DP) (Ferguson, 1973, 1974; Sethuraman, 1994) onGy leads to a mixture model for

X | Y due to its discrete property and alleviates the need to prespecify the number of

mixture components forX | Y . In the setting of a continuous response the dependent

Dirichlet process (DDP) (MacEachern, 1999; Dunson and Park, 2008) can be used to allow

dependence betweenGy’s.
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Proposition 1. For this model the d.r. space is the span ofB = ∆−1A, i.e.,

Y | X = Y | (∆−1A)′X.

Proof. Assume in the followingA and∆ are given. Assume in (2.3)µ = 0 w.o.l.g. so that

µyx = Aνyx. Let p(y|x) be the distribution ofY givenX. Then

p(y | x) =
p(x | y)p(y)

p(x)
=
p(y)

p(x)

∫

N(x;µyx,∆)dπ(µyx)

∝ p(y)

∫

exp
(

− 1

2
(x− µyx)

′∆−1(x− µyx)
)

dπ(µyx)

∝ p(y) exp
(

− 1

2
(x− PAx)

′∆−1(x− PAx)
)

∫

exp
(

− 1

2
(PAx− µyx)

′∆−1(PAx− µyx)
)

exp
(

− (PAx− µyx)
′∆−1(x− PAx)

)

dπ(µyx)

wherePAx denotes the projection of x onto the column space ofA under the∆−1 inner

product, i.e.,

PAx = A(A′∆−1A)−1A′∆−1x.

Sinceµyx is in the column space ofA, the cross term(PAx − µyx)
′∆−1(x − PAx) = 0,

which could also be derived by checking thatµyx = PAµyx andP ′
A∆−1(x− PAx) = 0.

So that

p(y | x) ∝ p(y)

∫

exp
(

− 1

2
(PAx− µyx)

′∆−1(PAx− µyx)
)

dπ(µyx)

thusx comes into play only throughA′∆−1x.

Given data{(xi, yi)}ni=1 the following sampling distribution is specified from (2.2)-
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(2.4)

xi | (yi, µ, νi, A,∆) ∼ N(µ+ Aνi,∆)

νi ∼ Gyi

whereνi := νyixi
and the likelihood

p(x1, · · · , xn|y1, · · · , yn, µ, A,∆, ν1, · · · , νn) ∝

det(∆−1)
n
2 exp

[

−1

2

n
∑

i=1

(xi − µ− Aνi)
′∆−1(xi − µ− Aνi)

]

(2.5)

whereν = (ν1, · · · , νn). To fully specify the model we need to specify the distributions

Gyi
. The categorical response case is specified in subsection 2.2.1 and the continuous

response case is specified in subsection 2.2.1.

Categorical response

When the response is categorical,y = {1, · · · , C}, we can specify the following model

for νi

νi | (yi = c) ∼ Gc for c = 1, ..., C, (2.6)

where eachGc is an unknown distribution independent with each other. It is natural to use

a Dirichlet process as a prior for eachGc

Gc ∼ DP(α0, G0) (2.7)

with α0 is a concentration parameter andG0 the base measure. The discrete nature of the

DP will ensure a mixture representation forGc and induce a mixture of normal distributions

for X | Y . This allows for multiple clusters in each class.
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Continuous response

In the case of a continuous response variable it is natural toexpectGy1 andGy2 to be de-

pendent ify1 is close toy2, that is, we would like to borrow information across the response

variables. A natural way of doing this is to use a dependent Dirichlet Process (DDP) prior.

The DDP was first introduced in MacEachern (1999) to generateDP to settings where co-

variates need to be incorporated when modeling an unknown distributionG. Consider the

stick-breaking representation (Sethuraman, 1994) forG ∼ DP(α0, G0) in (1.1). Now if

one wantsG to depend on some variablesy and induces dependence among different such

G’s through the dependence amongy’s one could allow theπh’s, or theν∗h’s, or both, to

depend ony. For example, one could have

Gy =
∞
∑

h=1

πhyδν∗
h

in which now the subscripty is added toG andπh to show their explicit dependence on

y, where the dependence structure amongGy ’s is induced via the dependence among the

weightsπhy throughy. There are multiple ways to construct such dependentGy’s leading

to different DDP (Dunson and Park, 2008; Gelfand et al., 2005; Griffin and Steel, 2006;

Iorio et al., 2004; Dunson et al., 2008). Here we utilize the kernel stick breaking process

(Dunson and Park, 2008) due to its nice properties and computational efficiency. The kernel

stick breaking process constructsGy in such as way that

Gy =

∞
∑

h=1

U(y;Vh, Lh)
∏

ℓ<h

(1 − U(y;Vℓ, Lℓ))δν∗
h

(2.8)

U(y;Vh, Lh) = VhK(y, Lh) (2.9)

whereLh is a random location in the domain ofy, Vh ∼ Be(va, vb) a prior is a probabil-

ity weight, ν∗h is an atom, andK(y, Lh) is a kernel function that measures the similarity
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betweeny andLh. Examples ofK are

K(y, Lh) = 1|y−Lh|<φ or K(y, Lh) = exp(−φ|y − Lh|2). (2.10)

Dependence on the weightsU(y;Vh, Lh) in (2.8) will result in dependence betweenGy1

andGy2 wheny1 andy2 are close.

2.2.2 Inference on the Model Parameters

Given data{(xi, yi)}ni=1 we would like to infer the model paramatersA,∆, ν ≡ (ν1, · · · , νn).

FromA and∆ we can compute the d.r. which is the span ofB = ∆−1A. The inference

will be based on Markov chain Monte Carlo (MCMC) samples fromthe posterior distrib-

ution given the likelihood function in (2.5) and suitable prior specifications. The inference

procedure is a Gibbs sampling scheme which can be broken intofour sampling steps: sam-

pling µ, samplingA, sampling∆−1, and samplingν. The fourth step will differ based on

whether the response variable is continuous or categorical.

Samplingµ

A noninformative prior on the intercept parameterµ, i.e.,µ ∝ 1, combined with the

likelihood function (2.5), leads to normal full conditional posterior distribution

µ | (data, A, ν) ∼ N

(

1

n

n
∑

i=1

(xi − Aνi),
1

n
∆

)

SamplingA

The matrixA ∈ R
p×d represents the transformed d.r. space and the likelihood (2.5) im-

plies a normal form inA. We will use the Bayesian factor modeling framework developed

in Lopes and West (2004) to modelA. In this frameworkA is viewed as a factor loading
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matrix. The key idea in (Lopes and West, 2004) is to impose special strucuture onA to

ensure identifiability

A =

























a11 0 0

...
. . . 0

ad1 . . . add
...

. . .
...

ap1 . . . apd

























(2.11)

We specify normal and independent priors for the elements ofA

aℓj ∼ N(0, φ−1
a ), ℓ ≥ j, ℓ = 1, ..., p

the hyper-parameterφa is specified to take a small value to reflect the vagueness of the

prior information.

Conjugacy of the likelihood and the prior leads to a normal conditional posterior for

each row ofA which we will specify. We first fix notation: theℓ-th row ofA is aℓ,; theℓ-th

column of the identity matrix isIℓ ∈ R
p; A−ℓ ∈ R

(p−1)×p is the matrixA with theℓ-th row

removed;I−ℓ ∈ R
p×(p−1) is the identity matrix with theℓ-th column removed and

xi/ℓ = xi − µ− I−ℓA−ℓνi,

ν̃ℓ,i =











νi ≡ (νi1, ..., νid)
′, ℓ = d+ 1, ..., p

(νi1, ..., νiℓ)
′, ℓ = 1, ..., d

27



The conditional for theℓ-th row ofA is calculated to be

aℓ, | (data, A−ℓ,∆, ν, µ) ∼ N(µ
(a)
ℓ ,Σ

(a)
ℓ )

Σ
(a)
ℓ = [(I ′ℓ∆

−1Iℓ)
∑

i

ν̃ℓ,iν̃
′
ℓ,i + φaId∗

ℓ
]−1

µ
(a)
ℓ = Σ(a)(

∑

i

ν̃ℓ,ix
′
i/ℓ)∆

−1Iℓ

whereId∗
ℓ

is thed∗ℓ × d∗ℓ identity matrix withd∗ℓ = min(d, ℓ).

Sampling∆

A natural choice for a prior for∆−1 is a Wishart distributionW (df, p, VD) with df de-

grees of freedom, and scale matrixVD. This results in the following conditional distribution

∆−1 | (data, A, ν, µ) ∝ det(∆−1)
df−p−1+n

2

exp

{

−1

2
Trace

(

(V −1
D +

n
∑

i=1

(xi − µ− Aνi)(xi − µ− Aνi)
′)∆−1

)

}

Samplingν for categorical responses

Inference for DP mixture models has been extensively developed in the literature (Es-

cobar and West, 1995; MacEachern and Müller, 1998). We utilize the sampling scheme in

Escobar and West (1995) which adopts a marginal approach in sampling from the DP pri-

ors. Marginalizing in (2.6) the unknown distributionGc leads to the poly-urn representation

of the prior forνi

νi | (yi = c, ν−i) ∝
∑

j 6=i,yj=c

δνj
+ α0G0(νi),

whereν−i = {ν1, · · · , νi−1, νi+1, · · · , νn}, G0 is the base distribution andα0 is the base

concentration parameter. The fact thatνi should be constrained to have unit variance to
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ensure identifiability implies that a natural choice ofG0 is N(0, Id). Combining with the

likelihood (2.5) the full conditional forνi is

νi | (data, yi = c, ν−i, A,∆, µ) ∝
∑

j 6=i,yj=c

qi,jδνj
+ qi,0Gi(νi)

where

Gi(νi) ∼ N
(

VνA
′∆−1(xi − µ), Vν

)

qi,j ∝ exp

{

−1

2
(xi − µ− Aνj)

′∆−1(xi − µ− Aνj)

}

qi,0 ∝ α0V
1
2
ν exp

{

−1

2
(xi − µ)′(∆−1 − ∆−1AVνA

′∆−1)(xi − µ)

}

whereVν = (A′∆−1A+ Id)
−1 and by∝ we mean that

∑

j:yj=yi
qi,j + qi,0 = 1

Samplingν for continuous responses

We follow the sampling scheme for the kernel stick-breakingprocess developed in Dun-

son and Park (2008). Inference for the DDP is based on a truncation of (2.8)

Gy =

H
∑

h=1

U(y;Vh, Lh)
∏

l<h

(1 − U(y;Vl, Ll))δν∗
h

whereH some pre-specified value large integer andU(y;Vh, Lh) = VhK(y, Lh) = Vh exp(−φ|y−

Lh|2) for h = 1, ..., H−1 andU(y;VH, LH) = 1 to ensure that
∑H

h=1 U(y;Vh, Lh)
∏

l<h(1−

U(y;Vl, Ll)) = 1. We denote byKi the cluster label for samplei, that is,Ki = h means

that samplei is assigned to clusterh. To facilitate samplingVh we introduce latent variables

Qih ∼ Ber(Vh) andRih ∼ Ber(K(yi, Lh)) for i = 1, .., n andh = 1, .., Ki.

The following iterative procedure provides samples ofνi
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1. Sample the cluster membershipKi

Ki = h | data, A,∆, µ, ν∗h, Vh, Lh ∝ exp
{

− 1

2
(xi − µ− Aν∗h)

′∆−1(xi − µ− Aν∗h)
}

×U(y;Vh, Lh)
∏

ℓ<h

(1 − U(y;Vℓ, Lℓ)) for i = 1, ..., H ;

This is a multinomial distribution. If the sampled index ish∗ then setνi = ν∗h∗.

2. Sample the atomsν∗h with prior ν∗h ∼ N(0, Id)

ν∗h | data, A,∆, µ,∼ N

(

(nhQ
′∆−1A+ Id)

−1A′∆−1
∑

i∈Ch

(xi − µ), (nhA
′∆−1A+ Id)

−1

)

,

whereCh is the index for theh-th cluster andnh is the the cardinality ofCh.

3. SampleVh with prior Vh ∼ N(va, vb)

Vh | data, Qih, Ki ∼ Be

(

va +
∑

i:Ki≥h

Qih, vb +
∑

i:Ki≥h

(1 −Qih)

)

, for h < H andVH ≡ 1.

4. Sample the latent variablesQih, Rih with priorQih ∼ Ber(Vh) andRih ∼ Ber(K(yi, Lh))

(Qih = 1, Rih = 0) | Vh, Lh, Ki ∼ Vh(1 −K(yi, Lh))

1 − VhK(yi, Lh)

(Qih = 0, Rih = 1) | Vh, Lh, Ki ∼ (1 − Vh)K(yi, Lh)

1 − VhK(yi, Lh)

(Qih = 0, Rih = 0) | Vh, Lh, Ki ∼ (1 − Vh)(1 −K(yi, Lh))

1 − VhK(yi, Lh)

for h < Ki andQih = Rih = 1 for h = Ki.

5. Sample the locationsLh with non-informative priorLh ∝ 1
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A Metropolis-Hastings step is taken with the proposal distribution

L∗
h ∼ Unif( min

i∈{Rih=1}
(yi), max

i∈{Rih=1}
(yi))

In case{i : Rih = 1} = ∅ we sampleL∗
h from the prior. The acceptance ratio is

calculated to be
∏

Ki≥h

K(yi, L
∗
h)
Rih(1 −K(yi, L

∗
h))

1−Rih

K(yi, Lh)Rih(1 −K(yi, Lh))1−Rih

6. The kernel precision parameterφ in K(y, Lh) = exp(−φ|y − Lh|2) can be pre-

specified or sampled. The sampling scheme is as follows:

Let φ̃ = log(φ). By placing a normal prior oñφ, namely,φ̃ ∼ N(µφ̃, σ
2
φ̃
) which

implies a log-normal prior onφ, and a proposal distribution a random walkφ̃∗ ∼

N(φ̃, σ2
prop), with µφ̃, σ

2
φ̃
, σ2

prop all pre-specified hyper-parameters, one has the ac-

ceptance ratio:
∏

Ki≥h

K∗(yi, Lh)
Rih(1 −K∗(yi, Lh))

1−Rih

K(yi, Lh)Rih(1 −K(yi, Lh))1−Rih

whereK∗(yi, Lh) = exp(−φ∗|y − Lh|2) with the proposedφ∗ = exp(φ̃∗).

2.2.3 Posterior Inference on the d.r. subspace

Given posterior samples of the parametersA and∆−1 and the formulaB = ∆−1A, we

obtain posterior samples of the d.r. subspace, denoted as{B(1), · · · ,B(T )}, whereT is the

number of the posterior samples. If we fix the dimensiond then each subspace is a point

on the Grassman manifold denoted asG(d,p), which is the set of all thed dimensional linear

subspaces ofRp. This manifold has a natural Riemannian metric and familiesof probability

distributions can be defined on the Grassmann manifold. See Appendix for details on the

differential geometry of this manifold.
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The Riemannian metric on the manifold implies the Bayes estimate of the posterior

mean should be with respect to the geodesic. This means givensubspaces{B(1), · · · ,B(T )}

the posterior summary should be a subspaceBBayes that is equidistant to theT posterior

samples with respect to the geodesic distance. Given two subspacesW1 andW2 spanned

by orthonormal basesW1 andW2 respectively, the geodesic distance between the subspaces

is given by the following computation (Karcher, 1977; Kendall, 1990)

(I −W1(W
′
1W1)

−1W ′
1)W2(W

′
1W2)

−1 = UΣV ′ (SVD decomposition)

Θ = atan(Σ)

dist(W1,W2) =
√

Tr(Θ2),

where Tr(·) is the matrix trace and atan(·) is the matrix arctangent. Given the above geo-

desic distance the mean of the subspaces{B(1), · · · ,B(T )} is the unique subspace with the

smallest geodesic distance to the posterior samples

BBayes = arg min
B∈G(d,p)

T
∑

t=1

dist2(B(t),B) (2.12)

which is called the Karcher mean (Karcher, 1977). We use the algorithm introduced in

Absil et al. (2004) to compute the Karcher mean. Given the geodesic distance we can

further evaluate the uncertainty of the d.r. subspace by calculating the distances between

the mean subspace and the posterior samples. We obtain a standard deviation estimate of

the posterior subspace as

std({B(1), · · · ,B(T )}) =

√

√

√

√

1

T

T
∑

t=1

dist2(B(t),BBayes) (2.13)

The posterior distribution on the d.r. subspace is a distribution on the Grassmann man-
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ifold G(d,p). It is of great interest to parameterize and characterize the posterior distribution

on this manifold. This is currently beyond the scope of our work.

2.2.4 Thep≫ n setting

When the number of predictors is much larger than the sample size, i.e.,p ≫ n, the

above procedure is problematic due to the curse of dimensionality. Clustering high dimen-

sional data would be prohibitive due to the lack of samples. This problem can be addressed

by slightly adapting computational aspects of the model specification.

Note in our mixture inverse regression model (2.2) and (2.3), µyx is a mean parameter

for X | (Y = y), and ifp ≫ n then it is reasonable to assume thatµyx lies in the subspace

spanned by the sample vectorsx1, . . . , xn – given the limited sample size constraining the

d.r. subspace to this subspace is reasonable. By this assumption, µyx − µ andAνyx, due

to equation (2.3), will also be contained in the subspace spanned by the centered sample

vectors. DenotẽX as then × p centered predictor matrix, then a singular value decom-

position onX̃ yields X̃ = UXDXV
′
X with the left eigenvectorsUX ∈ R

n×p∗ and right

eigenvectorsVX ∈ R
p×p∗ wherep∗ ≤ n ≪ p. In practice one can selectp∗ by the decay

of the singular values. By the above argument for constraints, we can assumeA = VXÃ

with Ã ∈ R
p∗×d. We can also assume that∆ = VX∆̃V ′

X with ∆̃ ∈ R
p∗×p∗. The effective

number of parameters is thus hugely reduced.

2.2.5 Selectingd

In our analysis the dimension of the d.r. subspaced needs to be determined. In a

Bayesian paradigm this is formally a model comparison problem and for two candidate
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valuesd1 andd2 the Bayes factor can be used for model selection

BF(d1, d2) =
p(data| d1)

p(data| d2)
,

with the marginal likelihood

p(data| d) =

∫

θ

p(data| d, θ)pprior(θ)dθ

whereθ denotes all the relevant model parameters.

The marginal likelihood in our case is obviously not analytically available. Various

approximation methods are listed in Lopes and West (2004) yet none of them prove to

be computationally efficient in our case due to the existenceof the nonparametric prior.

We instead adopted out-of-sample validation to selectd. For each candidate valued, we

obtain a point estimate (the posterior mean) of the d.r. subspace, project out-of-sample

test data onto this subspace, and then use the cross-validation error of a predictive model

(a classification or regression model) to selectd. Empirically this procedure is effective

which will be shown in the data analysis.

2.3 Application to simulated and real data

To illustrate the efficacy of BMI we apply it to simulated and real data. The first simu-

lation illustrates how the method captures information on nonlinear manifolds. The second

data set is used to compare it to a variety other supervised dimension reduction methods

in the classification setting. The third data set illustrates that the method can be used in

high-dimensional data.
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2.3.1 Regression on a nonlinear manifold

A popular data set used in the manifold learning literature is the swiss roll data, see

Figure 2.1. We used the following generative model withp = 10 predictors:

X1 = t cos(t), X2 = h, X3 = t sin(t), X4,...,10
iid∼ N(0, 1)

wheret = 3π
2

(1 + 2θ), θ ∼ Unif(0, 1), h ∼ Unif(0, 1) and

Y = sin(5πθ) + h2 + ε, ε ∼ N(0, 0.01).

X1 andX3 form an interesting “Swiss roll” shape as illustrated in Figure 2.1(b) and the

nonlinear relationship betweenY andX1, X2, X3 is illustrated in Figure 2.1 (a). In this

case an efficient dimension reduction method should be able to find the first3 dimensions.
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Figure 2.1: Swiss Roll data: Illustration.

For the purpose of comparing methods we used the following metric proposed in Wu

et al. (2008) to measure the accuracy in estimating the d.r. space. Let the orthogonal matrix

B̂ = (β̂1, · · · , β̂d) denote a point estimate ofB (which is the first 3 columns of the 10
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dimensional identity matrix here), then the accuracy can bemeasure by

1

d

d
∑

i=1

||PBβ̂i||2 =
1

d

d
∑

i=1

||(BB′)β̂i||2

wherePB denotes the orthogonal projection onto the column space ofB. For BMI B̂ is the

posterior Karcher mean as proposed in section 2.2.3

We did five experiments corresponding to sample sizen = 100, 200, 300, 400, 500 from

the generative model. In each experiment we applied BMI on20 randomly drawn datasets

with sample sizen and averaged the accuracies measured as stated above. For BMI we ran

10000 MCMC iterations and used a burn-in of5000 and setd = 3 and used the Gaussian

kernel in (2.10). Figure 2.2 shows the performance of BMI as well as that by a variety of

SDR methods: SIR (Li, 1991), local sliced inverse regression LSIR (Wu et al., 2008), sliced

average variance estimation (SAVE) (Cook and Weisberg, 1991) and principal Hessian

directions (pHd) (Li, 1992). The accuracies for SIR, LSIR, SAVE and PHd are copied from

Wu et al. (2008) except for the scenario ofn = 100. It is clear that BMI consistently has

the best accuracy. LSIR is the most competitive of the other methods as one would expect

since it shares with BMI the idea of localizing the inverse regression around a mixture or

partition.

Of particular interest is the estimate uncertainty. As stated in section 2.2.3 the Karcher

mean (2.12) of the posterior samples is taken as a point estimate, and a natural uncertainty

measure is simply the standard deviation as defined in (2.13). For illustration we applied

our method on a data set with sample size400. Figure 2.3 shows a boxplot for the distances

between the posterior sampled subspaces and the posterior Karcher mean subspace and the

standard deviation is calculated to be0.2162. It is also calculated that the distance between

the Karcher mean and the true d.r. subspace is0.2799. It is interesting the see that the true

d.r. subspace lies “not far” (compared with the standard deviation) from our point estimate.
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Figure 2.2: Swiss Roll data: Accuracy for different methods.
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Figure 2.3: The boxplot for the distances between the posterior samples and their Karcher
mean.
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To illustrate that BMI is borrowing of information across the response variables we

plot in Figure 2.4 the cluster labels for all the samples as ordered in terms of the magnitude

of response for the last MCMC iteration in an experiment withsample sizen = 200.

Samples with similar responses tend to be clustered and havesimilar underlying clustering

distributions which change ”gradually” with increasing response instead of ”rigidly” as

what would be obtained by the slicing procedure in SIR.
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Figure 2.4: Cluster labels for all the200 samples at the last iteration under an experiment. The
samples are ordered in terms of the magnitude ofY . Closer samples (in terms ofY ) seem to have
similar underlying clustering distributions which change”gradually” with increasing response.

We utilized cross-validation to select the number of d.r. directionsd in a case of sample

size200. For each value ofd ∈ {1, · · · , 10}, we project out-of-sample data onto thed-

dimensional space and a nonparametric kernel regression model to predict the response.

The error reported is the mean square prediction error. The error v.s. different candidate

values ofd is depicted in Figure 2.5. The smallest error corresponds tod = 3, the true

number of d.r. directions.
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Figure 2.5: Swiss Roll data: Error v.s. number of d.r directions kept. The minimum one
corresponds tod = 3, the true value.

2.3.2 Classification

In Sugiyama (2007) a variety of SDR methods were compared on the Iris data set avail-

able from the UCI machine learning repository1, originally from Fisher (1936). The data

consists of 3 classes with50 instances of each class. Each class refers to a type of Iris plant

(“Setosa”, “Virginica” and “Versicolour”), and has 4 predictors describing the length and

width of the sepal and petal. The methods compared in Sugiyama (2007) were Fisher’s

linear discriminant analysis (FDA), local Fisher discriminant analysis (LFDA) (Sugiyama,

2007), locality preserving projections (LPP) (He and Niyogi, 2003), LDI (Hastie and Tib-

shirani, 1996a), neighbourhood component analysis (NCA) (Goldberger et al., 2005), and

metric learning by collapsing classes (MCML) (Globerson and Roweis, 2006).

To demonstrate that BMI can find multiple clusters we merge “Setosa”, “Virginica” into

a single class and examine whether we are able to separate them.

In Figures 2.6 we plot the projection of the data onto a2 dimensional d.r. subspace. We

setα0 = 1 in (2.7). The classes are separated as are the two clusters inthe merged “Setosa”,

1http://archive.ics.uci.edu/ml/datasets/Iris
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“Virginica” class. Our method is able to further embed the data into a1 dimensional d.r.

subspace while still preserving the separation structure (Figure 2.7). Figure 2.8 is a copy

of the Figure 6 in Sugiyama (2007) and provides a comparison of FDA, LFDA, LPP, LDI,

NCA, and MCML. Comparing Figure 2.6 and 2.7 with Figure 2.8 wesee that BMI and

NCA are similar with respect to performance, and they both have the advantage of being

able to embed this particular data into a1 dimensional d.r. subspace while the others cannot.
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Figure 2.6: Visualization of the embeddedIris data onto a2 dimension subspace.

2.3.3 High-dimensional data: digits

The MNIST digits data2 is commonly used in the machine learning literature to com-

pare algorithms for classification and dimension reduction. The data set consists of60, 000

images of handwritten digits,{0, 1, . . . , 9} where each image is considered as a vector of

28 × 28 = 784 gray-scale pixel intensities. The utility of the digits data is that the d.r.

directions have a visually intuitive interpretation.

We apply BMI to two binary classification tasks: digits 3 v.s.8, and digits 5 v.s. 8.

2http://yann.lecun.com/exdb/mnist/
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Figure 2.7: Visualization of the embeddedIris data onto a1 dimensional subspace.

Figure 2.8: Visualization of theIris data for different methods. (see also Sugiyama (2007) Figure
6.)
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In each task we randomly select200 images,100 for each digit. Since the number of

predictors is far greater than the sample size (p ≫ n), we used the modification of BMI

described in Section 2.2.4 andp∗ = 30 eigenvectors are selected. We run BMI for10000

iterations with the first as5000 burn-in and choosed = 1. The posterior means of the top

d.r. direction, depicted in a28 × 28 pixel format, are displayed in Figures 2.9. We see that

the top d.r. directions precisely capture the difference between digits 3 and 8, an upper left

and lower left region, and the different between digits 5 and8, an upper right and lower left

region.
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(a) Posterior mean of 3 vs 8
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(b) Posterior mean of 5 vs 8

Figure 2.9: BMI: (a) The posterior mean of the top d.r. direction for 3 versus 8, shown in a28×28

pixel format. (b) The posterior mean of the top d.r. direction for 5 versus 8, shown in a28 × 28

pixel format. Difference between digits is reflected by the red color.

2.4 Discussion and Future Work

We have proposed a Bayesian framework for supervised dimension reduction using a

highly flexible nonparametric Bayesian mixture modeling approach. Our method retrieves

the dimension reduction or d.r. subspace by the utilizationof the dependent Dirichlet

process that allows for natural clustering for the data in terms of both the response and

predictor variables.

42



Our BMI model highlights a flexible generalization of the PFCframework to a non-

parametric setting and addresses the issue of multiple clusters for a slice of the response.

This idea of multiple clusters suggests that this approach is relevant even when the marginal

distribution of the predictors is not concentrated on a linear subspace. The idea of model-

ing nonlinear subspaces is central in the area of manifold learning (Roweis and Saul, 2000;

Tenenbaum et al., 2000; Donoho and Grimes, 2003). BMI is one probabilistic formulation

of a supervised manifold learning algorithm.

A fundamental issue raised by this methodology is the development of distribution

theory on the Grassmann manifold. There has been work on uniform distributions on the

Grassmann manifold and we discuss the case corresponding tosubspaces drawn from a

fixed number of centered normals. To better characterize theuncertainty of our posterior

estimates it would be of great interest to develop richer distributions on the Grassmann

manifold. In addition it will be of great interest to directly develop proposal distributions

for the d.r. subspace on the Grassmann manifold so that inference could be more coherent.

A recently proposed unsupervised framework called ”(probabilistic) local dimension

reduction” allows different linear dimension reduction for data in different region. For

example, in Chen et al. (2009) a factor model with mixtures onthe “loading matrix” is

proposed

X ∼ N(µ + AXw, φ
−1I)

where the subscriptX is added toA to demonstrate mixtures on the loading matrix. This

is meaningful because by allowing different linear dimension reduction in different data

region the local Euclidean structure can be captured, hencethe underlying manifold struc-

ture could be successfully learned. It will be of great interest to extend this framework to

supervised settings to incorporate the information in the response in determining the local

dimension reduction.
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Chapter 3

Bayesian Gradient Learning Through Kernel

Models for Supervised Dimension Reduction

3.1 Introduction

As detailed in Section 1.3.3 supervised dimension reduction methods can be divided

into three categories: methods based on forward regression, methods based on learning

gradients of the regression function, and methods based on inverse regression. In Chapter

2 we develop a highly flexible nonparametric Bayesian mixture model that falls into the

category of inverse regression. In this chapter we focus on the gradient learning category.

The underlying model in supervised dimension reduction is given in (1.6). A slightly

restricted framework in which the reduction is captured in the regression (mean) function

is also commonly adopted: denote the regression functionf(x) = E(Y |X = x), then the

additive error model

Y = f(X) + ε = g̃(b′1X, . . . , b
′
dX) + ε, (3.1)

definesB = (b1, ..., bd) as the d.r. space that reduces the originalX to b′1X, · · · , b′dX in

capturing the regression function.

There are a number of SDR methods that belong to the gradient learning category.

Minimum average variance estimation (MAVE) (Xia et al., 2002) retrieves predictive di-

rections by eigen-decomposition of the Gradient Outer Product matrix (GOP)E(∇f∇f ′)

where the gradient∇f is estimated by local polynomial fitting. However the polynomial
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fitting adopted by MAVE cannot be used directly when the number of predictor variables

p is larger than the sample sizen due to over-fitting and numerical instability. The meth-

ods proposed in Mukherjee and Zhou (2006); Mukherjee and Wu (2006); Mukherjee et al.

(2006); Wu et al. (2007) also focus on the GOP matrixE(∇f∇f ′) yet uses kernel meth-

ods to learn the gradient and overcome the over-fitting problems in thep > n scenario by

adding a regularization term in the gradient estimate. The utilization of kernels introduces

nonlinear features to the problem hence makes these methodsmore flexible. The main

drawback, however, is their lack of probabilistic interpretations.

We formulate a coherent Bayesian nonparametric model for supervised dimension re-

duction that is based on ideas from the above methods and addsappropriate probabilistic

and statistical frameworks that allow for uncertainty estimation which is important for mea-

suring the estimates. We will illustrate how our Bayesian model allows for formal inference

of uncertainty in dimension reduction as well as inference the uncertainty of conditional

dependencies in graphical models.

In Section 3.2 we state a statistical basis for dimension reduction and state the learning

gradients approach developed in Mukherjee and Zhou (2006);Mukherjee and Wu (2006);

Mukherjee et al. (2006); Wu et al. (2007). In Section 3.3 we develop a fully Bayesian

nonparametric model for learning gradients and provide a Markov chain Monte Carlo pro-

cedure for inference of model parameters. In Section 3.4 we illustrate the method and

address questions about mixing of the MCMC using simulated data and present analysis

on real data. We close with a short discussion.
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3.2 Dimension reduction and conditional independence based

on gradients

3.2.1 Euclidean setting

The central quantity of interest here is the gradient outer product (GOP) matrix. We

first formulate its properties in the Euclideanp-dimensional ambient space. Assume the

regression functionf(x) is smooth, the gradient is given by∇f =
(

∂f
∂x1 , ...,

∂f
∂xp

)′
and the

the gradient outer product matrixΓ is ap× p defined as

Γ = EX [(∇f) (∇f)′] . (3.2)

The relation between the gradient outer product matrix and dimension reduction is il-

lustrated by the following observation (Wu et al., 2007). Under the assumptions of the

semi-parametric model (3.1), the gradient outer product matrix Γ is of rank at mostd and

if we denote by{v1, . . . , vd} the eigenvectors associated to the nonzero eigenvalues ofΓ

then following holds

span(B) = span(v1, . . . , vd)

The GOP matrixΓ is related with he covariance of the inverse regression matrix ΩX|Y =

cov[E(X|Y )] developed in Li (1991). In Wu et al. (2007) it was shown that for a linear

regression function

Γ = σ2
Y

(

1 − σ2
ε

σ2
Y

)2

Σ−1
X ΩX|Y Σ−1

X (3.3)

whereσ2
Y is the variance of the response variable,σ2

ε is the variance of the error andΣX =

cov(X) is the covariance matrix of the predictor variables. This suggests that the GOP

matrix Γ is the transformed covariance matrix of the inverse regression functionΩX|Y .

For nonlinear regression functions that are smooth, one canpartition the predictor space
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such that in each partition the regression function is approximately linear hence (3.3) holds

locally. Then the GOP can be regarded as the weighted sum of the local transformed

covariance matrix of the inverse regression function (Wu etal., 2007).

3.2.2 Manifold setting

The above statements are formulated with respect to Euclidean geometry or linear sub-

spaces. The local nature of the gradient allows for an interpretation of the gradient outer

product in the manifold setting (Wu et al., 2007; Mukherjee et al., 2006). In the manifold

setting, the support of marginal measure of the predictor variables is concentrated on a

manifoldM of dimensiondM ≪ p. We assume the existence of an isometric embedding

from the manifold to the ambient space,ϕ : M → R
p. The observed predictor variables

are the image of points drawn from a distribution concentrated on the manifold,xi = ϕ(qi)

where(qi)
n
i=1 are points concentrated on the manifold. The gradient on themanifold∇Mf

is a well defined mathematical quantity and is adM-dimensional vector. However, since

we only obtain observations in the p-dimensional ambient space we cannot compute the

gradient on the manifold. Given data one can estimate the gradient in the ambient space,~f ,

which is a p-dimensional vector. It was shown in Mukherjee etal. (2006) that under weak

conditions on the manifold and regression an estimate of thegradient in the ambient space,

~f , is consistent in the following sense

(dϕ)∗ ~f −→ ∇Mf as n→ ∞,

where(dϕ)∗ is the dual ofdϕ. This suggests that the gradient estimate in the ambient space

provides information on the gradient on the manifold.
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3.2.3 Conditional independence

The theory of Gauss-Markov graphs (Speed and Kiiveri, 1986;Lauritzen, 1996) was

developed for multivariate Gaussian densities

p(x) ∝ exp

(

−1

2
xTJX + hTx

)

,

where the covariance isJ−1 and the mean isµ = J−1h. The result of the theory is that the

precision matrixJ provides a measurement of conditional independence. The meaning of

this dependence is highlighted by the partial correlation matrixR where each elementrij is

a measure of dependence between variablesi andj conditioned on all other variablesS/ij

andi 6= j

rij =
cov(xi, xj |S/ij)

√

var(xi|S/ij)
√

var(xj |S/ij)
= − Jij

√

JiiJjj
.

Under the assumptions implied by equations (3.2) and (3.3) the gradient outer product

matrix Γ is a covariance matrix. So we can apply the theory of Gauss-Markov graphs

to Γ and consider the matrixJΓ = Γ−1. The advantage of computing this matrix in the

regression and classification framework is that it providesan estimate of the conditional

dependence of the predictor variables with respect to variation of the response variable.

The modeling assumption of our construction is that the matrix JΓ is sparse with respect

to the factors or directions(b1, ..., bd) rather than thep predictor variables. Under this

assumption we use pseudo-inverses in order to construct thedependence graph based on

the partial correlationRΓ.
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3.3 Bayesian Gradient Learning Through Nonparametric

Kernel Models

Many approaches for the inference of gradients exist including various numerical deriv-

ative algorithms, local linear smoothing, and learning gradients by kernel models (Mukher-

jee and Zhou, 2006; Mukherjee and Wu, 2006). Our approach will be closely related to the

penalized likelihood or regularization models developed in Mukherjee and Zhou (2006);

Mukherjee and Wu (2006).

3.3.1 The model

The starting point for our gradient estimation procedure isthe first order Taylor series

expansion of the regression functionf(x) around a pointu

f(x) = f(u) + ∇f(x)′(x− u) + εd, (3.4)

where the deterministic error termεd = O(‖x− u‖2) is a function of the distance between

x andu and the model

y = f(x) + ε, (3.5)

whereεmodels the stochastic noise. For simplicity we work with a fixed design model with

(xi)
n
i=1 given (see (Liang et al., 2007) for the development of the random design setting of

which this is a special case). Coupling equations (3.4) and (3.5) we can state the following

model

yi =
1

n

[

n
∑

j=1

f(xj) + ~f(xi)
′(xi − xj) + εij

]

, for i = 1, · · · , n, (3.6)

εij = yi − f(xj) − ~f(xi)
′(xi − xj), for i, j = 1, · · · , n (3.7)
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wheref models the regression function,~f models the gradient, andεij has both stochastic

and deterministic components varying monotonically as a function of the distance between

two observationsxi andxj . We will model εij as a random quantity and use a simple

spatial model to specify the covariance structure. Specifically, we first define an association

matrix with wij = exp(−||xi − xj ||2/2s2) with fixed bandwidth parameters. We then

defineεij
iid∼ N(0, (φ/wij)

−1) whereφ will be a random scale parameter. Define the vector

εi• = (εi1, ..., εin)
′, a joint probability density function on this vector can be used to specify

a likelihood function for the data. We specify the followingmodel forεi•

p(εi•) ∝ φ
n
2 exp

{

−φ
2

(ε′i•Wi εi•)

}

, (3.8)

where the diagonal matrixWi = diag(wi1, · · · , win).

The key here is to appropriately modelf and ~f . In Chapter 4 we build nonparametric

kernel models in a Bayesian framework for learning unknown functions. Through a proper

modeling of the Reproducing Kernel Hilbert Space (RKHS) (Wahba, 1990) generated by a

kernel functionK(·, ·) using Dirichlet process priors (Ferguson, 1973, 1974; Müller et al.,

2004; MacEachern and Müller, 1998; Escobar and West, 1995;Sethuraman, 1994), we

obtain kernel representation forms for the unknown functions (see (4.4) in Section 4.2.3),

analogous to the “representer theorem” in Kimeldorf and Wahba (1971). See Chapter 4

for details. Specifically we could apply nonparametric kernel models for the regression

function and gradient function and obtain:

f(x) =

n
∑

i=1

αiK(x, xi), ~f(x) =

n
∑

i=1

ciK(x, xi) (3.9)

whereα = (α1, ...αn)
′ ∈ R

n, C = (c1, ...cn) ∈ R
p×n.

Substituting the above representation in equation (3.7) results in the following parame-
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trized model

yi =
n
∑

k=1

αkK(xj , xk) +
n
∑

k=1

(c′k(xi − xj))K(xi, xk) + εij , for i, j = 1, · · · , n. (3.10)

We can rewrite the above in matrix notation where for thei-th observation

yi1 = Kα +DiCKi + εi•,

where1 is then × 1 vector of all1’s, Ki is thei-th column of the gram matrixK where

Kij = k(xi, xj), E is then× p data matrix andDi = 1x′i − E.

Direct prior specification tends to be problematic since this model has a huge number of

parameters, for instanceC itself hasp×n parameters. West (2003) defined and exemplified

the use of a flexible class of generalized g-priors that allows for different degrees of shrink-

age estimation of regression parameters in different principal component directions on the

induced design space for a regression model and proves to be very effective in problems

with many parameters and relatively small sample size, a feature typically termed “large p

and small n”. In West (2003) a generalized g-prior is inducedby independent normal priors

on the regression parameters of the equivalent principal component regression transforma-

tion of the model. Applying this strategy in our setting leads to spectral decompositions to

reduce the number of variables:

• Let MX = (x1 − xn, · · · , xn−1 − xn) ∈ R
p×(n−1) be the sample difference matrix,

so that rank(MX)= dx ≤ min(n − 1, p). Let the singular value decomposition of

MX beMX = VMΛMU
′
M s.t. V ′

MVM = Idx
andΛM ∈ R

dx×dx is diagonal with the

singular values ofMX in a descending order. Ignoring small singular values yields

MX = Ṽ Λ̃Ũ ′ where Ṽ ∈ R
p×d∗ is the firstd∗ columns ofVM . Since each row

vector ofDi lies in the column space ofMX hence the column space of̃V , then
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∃D̃i ∈ R
n×d∗ s.t.Di = D̃iṼ

′. PutC̃ = Ṽ ′C, thenDiC = D̃iṼ
′C = D̃iC̃.

• A spectral decomposition can also be applied to the gram matrix K resulting inK =

FKΛKF
′
K . Note thatKα = Fβ whereF = FKΛK , β = F ′

Kα. We can again select

columns ofF corresponding to the largest eigenvaluesm.

Given the above re-parametrization we have for thei-th observation

yi1 = Fβ + D̃iC̃Ki + εi•.

The prior specifications are now on the parameters(φ, β, C̃):

φ ∝ 1

ω
,

β ∼ N(0,∆−1
ψ ) where∆ψ = diag(ψ1, ...ψm) andψi ∼ Gamma(aψ/2, bψ/2),

C̃j ∼ N(0,∆−1
ϕ ) where∆ϕ = diag(ϕ1, ...ϕd∗) andϕi ∼ Gamma(aϕ/2, bϕ/2),

whereC̃j is thej-th column ofC̃ andaψ, bψ, aϕ, bϕ, ω are pre-specified hyper-parameters,

and an improper prior forφ is used. These priors imply generalized g-priors (West, 2003)

on the original parametersα andC.

Given the probability model for the error vector in (3.8), the likelihood of our model

given observationsD = {(x1, y1), ..., (xn, yn)} is

Lik(D|φ, β, C̃) ∝ φ
n2

2 exp

{

−φ
2

n
∑

i=1

(

yi1 − Fβ − D̃iC̃Ki

)′

Wi

(

yi1 − Fβ − D̃iC̃Ki

)

}

,

(3.11)

where the diagonal matrixWi = diag(wi1, · · · , win).
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3.3.2 Sampling from the posterior

A standard Gibbs sampler can be used to simulate the posterior density, Post(φ, β, C̃|D),

due to the normal form of the likelihood and conjugacy properties of the prior specifica-

tions. The update steps of the Gibbs sampler given dataD and initial values(φ(0), β(0), C̃(0))

follow:

1. Update∆ψ: ∆
(t+1)
ψ = diag(ψ(t+1)

1 , ..., ψ
(t+1)
m ) with

ψ
(t+1)
i |D, φ(t), β(t), C̃(t) ∼ Gamma

(

aψ + 1

2
,
bψ + (β

(t)
i )2

2

)

, i = 1, · · · , m

whereβ(t)
i is thei-th element ofβ(t);

2. Update∆ϕ:

∆(t+1)
ϕ = diag(ϕ(t+1)

1 , ..., ϕ
(t+1)
d∗ )

ϕ
(t+1)
i |D, φ(t), β(t), C̃(t) ∼ Gamma





aϕ + 1

2
,
bϕ +

∑n
j=1(C̃ij

(t)
)2

2



 , i = 1, · · · , d∗,

whereC̃ij
(t)

is the(i, j)-th element ofC̃(t);

3. Updateβ:

β(t+1)|D, C̃(t),∆
(t+1)
ψ , φ(t) ∼ N(µβ ,Σβ)

with

Σβ =

(

F ′(
n
∑

i=1

φ(t)Wi)F + ∆
(t+1)
ψ

)−1

,

µβ = φ(t)ΣβF
′

n
∑

i=1

Wi(yi1 − D̃iC̃
(t)Ki);

4. UpdateC̃ = (C̃1, ...C̃n):

53



For C̃j with j = 1, ..., n

C̃j
(t+1)|D, C̃(t)

\ j ,∆
(t+1)
ψ , φ(t) ∼ N(µj ,Σj),

whereC̃(t)
\ j is the matrixC̃(t) with thej-th column removed.

bij = yi1 − F β(t+1) − D̃i

∑

k 6=j

C̃k
(t)
Kik

Σj0 =

(

φ(t)

n
∑

i=1

K2
ijD̃

′
iWi D̃i

)−1

,

µj0 = φ(t)Σj

n
∑

i=1

KijD̃i
′
Wi bij

Σj = (Σ−1
j0 + ∆(t+1)

ϕ )−1,

µj = Σj(Σ
−1
j0 µj0).

5. Updateφ:

φ(t+1)|D, C̃(t+1), β(t+1) ∼ Gamma(a, b),

where

a =
n2

2
,

b =
1

2

(

n
∑

i=1

[

yi1 − Fβ(t+1) − D̃iC̃
(t+1)Ki

]′

Wi

[

yi1 − Fβ(t+1) − D̃iC̃
(t+1)Ki

]

)

.
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3.3.3 Posterior Inference

Given draws{C̃(t)}Tt=1 from the posterior distribution we can compute{C(t)}Tt=1 from

the relationC̃ = Ṽ ′C which allows us to compute posterior draws of the GOP matrix

Γ
(t)
D = C(t)KK ′ (C(t))′

We can then compute the posterior mean GOP matrix as well as a variance estimate

µ̂
Γ,D

=
1

T

T
∑

t=1

Γ
(t)
D , σ̂

Γ,D
=

1

T

T
∑

t=1

(

Γ
(t)
D − µ̂

Γ,D

)2

e

where
(

·
)2

e
denotes the element-wise square.

As formulated in Section 2.2.3 the d.r. subspace is on the manifold G(d,p) which is the set

of all thed dimensional linear subspaces ofR
p and the Riemannian metric on the manifold

implies the Bayes estimate of the posterior mean should be with respect to the geodesic.

A posterior distribution on this manifold is naturally induced by the posterior distribution

of the gradient. A spectral decomposition ofΓ
(t)
D keeping the eigen-vectors corresponding

to the largestd eigen-values provides a posterior draw of the d.r. subspaceB(t), and the

posterior Karcher mean (Karcher, 1977) as well as standard deviation of the d.r. subspace

can be readily computed by (2.12) and (2.13).

For inference of conditional independence we compute the conditional independence

and partial correlation matrices

J (t) = (Γ
(t)
D )−1, R

(t)
ij = −

J
(t)
ij

√

J
(t)
ii J

(t)
jj

,

using a pseudo-inverse to compute(ΓtD)−1. The mean and variance of the posterior esti-
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mates of the partial correlations can be computed as above using {R(t)}Tt=1

µ̂
R,D

=
1

T

T
∑

t=1

R(t), σ̂
R,D

=
1

T

T
∑

t=1

(

R(t) − µ̂
R,D

)2

e

These quantities could be used to infer a graphical model with the capability to evaluate

the uncertainty of the correlation structure.

3.3.4 Binary regression

The extension to classification problems where responses are yi = 1/0 using a probit

link function is implemented using a set of latent variablesZ = (z1, · · · , zn)′ modeled as

a truncated normal distribution with standard variance. Inthis settingφ ≡ 1 and the same

Gibbs sampler with a step added to sample the latent variablecan be used to sample from

the posterior density, Post(β, C̃|D). The update steps of the Gibbs sampler given dataD

and initial values(Z(0), β(0), C̃(0)) follow:

1. Update∆ψ: ∆
(t+1)
ψ = diag(ψ(t+1)

1 , ..., ψ
(t+1)
m ) with

ψ
(t+1)
i |D,Z(t), β(t), C̃(t) ∼ Gamma

(

aψ + 1

2
,
bψ + (β

(t)
i )2

2

)

, i = 1, · · · , m

2. Update∆ϕ:

∆(t+1)
ϕ = diag(ϕ(t+1)

1 , ..., ϕ
(t+1)
d∗ )

ϕ
(t+1)
i |D,Z(t), β(t), C̃(t) ∼ Gamma





aϕ + 1

2
,
bϕ +

∑n
j=1(C̃ij

(t)
)2

2



 , i = 1, · · · , d∗,

whereC̃ij
(t)

is the(i, j)-th element ofC̃(t);

3. Updateβ:

β(t+1)|D, C̃(t),∆
(t+1)
ψ , Z(t) ∼ N(µβ ,Σβ)
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with

Σβ =

(

F ′(
n
∑

i=1

Wi)F + ∆
(t+1)
ψ

)−1

,

µβ = ΣβF
′

n
∑

i=1

Wi(z
(t)
i 1 − D̃iC̃

(t)Ki);

4. UpdateC̃ = (C̃1, ...C̃n):

For C̃j with j = 1, ..., n

C̃j
(t+1)|D, C̃(t)

\ j ,∆
(t+1)
ψ , Z(t) ∼ N(µj ,Σj),

whereC̃(t)
\ j is the matrixC̃(t) with thej-th column removed.

bij = z
(t)
i 1 − F β(t) − D̃i

∑

k 6=j

C̃k
(t)
Kik

Σj0 =

(

n
∑

i=1

K2
ijD̃

′
iWi D̃i

)−1

,

µj0 = Σj

n
∑

i=1

KijD̃i
′
Wi bij

Σj = (Σ−1
j0 + ∆(t+1)

ϕ )−1,

µj = Σj(Σ
−1
j0 µj0).

5. UpdateZ:

For i = 1, .., n

z
(t+1)
i |D, β(t+1), C̃(t+1) ∼











N+(ηi, 1) for yi = 1

N−(ηi, 1) for yi = 0

whereN+ andN− denote the positive and negative truncated normal distributions

57



and(η1, · · · , ηn)′ = Fβ(t+1).

3.3.5 Selectingd

The decision of how many d.r. directions to keep can in theoryrely upon the posterior

distribution of the eigenvalues of the gradient outer product matrices drawn by simulating

from the posterior. In practice we can use the cross-validation procedure formulated in

Section 2.2.5.

3.3.6 Modeling comments

Many of the modeling decisions made were for simplicity and efficiency, for instance,

we have fixedd∗ andm rather than allow them to be random quantities. This was doneto

avoid having to use a reversible jump Markov chain Monte Carlo method.

Another simplification with respect to modeling assumptions is the model we used for

the covariance matrixΣε of the noise,εij, (i, j = 1, . . . , n). We currently modelεij as an

independent random variable that is a function of the distance between two points,d(xi, xj).

A more natural approach would be to use a more sophisticated model of the covariance that

would respect the fact thatεij andεik should covary forj 6= k again as a function of the

distance betweenxj andxk. A full spatial model can also be proposed with

Σε = σ2
sρ(φs, d(ij),(i′j′)) + diag(σ2/wij),

where the first “spatial” term has a variance parameterσ2
s and a specified covariogram with

some parameterφs and a suitable distance measure between data pairs, and the second

“nugget” effect is the diagonal matrix in the model we currently use in practice. Such a

model is however computationally difficult.
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3.4 Simulated and real data examples

We illustrate the ideas developed and the efficacy of the method on real and simulated

data. We first focus on simulated data to ground our argument.We then illustrate the utility

of our approach using real data.

3.4.1 Linear regression and dimension reduction

This simple simulation based on binary linear regression model fixes the modeling ideas

we have proposed with respect to dimension reduction.

The following data set was used in Mukherjee and Wu (2006). Data was generated by

draws from the following two classes of samples:

Xj=1,...,10|y = 0 ∼ N(1.5, 1), Xj=41,...,50|y = 1 ∼ N(1.5, 1),

Xj=11,...,20|y = 0 ∼ N(−3, 1), Xj=51,...,60|y = 1 ∼ N(−3, 1),

Xj=21,...,80|y = 0 ∼ N(0, 0.1), Xj=1,..,40,61,..,80|y = 1 ∼ N(0, 0.1),

whereXj is thej-th coordinate of the80 dimension random vectorX.

Twenty samples were drawn from each class for the analysis and the data matrix is

displayed in Figure 3.1(a). This is a setting where the number of variables is larger than

the sample size. The posterior mean gradient outer product matrix is displayed in Figures

3.1(b). The blocking structure reflects the expected covariance with respect to the response

of the predictive variables. In this example there is one dimension reduction direction and

the posterior Karcher mean of this is plotted in Figure 3.1(c), in which the observation that

the d.r. direction has large (positive or negative) entriesin those relevant dimensions and

small entries in noise dimensions is consistent with the data simulation scheme.

To illustrate mixing of the Markov chain proposed by our model we examined the
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mixing of the d.r. direction from each draw from the chain. Denoteβ(t) as the d.r. direction

for the t-th draw. We examined trace plots of these directions,a(t) = β ′
(t)β(t+1), where

the scalar valuea(t) is the projection of the previous eigenvector drawn onto thecurrent

direction. Figure 3.1(d) suggests that the chain is mixing and seems to be convergent.
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Figure 3.1: (a) The data matrix with rows corresponding to samples and columns to predictor vari-
ables (dimensions); (b) The posterior mean of the gradient outer product matrix; (c) The posterior
mean of the top d.r. direction; (d) The trace plot for the inner product of two consecutive draws of
the top d.r. direction.

3.4.2 Linear regression and graphical models

A simple linear regression model is used here to illustrate inference of conditional de-

pendencies of predictor variables relevant to prediction.
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The predictor variables are correspond to a five dimension random vector drawn from

the following model

X1 = θ1, X2 = θ1 + θ2, X3 = θ3 + θ4, X4 = θ4, X5 = θ5 − θ4,

whereθ ∼ N(0, 1). The regression model is

Y = X1 +
X3 +X5

2
+ ε,

whereε ∼ N(0, 0.25).

One hundred samples were drawn from this model and we estimated to mean and stan-

dard deviation of the gradient outer product matrix, see Figure 3.2. The posterior mean

partial correlation matrix and its standard deviation are also displayed in Figure 3.2. The

inference consistent with the estimate of the partial correlation structure is thatX1, X3, X5

are negatively correlated with respect to variation in the response andX2 andX4 are not

correlated with respect to variation of the response. This relation is displayed in the graph-

ical model in Figure 3.3, in which of particular interest is that we could not only depict

the conditional dependence structure but also evaluate theuncertainty of our dependence

estimation, as illustrated by the thickness of the edges connecting nodes.

3.4.3 Digits analysis

The MNIST digits data (http://yann.lecun.com/exdb/mnist/) is commonly used in the

machine learning literature to compare algorithms for classification and dimension reduc-

tion. The data set consists of60, 000 images of handwritten digits0, 1, · · · , 9 where each

image is considered as a vector of28×28 = 784 gray-scale pixel intensities. The utility of

the digits data is that the effective dimension reduction directions have a visually intuitive
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Figure 3.2: (a) and (b) are the posterior mean and standard deviation forthe GOP, respectively; (c)
and (d) are the posterior mean and standard deviation for thepartial correlation matrix, respectively.

(a) (b)

Figure 3.3: Graphical models inferred from the (a) the gradient outer product matrix and (b)
the covariance matrix of the predictor variables. Each noderepresents a variable and each edge
indicates conditional dependence. The distance of the edgeis inversely proportional to the amount
of dependence, the thickness of the edge is proportional to the certainty of the inference and blue
edges are negative while red edges are positive.
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interpretation.

For the digits data the following pairs were the most difficult to classify 3 versus 8, 2

versus 7, 4 versus 9. We examined two classification problems3 versus 8 and 5 versus 8.

For both classification problems we found that almost all of the predictive information was

contained in one d.r. direction. This direction as a vector can be thought of as a28 × 28

image of what is different between 3 and 8 or 5 and 8 respectively. In Figure 3.4 we display

these images for 3 v.s. 8 and 5 v.s. 8, left and right panels respectively. These images were

computed by applying our model to random draws of200 samples (100 for each class) for

each of the two classification problems and computing posterior Karcher mean of the top

eigen-vectors of the posterior GOP matrices.5000 posterior samples were recorded after

an initial 5000 burn-in step. We see in the left panel that the upper and lowerleft regions

are the pixels that differentiate a 3 from an 8. Similarly, for the 5 versus 8 example the

diagonal from the lower left to the upper right differentiates these digits.
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Figure 3.4: (a) The posterior mean of the d.r. direction for 3 versus 8, shown in a28 × 28 pixel
format. (b) The posterior mean of the d.r. direction for 5 versus 8, shown in a28× 28 pixel format.
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3.4.4 Inference of graphical models for cancer progression

The last example is to illustrate the utility of our model in apractical problem in can-

cer genetics, modeling tumorigenesis. Genetic models of cancer progression are of great

interest to better understand the initiation of cancer as well as the progression of disease

into metastatic states. In Edelman, Guinney, Chi, Febbo, and Mukherjee (Edelman et al.)

a models of tumor progression in prostate cancer as well as melanoma were developed.

One fundamental idea here was that the predictor variables were summary statistics that

assayed the differential enrichment of a priori defined setsof genes in individual samples

(Edelman et al., 2006; Edelman, Guinney, Chi, Febbo, and Mukherjee, Edelman et al.).

These a priori defined gene sets correspond to genes known to be in signalling pathways

or have functional relations. The other fundamental idea isan inference of the interaction

between pathways as the disease progresses across stages.

A variation of the analysis in Edelman, Guinney, Chi, Febbo,and Mukherjee (Edelman

et al.) is developed in this section. The data consists of22 benign prostate samples and32

malignant prostate samples. For each sample we compute the enrichment with respect to

522 candidate gene sets or pathways (Mukherjee and Wu, 2006). Each sample corresponds

to a522 dimensional vector of pathway enrichment. We applied our model to this data set

and inferred a mean posterior conditional independence matrix as well as the uncertainty

in the estimates of these elements. For visualization purposes we focused on the16 path-

ways most relevant with respect to predicting progression.For these pathways we plot the

conditional independence matrix and the variance of the elements in the matrix in Figure

3.5. Red edges correspond to positive partial correlationsand blue for negative. The width

of the edges correspond to the degree of uncertainty: edges we are more sure of are thicker.

This graph offers a great deal of interesting biology to explore some of which is known,

see Edelman, Guinney, Chi, Febbo, and Mukherjee (Edelman etal.) for more details. One
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particularly interesting aspect of the inferred network isthe interaction between the ErbB

(ERBB) or epidermal growth factor signalling pathway and the mitogen-activated protein

kinase (MAPC) pathway.

Figure 3.5: The association graph for the progression of prostate cancer from benign to malignant
based on the inferred partial correlation. Red edges correspond to positive partial correlations and
blue for negative. The width of the edges correspond to the degree of uncertainty, edges we are
more sure of are thicker.

3.5 Discussion

We propose a Bayesian nonparametric model for simultaneousdimension reduction and

regression as well as inference of graphical models. This approach applies to the classical

Euclidean setting as well as nonlinear manifolds. We illustrate the efficacy and utility

of this model on real and simulated data. An implication of our model is that there are

fascinating connections between spatial statistics and manifold and nonlinear dimension
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reduction methods that should be of great interest to the statistics community.
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Chapter 4

Nonparametric Bayesian Kernel Models for

Regression and Classification

4.1 Introduction

In regression problems the main purpose is to infer the relationship between a response

variableY ∈ Y ⊂ R and predictors or explanatory variablesX ∈ X ⊂ R
p. The re-

gression model is typically summarized byY = f(X) + ε by additive noise assumption

with f an unknown regression function andε some noise, and the goal is to infer through

(training) data consisting ofn observationsyi ∈ R, xi ∈ R
p(i = 1, · · · , n) the regression

function f which can further be used for future prediction given new predictor variable

values. Nonparametric models, unlike parametric models that directly specify a parametric

form for f , generally putf into a suitable framework and learnf therein. An important

class is the kernel models which have been used extensively in machine learning for clas-

sification and regression problems (Hastie et al., 2001; Schölkopf and Smola, 2001), with

some well known examples including spline models (Wahba, 1990) and support vector ma-

chines (SVMs) (Cortes and Vapnik, 1995). The appealing properties of kernel models are

their flexibility and predictive accuracy, and most importantly, their ability to handle high

dimensional data.

As formulated in Section 1.2 nonparametric kernel models proceed by constructing

a so called reproducing kernel Hilbert space (RKHS)Hk (Wahba, 1990) generated by a

positive semi-definite kernel functionk(x, u) with x, u ∈ X , the input space, and selecting
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the estimate inHk. Regularization methods are frequently used to justify theestimate as

in (1.4), leading to the finite dimensional representation form (1.5) due to the representor

theorem (Kimeldorf and Wahba, 1971). This reduces an infinite dimensional optimization

problem to one inn variables, which is very attractive for high-dimensional analysis since

the optimization is overn≪ p variables and independent of the dimensionp.

Access to fully Bayesian formulations of kernel methods would provide a natural frame-

work to further the richness and interpretability of kernelmodels – a program driving much

research in data mining and machine learning. A Bayesian approach adds in probabilistic

interpretations and provides rich inference such as easy evaluation of uncertainly for es-

timates and prediction through posterior samples and wouldallow for the immediate re-

laxation of the limitation for the above penalized loss functional framework of requiring

additional methods such as bootstrapping or cross-validation to provide confidence inter-

vals and set hyper-parameters. Bayesian kernel methods, inparticular Bayesian SVMs,

have certainly been proposed (Tipping, 2001; Sollich, 2002) based on applying Bayesian

estimation directly to the finite representation from equation (1.5). However, the direct

adoption of (1.5) is not a proper statistical model, as the model changes with the sample

size and observed covariate values defining the knots, without a coherent argument. One

may justify the use of (1.5) in a Bayesian analysis by the factthat the finite representation

is a MAP estimator (Wahba, 1990) for certain priors over the entire RKHS, though priors

used in these referenced Bayesian analysis are not the same as the priors used to establish

the connection between equation (1.5) the MAP estimator.

Our goal here is to provide a novel, fully Bayesian frameworkand theory for kernel

regression and classification that address the above issues. Unlike previous approaches we

specify priors on the entire RKHS. Our prior specification induces a class of functions that

span the RKHS, providing an equivalence between the nonparametric Bayesian model and

kernel models used in the penalized loss framework. This implies a Bayesian representor
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theorem that results in the finite representation in equation (1.5) derived from a Bayesian

formulation, and that is coherent across samples and samplesizes. This formal model

then easily and coherently addresses problems of inferenceon hyper-parameters, variable

selection, and ancillary issues such as unlabeled data (in semi-supervised learning).

Section 4.2 describes the nonparametric Bayesian approachthat allows us to place a

coherent prior on the RKHS and recover the parametrisation of the representor theorem as

an approximation of the posterior mean. Section 4.3 provides one approach to complete

prior specification over model hyper-parameters and a corresponding MCMC approach to

posterior evaluation and inference for both regression andclassification settings. Section

4.4 extends the definition of kernels to allow for variable (or “feature”) selection in the co-

variate space. Examples and discussion are given in Section4.5, with summary comments

in Section 4.6.

4.2 A Class of Non-Parametric Bayesian Kernel Models

In this section we develop kernel models that are based on integral operators placing

priors on signed measures rather than directly on the regression function space. We first

show why we do not elicit priors directly on the function space.

4.2.1 Problems with Direct Prior Elicitation

There are two natural ways to directly elicit priors on a RKHS,HK , induced by a kernel

k: based on orthogonal expansions of the RKHS, or based on the duality between Gaussian

processes and RKHS. Both have drawbacks.

Kernel functionsk : X × X → R that are continuous and positive semi-definite on a

compact spaceX are Mercer kernels for which the RKHS is characterized (Mercer, 1909)
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as

HK =

{

f | f(x) =
∞
∑

j=1

ajφj(x) such that
∞
∑

j=1

a2
j/λj <∞

}

,

where{λj} and{φj(x)} are the eigenvalues and eigenfunctions of the integral operator

defined by the kernel function

λjφj(x) =

∫

X

k(x, u)φj(u) dµ(u),

whereµ is a measure. The eigenvalues and RKHS do not depend on the measure, so a prior

over the spaceA = {(aj)∞j=1|
∑∞

j=1 a
2
j/λj <∞} implies a prior onHK . There are serious

computational and conceptual problems with specifying a prior on the parameterA; it is

in general infinite-dimensional, and it is subject to challenging constraints. The crux of

the problem is that in this orthonormal expansion model we are working explicitly with

eigenfunctions and eigenvalues, and they are inherently challenging to manipulate; many

popular kernels do not even lead to eigenfunctions with closed forms, and others are not

even computable.

The Gaussian process view exploits the duality between RKHSand Gaussian processes

(Wahba, 1990) to suggest a natural prior specification that has been used extensively in

Bayesian modelling. A prior can be placed directly on a spaceof functions by sampling

from the paths of the Gaussian process with covariance structure defined byk. The problem

with this approach is that the random functions drawn are almost surely outside the RKHS

induced byk (Wahba, 1990), so that using this approach in fact does not characterizeHk.
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4.2.2 Priors and Integral Operators

Alternatively, consider the space of functions defined as a convolution of the kernel

with a signed (Borel) measure

G =

{

f | f(x) =

∫

k(x, u) dγ(u), γ ∈ Γ

}

, (4.1)

with Γ(·) as a subset of the space of signed Borel measures. Equivalence betweenG and

Hk exists for appropriate choices of priors onΓ (Liao, 2005; Pillai et al., 2007) including

Dirichlet Process Priors (Ferguson, 1973, 1974), so that inorder to elicit priors onHk we

now need priors onG. Placing a prior onΓ implies a prior onG.

A variation of the integral operator defined in (4.1) takes the form

f(x) =

∫

k(x, u) dγ(u) =

∫

k(x, u)w(u) dF (u), (4.2)

where the random signed measureγ(·) is decomposed into a probability distributionF (·)

and coefficient functionw(·); F andγ share the same support. We now need priors for

bothw andF . In generalF denotes the distribution of the location of kernel knotsu. Here

we setF = FX , the marginal distribution ofX. This is a reasonable assumption as long as

FX andγ share the same support. An appealing property of this dependence off onFX is

that our estimate off(x) will be locally adaptive in that more knots are allocated in high

density regions.

4.2.3 Dirichlet Process Priors

The Dirichlet process (DP) prior is a natural choice to modeluncertainty about the

distribution functionF . For a specified distributionF0 having the same support as the

uncertain distributionF, and a positive scale parameterα, the notation DP(α, F0) implies
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that for any measurable partition of the sample space(B1, B2, . . . , Bk), the random vector

(F (B1), . . . , F (Bk)) follows a Dirichlet distribution with parameterα(F0(B1), . . . , F0(Bk))

(Ferguson, 1973, 1974; Sethuraman, 1994). DP priors are very popular in practical non-

parametric Bayesian analysis (Escobar and West, 1995; MacEachern and Müller, 1998)

due to modeling flexibility and computational advantages.

A fundamental characteristic of the DP model is that, given asampleXn = (x1, ..., xn)

drawn independently from (uncertain) distributionF , the posterior is also DP

F | Xn ∼ DP(α + n, Fn), Fn = (αF0 +
n
∑

i=1

δxi
)/(α+ n). (4.3)

Consider, then, such a prior forF in equation (4.2), and choose some fixed new pointx∗ to

predict the function valuef(x∗). Based on the sample ofn drawsXn from F we see that

E[f | Xn] = an

∫

k(x, u)w(u) dF0(u) + n−1(1 − an)

n
∑

i=1

w(xi) k(x, xi)

wherean = α/(α + n). Taking the limit ofα → 0 to represent a non-informative prior

leads to the finite-dimensionalBayesian Representerform

f̂n(x) =
n
∑

i=1

wi k(x, xi), (4.4)

wherewi = w(xi)/n depends on the “knot”xi and sample sizen. The two finite represen-

tations, equations (1.5) and (4.4), take the same form although they are derived from two

fundamentally different approaches: the solution of a Tikhonov regularization functional

versus formal process-prior Bayesian modeling.
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4.3 Estimation and Inference

4.3.1 Likelihood and Prior Specification for Hyper-Parameters

The Bayesian representor form leads to the usual linear regression on the kernel values

as predictors with regression parameterswi. Adding an intercept and a normal error model

assumption we have the standard form

yi = w0 + f(xi) + εi = w0 +

n
∑

j=1

wj k(xi, xj) + εi, (i = 1, ..., n), (4.5)

whereεi ∼ N(0, σ2). In vector form, the model is

Y ∼ N(w01 +Kw, σ2I) (4.6)

where1 = (1, . . . , 1)′, K is the n × n design matrix having entriesk(xi, xj), Y =

(y1, . . . , yn)
′ and the regression parameter vector isw = (w1, . . . , wn)

′.

Traditional priors can be taken for(w0, σ
2) and we use the standard reference prior com-

ponentπ(w0, σ
2) ∝ 1/σ2. Specifying priors over thewi can be done by defining sample

size independent priors for valuesw(xi) at arbitrary knots and then scaling by1/n. As an

alternative, we can induce appropriate sample size dependence and address key questions

of inducing regression shrinkage appropriately coupled tothe structure of the kernel design

space by using ridge regression or g-prior modeling (Zellner, 1986). West (2003) defined

and exemplified the use of a flexible and practically very effective class of generalised g-

priors that allow for different degrees of shrinkage estimation of regression parameters in

different principal component directions on the induced design space for any regression

model, and we adopt that strategy here. This is particularlyrelevant when dealing with

many predictors, as it provides an ability to “shrink away” the effects of many irrelevant
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component dimensions while highlighting those of predictive value. This class of priors

explicitly models the distributionp(w|K), so that the sample size dependence is directly

induced and the class of priors adapts as the sample size changes.

Specifically, a generalised g-prior is induced by independent normal priors on the re-

gression parameters of the equivalent principal componentregression transformation of

the model. The kernel matrixK is symmetric and positive semi-definite, so has spec-

tral decompositionK = F̃∆F̃ ′ where F̃ is the n × n orthogonalfactor matrix, and

∆ = diag(λ2
1, . . . , λ

2
n). In the orthogonal representation the regression maps fromKw

to Fβ with F = F̃∆, w = F̃ β = F∆−1β. Assume conditionally independent normal pri-

ors for the elements ofβ, so thatβ ∼ N(0, T ) for someT = diag(τ1, . . . , τn). The induced

generalised g-prior forw is then

(w | K, T ) ∼ N
(

0, F∆−1T∆−1F ′
)

. (4.7)

Following West (2003), we further specify hyper-priors over then prior variancesτi – that

play roles as shrinkage parameters – as independent inversegammas,

τ−1
i ∼ Gamma(aτ/2, bτ/2), (i = 1, . . . , n),

inducing heavier-tailed t-priors on thewi when we marginalize over theτi.

Viewed as hyper-parameters to be estimated, theτj ’s are the prior variances for each

factor regression parameter and allow for a varying degree of shrinkage in each of the or-

thogonal factor dimensions, as discussed. Hyper-parameter valuesaτ = bτ = 2 correspond

to Cauchy distributions on theβj, a very natural, highly diffuse though proper prior spec-

ification. Note that in practice, for computational stability, we may choose to truncate the

spectral decomposition by rejecting factors with very small eigenvaluesλi; that is, in such
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a case we may choose to replaceF̃ (hence alsoF ) by its firstm columns,∆ by its firstm

diagonals, and setT = diag(τ1, . . . , τm), wherem < n and the eigenvaluesλm+1, . . . , λn

are less than some pre-specified threshold.

As a practical modification, the positivity of kernels suggests that we center the induced

kernel predictors for both interpretation and numerical stability, in advance of developing

the above analysis. That is,k(·, ·) is replaced by a centred kernelk̃(·, ·) with

k̃(xi, xj) = k(xi, xj) − k̄i· − k̄·j + k̄,

wherek̄ =
∑n

i,j=1 k(xi, xj)/n
2, k̄i· =

∑n
j=1 k(xi, xj)/n andk̄·j =

∑n
i=1 k(xi, xj)/n. The

kernel covariate matrixK is then redefined with entriesKij = k̃(xi, xj). It is evident that

this is positive semi-definite, and the singular value decomposition and the ensuing analysis

as detailed above proceed otherwise unchanged.

4.3.2 Model Fitting and Prediction via MCMC

Given the likelihood and the prior distributions a standardGibbs sampler can be used to

simulate the posteriorp(w0, w, σ
2 | data). After initialization, samples of parameters and

hyper-parameters are drawn sequentially from the completeconditional posterior distribu-

tions. At each iteration, with all relevant conditioning parameters fixed at their most recent

values in the iterates, we update as follows:

1. Updatew0: w0 is drawn from the normal posterior with meann−1
1
′(Y − Fβ) and

varianceσ2/n.

2. Updatew: Simply viaβ, generateβ ∼ N(b, V ) whereV = diag(V1, . . . , Vm) with

Vi = σ2τi/(τi + σ2), andb = V F ′(Y − w0)/σ
2; then setw = F∆−1β.

3. UpdateT : For j = 1, .., m, τ−1
j ∼ Gamma((aτ + 1)/2, (bτ + β2

j )/2).
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4. Updateσ2: σ−2 ∼ Gamma(n/2, s/2) with s = e′e wheree = Y − w0 − Fβ.

For prediction at a specified new pointx∗, any aspect of the predictive distribution for

y∗ can be included in the MCMC sampling. Suppose the sampled parameter values are

(w
(t)
0 , w(t), σ2(t)) at each iterationt, t = 1, · · · , Tc, the MC approximation to the predictive

distribution is simply

p(y∗|x∗, data) =

∫

p(y∗|x∗, w0, w, σ
2)p(w0, w, σ

2|data)d(w0, w, σ
2)

≈ 1

Tc

Tc
∑

t=1

p(y∗|x∗, w(t)
0 , w(t), σ2(t))

We can also evaluate the mean of the conditional normal distributionp(y∗|x∗, w(t)
0 , w(t), σ2(t))

to compute MC approximations to predictive meanE(y∗|x∗, data). We can do this across

a range ofx∗ values to map out the predicted non-linear regression function for predictive

uses.

4.3.3 Binary Regression for Classification

The approach developed above for regression models can of course be easily extended

to a classification setting using probit regression, or other binary regressions. The stan-

dard latent variable imputation extensions of MCMC lead directly to posterior samplers

for probit link function. Metropolis-Hastings variants for logistic regression are also triv-

ial modifications. These are practically very relevant extensions for kernel classification

problems.

By way of notation and basic structure in the probit model, the responsesyi in the

kernel model (4.6) are now latent and the normal errors are standard, i.e.,σ2 = 1. We

observe binary responsesZ = (z1, z2, ..., zn)
′ generated byzi = 1(0) if yi ≥ 0(< 0). The

MCMC extensions simply include the latentY values at each iteration of the simulation.

76



The traditional Gibbs sampler iterates between sampling conditional posteriors forY given

the regression parameters, and vice-versa. Though often effective, this vanilla Gibbs sam-

pler can suffer from very slow mixing due to high correlations between successive draws

of latent variables. We will develop a novel and effective solution: rather than the Gibbs

sampler we use a Metropolis-Hastings method that samples the kernel model parameters

jointly with the latent variableY . This is summarised in the following section, in an ex-

tended model that incorporates additional kernel parameters to address variable and feature

selection.

4.4 Variable and Feature Selection

4.4.1 Kernel Model Extension

Variable selection and feature selection are important problems in high-dimensional

regression. The standard formulation of variable selection is to select a relatively small

subset of thep predictors without loss of predictive accuracy. In the problem of feature

selection a small subset of combinations of thep predictors are selected. Principle com-

ponents regression with a few principle components is an example of a feature selection

method.

Standard practise in kernel regression allows each coordinate ofx to be scaled (Chapelle

et al., 2002), i.e.,

kρ(x, u) = k(
√
ρ⊗ x,

√
ρ⊗ u)

where a ⊗ b is the element-wise product of two vectors andρ = (ρ1, ..., ρp) is a p-

dimensional vector withρk ∈ [0,∞] as an individual scale parameter for thek-th dimen-

sion. This approach can be applied to most kernels and for thelinear, polynomial, and
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Gaussian kernels the resulting adaptive kernels are

kρ(x, u) =

p
∑

k=1

ρk xk uk,

kρ(x, u) =

(

1 +

p
∑

k=1

ρk xk uk

)d

,

kρ(x, u) = exp

(

−
p
∑

k=1

ρk(xk − uk)
2

)

.

We will focus on the Gaussian kernel for whichρk can be regarded as the reciprocal of the

bandwidth for thek-th variable which determines the neighborhood size for that dimension.

Whenρk = 0, the neighborhood size is infinity and the corresponding variable is irrelevant

in predicting the response variable. Variable/bandwidth selection is then a problem of

estimation or selection of the parameterρ, now explicitly in the context of allowing for zero

values. This invites analysis using standard Bayesian variable selection/model uncertainty

strategies based on “point mass, mixture prior” over these parameters.

For eachρk independently, we adopt the prior

ρk ∼ (1 − γ)δ0 + γ Gamma(aρ, aρs), (k = 1, . . . , p),

s ∼ Exp(as), γ ∼ Beta(aγ , bγ)

where(aρ, as, aγ, bγ) are specified hyperparameters, Beta(·, ·) represents the beta distribu-

tion and Exp(·) the exponential.

4.4.2 Overall MCMC

The MCMC analysis can now be extended to include theρ parameters. These para-

meters are treated with appropriate Metropolis-Hastings steps since their complete condi-

tionals are not of standard forms. Our overall MCMC sampler uses a Metropolis-Hastings

78



step to jointly sample the kernel bandwidth and regression parameters; in the case of bi-

nary outcomes when theyi are latent, this sampling step is extended to jointly samplethese

parameters andY together. As mentioned in the previous section, this novel MCMC – that

has been tested successfully in a number of examples – is designed to mix faster than the

traditional Gibbs sampler in binary models, and now also provides an overall approach for

the kernel variable selection extension in both continuousand binary outcomes cases.

The full hybrid sampler for the posterior of(w0, β, ρ, Y, T, s, γ) in the case of binary

probit regression is detailed here. The changes to this to generate the corresponding MCMC

for the continuous-response regression case simply adds inthe sampling of the residual

varianceσ2 at each step and removes the imputation of theyi that are known.

The sequence of steps per iteration in the full binary kernelmodel with feature selection

are as follows:

1. Updatew0 as in section 4.3.2.

2. Update(ρ, β, Y ) jointly, in the following two steps.

2.1. Update(ρ, β):

2.1.1. Proposeρ∗: Let pg, pl, pu denote the probabilities for aglobal move, local

move, or update moverespectively.

• For theglobal move, drawρ∗ from the prior.

• For the local move, setρ∗ = ρ then randomly pick a dimensionk.

If ρk 6= 0, setρ∗k = 0; otherwise drawρ∗k ∼ Gamma(aρ, aρs), the

continuous part of the prior.

• For theupdate move, setρ∗ = ρ and then, for all dimensionsk where

ρk 6= 0, drawρ∗k ∼ Gamma(aρ, aρs).

Our proposals usepg = .25, pl = .5, pu = .25.

79



2.1.2. Proposeβ∗: Compute the proposed kernel matrixK∗ with entries̃kρ∗(xi, xj)

and its spectral factorsF ∗ and∆∗. SetŶ = w0 +F ∗β and simulateY ∗ via,

for eachi = 1, . . . , n,

y∗i ∼











N(ŷi, 1)+, if zi = 1,

N(ŷi, 1)−, if zi = 0.

Then, proposeβ∗ ∼ N(b∗, V ) whereV = diag(V1, . . . , Vm) with Vi =

τi/(1 + τi), andb∗ = V F ∗′(Y ∗ − w0).

2.1.2. Acceptance ratio to compare and test(ρ∗, β∗) against the current values

(ρ, β): The Metropolis-Hastings acceptance ratio is

r =
p(Z | ρ∗, β∗, w0) π(ρ∗, β∗ | s, γ, T )q(ρ, β | T, w0, s, γ)

p(Z | ρ, β, w0) π(ρ, β | s, γ, T )q(ρ∗, β∗ | T, w0, s, γ)

where the termsp(Z| · · · ) are likelihood evaluations from the binary re-

gression

p(Z | ρ∗, β∗, w0) =

n
∏

i=1

Φ(ŷi)
zi(1 − Φ(ŷi))

1−zi,

with Φ(·) being the standard normal c.d.f, andπ(·), q(·) denote the prior

distribution function and proposal distribution function, respectively, with

π(ρ∗, β∗ | γ, s, T ) =

p
∏

k=1

π(ρ∗k | γ, s)
m
∏

j=1

π(β∗
j | τj).

With probabilitymin{r, 1} accept the proposed values and hence setρ =

ρ∗ andβ = β∗; otherwise, retain the current values.

Denote the accepted or retained values by{ρ, β,K, F,∆}, and setw = F∆−1β.
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2.2. UpdateY : Ŷ = w0 + Fρβ and resampleY via, for eachi = 1, . . . , n,

yi ∼











N+(ŷi, 1), if zi = 1,

N−(ŷi, 1), if zi = 0.

whereN+ andN− denote the positive and negative parts of a truncated normal.

3. Update hyper-parameters:(s, γ, T )

3.1. Updates: s ∼ Gamma(aρ + 1, as + aρ
∑

ρk).

3.2 Updateγ: γ ∼ Beta(aγ + p1, bγ + p − p1) wherep1 is the number of nonzero

elements inρ.

3.3 UpdateT as in section 4.3.2.

This MCMC combines variable and feature selection. It is a variable selection method

since only those variables with nonzeroρk will be selected. It is also a feature selection

method since we are weighting each variable that is selectedby ρk. The parameterm ≤ n

was introduced in Section 4.3.1 to allow for the opportunityto truncate the expansion of

the kernel matrix for numerical stability. Reducingm may be problematic since principal

components of the kernel matrix that dominate variation in the kernel design space may not

necessarily correspond to the factors most relevant in prediction of the response variable.

In the current setting that now includes the point-mass mixture priors over elements ofρ,

this problem is obviated. It is still generally desirable toconsider restricting tom < n for

numerical and computational reasons.
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4.5 Examples

The following experiments on simulated and real data provide for our method an in-

dication of the efficacy in variable selection and the accuracy reflecting the uncertainty in

the estimates. For convenience our method will be referred to as “BAKER”, acronym for

“BAyesian KERnels”.

4.5.1 Simulated nonlinear classification – variable selection

A data set was generated to illustrate the variable selection aspect of BAKER. The data

is perfectly separable by a nonlinear classifier and has two relevant dimensions and ten

noise dimensions.

Samples from class0 were drawn from

(x1, x2) = (r sin(θ), r cos(θ)), wherer ∼ Unif[0, 1] andθ ∼ Unif[0, 2π],

xj ∼ Unif[−1.5, 1.5], for j = 3, . . . , 12.

Samples from class1 were drawn from

(x1, x2) = (r sin(θ), r cos(θ)), wherer ∼ Unif[1, 2] andθ ∼ Unif[0, 2π],

xj ∼ Unif[−1.5, 1.5], for j = 3, . . . , 12.

A draw of the first two dimensions of the data is shown in Figure(4.1 a). The first two

dimensions are signal with class1 contained in the unit circle and class0 contained in an

annulus outside the unit circle.

We drew 60 training and 60 test samples, half for each class. AGaussian kernel was
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used and hyper-parameters were set to be:

aτ = bτ = 2, aγ = bγ = 3, aρ = 1, as = 0.5;

These hyper-parameters are generally insensitive with respect to prediction. We ran2000

iterations with the first1000 burned in. The empirical training and test errors were 0% and

3%, respectively. The posterior mean of the reciprocal bandwidth parameterρ is shown

in Figure (4.1 b). Thatρ1 andρ2 clearly dominate those for the other noise dimensions

demonstrates the efficacy for BAKER in the variable selection aspect. The prediction on

the region[−2, 2] × [−2, 2] for the first two dimensions is shown in Figure (4.1 c): The

boundary is approximately the unit circle, the optimal separating boundary. For a compar-

ison Figure (4.1 d) shows the prediction on this regionwithoutvariable selection (section

4.3.2) which fails completely.

4.5.2 High-dimensional gene expression data – uncertaintyin predic-

tions

We consider a high-dimensional gene expression data set. The purpose of this analysis

is to highlight the utility of BAKER for addressing the uncertainty in prediction, and also

to compare BAKER with an extensively used classifier, the SVM. In this example we do

not include variable selection procedure.

The data set Ramaswamy et al. (2001); Mukherjee et al. (2003)consists of280 samples

from patients of which190 are tumor samples and90 are normal. For each sample expres-

sion data from microarray analysis for16063 genes was collected. The data was randomly

split into training and test sets with180 and100 samples respectively. For BAKER hyper-

parameters areaτ = bτ = 2 and2000 iterations were run with the first1000 burned in.

A linear kernel was used for both BAKER and SVM with accuracy over twenty random
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Figure 4.1: (a) Illustration for the first two dimensions of the data. Points from class1 are
red “pluses” and points from class0 are blue “stars”. (b) The posterior means forρ: the
first two signal dimensions have large values. (c) The posterior prediction probabilitywith
variable selection over all points in the first two dimensions, [−2, 2] × [2, 2]. (d) The same
as (c) butwithoutvariable selection.
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test-train splits reported in Table 4.1.

Table 4.1: The training and test accuracies for different methods on the gene expression
data

Training Accuracy (standard deviation) Test Accuracy (standard deviation)
BAKER 97.2% (1.0%) 88.3% (4.1%)

SVM 98.9% (0.5%) 91.3% (2.8%)

In terms of point estimation, they are comparable while SVM shows certain superiority.

The true utility of BAKER is that it provides a predictive distribution and not just a point

estimate as SVM would do. We illustrate this on one random test-train split where the test

error was13%. In Figure (4.2) we plot the mean of the posterior distribution for each test

sample in red stars and provide a point-wise90% credible interval for each test sample.

A result of this analysis is that in addition to misclassifiedinstances there are7 correctly

classified samples with great uncertainty (credible intervals covering0.5) that may require

further investigation.

4.5.3 UCI Data sets

We further examine variable selection and the predictive posterior distribution on sev-

eral data sets from the UCI Machine Learning Repository1.

Wisconsin Breast Cancer Dataset

The Wisconsin Breast Cancer data was examined in Zhang (1992) using a variety of

classifiers. The class labels were benign and malignant and after removal of samples with

missing attributes353 samples remained. The input data had nine attributes. The best result

reported in Zhang (1992) with a training set of200 samples with100 from each class and

1ftp://ftp.ics.uci.edu/pub/machine-learning-databases/
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Figure 4.2: The posterior predictive distribution for a test set with the first10 samples are
normal and the remaining tumor. The red stars represent the posterior means and the blue
lines are90% credible intervals. There are13 cases that are misclassified and7 more that
are very uncertain.

the remaining samples as test was93.7% by 1 nearest neighbor. We repeated this compari-

son using BAKER (specifications of hyper-parameters followthose in section(4.5.1);1000

iterations with the initial500 burned in), SVM, and a Generalized Linear Model (GLM)

with a probit link as the classification algorithms over ten random 200-153 training-test

splits. The classifiers perform comparably as in Table 4.2. In terms of point estimation

they are all comparable.

Table 4.2: The training and test accuracies for different methods on the Wisconsin data
Training Accuracy (standard deviation) Test Accuracy (standard deviation)

BAKER 96.0% (1.2%) 95.2% (0.9%)
SVM 96.0% (0.9%) 95.6% (1.7%)
GLM 96.0% (1.2%) 94.7% (1.3%)

The posterior predictive distribution for each sample in the test set is displayed in Figure

4.3. BAKER incorrectly classifies8 samples7 of which are benign. However, the95%
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credible intervals for each sample indicate that the uncertainty of some of the patients is

much larger than that for some others. The credible intervals for a few incorrectly classified

samples do not cover0.5. It would be interesting to look more carefully at these samples,

especially sample8 which has very low posterior probability that strongly contradicts its

class label .
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Figure 4.3: Posterior predictive probabilitys for belonging to the benign class for153 test
samples. The blue line segements represent95% credible intervals and the red star is the
posterior mean. The first 88 samples are benign and the remaining 65 are malignant.

All 9 attributes seem relevant as reflected by the posterior meansin Figure 4.4. The

second variable “Uniformity of Cell Size” and the ninth variable “Mitoses” seem to be

weaker than the others.

Johns Hopkins University Ionosphere database

The ionosphere data were examined in Sigillito et al. (1989)using a variety of neural

networks. The class labels were good and bad. The input data had 34 attributes. They

used the first200 samples which included100 bad and good samples as the training set and
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Figure 4.4: Boxplots of the posterior distribution ofρ1, · · · , ρ9.

tested on the remaining151 samples. They achieved test accuracies of90.7% by a linear

perceptron,92% by a nonlinear perceptron and96% by their implementation of backprop.

We repeated this comparison using BAKER and SVM with a Gaussian kernel. The classi-

fiers perform comparably as reflected in Table 4.3.

Table 4.3: The training and test accuracies for different methods on the Ionosphere data
Training Accuracy (standard deviation) Test Accuracy (standard deviation)

BAKER 97.5% (0.9%) 95.0% (1.9%)
SVM 98.9% (0.4%) 96.0% (1.1%)

The posterior predictive distribution on the test set as well as the posteriors for the

relevance of each variable are plotted in Figure 4.5. Classifier is accurate on the test set

but the uncertainty for some of the test samples is considerable. Variables 5, 9, 14, 23 have

larger relative values and hence should be more significant.
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Figure 4.5: (a) The posterior predictive probability of a sample beinggood on the test
samples. The first125 samples are good and the remaining75 are bad. Red stars are
posterior means and blue lines are95% credible intervals. (b) A boxplot showing the
relevant significance for the explanatory variables.
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4.5.4 Modeling considerations

The two most important considerations in Bayesian modelingare the computational

efficiency of sampling from the posterior and the sensitivity of the posterior to prior speci-

fications.

We first consider efficiency. The issue is the amount of time required to obtain coverage

of the posterior distribution. The majority of time in the MCMC algorithm is in recomput-

ing the kernel matrix for a new draw ofρ and the computation of the kernel decomposition.

For example, a typical run on the Wisconsin Breast Cancer dataset with1, 000 iterations

takes153.00 seconds in which91.2% or 139.54 seconds are spent on recomputing and de-

composing the kernel (CPU: Intel Xeon 2×2.8GHz; Memory: 4096M; Matlab). This is the

computational cost for feature selection.

The sensitivity of the posterior to prior specifications is another important issue. We

have observed for the model without variable selection the posterior is relatively insensitive

to the hyper-parameters. For the model with variable selection hyper-parameters have an

effect on the posterior distribution of relevance for each variable,ρ. However, the prediction

is robust with respect to the hyper-parameters.

In the model with variable selection the two considerationsare the probability that aρ is

zero or not and the magnitude of a nonzeroρ. The parameterγ models the prior probability

of a variable being relevant reflected by a Beta distribution. We useaγ = bγ = 3 to reflect a

prior assumption of half the variables being relevant and the magnitude reflects some degree

of concentration. Other values are also possible, but generally do not significantly influence

the prediction. The posterior on theρ values is more sensitive to prior specifications. This

is due to the Gamma distribution draws from which can be very large. One possibility to

address this is to use a truncated Gamma distribution. Another approach is to examine the

hyper-parameters that control the tail of the Gamma distribution. The prior magnitude ofρ
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depends ons which in turn depends onas. We examine the effect ofas on the posterior by

running the model settingas = 0.5, 1, 5. The comparisons are run on the Wisconsin Breast

Cancer data set. The predictions are robust for all three settings, for example, we examine

the first explanatory variable in the first instance of the test set. Figure (4.6) provides a

boxplot ofρ1 for the three settings ofas. It is apparent that the posterior means ofρ1 is very

stable however the variance of the posterior distribution of ρ1 is not. Asas increases very

large values ofρ1 appear in the posterior distribution. These outliers drivethe uncertainty

in ρ. It is very important to consider this hyper-parameter whenwe model the uncertainty

of variable relevance.
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Figure 4.6: Boxplots for the posterior draws forρ1 (upper panel) and the posterior probabil-
ity of the first benign sample under different hyper-parameter values ofas. The predictions
shown are similar, but the distribution ofρ1 differs greatly due to outliers under largeras
values.
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4.6 Summary Comments

With the growth of interest in statistical classification and prediction methods in the

machine learning communities, and an escalation of interest in applications among practi-

tioners, there is a consequent need for refined theoretical understanding of the underlying

statistical models as well as improved methodology and algorithms. We address each of

these issues here. The theoretical foundation of our Bayesian kernel models is based on the

equivalence between a class of functions induced by a nonparametric prior specification

and a reproducing kernel Hilbert space. This Bayesian framework of the model allows for

coherent inference, assessment of uncertainty, and accessto the posterior distributions via

Markov chain Monte Carlo sampling. Practical issues such aschoice of hyper-parameters

and variable selection are automatically incorporated into the Bayesian modeling and in-

ference.

The Bayesian kernel model suggests several interesting future directions as well as open

problems. The computational challenges of searching high-dimensional parameter space is

of utmost importance and for variable selection increasingthe efficiency of the MCMC to

be able to handle thousands of variables is an open problem ofgreat practical importance.

The nonparametric Bayesian kernel model we developed is an example of a more general

framework described in Pillai et al. (2007). Further exploration of other process priors from

a theoretical, computational, and applied data analysis perspective is of interest.

A striking example of the flexibility and coherence of the Bayesian kernel model is its

application to what is referred to as the semi-supervised problem in the machine learning

literature, the incorporation of unlabeled data – an example of ancillary design data – in

classification and regression problems. Our Bayesian kernel model incorporates the un-

labeled data in a natural way without having to introduce additional penalties to the loss

function as is the case for regularization approaches, which is discussed in detail in Liang
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et al. (2007).
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Appendix

In this appendix, we introduce the properties of the Grassmann manifold that allow

for an intuition of the meaning of the distance metric in section 2.2.3. We first develop the

concepts of the Riemannian metric and geodesic distance. Wethen develop the definition of

the geodesic distance on the Grassmann manifold. For more information on the differential

geometry of the Grassmann manifold see Kobayashi and Nomizu(1996).

Given a differentiable manifoldM a Riemannian metric is an inner product function

gp(ξ, η) ≡ 〈ξ, η〉p : TpM× TpM → R,

whereξ, η are tangent vectors of the manifoldM at a pointp ∈ M and forξ, η, ν ∈ TpM

anda, b ∈ R

gp(aξ + bη, ν) = agp(ξ, ν) + bgp(η, ν)

gp(ν, aξ + bη) = agp(ν, ξ) + bgp(ν, η)

gp(ν, ξ) = gp(ν, ξ)

and for everyξ ∈ TpM the existsν ∈ TpM such thatgp(ξ, ν) 6= 0. Also given an open

subsetU of the manifold and tangent vectorsν andξ onU the functiongp(ξ, ν) is a smooth

function ofp.

A geodesic curve on a smooth manifold is the shortest curve between two points as well

as the straightest curve between two points. It is useful to think of curves on manifolds as a

mapc : [0, 1] → M where the interval[0, 1] is thought of as time so the curve is a function

of time,c(t). For any pointp on the manifold and any tangent vectorν ∈ TpM there exists
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a unique geodesic curveγ such that

(1) γ(0) = p, (2) γ̇(0) = ν, (3) ∇γ̇ γ̇ = 0, (.8)

whereγ̇ is the derivative with respect tot and in this case is a tangent vector on the mani-

fold, γ̇ ∈ TpM. Statement (1) is that the curve starts at pointp. Statement (2) is the curve

initially moves in directionν with velocity |ν|. In statement (3)∇ is the affine connection

on the manifold which is a generalization of the standard notion of a directional derivative.

For our purposes, interpret∇V f as the differentiation of of af in the directionV . In the

case of statement (3) this means that at points on the geodesic curve the velocity of the

geodesic curve in the directioṅγ is constant, there is no acceleration. The definition of

a geodesic curve in (.8) is equivalent to a second order ordinary differential equation, so

geodesics are uniquely defined by an initial point and an initial direction. This is why the

shortest curve is the straightest.

For a Riemannian manifoldM with Riemannian metricg the length of a curvec :

[0, 1] → M that is differentiable with velocity vectoṙc is

L1
0(c) ≡

∫ 1

0

√

g(ċ(t), ċ(t))dt.

The distance functiond : M×MR
+ is defined as

d(p, q) = inf L(c)

where the infimum is over all differentiable curves such thatc(0) = p andc(1) = q. The

curve that minimizes this distance is the geodesicγ with γ(0) = p andγ(1) = q. This

relates the geodesic to the Riemannian metric.

We now develop the intuition behind the distance function onthe Grassmann manifold.

95



Let G(d,p) be the Grassmann manifold, a pointU on the manifold is ad dimensional sub-

space ofRp. A matrix U ∈ R
p×dcan be specified by basis vectors of the subspace such

that span(U) = U andU = (u1, ..., ud). The set of matrices that spanU is the noncompact

Stiefel manifold

S(d,p) ≡ {U ∈ R
p×d : rank(U) = d}.

For each subspaceZ there exists an equivalence class of matricesZ such that span(Z) =

Z for eachZ ∈ Z . However, one can single out a single unique matrix as follows. Let

W ∈ S(d,p) we define the affine cross section as

CW ≡ {Z ∈ S(d,p) : W ′(Z −W ) = 0}.

If W ′Z is invertible thenZ intersectsCW at the pointZ(W ′Z)−1W ′W , otherwise they do

not intersect. We define the set

ZW ≡ {span(Z) : W ′Z is invertible}.

We define the maps

σW : ZW → CW , π(W ) : W → span(W ).

Define asW a subspace andW as its basis, the tangent vectorξ at a pointW on the

Grassmann manifold isTWG(d,p). The matrixW can be adapted to capture the directions

of W that have an effect on changing the subspaceW. Define

ξW = dσW (W)ξ, dπ(W )ξW = ξ,

whereξW projects to the tangentξ via π. The representationξW is called the horizontal lift
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of ξ ∈ TWG(d,p) and are the directions ofW which if varied will change the subspaceW.

In the case of the Grassmann manifold the Riemannian metric is

〈ξ, η〉Z = Tr
(

(Z ′Z)−1ξ′ZηZ

)

,

where span(Z) = Z and the metric does not depend on the basis that spansZ. Given the

above metric the geodesicγ(t) between two pointsJ andZ can be defined by the initial

tangent vectorξ ∈ TJG(d,p) whereγ(0) = J , γ(1) = Z, andγ̇(0) = ξ. GivenJ andZ

that spanJ andZ respectively, the shortest curve fromJ toZ onG(d,p) is

ξJ = UΘV

UΣV ′ = (I − J(J ′J)−1J ′)Z(J ′Z)−1

Θ = atan(Σ).

and

dist(J ,Z) =
√

Tr(Θ2)
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