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Abstract

We propose nonparametric Bayesian models for supervisedrdiion reduction and
regression problems. Supervised dimension reduction ettang where one needs to re-
duce the dimensionality of the predictors or find the dimengieduction subspace and
lose little or no predictive information. Our first methodreves the dimension reduction
subspace in the inverse regression framework by utilizirgpendent Dirichlet process
that allows for natural clustering for the data in terms oftbthe response and predictor
variables. Our second method is based on ideas from theeguiddarning framework and
retrieves the dimension reduction subspace through coheomparametric Bayesian ker-
nel models. We also discuss and provide a new rationalizatikernel regression based
on nonparametric Bayesian models allowing for direct amthéd inference on the uncer-
tain regression functions. Our proposed models apply fgh iimensional cases where
the number of variables far exceed the sample size, and bolddth the classical set-
ting of Euclidean subspaces and the Riemannian settinggwhemarginal distribution is
concentrated on a manifold. Our Bayesian perspective goji®priate probabilistic and
statistical frameworks that allow for rich inference sushuacertainty estimation which is
important for measuring the estimates. Formal probahilisiodels with likelihoods and
priors are given and efficient posterior sampling can beinbthby Markov chain Monte
Carlo methodologies, particularly Gibbs sampling scheres the supervised dimension
reduction as the posterior draws are linear subspaces venelpoints on a Grassmann
manifold, we do the posterior inference with respect to @sock on the Grassmannian.

The utility of our approaches is illustrated on simulated agal examples.
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Chapter 1

Introduction

Nonparametric Bayesian models refer to probability modalfunction spaces. Unlike
traditional parametric models that utilize a finite numbé&parameters to represent the
unknown hence can suffer from either over-fitting or und#irigy when the number of
parameters or model complexity is not appropriately speaifin nonparametric Bayesian
models the unknown is represented by an infinite dimensjmar@meter, that is, a function
f, for which suitable prior information can be incorporateabntrol the model complexity.
Such a methodology overcomes the rigid nature of paramasscimptions and leads to
highly flexible inference: on one hand with the potentiallgssively many parameters the
model support is wide enough to avoid under-fitting, and @ndtiner hand proper choice

of priors controls the model complexity hence mitigatesrditéng.

In principle nonparametric Bayesian models find applicatianywhere a functior
needs to be learned. In unsupervised framework this could tensity estimation task
where the target is a density or distribution function ofeneist, that is, given samples
01,---,0,1.i.d. ~ fto make inference orfi. Traditional parametric models such as the fi-
nite Gaussian mixture modeling approach for density estonalirectly assume a specific
form for f through pre-specified Gaussian kernel functions and a finitaber of para-
meters. Nonparametric methods, in contrast, place apijategsriors onf. Popular prior
choices in this category include Dirichlet Process (DPyrsr{Ferguson, 1973, 1974) and
their extension stick-breaking priors (Sethuraman, 188#yvaran and James, 2001), Polya
Trees (Lavine, 1992, 1994), Logistic Gaussian Processa(L1988), Bernstein Polyno-

mials (Petrone, 1999a,b; Petrone and Wasserman, 2002anetang which DP priors are



the most popular and have broad applications in a varietysaiplines.

In supervised scenario where there are predictor and regpeariables available and
prediction is of the central focud, could naturally be the underlying regression or clas-
sification function. In regression problems the main puepissto infer the relationship
between a response varialiffec ) C R and predictors or explanatory variabl&se X' C
RP. The regression model is typically summarizedy= f(X,¢e) with f an unknown
regression function and some noise and the goal is to infer the regression funcfion
which represents the relationship between the responsgraddttor variables. Traditional
parametric models proceed by directly assuming a paraenketnm for f, for instance a
linear form, followed by parameter estimation through mabares such as least squares or
maximum likelihood methods. Nonparametric Bayesian nsdei the other hand, incor-
porate suitable prior information gfito ensure thaf appropriately reflects the relationship
betweenY and X and avoids both over-fitting and under-fitting. The undewyidea of
nonparametric Bayesian models in this setting resembleshratithe (non-probabilistic)
regularization methodology (Tikhonov and Arsenin, 19 h8ttgenerally choosesfrom a
candidate functional space by a “minimizing loss functidusgpenalty” framework popu-
lar in machine learning community. Indeed they both shaeekety idea of ensuring wide
support (viewingf as a random function from a functional space v.s. choogirfigpm
a candidate functional space) and controllable complgxitgcing priors onf v.s. im-
posing penalty ory). The primary difference is that the former is probabitsirhile the
latter is not. In cases where probabilistic inference suek\waluation of estimate uncer-
tainty is needed, nonparametric Bayesian models will baliigreferred. Nonparametric
approaches have been extensively applied in supervistgsetvhich have greatly facili-
tated the development of both Statistics and Machine LegrriPopular methods such as
kernel models (Vapnik, 1998; Scholkopf and Smola, 200dl)ne models (Wahba, 1990),

tree models (Breiman et al., 1984; Friedman, 1991), wavatedels (Donoho and John-

2



stone, 1994) are now standard. Kernel models, with the caieth “Support Vector Ma-
chine” (Cortes and Vapnik, 1995) as a special case, are@xtdynapplied due to their high

predictive accuracy and computational ease.

The primary focus of this thesis is to develop nonparame@agesian models in dimen-
sion reduction and regression problems. Dimension redndsi an effective methodology
to mitigate the “curse of dimensionality” (Bellman, 196%$ue when analyzing high di-
mensional data sets which have been common nowadays intafhdisciplines. Dimen-
sion reduction techniques can help researchers gain irfsigtine structure of the data and
problem, overcome the difficulties caused by high dimensigrh as over-fitting, facilitate
the use of other statistical methods which may only be agplecin small or moderate
size problems, and reduce data storage cost. Though mamnsiom reduction methods
exist in literature (Cox and Cox, 2001; Mika et al., 1999; @ebaum et al., 2000; Roweis
and Saul, 2000; Belkin and Niyogi, 2003; Li, 1991, 1992; Walet2007; Mukherjee and
Zhou, 2006; Mukherjee and Wu, 2006; Wu et al., 2007, 2008;eXial., 2002; Sugiyama,
2007), most of these methods are not probabilistic hencegkegtion of uncertainty es-
timation cannot be addressed, calling for the imperativedrfer probabilistic dimension
reduction methodologies. Nonparametric Bayesian appexabave been very successful
in many fields by bringing about rich inference, howevertidevelopment and application
on dimension reduction tasks are extremely limited (foraent example see Tokdar et al.
(2008)). This thesis aims to bridge the gap between thess.avée develop nonparametric
Bayesian models, with focus on Dirichlet Process modelstlaeid extensions, and kernel
models, in dimension reduction and regression problems.diiinension reduction studied
in this thesis will primarily be in the supervised framewankwhich the reduction is in the
sense of preserving the predictive information. We firsegavdetailed background intro-
duction of Dirichlet Processes related models, kernel nsa@ad the theory and practice

of dimension reduction.



1.1 Dirichlet Processes and Extensions

1.1.1 Dirichlet Processes

In the task of density estimation, a standard finite Gaussiature modeling approach
proceeds by assuming a parametric form through Gaussiaelkemctions for the target
distribution or density function that is of interest. Inglsetting however a major limitation
is that one needs to specify the number of mixture componbithws generally unknown.
Nonparametric Bayesian models overcome this limitatiopliaging proper functional pri-
ors on the target unknown distribution function, so thagrehce could be done directly on
the target distribution function itself, henceforth adglin more flexibility.

Among all functional priors over distribution functionsg Dirichlet process (DP) prior
is perhaps the most poplar choice. Suppose random varigples , 6,, which could be
either samples or parameters follow a distribution funtiie®. Consider placing a prior
on G. For a specified distributioi:, called “base measure” having the same support
as G and a positive scale/concentration parameigrthe notation DRy, Gg) implies
that for any measurable partition of the sample spdgie Bs, . . ., Bx), the random vector

(G(By),...,G(By)) follows a Dirichlet distribution, that is

(G(Bl), RN G(Bk)) ~ DiriChlet(aoGo(Bl), R ,aoGo(Bk))

(Ferguson, 1973, 1974). This definition implies that thadbiet process is a natural ex-
tension to random functions of the traditional Dirichlestlibution on finite dimensional
random variables. Her&(G) = G, so that the base measure serves as the “center” for
the random distributiod7; The scale parameter, reflects the concentration ¢f to Gy:

in fact one has VAG(A)) = Go(A)(1 — Go(A))/(ap + 1) for any measurable set, so

that a biggery, implies thatG will have a smaller variance hence tend to be more sim-

4



ilar to Gy. The technical definition of DP prior however does not denames what the

function with such a prior should look like. The two represgions or characterizations
of the DP, namely, the stick breaking representation (Sathan, 1994) and the Polya-urn
representation (Blackwell and MacQueen, 1973), providgt into important properties

of DP.

The stick breaking representation states that a distobdtinction following a DP prior

is an infinite mixture

G = Zﬁh(su,’;7 (11)
h=1

h—1

mo= 60 [[(1=5),  Bu ~ Betal, ap),

=1

I/;;NGO

whereJ. is the delta functiony;’s are called “atoms” that are simply i.i.d. draws from
the base measure ang’s are called “weights” that are constructed from a unitckti
by sequentially sampling from a Beta distribution based taws left after the previous
sampling. This construction demonstrates a specific fomtdistribution functions that
follow a DP prior, and a salient point is that such functioaséda discrete support, the
random atoms sampled from the base mea&lyteAs a consequence, a natural clustering
machinery will be induced for the random variablgs- - - , 4,, that follow G. The scale
parameteky, controls the magnitude of th,, so that a bigy, tends to induce smal,
hence smalk;, in general which tends to make more similar or concentrated t&,.

A second representation, the Polya-urn scheme, focusdseamplication for the DP
prior on the random variables followingG rather than the functional form fa® itself.

Supposé,, - -- ,0, ~ G andG ~ DP(«y, Gy), then the predictive distribution for a new



element, ., givend,,- - - .0, whendG is integrated out, is given by

1

P(0n41 € Alby,---,0,) = -
0

(aGo(A) + _Z 5o, (A)) (1.2)

where A is any measure set anvgl (A) = 1 if §; € A and= 0 otherwise. This predictive
form is highly consistent with the discrete natureCofmplied by (1.1) and the clustering
machinery, in tha#,, ., could equal to one df;, - - - , 8,, with probability proportional ta
and also has a probability proportionaltg of having a brand new value sampled from the
base measure.

The discrete nature of the DP prior might be undesirable plieg@tions where contin-
uous distribution functions are of interest. In such casessmply needs to lét, - -- , 0,
be individual parameters of a continuous function whichidde the sampling distribution

function. Specifically one could have

Yi|0; ~ g(-16;) (1.3)

G ~ DP(O[(], Go)

wherey,’s are the actually observed samples gidd;) is a continuous distribution func-
tion in the sample with parametefis This is termed “Dirichlet Process mixture models
(DPM)”. For example, ifg is assumed to be Gaussian then a Gaussian mixture model is
effectively produced and resembles much of the traditidgdalissian mixture modeling
framework, for the extra benefit that one lets the data speaitdelf and does not have to
impose any rigid assumptions such as pre-specifying thebeumf mixture components

as one would have to do in traditional parametric mixture eliod) framework.

Computational advantages are also a major factor for thellpdpy of the DP pri-



ors. Efficient Gibbs sampling methodologies are developetitérature (Escobar and
West, 1995; MacEachern and Muller, 1998; Ishwaran and da@@®)1), which are pri-
marily divided into two categories: the conditional approand the marginal approach.
The conditional approach is related to the stick breakimregentation for DP and in
practice aims to approximate the infinite mixtures in (1.§)abmixture with sufficiently
many mixture components, i.e., to find a large enoifko replacexc in (1.1). The re-
sulting sampling scheme is then analogous to that for finitdure models, that is, for
01, ,0, ~G = Zle mrd,r, ONE introduces latent variables called “labels’- - -, 2,
S.t.

Zi:h@QiZV}t

meaning the-th sample or parameter is assigned to Akl mixture component, and iter-
atively updates;, 0;, v;; under their full conditional posterior distributions whiere easily
tractable. The marginal approach, on the other hand, esilike Polya-urn scheme in (1.2)

which implies a prioror¥;(i = 1--- ,n), s.t.

n—1
0,10, = ———— _
z| 7 CMQ—Fn—l(aOGO_'_;(SOJ)
whered_; denotes{6y,--- ,0;_1,0,.:1,---,0,}. If there is a sampling distribution as in

(1.3), the sampling distribution is taken as the likelihdodction in #;, and by mul-
tiplying the likelihood and the prior fof; one can obtain the conditional posterior of
0:|(y1,- -, yn, 0—;) @gain as a mixture with a tractable form as long @ahdG, are conju-

gate (Escobar and West, 1995).



1.1.2 Dependent Dirichlet Processes

An important premise for DP models is that - - - , 0, areexchangeablethat is any
finite permutation of the indices should result in the saniet jdistribution. This natural
holds by De Finetti’s theorem (Diaconis and Freedman, 1880 settindg;, - - - , 0, i.i.d. ~
G which is a commonly adopted framework. In some scenariosgher,o; is dependent
on covariates say; € X, so that); in effect follows a distribution functiod; that depends
on z;. For example in density estimation tasks where covariateswaailable, instead of
assuming all the sampléss from the same common distributi@r, it is more desirable to
assign an individual covariates-dependent distributiorcfionG; to eachd;; Supervised
framework whergy; is a response ang is an predictor variable also falls into this category:
the distribution ofy; is z;-dependent. In such settings #)& are no longer exchangeable.

Dependent Dirichlet Processes (DDP) are important extesdio DP that address the
above issue involving covariates. The DDP was first intreduim MacEachern (1999)
to generate DP to settings where covariates need to be imetega when modeling a un-
known distributionG. Consider the stick-breaking representation@oin (1.1). Now if G
depends on some covariatesind one wants to induce dependence among different such
G’s through the dependence among differeistone could effectively achieve this by al-
lowing then,’s, or thev;’s, or both, in (1.1), to depend an For example, one could

have
0
Gm = Z 7Th:v51/;;
h=1

in which now the subscript is added taz andr, to show their explicit dependence on
x, where the dependence structure amaéh(s is induced via the dependence among the
weightsy,, throughz. There are multiple ways to construct such dependérd leading

to different DDP (Dunson and Park, 2008; Gelfand et al., 2@%fin and Steel, 2006;

lorio et al., 2004; Dunson et al., 2008). As will be seen DDRighly relevant and useful



in our supervised dimension reduction task.

1.2 Kernel Models

Regression models are typically summarizedYby= f(X) + e with f an unknown
regression functionX, Y predictor and response variables respectivelyandise. Non-
parametric non-probabilistic methods on regression @mois| instead of imposing a rigid
parametric form onf, generally adopt a regularization framework popular in hiae
learning. In this frameworkf is chosen from a candidate functional space with regular-
ization, that is,f is selected in such a way that it minimizes a pre-chosen losgibn and
a penalty term, so that over-complex or non-smooth funstiend to be penalized to mit-
igate the problem of over-fitting. An important class of suebdels is the nonparametric
kernel models which have been used extensively for claasiic and regression problems
(Hastie et al., 2001; Scholkopf and Smola, 2001). The metitkmown example is the cel-
ebrated support vector machines (SVMs) (Cortes and Vag8®5) which have been high
successful in practice since its inception. The appealinggrties of nonparametric kernel
models are their flexibility and predictive accuracy, andsiimportantly, their ability to

handle high dimensional data.

Nonparametric kernel models proceed by constructing a Bedceeproducing kernel
Hilbert space (RKHSH, (Wahba, 1990) generated by a positive semi-definite keumel-f
tion k(x,u) with z, u € X, the input space, and selecting the estimatg&/jn H, can be
formally characterized as the following provided that tieeriel functionk(-, -) is a Mercer
kernel (Mercer, 1909):

Hy, = {f | @) =) a;0i(x) sty al/); < OO} :
: i

J=1



where{;} and{¢;(z)} are the eigenvalues and eigenfunctions of the Mercer kéunet
tion k(-, -). Denotek,(-) = k(x,-) referred to as the kernel function at kngtthe RKHS
‘H,, could be roughly described as a Hilbert space containinpallinear combinations of
kernel functions at any knot in the input space, and theintpwise limits. Thus

T

Hk,’: Zatkl’t(')v a’tERwrtE‘XvTEZ—’_

t=1

The regularization or penalized loss function framework ba stated as
f =argmin L(f,datd + A f|[3, (1.4)
fER

whereL is some loss function measuring the fitfofo the data — typically a more complex
(less smooth) form fof would lead to a smaller loss value; the second term is a petineait
penalizes over-complex that would over-fit the datalf - ||, is the RKHS norm defined
on the RKHS space measuring the complexity phnd )\ is a tuning parameter specifying
the strength of the penalty — a largeforces the procedure to choose smoother forms for
f while a smaller\ encourages more complex and wiggled ones, hence a propzsfiesgpe
A balances the trade-off between minimizing the fitting exi@nd the smoothness.
Although the optimization in (1.4) may be over an infinite éimsional space the op-
timal solution has the following finite dimensional repnetion due to the representor

theorem (Kimeldorf and Wahba, 1971)

f(x) = Zwik‘(x,xi), (1.5)
i=1

This reduces an infinite dimensional optimization problenone inn variables, which is

very attractive for high-dimensional analysis since theémjzation is ovem < p variables
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and independent of the dimensipn

While (1.5) is appealing, one can only obtain a point estinaatd hence limited in-
ference without a direct way to evaluate estimate and ptigdicincertainty unless one
seeks additional computationally heavy methods such astoap, a drawback shared by
all non-probabilistic methods. A fully Bayesian approatkernel methods would provide
a natural framework to add in probabilistic interpreta@nd provide rich inference such
as easy evaluation of uncertainly for estimates and priedithrough posterior samples.

Nonparametric Bayesian kernel methods, for example BageSVMs, have been pro-
posed (Tipping, 2001; Sollich, 2002) based on applying Beyeestimation directly to the
finite representation from equation (1.5). However, thediradoption of (1.5) is not a
proper statistical model, as the model changes with the kesige and observed covariate

values defining the knots, without a coherent argument.

1.3 Dimension Reduction

1.3.1 The Setup

High dimensional data sets where one has many variablesoatenon nowadays in
diverse domains such as statistics, engineering, bioimdtics, econometrics, etc. Tradi-
tional statistical methods typically break down when deglvith these large data sets due
to the infamous manifesto “the curse of dimensionality” l[B@n, 1961), which asserts
that with the increase of the dimensionality (the numberarables) the available data
become sparse exponentially and render many of the traditimethodologies incapable.
For example, in a linear regression problem, over-fittinty @écur when one has too many

predictor variables and make the inference unreliable.

Dimension reduction is a suitable way to overcome this diffic It is the process of
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reducing the number of variables in consideration and médavaiming to lose as little
information as possible. The foundation of dimension réiducis that, in many cases,
though the data are from a possibly very high dimensionatepe problem is intrinsi-
cally low dimensional. For instance, in a regression problalthough one may potentially
have a huge number of predictor variables, only some of thenmdact relevant. Dimen-
sion reduction techniques aim to find such a low dimensiommattire in these settings,
and can thus help researchers better understand the prablémacilitate the use of other
statistical methods.

Mathematically the dimension reduction can be stated aswel given the samples
x1,---,x, € X C RP, produce lower dimensional “features?, - - - , %, € X c R? with
d < p according to certain criteria to ensure of minimization o$$ of information in

certain sense, so that there exists a map

D:RF—RY d<p, D)=

Different dimension reduction approaches have differenss of defining the “minimiza-
tion of loss of information” as will be seen below. Note tha¢ imapD(-) may or may not
be explicitly found. IfD(-) is not explicitly found then only the lower dimensional fiewts
Zy,- -+, I, are produced and one does not have a general map to redudgemtrescbnality

of new observations.

1.3.2 Some Dimension Reduction Techniques

Dimension reduction techniques are typically classifi¢d imear methods and nonlin-
ear methods. For linear methods the niax;) = B'z; whereB = (01, -+, (q4) iSap x d
matrix, so that effectively @ dimensional subspade formed by the span of the columns

of B is found and they dimensional sample vectors are projected into this sulesfac
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achieve dimensionality reduction. Principle componetsis (PCA) is perhaps the most
celebrated linear dimension reduction technique. PCAs#ekdirections or subspace to

maximize the variation of the variables, i.e., PCA finds threationsj,, - - - , 3, S.t.

B3; = argmax, _ Var(3'X), i=1,---,d

s.t. co3X, 3;X) =0, forj <i,i>1

where X € X C RP is a random sample vector. It turns out these directionsiarplg
the firstd eigen-vectors of the covariance matrixX¥fcorresponding to the largegeigen-
values. Extensions such as factor models are closely ddiatdgimension reduction. Factor
models state that

X—p=AX +¢

wherey is the mean ofX € X ¢ R?, A € RP*? andX e R? are named “factor loading”
matrix and “factor score” respectively, aads noise with mean and covariance matrix di-
agonal. The fundamental assertion underlying factor nsdehat the covariance structure
in thep-dimensional variabl& is in fact primarily explained or generated by the latént
dimensional factor score, and the factor loading matrixegas the measure of correlation
between them, which adds in rich interpretations for thenrevork. This setup is closely
related to dimension reduction in that the factor sc&rean be effectively viewed as the
features that are of lower dimensionality thAn Note that in this setting only reduced

features are obtained and a general mHp is not available.

For nonlinear methods the mdpy-) is nonlinear and often cannot be explicitly repre-
sented. Standard examples include kernel principle compiaanalysis (Mika et al., 1999)
(kernel PCA) and multi-dimensional scaling (MDS) (Cox amakC2001). In kernel PCA

one specifies a bi-variate kernel functibx, u), (z,u € X C RP), for instancek(z,u) =

exp(—M) with ¢ being some bandwidth parameter and a kernel méarig R™*" s.t.

202
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the (¢, j)-th entry isK;; = k(x;, z;) wherex;, z; represent the sample vectors. Then the
features are produced in terms of the eigen-vectol& of.e., if ,, - - - 74 are thed eigen-
vectors of K’ corresponding to the largedteigen-values withy; = (n\",--- "), then
the d dimensional feature vectar, = (nf), e ,n;”), i =1,---,n. Clearly the relation-
ship betweenr; and z; is nonlinear and the map(-) cannot be explicitly given in the
sense that for a new observation vector X’ one cannot obtain the corresponding feature
vector without re-calculating a new kernel matrix and doamgeigen-decomposition on it.
Most of the nonlinear dimension reduction approaches @mndture are of this flavor, that
is they obtain the feature vectors as the eigen-vectorsrtdinamatrix, for instance, multi-
dimensional scaling and the recently very popular so-dattenifold learning methods
such as ISOMAP (Tenenbaum et al., 2000), locally linear etding (LLE) (Roweis and
Saul, 2000), Laplacian eigenmap (Belkin and Niyogi, 20@8), These manifold learning
methods assert that the high dimensional data in effectiiarointrinsically low dimen-
sional manifold (not necessarily a subspace) and aim torildhis manifold by the local

information in the ambient space.

1.3.3 Supervised Dimension Reduction

The methods aforementioned are all unsupervised in thed th@o response variable.
In settings where one is confronted with both response bsaand high dimensional
predictor variables one may need to reduce the dimenstgrdlihe predictors while keep
the predictive information. Supervised dimension redut{iSDR) formulates the problem
as finding a low-dimensional subspace (or manifold) thataias predictive information of
the response variable and seeks to replace the originakpoeziwith projections onto this
low dimensional subspace. This low dimensional subspaoées called the dimension

reduction (d.r.) space.
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The underlying model in supervised dimension reductioniverg p-dimensional co-

variatesX and a responsg the following holds

where the column vectors d@¢ = (b, ..., b;) are named the d.r. directions ands noise
independent withX . In this framework all the predictive information is contad in the
d.r. spaces3 which is the span of the columns 8f sinceY” 1L X | PsX, wherell denotes
“independent with” andPs denotes the orthogonal projection operator onto the swgspa
B. SuchB may not be unique and one wants to find the so-called centoapsice (Cook,
1996) Sy x defined as the intersection of all subspaSes R” having the property that
Y 1 X | PsX, so that the central subspace is effectively the “minimaf’ dubspace.
In our work we do not distinguish the term central subspaakdn subspace since we
always aim for the minimal d.r. subspace.

The d.r. subspacB is on a so-called Grassmann manifold denotedas, which is
defined as the set of all thedimensional linear subspacesi®f. Existing non-Bayesian
dimension reduction approaches seek to find a “best” d.smate, which is effectively an
optimal point onG ;). However Bayesian probabilistic models are of great irsiehere
since rich inference can be made through posterior digtdba on the whol&j ;) hence
significantly enlarge our scope.

Approaches to inference of the d.r. space in literature Gadibided into three cate-
gories. The first is called “forward regression”, where tloaditional probabilityy” | X
is directly modeled, or equivalently in (1.6) the functigns directly modeled. A classic
example of this approach is Projection Pursuit Regres$#®R( (Friedman and Stuetzle,
1981), where one assumes an additive formyfior (1.6), namelyy” = anzl gm (b X)) +e

and applies a fitting strategy which iteratively performe thsk of optimizing ovey,, given
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b, by any suitable smoothers such as spline models or kernetlsyaahd optimizing over
b, give g,, which involves a Newton search. A modern Bayesian examppgdposed
in Tokdar et al. (2008) where a variant of logistic Gaussiestpsses is utilized to model
Y | PgX or the functiong in (1.6). The major limitation of this type of methods is that
it is difficult to obtain an accurate estimate for the unknaistributionY” | PsX or the
functiong.

The second line of methods is named “gradient learning” @ggii. Consider a slightly
restricted framework in which the reduction is capturedna tegression (mean) function:

denote the regression functigiiz) = E(Y|X = z) and

Y=fX)+e=g0X,....,0,X)+e¢

by additive error assumption. The observation that theigraaf the regression function,
Vf € Re, lies in the d.r. space motivates this approach. A varietyethods exist in this
category (Xia et al., 2002; Mukherjee and Zhou, 2006; Mujdesand Wu, 2006; Wu et al.,
2007). In all these methods a central quantity termed “G@mtdOuter Product” (GOP)
matrix defined agZ(V fV f’) is estimated and the firgt eigen-vectors corresponding to
the largestd eigen-values are taken as the basis for the d.r. space. Tifieyid how
inference is done for the gradient or GOP. In Xia et al. (2082kfficient method named
“MAVE” is provided which estimates the gradientf by local polynomial fitting, however
it is not directly applicable when the number of predictoesplanatory variables is larger
than the sample size due to over-fitting and numerical inl#ialdn Mukherjee and Zhou
(2006); Mukherjee and Wu (2006); Wu et al. (2007) kernel rodthare utilized to learn
the gradient and overcome the over-fitting problems injthe n scenario by adding a
regularization term in the gradient estimate. The utilaabf kernels introduces nonlinear

features to the problem hence makes these methods morddleXibe main drawback,
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however, is their lack of probabilistic interpretations.

The third category is the “inverse regression” type of apptees, where the condi-
tional distributionX | Y is the focus. The classic examples are the celebrated sliced
inverse regression (SIR) (Li, 1991) for the continuous oese setting and reduced rank
linear discriminant analysis (LDA) for the discrete respersetting, in which an important
idea that the conditional distribution of the predictoreyimhe response can provide useful
information in the reduction of the dimensions was introellicSIR estimates the inverse
regression curvé’' (X | Y) to infer about the d.r. space. SIR and LDA are not probalilist
These methods are extended to more general probabilisfilegsein Principal Fitted Com-
ponent (PFC) models (Cook, 2007). A major drawback of PFCelkas SIR and LDA is
that they suffer from the multi-modality issue that the dpace is degenerate when the re-
gression function is symmetric along certain directiong/irich case important directions

might be lost.

1.4 Overview of the Remaining Chapters

In this thesis we develop nonparametric Bayesian modelsipersised dimension re-
duction and regression problems and demonstrate the riietreimce brought by these flex-
ible models.

In chapter 2 we shall develop a Bayesian framework for supedvdimension reduc-
tion using a flexible nonparametric Bayesian mixture madghpproach that extends the
model-based approach of Cook (2007). Our method retridveedimension reduction sub-
space by utilizing a dependent Dirichlet process that aléw natural clustering for the
data in terms of both the response and predictor variablesm& probabilistic models
with likelihoods and priors are given and efficient postesampling of the d.r. subspace

can be obtained by a Gibbs sampler. As the posterior drawlhagr subspaces which are
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points on a Grassmann manifold, we output the posterior aarsubspace with respect
to geodesics on the Grassmannian. The salient point is tlratethod applies to data
generated from distributions where the support of the pted subspace is not a linear
subspace of the predictors but is instead a nonlinear midnifiche projection is still lin-

ear but it will contain the nonlinear manifold that is relava&o prediction. The Bayesian
formulation of the inverse regression framework has a @htmodel-based underpinning

based on distribution theory.

Chapter 3 will formulate a coherent Bayesian nonparametiocel that is based on
ideas from the gradient learning framework and adds ap@tgoprobabilistic and statis-
tical frameworks that allow for uncertainty estimation wiiis important for measuring
the estimates. The proposed model holds for both the chlssetting of Euclidean sub-
spaces and the Riemannian setting where the marginalbdistnn is concentrated on a
manifold. The method is especially relevant for the higmeinsional setting where the
number of predictor variables far exceed the number of alasiens. A Markov chain
Monte Carlo procedure for inference of model parametersasiged. We will illustrate
how our Bayesian model allows for formal inference of unaiatl in dimension reduction
as well as inference the uncertainty of conditional depanis in graphical models.

In Chapter 4 a fully Bayesian framework and theory for kemegiression and classifi-
cation will be provided. We specify priors on the entire RKE& induce a class of func-
tions that span the RKHS, providing an equivalence betweemonparametric Bayesian
models and kernel models used in the penalized loss frankeWdiis implies a Bayesian
representor theorem that results in the finite represemati equation (1.5) derived from
a Bayesian formulation, and that is coherent across saraptbsample sizes. This formal
model then easily and coherently addresses problems akimde on hyper-parameters,

variable selection, and ancillary issues such as unlalddésl (in semi-supervised learn-
ing).
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Chapter 2

Bayesian Mixture Modeling of Inverse

Regression for Supervised Dimension Reduction

2.1 Introduction

As stated in Section 1.3.3, supervised dimension redu¢8&RR) can be formulated as
finding a low-dimensional subspace or manifold that comstaith the predictive informa-
tion of the response variable. This low-dimensional subspsoften called the dimension
reduction (d.r.) subspace. Projections onto the d.r. spagde used to replace the original
predictors, without affecting the prediction. This is a ntrpart of unsupervised dimen-
sion reduction such as principal components analysis wio@s not take into account the
response variable. The underlying model in supervised d#io@ reduction is given in
(1.6).

A variety of methods for SDR have been proposed in literatiuat can be divided into
three categories: methods based on forward regressioditieatly model the conditional
probability Y | X; methods based on learning gradients of the regressiorifumand
methods based on inverse regression that model the camalitiistributionX | Y. See
Section 1.3.3 for details. In this chapter we focus on therlis® regression category.

The idea that the conditional distribution of the predistgiven the response can pro-
vide useful information in the reduction of the dimensioresvntroduced in sliced inverse
regression (SIR) (Li, 1991) for the regression setting adiiced rank linear discriminant

analysis for the classification setting. SIR proposes thag@rametric model in (1.6) and
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claims that the centered conditional expectatitfk | Y = y) — F(X), called the inverse
regression curve, is contained in the (transformed) dacsgpanned by the columnsi®f
SIR is not a model based approach in the sense that a sampltigtridbutional model is
not specified forX' | Y. The idea of specifying a model fo¢ | Y is developed in principal
fitted component (PFC) models (Cook, 2007). Specificallg, RrC model assumes the

following multivariate form for the inverse regression

Xy=pn+ Ay, +¢ (2.1)

whereX, = X | Y = y; p € RP is an interceptg ~ N(0,A) with A € RP*? is a
random error term;A € Rr*¢ andy, € R? imply that the mean of the (centered),
lie in a subspace spanned by the columnstafith v, the coordinate (similar to a factor
model setting withA the factor loading matrix and, the factor score). Under this model
formulation it is important that, is modeled otherwise the above model is an adaptation
of principal components regression, see sections 2.2.2#nhtl for the models used here.
In this framework it can be showh = A=A (Cook, 2007), so that the columnsAf* A
spans the d.r. space.

SIR and PFC both suffer from the problem that the d.r. spaaegenerate when
the regression function is symmetric along certain dimwiof X, in this case important
directions might be lost. The primary reason for this is thgtfor certain values off may
not be unimodal: there may be two clusters or componentsacdmditional distribution
X | Y = y. An additional drawback of SIR is that the slicing procedarethe response
variable is rigid and not based on a distributional modetuitively, the slicing approach
should allow for borrowing information across the respomadable. Data points with
similar responses tend to have similar conditional distidns yet because of the rigid

nature of the slicing procedure these data points may betodidferent bins and are treated
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independently.

Sliced average variance estimation (SAVE) (Cook and WegsE991) utilizes both
the first and second moment of the distributi&ny” in capturing the d.r. space however
can also be problematic when moments are degenerate aaretirections are often lost;
Principal hessian directions (PHD) (Li, 1992) focuses anhhssian matrix of the regres-
sion functionf(z) = E(Y|X = z) and locates the directions along whi¢l) shows
large curvature, however PHD is constrained due to the remént of strong distribu-
tional assumptions such as normality of the predictor éemto accurately estimate the
Hessian matrix. Another problem with PHD is that directitimet are linearly correlated to

the output variables are lost.

To address the multimodality problem a possibility is toelep a mixture model, that
is, to assume a normal mixture model rather than a simple alomodel forX,. This is
the approach taken in mixture discriminant analysis (MDAa$tie and Tibshirani, 1996b)
which utilizes in the classification setting a finite Gausswixture model for each class.
However MDA can only be applied when the response is discegteer than continuous,
and the pre-specification of the (generally unknown) nunabenixture components is an
issue.

In this chapter we develop a Bayesian methodology we caleBiay mixtures of in-
verse regression (BMI) that extends the model-based approbCook (2007). A semi-
parametric model will be stated. A salient point is that ipkgs to data generated from
distributions where the support of the predictive subspac®t a linear subspace of the
predictors but is instead a nonlinear manifold. The pragecis still linear but it will con-
tain the nonlinear manifold that is relevant to predictidine Bayesian formulation of the
inverse regression framework has a natural model-basedrpimhing based on distribu-
tion theory. A further important point of great interest &t the d.r. subspace is on a

so-called Grassmann manifold denotedGasg,) which is defined as the set of all thie
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dimensional linear subspacesRif, and our model allows for rich inference such as uncer-
tainty evaluation by drawing posterior samples (subspdecas this manifold rather than

merely obtaining an optimal point from this manifold as biietSDR methods.

2.2 Bayesian mixtures of inverse regression (BMI)

2.2.1 Model specification

We propose a semiparametric mixture model that generalmeBFC model (2.1):

Hyz = p+ Ayyx (23)
Vyz ~ Gy (2.4)

wherep € RP; A € RP*P| A € RP*? have the same interpretations as in (2:4); € R? is
analogous tw, in (2.1) except it depends anand the marginal distribution ok, and it
follows a distribution’,, that depends ofp. Note that (2.1) can be recovered by assuming
G, = 6, which is a point mass at,, and in this case,, = v,.

However by considering, as a random process hence specifying flexible nonpara-
metric models forX | Y we can greatly generalize (2.1). For example a Dirichletpss
prior (DP) (Ferguson, 1973, 1974, Sethuraman, 1994)-pieads to a mixture model for
X | Y due to its discrete property and alleviates the need to po#§pthe number of
mixture components foX | Y. In the setting of a continuous response the dependent
Dirichlet process (DDP) (MacEachern, 1999; Dunson and,P&®8) can be used to allow

dependence betwee),’s.
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Proposition 1. For this model the d.r. space is the spandf= A~1A4, i.e.,

Y| X=Y]|(AA)X.

Proof. Assume in the followingd andA are given. Assume in (2.3) = 0 w.o.l.g. so that

Hys = Avy,. Letp(y|x) be the distribution ot” given X'. Then

_pyply) _ ) . .
p(y | Z’) == p(l’) - (.T) /N( 7,uyac7A)d (Myw)

< p(y) /eXp (-

o p(y)exp (— %(x — Pyz) A7z — Pax)) /exp (- %(PASL’ — fya) AT (Paz — p1y,))

N =3

('T - Myw),A_l<x - :uy:v))dﬂ-(/iym)

exp (= (Pax — f1ya) A7 (@ — Paz)) dr(juys)

where P,z denotes the projection of x onto the column spacetafnder theA~! inner
product, i.e.,

Pyr = A(AATTA) A A o,

Sincep,, is in the column space of, the cross ternfPyz — )’ A~ (z — Paz) = 0,
which could also be derived by checking thgt = Papu,, andPyA~ (z — Pyz) = 0.

So that

ply | 2) o plo) [[exp (= 5(Paz = o)A (Pas = ) r(az)

thusz comes into play only through’A=1z. O

Given data{(x;, y;) }*, the following sampling distribution is specified from (2.2)
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(2.4)

X ‘ (yi7/~bu Vi7A7 A) ~ N(,u + AVi7A)

vi ~ Gyi

wherey; := v,,,, and the likelihood

p(xlv"' 7xn|y17"' 7yn7,u7A7A7V17”' 7Vn) X

n

det(A™1)2 exp —% Z(xl —p— Av)' ANz — p— Avy) (2.5)
=1
wherev = (v4,---,1,). To fully specify the model we need to specify the distribng

G,,. The categorical response case is specified in subsecttoh &nd the continuous

response case is specified in subsection 2.2.1.

Categorical response

When the response is categorigak- {1, - - ,C}, we can specify the following model
for y;

vi|(yi=¢)~G. forc=1,..,C, (2.6)

where eaclt:. is an unknown distribution independent with each othess Hatural to use

a Dirichlet process as a prior for each

G. ~ DP(ay, Gy) (2.7)

with «q is a concentration parameter afig the base measure. The discrete nature of the
DP will ensure a mixture representation fér and induce a mixture of normal distributions

for X | Y. This allows for multiple clusters in each class.
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Continuous response

In the case of a continuous response variable it is natuedgtectz,, andé,, to be de-
pendent ify; is close tay,, that is, we would like to borrow information across the i@sge
variables. A natural way of doing this is to use a dependerntilet Process (DDP) prior.
The DDP was first introduced in MacEachern (1999) to gend®&¢o settings where co-
variates need to be incorporated when modeling an unknostritaitionG. Consider the
stick-breaking representation (Sethuraman, 1994)fox DP(ag, Gy) in (1.1). Now if
one wantg~ to depend on some variablggnd induces dependence among different such
G’s through the dependence amowig one could allow ther,’s, or thev;’s, or both, to

depend ony. For example, one could have

o0
Gy = Z 7rhy5,,;;
h=1

in which now the subscripj is added toZ andr;, to show their explicit dependence on
y, where the dependence structure amaéh is induced via the dependence among the
weightsr, throughy. There are multiple ways to construct such dependgrd leading

to different DDP (Dunson and Park, 2008; Gelfand et al., 2@%fin and Steel, 2006;
lorio et al., 2004; Dunson et al., 2008). Here we utilize tieenlel stick breaking process
(Dunson and Park, 2008) due to its nice properties and catipoal efficiency. The kernel

stick breaking process construct§ in such as way that

G, = > Uly; Vi, L) [[(1 — Uly: Vi Lo)s (2.8)
h=1 £<h
U(y: Vi, Ln) = Vi K (y, Ln) (2.9)

where L, is a random location in the domain ¢f V,, ~ Be(v,, v,) a prior is a probabil-

ity weight, v is an atom, and<(y, L,,) is a kernel function that measures the similarity
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betweeny andL,. Examples of" are

K(y,Lp) = ly-r,<¢  OF K(y, Ln) = exp(—¢ly — La|?). (2.10)

Dependence on the weighty; V},, L) in (2.8) will result in dependence betweéd,

andG,, wheny, andy, are close.

2.2.2 Inference on the Model Parameters

Given dat&{ (z;, y;) }, we would like to infer the model paramatetsA, v = (v, - -, v,).
From A andA we can compute the d.r. which is the spanf= A~'A. The inference
will be based on Markov chain Monte Carlo (MCMC) samples fribve posterior distrib-
ution given the likelihood function in (2.5) and suitableégprspecifications. The inference
procedure is a Gibbs sampling scheme which can be brokefomt@ampling steps: sam-
pling 1., samplingA4, samplingA~!, and sampling.. The fourth step will differ based on

whether the response variable is continuous or categorical

Sampling p

A noninformative prior on the intercept paramejeri.e., u « 1, combined with the
likelihood function (2.5), leads to normal full conditidr@osterior distribution

1 < 1

i (datad,v) ~ N (— 3 (@i — Avy), —A)

n

Sampling A

The matrixA € RP*? represents the transformed d.r. space and the likelihosl i2-
plies a normal form ild. We will use the Bayesian factor modeling framework devetbp
in Lopes and West (2004) to modél In this frameworkA is viewed as a factor loading
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matrix. The key idea in (Lopes and West, 2004) is to imposeiapstrucuture omA to

ensure identifiability

a1 0 0
0
A= aqr  --. Qa4qd (211)
apr ... Qpd

We specify normal and independent priors for the element$ of

agj ~ NO,¢;"), £>j4, L=1,..,p

the hyper-parametes, is specified to take a small value to reflect the vaguenesseof th
prior information.

Conjugacy of the likelihood and the prior leads to a normaldittonal posterior for
each row ofA which we will specify. We first fix notation: théth row of A is a, ; the/-th
column of the identity matrix ig, € R?; A_, € R?~1)*? js the matrix4 with the ¢-th row

removed;/_, € RP*®-1 js the identity matrix with theé-th column removed and

Ty = xi—p— 1A v,
Vi = (Vib ...,I/id)/, (=d+ 1, P

Veig =

(Vil,...,l/ig)/, (= 1,...,d
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The conditional for thé-th row of A is calculated to be

ar, | (data A_¢, A, v, 1) ~ N(p, 2(7)

22‘1) = [(I,A7'1,) Zﬂe,iﬁé,i + ¢a1d2f]_1

Méa) = E(a)(z ﬂg’ﬂ}g/g)A_lfg
wherel; is thed; x d; identity matrix withd; = min(d, ¢).

Sampling A

A natural choice for a prior foA~! is a Wishart distributiodV (df, p, V) with df de-

grees of freedom, and scale matvix. This results in the following conditional distribution

df —p—14n
2

A~ | (data A, v, 1) ocdet(A™)

exp {—%Trace((‘/p_1 + Z(% —p = Avi)(wi — p— Av))ATY) }

i=1
Sampling v for categorical responses

Inference for DP mixture models has been extensively deeelon the literature (Es-
cobar and West, 1995; MacEachern and Muller, 1998). Weatihe sampling scheme in
Escobar and West (1995) which adopts a marginal approacmplgng from the DP pri-
ors. Marginalizing in (2.6) the unknown distributié#. leads to the poly-urn representation

of the prior fory;

vi | (yi = c,v_i) o Z oy, + apGo(vs),

j;é’l7yJ:C
wherev_; = {vy,-- ,vi_1,vis1, -+, Vn}, Go IS the base distribution and, is the base

concentration parameter. The fact thatshould be constrained to have unit variance to
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ensure identifiability implies that a natural choice@f is N(0,1;). Combining with the

likelihood (2.5) the full conditional for; is
vi | (datay, = c,vi, A, A ) o > g6, + 6ioGi(vs)
J#LY;=c

where

G2<I/Z) ~ N (VVA/A_I(JIZ' - u), Vl,)

1

¢ij X €xp {—5(1', — - AVj)/A_l(l'i — - Al/j)}

gio X onVV% exp {—%(ml — ) (AT = ATTAV, A AT (2 — ,u)}
whereV, = (A’/A7'A +1,;)~! and by we mean than:yj:yi Gij+ qio=1

Sampling v for continuous responses

We follow the sampling scheme for the kernel stick-breakirecess developed in Dun-

son and Park (2008). Inference for the DDP is based on a ttionoaf (2.8)

H
=Y Uy; Vi, L) [ [(1 = Uy; Vi, L))6:
h=1

I<h

whereH some pre-specified value large integer &ng; V;,, L) = Vi, K (y, Ly) = Vi, exp(—¢|y—
Ly|?)forh =1,.., H-1andU(y; Vi, Ly) = 1to ensure tha} ;. U(y; Vi, Ln) [, (1—

U(y; Vi, L;)) = 1. We denote by, the cluster label for sample that is, K; = h means

that samplé is assigned to clustér. To facilitate samplindg/, we introduce latent variables

Qin ~ Ber(V,,) andR;;, ~ Ber(K (y;, L)) fori =1,..,nandh =1, .., K;.

The following iterative procedure provides samples of
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1. Sample the cluster memberslip

1
K;=h|data A, A, p, vy, Vi, Ly, o< exp { — 5(% — = Avp) AN @y — p— Avp) }

U (y; Vi, Ln) [ [(1 = U(y: Vi, Le)) fori = 1, ..., H;
L<h

This is a multinomial distribution. If the sampled indexisthen sev; = vj}..

2. Sample the atomsg with prior v; ~ N(0,1,)

v, | data A, A, p,~ N ((nhQ’A‘lA +1) 7 AAT Z(% — ), (N A'ATT A + Id)_1> )

1€Ch,
where(C}, is the index for theé:-th cluster andz, is the the cardinality of”),.

3. Sampld/, with prior V;, ~ N (v, v)

V,, | data Qy, K; ~ Be (va + Z Qin, vp + Z (1-— Qih)> , forh < HandVy = 1.

. K;>h i:K;>h
4. Sample the latent variabl€sy,, R;, with prior Q;;, ~ Ber(V},) andR;;, ~ Ber(K (y;, L))

Vil = K(yi, L))

1 — VaK (i, Ln)

(1 — V) K(yi, L)

1 — Vi K (yi, L)

(1= Vi) = K(yi, Ln))
1 — Vi K (yi, L)

(Qin=1,Rip, =0) | Vi, Ly, K;

(Qin =0,Rip, =1) | Vi, Ly, K;

(Qin =0,Rip, =0) | Vi, Ly, K;

for h < K; andQ;, = R;, = 1 for h = K.

5. Sample the locations; with non-informative priorL; 1
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A Metropolis-Hastings step is taken with the proposal dstion

L7 ~ Unif i i), i
h (epmin  (v:), max (1))

In case{i : R;, = 1} = () we sampleL; from the prior. The acceptance ratio is

calculated to be

1T K (y;, Ly) (1 — K (y;, Ly))~fi
K ylth) (]- - K(yith))l_R“L

K;>h

6. The kernel precision parameteérin K(y, L,) = exp(—¢|y — Lx|?) can be pre-
specified or sampled. The sampling scheme is as follows:
Let ¢ = log(¢). By placing a normal prior o, namely,¢ ~ N(u;, o 02) which
implies a log-normal prior om, and a proposal distribution a random walk ~
N(o, a%rop), with 115, 033, af,rop all pre-specified hyper-parameters, one has the ac-

ceptance ratio:

H K*<yl7 Lh)Rih(l _ K*(y27 Lh))l_Rih

o K D)o (1= K(ys, L)) =

whereK*(y;, L,) = exp(—¢*|y — Ly|?) with the proposed* = exp(¢*).

2.2.3 Posterior Inference on the d.r. subspace

Given posterior samples of the parametdrand A~! and the formulaB = A1 A, we
obtain posterior samples of the d.r. subspace, denoté8@s - - - , B}, whereT is the
number of the posterior samples. If we fix the dimensidhen each subspace is a point
on the Grassman manifold denoted#s,), which is the set of all thé dimensional linear
subspaces d&”. This manifold has a natural Riemannian metric and famdiggobability
distributions can be defined on the Grassmann manifold. $perdix for details on the

differential geometry of this manifold.
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The Riemannian metric on the manifold implies the Bayesres® of the posterior
mean should be with respect to the geodesic. This means ginespacesB™"), - -, B™)1
the posterior summary should be a subspBgg, that is equidistant to th&' posterior
samples with respect to the geodesic distance. Given twepsglesV; and W, spanned
by orthonormal basdd’; andlV; respectively, the geodesic distance between the subspaces

is given by the following computation (Karcher, 1977; KelhdE90)

(I — Wi (WiW) "W Wo(WiW,)™t = USV’  (SVD decompositiohn
© = atan)

diSt(Wl, Wg) = 4/ Tr(@2),

where T¥-) is the matrix trace and atén is the matrix arctangent. Given the above geo-
desic distance the mean of the subspdd®¥), - - - , B} is the unique subspace with the

smallest geodesic distance to the posterior samples

T
Bawe:=arg min » _dist(B", B) (2.12)

BEG(a,p) p—y

which is called the Karcher mean (Karcher, 1977). We use ldparithm introduced in

Absil et al. (2004) to compute the Karcher mean. Given thadgs distance we can
further evaluate the uncertainty of the d.r. subspace byuéating the distances between
the mean subspace and the posterior samples. We obtaindastateviation estimate of

the posterior subspace as

T
std{BY, ... ,BD}) = J % > " dist (B, Beayed) (2.13)
t=1

The posterior distribution on the d.r. subspace is a distigm on the Grassmann man-
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ifold G4, Itis of great interest to parameterize and characteriggotsterior distribution

on this manifold. This is currently beyond the scope of ourkvo

2.2.4 Thep > n setting

When the number of predictors is much larger than the sanipée se.,p > n, the
above procedure is problematic due to the curse of dimeabignClustering high dimen-
sional data would be prohibitive due to the lack of sampléss Pproblem can be addressed

by slightly adapting computational aspects of the modetigipation.

Note in our mixture inverse regression model (2.2) and (2:3) is a mean parameter
for X | (Y =y), and ifp > n then it is reasonable to assume that lies in the subspace
spanned by the sample vectars . . ., z,, — given the limited sample size constraining the
d.r. subspace to this subspace is reasonable. By this assnmp, — ¢ and Av,,, due
to equation (2.3), will also be contained in the subspacersgxh by the centered sample
vectors. DenoteX as then x p centered predictor matrix, then a singular value decom-
position onX yields X = UxDxV% with the left eigenvector§’y € R™**" and right
eigenvectord’y € RP*P" wherep* < n < p. In practice one can selegt by the decay
of the singular values. By the above argument for conssaine can assumé = Vy A

with A € RP"™*4, We can also assume that= Vx AV with A € RP™?", The effective

number of parameters is thus hugely reduced.

2.2.5 Selectingl

In our analysis the dimension of the d.r. subspdageeds to be determined. In a

Bayesian paradigm this is formally a model comparison mwbhnd for two candidate
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valuesd; andd, the Bayes factor can be used for model selection

B p(data| d;)
BF(d1,dy) = p(datal ds)’

with the marginal likelihood

p(data) d) = / p(datal d. 0)pprior(6)d0
[4

whered denotes all the relevant model parameters.

The marginal likelihood in our case is obviously not analgliy available. Various
approximation methods are listed in Lopes and West (2004 nhgee of them prove to
be computationally efficient in our case due to the existesfdde nonparametric prior.
We instead adopted out-of-sample validation to sefedtor each candidate valuk we
obtain a point estimate (the posterior mean) of the d.r. gatxs, project out-of-sample
test data onto this subspace, and then use the cross-i@li@ator of a predictive model
(a classification or regression model) to seléctEmpirically this procedure is effective

which will be shown in the data analysis.

2.3 Application to simulated and real data

To illustrate the efficacy of BMI we apply it to simulated arehl data. The first simu-
lation illustrates how the method captures information onlimear manifolds. The second
data set is used to compare it to a variety other supervigaeérsion reduction methods
in the classification setting. The third data set illussateat the method can be used in

high-dimensional data.
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2.3.1 Regression on a nonlinear manifold

A popular data set used in the manifold learning literatgréhie swiss roll data, see
Figure 2.1. We used the following generative model wits 10 predictors:

iid

Xl = tCOS(t), X2 = h, X3 = tsin(t), X4 10 ™~ N(O, 1)

wheret = 22(1 + 26), § ~ Unif(0, 1), h ~ Unif(0, 1) and
Y =sin(576) + h* +¢, e~ N(0,0.01).

X, and X3 form an interesting “Swiss roll” shape as illustrated in tig 2.1(b) and the
nonlinear relationship between and X, X, X5 is illustrated in Figure 2.1 (a). In this

case an efficient dimension reduction method should be alfled the first3 dimensions.

25 2.5 25

=2 o 2 =2 o 2 =2 o 2 T% a5 1 05 0 05 1 15 2
X

(a) YV.S.Xl,XQ,Xg (b) X3Vv.s. Xq

Figure 2.1 Swiss Roll data: Illustration.

For the purpose of comparing methods we used the followingicngroposed in Wu
et al. (2008) to measure the accuracy in estimating theghces Let the orthogonal matrix

B = (Bl, e ,Bd) denote a point estimate @ (which is the first 3 columns of the 10
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dimensional identity matrix here), then the accuracy cambasure by

Ul

d d
S PR = 5 S NBB)AIP

=1 =1
where P denotes the orthogonal projection onto the column spadg &or BMI B is the
posterior Karcher mean as proposed in section 2.2.3

We did five experiments corresponding to sample size 100, 200, 300, 400, 500 from
the generative model. In each experiment we applied BMirandomly drawn datasets
with sample size: and averaged the accuracies measured as stated above. FaieBih
10000 MCMC iterations and used a burn-in 800 and set/ = 3 and used the Gaussian
kernel in (2.10). Figure 2.2 shows the performance of BMI a# as that by a variety of
SDR methods: SIR (Li, 1991), local sliced inverse regrask®IR (Wu et al., 2008), sliced
average variance estimation (SAVE) (Cook and Weisberg1188d principal Hessian
directions (pHd) (Li, 1992). The accuracies for SIR, LSIRVE and PHd are copied from
Wu et al. (2008) except for the scenariorof= 100. It is clear that BMI consistently has
the best accuracy. LSIR is the most competitive of the othethods as one would expect
since it shares with BMI the idea of localizing the inversgression around a mixture or
partition.

Of particular interest is the estimate uncertainty. Asextah section 2.2.3 the Karcher
mean (2.12) of the posterior samples is taken as a point @sjrand a natural uncertainty
measure is simply the standard deviation as defined in (2A®)illustration we applied
our method on a data set with sample sige. Figure 2.3 shows a boxplot for the distances
between the posterior sampled subspaces and the postaricid¢ mean subspace and the
standard deviation is calculated to(®162. It is also calculated that the distance between
the Karcher mean and the true d.r. subspa@e2igd9. It is interesting the see that the true

d.r. subspace lies “not far” (compared with the standardad®n) from our point estimate.
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Figure 2.2 Swiss Roll data: Accuracy for different methods.

Boxplot for the Distances

0.05 o.1 0.15 0.2 0.25 0.3 0.35 0.4

Figure 2.3 The boxplot for the distances between the posterior sasvgid their Karcher
mean.
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To illustrate that BMI is borrowing of information acrossetiesponse variables we
plot in Figure 2.4 the cluster labels for all the samples agemd in terms of the magnitude
of response for the last MCMC iteration in an experiment vadmple sizex = 200.
Samples with similar responses tend to be clustered anddiaiar underlying clustering
distributions which change "gradually” with increasingspense instead of "rigidly” as

what would be obtained by the slicing procedure in SIR.

70 . B

Cluster Index
w £y wu [=2]
o o o o
T T T T
| | | |

~n
=]
T
1

=

S
T
1

LI BT S | | | |
0
0 20 40 60 80 100 120 140 160 180 200
Sample (sorted in Y)

Figure 2.4: Cluster labels for all th00 samples at the last iteration under an experiment. The
samples are ordered in terms of the magnitud& ofCloser samples (in terms &f) seem to have
similar underlying clustering distributions which charigeadually” with increasing response.

We utilized cross-validation to select the number of drediionsd in a case of sample
size200. For each value ofl € {1,---,10}, we project out-of-sample data onto ttie
dimensional space and a nonparametric kernel regressialelnim predict the response.
The error reported is the mean square prediction error. Tiog @.s. different candidate
values ofd is depicted in Figure 2.5. The smallest error corresponds $o 3, the true

number of d.r. directions.
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number of d.r. directions

Figure 2.5. Swiss Roll data: Error v.s. number of d.r directions kephe Tminimum one
corresponds td = 3, the true value.

2.3.2 Classification

In Sugiyama (2007) a variety of SDR methods were comparet®iris data set avail-
able from the UCI machine learning repositdryoriginally from Fisher (1936). The data
consists of 3 classes wiflt) instances of each class. Each class refers to a type of dg pl
(“Setosa”, “Virginica” and “Versicolour”), and has 4 pretiors describing the length and
width of the sepal and petal. The methods compared in Sugiy@®07) were Fisher's
linear discriminant analysis (FDA), local Fisher discnmant analysis (LFDA) (Sugiyama,
2007), locality preserving projections (LPP) (He and Niy@p03), LDI (Hastie and Tib-
shirani, 1996a), neighbourhood component analysis (NGIdberger et al., 2005), and

metric learning by collapsing classes (MCML) (Globersod &oweis, 2006).
To demonstrate that BMI can find multiple clusters we mergetdSa”, “Virginica” into
a single class and examine whether we are able to separate the
In Figures 2.6 we plot the projection of the data ontbdimensional d.r. subspace. We

setay = 1in(2.7). The classes are separated as are the two clustaesnmerged “Setosa”,

thttp://archive.ics.uci.edu/ml/datasets/Iris
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“Virginica” class. Our method is able to further embed théadato al dimensional d.r.
subspace while still preserving the separation structiigufe 2.7). Figure 2.8 is a copy
of the Figure 6 in Sugiyama (2007) and provides a compari$éibéd, LFDA, LPP, LDI,
NCA, and MCML. Comparing Figure 2.6 and 2.7 with Figure 2.8 se® that BMI and
NCA are similar with respect to performance, and they botrehlthe advantage of being

able to embed this particular data intd dimensional d.r. subspace while the others cannot.

1.5 T
O Setosa
. Virginica
1k : > Verisicolour | |
0.5} T e
3
Tk R
o~ " &5{( x
X
5 i
X x
_0'5 -
_1 -
-1.5 -
-3 -2 -1 1 2 3

Figure 2.6 Visualization of the embedddds data onto & dimension subspace.

2.3.3 High-dimensional data: digits

The MNIST digits datais commonly used in the machine learning literature to com-
pare algorithms for classification and dimension reductidre data set consists @, 000
images of handwritten digit40, 1, ..., 9} where each image is considered as a vector of
28 x 28 = 784 gray-scale pixel intensities. The utility of the digits das that the d.r.

directions have a visually intuitive interpretation.

We apply BMI to two binary classification tasks: digits 3 v&. and digits 5 v.s. 8.

2http:/lyann.lecun.com/exdb/mnist/
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Figure 2.8 Visualization of thdris data for different methods. (see also Sugiyama (2007) Eigur
6.)
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In each task we randomly sele20 images,100 for each digit. Since the number of
predictors is far greater than the sample sizex{ n), we used the modification of BMI
described in Section 2.2.4 apd = 30 eigenvectors are selected. We run BMI 10000
iterations with the first a5000 burn-in and choosé = 1. The posterior means of the top
d.r. direction, depicted in a8 x 28 pixel format, are displayed in Figures 2.9. We see that
the top d.r. directions precisely capture the differendsvben digits 3 and 8, an upper left
and lower left region, and the different between digits 5 &nan upper right and lower left

region.

\

(a) Posterior mean of 3vs 8 (b) Posterior mean of 5vs 8

X X
5

4 4

1 : :

- ,

1

0

Figure 2.9: BMI: (a) The posterior mean of the top d.r. direction for 3sues 8, shown in a8 x 28
pixel format. (b) The posterior mean of the top d.r. directfor 5 versus 8, shown in 28 x 28
pixel format. Difference between digits is reflected by tad color.

2.4 Discussion and Future Work

We have proposed a Bayesian framework for supervised dim@nsduction using a
highly flexible nonparametric Bayesian mixture modelingm@ach. Our method retrieves
the dimension reduction or d.r. subspace by the utilizabbthe dependent Dirichlet
process that allows for natural clustering for the data imseof both the response and

predictor variables.
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Our BMI model highlights a flexible generalization of the PF&@mework to a non-
parametric setting and addresses the issue of multipléectutor a slice of the response.
This idea of multiple clusters suggests that this approaotievant even when the marginal
distribution of the predictors is not concentrated on adineubspace. The idea of model-
ing nonlinear subspaces is central in the area of manifalichlag (Roweis and Saul, 2000;
Tenenbaum et al., 2000; Donoho and Grimes, 2003). BMI is oolegbilistic formulation
of a supervised manifold learning algorithm.

A fundamental issue raised by this methodology is the dewveént of distribution
theory on the Grassmann manifold. There has been work onrmamiflistributions on the
Grassmann manifold and we discuss the case correspondsigotpaces drawn from a
fixed number of centered normals. To better characterizeitioertainty of our posterior
estimates it would be of great interest to develop richetrithstions on the Grassmann
manifold. In addition it will be of great interest to diregttievelop proposal distributions
for the d.r. subspace on the Grassmann manifold so thaeiméercould be more coherent.

A recently proposed unsupervised framework called "(pbolggtic) local dimension
reduction” allows different linear dimension reductiorr fata in different region. For
example, in Chen et al. (2009) a factor model with mixturegton “loading matrix” is
proposed

X ~ N+ Axw, ¢~ ')

where the subscripX is added toA to demonstrate mixtures on the loading matrix. This
is meaningful because by allowing different linear dimensieduction in different data
region the local Euclidean structure can be captured, hémecenderlying manifold struc-
ture could be successfully learned. It will be of great iagrto extend this framework to
supervised settings to incorporate the information in #sponse in determining the local

dimension reduction.
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Chapter 3

Bayesian Gradient Learning Through Kernel

Models for Supervised Dimension Reduction

3.1 Introduction

As detailed in Section 1.3.3 supervised dimension redaoatiethods can be divided
into three categories: methods based on forward regressiethods based on learning
gradients of the regression function, and methods basedvensie regression. In Chapter
2 we develop a highly flexible nonparametric Bayesian miteodel that falls into the
category of inverse regression. In this chapter we focuhermytadient learning category.

The underlying model in supervised dimension reductionvsmin (1.6). A slightly
restricted framework in which the reduction is capturedha tegression (mean) function
is also commonly adopted: denote the regression fungtien = E(Y|X = z), then the

additive error model
Y=f(X)+e=gX,...,b,X)+e, (3.1)

definesB = (b, ...,bs) as the d.r. space that reduces the origiliatio | X, --- , 0/, X in
capturing the regression function.

There are a number of SDR methods that belong to the graddamihg category.
Minimum average variance estimation (MAVE) (Xia et al., 2D@etrieves predictive di-
rections by eigen-decomposition of the Gradient Outer Bcochatrix (GOP)E(V fV f/)
where the gradienY f is estimated by local polynomial fitting. However the polymal
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fitting adopted by MAVE cannot be used directly when the nundfgredictor variables
p is larger than the sample sizedue to over-fitting and numerical instability. The meth-
ods proposed in Mukherjee and Zhou (2006); Mukherjee and200&); Mukherjee et al.
(2006); Wu et al. (2007) also focus on the GOP makix/ fV f') yet uses kernel meth-
ods to learn the gradient and overcome the over-fitting @moislin thep > n scenario by
adding a regularization term in the gradient estimate. Tthization of kernels introduces
nonlinear features to the problem hence makes these methodsflexible. The main
drawback, however, is their lack of probabilistic interjatéons.

We formulate a coherent Bayesian nonparametric model foersised dimension re-
duction that is based on ideas from the above methods andaggtspriate probabilistic
and statistical frameworks that allow for uncertainty mstiion which is important for mea-
suring the estimates. We will illustrate how our Bayesiardel@llows for formal inference
of uncertainty in dimension reduction as well as infererfe® uncertainty of conditional
dependencies in graphical models.

In Section 3.2 we state a statistical basis for dimensionaton and state the learning
gradients approach developed in Mukherjee and Zhou (2006kherjee and Wu (2006);
Mukherjee et al. (2006); Wu et al. (2007). In Section 3.3 weetlgp a fully Bayesian
nonparametric model for learning gradients and provide a&ilachain Monte Carlo pro-
cedure for inference of model parameters. In Section 3.4l\stiate the method and
address questions about mixing of the MCMC using simulatgd dnd present analysis

on real data. We close with a short discussion.

45



3.2 Dimensionreduction and conditional independence bade

on gradients

3.2.1 Euclidean setting

The central quantity of interest here is the gradient outedpct (GOP) matrix. We
first formulate its properties in the Euclideardimensional ambient space. Assume the
regression functiorf (z) is smooth, the gradient is given Byf = (%, ceey %)/ and the

the gradient outer product matrixis ap x p defined as
I'=Ex[(Vf) (V)] (3.2)

The relation between the gradient outer product matrix antedsion reduction is il-
lustrated by the following observation (Wu et al., 2007). dgnthe assumptions of the
semi-parametric model (3.1), the gradient outer produdtim& is of rank at most/ and
if we denote by{vy,...,v4} the eigenvectors associated to the nonzero eigenvalués of

then following holds

spar{B) = spanui, . . ., va)

The GOP matriX' is related with he covariance of the inverse regressionim@t¢y =
coV|E(XY')] developed in Li (1991). In Wu et al. (2007) it was shown thatddinear
regression function

2\ 2
=0} (1 - “—2) Yy Qxpy 2F (3.3)
g

Y
whered? is the variance of the response variabigjs the variance of the error andy =
cov(X) is the covariance matrix of the predictor variables. Thiggasts that the GOP
matrix I' is the transformed covariance matrix of the inverse regoestinction Qx/y.
For nonlinear regression functions that are smooth, onepeatition the predictor space
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such that in each partition the regression function is axiprately linear hence (3.3) holds
locally. Then the GOP can be regarded as the weighted sumedbtfal transformed

covariance matrix of the inverse regression function (Walgt2007).

3.2.2 Manifold setting

The above statements are formulated with respect to Ewagligeometry or linear sub-
spaces. The local nature of the gradient allows for an iné¢sion of the gradient outer
product in the manifold setting (Wu et al., 2007; Mukherjéale 2006). In the manifold
setting, the support of marginal measure of the predictoialsées is concentrated on a
manifold M of dimensiond, < p. We assume the existence of an isometric embedding
from the manifold to the ambient space,, M — RP. The observed predictor variables
are the image of points drawn from a distribution conceettain the manifoldy; = ¢(¢;)
where(g;)?_, are points concentrated on the manifold. The gradient omidugifoldV v f
is a well defined mathematical quantity and id @-dimensional vector. However, since
we only obtain observations in the p-dimensional ambieatspyve cannot compute the
gradient on the manifold. Given data one can estimate thiegrain the ambient spacf,
which is a p-dimensional vector. It was shown in Mukherjeale(2006) that under weak
conditions on the manifold and regression an estimate ajth@ient in the ambient space,

—

f, is consistent in the following sense
(dp)' f — Vmf as  n— oo,

where(dy)* is the dual ofly. This suggests that the gradient estimate in the ambienespa

provides information on the gradient on the manifold.
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3.2.3 Conditional independence

The theory of Gauss-Markov graphs (Speed and Kiiveri, 1986ritzen, 1996) was

developed for multivariate Gaussian densities
1 T T
p(z) o exp —5% JX +h'z),

where the covariance i&! and the mean is = J~!h. The result of the theory is that the
precision matrix/ provides a measurement of conditional independence. Tlamimg of
this dependence is highlighted by the partial correlati@trin R where each element; is

a measure of dependence between variabdeslj conditioned on all other variables™
andi # j

COV(Z'i,.CE'j|S/ij) . Jij

Tij = — — = .
T var(e ST Jvar(z[STTY  \/Tady

Under the assumptions implied by equations (3.2) and (Bytadient outer product

matrix I' is a covariance matrix. So we can apply the theory of Gausskdtagraphs
to I' and consider the matriyr = I'"!. The advantage of computing this matrix in the
regression and classification framework is that it providesestimate of the conditional
dependence of the predictor variables with respect to tianaf the response variable.
The modeling assumption of our construction is that the imafkr is sparse with respect
to the factors or directionéb,, ..., b,) rather than they predictor variables. Under this
assumption we use pseudo-inverses in order to constructeppendence graph based on

the partial correlatiorRy.
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3.3 Bayesian Gradient Learning Through Nonparametric

Kernel Models

Many approaches for the inference of gradients exist inolydarious numerical deriv-
ative algorithms, local linear smoothing, and learningiigats by kernel models (Mukher-
jee and Zhou, 2006; Mukherjee and Wu, 2006). Our approadibeitiosely related to the
penalized likelihood or regularization models developed/iukherjee and Zhou (2006);

Mukherjee and Wu (2006).

3.3.1 The model

The starting point for our gradient estimation procedurthesfirst order Taylor series

expansion of the regression functigfx) around a point

flx) = f(u) + Vf(@)(z—u)+eq (3.4)

where the deterministic error termy = O(||x — u||?) is a function of the distance between

x andu and the model

y=f(z) +e, (3.5)

wheres models the stochastic noise. For simplicity we work with adixlesign model with
(x;), given (see (Liang et al., 2007) for the development of theloam design setting of
which this is a special case). Coupling equations (3.4) arf) (ve can state the following

model

1 .
- = N7 - fori—1. ... .
Yi o ; flzy) + fz) (x; — xj) + 55|, fori , .n, (3.6)
€ij = Yi— f(l’]) — _»(J;Z)/(J;Z- J}J), for 7,73 =1,---,n (37)



where f models the regression functioﬁmodels the gradient, ang; has both stochastic
and deterministic components varying monotonically asation of the distance between
two observations;; andz;. We will model¢;; as a random quantity and use a simple
spatial model to specify the covariance structure. Speadijiove first define an association
matrix with w;; = exp(—||z; — x;||?/2s*) with fixed bandwidth parameter. We then
defines;; “ N(0, (¢/wi;)~') whereg will be a random scale parameter. Define the vector

e = (&1, -+, i), @ joiNt probability density function on this vector can tsed to specify

a likelihood function for the data. We specify the followingpdel fore;,

plew) x 6t exp { =2 (. Waew) | 38)

where the diagonal matri¥/; = diag(w;1, - - - , w;y).

The key here is to appropriately modﬁhndﬁ In Chapter 4 we build nonparametric
kernel models in a Bayesian framework for learning unknowncfions. Through a proper
modeling of the Reproducing Kernel Hilbert Space (RKHS) I 1990) generated by a
kernel functionK (-, -) using Dirichlet process priors (Ferguson, 1973, 1974;Ibtigt al.,
2004; MacEachern and Muller, 1998; Escobar and West, 188&%uraman, 1994), we
obtain kernel representation forms for the unknown funi¢see (4.4) in Section 4.2.3),
analogous to the “representer theorem” in Kimeldorf and béafl971). See Chapter 4
for details. Specifically we could apply nonparametric leémmodels for the regression

function and gradient function and obtain:
fl@) =) aK(zxz), flo)=)_ cK( ) (3.9)
i=1 i=1

wherea = (ay, ...a,) € R", C = (cy, ...c,) € RP*™,

Substituting the above representation in equation (3sQltgin the following parame-
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trized model

n

Y = ZakK(l’j, xy) + Z(CL(% —x;)) K (z, xp) + €45, fori,j=1,---,n. (3.10)
k=1 k=1

We can rewrite the above in matrix notation where for itk observation
yzl - KOZ + DZCKZ + Eies

wherel is then x 1 vector of alll’s, K; is thei-th column of the gram matriXx where
K;; = k(z;,x;), E is then x p data matrix and); = 1z, — E.

Direct prior specification tends to be problematic since thodel has a huge number of
parameters, for instanceitself hasp x n parameters. West (2003) defined and exemplified
the use of a flexible class of generalized g-priors that alfiw different degrees of shrink-
age estimation of regression parameters in different ppalcomponent directions on the
induced design space for a regression model and proves tergeeffective in problems
with many parameters and relatively small sample size, mfedypically termed “large p
and small n”. In West (2003) a generalized g-prior is inducgthdependent normal priors
on the regression parameters of the equivalent principalpament regression transforma-
tion of the model. Applying this strategy in our setting ledd spectral decompositions to

reduce the number of variables:

o Let My = (z1 — Tn, -+, Tp_1 — Tn) € RP*(""1 pe the sample difference matrix,
so that rank{/x)= d, < min(n — 1,p). Let the singular value decomposition of
Mx be Mx = Vi Ay Ul st Vi Vi = I, andA ), € Ré=*4= js diagonal with the
singular values of\/y in a descending order. Ignoring small singular values wield
Myx = VAU whereV € RP*? js the firstd* columns ofV,;. Since each row

vector of D; lies in the column space d¥/y hence the column space bf, then
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E'DZ S R™ 4" g t. D, = DZ‘?/ Puté’ = V’C, thenDZC = DZV/C = Dzé

e A spectral decomposition can also be applied to the gramixn&tresulting inK =
Fx Ak Fj.. Note thatK o« = F3 whereF = Fx Ak, 3 = Fj.o. We can again select

columns ofF’ corresponding to the largest eigenvalues

Given the above re-parametrization we have forithie observation
The prior specifications are now on the parameterss, C):

¢ x

Y

L
w
3~ N(0,A,") whereA,, = diag(t)y, ...1¢n,) andy; ~ Gammaay, /2, by /2),

Cj ~ N(0,A") whereA, = diag(¢1, ...p4-) andy; ~ Gammday, /2, b,/2),

where(:‘j is the j-th column ofC' anday, by, a,, b, w are pre-specified hyper-parameters,
and an improper prior foo is used. These priors imply generalized g-priors (West3200
on the original parametersandC'.

Given the probability model for the error vector in (3.8)etlikelihood of our model

given observation® = {(z1,41), ..., (Tn, Yn) } IS

n

Lik(D], 5, C) o< 6 exp {—g " (i~ F5~ DCK:) Wi (51— F§— DCOK) ¢
1=1
(3.11)

where the diagonal matri¥/; = diag(w;1, - - - , w;y).
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3.3.2 Sampling from the posterior

A standard Gibbs sampler can be used to simulate the pasdenisity, Posi, 5, C| D),

due to the normal form of the likelihood and conjugacy preipsrof the prior specifica-

tions. The update steps of the Gibbs sampler givenBatad initial valueg¢®, 5@, C(©)

follow:

1. UpdateA,: Al = diagwi™*", .., v ™) with

(t)\2
w§t+1)‘D7¢(t)7ﬁ(t)7C~v(t) - Gamma(aw; 17 by ‘I'éﬁi ) > =1,

whereg” is thei-th element of3®);

2. UpdateA,:

ALY = diagp{ ", ..., L)

whereC;"” is the(i, j)-th element oC'®);

3. Updates:
6(t+1)|D’ C'Vv(t)7 A,(;+1)7 ¢(t) ~ N(,uﬁ7 Eﬁ)

with

n -1
Yy = (F’(Z ¢(t)Wi)F+Af;+l)> ,

i=1
pe = OOSF Y Wiyl — DiCYKy);
i=1
4. UpdateC' = (C4,...C,,):
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ForC withj =1,...,n

(t—l—l D,

\J’ AEEH)’ ¢ ~ N(py, ),

WhereC is the matrixC') with the j-th column removed.

by = yl-Fp DY G K,
Py

n —1
Tjo = <¢<t>ZK3jD,’-mﬁi> ,
i=1
o = 9% KD Wib
i=1
S o= (T AT

o= 55350 ko).

5. Updatep:
¢(t+1)|D, Cf(t—i-l)’ﬁ(t-‘rl) -~ Gamm&a, b),
where
n2
a = —
2 )
1 (¢ t+1) P A1) | (t+1) 7 A1)
b= 3 [yil—Fﬂ — D,C K,} W,-[y,l—m —D,C KZ] .
=1
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3.3.3 Posterior Inference

Given draws{C®}Z_, from the posterior distribution we can compyt€®}~_, from

the relationC' = V'C which allows us to compute posterior draws of the GOP matrix
F%) — W KK (C(t))/

We can then compute the posterior mean GOP matrix as well asanee estimate

1 « 1 — 2
I&F,D = f Z 1—‘(Dt)7 a’1“,D = ? Z (F([t)) - I&F,D)e

t=1 t=1

where( - )i denotes the element-wise square.

As formulated in Section 2.2.3 the d.r. subspace is on thefoldi/ ; ,) which is the set
of all thed dimensional linear subspacesif and the Riemannian metric on the manifold
implies the Bayes estimate of the posterior mean should berespect to the geodesic.
A posterior distribution on this manifold is naturally incied by the posterior distribution
of the gradient. A spectral decompositionEfLﬁ) keeping the eigen-vectors corresponding
to the largestl eigen-values provides a posterior draw of the d.r. subsp&¢eand the
posterior Karcher mean (Karcher, 1977) as well as standarihtion of the d.r. subspace
can be readily computed by (2.12) and (2.13).

For inference of conditional independence we compute timgliional independence

and patrtial correlation matrices

Jw
JO =g R = -

(3] )
) 7
Vi i

using a pseudo-inverse to compyi&,)~!. The mean and variance of the posterior esti-
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mates of the partial correlations can be computed as abinvg (B}

1 1y
IELR,D = fZR(t R,D Z :uRD

t=1 t:l

These quantities could be used to infer a graphical modél thi¢ capability to evaluate

the uncertainty of the correlation structure.

3.3.4 Binary regression

The extension to classification problems where respongeg af 1/0 using a probit
link function is implemented using a set of latent variabtes- (z4,-- - , z,)’ modeled as
a truncated normal distribution with standard variancethia settingy = 1 and the same
Gibbs sampler with a step added to sample the latent vartandoe used to sample from
the posterior density, Past, C| D). The update steps of the Gibbs sampler given data

and initial valueg 2, 3© C©) follow:

1. UpdateA,: A" = diagwi™, ..., w5 ™) with

2
S| D, 70 g0 G0 Gamma(%; 17 by +;ﬁi ) ) Ci=1m

2. UpdateA,,:

Agj = dla(‘;(go(tJrl s gogfl))

7 (2
0,41 b+ Y0 (G

P D, Zz0 30 O ~ Gamma 5 5 L =1, d",

WhereCw Vis the(i, j)-th element oC'®;
3. Updates:

BEDID, OO, ALY, 20 ~ N (g, )
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with
n —1
Sy = (F’(Z m)F+A§;+1>> :
i=1
Mg = EﬁF/ Z WZ(ZZ(t)l - Dlé(t)K2)7
=1
4. UpdateC' = (C4,...C,,):

ForC;withj =1,...,n

~ (t41

) =(t t+1
Ci D, G AT 20~ Ny, %)),
where(f{tj? is the matrixC'®) with the j-th column removed.

bij = Zi(t)]- — FpY - D, Z ék(t)Kik
ki

n -1
=1

Hijo = ZjZKijDi/VVibi]’
i=1
2 o= (T +ATY)T

i = 55(550 ko).

5. UpdateZ:

Fori=1,..n

+(n. e
Zi(t+1)|D,ﬂ(t+1), C'(t"‘l) N N (771, 1) for Yi 1

N_(’f]i, 1) for Y = 0

where N* and N~ denote the positive and negative truncated normal digtabs
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and(Th? PR 77)”)/ — F/B(t+1)'

3.3.5 Selectingl

The decision of how many d.r. directions to keep can in theely upon the posterior
distribution of the eigenvalues of the gradient outer paiduatrices drawn by simulating
from the posterior. In practice we can use the cross-vatidgbirocedure formulated in

Section 2.2.5.

3.3.6 Modeling comments

Many of the modeling decisions made were for simplicity affitiency, for instance,
we have fixed* andm rather than allow them to be random quantities. This was done

avoid having to use a reversible jump Markov chain Monte €aréthod.

Another simplification with respect to modeling assumpsiathe model we used for
the covariance matriX. of the noiseg;;, (i, = 1,...,n). We currently modet;; as an
independent random variable that is a function of the distdretween two pointd(z;, x;).

A more natural approach would be to use a more sophisticatel#hof the covariance that
would respect the fact that; ande;;, should covary forj # k again as a function of the

distance between; andz;,. A full spatial model can also be proposed with

S = 02p(¢s, diijy, ) + diaglo? /wy;),

where the first “spatial” term has a variance paramefeand a specified covariogram with
some parametep, and a suitable distance measure between data pairs, anddteds
“nugget” effect is the diagonal matrix in the model we cuthgmise in practice. Such a

model is however computationally difficult.
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3.4 Simulated and real data examples

We illustrate the ideas developed and the efficacy of the odetim real and simulated
data. We first focus on simulated data to ground our argunvgathen illustrate the utility

of our approach using real data.

3.4.1 Linear regression and dimension reduction

This simple simulation based on binary linear regressiodehfixes the modeling ideas
we have proposed with respect to dimension reduction.
The following data set was used in Mukherjee and Wu (2006)a B&s generated by

draws from the following two classes of samples:

Xj:l ..... 10|y:0NN(1571)7 Xj=41 ..... 50|y: 1 NN(1571)7
Xj=11,.20ly =0~ N(=3,1),  Xj=51, 60ly =1~ N(=3,1),
Xjzo1,..80ly =0~ N(0,0.1), X1 061,80y =1~ N(0,0.1),

where X is thej-th coordinate of th&0 dimension random vectox.

Twenty samples were drawn from each class for the analysisttas data matrix is
displayed in Figure 3.1(a). This is a setting where the nurob&ariables is larger than
the sample size. The posterior mean gradient outer prodatbois displayed in Figures
3.1(b). The blocking structure reflects the expected canae with respect to the response
of the predictive variables. In this example there is oneatigsion reduction direction and
the posterior Karcher mean of this is plotted in Figure 3,lifcwhich the observation that
the d.r. direction has large (positive or negative) entimethose relevant dimensions and

small entries in noise dimensions is consistent with tha damhulation scheme.

To illustrate mixing of the Markov chain proposed by our mode examined the
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mixing of the d.r. direction from each draw from the chain.ndee,, as the d.r. direction
for the ¢-th draw. We examined trace plots of these directiong, = 0, 5(+1), Where
the scalar value, ;) is the projection of the previous eigenvector drawn ontodheent

direction. Figure 3.1(d) suggests that the chain is miximg) seems to be convergent.

4
0.01
3
0.008
2 0.006
1 0.004
0 5 0.002
@
] 0
-1 £
a -0.002
-2
-0.004
80 -3 -0.006
[ |
35 il 70 -0.008
5 -0.01
40 . . . | . . B} 80
10 20 30 40 50 60 70 80 10 20 30 40 50 60 70 80
Di nensi ons Dimension
(a) Data matrix (b) Posterior mean of GOP

0.2 . . . . . . ! s G

-0.151

e ey 5 5 5 5 e g e @ W oo

Dimension Iterations

(c) Top d.r. direction (d) Trace plot

Figure 3.1 (a) The data matrix with rows corresponding to samples athuhwas to predictor vari-
ables (dimensions); (b) The posterior mean of the gradiatérgroduct matrix; (c) The posterior
mean of the top d.r. direction; (d) The trace plot for the nmeduct of two consecutive draws of
the top d.r. direction.

3.4.2 Linear regression and graphical models

A simple linear regression model is used here to illustraterence of conditional de-
pendencies of predictor variables relevant to prediction.

60



The predictor variables are correspond to a five dimensinda®n vector drawn from

the following model

X1 =01, Xo="0,+09, X3 =03+ 0,, Xy =04, X5 =05 — 0y,

wheref ~ N(0,1). The regression model is

X;+ X
Y:Xl—l—%jhe,

wheres ~ N(0,0.25).

One hundred samples were drawn from this model and we estint@imean and stan-
dard deviation of the gradient outer product matrix, seaifédd3.2. The posterior mean
partial correlation matrix and its standard deviation ded @isplayed in Figure 3.2. The
inference consistent with the estimate of the partial dati@n structure is thak’;, X3, X5
are negatively correlated with respect to variation in thgponse and’, and X, are not
correlated with respect to variation of the response. Téletion is displayed in the graph-
ical model in Figure 3.3, in which of particular interest st we could not only depict
the conditional dependence structure but also evaluatartbertainty of our dependence

estimation, as illustrated by the thickness of the edges@tting nodes.

3.4.3 Digits analysis

The MNIST digits data (http://yann.lecun.com/exdb/mfist commonly used in the
machine learning literature to compare algorithms for sifasation and dimension reduc-
tion. The data set consists @, 000 images of handwritten digit$, 1, - - - , 9 where each
image is considered as a vector8fx 28 = 784 gray-scale pixel intensities. The utility of

the digits data is that the effective dimension reductioeations have a visually intuitive

61



a8y SOF Posterior Mean b1 GO F Poskrnor S0

Dimen=sion
Dimen=zion

Dimeam=ion Dimer=ion
(=) Partial Cormelations Posterior Mean  (d): Partial Cormrelations Posterior SR 7™
1

| 0.5
il B -

—0.5
HE =

Dimerm=ion Dinem=ion

G

4

Dimemsion

Qimansion

Figure 3.2 (a) and (b) are the posterior mean and standard deviatiachdéd®BOP, respectively; (c)
and (d) are the posterior mean and standard deviation fgrat&l correlation matrix, respectively.

o ¥ oe

Figure 3.3 Graphical models inferred from the (a) the gradient outerdpct matrix and (b)
the covariance matrix of the predictor variables. Each nageesents a variable and each edge
indicates conditional dependence. The distance of the isdgeersely proportional to the amount
of dependence, the thickness of the edge is proportionddet@ertainty of the inference and blue
edges are negative while red edges are positive.
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interpretation.

For the digits data the following pairs were the most diffidol classify 3 versus 8, 2
versus 7, 4 versus 9. We examined two classification probRressus 8 and 5 versus 8.
For both classification problems we found that almost alhefpredictive information was
contained in one d.r. direction. This direction as a vector be thought of as 28 x 28
image of what is different between 3 and 8 or 5 and 8 respdytireFigure 3.4 we display
these images for 3v.s. 8 and 5 v.s. 8, left and right panepetively. These images were
computed by applying our model to random draw2@j samples 100 for each class) for
each of the two classification problems and computing pastarcher mean of the top
eigen-vectors of the posterior GOP matricé800 posterior samples were recorded after
an initial 5000 burn-in step. We see in the left panel that the upper and |teferegions

are the pixels that differentiate a 3 from an 8. Similarly, fioe 5 versus 8 example the

diagonal from the lower left to the upper right differenéathese digits.
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(a) Posterior mean of 3vs 8 (b) Posterior mean of 5vs 8

Figure 3.4: (a) The posterior mean of the d.r. direction for 3 versus 8wshin a28 x 28 pixel
format. (b) The posterior mean of the d.r. direction for 5seex 8, shown in @8 x 28 pixel format.
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3.4.4 Inference of graphical models for cancer progression

The last example is to illustrate the utility of our model ipctical problem in can-
cer genetics, modeling tumorigenesis. Genetic models mdaraprogression are of great
interest to better understand the initiation of cancer al agethe progression of disease
into metastatic states. In Edelman, Guinney, Chi, Febbad Mukherjee (Edelman et al.)
a models of tumor progression in prostate cancer as well danomma were developed.
One fundamental idea here was that the predictor variabégs summary statistics that
assayed the differential enrichment of a priori defined sétgenes in individual samples
(Edelman et al., 2006; Edelman, Guinney, Chi, Febbo, andhdr&e, Edelman et al.).
These a priori defined gene sets correspond to genes knowitodignalling pathways
or have functional relations. The other fundamental ideenignference of the interaction

between pathways as the disease progresses across stages.

A variation of the analysis in Edelman, Guinney, Chi, Feldra Mukherjee (Edelman
et al.) is developed in this section. The data consisdifenign prostate samples asiel
malignant prostate samples. For each sample we computatichraent with respect to
522 candidate gene sets or pathways (Mukherjee and Wu, 20060. $ganple corresponds
to a522 dimensional vector of pathway enrichment. We applied oudehto this data set
and inferred a mean posterior conditional independencexreg well as the uncertainty
in the estimates of these elements. For visualization mapave focused on thHe path-
ways most relevant with respect to predicting progresskan.these pathways we plot the
conditional independence matrix and the variance of thenefgs in the matrix in Figure
3.5. Red edges correspond to positive partial correlatmmusblue for negative. The width
of the edges correspond to the degree of uncertainty: edgesanmore sure of are thicker.
This graph offers a great deal of interesting biology to explsome of which is known,

see Edelman, Guinney, Chi, Febbo, and Mukherjee (Edelmaln) géor more details. One
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particularly interesting aspect of the inferred networkhe interaction between the ErbB
(ERBB) or epidermal growth factor signalling pathway and thitogen-activated protein

kinase (MAPC) pathway.

Figure 3.5 The association graph for the progression of prostate cdrara benign to malignant
based on the inferred partial correlation. Red edges quorekto positive partial correlations and
blue for negative. The width of the edges correspond to tlggegeof uncertainty, edges we are
more sure of are thicker.

3.5 Discussion

We propose a Bayesian nonparametric model for simultargiowension reduction and
regression as well as inference of graphical models. Thpsageh applies to the classical
Euclidean setting as well as nonlinear manifolds. We itatst the efficacy and utility
of this model on real and simulated data. An implication of model is that there are

fascinating connections between spatial statistics amifold and nonlinear dimension

65



reduction methods that should be of great interest to thestta community.
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Chapter 4

Nonparametric Bayesian Kernel Models for

Regression and Classification

4.1 Introduction

In regression problems the main purpose is to infer theioglahip between a response
variableY € Y C R and predictors or explanatory variablés € X C RP. The re-
gression model is typically summarized by= f(X) + ¢ by additive noise assumption
with f an unknown regression function andome noise, and the goal is to infer through
(training) data consisting of observationg; € R, z; € RP(i = 1,--- ,n) the regression
function f which can further be used for future prediction given newdpmtr variable
values. Nonparametric models, unlike parametric modeisdhectly specify a parametric
form for f, generally putf into a suitable framework and learhtherein. An important
class is the kernel models which have been used extensivemachine learning for clas-
sification and regression problems (Hastie et al., 2001pRopf and Smola, 2001), with
some well known examples including spline models (Wahb@0}and support vector ma-
chines (SVMs) (Cortes and Vapnik, 1995). The appealing gntogs of kernel models are
their flexibility and predictive accuracy, and most impaitg, their ability to handle high

dimensional data.

As formulated in Section 1.2 nonparametric kernel modetxg@ed by constructing
a so called reproducing kernel Hilbert space (RKH&) (Wahba, 1990) generated by a

positive semi-definite kernel functiot(x, ) with z, w € X, the input space, and selecting
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the estimate i{,. Regularization methods are frequently used to justifydbiémate as
in (1.4), leading to the finite dimensional representatiomT (1.5) due to the representor
theorem (Kimeldorf and Wahba, 1971). This reduces an igfidiitnensional optimization
problem to one im variables, which is very attractive for high-dimensionahlysis since

the optimization is oven < p variables and independent of the dimengion

Access to fully Bayesian formulations of kernel methods Mquiovide a natural frame-
work to further the richness and interpretability of kermeddels — a program driving much
research in data mining and machine learning. A Bayesiamaph adds in probabilistic
interpretations and provides rich inference such as eaalpation of uncertainly for es-
timates and prediction through posterior samples and wallddv for the immediate re-
laxation of the limitation for the above penalized loss fimgal framework of requiring
additional methods such as bootstrapping or cross-vadialab provide confidence inter-
vals and set hyper-parameters. Bayesian kernel methodsgrirtular Bayesian SVMs,
have certainly been proposed (Tipping, 2001; Sollich, 20&&ed on applying Bayesian
estimation directly to the finite representation from equai1.5). However, the direct
adoption of (1.5) is not a proper statistical model, as thelehachanges with the sample
size and observed covariate values defining the knots, utith@oherent argument. One
may justify the use of (1.5) in a Bayesian analysis by thetta&t the finite representation
is a MAP estimator (Wahba, 1990) for certain priors over there RKHS, though priors
used in these referenced Bayesian analysis are not the satime pariors used to establish
the connection between equation (1.5) the MAP estimator.

Our goal here is to provide a novel, fully Bayesian framewarkl theory for kernel
regression and classification that address the above isduéke previous approaches we
specify priors on the entire RKHS. Our prior specificatiodunes a class of functions that
span the RKHS, providing an equivalence between the nomgdrig Bayesian model and

kernel models used in the penalized loss framework. Thidi@s@a Bayesian representor
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theorem that results in the finite representation in equgtlos) derived from a Bayesian
formulation, and that is coherent across samples and sasiggse. This formal model
then easily and coherently addresses problems of infer@mdg/per-parameters, variable
selection, and ancillary issues such as unlabeled datarfirsupervised learning).
Section 4.2 describes the nonparametric Bayesian apptbatkallows us to place a
coherent prior on the RKHS and recover the parametrisafitimeorepresentor theorem as
an approximation of the posterior mean. Section 4.3 previmee approach to complete
prior specification over model hyper-parameters and a spoeding MCMC approach to
posterior evaluation and inference for both regression@dasisification settings. Section
4.4 extends the definition of kernels to allow for variable“feature”) selection in the co-
variate space. Examples and discussion are given in Set&omwith summary comments

in Section 4.6.

4.2 A Class of Non-Parametric Bayesian Kernel Models

In this section we develop kernel models that are based egralt operators placing
priors on signed measures rather than directly on the regne$unction space. We first

show why we do not elicit priors directly on the function spac

4.2.1 Problems with Direct Prior Elicitation

There are two natural ways to directly elicit priors on a RKH&,, induced by a kernel
k: based on orthogonal expansions of the RKHS, or based ou#igycdbetween Gaussian
processes and RKHS. Both have drawbacks.

Kernel functionst : X x X — R that are continuous and positive semi-definite on a

compact spacg&’ are Mercer kernels for which the RKHS is characterized (Mert909)
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as

Hi = {f | f(x Za]qb] such thatZaf-/Aj < oo},

j=1 J=1
where{);} and{¢,(z)} are the eigenvalues and eigenfunctions of the integralabper

defined by the kernel function

Ny (x) = /X (e, u) (1) dis(u),

wherey is a measure. The eigenvalues and RKHS do not depend on tiseir@eso a prior

over the spacel = {(a;)32,| > 72, aj/\; < co} implies a prior orH . There are serious

j=1%;
computational and conceptual problems with specifyingiarmn the paramete#; it is
in general infinite-dimensional, and it is subject to chadjieg constraints. The crux of
the problem is that in this orthonormal expansion model wevaorking explicitly with
eigenfunctions and eigenvalues, and they are inherendlifestging to manipulate; many
popular kernels do not even lead to eigenfunctions witheddderms, and others are not

even computable.

The Gaussian process view exploits the duality between R&ttiSGaussian processes
(Wahba, 1990) to suggest a natural prior specification thathieen used extensively in
Bayesian modelling. A prior can be placed directly on a spEdeinctions by sampling
from the paths of the Gaussian process with covariancetateudefined by:. The problem
with this approach is that the random functions drawn areoatraurely outside the RKHS

induced byk (Wahba, 1990), so that using this approach in fact does reotcterizeH,.
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4.2.2 Priors and Integral Operators

Alternatively, consider the space of functions defined asravalution of the kernel

with a signed (Borel) measure

6= {711~ [ Ko ). yer}, (4.1

with I'(-) as a subset of the space of signed Borel measures. Equiedietweerg and
H,. exists for appropriate choices of priors br{Liao, 2005; Pillai et al., 2007) including
Dirichlet Process Priors (Ferguson, 1973, 1974), so thatder to elicit priors orf+{; we
now need priors 0. Placing a prior o’ implies a prior ong.

A variation of the integral operator defined in (4.1) takes fitrm

o) = / k(2 ) dry(u) = / k(s ) w(u) dF (u), (4.2)

where the random signed measuie) is decomposed into a probability distributidiv-)

and coefficient functionu(-); F' and~ share the same support. We now need priors for
bothw andF'. In generalF’ denotes the distribution of the location of kernel knet$iere

we setF' = Fy, the marginal distribution oX . This is a reasonable assumption as long as
Fx and~ share the same support. An appealing property of this deyrexedoff on F'x is

that our estimate of () will be locally adaptive in that more knots are allocated ighh

density regions.

4.2.3 Dirichlet Process Priors

The Dirichlet process (DP) prior is a natural choice to modetertainty about the
distribution functionF'. For a specified distributio having the same support as the

uncertain distributior¥’, and a positive scale parameterthe notation D, ) implies
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that for any measurable partition of the sample spdgie Bs, . . ., By), the random vector
(F(By),. .., F(By))follows a Dirichlet distribution with parameter( (B, ), . . ., Fo(Bk))
(Ferguson, 1973, 1974; Sethuraman, 1994). DP priors asepagular in practical non-
parametric Bayesian analysis (Escobar and West, 1995; &dmetEn and Muller, 1998)
due to modeling flexibility and computational advantages.

A fundamental characteristic of the DP model is that, giveampleX,, = (z1, ..., x,)

drawn independently from (uncertain) distributiéhthe posterior is also DP

F|X,~DPa+n,F,), F,=(aF+ anémi)/(oz +n). (4.3)

i=1

Consider, then, such a prior fét in equation (4.2), and choose some fixed new pojrib

predict the function valug(z.). Based on the sample efdraws.X,, from F’ we see that
E[f | X.] = a, / (s ) w(u) dFo(u) + 0 (1 — ) 3 w(ae) k(w, 2:)
=1

wherea,, = «/(a + n). Taking the limit ofa — 0 to represent a non-informative prior

leads to the finite-dimensionBlayesian Representésrm
Fulw) =Y wik(z,z;), (4.4)
=1

wherew,; = w(x;)/n depends on the “knot?; and sample size. The two finite represen-
tations, equations (1.5) and (4.4), take the same form adhohey are derived from two
fundamentally different approaches: the solution of a dikbv regularization functional

versus formal process-prior Bayesian modeling.

72



4.3 Estimation and Inference

4.3.1 Likelihood and Prior Specification for Hyper-Parameters

The Bayesian representor form leads to the usual lineaess@mn on the kernel values
as predictors with regression parameteysAdding an intercept and a normal error model

assumption we have the standard form

v =wo+ f(x;) +&i :w0+2wj k(xi, xj) + €, (i=1,...,n), (4.5)

=1

wheree; ~ N(0, c?). In vector form, the model is
Y ~ N(wol + Kw, 0?I) (4.6)

wherel = (1,...,1)", K is then x n design matrix having entries(x;, z;), ¥ =
(v1,--.,yn)" @and the regression parameter vectanis- (wy, ..., w,)".

Traditional priors can be taken féw,, 0?) and we use the standard reference prior com-
ponentr(wy, 0%) o« 1/0%. Specifying priors over they; can be done by defining sample
size independent priors for valuegz;) at arbitrary knots and then scaling byn. As an
alternative, we can induce appropriate sample size depeedind address key questions
of inducing regression shrinkage appropriately couplatiésstructure of the kernel design
space by using ridge regression or g-prior modeling (Zellh®86). West (2003) defined
and exemplified the use of a flexible and practically veryaiée class of generalised g-
priors that allow for different degrees of shrinkage estioraof regression parameters in
different principal component directions on the inducedige space for any regression
model, and we adopt that strategy here. This is particulalgvant when dealing with

many predictors, as it provides an ability to “shrink awalgé teffects of many irrelevant
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component dimensions while highlighting those of pred&talue. This class of priors
explicitly models the distributiop(w|K'), so that the sample size dependence is directly
induced and the class of priors adapts as the sample sizgehan

Specifically, a generalised g-prior is induced by indepahdermal priors on the re-
gression parameters of the equivalent principal comporegression transformation of
the model. The kernel matriX” is symmetric and positive semi-definite, so has spec-
tral decompositions’ = FAF’ where F is then x n orthogonalfactor matrix, and
A = diag M}, ..., \2). In the orthogonal representation the regression maps fkam
to F3with F = FA,w = F3 = FA~'3. Assume conditionally independent normal pri-
ors for the elements of, so thats ~ N(0,7') for someT’ = diag(ry, . .., 7,,). The induced

generalised g-prior fow is then

(w|K,T) ~ N(0,FAT'TAT'F'). (4.7)

Following West (2003), we further specify hyper-priors otlee n prior variances; — that

play roles as shrinkage parameters — as independent inyanseas,

7' ~ Gammada, /2, b, /2), (i=1,...,n),

inducing heavier-tailed t-priors on the when we marginalize over the.

Viewed as hyper-parameters to be estimated,rtlseare the prior variances for each
factor regression parameter and allow for a varying degfesionkage in each of the or-
thogonal factor dimensions, as discussed. Hyper-parawedteesa, = b, = 2 correspond
to Cauchy distributions on the;, a very natural, highly diffuse though proper prior spec-
ification. Note that in practice, for computational stayjlwe may choose to truncate the

spectral decomposition by rejecting factors with very draglenvalues\;; that is, in such
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a case we may choose to repldcéhence alsd) by its firstm columns,A by its firstm
diagonals, and sét = diag(7y, ..., 7.»), wherem < n and the eigenvalues,, .1, ..., \,
are less than some pre-specified threshold.

As a practical modification, the positivity of kernels sugtpghat we center the induced
kernel predictors for both interpretation and numericabdity, in advance of developing

the above analysis. That is(-, -) is replaced by a centred kerrigl-, -) with

k‘(l’i,l'j) = k‘(l’i,l'j) — k’i. — E.j + ]23,

wherek = Y77 k(zi, x;) /n?, ki = Y0 k(xi, ;) /n andky = Y1 k(xi, ;) /n. The
kernel covariate matriX( is then redefined with entrie;; = l%(:cl-, z;). It is evident that
this is positive semi-definite, and the singular value dgoosition and the ensuing analysis

as detailed above proceed otherwise unchanged.

4.3.2 Model Fitting and Prediction via MCMC

Given the likelihood and the prior distributions a standardbs sampler can be used to
simulate the posterigr(wy, w, o? | datg. After initialization, samples of parameters and
hyper-parameters are drawn sequentially from the complatelitional posterior distribu-
tions. At each iteration, with all relevant conditioningpaeters fixed at their most recent

values in the iterates, we update as follows:

1. Updatew,: wy is drawn from the normal posterior with mean'1’(Y — F3) and

varianceo?/n.

2. Updatew: Simply via 3, generated ~ N (b, V') whereV = diag(Vi, ..., V,,) with
V; = o*n/(1; + 02),andb = VF'(Y — wy) /o then setw = FA™!j3.

3. UpdateT: Forj =1,..m,7; ' ~ Gammd(a, + 1)/2, (b + 3?)/2).
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4. Updater?: 072 ~ Gammdn /2, s/2) with s = ¢’e wheree = Y — wy — F'3.

For prediction at a specified new poinf, any aspect of the predictive distribution for
p Y p y asp p

Y. can be included in the MCMC sampling. Suppose the samplemhper values are
(w, w®, o2®) at each iteratiom, ¢t = 1, - - , T, the MC approximation to the predictive

distribution is simply
p(y*|flf*, dat@ = /p(’y*|flf*, Wo, W, 0'2)])('LU0, w, 02|dat@d(w0> w, 02)

C

Te

1 c
~T E p(y*\x*,w((]t),w(t)affz(t))

t=1

We can also evaluate the mean of the conditional normallligionp(y. |z, w{”, w®, ¢2®)
to compute MC approximations to predictive méafy.|z., datg. We can do this across
a range ofr, values to map out the predicted non-linear regression iomdéor predictive

uses.

4.3.3 Binary Regression for Classification

The approach developed above for regression models canucgecbe easily extended
to a classification setting using probit regression, or otiieary regressions. The stan-
dard latent variable imputation extensions of MCMC leactdlly to posterior samplers
for probit link function. Metropolis-Hastings variantsrftbgistic regression are also triv-
ial modifications. These are practically very relevant astens for kernel classification
problems.

By way of notation and basic structure in the probit modeg tbsponseg; in the
kernel model (4.6) are now latent and the normal errors aedstrd, i.e.p? = 1. We
observe binary responsés= (zy, z», ..., 2,)’ generated by, = 1(0) if y; > 0(< 0). The
MCMC extensions simply include the lateYitvalues at each iteration of the simulation.
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The traditional Gibbs sampler iterates between samplinglitional posteriors fol” given
the regression parameters, and vice-versa. Though oftectigé, this vanilla Gibbs sam-
pler can suffer from very slow mixing due to high correlasdpetween successive draws
of latent variables. We will develop a novel and effectivéuion: rather than the Gibbs
sampler we use a Metropolis-Hastings method that sampéekettnel model parameters
jointly with the latent variabl@”. This is summarised in the following section, in an ex-
tended model that incorporates additional kernel paraméteaddress variable and feature

selection.

4.4 Variable and Feature Selection

4.4.1 Kernel Model Extension

Variable selection and feature selection are importanblpras in high-dimensional
regression. The standard formulation of variable seleci$oto select a relatively small
subset of the predictors without loss of predictive accuracy. In the peob of feature
selection a small subset of combinations of theredictors are selected. Principle com-
ponents regression with a few principle components is amel@aof a feature selection

method.

Standard practise in kernel regression allows each coatelofx to be scaled (Chapelle

et al., 2002), i.e.,
kp(x,u) =k(\/p®z,\/p®u)

wherea ® b is the element-wise product of two vectors amd= (pi, ..., p,) iS @ p-
dimensional vector withy, € [0, 0] as an individual scale parameter for theh dimen-

sion. This approach can be applied to most kernels and foliriear, polynomial, and
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Gaussian kernels the resulting adaptive kernels are
p
/fp(% U) = Z Pk Tk Uk,
k=1

d
p
kp(x,u) = (1 + Zpk T Uk;) )
k=1
P
ky(z,u) = exp (— Zpk(xk — uk)2> .
k=1

We will focus on the Gaussian kernel for whigh can be regarded as the reciprocal of the
bandwidth for thek-th variable which determines the neighborhood size fardiraension.
Whenp,, = 0, the neighborhood size is infinity and the correspondingaée is irrelevant

in predicting the response variable. Variable/bandwiditedtion is then a problem of
estimation or selection of the parametenow explicitly in the context of allowing for zero
values. This invites analysis using standard Bayesiambtriselection/model uncertainty
strategies based on “point mass, mixture prior” over thesameters.

For eachp, independently, we adopt the prior

PE (1_7)50+76amm2§‘ap7a98)7 (k: 17"'7p)7

s ~ Explas), ~ ~ Betda,,b,)

where(a,, as, a., b,) are specified hyperparameters, Beta represents the beta distribu-

tion and Exyg-) the exponential.

4.4.2 Overall MCMC

The MCMC analysis can now be extended to include thgarameters. These para-
meters are treated with appropriate Metropolis-Hastitggsssince their complete condi-
tionals are not of standard forms. Our overall MCMC samptarsua Metropolis-Hastings
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step to jointly sample the kernel bandwidth and regressamarpeters; in the case of bi-
nary outcomes when thg are latent, this sampling step is extended to jointly sartipee
parameters antl together. As mentioned in the previous section, this noveMC — that
has been tested successfully in a number of examples — gnaekio mix faster than the
traditional Gibbs sampler in binary models, and now alswigles an overall approach for
the kernel variable selection extension in both contintamgsbinary outcomes cases.

The full hybrid sampler for the posterior ¢fvy, 3, p,Y, T, s,7) in the case of binary
probit regression is detailed here. The changes to thisrtergée the corresponding MCMC
for the continuous-response regression case simply adtheisampling of the residual
variances? at each step and removes the imputation ofiththat are known.

The sequence of steps per iteration in the full binary kemmadel with feature selection

are as follows:

1. Updatew, as in section 4.3.2.

2. Update(p, 5,Y) jointly, in the following two steps.

2.1. Updat€p, 5):

2.1.1. Propose*: Let p,, pi, p, denote the probabilities for global movelocal

move or update moveespectively.
e For theglobal movedrawp* from the prior.

e For thelocal move setp* = p then randomly pick a dimensioh
If pr # 0, setp; = 0; otherwise drawp; ~ Gammdaa,,a,s), the
continuous part of the prior.

e For theupdate movesetp* = p and then, for all dimensionswhere
pr # 0, drawp; ~ Gammaa,, a,s).

Our proposals usg, = .25,p;, = .5, p, = .25.
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2.1.2.

2.1.2.

Proposg*: Compute the proposed kernel matfiX with entries/%p* (@i, z5)
and its spectral factor8* andA*. SetY = wy+ F*3 and simulaté@™ via,
foreachi=1,...,n,

N N(g“ 1)+, |f Zi = 1,
Yi ~
N(gl, 1)_, if Zi = 0.
Then, proposes* ~ N(b*, V) whereV = diagVi,...,V,,) with V; =
7./(1+7;),andb* = VE*(Y* — wy).
Acceptance ratio to compare and tgst 5*) against the current values

(p, B): The Metropolis-Hastings acceptance ratio is

_ p(Z | p*vﬁ*awO) ﬂ-(p*aﬁ* | SaVaT)Q(paﬁ | Ta w07577)
p<Z ‘ p7/67w0) ﬂ-(p7ﬂ | Sa%T)Q(P*yﬂ* ‘ T7 wOasufy)

where the term®(Z| - - -) are likelihood evaluations from the binary re-

gression

n

(2 | 5,5 wo) = [ @)% (1 - (5:),

i=1
with ®(-) being the standard normal c.d.f, an¢}), ¢(-) denote the prior
distribution function and proposal distribution functjoaspectively, with
p m
(0", 0" [ 7,5, T) = [ [ woi [ 7.9 [ 78] 1 7).
k=1 j

Jj=1

With probabilitymin{r, 1} accept the proposed values and henceset

p*andg = 3*; otherwise, retain the current values.

Denote the accepted or retained valueghy3, K, F, A}, and setv = FA™! (.
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2.2. Updat&: YV = wy + F,(3 and resampl@” via, foreachi = 1,... n,

N+(Igi7 1), |f Zi = ]_,
Yi ~
N_(@i,l), if ZiIO.

where N+ and N~ denote the positive and negative parts of a truncated normal

3. Update hyper-parameters:, v, 7"

3.1. Updates: s ~ Gammaa, + 1, a5 + a, ) pi)-

3.2 Updatey: v ~ Betda., + p1,b, + p — p1) wherep; is the number of nonzero

elements imp.

3.3 Updatél” as in section 4.3.2.

This MCMC combines variable and feature selection. It isr@alde selection method
since only those variables with nonzesp will be selected. It is also a feature selection
method since we are weighting each variable that is seldsted. The parametem < n
was introduced in Section 4.3.1 to allow for the opportumdtytruncate the expansion of
the kernel matrix for numerical stability. Reducingmay be problematic since principal
components of the kernel matrix that dominate variatiomakernel design space may not
necessarily correspond to the factors most relevant inigied of the response variable.
In the current setting that now includes the point-mass unépriors over elements of
this problem is obviated. It is still generally desirablectimsider restricting tan < n for

numerical and computational reasons.
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4.5 Examples

The following experiments on simulated and real data p@yat our method an in-
dication of the efficacy in variable selection and the accyraflecting the uncertainty in
the estimates. For convenience our method will be refeweabt*‘BAKER”, acronym for

“BAyesian KERnels”.

45.1 Simulated nonlinear classification — variable seleicin

A data set was generated to illustrate the variable seleespect of BAKER. The data
is perfectly separable by a nonlinear classifier and has elevant dimensions and ten

noise dimensions.

Samples from class were drawn from

(z',2%) = (r sin(8),r cos(f)), wherer ~ Unif[0, 1] andf ~ Unif[0, 2],

!~ Unif[-1.5,1.5], forj =3,...,12.
Samples from classwere drawn from

(z',2%) = (r sin(8),r cos(f)), wherer ~ Unif[1,2] andf ~ Unif[0, 2],

!~ Unif[-1.5,1.5], forj =3,...,12.

A draw of the first two dimensions of the data is shown in Fig4d a). The first two
dimensions are signal with clagscontained in the unit circle and cla8sontained in an

annulus outside the unit circle.

We drew 60 training and 60 test samples, half for each clas&alssian kernel was
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used and hyper-parameters were set to be:

ar =b; =2, ay,=0b,=3, a,=1,a, =0.5;

These hyper-parameters are generally insensitive witeitgo prediction. We raR000
iterations with the firsi 000 burned in. The empirical training and test errors were 0% and
3%, respectively. The posterior mean of the reciprocal badiith parametep is shown

in Figure (4.1 b). Thap,; andp, clearly dominate those for the other noise dimensions
demonstrates the efficacy for BAKER in the variable selectiepect. The prediction on
the region[—2, 2] x [—2, 2] for the first two dimensions is shown in Figure (4.1 c): The
boundary is approximately the unit circle, the optimal sapag boundary. For a compar-
ison Figure (4.1 d) shows the prediction on this regigthoutvariable selection (section

4.3.2) which fails completely.

4.5.2 High-dimensional gene expression data — uncertainty predic-

tions

We consider a high-dimensional gene expression data setpdipose of this analysis
is to highlight the utility of BAKER for addressing the untanty in prediction, and also
to compare BAKER with an extensively used classifier, the SUMhis example we do
not include variable selection procedure.

The data set Ramaswamy et al. (2001); Mukherjee et al. (Z0B)jists o280 samples
from patients of which 90 are tumor samples artd) are normal. For each sample expres-
sion data from microarray analysis fd6063 genes was collected. The data was randomly
split into training and test sets witt80 and100 samples respectively. For BAKER hyper-
parameters are, = b, = 2 and2000 iterations were run with the first000 burned in.

A linear kernel was used for both BAKER and SVM with accuraggrotwenty random
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(a) Data (b) Posterior mean gf

(c) Posterior prediction with variable selection (d) Posterior prediction without variable selec-
tion

Figure 4.1 (a) lllustration for the first two dimensions of the datairi®e from clasgl are
red “pluses” and points from clagsare blue “stars”. (b) The posterior means forthe
first two signal dimensions have large values. (c) The pmstprediction probabilitywith
variable selection over all points in the first two dimensigr-2, 2] x [2,2]. (d) The same
as (c) butwithoutvariable selection.
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test-train splits reported in Table 4.1.

Table 4.1 The training and test accuracies for different methodshengene expression
data

Training Accuracy (standard deviation) Test Accuracyr{dtad deviation)
BAKER 97.2% (1.0%) 88.3% (4.1%)
SVM 98.9% (0.5%) 91.3% (2.8%)

In terms of point estimation, they are comparable while S\lidvgs certain superiority.
The true utility of BAKER s that it provides a predictive tfibution and not just a point
estimate as SVM would do. We illustrate this on one randoiattas split where the test
error was13%. In Figure (4.2) we plot the mean of the posterior distribotfor each test
sample in red stars and provide a point-wig: credible interval for each test sample.
A result of this analysis is that in addition to misclassifiagtances there arécorrectly
classified samples with great uncertainty (credible irgkreovering).5) that may require

further investigation.

4.5.3 UCI Data sets

We further examine variable selection and the predictivagraor distribution on sev-

eral data sets from the UCI Machine Learning Reposttory

Wisconsin Breast Cancer Dataset

The Wisconsin Breast Cancer data was examined in Zhang 1892y a variety of
classifiers. The class labels were benign and malignant fdramoval of samples with
missing attribute853 samples remained. The input data had nine attributes. iedmult

reported in Zhang (1992) with a training set2sf0 samples withl00 from each class and

Htp:/ftp.ics.uci.edu/pub/machine-learning-datalsase
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Figure 4.2 The posterior predictive distribution for a test set witle first10 samples are
normal and the remaining tumor. The red stars representdbtpor means and the blue
lines are90% credible intervals. There ar cases that are misclassified @nhthore that
are very uncertain.

the remaining samples as test vii&s7% by 1 nearest neighbor. We repeated this compari-
son using BAKER (specifications of hyper-parameters folflbase in section(4.5.1)000
iterations with the initialb00 burned in), SVM, and a Generalized Linear Model (GLM)
with a probit link as the classification algorithms over tamadom 200-153 training-test

splits. The classifiers perform comparably as in Table 4r2tefrms of point estimation

they are all comparable.

Table 4.2 The training and test accuracies for different methodshenWisconsin data
Training Accuracy (standard deviation) Test Accuracyr{dtad deviation)

BAKER 96.0% (1.2%) 95.2% (0.9%)
SVM 96.0% (0.9%) 95.6% (1.7%)
GLM 96.0% (1.2%) 94.7% (1.3%)

The posterior predictive distribution for each sample imtist set is displayed in Figure

4.3. BAKER incorrectly classifie8 samplesr’ of which are benign. However, thig%
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credible intervals for each sample indicate that the uaggst of some of the patients is
much larger than that for some others. The credible interfeala few incorrectly classified
samples do not coveéx5. It would be interesting to look more carefully at these ska®p
especially sampl8 which has very low posterior probability that strongly c@licts its

class label .
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Figure 4.3 Posterior predictive probabilitys for belonging to thenigm class forl 53 test
samples. The blue line segements repre8é¥it credible intervals and the red star is the
posterior mean. The first 88 samples are benign and the rergaih are malignant.

All 9 attributes seem relevant as reflected by the posterior medfigure 4.4. The
second variable “Uniformity of Cell Size” and the ninth \arle “Mitoses” seem to be

weaker than the others.

Johns Hopkins University lonosphere database

The ionosphere data were examined in Sigillito et al. (19889 a variety of neural
networks. The class labels were good and bad. The input datashattributes. They

used the firs200 samples which includeth0 bad and good samples as the training set and
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Figure 4.4 Boxplots of the posterior distribution @k, - - - | pg.

tested on the remainintp1 samples. They achieved test accuracie800f% by a linear
perceptron92% by a nonlinear perceptron a8% by their implementation of backprop.
We repeated this comparison using BAKER and SVM with a Gandsernel. The classi-
fiers perform comparably as reflected in Table 4.3.
Table 4.3 The training and test accuracies for different methodsherionosphere data
Training Accuracy (standard deviation) Test Accuracyr{dead deviation)

BAKER 97.5% (0.9%) 95.0% (1.9%)
SVM 98.9% (0.4%) 96.0% (1.1%)

The posterior predictive distribution on the test set asl asglthe posteriors for the
relevance of each variable are plotted in Figure 4.5. Cliassé accurate on the test set
but the uncertainty for some of the test samples is conditker&ariables 5, 9, 14, 23 have

larger relative values and hence should be more significant.
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Figure 4.5 (a) The posterior predictive probability of a sample begapd on the test
samples. The first25 samples are good and the remainifigare bad. Red stars are
posterior means and blue lines &&% credible intervals. (b) A boxplot showing the
relevant significance for the explanatory variables.
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4.5.4 Modeling considerations

The two most important considerations in Bayesian modedirggthe computational
efficiency of sampling from the posterior and the sensitiuitthe posterior to prior speci-

fications.

We first consider efficiency. The issue is the amount of tinggired to obtain coverage
of the posterior distribution. The majority of time in the N algorithm is in recomput-
ing the kernel matrix for a new draw pfand the computation of the kernel decomposition.
For example, a typical run on the Wisconsin Breast Cancexsgatwith1, 000 iterations
takes153.00 seconds in whiclh1.2% or 139.54 seconds are spent on recomputing and de-
composing the kernel (CPU: Intel Xeorx2.8GHz; Memory: 4096M; Matlab). This is the

computational cost for feature selection.

The sensitivity of the posterior to prior specifications rther important issue. We
have observed for the model without variable selection tieggior is relatively insensitive
to the hyper-parameters. For the model with variable seledtyper-parameters have an
effect on the posterior distribution of relevance for eaahable,p. However, the prediction

is robust with respect to the hyper-parameters.

In the model with variable selection the two consideratiamsthe probability that ais
zero or not and the magnitude of a nonzerd he parametey models the prior probability
of a variable being relevant reflected by a Beta distributitdie usez, = b, = 3 to reflect a
prior assumption of half the variables being relevant ardlagnitude reflects some degree
of concentration. Other values are also possible, but géigeto not significantly influence
the prediction. The posterior on thevalues is more sensitive to prior specifications. This
is due to the Gamma distribution draws from which can be vargd. One possibility to
address this is to use a truncated Gamma distribution. Am@thproach is to examine the

hyper-parameters that control the tail of the Gamma distigim. The prior magnitude of
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depends or which in turn depends om,. We examine the effect af;, on the posterior by
running the model setting, = 0.5, 1, 5. The comparisons are run on the Wisconsin Breast
Cancer data set. The predictions are robust for all thraegst for example, we examine
the first explanatory variable in the first instance of the segf. Figure (4.6) provides a
boxplot of p; for the three settings af;. It is apparent that the posterior meangofs very
stable however the variance of the posterior distributibp;as not. Asa, increases very
large values op; appear in the posterior distribution. These outliers dthwe uncertainty

in p. Itis very important to consider this hyper-parameter wixenmodel the uncertainty

of variable relevance.
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Figure 4.6. Boxplots for the posterior draws far (upper panel) and the posterior probabil-
ity of the first benign sample under different hyper-paramealues of:,. The predictions
shown are similar, but the distribution pf differs greatly due to outliers under larger
values.



4.6 Summary Comments

With the growth of interest in statistical classificationdgprediction methods in the
machine learning communities, and an escalation of int@regpplications among practi-
tioners, there is a consequent need for refined theoretic@gtanding of the underlying
statistical models as well as improved methodology andralgns. We address each of
these issues here. The theoretical foundation of our Bagd®rnel models is based on the
equivalence between a class of functions induced by a namgric prior specification
and a reproducing kernel Hilbert space. This Bayesian fveone of the model allows for
coherent inference, assessment of uncertainty, and atocdss posterior distributions via
Markov chain Monte Carlo sampling. Practical issues suathagce of hyper-parameters
and variable selection are automatically incorporated the Bayesian modeling and in-
ference.

The Bayesian kernel model suggests several interestingefdirections as well as open
problems. The computational challenges of searching tigtensional parameter space is
of utmost importance and for variable selection increasimgefficiency of the MCMC to
be able to handle thousands of variables is an open problgreat practical importance.
The nonparametric Bayesian kernel model we developed isam@e of a more general
framework described in Pillai et al. (2007). Further explawn of other process priors from
a theoretical, computational, and applied data analys&ppetive is of interest.

A striking example of the flexibility and coherence of the Bayn kernel model is its
application to what is referred to as the semi-supervisetlpm in the machine learning
literature, the incorporation of unlabeled data — an exangblancillary design data — in
classification and regression problems. Our Bayesian kemoeel incorporates the un-
labeled data in a natural way without having to introduceitimithl penalties to the loss

function as is the case for regularization approaches, wisidiscussed in detail in Liang
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et al. (2007).

93



Appendix

In this appendix, we introduce the properties of the Grassnmaanifold that allow
for an intuition of the meaning of the distance metric in s@tR.2.3. We first develop the
concepts of the Riemannian metric and geodesic distancéhéNealevelop the definition of
the geodesic distance on the Grassmann manifold. For mimreiation on the differential

geometry of the Grassmann manifold see Kobayashi and Nofh8a6).

Given a differentiable manifold a Riemannian metric is an inner product function
gp(£77]> = <§777>p : TPM X TPM - R?

where¢, n) are tangent vectors of the manifald at a pointp € M and for¢, n, v € T, M

anda,b € R

gp(a& +bn,v) = agy(§,v) +bgy(n,v)
GV, a8 +0n) = ag,(v,§) + bgy(v,n)

9H(v,6) = g,(v,§)

and for every¢ € T, M the existsr € T, M such thaty, (¢, v) # 0. Also given an open
subset’ of the manifold and tangent vectarsind¢ on U the functiong, (¢, v) is a smooth
function ofp.

A geodesic curve on a smooth manifold is the shortest curiveds two points as well
as the straightest curve between two points. It is usefdlitiktof curves on manifolds as a
mapc : [0, 1] — M where the interval0, 1] is thought of as time so the curve is a function

of time, ¢(¢). For any poinp on the manifold and any tangent vectoe 7, M there exists
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a unique geodesic curvesuch that

(1) (0) =p, (2)70)=v, ) V57 =0, (:8)

where? is the derivative with respect toand in this case is a tangent vector on the mani-
fold, 4 € T,M. Statement (1) is that the curve starts at ppinBtatement (2) is the curve
initially moves in directionv with velocity |v|. In statement (3) is the affine connection
on the manifold which is a generalization of the standardomatf a directional derivative.
For our purposes, interpr&fy, f as the differentiation of of & in the directionV'. In the
case of statement (3) this means that at points on the geodasie the velocity of the
geodesic curve in the directionis constant, there is no acceleration. The definition of
a geodesic curve in (.8) is equivalent to a second order ardidifferential equation, so
geodesics are uniquely defined by an initial point and aiirdirection. This is why the

shortest curve is the straightest.

For a Riemannian manifold with Riemannian metrig the length of a curve :

[0,1] — M that is differentiable with velocity vectaris

Li(e) = / NEOROIL

The distance functiod : M x MRT is defined as
d(p,q) = inf L(c)

where the infimum is over all differentiable curves such #é) = p andc(1) = g. The
curve that minimizes this distance is the geodesigith v(0) = p and~(1) = ¢. This

relates the geodesic to the Riemannian metric.

We now develop the intuition behind the distance functiott@nGrassmann manifold.
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Let Gy be the Grassmann manifold, a poltiton the manifold is al dimensional sub-
space ofR?. A matrix U € RP*‘can be specified by basis vectors of the subspace such
that spafU) = U andU = (uy, ..., ug). The set of matrices that spahis the noncompact
Stiefel manifold

Siap) = {U € R rank(U) = d}.

For each subspacg there exists an equivalence class of matrigésuch that spai¥) =
Z for eachZ € Z. However, one can single out a single unique matrix as falolet

W € S, We define the affine cross section as
Cw = {Z S S(d,p) : W/(Z — W) = 0}

If W'Z is invertible thenZ’ intersectssy, at the pointZ (1W'Z)~1W’'W, otherwise they do

not intersect. We define the set
Zw = {spanZ) : W'Z is invertible}.
We define the maps
ow : Zw — Gw, w(W): W — sparfiV).

Define as)V a subspace and’ as its basis, the tangent vectoat a point)V on the
Grassmann manifold i$,,G ). The matrix/V can be adapted to capture the directions

of W that have an effect on changing the subspateDefine

Sw = dow (W),  dr(W)w =&,

where&y, projects to the tangeigtvia 7. The representatiofyy is called the horizontal lift
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of £ € TwGa,) and are the directions 6% which if varied will change the subspage.

In the case of the Grassmann manifold the Riemannian mstric i

&mz=Tr((2'2)""¢m,) .,

where spaf”) = Z and the metric does not depend on the basis that spa@iven the
above metric the geodesigt) between two points/ and Z can be defined by the initial
tangent vectog € 7;G 4, Wherey(0) = 7, v(1) = Z, and¥(0) = &£. GivenJ andZ

that span7 andZ respectively, the shortest curve frafhto Z on G4, is

& = UV
USV' = (I—J(JJ) I)2(]Z)!

© = atan).

and

dist(J, Z) = 1/Tr(6?)
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