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Abstract

When designing controllers, it is important to consider their stability and safety. However,
this can become difficult as the system’s complexity increases. This work presents results
on the persistent feasibility and stability of externally switching systems. This extends the
previous results in the area, which were restricted to narrow classes of systems. The work
begins with centralized systems and evolves to explore distributed classes of systems. As
with other areas of control system design, distributed methods provide solutions to over-
come scaling problems. There are several different tools used in this work to extend the
class of systems for which safety and stability assurances can be made. Polytopic sets and
their evolution under linear dynamics are used extensively. The parallelization of complex
algorithms is another important tool used in these results. Parallelization is a key benefit
of distributed systems and prevents the results from falling into the curse of dimension-
ality. Finally, novel methods of approximating and bounding values are developed, which
further reduces the results’ numerical complexity. While these approximations do intro-
duce some conservatism, it is often less than the redundancy required in place of formal
analysis. The full results of this work advance the study of externally switched systems to
applications that, in the past, would not have been possible to study. While fully maturing
the field is far too large a goal for any single doctoral dissertation, my contributions include
several important advancements that have utility as stand-alone results and provide rich

opportunities for future advancements in the field.
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Chapter 1
Introduction

In control system design (and, in fact, all engineering), new ideas are generally introduced
by observing a general problem in the world, formalizing the problem as a complex mathe-
matical abstraction, simplifying the abstraction to a form that we know how to solve, and
then incrementally resolving the problem with less and less simplification. Take, for exam-
ple, the analysis of a steel truss bridge. Engineers wanted to know if their designs would
stand under all plausible weather conditions, with all reasonable traffic loads, and for a
sufficiently long time. Before solving the whole problem, the first attempts would probably
start with something like the study of a single steel rectangular beam. Then the engineer
may examine different beam shapes and how they behave when pined into trusses. In par-
allel, techniques of mathematically expressing wind loads, rust and corrosion, and traffic
patterns would also be advanced. As these parts are brought together, the full solution

comes into clearer focus until the original, motivating problem is fully solved.!

The process of moving from simple models to complex, more realistic ones is one that
every control engineer is familiar with. In their first control engineering course, students
are taught about linear systems and how they can be analyzed and stabilized. This can be
extended later to include nonlinear control, which represents a wider range of systems. One
could even use data-driven methods of expressing and controlling a system, allowing almost
any class of system to be studied. Linear, nonlinear, and data-driven methods each have
their place in modern control engineering, and they are each being advanced to provide a
richer covering of the real-world problems that originally motivated them.

In this work, I present techniques that add another layer to previously advanced linear
and nonlinear control system design - externally switched systems. There are many exam-

ples of physical systems which experience this phenomenon. A drone in changing winds,

1Until some other innovation spurs another wave of advancements.



a vehicle in changing traffic conditions, a wave-generator under changing shore conditions,
an operating system processing external requests, all of these systems and many others are
operating with changing dynamics, constraints, and /or objectives. In general, we know how
to ensure an unswitched system is stable and respects its constraints. This study extends
these results to previously unreachable applications.

Some of the following chapters present full solutions to a specific problem presented by
externally switched systems. For example, Chapter 5 examines how to control externally
switched systems with modes of operation that, if remained in for too long, will break
the system’s performance. Other chapters, however, lay a strong foundation for additional
future work in the study of externally switched systems. This is the case in Chapter 8 where
a new method of distributed MPC (D-MPC) is examined. External switching is notably
lacking in this chapter, but the controller design has been constructed to easily incorporate
other results such as those in Chapter 7. As a whole, this work advances and answers

questions in the study of externally switched systems across a wide variety of contexts.

1.1 Summary of Contributions

1. Method of computing minimum or average dwell times such that externally switched

model predictive control (MPC) is rendered stable [J1].

2. Method of using MPC to quickly generate persistently feasible piecewise linear control

laws [J1].

3. Created a method of generating contractive safe-set collections that ensure persistent

feasibility and stability in switched systems with unsustainable modes [J2].

4. Created a method of generating safe-set collections for systems with multiple, inde-

pendent switching signals [C1].

5. Developed methods of dynamically updating a distributed agent’s safe-set due to

switches in the network topology [C2].



6. Created a novel method of distributed MPC utilizing the previews of neighboring

agents [J3].

1.2 Collaboration Statement

All content presented in the following chapters was produced by Richard A. Hall under
the supervision of Dr. Leila J. Bridgeman. Any relationship with the author’s previously
published works is explicitly mentioned at the start of each chapter. Content associated
with a previous publication has been reviewed by anonymous researchers, and their input

was used to improve the content and quality of this work.



Chapter 2
Literature Review

As mentioned in the introduction, this work largely focuses on the advancement of externally
switched system literature into distributed controllers. Before discussing the preliminary
concepts and new results, therefore, this chapter will look at the history and current state
of these areas of study. A short discussion will also position the results of this work within

the current literature.

2.1 Switched Systems and MPC

One of the earliest works examining switched systems is found in [1] where the authors
examine the stability of closed-loop, linear systems with a finite number of switching in-
stances. This work was the first in a collection of works published through the 1990s and
into the early 2000s extending these results [2-13]. The later works began to study systems
with “slow” switching, where the minimum [5, 13] or average [10, 12, 13] periods between
switching was bounded below. These dwell time constraints allowed a greater range of

dynamics collections to be stable. The results of this period are summarized in [14].

During the 2000s, the study of switched systems began to stagnate. However, during
this period researchers started to apply the previous results to predictive controllers [15-17].
The early works in this area examined systems where the switching was state-dependent
[15], controlled [16], or scheduled [17]. More advanced switching signal constraints than the
original switching rate constraints were also being developed. Graph-based constraints use
directed graphs to constrain how a switching signal may evolve at each time step [18-21].

Regular expressions [22] and temporal logic [23] have also been used by other works.

The next group of advancements relevant to this study was started by [24]. These

are the first works to examine true, external switching in MPC and how feasibility and



stability could be maintained. This was following by a number of important works [25—
33]. These works considered both linear [25-28, 32] and nonlinear systems [24, 29-31, 33].
Some considered feasibility [31, 33], stability [29], or both [24-28, 30, 32]. During the
end of this period, researchers started to look at more exotic systems. In particular, [32]
applied results from switched MPC to distributed systems with changing networks. This
work is representative of the current state of switched MPC: the general theory has been
developed and the results are now being extended to more advanced controllers and realistic

applications.

In the following chapters, contributions are made to this area of literature. In particular,
graph-based switching signal constraints are extended to include stability results in con-
trolled systems, even when some modes are ill-behaved, and results applied to distributed

or large-scale systems are further generalized and made more computationally efficient.

2.2 Distributed MPC

Early surveys in the area of distributed control [34] and MPC [35] speak to the long-
running interest in the subjects, in particular for industrial applications. The utility of
merging these fields was explored in other early works [36], but it wasn’t until the early
2000’s that theoretical results were published. The earliest results were tailored for specific
industrial applications [37] but this quickly led to more general results in [38, 39]. There are
many different ways to structure D-MPC, from simple, non-cooperative, robustness-based
approaches (e.g. [40]), to more advanced, cooperative-based ones (e.g. [41]). The types of
systems studied have also varied from specific industrial applications, (e.g. power systems
[42]), to general non-linear (e.g. [43]) and linear (e.g. [44]) systems. The range of possible
applications has led to a wealth of literature that started in the early 2000s and continues

to be developed today.

An advancement of particular interest to this work is the utilization of state trajectory

predictions for distributed control. Like a turn signal when merging, sharing these previews



equips agents to select local inputs that will better reject the effects of their neighbors. This
was pioneered in [45, 46] and extended to include stability in future works such as [47].
This control scheme enjoys good performance at times comparable to iterative, coopera-
tive distributed controllers while maintaining simplicity and low communication overhead.
However, the tuning procedures make it difficult to apply the results as it requires opaque
values that are difficult to compute [48]. This shortcoming is overcome in the novel solution

presented in Chapter 8.

The decision to develop a novel distributed controller was motivated to fill the lack of
distributed systems in externally switched literature. The only real overlap has been in
the study of switching communication topologies and plug-and-play (PnP) designs [49].
However, this does not address the broader topic of how local switching between a finite
number of modes should be addressed. This is due to the numerical intractability of the
previous externally switched literature combined with the complexity of distributed con-
trollers. This is addressed in this work, at least in part, through the development of the
novel distributed controller which is less complex than previous methods with only a mi-
nor loss in performance. This, coupled with the parallelized algorithms and procedures
developed in Chapter 6 and Chapter 7 closes the gap between distributed and externally

switched literature.



Chapter 3
Preliminary Concepts

In the work that follows, there are repeated concepts and definitions that are important to
understand. These are collected here to both minimize repeated material and provide the

reader with a concise and organized reference of foundational concepts.

3.1 General Concepts

3.1.1 Sets, Matrices, and Basic Operations

The sets of real numbers and integers are denoted R and Z respectively. Real vectors of size
n € Z are denoted R™, and real matrices with n € Z rows and m € Z columns are denoted
R™ ™ Vectors v1,v9 € R™ can be compared with the element-wise relational operators
v1 < vg, v < U2, U1 2> v, and v1 > vo. The quadratic norm of the vector v € R™ with weights
W € R™ " is denoted ||v||3v £ »TWwo. The matrix W is positive (semi-)definite if ||’U”3V >0
HUH?V > 0 for all v € R™ with negative (semi-)definite define analogously. Without the sub-
and superscripts, ||v]| £ vVoTv denotes the Euclidean norm. Given an ordered set, S, and
elements, a,b € S, define the sets S, £{seS|la<s<bland S5, = {s€ S |a<s}
Set exclusion is denoted as S\ a = {s € S | s # a}. Given the sets S; C R" and Sy C R™,
concatenation is defined as S; x So = {[sT,s2]7 | 51 € S1, 82 € S} € R™™. A superscript
is used when identical sets are concatenated, e.g. S? = S x S. The Minkowski sum between
the sets S1, Sy C R™ is defined as S; ® Sy 2 {s € R" | 351 € S1, 52 € Sg s.t. 5= 51 + 52}
Angle brackets indicate an ordered sequence, s = <sl, - sh> = <5j >;.Z:1. If s is comprised
of h elements drawn from the set S, then s € (S)”. The shorthand (s)" is used to denote a

sequence with A elements that all equal s. Sequence concatenation is denoted



3.1.2 Polyhedra

Polyhedra, in the context of this work, are subsets of the real numbers defined by either a
finite number of half-spaces or, equivalently, a finite collection of vertices [50, p.30]. The

half-space representation is known as H-rep and it’s formal expression is
P2 {zeR"| Hx<b} CR".

The vertex representation, or V-rep, is defined using a collection of vertices, V,, = {vf)}?;l €

{R™}" and vectors V, = {02}, € {R"}/ as

hU hU hC
P L {Zaivi | a; >0, Zai < 1} @ {Zaivé | a; > 0},
i=1 i=1 i=1

where the first set is the convex hull of the vertices in V,, and the second is a cone defined
by the vertices in V.

Certain operations on polyhedra are much easier in one of the two representations. For
example, projecting a polytope onto a lower dimension is trivial while in V-rep but is much
more difficult while in H-rep. While H- and V-rep polyhedra are equivalent, conversion
between them is exponentially difficult in the number of facets [51]. Therefore, algorithms
using polyhedra must be structured to minimize the number of conversions required.

C-sets, defined below, are a special class of polytopes referenced in this work. Polytopes

in this class generally exhibit convenient properties in linear systems.

Definition 3.1 (C-Sets). A set C C R" is a c-set if it is closed, convex, and contains the

origin.

The intersection (union) between two polytopes is defined as S;NSy = {s|s € S} A s €
S} (S1USy 2 {s|s€ 8 V s € S}). Minkowski sum is defined as S; © Sy =
{s1+ s2 | s1 € S1, s2 € S2}. Similarly (but not conversely), the Minkowski difference is
defined as S1 © S = {s | s+ s2 € S1, V 52 € Sa}.

How a set of states evolves under some mapping is an important concept when designing

9



safety assurances in control systems and is used numerous times in this work. In general,
the set can be any general subset within the space of interest, and the mapping can be arbi-
trary. However, in the context of this work, polytopic sets and “well-behaved”, often linear
mappings are of primary interest. Therefore, the definitions in the following paragraphs
are written in this context but can easily be generalized if needed.

Both reach-sets (the set of elements mapped from a polytope) and pre-sets (the set of

elements mapped within a polytope) will be used and their formal definitions are below.

Definition 3.2 (Reach-sets). Given the polytopes S C R™ and S* C R™", and the map-

ping f: S x S* — R™", the k-step reach-set is defined recursively as

Reach’ (f,S,S5%) £ S, and

Reach® (f,S,8%) £ {s ¢ R | 3 s* € S*, 5 € Reach* 1 (f,S5,8%) s.t. s = f(s,5)}.

For mappings with the form f : S — R™", analogous definitions for Reach” (f,S) can be

defined that omit the superfluous S* term.

Definition 3.3 (Pre-sets). Given the polytopes S C R™ and S* C R™", and the mapping

f:8x8* = R™, the k-step pre-set is defined recursively as

Pre (f,8,8%) 2 S

Pref (f,8,8%) 2 {s e R" | 3 s* € S* s.t. f(s,s%) € Pre" L (f,S,8%)}.

For mappings with the form f : S — R", analogous definitions for Pre® (f,S) can be

defined that omit the superfluous S* term.

Invariance under a mapping is an important trait that subsets can exhibit, and it is a
cornerstone of many of the future results. In their general forms, the types of invariance

are defined below.

Definition 3.4 (Positive-invariant (PI) set [52]). A polytope S C R™ is PI under the
mapping f:S — R"" if f(s) € S for all s € S.

10



Definition 3.5 (Control-invariant (CI) set [52]). A polytope & C R™" is CI under the
mapping f : S x S* — R™ where S* C R"™", if there exists a s* € S* for all s € S for

which f(s,s%) € S.

Definition 3.6 (Robust positive-invariant (RPI) set). A polytope S € R™" is RPI under

the mapping f: S x S¥ — R™ where S¥ C R"", if f(s,s%) € S for all s € S, s* € S¥.

Definition 3.7 (Robust control-invariant (RCI) set). A polytope S € R™" is RCI under
the mapping f : S x S* x S¥ — R™ if there exists a s* € S* for all s € S for which

f(s,s%, s%) €S for all s¥ € S™.

Pre-sets provide a convenient way of checking the invariance of a set as stated in the

following lemma.

Lemma 3.1 (Geometric conditions of invariance [53]). A set S is CI (PI) under some
controlled (autonomous) dynamics and constraints if and only if it is a subset of its one-

step preset.

3.2 Discrete control systems

All of the results presented in the following chapters are related to discrete-time systems.

Here, a short discussion will be given on this topic to introduce common ideas and notation.

3.2.1 From Continuous to Discrete Systems

Let a system state at time 7 € R>g be defined by the vector 2¢(7) € R™, and let the control
input be denoted u¢(r) € R™. The system may also have an unknown, external distur-
bance w(7) € R™. For continuous systems, the differential equation & = f¢(r, 2¢, u®, w°)
defines the system’s dynamics. The dynamics are time-invariant if f¢(7, 2¢ u® w®) =
fe(m2, ¢ uc,we), ¥V 11,72 € Rso, and autonomous if f¢(7,z¢ uf,w®) = f(7, 2% u§, we),
Y u§,u§ € R™. Terms that are redundant are excluded to reduce clutter in the notation

(e.g. a time-invariant, autonomous, undisturbed system will be written £ = f¢(x¢).

11



In discrete-time systems, time is divided into discrete regions with duration Ts € R<g.
Specific points of time are defined by the integer values ¢t € Z>q which correspond with
the physical time 79 + T - t where 79 € R is the starting time and is often set to 0. The
inputs and disturbances are assumed to be constant between sample times, u¢(mo+71st+a) =
u(10+Tst) ¥V a € Ry 7). The differential equation, & = f¢(-) is replaced with the difference
equation x(t + 1) = f(t, z(t),u(t), w(t)). There are a number of methods of converting from
continuous to discrete dynamics. However, this work uses the zero-hold approach since the

inputs are held constant [54, ch.6].

The most common style of discrete systems used in this work are linear time-varient
(LTV) state-space equations. The state-space formation provides a convenient method of
expressing linear systems and is very common in control system design. The dynamics take
the form

z(t+1) = A(t)x(t) + B(t)u(t) + E(t)w(t) (3.1)

where A(t) € R""*"" is the state matrix, B(t) € R™ *"" is the input matrix, and E(t) €
R™**"" ig the disturbance matrix at time-step t.

Feedback controllers are mappings that produce an input for a given system state at
a specific time, K : Z>g x R™ x R®™ — R™. These can be inserted into dynamics,
such as those in eq. (3.1), to create the closed loop dynamics z(t + 1) = f*(¢, z(t), w(t)) =
f(t,z(t), k(t,z(t), w(t)),w(t)).! There are many questions we could ask about the controller

and closed-loop dynamics, but the three of interest in this work are

1. Does a controller create “stable” closed loop dynamics?
2. Does a controller create “safe” closed loop dynamics?

3. When does such a “stable”, “safe” controller exist?

Below, a formal discussion is provided explaining what is meant by “stable” and “safe”.

!This is the most general form. The controller will often be time-invariant and independent of the distur-
bance, w(t). Alternatively, it could be only time-dependent which would represent feed-forward dynamics.
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3.2.2 Stability

The stability of a dynamic system refers to its tendency to move toward or stay near its
target. How this is defined varies depending on the system structure and objective. For a

general, undisturbed system, stability can be defined in the following way.

Definition 3.8 (General Stability). Consider the system f(¢,z(¢)) with equilibrium point

z, and operating region S C R™ with z, € S. The equilibrium point is

e stable if for all 7(0) € S, € € R, there exists a § € Rjg 4 such that

lz(0)] <& = [la(®)| <€Vt e Zxo,

e asymptotically stable if stable and § € Ry exists such that

< i =
#(0)]| < 6= lim [la(t)]| =0, and

e exponentially stable if there exists ¢,k € R and A € Ry ;) such that

()] < kll2(0)]|e* ¥ 2(0) € {xlflz]l < c}.

While the above definition provides formal descriptions of stability, it is difficult to
directly prove when a system satisfies the various conditions. Lyapunov stability conditions
provide tools to address this difficulty and are extensively used in the following chapters.

The following definitions and theorems introduce the basic Lyapunov concepts.

Definition 3.9 (K functions [55, Definition B.3]). A function « : R>¢g — R>( belongs to
class K if it is continuous, zero at zero, and strictly increasing; o : R>¢9 — R>o belongs
to class Ko if it is a class K and unbounded (a(s) — oo as s — o0). A function § :
R>0 X Z>p — R>¢ belongs to class KL if it is continuous and if, for each t € Z>, B(-,t) is a

class KC function and for each R>g, (s, ) is nonincreasing and satisfies lim; o 3(s,t) = 0.
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Definition 3.10 (Lyapunov Function [55, Definition B.10]2). A function V : R™ — Rxg
is said to be a Lyapunov function for the system z(t + 1) = f(¢,x(t)) and equilibrium set

& if there exist functions a; € Ko, i € {1,2} and a3 € PD such that for any x € R"",
o Vi(z) = an(lflg),
o V(z) < as(|lz]lg), and
o V(f(t,2)) = V(z) < —as((llg),

where ||z||¢ is the norm of the shortest vector between £ and z. If V(-) satisfies the above
conditions for all z € S where S D £ is a positive invariant set for f(¢,z(t)), then V(-) is

said to be a Lyapunov function in S for the system f(¢,z(t)) and set &.

Theorem 3.1 (Lyapunov Stability [55, Theorem B.11]). Suppose V (-) is a Lyapunov func-
tion for x(t + 1) = f(t,z(t)) and set S with asg € Koo. Then S is globally asymptotically

stable.

The Lyapunov function provides an abstraction of the measure of energy in a system.
As the “energy” dissipates (as enforced by the final condition in Def. 3.10), the first two
conditions create an ever-tightening bound driving the state into the equilibrium state.
There are numerous extensions of Lyapunov stability theory, but they each start with the

general ideas described above.

3.2.3 Persistent Feasibility

In physical systems, there will be limitations on the allowable states (e.g. a vehicle’s speed
limit), possible inputs (due to actuator limitations or some other design consideration), and
realistic disturbances. These are represented by the sets X C R”z, Uc R”u, and W C R™”.
In general, these can be any set in their corresponding space, but they are usually assumed
to be polytopic c-sets. Informally, a system is said to be “safe” when possible inputs lead

to allowable states under all realistic disturbances.

2Definition has been adapted to account for time-varying dynamics.
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Consider the system dynamics given by x(t 4+ 1) = f(t, z(t), u(t), w(t)) with constraints
X, U, and W. The set C C X is said to be persistently feasible if it is a RCI set for
the dynamics.®> Within this set, there will always exist some possible input that keeps the
state within the set, no matter the disturbance. For the closed loop system z(t + 1) =
fre(t,z(t),w(t)), the same terminology can be used for a region P C X that is RPI under
the closed loop dynamics and for which x(t, z,w) € U for all t € Z>g, x € P, w € W. The
latter condition ensures the controller never requests inputs that are outside the possible

inputs, U.

3.2.4 Distributed Systems

Distributed systems are, as the name would imply, systems whose structures have been
split along a convenient division. There are many reasons a system would be divided in
this way including long distances between system modes [56] and privacy concerns [57].
Additionally, breaking apart difficult control problems creates a linear number of, in some
cases, exponentially more simple subproblems, which can be solved in parallel [58]. A final
benefit, which will be explored further below, is that distributed solutions can improve
system flexibility.

There are several, non-trivial tasks that must take place to implement distributed con-
trol. The first is splitting the global system into discrete parts. Let the global state, input,
and disturbance be denoted by z € R™ u € R™ and w € R™ respectively, and let its
general dynamics be given as z(t + 1) = f(t,z(t),u(t),w(t)). Partitions of the system’s

spaces can be defined as

M M M
n® = g ny, n'= E ni, and n" = g n;’
=1 =1 =1

where nf € Zjy po), nj' € Zp pu), and n’ € Zp pey. Using these terms, the state, input,

3Here, we assume the feasible region is time-invariant. However, safe-sets can be defined that are time-
varying to match time-varying dynamics. This idea will be discussed further in section 3.2.5.
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Figure 3.1: Slow reaction time and changing wind velocity cause a balanced ball to fall,
violating system constraints.

and disturbance can be split into z = [x;] i]‘il, z; € R™ , and likewise for the other terms?*.

Naturally, the dynamics can also be split to form

wilt + 1) = fi (B aa(0), walt), wi0) o3 (0, 050,03 ey, i)

It is likely that the form written above is more general than required. For example, many

systems are coupled in their states only, allowing the above dynamics to be rewritten as

zi(t+1)=f; <taxi(t)7u’i(t)7wi(t)’ [xj(t)]jGZ[I,M]\J :

The specific dynamics will be defined on a case-by-case basis in the following chapters.

The next challenge in distributed control is adapting centralized results to the dis-
tributed case. As an example, how can each agent’s persistent feasibility be maintained
under the possibly opaque effects of its neighbors? There are many different approaches,
each tailored to a different use case. See [59] and [60] for surveys of distributed solutions
from two different subfields. As with the dynamics, specific examples will be introduced

nearer their use-case in this work.

4Note that the order of the states, inputs, and disturbances will have a dramatic effect on the validity of
this partition. In some cases, the selection is trivial as in section 8.5, but it may not be easy in systems
lacking obvious partitions. We mention this here, but will not return to it since it is not the focus of this
work.
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3.2.5 Externally Switched Systems

Up to this point, system dynamics have been discussed in very general terms that have
allowed it to vary with time. In this section, the concept of externally switched systems,
a specific type of time-variance, will be discussed and defined. This class of systems is a

common thread through the following chapters

The concept is simple: many physical systems switch between one of a finite number of
operating modes. A common example is found in many modern vehicles with adaptive cruise
control. These systems maintain a user-adjustable minimum distance with any vehicle that
happens to be ahead. This system switches between 6 modes: 3 distances (user-selected),
and whether or not there is a leading vehicle (environmental). These exogenous switches
complicate the design process since it is not enough to simply design operating modes that
are stable and persistent feasible to ensure that the switched system is also stable and
feasible as established in e.g. [9]. A simple example of this is shown in figure 3.1 where

shifting wind causes a balancing platform to drop a ball.

More formally, a switching signal, o : Z>o — Zp p, maps the current time to the
integer index for one of M modes. In this work, it is assumed that the current and past
values of the switching signal are available to the controller without error. Denote the
time of the k™ switch as 7, € Z>o which is defined recursively as 79 = 0, 7441 = min{t >
7 | o(t) # o(m)}. The most recent switch time is defined as 7, (t) £ max{r s.t. 7, <
t}. General, externally switched dynamics can be represented by the difference equation
w(t+1) = fou)(z(t), u(t), w(t)) where f,(-) is the time-invariant mapping associated with
mode p € Zy pp)-

The switching signal is often constrained to reflect some physical property of the system.
A common class of constraint restricts the rate of switching with average, minimum, and
maximum dwell times. These constraints can be applied to every mode in the system (e.g.
after each switch, dwell at least d steps), specific modes (e.g. after switching to mode g,
dwell at least d, steps), or even specific transitions (e.g. after switching to mode y;, dwell

at least d,, , steps before switching to mode tq). The notation o € ¥(d), where d is some
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collection of dwell time constraints, is used to denote that the switching signal o respects

these constraints.

Graph-based constraints provide a richer language to describe switching constraints
and, in fact, can represent any type of dwell time constraints. Graph constraints use
directed graphs where each node has a mode assigned to it. An auxiliary signal traverses
the graph, and the switching signal takes the mode assigned to the active node. See
Chapter 5 for additional details. While not used in this work, graph-based constraints
provide a convenient method of attaching probabilities to different transitions. This class
of probabilistic switching constraints has been used by some previous works to establish

stability [61].

Stability Concerns

External switching breaks stability results applied to the local agents - even if each indi-
vidual mode is stable, the switching system may be unstable. Consider a mass connected
to a fixed point by a spring and damper with the spring capable of switching between two
stiffnesses. Assume that, when the mass reaches the end of an oscillation, the spring’s stiff-
ness is increased. When the masses move over the equilibrium point, decrease the stiffness

again®. This will cause the mass to become unstable.

This example can also be understood in the context of Lyapunov stability. Recall that,
according to Def. 3.10, a Lyapunov function must constantly decrease. If the Lyapunov
function for the spring-mass-damper system is the system’s full energy, then the switch to
a larger stiffness spring increases the system’s potential energy. This increase in energy
breaks the validity of the Lyapunov function. Note, however, that the function is valid for

both modes individually, just not the time-varying, full system.

In the above example, the dampers cause the system to lose energy when dwelling in

either of the two modes. If the system dwells long enough, the increase from a switch will

5This is described as state-based switching, but this can be generated by an external agent without the
system knowing the rules. To the local system, therefore, the switching is still time-based.

18



be dominated by the decrease when dwelling. This concept is what makes dwell-time based
switching constraints so powerful and why they have been used in so many previous works

including [12, 24, 26-28, 33, 62-66].

Feasibility Concerns

As discussed in the intro to switched systems and demonstrated in figure 3.1, external
switching can also lead to a loss of persistent feasibility. Recall that a time-varying safe-set
is one that the system can remain within using feasible inputs, no matter how the dynamics
vary in time. If the switches could occur at arbitrary times, then any CI set common to all
modes can serve as a safe-set [9, 67]. This is incredibly restrictive and such a set may not
exist. Once again, dwell-time constraints can be used to find less restrictive requirements

[27, 28, 65]. This is the approach taken in e.g. Chapter 5 of this work.

3.3 Model Predictive Control

3.3.1 Overview of MPC

Model predictive control (MPC) is a class of controllers that selects a finite sequence of
optimal future inputs using a model of the system dynamics. The first input in the optimal
sequence is applied to the system, and then the optimization problem is resolved at the
new state. This bears a close resemblance to human decision-making as we navigate our
environment. Someone driving a car will not plan every move between their start and
end destination. Instead, they will plan their next few maneuvers based on what they can
see. After a short time, they reconsider their plan and make adjustments based on new

information.

MPC found early applications in industrial control such as chemical plants [58, 68].
Its ability to respect constraints in complex systems coupled with the availability of sys-

tem models made it an attractive choice compared with PID or other, low-level control
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techniques. The slower time scales of industrial systems also reduced the impact of the
numerical complexity of MPC.

As computing power has become more dense and MPC has matured as a field, it has
found applications in other fields. One such application parallels the driving example above
— autonomous vehicles [69, 70]. Building energy management [71, 72] and power grid control

[73, 74] are also fields that MPC is being actively applied to.

3.3.2 General MPC

Here, the general mathematical formulation of MPC will be presented. This will be adapted
in the following chapters to fit their specific goals, but they will all have the following general

form.

Consider system with states x € R™, and inputs u € R™ and dynamics z(t+1) =
f(z(t),u(t)). Given a sequence of inputs, u = <uk>;€V:701 where N € Zjj ) is a finite horizon,

define the state sequence <13k\t>;]:7:0 recursively as

Lojt = ()

Tpy1fe = f(@re,ur), VYV k € Zpn_y-

Let the states be constrained by z(t) € X € R" and the inputs by u € U € R™". Let
q: XxU — R>q be a cost metric mapping a state-input pair to an associated cost. Further,
denote a terminal cost as p : X — R™" that is applied to the final state in the sequence of

predictions, z ;. The cost associated with a specific input sequence, u, can be written as

N-1
J(z(t),u) = p(zn)) + Z q( Tk, Up)e)-
k=0

The final element commonly seen in MPC is a terminal constraint 7 C R™" applied to x Nt
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With these definitions, the full, constrained optimization problem can be written as
J(xz(t)) = min J(z(t),u) (3.2)
UG(R"”)N
s.t. Tkt e X Vke Z[(),Nofl],
Ugle € U vke Z[O,Ng—l]v

The optimal cost, J(z(t)) is referred to as the cost-to-go for state z(¢). The optimizing
input sequence from z(t) is denoted as u(xz(t)). Its first element is applied to the dynamics,
creating the closed loop system z(t + 1) = f(x(¢),uo(t)) or, more concisely, z(t + 1) =
PO ().

A common way to establish stability in MPC is to select costs and constraints that
make the cost-to-go a Lyapunov function. This is especially useful if the system is linear,
the constraints of polyhedra containing the origin, and the costs are convex (e.g. quadratic

norms). For a full discussion on the topic, refer to [55, Ch. 2].
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Part 11

Stability and Feasibility in

Centralized Systems
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Part II - Introduction

In the following chapters, centralized systems are studied, and we seek to both stabilize
them and render them persistently feasible. These are important results with value both

in their own application and as foundational concepts for more complex system structures.

Chapter 4 finds the dwell times required to ensure system stability. To accomplish this,
a novel, sub-optimal, explicit MPC design is used to find bounds on the optimal cost-to-
go. This secondary contribution provides a method of quickly finding a piecewise-linear
controller that respects system constraints. This can be seen as an alternative to standard
algorithms to design explicit MPC with lower storage and computational requirements Such

a controller could find use in embedded or high-speed applications.

Chapter 5 defines time-varying feasible regions, known as safe-set collections, that will
ensure both the stability and feasibility of the switched system. These results hold even if
some of the system modes are ill-behaved (e.g. uncontrolled and unstable). This is an im-
portant case because it can represent temporary system failures and other non-sustainable
but possible modes of operation. However, it has been largely neglected in the literature.
Feasibility results rely on pre-set operations while stability arises from contractive sets.
Unlike the previous chapter, it is assumed that switching constraints are fixed and the

controller must be designed to handle them.
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Chapter 4

Computationally Tractable Stability Criteria for
Exogenously Switched Model Predictive Control

1 As discussed in Chapter 1, many systems experience sudden, exogenous changes in their
dynamics and constraints. Consider an autonomous vehicle that senses a nearby vehicle
capable of making jointly optimal decisions. This creates new constraints and the dynamics
switch from independent to collaborative. Similar instances will arise frequently while
driving. These switches can destabilize systems, even if each discrete mode of operation
is stable. An intuitive example of this is a child’s swing. If the child does nothing, the
swing will eventually come to rest. However, by switching their body position at the end of
each stroke (e.g. changing the system’s dynamics), the equilibrium point becomes unstable.
In this chapter, a method of ensuring stability for switched systems when under MPC is

discussed.

Systems with external switching pose unique challenges to establishing stability since
definite statements on the system’s trajectory are elusive. Prior works have developed
criteria to ensure stability under switching. Early work, such as [9], focused on deriving
asymptotic stability criteria for unconstrained linear autonomous systems. Another early
work developed stability and optimality conditions for unconstrained Markov jump linear
systems (MJLS) under receding horizon control [75]. In [27], an upper bound on the optimal
value was used to find switching rate constraints that ensure stability but no comprehensive
process was provided. Switching rate constraints were also used by [28] to establish stability,
feasibility, and robustness, but the procedure was extremely computationally expensive.
Additional input constraints and special terminal elements were used to stabilize switched
linear systems under model predictive control in [26]. Each of these previous works either

cannot be extended to MPC, suffers from computational intractability, and/or requires

!The results in this chapter were developed by Richard A. Hall under the guidance of Dr. Leila J.
Bridgeman. They were previously published in [J1].
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quantities that are difficult or impossible to compute.

In this chapter, we build upon [26-28, 75] by providing a comprehensive stability anal-
ysis procedure with reduced computational costs that can be applied to standard MPC.
This will be achieved by expanding standard stability results that require a monotonically
decreasing cost-to-go. Sudden jumps in the cost-to-go following switches are allowed while
maintaining a downward trend over the whole trajectory. The proposed stability analysis
will apply to constrained, linear, systems under MPC experiencing exogenous switching
with either minimum or average dwell time constraints.

In section 4.2, several previous results are examined in depth. This positions the chap-
ter’s results in the current literature and allows their results to be built upon and contrasted.
Next, section 4.3 proposes new criteria to ensure stability under classes of switching signals.
These criteria require bounds relating to the mode-dependent costs-to-go, so a process is
developed to compute these in section 4.4. A discussion of the different approaches and

their relative benefits is followed by two numerical examples in section 4.5.

4.1 Preliminaries

4.1.1 MPC of Switched Systems

This section extends the discussion in section 3.3.2 to include systems switching according
to the signal o. Consider a system comprised of M € Zj; ), linear time-invarient (LTT)

modes with states z € R® and inputs v € R"". Each mode has the form
2(t+1) = Aya+ Byu = f,(w(t), u(t)). (4.1)

where A, € R"™*" and B, € R"*"". The subscript 4 € M £ Zp ) indexes the
mode of variables that can switch. The system is subject to state and input constraints,

re X, C R™ and u € U, C R™" respectively, where X, and U, are C-sets.

MPC relies on predictions of future states over a mode-dependent horizon N, € Z ).
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These predictions use eq. (4.1) with a known initial condition, xg, and input sequence,
ue€ <L{M>N“. The resulting predicted state after & < N, steps is denoted ¢, (zg,u : k) or
Tyt = ¢u(xo,u : k) when the input sequence, initial value, and mode are clear.

Objective functions quantify the merits of the state and input trajectories. The one
considered here is

N,—1

Tu(@o,u) 2 pu(eng) + D ul@r w), (4.2)
k=0

where p,(z) £ 27 P,z and q,(2,u) £ 27Q,x + u' R, u are the terminal and running costs.
The weight matrices, Q,, R, and P,, are assumed to be positive definite.
MPC finds an input sequence, u, that minimizes J,(zo,u) while respecting input and

state constraints, including a terminal constraint by solving

Tul(t) = i Tulw(t),v) (4.3)

st wpy = Aprp_1 + Buuk—1 V' k € Zjy N, 11,
Ty € Xy VEkE€Zpn,-1),
up € Uy Y kEZpn,-1]

LUNH‘LL c 77,6

Denote the set of all states at which eq. (4.3) is feasible as F,, C X),. After finding u, its
first element is applied to the system. Then eq. (4.3) is re-solved at the new state and the
process is repeated. This results in an implicit optimal feedback control law, KZ(QZ) = uy
and state update equation z(t + 1) = fMPC(z(t)).

Without switching, a careful selection of P, and 7, establishes Lyapunov stability and
persistent feasibility [55, Ch. 2]. By setting P, equal to the solution of the discrete algebraic
Riccati equation (DARE), the objective function will continually decrease at each step and
is 0 at the origin. This allows it to serve as the system’s Lyapunov function, proving

Lyapunov stability. Furthermore, feasibility can be established by setting 7, equal to a

positive invariant set under the linear quadratic regulator (LQR) control law, K;°[55].
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4.1.2 Switching Signal Constraints

Switching signals can be classified according to their dwell times. The mode-to-mode
dependent minimum dwell time (MM-min-DT) of the switching signal o is D7 € RM*M

with 1 along the diagonal and all other elements given by

dzlvug é mkin Tk+1 — Tk s.t. O'(Tk.) = U1, and U(Tk+l) = L.

The mode dependent minimum dwell time (M-min-DT), d” € RM is found by taking the

minimum, off-diagonal element of each row of D,, cle = ming,, 2, d Finally, the

(e}
H1,p42°

signal’s overall minimum dwell time (min-DT), d” € R, is the minimum element of .

In a similar way, the average dwell time (avg-DT), M-avg-DT, and MM-avg-DT can
also be defined.

Definition 4.1 (Ch 3, [13]). Denote the number of switches in a signal, o, during the
interval t € Zy, r,) as Ny(k1,k2). Then o has an average dwell time of d if there exists a

constant, Ny, such that, for all ko > k1 > 0,

To extend this to the MM-avg-DT and M-avg-DT case, define the functiont,,, ,,, : Z — Z

recursively as

t“aaﬂb(o) = 0
by () + 1 0(k) = pa Not (k) =

tﬂ‘ayﬂb (k + 1) =
e (K) else

This function tracks the amount of time the system as spent in mode u, when the next
mode is pp. To get the total time spent in y,, the function t,, (k) £ > iyt L (K) 18

defined. Using these functions, the definition of avg-DT can now be extended as

Definition 4.2. Denote the number of switches in o during the interval ¢ € Zy, j,) from
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o to pp as Ny (k1, ko, ta, ttp). Then ci,m,,% is an pg-to-up-average dwell of o if there exists
a constant, Ny, such that for all ko > k1 > 0,

Ny (K1, k2, fa, pn) < No + t“a’%(b? — t#a’%(kl)~

Ha>Hb

Definition 4.3. Denote the number of switches in a signal, o, during the interval t € Z,, 1,
from pi, as Ny (k1, k2, p1q). Then cZHa is a pq-average dwell time of o if there exists a constant,

Ny, such that for all ks > k1 > 0,

t, (ko) —t, (k
Ny (k1 k2, pta) < No + po (k2) = by (k1)

Ha

The signal’s full MM-avg-DT, T € RM*M can then be defined as a matrix with 1 along
the diagonal and every other element, T}7 . satisfying Def. 4.2. The signal’s M-avg-DT,
€ RM , can be defined as a vector where each element, :&Za, satisfies Def. 4.3.

The set of all signals with an min-DT of at least d is given by ¥q = {o|d° > d}. Anal-
ogous definitions for M-min-DTs, MM-min-DTs, avg-DTs, M-avg-DTs, and MM-avg-DTs
follow directly.

Some works, such as [65], provide additional constraints to ensure feasibility despite

switches. To instead focus on stability and unify multiple approaches, the assumption

below is made.

Assumption 4.1. The switching signal, o(-), switches only when the current state is within

the feasible region of the destination mode. Formally, ¥ k € Zp o, T(tk) € Fo(ty)-

This assumption does not appear to be conservative based on the numerical examples
included at the end of the work since the computed dwell times are longer than those

required to ensure feasibility.

4.2 Regaining Stability Under Switching

Under exogenous switching, switched stability is not immediately inherited from the stabil-

ity of individual modes [9]. This can be qualitatively seen in the classic example recreated
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Figure 4.1: The value function of a switched system with two stable modes. Even though,
while in each individual mode, the Lyapunov function does not increase, ill-timed switches
allow the system to “climb” the level sets.

in figure 4.1. Stability can be regained, however, by imposing restrictions on the switching
signal’s dwell time characteristics or its transition matrix. There are, broadly speaking,
two approaches: given a class of switching signals and dynamics, design a controller that
ensures stability; and given a switching controller and dynamics, find the set of switching
signals that ensure stability. Works such as [27] and [75] take the former approach while
this work and others such as [28] take the latter. Both have strengths that make them well
suited for different applications. The first may be useful in applications where switching is
assumed, such as the manual transmission of a vehicle. Compare this with collaborative
robotics where communication loss is possible, though not guaranteed. In this case, it may
be a poor design choice to specialize the controllers to handle potential fast switching. It
may be better to use an optimal controller in both cases and then compute the quality
of communication hardware required to ensure the switching will not be overly fast. This

would be done using the second approach.

4.2.1 MPC Reachable Sets

In [28], set operations establish both stability and feasibility of externally switched linear
systems under MPC in nominal and disturbed cases. A minimum dwell time ensures every
trajectory beginning in an initial set will be in a target set once the dwell time expires. The

target set is selected to establish feasibility or stability. More formally, define the k-step
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MPC reachable set operation for mode u recursively as

R’LI\:[PC(O’ X) 4L X7 and
A
RZIPC(k’X) A {x | Jove RZIPC(/{?_LX) s.t.x = f/l:lpc(v)}

where f7 R™ — R™ is the closed loop dynamics of the system in mode p under some

MPC controller. Feasibility is established by enforcing M-min-DTs that satisfy

R, F) S () Fa2sS (4.4)
REZ[1 )
where dg represents the minimum dwell time of mode p. Within the set S, any switch will

maintain feasibility since the state is within the intersection of all feasible sets.

As the system converges, the required minimum dwell times decrease. Therefore, [28]
defines different M-min-DTs for each stage of switching. Denote the M-min-DTs used
during the k" stage for mode y as dﬁ. Although more granular methods for computing the
stage dependent M-min-DTs are given in [28], if the values of d, satisfy eq. (4.4), then the
set of possible states after the first switch can be conservatively assumed to be the entire

set S. It will be enough, then, for d/’j V k € Zj1 50 to satisfy
RyP(dy +7.8) S VT € Lig gy _a)- (4.5)

Stability in [28] is established similarly to feasibility. The primary difference is that
the target set, S, shrinks after each switch, driving the state to the origin. This requires,
however, an infinite sequence of dwell times to ensure stability. To remedy this, the authors
use [d*°, §]-contractive sets, O, where 0 < § < 1 and d* is a M-min-DT set [66]. The set,
Ogoo, is defined so that, given a system switching between a set of autonomous modes while
respecting the M-min-DT d°°, any initial condition within Ogm will be within 5’“(9300 after
k switches. Once the target set is a subset of 0%, by the definition of [d*°, §]-contractive

sets, the state will converge to the origin if the M-min-DT's d*° are respected.
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To summarize, there are three stages to establish stability. In the first, a set of rel-
atively large M-min-DTs drive every state in the feasible regions of each mode into the
set S. In the second stage, M-min-DTs are found that continually drive all states in the
previous switching instance’s target state into a new, smaller target state. The third stage
begins when the target set is within a [d*°, §]-contractive set. At this point, a single set
of M-min-DTs is used for all future time and stability is established from the definition
of [d*,d]-contractive sets. The authors expand these results to the robust case and also
provide a number of different options similar to the one above to show stability. See [28§]
for additional details.

The methods developed in [28] are both comprehensive and accurate. In many cases,
they will provide all the needed tools to analyze a switched system under MPC control.
There are, however, some notable drawbacks. The primary one relates to computational
challenges. The reachable set operation requires the optimal input at many points. In
higher dimensions, with hundreds or thousands of vertices in the feasible regions, this could
lead to numerical problems and long computation times. While the computations will be

made exclusively offline, it could still be a problem in certain applications.

4.2.2 Objective Function Net Decrease

In [27], the switching signal is known to respect a global min-DT, d, and provides a preview
of future switches over the horizon, N. This preview, &(t) € (M)", is used by the objective
function, J (z,5), to create an accurate forecast of the state evolution and costs. Define

~v > 0 such that, for all feasible states and switching previews, there holds
J(z,5) < y2T Qx (4.6)

Then, [27, Theorem 2] states the system is stable if

log(7)
4> et/ - 1) (4.7)
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Although egs. (4.6) and (4.7) can be used to prove a net decrease in the objective function
with periodic jumps, [27] did not provide means to establish -, which may depend on d.
The process to utilize this idea starts by assuming d > N. This implies that no more than a
single switch can occur inside the preview. From this, v can be found that satisfies eq. (4.6)
and a lower bound on d, d, can be computed using eq. (4.7). If d > N, then the min-DT
can be set equal to d and the process ends. If, however, d < IN, then a bisection search can

be used to iterate the initial guess of d = N to the minimum value.

Once the min-DT is found, a linear matrix inequality (LMI) is used to get the terminal
costs and linear control laws for within the terminal region. Using the control laws, terminal
constraints are generated using [27, Algorithm 1] that loosen after a switch and tighten until
the dwell time has expired. This ensures that the system remains feasible under switching
without requiring overly restrictive constraints when a switch occurs.

The process in [27] benefits from using tailored terminal costs and sets, naturally enforc-
ing feasibility without needing assumption 4.1. Unfortunately, no algorithm was provided
to compute v in eq. (4.6). This is a crucial component to apply this work and so, currently,

there is not a comprehensive process to utilize it.

4.3 Unifying Stability Criteria

This work expands concepts from [9] to switched MPC. These concepts were originally
developed in the context of autonomous systems, and prove a downward trend on the value
of J (-) while allowing for jumps after switches. This drives the objective down to its lower
bound of 0, implying convergence.

Let S, ., be the maximum factor of increase in the cost-to-go when the system switches

from pg to g,

.:k«

()

(4.8)

S £ max 4L
P aeX T (@)

In general, it is difficult to find S, ,,, since it involves non-convex optimization. Instead,
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an upper bound is found as

(4.9)

where the functions JﬁB () and J[L] B(z) are respectively the lower and upper bounds on

the cost-to-go of mode p from z. These bounds are found in section 4.4.1 and section 4.4.2.

Let 0 <, <1 be the dwell step decrease,
Ju(fYPC(2) < yudu(z) V€ X, (4.10)

The existence of such a value is ensured by each mode’s Lyapunov stability. Its value is

found in section 4.4.3.

4.3.1 Minimum Dwell Time Approach

Using the quantities defined in eq. (4.9) and eq. (4.10), conditions on the switching signal
can be identified that ensure the system is stable. The first uses the MM-min-DT and

conditions using M-min-DT and min-DT follow directly.

Theorem 4.1 (Stability by MM-min-DT). Suppose eq. (4.3) switches according to o (-) €

Y p where d;; =1 and
— log S@j

£ i 4.11
og 7, i # ] (4.11)

ivj =
Then the system is Lyapunov stable.

Proof. Given any switching signal o € ¥ p, denote the active mode between 7; and 7,41 as

o;. From the definition of v,, we have

Jo,(@(t + 1)) < 90,5, (2(t) VEeEZ

Ti,Tit1]"
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This can be expanded to the entire dwelling period,

v

Jo(@(ri1)) A3 T (2(7)) < 70 7 T (7))

v

do, o . .
Using eq. (4.9), this becomes Jo, ., (2(7i+1)) < Yo, " Sioy 00411 Jo: (2(73)). To establish
da- o; .
a decrease between switching instances, the bound, 7, " "*! S(oi,0i41) < 1, can be imposed.

Solving for dy, ,,, produces the result in eq. (4.11). O

Corollary 4.1 (Stability from M-min-DT). Suppose a system switches according to o () €
Y7 where d; = max;.; d; j where d;; € D satisfying Theorem 4.1. Then the system is

Lyapunov stable.

Corollary 4.2 (Stability from min-DT). Suppose a system switches according to o (-) € X4

where d = max d with cfsatz'sfymg corollary 4.1. Then the system is Lyapunov stable.

4.3.2 Average Dwell Time Approach

The signal’s avg-DT, M-avg-DT, and MM-avg-DT can also be used to establish the system’s

stability in much the same way that the equivalent min-DT constraints did.

Theorem 4.2 (Stability by MM-avg-DT). Suppose eq. (4.3) switches according to o(-) €

Y7 where af“ =1 and cf” satisfies

5 —log Si P,
di i = ——=>"4 . 4.12
Then the system is asymptotically stable.

Proof. The proof is omitted here for brevity but follows similarly to [76], however, the

periods between switches with different mode transitions must be treated separately. [

Theorem 4.2 can be extended similarly to how Theorem 4.1 was extended by corollar-

ies 4.1 and 4.2.
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4.4 Computing Required Values

The previous results rely on several values whose computations are not trivial. This section
describes a process for their computation in eq. (4.1) under the MPC controller eq. (4.3).
Common software such as MATLAB can be used for these computations and a full imple-
mentation is available at [M1].

If possible, the most accurate way to compute these values is using an explicit control
law to generate the exact cost-to-go in each mode, resulting in constraints that are less
conservative. In many cases, however, this may be too difficult to compute and the following

lower and upper bounds and dwell step decreases are suggested.

4.4.1 Lower Bound

The unconstrained LQR cost is a suitable lower bound on the cost function [55]. The LQR
cost can be computed using the terminal weight matrix, P,, since it satisfies the DARE.
The lower bound simply becomes

J(t) > T (2(t)) £ 2T Pya. (4.13)

o

4.4.2 Fragmentation Upper Bound

The fragmentation upper bound, JY B (z), uses the properties of linear convex systems to
create a sub-optimal, piecewise-linear control law over a set S. When seeking JY B (x) to
compute the min-DT, a sensible S is the intersection of all feasible regions, F. JY B™ (x)
computed over this set, however, would not be valid over the entire feasible region of each
mode. A more general (though more conservative) approach would be to set S equal to
Fo. This is required for more granular approaches such as MM-min-DT constraints. If F,

has an excessively large number of vertices, S could also be an inner approximation.
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Given a compact polytope, S C F, denote its minimal set of vertices as
V ={v1,vg, - ,u,} € R™*

Note that the subscript ¢ is dropped till the end of this section. Each vertex, v;, has an
optimal input sequence minimizing eq. (4.3), denoted i,,. Denote the j* element of this
sequence as iy, ;. Since S is a convex polytope, for each z € S, there exists a vector,
RS Rﬁll] such that Zn n; <1 and x = Vn. Using n, a convex combination of the optimal
inputs at the vertices can be constructed, creating a sub-optimal but feasible input at x.
Since V' does not form a minimal basis of S, there are many values n can take, making its

computation difficult. To overcome this, several definitions must be introduced.
Definition 4.4 (n-simplex [51]). A polytope in R™ with n + 1 vertices.
Definition 4.5 (Wedge). An n-simplex with a zero vertex.

Definition 4.6 (Fragments of S € R™). Any collection, Wg, of non-intersecting wedges

whose union is equal to S.

Denote the non-zero vertices of W, € Wg as V; € R"*". Each x € W can be described
as a convex combination of these vertices with coefficients n = Vl-_lx. Since V is the set of
minimal vertices, V; must be full rank and VZ»_1 exists.

With this expression for n within W;, a linear control law for a feasible control sequence

R™ ™ where each column is the optimal input,

can be constructed. Create a matrix, U” €
Uy, j € Uy, aligned with its corresponding vertex, v, € V;. Since the input constraints are

convex, a feasible, sub-optimal input sequence for € W; can be found with
A N N-l gy -1 N-1
Ui(z) = <Uz;ﬂ?>j = <Uz‘,sz- $> = (Kijz);—o - (4.14)

Since 0;(z) is feasible, its cost-to-go upper-bounds the optimal cost-to-go. This sub-optimal
cost-to-go can be computed using the batch form of the objective function, J(z,u') =

2TYx + 207 Fal + (0")THa', where the quantities Y, F and H are defined as in [51] and
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QI € RN™ is a vector made by stacking the elements of G;(x). Using the linear control laws
from eq. (4.14), ﬂj can be computed as ﬂj(z) £ [Kio; . Kin-1]r = KZT:L‘. Substituting
this into the batch cost creates the upper bound within W; of JYB(z,i) = 2T M;x where
M, 2Y + QFKiT + (Kj)THKlT To construct the upper bound over all of S, define the
function MC‘,S : R™ — R™ "™ and Kf : R™ — R™*" that map « to its wedge’s M; and K

respectively. That is,

MS(x) & M,; st. xeW;, € Ws (4.15)

KS(x) 2 K,i0 st. € W; € Ws (4.16)

Note the restoration of the o subscripts, indicating which mode the dynamics and cost

weights are from. Using these, a piecewise quadratic upper bound can be defined as

J(t) < JUB  ((t) £ &7 ME (x). (4.17)

4.4.3 Dwelling Step Decrease

Using Jg(]%g (x(t)) and Jﬁg) (2(t)), 7o can be found. The inequality, J,(fMFPC(2)) < J,(z)—
4o (, ks (z)), follows from setting the terminal cost to be the solution to the DARE [55].
This can be rewritten as

jg(fg/lpc(x)) < <1 - M) jg(:z) < max <1 - xTQ:E) jg(as)

N Jo () z€Fy T Mo (z)x

The maximization can be efficiently computed using the Frank-Wolfe algorithm [77]. This

T
Vggmax<1—xQx>.

ceFs 2T MT (x)x

creates the bound,

For systems that respect the following assumption, a tighter bound on 7, can be pro-

duced.

Assumption 4.2. Using the control law developed in section 4.4.2, for all x € F,, the
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following inequality holds

9o (2, Ko (2)) 21(Q+ (K77 ()" R(K77 (x))x

Jo(x) eTMT (z)x (4.18)

Under this assumption, 7, can be bound by

z7(Q + (Kf“(w))TR(Kf“(ﬁ)))w) _

<max|1-
o= < T M7 (2)x

CEEFO‘

Since 7, has such a dramatic effect on the signal constraints, it is desirable to satisfy as-
sumption 4.2. A procedure to check this assumption is left for future work. However, in the
following simulations, the assumption was satisfied within numerical tolerance suggesting

that it is not restrictive.

4.5 Numerical Example

Two sample problems contrast this work with [28]. The first is a macro-economic model
representing different states of the economy with three modes in R? [78]. The second models
the distance between two vehicles in R? with aggressive and defensive modes. This example
is inspired from caravaning autonomous vehicles[79]. table 4.1 summarizes the results and

the runtimes are shown in figure 4.2.

The dynamics of the macroeconomic system, are given by (A1, B1) = ([0,1; —2.5, 3.2], [0;
1)), (A2, Ba) = ([0,1; —4.3,4.5],[0;1]), (A3, B3) = ([0,1;5.3, —5.2],[0; 1]). The running cost
weights are (Q1, Ry) = ([3.6,—3.8; —3.8,4.9],2.6), (Q2, Ro) = ([10,—3;-3,8],1.17), (Q3,
R3) = ([5,—4.5; —4.5,5],1.11). The input constraints of all modes are —5 < u < 5. The
states constraints are X3 = {z € R" | I|z] < [20;20]}, X5 = {x € R™ | I|x| < [40;50]},
and X3 = {z € R" | I|z| < [60;50]}. The modes all share a horizon length of N = 4.
With this system, the methods from this work produce constraints on o are significantly
more conservative than those from [28]. Holding assumption 4.2 to be true decreases them

dramatically.
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Table 4.1: Comparison of the signal requirements on the numerical examples to ensure
stability using various methods. The columns Al and A2 indicate if Assumption 1 and
Assumption 2 respectively are required.

Method Al A2 Stability Constraints - 2D, 3 Modes Stability Constraints - 3D, 2 Modes
Cor 1 v X min-DT of 64 min-DT of 71
v min-DT of 22 min-DT of 11
Cor 2 4 X M-min-DT of [22, 56, 64] M-min-DT of [71,69]
v M-min-DT of [16, 22, 8] M-min-DT of [9,11]
Thm 1 v X MM-min-DT of [1,22,20;4,1,56;1, 64, 1] MM-min-DT of [1,22,20;4,1,56;1,64,1]
v MM-min-DT of [1,16,14;2,1,22;1,8,1] MM-min-DT of [1,16,14;2,1,22;1,8,1]
Thm 2 v X Switch probability of 0.985, avg-DT of 64.1 Switch probability of 0.991, avg-DT of 105.9
v Switch probability of 0.955, avg-DT of 21.1 Switch probability of 0.936, avg-DT of 14.7
[28, Thm 3] | X X i" switch’s M-min-DT is: [6,6,5], [4,6,4], | i'" switch’s M-min-DT is: [16,4],[16,5] X
[3,5,2], [2,4,2], [2,3,2], [3,2,2], [2,1,2]. 7,[15, 5],[14, 5], [11,5],[7,5],[3,2],[1, 1].
M-min-DT for others is [2, 1, 2] M-min-DT for others is [1,1]
[28, Cor 4] X X 1°% switch’s M-min-DT is [8, 7, 7]. M-min-DT for 1°% switch’s M-min-DT is [24, 17]. M-min-DT for
others is [2,1, 2] others is [1,1]

In the second example, the 2 modes have differing sampling times of T5; = 0.1 and

Ty = 0.15. These alter the system’s dynamics given by the state space pair (4;, B;) = [1,

2 2
Tz“', %; Ts,0;0,Ty;]. The running cost weights are defined as(Q1,

Tsi, —Tsi;0,1,0;0,0,1], [
Ry) 2 [diag(0.5,0.25,0.15), diag(1.1,0.825)], (Q2, Ry) = [diag(0.5,0.25,0.5), diag(0.825,
1.1)]. The input constraints of all modes are —0.3 < u < 0.1. The state constraints are
X = {r € R" | [I,-1]Tx < [10,0.6,0.6,0.53,0.2,0.2]T}, Xo = {x € R* | [[,-I]Tz <
[5,0.5,0.5,0.4,0.2,0.2]"}. The modes have horizon lengths of Ny = 5 and Ny = 4. In this
example, the constraints on o are relatively less conservative compared with the previous

example. If assumption 4.2 is true, than they are decreased by a larger factor than in the

first example.

4.5.1 Computational Complexity

The two numerical examples both demonstrate that the methods proposed here preform
significantly faster than [28]. The complexity of the factors effecting the runtime, however,
make a formal runtime analysis is beyond the scope of this work. Instead, some general

observations are examined.

The long runtimes from [28] stem from optimal inputs being required at each vertex of
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Figure 4.2: The runtimes of the different methods in the two examples. Though R? is still
a small system, the exponential growth in the runtime of [28] is clearly highlighted. Note
the y-axis logarithmic.

the starting set as it evolves to the safe set. The higher the resulting M-min-DT’s are, the
more times the optimal inputs are computed. In the methods proposed here, they are only
needed once. Therefore, for systems with very long dwell times the difference in runtimes
between the methods of [28] and those proposed here will be very large. However, if the

dwell times are small, then [28] will have runtimes comparable to those from this work.

4.6 Conclusion

This work explored several different approaches to ensure the stability of switched, linear
systems under MPC. A novel process was developed to do this for systems with switching
signals that either have dwell time constraints or switch according to a Markov chain. A
collection of numerical examples was conducted demonstrating the numerical efficiency and
flexibility of the proposed process, and its results were compared with a related work [28].
Though the results were more conservative than those in [28], the numerical efficiency was

greatly increased and the range of applications was improved.

A secondary contribution of this work was the development of approximate, explicit
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MPC with control regions defined by wedges of the feasible region. This allows the rapid
computation and deployment of feasible, piecewise-linear controllers for constrained linear
systems.

It should be noted that this chapter only considered stability and was restricted to
systems using MPC. Future chapters will study more general systems, and allow feasibility

to be studied as well.
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Chapter 5

Switched Systems with Transient Unsustainable
Modes: Stability and Feasibility

IThe previous chapter studied the loss of stability guarantees when a system is under
external switching. This chapter, however, focuses on the broader goal of ensuring stability
and feasibility under external switching. As with stability, external switching can cause
the system to violate state constraints if not accounted for in the controller design [9]. For
example, if the state constraints differ between modes, a state may exist that satisfies one
mode’s constraints but not another’s. A naive controller could arrive at this state, and the

state constraints may become violated after a switch.

To address the loss of feasibility and stability in switched systems, the rate of switching
can be bounded. This concept has been a common approach in previous externally switched
system literature [J1, 24, 28, 31, 80-83]. In the context of constrained switched systems,
both deterministic, min-DT constraints [J1, 28, 31, 81, 82] and stochastic, average dwell
time (avg-DT) constraints [J1, 24, 83] have been used. Implicitly, these approaches assume
that dwelling is beneficial, and the longer the system dwells, the better it will reject the
problems associated with switching. This is not always the case, as there are many systems
where one or more modes may diverge from the equilibrium point or converge slowly. For
example, consider a system of collaborative robots with a switching communication layer.
Modes representing dropped or reduced communication are plausible and poorly behaved
[84]. Component failures in autonomous vehicles provide another example of unsustainable
modes [85]. In the emerging field of microgrid control, islanding modes (where the microgrid
must operate without support from the primary grid) may only be sustainable for a short

time before system performance suffers [86]. In the herding problem, the herding agents

!The results in this chapter were developed by Richard A. Hall under the guidance of Dr. Leila J.
Bridgeman. They were previously published in [J2]. They extend another published work where only
feasibility was considered and the attractivity of the equilibrium point was not examined [C3]
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must switch their focus, or else herded agents may escape [23]. Finally, a user-selected,
high-performance mode, such as an over-boosted mode in automotive engineering [87], may
only be able to run for a short time. Dwelling in these poorly performing modes will degrade
system performance, so the more important quantity is the maximum length of time spent

in these modes, not the minimum.

Previous stability results for switched systems with unstable modes have relied on finite
maximum dwell time (max-DT) constraints that limit the amount of time the system can
remain in unstable modes [62-64, 88, 89]. If the system’s poorly behaved modes are all
transient (that is, they have a finite max-DT), then their negative effects can be bounded
and compensated for while dwelling in the stable modes, and the stability of the full system
can be established. Systems with only unstable modes have also been studied[90]. Well-
timed switches were used to regain stability. These previous works, however, only examine

unconstrained systems and, therefore, had no cause to examine the system’s feasibility.

The previous two paragraphs have described two fields of study in switched systems.
The first considers systems where the switching rate has been bounded above so that the
(assumed beneficial) dwelling periods overcome the loss of performance from switching.
Both stability and feasibility are considered. The second considers systems with some
modes that hinder the system performance and techniques to stabilize them. This was
done by applying max-DT constraints to these modes, limiting the length of time spent in
them. Here, these results are bridged, providing time-varying state constraints that lead to
both persistently feasible and stable systems with poorly behaved modes under all possible
switching signals. These state constraints can be used by controllers that satisfy state and

input constraints, including MPC.

5.1 Preliminaries

This chapter makes use of terminology from metric temporal logic [91]. Specifically, the

following definition will be used.
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Definition 5.1 (Always-eventually true). A proposition, p, is always-eventually true if for

all t1 € Z>o, there exists a future time, to € Z~;, such that p evaluates to true.

Lemma 5.1. If proposition p is always-eventually true and p™(t) denotes the number of

times p has been true at time t € Z>q, then

lim p*(t) = oco.
A pr(t) = oo

Proof. If the lemma does not hold, then the limit converges to some integer, n < co. Since
p>(t) is integer valued, 3 7, € Z>o such that p*(t) = n. Since the limit converges here,
Vté& Zsr,,pis false. However, this violates the assumption the p is always eventually true.

Therefore, the lemma must hold. O

This work relies heavily on set operations and properties. In particular, the following

result shows how scaling the input of the preset operator relates to its output.

Lemma 5.2 (Preset Scaling). Let X € R™, U € R™, and S € R™ be conver sets
containing the origin. Given the discrete, linear constrained dynamics x+ = Ax + Bu,

re€X, uel, and any v € Ryg 1}, it holds that

yPre! (S) C Pre!' (4S).

Proof. Define the variables z = yx and w = ~u. Since X and U are both convex sets

containing the origin, v C X and v/ C U. This implies that

yPre! (S) = {vz | Ju €U st. Axr + Bu € S}

={z| 3w eEUs.t. Az + Bw € 4S8} C Pre! (1S).
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5.2 Problem Description

The system under examination switches between modes according to a switching signal.
This section discusses the switching signals and system dynamics to set the stage for the
key contributions of this work; examining how restrictions on a switching signal can be ex-
ploited to enable less conservative stability and feasibility criteria for controller design. The
challenges associated with ensuring this system’s feasibility and stability are also discussed

to further motivate the results of this work, and a brief overview of the results is given.

5.2.1 Switching Signal

A switching signal, o : Z>o — Zj; s, maps the current time to an integer index. The
current and past values of the switching signal are available to the controller without error.

Denote the time of the k™ switch as 7, € Z>q which is defined recursively as 7y = 0,
Tps1 = min{t > 75, | o(t) # o(r)}. The most recent switch time is defined as 7, (t) =
max{7g s.t. 7 < t}.

The external source of the switching signal often dictates minimum or maximum switch-
ing frequencies or restricts what modes can transition to one another. These properties can
either be actively induced or passively identified in the system under study. An active
example would be a higher-level controller triggering switches no faster than some max-
imum rate [9]. Conversely, statistical analysis providing information on the frequency of
environmental triggers gives a passive example[92].

A switching signal signal is said to respect the min-DT constraints, D = {d;,...,d,;} €

Z%, and the max-DT constraints, D = {&1, ...,EM} € Z%, if
d# < Tpy1 — T and Elt > Tpy1 — Tk Vk € Z>g s.t. (1) =, Yu € Z[l,M]‘ (5.1)

Furthermore, the signal satisfies the successor constraint, S = {Su}ﬁ/[:1 if o(t) = p implies
that o(t+1) € S, C Zyy py for all t € Z>o. Represent a collection of min-DT, max-DT, and

successor constraints with C' = {D, D, S}. The set of signals that satisfy a given collection
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Figure 5.1: Status evolution of a 2-index switching signal where index 1 has a min-DT
constraint of 2 and a max-DT constraint of 3 while index 2 has a min-DT constraint of 2
and a max-DT constraint of co. Each node of the graph represents a status of the signal
and the connecting lines indicate how the status can evolve in a single time step. Edge
weights, 7; ;, represent contraction factors as described in section 5.3.

of constraints is denoted by X(C). The switching signal constraints, C £ {D, D, S}, are
provided at design time and the system’s switching signal respects these constraints, o €
3(0).

Denote the number of steps the signal has dwelt in the current index as §(t) = t—7 (t)+1
and the status of the switching signal as the pair A(t) = (o(t),d(t)). Constraints on a
switching signal restrict how the signal’s status can evolve in a single time step. For
instance, o(t + 1) must satisfy the current successor constraint, and the time elapsed will
depend on whether or not o(t) = o(t + 1). This is illustrated in more detail in figure 5.1.
Notice that the potentially infinite chain of statuses for index 2 (representing the potentially
infinite time spent dwelling in index 2) is collapsed into status (2,2) with a self-loop. Since
all statuses (2,d), d € Z > 2 can either dwell for up to an infinite number of steps or switch
to status (1,1), they are considered equivalent. To accommodate these equivalent statuses,
the capped dwell time is introduced which stops incrementing when the equivalent statuses

are reached.
o(t) dy () < 00
5(t) = © : (5.2)

min{d(t),d, )} otherwise

46



Using this, the status of the switching signal is redefined as the pair A(t) £ (o(t),(t)).
The finite set of all realizable statuses associated with the constraints C' is denoted A(C),
and the set of possible next-step statuses from status )\ is denoted as AT (A, C). For ex-
ample, given the C' represented in figure 5.1, A(C) = {(1,1),(1,2),(1,3),(2,1),(2,2)} and
A*((1,2),0) = {(1,3), (2, 1)}.

5.2.2 System Dynamics

This work studies linear systems that switch between M € Z-o modes. The p*" mode is
defined with the tuple

My = {Fs Xr Uy}

The first element, f, : R™ x R™ — R™, defines the mode’s linear dynamics, z+ =
fu(z,u) = Ayz + Byu. The next two, &), € R™, and U, € R™" define the mode’s state and

input constraints respectively. Given the modes M = {M,} ez, ,,, and the constrained

1,M

switching signal o € X(C), the system’s constrained dynamics are

2t +1) = fop (@(t), u(t)- (5.3)

The state and inputs are constrained respectively within the time-varying sets X, ), and
Uy (1)- Given some mode, i, and state, x € X),, an input, u € U,,, is feasible if fulz,u) € A,
Note, however, that the existence of a feasible input at time ¢ does not ensure that there will
be a feasible input at time ¢+ 1, implying that the system might not be persistently feasible.
A highly conservative method of establishing persistent feasibility could be to find a set C
that is a subset of all the state constraints and control invariant under every mode. No
matter the future switching trajectory, there will always be an input keeping z(t 4+ 1) € C.
This solution, however, makes no use of the switching constraints and leads to conservative
solutions. Furthermore, if any of the modes are not stabilizable, any common CI set will
only contain their equilibrium points. This discussion motivates the first problem addressed

in this work.
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Problem 5.1. Given the modes M = {M u}ﬂ/lev and switching signal constraints, C, find
new, tightened, time-varying state constraints that will ensure persistent feasibility of the

system under all allowable switching signals.

Persistent feasibility does not ensure the system will converge to the equilibrium point.
As with persistent feasibility, convergence suffers unique challenges when applied to exter-
nally switched systems. It is well-known that the stability of the individual modes does not
imply the switched system is stable[9]. The problem is further exacerbated when a subset
of the system’s modes are unstable or converge slowly. This is addressed by the following

problem statements.

Problem 5.2. Given the modes M = {Mu}ﬁil, and switching signal constraints, C, find
new, tightened, time-varying state constraints that will ensure convergence to the origin

under all allowable switching signals.

Problem 5.3. Given the modes M = {/\/lu}i‘f:l, and switching signal constraints, C, find
new, tightened, time-varying state constraints that will establish the exponential stability

of the origin under all allowable switching signals.

Some of the following results will require the system to respect certain properties. This

is summarized in the following assumption.

Assumption 5.1. For all modes, M, w € Z1 pp), the constraints X, and U, are closed,

convex and contain the origin.

5.2.3 Overview of Results

With this discussion in place, a high-level description of the proposed solution will con-
textualize the later sections. In section 5.3, time-varying state constraints are found that
are persistently feasible and attractive regardless of the realized constrained switching sig-
nal. However, these results only establish attractivity and feasibility, not stability, so it is

followed by section 5.4, which introduces contractive returnable sets for a class of linear
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switched systems with linear control laws. It is shown that, for all the states within the
contractive returnable set, the origin is a stable equilibrium point and system constraints
are respected regardless of the realized constrained switching signal. Finally, in section 5.5
these results are merged to create stable MPC with a maximal region of attraction. Ini-
tially, the controller uses the time-varying constraints from section 5.3. When the state has
converged into a contractive returnable set, however, results from section 5.4 establish the
trajectory’s stability. This idea is shown qualitatively in figure 5.2. There are parallels be-
tween this approach and the standard approach, which uses terminal costs and constraints
to establish stability and feasibility respectively within the MPC context. Traditionally, the
system’s level sets are based on the current cost-to-go which serves as a Lyapunov function.
Here, however, the level sets are constructed so that they are persistently feasible and will
converge to the origin regardless of the realized switching signal. This circumvents the fact

that, in a switched system, periodic increases in the cost-to-go are possible and expected.

Contractive safe-set collections

Y

Contractive returnable sets

Figure 5.2: Contractive safe-set collections establish the persistent feasibility and attrac-
tivity of relatively large subsets of the state-space. Once the states are adequately near the
origin, results from contractive returnable sets are used to establish the system’s stability
and persistent feasibility for all future time steps.
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5.3 Safe-Set Constraints

As discussed in section 5.2.1, the dwell time and successor constraints mean that the system
status, A(t), influences the switching signal’s next step. This suggests that the time varying
state constraints used to solve Problems 1 and 2 should be indexed based not only on the
current mode, but the current status. Recall that A(C) is the finite set of possible statuses
a switching signal respecting the constraints C' can take on, and A*((u;,d;),C) is the set
of successor statuses from (u;,d;). Using these, the key concept of safe-sets is introduced

as follows.

Definition 5.2 (Safe-set Collection). Given the switching constraints C' and dynamics
{Mu}ﬁil, the collection of sets {S(,.q)} (u.a)ea(c) Where Si,.q) € &y, V(i d) € A(C), make

up a safe-set collection if
8(u1,d1) < Pre}m (S(M2,d2)) V (u1,d1) € A(C), (p2,d2) € A+((,u1, di),C).

Note that the subscript added to the preset operator indicates which mode’s dynamics
to use. Safe-set collections can be viewed as a time varying CI set [55, Def. 2.27] that
accounts for switches in the system’s mode. Like CI sets, they can be used to establish
the existence of persistently feasible input sequence for a switched system as shown in the

following lemma.

Lemma 5.3. Let {S(M,d)}(u,d)eA(C) be a safe-set collection associated with the switching
signal constraints, C, and modes, M = {Mu}ﬁil. If z(tp) € Preclr(to) (8(a(t0) S(to))>’ then

there exists a persistently feasible input sequence for all o(-) € 3(C) and t € Z>y,.

Proof. This lemma is proved by induction. Let x(ty) € Pre},(to) <S(U(t0) S(to))> as stated
in the lemma. Select an input, u(to) € Uy, such that z(to + 1) = f,uy)(z(to), u(to)) €
S(a(to),S(to)) C X5(t)- Such an input is known to exist by the definition of the preset
operator and so the system is feasible in this step. Such an input would lead to z(tg+ 1) €

Pre}y(toﬂ) (S(a(t0+1) 5(t0+1))> by the definition of the safe-set collection. Repeating the
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above argument at tg+ 1 establishes a persistent sequence of feasible inputs and, therefore,

the system’s persistent feasibility. O

Remark. Note the safe-set indexed by the current mode-timer pair, (o(t),5(t)), is the
target set at time ¢, not the current set. Put another way, it may be that z(t) ¢ S(U(t) 5(t))’

but there must exist a feasible u(t) such that f,q(z(t), u(t)) € Siot).6(6))"

Though a safe-set collection can establish persistent feasibility, it provides no infor-
mation about system convergence. To address this, contractive safe-set collections are

introduced.

Definition 5.3 (I'-contractive safe-set collection). Given the switching constraints C, con-

traction factors,
L= {7 € Ro1trsert @) freae)

M
u:l?

and linear dynamics {M,} the collection of sets {S, a)}(udjeac) Where S, q) C

X, V(u,d) € A(C), make up a contractive safe-set collection if
Sty € Pl‘e,l,z (M2eS(inds)) VAL E (p1,d1) € A(C), Ao & (2, da) € AT(C, (p1,dr)).

Compared with Def. 5.2, contractive safe-set collections add a contraction factor to each
status transition. It is assumed that the contraction factors are provided by an external
source and their selection is not considered here. In general, the faster the contraction, the
smaller the safe-set collection — the need for rapid convergence must be balanced with the
size of the feasible region. At least one contraction factor less than 1 can be used to create

convergence to the origin as established in the following lemma.

Lemma 5.4. Let {S(u,d)}(,u,d)eA(C) be the safe-set collection associated with the switching

constraints C, contraction factors, I', and modes {Mu}fyzl that respect assumption 5.1. If

1. w(to) € Preg ) (Sw(to)ﬁ(to)))’ and

2. there exists \1 € A(C) and Xy € AT(C,\1) such that yx, », < 1, and the switching

signal will always-eventually transition between them,
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then there exists a persistently feasible input sequence that causes the states to converge to

the origin for all o(-) € X(C).

Proof. Without loss of generality, let tg = 0. Define

1 t=0
y(t) & and wmt) 2 [ v (5.4)
Mi-a@ >0 TE€Z[o,1]

By condition 2 and the properties of always-eventually switches[93], lim;_, o y11(¢t) = 0. An
inductive argument will now to used to construct a persistently feasible input sequence that
leads to z(t + 1) € “m(t)S(U(t) 5(1)) for all ¢t > tg, and, consequently, convergence. First, by
condition 1, there is a feasible input such that z(1) € S(5(0).500)) = VH(O)S(U(O),S(O))' For the

inductive step, let z(f) € v (f — 1)8(0(5_1) 5(-1))- Then the following holds.

() € ym(t — 1)3(0(571)73(5,1)) by assumption
x(t) € ym(t —1) (Prei(g) (’Y)\({_l) ADS 0, 3(5)))) by Def. 5.3
z(t) € Pre(lf(f) <’m(f— 1)- ’YA(E—l)/\(E)S(a(E),S(E))) by Lemma 5.2
x(t) € Prei(f) (’Yn(f)s(g(g),g())) by definition of ~yy.

Therefore, by Def. 3.3, Ju(t) € U, s.t. z(t+1) € 'yn(tN)S(U(E)’S(f)). Letting ¢ = ¢ + 1, this
produces z(#) € v (f — 1)8(0(5_1) 5(i-1)) from which the inductive step can be repeated.
This establishes the existence of a persistently feasible input sequence such that x(t +
1) € 'm(t)S(O(t) 5(r))- Since y(t) — 0, the convergence of the state to the origin is also

established.

52



Algorithm 1 Maximal safe-sets with finite Max-DT's

Input: Modes, M = {M“}i\le, switching constraints, C, and contraction factors, I' =
Hrure € Ry baseat @) taeao)-
Output: Corresponding maximal safe-set collection
k<0
Q’(“#’d) — &, for all (u,d) € A(C).
repeat
k+—k+1
for \; = (u1,d1) € A(C) do
> Initialize current iteration’s safe-set
Qk _ Qk—l
(p1,d1) (p1,d1)
for Ao £ (,uz,dg) S A+(C, )\1) do

> Update current iteration’s safe-set
k k 1 k—1
0f, « 0f, NPrel, (95"
end for

end for
until Qf, ;) = Q’f};}l) V (u1,d) € A(O)
S(ud) < Qé“ o) for all (u,d) € A(C).

H

5.3.1 Computing the Maximal safe-sets

Algorithm 1 provides a process to compute a safe-set collection given a system. Like
many of the results for feasibility in constrained, switched systems, Algorithm 1 relies on
computationally taxing set operations. Each update step requires vertex enumeration and
Minkowski sums which become numerically expensive as the dimension and complexity of
the sets increases[94]. This concern is not addressed in the current work but should be
explored further in future work. However, obvious simplifications can be found at the cost
of conservatism: for instance, assigning a single, joint safe-set to all or some statuses of a

single mode, or even requiring multiple modes to share a single safe-set.

Despite its numerical challenges, Algorithm 1 enjoys several desirable properties as

detailed in the following theorem.

Theorem 5.1. Given the modes, M = {./\/lm}f\r/{:1 respecting assumption 5.1, switching
constraints, C, and contraction factors, I' = {{7n, x, € Ro1}trent @) renacc), Algo-

rithm 1 converges to the mazximal contractive safe-set collection for the system.
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Proof. To prove this theorem, we first show that Algorithm 1 converges, then we show that
its output is a safe-set collection, and finally that maximality is established through proof

by contradiction.

To see that Algorithm 1 converges, observe that, since the system is linear, the algo-
rithm’s output is bounded below by sets containing the origin only, and intersections are
the only update mechanism. For each status, the sequence of corresponding candidate safe-
sets is monotonically non-increasing in that szl - Qﬁ 4- Therefore the volume converges,

which immediately establishes the convergence of the algorithm.

Next, the output of the algorithm is shown to be a safe-set collection. This is fairly
trivial to do as the update step ensures the elements of the output have the preset relation-
ships defined in Def. 5.2. Since the algorithm is initialized using the state constraints and
intersections can only mean the output is a subset of its initial value, the output must be
a subset of the state constraints. The satisfaction of these two requirements establish the
output as a safe-set collection.

Finally, the output is shown to be maximal through contradiction. Suppose that the
safe-set collection generated using Algorithm 1, {S, a)}(u,a)en(c), is not maximal. This
implies that there exists some safe-set collection, {S(#’d)}(%d)g\(c) such that, for some
Ao 2 (o, do) € A(C), there exists an xg € X, such that zg € Sy, but zg € 5}\0. Since the
algorithm only decreases the size of the safe-sets at each iteration, zy ¢ S, implies that
there exists a kg such that xg & Qig Define an inductive index n = 0 so that the above

expressions become

Tn & Q5 (5.5)

T, €S, (5.6)

If k, > 0, then the initialization and update steps in the algorithm implies one of the

following must be true.

1.z, & Q?ﬁ;}in). If true, then eq. (5.5) and eq. (5.6) hold at n + 1 with k, 11 =k, — 1,
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Hn+1 = Hn, dn+1 = d’m and Tnt+1 = Tn-

2.3 X2 (4,d) € AT(C,\y) st zn & Prelll (’y)\n;\Q’)f\”_l) If true, then x, cannot be
driven to at least one of the possible target sets, f;(zn,u) & ’y)\nj\Q];’ﬁl Vou € U.
However, since x, was within the safe-set 5’,\", there exists a valid input such that
& = fu(zn,u) € 'y/\n;\g;\. This establishes that there exists an T € '7/\n5\‘§ﬁ but & &
’y)\nj\Q]/{”fl. Therefore, eq. (5.5) and eq. (5.6) hold at n + 1 with k,41 = k, — 1,

fing1 = fi, dpy = d, and zp 41 = (1/7, )

Each time the process iterates, the index, k,,, is decremented by 1. This will continue until

k, = 0 and the contradiction,

0
xy € Oy, = &y, and

Tn Gg,\n - X“

n’

is arrived at. Since no safe-set collection exists with states outside the generated safe-set

collection, the generated safe-set is maximal. O

5.4 Contractive Returnable Sets under Switching

The previous section described contractive safe-set collections and their use in establishing
a switched system’s persistent feasibility and attractivity. However, they cannot establish
the origin’s exponential stability since a feasible switching sequence can exist that leads
to an arbitrarily long duration between contractions. This section presents an alternative
approach for a class of linear autonomous systems that does establish stability. These re-
sults extend previous works that were limited to systems with stable modes and min-DT
constraints[28, 66]. While stability is established, the results are conservative. This short-
coming will be addressed in section 5.5.

Consider the switched linear system M = {./\/l“}i\f[:1 operating under the switching

constraints C'. Assign a linear control law to each mode, K, and replace the mode’s state
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constraint with the input-admissible state constraint X, £ {z € X, | K, € U,}. Then
each mode can now be presented as M,, = {f,(:), X} where f,(z) = A/'jlas = (A, + B, K,)x
and the input constraints are represented within X. Systems structured in this way are
called admissible autonomous linear systems. The following assumptions are needed to

complete the following analysis.

Assumption 5.2. Given the switching constraints, C' and admissible autonomous system,

M = {M“}ﬁil, the max-DT constraints for unstable modes are finite.

Assumption 5.3. Given the switching constraints, C' and admissible autonomous system,

M = {Mu}ﬁil, unstable modes only switch to stable modes.

Without a finite dwell time for unstable modes, there would be no hope of stabilizing
the system. The second assumption prevents cycles of unstable modes.
In addition to the system description above, additional notation related to the switching

signals is required. Recall that 7, corresponds with the k"

switching time of the switching
signal o(-). This notation is expanded in the context of admissible autonomous linear
systems to only include the switching times when the signal switches from a stable mode

to any other mode, including another stable mode.

7o=0

Tr+1 = min{t > 7| Afrl(t_l) is stable and o(t — 1) # o(t)}

Using this notation, the following definition establishes an important property for sets which

will be used in conjuction with contractive safe-set collections to create system stability.

Definition 5.4 (y-contractive, returning, switch-robust positive invariant (CR-SPI) set).
Let M = {Mﬂ}ﬁil be an admissible autonomous linear system and C' be the associated
switching constraints. A set, O, C R™, is a CR-SPI set if, for all ¢(-) € X(C), z(7) € O,

implies that

1. 2(7341) € 7O, and
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2. [B(t) S Xo’(t) vVt c Z[f'k:f'lﬂ»l}'

Condition 1 in the definition states that every time the system switches from a stable
mode, it switches from a contracted set compared to the previous “from stable” switching
time. Condition 2 ensures that the state constraints are respected during the duration
between two switches from stable modes. Combined, this set establishes the stability and
feasibility of the corresponding admissible autonomous linear system under all possible
switching signals. Note that any successor constraints that may have been in the original
system have been neglected in this discussion. Therefore, the CR-SPI sets that are found
account for switching signals that may not be realizable under the switching signal con-
straints. This introduces a level of conservatism but greatly reduces the complexity of the

analysis.

Since so little is known about the switching times, 7%, we instead find a finite collection
of sub-sequences from which all possible switching sequences between 7; and 7yy1 can
be constructed. Let o(t; : t3) = [o(t1),0(t1 +1),...,0(t2 — 1)] be the ordered sequence
of modes. Consider a switching signal that, at time 7y, switches into the stable mode
s € Zp - Then o (7 @ Tpy1) = [ps]” where n depends on how long the system dwells,

n € Z[d For a set, Oy, to be CR-SPI, condition 1 and 2 must be satisfied for

s 73#«3] ’

all n € Z[d

.. an infinite set if the max-DT is infinite. Note, however, that every
ZpusrYHs

nGZ[d

d, ] can be constructed as a summation of values from the set Z[ 4, min{d., 2d, —1}]"
s Hs Hs

This can be proved by noting that there exists a k € Z> for every n € Z[ d. ] such that
7,4/5’ S

n € Z[kdusvmin{guy(’ﬂﬂ)dus—1}]' Therefore, n can be expressed as n = (k — 1)du5 + b with

b € Z[d#s min{d,, 2d, ~1}]" The ability to construct these summations means that every

realization of the sequence o (7 : 7x11) = [us]” can be written as a concatenation of

subsequences drawn from the set

min{dy,2d, —1}

)y

Expanding this idea to every possible stable mode index forms the collection of switching

57



sequences

min{d,,2d, —1}
65 £ {{[Hs]n}ndu’u " }MsGZ[L]\/j] :
° st My

is stable

If the system only switches to stable modes, then any realizable mode sequence can be con-
structed by concatenating together elements of the above set. By enforcing the contraction
conditions on each of these subsequences, the conditions in Def. 5.4 are satisfied. In general,
however, the system may switch to an unstable mode which is a more complex situation.
Note that, by assumption 5.2 and assumption 5.3, the system will never switch between
unstable modes and it will always switch from the unstable mode in finite time. Consider
the switching sequence that enters the unstable mode, i, at time 7%, then switches to the
stable mode us € S,,. This sequence will take the form o (7% : Tp1) = [[pu]™ , [1s]™]

where n,, € Z[ dy, o] and ng € Z[ ] Following the pattern of the previous discussion,

all possible realizations of this sequence can be generated from the collection

min{dy,,2d, —1}

{{[Nu]nu s [ms]™ }Z;:L:duu }

s :dﬂs

This can be expanded to include all possible pairs of unstable and stable modes to create

min{d,, 2d, —1}
)

ns=d

u S g
Gys = {{{[Nu]n v[ﬂS]n }niuzdu }
Hs UsESpy Hu€Zy arys-t
M, is unstable

The union & 2 S, U &, creates a full, finite basis for all possible realizations of o (7, :
#t41). Given a basis switching sequence, s € &, define its effective dynamics as A, =
Agfs‘Ang‘_l e Agll Agg. This idea is demonstrated in figure 5.3. Further, denote the 1-step
preset of these dynamics as Prel (S) £ {z € R**|A,2 € S}. Finally, expand both of these to
include subsequences of the basis switching sequence, s(a : b) = [sq, Sa+1,---Sp), @ € Zo,)s)]

be Z[a,|s|]~

These basis switching sequences can be used to find CR-SPI sets as shown in the fol-

o8



U(f) 2(14) = AJA3A32(5) € 120, 2(28) = ATAIATAZ2(19) € 410,

3 * - ®
(5) = AJATw(0) €70, 2(19) = A3A22(14) € /70,

2 ‘ ‘ °

z(0) € O,
1 ® ®

| 4 44—+
0 ) 10 15 20 25 30

Figure 5.3: A switching sequence for a linear autonomous system where mode 1 and
3 are stable while mode 2 is unstable. The switching sequence up till the first time the
system switches from a stable mode (at time ¢t = 5) is so = [[1,1],[1,1,1]] while the
sequence between this time and the next time the system switches from a stable mode
is s1 = [[2,2,2,3,3,3],[3,3,3]]. The bracketed sequences are members of the system’s
switching sequence basis. Specifically, [1,1], [1,1, 1], and [3, 3, 3] are in &5 and [2, 2,2, 3, 3, 3]
is in &,,. By Lemma 5.5, if the initial state is within a CR-SPI set O,, then each time the
system switches out of mode 1 or mode 3 the state will be within a continuously contracting
version of O,. Furthermore, the states between the switches from 1 and 3 will be within
the active state constraints.

lowing lemma.

Lemma 5.5. Let M = {Mu}fyzl be an admissible autonomous linear system that respects
assumption 5.2 and assumption 5.8 and let & be its set of basis switching sequences. A set,

0, C R™, satisfies Def. 5.4 if the following conditions hold.
1. O, C Pre, (vO,) Vse6.
2. O7 - Pres(lzk) (Xsk) VseG, ke Z[L\SH’

The first condition in the lemma ensures that the sets will always contract between
switches in the original system. The second ensures that the state constraints are always

satisfied. The properties of CR-SPI sets establish the following important results.

Theorem 5.2. If a CR-SPI set can be found for a collection of modes, then the states

within O are persistently feasible and stable under the corresponding linear control laws.

Proof. The stability result can be established using the proof of Theorem 2 [66] with minor

modification. The persistent feasibility follows from condition 2 of Lemma 5.5. O
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Since a common CR-SPI set is used for all the stable modes in a switched system, it
may be small and severely restrict the resulting stabilizing region. It can be used, however,
to supplement contractive safe-set collections to establish full system stability. To do this,
the controller is divided into two stages as shown in figure 5.2. During the first, the system
is controlled so as to respect the contractive safe-set constraints. After the system has
switched enough times (or dwelled in a stable mode for long enough), the state will enter
the CR-SPI set. At this point, the system enters the second stage of control and uses the
linear control laws used to compute the CR-SPI set. The system remains in this stage for
all future time steps. The number of switches needed to accomplish this will be a function
of the contraction factor of the safe-sets and the relative sizes of the safe-set constraints

and CR-SPI set. This will be explored further in section 5.5.

Algorithm 2 CR-SPI set
Input: Modes, M = {Mu}f)il, switching constraints, C', contraction factor v € Rq ),
and basis switching sequences, &
Output: Corresponding CR-SPI set
k<0
Of « ﬂueZ[LM] Ay N (msEG ﬂieZmSu Pre;(l:z‘) (Xs(i))>
do
k+—k+1
OF  OF 11 (M0 Pre, (105°1))
while OF # OF1

5.4.1 Computing CR-SPI sets

Given a collection of modes, computing a valid CR-SPI set is not overly computationally
taxing compared with algorithm 1 and requires only minor extensions previous work in the
field[66]. The computational load is reduced because only a single set is computed, not a
collection. Furthermore, the system modes are closed-loop and linear. This eliminates much
of the vertex enumeration (a numerically expensive operation [94]) required in the previous
algorithm. The algorithm is composed of two parts. First, the region where the basis

switching sequences do not violate the state constraints is found to ensure that the final
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result is admissible. The resulting set is the starting point for an iterative algorithm that
finds a contractive, returnable PI set that is common to all the basis switching sequences’
effective dynamics. This is laid out in more detail in algorithm 2. This algorithm enjoys

the following properties.
Lemma 5.6. algorithm 2 converges to a valid CR-SPI set for the corresponding systems.

Proof. The algorithm’s initialization establishes condition 2 in Lemma 5.5 and the update
step maintains condition 1. Therefore, the output is a CR-SPI set. To establish convergence,
note that the algorithm is subtractive as it only uses intersection operations. Furthermore,
the result is bounded below by the the origin which satisfies the requirements for CR-SPI

sets. Therefore, the algorithm converges in the limit to a valid CR-SPI set. 0

5.5 Using Safe-Sets with MPC

Safe-set collections are well suited for use in MPC where time varying state constraints are
simple to incorporate. In MPC, the system dynamics, constraints, and a user-defined cost
function are used to create a constrained optimization problem that generates the optimal
inputs over a finite horizon. The first input in the sequence is applied and then the problem
is re-solved at the new state. The “model” component of MPC is what allows the controller
to predict the future configuration of the system from a starting configuration and input
sequence. In unswitched MPC, the model can be completely described with the dynamics
of the system’s single mode. However, in switched systems, the predicted state trajectory
will be a function not only of the input sequence but also of the future switching signal
trajectory. Since the switching signal provides no information about its future trajectory,
the controller can only select one feasible trajectory. Denote the set of feasible switching

signal sequences starting from the status Ao € A(C) as

AL (N, C) 2 {{Ag, ...,Ajv_l} | \g = Xoand V k € Zy y_y, Ay € A+(A;1,0)}. (5.7)
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Each feasible switching signal prediction, 2= {)\g, e /\X,_l} € Af\,()\o, () has an asso-

ciated contraction factor sequence, v* = {v;,...,7x_;}, that compounds the contraction
factors of each status transition in the prediction (if no contraction factors are present, this

is just a sequence of ones). This sequence is given by

7 =1

Mo =Nk ar M1 VEEZp -

Given a feasible switching signal trajectory, the future states under a certain input

sequence can also be predicted. Given the modes, {M“}uez[ state, g € &), switching

1,M]°
signal trajectory, A= {(MZadZ)}keZ[l v_y» and input sequence, u = [uk]iv:_ol where uy, €

N
Z/{Mz, define the resulting state trajectory as |¢(k; xo, u, )\+) where

¢(0;:):0,u,)\+) £ Zo, and

d(k;zo,u, N ) 2 f 4

Fr—1

($(k = Lo, u, N ) up—1) ¥ k€ Zyy ).

An input sequence is feasible if it satisfies the following.

Definition 5.5 (Feasible input sequence). Given a mode M,,, the state constraint sequence,

X = {X},, and state, xo, the input sequence u € {U,} is feasible if
$(k; zo, u, N') € X Y k € Zg .

The set of all input sequences meeting this requirement at xq for switching signal tra-

jectory A" is denoted
(o, )\+,%) 2 fu e {U}N | Def. 5.5 is satisfied}.

Selecting appropriate state constraint sequences, X, can lead to persistent feasibility, attrac-

tive, and stability. In the context of unswitched, linear MPC, the state constraint sequence

62



is typically constructed as X = {X,..., X, Xy} where X} is a special terminal constraint
that, when coupled with a terminal control law, establishes persistent feasibility and sta-
bility [95]. This does not translate, however, to switched systems. In the remainder of this
section, state constraints sequences will be constructed using contractive safe-set collections

from section 5.3 and CR-SPI sets from section 5.4.

Let the switched system be described with the modes { M} pezy 5y and switching signal

1,M
constraints C. Let {Sx}aca(c) be a contractive safe-set collection for the system. The state
and switching signal status at time ¢ are given by x(¢) and A(¢) respectively. Consider the
state constraint sequence constructed in the following way.

x(t) = {Xg(t),skg, Syt

N-1

}, A e AL(A®),0) (5.8)

Lemma 5.7. The model predictive controller respecting the state constraint sequence in

eq. (5.8) is persistently feasible.

Note that the above lemma (along with the remaining lemmas in the section) holds true
even if the selected switching signal sequence, )\+, is not realized. This is because the first
element in all possible sequences will always be )\g so, after a single time-step, the system
will arrive in the appropriate safe-set. Then, results such as Lemma 5.3 establish persistent
feasibility at the new time step.

The above result did not make use of the contractive properties of the safe-set collection
and, therefore, only was able to establish feasibility. This result can be expanded to include

the compounded contraction factor as follows.

(1) = { Xm0 S, mOWA Sy fo AT EAZO®,0) (5.9)

where vr1(¢) is defined in eq. (5.4).

Lemma 5.8. The MPC controller respecting the state constraint sequence in eq. (5.9) is

persistently feasible. Furthermore, if there exists \1 € A(Cy) and Ao € AT (Cy,, \1) such
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that yx, ., < 1, and the switching signal will always-eventually transition between, then the

origin 1S attractive.

Finally, CR-SPI sets as defined in section 5.4 can be incorporated into the state con-
straint sequence to establish exponential stability. Let S and O, be a contractive safe-set
collection and CR-SPI set respectively for a switched system. The system’s constraints
will first be constructed from elements of S as in eq. (5.9). If the trajectory enters O,
at time ¢, then the state will be constrained within the sets O.(t) where O, (t) £ O, and
O4(t) £ Ay (’)f“/_l(t — 1) for all t € Z_;. This creates a sequence of state constraints that
converge exponentially fast to the equilibrium point. These constraints can be represented

mathematically as

{ Xy MmO Sy mWOIR_1Sye 1 a(r) €O,V 7€ Zpy
N
o 'Aﬂgo}kzo | else

:{(t) = {Xo(t)} U
{(’)A,(t),Aﬂg(’)W(t),A#fAug(’)A,(t), A
(5.10)

Lemma 5.9. Under assumption 5.2 and assumption 5.3, an MPC controller respecting
the state constraint sequence in eq. (5.10) is persistently feasible. Furthermore, if there
exists \1 € A(C) and Ay € AT(Cy, \1) such that yx, n, < 1, and the switching signal will

always-eventually transition between, then the origin is exponentially stable.

5.6 Numerical Examples

Two numerical examples are used to demonstrate the results of this work[M2]. In the first,
a safe-set collection is used to establish persistent feasibility in an islanded microgrid when
the maximum length of time the system will be islanded is provided. The second uses
contractive safe and terminal sets to design state constraints that establish stability along

with persistent feasibility in an inverted pendulum.
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Figure 5.4: A schematic of a simple microgrid. The distributed sources produce a constant
ps and the load requires a constant p;. The energy produced can either be sold to the grid
or stored in kinetic or chemical storage. Energy travels between a and b at the rate py;, and
efficiency 7,,. When islanded, the grid and its connections are omitted.
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Figure 5.5: Safe-sets for the microgrid for connected (top) and islanded (bottom) modes.
While islanded, the charge is being depleted so the constraints must loosen. Then, when
the system reconnects, it must recharge before the minimum dwell time expires and the
system can become islanded again.

5.6.1 Microgrid Energy Allocation

Microgrids typically contain a hierarchical control structure to separate naturally decoupled
time scales [96]. At the highest level, a planning controller allocates the available power
to ensure that the loads are met while minimizing the economic and environmental costs.
Consider the simple microgrid shown in figure 5.4. The planning controller is responsible for
allocating power between the system components so that the kinetic and chemical storage
respect their constraints and the constant load is always met. If the microgrid switches to
an islanded mode, the grid node is disconnected from the system and only the stored and
locally generated power can be used to meet the load’s requirements. If the power generated

by the source is outpaced by the load, the stored energy will eventually be depleted and
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~yCRS-API set: v =0.95
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Figure 5.6: The CR-SPI for the inverted pendulum system in section 5.6.2.

the load’s demands will not be met. This can be addressed by enforcing a max-DT on the
islanded mode.
Define the states of the system as the current charge of the kinetic and chemical storage,

x(t) = [ce(t), cx(t)]T and the inputs as the different power flows,

u(t) = [Psc(t), Pk (), e (t), Pre(t)]-
The dynamics of these states and inputs are given by

A Ye O B Nse 0 -1 ke O

0 0 nsk 0 -1 0
where 7. and 7 are the discharge rates of the storage type indicated by the subscript.
The system’s state constraints restrict the minimum and maximum charges of the chemical
and kinetic storage while its input constraints restrict the rate of power flow between
components and ensures the load is always satisfied. While islanded, the additional input
constraint 7.peq(t) = p; is enforced. When in connected mode, however, this is replaced

with ngpe(t) < pr. All other system parameters remain the same.
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The safe-sets shown in figure 5.5 are generated with algorithm 1. Notice how the
constraints get progressively tighter in the connected mode as the dwell time decreases.
This ensures that enough energy has been stored when the system is islanded to sustain

the load for the maximum length of time that can be spent in the islanded mode.

5.6.2 Inverted Pendulum Stability Under Communication Failures

Consider an inverted pendulum mounted to a cart and a controller tasked with accelerating
the cart to bring the pendulum to the vertical equilibrium point. This is a simple control
task which can be accomplished with many controllers. However, the matter is complicated
by intermittent communication loss. The system will enter an uncontrolled mode where
the last received input is applied repeatedly without update. This obviously leads to an
unstable mode that, without a maximum dwell time, eliminates any hope of establishing
persistent feasibility and stability. If a max-DT is assumed, however, the results of this
paper can be used to establish both persistent feasibility and stability.

Denote the system states as z(t) = |0(t),0(t),u(t) ! and the linearized, discrete dy-

namics as

1.0092 0.0502 0 0.0009
A1 =10.3690 1.0092 0|, Bi= [0.0376];
0 0 0 1

1.0092 0.0502 0.0009 0
Az = 10.3690 1.0092 0.0376| and B2 = |0| ,

0 0 1 0

where mode 1 is the controlled mode while mode 2 uses the last received input, tracked
by the third element of x. Let the system constraints be X; = Xy = {z € R3| |21| <
0.25, |zo] < 1, |z3| < 10}, Uy = Us = {u € R| |u] < 10}, D = [5,3] and D = [00,5].
Further, define a terminal control law for mode 1 as K; = [18.4,6.8,0], and the safe-set and

terminal set contraction factors as 0.95. Using these parameters, algorithm 2 produced the
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set shown in figure 5.6. It was determined that after 8 switches the contractive safe-sets of
mode 1 would be entirely within the CR-SPI set shown in figure 5.6 and the linear control
law could be used to drive the system to the equilibrium point under all future switching

sequences as described in section 5.5.

5.7 Conclusion

In this work, max-DT and min-DT constraints were leveraged to find contractive safe-set
constraints that established the system’s persistent feasibility and (when combined with
CR-SPI sets) stability. These constraints can be used by any control technique that respects
time-varying state constraints, but MPC is an obvious choice and its implementation with
safe-set constraints was examined closely in this work. The ability of safe-sets to establish
feasibility and stability was demonstrated numerically on a microgrid controller and an
inverted pendulum.

The last two chapters make up the first part of this work. The focus thus far has been
on centralized systems experiencing a single switching signal. They will not scale well to
multiple switching signals and distributed systems. These shortcomings are the focus of

the second part of this work.
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Part 111

Extensions to Distributed Systems
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Part III - Introduction

The third part of this work focuses on switched systems with additional complexity, both

in the nature of the switching, and the system architecture.

Chapter 6 studies the computation of feasible regions for systems with multiple switching
signals, each directing a block-row of the system’s linear dynamics. Such a system can be
found in distributed systems where local agents are switching independently of each other.
Instead of finding feasible regions for the entire system, the problem is split on each block-
row and solved in parallel. At the cost of some conservatism, this creates an exponential
decrease in the problem’s numerical complexity.

Chapter 7 views agents joining and leaving a collaborative system as a type of ex-
ternal switching. This chapter develops novel representations of safe-sets and introduces
algorithms to quickly adjust them as agents join and leave the system.

Chapter 8 introduces a novel, D-MPC design that uses previews from neighboring
agents to improve performance. This design was created to balance the simplicity of non-
cooperative distributed control schemes with the performance of iterative, globally-optimal
distributed control schemes. This closes the gap on the general problem of efficiently con-
trolling distributed systems with both local switching and neighbors leaving and joining

during operation.

70



Chapter 6

Parallelized Algorithm for Persistent Feasibility in
Linear Systems with Multiple, External Switching
Signals

!This chapter studies distributed, linear systems coupled in their dynamics as in eq. (6.4).
Each agent is allowed its own switching signal with dwell time or graph-based constraints.
This structure precludes the use of previous works due to the complexity of representing
the different switching signals centrally. This chapter addresses this by finding separate
safe regions for each agent in the system. An algorithm is developed for finding these
regions, with the most computationally complex sections being done in parallel. This leads
to a dramatic reduction in runtimes, allowing the results to be applied to systems far too
complex for previous methods.

The desire to look at systems with multiple switching signals is not unique to this work.
Systems with a similar structure were studied in [97], which examined both the constrained
and unconstrained cases without any local external switching, instead focusing on PnP
design objectives. Other works examined time-varying state constraints for decentralized
systems where shifting communication topologies introduce external switching in [32, 69].
In [69], individual agents collaborated by sharing a preview of their future trajectories,
inspiring some of the strategies here. However, unlike [32, 69], we consider changing local
dynamics and allow additional state constraints compared to [69]. Furthermore, these
previous works did not provide a framework to parallelize their results, leading to either
increased conservatism or increased numerical complexity.

Section 6.1 introduces key notation and concepts. This is followed in section 6.2 with
the formal description of the general form of the system, and the associated challenges

are discussed further. Finally, section 6.3 introduces several algorithms which are the key

!The results in this chapter were developed by Richard A. Hall under the guidance of Dr. Leila J.
Bridgeman. They were previously published in [C1].
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Figure 6.1: A graph representing a 2-mode system. The system is in mode 1 when node
1 or 2 is active and in mode 2 otherwise. Note that, when the system switches to mode 1
by entering node 1, it must “dwell” in mode 1 for at least 2 steps. This is equivalent to a
minimum dwell time constraint found in works such as [31].

contributions of this chapter, and their theoretical properties and implementation are ex-
plored. These are then applied to a numerical example that demonstrates their effectiveness

in section 6.4.

6.1 Preliminaries

6.1.1 Notation

A directed graph with G € Z>; nodes is defined as G 2 {(&n, En)}nez[l,c] where &, C Zj1 g)
lists the successor nodes of node n and £, € Zp 1 is an integer label assigned to node n
where L is the max integer label. A discrete function, f : Z>o — Zp ), is said to respect
the graph if f(t) = n implies that f(t+ 1) € &,. The set of all such functions for a specific
graph, G is denoted X(G) £ {g: Z>o — Zp ¢ | 9(-) respects G}.

Remark. Note that a function f(-) € X(G) maps to a node, not the node’s label. The

active label at time ¢ can be accessed with L.

6.1.2 Switching Signals

In this chapter, the switching signals are constrained using directed graphs such that, given
the graph G, o(-) € X(G). At time ¢, the active node’s label indicates the system’s mode
and is defined as o“(t) £ Ly()- Using directed graphs to constrain the switching signal
generalizes dwell time and successor constraints from previous literature such as [28, 31,

C3], representing a richer set of constraints, as shown in figure 6.1.
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Prior knowledge of the switching signal is not required, but its value at time ¢ is known

immediately. Furthermore, its directed graph is known at design time.

6.1.3 General Constrained Switched Systems

Switched systems, in the context of this work, are comprised of M modes and a graph
based switching constraint, G, where the labels of the graph correspond to the system’s
mode indices, M = L. Each mode contains the dynamics and constraints that the system
must respect while the mode is active. The mode corresponding to index p is denoted by
the tuple

M, 2 {f, e DV X, CRY U, CR™, W, C R""}

where Dnntn® & [f . RrOXnUXn® o RPTY defines the set of discrete dynamics, and
X, Uy, and W, are the state, input, and disturbance constraints respectively. The full

constrained switched system collects the modes and directed graph into

M= {{MM}MEZ[LM]’Q}' (6.1)

6.1.4 Set Operations and Control Invariance

Set operations provide tools to analyze how a mode evolves under allowable inputs. Given

a mode, M, the following important set operation is introduced.

Definition 6.1 (Previewed Robust Preset). The k-step, previewed robust preset of a set

S under the constrained dynamics M, is given by

Pre) (§) £ S, and (6.2)
Pref’ (S) £ {x € X,[Vw € Wy, Ju € U, s.t.

fulz,u,w) € Prefjl(S)}. (6.3)

Comparing this to the more common robust preset operator, the previewed robust preset
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is allowed to select the input based on a known disturbance. The previewed robust preset
is used when the system is allowed a preview of the current disturbance. This preview can
expand the size of the preset because the selected input need not handle every possible
disturbance.

For linear systems where f,(z,u, w) = A 2+ Byu+ E,w, previewed robust presets can
be found using basic set operations such as the Minkowski sum and difference as shown

below and adapted from [51].
Prel (S) = (S @ (=B olUy,)) © EyoW,) 0 A,) N A,

Preset operations are critical in the calculation of invariant sets commonly used in
feasibility analysis. Control invariant sets where defined in Def. 7.1 and previewed-robust

control invariant sets are defined as

Definition 6.2 (Previewed-robust control-invariant (PR-CI) sets). A set S C X, is a
PR-CI set if, for all € S and w € W, there exists a u € U, such that f,(z,u,w) € S.

Equivalently, S is PR-CIL iff § C Prei (S) where the preset operator is previewed robust.

A final tool used in this paper is the convex hull of a set defined as follows.

Definition 6.3 (Convex Hull). Given a set S C R", the convex hull is defined as

CoNHULL(S) £

{reR"[Ja,beS, vyE€Rpy st. v =7a+ (1-7)b}.

6.1.5 Feasibility Analysis

In the introduction, it was mentioned that constraining the external switching signal allows
a time-invariant feasible region to be replaced with a time-varying one. This work describes
these time-varying feasible regions using safe-set collections. These are collections of sets,

indexed by the switching signal, that serve as time-varying state constraints of the system.
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To establish persistent feasibility, every safe-set must be within the 1-step preset of all

possible successor safe-sets. This is presented formally in the following definition.

Definition 6.4 (Safe-set collection). Let the external switching signal, o € (G) govern
the system M £ {{M,}.ez, ,, 9} A collection of sets indexed by the nodes of G,

S = {Si}z'eZ[l,G] is a safe-set collection if
S; C Prezj (S;) Vi€Zyg, j€&

Safe set collections create target sets for the system to move into at each time step.
The preset condition ensures that, no matter how o evolves, there will always be a feasible

input that moves the state into the current target set.

6.2 System Description

In the previous section, the systems have only contained a single switching signal. In
general, however, switching signals may come from independent sources and merging them
into a single signal would not be practical.

Consider a linear system partitioned into M agents where agent a € Z; 5] has states
To() € R and inputs u,(-) € R™. Each agent switches according to the local switching

signal, o4 (t) € 3(G%), a € Zp - These dynamics can be represented centrally as

[ 411 12 L AIM
A‘Tf(t) AUf(t) AUf(t)’
21 22 . A2M
At) = A‘Tzﬁ(t) Aazﬁ(t) AUQE(t)’ ’ (6.4a)
AM1 M2 .. AMM
L o'f/l(t) a]‘él(t) a]‘éj(t)_
. 1 M
B(t) = diag (Ble - B2 () (6.4D)
1 M
X(t) = de(t) X -+ X Xo_]%[(ty (64C)
UL =U, x - x UM (6.4d)

ot (t) oy ()
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This structure is motivated by distributed systems with coupling in the system’s states.
The goal of this work is to design a safe-set collection for systems with the above structure.
One possible solution could be to amalgamate the individual switching signals into a single
signal and treat the system as centralized. By combining all the switching signals, the
problem would return to the form of eq. (6.1), and previous results could be used to compute
a safe-set collection for the system [31]. However, the new switching signal would have
exponentially more nodes than the original, separate signals which would be matched by
exponentially more elements in the safe-set collection. Furthermore, by approaching the
problem as a single, high dimensional problem, the required computations grow similarly.
These increases make the centralized approach computationally untenable. These concerns
will be addressed by splitting the system into block-rows and looking for safe-set collections,
8% = {89 }nege, for each separately. Once found, the collections can be merged into a large

collection with all possible switching signal states represented.

Looking only at the block row indexed by «, the dynamics can be rewritten as
Ta(t+1) = A?g(t)xa(t) + B:g(t)ua(t) + ?g(t)w(t) (6.5)

where

R"% XZ&EZ[LM] \a e

a :[ al } c
k(1) ak(t) 5162[1 M]\a

and w(t) € Wo ,, C RES€%(1,a N The existence of W<, ,, can be inferred from the fact

) ()
that the full system is constrained. These dynamics and constraints are collected into the
following tuple defining agent «,

[e7 o o o o oy Mo [
Ao 2 {{AS, BS, BS, X0, Us, Wkt goy,

76



These can be collected into the full system

A £ {AQ}QGZ[LM]' (66)

Each agent only has a single switching signal explicitly appearing, o,(¢), and resembles a
locally switched system with additive disturbances. Previous, robust switched techniques,
such as those in [81], may seem like possible solutions. However, W, is unknown. Though it
can be characterized using the full state constraints, this would lead to conservative results
because the actual safe-sets are, by definition, subsets of the state constraints. Alternatively,
each of the neighboring agents could share its current safe-set. This however, returns the
system to the centralized problem with its associated drawbacks. Furthermore, if eq. (6.5)
represents a distributed system, this level of communication may be undesirable. Balancing
these considerations, this work bounds the states of any given neighbor within the convex
hull of the union of that neighbor’s safe-set collection. This only requires acquiring a single

set and relies on the state of the local switching signal alone.

6.3 Algorithm Design

The reader may have noticed that a circular dependency arose in the previous discussion
— the safe-set collection for agent « depends on the safe-set collection for agent & which
depends on the safe-set collection for agent .. Before addressing this, however, an algorithm
to find the safe-sets of a single agent is developed. To avoid the circular dependency, it is
assumed that the other agents have fixed safe-sets. Then the disturbance caused by the
neighboring agents can be bounded with

W(a,p)= J] CoNHULL(Unez, .oS5) (6.7)

[1,ga)—m
Q€L M

where S is the n™ element of agent @&’s safe-set collection, S, and G is the number of

nodes in G (extending the original graph notation from section 6.1.1). With these sets,
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algorithm 3 is introduced to compute the maximal safe-set collections for agent A,.

Algorithm 3 Nodal safe-sets with previewed disturbances

1: procedure AGENTSAFESETS(Ay)

2 k<0

3 Qﬁ — X, for all n € Z[LGQ].

4: repeat

5: k+—k+1

6 for graph node, n € Z; g) do
7 QF « Q-1

8 for successor node, n € £ do
9 QF Ok N Pre}._ (ij;l)
10: end for

11: end for

12: until Qﬁ = Qﬁ_l Vne Z[LGQ].

13 S {0 bnezy oy

14: end procedure

Remark. An important distinction between this algorithm and previous algorithms fo-
cused on robust control is the use of the previewed robust preset operator. This operator
is used in place of the more common robust preset operator to increase the size of the
resulting safe-sets. Its use only assumes that each block-row is aware to the states of other
block-rows prior to selecting a control action. This is a minor assumption that requires

little communication overhead.
algorithm 3 is supported with the following lemmas.

Lemma 6.1. Given any agent, Ay, AGENTSAFESETS(A,) returns the maximal safe-set

collection.

Proof. Follows the logic of [31, Theorem 2], sketched here. The first part of the proof
shows the produced sets are safe-set collections by definition. To show that it is maximal,
a contradiction can be constructed by assuming there exists a state outside the generated
sets that satisfies the safe-set definition. The algorithm can be iterated backward to show
that this state must be outside the state constraints and thereby violates the original

assumption. ]
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Lemma 6.2. Let As and As be two switched systems that are equivalent except for their
disturbance bounds which satisfy E7 OWS CEy oWg‘ for each mode where Ej = ES‘ = Eﬁ‘

Then the relationship
AGENTSAFESETS(As) 2 AGENTSAFESETS(Ag)

holds element-wise.

Proof. Note: the tilde and hat on « will be dropped on values that are equivalent between
the two systems. This lemma is proved by contradiction. Let n € Z; ga] be some node for
which 3z ¢ S& A z € S2. Since algorithm 3 is subtractive, there exists some minimal
k € Z>¢p such that 3 = ¢ Qfl AN x € Qﬁ To facilitate the following iterative argument,

define n; £ n and =, £ .

The algorithm’s update rule implies that there exists a node neighboring ng, nx—1 € €7,

such that xjp violates the preset condition found on line 9 of the algorithm for A5 while

respecting it for As. Using Def. 6.1, this can be stated as Jw € Wgnk ) s.t.Vue Ug‘nk E

Nkg—1

« a a Nk—1
Aﬁnk—lxk —|— Bﬁnk_lu + E‘an—lw g Q

but Yw € W%nk X s.t. Ju e Z/l[ofnk g

k—1
Nkg—1"

«a a «a A
A[’"k—lxk —+ Bﬁnk_lu + E‘C”k—lw € Q

Since E% o W& C E% o W% , the second statement above would hold even
E”kfl E”kf £nk Lnk71

1 -1

if Wgnk | were replaced with Wg‘nk K Let xp_1 be the corresponding point for which
Jw € Wg”k—l’ u € Z/{gnk_l such that xzp_; & Qﬁ:l N Tp—1 € Qﬁ:l This is equivalent
to the starting condition only with a decremented index. The logic can be iterated until
k = 0 and the contradiction xy & Q?LO =X, AN xg€ Q?LO = Xﬂno is arrived at, concluding

no

the proof. n
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Figure 6.2: Illustration of one iteration of algorithm 4 from the perspective of a single
agent. The algorithm is initialized with safe-set unions of 0 (see line 3 of algorithm 4).
The algorithm continues until running this loop does not change any of the agents’ safe set
collection (line 17 of algorithm 4)

algorithm 3 is an important tool but requires that the safe-sets of the other block-rows
are already known. As mentioned previously, there is a circular dependency where the
neighboring safe-sets depend on the local safe-sets which, using algorithm 3, depends on
the neighboring safe-sets. This circular dependency is addressed in algorithm 4. Starting
from an initial, trivial guess for feasible, safe-set collections, the algorithm first generates
safe-sets that are too large and infeasible and then safe-sets that are small but feasible.
This process is repeated until a convergence criteria is met. Critically, the algorithm can
be parallelized along the different block-rows. As block-rows are added, the computational
complexity grows at a near linear rate as opposed to the exponential rate of the centralized
case. Furthermore, as shown in the following lemma, the algorithm produces a feasible
collection of safe-sets after each complete iteration. This allows the user to terminate after

any complete iteration and produce valid results.

Lemma 6.3. For systems taking the form of eq. (6.4) split into block rows as in eq. (6.5),

algorithm SYSTEMSAFESETS(A) produces a valid safe-set collection for every k € Z>g.
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Algorithm 4 Distributed safe-set collection for system in eq. (6.6)

1: procedure SYSTEMSAFESETS(A)
2 QO — {{Q}HEZ[LGQ]}QEZ[LNI]
3 @0 % {Q}QGZ[I,]W]
4 k<+0
5: repeat
6 parfor each agent, a € Z; 57 do
7 Wﬁé A HdEZ[LJw]\Oé
8 QF+05 ¢ AGENTSAFESETS(M(a])

, k0.5
9 505 CONHULL(Unez, oy )

(I)lgé for all p € Z[LM[@H

(or,n)
10: end parfor
11: parfor each agent, a € Z; 5 do

k+0.5

12: Wﬁé — HdEZ[lyM]\oc (I)&Jr for all € Z[l,M[a]]
13: QFF1 « AGENTSAFESETS(M |a))
14: PrAL CONHULL(UREZ[LGQ]QIEJ%)
15: end parfor
16: k+—k+1

C k. _ k-1
17: until Q(a) = Q(a) Va€Zpy

18: S+ QF
19: end procedure

Proof. This holds trivially for Q°. The following induction steps complete the proof.
1. Assume QF is valid under disturbance constraints ®F.
2. By Lemma 1, QF C QF+0-5,
3. By Lemma 2, ®* C ®**05 jmplies that QF 1 C QF+05,

4. Since QF1 is valid for ®*+05 it will also be valid for ®**! since ¥+ C PF+0:5,

6.4 Numerical Example

The results of this work are demonstrated in an array of independently controlled agents
coupled with springs and dampers as shown in figure 6.3a. The objects move in the di-

mension denoted by z; ;. The mass of each agent can switch between one of three values
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(b) Directed graph controlling the switches of
the numerical example. Note that the switching

(a) Array of linked spring-mass-damper sys- constraints cannot be encoded with minimum
tems. The mass of each object can switch inde- and maximum dwell times and demonstrate the
pendently according to a directed graph. flexibility of the proposed approach.

Figure 6.3: Description of the system used in the example.

according to the directed graph shown in figure 6.3b. The linearized dynamics of the top

left system is given here as an illustration

mi1(011())E11(t) =k1112(212(t) — 211(2))
+k11j21 (w21 (F) — 211 (1))
+o11)12(F21 (1) — £11(2))

+b11j21 (L21(t) — £11(¢)) + w11 (t)

where the spring and dampener coefficients have been scaled to account for the angle
at which they apply their force. These dynamics where discretized for each agent at a
sampling time of 0.3 seconds. For a system comprised of an r x ¢ array of linked spring-
mass-damper systems, the full state space will be in R?"¢. Even for small, 2 x 2 systems,
the resulting 8D system is too large for previous set based methods on a conventional
computer. Furthermore, to combine all the switching signals would require a constraint

graph with almost 40 billion nodes. However, using the results of this work to parallelize
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Safe-sets for the 5th agent’s 1st node

I Iteration 8
[ Iteration 2
[—Tteration 1

-2 -1 0 1 2 18 19 2 21 22 23 24

Figure 6.4: Evolution of the safe-set for a single node of a single agent in the spring-
mass-damper array. Though each safe-set shown is feasible, they monotonically increase to
convergence with the number of iterations.

the algorithm, only set operations in R? are required. Assuming each agent has it’s own
independent processing, the computational complexity will grow at a sub-exponential rate
with the number of agents. Running algorithm 4 on the spring-mass-damper grid with
randomized masses and spring/damper coefficients resulted in the safe-set evolution shown
in figure 6.4 for mode 1 of node 1. The numerical example implementation has been archived

for the interested reader [M3].

6.5 Conclusion

In the previous literature ensuring persistent feasibility in externally switched systems, the
curse of dimensionality has prevented the study of large-scale systems. Furthermore, this
computational inefficiency has limited these previous methods’ application to systems with
multiple switching signals. This work addresses both of these difficulties in systems repre-
senting distributed systems coupled through their states. A graph-based constraint scheme
was described to constrain each agent’s switching signal that provides much greater flexi-

bility than previous dwell time constraints. Iterative algorithms were then developed that
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efficiently computed time-varying state constraints that, when respected, ensure feasibility
under all permutations of the switching signals.

Though this work provides techniques for ensuring feasibility, it makes limited use of
results from distributed system literature such as [98]. Currently, only the current state
of neighboring agents is used. This is partially addressed in Chapter 8, however, where a
multi-step state prediction provided by receding horizon controllers is used to improve per-
formance. This loosens the bounds for feasibility and reduces the control cost. Combining
the results of this chapter with those in Chapter 8 provides a fertile direction for future

research.
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Chapter 7

PnP Operations to Maintain Persistent Feasibility
in Linear Constrained Systems

IThe previous chapter provided an algorithm for computing safe-set collections of locally
switched systems that are interconnected. However, the results were not flexible to changes
in the network structure. This chapter takes a slightly different approach and studies
systems where the switching is generated by changes in the network structure instead of
local switches within each agent. By allowing changes to the network structure, the system
becomes modular, which is an important characteristic for complex applications. It may be
impossible to foresee how a system could change over time, but by making it modular, the
system will be robust to these future changes. This importance can be seen in the rise of
many PnP designs in recent controls literature, especially in the context of distributed power
generation such as in [99-102] and modular satellite architecture presented in [103]. A PnP
controller is characterized by stability or feasibility assurances in the face of online changes
to the system’s network. The computations are divided with the majority running at design-
time. When components are added or removed at run-time, relatively simple procedures
adapt the controllers to the new system structure. These ideas extend distributed control
results from as early as the 1970s with [104, 105]. See [106] for a thorough review.

This paper is interested in constraint adherence during PnP operations. A discrete-time
system is feasible when control inputs exist that respect the input constraints and result
in an allowable state. For linear systems, this can be established by ensuring the system
remains in a feasible region that is “near enough” to its equilibrium point. Here, the effects
of unstable open-loop dynamics are small and easily overcome with control inputs.

For the centralized case, previous results, such as [28, 107, 108], have found polytopic

feasible regions constructed using the system’s constraints and dynamics. Others, including

!The results in this chapter were developed by Richard A. Hall under the guidance of Dr. Leila J.
Bridgeman. They were previously published in [C2].
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[109, 110], have defined these regions using ellipsoidal feasible regions constructed using level
sets of the system’s Lyapunov equation. These approaches are expanded in [111] to include
the distributed case where systems with coupled dynamics or constraints must jointly find
constraints that satisfy global restrictions. This situation is complicated by a time-varying
network: as the system evolves, its feasible region will as well. Using traditional techniques,
recomputing the feasible regions would require a sequence of expensive set operations every
time the network changes, which does not comply with the PnP methodology. This paper
provides a way to rapidly recompute the feasible regions under the new network structure

requiring just a single set operation.

The system addressed by this work is comprised of remote, dynamically-coupled agents.
The agents are non-cooperative and view the effects of their neighbors as additive distur-
bances. Although the agents do not select their control input cooperatively, some level
of coordination is required to select their feasible regions. If an agent’s feasible region is
too large, it may eliminate any feasible region in its neighboring agent. If it is too small,
aggressive control inputs may be required to remain within it. Therefore, balancing these
is important to ensure all subsystems have the loosest possible constraints that maintain
feasibility.

We assume that the agents can access previews of their neighbors’ states which cor-
respond with upcoming local disturbances. The availability of previews is motivated by
large, slow time-scale networks where the communication of local states is a relatively
small amount of overhead communication costs. Each agent is equipped with a controller
that respects state and input constraints under this previewed disturbance whenever possi-
ble. Beyond this, no requirements are imposed on the agent’s controllers. This agnosticism
to the agent’s controllers makes the solution attractive in applications with heterogeneous
agents. Within this framework, the feasible regions will be adjusted appropriately to main-
tain the local subsystem’s feasibility as the network changes. A distributed optimization
scheme is developed to balance the tightening and loosening of the feasible region across

the network.
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Similar problems have been examined in the past. The earliest works, such as [104],
were primarily concerned with stability and did not consider any constraints. Feasibility has
been addressed in more recent works such as [32] which built upon [46] and [31]. Another
work proposed a tube-based solution for dynamically coupled systems with switching com-
munication networks [32]. The agent’s local dynamics are constant, but the set of neighbors
is allowed to change with time. Compared to the proposed method, all the agents must be
known at design-time to create the required tube cross-sections, excluding any PnP capa-
bilities. A similar approach is used in [112] except it allows for PnP operations. Whenever
an agent is plugged in or unplugged, the tube’s cross-section is recomputed using a linear
program. This is similar to the solution proposed here, except no preview of the disturbance
is used in [112]. With the preview, a tube cross-section is not required. Furthermore, the
solution in [112] is specific to agents using MPC. A similar restriction can be found in [113],
which develops a PnP framework for MPC of state- and input-coupled systems. Stability
and feasibility are both established using time-varying terminal constraints defined using
level sets. The values of the level sets are recomputed as agents are added and removed
from the system. As mentioned, however, this work is not agnostic to the controllers used.
Compared with the current literature, the results presented here are extremely flexible, not
relying on any specific controller design. Instead, polytopic constraints are found which, as
long as they are respected, ensure that any agent-level controller being used won'’t lead to
constraint violations in the system. This allows the direct extension of other constrained

controllers, such as constrained LQR [114], to externally switched systems.
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7.1 System Description

Consider a system of M linear agents linked by their states. Agent i is in R™ with inputs

in R™". These dynamics can be represented centrally by

A - A
A= : , and B = diag (B, ..., By) - (7.1)

Ayt -+ Aum

Agent i is assigned polyhedral state and input constraints, X; C R™ and U; C R™ respec-
tively. These constraints are assumed to be c-sets.

The agents select their inputs independently while treating the effects of their neighbors
as additive disturbances. Let the set of neighbors of agent i be defined as N; = {j €

Zp \ | Aij # 0} The dynamics of agent i are then

xi(t + 1) = A“l'l(t) + Bzul(t) + Z Aijxj(t). (72)

JEN;
If the neighboring states are constrained within c-sets, the rightmost term can be rep-
resented as a bounded, additive disturbance, w;(t) € W; where W, is also a c-set. The
nature of this set will be explored in later sections. The dynamics of a single agent can be

represented using

Ai = (zi(t), Aii, {Aij Y jen, Bi, X, Ui, W) (7.3)

Note that the tuple includes the agent’s current state, x;(t). This makes the notation

cleaner when discussing PnP operations in later sections. Denote the distributed system
by A = {Ai}ticz -

PR-CI sets, defined as follows will be key to feasibility analysis.

Definition 7.1 (PR-CI sets). A set, S C A&j; is PR-CI for agent A; if for all z € S, w € W,

there exists a v € U; such that Az + Biu+w € S.
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7.2 Main Results

As the network changes and the agents are plugged and unplugged from the system, the
the disturbance sets, W;, will change. To account for this change, each system is analyzed
in two configurations: under no disturbance, and under a maximal disturbance allowance,
W;. At run-time, the results from these two extreme cases are combined to create the
active feasible region. The weighting used to combine these extreme points depends on the
amount of the disturbance allowance that has been used.

Assign to agent A; a nominal PR-CI set, C; for W = () (equivalent to the nominal CI
set), and a disturbed PR-CI set, C; for W; = W;. These PR-CI sets bound the regions
where the agent’s states can reside while maintaining feasibility in perpetuity under either
no, or maximal disturbances. These can be found by adapting the iterative algorithms in
[115], for example, to use preview-robust preset operations.

To compute the portion of agent A;’s disturbance allowance claimed by a particular
neighbor, A;, observe that A;’s states must reside in its nominal PR-CI set, C;. This
contributes disturbances in W;; = Aijéj. To enable fast computations, we use the outer

bound W;; C «;;W; where

a;j = argmina  s.t. Wi € oW, (7.4)

With this, if A;’s persistently feasible region is restricted to C; C 3,C;, then a;;8;W;
represents the portion of A;’s disturbance allowance required to reject the effect of A;.
Reducing this relationship to linear scaling is a conservative approximation that enables
run-time operations.

The total disturbance applied to agent ¢ will be the sum of the disturbances from each of

the neighboring agents A;, j € N;. Using the constants defined in the previous paragraph,
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Table 7.1: Sets and scalars used in this work.

W; The total disturbance allowance for agent A;.

C; The nominal PR-CI set for agent 4; assuming none of its disturbance
allowance is used.

C; The disturbed PR-CI set for agent .4; assuming all of its disturbance
allowance is used.

C; The actual PR-CI set for agent A4; using some of its disturbance al-

lowance. C; C C; C C;.

Wij The maximal disturbance that agent A; can inflict on agent A;, W;; =
Aijéj-

7. The smallest scalar such that C; C vi@.

g L

o7 The largest scalar such that 7,C; C C,.

aj Smallest scalar such that Wij - aijWi.

n; The portion of disturbance allowance needed for agent A; to reject cross

disturbances from neighbors.

this sum can be computed easily as

Z w;j(t) € @ Wij C Z aiiBi | Wi CniW;
JEN; JEN; JEN;
where n; > > JeN; ij Bj. The notation is beginning to get heavy. To clarify, it is summa-

rized in table 7.1.

The previous discussion bounds the additive disturbance experienced by agent A; as

mW;. If 0 < n; <1, the following lemma translates this into a PR-CI set between the

nominal and disturbed PR-CI sets.

Lemma 7.1. Given the linear agent A; with c-set state and input constraints, let C; be a

PR-CI set when W; =0, and C; be a PR-CI set when W; = W, where W is a c-set. Then,

for some m; € Ry ), the set C; = (1 —n)Ci ® niC; is a PR-CI set under the disturbance

5

i

1-

Proof. Let x € (1— m)@ @®niC; and w € sz- be any arbitrary disturbance. Define T € C;,
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z€C;st. x=(1—n)T+niz. Then

Ajiz + Biu+w = Aj; (1 — )T + niz) + Biu +w
= (1 —m)(AuZ + Biu) + ni(Aiz + Biu + w)

=1 —n)zt +ma’

where w = w/n; € W;. Select u € U; and u € U; such that T+ € C; and zT € C,.
Such inputs are known to exist by the assumption that C; and C; are PR-CI for their
respective disturbances. This establishes that a valid input exists such that A;z+ Bu+w €

(1 —n;)Ci @ niC;. Therefore, the set is a PR-CI set. O

Lemma 7.1 uses the Minkowski sum, an expensive operation with complexity growing
exponentially with the dimension of the system. This is problematic because the terms in a
neighboring agent’s Minkowski sum depend on the results of the local Minkowski sum which
depends on the result of the neighbor’s Minkowski sum. This leads to a iterative algorithm
including Minkowski sums which may be too slow for PnP operations at run-time. Instead,
these sums are replaced with another set outer bound. Let 7, € Ro,1) and 7; € Rg,1) be
defined as the smallest and largest scalars respectively such that 7,C; C C;, C 1@.@. Using

Y, allows the linear combination to be outer bound as

Ci=(1—m)Ci ®niy,Ci © (1 + iy, — 1)) Ci.

The problem of allocating the disturbance allowance of agent ¢ has now been abstracted
to the problem of selecting 7;. By minimizing 7;, the system maintains persistent feasibility
in PR-CI sets that approach C;. However, as C; grows, the disturbance bounds felt by
Aj, j € N; will grow, causing 7; to shrink. These values must be balanced. The remainder
of this section explores the balance of these parameters such that persistent feasibility is

maintained.
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To ensure that n; is large enough to allow disturbance rejection, impose

mi> Y oy (1m0, - 1), (7.5)

JEN;
Recall that each agent has a state, x;(t), associated with it. The value of n; must be
small enough so that the resulting PR-CI set contains z;(t). Otherwise, the agent will be

immediately infeasible. This relationship can be ensured by imposing
zi(t) € (L+n:;(7; — 1))Ci € (1 — m)Ci © miC;.

Note that the right-hand expression is the actual PR-CI set made by a linear combination
of the nominal and disturbed PR-CI sets as discussed in Lemma 7.1. The central term is
an inner approximation of this set using only the nominal PR-CI set. Let h;(z;(t)) be the
smallest value such that z;(t) € h;(z;(t))C;. Then n; is bounded above with h;(x;(t)) <

1+ n;(3; — 1) which can be rewritten as

1 — hii(t)

= (7.6)

n; <

The bounds in equation 7.5-7.6 can be represented as a single polytope. Consider the

lower bound for agent ¢ = 1 first. Rearranging equation 7.5,

d i+ Y njeaj(y; —1) <m

jEM JEN;
—m Y mjen(y, — 1) < = ) ay
JENT JEM
|:—1 0412(12 — 1) s alM(lM — 1):| n S - Z alj

j€N1

where 7 is the column vector [r;] Repeating this with all agents leads to the linear

’iEZ[l M) :
constraints

Hl’l’] < bl (77)
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where H; is a matrix and b; is a vector with rows constructed as above. The subscript [
indicates their purpose as lower bounds.

The upper bound is more straightforward since it is not interdependent. It can be given
by
2 b,. (7.8)

These constraints can be merged into the set
T T
&= {n e RY | [HZT, I] n < [blT, b{] } (7.9)

which provides a centralized, polytopic constraint on n;, i € Zj; 7). Many linear program-
ming solvers could be used to find optimal values of 1 respecting this constraint. However,
the system’s distributed nature suggests a distributed algorithm would be more appropriate.

The problem, therefore, will be recast as

N

N
mmilrl)N E filni) s.t. m € Si; E gi(n;) <0. (7.10)
T =1 i=1

Problems in this form can be solved in a distributed fashion as shown in [116]. The PR-CI
set weights, 7; € R, are the optimization variables. To maximize the size of the feasible
regions, 7; should be minimized. To encourage this,the objective function’s terms will be
defined as f;(1;) = n?.

The constraints must be divided into two parts, a local constraint S;, and a coupled
constraint Zf\i 1 9i(mi) < 0. The local constraint can be formed with the lower bound of 0

and the upper bound from equation 7.6,

Siﬁ{neRlogngmino,l_lhi(iZ(t)))}. (7.11)

Next equation 7.7 can be arranged into the coupled constraint, ZZJ\L 19i(mi) < 0. Let
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Algorithm 5 Plug In Operation

1: procedure ADDLINK(A, (4ij, Aji))

2: Add Aij to A; and Aji to .Aj.

3 Compute Cg, Cy, Yyr Vi Vk € {i, j} if needed.
4: Transmit C; to A; and vice versa.
5
6

Compute «;; and «a;; following equation 7.4.
Solve the distributed linear program in equation 7.10 with constraints defined by
equations 7.11-7.12 to compute values for 7;, i € Z p-
7. end procedure

H]' be the n™ column. Then equation 7.7 can be rewritten as

N N

D (Him) —by=>_ (Hn—-T'®bj) <0 (7.12)

i=1 i=1

where I? is the i*® column of the identity matrix and ® denotes element-wise multiplication.

In summary, each constraint term, g;(7;), can be written as
gi(ni) = Himi = I' © b}, (7.13)

The main results of this section are summarized in the following theorem.

Theorem 7.1. Let A = {-Ai}iEZ[ be a collection of agents with every agent’s state,

1,M]
input, and disturbance constraints respecting Def. 3.1. Define the sets C; = (1—mn;)C; ®n:C;,
i@ € Zpnv) where n;, @ € Zpy ay are computed using equation 7.10 with constraints defined
by equations 7.11-7.12. Then, ¥V i € Zp ), Ci s a PR-CI under the previewed disturbance
bounds W; = @ cn; AijCj. Therefore, if x;(t) € C; ¥ i € Zyy apy, there will always ezist a
feasible input for every agent such that z;(t+1) € C; Vi € Zp1 ), establishing C; Y i € Zpy

as feasible regions.

Proof. The proof is omitted for space but follows from the logic in Section 7.2. O
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Algorithm 6 Unplug Operation

1: procedure REMOVELINK(A, (i,7))

2: Remove A;; from A; and Aj; from A;.
3: Set a;; and aj; to 0.
4: (optional) Solve the distributed linear program in equation 7.10 with constraints

defined by equations 7.11-7.12 to compute values for n;, ¢ € Zy .-
5. end procedure

7.3 Plug-and-Play Operations

While the previous section defined relationships between the agents’ PR-CI and disturbance
sets, this section focuses on when the values should be computed. To accomplish this, the
values are divided into three groups: local parameters determined solely by individual
agents; joint parameters that depend on pairs of agents; and optimization parameters that

require network-wide information.

First, local parameters can be computed without any knowledge of the system’s network.
The agent’s local dynamics, constraints, disturbance allowance W;, PR-CI sets, C; and C;,
and set relationships % and 7; are all local parameters. The local parameters can be
computed and stored at design-time.

Next, computing joint parameters requires a single communication step between the
agents. The joint parameters include the disturbance bound, W;;, and its relationship with
the entire disturbance allowance, a;;. When a new network link is added (removed), these
values can be computed (deleted) by the two newly linked agents.

Finally, optimization parameters are computed with a distributed linear program to
balance the disturbance allowance used by each agent. The key value within this group
is mi, © € Zp v, which determines C;, @ € Zjj pp) as in Theorem 7.1. These values are

recomputed every time the system’s network updates as described in Algorithms 5 and 6.
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Figure 7.1: The base system’s network structure (right), PR-CI sets (top row), and dis-
turbance bounds they can accommodate (bottom row), for agents 1-5, running left to right.
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Figure 7.2: The base system but agent 3 has a non-zero state that must be designed for.
This non-zero state reduces the disturbance bound that agent 3 can reject, causing agent
2 and 5 to tighten.
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Figure 7.3: These plots demonstrate the effect of adding a link to the base system. Note
that the only set operation required with this change is a Minkowski sum for each agent.
The disturbance is primarily felt by agent 1 which now must respect a much tighter PR-CI
set.
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Figure 7.4: Once a link is removed between agents 1 and 4, they both increase their
feasible regions to reflect the reduced disturbance. This increase is balanced by a slight
decrease in agent 5’s feasible region.
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7.4 Numerical Example

The results developed here were implemented on a linear system consisting of 5 agents,
each with states in R?. Interested readers can find the archived code online at [117]. The

agents were perturbed from the nominal dynamics

1.5 0.5 0.01 0 1.1
Ay = , Aij = , By =

—-0.9 0.5 0 0.01 0
by random matrices of the appropriate dimensions and values ranging from 40.05, £0.01,
and £0.1 respectively. Fig. 7.1 shows the initial network structure and the nominal,
disturbed, and optimal PR-~CI sets and corresponding disturbance sets when the values of
n; are computed assuming z; = 0, V ¢ € Zpy py- The agents’ states appear in equation 7.11
and, when set to 0, result in an upper bound of 1 on the values of 7;. However, non-zero
states can also be accounted for as shown in Fig. 7.2 where z3(t) # 0. This necessitates a
larger Cs, creating greater potential disturbances on agents 2 and 5. This shows the ability

to account for the current states during a PnP operation.

Next, a link was added to the base system between agents 1 and 5 to demonstrate the
effects of the plug-in operation described in algorithm 5. The resulting system can be seen
in Fig. 7.3. The PR-CI sets for agents 1 and 5 shrink to accommodate the additional cross
disturbances between them. This reduces the disturbance on agent 4, allowing it to loosen
its constraints slightly.

Finally, the unplug operation described in algorithm 6 was demonstrated by removing
the link between agents 1 and 4, creating the sets shown in Fig. 7.4. Since agents 1 and 4
no longer disturb one another, they can increase the size of their PR-CI sets. This increases
the disturbance on their neighbors, causing agent 5’s PR-CI set to tighten.

The results of this work were also compared with both the centralized and non-adaptive
solutions. The centralized solution was created by adapting Algorithm 2 in [C1] to create the

maximal, feasible regions, denoted Cf, ¢ € Z; 5s. This non-adaptive solution uses the full
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Table 7.2: Comparison of the maximal feasible regions, the feasible regions proposed here,
and the non-adaptive feasible regions. Both the feasible regions’ average area and the run
times of a PnP operation (both relative to the maximal case) are recorded. Notice the
conservatism of this work in the size of the feasible region is offset by a dramatic reduction
in the run time of a PnP operation.

Avg. area | Run time
C¢ (maximal) 100% 100%
C; (current work) 66.8% 4.6%
C; (non-adaptive) 16.7% 0%

disturbance allowance so its feasible regions equal the previously defined C;, @ € Zyy 7). The
relative average areas of these feasible regions and the relative run times of a PnP operation
are recorded in table 7.2. While the results of this work do have some conservatism, this is

offset by reduced run times (over 20x in this example).

7.5 Conclusion

This work developed a PnP procedure for computing feasible regions of distributed systems.
The procedure starts when the local agents are designed and PR-CI sets are found for both
the nominal case and the maximally-disturbed case. The run-time PR-CI set is computed
as a linear combination of these two sets. The weight of an agent’s linear combination is
found using a distributed optimization problem that maximizes the sizes of every agent’s

CI sets while ensuring that no agent’s PR-CI set shrinks past its current state.

The solution is limited in the types of coupling allowed. A new connection cannot alter
the agent’s local dynamics. Future work should address this by combining this work with
externally switched system literature such as [C1]. A further shortcoming of this work is
that the distributed optimization problem requires all agents to participate. An obvious ex-
tension would be designing algorithms that limit the scope of the optimization problem. For
example, the optimization problem could be attempted with only the two agents involved
in the PnP operation. If infeasible, participants could progressively join the adjustment
process. Finally, very little discussion was given to the practical implementation of these

results within a controller design. A future research direction would be to incorporate these
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results into a constrained controller such as MPC.
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Chapter 8

Distributed MPC with Shared Trajectory
Previews

'Tn this chapter, we introduce a novel method of controlling a distributed system using
D-MPC. This method is designed as a compromise between the simplicity of robustness-
based D-MPC approaches, and the performance of iterative ones.? This will be a vast
improvement over the proposed controller used in Chapter 6 without a dramatic increase
in its complexity. This will allow the previous results presented in this work to be applied

to systems with more stringent performance requirements.

Literature Review

In the early 2000s, researchers introduced D-MPC, which splits the centralized controller
into sub-controllers that, together, control the global system [38, 39]. These early works
were followed by a stream of literature that developed many different D-MPC sub-types
[118]. The most simple form is called decentralized D-MPC and requires no communica-
tion between agents. Typically, robustness-based approaches are used to reject the cross
disturbances [119]. Decentralized approaches enjoy both simple hardware requirements
and inherit many results from robustness-based literature such as tube-based MPC [120].
However, they require weak coupling between agents [118].

A more complex D-MPC design is non-cooperative D-MPC, which has varying levels
of communication between agents, with each agent minimizing a local cost function. This
design allows for stronger coupling between agents than decentralized approaches, but can

also lead to a large increase in the complexity of the controller.

!The results in this chapter were developed by Richard A. Hall under the guidance of Dr. Leila J.
Bridgeman. They have been submitted to a journal for publication.

2For additional details, see the overview in section 2.2.
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This research introduces a new, non-cooperative D-MPC scheme that allows agents
to use the trajectory previews generated by their neighbors to better select local inputs.
Central to MPC is the selection of an optimal trajectory over the horizon, so no extra
computational load is required to create the trajectory preview. The computational com-
plexity of each agent’s controller is similar to that in robust, tube-based MPC. However,
the communication allows for stronger coupling and improved performance than standard,

non-cooperative, robustness-based approaches.

Sharing future trajectories between agents in a distributed system is equivalent to pro-
viding a disturbance preview for each one. The use of disturbance previews to improve
system performance has been used in various ways in previous literature. One area with
the most activity has been with agents operating in ocean waves. Previews of incoming
waves allow power generation systems to optimize their output [121, 122]. Wave previews
have also been used to improve the control of mobile agents in near-shore applications [123].
Previews of future power loads and sources have also been used in microgrid control [124].
In automated aircraft carrier landing systems, previews are used to account for the moving
deck conditions [125, 126]. Finally, the preview control has been used to find optimal inputs

for automated overhead cranes [63].

More generally, disturbance previews have been used in recent MPC designs. In several,
a disturbance preview with a length equal to the horizon is used [122, 127, 128]. The additive
disturbance is then applied to the end of the disturbance preview, giving the system time
to respond before it is applied to the physical states. This type of controller has also been
examined in the infinite-horizon context [129]. In another recent work, an MPC framework
with disturbance previews is studied [98]. Feasibility and stability results are obtained by
the careful selection of terminal elements.

The use of disturbance previews within D-MPC controllers has also been examined in
previous works. In [130], tube-based robust control was used to design a distributed, non-
cooperative controller that shared previews between the agents. However, the full previews

over the horizon were not shared, only the current state. A similar approach was also taken

102



in [46] but required parameters with an opaque tuning procedure [46, 48]. Furthermore,
as shown in section 8.5, the work presented here demonstrates improved performance by
making additional use of the controllers’ terminal elements to improve the controllers’

performance.

Chapter Overview

The current work provides a D-MPC framework in which future state previews are shared
between agents at each time step. Unlike previous works, the full state prediction is used,
the controller’s terminal dynamics model the preview’s evolution, and the results are im-

plemented in a distributed context.

The paper has the following structure. In section 8.1, standard definitions and notation
are given for use later in the paper. Next, in section 8.2, agent-level linear dynamics and the
previews provided to the agents are recast as a lifted, linear system with unknown additive
disturbances. The properties of this system are examined in Theorem 8.1. section 8.2
can be networked together to get global stability and feasibility of the distributed system.
These results will have some opaque implementation requirements that will be addressed
in section 8.4. The results are then applied to two numerical examples in section 8.5,
demonstrating its effectiveness in emulating centralized control and drawing comparisons

with [46].

8.1 Preliminaries

The operators VSTACK (s), HSTACK (s), and DIAG (s) return the matrix created by stacking
the elements of the sequence s top-to-bottom, left-to-right, and diagonally respectively.
Note that VSTACK (s) (HSTACK (s)) assumes all elements of s have the same number of
columns (rows).

Shift-linear dynamics will be used to model the previews of future disturbances. They

are defined below.
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Definition 8.1 (Shift-linear dynamics). Given the matrix A € R *"" and horizon N €

Z>1, define shift-linear dynamics as

0 I
SHIFT (A, N) £ e RMVxniN, (8.1)
o o4

With shift-linear dynamics, the first element in a stacked sequence of states, {xk {gvzp is
removed and Az" is appended to the end. This is appropriate when modeling disturbance
previews that follow a linear trajectory. There are many cases when the disturbance could
be modeled in this way. For example, consider a swinging mass under a stationary quadro-
tor. The disturbance could be modeled as a damped swinging pendulum and shift-linear
dynamics used to model it. In the context of this work, the nominal, open loop trajectory
of a system under MPC is used to predict how the disturbance previews shared between
agents will evolve. This open loop trajectory assumes the system will follow the preview
sequence until arriving at the terminal state. At this point, linear, terminal dynamics are
used to evolve the trajectory forward for all future time steps. This results in a disturbance

trajectory nominally modeled by shift-linear dynamics.

8.2 Single Agent System

This work examines agents modeled using the linear system

Tijer1 = Aiie + Bivge + Z A i + wijy (8.2)

JEN;
where x;; € R™ is the current state of subsystem 1, Uiy € R™' is the current input applied
to the subsystem, z;; € R" is the current state of some neighboring subsystem impacting

is an additive disturbance added to the system, and N; C Z \ i

the local dynamics, wflt

is a set of indices labeling neighboring subsystem. Let the subsystem’s states, inputs, and

disturbances be constrained by X; C R™ , If; C R™', and W(z,i) C R™ respectively. Often,
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for systems of this type, the effects of the neighboring systems are treated as additive
disturbances. This, however, requires very weak coupling between agents [118]. If the
coupling is too strong, there will exist disturbance sequences for which no feasible input
sequence can continually satisfy the state constraint. Knowledge of the current and future
values of xj;, j € N; could be used to improve the selection of ugj¢, thereby allowing
for greater coupling between agents and improved performance. Let this knowledge be
described as the imperfect preview sequence, {p;?| t}iv:_()l where N € Zx> is the horizon of
the preview. These previews are assumed to be created by preview sequence generators

defined in the following.

Definition 8.2 (Preview Sequence Generator). Given some time-varying state, z; € R"", a
preview sequence generator creates a sequence of IN-step previews of its current and future

values, {pf}5 ', satisfying

2 = p) +wl'”, W e Wiplz,) (8.3a)

k k
P = PP WP e Wplk,), V k€ Zg vy (8.3b)
pﬁ‘ll = APpN 1 4 wle_l, wf'N_l € W(p|N —1,) and (8.3c)

pN~! € P/ which is PI under A? (8.3d)

where WPIe € R, WPIF € R™ k € Z y_y, P/ C R™, and AP € R are fixed by the

preview generator.

The previews created by a preview sequence generator have initial elements “close” to
the current state of the system (eq. (8.3a)). At each time step, the preview is updated
by shifting the elements forward and applying a bounded disturbance (eq. (8.3b)). The
terminal element is evolved according to some linear dynamics, and it is constrained within
the set Pf. These rules closely reflect those described in Def. 8.1 but are presented here in
sequence form, not vector.

There are many possible sources that could be modeled as preview sequence generators.

For example, a swinging pendulum below an agent could be modeled as a linear, oscillating
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system. The wave power generators also exhibit this property, as discussed in the intro-

duction. However, in the context of this work, the primary preview generators that will be

considered are other agents in the system. This will be discussed further in section 8.3.
The dynamics of the preview provided for the state z;; can be converted into matrix

form by defining

Pt £ vSTACK ({p?lt}ivz_(f) , and

k _
Pjjis1 2 SHIFT <A§, N) Ppjir + VSTACK ({w§||t ivzol) = Dipjj; + w,.

Furthermore, using condition (8.3a), the local dynamics can be rewritten as

Tijep1 = AuTie + Biwge + Z Aij (p?\t + wﬂf) + wﬁt’
JEN;

The local and preview dynamics can be combined into a single, larger system as shown

below.

Definition 8.3 (Constrained Linear Systems with Multiple Previewed Disturbances). Let

the horizon N € Z>1, and tuple

= (AZ-Z-,B,-, (Aij,Ag?)jeN) (8.4)
be given, where A; € R% X" B; € R™ ¥ Ajj € R™ X" and A? € R X" for all jeN;.
Define n? £ n? + n? where n!’ £ N> jennj, and construct the full state at time ¢t € Z>g
as

Zije & VSTACK <{$it} X {{P?t}]kvol}jej\/) eER™. (8.5)

The state, z;;, is partitioned into the local states, z;; € R™, and N-step previews of

T

current and future values of coupled states from source j, p;; = {p;?‘ t},lf:_ol € RV . Define
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the full state-space matrices

where D; £ DiAG ({SHIFT (A?,N) }jeM) e R%*™ | and E; 2 uSTACK ({[Aij, 0]} jen:) €
R™ %" Let the operator (A;,B;) = FULLSYS(X;, N) construct the above dynamics. The
matrices I* = [I,0] € R™*" and I? = [0,1] € R"*™ will be used throughout the paper

to extract a system’s state and preview dimensions respectively.

Using these state space dynamics, the full, disturbed system can be written as
Zijtr1 = Aizie + Biugy + wiy (8.6)

where
x . p‘QJ
wr 2 | Vil Zgens At

A € Wiz, i) (24) C R (8.7)
VSTACK ({wg."t}je,\/i)

In eq. (8.6), the original system and its disturbance previews was recast to resemble a
traditional, linear system with additive disturbances. However, the system has two special
characteristics. First, condition (8.3d) provides additional information about what distur-

bances are allowed for the terminal preview elements. The disturbance w” IN=1 Wil never

Jlt
result in the new state violating the bounds in condition (8.3d). The second unique char-
acteristic is the natural partition of the state into controlled local states and uncontrolled
preview states. Furthermore, the preview states have a cascade structure where the high
numbered preview elements are not effected by the value of the lower number elements (e.g.

the previews always shift forward, not backward). Both of these characteristics are used in

the following theorem to design a tube based controller for the system in eq. (8.6).
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Theorem 8.1. Let a system tuple, 33;, define the dynamics

§ : T
{L‘iltJrl = A“.T”t + Blul‘t + A”ﬂ?]‘t + wi\t'
JEN;

Furthermore, define the constraints z;; € X; C R™, uie € Uy C R™', and wiﬁt

€ W(z,i) C
R™ . Finally, let positive definite matrices Q; € R™ *™ and R; € R™ *™ defining quadratic
costs on the state and input be given. Suppose the system has access to N -step previews,
Pjjt = {p;?“}]k\[;ol e RN, j € N, satisfying Def. 8.2. Let K; = [K¥, K] € R be
selected such that Azf 2 A; + B, K; is stable with (A;,B;) £ FULLSYS(Z;, N).

For each preview generator, recursively define the sub-tube cross-sections as

R§|N_1 5 RPI (A?,ijlN_l) N (ij @ (—ij)>

ROV 2 R o Wk e 2y ).

With Alfm £ Ay + BiK? and A{p £ E; + B;K?, define the disturbance bound

N—-1
W(@,1) 2 Wia,i) & @) AyWiplz,j) & a7 TT T ”™
JEN; jENi k=0

Using this and the preview sub-tubes, define the local sub-tube as
R® £ RPI (A{”f, Wi(e, i)) .

. . . A N-1 |k
Define the tightened input and state constraints, U; = U; © K; (Rf X Hje./\/} | | R? )
and X; 2 X; © RY.
Select a terminal constraint T;* C R™ and positive definite matriz P; € R <™ such

that the following conditions are satisfied with T;7 = T* x HjeN(P]f)N

1. Admissible Conditions:

T C X, KT CU;. (8.8a)
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2. Invariance Condition:

VeeT? AzeT? (8.8b)

3. Decent Condition:

2
e < e, 1=, =, (8.80)

where Q; and R; are the given positive definite matrices. Define

N N-1 Nl 2 2
Jz(<zk> ,<uk> = HzNH2 + Z kaH + Huk
k=0 k=0 Py k—0 Q; R;
associated with the optimization problem,
o N N-1
Ji(zir) £ min Jz(<2’k> 7<Uk> )
z07<uk>iv:701 k=0 k=0
st 2P = AR+ Bk, (8.9a)
[*2F e X; VkeZpn o, (8.9D)
N eT?, (8.9¢)
kel VkeZyn o, (8.9)
N-1
ap -2 e REx [T I RY™ (8.9¢)

jENi k=0

Denote an optimal input sequence from z;; as {ﬁﬁt}kN:Bl and the resulting nominal trajectory

as {éﬂt}i\;o. The closed loop system under the control law
Us|¢ = Uy + K (240 — Zije) (8.10)

is persistently feasible and exponentially stable with z;; converging to the set around the

- - k
origin, R X [Len; Hivzol R?l as t — oo.

Proof. The proof shows that the existence of feasible, optimal state and input trajectories

for time ¢o implies the existence of feasible state and input trajectories at time t; £ to + 1
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that have a lower cost. This is done by constructing the new trajectories from the previous
time-step’s trajectories. This is similar to how the standard tube-based MPC proof (e.g.
[107]) is structured. However, the unique construction of the tube cross-section and the
structure of the cost in eq. (8.8¢c) require special considerations. In the first part, only

feasibility is examined. In the second part, the decrease in the optimal cost is shown.
Part 1 - Feasibility

For some time tg € Z>q, construct the input sequence {ak N—L & fyk } e 1 x K;z), and

i|t1J k=0 z\to 'L|t

resulting state sequence {éfltl W2z Zi to} o X Al ity Persistent feasibility is established

by showing that these new sequences are feasible for any realizable z;, .

The satisfaction of constraints (8.9a)-(8.9d) is established by the definition of the se-
quences and terminal conditions 8.8a-8.8b. To show the satisfaction of condition (8.9e),

isolate a preview sequence within

o1 _af <0
Zilty = Zijtg = A7 (Zijto — Zijty) + Wi,
to create
sl (e =0 P
Pjlty = Pty = DjDjjee = By + Wy, -

Further, the terminal element in the sequence can be isolated to create

N—1_ GN=1 _ 4po N-1 _ JIN-1 p|N—1
Pjjt, Pjiy = j(pjlto Pjit, )+wj|t0

Since the values from the last time-step are assumed to be feasible, (pj\( tgl — ﬁ?;g_l

RPI (A? , WJP |N71). By the definition of RPI sets and the terminal preview dynamics iso-

) €

lated above, therefore, pj.\‘/tzl —ﬁ;"?g—l € RPI (A?, Wle_l) Furthermore, pj.\‘[tzl —]5]1,"2)[_1 =

pj.\‘[ t:1 AP “j\( tol € ij @ (—Pf ) by the invariance condition of ij and the preview gener-

ator condition (8.3d). Therefore, p’Y |t - ﬁllN*l € R?‘Nfl

ilto for all j € N;. Examining the
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k € Zjp,n—2) element of the 4§t preview gives

ko Sllk g k41 Olk+1 plk plk+1 plk _ plk
Pilty, = Pijgy = Py — Pjpgy ) Wiy, € R @WIT =R

Therefore, constraint (8.9e) is satisfied for every element, k € Zjy y_1), of every preview,
j € N;, provided to the agent. The final dimensions left to examine for this constraint are

those associated with the local states. Their error can be bound as

Lilty — i}l\to :IrAzf(Zi\to - 51(']|t0) +W(z,i) & @ AiiW(plz, j)
JEN;

v( o0
= A{x(x“to — xi\tg) + A{pVSTACK ({pj|t0 - pj|t0}jeM)

+ W(z,i) & @ A W(p|0,5)
jGNi

€ RPT (A", W7) =R;.

Since the error is within RY, constraint (8.9e) is satisfied by the state and input trajectories
{aﬁtl}l]c\f;()l and {25750}{;7:0'

To complete the persistent feasibility portion of the proof, the feasibility of the nominal
state and input sequences must be shown to create feasible states and inputs in the phys-
ical system. The definition of the tightened state and input constraints, AN,’Z and 1/71-, and
constraint (8.9e) directly establish this requirement.

Part 2 - Stability

To prove stability, the feasible input sequence {ﬂfi tl}iv;()l is shown to decrease the system’s
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cost-to-go compared with the previous time-step’s optimal input sequence {df‘ to}év:_ol.

v

Ji(zi) = Jizi) < T2 o {00, ase) = Jilzige,)

N-1
2 2 2 2
_AfeN vk ok N
_HAi Zito|| T E , Tijgo ||+ || Wit 1| Tijto
Py _ Q; R;
2 N N1 T T
+ HKZ‘% Zilto|| E Tijgoll T [|%ilto
Ry P p—o Q; R;
2 2 2 2
A fenN N v oN
HAi Ziltoll T | Tifeo|| T Klzz|t Zilto
Py Q; R by
2 2 2 2
) <0 ) o
xi|t0 ui|t0 < xi|to ui‘to
R; R

where the last relationship holds by eq. (8.8¢). Since the optimal cost-to-go decreases at each
time step and can be upper and lower bound by functions of Hézo‘ ;||2 that are monotonically
increasing, 0 when ||,§?|t|\2 = 0, and go to infinity as ||5?|t||2 — oo [55], it creates a valid
Lyapunov function. This proves the convergence of the nominal trajectory to the origin
and, by the feasibility result and constraint (8.9¢), the convergence of the physical system

N-1 pplk
to RY x [Len: [Tag RO™. 0

Note that this proof closely follows the traditional proof for tube-based linear MPC
stability and feasibility found in e.g. [107]. The primary difference is in the tube’s definition
and the fact that certain costs or constraints are only applied to the local states of the
system. By leveraging the nature of the previews and the structure of the full dynamics,
computing the tube’s cross-sections is broken into many small parts with few iterative
algorithms required. This allow the results to be applied to systems with higher dimensions
and/or longer horizons which, otherwise, would have struggled with numerical difficulties.

Another key difference is that the same control law, K;, is used for both the terminal
dynamics and tube-based error rejection. This restriction simplifies analysis in future sec-
tions and decreases the effective disturbances between agents. This will be explored further

in section 8.3.
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8.2.1 Prediction Adherence Constraints

Currently, there is no explicit relationship between the optimal state sequences {zﬁt},ivzo
and {sz| ' +1}2V:0. This makes the predicted sequence of states at the last time-step a poor
preview of the of the sequence at the current time-step. Looking ahead to coupling multiple
agents defined as in Theorem 8.1, this is problematic as previews of future disturbances
could be arbitrarily incorrect. In the following lemma, an additional constraint is added
to the optimization problem that binds the optimal sequence within some distance of the
sub-optimal sequence constructed as in the proof of Theorem 8.1. This creates an explicit
connection between the optimal sequences between two time-steps, thereby bounding the

amount the preview could be wrong.

Lemma 8.1. Let a system be given as in Theorem 8.1. Furthermore, let the local ad-
herence constraint Dy C R"™ and preview adherence constraints ij C RY , j € N; also
be given such that they all contain the origin. With elements computed and defined as in

Theorem 8.1, create the following optimization problem.

iz, {2 o)

= min J¢(<zk>N <uk>N71) (8.11a)

k=0’ k=0
() o
s.t. constraints (8.9a)-(8.9e) (8.11b)
zj, — 2" eDf x [ (@) (8.11c)

JEN;

Denote an optimal input sequence from the state and sequence (z;, {fﬁt}{f:o) as {ﬁi‘t}év:_ol

and the resulting nominal trajectory as {557:}{@\[:0' The control law

Us|¢ = Uy + Ki(zige — Zijt) (8.12)
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Figure 8.1: The sequence of actions taken during a single time-step. The time-step can be
broken into two parts. During the first, normal tube-based MPC procedures are run with
the only addition being the adherence constraints in eq. (8.11c). Then, for the remaining
time before the next sampling time, the new previews are created and transmitted between
agents.

along with the closed loop sequence dynamics
—k N vk \N yN
{Zho o = {2 x A2, (8.13)

resull in a persistently feasible and exponentially stable system with z;; converging to Ry x

N—1.pplk
[Tien; ITi=o R];' as t — oo.

Proof. These results follow immediately from the proof for Theorem 8.1. Note that the

evolution of the sequence in eq. (8.13) creates the suboptimal trajectory used in the proof

P

i;» J € Nj contain the origin, this

for Theorem 8.1. Since the adherence constraints D} and D

suboptimal trajectory can be used in the same way to prove the claims of this lemma. [

8.3 Combining Multiple Agents

Up to this point, only a single agent has been considered. This section discusses how multi-
ple agents can be connected so that they are sharing previews and being locally controlled
as in Lemma 8.1. The timeline within a single time-step is shown in figure 8.1. The agents
simultaneously receive previews of each other’s predicted state sequences and use these to
compute new, disturbance-aware inputs at the current time step. Since the previews are
imperfect, the tube-based controller developed in the previous section is used to reject the

errors.
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Figure 8.2: Proposed control architecture within agent i. Between sampling times ¢ — 1
and t, the agent receives the imperfect previews {i’fl t—l}i;V:P j € N;. These are merged with
the local state to create the current lifted state, z;;. This is passed into the optimizer along
with the shifted nominal trajectory from the preview time step, Z;;_1. The local preview is
provided to ensure that the optimizer selects a new state trajectory “close” to its previous
preview. Using these values, the optimizer outputs a new nominal state sequence, {fz’fl t}fc\;o,

and a nominal input trajectory, {ﬁf‘ t}éV:_Ol. These are uses, along with the actual state of

0
il

preview, {i‘f' t}{g\;l. Finally, the adjusted input is applied to the physical system, and the
preview is shared with all neighbors of the system.

the system, z;;, to find an adjusted input, u;),, and the adjusted predicted state trajectory

8.3.1 Creating the Local Preview

This section discusses how agents controlled as in Lemma 8.1 can generate previews of
their current and future local states so that Def. 8.2 is satisfied. The optimization prob-
lem in Lemma 8.1 outputs the predicted state sequence {:Zfl t}szl)' However, this sequence
corresponds with the center of the tube of all possible trajectories. Since the center points
are only loosely coupled with the physical state of the system, they provide poor previews
to neighboring agents. Instead, the predicted values of the physical states, assuming zero
disturbance, should be predicted and shared instead. This process, along with the require-

k _
ments on Wf‘x, {Wfl ivzol, p/

7

and A so that they satisfy the conditions Def. 8.2, is

discussed in the following lemma.

Lemma 8.2. Given an agent controlled as in Lemma 8.1, let {éﬁt}szo denote the optimal

solution of Lemma 8.1 from the state and sequence (zz-|t,{21.‘/’|t}f€\;0). Create the preview
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shared for time t + 1, {pﬁt}g:_ol = {I“iﬁt_l},]y:f, according to the following, recursive

process.

2?|t—1 = Zilt (8.14a)
szlzr—ll = Aizjjp—1 + IB%i”c‘i‘€|t—1 V ke Zpn-y (8.14b)
7~~Lf|t—1 = ij’i|t—1 + K ('gﬁt—l - 551;—1) (8.14c)
pﬁt_l = Iméﬁt—1 VkeZyn)- (8.14d)

Define A? & Ay + B;K¥ and p/ C X; as the maximal PI under AY such that K* AP C U;.
1 7 (3 T K3 (3

Let the disturbance bounds be defined such that they satisfy the following relationships.

W(plz,i) DW(z,i) & @ AW (plz, j) (8.15)
JEN;
N-—1
wrE 5D @ 17(A])EH <<W(p’mvi) < 11 11 Wflk)
JEN; k=0
® <—D;-” < 11 (—DZ)N», V k€ Zjp,n—2 (8.16)
JEN;
N-1
Wyt ;Df@m{)N((W@'W T TT W)
JEN; k=0
& <_Df < 1 <—DZ§>N>> oAl TT®)HY. (817)
JEN; JEN;

With these elements the preview {pf‘t}{j:l satisfies the conditions of Def. 8.2 when the

system is controlled as in Lemma 8.1.

Proof. These results are established by consecutively proving the preview respects the 4
conditions found in eq. (8.3a) - (8.3d).
First, the following relationships show that first element in the sequence accurately

reflects the current state of the system in accordance with eq. (8.3a). Let tg,t1, and to

3The discrepancy in the time steps is due to the timeline shown in figure 8.1. The preview computed at
time ¢ — 1 is shared with neighboring agents which use the preview at time ¢.
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denote three consecutive points in time. Then the discrepancy in the initial element in the

actual state is

pa 0 _ .
ity — Filtt — Pijey = Tifts — Lijto

=TI (Aizito + Biwijt, + Wiy, — Aizijr, — Biuz‘|to>

w

z|t0 + Z Azgwﬂt S W(JZ,’L) S @ AZ]W(p|‘T)]) c W(p’xal)
JEN; JjEN;

where wy, is defined as in eq. (8.7).

i|to
Next, the evolution of the preview sequence is shown to respect the constraint in
eq. (8.3b). The disturbance applied to step k € Zjg y_g in the preview at time #; is

plk _ okl skl sk42  qmosk+l kA2
wl|t1 pl|t2 pl|t1 - i|t1 i|t0 - ( i‘tl i‘to )

The difference zf'jl zﬁ%g represents the change in the predicted value of the nominal full

state at time t; + k + 1 as viewed from time ¢y and ¢;. This can be further analyzed as

B — B = AiZ, + B, — B
= AdZjy, + Bilig, + Ki(Z, — ) — 20
= Az, + Bk, + ATz i — H) — ~f|t+02
= 75+ AL, - 2) - 2T
=t + AL G, - ) - G+ AT - D)

vk vk 2 vk v ~k+1
= (= k) L AT (R — 2k )+ AT (EE, - 2T,

i|t1 Z‘to Z‘to i|to

For k > 0, the difference 25 6 Zkljl can be repeatedly replaced using the same expression

with decremented indices to get
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shtl _ zh+2 _sh+l  sk+2 frok+1 ok
Zi‘tl Zz‘to _Zz|t1 ’L|t0 +A ( Z‘to Zl‘tl)

b vk+1 frsk=1 % f gk—1
+A < z|t1 _zz|t +A ( 1|t z|t0) +A ( 2|to Zz\tl ))

skl _ k2 k=1 _ k sh gkl
+1_ ght2 4 (Af)2(z. —ZzZ8 )+ (A{)Z(zﬂto ~ Fiy )

l|t1 llto 1 Z‘tl ’L‘tO
_ vkl k42 F\k+1 51 50
_zi|t1 Zl|t0 + <Al ) ( Z‘tl i|t0 + Zl‘to i|t1) .

Using this and the relationship wl||t =TIz ﬁzl zﬁf) from eq. (8.3b), the bound wﬁlt €

WZP *is established for k € Zjo,N—2)- Analysis of the k = N — 1 element proceeds with

minor modifications as

pIN-1 _ N—-1 _ 4p, N-1 _ ~N _ sfz=N

Wi, = Py, Azpz\tl = Tip, — A Ty,
X = x fo y4
=17z z|t1 (I Az i|to A I’z z|t0)

=N
Ix<zi|t1 Az z|t0) Afp[ Zz|t0

f ~N 1 gN-1 f
+ A ( Z‘t —Zin ) — AZ Z‘to) APIp 2

IJJ

Z|t1

i z\t

AT SN N0 _ =1 <0 f
+ (A7) (z'i|t1_ Zijte T Zz\to i|t1)> + 4; "IPE), 'L|t0

z|t1 z z\to

II

x oN— ~N
I ( £ — AL AL (N 2 )) + APz

The resulting term is within the set defined in eq. (8.17) since 2“]\20 is within the terminal
set.
Lastly, since 7;* C Pl-f by the invariance condition in eq. (8.8b), the constraint in

eq. (8.3d) is satisfied as well. Since conditions 8.3a - 8.3d are each satisfied, the lemma’s

claims are verified. O

Using the lemma above, agents controlled as in Lemma 8.1 can produce previews sat-

isfying Def. 8.2 However, consider implementing this lemma on agent ¢ and j that are

4The cancellation in these equations is why the terminal control law and error-rejection control law where

set equal to each other in Theorem 8.1.

118



dynamically coupled. Computing the disturbance bounds for agent i requires those from

agent j and vice-versa. This circular dependency will be addressed in section 8.4.

8.3.2 Previewed Distributed MPC

This section presents the cumulative results of this work. A system of M constrained linear
agents, coupled in their dynamics, is studied. The following theorem describes how this
system can be controlled using D-MPC where each agent shares a preview of their current

and future states so that its neighbors can better select inputs to reject its impact.

Theorem 8.2. Given the horizon, N € Z>1, let M € Z>1 agents with the form as in
eq. (8.2) be given, with local state-space dynamics, (Ay,B;) € (R%>™ R™>™)  state
constraint X; C R™ , input constraint, U; C R™ , positive definite state and input cost
weights, Q; € R™ *™ and R; € R™ *™' | neighbor sets, Nj C (Zj1,my \ ), and link-dynamics
for each neighbor, A;j € R™*" | j € N;. For each agent i € Zpi vy, select K; =€ R™ *ni
as in Theorem 8.1 and W(p|z,i), {W(p|k,i)}r -y such that the relationships in eq. (8.15)
and eq. (8.16) in Lemma 8.2 are satisfied. Using these elements, design controllers for each
agent as in Lemma 8.1. If valid controllers exists, then the global system is Lyapunov stable

and persistently feasible.

Proof. Since the agents are valid preview generators (by Lemma 8.2), each agent is receiving
previews satisfying the requirements of Theorem 8.1. Therefore, the persistent feasibility
proved there (and, by extension, in Lemma 8.1) is inherited by each agent in the coupled
system.

Stability results can also be inherited from Lemma 8.1 by constructing a Lyapunov
equation equal to the maximum over all the local agent’s optimal cost-to-go. The stabil-
ity of each individual agent enforces a monotonic decrease in the maximum value in the
agent’s cost-to-go, establishing it as a global Lyapunov equation. Since a global Lyapunov
equation exists, the system is stable with each agent converging to their respective tube

cross-sections. ]
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8.4 Implementation of Results

The application of Theorem 8.2 requires some non trivial procedures worth further consid-

eration. These are discussed in this section.

8.4.1 Computing Disturbance Rejection Constraints

This section discusses the computation of sets that satisfy egs. (8.15) and (8.17). Because

there are unknown sets on both sides of the relationships, an iterative solution is needed.

The condition in eq. (8.15) can be rewritten as
wWrle o GWrle g W

where G € R" ™ with blocks G;; = A;; if j € N, or Gij = 0 € R™ X" otherwise,

] Wz-p 1 This expression is the standard condition

we £ Hz‘eZ[LM] WY, and WP & [Licz
of an RPI set so previous results, such as those in [131], can be used to compute these
sets. Furthermore, by the separable nature of the system, algorithms can be parallelized
to avoid set operations in the full state space, R” . Once Wf lx, i € Zp1,m are found, the

disturbance sets in (8.16) - (8.17) can also be found using algorithms to find RPI sets.

8.4.2 Parallel Computation of Tube Cross-Sections

When introduced in Theorem 8.1, the tube cross section associated with the preview from
agent j, R?'k, k € Zjg,n—-1], was discussed as if it was computed locally by agent i. Note,
however, that the tube was defined entirely using element provided by the ;'™ preview
generator (e.g. agent j). Therefore, the tubes for each preview can be computed in parallel
by the agent that generates it. Once found, they can be shared with any neighboring
agents. This reduces the design-time computational load since it avoids recomputing the

same tube-cross sections in different agents.
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8.4.3 Expanding the System’s Feasible Region

This work contains many design variables that can be tuned to improve the system’s per-
formance is increase its feasible region. Negatively, it is possible to select design variables
producing only trivial feasible regions. Adjusting these variables so that the feasible regions

grow or become non-trivial is the focus of this section.

In general, the size of the feasible region for agent ¢ will grow as the size of agent
i’s disturbance shrinks. The most direct way of doing this is by reducing the size of the

IN=1 _ () in Theorem 8.1.

. . . . . . p
terminal constraints in the neighboring agents, thereby setting R;
To this end, the constraint Xif C A} is introduced that serves as an outer-bound on the
size of the terminal region of agent ¢. This is incorporated into the previous results in the

following ways.
1. Theorem 8.1 - Define %f = Xif © R, and replace X; with /“?Z-f in eq. (8.8a).
2. Lemma 8.2 - Impose Pl-f - Xif.

By reducing the size of Xif , the preview tube cross-sections associated with agent ¢ will be
reduced, leading to smaller possible disturbances applied to its neighbors. However, this
method may result in a smaller feasible region of agent ¢ due to a smaller terminal set. The

optimal amount to tighten the terminal constraint will depend on the system under review.

8.4.4 Initialization of Previous Trajectories

The optimizer in Lemma 8.1 takes both the current state and a feasible sequence of states
from the last time step as inputs. Furthermore, each agent has a preview of its neighbors’
future states. However, at the initial time step, tg, the system does not have a previous
trajectory, nor has it received previews from it neighbors (as can be seen in figure 8.1).
While a detailed analysis will be left for future work, possible options will be discussed

here.
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Centralized Controller

The first and most simple solution is to find a centralized solution at ¢ty and use this to
create the initial previews. This has the obvious drawback of requiring a central solver
which, if it exists, reduces the need for a distributed design. However, there may be certain
situations where this is possible. For example, a centralized solution for a UAV swarm
could be found while the agents are landed and stationary and then the faster, distributed

approach could be used after take-off.

Iterate PD-MPC Controller

Another possible approach would be to make an initial guess as to the neighbors’ trajectories
(e.g. “neighbors remains at the origin”) and get the optimal input sequence without the
preview adherence constraint in eq. (8.11c). The optimal trajectories would be shared
between agents, replacing the initial guesses as to there states. This process continues until
convergence or valid trajectories have been found. At tg+ 1, the controller as in Lemma 8.1

is used.

This approach has the benefit of not requiring a centralized or largely different controller.

However, additional analysis should be conducted to establish the procedure’s convergence.

Other Decentralized Controller

The final approach would be the use of another D-MPC controller that does not require
previews, such as [130]. Changing to the proposed approach is expected to improve per-
formance relative to using the preview-less approach in perpetuity. Once the initial step is
completed, the optimal trajectories are used as the previews for the next time step. This
benefits from inheriting whatever theoretical results the original work established, but re-
quires the implementation of two separate approaches. This can lead to extra hardware
or software requirements, but, as with the centralized controller, there may be situations

where this is a minor concern.
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Figure 8.3: System studied in the numerical example. Not that the coupling components
are in the same order of magnitude compared with the local components. This better
illustrates the effectiveness of this work at rejecting large cross terms.

Agent 1 Agent 2
1 T 1 T
0F 0
1 1
52 §-2

3 b 3k
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Centralized MPC Centralized MPC
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O x1(0) =6.66, v;(0) = —1.64 O x2(0) =0.79, v(0) = —4.8
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-1 0 1 2 3 4 5 6 7 -0.4 -0.2 0 0.2 0.4 0.6 0.8
T T

Figure 8.4: Comparing the trajectories of the agents with and without sharing previews.
Note how agent 2 is less able to reject the effects of agent 1 when no preview is provided.
The feed-forward nature of sharing previews allows agent 2 to preemptively select inputs
to reject the effects of agent 1.

8.5 Numerical Example

The results presented here were testing on a simple 2-mass system where each mass is
controlled separately. The example was selected because it demonstrates the benefits of the
work while being simple enough to display clearly and directly compare with the centralized
controller. The system used is shown in figure 8.3. An additive, external disturbance
bound by |w;| < [0.0099;0.0089] is added to each agent at every time step. The system
was descritized with a sample time of Ty £ 0.2s. First, PD-MPC were designed using
Theorem 8.2. This was compared with a noncooperative controller without a preview,
relying instead on tube-based disturbance rejection. The simulation started with the initial
conditions z1(0) = [6.66; —1.64] and x2(0) = [0.79; —4.8]. The controller’s horizon was set
to N = 6. At ¢t = 0, the preview trajectories where generated using a centralized controller.

figure 8.4 shows the trajectories of the two agents under the two distributed controllers
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Agent 1 - Feasible Area

U1
o
T

[ Centralized MPC
[ Preview D-MPC
[ Noncooperative MPC
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Figure 8.5: The feasible regions of agent 1 when agent 2 starts at the origin. Note that
the non-cooperative approach must assume that agent 2 is at it’s most disruptive state.
However, preview based distributed MPC is able to make use of the information about
agent 2’s location to increase the feasible region. This allows the feasible region to be
expanded when using preview-distributed MPC (PD-MPC).

compared with the centralized controller. The benefits of this work is especially evident in
Agent 2’s trajectories. The noncooperative controller fails to account for the effects of it’s

neighbor, leading to a large loop that the centralized and PD-MPC approaches avoid.

This was also demonstrated analytically by examining the costs of the two methods
compared with the centralized controller. The cost at each of 40 time steps for 1000 random
samples were collected. Let the PD-MPC, noncooperative, and centralized costs for time
step k € Zyy 49) of sample i € Z[; 1900 be denoted cf,? , ¢, and cf), respectively. The ratio
between the increase in cost relative to the centralized controller creates a performance

metric and was computed as

1000 40
Zi:l k=1 (CZLkC — c’fk) =17.7,

5000 =40 d .
i=1 2uk=1 (‘fk‘%k)

demonstrating the PD-MPC’s ability to approach the cost of the centralized controller.
The PD-MPC increased the cost of the trajectories an average of 0.10% compared with the

noncooperative increasing it by 1.72%. This 10-fold improvement came at the expense of an

124



average of 2.53x the computational time. A similar experiment was run with both systems
initialized at the origin. This made the additive disturbance the only source of non-zero
costs at each time step. The single sample was simulated over 500 time steps, resulting
in a performance ratio of 4.9. The PD-MPC approach was 9.2% over the centralized
controller, compared with the noncooperative’s 45.0% increase. Both of these measurements
demonstrate what is observed a empirically in figure 8.4 — PD-MPC provides performance
an order of magnitude closer to the centralized approach than the noncooperative controller

while requiring approximately double the computation time.

The size of the feasible regions were also compared and the results are shown in figure 8.5.
Ssince PD-MPC makes use of the knowledge of the other agent, its feasible region is larger

than the noncooperative controller’s.

8.6 Conclusion

In this work, an MPC framework was developed for distributed, non-cooperative systems
of linear agents. The system’s performance was improved by allowing the agents to share
their predicted future states at each time step. By constraining how much the controllers
are allowed to alter their predictions, the accuracy of these previews is bounded, allowing
each agent to serve as a valid preview generator for its neighbors. Furthermore, the agents’
terminal control laws are used to model the nominal evolution of the previews, further
reducing the conservatism. Using this information, each agent can better select inputs to
reject the effects of its neighbors. When tested on two numerical examples, performance
was competitive with the centralized system, demonstrating the effectiveness of this work.

The results presented here require an initial, feasible trajectory that is difficult to obtain.
Future work should explore distributed methods of finding the initial trajectory. Further-
more, the effects of agents leaving or entering the system should be explored to extend this

work to the PnP context.
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Chapter 9
Concluding Remarks

The previous chapters have described a number of advancements in the field of externally
switched systems. In Part II, centralized results were examined and the concepts of safe-set
collections were introduced. These collections provide a means of describing time-variant
feasible regions that establish both persistent feasibility and stability under all realizable
switching signals respecting given graph-based constraints. Methods of computing dwell
time constraints for standard controllers were also introduced. This computation used
a novel approximation of explicit MPC with applications in high-speed and embedded
contexts.

Beyond the centralized results, Part I1I examined how to simplify distributed controllers
and reduce the numerical complexity of switched system results so that these distinct fields
can be brought together. Parallel and iterative algorithms were developed that allowed
concepts from previous switched system results, such as those presented in Part II, could
be applied to distributed systems. To overcome the restrictive system model required
by these chapters, a novel distributed controller was also developed in Chapter 8 which
used previews from neighboring systems to improve local performance. This dramatically

improved the global system performance while maintaining simple controller architecture.

9.1 Future research directions

As mentioned in the introduction, the results presented here leave exciting opportunities
for future researchers to explore. The most impactful likely would be the union of the
results in Chapter 6 through Chapter 8. This would create a general approach for handling

external switching in distributed systems under MPC.

The primary challenge in this extension is related to sudden large changes in the shared
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Figure 9.1: A safe-set collection graph for a 2-mode system where the first mode has
a min-DT of 3 and the second has a min-DT of 2. The system also experiences impulse
switching which adds a large, additive disturbance with a min-DT of 3. Each node in the
chart represents an element of a safe-set collection. Solid lines imply that the root node is
in the pre-set of the tip node and, therefore, any state in the root node can enter the tip
node in a single step. Dashed lines imply that any state in the root node will remain in the
tip node after an impulse disturbance.

previews when an agent switches. The distributed controller relies on each agent remaining
near their previously promised state trajectories. However, a switch could easily cause
the system to violate this assurance occasionally. To a neighboring agent, this could be
represented as an occasional, large impulse disturbance added to the preview provided
by the switching agent. By extending the concept of safe-set collections to include these
impulse disturbances, as described in figure 9.1, this impulse disturbance could be handled
using the previously developed switched system techniques. These ideas were explored in

a previous work [M4], but there is still great potential for improvement.
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