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Abstract
Recent advances in both theory and experiment have identified quantum Low-Density

Parity-Check (LDPC) codes as a prime candidate for fault-tolerant quantum computation

in the near future. This thesis addresses various challenges related to the construction

and decoding of quantum LDPC (qLDPC) codes. A major contribution of this research

is the creation of a unified family of qLDPC codes called left-right lifted product codes.

The proposed approach not only makes the construction process simpler but also brings

different qLDPC constructions together into a single framework that greatly improves both

understanding and practical use.

This thesis aims to highlight the practical and theoretical advantages of the left-right

lifted product construction. As part of this, we present the finite-length distance analysis

for the general lifted product code. Moreover, we also extend the finite-length result to

asymptotic lengths and provide a conjecture for a new kind of asymptotically good quantum

LDPC code that holds promise for more feasible and practical applications.

From a practical standpoint, this work includes the first detailed cycle analysis, specifi-

cally focusing on dominant 8-cycles, which significantly impact decoding performance. Our

findings indicate that the lifted product construction substantially reduces the number of

short 8-cycles compared to the hypergraph product code. Additionally, we establish an

upper bound for the girth of the left-right lifted product code, demonstrating that, unlike

classical QC-LDPC codes, the presence of 8-cycles is unavoidable, regardless of how the

group algebra elements are selected in the base matrices.

Lastly, leveraging newly developed mathematical tools in spectral hypergraph theory,

we offer a computable lower bound for the left-expansion property of the target factor

graph. We believe that this contribution can be particularly valuable for code design, as

the left-expansion property was previously difficult to quantify.
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1. Introduction
This chapter aims to provide a concise history and background of Quantum Error Cor-

rection, focusing primarily on Quantum Low-Density Parity-Check (LDPC) constructions

and various decoding algorithms associated with Quantum LDPC codes in the first sec-

tion. The second section identifies several prevailing challenges within the field of Quantum

LDPC codes and decoding, outlining the thesis’s objectives designed to address these issues.

The specific contributions of this work are detailed in the third section, summarizing the

concrete efforts undertaken to achieve each objective.

1.1 History and Background

Quantum Error Correction (QEC) is a field that addresses the challenge of preserv-

ing the integrity of quantum information in the presence of errors due to decoherence and

other quantum noise. In QEC, stabilizer codes [1] represent a foundational class of quan-

tum error-correcting codes. These codes are based on the concept of stabilizers, which

are operators that "stabilize" a subspace of the quantum system’s Hilbert space, ensuring

that all states within this subspace are eigenstates of the operators with the same eigenvalue.

CSS (Calderbank-Shor-Steane) construction:

Within the family of stabilizer codes, the CSS (Calderbank-Shor-Steane) codes [2] are

constructed from two classical error correcting codes with parity check matrices Hx and Hz,

respectively, one for correcting bit-flip errors (X errors) and the other for correcting phase-

flip errors (Z errors). Consequently, the CSS construction naturally separates the correction

of bit-flip and phase-flip errors, streamlining the error correction process. This separation is

achievable because the codes are designed so that the stabilizers for correcting bit-flips (X-

stabilizers) commute with those for correcting phase-flips (Z-stabilizers). Mapping to the

binary representation, it is equivalent to the equation Hx ¨ HT
z = 0. The number of encoded

qubits of CSS code is kx + kz ´ N where N is the number of physical qubits, and kx, kz

represents the number of encoded qubits for the two classical codes Cx, Cz, respectively.
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Additionally, the minimum distance of the stabilizer codes is determined by the minimum

weight of the logical operators. For a CSS code, the logical operators can be distinctively

categorized as Z and X logical operators, allowing the minimum weight of the CSS code to

be defined as the lesser of the Z and X distances, dz and dx, respectively. Specifically, the

distance of a CSS code, d, is expressed as follows,

dz = min wt(Lz), dx = min wt(Lx), d = min(dz, dx) (1.1)

where Lz P Ker(Hx)zIm(Hz) and Lx P Ker(Hz)zIm(Hx). From (1.1), it is apparent that the

Z and X distances, dz and dx, can exceed the minimum Hamming distances of the classical

codes associated with the parity check matrices Hz and Hx. This outcome stems from a

unique characteristic of quantum error-correcting codes known as degeneracy [1], a property

not found in classical coding theory. It results from the fact that error patterns equal to a

stabilizer do not change the encoded quantum state and do not need to be corrected.

Quantum Low-Density Parity-Check (LDPC) codes:

Quantum LDPC codes, a subclass of quantum stabilizer codes, originate from their

classical analogs and are distinguished by their sparse parity check matrices. LDPC codes

[3], both classical and quantum, are characterized by their parity check matrices with a

notably low number of non-zero elements - typically, the number of "1"s in each column

and row is capped by a constant that does not change with the code size. In the quantum

setting, the defining sparsity of quantum LDPC codes enables efficient syndrome measure-

ment. Moreover, the ability to correct many errors combined with a high encoding rate

positions high-rate quantum LDPC codes as a strong candidate for fault-tolerant quantum

computation, especially for near-term quantum technologies.

The development of quantum LDPC codes has been a significant area of research within

quantum error correction. The history began with the renowned Toric code [4], arguably

the first quantum LDPC code known for its large error threshold [5]. This code, which

has distance scales O(
?

N) and a vanishing rate, received its name from the fact that it is
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obtained from the cellulation of the torus. In 2002, Freedman, Meyer, and Luo opted for

a more complex manifold than the torus to enhance the distance by a factor log1/4(n) [6].

Since these quantum LDPC codes are derived from the cellulation of manifolds that can be

embedded in a high-dimensional space, they are categorized as topological quantum error

correcting codes.

Topological quantum error correcting codes, however, typically have a vanishing encod-

ing rate. In 2009, inspired by the topological product from the Toric code, Tillich and

Zemor introduced the Hypergraph product codes, which achieves a constant rate, though

the distance remains bounded by O(
?

N) [7]. The year 2020 saw major breakthroughs in

high-rate quantum LDPC codes. Evra, Kaufmanm, Zemor, and Tessler extend the code

distance to O(
?

N log N) and O(
?

N logc N), respectively [8][9]. In September of the same

year, the Fiber Bundle codes [10], presented by Hastings, Haah, and O’Donnell, was the

first to break the O(
?

N) boundary, achieving a distance proportional to n0.6/polylog(n).

Three months later, Breuckmann and Eberhardt published Balanced product codes, offer-

ing an explicit construction based on the expander graph to achieve reach similar distance

[11]. In December 2020, Panteleev and Kalachev invented the Lifted product codes which

almost achieves the linear distance d 9 N/ log(N) but with a slightly lower encoding rate

k = log N [12]. Finally, in 2021, Panteleev and Kalachev proved the existence of the

asymptotically good quantum LDPC codes through the high-dimensional Cayley expander

construction [13]. This construction, combined with the local tensor codes featuring the

Robust Testability property, has been shown to offer an asymptotically constant encoding

rate and distance with high probability [14].

1.2 Challenges and Objectives

Building on the background and history provided, the field of quantum LDPC construc-

tion has evolved significantly, making numerous breakthroughs in recent years. Despite

these advances, several challenges remain in the construction and decoding of quantum

LDPC codes. This section outlines four major problems related to quantum LDPC code
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construction, along with some objectives that this thesis aims to achieve.

Challenge 1 (Unifying framework):

The literature on high-rate quantum LDPC (qLDPC) codes presents plenty of seem-

ingly distinct constructions including Hypergraph product construction [7], Balanced prod-

uct [11], Lifted product [12] as well as the left-right Cayley expander constructions [13] and

so on. As can be seen, most of the codes listed above exhibit some product structures.

The variety of products in the field adds significant complexity and confusion regarding the

product definitions, which will be demonstrated as equivalent in Chapter 2. Additionally,

the languages and terminologies used across different constructions vary greatly. Some ap-

proaches are described using terms based on rather abstract mathematical concepts such

as Sheaves, Fiber Bundles, and Homological Chain Complexes, further complicating acces-

sibility to these code constructions.

Objective 1: Provide a unifying framework and constructions for existing high-rate qLDPC

codes using fewer abstract mathematical concepts.

Challenge 2 (Finite-length distance):

In the context of finite-length scenarios, recent literature has begun to discuss finite-

length distances for certain specific cases of the Lifted product codes, such as the two-block

codes [17]. The code in [17] can be viewed as the simplest form of Lifted product con-

struction, given that the base matrix is just a scalar group algebra element (as discussed

in Chapter 2). Despite discussions on finite-length distances for special cases of the Lifted

product code, there’s an absence of minimum distance analysis and the discussion of the

logical codewords for the general lifted product constructions. Furthermore, major ad-

vances in code distance have typically occurred in the asymptotic context as discussed in

the above section. In such contexts, distance analyses predominantly rely on the quantum

Tanner code and the high-dimensional Cayley expander. However, like its classical counter-
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part - the expander code - the quantum Tanner construction has limited practical utility, as

discussed in Chapter 2. Therefore, the asymptotically good quantum LDPC code based on

high-dimensional Cayley expanders, while theoretically significant, may not be as relevant

for real-world applications.

Objective 2: Discuss the finite-length minimum distance and the logical codeword structure

for the most general left-right Lifted product construction defined in Chapter 2. Addition-

ally, the thesis seeks to propose a simpler approach for constructing asymptotically good

quantum LDPC codes that are more likely to be of practical use, without the use of the

Cayley expander and the local codes.

Challenge 3 (Cycle analysis):

In applications, designing a code with good practical decoding performance is crucial.

State-of-the-art decoding algorithms for high-rate quantum LDPC codes are typically based

on the popular message-passing decoder called Belief Propagation [16][19] which has been

very successful in classical coding theory and communication. However, the cycle analysis,

a critical aspect of the efficacy of the Belief Propagation algorithm, has not received due

attention in the context of the lifted product construction.

Objective 3: Carry out comprehensive cycle analysis for the left-right Lifted product code,

in both finite lengths and asymptotic scenarios, with a particular focus on the dominant

8-cycles.

Challenge 4 (Computable bound for factor graph expansion):

Expansion is a crucial property that significantly influences many theoretical and prac-

tical aspects of a code, as discussed in Chapter 3. In coding theory, the term "expansion"

refers to the so-called left expansion or small set expansion defined in Chapter 3. The best

possible computational method to lower bound the left-expansion parameter α (defined in
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Section 3.4) is through the graph expansion represented by the Cheeger constant. However,

computing the exact Cheeger constant, which quantifies the expansion property, is not fea-

sible [20]. The primary method for estimating the Cheeger constant involves tools from

spectral graph theory. For codes, it’s important to note that the graphs of interest are the

category of factor graphs which is equivalent to hypergraphs. This categorization means

that the conventional spectral bounds used for the Cheeger constant are not applicable,

posing a considerable challenge for code design and engineering.

Objectives 4: Develop a computable bound for the left expansion property of the factor graph

based on the recently developed mathematical tool for hypergraph Cheeger inequality. Per-

form a rigorous analysis to demonstrate how the Cartesian product of factor graphs (defined

in Chapter 2) affects the original left expansion properties.

1.3 Main Contributions

This section provides a detailed overview of the work we have done to address the above

challenges. It also highlights the major observations and results that have been achieved in

this thesis to fulfill the objectives outlined in Section 1.2.

Contribution 1 (Unifying framework):

In Section 2.1, this thesis introduces a unifying framework aimed at simplifying the

complexity inherent in high-rate quantum LDPC code constructions. This gives the most

general Lifted product code construction, called left-right lifted product code, that en-

compasses almost all existing high-rate quantum LDPC codes, such as the Hypergraph

Product [7], Lifted Product [12], Balanced Product[11], and the Left-Right Cayley Com-

plex [13][14][15], among others. The left-right lifted product construction is essentially built

on top of the lifted product code developed in [12] combined with the left-right multiplica-

tion for non-Abelian group lifting, which is also used in the balanced product and left-right

6



Cayley complex constructions [11][14].

This construction is notable not only for its comprehensiveness but also for its practical-

ity in terms of implementation and engineering. This is because for the balanced product

construction [11], while it also supports the non-Abelian group symmetry reduction, it is

in general infeasible to find those symmetries from product complex in practical implemen-

tation. Moreover, in Section 2.2, it can be easily shown that the left-right lifted product is

equivalent to the balanced product construction under group lifting structures. Although

some people in the community might have already realized the equivalence, we also give a

concrete commutative diagram to show the exact connection between these two construc-

tions which is particularly useful for the intuitions and proofs of the theorems presented in

Chapter 3.

Contribution 2 (Finite-length distance):

In this thesis, we discuss the finite-length distance for the general left-right lifted product

code. As a result, given two parity check matrices with some lifting structure, it is shown

that the left-right lifted product could retain both the logical codewords structure and the

finite-length distance characteristics akin to those of the hypergraph product construction

if it has a special stair-case structure or the group algebra element is carefully designed, yet

it requires significantly fewer physical qubits. Their consistency of logical codewords and

finite-length distances is fundamentally rooted in both constructions exhibiting the same

factor graph product structure (defined in Chapter 2). This finding underscores the advan-

tages in the finite-length distance of the left-right lifted product compared to hypergraph

product constructions.

Contribution 3 (Conjecture new asymptotically good quantum LDPC codes):

Building on the result of finite-length distance in Section 3.1, we also consider asymp-

totic distance properties. If there is a classical "good" code whose distance grows linearly

with the lifting size l, rather than with the number of columns and rows n̄, m̄ of the base
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matrix H̄, then it is logically proved that two classical good LDPC codes with lifting struc-

ture, the left-right Lifted product will yield quantum LDPC codes with constant rate and

distance relative to the number of physical qubits. Towards the end of Section 3.2, after

recognizing that the classical expander graph represents a particular instance of such good

classical codes, we then conjecture the existence of classical lifted codes based on a non-

Abelian group G capable of achieving the required good rate and distance.

Contribution 4 (Cycle analysis):

In Section 3.3, we present a cycle analysis for the left-right lifted product code, with a

special emphasis on the dominant 8-cycles caused by the factor graph product structure.

We compare the number of dominant 8-cycles in the lifted product code and the number

of 8-cycles in the hypergraph product construction, both in finite-length and asymptotic

contexts. Our findings indicate that, when utilizing two identical classical codes with lifting

structures, the lifted product construction notably decreases the number of short 8-cycles

in comparison to the hypergraph product approach.

Contribution 5 (Computable lower bound for the factor graph expansion):

Building on the recent advances concerning the generalized Cheeger constant for uniform

hypergraphs [21], we explore the concept of "left expansion" in Section 3.4. This term refers

to the type of expansion beneficial for many code properties as well as the efficient decoding

algorithms [22]. We connect this concept with the generalized spectral Cheeger inequality

tailored for uniform hypergraphs, as detailed in the [21]. Next, a computable lower bound

for the left expansion properties of the code is established. Additionally, we have performed

a thorough analysis to demonstrate how the Cartesian product of factor graphs adversely

impacts the left expansion properties.
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2. Unifying Framework
This subsection provides a unifying framework that simplifies the complexity of con-

structing high-rate quantum LDPC (qLDPC) codes by demonstrating how various seem-

ingly different constructions can be integrated. This approach shows that nearly all ex-

isting high-rate qLDPC codes, including the Hypergraph product [7], Lifted product [12],

Balanced product [11], and the left-right Cayley complex constructions [13][14][15], can be

encompassed within what we define as the left-right Lifted product (lr-LP) code. This novel

code structure builds upon the conventional Lifted product code [12] by incorporating the

left-right technique to facilitate non-abelian lifting, enhancing its adaptability.

Following the algebraic definition of the left-right lifted product code, we provide a

straightforward proof that this construction meets the stabilizer commutativity constraint,

i.e. Hx ¨ HT
z = 0. We also introduce a topological definition of the left-right Lifted prod-

uct code to demonstrate the clear connection and equivalence between the left-right Lifted

product and the Balanced product constructions. Ultimately, we incorporate the left-right

Cayley complex construction [13] into this framework, shedding light on its algebraic prop-

erties that were previously unexplored in the literature.

2.1 Left-right Lifted product code

The following is the algebraic definition of the left-right Lifted product code. In this

thesis, we denote matrices with bars above such as H̄ to indicate that they are matrices

over group algebra F2[G].

Definition 1. (Algebraic definition of left-right Lifted product code).

The left-right lifted product code LP(H̄1, G, H̄2) is a quantum CSS code with the following H̄x, H̄z

parity check matrix.

H̄z =
[
H̄T

1 b Īm2 Īn1 b H̄2
]

, H̄x =
[
Īm1 b H̄T

2 H̄1 b Īn2
]

where H̄x, H̄z and H̄1, H̄2 are matrices over group ring F2[G] given arbitrary group G.

From Definition 1, the elements of matrix H̄1, H̄2 are in group ring F2[G], so denote their
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elements to be h1
ij =

ř

gPG αgij g and h2
ij =

ř

gPG βgij g, respectively.

Before the proof of the commutativity of X, Z stabilizers, it is useful to have two small

concrete examples as follows.

The first example is the LP(H̄1, C3, H̄2) by using the left-right lifted product con-

struction defined above, where C3 denotes the cyclic group of order 3 and H̄1, H̄2 are

defined in Example 1. It is well known that the group ring F2[C3] has a natural iso-

morphism to the quotient polynomial ring F2[x]/(x3 ´ 1). Using this isomorphism, we

assume h1
ij, h2

ij P F2[x]/(x3 ´ 1), @i, j.

Remark (Transpose of a base matrix): Let hij =
ř

gPG αgij g be the group algebra element

at the ith row and jth column of m̄ ˆ n̄ base matrix H̄. The transpose of H̄, denoted as H̄T,

is of size n̄ ˆ m̄. Each element (hT)ij of base matrix H̄T is given by,

(hT)ij = (hji)
T =

ÿ

gPG

αgji g
´1

Where each group element g of hij is taken inverse g´1 in the base element (hT)ij because

ggi = gj ðñ g´1gj = gi, which means that taking inverse transposes its algebraic lifting

(regular representation) defined in Definition 4.

Example 1 (Abelian lift):

Let H̄1, H̄2 for LP(H̄1, C3, H̄2) be defined as follows,

H̄1 =
[
1 + x2] ñ H̄T

1 =
[
1 + x

]
, H̄2 =

[
1 x
x 1

]
ñ H̄T

2 =

[
1 x2

x2 1

]

Given H̄1, H̄2 with n̄1 = m̄1 = 1, n̄2 = m̄2 = 2, by Definition 1, the H̄x, H̄z are obtained,

H̄z =

[
1 + x 0 | 1 x

0 1 + x | x 1

]
, H̄x =

[
1 x2 | 1 + x2 0
x2 1 | 0 1 + x2

]

Even though the so-called left-right multiplication in the Definition 2 has not been defined
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yet, the commutativity can still be checked easily since C3 is an abelian group.

H̄x ¨ H̄T
z =

[
1 x2

x2 1

] [
1 + x2 0

0 1 + x2

]
+

[
1 + x2 0

0 1 + x2

] [
1 x2

x2 1

]
= 0

However, the constraint of H̄x ¨ H̄T
z = 0 would break if the group G was non-abelian since

multiplying the diagonal matrix D̄ would not be sufficient for the commutativity of two

matrices over the non-commutative ring, i.e. Ā ¨ D̄ ‰ D̄ ¨ Ā.

Therefore, it is necessary to add a new trick defined in Definition 2 to make sure that

the commutativity constraint still holds even if the group given is non-abelian. Before

introducing the trick, first we need the following proposition which is a sufficient condition

for the X, Z stabilizers to commute i.e. H̄x ¨ H̄T
z = 0. While this condition is also mentioned

in [12], here we give a brief proof for this proposition.

Proposition 1. All elements of H̄1 commuting with all elements of H̄2 is a sufficient condition for

LP(H̄1, G, H̄2) being a valid quantum CSS code i.e. H̄x H̄T
z = 0.

Proof. We observe that

H̄x ¨ H̄T
z =

[
Īm1 b H̄T

2 H̄1 b Īn2
] [ H̄1 b Īn2

Īn1 b H̄T
2

]

= ( Īm1 b H̄T
2 )(H̄1 b Īn2) + (H̄1 b Īn2)( Īn1 b H̄T

2 ) (2.1)

By expanding ( Īm1 b H̄T
2 ) and (H̄1 b Īn2), the former results in a matrix where entry of

Īm1 is replaced with the corresponding 1 ¨ H̄T
2 or 0 ¨ H̄T

2 , the latter results in a matrix where

each entry h1
ij is replaced with a block h1

ij Īn2. The product involves H̄T
2 multiplied by the

diagonal block h1
ij Īn2, so the result is H̄T

2 h1
ij Īn2 = H̄T

2 h1
ij. Similarly, (H̄1 b Īn2)( Īn1 b H̄T

2 )

reduces to h1
ijH̄

T
2 . Therefore, if H̄1, H̄2 are element-wise commuting, then this is sufficient

to make H̄T
2 ¨ h1

ij = h1
ij ¨ H̄T

2 .

However, the elements h1
ij, h2

ij in general do not commute under group multiplication unless

G is an abelian group. To force elements h1
ij, h2

ij commute with each other, we need to

11



redefine the group multiplication to be the left-right multiplication given a non-abelian

group G, as stated in the Definition 2.

Let gi, gj be two elements of given group G. Denote f (G) be the space of all permu-

tation maps from G to itself, and note that gi, gj P f (G) via group action. Hence, we can

replace the notation of the group element g with f l
g(x) = g ¨ x just to emphasize g being

a permutation map via left group action, and f r
g(x) = x ¨ g just to emphasis g being a

permutation map via right group action.

Since the matrix elements h1
ij, h2

ij as well as the elements in H̄x, H̄z are all the element

in the group algebra F2[G], to be consistent, we view the group elements as the element in

F2[G] as well. Finally, the following defines the left-right multiplication for group elements,

Definition 2. (Left-right multiplication for group elements).

Given two permutation maps f a
gi

, f b
gj

, a, b P tl, ru, a ‰ b corresponding to the group elements gi,

gj, where one of them is via left, and the other is via right group action. The left-right multiplication

M for group elements is defined as simply the composition of two permutation maps,

M : F2[G] ˆ F2[G] Ñ F2[G]

M( f a
gi

, f b
gj
)(x) = f a

gi
˝ f b

gj
(x)

where a, b P tl, ru, a ‰ b.

It is noted that the topological Balanced product defined in [11] applied similar ideas

by letting one group action on the left and the other act on the right. The motivation for

defining these left-right actions and multiplications is to make the non-commutative group

action commutative.

Remark (Left-right trick in mathematics): In fields of mathematics such as Module Theory

and Commutative Algebra, intuitively speaking, the left-right group action is a standard

trick to make a non-commutative group action commutative.
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Except for making sure of the commutativity, there is another reason for defining the

left-right multiplication which is to make sense of the important object called base complex

(see Definition 8) and its proto-complex (see Definition 6). As it is discussed in Chapter 3,

this abstract object played a huge role in proving theorems in Chapter 3. The subtlety is

that if we instead applied the left and right group representation as formulated in [13], then

the base complex as well as its proto-complex as shown in Diagram 2.6 would no longer be

well defined.

Lemma 1 (Left-right multiplication is commutative for elements in group ring). Given a

group G, assume the commutative ring R to be F2, denote two elements h1 =
ř

gPG αgg, h2 =

ř

gPG βgg are in the group ring F2[G]. Assume h1 acts by left group action and h2 by right group

action, so h1, h2 is commutative under the left-right multiplication.

Proof. By Definition 2, we observe that

M( f l
h1

, f r
h2
)(x) = f l

h1
˝ f r

h2
(x) = h1 ¨ (x ¨ h2) =

ÿ

gPG

αgg ¨ (x ¨
ÿ

g1
PG

βg1 g
1

)

=
ÿ

gPG

αgg ¨ (
ÿ

g1
PG

βg1 x ¨ g
1

) =
ÿ

gPG

ÿ

g1
PG

αgβg1 (g ¨ (x ¨ g
1

))

Then, simply by associativity of group multiplications

ÿ

gPG

ÿ

g1
PG

αgβg1 (g ¨ (x ¨ g
1

)) =
ÿ

gPG

ÿ

gPG

αgβg((g ¨ x) ¨ g)

= (
ÿ

gPG

αgg ¨ x) ¨
ÿ

gPG

βgg = (h1 ¨ x) ¨ h2 = f r
h2

˝ f l
h1
(x) = M( f r

h2
, f l

h1
)(x).

Thus, this completes the proof

M( f l
h1

, f r
h2
)(x) = M( f r

h2
, f l

h1
)(x)

13



So far, the full picture of left-right Lifted product construction has been given, Now,

it is useful to see another small concrete example. Unlike Example 1 where the group is

abelian, in this case, we describe the simplest non-abelian lifted product construction to

demonstrate the use of the left-right trick.

Here, the smallest non-abelian symmetric group S3 is chosen. By the isomorphism with

the dihedral group of order 6, i.e. D3 – S3, where D3 = xr, f |r3 = f 2 = e, r f = f r´1y, we

instead use the notation of D3 to simplify the representation for the group elements.

Example 2 (Non-abelian Lift): The H̄1, H̄2 for LP(H̄1, S3, H̄2) are as follows,

H̄1 =
[
(1 + r) r f

]
ñ H̄T

1 =

[
(1 + r2)

r f

]
, H̄2 = H̄T

2 =

[
1 f
f 1

]

Given H̄1, H̄2 with parameter n̄1 = 2, m̄1 = 1, n̄2 = m̄2 = 2, by Definition 1, the H̄x, H̄z are

obtained,

H̄z =


(1 + r2) 0 | 1 f 0 0

0 (1 + r2) | f 1 0 0
r f 0 | 0 0 1 f
0 r f | 0 0 f 1



H̄x =

[
1 f | 1 + r 0 r f 0
f 1 | 0 1 + r 0 r f

]
Using the left-right multiplication, we are able to see the commutativity also holds for a

non-abelian group now,

H̄x ¨ H̄T
z =

[
1 f
f 1

]
¨

[
1 + r 0 r f 0

0 1 + r 0 r f

]
+

[
1 + r 0 r f 0

0 1 + r 0 r f

]
¨


1 f 0 0
f 1 0 0
0 0 1 f
0 0 f 1



=

[
1 + r M( f , 1 + r) r f M( f , r f )

M( f , 1 + r) 1 + r M( f , r f ) r f

]
+

14



[
1 + r M(1 + r, f ) r f M(r f , f )

M(1 + r, f ) 1 + r M(r f , f ) r f

]
= 0

By Lemma 2.1, we obtain M(1 + r, f ) = M( f , 1 + r) as well as M( f , r f ) = M(r f , f ), then

the above two matrix are the same which implies H̄x ¨ H̄T
z = 0.

The above concrete examples should give the intuition that the commutativity con-

straint has been generalized to the case of non-abelian group lifting, as formally stated in

the Theorem 1.

Theorem 1. The left-right lifted product (lr-LP) code in the Definition 1 is a valid quantum CSS

code.

Proof. From Lemma 2.1, we see that f l
h1

commute with f r
h2

under left-right multiplication.

Therefore, Proposition 1 holds and implies that H̄x ¨ H̄T
z = 0.

So far, the formal algebraic definition of the lr-LP code has been given, it is time to

make several remarks that show almost all high-rate quantum LDPC codes can be incor-

porated into the given construction.

Remark (Hypergraph product code [7] and abelian LP code [12] are lr-LP codes): It is

obvious that when the group is the trivial group teu, the element of H̄1, H̄2 will reduce to

the element in F2, the left-right LP code will then reduce to the hypergraph product code.

It is also easy to see when the given group is abelian, there is no difference between the

left group action and the right group action. Through the lens of representation theory, it

is equivalent to saying that the left representation and the right representation are the same

for elements in the abelian group. Hence, the left-right LP gives the same construction as

the abelian LP code in [12][16].

15



Remark (Quantum bicycle code [16] and two-block group algebra code [17] are lr-LP codes):

The two-block group algebra code has the following parity check matrix based on its defi-

nition [17],

Hx =
[
A, B

]
, Hz =

[
BT, AT]

where A, B are l ˆ l square commuting matrices. If we map this code back to the base

matrix of the given lr-LP construction, then we see that H̄1, H̄2 are simply scalar group

algebra elements denoted by H̄1 = b, H̄2 = aT, with a, b P F2[G]. Therefore, the H̄x, H̄z are

given by,

H̄x =
[
e b a, b b e

]
=

[
a, b

]
, H̄z =

[
bT b e, aT b e

]
=

[
bT, aT]

It follows that such a two-block group algebra code can be seen as the simplest lr-LP code

with the base matrix H̄1, H̄2 reduced to a single scalar group algebra element.

If we further restrict the group G to be abelian, then above two-block group algebra

code will reduced to the quantum bicycle code [16][18].

Theorem 1 verifies the validity of the left-right lifted product code of Definition 1.

However, just like the definition of the two-block group algebra code given in [17], we still

need to map the base code to a real quantum CSS code and lift the base parity check

matrices over the group algebra (H̄x, H̄z) to parity check matrices over the binary field

(Hx, Hz). Hence, for this reason, the following definition of algebraic lifting as well as the

left and right representations are given.

Definition 3. (Left and right representations).

Given a group G, its regular representation is a representation where G acts on a vector space

V constructed from G itself with a basis corresponding bijectively to the elements of G. That

is, if G = tg1, g2, ..., gnu, then V has a basis teg1 , eg2 , ..., egn u, where each eg is a basis vector

corresponding to the element g P G. Then for each g P G, its left (resp. right) representation λ(g)

(resp. ρ(g)) is linear transformation acting on basis vectors by permuting them according to the

left (resp. right) group action.

λ(g)(eh) = eg¨h, ρ(g)(eh) = eh¨g, @h P G
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where λ(g) is also called the left-regular representation of g in traditional Representation Theory

[24].

This definition of left and right representations is also given in [13]. However, unlike

the terminologies used in [13], we are not calling ρ(g) the right-regular representation

in this thesis. This is because, in representation theory, the right-regular representation

is instead defined as ρ(g)(eh) = eh¨g´1 to guarantee the group isomorphism property of

representation. Hence, this thesis calls the linear transformations in Definition 3 the left

and right representations in order to avoid the potential confusion of terminologies.

Given the left and right representations, we can define the algebraic lifting as below.

Definition 4. (Algebraic lifting).

Given a group G with group order |G| = l, the left and right G-lift are the maps from an element

in group algebra to its left and right representation defined in Definition 3, respectively. To be con-

sistent with the corresponding notations and terminologies in algebraic topology [23], we denote

left and right G-lift as π´1
l , π´1

r , respectively.

Left G-lift π´1
l :

F2[G] ÝÑ Flˆl
2 , π´1

l :
ÿ

gPG

αgg ÞÑ
ÿ

gPG

αgλ(g)

Right G-lift π´1
r :

F2[G] ÝÑ Flˆl
2 , π´1

r :
ÿ

gPG

αgg ÞÑ
ÿ

gPG

αgρ(g)

where λ(g), ρ(g) are the left, right group representation of element g P G, respectively, as defined

in Definition 3.

After the definition of algebraic lifting, the codes, LP(H̄1, C3, H̄2) and LP(H̄1, D3, H̄2)

in Example 1 and 2 can finally be mapped into the form of quantum CSS code with Hx, Hz

being lifted into the binary field.
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Definition 5. (Algebraic projection (covering)).

The algebraic projection or algebraic covering map π in this context is defined as the inverse map

of the lifting map, which maps a square matrix in Flˆl into the corresponding element in group

algebra F2[G].

Since the base matrices H̄1, H̄2 always have a lifting structure under a group G for our

lr-LP code construction, one can check that the map of algebraic lifting defined in Defini-

tion 4 is bijective (the map is an isomorphism). Hence, the inverse map always exists and

the algebraic projection is well-defined.

Remark (Clarification of the definitions used in this thesis): It is worthwhile to discuss

the concepts and terminologies defined above. Firstly, the terms "lifting" and "covering"

are borrowed from algebraic topology [23]. However, their exact meanings and definitions

in this thesis slightly differ from those found in a standard algebraic topology textbook.

The formal definitions in such textbooks are often obscure and unnecessary for our pur-

poses. This is partly because our codes are purely combinatorial objects, so we should

be less concerned (if not completely unconcerned) about the topological continuity of the

map. Secondly, the formal definitions—and many others in modern pure mathematics—are

defined "categorically". This means that usually, the maps (morphisms) and objects are

formally described by their relationships to other mathematical objects and by how they

interact with each other using commutative diagrams. Although this categorical approach

to defining concepts is rigorous and elegant, it can add unnecessary abstraction and con-

fusion for readers. This violates one of the objectives of this thesis, which is to use less

abstract terms to increase accessibility.

Furthermore, there is a subtle distinction in what the terms ’lifting’ and ’covering’ really

mean in this thesis compared to their formal definitions in algebraic topology. Traditionally

in algebraic topology, the covering space, represented here by binary matrices H with a

lifting structure is first defined. The covering map π, in algebraic topology, is surjective
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but not injective as π maps multiple distinctive points into a single point. What this

means in our context is that the map π should have projected the binary matrix H onto a

proto-matrix P̄ as defined below instead of a base matrix H̄.

Definition 6. (Proto-matrix).

Given a m̄ ˆ n̄ base matrix H̄ with elements in the group algebra, the corresponding proto-matrix

P̄ is defined as the m̄ ˆ n̄ binary matrix with element "1" assigned to the entries (i, j) where hij is a

non-zero group algebra element. The name "proto-matrix" is also consistent with the terminology

used in the classical literature on quasi-cyclic code [25].

Example 3 below is a concrete example in order to clarify the subtle connections between

the concepts - "covering" and "lifting" - in this thesis and the corresponding definitions in

algebraic topology.

Example 3 (Algebraic projection (covering)):

This example is based on Example 1, and the group chosen here is the cyclic group of

order 3, i.e. G = C3.

Figure 2.1: The picture of algebraic projection and covering.
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From Figure 2.1, the map marked by the red arrow from binary matrices to proto-

matrices is surjective, which is basically what the covering map means in algebraic topology.

The inverse lifting map from proto-matrices to binary matrices will not be unique.

However, it is noted that for left-right lifted product code construction, we always

enforce some lifting structures by defining the base matrices in advance. Hence, there is

a unique lifting map from proto-matrices to binary matrices by mapping each element in

P̄ to the corresponding defined group algebra element hij and then mapping back to the

binary matrices by algebraic lifting defined in Definition 4.

Therefore, for our code construction, the covering and lifting maps are unique and

mutually inverse if the base matrices are given. This is why in this thesis, the algebraic

covering and lifting maps are defined between binary matrices and base matrices instead of

proto-matrices. As discussed above, the definitions of algebraic lifting and covering are still

fundamentally equivalent to the original definitions in algebraic topology, but we need this

discussion to clarify the subtleties. The same logic also applies to the topological covering

and lifting defined in Section 2.2.
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2.2 Connection to the Balanced Product Construction

To prove the equivalence and show the explicit connections between the left-right lifted

product and the balanced product constructions, the topological perspective (factor graph

and factor complex) of the lr-LP code should also be defined correspondingly.

There are several motivations for the topological aspects of the qLDPC code. One is

from classical coding theory, every code can be represented by a factor graph (also known

as combinatorial topological spaces in [26]) which is particularly useful for decoding anal-

ysis and graph-based code design [27]. Another obvious motivation is due to the essential

product structure for constructing high-rate qLDPC code, which originated from the prod-

uct in algebraic topology and is more intuitive to see the structure by viewing the code

topologically as a graph and complex.

For this thesis, the topological illustration is particularly necessary for the demonstration

of the equivalence between the Balanced product code and the, yet to been seen, left-right

Cayley complex. It is partly because the original paper [11][13][14][15] is mostly written

in topological and homological languages. Additionally, the interaction between algebraic

and topological formalism will be utilized to prove a few new theorems in Chapter 3. We

believe their proofs would be far more complicated to prove if one only uses one of the

mathematical languages.

Firstly, we define a Cartesian product of two factor graphs which can be seen as a

generalization of the Cartesian product of two classical graphs [28]. The factor graph

Cartesian product is an essential component for the topological Lifted product construction.

Definition 7. (Cartesian product of two factor graphs).

Given two factor graphs G1 = (V1,F1, E1) with |F1| = m1, |V1| = n1 and G2 = (V2,F2, E2)

with |F2| = m2,V2 = n2, the Cartesian product of two graphs G1lG2 is also a factor graph

(V ,F , E) with,

V =

"

V1 ˆ F2 Y F1 ˆ V2

*

, F =

"

F1 ˆ F2

*
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E =

""

(v1 ˆ f2, f1 ˆ f2) : (v1, f1) P E1, f2 P F2

*

Y

"

( f1 ˆ v2, f1 ˆ f2) : (v2, f2) P E2, f1 P F1

**

.

where the product structure results the factor graph G1lG2 has m1 ¨ m2 factor nodes and (n1m2 +

m1n2) variable nodes, i.e. |F | = m1m2, |V | = n1m2 + m1n2.

Remark (Equivalence to the Cartesian Product of Hypergraphs):

It is noted that if we instead view the check node F as vertices and the variable node V

as (hyper)edges, every factor graph then has a one-to-one correspondence to a hypergraph,

which is another common code representation, especially for the topological codes such as

Toric code [4]. If applying the hypergraph representation, the above Cartesian product of

factor graphs in Definition 7 will be equivalent to the definition of the hypergraphs Carte-

sian product defined in [29]. The equivalence is also consistent with the hypergraph product

in [7].

Example 3 (Cartesian product of factor graphs):

Figure 2.2 gives a simple example of the Cartesian product of two factor graphs. As

shown in Figure 2.2, the number of variable nodes and check nodes are n1 = 4, m1 = 2,

n2 = 2, m2 = 3, respectively. It is easy to check that the result factor graph G1lG2 has

m1 ¨ m2 = 6 factor nodes and n1m2 + n2m1 = 4 ˆ 3 + 2 ˆ 2 = 16 variable nodes.

So far, the topological aspect of the product construction has been introduced. In the

next definition, we state the other important ingredient of lr-LP construction - lifting, from

the topological point of view as well. The definitions of the base factor graph (see Definition

8) and the topological lifting of factor graphs (see Definition 9) are both inspired by the

definition of the voltage graph and its derived graph in [30]. Hence, the following definitions

can be considered to generalize the voltage graph to the factor graph category.
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Figure 2.2: Cartesian product of factor graphs.

Additionally, it is the Cartesian product of the base factor graphs that corresponds to

the algebraic definition of lr-LP code in (1). Similar to the notations of matrices over group

algebra, all the base graphs in this thesis have bars above such as Ḡ to distinguish them

from the classical graphs.

Definition 8. (Base factor graph and Base factor complex).

Given a group G, a base factor graph Ḡ := (V̄ , F̄ , Ē , α) is a factor graph with directed edges that

are labeled invertible by elements in a group algebra F2[G]. The assignment function α : Ē Ñ

F2[G] labels each directed edge of Ḡ with an element
ř

gPG αgg, where αg P F2 is edge dependent.

A base factor complex Ḡ := (αz, F̄z, Ēz, V̄ , Ēz, F̄x, αx) is a union of two base factor graphs Gz =

(V̄ , F̄z, Ēz, αz) and Gx = (V̄ , F̄x, Ēx, αx) defined on the same set of variable nodes V̄ .

Definition 9. (Topological lifting and topological projection).

Given a group G, the topological lifting π´1 of a base factor graph (Ḡ, α) is the factor graph G

whose variable nodes V and factor nodes F are V = V̄ ˆ |G|,F = F̄ ˆ |G|, respectively. The edge

set E = Ē ˆ |G| is constructed by generating one edge (ē, g) P Ē for each ē = (v̄, w̄) P Ē and

g P G. This edge connects (v̄, g) to (w̄, α(ē) ¨ g) for the left lifting π´1
l , and to (w̄, g ¨ α(ē)) for

right lifting π´1
r .
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Like algebraic projection, the topological projection(topological covering) π is the inverse of topo-

logical lifting, i.e. (G, α) Ñ Ḡ.

Example 4 (Topological lifting of factor graphs):

The following give two concrete examples of topological lift. One is the abelian cyclic group

C3-lift shown on the left side, the other is a non-abelian symmetric group D3-lift.

Figure 2.3: Topological abelian and non-abelian lift of base factor graphs.

As shown in Figure 2.3, the left cyclic lift is chosen because it is studied extensively

in classical quasi-cyclic code which will have a topological picture exactly like the lifting

picture shown on the left [31]. On the right, the base graph for non-abelian group lifting

is chosen because we aim to show the notion of Cayley graph Cay(G, A) in group theory

can also be obtained by the lifting process. Indeed, the figure on the right is the Cayley

graph of the Dihedral group D3 of order 6 given the two generators a rotation g1 = r and

a reflection g2 = r f , except for a minor subtle point which is discussed below.
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Technical Subtleties: (Directed edges and Double Cover)

As given in the Definition 8 and 9, the base factor graph and its lifting have to be directed

graph in order to specify the direction of the group action. To make a directed graph

undirected as a normal factor graph in coding theory, each directed edge e must have its

own inverse e
1 which is another directed edge going the opposite direction. This implies

that its assignment function α
1

= α´1 the inverse of the group element being assigned g´1.

Additionally, if the assignment function instead assign a group algebra element
ř

gPG αgg

to an edge e, the opposite edge e
1 should assign the inverse element as

ř

gPG αgg´1 instead

of the inverse of the group algebra element (
ř

gPG αgg)´1.

Another technical subtle point relates to the group element of order two which is also

pointed out in [13]. As shown on the left of Figure 2.3, the lifting graph is almost the

Cayley graph except for generator r f (light blue nods and edges). There are supposed to be

three edges in the correct Cayley graph since r f = r f ´1 while in the lifting graph, we have

six edges. Therefore, the group element of order two is problematic, and the paper [13][15]

instead uses the double cover of the base graph to make it exactly the same as the double

cover of the correct Cayley graph.

So far, we have all the ingredients for the topological definition of the left-right Lifted

product code. It is worth mentioning that the topological product definition shown below

is motivated by the topological product of cell complexes [32] in algebraic topology, and

this thesis generalizes it to the factor complex (two-dimensional partially ordered set [13]).

It is also worth noting that the definition is similar to the definition of the Tanner graph

of the Hypergraph product code [29], except we take a product of two base factor graphs.

Definition 10. (Topological Product of base factor graphs).

Given two base factor graphs Ḡ1 = (V̄1, F̄1, Ē1) and Ḡ2 = (V̄2, F̄2, Ē2), the topological product of

Ḡ1 and Ḡ2 is the base factor complex (see Definition 8) denoted by Ḡ1 ˆ Ḡ2 with two base factor

graphs as components Ḡx, Ḡz,

Ḡz = Ḡ1 l Ḡ2, Ḡx = Ḡ˚
1 l Ḡ˚

2
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where G˚ is the variable-factor dual of the factor graph G by swapping the variable nodes and the

factor nodes, i.e. V(G˚) = F (G),F (G˚) = V(G), E(G˚) = E(G).

Finally, the left-right Lifted product code in Definition 1 can be also defined topologically.

Definition 11. (Topological definition of the left-right lifted product code).

The left-right Lifted product code is a base factor complex Ḡ = Ḡ˚
1 ˆ Ḡ2 obtained by taking the

topological product (see Definition 10) of two base factor graphs G˚
1 ,G2.

Gz = G˚
1 l G2, Gx = G1 l G˚

2

Lemma 2. The topological definition of the left-right lifted product construction in Definition 11

is consistent with the algebraic definition defined in Definition 1. By consistent, it means that the

parity check matrices H̄x, H̄z given in Definition 1 equal to the two adjacency matrices between

V̄ , F̄x and V̄ , F̄z, respectively, in the base complex Ḡ.

Proof. Firstly, using Definition 11, the edge set Ēz in the product graph Ḡz = Ḡ˚
1 lḠ2 is

Ez =

""

( f1 ˆ f2, v1 ˆ f2) : (v1, f1) P E1, f2 P F2

*

Y

"

(v1 ˆ v2, v1 ˆ f2) : (v2, f2) P E2, v1 P V1

**

,

given the fact that parity check matrix is simply the adjacency matrix of the factor graph,

we obtain the parity check matrix H̄z =
[
H̄T

1 b Īm2 Īn1 b H̄2
]
. Similarly, for the other

component Ḡx = Ḡ1lḠ˚
2 , the resultant edges are

Ex =

""

( f1 ˆ f2, f1 ˆ v2) : (v2, f2) P E2, v1 P V1

*

Y

"

(v1 ˆ v2, f1 ˆ v2) : (v1, f1) P E1, v2 P V2

**

,

and so the base parity check matrix for X-stabilizers can be obtained in a similar way as

H̄x =
[
Īm1 b H̄T

2 H̄1 b Īn2
]
. Therefore, we find that the topological Cartesian product

equals the algebraic one given in Definition in 1.

Next, we need to prove that the algebraic lift exactly corresponds to the topological

lift. Without loss of generality, assume it is the left lift π´1
l . From Definition 9 (topo-

logical lift), each edge ē = (v̄, w̄), v̄ P V̄ , w̄ P F̄ is lifted to |G| copies (assume the el-

ement being assigned α(ē) = a, a P G for simplicity) connecting e = π´1
l (ē, α(ē)) =
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π´1
l

(
(v̄, w̄), α(ē)

)
=

(
(v̄, g), (w̄, α(ē) ¨ g)

)
, @g P G. Mapping to the algebraic represen-

tation, the edge ē = (v̄, w̄) and its assignment α(ē) correspond to the matrix element

hij = α(ē) of the base parity check matrix H̄, where i, j are the row and column indices

by which the base variable node v̄ and factor node w̄ are labeled, respectively. From the

definition of algebraic lifting (see Definition 4), the group element hij = α(ē) is lifted to

the |G| ˆ |G| permutation matrix which is given by the left representation λ(α(ē)). By

definition of (3), each basis eg is mapped to the basis eα(ē)¨g, which implies that there is an

edge connecting (v̄, g) P V and (w̄, α(ē) ¨ g) P F in graph G after lifting.

Thus, the resultant edge obtained by algebraic lifting is verified by topological lifting.

This completes the proof.

Example: (Topological picture of LP(H̄1, C3, H̄2) in example 1)

Figure 2.4: Base factor graph Ḡx in the product base complex Ḡ1 ˆ Ḡ2.

To prove the equivalence of Balanced product code, we have to clarify the notation, es-

pecially since the paper uses advantage topological terminologies. However, it should be

emphasized that the level of abstraction and the mathematical rigor in [11] is, in some

sense, unnecessary. This is because, for our code, everything can be perfectly defined as

combinatorial, and there is no concern for the topological continuity. Thus, the formal
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Figure 2.5: Base factor graph Ḡz in the product base complex Ḡ1 ˆ Ḡ2.

mathematical definition in algebraic topology and Fiber Bundle theory might not be the

best in our combinatorial setting. However, in order to demystify the connection with

Balanced product construction, it is still necessary to discuss their notation and state the

equivalence with ours for the convenience of the final proof.

Remark: (Consistent notation and terminologies in [11])

Even though we define the projection map π as the inverse of lifting, it can also be

viewed as the quotient map where the group being quotient out is the group being lifted G.

It is easy to check the group action is always free, and the group orbits O are simply the

t(vi, g) Y ( f j, g)) : g P G, i P [n], j P [m]u. Thus, the covering map is simply the quotient

map G/O used in [11]. Since the orbit can be exactly represented as the group G, people

in the field of principal Fiber Bundle use the notion G/G to represent the base graph Ḡ.

πl : G ÞÑ Ḡ = G/ lO = G/ lG

πr : G ÞÑ Ḡ = G/O r = G/G r

28



Now, it is time to demonstrate the exact connection between the balanced product con-

struction in [11] and the left-right lifted product code and prove the exact equivalence under

group lifting.

Figure 2.6: Diagram for topological Lifted and Balanced product construction.

Figure 2.7: Diagram for algebraic Lifted and Balanced product construction.

Theorem 2. Diagram 2.6 is a commutative diagram, and consequently, the balanced product code

construction is equivalent to the left-right lifted product code construction.

Proof. Starting from two factor graphs G1,G2,

πl : G1 ÞÑ Ḡ1 = G1/ lG, πr : G2 ÞÑ Ḡ2 = G2/Gr
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Take a topological product of two base factor graphs,

LP(Ḡ1, G, Ḡ2) = Ḡ1 ˆ Ḡ2 = G1/ lG ˆ G2/G r

Take a left-right G lift,

π´1
l,r : G1/ lG ˆ G2/G r ÞÑ G1/ lG ˆ

lG r ˆ G2/G r = (G1 ˆ G2)/G

One can easily check, the factor complex (G1 ˆG2)/G constructed in this way has a group

action g such that (g1, g2) ¨ g = (g ¨ g1, g2 ¨ g), which satisfies the definition of Balanced

product code defined in [11].

Example: (The commutative diagram of a concrete code)

Figure 2.8: The commutative diagram of the code in example 1.
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2.3 Connection to the Left-right Cayley Complex

So far, we have formally proved the equivalence between the Balanced product and

left-right Lifted product construction, and demonstrate the exact connection between these

two constructions. There is one step left for the big unification. Thus, in this section, we

finally incorporate the last left-right Cayley expander construction into our framework.

First, the original definition of the left-right Cayley complex from [14][15] is given below.

Following the Definition 12, we prove the Cayley complex being lr-LP construction by

specifying its base parity check matrices H̄1 and H̄2, and show that the left-right Lifted

product of such two base matrices exactly leads to a topological object satisfying the Cayley

complex definition.

Definition 12. (Left-right Cayley complex [14][15]).

Given two generator sets A, B such that A = A´1, B = B´1 and A, B satisfies the Total No-

Conjugacy condition(TNC) [14] i.e. @a P A, b P B, g P G, ag ‰ gb. A left-right Cayley complex

X is made up of vertices, A ´ edges, B ´ edges, and squares. The vertex set is G, the A ´ edges

are pairs of vertices of the form tg, agu for g P G and B ´ edges are of the form tg, gbu for

g P G, a P A, b P B. A square is a set of group elements of the form tg, ag, gb, agbu.

Theorem 3. The left-right Cayley complex Cay(A, G, B) is nothing but the left-right lifted prod-

uct code LP(H̄1, G, H̄2) with,

H̄1 =
[
(1 + ga1) (1 + ga2) , ...., (1 + gan̄1)

]
=

[
..., (1 + gai), ...

]
H̄T

2 =
[
(1 + gb1) (1 + gb2) , ...., (1 + gbn̄2)

]
=

[
..., (1 + gbj), ...

]
where here for simplicity we assume there is no degree 2 element in the set A and B, so there is no

need for the technical condition of making it double cover.

Proof. Since there is only one row in H̄1, H̄2, the topological product base graph Ḡ1lḠ˚
2 is

the simplest base factor graph with only one factor node f̄1 ˆ f̄2 connected to the (n̄1 + n̄2)

variable nodes each of which has edge assigned by (1 + gai), (a + gbj), i P [n̄1], j P [n̄2],
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respectively. By the definition of the topological lifting π´1, we obtain the fact that for

any factor node ( f , g) P F , it is connected with the factor nodes of the form ( f , gai ¨

g) through the variable node (va, g), and connected with the factor nodes ( f , g ¨ gbj)

through the variable node (vb, g). As (gai ¨ (g ¨ gbj)) = ((gai ¨ g) ¨ gbj), the four factor nodes

t( f , g), ( f , gai ¨ g), ( f , g ¨ gbj), ( f , gai ¨ g ¨ gbj)umust form a square through the four

variable nodes (vai, g), (vbj, g), (vai, gai ¨ g), (vbj, g ¨ gbj).

Finally, by simply viewing the variable node vai, vbj as A - edges and B-edges and factor

node as vertices, we can see the left-right lifted product construction LP(H̄1, G, H̄2) exactly

gives the left-right Cayley complex as the definition shown in [14][15].

Corollary 1. The Left-right Cayley complex construction is the limit of the Left-right LP con-

struction in the sense that all information is stored in the fiber while trivial information is stored

in the base, topologically speaking.

Proof. It is shown in theorem 3 that the corresponding base parity check matrices H̄1, H̄2

only contain a single row. Topologically, it means that the base graph G1,G2 is reduced

to a single factor node (not considering double cover). In this sense, the base graph is as

much reduced as possible. Thus, it is why we argue that the base graph does not store the

information of the code.

Additionally, it is well known that the expander code has a distance that grows linearly

with the number of variable nodes. The critical point is to realize that what goes to infinity

is the lifting group size l whereas the generators (corresponds to the number of columns)

are shown to be constant [14]. Therefore, in this sense, we say all the information of the

code is stored in the lifting group algebra elements.

This theorem also brings the algebraic perspective for this combinatorial object, which gives

us a way to implement the asymptotically good code practically [13]. However, it turns out

that the good quantum Tanner code built on top of the left-right Cayley complex should

be the "no-go" code for practical uses. The reasons are stated below.
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Remark (Quantum Tanner code with linear distance [15] is infeasible to construct):

Two obstacles are making the quantum Tanner construction less promising in practice.

First, observe that each column of H1, H2 after algebraic lifting will have exactly two "1"s,

so the topological picture G1,G2 of parity check matrices H1, H2 can be both reduced from

the factor graph(hypergraph) to the classical graph category. In this case, H1, H2 is equal

to the incidence matrix B in classical graph theory [34]. However, it is well known that code

from a classical graph will never have good parameters. Although we can add local code

to amplify the distance, such construction is rather limited and so far, there are no explicit

local codes with Robust Testability.

The second problem is because of the infeasible number of qubits used for constructing

such codes. As stated in [14], the smallest possible group is the PSL17 which has 2448 group

elements. This is even without considering the local code. Even in this case, the number

of physical qubits used will be N = l ¨ (n̄2 + m̄2) = 2448 ˆ (182 + 1) « 1 ˆ 106, which is

certainly not practical.
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3. Advantages of the lr-LP construction
In this section, we demonstrate both the theoretical and practical advantages of the left-

right Lifted product qLDPC code by examining three important non-trivial code properties,

which are 1. the minimum distance of the quantum LDPC code, 2. the dominant short

cycles in the factor graph, and 3. the factor graph expansion properties.

In section 3.1, we argue that under some special conditions, the finite-length distance of

the left-right Lifted product qLDPC code π´1(LP(H̄1, G, H̄2)) could achieve min(d1, d2),

where d1, d2 are the classical distance of the codes associated with the parity check matrices

π´1(H̄1) and π´1(H̄2), respectively. It is noted that while the distance is the same as the

distance using the hypergraph product construction [29], the number of physical qubits N

is reduced by the lifting size l compared to the HGP code. This demonstrates that given

two classical codes, the left-right Lifted product code achieves the same minimum distance

as the HGP construction but with much fewer physical qubits used! Hence, the lr-LP

construction could give a new good quantum LDPC code given the assumption that we

have two classical good LDPC codes with lifting structure and simultaneously satisfy the

technical condition given in section 3.1. Moreover, motivated by the finite-length distance

increase of the classical quasi-cyclic LDPC code, we conjecture that the classical non-

Abelian lifting LDPC code is very likely to have both a constant rate and linear distance.

In section 3.3, we proved that given two classical codes, the number of short cycles of lr-

LP codes, which is an essential obstacle for the message-passing decoder [35], is again much

smaller than the number of short cycles of Hypergraph product code. This implies that

the lr-LP construction probably has better decoding performance over HGP code as well.

Combined with the result of the finite-length distance, it can also be concluded that both

the finite-length distance and portion of short 8-cycles are preserved under the symmetry

reduction, which is essentially the process from Hypergraph product to left-right Lifted

product construction.

Finally, in section 3.4, based on the recent development of spectral hypergraph theory,

we developed a computational lower bound for the so-called left-expansion property of
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the targeted factor graph(code), especially for the factor graph with product structure.

Furthermore, we also conduct a rigorous analysis to show how the topological product

degrades the original left-expansion properties.

3.1 Finite-length distance of lr-LP qLDPC code

In this subsection, we show that given two classical codes with lifting structure, the

left-right lifted product code under proper technical conditions can universally achieve the

same minimum distance as hypergraph product code but with much fewer physical qubits

used. Not surprisingly, the equivalence of the distances is the direct consequence of the

topological product structure. The key difference is that for lr-LP code, we should work on

the base complex and base matrices, which may need a few more definitions and technical

conditions for the theorem to hold.

Before the proof of the theorem, we need to define the base weight w̄ for the base matrix

H̄.

It is noticed that each base matrix is associated with a binary proto-matrix, which can also

be considered as the parity check matrix of a code C̄. Hence, we will use the distance of

the dual code of C̄ to define the base weight as follows.

Definition 13 (Base weight). Given a base matrix H̄, assume the corresponding proto-matrix is

full rank. Then, the base weight w̄ of the H̄ is defined to be the dual distance dK of the code C̄ given

the proto-matrix as the parity check matrix.

The base weight w̄ is a critical parameter for proving the logical codewords and the minimum

distance of the lr-LP code. The next definition states that if the parity check matrix has

a lifting(covering) structure, the classical logical codeword L can also be represented as a

base vector with elements in group algebra, i.e. L̄ = π(L).

Definition 14 (Base logical codeword). Given a m̄ ˆ n̄ base parity check matrix H̄ with a lifting

structure under group G, the base logical codeword L̄ is simply 1 ˆ n̄ vector with group algebra
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element
ř|G|´1

i=0 αigi, gi P G such that L̄ ¨ H̄T = 0.

Lemma 3. After lifting, the lifted binary logical codeword L = π´1(L̄) is indeed the actual logical

codeword. This means,

L̄ ¨ H̄T = 0 ðñ π´1(L̄) ¨ π´1(H̄T) = 0

Proof. Since the block matrix multiplications give the same result as matrix multiplication

and the lifting map π´1 is an isomorphism, we have L̄ ¨ H̄T = π´1(L̄ ¨ H̄T) = π´1(L̄) ¨

π´1(H̄T) = 0.

Example: (Base matrix and base logical codeword) Given the base parity check matrix H̄

and base logical codeword L̄ under group C3, defined as follows,

H̄ =

[
1 x
x 1

]
, L̄ =

[
(1 + x + x2) (1 + x + x2)

]
L̄ ¨ H̄T = [(1 + x + x2) + x(1 + x + x2), x(1 + x + x2) + (1 + x + x2)]

= [(1 + x + x2) + (x + x2 + 1), (x + x2 + 1) + (1 + x + x2)] = 0

After lifting, the binary logical codeword becomes,

L = π(L̄) = π

(
[(1 + x + x2), (1 + x + x2)]

)
= [1, 1, 1, 1, 1, 1]

One can also check this is the only logical codeword.

An essential definition of outer block weight and inner block weight, and the related lemma

is necessary for the proof which are stated as follows,

Definition 15 (Inner block weight and outer block weight). Given a row vector v, and divide

it into la number of blocks, each block has length lb. The inner block weight is defined as the

minimum non-zero weight of each sub-inner-block of the vector at positions inner-block(i) over all

i, i ă la, where inner-block(i) :=
"

n P N| i ¨ lb ď n ă (i + 1) ¨ lb

*

.
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On the other hand, the outer block weight of vector v is defined as the minimum non-zero

weight of the sub-outer-block of the vector at positions outer-block(i) over all i, i ă lb, where

outer-block(i) :=
"

n P N| n = i + a ¨ lb, @a ă la, a P N

*

.

Example: (Inner and outer block weight) We give an example of the inner and outer block

weight of the vector given below, let la = 3, lb = 4.

[
0, 1, 1, 1, 0, 1, 1, 1, 0, 0, 0, 1

]
Then the inner block weight is 1 which is the weight of the third inner block. The outer

block weight is 0 which is the weight of the first outer block.

Now we prove the following lemma which simply connects the base weight w̄ of H̄ defined

in Definition 13 and the inner block(outer block) weight of the row vector in the row space

of the associated proto-matrix.

For the notation and terminology, denote the two vectors with the minimum inner

block (base) weight and outer block (base) weight in the row space of H̄ to be vin and

vout, respectively. Here, we abuse notation, and call the inner block and outer block (base)

weight of a matrix to refer to the inner block weight of a row vector vin and the outer block

weight vout, respectively.

Next, we will use the outer and inner blocks to give a different proof of minimum

distance for the hypergraph product code. Then, we analyze and discuss in what situation

the argument holds true for the general lifted product construction.

Lemma 4. Given the weight of the matrix H being w, then the outer block base weight of (H b Ī)

is at least w, and the inner block base weight of (I b H) is also at least w. Additionally, the base

weights of both (H b I) and (I b H) are at least w as well.

Proof. Because of the tensor product structure, the linear combination of the rows h in

(I b H) and (H b I) can be decomposed as follows,
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For (I b H):

h =
n´1
ÿ

i

δi b

m´1
ÿ

j

αi,jhj = δ0 b

m´1
ÿ

j

α0,jhj + ... + δn´1 b

m´1
ÿ

j

α(n´1),jhj

By definition 13, the row vector δi b
řm´1

j αi,jhj, @i P [n] has weight at least w. Since the re-

sultant vectors do not overlap for different i, the base weight of (I b H) is certainly greater

or equal to each term which is at least w. It is obvious to see that the inner weight is at

least w as well from definition 13 since each inner block δi b H has weight either zero or

greater than w.

For (H b I):

h =
m´1
ÿ

j

αi,jhj b

n´1
ÿ

i

δi =
m´1
ÿ

j

α0,jhj b δ0 + ... +
m´1
ÿ

j

αn´1,jhj b δn´1

Similarly, by definition 13, the row vector
řm´1

j αi,jhj b δi, @i P [n] has weight at least w.

Since for different i, the result vectors do not overlap, the minimum weight of (H b I)

is certainly greater than or equal to each term which is at least w̄. It is again obvious to

see that the outer weight is at least w̄ as well from definition 15 because each outer block

H b δi has weight either zero or greater than w.

Finally, we have all the definitions and ingredients for the proof of the theorem 4 shown

below which uses a different approach from [7] to prove the minimum distance of HGP code

by analyzing the structure of the logical codeword.

Theorem 4 (Logical codewords of Hypergraph Product code). Given the two base parity

check matrices H1, H2 with the base weight w1, w2, and for simplicity, assume its element are in

the group G. Then the following Lz, Lx are the Z, X logical codewords of the left-right lifted product

code LP(H1, G, H2), respectively. The key condition is |Kz| ă w2 and |Kx| ă w1.

Lz =
[

0m1m2 |L1 b
ř

kzPKz
δk
]

, Lx =
[

0m1m2 |
ř

kxPKx
δk b L2

]
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where the set Kz = tkz : kz P N, kz ă n̄2u and Kx = tkx : kx P N, kx ă n̄1u, and δk is the

discrete delta function(row vector) with "1" only in position k.

Proof. The whole proof is divided into the two sub-proofs of the two claims as follows.

Claim 1: the above base logical operators are not logical errors, i.e. Lz, Lx R Err(C).

By the definition of the base logical operator, we simply multiply the Z(X)-logical op-

erator Lz(Lx) with X(Z)-stabilizer generators Hx(Hz).

LzHT
x = 0 + L1HT

1 b
ÿ

kPK

δk In2 = 0 + 0 b
ÿ

kPK

δk In2 = 0

Lx HT
z = 0 +

ÿ

kPK

δk In1 b L2HT
2 = 0 +

ÿ

kPK

δk In1 b 0 = 0

Since the above operators commute with all stabilizers, they are either in the stabilizer

group S(Q) or belong to the logical operator L(Q).

Claim 2: the logical operators Lz, Lx are not in the stabilizers, i.e. Lz, Lx R S(Q).

We prove this by contradiction. For Lz, suppose Lz P Sz(Q), then there would be

a Hz =
řm´1

j αjhj where hj is a row vector in Hz (a Z-stabilizer generator), and where

αj P F2[G]. Then one of the necessary conditions for the equality is that Hz must have the

same inner weight with Lz. Firstly, it is clear that the inner weight of Lz is chosen to be

strictly less than the weight of the H2, i.e. |Kz| ă w2. However, from lemma 4, we get the

inner block weight of Hz = In1 b H2 is at least w2.

A similar proof strategy also applies to Lx. For Lx, suppose there is a X-stabilizer Hx =

řm´1
j αjhj where hj become a row vector(X-stabilizers generator) in Hx and αj P F2[G]. Lx

and Hx having the same outer weight is certainly a necessary condition for equality. The

outer weight of Lx is |Kx| which is chosen to be strictly less than w1. However, from lemma

4, the outer block weight of Hx = H1 b In2 is at least w1.
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Additionally, since we assume that the element in the matrix just be element in the

group g P G, this condition guarantees that each non-zero element in the row vector hj

cannot convert back to "0" unless αj = 0 which set the whole vector to be zero vector.

Therefore, with this condition, the weight argument indeed contradicts the assumption

that L2
z P Sz(Q), L2

x P Sx(Q).

Corollary 2 (Unique logical codewords). For Kz, Kx such that |Kz| ă w̄2/2, |Kx| ă w̄1/2, the

logical codewords Lz, Lx are unique which means they are not equivalent up to stabilizers.

Proof. Since the weight of the logical operator is less than half of the corresponding outer

block weight or inner block weight, the sum of the two logical operators can’t be in the

stabilizer group as the weight does not match.

The next corollary is to prove the finite-length distance of the lr-LP code given the technical

condition that the two parity check matrices H1, H2 have the weights w̄1 ě 2 for H1 and

w̄2 ě 2 for H2, and the matrices are full rank. Then we have the following finite-length

distance. It is noted that the following distance proof is different from the conventional

proof in [7], the advantage of the following matrix base proof is that it will reveal more

relations about the logical codeword and minimum distance so that we can easily extend it

to the lifted product case.

Corollary 3 (Finite length distance of HGP code from examining logical codeword). Given

two parity check matrices H1, H2 with the weights w1 ě 2 for H1 and w2 ě 2 for H2, The distance

of the HGP code HGP(H1, H2) are min(d1, d2). where d1, d2 are the classical distance of the codes

associated with H1, H2.

Proof. The whole proof is divided into the following three sub-proofs of the three claims.

Claim 1: The following are the two logical operators in Sz(Q), Sx(Q), respectively.

Lz =
[

0m1m2 |L1 b δkz

]
, Lx =

[
0m1m2 |δkx b L2

]
From theorem 4, since both the set Kz, Kx has only one element, i.e. |Kz| = |Kx| = 1 ă 2,

the above are already proved to be the Z and X logical operators given the weights are all

40



greater than 1.

Claim 2: They are the only two candidates for the logical operators with the minimum weight.

Firstly, we need to show that adding stabilizers will not decrease the weight of the Lz, Lx.

The weights are given w1, w2 ě 2 for H1, H2. Therefore, adding Z, X base stabilizers

h =
řm´1

j αjhj to the Z, X logical operators Lz, Lx will never decrease their weights.

Secondly, we need to prove that there are no other logical operators in different cosets

(L
1

x ‰ Lx + hx, L
1

z ‰ Lz + hz) which have smaller weight than Lx and Lz. To prove this,

observe that the only potential operators have the following form.

Lz =
[
δkz b L˚

2 | 0n1n2

]
, Lx =

[
L˚

1 b δkx | 0n1n2

]
However, we assume that the proto-matrices of H1, H2 are full rank and each element

in the matrix is a group element which is also full rank in its algebraic lift. There is no

non-zero base dual logical operators for L˚
1 and L˚

2 . Therefore, for each logical codeword,

adding stabilizers will never decrease its weight.

Discussion of the minimum distance for lifted product code.

As proved in the corollary 3, the minimum distance proof of the hypergraph product code

stems from the fact that the weight of the stabilizer is at least 2 so that when we attempt to

cancel the weight of the logical codeword, we must add at least one on another block. Thus,

the weight of the logical codeword will never be decreased. This result has an analogy for

the lifted product case where the base logical codewords are shown below,

L̄1
z =

[
0m1m2 |L̄1 b

ř

kz1PKz1
δk
]

, L̄1
x =

[
0m1m2 |

ř

kx1PKx1
δk b L̄2

]
This is almost the same for the hypergraph product case except that the element is no

longer binary but in the group ring F2[G]. The natural question to ask is if the base weight

of H̄1, H̄2 is no less than 2, can we use the same reasoning the prove the minimum distance

bound for the lifted product construction? Unfortunately, the answer is no because in this
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case, when we consider the linear combination of base stabilizers, the coefficient is no longer

0 or 1 but also in group algebra. Therefore, there is no direct result for the minimum distance

bound of the general lifted product code. However, if we have a staircase-like structure with

an open loop, one can show that the base weight of base parity check matrices H̄x, H̄z must

be greater than 2. In this case, we can use same reasoning to prove the minimum distance

of lifted product code is at least min(d1, d2) same as the minimum distance of hypergraph

product code.

Therefore, for the lifted product code to achieve the same minimum distance, one must

add a special structure of base matrices or carefully choose the group algebra element

enabling the base weight to be no less than two which is the critical technical condition.

Finite-length distance advantages over HGP code [29].

Given two classical codes H1, H2 with distance d1, d2, assume it satisfies the technical con-

dition in corollary 3, the left-right lifted product construction LP(H̄1, G, H̄2) achieves the

same distance as the hypergraph product code HGP(H1, H2). So far, people may think that

the lr-LP construction does not offer distance advantages. However, it is important to re-

alize that the number of physical qubits for lifted product code is N = l ¨ (n̄1n̄2 + m̄1m̄2) =

1
l ¨ (N1N2 + M1M2) while the number of physical qubits of hypergraph product code is

(N1N2 + M1M2). Therefore, we can conclude that the lr-LP construction achieves the

same distance as the HGP construction, but with only 1/l portion of the physical qubits

used. This is a formal demonstration of the claim that the power of the lifted product

construction comes from the symmetry reduction.
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3.2 Asymptotic distance and new good qLDPC codes

The following corollary naturally extends the finite-length distance in corollary 3 to the

asymptotic distance result.

Corollary 4 (Asymptotic distance scale of lr-LP code). Given two good classical LDPC codes

with base matrices H̄1 and H̄2 satisfying the technical condition stated in 4, the left-right lifted

product construction LP(H̄1, G, H̄2) has distance scales with O(N).

Proof. The whole proof is divided into three sub-proofs of the following three claims.

Claim 1: The asymptotic increase of the code size is contributed by the lifting size l rather than the

base block size n̄1, i.e. l = O(N1), n̄1 = O(1).

It is important to mention that for the classical LDPC code with lifting structure(such

as quasi-cyclic code [31]), the code size can be decomposed as N1 = l ¨ n̄1. In the asymp-

totic context, to preserve the LDPC properties, what goes to infinity is the lifting size l

rather than the base block size n̄1. This is because the base matrix is directly accountable

for the row and column weight of the code which should be constant scale O(1) by the

definition of LDPC code. Hence, we can conclude that the asymptotic increase of the code

size is contributed by the lifting size l instead of n, i.e. l = O(N1), n̄1 = O(1).

Claim 2: The classical distance scales linearly with lifting size l, i.e. d = O(N) = O(l).

Since we assume that we already have two good classical codes corresponding to the

base parity check matrix H̄1, H̄2 with their distance scales linearly with code sizes, i.e.

d1 = O(N1) and d2 = O(N2). Also, the proof of the first claim implies that the distance

also scales linearly with the lifting size l, i.e. d1 = O(N1) = O(l) and d2 = O(N2) = O(l).

Claim 3: The lr-LP construction brings a new good quantum LDPC code LP(H̄1, G, H̄2).

For simplicity, we assume the H1, H2 are full rank, by corollary 3, we obtain the dis-

tance of the code LP(H̄1, G, H̄2) is min(d1, d2). The code size of the quantum code is
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N = (n̄1n̄2 + m̄1m̄2) ¨ l = (N1N2 + M1M2)/l. Since the lifting size l scales linearly with

the classical code size l = O(N1) = O(N2) from the proof of claim 2. Thus, we have the

distance d = O(N1) = O(N2) = O(l), and the code size N of LP(H̄1, G, H̄2) scales linearly

with lifting size as well, i.e. N = O(N1) = O(N2) = O(l). Therefore, we prove the linear

scale of the distance for the quantum LDPC code, i.e. d = O(N).

Corollary 13 generalizes the quantum Cayley expander [14].

A natural but important question after the corollary 4 is "Does such good classical code

with lifting structure already exist?". The answer is yes, but not good enough for practical

construction as discussed in section 2.3. The well-known example is indeed the classical

Tanner code which is a very special case of such good classical code with lifting structures.

Not surprisingly, the lr-LP construction with two classical expanders is indeed the well-

known left-right Cayley complex as stated in the theorem 3.

Advantages over the quantum Tanner code [13][15].

The expander construction is not very useful for practical construction as discussed in

section 2.3. We should emphasize again that the main reason is that we restrict ourselves to

the classical graph theory so that all the good mathematical tools from graph theory(mainly

the spectral graph theory) can then be utilized to prove the asymptotic distance bound.

However, constructing good code(factor graph) from the classical graph is rather limited,

and is unlikely to work well in practice.

However, our construction is not limited to the expander constructions since the con-

jecture states that under mild technical conditions, for any good classical LDPC code with

a lifting structure, the left-right lifted product code will always yield good quantum LDPC

code. Therefore, there is no reason to stick to the graph category, and we are free to design

code in the category of the factor graph(hypergraph), which almost certainly yields better

finite-length code parameters than using the expander code construction.
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From QC LDPC code to the classical non-Abelian lifting code.

The simple but popular classical LDPC code with a lifting structure is quasi-cyclic LDPC

code. It is then natural to ask "Can the QC LDPC construction yield asymptotically good

code?". Unfortunately, the answer is no. [25] states that the QC LDPC code has a minimum

distance bounded above by the number of rows in the base matrix m̄, i.e. d ď (m̄+ 1)!. This

implies that the classical distance d of QC LDPC code cannot grow with the lifting size l.

The consequence is that the classical quasi-cyclic LDPC code cannot have asymptotic good

distance. Thus, it is impossible to take the left-right lifted product construction under the

cyclic group to get the corresponding quantum LDPC code that has an asymptotic good

distance. In [12], this upper bound is also generalized to the case of Abelian group lifting.

However, there is no such limit if the group being lifted is non-Abelian as the classical

expander graph is just the case. It is well known that there does not exist an expander

graph under Abelian lift, but for some non-Abelian groups there even exists explicit con-

struction for the expander graph [14]. Therefore, it is almost certainly true that the good

classical code with a lifting structure exists if we instead consider the non-Abelian lifted

structure. In this sense, the asymptotic distance result in corollary 4 can also be considered

as a motivation for the study of the classical non-Abelian lifting LDPC code.

The above discussion leads to the following conjecture for the classical asymptotically good

non-Abelian lifting code.

Conjecture 1. There exists a non-Abelian group G such that for a class of randomly selected(randomly

select elements from group algebra F2[G]) m̄ ˆ n̄ base matrices tH̄u with m̄, n̄ bounded above, the

class of the code associated with the lifted parity check matrices tHu has asymptotically good dis-

tance with high probability as the lifting size l Ñ 8.

There is already plenty of evidence for the above conjecture. The evidence includes that

a random LDPC code has a linear distance with high probability proved in [3], and the

random lifting almost yields a Ramanujan graph. Since we are standing directly in the Hy-
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pergraph category, presumably the random lifting of the factor graph should give a better

expansion as the factor node degree can be greater than two. The only restriction we have

to enforce is the group structure for the left-right Lifted product, which means the random

element chosen has to come from the same group algebra F2[G]. However, it is realized that

the explicit expander construction also uses the non-Abelian group lifting, so the condition

should not be problematic.

Concrete examples of the class of finite-length lr-LP codes.

It is also worth mentioning that even though the distance does not scale linearly for abelian

lifting, the cyclic lifted product code could still become a perfect candidate for short to

medium finite-length qLDPC code due to its construction simplicity and the fact that it

has already been well-studied in classical coding theory. Indeed, in [16], a few finite-length

qLDPC codes obtained by taking the lifted product of two classical QC LDPC codes are

given.

In [25], several concrete and small (3,4)-regular QC LDPC codes are given as follows

with different lifting sizes l.

H1 =

 x x2 x4 x8

x5 x10 x20 x9

x25 x9 x7 x14

 , H2 =



x1 x2 0 0 x4 0 x8 0
x2 x0 0 0 0 x4 0 x8

x5 0 x9 0 x10 x20 0 0
0 x5 0 x9 x20 x10 0 0
0 0 x25 x19 0 0 x7 x14

0 0 x19 x25 0 0 x14 x7


Based on the result in [25], the distances given different lifting size l are shown below,

Table 3.1: Finite-length distance
l 1 27 28 29 31
d 2 14 16 18 24

We should notice that the proto-matrix of H̄1 is not full rank which does not satisfy the

technical condition for the finite-length distance. However, that technical condition can be

further relaxed, and we are going to look for a weaker condition in future work.
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3.3 Girth and dominant cycles

In this subsection, we show another advantage of the lr-LP qLDPC code. Specifically,

given two classical codes with lifting structure, the number of short 8-cycles by lr-LP qLDPC

construction is significantly reduced compared to the hypergraph product construction.

This also can be considered as one of the evidence of the practical advantages of using

lr-LP construction over hypergraph product construction.

Assume two factor graphs G1,G2 represent two classical codes C1, C2 with code pa-

rameters [N1, M1, d1] and [N2, M2, d2]. Those two codes have the lifting structure with

lifting size l under a group G. For simplicity, we also assume that both base factor graphs

Ḡ1 = G1/G, Ḡ2 = G2/G have girth greater than 8, and the group algebra being assigned

only has single term(reduced to the group element). It is noted that this girth assumption

can be greatly relaxed, it is assumed just to simplify the equation and the analysis.

Theorem 5 (Dominant 8-cycles in the lr-LP qLPDC code). Given the above condition, the

factor graph Gz and Gx obtained by left-right lifted product construction π´1
(
Ḡ1 ˆ Ḡ2

)
both

have girth 8. The number of dominant 8-cycles for the two factor graphs Gz,Gx of the left-right

lifted product code are,

# 8-cycles (Gz) = l ¨

n̄2´1
ÿ

i=0

m̄1´1
ÿ

j=0

(
d̄c1j

2

)(
d̄v2i

2

)
.

# 8-cycles (Gx) = l ¨

n̄1´1
ÿ

i=0

m̄2´1
ÿ

j=0

(
d̄c2j

2

)(
d̄v1i

2

)
.

where v1i, c1j and v2i, c2j refer to the ith variable node and the jth check node of the base graph

Ḡ1, Ḡ2, respectively.

The following lemma is critical for the proof of theorem 5, which simply counts the number

of 8-cycles in the Cartesian product of two-factor graphs.
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Lemma 5 (Cycles in the Cartesian product of factor graphs). Given two factor graphs with

the number of variable node n1, n2. For simplicity, assume the girth of both factor graphs is larger

than 8. Denote the ith variable degree of factor graph G1 to be dv1i , and dv2i for factor graph G2.

Then, the Cartesian product of these two factor graphs(defined in 7) G = G1lG2 has 8-cycles,

# 8-cycles (G) =
n2´1
ÿ

i=0

n1´1
ÿ

j=0

(
dv2i

2

)(
dv1j

2

)
.

Proof. The whole proof proceeds with the sub-proofs of the two claims as follows,

Claim 1: The number of 8-cycles in
řn2´1

i=0
řn1´1

j=0 (
dv2i

2 )(
dv1j

2
) if G1,G2 are tree factor graphs.

Suppose G1,G2 are tree factor graphs which means we ignore the existing cycles in

G1,G2 at first. Then, by the definition of factor graph Cartesian product in 7, every pair of

edges in E1, E2 connected to a single variable node vi P V1, vj P V2 form a 8-cycles in the

product graph G. Thus, G1lG2 has at least
řn2´1

i=0
řn1´1

j=0 (
dv2i

2 )(
dv1j

2
) number of 8-cycles.

Claim 2: The cycles in G1,G2 do not split into sub-cycles in the G1 ˝ G2.

Without loss of generality, suppose the cycle in G1 splits(same for G2) into small cycles

in G1lG2, then there would exist two new edges e connecting to the factor node fi P F1

and f j P F1 through a new variable node v. Based on the definition 7, there are two pos-

sibilities for the new variable nodes - one is that the new variable node v is from V1 ˆ F2,

the other is that the variable node v is from F1 ˆV2. Since the edge set E can only connect

to two nodes with same index from definition 7(i.e. either (v1, f1) or (v2, f2), v can only be

in the set V1 ˆ F2, then consequently e can only in the set E1 ˆ F2 which contradicts the

fact that e R E1.

Therefore, we prove that the number of the dominant 8-cycle of the product graph

G1 ˝ G2 is exactly
řn2´1

i=0
řn1´1

j=0 (
dv2i

2 )(
dv1j

2
) and the girth is 8 as well.
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Now, we are ready to prove the theorem 5. Again, for simplicity, assume two base factor

graphs G1,G2 have girth larger than eight, and the group algebra element assigned to each

edge has only one term. The second technical condition is just to make sure there are no

double edges in the base factor graph.

It is also worth mentioning that the two above technical conditions are made just to

simplify the proof and analysis, but both can be relaxed in real practical construction.

Proof. The whole proof is divided into the following two sub-proofs.

Claim 1: The base factor graph Ḡz and Ḡz have 8-cycles
řn̄2´1

i=0
řm̄1´1

j=0 (
d̄c1j

2
)(

d̄v2i
2 ) and

řn̄1´1
i=0

řm̄2´1
j=0 (

d̄c2j
2
)(

d̄v1i
2 ), respectively.

From the topological definition of lr-LP code 11, we know that the two base factor

graph Ḡz, Ḡz comes from the Cartesian product of factor graphs as stated in the definition

7, More specifically, Ḡz = Ḡ˚
1 lḠ2 and the other base factor graph Gx = Ḡ1lḠ˚

2 . Thus, the

lemma 5 can be utilized, and it implies that the number of 8-cycles in Ḡz, Ḡx are exactly

the given number in claim 1.

Claim 2: After lifting, the 8-cycles in the factor graph Gz,Gx are exact l times of the 8-cycles in the

base graph Ḡz, Ḡx.

To see what lift affects the number of 8-cycles, we switch back to the matrix languages.

Based on the previous result of cycle design and analysis in classical QC LDPC code

[38][39], we know that for each 8-cycle in the base graph, the number of 8-cycles being

lifted is at most l. For cyclic lift, the cycle length being lifted is related to the permutation

shift [39] as the equation shown on the left, which can also be easily generalized to the

49



non-Abelian case as the equation shown on the right.

Cyclic: Pw =
7

ÿ

i=0

(´1)i pi+1 mod l ñ Any group: Pw =
7

ź

i=0

g(´1)i

i+1 mod l

Since the graph product has a very special structure - every edge exactly appears twice

to form 8-cycles. Hence, the alternating sum above is all canceled out, and the Pw = e.

This implies that the 8-cycles in the base graph are inevitable in the lifted factor graph.

Therefore, the number of 8-cycles in the factor graph is exactly l times larger than the

8-cycles in the base graph.

Corollary 5. Theorem 5 works for general factor graphs. If we assume the corresponding two base

factor graphs Ḡ1, Ḡ2 are (d̄v1 , d̄c1), and (d̄v2 , d̄c2)-regular, then the theorem 5 can be simplified as

follows,

# 8-cycles (Gz) = l ¨

(
d̄c1

2

)(
d̄v2

2

)
m̄1n̄2.

# 8-cycles (Gx) = l ¨

(
d̄v1

2

)(
d̄c2

2

)
n̄1m̄2.

Corollary 6. Asymptotically, the number of dominant 8-cycle for hypergraph product construc-

tion grows Θ(N2
1 ) while for the left-right lifted product construction, the dominant 8-cycle grows

Θ(N1).

Proof. Following from theorem 5, it is known that if the lifting size l = 1 the lr-P construc-

tion is reduced to the hypergraph construction as discussed in section 2.1. Thus, for LDPC

code, the number of 8-cycles will become c ¨ M1N2 and c ¨ N1M2, where c is a constant, for

factor graph Gz and Gx. Asymptotically, as both N1, M1, N2, M2 grow in the same order,

the number of 8-cycles for hypergraph product construction scales Θ(N2
1 ).
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For lifted product code, since N1 = n̄1 ¨ l, N2 = n̄2 ¨ l and we know n̄1, n̄2 are constant

Θ(1), the lifting size l scales linearly Θ(N1). Hence, by theorem 5, the number of dominant

8-cycles is c ¨ l for both factor graphs Gz and Gx, which means the number of 8-cycle scales

with Θ(N1).

This implies that given the same classical codes with lifting structure, the lifted product

construction gives the quadratic advantage in terms of the dominant 8-cycles over the hy-

pergraph product construction.

The portion of the 8-cycles is preserved under symmetry reduction.

It should be clear that even though the number of dominant 8-cycles is significantly reduced

by using lifted product code compared to the hypergraph product construction. The ratio

of the number of 8-cycles over the number of physical qubits N is the same for both the

left-right lifted product and the hypergraph product constructions. Since the number of

qubits for hypergraph product code is N = N1N2 + M1M2, both constructions have the

number of 8-cycles grows with Θ(N).

However, like the case of the code distance, although the lifted product significantly

reduces the number of physical qubits by symmetry reduction, the code distance and the

number of dominant short 8-cycles are both preserved. In other words, the symmetry re-

duction has no negative effect on the two properties, and in this sense, the physical qubits

being quotiented out are purely redundant.

Implication for message-passing decoding.

It is well known that the short cycle, especially the large number of dominant short cycles

can significantly affect the decoding performance under a message-passing decoder such

as the Belief Propagation decoder. Additionally, it is stated in [35] that the short 4-

cycle is inevitable in the X-Z factor graph as there must be an even overlap of every

X and Z stabilizers. Additionally, for practical good decoding performance, the girth
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should be at least 6 [40]. The negative result may imply that it might not give us the real

decoding advantages of using Belief propagation on X-Z factor graphs [19] without further

complicating the algorithm complexity.

However, the good news is that for independent X or Z factor graphs, we can get

rid of any short cycles below 8. The only issue is that the product structure leads to a

large number of 8-cycles which may still be problematic. Nevertheless, so far, the left-right

lifted product construction has the least number of 8-cycles among all high-rate qLDPC

constructions which also makes it a perfect candidate for the practical construction and

decoding of the qLDPC code.
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3.4 Factor graph expansion

In this subsection, another important code properties - the expansion properties - are

rigorously examined for the lr-LP construction. It is well known that high expansion is a

necessary condition for obtaining many theoretical and practical good parameters of the

code including the code asymptotic distance [41], efficient low-complexity decoder [22], and

the single-shot syndrome measurement [42][43].

However, as introduced in section 2.3, there are a few problems related to the expansion

properties of the code. The first one is the NP-hardness of computing the exact Cheeger

constant which is the general quantity for defining the expansion properties [20]. Although

it is well known that the spectral graph theory could be utilized to bound the Cheeger

constant, it cannot be directly applied to the general code as the general factor graphs

associated with codes are almost always sitting in the hypergraph category. Also, it has

been proved that the code in the classical graph category cannot have good parameters

[44]. Furthermore, the left-right Cayley expander as discussed in section 2.3 is not practical

code construction.

Therefore, in this subsection, we aim to provide a computational tool for the expansion

and connectivity of the factor graph based on the generalized Cheeger constant developed

recently in [21]. It is noted that such generalized Cheeger constant is developed for uniform

hypergraph [21], which corresponds to the factor graph with regular check degree. Moreover,

built on top of the newly developed mathematical tool of the spectral hypergraph theory,

we give a hypergraph spectral analysis for the expansion properties of any high-rate qLDPC

codes with product structure. In this case, there is no reason to restrict ourselves to the

graph category to construct the expander graph first and add local codes. Thus, this new

tool should enable us to examine and construct high-expansion code with more flexibility

than the conventional classical and quantum Tanner construction [45][15].

Definition 16 (Generalized Cheeger Constant ). [21] Given a k-uniform hypergraph G =

(V , E), the generalized Cheeger constant is defined as follows,
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h(S) := min
H‰SĹV

E(S, S̄)
mintvol(S), vol(S̄)u

= min
H‰SĹV

řk´1
r=1 |Er(S)|r(k ´ r)

mintvol(S), vol(S̄)u

where the Er(S) is defined in the definition 2.7 in [21], and vol(S) denote the sum of vertex degrees

in S. One can also check that the quantity
řk´1

r=1 |Er(S)|r(k ´ r) counts exactly the pairwise

connections between set S and S̄.

As the mathematical tool was originally developed for the oriented hypergraph in [21], we

need to first map the important definitions to the language of the undirected factor graphs

for later analysis. The conventional Spectral graph theory only cares about the vertex

adjacency matrix and Laplacian.

However, it is important to realize that for a factor graph(Hypergraph), we should define

so-called both variable Laplacian and check Laplacian since hyperedges(variable nodes)

can have degrees larger than two for a hypergraph(factor graph). Moreover, based on the

topological definition of the lifted product construction, the variable(check) Laplacian of

the dual graph is the check(variable) Laplacian of the original graph, which plays a role in

computing the expansion properties for the factor graph Gx and Gz.

Definition 17 (Variable Cheeger constant and Check Cheeger constant). For a (dv, dc)-

regular factor graph G = (V ,F , E) with n variable nodes and m factor nodes, the corresponding

variable and check node Cheeger constant hv and hc of G are,

hv(V) := min
H‰VĹV

E(V, V̄)

dv mint|V|, |V̄|u
, hc(V) := min

H‰FĹF

E(F, F̄)
dc mint|F|, |F̄|u

Definition 18 (Normalized variable Laplacian and check Laplacian). See definition 2.5 in

[21]. Given a factor graph G = (V ,F , E), the degree matrix of factor graph G is the n ˆ n diagonal

matrix for variable nodes and is m ˆ m diagonal matrix for factor nodes.

Dv(G) = diag
(

dv1 , dv2 , ..., dvn

)
, Dc(G) = diag

(
dc1 , dc2 , ..., dcn

)
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The variable adjacency matrix of factor graph G is the n ˆ n matrix Av(G) := Aij, where Aii = 0

for each i P [n] and for i ‰ j, Aij :=
"

|a| : fa P tBvi X Bvju

*

which is equivalent to the number

of connected edges in E between variable node vi and vj. The same definition goes for check adja-

cency matrix Ac(G) simply by swapping variable nodes and factor nodes appearing in the above

definition of the variable adjacency matrix.

Finally, the normalized variable Laplacian Lv(G) is the n ˆ n matrix, and the normalized check

Laplacian Lc(G) is the m ˆ m matrix instead,

Lv(G) := In + D´1
v Av, Lc(G) := Im + D´1

c Ac,

where in classical graph theory, L usually is named signless normalized Laplacian. In graph theory,

the more commonly used un-normalized Laplacian is defined L := D ´ A instead.

Lemma 6 (Relation between the eigenvalues of Lv and Lc). Assume the given factor graph to

be (dv, dc)-regular. Denote the second largest eigenvalue of Lv, Lc to be Λv
n´1 and Λc

m´1, respec-

tively. Then they have the following relations,

Λv
n´1 = 2(1 ´

dc

dv
) +

dc

dv
Λc

m´1 = 2(1 ´ c) + c ¨ Λc
m´1

where c = dc
dv

for simplifying the notation.

Proof. By definition 18, Lv(G) := In + D´1
v Av = D´1

v (2Dv ´ (Dv ´ Av)) = D´1
v (2Dv ´

Lv). For simplicity, we assume the factor graph to be regular, then Lv(G) = 2 ´ 1
dv
Lv.

Hence, the second largest eigenvalue of the variable normalized Laplacian Λv
n´1 can be

represented as Λv
n´1 = 2 ´ 1

dv
λv

2, where λv
2 is the second smallest eigenvalue of the un-

normalized variable Laplacian Lv. Similarly, for the normalized check Laplacian defined

in 18, its second largest eigenvalue Λc
m´1 = 2 ´ 1

dc
λc

2.

Since it is well known in graph theory that the Laplacian can also be obtained by the

boundary operator(sometimes called incidence matrix of a graph) B, i.e. Lv = B ¨ BT,
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this result can be directly generalized to our factor graph(hypergraph) case, i.e. Lv =

H ¨ HT,Lc = HT ¨ H, where H is just the parity check matrix associated with the factor

graph(one can also verify this is exactly the incidence matrix of the corresponding hyper-

graph from hyperedges to vertices). Since the non-zero eigenvalue of H ¨ HT and HT ¨ H

are equal, we obtain λv
2 = λc

2.

Therefore, simply by replacing λv
2 with λc

2 in Λv
n´1 = 2 ´ 1

dv
λv

2, we have,

Λv
n´1 = 2 ´

1
dv

λv
2 = 2 ´

1
dv

λc
2 = 2 ´

1
dv

dc(2 ´ Λc
m´1) = 2(1 ´

dc

dv
) +

dc

dv
Λc

m´1

Based on the generalized Cheeger inequality in theorem 3.1 in [21], we can correspondingly

define the check and variable Cheeger inequality for the factor graph.

Theorem 6 (Variable and check node Cheeger Inequality). See Theorem 3.1 in [21]. Let

(dv, dc)-regular factor graph G be connected factor graph. Then, the variable Cheeger inequality

is,

dc ´ Λv
n´1

2(dc ´ 1)
ď hv ď

b

2(dc ´ 1)(dc ´ Λv
n´1)

Similarly, the check Cheeger inequality is,

dv ´ Λc
n´1

2(dv ´ 1)
ď hc ď

b

2(dv ´ 1)(dv ´ Λc
n´1)

It is well known that the high expansion could offer many good properties for codes. How-

ever, there is some vagueness for the term "expansion" in the context of coding theory, and

we should state clearly what the exact "expansion" people should look for in better code

design and engineering. The following so-called left-expansion and the corresponding left

expander are exactly the "expansion" which benefits many code properties [46].
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Definition 19 (Left expander). [46] A (n, m, dv, γ, α) bipartite expander is a dv-left-regular

bipartite graph G(L Y R, E) where |L| = n and |R| = m such that @S Ď L with |S| ď γn,

|B(S)| ě α|S|.

For simplifying the terminologies, the terminology "the left-expansion parameter" which is

used in the later proof refers to the parameter α in the definition 19. The following theorem

shows that the left expansion and the left expansion are the right "expansion" properties

for code design and engineering.

Theorem 7 (Left expander offer good code and decoder). [46]. Let G be a (n, m, dv, γ, dv(1 ´

ϵ)) expander. Then the minimum distance d ě d̂ = 2γ(1 ´ ϵ)n. Also, there exists a low

complexity flip algorithm that is guaranteed to successfully decode errors e with weight less than

γ(1 ´ 2ϵ)n.

As it has been proved in [46], theorem 7 says that the left expansion is what people need for

good code parameters and the low-complexity decoding algorithm. However, not surpris-

ingly, it is presumably NP-hard to compute the exact left-expansion parameter α given γ

like the NP-hardness of computing the graph Cheeger constant [20]. However, since there is

already a mathematical tool developed for computing the bound of the variable and check

the node Cheeger constant of a factor graph, the following lemma is proved to imply that

such a computational tool can also utilized to bound the left-expansion by connecting the

factor graph Cheeger constant with the left-expansion parameter α.

Lemma 7. Given the generalized variable Cheeger constant hv(G) of a regular factor graph G,

such (dv, dc)-regular factor graph is then a (n, m, dv, 0.5, r
dvhv
dc´1 s) bipartite expander.

Proof. By definition 16, the numerator of the variable Cheeger constant hv(V) counts ex-

actly the number of pairwise connections between V, V̄. Given the fact that the factor

graph is regular (dc is constant), the size of the factor nodes at the boundary of the vari-

able node set V(denoted by |BV|) is then also lower bounded by as follows,

|BV| ě r

řdc´1
r=1 |Er(V)|r(dc ´ r)

dc ´ 1
s
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where the denominator being dc ´ 1 is because of the simple V Ć V̄ which means the node

in set V has to be excluded.

Without loss of generality, assume the size |V| ď |V̄|, then the above inequality can be

replaced by the following,

|BV| ě r
h(V)

dc ´ 1
s ¨ dv|V|

Thus, by definition 16, it is equivalent to say @V Ď L with |V| ď 0.5n, |B(V)| ě r
dv

dc´1 ¨

hv(G)s|V|. By definition 19, we prove the lemma.

So far, we have shown that the generalized Cheeger constant and its hypergraph spectral

bound developed in [21] can be converted into the bound of the left-expansion. Next, as

almost all of the high-rate qLDPC codes exhibit a product structure, it is then natural to

extend the hypergraph spectral bound to the product factor graph. The following lemma

shows how the second-largest eigenvalue of the normalized Laplacian of the product factor

graph is derived from its components.

Lemma 8 (Second largest eigenvalue Λv
n´1 of the product factor graphs). Given two regular

factor graphs G1,G2 with degree parameter (dv1, dc1) and (dv2, dc2), respectively. For the Carte-

sian product of these two factor graphs, the second largest eigenvalue of the normalized variable

Laplacian defined in 18 Λv
n´1(G1lG2) is no smaller than that of its two components.

Λv
n´1(G1lG2) = max

"

Λv
n´1(G1), Λv

n´1(G2)

*

Proof. Let Ac1, Ac2 denote the check adjacency matrix of the factor graph G1,G2, respec-

tively. Also, let Dc1, Dc2 be the check degree matrix of the graph G1,G2. Then their check

Laplacian operators Lc1,Lc2 of G1 and G2 are Lc1 = Dc1 ´ Ac1, Lc2 = Dc2 ´ Ac2. From the

definition of the factor graph Cartesian product 7, the factor node F = F1 ˆ F2. Hence,

we can easily derive the following check degree matrix Dc and check adjacency matrix Ac

for product factor graph (G1 ˝ G2) as follows.

Ac(G1lG2) = Ac1 b I + I b Ac2, Dc(G1lG2) = Dc1 b I + I b Dc2
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Thus, the un-normalized check Laplacian of the product graph Lc(G1lG2) is,

Lc(G1lG2) = Dc(G1lG2) ´ Ac(G1lG2)

= (D1 b I + I b D2) ´ (A1 b I + I b A2)

= (D1 b I ´ A1 b I) + (I ˆ D2 ´ I b A2)

= (D1 ´ A1) b I ´ I b (D2 ´ A2)

= Lc1 b I + I b Lc2

It is then obvious that the Lc(G1lG2) = Lc1 b I + I b Lc2 have the spectrum as follows,

λc
ij(G1lG2) = λc

i (G1) + λc
j (G2)

Then the second smallest eigenvalue λc
2(G1lG2) = min

"

λc
2(G1), λc

2(G2)

*

.

To map this result to the normalized variable Laplacian of the product factor graphs,

we perform the following substitution,

By definition 18, the normalized Laplacian for the product factor graph is,

Lv(G1lG2) = IN + D´1
v (G1lG2) ¨ Av(G1lG2)

where N = n1m2 +m1n2. To represent Lv(G1lG2) using un-normalized Laplacian Lv(G1lG2),

we have the following equality(see the proof of the lemma 3.4),

Lv(G1 ˝ G2) = 2IN ´ D´1
v (G1lG2) ¨ Lv(G1lG2)

= 2IN ´ D´1
v (G1lG2) ¨ Lc(G1lG2)

Then since we assume that factor graphs are regular, its second-largest eigenvalue Λv
n´1(G1lG2)

is

Λv
n´1(G1lG2) = 2 ´

1
dv

min
"

λc
2(G1), λc

2(G2)

*
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Since the variable node degree stays the same for the factor graph Cartesian product(see

definition 7) and assuming dv1 = dv2 for simplicity, then we finally prove the lemma,

Λv
n´1(G1lG2) = max

"

Λv
n´1(G1), Λv

n´1(G2)

*

Example: (Product of Ramanujan graphs is not Ramanujan)

While it is not related to the factor graph expansion for the code, we show the product

of Ramanujan graphs cannot be Ramanujan as a simple example of the lemma 8. From

the proof of the lemma 8, we see that the adjacency matrix of the product graphs A =

A1 b I + I b A2, and hence its eigenvalue is λij(G1lG2) = λi(G1) + λj(G2) where λi is the

ith eigenvalue of the adjacency matrix A.

For classical graphs, the second largest eigenvalue of the adjacency matrix λn´1 of dv-

regular of graphs must be lower bounded by Alon-Boppana bound, i.e. λn´1 ě
?

2dv ´ 1 ´

o(1). Hence, a graph is called a Ramanujan graph if it saturates the Alon-Boppana bound

[45]. There exist a few explicit constructions to obtain the Ramanujan graph given in [45].

Assume two Ramanujan graphs are regular dv1 = dv2 = d, the second eigenvalue of

the adjacency matrix A(G1lG2) = d + λ(G1) = d + 2
?

d ´ 1 ´ o(1) as the biggest eigen-

value of the adjacency matrix is always the degree d. In this case, it is observed that

A(G1 ˝ G2) = d + 2
?

d ´ 1 ´ o(1) ą 2
?

2d ´ 1 ´ o(1) given d ąą 1(asymptotically, this

is obvious assumption). Therefore, it is concluded that the Cartesian product of two Ra-

manujan graphs can never yield a Ramanujan graph. In this sense, the product structure

ruins the high expansion property.

Remark: (Warning of the factor graph Cartesian product)

From the above example, people might think that the factor graph expansion of the hyper-

graph product construction can be discussed in a similar way since Gx,Gz are also defined

as a Cartesian product of two factor graphs G1,G2. However, the factor graph Cartesian
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product has some subtle points. Firstly, based on the definition 28, if we have to make an

analogy by mapping the factor graph into the corresponding hypergraph, the vertex of the

hypergraph will correspond to the factor node, but the matter of interest is the variable

node instead, which will be mapped into the hyperedges. Therefore, the expansion from

the above example is technically the factor node expansion rather than the variable node

expansion. Hence, some twists and connections between factor node expansion and variable

node expansion are needed for our purpose.

The second difference is that the term "expansion" has different definitions for code

and graph. In coding theory, it is the left-expansion defined in 19 that benefits the code

properties whereas, in graph theory, the expansion is mostly defined through the Cheeger

constant. Fortunately, by lemma 7, the different expansions can be converted back and

forth. Therefore, it is crucial to analyze the left-expansion of the factor graph rather than

the generalized Cheeger constant.

Finally, with the above lemma, we can give a computable bound of the left expansion

for the product factor graph Gx, Gz once we obtain the spectrum of the normalized variable

and check Laplacian of G1 and G2.

Corollary 7 (Computable left-expansion bound for HGP construction). Given two classical

factor graphs G1,G2, the Z-factor graphs Gz and X-factor graphs Gx from the hypergraph product

construction HGP(G1,G2) have their generalized variable Cheeger constant hvz , hvx and the key

left-expansion α bounded as follows,

For Gz, the variable Cheeger constant hvz is bounded by,

hvz ě

(dv1 + dc2) ´ max
"

Λc
m´1(G1), Λv

n´1(G2)

*

2((dv1 + dc2) ´ 1)
= hmin

vz

hvz ď

d

2
(
(dv1 + dc2) ´ 1

)(
(dv1 + dc2) ´ max

"

Λc
m´1(G1), Λv

n´1(G2)

*)

αz ě r
dvhvz

dc ´ 1
s ě r

dv ¨ hmin
vz

dv1 + dc2 ´ 1
s
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For Gx, the variable Cheeger constant hvx is bounded by,

hvx ě

(dc1 + dv2) ´ max
"

Λc
m´1(G2), Λv

n´1(G1)

*

2((dc1 + dv2) ´ 1)
= hmin

vx

hvx ď

d

2
(
(dc1 + dv2) ´ 1

)(
(dc1 + dv2) ´ max

"

Λc
m´1(G2), Λv

n´1(G1)

*)

αx ě r
dvhvx

dc ´ 1
s ě r

dv ¨ hmin
vx

dv2 + dc1 ´ 1
s

Proof. From the topological definition of lr-LP construction 11, the Gz = G˚
1 lG2 and Gx =

G1lG˚
2 as the lifting size l = 1. It is then easy to see that their factor node degrees dcz =

dv1 + dc2 and dcx = dc1 + dv2 from the definition. Then from lemma 8, substituting the

check degree and eigenvalues to the variable Cheeger inequality 6, we obtain the equation

in the corollary.

So far, we have given a computational bound for the left expansion parameter of the hyper-

graph product construction. Then, built on top of the previous results, it is worth giving

a rigorous analysis to show how the product structure ruins the left expansion properties

of the product factor graph Gx,Gz compared with its two classical components G1,G2. In

the meantime, the analysis result could also be another evidence of the inferior position of

Hypergraph product construction compared with the Lifted product code in the sense that

the LP construction expectedly gives a better left-expansion parameter α.

Theorem 8 (Generalized Cheeger Inequality for product factor graph). Let two variable

Cheeger constants of the factor graphs G1,G2 be hv1 and hv2 such that hmin
v1

ď hv1 ď hmax
v1

and

hmin
v2

ď hv2 ď hmax
v2

obtained from the variable Cheeger inequality, see theorem 6. Hence, the

Cartesian product of the two factor graphs G = G1lG2 has the generalized variable Cheeger

inequality as follows,

minthmin
v1

, hmin
v2

u ď hv ď 2 ¨ maxthmax
v1

, hmax
v2

u
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where for simplicity of the following analysis, we assume dc1 , dc2 ąą 2, which is a reasonable

assumption in the asymptomatic context.

Proof. From theorem 6, the variable Cheeger inequality for the product factor graph G =

G1lG2 is,

dc ´ Λv
n´1

2(dc ´ 1)
ď hv ď

b

2(dc ´ 1)(dc ´ Λv
n´1)

From definition 7, it is easy to see that the factor node degree of the product factor graph

is the sum of the factor node degree of its two components, i.e. dc = dc1 + dc2 . Also,

from lemma 8, the second largest eigenvalue of the normalized variable Laplacian of the

product graph Λv
n´1(G1 ˝ G2) = max

"

Λv
n´1(G1), Λv

n´1(G2)

*

. The, by substitution, we

have,

hv ě

(dc1 + dc2) ´ max
"

Λv
n´1(G1), Λv

n´1(G2)

*

2(dc1 + dc2 ´ 1)

hv ď

d

2
(
(dc1 + dc2) ´ 1

)(
(dc1 + dc2) ´ max

"

Λv
n´1(G1), Λv

n´1(G2)

*)

For simplicity of the analysis, assume dc1 , dc2 ąą 2, then the above equations can be

simplified as,

hmin
v =

(dc1 + dc2) ´ max
"

Λv
n´1(G1), Λv

n´1(G2)

*

2(dc1 + dc2)
« minthmin

v1
, hmin

v2
u

hmax
v =

d

2 ¨ (dc1 + dc2)

(
(dc1 + dc2) ´ max

"

Λv
n´1(G1), Λv

n´1(G2)

*)

ď 2 ¨ maxthmax
v1

, hmax
v2

u

Finally, we have all of the mathematical tools needed to analyze how topological products

affect the left-expansion properties rigorously. Even though people might have already

63



realized that the product construction can hurt the high expansion properties, it is still the

first rigorous analysis to prove and demonstrate the exact degradation of the left-expansion

resulting from the factor graph Cartesian product.

Given two class of factor graphs tG1u, tG2u which are both (n, m, dv, 0.5, r
dvhmin

v
dc´1 s) spectral

left expander, with left expansion parameters α = r
dvhmin

v
dc´1 s. Then, the factor graph Cartesian

product will decrease the left-expansion parameter of the product factor graph α by half.

Corollary 8 (Product degrades the left expansion). Given tG1u and tG2u with the same vari-

able node and check node degree (dv, dc) for simplicity, the factor graph Cartesian product re-

sult in the class of the product graph
"

G1lG2

*

with only half of the original left expansion, i.e.

α(G1lG2) = 0.5 ¨ α(G1) = 0.5 ¨ α(G2).

Proof. Given a class of factor graph, the only computable way to bound its key left-

expansion parameter α (see definition 19 and theorem 7) is through the variable Cheeger

inequality stated in 6.

For a factor graph G1,G2 with the variable Cheeger constant bounded below by hmin,

both of these factor graph will have the left-expansion parameter α = r
dvhmin

v
dc´1 s from lemma

7.

Hence, from theorem 8, we prove that the hmin
v (G1lG2) = hmin

v (G1) = hmin
v (G2). Addi-

tionally, the variable node degree and factor node degree are dv(G1lG2) = dv(G1) = dv,

and dc(G1lG2) = 2dc(G1) = 2dc. Therefore, we have the α(G1lG2),

α(G1lG2) = r
dv(G1lG2) ¨ hmin

v (G1lG2)

dc(G1lG2) ´ 1
s = r

dvhmin
v (G1)

2dc ´ 1
s = 0.5 ¨ α(G1)
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4. Conclusions
This thesis embarked on a journey to explore the landscape of high-rate quantum LDPC

(qLDPC) code constructions, driven by the challenge of simplifying construction complexity

and filling the gap in finite-length distance bounds. We introduced a unifying framework

that simplifies the understanding and application of high-rate qLDPC codes, enhancing

both theoretical insight and practical utility in code design and engineering, as detailed in

a specific section.

Practically, the cycle analysis conducted in this thesis highlights the superiority of the

number of dominant cycles in the left-right Lifted product code compared to the hyper-

graph construction. This advantage establishes a crucial benchmark for those interested

in decoding algorithms, suggesting that, along with the finite-length distance, the Lifted

product construction is likely to be of greater practical interest than hypergraph product

codes.

Expansion is a highly sought-after property in code design, yet there has been a lack of

computational tools for engineers to assess and compare expansion properties effectively.

Consequently, the lower bound provided for left expansion could serve as a valuable tool

for code design. Furthermore, from a theoretical standpoint, the analysis of product ex-

pansion rigorously demonstrates that the factor graph Cartesian product tends to reduce

left-expansion by half in the worst-case scenario, offering critical insights for future code

development.

4.1 Limitation and Future work

Despite the achievements detailed above, there remain several limitations and areas for

further exploration and improvement. One such limitation pertains to the finite-length

distance, where the technical condition requires the proto-matrix to be full-rank, which

may not always be ideal. Relaxing this technical condition could significantly enhance the

flexibility for practical code construction, opening avenues for future work.

In terms of cycle analysis, although the number of dominant 8-cycles is lower in the
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left-right Lifted product code compared to the hypergraph product code, there still ex-

ists a large number of Θ(N) 8-cycles. This scenario is far from the desired condition for

effective message-passing decoding. Moreover, it has been proven that the girth cannot ex-

ceed 8, presenting an additional challenge for practical decoding applications. Given these

constraints, a more feasible approach may involve modifying and developing the decoder

to better accommodate these cycle conditions rather than attempting to alter the code

construction.

Regarding expansion, a current limitation lies in the fact that while the hypergraph

Cheeger constant offers a lower bound, it is presumably a loose bound since it is designed

considering only half of the variable nodes. Practically, it would be more beneficial to

control both the size of the variable nodes γ and the left-expansion parameter α. This

area warrants further investigation to develop tighter computational bounds, representing

a significant direction for future research.
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