
HUMAN-IN-THE-LOOP MACHINE LEARNING SYSTEM

VIA MODEL INTERPRETABILITY

by

Zhi Chen

Department of Computer Science
Duke University

Date:
Approved:

Cynthia Rudin, Supervisor

Carlo Tomasi

Jian Pei

L. Catherine Brinson

Dissertation submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy

in the Department of Computer Science
in the Graduate School of

Duke University

2023



ABSTRACT

HUMAN-IN-THE-LOOP MACHINE LEARNING SYSTEM

VIA MODEL INTERPRETABILITY

by

Zhi Chen

Department of Computer Science
Duke University

Date:
Approved:

Cynthia Rudin, Supervisor

Carlo Tomasi

Jian Pei

L. Catherine Brinson

An abstract of a dissertation submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy

in the Department of Computer Science
in the Graduate School of

Duke University

2023



Copyright © 2023 by Zhi Chen

All rights reserved



Abstract

The interpretability of a machine learning system is crucial in situations where it

involves human-model interaction or affects the well-being of society. By making

the decision process understandable to humans, interpretability makes it easier to

troubleshoot, acquire knowledge from, and interact with machine learning models.

However, designing an interpretable machine learning system that maximizes the

human-in-the-loop experience can be challenging. My thesis aims to address the

major challenges in interpretable machine learning and lay the foundations for a

more interactive machine learning system.

In this thesis, I first tackle the challenge of building machine learning models

with interpretability constraints, particularly in applications with unstructured data

such as computer vision and materials science. I propose interpretable models that

effectively capture the underlying patterns in the data and allow users to under-

stand the model’s decision-making process. Furthermore, this thesis studies the ex-

ploration and approximation of the set of all near-optimal models for interpretable

model classes, enabling users to visualize, select, and modify multiple well-performing

models. Lastly, I demonstrate how interpretable models can provide insights into the

data, detecting common dataset flaws such as poorly imputed missing values, con-

foundings, and biases.
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Chapter 1

Introduction

E�ective human-AI interaction plays a crucial role in the success of machine learning sys-

tems across various applications. For decision-making problems that can impact the well-

being of humanity, such as criminal justice and credit score estimation, developers must

ensure that the trained model is free of any racial or gender bias. Failure to do so can

result in serious harm to the public. For example, the COMPAS algorithm was used by

many US courts to predict the likelihood that a defendant will re-o�end, but recent studies

have found the model is biased against African American defendants and tends to overes-

timate their risk of re-o�ending [LMKA16b, ALMK16]. In such application, biases might

arise from the data collection process or historical biases that can hardly be automatically

corrected. Therefore, it is necessary for human to intervene in order to detect and �x any

potential bias within the models. Additionally, machine learning models can exhibit strong

performance on the training set but fail to generalize in real-world environments. Spurious

correlations [Sim54] within the dataset are a primary cause of poor generalization | the

machine learning model may learn to identify and rely on correlations that appears to be

signi�cant but is actually due to chance or some other external factor, rather than a genuine

cause-and-e�ect relationship. Researchers have found that deep learning algorithms used to

detect COVID-19 with chest radiography may utilize irrelevant features, such as laterality

markers, patient positioning, and radiographic projection di�erences, which lead to poor

out-of-sample classi�cation performance [DJL21]. Because the model do not have external

knowledge beyond the dataset itself, debugging the model requires domain knowledge and

human feedback. For many applications, it is not enough to merely achieve good predictive

performance; rather, stakeholders also seek to gain insights and knowledge from the data.

In materials science research, for instance, machine learning models are often used to pre-

dict material properties such as strength, sti�ness, and conductivity [BDC+18]. However,
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in addition to accurate predictions, scientists are also interested in identifying key features

or patterns in materials that determine these properties. This information can then be

used to design new materials with speci�c properties of interest. Here, it is important for

model to provide e�ective information to the researchers.

Interpretability of machine learning models is the center of these interactions between

humans and machine learning models, as it determines whether humans can understand

the decision process of the models. Without understanding the models’ inner work, humans

cannot detect or correct biases or errors in the models, nor can they gain insights and knowl-

edge from them. The goal of this thesis is to improve the human-in-the-loop experience

of machine learning systems by addressing key challenges in the domain of interpretable

machine learning.

1.1 Interpretable Machine Learning

Interpretable machine learning aims to make the reasoning process of the models easily un-

derstandable to humans. There have been two schools of thought on making the reasoning

process of machine learning models understandable: (1) learning an inherently interpretable

model; (2) providing post-hoc explanations for an exist black-box model. Post-hoc expla-

nations such as feature importance explanations [SVZ14, ZF14, RSG16, LL17, FRD19],

sample importance explanations [KL17, YKYR18, KKGK19, PLKS20], concept-based ex-

planations [KWG+18, GWZK19, YKA+19], and counterfactual explanations [GWE+19,

USL19, MST20], etc., can provide model agnostic explanations for diverse machine learn-

ing applications. However, because of the gap between the explanations and the models’

real behavior, the post-hoc explanations can be unfaithful, misleading and contradictory to

each other [Rud19, LLM+19, LB20, KHG+22]. Therefore, this thesis mainly focuses on the

�rst type of model interpretability, i.e., building an inherently interpretable model. Here,

we provide a brief overview on previous works about interpretable machine learning relevant

to the topics covered by this thesis work. Recent review provides a more comprehensive

2



survey on key challenges in interpretable machine learning [RCC+22].

Interpretable neural networks: There are emerging works trying to build inherently

interpretable neural networks. They alter the network structure to encourage di�erent

forms of interpretability. For example, neural networks have been designed to perform

case-based reasoning [CLT+19, LLCR18], to incorporate logical or grammatical structures

[LSW17, GGJ+19, WS19], to do classi�cation based on hard attention [MHG+14, BMK14,

SFR15, EKL19, LBJ16], or to do image recognition by decomposing the components of

images [SHR+19]. These models all have di�erent forms of interpretability than we consider

(understanding how the latent spaces of each layer can align with a known set of concepts).

Other work also develops inherently interpretable deep learning methods that can reason

based on concepts, but are di�erent from our work in terms of �eld of application [BD19],

types of concepts [ZYL+18, ZYL+18] and ways to obtain concepts [AGW18].

Rashomon sets: Leo Breiman [Bre01b] proposed the Rashomon e�ect to describe the

fact that many accurate-but-di�erent models, i.e., Rashomon sets, exist for the same data.

Rashomon sets occur in healthcare, �nance, criminal justice, etc. [DHM+20, MCU20].

They have been used for decision making [TR14] and robustness of estimation [CRK21].

Semenova et al: [SRP22a] show that when the Rashomon set is large, models with various

important properties such as interpretability and fairness can exist inside it. Other works

use the Rashomon set to study the range of variable importance among all well-performing

models [FRD19, DR20], which provides a better sense of how important a variable is in

general, rather than how important it is to a speci�c model. Other works �nd diverse near-

optimal solutions for integer linear programs [DFGW07, AMT22]. Kissel et al: [KM21] �nd

collections of accurate models through model path selection. They collect models using

forward selection and use these as a collection of accurate models. However, none of these

work attempts to �nd or approximate the full Rashomon set of nonlinear interpretable

model classes such as sparse decision trees or sparse additive models on real problems.

Decision trees: Decision tree algorithms have a long history [MS63, PM77, Loh14]

and have been considered as one of the most popular type of machine learning algorithm

3



[WKRQ+08]. It makes predictions by following a series of if-else conditions in a tree-

like structure. Decision tree has been well known for its interpretability because its tree

structure allows humans to easily understand how the algorithm arrived at its prediction.

The vast majority of work on trees has used greedy induction [BFOS84, Qui93] to avoid

solving the NP-complete problem of �nding an optimal tree [LR76]. However, greedy

tree induction provides suboptimal trees, which has propelled research since the 1990s

on mathematical optimization for �nding optimal decision trees [HRS19, BB96, FGZ08,

BD17, VZ19, VBSMVB21, GKL+21, AGV21, NIP+18], as well as dynamic programming

with branch-and-bound [LZH+20a, MZA+22, ANS20, DLH+22].

Generalized additive models: Generalized additive models (GAMs) [HT90] were

introduced to present a 
exible extension of generalized linear models (GLMs), where ar-

bitrary functions are allowed for modeling the in
uence of each feature to the output.

These functions on single features, i.e., shape functions, can be easily visualized making

their decision process interpretable. GAMs are one of the most widely used forms of in-

terpretable predictive models and have been applied to complex problems such as medical

records [CLG+15, LNA+22]. State-of-the-art GAMs [LCG12, LCGH13, LZSR22, AMF+21]

provide the same accuracy as the best black box models on real datasets. Sparse GAMs

include the class of scoring systems, which are widely used in hospitals for almost every

sub�eld of medicine [KAA+05, MMA+05, SBK08] and in criminal justice for a century

[Bur28, Bor28, AOB10, LLMS10].

Debugging datasets with interpretable machine learning: Post-hoc explanation

techniques have been studied for detecting issues with datasets. [AMLK20] investigate

the ability of feature attribution methods to detect spurious correlations and mislabeled

examples. [KL17] used in
uence functions applied to black-box models to detect mislabeled

examples in data. However, as mentioned previously, posthoc explanations are usually

not faithful to the true inner work of the model, and therefore make the explanations

less trustworthy. Their debugging task is relatively constrained too | mainly focused on

mislabeled data. Some AutoML tools can also perform automatic data cleaning. Both
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the Automatic Statistician [SSJ+19] and AlphaClean [KW19] attempt to automatically

impute missing values. Unlike these papers, our focus is not on just cleaning datasets

automatically, but on helping users detect, understand, and mitigate unexpected problems

through transparency in the models’ decision process.

1.2 Contributions

Interpretability depends on the application and on the intended audience. Adding the

wrong interpretability constraints may hurt the model performance or fail to help the au-

dience understand the model. A key challenge for interpretable machine learning is how

to impose proper interpretability constraints to the model for di�erent applications. This

is especially hard for unstructured data like image, text, material structures, etc., where

individual feature (e.g., pixels) do not have clear cognitive meanings. One important

contribution of this thesis is de�ning interpretability constraints for key appli-

cations, speci�cally for computer vision and materials discovery, and building

interpretable models using these constraints. For computer vision task, humans usu-

ally reason about images through high-level visual concepts. For instance, \this is an image

of bedroom because we saw bed and lamp in it". However, it is unclear how a neural network

encode about a concept as we traverse through the layers. Past attempts to understand the

semantic meanings of their hidden layers in terms of visual concepts can either be mislead-

ing [AGM+18, KHA+19], or rely on the latent space to possess properties that it may not

have (e.g., emergence of visual concept detectors) [ZKL+14, KWG+18, ZSBT18, ZBOT18].

In this thesis, rather than attempting to analyze a neural network post-hoc, we will intro-

duce a mechanism, called concept whitening, to directly alter a given layer of the network

to allow us to better understand the computation leading up to that layer. Speci�cally,

we constrain the neural network latent space to be disentangled, where its neurons are

aligned with known visual concepts, and uncorrelated with each other. We will show that

the method provides a much clearer understanding of how the network gradually learns

these visual concepts over layers without hurting predictive performances. For materials
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science discovery, humans can hardly de�ne such high-level concepts | materials scientists

are interested in discovering concepts/patterns related to the desired property rather than

de�ning them beforehand. To solve this problem, we de�ne interpretability in metamate-

rials discovery as sets of rules that frequently occur in materials with the target property.

We will propose algorithms, to �nd frequent rules appear locally (shape-frequency features)

or globally (unit-cell templates) in the unit-cell of metamaterials that are relevant to their

band gap property. Our approaches provide logical rule-based conditions that allow for

interpretable reasoning processes, and generalize well across design spaces of di�erent reso-

lutions. The unit-cell templates also provide design 
exibility where users can almost freely

design the �ne resolution features of a unit-cell without a�ecting the user’s desired band

gap property.

Interpretability of the model can help the users understand how model works. However,

having a single interpretable model might not be enough for human-model interaction. In

current machine learning paradigm, given a dataset, algorithms usually output a single op-

timal model. But this model may have some fairness issues or misalignment with domain

experts’ knowledge. If the model is interpretable, users can manually �x this model. How-

ever, such modi�cation may sacri�ce the models’ optimality. Therefore, in real applications,

there could be several rounds of modeling, evaluation, and modi�cation, which cause many

burdens to users. In this thesis, we contribute by presenting a new machine learn-

ing paradigm that return a set of well-performing models, i.e., the Rashomon

set, so that users can e�ectively explore and select the model without worrying

about the model performance. Speci�cally, we will consider the Rashomon sets of two

widely used interpretable model classes, sparse decision trees and sparse additive models.

For sparse decision trees, We provide the �rst technique for completely enumerating their

Rashomon set. We represent the tree Rashomon set in a specialized data structure that sup-

ports e�cient querying and sampling. We show three applications of the Rashomon set: 1)

it can be used to study variable importance for the set of almost-optimal trees (as opposed

to a single tree), 2) the Rashomon set for accuracy enables enumeration of the Rashomon
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sets for balanced accuracy and F1-score, and 3) the Rashomon set for a full dataset can be

used to produce Rashomon sets constructed with only subsets of the data set. For sparse

additive models, we present algorithms to approximate the Rashomon set of GAMs with

ellipsoids for �xed support sets and use these ellipsoids to approximate Rashomon sets

for many di�erent support sets. The approximated Rashomon set serves as a cornerstone

to solve practical challenges for GAMs such as (1) studying the variable importance for

the model class; (2) �nding models under user-speci�ed constraints (monotonicity, direct

editing); (3) investigating sudden changes in the shape functions.

Every dataset is 
awed, often in surprising ways that data scientists might not anticipate

presenting serious threat to real applications. However, as machine learning models are

trained from data, understanding the model also can help users understand the data, such

as discovering these harmful 
aws. Another contribution of this thesis is showing

how interpretable machine learning models can help users detect and revise

various data 
aws lurking in the dataset, which can be di�cult to handle with

black-box models. Speci�cally, we will provide a number of case studies, using a type of

GAM called EBM [LCGH13] to discover various types of common dataset 
aws, including

missing values, confounding and unmeasured treatments, data drift, bias and fairness, and

outliers. In each case study, we will analyze the 
aws using visualization of EBM shape

functions combined with domain knowledge. We will also demonstrate that in some cases

interpretable models such as EBMs provide simple tools for correcting problems when

correcting the data is di�cult in other ways.

1.3 Thesis Outline

The remaining of the thesis is organized as follows,

• Imposing proper interpretability constraints in di�erent applications.

Chapter 2 [CBR20] presents concept whitening, an neural network module that can

do accurate and interpretable image recognition by disentangling its latent space into
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human-understandable visual concepts.

Chapter 3 [COD+22] presents rule-based interpretable models, shape-frequency fea-

tures and unit-cell templates, which can be used to e�ciently and e�ectively design

metamaterials with exotic properties.

• Enhancing human-model interaction with Rashomon sets of interpretable

model classes.

Chapter 4 [XZC+22] presents algorithms and data structures to �nd and store

the Rashomon set of sparse decision trees, and investigates how to utilize the tree

Rashomon set to examine the range of variable importance, �nd optimal tree under

other metrics, and analyze the e�ects of distribution shifts on the optimal trees.

Chapter 5 presents techniques to e�ciently and accurately approximate the Rashomon

set of sparse generalized additive models, and uses the approximated Rashomon set

to study range of variable importance, �nd models under user-speci�ed constraint,

and investigate sudden changes in the shape functions.

• Helping users understand the data with interpretable models.

Chapter 6 [CTN+21] presents a series of case studies using generalized additive mod-

els to detect common 
aws in data (e.g. poorly imputed missing values, confounding

and unmeasured treatments, biases, etc.), and �x some of these 
aws.

• Conclusions.

Chapter 7 concludes the thesis, and discusses future directions.
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Chapter 2

Interpretable Model for Image
Recognition

An important practical challenge that arises with neural networks is the fact that the units

within their hidden layers are not usually semantically understandable. This is particularly

true with computer vision applications, where an expanding body of research has focused

centrally on explaining the calculations of neural networks and other black box models.

Some of the core questions considered in these posthoc analyses of neural networks include:

\What visual concept does a unit in a hidden layer of a trained neural network represent?"or

\Does this unit in the network represent a visual concept that a human might understand?"

The questions listed above are important, but it is not clear that they would naturally

have satisfactory answers when performing posthoc analysis on a pretrained neural network.

In fact, there are several reasons why various types of posthoc analyses would not answer

these questions.

E�orts to interpret individual nodes of pretrained neural networks (e.g. [ZBOT18,

ZKL+14]) have shown that some fraction of nodes can be identi�ed to be aligned with

some high-level semantic meaning, but these special nodes do not provably contain the

network’s full information about the concepts. That is, the nodes are not \pure," and

information about the concept could be scattered throughout the network.

Concept-vector methods also [KWG+18, ZSBT18, GWZK19] have been used to analyze

pretrained neural networks. Here, vectors in the latent space are chosen to align with pre-

de�ned or automatically-discovered concepts. While concept-vectors are more promising,

they still make the assumption that the latent space of a neural network admits a posthoc

analysis of a speci�c form. In particular, they assume that the latent space places members

of each concept in one easy-to-classify portion of latent space. Since the latent space was

not explicitly constructed to have this property, there is no reason to believe it holds.
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Ideally, we would want a neural network whose latent space tells us how it is disentan-

gling concepts, without needing to resort to extra classi�ers like concept-vector methods

[KWG+18, GWZK19], without surveys to humans [ZKL+14], and without other manipu-

lations that rely on whether the geometry of a latent space serendipitously admits analysis

of concepts. Rather than having to rely on assumptions that the latent space admits dis-

entanglement, we would prefer to constrain the latent space directly. We might even wish

that the concepts align themselves along the axes of the latent space, so that each point in

the latent space has an interpretation in terms of known concepts.

Let us discuss how one would go about imposing such constraints on the latent space.

In particular, we introduce the possibility of what we call concept whitening. Concept

whitening (CW) is a module inserted into a neural network. It constrains the latent space

to represent target concepts and also provides a straightforward means to extract them.

It does not force the concepts to be learned as an intermediate step, rather it imposes the

latent space to be aligned along the concepts.

For instance, let us say that, using CW on a lower layer of the network, the concept

\airplane" is represented along one axis. By examining the images along this axis, we can

�nd the lower-level characteristic that the network is using to best approximate the complex

concept \airplane," which might be white or silver objects with blue backgrounds. In the

lower layers of a standard neural network, we cannot necessarily �nd these characteristics,

because the relevant information of \airplane" might be spread throughout latent space

rather than along an \airplane" axis. By looking at images along the airplane axis at each

layer, we see how the network gradually represents airplanes with an increasing level of

sophistication and complexity.

Concept whitening could be used to replace a plain batch normalization step in a CNN

backbone, because it combines batch whitening with an extra step involving a rotation

matrix. Batch whitening usually provides helpful properties to latent spaces, but our goal

requires the whitening to take place with respect to concepts; the use of the rotation

matrix to align the concepts with the axes is the key to interpretability through disen-
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tangled concepts. Whitening decorrelates and normalizes each axis (i.e., transforms the

post-convolution latent space so that the covariance matrix between channels is the iden-

tity). Exploiting the property that a whitening transformation remains valid after applying

arbitrary rotation, the rotation matrix strategically matches the concepts to the axes.

The concepts used in CW do not need to be the labels in the classi�cation problem,

they can be learned from an auxiliary dataset in which concepts are labeled. The concepts

do not need to be labeled in the dataset involved in the main classi�cation task (though

they could be), and the main classi�cation labels do not need to be available in the auxiliary

concept dataset.

Through qualitative and quantitative experiments, we illustrate how concept whitening

applied to the various layers of the neural network illuminates its internal calculations. We

verify the interpretability and pureness of concepts in the disentangled latent space. Impor-

tantly for practice, we show that by replacing the batch normalization layer in pretrained

state-of-the-art models with a CW module, the resulting neural network can achieve accu-

racy on par with the corresponding original black box neural network on large datasets, and

it can do this within one additional epoch of further training. Thus, with fairly minimal

e�ort, one can make a small modi�cation to a neural network architecture (adding a CW

module), and in return be able to easily visualize how the network is learning all of the

di�erent concepts at any chosen layer.

CW can show us how a concept is represented at a given layer of the network. What we

�nd is that at lower layers, since a complex concept cannot be represented by the network,

it often creates lower-level abstract concepts. For example, an airplane at an early layer is

represented by an abstract concept de�ned by white or gray objects on a blue background.

A bed is represented by an abstract concept that seems to be characterized by warm colors

(orange, yellow). In that sense, the CW layer can help us to discover new concepts that

can be formally de�ned and built on, if desired.
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2.1 Concept-based Deep Neural Network

Suppose x1;x2; :::;xn 2 X are samples in our dataset and y1; y2; ::yn 2 Y are their labels.

From the latent space Z de�ned by a hidden layer, a DNN classi�er f : X ! Y can be

divided into two parts, a feature extractor � : X ! Z, with parameters �, and a classi�er

g : Z ! Y, parameterized by !. Then z = �(x; �) is the latent representation of the

input x and f(x) = g(�(x; �);!) is the predicted label. Suppose we are interested in k

concepts called c1; c2; :::ck. We can then pre-de�ne k auxiliary datasets Xc1 ;Xc2 :::;Xck

such that samples in Xcj are the most representative samples of concept cj . Our goal is to

learn � and g simultaneously, such that (a) the classi�er g(�(�; �);!) can predict the label

accurately; (b) the jth dimension zj of the latent representation z aligns with concept cj . In

other words, samples in Xcj should have larger values of zj than other samples. Conversely,

samples not in Xcj should have smaller values of zj .

2.1.1 Standard Neural Networks May Not Achieve Concept
Separation

Some posthoc explanation methods have looked at unit vectors in the direction of data

where a concept is exhibited; this is done to measure how di�erent concepts contribute to a

classi�cation task [ZSBT18]. Other methods consider directional derivatives towards data

exhibiting the concept [KWG+18], for the same reason. There are important reasons why

these types of approaches may not work.

First, suppose the latent space is not mean-centered. This alone could cause problems

for posthoc methods that compute directions towards concepts. Consider, for instance, a

case where all points in the latent space are far from the origin. In that case, all concept

directions point towards the same part of the space: the part where the data lies (see Figure

2.1(a)). This situation might be fairly easy to solve since the users can just analyze the

latent space of a batch normalization layer or add a bias term. But then other problems

could arise.

Even if the latent space is mean-centered and standardized, the latent space of standard
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a b c

Figure 2.1: Possible data distributions in the latent space. a, the data are not mean
centered; b the data are standardized but not decorrelated; c the data are whitened.
In both a and b, unit vectors are not valid for representing concepts.

neural networks may not separate concepts. Consider, for instance, an elongated latent

space similar to that illustrated in Figure 2.1(b), by the green and orange clusters. Here,

two unit vectors pointing to di�erent groups of data (perhaps exhibiting two separate

concepts) may have a large inner product, suggesting that they may be part of the same

concept, when in fact, they may be not be similar at all, and may not even lie in the same

part of the latent space. Thus, even if the latent space is standardized, multiple unrelated

concepts can still appear similar because, from the origin, their centers point towards the

same general direction. For the same reason, taking derivatives towards the parts of the

space where various concepts tend to appear may yield similar derivatives for very di�erent

concepts.

For the above reasons, a latent space in which unit vectors can e�ectively represent

di�erent concepts should have small inter-concept similarity (as illustrated in Figure 2.1(c)).

That is, samples of di�erent concepts should be near orthogonal in the latent space. In

addition, for better concept separation, the ratio between inter-concept similarity and intra-

concept similarity should be as small as possible.

The CW module we introduce in chapter can make the latent space mean-centered and

decorrelated. This module can align prede�ned concepts in orthogonal directions. More

details of the proposed module will be discussed in Section 2.1.2 and Section 2.1.3. The

experimental results in Section 2.2.3 compare the inter-concept and intra-concept similarity
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of the latent space of standard NNs with and without the proposed CW module. The results

validate that the previously mentioned problems of standard neural networks do exist, and

that the proposed method successfully avoids these problems.

2.1.2 Concept Whitening Module

Let Zd�n be the latent representation matrix of n samples, in which each column zi 2 Rd

contains the latent features of the ith sample. Our Concept Whitening module (CW) con-

sists of two parts, whitening and orthogonal transformation. The whitening transformation

 decorrelates and standardizes the data by

 (Z) = W(Z� �1n�1
T ) (2.1)

where � = 1
n

Pn
i=1 zi is the sample mean and Wd�d is the whitening matrix that obeys

WTW = ��1. Here, �d�d = 1
n(Z � �1T )(Z � �1T )T is the covariance matrix. The

whitening matrix W is not unique and can be calculated in many ways such as ZCA

whitening and Cholesky decomposition. Another important property of the whitening

matrix is that it is rotation free; suppose Q is an orthogonal matrix, then

W0 = QTW (2.2)

is also a valid whitening matrix. In our module, after whitening the latent space to endow

it with the properties discussed above, we still need to rotate the samples in their latent

space such that the data from concept cj , namely Xcj , are highly activated on the jth axis.

Speci�cally, we need to �nd an orthogonal matrix Qd�d whose column qj is the jth axis,

by optimizing the following objective:

max
q1;q2;:::;qk

kX
j=1

1

nj
qTj  (Zcj )1nj�1

s:t: QTQ = Id

(2.3)

where Zcj is a d� nj matrix denoting the latent representation of Xcj and c1; c2; :::; ck are

concepts of interest. An optimization problem with an orthogonality constraint like this
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can be solved by gradient-based approaches on the Stiefel manifold (e.g., the method of

[WY13]).

This whole procedure constitutes CW, and can be done for any given layer of a neural

network as part of the training of the network. The forward pass of the CW module, which

makes predictions, is summarized in Algorithm 1.

Algorithm 1 Forward Pass of CW Module

1: Input: mini-batch input Z 2 Rd�m

2: Optimization Variables: orthogonal matrix Q 2 Rd�d (learned in Algorithm 2)

3: Output: whitened representation Ẑ 2 Rd�m

4: calculate batch mean: � = 1
m

Z � 1, and center the activation: ZC = Z� � � 1T

5: calculate ZCA-whitening matrix W, for details see Algorithm 1 of [HZZ+19]

6: calculate the whitened representation: Ẑ = QTWZC.

Algorithm 2 Alternating Optimization Algorithm for Training

1: Input: main objective dataset D = fxi; yigni=1, concept datasets Xc1 ;Xc2 :::;Xck

2: Optimization Variables: �, !, W, �, Q, whose de�nitions are in Section 2.1.2

3: Parameters: �, �

4: for t = 1 to T do

5: randomly sample a mini-batch fxi; yigmi=1 from D

6: do one step of SGD w.r.t. � and ! on the loss 1
m

∑m
i=1 ‘(g(Q

T (�(xi; �); W; �);!); yi)

7: update W and � by exponential moving average

8: if t mod 20 = 0 then

9: sample mini-batches fx(c1)
i gmi=1; fx

(c2)
i gmi=1; :::; fx

(ck)
i gmi=1 from Xc1 ;Xc2 ; :::;Xck

10: calculate G = rQ, with columns gj = � 1
m

∑m
i=1  (�(x

(cj )

i ; �); W; �) when 1 � j � k, else gj = 0

11: calculate the exponential moving average of G: G0 = �G0 + (1� �)G

12: obtain learning rate � by curvilinear search, for details see Algorithm 1 of [WY13]

13: update Q by Cayley transform: Q (I + �
2

(G0QT �QG0T ))�1(I � �
2

(G0QT �QG0T ))Q

2.1.3 Optimization and Implementation Detail

Whitening has not (to our knowledge) been previously applied to align the latent space to

concepts. In the past, whitening has been used to speed up back-propagation. The speci�c
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whitening problem for speeding up back-propagation is di�erent from that for concept

alignment{the rotation matrix is not present in other work on whitening, nor is the notion

of a concept{however, we can leverage some of the optimization tools used in that work on

whitening [HZZ+19, HLL+18, SSS18]. Speci�cally, we adapt ideas underlying the IterNorm

algorithm [HZZ+19], which employs Newton’s iterations to approximate ZCA whitening,

to the problem studied here. Let us now describe how this is done.

The whitening matrix in ZCA is

W = D��
1
2 DT (2.4)

where �d�d and Dd�d are the eigenvalue diagonal matrix and eigenvector matrix given by

the eigenvalue decomposition of the covariance matrix, � = D�DT . Like other normal-

ization methods, we calculate a � and W for each mini-batch of data, and average them

together to form the model used in testing.

As mentioned in Section 2.1.2, the challenging part for CW is that we also need to learn

an orthogonal matrix by solving an optimization problem. To do this, we will optimize the

objective while strictly maintaining the matrix to be orthogonal by performing gradient

descent with a curvilinear search on the Stiefel manifold [WY13] and adjust it to deal with

mini-batch data.

The two step alternating optimization: During training, our procedure must han-

dle two types of data: data for calculating the main objective and the data representing the

prede�ned concepts. The model is optimized by alternating optimization: the mini-batches

of the main dataset and the auxiliary concept dataset are fed to the network, and the

following two objectives are optimized in turns. The �rst objective is the main objective

(usually related to classi�cation accuracy):

min
�;!;W;�

1

n

nX
i=1

‘(g(QT (�(xi; �); W; �);!); yi) (2.5)

where � and g are layers before and after the CW module parameterized by � and ! respec-

tively.  is a whitening transformation parameterized by sample mean � and whitening

matrix W. Q is the orthogonal matrix. The combination QT forms the CW module
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(which is also a valid whitening transformation). ‘ is any di�erentiable loss. We use cross-

entropy loss for ‘ in our implementation to do classi�cation, since it is the most commonly

used. The second objective is the concept alignment loss:

max
q1;q2;:::;qk

kX
j=1

1

nj

X
x

(cj)

i 2Xcj

qTj  (�(x
(cj)
i ; �); W; �)

s:t: QTQ = Id:

(2.6)

The orthogonal matrix Q is �xed when training for the main objective and the other pa-

rameters are �xed when training for Q. The optimization problem is a linear programming

problem with quadratic constraints (LPQC) which is generally NP-hard. Since directly

solving for the optimal solution is intractable, we optimize it by gradient methods on the

Stiefel manifold. At each step t, in which the second objective is handled, the orthogonal

matrix Q is updated by Cayley transform

Q(t+1) =
�
I +

�

2
A
��1 �

I � �

2
A
�

Q(t)

where A = G(Q(t))T �Q(t)GT is a skew-symmetric matrix, G is the gradient of the loss

function and � is the learning rate. The optimization procedure is accelerated by curvilinear

search on the learning rate at each step [WY13]. Note that, in the Cayley transform, the

stationary points are reached when A = 0, which has multiple solutions. Since the solutions

are in high-dimensional space, these stationary points are very likely to be saddle points,

which can be avoided by SGD. Therefore, we use the stochastic gradient calculated by a

mini-batch of samples to replace G at each step. To accelerate and stabilize the stochastic

gradient, we also apply momentum to it during implementation. Algorithm 2 provides

details for the two-step alternating optimization.

Dealing with the convolution outputs: In the previous description of our optimiza-

tion algorithm, we assume that the activations in the latent space form a vector. However,

in CNNs, the output of the layer is a tensor instead of a vector. In CNNs, a feature map (a

channel within one layer, created by a convolution of one �lter) contains the information of

how activated a part of the image is by a single �lter, which may be a detector for a speci�c
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concept. Let us reshape the feature map into a vector, where each element of the vector

represents how much one part of the image is activated by the �lter. Thus, if the feature

map for one �lter is h� w then a vector of length hw contains the activation information

for that �lter around the whole feature map. We do this reshaping procedure for each

�lter, which reshapes the output of a convolution layer Zh�w�d�n into a matrix Zd�(hwn),

where d is the number of channels. We then perform CW on the reshaped matrix. After

doing this, the resulting matrix is still size d � (hwn). If we reshape this matrix back to

its original size as a tensor, one feature map of the tensor now (after training) represents

whether a meaningful concept is detected at each location in the image for that layer. Note

that, now the output of a �lter is a feature map which is a h � w matrix but the concept

activation score we used in the optimization problem is a scalar. Therefore, we need to

get an activation value from the feature map. There are multiple ways to do this. We try

the following calculations to de�ne activation based on the feature map: (a) mean of all

feature map values; (b) max of all feature map values; (c) mean of all positive feature map

values; (d) mean of down-sampled feature map obtained by max pooling. We use (d) in our

experiments since it is good at capturing both high-level and low-level concepts. Detailed

analysis and experiments about the choice of di�erent activation calculations are discussed

in Supplementary Information (A).

Warm start with pretrained models: Let us discuss some aspects of practical

implementation. The CW module can substitute for other normalization modules such

as BatchNorm in an hidden layer of the CNN. Therefore, one can use the weights of a

pretrained model as a warm start. To do this, we might leverage a pretrained model (for

the same main objective) that does not use CW, and replace a BatchNorm layer in that

network with a CW layer. The model usually converges in one epoch (one pass over the

data) if a pretrained model is used.

Note that CW does strictly more work than BatchNorm. CW alone will achieve de-

sirable outcomes of using BatchNorm, therefore, there is no need to use BatchNorm when

CW is in place.
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Computational E�ciency: The CW module involves two iterative optimization

steps: one for whitening normalization and one for concept alignment. The e�ciency

of iterative whitening normalization is justi�ed experimentally in [HZZ+19]; the concept

alignment optimization is performed only every 20 batches, usually costing less than 20

matrix multiplications and 10 matrix inversions, which do not notably hurt the speed of

training. Indeed, our experiments show that there is no signi�cant training speed slowdown

using CW compared to using vanilla BN.

2.2 Experiments

In this section, we �rst show that after replacing one batch norm (BN) layer with our CW

module, the accuracy of image recognition is still on par with the original model (2.2.1).

After that, we visualize the concept basis we learn and show that the axes are aligned with

the concepts assigned to them (2.2.2). Then, we validate the problems standard neural

network mentioned in Section 2.1.1 through experiments and show that CW can solve

these problems (2.2.3). Moreover, we quantitatively measure the interpretability of our

concept axes and compare with other concept-based neural network methods (2.2.4). We

also show how we can use the learned representation to measure the contributions of the

concepts (2.2.5). Finally, we show the practicality of the CW module through a case study

of skin lesion diagnosis (2.2.6).

2.2.1 Main Objective Accuracy

We evaluate the image recognition accuracy of the CNNs before and after adding a CW

module. We show that simply replacing a BN module with a CW module and training

for a single epoch leads to similar main objective performance. Speci�cally, after replac-

ing the BN module with the CW module, we trained popular CNN architectures includ-

ing VGG16+BN [SZ15], ResNet with 18 layers and 50 layers [HZRS16] and DenseNet161

[HLVDMW17] on the Places365 [ZLK+17] dataset. The auxiliary concept dataset we used
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is MS COCO [LMB+14]. Each annotation, e.g., \person" in MS COCO, was used as one

concept, and we selected all the images with this annotation (images having \person" in it),

cropped them using bounding boxes and used the cropped images as the data representing

the concept. The concept bank has 80 di�erent concepts corresponding to 80 annotations

in MS COCO. In order to limit the total time of the training process, we used pretrained

models for the popular CNN architectures (discussed above) and �ne-tuned these models

after BN was replaced with CW.

Table 2.1 shows the average test accuracy on the validation set of Places365 over 5

runs. We randomly selected 3 concepts from the concept bank to learn using CW for each

run, and used the average of them to measure accuracy. We repeated this, applying CW to

di�erent layers and reported the average accuracy among the layers. The accuracy does not

change much when CW is applied to the di�erent layers and trained on di�erent number

of concepts, as shown in Table 2.2 and Figure 2.2.

Table 2.1: Top-1 and top-5 test accuracy on Places365 dataset. Our results show
that CW does not hurt performance.

Top-1 acc. Top-5 acc.
Original +CW Original +CW

VGG16-BN 53.6 53.3 84.2 83.8
ResNet18 54.5 53.9 84.6 84.2
ResNet50 54.7 54.9 85.1 85.2
DenseNet161 55.3 55.5 85.2 85.6

Table 2.2: Top-1 and top-5 accuracy of ResNet18-CW on Places365 dataset. Our
results indicate that the choice of layer to apply CW does not have a practical impact
on accuracy.

CW layer Top-1 acc. Top-5 acc.

2nd 53.9 84.2
4th 54.0 84.5
6th 54.0 84.3
8th 54.0 84.2
10th 54.0 84.3
12th 53.9 84.1
14th 53.7 83.9
16th 53.5 83.8
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(a) Top-1 test accuracy (b) Top-5 test accuracy

Figure 2.2: Test accuracy on Places365 when different number of concepts are
learned in CW. (a) Top-1 accuracy; (b) Top-5 accuracy.

Because we have leveraged a pretrained model, when training with CW, we conduct

only one additional epoch of training (one pass over the dataset) for each run. As shown in

Table 2.1, the performance of these models using the CW module is on par with the original

model: the di�erence is within 1% with respect to top-1 and top-5 accuracy. This means

in practice, if a pretrained model (using BN) exists, one can simply replace the BN module

with a CW module and train it for one epoch, in which case, the pretrained black-box model

can be turned into a more interpretable model that is approximately equally accurate.

2.2.2 Visualizing the Concept Basis

In order to demonstrate the interpretability bene�ts of models equipped with a CW module,

we visualize the concept basis in the CW module and validate that the axes are aligned

with their assigned concepts. In detail, (a) we check the most activated images on these

axes; (b) we look at how images are distributed in a 2D slice of the latent space; (c) we

show how realizations of the same concept change if we apply CW on di�erent layers. All

experiments in 2.2.2 were done on ResNet18 equipped with CW trained on Places365 and

three simultanous MS COCO concepts.
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Top-10 Activated Images

We sort all validation samples by their activation values (discussed in Section 2.1.3) to

show how much they are related to the concept. Figure 2.3 shows the images that have the

top-10 largest activations along three di�erent concepts’ axes. Note that all these concepts

are trained together using one CW module.

From Figure 2.3(b), we can see that all of the top activated images have the same

semantic meaning when the CW module is located at a higher layer (i.e., the 16th layer).

Figure 2.3(a) shows that when the CW module is applied to a lower layer (i.e., the 2nd

layer), it tends to capture low level information such as color or texture characteristic of

these concepts. For instance, the top activated images on the \airplane" axis generally has

a blue background with a white or gray object in the middle. It is reasonable that the lower

layer CW module cannot extract complete information about high-level concepts such as

\airplane" since the model complexity of the �rst two layers is limited.

In that sense, the CW layer has discovered lower-level characteristics of a more complex

concept; namely it has discovered that the blue images with white objects are primitive

characteristics that can approximate the \airplane" concept. Similarly, the network seems

to have discovered that the appearance of warm colors is a lower-level characteristic of the

\bedroom" concept, and that a dark background with vertical light streaks is a character-

istic of the \person" concept.

Moreover, similar visualizations show that CW can deal with various types of concepts.

Top activated images on more concepts, including concepts de�ned as objects and concepts

de�ned as general characteristics, as shown in Figure 2.4.

2D-representation space visualization

Let us consider whether joint information about di�erent concepts is captured by the latent

space of CW. To investigate how the data are distributed in the new latent space, we pick

a 2D slice of the latent space, which means we select two axes qi and qj and look at the

subspace they form.
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Figure 2.3: Top-10 Image activated on axes representing different concepts. a,
results when the 2nd layer (BN) is replaced by CW; b, results when the 16th layer
(BN) is replaced by CW.
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(a) Concepts trained together: cold, moist/damp, warm

(b) Concepts trained together: metal, rubber/plastic, wood

Figure 2.4: Top-10 activated images when CW is trained on concepts that describe
general properties of objects and scenes. In the second layer (left subfigures), the
concepts seem to be represented by simpler primitive concepts, such as color and
texture, whereas in the 16th layer (right subfigures) the most activated images seem
to correctly capture the high-level meaning of the concept.

The data’s joint distribution on the two axes is shown in Figure 2.5. To visualize

the joint distribution, we �rst compute the activations of all validation data on the two

axes, then divide the latent space into a 50 � 50 grid of blocks, where the maximum and

minimum activation value are the top and bottom of the grid. For the grid shown in Figure

2.5(a), we randomly select one image that falls into each block, and display the image in

its corresponding block. If there is no image in the block, the block remains black. From

Figure 2.5(a), we observe that the axes are not only aligned with their assigned concepts,

they also incorporate joint information. For example, a \person in bed" has high activation

on both the \person" axis and \bed" axis.

We also include a 2D histogram of the number of images that fall into each block. As

shown in Figure 2.5(b), most images are distributed near the center (which is the origin)

suggesting that the samples’ feature vector has high probability to be nearly orthogonal

to the concept axes we picked (meaning that they do not exhibit the two concepts), and

consequently the latent features have near 0 activation on the concept axes themselves.
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Figure 2.5 : Joint distribution of the bed-person subspace. The bounding box given
by projected values in the subspace is evenly divided into 20� 20 blocks.a, Plotting
a random test image fall into each block;b, Density map of test image representation

Trajectory of Concepts in Di�erent Layers

Although our objective is the same when we apply the CW module to di�erent layers in

the same CNN, the latent space we get might be di�erent. This is because di�erent layers

might be able to express di�erent levels of semantic meaning. Because of this, it might be

interesting to track how the representation of a single image will change as the CW module

is applied to di�erent layers of the CNN.

In order to better understand the latent representation, we plot a 2D slice of the latent

space. Unlike in the 2d-representation space visualization (Figure 2.5), here, a point in the

plot is not speci�ed by the activation values themselves but by their rankings. For example,

the point (0:7; 0:1) means the point is at the 70th percentile for the �rst axis and the 10th

percentile in the second axis. We use the percentage instead of using the value, because as

shown in the 2d-representation space visualization (Figure 2.5), most points are near the

center of the plot, so the rankings spread the values for plotting purposes.

Figure 2.6 shows the 2D representation plot of two representative images. Each point

in the plot corresponds to the percentile rank representation of the image when the CW
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Figure 2.6 : 2D representation plot of two representative images. Each point in the
right trajectory plot corresponds to the percentile rank for the activation values on
each axis. The number labeling each point on the plot provides the layer depth of the
CW module. The trajectory shows how the percentile rank of the left image changes
when CW is applied to di�erent layers.

module is applied to di�erent layers. The points are connected by arrows according to

the depth of the layer. These plots con�rm that the abstract concepts learned in the

lower layers tend to capture lower-level meaning (such as colors or shapes) while the higher

layers capture high-level meaning (such as types of objects). For example, in the left image

in Figure 2.6(a), the bed is blue, where blue is typical low level information about the

\airplane" class but not about the \bed" class since bedrooms are usually warm colors.

Therefore, in lower layers, the bed image has higher ranking in the \airplane" axis than

the \bed" axis. However, when CW is applied to deeper layers, high level information is

available, and thus the image becomes highly ranked on the \bed" axis and lower on the

\airplane" axis.

In Figure 2.6(b), traversing through the networks' layers, the image of a sunset does

not have the typical blue coloring of a sky. Its warm colors put it high on the \bedroom"

concept for the second layer, and low on the \airplane" concept. However, as we look at

higher layers, where the network can represent more sophisticated concepts, we see the

image's rank grow on the \airplane" concept (perhaps the network uses the presence of

skies to detect airplanes), and decrease on the \bed" concept.
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2.2.3 Separability of Latent Representations

In this subsection, we evaluate properties of the spatial distribution of the concepts in the

latent space. By experimentally comparing such properties across latent representations

produced by the CW module and other methods, we demonstrate that the issues arising

in standard methods, as outlined in Section 2.1.1, do not occur when using CW. We also

investigate such properties on a non-posthoc neural network, trained with an auxiliary

loss that aims to classify di�erent concepts in the latent space (that is, in the objective,

there are classi�cation losses for each axis, using each axis' assigned concept as its label).

Interestingly, we �nd that such issues mentioned in Section 2.1.1 may also exist in that

network. The experiments in Section 2.2.3 were all done on ResNet18. The CW module

was trained with seven simultaneous MS COCO concepts.

Speci�cally, for each concept image, we �rst extract its latent space representation. The

representation for instancej of concept i is denotedx ij . Then, intra-concept similarity for

concept i , denoted dii , is de�ned to be:

dii =
1
n2

0

@
nX

j =1

nX

k=1

x ij � x ik

kx ij k2kx ik k2

1

A (2.7)

where n is the total number of instances of concepti .

Inter-concept similarity between concept p and q is similarly de�ned as:

dpq =
1

nm
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@
nX

j =1

mX

k=1

xpj � xqk

kxpj k2kxqkk2

1

A (2.8)

where n and m are the number of instances of conceptsp and q respectively. Indeed,

intra-concept similarity is the average pairwise cosine similarity between instances of the

same concept, and inter-concept similarity is the average pairwise cosine similarity between

instances of two di�erent concepts.

With those de�ned, we plot heat maps in Figure 2.7 where value in cell at rowi column

j is computed as:

Qij =
dijp
dii djj

: (2.9)
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From Figure 2.7, we notice that with the CW module, latent representations of concepts

achieve greater separability: the ratios between inter-concept and intra-concept similarities

(average 0.35) are notably smaller that of standard CNNs (average 0.94). In addition,

without normalization, the CW module has very small inter-concept similarities (average

0.05) while analogous values for a standard neural network are around 0.74. This means that

in the latent space of CW, two concepts are nearly orthogonal, while in a standard neural

network, they are generally not. This indicates that some of the problems we identi�ed in

Section 2.1.1 occur in standard neural networks, but they do not occur with CW.

Figure 2.7 : Normalized intra-concept and inter-concept similarities. The diagonal
values are normalized average similarities (see de�nition in Section 2.2.3) between la-
tent representations of images of the same concept; o�-diagonal values are normalized
average similarities between latent representations of images of di�erent concepts.a,
The 16th layer is a BN module;b, The 16th layer is a BN module with auxiliary loss
to classify these concepts;c, The 16th layer is a CW module.

In this experiment, as mentioned earlier, we also trained a standard neural network

with a concept-distinction auxiliary loss. The auxiliary loss is the cross entropy of the

�rst several dimensions in the latent space with respect to the concepts we investigated.

Shown in Figure 2.7(b), the latent representations do not naturally help concept separation.

The average ratio between inter-concept and intra-concept similarities is 0.85. Without

normalization, the average inter-concept similarity is also around 0.74, similar to that of

the standard neural network without the auxiliary loss. This has important implications:

good discriminative power in the latent space does not guarantee orthogonality of di�erent

concepts. Thus, the whitening step is crucial for representing pure concepts.
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2.2.4 Quantitative Evaluation of Interpretability

In this subsection, we measure the interpretability of the latent space quantitatively and

compare it with other concept-based methods.

First, we measure the purity of learned concepts by the AUC (of classifying the concept,

not classifying with respect to the label for the overall prediction problem) calculated from

the activation values. To calculate the test AUC, we divide the concept bank, containing 80

concepts extracted from MS COCO, into training sets and test sets. After training the CW

module using the training set, we extract the testing samples' activation values on the axis

representing the concept. For the target concept, we assign samples of this concept to the

label 1 while giving samples of the other 79 concepts label 0. In this way, we calculate the

one-vs-all test AUC score of classifying the target concept in the latent space. The AUC

score measures whether the samples belonging to a concept are ranked higher than other

samples. That is, the AUC score indicates the purity of the concept axis. Speci�cally, we

randomly choose 14 concepts from the concept bank for the purity comparison. Since our

CW module can learn multiple concepts at the same time, we divide the 14 concepts into

two groups and train CW with 7 simultaneous concept datasets.

We compared the AUC concept purity of CW with the concept vectors learned by

TCAV [KWG + 18] from black box models, IBD [ZSBT18] from black box models, and

�lters in standard CNNs [ZKL + 14]. Since TCAV and IBD already �nd concept vectors,

we use the samples' projections on the vectors to measure the AUC score. Note that in

their original papers, the concept vectors are calculated for only one concept each time;

therefore, we calculated 14 di�erent concept vectors, each by training a linear classi�er in

the black box's latent space, with the training set of the target concept as positive samples

and samples randomly drawn from the main dataset as negative samples. For standard

CNNs, we measure the AUC score for the output of all �lters and choose the best one

to compare with our method, separately for each concept (denoted \Best Filter"). Figure

2.8 shows the AUC concept purity of \airplane" and \person" of these methods across

di�erent layers. The error bars on Figure 2.8 were obtained by splitting the testing set
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into 5 parts and calculating AUC over each of them. From the plots, we observe that

concepts learned in the CW module are generally purer than those of other methods.This

is accredited to the orthogonality of concept representations as illustrated in Section 2.1.1,

as a result of CW's whitening of the latent space and optimization of the loss function. We

Figure 2.8 : Concept purity measured by AUC score.a, concept \airplane"; b,
concept \person." Concept purity of CW module is compared to several posthoc
methods on di�erent layers. The error bar is the standard deviation over 5 di�erent
test sets, and each one is 20% of the entire test set.

perform another quantitative evaluation that aims to measure the correlation of axes in

the latent space before and after the CW module is applied. For comparison with posthoc

methods like TCAV and IBD, we measure the output of their BN modules in the pretrained

model, because the output of these layers are mean centered and normalized, which, as we

discussed, are important properties for concept vectors. Shown by the absolute correlation

coe�cients plotted in Figure 2.9(a), the axes still have relatively strong correlation after

passing through the BN module. If CW were applied instead of BN, they would instead

be decorrelated as shown in Figure 2.9(b). This �gure shows the correlation matrices for

the 16th layer. These results re
ect why purity of concepts is important; when the axes

are pure, the signal of one concept can be concentrated only on its axis, while in standard

CNNs, the concept could be strewn throughout the latent space.
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Figure 2.9 : Absolute correlation coe�cient of every feature pair in the 16th layer.a,
when the 16th layer is a BN module;b, when 16th layer is a CW module.

2.2.5 Concept Importance

In order to obtain practical insights for how the concepts contribute to the classi�cation

results, we can measure the concept importance. The concept importance of thej th axis is

de�ned as the ratio of a \switched loss" to the original loss:

CI j =
e(j )

switch

eorig
(2.10)

where the switched losse(j )
switch is the loss calculated when the sample values ofj th axis are

randomly permuted, and eorig is the original loss without permutation. The expression for

CI j is similar to classical de�nitions of variable importance [Bre01a, FRD19]. Speci�cally:

ˆ To measure the contribution of a concept to the entire classi�er, the training loss

function can be used in the variable importance calculation, which is the multi-class

cross entropy in this case.

ˆ To measure the contribution of a concept to a target class, e.g., how much \bed"

contributes to \bedroom," one can use a balanced binary cross entropy loss in the

variable importance calculation, calculated on the softmax probability of the target

class. The concept importance score is measured on the test set to prevent over�tting.
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Figure 2.10 : Concept importance to di�erent Places365 classes measured on the
concept axes when CW is applied to the 16th layer. Each group in the bar plot cor-
responds to a target class. The bars in the same group show the concept importance
scores of the learned concepts to the target class. Concepts that relate meaningfully
to the target class (e.g., \airplane" and \air�eld") have larger importance scores than
irrelevant concepts.

In our experiments, we measure concept importance scores of the learned concepts

to di�erent target classes in the Places365 dataset (corresponding to the second of the

bullets above). Figure 2.10 shows the results in a grouped bar plot. The target classes

we choose relate meaningfully to a speci�c concept learned in CW (e.g., \airplane" and

\air�eld"). We apply CW on the 16 th layer since the concepts are generally purer in

the layer, as shown in Figure 2.8. As shown in Figure 2.10, the irrelevant concepts have

concept importance scores near 1.0 (no contribution), e.g., \airplane" is not important to

the detection of \bedroom." For the concepts that relate meaningfully to the target class,

e.g., \airplane" to \air�eld," the concept importance scores are much larger than those

for other concepts. Thus, the concept importance score measured on the CW latent space

can tell us the contribution of the concept to the classi�cation. For example, it can tell us

how much a concept (such as \airplane" contributes to classifying \air�eld," or how much
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\book" contributes to classifying \library."

2.2.6 Case Study: Skin Lesion Diagnosis

We provide a case study of a medical imaging dataset of skin lesions. The dataset of dermo-

scopic images is collected from the ISIC archive [ISI20]. Because the dermoscopic images

corresponding to di�erent diagnoses vary greatly in appearance, we focus on predicting

whether a skin lesion is malignant for each of the histopathology images (9058 histopathol-

ogy images in total). We choose \age< 20" and \size � 10 mm" as the concepts of

interest and select the images with corresponding meta information to form the concept

datasets. We chose these concepts due to their availability in the ISIC dataset. The cuto�,

for instance, of 10mm is used commonly for evaluation of skin lesions [Ros98].

Test Accuracy

We trained both a standard ResNet18 and a ResNet18 with CW on 80% of the dataset

and tested it on the other 20%. Since the two classes are imbalanced, we measured the

balanced accuracy to compare their performances. The test balanced accuracy of standard

ResNet18 is 71:65% while ResNet18 with CW achieves 72:26% test balanced accuracy

(this is the average over di�erent layers CW was applied to). Thus, adding CW improved

performance over the black box; this may have resulted from whitening, which acts as a

regularizer. The latent representation in the standard neural network may be elongated due

to the inter similarity of the dermoscopic images, potentially leading to worse performance.

This is why whitening could have provided better numerical conditioning for the gradient,

as discussed also by [HYLD18].

Concept Importance

Similar to experiments on the Places dataset, we measure the concept importance scores of

concepts in the ISIC dataset. Since the dataset only has two classes, we can measure the

contribution to the entire classi�cation problem, using balanced binary cross entropy loss
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Figure 2.11 : Concept importance measured on each axis when CW is applied to
the 16th layer (ISIC dataset). The �gure on the left shows the concept importance
of the axes representing the concepts \age< 20" and \size � 10 mm," as well as
the max and mean concept importance over the set of axes. In order to calculate
the latter two quantities, we compute the concept importance of each axis. Then we
�nd the axis with the maximum concept importance (which is the 76th axis) and,
for comparison, we calculate the mean of the concept importance values over all the
axes. The box plot on the right roughly shows the distribution of concept importance
among the 512 axes in the latent space.

for e(j )
switch and eorig . Figure 2.11 shows the concept importance of di�erent axes of the latent

space when CW is applied to the 16th layer. We choose the 16th layer to investigate because

the concepts are purer in the layer. We measure the concept importance of the two concepts

we selected and the max and mean concept importance of the 512 axes in the latent space

(left subplot of Figure 2.11). To compare them with the concept importance of other axes,

we also visualize the rough distribution of the concept importance with a box plot (right

subplot of Figure 2.11). We observe that the concept \age> 20" is not important at all

(� 1:0). The concept \size � 10mm" is more important than most axes (approximately

the third quartile among the 512 axes). This concept is known to be important for the way

physicians interpret skin lesions [WPV+ 13].

It is interesting to contemplate what concept the most important axis (the 76th axis)
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Figure 2.12 : Top 10 activated images on di�erent axes plotted with empirical re-
ceptive �elds (highlighted region). Axis 76 (most important axis) is highlighted by a
dashed box and plotted with other axes (Axis 0, 1, 100, 150, 200 and 250). Axis zero
is age, axis one is size, whereas the other axes are not trained as concept axes. Axis
76 seems to more consistently focus on the borders of the lesion, indicating that in
future work one might add a concept axis for irregular border.

might represent. This axis was not trained to represent a concept, but insight from exam-

ining it might lead to possible ideas for concepts we would consider in the future. In Figure

2.12, we visualize the top-10 activated images along this interesting axis, as well as other

axes (axes 0, 1, 100, 150, 200, 250) for comparison. We highlight the empirical receptive

�elds [ZKL + 14] on the images. Compared to other axes, the empirical receptive �elds of

76th axis seems to more consistently focus on the borders of the lesions. The lesion border

is well known to be important for early detection of melanoma; an irregular border is a

major factor, and is even more important than the overall size of the lesion [WPV+ 13].
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This observation naturally leads to a direction for future research: create a concept axis

for irregular lesion borders. Since the ISIC dataset does not have each image labeled as to

whether the lesion's borders are irregular, this would need to be labeled by a physician in

future work. Doing this would allow us to measure the importance of irregular borders for

predicting malignancy of skin lesions by a neural network model.
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Chapter 3

Interpretable Model for Metamaterials
Design

Metamaterials are traditionally designed through empirical trial-and-error or intuition

[BVCvH17] or computationally expensive topology optimization which often produces de-

signs out of predetermined geometrical building blocks [SSJ03, Sig09, BH11, BVCvH17,

SBR+ 15]. Recently, machine learning methods (ML) have gain popularity for metamaterial

design. For example, machine learning models can be trained to predict material properties

from unit cells de�ned by a �nite set of pixels/voxels, and used as faster surrogate models for

computationally expensive simulations [NHMP19, BCW+ 19, QSW+ 19, FLMS19, WM19].

Using deep generative models and neural network inversion techniques, some recent works

[LZR+ 18, MCL18, DRF+ 21, MCX+ 19, WCA+ 20, RSL+ 20, LZL+ 20] aim to directly solve

the inverse design problem for metamaterials, i.e., generating the designs given the target

property. However, the ML models used in these work are usually gigantic black boxes,

whose decision processes are hard to understand. This is undesirable for scienti�c discovery

purposes because scientists may also want to gain insights into what geometric features are

important for a given target property, such a particular frequency band gap. In addition,

these massive models are data hungry and not robust to distributional shift { they usually

require a huge simulated dataset that covers most of the design space. These models also

tend to perform poorly on datasets they have not seen before, such as unit-cells in a �ner

resolution space.

Instead of relying on existing black box approaches, we propose two novel rule-based

ML approaches for metamaterial design that have major advantages:

ˆ Interpretability: The approach allows us to discover interpretable key patterns

within unit-cells that are related to a physical property of interest (see Figure 3.1a

and 3.1b). We consider two types of patterns: (i) local patterns called shape fre-
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Figure 3.1 : Examples of interpretable key patterns discovered by the proposed
method. a. A shape frequency feature (this one is shaped like a \+"). How frequently
this shape appears in the unit-cell is a useful predictor of a band gap.b. A unit-cell
template, which considers speci�c global patterns in the unit-cell. Here, regardless of
whether we place sti� or soft materials at each green pixel in the unit-cell, as long as
the sti� and soft materials are in the positions de�ned by the template in yellow and
purple, there will be a band gap within the user's desired range.c. The patterns are
learned from coarse resolution training data but can be robustly transfered to �ner
resolution, and generate �ne resolution unit-cells with the target property.
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quency features, which calculate the occurrence frequency of certain shapes in the

unit-cell; (ii) global patterns, called unit-cell templates, which look for arrangements

of constituent materials in speci�c regions of the metamaterials' unit-cells. The unit-

cell templates are optimized with binary integer programming to �nd global patterns

within unit cells that give the metamaterial a desired property.

ˆ Leverages Multi-resolution Properties: An important observation underpinning

our methodology is that a pattern in the coarser resolution design space also exists in

�ner resolution design space, with one coarse pixel replaced by many �ner pixels. As a

result, if a pattern can robustly characterize the target property at the coarse resolution

design space, it will also be predictive at the �ner resolution design space. This

leads to computationally-e�cient discovery of many valuable metamaterial designs

possessing the desired properties. In particular, our method allows us to construct

a sca�old of patterns that allows interpretable coarse scale information discovered

at low resolutions to be reliably transferred to make accurate predictions for high

resolution designs (see Figure 3.1c).

ˆ Flexible Metamaterial Designs: Our unit-cell templates (e.g., the one in Figure

3.1b) enables 
exibility in unit-cell designs at any resolution. Simply, unit-cell tem-

plates specify regions where one can almost freely design unit-cell features without

changing the target band gap property (e.g., in Fig 3.1b constituent phases can be

arranged at will in the green regions determined by our algorithm). Such 
exibility

in design might be useful to satisfy practicality constraints such as connectivity or

other design constraints such as overall sti�ness.

3.1 Problem Settings

Here, we introduce the settings of the metamaterial design problem we are trying to solve,

including the inputs and target of the dataset and their physical meanings.

We aim to design and characterize 2-D pixelated metamaterials made by tiling a 10� 10

39



Figure 3.2 : Input and target of our metamaterial design problem.a. 2-D phononic
material constructed with the raw features. Upper Left: raw 15 dimensional input
feature vector. Lower left: the feature vector de�nes the triangle in the lower right of
the unit-cell. The triangle is copied using lines of symmetry to de�ne the full unit-
cell. Right: the unit-cell is tiled to obtain the full material. For the Bloch-Floquet
boundary conditions, the tiling is in�nite in all dimensions; b. The design objective
is the frequency band gaps.

unit-cell. Such materials can be stacked to form 3D structures, and can direct, re
ect or

scatter waves, depending on the choice of unit-cell's material selection and geometry. In

our framework, the unit-cell is a square with side lengtha = 0.1 m. However, transferring

to a di�erent length scale for a di�erent application is easily doable by a simple scaling

transformation on the dispersion relations. For a 10� 10 unit-cell, the pixel side length

is 1 cm; for 20� 20 unit-cell, the pixel side length is 0.5 cm. Each unit-cell is made of

two constituent materials: one is soft and lightweight, with elastic modulus E = 2 GPa1

and density � = 1,000 kg/m 3, and the other is sti� and heavy with E = 200 GPa, and

� = 8,000 kg/ m3. These two sets of material properties are representative of a polymer

and steel respectively. Our unit-cells are symmetric, with four axes of symmetry (x,y and

� 45� ). Under the symmetry constraints, the coarsest resolution (10� 10) unit-cell has only

15 irreducible pixels. As a result, the raw input features of a sample in our dataset is a

15-dimensional binary vector: 0 means the soft constituent material in that location, and

1 means sti� constituent material. Thus, the full coarse space can be characterized, having

1GPa is gigapascals, a unit used to quantify elastic modulus.
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