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Abstract. Nonlinear regression models are often used in statistics and
machine learning due to greater accuracy than linear models. In this
work, we present a novel modeling framework that is both computation-
ally efficient for high-dimensional datasets, and predicts more accurately
than most of the classic state-of-the-art predictive models. Here, we cou-
ple a nonlinear random Fourier feature data transformation with an in-
trinsically fast learning algorithm called Vowpal Wabbit or VW. The key
idea we develop is that by introducing nonlinear structure to an other-
wise linear framework, we are able to consider all possible higher-order
interactions between entries in a string. The utility of our nonlinear VW
extension is examined, in some detail, under an important problem in sta-
tistical genetics: genomic selection (i.e. the prediction of phenotype from
genotype). We illustrate the benefits of our method and its robustness
to underlying genetic architecture on a real dataset, which includes 129
quantitative heterogeneous stock mice traits from the Wellcome Trust
Centre for Human Genetics.
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1 Introduction

The underlying problem in genomic selection is to explain variation in the phe-
notype from variation in the genotype across the entire genome [25]. This ap-
proach allows handling of complex traits that are regulated by many genes,
each exhibiting a small effect [26] and has been applied to predict complex
traits in human [66], animal [26], and plant populations [32}33,/69]. However,
implementing genomic selection in reality is often difficult due to the curse of
dimensionality [63] because the number of gene markers, p, is much greater than
the number of observations in the sample, n [21]. For instance, developed in
the 1950s [28,29], BLUP (best linear unbiased prediction) has gained popularity
in animal and plant breeding [23/125][55,/58] as well as among human genet-
ics [16,[43,/58,67]. BLUP and its variants (G-BLUP, SNP-BLUP and H-BLUP)
use a n X p genomic similarity matrix [35] to encode genetic similarities be-
tween pairs of individuals [58]. This matrix can become very large and increase
computing complexity as the number of samples and markers grows [22].
Another challenge in genomic selection is identifying epistasis. Epistasis is de-
fined as the interaction between multiple genes [64] and has long been recognized
as an important component in dissecting genetic pathways and understanding
the evolution of complex genetic systems [33,/50]. Modeling epistasis increases
phenotype prediction accuracy [12,/33,/46] and explains missing heritability -
the proportion of heritability not explained by the top associated variants from
Genome-wide association studies [12}[18}/61]. Thus, many statistical methods ex-
plicitly search for pairwise or higher-order interactions to model epistasis [12].
However, the extremely large search space (e.g. p(p+1)/2 pairwise combinations
for p variants) poses heavy computational burden to these methods and limits
their statistical power. A recent development is the Bayesian approximate ker-
nel regression model (BAKR) |11]. By introducing a general effect size for every



marker that represents both its additive effects and its combined epistatic effects
with all other variants, BAKR avoids the need to explicitly observe all possible
interactions, thus achieving some moderate computational efficiency. However,
because of its Bayesian framework and its dependency on inference via poste-
rior sampling, analyses with this model still takes hours or even days to run on
particularly large datasets [11].

Our main contribution in this paper is the development of a nonlinear re-
gression framework that predicts as accurately as state-of-the-art methods in
machine learning and statistics, but with greater computational efficiency. The
key idea is based on adding random Fourier features to an otherwise linear in-
trinsically fast learning algorithm Vowpal Wabbit (VW). This newly modified
VW framework with nonlinear structure not only maintains the computational
speed of the original software, but now also considers all possible higher-order
interactions between markers, thus achieving better predictive accuracy.

In Section [2| we review the main learning algorithm underlying the VW
framework, and detail how we introduce random Fourier features into the model.
In Section[3] we examine the predictive performance of our proposed framework,
as opposed to other comparable methods, on real data. In Section 4] we empha-
size the importance of the inclusion of non-linearity by comparing results from
linear and nonlinear VW. We close with a discussion for future work.

2 Nonlinear Vowpal Wabbit

In this section, we detail our extension of the Vowpal Wabbit (VW) framework
with random Fourier features. The intuition behind the proposed utility of this
model is based on the following three observations: (1) VW is an intrinsically fast
linear learning algorithm [5]; (2) in high-dimensional regression, smooth nonlin-
ear functions are more predictive than linear functions [11]; (3) the inclusion of
random Fourier features can preserve the advantages of both linear and non-
linear modeling approaches. In the remainder of this section, we introduce the
online learning system Vowpal Wabbit and its main algorithm.

2.1 Learning Algorithm

Vowpal Wabbit (VW) is a learning system sponsored by Microsoft Research
and (previously) Yahoo! Research [38]. More specifically, it is a hybrid of both
the stochastic gradient descent and the batch learning algorithms. Briefly, in
stochastic gradient descent, an input is read in in a sequential order and is used
to update predictors for future data at each step. Conversely, batch learning
techniques calculate predictors by learning on the entire data set at once [2].
The basic learning algorithm of VW is as follows:



Algorithm 1 Updating rules for each sample with squared loss function

Get features of current sample x
Get most updated weights w
Make prediction § < >, wix;
Learn truth y with importance
Update w; < w; + 2n(y — )1

Here, x is a vector of features, and w is a vector of all the most updated
weights for those features. The weights by default are initially set to be 0 for
all features at the first iteration. A separate parameter 7 is used to specify how
aggressively the algorithm steps in a negative direction from the gradient of the
initial guess. For each algorithmic step, 7 is updated as follows:

m/\dk< o )p, (1)
to + wy

where w; is the sum of the importance weights for all samples seen up to step
t, A and tg are searched in a logarithmic scale, d represents the decay learning
rate between passes, and p specifies the power on the learning rate decay (i.e. p
= 0 means the learning rate does not decay) [36].

In a single pass, VW repeats the above procedures for each available sample
and keeps updating the weights until it reaches the end of the training data.

2.2 Combining Random Fourier Features in Vowpal Wabbit

Despite its computational efficiency, Vowpal Wabbit is not the most desirable
framework for genomic selection. It is essentially a linear regression and, in the
presence of high-dimensional sequencing data, it becomes infeasible to explicitly
include all possible higher-order interactions between genetic variants in a fast
and principled way. Therefore, we propose using random Fourier features in
combination with VW for higher prediction accuracy. To do this, we will use
certain function analytic properties of a specific type of an infinite dimensional
function space, called a reproducing kernel Hilbert space (RKHS), to develop this
regression framework. We will consider the RKHS to be defined by a particular
type of kernel function called a Mercer kernel [44].

2.2.1 Reproducing kernel Hilbert Spaces Consider the following regres-
sion model: -

yi = f(xi) + &, & i N(0,0%), feH (2)
where we are given n observations {x;,y; }1_, of covariates x; € R? and responses
y; € R. One can define a RKHS starting with a positive definite kernel function
k: X xX — R. The eigenfunctions {1);}32; and eigenvalues {);}52; of the
following integral operator defined by the kernel function:

Ayt () = / (u, V) (v)dv, 3)



can be used to define the RKHS. For a Mercer kernel [44] the following expansion
holds

k(u,v) =Y X (%(n), (v)), (4)
j=1
and the RKHS can be formally defined as a linear combination of the bases
{j}52, such as

C>

%

[

H = Nfx)= chwj(x),vx € X and |f|x < oo with [|f|% = Z 5)

SN0

here || f||x is the RKHS norm. We will define 1 (x) as a vector called the feature
space, with basis elements {v/A;9;(x)}52,. We can also specify coefficients c,
a vector with elements {c;}$2,, in the feature space. The RKHS can now be
defined as the following;:

Hi = {f| f(x) = (x)Tc, Vx € X and |||k < oo} .

Note that the above specification of an RKHS looks very much like a linear
regression model except the bases are t(x) rather than the unit basis, and
the space can be infinite-dimensional. While this bases representation exists in
theory, it is extremely hard to model in practice.

2.2.2 The Kernel Trick Using the Representer theorem [3,[11}51},53], one
can approximate f(x) as:

f(x) = Z ;i k(x,x;).

This representation is often used in kernel models or Gaussian processes where
(in the context of genetics and genomics) x; is a vector of genotypes, and the
kernel function k(u, v) is a similarity measure. The resulting kernel matrix takes
the following form:

k(x1,%x1) k(X1,%X2) .. k(X1,%Xn)
k

k(xo,x1) k(X2,%2) ... k(X2,X,)
K:

k(xpn,x1) k(Xn,X2) - k(Xn,Xn)
This “kernel trick” reduces the oo-dimensional problem to a n-dimensional op-

timization problem with n parameters. As a result, we can specify the subspace
of the RKHS that realized by the data as:

n

Hx = {ﬂf(X) =3 aik(xx,), {ask € R % < oo} , (6)
i=1

However, as shown above, using the full kernel matrix may become computation-

ally expensive when scaling to large size datasets. A dataset with half a million

training samples might take days to train [3}[51].



2.2.3 Random Fourier Features We now specify a methodology used to
directly map from a kernel space to a relatively low-dimensional predictor space
using a randomized feature map [3}/11,[51].

The main idea that we detail here is based on Bochner’s theorem, which
relates positive definite shift-invariant kernel function to their Fourier transforms
[3,140,141,|51}|53]. Hence, we will restrict our focus to kernel functions that are
shift-invariant and integrate to one. That is: k(u,v) = k(u—v) and [ k(z)dz =1,
with z = u — v [11]. Then, according to Bochner’s Theorem [4] the following
expansion holds:

K(llx: = x41) = /R flw) exp{uwT (x; — %) }dw = Eo [ ()10 (x5)"] - (7)

where 7,,(x;) = exp(twTx;), and the Fourier transform of the kernel function
f(w) is formally defined as [3}/11}/51]:

flw) = /X h(x)e—"27 % dix (8)

Finally, we follow previous works [51], and use the following procedure for gen-
erating random Fourier features from our original data:

Algorithm 2 Random Fourier Features.

1: Require: A positive definite shift-invariant kernel that integrates to one: k(x,x‘) =
k(x —x') and [k(x—x")d(x—-x')=1.

2: Ensure: A randomized feature map 9(x) : R? — RPso that ¢(x)Tep(x') ~ k(x —
x').

3: Cczmpute the Fourier transform of the kernel k : flw) = 5= fe*L“TAk(A)dA with
A=x—-x".

4: Draw wg “&df(w) fork=1 ...,D.

5: Let 1/;(x) = %[cos(wlxl),sin(wlxl), ...,cos(wpxp),sin(wpxp)]T.

We now may rewrite the VW learning algorithm to include the nonlinear
random Fourier features:

Algorithm 3 Updating rules for the Nonlinear VW

Get random Fourier feature ) (x)
Get most updated weights w
Make prediction g < . with(x;)
Learn truth y with importance
Update w; < w; +2n(y — )1




2.2.4 Feature Hashing Recall that due to the potentially large sample sizes
in genome-wide association studies (GWASs) [6}[9L/47,/52], utilizing the entire
kernel matrix can occupy a large amount of computing memory. VW works
around this issue by replacing the full kernel matrix with a “hash kernel” matrix.
The formal definition of a hash kernel is as follows [37}/56L/65]:

Definition 1. Denote h to be a hash function such that h : N — {1,... ,m}.
Moreover, denote & to be a hash function such that & : N — {£1}. Then for
vectors x, 2 € L?, we define a hashed feature map ¢ and the corresponding
inner product

o @)= Y e 9)

J:h(G)=i

(@) = (679 (@), 6" () (10)

The feature hashing strategy contributes to VW’s computational efficiency by
hashing high dimensional input vectors into a lower dimensional feature space
[39,/56]. The input space is therefore reduced from R™ to R™, where m < n.

2.3 Comparable Methods

In this work, we compare the predictive performance of the nonlinear VW frame-
work with five other state-of-art genomic selection methods as well as the regular
linear VW. We provide a brief description of these competing methods here:

1. Bayesian Ridge Regression (BRR). A Bayesian hierarchical model which
assumes that the effect size 3; for each 4t variant comes from the following
normal distribution [30]:

B; ~ N(0,0%)with o ~ Scaled-Inv-x*(v, ¢)

where N represents a normal distribution with 0 mean and variance o2,
and Scaled-Inv-y? denotes a scaled-inverse chi-squared distribution with de-
grees of freedom and scale hyper-parameters v and ¢, respectively. Following
previous studies, we set v = 5 and ¢ = 2/5 [17]. We use the R package
BGLR [1}{14}|15L]17,[30] to sample from the posterior distribution of 3.

2. Bayesian Lasso (BL). A model which assumes that the effect size §; for
each j*" variant follows a double-exponential or Laplacian prior [42,48}49):

B; ~DE(0,77") with 72 ~ Ga(k1, k2),

where DE denotes the double exponential (Laplace) distribution with mean 0
and scale parameter 77!, and Ga denotes a Gamma distribution with shape
and rate parameters k1 and ko, respectively. Following previous studies [48],
we allow 72 to follow a conjugate Gamma prior, and set x; = 0.55 and
ko = 1076 — this is consistent with other statistical genetics simulations
[17,/70]. We again use the R package BGLR to sample from the posterior
distribution of 3.



3. Bayesian Linear Mixed Model (BLMM). An extension of the regu-
lar linear model that also includes random effects to control for population
structure. For this paper, we assume that the random effects are normally
distributed with mean vector 0 and covariance matrix K=XXT /p, where K
is commonly referred to as a linear or additive kernel matrix [111[33}[34].

4. Support Vector Machine (SVM). A member of the kernel prediction and
classification methodology family, which uses a supervised RKHS learning
algorithm. In this work, we use the ksvm function in the kernlab R package
under the rbfdot model setting (i.e. Gaussian radial basis function). Note
that the SVM estimates its parameters deterministically and does not require
MCMC [7,,8,10,/11},/19}/31},134}54},/57},/62,/68] .

5. Bayesian Approximate Kernel Regression (BAKR). A nonlinear Bayesian
kernel regression framework that provides an analogue of the effect size for
each explanatory variable, particularly when the kernel is shift-invariant [11].
Specifically, for this paper, we choose to approximate a Gaussian kernel with
band-width parameter h = 1, utilize an empirical factor representation in
which we keep eigenvectors explaining 80% of the cumulative variance in
eigenvalues, and set model hyper-parameters v = 5 and ¢ = 2/5.

For all MCMC based methods, we run 50,000 iterations with the first 25,000
iterations being used as a burn-in. We note that longer MCMC chains neither
greatly improved, nor markedly hindered, the association mapping performance
of any of the previously mentioned methods.

3 Results

We assess the prediction accuracy of our model, and the aforementioned com-
parative models, by analyzing a heterogeneous stock mouse dataset from the
Wellcome Trust Centre for Human Genetics [59] (http://mus.well.ox.ac.uk/
mouse/HS/)). The dataset contains n =~ 2,000 individuals and p ~ 10,000 SNPs
(exact numbers varying slightly depending on the phenotype). This is the ideal
dataset for assessing predictive performance, not only because it contains a wide
variety of quantitative phenotypes, but also because the observed mice are re-
lated. Relatedness has been suggested to manifest different orders of interaction
effects [27)/71]. Lastly, note that each phenotype is standardized before being an-
alyzed. For each phenotype, we randomly set aside 20% of the data for testing,
and use the rest 80% as the training set. We repeat this procedure 10 times, and
assess model accuracy using mean square prediction error (MSPE).

3.1 Vowpal Wabbit Software Parameters

The VW software provides two learning modes: (1) simultaneous learning and
prediction; (2) prediction post model learning. We use the latter mode for the
current application in order to keep comparisons consistent with the other meth-
ods considered. Given the high-dimensional nature of the dataset, we also allow
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VW to cycle over the training set 100 times in order to ensure it is exhibiting
its optimal performance.

We run Vowpal Wabbit (VW) on the original mouse dataset, as well as
on three datasets that have been generated after applying the random Fourier
feature transformation to approximate a Gaussian kernel. Here, we consider
three different values of total random draws D: 1000, 2000 and 5000 respectively.
Note that these choices of values are rather arbitrary, and ideally we would like
to select this parameter in a more principled manner (e.g. objective Bayesian
sampling). This is a direction we will explore in future work.

It is also useful to note that the Vowpal Wabbit software provides numerous
command line arguments. Due to time constraints, we were not able to fully
explore all of their utilities. Nevertheless, we identified what we believed to be
the most relevant parameters and attempted to optimize model performance
over those. The final values of these arguments are summarized in Table [I] For
a full list of command line arguments, we refer to the following software website
(https://github.com/JohnLangford/vowpal_wabbit/).

Specifically, we performed a grid search on 9 different learning rates (ranging
from 0.01 to 0.09) to ensure the best results for each of the 4 versions of VW
(i.e. the original dataset, as well as the 3 datasets after random Fourier feature
transformation with different D values). Figure [l| summarizes the prediction
accuracy for different learning rates under each of the four settings averaged
over all of the 129 quantitative mice phenotypes. It is clear that average MSPE
increases as learning rate increases. Learning rate of 0.01 consistently gives the
minimum average MSPE in all settings. This observation is reasonable since a
higher learning rate will make the model converge faster, but it may over-fit
and give worse predictions. From this point forward, we will only compare the
performance of settings with the most ideal learning rate at 0.01 with other
state-of-art methods.

Table 2 shows the average MSPE for random Fourier feature transformations
with different D values across the 129 quantitative mice phenotypes. It also in-
cludes a metric Pr[Optimal], which is the percentage of the time that a setting
exhibits the lowest MSPE. Values in bold mark the method with the lowest av-
erage MSPE and highest Pr[Optimal], respectively. The random Fourier feature
transformation with D = 5000 not only gives the lowest average MSPE, but
also most frequently performs best. It is not surprising that we choose this value
of D since, after the random Fourier feature transformation, we get a n x 2D
feature matrix. We assume that more features will equate in a better approxi-
mation of the infinite dimensional bases space. From this point forward, we will
set D = 5000.

3.2 Model Comparison

We now compare our nonlinear VW framework with six other state-of-art ge-
nomic selection methods: the linear version of VW, the Bayesian Lasso, Bayesian
ridge regression, Bayesian linear mixed model, support vector machine(SVM)
and the Bayesian approximate kernel regression model.


https://github.com/JohnLangford/vowpal_wabbit/

10

Figure[2]summarizes the predictive performance for each phenotype for Bayes
Ridge, Bayes Lasso, Bays LMM, SVM, BAKR, linecar VW, and VW with ran-
dom Fourier features, as assessed by measuring MSPE based on ten fold cross-
validation. Note the VW model with random Fourier features is marked by a
solid square.

Bayes Lasso, Bayes Ridge, Bayes LMM and linear VW had an average MSPE
of 1.00, 1.01, 1.04 and 1.01, respectively. VW with random Fourier features per-
forms better with an average MSPE of 0.98. This proves our assumption that
adding non-linear features improves accuracy for genomic selection. Since our
dataset includes related samples, VW with random Fourier features can take
into account different orders of interaction effects, and thus improve prediction
accuracy. However, BAKR and SVM outperformed our framework with an av-
erage MSPE of 0.87 and 0.88, respectively. Since VW has around 100 software
parameters, the performance of the model may heavily depend on optimizing
over all of these parameters. In this paper, we only did a grid search on learning
rates and the number of random Fourier features; however, we simply used the
default setting for most other parameters. An optimization on all parameters
should greatly improve this predictive performance.

We want to point that while this particular dataset is smaller than most
GWASS, it can become computationally demanding to analyze much larger stud-
ies with BAKR. In particular, the computational complexity of VW scales lin-
early with the number of genetic markers and samples. Likewise, the complexity
of the SVM is linear on the number of the support vectors and linear on the
number of features. Due to the inverse projection BAKR employs in order to do
inference on covariates in the original feature space, BAKR must use an inverse
which is cubic in complexity.

3.3 Variance Component Analysis

In order to explain why the nonlinear models outperformed the parametric mod-
els in nearly all of the 129 phenotypes, we used a variance component analysis
to evaluate the overall contribution of nonlinearities to the phenotypic variance
explained, or PVE (see [11,/12] for details). The basic idea for computing PVE
is using a linear mixed model with multiple variance components to partition
the phenotypic variance into four different components: a linear component,
a pairwise interaction component, a third order interaction component, and a
common environmental component shared by mice within the same cage. Disre-
garding any random noise, we quantify the contribution of the four components
by examining the portion of PVE (pPVE) explained by that component.
Figure [3] displays the PVE decomposition in this mouse dataset. The signif-
icant finding in this plot, is that very rarely are the linear and pairwise interac-
tion components combined for the greatest contributors in explaining variation
in each response. This variance component analysis highlights the importance
of accounting for modeling interaction effects when carrying out genomic selec-
tion. We again stress that the advantage of these nonlinear models lies in the
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explicit modeling of interaction relationships between covariates and the desired
response.

4 Discussion

In this paper, we have presented a model that is both computationally efficient
for high-dimensional datasets, and predicts more accurately than most of your
classic state-of-the-art linear predictive models. We combined a nonlinear ran-
dom Fourier feature data transformation with an intrinsically fast online learning
algorithm called Vowpal Wabbit (VW). By doing so, our framework exhibits all
the efficient methods of the original VW framework, which helps accelerate the
computing process and save memory space. At the same time, introducing non-
linear structure to an essentially linear algorithm boosts its prediction accuracy
for genomic selection. We tested the utility of our VW extension to a real dataset,
which included 129 quantitative heterogeneous stock mice traits collected by the
Wellcome Trust Centre for Human Genetics. This dataset had ~ 2000 mice that
were genotyped at ~ 10,000 SNPs. The nonlinear extension of the VW model
predicts better than the regular VW, BL, Bayes Ridge, and BLMM. Despite the
fact that it failed to outperform BAKR or the SVM, this novel framework still
runs much faster than all the other methods.

Our model is not without its limitations. For this study, we neglected the
fact that some mice may come from different families and live in different cages
and environment’s potential impact on phenotypes [60]. In the future, we want
to partition the dataset to handle these potential cage effects. Currently, we only
performed a grid search for the software learning rates over a relatively small
interval ranging from 0.01 to 0.09. In addition, we did not tune all the relevant
command line parameters of VW in a data driven way. For future work, it would
be nice to perform Bayesian Optimization over these choices by placing priors
on the tuning parameter space and learning them with some uncertainty — the
caveat being that such an optimization approach might take away from the speed
of VW. It would be necessary to come up with an alternative to learn the tuning
parameters effectively without compromising the most notable features of VW.

Given the flexibility of Vowpal Wabbit and random Fourier feature transfor-
mation, our framework can work with any kernel function that is shift-invariant.
Therefore, one important direction of future research would be exploring the use
of our framework with different kernels that may improve prediction accuracy
while preserving the speed. Possible kernel choices include the popular Matérn
covariance function or the rational quadratic covariance function in spatial statis-
tics and machine learning literatures [111|13}20L/45]. Furthermore, although the
model we have developed in this paper can be used in many fields, we have only
focused on applying it to a single dataset in a single area of genomic selection in
this study. It would be interesting to see how our framework performs on other
gene related datasets and outside the genomic selection field.
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5 Software

Software for implementing the random Fourier transformations used in this pa-
per is mainly carried out in C++ code, which is available to the public at
https://github.com/lorinanthony/BAKR. The Vowpal Wabbit algorithm is
also publicly available at https://github. com/JohnLangford/vowpal_wabbit.
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5000 0.98 0.09 0.44
2000 1.00 0.12 0.30
1000 1.01 0.11 0.26

Table 2. Average MSPE and Pr[Optimal] for Different D Values



14

Fig. 2. Predictive Performance of VW with RFF and other state-of-art methods
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Fig. 3. The portion of PVE (pPVE) calculated by the estimated variance components,
each of which represent a particular genetic effect of interest. This figure was first

published in .
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