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Abstract

This dissertation focuses on applications of partial differential equations with an

emphasis on chemotaxis. Chemotaxis is a response of motile cells or organisms in

which the direction of movement is affected by the gradient of a diffusible substance.

In multicellular organisms, chemotaxis is critical to development as well as normal

function. We also include a specific application that utilizes differential equations and

stochastic simulation to model placental transmission of Cytomegalovirus (CMV)

with experimental data. Our methods include regularity estimates, maximal and

comparison principles, probabilistic techniques, and stochastic processes. This work

resulted in several conclusions: We prove quantitatively chemotaxis enhances reaction

in 1D setting: the upper bound for reaction time with chemotaxis is smaller than the

lower bound for reaction time without chemotaxis.

We have also analyzed a random searcher in shear flow and chemotaxis; on the

rigorous level, we are able to establish that the very large shear rates are a dimension

reduction mechanism: the expected search time converges to the one of the corre-

sponding one-dimensional problem. Numerically, we see fast decrease of the expected

hitting time for shear and chemotactic coupling; we discover there is an optimal shear

rate range where the searching time is minimal.

We also explore a model aiming to describe the origin of chemotactic ability of

cells, in particular proving global regularity.

We present an end-to-end model of placental CMV transmission that allow us

to study different type of infections, the timing of inoculation, the effect of immune

suppression on the risk of placental transmission, and the effect of treatment.
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Chapter 1

Introduction

In biology, transport refers to the act or the means by which a molecule or an ion is moved

across the cell membrane or via the bloodstream. There are two types of transport in

this regard: (1) passive transport and (2) active transport. Passive transport is a kind of

transport by which ions or molecules move along a concentration gradient, which means

movement from an area of higher concentration to an area of lower concentration. The

four major types of passive transport are diffusion, facilitated diffusion, filtration, and

osmosis. Active transport is a kind of transport wherein ions or molecules move against a

concentration gradient. This means the movement is from an area of lower concentration

to an area of higher concentration. This type of transport requires expenditure of energy

and the assistance of proteins (i.e. carrier protein). In the following chapters, we will focus

on active transport and discuss how we can model biological transport in organism.

We first take a look at the well-established chemotaxis phenomenon: Chemotaxis in

microbiology refers to the migration of cells toward attractant chemicals or away from

repellents. Virtually, every motile organism exhibits some type of chemotaxis. In Chapter

2, we will study such biological processes in one dimension, and obtain qualitatively precise

estimates on how chemotaxis improves reaction efficiency, when compared to purely diffusive

situation. In the recent work [KNRY20], the authors presented analysis for the setting where

there are two distinct species only one of which is chemotactic on a chemical secreted by

the other: 
∂tρ1 − κ∆ρ1 + χ∇ ·

(
ρ1∇ (−∆)−1 ρ2

)
= −ερ1ρ2,

∂tρ2 = −ερ1ρ2.

ρ1(x, 0) = ρ1,0(x), ρ2(x, 0) = ρ2,0(x).

(1.1)

Here the ambient flow is set to zero, and any essential effect from it is assumed to be
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encoded by effective diffusion. The strength of chemotactic coupling is denoted by χ. The

authors in [KNRY20] presented analysis in R2 with radial initial data. We here in Chapter

2 present analogous analysis in R with general initial data. Using transport estimate, we

will show the upper bound for reaction time with chemotaxis is smaller than the lower

bound for reaction time without chemotaxis in most relevant parameter ranges.

After we quantitatively show chemotaxis plays a major role in enhancing the reaction

efficiency, we are interested in the interplay between chemotaxis and fluid flow in R2 in

Chapter 3. We expect chemotaxis and shear flow will enhance reaction separately, but

little was known when we consider chemotaxis, shear flow, and diffusion at the same time.

As a mathematical model, we consider the following stochastic differential equation (SDE)

subject to initial condition X0 = (x0, y0) on the torus T2 = [0, L)2: dXt

dYt

 =

 Au(Yt)

0

 dt+

 V (1)

V (2)

 dt+
√
ν

 dB
(1)
t

dB
(2)
t

 ; (1.2a)

V =(V (1), V (2)) = ϕ(χ|∇c|) ∇c
|∇c|

, −∆c+Au(y)∂xc = n− c. (1.2b)

The terms on the right hand side of (1.2a) model advection, chemotaxis, and random mo-

tion respectively. The function c is the concentration of the chemical, and n is the denisty

of the target, that will be located in a small area at the center of the torus. There are

many challenges in this setting, so we use numerical simulations to gain some insights. On

the rigorous level, we are able to establish that the very large shear rates are a dimension

reduction mechanism: the expected search time converges to the one of the correspond-

ing one-dimensional problem. Numerically, we observe several phenomena that we find

interesting. First, we see quite fast decrease of the expected hitting time already for quite

small values of shear and chemotactic coupling. Second, we discover that in the context of

our model, there is an optimal shear rate range where the searching time is minimal, and

is less than the limiting 1D large shear searching time. This is entirely due to presence

of chemotaxis; when it is absent, the expected hitting time is monotone decaying in flow

amplitude.

At this point, we have seen the importance of chemotaxis. However, in the previ-
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ous chapters, we explicitly model chemotaxis as a transport term in the equation. The

mechanism under chemotaxis describes that cells recognize external chemical gradients and

translate these environmental cues into amplified intracellular signaling that results in elon-

gated cell shape, actin polymerization toward the leading edge, and movement along the

gradient. In Chapter 4, instead of presenting chemotaxis as an explicit transport term, we

explore model that aims to explain the origin the chemotactic ability of cells. Inspired by

[CRE+18], we look at sexual yeast reproduction and simplify the polarization process into

understanding active Rho GTPase Cdc42 concentration in one yeast under chemical gra-

dient produced by another yeast. Let u(t, x) denote the density of the active rho-GTPase,

and v(t, x) denote the density of inactive rho-GDPase:

∂u

∂t
= (ãu2 + α̃f(x))v − bu+ k∆u,

∂v

∂t
= −(ãu2 + α̃f(x))v + bu+ kv∆v.

(1.3)

In (1.3), ã, b, α̃, k, kv are constants. ã is the reaction activation constant, b is the reaction

depletion constant, α̃ is the overall pheromone strength, k is the diffusion coefficient for u,

and kv is the diffusion coefficient for v. f(x) is a bounded smooth function that describes

the pheromone level at different location. We also assume the inactive Rho GDPase Cdc42

diffuses infinitely fast. These assumptions produce an integro-differential equation:

∂u

∂t
= (ãu2 + α̃f(x))

1

|D|

(
M −

∫
D
udx

)
− bu+ k∆u (1.4)

In (1.4), |D| is the measure of the domain, M =
∫
u(·, t) + v(·, t)dx is the total mass. In

this chapter, we present the global regularity results of this setup.

Lastly, we demonstrate how mathematical modelling through differential equations can

provide simple and useful explanation to medical problems. In Chapter 5, to better under-

stand the determinants and dynamics of congenital Cytomegalovirus (CMV), we develop

a tripartite mathematical model for placental transmission, comprising a maternal com-

partment modeled by a system of nonlinear ordinary differential equations, a placental

compartment modeled by a partial differential equation, and a fetal compartment mod-

eled as a stochastic process. We calibrate the model using parameters from literature and

3



experimental data on immune competent and immune suppressed RhCMV seronegative

pregnant Rhesus macaques inoculated with RhCMV at 6-8 weeks of pregnancy. The model

is then used to study the differences between acute and chronic infection, the timing of

inoculation, the effect of immune suppression on the risk of placental transmission, and the

effectiveness of treatment at different times with different efficacy.
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Chapter 2

Reaction Enhancement by Chemotaxis in

One Dimension

Chemotaxis, the directional locomotion of cells towards a source of a chemical gradient, is

an integral part of many biological processes - for example, bacteria motion, single-cell or

multicellular organisms development, immune response, etc. Chemotaxis directs bacteria’s

movement to find food (e.g., glucose) by swimming toward the highest concentration of

food molecules. In multicellular organisms, chemotaxis is critical to early development

(e.g., movement of sperm towards the egg during fertilization). Chemotaxis also helps

mobilize phagocytic and immune cells at sites of infection, tissue injury, and thus facilitates

immune reactions. In this chapter, we study a PDE system that describes such biological

processes in one dimension, which may correspond to a thin channel, the setting relevant

in many applications: for example, spermatozoa progression to the ovum inside a Fallopian

tube or immune response in a blood vessel. Our objective is to obtain qualitatively precise

estimates on how chemotaxis improves reaction efficiency, when compared to purely diffusive

situation. The techniques we use to achieve this goal include a variety of comparison

principles and analysis of mass transport for a class of Fokker-Planck operators.

2.1 Motivation and Related Results

Chemotaxis is the movement of an organism in response to a chemical stimulus. Patlak

[Pat53] and Keller-Segel [KS70] postulated equations to describe the density evolution of

bacteria or mold exhibiting chemotaxis without metabolism in a concentration gradient of

a given organic attractant produced by mold itself. We state it in the simplified parabolic-
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elliptic form [Per06]:

∂tρ−∆ρ− χ∇(ρ∇(−∆)−1ρ) = 0, ρ(x, 0) = ρ0(x). (2.1)

Here ρ(x, t) is the bacterial density as a function of x and t, and c(x, t) = (−∆)−1ρ(x, t)

is the attractant concentration. This relationship relies on the fact that the chemical is

produced and diffuses at faster time scales than other dynamics in (2.1). Keller-Segel

equation has been extensively analyzed as a model for chemotaxis due to its ability to

capture key phenomena and its intuitive nature; and therefore, many variants of the Keller-

Segel model have been suggested to reflect more nuanced phenomena (see e.g. [DS05],

[HP09], [JV13], [OH00], [PVW19]). In particular, global regularity for the solutions to

(2.1) in dimension one is well-known [Per06].

The relevance of chemotaxis is ubiquitous in biology. In many cases, chemotaxis serves

to enable and enhance a variety of processes that can be thought of as reactions. For

instance, bacteria use chemotaxis to move towards their food by swimming, sensing whether

it has moved towards or away from the food, and finally reaching and consuming the

nutrient [SW12]. During fertilization process, spermatozoa follow a concentration gradient

of a chemoattractant secreted from the oocyte increasing the chances of fertilization [SP06].

In immune system, cytokines and chemokines attract macrophages and neutrophils to the

site of infection, ensuring that pathogens in the area are destroyed [TNHP14]. Chemotaxis

can also produce undesirable results: in the case of cancer metastasis, organ-specific stromal

cells release signaling proteins that induce chemotaxis and attract cancer cells [MHS+01].

In mathematical literature, existence, regularity, finite time blow up and long-time

behavior of solutions to reaction diffusion equations with chemotaxis received much atten-

tion (see e.g. [CPZ03, ESV10, EW18, MT96, OTYM02, TW07, Win08, Win10, Win14a,

Win14b] . On the other hand, as far as we know, relatively little rigorous work has been

done to explain quantitatively and rigorously how chemotaxis influences reaction rates. Mo-

tivated by the particular setting of fertilization process for corals, the authors of [KR12b]

and [KR12a] took the first steps toward quantitative understandings of reaction enhance-

ment by chemotaxis with absorbing reaction and fluid flow using in the single equation

6



model

∂tρ+ (u · ∇)ρ−∆ρ+ χ∇(ρ∇(−∆)−1ρ) = −ερq, ∆ · u = 0, ρ(x, 0) = ρ0(x) ≥ 0. (2.2)

Once a year, entire colonies of coral reefs simultaneously release their eggs and sperm, called

gametes, into the ocean. The gametes, full of fatty substances called lipids, rise slowly to

the ocean surface, where the process of fertilization takes place. Field measurements shows

that corals have a fertilization success rate around 50%, and often as high as 90% (see

e.g. [Las06], [Pen85]), while numeric simulations based on purely diffusive models [DS89]

only predicted successful fertilization rate of less than 1% as the gametes are strongly

diluted. When fluid flow is added to the model as in [CHW06] and [CCW08], the gap

between simulations and field measurements can be reduced, but does not appear to vanish

completely. This may be due to the fact that eggs release a chemical that attracts the

sperm (see e.g. [CBM+94], [CLB+95], [Mil79], [Mil85] [RZ07], [ZR11]). These actual and

numerical experiments suggest that chemotaxis plays a role in coral and other marine

animals fertilization. In the framework of (2.2), the papers [KR12b] and [KR12a] showed

that chemotaxis enhances reaction significantly - especially when reaction is weak (which

is common in many biological processes [VCCW82]). The reaction rate can be measured

through the decay of the total mass of the remaining density, m(t) =
∫
ρ(x, t)dx. On

one hand, if chemotaxis is not present (χ = 0), the decay of m(t) is very slow. On the

other hand, when chemotaxis is present (χ 6= 0), the decay of m(t) and its time scale

are independent of the reaction strength ε, and can be very fast and significant if the

chemotactic coupling is strong.

The shortcoming of the model (2.2) is that it deals with a single equation, essentially

assuming that the egg and sperm densities are identical and chemotactic on each other.

However, in most settings there are two distinct species only one of which is chemotactic on

a chemical secreted by the other. In the recent work [KNRY20], the authors have considered

7



a more realistic model given by
∂tρ1 − κ∆ρ1 + χ∇ ·

(
ρ1∇ (−∆)−1 ρ2

)
= −ερ1ρ2,

∂tρ2 = −ερ1ρ2.

ρ1(x, 0) = ρ1,0(x), ρ2(x, 0) = ρ2,0(x), x ∈ R.

(2.3)

Here the ambient flow is set to zero, and any essential effect from it is assumed to be

encoded by effective diffusion. Notice that we denote the strength of chemotactic coupling

by χ, the same notation that is commonly used to denote the characteristic function of a

set. This is the often used notation in the field, and though we will overload χ by using

it in these two different ways, it should be always clear from the context what we mean.

The density ρ2 describes immobile target, while the density ρ1 reacts with it and is guided

by chemotactic attraction of elliptic Keller-Segel type. Such model setting is reasonable in

many instances - in case of the immune system signalling, some reproduction processes or

even plant-pollinator interaction. The system (2.3) models a fast diffusing chemical moving

towards a fixed target under chemical attraction created by the target, then reacts with

the target when in contact. In [KNRY20], the system (2.3) is set in R2. The main result

is the comparison of the reaction half-time with and without chemotaxis, for the case of

the radial initial data (both for ρ1 and ρ2). The paper [KNRY20] also contains a detailed

analysis of the linear problem: a Fokker-Planck operator with a logarithmic potential.

Our goal in this chapter is to present the analysis of the one-dimensional analog. As we

will see, at least in some configurations the chemotaxis has a significantly stronger effect in

one dimension than in two. This may explain why in many instances the biological systems

feature quasi-one-dimensional structures where chemotaxis is involved. One example is

spermatozoa progression to the ovum inside a Fallopian tube [TGU+09], another is immune

response in blood vessels [MGML+05]. In this work, we also eliminate the radial assumption

of [KNRY20]: our solutions do not have to be even.

8



2.2 Main Result

Before we state our main result, we make further assumptions on the initial data ρ2,0

and ρ1,0. For simplicity of statements, it is convenient for us to assume that ρ2,0 is a

characteristic function of the interval [− `
2 ,

`
2 ], but in this case lack of regularity leads to

unnecessary technical issues. So we will assume that the initial data for ρ2 is smooth,

compactly supported, and very close to the characteristic function χ[−`/2,`/2](x). Namely,

we set

ρ2,0 = ση(x), χ[−( 1
2
− 1

1000)`,( 1
2
− 1

1000)`](x) ≤ η(x) ≤ χ[− 1
2
`, 1

2
`](x), η ∈ C∞0 . (2.4)

Here σ is the parameter modulating the total mass of the ρ2 species. It is not hard to adapt

the argument for more general initial data ρ2,0 by adjusting the constants in the arguments

and results below. Regarding ρ1,0, we would like to model the situation where the mass

M0 =
∫
ρ1,0(x, t) dx is very large and is situated at some distance ∼ L ≥ ` away from the

location of ρ2. Specifically, we will assume that∫
|x|≤L

ρ1,0(x) dx = M0,

∫
|x|≤L/2

ρ1,0(x) dx ≤ 1�M0. (2.5)

By scaling time and space, we can normalize two parameters of the system, and we

choose to set κ = ` = 1. This corresponds to the change of coordinates x′ = x/`, t′ = κt/`2.

In the new coordinates, the system we will consider takes form
∂tρ1 −∆ρ1 + χ′∇ ·

(
ρ1∇ (−∆)−1 ρ2

)
= −ε′ρ1ρ2,

∂tρ1 = −ε′ρ1ρ2,

ρ1(x, 0) = ρ1,0(x), ρ2(x, 0) = ρ2,0(x), x ∈ R.

(2.6)

where ρ2,0(x) := ση(x) ∼ σχ[− 1
2
, 1
2

]. Here χ′ = `2χ/κ, ε′ = `2ε/κ, and the parameters M0

and L from (2.5) are replaced by M ′0 = M0/`
2 and L′ = L/` respectively. In the rest of

the chapter, we will abuse notation and omit the primes in notation of the renormalized

parameters. It will also be convenient for us to introduce the parameter γ = σχ′ = σ`2χ/κ.

Our goal is to compare the two reaction scenarios, with chemotaxis and without chemotaxis.
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We can characterize the reaction rate through the decay rate of the L1 norm of ρ2 as density

is non-negative. Then we can measure the reaction rate through the time scale T during

which a fixed portion of the initial mass ∼ σ of ρ2 will react. It will be convenient for

us to take this portion to be 1
4 , and it is natural to call the corresponding time scale the

”typical time scale” of the reaction. The mass
∫
ρ1(·, t)dx will not decay significantly over

time T as we will assume that there is more ρ1 than ρ2 initially (M � σ); this is a natural

assumption for the processes we have in mind. Our first result is the following theorem.

Theorem 2.2.1. Assume that ρ1 and ρ2 solve (2.6) with the initial data as described in

(2.5) and (2.4) (the latter with ` = 1). Let

χ2σ/ε ≥ a > 0. (2.7)

Then there exists B > 0, depending only on a, such that if

M0ε

γ
, γ,

M0

σ
≥ B, (2.8)

then the typical reaction time TC during which at least a quarter of the initial mass of ρ2

has been reacted out satisfies TC . L
γ . On the other hand, in the purely diffusive case where

χ = 0, it takes a time TD & L2

log(M0εL) to react out a quarter of the initial mass of ρ2.

Remark. Here we make the following observations and clarifications.

1. The notation ., &, and ∼ means, as usual, bounds with universal constants independent

of the key parameters of the problem.

2. The assumption (2.8) is natural in many settings. For instance, for many marine animals

the spawning process involves a typical number of sperm of the order M0 ∼ 1010, number

of eggs ∼ 106, and ε ∼ 10−2. It is difficult to find data on measurements of chemotactic

constant in the biological literature.

3. The condition involving χ2σ/ε ≥ a > 0 appears from the application of Harnack inequal-

ity, which requires a bound on this constant from below. The constant B only deteriorates

if a becomes small.
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Theorem 2.2.1 suggests in what kinds of situations the presence of chemotaxis can

significantly improve reaction rates. An important advantage that chemotaxis confers in

dimension one compared to the result of [KNRY20] in dimension two is the reduction in

the exponent of L. This comes from the fact that in dimension two, the drift produced by

chemotaxis has form ∼ −γx/|x|2 at large distances from the origin, while in dimension one

it is ∼ −γx/|x|. We discuss it in more detail in Section 2.3 below.

Naturally, the proof of Theorem 2.2.1 relies on the positive effect of chemotaxis speeding

up the transportation of ρ1 to the region where ρ2 lies. In order to quantify this effect,

we would like to compare the solution ρ1(x, t) of the system (2.6) to the solution of the

Fokker-Planck equation

∂tρ−∆ρ+∇ · (ρ∇H0) = 0 (2.9)

where ρ(x, 0) = ρ1(x, 0) and H0(x, t) = χ(−∆)−1ρ2(x, t). The time dependence of H0

causes difficulty in analyzing (2.9). Our argument will run in two stages, and at the first

stage we will consider the time interval on which at most a quarter of the total mass of ρ2

is consumed. On this time interval, we will replace H0 by the stationary potential H that

creates the “weakest” drift potential. It turns out that such H will be given by

H(x) =


γ(−∆)−1

(
χ[−1/6,1/2](x)

)
, x ≥ 0,

γ(−∆)−1
(
χ[−1/2,1/6](x)

)
, x ≤ 0,

(2.10)

where, as before, χS(x) denotes the characteristic function of a set S. In one dimension,

we have H(x) = −1
3γ|x| for large x, so we are dealing with a Fokker-Planck equation with

a potential with linear decay. We develop appropriate comparison tools to control the

solution of (2.6) using (2.9) with potential (2.10), and derive transport estimates for (2.9)

using a barrier function. These transport estimates will tell us when a meaningful portion

of the density ρ1 has arrived into support of ρ2. We then show that by this time, at least a

quarter of the mass of ρ2 had to be consumed.

The chapter is organized as follows. In Section 2 we provide the heuristic motivation

of the main result, in Section 3 recall a statement of the theorem that gives global well-

posedness for the system (2.6). In Section 4, we compare our solutions to (2.6) with solutions
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to the Fokker-Planck equations with time-independent linear potential. In Section 5, we

give a transport estimates based on comparison principles. In Section 6, we use the results

in previous sections to prove Theorem 2.2.1 by estimating reaction that happens on “pass

through”.

2.3 The Diffusive Estimates and Heuristics

2.3.1 Estimates in the Purely Diffusive Case

In this subsection we consider the following system without chemotaxis term:
∂tρ1 −∆ρ1 = −ερ1ρ2,

∂tρ2 = −ερ1ρ2,

ρ1(x, 0) = ρ1,0(x), ρ2(x, 0) = ρ2,0(x), x ∈ R.

(2.11)

where the initial data are the same as in (2.5), (2.4). Let TD denote the time by which a

quarter portion of the initial mass of ρ2 is reacted out. Our goal in this subsection is to

find a rigorous lower bound for TD. This bound can be derived by comparing (2.11) with

the following system:
∂tg1 = ∆g1,

∂tg2 = −εg1g2,

g1(x, 0) = ρ1,0(x), g2(x, 0) = ρ2,0(x), x ∈ R.

(2.12)

Comparison principle directly yields that ρ1(x, t) ≤ g1(x, t) for all t ≥ 0 and x ∈ R, which

implies that ρ2(x, t) ≥ g2(x, t). Hence, if we denote τ the time it takes for ||g2(·, t)||L1 to

drop by a quarter, one would have τ ≤ TD.

Recall that g1(·, 0) = ρ1(·, 0) has mass M0 and is concentrated distance ∼ L away from

the origin. Observe that

g1 (x, t) =
1√
4πt

∫
R
e−
|x−y|2

4t ρ1 (y, 0) dy,
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and therefore

1√
4πt

e−
CL2

t M0 ≤ g1(x, t) ≤ 1√
4πt

e−
C2L

2

t M0 for all x ∈ [−1

2
,
1

2
]

for some 0 < C2 < C, for all times. One can substitute this in the equation for g2 (2.12)

and get that

∂t ln g2 & − ε√
t
e−

C2L
2

t M0.

Hence, τ is determined by ∫ τ

0

εM0√
t
e−

C2L
2

t dt & 1,

which, after the change of variable y = C2L
2/t, is equivalent to

L

∫ ∞
C2L2/τ

e−y

y3/2
dy &

1

εM0
. (2.13)

It is convenient to distinguish two asymptotic cases.

Case 1: εM0 � 1. This is the case we are focusing on in this chapter, as implied by (2.8).

In this case we must have C2L
2/τ � 1, and thus∫ ∞

C2L2/τ

e−y

y3/2
dy ≤

∫ ∞
C2L2/τ

e−y dy ≤ e−C2L2/τ .

Hence

Le−C2L2/τ &
1

εM0
,

which leads to

τ &
L2

log(εLM0)
. (2.14)

Case 2: εM0 � 1. In this case we have C2L
2/τ � 1, so that τ & L2. In addition, we

estimate

L

∫ ∞
C2L2/τ

e−y

y3/2
dy ≤ L

∫ ∞
C2L2/τ

1

y3/2
dy ≤ 2τ1/2

C
1/2
2

.

Therefore,

τ &
1

(εM0)2
. (2.15)

The bound (2.14) directly implies the estimate on TD that appears in Theorem 2.2.1.
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2.3.2 Formal Heuristics with Chemotaxis Term

Now we go back to the full system (2.6), which includes the chemotaxis term. Let TC

denote the time when a quarter of ||ρ2||L1 has been reacted out. The following formal

argument suggest that adding this term may greatly reduce the typical reaction time in

some parameter regimes. Namely, in the regime Mε/γ � 1, we formally show that TC ∼ L
γ ,

which can be much smaller compared to the purely diffusive typical reaction time scale

TD & L2

log(εLM0) .

The heuristics for the estimate TC ∼ L
γ is as follows. Recall that in one dimension, the

Green’s function of the Laplacian is given by

(−∆)−1f(x) = −1

2

∫
R
|x− y|f(y) dy. (2.16)

Therefore, due to the chemotaxis term, ρ1 is subject to an advection velocity field

v (x, t) = χ∇
(

(−∆)−1 ρ2

)
(x, t) =

χ

2

(∫ ∞
x

ρ2 (y) dy −
∫ x

−∞
ρ2 (y) dy

)
. (2.17)

By definition of TC , for any t ≤ TC we have ||ρ2(·, t)||L1 ≥ 3
4σ, and ρ2(·, t) is supported in

[−1
2 ,

1
2 ]. Therefore, for all |x| ≥ 1

2 , and t ≤ T , we have the inward drift

v (x, t) · −x
|x|
∼ γ. (2.18)

Recall that initially most of ρ1 starts at a distance ∼ L from the origin. Therefore, within

time t ∼ L
γ , advection should bring a significant portion of ρ1 into the neighborhood where

ρ2 is supported. Once a significant portion of ρ1 has been in contact with ρ2, since ρ1 has

mass M0, ideally one may expect ρ1 ∼M0 on the support of ρ2. This is not quite true as for

large γ the drift can in principle lead to very non-uniform distribution of ρ1 on support of

ρ2 with ∼ eγ factor difference between maximum and minimum. Nevertheless, heuristically,

for now we ignore this issue. Then we expect that after ∼ L/γ transport stage, the mass of

ρ2 is going to decrease exponentially with rate M0ε. These arguments lead to the estimate

TC . 1 +
L

γ
+

1

M0ε
;

observe that the second summand can be dropped if M0ε/γ ≥ 1 since we also have L ≥ 1.
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2.4 Global regularity of the two-species system

In this section, we discuss global regularity of the system (2.6). Let us recall that the

Sobolev space Hs is defined as a set of functions for which the norm

‖f‖2Hs :=

∫
Rd

(1 + |k|2s)|f̂(k)|2 dk

is finite. The global regularity for (2.6) in any dimension has been proved in [KNRY20],

here we just recall the statement.

Theorem 2.4.1. Suppose the initial conditions ρ1,0, ρ2,0 for (2.6) are non-negative, and

lie in L1(Rd) ∩ Hm(Rd) with an integer m > d/2, then there is a unique global in time

solution (ρ1(·, t), ρ2(·, t)) ∈ C(L1(Rd) ∩Hm(Rd), [0,∞)) to (2.6).

2.5 Mass Comparison Principle

In this section, our goal is to compare ρ1 with the solution ρ to the Fokker-Planck equation:

∂tρ−∆ρ+∇ · (ρ∇H) = 0, (2.19)

where H is an effective potential that will be chosen to be “weaker” than the one created

by (−∆)−1ρ2(x, t) for all times relevant for the argument.

It is convenient for us to work with potentials that are not smooth. In particular, our

main potential H is defined by (shown in Fig. 2.1)

H(x) =



−1
3xγ for x ≥ 1

2 ,

− 1
24(3− 4x+ 12x2)γ for 0 ≤ x ≤ 1

2 ,

− 1
24(3 + 4x+ 12x2)γ for − 1

2 ≤ x ≤ 0,

1
3xγ for x ≤ −1

2 .

(2.20)

On the positive real line, H(x) equals γ(−∆)−1χ[− 1
6
, 1
2

], while on the negative real line

γ(−∆)−1χ[− 1
2
, 1
6

]. Note that H has a discontinuous derivative at x = 0 and discontinuous
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Figure 2.1: Weakest potential

second derivative at x = ±1/2. Standard parabolic regularity (see e.g. [Kry08]) implies

that the solution ρ(x, t) of (2.19) with such potential is smooth away from x = 0,±1/2. It

is not difficult to show that ρ(x, t) for t > 0 will have a jump in the second derivative at

x = ±1/2 and a jump in the first derivative at x = 0. This regularity is sufficient for all

manipulations carried out below.

To begin, we state a mass comparison principle that was proved in [KNRY20] in the

two dimensional case. We provide a sketch of the argument for the sake of completeness.

Let r = |x| and note that ∂rf(x) = ∂xf(x)sgn(x) in one dimension.

Proposition 2.5.1. Suppose that u1 and u2 are non-negative solutions to

∂tui −∆ui +∇ · (ui∇Hi) = 0 for i = 1, 2, (2.21)

where H2 is even with ∂rH2(x, t) ≥ ∂rH1(x, t) for all x and t ≥ 0, and u1 is more concen-

trated than u2 at t = 0, i.e,∫ r

−r
u1(x, 0)dx ≥

∫ r

−r
u2(x, 0)dx for all r ≥ 0. (2.22)

Then u1(·, t) is more concentrated than u2(·, t) for all t ≥ 0, i.e,∫ r

−r
u1(x, t)dx ≥

∫ r

−r
u2(x, t)dx for all t ≥ 0. (2.23)

Note that u1,2 and H1 are not required to be even, only H2. Also, H1,2 can both be

time dependent, even though in our case here H2 will be stationary.
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Proof. Define the masses

Mi(r, t) :=

∫ r

−r
ui(x, t)dx. (2.24)

Then we have

∂tMi(r, t) =

∫ r

−r
∆uidx−

∫ r

−r
∇ · (ui∇Hi)dx

= ∂rui(r)− ∂rui(−r)− (ui(r)∂rHi(r) + ui(−r)∂rHi(−r))

= ∂2
rMi(r, t)− (ui(r)∂rHi(r) + ui(−r)∂rHi(−r)).

(2.25)

Using the even symmetry of H2, ∂rMi ≥ 0, and the fact that ∂rH2 ≥ ∂rH1, we find that

∂t(M1 −M2)− ∂2
r (M1 −M2) ≥ ∂rH2(r, t)∂rM2 −max{∂rH1(r, t), ∂rH1(−r, t)}∂rM1

≥ (−∂rH2(r, t))∂r(M1 −M2) + (∂rH2(r, t)−max{∂rH1(r, t), ∂rH1(−r, t)})∂rM1

≥ (−∂rH2(r, t))∂r(M1 −M2).

(2.26)

The standard parabolic comparison principle implies that

M1(r, t) ≥M2(r, t) for all r, t ≥ 0. (2.27)

Here is the reason for our choice of the potential H in (2.20).

Proposition 2.5.2. Let f(x) ≥ 0 be a function such that

0 ≤ f(x) ≤ ρ2(x, 0) and ||f ||L1 ≥
3

4
||ρ2(·, 0)||L1 . (2.28)

then (−∆)−1f will create a stronger attraction towards the origin than H : namely,

∂rH(x) ≥ ∂r(−∆)−1f(x) (2.29)

for all |x| > 0.

Proof. From (2.17), we can see that the drift ∂r(−∆)−1f(x) is determined by the balance

between mass of ρ2 on the left and right of x. If x ≥ 1
2 , then (2.29) holds simply because

‖f‖L1 ≥ σ‖χ[−1/6,1/2]‖L1 due to (2.4) and (2.28). If 0 ≤ x ≤ 1
2 , then

σ

∫ ∞
x

χ[−1/6,1/2](y) dy ≥
∫ ∞
x

f(y) dy
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due to (2.4). On the other hand,∫ x

−∞
f(y) dy ≥ σ

∫ x

−∞
χ[−1/6,1/2](y) dy

due to (2.28) and (2.4). Consideration of x < 0 is similar.

Proposition 2.5.3. Let ρ1(x, t), ρ2(x, t) solve the system (2.6) with ρ1,0(x) and ρ2,0(x) as

in (2.5), (2.4). Denote by TC the time it takes for the L1 norm of ρ2 to drop by a quarter.

Let ρ(x, t) solve the Fokker-Planck equation (2.19) with the drift potential H given by (2.20)

and the same initial data as ρ1. Then for every 0 < t ≤ TC and every r > 0 we have∫ r

−r
ρ1(x, t)dx ≥

∫ r

−r
ρ(x, t)dx− σ

4
. (2.30)

Proof. Let ρ̃1 solve the equation for ρ1 without reaction term:

∂tρ̃1 −∆ρ̃1 +∇ ·
(
ρ̃1∇ (−∆)−1 ρ2

)
= 0, (2.31)

and let ρ̃1 have the same initial data as ρ1. Note that since∫
R
ρ2(x, t) dx ≥ 3

4

∫
R
ρ2,0(x) dx

for all t ≤ TC , ∂r(−∆)−1ρ2(·, t) ≤ ∂rH(·) ≤ 0 for all such t by Proposition 2.5.2 (where as

usual H is given by (2.20)). Thus Proposition 2.5.1 gives∫ r

−r
ρ̃(x, t)dx ≥

∫ r

−r
ρ(x, t)dx for all t ≤ TC and r ∈ (0,∞) . (2.32)

To prove (2.30), it suffices to compare ρ1 and ρ̃1 and show that∫ r

−r
ρ1(x, t)dx ≥

∫ r

−r
ρ̃1(x, t)dx− σ

4
for t ≤ T. (2.33)

This is due to the following simple observation: on one hand, since the only difference

between the equations for ρ1 and ρ̃1 is the reaction term, applying parabolic comparison

principle on these two densities directly gives

ρ̃1(x, t) ≥ ρ1(x, t) for all x, t. (2.34)

On the other hand, we claim that for all t ≤ TC , the mass of ρ1 and ρ̃1 does not differ by

more than σ
4 . Note that the mass of ρ̃1 is preserved over time, while the mass for ρ1 is
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decreasing due to the reaction term. To prove the claim, it suffices to show that the mass

of ρ1 can at most drop σ
4 over time TC . This is true since the equations for ρ1 and ρ2 have

the same reaction term, hence

‖ρ1 (·, 0)‖L1 − ‖ρ1 (·, t)‖L1 = ‖ρ2 (·, 0)‖L1 − ‖ρ2 (·, t)‖L1 ≤
σ

4
for t ≤ TC , (2.35)

where in the last step we used the definition that TC is the time for a quarter of ρ2 to be

reacted out. Combining (2.34) with (2.35) yields∫ r

−r
ρ1(x, t)dx =

∫
R
ρ1(x, t)dx−

(∫ ∞
r

ρ1(x, t)dx+

∫ −r
−∞

ρ1(x, t)dx

)
≥ −σ

4
+

∫
R
ρ1,0(x)dx−

(∫ ∞
r

ρ̃1(x, t)dx+

∫ −r
−∞

ρ̃1(x, t)dx

)
=

∫ r

−r
ρ̃1(x, t)dx− σ

4
.

Hence, (2.33) is obtained, and the proof is finished once we combine it with (2.32).

2.6 Transport estimates based on comparison prin-

ciples

In this section. we show that a significant portion of the initial mass of ρ0 gets transported

inside [−1
2 ,

1
2 ] under the potential H in time τ ∼ L

γ . Let us define the operator L by

Lρ = −∆ρ +∇ · (ρ∇H), and we consider its dual operator L∗f = −∆f − ∇H · ∇f , and

consider the evolution

∂tf −∆f −∇H · ∇f = 0. (2.36)

Here we will prove a duality result:

Lemma 2.6.1. Let ρ and f be solutions to (2.19) and (2.36) respectively, with initial

conditions ρ0 and f0, where ρ0 ∈ L∞(R, e−Hdx) ∩ L1(R) and f0 ∈ L∞(R) ∩ L1(R, eHdx).

Then, for any t > 0 and s ∈ [0, t], the integral∫
R
ρ(x, s)f(x, t− s)dx (2.37)

does not depend on s.
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Proof. By standard approximation arguments, it suffices to show the result for smooth,

sufficiently decaying ρ, f . Taking the derivative in s gives

∂s

∫
R
ρ(x, s)f(x, t− s)dx =

∫
R
f(x, t− s)∂sρ(x, s)dx+ ρ(x, s)∂sf(x, t− s)dx

=

∫
R
f(x, t− s)(∆ρ(x, s)−∇ · (ρ(x, s)∇H(x, s)))dx

−
∫
R
ρ(x, s)(∆f(x, t− s) +∇f(x, t− s) · ∇H(x, t− s)))dx.

(2.38)

Applying divergence theorem shows that the right hand side equals zero.

Let us define r1 = 6
25 <

1
4 . The reason we need this auxiliary number is that our initial

data for ρ2 is slightly less than χ[−1/2,1/2](x), so to ensure that at least one quarter of the

ρ2 mass will get consumed we need to show transport of ρ1 to an interval smaller than

[−1/4, 1/4] - since the reaction will happen on the passage (see Section 2.7). Our next step

is the following proposition.

Proposition 2.6.2. Let f(x, t) solve (2.36) with H given by (2.20). Suppose initial data

f0 ∈ C∞0 is even with 0 ≤ f0 ≤ 1. f0 is non-increasing in the even direction and f0(x) ≥

χ[−d1,d1] where d1 < r1. Then there exists a constant C > 0 such that for all t ≥ 0,

f(x, t) ≥ 1

C
χ[− 1

C
(1+γt), 1

C
(1+γt)]. (2.39)

Proof. Let us first fix d1 and d0 such that 1
6 < d0 < d1 < r1 <

1
4 . For simplicity, we specify

d0 = 11
60 and d1 = 13

30 . One can pick other numbers, which will change the constant C. Now

recall H is even, and f0 since is even as well, the solution f to (2.36) remains even for all

times. Due to parabolic comparison principles, f(x, t) is also non-increasing in the even

direction, and satisfies 1 ≥ f0(x, t) ≥ 0 for all times. Since both f and H are even, we will

just show calculation on the positive real line. First, observe that∫ d1

d0

eHdx =

∫ ∞
d0

χ[0,d1]e
Hdx ≤

∫ ∞
d0

f0e
Hdx ≤

∫ ∞
0

f0e
Hdx−

∫ d0

0
feHdx

≤
∫ ∞
d0

feHdx ≤ f(d0, t)

∫ ∞
d0

eHdx.
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Here in the penultimate step we used that
∫
R fe

H dx is conserved by evolution. From the

above inequality, we obtain that

f(d0, t) ≥
∫ d1
d0
eHdx∫∞

d0
eHdx

.

Due to monotonicity of H on [1
6 ,∞) we have

I1 :=

∫ d1

d0

e−
γ
24

(3−4x+12x2)dx ≥ d1 − d0

2
eH(

d0+d1
2

) & e−
67γ
600 , (2.40)

while

I2 :=

∫ 1/2

d1

e−
γ
24

(3−4x+12x2)dx . (
1

2
− d1)eH(d1) . e−

809γ
7200 (2.41)

and

I3 :=

∫ ∞
1/2

e−
γ
3
xdx =

3e−γ/6

γ
. (2.42)

Now observe that

f(d0, t) =

∫ d1
d0
eHdx∫∞

d0
eHdx

=
I1

I1 + I2 + I3
.

Due to (2.40), (2.41) and (2.42), it is clear that as γ increases,

∫ d1
d0

eHdx∫∞
d0
eHdx

converges to 1.

Therefore, for all sufficiently large γ we have f(d0, t) ≥ 1
2 for all times.

As before, we denote r = |x|. Let ω ∈ C2 be an even function that is convex on [d0,∞)

and satisfies ω(d0) = 1
2 , ω(r) > 0 for r ∈ [d0, d1], and ω(r) = 0 if r ∈ (d1,∞). For φ ∈ [0, 1],

r ≥ d0, define ωφ(r) = ω(d0 + (r − d0)φ). Note that for r ≥ d0,

L∗ωφ = ∂2
xωφ(x) + ∂xH(x)∂xωφ(x) ≥ γ

60
|∂x(ωφ(x))| = γ

60
|∂xω(d0 + (r − d0)φ)|φ,

where we used that ∂2
xωφ(x) ≥ 0, ∂xωφ(x) < 0, and a straightforward bound on ∂xH for

d0 ≤ r ≤ d1. Choose a decreasing φ(t) with φ(0) = 1. Define F (x, t) = ωφ(t)(x). Since

we always have f(d0, t) ≥ 1
2 = F (d0, t) and f0 ≥ χ[−d1,d1] ≥ ω(|x|), we can be sure that

f(x, t) ≥ F (x, t) in R \Bd0 for all times if ∂tF ≤ L∗F . We have

∂tF = (r − d0)∂xω(d0 + (r − d0)φ)φ
′
(t)

and ∂tF = L∗F = 0 if d0 + (r − d0)φ ≥ 1
2 . Hence we need to ensure that

−(r − d0)φ
′
(t) ≤ γ

60
φ
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when r ≤ d0 +
1
2
−d0
φ . This would follows from

−
1
2 − d0

φ
φ′(t) = − 19

60φ
φ
′
(t) ≤ γ

60
φ (2.43)

which holds provided that ∂t

(
1
φ(t)

)
≤ 1

C γ. Hence, we can take

φ(t) =
1

1 + γt
C

. (2.44)

Now fix a constant a < d1 − d0, then we can make

d0 +
1

1 + γt
C

(r − d0) ≤ d0 + a (2.45)

for d0 ≤ x ≤ d0 + 1
C (1 + γt) if we choose C large enough. Then, we obtain

f(x, t) ≥ ω

(
d0 +

r − d0

1 + γt
C

)
≥ ω(d0 + a) ≥ 1

C
> 0, (2.46)

where we may have to adjust our constant C to make it larger if necessary. Note that due

to monotonicity of f(x, t) we have f(x, t) ≥ 1/2 for |x| ≤ d0.

Here we give a corollary that states a fixed fraction of ρ(x, t) satisfying (2.9) must enter

[− 6
25 ,

6
25 ] in time . L/γ.

Corollary 2.6.2.1. Let ρ(x, t) solve (2.9) with a potential H given by (2.20). Suppose that

the initial data ρ0(x) ≥ 0 and
∫
|x|≤L ρ0(x) = M0. Then for all sufficiently large γ, there

exists a constant C such that if t ≥ T := CL
γ , we have∫ 6

25

− 6
25

ρ(x, t) ≥ M0

C
. (2.47)

Remark. For simplicity, we picked a fixed range [− 6
25 ,

6
25 ]. One can obtain similar result for

any range that strictly contains [−1
6 ,

1
6 ], but then all constants and the range of validity in

γ will depend on the range choice.

Proof. Recall we chose d0 = 11
60 and d1 = 13

60 , so we have d0 < d1 < 6
25 . Take f0 ∈

C∞0 ([− 6
25 ,

6
25 ]) as in Theorem 2.6.2. Due to Proposition 2.6.1, we have∫

R
f0(x)ρ(x, t)dx =

∫
R
f(x, t)ρ0(x)dx. (2.48)
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Therefore, applying Theorem 2.6.2 we find that if C is sufficiently large, then∫ 6
25

− 6
25

ρ(x, t)dx ≥
∫
R
f0(x)ρ(x, t)dx =

∫
R
f(x, t)ρ0(x)dx ≥ M0

C
(2.49)

for t ≥ CL
γ .

2.7 Decay for Egg Density Based on a ”Pass-Through”

Argument

Let use now consider the original equations:
∂tρ1 −∆ρ1 +∇ ·

(
ρ1∇ (−∆)−1 ρ2

)
= −ερ1ρ2

∂tρ1 = −ερ1ρ2.

(2.50)

In this section, we obtain decay estimates for ρ2 and complete the proof of Theorem 2.2.1.

Let us first discuss the idea of the proof. We will obtain that TC ≤ T by contradiction,

where T = CL
γ is the time defined in Corollary 2.6.2.1. Assume T < TC , that is, for all

t ≤ T the total mass of ρ2 remains greater than 3/4 of the original mass. Then combining

Proposition 2.5.3 and Corollary 2.6.2.1 gives us that∫ 6
25

− 6
25

ρ1(x, t)dx ≥ M0

C
− σ

4
, (2.51)

Since we assume that σ � M0, this implies that a significant portion of ρ1 has entered

the range [− 6
25 ,

6
25 ] by time T . During the process of moving inside this range, ρ1 has to

react with ρ2. Since the drift velocity ∂r(−∆)−1ρ2 ∼ −γ for all r ∈ ( 6
25 ,

1
2) and t ≤ T ,

heuristically, each particle of ρ1 takes 1
γ time to pass through the region [ 6

25 ,
1
2 ], and interacts

with ρ2 during this time with interaction coefficient ε. If εM0
γ � 1, most of ρ2 mass in [ 6

25 ,
1
2 ]

and thus a quarter of the initial mass of ρ2 will react with ρ1 by time T , contradicting our

assumption. Therefore, we obtain TC ≤ T as conclusion.

The goal of this section is to rigorously justify the above heuristics. The key step is the

following proposition.
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Proposition 2.7.1. Let (ρ1, ρ2) be a solutions to (2.50) with the initial data satisfying

(2.5), (2.4), and let the parameters of the problem satisfy (2.8) with sufficiently large B.

Then there exists a constant C (that may only depend on B) such that if T = CL
γ then∫ T

0
(ρ1(x, t) + ρ1(−x, t))dt ≥ M0

Cγ
, for all x ∈

(
6

25
,
1

2

)
. (2.52)

Note that from (2.52), we can say that either∫ T

0
ρ1(x, t)dt ≥ M0

2Cγ
, (2.53)

or ∫ T

0
ρ1(−x, t)dt ≥ M0

2Cγ
. (2.54)

Before we prove the proposition, let us point out an immediate consequence of it. Since

∂tρ2 = −ερ1ρ2, we have ρ2(x, t) = ρ2(x, 0)e−ε
∫ t
0 ρ1(x,s)ds for every x, thus the proposition

directly leads to the following:

Proposition 2.7.2. Under the assumptions of Proposition 2.7.1, for every x ∈ ( 6
25 ,

1
2), at

least one of the following must hold:

ρ2(x, T )

ρ2(x, 0)
= exp

{
−ε
∫ T

0
ρ1(x, t)dt

}
≤ exp

{
− εM0

2Cγ

}
,

ρ2(−x, T )

ρ2(−x, 0)
= exp

{
−ε
∫ T

0
ρ1(−x, t)dt

}
≤ exp

{
− εM0

2Cγ

}
.

(2.55)

Therefore if εM0
γ � 1, then most of the mass ρ2 originally situated in a set of measure

at least 13
50 would be gone by time T . We can make the share of remaining ρ2 in this set as

close to zero as we want by adjusting the constant B. Since 13
50 >

1
4 , we get that TC ≤ T,

completing the proof of Theorem 2.2.1.

Proof of Proposition 2.7.1. We organize our proof into three steps:

Step 1: We show an average version of estimate (2.52). To this end, we define the quantity

M(r, t) :=
∫ r
−r ρ1(x, t) dx and define H̃(·, t) = χ(−∆)−1ρ2(·, t). Direct calculation yields

that

∂tM = ∂2
rM − ρ1(r, t)∂rH̃(r, t)− ρ1(−r, t)∂rH̃(−r, t)− ε

∫ r

−r
ρ1(x, t)ρ2(x, t)dx (2.56)
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Note that ∂rM(r, t) = ρ1(r, t) + ρ1(−r, t), so it suffices to show that∫ T

0
∂rM(r, t)dt ≥ M0

Cγ
, for all r ∈ (

6

25
,
1

2
). (2.57)

Let I = (a, b) ⊂ ( 6
25 ,

1
2) be an arbitrary interval. For any s ∈ (a, b), integrating (2.56) over

(a, s) gives∫ s

a
∂tM(r, t)dr ≤ partialrM(s, t)− ∂rM(a, t) +

∫ s

a

∣∣∣∂rM(r, t)(∂rH̃(r, t) + ∂r(H̃(−r, t))
∣∣∣ dr

≤ ∂rM(s, t) + Cγ

∫ s

a
∂rM(r, t) dr,

where in the inequality we used that ρ1, ρ2 ≥ 0 and ∂H̃(±r, t) ≥ −Cγ, ∀r ∈ ( 6
25 ,

1
2).

Integrating the above inequality from t = 0 to t = T gives∫ s

a
(M(r, T )−M(r, 0))dr ≤

∫ T

0
∂rM(s, t) dt+ Cγ

∫ T

0

∫ s

a
∂rM(r, t) drdt.

The left hand side can be estimated as follows. For any r ∈ ( 6
25 ,

1
2), we have M(r, 0) � 1

due to (2.5). Combining Proposition 2.5.3 and Corollary 2.6.2.1 (see (2.51)), we have

M(r, T ) ≥ M0
C for some constant C and for all r ∈ ( 6

25 ,
1
2). Thus M(r, T ) −M(r, 0) ≥ M0

C1

for all r ∈ (a, s) ⊂ ( 6
25 ,

1
2), and the above inequality becomes∫ T

0
∂rM(s, t)dt+ Cγ

∫ T

0

∫ s

a
∂rM(r, t)drdt ≥ (s− a)M0

C1
.

We then integrate this inequality over all s ∈ I = (a, b), and obtain that∫ T

0

∫ b

a
∂rM(s, t)dsdt+ Cγ

∫ T

0
(b− a)

∫ b

a
∂rM(r, t)drdt ≥ (b− a)2M0

2C1
,

that is, ∫ T

0

1

|I|

∫
I
∂rM(s, t)dsdt ≥ M0

2C1(|I|−1 + Cγ)
.

Therefore, for any interval I ⊂ ( 6
25 ,

1
2) with |I| = γ−1, we have

1

|I|

∫
I

∫ T

0
∂rM(s, t)dtds ≥ M0

Cγ
. (2.58)

This inequality shows that (2.52) holds in the interval I in an average sense. This concludes

Step 1.

Step 2: We improve the average bound (2.58) to a local point-wise control. Here we
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rule out the possibility that
∫ T

0 ∂rM(s, t)dt is distributed very non-uniformly among s ∈ I.

Since ρ1(x, t) is a solution to the parabolic partial differential equation

∂tρ1 − ∂2
xρ1 + ∂xH̃∂xρ1 + (∂2

xH̃ + ερ2)ρ1 = 0, (2.59)

such situation will not happen. Let ρ1 be a non-negative solution of (2.59), and re-scale

(2.59) by setting y = γx, τ = γ2(t− t0). In the new coordinates, ρ∗1(y, τ) = ρ1(x, t) satisfies

∂τρ
∗
1 − ∂2

yρ
∗
1 + b(y)∂yρ

∗
1 + c(y, τ)ρ∗1 = 0,

where |b(y)| ≤ C and |c(y, τ)| ≤ C for all y and τ ≥ 0. Here the bounds on b and c follow

from the facts that |H̃x| ≤ Cγ, |∂2
xH̃| ≤ Cγ, ρ2 ≤ ||ρ2(·, 0)||∞ ≤ σ, and εσγ−2 = εχ−2σ−1 ≤

a−1 due to (2.7). Now by the parabolic Harnack inequality (see e.g. [Lie96]), for any

interval I ′ ⊂ ( 6
25γ,

1
2γ) with length 1, we get that

ρ∗1(y, τ) ≥ 1

C

∫
I′

∫ 1

0
ρ∗1(y, τ)dτdy, for all ± y ∈ I ′, τ ∈ [1, 2].

Translating this back into original coordinates, there exists a universal constant C > 0 such

that the following estimate holds

ρ1(x, t) ≥ γ3

C

∫
I

∫ t0+γ−2

t0

ρ1(x, t)dtdx, for all ± x ∈ I, t ∈ [t0 + γ−2, t0 + 2γ−2], (2.60)

for any interval I ⊂ ( 6
25 ,

1
2) with |I| = γ−1, and t0 ≥ 0. This concludes Step 2.

Step 3: Now we improve the local control (2.60) to the global lower bound stated in

Proposition 2.7.1. Let us define the time intervals Jk := [kγ−2, (k+ 1)γ−2] for k ∈ N∪ {0}.

Let n be the smallest integer such that (n+ 1)γ−2 ≥ T , thus [0, T ] ⊂ ∪0≤k≤nJk. Then for

any interval I ⊂ ( 6
25 ,

1
2) with |I| = γ−1, we can rewrite (2.58) as

n∑
k=0

∫
Jk

∫
I
Mr(r, t)drdt ≥

M0

Cγ2
. (2.61)

Meanwhile, the local estimate (2.60) and the fact that ρ1(r, t) + ρ1(−r, t) = ∂rM(r) yield

that

inf
r∈I,t∈Jk+1

∂rM(r, t) ≥ γ3

C

∫
Jk

∫
I
∂rM(r, t)drdt, for k ≥ 0. (2.62)
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We then sum up this inequality over 0 ≤ k ≤ n, and combine it with (2.61) to obtain

inf
r∈I

∫ (n+2)γ−2

0
∂rM(r, t)dt ≥ inf

r∈I

n+1∑
k=0

γ−2 inf
t∈Jk

∂rM(r, t)dt ≥ M0

Cγ
, for r ∈ I.

Observe that since L ≥ 1 and γ ≥ 1, we have γ−2 ≤ L/γ. Thus by adjusting slightly the

constant C, we can take T ∼ L/γ such that (n+ 2)γ−2 ≤ T. Thus∫ T

0
∂rM(r, t)dt ≥ M0

Cγ
, for all r ∈ I, (2.63)

and since I ⊂ ( 6
25 ,

1
2) is an arbitrary interval with length γ−1, the above inequality holds

for all r ∈ ( 6
25 ,

1
2), which finishes the proof of Proposition 2.7.1.

As explained above after Proposition 2.7.2, this also completes the proof of Theorem

2.2.1.

Finally, we do not consider the case where M0ε/γ is small in this chapter exactly because

in this case we cannot establish that significant reaction happens “on the passage”. On

the other hand, since the drift ∼ γ can be quite large, it can lead to very non-uniform

distribution of ρ1 once it moves onto support of ρ2. This can slow down the reaction

significantly. Such slowdown, however, is artificial: in realistic biological systems the drift

magnitude is rarely large since the speed of the agents has limitations. Thus a classical

Keller-Segel form of chemotaxis appears ill-suited for modelling the small M0ε/γ case.

Instead a flux-limited version of chemotactic drift seems more appropriate - see [KNRY20]

for more details.
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Chapter 3

Random Search in Fluid Flow Aided by

Chemotaxis

In this chapter, we consider the dynamics of a 2D target-searching agent performing Brow-

nian motion under the influence of fluid shear flow and chemical attraction. The analysis

is motivated by numerous situations in biology where these effects are present, such as

broadcast spawning of marine animals and other reproduction processes or workings of

the immune systems. We rigorously characterize the limit of the expected hit time in the

large flow amplitude limit as corresponding to the effective one-dimensional problem. We

also perform numerical computations to characterize the finer properties of the expected

duration of the search. The numerical experiments show many interesting features of the

process, and in particular existence of the optimal value of the shear flow that minimizes

the expected target hit time and outperforms the large flow limit.

3.1 Motivation and Related Results

In this chapter, we analyze the agent randomly searching for a target in the ambient

shear flow, aided by chemotaxis on the chemical released by the target. This process

occurs in multiple settings in biology. One example is reproduction for many species,

where eggs secrete chemicals that attracts sperm and help improve fertilization rates. This

is especially well studied for marine life such as corals, sea urchins, mollusks, etc (see

[ZR11, RKZ04, RZ07, HRZZ11] for further references), but the role of chemotaxis in fertil-

ization extends to a great number of species, including humans [RMCD+94]. Another pro-

cess where chemotaxis plays an important role is mammal immune systems fighting bacterial

infections. Inflamed tissues release special proteins, called chemokines, that serve to chem-
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ically attract monocytes, blood killer cells, to the source of infection [DKAS09, TPM+95].

Chemotaxis can also be involved when things go awry, for instance, playing a role in tumor

growth [VCVAW+01]. One can also envision future applications to mini-robots tasked with

finding some sort of targets. These processes take place in fluids, and on the length scales

where the ambient fluid motion can be effectively regarded as shear flow.

As a mathematical model, we consider the following stochastic differential equation

(SDE) subject to initial condition X0 = (x0, y0) on the torus T2 = [0, L)2 : dXt

dYt

 =

 Au(Yt)

0

 dt+

 V (1)

V (2)

 dt+
√
ν

 dB
(1)
t

dB
(2)
t

 ; (3.1a)

V =(V (1), V (2)) = ϕ(χ|∇c|) ∇c
|∇c|

, −∆c+Au(y)∂xc = n− c. (3.1b)

The terms on the right hand side of (3.1a) model advection, chemotaxis, and random motion

respectively. The function c is the concentration of the chemical, and n is the density of the

target, that will be located in a small area at the center of the torus. For chemotaxis, we

choose a variant of flux-limited models that have been studied in, for example, [CKWW12,

HP09, HPS07, PVW19]. and which is more realistic than the classical Keller-Segel form in

that it places a speed limit on the agent.

The SDE (3.1a) models a single agent’s searching process subject to ambient fluid ad-

vection, random Brownian motion, and chemical attraction. The searching is successful if

the agent reaches the region occupied by the target population n. The agent, positioned at

point Xt = (Xt, Yt), is transported by the ambient shear flow (Au(Yt), 0) with magnitude

A ∈ R+. Meanwhile, the agent also moves randomly, which is captured by the Brownian

motion
√
νdBt =

√
ν(dB

(1)
t , dB

(2)
t ) with diffusivity ν. Finally, the agent aggregates towards

the higher concentration of chemoattractant density c, secreted by the target population

n. The parameter χ denotes the chemical sensitivity, and the smooth cut-off function

ϕ ∈ C2(R+) enforces finite speed of aggregation. In fact, we will take the function ϕ to

be close to piecewise linear, allowing its parametrization with essentially two parameters:

the maximum speed and chemical sensitivity. We consider the regime where the chemoat-

tractant density c reaches equilibrium at a much faster time scale than other relevant time
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scales of the problem, thus the density c satisfies the elliptic equation (3.1b). It is worth

mentioning that the multi-agent dynamics are considered in [Law20, MR15, SBH19].

Our main goal in this chapter is to gain insight into the interaction of the three transport

mechanisms present in the model and their cumulative effect on the expected length of the

search. There are many works dedicated to interaction of advection and diffusion - see

e.g. [FW] and [Ver97]; the latter reference specifically looks at diffusion exit times and

contains further references. However we are not aware of any detailed mathematical -

rigorous or numerical - analysis of the problem when chemotaxis is added in the mix.

Our work has been largely inspired by biological experiments on broadcast spawning of

abalone conducted by Riffell and Zimmer. Marine animals such as abalones, corals, and

shrimp release their egg and sperm cells into the ambient ocean. The gametes are positively

buoyant and rise to the surface, where fertilization happens. The eggs are not mobile but

release attractive pheromones. The sperms aggregate towards the eggs by a combination

of random motion and chemotaxis-guided transport. Since the processes occurs in a fluid

flow that is effectively shear on length scales involved, it is of biological interest to study

the relation of fertilization success rate, chemotaxis, and shear flow speed. In the papers

[RKZ04], [RZ07], [ZR11], Zimmer, Riffell and their research group put well-mixed abalone

sperms and eggs in a Taylor-Couette tank and study the quantitative relationships. The

positive effect of chemotaxis has been clearly established; as far as the shear flow, the

researchers observed that its effect is two-fold. If the shear rate is moderately slow, the

shear enhanced fertilization. On the other hand, if the shear rate is faster than a certain

threshold, the fertilization rate starts declining. We notice that the sperms are evenly

distributed in the seawater in the biological experiment, and the experimental time is

limited (≈ 15 seconds). Hence only the group of sperms surrounding the eggs have access

to the egg zone. As a result, the microflow environment play a dominant role during the

fertilization process under this setup. Our model addresses a related but different situation

where there is a single searcher and, instead of the fertilization success rate (percentage of

fertilized eggs), it monitors expected search time. We consider this set up since we would
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like to represent the problem in the most fundamental form, and to understand the role of

different forces affecting the search on this fundamental level. Nevertheless, in our numerical

computations, we mostly focus on the parameter regimes relevant for the experiments of

Riffell and Zimmer.

Our main results are as follows. On the rigorous level, we are able to establish that

the very large shear rates are a dimension reduction mechanism: the expected search time

converges to the one of the corresponding one-dimensional problem with effective 1D chemo-

taxis. Such result is not unexpected, and is similar to the findings of Freidlin-Wentzel theory

[FW]. The presence of chemotaxis, however, necessitates some novel elements in the anal-

ysis. Numerically, we observe several phenomena that we find interesting. First, we see

quite fast decrease of the expected hitting time already for quite small values of shear and

chemotactic coupling. Second, we discover that in the context of our model, there is an

optimal shear rate range where the searching time is minimal, and is less than the limiting

1D large shear searching time. This is entirely due to presence of chemotaxis; when it is

absent, the expected hitting time is monotone decaying in flow amplitude. This finding

agrees with the results of biological experiments. The difference is that in the experiments

the fertilization rate declines much more steeply (and probably towards zero) for large

shears. This effect is likely not because sperm have trouble finding eggs, but rather due

to their inability to stay around for time necessary for fertilization. In our set up, there

is no such mechanism: we just register the hit. Nevertheless, even on the fundamental

level of random search/chemotaxis/fluid flow interaction, we observe the non-trivial phe-

nomena of optimal shear range. The third interesting effect we observe in the framework

of our model and within the range of parameters that we tested is that increasing chemical

sensitivity appears meaningfully more important for improving search performance than

increasing the maximal speed. We believe that these observations can be useful for better

understanding of biological processes that may involve additional elements and factors, but

include the interaction of the three basic forces that we study here. We note that numerical

experiments on random search in a shear flow (without chemotaxis) were also carried out

31



in [CGH+22].

The chapter is organized as follows: in the next section, we introduce the general set

up and key parameters of the model in more detail and present our numerical scheme. We

then proceed to describe the results of the numerical experiments. After this we state the

rigorous results that we are able to prove, and proceed with the proofs.

3.2 General Set Up and Numerical Scheme

3.2.1 The set up and first hitting time

Recall that in this paper we focus on the searching success of an individual agent, whose

initial position may be relatively distant from the target zone. We focus on the following

geometric configuration in our numerical and analytic exploration. The domain (LT)2

has dimension [0, L)2. The chemical cutoff function ϕ(·) ∈ C∞([0,∞)) is chosen so that

ϕ(0) = 0 and ϕ′(0) = 1, ϕ is monotone increasing, and limr→∞ ϕ(r) = ||ϕ||∞ < ∞ (see

Figure 3.2). The norm ||ϕ||∞ has the meaning of the maximal chemical-induced speed of

the agent. The target density n is stationary and concentrated in the target zone Eδ, which

is a disk B((L2 ,
L
2 ); δ). The size of the target δ is much smaller than L. The total mass of

the target density is ||n||L1(T2) is normalized to be equal to one. The searching starts at a

point (x0, y0). In our numerics, the agent starts at point (0, 0), which is a distance L√
2

away

from the target zone. We tried other starting positions with very similar qualitative results.

The shear profile is adapted to the size of the torus and is given by u(y) = sin
(

2π(y−L/2)
L

)
,

with coupling constant A. We simulated a few other shear flow profiles, but did not observe

a significant difference as long as the shear rate near the egg zone is the same. Therefore,

we restrict ourselves to the A sin
(

2π(y−L/2)
L

)
-flow for the sake of simplicity. In Figure 3.1,

we provide a diagram with the general setup.

To quantify the success of the search, we consider the expectation of the first hitting
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Figure 3.1: Problem setup.

Figure 3.2: Cutoff function ϕ(x) for chemotaxis.
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time of the target zone, i.e.

T (x0,y0)(ω) = min{τ |Xτ (ω) ∈ Eδ = B((L/2, L/2); δ)}. (3.2)

Here Xτ (ω) is the realization of the solution to the stochastic differential equation (3.1). The

expected hitting time depends on the various parameters involved in the system, specifically

the size of the torus L, shear amplitude A (or shear rate A/L), diffusivity ν, target size δ,

chemical sensitivity χ, and maximal chemotactic speed ‖ϕ‖∞. Observe that to simplify the

presentation, we can normalize any two parameters by rescaling space and time. We choose

to normalize δ = 1, which means that we measure everything in units of target size. This

size is about 0.1mm for biological experiments of Riffell and Zimmer, and we annotate our

numerical plots accordingly. For different interpretations, one just needs to remember that

the target size (or, to be precise in our setting, its radius) is the unit of length we use. In the

numerical simulations, we will also rescale time to set the value of diffusivity at 0.25. With

these changes, we have four parameters remaining in our model that in the terms of the

original ones can be expressed as L̃ = L/δ, Ã = Aδ/4ν, ‖ϕ̃‖∞ = ‖ϕ‖∞δ/4ν, and χ̃ = χ/δ.

In the rest of the paper, we will abuse notation and omit tilde for the remaining four

renormalized parameters. Finally we remark that it is not unreasonable to also introduce

two more parameters in front of c and n on the right hand side of the equation (3.1b) for

the attractive chemical. However in this paper we do not pursue the analysis of expected

hitting time dependence on these parameters.

We note that the first hitting/exit time of the Brownian motion is a classical topic in

stochastic analysis. It has a close relation to analysis of elliptic equations - see e.g. well

known treatises [Dur96] and [Øks03]. We are going to recall this connection below in the

rigorous analysis sections.

Another interesting question that we do not address in this paper is concerned with

the fastest or a small group of fastest searchers out of many rather than with the average

search time. Indeed, in some settings such as fertilization this may be the more relevant

question, even though in other situations like immune response, average time might be more

important as many agents are needed to perform the biological function. We point out that
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extreme first passage statistics have been analyzed in [Law20] in the limit of the very

large number of agents. In [MR15], a similar problem was considered for one-dimensional

diffusion and mortal searchers. A review [SBH19] discusses a variety of settings in biology

where the extreme statistics are relevant. These papers contain further references on the

role of redundancy through multiple agents in biological functions. While we performed

some simulations to analyze the shortest search time from a collection of agents, we found

the outcomes to be very unstable, at least at the number of simulations that we were able to

run. It is thus difficult to compute error bounds on such results as there is no convergence

to a fixed value with the increase in the number of agents - rather, one has to explore the

entire probability distribution function. We leave this very interesting question to future

work.

Throughout the paper, the C’s denote various constants that do not depend on the key

parameters and their value may change from line to line.

3.2.2 The numerical scheme

In the numerical experiment, we run multiple simulations to calculate the average hitting

time. The well known Euler-Maruyama method (see, e.g., [KP92]) is applied to simulate

the motion of the agent.

There are two less standard aspects in the simulation of the system (3.1). The first

aspect is approximating the shear flow advection, and the second is calculating the aggre-

gation towards the chemoattractant.

For the first issue, we take u(y) = sin(2π(y − L/2)/L); recall that the target is located

at y = L/2, so the fluid flow can be thought of as taken relative to the target (Figure 3.3).

For very large amplitudes of A (specifically we took 800 as threshold in the simulation),

we saturate the value of the shear replacing Au(Yt) with 800 Au(Yt)
|Au(Yt)| if |Au(Yt)| > 800. We

do this in order not to take the time step excessively small. We ran several simulations to

check that this cutoff procedure does not affect the expected hit time. From our experi-

ments, it appears that only the structure of u near the target (basically just the shear rate)
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Figure 3.3: Shear strength multiplied by dt = 0.01s.

meaningfully affects the result.

Next, we calculate the chemoattractant distribution c, which in turn determines the

aggregation. The standard finite difference method is applied. We use the five-point stencil

method to approximate the Laplacian and the central difference method to discretize the

advection Au(y)∂xc. By inverting the linear system corresponding to the discretized elliptic

PDE satisfied by the chemical density, we obtain the numerical value of c on the grid

points. The numerical chemical gradient can be obtained through standard finite difference.

However, interpolation is needed to determine the chemical gradient on the point away

from the grid point. The explicit scheme is as follows. For a fixed position (x0, y0), we

first identify 36(= 6 × 6) grid points in its neighborhood. Then we apply the cubic spline

interpolation to determine the gradient value at the point (x0, y0). Finally, the Euler-

Maruyama method is applied to simulate the SDE (3.1a).

In Figure 3.4A, we illustrate that as the shear rate increases, the distribution of the

chemical, as expected, gets stretched in the horizontal direction. In Figure 3.4B, we plot

the chemical gradient vector.
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(A) Chemical concentration c (B) Chemical gradient ∇c

Figure 3.4: Chemotaxis concentration and gradient under the effect of shear flow.

Boxsize is 80 (0.1mm) and Shear cutoff is set to 200 (0.1mm)/s.

3.3 Numerical Results

3.3.1 Ranges of parameters

We try to roughly align the ranges of our parameters with the corresponding ranges in

the biological experiments of Zimmer and Riffell [ZR11] - at least where these biological

parameters are known or can be roughly estimated. The shear rate in our simulation is de-

fined as the ratio 2πA/L. The typical abalone egg diameter is 0.2mm. The Taylor-Couette

tank used in the experiment has distance of about 8mm between concentric cylinders, and

the shear rates tested range between 0 and 10s−1. Our simulation covers these ranges of

parameters and more. The maximal chemotactic speed ‖ϕ‖∞ is limited by the sperm speed

ability, which is v0 ∼ 0.05mm/s. One parameter that is not immediate to estimate is the

effective diffusion coefficient. There is a large number of results in the literature that rigor-

ously deduce effective diffusion-type equations from the underlying velocity-jump processes

describing individual agents - see for example [HPS07, OH00] for such derivations in the

biological context. However, a limiting asymptotic assumption is necessarily involved in

such a transition. We are not aware of the studies on sperm motion that would support

a particular model for the change in direction. For this reason we adapt a very simplistic
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heuristic estimate of the diffusion coefficient outlined below. In the absence of chemical

stimuli, sperm appear to move in some direction for a while, then change the direction

randomly. Let t be the time that sperm maintains direction. Assuming that sperm main-

tain speed comparable to maximal, over the larger time T = nt, the displacement DT is

given by DT =
∑n

i=1Xi, where Xi are independent 2D random variables with amplitude

v0t and random direction uniformly distributed over [0, 2π). We can estimate the expected

displacement by

E(D2
T ) = E

 n∑
i=1

Xi ·
n∑
j=1

Xj

 = nE(X2
i ) = nv2

0t
2 = Tv2

0t.

Now for a 2D Brownian motion, we have E(B2
T ) = 4νT, where ν is diffusion coefficient.

Thus in two dimensions it is reasonable to adopt an estimate ν = 1
4v

2
0t. The only parameter

that we do not have readily available is t, but looking at the trajectories of sperm motion

provided in [ZR11], taking t ∼ 1s appears to be reasonable. This leads to the estimate

ν ≈ 0.06(0.1mm)2/s. In the numerical simulation, we choose not to have a very small

diffusion coefficient and pick νnum = 0.25, which is equivalent to changing numerical unit

time from one second to roughly 4 second units. Two parameters in the Table 3.1 that get

affected are the shear rate and maximal chemotactic speed, that in the new units range

0 − 600(4s)−1 and 0 − 5(0.1mm)/(4s) (respectively 0 − 150s−1 and 0 − 1.25(0.1mm)/s in

natural units) in our simulation. One parameter that we cannot estimate from the biological

experiment is the chemical sensitivity χ. Although the parameter ranges are coordinated

with the experiment [ZR11], we find it likely that they are relevant in a wider range of

biological applications. While we use 4s time units in parameter table, on our plots we

make an adjustment to more natural time units of just seconds. We do keep the 0.1mm

length unit on the plots since this unit is the intrinsic target size parameter rather than a

numerical artifact.
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Parameters Value/Range in Biology Value/Range in Simulation

Diffusion Coefficient ∼ 0.06 (0.1mm)2/s 0.25 (0.1mm)2/(4s)

Egg Radius 1 (0.1mm) 1 (0.1mm)

Box Size ∼ 80 (0.1mm) 50− 200 (0.1mm)

Shear Rate 0− 12 (s−1) 0− 600 (4s)−1

Chemical Sensitivity not clear 50− 50000(0.1mm)

Maximal chemotactic speed ∼ 0.5 (0.1mm/s) 0− 5 (0.1mm)/(4s)

Table 3.1: Parameters

3.3.2 Brownian motion subject to shear flow

If there is no chemical attraction, i.e., χ = 0, the average first hitting time is monotone

decreasing in terms of the shear rate (Figure 3.5). Moreover, significant decay happens

already at the relatively small values of shear rate (note the logarithmic scale of the graph).

For large shear rates, the expected hitting time approaches the hitting time of 1D Brownian

motion where the x coordinate is eliminated (drawn as a line on the graph). The explicit

formula for this 1D hitting time is well known and equal to 1
ν

(
L
2 − δ

)2
(see the argument

before (3.23) for a sketch). We refer to [CGH+22] for more detailed information on a similar

simulation.

3.3.3 Brownian motion subject to shear flow and chemical

attraction: optimal shear

We carry out simulations in tori with three different sizes: 50, 80, 200 (0.1mm). In the

Figures 3.6A, 3.6B and 3.6C we compare the behavior of the expected hitting time depen-

dence on shear amplitude without chemotaxis and with the maximal chemotaxis speed in

the range we analyze. The expected time is computed by averaging over 1000− 2000 sim-

ulations, and the vertical bars at each point are two standard deviations of the sample in
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Figure 3.5: First hitting time with increasing shear rate. Shear cutoff is set to

200 (0.1mm)/s. Chemotaxis is not present.
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each direction. In all these simulations, presence of chemotaxis results in more than double

reduction of the expected hitting time even when shear is zero. Even very small values

of shear rate lead to further meaningful reduction of expected hitting time. The optimal

value of the shear rate is in all cases around 0.15− 0.3s−1. This indicates that the optimal

shear value is not affected by the ambient box size. At optimal shear rate, the expected

hitting time is reduced more than by another factor of two, and by about a third (less for

the largest box) outperforms the one-dimensional large shear rate limit. The value of this

limit is indicated on the plots as a solid line. Note that this is a large shear limit without

chemotaxis, which is explicitly computable. Our results in the analytic section rigorously

establish that the expected search time converges in the large A limit to 1D problem with

effective chemotaxis. However, our numerical simulations suggest that the 1D hitting time

of this 1D effective chemotaxis problem is quite close to that of the 1D diffusion without

chemotaxis - at least within our ranges of parameters. The figures 3.6A, 3.6A and 3.6A

give an impression that the optimal shear effect becomes less pronounced with increasing

box size. Indeed, the minimal and the large A limit expected time ratios are approximately

3370/4610 ∼ 73%, 7880/12170 ∼ 65%, and 70400/78400 ∼ 90% for the box sizes 50, 80,

and 200. One can conjecture that the effect of chemotaxis is relatively short range in the

vertical direction, and so for very large box size any possible gain compared to the 1D

effective problem is going to be limited.

In Figure 3.7, we explore the dependence of the expected hitting time on shear rate

for different values of maximal chemotactic speed. Here the box size is taken to be 50

(0.1)mm, where the effects we are going to describe are most pronounced (but they are

similar for larger boxes). The first interesting phenomena we observe is that beyond certain

point, increasing ‖ϕ‖∞ does not have much effect on expected hitting time: values 0.125,

0.25 (not pictured) and 1.25 (0.1mm/s) lead to very close outcomes. Due to piecewise

linear structure of ϕ, the maximal chemotactic speed applies only where the gradient of

the chemical c is maximal, meaning near the target. Although in our simulations this

region is not void, apparently it is not sufficiently expansive even for fairly large sensitivity
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(A) First hitting time with shear flow and

chemical attraction: Box size 50 (0.1 mm).

(B) First hitting time with shear flow and

chemical attraction: Box size 80 (0.1 mm).

(C) First hitting time with shear flow and

chemical attraction: Box size 200 (0.1 mm).

Figure 3.6: Shear cutoff is set to 200 (0.1mm)/s, chemotaxis sensitivity χ =

500 (0.1mm), chemotaxis cutoff ||ϕ||∞ = 1.25 (0.1mm)/s.

to meaningfully affect the expected hitting time. Other interesting effects we observe are

quite wide range of shear rates where the agent performance exceeds the limiting one-

dimensional large shear rate expected search time (the plateau effect), and the drift in the
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value of optimal shear rate depending on the maximal chemotactic speed.

Figure 3.7: Box size is 50 (0.1mm), Shear cutoff is set to 200 (0.1mm)/s, and

chemotaxis sensitivity χ = 500 (0.1mm).

The Figure 3.8A illustrates the plateau effect, and shows that for shear rates between

0.015 and 60 s−1, the agent meaningfully outperforms the limiting one-dimensional large

shear rate expected search time for all chemotactic maximal speeds from 0.025 to 1.25

(0.1mm/s). For small chemotactic maximal speeds such as 0.025 (0.1mm/s), the expected

hitting time values form an almost constant plateau for this entire range, meaning that even

very small values of shear rate combined with very small chemotactic speed are preferable to

the dimensional reduction of very high shear rates. We note that sharp improvement in the

agent’s search ability even for small values of shear and maximal chemotactic speed are in

complete agreement with the results of biological experiments by Riffell and Zimmar. As we

mentioned before, the fertilization rate success in their experiments starts falling for large

values of shear much more dramatically than we observe in our computations. But this is

natural: as discussed in the papers [RKZ04], [RZ07], [ZR11], in the fast shear environment,
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strong shear flows triggers spinning of the searching sperms. As a result, the sperms are

less likely to attach to the eggs and succeed in fertilization. Hence the fertilization process

often fails in the fast shear regime. However, the spinning effect is not taken into account in

our numerical simulation. Nevertheless, we observe the great enhancement of the searching

functions for small parameters and the optimal shear rate effect even in the context of our

fundamental model, which suggests that these effects are prevalent across many different

settings in biology.

(A) Plateau effect (B) Changes of optimal shear rate

Figure 3.8: Plateau effect and changes of optimal shear rate under different chemo-

taxis cutoff. (Boxsize =80 (0.1mm), Shear cutoff = 200 (0.1mm)/s)

The Figure 3.8B illustrates the dependence of the optimal shear value on chemotactic

maximal speed. A natural conjecture is whether the combined effect of shear and chemo-

taxis is strongest at the threshold where the agent is just able to outswim the shear flow in

the neighborhood of the target. Indeed, if the shear becomes too strong it may nullify the

ability of the agent to benefit from the chemical signal even if it is perceptible. However if

this simple mechanism was indeed accurate, we should observe the decline in the optimal

shear value when chemotactic maximal speed declines. We could not isolate the parameter

regime where such phenomenon would be clearly observable. Apparently, the interaction
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between shear and chemotaxis is more nuanced and subtle. It appears that for the strong

and moderate values of chemotactic maximal speeds, the optimal shear values were com-

parable, in ∼ 0.06 − 0.3s−1 range. For the small values of maximal chemotactic speed,

the optimal shear value tended to go up, not down. For example, for the maximal speed

0.005mm/s, the optimal shear value is around 1.5s−1. The benefit of the shear flow appears

to outweigh inability of the agent to go against it for small values of maximal chemotactic

speed - up to a point. Very strong shears lead to expected times close to the effective 1D

problem for all values of maximal chemotactic speed (at least in the range considered in

this paper).

Figure 3.9: Boxsize is 80 (0.1mm), Shear cutoff is set to 200 (0.1mm)/s, and

chemotaxis sensitivity χ = 500 (0.1mm).

In Figure 3.9, we provide a different perspective on the same phenomena - here the

expected hitting time is plotted as a function of maximal chemotactic speed for different

values of shear rate. We see that initially increasing shear rate leads to decrease in the
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expected hit time, but then it starts going in the opposite direction for all but the smallest

values of the maximal chemotactic speed.

To further understand the optimal shear rate effect, we performed a numeric experiment

without Brownian motion: dXt

dYt

 =

 Au(Yt)

0

 dt+

 V (1)

V (2)

 dt; (3.3a)

V =(V (1), V (2)) = ϕ(χ|∇c|) ∇c
|∇c|

, −∆c+Au(y)∂xc = n− c. (3.3b)

This system involves the interaction of shear and chemotaxis only, and so it is deterministic.

Note that in (3.3), there is no guarantee that agent will find the target at all. The result

depends on the initial location of the agent. We consider a sample of agents equally spaced

along the vertical axis at x = 0 (recall that the target is located at (L/2, L/2)). Instead of

computing the search time, we find the percentage of agents that do hit the target within a

sufficiently large time frame. In Figure 3.10, we can see the vector fields near the egg with

different shear rates in a box of size 50 (0.1mm). The arrows in yellow represent vector field

created by shear flow, the arrow in red represent the vector field created by chemotaxis (note

that the effect of shear is still present when we numerically solved for chemical gradient),

and the arrows in blue present the sum of shear and chemoattrant vector fields.

The maximal agent success rate for this setup happens at values of shear similar to

the ones leading to smallest expected hitting time in the simulations with diffusion. In

Figure 3.11, we provide a comparison of simulations without and with diffusion for L =

50 (0.1mm), χ = 500 (0.1mm) and ‖ϕ‖∞ = 1.25 (0.1mm/s). In the simulation without

diffusion, we place one agent every 0.01 (0.1mm) distance apart, i.e, there are 2501 agent

sampling points in the interval [0, 25], and let them evolve according to the system (3.3) for

time 8000 s. Then we record the number of agents that successfully hit the target in this

time frame to obtain Figure 3.11. This simulation in deterministic system gives a natural

parallel to the phenomenon we observed in the stochastic system (Figure 3.6A). Moreover,

the optimal shear rates are similar in both cases, and the plateau effect is even more

pronounced in the deterministic case. Yellow dotted line denotes optimal configuration
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(A) Shear rate = 0.03 (s)−1 (B) Shear rate = 0.15 (s)−1

(C) Shear rate = 0.3 (s)−1(Optimal) (D) Shear rate = 0.6 (s)−1

Figure 3.10: Box size= 50 (0.1mm), Shear cutoff = 200 (0.1mm)/s, chemotaxis

sensitivity χ = 500 (0.1mm), chemotaxis cutoff ||ϕ||∞ = 1.25 (0.1mm)/s.

47



Figure 3.11: Box size = 50 (0.1mm). Shear cutoff is set to 200 (0.1mm)/s, chemo-

taxis sensitivity χ = 500(0.1mm), chemotaxis cutoff ||ϕ||∞ = 1.25 (0.1mm)/s.
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with shear rate 0.3 (s)−1. Thus these effects are intrinsic features of interaction between

shear flow and chemotaxis.

We also show sample trajectories of the agent right before hitting the target zone (Figure

3.12). When the shear rate is optimal (0.3 s−1), we observe that the searching agent can

turn around and approach the target zone. On the other hand, if the shear rate overpowers

the chemical attraction, the searching agent can be washed away even though it is right

next to the target.

To better understand what happens at shear rate values close to optimal, we plot several

graphs (Figure 3.13) that depict the probability distribution of the agent’s hitting points

on the surface of the target parameterized by the approach angle θ (with and without

chemotaxis and at different values of shear rate). The approach angle θ is defined as the

angle between the first hitting position of the target zone E and the positive direction of the

x-axis. To compute the approach angle from the discrete trajectory of the searching agent,

we identify the first position of the agent after entering the target zone. Then we interpolate

between this entering position and the agent’s previous position in the simulation. The

interpolation line will intersect the boundary of the egg zone at a point. The approach

angle is calculated using this intersection point.

At zero shear rate, the distribution of the approach angles is close to uniform both with

and without chemotaxis. For small values of shear rate, the distributions with and without

chemotaxis deviate from uniform and start to shift away from each other, although they

remain close. For the shear only case hitting the target on the side exposed to the shear

becomes more likely than on the protected down flow side, while the angle distribution

with chemotaxis begins to shift to the right compared to shear only. At near optimal shear

rates, we see an interesting phenomenon in that the peaks of angle distributions with and

without chemotaxis are clearly misaligned. Without chemotaxis, the peaks are around 70◦

and 250◦, which corresponds to the sides exposed to shear flow, and the minima are around

150◦ and 330◦ corresponding to the protected from shear sides of the target. Both maxima

and minima are more pronounced than when chemotaxis is present. With chemotaxis, the
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(A) Shear rate = 0.3 (s)−1(Optimal) (B) Shear rate = 3.0 (s)−1

(C) Shear rate = 0.03 s−1 (D) Shear rate = 0.6 s−1

Figure 3.12: Sample searching trajectories in a box of size 50 (0.1mm). Chemotaxis

sensitivity χ = 500 (0.1mm), chemotaxis cutoff ||ϕ||∞ = 1.25 (0.1mm)/s.
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(A) Shear rate = 0 s−1 (B) Shear rate = 0.03 s−1

(C) Shear rate = 0.3 s−1 (D) Shear rate = 3.0 s−1

Figure 3.13: The empirical distribution of the approach angles with and without

chemotaxis for varying shear rates
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maxima shift to about 120◦ and 300◦, which in fact lie on the down flow parts of the target

and are indicative of a large number of trajectories pulled towards the target even after

passing it but ending up in the attractive chemical cloud. The minima in the chemotactic

case are right around 0◦ and 180◦. At high shear rates, the angle distributions with and

without chemotaxis become aligned, with extremal points of the approach angle probability

distribution with chemotaxis pulled towards those without. This is indicative of a more

limited ability for the trajectories to come back from behind against the flow. Some trace

of this ability remains though, since although the variation in the probability distribution

grows for both cases, in the case with chemotaxis it is less pronounced - which corresponds

to more even distribution of hitting points on the surface of the target.

3.3.4 Chemotactic maximal speed vs sensitivity

We have also explored the role of two key parameters in our chemotaxis model: chemotactic

sensitivity and maximal speed cutoff ‖ϕ‖∞. For these simulations, we set shear rate to

zero. The main conclusion we can draw from these simulations is that increased sensitivity

appears to be more important for reduction of the expected hitting time than maximal

chemotactic speed cutoff.

In the Figure 3.14A, we fix the size of the torus to be 80 (0.1mm) and explore the

relationship between the average first hitting time and the maximal chemotactic speed cut-

off ||ϕ||∞ for different values of chemical sensitivity. We observe that the most of reduction

in the expected hitting time happens already before reaching the maximal chemotactic

speeds ∼ 0.05− 0.1 (0.1mm/s). The additional improvement throughout the tested speed

range of up to 0.125mm/s is marginal. It should be noted though that even marginal

improvement may be important when there is active competition between different agents.

On the other hand, Figure 3.14B shows that increase in chemical sensitivity throughout

the whole tested range continues to endow significant advantage to the agents with all but

the smallest maximal chemotactic speeds.
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(A)

(B)

Figure 3.14: Average first hitting time with varying chemical cut-off ϕ and chemical

sensitivity χ. Shear flow is not present.
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3.4 Mathematical Analysis: Main Results

Throughout this section, we assume the same setting as before: the search takes place on

a torus LT2 = [0, L)2. The target is a disc of radius δ located at (L/2, L/2). The agent

performs target search in shear flow aided by chemotaxis (of the same form as described

in (3.1b)). The only difference with the setting of numerical experiments is that we will

not in general assume a certain starting point for the search, but instead will consider

expected hitting times with arbitrary initial position. We also choose not to normalize any

parameters, and carry δ and ν through the estimates.

Let us consider the case of large A limit when chemotaxis is not present (and the box

size L is fixed). One expects that strong shear effectively reduces one dimension. The

result we state below is in the spirit of Freidlin-Wentzel theory [FW], is likely known and

is certainly in the folklore. However we could not find a convenient reference to quote and

include the proof for the sake of completeness.

When no chemical aggregation is present, i.e., χ = 0, the SDE for the searching agent

is simple, i.e.,  dXt

dYt

 =

 Au(Yt)

0

 dt+
√

2ν

 dB
(1)
t

dB
(2)
t

 , (3.4)

(Xt, Yt) =(x0, y0). (3.5)

Let E(x0,y0)TA2D be the expected time of the process (3.4) on torus T2 = [0, L)2 starting at

(x0, y0) to hit the target B((L/2, L/2); δ), namely,

E(x0,y0)TA2D = E(x0,y0) min
t
{t|(Xt, Yt) ∈ B((L/2, L/2); δ), (Xt, Yt) solves the SDE (3.4)}.

(3.6)

To capture the large shear behavior of the averaged first hitting time, we define the one-

dimensional first hitting time

T1D = min
t

{
t

∣∣∣∣Yt ∈ [L2 − δ, L2 + δ

]
, (Xt, Yt) solves (3.4).

}
. (3.7)
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As the shear strength A increases, one expects that the searching agent traverses the hori-

zontal direction fast, and ETA2D approaches ET1D.

Theorem 3.4.1. Consider the equation (3.4). Suppose the shear profile u(y) ∈ C2(T) is

such that u(L/2) = 0. Moreover, assume that

min
y∈[L/2−2δ,L/2+2δ]

|u′(y)| ≥ ud > 0. (3.8)

Then the average first hitting time E(x0,y0)TA2D (3.6) approaches Ey0T1D (3.7), i.e.,

lim
A→∞

E(x0,y0)TA2D = Ey0T1D. (3.9)

Remark. In our simulation, u(y) = sin(2π(y − L/2)/L), and ud ∼ L−1.

Remark. It is not hard to show that limA→∞ T
A
2D(ω) = T1D(ω) almost surely. Indeed, by

Blumenthal’s 0-1 law, if we let τ = inf{t ≥ 0 : Bt > 0}, then P0(τ = 0) = 1 see e.g. [Dur19].

So once we reach one of the levels y − L/2 = ±δ at T1D(ω), by almost sure continuity of

Brownian motion, with probability one there is an interval of times arbitrarily close to the

time T1D(ω) during which we will dip into the target zone |y − L/2| < δ. Thus as A→∞,

TA2D(ω) will converge to T1D(ω).

If there exists chemical attraction (χ 6= 0), the analysis is more involved. As the

magnitude of the shear flow Au(y) increases, the chemical gradient ∇c homogenizes in the

horizontal direction. Hence the attraction vector field V is also homogenized in the x-

direction. To explicitly capture the homogenization effect, we consider the elliptic equation

on (x, y) ∈ LT× LT:

−∆c+Au(y)∂xc = n− c. (3.10)

As before, we assume that the target density n is stationary and its support is localized

near the center of the torus, i.e.,

{y|(x, y) ∈ support{n}} = Bδ(L/2, L/2) (3.11)
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Moreover, the shear flow u(y) will be assumed to be strictly monotone in the neighborhood

of the support of n, i.e., satisfy (3.8).

Next we introduce the horizontal-homogenization. Functions f on LT × LT can be

decomposed into x-average 〈f〉 and the remainder f∼:

〈f〉(y) =
1

L

∫ L

0
f(x, y)dx, f∼(x, y) = f(x, y)− 〈f〉(y). (3.12)

The remainder of the chemical c∼ will be homogenized in the x-direction in the sense that

c∼, ∇c∼ decay to zero as A approaches infinity. The results are summarized in the next

theorem.

Theorem 3.4.2. Consider the solutions c to the equation (3.10). The shear flow profile

u ∈ C2(T) has only finitely many critical points and is non-degenerate in the sense that if

u′(y0) = 0 at a point y0, then u′′(y0) 6= 0. Further assume that the shear profile is strictly

monotone near the egg zone (3.8) and the egg density is localized (3.11). Then the chemical

density c∼ and its derivatives up to the second order are approaching zero as A approaches

infinity, i.e.,

||∂ixc∼||∞ ≤
C| logA|||∂ixn∼||∞

A2/3
, ||∂jx∂yc∼||∞ ≤

C| logA|2||∂jx∇n∼||∞
A1/6

, i ∈ {0, 1, 2}, j ∈ {0, 1}.

(3.13)

Here the constant C depends on the parameters ν, L.

Now we consider the convergence of the average first hitting time in the full generality

(χ 6= 0). We use the notation TA;χ
2D to denote the first hitting time of the SDE (3.1), namely,

TA;χ
2D = min

t
{t|(Xt, Yt) ∈ B((L/2, L/2); δ), (Xt, Yt) solves the SDE (3.1)}. (3.14)

Next we define the effective 1D system

dYt = V
(2)

eff dt+
√
νdBt, V

(2)
eff = ϕ(χ|∂y〈c〉|)

∂y〈c〉
|∂y〈c〉|

, Y0 = y0. (3.15)

Observe that 〈c〉(y) solves a simple PDE

∂2
y〈c〉 = 〈n〉 − 〈c〉.
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We define the 1D-first hitting time as follows

Tχ1D = min
t

{
t

∣∣∣∣Yt ∈ [L2 − δ, L2 + δ

]
, Yt solves (3.15).

}
. (3.16)

Theorem 3.4.3. Consider the dynamics (3.1). Assume that the density n ∈ C2(T2), and

the cutoff function ϕ(·) ∈ C2(R+) vanishes at the origin, i.e., ϕ(0) = 0. The shear profile

u ∈ C2(T) satisfies all assumptions in Theorem 3.4.1 and 3.4.2. Then the expected first

hitting time E(x0,y0)TA;χ
2D (3.14) approaches the expected 1D-first hitting time Ey0Tχ1D (3.16)

as the magnitude A tends to infinity, i.e.,

lim
A→∞

E(x0,y0)TA;χ
2D = Ey0Tχ1D, ∀(x0, y0) ∈ (LT)2. (3.17)

3.5 Proof of Theorem 3.4.1

If χ = 0, it is well known how to calculate the expected first hitting time Ey0T1D (3.7).

Since only the y-component of the agent’s position determines whether the agent hit the

target region
[
L
2 − δ,

L
2 + δ

]
, it is enough to consider the SDE dYt =

√
2νB

(2)
t . The agent

starts at y0, and performs the Brownian motion
√

2νdBt on [0, L) with periodic boundary

conditions until it hits the interval [L2 −δ,
L
2 +δ]. We can recast this problem equivalently as

the exit time from [−L/2 + δ, L/2− δ] for a Brownian particle starting at y0 (without loss

of generality we assume that y < L/2). The expected first exit time is well known and can

be computed explicitly; we provide a brief sketch of the argument. First recall the Dynkin

formula ([Øks03]): for f ∈ C2
0 , suppose τ is a stopping time, Ey0 [τ ] <∞, then

Ey0 [f(Yτ )] = f(y0) + Ey0
[∫ τ

0
Hf(Ys)ds

]
, (3.18)

where in our case

dYt =
√

2νdBt, Hf = ν∂yyf, Y0 = y0. (3.19)

To apply the formula, we consider the solution f to the partial differential equation:

ν∂yyf = −1, f

(
±L

2
∓ δ
)

= 0. (3.20)
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Combining the equation and the formula (3.18), we have obtained the relation

0 = Ey0 [f(Yτ )] = f(y0) + Ey0
[∫ τ

0
Hf(Ys)ds

]
= f(y0)− Ey0 [τ ] , (3.21)

which in turn yields that

f(y0) = Ey0 [τ ]. (3.22)

Directly solving the equation yields that

Ey0T1D = Ey0 [τ ] = f(y0) = − 1

2ν
y2

0 +
1

2ν

(
L

2
− δ
)2

. (3.23)

Now we prove Theorem 3.4.1.

Proof of Theorem 3.4.1. For simplicity, we will provide below an argument for the agent

starting at (0, 0). It can be generalized to (x0, y0) with y0 /∈ [L2−δ,
L
2 +δ] in a straightforward

manner. For y0 ∈ [L2−δ,
L
2 +δ], the argument is similar, but extra modifications are required.

We will comment on the adjustments at the end of the proof.

First note that the expected 2D hitting time is larger than the 1D hitting time. This can

be seen through considering the y-component. If Yt does not reach the region [L2 −δ,
L
2 +δ],

then the agent does not find the target. Hence the 2D hitting time is bounded below by

the 1D hitting time.

To derive an upper bound, let us focus on the searching strips

S+ =

{
(x, y)

∣∣∣∣y ∈ [L2 + δ − 2A−1/3,
L

2
+ δ

]}
and S− =

{
(x, y)

∣∣∣∣y ∈ [L2 − δ, L2 − δ + 2A−1/3

]}
.

These two strips are adjacent to the boundary of the target zone y = L
2 ± δ. Due to our

assumptions u(L/2) = 0 and (3.8), and assuming that A is sufficiently large, for the values

of y within the searching strips S± the magnitude of the velocity u has a lower bound. We

denote it by

um := min
y∈S±

|u(y)| ≥ δud
2

> 0. (3.24)
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Figure 3.15: Setup

Denote the center levels of S± as y± = L
2 ± δ ∓A

−1/3 respectively.

The expectation of the first hitting time τ0 of the second component getting from (0, 0)

to one of the center levels y± can be explicitly computed similarly to (3.23). Applying the

formula analogous to (3.23) but replacing L/2− δ with L/2− δ +A−1/3, we obtain that

E[τ0] =
1

2ν

(
L

2
− δ +A−1/3

)2

. (3.25)

The two hitting times (3.23)y0=0, (3.25) differ by a small term of order O(A−1/3).

Once the agent hits one of the center levels of either S+ or S−, we will focus on that

specific strip. Without loss of generality, we assume that the agent first reaches y+. If A

is very large, there is a high chance that the agent will hit the target before it exits the

strip S+. Indeed, if the agent remains for time τ in ≥ 2L
Aum

inside S+, it has enough time to

traverse the entire torus and hit the target. On the other hand, by the reflection principle

(see, e.g., equation (3.8) in [Dur96]), we have that

P
(
τ in ≤ 2L

Aum

)
= 2P

(√
νB 2L

Aum

≥ A−1/3
)
.

Since E[(Bt)
2] = t, the following estimate holds:

P
(
τ in ≤ 2L

Aum

)
≤ 2P

(√
νB 2L

Aum

≥ A−1/3
)
≤ 2

E
[(
B 2L
Aum

)2
]

ν−1A−2/3
≤ 4νL

A1/3um
.

Another possibility is that the τ in ≥ 2L
Aum

, but the agent does not traverse through

all the searching strip. The probability of this event is again small. Denoting Xe as the
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entering position and denoting dR as the distance on the universal cover R of the torus T,

we estimate the probability as follows,

P
(
τ in ≥ 2L

Aum
, dR(X 2L

Aum

, Xe) ≤ L
)
≤ P

(√
νB 2L

Aum

≥ L
)
≤ 2ν

AumL
.

We define the event

Fi :=

{
τ in ≤ 2L

Aum

}
∪
{
τ in ≥ 2L

Aum
, dR(X 2L

Aum

, Xe) ≤ L
}
. (3.26)

We observe that F ci guarantees a success in the i-th trip to S±.

P(Fi) ≤ P
({

τ in ≤ 2L

Aum

})
+ P

({
τ in ≥ 2L

Aum
, dR(X 2L

Aum

, Xe) ≤ L
})
≤ 4νL

A1/3um
+

2ν

AumL
.

(3.27)

Now in the event Fi we wait for time τ out till the agent gets back either to the level y+

or y−. For simplicity we can ignore the option of reaching y− and focus just on y+. Since

at the stopping time τ in, the agent is at the boundary of S+, analogously with the previous

1D argument, we can compute the expectation of time τ out by solving the boundary value

problem

νf ′′(z) = −1, f(z = 0) = f(z = L) = 0,

where E[τ out] = f(A−1/3). Solving for f yields

f(z) =
1

2ν
(−z2 + Lz),

and thus E[τ out] = 1
2ν (LA−1/3 − A−2/3). Now we can iterate, and by Markov property we

obtain

E(x0,y0)[TA2D] ≤E[τ0] + P (F c1 )
2L

Aum
+ P (F1)

(
E[τ out] + P (F c2 )

2L

Aum

)
+ P (F1)P (F2)

(
E[τ out] + P (F c3 )

2L

Aum

)
+ ...

=E[τ0] + P (F c1 )
2L

Aum
+
∞∑
i=1

 i∏
j=1

P (Fj)

(E[τ out] + P
(
F ci+1

) 2L

Aum

)
.
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Using our estimates on E[τ out], and the fact that P(Fi) < 1 for sufficiently large A (3.27),

we find that

E(x0,y0)[TA2D] ≤E[τ0] + C

(
L

νA1/3
+

2L

Aum

)
≤E[τ0] +O(A−1/3) = Ey0 [T1D] +O(A−1/3).

Thus the upper bound approaches Ey0 [T1D] as A→∞.

Finally, we comment on the case where the starting position is in the egg zone level,

i.e., y0 ∈ [L/2− δ, L/2 + δ]. In this case, the 1-dimensional first hitting time is zero. Hence

the goal is to show that the average 2-dimensional first hitting time converges to zero as

A→∞. We distinguish between two possible cases: case a) y0 ∈ [L/2− δ, L/2 + δ]\[L/2−

A−1/5, L/2 +A−1/5]; case b) y0 ∈ [L/2−A−1/5, L/2 +A−1/5].

In the first case, without loss of generality, we focus on the upper component y0 ∈

(L/2 + A−1/5, L/2 + δ]. We redefine the searching strip to be S+ := [y0 − 2A−1/3, y0],

and note that the center level of S+ is y+ := y0 − A−1/3. Applying the same argument

as before, we have that the average first hitting time from y0 to y+ is bounded above by

Eτ0 ≤ CA−1/3. Inside the searching strip S+, the assumptions u(L/2) = 0, and (3.8) yields

that the absolute value of fluid velocity has positive lower bound if A is large enough, i.e.,

Aum :=A min
y∈S+

|u(y)| ≥ Aud(A−1/5 − 2A−1/3) ≥ A4/5ud/2.

Similarly to the previous argument, we consider the events Fi := {τ in ≤ 4L
A4/5ud

} ∪ {τ in ≥
4L

A4/5ud
, dR(X 4L

A4/5ud

, Xe) ≤ L}, which are adjustments to definition (3.26). Then the prob-

ability of Fi can be estimated as follows. First of all,

P
(
τ in ≤ 4L

A4/5ud

)
≤ 2P

(√
νB 4L

A4/5ud

≥ A−1/3

)
≤ 2

E

[(
B 4L

A4/5ud

)2
]

ν−1A−2/3
≤ 8νL

A2/15ud
.

Then

P
(
τ in >

4L

A4/5ud
, dR(X 4L

A4/5ud

, Xe) ≤ L
)
≤ P

(√
νB 4L

A4/5ud

≥ L
)
≤ 4ν

A4/5udL
.
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Hence,

P(Fi) ≤
8νL

A2/15ud
+

4ν

A4/5udL
.

Thus limA→∞ P(Fi) = 0. Now the same iterative argument as above yields the result

0 ≤ E(x0,y0)[TA2D] ≤E[τ0] + P (F c1 )
2L

A4/5ud/2
+
∞∑
i=1

 i∏
j=1

P (Fj)

(E[τ out] + P
(
F ci+1

) 2L

A4/5ud/2

)

≤C(ν, L, ud)A
−2/15.

Therefore, limA→∞ E(x0,y0)[TA2D] = 0.

If y0 ∈ [L/2 − A−1/5, L/2 + A−1/5], then we define the searching strip to be S :=

[L/2 + A−1/5 − 2A−1/3, L/2 + A−1/5]. The average first hitting time from the starting

position to the center level y+ := L/2 +A−1/5−A−1/3 is bounded by E[τ0] ≤ CA−1/5. The

speed of the shear inside the searching strip is bounded from below by CudA
4/5. Now the

same argument as above completes the proof.
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Chapter 4

Pheromone Effect on Reactions between

rho-GDPase and rho-GTPase

The Rho GTPase Cdc42 is a central regulator of cell polarity in diverse cell types. Our

understanding of the mechanisms underlying Cdc42 polarization has benefited largely from

studies of the budding yeast Saccharomyces cerevisiae, a genetically tractable model organ-

ism. In budding yeast, Cdc42 activation occurs in two temporal steps in the G1 phase of

the cell cycle to establish a proper growth site. While budding allows yeast to reproduce

asexually, yeast cells can also reproduce sexually by mating. This occurs when one cell of

each sex split off of the main cell, join together, mate and then move apart again. Yeast

cells reliably decode gradients of extracellular pheromones to find their mates, which involve

two steps. First, cells bias orientation of initial polarity up-gradient, even though they have

unevenly distributed receptors. To achieve this, they measure the local fraction of occupied

receptors, rather than absolute number. However, this process is error-prone, and subse-

quent exploratory behavior of the polarity factors corrects initial errors via communication

between mating partners. The mobile polarity sites convert the difficult problem of spatial

gradient decoding into the easier one of sensing changes in local pheromone levels. This

work proves the global well-posedness of this simple model of this process in three differ-

ent situations, model without diffusion, with diffusion in dimension one, with diffusion in

dimension two. As far as we know, the global existence of such PDE is known only under

the assumption of small initial datum. In torus with dimension d ≤ 2 we can prove the

well-posedness result for any initial datum.
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4.1 Motivation and Related Results

The two-species mass-conserved activator-substrate (MCAS) system consists of two partial

differential equations (PDEs) governing the kinetics of the slowly diffusing activator u

(GTP-bound GTPase on the membrane) and the rapidly diffusing substrate v (GDP-bound

GTPase in the cytoplasm). In general, this system has the following form in 1D (see

[CRE+18]):

∂u

∂t
= F (u, v) + k∆u,

∂v

∂t
= −F (u, v) + kv∆v.

(4.1)

Here, k refers to the diffusion of u, kv refers to the diffusion of v. These two diffusion

constants usually differ by two orders to magnitude. F (u, v) describes the biochemical

interconversions between u and v, given in the form:

F (u, v) = f(u)v − g(u)u.

The positive feedback (i.e. conversion from inactive GDPase to active GTPase with

energy) is denoted by f(u)v, while the negative feedback (i.e. conversion from active

GTPase to inactive GDPase without energy) is denoated by g(u)u. Examples of F (u, v)

includes the simple Turing-type model:

f(u) = ãu2, g(u) = b; (4.2)

Goryachev’s (see [GP08])

f(u) = ãu2 + cu, g(u) = b;

and (see [OIC+07])

f(u) = 1, g(u) =
b

1 + u2
.

Above systems are appropriate when modelling asexual yeast reproduction. As presented

in [CRE+18], any steady states with more than one peak are unstable independent of

the form of F (u, v). This analysis is confirmed as one usually only observe one bud in

yeast asexual production [CRE+18]. To extend understanding to sexual reproduction; we
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simplify the polarization process of two budding yeast to only one budding yeast response

to a pheromone signal. We apply a modification to the simple Turing-type model and add

a pheromone profile α̃f(x) that depends on location and we obtain the following system:

∂u

∂t
= (ãu2 + α̃f(x))v − bu+ k∆u,

∂v

∂t
= −(ãu2 + α̃f(x))v + bu+ kv∆v.

(4.3)

In (4.3), ã, b, α̃, k, kv are constants. ã is the reaction activation constant, b is the reaction

depletion constant, α̃ is the overall pheromone strength, k is the diffusion coefficient for u,

and kv is the diffusion coefficient for v. f(x) is a bounded smooth non-negative function

that describes the pheromone level at different locations.

We assume that rho-GDPase diffuses infinitely fast, i.e, kv approaches ∞. Since the

total mass of rho-GTPase and rho-GDPase is reserved, M =
∫

(u(·, t) + v(·, t))dx is a

constant, then we can obtain the following equation (4.4) that describes the activator-

substrate reaction between these two substances. The setting we have is x ∈ Td when

dimension d = 1, 2, with periodic boundary condition.

∂u

∂t
= (ãu2 + α̃f(x))

1

|D|

(
M −

∫
D
udx

)
− bu+ k∆u (4.4)

In (4.4), |D| is the measure of the domain, M is the total mass. We are interested in the

non-negative solution u with
∫
udx ≤ M for all time. Since we have two scales: time and

length, we can non-dimensionalize (4.4) to be:

∂u

∂t
= (au2 + αf(x))

(
M −

∫
D
udx

)
− u+ ∆u, (4.5)

where depletion rate and diffusion coefficient are normalized to 1, and 1
|D| gets absorbed

into ã and α̃. There is much literature on regularity of solution for similar equations, but

we could not locate references dealing directly with (4.5). The novel feature of (4.5) comes

from the infinite diffusion coefficient of rho-GDPase, which makes it non-local. In [Bia19],

the author presented global existence result to a similar equation for sufficiently small and

non-negative initial data. In this chapter, we will present regularity result for (4.5) in Td,

with d = 1, 2 for any non-negative smooth initial data.

65



4.2 Global Regularity

In this section, we look at (4.5) with diffusion and without diffusion. When there is no

diffusion with d = 1, 2, we can show that u is smooth for all finite time 0 ≤ t ≤ T < ∞.

With diffusion in 1D, uniform in time global bound is proven while with diffusion in 2D,

global regularity with possible growth is shown.

4.2.1 Without diffusion

We start with the case without diffusion. Consider the following equation:

∂u

∂t
= (au2 + αf(x))

(
M −

∫
Td
udx

)
− u. (4.6)

Theorem 4.2.1. Suppose u(t, x) is a non-negative solution to (4.6) with dimension d = 1, 2

and periodic boundary condition. a, α,M are constants, and f(x) is a smooth non-negative

function. If u0(x) is a smooth initial profile, then u(t, x) stays smooth for all finite time

0 ≤ t ≤ T <∞.

Proof. We first show some a-priori bounds on u, namely that, all Sobolev norms of u are

controlled by L∞ norm. It is clear that on a bounded domain, L∞ norm controls all other

Lp norms. Multiplying (4.6) by (−∆)su and integrating, we get

∂t||u||2Hs ≤ C |
∫
u2 · (−∆)sudx|︸ ︷︷ ︸

I

−
∫
u(−∆)sudx︸ ︷︷ ︸
||u||2Hs

+αM |
∫
f(−∆)sudx| (4.7)

The last term can by controlled by αM ||D2sf ||L1 ||u||L∞ (moving all derivatives to f).

Term I can be represented by a sum of integrals of the type
∫
DluDs−luDsudx, where

l = 0, . . . , s. In 1D, D = ∂x. Then with Hölder’s inequality and Gagliardo–Nirenberg

interpolation inequality with dimension d = 1, 2, we can bound them by:∫
DluDs−luDsudx ≤ C||Dlu||p||Ds−1u||q||Dsu||2 with

1

p
+

1

q
+

1

2
= 1

||Dlu||p ≤ C||Dsu||α2 ||u||1−α∞
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||Ds−lu||q ≤ C||Dsu||β2 ||u||
1−β
∞

In 1D, α = 2(−1+lp)
p(−1+2s) and β = 2(−1+(s−l))q

q(−1+2s) , and α+ β = 2(1
p + 1

q ) = 1.

In 2D, α = −2+lp
p(−1+s) and β = −2+(s−l)q

q(−1+s) , and α+ β = 2(1
p + 1

q ) = 1. Then∫
DluDs−luDsudx ≤ C||Dlu||p||Ds−1u||q||Dsu||2 ≤ C||u||2Hs ||u||∞.

Substituting back into (4.7) gives:

∂t||u||2Hs ≤ (C||u||∞ − 1)||u||2Hs + αM ||D2sf ||L1 ||u||L∞ .

Hence we only need to investigate if ||u||∞ norm blows up. Suppose the first time of blow

up of ||u||∞ happens at time T .

Consider ρ = e−t

1+u , then ρ satisfies the following equation:

∂ρ

∂t
= −(ae−t − 2aρ+ aρ2et + αf(x)ρ2et)

(
M −

∫
udx

)
− ρ2et. (4.8)

Then at time T , ρ will reach 0 at some point. We will show that this will not happen by

contradiction. For simplicity, let us focus on d = 1. From (4.8), we see that ρ is decreasing

for all times, therefore ρ is bounded from above by ||ρ0||∞. Now we take a derivative with

respect to x to obtain:

∂x∂tρ = −
(
M −

∫
udx

)(
−2a∂xρ+ 2aetρ∂xρ+ αρ2et∂xf + 2αρetf(x)∂xρ

)
− etρ∂xρ

Then it is clear to see that for all x:

∂t|∂xρ| ≤ C0(T ) + C1(T )|∂xρ|

By Gronwall’s inequality, we can see that |∂xρ| is bounded for any finite time t ≤ T . We

can take another derivative in x and obtain:

∂xx∂tρ =−
(
M −

∫
udx

)
(−2a∂xxρ+ 2aetρ∂xxρ+ 2aet(∂xρ)2 + αρ2et∂xxf + αρet∂xf∂xρ

+ 2αρetf(x)∂xxρ+ 2αetf(x)(∂xρ)2 + 2αρet∂xf∂xρ)− etρ∂xxρ− et(∂xρ)2

Boundedness of ρ along with control of |∂xρ| give:

∂t|∂2
xxρ| ≤ C2(T ) + C3(T )|∂xxρ|.
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By Gronwall’s inequality again, one gets that |∂2
xxρ| is bounded for any finite time t ≤

T . One can effectively continue this calculation and get that all derivatives in space are

bounded for t ≤ T . Since blow up happens for the first time at time T , then ρ(xB, T ) reaches

0 at some point xB. There can be many such points, but let us focus on one of them. Due

to control of ∂x|ρ| and ∂2
xx|ρ|, we have ρ(x, T ) ≤ C(T )|x − xB|2 by Taylor expansion.

Observe that ρ(x, t) → ρ(x, T ) monotonically for every x. Therefore, as u = 1
etρ − 1, we

have u(x, t) → u(x, T ) (including when u(x, t) = ∞). Then we have u(x, T ) = 1
eT ρ
− 1 ≥

1
eT |x−xB |2

− 1. Then by Fatou’s lemma, we have

M ≥ lim inf
t−>T

∫
u(x, t)dx ≥

∫
lim inf
t−>T

u(x, t)dx =

∫
u(x, T )dx ≥

∫
C|x− xB|−2dx =∞

(4.9)

which is a contradiction. Therefore, we cannot have such finite time blow up. Note that

this argument above works both in 1D and 2D, only the argument yielding control of the

derivatives of ρ needs a minor adjustment.

4.2.2 With diffusion in 1D

Now we turn out attention to the system with diffusion in 1D:

∂u

∂t
= (au2 + αf(x))

(
M −

∫
D
udx

)
− u+

∂2u

∂x2
(4.10)

We will show that this system stays regular with diffusion as well.

Theorem 4.2.2. Suppose u is a non-negative solution to (4.10) with dimension d = 1

and periodic boundary condition. a, α,M are constants, and f(x) is a smooth non-negative

function. If u0(x) is a smooth initial profile, then u(x, t) stays smooth for all time. ie,

Sobolev norms ||u||Hs with s > 0 are uniformly bounded for all time.

Proof. First we show that ||u||2 is bounded: multiply both sides by u and integrate, we

have ∫
u
∂u

∂t
dx =

∫
u(au2 + f(x))

(
M −

∫
D
udx

)
dx−

∫
u2dx+

∫
u
∂2u

∂x2
dx
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1

2
∂t

∫
u2dx ≤

∫
au3dx−

∫
u2dx−

∫
(ux)2dx+M ||f ||∞ (4.11)

Using Gagliardo-Nirenberg-Sobolev inequality (see eg.[DG95]) gives:

||u||L3 ≤ C||u||5/9
L1 ||ux||

4/9
L2 (4.12)

Substituting (4.12) into (4.11) gives (note that the constant C changes from line to line):

1

2
∂t

∫
u2dx ≤ C

(∫
udx

)5/3(∫
u2
xdx

)2/3

−
∫
u2dx−

∫
u2
xdx+M ||f ||∞

≤ C

3

(∫
udx

)5

+
2

3

(∫
u2
xdx

)
−
∫
u2dx−

∫
u2
xdx+M ||f ||∞

≤ −1

3

(∫
u2
xdx

)
−
∫
u2dx+M ||f ||∞ + CM5

(4.13)

Note that in the second inequality above, we used Young’s inequality ab ≤ ap

p + bq

q with

p = 3, q = 3
2 . Then we know that ||u||L2 is globally bounded by Gronwall-type estimate.

Moreover, from (4.13), we can see that ||u||2 is in fact uniformly bounded by M ||f ||∞+CM5

since if ||u||2 ever crosses this bound for the first time at t0, ∂t||u||2 becomes negative, which

implies before t0, ||u||2 lies above M ||f ||∞ + CM5 already. We arrive at a contradiction.

Therefore, ||u||2 is uniformly bounded for all time.

Next, we estimate higher order Sobolev norms. In fact, in 1D, this can be done using just

L1 norm, but we are going to use L2 norm for convenience as we have shown it remains

bounded. Multiplying (4.5) by (−∆)su and integrating, we get

∂t||u||2Hs ≤ C |
∫
u2 · (−∆)sudx|︸ ︷︷ ︸

I

−
∫
u(−∆)sudx︸ ︷︷ ︸
||u||2Hs

−||u||2Hs+1 + αM |
∫
f(−∆)sudx| (4.14)

The last term can by controlled by αM ||f ||H2s ||u||L2 (moving all derivatives to f). Term I

can be represented by a sum of integrals of the type
∫
DluDs−luDsudx, where l = 0, . . . , s.

In 1D, D = ∂x. Then with Hölder’s inequality and Gagliardo–Nirenberg interpolation

inequality with dimension n = 1, we can bound them by:∫
DluDs−luDsudx ≤ C||Dlu||p||Ds−1u||q||Dsu||2 with

1

p
+

1

q
+

1

2
= 1

≤ C||u||
2− 3

2(s+1)

Hs+1 ||u||
1+ 3

2(s+1)

L2

(4.15)
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Here we deploy the Gagliardo Nirenberg inequalities ||Dsu||L2 = ||u||Hs ≤ ||u||
1
s+1

L2 ||u||
s
s+1

Hs+1 ,

||Dlu||p ≤ C||u||1−α
L2 ||Ds+1u||αL2 , with α =

l+ 1
p
− 1

2

s+1 , and ||Ds−lu||q ≤ C||u||1−β
L2 ||Ds+1u||β

L2 ,

with β =
s−l+ 1

q
− 1

2

s+1 . Substituting gives (note that the constant C changes from line to line):

∂t||u||2Hs ≤ C||u||
2− 3

2(s+1)

Hs+1 ||u||
1+ 3

2(s+1)

L2 − ||u||2Hs − ||u||2Hs+1 + αM ||f ||H2s ||u||L2

≤ 4s+ 1

4s+ 4
||u||2Hs+1 − ||u||2Hs+1 +

3C

4s+ 4
||u||

4s+10
3

L2 − ||u||2Hs + αM ||f ||H2s ||u||L2

(4.16)

where we use young’s inequality ab ≤ ap

p + bq

q with p = 4s+4
4s+1 , and q = 4s+4

3 .

Therefore, we have ||u||Hs is globally bounded for all time. Note that since ||u||2 is uniformly

bounded, ||u||Hs is also uniformly bounded for all time.

4.2.3 With Diffusion in 2D

The equation that we are interested in is given by:

∂tu = au2(M −
∫
udx) + αf(x)(M −

∫
udx)− u+ ∆u (4.17)

Theorem 4.2.3. Suppose u is a non-negative solution to (4.17) with dimension d = 2

and periodic boundary condition. a, α,M are constants, and f(x) is a smooth non-negative

function. If u0(x) is a smooth initial profile, then u(x, t) stays smooth for any finite time,

that is, Sobolev norms ||u||Hs with s > 0 are bounded for any time 0 < t ≤ T <∞.

Proof. First we derive an a-priori estimate. Note that∫ T

0

∫
∂tudxdt =

∫ T

0

∫ (
au2(M −

∫
udx) + αf(x)(M −

∫
udx)− u+ ∆u

)
dxdt

(4.18)

gives (in the following calculations, the constant C changes from line to line):∫ T

0

∫ (
au2(M −

∫
udx)

)
dxdt ≤

∫
udx+MT (4.19)

Then multiplying (4.17) by (−∆)su and integrating in x, we obtain

∂t||u||Hs ≤ −||u||2Hs+1 − ||u||2Hs + a(M −
∫
udx)

∫
u2(−∆)sudx︸ ︷︷ ︸

I

+αM ||f ||Hs ||u||Hs (4.20)
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The integral I is a sum of terms of the form:
∫
DluDs−luDsudx, and l = 0, . . . , s. We

estimate it as follows:∫
DluDs−luDsudx ≤ C||u||Hs ||Dlu||p||Ds−l||q with

1

p
+

1

q
+

1

2
= 1

≤ C||u||Hs ||u||αHs+1 ||u||1−αL2 ||u||βHs+1 ||u||1−βL2

≤ C||u||L2 ||u||Hs ||u||Hs+1 .

(4.21)

Here we use Gagliardo Nirenberg inequalities for n = 2: ||Dlu||p ≤ C|u||αHs+1 ||u||1−αL2 with

α =
l+1− 2

p

s+1 , and ||Ds−l||q ≤ C||u||β
Hs+1 ||u||1−βL2 with β =

s−l+1− 2
q

s+1 . α + β = 1. Substituting

it back into (4.20) gives:

∂t||u||2Hs ≤ −||u||2Hs+1 − ||u||2Hs + Ca

(
M −

∫
udx

)
||u||L2 ||u||Hs ||u||Hs+1 + αM ||f ||Hs ||u||Hs

≤ CMa

(
M −

∫
udx

)
||u||2L2 ||u||2Hs +

1

2
||u||2Hs+1 − ||u||2Hs+1 − ||u||2Hs + αM ||f ||Hs ||u||Hs

≤ CMa

(
M −

∫
udx

)
||u||2L2 ||u||2Hs −

1

2
||u||2Hs+1 + αM ||f ||Hs ||u||Hs

(4.22)

where in the second line, we used the inequality: 2ab ≤ εa2 + 1
ε b

2. Then by Gronwall’s

inequatlity, we get

||u||Hs ≤ ||u(0)||Hsexp

(
CM

∫ T

0

∫
au2

(
M −

∫
udx

)
dxdt+

∫ T

0
αM ||f ||Hsdt

)
+ C

(4.23)

From (4.19), we know that ||u||Hs is bounded for any finite t ≤ T <∞.
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Chapter 5

Mathematical Modeling of Rhesus

Cytomegalovirus (RhCMV) Placental

Transmission in Seronegative Rhesus

Macaques

Approximately 1 in 200 infants is born with congenital cytomegalovirus (CMV), making it

the most common congenital infection. About 1 in 5 congenitally-infected babies will suffer

long-term sequelae, including sensorineural deafness, intellectual disability, and epilepsy.

CMV infection is highly species-dependent, and the Rhesus CMV (RhCMV) infection of

rhesus monkey fetuses is the only animal model that replicates essential features of congeni-

tal CMV infection in humans, including placental transmission, fetal disease, and fetal loss.

To better understand the determinants and dynamics of congenital CMV transmission,

we developed a mathematical model for placental transmission, comprising of maternal,

placental, and fetal compartments using human cohort parameters from literature and ex-

perimental data from RhCMV seronegative rhesus macaques inoculated with RhCMV at

6-8 weeks of pregnancy. The model was then used to study the differences between pri-

mary and reactivated chronic maternal CMV infection, the timing of inoculation, and the

effects of maternal immune suppression and hyper-immune globulin infusion on the risk of

placental transmission.
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5.1 Motivation and Related Results

Cytomegalovirus, or CMV, is the causative agent for of the most common human congeni-

tal infection and can result in multiple long-term deficits in infants, especially neurological

defects and hearing loss. Congenital CMV occurs in 0.7% of all pregnancies [DGR07] and is

the main cause of genetic hearing loss, permanent sensory nerve and neurocognitive impair-

ment in infants worldwide. Primary infection with CMV during pregnancy can result in

transmission rates above 30%, but the transmission rate of congenital CMV is less than 2%

among mothers with reactivated chronic infection. Species-specific CMV infections results

in species-specific pathology, and only non-human primate CMV models have recapitulated

the neurological deficits seen in congenital human CMV infections [BTT+15]. This model

has been used to demonstrate the importance of maternal CD4+ T cell and pre-existing

antibodies in prevention of fetal transmission and disease [BTT+15, NCT+17]. The need to

use experimental non-human primate models such as the Rhesus CMV macaque (Macaca

mulatta) to perform relevant proof-of-concept studies of the determinants of congenital

CMV transmission and disease poses a major challenge to understanding and developing

effective therapies to prevent this disease.

There have only been a limited number of previously published work on the mathemat-

ical modeling of CMV infection. Kepler et al developed a system of ordinary differential

equations (ODE) to model CMV infection or reactivation in solid organ transplant recipi-

ents who are given immunosuppressive therapy[KBDR09]. The paper focused on the effect

of the level of immune suppression on the viral load. Bryan et al developed several deter-

ministic model of the cytolytic immune pressure during primary CMV infection to predict

the dynamics of oral shedding [MMC+16], as well as stochastic model to simulate early

stages CMV infections in infants.

Yet, none of these models directly model the process of CMV transmission from the

maternal blood across the placenta to the fetus, which we believe to be essential for simu-

lating therapeutic interventions to prevent congenital infection. In this paper, we develop

a mathematical model for CMV transmission that encompasses host-virus dynamics in the
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mother, placenta, and fetus. This model allows us to explore the interaction of immune

control of virus in the mother, virus clearance in the placenta, placental growth, and im-

mune interventions (CD4+ T cell depletion or hyperimmune globulin therapy) to predict

the number of transmitted viruses, timing of infection, and overall risk of congenital infec-

tion in the fetus. This is a model for better understanding/designing HCMV studies based

on small NHP intervention studies, while minimizing the use of resource-intensive NHPs.

5.2 Materials and methods

5.3 Experimental procedure

The model was calibrated using data from primary RhCMV infection of seronegative Rhe-

sus macaque dams [BTT+15, NCT+17]. In these experiments, twelve pregnant RhCMV

seronegative rhesus macaques were assigned to an immunocompetent group (n=3) or an

immune-suppressed group (n=9). The immune-suppressed group was depleted of their

CD4+ T cell via anti-CD4 monoclonal antibody infusion prior to inoculation. Both groups

of macaques were inoculated with RhCMV at 7.7-9.0 weeks of pregnancy, and RhCMV

viral loads in maternal plasma and fetal amniotic fluid were measured longitudinally using

quantitative PCR. We consider transmission happens when fetal amniotic fluid tests posi-

tive. Two of three of the immunocompetent group animals have detectable RhCMV DNA

in amniotic fluid [BTT+15]. All 9 CD4+ T cell depleted animals had detectable RhCMV

DNA in amniotic fluid, indicating 100% placental transmission [BTT+15, NCT+17]. The

experimental measurements are presented in Fig. 5.1.

Model Structure

Maternal compartment

To model immune and viral dynamics in the mother, we use a model originally developed

for CMV infection in kidney transplant recipients on immune suppression [KBDR09]. This
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Figure 5.1: Plasma CMV viral loads in two groups of infected rhesus macaques

(immunocompetent and CD4+ T cell depleted).

model builds on the standard virus dynamics model[FGH07], with an additional term reg-

ulating the degree of immune suppression. The model structure is shown in Figure 5.2, and
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can be written as a system of ordinary differential equations (ODE):

dV/dt = nδRI − cV − fkRSV,

dE/dt = (1− εS)

(
λE

(
1− E

e

)
E + ρV

)
,

dRI/dt = kRSV − δRI − (1− εS)mERI + α0RL − κRI ,

dRS/dt = λ

(
1− RS

rS

)
RS − kRSV,

dRL/dt = λ

(
1− RL

rL

)
RL + κRI .

(5.1)

In the ODE system (5.1), V denotes viral load (free virus) per µl-blood, E denotes

virus-specific immune effector cells per µl-blood, RI , RS , and RL denotes actively infected,

susceptible cells, and latently infected cells per µl-blood respectively. A description of all

model parameters is given in Table. 5.1.

Figure 5.2: Schematic diagram of key processes in model of HCMV infection.
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Placental compartment

We model the transmission of CMV through the placenta as a diffusion process with decay.

While physical diffusion is an unrealistic physical model for CMV in the placenta, we treat

this as a phenomenological representation intended to capture the coarse grain dynamics

of placental transmission. Similar PDE models have been shown to accurately capture the

dynamics of HIV passage across the urogenital mucus epithelium [AK18]. For simplicity,

we assume homogeneous dynamics in the radial directions and model diffusion through

the placental depth-wise as a 1D diffusion process, from maternal blood lake to the fetal

circulation. This gives:

∂Q

∂t
= D

∂Q2

∂x2
− µQ. (5.2)

with boundary conditions:

Q = 0, x = 0, t ≥ 0, (5.3)

Q = V (t), x = l, t ≥ 0, (5.4)

and initial condition:

Q = 0, 0 < x < l, t = 0. (5.5)

Here, Q denotes the concentration of CMV. Constant D denotes the diffusion coefficient.

Constant µ denotes the death rate of the CMV. The boundary conditions assume that the

virus concentration at the maternal-placental interface is the same as the viral concentration

in maternal blood, and that once a virus crosses the placenta into the fetus, it is carried

away rapidly by the fetal blood flow.

With simplified versions of these boundary conditions (e.g., maternal viral concentration

is constant or can be approximated by a simple polynomial, (5.2) - (5.5) can be solved

analytically using Fourier series to obtain a closed form solution. This analytic solution is

used to verify the correctness of numerical simulations needed for more complex maternal

viral load dynamics.
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The number of viruses that enter the infant, denoted by C,is estimated by:

C =

∫ T

0
D
∂Q

∂x

∣∣∣∣
x=0

G(t)dt, (5.6)

where G(t) refers to the growth curve of placenta throughout pregnancy. Here we assume

that G(t) has the form of a logistic curve in the range where we have data points, and has

a linear expression that connects to the origin:

G(t) =


a

1+e−(b(t−c)) , if t ≥ 40;

g · t, if 0 ≥ t ≤ 40

(5.7)

By treating the viral flux

Figure 5.3: Growth function G(t) for placenta surface area over time with data from

[VWCNB65].

λ(t) := D
∂Q

∂x
(0, t)G(t) (5.8)

as the rate for an inhomogeneous Poisson point process, we can obtain the time that each

virus arrives in the fetal compartment.

Fetal compartment

We model the arrival and subsequent fate of each CMV virion that arrives in the fetus using

a stochastic process to accurately reflect the dynamics of small populations. Since we only
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Figure 5.4: Inhomogeneous Poisson sampling from the viral flux.

model the early infection dynamics in the fetus, we assume that the number of susceptible

cells is constant. Once the virus enters a susceptible cell, we consider two stochastic models

for the subsequent dynamics, with and without latent viral infection stages:

Model 1: Susceptible cell with latent stage:

S + V −→ L with c1 = βSV,

L −→ φ with c2 = d,

L −→ I with c3 = α,

I −→ φ with c4 = d,

I −→ I + V with c5 = ω,

V −→ φ with c6 = γ.

(5.9)

Model 1 corresponds to a target-cell limitation model given in [MMC+16], which has a

reproductive number R0 given by:

R0 =
βS0ω

cd(1 + γ
α)

= 1.02. (5.10)
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Model 2: Susceptible cell without latent stage:

S + V −→ I with c1 = βSV,

I −→ φ with c2 = d,

I −→ I + V with c3 = ω,

V −→ φ with c4 = γ.

(5.11)

Model 2 corresponds to a target infectiion virus model given in [Per02], which has a repro-

ductive number R0 given by:

R0 =
βS0ω

cd(1 + βS0

c )
= 1.25. (5.12)

For each virion, we choose between Model 1 and 2 as follows: Assuming that the ratio

between the susceptible cells that go through latent stage and the susceptible cells that

become infected cells is r : (1− r), we draw a uniform random variable s between 0 and 1,

and if s < r, we run model 1 given by Equation (5.9), else if s > r, we run model 2 given by

(5.11) (In our sample runs, we use r = 0.5). Since we assume that the number of susceptible

cells remains constant over the period of interest, we do not allow the production and death

of susceptible cells, i.e., S = S0 and then βS = βS0 is a constant 0.0012 (virions · day)−1.

With the arrival time of each virus, we run the Gillespie algorithm [Gil76] to simulate

viral dynamics in the fetus, and define a fetus as infected once the viral load exceeds a

prespecified threshold. Repeated runs of simulations then yield a distribution for the time

of infection and the probability of trans-placental transmission.

Model calibration

Maternal compartment

We used the parameters for human CMV infection given in Kepler et al [KBDR09] as initial

guesses, we kept tH (Half-life of virions), Ẽ (Equilibrium level of CMV-specific effector

cells), and Ṽ (Equilibrium level of virions) fixed. When we perform parameter estimation

for immunocompetent rhesus macaques, we set εS (Level of immune suppression) to be 0.

80



The remaining parameters for the ODE system were estimated using nonlinear mixed

effects regression, as implemented in the Monolix software (version 2020R2, Lixoft)[Lix18].

Monolix uses Stochastic Approximation Expectation Maximization (SAEM) to perform

parameter estimation [DLM99], and can accommodate the use of viral loads below the limit

of detection (left censoring) and different error models. Population parameter estimates for

both the control and immune suppressed grouped described by ODE system Equation (5.1)

are summarized in Table. 5.1.

Figure 5.5: Interpolation and ODE fits for RhCMV seronegative rhesus macaque

dams following primary RhCMV infection.
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Placental compartment

We first estimate the growth curve for the placenta given by Equation (5.7). Using the data

from [VWCNB65] for pregnant rhesus macaques, we fitted a logistic function to obtain Fig.

5.3 with a = 132434, b = 0.028, c = 90 g = 666.93.

For boundary conditions on the maternal-placental interface, we need to estimate a

continuous function from discrete experimental measures of viral load over time. Where

there are sufficient data points, we fit the experimental measures directly using Piecewise

Cubic Hermite Interpolating Polynomial (PCHIP) interpolation [FC80]. Unlike the more

commonly used cubic spline interpolation, PCHIP avoids overshoots and can accurately

connect the flat regions without creating artificial oscillations. For rhesus macaques with

insufficient data points, we use the ODE model proposed by [KBDR09] to obtain a smooth

trajectory for each animal, as well as population fits for immunocompetent and CD4+ T

cell depleted dam groups using a nonlinear mixed effect model.

For the PDE Equation (5.2), we used the diffusion coefficient of HIV through stroma

as our D [AK18]. We observe from the experimental data that all fetal infections occurred

within 2-4 weeks after the mothers are infected with RhCMV. Using this, we can approxi-

mate the distance l that the virus needs to travel. The diffusion coefficient determines the

time it takes a solute to diffuse a given distance in a medium:

t ≈ l2

2 ·D
.

Then we have:

l ≈
√

2 · t ·D ≈ 0.6 mm.

We can also calibrate µ in (5.2) using the experimental data so that the probability of

placental RhCMV transmission for immunocompetent rhesus macaques using stochastic

simulation is between 30% to 40%, and we obtain µ = 1 (day)−1.
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Fetal compartment

For the stochastic simulation of the fate of CMV arrivals in the fetus given by Equations

(5.9) and (5.11), all parameters are from [MMC+16] and [MKS+17]. These parameters are

shown in Table 5.2.

We treat the viral flux at the placental-fetal boundary as an arrival rate of new virus

particles into the fetus. By treating the arrivals as an inhomogeneous Poisson process, we

can obtain the arrival times for each virus. Fig. 5.4 shows the viral flux functions and

simulated arrival times corresponding to population fits of immunocompetent and CD4+

T cell depleted rhesus macaques.

Results

Probability of trans-placental transmission

Since viruses arriving in the fetus may be cleared without leading to sustained infection,

we define trans-placental transmission to have occurred when more than M = 800 copies

of RhCMV are in the fetus at a given time, and define the time from maternal inoculation

with virus to this event as the time to transmission. This threshold is calculated using limit

of detection of CMV at 100 copies/ml [BTT+15] and blood volume of rhesus macaques at

60.9 mL/kg [HBP+15] and fetus weight at 0.144 kg [VWCNB65] around day of gestation of

100 where all the congenital infections including reactivated chronic infections would have

happened [BTT+15]. While the threshold is arbitrary, our simulations show that once this

threshold is crossed, spontaneous clearance of virus is extremely unlikely.

We first estimate the probability p that a single replicating virus that passes through the

placenta will lead to sustained infection. Assuming that virus replication can be modeled

as a continuous time branching process, and that any virus that does not go extinct will

eventually replicate till it exceeds M , p can be calculated as from the target infection virus
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model derived in [YCM16]

p =
d(R0 − 1)

ω
, (5.13)

with R0 given by Equation (5.12). Alternatively, we can also run stochastic simulations

to directly estimate the value of p. Using stochastic simulation is more realistic since we

can estimate the probability of viruses count reaching a specified threshold value for M,

as well as incorporate the switching between models with (Equations (5.9)) and without

(Equations (5.11)) latent stages with initial values S0 = 4 · 108, L0 = 0, I0 = 0, V0 = 1, we

run Gillespie algorithm 106 times with two stopping criteria:

• 1. No more viruses, latent cell, or infected cells are left (no persistent infection);

• 2. Viruses count has reached M copies (persistent infection).

Then, if we consider that every virus can cause persistent infection independently, we

can estimate on the probability of infection if N viruses travel through the placenta as:

P = 1− (1− p)N . (5.14)

As a result, we can obtain a cumulative probability over time since we can calculate the

number of viruses using (5.8):

P (t) = 1− (1− p)N(t), N(t) =

∫ t

0
λ(τ)dτ. (5.15)

This is a heuristic estimate since there can be multiple viruses that enter the fetus

around the same time, which could increase the infection rate.

Primary and reactivated chronic maternal RhCMV infections

We simulate reactivated chronic maternal RhCMV infection by running (5.1) for an ex-

tended period until the viral dynamics approach equilibrium. We can then compare the

transmission probabilities between primary and reactivated chronic infections in Fig. 5.9.
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Figure 5.6: Probability of placental transmission of RhCMV following primary

infection of immunocompetent and CD4+ T cell depleted dams.

For both immunocompetent and CD4+ T cell depleted rhesus macaques, the risk of con-

genital CMV following primary maternal infection is much higher than that following re-

activated chronic infection.

Immune suppression increase likelihood of placental transmis-

sion

As explained in [BTT+15], maternal CD4+ T cell plays a crucial role against severe con-

genital CMV disease in their nonhuman primate model of placental CMV transmission.

Moreover, [LKR+13] demonstrated the importance of the maternal CD4+ T cell responses

in human. Our model echos this study and shows that level of immune suppression level

in general strongly influences the probability of placental transmission. From experimental

data, we observe that the CD4+ T cell depleted group of rhesus macaque dams have much

higher plasma viral load. Therefore, we observe more virus entering the infant during preg-
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Figure 5.7: Probability of placental transmission of reactivated chronic RhCMV

infections during different trimesters of pregnancy.

nancy. As expected, we observe a much higher probabilities of placental transmission for

CD4+ T cell depleted dam group. In Fig. 5.6, we can see that our calibrated model predicts

that the probability of RhCMV infection for immunocompetent rhesus macaque dams is

12%, and the probability of CMV infection for CD4+ T cell depleted rhesus macaque dams

is 90%.

Inoculation in different trimesters

In humans, it has been observed that the risk of congenital CMV following primary in-

fection is 30-40% in the first and second trimesters, but rises to 40-70% in the third

trimester [PVFC+13]. We observe this same phenomenon in our model when we shift

86



Figure 5.8: Probability of placental transmission of reactivated chronic maternal

RhCMV infections during different trimesters of pregnancy.

the time of viral inoculation from t = 0, t = 55 and t = 110 days, corresponding to first,

second and third trimester infections in the Rhesus macaque model, which has an average

gestation period of 166 days [VWCNB65]. The model suggests that most, if not all, of

the increase in risk with later trimesters can be attributed to the growth of the placenta

inducing a larger viral flux on the placenta-fetus boundary, and a correspondingly higher

probability of trans-placental transmission as shown in Fig. 5.9 and Fig. 5.10. While we

cannot exclude that changes in the immune milieu also play a role [MSS+21], the model

provides a parsimonious explanation that is obvious in hindsight.
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Figure 5.9: Probability of immunocompetent mothers placental transmission of

primary RhCMV infections during different trimesters of pregnancy.

Prevention of Congenital Cytomegalovirus Infection with Hy-

perimmune Globulin following primary maternal infection

Postinfection Hyperimmune Globulin infusion was shown to reduce rates of placental HCMV

transmission in several nonrandomized small-scale clinical trials [NALTB05, VMM+12]

and case-controlled studies [NAP+12, MNT+10]. However, in a large-scale, randomized,

placebo-controlled trial [RLG+14], the use of HIG after primary maternal CMV infection

showed no efficacy. We can also extend (5.15) to evaluate the utility of HIG infusion at

different times following primary maternal CMV infection at preventing congenital CMV
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Figure 5.10: Probability of placental RhCMV transmission after primary infections

during different trimesters of pregnancy in CD4+ T cell depleted dams.

infection:

P (t) = 1− (1− p)N(t), N(t) =

∫ t

0
λ(τ)H(τ)dτ,

H(τ) =


1, if τ < Tinj

(1− εeff), if T ≥ Tinj

(5.16)

In the above equation, Tinj refers to the time of HIG injection, and εeff refers to the assumed

effectiveness of HIG treatment. This simple model assumes that HIG maintains the same

efficacy for all time, so overestimates the utility in the real world, where HIG concentrations

in plasma would diminish over time. The reduction in predicted risk of fetal CMV infection

with different time and effectiveness of HIG infusion for immunocompetent and CD4+ T

89



cell depleted immune suppressed hosts are shown in Tables. 5.3 and 5.4 respectively. Our

simulations suggest that HIG infusion for immunocompetent hosts has little utility if given

later than two weeks from maternal infection. As maternal CMV infection is frequently

asymptomatic, diagnosis is dependent on seroconversion, which takes at least 2 weeks,

indicating that HIG delivery based on serologic diagnosis is unexpected to prevent cCMV

transmission.

Discussion

The determinants of congenital CMV transmission are challenging to study experimentally,

as only the RhCMV non-human primate (NHP) model recapitulates the features of human

congenital CMV placental transmission and fetal neurologic disease. These experiments

are extremely costly and time-consuming, and hence need to be designed to maximize

the generation of new knowledge. The mathematical model for the placental transmission

of CMV we describe here can serve as an in silico experimental system, facilitating the

generation and identification of the most promising hypotheses for validation in RhCMV

experiments.

Our mathematical model for placental transmission considers CMV dynamics in the

mother, the placenta, and the fetus. Each of these three physical compartments has its

own unique characteristics that require a different mathematical framework to adequately

represent. We also describe how we link the dynamics across physical compartments by

careful consideration of conditions at the boundaries. Finally, we consider the simple fact

that the placenta is growing throughout pregnancy, and incorporate this growth curve into

the model framework.

We then calibrated the model using data from RhCMV experiments that compared the

risks of placental RhCMV transmission for immunocompetent and CD4+ T cell depleted

hosts. These experiments collected longitudinal measurements of the viral load in maternal

plasma and fetal amniotic fluid, allowing us to also estimate the time that transmission oc-
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curred in cases where the fetus was infected. Using the calibrated model, we then simulated

the dynamics of placental RhCMV transmission under several scenarios, and compared the

risks of transmission with reactivated chronic versus primary maternal infection, with pri-

mary infection at different stages of pregnancy, and with immune suppression or immune

augmentation by HIG infusion following primary maternal infection. For each scenario,

the model predicts the probability of infection, as well as the most likely time window for

congenital infection to occur, and an estimate of the number of potential founder viruses

that cross the placenta.

The mathematical model and the in silico simulation is, of course, a highly simplified

representation of an incredibly complex system. However, we believe that it is useful as it

captures the major determinants of RhCMV transmission and can recapitulate experimental

and clinical observations. For example, the model predicts that the number of transmitted

founder viruses is typically small, consistent with studies of viral genomics in infected fetuses

[RGB+13]. The model also predicts that delayed infusion of HIG more than 2 weeks after

primary maternal infection has little effect in preventing congenital CMV transmission

among immunocompetent hosts, consistent with the negative results of a recent clinical

trial [HCR+21] where expectant mothers infected before 23 weeks’ gestation were given

monthly HIG infusions starting from serologic diagnosis of primary CMV infection based

on low avidity CMV-specific IgG responses, which take at least 2 weeks to develop. With

better experimental data, the model can be easily extended to include more mechanistic

hypotheses, for example, to model the effect of vaccination or specific immune mechanisms

that serve as barriers to placental transmission that are currently represented by a simple

linear decay. We believe that this model will serve as a foundation for more realistic

mechanistic models that will be useful for understanding and developing and de-risking

clinical trials of interventions to prevent congenital CMV infection.
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Table 5.1: ODE Model parameter estimates

Parameter Immunocompetent CD4+ Depl Units

ρ 2 3 cells/(virions · day)

n 6 · 101 6 · 101 cells/µl-blood

δ 7.8 · 10−1 1.4 · 10−1 day−1

c 1.5 · 10−1 2.8 · 10−1 day−1

k 2.6 · 10−4 4.5 · 10−4 µl/(virions · day)

m 8.3 · 10−2 3.2 · 10−3 µl/(cells · day)

α0 1.7 · 10−2 1 · 10−1 µl/(cells · day)

κ 5.5 · 10−1 1.4 · 10−3 µl/(cells · day)

λE 3.1 · 10−4 4.5 · 10−4 day−1

λ 1 · 10−3 7.1 · 10−4 day−1

e 18 4 cells/µl-blood

εS 0 7.9 · 10−1 -

f 1.4 1 · 10−1 -

rS 5 · 102 6 · 102 cells/µl-blood

rL 4 · 10−2 7 · 10−2 cells/µl-blood

tH 2 2 days

tD 11.5 1 days

Ẽ 10 10 cells/µl-blood

Ṽ 2 · 10−2 2 · 10−2 virions/µl-blood
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Table 5.2: Stochastic simulation parameter estimates

Parameter Value Units

S0 4 · 108 cells

L0 1 cells

I0 0 cells

V0 0 virions

γ 1/4.5 cells/day

β 3 · 10−12 1/(virions· cells· day)

α 1 day

d 0.77 cells/day

ω 1600 1/(virions· day)

c 2 virion/day

Table 5.3: Probability of placental transmission with HIG treatment for immuno-

competent group

Tinj εeff = 100% εeff = 75% εeff = 50%

Not Treated 13.00% 13.00% 13.00%

Day 21 11.36% 11.82% 12.27%

Day 14 6.24% 8.05% 9.78%

Day 7 0.02% 3.48% 6.83%

5.4 Analytical Solution to Diffusion Equation with

Varying Boundary Condition

Here we present how to obtain the analytical solution to the (5.17) when the the clearance

rate µ and diffusion coefficient D are constants. Formally, we have:

∂Q

∂t
= D

∂Q2

∂x2
− µQ, (5.17)
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Table 5.4: Probability of placental transmission with HIG treatment for CD4+ T

cells depleted group

Tinj εeff = 100% εeff = 75% εeff = 50%

Not Treated 92.08% 92.08% 92.08%

Day 21 80.70% 84.60% 87.67%

Day 14 7.00% 49.71% 72.85%

Day 7 0.02% 46.90% 71.87%

with boundary conditions:

c = c1(t), x = 0, t ≥ 0, (5.18)

c = Vm(t), x = l, t ≥ 0, (5.19)

and initial condition:

c = f(x), 0 < x < l, t = 0. (5.20)

A change of variable q = Qeµt turns (5.17) into the following form:

∂q

∂t
= D

∂q2

∂x2
. (5.21)

with boundary conditions:

q = c1(t)eµt = b1(t), x = 0, t ≥ 0, (5.22)

q = Vm(t)eµt = b2(t), x = l, t ≥ 0, (5.23)

and initial condition:

q = f(x), 0 < x < l, t = 0. (5.24)

We assume the solution to be of the partitioned form:

q(x, t) = s(x, t) + v(x, t).

Then we have,

st + vt = Dsxx +Dvxx. (5.25)
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Translating the boundary/initial conditions gives:

s(x, 0) + v(x, 0) = f(x),

s(0, t) + v(0, t) = b1(t),

s(l, t) + v(l, t) = b2(t).

We assume s(x, t) to be linear in x but time-dependent, so the general form of s(x, t) is:

s(x, t) = a(t)x+ b(t). (5.26)

Hence,

sxx = 0.

With s(0, t) and s(l, t) we get:

b(t) = b1(t),

a(t)L+ b(t) = b2(t),

a(t) =
b2(t)− b1(t)

l
.

Plugging in to (5.26) gives

s(x, t) =
b2(t)− b1(t)

l
x+ b1(t).

From (5.25) and sxx = 0, we get:

vt = Dvxx − st.

We solve the homogeneous equation first:

vt = Dvxx,

with boundary conditions:

v(0, t) = 0, v(l, t) = 0.

Using the Ansatz:

v(x, t) = X(x)T (t),
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and use separation of variables gives

1

D

T ′

T
=
X ′′

X
= −m2.

ODE for X(x):

X ′′ +m2X = 0, X = c1 cosmx+ c2 sinmx

With boundary conditions:

c1 = 0

m =
nπ

l
, n = 1, 2, 3....

Xn(x) = sin
(nπx

l

)
Now for the non-homogeneous PDE:

vt = Dvxx − st

With boundary/initial conditions:

v(0, t) = 0, v(l, t) = 0

v(x, 0) = f(x)− s(x, 0)

Assume the solution to be of the form:

v(x, t) =

+∞∑
n=1

Tn(t)Xn(x)

st =
b′2(t)− b′1(t)

l
x+ b′1(t) = −

+∞∑
n=1

Qn(t)Xn(x)

Qn(t) = −
∫ l

0 stXn(x)dx∫ l
0 Xn(x)Xn(x)dx

Our solution must of course obey the original equation, so:

∂

∂t

+∞∑
n=1

Tn(t)Xn(x) = D
∂2

∂t2

[
+∞∑
n=1

Tn(t)Xn(x)

]
+

+∞∑
n=1

Qn(t)Xn(x)

We know that:

X ′′n(x) = −m2Xn(x)
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So:
+∞∑
n=1

T ′n(t)Xn(x) =
+∞∑
n=1

−Dm2Tn(t)Xn(x) +
+∞∑
n=1

Qn(t)Xn(x)

+∞∑
n=1

[T ′n(t) +Dm2Tn(t)]Xn(x)] =
+∞∑
n=1

Qn(t)Xn(x)

So that:

T ′n(t) +Dm2Tn(t) = Qn(t)

Solve with an integration factor to obtain:

Tn(t) = e−Dm
2t

∫ t

0
eDm

2τQn(τ)dτ + Cne
−Dm2t.

Using the initial condition:

v(x, 0) = f(x)− s(x, 0) =
+∞∑
n=1

Tn(0)Xn(x) =
+∞∑
n=1

CnXn(x),

Therefore, we obtain:

Cn =

∫ l
0 [f(x)− s(x, 0)]Xn(x)dx∫ l

0 Xn(x)Xn(x)dx
.
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vista Matemática Iberoamericana, 36(2):357–386, 2019.

[RGB+13] Nicholas Renzette, Laura Gibson, Bornali Bhattacharjee, Donna Fisher,
Mark R Schleiss, Jeffrey D Jensen, and Timothy F Kowalik. Rapid in-
trahost evolution of human cytomegalovirus is shaped by demography and
positive selection. PLoS genetics, 9(9):e1003735, 2013.

[RKZ04] Jeffrey A Riffell, Patrick J Krug, and Richard K Zimmer. The ecological
and evolutionary consequences of sperm chemoattraction. Proceedings of the
National Academy of Sciences, 101(13):4501–4506, 2004.

[RLG+14] Maria Grazia Revello, Tiziana Lazzarotto, Brunella Guerra, Arsenio Spinillo,
Enrico Ferrazzi, Alessandra Kustermann, Secondo Guaschino, Patrizia Ver-
gani, Tullia Todros, Tiziana Frusca, et al. A randomized trial of hyperim-
mune globulin to prevent congenital cytomegalovirus. New England Journal
of Medicine, 370(14):1316–1326, 2014.

[RMCD+94] Dina Ralt, Mira Manor, Anat Cohen-Dayag, Ilan Tur-Kaspa, Izhar Ben-
Shlomo, Amnon Makler, Izhak Yuli, Jehoshua Dor, Shmaryahu Blumberg,
Shlomo Mashiach, et al. Chemotaxis and chemokinesis of human spermato-
zoa to follicular factors. Biology of reproduction, 50(4):774–785, 1994.

103



[RZ07] Jeffrey A Riffell and Richard K Zimmer. Sex and flow: the consequences
of fluid shear for sperm–egg interactions. Journal of Experimental Biology,
210(20):3644–3660, 2007.

[SBH19] Z Schuss, K Basnayake, and D Holcman. Redundancy principle and the
role of extreme statistics in molecular and cellular biology. Physics of life
reviews, 28:52–79, 2019.

[SP06] Susan S Suarez and AA Pacey. Sperm transport in the female reproductive
tract. Human reproduction update, 12(1):23–37, 2006.

[SW12] Victor Sourjik and Ned S Wingreen. Responding to chemical gradients:
bacterial chemotaxis. Current opinion in cell biology, 24(2):262–268, 2012.

[TGU+09] Maria E Teves, Hector A Guidobaldi, Diego R Uñates, Raul Sanchez, Werner
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