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Abstract

For high-stakes decision domains, such as healthcare, lending, and criminal justice, the
predictions of deployed models can have a huge impact on human lives. The understanding
of why models make specific predictions is as crucial as the good performance of these models.
Interpretable models, constrained to explain the reasoning behind their decisions, play a
key role in enabling users’ trust. They can also assist in troubleshooting and identifying
errors or data biases. However, there has been a longstanding belief in the community that
a trade-off exists between accuracy and interpretability. We formally show that such a
trade-off does not exist for many datasets in high-stakes decision domains and that simpler
models often perform as well as black-boxes.

To establish a theoretical foundation explaining the existence of simple-yet-accurate
models, we leverage the Rashomon set (a set of equally well-performing models). If the
Rashomon set is large, it contains numerous accurate models, and perhaps at least one of
them is the simple model we desire. We formally present the Rashomon ratio as a new
gauge of simplicity for a learning problem, where the Rashomon ratio is the fraction of all
models in a given hypothesis space that is in the Rashomon set. Insight from studying
the Rashomon ratio provides an easy way to check whether a simpler model might exist
for a problem before finding it. In that sense, the Rashomon ratio is a powerful tool for
understanding when an accurate-yet-simple model might exist. We further propose and
study a mechanism of the data generation process, coupled with choices usually made by
the analyst during the learning process, that determines the size of the Rashomon ratio.
Specifically, we demonstrate that noisier datasets lead to larger Rashomon ratios through
the way practitioners train models. Our results explain a key aspect of why simpler models
often tend to perform as well as black box models on complex, noisier datasets.

Given that optimizing for interpretable models is known to be NP-hard and can require
significant domain expertise, our foundation can help machine learning practitioners assess
the feasibility of finding simple-yet-accurate models before attempting to optimize for them.

We illustrate how larger Rashomon sets and noise in the data generation process explain
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the natural gravitation towards simpler models based on the dataset of complex biology.
We further highlight how simplicity is useful for informed decision-making by introducing
sparse density trees and lists — an accurate approach to density estimation that optimizes

for sparsity.
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1. Introduction

The increasing availability of complex datasets, especially in high-stakes decision domains
such as criminal justice, healthcare, and lending, underscores the importance of bridging
the gap between data complexity and the human ability to understand these data. The
guality of insights derived during the initial analysis can aid in mitigating potential biases,
outliers, or errors and help in the decision-making process. Simpler or interpretable machine
learning models can not only help in making these insights clearer but also can enable trust
in arti cial intelligence systems (Rudin, 2019).

As models that are inherently contained so that their reasoning is understandable to
humans, interpretable models are easier to troubleshoot, provide truthful and complete
explanations, and facilitate interactions with domain experts which can lead to a better model
in the end. However, due to the belief in the trade-o between accuracy and interpretability,
often the black-box complex models are used in high-stakes decision domains. In this
dissertation, we show that by carefully studying data and data generation processes, machine
learning practitioners can make better, more informed decisions regarding complex datasets

in high-stakes decision domains.

1.1 Larger Rashomon Sets Contain Simple-yet-Accurate Machine
Learning Models

Following the principle of Occam's Razor, one should use the simplest model that explains
the data well. However, nding the simplest model, let alone any simple-yet-accurate model,
is hard. As soon as simplicity constraints such as sparsity are introduced, the optimization
problem for nding a simpler model typically becomes NP-hard. Thus, practitioners who
have no assurance of nding a simpler model that achieves the performance level of a black
box may not see a reason to attempt such potentially di cult optimization problems.
Thus, sadly, what was once the holy grail of nding simpler models, has been, for the most
part, abandoned in modern machine learning. Therefore, we ask a question that is essential,

and potentially game-changing, for this discussion: what if we knew, before attempting a



computationally expensive search for a simpler-yet-accurate model, that one was likely to
exist? Perhaps knowing this would allow us to justify the time and expense of searching
for such a model. If it is true that many data sets have properties to admit simple models,
then there are important implications for society it means we may be able to use simpler
or interpretable models for many high-stakes problems without losing accuracy.

Proving the existence of simpler models before aiming to nd them di ers from the
current approach to machine learning in practice. We generally do not think about going from
more complicated spaces to simpler ones; in fact, the reverse is true, where typical statistical
learning theory and algorithms allowed us to maintain generalization when handling more
complicated model classes (e.g., large margins for support vector machines with complex
kernels or large margins for boosted trees) (Cortes & Vapnik, 1995; Schapire et al., 1998).
We even build neural networks that are so complex that they can achieve zero training error,
and try afterwards to determine why they generalize (Belkin et al., 2019; Nakkiran et al.,
2021). However, because simple models are essential for many high-stakes decisions (Rudin,
2019), perhaps we should return to the goal of aiming directly for simpler models. We will
need new ideas in order to do this.

Decades of study about generalization in machine learning have provided many di erent
mathematical theories. Many of them measure the complexity of classes of functions without
considering the data (e.g., VC theory, Vapnik, 1999), or measure properties of specic
algorithms (e.g., algorithmic stability, see Bousquet & Elissee , 2002). However, none of
these theories seems to capture directly a phenomenon that occurs throughout practical
machine learning. In particular, there are a vast number of data sets for which many standard
machine learning algorithms perform similarly In these cases, the machine learning models
tend to generalize well Furthermore, in these same caseghere is often a simpler model
that performs similarly and also generalizes well

We hypothesize that these three observations can all be explained by the same phe-
nomenon: the Rashomon E ect, which is the existence of many almost-equally-accurate

models (Breiman, 2001). Firstly, if there is a largeRashomon setof almost-equally-
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Figure 1.1 : An illustration of a possible Rashomon set in two dimensional hypothesis
spaceF . Models below the gray plane belong to the Rashomon sése:(F; ), where the
height of the gray plane is adjusted by the Rashomon parameter de ned in Section 2.2.

accurate models (Figure 1.1), a simple model may also be contained in it. Secondly, if the
Rashomon set is large, many di erent machine learning algorithms may nd di erent but
approximately-equally-well-performing models inside it. An experimenter could then observe
similar performance for di erent types of algorithms that produce very di erent functions.
Thirdly, if the Rashomon set is large enough to contain simpler models, those models
are guaranteed to generalize well. As we will show in Chapter 3, there are mathematical
assumptions that allow us to prove the existence of simpler models within the Rashomon
set. If the assumptions are satis ed, a model from a simpler class is approximately as
accurate as the most accurate model within the hypothesis space, which consequently leads
to better generalization guarantees. The assumptions are based in approximation theory,
which models how one class of functions can approximate another.

We quantify the magnitude of the Rashomon E ect through the Rashomon ratig which
is the ratio of the Rashomon set's volume to the volume of the hypothesis space. An
illustration of the Rashomon set is shown in Figure 1.1; it does not need to be a connected or
convex set. The Rashomon ratio can serve as a gauge of simplicity for a learning problém.
As a property of both a data set and a hypothesis space, it di ers from the VC dimension

(Vapnik & Chervonenkis, 1971) (because the Rashomon ratio is speci ¢ to a data set), it

! Such measures are typically called complexity measures, but the Rashomon ratio measures simplicity,
not complexity.



di ers from algorithmic stability (see Kearns & Ron, 1999; Rogers & Wagner, 1978) (as
the Rashomon ratio does not rely on robustness of an algorithm with respect to changes
in the data), it di ers from local Rademacher complexity (P. L. Bartlett et al., 2005) (as

the Rashomon ratio does not measure the ability of the hypothesis space to handle random
changes in targets and actually bene ts from multiple similar models), and it di ers from
geometric margins (Vapnik, 1999) (as the maximum margin classi er can have a small
minimum margin yet the Rashomon ratio can be large, and margins are measured with
respect to one model, whereas the Rashomon ratio considers the existence of many). We
provide theorems that show simple cases when the Rashomon ratio disagrees with these
complexity measures.The Rashomon set is not just functions within a at minimum; it
could consist of functions from many non- at local minima as illustrated in Figure 2.1, and

it applies to discrete hypothesis spaces where gradients, and thus sharpness (Dinh et al.,
2017) do not exist. For linear regression, we derive a closed form solution for the volume of
the Rashomon set in parameter space in Theorem 8 in Chapter 3.

Our theory and empirical results have implications beyond cases where the size of the
Rashomon set can be estimated in practice: they suggest computationally inexpensive ways
to gauge whether the Rashomon set is large without directly measuring itln particular, our
results indicate that when many machine learning methods perform similarly on the same
data set (without over tting), it could be because the Rashomon set of the functions these
algorithms consider is large. Thus, after running di erent machine learning methods and
observing similar performance, our results indicate that it may be worthwhile to optimize

directly for simpler models within the Rashomon set.

1.2 There is no Simplicity-Accuracy Trade-off for a lot of High-
Stakes Decision Datasets

A key question in determining the existence of simpler models is to understand why
and when the Rashomon E ect happens. This is a di cult question, and there has been

little study of it. The literature on the Rashomon E ect has generally been more practical,



showing either that the Rashomon E ect often exists in practice (D'Amour et al., 2022;
Semenova et al., 2022; Teney et al., 2022), showing how to compute or visualize the set of
good models for a given dataset (Ahanor et al., 2023; Dong & Rudin, 2020; Fisher et al.,
2019; Mata et al., 2022; Wang et al., 2022; Xin et al., 2022; Yan & Zhang, 2022; Zhong et al.,
2023), or trying to reduce underspeci cation by learning a diverse ensemble of models (Y.
Lee et al., 2023; Ross et al., 2020). However, no prior works have focused on understanding
what causes this phenomenon in the rst place.

Our thesis is that noise is both a theoretical and practical motivator for the adoption
of simpler models. In most of the cases, we refer to noise in the generation process that
determines the labels. In noisy problems, the label is more di cult to predict. Data about
humans, such as medical data or criminal justice data, are often noisy because many things
worth predicting (such as whether someone will commit a crime within 2 years of release
from prison, or whether someone will experience a medical condition within the next year)
have inherent randomness that is tied to random processes in the world (Will the person
get a new job? How will their genetics interact with their diet?). It might sound intuitive
that noisy data would lead to simpler models being useful, but this is not something most
machine learning practitioners have internalized even on noisy datasets, they often use
complicated, black-box models, to which post-hoc explanations are added. We show how
practitioners who understand the bias-variance trade-o naturally gravitate towards more
interpretable modes in the presence of noise.

We propose apath which begins with noise, is followed by decisions made by human
analysts to compensate for that noise, and that ultimately leads to simpler models. In
more detail, our path follows these steps: 1) Noise in the world leads to increased variance
of the labels. 2) Higher label variance leads to worse generalization (larger di erences
between training and test/validation performance). 3) Poor generalization from the training
set to the validation set is detected by analysts on the dataset using techniques such as
cross-validation. As a result, the analyst compensates for anticipated poor test performance

in a way that follows statistical learning theory. Speci cally, they choose a simpler hypothesis
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space, either through soft constraints (i.e., increasing regulation), hard constraints (explicit
limits on model complexity, or model sparsi cation), or by switching to a simpler function
class. Here, the analyst may lose performance on the training set but gain validation and
test performance. 4) After reducing the complexity of the hypothesis space, the analyst's
new hypothesis space has a largdRashomon ratio than their original hypothesis space.
The Rashomon ratio is the fraction of models in the function class that perform close to
the empirical risk minimizer. It is the fraction of functions that performs approximately-
equally-well to the best one. This set of good functions is called the Rashomon set, and
the Rashomon ratio measures the size of the Rashomon set relative to the function class.
This argument (that lower complexity function classes lead to larger Rashomon ratios) is
not necessarily intuitive, but we show it empirically for 19 datasets. Additionally, we prove
this holds for decision trees of various depths under natural assumptions. The argument
boils down to showing that the set of non-Rashomon set models grows exponentially faster
than the set of models inside the Rashomon set. As a result, since the analyst's hypothesis
space now has a large Rashomon ratio, a relatively large fraction of models that are left
in the simpler hypothesis are good, meaning they perform approximately as well as the
best models in that hypothesis space. From that large set, the analyst may be able to nd
even a simpler model from a smaller space that also performs well, following the argument
of Semenova et al. (2022). As a reminder, in Step 3 the analysts discovered that using a
simpler model class improves test performance. This means thahese simple models attain
test performance that is at least that of the more complex (often black box) models from the
larger function class they used initially.

We provide the mathematics and empirical evidence needed to establish this path in
Chapter 4. Moreover, for the case of ridge regression with additive attribute noise, we prove
directly that adding noise to the dataset results in an increased Rashomon ratio. Speci cally,
the additive noise acts as ,-regularization, thus it reduces the complexity of the hypothesis
space (Step 3) and causes the Rashomon ratio to grow (Step 4).

Even if the analyst does not reduce the hypothesis space in Step 3, noise still gives us
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larger Rashomon sets. We show this by introducingattern diversity, the average Hamming
distance between all classi cation patterns produced by models in the Rashomon set. We
show that under increased label noise, the pattern diversity tends to increase, which implies
that when there is more noise, there are more di erences in model predictions, and thus,
there could be more models in the Rashomon set. Hence, a much shorter version of the path
also works: Noise in the world causes an increase in pattern diversity, which means there

are more diverse models in the Rashomon set, including simple ones.
1.3 Data Understanding with Sparse Machine Learning Approaches

Histograms are popular piecewise constant density estimation models. They have a nice
logical structure that permits interpretability, are accurate with su cient data, and are
easy to visualize in low dimensions. However, conventional histograms face limitations in
higher dimensions, especially for binary or categorical data. Visualizing higher-dimensional
bar plots becomes challenging, and accuracy diminishes due to insu cient data in bins.
Additionally, interpretability becomes complex, obscuring important variable relationships
(Goh et al., 2024). Not only do histograms become uninterpretable in high dimensions, other
high-dimensional density estimation methods are also uninterpretable: exible nonparametric
approaches such as kernel density estimation simply produce a formula, and the estimated
density landscape cannot be easily visualized without projecting it to one or two dimensions,
in which case we would lose substantial information.

Therefore, we present sparse-density trees and rule lists, an interpretable alternative to
high-dimension histograms, such as bar plots or variable bin-width histograms (e.g., see
Scott, 1979; Wand, 1997). For the trees and lists methods, the leaf is comparable to a
histogram bin, and the density within each leaf is estimated to be constant. In total, we
present three methods: Method | leaf-sparse density tree, Method Il  branch-sparse
density tree, and Method Il sparse density rule list. The Bayesian prior controls the shape
of the density function with user-de ned parameters. More speci cally, for the leaf-sparse

density tree, the user controls the number of leaves in the tree before seeing the data; for the



branch-sparse density tree the number of branches for tree nodes; for the sparse density
rule list the number of conjectures in each node and also the length of the list.

Our methods are sparse and thus enable interpretability. They can help understand data
better by providing clear and understandable representations of data distributions, making

it easier to see patterns and anomalies, thereby facilitating more informed decision-making.

It is becoming increasingly common to demand interpretable models for high-stakes
decision domains (criminal justice, healthcare, etc.) fopolicy reasons such as fairness or
transparency. Our work is possibly the rst to show that the inherent properties of many

high-stakes decision domains lead téechnical justi cations for demanding such models.

1.4 Dissertation Outline

This dissertation is organized as follows. In Chapter 2, we introduce characteristics of the
Rashomon set, describe their properties, and discuss methods to compute them. Chapters 3
and 4 discuss the connection between the larger Rashomon sets (Chapter 3) and noise in
the data generation processes (Chapter 4) with the existence of simpler-yet-accurate models.
These chapters build a theoretical foundation for the existence of simpler-yet-accurate
models in high-stakes decision domains and are based on Semenova et al. (2022), Semenova,
Chen, et al. (2023), Rudin et al. (2022). In Chapter 5, we illustrate how the theoretical
foundation supports decisions made by human analysts (in this case, us) to nd patterns
in the complex biology dataset. We work with the data of people with HIV and try to
understand the connection between the immune and demographic parameters and the viral
reservoir. We then further illustrate how sparse models are useful in discovering patterns
in data by introducing piecewise constant methods for density estimation. This chapter
is based on Falcinelli et al. (2023), Goh et al. (2024), and Semenova, Wang, et al. (2023).

Chapter 6 concludes the dissertation, and discusses future directions.
1.5 Summary of Contributions
We summarize the contributions of this dissertation as follows:
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1. We de ne the Rashomon ratio, pattern Rashomon ratio, and pattern diversity as
important characteristics of the Rashomon set. We study the properties of these
characteristics and provide several approaches for estimating the size of the Rashomon
set.

2. We demonstrate that the Rashomon ratio, as a gauge of the simplicity of a machine
learning problem, is di erent from other known complexity measures such as VC-
dimension, algorithmic stability, geometric margin, and Rademacher complexity.

3. We provide generalization bounds for models from the Rashomon set, and show that
the size of the Rashomon set serves as a barometer for the existence of accurate-
yet-simpler models that generalize well. Our bound in Theorem 17 is di erent from
standard learning theory bounds that consider the distance between the true and
empirical risks for the same function.

4. We show empirically that when a large Rashomon set occurs, most machine learning
methods tend to perform similarly, and also in these cases, simple or sparse (yet
accurate) models exist.

5. We show that noise is the theoretical and practical motivator for the existence of
simpler-yet-accurate models. More speci cally, we propose a path that starts with
noise, leads to an increase in variance, an increase in the generalization error, a decrease
in the hypothesis space, and, nally, an increase in the Rashomon ratio. We formally
prove or illustrate each step for di erent noise models and hypothesis spaces.

6. We show that larger Rashomon sets might occur in the presence of label or feature
noise, as the Rashomon set characteristics tend to increase with noise.

7. For a dataset of patients with HIV, we assess patterns and study a connection between
the viral reservoir and immune and demographic variables of the patients. We further
illustrate how the choices of the machine learning models are explained by larger
Rashomon sets and noise in the dataset.

8. We present sparse tree-based and rule list-based density estimation methods for

categorical datasets. Our methods are interpretable, higher-dimensional analogies to
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variable bin-width histograms and allow us to gain insights into datasets that would

be hard to reliably obtain in other ways.
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2. Characteristics of the Rashomon Set

In this chapter, we formally de ne the characteristics of the Rashomon set, including the
Rashomon ratio, pattern Rashomon ratio, and pattern diversity. Each of these characteristics
has distinct properties, which we explore in detail. Additionally, we introduce various
methods and estimations for computing these characteristics, allowing us to measure the
Rashomon set. The de ned characteristics prove valuable for di erent hypothesis spaces, as
discussed in Chapter 3 and Chapter 4. For instance, in classi cation and a discrete hypothesis
space like decision trees, we use the Rashomon ratio. Conversely, for the hypothesis space
of linear models, we primarily rely on the pattern Rashomon ratio. The chapter begins with
a discussion related to the Rashomon set's prior work and proceeds to introduce notation

and a formal de nition of the Rashomon set.

2.1 Related Work

There are several bodies of relevant literature as discussed below.

Rashomon sets. The Rashomon set, named after the Rashomon E ect coined by Leo
Breiman (Breiman, 2001), is based on the observation that often there are many equally
good explanations of the data. When these are contradictory, the Rashomon E ect gives
rise to predictive multiplicity (Black et al., 2022; Hsu & Calmon, 2022; Marx et al., 2020).
Rashomon sets have been used to study variable importance (Dong & Rudin, 2020; Fisher
et al., 2019; Smith et al., 2020), for characterizing fairness (Aivodiji et al., 2021; Coston et al.,
2021; Shahin Shamsabadi et al., 2022), to improve robustness and generalization, especially
under distributional shifts (Y. Lee et al., 2023; Ross et al., 2020), to study connections
between multiplicity and counterfactual explanations (Brunet et al., 2022; Pawelczyk et al.,
2020; Yan & Zhang, 2022), and to help in robust decision making (Tulabandhula & Rudin,
2014). Some works focused on trying to compute the Rashomon set for speci ¢ hypothesis
spaces, such as sparse decision trees (Xin et al., 2022), generalized additive models (Zhong
et al., 2023), and decision lists (Mata et al., 2022). Other works focus on near-optimality

to nd a diverse set of solutions to mixed integer problems (Ahanor et al., 2023), a set
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of targeted predictions under a Bayesian model (Kowal, 2022), or estimate the Rashomon
volume via approximating model in Reproducing Kernel Hilbert Space (Mason et al., 2022).
Black et al. (2022) shows that the predictive multiplicity metric de ned as expected pairwise
disagreement increases with expected variance over the models in the Rashomon set. On
the contrary, in Chapter 5 we focus on probabilistic variance in labels in the presence of
noise. Rashomon sets are related to p-hacking and robustness of estimation, because the
Rashomon set is a set over which one might conduct a sensitivity analysis to choices made
by an analyst (Coker et al., 2021). Large Rashomon sets can occur when the machine
learning pipeline is underspeci ed. D'Amour et al. (2022) provides multiple examples of
underspeci cation in computer vision, natural language processing, and healthcare domains.
Srebro et al. (2010) consider a loss-restricted class of close-to-optimal models, and with
an assumption of H-smoothness of a loss function, they obtain a tighter excess risk bound
through local Rademacher complexity (P. L. Bartlett et al., 2005). Our bounds do not work

the same way and aim to prove a di erent type of result.

(a) Volume - atness (b) The Rashomon set

Figure 2.1 : Dierence between volume - atness as de ned in Dinh et al. (2017) and the
Rashomon set. The red line represents the volume atness in (a), and the Rashomon set in
(b). The volume of the Rashomon set is the sum of lengths of red lines in (b). The height of
the shaded area represents (a) the parameteror the 2 -sharpness, and (b) the Rashomon
parameter . Volume - atness is de ned by a connected component in a parameter space
for a given local minimum, while the Rashomon set is de ned with respect to an empirical
risk minimizer over the full hypothesis spaceF and may contain models from multiple local
minima. Rashomon sets are also de ned for discrete spaces.

Flat minima or wide valleys. The concept of at minima (wide valleys) has

been explored in the deep learning literature as a possible way to understand convergence
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properties of the complicated, non-convex loss functions that deep networks traverse during
training (Chaudhari et al., 2019; Dinh et al., 2017; Hochreiter & Schmidhuber, 1997; Keskar
et al., 2016). Based on a minimum-message-length argument (Wallace & Boulton, 1968),
several works claim that at loss functions lead to better generalization due to a robustness
to noise around the minimum (Chaudhari et al., 2019; Hochreiter & Schmidhuber, 1997;
Keskar et al., 2016). Following Hochreiter and Schmidhuber (1997), Dinh et al. (2017) de ne
volume - atness, which constitutes a special case of our Rashomon sets, as shown in Figure
2.1. In particular, the Rashomon set is de ned over the hypothesis (functional) space, while
the volume - atness is de ned in a parameter space (though sometimes we use parameter
space for ease of computation), and the Rashomon set is not necessarily a single connected
component (although it might be in the case of a convex loss over a continuous domain),
while volume - atness pertains only to a connected set. This means that the Rashomon set
can contain models from di erent local minima, or can be de ned on discrete spaces, while
volume - atness is relevant only for continuous loss functions. Another way of quantifying
atness is -sharpness (Dinh et al., 2017; Keskar et al., 2016), which measures the change of
the loss function inside a -ball in a parameter space. In the case of a connected Rashomon
set, this loss di erence corresponds to the Rashomon parameter.

Metrics of the Rashomon set. To our knowledge, we were the rst to propose to
measure the Rashomon set. We introduced the Rashomon ratio (Semenova et al., 2022) that
measures the Rashomon set as a fraction of models or predictions within the hypothesis
space. Since then, multiple metrics have been proposed (Black et al., 2022; Hsu & Calmon,
2022; Marx et al., 2020; Watson-Daniels et al., 2023). Ambiguity and discrepancy (Marx
et al., 2020; Watson-Daniels et al., 2023) indicate the number of samples that received
con icting estimates from models in the Rashomon set when the Rashomon capacity (Hsu
& Calmon, 2022) measures the Rashomon set for probabilistic outputs. We also introduced
the pattern Rashomon ratio (Rudin et al., 2022) and the pattern diversity (Semenova, Chen,
et al., 2023). Pattern diversity is close to expected pairwise disagreement (as in Black et al.

(2022)), however, it uses unigue classi cation patterns (see Section 2.5.1).
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2.2 Notation and Rashomon Set De nitions

Consider a training set ofn data points S = fz1;25;:::;zng, Z = (Xj;Y;) drawn i.i.d:
from an unknown distribution D on a bounded setZ = X Y ,whereX RPandY R
are an input and an output space respectively. Our hypothesis space 5 = ff : X 1 Yg .
To measure the quality of a prediction made by a hypothesis, we use a loss function

Y Y ! R". Specically, for each given pointz = (x;y) and a hypothesisf, the
loss function is (f (x);y). If is a 0-1 loss function, then for a pointz = (x;y) and
hypothesisf, (f(x);y) = 1 (x)ey;- FOr a givenf we will also overload notation by writing
l:F Z! R that takes f explicitly as an argument: I(f;z) = (f (x);y). We are
interested in learning a modelf that minimizes the true risk L(f) = E;p [ (f (X);¥)];
which depends on unknown distributionD and therefore is estimated with anempirical risk :
0(f)= %P N, (F(x);yi): Let f be an empirical risk minimizer: f* 2 argming o C(f): If
we want to specify the dataset on whichf* was computed, we will indicate it by an index,
fs.

The empirical Rashomon set(or simply Rashomon se} is a subset of models of the
hypothesis spaceF that have training performance close to the best model in the class,
according to a loss function (Breiman, 2001; Coker et al., 2021; Fisher et al., 2019; Srebro

et al., 2010; Tulabandhula & Rudin, 2014). More precisely:

De nition 1  (Rashomon set) For datasetS, a hypothesis spacé, and a loss function

given 0, the Rashomon sefReet(F; ) is:
Reet(F; )= ff 2F :[(f) C()+ g; (2.1)

wheref" is an empirical risk minimizer for the training data S with respect to loss function

: 2 argmin; o C(f), and is the Rashomon parameter.

If we want to specify the datasetS that is used to compute the Rashomon set, we
indicate the dataset in the subscript, asﬁsets(F ;).

The hypothesis spaceF can be a well-de ned hypothesis space, such as the space of
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decision trees of depthD or neural nets with D hidden layers, or it can be a more general
space (a meta-hypothesis space) that contains models from di erent hypothesis spaces (e.g.,
linear functions, polynomials up to degreeD, and piecewise constant functions).

Rashomon parameter determines the risk threshold () + ), such that all models
with risk lower than this threshold are inside the set. For instance, if we stay within 1% of
the accuracy of the best model, then =0:01

We considertrue Rashomon setsthat contain models with low true risk, relative to the

optimal true risk value, with parameter > O:
Rset(F; )= ff 2F :L(f) L(f )+ o

wheref 2 F minimizes the true risk.

A large true Rashomon set, as it turns out, can be a certi cate of the existence of a
simpler model. However, since we can never actually explore the true Rashomon set, we
would never know whether it will be (or has been) useful for a particular problem. We
explain this in Section 3.1, and then consideempirical Rashomon sets, which are easier to
work with in practice.

Given a parameter 0, we call the Rashomon set with restricted empirical risk an

anchored Rashomon set
RIC(F; )= ff 2F :L(f) @

We de ne also the true anchored Rashomon sebased on the true risk as follows:
RAC(F; )=ff 2F :L(f) @

there might be cases when the empirical and the true Rashomon sets are close (e.g.,
largely overlapping, or one is a cover for the other), and therefore it is bene cial to know
the properties of one to understand the properties of the other. We consider anchored
Rashomon sets to show that with high probability, if a xed model is contained within
the true anchored Rashomon set, it also belongs to a slightly larger (empirical) anchored

Rashomon set. The reverse statement holds as well.
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Proposition 2 (True anchored Rashomon set is close to empirical)For a loss| bounded
by band for any > 0, and for a xed f, if f 2 RZF(F; ) then with probability at least

1 e 20(=D wjth respect to the random draw of training data,
f 2 RAE(F; + )

Proof. For a xed f 2 RZF(F; ) by Hoe ding's inequality:
h [ 1 X
P L(f) L(f)> =P - I(f;zi) E[(f;2)] >
i=1

e 20(=b)2.

Therefore, with probability at least 1 e 2"(=D)* with respect to the random draw of data,
C(f) L(f)
Sincef 2 REF(F; ), then by de nition of the Rashomon set, L () . Combining

this with Hoe ding's inequality, we get that with probability at least 1 e 20(=b)*;
C(f) L(f)+ +
thereforef 2 RC(F; + ):

When the hypothesis space has a parameterized representation (dendte ; sometimes
we will omit subscript ~ for convenience), we assume that we can parameterize each model
f 2F with a parameter vector! 2 of nite length and denote f (z) = f, (2).

In the next section, we de ne and discuss properties of the Rashomon ratio as a complexity

measure.

2.3 Rashomon Ratio

Since hypothesis spaces can vary from one problem to another, we will often normalize
the size of the Rashomom set via theRashomon ratio R,tio (ﬁset(F; )) which takes the
Rashomon set as input and outputs a value between 0 and 1.

When considering the Rashomon ratio, we assume that the hypothesis space is bounded

and that there is a prior distribution  over functions inF . Given a prior, , on the hypothesis
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Table 2.1: Comparison of Rashomon ratio and other complexity measures. The Rashomon
ratio considers the fact that there are multiple good models and is a property both of the
hypothesis space and data.

Complexity measure Property of Depends on data Considers set
of good models

VC Dimension hypothesis space| no no

Algorithmic stability (Hypothe- | algorithm, hy- | no no

sis stability (Bousquet & Elisse- | pothesis space

e, 2002))

Empirical algorithmic stability | algorithm, hy- | yes no

(Algorithmic hypothesis stability | pothesis space
(Bousquet & Elissee , 2002))

Geometric margins one function yes no
Empirical Local Rademacher | hypothesis space| depends on features| no
Complexity (P. L. Bartlett et al., not on labels
2005)
Rashomon ratio hypothesis space| yes, but not always | yes
on labels (see Theo-
rem 8)

space, the Rashomon ratio measures the fraction of the hypothesis space contained in the
Rashomon set. Unless explicitly specied, is assumed to be uniform. For simplicity,
we will denote the Rashomon ratio asRato (F; ). In general, the Rashomon ratio is
Rratio (F; )= RfZF ]leﬁset(F; ) (f)d . If the hypothesis space has a uniform prior, then the

Rashomon ratio is the volume of the Rashomon set divided by the volume of the hypothesis

spacelQratio (F; ) = % where V() : F ! R; is the volume function. If the

hypothesis space is discrete with a uniform prior, the Rashomon ratio can be computed as

Rratio (F; ) = ”Q]F# wherejAj = i tor lr2a.

The Rashomon ratio represents the fraction of good models (the fraction of models that
t the data about equally well). A larger Rashomon ratio implies that more models perform
about equally well. The datasetS is denoted in the subscript, aslﬁraﬁo s(F; ). Rratio (F; )

denotes the Rashomon ratio for the true Rashomon set.

2.3.1 Rashomon Ratio as a Simplicity Measure

The Rashomon ratio, as aproperty of a dataset and a hypothesis spaceerves as a gauge

of simplicity of the learning problem. If the Rashomon set is large, many di erent reasonable
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optimization procedures could lead to a model from the Rashomon set. Therefore, for large
Rashomon sets, accurate models tend to be easier to nd (since optimization procedures
can nd them). In other words, if the Rashomon ratio is large, the Rashomon set could
contain many accurate and simple models, and the learning problem becomes simpl@n
the other hand, smaller Rashomon ratios might imply a harder learning problem, especially
in the case of few deep and narrow local minima.

The Rashomon ratio can give insight into the simplicity of a learning problem, though
it was designed for a fundamentally di erent goal than well-known complexity measures
from learning theory (see Table 2.1). While those complexity measures were designed to
help us understand generalization, the Rashomon ratio (with additional assumptions) helps
us understand whether simpler functions might exist with the same level of accuracy as
complex functions. The Rashomon ratio depends on a loss function, the hypothesis space,
and a dataset, while the majority of other measures are either data-agnostic or focus on
the properties of a speci ¢ model in the space. We will use demonstrations to show the

di erences between the Rashomon ratio and other complexity measures.

2.3.1.1 The Rashomon ratio is different from VC dimension

The VC dimension (Vapnik & Chervonenkis, 1971) shows the expressive power of a
hypothesis space forany dataset including an extreme arrangement of data points and
labels. On the contrary, the Rashomon set depends on an empirical risk minimizer that we

compute directly for a speci ¢ dataset, which may not be extreme.

2.3.1.2 The Rashomon ratio is different from algorithmic stability

The main motivation for algorithmic stability theory is to ensure the robustness of
a learning algorithm. Following Bousquet and Elissee (2002), we de ne the hypothesis

stability (a form of algorithmic stability) of a learning algorithm as follows.

De nition 3  (Hypothesis stability). A learning algorithm A has hypothesis stability with
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respect to the losd if for all i 2 f 1;:::;ng,
Es:[il(fs;2) I(fsni;2)j]

where 2 R., hypothesisf g is learned by an algorithmA on a datasetS, loss|(fs;z) =
(fs(x);y) for z=(x;y), datasetS = fz;;:::z,9, and S" is modi ed from the training data

by removing thei™ element of the dataset:S" = fz1;:::z 1;Zi+1::Zn0.

Algorithmic stability (see De nition 3) depends on a change to a dataset, whereas
Rashomon Ratio uses a xed dataset. As we showed in Theorem 8 in Section 2.3.2, in the
case of linear least squares regression, the Rashomon ratio depends on featitesnly and
does not depend on regression targetg. In contrast, hypothesis stability depends heavily
on Y. In fact, if we can control how we change the set of targets, hypothesis stability can

be made to change by an arbitrarily large amount. This is formalized in Theorem 4.

Theorem 4 (Rashomon ratio is not algorithmic stability) . Consider a distribution Px over
a discrete domainX = fxj;:::xy g and a learning algorithm A that minimizes the sum of
squares loss kX!  Yk3. for a linear hypothesis spacé= . For any > O, there exist joint
distributions Px.y, and Px.y, where for X drawn i.i.d: from Py, Y 1 drawn from Py,;x over

Y X, and Y, drawn from Py,;x overY jX, the expected Rashomon ratios are the same:

Epyy , [Rratio s, (F 5 )] = Epyy ,[Rratio s, (F 5 )I;

yet hypothesis stability constants are di erent by our arbitrarily chosen value of: >
whereS; and S, denote datasetsS; = [X ;Y 1]and S, = [X; Y 2], 71 is the hypothesis stability
coe cient of algorithm A for distribution Px.y, and ™ is the hypothesis stability coe cient

for distribution Px.y,.

P
Proof. Let us create our distribution. Consider the least squares regressionin, L, I(!; zi)?,
where! 2 RP, and lossl(!; z)= (! Tx;y) for z = (x;y). For the marginal distribution Py

and X =[xg;::5;Xp] drawn i.i.d: from Py, we design distributionsPy,jx and Py,jx as:

Pvljx(y =0jx)=1 8x 2 X;
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Py,jx (Y = 0jx € Xo) =1; Py,jx (Y = 0jx = X0) =0:5;
Py,jx (Y = HjXx = X0) =0:5;

wherexg 2 f x1;:::; Xn g is some xed point with a positive probability Px (xo) and we de ne
H 2 R later. That is, the two conditional distributions have y =0 except whenx = X for

Y2, when it is H with probability 1/2.

As a rst part of the proof, we show that the algorithmic stability constants are di erent.

According to the de nition of algorithmic stability, for Px.y, we have:
Esizlil(fsii2) Wfgnin)]=0= 7;

and for distribution Px.y,:
h i X
Es,iz (fs;:2) 1(fgmiz) = Px;v,(S2)Px;v,(2)

S2;z Pxy,
(D) 1)
2
Pxiv2(S3)Pxiv2(2°) 1(8,:2°)  fgsmii2) |

where S3; z% is a special draw such thatz® = (x;H), and whereS3 includes one point at
(xo;H), one point at (xg;0), and the rest at other values(x;0). Since the domainX is

discrete, the probabilities of a special draw are:
S\ — 1 H R .
Px:v,(z°) = 5B|n (2;n; Px (x0));

Px:y,(S5) = %Bin (1:n;Px (x0))?Bin(n 2;n;1  Px (X0));

whereBin (k;n;pk) = | pE(1 p)™ X is a binomial coe cient, namely the probability of

getting exactly k successes from trials, where each trial has a probability of succesgy. De-

note P(ss.s) as the probability of getting a special draw, thenP(ss.;s) = Px;v,(S3)Px;y,(2°).
If S5 contains only two points z; = (Xo;H) and zz = (Xg;0), the loss dierence

jiI(fss;2%)  I(f SS;m;zs)j evaluated at z° for all i will be at least HTZ. To see this, note
2
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that the optimal function's value at X is: fs3(Xo) = H7 the optimal function's value

at xo after we remove the rst point is fsz;nl(xo) = 0, and the optimal function's value
at xo after removing the second point isf Sg;nz(xo) = H. Therefore, I(fss;2°) = HTZ,
I(fsz;nl;zs) = H?Z, I(fsz;nz;zs) = 0. And we get that jI(fsg;zs) I(fsg;nl;zs)j = %,
jiI(fss; 2% I(f Sg;nz;zs)j = HTZ. As we add the rest of the points(x;;0) to the dataset S3,
the loss di erence (from changingf ss(z°) to fsg;m (z®)) in the special draw case will only
increase. Therefore for alli:

2

H
; . 5S . 5SY\; .
]|(f5§,z ) I(fsz;ni,Z )J T

P— 1=2 i —
If we chooseH such that H > 2 P(ssizs) , then from the de nition of algorithmic

stability we have:

h i HZ
2 Esiz Ifs,;2) |(fsgi;z) P(33;25)7>:

Therefore for any given we getthat 7 > > . This proves that the hypothesis

stability constants are di erent and completes the rst part of the proof.

We now need to prove that the expected Rashomon ratios are the same, which will
constitute the second part of the proof. The Rashomon ratio for the hypothesis spadé of
linear models does not depend on targets and can be calculated as in (2.3) for bd#i and

S,. Therefore the expected Rashomon ratios are the same:

Epyy , [Rrato s, (F 3 )= Epyy [Rratos, (F  I:
Thus, both halves of our proof are complete.
2.3.1.3 The Rashomon ratio is different from geometric margins

For the parametric hypothesis space of linear models = ff :f(x)=! Tx;! 2 R’gand

binary classi cation, denote d. and d as the shortest distances from a decision boundary
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to the closest points with targetsy = 1 andy = 1 respectively. Then the margind is
a sum of these distancesl = d. + d (Burges, 1998). Moreover, for the modef that
maximizes the margin, the margin width is ﬁ

Intuitively both the Rashomon ratio and the width of the geometric margin are data-
dependent and show how expressive the hypothesis space is with respect to a given dataset.
However, the margin (i.e., the minimum margin of the maximum margin classi er) (Schapire
et al., 1998) depends on points closest to the decision boundary (support vectors), while the
Rashomon set does not necessarily rely on the support vectors and may depend on the full

dataset. Theorem 5 summarizes this idea.

Theorem 5 (Rashomon ratio is not the geometric margin) For any xed 0< < 1, there
exists a xed hypothesis spac& , a Rashomon parameter , and there exist two datasetss;
and S, with the same empirical risk minimizerf° 2 F  such that the geometric margind is

the same for both datasets, yet the Rashomon ratios are di erent:

jﬁratiosl(F ;) ﬁratiosz(F ;) >

Proof. Consider two-dimensional separable dataX 2 [0;1]%, and a parametrized hypothesis
space of origin-centered linear modelsF = f! Tx;! = (k; 1);x 2 R%;k 2 Rg. Consider
also 0-1loss | (X;¥) = 1py=sign( 7x) @nd an empirical risk minimizerf" = fn that maximizes
the geometric margin. Since the data are populated in 40; 1]> hypercube, as a hypothesis
space we will consider all models that intersect the unit-hypercube.

For some positive constanta 2 (0; 1) that we choose later, consider the following regions

of the feature space:
A=fxt2[01 a);x’>x'+(1 2a)g;
B=fx'2(alx*<x! (1 =2a)g;
c=fxt2[0a);x*2 @ alg;

D=fx'2@ a1]x?2[0;a)g:
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(a) Structure of S; (b) Structure of S; ©) Rraio (F ; )= —

(d) IQratio sl(F ;0) :(e) IQratio Sz(F ;O) =

=2 =2

Figure 2.2 : An illustration of di erent Rashomon ratios with identical geometric margins.

() and (b) show the datasetsS; and S, with identical margin d. The black line in (d)
and (e) shows the optimal model, and the shaded region in (c), (d), and (e) indicates the
Rashomon setRset(F ;0) with its boundaries represented by green lines. The hypothesis
space consists of all origin-centered linear models that intersect the zero-one hypercube,
where data reside. (c) shows that the Rashomon ratio can be computed as a ratio of angles
(represents the Rashomon set) and (represents the hypothesis space). (d) and (e) illustrate
that datasets S; and S, are represented by di erent angles 1 and » and therefore have

di erent Rashomon ratios. The gure is best seen in color.

Construct dataset S;, such that S; = f(xa;1)[ (xg; 1)[ (xgll;l)[ (xé"‘l; 1)g, where
Xa 2 A is any sample from the regionA, xg 2 B is any sample from the regionB, xgll and
sgj are special points for the datasetS; such that xgll =[1 2a;1]and x§21 =[1;1 2a].
Please see Figure 2.2a for details.

Construct dataset S, such that S; = f(xc; 1) [ (xp; 1)[ (x&;1)[ (x&; 1)g, where
Xc 2 C is any sample from the regionC, xp 2 D is any sample from the regionD, xglz
and x2 are special points for the datasetS; such that xg, =[a;1 aJandxZ =[1 a;al.

Sz S2
Please see Figure 2.2b for details.
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Note that the datasets we considered have the same width for the geometrical margin
d= P 2(2a 1) (see Figures 2.2a, 2.2b). Now, we are left to show that the Rashomon ratios
are di erent.

For the hypothesis space of origin-centered lines, we have a unique parameterization and
a one-to-one correspondence between an actual model and its parameterization. Therefore, if
the Rashomon set is a single connected component, an anglebetween the two most distant
models in the Rashomon set gives us some information about the size of the Rashomon set.
In particular, we can compute the Rashomon ratio as a ratio of the angle that represents
the Rashomon set and the angle that corresponds to the hypothesis space as shown on
Figure 2.2c. Since the hypothesis space is de ned on the unit-hypercube,= =2 and for
the Rashomon parameter =0 the Rashomon ratio is:

2max ,n_ (¢ -glarctan(fr) arctan(f, )j

IQratio (F;0)= —= -2

For datasetsS; and S, Figures 2.2d and 2.2e show the Rashomon set and angleg and
2 that represent the volume of the Rashomon set. Given the special points in the datasets we

can compute ; and exactly: ;=2 (arctan(l) arctan(l 2a)) = 5 Z2arctan(l 2a)

and =2 arctan(l) arctan {2; = 5 2arctan 27 . Then the dierence between

the Rashomon ratios is:

jRratio s, (F;0)  Riatio s, (F;0)j = 1:22

4
— arctan(l 2a) arctan

2

4arctan 1
2a2 1

Now if we choosea 2 (0; 1) and suchthat 4arctan 1 732 > | thenthe Rashomon

ratio di erence jRratio s, (F;0) Rraiio s, (F;0)j is at least
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2.3.1.4 The Rashomon ratio is different from empirical local Rademacher complexity

The empirical Rademacher complexity is another complexity measure of the hypothesis

space. Following P. L. Bartlett et al. (2005), for binary classi cation we de ne it as follows.

De nition 6  (Empirical Rademacher complexity). Given a datasetS, and a hypothesis
spaceF of real-valued functions, the empirical Rademacher complexity df is de ned as:

n #
1 X0
RR(F)= JE sup  if(@) ;
i=1

tionie. P(j=+1)= P( ;= 1)=1=2fori=1;2:::;n.

Based on De nition 6, empirical Rademacher complexity measures how well the hypoth-
esis space can t random assignments of the labels. The Rashomon ratio uses xed labels.
It measures the number of models that are close to optimal. In other words, the Rashomon
set bene ts from having multiple similar models, while Rademacher complexity treats them
as equivalent.

Since we are interested only in models that are inside the Rashomon set, we will consider
local empirical Rademacher complexity (P. L. Bartlett et al., 2005), which is de ned using
the Rashomon setRset(F; ). In the following theorem, we provide a simple example to

show the discrepancy between the two measures.

Theorem 7 (Rashomon ratio is not local Rademacher complexity) For 0< < 1, there
exist two datasetsS; and Sy, a hypothesis spacé& , and a Rashomon parameter such that

the local Rademacher complexities de ned on the Rashomon sets 81 and S, are the same:
F‘éﬁl Iféset(': ;) = |Q§2 IQset(F )
yet the Rashomon ratios are di erent:

Rratio sl(F ) ) Rratio Sz(F ;) >
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(@) Rratio (F ; )= 4 (b) Toy dataset

(©) |fératio sl(F ;0)=dp (d) IQratio Sz(F ;0) = da

Figure 2.3 : Anillustration of di erent Rashomon ratios with equivalent empirical local
Rademacher complexities. The black line shows the optimal model, shaded region indicates
the Rashomon setRse(F ;0) with its models represented by green lines, the magenta
color indicates boundaries of the hypothesis space. (a) The projected minimal distanakis
equivalent to the volume of the Rashomon set. (b) A toy dataset that illustrates that the
empirical local Rademacher complexity is zero for models in the Rashomon set. (c) dataset
S1, and (d) dataset S, illustrate symmetric separable datasets with di erent Rashomon
ratios. Best seen in color.

Proof. Consider two-dimensional separable symmetric dataX 2 [0;1]?, Y = f0;1g, 0-1
loss ¢ (X;y) = Lly=signt (x)) With empirical risk minimizer f', and a hypothesis space

of decision stumps based on the rst feature, where fof 2F :f =1ifx!>! 1 2R,

f =0 otherwise. We have a one-to-one correspondence between a function and its threshold
parameter ! . Therefore, if the Rashomon set is a single connected component, we can
compute the volume of the Rashomon set in parameter space by computing the di erence
between the largest and smallest threshold values of models within the Rashomon set, as
illustrated in Figure 2.3a. For =0, the di erence between the largest and the smallest
threshold values will be equivalent to the minimal distance between points of opposite classes

projected onto the rst feature d = miny, x;.y;ey; IPR1(Xi) PRa(xj)j, wherePR; is the
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projection of point x onto rst feature.

For the hypothesis space, we consider all decision stumps in the rst dimension that
are in the segment|0; 1], where data are populated. The di erence in thresholds for the
hypothesis space is =1 and thereforeV(F )=1. For =0, the volume of the Rashomon
set will be equivalent to d the projected minimal distance between points of opposite
classes, and have thaV/(Rset(F ;0)) = d and Rrato (Rset(F ;0)) = ¢ = d. Now consider
any two separable symmetric datasetsS;, S, with di erent projected minimal distances di
and do, such that jd; dyj > . (Please see Figure 2.3c and 2.3d for details of the datasets

S1 and S;.) Consequently, we get that:
[Qratio sl(F ;0) IQratio Sz(F ;0) = jdp dyj >

For a separable symmetric dataS and 0-1 loss function, the Rashomon seR¢e(F ;0)
contains all models that separate data in the same way. Therefore the Rademacher complexity
of the Rashomon set iSRS Reei(F  is:

" 0 # " #

1 1. X
RS Reet(F ;0) = —E sup if (xi) = -E if(xi) =0;
n f2Reet (F :0) i=1 n i=1

where in the penultimate equality we have used the fact that, in the case of separable data
and =0, all models in the Rashomon set will perform identically on any permutation of
the labels.

Equality of the empirical Rademacher complexity of the optimal model to zero fol-

lows from the symmetric data considered and symmetrical patterns of all possible tar-

get assignments. For example, for the toy dataset in Figure 2.3bﬁ§ Reet(F ;0) =
31 fx)+fx) + fix) fixa) +  fx)+fxo) +  fix) fixa) =0
Since bothS; and Sy are separable and symmetric we get that:

Iﬁﬁl I:Qset(lz ;0) =0= IQEZ Qset(F ;0)
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Figure 2.4 : The Rashomon set for the two-dimensional least squares regression. The
volume of a shaded ellipsoid corresponds to the volume of the Rashomon set in a parameter
space.

2.3.2 Analytical Calculation of Rashomon Ratio for Ridge Regression

A special case of when the Rashomon ratio can be computed in closed-form in parameter
space is ridge regression. For a space of linear modé&ls = f! Tx;! 2 RPg, ridge regression
chooses a parameter vector by minimizing the penalized sum of squared errors for a training

datasetS=[X;Y ]

min C(1) =min (X! Y)T(X!  Y)+ClTY (2.2)

where the optimal solution of the ridge regression estimator i€ = (X TX + Clp) X TY:
Geometrically, the optimal solution to ridge regression will be a parameter vector that
corresponds to the intersection of ellipsoidal isosurfaces of the sum of squares term and a
hypersphere centered at the origin, with the regularization parametelC determining the
trade-o between the loss and the radius of the sphere. More generally, isosurfaces of the
ridge regression loss function are ellipsoids, and the volume of such an ellipsoid corresponds

to the volume of the Rashomon set (Figure 2.4). For a hypothesis space with uniform prior

V(Rset (F ;

and volume function V, the Rashomon ratio is VE ) )| Using the geometric intuition

above, we compute the Rashomon ratio in the parameter space by the following theorem:
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Theorem 8 (Rashomon ratio for ridge regression) For a parametric hypothesis space of
linear modelsF = ff, (x) = ! Tx;! 2 RPg with uniform prior and a datasetS= X Y,

the Rashomon seRse(F ; ) of ridge regression is an ellipsoid, containing vector$ such

that:
T
¢ ™ L‘FCIP(! r L
and the Rashomon ratio can be computed as:
n) W
If\)ratio(F )= J(ip) g !

V) . S 7i2+ C; (2.3)

where ; are singular values of matrixX , J(;p) = % and ( ) is the gamma function.

Proof. Consider all modelsf; 2 F  from the Rashomon seﬂQset(F ; ). Then by De nition

1 we get:

N ADENCA A (2.4)

UsingXTY = (X TX + ClI p)!* from the optimal solution of the ridge regression estimator
r=(XTX + Clp) IXTY, and expanding the di erence between empirical risks we have:
Coxy;r) Cexy;n)

=(X! Y)YxX! y)+ctTt (xr y)I(xxr y) cr’n

FTXTX 22TxTy+ ¢t nTxTxnr+20TxTy cnfp

PTXTXE 2 T(XTX + Clgt+CLTE nTXTXR

+28T(XTX + Clp)d crTr

PTXTXE +CETE 20 T(XTX + Clp)P +ATXTX M+ CNTR

ITIXTX + Clp)t 22 T(XTX + Clp)M + 2 T(XTX + Clp)P

=(! MTXTX+Cly)(! M)
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Therefore the Rashomon set is an ellipsoid centered dt:

T XTX + C|p(!

¢ n r L

By the formula of the volume of a p-dimensional ellipsoid, the volume of the Rashomon set

can be computed as:

p=2 p=2 YW 1

VRlF 5 )= 53 o zec

where ; are singular values ofX .
Since we assume a uniform prior or , V(F ) is the volume of a box (or other

closed region) containing the plausible values of . Therefore, the Rashomon ratio is

SN VR« (F ) _ IGp) @ S\ p=2 p=2
F‘\)ratio (F ) )_ { Vzé ) b= V((Fp)) ip:]_ Q%C,Where\](,p)— %

Interestingly, from Theorem 8, it follows that for ridge regression,the Rashomon ratio
depends on the feature space only and does not depend on the regression targetindeed,
assume that every parameter vector such that f; 2 Rsei(F ; ) can be represented as
| = N+ . By a simple transformation, we have that('(f;) C(fr)= TXTX , meaning
that if we take a step in parameter space, the empirical risk di erence will depend only on
the feature space and the step itself, and not on the targets of the problem. This observation
can help us choose the parameteras = TXTX if we want to ensure some dependence
between the optimal model™ and a model of interest! . Then, by choosing the direction as

=1 I we can compute the Rashomon parameter.

For other algorithms, the Rashomon ratio generally depends on the targets; in that

sense, ridge regression is unusual.

2.3.3 Sampling Methods

As before, assume that there exists a prior distribution over the hypothesis spacd- .

From the de nition, the Rashomon ratio can be computed as the probability of a model
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being in the Rashomon set:
Rratio (F; )=P[f 2 IQset(F; )N = E 1[f2ﬁset(F; E

To approximate the Rashomon ratio, we can perform rejection sampling with replacement.

In particular, after k draws from distribution

PIf 2 Reet(F; )] = i)«l LioRe (i)
i=

By Hoe ding's inequality: P(jP[f 2 Rset(F; )] P[f 2 Reer(F; )i t) 2e 2% or
alternatively 1 = P(jP[f 2 Rset(F; )] P[f 2 Reet(F; )li<t) 1 2e Zt*:Then,in
order to estimate the Rashomon ratioP[f 2 Rese(F; )] to within t, witha (1 ) con dence
interval, we need to sample at leask '%2} hypotheses fromF . The guarantees from
this rejection sampling approach are tight enough to be used in practice and can be used in
most hypothesis spaces where hypotheses can be randomly generated.

There are cases when the Rashomon set is very small and therefore rejection sampling
contributes very little to the Rashomon ratio approximation. It makes sense to draw
models from the region around the Rashomon set instead of from the set of all reasonable
models. Importance sampling allows us to sample from an alternative distribution, namely
the proposal distribution, that is concentrated on the importance region. However, after
sampling is done, we need to adjust the weight of the sample to match the probability of
sampling it from the original distribution. Let p, be a target distribution over the hypothesis
spaceF and p; be a proposal distribution that is focused around the Rashomon set. We
can estimate the Rashomon ratio through importance sampling as follows:

Po(f)

IQratio (F; )= E Pt () 1[f2FQset(F: )]:

For the binary classi cation dataset and the hypothesis space of fully grown decision
trees of a given depth, the target and proposal distributions are as follows. For the proposal

distribution, we generate a tree of depthD by randomly splitting on features. We assign
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labels to all 2° leaves using the training data. If a leaf contains no training points, it
acquires its label from the nearest ancestor that any training data passes through. The
probability of sampling any tree from the proposal distribution is pp, = py QiZ:Dl 1, where
pr is the probability of randomly sampling all of the features that comprise the splits of the
tree. Our target distribution is a randomly sampled decision tree (both features and leaves)
of depth D. Therefore, the probability of sampling a given tree from the target distribution
IS pt = p QiZ:Dl %, since we have two classi cation classes, where, as befor, is the
probability of randomly sampling all features used within splits of the tree.

We use the importance sampling to compute Rashomon ratios of the hypothesis space

of fully grown decision trees of depth seven in Section 3.2.

2.3.4 Rashomon Ratio for the Hypothesis Space of Sparse Decision
Trees

Consider the hypothesis space of sparse decision trees, where the objective is to minimize
the misclassi cation error and a sparsity penalty on the number of leaves. For binary
classi cation datasets with binary features, TreeFARMS (Xin et al., 2022) allows us to
enumerate all sparse trees in the Rashomon set within the de ned Rashomon parameter.
Therefore, we can use TreeFARMS to compute the numerator of the Rashomon ratio.

To compute the denominator of the Rashomon ratio, consider all possible sparse decision
trees up to a given depthd. Given the p features and the maximum depthd, let C(d; p) be
the number of sparse trees in the hypothesis space. Then we have the following recursive

formula to compute the size of hypothesis space witlp features:
C(d;p)=2+ pC(d Lp 1 (2.5)

where C(0; ) = 2. In the base case, when we have only one leaf, there are only two possible
trees: one that classi es every point ad), or one that classi es every point asl. Therefore,
C(0; ) =2. Then for decision trees up to depthd with p d features, there are two cases.
The rst case is when the tree has depthO which produces?2 possible trees discussed above.

The other case is when the tree has a depth of at leadt In this case, there arep possible
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features to initially split on, and then the left and right subtrees are of depth at mostd 1
with p 1 features to choose from. The left and right subtrees can be chosen independently
of each other, so we hav@C(d 1;p 1)? trees, which proves the overall recursive formula.

Note that for a binary dataset and decision trees of depth exactly equal tal for every tree
path, the following recursive formula holdsC(d;p) = pC(d 1;p 1)? which is equivalent
to the closed-form solution described in the proof of Proposition 31 in Section 4.1.4.

The case we considered in this section might restrict the structure or the hypothesis
space (such as enforcing sparsity), but these restrictions allow us to compute the size of the
Rashomon set directly. We will use the exact computation of the Rashomon ratio for the

experiments in Chapter 4.
2.4 Pattern Rashomon Ratio

The size of the Rashomon set and Rashomon ratio (when measured in parameter
space) may have problems with overparameterization or reparameterization; i.e., changing
parameterization of functions may in ate or de ate the values of the Rashomon ratio
(Dinh et al., 2017). To mitigate problems with parameterization, we introduce a quantity
that groups functions into equivalence classes, based on their predictions for each data
point. Speci cally, for a binary classi cation on a given dataset S we introduce the pattern

Rashomon set and pattern Rashomon ratio.

2.4.1 De nition and Properties

Given a hypothesisf, a datasetS, and a 0-1 loss , a predictive pattern (or pat-
tern) pt is the collection of outcomes from applyingf to each sample fromS: ptf =
[f (x1); 5 (Xi); 5 F (Xn)]. We say that pattern pt is achievable on the Rashomon set if there
existsf 2 Rset(F; ) such that pt' = pt. Let pattern Rashomon set (F; )= fptf : f 2
Reet(F; );pth =[f (xi)]iL; g be all unique patterns achievable by functions fromRset(F; )
on datasetS. Finally, let ( F) be the pattern hypothesis setmeaning that it contains all pat-
terns achievable by models in the hypothesis space, F) = fpt' : f 2 F ;pt" =[f (xi)].; 0.

The pattern Rashomon ratio is the ratio of patterns in the pattern Rashomon set to the
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(a) (b)

Figure 2.5 : (a) The pattern Rashomon set. Each classi er in the gure de nes a di erent
loss pattern. The number of distinct patterns (in Figure (a) there are six patterns) created by
functions in the Rashomon set comprises the numerator of the pattern Rashomon ratio. (b)
The Rashomon set. Each classi er in the gure is a di erent model (unique hypothesis, but
not unique loss pattern) in the Rashomon set. The fraction of hypotheses in the hypothesis
space that are in the Rashomon set is the Rashomon ratio.

pattern hypothesis set: RP2 (F; )= LEDI

The ratio based on patterns is di erent from the Rashomon ratio de ned in Section 2.3
as a multiplicity of models, as shown in Figure 2.5. The pattern Rashomon ratio measures
the diversity of predictions made by functions in the Rashomon set compared to the diversity
of prediction of functions within the hypothesis space. If the pattern Rashomon ratio is
high, it means that the Rashomon set contains not only multiple models but also multiple
models with di erent prediction properties.

The pattern Rashomon ratio not only mitigates problems with overparameterization of
functions (which occurs in parameter space), it also helps in measuring the Rashomon ratio
in function spaces when the hypothesis space contains many models that do not intersect
with the hypercube where the data reside. Here, functions that do not intersect with the
data will be grouped into two equivalence classes (one for all positive predictions, and one for
all negative predictions) and will not arti cially enlarge the denominator of the Rashomon
ratio.

The pattern Rashomon ratio has useful approximation guarantees. In particular, as the

size of the model spac® grows to be in nitely large (e.g., the depth of the decision tree
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grows in nitely, or number of parameters grows to in nity), the pattern Rashomon ratio
approaches a xed value that depends on the Rashomon parameter and number of points in

the dataset only. This intuition is summarized in the next proposition.

Proposition 9  (Approximation guarantees for the pattern Rashomon ratio). Let D represent
the size of the hypothesis spade. For binary classi cation and sign performance function

(f;z) = sign(f(x)), asD ! 1 , the pattern Rashomon ratio R’ (F; ) ! RPat =
P

%C(') and for 1=2: ]@% Rrat  on(H() 1): wheren is the size of the
training dataset, andH( ) = log, (3 )log,(1 ) is the binary entropy.

Proof. Assume the model class becomes arbitrarily exible, then at some value @, each
possible labeling of points (each pattern) will constitute a separate equivalence class. Then,
the total number of all possible patterns, given that we have two classes, will b&". Also,
since each possible pattern is realized, there will be one pattern that achieves the best
possible accuracy, 100%. Given the Rashomon parameter a classi cation pattern should
produce an accuracy of at leastl in order for its equivalence class of functions to be

in the Rashomon set. Therefore, the Rashomon set can tolerate at mobtn ¢ points to be

P bncyn
misclassi ed, which leads to the pattern Rashomon ratio limit RP5 (F; ) ! %(')

240N for any xed 1=

. t P n
We obtain the upper bound for RP® based on i

P
(Galvin, 2014). The lower bound for RP3 follows from simple observations >7° n n

and p% (MacWilliams & Sloane, 1977).

In contrast, there is no obvious limit value for the Rashomon ratio. There exist data
distributions such that for a xed value , as the size of the hypothesis space grows, the
Rashomon ratio will converge to 0. There also exist data distributions such that the
Rashomon ratio may not converge to either zero or one. For example, separable data with a
large margin may lead to a limiting Rashomon ratio that is greater than zero.

In fact, for any dataset, the maximum number of patterns in the pattern Rashomon

set is bounded by the empirical risk of the empirical risk minimizer and the Rashomon
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parameter , as we show next in Proposition 10.

Proposition 10. Given the datasetS of sizen, the pattern Rashomon set (F; ), the
empirical risk of the empirical risk minimizer I'_\(f'\), and the Rashomon parameter, the

cardinality of the pattern Rashomon set obeys:

. N dnl'_‘§‘(\)+ ne
i (F;)i K
k=1
Proof. For every model from the Rashomon sef, ['(f) C(f)+ , which means that,
in the worst case, the Hamming distance between patterp’ and vector of true labels

Y =[yilY, is dnﬁ(f'\) + n e. Thus, patterns in the pattern Rashomon set can make one

mistake, two mistakes, and so on up tadh((f) + n e mistakes, which means there are at

P .
most gig(f’\” "€ " patterns in the pattern Rashomon set.

The pattern Rashomon ratio is di erent from both the Rademacher complexity and
geometric margins. Intuitively, the pattern Rashomon ratio is closer to the Rademacher
complexity, as it tries to nd the number of models that t the best under di erent label
permutations; in contrast, the standard multiplicity-based Rashomon ratio is closer to
geometric margins (the multiplicity-based Rashomon ratio tends to be larger when the
classi cation margins are larger).

There is a straightforward connection between the growth function and the pattern
Rashomon ratio. Recall that the growth function, or shattering coe cient, is the maximum
number of ways anyn data points can be classi ed using functions from the hypothesis
space. The connection is that the volume of the hypothesis space measured using pattern
distance is exactly the growth function de ned on the current dataset. More speci cally,
the pattern Rashomon ratio and the growth function are equivalent under very specic
conditions: (i) the Rashomon set is the full hypothesis space (this is unlikely in practice), (ii)
we consider classi cation with 0-1 loss as the performance measure and (iii) we consider

only one dataset and do not take supremum over all datasets (as is usual for the growth
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function).

We can use rejection or importance sampling methods to compute the pattern Rashomon
ratio as well. In this case, during a random draw, one can sample a pattern, check if the
hypothesis space supports it (e.g. if there exists a model in the hypothesis space that
realizes this pattern), and nally compute whether this model belongs to the Rashomon set.
However, we can also shift the complexity of computing the pattern Rashomon set from

sampling from the hypothesis space to enumerating all possible patterns as discussed next.

2.4.2 Branch and Bound Method to Compute the Pattern Rashomon
Set

In this section, we describe a two-step method that allows us to compute all patterns
in the pattern Rashomon set for the hypothesis space of linear models = ff = | Txg
(although the method can be applied to other hypothesis spaces as well). In the rst step, we
reduce the complexity of the problem, by discarding points that have been classi ed similarly
by models in the pattern Rashomon set. In the second step, we use a branch-and-bound
approach in order to enumerate patterns and discard pre xes of those patterns that will not
be in the Rashomon set based on the Rashomon parameter and the empirical risk of the
empirical risk minimizer.

Given a samplez;, let 3 = P k=1 Lpt =y, Where ptl is i index of the k™ pattern,
denote the probability with which patterns from the pattern Rashomon set classify z;
correctly. We will call a; sample agreemenbver the pattern Rashomon set.

Consider a datasetS = fzgl; and a 0-1 loss . For every point z; assume that we
have sample agreemeng;. If a; = 0, it means that all patterns in the pattern Rashomon
set assign an incorrect label to sample;. On the other hand, if & = 1, all patterns assign
the correct label. If we exclude allz; such that 8 =0 or a; =1 from the dataset, then the
number of patterns will not change in the Rashomon set. Therefore, for a given poiry
(k =1::n) we will try to answer a question: is there a model in the Rashomon set such that
it classies zx = (Xk; Yk) correctly and still stays in the Rashomon set. If there is no such

model, then samplez, has no in uence on the pattern Rashomon set. Since it is harder to
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optimize for 0-1 loss, we instead consider exponential loss. If the problem is separable by
0-1 loss, then the exponential loss will converge to a separable solution exponentially fast
(which is known from the convergence analysis of AdaBoost (P. Bartlett et al., 1998)). Then
given hypothesis space of linear models = fw' xg, for every z,, we aim to solve following

optimization problem:

AR
min — e yiw'x; (2.6)

YW g O; (2.7)

and then check ifw' x is in the Rashomon set de ned by 0-1 loss.

Since we optimize exponential loss, it is fast to solve the optimization problem with
gradient descent. More importantly, we can run the optimization in parallel for sampleszy.
After, we consider datasetSj sige that contains only those samples for which models were in
the Rashomon set that could accommodate misclassi edx. We formally de ne the discard

point procedure in procedureDiscart Points below:

procedure Discard Points (dataset S, ERM f the Rashomon parameter )
Initialize Sgp.
for everyz =(x;y) 2 S do
Solve optimization problem (2.6)-(2.7). Letf be a solution.
it 0(f)> C(f)+ then
add z to Sqp (this point has a single predicted label for the entireRser(F; ).
end if
end for
return  Sgp.
end procedure

In the second step, we build a search tree over the set of patterns that are formed
by samples inSinsige. We use breadth- rst search over subsets of data. We bound (i.e.,
exclude part of the search space) when the pre x of the pattern (which is the part of the
dataset we are working with) misclassi es more samples than the threshold to stay in the
Rashomon set, which isﬁ(f’\) + . Since not all patterns can be realized by the model class.

We bound if the pre x or pattern can not be achieved (the pattern is achievable when
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Algorithm 1 Branch and bound approach to nd the pattern Rashomon set

Input: The Rashomon parameter , datasetS= X Y, ERM f’\, algorithm A.
Output: Pattern Rashomon set (F; ):

1: Run Discard Points (S;f’;\ ) to exclude points that have the same predicted label for
all models in the Rashomon set. LetSy, be the set of discarded points, andSinsige be
the rest of the points.

2: Divide points in Sjusige into four categories: true positive, false positive, true negative,
and false negative.

3: Compute the distance from the decision boundary of " to every point for every category.

4: Sort points in ascending order for every category.

5. Create a new order of the points inSjnsige by iteratively choosing points from each of
the four categories until all points in Sjysige are re-ordered.

6: ConcatenateSyp and Sinsige to form S = X Y based on the new order, where discarded
points are followed by the sorted points.

7: Initialize the pre x ptinit of length jSqpj based on the labels of the samples iBqp.

8: Initialize Q as the queue for the breadth- rst search over the pre xes.

9: while i | Sinsige] (Ioop over all points in Sjysige) do

10: for everyelemin Q (loop over all pre xes in Q) do

11: for e 2 [0; 1] (loop over possible labels; this is a branch stepylo

12: Ya = Ys,, [ elem[ e (consider potential pre x).

13: Form the training data ( X 3; Ya) to check if the pre x is achievable by algorithm
A. X4 consists of the rst jSqypj + i samples of sortedX .

14: Fit algorithm A on (X5; Ya) and compute accuracy and loss.

15: if accuracy=1 andloss C(f)+ then

16: Q:appendelem [ €) (the pre x is achievable and the pattern has the

potential to be achieved in the pattern Rashomon set, thus we add this element to the
queue. This is a bound step).

17: end if

18: end for

19: end for

20: end while

21: As we have now looped over all sample€Q contains all the achievable patterns that are
in the Rashomon set, set (F; )= Q.

all points with labels matching the pattern are classi ed correctly by some model from the
hypothesis space). In order to perform branch and bound more e ectively, given an empirical
risk minimizer (ERM), we sort points in the dataset based on their distance to the decision
boundary of the ERM. More speci cally, we split the points into four categories depending
on whether the point is a true positive, false positive, true negative, or false negative. Then
for every category, we compute the distances from each point to the decision boundary of

the ERM and then sort points from least distance to greatest distance. Finally, we cyclically
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choose one point from each category until all samples have been considered. Conceptually,
true positive and true negative samples that are closest to the decision boundary determine
most of the patterns in the pattern Rashomon set. We add false positives and false negatives
early to the order of points as they are more likely to be misclassi ed, allowing us to bound
the pre xes sooner. We describe the branch and bound procedure in Algorithm 1. We use
bit vectors to represent pre xes and patterns to speed up computations. Since we apply
this approach to linear models, we use logistic regression without regularization to check
the achievability of the patterns and their pre xes. However, the algorithm in general can

be applied to other hypothesis spaces and losses (for example, hinge loss).

The branch and bound approach allows us to compute the numerator of the pattern
Rashomon ratio. To compute the denominator of the Rashomon ratio, we use the following
formula that gives the number of all possible patterns for the hypothesis space of linear
models (Cover, 1965): if nop 1 points are coplanar,

X 1

cmp=2 " T (2.8)
i=0

where C(n; p) is the number of patterns in the hypothesis space of linear models for the
dataset with n points and p features. We use this method to compute pattern Rashomon

ratios in Chapter 5.
2.5 Pattern Diversity

We de ne pattern diversity as an empirical measure of di erences in patterns in the
Rashomon set. It computes the average distance between the patterns, which allows us not
only to assess how large the Rashomon set is but also how diverse it is.

Recall that (F; ) is the set of unique classi cation patterns produced by the Rashomon

set of F with the Rashomon parameter .

De nition 11  (Pattern diversity) . For Rashomon setRse(F; ), the pattern diversity
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div(Rset(F; )) is de ned as:

1 X X

div(Rset(F; )) = - H (ptj ; ptk);
k

j
pti  (F;)pt  (F;)

P
wheren = jSj, = j (F; )j, and H(pt;pty) = [, 1[pt}§pti(] is the Hamming distance
(in our case it computes the number of samples at which predictions are di erent), anfl j

denotes cardinality.

Pattern diversity measures pairwise di erences between patterns of functions in the
pattern Rashomon set. Pattern diversity is in the range[0; 1), where it is O if the pattern

set contains one pattern or no patterns.

2.5.1 Pattern Diversity and Other Metrics of the Rashomon Set

Among di erent measures of the Rashomon set, the pattern diversity is the closest to
the pattern Rashomon ratio and expected pairwise disagreement (as in Black et al. (2022)).

Pattern Rashomon ratio . Pattern Rashomon ratio measures how expressive the
Rashomon set is compared to the whole hypothesis space. As we discussed before, for the
hypothesis space of linear models, for di erent datasets with the same number of samples
and attributes, as long as nop 1 points are collinear, the denominator of the pattern
Rashomon ratio is the same and equal tdZP ipzo “i 1 (Cover, 1965). If we focus only
on the numerator of the pattern Rashomon ratio, it is the number of distinct predictions,
whereas the pattern diversity is the average Hamming distance between distinct predictions.
Intuitively, the more distinct predictions we have, the more di erent they are from each
other, and the higher pattern diversity we should expect. However, this is not always the
case, and there exist datasets such that we can have a large number of patterns with very
small Hamming distance and a small number of patterns with larger Hamming distance.

In the next section, we will provide an upper bound on the pattern diversity that depends

on the empirical risk of the empirical risk minimizer and the Rashomon parameter (see

Theorem 16). Similarly to pattern diversity, we can upper-bound the number of patterns in
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the pattern Rashomon set by a bound that depends on the empirical risk of the empirical
risk minimizer and the Rashomon parameter, as we discussed in Proposition 10.

Expected pairwise disagreement . Following (Black et al., 2022) and (Marx et
al., 2020), empirical expected pairwise disagreememt(Rset(F; )) over the Rashomon set
can be de ned asl (Rset(F; )) = Bf ity Rea (F: )EZ sl efa(x)- Expected pairwise
disagreement measures the average disagreement between every two hypotheses from the
Rashomon set, while pattern diversity measures the average disagreement between two
patterns from the Rashomon set. The expected pairwise disagreement is equivalent to
pattern diversity when every pattern is achievable with the same probability by models from
the Rashomon set. However, these metrics can be very di erent and we can have a small

expected pairwise disagreement and larger pattern diversity as we show next.

Proposition 12 (Same pattern diversity but di erent expected pairwise disagreement)
Consider nite Rashomon setRset(F; ) of sized 2. Let (F; ) be the pattern set of size
, 2 d. Assume that every pattern excepp; is achievable by only one hypothesis in
the Rashomon set, and thup; is achievable byd +1 hypotheses. Letd be the current
value ofd, then asd!1 (for example, by replicating hypotheses that realizg; an in nite
number of times), expected pairwise disagreement converges to zer6Rse:(F4; )) ! 0, and

pattern diversity does not changediv(Rset(F ¢; )) = div(Rset(Fg ; )).

Proof. The proof proceeds in two steps.

Pattern diversity. As d increases, the pattern set does not change, therefore for any
d d,div(Reet(Fa; )= div(Rser(Fa ; ).

Expected pairwise disagreement. Givenapatternpt2 (F; ), let P, Rt (F: ) PL= ptf
be a probability with which this pattern is achieved by models from the Rashomon set.
Since support for all patterns exceptpt; is 1, then Py = P, R (F:) Pl = ptt = % for

k=2: . And for pt; we haveP1 = Py o (. Pti= ptt = 931 Then expected

pairwise disagreement:
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L (Reet(F s )= B, Bur:) Bx slira008 200

2 _ _ 3
= AP p ) Pl P Pr ey P = P CH (PG PY)S
k=1 j=1
h P2
= Prora) Pu= Pt JH(ptiph)
h X h i
+2P; a k. Pti=pt Pt Rerry PH = PU —H(ptupt)
j=2
2 _ _ 3
X h X h |
AP ag ) Pl PE Pr (i) P = PUH (Pl PY)S
k=2 j=2
d +1 X 1 X X 1
:o+2T ﬁH(ptl;ptj)+ 7 ﬁH(ptk;ptj)
j=2 k=2 j=2
0 1
1 1 X1 1X X 1
=@ 1 = CH(uipy)* —H (Pt pt )A -
j=2 k=2 j=2

Therefore, asd!'1 , | (Reet(Fgq; )) ! O.

As we see from Proposition 12, we can change expected pairwise disagreement, for
example, by adding multiple copies of the same functionf to the hypothesis space. Expected
pairwise disagreement measures predictive multiplicity (Black et al., 2022), but it has the
issue we showed above that it can depend on the weighting of hypotheses in the hypothesis
space. In the case we described in Proposition 12, the multiplicity is small because one
subset of hypotheses (which produce the same pattern) is weighted very heavily. Thus,
expected pairwise disagreement can be in uenced by overparameterization or poor choice
of parameter space. We further illustrate the e ect of re-parameterization on pairwise
disagreement on a simple one-dimensional example in Figure 2.6. Pattern diversity does not
depend on the parameter space and is computed in the pattern space. It is not impacted by

any probability distribution or weighting on the hypotheses. Moreover, we can compute
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the pattern diversity by enumerating all possible patterns of the given nite dataset as
described in Appendix 2.4. We cannot do the same for the pairwise disagreement metric

without additional assumptions on the patterns' support.

Figure 2.6 : lllustration of how reparameterization changes pairwise disagreement metric.
Consider a separable dataset of four data points with a real-valued feature in one dimension:
S = 1(1;0);(2;0);(3;1); (4;1)g and a hypothesis space of linear models. Let the Rashomon
parameter be = 0:25. There are three patterns in the Rashomon set0111, 0011 and
0001 The pattern diversity (c) is 0:444. Consider two di erent parameterizations for the
hypothesis space of linear modelsax 1and x+ b, These two parameterizations produce
the same decision boundaries for the datase$. For the parameterization x + b (b), each
pattern is achieved with the same number of models. For the parameterizatioax 1 (a),
more models will support patterns that are closer to the origin. The support of each pattern
is shown in a di erent color. The pairwise disagreement metric is0:321 for ax 1 and
0:444for x + b. (For the parameterization ax 1, we see that the pattern0001 occurs
whena 2 (1; %), the pattern 0011occurs whena 2 (%; %), and the pattern 0111 occurs when
1

a2 (1; 7). Therefore, the pattern 0001has probability w; = le = 0:666, the pattern 0011

1 1 1 1
has probability w, = 252 = 0:222, and the pattern 0111has probability ws = 252 = 0:111

Recall that H (cdot; ) i43 the Hamming distance, then the pairwise disagreemiant metric is
wiwoH (000]1 0011) +wiwsH (OOOl 0111) +wowsH (0011, 0111) = W1Wo + 2W1W3 + WoW3 =
0:321 For the parameterization X + b, each pattern has equal probability%. We can then
similarly calculate that the pairwise disagreement metric is0:444). Note that if the data
points are shifted together to the left, the di erence in pairwise disagreement metrics for
parameterizations in (a) and (b) will only grow.

2.5.2 Upper Bound on Pattern Diversity

Recall that a is the sample agreement over the pattern Rashomon set. Whesy =1,
then all patterns agreed and correctly classi edz;. If a = % only half of the models
were able to correctly predict the label. As we will show, when more samples have sample
agreement near%, we have higher pattern diversity. We can compute pattern diversity

using average sample agreements instead of the Hamming distance according to the theorem
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below.

Theorem 13 (Pattern diversity via sample agreement) For 0-1 loss, datasetS, and pattern

P

Rashomon set (F; ), pattern diversity can be computed asliv(Rset(F; )) :

P
aj); whereg; = 1 k=1 1[ptik:yi] is sample agreement over the pattern Rashomon set.

Proof. Lety 2f0;1g. We can transformy 2f 1;1gto f0;1g, simply by adding one and
dividing by two.
P
Recall that Hamming distance H (ptj; pt) = ., 1[pt}§ptik]. Alternatively, we can
. . . . P .
rewrite logical XOR as 1[pt}6ptik] = pt(1  pt)+ py(l  pt). Denoteh = EY i=1 pti,

then from the pattern diversity de nition:

| 1 X X x
le(IQset(F; ) = n 1[pt}6ptL] =
j=1 k=1 i=1
= — pti (1 pt)+ pti(1  pt)
=1 k=1 i=1
1 X X X . . C
-~ t + pt, 2pt,pt
= p] k kMY
j=1 k=1 i=1
mn #
1 XX X oo X o X
= = — pi+=  ptp 2= ptpy
i=1 j=1 k=1 k=1 k=1
1 XX ) )
i=1 j=1
2 3
11X 1X o 1X X
== 4% pf+ = h 2% bpyS
i=1 i=1 =1 j=t
X0
= — h + h th
i=1
= - b b):
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On the other hand, according to logical XNOR, we have thatl[pti(zyi] = pt‘kyi +(1

pt‘k)(l Vi), therefore we can rewritea; as:

1 X
&= = lpj=y
k=1
1X i i
= — ptyi + (1 py) i)
k=1
1X i i
= — 2ptyi +1 Yy pty
k=1
1 X ) 1 X .
=2yi—  py+l oy = py
k=1 k=1

=2yibh+1 yi b

Sincey; 2 f 0; 1g, then y? = y; and we have that:

2 X 2 X
- aj (1 ai)=ﬁ (2yib +1 yi b)( 2yib+yi+ b)

i=1 i=1

o X
o ( dyilf+2yih +2yilf 2ybh+yi+h

i=1

+2yibh yi yib+2yiF yib B

o X
= ﬁ (b qu)
=1
== ~ b(1 b):
Therefore we get:
X0 X0
div (Rset(F ; ))=§ b(1 h)=§ a(l &)
i=1 i=1
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We next show that average sample agreement (over all samples) over hypotheses that
realize patterns in the pattern Rashomon set is negatively proportional to the average loss
of these hypotheses. We use this intuition to derive an upper bound for average sample
agreement and then discuss the upper bound for pattern diversity.

Let hypothesis pattern setH (. Rset(F; ) be a set of unique hypotheses corre-
sponding to each patterrt in  (F; ), meaning that there is nof , ;f, 2 H (F: ), such that

f, 6f,,vyetpthh = pt'2.

Theorem 14. Average sample agreement over the pattern Rashomon set is negatively

proportional to the average loss of models in the hypothesis pattern Rashomon Bet(F; ),

1
ooa=l Cavg(H (F; ));
i=1
P
whereCavg(H (F; )= 2 ., £(f,). Moreover, when the Rashomon parameter = 0,

then

X
% a =1 C(TA)

i=1

Proof. For a given (Xx;;yi), when hypothesisf, realizes pattern pt'k = pty, we have that

ptL = f, (xi). Consider average sample agreement:

1 X 1 X 1 X
aooas o = lpgey
i=1 i=1 k=1
!
1 X 1 X
= — 1 — 1.
[pt, 6il
n i=1 k=1 X
1 X 1 X
=1 = — Lioisy:
[pt, &yi]
n i=1 k=1 “
1 X 1 X
=1 = ol sosw
k=1 i=1

! Since there could be many hypotheses that achieve the same pattern,H (F; ) is not unique. We can
work with any of them, as H (. ) is simply a representation of the pattern set in the hypothesis space.
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=1 E C(fy)

k=1

=1 Cag(H (F; )):

P
When =0, forany k, C(f) = C(f,), therefore 2 L a=1 [(f).

Given the de nition of models in the Rashomon set, we can derive an upper bound on

average sample agreement in Corollary 15.

Corollary 15. For any parameter > 0, average sample agreement is upper and lower

bounded by the empirical loss of the empirical risk minimizer,
1 X

1 6 —oa 1 L)
i=1

Proof. Proof follows directly from Theorem 14 and the fact that for every modelf from the

Rashomon set((f) () C(f)+

Next, we upper bound the pattern diversity by the empirical risk of the empirical risk

minimizer and the Rashomon parameter .

Theorem 16 (Upper bound on pattern diversity). Consider hypothesis spac& , 0-1 loss,

and empirical risk minimizer f*. For any 0, pattern diversity can be upper bounded by

div(Rset(F; )  2(C(H)+ )@ (C+ )+2: (2.9)

Proof. From the Cauchy Schwarz inequality, we have that

Given this and from the de nition of pattern diversity and Corollary 15 we get that:

2 X 2 X0 o X0
dv(Rse(F; )= = &l a)= = a =



2 X 2 X 2 R 1 7
2 . .

>

20 () 2 L) )?

=2 20(f) 2+4C )+ ) 20 )+ )?
=2(CY+  (CH+ )+ )

=2(C)+ ) (C@O+ N+2:

When =0, then div(Rset(F;0)) 20()@ C(f):

The bound (2.9) emphasizes how important the performance of the empirical risk mini-
mizer is for understanding pattern diversity. If dataset is well separated so that the empirical
risk is small, then pattern diversity will also be small, as there are not many di erent ways
to misclassify points and stay within the Rashomon set. As the dataset becomes noisier, on
average, we expect the empirical risk to increase and thus pattern diversity as well. We will

formally show this in Chapter 5.

2.6 Rashomon Set Characteristics for Different Datasets

Di erent characteristics of the Rashomon set describe various properties of the set. The
Rashomon ratio measures how many equally performing models there are, while the pattern
Rashomon ratio focuses on how many di erent predictions these models produce on the
dataset. On the other hand, pattern diversity emphasizes how distinct these predictions are
from each other. Each characteristic provides additional useful information to the machine
learning practitioner, aiding in estimating the Rashomon E ect and understanding the
properties of the learning problem at hand. To provide speci c examples, we computed
these characteristics for di erent datasets in Table 2.2 based on the hypothesis space of
sparse decision trees of depth four. We set the Rashomon parameter to 5%. Note that it
is very computationally expensive to compute the number of patterns in the hypothesis

space of decision trees of depth 4, therefore we provide the number of patterns only (the
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numerator of the pattern Rashomon ratio) in Table 2.2.

Table 2.2: Rashomon set characteristics for di erent classi cation datasets based on the
hypothesis space of sparse decision trees of depth four.

Dataset Number of Number of Rashomon Pattern
models in the patterns in the ratio diversity
Rashomon set Rashomon set
Car Evaluation 498 108 1.518e-19 0.131
Monks 2 1089 369 8.443e-17 0.246
Monks 1 33 10 2.559%9e-18 0.081
Monks 3 80 29 6.202e-18 0.206
Bar 7 (Coupon) 3939 1538 4.,004e-18 0.068
COMPAS 19859 6193 3.144e-16  0.148
Breast Cancer Wisconsin 23200 6987 1.065e-14 0.068
Carryout Takeaway 18368 3699 5.599e-18 0.038
Cheap Restaurant 113189 30654 3.450e-17 0.081
Bar 13950 6524 4,252e-18 0.127
Co ee House 3483 1168 1.062e-18 0.234

In Table 2.2, datasets with the highest pattern diversity (Monks 2, Monks 3, Co ee
House; see the description of the datasets in Table B.2) have di erent numbers of patterns.
The larger number of patterns in the Co ee House dataset is most likely caused by a
larger number of data points (3816 as compared to 169 for Monks 2). Conversely, Monks
2 is originally a noisier dataset than Monks 3, indicated by its lower empirical risk, likely
resulting in a higher number of patterns than Monks 3. The Breast Cancer Wisconsin
dataset has a larger Rashomon ratio, containing a relatively large number of models in
the Rashomon set. One possible reason why the Cheap Restaurant dataset contains more
models than Breast Cancer Wisconsin could be its higher number of features, providing

more possibilities to construct di erent trees in the Rashomon set.

Now that we have introduced di erent characteristics of the Rashomon set and established
the Rashomon ratio as a simplicity measure, we can shift our focus to proving simplicity
and generalization properties of models in the Rashomon set. This is critical to our thesis

that simple-yet-accurate models exist.

50



3. When Rashomon Sets are Large,
Simple-yet-Accurate Models Exist

Numerous works provide generalization bounds based on di erent complexity measures
under di erent assumptions. Some discuss Rademacher (Kakade et al., 2008; Srebro et al.,
2010) and Gaussian complexities (Kakade et al., 2008), PAC-Bayes theorems (Langford &
Shawe-Taylor, 2002), covering numbers bounds (Zhou, 2002), and margin bounds (Koltchin-
skii & Panchenko, 2002; Schapire et al., 1998; Vapnik & Chervonenkis, 1971). In contrast,
under assumptions elaborated in Section 3.1, the Rashomon ratio provides a certi cate
of the existence of a simpler model that generalizes. Is some of our bounds we use an
approximating set, which is also used throughout the literature on learning theory (Lecué,
2011; Lugosi & Wegkamp, 2004; Mendelson, 2003; Schapire et al., 1998). An example of this
is the classical generalization bound for boosting and margins (Schapire et al., 1998), which
uses combinations of several random draws of base classi ers to represent combinations
of base classi ers. In this Chapter, we assume that we will have two hypothesis spaces, a

simple and a more complex one with good approximating properties.
3.1 Rashomon Set Models: Simplicity and Generalization

Consider two hypothesis (functional) spaces with di erent levels of complexity, where
the lower-complexity space serves as a goa@pproximating set (i.e., a goodcover) for the
higher-complexity space. The hypothesis spaces are call&d;, for the simpler space, and
F », for the more complex space, wher& 1 F ». Here, to determine the complexity of a
hypothesis space, we use traditional notions of complexity (conversely, simplicity) such as
covering numbers or VC dimension. For a useful example of a simple and a more complex
space, consideF » to be the space of linear models with real-valued coe cients in a space
of d dimensions, and consideF 1 to be the space of scoring systems (Ustun & Rudin, 2016),
which are sparse linear models, with at mosti® nonzero integer coe cients,d®  d. Another
example is if the more complex spacé& » consists of boosted decision trees, anid; consists

of single trees. Generalization bounds would be tighter if we could use the lower complexity
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spaceF 1, but as we are considering functions fronF ,, learning theory often has us include
the complexity of F » in the bound. Given this setup, we have several questions to answer:

1. What if the higher-complexity hypothesis space we chose were more complex than
necessary for modeling the data? In that case, if we had instead used the simpler
model classF 1, would we still get a model that is (almost) as good as we could
have obtained using the more complex clask »? If so, perhaps we can leverage the
complexity of the simpler model classF 1 for generalization bounds on our model
rather than the more complex classF ;. We answer this question in Section 3.1.1,
where a property on the complex space that will help us is thathe true Rashomon
set of F, is large enough to admit a simpler model . We do not need to know
what this model is and we may never discover it (we would likely discover a di erent
model using data).

2. Under what conditions on the complex and simpler model classes does the property
we mentioned above (that the Rashomon set includes simpler models) hold? Does
it hold often? As it turns out, under natural conditions on the function class and
loss function, a large Rashomon set in the complex class does imply the existence
of simple-yet-accurate models. We identify these conditions in Section 3.1.2, namely
that the loss function is smooth, and that F ; serves as a cover foF ». Thus, under
these natural conditions that occur in practice, a large Rashomon set for a
complex class of functions implies the existence of a simple-yet-accurate
model .

The bounds we present in Section 3.1.1 do not serve the same purpose as standard
statistical learning theoretic bounds, as they do not aim to bound generalization error for a
single function (that is, the di erence between training and test loss for a function). Rather,
we are interested in bounding train loss of one function (asimpler function) with test loss
of another (the optimal model in a more complexfunction class). Standard learning theory

analysis handles the single function case nicely; we are concerned with other questions here.
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3.1.1 The True Rashomon Set Can Be Very Helpful

As in classic Occam's razor bounds, we start with nite hypothesis spaces. Consider
nite hypothesis spacesF 1 and F ,, whereF; F ». Consider the rst question discussed
above: GivenF ; and F ,, can we have a guarantee that a model we produce using a simpler
function classF ; on our data could be approximately as good as the test performance of
the best model fromF ,? In the following theorem, we will make a key assumption that
allows us to do this: we assume that the Rashomon set &f, includes a member of the
simpler class of functionsF 1, even if we do not know which function it is. Later, in Section
3.1.2, we show conditions under which simple models frorfi ; are proven to exist in the
Rashomon set ofF ,, which depends on the size oF »'s Rashomon set. HerejFj denotes
the cardinality of the nite space F. These bounds can be generalized to in nite hypothesis
spaces with a simple extension to covering numbers, but they are designed for intuition,
which works nicely with nite hypothesis spaces. Again, this is di erent from a regular

learning theory bound as it does not consider the generalization of just one function.

Theorem 17 (The advantage of a true Rashomon set) Consider nite hypothesis spaced- |
andF ,, such thatF; F . Letthe lossl be bounded by, [(f2;2) 2 [O;b] 8f,2F ;822 Z.

De ne an optimal function f, 2 argmin; - ,L(f2). Assume that the true Rashomon set

includes a function from F 1, so there exists a modef71 2 F ; such thatf1 2 Rget(F2; ).
(Note that we do not knowf7.) In that case, for any > 0 with probability at least 1

with respect to the random draw of data:

r r

L(f,) b |091'F1j2;|092: ) L)+ +b

log 1=
2n

(3.1)

wheref 2 argmin; ¢, C(f1). (Unlike 3, we do knowf; because we can calculate it.)

Proof. Lower bound. We apply the union bound and Hoe ding's inequality. The result is

that with probability at least 1  for everyf, 2 F 1 we have, for nite hypothesis spacefF 1:

r
L(f1) C(f)+b

logjF 1j+log2=

o (3.2)
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Combining this Occam's razor bound with the de nition of f, 2 argmins ¢ , L(f) we get
that, under the same conditions:

r

L(f,) L) C@F)+b

logjF 1j+log2="
2n '

Upper bound. By the assumption of the theorem, we have thatL (f7) L(f,)+
Also, by the de nition of an optimal model f,, L(f;) L(f1). Combining these, we get that
L(f;) L(f1) L(f,)+ . Thusf, isin the true Rashomon set ofF , with parameter
Alternatively, f, is in the true anchored Rashomon set oF , with parameter = L(f,)+
f, 2 R3f(F2; ). Following Proposition 2, we have that for any 1 > 0 with probability at
least1 e 2"(1¥H” with respect to the random draw of data, f, is in the slightly larger
anchored Rashomon seR2(F ,; + 1), and therefore, with high probability, £(f,)  + 1.

Or alternatively, by setting = e 2"(1=D* we get that for any > 0 with probability at least

1, we havel(f,) +b 1= Further, by de nition of the empirical risk minimizer

and given that = L(f,)+ we get:

r

O C(fy) LE,)+ +b

log 1=
2n

Combining the previous two equations yields the statement of the theorem.

That is, we can bound the best empirical model fromF 1 with the true risk of the best
model within F, (Figure 3.1 (a)). Thus, if the Rashomon set is large enough to include a
single model fromF 1, we can work with the simpler classF 1 in practice and achieve strong
performance guarantees.

The main assumption in Theorem 17 is about the population, and does not rely on
the sample. It relies only on the existence of one special function in the true Rashomon
set. There are no smoothness assumptions on the loss function. If the main assumption of

this theorem holds, then we gain the bene t of guarantees or , from looking only at F 1
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Figure 3.1 : (a) For F1 F 5, the empirical risk of F 1 is bounded by the true risk of F »
and if there exists a modelfy in the intersection of F 1 and the Rashomon set of- , as
shown in Theorem 17. (b)F 1 is formed by random sampling ofF ,. If we sample su ciently
many models fromF , to be included in F 1, with a high probability there will be a model
from F 1 that will be within the Rashomon set of F ,.

empirically. We cannot check whether the assumption holds since it involves the true risk,
but practitioners can reap the bene ts of it anyway: The possibility of a large Rashomon

set may embolden the practitioner to minimize overF 1, achieving test error close to the

best of F , if the conditions of Theorem 17 are indeed satis ed.

To make the connection of this result to Rashomon sets more explicit, we will choose a
speci c relationship betweenF 1 and F », speci cally, F; will be a random sample ofF , (as
illustrated in Figure 3.1(b)) that is chosen prior to, and separately from, learning. This is
an arti cial example in that F; would never actually be chosen as a random sample from
F, in reality. However, the random sampling assumption permitsF ; to be distributed
fairly evenly within F », which, arguably, could approximate the way some simpler spaces
are embedded in more complex spaces.

If F1 is a random sample of functions fromF ,, and if F > has a large true Rashomon
set, then the true Rashomon set is likely to include at least one model frork ;. This is

formalized below.

Lemma 18. For a nite hypothesis spaceF , of sizejF »j, we will draw jF 1] functions
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uniformly without replacement from F, to form F;. If the true Rashomon ratio of the

hypothesis spacé- » is at least

1
Rrato (F2; ) 1 IF 1

then with probability at least1 with respect to the random draw of functions fromF , to

form F 1, the Rashomon set contains at least one modé&} from F ;.

Proof. The probability of an individual sample from F, missing the true Rashomon set
is1 Ruratio (F2; ). The probability if this happening jF 1j times independently is (1
Rratio (F2; ))IF1i. Thus, for any > 0, if the Rashomon ratio is at leastRaio (F2; )

1 ﬁ the probability p, of sampling, with replacement, at least one hypothesis from
Rratio (F2; ) is:

pw=1 (1 Ruratio (F2; ))jF S |

Let p; be the probability, under sampling without replacement, that samplesl:::i have
missedRratio (F2; ). P =1 Rrao (F2; ), andpi (1 Rraiio (F2; ))'. The probability,
under sampling without replacement, that at least one hypothesis fromR a0 (F2; ) in F1
is thereforel pr,; pw. Thus the statement of the lemma holds with probability at

least 1
In the case of Lemma 18, Theorem 17 applies, and therefore we have Theorem 19.

Theorem 19 (Example of the advantage of a large true Rashomon set)Consider nite
hypothesis space$ ; and F,, such thatF; F » and F1 is uniformly drawn from F

without replacement. For lossl bounded byb, if the Rashomon ratio is at least

1
Rrato (F2; ) 1 Pl

then for any > 0, with probability at least (1 )2 with respect to the random draw of
functions from F , to form F 1 and with respect to the random draw of data, the assumptions

of Theorem 17 hold and thus the bound3.1) holds.

56



Table 3.1: Examples of the possible usage of Theorem 19.
If jF1j = 100000 then to get the bound (3.1) to hold with probability at least 99%
the Rashomon ratio should beRai0 (F2; ) 0:0053%
If jF1j = 10000 then to get the bound (3.1) to hold with probability at least 99%
the Rashomon ratio should beRgi0 (F2; ) 0:053%
If jF1j = 1000 then to get the bound (3.1) to hold with probability at least 99%
the Rashomon ratio should beRai0 (F2; ) 0:53%

Proof. According to the Lemma 18, for any > 0 with probability at least 1  with respect

to the random draw of functions, if the Rashomon set it at leastRa0 (F2; ) 1 J'Flli ,
then the Rashomon set contains at least one moddT from F ;. In that case, according to
Theorem 17 with probability at least 1 with respect to the random draw of data, the
bound (3.1) holds. Therefore with probability at least (1 ~ )? we get the statement of the

theorem.

Table 3.1 shows possible values of the lower bound on the Rashomon ratio, givih 1 |
and . For example, the rst line of the table states that if at least a tiny fraction (0.0053%)
of the complex function spaceF » consists of good models, and there exists at least 100,000
simple functions in F 1, then the chance that we will nd an accurate-but-simple model on
our dataset is over 99%.

The intuition for Theorem 19 holds beyond the case wherk 1 is randomly sampled from
F», it holds wheneverF ; coversF, su ciently well. This intuition is that as the true
Rashomon ratio increases, it is more likely that the empirical risk minimum ofF 1 will be

close to the minimum of the true risk of F 5.

3.1.2 Proving the Existence of Simple-yet-Accurate Models with Good
Generalization

Theorems 17 and 19 do not take advantage of the fact that we can investigatE ,
empirically, and more easily than we can investigatd- 1; these theorems instead only discuss
the exploration of F1. Thus, the next analysis makes two improvements: (1) it studies
empirical Rashomon sets instead of true Rashomon sets, (2) it substitutes the unrealistic

random draw assumption for a realistic smoothness assumption. We now assume smoothness
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Table 3.2: Examples of function approximation in di erent hypothesis spaces: a function
from spaceF 1 approximates a function in spaceF , with given guarantee .

F Fi (depends on parameters| Source
in bounds below)
f2L: (), sy 2 S() , kf syky M0 Davydov
kf ki 2 [m;M] SN piecewise constant, (2011)
N number of constants and De-
Vore
(1998)
f 2Wpl() 1 p 1, |s (f)2S(), kf s (f)kp Davydov
where W, is a Sobolev| s piecewise constant, | CN 1=djfijl (2011)
space xed partition,
=(0 ;1)
N number of constants
f2fxX, k2 N} P (n) polynomials of de- | kf ) P(n)ky Newman
gree FT b (nek)=2 j( and
atmostn2 N Rivlin
(1976)
f 2 C[0;1] is a non-| P(d) algebraic polyno- | kf P (d)k, Paturi
constant symmetric | mials of O(C n(n (1)) (1992)
boolean function on | degreed
X1,-4Xn
f 2 Lipw() fisLips-| Ny @ [ajb ! R is a| suppapif (X) Nn(X)j Cao et al.
chitz feedforward neural net- % bTa (2008)
continuous with constant | work with one layer and
M bounded, monotone and
odd
de ned activation func-
tion, n2 N
f 2 Ly(l), where | P: space of polynomials | inf,op, kf PKL, (1) DeVore
RY is a cube in RY, | of orderr in d, constant Cili™if jwr L,y (1998)
k kwr(,() Sobolev | C depends onr
semi norm

of the loss over the function space.

The eld of Approximation Theory provides general conditions under which classes of
functions can approximate each other. Given a target function from one class, we want to
know whether a sequence of functions from another class can converge to the target. Table
3.2 shows classes of functions ; that can be approximated by classed- ;. For instance,
piecewise constant functions, such as decision trees, can approximate smooth functions.

For a hypothesis space= and somef °2 F , de ne the -ball of functions centered at
flasB (f9 = ff 2F :kf® fk, g Alossl:F X!Y is said to be KLipschitz,

K Oifforall f1;f,2F andforallz2Z:jl(f1;z) 1(f2;2)] Kkfy fokp: The p-norm

58



can be de ned, for example, akf k, = RX jf jPd 1:p, where is a measure onX. De ne

a -packing as a nite set = f q;: «ji 2Fg suchthatk; jkp> , meaning that

B-2(i)\ B=y(j)= 7 foralli6 j. The packing numberB(F; ) is the largest -packing.
Theorem 20 below uses the approximating set argument from the previous subsection, but

now requires the Rashomon set to be large enough to include balls of functions rather than

using the random draw assumption. As long as the set of simpler functions is distributed

well among the full hypothesis space, each ball contains at least one function from the

simpler class.

Theorem 20 (Existence of multiple simpler models) For K -Lipschitz loss| bounded by
b, consider hypothesis spaceB; and F», F1 F ». With probability greater than 1
w.r.t: the random draw of training data, if for every modelf, 2 Iﬁset(F 2; ) there exists
f1 2 F 1 such thatkf, fikp , then there exists at leasB = B(IQset(F 2; );2 ) functions
fLf2::f8 2 Reer(F; ) such that:

1. They are from the simpler spacef {;f2::;fB 2 F ;.

q___
2. L(F) C(f)  2KRn(F1)+ b 2&2): for all i 2 [1;::;B], where Ry (F) is the
Rademacher complexity of a hypothesis spad¢e. (This is from standard learning

theory.)

Proof. Starting from the packing number of the Rashomon seB(Rset(F 2; );2 ), there
exists a2 -packing = f 1;:3: ki i 2 Reet(F2; )g such that k jkp> 2 foralliéj.
On the other hand, for each ; 2 Rser(F 2; ) there existsfi 2 F ; such thatk i  flkp
(this is the assumption that F 1 serves as a good cover fdf ;). Therefore, for each ball
center ; in the packing, there is a distinct modelf{ from the simpler hypothesis spacd- ;.
Thus, the Rashomon set contains at leasB = B(I‘Qset(F 2; );2 ) models fromF 1.

The generalization bound follows P. L. Bartlett and Mendelson (2002).

From Theorem 20, we see that since larger Rashomon sets have larger packing numbers,

they contain more simpler models with good generalization guarantees. Figure 3.2(a)-(b)
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Figure 3.2 : (a)-(b) An illustration that shows why both approximation and smoothness
assumptions in Theorem 20 are important. If the approximation assumption does not hold,
F 1 can be concentrated inF , and thus does not necessarily intersect with the Rashomon
set of F, (a). If the smoothness assumption does not hold ; is discontinuous and thus
does not necessarily intersect with the Rashomon set &, even thoughF 1 is dense inF »
(b). (c) An illustration where the Rashomon set contains at least its packing number of
simple models when both assumptions hold.

illustrate why both approximation and smoothness assumptions are important for Theorem
20 to show the existence of simpler models in the empirical Rashomon set. When both of them
are satis ed, the Rashomon set contains multiple simple models with good generalization
guarantees as schematically shown in Figure 3.2 (c). Note that in Theorem 20, other
complexity measures from learning theory could be used. We chose Rademacher complexity
as it provides the tightest bound among standard complexity measures.

Theorem 20 has practical implications. If the Rashomon set is large, and the smoothness
conditions are obeyed, Theorem 20 shows that many simple-yet-accurate models would exist,
prior to actually nding them. Knowledge that simple models exist implies it will be
worthwhile to actually solve the di cult optimization problem to nd a simple model.

Thus, if the Rashomon set is large, we have a guarantee. But how will we know when is

the Rashomon set large? This is what we answer in the next section.

3.2 Larger Rashomon Ratios Correlate with Similar Performance
of Machine Learning Algorithms, and Good Generalization

We expect that in many real-world applications of machine learning, properties similar to
the assumptions behind our theorems hold, i.e., that large enough Rashomon sets intersect

simpler hypothesis spaces in ways that lead to or explain good performance. This conjecture
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is di cult to verify theoretically because it is not a mathematical conjecture about the
structure of two speci c function spaces, but a statement about many function spaces,
and how they interact with commonly occurring datasets. Thus, we consider this question
empirically.

Our experiments will demonstrate that, in the case where Rashomon sets are large, two
conclusions follow that are consistent with our theoretical development. First,training
performance insimpler hypothesis spaces is correlated witliest performance in the more
complex hypothesis spaces (Theorem 17), and second, that godihining performance in a
simpler spaceF ; correlates with good generalizationperformance of other models in the
more complex spaceF ». Most importantly, our experiments suggest an intriguing alternative
to the often di cult computational problem of directly estimating the size of the Rashomon
set, namely that similar performance across a range of algorithms with di erent hypothesis
spaces is strongly correlated with a large Rashomon set

Now we will describe our experimental setup for arriving at these conclusions.

3.2.1 Experimental Design

Datasets. We used 38 machine learning classi cation datasets from the UCI Machine
Learning Repository (Dua & Gra, 2019), among which 16 have categorical features and 22
have real-valued features. The majority of the datasets are binary classi cation datasets
and we adapted the rest to binary classi cation (as shown in Table A.1 in Appendix A.1) to
make importance sampling easier (as discussed in Appendix A.2). The number of features
varies from 3 to 784, with the majority of the datasets being in the 15 25 feature range.
Appendix A.1 contains a description of the datasets we considered.

De nition of complex hypothesis space. For these experiments, we will considef » to
be the union (F union ) Of the hypothesis spaces of ve popular machine learning algorithms:
logistic regression (LR), CART, random forests (RF), gradient boosted trees (GBT), and
support vector machines with RBF kernels (SVM). CART, RF, and GBT were regularized

by varying the tree depth, the minimum number of samples required to split a node, the
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minimum number of samples required to create a leaf node, and the number of trees in
the ensemble. SVMs were tuned by varying the regularization parameter and the kernel
coe cient and LR by varying the regularization parameter. Appendix A.2 discusses the

e ect of regularization on the model class. We chose algorithms that search hypothesis
spaces of di erent complexity to ensure that these algorithms produce diverse models. The
notion of F » as a union of hypothesis spaces may seem surprising at rst, but it is consistent
with how many machine learning practitioners approach problems by running a collection of
machine learning techniques in parallel and comparing the results, creating de factounion
space. Our experiment has three steps, as follows.

Step 1: Run all machine learning algorithms. We obtain training and generalization
performance from all algorithms (logistic regression, CART, random forests, gradient-boosted
trees, and SVM with RBF kernels) on all datasets.

Step 2: Estimate the size of the Rashomon set. It is not possible to measure the
Rashomon set of such a complex model space, so we will estimate its size by sampling from
an approximating set, which is decision trees of bounded depth. Decision trees are easy to
sample and can re ne an input space arbitrarily nely as tree depth increases. With su cient
depth, they can approximate many other types of hypothesis spaces, including those used
by other machine learning methods. Thus, we will measure the size of the Rashomon set
and Rashomon ratio in decision trees of depth seven as a surrogate for measuring these
guantities in F». The suitability of these trees for this role is an empirical observation about
the datasets we have used; they may not be a suitable surrogate for some other datasets,
e.g., imagery data. We measure the size of the empirical Rashomon ratio as a surrogate
for the true Rashomon ratio when referring to Theorem 17. To estimate the Rashomon
ratio of depth seven decision trees, we used importance sampling. The proposal distribution
assigns the correct labels to the leaves of the tree based on the training data. Since the data
are populated on a bounded domain, to grow a tree up to a deptiD fully, we make 2° 1!
splits. For each dataset and each depth, we average our results over ten folds for datasets

with less than 200 points and over ve folds for datasets with more than 200 points, and
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Figure 3.3 : (a) Examples of experiments on four datasets showing that larger Rashomon
ratios lead to similar performance of ve machine learning algorithms with regularization.
All the algorithms generalize well and have similar test accuracy. (b)-(c): Examples showing
that smaller Rashomon ratios do not necessarily imply a performance di erence between
machine learning algorithms. Even with low Rashomon ratios, algorithms can be highly
accurate and generalize well, as shown in Figure (b). On the other hand, when the Rashomon
ratio is small, sometimes algorithms can perform di erently or fail to generalize, as shown
in Figure (c). In the gure, test accuracies, training accuracies, and the Rashomon ratio are
averaged over ten folds. We show all 38 datasets in the Appendix A.2.

we sample 250,000 decision trees per fold. We choose the Rashomon parametér be
5%, and, therefore, all the models in the Rashomon set have an empirical risk not more
than C(f’\) + 0:05, where I'_\(f’\) is the lowest achievable empirical risk across all algorithms
we considered. We further discuss experimental setup in Appendix A.2.

Step 3: See if a large Rashomon Set in Step 2 correlates with performance
dierences in Step 1. By construction, the hypothesis spaces of each of the machine
learning algorithms we consider are embedded iR ;. RF and GBT both enjoy extremely rich
hypothesis spaces that are likely close in size tB , itself. LR and CART are less expressive
than these others, so we will view LR and CART as simplerF ; type, hypothesis spaces.
Our question to answer is whether a large Rashomon set measured in Step 2 correlates with
the functions from F 1 (CART, LR) having performance as good as that ofF , (GBT, RF,

SVM) as our theory predicts it will.
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3.2.2 Experimental Results

Figure 3.3(a) shows the performance of the ve machine learning algorithms on datasets
for which the Rashomon ratio was largest, as measured in the space of decision trees
of depth 7. Performance for all datasets is shown in Figures A.1 and A.2 in Appendix
A.2. Across the 38 datasets considered, we obsenl@ger Rashomon ratios led to
approximately similar training results across all algorithms (within 5% di erence
between algorithms). Here, large Rashomon ratios are on the order aD 37% or 10 38%,
whereas small Rashomon ratios ar@0 4°% or less. Moreover, all of the models chosen by
the algorithms, including simpler F ; type models, generalized well (the di erences between
training and test errors are within ~ 5%). These results are consistent with our thesis that
larger Rashomon sets lead to the existence of accurate-yet-simpler models (in agreement with
the theory in Section 3.1.1), and that larger Rashomon sets lead to better generalizationthe
results also imply that large Rashomon sets do occur in many datasets, with the Rashomon
E ect being large enough to include simpler models in practice (in agreement with Section
3.1.2).

Interestingly, the converse statement, that similar performance across di erent algorithms
should lead to large Rashomon sets, does not always hold; sometimes, generalization occurs
with small Rashomon ratios (see Figure 3.3(b)). This observation could be explained
in several di erent ways. Mainly, the Rashomon ratio is not the only driver of good
generalization performance. The amount of data is one obvious additional driver. Appendix
A.2 discusses this further. Quality of features is another driver, as discussed in Section 3.3.

Our second main result is that inall cases where large Rashomon ratios were observed,
test performance was consistent with training performance across algorithms
of varying complexity. This correlation between the size of the Rashomon ratio and
consistent generalization performance suggests an indirect means of assessing the size of the

Rashomon ratio as an alternative to the computationally intensive approach of sampling.

! For other datasets and other metrics of measuring the Rashomon set, the results might be di erent.
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(a) Reducing features (b) Adding noise (c) Adding good features

Figure 3.4 : An illustration of the in uence of feature quality on the Rashomon ratio for
the Breast Cancer Wisconsin dataset (BCW). (a) shows the Rashomon ratio for the dataset
with di erent numbers of signi cant features according to a 2 test. Denote the BCW with
the six most signi cant features as BCW6. (b) depicts the correspondence between the
Rashomon ratio and di erent numbers of noisy features added to the BCW6 dataset. The
noise features are sampled from the normal distributiorN (0; 1) and then standardized to
be in a hypercube of volume one. (c) shows the change in the Rashomon ratio as we add
more redundant features to the BCW dataset. We iteratively add one out of six features
from the BCW6 dataset at a time. Rashomon ratios in (a) (c) are averaged over ten folds.
The Rashomon parameter is set to 0.05. Rashomon ratios are computed with respect to
the best sampled model across all variations of the dataset.

When consistent training and test performance across algorithms is observed, thimay
indicate a large Rashomon ratio.

One thing we notably did not observe were cases where algorithms did not generalize,
performance di ered across algorithms, and the Rashomon set was large. Across all 38
datasets, we did not observe cases where the Rashomon set was large and performance
di ered among algorithms.

Figure 3.3(c) shows small Rashomon sets, where we observe wildly di erent performance
across algorithms, where sometimes the models generalize and sometimes they do not. We
show one example of each of these cases in Figure 3.3(c). Our theory does not apply to the

case of small Rashomon sets, and thus there is no guarantee for such datasets.
3.3 Quality of the Features and Rashomon Ratio

In our experiments, we observed a connection between the quality of the features and
Rashomon ratios. The Rashomon ratio in its simplest form, under uniform prior on the

hypothesis space, is the fraction of models that are inside the Rashomon set compared to the
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models in the hypothesis space. When a dataset is augmented with additional features, the
size of the hypothesis space grows. If the added features are completely irrelevant (consisting,
for instance, of noise) then adding these features increases the size of the hypothesis space
but does not increase the size of the Rashomon set. Thus, we might predict that the
Rashomon ratio could decrease as irrelevant features are added to a dataset.

Additionally, if we augment a dataset with features that are highly correlated or identical
to features that improve performance, then not only is the size of the hypothesis space
increased, but also the size of the Rashomon set is likely to increase, as there exist more
relevant models (even if the set becomes redundant with models that predict equivalently).
Thus, we might predict that the Rashomon ratio increases as we add copies of relevant
features.

In general, these two examples of irrelevant and redundant features are corner cases,
however, they do occur to a lesser degree in real-world datasets, and we are interested in
whether these cases have potentially in uenced our experimental results in Section 3.2 in our
observed Rashomon ratios. To investigate this, we augmented a dataset with noise features,
and separately, augmented the same dataset with copies of useful features to see whether
irrelevant or correlated features may have in uenced our ndings on the measurement of
the Rashomon ratio. We used the Breast Cancer Wisconsin (Diagnostic) dataset (shortly,
BCW), which has approximately six important features. The results are shown in Figure
3.4. As before, our hypothesis space is decision trees of depth seven.

Irrelevant features.  If the dataset contains a lot of irrelevant or noisy features, we
expect the Rashomon set to be relatively small compared to the hypothesis space. Figure
3.4(a) shows how the Rashomon ratio changes as we iteratively decrease the number of
features in the Wine dataset, eliminating the least relevant features rst, leaving the most
signi cant ones (where relevance is determined according to a? test with the label). The
Rashomon ratio grows as we rst remove non-signi cant features, and after reaching a peak
at around six features, it starts to decrease as we remove relevant features, and as models

lose accuracy. Similarly, Figure 3.4(b) shows the in uence of noisy features on the Rashomon
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ratio. Particularly, as we add more noisy irrelevant features, the Rashomon ratio starts to
decrease. This is due to the same fact, that we arti cially enlarge the hypothesis space while
keeping the Rashomon set approximately the same. The noise features do not help improve
the empirical risk, they only increase the size of the reasonable set.

Redundant features. As a contrast to how we increased the hypothesis space in the
previous experiment, we can increase the Rashomon set by adding more redundant, good
features. Figure 3.4(c) shows how the Rashomon ratio changes for the BCW dataset as we
add more copies of the six most signi cant features. We observe that the Rashomon ratio
increases. By adding copies of relevant features, we increased the number of trees at a given
depth that could be good enough to be in the Rashomon set.

For the binary dataset and the hypothesis space of decision trees, we further formalize
intuition of the in uence of redundant and irrelevant features on the Rashomon ratio in the

theorem below:

Theorem 21 (Rashomon ratio increases with more good features and decreases with more
bad features.) For a datasetS = X Y with binary feature matrix X 2 f 0; 1g" P, consider
a hypothesis spacng of fully grown trees of depthd. Assume that there is a set oppyg d
bad features such that if a model is not in the Rashomon set, it is using only the bad features.
Then:
1. As we removep™©™ good features from the datasetp™™ 2 [1;p j Ppadi), the Rashomon
ratio decreases,

m

Rratio (Ffj: ) > Rratio (FE P ;)

2. As we removep™™ bad features from the dataset,p™™ 2 [1;]jppadi), the Rashomon
ratio increases ,

rem

Ifératio (Fg; ) < I"‘iratio (Fg P ):

Proof. The hypothesis space of fully-grown trees of deptld contains

vd
jFPi=2?  (p k+1% "’
k=1
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trees, where2 is the number of label options each leaf can haved is the number of leaves
we have,QE:1 is the product over all depth levels in a tree,2¢ 1 is the number of nodes we
have at that level, andp (k 1) is the number of options we have to choose from given
that the previous features were used in the path from the root. We do not count symmetric
trees, meaning that we always assume that split O is on the left and = 1 is on the right.
Now let's compute the size of the Rashomon set. If a tree is not in the Rashomon set, it
has only features from the setpyaq. Therefore, trees in the Rashomon set must have at least

one good feature at some node, where good means that the feature is not pgaq. The

cardinality of the Rashomon set is:

l-

yd yd
Ret(FR )=22 (p k+1)Z " 2% (jppad k+1)%
k=1 k=1

meaning that among all models, we do not consider those that consist of bad features only

(sinceppag d, there exists at least one such tree). Then the Rashomon ratio is:

RO 2% ke )2t 2O (pd kD

Rratio (F5 )= 8
ratlo( ) ]FSJ zdegzl(p k+1)2k 1
Qq ,. .
_y _psalpead k+1)*
- Nd k 1
k=1 (P k+1)2
-1 ¥ JPbad) k+1 2 1.
- w P k1

1. Assume that we havepP®f°r® = p features and we remove™™ good features. Then

the number of features after removal igp?ter = pbefore  prem < pbefore and number of bad

features did not changepl®>"® = pi'® = jp,.q4j. Therefore, we have that:

I ok 1
\d before K+1

. P. = Pbad
IQratlo (Fd: )=1 W

I ok 1
ft
=1 ¥ pﬁagr k+1

pbefore k +1
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Thus, we showed that the Rashomon ratio decreases as we remove good features from the
dataset.
2. Assume that we havepP®®'¢ = p features and we remove@™™ bad features. Then

the number of features after removal isp?/®e" = pbefore  prem < pbefore “and number of

good features did not changqagf,foﬂe = pgfggg = P | Poad. Therefore, we have that:

I ok 1
before T2
¥ Poad k+1

_ p. \ —
Rratio (Fg )=1 W

k=1
! 2k 1

¥ pbefore pgggge K+1

=1 o1 pbefore k+1
|
Yj before skt
=1 pgood
- o1 pbefore | +1
|
Yj after skt
=1 pgood
- o1 pbefore | +1
|
Yj after skt
<1 1 pgood _
o1 pafter k+1 -
ok o1
\d after 2
P k+1 rem
<1 bad = IQratio (FE P ;)

o1 pafter k+1

Thus, we showed that the Rashomon ratio increases as we remove bad features from the

dataset.

Our ndings show a possible connection between the Rashomon ratio and feature analysis.

In particular, in the case where di erent algorithms perform similarly, but the Rashomon
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ratio is observed to be small, it could be due to the reason that the dataset contains noisy
or irrelevant features. In that case, it may be possible to iteratively remove features to nd
those that produce the largest Rashomon ratio without changes to the empirical risk. The
other extreme is less likely to be observed in practice, which is when the Rashomon ratio
is extremely large due to redundant features. In that case, one could remove redundant
(highly correlated) features before measuring the Rashomon ratio. The datasets with smaller

numbers of features induce easier learning/optimization problems in general.
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4. Noise as a Theoretical and Practical Motivator for the
Existence of Simple-yet-Accurate Models

In this chapter, we study why simpler models are often suitable for noisier datasets from
the perspective of the Rashomon E ect. More speci cally, we walk along the steps of the
path that starts with the uncertainty in the data generation processes and ends with the
existence of simple-yet-accurate models. Rather than trying to prove these points for every
possible situation (which would be volumes beyond what we can handle here), we aim to
nd at least some way to illustrate that each step is reasonable in a natural setting.

Overall, learning with noisy labels has been extensively studied (Natarajan et al., 2013),
especially for linear regression (Bishop, 1995) and, more recently, for neural networks (Song
et al., 2022) to understand and model the e ects of noise. Stochastic gradient descent with
label noise acts as an implicit regularizer (Damian et al., 2021) and noise has been added
to hidden units (Noh et al., 2017), labels (Shallue et al., 2018), or covariances (Wen et al.,
2019) to prevent over tting in deep learning. When the labels are noisy, constructing robust
loss (Ghosh et al., 2017), adding a slack variable for each training sample (Hu et al., 2020),
or early stopping (M. Li et al., 2020) also helps to improve generalization. However, none of

these prior works consider the e ect of noise on the Rashomon set or ratio as we do here.

4.1 Increase in Variance due to Noise Leads to Larger Rashomon
Ratios

4.1.1 Step 1. Noise Increases Variance

One would think that something as simple as uniform label noise would not really a ect
anything in the learning process. In fact, we would expect that adding such noise would
just uniformly increase the losses of all functions, and the Rashomon set would stay the
same. However, this conclusion is (surprisingly) not true. Instead, noise adds variance to
the loss, which, in turn, prevents us from generalizing.

For in nite data distribution, D consider uniform label noise, where each label is ipped
independently with probability < % If yis a ipped label, P(y6 y) = . If the empirical

risk of f is over% after adding noise, we transformf to f. For a given modelf 2 F let

71



2(f; D) be the variance of the loss, meaning that 2(f; D) = Var,p I(f;z). We show in

the following theorem that, for a givenf 2 F , label noise increases the variance of the loss.

Theorem 22 (Variance increases with label noise) Consider in nite true data distribution
D, and uniform label noise, where each label is ipped independently with probability.
Let D denote the noisy version oD. Consider 0-1 lossl, and assume that there exists
at least one functionf 2 F such thatLp(f) < % . Fora xed f 2F, let 2(f;D)
be the variance of the loss, ?(f; D ) = Var,p |(f;z) on data distribution D . For any

0< 1< oK<

NI

;D)< XD .):

Proof. Recall that the true risk for 0-1 lossLp(f) = E,=(xy)p [[(f;Z2)] = Exyyp [11f )6 y1)-
Without loss of generality, let y 2 f 0; 1g. Drawing from z D is equivalent to drawing
z D and changing labely to 1 y with probability . More explicitly, let Bernoulli( ),

then the ipped label is XOR(y; )= 1 ;- For any givenf 2 F we have that:

Lo (f)= E Ber()Exy)p 1irx)exor(y; )]

E Ber()Exy)yp lrrweyi ) * E ger()Exy)p  Lirx)=y]

Exy)p E Ber() lrreyi@ ) * Exyyp E ser() Lif(x)=y]

Exy)p lrxeyE Ber() [T )] * Exy)p lgx=y1E Ber()[]

(1 JExy)p lrwey ¥ Exy)o L=y
=@ JExy)yp lpmey t 1 Exyyp lisy
=1 )Lp(f)+ (1 Lp(f))

=1 2)Lo(f)+ :

Note, following the technique above, a similar statement is true about datase§ instead

of true distribution D, meaning that for a givenf 2 F,

Es (s (f)=@ 2)Cs(f)+ : (4.1)
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Recall that we take expectation with respect to di erent ways of adding noise to labels,
therefore S and S have the samex, but di erent y. We do not use(4.1) for the proof of
Theorem 22, but use it for proof of Theorem 36.

For true distribution D, sincel is 0-1 loss, then for a given model , I(f; z) is Bernoulli

distributed with mean pger = E;p I(f;z) = Lp(f) and variance fZ: Peer (1  Pger) =

Lo(f)(1 Lp(f)). Therefore, the expected variance for a given moddl 2 Rge(F; ) on

distribution D is:
Var,p [I(f:z)]= Ep Lo (f)A Lo (f))
=Ep Lp (f) Ep (Lo (f))?
=Ep Lp (f) Ep (Lo (f))?
=Ep Lp (f) (Ep Lo (f))® Varm [Lp ()]
=Llo(f)@ 2)+ (Lo(f)@ 2)+ )* Varp [Lp ()]
=Llo(f)(@ 2) 2@ 2)) L3M)@ 2)°+ 2 Varp [Lp ()]
=1 2)*(Lo(f) LB()+ 2 Varp [Lp ()]
=1 2)’(Lo(f)@ Lo+ (@ ) Vam [Lp ()]
=1 2)?(Lo()L Lo+ @ )

Note that, by our assumption, there existsf such thatLp(f) < % ,SoLp(f )< %

wheref is optimal model. Then for any xed f 2 F, we getLp(f) Lp(f )+ < %
which implies that Lp(f)(1 Lp(f)) < 3.
For 2 (0; %), Var,p [I(f;z)] is monotonically increasing in , since:

@
@

41 2)(Lo(M)@ Lo(N)+Q 2)

=1 2)@ 4p(f)@ Lo(f))

Q@ vano Nif:2)] 1 22 Lo+ @ )

@



Consider 1 < . SinceVaryp [I(f;z)] is monotonically increasing in for a xed f,
then 2(f; D ,) < 2(f; D ,), and we proved that variance increases with random uniform

label noise.

This covers the uniform noise case, but variance increases more generally, and we prove
this for several other common cases. More speci cally, we show that the variance increases
with other types of label noise, such as non-uniform label noise (see Theorem 23) and margin
noise (see Theorem 26). For non-uniform label noise, for a sampte= ( X;y), each labely is
ipped independently with probability «, meaning that noise can depend orx. This noise
model is more realistic than uniform label noise and allows the modeling of cases when one
sub-population has much more noise than another. The variance of the loss increases under

non-uniform label noise as we show below:

Theorem 23 (Variance increases with non-uniform label noise) Consider 0-1 lossl, in nite
true data distribution D, and a hypothesis spac& . Assume that there exists at least one
function f 2 F such thatLp(f) < % . Fora xed f 2F, let 2(f; D) be the variance
of the loss: 2(f; D)= Var,p I(f;z) on data distribution D. Consider non-uniform label
noise, where each labey is ipped independently with probability «, (x;y) D . Let D
denote the noisy version oD. Forany > 0, let D be a noisier data distribution than
D , meaning that for every samplgx;y) the probabilities of labels being ipped are higher

by : = x+ .Iffora xedmodel f 2F, Lp (f) < 0:5, then
2(F; D )< 2(f; D ):

Proof. Recall that the true risk for O-1 lossLp(f) = E,=(xy)p [[(f;Z2)] = Exy)p [1f 0)8y1)-
Without loss of generality, let y 2 f 0; 1g. Drawing from z D is equivalent to drawing
z D andchanginglabely to 1 y with probability «. More explicitly, let Bernoulli( &),

then the ipped label is XOR (y; )= 1 ;. For any givenf 2 F we have that:

Lo (f)= Exy)p E Ber( x) 1[f (x)6XOR (v: )]
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Exy)p E Ber( ) Lroeyi ) + Exyyp E Ber(x) 0=y

Exy)p LreyE Ber( 01 )] * Exy)yp lpx=y1E Ber( 0[]

Exyyp lreyE Ber([(1 )l +Exyyp 1 Lrey] E Ber( ol

Exy)p lpeyE Ber( [ )] +Exyyp E Ber()[ 1 lpxeylE Ber( )]

Exyyp lreyE Ber()[(1 2)] + Exyyp E Ber([]

Exy)p lrxeyy( 2 x) +Exy)yp x

Now we will show that Lp (f) >Lp (f):
h [
Exy)yp lirey 1 2x +Exy)p

Lo (f) Lo ()

Exy)p lirgeyy(X 2 x) + Exy)p
h i
Exy)yp lirweyl 2x%2 x +Exy)yp  x  x

Exy)p Lrey( 2) * Exyyp ()
=( 2)Exy)p lpey *

= (1 2p(f)) >0

Note that, by our assumption, there existsf suchthatLp(f) < 3 ,soLp(f )< 3
wheref is an optimal model. Then for any xed f 2 Rget(F; ), we getLp(f) Lp(f )+
< % andthenl 2Lp(f)> 0. Since > 0, we have shown thatLp (f)>Lp (f).
For true distribution D, sincel is 0-1 loss, then for a given modet , I(f;z) is Bernoulli
distributed with mean pger = E;p I(f;z) = Lp(f) and variance fz = peer (1 Pger) =
Lpo(f)(1 Lp(f)). Therefore, the expected variance for a given modél 2 F on distributions

D andD is:
Var,p [I(f;z)]= Lo (f)@ Lp (f))
<Lp (f)@ Lp (f))

=Var,p [I(f;2)];
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where the inequality arises from the fact that the parabolax(1 x) is monotonic along the

interval x 2 [0;0:5]. This implies that 2(f; D )< 2(f; D ).

We model margin noise such as that which arises from high-dimensional Gaussians
by moving two Gaussians closer together along the vector that connects the two means
(as in Figure 4.2(a)). Because of the central limit theorem, data often follow Gaussian
distributions, therefore this noise is realistic and models mistakes near the decision boundary.
Before stating and proving the theorem we discuss two lemmas (Lemma 24 and Lemma 25)

that are helpful for the proof.

Lemma 24. Consider distribution X 2 RP and a linear modelf = ! Tx + b, where! 2 RP,
I 6 0andb2 R. Let x 7! Ax + c be a bijective a ne transformation, where A 2 R? P and
c 2 RP. For the linear model g(x) = f (A 1(x c¢)) and the distribution Z = AX + ¢, we

have that:

Pxx (f(x)>0)=Pzz (9(2) > 0):

Proof. The proof follows from the lemma’s statement and the assumption thatA is a

bijective a ne transformation, and thus is invertible:

P,z (9(z) > 0) = Pxx (g(Ax+c) > 0) = Pxx (f(A Y(Ax+c ) > 0)= Pyx (f(x) > O):

Lemma 25. Consider a Gaussian distributionX N (;I ), where 2 RP, and a linear

1T

modelf = ! Tx+ b, where! 2 RP,! 6 0Oandb2 R. Letr = leb be the signed distance

from to the decision boundary off . Then,
Pxx (F(x)>0)=( r);

where is the CDF of the univariate normal distribution N (0; 1).
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Proof. Let O 2 R P be a matrix with the rst row equal to ﬁ and let the other rows be
chosen so that the rows ofO form an orthonormal basis ofR’. Note that O is an orthogonal
matrix, so O is bijective and OTO = OOT = |. Let g(t) = f(O (t+ O )) ande; be a
unit vector e; = 1,0;:::; Og, then:

git) = f(O *(t+ 0 ))=f(O 't+ )=f(O't+ )

1TOTt+ 1T + b=kl k(eJt)+!T +b

=kl kt;+! 7T +b;

wheret; is the rstelementof t,and! TOT = k! ke] comes from the fact that! is orthogonal
to every row of O except for the rst row. Note that g(t) > Owhenk! kt;+! T + b> 0,

which leads tot; > 'Li;b = r. Correspondingly,g(t) < Owhent; < .

Now, let Z = O(X ). From the properties of the normal distribution, Z N (0;1)
since:

Z=0(X ) N (O );010T) = N(0;1):

Moreover, since the standard multivariate normal distribution is the joint distribution of
independent univariate normal distributions, z; N (0; 1).

From Lemma 24 and de nitions of O, g, Z, we get that Py x (f (x) > 0)= P,z (g(z) >
0). Therefore:

Pex (F(x)>0)=P,z (9(z)>0)=P,z (z2> 1)
=Pun on(zz> 1)=Pyn oplz 1)

(r)

where the strict inequality becomes non-strict since for the Gaussian distribution, the

probability P,, N (0:1)(zi = r)=0. Thus, Pxx (f(x) > 0)= ( r) as desired.

Now, we show that the variance of losses increases under margin noise in the theorem

below:
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Theorem 26. Consider data distribution D = X Y , where, X 2 R°, Y 2 f 1;1g,
classes are balanced(Y = 1) = P(Y = 1) and generated by Gaussian distributions
P(XjYy = 1)= N(0;) , P(XjYy =1)= N(; ), where is a diagonal matrix with
non-zero elements. Let the hypothesis spaée be the set of linear modelsf = ! Tx + b,
where! 2 RP. I 60 andb2 R. We add margin noise by moving the means of the Gaussians
towards each other by a factor ok, where 0 < k < 1, meaning that the mean of the positive
class becomesy = k . Fora xed f 2F,if L (f) < 0.5, we get that the variance of

losses increases with more noise,

)< w:

Proof. Without loss of generality, we will show that the variance of the losses increases for
data generated from two Gaussian distributionsP (XjY = 1) = N(0;1) and P(XjY =

1) = N(;1 ) (wherel is the identity matrix) when we move them towards each other. More

speci cally, since normalization by variance % is a bijective linear transformation, by

Lemma 24 we can work withP(XjY = 1)= N (0;1) and P(XjY =1)= N¢(;I ) instead
of P(XjY = 1)=N(0;) andP(XjY =1)= N(; ) .

Let rq = k,—bk and rp = 'L,if('b be the signed distances from the centers of the two

Gaussians to the decision boundary. Then, from Lemma 25 (see illustration in Figure 4.1),
the loss can be computed using the CDFs based on the signed distance:

L (f)= PE(X)>0Y = LP(Y = 1)+PE((x) 0OY=1)P(Y =1)

= %P(f (xX)> 0y = 1)+ %(1 P(f(x) > QY =1))
= 2+ ()

Next, we will showthat ! T > 0. If L (f) < 3, thenwe getthat 2[(( ri)+(1 ( r2)] <

%, which means that ( r2) > ( ri1). Since the CDF of the Gaussian distributionN (0; 1) is

. . . . T
strictly increasing, we have thatr, > r ;, which means that% > k,—bk andso! T > 0.

Recall that we induce noise by moving the Gaussians towards each other by decreasing
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Figure 4.1 : An illustration of how Lemma 25 rotates each of the GaussianqN ( 1;1),
N ( 2;1) and the decision boundaryf (x) in order to compute loss as CDF of the signed
distances (1;r2) from means ( 1; 2) to the rotated boundaries (01(z); 92(z)). Note that
we apply Lemma 25 separately to each Gaussian, thus there are two rotation operato;,
and O».

k. Now we will show that loss is monotonically decreasing with respect to increasing values

of k, or equivalently that SL , (f) < 0:

@ _ @ 1
@kL (F) = @k 5[(( ro+@  (r2)l
:@ }( b +1 7le +b
@k 2 k! k k! k
1 @ KT +pb 11T ki T +b<0_
T2 @k k! k T 2Kk k! k ’

since as we showed abové,” > 0, and is the PDF of normal distribution N (0;1) which
is always positive. Therefore,L , (f) is monotonically decreasing with respect tdk, and we
have that L (f) <L  (f)forall0<k< 1.

For the true distribution D, sincel is 0-1 loss, then for a given moddi, I(f; z) is Bernoulli
distributed with mean pger = E;p I(f;z) = Lp(f) and variance f2 = pger(1  Pger) =
Lo(f)(1 Lp(f)). Therefore, the expected variance for a given moddl 2 Rs(F; ) on

distributions D and D , obeys:

2, )=L (H)a L (f)
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<L ()@ L (F)

= 2(f; w);

where the inequality arises from the fact that the parabolax(l x) is monotonically

increasing along the intervalx 2 [0;0:5], and = k is closer to0 than

Note, that we can generalize Theorem 26 to the case when is any positive-de nite
matrix that is not necessarily diagonal (covariance matrices are always positive semi-de nite,
and we now additionally assume that does not have zero eigenvalues). Sinceis real and
symmetric, by the spectral theorem, there exists an orthogonal matrixQ 2 R P such that
D = Q QT whereD is diagonal and contains eigenvalues of . The diagonal elements oD
must be real and positive since is positive-de nite. Then, consider the data distribution
(QX) Y . From the properties of the Gaussian distribution, QX is Gaussian with mean
Q and covariance matrix QX Q" = D. Thus, we can generalize the results of Theorem 26
to apply to positive-de nite non-diagonal matrices

For a xed model, we additionally verify the results of Theorem 26 empirically, by
generating Gaussian distributions and introducing margin noise by moving the Gaussians
closer together (see Figure 4.2(b).) The variance of losses increases with additive and
uniform random attribute noise as well, as we show empirically in Figure 4.2(c)-(d).

Label noise in datasets is common. In fact, real-world datasets reportedly have between
8.0% and 38.5% label noise (kH. Lee et al., 2018; W. Li et al., 2017; Song et al., 2019, 2022;
Xiao et al., 2015). We hypothesize that a signi cant amount of label noise in real-world
datasets is a combination of Gaussian (due to the central limit theorem) and random noise
(for example, because of clerical errors causing label noise).

For the true Rashomon setRgs(F; ), we consider the maximum variance for all models
in the true set: 2 = sup,r. (r: )Varzo I(f;z). Then, from Theorem 22 we have that

the maximum expected variance over the Rashomon set increases with noise.

Corollary 27 (Maximum variance increases with label noise) Under the same assumptions
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Figure 4.2 : The variance of losses increases with margin (b) and additive attribute (c, d)
noise. For (b) and (c) we generated data from Gaussians in 3, 5, 7, and 10 dimensions. For
margin noise (b), as illustrated in (a), the negative class is generated frorM ( 1;1) and
positive from N (' 2;1), wherel is the identity matrix, 1= m=2 1, >,=m=2 1, and

m controls the distance between Gaussians that determines the amount of margin noise. For
additive noise, data is generated fromN (0;1) and N (2;1). The noise model isx%= x + ,
where N (0; | ) is the noise vector added to every sample and determines how much
noise is added to the data. For evaluation, as a xed model we consider a random linear
model from the Rashomon set. For (d), we chose 3 features with the highest AUC value
and introduced uniform noise by negating the attribute values with probability 5. As a
xed model, we consider a tree generated by the CART algorithm that uses at least one
of the features to which noise was applied (this is because if the model does not use these
features, the variance of losses for that model will not change). All plots are based on 0-1
loss and are averaged over 10 iterations.

as in Theorem 22, we have that

sup 2(f; D ,) < sup 2(f, D ,):
f2Rset 1(F; ) f2Rset Z(F; )
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Proof. Let ;" and 3" be maximizers of the variance of the loss in their respective
Rashomon sets:

f2P 2 arg sup  Vargp [(f;2)];
f2Rsy  (Fi)

f3UP 2 arg sup  Varp | [I(f;2)]:
f2Rsetp  (Fi)

Given that for any f 2 Reet, (F; ), Varzp ,[I(f;z)] Varzp , [I(f 5*P:2)] and since
Var,p [I(f;z)] is monotonically increasing in , we have that:

sup %(f; D ,)= Var,p _[I(f$*;2)]
fZRsetD 1(F, )

<Vargp , [I(f5*;2)
Varo |, [I(f5";2)

= sup 2(f; D ,):
f2Rserp (Fi)

While the results of Theorems 23, 26 are for a given and xed moddl, they hold for the
f that achieves the maximum variance in the Rashomon set as well, meaning that Corollary
27 extends to Theorems 23, 26. The next step is to show that this increased maximum

variance leads to worse generalization.

4.1.2 Step 2. Higher Variance Leads to Worse Generalization

Here we use an argument based on generalization bounds. Generalization bounds have
been the key theoretical motivation for much of machine learning, including support vector
machines (SVMs), because the margin that SVMs optimize appears in a bound. While
bounds themselves are not directly used in practice, the terms in the bounds tend to be
important quantities in practice. Our bound cannot be calculated in practice because it

uses population information on the right side, but it still provides insight and motivation.
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Unlike standard bounds, we will use the fact that the user is using empirical risk mini-
mization, and cross-validation to assess over tting. Thus, forf’\, there are two possibilities:
f*is in the true Rashomon set, or it is not. If it is not, then for the empirical risk minimizer
f*, the di erence between the true and the empirical risk must be at least , which will be
detected with high probability in cross-validation (Kearns, 1995; Mukherjee et al., 2006). In
that case, the user will reduce their hypothesis space and we move to Step 3.flfis in the

true Rashomon set, it obeys the following bound.

Theorem 28 (Variance-based generalization bound) Consider datasetS, 0-1 lossl,

and nite hypothesis spaceF. With probability at least 1 , we have that for every
f 2 Rset(F; ):
S
: o > . Y

where 2 = SUPf 2Ry (F: ) Varzp I(f;2), and n is number of samples inS = fzgl, D .

Proof. For each xed modelf 2 Rg(F; ) in the true Rashomon set, from Bernstein's

inequality, using that the maximum value for the 0-1 loss is 1, we have that

w2
n
2 2+2'=3

P(L(F) C()>") e*i?=%:

According to the union bound:

P of 2Reet(F; ):L(f) C(f)>" X P L(f) C(f)>"

f2Rset (F; )

w2
X n
5 Zan e
ez H +2"=3

f2Rset (F; )

X n 2

em
f2Rset (F; )

w2
= JRset(F; )] €2 **2"=3;
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1 1
-z sube - -~ __ . 2 1 . . .
where we used the factthate © e *Pf2Rs«t(Fi) i = e "2 since the exponential function

iS monotonic.
n"2
Let = jRset(F; )je? ?2=3, then we have the following quadratic equation to nd ":
2 JRset(F; )] 22 JRset(F; )]
|l2 Se n fa— -
— 1 —_— = — ——= =0:
3n °d n 9

Setting a = %Iog Reet (Fi )l e nd that the roots of the guadratic equation with respect
to " are:
1r 2
a a
"= — — +44a 2
23 2 3 a
g 2
Sinceda 2 0, we see that 2 % ¢ “+4a 2 < 0 which is not a valid root as" > 0.
Thus,
S 2
1 jRset(F; )j 1 jRset(F; )i 22 jRset(F; )j
"= —log —%= + —log —= + —log —1*
3n 9 3n g n 9
[
2 jRset(F; )j 22 jRset(F; )j
—log ————~ 4+ —log —1*
3n 9 n 9 '

where the latter inequality arises from the inequality P atb P a+ P b. Therefore, we get

that with probability at least 1

S

8f 2 Reet(F; ):L(f) C(f) ":%log M + ZT|09 w

Note that generalization bounds are usually based on Hoe ding's inequality (see Lemma
38), which is a special case of Bernstein's inequality (see Lemma 37). In fact, we show
in Appendix B.1 that Bernstein's inequality, which we used to prove Theorem 28, can be
sharper than Hoe ding's when the variance is less than fz < 1—12 for a givenf . Theorem 28

is easily generalized to continuous hypothesis spaces through a covering argument over the
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true Rashomon set (as an example, see Theorem 34), where the complexity is measured as
the size of the cover over the true Rashomon set instead of the number of models in the
true Rashomon set.

Let c(F;n)= 2 log [Reet(F:)

, Which is the rst term in the bound (4.2) in Theorem
28. According to the next theorem, under random label noise, the true Rashomon set does

not decrease in size.

Theorem 29 (Size of the true Rashomon set cannot decrease under random label noise)
Consider hypothesis spac€ , data distribution D = X Y ,whereX 2 R°,andY 2f 1;1g.
Let 2 (O; %) be a probability with which each labey; is ipped independently, and D
denotes the noisy version oD. For 0-1 loss function, the true Rashomon set oveb is a

subset of the true Rashomon set ove , Rset, (F; )  Rsety (F; ).

Proof. Recall that f is an optimal function, meaning that f 2 argmin;,r Lp(f). Given
the noisy distribution D , denotef 2 argmin;,z Lp (f). From the proof of Theorem 22,
for any modelf 2 F,we haveLp (f)=(1 2 )Lp(f) .

SinceLp(f ) Lp(f ) asf isan optimal model overD, 0< < 0:5 by assumption,
and for any f in the true Rashomon setRset, (F; ), we have:

Lo (f) Lo (f)=Lo()T 2)+ Lp(f )T 2)

=(Lpo(f) Lo(f )@ 2)
(4.3)

(Lo(f) Lo(f DA 2)

1 2)

Therefore, f is in the true Rashomon setRser, (F; ). As this calculation holds for every

modelf from the true Rashomon setRget, (F; ), then Reet, (F; )  Rsety (F; ).

Therefore, we have thatc(F ; n) at least does not decrease with more noise as it depends
only on complexity. However, the second termp 3 2¢(F;n) in Theorem 28 depends on the

maximum loss variance, which increases with label noise, as motivated in the previous section.
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This means with more noise in the labels, we would expect worse generalization, which
would generally lead practitioners who are using a validation set to reduce the complexity
of the hypothesis space.

As discussed earlier, we use cross-validation to assess whetfi@ver ts. From Proposition
30 we infer that if the empirical risk minimizer (ERM) does not highly over t, it has a high

chance to be in the true Rashomon set and thus Theorem 28 applies.

Proposition 30 (ERM can be close to the true Rashomon set) Assume that through the
cross-validation process, we can assesssuch thatL(f) C(f) with high probability (at
least 1 ) with respect to the random draw of data. Then, for any > 0, with probability
atleastl e 0° with respect to the random draw of training data, when + ,

then f" 2 Reet(F; ).
Proof. For a xed f 2 F for 0-1 loss by Hoe ding's inequality (B.2):

h i
P ((f) L(f)> e 2%

Therefore, with probability at least 1 e 2" * with respect to the random draw of data,

C(f) L(f) . This is true for the optimal model as well, thus with high probability
C(f ) L(f)
Sincef"is the empirical risk minimizer, and + by assumption, we have thatl'_\(f’\)

C(f ). We use that for two eventsA andB, P(: (A[ B))=1 P(A[B) 1 P(A) P(B),
where A is the event that cross-validation gives us an incorrect generalization bound, anB

is the event that f does not generalize. ThusP(A) & * and P(B) . Thus, with

probability at least 1 e 2"* |

L) L)+ O )+ L(f )+ + L(f )+

Thereforef" 2 Reet(F; ):
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4.1.3 Step 3. Practitioner Chooses a Simpler Hypothesis Space

We have shown earlier that noisier datasets lead to higher variance and worse general-
ization. The question we consider here is whether one can see the results of these bounds
in practice and would actually reduce the hypothesis space. For example, consider four
real-world datasets and the hypothesis space of decision trees of various depths. In Figure
4.3 (a) we show that as label noise increases, so does the gap between rigks &ccuracy)
evaluated on the training set and on a holdout dataset for a xed depth tree, and thus, as a
result, during the validation process, the smaller depth would be chosen by a reasonable
analyst. We simulated this by using cross-validation to select the optimal tree depth in
CART, as shown in Figure 4.3 (b). As predicted, the optimal tree depth decreases as noise
increases. We also show that a similar trend happens for the gradient-boosted trees in
Figure 4.4. More speci cally, with more noise, the best number of estimators, as chosen

based on cross-validation, decreases. We describe the setup in detail in Appendix B.3.

(@) (b)

Figure 4.3 : Practitioner's validation process in the presence of noise for CART. For a xed
tree depth, as we add noise, the gap between training and validation accuracy increases
(Sub gure a). As we use cross-validation to select tree depth, the best tree depth decreases
with noise (Sub gure b).

4.1.4 Step 4. Rashomon Ratio is Larger for Simpler Spaces

For simpler hypothesis spaces, it may not be immediately obvious that the Rashomon
ratio is larger, i.e., a larger fraction of a simpler model class consists of good models.

Intuitively, this is because the denominator of the ratio (the total number of models) increases
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faster than the numerator (the number of good models) as the complexity of the model class
increases. As we will see, this is because the good models in the simpler model class tend to
give rise to more bad models in the more complex class, and the bad models do not tend to
give rise to good models as much. We explore two popular model classes: decision trees
and linear models. The results thus extend to forests (collections of trees) and generalized
additive models (which are linear models in enhanced feature space).

Consider data that live on a hypercube (e.g., the data have been binarized, which is a
common pre-processing step (Angelino et al., 2018; Lin et al., 2020; Verwer & Zhang, 2017;
Xin et al., 2022)) and a hypothesis space of fully grown trees (complete trees with the last
level also lled) of a given depth d. Denote this hypothesis space a& 4. For example, a
depth 1 tree has 1 node and 2 leaves. Under natural assumptions on the quality of features
of classi ers and the purity of the leaves of trees in the Rashomon set, we show that the

Rashomon ratio is larger for hypothesis spaces of smaller-depth trees.

Proposition 31 (Rashomon ratio is larger for decision trees of smaller depth)For a dataset
S = X Y with binary feature matrix X 2 f 0; 1g" P, consider a hypothesis spack 4 of fully

grown trees of depthd. Let the number of dimensionsp < 22" Assume: (Leaves are correct)
all leaves in all trees in the Rashomon set have at leadin e more correctly classi ed points

than incorrectly classi ed points; (Bad features) there is a set ofppsq d bad features

(@) (b)

Figure 4.4 : Practitioner's validation process in the presence of noise for gradient-boosted
trees. For a xed number of estimators, as we add noise, the gap between training and
validation accuracy increases (Sub gure a). As we use cross-validation to select the number
of estimators, the best number of estimators decreases with noise (Sub gure b).
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such that if a model is not in the Rashomon set, it is using only the bad features. Then

I:Qratio (Fg+1s ) < Ifératio (Fa; ):

Proof. As in the proof of Theorem 21, the hypothesis space of fully-grown trees of depith
contains
Fai=2® " (p ken?
k=1

Now let's compute the size of the Rashomon set. First, since each leaf of every tree in
the Rashomon set has correctly classi edl n e points more than misclassi ed, ipping the
label of this leaf will add more than to the loss and thus will push the tree out of the
Rashomon set. Therefore, for every tree, every leaf label is determined by the data.

Second, the trees in the Rashomon set must have at least one good feature. The

cardinality of the set of good features igp= p | ppadj, then the cardinality of the Rashomon

set is:

Yj 2k 1 Yj 2k 1
Reet(Fa; )=  (p k+1) (P p k+1)* 7
k=1 k=1

meaning that we do not consider trees that consist of bad features only (note that

Reet(Fd; ) < jF4j sincepyag  d). Then the Rashomon ratio is:

. . Q Q
Braio (Fa ) = 1Rset(Fai i i k+2t <d o (p p k1
e iFal 2250 (p k+1)
!
1y % p K+
2 Tl krn?
1 . Yj . p oS 1!
= 7(] . —
22 1 p k+1
_ 1 (d).
= S
Q ok 1
where (d)= “0_, 1 kT . Sinced > Lp > 1, and ;3 > § for k> 2, we get
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that
2k 1 2k 1
p Y

(d) Y —
= 1 < 1 - <1 =
k=1 pok+1l k=1 P P

Note as well that (d) < 1 for any d. Recall that p < 22d, then for the ratio of ratios:

FQratio (Fa; ) - J-I"\)set(Fd; )i JF d+1 ]

IQra'[io (Fge1; ) JF 4] jlf\sset(Fdﬂ; )]
I C D I S (¢
T2 1 (d+1) T 1 (d+1)
>221 (@d)>22 1 1 E
_ 2dp 2d 1
22> 2 527 1

Thus we showed thatR,aio (Fq; ) > R atio (F g+1; ), meaning that the Rashomon ratio

grows as we consider less deep trees.

Both assumptions of Proposition 31 are typically satis ed in practice.

To demonstrate our point, we computed the Rashomon ratio and pattern Rashomon
ratio for 19 di erent datasets for hypothesis spaces of decision trees and linear models of
di erent complexity (see Figure 4.5). As the complexity of the hypothesis space increases,
we see an obvious decrease in the Rashomon ratio and pattern Rashomon ratio.

For trees, to compute the numerator of the Rashomon ratio, we used TreeFARMS (Xin
et al., 2022), which allows us to enumerate the whole Rashomon set for sparse trees as we
discussed in Section 2.3.4. We set the Rashomon parameter to 5% (however, as we show in
Figure 4.13(a) the choice of the Rashomon parameter does not change results). To compute
the denominator of the Rashomon ratio, we used the recursive formulé.5) in Section 2.3.4.

For linear models, we computed the pattern Rashomon ratio using the branch and bound
approach as in Section 2.4.2. For the hierarchy of regularized linear models (Figure 4.5 (b)),

we considered regularization for 1 non-zero coe cient, 2 non-zero coe cients, 3 non-zero
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coe cients, and 4 non-zero coe cients. We set the Rashomon parameter to 3%. To compute
the denominator of the pattern Rashomon ratio, we used the formula as ir§2.8) that gives

the number of all possible patterns for the hypothesis space of linear models.

(@) (b)

Figure 4.5 : Calculation showing that the Rashomon ratio (a) and pattern Rashomon ratio
(b) decrease for the hypothesis space of decision trees of xed depth from 1 to 7 for 14
di erent datasets (a) and for the hypothesis space of linear models of sparsity from 1 to 4
for 5 di erent datasets (b). Each line represents a di erent dataset, each dot represents the
log of the Rashomon ratio or pattern Rashomon ratio. Both ratios decrease as we move to a
more complex hypothesis space.

Completion of the Path . After reducing the complexity of the hypothesis space in
Step 3, the practitioner has already arrived at a simpler hypothesis space, which is the goal.
Continuing on the path, they can reduce complexity further. Speci cally, they nd a larger
Rashomon ratio for the newly chosen lower complexity hypothesis space according to Step
4. As a reminder of the thesis of Chapter 3, with large Rashomon ratios, there are many
good models, among which may exist even simpler models that perform well. Thus, the
path, starting from noise, is a powerful way to explain what we see in practice, which is
that simple models often perform well (Holte, 1993).

Note that to follow the path, the machine learning practitioner does not need to know
the exact amount of noise. As long as they suspedome noise present in the dataset, the
results in this Chapter apply, and the practitioner would expect a good performance from

simpler models.
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4.2 Rashomon Ratio for Ridge Regression Increases under Addi-
tive Attribute Noise

For linear regression, adding multiplicative or additive noise to the training data is
known to be equivalent to regularizing the model parameters (Bishop, 1995). Moreover,
the more noise is added, the stronger this regularization is. Thus, noise leads directly to
Step 3 and a choice of a smaller (simpler) hypothesis space. Also, for ridge regression, the
Rashomon volume (the numerator of the Rashomon ratio) can be computed directly (Section
2.3.2) and depends on the regularization parameter. Building upon these results, we prove
that noise leads to an increase of the Rashomon ratio (as in Step 4 of the path).

Given dataset S, the ridge regression model is learned by minimizing the penalized sum
of squared errors:['(1 ) = Cis(!)+ C! 71, whereCs(!) = %P XTIy s the
least squares lossC is a regularization parameter, and! 2 RP is a parameter vector for a
linear modelf = ! Tx.

We will assume that there is a maximum loss valud max, such that any linear model
that has higher regularized loss than(* max is not being considered within the hypothesis
space. For instance, an upper bound fof nax is the value of the loss at the model that
is identically 0, namely (0) = %P iyiz. Thus, for every reasonable modef = ! Tx,
f2F () Cmax. On the other hand, the best possible value of the least squares
loss is' s =0, and therefore we get thatCw'™w [y, or alternatively, wTw [ max=C.
This de nes the hypothesis space as anz-norm ball in m-dimensional space, the volume of
which we can compute.

To measure the numerator of the Rashomon ratio we will use the Rashomon volume
V(Rset(F; )), as de ned in Semenova et al. (2022). In the case of ridge regression, the
Rashomon set is an ellipsoid irm-dimensions, thus the Rashomon volume can be computed
directly. Therefore, we have the Rashomon ratio as the ratio of the Rashomon volume to

the volume of the “,-norm ball that de nes the hypothesis space.

Next, we show that under additive attribute noise, the Rashomon ratio increases:
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Theorem 32 (Rashomon ratio increases with noise for ridge regression)Consider dataset
S= X Y, X is anon-zero matrix, and a hypothesis space of linear models = ff =
ITx;! 2R%1 T Chax=Cg. Let ;,suchthat ; N (0; 1) ( > 0, I is identity matrix),
be i.i.d. noise vectors added to every sampleci0 = Xj + ;. Consider options 1 > 0 and
2> 0 that control how much noise we add to the dataset. For ridge regression, if < 2,

then the Rashomon ratios obeﬁratio 1(F; )) < R ratio 2(F; ).

Proof. For simplicity denote E ... n (0.1 ) @ E. To nd the optimal solution, under

added noise, we would like to minimize expected regularized least squares:
n #

X
E C(' ): E % ((Xi+ i)T! yi)2+ ClI T!
=1

i=
" #

X0

SR EE A N SN Y o BN B ol AL
i=1

Il
m
\

1 yZH2E TNyl TE T+ Ct T

1 X
- (xI! y)2+ 1Ty +Cr

2T wrecr T
i=1

whereE T = 1,1 isidentity matrix, and E []= 0.
Therefore, adding attribute noise to the training data becomes equivalent to ,-regularization,

and the new regularization parameter isC + . According to Theorem 8 in Section 2.3.2,

the Rashomon volume can be computed as:

o )5 ¥ 1 :
V(FQset (F: )= mizl GT,

where ; are singular values of matrixX, and ( ) is the Gamma-function.
On the other hand, for the regularization parameterC + , the hypothesis space is

denedas(C+ )w'w [ max, meaning that w™w CC'“% The volume of the ball de ned
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P 1
by the “,-norm in m-dimensional space with radiusk, kxks = M ixij?2 2 R, canbe

computed as:

P

2
V2(R) = —5——RP:
= g
C a L
Since fork! k3 = w'w 22 we have radiusR = Z22 we get that the Rashomon
ratio obeys:
V(Rset (F; )
Reaio (Fi )= =g
ratio Vg(R )
2 3
_()E LY 1 (B (cH )t
( g+1) i=1 i2+ C+ % (Cmax)%
by S —
_ 2 Yp C + .
Cmax i=1 i2+ C+
Since0< 1< ,;C > 0, without loss of generality, let ¢ = 1+ C,and ¢+ = »
+ C, where = » 1 > 0. Consider function X, wherea > 0. This function is
monotonically increasing for allx > 0, since & 2 = @z > 0. Therefore, for all
non-zero ?Z:
C ct
<
2+ ¢ 2+ c+

SinceX is a non-zero matrix, there is at least one non-zero singular value?. Given the
monotonicity of the square root function, we have that for the Rashomon ratios for noise

levels 1 and ,:

BWS
Rrato (F; )= Ruaio _(F; )= 2 c
ratio 1(F, )) = Rratio C( ;)= o . i2+ c
s
A
<
Cmax i=1 i2+ ct

= Qratio o+ (F; )= IQratio 2(F; ):
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Therefore we proved that with the additive attribute noise, the Rashomon ratio increases.

Compared to the Rashomon ratio, the relationship between the regularization parameter
and the Rashomon volume is inverted: the stronger the regularization, the smaller the
Rashomon volume. This means that adding more noise leads to stronger regularization and
smaller Rashomon volume. In some ways, this is consistent with what we saw in Figure
4.3(b), where CART preferred shorter trees in the presence of noise.

Note that while in Theorem 32 we directly show that adding noise to the training data
is equivalent to stronger regularization leading us directly to Step 3, Steps 1 and 2 of the
path identi ed in the previous section are automatically satis ed. We next formally prove
that additive noise still leads to an increase of the variance of losses for least squares loss
(similar to Theorems 22, 23, and 26) in Theorem 33, and we show that an increase in the
maximum variance of losses leads to worse generalization bound (similar to Theorem 28) for

the squared loss in Theorem 34.

Theorem 33 (Variance of least squares loss increases with noisefonsider datasetS =
X Y,whereX 2R" P, Y 2R, zj = (Xi;Vi). Let = f j gjpzl, suchthat j N (0; 3),
be i.i.d. noise vectors added to every samplex? = x; + ;. Consider § >0, % >0
that control how much noise is added to the dataset. For the least squares 1b&g) = ri2 =
(W'x; yi)? and a xed modelf (x) = ! Tx, where! 2 RP, | 6 0, the variance of losses

increases with more noise: if § < g ,then: 2(f;S | )< 2(f;S ).

Proof. For simplicity, denote E ;... | ..o o as E, and Ey;y, asE,. The variance

of losses for the least squares loss under the additive normal noise is?(f;S ) =
h [
Var,, (xi+ i)'y 2 Also, for simplicity, we will omit index i over samples (but

keep indexj over the dimensions). Recall thatr = xT! y. From the de nition of the
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variance we have that:

h 2i h 2i h 2i
Varg (x+ )Tt y© =Var (' )+ T8 =varg r+ T
. . (4.4)
— h T 4 h T 2! 2,
=E;, r+ 'l E,, r+ ' :
Since j N (0; Z),we have thatE, [;1=0,E, ()2 = &,E, (j)® =0 (this

is a property of Gaussian random variables), ande ; ( )4 =3 §. Also recall that the
multinomial theorem states:

0 1,
xXP X |
A = : ki ko ... K.
@_ aj k! ko! ::: kp! all a22 app_

i=1 ki+ko+ i+ kp=t

The multinomial theorem helps us to compute coe cients of the rst four moments for T! .

More speci cally, for the rst and the second moments:

20 1,3 2 3
XP xXP
E (T)2=E4@ [1;A5=E4 (;1))>%+ 5
=1 i=1 j=lupk=1:pj6k

ity Kkl

= E ?f17= Zrie

For the third moment, notice that from the multinomial theorem, ki + + kp = 3.
Then there are three possible combinations of the values & : somek, = 3 and the rest
are 0, somek, = 2, ky = 1, and the rest are0Q, and nally some k, =1, kp=1, ke =1 and
the rest are 0. All of these cases will lead to the presence of eithef or ; in the product.

h i
SinceE, [j]=0,andE;, 3 =0, we have that

J
E (71)% =o0:
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- P 4 I
Similarly, for E Jle it we get non-zero terms for some of the combinations

and the others are 0. In particular, non-zero terms arise when somle, = 4 and the rest are

0, and somek, = 2, ky =2, and the rest are 0s. This gives us:

20 1,3
xP
i=1
4 4 X 2 12 2 12
i=1 j=lupk=1:p;j6k
4 x 4 4 X 2, 2
=3 N !j +6 N !j!k
j=1 j=1:pk=1:p; 6k
=3 (T2

Let's focus on the rst term of the variance equation (4.4):

h i
B r+ T Y =B rf4ar3 T 46r2(T1)2+ar( T34 ( T4

=E r* +4E, r* E 7! +6E, r? E ()2
+4EFJE (") +E (T1)*
=E r* +6 3! TIE, r2 +3 J(T1)Z%

Now, we focus on the second term of the variance equation (4.4):

h T2|2
E;, r+ !

E,. r2+2r T1+( T1)2 ?
= E r2 +E[X]E T1 +E (T1)2 2
= E r2+ 21712

2
= E r?2 “+2 31 TIE, 2+ L (T2

Therefore, for the variance, we get that:

h [
Var, r+ 112 =E 1 +6 21 TIE, 12 +3 4(171)?
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2

E, r? 221 TIE, r2 J(1T1)2

=2 40T1)244 21T1E, 12 +2 E, 2 P+ E, 14 3 E r2 ?

2 2
=2 21T +E 12 “+E r* 3E r?

Next, we will take the derivative of the variance with respect to ,%, :

@ h d @

2
——- Var, r+ Tl —

2 z; - 2
@ N

2
2 21T+ E 12 “+E r* 3 E r?
=4 21T +E r2 171> O

since ,%, > 0 by assumption,! T! > 0 since! 6 0, and the risk of the least squares loss
E, r2 0. Therefore, the variance of losses for a xed model = ! Tx monotonically

increases for § > 0. Thus, for § < §, we have that:

(S )< AHS )

As before, Corollary 27 is easily extendable to the results of Theorem 33, meaning that
the maximum variance of losses, 2 = sup 2Reer (F: ) V@zD I(f;z), will also increase for the
least squares loss under increasing additive attribute noise.

Next, we show that when the maximum variance 2 increases, the generalization bound
becomes worse for the least squares loss and the continuous hypothesis space. Cucker and
Smale (2002) proved the generalization bound based on Bernstein's inequality for the least
squares loss (Theorem B). We state and provide proof of the theorem for the true Rashomon
set. To derive the generalization bound, we use the covering number over the true Rashomon
set. Recall that for the functional spaceF and any > O, the "1 covering numberN (F; )
of F is the minimum number of balls of radius , such that they can coverF, meaning that
there existhy;::iihy e,y 2 F, such that for everyf 2 F there isk N (F; ) such that

kf  higky =maxxax jf (X)  hg(X)j . Now we focus on the theorem.
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Theorem 34 (Variance-based generalization bound for least squares lossiConsider data
distribution D overZ = X Y , datasetS = fzgl, D , hypothesis spacd-, and the least
squares losd(f;z) = (f(x) y)2. Let the loss be bounded b@? > 0 such thatl(f;z) C?
for everyz2 7. Forany > O:

!
n(=2?
P sup L(f) C(f)>" N Reet(F; );qz €2 7°C73;
f2Rset (F; ) 8C

where 2=supg_ (. )Varzapl(f;z).

Proof. For each xed modelf 2 Rge(F; ) in the true Rashomon set, from Bernstein's

inequality and given that loss is bounded byC?, we have that

o2

P(L(F) [()>") e*f2e™=2,
Let B1i: i By (Re (F; )ige) PE AN "1 cover of radius g= of the true Rashomon set,
Se ' /28C

S se v )ige . .
meaning that Rget(F; ) E:(lR «(Fi ige) Bk, whereN Rset(F; ); gz is the covering

number. Since the loss is bounded(f;z) = (f (x) y)? C? thenjf(x) yj C. Forevery

f 2 Bg, we have thatkf  hgk; sc» Where hy is the center of the ballBy. Therefore:
(L(F) C(F) (L) Ch))=(L(F) L)+ (L) L(f))

= Ep [I(;z) I(h;2)]+ &, sl(f;zi)  I(hzi)

E.o (F(x) ¥)2 (kX)) )2 +E s (F(xi) w2 (he(xi) yi)?
= Ep [(F(X) he(DFX) y)+(he(x) ¥
E, sI(F(xi)  hetxa)((F(xi)  vi)+(he(xi) i)

E.p [kf  heki (C+C)+ E, s[kf  heke (C+ C)]

+

Therefore, if L(f) C(f) > ,we haveL(hy) C(h) (L(F) C@E) 5> 5=
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This holds for everyf 2 By, and thus for argsup ,5, as well:

P supL(f) C(f)>" P L(hy) C(h)> = : (4.5)
f 2By 2

[

>N

1
Since the exponential function is monotonic,e k e Z. Based on the de nition

of the covering number, according to the union bound and (4.5) we have that:
|

P sup L) C@F)>" =P 9f 2 Rse(F; ):L(f) C(f)>"

f2Rset (F; )
O ) 1
N (Rset fF; );@
P& of 2B L(f) [(f)>"%
k=1

N(Rset)QF; ).%)
P 9f 2By :L(f) [(f)>"
k=1

N(Rset)gF; ),%) "
P L(h) C(hg> 5
k=1

N(Rset*F; ),%) n('=2)?2

57 +c22
2 hk+C =3

k=1

N (Rset*F ; ),%) n('=2)2

@2 Z+rc2=3
k=1
n("=2)2
= N Rget(F; ); == e27+c?=3;

Therefore we obtained the desired bound.

Sincee ™ monotonically increases forx > 0, in Theorem 34, as the maximum variance
of losses increases, the bound on the right side increases as well, and thus the generalization
bound becomes worse.

Returning to the Path. For ridge regression, we have now buila direct noise-to-

Rashomon-ratio argumentshowing that, in the presence of noise, the Rashomon ratios are
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larger. As before, for larger Rashomon ratios, there are multiple good models, including

simpler ones that are easier to nd.

4.3 Rashomon Set Characteristics in the Presence of Noise

Now we discuss a di erent mechanism for obtaining larger Rashomon sets. Suppose the
practitioner knows the data are noisy. They would then expect a large Rashomon set, which
we speculate in this section is explained by noise in the data. Once the practitioner knows
they have a large Rashomon set, they could hypothesize from the reasoning in Chapter 3 that
a simple model might perform well for their dataset. In this section, will show theoretically
and experimentally that characteristics of the Rashomon set are likely to increase under

label noise.

4.3.1 Margin Noise is Likely to Increase Rashomon Set

Consider the setting of linear (Gaussian) discriminant analysis, where the data arise
from two Gaussians, one with positive labels and one with negative labels. We will add
margin noise to the dataset by either increasing the variances or changing the means of the
Gaussians, making the two distributions overlap. In Section 4.1, we showed that margin
noise leads to an increase in the variance of the loss, and thus the ML practitioner chooses
a simpler hypothesis space, leading to larger Rashomon ratios. However, what happens if
the hypothesis space remains xed? In this case, will the Rashomon ratio increase in size?
The answer to this question is addressed in Conjecture 35. More speci cally, in Conjecture
35, we discuss that the Rashomon set (and correspondingly the Rashomon ratio, since the

hypothesis space is xed) increases with margin noise.

Conjecture 35 (The Rashomon set can increase with margin noise)Consider data
distribution D = X Y ,where,X 2 R, Y 2f 1;1g, and classes are balanceB (Y = 1) =
P(Y =1) and generated by Gaussian distribution® (XjY = 1)= N( 1; 2), P(XjY =
1)= N( 2; ?), where0 1 < 2. For the hypothesis spacd = ff :f 2 ( 1; 2)g, where
(1520 (152, 1 1, and 2, and the Rashomon parameter > 0:

() The volume of the Rashomon set i¥(Rset (F; )) = jf& ), wheref® and f ©

101



Figure 4.6 : The setup for Conjecture 35. We show two Gaussiandl ( 1; )and N ( 2; ),
with optimal model f = % (shown in red). Modelsf € and f 2 (shown in blue)
correspond to the left and right edges of the Rashomon set (shown in purple). The loss of
model f €2 is computed as the sum of two Gaussian tails and is equal to the area of the
region. The objective G(f ®2; )= L(f®) L(f ) corresponds to the area of the shaded
region to the left of the function f ©2.

are the two solutions to Eqn (4.6), where is the CDF of the standard normal:

(4.6)

() We conjecture that for F = ff :f 2 ( 1; 2)g, as we add feature noise to the data set

()

by increasing the standard deviation , for all such that > ~= —;Pi—l the volume

of the Rashomon set increases as a function of.

Consider the setting where =1 for both Gaussians, and we add or remove noise by
moving the means ; and , of the Gaussians towards or away from each other. For
any > 0, the volume of the Rashomon set is minimized when 1+ 2. Moving
the Gaussians either away from or towards each other increases the volume of the

Rashomon set.

Proof. Without loss of generality, we will assume that 1 =0 and >, = > 0. To get

results for the original values 1 and ,, we can simply add 1to andf.

Let us show the rst point of the conjecture and show how to compute the volume of

the Rashomon set.

! The hypothesis space for Part Il conservatively includes all reasonable candidates for the empirical risk
minimizer. In other words, we assume that the decision boundary can be anywhere between the means of
the two distributions.
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Evidence for Part (1) Denote ; and , as probability density functions (PDF)
and 1 and » as cumulative distribution functions (CDF) of classesY = landY =1
correspondingly. For a given modef 2 F , the loss can be computed as the sum of areas
under the PDF corresponding to misclassi cation errors:

Lf)=PX>f jy= 1+P(X fjy=1)
Z, Z,
= 1(t)dt + . 2t)dt =1 q(f)+ o(f)

(4.7)

where is the CDF of the normal distribution N (O; 1).

The optimal model, f , can be obtained whenP (XjY = 1) = P(XjY =1), meaning

that —%= exp x QUGS .- exp (’572)2 , which leads tof = 5. The loss of the

optimal model is:

L(f)=2 2 —
(t) 5
Denote G(f; ) as the di erence in loss between a moddl from the Rashomon set and

optimal model f ,
G(f;, )=1L({f) L((f )=2 5 - -

To nd a model on the edge of the true Rashomon set, we seéB(f; )= and obtain
Equation (4.6). As the problem is symmetric with respect tof and > 0, solutionsf &
and f € to Equation (4.6) correspond to the left and right edges of the true Rashomon
set. Thus, for a given and , we can estimate the volume of the Rashomon set as
V(Rset (F; )= jf® %)

Now we will show evidence for the second point of the conjecture that the volume of the

Rashomon set increases when increases.
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Evidence for Part (lI) Let ~ = >3- Let's focus on the right edge of the true

Rashomon set wherd 2 (f ; ). We will show that:
(i) Forany xed ,andforf 2 (f ; ), G(f; ) is monotonically increasing inf .
(i) Forany xed f 2 (f ; )and > ~, G(f; ) is monotonically decreasing in .
(i) If (i) and (ii) hold, then for any ; and » such that ~< 1 < 5, we have that
V(Rset , (F: )) < V(Reet ,(F: ).
We will prove (i) and (iii), and conjecture that (ii) is true, based on numerical experiments.
Let's focus on (iii) rst. Consider 31 and zsuchthat~< 1< o Letf®;f€ 2(f ;)
be the right edge models of the corresponding true Rashomon se®&(f¢; 1) = and
G(f%; 2) = . The volume of the Rashomon set isV(Rset (F; )) = jf& %) =
2ife f j=2jf€ f j. Using monotonicity of G(f; ) with respectto given xed f (the

result of part (ii)), we get that:
G(f°; 2)<G(f%; 1)= =G(f%; 2);

which means thatf ® <f © due to monotonicity of G(f; ) with respect to f given xed
(the result of part (i)). Therefore, as we increase the standard deviation from ; to », the

Rashomon set increases as well:
V(Rset ((F; ))=2jf% f j<2if® f j=V(Rset ,(F; )):

Thus, we have proved part (iii).

Now, let us prove (i). Given xed , the derivative of the objective G(f; ) with respect

tof is:
1 f 1 f
Gl(f; )=~=7¢ — =P -
1 (12 (1)?
= pzj e 22 e 22 >0
since f<f sincef >f = . Since the derivativeG?(f; ) > 0, the objective G(f; )

monotonically increases inf .
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Finally, let's show (ii). Given xed f 2 (f ; ) and > ~, the derivative of the objective

with respect to is:

2() f f f f
O/¢. = —p 0 p 0 p o
G )_272 2 +72 +72

2
2 = )2
f 2 2 (=) 12
#

2
Denoteu = . Since,5 <f< ,thenu2 (1;2). Denotea= ez ?, then 2= #gz(a)
41 2 4

Note that a > 1, and since > ~= P35, ac< e 7 = eu? = s(u). Then GO(f; ) can be

expressed in terms of parameteu and variable a:

2log(a 2
og(a)

G%(u; a) X ua s +(u 1)a @DV 4+al

ﬁalozg—f(a)D(u;a):

Asa> landf> 5 >0, Zéozgiia) > 0. To show that D (u;a) < Oforanyu 2 (1;2) and any
a2 (1;s(u)), we perform exhaustive numerical calculations spanning the possible values of
u2(1;,2)andaz2 (1;s(u)) in Figure B.1 in Appendix B.4. Indeed, D(u;a) =0 whenu=2
ora =1, and for all other values ofu and a, D (u; a) < 0. Therefore, GO(f; )= G°(u;a) < 0.
Since the derivative is negative, when > ~ the objective G(f; ) monotonically decreases
in , which concludes our evidence for (ii), and thus part (1), of the conjecture.

Evidence for Part (l11) Now we add or remove noise from the data set by moving
the two means closer together or further apart (see Figure 4.7), for a xed = 1. Recall

that without a loss of generality, we take 1 =0 and denote = . The optimal model
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Figure 4.7 : In part (I1l), we add or remove noise from the data by moving the mean of
the right Gaussian. Both Gaussians have a standard deviation of 1.

f isf = 5. Given =1and > O, we are interested in nding > 0 and edge model
f 2 (0; = 2) such that the volume of the Rashomon set is minimal. Therefore we have the

following optimization problem:

min > f st f isdened by
(4.8)
2

> f) (f)=

We cannot solve optimization problem (4.8) directly for the best for each , but
we provide numerical solutions in Figure 4.8 for a range of values of. We observe that,
regardless of the value of > 0, as we minimize the volume of the Rashomon set to nd ,
the corresponding to the optimal solution is always approximately equal to2. The edge
modelf € 2 (0; 1) is then the one that satis es the constraint: 2(1) (2 f€) (€)=
(The edge model must vary with since the optimal does not.)

The value =2 might seem surprising as a solution foany > 0. However, when

1=0and ,=2,f =1, which is one standard deviation away from each mean and

therefore corresponds to a value where the in ection points of the two Gaussians coincide
(normal distribution N (; ) has two in ection points ). Given xed , as we move
either of the means of the Gaussians so that the in ection points no longer coincidd,® moves
outward to compensate so that the constraint in optimization problem (4.8) is satis ed.

Therefore, the volume of the Rashomon set grows as we increase or decrease feature noise

by moving away from 1 (in either direction) as shown in Figure 4.9.
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Figure 4.8 : Numerical solution to the optimization problem (4.8). For each xed , we
plot f € = f €2 (0; = 2), such that the volume of the Rashomon set is minimized. The color
of the scatter plot points corresponds to the value of the volume of the Rashomon set, where
more intense color means higher value.

Figure 4.9 : An example that shows that in part (ll1) as we move the right Gaussian away
from a mean of 2 in either direction, the volume of the Rashomon set increases.

This conjecture is not a theorem because there is no analytical solution to the minimizer
of the volume of the Rashomon set; the calculations are quite complex, involving di erences
of the CDF values of di erent Gaussians. Howeverall parts of the conjecture have been fully
checked numerically In part (I1), we use an analytical derivation and exhaustive numerical
computations to show that the derivatives of the left side of Eqn (4.6) are either positive or
negative sign. For part (I11), we transpose the left Gaussian toN (0; 1) to form a canonical
problem in which all possible solutions can be computed numerically. We exhaustively
search over the range of , nding the optimal » and volume of the Rashomon set for each

. We nd that »is very close to 2 for all .
This conjecture suggests thatdata that are approximately distributed according

to two normal distributions, where the positive and negative normal distributions
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Figure 4.10 : (a) Dependence of the Rashomon ratio on noise for the two Gaussians
example in Conjecture 35. When > ~, as we add more noise, the size of the Rashomon set
increases. (2). (b) Scatter plot of the log of Rashomon ratio versus the maximum accuracy
across ve di erent algorithms for 38 data sets in Section 3.2. We observe larger Rashomon
ratios in both noisy and non-noisy data sets.

substantially overlap, will have a large Rashomon set . Figure 4.10(a) shows the
dependence of the Rashomon set on the noise levelfor 1 =1; ,=6 and 2 [0:2;4].
Figure 4.10(b) plots maximum accuracy versus Rashomon ratio for 38 data sets considered
in Section 3.2. These gures indicate that large Rashomon sets occur both in noisy and

non-noisy data.

4.3.2 Label Noise is Likely to Increase Pattern Diversity

Let S be a version ofS with uniformly random label noise, creating randomly per-
turbed labels y with probability 0< < %: P(y; 6 yi) = . Let ( S) be the uniform
distribution over all S . From Theorem 16 denote the upper bound on pattern diversity as
Ugiv(Rset(F; ) =2(C(H)+ Y2 (C()+ ))+2 . We show that it increases with uniform

label noise.

Theorem 36 (Upper bound on pattern diversity increases with label noise) Consider a
hypothesis spacé-, 0-1 loss, and a dataseS. Let 2 (0O; %) be the probability with which
each labely; is ipped independently, and letS ( S ) denote a noisy version ofS. For

the Rashomon parameter O, if inf¢or Es Cs (f) < 1 and Cs(fs) < 3, then adding

noise to the dataset increases the upper bound on pattern diversity of the expected Rashomon
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set:

Udiv(ﬁsets(F; ) < LJdiv(IQsetES (s)S (F; )

Proof. Given the noise model, hypothesi$ is in the expected Rashomon set iEs Ls (f)
infror Es Cs (f)+ . Letf 2F be such thatf 2 arginfi,r Es Cs (f). Since 2 (0; 1),

and I'_\S(f'\s) < % by assumption, from (4.1) and the de nition of the empirical risk minimizer,

we have that:

Es Cs (f)

inf Es Cs (f)

1 2)Cs(f)+
1 2)Cs(fs)+
> [s(fs):

Considerg(x) = 2(x+ )1 x )+2 . Forx 2 [0;% ), g(x) is monotonically

increasing, asgqx) = 2(1  x ) 2x+ )=4 X > 0. Given monotonicity,

NI

assumption of the theoreminf¢or Es Cs (f) < 3, and sincels(f's) < infsor Es Cs (F),

we have that

Ugiv(Rsets (F; )) =2 Cs(fs)+ 1 Cs(fs) +2
<2 inf Es Cs (F)+ 1 inf Es Cs (f) +2

= Ug (Rsete, s (F; )):

In the general case, it is challenging to nd a closed-form formula for pattern diversity
or design a lower bound without strong assumptions about the data distribution or the
hypothesis space. Therefore, we empirically examine the behavior of pattern diversity
alongside other characteristics of the Rashomon set for di erent datasets and show these

characteristics tend to increase with more noise.
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@) (b) (©)

Figure 4.11 : Rashomon set characteristics such as the number of trees in the Rashomon
set (Sub gure a), the number of patterns in the Rashomon set (Sub gure b), and pattern
diversity (Sub gure c) tend to increase with uniform label noise for hypothesis spaces of
sparse decision trees. For readability, the top row of the gure shows datasets with lower
empirical risk and the bottom row shows datasets with higher empirical risk.

4.3.3 Experiments for Rashomon Set Characteristics and Label Noise

We expect many di erent datasets to have larger Rashomon set measurements as data
become more noisy. As before, we consider uniform label noise, where each label is ipped
independently with probability . For di erent noise levels, we computed diversity, and the
number of patterns in the Rashomon set for 12 di erent datasets for the hypothesis space
of sparse decision trees of depth 3 (note that we under tted for some of the datasets); see
Figure 4.11 (a)-(b). For every dataset, we introduced up to 25% label noise (2 [0; 0:25)),
or Accuracy(f) 50% whichever is smaller. This means that data with lower accuracy
(before adding noise) will have shorter plots, since noise is along the horizontal axis of our
plots in Figure 4.11. For each noise level, we performed 50 draws ofS , and for each draw
S we recomputed the Rashomon set. For decision trees, we used TreeFARMS (Xin et al.,
2022), which allows us to compute the number of trees in the Rashomon set. We set the
Rashomon parameter to 5%, however, the results hold for other values of the Rashomon
parameter (Figure 4.13(b)-(c)).

Some key observations from Figure 4.11: First, the number of trees and patterns in
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the Rashomon set on average increases with noise. This means that the Rashomon ratio
and pattern Rashomon ratio increase with noise as well since the hypothesis space stays
the same. Second, datasets, that initially had higher empirical risk (e.g., COMPAS, Co ee
House, FICO) tend to have more models in the Rashomon set (and thus higher Rashomon
ratios) as compared to datasets with lower empirical risk (Car Evaluation, Monks1, Monks3).
Finally, pattern diversity, on average, tends to increase with noise for the majority of the

datasets.

(@) (b)

Figure 4.12 : Rashomon set characteristics such as the number of patterns in the Rashomon
set (Sub gure a) and pattern diversity (Sub gure b) tend to increase with uniform label
noise for hypothesis spaces of linear models.

Note that the results in Figure 4.11 hold for unregularized hypothesis spaces. Since
TreeFARMS has regularization, for more complex hypothesis spaces (such as decision trees
of depth 5) and for larger amounts of noise, TreeFARMS's regularization on the number
of leaves might prevent trees from tting to this noise, resulting in trees of smaller depth.
Thus, after reaching a certain point of adding noise, we might observe a decrease in metrics
for some datasets. In this case, regularization acts along the path we described in Section
4.1. The hypothesis space of decision trees of depth 3 that we used in Figure 4.11 is simple
enough for us to not see a decrease in depth due to regularization.

For the hypothesis space of linear classi ers, we show the pattern diversity and the
number of patterns in the Rashomon set for di erent datasets in the presence of noise in

Figure 4.12. We considered uniform label noise, where each label is ipped independently
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with probability . We set noise level to values inf0;0:02; 0:04; 0.06; 0:08; 0:10; 0:159 and
performed ve draws of S for every noise level. We then computed the pattern Rashomon
set for each draw using the method described in Appendix 2.4 and nally computed the
pattern diversity. Both the number of patterns and pattern diversity tend to increase with

label noise.

@) (b)

(©

Figure 4.13 : (a) Curve of the hypothesis space complexity vs. Rashomon ratio (as in
Figure 4.5) stays the same shape for di erent Rashomon parameters for the Monks 3 dataset
for the hypothesis space of sparse decision trees. (b, ¢) Rashomon characteristics tend to
increase with uniform label noise for the hypothesis space of decision trees (as in Figure 4.11)
for di erent Rashomon parameters for the Monks 3 dataset. For (b) and (c), we averaged
over 25 iterations.

Returning to the Path . If the practitioner observes more noise in the data, it could
be already the case that the Rashomon set is large. Then, there are many good models,

among which simpler or interpretable models are likely to exist.
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5. The Role of Simplicity and the Rashomon Effect for
Informed Decision Making

In the previous chapters, we established a theoretical foundation that explains when and
why simple-yet-accurate models exist. This foundation is built upon two key observations:
larger Rashomon sets and noise in data generation processes. Here, using a complex
biology dataset as an example, we illustrate how the framework explains and in uences
the decisions of data analysts. Speci cally, we examine a dataset of people with HIV
who have undergone antiretroviral therapy. Intending to discover patterns in the data, we
additionally demonstrate how the choices of models and algorithms are supported by the
theoretical framework described in Chapters 3 and 4. We then further illustrate the power
of sparse-yet-accurate methods by presenting tree-based density estimation approaches in
Section 5.2 that can be used for di erent categorical datasets. We begin by describing the

data of patients with HIV.

5.1 Interpretable Machine Learning Approaches to Better Under-
stand Viral Reservoir for People with HIV

The development of antiviral therapy (ART) has vastly improved morbidity and mortality
associated with HIV infection. However, a long-lived proviral reservoir, which is a group
of cells where HIV can persist in a latent state, precludes a cure of infection (Chun et al.,
1997, 1998; Finzi et al., 1997; Wong et al., 1997). Furthermore, despite the antiviral therapy,
people with HIV (PWH) are still at increased risk of morbidity and mortality related to
sequelae of persistent immune activation. There could be multiple factors that contribute to
this persistent immune activation, including residual immune pertubation from untreated
HIV infection, persistent proviral expression during ART, and speci c clinical risk factors for
immune activation that are enriched amongst people with HIV. Therefore, understanding
the interplay between the HIV reservoir and persistent immune activation during long-term
ART is important to inform strategies for a cure.

In this section, we use data science methods to assess the relationship between the

immune system and the HIV reservoir across a cohort of 115 people with HIV. Our results
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highlight machine learning approaches to identify otherwise imperceptible global patterns in
high-parameter studies of the HIV reservoir. Additionally, our results corroborate recent
ndings in the HIV persistence eld regarding selective total proviral decay and immune

dynamics and highlight the complex immunologic signatures of HIV latency, see Chomont

et al. (2009), Falcinelli et al. (2021), Gandhi et al. (2021), and Peluso et al. (2020).
5.1.1 Cohort Description and Feature Analysis

We considered a cohort of 115 people with HIV (PWH) infection for at least one year
that were recruited from two clinical sites: 66 PWH were recruited at Duke University
Medical Center and 49 PWH at the University of North Carolina at Chapel Hill. Patients
had been receiving antiretroviral therapy (ART) for at least 0.9 years (median 9 years)
(Table 5.1). The study cohort was 77 percent male and the median participant age was 45.
The total Proviral DNA assay and ow cytometry analysis were performed resulting in the
determination of a total of 142 parameters for the cohort (Falcinelli et al., 2023; Semenova,
Wang, et al.,, 2023). These parameters include 133 immunophenotypic cell frequencies,
the HIV reservoir parameter (frequency of total HIV DNA), and 8 clinical-demographic
parameters. Clinical-demographic variables (Table 5.1) included age, biological sex, years of
ART, estimated years of HIV infection before ART (here, we use categorical variables: years
before ART=NA, years before ART< 1, years before ART 1), CD4 nadir, most recent
CDA4 T cell count, and race (Caucasian, African-American, other).

The immunophenotypic cell frequencies and clinical-demographic variables formed the
set of features for our study. For the label, we binarized the reservoir metric (total reservoir
size) into high (above median) or low (below median).

First, we decided to identify a set of the most valuable variables from which ML models
could be built. To achieve this, we generated receiver operator (ROC) curves for all the
clinical-demographic and immunophenotype parameters (Figure 5.1A). The area under the
curve (AUC) of the ROC curve indicates the ability of the feature (immune parameter or

clinical/demographic information) to correctly identify a participant as having qualitatively
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low or high total HIV DNA. A model that randomly guesses a high or low reservoir has an
AUC of 0.5. The most e ective individual immune markers for classi cation of high versus

low total HIV DNA included %NKG2A+ CD4 T (AUC = 0.70), %PD-1+ Tn CD4 T (AUC

= 0.68), and %CD38+/HLA-DR- CD8 T (AUC = 0.68). Overall, this approach allowed us

to derive a ranked list of the most predictive immune parameters for each aspect of the HIV

reservoir, and these highly ranked features were thus used for subsequent ML modeling.

Table 5.1: Participant demographic and clinical characteristics. For demographics and
clinical information, we report percentages for categorical variables, medians, and [Q1, Q3]
for real-value variables. ART is antiretroviral therapy. CD4 counts reported in cells/mm?.
Years of HIV has 1 missing value, Years of ART has 7, and CD4 Nadir has 3; consequently,
these missing values are not included in median and quantiles computations. Years before
ART means years of HIV infection before ART initiation.

Percentage (count) | Median [Q1, Q3] [Min, Max]
Age 45 [37, 53] [23,65]
Sex (% male) 76.52% (88)
Race
Black 60% (69)
White 37.39% (43)
Other 2.61% (3)
Years of HIV 11 [7, 19.85] [1, 33.6]
Years before ART< 1 55.65% (64)
Years before ART 1 38.26% (44)
Years before ART=NA 6.09% (7)
Years of ART 9 [5.23, 16.63] [0.9,33.5]
Recent CD4 count 799 [624.5, 962] | [319, 1970]
CD4 Nadir 313.5 | [163.25, 463.25] [2, 1080]

5.1.2 Data Visualization with Sparse Decision Trees

Since the interaction of the immune system and the HIV reservoir is multifactorial, we
hypothesized that models that consider multiple parameters simultaneously could more
accurately describe the overall dataset, and provide insights regarding the biology of the
HIV reservoir and the host immune system. To accomplish this, we employed a decision
tree approach to visualize combinations of variables that classify participants as having high
or low reservoir size. Decision tree visualization is an interpretable supervised approach and

does not require post-hoc analysis.
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Figure 5.1 : A. Receiver operating characteristic (ROC) curves identify PWH parameters
that can classify reservoir characteristics. B. Decision tree visualization of the association of
immune cell subsets with the reservoir characteristic. In each leaf, med denotes the median
HIV characteristic of PWH, N is the number of PWH in the leaf, and MN is the number
of mislabeled PWH. C. PWH in model leaves associated with high (orange) or low (blue)
reservoir size characteristics were aggregated and a Mann-Whitney U test was performed to
determine statistical signi cance between the actual total reservoir size of the high and
low groups.

We rst selected 35 variables with the highest ROC AUC values for total HIV DNA
to be considered for model generation (Figure 5.1)A. Using these parameters, we tted
Generalized and Scalable Optimal Sparse Decision Trees (GOSDT) Lin et al., 2020 to the
data. We required the trees to achieve at least 80% accuracy for classifying PWH in the
cohort, as well as to have at least ve PWH in each leaf. Since these trees are based on the
entire dataset, these models are thus descriptive rather than predictive.

For the total HIV DNA decision tree, only four immune variables were required to

accurately describe high versus low HIV DNA status (Figure 5.1B): CD8 T cell frequency,
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CD4 nadir, %CD38+HLA-DR- CD8 T cells, and %NKG2A+ CD4 T cells. The tree divided
the cohort into ve subgroups (leaves), among which three have a high total reservoir size
and two have a low total reservoir size. Comparing the labels provided by the GOSDT model
with the actual data, the tree achieved 83.5% accuracy (i.e. misclassifying 19 PWH among
the overall cohort of 115 PWH). Notably, when we combined all samples from high total
reservoir leaves and all samples from low total reservoir leaves, we observed a signi cant
di erence in the actual median total reservoir size for these two groups (266/M for low total
and 1288.5/M for high total, Mann Whitney U test p-value is 3.56e-13, Figure 5.1C). This
tree highlights combinations of immune parameters that can accurately describe qualitatively
high versus low total HIV DNA in a cohort of n = 115 PWH. This visualization serves as
a basis for mechanistic hypotheses about the interactions of the immune system and HIV
reservoir during long-term ART.

Notably, the Rashomon set for the hypothesis space of sparse decision trees of depth
four and our dataset consists of 189673 models and 49519 patterns. This explains why
we were able to accurately describe data with such a small tree (recall that we have 133
features in total), as per our theory in Chapter 3. Recall that di erent models can realize
the same pattern. We measured the Rashomon set using TreeFARMS (Xin et al., 2022), as

we described in Section 2.3.4.

5.1.3 Machine Learning Models That Predict High versus Low Reser-
VOIr

Although clustering and decision tree analysis permit visualization and understanding of
global structures within a dataset, we were curious if combinations of immune and clinical-
demographic parameters could actually accurately predict (rather than only visualize)
whether a given patrticipant had high or low values of total HIV DNA. We considered ve
machine learning algorithms including Logistic Regression with L2 regularization (LR),
CART, Support Vector Machines with RBF kernel (SVM), Random Forest (RF), and
Gradient Boosted Trees (GBT). For reservoir size characteristics, we measured the accuracy

of the models over 10 random splits of the data into training and test sets (Figure 5.2A).
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Figure 5.2 : Predicting HIV reservoir characteristic with machine learning. A. Average
training and test accuracies over ten training and test data split for Random Forest (RF),
Gradient Boosted Trees (GBT), Support Vector Machines with RBF kernel (SVM), Logistic
Regression (LR), and CART models for total reservoir size. B. For one split of training and
test sets, the logistic regression model is visualized. On the y-axis, we show variables used
by the model, while the x-axis displays coe cient values for individual variables used by the
model.

Overall, we found that for total reservoir size, Logistic Regression achieved the highest
mean classi cation accuracy (69.31%) in test data.This is consistent with our ndings in
Chapter 4, where we provided mathematical proof that simpler models should be the default
for data that rise from noisy data generation processes. Our data is cross-sectional and has
a substantial amount of noise.

To examine the contribution of individual immune features to model performance, we
examined logistic regression coe cients for each immune cell variable in the model. Since
Logistic Regression coe cients are associated with the expected change in log odds (based
on log:), we can think about the coe cient  for variable X in the following way: increasing
variable X by one unit multiplies the odds of high reservoir size (probability that the
reservoir size is high divided by the probability that the reservoir size is low) bye .

In Figure 5.2B we visualize the logistic regression model for one data split among ten we
considered for total reservoir size. For this split, we observe that higher values of %NKG2A+

CD4 T, %PD-1+ Tn CD4 T, and %Tcm CD8 T are associated with an increased probability
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of total reservoir size being high. On the other hand, an increase in %Tn CD4 T decreases
the odds of high reservoir size. The model visualized in Figure 5.2B achieved 75.86% training
and 75% test accuracy.

Our analysis demonstrates that we can use machine learning tools to construct models
that can predict with approximately 70% accuracy whether a given PWH has qualitatively
low or high total HIV DNA. The coe cients identi ed the model, including NKG2A ex-
pression on CD4 T cells, identify speci ¢ immunologic nodes that serve as a basis for the
generation of hypotheses about the interplay between total versus total HIV DNA and the

host of the immune system.

Inspired by the success of data visualization in Section 5.1.2, we further explore how
simpler models can assist in decision-making by trying to understand the data. More
speci cally, we propose sparse tree-based methods for density estimation.

5.2 Sparse Density Trees and Lists for Categorical Datasets
5.2.1 Background and Related Work

In this section, we present sparse-density trees and rule lists. Our methods aim to globally
optimize a Bayesian posterior possessing a sparsity prior, which acts as a regularization
term. Bayesian tree models are commonly used for tasks other than density estimation (i.e.,
classi cation and regression). Some examples include Bayesian CART (Y. Wu et al., 2007),
Bayesian Additive Regression Trees (BART) (Chipman et al., 2010), and Bayesian Rule
Lists (Letham et al., 2015; H. Yang et al., 2017). Bayesian CART and BART use priors that
specify the probability that a node is terminal and a uniform probability distribution over
the choices for a split. Our priors function di erently. We have priors over global properties
of the trees such as the number of total leaves (our Method | and Method llI). Also, we
have prior parameters governing the number of branches at a node (our Method I1), which
is di erent from Bayesian CART or BART where there are only two branches at every node.

Our rule list density approach (Method IIl) has a prior on the number of conditions used in
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each rule, which is similar to Bayesian Rule Lists, but not similar to Bayesian CART or
BART, which have only one condition de ning each split.

Unlike past work on density trees D. Li et al., 2016; Ram and Gray, 2011; K. Yang and
Wong, 2014a, 2014b, including density estimation trees (DET) (Ram & Gray, 2011), our
three methods are not constructed using greedy tree induction, they are optimized instead.
DETs are built top-down in a greedy manner, which can result in lower-quality trees. DET
was used by K. Wu et al. (2018), leveraging ideas from Lu et al. (2013) with random forests
to perform density estimation. DET has also been applied to high energy physics (Anderlini,
2015). Techniques to avoid over tting in tree-based density estimation models have been
discussed by Anderlini (2016). In our methods, we optimize the splits instead of using a
greedy approach and place prior directly on the shape of the trees and lists.

Some works (e.g., Q. Liu et al., 2021; Sasaki & Hyvarinen, 2018) use neural networks to
perform density estimation, which do not aim to be interpretable. In Luo et al., 2019, a
smoothing spline is used to perform density estimation. In Rehn et al., 2018, a hon-parametric
density estimator called FRONT segments a data stream through a periodically updated
linear transformation. Other techniques have been proposed, including: nonparametric
techniques (mainly variants of kernel density estimation) (Akaike, 1954; Cacoullos, 1966;
Cattaneo et al., 2019; Devroye, 1991; Mahapatruni & Gray, 2011; Nadaraya, 1970; Parzen,
1962; Rejtd & Révész, 1973; Rosenblatt et al., 1956; Silverman, 1986; Varet et al., 2023;
Wasserman, 2006), mixtures of Gaussians (Chen et al., 2006; J. Q. Li & Barron, 2000;
Ormoneit & Tresp, 1996, 1998; Seidl et al., 2009; Zhuang et al., 1996), forest density
estimation (H. Liu et al., 2011), RODEO (H. Liu et al., 2007), and nonparametric Bayesian
methods (Muller & Quintana, 2004). However, all these methods either lack the interpretable
logical structure found in histograms or do not focus on sparsity.

By placing the prior over the tree structure, we aim to improve issues with standard
histograms in high dimensions. First, the density estimation models, produced by our
methods, are easier to understand by following the paths in the tree of the list. Second, the

prior promotes a sparse model, enhancing generalization. Finally, by encouraging sparsity,
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the prior aligns the model with a user-de ned concept of interpretability Goh et al., 2024.
Our density estimation models can be useful in multiple domains to detect new patterns
or errors in the data. For example, Figure 5.3 shows the sparse density tree for the COCO-
Stu (Caesar et al., 2018) labels. The data set contains 118k training samples over 91 stu
categories. While the labels are sparse, our method nds interesting combinations, such as
mirror and blanket or railing, skyscraper and ground that are shown in Figure 5.4. In the
next section, we provide an overview of priors and optimization methods of the posterior for

our methods.

Figure 5.3 : A sparse density tree to represent the COCO-stu labels. Each leaf (orange or
red color) shows the density and number of training points that belong to that leaf (since
densities are small for large datasets such as COCO-stu labels, the number of points might
be easier to understand). Leaves 1, 2, and 3 are visualized in Figure 5.4. This tree contains
20 leaves. It took approximately 25 seconds to create the tree and around 6.4 minutes to
run the validation process that tunes parameters and optimizes the tree for each parameter
setting. Each run takes approximately 25 seconds; there are 5 repeats per parameter setting
and 3 parameter settings.
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(a) red cardboard (b) magenta railing (c) teal blanket
wall-other skyscraper agua mirror-stu
blue stairs ground-other
ground-other

Figure 5.4 . Examples of images that contain labels from leaf 1 (a), 2 (b) and 3 (c) in
Figure 5.3.

5.2.2 Methods Description and Computational Optimization

We use a Bayesian approach to achieve sparsity, by introducing priors on the shape of
the trees. In particular, in Method I, we de ne a prior on the number of leaves in the tree,
then calculate the likelihood of the data having been generated by a particular tree, and
multiply the prior and the likelihood to create a posterior to be optimized over all trees. In
Method |1, we instead choose a prior over the number of branches for each split in the tree,
preferring a small number of branches. In Method IlI, we switch to rule lists, where the
prior prefers models with a smaller number of rules and a smaller number of conjunctions
per rule.

Before the introduction of the three methods, we rst present notation. We will focus
on problem of estimating the unknown distribution f with tree-structured approximations
given a set ofn data points X = fX;;::;;Xxpgdrawn i.i.d. from f on X  RP. We will assume
that our features are categorical. For the tree-structured estimations, we will describe each
leaf | with a set of conditions (denote j(l) as a set of conditions on featurg ) that occur
alongside the path in the tree from the root to this leaf. For example, if we rst split on
feature x 1 taking values March, April, May , then 1(l) = fMarch, April, May g. Say we

then split on feature x , taking values red, orange, then »(l) = fred, orangey, and the leaf
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will be: x 2 f x 1 2 f March, April, May g; x » 2 f red, orangeyg. Since we havep features in
total, this means that there is no restriction on featuresx »; ::; X , for this specic leafI. ()
includes all possible values for the featurg¢ with no restrictions alongside the path. We
compute the volume in a leafl (which is required for computing the density) as a product

of all cardinalities of ;(I), meaning that V| = ijzlj i (Nj(Goh et al., 2024).
5.2.2.1 Overview of the Bayesian Approach for Density Tree Sparsity

Method | overview.  For the leaf-sparse density tree method, the prior will de ne the
user's desired number of leaves in the tree prior to seeing data. We denote the number of
leaves in treeT asKt. We chose Poisson prior centered at this user-de ned parameter,
Poissor(Kt; ). We assign a uniform prior over the probabilities associated with a data
point landing in each of the leaves by using Dirichlet distribution with equal parameters

=f ::: g where 2Z* and > 1. The parameter is a pseudocount that is typically
chosen to be a small number (1 or 2) to avoid a 0 value for the estimated densities. We
draw multinomial parameters =[ 1;:::; k] from Dir( k), which govern the prior on
popularity of each leaf. The likelihood of the data to have arisen from a particular tree
isP(Xj ;T)= QIKZE V—'l n', whereV, is the volume of leafl, and V—'l is the probability to
land at any speci c value within leaf |I. Please see Goh et al. (2024) for more details on
prior, likelihood, and posterior (the likelihood times the prior). We choose the tree that
maximizes the log-posterior.

As compared to full Bayesian approaches, by maximizing the posterior, we leverage
relatively faster computation time and optimize for a single model, which can be important
for interpretability. However, in turn, we miss out on uncertainty information, which we
could get by modeling the posterior density.

Method Il overview. For the branch-sparse density tree method, a Poisson distribution
with parameter is used at each node to determine the number of branches, where the
parameter is the desired number of branches set up by the user before seeing data. We

denote the number of branches in treel as Bt = flyg, where eachly is the number of
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branches for every nodd in the tree T. At each internal nodet, we draw a sample from a
Dirichlet distribution with parameter [;:::; ] (of size equal to the number of branche$)
to determine the proportion of data that should go along the branch into each child node
from its parent node. As before, is a pseudo-count to avoid 0-valued estimated densities.
The likelihood for this method is the same as for the leaf-sparse density tree method and
the posterior is proportional to the prior times the likelihood terms. Please see Goh et al.
(2024) for more details on prior, likelihood, and posterior for this method.

Method Il overview. The sparse density rule list is a one-sided sparse tree. Each tree
can be expressed as a rule list by creating a rule for each leaf, where the conditions de ning
the leaf also de ne the rule. An example of a sparse density rule list is as followsf x
obeysa; then density(x) = f; else if x obeysa, then density(x) = f, ::: else if x obeys
am then density(x) = f, else density(x) = fq. Here, as with the trees, the density is the
probability mass function, which is constant for the entire portion of the feature space that
falls into the leaf. The antecedentsas,...,am 2 A, where A is a set of pre-mined antecedents,
are Boolean assertions, that are either true or false for each data point;. Let a<; be the
antecedents beforg in the rule list if there are any, and let ¢; be their cardinality. We
denote the rule list asd. Following the exposition of Letham et al., 2015, we use a prior over
rule lists to encourage sparsity. The generative process is described in Algorithm 2 (Goh
et al., 2024). It depends on the input prior parameters; , and . Prior parameter is the
user's preference for the length of the sparse density list before seeing the data, ands the
user's preference for the number of conjunctions in each;. As before, usually all elements
in are the same and indicate pseudo-counts. The distribution of is the truncated at
jA] Poisson distribution; P(gjjcsj ;A; ) is a Poisson truncated to remove values for which
no rules are available with that cardinality; distribution over antecedents in A of sizeg
(excluding those ing;) is uniform; the prior distribution over the leaves is drawn from
Dir ( ). We use the same likelihood as for Method I, and the posterior is the product of

likelihood and prior, see Goh et al. (2024) for more details on posterior and prior.
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Algorithm 2 Density rule lists generation procedure

Input : Prior parameter and , pseudo-count , observationsX = fx;g, antecedents
A=fag

Output : Sparse density rule list

1. Sample a decision list lengthm P (mjA; )

2. for decision list rulej =1;:::;m do

3 Sample the cardinality of antecedenta; in d as¢  P(gjcq s A; ).
4: Samplea; of cardinality ¢ from P (ajjaqj ;G ;A).

5. end for

6: for observationi =1;:::;n do

7 Find the antecedenta; in d that is the rst that applies to x;.

8: If no antecedents ind applies, setj = 0.

9: end for

=
o

: Sample parameter Dirichlet ( ) for the probability to be in each of the leaves

11: for each leafl in the rule list do
12: Compute volume V,

13: Compute density f| = 7'|

14: end for

5.2.2.2 Numerical Methods to Optimize the Objective Function

In the previous section, we have described the prior, likelihood, and posterior functions
for three generative modeling methods (as before, see Goh et al. (2024) for more details).
Since the search space of our problems is large, we use simulated annealing, a metaheuristic
optimization algorithm, which allows us to approximate global solutions. More speci cally,
in this section, we describe a simulated annealing scheme that we implemented in order to
nd the optimal tree that maximizes the posterior for Method | and Method Il as well as
discuss Method IlI's optimization details.

Simulated annealing for tree-based methods. A successful simulated annealing
scheme requires us to create a useful de nition of a neighborhood. We de ne our neighbor-
hood such that each move explores a neighboring tree where we are able to extend or shrink
the tree.

At each iteration, we need to determine which neighboring tree to move to. To decide
which neighbor to move to, we x a parameter > 0 beforehand, where is small, approxi-
mately 0.01 in our experiments. is the probability that we will perform a structural change

to jump out of a possible local minimum. All other actions below are taken with equal
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probability. Thus, at each time, we generate a number from the uniform distribution on
(0; 1), then either:

1. (Shrink at a leaf) If the number is smaller than 1T, we select uniformly at random a
parent node that has leaves as its children and remove its children. This is always possible
unless the tree is the root node itself, in which case we cannot remove it and this step is
skipped.

2. (Expand) If the random number is betweean and 17 we pick a leaf randomly and a
feature randomly. If it is possible to split on that feature, then we create children for that
leaf. (If the feature has been used up by the leaf's ancestors, we cannot split, and we then
skip this round.)

3. (Regroup) If the random number is betweean and 3(14 ) we pick a node randomly,

delete its descendants, and split the node, creating two child nodes where the splitting is
done on subsets of the node's feature values. Sometimes this is not possible, for example, if
we pick a node where all the features have been used up by the node's ancestors, or if the
node has only one category. In that case, we skip this step.
4. (Merge sibling nodes) If the random number is betweeri;% and (1 ), we choose two
nodes that share a common parent, delete all their descendants, and merge the two nodes
(e.g., black, white, red, green becomes black-or-white, red, green).
5. (Structural change) If the random number is more thanl , we perform a structural
change operation where we remove all the children of a randomly chosen node of the tree.
Please see Algorithm 3 for the pseudo-code of the simulated annealing procedure. The
last three actions avoid problems with local minima. The algorithms can be warm-started
using solutions from other algorithms, e.g., DET trees. We found it useful to occasionally
reset to the best tree encountered so far or the trivial root node tree.
Sparse Density Rule List Optimization. To search for optimal density rule lists
that t the data, we use local moves (adding rules, removing rules, and swapping rules) and
use the Gelman-Rubin convergence diagnostic applied to the log posterior function.

A technical challenge that we need to address in our problem is the computation of the
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Algorithm 3  Simulated annealing for tree-based methods

Input : Prior parameters, , maximum number of iterations, N, , cooling schedule
Cool(iteration) for the simulated annealing

Output : Optimal density tree

1: Initialize the initial tree T to be a single node, compute the posterior using the objective
function and the prior parameters. Set the iteration number to be0.
2: while iteration number <N do
Draw a random numberr, from Uni(0; 1).
if r< 1 then
Perform shrink at leaf operation.
elseif r< % then
Perform expand operation
else if r< % then
Perform regroup operation.
10: elseif r< 1 then

11 Perform merge sibling nodes operation.

12: else

13: Perform structural change.

14: end if

15: Compute the objective value for the modi ed tree.

16: if a better objective value is obtained than the current bestthen

17: Update T to be the current tree.

18: end if

19: if the current tree is worse than the current best treeT then

20: With probability de ned by the cooling schedule Cool(iteration), update T to be
the current tree. This will always be a small probability.

21: end if

22: end while

23: Return T

volume of a leaf. Volume computation is not needed in the construction of a decision list
classi er like that of Letham et al., 2015 but it is needed in the computation of a density
list. There are multiple ways to compute the volume of a leaf of a density rule list.
Approach 1: Analytical Computation. Use the inclusion-exclusion principle to directly
compute the volume of each leaf. Consider computing the volume of thieth leaf in a density
rule list. Let V, denote the volume induced by the rulea;, that is the number of points
in the domain that satisfy a;. To belong to that leaf, a data point has to satisfy a; and
not earlier rules a<; . Hence the volume of thei-th leaf is equal to the volume obeyinga;

alone, minus the volume that has been used by earlier rules. Using notatioaf, to denote
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the complement of conditionay, we have the following:

Vi = VaiAVikzll ag (i is in @ and in the complement of all previous rules)
=Va Vantan
= Va V(WL:ll ai"ay)
X ! k+1 X
= Vq (1) Vai"ajl:::"ajk; (5.1)
k=1 1 j1 @jkon

where the last expression is due to the inclusion-exclusion principle and it only involves the
volume resulting from conjunctions. The volume resulting from conjunctions can be easily
computed from data. Without loss of generality, suppose we want to compute the volume of
Va,n::ng, . FOr each feature that appears, we examine if there is any contradiction between
the rules; for example, if feature 1 is present in botta; and a,, where rulea; speci es feature

1 to be 0 whereasa, speci es feature 1 to be 1, then we have found a contradiction and the
volume of the intersection ofa; and a, should be 0. If there is no contradiction, then the
volume is equal to the product of the number of distinct categories of all the features that
are not used. If all features are used, then the volume is 1. By using the inclusion-exclusion
principle, we reduce the problem to just computing a volume of conjunctions as irf5.1).
Note that for this approach, we still need to iterate over all conjunctions for each volume
computation, which can be computationally expensive.Approach 2: Uniform Sampling.
Create uniform data over the whole domain, and count the number of points that satisfy
the antecedents. This approach would be expensive when the domain is huge but easy to
implement for smaller problems.

Approach 3: MCMC. Use an MCMC sampling approach to sample the whole domain space.
This approach is again not practical when the domain size is huge as the number of samples
required will increase exponentially due to the curse of dimensionality.

We use the analytical computation approach 1 in our implementation.
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5.2.3 Experiments and Empirical Performance Analysis

We considered two baselines to evaluate the e ectiveness of our methods, including
standard histograms and density estimation trees (DET) (K. Wu et al., 2018).

For the standard high-dimensional histogram baseline, we treated each possible set of
feature values (e.g.X:1 =1;X.2 =0;:::;X.10 = 1) as a separate bin. (We call a set of feature
values acon guration ; it is a point in our feature space.) Histograms have the disadvantage
that they create a large number of bins and thus may not generalize well to the test set;

they are also not interpretable, since they cannot be visualized in a tree or list.

Algorithm 4 Conversion of categorical feature to real
Input : categorical featuref, c;;:::; ¢y - categories of the featuref ¢
Output : real-valued featuref,

: for every categoryg do
compute its frequencyp; in the dataset
end for
. sort the categories from the most frequent to the least frequent
. split interval [0; 1] in J frequency intervalslj =[a;j; 3] based on the cumulative proba-
bility, meaning that the length of the interval with index j is pj
. for every samplei do
nd its category
nd corresponding frequency interval I; =[a;; ]
chose a valuev 2 |; by sampling from a truncated Gaussian distribution with
=g +p=2and =(h a)=6
10:  assignv to f|
11: end for

© © N9

The implementation of DET is meant for continuous variables, but we use it anyway
for comparison. To compare our methods to DET, we pre-processed datasets using one-hot
encoding and the Synthetic Data Vault algorithm from Patki et al., 2016 (see Algorithm 4).
We also used our computations for the density in each leaf following the volume computations
we described in the previous section. For DET hyperparameters, we trie@l1; 3; 5g for the
minimum size of a leaf and 5; 10; 50; 100, b%c; b%c for the maximum size of a leaf, wheren
is the number of training data points. We used nested cross-validation over 5 folds. For each
fold, we optimized parameters for validation log-likelihood and reported out-of-distribution

log-likelihood. DET has the disadvantage of being a greedy algorithm and the available
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implementation of DET is not designed for categorical data (see Appendix B in Goh et al.
(2024)), thus DET may not produce trees that are as useful or sparse as those from Methods
I, 11, or .

For our Methods I, Il, and I, we performed nested cross-validation over 5 folds and
evaluated out-of-sample log-likelihood and sparsity of each method for every fold. For the
leaf-sparse density tree model (Method |), the parameter to control the number of leaves
was chosen from the sef5;8;10g, and was set to 2, which corresponds to a pseudocount
of 2 data points in each bin (to prevent bins with 0 data points). For the branch-sparse
density tree model (Method Il), the parameter to control the number of branches was chosen
from the setf2;3g, and was set to 2. For the sparse density rule list (Method I11), the
parameters ; , and were chosen amond3;5;7]; 1, and 1 respectively. We provide a

summary of parameters and their suggested values in Appendix C.2.

Figure 5.5 : A sparse density tree to represent the Titanic dataset. The probability of
belonging to the leaf P), the densities (), and the volume (V) are speci ed for each leaf
of the sparse tree. The density is estimated to be constant within each leaf. Here, we can
see that the volume times the density equals the probability of being in the leaf.

5.2.3.1 Titanic Dataset

We will use a sparse density tree or list to help us understand the distribution of people

on board the Titanic. The Titanic dataset has information for each of the 2201 people who
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