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Abstract

In this dissertation, we study the behavior of exciton-polariton quasiparticles in
semiconductor microcavities, under the sourceless and lossless conditions.

First, we simplify the original model by removing the photon dispersion term, thus
effectively turning the PDEs system to an ODEs system, and investigate the behavior
of the resulting system, including the equilibrium points and the wave functions of
the excitons and the photons. Second, we add the dispersion term for the excitons
to the original model and prove that the band of the discontinuous solitons now
become dark solitons. Third, we employ the Strang-splitting method to our sytem of
PDEs and prove the first-order and second-order error bounds in the H' norm and
the Lo norm, respectively. Using this numerical result, we analyze the stability of
the steady state bright soliton solution. This solution revolves around the x-axis as
time progresses and the perturbed soliton also rotates around the z-axis and tracks
closely in terms of amplitude but lags behind the exact one. Our numerical result

shows orbital stability but no Ly stability.
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1

Introduction

Exciton-polaritons in semiconductors have been studied since the late 1950s with
pioneering works of Pekar and Hopfield, see Introduction in [1]. Since then, much
important progress has been made, including, but not limited to, the observations of
dark and bright solitons ([2], [3], [4]), the observations of new interesting quantum
effects such as the behaviors of polaritons driven in optical parametric oscillatiors
([5], [6]) and the improvement of semiconductor microcavities that allow for ease
of control of the coupling between photons and excitons ([7]). We will start by
giving some basic definitions and concepts that will lead to the understanding of the
polariton and its application.

An exciton is a quasiparticle consist of an electron and a hole. In semiconductor,
when an electron is excited from the valence band to the conduction band, it leaves
behind a vacancy which theoretically can be described as a “hole” with +e charge.
An electron and a hole then interact with each other via Coulomb interaction and
form a bound pair called an exciton. Excitons live in quantum wells (QWs) which are

made of one or several thin layers of semiconducting materials, such as InGaAsP /InP

([8]), or GaAs/InGaAs ([9]). These QWs will then be sandwiched between two

1



distributed Bragg reflectors to form a structure that inspires the formation of the
exciton-polariton, see Fig. 1.1.

A distributed Bragg reflector (DBR) is a periodical structure of succession of layers
of dielectric materials with alternating refractive indices, usually alternating between
high and low indices, see [5]. Each layer will cause a partial reflection of waves with
a certain wavelength and together they create a stop band for photonic transmission,
see [10]. An example of the materials used to formulate the structure in Fig. 1.1 is

AlGaAs/GaAs for the top and bottom DBR and GaAs/InGaAs for QWs ([9]).

F1cURE 1.1: Distributed Bragg reflectors with Quantum Wells

Under external stimulation like a laser source, photons with appropriate optical
modes are introduced into the structure, which gives rise to the strong coupling
between the microcavity photons and the QW excitons, see Fig. 1.2. The result is
the formation of exciton-polaritons, or polaritons for short.

The polariton lifetime is of the order of the photon due to the leakage of the photonic
component thru the DBR mirrors, the polariton population needs to be sustained
by continuously pumping photons into the system. We also have the decay of the
excitonic component but it is of a significantly larger order compared to the lifetime
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of the photons, see [11].

. Light sOUrce

(R e EXCitON-polariton
(+](7 )

o® g Excitons

FIGURE 1.2: Interactions between Excitons and Photons in Quantum Wells

Due to the interaction between excitons in the QWs, the non-linear behavior is
transferred to polaritons, which gives them some rich physical properties, such as
non-equilibrium Bose-Einstein condensation ([12], [13]), parametric scattering ([14],
[15]), and superfluidity ([16]). Furthermore, microcavity polaritons are excited on
pico-second timescales as opposed to nano-second response times of their light-only
counterparts such as semiconductor cavity lasers, thus will have potential applica-
tions in information processing ([3], [17]).

The model for exciton-polaritons with a photonic source and leakage can be described

by two coupled equations:

i0x (z,t) = (wx —irx + glvx]?) ¥x + e

| | . (1.1)
Zath(xat) = (WC’ — ko — Q_awx) ,QZ}C + 7¢X + Fp
mc

where ¥y and ¢ are the wave functions of the exciton and the cavity photon,

respectively, and are confined to the x-direction only; the coupling constant ~ is half



the Rabi frequency; wx is the frequency of the exciton, we is the frequency of the
cavity photon; kx and k¢ are the exciton and cavity photon attenuation rate; F), is
the bump laser beam; g is the exciton nonlinearity constant; # is the Planck constant;
m¢ is the photon mass.

In this thesis, we want to understand the underlying mathematical behaviors of this
PDE system so we will eliminate the source and loss terms, which results in the

non-dimensionalized system:

iopbx = (wx + glvx]?) ¥x + e

, (1.2)
Z'atZUC = <WC’ - Eaxx) ¢C + ’7¢X

In reality, any true physical system must have one or several sources and losses. So
we can intepret our sourceless-lossless system as the state after pumping is removed
and significant losses have not presented themselves. In [18], bands of dark, bright,
and discontinuous solitons were found under different frequencies and appropriate
parameters.

Notice we have neglected the exciton dispersive term due to the significantly larger
mass of the excitons compared to that of the photons and their confinement to the
physical structure.

In chapter 3, we add a small exciton dispersive term into the system, (see Eq. 1.3)
and use the technique of matched asymptotic analysis to show that the band of

discontinuous solitons will become dark solitons.

i&th = (wX + g‘wX‘Q) ¢X - EanxwX + 7¢C

1 (13)
i@@c = (WC - éaxz) ¢C + ,wa

In chapter 4, we eliminate the photon dispersive term and investigate the behaviors



of the ODE system:

ihx = (wx + glvx]?) ¥x + e
(1.4)

0o = wehe + YPx

We acknowledge that photon dispersion must present in the correct modeling of
the polariton system but as stated before, we want to first understand how each
wavefunctions ¢ x and 1 behave under different circumstances; then we can make
progress in understanding the full system.

In chapter 5, we prove the Strang-splitting method can be used to produce numerical
results for our original system (1.2) by showing that the global errors between the
exact solution and the numerical solution is first-order and second-order in time in
the H' and L, norm, respectively.

In chapter 6, we use the bright solitons as initial conditions and use the Strang-
splitting method to progress those perturbed steady-state solutions in time. We

observe orbital stability but no Ly stabilily.
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Background

The equations for the exciton-polariton system are given in (1.2) (we repeat here for

convenience):

ionpx = (wx + glvx[*) vx + e
1 (2.1)
i@twc = (UJC - Eamc) wC + waX

The stationary soliton solutions for (2.1) (time-harmonic solitary wave solutions)
were derived and analyzed in [18] and [19]. In this chapter, we present a brief

summary of the results of these works.
2.1 Conservation of number of particles

The two quantities [x|* and |i¢|? represent the density of excitons and photons,

respectively. The normalized number of particles M is given by:

M = [ (joxf? + fvcl?) do (2.2



It follows easily from system (2.1) that M is independent of time. It is thus a
conserved quantity.
This quantity is important as we will observe it closely in our numerical results to

check for any blow-ups.
2.2 The derivation of soliton solutions

We seek stationary solutions of (2.1) of the form:

Uxc = dxcolz)e ™ (2.3)

where ¢x and ¢¢ are real-valued functions.
Inserting (2.3) into (2.1) and letting wx = w — wx,we = w — we, we obtain the

system of ODEs:

(90% — wx)ox + 700 =0 (2.4a)

1

—écb’('; — wepe + VPx (2.4b)

where prime denotes derivative in terms of the spatial argument x.
Multiplying both sides of (2.4a) by ¢y and of (2.4b) by ¢, then integrating, and

finally adding the two equations, we obtain:

1 1 1 1
Z!](béc - §wx¢§( — 4_1¢/02 - Ewccb?; +Ypxpc = c (2.5)

where ¢ is a constant of integration.

The quantities ¢o and ¢ are expressed explicitly in terms of ¢x and ¢’y by using



Eqn. (2.4a):
1 2 2 1 2 2 ;2
bc = —;(géﬁx —wx)px, P¢ = ¥<9¢X —wx) dx
/ 1 2 1/ / 2 1 2 2\ 112
Po = _;(39¢X¢X —wxPy), ¢c = ?(39%( —wx)")Py

Insert these expressions into (2.5), one obtains:

1 1 111
Zg(b_‘%( — §wx¢_2x 1 [? % (399%x — wx)’
1 2 42 2 2 (42
— 2—72wc¢x(g¢x —wx) — ¢x(99x —wx) =¢

Performing the change of variable ( = g¢% and multiplying both sides of the equation

by ¢g(, we obtain:

160~ 3Gt = 5030 — ) = 25CC— ) = ¢ — ) = e
Or, in short form:
(3¢ — wx)*¢” = 8¢Q(C) (2.6)
where (() is a cubic polynominal in (,
QQ) =~ [ ¢* — 5(30n + wx)C + GomxC + K 2.7

and K is the new constant of integration and

Co = g(9)? 1= TXTC T (2.8

we
is the far-field value of (.

Theorem 1. [18] There are bright, dark, and discontinuous stationary soliton solu-



tions of the lossless, unforced polariton equations (2.1) for frequencies within certain
bands that depend on wx,we and y. The three soliton classes described below exhaust

all solutions of the form

(Ux(@,1), ve(z,1) = (¢x(2), dc(x)) e ™ (2.9)
for which ¢x(x) and ¢c(x) have limits (far-field values) as x — +o0.

1. Dark solitons. (Red bands in Figs. 2.2) Equations (2.1), for g > 0, ad-
mit solutions of the form (2.9) for which ¢x(x) and ¢c(x) are antisymmetric,
monotonic, and bounded. The frequency bands for which these solutions exist

are given by

0<wywe <v?  if w<minfwe,wx}, (band 1.1)

) s, (2.10)
v < wxwe < 577 if w>max{we,wx}. (band 1.2)
The far-field (suprimal) value of |px(x)| is
1 ’72 1/2
lim )| = —|lowx — — 2.11
Jim[6x () N (2.11)

2. Bright solitons. (Green bands in Figs. 2.3) Equations (2.1), for g < 0,
admit solutions of the form (2.9) for which ¢x(z) and ¢pc(x) are symmetric
and bounded and have a unique local mazimum or minimum. The frequency

bands for which these solutions exist are given by

V< wxwe < %72 if w<minf{we,wx}, (band 2.1) (2.12)
0<wyxwe <v?  if w>max{we,wx). (band 2.2) '

The solitons vanish at the far field (|x| — o) and |g|¢x(2)? attains a maximal



value of

lim |gléx(2)? = —wx + —— | = +4/— (2.13)

v 3 9  wxwc
2|00 we | 4 16 292 |

3. Discontinuous solitons. (Orange bands in Figs. 2.4) Equations (2.1) admit
antisymmetric bounded solutions of the form (2.9) for which ¢x(x) is discon-
tinuous at x = 0 but ¢pc(x) is continuous. They satisfy the polariton equations
in the distributional sense, and away from the point of discontinuity they satisfy
the equations classically. These solutions exist in the following two frequency

bands.

(a) For g <0, and all frequencies satisfying
w < min{we, wx} and wxwe > 9%, (band 3.1)

there is a soliton such that |px(x)| decreases monotonically

1/2 9 11/2

1 ‘ v
varl we

w
from '—X down to
g

as x runs from the location of the peak of |px(x)| to 0. Where |¢x ()|

experiences its peak, |pc(x)| experiences its nadir.

(b) For g >0 and and all frequencies satisfying
wx <w<wg, (band 3.2)

there is a dark soliton such that |px ()| increases monotonically

1/2
up to

1/2
’ ,yz /
oy — —

w
from ’ =X
wo

1
varl
as x runs from the loction of the nadir of |¢x(x)| to co. In the negative

10



detunign case, wxy < wg, this band is absent.

bright dark bright dark
g<0 ¢g>0 g<0 g>0
stable stable stable unstable

FIGURE 2.1: Graphical depiction of soliton bands classification

2.3 Graphical depiction of solitons

Figures 2.2, 2.3, and 2.4 depicted below and their descriptions are from [18].
e The symmetry point of each soliton is at x = 0.

e The leftmost diagram shows two frequency bands of solitons on the w-axis of
the w(-plane. At a chosen frequency in each band, an arrow spans the range
of (-values of a soliton, pointing toward the far-field value lim,_ ((x). The
tail of the arrow, indicated by a solid dot, has its ordinate at ((0). The point

of the arrow, indicated by an open circle, has its ordinate at the far-field value

of ((x).

e The middle and rightmost diagrams depict the exciton and photon envelopes
¢x () and ¢¢(z) for each frequency corresponding to the arrows in the leftmost

diagram.

e The upper graphs depict the trajectory of the point (¢x(z), ¢c(z)) along the

cubic relation (2.4a) as z traverses the real line. The solid dots mark the

11



central point (¢x(0),dc(0)), and the open circles mark the far-field value
lim, 100 (dx (2), do(2)).

e The lower graphs depict the exciton and photon envelopes vs. the spatial
variable z. When one passes from ( = g¢% to ¢y, the extraction of square
roots results in two solitons, which are minuses of each other. One choice of

square root is shown in the lower graphs.
2.3.1 Dark solitons

Fig. 2.2 depicts the anti-symmetric dark solitons for nonlinearity coefficient g > 0.
The far-field value (, of ¢ =g¢%, indicated by the open dots in the leftmost diagram
and given by (ref), is equal to a double root of the cubic Q(¢) = Q((;w) (see (2.7))
created by the appropriate choice of constant K = K(w). In the upper graphs, the

pair (¢x (), ¢c(x)) travels from one open circle to the other as z travels from —oo

to oo.

dc \

\

\
0.5 \
(/7X \

00
0.0

\

I
|
|
|
|
|
|
|

\ |

-05 N\

N

. 1.0 |
00 05 N -10; 05 00 05

1 Band 1.1 1 1 Band 1.2‘

FIGURE 2.2: Dark solitons.
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2.3.2  Bright solitons

Fig. 2.3 depicts the symmetric bright solitons for nonlinearity coefficient g < 0. The
minimal value ( of {(z), indicated by the solid dot in the leftmost diagram, is at a
simple root of Q(¢) = Q({;w) when K = 0 so that (Q(¢) has a double root at ¢ = 0.
In the upper graphs, the pair (¢x(z), dc(z)) travels from the open circle to one of

the solid dots and back as z travels from —oo to 0.

FIGURE 2.3: Bright solitons.

2.8.8 Discontinuous solitons

Fig. 2.4 depicts the anti-symmetric solitons for which the exciton envelope ¢y () is
discontinuous at its point of symmetry. The far-field value (,, of ( =g¢%, indicated
by the open dots in the leftmost diagram and given by (2.8), is equal to a double
root of the cubic Q(¢) = Q((;w) (see (2.7)) created by the appropriate choice of
constant K = K(w). In the upper graphs, as x travels from —oo to oo, the pair
(px(x), ¢c(x)) travels along the cubic from an open circle to a solid dot, then jumps
to the other solid dot, and then travels along the cubic to the other open circle. In

the negative detuning case with we < wx, the band 3.2 is absent.

13
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/ .
!/ Ox L Px

10 -10 00 1.0 \ 20
3.0
ox(z
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20
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FIGURE 2.4: Discontinuous solitons.

2.4 Soliton far-field linear stability

As x tends to o0, soliton solutions tend to “homogeneous” solutions that are time-
harmonic and z-independent. The linear stability of these homegeous solutions is
analyzed in [18] by using pole analysis in the complex plane of the Laplace variable.

Their results are summarized in Theorem 2 and Table 2.1.

Theorem 2. Let (Vx(z,t),vc(z, b)) = (ox (), pc(z))e ™t be a solution of the non-

linear polariton system (2.1) such that
(0x(2), pc(@)) — (0%, 05)  as  |z] — .
The function pair (¢%, ¢&)e ™" is a “homogeneous” solution to (2.1) that is linearly

stable if we Band 1.1, 2.1, 2.2, or 3.2,

unstable if we Band 1.2 or 3.1.

In bands 2.1 and 2.2, the homogeneous solution is equal to (0,0). In the other bands,

one has g(¢%)?* = (.

14



Table 2.1: Soliton properties

’ Band ‘ Bright /Dark ‘ Linearly stable far field ‘

3.1 | Dark no
2.1 | Bright yes
1.1 | Dark yes
3.2 | Dark yes
2.2 | Bright yes
1.2 | Dark no

15



3

Exciton dispersion smoothing effect

The non-dimensionalized exciton-polariton system of equations given in (1.2) (we

repeat here for convenience):

ionbx = (wx + glvx|?) ¥x + e

) (3.1)
iaﬂﬁo = <WC' - Eazx) ¢C + ’7,¢X

does not account for the exciton dispersive behavior due to the relatively larger mass
of the exciton and its confinement to the physical structure. In this chapter, we
show that the discontinous dark solitons found in [18] are limits of solutions to the
system obtained by adding a small dispersive term to the original system. Thus the

resulting system with exciton dispersion included is:
by = (wx + glvx|?) ¥x — €0wthx + e

) 1
Zét,@bc’ = (CUC - iax:c) Q/]C + 'V'QZ)X

16



As in [18], we seek stationary solution of the form

Vx(z,t) = px(x)e ™

| (33)
Yol t) = po(x)e™™
where ¢x(x) and ¢¢(z) are real-valued functions.
Inserting (3.3) into (3.2) and letting wx = w — wx, We = w — we, we obtain:
—56¢ — wogo + yox =0 (3.4a)
1
do = 3 (@x = 90%) ox + €% (3.4b)

where " denotes derivative in the x variable.
Following a similar procedure in the case of ¢ = 0 described earlier, we obtain (see

Appendix A Derivation 1 for more detailed work):

7 [63(x — 3903)° + 2680 (orx — 3963005 + €40%F]
- 2w— [0% (@x — 90%)° + 2% 0x (wx — 99X )dx + € P3| (3.5)
1
+ % (wx — go%) + €dx Py WX¢X 9¢§( + §€2§Z5’)2( + K

where K is the constant of integration.
Every terms can be collected and grouped according to the orders of e: O(1), O(e?),
and O(e?).

1 wo 1 3
12 S(wx —3g9%)? — 2—72625%((@)( — 90%)* + swx % — 19%1( -

2

- & | ot o — 39630 + Eon ol — a6%) — ol + 303 | 35)
l ¢///2 //X2

17



We postulate that the system (3.2) has an asymptotic series solution of the form:
dx(x) = ¢o(x) + €p1(x) + higher order terms (3.7)

As ¢x(x) is an odd function in the case of € equal to zero studied earlier, we seek
odd solutions of Eqn. (3.6) and thus, effectively restricting the domain to the half
axis z = 0.

Inserting (3.7) into (3.6), the outer solution ¢g(z) satisfies the equation:
1 wc 1
~ g 0 (x — 3945)° — 2—72%( = 903)" + @x G — gcbé -K=0 (38

which clearly agree with the equation obtained in [18] in the case with no exciton
dispersion.

Correction at x = 0 comes from the inner solution.

Let s = z/e, then ¢ ~ O(1/e), ¢z ~ ~ O(1/€?), ¢% ~ O(1/€®). The highest

order for the inner layer is O(1/€?), we have the equation:

1 1
O(1/€) : iy o (wx —3995)* = Cboﬁbm( —39¢5) + 44270 0

0 + 20000 (we — 39¢%5) + cb(?(wX —39¢5)* = 0

= ¢ + ¢p(wx — 3g¢5) =0

Integrating with respect to x to obtain:

¢y + wxpo — gy = ¢ (3.10)

Multiply by ¢ to turn (3.10) into an integrable equation:

$odo + wWxPody — 9bady = ey

18



Therefore,
1 1 1 .
5%2 + §WX¢(2> - chbé —cpg = ¢
To match the inner layer with the outer layer, we need ¢y to be odd; therefore, ¢y
and ¢ will be even, which forces the constant ¢ to be zero.
To find an appropriate value for ¢, rewrite

1 1 1 .
5%2 = ZQQ% - §wo¢g +c

We want limg_,+00 ¢ = + WTX so we want to write the RHS into a quadratic in

terms of ¢ with double roots at ¢y = + X,

2
~ w .
Choose ¢ = 4—;‘, the equation becomes:

1oy 9.4 @x .o lox g(, wx )
2(/50—4% 2¢0+4g_4 Py p

Close to each double root ¢g(s) = + wa’ the solution ¢g(s) is in the form of an
exponential function, which corresponds to the limit of ¢(s) as s — +oo.

As s — 40, solution of the above equation correctly matches with the solution of
the outer layer as x — 0. This results in the bands of discontinuous dark solitons
turning into dark solitons.

Our analytical result is consistent with the current experimental observation since up
to date, there has been no report of discontinuous dark solitons in any experimental
physics literature. This calculation gives experimental physicists an idea of the slope
of the exciton and photon wave functions they should observe near the origin. In

other words, this finding provides a consistent condition for an observed dark soliton

with a steep slope to be identified as the discontinuous soliton in [18].
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4

Explicit integrability of the system with
no photonic and no excitonic dispersion

The solitary soliton solutions to the original system (1.2) found in [18] arise from
the interaction between the non-linear property of the excitons and the dispersive
property of the photons. In this chapter, we turn off the photon dispersion in order
to examine the simplified model and analyze its solutions. We acknowledge that in
any true physical model of the exciton-polariton, the photon dispersion term have to
be present. However, from a mathematical point of view, it is interesting to study
the reduced model to gain some understanding before proceeding to study the full
system.

We are investigating this system:

iopbx = (wx + glvx]?) ¥x + yve

0o = wehe + YPx
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4.1 Integrability of the dispersionless system

Theorem 3. a. Using the polar representation of ¥x and V¢,

Yx = aer?
¢C = \/Bem7

(4.2)

where o and B are non-negative real-valued functions and 6 and n are real-valued
functions.

Let

a—f 9
a+ B

1
=a+pf, 7= §9U2+wx—wc
The pair of equations in (4.1) implies the system:

A=29/1—-Xsinf |\ <1

: A J R
9=—2’ymc0s9+§gu A+ T (4.3)
1
n = —ny/aﬁcose — we
b. The orbits for (4.3) are given by:
1 212
cos ) = (_gu AT + c) (4.4)
1— )2 8y 27

Proof. a. We are interested in the behaviors of «, , n, 6. Differentiate (4.2) and

insert into (4.1) to obtain:

o = (= BV = (x + ga)a + 1 Fe”

i B _ i
5\—@*771:\/5—0%) B+ae
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Write e = cos + i sin 6, we turn the above system into four equations:

Qg

NG =v4/fsinf = a = 2vy/afsinf

B
2VB

(e — 0 + wx)a + ga2 + v/ afcost =0

(e + we) B + v/ afcosf = 0

= vyasin(—0) = B = —27\/@&119

Separate n and 6 to obtain four ODEs:

2v+/af sin 6
—2vy/afsinf
—Lymcos@—wc where - =(9t (4.7)

g

—7%00894—9&4—0@( — Wwe

3 - L

Since (« + B) =0= a+ 3 = u* = constant > 0 because o, 3 > 0

2 2
+ —

Letoz—ﬁ=v(t)=>a=u 5 U, ﬁ:u 5 Y with lv| < u? for all t and /a3 =

1

5«/u4—02

From the system (4.7), we have

. : 1 : :
0 =4v+/afsinf = 475\/u4 —v2sinf = 2yvVut — v?sinf

2

. 2 u® + v
GZ—VUWCOSH—FQ( 9

>+wx—wc

Let 7 be a constant such that 7 = % gu? +wx —we. The difference we —wx = § where
0 is called the detuning constant because it represents the difference in the frequency

of the cavity photon and the exciton. The system in terms of v and 6 reads:
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0 = 2yVu* —v?sinf

0 2~yv cos N 1 N (4.8)
= ————F -gu+T
A2 29
We normalize v by setting v = Au? and since |v] < u? = |\ < 1.
The system in terms of A and 6 becomes:
A=29V/1—Xsinf [N\ <1
(4.9)

1
cosf + —gu*X + T

- A
'="a—x >

which are the first two equations of the theorem, the equation for 7 follows from (4.7).

b. We can find the equations for the orbits by integrating system (4.9):

a A 0059+g_1L2 A 1 N T 1
d\ /1 — A\2sinf 4y /1 —XN2sinf  2y4/1 — A2sind

Therefore,
d\ V1= N2 4y4/1 — N2

This is just a first order linear ODE. Use the integrating factor:

() = eXle——)\)\?d/\ =V1- A

we obtain:
1 qui + 27 1 gu\? A )
cosf = — | =—d\+c¢c) = — —— +c 4.10
\/1—)\2( f 4y ) vl—Az( & )
where each c¢ takes us to different orbits. O
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4.2 Equilibrium points

We first find the set of equilibrium points of the system (4.3) for the case when 7 = 0.
Setting 7 this way facilitates the finding of equilibrium points as we can factor out
the A in the equation for 9, thus not having to solve a cubic equation for A\. The case

where 7 # 0 will be revisited at the end.

1. Setting A = 0, we have either:

(a) sin® = 0 which implies cosf = +1

or
(b) A= +£1
2. Setting = 0, we have —27\/1’17 cosf + %guzz\ = 0, which implies either:
(a) A=0
or

(b) if A # 0, the necessary condition for the equation to have solutions is when
sgn(cos ) = sgn(g) because v > 0. Therefore, whenever g > 0 or g < 0,

the root of 6 jumps every 27 (i.e. g > 0,cos0 = 1;9 < 0,cosf = —1).

To find the values of A\, we are solving

1 1
e L — TV
Tt 2
SO
16~2
A=A = 441 - L
g*u
. o 4y
therefore, A\ exists when u® > m
g

In conclusion, we have two sets of equilibrium points:
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1. for any values of u2, v, and g, we have A\ = 0, sinf = 0 so § = n for all n.

2. for values of u?,~,and g such that u? > %, we have additional equilibrium

points at:

(a) (A, 0) = (£A1,nm) for n even if g > 0 so the distance is every 2.

(b) (A, 0) = (A1, n7) for n odd if g < 0 so the distance is every 27.

Now that we have the equilibrium points, we are interested in the behaviors of the
system near those points. Let f(X,0) = A and g(\,0) = 6. The resulting gradient

matrix 1s:

sin 6 2v4v/1 — A2 cos 6

A
oy
D = lfA f@] _ 71’\/1—)\2 1
9 9o —2 cos O + —=qu?

A
2 oy
VTN (1-22) 2 T e

sin 6

We start with a special case when g = 0 (system with no nonlinear term), the
equilibrium points are (A, 6) = (0, n7) according to the ODE system. The gradient

matrix is

0 2y cosf

D= —2v cos 6 0

with positive determinant which shows that those points are centers.

There are special lines (separatrices) that separate the centers; they connect (—1, nm+
7/2) and (1, nm+7/2) and go through (0, nm+7/2) because at § = nw+m/2, cos = 0,
sinf = +1 s0 A = +2v4/1 — A2. The direction of increasing and decreasing of \ de-
pends on the values of 6.

Now we put in small non-linear term g, the gradient matrix becomes

D— 0 27+ cos 6
| —2vcost + gu? 0
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so we have the eigenvalue problem as
£+ (49 — ygu®cosf) = 0
When n is even, cos (nm) = 1 — €2 + (49?2 — ygu®) = 0, we have two cases:
1. 44% > ygu?: centers
2. 472 < vygu?: saddles
When n is odd, cos (n7) = —1 — &% + (49% + vgu?) = 0, we have two cases:
1. 4% > —ygu?®: centers
2. 4v* < —vygu?: saddles

If g > 0,0 =nr (n odd) stay centers because the LHS is always bigger than the
RHS, 6 = nm (n even) will stay centers if 492 > ~ygu? but will tip to saddles as g
increases to value such that 49? < ygu? .

If g < 0,0 = nnm (n even) stay centers because the LHS is always bigger than the
RHS, 0 = n7 (n odd) will stay centers if 4y* > —ygu? but will tip to saddles as g
increases (negatively) to value such that 49 < —ygu? .

In either case, if the condition u? > 4v/|g| is satisfied, we will have alternating centers
and saddles at A = 0 on the # axis at alternating nm odd and even.

Next, we proceed to investigate the behaviors of the system at

16+2

A==y 1= o

The gradient matrix

0 291 — A2 cos 6
VI—XZ(1-22) 0

D= [—27+ cosf
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which results in the eigenvalue problem:

— ygu*V1 — N2cosf| =0

2 2
& —I—[4fy Y

Recall that in order for A\; to exist, two conditions need to be satisfied:
sgn(g) = sgn(cos#) , and
1 — A\ = 167%/g%u",

therefore:

2,4 4
e+ gt =0
|g|u?

4

1 — 442 =0
[

the term over the bracket is always positive because of the condition u? > 4v/|g|,

therefore equilibrium points (A, ) = (£, nm) (with n either odd or even) are cen-

ters.

When g = 0 we do not have Ay, as |g| increases to a value slightly bigger than 4~ /u?,

+)\; are born near A = 0 (similar to the bifurcation phenomenon), as |g| increases

further, those points get pushed closer to A = 1 and will approach +1 as |g| goes to

infinity. Keep in mind those points always constitute centers, which are represented

by dots in the figures.

Note that the figures for the cases when g > 0 and g < 0 are put side-by-side. The

case where g < 0, everything gets shifted down by 7, because g < 0 corresponds to

cosf = —1.
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u?=3 g=0 4v=0.375 r=0

—

e
&=

-1 08 06 -04 02 o 02 04 06 (] 1
-1=A<1

w2

—efl <
=]

This figure shows that at any starting point that is not on the separatrices, the

solutions A and # are always periodic with the amplitudes of A and 6 increase as the

orbit gets further away from the centers.

u?=3 g=04 v=0.375 r=0

u?=3 g=-0.4 v=0.375 7=0

S

—)

—

L L L L L L L L L | L L L L L
-1 08 -06 04 02 o 02 0.4 06 08 1 -1 08 06 04 02 o
-1<a<1 -1<a<1

L L L L |
02 04 06 08 1

Adding a small non-linear term ¢ to the system bends the separatrices and changes

the amplitudes of A and 6 without changing the periodicity property.
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u*=3 g=0.52 v=0.375 r=0

u?=3 g=-0.52 4=0.375 r=0
xiZ

.

1 V7= =

1< i<t -1<i<1

At the critical value of g, a new set of centers surfaces at § = 0 for positive g and at
f = £+ for negative g. These centers are born near A = 0 and will move toward the

boundaries at A = +1 as g increases.

u?=3 g=0.8 v=0.375 r=0

-1<A< 1< i<
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u?=3 g=-1.2 y=0.375 =0

u?=3 g=1.2 4v=0.375 7=0

N——

I

L L L L s L L L L
-1 08 -06 -04 -02 0 02 04 06 08 1
-1<A<1

———

. . . L L . . L . )
41 -08 -06 04 02 0 02 04 06 08 1
-1<A<1

u?=3 g=1.8 v=0.375 r=0 u?=3 g=-1.8 v=0.375 7=0

PN

-1<A<1 -1<A<1

As g increases, the new set of centers gets pushed to the boundaries, the set of

separatrices gets bended more to create three regions where the behavior of A and 6

are significantly different.

1. Region 1: both A and € are periodic but the magnitude of 6 could reach 27

instead of just 7 in the case where there is no g.

2. Region 2: X\ is periodic but # no longer is. In this region, the value of 6 goes

from —o0 to co.

3. Region 3: both A\ and 6 are periodic but the magnitude of A is significantly

smaller and the magnitude of # is between 0 and 7.
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The results are summarized in Table 4.1.

Table 4.1: Equilibrium points for the case when 7 = 0 and their types.

Conditions on u2, v, and ¢ (A, 0) Type
4
w? < (0,n) centers
g1
(0,nm), n odd centers
g>0 (0,n7), n even saddles
2> 4y (£A1,n7) n even centers
9 (0,nm), n odd saddles
9<0 (0,n7), n even centers
(£A1,nm) nodd centers

For the case when 7 # 0, the procedure is similar.

Recall

r ., 1,
T=3 +wx — = - -0
29u w we 2gu

where § is the detuning. If we keep u? and g fixed, changing 7 is equivalent to
changing the detuning of the system.

In this case, A = 0 is no longer a solution to the equation 6 = 0; sinf = 0 is still a
solution for A = 0 so cos§ = +1.

We are solving the equation

1
cosf + §gu2>\ = —71 for A,

A
_27\/1 — X\

given a specific value of 7.
Let us graph the LHS and RHS and find the interceptions.
The first set of graphs is for the case when cosf = 1 and the second is for the case

when cosf) = —1. As A\ — +1, the first term on the LHS — +oo, the second term
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is always finite, therefore the range of the LHS is (—o0, o) so no matter how big or
small 7 is, there will always be at least one root to the equation, the root approaches

+1 as 7 — +oo.

u?=3 g=1.5 4=0.375 7=0 cos =1 u?=3 g=1.5 +=0.375 =1 cos =1

3r 3
-4r 4
5 I L I L L I L L I 8 L I L I I L I I L
-1 08 -06 -04 02 o 02 0.4 06 08 1 -1 08 -06 -04 02 0 02 04 08 08 1
A A

FIGURE 4.1: Interceptions are values of critical points when cosf = 1

Notice that depending on the value of 7, there can be one, two (1 double and 1
single), or three roots for \. With one root, we will have one critical point which is
a center. With one double and one single root, we will still have one center, and in

the case where there are three roots, we will have two centers.

u?=3 g=1.5 4=0.375 =0 cos 0= -1 u?=3 g=1.5 4=0.375 =1 cos #=-1

5 T T 5 T T
4t /— al /
3 1 ar 1

| il
: -1 —D‘.B —E:E -0‘.4 -DI.2 Ell D.‘Z DT4 DIE D‘B 1 -5—1 08 -06 -04 -D‘ 2 6 DIZ 0‘4 D.‘S DTE 1
A A
FIGURE 4.2: Interceptions are values of critical points when cosf = —1
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In this case, there can only be one solution for A regardless of the value of 7, which

results in one center.

The behaviors of the solutions as 7 increases

u?=3 g=1.5 vy=0.375 7=0

-n<f<n

E

-ml2

e

-1 08 -06 04 02 0 02 04 06 08 1
-1<A<1

We see the separatrices in the above figure. As 7 increases, the separatrix on the left

changes from enclosing the center corresponds to cosf = 1 to enclosing the center

corresponds to cosf) = —1. The red region contains the separatrix as the exact

location is hard to pinpoint numerically.
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u?=3 g=1.5 +=0.375 =0.836

-
rgy///\//

——
o

/

=<

PN

T is about the reach a critical point where at 6§ = 0, the leftmost center will disappear

which will leave the rightmost center as the only center in the subsequent figure.

u?=3 g=1.5 +=0.375 =1

N

N

}c;/
/2 Z f/
g
v oo
¢
N
w2 oy

AN

(N

-1 08 <06 -04 -0.2 0 0.2 0.4 0.6 0.8 1




u?=3 g=1.5 +=0.375 =17

M
//// ;"

o

ey
Ay

(oSN

-1 08 06 04 02 0 02 0.4 06 0.8
-1<A<1

u?=3 g=1.5 +=0.375 =3

,
w2 7 /
o
% /A/ w
g
v o
0
N
N W
-ml2 N =
o, W
N

-1 08 06 04 02 0 02 0.4 06 0.8
-1<A<1

Notice the two behaviors of centers that correspond to the two cases when cosf = 1

and cosf = —1.

1. cosf = 1. we are looking at centers that correspond to 6 = 0. At 7 = 0, we

have three critical points, one at zero and the other two are centers and are

symmetric. As 7 increases, the two critical points on the left get pushed closer
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and closer to each other. After the critical value of 7 is reached at 0.842, the
two points merge then the leftmost center disappears, leaving the critical point

on the right as the only center, which gets pushed closer and closer to 1.

2. cosf = —1: we are looking at centers that correspond to 8 = +7. At 7 = 0,
they are located at zero. As 7 increases, they move to the left toward -1 and

get closer and closer to -1.

We can confirm these behaviors by looking back at the intersection points in Fig.
4.1 and 4.2.

As the behavior of the solutions is similar to the case when 7 = 0, just the locations
of the equilibrium points change, we will focus on the case when 7 = 0.

In all the above figures, we played with the parameters in two ways:

1. fixed u? and 7 and let g varied. Recall that 7 = %gu2 + wyx — we, that means

the detuning of the system has to change to keep up with the change in g.

2. fixed u? and g and let 7 varied, that means the detuning of the system again

has to change to keep up with the change in 7.

In experiment, it might not be realistic to fix u? because u? represents the combined
magnitude of o and 5. We did that mostly to illustrate the behavior of the system,
especially to demonstrate the bifurcation when one center splits into three at a certain
critical value of g in the first case or to demonstrate the disappearance of a center
at a critical value of 7 in the second case.

In the following section, we will show the behavior of the system when we fix g and

7 and let u? varies.
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Now that we have the behaviors of A and 6, recall that v = \u? so the behavior of \

determines the behavior of v.
4.3 Some plots for A, 0, and 7

We have:

1 1
N = —EVMCOSQ—WCZ -y li;COSH—wC

Both terms on the RHS are periodic but their sum is not so in general, therefore n
is not a periodic function.

Here we include a few example of the behaviors of 1, A, and 6 over time. Keep in mind
that u?, g, v, wy, and we decide the orbits. The initial condition 1y, A, and 8y will

determine the starting position on the orbits.

u’=3 g=-1.5 4=0.375 r=0

- <)<y

08 06 -04 -02 0 02 04 06 038 1
-1< A<

0
e %
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u?=3 g=-1.5 4=0.375 =0
wc=0.1 starting point=0.3,0,0

time

At (Mo, 00,m0) = (0.3,0,0), X and @ are periodic with the same period while 7 is
decrease almost proportionally in time. By looking at the formula for 7, we see that
the magnitudes of A and € are not changing dramatically enough, thus the slope of

1 is almost a constant.

u?=3 g=-1.5 ~4=0.375 =0
wc—D1 startlng pomt =0.8, D 0

As \g gets bigger, we are on an orbit such that the magnitudes of A and 6 are larger,

therefore the slope of 7 can no longer be taken as constant in time, thus more wiggles
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in the n curve.

u?=3 g=1.5 4=0.375 +=0
wc=0.1 starting point =0.3, 3.1416, 0
T T T T

41&!{,\ I I

L 'i}% .

g -mﬁmﬁwg o e S |

]

g i

u?=3 g=1.5 4=0.375 =0
wc=0.1 starting point=0.7 ,3.1416, 0

cacer o SO TS 0.0 0 T

e
J’;\:\EEF} s
O
"o

Here we are starting at a region where 6 is no longer periodic. As time progresses,
can take value from —o0 to +00. Keep in mind A is always periodic.

Also notice, at every maximum point of A:

1. 1 has a rather big negative slope, which is consistent with the formulae for 7

as 1 — )\ is in the denominator
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2. 0 also has a big negative slope, as we can observe from the figure, when A is

close to the boundary at A = 1, this orbit is almost a straight line in term of

u?=3 g=-1.5 4=0.375 =0
wc=0.1 starting point=0.8 , 3.1416, 0

===

—a—=

Here we are moving to a region where A and # are periodic again but 6 no longer has
an ellipse-like shape like before, rather we see some drastic change in terms of 6 at

the peak of A\ due to the same reason as before.
4.4 Time period of orbits

Recall the orbit equation and the system of ODEs:

gu?  \? T A

C
i + R —
87 V1 —=XA2  V1-X2 27412
A=29/1—-A2sinf |\ <1

cosf = —

1
0=— cos@+§gu2)\+7'

A
Sty

When 6 is periodic, A and # have the same period (in terms of time).

Invert A and use the orbit equation to compute sin 6, we have:
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it _ !
Dy i e
294/1 — AZsin(cos™1( m )

We can calculate the period by taking the integral and using trigonometric equality

to simplify the above derivative, we obtain:

dt 1 d
T — - -
J (d)\) A 27J\ C—M)\2

dA

f\/ gl N4 Cgu —1>/\2+1—02
4y

642

As we can observe in the orbits figure, except at the separatrices, \ is periodic
everywhere else. That results in the period being finite except at the separatrices.

The two big separatrices that connect (A, 6) = (0,7) and (0, —m) correspond to

¢ = —1 and the small separatrices that encircle the pair of centers correspond to
u2

c= 5’8—7.

When ¢ = —1, we have:

1/ g1y
1 lglu? dA

:2—

2'7 0 24,4 w2
\/ LUN 1 (—94—7 - 1) A2

This integral diverges due to the 1/A-like behavior near A = 0. This proves that the

period of this particular orbit corresponds to ¢ = —1 is infinity.
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Similarly, we can compute the period of the orbit corresponds to ¢ = 98—“2:
v

- 5 1 f d\
g2 T 45 2 2,4
TR D Ja -0 - 25— )

Making a change of variable by letting 11 = 1 — A2, we reduce it to:

T _ 1JW dp
Voo o T— /-G +

Therefore the behavior of T near i = 0 is similar to the behavior of 1/,/u which

concludes the integral diverges.

4.5 Conclusion

1. Without the photon dispersive term, the system does not produce any soliton

solutions in the temporal variable.

2. The Kerr nonlinear term ¢ plays an important role in distorting the separatrices

in directions that results in # losing its periodicity in some regions and equilib-

rium points disappearing or being pushed toward the boundaries A = +1.

3. A is periodic everywhere and for all value of 7.

4. n is only periodic for some very specific values of parameters u?, g, v, wx and

we.
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5

Strang-splitting method
for the polariton system

5.1 Strang-splitting Method

Splitting method is a numerical method used to solve differential equations by de-
composing them into a sum of completely integrable differential operators. For our
polariton system, we use the so-called Strang-splitting method ([20]), named after
mathematician Gilbert Strang.

Recall our system of exciton and photon wave functions:

i0x = (wx + glux[?) ¥x + 1o

1 (5.1)
iatiﬂc = <WC - 561390) wC + waX

This system is not fully analytically solvable due to the coupling terms. However,
notice that if we eliminate the exciton-exciton interaction term and the photon dis-
persion term, we have an integrable ODE system. We can then put the two eliminated

terms into a separate system from which we can solve for ¢x and ¢ separately.
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The resulting systems after the proposed split are:

Step 1: i0x = wxPx + VYo
0o = woo + YPx

(5.2)
Step 2 i0hx = glvxPYx
. iﬁtl/)c = —%@mﬂ/}()
Let
_ (¥x
=)
I N
aw) = |7 Ao
o |wx oy | mwx ey
System (5.2) can be rewritten in terms of ¢, A, and B as:
Step 1: dup = B(v))
(5.3)

Step 2: dup = A(Y)

Throughout this chapter, we will refer to ¢,, = (sz g ") as the vector-valued numer-
C)n

ical solution of the splitted system (5.2) and ¥(t,) = <:ix gng ) as the vector-valued
C\'n

exact solution of the original system (5.1). Also, let 7 > 0 be the time step size with
t, = nrT.
For the Strang-splitting method, we proceed first with step 1 with half the time step

size, then full time step size at step 2, and finally back at step 1 with half the time

48



step size again.

— wx Y| T
tanem (2 D)

—iTV[(¥, 1 /0)x]
e n+1/2 0 _
;+1/2 = [ 0 ei;A] n+1/2 (54)

Jwx | T
e (A 2]2)

where ¥, /2 and ¢;+1 Jp are results of the intermediate steps; (i, /2) x is the z

component of the vector ¢ and V[-] =%

n+1/2"

For ease of notation, let F' = le v ]

7 wWe

We want to investigate the stability and global errors of the resulting numerical solu-
tions to the exact solutions of the original system. Some mathematical background
is provided in the next section to facilitate the understanding of proofs in sections

(label sections stability regularity and error)

5.2 Mathematical background

1

r)

Generalized Holder’s Inequality: for r € (0,90); p1,...,p, € (0,0], Y, pik =

we have:

H HZ=1 fk:“r < HZ=1 ka:“pk
Lemma 4. for 1 <p<gqg<r<ow, L,(R)(L,(R) e L,(R)
Lemma 5. for u,v,we H, |uvw|r, < Kol|ul g |ullg |w]

Proof. the generalized Holder’s Inequality gives:
luvwl|r, < |ulLellvllre|wlrs. Since u e HY(R) = u € Ly(R) and u € Ly(R) = u €
Lo(R)( Le(R) = u € Lg(R)(Lemma 4) = H'(R) € Lg(R) = |ulr, < k|ullz:. Use
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similar arguments for v and w, we arrive at the result.

Lemma 6. for ue€ Ly,u,we H', |uvw|r, < Ko|u|r,|v]a|w| g

Proof. ||uvwl||p, < |u|L,llv|z,|lw|z, but HY(R) € Ly (R) thus we obtain the result.

[
Lemma 7. for u,v,we H, |uvw|m < Kil|u|g|Jv] g |w] g
Proof. using the definition of the H' norm:
Jwvw[i = Juvw|L, + [V (wow)]i, (5.5)

Apply the product rule, Lemma 6, and Schwartz’s Inequality, we obtain:

(5.5) < ullL, vl wli + 1DulL, iz [wlzn + el | DolL, [wli
+ |uld olzn | DwlZ, + 2| Dullcy o] w] e Jul 1 | Dol 2, ] e

+ 2| D, o] e [wl e [wl e [v] e | Dwl o, + 2w | D], [w] o [l o [0l o | Dwl .,

Also, we have [[ul, < [ular, |Dulr, < [ula, Do, < [vla, [Dwlr, < |w]|m

therefore we obtain the result. O
Lemma 8. for u,v,w e H? |uvw|g2 < Ksllu|ge|v] g2 |w] e

Proof. using the definition of the H? norm:
luvwe = [uvw|F + [A(uvw)|7,

by Lemma 7, the first term on the RHS < Cul?. [v]3. |w]3: < Clul3.|v]3: w3
by product rule, the second term on the RHS = |[(Au)vw + u(Av)w + uv(Aw) +
2(VuVo)w + 2(Vu)v(Vw) + 2u(Vo)(Vw)|7,

Follow a similar procedure in proof of Lemma 7, individual and crossed terms can
be bounded by Cul?.|[v]3.]lw]?., therefore we obtain the result. O
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Gronwall Inequality: if u satisfies the following differential inequality

d

Eu(t) < g(t)u(t) + h(t),

for g continuous and h locally integrable, then

t

where G(t) = J g(s)ds.

0

Lie commutators: given the operators A, B and the system (5.3), we have A(¢)) and

B (1) as vector fields. Since system (5.4) can be interpreted as applying the operators

B, A, B successively to ¢ at different time step size, we are interested in bounding

the Lie commutator [B, A](¢)) and the Lie double commutator [B, [B, A]](¢).

In order to compute the Lie commutator [B, A](¢), we want to first find the Frechet

derivative of the operators A and B. Since B is already linear, we only need to

compute the Frechet derivative of A.

Frechet derivative of A: for any vector h on dense subsets of H', we want to find

A’(1)h, meaning, the linearization of A about v acting on h, we have:
AW+h%wMW=[4wﬂmeigy¢+m—[ﬁ%ﬂ2Eq¢

2 5y

_ (—iWkhx + 2lxPhx + 20x|hx P + hxdx + hihx)
Ahe

Higher order terms in h vanish and we arrive at the Frechet derivative of A applying

to any vector h as:
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_[-2ifexl 0 i 0]+
_[ o Al o o]”

Single commutator bound: consider the vector fields on dense subsets of H', the

Lie commutator of B and A is defined as

meaning, the difference between the linearization of B at 1) acting on fl(@b) and the

linearization of A at ¢ acting on B(1)).

(B Al(0) = [i@x fi’V] [-Wﬂx\ .0]

—ivy  iwe
| =2ifx? 0 | [iwx  —iy b — —ip% 0] [—iwx iy ”
0 %A —1y 1weo 0 0 1y  —iwe

_ *WXWXP Nloxl+ 34|, | exvk Wiy

Therefore,

w _ (2xPYe + FAYe — 7¢§<%>
[BvA] (w) - < _'VWJX‘%EX _ %A¢X

Applying Lemma 5, 6, 7, and 8 to bound each components of [E, A] (1), we obtain:

I8 Al)xllz. < Klx [Enllvelr. + Kol s
I8, Al)elle, < Klloxip + Klex]ne
I8, ) x|l < Klx 3l vola + Kol ns
I(1B, AlY)clm < Kloxli + Klox|us
I8, AJ)x |2 < K| x [ ve] a2 + Klde | as

I8, AJ)clme < Klx|fe + Klvx]u

Frechet derivative of [ B, A]: Notice that [ B, A] is a nonlinear operator. In order to
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find the double Lie commutator [B, [B, A]](1)), we need to find the Frechet derivative
of [B, A]. For any vector h in dense subsets of H!, we want to find [B, A]'(¢¥)h,
meaning, the linearization of [B, A] about v acting on h, we have:

_ (%lwx + hx[2(Ye + he) + LA@We + he) — ¥(x + hx)*(We + he) hc)>
—y|Ux + hx|*(¥x + hx) — 3A(Yx + hx)

_ <2’YWX\2¢C + 3 AYc — ’W%{%)
—y|UxPx — 2AYx

Higher order terms in A vanish, we obtain:

2v(Yxvchx + Yxbohx + [Yx[*he) + %Ahc
(B, A () (h) = —y(Yxhe + 2¢xpchx) (5.8)

—(W3chx + 2hix hx) — S Ahx

_ [2vixve = 2vixie %A+2’Y|¢X|Q] - lmxwo —7¢§(] 7
—2|Yx ]2 - 1A 0 —% 0

Double commutator bound: consider the vector fields on dense subsets of H*,
the Lie commutator of B and [B, A] is defined as:
[B,[B, All(v) = B'()[B, Al(v) - [B, A]'(¢/) B(v)

[imx  —iy —wx[Yx?  29jYx]* + 3A »— —wxkx YWk "
| iy iwe —yx|? — 2A 0 0 0

[ 2v)xtpe — 2yxtpe IO+ 2|ux|?] [imx  —iv
—29|Yx[* - FA 0 —1y 1we

2y x e —w%] l—in iy ]E
| % 0 iy —iwe

_ ((—iwk + i) [x Py + T Ay + 2wy [Pve + iy T
iy(@x — wo)|x Phx —iwe3Avx — 207 [x e — i Ae
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2iv(wx + we)|[Ux[*Ye + 207 (JWel? — [ux)vx — QWWX;@% — 2" Y x e
— Z%A@DX + Z%WC’A’(/)C

2
—2iywx x*Px — %WXA%( + 2iv°[¢x[*e + i%ch

_ (—iw§<|¢x|2¢x + WWX@/{%(_%)
nox|[Ux|*Vx — iy Vi e

B (—Qi’ywx\l/}XP%DC — 2 Px [P + 20 x [Yol® + 22’7@01@%{%)
iywx|[Vx[PYx — iv* P de

Each terms could be bounded in the Ly norm using Lemma 6. Therefore,

1B, [B, All(¥)x,cll1. < Clx|F2 + [delie) (5.9)

Lie derivatives: we use the definition and some differentiability properties pre-

sented in [21]. Given a vector field F on H' and the differential system:

b =F (), ¥(0) =,

we denote 1. (v) the flow or the solution to the system at time ¢. The Lie derivative

Drp is defined as:

(DsG)e) = 5| GUHW) = G)F ) (5.10)

for another vector field G on H' and v € H', and we set
(exp(tDp)G) (v) = G (Yp(v)) (5.11)

We want to point out some subtlety about the notation used in (5.10), G'(v)F(v)
means the linearization of G at v acting on F'(v).

If GG is the identity Id, the flow is reproduced as

exp(tDp)Id(v) = ¢k (v)
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One key property of the Lie derivative that will be useful in later proofs is that the
Lie derivatives of two vector fields F' and G is the Lie derivative of the commutator

of the vector fields in reversed order:
[Dp, Dg| = DpDg — DgDp = Dig,r (5.12)

The last equality can easily be shown using the definition (5.10).

In the Strang-splitting method for our polariton system, we have vector fields A, B,
and H = A+ B. For notational simplicity, we write their Lie derivatives as D 4, Dg, Dy,
instead of D 4, Dp, Dy, respectively.

Nonlinear variation of constants formula: for the nonlinear operator H = A+ B

where A is nonlinear and B is linear, we have an ODE:

U = Hip = Ay + By with (0) = thy.

We use the Duhamel’s formula to express this solution as a superposition of solutions

to the linear and nonlinear system. For some time ¢,

t

(t) = exp(Btygo + j exp(B(t — ) A(1(s))ds

0

t

= exp(Bt)o + Jo exp(B(t — s))Aexp(H s)y ds

Notice that we still need to make sense of exp(H s)v since H is a nonlinear operator.

Make a change of variable for s’ =t — s to obtain:

t

B(t) = exp(Bl)o + f exp(Bs) A exp(H(t — s))iods

Now using the notation from the calculus of Lie derivatives to make sense of exp(H s)vy
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and note that the order will get reversed by definition,

Y(t) = exp(tDy)Id(tho)

: (5.13)

= exp(tDp)ld(vy) + L exp((t — s)Dy)Daexp(sDp)(vo)Id(1ho)ds

Formula (5.13) is called the nonlinear variation of constants formula.

Now we are ready to analyze the regularity, stability, and error bounds of the Strang
splitting method applying to our polariton system (5.1). The convergence of this
method has been studied for the Schrodinger-Poisson and cubic nonlinear Schrodinger
equations in [21] and for the quasilinear Schrodinger equation in [22]. In fact, [21]
lays the techniques for many works that follow. By the end of this chapter, we will
have established the H? regularity, L, and H! stability of the numerical solution.
We will also prove the first-order error bound in the H' norm conditioned on the
H? regularity and second-order error bound in the Ly norm conditioned on the H®
regularity in the spatial direction of the exact solution.

We first define some notations that will be used throghout this chapter.

Given 1y = (Eiﬁ;g) in H* as the initial data to the system (5.1) and (t) as

the exact solution at some finite time ¢ > 0, we suppose that (t) stays in HF
for 0 <t < T and k < 6. Results for regularity has been established in [23]
for the Schrodinger-Poisson equation, [24] for almost cubic nonlinear Schrodinger
equation, and [25] for Schrodinger equation with singular potentials. We want to
note that checking for the regularity of the exact solution for our polariton system
is an interesting future direction. For the purpose of this chapter, we assume our

system possesses this property and let

my, = max ()| e for k<6 and T <
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5.3 H' and H? local regularity of the numerical solution
Theorem 9 (H' local regularity of the numerical solution). If
wo S Hl with HwOHHI < Ml

then

V1] < €™ 7|90

where a, depends on M.

Proof. Since €22 and e~ preserve Lo, H', and H? norm, we only need to bound

the H' norm of e "V for ¢ € H', which is the solution at time 7 of
i =V[oly, v(0)=¢

Since V([¢]lv = ¢ ¢ v, by Lemma 7, |V [o]v|m < Ki|o|3: v m < Ky ME|v|| g
Therefore,

[l = e g < Mg (5.14)

where the equality is obtained from the differential equation of v and the inequality
is from the application of the Gronwall Inequality.

As a result,

V1] < €790

Theorem 10 (H? local regularity of the numerical solution). If
wo € H2 with HonHQ < M2

then

1] 2 < €7 (|90l 2
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where ay depends on M.

. . . . T —
Proof. We will use a similar procedure as above. Since e’z and e

T

F preserve
Ly, H', and H? norm, we only need to bound the H? norm of e="VI¢¢ for ¢ € H?,

which is the solution at time 7 of
iv=V][oly, v(0)=¢

Since V[¢]v = ¢ dv, by Lemma 8, |V[o]v|m < Ki|¢|3|v] a2 < KoME|v| w2
Therefore,

()2 = e 6] g2 < M| 2 (5.15)

where the equality is obtained from the differential equation of v and the inequality
is from the application of the Gronwall Inequality:.

As a result,

11| 2 < €7 (|40l 2

5.4 Ly, H' and H? stability of the numerical solution

In this section, for ease of notation, we write the step of the Strang splitting scheme

as

¢n+1 = (I)T(wn)
Theorem 11 (H!-conditional Lo, H'-stability). If ¢, € H' with
g < My, @l < M,

then,
[2+(¥) = 2+ () ]2, < 7Y = @,

[@7(¢) = (&)1 < €T = &l
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where ¢y and ¢ depend on M.

Proof. (L case) Since ¢'z® and e~ preserves Lo, H', and H? norm, we only need
to compare between e "VI¥ly) and e=""VI¢l¢ and try to bound the difference with

|t — @|1,. Let us examine:
w = V[w]l/ ) V(O) = ¢ (5163)
i ="VI[¢lu , p(0)=4¢ (5.16b)

Where “¢‘|H1 < Ml and HQSHHl < Ml

The solutions to the linear equations (5.16a) and (5.16b) are of our particular interest.

We have:
V[Uly = VIglu = [0y — |6
= [Y1v = oy + [o]v — |6|*n
= (¥ = ¢)ov + ¢ — Qv + do(v — p)

Taking the L, norm of both sides and invoking Lemma 6, we obtain:
\VIly = VIolull, < Kollv = ollollvlm vl + Kol|v — ¢, [ @l [v]

+ Kool a ¢y — .
Notice, Lemma 6 is applicable since ||z < M, |¢lgr < M; and by the H*

regularity of the numerical solution theorem, ||v(7)| g1 < €7 || g1.

Applying the Gronwall Inequality to obtain:

t
[0(t) = 1), < [ — Bl el KoM f S ROMFA—; KoME g L ] g2
0

t
= Hw - ¢HL2 leKOM%t + GKOM%tKOMEJ eKOM%Sealst]
0
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ay — K0M12

< J
g

(%)

(al—KoMZ)t _ 1
= |9 — ||, oM [1 + KoM (6 : )] (5.17)

(+) = a1 — 2K M7 Ko M7 ola1—KoMp)t

a; — K0M12 ay — K0M12

a) — 2K0M12 K0M12 K0M12 2
- + + ~ KoM?2)t
o Kol o Kol ay = Koar @ KoMi)

K0M12 (CLl — K0M12)2t2 4 K0M12 (a1 — KoMf)QtB
a; — K0M12 2 ay — KQMlz 3!

t? t3
=1+ KoMt + KoM?(ay — KOME)§ + KoM} (a; — Kojwf)?5 + ...

t2
<1+ KoM; (a1 — KoM?)t + (KoM7)? (a1 — KoM7)? 5

3
s

+ (KoM7)*(ay — KoM7) 3

+ ...

— KoM (a1—KoMP)t

The second equality is obtained from using the exponential Taylor expansion. The

third equality is obtained from multiplying the previous terms with (a; — KoM?) and

collecting terms. The inequality is obtained by multiplying the i term (i # 1) of

the previous expression by (KoM?)0=2(a; — KoM?).

Note that we could always pick Ky and K; such that

KoM} =1 and KoM}(a; — KoM?) > 1

Inserting the result of () into 5.17 to obtain

V) = (D) < [ = 6,0 reorEon ot

= |v(7) — (1)L, < e®|tb — ¢||L, where ¢g only depends on M,
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which is the desired result.

(H' case) The case for the H! bound, using Lemma 7, we have:

IVIgly = VIglulm < Kl = ¢lm|[dla[v]ar + Kl — o |0 V]l a0

+ Ko m ol v — gl
Applying the same procedure, we will have the desired H'-stability. O

Theorem 12 (H?-conditional H?-stability). If ¢,v¢ € H* with

V]2 < My, ||@] g2 < Mo,

then

|®-(¥) = @-(9) > < e*7[[¢) = O 2

where co depends on M.

Proof. Using Lemma 8 to obtain

[VI10 = VIglnlm < Kalp = ¢l u2 v u2]0a2 + Kol — ol u2l| ¢z )10 12

+ K@ g2 | 0] 210 — 1] a2

then using the same procedure as the previous proof and invoking the H? regularity

of the numerical solution theorem to arrive at the desired result. O
5.5 Local error in H' and Ly

In this section, we establish the error bounds in H' and L, after one time step.

Theorem 13 (Local error in HY). If vy € H® with |[¢o|lgs < Ms, then the error

after one step of the Strang splitting method (5.4) is bounded in the H' norm by

[ = ()] < G572,

where Cs depends on ms.
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Proof. Recall vector fields A, B, and H = A + B. System (5.1) can be rewritten in

the Lie derivative notations as:

U= H(p) = A(Y) + B(e), with ¥(t = 0) = .

The solution is given by the exact evolution:

(1) = exp(TDp)1d(0)

Use the nonlinear variation of constants formula (5.13) to obtain:

(1) = exp(TDp)Id(t0)

T

= exp(7Dg)Id(¢y) + L exp((7 — s)Dp) D s exp(sDp)Id(vy)ds

Invoke the formula one more time to the exp((7 — s)Dg) term:

T

(1) = exp(TDp)Id (1) + L exp((7 — s)Dp)Daexp(sDp)ld(y)ds

- pr—s (5.18)
+ fo Jo exp((t1 — s —0)Dy)Dsexp(cDp)D 4 exp(sDp)Id(1)dods

-

~~
1

This formula expresses the exact evolution of the original system (5.1) after one time
step 7. Next, we formulate the expression for the numerical solution after one time
step. Follow the steps described in (5.4) and the notations of Lie derivatives, we

have:

1 = exp (%DB> exp(7D 4)exp (%DB) Id(¢)
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First, expand exp(7D,4) in Taylor series with remainder term:

exp(tDy) =1+ 7Dy +r

1 (5.19)

where r = 7'2f (1 —0)exp(67D,) D% do
0

Inserting (5.19) into 1 to obtain:

1 = exp (%DB) [[ +7Da +r]exp (gD,g;) Id(¢)
(5.20)
— exp(rDy)Id (o) + Texp (%DB> Daexp GDB) Id (o) + 7
where
1

ry = T2exp (%DB) [Jo

- (1= 0)esp (505) exp(0r D) Desp (5D 1000

(1- e)exp(eTDA)DidG] exp (%DB) 1d(4p)

2

Therefore, the local error becomes:

P — (1) = exp(TDp)Id(vh) + Texp (gDB> D sexp (gDB> Id(vg) + 19

T

—exp(7Dp)Id(¢y) — L exp((1 — 8)Dp)D 4 exp(sDpg)Id(w)ds — rq

T

= 7exp (3D5) Daexp (5D ) () - f exp((7 — 5)Dp) Da exp(sDp)ld (o) ds

0

[ J
i

@
+ (ro — 1) (5.21)
—
@
To bound @D, let
f(s) = exp((T — s)Dp)Daexp(sDp)Id (1) (5.22)
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SO

1 (5) = o0 (500) D (90) i

_rf ff ds—J (g)ds—JOTf(S)dS

which implies we are using the mid-point rule to estimate (D.
Bounding the above quantity requires invoking the Peano kernel theorem. Recall the

Taylor expansion with remainer, for p e C**1[0, T

2 tk’

p(t) = p(0) + 1/(0) + 53p"(0) + .+ Tp®(0) + o L (¢~ 0 (0)a

This formula produces an expression for the error that depends on p**+(6) and this
is the basis for the Peano kernel theorem.

The Peano kernel is defined as the integral kernels of the linear transformation L :

C*+10,t] — R such that

ko0 , t
= L{p— Z;)p jfo)tﬂ} - ;'L{f (t—e)kp<k+1>(9)d9}

Note that L(p) = 0 for any polynominal p of degree k. Let
t—0), t>=
o fi0

L(p) can then be rewritten using the new notations as

L(p) = ;,L{JT( —9)k pkth (e)de}

Now let Ky () := L[(t—6)*] for t € [0, T]; now K is independent of p. This function

K is called the Peano kernel of L. Note also that we need L to commute with
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integration. We obtain
S f KO (818
Apply the result to Q) with p = JT f, we have:
0
- [ Kl s)as (5.23)
0

Use change of variables with § = s/7 to obtain:

D= TJ Ky (r0)f(7)d J K. (0 )df (5.24)

The expression (5.24) is called the first-order Peano form of (D.

We also have:

f (g) +L 7 6) (s—T/Q)dS—LTf(s)ds — %L Ko(s) f"(s)ds

-~

=0

Do a similar change of variable and use the linear property of K5 to obtain
1
Q=7 J Ky (0) f"(67)do (5.25)
0

The expression (5.25) is called the second-order Peano form of (D.
Before applying (5.24) to bound (D), we examine f’(s) for f given in (5.22). Using

the product rule of derivatives, the definition of Lie commutator, the fact that an
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operator commutes with its function, and (5.12), we have:

f'(s) = exp((r — 8)Dg)(—DpD + DaDpg)exp(sDp)Id (1)
= exp((T7 — $)Dg)[Da, Dplexp(sDg)Id(1y)

= exp((T — S)DB)D[BA]GXP(SDB)Id(lﬂO)
= (Dypayexp(sDp)) (exp(—ilr = $)F) o)
= exp(—isF) [l?, 121] exp(—i(7 — s)F) 1y

The penultimate equality follows from (5.11) and the last equality follows from (5.10).

Since exp(—isF') preserves H! norm, we have
|/ () < I[B, Alvollur < C(Ms) where [[¢ho] s < Ms

where the last inequality follows from the bounds for [B, A](¢) in (5.7).

Now, followed from the first-order Peano kernel, the norm of (I) becomes

To] P f K,(6) ' (67)d

H1

1
< |max |f'(67)| 2 J K, (0)do
0

Hl

< Cr? Hm@ax |f’(97)|HH1

Therefore,

D) < CT? (5.26)

where C' depends on Mj
Next, to bound @) where @) = ry — r1. We have:

1@lar < relar + llri] e
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a) Since

1
ro = T2f (1 —0)exp (ZDB> exp(67D4) Dexp <ZDB> Id(4o)dd
0 2 2

The bound for 7y depends on the bound of the Lie derivatives expression under the

integral. Using (5.10) and (5.11) to examine:

exp (gDB>€XP(97'DA)D,24€XP (%DB) Id (<o)

(exp(QTDA)DAeXp ( )) (exp ( i— F) ¢0>
(DADAexp (%DB» (ex;;i{pz(@;%{i? qz}) ) where ¢ = exp <—Z%F> Yo
(

= | Daexp (gDB»/(n)A(n) where 71 = (engc;i(eTV[q;quiQSX)

—exp (—igF) A A(n)

Therefore,

HeXP (%DB> exp(GTDA)Diexp (%DB) (%)‘

<
H

Use the derived formula (5.6) for A’(n)A(n) together with the following observations:

A(n)A(n)|

Hl

|t s = [|¢o| g1 s since exp (—Z%F) preserves the H* norm.

x| < eC(Ml)GTH%(HHl due to Theorem 9

0
Inc|zs = |éc|lgs since exp (ZT—A) preserves the H® norm.

2
We bound:
Ar0 N A Clinx | 1”14( )X||H1> (CUX| )
A'(n)A < < C(M,
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Therefore,

7o) < OT2 Hm@ax <exp (%DB) exp(07D ) D*exp (%DB) Id(w0)>‘

H1

< C(M5)7'2

b) Since

= f f exp((r — 5 — &) D) D exp(o D) Da exp(s D) Id (g )dords,
o Jo ~—

p

the bound for r; depends on the bound for the Lie derivatives expression under the

integral.
exp(pDy)Daexp(cDp)D s exp(sDp)ld(v0)
= (Daexp(ocDp)D4exp(sDp)) (¥(p))

= (exp(0Dp) Daexp(sDp))' ((p) A(¥(p))

Y exp(—isF) A’ (exp(—io F)is(p)) exp(—io F)A((p))

where (p) is the sol to ¢ = H (1) at time p.

We provide a short derivation for (*)

(exp(0Dp)Daexp(sDp))(4(p)) = (Daexp(sDp))(exp(—io F)y(p))

— exp(—isF)A(exp(—ioc F)¢(p)) (5.27)
Therefore,

(exp(0Dp)Daexp(sDp)) (1(p)) = exp(—isF)A'(exp(—io F)i)(p)) exp(—io F)

The expression under the integral in r; can be bounded as

lexp(pDi) Daexp(o D) Daexp(s Dp)ld(to) | < | A (¥(p) A(v(p)) | < Cms)
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The bound for r; then becomes:
|71 g < [|max (exp(pDp)Daexp(cDg)D aexp(sDp)Id (1)) | J J dods
0o Jo
< O(ms)7?

where max in the first inequality was taken over the triangle {0 < 0 < 7 — 5,0 <
s < T}
Therefore,

|@]a < C(ms)r? (5.28)

Combine (5.21), (5.26), and (5.28), we prove the local error in the H' norm is of

second order in time. O

Theorem 14 (Local error in Ly). If ¢y € HS with |[vo||gs < Mg, then the error after

one step of the Strang splitting method (5.4) is bounded in the Ly norm by

le - w(T)HM < 067-37
where Cg depends on mg.

Proof. Recall the local error after one time step:

Y1 — (1)
~ rexp (30s) Dacxp (5Ds) 10(60) | expl( = 9)Ds) Daexp(s D) o) ds
. é -~
+ (ry —11) (5.29)
N —
@

D and @) need to be bounded in the Ly norm.
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Use the second-order Peano form of f:
T 1
rf (f) —J F(s)ds = T3f Ko (0) " (67)d6
2 0 0

We compute f”(s) and bound it in Ly so that the quadrature error D) is of order 73.
Using the product rule of derivatives, the definition of Lie commutator, the fact that

an operator commutes with its function, and (5.12), we have:
f"(s) = exp((t — s)Dp) [~DpDis,a) + Dy a1 D] exp(sDp)Id(y)
= exp((7 — 5) D) Dip (5,47 exp(s D) 1d(vo)
= (D [B,a) exp(sDp)) (exp(—i(T — s)F)ib)
= exp(—isF) [B,[B, A]] exp(—i(r — s)F) ¢y

The penultimate equality follows from (5.11) and the last equality follows from (5.10).

Since exp(—isF) preserves the Ly norm, we have
1F" (). < 1B, [B, Al o |1, < C(Mz) where [z < Mj

where the last inequality follows from Eqn. (5.9).

Therefore,

IOz, < | f Ka(6) £ (07)d

Lo

1
< |max |f"(07)] T3J K, (0)do
0

Lo

< Cr®  where C = C(M,) (5.30)

Next, we proceed to bound @) in the L, norm in the form of C'73.

Consider the function

g(s,0) = exp((1 —s — 0)Dg) Dy exp(cDp)Dexp(sDp)ld (o)
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9(%2,0) = exp (3Dp) D exp (:Dp) Id(¢o)
Also, the Taylor formula with remainder gives:

1

exp(0tDy) =1+ HTDAJ exp(£07D 4)dE (5.31)
0

Insert (5.31) into the expression of 75, we have

ry = 72 f(l — ) exp (%DB) (I + 607Dy f exp(ﬁQTDA)cE) D3 exp (%DB> Id(4po)d0
0

0

= L (1= 0yexp (2D Diexp (502 (008 (5.32)

~
0)

~—

=o(

o[

+ 73 Ll Ll 6(1 —0)exp <%DB> exp(£07D 4) D exp (%DB> Ld(4po)d€do

- /
~

T2

Apply the nonlinear variation of constants formula (5.13) to the integrand under rq,

we obtain:
exp((1 — s — o)D) D exp(cDp) D exp(sDp)ld ()

=exp((t — s —0)Dg)Daexp(cDg)Dexp(sDp)ld(y)

. Jf—s—a exp((1 — s — 0 — () Dy)Dexp(CDp)D 4 exp(0Dp) D 4 exp(sDg)Id (1) dC
0

Therefore,

- J«T J~T—S eXp((T s O—)DB>DA exp(o'DB)DA eXp(SDB)Id(@/Jo)dO' dS (533>
0 JO

J/

v~

$o 50 " g(s,0)dods

+J J_ J_ : exp(QDg)Daexp(¢Dp)Daexp(cDp)Daexp(sDp)ld(¢g)d( do ds
oJo Jo

o /
~

1
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where Q =7—-s5—0 — (.

Combine (5.32) and (5.33) to obtain:

7_2 T T T—S
=g (57(]) _J J g(s,0)dods + 79 — T
0 Jo

quadrature error

a) To bound the quadrature error, we use the same procedure as in the bound of the

)

Using the product rule of derivative, the fact that an operator commutes with its

local error in H!.

7_2 T T T—S 3 a ag
9 (§,O> —L L g(s,0)dods < Ct <max + max %(8,0')

g
%(870)

where max is taken over the triangle {0 <o <7 —5,0<s < 7}.

function, and the definition of Lie commutator, we have:

%9 — expl(r — s — 0)Dp)[Da, D) exp(0Ds) Daexp(sDp) (1)

+exp((r — s —0)Dg)Daexp(cDg)[Da, Dg]exp(sDpg)Id ()
= exp((1 — s — 0)Dp)Dp 4y exp(0Dp) Daexp(sDp)ld(¢)

+exp((T — s —0)Dp)Daexp(0Dp) Dz 4 exp(sDp)ld(t)

Therefore, the Ly norm of dg/ds can be bounded by:

%
0s

< |exp((t — s — o)D) Dz s exp(oDp)Daexp(sDp)ld(¢o)
Lo ~ ~ _

1% Lo

+|lexp((T — s —0)Dp)Daexp(0Dp)Dyp 4 exp(sDp)ld(t)

- -/
Y

2% Lo
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Similarly,

0
a—g = exp((7 — s — 0)Dp)Dp 4 exp(0 Dp) D aexp(sDp)Id ()
0
=% <[espltr - VD) Dy y exvlo D DaesplsDaA)|, = 114}
Lo 2

As a result, the quadrature error bound depends on the bounds of (1*) and (2%).
(1) = exp((T — s — 0)Dp) D 4y exp(0 Dp) Da exp(sDp)ld(v)
= (D[B,A] exp(cDpg)D 4 eXp(SDB)) (exp(—i(T — s — o) F)iy)
= (exp(cDp)Daexp(sDp)) (§)[B, A](€)  where &= exp(—i(T —s — o) F)to
— exp(—isF) A (exp(—io F)¢) exp(—io F)[ B, A](€)
where the second equality follows from (5.11), the third equality follows from (5.10),

and the last equality follows from (5.27).
The Ly bound for (1*) is then given by:

[(19)] . = |exp(=isF) A’ (exp(—ioF)¢) exp(—io F)[ B, A)(€)

<|A@B. A, <|Awn)B A
Clox I3 I([B. Al x 1.
< (e i) < can

where the penultimate inequality follows from (5.6) and the last inequality follows
from (5.7).

Next, we analyze (2%):

(2¢) = exp((T — s — 0)Dp)Daexp(cDp) Dy 4 exp(sDp)ld(to)

(DA exp(oDg) Dz 4 exp(sDB)> (exp(—i(T — s — 0)F)p)

= (exp(aDB)D[BjA] eXp(sDB)>/ (g)fl(g)
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= exp(—isF) [B, A]’(exp(—iaF){) exp(—iaF)/Al(f’)

where the second equality follows from (5.11), the third equality follows from (5.10),
and the last equality follows from (5.27).
The Ly bound for (2*) is then given by:

[2)]1, = ] exp(—isF)[B, A] (exp(—io F)¢) exp(—ioc F) A(€)

Lo

< ‘ [B, A]/(Q/JO)A(?/JO)

Lo

<

C) (1A x e + I(Al))elza) + c|<A<¢o>>cm>
OO (Alwn)x e, + CIAG) x|

< C(My)

where the penultimate inequality follows from (5.8) and the last inequality follows
from the definition of A.

Therefore, the quadrature error is bounded in Ly by C'(M,)7?

7_2 T T [T—S
59 (57()) —LL g(s,0)do ds

b) Before diving into bounding 7, — 71, we prove three formulae to be used in later

< C(M,)7 (5.34)

Lo

computations.

Formula 1
(exp(0 D) D exp(s D)) (exp(—iC F)())
— (Daexp(sDp)) (exp(—i(o + ) F (%)
= exp(—isF) A (exp(—i(o + ) F)u(%))
Therefore,

(exp(cDp)Dexp(sDp))" (exp(—iC F)())
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~

= exp(—isF)A (exp(—i(o + Q) F)(Q)) exp(—icF)

Formula 2
(exp(¢Dp)D 4 exp(oDg)Daexp(sDg)) (1(2))
= (Daexp(oDp)Daexp(sDp)) (exp(—iCF)y ()
= (exp(0Dp) Da exp(sDp))' (exp(=iCF)ib(2)) A (exp(—iC F)ib($2))
= exp(—isF) A’ (exp(—i(o + ) F)i(Q)) exp(—io F) A (exp(—i¢ F)ih(€))
Therefore,
(exp(¢Dp)Daexp(aDp)Daexp(sDp)) (4(1))
= exp(—isF) A (exp(—i(o + () F)$(Q)) exp(—io F) A (exp(—iC F)i () exp(—iC F)
Formula 3

(DADA exp (%DB)> (B) = (DA exp <%DB>>/ (5)121(5)
~ exp (=i F ) A(B)A®)
Therefore,

(Pabaexp (305)) (HAB) = exp (i F) ABHABA)

Now we are ready to bound 75 — vy, |[ra — 71|, < [|72]z, + |71 2,

Fy = 7 L 1 fol B(1 — 6) exp (%DB> exp(€07D 1) D3 exp (gDB> 1d(v)dédd

The bound for 7, depends on the bound for the Lie derivatives expression under the

integral

exp <gDB> exp(£07D 4) D3 exp (%DB> Id(v)
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exp(£07 D 4) D exp <2DB)> <exp (—z%F) 2/10>

= (D3 exp (%DB)> (exp( ig0r]ax[*)ax where o = exp( Z%F) Yo

exp wTA ac

exp(—1€07|ax|*)ax
eXp 5 A ac

where the last equality follows from Formula 3. Therefore,

Hexp <%DB> exp(£07D 4) D3 exp (%DB> Id(2o)

A(B)A'(B)A(B)

<

L2 L2

< <C‘5X||%{}”(A£5()A(ﬁ))X|L2)

Cl(A'(8)

~

< O(Ms)

B))olu

< (Cwﬂxuzlwmzl<A<5>>Xum)

ICAB))ens

where the second and third inequalities follow from (5.6) and the last inequality

follows from the definition of A.

The bound for 75 becomes

172 2,

< Cr? ngxx ‘exp (%DB> eXP(fQTDA)D,:Z €xp <%DB> Id(?/JO)’

Lo

< C(Mg)7? (5.35)

Next, we proceed to bound r;

L

exp(QDy)D s exp((Dp)Dsexp(ocDpg)D s exp(sDg)Id(1g)d¢ do ds

where Q =7 —s5—0 — (.
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The bound for ; depends on the bound for the Lie derivatives expression under the

integral

exp(QDy)D s exp((Dp)Daexp(cdDp)D aexp(sDp)ld(1y)
= (Daexp((Dp)Daexp(cDp)Daexp(sDg)) (1(Q2))

= (exp(¢Dp)Daexp(oDp)Daexp(sDp)) (¥(€2) A((9))

= exp(—isF) A’ (exp(—i(o + Q) F)¥(Q)) exp(—io F) A (exp(—iC F)(Q)) exp(—i¢ F) A1 (42))

where the last equality follows from Formula 2.

Therefore,

lexp(2D ) D aexp((Dp)Daexp(cDp)Daexp(sDp)ld ()],

A () A (1(Q2) A (€2))

< C(mg)

< ‘
Lo

The derivation of the bound is similar to the case for 7, and we require the solution
to the original system to be in HS.

Therefore,
|71z, < C7° |max (exp(Q2Dy)Da exp((Dp)Daexp(cDp)D4 exp(sDp)1d(v0))l,
= C(mg)7* (5.36)
where max was taken over the region {0 < (< 7—-5s—-0;0<o0<7—-50<s<7}.

Combine (5.29), (5.30), (5.34), (5.35), and (5.36), we finally obtain the L, local error
bound

|1 — (7)1, < C(me)7°
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5.6 Global error in H' and L, norm

Theorem 15 (Global error in H' and L,). Suppose that the exact solution (t)
to the polariton system of equations is in HS for 0 <t < T. Then, the numerical
solution 1, given by the Strang splitting scheme (5.4) has a first order error bound

in H' and a second order error bound in L, given a sufficiently small T,
[on = ¥ (tn) | < C(ms, T) 7
[0 = ()L, < Clme, T) 7

fort, =nt <T

Y(n1)
: 1E,
. [
(e i -
: 1
- i I
: "“‘*EE | global
eq: : j 3 error
g 1 "~ local error H"EE
4 i |2
il
L W¥n
.
H 1
0 T 2T 3T nTt = t,

Proof. a. (H! case) In the H'-conditional H'-stability theorem, assume we can pick
an M such that ||¢| g1, |¢]m < M.

By the H'! local error theorem, |1y — (7)|m < c5(ms)72.

= ||¢1]| 1 < ms + 572 < M. Notice we can pick 7 small enough to guarantee this

inequality.
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For the second step,

|l < |O27) | + €2 + |2 — P (U(7)) |1

<ms + 572 + M7 072

= my + 57> (1 + eC(M)T) <M

Similarly,

[hsll e < [0(37) [ + €3+ [@-(10(27)) — (D (0(7))) |11 + [P+ (P-(40(7))) — 3]

< ms + 572 + DT egr? 4 M7 M7 72

= ms +C5T2 (1 +€C(M)T + ch(M)T) < M

At the final time T,

_ 260(M)TLT -1
< My + C5T m
B 2GC(M)T -1
= M5 + C5T W

Expanding the denominator using the Taylor series of exponential gives

DT _ 1 = o(M)T + M + ...

where each term is greater than zero. Therefore,

|t | e < ms + csT?

ec(M)T -1
c(M

)T
) 6C(M)T

< My + C5T =

c(M)

ﬂ
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<mgs + c(ms, )T

As a result,
[thn = (7)1 < e(ms, T)7

Notice that we have used the a priori assumption method, given a final time 7', we
can pick an M s.t. the hypothesis of the stability theorem holds, then we pick 7
small enough to ensure the regularity of 1,. Global error in H' of the numerical
solution then follows as a result.

b. (L, case) By the Ly local error theorem, ||t)1 — ¥(7)| L, < cg(meg)T>.

Applying the H'-conditional Ly-stability theorem, together with the H! global error

result, we have:

[p2 = 27)[ L, < €2+ (Y2 = P (4(7))] .

< e + M7 er3
Similarly,
[ = »(n7)| 1, < co7° <1 0D 4 4 eC(M)(”—l)T>
_ Jectinr
<™ anr Ty
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6

Numerical results

The Strang splitting method given in (5.4) for the exciton polariton system (we

repeat here for convenience):

_ |w v T
¢n+1/2 = exp (_Z l /};X WC] 5) r(/)n (61&)
=1tV [(¥,1/9)x]
e n+1/2 0 _
7—’2_-1-1/2 - [ 0 elgA] n+1/2 (61b)
. |l Wx YT
b =e (=i 7 1 D)o (6.1¢)
where ¢ | 2 and @ZJ:{H Jp are results of the intermediate steps; (1, /2) x is the z

component of the vector ¢, ,, and V[-] = |- .

6.1 Setups

Let us consider bright solitons ¢x ¢ = ¢xce ™" in band (2.1) and (2.2) as initial
conditions.

We scale the z and ¢ domains by 6 = 0.1 to be able to observe small changes in the
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system as time progresses. The resulting z-domain is (—27,27]. We acknowledge
that the true spatial domain of the bright soliton is (—o0,0) but in order to make
it numerically possible, we terminate the tails with values of ¢x ¢ at approximately
107%°, then employ the Fourier pseudo-spectral method to progress the system in
step (6.1b) with periodic boundary conditions.

We choose the time step size 7 = be — 5 and the number of spatial grid points
N, = 1280, which makes Ax = 9.8e — 3.

The choices of parameters for the bright soliton in band (2.1) are: wx = 0.45, we =
0.6, g=—-1,vy=04,and w = 1.

The choices of parameters for the bright soliton in band (2.2) are: wxy = 0.08, we =
0.05, g =—1,v=0.05, and w = 1.

Recall the theoretically conserved quantity (2.2)

M = J(‘¢X|2 + [Vl da,

checking the order of accuracy of M of the numerical results will facilitate the ob-

servation of any blow-ups.
6.2 Verification of the numerical error of the Strang splitting method

Using the bright soliton in band (2.1) described above, we run the Strang splitting
scheme up to time 7" = 1. We want to verify the second order accuracy in the
Lo-norm by choosing different time discretizations and compare the results to the
solution with N; = 20000 (which produces the aforementioned 7 = 5e — 5). In all
the cases, NV, is fixed at 1280.

The results are recorded in Table 6.1.

Table 6.1: Ly numerical error of the Strang splitting method (5.4) for a bright soliton
in band (2.1).
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’ N; ‘ Yx Lo error ‘ Yo Lo error ‘
1250 | 8.8104e-08 | 6.6809e-08
2500 | 2.1765e-08 | 1.6505e-08
5000 | 5.1822e-09 | 3.9297e-09
10000 | 1.0364e-09 | 7.8589e-10

At time T = 1, M is accurate up to the order of 1072, We also provide a log-log

plot of the errors against NV, in Figure 6.1.

107

108}
S
&
109}
+ \'.';._\ errar
=== 1, BrOr
,.ID-'I{) L 1 L
1250 2500 5000 10000
N

FI1GURE 6.1: Log-log plot of the L, numerical error presented in Table 6.1.

We remark that there is also a different method to check for convergence of the

scheme in which space and time discretizations follow the relation:
7 = ¢(Az)? for some constant c

The variations of 7 and Az are such that ¢ is fixed throughout the process. This
method is outside the scope of our work, see [27] and [28] for more detailed works

on the relation between space and time discretizations.
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6.3 Observation of orbital stability for bright soliton in band (2.1)

We are now ready to study the stability of the bright soliton described in Section 6.1.
We start with ¢y o(t, ) = dx.c(z)exp(—iwt) at t = 0, i.e. Pxc(0,2) = dx.co(z)
with the spatially discretized QEX’C(LL'). We then use the Strang splitting method
(SSM) to evolve @(O,x). Figure 6.2, 6.3, 6.4, 6.5, 6.6, and 6.7 show the evolution
of the real and imaginary parts of ¢ x (0, 2) (top) and ¥¢(0, ) (bottom) at the final
time T' = 1; 2; 3.1; 4; 5; 6.2, respectively.

We then compare that with ¢y ¢ (z) exp(—iwt) which is how the exact bright soliton

—wt revolve around the z-axis with a period of

is supposed to progress. qu,c(x)e
wt = 2. Figures 6.2, 6.3, 6.4, 6.5, 6.6, and 6.7 shows that &X,C(x) also rotate

around the z-axis, but with a different period.

] -10 -b 0 5 10

e (0)
elyx (7))
A mag ]
miag )]
-10 5 0 5 10 -10 5 0 5 10
0 5 1
X

FIGURE 6.2: Evolution of ¢x ¢(0,z) at T = 1.
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FIGURE 6.3: Evolution of ¢x ¢ (0,z) at T = 2.

-3
5 »x10

FIGURE 6.4: Evolution of ¢x ¢(0,z) at T = 3.1.
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FIGURE 6.6: Evolution of ¢y ¢(0,z) at T = 5.
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FIGURE 6.7: Evolution of &X,C(O, x)at T = 6.2.

We proceed to estimate the period of z/~1 x,c, which can be easily computed by plotting
lx.c(t,z) — x.c(0,2)| L, against time ¢. Seven periods are shown in Figure 6.8.
zzx,c(t, x) take approximately 44.236 to complete seven periods, whereas qugce_w
take 2m % 7. Therefore, @X,C lag behind &Xyce_m by approximately 0.0362 each
period. As a result, it will take about 27/0.0362 periods for qugce_"”t and &X,C to
meet for the first time, after ¢ = 0, which translates to approximately T" = 1090.
We plot [{x.o(t,z) — ¢x.c(0,x)e ™|, in Figure 6.9. The plots show that a period
is completed at approximately 7' = 1070, which we can take as a sign of consistency
with the above result that the evolutions of @EX,C lag behind the exact stationary
bright soliton. The maximum occurs at the time when ¢y ¢(t, z) and ¢x ce ™" are
at antiphase.

Because of this lagging behavior, we can conclude that the exact bright soliton in

band (2.1) ¥x ¢ does not have Ly stability. However, Figure 6.9 also shows an
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important behavior that we can find a time at which [ x.o(t,z) — dx.ce ™|, can
be made as small as we would like.

These numerical results validate our conjecture that the stationary bright soliton in
band (2.1) 1x ¢ possesses the orbital stability behavior.

To assess if all the behaviors mentioned above are actually the behaviors of the PDE

system or of the numerical code, we perform the following checks:
e Change the time discretization 7: the results stay the same.

e Refine the spatial discretization such that the initial bright soliton input is
closer to the exact bright soliton: we notice that the lag time is reduced in the

same order of reduction in Az.

Therefore, the closer the numerical bright soliton is to the exact soliton, the smaller

the lag time is, which further confirm our above results.

0.3

0.25

02

0.15

01

0.05

FIGURE 6.8: Time period of ¢x (top figure) and 1)¢ (bottom figure).
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FIG;JRE 6.9: |[Ux (t, 2)—Ux (0, z)e ™", (top) and | (t, ) — e (0, 2)e ™|, (bot-
tom).

6.4 Observation of orbital stability for bright soliton in band (2.2)

We repeat the same procedure and observe that éx,c(x) also rotate around the z-
axis just like the one in band (2.1) (see Figures 6.10, 6.11, 6.12, 6.13, 6.14, and 6.15).

The lag time in this case is 0.0001, observed from Figure 6.16.
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FIGURE 6.12: Evolution of 1x,c(0,z) at T = 3.1.
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FIGURE 6.13: Evolution of &X@(O,z) at T = 4.
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FIGURE 6.15: Evolution of &X@(O,x) at T = 6.2.
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FIGURE 6.16: Time period of ¢/x (top figure) and ¢)¢ (bottom figure).

We again observe a similar result as in the base with band (2.1). The bright

soliton in band (2.2) shows no L, stability, but it has orbital stability.
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Appendix A

Proofs

Derivation 1 By multiplying Eqn. (3.4a) by ¢, and Eqn. (3.4b) by ¢’y then
integrate, we turn the system of equations (3.4a, 3.4b) into one ODE in terms of ¢x

and ¢¢:

1 1 1 1 1
- 105/02 — §wc¢2c + Yoxdc = §WX¢§( - 19@1{ + §€2¢/)2( + K (A1)

for some constant of integration K.

Compute ¢, 932, ¢% from Eqn. (3.4b)

/ ]' / / "
bc = ; (wX¢X — 3995 dx + 52¢X)

, 1 , , " "
0 = 5 [0%(mx = 390%)° + 200 (mx — 3g0%)0%k + 9] (A
1 Vi I
0 = 5 [0k (mx = 903)" + 200x(wx - goR) ok + '],
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then substitute the results into Eqn. (A.1) to obtain:

1 '
Tz [6% (wx — 399%)% + 2629y (wx — 39 )Py + ' 9]

we
T 9 [6% (wx — 99%)* + 26%px (wx — go%) o + €' 0% ]
2 2 2 /" 1 2 1 4 1 2 112
+ ¢x (wx — go%) + € dx Py = §WX¢X - 19%{ + 5¢ oy + K

thus yields the result.
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