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Abstract

In this dissertation, we study the behavior of exciton-polariton quasiparticles in

semiconductor microcavities, under the sourceless and lossless conditions.

First, we simplify the original model by removing the photon dispersion term, thus

effectively turning the PDEs system to an ODEs system, and investigate the behavior

of the resulting system, including the equilibrium points and the wave functions of

the excitons and the photons. Second, we add the dispersion term for the excitons

to the original model and prove that the band of the discontinuous solitons now

become dark solitons. Third, we employ the Strang-splitting method to our sytem of

PDEs and prove the first-order and second-order error bounds in the H1 norm and

the L2 norm, respectively. Using this numerical result, we analyze the stability of

the steady state bright soliton solution. This solution revolves around the x-axis as

time progresses and the perturbed soliton also rotates around the x-axis and tracks

closely in terms of amplitude but lags behind the exact one. Our numerical result

shows orbital stability but no L2 stability.
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1

Introduction

Exciton-polaritons in semiconductors have been studied since the late 1950s with

pioneering works of Pekar and Hopfield, see Introduction in [1]. Since then, much

important progress has been made, including, but not limited to, the observations of

dark and bright solitons ([2], [3], [4]), the observations of new interesting quantum

effects such as the behaviors of polaritons driven in optical parametric oscillatiors

([5], [6]) and the improvement of semiconductor microcavities that allow for ease

of control of the coupling between photons and excitons ([7]). We will start by

giving some basic definitions and concepts that will lead to the understanding of the

polariton and its application.

An exciton is a quasiparticle consist of an electron and a hole. In semiconductor,

when an electron is excited from the valence band to the conduction band, it leaves

behind a vacancy which theoretically can be described as a “hole” with `e charge.

An electron and a hole then interact with each other via Coulomb interaction and

form a bound pair called an exciton. Excitons live in quantum wells (QWs) which are

made of one or several thin layers of semiconducting materials, such as InGaAsP/InP

([8]), or GaAs/InGaAs ([9]). These QWs will then be sandwiched between two
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distributed Bragg reflectors to form a structure that inspires the formation of the

exciton-polariton, see Fig. 1.1.

A distributed Bragg reflector (DBR) is a periodical structure of succession of layers

of dielectric materials with alternating refractive indices, usually alternating between

high and low indices, see [5]. Each layer will cause a partial reflection of waves with

a certain wavelength and together they create a stop band for photonic transmission,

see [10]. An example of the materials used to formulate the structure in Fig. 1.1 is

AlGaAs/GaAs for the top and bottom DBR and GaAs/InGaAs for QWs ([9]).

Figure 1.1: Distributed Bragg reflectors with Quantum Wells

Under external stimulation like a laser source, photons with appropriate optical

modes are introduced into the structure, which gives rise to the strong coupling

between the microcavity photons and the QW excitons, see Fig. 1.2. The result is

the formation of exciton-polaritons, or polaritons for short.

The polariton lifetime is of the order of the photon due to the leakage of the photonic

component thru the DBR mirrors, the polariton population needs to be sustained

by continuously pumping photons into the system. We also have the decay of the

excitonic component but it is of a significantly larger order compared to the lifetime
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of the photons, see [11].

Figure 1.2: Interactions between Excitons and Photons in Quantum Wells

Due to the interaction between excitons in the QWs, the non-linear behavior is

transferred to polaritons, which gives them some rich physical properties, such as

non-equilibrium Bose-Einstein condensation ([12], [13]), parametric scattering ([14],

[15]), and superfluidity ([16]). Furthermore, microcavity polaritons are excited on

pico-second timescales as opposed to nano-second response times of their light-only

counterparts such as semiconductor cavity lasers, thus will have potential applica-

tions in information processing ([3], [17]).

The model for exciton-polaritons with a photonic source and leakage can be described

by two coupled equations:

iBtψXpx, tq “
`

ωX ´ iκX ` g|ψX |
2
˘

ψX ` γψC

iBtψCpx, tq “

ˆ

ωC ´ iκC ´
}

2mC

Bxx

˙

ψC ` γψX ` Fp

(1.1)

where ψX and ψC are the wave functions of the exciton and the cavity photon,

respectively, and are confined to the x-direction only; the coupling constant γ is half
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the Rabi frequency; ωX is the frequency of the exciton, ωC is the frequency of the

cavity photon; κX and κC are the exciton and cavity photon attenuation rate; Fp is

the bump laser beam; g is the exciton nonlinearity constant; } is the Planck constant;

mC is the photon mass.

In this thesis, we want to understand the underlying mathematical behaviors of this

PDE system so we will eliminate the source and loss terms, which results in the

non-dimensionalized system:

iBtψX “
`

ωX ` g|ψX |
2
˘

ψX ` γψC

iBtψC “

ˆ

ωC ´
1

2
Bxx

˙

ψC ` γψX

(1.2)

In reality, any true physical system must have one or several sources and losses. So

we can intepret our sourceless-lossless system as the state after pumping is removed

and significant losses have not presented themselves. In [18], bands of dark, bright,

and discontinuous solitons were found under different frequencies and appropriate

parameters.

Notice we have neglected the exciton dispersive term due to the significantly larger

mass of the excitons compared to that of the photons and their confinement to the

physical structure.

In chapter 3, we add a small exciton dispersive term into the system, (see Eq. 1.3)

and use the technique of matched asymptotic analysis to show that the band of

discontinuous solitons will become dark solitons.

iBtψX “
`

ωX ` g|ψX |
2
˘

ψX ´ ε
2
BxxψX ` γψC

iBtψC “

ˆ

ωC ´
1

2
Bxx

˙

ψC ` γψX

(1.3)

In chapter 4, we eliminate the photon dispersive term and investigate the behaviors
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of the ODE system:

iBtψX “
`

ωX ` g|ψX |
2
˘

ψX ` γψC

iBtψC “ ωCψC ` γψX
(1.4)

We acknowledge that photon dispersion must present in the correct modeling of

the polariton system but as stated before, we want to first understand how each

wavefunctions ψX and ψC behave under different circumstances; then we can make

progress in understanding the full system.

In chapter 5, we prove the Strang-splitting method can be used to produce numerical

results for our original system (1.2) by showing that the global errors between the

exact solution and the numerical solution is first-order and second-order in time in

the H1 and L2 norm, respectively.

In chapter 6, we use the bright solitons as initial conditions and use the Strang-

splitting method to progress those perturbed steady-state solutions in time. We

observe orbital stability but no L2 stabilily.
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2

Background

The equations for the exciton-polariton system are given in (1.2) (we repeat here for

convenience):

iBtψX “
`

ωX ` g|ψX |
2
˘

ψX ` γψC

iBtψC “

ˆ

ωC ´
1

2
Bxx

˙

ψC ` γψX

(2.1)

The stationary soliton solutions for (2.1) (time-harmonic solitary wave solutions)

were derived and analyzed in [18] and [19]. In this chapter, we present a brief

summary of the results of these works.

2.1 Conservation of number of particles

The two quantities |ψX |
2 and |ψC |

2 represent the density of excitons and photons,

respectively. The normalized number of particles M is given by:

M “

ż

`

|ψX |
2
` |ψC |

2
˘

dx (2.2)
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It follows easily from system (2.1) that M is independent of time. It is thus a

conserved quantity.

This quantity is important as we will observe it closely in our numerical results to

check for any blow-ups.

2.2 The derivation of soliton solutions

We seek stationary solutions of (2.1) of the form:

ψX,C “ φX,Cpxqe
´iωt (2.3)

where φX and φC are real-valued functions.

Inserting (2.3) into (2.1) and letting $X “ ω ´ ωX , $C “ ω ´ ωC , we obtain the

system of ODEs:

pgφ2
X ´$XqφX ` γφC “ 0 (2.4a)

´
1

2
φ2C ´$CφC ` γφX (2.4b)

where prime denotes derivative in terms of the spatial argument x.

Multiplying both sides of (2.4a) by φ1X and of (2.4b) by φ1C , then integrating, and

finally adding the two equations, we obtain:

1

4
gφ4

X ´
1

2
$Xφ

2
X ´

1

4
φ12C ´

1

2
$Cφ

2
C ` γφXφC “ c (2.5)

where c is a constant of integration.

The quantities φC and φ1C are expressed explicitly in terms of φX and φ1X by using

7



Eqn. (2.4a):

φC “ ´
1

γ
pgφ2

X ´$XqφX , φ
2
C “

1

γ2
pgφ2

X ´$Xq
2φ2

X

φ1C “ ´
1

γ
p3gφ2

Xφ
1
X ´$Xφ

1
Xq, φ

12
C “

1

γ2
p3gφ2

X ´$Xq
2
qφ12X

Insert these expressions into (2.5), one obtains:

1

4
gφ4

X ´
1

2
$Xφ

2
X ´

1

4

„

1

γ2
φ12Xp3gφ

2
X ´$Xq

2



´
1

2γ2
$Cφ

2
Xpgφ

2
X ´$Xq

2
´ φ2

Xpgφ
2
X ´$Xq “ c

Performing the change of variable ζ “ gφ2
X and multiplying both sides of the equation

by gζ, we obtain:

1

4
ζ3
´

1

2
$Xζ

2
´

1

16γ2
ζ 12p3ζ ´$Xq

2
´
$C

2γ2
ζ2
pζ ´$Xq

2
´ ζ2

pζ ´$Xq “ cgζ

Or, in short form:

p3ζ ´$Xq
2ζ 12 “ 8ζQpζq (2.6)

where Qpζq is a cubic polynominal in ζ,

Qpζq “ ´$C

„

ζ3
´

1

2
p3ζ8 `$Xqζ

2
` ζ8$Xζ `K



(2.7)

and K is the new constant of integration and

ζ8 “ gpφ8Xq
2 :“

$X$C ´ γ
2

$C

(2.8)

is the far-field value of ζ.

Theorem 1. [18] There are bright, dark, and discontinuous stationary soliton solu-
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tions of the lossless, unforced polariton equations (2.1) for frequencies within certain

bands that depend on $X , $C and γ. The three soliton classes described below exhaust

all solutions of the form

pψXpx, tq, ψCpx, tqq “ pφXpxq, φCpxqq e
´iωt (2.9)

for which φXpxq and φCpxq have limits (far-field values) as xÑ ˘8.

1. Dark solitons. (Red bands in Figs. 2.2) Equations (2.1), for g ą 0, ad-

mit solutions of the form (2.9) for which φXpxq and φCpxq are antisymmetric,

monotonic, and bounded. The frequency bands for which these solutions exist

are given by

0 ă $X$C ă γ2 if ω ă mintωC , ωXu , (band 1.1)

γ2 ă $X$C ă
3
2
γ2 if ω ą maxtωC , ωXu . (band 1.2)

(2.10)

The far-field (suprimal) value of |φXpxq| is

lim
|x|Ñ8

|φXpxq| “
1
?
g

ˇ

ˇ

ˇ

ˇ

$X ´
γ2

$C

ˇ

ˇ

ˇ

ˇ

1{2

. (2.11)

2. Bright solitons. (Green bands in Figs. 2.3) Equations (2.1), for g ă 0,

admit solutions of the form (2.9) for which φXpxq and φCpxq are symmetric

and bounded and have a unique local maximum or minimum. The frequency

bands for which these solutions exist are given by

γ2 ă $X$C ă
9
8
γ2 if ω ă mintωC , ωXu , (band 2.1)

0 ă $X$C ă γ2 if ω ą maxtωC , ωXu . (band 2.2)
(2.12)

The solitons vanish at the far field (|x| Ñ 8) and |g|φXpxq
2 attains a maximal

9



value of

lim
|x|Ñ8

|g|φXpxq
2
“ ´$X `

γ2

$C

„

3

4
`

c

9

16
´
$X$C

2γ2



. (2.13)

3. Discontinuous solitons. (Orange bands in Figs. 2.4) Equations (2.1) admit

antisymmetric bounded solutions of the form (2.9) for which φXpxq is discon-

tinuous at x “ 0 but φCpxq is continuous. They satisfy the polariton equations

in the distributional sense, and away from the point of discontinuity they satisfy

the equations classically. These solutions exist in the following two frequency

bands.

(a) For g ă 0, and all frequencies satisfying

ω ă mintωC , ωXu and $X$C ą
3
2
γ2 , (band 3.1)

there is a soliton such that |φXpxq| decreases monotonically

from

ˇ

ˇ

ˇ

ˇ

$X

g

ˇ

ˇ

ˇ

ˇ

1{2

down to
1

a

|g|

ˇ

ˇ

ˇ

ˇ

$X ´
γ2

$C

ˇ

ˇ

ˇ

ˇ

1{2

.

as x runs from the location of the peak of |φXpxq| to 8. Where |φXpxq|

experiences its peak, |φCpxq| experiences its nadir.

(b) For g ą 0 and and all frequencies satisfying

ωX ă ω ă ωC , (band 3.2)

there is a dark soliton such that |φXpxq| increases monotonically

from

ˇ

ˇ

ˇ

ˇ

$X

g

ˇ

ˇ

ˇ

ˇ

1{2

up to
1

a

|g|

ˇ

ˇ

ˇ

ˇ

$X ´
γ2

$C

ˇ

ˇ

ˇ

ˇ

1{2

.

as x runs from the loction of the nadir of |φXpxq| to 8. In the negative
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detunign case, ωX ă ωC, this band is absent.

!X !C

3.1 3.22.1 2.21.1 1.2

⇣ = (! � !X)(! � !C)

dark
g > 0
stable

dark
g > 0
unstable

bright
g < 0
stable

bright
g < 0
stable

discontinuous, dark
g > 0
stable

discontinuous
g < 0
unstable

!1 !2 !3 !4 !5

⇣

!

Figure 2.1: Graphical depiction of soliton bands classification

2.3 Graphical depiction of solitons

Figures 2.2, 2.3, and 2.4 depicted below and their descriptions are from [18].

• The symmetry point of each soliton is at x “ 0.

• The leftmost diagram shows two frequency bands of solitons on the ω-axis of

the ωζ-plane. At a chosen frequency in each band, an arrow spans the range

of ζ-values of a soliton, pointing toward the far-field value lim|x|Ñ8 ζpxq. The

tail of the arrow, indicated by a solid dot, has its ordinate at ζp0q. The point

of the arrow, indicated by an open circle, has its ordinate at the far-field value

of ζpxq.

• The middle and rightmost diagrams depict the exciton and photon envelopes

φXpxq and φCpxq for each frequency corresponding to the arrows in the leftmost

diagram.

• The upper graphs depict the trajectory of the point pφXpxq, φCpxqq along the

cubic relation (2.4a) as x traverses the real line. The solid dots mark the
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central point pφXp0q, φCp0qq, and the open circles mark the far-field value

limxÑ˘8pφXpxq, φCpxqq.

• The lower graphs depict the exciton and photon envelopes vs. the spatial

variable x. When one passes from ζ “ gφ2
X to φX , the extraction of square

roots results in two solitons, which are minuses of each other. One choice of

square root is shown in the lower graphs.

2.3.1 Dark solitons

Fig. 2.2 depicts the anti-symmetric dark solitons for nonlinearity coefficient g ą 0.

The far-field value ζ8 of ζ“gφ2
X , indicated by the open dots in the leftmost diagram

and given by (ref), is equal to a double root of the cubic Qpζq “ Qpζ;ωq (see (2.7))

created by the appropriate choice of constant K “ Kpωq. In the upper graphs, the

pair pφXpxq, φCpxqq travels from one open circle to the other as x travels from ´8

to 8.

-1.0 -0.5 0.0 0.5 1.0 1.5
-1.0

-0.5

0.0

0.5

1.0

-0.5 0.0 0.5-1.0

-0.5

0.0

0.5

1.0

-4.0 -2.0 0.0 2.0 4.0
-1.0

-0.5

0.0

0.5

1.0

-4.0 -2.0 0.0 2.0 4.0

-0.5

0.0

0.5

⇣ = �2
⇣ = �2

⇣ = 3
2�

2

!

!X !C

�X

�C

�X

�C

�X(x)

�C(x)

�X(x)

�C(x)

x x

⇣
=

g
(�

X
)2

Band 1.1 Band 1.2

⇣ = (! � !X)(! � !C)

Band 1.1 Band 1.2

⇣ = ⇣1(!)

⇣ = ⇣1(!)

Figure 2.2: Dark solitons.

12



2.3.2 Bright solitons

Fig. 2.3 depicts the symmetric bright solitons for nonlinearity coefficient g ă 0. The

minimal value ζ0 of ζpxq, indicated by the solid dot in the leftmost diagram, is at a

simple root of Qpζq “ Qpζ;ωq when K “ 0 so that ζQpζq has a double root at ζ “ 0.

In the upper graphs, the pair pφXpxq, φCpxqq travels from the open circle to one of

the solid dots and back as x travels from ´8 to 8.
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Figure 2.3: Bright solitons.

2.3.3 Discontinuous solitons

Fig. 2.4 depicts the anti-symmetric solitons for which the exciton envelope φXpxq is

discontinuous at its point of symmetry. The far-field value ζ8 of ζ“gφ2
X , indicated

by the open dots in the leftmost diagram and given by (2.8), is equal to a double

root of the cubic Qpζq “ Qpζ;ωq (see (2.7)) created by the appropriate choice of

constant K “ Kpωq. In the upper graphs, as x travels from ´8 to 8, the pair

pφXpxq, φCpxqq travels along the cubic from an open circle to a solid dot, then jumps

to the other solid dot, and then travels along the cubic to the other open circle. In

the negative detuning case with ωC ă ωX , the band 3.2 is absent.
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Figure 2.4: Discontinuous solitons.

2.4 Soliton far-field linear stability

As x tends to ˘8, soliton solutions tend to “homogeneous” solutions that are time-

harmonic and x-independent. The linear stability of these homegeous solutions is

analyzed in [18] by using pole analysis in the complex plane of the Laplace variable.

Their results are summarized in Theorem 2 and Table 2.1.

Theorem 2. Let pψXpx, tq, ψCpx, tqq “ pφXpxq, φCpxqqe
´iωt be a solution of the non-

linear polariton system (2.1) such that

pφXpxq, φCpxqq Ñ pφ8X , φ
8
C q as |x| Ñ 8.

The function pair pφ8X , φ
8
C qe

´iωt is a “homogeneous” solution to (2.1) that is linearly

stable if ω P Band 1.1, 2.1, 2.2, or 3.2,

unstable if ω P Band 1.2 or 3.1.

In bands 2.1 and 2.2, the homogeneous solution is equal to p0, 0q. In the other bands,

one has gpφ8Xq
2 “ ζ8.
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Table 2.1: Soliton properties

Band Bright/Dark Linearly stable far field

3.1 Dark no
2.1 Bright yes
1.1 Dark yes
3.2 Dark yes
2.2 Bright yes
1.2 Dark no
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3

Exciton dispersion smoothing effect

The non-dimensionalized exciton-polariton system of equations given in (1.2) (we

repeat here for convenience):

iBtψX “
`

ωX ` g|ψX |
2
˘

ψX ` γψC

iBtψC “

ˆ

ωC ´
1

2
Bxx

˙

ψC ` γψX

(3.1)

does not account for the exciton dispersive behavior due to the relatively larger mass

of the exciton and its confinement to the physical structure. In this chapter, we

show that the discontinous dark solitons found in [18] are limits of solutions to the

system obtained by adding a small dispersive term to the original system. Thus the

resulting system with exciton dispersion included is:

iBtψX “
`

ωX ` g|ψX |
2
˘

ψX ´ ε
2
BxxψX ` γψC

iBtψC “

ˆ

ωC ´
1

2
Bxx

˙

ψC ` γψX

(3.2)
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As in [18], we seek stationary solution of the form

ψXpx, tq “ φXpxqe
´iωt

ψCpx, tq “ φCpxqe
´iωt

(3.3)

where φXpxq and φCpxq are real-valued functions.

Inserting (3.3) into (3.2) and letting $X “ ω ´ ωX , $C “ ω ´ ωC , we obtain:

´1
2
φ2C ´$CφC ` γφX “ 0 (3.4a)

φC “
1
γ

`

$X ´ gφ
2
X

˘

φX `
1

γ
ε2φ2X (3.4b)

where 1 denotes derivative in the x variable.

Following a similar procedure in the case of ε “ 0 described earlier, we obtain (see

Appendix A Derivation 1 for more detailed work):

´
1

4γ2

“

φ12Xp$X ´ 3gφ2
Xq

2
` 2ε2φ1Xp$X ´ 3gφ2

Xqφ
3
X ` ε

4φ32
X

‰

´
$C

2γ2

“

φ2
Xp$X ´ gφ

2
Xq

2
` 2ε2φXp$X ´ gφ

2
Xqφ

2
X ` ε

4φ22X
‰

` φ2
Xp$X ´ gφ

2
Xq ` ε

2φXφ
2
X “

1

2
$Xφ

2
X ´

1

4
gφ4

X `
1

2
ε2φ12X `K

(3.5)

where K is the constant of integration.

Every terms can be collected and grouped according to the orders of ε: Op1q, Opε2q,

and Opε4q.

´
1

4γ2
φ12Xp$X ´ 3gφ2

Xq
2
´
$C

2γ2
φ2
Xp$X ´ gφ

2
Xq

2
`

1

2
$Xφ

2
X ´

3

4
gφ4

X ´K

“ ε2
„

1

2γ2
φ1Xφ

3
Xp$X ´ 3gφ2

Xq `
$C

γ2
φXφ

2
Xp$X ´ gφ

2
Xq ´ φXφ

2
X `

1

2
φ12X



` ε4
„

1

4γ2
φ32
X `

$C

2γ2
φ22X



(3.6)
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We postulate that the system (3.2) has an asymptotic series solution of the form:

φXpxq “ φ0pxq ` εφ1pxq ` higher order terms (3.7)

As φXpxq is an odd function in the case of ε equal to zero studied earlier, we seek

odd solutions of Eqn. (3.6) and thus, effectively restricting the domain to the half

axis x ě 0.

Inserting (3.7) into (3.6), the outer solution φ0pxq satisfies the equation:

´
1

4γ2
φ120 p$X ´ 3gφ2

0q
2
´
$C

2γ2
φ2

0p$X ´ gφ
2
0q

2
`

1

2
$Xφ

2
0 ´

3

4
gφ4

0 ´K “ 0 (3.8)

which clearly agree with the equation obtained in [18] in the case with no exciton

dispersion.

Correction at x “ 0 comes from the inner solution.

Let s “ x{ε, then φ1X „ Op1{εq, φ12X „ φ2X „ Op1{ε2q, φ3X „ Op1{ε3q. The highest

order for the inner layer is Op1{ε2q, we have the equation:

Op1{ε2q : ´
1

4γ2
φ120 p$X ´ 3gφ2

0q
2
“

1

2γ2
φ10φ

3
0 p$X ´ 3gφ2

0q `
1

4γ2
φ32

0

ñ φ32
0 ` 2φ10φ

3
0 p$C ´ 3gφ2

0q ` φ
12
0 p$X ´ 3gφ2

0q
2
“ 0

ñ φ30 ` φ
1
0p$X ´ 3gφ2

0q “ 0

Integrating with respect to x to obtain:

φ20 `$Xφ0 ´ gφ
3
0 “ c (3.10)

Multiply by φ10 to turn (3.10) into an integrable equation:

φ20φ
1
0 `$Xφ0φ

1
0 ´ gφ

3
0φ
1
0 “ cφ10
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Therefore,

1

2
φ120 `

1

2
$Xφ

2
0 ´

1

4
gφ4

0 ´ cφ0 “ c̃

To match the inner layer with the outer layer, we need φ0 to be odd; therefore, φ10

and φ120 will be even, which forces the constant c to be zero.

To find an appropriate value for c̃, rewrite

1

2
φ120 “

1

4
gφ4

0 ´
1

2
$Cφ

2
0 ` c̃

We want limsÑ˘8 φ0 “ ˘

b

$X
g

so we want to write the RHS into a quadratic in

terms of φ2
0 with double roots at φ0 “ ˘

b

$X
g

.

Choose c̃ “
$2
X

4g
, the equation becomes:

1

2
φ120 “

g

4
φ4

0 ´
$X

2
φ2

0 `
1

4

$2
X

g
“
g

4

ˆ

φ2
0 ´

$X

g

˙2

Close to each double root φ0psq “ ˘

b

$X
g

, the solution φ0psq is in the form of an

exponential function, which corresponds to the limit of φ0psq as sÑ ˘8.

As s Ñ ˘8, solution of the above equation correctly matches with the solution of

the outer layer as x Ñ 0. This results in the bands of discontinuous dark solitons

turning into dark solitons.

Our analytical result is consistent with the current experimental observation since up

to date, there has been no report of discontinuous dark solitons in any experimental

physics literature. This calculation gives experimental physicists an idea of the slope

of the exciton and photon wave functions they should observe near the origin. In

other words, this finding provides a consistent condition for an observed dark soliton

with a steep slope to be identified as the discontinuous soliton in [18].
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4

Explicit integrability of the system with
no photonic and no excitonic dispersion

The solitary soliton solutions to the original system (1.2) found in [18] arise from

the interaction between the non-linear property of the excitons and the dispersive

property of the photons. In this chapter, we turn off the photon dispersion in order

to examine the simplified model and analyze its solutions. We acknowledge that in

any true physical model of the exciton-polariton, the photon dispersion term have to

be present. However, from a mathematical point of view, it is interesting to study

the reduced model to gain some understanding before proceeding to study the full

system.

We are investigating this system:

iBtψX “
`

ωX ` g|ψX |
2
˘

ψX ` γψC

iBtψC “ ωCψC ` γψX
(4.1)
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4.1 Integrability of the dispersionless system

Theorem 3. a. Using the polar representation of ψX and ψC,

ψX “
?
α eipη´θq

ψC “
a

β eiη,
(4.2)

where α and β are non-negative real-valued functions and θ and η are real-valued

functions.

Let

λ “
α ´ β

α ` β
, u2

“ α ` β, τ “
1

2
gu2

` ωX ´ ωC

The pair of equations in (4.1) implies the system:

9λ “ 2γ
?

1´ λ2 sin θ , |λ| ă 1

9θ “ ´2γ
λ

?
1´ λ2

cos θ `
1

2
gu2λ` τ

9η “ ´
1

β
γ
a

αβ cos θ ´ ωC

(4.3)

b. The orbits for (4.3) are given by:

cos θ “
1

?
1´ λ2

ˆ

´
gu2λ2

8γ
´
τλ

2γ
` c

˙

(4.4)

Proof. a. We are interested in the behaviors of α, β, η, θ. Differentiate (4.2) and

insert into (4.1) to obtain:

i

2

αt
?
α
´ pηt ´ θtq

?
α “ pωX ` gαq

?
α ` γ

a

β eiθ

i

2

βt
?
β
´ ηt

a

β “ ωC
a

β ` γ
?
α e´iθ
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Write eiθ “ cos θ ` i sin θ, we turn the above system into four equations:

αt
2
?
α
“ γ

a

β sin θ ùñ 9α “ 2γ
a

αβ sin θ

βt
2
?
β
“ γ

?
α sinp´θq ùñ 9β “ ´2γ

a

αβ sin θ

pηt ´ θt ` ωXqα ` gα
2
` γ

a

αβ cos θ “ 0

pηt ` ωCqβ ` γ
a

αβ cos θ “ 0

Separate η and θ to obtain four ODEs:

¨

˚

˚

˝

9α
9β
9η
9θ

˛

‹

‹

‚

“

¨

˚

˚

˝

2γ
?
αβ sin θ

´2γ
?
αβ sin θ

´ 1
β
γ
?
αβ cos θ ´ ωC

´γ α´β?
αβ

cos θ ` gα` ωX ´ ωC

˛

‹

‹

‚

where ¨ “ Bt (4.7)

Since 9pα ` βq “ 0 ùñ α ` β “ u2 “ constant ą 0 because α, β ą 0

Let α ´ β “ vptq ùñ α “
u2 ` v

2
, β “

u2 ´ v

2
with |v| ă u2 for all t and

?
αβ “

1

2

?
u4 ´ v2

From the system (4.7), we have

9v “ 4γ
a

αβ sin θ “ 4γ
1

2

?
u4 ´ v2 sin θ “ 2γ

?
u4 ´ v2 sin θ

9θ “ ´γv
2

?
u4 ´ v2

cos θ ` g

ˆ

u2 ` v

2

˙

` ωX ´ ωC

Let τ be a constant such that τ “ 1
2
gu2`ωX´ωC . The difference ωC´ωX “ δ where

δ is called the detuning constant because it represents the difference in the frequency

of the cavity photon and the exciton. The system in terms of v and θ reads:
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9v “ 2γ
?
u4 ´ v2 sin θ

9θ “ ´
2γv cos θ
?
u4 ´ v2

`
1

2
gv ` τ

(4.8)

We normalize v by setting v “ λu2 and since |v| ă u2 ùñ |λ| ă 1.

The system in terms of λ and θ becomes:

9λ “ 2γ
?

1´ λ2 sin θ , |λ| ă 1

9θ “ ´2γ
λ

?
1´ λ2

cos θ `
1

2
gu2λ` τ

(4.9)

which are the first two equations of the theorem, the equation for η follows from (4.7).

b. We can find the equations for the orbits by integrating system (4.9):

dθ

dλ
“ ´

λ
?

1´ λ2

cos θ

sin θ
`
gu2

4γ

λ
?

1´ λ2

1

sin θ
`

τ

2γ
?

1´ λ2

1

sin θ

Therefore,

d

dλ
pcos θq “

λ
?

1´ λ2
cos θ ´

gu2λ` 2τ

4γ
?

1´ λ2

This is just a first order linear ODE. Use the integrating factor:

µpλq “ exp

ż

´
λ

1´ λ2
dλ “

?
1´ λ2,

we obtain:

cos θ “
1

?
1´ λ2

ˆ

´

ż

gu2λ` 2τ

4γ
dλ` c

˙

“
1

?
1´ λ2

ˆ

´
gu2λ2

8γ
´
τλ

2γ
` c

˙

(4.10)

where each c takes us to different orbits.
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4.2 Equilibrium points

We first find the set of equilibrium points of the system (4.3) for the case when τ “ 0.

Setting τ this way facilitates the finding of equilibrium points as we can factor out

the λ in the equation for 9θ, thus not having to solve a cubic equation for λ. The case

where τ ‰ 0 will be revisited at the end.

1. Setting 9λ “ 0, we have either:

(a) sin θ “ 0 which implies cos θ “ ˘1

or

(b) λ “ ˘1

2. Setting 9θ “ 0, we have ´2γ λ?
1´λ2

cos θ ` 1
2
gu2λ “ 0, which implies either:

(a) λ “ 0

or

(b) if λ ‰ 0, the necessary condition for the equation to have solutions is when

sgnpcos θq “ sgnpgq because γ ą 0. Therefore, whenever g ą 0 or g ă 0,

the root of θ jumps every 2π (i.e. g ą 0, cos θ “ 1; g ă 0, cos θ “ ´1).

To find the values of λ, we are solving

˘ 2γ
1

?
1´ λ2

“ ´
1

2
gu2

so

λ “ ˘λ1 “ ˘

d

1´
16γ2

g2u4

therefore, λ1 exists when u2 ą
4γ

|g|
.

In conclusion, we have two sets of equilibrium points:
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1. for any values of u2, γ, and g, we have λ “ 0, sin θ “ 0 so θ “ nπ for all n.

2. for values of u2, γ, and g such that u2 ą
4γ
|g|

, we have additional equilibrium

points at:

(a) pλ, θq “ p˘λ1, nπq for n even if g ą 0 so the distance is every 2π.

(b) pλ, θq “ p˘λ1, nπq for n odd if g ă 0 so the distance is every 2π.

Now that we have the equilibrium points, we are interested in the behaviors of the

system near those points. Let fpλ, θq “ 9λ and gpλ, θq “ 9θ. The resulting gradient

matrix is:

D “

„

fλ fθ
gλ gθ



“

»

—

—

–

´2γ
λ

?
1´ λ2

sin θ 2γ
?

1´ λ2 cos θ

´2γ
1

?
1´ λ2p1´ λ2q

cos θ `
1

2
gu2 2γ

λ
?

1´ λ2
sin θ

fi

ffi

ffi

fl

We start with a special case when g “ 0 (system with no nonlinear term), the

equilibrium points are pλ, θq “ p0, nπq according to the ODE system. The gradient

matrix is

D “

„

0 2γ cos θ
´2γ cos θ 0



with positive determinant which shows that those points are centers.

There are special lines (separatrices) that separate the centers; they connect p´1, nπ`

π{2q and p1, nπ`π{2q and go through p0, nπ`π{2q because at θ “ nπ`π{2, cos θ “ 0,

sin θ “ ˘1 so 9λ “ ˘2γ
?

1´ λ2. The direction of increasing and decreasing of λ de-

pends on the values of θ.

Now we put in small non-linear term g, the gradient matrix becomes

D “

„

0 2γ cos θ
´2γ cos θ ` 1

2
gu2 0


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so we have the eigenvalue problem as

ξ2
` p4γ2

´ γgu2 cos θq “ 0

When n is even, cos pnπq “ 1 Ñ ξ2 ` p4γ2 ´ γgu2q “ 0, we have two cases:

1. 4γ2 ą γgu2: centers

2. 4γ2 ă γgu2: saddles

When n is odd, cos pnπq “ ´1 Ñ ξ2 ` p4γ2 ` γgu2q “ 0, we have two cases:

1. 4γ2 ą ´γgu2: centers

2. 4γ2 ă ´γgu2: saddles

If g ą 0, θ “ nπ (n odd) stay centers because the LHS is always bigger than the

RHS, θ “ nπ (n even) will stay centers if 4γ2 ą γgu2 but will tip to saddles as g

increases to value such that 4γ2 ă γgu2 .

If g ă 0, θ “ nπ (n even) stay centers because the LHS is always bigger than the

RHS, θ “ nπ (n odd) will stay centers if 4γ2 ą ´γgu2 but will tip to saddles as g

increases (negatively) to value such that 4γ2 ă ´γgu2 .

In either case, if the condition u2 ą 4γ{|g| is satisfied, we will have alternating centers

and saddles at λ “ 0 on the θ axis at alternating nπ odd and even.

Next, we proceed to investigate the behaviors of the system at

λ “ λ1 “ ˘

d

1´
16γ2

g2u4

The gradient matrix

D “

«

0 2γ
?

1´ λ2 cos θ
´2γ 1?

1´λ2p1´λ2q
cos θ 0

ff
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which results in the eigenvalue problem:

ξ2
`

„

4γ2 1

1´ λ2
´ γgu2

?
1´ λ2 cos θ



“ 0

Recall that in order for λ1 to exist, two conditions need to be satisfied:

sgn(g) “ sgn( cos θq , and

1´ λ2
“ 16γ2

{g2u4,

therefore:

ξ2
`
g2u4

4
´ |g|γu2 4γ

|g|u2
“ 0

ξ2
`
g2u4

4
´ 4γ2

looooomooooon

“ 0

the term over the bracket is always positive because of the condition u2 ą 4γ{|g|,

therefore equilibrium points pλ, θq “ p˘λ1, nπq (with n either odd or even) are cen-

ters.

When g “ 0 we do not have λ1, as |g| increases to a value slightly bigger than 4γ{u2,

˘λ1 are born near λ “ 0 (similar to the bifurcation phenomenon), as |g| increases

further, those points get pushed closer to λ “ ˘1 and will approach ˘1 as |g| goes to

infinity. Keep in mind those points always constitute centers, which are represented

by dots in the figures.

Note that the figures for the cases when g ą 0 and g ă 0 are put side-by-side. The

case where g ă 0, everything gets shifted down by π, because g ă 0 corresponds to

cos θ “ ´1.
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This figure shows that at any starting point that is not on the separatrices, the

solutions λ and θ are always periodic with the amplitudes of λ and θ increase as the

orbit gets further away from the centers.

Adding a small non-linear term g to the system bends the separatrices and changes

the amplitudes of λ and θ without changing the periodicity property.
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At the critical value of g, a new set of centers surfaces at θ “ 0 for positive g and at

θ “ ˘π for negative g. These centers are born near λ “ 0 and will move toward the

boundaries at λ “ ˘1 as g increases.
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As g increases, the new set of centers gets pushed to the boundaries, the set of

separatrices gets bended more to create three regions where the behavior of λ and θ

are significantly different.

1. Region 1: both λ and θ are periodic but the magnitude of θ could reach 2π

instead of just π in the case where there is no g.

2. Region 2: λ is periodic but θ no longer is. In this region, the value of θ goes

from ´8 to 8.

3. Region 3: both λ and θ are periodic but the magnitude of λ is significantly

smaller and the magnitude of θ is between 0 and π.
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The results are summarized in Table 4.1.

Table 4.1: Equilibrium points for the case when τ “ 0 and their types.

Conditions on u2, γ, and g pλ, θq Type

u2 ă
4γ

|g|
p0, nπq centers

u2 ą
4γ

|g|

g ą 0

p0, nπq, n odd centers

p0, nπq, n even saddles

p˘λ1, nπq n even centers

g ă 0

p0, nπq, n odd saddles

p0, nπq, n even centers

p˘λ1, nπq n odd centers

For the case when τ ‰ 0, the procedure is similar.

Recall

τ “
1

2
gu2

` ωX ´ ωC “
1

2
gu2

´ δ

where δ is the detuning. If we keep u2 and g fixed, changing τ is equivalent to

changing the detuning of the system.

In this case, λ “ 0 is no longer a solution to the equation 9θ “ 0; sin θ “ 0 is still a

solution for 9λ “ 0 so cos θ “ ˘1.

We are solving the equation

´ 2γ
λ

?
1´ λ2

cos θ `
1

2
gu2λ “ ´τ for λ,

given a specific value of τ .

Let us graph the LHS and RHS and find the interceptions.

The first set of graphs is for the case when cos θ “ 1 and the second is for the case

when cos θ “ ´1. As λ Ñ ˘1, the first term on the LHS Ñ ˘8, the second term
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is always finite, therefore the range of the LHS is p´8,8q so no matter how big or

small τ is, there will always be at least one root to the equation, the root approaches

˘1 as τ Ñ ˘8.

Figure 4.1: Interceptions are values of critical points when cos θ “ 1

Notice that depending on the value of τ , there can be one, two (1 double and 1

single), or three roots for λ. With one root, we will have one critical point which is

a center. With one double and one single root, we will still have one center, and in

the case where there are three roots, we will have two centers.

Figure 4.2: Interceptions are values of critical points when cos θ “ ´1
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In this case, there can only be one solution for λ regardless of the value of τ , which

results in one center.

The behaviors of the solutions as τ increases

We see the separatrices in the above figure. As τ increases, the separatrix on the left

changes from enclosing the center corresponds to cos θ “ 1 to enclosing the center

corresponds to cos θ “ ´1. The red region contains the separatrix as the exact

location is hard to pinpoint numerically.
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We already see the symmetry in term of λ gets distorted.
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τ is about the reach a critical point where at θ “ 0, the leftmost center will disappear

which will leave the rightmost center as the only center in the subsequent figure.
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Notice the two behaviors of centers that correspond to the two cases when cos θ “ 1

and cos θ “ ´1.

1. cos θ “ 1: we are looking at centers that correspond to θ “ 0. At τ “ 0, we

have three critical points, one at zero and the other two are centers and are

symmetric. As τ increases, the two critical points on the left get pushed closer
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and closer to each other. After the critical value of τ is reached at 0.842, the

two points merge then the leftmost center disappears, leaving the critical point

on the right as the only center, which gets pushed closer and closer to 1.

2. cos θ “ ´1: we are looking at centers that correspond to θ “ ˘π. At τ “ 0,

they are located at zero. As τ increases, they move to the left toward -1 and

get closer and closer to -1.

We can confirm these behaviors by looking back at the intersection points in Fig.

4.1 and 4.2.

As the behavior of the solutions is similar to the case when τ “ 0, just the locations

of the equilibrium points change, we will focus on the case when τ “ 0.

In all the above figures, we played with the parameters in two ways:

1. fixed u2 and τ and let g varied. Recall that τ “ 1
2
gu2 ` ωX ´ ωC , that means

the detuning of the system has to change to keep up with the change in g.

2. fixed u2 and g and let τ varied, that means the detuning of the system again

has to change to keep up with the change in τ .

In experiment, it might not be realistic to fix u2 because u2 represents the combined

magnitude of α and β. We did that mostly to illustrate the behavior of the system,

especially to demonstrate the bifurcation when one center splits into three at a certain

critical value of g in the first case or to demonstrate the disappearance of a center

at a critical value of τ in the second case.

In the following section, we will show the behavior of the system when we fix g and

τ and let u2 varies.
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The overall area in which we have periodic solution in terms of θ shrinks. The set of

centers at θ “ 0 gets pushed to the boundaries at λ “ ˘1.
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In the last figure, we could no longer see the set of centers at θ “ 0 but they are

there, just too small to appear.
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Now that we have the behaviors of λ and θ, recall that v “ λu2 so the behavior of λ

determines the behavior of v.

4.3 Some plots for λ, θ, and η

We have:

9η “ ´
1

β
γ
a

αβ cos θ ´ ωC “ ´γ

c

1` λ

1´ λ
cos θ ´ ωC

Both terms on the RHS are periodic but their sum is not so in general, therefore η

is not a periodic function.

Here we include a few example of the behaviors of η, λ, and θ over time. Keep in mind

that u2, g, γ, ωX , and ωC decide the orbits. The initial condition η0, λ0, and θ0 will

determine the starting position on the orbits.
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At pλ0, θ0, η0q “ p0.3, 0, 0q, λ and θ are periodic with the same period while η is

decrease almost proportionally in time. By looking at the formula for 9η, we see that

the magnitudes of λ and θ are not changing dramatically enough, thus the slope of

η is almost a constant.

As λ0 gets bigger, we are on an orbit such that the magnitudes of λ and θ are larger,

therefore the slope of η can no longer be taken as constant in time, thus more wiggles
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in the η curve.

Here we are starting at a region where θ is no longer periodic. As time progresses, θ

can take value from ´8 to `8. Keep in mind λ is always periodic.

Also notice, at every maximum point of λ:

1. η has a rather big negative slope, which is consistent with the formulae for 9η

as 1´ λ is in the denominator
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2. θ also has a big negative slope, as we can observe from the figure, when λ is

close to the boundary at λ “ 1, this orbit is almost a straight line in term of θ

Here we are moving to a region where λ and θ are periodic again but θ no longer has

an ellipse-like shape like before, rather we see some drastic change in terms of θ at

the peak of λ due to the same reason as before.

4.4 Time period of orbits

Recall the orbit equation and the system of ODEs:

cos θ “ ´
gu2

8γ

λ2

?
1´ λ2

`
c

?
1´ λ2

´
τ

2γ

λ
?

1´ λ2

9λ “ 2γ
?

1´ λ2 sin θ , |λ| ă 1

9θ “ ´2γ
λ

?
1´ λ2

cos θ `
1

2
gu2λ` τ

When θ is periodic, λ and θ have the same period (in terms of time).

Invert 9λ and use the orbit equation to compute sin θ, we have:
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dt

dλ
“

1

2γ
?

1´ λ2 sinpcos´1p
c´ gu2

8γ
λ2

?
1´λ2

qq

We can calculate the period by taking the integral and using trigonometric equality

to simplify the above derivative, we obtain:

T “

ż
ˆ

dt

dλ

˙

dλ “
1

2γ

ż

dλ

?
1´ λ2

d

1´

ˆ

c´ gu2

8γ
λ2

?
1´λ2

˙2

“
1

2γ

ż

dλ
c

´
g2u4

64γ2
λ4 `

´

cgu2

4γ
´ 1

¯

λ2 ` 1´ c2

As we can observe in the orbits figure, except at the separatrices, λ is periodic

everywhere else. That results in the period being finite except at the separatrices.

The two big separatrices that connect pλ, θq “ p0, πq and p0,´πq correspond to

c “ ´1 and the small separatrices that encircle the pair of centers correspond to

c “ gu2

8γ
.

When c “ ´1, we have:

Tc“´1 “
1

2γ

ż

dλ
c

´
g2u4

64γ2
λ4 `

´

´
gu2

4γ
´ 1

¯

λ2

“ 2
1

2γ

ż

4
?
´γpgu2`4γq

|g|u2

0

dλ
c

´
g2u4

64γ2
λ4 `

´

´
gu2

4γ
´ 1

¯

λ2

This integral diverges due to the 1{λ-like behavior near λ “ 0. This proves that the

period of this particular orbit corresponds to c “ ´1 is infinity.
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Similarly, we can compute the period of the orbit corresponds to c “ gu2

8γ
:

T
c“ gu2

8γ

“ 2
1

2γ

ż 1

c

1´ 64γ2

g2u4

dλ
b

p1´ λ2qp1´ g2u4

64γ2
p1´ λ2qq

Making a change of variable by letting µ “ 1´ λ2, we reduce it to:

T “
1

γ

ż
64γ2

g2u4

0

dµ

´2
?

1´ µ
b

´
g2u4

64γ2
µ2 ` µ

Therefore the behavior of T near µ “ 0 is similar to the behavior of 1{
?
µ which

concludes the integral diverges.

4.5 Conclusion

1. Without the photon dispersive term, the system does not produce any soliton

solutions in the temporal variable.

2. The Kerr nonlinear term g plays an important role in distorting the separatrices

in directions that results in θ losing its periodicity in some regions and equilib-

rium points disappearing or being pushed toward the boundaries λ “ ˘1.

3. λ is periodic everywhere and for all value of τ .

4. η is only periodic for some very specific values of parameters u2, g, γ, ωX and

ωC .
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5

Strang-splitting method
for the polariton system

5.1 Strang-splitting Method

Splitting method is a numerical method used to solve differential equations by de-

composing them into a sum of completely integrable differential operators. For our

polariton system, we use the so-called Strang-splitting method ([20]), named after

mathematician Gilbert Strang.

Recall our system of exciton and photon wave functions:

iBtψX “
`

ωX ` g|ψX |
2
˘

ψX ` γψC

iBtψC “

ˆ

ωC ´
1

2
Bxx

˙

ψC ` γψX

(5.1)

This system is not fully analytically solvable due to the coupling terms. However,

notice that if we eliminate the exciton-exciton interaction term and the photon dis-

persion term, we have an integrable ODE system. We can then put the two eliminated

terms into a separate system from which we can solve for ψX and ψC separately.
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The resulting systems after the proposed split are:

Step 1:

#

iBtψX “ ωXψX ` γψC

iBtψC “ ωCψC ` γψX

Step 2:

#

iBtψX “ g|ψX |
2ψX

iBtψC “ ´
1
2
BxxψC

(5.2)

Let

ψ “

ˆ

ψX
ψC

˙

Apψq “

„

´i|ψX |
2 0

0 i∆
2



ψ

Bpψq “ ´i

„

ωX γ
γ ωC



ψ “

„

´iωX ´iγ
´iγ ´iωC



ψ

System (5.2) can be rewritten in terms of ψ,A, and B as:

Step 1: Btψ “ Bpψq

Step 2: Btψ “ Apψq
(5.3)

Throughout this chapter, we will refer to ψn “

ˆ

pψXqn
pψCqn

˙

as the vector-valued numer-

ical solution of the splitted system (5.2) and ψptnq “

ˆ

ψXptnq
ψCptnq

˙

as the vector-valued

exact solution of the original system (5.1). Also, let τ ą 0 be the time step size with

tn “ nτ .

For the Strang-splitting method, we proceed first with step 1 with half the time step

size, then full time step size at step 2, and finally back at step 1 with half the time
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step size again.

ψ´n`1{2 “ exp

ˆ

´i

„

ωX γ
γ ωC



τ

2

˙

ψn

ψ`n`1{2 “

«

e´iτV rpψ
´

n`1{2
qX s 0

0 ei
τ
2

∆

ff

ψ´n`1{2

ψn`1 “ exp

ˆ

´i

„

ωX γ
γ ωC



τ

2

˙

ψ`n`1{2

(5.4)

where ψ´n`1{2 and ψ`n`1{2 are results of the intermediate steps; pψ´n`1{2qX is the x

component of the vector ψ´n`1{2 , and V r¨s “ | ¨ |2.

For ease of notation, let F “

„

ωX γ
γ ωC



We want to investigate the stability and global errors of the resulting numerical solu-

tions to the exact solutions of the original system. Some mathematical background

is provided in the next section to facilitate the understanding of proofs in sections

(label sections stability regularity and error)

5.2 Mathematical background

Generalized Holder’s Inequality: for r P p0,8q; p1, ..., pn P p0,8s,
ř8

k“1
1
pk
“ 1

r
,

we have:

}
śn

k“1 fk}r ď
śn

k“1 }fk}pk

Lemma 4. for 1 ď p ă q ă r ď 8, LppRq
Ş

LrpRq P LqpRq

Lemma 5. for u, v, w P H1, }uvw}L2 ď K0}u}H1}u}H1}w}H1

Proof. the generalized Holder’s Inequality gives:

}uvw}L2 ď }u}L6}v}L6}w}L6 . Since u P H1pRq ñ u P L8pRq and u P L2pRq ñ u P

L8pRq
Ş

L2pRq ñ u P L6pRqpLemma 4q ñ H1pRq P L6pRq ñ }u}L6 ď k}u}H1 . Use
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similar arguments for v and w, we arrive at the result.

Lemma 6. for u P L2, u, w P H
1, }uvw}L2 ď K0}u}L2}v}H1}w}H1

Proof. }uvw}L2 ď }u}L2}v}L8}w}L8 but H1pRq Ă L8pRq thus we obtain the result.

Lemma 7. for u, v, w P H1, }uvw}H1 ď K1}u}H1}v}H1}w}H1

Proof. using the definition of the H1 norm:

}uvw}2H1 “ }uvw}2L2
` }∇puvwq}2L2

(5.5)

Apply the product rule, Lemma 6, and Schwartz’s Inequality, we obtain:

p5.5q ď }u}2L2
}v}2H1}w}2H1 ` }Du}2L2

}v}2H1}w}2H1 ` }u}2H1}Dv}2L2
}w}2H1

` }u}2H1}v}2H1}Dw}2L2
` 2}Du}L2}v}H1}w}H1}u}H1}Dv}L2}w}H1

` 2}Du}L2}v}H1}w}H1}u}H1}v}H1}Dw}L2 ` 2}u}H1}Dv}L2}w}H1}u}H1}v}H1}Dw}L2

Also, we have }u}L2 ď }u}H1 , }Du}L2 ď }u}H1 , }Dv}L2 ď }v}H1 , }Dw}L2 ď }w}H1

therefore we obtain the result.

Lemma 8. for u, v, w P H2, }uvw}H2 ď K2}u}H2}v}H2}w}H2

Proof. using the definition of the H2 norm:

}uvw}2H2 “ }uvw}2H1 ` }∆puvwq}2L2

by Lemma 7, the first term on the RHS ď C}u}2H1}v}2H1}w}2H1 ď C}u}2H2}v}2H2}w}2H2

by product rule, the second term on the RHS = }p∆uqvw ` up∆vqw ` uvp∆wq `

2p∇u∇vqw ` 2p∇uqvp∇wq ` 2up∇vqp∇wq}2L2

Follow a similar procedure in proof of Lemma 7, individual and crossed terms can

be bounded by C}u}2H2}v}2H2}w}2H2 , therefore we obtain the result.
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Grönwall Inequality: if u satisfies the following differential inequality

d

dt
uptq ď gptquptq ` hptq,

for g continuous and h locally integrable, then

uptq ď up0qeGptq `

ż t

0

eGptq´Gpsqhpsqds

where Gptq “

ż t

0

gpsqds.

Lie commutators: given the operators A,B and the system (5.3), we have Âpψq and

B̂pψq as vector fields. Since system (5.4) can be interpreted as applying the operators

B,A,B successively to ψ at different time step size, we are interested in bounding

the Lie commutator rB̂, Âspψq and the Lie double commutator rB̂, rB̂, Âsspψq.

In order to compute the Lie commutator rB̂, Âspψq, we want to first find the Frechet

derivative of the operators A and B. Since B is already linear, we only need to

compute the Frechet derivative of A.

Frechet derivative of A: for any vector h on dense subsets of H1, we want to find

A1pψqh, meaning, the linearization of A about ψ acting on h, we have:

Apψ ` hq ´ Apψq “

„

´i|ψX ` hX |
2 0

0 i∆
2



pψ ` hq ´

„

´i|ψX |
2 0

0 i∆
2



ψ

“

ˆ

´ipψ2
XhX ` 2|ψX |

2hX ` 2ψX |hX |
2 ` h2

XψX ` h
2
XhXq

i
2
∆hC

˙

Higher order terms in h vanish and we arrive at the Frechet derivative of Â applying

to any vector h as:

A1pψqh “

ˆ

´iψ2
XhX ´ 2i|ψX |

2hX
i
2
∆hC

˙

(5.6)
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“

„

´2i|ψX |
2 0

0 i
2
∆



h`

„

´iψ2
X 0

0 0



h

Single commutator bound: consider the vector fields on dense subsets of H1, the

Lie commutator of B̂ and Â is defined as

rB̂, Âspψq “ B̂1pψqÂpψq ´ Â1pψqB̂pψq,

meaning, the difference between the linearization of B at ψ acting on Âpψq and the

linearization of A at ψ acting on B̂pψq.

rB̂, Âspψq “

„

i$X ´iγ
´iγ i$C

 „

´i|ψX |
2 0

0 i∆
2



ψ

´

„

´2i|ψX |
2 0

0 i
2
∆

 „

i$X ´iγ
´iγ i$C



ψ ´

„

´iψ2
X 0

0 0

 „

´i$X iγ
iγ ´i$C



ψ

“

„

´ωX |ψX |
2 2γ|ψX |

2 `
γ
2
∆

´γ|ψX |
2 ´

γ
2
∆ 0



ψ ´

„

´ωXψ
2
X γψ2

X

0 0



ψ

Therefore,

rB̂, Âs pψq “

ˆ

2γ|ψX |
2ψC `

γ
2
∆ψC ´ γψ

2
XψC

´γ|ψX |
2ψX ´

γ
2
∆ψX

˙

Applying Lemma 5, 6, 7, and 8 to bound each components of rB̂, Âs pψq, we obtain:

}prB̂, ÂsψqX}L2 ď K}ψX}
2
H1}ψC}L2 `K}ψC}H2

}prB̂, ÂsψqC}L2 ď K}ψX}
3
H1 `K}ψX}H2

}prB̂, ÂsψqX}H1 ď K̄}ψX}
2
H1}ψC}H1 ` K̄}ψC}H3

}prB̂, ÂsψqC}H1 ď K̄}ψX}
3
H1 ` K̄}ψX}H3

}prB̂, ÂsψqX}H2 ď K̃}ψX}
2
H2}ψC}H2 ` K̃}ψC}H4

}prB̂, ÂsψqC}H2 ď K̃}ψX}
3
H2 ` K̃}ψX}H4

(5.7)

Frechet derivative of rB,As: Notice that rB,As is a nonlinear operator. In order to
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find the double Lie commutator rB̂, rB̂, Âsspψq, we need to find the Frechet derivative

of rB,As. For any vector h in dense subsets of H1, we want to find rB,As1pψqh,

meaning, the linearization of rB,As about ψ acting on h, we have:

rB,Aspψ ` hq ´ rB,Aspψq

“

ˆ

2γ|ψX ` hX |
2pψC ` hCq `

γ
2
∆pψC ` hCq ´ γpψX ` hXq

2pψC ` hCq
´γ|ψX ` hX |

2pψX ` hXq ´
γ
2
∆pψX ` hXq

˙

´

ˆ

2γ|ψX |
2ψC `

γ
2
∆ψC ´ γψ

2
XψC

´γ|ψX |
2ψX ´

γ
2
∆ψX

˙

Higher order terms in h vanish, we obtain:

rB,As1pψqphq “

¨

˚

˚

˚

˝

2γpψXψChX ` ψXψChX ` |ψX |
2hCq `

γ

2
∆hC

´ γpψ2
XhC ` 2ψXψChXq

´γpψ2
XhX ` 2|ψX |

2hXq ´
γ

2
∆hX

˛

‹

‹

‹

‚

(5.8)

“

„

2γψXψC ´ 2γψXψC
γ
2
∆` 2γ|ψX |

2

´2γ|ψX |
2 ´

γ
2
∆ 0



h`

„

2γψXψC ´γψ2
X

´γψ2
X 0



h

Double commutator bound: consider the vector fields on dense subsets of H1,

the Lie commutator of B̂ and rB̂, Âs is defined as:

rB̂, rB̂, Âsspψq “ B̂1pψqrB̂, Âspψq ´ rB̂, Âs1pψqB̂pψq

“

„

i$X ´iγ
´iγ i$C

ˆ„

´ωX |ψX |
2 2γ|ψX |

2 `
γ
2
∆

´γ|ψX |
2 ´

γ
2
∆ 0



ψ ´

„

´ωXψ
2
X γψ2

X

0 0



ψ

˙

´

„

2γψXψC ´ 2γψXψC
γ
2
∆` 2γ|ψX |

2

´2γ|ψX |
2 ´

γ
2
∆ 0

 „

i$X ´iγ
´iγ i$C



ψ

´

„

2γψXψC ´γψ2
X

´γψ2
X 0

 „

´i$X iγ
iγ ´i$C



ψ

“

˜

p´i$2
X ` iγ

2q|ψX |
2ψX ` i

γ2

2
∆ψX ` 2i$Xγ|ψX |

2ψC ` i$X
γ
2
∆ψC

iγp$X ´$Cq|ψX |
2ψX ´ i$C

γ
2
∆ψX ´ 2iγ2|ψX |

2ψC ´ i
γ2

2
∆ψC

¸
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´

¨

˚

˚

˚

˚

˝

2iγp$X `$Cq|ψX |
2ψC ` 2iγ2

p|ψC |
2
´ |ψX |

2
qψX ´ 2iγ$Xψ

2
XψC ´ 2iγ2ψXψ

2
C

´ i
γ2

2
∆ψX ` i

γ

2
$C∆ψC

´2iγ$X |ψX |
2ψX ´ i

γ

2
$X∆ψX ` 2iγ2

|ψX |
2ψC ` i

γ2

2
∆ψC

˛

‹

‹

‹

‹

‚

´

ˆ

´i$2
X |ψX |

2ψX ` iγ$Xψ
2
XψC

iγ$X |ψX |
2ψX ´ iγ

2ψ2
XψC

˙

´

ˆ

´2iγ$X |ψX |
2ψC ´ iγ

2|ψX |
2ψX ` 2iγ2ψX |ψC |

2 ` 2iγ$Cψ
2
XψC

iγ$X |ψX |
2ψX ´ iγ

2ψ2
XψC

˙

Each terms could be bounded in the L2 norm using Lemma 6. Therefore,

}rB̂, rB̂, ÂsspψqX,C}L2 ď Cp}ψX}
3
H2 ` }ψC}

3
H2q (5.9)

Lie derivatives: we use the definition and some differentiability properties pre-

sented in [21]. Given a vector field F on H1 and the differential system:

9ψ “ F pψq , ψp0q “ v,

we denote ψtF pvq the flow or the solution to the system at time t. The Lie derivative

DF is defined as:

pDFGqpvq “
d

dt

ˇ

ˇ

ˇ

ˇ

t“0

GpψtF pvqq “ G1pvqF pvq (5.10)

for another vector field G on H1 and v P H1, and we set

pexpptDF qGq pvq “ G
`

ψtF pvq
˘

(5.11)

We want to point out some subtlety about the notation used in (5.10), G1pvqF pvq

means the linearization of G at v acting on F pvq.

If G is the identity Id, the flow is reproduced as

expptDF qIdpvq “ ψtF pvq
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One key property of the Lie derivative that will be useful in later proofs is that the

Lie derivatives of two vector fields F and G is the Lie derivative of the commutator

of the vector fields in reversed order:

rDF , DGs “ DFDG ´DGDF “ DrG,F s (5.12)

The last equality can easily be shown using the definition (5.10).

In the Strang-splitting method for our polariton system, we have vector fields Â, B̂,

and Ĥ “ Â`B̂. For notational simplicity, we write their Lie derivatives asDA, DB, DH ,

instead of DÂ, DB̂, DĤ , respectively.

Nonlinear variation of constants formula: for the nonlinear operator H “ A`B

where A is nonlinear and B is linear, we have an ODE:

9ψ “ Hψ “ Aψ `Bψ with ψp0q “ ψ0.

We use the Duhamel’s formula to express this solution as a superposition of solutions

to the linear and nonlinear system. For some time t,

ψptq “ exppBtqψ0 `

ż t

0

exppBpt´ sqqApψpsqqds

“ exppBtqψ0 `

ż t

0

exppBpt´ sqqA exppHsqψ0 ds

Notice that we still need to make sense of exppHsqψ0 since H is a nonlinear operator.

Make a change of variable for s1 “ t´ s to obtain:

ψptq “ exppBtqψ0 `

ż t

0

exppBsqA exppHpt´ sqqψ0ds

Now using the notation from the calculus of Lie derivatives to make sense of exppHsqψ0
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and note that the order will get reversed by definition,

ψptq “ expptDHqIdpψ0q

“ expptDBqIdpψ0q `

ż t

0

expppt´ sqDHqDA exppsDBqpψ0qIdpψ0qds
(5.13)

Formula (5.13) is called the nonlinear variation of constants formula.

Now we are ready to analyze the regularity, stability, and error bounds of the Strang

splitting method applying to our polariton system (5.1). The convergence of this

method has been studied for the Schrödinger-Poisson and cubic nonlinear Schrödinger

equations in [21] and for the quasilinear Schrödinger equation in [22]. In fact, [21]

lays the techniques for many works that follow. By the end of this chapter, we will

have established the H2 regularity, L2 and H1 stability of the numerical solution.

We will also prove the first-order error bound in the H1 norm conditioned on the

H5 regularity and second-order error bound in the L2 norm conditioned on the H6

regularity in the spatial direction of the exact solution.

We first define some notations that will be used throghout this chapter.

Given ψ0 “

ˆ

pψXq0
pψCq0

˙

in Hk as the initial data to the system (5.1) and ψptq as

the exact solution at some finite time t ą 0, we suppose that ψptq stays in Hk

for 0 ď t ď T and k ď 6. Results for regularity has been established in [23]

for the Schrödinger-Poisson equation, [24] for almost cubic nonlinear Schrödinger

equation, and [25] for Schrödinger equation with singular potentials. We want to

note that checking for the regularity of the exact solution for our polariton system

is an interesting future direction. For the purpose of this chapter, we assume our

system possesses this property and let

mk “ max
0ďtďT

}ψptq}Hk for k ď 6 and T ă 8
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5.3 H1 and H2 local regularity of the numerical solution

Theorem 9 (H1 local regularity of the numerical solution). If

ψ0 P H
1 with }ψ0}H1 ďM1

then

}ψ1}H1 ď ea1τ}ψ0}H1

where a1 depends on M1.

Proof. Since ei
τ
2

∆ and e´iτF preserve L2, H
1, and H2 norm, we only need to bound

the H1 norm of e´iτV rφsφ for φ P H1, which is the solution at time τ of

i 9ν “ V rφsν, νp0q “ φ

Since V rφsν “ φφ ν , by Lemma 7, }V rφsν}H1 ď K1}φ}
2
H1}ν}H1 ď K1M

2
1 }ν}H1

Therefore,

}νpτq}H1 “ }e´iτV rφsφ}H1 ď eK1M2
1 τ}φ}H1 (5.14)

where the equality is obtained from the differential equation of ν and the inequality

is from the application of the Grönwall Inequality.

As a result,

}ψ1}H1 ď ea1τ}ψ0}H1

Theorem 10 (H2 local regularity of the numerical solution). If

ψ0 P H
2 with }ψ0}H2 ďM2

then

}ψ1}H2 ď ea2τ}ψ0}H2
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where a2 depends on M2.

Proof. We will use a similar procedure as above. Since ei
τ
2

∆ and e´iτF preserve

L2, H
1, and H2 norm, we only need to bound the H2 norm of e´iτV rφsφ for φ P H2,

which is the solution at time τ of

i 9ν “ V rφsν, νp0q “ φ

Since V rφsν “ φφ ν , by Lemma 8, }V rφsν}H2 ď K1}φ}
2
H2}ν}H2 ď K2M

2
2 }ν}H2

Therefore,

}νpτq}H2 “ }e´iτV rφsφ}H2 ď eK2M2
2 τ}φ}H2 (5.15)

where the equality is obtained from the differential equation of ν and the inequality

is from the application of the Grönwall Inequality.

As a result,

}ψ1}H2 ď ea2τ}ψ0}H2

5.4 L2, H
1 and H2 stability of the numerical solution

In this section, for ease of notation, we write the step of the Strang splitting scheme

as

ψn`1 “ Φτ pψnq

Theorem 11 (H1-conditional L2, H
1-stability). If φ, ψ P H1 with

}ψ}H1 ďM1, }φ}H1 ďM1,

then,

}Φτ pψq ´ Φτ pφq}L2 ď ecoτ}ψ ´ φ}L2

}Φτ pψq ´ Φτ pφq}H1 ď ec1τ}ψ ´ φ}H1
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where c0 and c1 depend on M1.

Proof. (L2 case) Since ei
τ
2

∆ and e´iτF preserves L2, H
1, and H2 norm, we only need

to compare between e´iτV rψsψ and e´iτV rφsφ and try to bound the difference with

}ψ ´ φ}L2 . Let us examine:

i 9ν “ V rψsν , νp0q “ ψ (5.16a)

i 9µ “ V rφsµ , µp0q “ φ (5.16b)

where }ψ}H1 ďM1 and }φ}H1 ďM1

The solutions to the linear equations (5.16a) and (5.16b) are of our particular interest.

We have:

V rψsν ´ V rφsµ “ |ψ|2ν ´ |φ|2µ

“ |ψ|2ν ´ |φ|2ν ` |φ|2ν ´ |φ|2µ

“ pψ ´ φqψν ` φpψ ´ φqν ` φφpν ´ µq

Taking the L2 norm of both sides and invoking Lemma 6, we obtain:

}V rψsν ´ V rφsµ}L2 ď K0}ψ ´ φ}L2}ψ}H1}ν}H1 `K0}ψ ´ φ}L2}φ}H1}ν}H1

`K0}φ}H1}φ}H1}ν ´ µ}L2

Notice, Lemma 6 is applicable since }ψ}H1 ď M1 , }φ}H1 ď M1 and by the H1

regularity of the numerical solution theorem, }νpτq}H1 ď ea1τ}ψ}H1 .

Applying the Gronwall Inequality to obtain:

}νptq ´ µptq}L2 ď }ψ ´ φ}L2e
şt
0K0M2

1 ds `

ż t

0

e
şt
0K0M2

1 ds´
şs
0K0M2

1 drK0}ψ ´ φ}L2M
2
1 e

a1sds

“ }ψ ´ φ}L2

„

eK0M2
1 t ` eK0M2

1 tK0M
2
1

ż t

0

e´K0M2
1 sea1sds


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“ }ψ ´ φ}L2 e
K0M2

1 t

«

1`K0M
2
1

˜

epa1´K0M2
1 qt ´ 1

a1 ´K0M2
1

¸ff

loooooooooooooooooooomoooooooooooooooooooon

p˚q

(5.17)

p˚q “
a1 ´ 2K0M

2
1

a1 ´K0M2
1

`
K0M

2
1

a1 ´K0M2
1

epa1´K0M2
1 qt

“
a1 ´ 2K0M

2
1

a1 ´K0M2
1

`
K0M

2
1

a1 ´K0M2
1

`
K0M

2
1

a1 ´K0M2
1

pa1 ´K0M
2
1 qt

`
K0M

2
1

a1 ´K0M2
1

pa1 ´K0M
2
1 q

2t2

2
`

K0M
2
1

a1 ´K0M2
1

pa1 ´K0M
3
1 q

2t3

3!
` ...

“ 1`K0M
2
1 t`K0M

2
1 pa1 ´K0M

2
1 q
t2

2
`K0M

2
1 pa1 ´K0M

2
1 q

2 t
3

3!
` ...

ď 1`K0M
2
1 pa1 ´K0M

2
1 q t` pK0M

2
1 q

2
pa1 ´K0M

2
1 q

2 t
2

2

` pK0M
2
1 q

3
pa1 ´K0M

2
1 q

3 t
3

3!
` ...

“ eK0M2
1 pa1´K0M2

1 q t

The second equality is obtained from using the exponential Taylor expansion. The

third equality is obtained from multiplying the previous terms with pa1´K0M
2
1 q and

collecting terms. The inequality is obtained by multiplying the ith term (i ‰ 1) of

the previous expression by pK0M
2
1 q
pi´2qpa1 ´K0M

2
1 q.

Note that we could always pick K0 and K1 such that

K0M
2
1 ě 1 and K0M

2
1 pa1 ´K0M

2
1 q ě 1

Inserting the result of p˚q into 5.17 to obtain

}νptq ´ µptq}L2 ď }ψ ´ φ}L2e
K0M2

1 teK0M2
1 pa1´K0M2

1 q t

ñ }νpτq ´ µpτq}L2 ď ec0τ}ψ ´ φ}L2 where c0 only depends on M1
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which is the desired result.

(H1 case) The case for the H1 bound, using Lemma 7, we have:

}V rψsν ´ V rφsµ}H1 ď K1}ψ ´ φ}H1}ψ}H1}ν}H1 `K1}ψ ´ φ}H1}φ}H1}ν}H1

`K1}φ}H1}φ}H1}ν ´ µ}H1

Applying the same procedure, we will have the desired H1-stability.

Theorem 12 (H2-conditional H2-stability). If φ, ψ P H2 with

}ψ}H2 ďM2, }φ}H2 ďM2,

then

}Φτ pψq ´ Φτ pφq}H2 ď ec2τ}ψ ´ φ}H2

where c2 depends on M2.

Proof. Using Lemma 8 to obtain

}V rψsθ ´ V rφsη}H2 ď K2}ψ ´ φ}H2}ψ}H2}θ}H2 `K2}ψ ´ φ}H2}φ}H2}θ}H2

`K2}φ}H2}φ}H2}θ ´ η}H2

then using the same procedure as the previous proof and invoking the H2 regularity

of the numerical solution theorem to arrive at the desired result.

5.5 Local error in H1 and L2

In this section, we establish the error bounds in H1 and L2 after one time step.

Theorem 13 (Local error in H1). If ψ0 P H
5 with }ψ0}H5 ď M5, then the error

after one step of the Strang splitting method (5.4) is bounded in the H1 norm by

}ψ1 ´ ψpτq}H1 ď C5τ
2,

where C5 depends on m5.
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Proof. Recall vector fields Â, B̂, and Ĥ “ Â ` B̂. System (5.1) can be rewritten in

the Lie derivative notations as:

9ψ “ Ĥpψq “ Âpψq ` B̂pψq , with ψpt “ 0q “ ψ0.

The solution is given by the exact evolution:

ψpτq “ exppτDHqIdpψ0q

Use the nonlinear variation of constants formula (5.13) to obtain:

ψpτq “ exppτDHqIdpψ0q

“ exppτDBqIdpψ0q `

ż τ

0

expppτ ´ sqDHqDA exppsDBqIdpψ0qds

Invoke the formula one more time to the expppτ ´ sqDHq term:

ψpτq “ exppτDBqIdpψ0q `

ż τ

0

expppτ ´ sqDBqDA exppsDBqIdpψ0qds

`

ż τ

0

ż τ´s

0

expppτ ´ s´ σqDHqDA exppσDBqDA exppsDBqIdpψ0qdσds
loooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooon

r1

(5.18)

This formula expresses the exact evolution of the original system (5.1) after one time

step τ . Next, we formulate the expression for the numerical solution after one time

step. Follow the steps described in (5.4) and the notations of Lie derivatives, we

have:

ψ1 “ exp
´τ

2
DB

¯

exppτDAqexp
´τ

2
DB

¯

Idpψ0q
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First, expand exppτDAq in Taylor series with remainder term:

exppτDAq “ I ` τDA ` r

where r “ τ 2

ż 1

0

p1´ θq exppθτDAqD
2
A dθ

(5.19)

Inserting (5.19) into ψ1 to obtain:

ψ1 “ exp
´τ

2
DB

¯

rI ` τDA ` rs exp
´τ

2
DB

¯

Idpψ0q

“ exppτDBqIdpψ0q ` τexp
´τ

2
DB

¯

DAexp
´τ

2
DB

¯

Idpψ0q ` r2

(5.20)

where

r2 “ τ 2exp
´τ

2
DB

¯

„
ż 1

0

p1´ θqexppθτDAqD
2
Adθ



exp
´τ

2
DB

¯

Idpψ0q

“ τ 2

ż 1

0

p1´ θqexp
´τ

2
DB

¯

exppθτDAqD
2
Aexp

´τ

2
DB

¯

Idpψ0qdθ

Therefore, the local error becomes:

ψ1 ´ ψpτq “ exppτDBqIdpψ0q ` τexp
´τ

2
DB

¯

DAexp
´τ

2
DB

¯

Idpψ0q ` r2

´ exppτDBqIdpψ0q ´

ż τ

0

expppτ ´ sqDBqDA exppsDBqIdpψ0qds´ r1

“ τexp
´τ

2
DB

¯

DAexp
´τ

2
DB

¯

Idpψ0q ´

ż τ

0

expppτ ´ sqDBqDA exppsDBqIdpψ0qds
looooooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooooon

1©

` pr2 ´ r1q
looomooon

2©
(5.21)

To bound 1©, let

fpsq “ expppτ ´ sqDBqDAexppsDBqIdpψ0q (5.22)
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so

f
´τ

2

¯

“ exp
´τ

2
DB

¯

DAexp
´τ

2
DB

¯

Idpψ0q

1© “ τf
´τ

2

¯

´

ż τ

0

fpsqds “

ż τ

0

f
´τ

2

¯

ds´

ż τ

0

fpsqds

which implies we are using the mid-point rule to estimate 1©.

Bounding the above quantity requires invoking the Peano kernel theorem. Recall the

Taylor expansion with remainer, for p P Ck`1r0, T s

pptq “ pp0q ` tp1p0q `
t2

2!
p2p0q ` ...`

tk

k!
ppkqp0q `

1

k!

ż t

0

pt´ θqkppk`1q
pθqdθ

This formula produces an expression for the error that depends on ppk`1qpθq and this

is the basis for the Peano kernel theorem.

The Peano kernel is defined as the integral kernels of the linear transformation L :

Ck`1r0, ts Ñ R such that

Lppq “ L

#

p´
k
ÿ

j“0

ppjqp0q

j!
tj

+

“
1

k!
L

"
ż t

0

pt´ θqkppk`1q
pθqdθ

*

Note that Lppq “ 0 for any polynominal p of degree k. Let

pt´ θqk` :“

#

pt´ θqk , t ě θ

0 , t ď θ

Lppq can then be rewritten using the new notations as

Lppq “
1

k!
L

"
ż T

0

pt´ θqk`p
pk`1q

pθqdθ

*

Now let Kkpθq :“ Lrpt´θqk`s for t P r0, T s; now K is independent of p. This function

K is called the Peano kernel of L. Note also that we need L to commute with
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integration. We obtain

Lppq “
1

k!

ż T

0

Kkpθqp
pk`1q

pθqdθ

Apply the result to 1© with p “

ż τ

0

f , we have:

1© “

ż τ

0

K1psqf
1
psqds (5.23)

Use change of variables with θ “ s{τ to obtain:

1© “ τ

ż 1

0

K1pτθqf
1
pθτqdθ “ τ 2

ż 1

0

K1pθqf
1
pθτqdθ (5.24)

The expression (5.24) is called the first-order Peano form of 1©.

We also have:

τf
´τ

2

¯

`

ż τ

0

f 1
´τ

2

¯

ps´ τ{2qds
looooooooooooomooooooooooooon

“0

´

ż τ

0

fpsqds “
1

2!

ż τ

0

K2psqf
2
psqds

Do a similar change of variable and use the linear property of K2 to obtain

1© “ τ 3

ż 1

0

K2pθqf
2
pθτqdθ (5.25)

The expression (5.25) is called the second-order Peano form of 1©.

Before applying (5.24) to bound 1©, we examine f 1psq for f given in (5.22). Using

the product rule of derivatives, the definition of Lie commutator, the fact that an
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operator commutes with its function, and (5.12), we have:

f 1psq “ expppτ ´ sqDBqp´DBDA `DADBqexppsDBqIdpψ0q

“ expppτ ´ sqDBqrDA, DBsexppsDBqIdpψ0q

“ expppτ ´ sqDBqDrB̂,ÂsexppsDBqIdpψ0q

“

´

D
rB̂,ÂsexppsDBq

¯

pexpp´ipτ ´ sqF qψ0q

“ expp´isF q rB̂, Âs expp´ipτ ´ sqF qψ0

The penultimate equality follows from (5.11) and the last equality follows from (5.10).

Since expp´isF q preserves H1 norm, we have

}f 1psq}H1 ď }rB̂, Âsψ0}H1 ď CpM3q where }ψ0}H3 ďM3

where the last inequality follows from the bounds for rB,Aspψq in (5.7).

Now, followed from the first-order Peano kernel, the norm of 1© becomes

} 1©}H1 “

›

›

›

›

τ 2

ż 1

0

K1pθqf
1
pθτqdθ

›

›

›

›

H1

ď

›

›

›

›

max
θ
|f 1pθτq| τ 2

ż 1

0

K1pθqdθ

›

›

›

›

H1

ď Cτ 2
›

›

›
max
θ
|f 1pθτq|

›

›

›

H1

Therefore,

} 1©}H1 ď Cτ 2 (5.26)

where C depends on M3

Next, to bound 2© where 2© “ r2 ´ r1. We have:

} 2©}H1 ď }r2}H1 ` }r1}H1
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a) Since

r2 “ τ 2

ż 1

0

p1´ θqexp
´τ

2
DB

¯

exppθτDAqD
2
Aexp

´τ

2
DB

¯

Idpψ0qdθ

The bound for r2 depends on the bound of the Lie derivatives expression under the

integral. Using (5.10) and (5.11) to examine:

exp
´τ

2
DB

¯

exppθτDAqD
2
Aexp

´τ

2
DB

¯

Idpψ0q

“

´

exppθτDAqD
2
Aexp

´τ

2
DB

¯¯´

exp
´

´i
τ

2
F
¯

ψ0

¯

“

´

DADAexp
´τ

2
DB

¯¯

ˆ

expp´iθτV rφXsqφX
exp

`

i τθ
2

∆
˘

φC

˙

where φ “ exp
´

´i
τ

2
F
¯

ψ0

“

´

DAexp
´τ

2
DB

¯¯1

pηqÂpηq where η “

ˆ

expp´iθτV rφXsqφX
exp

`

i τθ
2

∆
˘

φC

˙

“ exp
´

´i
τ

2
F
¯

Â1pηqÂpηq

Therefore,

›

›

›
exp

´τ

2
DB

¯

exppθτDAqD
2
Aexp

´τ

2
DB

¯

pψ0q

›

›

›

H1
ď

›

›

›
Â1pηqÂpηq

›

›

›

H1

Use the derived formula (5.6) for Â1pηqÂpηq together with the following observations:

}φ}H1,H5 “ }ψ0}H1,H5 since exp
´

´i
τ

2
F
¯

preserves the Hk norm.

}ηX}H1 ď ecpM1qθτ}φX}H1 due to Theorem 9

}ηC}H5 “ }φC}H5 since exp

ˆ

i
τθ

2
∆

˙

preserves the H5 norm.

We bound:

›

›

›
Â1pηqÂpηq

›

›

›

H1
ď

ˆ

C}ηX}
2
H1}ÂpηqX}H1

C}ÂpηqC}H3

˙

ď

ˆ

C}ηX}
5
H1

C}ηC}H5

˙

ď CpM5q
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Therefore,

}r2}H1 ď Cτ 2
›

›

›
max
θ

´

exp
´τ

2
DB

¯

exppθτDAqD
2
Aexp

´τ

2
DB

¯

Idpψ0q

¯
›

›

›

H1

ď CpM5qτ
2

b) Since

r1 “

ż τ

0

ż τ´s

0

expppτ ´ s´ σq
loooomoooon

ρ

DHqDA exppσDBqDA exppsDBqIdpψ0qdσds,

the bound for r1 depends on the bound for the Lie derivatives expression under the

integral.

exppρDHqDA exppσDBqDA exppsDBqIdpψ0q

“ pDA exppσDBqDA exppsDBqq pψpρqq

“ pexppσDBqDA exppsDBqq
1
pψpρqqÂpψpρqq

p˚q
“ expp´isF qÂ1 pexpp´iσF qψpρqq expp´iσF qÂpψpρqq

where ψpρq is the sol to 9ψ “ Hpψq at time ρ.

We provide a short derivation for (*)

pexppσDBqDA exppsDBqqpψpρqq “ pDA exppsDBqqpexpp´iσF qψpρqq

“ expp´isF qÂpexpp´iσF qψpρqq (5.27)

Therefore,

pexppσDBqDA exppsDBqq
1
pψpρqq “ expp´isF qÂ1pexpp´iσF qψpρqq expp´iσF q

The expression under the integral in r1 can be bounded as

}exppρDHqDA exppσDBqDA exppsDBqIdpψ0q}H1 ď }Â1pψpρqqÂpψpρqq}H1 ď Cpm5q
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The bound for r1 then becomes:

}r1}H1 ď }max pexppρDHqDA exppσDBqDA exppsDBqIdpψ0qq}H1

ż τ

0

ż τ´s

0

dσds

ď Cpm5qτ
2

where max in the first inequality was taken over the triangle {0 ď σ ď τ ´ s, 0 ď

s ď τ}.

Therefore,

} 2©}H1 ď Cpm5qτ
2 (5.28)

Combine (5.21), (5.26), and (5.28), we prove the local error in the H1 norm is of

second order in time.

Theorem 14 (Local error in L2). If ψ0 P H
6 with }ψ0}H6 ďM6, then the error after

one step of the Strang splitting method (5.4) is bounded in the L2 norm by

}ψ1 ´ ψpτq}L2 ď C6τ
3,

where C6 depends on m6.

Proof. Recall the local error after one time step:

ψ1 ´ ψpτq

“ τexp
´τ

2
DB

¯

DAexp
´τ

2
DB

¯

Idpψ0q ´

ż τ

0

expppτ ´ sqDBqDA exppsDBqIdpψ0qds
looooooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooooon

1©

` pr2 ´ r1q
looomooon

2©
(5.29)

1© and 2© need to be bounded in the L2 norm.
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Use the second-order Peano form of f :

τf
´τ

2

¯

´

ż τ

0

fpsqds “ τ 3

ż 1

0

K2pθqf
2
pθτqdθ

We compute f2psq and bound it in L2 so that the quadrature error 1© is of order τ 3.

Using the product rule of derivatives, the definition of Lie commutator, the fact that

an operator commutes with its function, and (5.12), we have:

f2psq “ expppτ ´ sqDBq
“

´DBDrB,As `DrB,AsDB

‰

exppsDBqIdpψ0q

“ expppτ ´ sqDBqDrB,rB,Ass exppsDBqIdpψ0q

“
`

DrB,rB,Ass exppsDBq
˘

pexpp´ipτ ´ sqF qψ0q

“ expp´isF q rB̂, rB̂, Âss expp´ipτ ´ sqF qψ0

The penultimate equality follows from (5.11) and the last equality follows from (5.10).

Since expp´isF q preserves the L2 norm, we have

}f2psq}L2 ď } rB̂, rB̂, Âssψ0 }L2 ď CpM2q where }ψ0}H2 ďM2

where the last inequality follows from Eqn. (5.9).

Therefore,

} 1©}L2 ď

›

›

›

›

τ 3

ż 1

0

K2pθqf
2
pθτqdθ

›

›

›

›

L2

ď

›

›

›

›

max
θ
|f2pθτq| τ 3

ż 1

0

K2pθqdθ

›

›

›

›

L2

ď Cτ 3 where C “ CpM2q (5.30)

Next, we proceed to bound 2© in the L2 norm in the form of Cτ 3.

Consider the function

gps, σq “ expppτ ´ s´ σqDBqDA exppσDBqDA exppsDBqIdpψ0q

70



g
`

τ
2
, 0
˘

“ exp
`

τ
2
DB

˘

D2
A exp

`

τ
2
DB

˘

Idpψ0q

Also, the Taylor formula with remainder gives:

exppθτDAq “ I ` θτDA

ż 1

0

exppξθτDAqdξ (5.31)

Insert (5.31) into the expression of r2, we have

r2 “ τ 2

ż 1

0

p1´ θq exp
´τ

2
DB

¯

ˆ

I ` θτDA

ż 1

0

exppξθτDAqdξ

˙

D2
A exp

´τ

2
DB

¯

Idpψ0qdθ

“ τ 2

ż 1

0

p1´ θq exp
´τ

2
DB

¯

D2
A exp

´τ

2
DB

¯

Idpψ0qdθ
loooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooon

τ2

2
gp τ2 ,0q

(5.32)

` τ 3

ż 1

0

ż 1

0

θp1´ θq exp
´τ

2
DB

¯

exppξθτDAqD
3
A exp

´τ

2
DB

¯

Idpψ0qdξdθ
looooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooon

r̃2

Apply the nonlinear variation of constants formula (5.13) to the integrand under r1,

we obtain:

expppτ ´ s´ σqDHqDA exppσDBqDA exppsDBqIdpψ0q

“ expppτ ´ s´ σqDBqDA exppσDBqDA exppsDBqIdpψ0q

`

ż τ´s´σ

0

expppτ ´ s´ σ ´ ζqDHqDA exppζDBqDA exppσDBqDA exppsDBqIdpψ0qdζ

Therefore,

r1 “

ż τ

0

ż τ´s

0

expppτ ´ s´ σqDBqDA exppσDBqDA exppsDBqIdpψ0qdσ ds
loooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooon

şτ
0

şτ´s
0 gps,σqdσ ds

(5.33)

`

ż τ

0

ż τ´s

0

ż τ´s´σ

0

exppΩDHqDA exppζDBqDA exppσDBqDA exppsDBqIdpψ0qdζ dσ ds
looooooooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooooooon

r̃1

71



where Ω “ τ ´ s´ σ ´ ζ.

Combine (5.32) and (5.33) to obtain:

r2 ´ r1 “
τ 2

2
g
´τ

2
, 0
¯

´

ż τ

0

ż τ´s

0

gps, σqdσ ds
looooooooooooooooooooomooooooooooooooooooooon

quadrature error

` r̃2 ´ r̃1

a) To bound the quadrature error, we use the same procedure as in the bound of the

local error in H1.

τ 2

2
g
´τ

2
, 0
¯

´

ż τ

0

ż τ´s

0

gps, σqdσ ds ď Cτ 3

ˆ

max

ˇ

ˇ

ˇ

ˇ

Bg

Bs
ps, σq

ˇ

ˇ

ˇ

ˇ

`max

ˇ

ˇ

ˇ

ˇ

Bg

Bσ
ps, σq

ˇ

ˇ

ˇ

ˇ

˙

where max is taken over the triangle t0 ď σ ď τ ´ s, 0 ď s ď τu.

Using the product rule of derivative, the fact that an operator commutes with its

function, and the definition of Lie commutator, we have:

Bg

Bs
“ expppτ ´ s´ σqDBqrDA, DBs exppσDBqDA exppsDBqIdpψ0q

` expppτ ´ s´ σqDBqDA exppσDBqrDA, DBs exppsDBqIdpψ0q

“ expppτ ´ s´ σqDBqDrB̂,Âs exppσDBqDA exppsDBqIdpψ0q

` expppτ ´ s´ σqDBqDA exppσDBqDrB̂,Âs exppsDBqIdpψ0q

Therefore, the L2 norm of Bg{Bs can be bounded by:

›

›

›

›

Bg

Bs

›

›

›

›

L2

ď

›

›

›

›

›

›

›

expppτ ´ s´ σqDBqDrB̂,Âs exppσDBqDA exppsDBqIdpψ0q
looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

1˚

›

›

›

›

›

›

›

L2

`

›

›

›

›

›

›

›

expppτ ´ s´ σqDBqDA exppσDBqDrB̂,Âs exppsDBqIdpψ0q
looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

2˚

›

›

›

›

›

›

›

L2
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Similarly,

Bg

Bσ
“ expppτ ´ s´ σqDBqDrB̂,Âs exppσDBqDA exppsDBqIdpψ0q

ñ

›

›

›

›

Bg

Bσ

›

›

›

›

L2

ď

›

›

›
expppτ ´ s´ σqDBqDrB̂,Âs exppσDBqDA exppsDBqIdpψ0q

›

›

›

L2

“ }p1˚q}L2

As a result, the quadrature error bound depends on the bounds of (1*) and (2*).

p1˚q “ expppτ ´ s´ σqDBqDrB̂,Âs exppσDBqDA exppsDBqIdpψ0q

“

´

D
rB̂,Âs exppσDBqDA exppsDBq

¯

pexpp´ipτ ´ s´ σqF qψ0q

“ pexppσDBqDA exppsDBqq
1
pξqrB̂, Âspξq where ξ “ expp´ipτ ´ s´ σqF qψ0

“ expp´isF qÂ1 pexpp´iσF qξq expp´iσF qrB̂, Âspξq

where the second equality follows from (5.11), the third equality follows from (5.10),

and the last equality follows from (5.27).

The L2 bound for (1*) is then given by:

}p1˚q}L2 “

›

›

›
expp´isF qÂ1 pexpp´iσF qξq expp´iσF qrB̂, Âspξq

›

›

›

L2

ď

›

›

›
Â1pξqrB̂, Âspξq

›

›

›

L2

ď

›

›

›
Â1pψ0qrB̂, Âsψ0

›

›

›

L2

ď

ˆ

C}ψ0X}
2
H1}prB̂, Âsψ0qX}L2

C}prB̂, Âsψ0qC}H2

˙

ď CpM4q

where the penultimate inequality follows from (5.6) and the last inequality follows

from (5.7).

Next, we analyze (2*):

p2˚q “ expppτ ´ s´ σqDBqDA exppσDBqDrB̂,Âs exppsDBqIdpψ0q

“

´

DA exppσDBqDrB̂,Âs exppsDBq

¯

pexpp´ipτ ´ s´ σqF qψ0q

“

´

exppσDBqDrB̂,Âs exppsDBq

¯1

pξqÂpξq
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“ expp´isF qrB̂, Âs1pexpp´iσF qξq expp´iσF qÂpξq

where the second equality follows from (5.11), the third equality follows from (5.10),

and the last equality follows from (5.27).

The L2 bound for (2*) is then given by:

}p2˚q}L2 “

›

›

›
expp´isF qrB̂, Âs1pexpp´iσF qξq expp´iσF qÂpξq

›

›

›

L2

ď

›

›

›
rB̂, Âs1pψ0qÂpψ0q

›

›

›

L2

ď

˜

CpM1q

´

}pÂpψ0qqX}L2 ` }pÂpψ0qqC}L2

¯

` C}pÂpψ0qqC}H2

CpM1q}pÂpψ0qqX}L2 ` C}pÂpψ0qqX}H2

¸

ď CpM4q

where the penultimate inequality follows from (5.8) and the last inequality follows

from the definition of Â.

Therefore, the quadrature error is bounded in L2 by CpM4qτ
3

›

›

›

›

τ 2

2
g
´τ

2
, 0
¯

´

ż τ

0

ż τ´s

0

gps, σqdσ ds

›

›

›

›

L2

ď CpM4qτ
3 (5.34)

b) Before diving into bounding r̃2 ´ r̃1, we prove three formulae to be used in later

computations.

Formula 1

pexppσDBqDA exppsDBqq pexpp´iζF qψpΩqq

“ pDA exppsDBqq pexpp´ipσ ` ζqF qψpΩqq

“ expp´isF qÂ pexpp´ipσ ` ζqF qψpΩqq

Therefore,

pexppσDBqDA exppsDBqq
1
pexpp´iζF qψpΩqq
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“ expp´isF qÂ pexpp´ipσ ` ζqF qψpΩqq expp´iσF q

Formula 2

pexppζDBqDA exppσDBqDA exppsDBqq pψpΩqq

“ pDA exppσDBqDA exppsDBqq pexpp´iζF qψpΩqq

“ pexppσDBqDA exppsDBqq
1
pexpp´iζF qψpΩqq Â pexpp´iζF qψpΩqq

F1
“ expp´isF qÂ1 pexpp´ipσ ` ζqF qψpΩqq expp´iσF qÂ pexpp´iζF qψpΩqq

Therefore,

pexppζDBqDA exppσDBqDA exppsDBqq
1
pψpΩqq

“ expp´isF qÂ1 pexpp´ipσ ` ζqF qψpΩqq expp´iσF qÂ pexpp´iζF qψpΩqq expp´iζF q

Formula 3
´

DADA exp
´τ

2
DB

¯¯

pβq “
´

DA exp
´τ

2
DB

¯¯1

pβqÂpβq

“ exp
´

´i
τ

2
F
¯

Â1pβqÂpβq

Therefore,

´

DADA exp
´τ

2
DB

¯¯1

pβqÂpβq “ exp
´

´i
τ

2
F
¯

Â1pβqÂ1pβqÂpβq

Now we are ready to bound r̃2 ´ r̃1, }r̃2 ´ r̃1}L2 ď }r̃2}L2 ` }r̃1}L2

r̃2 “ τ 3

ż 1

0

ż 1

0

θp1´ θq exp
´τ

2
DB

¯

exppξθτDAqD
3
A exp

´τ

2
DB

¯

Idpψ0qdξdθ

The bound for r̃2 depends on the bound for the Lie derivatives expression under the

integral

exp
´τ

2
DB

¯

exppξθτDAqD
3
A exp

´τ

2
DB

¯

Idpψ0q
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“

´

exppξθτDAqD
3
A exp

´τ

2
DB

¯¯´

exp
´

´i
τ

2
F
¯

ψ0

¯

“

´

D3
A exp

´τ

2
DB

¯¯

ˆ

expp´iξθτ |αX |
2qαX

exp
`

i ξθτ
2

∆
˘

αC

˙

where α “ exp
´

´i
τ

2
F
¯

ψ0

“

´

DADADA exp
´τ

2
DB

¯¯

pβq where β “

ˆ

expp´iξθτ |αX |
2qαX

exp
`

i ξθτ
2

∆
˘

αC

˙

“

´

DADA exp
´τ

2
DB

¯¯1

pβqÂpβq

“ exp
´

´i
τ

2
F
¯

Â1pβqÂ1pβqÂpβq

where the last equality follows from Formula 3. Therefore,

›

›

›
exp

´τ

2
DB

¯

exppξθτDAqD
3
A exp

´τ

2
DB

¯

Idpψ0q

›

›

›

L2

ď

›

›

›
Â1pβqÂ1pβqÂpβq

›

›

›

L2

ď

ˆ

C}βX}
2
H1}pÂ1pβqÂpβqqX}L2

C}pÂ1pβqÂpβqqC}H2

˙

ď

ˆ

C}βX}
2
H1C}βX}

2
H1}pÂpβqqX}L2

}CpÂpβqqC}H4

˙

ď CpM6q

where the second and third inequalities follow from (5.6) and the last inequality

follows from the definition of A.

The bound for r̃2 becomes

}r̃2}L2 ď Cτ 3
›

›

›
max
θ

ˇ

ˇ

ˇ
exp

´τ

2
DB

¯

exppξθτDAqD
3
A exp

´τ

2
DB

¯

Idpψ0q

ˇ

ˇ

ˇ

›

›

›

L2

ď CpM6qτ
3 (5.35)

Next, we proceed to bound r̃1

r̃1 “

ż τ

0

ż τ´s

0

ż τ´s´σ

0

exppΩDHqDA exppζDBqDA exppσDBqDA exppsDBqIdpψ0qdζ dσ ds

where Ω “ τ ´ s´ σ ´ ζ.
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The bound for r̃1 depends on the bound for the Lie derivatives expression under the

integral

exppΩDHqDA exppζDBqDA exppσDBqDA exppsDBqIdpψ0q

“ pDA exppζDBqDA exppσDBqDA exppsDBqq pψpΩqq

“ pexppζDBqDA exppσDBqDA exppsDBqq
1
pψpΩqqÂpψpΩqq

“ expp´isF qÂ1 pexpp´ipσ ` ζqF qψpΩqq expp´iσF qÂ pexpp´iζF qψpΩqq expp´iζF qÂpψpΩqq

where the last equality follows from Formula 2.

Therefore,

}exppΩDHqDA exppζDBqDA exppσDBqDA exppsDBqIdpψ0q}L2

ď

›

›

›
Â1pψpΩqqÂ1pψpΩqqÂpψpΩqq

›

›

›

L2

ď Cpm6q

The derivation of the bound is similar to the case for r̃2 and we require the solution

to the original system to be in H6.

Therefore,

}r̃1}L2 ď Cτ 3
}max pexppΩDHqDA exppζDBqDA exppσDBqDA exppsDBqIdpψ0qq}L2

“ Cpm6qτ
3 (5.36)

where max was taken over the region t0 ď ζ ď τ ´ s´ σ; 0 ď σ ď τ ´ s; 0 ď s ď τu.

Combine (5.29), (5.30), (5.34), (5.35), and (5.36), we finally obtain the L2 local error

bound

}ψ1 ´ ψpτq}L2 ď Cpm6qτ
3
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5.6 Global error in H1 and L2 norm

Theorem 15 (Global error in H1 and L2). Suppose that the exact solution ψptq

to the polariton system of equations is in H6 for 0 ď t ď T . Then, the numerical

solution ψn given by the Strang splitting scheme (5.4) has a first order error bound

in H1 and a second order error bound in L2, given a sufficiently small τ ,

}ψn ´ ψptnq}H1 ď Cpm5, T q τ

}ψn ´ ψptnq}L2 ď Cpm6, T q τ
2

for tn “ nτ ď T

Proof. a. (H1 case) In the H1-conditional H1-stability theorem, assume we can pick

an M̄ such that }ψ}H1 , }φ}H1 ď M̄ .

By the H1 local error theorem, }ψ1 ´ ψpτq}H1 ď c5pm5qτ
2.

ñ }ψ1}H1 ď m5 ` c5τ
2 ď M̄ . Notice we can pick τ small enough to guarantee this

inequality.
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For the second step,

}ψ2}H1 ď }ψp2τq}H1 ` e2 ` }ψ2 ´ Φτ pψpτqq}H1

ď m5 ` c5τ
2
` ecpM̄qτ c5τ

2

“ m5 ` c5τ
2
´

1` ecpM̄qτ
¯

ď M̄

Similarly,

}ψ3}H1 ď }ψp3τq}H1 ` e3 ` }Φτ pψp2τqq ´ Φτ pΦτ pψpτqqq}H1 ` }Φτ pΦτ pψpτqqq ´ ψ3}H1

ď m5 ` c5τ
2
` ecpM̄qτc5τ

2
` ecpM̄qτecpM̄qτc5τ

2

“ m5 ` c5τ
2
´

1` ecpM̄qτ ` e2cpM̄qτ
¯

ď M̄

At the final time T ,

}ψn}H1 ď m5 ` c5τ
2
´

1` ecpM̄qτ ` ...` ecpM̄qpn´1qτ
¯

ď m5 ` c5τ
2 e

cpM̄qnτ ´ 1

ecpM̄qτ ´ 1

“ m5 ` c5τ
2 e

cpM̄qT ´ 1

ecpM̄qτ ´ 1

Expanding the denominator using the Taylor series of exponential gives

ecpM̄qτ ´ 1 “ cpM̄qτ `
pcpM̄qτq2

2
` ...

where each term is greater than zero. Therefore,

}ψn}H1 ď m5 ` c5τ
2 e

cpM̄qT ´ 1

cpM̄qτ

ď m5 ` c5τ
2 e

cpM̄qT

cpM̄qτ
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ď m5 ` cpm5, T qτ

As a result,

}ψn ´ ψpnτq}H1 ď cpm5, T qτ

Notice that we have used the a priori assumption method, given a final time T , we

can pick an M̄ s.t. the hypothesis of the stability theorem holds, then we pick τ

small enough to ensure the regularity of ψn. Global error in H1 of the numerical

solution then follows as a result.

b. (L2 case) By the L2 local error theorem, }ψ1 ´ ψpτq}L2 ď c6pm6qτ
3.

Applying the H1-conditional L2-stability theorem, together with the H1 global error

result, we have:

}ψ2 ´ ψp2τq}L2 ď e2 ` }ψ2 ´ Φτ pψpτqq}L2

ď c6τ
3
` ecpM̄qτc6τ

3

Similarly,

}ψn ´ ψpnτq}L2 ď c6τ
3
´

1` ecpM̄qτ ` ...` ecpM̄qpn´1qτ
¯

ď c6τ
3 e

cpM̄qnτ ´ 1

ecpM̄qτ ´ 1

ď cpm6, T qτ
2
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6

Numerical results

The Strang splitting method given in (5.4) for the exciton polariton system (we

repeat here for convenience):

ψ´n`1{2 “ exp

ˆ

´i

„

ωX γ
γ ωC



τ

2

˙

ψn (6.1a)

ψ`n`1{2 “

«

e´iτV rpψ
´

n`1{2
qX s 0

0 ei
τ
2

∆

ff

ψ´n`1{2 (6.1b)

ψn`1 “ exp

ˆ

´i

„

ωX γ
γ ωC



τ

2

˙

ψ`n`1{2 (6.1c)

where ψ´n`1{2 and ψ`n`1{2 are results of the intermediate steps; pψ´n`1{2qX is the x

component of the vector ψ´n`1{2 , and V r¨s “ | ¨ |2.

6.1 Setups

Let us consider bright solitons ψX,C “ φX,C e
´iωt in band (2.1) and (2.2) as initial

conditions.

We scale the x and t domains by δ “ 0.1 to be able to observe small changes in the
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system as time progresses. The resulting x-domain is p´2π, 2πs. We acknowledge

that the true spatial domain of the bright soliton is p´8,8q but in order to make

it numerically possible, we terminate the tails with values of φX,C at approximately

10´10, then employ the Fourier pseudo-spectral method to progress the system in

step (6.1b) with periodic boundary conditions.

We choose the time step size τ “ 5e ´ 5 and the number of spatial grid points

Nx “ 1280, which makes ∆x “ 9.8e´ 3.

The choices of parameters for the bright soliton in band (2.1) are: ωX “ 0.45, ωC “

0.6, g “ ´1, γ “ 0.4, and ω “ 1.

The choices of parameters for the bright soliton in band (2.2) are: ωX “ 0.08, ωC “

0.05, g “ ´1, γ “ 0.05, and ω “ 1.

Recall the theoretically conserved quantity (2.2)

M “

ż

`

|ψX |
2
` |ψC |

2
˘

dx,

checking the order of accuracy of M of the numerical results will facilitate the ob-

servation of any blow-ups.

6.2 Verification of the numerical error of the Strang splitting method

Using the bright soliton in band (2.1) described above, we run the Strang splitting

scheme up to time T “ 1. We want to verify the second order accuracy in the

L2-norm by choosing different time discretizations and compare the results to the

solution with Nt “ 20000 (which produces the aforementioned τ “ 5e ´ 5). In all

the cases, Nx is fixed at 1280.

The results are recorded in Table 6.1.

Table 6.1: L2 numerical error of the Strang splitting method (5.4) for a bright soliton
in band (2.1).
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Nt ψX L2 error ψC L2 error

1250 8.8104e-08 6.6809e-08
2500 2.1765e-08 1.6505e-08
5000 5.1822e-09 3.9297e-09
10000 1.0364e-09 7.8589e-10

At time T “ 1, M is accurate up to the order of 10´12. We also provide a log-log

plot of the errors against Nt in Figure 6.1.

Figure 6.1: Log-log plot of the L2 numerical error presented in Table 6.1.

We remark that there is also a different method to check for convergence of the

scheme in which space and time discretizations follow the relation:

τ “ cp∆xq2 for some constant c

The variations of τ and ∆x are such that c is fixed throughout the process. This

method is outside the scope of our work, see [27] and [28] for more detailed works

on the relation between space and time discretizations.
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6.3 Observation of orbital stability for bright soliton in band (2.1)

We are now ready to study the stability of the bright soliton described in Section 6.1.

We start with ψ̃X,Cpt, xq “ φ̃X,Cpxq expp´iωtq at t “ 0, i.e. ψ̃X,Cp0, xq “ φ̃X,Cpxq

with the spatially discretized φ̃X,Cpxq. We then use the Strang splitting method

(SSM) to evolve ψ̃p0, xq. Figure 6.2, 6.3, 6.4, 6.5, 6.6, and 6.7 show the evolution

of the real and imaginary parts of ψ̃Xp0, xq (top) and ψ̃Cp0, xq (bottom) at the final

time T “ 1; 2; 3.1; 4; 5; 6.2, respectively.

We then compare that with φ̃X,Cpxq expp´iωtq which is how the exact bright soliton

is supposed to progress. φ̃X,Cpxqe
´iωt revolve around the x-axis with a period of

ωt “ 2π. Figures 6.2, 6.3, 6.4, 6.5, 6.6, and 6.7 shows that ψ̃X,Cpxq also rotate

around the x-axis, but with a different period.

Figure 6.2: Evolution of ψ̃X,Cp0, xq at T “ 1.
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Figure 6.3: Evolution of ψ̃X,Cp0, xq at T “ 2.

Figure 6.4: Evolution of ψ̃X,Cp0, xq at T “ 3.1.
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Figure 6.5: Evolution of ψ̃X,Cp0, xq at T “ 4.

Figure 6.6: Evolution of ψ̃X,Cp0, xq at T “ 5.
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Figure 6.7: Evolution of ψ̃X,Cp0, xq at T “ 6.2.

We proceed to estimate the period of ψ̃X,C , which can be easily computed by plotting

}ψ̃X,Cpt, xq ´ ψ̃X,Cp0, xq}L2 against time t. Seven periods are shown in Figure 6.8.

ψ̃X,Cpt, xq take approximately 44.236 to complete seven periods, whereas φ̃X,Ce
´iωt

take 2π ˚ 7. Therefore, ψ̃X,C lag behind φ̃X,Ce
´iωt by approximately 0.0362 each

period. As a result, it will take about 2π{0.0362 periods for φ̃X,Ce
´iωt and ψ̃X,C to

meet for the first time, after t “ 0, which translates to approximately T “ 1090.

We plot }ψ̃X,Cpt, xq ´ φ̃X,Cp0, xqe
´iωt}L2 in Figure 6.9. The plots show that a period

is completed at approximately T “ 1070, which we can take as a sign of consistency

with the above result that the evolutions of ψ̃X,C lag behind the exact stationary

bright soliton. The maximum occurs at the time when ψ̃X,Cpt, xq and φ̃X,Ce
´iωt are

at antiphase.

Because of this lagging behavior, we can conclude that the exact bright soliton in

band (2.1) ψX,C does not have L2 stability. However, Figure 6.9 also shows an
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important behavior that we can find a time at which }ψ̃X,Cpt, xq ´ φ̃X,Ce
´iωt}L2 can

be made as small as we would like.

These numerical results validate our conjecture that the stationary bright soliton in

band (2.1) ψX,C possesses the orbital stability behavior.

To assess if all the behaviors mentioned above are actually the behaviors of the PDE

system or of the numerical code, we perform the following checks:

• Change the time discretization τ : the results stay the same.

• Refine the spatial discretization such that the initial bright soliton input is

closer to the exact bright soliton: we notice that the lag time is reduced in the

same order of reduction in ∆x.

Therefore, the closer the numerical bright soliton is to the exact soliton, the smaller

the lag time is, which further confirm our above results.

Figure 6.8: Time period of ψ̃X (top figure) and ψ̃C (bottom figure).
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Figure 6.9: }ψ̃Xpt, xq´ψ̃Xp0, xqe
´iωt}L2 (top) and }ψ̃Cpt, xq´ψ̃Cp0, xqe

´iωt}L2 (bot-
tom).

6.4 Observation of orbital stability for bright soliton in band (2.2)

We repeat the same procedure and observe that φ̃X,Cpxq also rotate around the x-

axis just like the one in band (2.1) (see Figures 6.10, 6.11, 6.12, 6.13, 6.14, and 6.15).

The lag time in this case is 0.0001, observed from Figure 6.16.
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Figure 6.10: Evolution of ψ̃X,Cp0, xq at T “ 1.

Figure 6.11: Evolution of ψ̃X,Cp0, xq at T “ 2.
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Figure 6.12: Evolution of ψ̃X,Cp0, xq at T “ 3.1.

Figure 6.13: Evolution of ψ̃X,Cp0, xq at T “ 4.
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Figure 6.14: Evolution of ψ̃X,Cp0, xq at T “ 5.

Figure 6.15: Evolution of ψ̃X,Cp0, xq at T “ 6.2.
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Figure 6.16: Time period of ψ̃X (top figure) and ψ̃C (bottom figure).

We again observe a similar result as in the base with band (2.1). The bright

soliton in band (2.2) shows no L2 stability, but it has orbital stability.
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Appendix A

Proofs

Derivation 1 By multiplying Eqn. (3.4a) by φ1C and Eqn. (3.4b) by γφ1X then

integrate, we turn the system of equations (3.4a, 3.4b) into one ODE in terms of φX

and φC :

´
1

4
φ12C ´

1

2
$Cφ

2
C ` γφXφC “

1

2
$Xφ

2
X ´

1

4
gφ4

X `
1

2
ε2φ12X `K (A.1)

for some constant of integration K.

Compute φ1C , φ
12
C , φ

2
C from Eqn. (3.4b)

φ1C “
1

γ

`

$Xφ
1
X ´ 3gφ2

Xφ
1
X ` ε

2φ3X
˘

φ12C “
1

γ2

“

φ12Xp$X ´ 3gφ2
Xq

2
` 2ε2φ1Xp$X ´ 3gφ2

Xqφ
3
X ` ε

4φ32
X

‰

(A.2)

φ2
C “

1

γ2

“

φ2
Xp$X ´ gφ

2
Xq

2
` 2ε2φXp$X ´ gφ

2
Xqφ

2
X ` ε

4φ22X
‰

,
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then substitute the results into Eqn. (A.1) to obtain:

´
1

4γ2

“

φ12Xp$X ´ 3gφ2
Xq

2
` 2ε2φ1Xp$X ´ 3gφ2

Xqφ
3
X ` ε

4φ32
X

‰

´
$C

2γ2

“

φ2
Xp$X ´ gφ

2
Xq

2
` 2ε2φXp$X ´ gφ

2
Xqφ

2
X ` ε

4φ22X
‰

` φ2
Xp$X ´ gφ

2
Xq ` ε

2φXφ
2
X “

1

2
$Xφ

2
X ´

1

4
gφ4

X `
1

2
ε2φ12X `K

(A.3)

thus yields the result.
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E. Giacobino, and A. Bramati. Superfluidity of polaritons in semiconductor
microcavities. Nature Physics, 5:805–810, 2009.

[17] W. Zhang and Y. Rao. Coupled polariton solitons in semiconductor microcavi-
ties with a double-well potential. Chaos, Solitons and Fractals, 45(4):373–377,
2012.

[18] S. Komineas, S. Shipman, and S. Venakides. Lossless polariton solitons. Physica
D, 316:43–56, 2016.

[19] S. Komineas, S. Shipman, and S. Venakides. Continuous and discontinuous dark
solitons in polariton condensates. Phys. Rev. B, 91:134503, Apr 2015.

[20] G. Strang. On the construction and comparison of difference schemes. SIAM J.
Numer. Anal., 5:506–517, 1968.

[21] Ch. Lubich. On splitting methods for schrödinger-poisson and cubic nonlinear
schrödinger equations. Mathematics of Computation, 77(264):2141–2153, 2008.

[22] J. Lu and J. Marzuola. Strang splitting methods for a quasilinear schrödinger
equation - convergence, instability and dynamics. Communications in Mathe-
matical Sciences, 13(5):1051–1074, 2015.

[23] R. Illner, P. Zweifel, and H. Lange. Global existence, uniqueness and asymptotic
behaviour of solutions of the wigner-poisson and schrödinger-poisson systems.
Mathematical Methods in the Applied Sciences, 17(5):349–376, 1994.

97



[24] S. Demirbas, A. Eden, and E. Kuz. Further regularity results for almost cu-
bic nonlinear schrödinger equation. Nonlinear Analysis: Theory, Methods and
Applications, 72(6):3112–3118, 2010.

[25] L. Baudouin, O. Kavian, and J. Puel. Regularity for a schrödinger equation
with singular potentials and application to bilinear optimal control. Journal of
Differential equations, 216(1):188–222, 2005.

[26] E. Hairer, S. Norsett, and G. Wanner. Solving Ordinary Differential Equation I:
Nonstiff Problems, volume 8 of Springer Series i Computational Mathematics.
Springer-Verlag, Berlin, 1987.

[27] E. Gaou, L. Gauckler, and C. Lubich. Plane wave stability of the split-step
fourier method for the nonlinear schrödinger equation. Forum of Mathematics,
Sigma, 2:e5, 2014.

[28] J. Weideman and B. Herbst. Split-step methods for the solution of the nonlinear
schrödinger equation. SIAM J. Numer. Anal., 23(3):485–507, Jun 1986.

98



Biography

Trang Nguyen was born on December 22, 1988, in Vietnam. She obtained her B.A.

in Mathematics from NYU in 2011. After graduation, she attended Duke University

to pursue her Ph.D. degree in Mathematics, under the supervision of Stephanos

Venakides.

Trang will join the Boston Consulting Group in September 2016 as a management

consultant.

99


	Abstract
	List of Tables
	List of Figures
	Acknowledgements
	1 Introduction
	2 Background
	2.1 Conservation of number of particles
	2.2 The derivation of soliton solutions
	2.3 Graphical depiction of solitons
	2.3.1 Dark solitons
	2.3.2 Bright solitons
	2.3.3 Discontinuous solitons

	2.4 Soliton far-field linear stability

	3 Exciton dispersion smoothing effect
	4 Explicit integrability of the system with  no photonic and no excitonic dispersion
	4.1 Integrability of the dispersionless system
	4.2 Equilibrium points
	4.3 Some plots for , , and 
	4.4 Time period of orbits
	4.5 Conclusion

	5 Strang-splitting method  for the polariton system
	5.1 Strang-splitting Method
	5.2 Mathematical background
	5.3 H1 and H2 local regularity of the numerical solution
	5.4 L2, H1 and H2 stability of the numerical solution
	5.5 Local error in H1 and L2
	5.6 Global error in H1 and L2 norm

	6 Numerical results
	6.1 Setups
	6.2 Verification of the numerical error of the Strang splitting method
	6.3 Observation of orbital stability for bright soliton in band (2.1)
	6.4 Observation of orbital stability for bright soliton in band (2.2)

	A Proofs
	Bibliography
	Biography

