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Abstract

Disentangling the causal effect of policy from that of behavior—i.e. controlling

for selection—is a foundational empirical challenge in economics. Dynamic discrete

choice models are a structural approach that posits that selection is driven by forward-

looking, optimizing decision makers. The resultant econometric problem is to recover

the structural parameters that characterize the model.

This dissertation contributes to the econometrics of dynamic discrete choice mod-

els in several directions. Chapter two shows identification of dynamic discrete choice

models with continuous permanent unobserved heterogeneity. That is, the model

allows for infintely many persistent unobserved differences between decision making

agents. The previous literature allowed for only finitely many types of persistent

unobserved differences.

The third chapter provides a hypothesis test for an important modeling assump-

tion, that of ‘homogeneity’. Commonly, it is assumed that behavior is sufficiently

similar across time or markets that data can be pooled across these dimensions.

However, this assumption may fail in the presence of a structural break or multiple

equilibria. The chapter proposes a hypothesis test to evaluate whether the homo-

geneity assumption holds in the data. As an approximate randomization test, the

hypothesis test is valid even without a large sample.

The fourth chapter provides a computationally advantageous estimator for dy-

namic discrete choice models. The estimator is based on the observation that dy-

namic discrete choice models possess a multiple index structure. The chapter shows

that index sufficiency can be used to construct a set of equality constraints, which

restrict the parameter of interest to belong to a subspace of the parameter space.

The chapter proposes an estimator that imposes these restrictions, thus attaining
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computational gains by reducing the effective dimension of the parameter space.
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Chapter 1

Introduction

Disentangling the causal effect of policy from that of behavior—i.e. controlling

for selection—is a foundational empirical challenge in economics. Dynamic discrete

choice models are a structural approach that posits that selection is driven by forward-

looking, optimizing decision makers. The resultant econometric problem is to recover

the structural parameters that characterize the model. This dissertation makes con-

tributes to the econometrics of dynamic discrete choice models in several directions.

In Chapter 2, I show that dynamic discrete choice (DDC) models with continuous

permanent unobserved heterogeneity are identified. The existing DDC literature

controls for permanent unobserved heterogeneity through finite mixtures — that

is, by assuming there is a finite number of agent ‘types’. In contrast, I show that

DDC models with infinitely many agent types are identified. Relative to the existing

literature, I exploit commonly imposed assumptions to show identification under low-

level conditions. My results apply to both finite- and infinite-horizon DDC models,

do not require a full support assumption, nor a large panel, and place no parametric

restriction on the distribution of unobserved heterogeneity.

The results provide a number of advantages for applied work. First, commonly

used structural models can be estimated with more flexible heterogeneity. Second,

my results do not require that the number of types be known a priori. Although there

is rarely a theoretical reason for the number of types to be known, it is a common

assumption in applied and theoretical work. Finally, the proposed seminonparametric

estimator can be implemented using familiar parametric methods. I illustrate these

advantages by applying my results to the labor force participation model of Altuğ and
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Miller (1998). In this model, permanent unobserved heterogeneity may be interpreted

as individual-specific labor productivity, and my results imply that the distribution

of labor productivity can be estimated from the participation model.

The literature on dynamic discrete games often assumes that the conditional

choice probabilities and the state transition probabilities are homogeneous across

markets and over time. I refer to this as the “homogeneity assumption” in dynamic

discrete games. This homogeneity assumption enables empirical studies to estimate

the game’s structural parameters by pooling data from multiple markets and from

many time periods. Chapter 3 proposes a hypothesis test to evaluate whether the

homogeneity assumption holds in the data. The hypothesis test is the result of

an approximate randomization test, implemented via a Markov chain Monte Carlo

(MCMC) algorithm. The chapter shows that the hypothesis test becomes valid as the

(user-defined) number of MCMC draws diverges, for any fixed number of markets,

time periods, and players. The chapter includes an application of the test to the

empirical study of the U.S. Portland cement industry in Ryan 2012.

Chapter 4 provides a computationally advantageous estimator for dynamic dis-

crete choice models. The estimator is based on the observation that dynamic discrete

choice models possess a multiple index structure. The chapter shows that index suf-

ficiency can be used to construct a set of equality constraints, which restrict the

parameter of interest to belong to a strict subspace of the parameter space. The

chapter proposes an estimator that imposes these restrictions, thus attaining compu-

tational gains by reducing the effective dimension of the parameter space.

Chapter 3 reflects collaborative work with Federico Bugni and Takuya Ura, and

Chapter 4 is collaborative work with Takuya Ura. In both cases, I contributed to

all parts of the development of the chapters, including theoretical work, drafting and

editing.
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Chapter 2

Continuous permanent unobserved

heterogeneity in dynamic discrete choice

models

2.1 Introduction

Dynamic discrete choice (DDC) models provide a tractable way to learn about selec-

tion, while capturing the dynamic nature of economic decisions. A worker’s decision

to enter the labor market, a student’s decision to attend a charter school, a hospital’s

decision to discharge a patient, a firm’s decision to enter a market, a family’s deci-

sion to migrate — these are applications of DDC found in the economics literature

(Keane and Wolpin 2009; Einav, Finkelstein, and Mahoney 2018; Walters 2018). By

accounting for selection, DDC models can be used to understand the effect of pol-

icy (such as the effect of expanding charter school access (Walters 2018)), or simply

to explain important economic phenomena (such as US wage inequality (Heckman,

Lochner, and Taber 1998)).

While DDC models allow for flexible dynamics, agent heterogeneity is somewhat

limited. The models reflect the dynamic nature of many economic decisions: individ-

uals are forward looking, and consider how current choices impact future outcomes.

However, these sophisticated dynamics mean identification is delicate and generally

requires many strong assumptions (Magnac and Thesmar 2002; Norets and Tang

2013). Of these, a key restriction is on the homogeneity of the agents. To be precise,

in models without permanent unobserved heterogeneity, it is common to assume

agents differ only by observed covariates and by random preference shocks drawn
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from a common distribution. This rules out, for example, permanent unobserved dif-

ferences between individuals. Given this restrictive heterogeneity in baseline models,

allowing for other forms of agent heterogeneity is of major interest.

The existing literature does provide for identification of DDC models with discrete

permanent unobserved heterogeneity (Kasahara and Shimotsu 2009; Hu and Shum

2012). That is, agents are assumed to be one of a finite number of ‘types’, which is

unobserved by the econometrician. This is an important relaxation of the baseline

model: for example, in understanding the effect of price on drug purchases, different

types of individuals may have different levels of unobserved health (Einav, Finkelstein,

and Schrimpf 2015). In a model of migration, different types of individuals may have

different costs of moving (Kennan and Walker 2011).

The main contribution of this paper is to show identification of DDC models

with continuous permanent unobserved heterogeneity — that is, DDC models that

allow, but do not require, there to be infinitely many types of individuals. This

generalization is especially compelling because there is seldom a theoretical reason for

the number of types to be finite. For instance, there may be no reason to think that

unobserved health or unmeasured moving costs vary discretely among individuals.

I show identification of the distribution of types and the type-specific component

distributions in a short panel. The main results pertain to identification of DDC

models with random coefficients, though I can also allow for random intercepts (fixed

effects) under additional conditions. The results do not require the covariates to

have full support, nor place parametric restrictions on the distribution of unobserved

heterogeneity.

The second major difference from the existing literature is that I provide low-level

conditions for identification. As is the case for finite mixtures, the key high-level

condition for identification is that types display ‘adequate variation’ in behavior —
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that is, that each type responds adequately differently to changes in covariates. I

show that commonly made assumptions, such as linear period payoffs, help ensure

‘adequate variation.’ To elaborate on this point, consider a binary choice DDC model.

This model simplifies to a non-linear threshold crossing model, in which the choice

of individual i at time t, given covariates xit and the agent’s type βi, is equal to

1 (v(xit, βi) + εit ≥ 0) ,

where v represents the value of choosing 1 over 0, and εit is a random preference

shock. The key issue for identification is that, in general, v does not have a known

analytical form and depends on its arguments non-linearly. An important insight of

this paper is that common assumptions, such as random preference shocks and linear

period payoffs, impose structure on v that is useful for proving ‘adequate variation.’

First, with parametric random preference shocks, the smoothness properties of v are

well understood (Norets 2010; Kristensen et al. 2020). In particular, the smooth-

ness of the state transition determines the smoothness of v . Second, v is entirely

determined by the period payoff function — for example, in the infinite horizon case

v is characterized by a fixed point that depends on the functional form of period

payoffs (see equation (2.2)) — and it is common to assume the period payoff function

is linear in xit. In this paper, I exploit linearity and smoothness to show that the

function v ‘adequately varies’ across different values of βi in such a way as to achieve

identification. This is in contrast to the canonical papers in the identification liter-

ature (Kasahara and Shimotsu 2009; Hu and Shum 2012), which impose ‘adequate

variation’ at a high-level.

To implement the identification results, I propose a novel estimation method.

Existing DDC estimation methods which focus on the parametric case1 (Aguirre-

1In principle, standard DDC models may be semiparametric in the presence of continuous co-
variates, but, in practice, continuous covariates are often discretized and treated as such for
estimation.

5



gabiria and Mira 2002b; Arcidiacono and Miller 2011b) do not apply to the model

of this paper, as the distribution of unobserved heterogeneity may be an infinite di-

mensional parameter of interest. Similarly, the computational complexity of DDC

models means that immediately available nonparametric methods (such as sieve like-

lihood estimation) may be impractical. To address these issues I propose a two-step

sieve M-estimator, and show it is consistent for the distribution of permanent unob-

served heterogeneity. I also propose a computationally convenient sieve space based

on Heckman and Singer (1984). Intuitively, the estimator approximates the pos-

sibly continuous distribution of permanent unobserved heterogeneity by a discrete

distribution. In this set up, the ‘fixed grid’ of support points of the approximat-

ing distribution is a tuning parameter of the sieve estimator. Computationally, this

estimator is identical to an estimator for a model with finite types, but instead of

the support points being a key identifying assumption, they are simply a tuning

parameter.

As an alternative use for the identification results, I consider the case that the

applied econometrician wishes to maintain the standard assumption that permanent

unobserved heterogeneity is discrete. In this case, a key modeling decision is how to

choose the number of support points of unobserved heterogeneity. There are rigorous

methods to estimate the number of support points (Kasahara and Shimotsu 2014;

Kwon and Mbakop 2019), which have been used in practice (Igami and Yang 2016).

However, without additional assumptions, the estimators are consistent for only a

lower bound on the number of support points in general. I show that my identification

arguments imply that the estimator of Kwon and Mbakop (2019) is consistent for the

number of support points of unobserved heterogeneity, if it is assumed to be finite.

To summarize, the above theoretical results may be of interest to applied

economists for a number of reasons. First, the results imply that more flexible het-
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erogeneity can be allowed for in commonly used structural models. In practice,

permanent unobserved heterogeneity is often estimated with a small number of sup-

port points. See, for example, Table 2.1, which collects some important applications

of DDC models with discrete unobserved heterogeneity. While there may be valid

computational reasons for imposing this restriction on unobserved heterogeneity, the

results of this paper imply that much richer patterns of heterogeneity can be identi-

fied. Second, the results mean that the economist need not know a priori the number

of support points of permanent unobserved heterogeneity, as is commonly assumed in

practice. As mentioned, without a long panel, point identification generally requires

an upper bound on the number of types to be known. Despite this, economic theory

seldom provides guidance for knowing the true number of agent types. Finally, the

identification results can be implemented using familiar parametric methods which

are computationally attractive.

Table 2.1: Some applications of DDC models with discrete permanent unobserved het-

erogeneity. ‘Support points’ are the number of support points of the discrete unobserved

heterogeneity. Journal names are: AER: American Economic Review; ECMA: Economet-

rica; JPE: Journal of Political Economy; QJE: Quarterly Journal of Economics.

Authors (Year) Journal Support points

Keane and Wolpin (1997) JPE 4
Lee and Wolpin (2006) ECMA 5

Todd and Wolpin (2006) AER 3
Kennan and Walker (2011) ECMA 2

Scott (2014) AER (R&R) 2
Einav, Finkelstein, and Schrimpf (2015) QJE 5

Traiberman (2019) AER 2

To illustrate these advantages I apply my results to the labor supply model of

Altuğ and Miller (1998). In this model, agents value consumption and leisure, and

decide in each period whether or not to enter the workforce. The authors incorporate
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permanent unobserved heterogeneity by assuming that individual-specific labor pro-

ductivity can be identified from a panel of wages. This assumption may be invalid

if the length of the panel does not diverge or if the productivity term cannot be

expressed as a deterministic function of observed variables. My identification results

provide a means to avoid this assumption: in the context of their model, individual-

specific labor productivity is identified as permanent unobserved heterogeneity in the

labor force participation model.

To investigate the finite-sample properties of the estimator, I consider a suite of

Monte Carlo simulations based on a simplified version of the model of Altuğ and

Miller (1998). This section also demonstrates the computational attractiveness of

the estimator.

After discussing related literature, I introduce the model and provide the main

identification results (Section 4.2). Section 2.2.1 treats the infinite horizon model and

Section 2.2.2 the finite horizon model. Variants on these baseline models are found

in the appendix (Section A.1). Section 2.3 proposes the two-step sieve M-estimator,

and shows its consistency. Section 2.5 considers an application, section 2.4 presents

simulation results and finally section 2.6 concludes.

2.1.1 Related Literature

The canonical papers on point identification of DDC models with permanent unob-

served heterogeneity are Kasahara and Shimotsu (2009) and Hu and Shum (2012).

These papers use a short panel to identify type-specific conditional choice probabili-

ties2 and the discrete distribution of unobserved heterogeneity3 via the measurement

2The conditional choice probability (CCP) is Pr(ait = a | xit = x, βi = b): the probability that
agent i chooses action a in period t given their observed state variable is x and their level of
unobserved heterogeneity is b.

3The main result in Hu and Shum (2012) identifies continuous unobserved heterogeneity, but that
theorem does not directly apply to the DDC model of their section 4.1.
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error approach of Hu and Schennach (2008). As discussed above, an important as-

sumption in these papers is that choice behavior ‘adequately varies’ across types. In

particular, they assume that a matrix of conditional choice probabilities is full rank,

which is the precise meaning of ‘adequate variation.’ In the continuous case, the ma-

trix rank condition generalizes to the injectivity of an integral operator. In contrast

to their approach, I show that injectivity is implied by linear payoffs, parametric

random preference shocks, continuous state variables and a non-zero homogeneous

coefficient. On the other hand, their approach allows unobserved heterogeneity to

enter the model in any way, restricted only by their high-level assumptions. For

example, my assumptions rules out type-specific transition functions, considered in

Kasahara and Shimotsu (2009, Section 3.2).

There is a large literature on identifying the distribution of continuous unob-

served heterogeneity in binary response models. One stream exploits a linear index

and full support covariates, while retaining nonparametric random preference shocks

(Ichimura and Thompson 1998; Lewbel 2000; Gautier and Kitamura 2013). Relative

to these papers, a DDC model yields a non-linear index with additive parametric

preference shocks. To be precise, although period payoffs may be linear in the state

variable, because agents are forward looking, the future value enters the choice equa-

tion also, and the net effect is a non-linear index. The second, more closely related

stream considers the identifying power of parametric random preference shocks. Fox

et al. (2012) show identification of random coefficients in a static model with a linear

index. Williams (2019) identifies the distribution of univariate continuous unobserved

heterogeneity in a dynamic multinomial choice model. However their results do not

apply to the DDC models considered in this paper. In particular their Assump-

tion 3.1 imposes that the third period state variable is independent of the second

period choice, conditional upon the second period state and permanent unobserved

9



heterogeneity. A key feature of the DDC models considered in this paper is that the

transition of the state variable depends on the agent’s choice.

Another stream of literature considers the identification of finite dimensional

parameters, viewing permanent unobserved heterogeneity as a nuisance parameter.

Aguirregabiria, Gu, and Luo (2020) consider the identification of homogeneous pa-

rameters in the presence of fixed effects in a particular DDC model. They adopt the

conditional likelihood approach of Chamberlain (1980) and use particular sequences

of choice variables to difference away the fixed effect. Chernozhukov et al. (2013)

provide a semiparametric estimator that is robust to set identification of the finite

dimensional parameter.

The seminonparametric estimator I propose is based on Heckman and Singer

(1984). Similar ‘fixed grid’ estimators have been analyzed for both the parametric

and static cases (Fox et al. 2011; Fox, Kim, and Yang 2016), and are increasingly

used in applied work (e.g. Nevo, Turner, and Williams 2016).

2.2 Model and identification

2.2.1 Infinite horizon model

In an infinite horizon dynamic discrete choice model, the agent chooses a sequence

of actions (at, at+1, . . . ) to maximize lifetime utility:

V (xt, εt) = max
(at,at+1,... )

E

[
∞∑
s=1

ρs−tu(xs, εs, as, ) | xt, εt, at

]
(2.1)

where at ∈ {0, . . . , |A|} ≡ A is the control variable, ρ is the discount factor, st =

(xt, εt) is the state variable of which xt is observed by the econometrician and εt =

(εat : a ∈ A) is not, and u(xt, εt, at) is the period payoff which may be agent specific.

This formulation makes clear the dynamic aspect of DDC problems: first, agents
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value current and future payoffs and, second, through the conditional expectation,

they take into account how today’s choice impacts future outcomes. Assuming the

state variables follow a Markov process, the agent’s problem becomes a Markovian

Dynamic Discrete Choice problem. The distinguishing feature of infinite horizon

DDC problems is that, under mild conditions (e.g. Rust 1994, Theorem 2.3), they

admit a recursive formulation:

V (xt, εt) = max
at∈A
{u(xt, εt, at) + ρE [V (xt+1, εt+1) | xt, εt, at]} . (2.2)

The formulation also makes transparent the non-linearity of DDC models — even if

the period payoffs u are linear in xt, that property is unlikely to be inherited by the

integrated value function V . The non-linearity is a key challenge for identification.

In this section I present conditions for identification of the distribution of continu-

ous unobserved heterogeneity within the above model. The first assumption imposes

restrictions that are standard for DDC models without permanent unobserved het-

erogeneity.

Assumption I1. (i) u(xt, εt, at) = u(xt, at) + εatt. (ii) ρ ∈ [0, 1) is known. (iii)

(xt, εt) satisfy

dFS(st+1; st, at) = dFε(εt+1)dFx(xt+1;xt, at). (2.3)

(iv) ui(xt, 0) = 0. (v) The distribution of εat is extreme value type I.

Assumption I1 contains standard identifying assumptions for DDC models

(Magnac and Thesmar 2002; Aguirregabiria and Mira 2010), including additive sep-

arability of the state variables, that the discount factor is known, conditional inde-

pendence, and the outside good assumption. These assumptions are not innocuous

— for example, Norets and Tang (2013) show that the choice of outside good may

affect predicted counterfactual outcomes, and is therefore not a true normalization.
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Nevertheless, it is standard to assume the unobserved state variables have a known

distribution, of which normal and extreme value type I are common choices. Denote

Ã = {1, 2, . . . , |A|}, the choice set excluding choice 0.

Assumption I2. Permanent unobserved heterogeneity βi = (βia : a ∈ Ã) ∈ Rb for

b = |A| enters the model through the period utility function as follows:

ui(x, a) = x′ (βia, γa) ,

where x ∈ Rk is the vector of observed state variables, and the agent index i is shown

for explicitness. Sβ, the support of βi, is a bounded subset of Rb. βi conditional upon

x1 = x is either discrete or absolutely continuous, in which case its density function

fβ|x1 is bounded.

Assumption I2 states that permanent unobserved heterogeneity enters the model

as random coefficients. The restrictions placed on its distribution are mild. First,

it allows, but does require, the distribution to have uncountable support. This is

a point of departure from the existing literature, where the support is assumed to

have a known finite number of support points (Kasahara and Shimotsu 2009; Hu and

Shum 2012). Assumption I2 allows there to be infinitely many types of agents, but

nests the standard finite-types assumption as a special case. Second, no restrictions

are placed on the dependence between the observed state variable and permanent

unobserved heterogeneity, which is standard in this literature.

Assumption I3. Let γa|A| be the first |A| components of the vector γa and let ΓA be

the |A| × |A| matrix with columns γa|A|. Then the matrix ΓA has full rank, as do all

of its principal submatrices.

Assumption I3 imposes that the state variable cannot affect payoffs for each choice

in a similar fashion. For example, in the binary choice case (|A| = 1), the assumption
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states that γ0 6= 0. The final two assumptions place restrictions on directly observed

objects. First, broadly speaking, the support of the state variable is required to

contain an open set:

Assumption I4. (i) The restriction of the support of x2 conditional upon (x1, a1) =

(x, a) to the first 1+|A| elements of x2 is bounded and contains a non-empty open set.

(ii) The support of x3 conditional upon (x2, a2) = (x, 0) for some x in the support of

part (i) contains k linearly independent elements and its restriction to the first 1+ |A|

elements of x3 is bounded and contains a non-empty open set. (iii) The intersection

over a3 of the support of x4 conditional upon x3 in the support of part (ii) and a3

contains k linearly independent elements.

Assumption I4 places restrictions on the support of the observed state variable. It

allows the support to be bounded, but requires that it be uncountable. The conditions

do rule out some transition patterns found in applied work, but may be less onerous

than other support conditions in the literature. First, parts (ii) and (iii) rule out

the case that the state variable xt contains the lagged choice at−1. However, it does

not rule out ‘machine replacement models’ such as the Rust model of Kasahara and

Shimotsu (2009, Section 3.3). Finally, unlike some results in the literature, it does

not require that the support be ‘rectangular’ — which requires that, starting from

any sequence of choices and past state variables, any state can be reached4. state

variable.

Assumption I5. The state transition kernel Fx(xt+1;xt, at) has bounded support

and may be decomposed into absolutely continuous and discrete components, and the

associated density and probabilities are real analytic functions of the first 1 + |A|

elements of xt. Furthermore, these functions have analytic continuations to R1+|A|

4More precisely, that is for each (x, a), Fx(x′;x, a) > 0 for all x′ in its support. The assumption is
made in Kasahara and Shimotsu (2009, Propositions 1-9).
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which are bounded.

Assumption I5 allows the state transition to be a mixture of an absolutely continu-

ous and discrete random variable, but restricts the component functions to be smooth

functions of the conditioning state variable. In particular, they must be real analytic

functions — that is, functions that have a convergent power series representation. An

example of a state transition satisfying Assumption I5 is a mixture of a mass point

at xt+1 = 0 and a truncated normal: Fx(x
′;x, a) = π1(x′ = 0) + (1 − π)F+(x′;x, a),

where F+(x′;x, a) is a truncated normal whose mean and variance are real analytic

functions of (x, a).

Other examples of real analytic functions include polynomials, the logistic func-

tion, trigonometric functions, the Gaussian function, and linear combinations of these

functions. These functions are known to be good approximators to square-integrable

functions (e.g. Chen 2007, Section 2.3), and can therefore approximate any density

function arbitrarily well. The bounded support assumption is a technical require-

ment to ensure that the mapping (2.2) is a contraction between spaces of bounded

functions (Kristensen et al. 2020). This could be relaxed, but proving equation (2.2)

has the contraction property is more delicate (Norets 2010, see).

With these assumptions in hand, the model parameters are (Fx, γ, fβ|X1): the

state transition, the homogeneous payoff parameter γ = (γa : a ∈ Ã) ∈ R|A|(k−1), and

the conditional distribution of permanent unobserved heterogeneity. As the state

transition is identified by direct observation, the following result deals with the other

parameters:

Theorem 1. Assume the distribution of (xt, at)
T
t=1 is observed for T ≥ 4, generated

from agents solving the model of equation (2.1) satisfying assumptions I1-I5. Then

(γ, fβ|X1) is point identified.
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Remark 1 (Random intercepts). In applied work, it is common to impose that per-

manent unobserved heterogeneity enters the model as a random intercept — a fixed

effect. That is, the period utility function of Assumption I2 is replaced by

ui(x, a) = βia + x′γa.

This parsimonious model often gives a natural interpretation. For example, if the

choice set includes home production, schooling and various occupations, βia can be

interpreted as choice-specific skill endowments (Keane and Wolpin 1997).

Section A.1.1 considers identification of an infinite-horizon DDC model with ran-

dom intercepts. It shows point identification can be attained under an additional

restriction on the state transition. Specifically, there must be some point in the sup-

port of xit for which the state transition is not choice dependent. For instance, the

machine replacement model of Kasahara and Shimotsu (2009, Example 9) displays

this property.

Remark 2 (Panel length). Theorem 1 requires at least four observations per indi-

vidual. In contrast Kasahara and Shimotsu (2009) require only T = 3. With three

periods, identification of the model in Theorem 1 is possible under a high-level as-

sumption on the joint distribution of permanent unobserved heterogeneity and the

first period state variable. For example, independence would be sufficient for iden-

tification. However, the advantage of T = 4 is to allow unrestricted dependence

between the state variable and permanent unobserved heterogeneity, while achieving

identification under above the low-level conditions.

The proof to Theorem 1 is found in section A.2.1, though I now sketch the key

ideas. For simplicity, consider the binary choice case (|A| = 1). By the law of total
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probability the distribution of observed choices and states can be expressed as follows:

fa2a1x2|x1(1, a1, x2;x1) =

∫
fa2a1x2β|x1(1, a1, x2, b;x1)db

=

∫
fa2|a1x2x1β(1; a1, x2, x1, b)fx2|a1x1β(x2; a1, x1, b)

× fa1|x1β(a1;x1, b)fβ|x1(b;x1)db

Then under the independence conditions of Assumption I1, this simplifies to

fa2a1x2|x1(1, 1, x2;x1) =

∫
P (1;x2, b)Fx2(x2;x1, a1)P (a1;x1, b)fβ|x1(b;x1)db,

Where the notation P (a;x, b) represents the conditional choice probabilities Pr(ait =

a|xit = x, βi = b). Since the state transition is assumed to be common across agents,

it can be treated as observed, and whenever it has positive measure:

fa2a1x2|x1(1, 1, x2;x1)

Fx2(x2;x1, a1)
=

∫
P (1;x2, b)P (a1;x1, b)fβ|x1(b;x1)db,

Although not necessary for the proof, if the state transition has some common sup-

port, it is possible to sum over a1:∑
a1∈{0,1}

fa2a1x2|x1(1, a1, x2;x1)

Fx2(x2;x1, a1)
=

∫
P (1;x2, b)fβ|x1(b;x1)db,

The left-hand side is observed but the right-hand is not. The ‘adequate variation’

condition for identification is precisely whether this integral operator is injective: that

is, denoting the observed left-hand side function ρ(x2) with x1 fixed, does the system

ρ = Pf have a unique solution f .

In the proof, it is shown that injectivity is equivalent to the functions

{P : Sβ → [0, 1] : P (b) = P (1;x2, b), x2 ∈ S2}

being good approximators for square-integrable functions on Sβ. The proof proceeds

by showing the functions P have this universal approximation property.
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To show the conditional choice probability functions are good approximators, it

proves useful to exploit smoothness and the linear period payoff function. First,

I show that the real analytic property of Fx is inherited by P . This is useful for

the following reason. Intuitively, since real analytic functions, like polynomials, are

determined by their values on an open set, their approximation qualities can be

understood by considering any open set. The most convenient open set, of course,

is the Euclidean space. Second, with the artificial full support, linearity is useful to

constructively prove the universal approximation property.

Proving injectivity, however, is only one part of the proof. With injectivity in

hand, measurement error arguments based on Hu and Schennach (2008) are used to

identify (γ, fβ|x1).

2.2.2 Finite horizon model

In a finite horizon dynamic discrete choice model, the agent chooses a sequence of

actions (aT0 , aT0+1, . . . , aT1) to maximize lifetime utility:

ViT0(xT0 , εT0) = max
(aT0 ,aT0+1,... )

E

[
T1∑
t=T0

ρtuit(xt, εt, at) | xT0εT0 , aT0

]
(2.4)

where at ∈ {0, . . . , |A|} ≡ A is the control variable, ρ is the discount factor, st =

(xt, εt) is the state variable of which xt is observed by the econometrician and εt is

not, and ui(xt, εt, at) is period utility which may be agent and period specific (that is,

non-stationary). Relative to the infinite horizon choice problem (2.1), there is some

finite period T1 after which the agent does not consider payoffs. Because of this, even

with the conditional independence assumption (equation (2.3)), the problem does not

admit a contraction mapping structure.

In this section I consider a finite horizon dynamic discrete choice model in which
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the terminal period is observed. By definition, the decision-maker has no future utility

flows to consider in the terminal period and thus a different proof strategy is adopted.

This argument allows for identification of random intercepts (‘fixed effects’), which

was not the case in the infinite horizon model. However, there are many settings

where it is not realistic to expect the terminal period is observed. In this case,

identification is still possible (see remark 3).

Assumption F1. (i) ut(xt, εt, at) = ut(xt, at) + εt(at). (ii) ρ is known. (iii) st =

(xt, εt) satisfies

dFSt+1(st+1; st, at) = dFε(εt+1)dFxt+1(xt+1;xt, at).

(iv) ui(xt, 0) = 0. (v) The distribution of εt(a) extreme value type I.

Assumption F2. Permanent unobserved heterogeneity βi =
(

(β1ia, β2ia) : a ∈ Ã
)
∈

Rb for b = (1 + p)|A| enters the model through the period utility function as follows:

uit(x, a) = β1ia + x′ (β2ia, γat) ,

where x ∈ Rk is the vector of observed state variables, and the agent index i is shown

for explicitness. Sβ, the support of βi, is a bounded subset of Rb. If fβ|x1(·;x), the

distribution of βi conditional upon x1 = x, admits a density function, it is bounded.

Assumption F2 states that permanent unobserved heterogeneity enters the model

as a random coefficient. The restrictions are weaker than those in the infinite horizon

model (Assumption I2). First, the permanent unobserved heterogeneity can include

a random intercept. Second, the probability distribution of βi need not be bounded.

As was the case for the infinite horizon model, the support of permanent unobserved

heterogeneity may be finite, but it need not be.

Assumption F3. Let γaT1,|A| be the first |A| components of the vector γaT1 and let

ΓAT1 be the |A| × |A| matrix with columns γaT1,|A|. Then the matrix ΓAT1 is full rank.
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Like Assumption I3, Assumption F3 imposes that the state variable cannot affect

payoffs for each choice in a similar fashion. It is mildly weaker than its infinite-

horizon counterpart. The final two assumptions place restrictions on directly observed

objects.

Assumption F4. For each x1 and (at)
T1−1
t=1 , there is a sequence of state variables

(xt)
T1
t=1+1 such that the restriction of the support of xT to its first p + 1 elements

contains a non-empty open set.

Assumption F4 places restrictions on the support of the observed state variable.

It is substantially weaker than the assumption required for the infinite horizon model

(Assumption I4).

To introduce the final assumption, denote Ã = {1, 2, . . . , A}, ST1 the support of

xT1 of Assumption F4. Let E be a subset of ST1 × Ã whose projection on the first

p+ 1 elements contains an open set. Define the operator

LE,γT1,β
: LSβ → LE [LE,γT1,β

m](xT1) =

∫
fAT1 |XT1β(1;xT1 , b; γ)m(b)db.

Denote (LE,γT1,β
)−1 as the left inverse of LE,γT1,β

which exists if it is injective.

Assumption F5. For every γ 6= γ̃, there exists (E, Ẽ) ⊆ SXT1 ×Ã whose projections

on the first p+ 1 elements of xT1 are non-empty open sets such that the operator

LE,γ,Ẽ,γ̃T1,β
: LSβ → LSβ [LE,γ,Ẽ,γ̃T1,β

m](b) =
[(

(LE,γT1,β
)−1LE,γ̃T1,β

− (LẼ,γT1,β
)−1LẼ,γ̃T1,β

)
m
]

(b)

(2.5)

is injective.

This high-level condition ensures that the parameter γT1 can be identified with-

out knowledge of the distribution of unobserved heterogeneity. A few comments on
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Assumption F5 are in order. First, it is shown in the proof to Theorem 2 that assump-

tions F1-F4 imply that, for any E, LE,γT1,β
is injective so that LE,γ,Ẽ,γ̃T1,β

exists. Second,

this assumption is not required in a model without random intercepts (Remark 3).

Third, the condition is stated in terms of observed objects, and thus can be verified

prior to estimation.

Fourth, the condition can be related to the high-level necessary conditions for

identification of a common parameter in discrete choice panel data given in Johnson

(2004) and Chamberlain (2010). To describe their result, fix x ≡ (x1, x2, . . . , xT1)

and γ which is time-invariant for convenience, and let p(β;x, γ) be the length 2T1

vector of choice probabilities
{∏T1

t=1 fAt|Xtβ(at;xt, b; γ) : (at)
T1
t=1 ∈ {0, 1}T1 \ {0T1}

}
in

the (2T1 − 1)-dimensional hypercube. Johnson (2004, Theorem 2.2) states that the

common parameter γ will not be identified if the set {p(β;x, γ) : β ∈ Sβ} does not

lie in a hyperplane for some x. For the static binary choice model with T = 2,

Chamberlain (2010) shows that the hyperplane restriction is satisfied if and only if

the unobserved state variables are iid extreme-value type I. This is suggestive that

the T = 2 dynamic binary choice model does not satisfy Johnson (2004)’s condition

and therefore γ is not identified. If that is the case, then ∀x2 ∈ SX2 , γ 6= γ̃

∃(fX2 , f̃X2) :
[
L
SX2

,γ

2,β fX2

β|X1
(·;x1, x2)

]
(x2) =

[
L
SX2

,γ̃

2,β f̃X2

β|X1
(·;x1, x2)

]
(x2),

where the distribution of unobserved heterogeneity fX2

X1|β is allowed to depend on x2,

as in Johnson (2004) and Chamberlain (2010). If the distribution is restricted to be

the same for all x2 ∈ SX2 , the above condition implies that for γ 6= γ̃, ∃x2 ∈ SX2 ,

(f, f̃) such that

[
L
SX2

,γ

2,β fβ|X1(·;x1)
]

(x2) =
[
L
SX2

,γ̃

2,β f̃β|X1(·;x1)
]

(x2).

However, since the distribution of unobserved heterogeneity is required to be the
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same for all x2, there may be some other x̃2 ∈ SX2 such that[
L
SX2

,γ

2,β fβ|X1(·;x1)
]

(x̃2) 6=
[
L
SX2

,γ̃

2,β f̃β|X1(·;x1)
]

(x̃2).

Let E, Ẽ be neighborhoods of (x2, x̃2), respectively. In the proof to Theorem 2 it

is shown that, without knowing f or f̃ , we know there does exist such an x̃2 if

the operator defined in equation (2.5) is injective. This can be viewed as a partial

converse to Johnson (2004)’s high-level condition: in that case, without knowing f or

f̃ , we know there does not exist such an x̃2 if their ‘rank’ condition does not apply. In

principle, the logic of Assumption F5 can be extended to the general discrete choice

panel model of Johnson (2004), if the distribution of unobserved heterogeneity is

required to be independent of covariates.

Finally, should Assumption F5 not hold, I show in lemma A.2.4 that under As-

sumptions F1-F4 and a scale restriction on γT1 , that γT1 and distribution of unob-

served heterogeneity is identified.

Theorem 2. Assume the distribution of Y ≡ (Xt, At)
T1
t=1 is observed for 1 < T1,

generated from agents solving the model of equation (2.4) satisfying assumptions F1-

F5. Then the homogeneous payoff parameter (γt)
T1
t=1 and the conditional distribution

of permanent unobserved heterogeneity fβ|x1 are identified.

Section A.2.2 contains the proof of Theorem 2. The outline is broadly similar

to that of the proof to Theorem 1, though the details are substantially different. In

particular, injectivity is shown directly exploiting the properties of the link function.

Remark 3 (Identification without the terminal period). In many empirical settings,

the time horizon of the decision maker extends beyond the period of observation. For

example, a worker’s labor force participation decisions may not be observed for their

entire working life. This poses an issue for identification since in-sample decisions

reflect payoff parameters for both in- and out-of-sample time periods.
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One approach to this issue is to impose restrictions on out-of-sample payoffs. Sec-

tion A.1.2 adopts this approach and shows that the model without random intercepts

is identified. That is, where the payoff function equals

ui(xit, ait) = βiaitzit + γ′aitgwit.

A different approach is to impose that the state transition exhibits finite dependence:

when multiple sequences of actions leads to the same distribution of the state variable

(Arcidiacono and Ellickson 2011). Finite dependence limits the number of out-of-

sample time periods that affect in-sample decisions. Section A.1.3 considers a limited

form of finite dependence, and shows a binary choice model with random coefficients

is identified.

2.3 Estimation

This section considers consistent estimation of the model parameters (Fx, γ, fβ|x1) in

a short panel. The distribution of y = ((at, xt)
T
t=2, a1) conditional upon x1 can be

written as

fy|x1(y;x1) =

∫ T∏
t=2

(Pt(at;xt, b; γ, Fx)Fxt(xt;xt−1, at−1))P1(a1;x1, b; γ, Fx)dfβ|x1(b;x1).

I propose two-step sieve M-estimation based on the above expression. The first step

consists of estimating the state transition Fx. The second step consists of forming

the pseudo-likelihood function using the fact that the CCPs Pt are known up to the

state transition and payoff parameter (Fx, γ), and using sieve M-estimation methods

to estimate (γ, fβ|x1).

It is of course possible to estimate the model in a single step as a sieve maximum

likelihood problem. The advantage of the proposed two-step approach is computa-

tional: for example, in the infinite horizon case, the integrated value function does
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not have to be recomputed within the second step optimization. This is similar to the

idea of using the Hotz and Miller (1993b) inversion to avoid full solution estimation

of parametric DDC models, although there may be efficiency loss for the standard

pseudo likelihood estimator.

Although I show consistency for a general sieve space, this may be computationally

infeasible to implement, since estimation requires computing the CCPs for every

point in the support of the sieve. To circumvent this issue, I suggest a ‘fixed grid’

estimator, based on Heckman and Singer (1984)’s first-order monotone spline sieve,

which reduces the computational burden by having a finite number of support points.

In this section, I focus on estimating the cumulative distribution function of β.

While it would be possible to present conditions for consistent estimation of the

density function, smoothness restrictions would rule out the possibility that βi has

discrete support, which is the standard assumption in the literature.

As a final comment, in practice there will be an approximation error in the eval-

uation of the CCPs. This problem is inherent to DDPs with large or infinite state

spaces, and has received significant attention in the recent literature (Rust 2008; Kris-

tensen et al. 2020). I assume away the effect of these errors on estimation — that

is, that the approximation error is negligible relative to sampling error. In principle,

the results of Kristensen et al. (2020) could be used to explicitly consider the effect

of value function approximation error on estimation, though I do not pursue this

here. Of course, the approximation error can be made arbitrarily small at increased

computational cost.

2.3.1 A general two-step seminonparametric estimator

In this section, I briefly outline the two-step sieve M-estimator and present the general

consistency result. Denote the true parameters as θ0 = (Fx, γ, fβ|x1) ∈ Θ = F ×

23



Γ ×M, where F is the space of state transitions, Γ ⊆ Rp, and M is the space of

distribution functions on Sβ × S1 with S1 the support of x1. The first step consists

of forming a consistent estimator F̂x for the state transition Fx. Since the state

transition is directly observed, standard non-parametric methods are available. For

the second step, the log-likelihood for the ith observation is

ψ(yi, F̂x, γ, fβ|x1) = log

∫ T∏
t=1

Pt(ait, xit, b; F̂x, γ)dfβ|x1(b;xi1)

Given a sieve space Mn, which approximates M arbitrarily well for large n, the

second step estimator is defined as

1

n

n∑
i=1

ψ(yi, F̂x, γ̂, f̂β|x1) ≥ sup
(γ,f)∈Γ×Mn

1

n

n∑
i=1

ψ(yi, F̂x, γ, f)− op(1/n) (2.6)

The following result states that under standard regularity conditions, the estima-

tor is consistent.

Theorem 3. Let (ait, xit : t = 1, . . . , T )ni=1 be iid data generated from the DDC model

satisfying either Assumptions I1-I5 or Assumptions F1-F5. If Assumptions E1-E4

hold, then the estimator (γ̂, f̂β|x1) defined in equation 2.6 is consistent for (γ, fβ|x1).

The full statement of Theorem 3 and its proof are contained in Appendix A.3.1.

2.3.2 Fixed grid estimation

In this section I propose a particular choice of sieve which has the advantage of being

simple to implement: the first-order monotone spline sieve. This is a popular choice

of sieve for seminonparametric models, see for example Heckman and Singer (1984),

Chen (2007), and Fox, Kim, and Yang (2016). To define the sieve, let Bn be a set
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of knots that partition Sβ and Xn be a partition of S1, the support of x1i. The sieve

space Mn is a subset of {f : Sβ × S1 → [0, 1]} and defined as:

f : f(b, x1) =

B(n)∑
j=1

X(n)∑
k=1

Pj,k1(bj ≤ b)1(x1 ∈ Xk,n), Pj,k ≥ 0,

B(n)∑
j=1

Pj,k = 1, bj ∈ Bn,Xk,n ∈ Xn

 ,

(2.7)

where the number of knots B(n), X(n) and their location bj and Xk,n are tuning

parameters. For given (Bn,Xn), an element of Mn is a piecewise constant function

with jumps of size Pj,k at point bj. The computational advantages of this sieve are

clear: to find the supremum in (2.6), the CCP functions need only be evaluated

for the values bj ∈ Bn. This would not be the case if the sieve space consisted of

continuous functions.

A theoretical advantage of this sieve space is that many of the high-level conditions

for consistency are attained as long as the number of knots does not grow too fast.

See Appendix A.3.2 for details.

Theorem 4. Let (ait, xit : t = 1, . . . , T )ni=1 be iid data generated from the DDC model

satisfying either Assumptions I1-I5 or Assumptions F1-F5. If Assumptions E1, E3.1

and E4.1 hold, then the estimator (γ̂, f̂β|x1) defined in equation 2.6 is consistent for

(γ, fβ|x1).

To implement the estimator, the number and location of grid points must be

chosen. For consistency, it is enough that B(n)X(n) log(B(n)X(n)) = o(n) and that

the grid points become dense in the support of β×x1. In principle, convergence rates

for this estimator could be derived to determine optimal growth rates B(n), X(n),

but I do not pursue this here.

For computation, it may be computationally attractive to use profiling. In par-
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ticular, to form (γ̂, f̂β|x1), fix γ and let

f̂β|x1(γ) = arg sup
f∈Mn

1

n

n∑
i=1

ψ(yi, F̂x, γ, f).

For the sieve space (2.7) this is a convex optimization problem, with a unique global

optimum and can be solved very efficiently. The profile estimator is formed as

1

n

n∑
i=1

ψ(yi, F̂x, γ̂, f̂β|x1(γ)) ≥ sup
γ∈Γ

1

n

n∑
i=1

ψ(yi, F̂x, γ, f̂β|x1(γ))− op(1/n).

2.3.3 Estimating the support of unobserved heterogeneity

In the existing DDC literature, it is common to assume permanent unobserved het-

erogeneity is discrete. When this assumption is made, a key parameter is the number

of support points of permanent unobserved heterogeneity. In practice, it is common

to assume the number of support points is known, although there are methods to

identify a lower bound on the number of support points (Kasahara and Shimotsu

2009; Kasahara and Shimotsu 2014; Kwon and Mbakop 2019) which have been ap-

plied in economics (Igami and Yang 2016). However, in general, these methods can

only identify the number of support points if an upper bound is known. This is

because there is no guarantee a priori that the data is rich enough to identify any

arbitrarily large number of types. Intuitively, the population likelihood may be flat

as a mixture component is added, but this may be because the initial likelihood had

the true number of mixture components or because the data is not rich enough to

distinguish the model from one with an additional mixture component. Technically,

this issue can be resolved by a rank assumption on an unobserved matrix (Kasahara

and Shimotsu 2009, Proposition 3; Kwon and Mbakop 2019, Assumption 2.1).

The purpose of this section is to show the models of Theorem 1 and Corollary

6 satisfy a condition equivalent to Kwon and Mbakop (2019, Assumption 2.1) when
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the distribution of unobserved heterogeneity is discrete. This means the number of

types is identified, without knowledge of an upper bound on the number of types.

Corollary 1. Assume the distribution of Y = (xt, at)
T
t=1 is observed for T ≥ 3,

generated from the DDC model satisfying either Assumptions I1-I5 or Assumptions

F1, F2.1-F4.1, F6 and F7. In addition, suppose that the support of β conditional upon

x1 has R <∞ points of support. Then R is identified as the rank of the operator

[Lu](x3) =

∫
u(x2)

fA3A2A1X3X2|X1(a3, a2, a1, x3, x2;x1)

Fx3(x3;x2, a2)Fx2(x2;x1, a1)
dx2.

That is, R equals the dimension of the range of L.

The proof to Corollary 1 is found in Section A.3.3. The result means that the

techniques of Kasahara and Shimotsu (2014) and Kwon and Mbakop (2019) can be

used to consistently estimate the number of types should the applied econometrician

wish to maintain the standard assumption that permanent unobserved heterogeneity

is discrete. Broadly speaking, these estimators consist of forming a matrix of observed

choice probabilities with values of x3 varying over the rows, and x2 over the columns.

The identification result means that, at the population level, the rank of the matrix

equals the true number of types.

2.4 Simulations

This section investigates the fixed grid estimator in a Monte Carlo simulation. The

main goals of this section are threefold: first, to explore the finite sample performance

of the estimator; second, to demonstrate the computational requirements; and, third,

to verify the asymptotic results of Section 2.3. I simulate data using a simple labor

force participation model based on Altuğ and Miller (1998, Section 6).

In each period, each individual decides whether or not to enter the labor force,

upon observation of the state variable. Thus A = {0, 1}, with ait = 1 representing
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that individual i enters the labor force at time t. The state variables are sit = (xit, εit)

where εit = (ε0it, ε1it) is unobserved and xit ∈ X ⊆ R2 is observed. The period

period payoff from entering the labor market depends on individual-specific labor

productivity βi as follows:

ui (x = (x1, x2) , ε, 1) = βix1 + γx2 + ε1

Following the model of Altuğ and Miller (1998), x1 can be interpreted as an average

consumption value (see Section 2.5 for details) and x2 is equal to the income of the

primary earner in the household. The period payoff from not entering is ui(x, ε, 0) =

ε0. The random preference shock εait is assumed to be i.i.d. extreme value type I,

and the agents’ time horizon is assumed to be infinite. In addition, I assume that βi

is independent of xit and follows a mixture of three truncated normal distributions.

In particular

βi ∼


Ntr(1.5, 1) with prob. 1/3

Ntr(2.5, 0.25) with prob. 1/3

Ntr(3.5, 1) with prob. 1/3

Where Ntr(µ, σ) is the truncated normal distribution with parameters (µ, σ), mini-

mum value 0 and maximum value 50. The simulation results are the average of 1, 000

i.i.d. datasets (ait, xit : t = 1, . . . , 8)ni=1 drawn from this model. Results are presented

for four sample sizes: n = 100, n = 500, n = 1, 000 and n = 10, 000. For estimation

I choose the number of grid points equal to 4n1/4, which satisfies the rate conditions

required for Theorem 4.

Table 2.2 presents results for the estimator of (γ, fβi), in addition to computation

times. First consider results for γ. Here, empirical variance is significantly larger than

empirical bias, which diminishes with sample size. Scaled empirical mean squared

error is largely flat across sample sizes. In terms of computational burden, the fixed

grid estimator takes around 30 seconds to run for the smaller sample sizes, though it
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Table 2.2: Simulation results for estimation of γ and fβ. “γ” denotes results for es-

timation of γ, which includes scaled average empirical bias (“Bias”), variance (“Var”)

and mean-squared error (“MSE”). “Time” denotes median computation time in seconds.

“MISE” denotes empirical mean integrated squared error, “IAE” denotes empirical inte-

grated absolute error, and “No. types” denotes the number of support points.

n = 100 n = 500 n = 1, 000 n = 10, 000

γ
Bias -0.328 -0.211 -0.093 0.074
Var 2.750 2.890 2.840 2.720
MSE 2.860 2.930 2.850 2.730

Time 27.3 31.9 41.4 131.9

MISE 0.0754 0.040 0.032 0.020

IAE
Mean 0.458 0.334 0.302 0.240
Min 0.255 0.199 0.199 0.18
Max 0.925 0.520 0.482 0.337

4n1/4 13 19 23 40

No. types
Mean 5.2 6.8 7.6 10.1
Min 2 4 5 6
Max 9 9 11 24

takes around 2 minutes for n = 10, 000.

Turning to results for the estimation of fβ, both measures of integrated error

diminish with sample size.5 The number of grid points increases slowly with sample

size — indeed slower than the growth of the number of support points selected by

the estimator. For n = 100, on average 3.8 points are selected. This increases to

10.1 for the large sample size. This pattern is broadly similar to previous simulation

results for a parametric variant of this estimator (Fox et al. 2011).

Figure 2.1 presents empirical quantiles for the estimator of fβ. For each sample

size the median estimate (the black curve) falls close to the true distribution (the

blue curve). The empirical pointwise confidence bands are substantially narrower for

5To be precise, integrated absolute error for simulation run m with estimate f̂β,m is
∫
|f̂β,m(b) −

fβ(b)|db and mean integrated squared error is equal to 1
M

∑M
m=1

∫ (
f̂β,m(b)− fβ(b)

)2
db where

M = 1, 000 is the number of replications.
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Figure 2.1: Simulation results for estimation of fβ for each sample size. The black curve

represents the median estimate, the red curves pointwise 97.5%, 2.5% quantiles, and the

blue curve the true distribution. The ticks on the x-axis represent the grid points.

the larger sample sizes.

2.5 Application to a labor force participation

model

This section revisits the female labor supply model of Altuğ and Miller (1998). I

combine the life-cycle model of Altuğ and Miller (1998) with the identification results

of Section 4.2 to estimate the distribution of labor productivity from data on labor

force participation. Before introducing the econometric model used in this section, I

discuss the approach of Altuğ and Miller (1998).

Altuğ and Miller (1998) introduces a framework to understand female labor supply

30



that takes into account aggregate shocks and time non-separable preferences. In their

model, agents gain utility from consumption and leisure. Under their specification of

consumption and Pareto optimality, the consumption component of flow utility is:

ηiλtνiωt exp(γ′3xWit)lit (2.8)

The term (ηiλt) is the shadow value of consumption, which is estimated from data

on consumption. The term (νiωt exp(γ′3xWit)lit) represents an individual’s earnings,

which is equal to the amount of time they spend working conditional on participating,

lit, multiplied by their marginal product. The individual-specific marginal product of

labor consists of unobserved aggregate and individual productivity effects (ωt, νi) in

addition to a component that depends on covariates xit. These terms are estimated

from the wage equation, which is as follows:

w̃it = ωtνi exp(γ′3xWit) exp(ε̃it).

Altuğ and Miller (1998) consider two estimators for the individual-specific produc-

tivity νi. First, they use the fixed effects estimator from the wage equation above. Of

course, in the asymptotic framework considered in this paper where n is large but T is

fixed, this estimator is subject to the incidental parameters problem is not consistent

in general. Second, the authors assume that the fixed effect can be written as a deter-

ministic function of observables, and then estimate that function non-parametrically.

The observed variables consists of demographic data such as race, marital status and

education levels. The second estimator is inconsistent if individual productivity can-

not be written as a function of observed data. Furthermore, their estimators requires

that ε̃it− ε̃i1 is mean independent of νi, which restricts an individual’s wage schedule.

The identification results of Section 4.2 obviate the need to estimate individual-

specific productivity from the wage equation. Instead, νi can be interpreted as a

random coefficient in the discrete choice model of labor force participation. In par-
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ticular, suppose the period payoff from entering the labor market for individual of

type νi is:

ui(x, ε, 1) = x′ (νi, γ) + ε1 (2.9)

with xit = (ẑit, 1, hincit, ageit, nkidsit, educit, lagged.workit). Here ẑit is constructed

following the schema of Altuğ and Miller (1998). Precisely, ẑit = η̂iλ̂tω̂t exp(γ̂′3xit)l̂it.

The remaining observed state variables are, respectively, annual head-of-household

income, age, a dummy variable for the presence of children in the household and, a

dummy variable that equals 1 if the individual worked in either of the previous two

periods.

Relative to the participation model in Altuğ and Miller (1998, Equation (6.7)), νi

is treated as an unobserved random variable. In their model νi is replaced by first-

stage estimator ν̂i, so that νiẑit is treated as a known constant. Like Altuğ and Miller

(1998), I make the outside good assumption and assume that εait is i.i.d. extreme

value type I. For simplicity, the agents’ time horizon is assumed to be infinite.

As in Altuğ and Miller (1998), the labor force participation model is estimated

using a subset of data from the PSID. The construction of the subset largely followed

the details in Altuğ and Miller (1998, Appendix B). The final data set contains

3084 individuals, each of whom have between four and ten panel observations, with

an average close to eight. For estimation, the sieve space is chosen to have 40 grid

points.

Table 2.3 presents point estimates of the finite parameter γ alongside boot-

strapped standard errors. The results can be compared to Altuğ and Miller (1998,

Section 6). Some results are broadly similar: for example, both sets of result indicate

that disutility from work increases with age. Others are different: for example, the

positive coefficient on lagged work status can be interpreted as indicating that cur-

rent and previous work are complements. That is, work in the past increases utility
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Table 2.3: Estimates of γ.

Variable Point estimate Standard errors

Intercept -0.4307 0.0774
Head-of-household income 2.530× 10−3 1.5572×10−6

Age 0.1833 0.0419
Number of kids -0.7024 0.0277
Education 0.2358 0.0499
Lagged work status 1.4462 0.0440

from work in the present. This is in contrast to results in Altuğ and Miller (1998),

which suggest that current and past leisure choices are substitutes.

Figure 2.2 presents the estimated distribution of labor productivity. The estimator

puts mass on nine out of the 40 points of support.
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Figure 2.2: Estimated distribution of νi. The black curve represents the point estimate,

the red curves represent bootstrapped 95% pointwise confidence intervals. The ticks on the

x-axis represent the grid points.
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2.6 Conclusion

In this paper I show point identification of the distribution of continuous unobserved

heterogeneity in a dynamic discrete choice model in a short panel. This improves

upon existing methods (Kasahara and Shimotsu 2009; Hu and Shum 2012), in not

restricting permanent unobserved heterogeneity in to have finite support. Unlike

these canonical papers which exploit only the Markov structure of DDC models, I

impose common functional form assumptions made in the DDC literature and show

that they have identifying power. This result may be surprising due to the non-

linearity of DDC models. My results encompass both finite and infinite horizon

models, and do not rely on a full support condition, nor parametric assumptions on

the distribution on permanent unobserved heterogeneity.

I propose a seminonparametric estimator for the distribution of continuous per-

manent unobserved heterogeneity in the style of Heckman and Singer (1984). The

estimator is computationally simple, and coincides with the estimator for a semipara-

metric model. As a result, the applied econometrician can proceed as they would for

discrete permanent unobserved heterogeneity, providing they commit to increasing

the number of support points as the sample size grows. In this way, my paper pro-

vides a solution to the problem of choosing the number of support points for discrete

permanent unobserved heterogeneity.
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Chapter 3

Testing homogeneity in dynamic discrete

games in finite samples

3.1 Introduction

In applications of dynamic discrete games, practitioners often assume that the con-

ditional choice probabilities and the state transition probabilities are invariant across

time and markets.1 We refer to this as the “homogeneity assumption” in dynamic

discrete games. This is a convenient assumption, as it allows the estimation of the

model’s structural parameters by pooling data from multiple markets and from many

time periods.

Despite the widespread use of the homogeneity assumption in dynamic discrete

games, it is plausible for this condition to fail in applications. We now provide a few

examples. First, a game could suffer from a structural change, which would inval-

idate the homogeneity assumption across time. Second, markets could be affected

by permanent time-invariant heterogeneity that is observed to the players but not to

the econometrician (e.g., Arcidiacono and Miller (2011a)). This would invalidate the

homogeneity assumption across markets. Third and relatedly, there may be multi-

plicity of equilibria, and different markets could be playing different equilibria. The

literature has considered hypothesis testing for the multiplicity of equilibria in games.

In particular, de Paula and Tang (2012) propose a test for the multiplicity of equi-

libria across markets in static games, while Otsu, Pesendorfer, and Takahashi (2016)

consider a test for the multiplicity of equilibria across markets in dynamic games.

1In this paper, we use “market” to denote a cross-sectional unit.
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In this paper, we propose a hypothesis test for the homogeneity assumption.

Our test is implemented via Markov chain Monte Carlo (MCMC) methods, and it

is justified by the theory of randomization tests (cf. Lehmann and Romano (2005,

Section 15.2)). While our test is not exactly a randomization test, we establish its

validity by coupling it with an underlying randomization test. The latter is exactly

valid yet computationally infeasible. In this sense, we can interpret our proposed

MCMC algorithm as a computationally feasible way to implement the infeasible

randomization test. We formally show that the approximation error vanishes as

the (user-defined) number of MCMC draws diverges. It is worth mentioning that our

results hold for any fixed and finite number of players, markets, and time periods.

This is an important aspect of our contribution, as the datasets used in empirical

applications often have a small number of time periods and markets. For example,

our empirical application is based on Ryan (2012), and has only n = 23 markets and

either T = 9 or T = 10 time periods.

The econometric framework considered in this paper is arguably very general. It

includes the single-agent dynamic discrete choice model (e.g., Rust (1987), Hotz and

Miller (1993a), Hotz et al. (1994), and Aguirregabiria and Mira (2002a)) and the

Markov equilibrium dynamic game model (e.g., Pakes, Ostrovsky, and Berry (2007),

Aguirregabiria and Mira (2007a), Bajari, Benkard, and Levin (2007), Pesendorfer

and Schmidt-Dengler (2008a), and Pesendorfer and Schmidt-Dengler (2010)). Fur-

thermore, it includes the Markov dynamic game model of Aguirregabiria and Magesan

(2020), which allows some players to have biased beliefs.

In a recent paper, Otsu, Pesendorfer, and Takahashi (2016) propose several hy-

pothesis tests for dynamic discrete games. Some of their proposals are related to

the problem considered in this paper. Specifically, they consider a method to test

the homogeneity across markets of the conditional choice probabilities and the state
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transition probabilities, under the maintained assumption that these functions are

time-homogeneous. Their inference method is based on the bootstrap, and its va-

lidity is shown in an asymptotic framework in which the number of time periods

T diverges to infinity. Unfortunately, the number of time periods in applications is

often small. Besides the aforementioned application of Ryan (2012) with T = 9 or

T = 10, we can mention Sweeting (2013) with T = 4, Collard-Wexler (2013) with

T = 24, and Dunne et al. (2013) with T = 5.

The most critical step of our MCMC algorithm is based on the so-called Euler

algorithm (Kandel et al. 1996). In related work, Besag and Mondal (2013) use this

algorithm to test whether a time series of data has a time-homogeneous Markov struc-

ture. In terms of our setup, this corresponds to testing whether the data from a single

market has a time-homogeneous state transition probability. Relative to this work,

our paper incorporates several essential features of dynamic Markov discrete games.

First, we recognize that the dataset in a typical dynamic game has information about

actions and states. Second, our construction exploits the typical economic structure

imposed in dynamic games, such as the conditional independence assumption (i.e.,

conditional on the current state variable, the current action variable is independent

from the past information). This can be clearly evidenced in our MCMC algorithm,

where we first transform the state variable data and then we transform the action

variable data. Finally, while Besag and Mondal (2013) focus on data from a single

market, our MCMC algorithm exploits the possibility that the data includes observa-

tions from multiple markets.2 This is an important aspect of our contribution, as the

datasets used in empirical applications usually include data multiple markets, e.g.,

2Besag and Mondal (2013, Section 5) briefly mentions how their methods could be extended to the
multiple market case. Unfortunately, they do not explain how this can be implemented nor they
justify its validity. In contrast, the hypothesis test that we propose is the result of a different
procedure than theirs, and we prove its validity by connecting it with the theory of randomization
tests.
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Ryan (2012) with n = 23, Sweeting (2013) with n = 102, Collard-Wexler (2013) with

n = 1, 600, and Dunne et al. (2013) with n = 639.

We explore the performance of our hypothesis test in Monte Carlo simulations.

Our results show that our method provides excellent size control even in small sam-

ples, and can successfully detect relatively small deviations from the homogeneity

hypothesis. In these two accounts, our test appears to work favorably in comparison

with the bootstrap-based test in Otsu, Pesendorfer, and Takahashi (2016). As an

empirical application, we investigate the homogeneity of the decisions in the U.S.

Portland cement industry data used in Ryan (2012). This is a key assumption in

Ryan (2012), as it allows him to pool data from multiple markets to estimate the

model’s parameters. Unlike Otsu, Pesendorfer, and Takahashi (2016)’s test, our test

finds no evidence against the homogeneity hypothesis in the data.

The rest of the paper is organized as follows. Section 4.2 describes the dynamic

discrete choice model and the hypothesis test. Section 3.3 specifies our hypothesis test

and its implementation via the MCMC algorithm. In Section 3.4, we show that our

test is an approximate implementation of a computationally infeasible randomization

test. In Section 3.5, we evaluate the performance of our test in finite samples via

Monte Carlo simulations. Section 3.6 considers an empirical application based on

Ryan (2012). Section 4.5 concludes. The paper’s appendix collects all of the proofs,

several auxiliary results, and computational details related to the proposed MCMC

algorithm.

3.2 The econometric model and the testing prob-

lem
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3.2.1 The econometric model

We begin by describing the dynamic discrete game under consideration. We observe

the outcome of n markets in which J players choose actions over T time periods.

Our setup allows for J = 1, i.e., single-agent problems, or J > 1, i.e., multiple-agent

games. This paper’s inference results are valid for all finite n, T , and J .

We consider a setup in which the observed actions and state variables are dis-

cretely distributed, which is common in the dynamic discrete choice literature. For

every market i = 1, . . . , n and period t = 1, . . . , T , let Ai,t be the random variable

that specifies the actions chosen by the players in market i and period t, and let Si,t

be the random variable that specifies the state variable of market i and period t. We

define the following n× T matrices:

S ≡ (Si,t : i = 1, . . . , n, t = 1, . . . , T ),

A ≡ (Ai,t : i = 1, . . . , n, t = 1, . . . , T ).

In this notation, the data are then given by

X ≡ (S,A).

We assume the common support of Si,t is a finite set S, and the common support

of Ai,t is a finite set A. Then, the support of X is represented by X ≡ SnT ×AnT .

Remark 4. We have thus far assumed that we observe a balanced panel, i.e., all n

markets are fully observed over T time periods. This is only for the simplicity of

notation and exposition. All of the arguments in our paper extend immediately to

the case in which each market i = 1, . . . , n is observed over a market-specific time

period Ti.

Throughout this paper, we maintain the following assumption.

Assumption 3.2.1. The following conditions hold:
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(a) ((Si,t, Ai,t) : t = 1, . . . , T ) are independent across i = 1, . . . n.

(b) (Si,t, Ai,t) and (Si,1, Ai,1, . . . , Si,t−2, Ai,t−2) are conditionally independent given

(Si,t−1, Ai,t−1) for every i = 1, . . . , n and t = 3, . . . T .

(c) Ai,t and (Si,t−1, Ai,t−1) are conditionally independent given Si,t for every i =

1, . . . , n and t = 2, . . . T .

Assumption 3.2.1 is standard in much of the literature on dynamic discrete games.

Assumption 3.2.1(a) imposes that markets are independently distributed. Assump-

tion 3.2.1(b) indicates that the observations of state and actions are a Markov pro-

cess. Assumption 3.2.1(c) imposes that the current actions are independent of past

information once we condition on the current state. Assumptions 3.2.1(b)-(c) are

high-level restrictions that are typically imposed on the equilibrium strategies used

by the players. In particular, they follow from the assumption that players use

Markov strategies Maskin and Tirole (2001), as assumed in Pakes, Ostrovsky, and

Berry (2007), Aguirregabiria and Mira (2007a), Bajari, Benkard, and Levin (2007),

and Pesendorfer and Schmidt-Dengler (2008a). These conditions are implied even in

models in which the players’ beliefs are allowed to be out of equilibrium, i.e., do not

coincide with the true equilibrium probabilities (e.g., Aguirregabiria and Magesan

(2020)).

We now introduce necessary notation to express our hypothesis of interest. We

use σi,t to denote the conditional choice probability for market i and period t, i.e.,

for every (s, a) ∈ S ×A,

σi,t(a|s) ≡ P (Ai,t = a|Si,t = s).

We use gi,t+1 to denote the state transition probability from period t to t + 1 for

market i, i.e., for every (s, a, s′) ∈ S ×A× S ,

gi,t+1(s′|a, s) ≡ P (Si,t+1 = s′|(Si,t, Ai,t) = (s, a)).
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We use mi(s) to denote the marginal state distribution for market i in period 1, i.e.,

for every s ∈ S,

mi(s) ≡ P (Si,1 = s).

With this notation in place, we specify our hypothesis testing problem in the next

section.

3.2.2 The hypothesis testing problem

Our goal is to test whether the “homogeneity assumption” holds in the data, i.e.,

whether the conditional choice probabilities and state transition probabilities are

homogeneous across time and markets. That is,

H0 : σi,t(a|s) = σ(a|s) and gi,t+1(s′|a, s) = g(s′|a, s) vs. H1 : H0 is false. (3.1)

Note that H0 in (3.1) represents two types of homogeneity: time and market

homogeneity, and involves two functions: conditional choice probabilities and state

transition probabilities. In this sense, our hypothesis test evaluates four homogeneity

conditions: time homogeneity of the conditional choice probabilities, market homo-

geneity of the conditional choice probabilities, time homogeneity of the state transi-

tion probabilities, and market homogeneity of the state transition probabilities. A

rejection of H0 in (3.1) would be indicative that one or more of these homogeneity

conditions is violated. In certain applications, however, one may feel comfortable that

some of the conditions are satisfied and should be part of our maintained assump-

tions. For example, in a given application, one may be confident that the conditional

choice probability and state transition probability are time-homogeneous. Then, one

could reinterpret H0 in (3.1) as testing the market homogeneity of the conditional

choice probabilities and state transition probabilities.

Under Assumption 3.2.1 and H0 in (3.1), Lemma B.2.1 in the appendix shows that

the likelihood of the data X = (S,A) evaluated at any realization X̃ = (S̃, Ã) ∈ X
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is as follows:

P (X = X̃) =
n∏
i=1

(
mi(S̃i,1)

(
T∏
t=1

σ(Ãi,t|S̃i,t)

) (
T−1∏
t=1

g(S̃i,t+1|S̃i,t, Ãi,t)

))
. (3.2)

This expression reveals that the markets are independently distributed (Assumption

3.2.1(a)), but they are not necessarily identically distributed because mi(·) depends

on i. Even though the conditional choice probabilities and state transition probabili-

ties are homogeneous under H0, markets can still be heterogeneous due to differences

in their initial state values. This is a desired feature in our testing problem, as the

dynamic discrete choice literature usually allows the initial state distribution to be

market-specific.

3.3 Our hypothesis test

In this paper, we propose to reject H0 in (3.1) whenever the significance level α is

larger than or equal to our p-value, which we denote by p̂K . That is,

φK(X) ≡ 1{p̂K ≤ α}. (3.3)

In turn, our p-value p̂K is the result of constructing K transformations of the data via

our MCMC algorithm, which we describe in Section 3.3.1 (see Algorithm 3.3.1). Our

MCMC algorithm produces K sequential transformations of the data X, denoted by

(X(1), . . . , X(K)). Our p-value is then computed as follows

p̂K ≡
1

K

K∑
k=1

1{τ(X(k)) ≥ τ(X)}, (3.4)

where τ : X → R denotes the test statistic designed to detect departures from H0

in the data.3 One notable feature of our hypothesis test is that its validity will not

3For example, (3.20) in Section 3.5 considers two possible test statistics designed to detect depar-
tures from market homogeneity in the conditional choice probability function.
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depend on the choice of the test statistic. The following is the main result of this

paper.

Theorem 5. Under H0 in (3.1), the test in (3.3) satisfies

lim sup
K→∞

E[φK(X)] ≤ α, (3.5)

where the expectation is taken with respect to the randomness in (X,X(1), . . . , X(K)),

i.e., both in the data X and in the random draws (X(1), . . . , X(K)) generated by our

MCMC algorithm.

Theorem 5 establishes that the proposed test in (3.3) controls size as the length of

the MCMC draws diverges. While this is an approximate result for a finite K, we note

that the researcher controls the number of MCMC draws and that the approximation

error becomes negligible by choosing a large value of K. Remarkably, Theorem 5

holds regardless of the number of markets n, time periods T , and players J , which

can remain constant in our analysis. In addition and as promised, this result also

holds irrespective of the specific choice of test statistic τ used in the construction of

the p-value in (3.4).

Our proposed test can be related to randomization tests, e.g., Lehmann and Ro-

mano (2005, Chapter 15.2). In particular, Theorem 5 follows from showing that the

p-value in (3.4) approximates the p-value of a (computationally infeasible) random-

ization test for H0 in (3.1). This observation provides intuition as to why Theorem 5

does not require the number of markets n, time periods T , or players J to grow. We

provide a detailed explanation and additional results in Section 3.4. In the rest of

this section, we introduce the MCMC algorithm used to construct (X(1), . . . , X(K)).
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3.3.1 The MCMC algorithm

Our MCMC algorithm requires some notation. Let I = {I1, I2} denote an arbitrary

pair of markets I1 and I2 in the data, i.e., I1, I2 = 1, 2, . . . , n. We allow for I1 = I2.

We use I to denote the collection of all such pairs of markets, i.e., |I| = n2. We also

define several sets.

Definition 3.3.1. For any I ∈ I and S̆ ∈ SnT , RS(I, S̆) is the set of all S̃ ∈ SnT

satisfying the following conditions:

(a) S̃i,1 = S̆i,1 for all i = 1, . . . , n,

(b)
∑T−1

t=1 1{S̃i,t = s, S̃i,t+1 = s′} =
∑T−1

t=1 1{S̆i,t = s, S̆i,t+1 = s′} for all s, s′ ∈ S

and i ∈ Ic,

(c)
∑

i∈I
∑T−1

t=1 1{S̃i,t = s, S̃i,t+1 = s′} =
∑

i∈I
∑T−1

t=1 1{S̆i,t = s, S̆i,t+1 = s′} for all

s, s′ ∈ S.

In words, RS(I, S̆) is the set of all state configurations that result from “mixing”

the hypothetical state data S̆, subject to certain restrictions (given by conditions (a)-

(c)). Under H0, these restrictions imply that each state configuration in RS(I, S̆) has

the same value of the likelihood function, provided that it is paired with a suitable

action configuration. The corresponding suitable action configurations are precisely

those in next definition.

Definition 3.3.2. For any S̃, S̆ ∈ SnT and Ă ∈ AnT , RA(S̃, (S̆, Ă)) is the set of all

Ã ∈ AnT satisfying the following conditions:

(a)
∑n

i=1

∑T−1
t=1 1{S̃i,t = s, Ãi,t = a, S̃i,t+1 = s′} =

∑n
i=1

∑T−1
t=1 1{S̆i,t = s, Ăi,t =

a, S̆i,t+1 = s′} for all s, s′ ∈ S and a ∈ A,
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(b)
∑n

i=1 1{S̃i,T = s, Ãi,T = a} =
∑n

i=1 1{S̆i,T = s, Ăi,T = a} for all s ∈ S and

a ∈ A.

By definition, RA(S̃, (S̆, Ă)) is the set of action configurations that result from

“mixing” the hypothetical action data Ă, subject to certain restrictions (given by

conditions (a)-(b)). Under H0, these restrictions imply that the hypothetical data

(S̆, Ă) has the same likelihood as the state configuration S̃ paired with any action

configuration in RA(S̃, (S̆, Ă)). With these definitions in place, we can now specify

our MCMC algorithm.

Algorithm 3.3.1 (MCMC algorithm). Let (X(1), . . . , X(K)) denote the following

Markov chain.

Initiation. Initiate the chain with X(1) = X.

Iteration. The rest of the chain is iteratively generated as follows. For any k =

2, . . . , K and given (X(1), . . . , X(k−1)), X(k) = (S(k), A(k)) is randomly generated

as follows:

Step 1: Draw I(k) uniformly from I, independently of (X(1), . . . , X(k−1)).

Step 2: Given (X(1), . . . , X(k−1), I(k)), draw S(k) uniformly from RS(I(k), S(k−1)).

Step 3: Given (X(1), . . . , X(k−1), I(k), S(k)), draw A(k) uniformly from

RA(S(k), X(k−1)). �

Several comments are in order. Steps 2 and 3 require randomly drawing state and

action configurations uniformly over the sets RS(I(k), S(k−1)) and RA(S(k), X(k−1)), re-

spectively. On the one hand, Step 3 is relatively easy to implement by permuting

the action data in A(k−1) subject to the restrictions in RA(S(k), X(k−1)). Algorithm

B.1.3 in Section B.1.2 explains how to implement this in practice and provides a
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justification (Lemma B.1.5). On the other hand, Step 2 is more involved. We pro-

pose to implement it using a modified version of the Euler algorithm (Kandel et al.

1996; Besag and Mondal 2013). Section B.1.1 describes the original Euler algorithm

(Algorithm B.1.1), our modification (Algorithm B.1.2), and formally shows that the

latter satisfy Step 2 in Lemma B.1.2.

For any k = 2, . . . , K, X(1), . . . , X(k−1) ∈ X , I ∈ I, and X̃ = (S̃, Ã) ∈ X , our

MCMC algorithm implies the following transition probabilities:

P (I(k) = I | X(1), . . . , X(k−1)) =
1

|I|
, (3.6)

P (S(k) = S̃ | I(k), X(1), . . . , X(k−1)) =
1{S̃ ∈ RS(I(k), S(k−1))}
|RS(I(k), S(k−1))|

, (3.7)

P (A(k) = Ã | S(k), I(k), X(1), . . . , X(k−1)) =
1{Ã ∈ RA(S(k), X(k−1))}
|RA(S(k), X(k−1))|

. (3.8)

Note that (3.7) and (3.8) are well defined, as both denominators can be shown to be

positive. In turn, these transition probabilities imply that our MCMC algorithm has

the following transition probability:

P (X(k) = X̃ | X(1), . . . , X(k−1)) =
∑

I∈I
1{S̃ ∈ RS(I, S(k−1)), Ã ∈ RA(S̃, X(k−1))}
|I| × |RS(I, S(k−1))| × |RA(S̃, X(k−1))|

if |RS(I, S(k−1))| × |RA(S̃, X(k−1))| > 0,

0 otherwise.

(3.9)

3.4 Our test as an approximate randomization

test

This section provides the formal arguments that are necessary to prove Theorem

5 and, thus, justify our hypothesis test in (3.3). In particular, we show that our

MCMC-based p-value in (3.4) is an approximation of the p-value of a specific ran-
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domization test. We argue that this randomization test is valid in finite samples but

computationally infeasible, which explains why we propose the MCMC algorithm to

approximate its p-value.

This section is organized as follows. Section 3.4.1 provides an alternative repre-

sentation of the likelihood of the data under H0 in (3.1). This result allows us to

define a sufficient statistic of the data under H0, denoted by U(X). Section 3.4.2

introduces a transformation group of the data, which does not change the value of

the sufficient statistic U(X).4 Section 3.4.3 defines a specific randomization test for

(3.1), and argues that is both finite-sample valid and computationally infeasible. Sec-

tion 3.4.4 shows that our MCMC-based test in (3.3) can successfully approximate the

infeasible randomization test as the number of MCMC draws diverges.

3.4.1 An alternative representation of the likelihood

The following result provides an alternative representation of the likelihood under H0

in (3.1).

Lemma 3.4.1. Under Assumption 3.2.1 and H0 in (3.1), the likelihood of the data

X = (S,A) evaluated at X̃ = (S̃, Ã) ∈ X with S̃ = (S̃i,t : i = 1, . . . , n, t = 1, . . . , T ) ∈

SnT and Ã = (Ãi,t : i = 1, . . . , n, t = 1, . . . , T ) ∈ AnT is

P (X = X̃) = P (A = Ã|S = S̃) × P (S = S̃), (3.10)

where

P (A = Ã|S = S̃) =
∏

(s,a,s′)∈S×A×S

(
σ(a|s)g(s′|s, a)∑
ã∈A g(s′|ã, s)σ(ã|s)

)∑n
i=1

∑T−1
t=1 1{S̃i,t=s,Ãi,t=a,S̃i,t+1=s′}

×
∏

(s,a)∈S×A

σ(a|s)
∑n
i=1 1{S̃i,T=s,Ãi,T=a} (3.11)

4Hereafter, we use “transformation group” to denote the set defined in Lehmann and Romano
(2005, pages 693-4).
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and

P (S = S̃) =

(
n∏
i=1

mi(S̃i,1)

)
×

∏
(s,s′)∈S×S

(∑
a∈A

g(s′|a, s)σ(ã|s)

)∑n
i=1

∑T−1
t=1 1{S̃i,t=s,S̃i,t+1=s′}

.

(3.12)

From this result, we can deduce the following corollary.

Corollary 2. Under Assumption 3.2.1 and H0 in (3.1), the sufficient statistic for

X = (S,A) is

U(X) =

 (Si,1 : i = 1 . . . , n) ,(∑n
i=1

∑T−1
t=1 1{Si,t = s, Ai,t = a, Si,t+1 = s′} : (s, a, s′) ∈ S ×A× S

)
,

(
∑n

i=1 1{Si,T = s, Ai,T = a} : (s, a) ∈ S ×A)

 .

(3.13)

Corollary 2 implies that, under H0, any transformation of the data that does

not change the value of U(X) does not affect the value of the likelihood. This

observation provides the basis of the randomization test that we consider in the

remaining sections.

3.4.2 A transformation group related to the proposed

MCMC algorithm

Our proposed MCMC algorithm can be understood as an iteration of transformations

to the data X. In particular, X(1) = X is the identity transformation, X(2) follows

from applying Steps 1-3 to X, X(3) follows from applying Steps 1-3 twice to X, and

so forth. In this section, we define a transformation group that is related to the

transformations in our MCMC algorithm. To define this properly, we first require

the following definition.
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Definition 3.4.1. For any pair of markets I = {I1, I2} ∈ I, let G(I) denote the set

of all transformations of X onto itself such that, for any g ∈ G(I) and (S̆, Ă) ∈ X ,

(S̃, Ã) = g(S̆, Ă) satisfies S̃ ∈ RS(I, S̆) and Ã ∈ RA(S̃, (S̆, Ă)).

Lemma B.2.3 in the appendix shows that G(I) is a transformation group. By

Definition 3.4.1, G(I) is the group representation of Steps 2-3 of our MCMC algo-

rithm. Given a randomly chosen pair of markets I(k) in Step 1, Steps 2-3 obtain the

next element of the Markov chain X(k) = (S(k), A(k)) by applying a randomly cho-

sen transformation in G(I(k)) to the preceding element of the Markov chain, X(k−1).

In this sense, Steps 2-3 of our MCMC algorithm are a specific way of choosing a

particular transformation in G(I(k)).

By the description in the previous paragraph, our MCMC algorithm randomly

chooses transformations in G(I) for random pairs of markets I, and iteratively applies

them to the data. These iterative transformations are related to the set that we define

next.

Definition 3.4.2. Let G be the set of all finitely many compositions of the elements

in
⋃
I∈IG(I).

The next result states that G is a transformation group with desirable properties.

Lemma 3.4.2. G : X → X is a transformation group of X such that, for any

g ∈ G and X̃ ∈ X , X̃ and gX̃ have the same sufficient statistic in (3.13), i.e.,

U(X̃) = U(gX̃).

The properties shown in Lemma 3.4.2 imply that we can use G to define a valid

randomization test. We do this in Section 3.4.3.
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3.4.3 A randomization test

Following Lehmann and Romano (2005, Chapter 15.2), we can use the transformation

group G to define a randomization test. This test rejects H0 in (3.1) whenever the

significance level α is larger than or equal to the randomization p-value, which we

denote by p̂. That is,

φ(X) ≡ 1{p̂ ≤ α}, (3.14)

where

p̂ ≡ 1

|G|
∑
g∈G

1{τ(gX) ≥ τ(X)}. (3.15)

By the arguments in Lehmann and Romano (2005, Page 636), the randomization test

in (3.14) is finite-sample valid. We record this in the next result.

Lemma 3.4.3. Under H0 in (3.1) and for any α ∈ (0, 1), the test in (3.14) satisfies

E[φ(X)] ≤ α. (3.16)

Unlike our proposed test in (3.3), the hypothesis test in (3.14) is computationally

infeasible in typical applications of dynamic discrete choice games. The basic reason

is that the transformation group G is usually impossible to enumerate. To see why,

note that G is a set of transformations restricted by the condition on the sufficient

statistics in (3.13). This condition is hard to impose without explicitly verifying that

it holds. In turn, an explicit verification of this condition is not practically feasible,

as it would require exploring all possible transformations that map X to X . Even in

applications in which n, T , and |A| and |S| are relatively small, the resulting state

space of the data X = SnT ×AnT can be overwhelming.

In the randomization testing literature, it is not uncommon for the transformation

set G to be huge. As Lehmann and Romano (2005, page 636) explains, one can still

implement a random version of the test in (3.14) by drawing randomly from G in a
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uniform fashion. This point is routinely exploited in standard settings to construct

tests based on permutations or sign changes. To the best of our knowledge, however,

there is no feasible way of obtaining such random draws in the current setup, as the

condition on the sufficient statistics in (3.13) is hard to impose without explicitly

checking whether it holds. This explains why we cannot directly exploit the finite-

sample result in Lemma 3.4.3. In any case, Section 3.4.4 reveals that our MCMC-

based p-value in (3.4) approximates the infeasible p-value in (3.15) as the length of

the MCMC diverges.

3.4.4 An MCMC approximation to the randomization test

Our main theoretical result is Theorem 5, which shows that the test in (3.3) controls

size as the number of MCMC draws K diverges to infinity. The following lemma

provides a fundamental stepping stone to prove this result.

Lemma 3.4.4. Conditional on X,

sup
t∈R

∣∣∣∣∣ 1

K

K∑
k=1

1{τ(X(k)) ≥ t} − 1

|G|
∑
g∈G

1{τ(gX) ≥ t}

∣∣∣∣∣ a.s.→ 0 as K →∞.

Lemma 3.4.4 shows that, as the number of MCMC draws diverges, the conditional

distribution based on the MCMC algorithm converge to the conditional distribution

of the computationally infeasible randomization test described in Section 3.4.3. By

applying Lemma 3.4.4 with t = τ(X), we can deduce that the p-value in (3.4) ap-

proximates the p-value in (3.15) as the number of MCMC draws K diverges. That

is, conditional on X,

p̂K
a.s.→ p̂ as K →∞.

By combining this observation with the finite-sample validity of the infeasible ran-

domization test in (3.14) (Lemma 3.4.3), it follows that our proposed MCMC-test
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becomes valid as the number of MCMC draws K diverges. This argument provides

the intuition behind Theorem 5 (see Section B.1.3 of the appendix for the proof),

and why it holds regardless of the number of markets n, time periods T , and players

J .

3.5 Monte Carlo simulations

In this section, we explore the performance of our proposed test in Monte Carlo

simulations. We consider the Monte Carlo design used by Otsu, Pesendorfer, and

Takahashi (2016, Section 4), which follows from the dynamic oligopoly discrete game

in Pesendorfer and Schmidt-Dengler (2008a, Section 7.1). We refer to these papers

for the details on the setup. The simulated data are generated by two oligopolic

firms deciding whether to enter or not into n markets, and over T time periods. This

dynamic game has multiple equilibria, which we exploit to generate departures from

the homogeneity assumption.

In each period t = 1, . . . , T and market i = 1, . . . , n, there are four possible actions

in this game: Ai,t = 1 denotes that neither firm entered the market, Ai,t = 2 denotes

that only firm 2 enters, Ai,t = 3 denotes that only firm 1 enters, and Ai,t = 4 denotes

that both firms enter. This implies that A = {1, 2, 3, 4}. In addition, the state is

equal to the last period’s action, i.e.,

Si,t = Ai,t−1, (3.17)

and so S = {1, 2, 3, 4}. Note that (3.17) implies that the state transition probabilities

are homogeneous, and given by

gi,t+1(s′|a, s) = 1{s′ = a}. (3.18)

We presume that (3.18) is known to the researcher, who replaces H0 in (3.1) with

the homogeneity of the conditional choice probabilities. In other words, the relevant
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hypothesis testing problem is

H0 : σi,t(a|s) = σ(a|s) vs. H1 : H0 is false. (3.19)

Following Otsu, Pesendorfer, and Takahashi (2016, Eq. (4), (7)), we consider the

following test statistics

τ1(X) ≡
n∑
i=1

∑
(a,s)∈A×S

(σ̂i(a|s)− σ̂(a|s))2

(∑T
t=1 1{Si,t = s}
σ̂(a|s)

)

τ2(X) ≡ 2
n∑
i=1

∑
(a,s)∈A×S

σ̂i(a|s) log

(
σ̂i(a|s)
σ̂(a|s)

) T∑
t=1

1{Si,t = s}, (3.20)

where we interpret 0/0 = 0 and 0× log(0) = 0, and we define

σ̂i(a|s) ≡
∑T

t=1 1{Ai,t = a, Si,t = s}∑T
t=1 1{Si,t = s}

σ̂(a|s) ≡
∑n

i=1

∑T
t=1 1{Ai,t = a, Si,t = s}∑n

i=1

∑T
t=1 1{Si,t = s}

.

The statistics in (3.20) compute weighted differences between market-specific empir-

ical conditional choice probabilities and the overall counterpart.

The data produced by this game is a matrix X = (S,A) ∈ X constructed exactly

as in Otsu, Pesendorfer, and Takahashi (2016, Section 4). We simulate data from

a mixture of two data generating processes: DGP 1 and DGP 2. They represents

Markov perfect equilibria of the dynamic game, which differ in the conditional choice

probabilities σ(a|s). In DGP 1, the matrix of conditional choice probabilities is
0.19 0.30 0.12 0.18
0.08 0.09 0.08 0.07
0.53 0.48 0.46 0.53
0.20 0.13 0.34 0.22

 ,

where the columns index the value of the state s ∈ S = {1, 2, 3, 4}, and the rows

index the value of the action a ∈ A = {1, 2, 3, 4}. In DGP 2, the corresponding
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matrix of conditional choice probabilities is


0.18 0.48 0.03 0.16
0.20 0.21 0.14 0.23
0.29 0.22 0.13 0.26
0.33 0.09 0.70 0.35

 .

Each market is sampled independently. Market i = 1, . . . , n behaves according to

DGP 1 if i/n ≤ λ and to DGP 2 if i/n > λ. Therefore, λ ∈ [0, 1] represents the

proportion of markets that are in DGP 1. Each market is initialized with state

equal to 1, and we simulate the corresponding action according to the corresponding

conditional choice probabilities. This, in turn, determines the next period’s state

according to (3.17). We then proceed iteratively until we have simulated T + 100

periods for each market. Then, the first 100 periods are discarded, producing a

sample of T periods for n markets, which is the data observed by the researcher.

For each simulated data, we implement our proposed test in (3.3) with K =

10, 000. We consider simulations with n ∈ {20, 40, 80, 160}, T ∈ {5, 10, 20, 40, 80},

and λ ∈ {1, 0, 0.5, 0.9}. As explained earlier, λ represents the proportion of markets

that are in DGP 1. If λ = 1 or λ = 0, all markets are sampled from the same distri-

bution, and so the conditional choice probabilities are homogeneous across markets.

This means that H0 in (3.19) holds. In turn, if λ = 0.5 or λ = 0.9, each data is

composed of markets from both distributions, and so the conditional choice prob-

abilities are not homogeneous across markets. This means that H0 in (3.19) fails

to hold. Note that λ = 0.5 generates data in which both distributions are equally

represented, and so the heterogeneity in the conditional choice probabilities should

be more salient. On the other hand, the case with λ = 0.9 produces data with a vast

majority of markets in DGP 1, and so the heterogeneity in the conditional choice

probabilities should be harder to detect. For each simulation design, we compute

rejection rates based on 1, 000 independently simulated datasets.
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The results from the Monte Carlo simulation are shown in Table 3.1 for λ ∈

{0, 1} and Table 3.2 for λ ∈ {0.5, 0.9}, respectively. For the sake of comparison, we

also include the results from the test proposed by Otsu, Pesendorfer, and Takahashi

(2016). Their test compares the same test statistics in (3.20) with critical values

based on the bootstrap. As mentioned earlier, they show the validity of their test in

an asymptotic framework with T → ∞ and n fixed. In contrast, our main result in

Theorem 5 is valid for any finite n and T .

Table 3.1: Simulation results under H0 for α = 5% based on 1,000 i.i.d. simulation
draws. The results for λ = 1 corresponds to data sampled from DGP 1 and λ = 0
corresponds to data sampled from DGP 2. The test statistics τ1(X) and τ2(X) are
defined in (3.20). Our test is computed according to (3.3) with K = 10, 000. OPT
refers to Otsu, Pesendorfer, and Takahashi (2016), whose results were copied from
Tables 1 and 2 in their paper.

n T
DGP 1 (λ = 1) DGP 2 (λ = 0)

Our test OPT’s test Our test OPT’s test
τ1(X) τ2(X) τ1(X) τ2(X) τ1(X) τ2(X) τ1(X) τ2(X)

20 5 5.6 5.2 13.2 5.9 4.8 4.6 13.5 12.7
20 10 5.5 4.9 7.0 4.5 6.4 5.4 7.9 8.4
20 20 4.1 4.9 4.4 5.0 4.9 5.2 5.8 7.1
20 40 6.0 5.9 5.1 6.2 5.4 4.9 4.8 5.4
20 80 5.6 5.0 5.7 6.6 5.7 5.5 5.1 5.2
40 5 5.5 4.8 6.5 2.3 3.9 4.3 8.0 6.4
40 10 5.5 4.9 3.8 2.7 5.8 6.2 5.2 4.9
40 20 4.6 4.3 4.3 3.4 4.8 5.0 6.2 6.9
40 40 5.7 5.8 4.5 5.3 6.2 4.9 3.9 5.3
40 80 5.4 5.2 5.3 5.3 4.7 4.9 5.6 4.5
80 5 6.1 6.0 5.3 1.5 4.6 4.5 4.6 3.7
80 10 5.4 4.6 3.2 1.2 5.5 5.4 5.6 5.1
80 20 4.9 4.3 5.2 3.5 5.8 4.8 4.9 5.7
80 40 6.5 6.1 3.9 3.9 4.7 4.6 4.7 5.1
80 80 5.2 5.6 4.7 4.6 6.0 6.3 5.3 5.0

160 5 7.0 8.0 4.9 0.6 6.1 6.3 4.0 1.4
160 10 5.5 5.2 3.4 0.9 4.3 5.2 4.7 3.9
160 20 5.2 5.0 3.3 2.4 5.9 5.8 4.5 4.5
160 40 4.7 5.4 4.8 4.8 6.0 5.6 6.3 5.5
160 80 4.7 4.8 4.5 4.6 5.6 6.0 5.5 5.2
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Table 3.2: Simulation results under H1 for α = 5% based on 1,000 i.i.d. simulation
draws. The results for λ = 0.5 corresponds to data sampled from DGP 1 and DGP
2 in equal proportions, and the results for λ = 0.9 corresponds to data sampled from
DGP 1 and DGP 2 with proportions 0.9 and 0.1, respectively. The test statistics
τ1(X) and τ2(X) are defined in (3.20). Our test is computed according to (3.3) with
K = 10, 000. OPT refers to Otsu, Pesendorfer, and Takahashi (2016), whose results
were copied from Tables 3 and 4 in their paper.

n T
Mixture with λ = 0.5 Mixture with λ = 0.9

Our test OPT’s test Our test OPT’s test
τ1(X) τ2(X) τ1(X) τ2(X) τ1(X) τ2(X) τ1(X) τ2(X)

20 5 4.5 5.9 10.3 8.3 4.1 5.0 10.7 6.0
20 10 8.6 13.5 6.5 7.4 5.4 5.8 6.5 4.8
20 20 38.2 51.3 27.8 27.4 12.0 15.0 11.7 12.8
20 40 96.3 98.2 79.7 76.1 38.5 40.1 32.7 35.3
20 80 100 100 99.9 99.8 85.9 86.9 75.8 76.5
40 5 4.8 8.1 4.7 4.1 5.1 5.5 4.5 2.5
40 10 9.9 17.8 7.4 5.5 6.3 6.4 5.4 4.2
40 20 63.3 76.3 44.6 36.2 20.2 24.0 16.0 14.8
40 40 100 100 97.4 94.3 59.6 63.7 49.0 50.1
40 80 100 100 100 100 98.5 99.1 93.5 92.5
80 5 4.3 9.3 3.3 2.3 4.8 6.8 3.4 1.7
80 10 13.3 25.2 10.8 5.8 6.3 9.0 5.9 3.2
80 20 87.3 95.4 68.5 55.5 28.5 34.0 23.3 19.7
80 40 100 100 100 99.9 85.1 88.2 72.8 73.2
80 80 100 100 100 100 100 100 99.7 99.6

160 5 4.1 11.5 2.9 0.9 4.9 7.7 4.0 0.9
160 10 21.4 44.5 12.4 5.8 9.1 12.6 6.0 2.1
160 20 99.2 100 92.3 78.6 44.4 53.0 38.2 30.6
160 40 100 100 100 100 97.7 98.3 93.4 92.4
160 80 100 100 100 100 100 100 100 100
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Table 3.1 reveals that our test achieves relatively good size control for all values

of time periods and market sizes under consideration. The table shows the result

of running 80 hypothesis tests for different data configurations that satisfy H0 in

(3.19) (four market sizes, five time periods, two test statistics, and two distributions).

Across these 80 numbers, our proposed test has an average rejection rate of 5.3, with

a standard deviation of 0.7, and a range of 3.9 to 8. We note that Theorem 5 implies

that our test should not produce over-rejection as K becomes large, but it is silent

about the possibility of under-rejection. Table 3.1 reveals that our test does not

seem to suffer from under-rejection in these simulations. For Otsu, Pesendorfer, and

Takahashi (2016)’s test, the average rejection rate is 5.1, with a standard deviation

is 2.2, and a range of 0.6 to 13.5. We note that these extreme rejection rates occur

in simulations with T = 5, which is reasonable for a test whose validity is proven in

an asymptotic framework in which T diverges.

Table 3.2 explores the performance of these tests for data configurations that do

not satisfy H0 in (3.19) due to the multiplicity of equilibria. We begin by explaining

the results of the table that are common to both hypothesis tests. First, the value

of λ denotes the proportion of the n markets in the data that are in DGP 1. As λ

becomes closer to either zero or one, the data are increasingly coming from a single

distribution, making the departure from the H0 harder to detect. Second, as the

number of markets n grows, the inference methods gain more evidence of the presence

of multiplicity, resulting in higher rejection rates. The same phenomenon occurs as

the number of time periods T increases. Third, τ2(X) is designed to be a more

efficient test statistic than τ1(X), which explains why it produces higher rejection

rates across the various simulation designs. We now turn to compare rejection rates

between the two tests. In most simulation designs, our test appears to have a higher

or equal rejection rate than Otsu, Pesendorfer, and Takahashi (2016)’s test. The few
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Table 3.3: Summary statistics for market capacity per year, measured in thousand
of tons.

Sample Average Std. dev. Minimum Maximum
1980-1990 4,226.8 2,284.4 1,321.3 12,578.0
1991-1998 3,857.2 2,107.9 1,084.0 9,564.8

exceptions occur in designs with n = 20 and T ∈ {5, 10}, which include cases where

their test over-rejects under the null hypothesis.

3.6 Empirical application

In this section, we revisit the application in Ryan (2012), as studied in Otsu, Pe-

sendorfer, and Takahashi (2016, Section 5). Ryan (2012) considers a dynamic discrete

game to study the welfare costs of the 1990 Amendments to the Clean Air Act on

the U.S. Portland cement industry. He develops a dynamic oligopoly game based on

Ericson and Pakes (1995), and estimates it using the two-stage method developed by

Bajari, Benkard, and Levin (2007). This method’s first stage is to estimate optimal

entry, exit, and investment decisions as a function of production capacity, and it relies

on the assumptions that markets are homogeneous. Our hypothesis test can be used

to investigate the validity of this assumption.

We use the same data as in Otsu, Pesendorfer, and Takahashi (2016, Section 5).

For each year in 1980-1998 and 23 geographically separated U.S. markets, we observe

the sum of the production capacities for all the firms in that market. Table 3.3

provides summary statistics of this aggregate production capacity before and after

the 1990 Amendments, and Figure 3.1 provides the corresponding histogram.

These data represent the result of the firms’ optimal entry, exit, and investment

decisions in the dynamic game estimated by Ryan (2012). We follow Otsu, Pe-

sendorfer, and Takahashi (2016) and discretize the production capacity into 50 bins

with equal intervals of 250 thousand tons each (0-250 thousand tons, 250-500 thou-
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Figure 3.1: Histogram of market capacity per year, measured in thousand of tons.

sand tons, and so on). For each i = 1, . . . , n = 23 and year t = 1, . . . , 19, we use

Ai,t ∈ A = {1, . . . , 50} to denote the production capacity bin. The state variable in

any market is the previous period’s action, i.e.,

Si,t = Ai,t−1, (3.21)

and so Si,t ∈ S = {1, . . . , 50}. We note that (3.21) implies that the state transition

probabilities are homogeneous, and so H0 in (3.1) is equivalent to the homogeneity

of the conditional choice probabilities.

Following Ryan (2012) and Otsu, Pesendorfer, and Takahashi (2016), we allow the

1990 Amendments to affect the decision of the firms. We then test the homogeneity

of the conditional choice probabilities for two subsets of data: before and after 1990.
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Table 3.4: Results of testing (3.1) separately before and after the passing of the 1990
Amendments. The test statistics τ1(X) and τ2(X) are defined in (3.20). Our test
is computed according to (3.3) with K = 10, 000. OPT refers to Otsu, Pesendorfer,
and Takahashi (2016), whose results were copied from Table 6 in their paper.

Before 1990 After 1990
τ1(X) τ2(X) τ1(X) τ2(X)

Test statistic 199.48 159.43 89.44 90.58
Our p-value 0.17 0.07 0.62 0.56
OPT’s p-value 0.009 0.01 0.09 0.055

That is, we implement the following hypothesis tests:

Hbefore
0 : σi,t(a|s) = σ(a|s) for i = 1, . . . , 23, t = 1, . . . , 10 vs. Hbefore

1 : Hbefore
0 is false

(3.22)

Hafter
0 : σi,t(a|s) = σ(a|s) for i = 1, . . . , 23, t = 11, . . . , 19 vs. Hafter

1 : Hafter
0 is false

(3.23)

We note that the two samples used to test the hypotheses in (3.22) and (3.23) have

a relatively small number of time periods (T = 10 and T = 9 for (3.22) and (3.23),

respectively) and markets (in both cases, n = 23). In this sense, this represents an

ideal scenario for our proposed test, as its validity does not rely on either one of these

dimensions diverging.

Table 3.4 shows the results of applying our procedure to test the hypotheses in

(3.22) and (3.23). We consider both test statistics in (3.20), and we use K = 10, 000.

At a significance level of α = 5%, we do not reject the homogeneity of the conditional

choice probabilities. Table 3.4 also shows the results of the bootstrap-based tests

proposed by Otsu, Pesendorfer, and Takahashi (2016), using the same test statistics.

As opposed to our results, their methods reject the hypothesis of homogeneity of the

conditional choice probabilities in the sample prior to 1990.
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3.7 Conclusions

This paper proposes a hypothesis test for the “homogeneity assumption” in dynamic

discrete games. Our test is implemented by an MCMC algorithm. We show that

our test is valid as the (user-defined) number of MCMC draws diverges, regardless

of the number of markets and time periods in the data. This result contrasts with

that of available methods in the literature, which require the number of time periods

to diverge. We establish our validity result by showing that our proposed test is

an MCMC approximation to a computationally infeasible randomization test, which

happens to be finite-sample valid. Our Monte Carlo simulations confirm that our

test has an excellent performance in finite samples, both in terms of size control and

power.
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Chapter 4

Dimension reduction in dynamic discrete

choice models via index sufficiency

4.1 Introduction

A common objective of dynamic discrete choice modeling is to estimate the underlying

structural equations that govern economic decisions. Most available estimators for

the structural parameter of interest θ0 ∈ Θ ⊆ RK are M-estimators:

θ̂∗ = arg max
θ
Q̂(θ). (4.1)

For instance, the criterion function Q̂ may be the likelihood function (Rust 1988),

a pseudo-likelihood function (Hotz and Miller 1993b; Arcidiacono and Miller 2011b)

or minimum distance function (Pesendorfer and Schmidt-Dengler 2008b). Although

these estimators have desirable theoretical properties, they often prove to be compu-

tationally demanding. First, computation can be intensive since forming the criterion

function requires solving the model, often by fixed-point iteration. Second, the lack

of global concavity in the criterion function means that local optima are a concern,

which may necessitate trying many different starting values. This is especially true

of models with permanent unobserved heterogeneity which are commonly estimated

using the EM-algorithm.

In this paper, we propose a computationally advantageous estimator for θ0 which

is first-order asymptotically equivalent to θ̂∗. The computational gains of our method

come from effectively reducing the dimension of the parameter space. The method is

based on the observation that DDC models fall in the class of invertible index models

(Ahn et al. 2018). This implies that if conditional choice probabilities (CCPs) at
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different state values are nearly equal, then the structural index must be nearly equal

also. This implication can be formalized as a set of equality constraints which restrict

θ to belong in a strict subspace of Θ, thus simplifying the computational challenge

of estimation.

In particular, we consider a class of DDC models in which the CCP—defined as

the probability of taking action 1 in state z—has a multiple index structure:

Π0(z) = p0(γᵀ0z, δ
ᵀ
0z)

where Π0(z) = Pr(Ait = 1|Zit = z) is the CCP, p0 is an unknown function which

depends on the structural parameter of interest θ0 = (γᵀ0 , ρ
ᵀ
0)ᵀ ∈ Θ ⊆ RK , and

δ0 ∈ RK×J (with J ≤ K) governs the transition of the state variable. Since the state

transition can be estimated without reference to the structural model, we assume a

consistent estimator for δ0 and focus on estimation of θ0. The structural parameter

θ contains two components—γ that enters the model as a linear index and ρ which

does not. For example, γ may be the payoff parameter in a linear flow payoff function

and ρ may be the parameter governing permanent unobserved heterogeneity.

The dimension reduction is attained by exploiting index sufficiency. In the context

of this model, index sufficiency means that if the observed CCPs at different values

of z are approximately equal, then the structural index must be approximately equal.

That is, for values of the state variable such that δᵀ0(z1 − z2) = 0,

Π0(z1) = Π0(z2) ⇐⇒ (z1 − z2)Tγ0 = 0.

This identity forms the basis of our dimension reduction technique. First define the

matrix

Σ0 ≡ E[(Z1 − Z2)(Z1 − Z2)T | Π0(Z1) = Π0(Z2), δT0 (Z1 − Z2) = 0].

From the identity, it follows that the true structural parameter satsifies Σ0θ0 = 0.

That is, θ0 belongs in the nullspace of Σ0. As such, the dimension of the nullspace—
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the nullity of Σ0—characterizes the extent of dimension reduction our method per-

mits. We show that the nullity of Σ0 is related to the number of continuous state

variables and the dimension of δ0.

Our estimator is constructed as follows. First, given Σ̂, a consistent estimator for

Σ0, set

θ̃ = arg max
θ : Σ̂θ=0

Q̂ (θ) .

Relative to the baseline estimator θ̂∗, θ̃ will be computationally advantageous, as it

is necessary to search only within values that satisfy Σ̂θ = 0. Second, our estimator

θ̂ is constructed by taking a number of Newton-Raphson updates from θ̃. We show

that θ̂ is first-order asymptotically equivalent to the more computationally intensive

θ̂∗.

Section 4.2 outlines the estimator and derives its equivalency to the baseline

estimator. A key issue is the nullity of Σ0—that is, the dimension of the subspace

to which θ0 is restricted. Subsection 4.3 derives some results on the nullity of Σ0.

Finally, section 4.4 proposes a consistent estimator for Σ0 and derives its rate of

convergence.

Notation: We consider the Euclidean norm for all the vectors. For the matrices,

we consider the induced operator norm.

4.2 Model and estimator

We assume we have a sample {Zi1, Ai1, Zi2, . . . , AiT}Ni=1 which are independent and

identically distributed across i with Ait ∈ {0, 1} representing an action and Zit ∈ RK

the vector of state variables. The sample size N tends to infinity as T remains fixed.

In what follows we omit the index (i, t) for notational simplicity. Indeed, the panel

length T is unimportant in our analysis.
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Define Π0t(z) = Pr(Ait = 1 | Zit = z) to be the observed conditional choice

probabilities. For instance in the presence of permanent unobserved heterogeneity λ,

these might be Π0t(z) =
∫

Pr(Ait = 1 | Zit = z, λ = v)ρ(λ = v | Zit = z)dv where ρ

is the conditional distribution of λ | Zit. We suppose there is a structural model for

the CCPs parameterized by the parameter θ0 = (γᵀ0 , ρ
ᵀ
0)ᵀ ∈ Θ ⊆ RP and consistent

estimator

θ̂∗ = arg max
θ
Q̂(θ).

We also allow for a nuisance parameter δ0, which we assume is estimable outside

the structural model. For example, in a DDC model δ0 may govern the transition

kernel—that is, the distribution of Zt+1 conditional upon (Zt, At). Since the transition

kernel is directly observed, δ0 can be consistently estimated without reference to the

choice model.

Our first modeling assumption supposes that the binary outcome model possesses

a multiple index structure:

Assumption 4.2.1. For every pair of points, z1 and z2, in the support of Z with

δT0 (z1 − z2) = 0,

Π0(z1) = Π0(z2) ⇐⇒ (z1 − z2)Tγ0 = 0.

This assumption holds in a broad class of dynamic binary choice models:

Example 1 (Dynamic binary choice model with linear flow payoffs). An agent selects

a sequence of actions {Ai1, Ai2, . . . } to maximize the expected sum of discounted

utilities, E[
∑∞

t=0 β
t{u(zt, at) + εt(at)}|a0, z0], where εt(at) is a state variable observed

by the decision maker, but not by the econometrician. The structural parameter

θ = (γ, ρ) with u(z, 1) = γᵀz, and ρ = β the discount factor. The structural model

65



for the CCPs is

Π(z) = Pr

(
γᵀz + ε(1) + β

∫
v(z′)FZ(dz′; z, 1) ≥ ε(0) + β

∫
v(z′)FZ(dz′; z, 0) | Z = z

)
(4.2)

where v(z) is the integrated value function defined by the Bellman equation

v(z) = E

[
max
a∈{0,1}

{
u(z, a) + ε(a) + β

∫
v(z′)FZ(dz′; z, a)

}]
,

and FZ is the distribution of the future state Z ′ conditional upon the current state

and action (Z,A). There is δ ∈ RK×J with J ≤ K and some function GZ such that

GZ(z′; δᵀz) = FZ(z′; z, 1)− FZ(z′; z, 0), so that Π(z) can be written

Pr

(
γᵀz + β

∫
v(z′)GZ(dz′; δᵀz) ≥ ε(0)− ε(1) | Z = z

)
.

Under the standard assumption that ε(0)− ε(1) is independent of Z, then this model

satisfies Assumption 4.2.1. Full- or pseudo-likelihood methods can be used to consis-

tently estimate θ0 (Aguirregabiria and Mira 2010).

Example 2 (Random effects dynamic discrete choice model). Consider the model of

Example 1, but now let u(z, 1) = λ+ γᵀz where λ is a random effect. If λ is assumed

to have V points of support, then this is a finite-mixture binary choice model with

Pr

(
λ+ γᵀz + β

∫
v(z′)GZ(dz′; δᵀz) ≥ ε(0)− ε(1) | Z = z

)

and Assumption 1 is satisified. The structural parameter θ = (γ, ρ) with ρ =

(β, {Pr(λ = v) : v = 1, . . . , V }) can be consistently estimated using the expectation-

maximization algorithm (Arcidiacono and Miller 2011b).

In order to exploit index sufficiency, we first define the matrix

Σ0 ≡ E[(Z1 − Z2)(Z1 − Z2)T | Π0(Z1) = Π0(Z2), δT0 (Z1 − Z2) = 0].
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Notice that under our sampling framework Z1 and Z2 are independent random vari-

ables whose marginal distribution is equal to that of Z. Our first result shows that

Σ0 characterizes the equality constraints that are implied by the index sufficiency:

Theorem 6. Under Assumption 4.2.1,

Σ0 = E[(Z1 − Z2)(Z1 − Z2)T | [γ0, δ0]T (Z1 − Z2) = 0], v

and

Σ0γ0 = 0. (4.3)

Proof. The first equation follows from Assumption 4.2.1. The second equation follows

from

Σ0γ0 =E[(Z1 − Z2)(Z1 − Z2)Tγ0 | [γ0, δ0]T (Z1 − Z2) = 0]

=E[(Z1 − Z2)0 | [γ0, δ0]T (Z1 − Z2) = 0] = 0.

Our proposed estimator involves imposing the linear equality constraints of equa-

tion 4.3. In order to do so, an estimator of Σ0 is required. For now, we assume there

is a n−2−(L+1)
-consistent estimator Σ̃ as in the following assumption. We will provide

a construction of Σ̃ in Section 4.4.

Assumption 4.2.2. There is an integer L such that

Σ̃− Σ0 = op(n
−2−(L+1)

).

and Σ̃ is symmetric and positive

The condition Σ0γ0 = 0 states that the structural parameter of interest belongs

in the nullspace of Σ0. Therefore, the effective dimension of the parameter space
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is equal to the dimension of the nullspace of Σ0. Equivalently, by the rank-nullity

theorem, the effective dimension reduction is equal to the rank of Σ0. For example, a

nonparametric estimator of Σ0 often yields a full rank Σ̃, so that the only γ satisfying

Σ̃γ = 0 is the zero vector. It is therefore important that the rank of the estimate for

Σ0 is equal to the rank of Σ0 itself.

To ensure this, we will consider a low rank approximation of Σ̃ by truncating

the eignvalues.1 Let λ̂1 ≥ . . . ≥ λ̂K be the eigenvalues for Σ̃, and ν̂1, · · · , ν̂K be the

corresponding eigenvectors. Define the low rank approximation

Σ̂ = [ν̂1, · · · , ν̂K ]Tdiag
(
λ̂1 · 1{λ̂1 > κ}, . . . , λ̂K · 1{λ̂K > κ}

)
[ν̂1, · · · , ν̂K ],

where κ is a threshold value satisfying the following condition.

Assumption 4.2.3. Pr(‖Σ̃−Σ0‖ ≤ κ ≤ min{λk : λk > 0} − ‖Σ̃−Σ0‖) = 1 + o(1),

where λ1 ≥ . . . ≥ λK are the eigenvalues for Σ0.

With a rank-consistent estimator for Σ0, we are now in a position to introduce

the estimator for θ0. First consider the optimization problem

maximize Q̂
([
γT , ρT

]T)
subject to Σ̂γ = 0,

and denote its solution by

θ̃ ≡
[
γ̃T , ρ̃T

]T
. (4.4)

1Instead of this construction of Σ̂, we may be able to apply a rank estimator, e.g., in Chen and
Fang 2019. Since our results rely only on the convergence rate of θ̃ in (4.4) and the rank is
correctly estimated with probability approaching one, we conjecture that estimating the rank
does not change our main result.
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Second, consider L iterations of Newton-Raphson update from θ̃:

θ̃1 ≡ θ̃ − Q̂(2)(θ̃)−1Q̂(1)(θ̃)

θ̃2 ≡ θ̃1 − Q̂(2)(θ̃1)−1Q̂(1)(θ̃1)

...

θ̂ ≡ θ̃L−1 − Q̂(2)(θ̃L−1)−1Q̂(1)(θ̃L−1),

where Q̂(1)(θ) is the first derivative of Q̂(θ) and Q̂(2)(θ) is the second derivative.

The final assumption imposes regularity conditions on the parameter space Θ and

criterion function Q:

Assumption 4.2.4. (i) Θ is compact. (ii) θ0 is the unique maximizer of Q0(θ)

over θ ∈ Θ. (iii) Q0 is twice differentiable with the first derivative Q
(1)
0 and the

second derivative Q
(2)
0 . Q

(1)
0 is bounded. Q

(2)
0 (θ0) is nonsingular. (iv) Q̂ (θ) is three-

times differentiable with bounded third derivatives. supθ∈Θ

∥∥∥Q̂(1)(θ)−Q(1)
0 (θ)

∥∥∥ =

op(n
−2−(L+1)

). Q̂(2)(θ0) = Q
(2)
0 (θ0) + op(1).

Theorem 7. Under Assumptions 4.2.1-4.2.4,

θ̂ = θ̂∗ + op(n
−1/2).

Theorem 7 is the main result of this paper. It says that the estimator θ̂ is first-

order asymptotically equivalent to the computationally more intensive θ̂∗. The com-

putational savings come from imposing linear constraints on θ, which restrict the

structural parameter of interest to belong to a strict subset of Θ. This means that

the desirable asymptotic properties of the commonly used estimator θ̂∗ can be at-

tained at a lower computational cost. In the next section we consider the extent of

computational savings that our method provides.
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4.3 Nullity of Σ0

In this section we consider the nullity of Σ0—that is, the dimension of the nullspace

of Σ0. Under Assumption 4.2.1, the structural parameter of interest θ0 belongs in

the nullspace of Σ0. This means that the smaller the nullity of Σ0, the greater the

computational advantage of imposing the equality constraints.

Theorem 8. Suppose Z = [ZT
A , Z

T
B ]T and there is a support point z = [zTA, z

T
B]T of

Z such that zA is an interior point of the conditional support of ZA given ZB = zB.

Then nullity(Σ0) ≤ dim(ZB) + rank(V ar([γ0, δ0]T [ZT
A , 0

T ]T )).

The term rank(V ar([γ0, δ0]T [ZT
A , 0

T ]T )) represents how many components in

[Π0(Z), ZT δ0]T are continuously distributed. If the transition probability does not

involve continuous state variables, we can simplify the statement as follows.

Corollary 3. Suppose the assumptions in Theorem 8. If δT0 [ZT
A , 0

T ]T = 0 is discrete,

then

nullity(Σ0) ≤ dim(ZB) + 1.

In addition to the continuity, the support condition can also help to guarantee the

lower bound on the rank of Σ0. We modify the arguments of Horowitz and Härdle

1996 to the current framework.

Theorem 9. Suppose the same assumptions in Theorem 8. If, in addition, the

conditional support of [γ0, δ0]T [ZT
A , z

T
B]T given ZB = zB is the same as the support of

[γ0, δ0]TZ, then

nullity(Σ0) ≤ dim(ZB)− rank(V ar(ZB)) + rank(V ar([γ0, δ0]T [ZT
A , 0

T ]T )).

Again, if the transition probability does not involve continuous state variables,

we can simplify the statement as follows.
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Corollary 4. Suppose the assumptions in Theorem 9. If δT0 [ZT
A , 0

T ]T = 0 is discrete,

then

nullity(Σ0) ≤ dim(ZB)− rank(V ar(ZB)) + 1.

If, in addition, V ar(ZB) has a full rank, then

nullity(Σ0) ≤ 1.

4.4 Estimation of Σ0

Assumption 4.2.2 supposed a consistent estimator for Σ0, which is required for our

main result (Theorem 7). In this section we propose a nonparametric estimator for

Σ0 and provide conditions for consistency. To allow for discrete state variables, in this

section we write
[
Π0(Zit), δ

T
0 Zit

]T
= [UT

it , V
T
it ]T , where Uit is continuously distributed

and Vit is not. The proposed estimator will be use kernel smoothing, and therefore

we require conditions on both the kernel function K and the bandwidth h:

Assumption 4.4.1. (i) K is a differentiable function of RJ+1 to R with the

first derivative K(1). (ii) K
([
uT , vT

]T)
= 0 and K(1)

([
uT , vT

]T)
= 0 when

‖v‖ is sufficiently large. K
([
uT , vT

]T)
= 0 and K(1)

([
uT , vT

]T)
= 0 when[

uT , vT
]T

is sufficiently large. (iii)
∫

K
([
uT , 0T

]T)
du = 1,

∫
K
([
uT , 0T

]T)
udu =

0,
∫

K
([
uT , 0T

]T) ‖u‖2du < ∞, and
∫
‖K(1)

([
uT , 0T

]T) ‖du < ∞. (iv)

nhdim(Uit)/(2−2−L) →∞ and nh2L+2 → 0.

To construct an estimator for Σ0, we assume that there is a consistent estimator

(δ̂, Π̂) for (δ0,Π0). As discussed earlier, in DDC models δ0 may govern the state

transition kernel, and is thus consistently estimable from data on the state transition.

Similarly, the CCPs Π0 are identified directly from the data.
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Assumption 4.4.2. There is a positive constant τ such that

n−τ

h
+
n−2τ (n−τ + log(n)h)dim(Uit)

hdim(Uit)+2
= o(n−2−(L+1)

)

and that, with probability approaching one,

sup
(i1,t1,i2,t2):i1 6=i2

∥∥∥ζ̂i1t1i2t2 − ζi1t1i2t2∥∥∥ ≤ n−τ , (4.5)

where

ζi1t1i2t2 ≡
[
Π0(Zi1t1)− Π0(Zi2t2), δ

T
0 (Zi1t1 − Zi2t2)

]T
.

ζ̂i1t1i2t2 ≡
[
Π̂(Zi1t1)− Π̂(Zi2t2), δ̂

T (Zi1t1 − Zi2t2)
]T
.

Assumption 4.4.3. (i) Each component of Ξ(u) and fU1−U2|V1=V2(u) is twice con-

tinuously differentiable with bounded second derivatives, where Ξ(u) = E[(Z1 −

Z2)(Z1 − Z2)T | U1 − U2 = u, V1 = V2]fU1−U2|V1=V2(u). (ii) fU1−U2, fU1−U2|Z1,

E [‖Z2‖ | U1 − U2, Z1], E [‖Z2‖2 | U1 − U2, Z1], and E[‖Z1 − Z2‖4 | U1 − U2, V1 − V2]

are bounded. (iii) Pr(V1 = V2) > 0.

With these assumptions in hand, we define our estimator as

Σ̃ ≡

∑
(i1,i2):i1 6=i2

∑
t1,t2

K
(
ζ̂i1t1i2t2/h

)
(Zi1t1 − Zi2t2)(Zi1t1 − Zi2t2)T∑

(i1,i2):i1 6=i2
∑

t1,t2
K
(
ζ̂i1t1i2t2/h

) .

The main result of this section is Theorem 10. It states that Σ̂ is consistent for

Σ0.

Theorem 10. Assumption 4.4.1-4.4.3 imply Assumption 4.2.2.
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4.5 Conclusion

In this paper we provide a method to simplify estimation of dynamic discrete choice

models by exploiting index sufficiency. Index sufficiency implies a set of equality

constraints which restrict the structral parameter of interest to belong in a subspace of

the parameter space. We propose an estimator that imposes the equality constraints,

and show it is first-order asymptotically equivalent to the unconstrained estimator.

The proposed constrained estimator may be compuationally advantageous due to the

effective reduction in the dimension of the parameter space. Furthermore, we provide

a number of results on the extent of effective dimension reduction, and show that if

there is sufficient variation in the observed state variables, the parameter γ ∈ RK

can be restricted to a line.
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Chapter 5

Conclusion

This dissertation has considered three distinct aspects of the econometrics of dynamic

discrete choice models. These models are widely used in applied microeconomics as

a structural approach to understanding selection. The second chapter considered

a dynamic discrete choice model, and showed that a continuum of agent types can

be allowed for. The third chapter provides a finite-sample valid test for an impor-

tant and common modeling assumption. The fourth and final chapter suggests a

computationally attractive estimator for dynamic discrete choice models, exploiting

semiparametric estimation techniques.
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Appendix A

Appendix for Chapter 1

A.1 Supplementary identification results

A.1.1 Random intercepts

This subsection provides conditions for identification of an infinite-horizon DDC

model with random intercepts (fixed effects) (see remark 1).

Assumption I2.1. Permanent unobserved heterogeneity βi =
(
βia : a ∈ Ã

)
∈ Rb

for b = |A| enters the model through the period utility function as follows.

ui(x, a) = βia + x′γa

where x ∈ Rk is the vector of observed state variables, and the agent index i is shown

for explicitness. Sβ, the support of βi, is a bounded subset of Rb. βi conditional upon

x1 = x is either discrete or absolutely continuous, in which case its density function

fβ|x1 is bounded.

Assumption I3.1. Let γa|A| be the first |A| components of the vector γa and let ΓA

be the |A| × |A| matrix with columns γa|A|. Then the matrix ΓA is full rank.

Assumption I4.1. (i) The restriction of the support of x2 conditional upon

(x1, a1) = (x, a) to the first 1 + |A| elements of x2 is bounded and contains a non-

empty open set for which Fx(x
′;x, a) does not depend on a. (ii) The support of x3

conditional upon (x2, a2) = (x, 0) for some x in the support of part (i) contains k

linearly independent elements and its restriction to the first 1 + |A| elements of x3

is bounded and contains a non-empty open set for which Fx(x
′;x, a) does not depend
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on a. (iii) The intersection over a3 of the support of x4 conditional upon x3 in the

support of part (ii) and a3 contains k linearly independent elements.

This strengthens Assumption I4 by requiring the state transition to be constant

across choices.

Corollary 5. Assume the distribution of (xt, at)
T
t=1 is observed for T ≥ 4, generated

from agents solving the model of equation (2.1) satisfying assumptions I1, I2.1, I3.1

and I4.1. Then (γ, fβ|x1) is point identified.

The proof to Corollary 5 is contained in section A.2.3. It follows from the proofs

of Theorems 1 and 2.

A.1.2 Identification without the terminal period

In many realistic contexts the terminal period is not observed. This is the model

I consider in this section. The result follows from arguments similar to the proof

of Theorem 1, and the assumptions reflect this. First the condition on permanent

unobserved heterogeneity is strengthened relative to Assumption F2. In particular,

random intercepts are ruled out.

Assumption F2.1. Permanent unobserved heterogeneity βi = (βia : a ∈ Ã) ∈ Rb

for b = |A| enters the model through the period utility function as follows:

uit(x, a) = x′ (βia, γat) ,

where x ∈ Rk is the vector of observed state variables, and the agent index i is shown

for explicitness. Sβ, the support of βi, is a bounded subset of Rb. βi conditional upon

x1 = x is either discrete or absolutely continuous, in which case its density function

fβ|x1 is bounded.

The next three assumptions are similar to Assumptions I3-I5
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Assumption F3.1. Let γat|A| be the first |A| components of the vector γat and let

ΓAt be the |A| × |A| matrix with columns γat|A|. Then the matrix ΓAt has full rank,

as do all of its principal submatrices.

Assumption F4.1. (i) The restriction of the support of x2 conditional upon

(x1, a1) = (x, a) to the first 1 + |A| elements of x2 contains k linearly independent

elements. (ii) The intersection over a2 ∈ A of the support of x3 conditional upon

(x2, a2) = (x, a) for some x in the support of part (i) restricted to the first 1 + |A|

elements of x3 is bounded and contains a non-empty open set. (iii) The support of

x4 conditional upon x3 in the support of part (ii) and a3 = 0 contains k linearly

independent elements and its restriction to the first 1 + |A| elements of x4 is bounded

and contains a non-empty open set.

Assumption F6. For each t, the state transition kernel Fxt+1(xt+1;xt, at) has

bounded support and may be decomposed into absolutely continuous and discrete com-

ponents, and the associated density and probabilities are real analytic functions of the

first 1 + |A| elements of xt. Furthermore, these functions have analytic continuations

to R1+|A| which are bounded.

These assumptions are very similar to Assumptions I2-I5, the difference being

that the homogenous parameter γt and the transition kernel Fxt are non-stationary.

Since we do not observe behavior in periods (T + 1, . . . , T1), the following restriction

is placed on out-of-sample behavior:

Assumption F7. Let γt = (γat : a ∈ Ã). For all t ∈ (T + 1, . . . , T1), γt = γT . In

addition, FT+1(x′;x, a) is identified.

No restriction is placed on the homogeneous parameter in periods t < 1, since it

has no bearing on in-sample behavior. This type of restriction is avoided in other

‘censored’ finite horizon models by exploiting features of the transition function, such
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as finite dependence (Arcidiacono and Miller 2020). Identification of the state ker-

nel is typically attained by assuming the data is of the form (xit, ait, xi,t+1 : i =

1, . . . , N ; t = 1, . . . , T ). Since I do not adopt this structure, I directly assume identi-

fication of the final period transition. Let γ = (γt)
T
t=1

Corollary 6. Assume the distribution of (xt, at)
T
t=1 is observed for T = 4, generated

from agents solving the model of equation (2.1) satisfying assumptions F1, F2.1-F4.1,

F6 and F7. Then (γ, fβ|X1) is point identified.

The argument for Corollary 6 is found in section A.2.3. It is broadly similar to

the argument for Theorem 1. For notational simplicity I assume exactly 4 periods

are observed, the same arguments apply if additional periods are observed.

A.1.3 Finite dependence

A DDC model exhibits finite dependence if there are multiple sequences of actions

that yield the same distribution over the state variable. Finite dependence is useful

for estimation as it allows the continuation value term to be expressed in terms

of CCPs (Arcidiacono and Ellickson 2011). This fact also makes finite dependence

useful for identification in models without permanent unobserved heterogeneity, as

it reduces the number of periods of out-of-sample behavior that must be assumed

known (Arcidiacono and Miller 2020, Section 3.3).

In this section I show a similar feature is present for models with continuous

permanent unobserved heterogeneity. In particular, I assume the transition function

exhibits a special case of finite-dependence: the renewal action. The canonical exam-

ple of renewal is machine replacement, but turnover and job matching also display

this pattern (Arcidiacono and Miller 2020).

Assumption F7.1. There is a choice a ∈ A such that the transition does not depend

on the initial state: Fxt(x
′;x, a) = Fxt(x

′; x̃, a) for all (x, x̃) in the support of xt.
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Let γ = (γt)
t1−1
t=t0 .

Corollary 7. Assume the distribution of (xt, at)
4
t=1 is observed, generated from agents

solving the model of equation (2.1) satisfying assumptions F1, F2.1, F3.1, I4, F6 and

F7.1. Then (γ, fβ|X1) is point identified.

As before, a panel of length 4 is assumed for notational ease, but the arguments

also apply for longer panels.

Section A.2.3 contains the proof to corollary 7. The most substantial steps follow

the proof of Theorem 1. The key difference is in showing identification of the finite

parameter γ.

A.2 Identification proofs

Notation Pt(a;x, b) denotes the conditional choice probabilities at period t, that

is Pr(ait = a | xit = x, βi = b).

A.2.1 Infinite horizon model

Proof of Theorem 1. By assumption I1,

fa4a3a2a1x4x3x2|x1(a4, a3, 0, a1, x4, x3, x2;x1) =

∫
P (a4;x4, b)Fx(x4;x3, a3)P (a3;x3, b)

× Fx(x3;x2, 0)P (0;x2, b)Fx(x2;x1, a1)P (a1;x2, b)fβ|x1(db;x1)

Where the transition kernel has positive measure, we can write

fa4a3a2a1x4x3x2|x1(a4, a3, 0, a1, x4, x3, x2;x1)

Fx(x4;x3, a3)Fx(x3;x2, 0)Fx(x2;x1, a1)
=

∫
P (a4;x4, b)P (a3;x3, b)P (0;x2, b)P (a1;x2, b)fβ|x1(db;x1)
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In this structure, the choices and states (at, xt) can be framed as repeated measure-

ments of βi, and measurement error methods can be adapted to prove identification.

To this end, denote LA = {f : A → R : supa∈A |f(a)| < ∞}, S3 the support of x3

satisfying Assumption I4(ii), and S2 the support of x2 satisfying Assumption I4(iii).

Let L3,4,2 : LS2 → A× LS3 and L3,2 : LS2 → A× LS3 be defined as follows:

[L3,4,2m](a3, x3) =

∫
fa4a3a2a1x4x3x2|x1(a4, a3, 0, a1, x4, x3, x2;x1)

Fx(x4;x3, a3)Fx(x3;x2, 0)Fx(x2;x1, a1)
m(x2)dx2

[L3,2m](a3, x3) =

∫
fa3a2a1x4x3x2|x1(a3, 0, a1, x4, x3, x2;x1)

Fx(x3;x2, 0)Fx(x2;x1, a1)
m(x2)dx2

Under Assumption I4 the above operators are observed and well-defined for x4 ∈ S4

where S4 is the support of X4 satisfying Assumption I4(iii).

These operators can be decomposed into constituent parts. For this purpose

define

L3,β : LSβ → A× LS3 [L3,βm](a3, x3) =

∫
P (a3;x3, b)m(b)db

D4
β : LSβ → LSβ [D4

βm](b) = P (a4;x4, b)m(b)

Dβ : LSβ → LSβ [Dβm](b) = P (a1;x1, b)fβ|x1(b;x1)m(b)

Lβ,2 : LS2 → LSβ [Lβ,2m](b) =

∫
P (0;x2, b)m(x2)dx2

It is straightforward to derive that L3,4,2 = L3,βD
4
βDβLβ,2 and L3,2 = L3,βDβLβ,2.

The proof proceeds in two steps. First it is shown that the operators L3,β and

L∗β,2 are injective, where L∗β,2 is the adjoint1 of Lβ,2. As argued below, injectivity of

these operators implies that L3,2 has a right inverse: In particular, that the equiv-

alency L4,3,2L
−1
3,2 = L3,βD

4
βL
−1
3,β holds. The second step of the proof is to use this

eigendecomposition to identify the CCP functions P , and subsequently (γ, fβ|x1).

1The adjoint of a linear operator between Hilbert Spaces L : U → V is the operator L∗ : V → U
that satisfies 〈Lu, v〉V = 〈u, L∗v〉U where 〈·, ·〉W is the inner product on W . See Carrasco, Florens,
and Renault (2007) for further discussion.
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Part I: Injectivity of L3,β and L∗β,2

L∗β,2 is defined as

L∗β,2 : LSβ → LS2 [L∗β,2m](x2) =

∫
P (0;x2, b)m(b)db.

Given the common structure of L3,β and L∗β,2 when a3 = 0, set a3 = 0 and the

following argument applies for t = 2, 3.

Define H, a subset of functions Sβ → [0, 1], as

H = {h : Sβ → [0, 1] : h(b) = P (0;x, b), x ∈ St} . (A.1)

Lemma A.2.1 shows H is a subset of L2(Sβ), the square integrable functions on

measure space (Sβ,B, λ) where B is the Borel sigma field on Sβ and λ is the Lebesgue

measure. In the language of Stinchcombe and White (1998, Definition 2.1), H is

totally revealing if and only if the operator is injective.

Now consider a superset of H, H̃ defined as

H̃ =
{
h : Sβ → [0, 1] : h(b) = P (0;x, b), x ∈ Rb+1 × Srt

}
, (A.2)

where Srt is the restriction of St to the final k−(1+ |A|) elements of xt. Lemma A.2.3

implies that if the functions P (a; b, x) : Rb+1 → [0, 1] are real analytic functions in

the first 1 + |A| elements of x and the restriction of St to those elements contains a

non-empty open set, then H̃ is totally revealing if and only if H is totally revealing.

Lemma A.2.1 verifies that these functions are indeed real analytic and Assumption

I4(i),(ii) ensures the open set condition is satisfied, so it remains to show H̃ is totally

revealing.

Stinchcombe and White (1998, Theorem 3.1) states that a norm bounded subset

of L2 is totally revealing if and only if its span is weakly dense in L2. Lemma A.2.1

verifies H̃ is a norm bounded subset of L2, thus it is sufficient to show the weak

density of H̃ in L2(Sβ).
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The first step (lemma A.2.2) is to show that the span of H̃ is uniformly dense in

the set

H1 =
{
h : Sβ → [0, 1] : h(b) = c̃os(α′1b+ α0), (α1, α0) ∈ Rb+1

}
, (A.3)

where c̃os(x) = (1 + cos[x + 3π/2])(1/2)1|x|≤π/2 + 1x>π/2 is the cosine squasher of

Hornik, Stinchcombe, and White (1989). Next, observe that on any compact domain,

a finite linear combination of elements of H1 can be made equal to any element of

H2 =
{
h : Sβ → [−π, π] : h(b) = cos(α′1b+ α0), (α1, α0) ∈ Rb+1

}
.

We thus have the following containment: spH̃ ⊃ spH1 ⊃ H2 where spA is the linear

span of A, and spA is its uniform closure. It is simple to verify that the linear span

of H2 satisfies the conditions of the Stone-Weierstrass theorem, and thus is uniformly

dense in continuous functions on Sβ, C(Sβ) (Rudin 1964, Theorem 7.32). That is

spH2 ⊃ C(Sβ) and it follows from the previous containment that spH̃ ⊃ C(Sβ)

— that the span of H̃ is uniformly dense in continuous functions on Sβ. Uniform

density in L2(Sβ) follows from Hornik, Stinchcombe, and White (1989, Corollary

2.2). Finally, since the uniform closure of a set is contained within its weak closure,

uniform denseness of H̃ in L2(Sβ) implies weak denseness and we conclude L3,β and

L∗β,2 are injective.

Now suppose that the measure fβ|X1(b;x1) has S < ∞ points of support. In

this case, the operators L3,β and L∗β,2 are a matrix of probabilities with rows

(P (0;xt, bs))S=1,...,S. Let xt = (zt, wt) with zt the first b + 1 elements of xt. From

the above approximation result, for each s, a sequence of zn,s,t ∈ Rb+1 can be found

such that limP (0; (zn,s,t, wt), bs+) = 1 for s+ ≥ s and limP (0; (zn,s,t, wt), bs−) = 0 for

s− < s. For each t, these S sequences define a sequence of square matrices whose limit

is full rank. Therefore for n large enough, the matrix (P (0; (z, wt), bs))z∈zn,s,t;s=1,...,S

is full rank.
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Part II: Eigendecomposition

Since Dβ is invertible (as P (a1;x1, b)fβ|X1(b;x1) > 0 almost surely-Sβ), and L3,β and

L∗β,2 are injective, L3,2 has a right inverse, the equivalence

L4,3,2L
−1
3,2 = L3,βD

4
βL
−1
3,β (A.4)

holds, and L4,3,2L
−1
3,2 admits a unique spectral decomposition (Williams 2019, Lemma

A.1). In particular, the right-hand side is the eigenvalue-eigenfunction decomposition

of the operator L4,3,2L
−1
3,2. The eigenfunctions are (a3, x3) 7→ P (a3;x3, b) correspond-

ing to the eigenvalue P (a4;x4, b). Each b indexes an eigenvalue and the corresponding

eigenfunction (a3, x3) 7→ P (a3;x3, b). As in Hu and Schennach (2008), the decomposi-

tion is unique up to (1) uniqueness of the eigenvalues, (2) scaling of the eigenfunctions

and (3) a reindexing of the eigenvalues (“ordering”).

The uniqueness problem is that if two eigenfunctions share the same eigenvalue,

then any linear combination of the eigenfunctions is also an eigenfunction. For eigen-

value uniqueness it is sufficient that for each b 6= b̃ ∈ Sβ ⊆ Rb, there exist some

(a4, x4) ∈ A × Rk such that P (a4;x4, b) 6= P (a4;x4, b̃) (Hu and Schennach 2008).

This condition is exactly the condition that homogeneous parameters can be iden-

tified from the conditional choice probabilities. It applies in the model under con-

sideration here due to assumption I4(iii), due to the argument provided below for

identification of the ordering function.

The scale problem is that each eigenfunction may be multiplied by a constant

(that may depend on the eigenvalue), yielding a different eigenvalue-eigenfunction

decomposition that is nevertheless consistent with equation (A.4). If s(b) is the un-

known constant, then we conclude ‘identification up to scale’ means s(b)P (a3;x3, b)

is identified. The scale of the eigenfunctions is set by the requirement that∑
a3∈A P (a3;x3, b) = 1.

The problem of ordering is that the index for the eigenvalues β can be reordered
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by some function R yielding a decomposition consistent with equation (A.4). To

be more explicit, for any injective function R that generates another index β̃ as

β = R(β̃), it holds that L3,βD
4
βL
−1
3,β = L3,β̃D

4
β̃
L−1

3,β̃
2 where

L3,β̃ : LSβ̃ → A× LS3 [L3,β̃m](a, x) =

∫
Pr(ai3 = a | xi3 = x, β̃i = b)m(b)db

D4
β̃

: LSβ̃ → LSβ̃ [D4
β̃
m](b) = Pr(ai4 = a4 | xi4 = x4, β̃i = b)m(b)

Notice that Pr(ai3 = a | xi3 = x, β̃i = b) = Pr(ai3 = a | xi3 = x, βi = R(b)) =

P (a;x,R(b)), so ‘identification up to ordering’ means the function P (a3;x3, R(b)) is

identified with the injective function R unknown.

To show R is identified, suppose that for all (a3, x3) ∈ A× S3,

P (a3;x3, R(b)) = P (a3;x3, b).

By standard arguments for identification of homogenous parameters in DDC models

(e.g. Bajari et al. 2015, Section 3.5), it follows that for each b and a ∈ A(
R(ba) γ̃′a

)
x3 =

(
ba γ′a

)
x3

Under Assumption I4(ii) S3 contains k linearly independent vectors, so it follows that

(R(ba), γ̃a) = (ba, γa) and thus γ and P (a3;x3, β) are identified.

To identify fβ|x1 , notice that

fa2a1x2|x1(0, a1, x2;x1)

Fx(x2;x1, a1)
=
[
L∗β,2(P (a1;x1, ·)fβ|x1(· ;x1))

]
(x2).

L∗β,2 is injective and identified, since its kernel (the CCP function) is identified. Ap-

plying the left inverse of L∗β,2, P (a1;x1, b)fβ|x1(b;x1) and thus fβ|x1(b;x1) is identified.

In the case that βi conditional upon xi1 has S <∞ points of support, the above

arguments apply directly with matrices replacing integral operators where appropri-

ate.

2This equality is shown explicitly in Hu and Schennach (2008, Supplement S.3)
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Lemma A.2.1 (Properties of the CCP function). Under assumptions I1,I2,I4 and

I5, the sets H and H̃ defined in equations (A.1) and (A.2) are norm bounded subsets

of L2(Sβ,B, λ) where B is the Borel sigma field on Sβ, λ is the Lebesgue measure.

Let xt = (zt, wt) with zt ∈ R1+|A|, then

{
h : Rb → [0, 1] : h(z) = P (a; (z, w), b), z ∈ R1+|A|} .

are real analytic functions.

Proof. Under Assumptions I1 and I2 an element h : Sβ → [0, 1] of the set H̃ is defined

as:

h(b) = P (a;x, b) =
exp

(
x′(ba, γa) + ρ

∫
v(x′; b, γ)dFx(x

′|x, a)
)∑

ã∈A exp
(
x′(bã, γã) + ρ

∫
v(x′; b, γ)dFx(x′|x, ã)

) . (A.5)

Let x = (z, w) where z ∈ R1+|A| is the first 1+ |A| elements of x. P is well-defined for

all z ∈ R1+|A| since the state transition dFx(x
′|x, a) is well-defined for all z ∈ R1+|A|

as the analytic continuation of dFx(x
′|x, ã) for z in its support, which contains an

open set under Assumption I4.

Since the set Sβ is a compact subset of Rb and |h(b)| ≤ 1 for all b ∈ Sβ,

‖h‖2
2 =

∫
Sβ

P (at;xt, b)
2dλ(b) ≤

∫
Sβ

dλ(b) <∞,

and thus h ∈ L2(Sβ,B, λ).

It remains to show that the functions P (a;x, b) are real analytic functions of z.

Since the sum, composition and ratio of strictly positive real analytic functions are

real analytic it is sufficient to show the following function is real analytic:

z 7→
∫
v(x′; b, γ)dF (x′|x, a).
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By Assumption I5, the transition kernel can be partitioned into a component

represented by a density fc, and a part represented my a mass function fd:

∫
v(x′; b, γ)dF (x′|x, a) =

∫
v(x′; b, γ)fc(x

′|x, a)dx′ +
N∑
i=1

v(i; b, γ)fd(i;x, a)

Since fd is a real analytic function of z, it is enough to show∫
v(x′; b, γ)fc(x

′|x, a)dx′ is real analytic. By assumption I5, fc(x
′|x, a) is real ana-

lytic on z ∈ R1+|A|. That is, for each a ∈ A, x′ ∈ Rk and w in its support, there is a

unique power series representation, such that for all z ∈ R1+|A|,

fc(x
′|x, a) =

∑
n∈N1+|A|

αn(a, w, x′)zn, .

Furthermore, for any x′ outside its bounded support and any (w, a), since fc(x
′|x, a) =

0 for z in its support, it follows that fc(x
′|x, a) = 0 for z ∈ R1+|A| since the support

of z contains an open set (a real analytic function that is zero on an open set is zero

everywhere it is defined). We are now in a position to show the result.∫
v(x′; b, γ)fc(x

′|x, a)dx′ =

∫
v(x′; b, γ)

∑
n∈Nb+1

αn(a, w, x′)zndx′

=

∫ ∑
n∈Nb+1

α̃n(a, w, x′)zndx′

=
∑

n∈Nb+1

(∫
α̃n(a, w, x′)dx′

)
zn =

∑
n∈Nb+1

ᾰnz
n

The first equality holds by definition. The second holds from defining

α̃n(a, w, x′) = v(x′; b, γ)αn(a, w, x′). The third equality holds from the bounded con-

vergence theorem because, the integral being supported on a bounded set, α̃n(a, w, x′)

is dominated by its supremum taken over its bounded support. The final equality

is by definition of ᾰn =
∫
α̃n(a, w, x′)dx′, which exists since the defining integral is

supported on a bounded set.
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Lemma A.2.2 (Approximation). Under Assumptions I1, I2, I3 and I5 the span

of H̃ (equation (A.2)) is uniformly dense in H1 (equation (A.3)), that is for any

(α0, α1) ∈ Rb+1:

∀ε > 0 ∃f ∈ sp
{
h : Sβ → [0, 1] : h(b) = P (a; (z, w), b), (a, z) ∈ A× R1+|A|}

s.t. sup
b∈Sβ
|c̃os(α′1b+ α0)− f(b)| < ε,

(A.6)

where c̃os(x) = (1+cos[x+3π/2])(1/2)1|x|≤π/2+1x>π/2 and spA is the uniform closure

of the linear span of A.

Proof. An element of H has the form

P (a;x, b) =
exp

(
x′(ba, γa) + ρ

∫
v(x′; b, γ)(dFx(x

′|x, a)− dFx(x′|x, 0))
)

1 +
∑

ã∈Ã exp
(
x′(bã, γã) + ρ

∫
v(x′; b, γ)(dFx(x′|x, ã)− dFx(x′|x, 0))

) .
(A.7)

The proof will proceed in two steps. Again, let x = (z, w) where z are the first 1+ |A|

elements of x. First I show that the function

(a, z, b) 7→
∫
v(x′; b, γ)(dFx(x

′|x, a)− dFx(x′|x, 0))

is uniformly bounded in (a, z, b) ∈ Ã × Rb+1 × Sβ. Using this fact, I then construct

a function satisfying (A.6).

For the first step, denote Sx′ as the support of the state transition kernel, consider

that∣∣∣∣∫ v(x′; b, γ)(dFx(x′|x, a)− dFx(x′|x, 0))

∣∣∣∣ ≤∫ |v(x′; b, γ)| |dFx(x′|x, a)− dFx(x′|x, 0)| dx′

=

∫
x′∈Sx′

|v(x′; b, γ)| |dFx(x′|x, a)− dFx(x′|x, 0)| dx′

+

∫
x′ 6∈Sx′

|v(x′; b, γ)| |dFx(x′|x, a)− dFx(x′|x, 0)| dx′

≤M1(b)

∫
x′∈Sx′

M2(a,w, x′)dx′ + 0 ≤M(a,w, b) <∞
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The second inequality follows because (a) the value function v(x; b, γ) is bounded

when the state space is contained in a compact set (Kristensen et al. 2020), (b) the

transition kernels are bounded functions of z (Assumption I5), and (c) as argued in

Lemma A.2.1, the transition kernels are identically zero for x′ outside its bounded

support. The final inequality follows from the existence of the integral over Sx′ , a

bounded set. The uniform bound is attained as M(w) = sup(a,b)∈Ã×Sβ M(a, w, b).

Since w is fixed throughout, I suppress the dependence of the uniform bound on its

value.

The second step consists of showing that there exists a function in the linear span

of H̃ that is uniformly dense in the cosine squashers. I proceed in several parts. Let

sgn(α1) be the length |A| vector of the sign of the components of α1. First, I show

that for any for any ε, η > 0 and (cj)
1+|A|
j=1 , there exists a function in H̃ that satisfies

h(b; c) ∈

(1− η, 1] if
∏

j 1[sgn(α1j)(bj − cj) > ε] > 1

[0, η) if
∏

j 1[sgn(α1j)(bj − cj) < −ε] = 0

[0, 1] otherwise

 . (A.8)

Let A−, A+ be the negative and positive components of α1 respectively. Denote 2A
−

be the power set of A−, and |A−| the cardinality of set A−. Now define the function

f(x; c) as

∑
A∈2A−

(−1)|A|
1

1 +
∑
a∈A+∪A exp(−d(ba − ca) +

∑
a∈A−\A exp(−d(ba + d)) +

∫
v(x′; b, γ)(f(x′|xA, a)− f(x′|xA, 0))dx′)

where xA = (z, wA) for z = −d and wA a solution to the system of linear equations

dca = γ′aw for a ∈ A ∪ A+ and −d2 = γ′aw for a ∈ A− \ A, which exists due to

Assumption I3. For fixed ε, η, by taking d→∞, it can be seen that there exists a d

such that this function satisfies (A.8).

Second, let c1 < c2 < · · · < cn be equally spaced vectors on the curve {c ∈ Sβ :
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α′1c+ α0 = 0} with c1, cn on the boundaries of the convex hull of Sβ. Then set

h(b) =
n∑
i=1

h(b; ci)/n

For n large enough, if |α′1b+ α0| > ε, then |1(α′1b+ α0 > 0)− g(b)| < η.

Third, these approximate indicator functions can be made uniformly close to any

cosine squasher on the compact support of βi following the arguments in Hornik,

Stinchcombe, and White (1989, Lemma A.2). The steps are fully elaborated for the

binary choice case (Remark 5), so I do not repeat them here.

Remark 5 (Binary choice). In the binary choice case, it is possible to replace the

period utility function of Assumption I2 with

ui(x, 1) = x′ (βi1, γ1) ,

where now βi1 ∈ Rb is a vector. The proof to Theorem 1 provided in Section A.2.1

applies largely directly, except for the second step of the proof of Lemma A.2.2, which

I now show.

Proof. The second step is the construction of a function

h(b) =
N∑
i=1

ciP (1; (xi, b))

for N ∈ N, ci ∈ R, xi = (zi, w1i, w−1) with (zi, w1i) ∈ Rb+1 and w−1 fixed at some

value in the support, that is uniformly close to c̃os(α′1b+ α0) on b ∈ Sβ ⊆ Rb.

Let ε > 0 and (α0, α1) ∈ R1+b and M > 0, the uniform bound from the first step,

be given. Set ε̄ = ε ∨ 1, N > 2/ε̄ and P = M − g−1(ε̄/2N). Let ci = 1/N . For
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i = 1, 2, . . . , N , set

zi =
2P

c̃os−1(i/N)− c̃os−1((i− 1)/N)
α1

w1i = −P (c̃os−1(i/N) + c̃os−1((i− 1)/N)− 2α0)

γ1(c̃os−1(i/N)− c̃os−1((i− 1)/N))
− γ−1

′w−1

γ1

,

where c̃os−1(x) = arccos(1−2x)−π/2, the inverse of x 7→ c̃os(x) defined on |x| ≤ π/2.

With xi = (zi, w1i, w−1), the function h is defined.

To verify that h satisfies supb∈Sβ |c̃os(α′1b+ α0)− f(b)| < ε, first consider the ith

component in the sum defining f . For α′1b+ α0 < c̃os−1((i− 1)/N),

b′zi+γ1w1i+γ
′
−1w−1+

∫
v(x′; b, γ)(dFx(x

′|xi, 1)−dFx(x′|xi, 0)) < −P+M = g−1(ε̄/2N).

The inequality follows from the choice of (zi, wi) and the uniform bound shown in

the first step. Similarly for α′1b+ α0 > c̃os−1(i/N),

b′zi + γ1w1i + γ′−1w−1 +

∫
v(x′; b, γ)(dFx(x

′|xi, 1)− dFx(x′|xi, 0)) >

P −M = −g−1(ε̄/2N) = g−1(1− ε̄/2N).

For any j = 1, 2, . . . , N , c̃os(α′1b+ α0) ∈ [(j − 1)/N, j/N), otherwise c̃os(α′1b+ α0) =

1. In the former case, the i = 1, . . . , j − 1 components of f take values between

(1 − ε̄/2N)/N and 1/N ; the jth component takes a value between 0 and 1/N ; and

the i = j + 1, . . . , N components take values between 0 and ε̄/2N . This means a

lower bound for f is (j−1)(1− ε̄/2N)/N and an upper bound is j/N +(N − j)ε̄/2N .

The difference between f and c̃os(α′1b+ α0) is therefore bounded above by

max {|j/N + (N − j)ε̄/2N − (j − 1)/N | , |j/N − (j − 1)(1− ε̄/2N)/N |} ,

which is strictly less than ε. In the case that c̃os(α′1b + α0) = 1, all N components

of the sum defining f take values between (1− ε̄/2N)/N and 1/N . So the difference

between the functions is at most ε̄/2N < ε.
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Lemma A.2.3 is a straightforward generalization of Stinchcombe and White (1998,

Theorem 3.8) that allows for non-linear kernel functions. The results states that an

integral operator is injective if the relevant covariates have support containing an

open set, if the operators are injective when the covariates have full support.

Lemma A.2.3. Let F be a signed measure with compact support Y and D be a finite

set. If

∀x ∈ Rk,

∫
f(x, y)dF (y) = 0⇒ ∀y ∈ Y , F (y) = 0 (A.9)

and f is a real analytic function on x ∈ Rk, then for any T ⊆ Rk open and non-empty,

∀x ∈ T,
∫
f(x, y)dF (y) = 0⇒ ∀y ∈ Y , F (y) = 0

Proof. Suppose that equation (A.9) holds and that ∀x ∈ T,
∫
f(x, y)dF (y) = 0,

for some T ⊆ Rk open and non-empty. Since f is real analytic for each y and Y

is bounded,
∫
f(x, y)dF (y) is a real analytic function of x (Mattner 1999). Since∫

f(x, y)dF (y) is zero on an open set, it is zero on the Euclidean space and by

equation (A.9), F vanishes on Y .

A.2.2 Finite horizon model

Proof of Theorem 2. Let y = ((at, xt)
T
t=2, a1), then by Assumption F1, the distribu-

tion of y conditional upon x1 = x is

fy|x1(y;x1) =

∫ T∏
t=2

(Pt(at;xt, b)Fxt(xt;xt−1, at−1))P1(a1;x1, b)fβ|x1(db;x1)

Where the transition kernel has positive measure, we can write

fy|x1(y;x1)∏T
t=2 Fxt(xt;xt−1, at−1)

=

∫ T∏
t=1

Pt(at;xt, b)fβ|x1(db;x1)
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Define g(b; (at)
T−1
t=1 ) =

∏T−1
t=1 Pt(at;xt, b)fβ|x1(b;x1), then the right-hand side of

the above equation can be written as
∫
PT (at;xt, b)g(b; (at)

T−1
t=1 )db. With this integral

equation representation, the proof follows a similar structure as the proof to Theorem

1. First, the operator

LT,β : LSβ → A× LST [LT,βm](aT , xT ) =

∫
PT (aT ;xT , b)m(b)db

is shown to be injective. Second, injectivity is used to identify (γt)
T
t=t0

and fβ|x1 .

Part I: Injectivity of LT,β

First notice that the CCP function has the form:

PT (a;x, b) =
exp (β1a + x′(β2a, γaT ))

1 +
∑

ã∈A (β1ã + x′(β2ã, γãT ))

Let x = (z, w) where z is the first p elements of x, and denote wA as the first |A|

elements of w. The CCP function is real analytic in (z, wA) whose support contains

a non-empty open set by Assumption F4. Since the support of β is compact, Lemma

A.2.3 applies and LT,β is injective if and only if it is injective when the support of xT

is Rp+|A|×SrT , where SrT is the restriction of the support of xT to the final k−p−|A|

elements of xT . I show injectivity directly. Begin by assuming m(b) is a finite signed

measure satisfying

∀(a, z) ∈ A× Rp,

∫
PT (a;x, b)m(b)db = 0 (A.10)

for any fixed w. Viewed as a function of a wA ∈ R|A| this object is infinitely differ-

entiable and since it is identically zero, all of its derivatives are zero. Furthermore,

since both PT and m are bounded, we can exchange the order of differentiation and

integration, so that:

∀n ∈ N+ ,∀(a, z) ∈ A× Rp,

∫
∂n

∂wAtn
PT (a;x, b)m(b)db = 0.
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Fix a and consider the first-order partial derivative (n = 1) with respect to the ith

element of wA:

∀z ∈ ×Rp, γaT,a

∫
PT (a;x, b)dm(b)−

∑
i∈Ã

γaT,i

∫
PT (a;x, b)(i;x, b)dm(b) = 0.

From the preceding two equations, it follows that for all i,

∀(a, z) ∈ A× Rp,
∑
i∈Ã

γaT,i

∫
PT (a;x, b)PT (i;x, b)dm(b) = 0.

Repeating the argument for all i ∈ Ã yields the system of linear equations

ΓA

∫
PT (a;x, b)⊗ P̃T (x, b)dm(b) = 0|A|

where P̃T (x; b) is the vector {PT (a;x, b) : a ∈ A} and ⊗ is the Kronecker product.

Thus
∫
PT (a;x, b)⊗ PT (x, b)dm(b) = 0|A| and, repeating the argument for each a,

∀z ∈ Rp,

∫
P̃T (x; b)αm(b)db = 0

for α = 2 the multi-index of length A. Repeating the argument for higher order

derivatives, we conclude that

∀z ∈ Rp,

∫
P̃T (x; b)αm(b)db = 0 (A.11)

for all multi-indices α ≥ 1. Let mz be the signed measure induced by the transfor-

mation β → P̃T (x; β), or more precisely:

mz̃(B) =

∫
m(b)1[P̃T (x; b) ∈ B]db.

In other words, mz is the density of the random variable P̃T (x; β). Thus from equation

(A.11),

∀z ∈ Rp,

∫
xαmz(x)dx = 0

93



for all multi-indices α. It follows that the Fourier transform of P̃T (x; β) is identically

zero, and thus the measuremz is zero for each z ∈ Rp (Hornik 1993, Theorem 1 Proof).

Since the random variable P̃T (x; β) can be injectively mapped to {β1a+x′(β2a, γaT ) :

a ∈ Ã}, mz(B) = 0 implies

m̃z(B) =

∫
m(b)1[b : {b1a + x′(b2a, γaT ) : a ∈ Ã} ∈ B] = 0.

From here standard arguments (Masten 2018, Lemma 1) give that the characteristic

function of β is zero, given fixed (γT , wT ), and thus the signed measure m(b) = 0.

We conclude that LT,β is injective.

Part II: Identification of (γt)
T
t=t0

Since LT,β is injective for any arbitrary γ and support satisfying Assumptions F3-

F4, LE,γT,β is also. This implies that the operator defined in Assumption F5 exists.

Under that assumption, γT is identified as follows: Given γT 6= γ̃T , let E, Ẽ be

as in Assumption F5 and suppose that for all xT ∈ E, there exists distributions

fβ|Xt0 , f̃β|Xt0 such that

∫
fAT |XT ,β(1;xT , b; γT )fβ|Xt0 (b;xt0)db =

∫
fAT |XT ,β(1;xT , b; γ̃T )f̃β|Xt0 (b;xt0)db

In different notation, this equation is: [LE,γTT,β fβ|Xt0 ](xT ) = [LE,γ̃TT,β f̃β|Xt0 ](xT ) for all

xT ∈ E. By injectivity, it follows that fβ|Xt0 (b;xt0) = [(LE,γTT,β )−1LE,γ̃TT,β f̃β|Xt0 ](b).

Suppose the same equality holds for all xT ∈ Ẽ, that is fβ|Xt0 (b;xt0) =

[(LẼ,γTT,β )−1LẼ,γ̃TT,β f̃β|Xt0 ](b). It follows that

0 =
[(

(LE,γTT,β )−1LE,γ̃TT,β − (LẼ,γTT,β )−1LẼ,γ̃TT,β

)
f̃β|Xt0

]
(b),

which contradicts the assumption that LE,γT ,Ẽ,γ̃TT,β ≡ (LE,γTT,β )−1LE,γ̃TT,β − (LẼ,γTT,β )−1LẼ,γ̃TT,β

is injective, so γT is point identified.
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To identify fβ|x1 , notice that

fy|x1(y;x1)∏T
t=2 Fxt(xt;xt−1, at−1)

= [LT,βg(·; (at)
T−1
t=1 ](aT , xT )

with LT,β injective and identified, since its kernel (the CCP function) is identified.

Applying the left inverse of LT,β, g(b; (at)
T−1
t=1 ) =

∏T−1
t=1 (Pt(at;xt, b; )) fβ|x1(b;x1) is

identified. Repeating this argument for each choice sequence (at)
T
t=1, fβ|x1(b;x1) is

identified as
∑

~a∈A(T−2) g(b;~a).

To identify γt for t0 ≤ t < T , first Pt is identified by summing g(b, (at)
T−1
t=1 ) over

the support of (at)
T−1
t=1 for all periods except the tth period. With the CCPs known,

the model can be solved for the finite parameters γt by backwards recursion.

A.2.3 Proof of supplementary identification results

Finite horizon without terminal period

Proof of Corollary 6. For ease of notation, relabel the time index so that t1 = 4.

Denote LA = {f : A → R : supa∈A |f(a)| < ∞}, and S3 be the support of

x3 satisfying Assumption F4.1(ii), and S4 the support of x4 satisfying Assumption

F4.1(ii). As in the proof to Theorem 1, under Assumptions F1, F4.1, the operators

L4,2,3 : LSX3
→ A× LSX4

and L4,3 : LSX3
→ A× LSX4

defined as

[L4,2,3m](a4, x4) =

∫
fA4A3A2A1X4X3X2|X1(a4, 0, a2, a1, x4, x3, x2;x1)

Fx4(x4;x3, 0)Fx3(x3;x2, a2)Fx2(x2;x1, a1)
m(x3)dx3

[L4,3m](a4, x4) =

∫ ∑
a2∈A

fA4A3A2A1X4X3X2|X1(a4, 0, a2, a1, x4, x3, x2;x1)

Fx4(x4;x3, 0)Fx3(x3;x2, a2)Fx2(x2;x1, a1)
m(x3)dx3

95



are well-defined and observed for x2 ∈ S2 where S2 is the support of x2 satisfying

Assumption F4.1(i). As before, define the following operators:

L4,β : LSβ → A× LSX4
[L4,βm](a4, x4) =

∫
P4(a4;x4, b)m(b)db

D2
β : LSβ → LSβ [D2

βm](b) = P2(a2;x2, b)m(b)

Dβ : LSβ → LSβ [Dβm](b) = P1(a1;x1, b)fβ|X1(b;x1)m(b)

Lβ,3 : LSX3
→ LSβ [Lβ,3m](b) =

∫
P3(0;x3, b)m(x3)dx3

and conclude L4,2,3 = L4,βD
2
βDβLβ,3, and L4,3 = L4,βDβLβ,3,.

The proof follows structure of the proof to Theorem 1. First it is shown that the

operators L4,β and L∗β,3 are injective. This which implies that L3,2 has a right inverse

and, therefore, that the equivalency L4,3,2L
−1
3,2 = L3,βD

4
βL
−1
3,β holds. The second step

of the proof is to use this eigendecomposition to identify the CCP functions P4, and

subsequently (γ, fβ|x1).

Part I: Injectivity of L4,β and L∗β,3 I focus on injectivity of L4,β, since injectivity of

L∗β,3 follows by the same argument. Defining H, H̃,H1,H2 as in the proof to theorem

1, it follows that L̃4,β is injective if analogies to Lemmas A.2.1 and A.2.2 apply for

the new kernel function P4. It is now shown that this is the case.

The arguments of Lemma A.2.1 apply directly to the CCP function and we con-

clude that (i) P4(0;xt, b) is real analytic function of the first 1 + |A| elements of xt,

and (ii) that H̃ is a norm bounded subset of L2. Indeed if t = T , then for part (i),

many parts of the argument in lemma A.2.1 are redundant.

Let x = (z, w) with z the first 1 + |A| elements of x. In the context of the finite

horizon model, A.2.2 consists of two steps: (i) showing

(z, b) 7→
∫
v5(x′; b, γ5+)(dFx5(x

′;x, a)− dF5(x′;x, 0))
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is uniformly bounded in z, b ∈ Rb+1 × Sβ, where γt+ = (γs)
T
s=t, and (ii) using the

uniform bound to construct an approximation to the cosine squasher. If a uniform

bound can be shown, then the construction in of A.2.2 will apply and part(ii) will

hold.

To show the uniform bound, given the arguments in A.2.2, it is sufficient to show

that v6(x′; b, γt+) is uniformly bounded on the support of Fx5(x
′;x, a) − F5(x′;x, 0).

Given this support and the support of b is bounded, it is enough to show that

v6(x; b, γ5+) is finite for each (x, b, γ5+). The argument is by induction. First de-

fine e(a, x) = E[εt(a)|x, a is optimal strategy]. Under Assumption F1, the function

e(a, x) is known and bounded (Aguirregabiria and Mira 2007b). For t = T − 1,

vt+1(x; b, γt+) =
∑
a∈A

fAt+1|Xt+1β(a;x, b)
(
baz + γ′a,t+1w + e(a, x)

)
,

which is bounded because the CCP functions are. For t < T − 1, suppose that

vt+2(x; b, γt+1,+) is finite. vt+1(x; b, γt+) is equal to

∑
a∈A

Pt+1(a;x, b)

(
x′(ba, γa,t+1) + e(a, x) + ρ

∫
vt+2(x′; b, γt+1,t+)dFxt+1dx

′
)

and is finite also. Thus for all t, vt+1(x; b, γt+) is finite for any (x, b) and a uniform

bound is given by the supremum over the support. Therefore the construction in

A.2.2 goes through directly to show part (ii). We conclude that L̃4,β is injective.

Part II: Identification of γ

Here the argument is the same as in Part II of the proof of Theorem 1, except that

the operators are defined slightly differently.

The same arguments as in the proof to Theorem 1 imply that L4,3,2 =

L4,βD
2
βDβLβ,3 and L4,3 = L4,βDβLβ,3, and also that the spectral decomposition

L4,3,2L
−1
4,3 = L4,βD

2
βL
−1
4,β
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identifies γ4. Again, identification of γ4 and injectivity of L4,β imply that fβ|X1(b;x1)

is point identified.

To identify γt for t < 4 we proceed inductively. Since L4,3 = L4,βDβLβ,3 and

L4,βDβ is injective, the operator Lβ,3 is identified which is equivalent to knowing its

kernel function P3(1;x3, b). Since the CCPs are known and the value function v4 is

known since γ4 is identified, inversion of the CCP function identifies the linear index

x′3(b, γ3) and thus γ3. Identification of (γ2, γ1) follows the same argument.

With identification of P2, fβ|x1 is identified by the same argument as in the proof

to Theorem 1

Lemma A.2.4 (Result without rank condition). Suppose the Assumptions of Theo-

rem 2 hold, excluding Assumption F5, and that the first component of γT is known.

Further, assume the model is saturated in the discrete components of x, and that

|A| = 1. Then γ and the distribution of unobserved heterogeneity are identified.

Proof. The difference from the proof of Theorem 2 is that γ is identified, up to

normalization, without using injectivity of the operator LT,β. Since the proof of

injectivity is the same, I show only identification of γT . Assume that for all x =

(z, w) ∈ SxT ,∫
Λ (β1 + β′2z + γ′w) dfβ|x1(b;x1) =

∫
Λ (β1 + β′2z + γ̃′w) df̃β|x1(b;x1).

In particular, this must be true for all the indicator functions switched off. Allowing

wc to be the elements of w with support containing an open ball, it follows that∫
Λ (β1 + β′2z + (γc)′wc) dfβ|x1(b;x1) =

∫
Λ (β1 + β′2z + (γ̃c)′wc) df̃β|x1(b;x1).

For notational simplicity, let w = (wc, 0) — that is, setting the components of w

with discrete support to zero. Viewed as a function of the continuous elements of w,
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this object is infinitely differentiable. Since both Λ and fβ|x1 are bounded, the limits

defining differentiation and integration may be exchanged, so that ∀(z, w) ∈ SxT ,

∫
∂

∂wk′
Λ (b1 + b′2z + γ′w) fβ|x1(b;x1)db =

∫
∂

∂wk′
Λ (b1 + b′2z + γ̃′w) f̃β|x1(b;x1)db.

It is well known that the derivative of Λ(x) is Λ(x)(1 − Λ(x)), so the above display

is equivalent to ∀(z, w) ∈ SxT ,

γk′

∫
[Λ(1−Λ)]

(
b1 + b′2z + γ′w

)
fβ|x1(b;x1)db = γ̃k′

∫
[Λ(1−Λ)]

(
b1 + b′2z + γ̃′w

)
f̃β|x1(b;x1)db.

By assumption γk = γ̃k = 1, so we have that ∀(z, w) ∈ SxT ,

∫
[Λ(1−Λ)] (b1 + b′2z + γ′w) fβ|x1(b;x1)db =

∫
[Λ(1−Λ)] (b1 + b′2z + γ̃′w) f̃β|x1(b;x1)db,

which is non-zero. Thus

∀(z, w) ∈ SxT , (γk − γ̃k)
∫

[Λ(1− Λ)] (b1 + b′2z + γ′w) fβ|x1(b;x1)db = 0,

so γk = γ̃k. This procedure can be repeated for all elements of γ whose corresponding

covariates have support containing an open set.

With identification of the components of γ whose corresponding state variables

have continuous support, the arguments of Theorem 2 can be used to identify fβ|x1 .

Now consider the discrete components of γ. For discrete component wk′ , assume

γk′ < γ̃k′ . Since the logistic function is strictly increasing, for wk′ = 1,

Λ (β1 + β′2z + (γc)′wc + γk′wk′)

< Λ (β1 + β′2z + (γc)′wc + γ̃k′wk′) .
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Since fβ|x1 is positive,

∫
Λ (β1 + β′2z + (γc)′wc + γk′wk′) dfβ|x1(β;x1)

<

∫
Λ (β1 + β′2z + (γc)′wc + γ̃k′wk′) dfβ|x1(β;x1).

Since the model is saturated, there is some (z, wc) for which x = (z, wc, wdk′ =

1, (wd−k′) = 0) is in the support of x2. Thus γk′ is identified.

Infinite horizon model with random intercepts

Proof of Corollary 5. The proof follows closely the structure of the proof to Theorem

1. As in that proof, Assumptions I1 and I4.1 enable the decompositions L3,4,2 =

L3,βD
4
βDβLβ,2 and L3,2 = L3,βDβLβ,2 where the operators are defined in proof to

Theorem 1. As before, Part I is to show injectivity of L3,β and L∗β,2.

Let xA be the first |A| elements of x2. By Assumption I4.1, the support of xA

contains a non-empty open set for which

P (a;x, b) =
exp (βa + x′γa)

1 +
∑

ã∈Ã exp (βã + x′γã)
.

Given this functional form, the arguments from Part I of the proof to Theorem 2 give

that ∫
P̃ (x; b)αdm(b) = 0

for all multi-indices α ≥ 1 where P̃ (x; b) = {P (a;x, b) : a ∈ Ã}. It follows that

the measure induced by the mapping β → P̃ (x; β) is identically zero. Because this

mapping is injective, the measure m(b) is identically zero and thus L3,β and L∗2,β are

injective.

With injectivity in hand, identification follows from Part II of the proof to The-

orem 1, which applies under Assumptions I4.1.
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Finite dependence

Proof of Corollary 7. For ease of notation, assume t1 − t0 = 3 and relabel T such

that let t0 = 1 and t1 = 4. If the panel is longer than 4 (i.e. if t1 − t0 > 4), then γt

for t ≤ t1 − 2 can be the same arguments as below. For notational ease, set t1 = 4.

Let LA = {f : A → R : supa∈A |f(a)| <∞} and define the following operators. First

define L3,4,2 : LS2 → LS3 and L3,2 : LS2 → LS3 as:

[L4,3,2m](x3) =

∫
fA4A3A2A1X4X3X2|X1(1, 1, 1, a1, x4, x3, x2;x1)

Fx4(x4;x3, 1)Fx3(x3;x2, 1)Fx1(x2;x1, a1)
m(x2)dx2

[L4,3m](x3) =

∫ ∑
a2∈A

fA4A3A2A1X4X3X2|X1(1, 1, a2, a1, x4, x3, x2;x1)

Fx4(x4;x3, 1)Fx3(x3;x2, 1)Fx1(x2;x1, a1)
m(x2)dx2

In addition, define

L3,β : LSβ → LS3 [L3,βm](x3) =

∫
P3(1;x3, b)m(b)db

D4
β : LSβ → LSβ [D4

βm](b) = P4(1;x4, b)m(b)

Dβ : LSβ → LSβ [Dβm](b) = P1(a1;x1, b)fβ|X1(b;x1)m(b)

Lβ,2 : LS2 → LSβ [Lβ,2m](b) =

∫
P2(1;x2, b)m(x2)dx2

Under Assumptions F1 and I4 these operators are well-defined and observed. The

same arguments as in the proof to Theorem 1 imply that L4,3,2 = L3,βD
4
βDβLβ,2 and

L3,2 = L3,βDβLβ,2.

For injectivity, as assumptions F1, I4, and F2.1-F3.1 apply, and thus the spectral

decomposition

L4,3,2L
−1
3,2 = L3,βD

4
βL
−1
3,β

is unique. I now show the eigenvalue-eigenfunction representation is unique. Since

the model is binary choice with real valued β, the function P4(1;x4, b) is injective
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in b. It follows that the eigenvalues are unique, and, up to the ordering function

R, P4(1;x4, R(b)) is identified. The eigenfunctions of the decomposition identify

P3(1;x3, R(b)), which equal

g

(
x′3(R(b), γ3) +

∫
v(x′;R(b), γ) (Fx4(dx

′|x3, 1)− Fx4(dx′|x3, 0))

)

where g is the logistic function function. Under Assumption F7.1, the continua-

tion value can be expressed in terms of P4(1;x4, R(b)), and is therefore identified.

Therefore identification consists of showing that (R(b), γ3) can be identified from

x′3(R(b), γ3), which follows from the support assumption.

With γt1−1 identified, identification of γs for t0 ≤ s < t1 − 1 proceeds inductively

as in the proof to Corollary 6.

A.3 Estimation appendix

A.3.1 General two-step seminonparametric estimation

This section details the assumptions of Theorem 3 that provide for consistent estima-

tion of θ0 = (Fx, γ, fβ|x1) ∈ Θ = F ×Γ×M. Here F is the space of state transitions,

Γ ⊆ Rp, andM is the space of distribution functions on Sβ×S1. The first assumption

postulates the existence of a consistent estimator for the state transition Fx:

Assumption E1. There exists an estimator F̂X,n that satisfies
∣∣∣∣∣∣F̂X,n − Fx∣∣∣∣∣∣

F
=

op(1), where ‖ · ‖F is a norm on F .

One such estimator that satisfies Assumption E1 is the kernel estimator of the

conditional density:

F̂Xt,n(x′;x, a) =

∑N
i=1KX′,hX′

(x′ − xt,i)KX,hX (x− xt,i)1(ait = a)∑N
i=1KX,hX (x− xt,i)1(ait = a)

(A.12)
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where KZ,hZ are multivariate kernel functions with bandwidth hZ .

Let Mn be a sieve space that approximates M, and denote dM(·, ·) as the

Prokhorov metric. The Prokhorov distance between two measures f, f̃ on Sβ is

inf
{
δ > 0: f(B) ≤ f̃(Bδ) + δ ∨ f̃(B) ≤ f(Bδ) + δ, ∀A ∈ B(Sβ)

}
,

where Bδ be the δ neighborhood of B ⊆ Sβ and B(Sβ) is the Borel sigma field.

The next assumption requires that the true parameter values be a well-separated

maximum.

Assumption E2. For all ε > 0 there exists some decreasing sequence of positive

numbers cn(ε) satisfying lim inf cn(ε) > 0 such that

E[ψ(yi, FX , γ, fβ|x1)]− sup
{(γ̃,f̃)∈Γ×Mn:‖γ̃−γ‖+dM(f̃ ,fβ|x1 )≥ε}

E[ψ(yi, FX , γ̃, f̃)] ≥ cn(ε).

Assumption E2 is the condition of Remark 3.1(2) in Chen (2007) that strengthens

their Condition 3.1. If the strict inequality restriction on cn were replaced by a weak

inequality, then the assumption would be implied by the identification result.

Assumption E3. The sieve space (i) satisfies Mn ⊆ Mn+1 ⊆ M and (ii) is such

that there exists a sequence fn ∈Mn that converges to fβ|x1 and satisfies

∣∣E[ψ(yi, FX , γ, fn)]− E[ψ(yi, FX , γ, fβ|x1)]
∣∣ = o(1).

These are standard restrictions on the sieve space and the population criterion

function (Chen 2007, Condition 3.2, 3.3(ii)). The second condition is a local conti-

nuity assumption. As per Chen (2007, Remark 2.1), it is implied by compactness of

the sieve space and continuity of the population criterion function on Mn.

Define Fn to be the set of possible values that the estimator f̂n can take. For

example, if the conditional density kernel estimator is chosen, then an element of
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the set Fn takes the form in equation A.12 and the set Fn is defined by ranging

(xit+1, xit, ait) over its support. Define the neighborhood NFx,n = {F̃X ∈ Fn : ‖F̃X −

FX‖F ≤ ε1,n} where ‖ · ‖F is the norm in Assumption E1.

Assumption E4. Assume the following two conditions hold

sup
(F̃X ,γ̃,f̃)∈NFx,n×Γ×Mn

∣∣∣∣∣ 1n
n∑
i=1

ψ(yi, F̃x, γ̃, f̃)− E[ψ(yi, F̃x, γ̃, f̃)]

∣∣∣∣∣ = op(1),

sup
(F̃X ,γ̃,f̃)∈NFx,n×Γ×Mn

∣∣∣E[ψ(yi, F̃x, γ̃, f̃)]− E[ψ(yi, Fx, γ̃, f̃)]
∣∣∣ = o(1).

This is similar to Hahn, Liao, and Ridder (2018, Assumption 5.3), which is based

on Chen (2007, Condition 3.5) but includes an additional condition to account for

the presence of a first-step estimator.

Theorem 3 is a direct consequence of Hahn, Liao, and Ridder (2018, Theorem

5.1), so the proof is omitted. In the proof, by consistency it is meant that ‖γ̂ − γ‖+

dM(f̂β|x1 , fβ|x1) = op(1).

A.3.2 Fixed grid estimation

The choice of tuning parameters must satisfy the following condition:

Assumption E3.1. The sieve space defined in (2.7) is such that (i) Mn ⊆ Mn+1

and as n→∞, (ii) Bn ×Xn becomes dense in Sβ × S1 and (iii) I(n) log I(n) = o(n)

where I(n) = B(n)X(n).

We also place some restrictions on the complexity of NFX ,n, the neighborhood to

which the estimator F̂X,n belongs with probability approaching one. For this purpose

define N(w,G, ‖ · ‖G) as the covering number of set G with balls of radius w under

the norm ‖ · ‖G.
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Assumption E4.1. (i) (NFX ,n, ‖·‖F) and Γ are compact. (ii) Pt is Lipschitz contin-

uous in γ ∈ Γ and continuous in FX ∈ NFX ,n. (iii) logN(w/
√
I(n),Nf,n, ‖ · ‖F}) =

o(n) with I(n) as in Assumption E3.1.

Proof of Theorem 4. The proof consists of verifying the assumptions of Theorem 4

imply those of Theorem 3. Assumptions E1 is assumed.

To verify assumption E2, suppose that (i) Mn and M are compact in the weak

topology and (ii) that E[(yi, Fx, γ, fβ|x1)] is continuous on fβ|x1 ∈ M ⊃ Mn in the

weak topology and γ ∈ Γ. Then consider that since θ0 is identified, this value uniquely

maximizes the expected log likelihood, so that for any (γ̃, f̃β|x1) 6= (γ, fβ|x1),

E[ψ(yi, Fx, γ, fβ|x1)]− E[ψ(yi, Fx, γ̃, f̃β|x1)] > 0

Because {(γ̃, f̃) ∈ Γ×Mn : ‖γ̃ − γ‖+ dM(f̃ , fβ|x1) ≥ ε} is closed in the compact set

Mn × Γ, it is compact and the following infinum

E[ψ(yi, Fx, γ, fβ|x1)]− sup
{(γ̃,f̃)∈Γ×Mn:‖γ̃−γ‖+dM(f̃ ,fβ|x1 )≥ε}

E[ψ(yi, Fx, γ̃, f̃β|x1)]

is attained for each (ε, n). Setting this difference to cn(ε) guarantees it is positive. It

remains to show that lim inf cn(ε) > 0. Consider that

cn(ε) =E[ψ(yi, Fx, γ, fβ|x1)]− sup
{(γ̃,f̃)∈Γ×Mn:‖γ̃−γ‖+dM(f̃ ,fβ|x1 )≥ε}

E[ψ(yi, Fx, γ̃, f̃β|x1)]

≥E[ψ(yi, Fx, γ, fβ|x1)]− sup
{(γ̃,f̃)∈Γ×M:‖γ̃−γ‖+dM(f̃ ,fβ|x1 )≥ε}

E[ψ(yi, Fx, γ̃, f̃β|x1)] > 0

The weak inequality is because Mn ⊆ M. The strict inequality is because the set

{(γ̃, f̃) ∈ Γ×Mn : ‖γ̃ − γ‖+ dM(f̃ , fβ|x1) ≥ ε} is compact and E[(yi, Fx, γ, fβ|x1)] is

continuous. Since cn(ε) is bounded above zero by a universal constant for all n, its

limit inferior is strictly positive.
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To complete the argument, it must be shown that (i) Mn and M are

compact in the weak topology and (ii) that E[ψ(yi, Fx, γ, fβ|x1)] is continuous

on M ⊃ Mn in the weak topology and γ ∈ Γ Compactness of M and

Mn, both in the weak topology, is shown in Fox, Kim, and Yang (2016, pp.

240, 247). Since the CCP functions Pt are continuous in (b, γ) (Norets 2010),

the argument of Fox, Kim, and Yang (2016, Remark 2) implies the function

fβ|x1 7→
∫ ∏t1

t=1 Pt(ait, xit, b;FX , γ)dfβ|x1(b, xi1) is continuous. Since it is bounded

away from zero, fβ|x1 7→ log
∫ ∏t1

t=1 Pt(ait, xit, b;FX , γ)dfβ|x1(b, xi1) is also contin-

uous. And since this function is bounded away from negative infinity, fβ|x1 7→

E[log
∫ ∏t1

t=1 Pt(ait, xit, b;FX , γ)dfβ|x1(b, xi1)] is continuous by the bounded conver-

gence theorem as required.

Assumption E3(i) is guaranteed by Assumption E3.1(i). For Assumption E3(ii),

Fox, Kim, and Yang (2016, p. 247) show the existence of such a sequence fn ⊆ M

that converges to fβ|x1 ∈ M. Since the sequence (fn)n∈N takes values in M and

E[ψ(yi, Fx, γ, fβ|x1)] is continuous on M, we have that

∣∣E[ψ(Yi, Fx, γ, fn)]− E[ψ(yi, Fx, γ, fβ|x1)]
∣∣ = o(1).

For Assumption E4(i), note that

∣∣E[ψ(yi, Fx, γ, fβ|x1)]
∣∣ ≤ E[

∣∣ψ(yi, Fx, γ, fβ|x1)
∣∣]

≤ E

[∣∣∣∣∣
T∑
t=2

logFxt(xit, xi,t−1, ai,t−1)

∣∣∣∣∣
]

+E

[∣∣∣∣∣log

∫ T∏
t=1

Pt(ait, xit, b;Fx, γ)dfβ|x1(b;xi1)

∣∣∣∣∣
]

<∞.

The left term in the sum is finite by construction. Since Nf,n×Γ×Sβ is compact and

Pt is strictly positive for each (b, Fx, γ), Pt is uniformly bounded away from zero, so

the right term is finite also. Then based on the discussion around Chen (2007, Remark
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3.3), the condition logN(w, {ψ(·, Fx, γ, fβ|x1) : (Fx, γ, fβ|x1) ∈ Nf,n×Γ×Mn}, ‖·‖1) =

op(n) is equivalent to Assumption E4(i). This entropy is bounded above by the sum

of the entropies associated with NFx,n, Γ andMn, so it sufficient that each are op(n).

Fox, Kim, and Yang (2016, p. 248) show the entropies associated with Γ andMn are

op(n) under Assumption E3.1(iii). By Assumption E4.1(iii), the entropy associated

with NFx,n is op(n).

Assumption E4(ii) follows easily from the continuity of the population criterion

function on the compact set NFx,n × Γ×Mn, so that

sup
µ∈Mn,f∈Nf,n

|E[ψ(Yi, µ, f)]− E[ψ(Yi, µ, f0)]| = o(1)

A.3.3 Estimating the support of unobserved heterogeneity

Proof of Corollary 1. From the definitions in the proof to Theorem 1 and Corollary

6, it is immediate that L = L3,βDβLβ,2. From those proofs, L3,β, Dβ and Lβ,2 are

matrices with rank R.
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Appendix B

Appendix for Chapter 2

B.1 Appendix to Section 3.3

B.1.1 Implementation of Step 2 in Algorithm 3.3.1

For any k = 2, . . . , K, S(k−1) ∈ SnT , and I(k) selected in Step 1 of Algorithm 3.3.1,

Step 2 of Algorithm 3.3.1 draws S(k) uniformly within RS(I(k), S(k−1)). To implement

this step, we propose a modification of the Euler Algorithm. For a description of the

Euler Algorithm, see Kandel et al. (1996) and Besag and Mondal (2013). We first

describe the original Euler Algorithm in Algorithm B.1.1 and then introduce our

modification in Algorithm B.1.2. Throughout this section, we use 0 to represent an

auxiliary value for the state variable that does not belong to the observed values of

the state variable, as 0 6∈ S = {1, 2, . . . , |S|}.

Algorithm B.1.1 (Euler Algorithm). Given any integer V ≥ 2 and any ξ̆ ∈ (S ∪

{0})V , ξ̃ = (ξ̃1, . . . , ξ̃V ) is randomly generated as follows:

Step 1: For every s, s′ ∈ S ∪ {0}, define

N (0)(s, s′) = 1{(ξ̆V , ξ̆1) = (s, s′)}+
V∑
v=1

1{(ξ̆v, ξ̆v+1) = (s, s′)}.

Step 2: Define ζ1 = ξ̆V . Set v = 1 and do the following.

(a) Generate ζv+1 according to the following distribution.

P (ζv+1 = s | ζv = s′) =
N (0)(s, s′)∑

s′′∈S∪{0}N
(0)(s′′, s′)

,
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(b) If (S ∪ {0}) 6⊂ {ζ1, . . . , ζv+1}, then increase v by one and go back to (a).

If (S ∪ {0}) ⊂ {ζ1, . . . , ζv+1}, then set v̄ = v + 1 and go to Step 3.

Step 3: Define ξ̃1 = ξ̆1. Also, for every s, s′ ∈ S ∪ {0}, set

N (1)(s, s′) =
V∑
v=1

1{(ξ̆v, ξ̆v+1) = (s, s′)} − 1{s′ = ζ(min{v=1,...,v̄:ζv=s}−1)}.

Step 4: For every v = 2, . . . , V , generate ξ̃v iteratively according to P (ξ̃v = s′ |

ξ̃v−1 = s) which equals

=


N (v−1)(s, s′)∑

s′′∈S∪{0}N
(v−1)(s, s′′)

if
∑

s′′∈S∪{0}N
(v−1)(s, s′′) ≥ 1,

1{s′ = ζ(min{v=1,...,v̄:ζv=s}−1)} otherwise,

where, for every s, s′ ∈ S ∪ {0}, N (v)(s, s′) = N (v−1)(s, s′) − 1{(ξ̃v−1, ξ̃v) =

(s, s′)}. �

Before we describe the central property of the Euler algorithm, we first introduce

the following definition.

Definition B.1.1. For any ξ̆ ∈ (S ∪ {0})V , let RS0(ξ̆) denote the set of all ξ̃ ∈

(S ∪ {0})V that satisfy the following conditions:

(a) ξ̃1 = ξ̆1,

(b)
∑V

v=1 1{ξ̃v = s, ξ̃v+1 = s′} =
∑V

v=1 1{ξ̆v = s, ξ̆v+1 = s′} for all s, s′ ∈ S ∪ {0}.

Note that ξ̆ ∈ RS0(ξ̆), and so RS0(ξ̆) 6= ∅. Next, we give the main property of the

Euler algorithm.

Lemma B.1.1. For any ξ̆ ∈ (S ∪ {0})V , the outcome of the Euler algorithm given ξ̆

(i.e., Algorithm B.1.1) is uniformly distributed over RS0(ξ̆) conditional on ξ̆.
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Proof. See Kandel et al. (1996, Theorem 2).

We now introduce our modification of the Euler algorithm to construct S(k) for

any k = 2, . . . , K.

Algorithm B.1.2 (Generation of S(k)). For any k = 2, . . . , K and given

(X(1), . . . , X(k−1), I(k)), S(k) is randomly generated as follows:

Case 1: I
(k)
1 6= I

(k)
2 .

Step 1: Set ξ(k−1) = (S
(k−1)

I
(k)
1 ,1

, . . . , S
(k−1)

I
(k)
1 ,T

, 0, S
(k−1)

I
(k)
2 ,1

, . . . , S
(k−1)

I
(k)
2 ,T

, 0).

Step 2: Generate ξ(k) as follows:

(a) Generate a random draw of ξ using the Euler algorithm given ξ(k−1).

(b) If ξT+1 = 0, set ξ(k) = ξ and go to Step 3. Otherwise, return to (a).

Step 3: Given ξ(k), generate S(k) as follows:

(a) For every i /∈ I(k), generate (S
(k)
i,1 , . . . , S

(k)
i,T ) using the Euler algorithm

given (S
(k−1)
i,1 , . . . , S

(k−1)
i,T ).

(b) (S
(k)

I
(k)
1 ,1

, . . . , S
(k)

I
(k)
1 ,T

) = (ξ
(k)
1 , . . . , ξ

(k)
T ).

(c) (S
(k)

I
(k)
2 ,1

, . . . , S
(k)

I
(k)
2 ,T

) = (ξ
(k)
T+1, . . . , ξ

(k)
2T+1).

Case 2: I
(k)
1 = I

(k)
2 . For every i = 1, . . . , n, generate (S

(k)
i,1 , . . . , S

(k)
i,T ) using the Euler

algorithm given (S
(k−1)
i,1 , . . . , S

(k−1)
i,T ). �

Lemma B.1.2 shows that S(k) generated by Algorithm B.1.2 has the desired prop-

erties.

Lemma B.1.2. For any k = 2, . . . , K, S(k) generated by Algorithm B.1.2 satisfies

the requirements of Step 2 of Algorithm 3.3.1, i.e., (3.7) holds.
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Proof. We fix k = 2, . . . , K, (X(1), . . . , X(k−1)), and a generic S̆ ∈ SnT arbitrarily

throughout this proof. We divide the proof in two cases.

Case 1: I
(k)
1 6= I

(k)
2 . For S(k−1) and S(k) determined by X(k−1) = (S(k−1), A(k−1))

and X(k) = (S(k), A(k)), and for a generic S̆ ∈ SnT , we set

ξ(k−1) = (S
I
(k−1)
1 ,1

, . . . , S
I
(k−1)
1 ,T

, 0, S
I
(k−1)
2 ,1

, . . . , S
I
(k−1)
2 ,T

, 0),

ξ(k) = (S
I
(k)
1 ,1

, . . . , S
I
(k)
1 ,T

, 0, S
I
(k)
2 ,1

, . . . , S
I
(k)
2 ,T

, 0),

ξ̆ = (S̆
I
(k)
1 ,1

, . . . , S̆
I
(k)
1 ,T

, 0, S̆
I
(k)
2 ,1

, . . . , S̆
I
(k)
2 ,T

, 0).

Step 3 of Algorithm B.1.2 implies

P (S(k) = S̆ | I(k), X(1), . . . , X(k−1)) ={
P (ξ(k) = ξ̆ | ξ(k−1))×∏

i∈(I(k))c P ((S
(k)
i,1 , . . . , S

(k)
i,T ) = (S̆i,1, . . . , S̆i,T ) | S(k−1)

i,1 , . . . , S
(k−1)
i,T )

}
, (A-1)

Lemma B.1.1 implies that P ((S
(k)
i,1 , . . . , S

(k)
i,T ) = (S̆i,1, . . . , S̆i,T ) | S(k−1)

i,1 , . . . , S
(k−1)
i,T ) is

equal to

1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )}

|RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )|

(A-2)

for every i ∈ (I(k))c. In turn, Lemma B.1.3 implies that

P (ξ(k) = ξ̆ | ξ(k−1)) =
1{ξ̆ ∈ RS0(ξ(k−1)) : ξ̆T+1 = 0}
|{ξ̃ ∈ RS0(ξ(k−1)) : ξ̃T+1 = 0}|

. (A-3)

By combining (A-1), (A-2), and (A-3),

P (S(k) = S̆ | I(k), X(1), . . . , X(k−1)) =

1{ξ̆ ∈ RS0(ξ(k−1)) : ξ̆T+1 = 0} ×
∏

i∈(I(k))c 1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )}

|{ξ̃ ∈ RS0(ξ(k−1)) : ξ̃T+1 = 0}| ×
∏

i∈(I(k))c |RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )|

.

(A-4)
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To complete the proof, it suffices to show that the right-hand side of (A-4) is equal

to the right-hand side of (3.7). To this end, it suffices to show that

1{ξ̆ ∈ RS0(ξ(k−1)) : ξ̆T+1 = 0} ×
∏

i∈(I(k))c

1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )}

= 1{S̆ ∈ RS(I(k), S(k−1))} (A-5)

and

|{ξ̃ ∈ RS0(ξ(k−1)) : ξ̃T+1 = 0}| ×
∏

i∈(I(k))c

|RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )| = |RS(I(k), S(k−1))|.

(A-6)

To show (A-5), consider the following derivation.

1{ξ̆ ∈ RS0(ξ(k−1)) : ξ̆T+1 = 0} ×
∏

i∈(I(k))c

1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )}

=

{
1{(S̆

I
(k)
1 ,1

, . . . , S̆
I
(k)
1 ,T

, 0, S̆
I
(k)
2 ,1

, . . . , S̆
I
(k)
2 ,T

, 0) ∈ RS0(ξ(k−1))}
×
∏
i∈(I(k))c 1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S

(k−1)
i,1 , . . . , S

(k−1)
i,T )}

}

(1)
= 1


S̆i,1 = S

(k−1)
i,1 for all i = 1, . . . , n,∑

i∈I(k)

∑T−1
t=1 1{S̆i,t = s, S̆i,t+1 = s′} =

∑
i∈I(k)

∑T−1
t=1 1{S(k−1)

i,t = s, S
(k−1)
i,t+1 = s′} ∀s, s′ ∈ S,∑

i∈I(k) 1{S̆i,T = s} =
∑
i∈I(k) 1{S(k−1)

i,T = s} for all s ∈ S,∑T−1
t=1 1{S̆i,t = s, S̆i,t+1 = s′} =

∑T−1
t=1 1{S(k−1)

i,t = s, S
(k−1)
i,t+1 = s′} for all s, s′ ∈ S, i ∈ (I(k))c


(2)
= 1


S̆i,1 = S

(k−1)
i,1 for all i = 1, . . . , n,∑

i∈I(k)

∑T−1
t=1 1{S̆i,t = s, S̆i,t+1 = s′} =

∑
i∈I(k)

∑T−1
t=1 1{S(k−1)

i,t = s, S
(k−1)
i,t+1 = s′} ∀s, s′ ∈ S,∑T−1

t=1 1{S̆i,t = s, S̆i,t+1 = s′} =
∑T−1
t=1 1{S(k−1)

i,t = s, S
(k−1)
i,t+1 = s′} for all s, s′ ∈ S, i ∈ (I(k))c


(3)
= 1{S̆ ∈ RS(I(k), S(k−1))},

as desired, where (1) follows from I
(k)
1 6= I

(k)
2 and applying Definition B.1.1, (2) follows

from Lemma B.1.4, and (3) follows from Definition 3.3.1. To show (A-6), consider
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the following argument.

1 =
∑
S̆∈S

P (S(k) = S̆ | I(k), X(1), . . . , X(k−1))

(1)
=

∑
S̆∈S 1{S̆ ∈ RS(I(k), S(k−1))}

|{ξ̃ ∈ RS0(ξ(k−1)) : ξ̃T+1 = 0}| ×
∏

i∈(I(k))c |RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )|

=
|RS(I(k), S(k−1))|

|{ξ̃ ∈ RS0(ξ(k−1)) : ξ̃T+1 = 0}| ×
∏

i∈(I(k))c |RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )|

,

where (1) follows from combining (A-4) and (A-5). From here, (A-6) follows.

Case 2: I
(k)
1 = I

(k)
2 . Algorithm B.1.2 implies P (S(k) = S̆ | I(k), X(1), . . . , X(k−1)) =

is equal to

n∏
i=1

P ((S
(k)
i,1 , . . . , S

(k)
i,T ) = (S̆i,1, . . . , S̆i,T ) | S(k−1)

i,1 , . . . , S
(k−1)
i,T ). (A-7)

Lemma B.1.1 implies that for every i = 1, . . . , n, P ((S
(k)
i,1 , . . . , S

(k)
i,T ) = (S̆i,1, . . . , S̆i,T ) |

S
(k−1)
i,1 , . . . , S

(k−1)
i,T ) is equal to

=
1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S

(k−1)
i,1 , . . . , S

(k−1)
i,T )}

|RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )|

. (A-8)

By combining (A-7) and (A-8)

P (S(k) = S̆ | I(k), X(1), . . . , X(k−1)) =
n∏
i=1

1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )}

|RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )|

=

∏n
i=1 1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S

(k−1)
i,1 , . . . , S

(k−1)
i,T )}∏n

i=1 |RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )|

.

(A-9)

To complete the proof, it suffices to show that the right-hand side of (A-9) is equal
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to the right-hand side of (3.7). To this end, it suffices to show that

n∏
i=1

1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )} = 1{S̆ ∈ RS(I(k), S(k−1))} (A-10)

n∏
i=1

|RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )| = |RS(I(k), S(k−1))|. (A-11)

To show (A-10), consider the following derivation.

n∏
i=1

1{(S̆i,1, . . . , S̆i,T ) ∈ RS0(S
(k−1)
i,1 , . . . , S

(k−1)
i,T )}

(1)
= 1

{
S̆i,1 = S

(k−1)
i,1 for all i = 1, . . . , n,∑T

t=1 1{S̆i,t = s, S̆i,t+1 = s′} =
∑T
t=1 1{S(k−1)

i,t = s, S
(k−1)
i,t+1 = s′} for all s, s′ ∈ S and i = 1, . . . , n

}

(2)
= 1{S̆ ∈ RS(I(k), S(k−1))},

as desired, where (1) follows from I
(k)
1 = I

(k)
2 and applying Definition B.1.1 for each

i = 1, . . . , n, and (2) follows from Definition 3.3.1. Finally, (A-11) can be shown by

using an argument that is analogous to the one used to prove (A-6). We omit this

for the sake of brevity.

Lemma B.1.3. For any k = 2, . . . , K, if ξ(k) is generated by Algorithm B.1.2, then

ξ(k) is uniformly distributed over the set {ξ ∈ RS0(ξ(k−1)) : ξT+1 = 0)} conditional on

(I(k), X(1), . . . , X(k−1)).

Proof. By Lemma B.1.1, ξ̃ in Step 2(a) of Algorithm B.1.2 follows the uniform distri-

bution on RS0(ξ(k−1)), conditional on (I(k), X(1), . . . , X(k−1)). Steps 2(b) of Algorithm

B.1.2 truncates the variable to the set {ξ ∈ RS0(ξ(k−1)) : ξT+1 = 0}. The desired

result then follows from the fact that a truncated version of a discrete uniform dis-

tribution is uniformly distributed on the truncated set.

Lemma B.1.4. For any I ∈ I, if S̆, S̃ ∈ SnT satisfy the following conditions:

(a) S̃i,1 = S̆i,1 for all i ∈ I,
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(b)
∑

i∈I
∑T−1

t=1 1{S̃i,t = s, S̃i,t+1 = s′} =
∑

i∈I
∑T−1

t=1 1{S̆i,t = s, S̆i,t+1 = s′} for all

s, s′ ∈ S,

then,
∑

i∈I 1{S̃i,T = s} =
∑

i∈I 1{S̆i,T = s} for all s ∈ S.

Proof. For every i ∈ I and s ∈ S, note that

1{S̆i,T = s} =
T−1∑
t=1

1{S̆i,t+1 = s} −
T−1∑
t=1

1{S̆i,t = s}+ 1{S̆i,1 = s}

=
∑
s̄∈S

T−1∑
t=1

1{S̆i,t = s̄, S̆i,t+1 = s} −
∑
s̄∈S

T−1∑
t=1

1{S̆i,t = s, S̆i,t+1 = s̄}+ 1{S̆i,1 = s}.

(A-12)

By the same argument applied to S̃ ∈ RS(I, S̆), we have that for every i ∈ I and

s ∈ S,

1{S̃i,T = s} =
∑
s̄∈S

T−1∑
t=1

1{S̃i,t = s̄, S̃i,t+1 = s} −
∑
s̄∈S

T−1∑
t=1

1{S̃i,t = s, S̃i,t+1 = s̄′}+ 1{S̃i,1 = s}.

(A-13)

To show this lemma, fix s ∈ S arbitrarily and consider the following argument.

∑
i∈I

1{S̆i,T = s} (1)
=
∑
s̄∈S

∑
i∈I

T−1∑
t=1

1{S̆i,t = s̄, S̆i,t+1 = s}−

∑
s̄∈S

∑
i∈I

T−1∑
t=1

1{S̆i,t = s, S̆i,t+1 = s̄}+
∑
i∈I

1{S̆i,1 = s}

(2)
=
∑
s̄∈S

∑
i∈I

T−1∑
t=1

1{S̃i,t = s̄, S̃i,t+1 = s}−

∑
s̄∈S

∑
i∈I

T−1∑
t=1

1{S̃i,t = s, S̃i,t+1 = s̄}+
∑
i∈I

1{S̃i,1 = s}

(3)
=
∑
i∈I

1{S̃i,T = s},
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where (1) holds by (A-12), (2) holds by conditions (a)-(b), and (3) holds by (A-13).

B.1.2 Implementation of Step 3 in Algorithm 3.3.1

For any k = 2, . . . , K, X(k−1) ∈ X , and S(k) ∈ SnT , Step 3 of Algorithm 3.3.1 draws

A(k) uniformly within RA(S(k), X(k−1)). This can be implemented by the following

algorithm.

Algorithm B.1.3 (Generation of A(k)). For any k = 2, . . . , K and given

(X(1), . . . , X(k−1), Ik, S(k)), A(k) is randomly generated as follows

Step 1: For every (s, s′) ∈ S × S, define

Index(k−1)(s, s′) = {(i, t) ∈ {1, . . . , n} × {1, . . . , T − 1} : (S
(k−1)
i,t , S

(k−1)
i,t+1 ) = (s, s′)}

Index(k)(s, s′) = {(i, t) ∈ {1, . . . , n} × {1, . . . , T − 1} : (S
(k)
i,t , S

(k)
i,t+1) = (s, s′)}

Index(k−1)(s) = {(i, T ) : i ∈ {1, . . . , n}, S(k−1)
i,T = s}

Index(k)(s) = {(i, T ) : i ∈ {1, . . . , n}, S(k)
i,T = s}.

Step 2: For every (s, s′) ∈ S × S, we generate (A
(k)
i,t : (i, t) ∈ Index(k)(s, s′)) by uni-

formly sampling from (A
(k−1)
i,t : (i, t) ∈ Index(k−1)(s, s′)) without replacement,

i.e., a uniformly chosen permutation.

Step 3: For every s ∈ S, we construct (A
(k)
i,T : (i, T ) ∈ Index(k)(s)) by uniformly

sampling from the discrete set (A
(k−1)
i,T : (i, T ) ∈ Index(k−1)(s)) without replace-

ment, i.e., a uniformly chosen permutation. �

Lemma B.1.5 shows that A(k) generated by Algorithm B.1.3 has the desired prop-

erties.

Lemma B.1.5. For any k = 2, . . . , K, the outcome, A(k), of Algorithm B.1.3 satisfies

the requirements of Step 3 of Algorithm 3.3.1, i.e., (3.8) holds.
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Proof. This follows from noting that any element of RA(S(k), X(k−1)) corresponds to

a restricted set of permutations of the action data, and Algorithm B.1.3 chooses an

element uniformly within this set.

B.1.3 Proof of Theorem 5

By (3.3), (3.5) is equivalent to lim infK→∞(α − P (p̂K ≤ α)) ≥ 0. In this proof, we

are going to show a stronger statement (cf. Lehmann and Romano 2005, Eq. (15.6)):

lim inf
K→∞

inf
u∈[0,1]

(u− P (p̂K ≤ u)) ≥ 0.

Fix ε > 0 and u ∈ [0, 1] arbitrarily. The rest of the proof is going to show

u− P (p̂K ≤ u) ≥ −2ε

for sufficiently large K. For any positive integer K, let

EK ≡

{
sup
t∈R

∣∣∣∣∣ 1

K

K∑
k=1

1{τ(X(k)) ≥ t} − 1

|G|
∑
g∈G

1{τ(g(X)) ≥ t}

∣∣∣∣∣ > ε

}
.

By Lemma 3.4.4, for sufficiently large K,

P (EK) ≤ ε. (A-14)
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For any positive integer K, consider the following derivation:

P (p̂K ≤ u) = P

(
1

K

K∑
k=1

1{τ(X(k)) ≥ τ(X)} ≤ u

)

= P

({
1

K

K∑
k=1

1{τ(X(k)) ≥ τ(X)} ≤ u

}
∪ EcK

)
(A-15)

+ P

({
1

K

K∑
k=1

1{τ(X(k)) ≥ τ(X)} ≤ u

}
∪ EK

)

≤ P

(
1

|G|
∑
g∈G

1{τ(g(X)) ≥ τ(X)} ≤ u+ ε

)
+ P (EK)

(1)

≤ u+ ε+ P (EK), (A-16)

where (1) holds by Lemma 3.4.3. By (A-16) and (A-14), we conclude that, for

sufficiently large K, P (p̂K ≤ u) ≤ u + 2ε or, equivalently, u− P (p̂K ≤ u) ≥ −2ε, as

desired. �

B.2 Appendix to Section 3.4

B.2.1 Proof of lemmas

Proof of Lemma 3.4.1. Note that

P (S = S̃) =
n∏
i=1

(
mi(S̃i,1)

T−1∏
t=1

(∑
a∈A

g(S̃i,t+1|a, S̃i,t)σ(a|S̃i,t)

))
. (B-17)
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This equation follows from the following derivation

P (S = S̃)

(1)
=

n∏
i=1

(
P (Si,1 = S̃i,1)

T−1∏
t=1

P (Si,t = S̃i,t|(Si,1, . . . , Si,t−1) = (S̃i,1, . . . , S̃i,t−1))

)

(2)
=

n∏
i=1

(
P (Si,1 = S̃i,1)

T−1∏
t=1

P (Si,t = S̃i,t|Si,t−1 = S̃i,t−1)

)

=
n∏
i=1

(
P (Si,1 = S̃i,1)

T−1∏
t=1

(∑
a∈A

(
P (Si,t = S̃i,t|Ai,t−1 = a, Si,t−1 = S̃i,t−1)

×P (Ai,t−1 = a|Si,t−1 = S̃i,t−1)

)))

(3)
=

n∏
i=1

(
mi(S̃i,1)

T−1∏
t=1

(∑
a∈A

g(S̃i,t+1|a, S̃i,t)σ(a|S̃i,t)

))
,

where (1) holds by Assumption 3.2.1(a), (2) holds by Lemma B.2.2, and (3) holds

holds under H0 in (3.1).

To conclude the proof, it suffices to show (3.11) and (3.12). To this end, consider

the following derivation.

P (X = X̃)
(1)
=

n∏
i=1

(
mi(S̃i,1)σ(Ãi,T |S̃i,T )

T−1∏
t=1

(
σ(Ãi,t|S̃i,t)g(S̃i,t+1|S̃i,t, Ãi,t)

))

(2)
= P (S = S̃)

(
σ(Ãi,T |S̃i,T )

(
T−1∏
t=1

σ(Ãi,t|S̃i,t)g(S̃i,t+1|S̃i,t, Ãi,t)∑
a∈A g(S̃i,t+1|a, S̃i,t)σ(a|S̃i,t)

))
,

(B-18)

where (1) holds by (3.2), which is shown in Lemma B.2.1, and (2) holds by (B-17).

By combining (3.10) and (B-18), we conclude that

P (A = Ã|S = S̃) =
n∏
i=1

(
σ(Ãi,T |S̃i,T )

(
T−1∏
t=1

σ(Ãi,t|S̃i,t)g(S̃i,t+1|S̃i,t, Ãi,t)∑
a∈A g(S̃i,t+1|a, S̃i,t)σ(a|S̃i,t)

))
.

By re-expressing this equation in terms of counts of (s, a, s′) ∈ S × A × S, (3.11)

follows. Moreover, (3.12) follows from re-expressing (B-17) in terms of individual

counts of each (s, s′) ∈ S × S.
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Proof of Lemma 3.4.2. We first show that G is a collection of transformations from

X onto itself. Consider any g ∈ G. By definition, g is the composition of a finite

number of transformations in
⋃
I∈IG(I), i.e., g = g(K)◦· · ·◦g(1) with (g(1), . . . , g(K)) ∈

G(I(1)) × · · · × G(I(K)) with I(j) ∈ I for j = 1, . . . , K. By Lemma B.2.3, g(j) ∈

G(I(j)) are onto transformations from X to itself. From this, we can conclude that

g = g(K) ◦ · · · ◦ g(1) is an onto transformation from X to itself, as desired.

Second, we show that G is a group. To this end, it suffices to verify conditions (i)-

(iv) in Lehmann and Romano (2005, Section A.1). To verify condition (i), consider

arbitrary g1, g2 ∈ G. By definition, this implies g1 and g2 are compositions of a finite

number of transformations in
⋃
I∈IG(I). Then, g2 ◦ g1 is a composition of a finite

number of elements in
⋃
I∈IG(I), and so g2 ◦ g1 ∈ G. Condition (ii) follows from

the argument in Lehmann and Romano (2005, page 693). Condition (iii) follows

from the fact that G(I) is a group for any for any I ∈ I (shown in Lemma B.2.3),

and so it includes the identity transformation. To verify condition (iv), consider the

following argument for any arbitrary g ∈ G. By definition, g is the composition

of a finite number of transformations in
⋃
I∈IG(I), i.e., g = g(K) ◦ · · · ◦ g(1) with

(g(1), . . . , g(K)) ∈ G(I(1))× · · · ×G(I(K)) with I(j) ∈ I for j = 1, . . . , K. By Lemma

B.2.3, G(I(j)) is a group for each j = 1, . . . , K. From this, we can conclude that

∃(g(j))−1 ∈ G(I(j)) for each j = 1, . . . , K. Since g ◦ g̃ and g̃ ◦ g are equal to the

identity transformation, g̃ = g−1. Finally, note that g−1 = (g(1))−1 ◦ · · · ◦ (g(K))−1 is

the compositions of a finite number of transformations in
⋃
I∈IG(I) and so g−1 ∈ G,

as desired.

To complete the proof, it suffices to show that, for any X̃ ∈ X and g ∈ G, X̃

and gX̃ have the same sufficient statistics in (3.13). g is the composition of a finite

number of transformations in
⋃
I∈IG(I), i.e., g = g(K)◦· · ·◦g(1) with (g(1), . . . , g(K)) ∈

G(I(1))× · · · ×G(I(K)) with I(j) ∈ I for j = 1, . . . , K. Therefore, gX̃ = g(K) ◦ · · · ◦
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g(1)X̃. For each j = 1, . . . , K, Lemma B.2.4 implies that, for any X̆ ∈ X and

g(j) ∈ G(I(j)), g(j)X̆ and X̆ have the same sufficient statistic in (3.13). From these

observations and by finite induction, it follows that X̃ and gX̃ have the same sufficient

statistics in (3.13), as desired.

Proof of Lemma 3.4.3. By Lemma 3.4.2, we know (i) G is a finite group of transfor-

mations of X onto itself, and (ii) if X satisfies H0 in (3.19), then X and gX have the

same sufficient statistics in (3.13) for any g ∈ G. The second statement, together

with Lemma 3.4.1, implies that the randomization hypothesis holds (Lehmann and

Romano (2005, Definition 15.2.1)), i.e., if X satisfies H0 in (3.1), its distribution is

invariant under the transformations in G. Under these conditions, the result follows

from Lehmann and Romano (2005, Eq. (15.6) and Problem 15.2).

Proof of Lemma 3.4.4. We condition on X ∈ X throughout this proof. Let

(G(1), . . . , G(K)) be as in Definition B.2.1. By Lemma B.2.5, it suffices to show that

sup
t∈R

∣∣∣∣∣ 1

K

K∑
k=1

1{τ(G(k)X) ≥ t} − 1

|G|
∑
g∈G

1{τ(gX) ≥ t}

∣∣∣∣∣ a.s.→ 0 as K →∞. (B-19)

For any k = 1, . . . , K, Definition B.2.1 implies that G(k)X ∈ X . Thus, τ(G(k)X)

takes values in the finite set {τ(X̃) : X̃ ∈ X}. It then suffices to show the pointwise

version of (B-19), i.e.,

1

K

K∑
k=1

1{τ(G(k)X) ≥ t} a.s.→ 1

|G|
∑
g∈G

1{τ(gX) ≥ t} as K →∞.

By Definition B.2.1, (G(1), . . . , G(K)) is the result of a Markov chain with transition

probability given in (B-24). By Robert and Casella (2004, Algorithm A-24 and pages

270-1), we can equivalently interpret (G(1), . . . , G(K)) as the outcome of a Metropolis-

Hastings algorithm. For any g, ğ ∈ G, this Metropolis-Hastings algorithm has a

121



conditional density q(ğ | g) ≡ P (G(k+1) = ğ|G(k) = g), a target probability f defined

by

f(g) ≡ 1{g ∈ G}
|G|

, (B-20)

and Metropolis-Hastings acceptance probability equal to one. To show the latter,

note that, for every g, ğ ∈ G,

ρ(g, ğ) = min

{
f(ğ)

f(g)
× q(g | ğ)

q(ğ | g)
, 1

}
(1)
= 1,

where (1) uses that f(ğ) = f(g) = 1/|G| and q(g | ğ) = q(ğ | g) by (B-20) and

Lemma B.2.9, respectively. By this and Robert and Casella (2004, Theorem 7.4),

it suffices to show that the conditional density q(ğ | g) is f -irreducible. By Robert

and Casella (2004, Theorem 6.15, part (i)), this follows from showing that, for any

g, ğ ∈ G (and so f(g) > 0 and f(ğ) > 0), the Markov chain has a positive probability

of transitioning from g to ğ after a sufficient number of steps. We devote the rest of

the proof to show this.

Consider any arbitrary choice of g, ğ ∈ G. Since G is the group generated by

finitely many compositions of elements in
⋃
I∈IG(I), there are (g(1), . . . , g(K1+K2)) ∈

G(I(1))×· · ·×G(I(K1+K2)) with I(j) ∈ I for j = 1, . . . , K such that g = g(K1)◦· · ·◦g(1)

and ğ = g(K1+K2) ◦ · · · ◦ g(K1+1). By Lemma B.2.3, G(I(j)) is a group for all j =

1, . . . , K1 + K2, and so (g(j))−1 ∈ G(I(j)) for every j = 1, . . . , K1 + K2. Then, note

that

ğ = ğ ◦ g−1 ◦ g

(1)
= g(K1+K2) ◦ · · · ◦ g(K1+1) ◦ (g(1))−1 ◦ · · · ◦ (g(K1))−1 ◦ g

(2)
= ğ(K1+K2) ◦ · · · ◦ ğ(K1+1) ◦ ğ(K1) ◦ · · · ◦ ğ(1) ◦ g, (B-21)

where (1) holds by setting ğ = g(K1+K2) ◦ · · · ◦ g(K1+1) and g−1 =

(g(1))−1 ◦ · · · ◦ (g(K1))−1, and (2) holds by defining (ğ(1), . . . , ğ(K1+K2)) =
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((g(K1))−1, . . . , (g(1))−1, g(K1+1), . . . , g(K1+K2)). Note that (B-21) provides a specific

path for transitioning from g to ğ after K1 + K2 steps. We complete the proof by

showing that P (G(K1+K2+k) = ğ|G(k) = g) > 0 for any posive integer k. To this end,

we define (Ĭ(1), . . . , Ĭ(K1+K2)) = (I(K1), . . . , I(1), I(K1+1), . . . , I(K1+K2)) and we consider

the following argument:

P (G(K1+K2+k) = ğ|G(k) = g)
(1)

≥ q(ğ(1) ◦ g|g)
K∏
k=2

q(ğ(k) ◦ · · · ◦ ğ(1) ◦ g | ğ(k−1) ◦ · · · ◦ ğ(1) ◦ g)

(2)

≥
K1+K2∏
j=1

1

|I||G(Ĭj)|
(3)
> 0,

where (1) uses the fact that the conditional distribution of G(j+1) given G(j) is q for

all j = 1, . . . , K1 +K2, (2) holds by (B-24) and ğ(j) ∈ Ĭ(j) for all j = 1, . . . , K1 +K2,

and (3) holds because Ĭ(j) ∈ I for all j = 1, . . . , K1 +K2.

B.2.2 Auxiliary results

Lemma B.2.1. Under Assumptions 3.2.1 and H0 in (3.1), (3.2) holds.

Proof. Consider the following derivation.

P (X = X̃)
(1)
=

n∏
i=1

P ((Si,t, Ai,t) = (S̃i,t, Ãi,t) : t = 1, . . . , T )

(2)
=

n∏
i=1

[
P (Si,1 = S̃i,1, Ai,1 = Ãi,1)×∏T

t=2 P ((Si,t, Ai,t) = (S̃i,t, Ãi,t)|(Si,t−1, Ai,t−1) = (S̃i,t−1, Ãi,t−1))

]

(3)
=

n∏
i=1

 P (Si,1 = S̃i,1)
(∏T

t=1 P (Ai,t = Ãi,t|Si,t = S̃i,t)
)

×
(∏T−1

t=1 P (Si,t+1 = S̃i,t+1|Si,t = S̃i,t, Ai,t = Ãi,t)
) 

(4)
=

n∏
i=1

[
mi(S̃i,1)

(
T∏
t=1

σ(Ãi,t|S̃i,t)

)(
T−1∏
t=1

g(S̃i,t+1|S̃i,t, Ãi,t)

)]
,

where (1) holds by Assumption 3.2.1(a), (2) holds by Assumption 3.2.1(b), (3) holds

by Assumption 3.2.1(c), and (4) holds under H0 in (3.1).
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Lemma B.2.2. Under Assumptions 3.2.1(b)-(c), the state variable is Markovian,

i.e., for every i = 1, . . . , n and t = 2, . . . T and every S̃ ∈ SnT ,

P (Si,t = S̃i,t|Si,t−1 = S̃i,t−1) = P (Si,t = S̃i,t|(Si,1, . . . , Si,t−1) = (S̃i,1, . . . , S̃i,t−1)).

(B-22)

Proof. Fix i = 1, . . . , n, t = 2, . . . T , and S̃ ∈ SnT arbitrarily. Consider the following

argument.

P ((Si,1, . . . , Si,t) = (S̃i,1, . . . , S̃i,t))

=
∑

(a1,...,at−1)∈At−1

(
P ((Si,1, Ai,1, . . . , Si,t−1, Ai,t−1) = (S̃i,1, a1, . . . , S̃i,t−1, at−1))×

P (Si,t = S̃i,t|(Si,1, Ai,1, . . . , Si,t−1, Ai,t−1) = (S̃i,1, a1, . . . , S̃i,t−1, at−1))

)

(1)
=

∑
(a1,...,at−1)∈At−1

(
P ((Si,1, Ai,1, . . . , Si,t−1, Ai,t−1) = (S̃i,1, a1, . . . , S̃i,t−1, at−1))

×P (Si,t = S̃i,t|(Si,t−1, Ai,t−1) = (S̃i,t−1, at−1))

)

=
∑

at−1∈A

(
P ((Si,1, . . . , Si,t−1) = (S̃i,1, . . . , S̃i,t−1), Ai,t−1 = at−1)

×P (Si,t = S̃i,t|(Si,t−1, Ai,t−1) = (S̃i,t−1, at−1))

)

=
∑

at−1∈A

 P (Ai,t−1 = at−1|(Si,1, . . . , Si,t−1) = (S̃i,1, . . . , S̃i,t−1))

×P ((Si,1, . . . , Si,t−1) = (S̃i,1, . . . , S̃i,t−1))

×P (Si,t = S̃i,t|(Si,t−1, Ai,t−1) = (S̃i,t−1, at−1))


(2)
=

∑
at−1∈A

(
P (Ai,t−1 = at−1|Si,t−1 = S̃i,1)P ((Si,1, . . . , Si,t−1) = (S̃i,1, . . . , S̃i,t−1))

×P (Si,t = S̃i,t|(Si,t−1, Ai,t−1) = (S̃i,t−1, at−1))

)

= P (Si,t = S̃i,t|Si,t−1 = S̃i,t−1)P ((Si,1, . . . , Si,t−1) = (S̃i,1, . . . , S̃i,t−1))

where (1) holds by Assumption 3.2.1(b) and (2) holds by Assumption 3.2.1(c). There-

fore,

P (Si,t = S̃i,t|Si,t−1 = S̃i,t−1) = P (Si,t = S̃i,t|(Si,1, . . . , Si,t−1) = (S̃i,1, . . . , S̃i,t−1)),

as desired.

Lemma B.2.3. For any I ∈ I, G(I) is a group.
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Proof. We fix I ∈ I arbitrarily. It suffices to verify conditions (i)-(iv) in Lehmann

and Romano (2005, Section A.1). Note that we can verify condition (ii) using the

same argument as in Lehmann and Romano (2005, page 693).

We begin with condition (i). First, for any arbitrary g1, g2 ∈ G(I), we now verify

that g2 ◦ g1 ∈ G(I). Since g1, g2 ∈ G(I), g1 and g2 are both onto transformations

of X onto itself, then g2 ◦ g1 is an onto transformation of X onto itself. Now we

will show that, for any (S̆, Ă) ∈ X , the data configuration (S̃, Ã) = (g2 ◦ g1)(S̆, Ă)

satisfies S̃ ∈ RS(I, S̆) and Ã ∈ RA(S̃, (S̆, Ă)). Define (Ṡ, Ȧ) = g1(S̆, Ă). Now

(Ṡ, Ȧ) = g1(S̆, Ă) and (S̃, Ã) = g2(Ṡ, Ȧ). Since g1, g2 ∈ G(I), all the conditions in

Definitions 3.3.1 and 3.3.2 satisfy the transitive property as the equality condition,

so that S̃ ∈ RS(I, S̆) and Ã ∈ RA(S̃, (S̆, Ă)), as desired. By combining these results,

we conclude that g2 ◦ g1 ∈ G(I), as desired.

To verify condition (iii), we now show that the identity transformation belongs to

G(I). To this end, we note that the identity transformation is an onto transformation

of X onto itself, and S̆ ∈ RS(I, S̆) and Ă ∈ RA(S̆, (S̆, Ă)).

To verify condition (iv), we now show that for any g ∈ G(I), g−1 ∈ G(I) holds.

By definition G(I) is a collection of onto transformations that map a finite set X

onto itself. By the pigeonhole principle, the transformations in G(I) are one to one,

i.e., bijective, implying that g−1 is well defined. First, note that g−1 is a bijective

transformation (hence, an onto transformation) of X onto itself. For the rest of the

verification of Condition (iv), pick X̃ ∈ X arbitrarily. Second, we would like to

show that, for any (S̆, Ă) ∈ X , the data configuration (S̃, Ã) = g−1(S̆, Ă) satisfies

S̃ ∈ RS(I, S̆) and Ã ∈ RA(S̃, (S̆, Ă)). Since g ∈ G(I) and g(S̃, Ã) = g(g−1(S̆, Ă)) =

(S̆, Ă), we have S̆ ∈ RS(I, S̃) and Ă ∈ RA(S̆, (S̃, Ã)). Note that all the conditions in

Definitions 3.3.1 and 3.3.2 treat (S̃, Ã) and (S̆, Ă) symmetrically. Therefore, we have

S̃ ∈ RS(I, S̆) and Ã ∈ RA(S̃, (S̆, Ă)), as desired.
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Lemma B.2.4. For any I ∈ I and any g ∈ G(I), X̆ and gX̆ have the same sufficient

statistic in (3.13), i.e., U(X̆) = U(gX̆).

Proof. Let X̆ = (S̆, Ă) and X̃ = (S̃, Ã) = g(S̆, Ă). By definition 3.4.1, this implies

that S̃ ∈ RS(S̆) and Ã ∈ RA(S̃, (S̆, Ă)). By (3.13), it then suffices to show the

following statements:

1. S̆i,1 = S̃i,1 for all i = 1, . . . , n,

2.
∑n

i=1

∑T−1
t=1 1{S̃i,t = s, Ãi,t = a, S̃i,t+1 = s′} =

∑n
i=1

∑T−1
t=1 1{S̆i,t = s, Ăi,t =

a, S̆i,t+1 = s′} for all s, s′ ∈ S and a ∈ A,

3.
∑n

i=1 1{S̃i,T = s, Ãi,T = a} =
∑n

i=1 1{S̆i,T = s, Ăi,T = a} for all s ∈ S and

a ∈ A.

The first statement follows from S̃ ∈ RS(S̆) and condition (a) in Definition 3.3.1.

The second and third statements follow from Ã ∈ RA(S̃, (S̆, Ă)) and conditions (a)

and (b) in Definition 3.3.2, respectively.

Several upcoming results involve a Markov chain of transformations in G, specified

in Definition B.2.1.

Definition B.2.1. Let (G(1), . . . , G(K)) denote a Markov chain of transformations of

X onto itself that is defined as follows:

� G(1) : X → X be equal to the identity transformation, i.e., x = G(1)x for any

x ∈ X

� For any k = 2, . . . , K and given (G(1), . . . , G(k−1), X), G(k) : X → X is a random

transformation distributed according to the following transition probability:

P (G(k) = g̃ | G(1), . . . , G(k−1), X) = P (G(k) = g̃ | G(k−1)) (B-23)

=
∑
I∈I

∑
g∈G(I)

1{g̃ = g ◦ (G(k−1))}
|I| × |G(I)|

. (B-24)
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Lemma B.2.5. Conditional on X, (X(1), . . . , X(K)) generated by Algorithm 3.3.1

and (G(1)X, . . . , G(K)X) with (G(1), . . . , G(K)) as in Definition B.2.1 have the same

distribution.

Proof. We condition onX throughout this proof. First, note that Algorithm 3.3.1 and

Definition B.2.1 imply that X = X(1) = G(1)X. Second, note that (X(1), . . . , X(K))

and (G(1)X, . . . , G(K)X) are both Markov chains in X . To complete the proof, it

suffices to show that they have the same transition probabilities. The transition

probability of (X(1), . . . , X(K)) is specified in (3.9). It then suffices to show that, for

any k = 2, . . . , K, X̃ = (S̃, Ã) ∈ X , and G(k−1)X = X̆ = (S̆, Ă) ∈ X ,

P (G(k)X = X̃ | G(1)X, . . . , G(k−2)X,G(k−1)X = X̆,X)

= P (G(k)X = X̃ | G(k−1)X = X̆,X)

=


∑

I∈I
1{S̃ ∈ RS(I, S̆), Ã ∈ RA(S̃, X̆)}
|I| × |RS(I, S̆)| × |RA(S̃, X̆)|

if |RS(I, S̆)| × |RA(S̃, X̆)| > 0,

0 otherwise.

(B-25)

For the rest of the proof, we fix k = 2, . . . , K, and X̃ = (S̃, Ã), X̆ = (S̆, Ă) ∈ X

arbitrarily. To show (B-25), consider the following derivation.

P (G(k)X = X̃ | G(1)X, . . . , G(k−2)X,G(k−1)X = X̆,X)

(1)
= E[P (G(k)X = X̃ | G(1), . . . , G(k−1), X) | G(1)X, . . . , G(k−2)X,G(k−1)X = X̆,X]

(2)
= E[P (G(k)X = X̃ | G(k−1), X) | G(1)X, . . . , G(k−2)X,G(k−1)X = X̆,X], (B-26)

where (1) holds by the law of total probability, and (2) holds by (B-24). From (B-26),

(B-25) follows if we show that, for G(k−1)X = X̆, P (G(k)X = X̃ | G(k−1), X) is equal

to
∑

I∈I
1{S̃ ∈ RS(I, S̆), Ã ∈ RA(S̃, X̆)}
|I| × |RS(I, S̆)| × |RA(S̃, X̆)|

if |RS(I, S̆)| × |RA(S̃, X̆)| > 0,

0 otherwise.

(B-27)
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To show (B-27), consider the following derivation.

P (G(k)X = X̃ | G(k−1), X) (B-28)

(1)
= P (G(k)(G(k−1))−1X̆ = X̃ | G(k−1), X)

=
∑
g∈G

P (G(k) = g | G(k−1), X)1{g(G(k−1))−1X̆ = X̃}

(2)
=
∑
g∈G

∑
I∈I

1
|I|
∑

g̃∈G(I) 1{g = g̃ ◦ (G(k−1))−1}
|G(I)|

1{g(G(k−1))−1X̆ = X̃}

=
1

|I|
∑
I∈I

∑
g̃∈G(I)

∑
g∈G 1{g = g̃ ◦ (G(k−1))}1{g(G(k−1))−1X̆ = X̃}

|G(I)|

(3)
=

1

|I|
∑
I∈I

∑
g̃∈G(I)

∑
g∈G 1{g = g̃ ◦ (G(k−1))}1{g̃X̆ = X̃}

|G(I)|

=
1

|I|
∑
I∈I

∑
g̃∈G(I) 1{g̃X̆ = X̃}

∑
g∈G 1{g = g̃ ◦ (G(k−1))}

|G(I)|

(4)
=

1

|I|
∑
I∈I

∑
g̃∈G(I) 1{g̃X̆ = X̃}
|G(I)|

, (B-29)

where (1) holds by G(k−1)X = X̆ and the fact that (G(k−1))−1 ∈ G since G is a group

(by Lemma 3.4.2), (2) holds by (B-24), (3) holds because {g = g̃ ◦ (G(k−1))} occurs if

and only if {g(G(k−1))−1 = g̃}, and (4) holds because
∑

g∈G 1{g = g̃ ◦ (G(k−1))} = 1,

as we show in the next paragraph.

To show
∑

g∈G 1{g = g̃ ◦ (G(k−1))} = 1, consider the following argument. Since

g, g̃, G(k−1) ∈ G, and G is a group, g̃◦(G(k−1)) ∈ G, and so ∃g ∈ G s.t. g = g̃◦(G(k−1)),

i.e.,
∑

g∈G 1{g = g̃ ◦ (G(k−1))} ≥ 1. Now, suppose that
∑

g∈G 1{g = g̃ ◦ (G(k−1))} > 1.

This implies that ∃g1, g2 ∈ G with g1 6= g2 s.t. g1 = g̃ ◦ (G(k−1)) = g2. But using

again that G is a group, ∃g−1
1 ∈ G and so g−1

1 g2 = g−1
1 g1 and g2g

−1
1 = g1g

−1
1 and

both equal to the identity transformation. This would imply that g−1
1 = g−1

2 , and
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since the inverse transformation is unique, reach a contradiction.

Fix I ∈ I arbitrarily. By (B-29), (B-27) then follows from showing that∑
g̃∈G(I)

1{g̃X̆=X̃}
|G(I)| equals


1{S̃ ∈ RS(I, S̆), Ã ∈ RA(S̃, X̆)}
|RS(I, S̆)| × |RA(S̃, X̆)|

if |RS(I, S̆)| × |RA(S̃, X̆)| > 0,

0 otherwise.

(B-30)

We divide our argument into two cases. First, consider |RS(I, S̆)| × |RA(S̃, X̆)| = 0.

In this case, we have 6 ∃g ∈ G(I) s.t. gX̆ = X̃, and therefore

∑
g∈G(I)

1{gX̆ = X̃}
|G(I)|

= 0,

which verifies (B-30).

Second, consider |RS(I, S̆)|×|RA(S̃, X̆)| > 0. Then, consider the following deriva-

tion.∑
g∈G(I) 1{gX̆ = X̃}
|G(I)|

(1)
=

∑
g∈G(I) 1{gX̆ = X̃}
|G(I)|

1{S̃ ∈ RS(I, S̆), Ã ∈ RA(S̃, X̆)}

(2)
=

∑
g∈G(I) 1{gX̆ = X̆}
|G(I)|

1{S̃ ∈ RS(I, S̆), Ã ∈ RA(S̃, X̆)}

(3)
=

1{S̃ ∈ RS(I, S̆), Ã ∈ RA(S̃, X̆)}
|RS(I, S̆)| × |RA(S̆, X̆)|

(4)
=

1{S̃ ∈ RS(I, S̆), Ã ∈ RA(S̃, X̆)}
|RS(I, S̆)| × |RA(S̃, X̆)|

, (B-31)

which verifies (B-30), where (1) follows from Definition 3.4.1, as it implies that {g̃X̆ =

X̃} with g̃ ∈ G(I), X̆ = (S̆, Ă), and X̃ = (S̃, Ã) implies that {S̃ ∈ RS(I, S̆)} and

{Ã ∈ RA(S̃, X̆)}, (2) follows from Lemma B.2.6, and (3) is shown in (B-32), and

(4) follows from Lemma B.2.7 (which applies because the expression is multiplied by

1{S̃ ∈ RS(I, S̆)}).
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To show (3) in (B-31), consider the following argument.

|G(I)| (1)
=
∑
X̃∈X

 ∑
g∈G(I)

1{gX̆ = X̃}


(2)
=

∑
S̃∈RS(I,S̆)

∑
Ã∈RA(S̃,X̆)

 ∑
g∈G(I)

1{gX̆ = X̃}


(3)
=

 ∑
g∈G(I)

1{gX̆ = X̆}

 ∑
S̃∈RS(I,S̆)

∑
Ã∈RA(S̃,X̆)

=

 ∑
g∈G(I)

1{gX̆ = X̆}

 ∑
S̃∈RS(I,S̆)

|RA(S̃, X̆)|

(4)
=

 ∑
g∈G(I)

1{gX̆ = X̆}

 |RA(S̆, X̆)|
∑

S̃∈RS(I,S̆)

1

=

 ∑
g∈G(I)

1{gX̆ = X̆}

 |RA(S̆, X̆)| × |RS(I, S̆)|, (B-32)

where (1) follows from partitioning G(I) into its possible range of outcomes when

applied to X̆ ∈ X = SnT ×AnT , (2) follows from Definition 3.4.1, as it implies that

{g̃X̆ = X̃} with g̃ ∈ G(I), X̆ = (S̆, Ă), and X̃ = (S̃, Ã) if and only if {S̃ ∈ RS(I, S̆)}

and {Ã ∈ RA(S̃, X̆)}, (3) follows from Lemma B.2.6, and (4) follows from Lemma

B.2.7.

Lemma B.2.6. Fix X̆ = (S̆, Ă) ∈ X , X̃ = (S̃, Ã) ∈ X , and I ∈ I arbitrar-

ily. Then, S̃ ∈ RS(I, S̆) and Ã ∈ RA(S̃, X̆) implies that
∑

g∈G(I) 1{gX̆ = X̃} =∑
g∈G(I) 1{gX̆ = X̆}.

Proof. Fix X̆ = (S̆, Ă) ∈ X , X̃ ∈ X , and I ∈ I arbitrarily, and assume that

S̃ ∈ RS(I, S̆) and Ã ∈ RA(S̃, X̆). By definition of G(I), RS(I, S̆), and RA(S̃, X̆),
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S̃ ∈ RS(I, S̆) and Ã ∈ RA(S̃, X̆) implies that ∃ğ ∈ G(I) s.t. ğX̆ = X̃. Therefore,

∑
g∈G(I)

1{gX̆ = X̃} (1)
=
∑

g∈G(I)

1{gX̆ = ğX̆} (2)
=
∑

g∈G(I)

1{ğ−1gX̆ = X̆} (3)
=
∑

g∈G(I)

1{gX̆ = X̆},

where (1) holds by ğX̆ = X̃, (2) holds because ğ ∈ G(I) and that G(I) is a group (by

Lemma B.2.3), (3) holds by {ğ−1g : g ∈ G(I)} = G(I), as G(I) is a group (again,

by Lemma B.2.3).

Lemma B.2.7. Fix X̆ = (S̆, Ă) ∈ X and I ∈ I arbitrarily. Then, S̃ ∈ RS(I, S̆)

implies that |RA(S̃, X̆)| = |RA(S̆, X̆)|.

Proof. Fix X̆ = (S̆, Ă) ∈ X and I ∈ I arbitrarily, and assume that S̃ ∈ RS(I, S̆).

We first show that |RA(S̆, (S̆, Ă))| ≤ |RA(S̃, (S̆, Ă))|. Let (A1, . . . , AC) enumerate

the (distinct) elements in RA(S̆, (S̆, Ă)). By S̃ ∈ RS(I, S̆) and Lemma B.2.8, there

is a permutation π s.t S̃ = S̆π and Acπ ∈ RA(S̃, (S̆, Ac)) for each c = 1, . . . , C.

We now show that (A1
π, . . . , A

C
π ) are all distinct elements. To this end, suppose

that ∃c1, c2 ∈ {1, . . . , C} s.t. Ac1π = Ac2π . If that were the case, and by the fact

that a permutation is a bijective relationship, we conclude that Ac1 = Ac2 . Since

(A1, . . . , AC) are distinct, we conclude that c1 = c2, as desired. To conclude the

argument, it suffices to show that Acπ ∈ RA(S̃, (S̆, Ă)) for all c = 1, . . . , C. To

this end, choose c = 1, . . . , C arbitrarily. Since S̆ ∈ RS(I, S̆) (trivially) and Ac ∈

RA(S̆, (S̆, Ă)), Definition 3.4.1 implies that ∃g1 ∈ G(I) s.t. g1(S̆, Ă) = (S̆, Ac). Since

S̃ ∈ RS(I, S̆) and Acπ ∈ RA(S̃, (S̆, Ac)), Definition 3.4.1 implies that ∃g2 ∈ G(I) s.t.

g2(S̆, Ac) = (S̃, Acπ). Since G(I) is a group (by Lemma B.2.3), we conclude that

g3 = g2 ◦ g1 ∈ G(I). Since g3(S̆, Ă) = (S̃, Acπ) and g3 ∈ G(I), Definition 3.4.1 implies

that Acπ ∈ RA(S̃, (S̆, Ă)), as desired.

We next show that |RA(S̆, (S̆, Ă))| ≥ |RA(S̃, (S̆, Ă))|. Let (A1, . . . , AC) enumerate

the (distinct) elements in RA(S̃, (S̆, Ă)). Since S̃ ∈ RS(I, S̆) and by the fact that
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the Definition 3.3.1 treats S̃ and S̆ symmetrically, we conclude that S̆ ∈ RS(I, S̃).

In turn, by S̆ ∈ RS(I, S̃) and Lemma B.2.8, there is a permutation π s.t. S̆ = S̃π

and Acπ ∈ RA(S̆, (S̃, Ac)) for each c = 1, . . . , C. By repeating the previous argument,

we can show that (A1
π, . . . , A

C
π ) are all distinct elements. To conclude the proof, it

suffices to show that Acπ ∈ RA(S̆, (S̆, Ă)) for all c = 1, . . . , C. To this end, choose

c = 1, . . . , C arbitrarily. Since S̃ ∈ RS(I, S̆) and Ac ∈ RA(S̃, (S̆, Ă)), Definition

3.4.1 implies that ∃g1 ∈ G(I) s.t. g1(S̆, Ă) = (S̃, Ac). Since S̆ ∈ RS(I, S̃) and

Acπ ∈ RA(S̆, (S̃, Ac)), Definition 3.4.1 implies that ∃g2 ∈ G(I) s.t. g2(S̃, Ac) = (S̆, Acπ).

Since G(I) is a group (by Lemma B.2.3), we conclude that g3 = g2g1 ∈ G(I). Since

g3(S̆, Ă) = (S̆, Acπ) and g3 ∈ G(I), Definition 3.4.1 implies that Acπ ∈ RA(S̆, (S̆, Ă)),

as desired.

Lemma B.2.8. For any S̆ ∈ SnT , I ∈ I and S̃ ∈ RS(I, S̆), there exists a permutation

π : {1, . . . , n} × {1, . . . , T} → {1, . . . , n} × {1, . . . , T} such that S̃ = S̆π and Ăπ ∈

RA(S̃, (S̆, Ă)) for every Ă ∈ AnT .

Proof. Fix S̆,∈ SnT and I ∈ I arbitrarily and assume that S̃ ∈ RS(I, S̆). For every

s, s′ ∈ S, let

Index1(s, s′) = {(i, t) ∈ {1, . . . , n} × {1, . . . , T − 1} : (S̆i,t, S̆i,t+1) = (s, s′)},

Index2(s, s′) = {(i, t) ∈ {1, . . . , n} × {1, . . . , T − 1} : (S̃i,t, S̃i,t+1) = (s, s′)},

Index1(s) = {(i, T ) : i ∈ {1, . . . , n}, S̆i,T = s},

Index2(s) = {(i, T ) : i ∈ {1, . . . , n}, S̃i,T = s}.

We use

C(s, s′) ≡ |Index1(s, s′)| (1)
= |Index2(s, s′)|,

C(s) ≡ |Index1(s)| (2)
= |Index2(s)|,

where (1) and (2) hold by S̃ ∈ RS(I, S̆).
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For every s, s′ ∈ S, we can enumerate Index1(s, s′) by

(ν1(1, s, s′), . . . , ν1(C(s, s′), s, s′)), Index2(s, s′) by (ν2(1, s, s′), . . . , ν2(C(s, s′), s, s′)),

Index1(s) by (ν1(1, s), . . . , ν1(C(s), s)), and Index2(s) by (ν2(1, s), . . . , ν2(C(s), s)).

By definition, (ν1(1, s, s′), . . . , ν1(C(s, s′), s, s′)) represent the (i, t) indices that

satisfy (S̆i,t, S̆i,t+1) = (s, s′) and (ν1(1, s), . . . , ν1(C(s), s)) represent the (i, T ) indices

that satisfy S̆i,T = s, (ν2(1, s, s′), . . . , ν2(C(s, s′), s, s′)) represent the (i, t) indices

that satisfy (S̃i,t, S̃i,t+1) = (s, s′), and (ν2(1, s), . . . , ν2(C(s), s)) represent the (i, T )

indices that satisfy S̃i,T = s.

These enumerations allows us to interpret S̆ as a permutation of the values of S̃.

We denote this permutation by π : {1, . . . , n}×{1, . . . , T} → {1, . . . , n}×{1, . . . , T},

and we characterize it next. For any (i, t) ∈ {1, . . . , n} × {1, . . . , T − 1}, there exists

(s, s′) ∈ S and c = 1, . . . , C(s, s′) s.t. (i, t) = ν1(c, s, s′) ∈ Index1(s, s′). In this case,

set π(i, t) = ν2(c, s, s′). By this construction,

S̆i,t = S̆ν1(c,s,s′) = S̃ν2(c,s,s′) = S̃π(i,t),

Similarly, for any i ∈ {1, . . . , n}, there exists s ∈ S and c = 1, . . . , C(s) s.t. (i, T ) =

ν1(c, s) ∈ Index1(s). In this case, set π(i, T ) = ν2(c, s). By this construction,

S̆i,T = S̆ν2(c,s,) = S̃ν2(c,s) = S̃π(i,T ).

To show the second part, for any Ă ∈ AnT , consider Ã = Ăπ. For each s, s′ ∈ S,

note that

Ãν2(c,s,s′) = Ăν1(c,s,s′) for c = 1, . . . , C(s, s′)

Ãν2(c,s) = Ăν1(c,s) for c = 1, . . . , C(s). (B-33)

To complete the proof, it suffices to show that Ã ∈ RA(S̃, X̆). To this end, it

suffices to verify conditions (a)-(b) in Definition 3.3.2. We only show condition (a),
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as condition (b) can be shown using an analogous argument. For any s, s′ ∈ S and

a ∈ A, consider the following derivation.

n∑
i=1

T−1∑
t=1

1{S̆i,t = s, Ăi,t = a, S̆i,t+1 = s′} (1)
=

∑
(i,t)∈Index1(s,s′)

1{Ăi,t = a}

=

C(s,s′)∑
c=1

1{Ăν1(c,s,s′) = a}

(2)
=

C(s,s′)∑
c=1

1{Ãν2(c,s,s′) = a}

=
∑

(i,t)∈Index2(s,s′)

1{Ãi,t = a}

(3)
=

n∑
i=1

T−1∑
t=1

1{S̃i,t = s, Ãi,t = a, S̃i,t+1 = s′},

(B-34)

where (1) follows from the fact that Index1(s, s′) is the collection of all indices

(i, t) ∈ {1, . . . , n} × {1, . . . , T − 1} s.t. (S̆i,t, S̆i,t+1) = (s, s′), (2) holds by (B-33),

and (3) follows from the fact that Index2(s, s′) is the collection of all indices

(i, t) ∈ {1, . . . , n} × {1, . . . , T − 1} s.t. (S̆i,t, S̆i,t+1) = (s, s′).

Lemma B.2.9. The transition probability in (B-24) is symmetric, i.e., for any g, ğ ∈

G, P (G(k+1) = ğ|G(k) = g) = P (G(k+1) = g|G(k) = ğ).

134



Proof. Fix g, ğ ∈ G arbitrarily and consider the following argument.

P (G(k+1) = ğ|G(k) = g) =
∑
I∈I

1

|I|
∑

g̃∈G(I)

1{ğ = g̃ ◦ g}
|G(I)|

(1)
=
∑
I∈I

1

|I|
∑

g̃∈G(I)

1{g = g̃−1 ◦ ğ}
|G(I)|

(2)
=
∑
I∈I

1

|I|
∑

g̃∈G(I)

1{g = g̃ ◦ ğ}
|G(I)|

= P (G(k+1) = g|G(k) = ğ),

where (1) follows from the fact that G(I) is a group (by Lemma B.2.3), and so

∃g̃−1 ∈ G(I) for any g̃ ∈ G(I), and that 1{ğ = g̃ ◦ g} = 1{g̃−1 ◦ ğ = g}, and (2)

follows from defining G(I) = {g̃−1 : g̃ ∈ G(I)}, which holds because G(I) is a group

(again, by Lemma B.2.3).
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Appendix C

Appendix for Chapter 3

C.1 Proofs

C.1.1 Proof of Theorem 7

The proof of Theorem 7 uses the following lemmas.

Lemma C.1.1. Under Assumptions 4.2.2 and 4.2.3 , Σ̂†Σ̂ = Σ0
†Σ0 + op(n

−2−(L+1)
).

Proof. By Wang et al. (2018, Corollary 8.1.4),

‖Σ̂† − Σ0
†‖

‖Σ0
†‖

≤ C
‖Σ0

†‖‖Σ̂− Σ0‖
1− ‖Σ0

†‖‖Σ̂− Σ0‖
= Op(‖Σ̂− Σ0‖)

for some constant C. Therefore, it suffices to show Σ̂ − Σ0 = op(n
−2−(L+1)

). Since

Pr(‖Σ̃ − Σ0‖ < κ < min{λk : λk > 0}) = 1 + o(1), in this proof, we assume

‖Σ̃− Σ0‖ < κ < min{λk : λk > 0} − ‖Σ̃− Σ0‖ without loss of generality. As long as

‖Σ̃−Σ0‖ ≤ κ ≤ min{λk : λk > 0}−‖Σ̃−Σ0‖, by Weyl’s inequality on the eigenvalue

perturbations,

1{λ̂k > κ} = 1{λk > 0}

for every k = 1, . . . , K. It implies rank(Σ̂) = rank(Σ0), and, by the Eckart-Young-

Mirsky theorem,

‖Σ̂− Σ̃‖ ≤ ‖Σ0 − Σ̃‖.

Therefore,

‖Σ̂− Σ0‖ ≤ ‖Σ̂− Σ̃‖+ ‖Σ̃− Σ0‖ ≤ 2‖Σ̃− Σ0‖ = op(n
−2−(L+1)

).
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Lemma C.1.2. Suppose the assumptions in Theorem 7. There are an open convex

neighborhood N of θ0 and a constant C such that

‖θ1 − θ0‖ ≤ C
∥∥∥Q(1)

0 (θ1)
∥∥∥

for every θ1 ∈ N .

Proof. By the second-order Taylor expansion, there is a constant C1 such that such

that, for every θ1 ∈ Θ,

Q
(1)
0 (θ1) = Q

(1)
0 (θ0) +Q

(2)
0 (θ0)(θ1 − θ0) +R(θ1)

with ‖R(θ1)‖ ≤ C1‖θ1 − θ0‖2. By the first-order condition Q
(1)
0 (θ0) = 0, we have

Q
(1)
0 (θ1) = Q

(2)
0 (θ0)(θ1 − θ0) +R(θ1). (A-1)

Since Q
(2)
0 (θ0) is invertible,

θ1 − θ0 = Q
(2)
0 (θ0)−1Q

(1)
0 (θ0)−Q(2)

0 (θ0)−1R(θ1),

and therefore

‖θ1 − θ0‖ ≤ C2

∥∥∥Q(1)
0 (θ0)

∥∥∥+ C1C2‖θ1 − θ0‖2

for some constant C2. Let N = {θ1 ∈ Θ : C1C2‖θ1 − θ0‖ < 1/2}. Then

‖θ1 − θ0‖ ≤ 2C2

∥∥∥Q(1)
0 (θ0)

∥∥∥
for every θ ∈ N .

Lemma C.1.3. Under the assumptions in Theorem 7,

θ̂inf = θ0 + op(n
−2−(L+1)

).

137



Proof. By Newey and McFadden (1994, Theorem 2.1), we have θ̂inf = θ0 + Op(1).

Since Q̂(1)(θ̂inf) = 0, we have Q
(1)
0 (θ̂inf) = Q

(1)
0 (θ̂inf)− Q̂(1)(θ̂inf). By Assumption 4.2.4,

Q
(1)
0 (θ̂inf) = op(n

−2−(L+1)
). By Lemma C.1.2, the statement of this lemma holds.

Lemma C.1.4. Suppose the assumptions in Theorem 7. There are an open convex

neighborhood N of θ0 and a constant C such that

‖
[
((I − Σ0

†Σ0)γ)T , ρT
]T − θ0‖ ≤ C

∥∥∥∥ ∂∂θQ0

([
((I − Σ0

†Σ0)γ)T , ρT
]T)∥∥∥∥

for every θ ∈ N .

Proof. Let θ2 =
[
((I − Σ0

†Σ0)γ2)T , ρT2
]T

. Since θ0 =

(
I − Σ0

†Σ0 O
O I

)
θ0, we can

rewrite (A-1) as

Q
(1)
0 (θ2) = Q

(2)
0 (θ0)

(
I − Σ0

†Σ0 O
O I

)
(θ2 − θ0) +R(θ2).

Since

∂

∂θ
Q0

([
((I − Σ0

†Σ0)γ)T , ρT
]T)∣∣∣∣

θ=θ2

=

(
I − Σ0

†Σ0 O
O I

)
Q

(1)
0 (θ2)

and

(
I − Σ0

†Σ0 O
O I

)
is idempotent, we have

(θ2 − θ0)T
(
I − Σ0

†Σ0 O
O I

)
∂

∂θ
Q0

([
((I − Σ0

†Σ0)γ)T , ρT
]T)∣∣∣∣

θ=θ2

= (θ2 − θ0)T
(
I − Σ0

†Σ0 O
O I

)
Q

(2)
0 (θ0)

(
I − Σ0

†Σ0 O
O I

)
(θ2 − θ0)

+(θ2 − θ0)T
(
I − Σ0

†Σ0 O
O I

)
R(θ2).
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Since the minimum eigenvalue of Q
(2)
0 (θ0) is positive, there is some positive constant

C1 such that

∥∥∥∥( I − Σ0
†Σ0 O

O I

)
(θ2 − θ0)

∥∥∥∥
∥∥∥∥∥ ∂

∂θ
Q0

([
((I − Σ0

†Σ0)γ)T , ρT
]T)∣∣∣∣

θ=θ2

∥∥∥∥∥
≥ C1

∥∥∥∥( I − Σ0
†Σ0 O

O I

)
(θ2 − θ0)

∥∥∥∥2

−
∥∥∥∥( I − Σ0

†Σ0 O
O I

)
(θ2 − θ0)

∥∥∥∥3

.

Let N =

{
θ ∈ Θ :

∥∥∥∥( I − Σ0
†Σ0 O

O I

)
θ − θ0

∥∥∥∥ < 1/(2C1)

}
. Then

∥∥∥∥( I − Σ0
†Σ0 O

O I

)
(θ − θ0)

∥∥∥∥ ≤ 2C1

∥∥∥∥ ∂∂θQ0

([
((I − Σ0

†Σ0)γ)T , ρT
]T)∥∥∥∥

for every θ ∈ N .

Lemma C.1.5. Under the assumptions in Theorem 7,

θ̃ − θ0 = op(n
−2−(L+1)

).

Proof. First, we are going to show θ̃ − θ0 = op(1). By the compactness of Θ and

the uniqueness of θ0, it suffices to show that Q0(θ̃) − Q0(θ0) = op(1). Note that

Q0(θ̃)−Q0(θ0) ≤ 0 and that

Q0(θ̃)−Q0(θ0) = Q0(θ̃)− Q̂(θ̃)

+Q̂(θ̃)− Q̂(
[
((I − Σ̂†Σ̂)γ0)T , ρT0

]T
)

+Q̂(
[
((I − Σ̂†Σ̂)γ0)T , ρT0

]T
)− Q̂(

[
((I − Σ0

†Σ0)γ0)T , ρT0
]T

)

+Q̂(θ0)−Q0(θ0)

≥ −2 sup
θ∈Θ
|Q̂(θ)−Q0(θ)|

+Q̂(
[
((I − Σ̂†Σ̂)γ0)T , ρT0

]T
)− Q̂(

[
((I − Σ0

†Σ0)γ0)T , ρT0
]T

),
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where the equality uses γ0 = (I − Σ0
†Σ0)γ0 and the inequality uses

Q̂(θ̃) = max
θ∈Θ

Q̂(
[
((I − Σ̂†Σ̂)γ)T , ρT

]T
) ≥ Q̂(

[
((I − Σ̂†Σ̂)γ0)T , ρT0

]T
).

Since the mean-value expansion yields

|Q̂(
[
((I − Σ̂†Σ̂)γ0)T , ρT0

]T
)− Q̂(

[
((I − Σ0

†Σ0)γ0)T , ρT0
]T

)|

≤ sup
θ∈Θ

∥∥∥Q̂(1)(θ)
∥∥∥∥∥∥Σ̂†Σ̂− Σ0

†Σ0

∥∥∥ ‖γ0‖ ,

Lemma C.1.1 implies Q0(θ̃)−Q0(θ0) = op(1).

Second, we are going to show θ̃−θ0 = op(n
−2−(L+1)

). By Lemmas C.1.1 and C.1.4,

it suffices to show

∂

∂θ
Q0

([
((I − Σ0

†Σ0)γ)T , ρT
]T)∣∣∣∣

θ=θ̃

= op(n
−2−(L+1)

).

Some calculus operations yield

∥∥∥∥ ∂

∂θ
Q0

([
((I − Σ0

†Σ0)γ)T , ρT
]T)∣∣∣∣

θ=θ̃

∥∥∥∥
≤

∥∥∥∥ ∂

∂θ
Q̂

([
((I − Σ̂†Σ̂)γ)T , ρT

]T)∣∣∣∣
θ=θ̃

∥∥∥∥
+

∥∥∥∥( I − Σ̂†Σ̂ O
O I

)(
Q

(1)
0 (
[
((I − Σ̂†Σ̂)γ̃)T , ρ̃T

]T
)− Q̂(1)(

[
((I − Σ̂†Σ̂)γ̃)T , ρ̃T

]T
)

)∥∥∥∥
+

∥∥∥∥( I − Σ̂†Σ̂ O
O I

)(
Q

(1)
0 (
[
((I − Σ0

†Σ0)γ̃)T , ρ̃T
]T

)−Q(1)
0 (
[
((I − Σ̂†Σ̂)γ̃)T , ρ̃T

]T
)

)∥∥∥∥
+

∥∥∥∥( Σ0
†Σ0 − Σ̂†Σ̂ O

O O

)
Q

(1)
0 (
[
((I − Σ0

†Σ0)γ̃)T , ρ̃T
]T

)

∥∥∥∥ .
By the definition of θ̃, we have

∂

∂θ
Q̂

([
((I − Σ̂†Σ̂)γ)T , ρT

]T)∣∣∣∣
θ=θ̃

= 0.
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By Assumption 4.2.4 and Lemma C.1.1, we have

∂

∂θ
Q0

([
((I − Σ0

†Σ0)γ)T , ρT
]T)∣∣∣∣

θ=θ̃

= op(n
−2−(L+1)

).

Proof of Theorem 7. By Lemmas C.1.3 and C.1.5, θ̃ − θ0 = op(1) and ‖θ̃ − θ̂inf‖2L =

op(n
−1/2). Thus the statement of this theorem follows from Robinson (1988, Theorem

2). Assumption A1 in Robinson 1988 follows from Assumption 4.2.4 and Lemma

C.1.3. Assumption A3 in Robinson 1988 follows from Assumption 4.2.4.

C.1.2 Proof of Theorem 8

Proof. Let RA = dim(ZA) − rank(V ar([γ0, δ0]T [ZT
A , 0

T ]T )). There are a (J +

1) × rank(V ar([γ0, δ0]T [ZT
A , 0

T ]T )) matrix M1 and a rank(V ar([γ0, δ0]T [ZT
A , 0

T ]T )) ×

dim(ZA) matrix M2 such that

[γ0, δ0]T [ZT
A , 0

T ]T = M1M2ZA almost surely.

Let ν̄1, . . . , ν̄RA be RA linearly independent vectors in the image of

(
I −M†

2M2 O
O O

)
.

Note that [γ0, δ0]T ν̄r = 0 for every r = 1, . . . , RA. By Theorem 6, it suffices to show

that, even if [γ0, δ0]T (Z1 − Z2) = 0, there is a non-zero variation in ν̄Tr (Z1 − Z2) for

every r = 1, . . . , RA. Consider the point z in the assumption of Theorem 8. Since zA

is an interior point, there is a positive constant c such that [zTA, z
T
B]T + cν̄r belongs to

the support of Z. Define z1 = z and z2 = z + cν̄r. This z2 and z1 are support points

of Z such that [γ0, δ0]T (z2 − z1) = 0 and ν̄Tr (z2 − z1) = cν̄Tr ν̄r 6= 0.
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C.1.3 Proof of Theorem 9

Proof. We use RA and (ν̄1, . . . , ν̄RA) in the proof of Theorem 8. Let RB =

rank(V ar(ZB)). There are linearly independent vectors ν̄RA+1, . . . , ν̄RA+RB in the

support of [0T , (Z2,B − Z1,B)T ]T . Note that ν̄1, . . . , ν̄RA+RB are linearly independent.

By Theorem 6, it suffices to show that, even if [γ0, δ0]T (Z1 −Z2) = 0, there is a non-

zero variation in ν̄Tr (Z1−Z2) for every r = 1, . . . , RA+RB. The proof for r = 1, . . . , RA

is the same as in the proof of Theorem 8. Consider r = RA + 1, . . . , RA +RB. There

are z1,B and z2,B in the support of ZB such that

[0T , (z1,B − z2,B)T ]T = ν̄r.

Let z1,A be any point such that [zT1,A, z
T
1,B]T is in the support of Z. By the assumption

of this theorem, we can find a point z2,A such that

[γ0, δ0]T [zT2,A, z
T
2,B]T = [γ0, δ0]T [zT1,A, z

T
1,B]T

and [zT2,A, z
T
2,B]T is in the support of Z. Define z1 = [zT1,A, z

T
1,B]T and z2 = [zT2,A, z

T
2,B]T .

This z2 and z1 are support points of Z such that [γ0, δ0]T (z2−z1) = 0 and ν̄Tr (z2−z1) =

ν̄Tr ν̄r 6= 0.

C.1.4 Proof of Theorem 10

We use the following lemmas to prove Theorem 10. Define

ŴN
i1i2

≡ T−2
∑
t1,t2

1

hdim(Uit)
K
(
ζ̂i1t1i2t2/h

)
(Zi1t1 − Zi2t2)(Zi1t1 − Zi2t2)T ,

ŴD
i1i2

≡ T−2
∑
t1,t2

1

hdim(Uit)
K
(
ζ̂i1t1i2t2/h

)
,

and

WN
i1i2

≡ T−2
∑
t1,t2

1

hdim(Uit)
K (ζi1t1i2t2/h) (Zi1t1 − Zi2t2)(Zi1t1 − Zi2t2)T .
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Lemma C.1.6. Under the assumptions in Theorem 10,

1
n(n−1)

∑
(i1,i2):i1 6=i2

(
ŴN
i1i2
−WN

i1i2

)
= op(n

−2−(L+1)
).

Proof. Since the probability of (4.5) is approaching one, we can assume (4.5) without

loss of generality. Thus

‖ζi1t1i2t2‖ ≥ n−τ + log(n)h =⇒ ‖ζ̂i1t1i2t2‖ ≥ log(n)h

and therefore

∣∣∣K(ζ̂i1t1i2t2/h)−K (ζi1t1i2t2/h)
∣∣∣ = 1{‖ζi1t1i2t2‖

≤ n−τ + log(n)h}
∣∣∣K(ζ̂i1t1i2t2/h)−K (ζi1t1i2t2/h)

∣∣∣
for sufficiently large n. By the second-order Taylor expansion, there is some constant

C such that

K
(
ζ̂i1t1i2t2/h

)
−K (ζi1t1i2t2/h) =

1

h
K(1) (ζi1t1i2t2/h) (ζ̂i1t1i2t2 − ζi1t1i2t2) +

1

h2
Ri1t1i2t2

with ‖Ri1t1i2t2‖ ≤ C
∥∥∥ζ̂i1t1i2t2 − ζi1t1i2t2∥∥∥2

. Therefore,

∣∣∣K(ζ̂i1t1i2t2/h)−K (ζi1t1i2t2/h)
∣∣∣ ≤ 1

h

∥∥K(1) (ζi1t1i2t2/h)
∥∥ ‖ζ̂i1t1i2t2 − ζi1t1i2t2‖

+
1

h2
1{‖ζi1t1i2t2‖ ≤ n−τ + log(n)h} ‖Ri1t1i2t2‖ .

Since

∥∥∥ŴN
i1i2
−WN

i1i2

∥∥∥ ≤ T−2
∑
t1,t2

1

hdim(Uit)

∣∣∣K(ζ̂i1t1i2t2/h)−K (ζi1t1i2t2/h)
∣∣∣ ‖Zi1t1 − Zi2t2‖2,
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we have ∥∥∥∥∥∥ 1

n(n− 1)

∑
(i1,i2):i1 6=i2

(
ŴN
i1i2 −W

N
i1i2

)∥∥∥∥∥∥
≤ 1

n(n− 1)

∑
(i1,i2):i1 6=i2

T−2
∑
t1,t2

1

hdim(Uit)+1

∥∥∥K(1) (ζi1t1i2t2/h)
∥∥∥

×‖Zi1t1 − Zi2t2‖2
∥∥∥ζ̂i1t1i2t2 − ζi1t1i2t2∥∥∥

+
1

n(n− 1)

∑
(i1,i2):i1 6=i2

T−2
∑
t1,t2

1

hdim(Uit)+2

×1{‖ζi1t1i2t2‖ ≤ n−τ + log(n)h}‖Zi1t1 − Zi2t2‖2 ‖Ri1t1i2t2‖

≤ U1
1

h
sup

(i1,t1,i2,t2):i1 6=i2

∥∥∥ζ̂i1t1i2t2 − ζi1t1i2t2∥∥∥
+CU2

(n−τ + log(n)h)dim(Uit)

hdim(Uit)+2
sup

(i1,t1,i2,t2):i1 6=i2

∥∥∥ζ̂i1t1i2t2 − ζi1t1i2t2∥∥∥2

≤ U1
n−τ

h
+ CU2

n−2τ (n−τ + log(n)h)dim(Uit)

hdim(Uit)+2
,

where

U1 ≡ 1

n(n− 1)

∑
(i1,i2):i1 6=i2

T−2
∑
t1,t2

1

hdim(Uit)

∥∥∥K(1) (ζi1t1i2t2/h)
∥∥∥ ‖Zi1t1 − Zi2t2‖2

U2 ≡ 1

n(n− 1)

∑
(i1,i2):i1 6=i2

T−2
∑
t1,t2

1

(n−τ + log(n)h)dim(Uit)

×1{‖ζi1t1i2t2‖ ≤ n−τ + log(n)h}‖Zi1t1 − Zi2t2‖2.

By Assumption 4.4.2, it suffices to show U1 = Op(1) and U2 = Op(1). Note that

E[|U1|] ≤
1

n(n− 1)

∑
(i1,i2):i1 6=i2

T−2
∑
t1,t2

E[
1

hdim(Uit)

∥∥K(1) (ζi1t1i2t2/h)
∥∥

×E[‖Zi1t1 − Zi2t2‖2 | ζi1t1i2t2 ]]

≤ CE

[
1

hdim(Uit)

∥∥K(1)
(
[(U1 − U2)T , (V1 − V2)T ]T/h

)∥∥]
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for some constant C. For sufficiently small h,

E[|U1|] ≤ CE

[
1

hdim(Uit)

∥∥K(1)
(
[(U1 − U2)T/h, 0T ]T

)∥∥] .
Using the change of variable,

E[|U1|] ≤ C

∫
1

hdim(Uit)

∥∥K(1)
(
[uT/h, 0T ]T

)∥∥ fU1−U2(u)du

= C

∫ ∥∥K(1)
(
[uT , 0T ]T

)∥∥ fU1−U2(uh)du

= O(1).

Similarly, we can show U2 = Op(1).

Lemma C.1.7. Under the assumptions in Theorem 10, 1
n(n−1)

∑
(i1,i2):i1 6=i2(W

N
i1i2
−

E[WN
i1i2

]) = op(n
−2−(L+1)

).

Proof. Based on the variance formula for U-statistics,it suffices to show

V ar

(
1

hdim(Uit)
K (ζi1t1i2t2/h) ‖Zi1t1 − Zi2t2‖2

)
= o(n2−2−L)

and

V ar

(
E

[
1

hdim(Uit)
K (ζi1t1i2t2/h) ‖Zi1t1 − Zi2t2‖2 | Zi1t1

])
= o(n1−2−L).

First, we are going to show V ar
(

1
hdim(Uit)

K (ζi1t1i2t2/h) ‖Zi1t1 − Zi2t2‖2
)

=

o(n2−2−L). Note that

V ar
(

1
hdim(Uit)

K (ζi1t1i2t2/h) ‖Zi1t1 − Zi2t2‖2
)

≤ E
[

1
h2 dim(Uit)

K (ζi1t1i2t2/h)2 ‖Zi1t1 − Zi2t2‖4
]

= O(1)E
[

1
h2 dim(Uit)

K (ζi1t1i2t2/h)2] .
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For sufficiently small h,

V ar

(
1

hdim(Uit)
K (ζi1t1i2t2/h) ‖Zi1t1 − Zi2t2‖2

)

≤ O(1)E

[
1

h2 dim(Uit)
K
([

(Ui1t1 − Ui2t2)T/h, 0T
]T)2

.

]

Using a change of variables,

V ar
(

1
hdim(Uit)

K (ζi1t1i2t2/h) ‖Zi1t1 − Zi2t2‖2
)

= O(1)
∫

1
h2 dim(Uit)

K
([
uT/h, 0T

]T)2

fU1−U2(u)du

= O(1)
∫

1
hdim(Uit)

K
([
uT , 0T

]T)2

fU1−U2(uh)du

= O(h−(dim(Uit)))

= o(n2−2−L).

Second, we are going to show V ar
(
E
[

1
hdim(Uit)

K (ζi1t1i2t2/h) ‖Zi1t1 − Zi2t2‖2 | Zi1t1
])

=

o(n1−2−L). It suffices to show that

E

[
1

hdim(Uit)
K (ζi1t1i2t2/h) ((Zi1t1 − Zi2t2)Tω)2 | Zi1t1

]

≤
∫

K
([
uT , 0T

]T)
fUi1t1−Ui2t2 |Zi1t1 (uh)du(C0 + C1‖Zi1t1‖+ C2‖Zi1t1‖2)

for some constants C0, C1, C2. For sufficiently small h,

E

[
1

hdim(Uit)
K (ζi1t1i2t2/h) ((Zi1t1 − Zi2t2)Tω)2 | Zi1t1

]

≤ E

[
1

hdim(Uit)
K
([

(Ui1t1 − Ui2t2)T/h, 0T
]T)

((Zi1t1 − Zi2t2)Tω)2 | Zi1t1
]
.

Since E [‖Zi2t2‖2 | Ui1t1 − Ui2t2 , Zi1t1 ] and E [‖Zi2t2‖2 | Ui1t1 − Ui2t2 , Zi1t1 ] are
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bounded, there are some constants C0, C1, C2 such that

E

[
1

hdim(Uit)
K (ζi1t1i2t2/h) ((Zi1t1 − Zi2t2)Tω)2 | Zi1t1

]

≤ E

[
1

hdim(Uit)
K
([

(Ui1t1 − Ui2t2)T/h, 0T
]T)

(C0 + C1‖Zi1t1‖+ C2‖Zi1t1‖2) | Zi1t1
]

Using a change of variables,

E

[
1

hdim(Uit)
K (ζi1t1i2t2/h) ((Zi1t1 − Zi2t2)Tω)2 | Zi1t1

]

≤
∫

1

hdim(Uit)
K
([
uT/h, 0T

]T)
fUi1t1−Ui2t2 |Zi1t1 (u)du(C0 + C1‖Zi1t1‖+ C2‖Zi1t1‖2)

=

∫
K
([
uT , 0T

]T)
fUi1t1−Ui2t2 |Zi1t1 (uh)du(C0 + C1‖Zi1t1‖+ C2‖Zi1t1‖2).

Lemma C.1.8. Under the assumptions in Theorem 10, 1
n(n−1)

∑
(i1,i2):i1 6=i2 E[WN

i1i2
] =

Pr(V1 = V2)Ξ(0) + o(n−2−(L+1)
).

Proof. Note that

E[WN
i1i2

] = E

[
1

hdim(Uit)
K
([

(U1 − U2)T , (V1 − V2)T
]T
/h
)

(Z1 − Z2)(Z1 − Z2)T
]

= E

[
1

hdim(Uit)
K
([

(U1 − U2)T , (V1 − V2)T
]T
/h
)

Ξ(U1 − U2)

]
.

By Assumption 4.4.1, for sufficiently small h, we have

E[WN
i1i2

] = Pr(V1 = V2)E

[
1

hdim(Uit)
K
([

(U1 − U2)T/h, 0T
]T)

Ξ(U1 − U2) | V1 = V2

]
.

Using a change of variables, we have

E[WN
i1i2

] = Pr(V1 = V2)

∫
1

hdim(Uit)
K
([
uT/h, 0T

]T)
Ξ(u)du

= Pr(V1 = V2)

∫
K
([
uT , 0T

]T)
Ξ(uh)du.
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By Assumptions 4.4.1 and 4.4.3,

E[WN
i1i2

] = Pr(V1 = V2)Ξ(0) +O(h2).

Proof of Theorem 10. By Lemmas C.1.6, C.1.7, and C.1.8,

1

n(n− 1)

∑
(i1,i2):i1 6=i2

ŴN
i1i2

= Pr(V1 = V2)Ξ(0) + op(n
−2−(L+1)

).

For the denominator, in a similar fashion, we can show that

1

n(n− 1)

∑
(i1,i2):i1 6=i2

ŴD
i1i2

= Pr(V1 = V2) + op(n
−2−(L+1)

).

Combining these two statements, we can establish the statement of this theorem.
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