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Abstract

Disentangling the causal effect of policy from that of behavior—i.e. controlling
for selection—is a foundational empirical challenge in economics. Dynamic discrete
choice models are a structural approach that posits that selection is driven by forward-
looking, optimizing decision makers. The resultant econometric problem is to recover

the structural parameters that characterize the model.

This dissertation contributes to the econometrics of dynamic discrete choice mod-
els in several directions. Chapter two shows identification of dynamic discrete choice
models with continuous permanent unobserved heterogeneity. That is, the model
allows for infintely many persistent unobserved differences between decision making
agents. The previous literature allowed for only finitely many types of persistent

unobserved differences.

The third chapter provides a hypothesis test for an important modeling assump-
tion, that of ‘homogeneity’. Commonly, it is assumed that behavior is sufficiently
similar across time or markets that data can be pooled across these dimensions.
However, this assumption may fail in the presence of a structural break or multiple
equilibria. The chapter proposes a hypothesis test to evaluate whether the homo-
geneity assumption holds in the data. As an approximate randomization test, the
hypothesis test is valid even without a large sample.

The fourth chapter provides a computationally advantageous estimator for dy-
namic discrete choice models. The estimator is based on the observation that dy-
namic discrete choice models possess a multiple index structure. The chapter shows
that index sufficiency can be used to construct a set of equality constraints, which
restrict the parameter of interest to belong to a subspace of the parameter space.

The chapter proposes an estimator that imposes these restrictions, thus attaining

v



computational gains by reducing the effective dimension of the parameter space.
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Chapter 1
Introduction

Disentangling the causal effect of policy from that of behavior—i.e. controlling
for selection—is a foundational empirical challenge in economics. Dynamic discrete
choice models are a structural approach that posits that selection is driven by forward-
looking, optimizing decision makers. The resultant econometric problem is to recover
the structural parameters that characterize the model. This dissertation makes con-

tributes to the econometrics of dynamic discrete choice models in several directions.

In Chapter 2, I show that dynamic discrete choice (DDC) models with continuous
permanent unobserved heterogeneity are identified. The existing DDC literature
controls for permanent unobserved heterogeneity through finite mixtures — that
is, by assuming there is a finite number of agent ‘types’. In contrast, I show that
DDC models with infinitely many agent types are identified. Relative to the existing
literature, I exploit commonly imposed assumptions to show identification under low-
level conditions. My results apply to both finite- and infinite-horizon DDC models,
do not require a full support assumption, nor a large panel, and place no parametric
restriction on the distribution of unobserved heterogeneity.

The results provide a number of advantages for applied work. First, commonly
used structural models can be estimated with more flexible heterogeneity. Second,
my results do not require that the number of types be known a priori. Although there
is rarely a theoretical reason for the number of types to be known, it is a common
assumption in applied and theoretical work. Finally, the proposed seminonparametric
estimator can be implemented using familiar parametric methods. I illustrate these

advantages by applying my results to the labor force participation model of Altug and



Miller (1998). In this model, permanent unobserved heterogeneity may be interpreted
as individual-specific labor productivity, and my results imply that the distribution

of labor productivity can be estimated from the participation model.

The literature on dynamic discrete games often assumes that the conditional
choice probabilities and the state transition probabilities are homogeneous across
markets and over time. I refer to this as the “homogeneity assumption” in dynamic
discrete games. This homogeneity assumption enables empirical studies to estimate
the game’s structural parameters by pooling data from multiple markets and from
many time periods. Chapter 3 proposes a hypothesis test to evaluate whether the
homogeneity assumption holds in the data. The hypothesis test is the result of
an approximate randomization test, implemented via a Markov chain Monte Carlo
(MCMC) algorithm. The chapter shows that the hypothesis test becomes valid as the
(user-defined) number of MCMC draws diverges, for any fixed number of markets,
time periods, and players. The chapter includes an application of the test to the

empirical study of the U.S. Portland cement industry in Ryan 2012.

Chapter 4 provides a computationally advantageous estimator for dynamic dis-
crete choice models. The estimator is based on the observation that dynamic discrete
choice models possess a multiple index structure. The chapter shows that index suf-
ficiency can be used to construct a set of equality constraints, which restrict the
parameter of interest to belong to a strict subspace of the parameter space. The
chapter proposes an estimator that imposes these restrictions, thus attaining compu-
tational gains by reducing the effective dimension of the parameter space.

Chapter 3 reflects collaborative work with Federico Bugni and Takuya Ura, and
Chapter 4 is collaborative work with Takuya Ura. In both cases, I contributed to
all parts of the development of the chapters, including theoretical work, drafting and

editing.



Chapter 2

Continuous permanent unobserved
heterogeneity in dynamic discrete choice
models

2.1 Introduction

Dynamic discrete choice (DDC) models provide a tractable way to learn about selec-
tion, while capturing the dynamic nature of economic decisions. A worker’s decision
to enter the labor market, a student’s decision to attend a charter school, a hospital’s
decision to discharge a patient, a firm’s decision to enter a market, a family’s deci-
sion to migrate — these are applications of DDC found in the economics literature
(Keane and Wolpin 2009; Einav, Finkelstein, and Mahoney 2018; Walters 2018). By
accounting for selection, DDC models can be used to understand the effect of pol-
icy (such as the effect of expanding charter school access (Walters 2018)), or simply
to explain important economic phenomena (such as US wage inequality (Heckman,

Lochner, and Taber 1998)).

While DDC models allow for flexible dynamics, agent heterogeneity is somewhat
limited. The models reflect the dynamic nature of many economic decisions: individ-
uals are forward looking, and consider how current choices impact future outcomes.
However, these sophisticated dynamics mean identification is delicate and generally
requires many strong assumptions (Magnac and Thesmar 2002; Norets and Tang
2013). Of these, a key restriction is on the homogeneity of the agents. To be precise,
in models without permanent unobserved heterogeneity, it is common to assume

agents differ only by observed covariates and by random preference shocks drawn



from a common distribution. This rules out, for example, permanent unobserved dif-
ferences between individuals. Given this restrictive heterogeneity in baseline models,

allowing for other forms of agent heterogeneity is of major interest.

The existing literature does provide for identification of DDC models with discrete
permanent unobserved heterogeneity (Kasahara and Shimotsu 2009; Hu and Shum
2012). That is, agents are assumed to be one of a finite number of ‘types’, which is
unobserved by the econometrician. This is an important relaxation of the baseline
model: for example, in understanding the effect of price on drug purchases, different
types of individuals may have different levels of unobserved health (Einav, Finkelstein,
and Schrimpf 2015). In a model of migration, different types of individuals may have

different costs of moving (Kennan and Walker 2011).

The main contribution of this paper is to show identification of DDC models
with continuous permanent unobserved heterogeneity — that is, DDC models that
allow, but do not require, there to be infinitely many types of individuals. This
generalization is especially compelling because there is seldom a theoretical reason for
the number of types to be finite. For instance, there may be no reason to think that
unobserved health or unmeasured moving costs vary discretely among individuals.
I show identification of the distribution of types and the type-specific component
distributions in a short panel. The main results pertain to identification of DDC
models with random coefficients, though I can also allow for random intercepts (fixed
effects) under additional conditions. The results do not require the covariates to
have full support, nor place parametric restrictions on the distribution of unobserved
heterogeneity.

The second major difference from the existing literature is that I provide low-level
conditions for identification. As is the case for finite mixtures, the key high-level

condition for identification is that types display ‘adequate variation’ in behavior —



that is, that each type responds adequately differently to changes in covariates. I
show that commonly made assumptions, such as linear period payoffs, help ensure
‘adequate variation.” To elaborate on this point, consider a binary choice DDC model.
This model simplifies to a non-linear threshold crossing model, in which the choice

of individual 7 at time ¢, given covariates x;; and the agent’s type f;, is equal to
1 (v(@ir, Bi) + € > 0),

where v represents the value of choosing 1 over 0, and ¢; is a random preference
shock. The key issue for identification is that, in general, v does not have a known
analytical form and depends on its arguments non-linearly. An important insight of
this paper is that common assumptions, such as random preference shocks and linear
period payoffs, impose structure on v that is useful for proving ‘adequate variation.’
First, with parametric random preference shocks, the smoothness properties of v are
well understood (Norets 2010; Kristensen et al. 2020). In particular, the smooth-
ness of the state transition determines the smoothness of v . Second, v is entirely
determined by the period payoff function — for example, in the infinite horizon case
v is characterized by a fixed point that depends on the functional form of period
payoffs (see equation (2.2)) — and it is common to assume the period payoff function
is linear in x;;. In this paper, I exploit linearity and smoothness to show that the
function v ‘adequately varies’ across different values of ; in such a way as to achieve
identification. This is in contrast to the canonical papers in the identification liter-
ature (Kasahara and Shimotsu 2009; Hu and Shum 2012), which impose ‘adequate
variation’ at a high-level.

To implement the identification results, I propose a novel estimation method.

Existing DDC estimation methods which focus on the parametric case! (Aguirre-

In principle, standard DDC models may be semiparametric in the presence of continuous co-
variates, but, in practice, continuous covariates are often discretized and treated as such for
estimation.



gabiria and Mira 2002b; Arcidiacono and Miller 2011b) do not apply to the model
of this paper, as the distribution of unobserved heterogeneity may be an infinite di-
mensional parameter of interest. Similarly, the computational complexity of DDC
models means that immediately available nonparametric methods (such as sieve like-
lihood estimation) may be impractical. To address these issues I propose a two-step
sieve M-estimator, and show it is consistent for the distribution of permanent unob-
served heterogeneity. I also propose a computationally convenient sieve space based
on Heckman and Singer (1984). Intuitively, the estimator approximates the pos-
sibly continuous distribution of permanent unobserved heterogeneity by a discrete
distribution. In this set up, the ‘fixed grid’ of support points of the approximat-
ing distribution is a tuning parameter of the sieve estimator. Computationally, this
estimator is identical to an estimator for a model with finite types, but instead of
the support points being a key identifying assumption, they are simply a tuning
parameter.

As an alternative use for the identification results, I consider the case that the
applied econometrician wishes to maintain the standard assumption that permanent
unobserved heterogeneity is discrete. In this case, a key modeling decision is how to
choose the number of support points of unobserved heterogeneity. There are rigorous
methods to estimate the number of support points (Kasahara and Shimotsu 2014;
Kwon and Mbakop 2019), which have been used in practice (Igami and Yang 2016).
However, without additional assumptions, the estimators are consistent for only a
lower bound on the number of support points in general. I show that my identification
arguments imply that the estimator of Kwon and Mbakop (2019) is consistent for the

number of support points of unobserved heterogeneity, if it is assumed to be finite.

To summarize, the above theoretical results may be of interest to applied

economists for a number of reasons. First, the results imply that more flexible het-



erogeneity can be allowed for in commonly used structural models. In practice,
permanent unobserved heterogeneity is often estimated with a small number of sup-
port points. See, for example, Table 2.1, which collects some important applications
of DDC models with discrete unobserved heterogeneity. While there may be valid
computational reasons for imposing this restriction on unobserved heterogeneity, the
results of this paper imply that much richer patterns of heterogeneity can be identi-
fied. Second, the results mean that the economist need not know a prior: the number
of support points of permanent unobserved heterogeneity, as is commonly assumed in
practice. As mentioned, without a long panel, point identification generally requires
an upper bound on the number of types to be known. Despite this, economic theory
seldom provides guidance for knowing the true number of agent types. Finally, the
identification results can be implemented using familiar parametric methods which

are computationally attractive.

Table 2.1: Some applications of DDC models with discrete permanent unobserved het-
erogeneity. ‘Support points’ are the number of support points of the discrete unobserved
heterogeneity. Journal names are: AER: American Economic Review; ECMA: Economet-
rica; JPE: Journal of Political Economy; QJE: Quarterly Journal of Economics.

Authors (Year) \ Journal \ Support points
Keane and Wolpin (1997) JPE 4
Lee and Wolpin (2006) ECMA 5
Todd and Wolpin (2006) AER 3
Kennan and Walker (2011) ECMA 2
Scott (2014) AER (R&R) 2
Einav, Finkelstein, and Schrimpf (2015) QJE 5
Traiberman (2019) AER 2

To illustrate these advantages 1 apply my results to the labor supply model of
Altug and Miller (1998). In this model, agents value consumption and leisure, and

decide in each period whether or not to enter the workforce. The authors incorporate



permanent unobserved heterogeneity by assuming that individual-specific labor pro-
ductivity can be identified from a panel of wages. This assumption may be invalid
if the length of the panel does not diverge or if the productivity term cannot be
expressed as a deterministic function of observed variables. My identification results
provide a means to avoid this assumption: in the context of their model, individual-
specific labor productivity is identified as permanent unobserved heterogeneity in the
labor force participation model.

To investigate the finite-sample properties of the estimator, I consider a suite of
Monte Carlo simulations based on a simplified version of the model of Altug and
Miller (1998). This section also demonstrates the computational attractiveness of

the estimator.

After discussing related literature, I introduce the model and provide the main
identification results (Section 4.2). Section 2.2.1 treats the infinite horizon model and
Section 2.2.2 the finite horizon model. Variants on these baseline models are found
in the appendix (Section A.1). Section 2.3 proposes the two-step sieve M-estimator,
and shows its consistency. Section 2.5 considers an application, section 2.4 presents

simulation results and finally section 2.6 concludes.

2.1.1 Related Literature

The canonical papers on point identification of DDC models with permanent unob-
served heterogeneity are Kasahara and Shimotsu (2009) and Hu and Shum (2012).
These papers use a short panel to identify type-specific conditional choice probabili-

ties? and the discrete distribution of unobserved heterogeneity® via the measurement

2The conditional choice probability (CCP) is Pr(a;; = a | x4 = x, 3; = b): the probability that
agent 7 chooses action a in period ¢ given their observed state variable is xz and their level of
unobserved heterogeneity is b.

3The main result in Hu and Shum (2012) identifies continuous unobserved heterogeneity, but that
theorem does not directly apply to the DDC model of their section 4.1.
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error approach of Hu and Schennach (2008). As discussed above, an important as-
sumption in these papers is that choice behavior ‘adequately varies’ across types. In
particular, they assume that a matrix of conditional choice probabilities is full rank,
which is the precise meaning of ‘adequate variation.” In the continuous case, the ma-
trix rank condition generalizes to the injectivity of an integral operator. In contrast
to their approach, I show that injectivity is implied by linear payoffs, parametric
random preference shocks, continuous state variables and a non-zero homogeneous
coefficient. On the other hand, their approach allows unobserved heterogeneity to
enter the model in any way, restricted only by their high-level assumptions. For
example, my assumptions rules out type-specific transition functions, considered in

Kasahara and Shimotsu (2009, Section 3.2).

There is a large literature on identifying the distribution of continuous unob-
served heterogeneity in binary response models. One stream exploits a linear index
and full support covariates, while retaining nonparametric random preference shocks
(Ichimura and Thompson 1998; Lewbel 2000; Gautier and Kitamura 2013). Relative
to these papers, a DDC model yields a non-linear index with additive parametric
preference shocks. To be precise, although period payoffs may be linear in the state
variable, because agents are forward looking, the future value enters the choice equa-
tion also, and the net effect is a non-linear index. The second, more closely related
stream considers the identifying power of parametric random preference shocks. Fox
et al. (2012) show identification of random coefficients in a static model with a linear
index. Williams (2019) identifies the distribution of univariate continuous unobserved
heterogeneity in a dynamic multinomial choice model. However their results do not
apply to the DDC models considered in this paper. In particular their Assump-
tion 3.1 imposes that the third period state variable is independent of the second

period choice, conditional upon the second period state and permanent unobserved



heterogeneity. A key feature of the DDC models considered in this paper is that the
transition of the state variable depends on the agent’s choice.

Another stream of literature considers the identification of finite dimensional
parameters, viewing permanent unobserved heterogeneity as a nuisance parameter.
Aguirregabiria, Gu, and Luo (2020) consider the identification of homogeneous pa-
rameters in the presence of fixed effects in a particular DDC model. They adopt the
conditional likelihood approach of Chamberlain (1980) and use particular sequences
of choice variables to difference away the fixed effect. Chernozhukov et al. (2013)
provide a semiparametric estimator that is robust to set identification of the finite
dimensional parameter.

The seminonparametric estimator I propose is based on Heckman and Singer
(1984). Similar ‘fixed grid’ estimators have been analyzed for both the parametric
and static cases (Fox et al. 2011; Fox, Kim, and Yang 2016), and are increasingly

used in applied work (e.g. Nevo, Turner, and Williams 2016).

2.2 Model and identification
2.2.1 Infinite horizon model

In an infinite horizon dynamic discrete choice model, the agent chooses a sequence

of actions (ay, azy1, ... ) to maximize lifetime utility:
oo
V(xy, ) = max FE Zps_tu(xs,es,as,) | @4, €1, a4 (2.1)
(at:at+1:-~~) s—1
where a; € {0,...,]A|} = A is the control variable, p is the discount factor, s; =

(x4, €) is the state variable of which x; is observed by the econometrician and ¢, =
(€at : @ € A) is not, and u(xy, €, a;) is the period payoff which may be agent specific.
This formulation makes clear the dynamic aspect of DDC problems: first, agents

10



value current and future payoffs and, second, through the conditional expectation,
they take into account how today’s choice impacts future outcomes. Assuming the
state variables follow a Markov process, the agent’s problem becomes a Markovian
Dynamic Discrete Choice problem. The distinguishing feature of infinite horizon
DDC problems is that, under mild conditions (e.g. Rust 1994, Theorem 2.3), they

admit a recursive formulation:
V(ze, ) = max {u(xy, €, a1) + pE [V (141, €041) | @1, €1, a4) } (2.2)
at

The formulation also makes transparent the non-linearity of DDC models — even if
the period payoffs u are linear in z;, that property is unlikely to be inherited by the
integrated value function V. The non-linearity is a key challenge for identification.
In this section I present conditions for identification of the distribution of continu-
ous unobserved heterogeneity within the above model. The first assumption imposes
restrictions that are standard for DDC models without permanent unobserved het-

erogeneity.

Assumption I1. (i) u(xy, €, ar) = u(wy, ar) + €ae. (1) p € [0,1) is known. (iii)

(x4, €) satisfy
dFS(StH; St, Clt) = dFe(€t+1)de(mt+1; T, at). (2-3)

(1v) u;i(zy,0) = 0. (v) The distribution of ey is extreme value type I.

Assumption I1 contains standard identifying assumptions for DDC models
(Magnac and Thesmar 2002; Aguirregabiria and Mira 2010), including additive sep-
arability of the state variables, that the discount factor is known, conditional inde-
pendence, and the outside good assumption. These assumptions are not innocuous
— for example, Norets and Tang (2013) show that the choice of outside good may

affect predicted counterfactual outcomes, and is therefore not a true normalization.

11



Nevertheless, it is standard to assume the unobserved state variables have a known
distribution, of which normal and extreme value type I are common choices. Denote

A=1{1,2,...,]A]}, the choice set excluding choice 0.

Assumption I2. Permanent unobserved heterogeneity ; = (5iq = a € fl) € R? for

b = |A| enters the model through the period utility function as follows:

Uz’(-’ﬂ, a) =1 (Biaa %) )

where x € R¥ is the vector of observed state variables, and the agent index i is shown
for explicitness. Sg, the support of B, is a bounded subset of R®. B; conditional upon
x1 = x 18 either discrete or absolutely continuous, in which case its density function

JBley 15 bounded.

Assumption I2 states that permanent unobserved heterogeneity enters the model
as random coefficients. The restrictions placed on its distribution are mild. First,
it allows, but does require, the distribution to have uncountable support. This is
a point of departure from the existing literature, where the support is assumed to
have a known finite number of support points (Kasahara and Shimotsu 2009; Hu and
Shum 2012). Assumption 12 allows there to be infinitely many types of agents, but
nests the standard finite-types assumption as a special case. Second, no restrictions
are placed on the dependence between the observed state variable and permanent

unobserved heterogeneity, which is standard in this literature.

Assumption I3. Let v, 4/ be the first |A| components of the vector vy, and let I' 4 be
the |A| x |A| matriz with columns Y4 . Then the matriz T's has full rank, as do all

of its principal submatrices.

Assumption I3 imposes that the state variable cannot affect payoffs for each choice
in a similar fashion. For example, in the binary choice case (|A| = 1), the assumption

12



states that vy # 0. The final two assumptions place restrictions on directly observed
objects. First, broadly speaking, the support of the state variable is required to

contain an open set:

Assumption I4. (i) The restriction of the support of xo conditional upon (x1,a;) =
(x,a) to the first 14+|A| elements of x4 is bounded and contains a non-empty open set.
(i) The support of x3 conditional upon (x9,as) = (x,0) for some x in the support of
part (i) contains k linearly independent elements and its restriction to the first 1+|A|
elements of x3 is bounded and contains a non-empty open set. (iii) The intersection
over ag of the support of x4 conditional upon x3 in the support of part (ii) and az

contains k linearly independent elements.

Assumption 14 places restrictions on the support of the observed state variable. It
allows the support to be bounded, but requires that it be uncountable. The conditions
do rule out some transition patterns found in applied work, but may be less onerous
than other support conditions in the literature. First, parts (ii) and (iii) rule out
the case that the state variable x; contains the lagged choice a;_;. However, it does
not rule out ‘machine replacement models’ such as the Rust model of Kasahara and
Shimotsu (2009, Section 3.3). Finally, unlike some results in the literature, it does
not require that the support be ‘rectangular’ — which requires that, starting from
any sequence of choices and past state variables, any state can be reached?. state

variable.

Assumption I5. The state transition kernel F,(xii1;xy,a;) has bounded support
and may be decomposed into absolutely continuous and discrete components, and the
associated density and probabilities are real analytic functions of the first 1 + |A|

elements of x;. Furthermore, these functions have analytic continuations to R4l

4More precisely, that is for each (x,a), F,(2';2,a) > 0 for all 2’ in its support. The assumption is
made in Kasahara and Shimotsu (2009, Propositions 1-9).

13



which are bounded.

Assumption I5 allows the state transition to be a mixture of an absolutely continu-
ous and discrete random variable, but restricts the component functions to be smooth
functions of the conditioning state variable. In particular, they must be real analytic
functions — that is, functions that have a convergent power series representation. An
example of a state transition satisfying Assumption I5 is a mixture of a mass point
at x;,1 = 0 and a truncated normal: F,(z';x,a) = wl(2’ = 0) + (1 — 7)F(2'; 2, a),
where F(2';x,a) is a truncated normal whose mean and variance are real analytic
functions of (z,a).

Other examples of real analytic functions include polynomials, the logistic func-
tion, trigonometric functions, the Gaussian function, and linear combinations of these
functions. These functions are known to be good approximators to square-integrable
functions (e.g. Chen 2007, Section 2.3), and can therefore approximate any density
function arbitrarily well. The bounded support assumption is a technical require-
ment to ensure that the mapping (2.2) is a contraction between spaces of bounded
functions (Kristensen et al. 2020). This could be relaxed, but proving equation (2.2)

has the contraction property is more delicate (Norets 2010, see).

With these assumptions in hand, the model parameters are (F,7, fgx,): the
state transition, the homogeneous payoff parameter v = (7, : a € 121) € RIAIG=1 “and
the conditional distribution of permanent unobserved heterogeneity. As the state
transition is identified by direct observation, the following result deals with the other

parameters:

Theorem 1. Assume the distribution of (zy,a;)l_, is observed for T > 4, generated
from agents solving the model of equation (2.1) satisfying assumptions 11-15. Then

(7, faix,) is point identified.

14



Remark 1 (Random intercepts). In applied work, it is common to impose that per-
manent unobserved heterogeneity enters the model as a random intercept — a fixed

effect. That is, the period utility function of Assumption 12 is replaced by

Ui(l', (I) = Bia + x/’}/a-

This parsimonious model often gives a natural interpretation. For example, if the
choice set includes home production, schooling and various occupations, [3;, can be
interpreted as choice-specific skill endowments (Keane and Wolpin 1997).

Section A.1.1 considers identification of an infinite-horizon DDC model with ran-
dom intercepts. It shows point identification can be attained under an additional
restriction on the state transition. Specifically, there must be some point in the sup-
port of x;; for which the state transition is not choice dependent. For instance, the
machine replacement model of Kasahara and Shimotsu (2009, Example 9) displays

this property.

Remark 2 (Panel length). Theorem 1 requires at least four observations per indi-
vidual. In contrast Kasahara and Shimotsu (2009) require only 7" = 3. With three
periods, identification of the model in Theorem 1 is possible under a high-level as-
sumption on the joint distribution of permanent unobserved heterogeneity and the
first period state variable. For example, independence would be sufficient for iden-
tification. However, the advantage of T' = 4 is to allow unrestricted dependence
between the state variable and permanent unobserved heterogeneity, while achieving

identification under above the low-level conditions.

The proof to Theorem 1 is found in section A.2.1, though I now sketch the key

ideas. For simplicity, consider the binary choice case (|A| = 1). By the law of total
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probability the distribution of observed choices and states can be expressed as follows:

fa2a1x2|x1(1ualax2;xl) :/fa2a1z2,3|:c1<1aa17x27b;x1)db

:/faza1$2$1ﬂ(1;a17x27xlab)f$2|a1$1/3(x2;alyxlub)
X fal|$1ﬂ(a1;x17b)fﬁl$1 (baxl)db

Then under the independence conditions of Assumption 11, this simplifies to

fa2a1x2‘$1(1717I2;x1> _/P<]-;x??b)FIEQ(IQ;x17a’1)P(a1;x17b)fﬁ|$1(b; $1>db,

Where the notation P(a;z,b) represents the conditional choice probabilities Pr(a;; =
alr;; = x, B; = b). Since the state transition is assumed to be common across agents,
it can be treated as observed, and whenever it has positive measure:

fazallexl(la L, xo; 5751)

ng (1172; I, (11)

_ / P(Ls s, b)Play: 21, b) fm, (b: 21 )db,

Although not necessary for the proof, if the state transition has some common sup-

port, it is possible to sum over a;:

a2a1x2|x1 ]" ) ;
3 feamarjon (1 01, 22 71) :/P(l;xQ,b)fgml(b; 1) db,

F, (x9;21,a
a1€{0,1} :132( 2y 41, 1)

The left-hand side is observed but the right-hand is not. The ‘adequate variation’
condition for identification is precisely whether this integral operator is injective: that
is, denoting the observed left-hand side function p(zy) with z; fixed, does the system
p = Pf have a unique solution f.

In the proof, it is shown that injectivity is equivalent to the functions
{P: S35 —[0,1] : P(b) = P(1;x9,b),z2 € Sa}

being good approximators for square-integrable functions on Sg. The proof proceeds
by showing the functions P have this universal approximation property.
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To show the conditional choice probability functions are good approximators, it
proves useful to exploit smoothness and the linear period payoff function. First,
I show that the real analytic property of F, is inherited by P. This is useful for
the following reason. Intuitively, since real analytic functions, like polynomials, are
determined by their values on an open set, their approximation qualities can be
understood by considering any open set. The most convenient open set, of course,
is the Euclidean space. Second, with the artificial full support, linearity is useful to
constructively prove the universal approximation property.

Proving injectivity, however, is only one part of the proof. With injectivity in
hand, measurement error arguments based on Hu and Schennach (2008) are used to

identify (7, f|a,)-

2.2.2 Finite horizon model

In a finite horizon dynamic discrete choice model, the agent chooses a sequence of

actions (ar,,ary+1,--.,ar,) to maximize lifetime utility:
T
Vi (vry,eq,) = max B | Y plug(y, &, a1) | apyem,, ar, (2.4)
(ary,ary+15---) —
=10
where a; € {0,...,|A|} = A is the control variable, p is the discount factor, s; =

(x4, €) is the state variable of which z; is observed by the econometrician and ¢, is
not, and u;(xy, €, a;) is period utility which may be agent and period specific (that is,
non-stationary). Relative to the infinite horizon choice problem (2.1), there is some
finite period T7 after which the agent does not consider payoffs. Because of this, even
with the conditional independence assumption (equation (2.3)), the problem does not

admit a contraction mapping structure.

In this section I consider a finite horizon dynamic discrete choice model in which
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the terminal period is observed. By definition, the decision-maker has no future utility
flows to consider in the terminal period and thus a different proof strategy is adopted.
This argument allows for identification of random intercepts (‘fixed effects’), which
was not the case in the infinite horizon model. However, there are many settings
where it is not realistic to expect the terminal period is observed. In this case,

identification is still possible (see remark 3).

Assumption F1. (i) u(xy, €, a;) = ug(xy, a) + €(ar). (ii) p is known. (i) s, =

(x4, € ) satisfies
dFSHl (3t+1; St at) = dFe(6t+1)dF;tt+1 ($t+1; Ty, at)'

(1v) ui(xt,0) = 0. (v) The distribution of €(a) extreme value type I.

Assumption F2. Permanent unobserved heterogeneity [3; = ((ﬁlm, Paia) : a € fl) €

R® for b = (1 + p)|A| enters the model through the period utility function as follows:

wir(z,a) = Bria + ! (B2ias Yat)

where x € R¥ is the vector of observed state variables, and the agent index i is shown
for explicitness. Sg, the support of B;, is a bounded subset of R. If faje: (55 2), the

distribution of §; conditional upon x1 = x, admits a density function, it is bounded.

Assumption F2 states that permanent unobserved heterogeneity enters the model
as a random coefficient. The restrictions are weaker than those in the infinite horizon
model (Assumption 12). First, the permanent unobserved heterogeneity can include
a random intercept. Second, the probability distribution of 3; need not be bounded.
As was the case for the infinite horizon model, the support of permanent unobserved

heterogeneity may be finite, but it need not be.

Assumption F3. Let yqp,, 4] be the first |A| components of the vector var, and let
Lar, be the |A| x |A| matriz with columns Yo, |aj. Then the matriz T ar, is full rank.
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Like Assumption I3, Assumption F3 imposes that the state variable cannot affect
payoffs for each choice in a similar fashion. It is mildly weaker than its infinite-
horizon counterpart. The final two assumptions place restrictions on directly observed

objects.

Assumption F4. For each z, and (a,)[2]", there is a sequence of state variables
(xt)tT;Hl such that the restriction of the support of xr to its first p + 1 elements

contains a non-empty open set.

Assumption F4 places restrictions on the support of the observed state variable.
It is substantially weaker than the assumption required for the infinite horizon model
(Assumption 14).

To introduce the final assumption, denote A = {1,2,..., A}, Sy, the support of
x7, of Assumption F4. Let E be a subset of Sy, x A whose projection on the first

p + 1 elements contains an open set. Define the operator
LTl?/ﬁ ) ESB — Lp [LTJﬁm] (xT1) = /fATllXTlﬁ(lv Ty, b 7)m(b)db

Denote (L%?B)_l as the left inverse of L%’:’ﬁ which exists if it is injective.

Assumption F5. For every v # 7, there exists (E, E) C SXTl x A whose projections

on the first p+ 1 elements of xp, are non-empty open sets such that the operator

LR Ly > Le a0 = [((L55) 18T - (Lr) " LeT) m) @)

(2.5)

18 1njective.

This high-level condition ensures that the parameter vy, can be identified with-

out knowledge of the distribution of unobserved heterogeneity. A few comments on
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Assumption F5 are in order. First, it is shown in the proof to Theorem 2 that assump-

’7’ 7 exists. Second,

tions F1-F4 imply that, for any F, L% is injective so that L.
this assumption is not required in a model without random intercepts (Remark 3).
Third, the condition is stated in terms of observed objects, and thus can be verified
prior to estimation.

Fourth, the condition can be related to the high-level necessary conditions for
identification of a common parameter in discrete choice panel data given in Johnson

(2004) and Chamberlain (2010). To describe their result, fix x = (x1, z2,...,27)
and ~ which is time-invariant for convenience, and let p(83;z,~) be the length 27
vector of choice probabilities {HtT;1 Fayxip(as ze,b;y) « (a)f2, € {0,137\ {OTl}} in
the (27* — 1)-dimensional hypercube. Johnson (2004, Theorem 2.2) states that the
common parameter v will not be identified if the set {p(8;z,v) : 8 € Sz} does not
lie in a hyperplane for some x. For the static binary choice model with T" = 2,
Chamberlain (2010) shows that the hyperplane restriction is satisfied if and only if
the unobserved state variables are iid extreme-value type I. This is suggestive that
the T' = 2 dynamic binary choice model does not satisfy Johnson (2004)’s condition

and therefore ~ is not identified. If that is the case, then Vzo € Sx,, v # 7
re S 5 S )
(2, 1) [ 7 kG ;131,902)} (22) = [ PN G )| (),

where the distribution of unobserved heterogeneity f))((i g 18 allowed to depend on x,
as in Johnson (2004) and Chamberlain (2010). If the distribution is restricted to be

the same for all x5 € Sy,, the above condition implies that for v # 7, dzy € Sy,,
(f, f) such that

Ly fmxl(;xl)} (562):[ o5 P, () | ().

However, since the distribution of unobserved heterogeneity is required to be the
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same for all zq, there may be some other 75 € Sy, such that
Sx9,7 . ~ Sx9:Y F . ~
Loy fape (a0) | (2) # |55 T, (21) | (&),

Let E,F be neighborhoods of (x5, 73), respectively. In the proof to Theorem 2 it
is shown that, without knowing f or f , we know there does exist such an x5 if
the operator defined in equation (2.5) is injective. This can be viewed as a partial
converse to Johnson (2004)’s high-level condition: in that case, without knowing f or
f, we know there does not exist such an Z, if their ‘rank’ condition does not apply. In
principle, the logic of Assumption F5 can be extended to the general discrete choice
panel model of Johnson (2004), if the distribution of unobserved heterogeneity is
required to be independent of covariates.

Finally, should Assumption F5 not hold, I show in lemma A.2.4 that under As-
sumptions F1-F4 and a scale restriction on ~yz,, that vy, and distribution of unob-

served heterogeneity is identified.

Theorem 2. Assume the distribution of Y = (X;, AL, is observed for 1 < Ty,
generated from agents solving the model of equation (2.4) satisfying assumptions F1-
F5. Then the homogeneous payoff parameter (v,)L, and the conditional distribution

of permanent unobserved heterogeneity fg., are identified.

Section A.2.2 contains the proof of Theorem 2. The outline is broadly similar
to that of the proof to Theorem 1, though the details are substantially different. In

particular, injectivity is shown directly exploiting the properties of the link function.

Remark 3 (Identification without the terminal period). In many empirical settings,
the time horizon of the decision maker extends beyond the period of observation. For
example, a worker’s labor force participation decisions may not be observed for their
entire working life. This poses an issue for identification since in-sample decisions
reflect payoff parameters for both in- and out-of-sample time periods.
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One approach to this issue is to impose restrictions on out-of-sample payoffs. Sec-
tion A.1.2 adopts this approach and shows that the model without random intercepts

is identified. That is, where the payoff function equals
Ui (Tit, Qit) = Biag, Zit + ’Yéitng'p

A different approach is to impose that the state transition exhibits finite dependence:
when multiple sequences of actions leads to the same distribution of the state variable
(Arcidiacono and Ellickson 2011). Finite dependence limits the number of out-of-
sample time periods that affect in-sample decisions. Section A.1.3 considers a limited
form of finite dependence, and shows a binary choice model with random coefficients

is identified.

2.3 Estimation

This section considers consistent estimation of the model parameters (F,, f3z,) in
a short panel. The distribution of y = ((as, 7;)I,, a1) conditional upon x; can be

written as
T

Syl (Y5 21) = /H (Pl e, by oy, Fo) oy (245 001, ag-1)) Pr(an; @, 05, Fo)df g, (05 71).
t=2

I propose two-step sieve M-estimation based on the above expression. The first step
consists of estimating the state transition F,. The second step consists of forming
the pseudo-likelihood function using the fact that the CCPs P; are known up to the
state transition and payoff parameter (F, ), and using sieve M-estimation methods
to estimate (7, fajz,)-

It is of course possible to estimate the model in a single step as a sieve maximum
likelihood problem. The advantage of the proposed two-step approach is computa-
tional: for example, in the infinite horizon case, the integrated value function does
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not have to be recomputed within the second step optimization. This is similar to the
idea of using the Hotz and Miller (1993b) inversion to avoid full solution estimation
of parametric DDC models, although there may be efficiency loss for the standard

pseudo likelihood estimator.

Although I show consistency for a general sieve space, this may be computationally
infeasible to implement, since estimation requires computing the CCPs for every
point in the support of the sieve. To circumvent this issue, I suggest a ‘fixed grid’
estimator, based on Heckman and Singer (1984)’s first-order monotone spline sieve,
which reduces the computational burden by having a finite number of support points.

In this section, I focus on estimating the cumulative distribution function of 5.
While it would be possible to present conditions for consistent estimation of the
density function, smoothness restrictions would rule out the possibility that 3; has
discrete support, which is the standard assumption in the literature.

As a final comment, in practice there will be an approximation error in the eval-
uation of the CCPs. This problem is inherent to DDPs with large or infinite state
spaces, and has received significant attention in the recent literature (Rust 2008; Kris-
tensen et al. 2020). I assume away the effect of these errors on estimation — that
is, that the approximation error is negligible relative to sampling error. In principle,
the results of Kristensen et al. (2020) could be used to explicitly consider the effect
of value function approximation error on estimation, though I do not pursue this
here. Of course, the approximation error can be made arbitrarily small at increased

computational cost.

2.3.1 A general two-step seminonparametric estimator

In this section, I briefly outline the two-step sieve M-estimator and present the general

consistency result. Denote the true parameters as 0y = (Fy,7, fgs,) € © = F X
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' x M, where F is the space of state transitions, I' C RP, and M is the space of
distribution functions on Sg x S; with S} the support of x;. The first step consists
of forming a consistent estimator Fx for the state transition F,. Since the state
transition is directly observed, standard non-parametric methods are available. For

the second step, the log-likelihood for the ith observation is

T
@Z}(yu Faf)r)/? fﬁ|x1) = 1Og/H Pt(aibxit; ba Fx77)dfﬂ|x1 (b7 le)

t=1

Given a sieve space M,,, which approximates M arbitrarily well for large n, the
second step estimator is defined as

1 & A oA 1 &
EZ¢(yi7Fx77» for) = sup =
=1

(. f)eT x M n ¢(yivpx77a f) _Op(l/n) (26)
VoS JELXMn T g

The following result states that under standard regularity conditions, the estima-

tor is consistent.

Theorem 3. Let (ay,xy:t=1,...,T)" be iid data generated from the DDC model
satisfying either Assumptions I1-15 or Assumptions F1-Fb5. If Assumptions F1-F/

hold, then the estimator (¥, fﬁlxl) defined in equation 2.6 is consistent for (7, fajz,)-

The full statement of Theorem 3 and its proof are contained in Appendix A.3.1.

2.3.2 Fixed grid estimation

In this section I propose a particular choice of sieve which has the advantage of being
simple to implement: the first-order monotone spline sieve. This is a popular choice
of sieve for seminonparametric models, see for example Heckman and Singer (1984),

Chen (2007), and Fox, Kim, and Yang (2016). To define the sieve, let B,, be a set
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of knots that partition S and &, be a partition of S;, the support of z1;. The sieve
space M, is a subset of {f: Sz x S1 — [0,1]} and defined as:

B(n) B(n)
foflbz) = Pigl(b; < b)1(x1 € Xin), Piie >0, Y Pig=1,b; € By, Xy € X o,
: ~

3
Ja]
2

<
Il
-
bl
Il
-

(2.7)
where the number of knots B(n), X (n) and their location b; and X}, are tuning
parameters. For given (B,, X, ), an element of M,, is a piecewise constant function
with jumps of size P, at point b;. The computational advantages of this sieve are
clear: to find the supremum in (2.6), the CCP functions need only be evaluated
for the values b; € B,,. This would not be the case if the sieve space consisted of
continuous functions.

A theoretical advantage of this sieve space is that many of the high-level conditions

for consistency are attained as long as the number of knots does not grow too fast.

See Appendix A.3.2 for details.

Theorem 4. Let (a;, xy :t=1,...,T)" be iid data generated from the DDC model
satisfying either Assumptions I1-15 or Assumptions F1-F5. If Assumptions E1, ES3.1

and E4.1 hold, then the estimator (7, fﬁ\xl) defined in equation 2.6 is consistent for
(77 fﬂ|$1 ) :

To implement the estimator, the number and location of grid points must be
chosen. For consistency, it is enough that B(n)X (n)log(B(n)X(n)) = o(n) and that
the grid points become dense in the support of 3 x x;. In principle, convergence rates
for this estimator could be derived to determine optimal growth rates B(n), X (n),

but I do not pursue this here.

For computation, it may be computationally attractive to use profiling. In par-
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ticular, to form (¥, fmxl), fix v and let

. ] — .
fﬁ|x1(7) = arg sup — ¢(yiaFl‘7’77 f)
femn

For the sieve space (2.7) this is a convex optimization problem, with a unique global

optimum and can be solved very efficiently. The profile estimator is formed as

1 < . " 1 & R "
i=1 € i=1

2.3.3 Estimating the support of unobserved heterogeneity

In the existing DDC literature, it is common to assume permanent unobserved het-
erogeneity is discrete. When this assumption is made, a key parameter is the number
of support points of permanent unobserved heterogeneity. In practice, it is common
to assume the number of support points is known, although there are methods to
identify a lower bound on the number of support points (Kasahara and Shimotsu
2009; Kasahara and Shimotsu 2014; Kwon and Mbakop 2019) which have been ap-
plied in economics (Igami and Yang 2016). However, in general, these methods can
only identify the number of support points if an upper bound is known. This is
because there is no guarantee a prior: that the data is rich enough to identify any
arbitrarily large number of types. Intuitively, the population likelihood may be flat
as a mixture component is added, but this may be because the initial likelihood had
the true number of mixture components or because the data is not rich enough to
distinguish the model from one with an additional mixture component. Technically,
this issue can be resolved by a rank assumption on an unobserved matrix (Kasahara
and Shimotsu 2009, Proposition 3; Kwon and Mbakop 2019, Assumption 2.1).

The purpose of this section is to show the models of Theorem 1 and Corollary
6 satisfy a condition equivalent to Kwon and Mbakop (2019, Assumption 2.1) when
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the distribution of unobserved heterogeneity is discrete. This means the number of

types is identified, without knowledge of an upper bound on the number of types.

Corollary 1. Assume the distribution of Y = (xy,a;)L, is observed for T > 3,
generated from the DDC model satisfying either Assumptions 11-15 or Assumptions
F1, F2.1-F/.1, F6 and F7. In addition, suppose that the support of 3 conditional upon

x1 has R < oo points of support. Then R is identified as the rank of the operator

as,ao, 1,3, Lo, T
[Lu](:cg):/u( 2>fA3A2A1X3X2\X1( 3,2, 1, T3, Ta; 1)d:c2.

Foy (235 22, a2) Fyy (225 21, G1)
That is, R equals the dimension of the range of L.

The proof to Corollary 1 is found in Section A.3.3. The result means that the
techniques of Kasahara and Shimotsu (2014) and Kwon and Mbakop (2019) can be
used to consistently estimate the number of types should the applied econometrician
wish to maintain the standard assumption that permanent unobserved heterogeneity
is discrete. Broadly speaking, these estimators consist of forming a matrix of observed
choice probabilities with values of x5 varying over the rows, and x5 over the columns.
The identification result means that, at the population level, the rank of the matrix

equals the true number of types.

2.4 Simulations

This section investigates the fixed grid estimator in a Monte Carlo simulation. The
main goals of this section are threefold: first, to explore the finite sample performance
of the estimator; second, to demonstrate the computational requirements; and, third,
to verify the asymptotic results of Section 2.3. I simulate data using a simple labor
force participation model based on Altug and Miller (1998, Section 6).

In each period, each individual decides whether or not to enter the labor force,
upon observation of the state variable. Thus A = {0,1}, with a;; = 1 representing
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that individual i enters the labor force at time ¢. The state variables are s;; = (7, €;)
where €;; = (€g;, €15¢) is unobserved and z; € X C R? is observed. The period
period payoff from entering the labor market depends on individual-specific labor

productivity (; as follows:
u; (= (r1,72),6,1) = Biz1 + 722 + €

Following the model of Altug and Miller (1998), x; can be interpreted as an average
consumption value (see Section 2.5 for details) and x5 is equal to the income of the
primary earner in the household. The period payoff from not entering is u;(z, €,0) =
€. The random preference shock €,;; is assumed to be i.i.d. extreme value type I,
and the agents’ time horizon is assumed to be infinite. In addition, I assume that j;
is independent of z;; and follows a mixture of three truncated normal distributions.
In particular
N (1.5, 1) with prob. 1/3
Bi ~ { Nin(2.5,0.25)  with prob. 1/3
Ni(3.5,1) with prob. 1/3
Where N, (o) is the truncated normal distribution with parameters (i, o), mini-
mum value 0 and maximum value 50. The simulation results are the average of 1,000
ii.d. datasets (ay,zy :t=1,...,8)", drawn from this model. Results are presented
for four sample sizes: n = 100, n = 500, n = 1,000 and n = 10,000. For estimation

1/4

I choose the number of grid points equal to 4n"/*, which satisfies the rate conditions

required for Theorem 4.

Table 2.2 presents results for the estimator of (v, fs,), in addition to computation
times. First consider results for . Here, empirical variance is significantly larger than
empirical bias, which diminishes with sample size. Scaled empirical mean squared
error is largely flat across sample sizes. In terms of computational burden, the fixed
grid estimator takes around 30 seconds to run for the smaller sample sizes, though it
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Table 2.2: Simulation results for estimation of v and fg. “y” denotes results for es-
timation of 7, which includes scaled average empirical bias (“Bias”), variance (“Var”)
and mean-squared error (“MSE”). “Time” denotes median computation time in seconds.
“MISE” denotes empirical mean integrated squared error, “IAE” denotes empirical inte-
grated absolute error, and “No. types” denotes the number of support points.

[n=100 n =500 n=1,000 n=10,000

Bias -0.328 -0.211 -0.093 0.074
vy Var 2.750 2.890 2.840 2.720
MSE 2.860 2.930 2.850 2.730
Time \ 27.3 31.9 41.4 131.9
MISE 0.0754 0.040 0.032 0.020
Mean | 0.458 0.334 0.302 0.240
IAE Min 0.255 0.199 0.199 0.18
Max 0.925 0.520 0.482 0.337
4t/ 13 19 23 40
Mean 5.2 6.8 7.6 10.1
No. types Min 2 4 ) 6
Max 9 9 11 24

takes around 2 minutes for n = 10, 000.

Turning to results for the estimation of fg, both measures of integrated error
diminish with sample size.® The number of grid points increases slowly with sample
size — indeed slower than the growth of the number of support points selected by
the estimator. For n = 100, on average 3.8 points are selected. This increases to
10.1 for the large sample size. This pattern is broadly similar to previous simulation
results for a parametric variant of this estimator (Fox et al. 2011).

Figure 2.1 presents empirical quantiles for the estimator of fz. For each sample
size the median estimate (the black curve) falls close to the true distribution (the

blue curve). The empirical pointwise confidence bands are substantially narrower for

5To be precise, integrated absolute error for simulation run m with estimate fﬂﬂn is [ |f5}m (b) —

, . 2
f3(b)|db and mean integrated squared error is equal to 77 Z%zl (fg,m (b) — fg(b)) db where
M = 1,000 is the number of replications.
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Figure 2.1: Simulation results for estimation of fg for each sample size. The black curve

represents the median estimate, the red curves pointwise 97.5%, 2.5% quantiles, and the
blue curve the true distribution. The ticks on the x-axis represent the grid points.

the larger sample sizes.

2.5 Application to a labor force participation

model

This section revisits the female labor supply model of Altug and Miller (1998). 1
combine the life-cycle model of Altug and Miller (1998) with the identification results
of Section 4.2 to estimate the distribution of labor productivity from data on labor
force participation. Before introducing the econometric model used in this section, I

discuss the approach of Altug and Miller (1998).

Altug and Miller (1998) introduces a framework to understand female labor supply
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that takes into account aggregate shocks and time non-separable preferences. In their
model, agents gain utility from consumption and leisure. Under their specification of

consumption and Pareto optimality, the consumption component of flow utility is:

nideviws exp(YsTwit )it (2.8)

The term (7;)\;) is the shadow value of consumption, which is estimated from data
on consumption. The term (v;w; exp(V52wit)liz) represents an individual’s earnings,
which is equal to the amount of time they spend working conditional on participating,
l;+, multiplied by their marginal product. The individual-specific marginal product of
labor consists of unobserved aggregate and individual productivity effects (w;, ;) in
addition to a component that depends on covariates x;;. These terms are estimated

from the wage equation, which is as follows:
Wit = Wel; eXP(Vé$Wz‘t) eXp(git)-

Altug and Miller (1998) consider two estimators for the individual-specific produc-
tivity v;. First, they use the fixed effects estimator from the wage equation above. Of
course, in the asymptotic framework considered in this paper where n is large but 1" is
fixed, this estimator is subject to the incidental parameters problem is not consistent
in general. Second, the authors assume that the fixed effect can be written as a deter-
ministic function of observables, and then estimate that function non-parametrically.
The observed variables consists of demographic data such as race, marital status and
education levels. The second estimator is inconsistent if individual productivity can-
not be written as a function of observed data. Furthermore, their estimators requires
that €; — €;; is mean independent of v;, which restricts an individual’s wage schedule.

The identification results of Section 4.2 obviate the need to estimate individual-
specific productivity from the wage equation. Instead, v; can be interpreted as a
random coefficient in the discrete choice model of labor force participation. In par-
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ticular, suppose the period payoff from entering the labor market for individual of
type v; is:

ui(x,e,1) =2 (v,7) + € (2.9)

with x;; = (Zy, 1, hincy, age;,, nkids;, educy, lagged.work;,). Here Z; is constructed
following the schema of Altug and Miller (1998). Precisely, Z; = ﬁij\td)t exp(%xit)iit.
The remaining observed state variables are, respectively, annual head-of-household
income, age, a dummy variable for the presence of children in the household and, a
dummy variable that equals 1 if the individual worked in either of the previous two

periods.

Relative to the participation model in Altug and Miller (1998, Equation (6.7)), v;
is treated as an unobserved random variable. In their model v; is replaced by first-
stage estimator 7;, so that v;Z;; is treated as a known constant. Like Altug and Miller
(1998), I make the outside good assumption and assume that €,; is i.i.d. extreme
value type I. For simplicity, the agents’ time horizon is assumed to be infinite.

As in Altug and Miller (1998), the labor force participation model is estimated
using a subset of data from the PSID. The construction of the subset largely followed
the details in Altug and Miller (1998, Appendix B). The final data set contains
3084 individuals, each of whom have between four and ten panel observations, with
an average close to eight. For estimation, the sieve space is chosen to have 40 grid
points.

Table 2.3 presents point estimates of the finite parameter 7 alongside boot-
strapped standard errors. The results can be compared to Altug and Miller (1998,
Section 6). Some results are broadly similar: for example, both sets of result indicate
that disutility from work increases with age. Others are different: for example, the
positive coefficient on lagged work status can be interpreted as indicating that cur-

rent and previous work are complements. That is, work in the past increases utility
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Table 2.3: Estimates of 7.

Variable ‘ Point estimate Standard errors
Intercept -0.4307 0.0774
Head-of-household income | 2.530 x 1073 1.5572x1076
Age 0.1833 0.0419
Number of kids -0.7024 0.0277
Education 0.2358 0.0499
Lagged work status 1.4462 0.0440

from work in the present. This is in contrast to results in Altug and Miller (1998),
which suggest that current and past leisure choices are substitutes.
Figure 2.2 presents the estimated distribution of labor productivity. The estimator

puts mass on nine out of the 40 points of support.
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Figure 2.2: Estimated distribution of v;. The black curve represents the point estimate,
the red curves represent bootstrapped 95% pointwise confidence intervals. The ticks on the

x-axis represent the grid points.
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2.6 Conclusion

In this paper I show point identification of the distribution of continuous unobserved
heterogeneity in a dynamic discrete choice model in a short panel. This improves
upon existing methods (Kasahara and Shimotsu 2009; Hu and Shum 2012), in not
restricting permanent unobserved heterogeneity in to have finite support. Unlike
these canonical papers which exploit only the Markov structure of DDC models, I
impose common functional form assumptions made in the DDC literature and show
that they have identifying power. This result may be surprising due to the non-
linearity of DDC models. My results encompass both finite and infinite horizon
models, and do not rely on a full support condition, nor parametric assumptions on

the distribution on permanent unobserved heterogeneity.

I propose a seminonparametric estimator for the distribution of continuous per-
manent unobserved heterogeneity in the style of Heckman and Singer (1984). The
estimator is computationally simple, and coincides with the estimator for a semipara-
metric model. As a result, the applied econometrician can proceed as they would for
discrete permanent unobserved heterogeneity, providing they commit to increasing
the number of support points as the sample size grows. In this way, my paper pro-
vides a solution to the problem of choosing the number of support points for discrete

permanent unobserved heterogeneity.
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Chapter 3

Testing homogeneity in dynamic discrete
games in finite samples

3.1 Introduction

In applications of dynamic discrete games, practitioners often assume that the con-
ditional choice probabilities and the state transition probabilities are invariant across
time and markets.! We refer to this as the “homogeneity assumption” in dynamic
discrete games. This is a convenient assumption, as it allows the estimation of the
model’s structural parameters by pooling data from multiple markets and from many

time periods.

Despite the widespread use of the homogeneity assumption in dynamic discrete
games, it is plausible for this condition to fail in applications. We now provide a few
examples. First, a game could suffer from a structural change, which would inval-
idate the homogeneity assumption across time. Second, markets could be affected
by permanent time-invariant heterogeneity that is observed to the players but not to
the econometrician (e.g., Arcidiacono and Miller (2011a)). This would invalidate the
homogeneity assumption across markets. Third and relatedly, there may be multi-
plicity of equilibria, and different markets could be playing different equilibria. The
literature has considered hypothesis testing for the multiplicity of equilibria in games.
In particular, de Paula and Tang (2012) propose a test for the multiplicity of equi-
libria across markets in static games, while Otsu, Pesendorfer, and Takahashi (2016)

consider a test for the multiplicity of equilibria across markets in dynamic games.

'In this paper, we use “market” to denote a cross-sectional unit.
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In this paper, we propose a hypothesis test for the homogeneity assumption.
Our test is implemented via Markov chain Monte Carlo (MCMC) methods, and it
is justified by the theory of randomization tests (cf. Lehmann and Romano (2005,
Section 15.2)). While our test is not exactly a randomization test, we establish its
validity by coupling it with an underlying randomization test. The latter is exactly
valid yet computationally infeasible. In this sense, we can interpret our proposed
MCMC algorithm as a computationally feasible way to implement the infeasible
randomization test. We formally show that the approximation error vanishes as
the (user-defined) number of MCMC draws diverges. It is worth mentioning that our
results hold for any fixed and finite number of players, markets, and time periods.
This is an important aspect of our contribution, as the datasets used in empirical
applications often have a small number of time periods and markets. For example,
our empirical application is based on Ryan (2012), and has only n = 23 markets and

either T'=9 or T" = 10 time periods.

The econometric framework considered in this paper is arguably very general. It
includes the single-agent dynamic discrete choice model (e.g., Rust (1987), Hotz and
Miller (1993a), Hotz et al. (1994), and Aguirregabiria and Mira (2002a)) and the
Markov equilibrium dynamic game model (e.g., Pakes, Ostrovsky, and Berry (2007),
Aguirregabiria and Mira (2007a), Bajari, Benkard, and Levin (2007), Pesendorfer
and Schmidt-Dengler (2008a), and Pesendorfer and Schmidt-Dengler (2010)). Fur-
thermore, it includes the Markov dynamic game model of Aguirregabiria and Magesan
(2020), which allows some players to have biased beliefs.

In a recent paper, Otsu, Pesendorfer, and Takahashi (2016) propose several hy-
pothesis tests for dynamic discrete games. Some of their proposals are related to
the problem considered in this paper. Specifically, they consider a method to test

the homogeneity across markets of the conditional choice probabilities and the state
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transition probabilities, under the maintained assumption that these functions are
time-homogeneous. Their inference method is based on the bootstrap, and its va-
lidity is shown in an asymptotic framework in which the number of time periods
T diverges to infinity. Unfortunately, the number of time periods in applications is
often small. Besides the aforementioned application of Ryan (2012) with 7" =9 or
T = 10, we can mention Sweeting (2013) with 7" = 4, Collard-Wexler (2013) with
T = 24, and Dunne et al. (2013) with 7" = 5.

The most critical step of our MCMC algorithm is based on the so-called Euler
algorithm (Kandel et al. 1996). In related work, Besag and Mondal (2013) use this
algorithm to test whether a time series of data has a time-homogeneous Markov struc-
ture. In terms of our setup, this corresponds to testing whether the data from a single
market has a time-homogeneous state transition probability. Relative to this work,
our paper incorporates several essential features of dynamic Markov discrete games.
First, we recognize that the dataset in a typical dynamic game has information about
actions and states. Second, our construction exploits the typical economic structure
imposed in dynamic games, such as the conditional independence assumption (i.e.,
conditional on the current state variable, the current action variable is independent
from the past information). This can be clearly evidenced in our MCMC algorithm,
where we first transform the state variable data and then we transform the action
variable data. Finally, while Besag and Mondal (2013) focus on data from a single
market, our MCMC algorithm exploits the possibility that the data includes observa-
tions from multiple markets.? This is an important aspect of our contribution, as the

datasets used in empirical applications usually include data multiple markets, e.g.,

2Besag and Mondal (2013, Section 5) briefly mentions how their methods could be extended to the
multiple market case. Unfortunately, they do not explain how this can be implemented nor they
justify its validity. In contrast, the hypothesis test that we propose is the result of a different
procedure than theirs, and we prove its validity by connecting it with the theory of randomization
tests.
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Ryan (2012) with n = 23, Sweeting (2013) with n = 102, Collard-Wexler (2013) with
n = 1,600, and Dunne et al. (2013) with n = 639.

We explore the performance of our hypothesis test in Monte Carlo simulations.
Our results show that our method provides excellent size control even in small sam-
ples, and can successfully detect relatively small deviations from the homogeneity
hypothesis. In these two accounts, our test appears to work favorably in comparison
with the bootstrap-based test in Otsu, Pesendorfer, and Takahashi (2016). As an
empirical application, we investigate the homogeneity of the decisions in the U.S.
Portland cement industry data used in Ryan (2012). This is a key assumption in
Ryan (2012), as it allows him to pool data from multiple markets to estimate the
model’s parameters. Unlike Otsu, Pesendorfer, and Takahashi (2016)’s test, our test
finds no evidence against the homogeneity hypothesis in the data.

The rest of the paper is organized as follows. Section 4.2 describes the dynamic
discrete choice model and the hypothesis test. Section 3.3 specifies our hypothesis test
and its implementation via the MCMC algorithm. In Section 3.4, we show that our
test is an approximate implementation of a computationally infeasible randomization
test. In Section 3.5, we evaluate the performance of our test in finite samples via
Monte Carlo simulations. Section 3.6 considers an empirical application based on
Ryan (2012). Section 4.5 concludes. The paper’s appendix collects all of the proofs,
several auxiliary results, and computational details related to the proposed MCMC

algorithm.

3.2 The econometric model and the testing prob-

lem
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3.2.1 The econometric model

We begin by describing the dynamic discrete game under consideration. We observe
the outcome of n markets in which J players choose actions over T' time periods.
Our setup allows for J =1, i.e., single-agent problems, or J > 1, i.e., multiple-agent
games. This paper’s inference results are valid for all finite n, T, and J.

We consider a setup in which the observed actions and state variables are dis-
cretely distributed, which is common in the dynamic discrete choice literature. For
every market ¢ = 1,...,n and period ¢t = 1,...,T, let A;; be the random variable
that specifies the actions chosen by the players in market ¢ and period ¢, and let \S; ;
be the random variable that specifies the state variable of market ¢ and period t. We
define the following n x T matrices:

S = (Sip:i=1,...,nt=1,....T),

A= (Ayi=1,...nt=1,...,T).

)

In this notation, the data are then given by
X = (5, 4).

We assume the common support of .S;; is a finite set S, and the common support

of A;; is a finite set A. Then, the support of X is represented by X = "7 x AT,

Remark 4. We have thus far assumed that we observe a balanced panel, i.e., all n
markets are fully observed over T' time periods. This is only for the simplicity of
notation and exposition. All of the arguments in our paper extend immediately to
the case in which each market ¢ = 1,...,n is observed over a market-specific time

period T;.
Throughout this paper, we maintain the following assumption.

Assumption 3.2.1. The following conditions hold:
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(a) ((Sit,Air) :t=1,...,T) are independent across i =1,...n.

(b) (Sit,Air) and (Si1, Aix, ..., Sit—2, Air—2) are conditionally independent given
(Sit—1,Ait—1) for everyi=1,...,n andt=3,...T.

(c) Air and (S;i—1,Ai1—1) are conditionally independent given S;; for every i =

1,....nandt=2,...T.

Assumption 3.2.1 is standard in much of the literature on dynamic discrete games.
Assumption 3.2.1(a) imposes that markets are independently distributed. Assump-
tion 3.2.1(b) indicates that the observations of state and actions are a Markov pro-
cess. Assumption 3.2.1(c) imposes that the current actions are independent of past
information once we condition on the current state. Assumptions 3.2.1(b)-(c) are
high-level restrictions that are typically imposed on the equilibrium strategies used
by the players. In particular, they follow from the assumption that players use
Markov strategies Maskin and Tirole (2001), as assumed in Pakes, Ostrovsky, and
Berry (2007), Aguirregabiria and Mira (2007a), Bajari, Benkard, and Levin (2007),
and Pesendorfer and Schmidt-Dengler (2008a). These conditions are implied even in
models in which the players’ beliefs are allowed to be out of equilibrium, i.e., do not
coincide with the true equilibrium probabilities (e.g., Aguirregabiria and Magesan
(2020)).

We now introduce necessary notation to express our hypothesis of interest. We
use 0;; to denote the conditional choice probability for market ¢ and period ¢, i.e.,

for every (s,a) € S X A,
oit(als) = P(Aiy =alSiy = s).

We use g; 41 to denote the state transition probability from period ¢ to ¢ + 1 for

market i, i.e., for every (s,a,s') € S x A xS,

girr1(s'a,s) = P(Sipy1 = 8'|(Sis, Aig) = (s, ).
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We use m;(s) to denote the marginal state distribution for market i in period 1, i.e.,
for every s € S,

mi(s) = P(Si1=s).

With this notation in place, we specify our hypothesis testing problem in the next

section.

3.2.2 The hypothesis testing problem

Our goal is to test whether the “homogeneity assumption” holds in the data, i.e.,
whether the conditional choice probabilities and state transition probabilities are

homogeneous across time and markets. That is,
Hy : 0i4(als) = o(als) and g;1(8'|a,s) = g(s'|a,s)  vs. Hy: Hyis false. (3.1)

Note that Hy in (3.1) represents two types of homogeneity: time and market
homogeneity, and involves two functions: conditional choice probabilities and state
transition probabilities. In this sense, our hypothesis test evaluates four homogeneity
conditions: time homogeneity of the conditional choice probabilities, market homo-
geneity of the conditional choice probabilities, time homogeneity of the state transi-
tion probabilities, and market homogeneity of the state transition probabilities. A
rejection of Hy in (3.1) would be indicative that one or more of these homogeneity
conditions is violated. In certain applications, however, one may feel comfortable that
some of the conditions are satisfied and should be part of our maintained assump-
tions. For example, in a given application, one may be confident that the conditional
choice probability and state transition probability are time-homogeneous. Then, one
could reinterpret Hy in (3.1) as testing the market homogeneity of the conditional
choice probabilities and state transition probabilities.

Under Assumption 3.2.1 and Hy in (3.1), Lemma B.2.1 in the appendix shows that
the likelihood of the data X = (S, A) evaluated at any realization X = (5, A) € X

41



is as follows:

n

PXx=X) =[] <mi(5,,1) (Ha(ﬁi,t

i=1

Slt)) <Hg(ﬂ§i7t+1|§i,ta/~li,t))>' (3.2)

This expression reveals that the markets are independently distributed (Assumption
3.2.1(a)), but they are not necessarily identically distributed because m;(-) depends
on 7. Even though the conditional choice probabilities and state transition probabili-
ties are homogeneous under Hj, markets can still be heterogeneous due to differences
in their initial state values. This is a desired feature in our testing problem, as the
dynamic discrete choice literature usually allows the initial state distribution to be

market-specific.

3.3 Our hypothesis test

In this paper, we propose to reject Hy in (3.1) whenever the significance level « is

larger than or equal to our p-value, which we denote by px. That is,

Pr(X)

Hpk < a}. (3.3)

In turn, our p-value pg is the result of constructing K transformations of the data via
our MCMC algorithm, which we describe in Section 3.3.1 (see Algorithm 3.3.1). Our
MCMC algorithm produces K sequential transformations of the data X, denoted by

(XMW .. X5 Our p-value is then computed as follows

B = 2 S Hr(X®) 2 7)), (34

where 7 : X — R denotes the test statistic designed to detect departures from H,

in the data.® One notable feature of our hypothesis test is that its validity will not

3For example, (3.20) in Section 3.5 considers two possible test statistics designed to detect depar-
tures from market homogeneity in the conditional choice probability function.
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depend on the choice of the test statistic. The following is the main result of this

paper.

Theorem 5. Under Hy in (3.1), the test in (3.3) satisfies

limsup E[¢x(X)] < a, (3.5)
K—o0
where the expectation is taken with respect to the randomness in (X, XM, ... XE)),

i.c., both in the data X and in the random draws (XM, ..., X)) generated by our
MCMC' algorithm.

Theorem 5 establishes that the proposed test in (3.3) controls size as the length of
the MCMC draws diverges. While this is an approximate result for a finite K, we note
that the researcher controls the number of MCMC draws and that the approximation
error becomes negligible by choosing a large value of K. Remarkably, Theorem 5
holds regardless of the number of markets n, time periods 7', and players .J, which
can remain constant in our analysis. In addition and as promised, this result also
holds irrespective of the specific choice of test statistic 7 used in the construction of
the p-value in (3.4).

Our proposed test can be related to randomization tests, e.g., Lehmann and Ro-
mano (2005, Chapter 15.2). In particular, Theorem 5 follows from showing that the
p-value in (3.4) approximates the p-value of a (computationally infeasible) random-
ization test for Hy in (3.1). This observation provides intuition as to why Theorem 5
does not require the number of markets n, time periods 7', or players J to grow. We
provide a detailed explanation and additional results in Section 3.4. In the rest of

this section, we introduce the MCMC algorithm used to construct (X, ... X&),
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3.3.1 The MCMUC algorithm

Our MCMC algorithm requires some notation. Let I = {I, I} denote an arbitrary
pair of markets I; and I in the data, i.e., I1,Iob = 1,2,...,n. We allow for I} = I5.
We use Z to denote the collection of all such pairs of markets, i.e., |Z| = n*. We also

define several sets.

Definition 3.3.1. For any I € Z and S € 8", Rg(I,S) is the set of all S € ST

satisfying the following conditions:
(a) SiJ = 5'1'71 for all = 1, ey,

(b) th:_ll 1{5@ = s,gi,tﬂ =4} = tT:_ll 1{5@ = 8,§i’t+1 = ¢} forall 5,8 € S

and ¢ € I¢

(C) Zie] th? 1{51‘,15 = S,Si,tﬂ = S/} = Ziel ZtT;ll 1{§i,t = S, gi,t+1 = S'} for all
s, s €8.

9

In words, Rs(I,S) is the set of all state configurations that result from “mixing”
the hypothetical state data S , subject to certain restrictions (given by conditions (a)-
(c)). Under Hy, these restrictions imply that each state configuration in Rg(7, S ) has
the same value of the likelihood function, provided that it is paired with a suitable
action configuration. The corresponding suitable action configurations are precisely

those in next definition.

Definition 3.3.2. For any 5,5 € 8" and A € A", R4(S, (S, A)) is the set of all

A € A" satisfying the following conditions:

(a) Z?:l Zf:_f 1{Si,t = SaAi,t = a, gi,t—i—l = 3/} = Z?:l ZtT:_ll 1{§z‘,t = Salei,t =

a, §i7t+1 =g} forall s, € Sand a € A,

44



(b) St YSir = s, Aip = a} = S 1{Sir = 5, Air = a} for all s € S and
a € A

By definition, R4(S, (S, A)) is the set of action configurations that result from
“mixing” the hypothetical action data /vl, subject to certain restrictions (given by
conditions (a)-(b)). Under H,, these restrictions imply that the hypothetical data
(5' ,fvl) has the same likelihood as the state configuration S paired with any action
configuration in R4(S, (5’ , fvl)) With these definitions in place, we can now specify
our MCMC algorithm.

Algorithm 3.3.1 (MCMC algorithm). Let (X ... X)) denote the following
Markov chain.

Initiation. Initiate the chain with X = X.

Iteration. The rest of the chain is iteratively generated as follows. For any k£ =

2,..., K and given (X .. X®=1) X# = (§*) A*)) is randomly generated

as follows:
Step 1: Draw I®) uniformly from Z, independently of (X, ... X*=1),
Step 2: Given (XM, ..., X®=D 1)) draw S®) uniformly from Rg(I®), Sk-1).
Step 3: Given (XM, ..., X¢=D k) gk draw  A®  uniformly  from

RA(S®) X (=1, u

Several comments are in order. Steps 2 and 3 require randomly drawing state and
action configurations uniformly over the sets Rg(I*), S® 1)) and R, (S®, X #=1) re-
spectively. On the one hand, Step 3 is relatively easy to implement by permuting
the action data in A®~Y) subject to the restrictions in R,(S®), X*=D) " Algorithm

B.1.3 in Section B.1.2 explains how to implement this in practice and provides a

45



justification (Lemma B.1.5). On the other hand, Step 2 is more involved. We pro-
pose to implement it using a modified version of the Euler algorithm (Kandel et al.
1996; Besag and Mondal 2013). Section B.1.1 describes the original Euler algorithm
(Algorithm B.1.1), our modification (Algorithm B.1.2), and formally shows that the
latter satisfy Step 2 in Lemma B.1.2.

Forany k = 2,..., K, XM, ... X*1D e x [ eZ and X = (5,4) € X, our

MCMC algorithm implies the following transition probabilities:

_ 1
P(IW =1 xW . xED) = il (3.6)
- ~ 1{S € Rg(I®) Sst=1)}
k) — k) x M (h=1)y — )
P(SW =g | W x® xE-Dy — R (3.7)
A k k—1
P(A® = 4| 5®, 10 x0),_ x0-vy - HACRSHXE D) g

|R4(S®) X (k=1))|

Note that (3.7) and (3.8) are well defined, as both denominators can be shown to be
positive. In turn, these transition probabilities imply that our MCMC algorithm has
the following transition probability:

P(X® =X | xW Xty =

1{S € Rg(I,S* 1) A e Ry(S, X+D)

Dorer IZ| x |Rs(I, S*k=D)| x [Ra(S, X*-D)]
0 otherwise.

if |[Rg(I, S® )| x |RA(S, X* D) >0,

(3.9)

3.4 Our test as an approximate randomization
test

This section provides the formal arguments that are necessary to prove Theorem
5 and, thus, justify our hypothesis test in (3.3). In particular, we show that our
MCMC-based p-value in (3.4) is an approximation of the p-value of a specific ran-
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domization test. We argue that this randomization test is valid in finite samples but
computationally infeasible, which explains why we propose the MCMC algorithm to

approximate its p-value.

This section is organized as follows. Section 3.4.1 provides an alternative repre-
sentation of the likelihood of the data under Hy in (3.1). This result allows us to
define a sufficient statistic of the data under Hy, denoted by U(X). Section 3.4.2
introduces a transformation group of the data, which does not change the value of
the sufficient statistic U(X).* Section 3.4.3 defines a specific randomization test for
(3.1), and argues that is both finite-sample valid and computationally infeasible. Sec-
tion 3.4.4 shows that our MCMC-based test in (3.3) can successfully approximate the

infeasible randomization test as the number of MCMC draws diverges.

3.4.1 An alternative representation of the likelihood

The following result provides an alternative representation of the likelihood under H

in (3.1).

Lemma 3.4.1. Under Assumption 3.2.1 and Hy in (3.1), the likelihood of the data
X = (S, A) evaluated at X = (S,A) € X with S = (S;y:i=1,...,n,t=1,...,T) €
ST and A = (zzli,t:i: L....nt=1,...,T) € A" is

P(X=X) = P(A=Al5=S5) x P(§=5), (3.10)
where
4|S =5 o(als)g(s]s,a) | D1 Timt M= dii=aSi=s)
PA=AlS=5) = 11 Y acay(sa, s)o(als)
(s,a,8")ESX.AXS acA )
X H O'(a|s)2?=1 l{s‘i,T:SyAi’T:a} (311)
(s,a)eSxA

4Hereafter, we use “transformation group” to denote the set defined in Lehmann and Romano
(2005, pages 693-4).
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and

P(S=S8)= <Hmi(5’i,1)> < ]I <Zg(s'|a,s>a(ays)

) Sy S 1S =55 141=5"}
(s,8')ESXS \acA

(3.12)

From this result, we can deduce the following corollary.

Corollary 2. Under Assumption 3.2.1 and Hy in (3.1), the sufficient statistic for
X =(S,A) is

(Si,lzizl...,n),
U(X) = (Z?:l S S =5, A = a,Si1 =8} (s5,0,8) €S x Ax S) :
O Y Sir =5, Air=a}:(s,a) €S x A)

(3.13)

Corollary 2 implies that, under Hy, any transformation of the data that does
not change the value of U(X) does not affect the value of the likelihood. This
observation provides the basis of the randomization test that we consider in the

remaining sections.

3.4.2 A transformation group related to the proposed
MCMC algorithm

Our proposed MCMC algorithm can be understood as an iteration of transformations
to the data X. In particular, X() = X is the identity transformation, X® follows
from applying Steps 1-3 to X, X follows from applying Steps 1-3 twice to X, and
so forth. In this section, we define a transformation group that is related to the
transformations in our MCMC algorithm. To define this properly, we first require

the following definition.
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Definition 3.4.1. For any pair of markets I = {I1, I} € Z, let G(I) denote the set
of all transformations of X onto itself such that, for any g € G(I) and (5, A) € X,
(S,A) = g(S, A) satisfies S € Rg(I,5) and A € Ry(S, (S, A)).

Lemma B.2.3 in the appendix shows that G([) is a transformation group. By
Definition 3.4.1, G(I) is the group representation of Steps 2-3 of our MCMC algo-
rithm. Given a randomly chosen pair of markets 1) in Step 1, Steps 2-3 obtain the
next element of the Markov chain X®*) = (S*) A®)) by applying a randomly cho-
sen transformation in G(I%®) to the preceding element of the Markov chain, X *~1).
In this sense, Steps 2-3 of our MCMC algorithm are a specific way of choosing a
particular transformation in G(I*)).

By the description in the previous paragraph, our MCMC algorithm randomly
chooses transformations in G(I) for random pairs of markets I, and iteratively applies
them to the data. These iterative transformations are related to the set that we define

next.

Definition 3.4.2. Let G be the set of all finitely many compositions of the elements

in Urer G(I).
The next result states that G is a transformation group with desirable properties.

Lemma 3.4.2. G : X — X is a transformation group of X such that, for any
g € G and X e X, X and gX' have the same sufficient statistic in (3.13), i.e.,

The properties shown in Lemma 3.4.2 imply that we can use G to define a valid

randomization test. We do this in Section 3.4.3.
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3.4.3 A randomization test

Following Lehmann and Romano (2005, Chapter 15.2), we can use the transformation
group G to define a randomization test. This test rejects Hy in (3.1) whenever the
significance level « is larger than or equal to the randomization p-value, which we

denote by p. That is,

p(X) = Hp<al, (3.14)
where
b= ﬁzlwgm > r(X)}, (3.15)
geG

By the arguments in Lehmann and Romano (2005, Page 636), the randomization test

in (3.14) is finite-sample valid. We record this in the next result.
Lemma 3.4.3. Under Hy in (3.1) and for any a € (0,1), the test in (3.14) satisfies

Ep(X)] < a. (3.16)

Unlike our proposed test in (3.3), the hypothesis test in (3.14) is computationally
infeasible in typical applications of dynamic discrete choice games. The basic reason
is that the transformation group G is usually impossible to enumerate. To see why,
note that G is a set of transformations restricted by the condition on the sufficient
statistics in (3.13). This condition is hard to impose without explicitly verifying that
it holds. In turn, an explicit verification of this condition is not practically feasible,
as it would require exploring all possible transformations that map X to X. Even in
applications in which n, T, and |A| and |S| are relatively small, the resulting state
space of the data X = 8" x A" can be overwhelming.

In the randomization testing literature, it is not uncommon for the transformation
set G to be huge. As Lehmann and Romano (2005, page 636) explains, one can still
implement a random version of the test in (3.14) by drawing randomly from G in a

50



uniform fashion. This point is routinely exploited in standard settings to construct
tests based on permutations or sign changes. To the best of our knowledge, however,
there is no feasible way of obtaining such random draws in the current setup, as the
condition on the sufficient statistics in (3.13) is hard to impose without explicitly
checking whether it holds. This explains why we cannot directly exploit the finite-
sample result in Lemma 3.4.3. In any case, Section 3.4.4 reveals that our MCMC-
based p-value in (3.4) approximates the infeasible p-value in (3.15) as the length of
the MCMC diverges.

3.4.4 An MCMC approximation to the randomization test

Our main theoretical result is Theorem 5, which shows that the test in (3.3) controls
size as the number of MCMC draws K diverges to infinity. The following lemma

provides a fundamental stepping stone to prove this result.

Lemma 3.4.4. Conditional on X,

K

sup %Zl{T(X(k)) >t} — LZl{T(gX) >t B0 as K — oo
Gl 24

Lemma 3.4.4 shows that, as the number of MCMC draws diverges, the conditional
distribution based on the MCMC algorithm converge to the conditional distribution
of the computationally infeasible randomization test described in Section 3.4.3. By
applying Lemma 3.4.4 with t = 7(X), we can deduce that the p-value in (3.4) ap-
proximates the p-value in (3.15) as the number of MCMC draws K diverges. That
is, conditional on X,

P X p oas K — oo.

By combining this observation with the finite-sample validity of the infeasible ran-
domization test in (3.14) (Lemma 3.4.3), it follows that our proposed MCMC-test
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becomes valid as the number of MCMC draws K diverges. This argument provides
the intuition behind Theorem 5 (see Section B.1.3 of the appendix for the proof),
and why it holds regardless of the number of markets n, time periods 7', and players

J.

3.5 Monte Carlo simulations

In this section, we explore the performance of our proposed test in Monte Carlo
simulations. We consider the Monte Carlo design used by Otsu, Pesendorfer, and
Takahashi (2016, Section 4), which follows from the dynamic oligopoly discrete game
in Pesendorfer and Schmidt-Dengler (2008a, Section 7.1). We refer to these papers
for the details on the setup. The simulated data are generated by two oligopolic
firms deciding whether to enter or not into n markets, and over 7" time periods. This
dynamic game has multiple equilibria, which we exploit to generate departures from
the homogeneity assumption.

In each period t = 1,...,T and market ¢+ = 1, ..., n, there are four possible actions
in this game: A;; = 1 denotes that neither firm entered the market, A;;, = 2 denotes
that only firm 2 enters, A;; = 3 denotes that only firm 1 enters, and A;; = 4 denotes
that both firms enter. This implies that A = {1,2,3,4}. In addition, the state is

equal to the last period’s action, i.e.,
Sit = Aii1, (3.17)

and so § = {1,2,3,4}. Note that (3.17) implies that the state transition probabilities

are homogeneous, and given by

Giri1(s'a, s) = 1{s' = a}. (3.18)

We presume that (3.18) is known to the researcher, who replaces Hy in (3.1) with
the homogeneity of the conditional choice probabilities. In other words, the relevant
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hypothesis testing problem is
Hy :0i:(als) =o(als) vs. Hy: Hpis false. (3.19)

Following Otsu, Pesendorfer, and Takahashi (2016, Eq. (4), (7)), we consider the

following test statistics

n(X) =Y Y (ailals)—d(als))’ (Ztl&l({j;;:S}>
=1 (a,5)€AXS
AN N 6i(als)\ N~ g —
n(X) =2 Y dilals)log 5 als) > 1S = s}, (3.20)

i=1 (a,5)€EAXS t=1

where we interpret 0/0 = 0 and 0 x log(0) = 0, and we define

23;1 1{Ai,t = a, Sz',t = 3}
Zthl 1{Si,t = s}

A _ D it Zthl HAir = a, S = s}
d(als) = = T :
Dict 2y H{Sie = s}

gi(als) =

The statistics in (3.20) compute weighted differences between market-specific empir-
ical conditional choice probabilities and the overall counterpart.

The data produced by this game is a matrix X = (S5, A) € X constructed exactly
as in Otsu, Pesendorfer, and Takahashi (2016, Section 4). We simulate data from
a mixture of two data generating processes: DGP 1 and DGP 2. They represents
Markov perfect equilibria of the dynamic game, which differ in the conditional choice

probabilities o(a|s). In DGP 1, the matrix of conditional choice probabilities is

0.19 0.30 0.12 0.18
0.08 0.09 0.08 0.07
0.53 048 0.46 0.53 |’
0.20 0.13 0.34 0.22
where the columns index the value of the state s € S = {1,2,3,4}, and the rows

index the value of the action a € A = {1,2,3,4}. In DGP 2, the corresponding
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matrix of conditional choice probabilities is

0.18 0.48 0.03 0.16
0.20 0.21 0.14 0.23
0.29 0.22 0.13 0.26
0.33 0.09 0.70 0.35

Each market is sampled independently. Market + = 1,...,n behaves according to
DGP 1 if i/n < X and to DGP 2 if i/n > A. Therefore, A € [0, 1] represents the
proportion of markets that are in DGP 1. Each market is initialized with state
equal to 1, and we simulate the corresponding action according to the corresponding
conditional choice probabilities. This, in turn, determines the next period’s state
according to (3.17). We then proceed iteratively until we have simulated 7"+ 100
periods for each market. Then, the first 100 periods are discarded, producing a

sample of T' periods for n markets, which is the data observed by the researcher.

For each simulated data, we implement our proposed test in (3.3) with K =
10,000. We consider simulations with n € {20, 40, 80,160}, T" € {5, 10, 20, 40,80},
and A € {1,0,0.5,0.9}. As explained earlier, A represents the proportion of markets
that are in DGP 1. If A =1 or A = 0, all markets are sampled from the same distri-
bution, and so the conditional choice probabilities are homogeneous across markets.
This means that Hy in (3.19) holds. In turn, if A = 0.5 or A = 0.9, each data is
composed of markets from both distributions, and so the conditional choice prob-
abilities are not homogeneous across markets. This means that Hy in (3.19) fails
to hold. Note that A = 0.5 generates data in which both distributions are equally
represented, and so the heterogeneity in the conditional choice probabilities should
be more salient. On the other hand, the case with A = 0.9 produces data with a vast
majority of markets in DGP 1, and so the heterogeneity in the conditional choice
probabilities should be harder to detect. For each simulation design, we compute
rejection rates based on 1,000 independently simulated datasets.
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The results from the Monte Carlo simulation are shown in Table 3.1 for A €
{0,1} and Table 3.2 for A € {0.5,0.9}, respectively. For the sake of comparison, we
also include the results from the test proposed by Otsu, Pesendorfer, and Takahashi
(2016). Their test compares the same test statistics in (3.20) with critical values
based on the bootstrap. As mentioned earlier, they show the validity of their test in
an asymptotic framework with 7' — oo and n fixed. In contrast, our main result in

Theorem 5 is valid for any finite n and 71" .

Table 3.1: Simulation results under Hy for o = 5% based on 1,000 i.i.d. simulation
draws. The results for A = 1 corresponds to data sampled from DGP 1 and A = 0
corresponds to data sampled from DGP 2. The test statistics 71(X) and 75(X) are
defined in (3.20). Our test is computed according to (3.3) with K = 10,000. OPT
refers to Otsu, Pesendorfer, and Takahashi (2016), whose results were copied from
Tables 1 and 2 in their paper.

DGP 1 (A=1) DGP 2 (A =0)

n T Our test OPT’s test Our test OPT’s test

Tl(X) TQ(X) Tl(X) TQ(X) Tl(X) TQ(X) Tl(X) TQ(X)

20 5 5.6 5.2 13.2 5.9 4.8 4.6 13.5 12.7

20 10 5.5 4.9 7.0 4.5 6.4 5.4 7.9 8.4

20 20 4.1 4.9 4.4 5.0 4.9 5.2 5.8 7.1

20 40 6.0 5.9 5.1 6.2 5.4 4.9 4.8 5.4

20 80 5.6 5.0 5.7 6.6 5.7 5.5 5.1 5.2

40 5 5.5 4.8 6.5 2.3 3.9 4.3 8.0 6.4

40 10 5.5 4.9 3.8 2.7 5.8 6.2 5.2 4.9

40 20 4.6 4.3 4.3 3.4 4.8 5.0 6.2 6.9

40 40 5.7 5.8 4.5 5.3 6.2 4.9 3.9 5.3

40 80 5.4 5.2 5.3 5.3 4.7 4.9 5.6 4.5

80 5 6.1 6.0 5.3 1.5 4.6 4.5 4.6 3.7

80 10 5.4 4.6 3.2 1.2 5.9 5.4 5.6 5.1

80 20 4.9 4.3 5.2 3.5 5.8 4.8 4.9 5.7

80 40 6.5 6.1 3.9 3.9 4.7 4.6 4.7 5.1

80 80 5.2 5.6 4.7 4.6 6.0 6.3 5.3 5.0

160 5 7.0 8.0 4.9 0.6 6.1 6.3 4.0 1.4

160 10 5.5 5.2 3.4 0.9 4.3 5.2 4.7 3.9

160 20 5.2 5.0 3.3 2.4 5.9 5.8 4.5 4.5

160 40 4.7 5.4 4.8 4.8 6.0 5.6 6.3 5.5

160 80 4.7 4.8 4.5 4.6 5.6 6.0 5.5 5.2
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Table 3.2: Simulation results under H; for o = 5% based on 1,000 i.i.d. simulation
draws. The results for A = 0.5 corresponds to data sampled from DGP 1 and DGP
2 in equal proportions, and the results for A = 0.9 corresponds to data sampled from
DGP 1 and DGP 2 with proportions 0.9 and 0.1, respectively. The test statistics
71(X) and 7»(X) are defined in (3.20). Our test is computed according to (3.3) with
K =10,000. OPT refers to Otsu, Pesendorfer, and Takahashi (2016), whose results
were copied from Tables 3 and 4 in their paper.
Mixture with A = 0.5 Mixture with A = 0.9
n T Our test OPT’s test Our test OPT’s test
Tl(X) TQ(X) Tl(X) TQ(X) 7'1<X) TQ(X) 7'1<X) TQ(X)

20 5 4.5 5.9 10.3 8.3 4.1 5.0 10.7 6.0

20 10 8.6 13.5 6.5 7.4 5.4 5.8 6.5 4.8

20 20| 38.2 513 278 274 120 15.0 11.7 128

20 40| 96.3 982 79.7 76.1 38.5 40.1 327 353

20 80 100 100 999 998 | 859 8.9 758  76.5

40 5 4.8 8.1 4.7 4.1 5.1 5.5 4.5 2.5

40 10 9.9 17.8 7.4 5.5 6.3 6.4 5.4 4.2

40 20| 633 763 446 362 | 20.2 @ 24.0 16.0 148

40 40 100 100 974 943] 59.6 63.7 49.0 50.1

40 80 100 100 100 100 | 98.5  99.1 93.5 925

80 5 4.3 9.3 3.3 2.3 4.8 6.8 3.4 1.7

80 10 13.3 252 10.8 5.8 6.3 9.0 5.9 3.2

80 20| 87.3 954 685 555 | 285  34.0 233 19.7

80 40 100 100 100 99.9| 8.1 882 728 732

80 80 100 100 100 100 100 100  99.7  99.6
160 5 4.1 11.5 2.9 0.9 4.9 7.7 4.0 0.9
160 10| 21.4 445 124 5.8 9.1 12.6 6.0 2.1
160 20| 99.2 100 923 786 | 444 53.0 382  30.6
160 40 100 100 100 100 | 97.7 983 934 924
160 80 100 100 100 100 100 100 100 100
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Table 3.1 reveals that our test achieves relatively good size control for all values
of time periods and market sizes under consideration. The table shows the result
of running 80 hypothesis tests for different data configurations that satisfy Hy in
(3.19) (four market sizes, five time periods, two test statistics, and two distributions).
Across these 80 numbers, our proposed test has an average rejection rate of 5.3, with
a standard deviation of 0.7, and a range of 3.9 to 8. We note that Theorem 5 implies
that our test should not produce over-rejection as K becomes large, but it is silent
about the possibility of under-rejection. Table 3.1 reveals that our test does not
seem to suffer from under-rejection in these simulations. For Otsu, Pesendorfer, and
Takahashi (2016)’s test, the average rejection rate is 5.1, with a standard deviation
is 2.2, and a range of 0.6 to 13.5. We note that these extreme rejection rates occur
in simulations with 7" = 5, which is reasonable for a test whose validity is proven in

an asymptotic framework in which 7" diverges.

Table 3.2 explores the performance of these tests for data configurations that do
not satisfy Hy in (3.19) due to the multiplicity of equilibria. We begin by explaining
the results of the table that are common to both hypothesis tests. First, the value
of A denotes the proportion of the n markets in the data that are in DGP 1. As A
becomes closer to either zero or one, the data are increasingly coming from a single
distribution, making the departure from the Hy harder to detect. Second, as the
number of markets n grows, the inference methods gain more evidence of the presence
of multiplicity, resulting in higher rejection rates. The same phenomenon occurs as
the number of time periods T increases. Third, 75(X) is designed to be a more
efficient test statistic than 7;(X), which explains why it produces higher rejection
rates across the various simulation designs. We now turn to compare rejection rates
between the two tests. In most simulation designs, our test appears to have a higher

or equal rejection rate than Otsu, Pesendorfer, and Takahashi (2016)’s test. The few
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Table 3.3: Summary statistics for market capacity per year, measured in thousand
of tons.

Sample  Average Std. dev. Minimum Maximum
1980-1990 4,226.8 2,284.4 1,321.3 12,578.0
1991-1998 3,857.2  2,107.9 1,084.0 9,564.8

exceptions occur in designs with n = 20 and 7" € {5, 10}, which include cases where

their test over-rejects under the null hypothesis.

3.6 Empirical application

In this section, we revisit the application in Ryan (2012), as studied in Otsu, Pe-
sendorfer, and Takahashi (2016, Section 5). Ryan (2012) considers a dynamic discrete
game to study the welfare costs of the 1990 Amendments to the Clean Air Act on
the U.S. Portland cement industry. He develops a dynamic oligopoly game based on
Ericson and Pakes (1995), and estimates it using the two-stage method developed by
Bajari, Benkard, and Levin (2007). This method’s first stage is to estimate optimal
entry, exit, and investment decisions as a function of production capacity, and it relies
on the assumptions that markets are homogeneous. Our hypothesis test can be used

to investigate the validity of this assumption.

We use the same data as in Otsu, Pesendorfer, and Takahashi (2016, Section 5).
For each year in 1980-1998 and 23 geographically separated U.S. markets, we observe
the sum of the production capacities for all the firms in that market. Table 3.3
provides summary statistics of this aggregate production capacity before and after
the 1990 Amendments, and Figure 3.1 provides the corresponding histogram.

These data represent the result of the firms’ optimal entry, exit, and investment
decisions in the dynamic game estimated by Ryan (2012). We follow Otsu, Pe-
sendorfer, and Takahashi (2016) and discretize the production capacity into 50 bins

with equal intervals of 250 thousand tons each (0-250 thousand tons, 250-500 thou-
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Figure 3.1: Histogram of market capacity per year, measured in thousand of tons.

sand tons, and so on). For each i = 1,...,n = 23 and year t = 1,...,19, we use
Ay € A={1,...,50} to denote the production capacity bin. The state variable in

any market is the previous period’s action, i.e.,
Sie = A, (3.21)

and so S;; € S = {1,...,50}. We note that (3.21) implies that the state transition
probabilities are homogeneous, and so Hy in (3.1) is equivalent to the homogeneity
of the conditional choice probabilities.

Following Ryan (2012) and Otsu, Pesendorfer, and Takahashi (2016), we allow the
1990 Amendments to affect the decision of the firms. We then test the homogeneity

of the conditional choice probabilities for two subsets of data: before and after 1990.
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Table 3.4: Results of testing (3.1) separately before and after the passing of the 1990
Amendments. The test statistics 7,(X) and 75(X) are defined in (3.20). Our test
is computed according to (3.3) with K = 10,000. OPT refers to Otsu, Pesendorfer,
and Takahashi (2016), whose results were copied from Table 6 in their paper.

Before 1990 After 1990
Tl(X) TQ(X) Tl(X) TQ(X)
Test statistic  199.48 159.43 89.44 90.58
Our p-value 0.17 0.07 0.62 0.56
OPT’s p-value  0.009 0.01 0.09 0.055

That is, we implement the following hypothesis tests:

HY e - g, (als) = o(als) fori =1,...,23, t =1,...,10 vs. HP™®: HP"™ is false
(3.22)

Hgfter . Ui,t(a|3> = O'(CL|S) for 1 = 1, ... ,23, t= 11, cey 19 wvs. H?fter : Hg,fter is false
(3.23)

We note that the two samples used to test the hypotheses in (3.22) and (3.23) have
a relatively small number of time periods (7" = 10 and 7" = 9 for (3.22) and (3.23),
respectively) and markets (in both cases, n = 23). In this sense, this represents an
ideal scenario for our proposed test, as its validity does not rely on either one of these
dimensions diverging.

Table 3.4 shows the results of applying our procedure to test the hypotheses in
(3.22) and (3.23). We consider both test statistics in (3.20), and we use K = 10, 000.
At a significance level of a = 5%, we do not reject the homogeneity of the conditional
choice probabilities. Table 3.4 also shows the results of the bootstrap-based tests
proposed by Otsu, Pesendorfer, and Takahashi (2016), using the same test statistics.
As opposed to our results, their methods reject the hypothesis of homogeneity of the

conditional choice probabilities in the sample prior to 1990.
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3.7 Conclusions

This paper proposes a hypothesis test for the “homogeneity assumption” in dynamic
discrete games. Our test is implemented by an MCMC algorithm. We show that
our test is valid as the (user-defined) number of MCMC draws diverges, regardless
of the number of markets and time periods in the data. This result contrasts with
that of available methods in the literature, which require the number of time periods
to diverge. We establish our validity result by showing that our proposed test is
an MCMC approximation to a computationally infeasible randomization test, which
happens to be finite-sample valid. Our Monte Carlo simulations confirm that our
test has an excellent performance in finite samples, both in terms of size control and

power.
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Chapter 4

Dimension reduction in dynamic discrete
choice models via index sufficiency

4.1 Introduction

A common objective of dynamic discrete choice modeling is to estimate the underlying
structural equations that govern economic decisions. Most available estimators for

the structural parameter of interest f, € © C R¥ are M-estimators:

0 = arg m@ax@(@). (4.1)
For instance, the criterion function () may be the likelihood function (Rust 1988),
a pseudo-likelihood function (Hotz and Miller 1993b; Arcidiacono and Miller 2011b)
or minimum distance function (Pesendorfer and Schmidt-Dengler 2008b). Although
these estimators have desirable theoretical properties, they often prove to be compu-
tationally demanding. First, computation can be intensive since forming the criterion
function requires solving the model, often by fixed-point iteration. Second, the lack
of global concavity in the criterion function means that local optima are a concern,
which may necessitate trying many different starting values. This is especially true
of models with permanent unobserved heterogeneity which are commonly estimated
using the EM-algorithm.

In this paper, we propose a computationally advantageous estimator for 6y which
is first-order asymptotically equivalent to 6*. The computational gains of our method
come from effectively reducing the dimension of the parameter space. The method is
based on the observation that DDC models fall in the class of invertible index models
(Ahn et al. 2018). This implies that if conditional choice probabilities (CCPs) at
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different state values are nearly equal, then the structural index must be nearly equal
also. This implication can be formalized as a set of equality constraints which restrict
0 to belong in a strict subspace of ©, thus simplifying the computational challenge
of estimation.

In particular, we consider a class of DDC models in which the CCP—defined as

the probability of taking action 1 in state z—has a multiple index structure:

Io(2) = po(v92, 90 2)

where IIy(z) = Pr(A; = 1|Z; = 2) is the CCP, pg is an unknown function which
depends on the structural parameter of interest 6y = (7§,p5)T € © C RX | and
5o € RE*J (with J < K) governs the transition of the state variable. Since the state
transition can be estimated without reference to the structural model, we assume a
consistent estimator for Jy and focus on estimation of 6y. The structural parameter
f contains two components—y that enters the model as a linear index and p which
does not. For example, v may be the payoff parameter in a linear flow payoff function
and p may be the parameter governing permanent unobserved heterogeneity.

The dimension reduction is attained by exploiting index sufficiency. In the context
of this model, index sufficiency means that if the observed CCPs at different values
of z are approximately equal, then the structural index must be approximately equal.

That is, for values of the state variable such that §(z; — 2z2) = 0,
H()(Zl) = Ho(ZQ) < (21 — ZQ)T’}/O =0.

This identity forms the basis of our dimension reduction technique. First define the

matrix
So=E(Z) — Z2)(Z) — Zo)' | Wo(Z)) = Uo(Za), 68 (Z1 — Z5) = 0.

From the identity, it follows that the true structural parameter satsifies >36, = 0.
That is, 6y belongs in the nullspace of ¥j. As such, the dimension of the nullspace—
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the nullity of ¥y—characterizes the extent of dimension reduction our method per-
mits. We show that the nullity of ¥ is related to the number of continuous state

variables and the dimension of dg.

Our estimator is constructed as follows. First, given 3, a consistent estimator for
Y, set

0 = arg max Q (6).
9: £6=0

Relative to the baseline estimator é*, 6 will be computationally advantageous, as it
is necessary to search only within values that satisfy 36 = 0. Second, our estimator
6 is constructed by taking a number of Newton-Raphson updates from 0. We show

that 6 is first-order asymptotically equivalent to the more computationally intensive

0*.

Section 4.2 outlines the estimator and derives its equivalency to the baseline
estimator. A key issue is the nullity of ¥y—that is, the dimension of the subspace
to which 6 is restricted. Subsection 4.3 derives some results on the nullity of .
Finally, section 4.4 proposes a consistent estimator for ¥, and derives its rate of

convergence.

Notation: We consider the Euclidean norm for all the vectors. For the matrices,

we consider the induced operator norm.

4.2 Model and estimator

We assume we have a sample {Z;1, A;1, Zia, - .., Air }, which are independent and
identically distributed across i with A;; € {0, 1} representing an action and Z;; € R¥
the vector of state variables. The sample size N tends to infinity as 7' remains fixed.
In what follows we omit the index (i,t¢) for notational simplicity. Indeed, the panel

length T is unimportant in our analysis.
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Define Tl (2) = Pr(Ay = 1 | Z; = z) to be the observed conditional choice
probabilities. For instance in the presence of permanent unobserved heterogeneity A,
these might be Iy (z) = [Pr(Ayu =11 Zy = 2, A = v)p(A = v | Zy = z)dv where p
is the conditional distribution of A | Z;;. We suppose there is a structural model for
the CCPs parameterized by the parameter 6y = (7, p§)T € © C R” and consistent

estimator

0* = arg max Q(0).

We also allow for a nuisance parameter dp, which we assume is estimable outside
the structural model. For example, in a DDC model g may govern the transition
kernel—that is, the distribution of Z;,; conditional upon (Z;, A;). Since the transition
kernel is directly observed, dy can be consistently estimated without reference to the

choice model.

Our first modeling assumption supposes that the binary outcome model possesses

a multiple index structure:

Assumption 4.2.1. For every pair of points, z; and zy, in the support of Z with
5(7)1(21 — ZQ) = 0,

o(21) = () <= (21 — 2) 7 = 0.

This assumption holds in a broad class of dynamic binary choice models:

Ezample 1 (Dynamic binary choice model with linear flow payoffs). An agent selects
a sequence of actions {A;1, A, ...} to maximize the expected sum of discounted
utilities, E[Y o=, 8 u(z, ar) + €:(ar) Hao, z0], where €,(a;) is a state variable observed
by the decision maker, but not by the econometrician. The structural parameter

0 = (v, p) with u(z,1) = ~7z, and p = § the discount factor. The structural model
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for the CCPs is

I(z) = Pr(”yz+e +B/ "NFy(dZ';2,1) > €(0 —1—5/ "NFy(dz'; zO)\Z—z)

(4.2)
where v(z) is the integrated value function defined by the Bellman equation

1= s {0+ 8 [ o0

ae{0,1}

and F is the distribution of the future state Z’ conditional upon the current state
and action (Z, A). There is 6 € RE*/ with J < K and some function Gz such that

Gz(Z;072) = Fz(Z;2,1) — Fz(2';2,0), so that II(z) can be written

Pr(vz+6/ NG y(d2';672) > (O)—6(1)|Z:z).

Under the standard assumption that €(0) —€(1) is independent of Z, then this model
satisfies Assumption 4.2.1. Full- or pseudo-likelihood methods can be used to consis-

tently estimate 6 (Aguirregabiria and Mira 2010).

Ezample 2 (Random effects dynamic discrete choice model). Consider the model of
Example 1, but now let u(z,1) = A+ ~7z where )\ is a random effect. If \ is assumed

to have V' points of support, then this is a finite-mixture binary choice model with

P(wa/ NGy(d2';672) > (0)—6(1)|Z:z>

and Assumption 1 is satisified. The structural parameter 0 = (v,p) with p =
(B,{Pr(A=v): v=1,...,V}) can be consistently estimated using the expectation-

maximization algorithm (Arcidiacono and Miller 2011b).
In order to exploit index sufficiency, we first define the matrix

Yo = E[(Z1 — Z2)(Zy — Zo)" | Uo(2)) = Uo(Zs), 6L (21 — Z5) = 0.

66



Notice that under our sampling framework Z; and Z; are independent random vari-
ables whose marginal distribution is equal to that of Z. Our first result shows that

Yo characterizes the equality constraints that are implied by the index sufficiency:

Theorem 6. Under Assumption 4.2.1,
Yo = El(Zy = Z2)(Z1 — Z2)" | [0, 00]" (Z1 — Z2) = 0],

and

Proof. The first equation follows from Assumption 4.2.1. The second equation follows

from

Sov0 =E[(Zy — Z2)(Zy — Z2) 0 | [10, 00]" (Z1 — Z5) = O]

=E[(Z1 — Z5)0 | [0, 00" (Z1 — Z2) = 0] = 0.
]

Our proposed estimator involves imposing the linear equality constraints of equa-
tion 4.3. In order to do so, an estimator of g is required. For now, we assume there

9—(L+1)

isan” ~consistent estimator ¥ as in the following assumption. We will provide

a construction of ¥ in Section 4.4.
Assumption 4.2.2. There is an integer L such that

_2_(L+1) )

¥ — %y =oy(n
and X is symmetric and positive

The condition ¥yyy = 0 states that the structural parameter of interest belongs
in the nullspace of 3. Therefore, the effective dimension of the parameter space
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is equal to the dimension of the nullspace of ¥,. Equivalently, by the rank-nullity
theorem, the effective dimension reduction is equal to the rank of ¥,. For example, a
nonparametric estimator of ¥ often yields a full rank ¥, so that the only ~ satisfying
>y = 0 is the zero vector. It is therefore important that the rank of the estimate for
Yo is equal to the rank of X itself.

To ensure this, we will consider a low rank approximation of 3 by truncating
the eignvalues.! Let A1 > ... > \g be the eigenvalues for f], and Dy, --- , Vg be the

corresponding eigenvectors. Define the low rank approximation

~

Y= [7917 U 7I>K]Tdiag <5\1 . 1{5\1 > H}? .- '75\K : 1{5\[( > KJ}) [ﬁla e 7’>K]7
where & is a threshold value satisfying the following condition.

Assumption 4.2.3. Pr(||X — So|| < & <min{\ : Ay > 0} — ||Z = Zo|]) = 1+ 0(1),

where A\ > ... > Ak are the eigenvalues for ¥g.

With a rank-consistent estimator for ¥y, we are now in a position to introduce

the estimator for 6. First consider the optimization problem
maximize Q ([’yT, pT] T) subject to 2y = 0,

and denote its solution by

o=[3"7"". (4.4)

Tnstead of this construction of i], we may be able to apply a rank estimator, e.g., in Chen and

Fang 2019. Since our results rely only on the convergence rate of 0 in (4.4) and the rank is
correctly estimated with probability approaching one, we conjecture that estimating the rank
does not change our main result.
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Second, consider L iterations of Newton-Raphson update from 6:

6 = 6-QP0O)'QM ()

0, = 0, —Q(0,)'QW(0))

0 = éLfl_Q(2)(9~L71)71Q(1)(9~L71)a

where QM (0) is the first derivative of Q(#) and Q® (0) is the second derivative.

The final assumption imposes regularity conditions on the parameter space © and

criterion function Q:

Assumption 4.2.4. (i) © is compact. (ii) 0y is the unique maximizer of Qo(0)
over 0 € ©. (iii) Qo is twice differentiable with the first derivative le) and the
second derivative Q(()2). Q(()l) is bounded. Q((]Q)(HO) is nonsingular. (i) Q (0) is three-

QM (0) - " (0)|| =

times differentiable with bounded third derivatives. supgcg

0p(n=2 ") QD (6,) = QP (6,) + 0,(1).

Theorem 7. Under Assumptions 4.2.1-4.2.4,
0 = 0%+ o,(n"?).

Theorem 7 is the main result of this paper. It says that the estimator 0 is first-
order asymptotically equivalent to the computationally more intensive 6*. The com-
putational savings come from imposing linear constraints on #, which restrict the
structural parameter of interest to belong to a strict subset of ©. This means that
the desirable asymptotic properties of the commonly used estimator 0* can be at-
tained at a lower computational cost. In the next section we consider the extent of

computational savings that our method provides.
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4.3 Nullity of X

In this section we consider the nullity of 3y—that is, the dimension of the nullspace
of ¥y. Under Assumption 4.2.1, the structural parameter of interest 6, belongs in
the nullspace of ¥y. This means that the smaller the nullity of ¥, the greater the

computational advantage of imposing the equality constraints.

Theorem 8. Suppose Z = [Z%, ZE]T and there is a support point z = [2}, 25]T of
Z such that z4 is an interior point of the conditional support of Z 4 given Zg = zp.

Then nullity (Xo) < dim(Zg) + rank(Var([yo, 50T [Z7, 0T]T)).

The term rank(Var([yo, d]?[Z5,07]7)) represents how many components in
[I1o(Z), ZT6]" are continuously distributed. If the transition probability does not

involve continuous state variables, we can simplify the statement as follows.

Corollary 3. Suppose the assumptions in Theorem 8. If 63 [Z%, 07T = 0 is discrete,
then

nullity (3o) < dim(Zg) + 1.

In addition to the continuity, the support condition can also help to guarantee the
lower bound on the rank of ¥3. We modify the arguments of Horowitz and Héardle

1996 to the current framework.

Theorem 9. Suppose the same assumptions in Theorem 8. If, in addition, the
conditional support of [Yo, %]t [Z%, 25|17 given Zp = 25 is the same as the support of

(Y0, 00]" Z, then
nullity(3o) < dim(Zp) — rank(Var(Zp)) + rank(Var([yo, &) " |25, 07]7)).

Again, if the transition probability does not involve continuous state variables,

we can simplify the statement as follows.
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Corollary 4. Suppose the assumptions in Theorem 9. If 63 [Z%,07]" = 0 is discrete,
then
nullity (X)) < dim(Zp) — rank(Var(Zg)) + 1.

If, in addition, Var(Zg) has a full rank, then

nullity (3g) < 1.

4.4 Estimation of X

Assumption 4.2.2 supposed a consistent estimator for Y, which is required for our
main result (Theorem 7). In this section we propose a nonparametric estimator for
Yo and provide conditions for consistency. To allow for discrete state variables, in this

]T = [UL, V.IT | where Uy is continuously distributed

section we write [IIo(Z), 03 Zi
and Vj; is not. The proposed estimator will be use kernel smoothing, and therefore

we require conditions on both the kernel function K and the bandwidth h:

Assumption 4.4.1. (i) K is a differentiable function of R’™! to R with the
first derivative K1, (i) K([uT,vT}T> = 0 and KW ([uT,UT]T> = 0 when
lv|| is sufficiently large. K([UT,UT]T) = 0 and KW ([UT,UT}T> = 0 when
[uT,vT}T is sufficiently large. (iii) [ K <[uT, OT}T> du=1, [K ([UT,OT]T> udu =
0, /K ([UT,OT]T> Jull?’du < oo, and [|KW ([uT,OT}T> |ldu < oo. (i)
nhdmUi)/ =275 5 o0 and nh2"™ — 0.

To construct an estimator for ¥, we assume that there is a consistent estimator
(6,10) for (8, IIy). As discussed earlier, in DDC models §, may govern the state

transition kernel, and is thus consistently estimable from data on the state transition.

Similarly, the CCPs Il are identified directly from the data.
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Assumption 4.4.2. There is a positive constant T such that

n™  n7(n7T 4 log(n)h)imUi g
h + hdim(Us)+2 _O(n )

and that, with probability approaching one,

Sup Girtrists — Girtristo|| <07, (4'5)
(31,t1,02,t2):01 Fi2
where
T
Ci1t1i2t2 = [HD(Zhh) - HO(Zigtg), 5g(Zi1t1 — Zigtg)] .

N ~ R N T
Ci1t1i2t2 = [H(Ziltl) - H<Zi2t2)75T(Zi1t1 - Zi2t2):| :

Assumption 4.4.3. (i) Each component of =(u) and fu,_u,vi=w,(u) is twice con-
tinuously differentiable with bounded second derivatives, where Z(u) = FE[(Z; —
Zo)(Zy — Zo)T | Uy = Uy = u,Vi = Walfu,—tovimw (W), (11) fo,—vs, foi—vaz:
E|Zs|| | Uy = Us, Z4), E | 22| | Ur = Us, Z1], and E[||Zy — Zs||* | Uy — Ua, Vi — V2
are bounded. (i1i) Pr(Vy = V3) > 0.

With these assumptions in hand, we define our estimator as

Z(il,iQ):il#iz Ztl,tz K <@1t1i2t2/h’> (Zi1t1 - Zi2t2>(Zi1t1 - Ziztz)T

Y=
Z(il,iz):il;éiz Zthtz K (Ci1t1i2t2/h>

The main result of this section is Theorem 10. It states that 3 is consistent for

2.

Theorem 10. Assumption 4.4.1-4.4.3 imply Assumption 4.2.2.
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4.5 Conclusion

In this paper we provide a method to simplify estimation of dynamic discrete choice
models by exploiting index sufficiency. Index sufficiency implies a set of equality
constraints which restrict the structral parameter of interest to belong in a subspace of
the parameter space. We propose an estimator that imposes the equality constraints,
and show it is first-order asymptotically equivalent to the unconstrained estimator.
The proposed constrained estimator may be compuationally advantageous due to the
effective reduction in the dimension of the parameter space. Furthermore, we provide
a number of results on the extent of effective dimension reduction, and show that if
there is sufficient variation in the observed state variables, the parameter v € R¥

can be restricted to a line.
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Chapter 5

Conclusion

This dissertation has considered three distinct aspects of the econometrics of dynamic
discrete choice models. These models are widely used in applied microeconomics as
a structural approach to understanding selection. The second chapter considered
a dynamic discrete choice model, and showed that a continuum of agent types can
be allowed for. The third chapter provides a finite-sample valid test for an impor-
tant and common modeling assumption. The fourth and final chapter suggests a
computationally attractive estimator for dynamic discrete choice models, exploiting

semiparametric estimation techniques.
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Appendix A

Appendix for Chapter 1

A.1 Supplementary identification results

A.1.1 Random intercepts

This subsection provides conditions for identification of an infinite-horizon DDC

model with random intercepts (fixed effects) (see remark 1).

Assumption 12.1. Permanent unobserved heterogeneity 3; = (@u fa € fl) € R?

for b =|A| enters the model through the period utility function as follows.
ui(z,0) = Bia + 27

where x € R¥ is the vector of observed state variables, and the agent index i is shown
for explicitness. Sg, the support of B, is a bounded subset of R®. B; conditional upon
x1 = x 18 either discrete or absolutely continuous, in which case its density function

f8la, 15 bounded.

Assumption I3.1. Let 44| be the first |A| components of the vector v, and let T' 4

be the |A| x |A| matriz with columns g 4. Then the matriz I' 4 is full rank.

Assumption 14.1. (i) The restriction of the support of o conditional upon
(r1,a1) = (x,a) to the first 1 + |A| elements of x5 is bounded and contains a non-
empty open set for which F,(z';x,a) does not depend on a. (ii) The support of x3
conditional upon (xe,as) = (x,0) for some x in the support of part (i) contains k
linearly independent elements and its restriction to the first 1 + |A| elements of x3

is bounded and contains a non-empty open set for which F,(x';x,a) does not depend
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on a. (iii) The intersection over as of the support of x4 conditional upon x3 in the

support of part (ii) and az contains k linearly independent elements.

This strengthens Assumption 14 by requiring the state transition to be constant

across choices.

Corollary 5. Assume the distribution of (x4, a;)1_, is observed for T > 4, generated
from agents solving the model of equation (2.1) satisfying assumptions 11, 12.1, 13.1
and I4.1. Then (7, fsjz,) is point identified.

The proof to Corollary 5 is contained in section A.2.3. It follows from the proofs

of Theorems 1 and 2.

A.1.2 Identification without the terminal period

In many realistic contexts the terminal period is not observed. This is the model
I consider in this section. The result follows from arguments similar to the proof
of Theorem 1, and the assumptions reflect this. First the condition on permanent
unobserved heterogeneity is strengthened relative to Assumption F2. In particular,

random intercepts are ruled out.

Assumption F2.1. Permanent unobserved heterogeneity 5; = (Biq : a € 121) € R?

for b =|A| enters the model through the period utility function as follows:

uit<x7 CL) = .fL'/ (Biaa fyat) P

where x € R¥ is the vector of observed state variables, and the agent index i is shown
for explicitness. Sg, the support of B, is a bounded subset of R®. 3; conditional upon
x1 = x 18 either discrete or absolutely continuous, in which case its density function

f8la, is bounded.

The next three assumptions are similar to Assumptions 13-15
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Assumption F3.1. Let yua) be the first |A| components of the vector v, and let
[ a¢ e the |A| x |A| matriz with columns Yaa). Then the matriz Iy has full rank,

as do all of its principal submatrices.

Assumption F4.1. (i) The restriction of the support of xs conditional upon
(r1,a1) = (z,a) to the first 1 + |A| elements of xo contains k linearly independent
elements. (i) The intersection over ay € A of the support of x3 conditional upon
(x9,a2) = (x,a) for some x in the support of part (i) restricted to the first 1 + |A|
elements of x3 is bounded and contains a non-empty open set. (iii) The support of
x4 conditional upon xz in the support of part (ii) and ag = 0 contains k linearly
independent elements and its restriction to the first 1 4 |A| elements of x4 is bounded

and contains a non-empty open set.

Assumption F6. For each t, the state transition kernel Fy,  (%41;2¢,a:) has
bounded support and may be decomposed into absolutely continuous and discrete com-
ponents, and the associated density and probabilities are real analytic functions of the

first 1+|A| elements of x;. Furthermore, these functions have analytic continuations

to RY™Al which are bounded.

These assumptions are very similar to Assumptions 12-I5, the difference being
that the homogenous parameter v, and the transition kernel F), are non-stationary.
Since we do not observe behavior in periods (T'+ 1,...,Ty), the following restriction

is placed on out-of-sample behavior:

Assumption F7. Let v, = (Y : a € fl) Forallt € (T+1,...,Th), v =vr. In

addition, Fri,(2';x,a) is identified.

No restriction is placed on the homogeneous parameter in periods ¢ < 1, since it
has no bearing on in-sample behavior. This type of restriction is avoided in other
‘censored’ finite horizon models by exploiting features of the transition function, such
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as finite dependence (Arcidiacono and Miller 2020). Identification of the state ker-
nel is typically attained by assuming the data is of the form (zi, i, Ti11 @ @ =
1,...,N;t=1,...,T). Since I do not adopt this structure, I directly assume identi-

fication of the final period transition. Let v = (v;)L,

Corollary 6. Assume the distribution of (x4, a;)I_, is observed for T = 4, generated
from agents solving the model of equation (2.1) satisfying assumptions F1, F2.1-F}.1,
F6 and F7. Then (v, fgx,) is point identified.

The argument for Corollary 6 is found in section A.2.3. It is broadly similar to
the argument for Theorem 1. For notational simplicity I assume exactly 4 periods

are observed, the same arguments apply if additional periods are observed.

A.1.3 Finite dependence

A DDC model exhibits finite dependence if there are multiple sequences of actions
that yield the same distribution over the state variable. Finite dependence is useful
for estimation as it allows the continuation value term to be expressed in terms
of CCPs (Arcidiacono and Ellickson 2011). This fact also makes finite dependence
useful for identification in models without permanent unobserved heterogeneity, as
it reduces the number of periods of out-of-sample behavior that must be assumed
known (Arcidiacono and Miller 2020, Section 3.3).

In this section I show a similar feature is present for models with continuous
permanent unobserved heterogeneity. In particular, I assume the transition function
exhibits a special case of finite-dependence: the renewal action. The canonical exam-
ple of renewal is machine replacement, but turnover and job matching also display

this pattern (Arcidiacono and Miller 2020).

Assumption F7.1. There is a choice a € A such that the transition does not depend
on the initial state: Fy,(x';x,a) = F,,(2';Z,a) for all (x,Z) in the support of x;.
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Let v = ()i, -

Corollary 7. Assume the distribution of (xs, a;)i_, is observed, generated from agents
solving the model of equation (2.1) satisfying assumptions F1, F2.1, F3.1, 1}, F6 and
F7.1. Then (v, fax,) is point identified.

As before, a panel of length 4 is assumed for notational ease, but the arguments

also apply for longer panels.

Section A.2.3 contains the proof to corollary 7. The most substantial steps follow
the proof of Theorem 1. The key difference is in showing identification of the finite

parameter «.

A.2 Identification proofs

Notation P,(a;x,b) denotes the conditional choice probabilities at period ¢, that

is Pr(ay = a | xy =z, 0; = ).

A.2.1 Infinite horizon model

Proof of Theorem 1. By assumption I1,
fa4a3a2a1x4z3;r2|;r1 (a47 as, 07 a1,T4,T3,T2; $1) = / P(a4; Ty, b)Fx(xélu x3, ag)P(CLg; x3, b)
X Fy(w3; w9, 0) P(0; 22, ) Fy (w5 1, ar) P(an; 22, b) fa1, (db; 1)
Where the transition kernel has positive measure, we can write

fa4a3aga1z4x3x2|x1 (a47 as, 07 a1,Ty4,T3, T2, xl) .
Fo(4; w3, a3) Fy (235 22, 0) Fy (225 21, a1)

/P(a4;$4,b)P(a3;$3ab)P<O§xz,b)P(al;@yb)fmm(db; 1)
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In this structure, the choices and states (a;, ;) can be framed as repeated measure-
ments of 3;, and measurement error methods can be adapted to prove identification.
To this end, denote L4 = {f : A = R : sup,c4|f(a)] < oo}, Ss the support of x3
satisfying Assumption I4(ii), and Sy the support of x5 satisfying Assumption I4(iii).
Let Lgyo: Lg, =+ Ax Lg, and Lgo : Lg, — A X Lg, be defined as follows:

fa4a3a2a1$4x3z2|x1 (a47 as, 07 ay1,Tyq,T3,T2; xl)
Fo(q; w3, a3) Fy (235 22, 0) Fy (295 21, a1)

[L342m](as, x3) = m(xe)dry

fa3a2a1x41312|11 (a3a 07 a1,T4,T3, T2, Il)

Fy(xs; 9, 0)Fy(xg; 21, a1)

[L3am](as, x3) = m(xzy)dy

Under Assumption 14 the above operators are observed and well-defined for x, € .S,
where Sy is the support of X} satisfying Assumption I4(iii).
These operators can be decomposed into constituent parts. For this purpose

define

Lig:Ls, — Ax Lg, [Ls sm](as, x3) = /P(ag;xg,b)m(b)db

Dj:Ls, — Ls,  [Dim](b) = P(as; x4, b)m(b)

Dg: Ls, — Ls, [Dgm](b) = P(a1;21,b) fg)z, (b; x1)m(b)

L/372 : ,CSQ — »65'5 [L@gm](b) = /P(O;l’g,b)m($2)d$2

It is straightforward to derive that Ls sy = LsgD3DglLgy and Lsy = L3 gDsLg .
The proof proceeds in two steps. First it is shown that the operators Ls s and
L}, are injective, where L}, is the adjoint! of L. As argued below, injectivity of
these operators implies that Lso has a right inverse: In particular, that the equiv-
alency Lygslsy = Lg’ﬁDéL;é holds. The second step of the proof is to use this

eigendecomposition to identify the CCP functions P, and subsequently (v, f3/z,)-

!The adjoint of a linear operator between Hilbert Spaces L : U — V is the operator L* : V — U
that satisfies (Lu, v)y = (u, L*v)y where (-, -)w is the inner product on W. See Carrasco, Florens,
and Renault (2007) for further discussion.
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Part I: Injectivity of L3 g and L},

L}, is defined as
Lio: Ls, — Ls, (L om](z2) = /P(O;xQ,b)m(b)db.

Given the common structure of L3 g and Lj, when a3 = 0, set a3 = 0 and the

following argument applies for ¢t = 2, 3.

Define H, a subset of functions Sz — [0, 1], as
H ={h: S5 —1[0,1] : h(b) = P(0;z,b),x € S;}. (A.1)

Lemma A.2.1 shows H is a subset of L?(Ss), the square integrable functions on
measure space (Sg, B, \) where B is the Borel sigma field on Sg and A is the Lebesgue
measure. In the language of Stinchcombe and White (1998, Definition 2.1), H is
totally revealing if and only if the operator is injective.

Now consider a superset of H, H defined as
H ={h: S5 —[0,1] : h(b) = P(0;x,b),x € R"' x SI'}, (A.2)

where S} is the restriction of S; to the final k— (1+|A|) elements of z;. Lemma A.2.3
implies that if the functions P (a;b,z) : R*** — [0,1] are real analytic functions in
the first 1 + |A| elements of x and the restriction of S; to those elements contains a
non-empty open set, then # is totally revealing if and only if # is totally revealing.
Lemma A.2.1 verifies that these functions are indeed real analytic and Assumption
14(i),(ii) ensures the open set condition is satisfied, so it remains to show H is totally
revealing.

Stinchcombe and White (1998, Theorem 3.1) states that a norm bounded subset
of L? is totally revealing if and only if its span is weakly dense in L?. Lemma A.2.1
verifies H is a norm bounded subset of L2, thus it is sufficient to show the weak
density of H in L?(Sj).
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The first step (lemma A.2.2) is to show that the span of # is uniformly dense in

the set
Hi = {h: Sg = [0,1] : h(b) = cos(a}b + ap), (a1, ) € R*} (A.3)

where cos(x) = (1 + cos[z + 37/2])(1/2)1jz<x/2 + Losr/2 is the cosine squasher of
Hornik, Stinchcombe, and White (1989). Next, observe that on any compact domain,

a finite linear combination of elements of H; can be made equal to any element of
Hy = {h: S — [—m,7] : h(b) = cos(a}b + ap), (a1, ap) € R**'}.

We thus have the following containment: SpH O spH1 D Hs where spA is the linear
span of A, and §pA is its uniform closure. It is simple to verify that the linear span
of H, satisfies the conditions of the Stone-Weierstrass theorem, and thus is uniformly
dense in continuous functions on Sg, C(S5) (Rudin 1964, Theorem 7.32). That is
§pHa D C(Sp) and it follows from the previous containment that SpH D C(Sp)
— that the span of H is uniformly dense in continuous functions on Ss. Uniform
density in L?*(Sj) follows from Hornik, Stinchcombe, and White (1989, Corollary
2.2). Finally, since the uniform closure of a set is contained within its weak closure,
uniform denseness of H in L?(S3) implies weak denseness and we conclude Ls 5 and
L3 , are injective.

Now suppose that the measure fgx,(b;x;1) has S < oo points of support. In
this case, the operators Lzs and Lj, are a matrix of probabilities with rows
(P(0; x4, bs))s=1,..5. Let &y = (2, w;) with z; the first b + 1 elements of z;. From
the above approximation result, for each s, a sequence of z,; € R*™ can be found
such that im P(0; (zn,s4, w), bs, ) = 1 for sy > s and lim P(0; (2,54, wy), bs_) = 0 for
s_ < s. For each t, these S sequences define a sequence of square matrices whose limit
is full rank. Therefore for n large enough, the matrix (P(0; (z,w:),bs))zcz s 0i5=1,...8
is full rank.
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Part II: Eigendecomposition
Since Dg is invertible (as P(a1;x1,b) fx, (b; £1) > 0 almost surely-Sg), and Ls 3 and

L}, are injective, L3 o has a right inverse, the equivalence
-1 _ 471
L4,3,2L3,2 - LS,BDBL&B (A-4)

holds, and L47372L§é admits a unique spectral decomposition (Williams 2019, Lemma
A.1). In particular, the right-hand side is the eigenvalue-eigenfunction decomposition
of the operator Ly32L33. The eigenfunctions are (a3, x3) — P(as;xs,b) correspond-
ing to the eigenvalue P(ay; x4, b). Each b indexes an eigenvalue and the corresponding
eigenfunction (as, x3) — P(as; x3,b). Asin Hu and Schennach (2008), the decomposi-
tion is unique up to (1) uniqueness of the eigenvalues, (2) scaling of the eigenfunctions
and (3) a reindexing of the eigenvalues (“ordering”).

The uniqueness problem is that if two eigenfunctions share the same eigenvalue,
then any linear combination of the eigenfunctions is also an eigenfunction. For eigen-
value uniqueness it is sufficient that for each b # b € S C R’ there exist some
(ag,24) € A x R¥ such that P(as;24,b) # Plays;x4,b) (Hu and Schennach 2008).
This condition is exactly the condition that homogeneous parameters can be iden-
tified from the conditional choice probabilities. It applies in the model under con-
sideration here due to assumption I4(iii), due to the argument provided below for
identification of the ordering function.

The scale problem is that each eigenfunction may be multiplied by a constant
(that may depend on the eigenvalue), yielding a different eigenvalue-eigenfunction
decomposition that is nevertheless consistent with equation (A.4). If s(b) is the un-
known constant, then we conclude ‘identification up to scale’ means s(b)P(as; z3,b)
is identified. The scale of the eigenfunctions is set by the requirement that
ZGSGA P(as;z3,b) = 1.

The problem of ordering is that the index for the eigenvalues 8 can be reordered
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by some function R yielding a decomposition consistent with equation (A.4). To

be more explicit, for any injective function R that generates another index § as

B = R(B), it holds that LssDjL; 5 = Ly 5D5L, 2% where

Lyg:Ls; = AXLg, [Ls zm](a,z) = /Pr(aig = a| i =, B; = b)m(b)db
D% : Ls, = Ls, [D%m](b) = Pr(ay = aq | x4 = 24, f; = b)m(D)

Notice that Pr(a;; = a | ;3 = z, B; = b) = Pr(ai = a | &3 = x,6;, = R(b)) =
P(a;z, R(D)), so ‘identification up to ordering’ means the function P(ag;x3, R(D)) is
identified with the injective function R unknown.

To show R is identified, suppose that for all (a3, x3) € A x S,
P(a3; T3, R(b)) = P((Ig; xs3, b)

By standard arguments for identification of homogenous parameters in DDC models

(e.g. Bajari et al. 2015, Section 3.5), it follows that for each b and a € A
(R(ba) ’?(/z) T3 = (ba 7(/1) L3
Under Assumption I4(ii) S3 contains k linearly independent vectors, so it follows that

(R(ba),5a) = (bay7a) and thus v and P(as; x3, 5) are identified.

To identify fg,,, notice that

fa2a1362|961 (07 a1, T2 [L’1)

Fy(x9; 21, a1)

= [L;,2<P<a1;x17 ')fﬁl:n(' ;xl))} («TQ)

L}, is injective and identified, since its kernel (the CCP function) is identified. Ap-
plying the left inverse of L} ,, P(a1;71,b) fg)2, (b;21) and thus fg, (b; 71) is identified.

In the case that (8; conditional upon z;; has S < oo points of support, the above
arguments apply directly with matrices replacing integral operators where appropri-

ate.

2This equality is shown explicitly in Hu and Schennach (2008, Supplement S.3)
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Lemma A.2.1 (Properties of the CCP function). Under assumptions I1,12,1} and
15, the sets H and H defined in equations (A.1) and (A.2) are norm bounded subsets
of L*(Ss, B, \) where B is the Borel sigma field on Sg, X is the Lebesque measure.

Let x; = (2, w;) with z, € RYYAl then
{h:R" = [0,1] : h(2) = P(a; (z,w),b), z € R"AI}.
are real analytic functions.

Proof. Under Assumptions I1 and 12 an element h : Sg — [0, 1] of the set H is defined

as:

exp (@' (bas Vo) + p [ v(@'3b,7)dF, (2 |2, a))
Z&EA exp (xl(b&a /YEL) +p f U($/; ba ’y)de(fL'/LT, &))

h(b) = P(a;x,b) = (A.5)

Let = (z,w) where z € Rl is the first 1+|A| elements of x. P is well-defined for
all z € R4l since the state transition dF,(z'|z, a) is well-defined for all z € R+
as the analytic continuation of dF,(z|z,a) for z in its support, which contains an

open set under Assumption I4.

Since the set Sg is a compact subset of R” and |h(b)| < 1 for all b € S,
Il = [ Plasenbrane < [ axe) <o,
S Sp

and thus h € L?(Ss, B, \).
It remains to show that the functions P(a;z,b) are real analytic functions of z.
Since the sum, composition and ratio of strictly positive real analytic functions are

real analytic it is sufficient to show the following function is real analytic:

Z /v(m';b, v)dF (2|2, a).
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By Assumption I5, the transition kernel can be partitioned into a component

represented by a density f., and a part represented my a mass function fy:

N
/ o(a';b,7)dF (2|, a) = / o(a'sb, ) fola' 2, a)de’ + 3 (i b, ) fali @, a)

i=1

Since f; is a real analytic function of 2z, it is enough to show
Jv(@';0,7) fo(a'|x, a)dz’ is real analytic. By assumption I5, f.(2'|z,a) is real ana-
Iytic on z € R™ I That is, for each a € A, 2/ € RF and w in its support, there is a
unique power series representation, such that for all z € R4l

fe(@'|z,a) = Z ay(a,w, z")2"

neNL+lA|

Furthermore, for any 2’ outside its bounded support and any (w, a), since f.(z'|z,a) =
0 for z in its support, it follows that f.(2'|x,a) = 0 for z € R4l since the support
of z contains an open set (a real analytic function that is zero on an open set is zero

everywhere it is defined). We are now in a position to show the result.

/v(x';b,fy)fc(:c’m,a)dx’ :/v(x’;b,fy) Z an(a, w, z")2"da’

neNb+1

/Z & (a,w, ") 2"dx'

neNb+1

:Z(/an(awxdx> Zan

neNb+1 neNb+1

The first equality holds by definition. = The second holds from defining
ap(a,w,x’) = v(2'; b, v)ay(a, w, x'). The third equality holds from the bounded con-
vergence theorem because, the integral being supported on a bounded set, &, (a, w, x’)
is dominated by its supremum taken over its bounded support. The final equality
is by definition of &, = [ ay,(a,w,2’)d2’, which exists since the defining integral is
supported on a bounded set.
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Lemma A.2.2 (Approximation). Under Assumptions 11, 12, 13 and I5 the span
of H (equation (A.2)) is uniformly dense in H, (equation (A.3)), that is for any
(v, ) € RVFL:

Ve >03f €sp{h: S5 = [0,1] : h(b) = P(a; (z,w),b), (a,z) € A X RH‘A'}
(A.6)

s.t. sup |cos(afb+ ag) — f(b)| <,
beSg

where cos(x) = (14cos[z+37/2])(1/2)15/<r/2+Losr/2 and 5pA is the uniform closure

of the linear span of A.

Proof. An element of H has the form
exp (2'(ba, 7o) + p [ v(2';0,7)(dF, (2 |z, a) — dF,(2'|z,0)))
L+ sciexp (x’(ba, Ya) + p [ (@' b, y)(dE, (2! |z, a) — dF, (2|, 0))) '
(A7)

P(a;z,b) =

The proof will proceed in two steps. Again, let x = (z,w) where z are the first 1+ |A]

elements of z. First I show that the function
(a,z,b) — /v(x'; b, V)(dF,(2'|z,a) — dF,(2'|x,0))

is uniformly bounded in (a, z,b) € A x RV x Ss. Using this fact, I then construct

a function satisfying (A.6).
For the first step, denote S, as the support of the state transition kernel, consider
that
[ e8Pl 0) = A 2,0)| < [ b2 0) = B, 0)

:/ (2’3 b,7)| [dFs (2|2, @) — dF, (|2, 0)| da’
:E’GS,L/
+/ o(a's b, )| |dF (2|, @) — dFy (2'], 0)] da’
E/Qsm/
SMl(b)/ Ms(a,w,z")dz' +0 < M(a,w,b) < oo
z’'eS

o’
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The second inequality follows because (a) the value function v(z;b,v) is bounded
when the state space is contained in a compact set (Kristensen et al. 2020), (b) the
transition kernels are bounded functions of z (Assumption 15), and (c) as argued in
Lemma A.2.1, the transition kernels are identically zero for 2’ outside its bounded
support. The final inequality follows from the existence of the integral over S,., a
bounded set. The uniform bound is attained as M(w) = sup(,jcixs, M(a, w,b).
Since w is fixed throughout, I suppress the dependence of the uniform bound on its
value.

The second step consists of showing that there exists a function in the linear span
of H that is uniformly dense in the cosine squashers. I proceed in several parts. Let
sgn(ay) be the length |A| vector of the sign of the components of ;. First, I show
that for any for any ¢,7 > 0 and (cj);jlm, there exists a function in 4 that satisfies

(L—mn, 1] if TT; Lsgn(an;)(bj —¢j) > ¢] > 1

h(b;c) € [0,m) if T, 1sen(an;)(b; —¢j) < —€e] =0 ] . (A.8)
0, 1] otherwise

Let A=, AT be the negative and positive components of o; respectively. Denote 24~

be the power set of A=, and |A~| the cardinality of set A~. Now define the function
f(z;¢) as

1

Z (71)|‘A| / ! ! /
P T Taeatoaexp(—dlba — o) + Soe a4 oxp(—d(ba + ) + [0(@:0.7)(F(@'[z.a,0) — [(a'[2.4,0))da’)

where x4 = (z,wy4) for z = —d and w4 a solution to the system of linear equations
dcg = Y w for a € AU AT and —d? = v.w for a € A~ \ A, which exists due to
Assumption I3. For fixed €, n, by taking d — oo, it can be seen that there exists a d

such that this function satisfies (A.8).

Second, let ¢; < ¢y < --- < ¢, be equally spaced vectors on the curve {c € Sp :
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ajc+ ag = 0} with ¢, ¢, on the boundaries of the convex hull of Sg. Then set
Wby = 3 h(bs o)
i=1

For n large enough, if |a}b + ap| > €, then |1(a/jb + ap > 0) — g(b)| < n.

Third, these approximate indicator functions can be made uniformly close to any
cosine squasher on the compact support of (; following the arguments in Hornik,
Stinchcombe, and White (1989, Lemma A.2). The steps are fully elaborated for the

binary choice case (Remark 5), so I do not repeat them here.

[]

Remark 5 (Binary choice). In the binary choice case, it is possible to replace the

period utility function of Assumption 12 with

Ui(% 1) =1 (/Bila 71) )

where now 3;; € R? is a vector. The proof to Theorem 1 provided in Section A.2.1
applies largely directly, except for the second step of the proof of Lemma A.2.2, which

I now show.

Proof. The second step is the construction of a function

for N €N, ¢; € R, z; = (2, wy;, w_1) with (z;,wy;) € R and w_, fixed at some
value in the support, that is uniformly close to cos(ajb+ ap) on b € S5 C R’
Let € > 0 and (o, 1) € R and M > 0, the uniform bound from the first step,

be given. Set € = eV 1, N > 2/é¢ and P = M — g~'(¢/2N). Let ¢; = 1/N. For
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1=1,2,...,N, set

o 2P .
©@s (i/N) — s (i - 1)/N)
Wy = —P(CAJOS%(Z‘/N) + 6v0571<(¢ - 1)/N) - 2040) _ ”Y—l/w—l

1@ i/ N) — a5 (i — 1)/V)) ”
where cos~ ' () = arccos(1—2x)—n /2, the inverse of 2 — cos(z) defined on |z| < 7/2.
With x; = (z;, wy;, w_1), the function h is defined.

To verify that h satisfies sup,cg, [cos(ajb + ag) — f(b)| <, first consider the ith

component in the sum defining f. For a{b + o < cos " ((i — 1)/N),
b’zz-+71w1i+7'_1w-1+/v(93'; b, V)(dF,(2'|2i,1)=dF,(a'2;,0)) < —P+M = g~'(¢/2N).

The inequality follows from the choice of (z;,w;) and the uniform bound shown in

the first step. Similarly for ajb + oy > Eovsfl(z'/N),

V2 + ywy +9 qw_1 + /v(:v'; b, V) (dF,(2|zs, 1) — dF,(2'|2;,0)) >
P—M=—g'€/2N)=g"'(1—-¢/2N).

Forany j =1,2,..., N, cos(a}b+ ap) € [(j —1)/N,j/N), otherwise cos(a}b+ ap) =
1. In the former case, the i = 1,...,5 — 1 components of f take values between
(1 —€/2N)/N and 1/N; the jth component takes a value between 0 and 1/N; and
the i = 7+ 1,..., N components take values between 0 and €/2N. This means a
lower bound for fis (j —1)(1—€/2N)/N and an upper bound is j/N + (N — j)é/2N.
The difference between f and cos(ajb 4 «ag) is therefore bounded above by

max {|j/N + (N —j)€/2N — (j = 1)/N|,[5/N — (7 = 1)(1 — €/2N)/N|} ,

which is strictly less than e. In the case that cos(a}b + ap) = 1, all N components
of the sum defining f take values between (1 —€/2N)/N and 1/N. So the difference

between the functions is at most €/2N < e. O
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Lemma A.2.3 is a straightforward generalization of Stinchcombe and White (1998,
Theorem 3.8) that allows for non-linear kernel functions. The results states that an
integral operator is injective if the relevant covariates have support containing an

open set, if the operators are injective when the covariates have full support.

Lemma A.2.3. Let F' be a signed measure with compact support Y and D be a finite
set. If

vz € R, / F,y)dF(y) = 0 = Yy € Y, F(y) = 0 (A.9)

and f is a real analytic function on x € R*, then for any T C R* open and non-empty,
Vo e T, [ fo.)dF () =0= Yy € V. Fy) =0

Proof. Suppose that equation (A.9) holds and that Vz € T, [ f(z,y)dF(y) = 0,
for some T' C R* open and non-empty. Since f is real analytic for each y and Y
is bounded, [ f(z,y)dF(y) is a real analytic function of = (Mattner 1999). Since
[ f(z,y)dF(y) is zero on an open set, it is zero on the Euclidean space and by

equation (A.9), F' vanishes on ). O

A.2.2 Finite horizon model

Proof of Theorem 2. Let y = ((as, 2¢)_y,a1), then by Assumption F1, the distribu-

tion of y conditional upon z; = z is

T
fy\m (9;951) = /H (Pt(a't;xtab)Fxt(wt;xt—laat—l)) P1(a1;$1, b)fﬁ\xl(db;%)
t=2

Where the transition kernel has positive measure, we can write

) T
fy|a:1(y;xl) — /H]Dt(at;xt’ b)fmxl (db,l’l)
t=1

Hthg Fxt (13t; Lt—1, at—l)
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Define g(b; (a:)l) = T1/2! Pilas; 24, b) faja, (b;21), then the right-hand side of
the above equation can be written as [ Pr(as; zt, b)g(b; (a;){_;')db. With this integral
equation representation, the proof follows a similar structure as the proof to Theorem

1. First, the operator
LTﬁ : LSB — A X EST [LTﬁm](aT,xT) = /PT<CLT;SL'T, b)m(b)db

is shown to be injective. Second, injectivity is used to identify (%)fzto and fg|e, -
Part I: Injectivity of Ly s

First notice that the CCP function has the form:

€xXp (ﬁla + x/(62a7 f)/aT))
L+ zeq (Bia+ 2/ (Baa, var))

PT<a;va) =

Let © = (z,w) where z is the first p elements of z, and denote wy as the first |A|
elements of w. The CCP function is real analytic in (z,w,4) whose support contains
a non-empty open set by Assumption F4. Since the support of 3 is compact, Lemma
A.2.3 applies and Ly g is injective if and only if it is injective when the support of zr
is RPHAl x Sr. where S5 is the restriction of the support of ¢ to the final k —p — | A|
elements of z7. I show injectivity directly. Begin by assuming m(b) is a finite signed

measure satisfying
V(a,z) € A x RP, /PT(a; x,b)m(b)db =0 (A.10)

for any fixed w. Viewed as a function of a wy € R4l this object is infinitely differ-
entiable and since it is identically zero, all of its derivatives are zero. Furthermore,
since both Pr and m are bounded, we can exchange the order of differentiation and
integration, so that:

o
Ow 4™
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Vn € N, ,V(a,z) € A X RP,

Pr(a;x,b)m(b)db = 0.



Fix a and consider the first-order partial derivative (n = 1) with respect to the ith

element of wy:

Vz € xRP, ’)/aT’a/PT(CL x,b)dm(b Z%TZ/PT a; z,b)(i;x,b)dm(b) = 0.
i€A

From the preceding two equations, it follows that for all 7,

Wa,2) € Ax R, S yurs / Pr(az 2, ) Py(is 2, b)dm(b) = 0.
icA

Repeating the argument for all i € A yields the system of linear equations
r, / Pr(a;2.b) @ Pr(x, b)dm(b) = O

where Pp(z;b) is the vector {Pr(a;x,b): a € A} and ® is the Kronecker product.

Thus | Pr(a;z,b) ® Pr(x,b)dm(b) = 0,4, and, repeating the argument for each a,
4|
Vz € R, /PT(x; b)*m(b)db = 0

for @« = 2 the multi-index of length A. Repeating the argument for higher order

derivatives, we conclude that
Vz € R, /ﬁT@c; b)*m(b)db =0 (A.11)

for all multi-indices o« > 1. Let m, be the signed measure induced by the transfor-

mation 5 — IBT(:E; B), or more precisely:

/ m(b x;b) € Bldb.
In other words, m, is the density of the random variable ]BT(:I:; £). Thus from equation
(A.11),
Vz e Rp,/xamz(:c)d:c =0
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for all multi-indices a.. It follows that the Fourier transform of Pr(z; 3) is identically
zero, and thus the measure m, is zero for each z € R? (Hornik 1993, Theorem 1 Proof).
Since the random variable Pp(x; 8) can be injectively mapped to {S1a +2'(B2a, Yar) :

a € A}, m.(B) = 0 implies
i.(B) = /m(b)l[b {bia + 2/ (bos ) @ € A} € B] = 0.

From here standard arguments (Masten 2018, Lemma 1) give that the characteristic
function of f is zero, given fixed (yr,wr), and thus the signed measure m(b) = 0.
We conclude that Lz g is injective.

Part II: Identification of (v){_,,
Since L7 g is injective for any arbitrary « and support satisfying Assumptions F3-
F4, L?g is also. This implies that the operator defined in Assumption F5 exists.
Under that assumption, yr is identified as follows: Given vy # Ap, let E,E be
as in Assumption F5 and suppose that for all xr € FE, there exists distributions

fB|Xt0, fﬁlXto such that
/ fATlXT,B(l; xT, b; 'YT)f,BIXtO (b, xto)db = / fATleﬁ(l; T, b; ?T)meto (b’ xto)db

In different notation, this equation is: [L%gT faixi ) (vr) = [L:]ﬁgT fﬂl X, | (z7) for all
zr € E. By injectivity, it follows that fpx, (b;74,) = [(L?’gT)_IL%ngmxto](b).
Suppose the same equality holds for all zp € FE, that is foix, (05 24,) =

(L) LEAT fopx, )(B). Tt follows that
0= (L3 LT — (LE3)LES") Fow, | (),

which contradicts the assumption that Li’gT’E’:’T = (Lg”gT)*ng’;’T —(LEm T LEaT
is injective, so vyr is point identified.
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To identify fg,,, notice that

fy|r1 (yv l’1>

= [Lrpg(-; (a)i ' (ar, x7)
HZ;Q Fxt(xt;mtflaatfl) =

with Ly s injective and identified, since its kernel (the CCP function) is identified.
Applying the left inverse of Ly g, g(b; (a)E5Y) = T11— (Pilas; b;)) fBlz: (b; 1) is
identified. Repeating this argument for each choice sequence (a;)[_;, fajz (b;21) is
identified as ) ;. 42 g(b; @).

To identify ~; for to < t < T, first P, is identified by summing g(b, (a;)L-}") over
the support of (a;)._;' for all periods except the tth period. With the CCPs known,

the model can be solved for the finite parameters v, by backwards recursion.

A.2.3 Proof of supplementary identification results

Finite horizon without terminal period

Proof of Corollary 6. For ease of notation, relabel the time index so that t; = 4.
Denote L4 = {f : A — R : sup,c4|f(a)] < oo}, and S3 be the support of
x3 satisfying Assumption F4.1(ii), and S; the support of z, satisfying Assumption
F4.1(ii). As in the proof to Theorem 1, under Assumptions F1, F4.1, the operators
Lyss: Eng, — A X £5X4 and Ly : £5X3 — A X £5X4 defined as

JA4A3 4541 X4 X5 X0] X, (04, 0, G2, a1, Ty, T3, To; 1)

m(xs)dx
Fp,(z4;23,0) Foy (235 22, ag) Fyy (T2 71, a1) (5)dzs

[L4,273m] (CL47 $4) =

fA4A3A2A1X4X3X2|X1 (a4,0, az, a1, 4,3, T2; T1)
[Lazm](as, z4) Z m(xs)drs

vy Fo (x4 23,0) Fyy (35 22, a2) Fry (29; 21, 01)

95



are well-defined and observed for o € Sy where S5 is the support of xy satisfying

Assumption F4.1(i). As before, define the following operators:
Lig:Ls,— Ax Ls.  [Lagm)(aszs) = / Py(ag: 4, b)m(b)db

D5 : Ls, = Ls, [D3m](b) = Py(az; x2,b)m(b)

Ds:Ls, = Ls,  [Dgm](b) = Pi(ar;x1,b) fax, (b; 21)m(D)

L/373 : ‘CSXS — ﬁgﬁ [L/gyy,?ﬂ](b) = /Pg(o, X3, b)m(l’g)dwg

and conclude Lyp3 = LysD3D3Lg3 and Lysz = LygDgLgs,.

The proof follows structure of the proof to Theorem 1. First it is shown that the
operators Ly g and Lj 5 are injective. This which implies that L3 has a right inverse
and, therefore, that the equivalency Ly32L3 5 = L3 DL ;; holds. The second step
of the proof is to use this eigendecomposition to identify the CCP functions P,, and
subsequently (7, fajz,)-

Part I: Injectivity of Ly g and L 5 I focus on injectivity of Ly g, since injectivity of
Lj 5 follows by the same argument. Defining H, H,H1,Hs as in the proof to theorem
1, it follows that Z4,/3 is injective if analogies to Lemmas A.2.1 and A.2.2 apply for
the new kernel function P,. It is now shown that this is the case.

The arguments of Lemma A.2.1 apply directly to the CCP function and we con-
clude that (i) P4(0;x,b) is real analytic function of the first 1 + |A| elements of xy,
and (ii) that # is a norm bounded subset of L. Indeed if ¢ = T, then for part (i),

many parts of the argument in lemma A.2.1 are redundant.

Let © = (z,w) with z the first 1 + |A| elements of z. In the context of the finite

horizon model, A.2.2 consists of two steps: (i) showing

(2,0) — /1)5(3:’;1), Vsi (dF,. (22, a) — dFs(2'; 2, 0))
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is uniformly bounded in z,b € R*™! x S5, where v, = (75)L,, and (ii) using the
uniform bound to construct an approximation to the cosine squasher. If a uniform
bound can be shown, then the construction in of A.2.2 will apply and part(ii) will
hold.

To show the uniform bound, given the arguments in A.2.2, it is sufficient to show
that vg(2'; b, 744 ) is uniformly bounded on the support of F, (z';x,a) — F5(z'; x,0).
Given this support and the support of b is bounded, it is enough to show that
ve(x; b, 754 ) is finite for each (z,b,75:). The argument is by induction. First de-
fine e(a,x) = Ele(a)|x, a is optimal strategy|. Under Assumption F1, the function
e(a, ) is known and bounded (Aguirregabiria and Mira 2007b). For t =T — 1,

V41 (m; ba 7t+) = Z fAt+1|Xt+1ﬁ(a; Z, b) (baz + 7;,t+1w + e<a7 x)) )
a€A

which is bounded because the CCP functions are. For t < T — 1, suppose that

Up2(25 b, Yeg1,4) 18 finite. v (25 b, vy is equal to

Z Pryi(a;z,b) (wl(bm Yar1) + e(a, ) + P/Ut+2(1’/$ b, ’Yt+1,t+)det+1d$/)

acA

and is finite also. Thus for all ¢, v, 1(x; b, ) is finite for any (z,b) and a uniform
bound is given by the supremum over the support. Therefore the construction in
A.2.2 goes through directly to show part (ii). We conclude that I~/4,5 is injective.
Part II: Identification of ~
Here the argument is the same as in Part II of the proof of Theorem 1, except that
the operators are defined slightly differently.
The same arguments as in the proof to Theorem 1 imply that Ls3o =

LysD3DgLgs and Lys = LysDgLgs, and also that the spectral decomposition

L4’3’2L;§ - L476D%L;é
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identifies 74. Again, identification of 74 and injectivity of L, s imply that fzx, (b; 1)
is point identified.

To identify v, for ¢ < 4 we proceed inductively. Since Ls3 = LsgDsLss and
L, sDg is injective, the operator Lg s is identified which is equivalent to knowing its
kernel function Ps(1;x3,b). Since the CCPs are known and the value function vy is
known since v, is identified, inversion of the CCP function identifies the linear index
x4(b,v3) and thus 73. Identification of (y2,71) follows the same argument.

With identification of P, fg,, is identified by the same argument as in the proof
to Theorem 1

]

Lemma A.2.4 (Result without rank condition). Suppose the Assumptions of Theo-
rem 2 hold, excluding Assumption F5, and that the first component of vr is known.
Further, assume the model is saturated in the discrete components of x, and that

|A| = 1. Then « and the distribution of unobserved heterogeneity are identified.

Proof. The difference from the proof of Theorem 2 is that ~ is identified, up to
normalization, without using injectivity of the operator Lz . Since the proof of
injectivity is the same, I show only identification of . Assume that for all x =

(z,w) € Spps

/ A (B + Bz + 7/ w) dfa, (b 1) = / A (B + By + 30) dfs (b 1),

In particular, this must be true for all the indicator functions switched off. Allowing

w® to be the elements of w with support containing an open ball, it follows that
/A (B1 + Byz + (7)) w°) dfgja, (b 1) = /A (B1+ Bz + (7 w) d fapay (b 21).

For notational simplicity, let w = (w® 0) — that is, setting the components of w

with discrete support to zero. Viewed as a function of the continuous elements of w,
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this object is infinitely differentiable. Since both A and fg,, are bounded, the limits

defining differentiation and integration may be exchanged, so that V(z,w) € S,,.,

0 0 -
/ 8—A (b1 + bhz +y'w) faje, (b;1)db = /8—A (b1 + byz +F'w) fa)e, (b; x1)db.

W Wy

It is well known that the derivative of A(z) is A(x)(1 — A(z)), so the above display

is equivalent to V(z,w) € S,..,

By assumption 7, = 4% = 1, so we have that V(z,w) € S,
SO0 b1+ 5 70) Faa Bz = [[AQ=D)] 0+ By 4 70) oy (i),
which is non-zero. Thus

V(o) € Sep (= ) [ IAQL= )} b1 + b2 4 7/0) Fpa ()b = 0,

SO Y, = Yk. This procedure can be repeated for all elements of v whose corresponding

covariates have support containing an open set.

With identification of the components of v whose corresponding state variables

have continuous support, the arguments of Theorem 2 can be used to identify fg,,.

Now consider the discrete components of . For discrete component wy, assume

Y < Y. Since the logistic function is strictly increasing, for wy =1,

A (B + Bz + (V) 0’ + ww)

<A (B + Boz + (V) W + Apwy) -
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Since fg|,, is positive,
A+ B+ (0 ) g, (30

</AWﬁﬂ%+WWW+%MM%MWWJ

Since the model is saturated, there is some (z,w¢) for which z = (z,w® wf =

1, (w?,,) = 0) is in the support of z9. Thus v is identified. O

Infinite horizon model with random intercepts

Proof of Corollary 5. The proof follows closely the structure of the proof to Theorem
1. As in that proof, Assumptions I1 and I4.1 enable the decompositions Lg 4o =
Lg’ﬁDéDﬁLﬁg and Lso = L3gDsLso where the operators are defined in proof to
Theorem 1. As before, Part I is to show injectivity of L3 s and L ,.

Let x4 be the first |A| elements of z5. By Assumption 14.1, the support of x4
contains a non-empty open set for which

P(a;z,b) = exp (fa + 27)
o L+ aciexp (Ba+ 2'7a)

Given this functional form, the arguments from Part I of the proof to Theorem 2 give

that
/ﬁ(m;b)“dm(b) =0

for all multi-indices o > 1 where P(x;b) = {P(a;z,b): a € A}. It follows that
the measure induced by the mapping g — ]5(33; B) is identically zero. Because this
mapping is injective, the measure m(b) is identically zero and thus L3 g and Lj 4 are
injective.

With injectivity in hand, identification follows from Part II of the proof to The-

orem 1, which applies under Assumptions 14.1.
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Finite dependence

Proof of Corollary 7. For ease of notation, assume t; — ty = 3 and relabel T" such
that let to = 1 and ¢; = 4. If the panel is longer than 4 (i.e. if t; — ty > 4), then ~,
for t < t; — 2 can be the same arguments as below. For notational ease, set t; = 4.
Let L4={f:A—=>R:sup,c,|f(a)] < oo} and define the following operators. First
define Lg 49 : Lg, = Lg, and Lz : Lg, = Lg, as:

JasA3 404, X4 X5 X0 X, (1, 1, 1, an, g, T3, 295 1)
Fpy(xg; 23, 1) Fyy (233 22, 1) Fyy (@25 21, G1)

[Lazam](r3) = m(xy)day

Fau545 4, X4 X5 X0| X, (1, 1, G2, a1, Ta, T3, To; 1)

m(xo)dx
Foy (w523, 1) Py (233 02, 1) Fy (2025 71, @) (w2)da,

[La,3m](xs) :/Z

as €A

In addition, define
Log:Cs, = Ls,  [Losm](zs) = / Py(1: 25, b)m(b)db

Dj: Ls, — Ls,  [Dym](b) = Py(1;2z4,b)m(b)

Dg: Ls, — Ls, [Dgm](b) = Pi(aq;x1,b) fax, (b; 21)m(b)

L[3’2 : £52 — ESB [L@Qm](b) = /Pg(l, X9, b)m(xg)de

Under Assumptions F1 and 14 these operators are well-defined and observed. The
same arguments as in the proof to Theorem 1 imply that Lyss = LsgD3DsLg and
L3 = L3gDgLgs.

For injectivity, as assumptions F1, 14, and F2.1-F3.1 apply, and thus the spectral
decomposition

LysoLsy = LsgDsLy
is unique. I now show the eigenvalue-eigenfunction representation is unique. Since
the model is binary choice with real valued 5, the function Py(1;z4,b) is injective
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in b. It follows that the eigenvalues are unique, and, up to the ordering function
R, Py(1;x4, R(b)) is identified. The eigenfunctions of the decomposition identify
P5(1; 23, R(b)), which equal

g (x;,<R<b>, 6+ [0 B0, (B 1) = B, o>>)

where ¢ is the logistic function function. Under Assumption F7.1, the continua-

tion value can be expressed in terms of Py(1;x4, R(b)), and is therefore identified.

Therefore identification consists of showing that (R(b),~3) can be identified from
/

x4(R(b),~vs), which follows from the support assumption.

With v, 1 identified, identification of v, for ) < s < t; — 1 proceeds inductively

as in the proof to Corollary 6. m

A.3 Estimation appendix

A.3.1 General two-step seminonparametric estimation

This section details the assumptions of Theorem 3 that provide for consistent estima-
tion of g = (Fy, 7, fajz,) € © = F xI' x M. Here F is the space of state transitions,
I' € RP, and M is the space of distribution functions on Sz xS;. The first assumption

postulates the existence of a consistent estimator for the state transition F,:

Assumption E1. There exists an estimator ]JﬂX’n that satisfies HFXn — F,

0p(1), where || - || 7 is a norm on F.

One such estimator that satisfies Assumption E1 is the kernel estimator of the

conditional density:

Zij\il Kxipo (0" = 203) Kx oy (7 — 43) 1 (0 = a)
S Ky (2 — 203)1(a = a)
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where K, are multivariate kernel functions with bandwidth hy.

Let M, be a sieve space that approximates M, and denote d(+,-) as the

Prokhorov metric. The Prokhorov distance between two measures f, f on Sg is
inf {8 > 0: f(B) < f(Bs) + 6V [(B) < [(Bs) +06, VA € B(Sy) } .

where Bjs be the § neighborhood of B C Sg and B(Ss) is the Borel sigma field.
The next assumption requires that the true parameter values be a well-separated

maximum.

Assumption E2. For all € > 0 there exists some decreasing sequence of positive

numbers c,(€) satisfying iminf ¢, (€) > 0 such that

E[¢(yZ7FX7’Y7 fﬁ\an)] - _ sup ~ E[l/)(yZ,FX,’S/,f)] > CTL(G)'
{&NHETxMu:||F=All+dr(f,fp)2, ) =€}

Assumption E2 is the condition of Remark 3.1(2) in Chen (2007) that strengthens
their Condition 3.1. If the strict inequality restriction on ¢, were replaced by a weak

inequality, then the assumption would be implied by the identification result.

Assumption E3. The sieve space (i) satisfies M,, C M, 11 € M and (ii) is such

that there exists a sequence f, € M, that converges to fa., and satisfies

\E[Y(yi: Fx, 7, fo)] = E[W(yi, Fx, 7, fa120)]| = o(1).

These are standard restrictions on the sieve space and the population criterion
function (Chen 2007, Condition 3.2, 3.3(ii)). The second condition is a local conti-
nuity assumption. As per Chen (2007, Remark 2.1), it is implied by compactness of

the sieve space and continuity of the population criterion function on M,,.

Define F,, to be the set of possible values that the estimator fn can take. For

example, if the conditional density kernel estimator is chosen, then an element of
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the set F,, takes the form in equation A.12 and the set F, is defined by ranging
(Zi1, Tir, ) over its support. Define the neighborhood N, ,, = {Fx € F,: ||[Fx —

Fx|l < e1,,} where || - || is the norm in Assumption EI.

Assumption E4. Assume the following two conditions hold

Sup
(FXf;/:f)eNFm,nXFXMn

%Zd}(yu F:caﬁ/vf) - E[@D(yzvﬁxaﬁ/y f)]‘ = Op(1>a

=1

s Bl B 7 )] = Bl B3, ]| = 0(1).
(Fx 7, f)ENFy n XX My

This is similar to Hahn, Liao, and Ridder (2018, Assumption 5.3), which is based
on Chen (2007, Condition 3.5) but includes an additional condition to account for

the presence of a first-step estimator.

Theorem 3 is a direct consequence of Hahn, Liao, and Ridder (2018, Theorem

5.1), so the proof is omitted. In the proof, by consistency it is meant that ||y — | +

d/\/l(fﬂliﬂw fﬁlzl) = Op(l)'

A.3.2 Fixed grid estimation
The choice of tuning parameters must satisfy the following condition:

Assumption E3.1. The sieve space defined in (2.7) is such that (i) M,, C M1,
and as n — oo, (i) B, x X,, becomes dense in Sg x Sy and (ii1) I(n)log I(n) = o(n)
where I(n) = B(n)X(n).

We also place some restrictions on the complexity of N, ., the neighborhood to
which the estimator F' x,n belongs with probability approaching one. For this purpose
define N(w, G, | - |lg) as the covering number of set G with balls of radius w under

the norm || - [|g.
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Assumption E4.1. (i) (Neyn, || -||7) and T are compact. (ii) P, is Lipschitz contin-
uous in vy € I' and continuous in Fx € Ny . (iii) log N(w//I(n),Nin, || - |7}) =

o(n) with I(n) as in Assumption E3.1.

Proof of Theorem 4. The proof consists of verifying the assumptions of Theorem 4
imply those of Theorem 3. Assumptions E1 is assumed.

To verify assumption E2, suppose that (i) M,, and M are compact in the weak
topology and (ii) that E[(y;, Fy, 7, fje,)] is continuous on fg,, € M DO M,, in the
weak topology and v € I". Then consider that since 6 is identified, this value uniquely

maximizes the expected log likelihood, so that for any (7, fﬁlm) # (7, fa1e1)

E[@D(yinxa/yy fﬁ\m)] - E[@b(yz?va’?a fﬁ\m)] >0

Because {(, f) € I x M., : |5 — || + dpm(f, faje,) > €} is closed in the compact set

M, x I', it is compact and the following infinum

E[w(thx/}/? f5|561>] - - sup B E[w(thm:Ya fﬁ|x1)]
{FH el x Mu:||F—=yll+drm (f . f5)2, ) =€}

is attained for each (e,n). Setting this difference to ¢, (€) guarantees it is positive. It

remains to show that liminf ¢, (e) > 0. Consider that

CH(E) :E[w<yi7Fw777 fﬁ\wl)] - ~ sSup . EW(%’FM% fﬂ\m)]
{&HETXxMu:llF=yll+dam (£, fp121) 2€}

2E[¢<y’qu777 fﬁ\ﬂm)] - _ sup B E[w(yz,Fm,’NYanﬁlml)] >0

The weak inequality is because M,, C M. The strict inequality is because the set

{3 ) €T x Moy 17 =l + dm( [, foie) = €} is compact and E(y;, Fr, 7, fja,)] is

continuous. Since ¢,(€) is bounded above zero by a universal constant for all n, its

limit inferior is strictly positive.
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To complete the argument, it must be shown that (i) M, and M are
compact in the weak topology and (ii) that E[¢(yi, Fy,7, faje,)] is continuous
on M D M, in the weak topology and v &€ I' Compactness of M and
M,,, both in the weak topology, is shown in Fox, Kim, and Yang (2016, pp.
240, 247). Since the CCP functions P, are continuous in (b,y) (Norets 2010),
the argument of Fox, Kim, and Yang (2016, Remark 2) implies the function
f8lz — fH?:lPt(ait,a:it,b; Fx,7)dfgz, (b, ;1) is continuous. Since it is bounded
away from zero, fgz, — logfn?zlPt(ait,xit,b; Fx,7)dfgjz, (b, x;1) is also contin-
uous. And since this function is bounded away from negative infinity, fs.,
Ellog [T, Pilait, Tit, b; Fx, 7)dfspe, (b, 2i1)] is continuous by the bounded conver-
gence theorem as required.

Assumption E3(i) is guaranteed by Assumption E3.1(i). For Assumption E3(ii),
Fox, Kim, and Yang (2016, p. 247) show the existence of such a sequence f, C M
that converges to fs,, € M. Since the sequence (f,)nen takes values in M and

EW(yi, Fy,7, f8121)] is continuous on M, we have that

|EW(Y1, Fe,v, fn)] - E[¢(yla Fe,v, fﬂ\:m)” = 0(1)
For Assumption E4(i), note that

T
Z log F, (i, Tip—1, @i0-1)| | +F

t=2

<FE

|

The left term in the sum is finite by construction. Since Ny, x I x S5 is compact and

T
10?; / H Pt<ait7 Tit, b; F;m 7)dfﬁ\x1 (b7 xil)
t=1

< 0Q.

P, is strictly positive for each (b, F, ), P; is uniformly bounded away from zero, so

the right term is finite also. Then based on the discussion around Chen (2007, Remark
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3.3), the condition log N(w, {¢)(-, Fy, 7, faj1): (Fus Vs fa121) € N XXM} [4]]1) =
0p(n) is equivalent to Assumption E4(i). This entropy is bounded above by the sum
of the entropies associated with Ng, ,, I and M,,, so it sufficient that each are o,(n).
Fox, Kim, and Yang (2016, p. 248) show the entropies associated with I' and M,, are
0p(n) under Assumption E3.1(iii). By Assumption E4.1(iii), the entropy associated
with N, , is 0,(n).

Assumption EA4(ii) follows easily from the continuity of the population criterion

function on the compact set Ng, , x I' x M,,, so that

sup B[V, p, )] = E[p(Yi, s fo)]] = o(1)
HEMn, fENT

]

A.3.3 Estimating the support of unobserved heterogeneity

Proof of Corollary 1. From the definitions in the proof to Theorem 1 and Corollary
6, it is immediate that L = L3 gDsLso. From those proofs, L3, Dg and Lgy are

matrices with rank R. O
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Appendix B

Appendix for Chapter 2

B.1 Appendix to Section 3.3

B.1.1 Implementation of Step 2 in Algorithm 3.3.1

For any k = 2,..., K, S® D € 87 and I® selected in Step 1 of Algorithm 3.3.1,
Step 2 of Algorithm 3.3.1 draws S®) uniformly within Rg(I*), S®=1). To implement
this step, we propose a modification of the Euler Algorithm. For a description of the
Euler Algorithm, see Kandel et al. (1996) and Besag and Mondal (2013). We first
describe the original Euler Algorithm in Algorithm B.1.1 and then introduce our
modification in Algorithm B.1.2. Throughout this section, we use 0 to represent an

auxiliary value for the state variable that does not belong to the observed values of

the state variable, as 0 ¢ S = {1,2,...,|S]}.

Algorithm B.1.1 (Euler Algorithm). Given any integer V' > 2 and any £e (Su

{0}V, € = (€1,...,&y) is randomly generated as follows:

Step 1: For every s,s" € SU {0}, define
(v v V () v
N(O)(Swsl) = 1{(£V7€1) = (873,)} + Z 1{(511’5114—1) = (Sasl)}'
v=1

Step 2: Define ¢; = fv. Set v = 1 and do the following.

(a) Generate (,,1 according to the following distribution.

NO (s, 5"

— —J\ =
P(Gri=s|¢=5) = Zs”esu{o} N(O)(S”, S/)’
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(b) If (SU{0}) & {Ci,--.,Cu+1}, then increase v by one and go back to (a).
If (Su{o}) c{G,..., 1}, then set v = v+ 1 and go to Step 3.

Step 3: Define &; = &. Also, for every s,s' € S U {0}, set

14

N(l) (Sa S,) = Z 1{(5@7 gv-i—l) = (57 8/)} - 1{3, = C(min{v:l ..... 17:(1,:5}71)}

v=1

/

Step 4: For every v = 2,...,V, generate év iteratively according to P(év =5

o1 = s) which equals

N(v_l) (S’ S/) . v—
= § Loesupoy VOV(s:8") if > resuqoy VUV (s,8") 2 1
- s""eSuU ,

1{3/ = C(min{v:l ..... 17:@:3}—1)} otherwise,

where, for every 5,58 € SU{0}, NW(s,s") = NO V(s s) - 1{(51,,1,51,) =
(s,8)}. |

Before we describe the central property of the Euler algorithm, we first introduce

the following definition.

Definition B.1.1. For any & € (S U {0})V, let Rgo(€) denote the set of all € €

(SU{0})Y that satisfy the following conditions:
(a) 51 = 517
(b) SV e =561 =8 =20 1{& = 5,641 = &'} for all 5,5' € SU{0}.

Note that £ € Rso(€), and so Rso(é) # (). Next, we give the main property of the

Euler algorithm.

Lemma B.1.1. For any £ € (SU{0})Y, the outcome of the Euler algorithm given &

(i.e., Algorithm B.1.1) is uniformly distributed over Rgo(€) conditional on €.

109



Proof. See Kandel et al. (1996, Theorem 2). O

We now introduce our modification of the Euler algorithm to construct S*) for

any k=2,..., K.

Algorithm B.1.2 (Ceneration of S®). For any k¥ = 2,...,K and given
(XWX E=D 1k S i randomly generated as follows:

Case 1: [1(k) # [ék).

. -1) _ (q(k=1) (k—1) (k—1) (k—1)
Step 1: Set £+ = (SI{“J - ’SI{’”,T’ 0, Slé’“h e Slék),T’ 0).

Step 2: Generate £€#) as follows:
k—1)

(a) Generate a random draw of ¢ using the Euler algorithm given ¢(

(b) If 741 = 0, set £F) = ¢ and go to Step 3. Otherwise, return to (a).
Step 3: Given £, generate S*) as follows:
(a) For every i ¢ I®) generate (Sfﬁ), . ,Si(fCT)) using the Euler algorithm
S(kfl)

given (S;; 7, ... ,Si(’kal)).

(b) (Syid oo Sy ) = (6. 677).

7

(k) (k) _ (R (k)
(c) <SI§k),1’ e 7S[£k>’T) = (£T+17 . 7£2T+1)'

Case 2: Il(k) = 12(14)' For every i = 1,...,n, generate (Si(ﬁ), ce Sz(kT)) using the Euler

algorithm given (SZ-(’]TI), ey Si(’kal)). |

Lemma B.1.2 shows that S*) generated by Algorithm B.1.2 has the desired prop-

erties.

Lemma B.1.2. For any k = 2,..., K, S® generated by Algorithm B.1.2 satisfies
the requirements of Step 2 of Algorithm 3.3.1, i.e., (3.7) holds.
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Proof. We fix k = 2,..., K, (X® ... X®D) and a generic S € S"T arbitrarily
throughout this proof. We divide the proof in two cases.
Case 1: Il(k) # IQ(k). For S*=1 and S® determined by X*~1 = (§¢*h=1 Ak-1))

and X®) = (S®) A®)) and for a generic S e 8T, we set

k—1
f( ) — (Slik—l)i, o ,SI£I€—1)7T7 0, Slék—l)’l, R Slék—l)’T, 0),
(k) —
& = (SI{M,U e SIYQ),T, 0, Slék)’l, e Slék)’T, 0),
&= (Slik),l, e SIYC)’T, 0, Slék),l, e Slék),T’ 0).

Step 3 of Algorithm B.1.2 implies

PS® =5 1® x®  xE-1) =

P(EW = €] ¢tD)x (A1)
e PUSE . 88 = (Sins - Sir) | STV 857 ) [

Lemma B.1.1 implies that P((SZ-(E), . ,SZ.(Z),) = (Siny-..,Sir) | Sfﬁ_l), . ,Sg}_l)) is

equal to
(S, -, Sir) € Rso(SSy Y, ..., S5 )}
(k—1) (k—1) 7 (A-2)
|RSO<Si,1 )t >Si,T )|
for every i € (I®)¢. In turn, Lemma B.1.3 implies that
a k=Y. & —
p(g(k) - f ’ f(k—l)) _ 1{5 € RSO(f( )> D1 = 0} (A-3)

{€ € Rso(€%Y) : &ryy = 0}
By combining (A-1), (A-2), and (A-3),
P(S® =g 1™ x®  xE-Dy =

1{E € Roo(€® D) : €ri1 = 0} X [Ty H{(Sin. - Sir) € Rso(SSy V... 815 )}
{€ € Rso(€*-D) : €ppy = 0} x [Ticooye RSO(SE?”? EEE 51(71;_1))’

(A-4)
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To complete the proof, it suffices to show that the right-hand side of (A-4) is equal

to the right-hand side of (3.7). To this end, it suffices to show that

1{€ € Roo(€" W) &rin =0} x [ H(Sirs---, Sir) € Rso(Sh V... 85 )}
ie(I(F))e
= 1{S € Rg(I® s*-D)} (A-5)
and
{€ € Roo(€* ™) i &rin =0} x [ [Rso(S3",..., S5 = [Rs(1®), §E=)).
ie(1k))e
(A-6)

To show (A-5), consider the following derivation.

1{€ € Rso (€ D) :érn =0y x [ Ui, 8ir) € Rso(S5 Y, 85}
ie(Ik))e

_ 1{(S’I§k)’1, ey g[fk),T’ 0, glék),l’ RN Su'lék)’T,O) S Rso(f(k_l))}
- & & k—1 k—1
X Hie(l("‘))c 1{(52'71, ey Si,T) S Rso(Si(’l ), RN Si(,T ))}

S’ll—S(kfl foralli=1,...,n,
@ D eI ZtT 11 1{Sz 1= a1 =8 =2 rm ZtT 11 1{S(k Vs Sf’ili) =s'} Vs, ' €S,
ZzGIUﬁ) 1{S T = S} - Zzel(k) 1{51 Til) - S} for all s € 8’
T:11 1{S;; =8,8i111=5}= l{S (k1) Sl(];_}) =s'} forall s,s' €S, i€ (IHM)e

Sia=8%"foralli=1,...,n,

=19 Yierm St Ui = 5,850 = '} = et 2? T sET < s, 8870 = ) W, € 5,
ZtT:ll 1{Sm =s, Sz7t+1 =d}= Zthll 1{527 =s, SZ(];JF}) =g} forall s,s €S, i€ (IF))e

D 1(8 e Rg(1™, §*-1)y,

as desired, where (1) follows from I {k) # ]ék) and applying Definition B.1.1, (2) follows
from Lemma B.1.4, and (3) follows from Definition 3.3.1. To show (A-6), consider
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the following argument.

1= P(S® =510 xW  xt-1)

) Sees 1{S € Rg(I™, S*-1)}
|{€,€ f%so(g(k_l))i 5T+4 ::O}W X Ilie(ﬂknc ]%So(ééﬁ_l)v"'véégjl)”

B |Rs(I), S¢-1))]
{€ € Rso(€®D) 1 €7y = O} X [T [Rso(SSy V.. S5 )]

—~

where (1) follows from combining (A-4) and (A-5). From here, (A-6) follows.

Case 2: Il(k) = Iz(k). Algorithm B.1.2 implies P(S®) = § | 1", x(M  xk-1) =

is equal to
[TPsE, . 85 = (S Sir) | S5V, S5, (A7)

Lemma B.1.1 implies that for every i =1,...,n, P((Si(?, ce SZ(kT)) = (S”Z-,l, ce ng) |

Si(ﬁ_l), c 557]}_1)) is equal to

(i1, Sir) € Reo(SY, ,5;’;*”)}
k—1 k—1 :
[Rso(SEY, .., 887

By combining (A-7) and (A-8)

n 18 5 (k1) (k=1)
P(s® = § 110, x0, . xt-D) =] R(CAUNE S”T)(,fim(si’l (= S )
i=1 |RSO(Si,1 AR Si,T )|

H?:l 1{(5171, ceey g’hT) € RSO(S,L(ﬁ_l), . S,L(f;w_l))}
| |RSO(SZ-(’]§71), 8By

2

(A-9)

To complete the proof, it suffices to show that the right-hand side of (A-9) is equal
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to the right-hand side of (3.7). To this end, it suffices to show that

TT14(Sin. - Siz) € Rso(S7Y, . S5} = 1{S € Rs(1™, S* D)} (A-10)

[T1Rso(S5 7, ... 850) = [Rs(1®), 5], (A-11)
=1

To show (A-10), consider the following derivation.

n
[T, Sir) € Rso(SSY, . 85 ))
=1

gzyl = SZ-(kfl) foralli=1,...,n,

—

1)

2 1{5 € Rs(1™, 541},

as desired, where (1) follows from Il(k) = IQ(k) and applying Definition B.1.1 for each

i=1,...,n, and (2) follows from Definition 3.3.1. Finally, (A-11) can be shown by
using an argument that is analogous to the one used to prove (A-6). We omit this

for the sake of brevity. O]

Lemma B.1.3. For any k =2,..., K, if €®) is generated by Algorithm B.1.2, then
W) is uniformly distributed over the set {€ € Rgo(€#™V) : épy = 0)} conditional on
(I®, X0 x k=1

Proof. By Lemma B.1.1, € in Step 2(a) of Algorithm B.1.2 follows the uniform distri-
bution on Rgo(£#V), conditional on (I#), XM . X*=1) Steps 2(b) of Algorithm
B.1.2 truncates the variable to the set {¢ € Rgo(¢* V) : &,y = 0}. The desired
result then follows from the fact that a truncated version of a discrete uniform dis-

tribution is uniformly distributed on the truncated set. O
Lemma B.1.4. For any [ € T, if g, S e 8" satisfy the following conditions:

(CL) 5'1'71 = 5'1'71 fOT all1 € I,
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() S, S 1S = 5,801 =8 = Y, S Sy = 5,8i001 = 8} for all
s, s €8,

then, e, USir = s} =Y ic; 1{S;7 = s} forall s € S.

Proof. For every i € I and s € §, note that

T-1

T—1
1{Si,T = S} = Z 1{Si,t+1 = S} — Z 1{51‘7,5 = S} + 1{51"1 = S}
t=1 t=1
T-1 T—1
= St =5 S =st— > > 1Sy =15 81 =5+ 1{S%1=s}
s5€8 t=1 se8 t=1

(A-12)

By the same argument applied to S € Rs(I, S ), we have that for every ¢ € I and
seSs,

-1 -1
WSir=s}=>_ > HSiy=5S51=s}-> > 1{Siy=5811=5}+1{S1 =s}.

5€S t=1 5eS§ t=1

(A-13)
To show this lemma, fix s € § arbitrarily and consider the following argument.

-1
Z Sz = s} g Z Z Z 1{Sis = 5, Sips1 = 5}—

iel 5§ iel t=1

T-1
Z Z Z 1{§i,t = S, gi,t—i—l = 5} + Z 1{5}71 = s}
5€S iel t=1 il

T-1
@ Z Z Z 1{5'1-7,5 =, Si,tJrl =s}—

se§ i€l t=1

1{ it = S, gi,t—i—l == §} -+ Z 1{5'1',1 = 8}

icl



where (1) holds by (A-12), (2) holds by conditions (a)-(b), and (3) holds by (A-13).
[

B.1.2 Implementation of Step 3 in Algorithm 3.3.1

For any k =2,..., K, X®* 1 ¢ X and S® e S"T, Step 3 of Algorithm 3.3.1 draws
A® uniformly within R4(S®, X*=1D) This can be implemented by the following

algorithm.

Algorithm B.1.3 (Generation of A®). For any k = 2,...,K and given
(X x k=D RSk - AR i randomly generated as follows
Step 1: For every (s,s') € S x S, define
Index* (s, s') = {(i,t) € {1,...,n} x {1,..., T —1}: (Si(ff_l), Sf’::)) = (s,8)}
Index® (s, s") = {(i,t) € {1,...,n} x {1,...,T =1} : (S, 8" ) = (5,5)}
Index* Y (s) = {(i,T) :i € {1,...,n}, Si(’kT_U = s}
Index®(s) = {(3,T) i € {1,...,n}, S\% = s}.

Step 2: For every (s,s") € S x S, we generate (Agﬁ’;) - (i,t) € Index™ (s, s')) by uni-

formly sampling from (Agi_l) - (i,t) € Index* (s, s')) without replacement,

i.e., a uniformly chosen permutation.
Step 3: For every s € S, we construct (AEkT) . (4,T) € Index®(s)) by uniformly
sampling from the discrete set (Agf?l) . (i, T) € Index*Y(s)) without replace-

ment, i.e., a uniformly chosen permutation. [ |

Lemma B.1.5 shows that A®*) generated by Algorithm B.1.3 has the desired prop-

erties.
Lemma B.1.5. Foranyk =2, ..., K, the outcome, A®), of Algorithm B.1.3 satisfies

the requirements of Step 3 of Algorithm 3.3.1, i.e., (3.8) holds.
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Proof. This follows from noting that any element of R4(S®, X*~1) corresponds to

a restricted set of permutations of the action data, and Algorithm B.1.3 chooses an

element uniformly within this set.

B.1.3 Proof of Theorem 5

]

By (3.3), (3.5) is equivalent to liminfx .o (o — P(px < «)) > 0. In this proof, we

are going to show a stronger statement (cf. Lehmann and Romano 2005, Eq. (15.6)):

liminf inf — P(pk < > 0.
R Ay (e Pees) 2

Fix e > 0 and u € [0, 1] arbitrarily. The rest of the proof is going to show

for sufficiently large K. For any positive integer K, let

1
Ex = <sup|—
. {te%i K

By Lemma 3.4.4, for sufficiently large K,

K

> Hr(x®) >t} - @l Zl{T ) >t}

k=1 geG

P(gK) SS
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For any positive integer K, consider the following derivation:

Plpxc < u) = P (% SR (X®) > r(X)} < )

=P ({E ;; Hr(Xx®) > r(X)} < u} U 5;) (A-15)
)3

<u+¢e+ P(&k), (A-16)

where (1) holds by Lemma 3.4.3. By (A-16) and (A-14), we conclude that, for
sufficiently large K, P(px < u) < u + 2¢ or, equivalently, u — P(px < u) > —2¢, as

desired. ]

B.2 Appendix to Section 3.4

B.2.1 Proof of lemmas

Proof of Lemma 3.4.1. Note that

P(S=28)= H <mi(5i,1) 1:[ (Z 9(Siiia, Sy,ga(ay&,t))) . (B-17)

i=1 t=1 \a€cA
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This equation follows from the following derivation

P(S=25)

n T-1
0 H (P(Sm = 5*11) P(S;: = gi,t|(Si,l7 ceSige) = (Sz',h PN gi,t—l)))

i=1 t=1
@ n T . i
=H<m%:&n P@fﬂmﬁlz&uv

i=1 t=1

n T—1 ~ ~

& P(S'it = Sit’Aitfl =a,Sj-1= Sitfl) >

= P Sz = Sz ’ ’ ’ s ’

il_Il ( (51 2 paiey (;4 ( X P(Ait-1=a|Sit1 = Sit1)
i H ( m; (Zg zt+1’a Szt (ﬂi,t))) )

i=1 t=1 acA

where (1) holds by Assumption 3.2.1(a), (2) holds by Lemma B.2.2, and (3) holds
holds under Hy in (3.1).

To conclude the proof, it suffices to show (3.11) and (3.12). To this end, consider

the following derivation.

T-1

P(X:X> = H(mz i) zT\SzT

t=1

T—-1 ~ ~ ~ ~ -
~ ~ ~ g AZ S@ S,L Sl 7Ai
D p(s = §) (o AurlSur) [ [ SABun)shentSie dir) ) )
0 Daea 9(Sitrla, Sii)o(alSiy)

(B-18)

( AidSin)g( 1t+1\5zt7Azt)>>

where (1) holds by (3.2), which is shown in Lemma B.2.1, and (2) holds by (B-17).
By combining (3.10) and (B-18), we conclude that

P(A:;HSZS) _ H (U(Ai,ﬂgz‘,T) (f[ ( zt’SZt) ( 1t+1’5 t( |é ))))

i=1 t=1 ZaeA 9( i,t+1|aa Szt)

By re-expressing this equation in terms of counts of (s,a,s’) € § x A x S, (3.11)
follows. Moreover, (3.12) follows from re-expressing (B-17) in terms of individual

counts of each (s,s) € S x S. O
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Proof of Lemma 3.4.2. We first show that G is a collection of transformations from
X onto itself. Consider any g € G. By definition, g is the composition of a finite
number of transformations in | J,.; G(I), i.e., g = g"o---0gM) with (¢, ..., ¢")) €
G(IM) x -+ x G(I™)) with I¥) € T for j = 1,..., K. By Lemma B.2.3, V) ¢
G (1Y) are onto transformations from X to itself. From this, we can conclude that

g=¢" o...0gW is an onto transformation from X to itself, as desired.

Second, we show that G is a group. To this end, it suffices to verify conditions (i)-
(iv) in Lehmann and Romano (2005, Section A.1). To verify condition (i), consider
arbitrary g1, go € G. By definition, this implies g; and gy are compositions of a finite
number of transformations in | J;.; G(I). Then, g; o g; is a composition of a finite
number of elements in (J;.; G(/), and so g, o gy € G. Condition (ii) follows from
the argument in Lehmann and Romano (2005, page 693). Condition (iii) follows
from the fact that G(I) is a group for any for any I € Z (shown in Lemma B.2.3),
and so it includes the identity transformation. To verify condition (iv), consider the
following argument for any arbitrary ¢ € G. By definition, g is the composition

K) O +-- Qg(l) Wlth

of a finite number of transformations in (J,.; G(I), ie., g = il
(g, ..., g e GUW) x - x G(IH)) with IV € Zfor j =1,..., K. By Lemma
B.2.3, G(IY) is a group for each j = 1,..., K. From this, we can conclude that
(g~ € G(IY) for each j = 1,...,K. Since go § and §o g are equal to the
identity transformation, § = ¢~'. Finally, note that ¢g~! = (¢™)"1 o -0 (¢%))~! is

the compositions of a finite number of transformations in |J;.; G(I) and so g~' € G,
as desired.

To complete the proof, it suffices to show that, for any X € X and g € G, X
and ¢X have the same sufficient statistics in (3.13). g is the composition of a finite
number of transformations in J,.; G(I), i.e., g = g% o- - -0gW with (¢, ..., g®)) €

GUIW) x - x GUIT)) with IU) € T for j = 1,..., K. Therefore, gX =gFo...0
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g(l)X. For each j = 1,..., K, Lemma B.2.4 implies that, for any X € X and
g9 e GUID), g¥X and X have the same sufficient statistic in (3.13). From these
observations and by finite induction, it follows that X and gX have the same sufficient

statistics in (3.13), as desired. O

Proof of Lemma 3.4.3. By Lemma 3.4.2, we know (i) G is a finite group of transfor-
mations of X onto itself, and (ii) if X satisfies Hy in (3.19), then X and gX have the
same sufficient statistics in (3.13) for any g € G. The second statement, together
with Lemma 3.4.1, implies that the randomization hypothesis holds (Lehmann and
Romano (2005, Definition 15.2.1)), i.e., if X satisfies Hy in (3.1), its distribution is
invariant under the transformations in G. Under these conditions, the result follows

from Lehmann and Romano (2005, Eq. (15.6) and Problem 15.2). O

Proof of Lemma 3.4.4. We condition on X € X throughout this proof. Let

(GW, ..., G¥) be as in Definition B.2.1. By Lemma B.2.5, it suffices to show that

1 as.
su H{r(G ) >t I{7(gX) >t} =0 as K —o00. (B-19
teﬂng{ b- g DU 2 0 (B-19)
geG
For any k = 1,..., K, Definition B.2.1 implies that G®) X € X. Thus, 7(G® X)
takes values in the finite set {7(X): X € X}. It then suffices to show the pointwise
version of (B-19), i.e

—Zl{r GPX) >t} B |G|Zl{7'gX)>t} as K — oo.
geG
By Definition B.2.1, (G®, ..., G9)) is the result of a Markov chain with transition
probability given in (B-24). By Robert and Casella (2004, Algorithm A-24 and pages
270-1), we can equivalently interpret (G™, ... G*)) as the outcome of a Metropolis-
Hastings algorithm. For any ¢, € G, this Metropolis-Hastings algorithm has a
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conditional density ¢(g | g) = P(G**V) = §|G® = g), a target probability f defined
by

H{g € G}

flg) = G (B-20)

and Metropolis-Hastings acceptance probability equal to one. To show the latter,

note that, for every g, € G,

@) _ algl9) W
) ) 1 - 15
(9)  a(@lg)
where (1) uses that f(g) = f(g) = 1/|G[ and q(g | 9) = q(g | g) by (B-20) and
Lemma B.2.9, respectively. By this and Robert and Casella (2004, Theorem 7.4),

g) = min / 1
p(9,9) = {f <5

it suffices to show that the conditional density ¢(g | g) is f-irreducible. By Robert
and Casella (2004, Theorem 6.15, part (i)), this follows from showing that, for any
9,9 € G (and so f(g) > 0 and f(g) > 0), the Markov chain has a positive probability
of transitioning from ¢ to g after a sufficient number of steps. We devote the rest of
the proof to show this.

Consider any arbitrary choice of g,g € G. Since G is the group generated by
finitely many compositions of elements in |J;.; G(I), there are (g1, ..., gF1+K2) €
GIW)x- - x G(IF1+K2)) with [V) € Tfor j =1,..., K such that g = go...0gM)
and § = gUf1+K2) o ... 0 K1+l By Lemma B.2.3, G(IY) is a group for all j =
1,...,K, + Ky, and so (¢9)~' € G(ID) for every j = 1,..., K; + K,. Then, note

that
g =gogloyg
Q) K)o L gD o (D)oo (oK) o g
@ SR oL g g o gED oL o gD o g (B-21)
where (1) holds by setting g = ¢t o ... o gD apd ¢! =

()t o --r o (¢E))7L and (2) holds by defining (gW,...,gHE1TE2)) =
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((gEN =L o (gL gt gEFE2)) - Note that (B-21) provides a specific
path for transitioning from ¢ to g after Ky + Ky steps. We complete the proof by
showing that P(GU1+K2+k) — g1GK) = ¢) > 0 for any posive integer k. To this end,
we define (JO, ... JEHEK)y — (7K pO) [+ J(K1+K2)) and we consider

the following argument:

6) K
P(GEHRR) — gI6W) = g) > (g oglg) [T a(@™ o+ 0§MWog|gF Vo--0gMoyg)
k=2
(2) itk 1 3)
II = >0
= TG

where (1) uses the fact that the conditional distribution of GU+Y) given GV is ¢ for
all j =1,...,K, + K,, (2) holds by (B-24) and gV € IV forall j=1,..., K+ K,
and (3) holds because 1@ e T for all j = 1,..., K| + K. O
B.2.2 Auxiliary results

Lemma B.2.1. Under Assumptions 3.2.1 and Hy in (3.1), (3.2) holds.

Proof. Consider the following derivation.

P(X = X) E T P((Sis Ais) = (5o Ai) = 1,...,T)

=1
(2) - (S = 1,1;141',1 = Ai,l)x }
;L'ljl |: Ht 2 ((SztaAz t) ( A )’(Szt 17Azt 1) = (Si,tflaAi,t71>>

" H P(Sia = Sua) (T, P(As = AiflSie = 50))
i=1 | X ( tT;ll P(Sit1 = 7,t+1|Szt = g@ Ay = Azt))

Y

n [ T T-1
@ H mz(gzl) (H U(Ai,t|’§i,t)> (H g(gi,tJrl‘gi,t?Ai,t))
=1 t=1 t=1

where (1) holds by Assumption 3.2.1(a), (2) holds by Assumption 3.2.1(b), (3) holds
by Assumption 3.2.1(c), and (4) holds under Hy in (3.1). O
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Lemma B.2.2. Under Assumptions 3.2.1(b)-(c), the state variable is Markovian,

i.e., foreveryi=1,...,n andt=2,...T and every Se ST,

P(Si,t = S’i,t‘Si,tfl = gi,tq) = P(Si,t = gi,t|(Si,17 cee Sz‘,tq) = (S'i,ly Cee gi,tq))-
(B-22)

Proof. Fixi=1,....n,t=2,...T,and S € 8"T arbitrarily. Consider the following

argument.

P((Sit,--58i¢) = (Si1,---,5t))

_ Z < (( i,1, 21)"'7Si,t—17Ai,t—1) = (S’i,laall"'7§i,t—17~at—1))x >
P(Siy = Sial(Sin, Ainy- -y Sit—1,Aig1) = (Siz,a1,. .., Sis—1,a1-1))

(a1yeyap—1)€EAL—L

=
]

< P((Si,laAi 1y - Szt 17A7, t—l) - (Si,ba/l?‘ . 'agi,t—laa‘t—l)) >
xP(Sit = Sit|(Si—1, Ait—1) = (Sit—1,a1-1))

(a1,...,a—1)EA—T

at 16

_1€A

P((Sity- - Sia1) = (Siay s Sip1), Aig1 = ag1) >
XP(Sit = 8it|(Sit—1,Ait—1) = (Sit—1,a-1))

X

x P(

P((Si1- - Sit1) = (Sia, -, Sie-1))

2.

( P(Ais 1 =a;1|(Si1s--,Sie—1) = (Sit,-.,Sit-1)) )
< (

ar-1€A Sit = Sitl(Siv—1,Ais-1) = (Siz-1,a1-1))
) P(A;j 1 = a—1|Sit—1 ~:§ DP((Si, .-, Sig—1) = (Sity-ySiz—1)) >
vy XP(Sit = Sit|(Sijt—1,Aii—1) = (Sijt—1,a1-1))

= P(S;y = Sit|Sit—1="Si1-1)P((Sit,--,Sis—1) = (Sit,--,Sit-1))

where (1) holds by Assumption 3.2.1(b) and (2) holds by Assumption 3.2.1(c). There-

fore,

P(S;: = S’i,t|Si7t—1 = gi,t—l) = P(S;; = gi,t|(8i,17 s Sigm) = (Sz',la coSiae1)),

as desired.

Lemma B.2.3. For any I € Z, G(I) is a group.
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Proof. We fix I € T arbitrarily. It suffices to verify conditions (i)-(iv) in Lehmann
and Romano (2005, Section A.1). Note that we can verify condition (ii) using the

same argument as in Lehmann and Romano (2005, page 693).

We begin with condition (i). First, for any arbitrary ¢;, g2 € G(I), we now verify
that g, 0 g1 € G(I). Since g1,92 € G(I), g1 and gy are both onto transformations
of X onto itself, then g5 o g; is an onto transformation of X onto itself. Now we
will show that, for any (S, A) € X, the data configuration (S, A) = (g5 0 ¢1)(S, A)
satisfies S € Rg(I,5) and A € R(S,(S,A)). Define (S, A) = ¢,(S,A). Now
(S, A) = ¢1(S, A) and (S, A) = g5(S, A). Since g1, 9, € G(I), all the conditions in
Definitions 3.3.1 and 3.3.2 satisfy the transitive property as the equality condition,
so that S € Rg(I,S) and A € Ru(S, (S, A)), as desired. By combining these results,

we conclude that go 0 g1 € G(I), as desired.

To verify condition (iii), we now show that the identity transformation belongs to
G(I). To this end, we note that the identity transformation is an onto transformation
of X onto itself, and S € Rg(I,S) and A € R4(S, (S, A)).

To verify condition (iv), we now show that for any g € G(I), g~ € G(I) holds.
By definition G(I) is a collection of onto transformations that map a finite set X
onto itself. By the pigeonhole principle, the transformations in G(I) are one to one,
i.e., bijective, implying that ¢g~! is well defined. First, note that ¢! is a bijective
transformation (hence, an onto transformation) of X onto itself. For the rest of the
verification of Condition (iv), pick X € X arbitrarily. Second, we would like to
show that, for any (S, A) € X, the data configuration (S, A) = ¢~1(S, A) satisfies
S € Rg(I,5) and A € Ra(S, (S, A)). Since g € G(I) and ¢(S,A) = g(g~ (S5, 4)) =
(S, A), we have S € Rg(I,S5) and A € R4(S, (S, A)). Note that all the conditions in
Definitions 3.3.1 and 3.3.2 treat (S, A) and (S, A) symmetrically. Therefore, we have
S e Rg(I,5) and A € RA(S, (S, A)), as desired. O
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Lemma B.2.4. Forany I € Z and any g € G(I), X and gX have the same sufficient
statistic in (3.13), i.e., U(X) = U(gX).

Proof. Let X = (S, A) and X = ( — ¢(S,A). By definition 3.4.1, this implies

,A)
that S € Rg(S) and A € R4(S,(S,A)). By (3.13), it then suffices to show the

following statements:

1. 5‘1'71 = gi,l for all « = ]., ey,

2. X Zf;l 1{§i,t = Salez‘,t = a, Sz‘,t+1 = s} =2 Zf:]l 1{§z‘,t = Sa/ulz‘,t =
a, §i7t+1 =g} forall s, € Sand a € A,
3.0, 1{5'1-7T = s,flm =a} =3, 1{§2-7T = s,flw = a} for all s € S and
ac A
The first statement follows from S € Rg(S) and condition (a) in Definition 3.3.1.

The second and third statements follow from A € R4(S, (S, A)) and conditions (a)

and (b) in Definition 3.3.2, respectively. O

Several upcoming results involve a Markov chain of transformations in G, specified
in Definition B.2.1.
Definition B.2.1. Let (G, ..., G®)) denote a Markov chain of transformations of

X onto itself that is defined as follows:

o G : X = X be equal to the identity transformation, i.e., z = Gz for any

reX

e Forany £ =2,..., K and given (GW,...,G* 1 X), G® : ¥ — X is arandom

transformation distributed according to the following transition probability:

PGP = 51 GO G*D, X) = p(a® = § | G*-D) (B-23)
1{g = go (G*Y)}

— . B-24

Z; Txjem - B
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Lemma B.2.5. Conditional on X, (XU, ..., X5 generated by Algorithm 3.5.1
and (GVX, ..., GEX) with (GY,...,GH)) as in Definition B.2.1 have the same

distribution.

Proof. We condition on X throughout this proof. First, note that Algorithm 3.3.1 and
Definition B.2.1 imply that X = X = GMX. Second, note that (X1, ... X&)
and (GMX,...,G¥X) are both Markov chains in X. To complete the proof, it
suffices to show that they have the same transition probabilities. The transition
probability of (XM, ..., X(5)) is specified in (3.9). It then suffices to show that, for
any k=2,... K, X =(5,A) e X, and GFVX =X = (§,A) e X

9

PGPWX =X |GWX, . .. G*2X gFYX =X X)

= P(GPX =X |G+ VX = X, X)

if [Rg(I,5)| x |Ra(S,X)| > 0,

1{S € R¢(I,9), A € Ra(S, X)}
- ZIEI & J v
= IZ| x |Rs(1,S)] x [Ra(S, X)
0 otherwise.
(B-25)

9

For the rest of the proof, we fix k = 2,..., K, and X = (S, A), X = (5’,;1) eX
arbitrarily. To show (B-25), consider the following derivation.
PGPX =X WX, ... G*2IX GFVX = X, X)
W EPGPMX =X |GW,. .. g%V X)|aVX,. ... G* X grVX = X, X]

@ eGP X = X | GH D X) | GVX, ... X, GVX = X X],  (B-26)

where (1) holds by the law of total probability, and (2) holds by (B-24). From (B-26),
(B-25) follows if we show that, for GFVX = X, P(GP X = X | G*V, X) is equal

to

1{S € Rs(I,5), A
ez IZ| % |Rs(I,9)| x |R <§f<

0 otherwise.

)}
IR SIXIRAS. D> 0. oy

~—
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To show (B-27), consider the following derivation.
P(GHX =X | G* Y X) (B-28)

(1)

Y p@EW(@EY)TIX = X | GF Y, X)

Y PGY =g %Y X)1{g(G* V)X = X}
geG

1 ) —do (k—1)\—1
@ Z 2irer de@(fjé{é)' P ) Gy =

Sgecn Syee 1o = 70 (G )1 {g(G4) X = X}
-T

Tez |G(1)]
® 1 Z > gea(n 2agec Hg =G0 (GEN}{GX = X}
|Z] < |G(1)]

B Ysecmn HiX =X}, cq Hg =go (GH )}
Tz |Z IG(I)]

W eam HaX = X
Nt ) )

1€l

where (1) holds by G*~DX = X and the fact that (G*~1)~! € G since G is a group
(by Lemma 3.4.2), (2) holds by (B-24), (3) holds because {g = §o (G*~Y)} occurs if
and only if {g(G*V)~" = g}, and (4) holds because Y . 1{g = go (G¥ D)} =1,
as we show in the next paragraph.

To show > o H{g=go (G#=1)} = 1, consider the following argument. Since
9,3, G* Y € G, and G is a group, §o(G*~Y) € G, andso Jg € G s.t. g = Go(GF*~1),

e, > e Hg= Go(G* =} > 1. Now, suppose that > _~ 1{g = go(G*~} > 1.

9eG
This implies that 3g;, g2 € G with g1 # g2 s.t. g1 = §o (G* V) = g,. But using
again that G is a group, J¢g;' € G and so ¢g; g2 = g; ‘g1 and ga9; ' = g1g;"' and
both equal to the identity transformation. This would imply that g;' = g, ', and
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since the inverse transformation is unique, reach a contradiction.

Fix I € T arbitrarily. By (B-29), (B-27) then follows from showing that

1{S € Rs(I,9), A € Ra(S, X)}
|Rs(1,5)] x |Ra(S, X)|
0 otherwise.

it RS(8)] % [Ra(3, X) [ >0, o

We divide our argument into two cases. First, consider |Rs(I, )| x |R4(S, X)| = 0.

In this case, we have Ag € G(I) s.t. gX = X, and therefore

3 1{gX = X} o,

2 GO
which verifies (B-30).

Second, consider |Rg(I, S)|x |R4(S, X)| > 0. Then, consider the following deriva-

tion.

ZQGG(T;((?;'( =X} ) deG(I|)C14‘({?))|( — X}l{g € Rs(I,5), A e Ry(S, X)}

2) Zg@“ﬁéi?ﬁ = 1{S € Rg(I,S), A € Ry(S,X)}

—~
Nl

1{S € Rs(I,5), A € Ra(3, X)}

[Rs(I,9)| % |Ra(S, X))

—
w
=

—~
>~
Nz

1{S € Rs(I,5),A € Rs(5,X)} (B-31)
|Rs(I,8)| x [Ra(S, X)|

which verifies (B-30), where (1) follows from Definition 3.4.1, as it implies that {gX =
X} with § € G(I), X = (S, A4), and X = (S, A) implies that {S € Rg(I,5)} and
{A € Ry(S,X)}, (2) follows from Lemma B.2.6, and (3) is shown in (B-32), and
(4) follows from Lemma B.2.7 (which applies because the expression is multiplied by
1{S € Rs(I,9)}).
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To show (3) in (B-31), consider the following argument.

—~

cOIY S [ S X = x)

Xex \yeG()

)SNED SN (DORTE S

SeRs(I1,8) AeRA(S,X) \9€G()

—
N
~

—
w
=

o HgX =X} >

9eG(I) SeRg(I1,8) A€R4(5,X)
= DY HgX=X}| D [Ra(5.X)
9€G(I) SeRgs(1,5)
DY X =X | IRa5. %) Y 1
9€G(I) SeRg(1,9)
= Y. HgX =X} | [Ra(S,X)| x |Rs(I,5), (B-32)
9eG(I)

where (1) follows from partitioning G(I) into its possible range of outcomes when
applied to X € X = 8T x AT, (2) follows from Definition 3.4.1, as it implies that
{GX = X} with g € G(I), X = (5, A), and X = (5, A) if and only if {S € Rg(I, )}

and {A € R4(S,X)}, (3) follows from Lemma B.2.6, and (4) follows from Lemma
B.2.7. [

Lemma B.2.6. Fiz X = (S,A) € X, X = (S,A) € X, and I € T arbitrar-
d

ily. Then, S € Rg(I, g) and A € RA(g,X) implies that deG(I) 1{g)u( = X} =

deG(I) H{gX = X}

Proof. Fix X = (5, /Ul) eX, XeX,and €T arbitrarily, and assume that

S € Rg(I,8) and A € R4(S,X). By definition of G(I), Rs(I,5), and Ra(S, X),
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S € Rg(I,5) and A € R4(S, X) implies that 35 € G(I) s.t. §X = X. Therefore,

V] ~ 1 9 Y 2 o_ ~ > 3 >, >
Yo =32 Y X =g 2 Y X =32 Y 1{gX = X},
geG(I) 9€G(I) 9eG(I) 9eG(I)
where (1) holds by §X = X, (2) holds because § € G(I) and that G(I) is a group (by
Lemma B.2.3), (3) holds by {§7'g : g € G(I)} = G(I), as G(I) is a group (again,
by Lemma B.2.3). O

Lemma B.2.7. Fiz X = (S,A) € X and I € T arbitrarily. Then, S € Rg(I,S)
implies that |R4(S, X)| = |Ra(S, X)|.

Proof. Fix X = (5, A) € X and I € T arbitrarily, and assume that S € Rg(I, S).

We first show that [R4(S, (S, A))| < |Ra(S, (S, A))|. Let (A, ..., A°) enumerate
the (distinct) elements in R4(S, (S, 4)). By S € Rg(I,S) and Lemma B.2.8, there
is a permutation 7 st S = S, and A% € Ru(S, (S, A9)) for each ¢ = 1,...,C.
We now show that (AL ..., AY) are all distinct elements. To this end, suppose
that Jep,c0 € {1,...,C} sit. A2 = A2, If that were the case, and by the fact
that a permutation is a bijective relationship, we conclude that A®* = A®. Since
(AL, ..., A9) are distinct, we conclude that ¢; = ¢y, as desired. To conclude the
argument, it suffices to show that A € Ru(S,(S,A)) for all ¢ = 1,...,C. To
this end, choose ¢ = 1,...,C arbitrarily. Since S € Rg(I,S) (trivially) and A° €
RA(S, (S, A)), Definition 3.4.1 implies that Jg; € G(I) s.t. g1(S, A) = (S, A°). Since
S € Rs(I,5) and AS € Ru(S, (S, A%)), Definition 3.4.1 implies that g, € G(I) s.t.
92(5', A¢) = (5,A2). Since G(I) is a group (by Lemma B.2.3), we conclude that
gs = g20g1 € G(I). Since gs5(S, A) = (S, A%) and g5 € G(I), Definition 3.4.1 implies
that AS € Ru(S, (S, A)), as desired.

v

We next show that |R4(S, (S, A))| > |Ra(S, (S, A))|. Let (4", ..., A®) enumerate
the (distinct) elements in R4(S, (S, A)). Since S € Rg(I,S) and by the fact that
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the Definition 3.3.1 treats S and S symmetrically, we conclude that S € Rg(I, S).
In turn, by S € Rs(I, S) and Lemma B.2.8, there is a permutation 7 s.t. S =3,
and AS € RA(g, (5, A°)) for each ¢ = 1,...,C. By repeating the previous argument,
we can show that (AL, ..., AY) are all distinct elements. To conclude the proof, it
suffices to show that AS € R4(S, (S, A)) for all ¢ = 1,...,C. To this end, choose
¢ = 1,...,C arbitrarily. Since S € Rg(I,S) and A° € R4(S, (S, A)), Definition
3.4.1 implies that 3g; € G(I) s.t. g1(S,A) = (S, 4¢). Since S € Rg(I,S) and
A¢ € Ru(S, (S, A%)), Definition 3.4.1 implies that Ig, € G(I) s.t. go(S, A¢) = (S, AC).
Since G([I) is a group (by Lemma B.2.3), we conclude that g3 = gog1 € G(I). Since
g3(S, A) = (S, A%) and g3 € G(I), Definition 3.4.1 implies that A° € R4(S, (S, A)),

as desired. n

Lemma B.2.8. ForanyS € S"T, I € T and S € Rs(I, g), there exists a permutation
mo {1, ooy x{1,...,T} = {1,....n} x {1,.... T} such that S = S, and A, €
Ra(S,(S, A)) for every A e AT,

Proof. Fix S,eSTandI el arbitrarily and assume that S € Rs(I, 5’) For every

s,8 €8, let

v v

Indexy(s,s) = {(i,t) € {1,...,n} x {1,...,T =1} : (Siy, Siss1) = (5,5)},
Indexy(s,s') = {(i,t) € {1,...,n} x {1,...,T =1} : (Si4, Siry1) = (s,5)},
Indexy(s) = {(i,T):i€{1,...,n},Sr = s},
Indexy(s) = {(i,T):i€{1,...,n},S;r = s}.

We use

C(s,s') = |Index;(s,s)| @ [Indexs(s, )],
O(s) = |Indexi(s)] € |Indexs(s)],

where (1) and (2) hold by S € Rg(I, S).
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For every s,s € S, we can enumerate Index;(s,s’) by
(r1(1,s,8),...,11(C(s,5),s,5)), Indexa(s,s') by (1.(1,s,s),...,1.(C(s,s),s,5)),
Index;(s) by (v1(1,s),...,v1(C(s),s)), and Indexa(s) by (v2(1,s),...,1(C(s),s)).
By definition, (v1(1,s,s),...,11(C(s,s),s,s")) represent the (i,¢) indices that
satisfy (Sis, Sisr1) = (s,8") and (141(1,5),...,11(C(s),s)) represent the (i, T) indices
that satisfy S’w = s, (n(l,s,9),...,1(C(s,5),s,s")) represent the (i,t) indices
that satisfy (Si,Siiq1) = (s,5), and (14(1,5),...,14(C(s),s)) represent the (i,T)
indices that satisfy S’LT =s.

These enumerations allows us to interpret S as a permutation of the values of S.
We denote this permutation by 7 : {1,...,n} x{1,..., T} = {1,...,n} x{1,..., T},
and we characterize it next. For any (i,t) € {1,...,n} x {1,...,T — 1}, there exists
(s,s) eSand c=1,...,C(s,s) s.t. (i,t) = v1(c,s,5) € Index;(s,s"). In this case,

set 7(i,t) = (e, s,8"). By this construction,

Si,t = SV1 (c,8,8") — Sug(c,s,s/) = Sﬂ'(i,t))

Similarly, for any i € {1,...,n}, there exists s € Sand ¢ = 1,...,C(s) s.t. (i,T) =
v1(c, s) € Index;(s). In this case, set 7(i,T) = v»(c, s). By this construction,

Si,T = Sug(c,s,) = Szxg(c,s) = Sﬂ'(i,T)-

To show the second part, for any Ae AT consider A = A,. For each s, s €8,
note that
Aljg(c,s,s’) = f\iyl(c,&s/) for ¢ = 1, ce ,C(S, S,)

A,,Q(Qs) = Ayl(cys) for ¢ = 1, ey C(S) (B-33)

To complete the proof, it suffices to show that A € RA(g,X). To this end, it

suffices to verify conditions (a)-(b) in Definition 3.3.2. We only show condition (a),
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as condition (b) can be shown using an analogous argument. For any s, s’ € S and
a € A, consider the following derivation.

n T-1

Z Z 1{S;: =5, Ay = a, Sipi1 =58} = Z 1{;12‘,1& =a}

=1 t=1 (4,t)€Indexq (s,8")

—~
~—

C(s,s")

= Z 1{;11/1(0,3,3’) = CZ}

c=1

C(s,s")

(2) bt
= Z 1{AV2(C,S,SI) = a}

c=1

(i,t)EIndexa (s,s")

n T-1

3 ~ ~ ~
9 Z Z WSir=5,Air=a,Sit1 =5},
i=1 t=1
(B-34)

where (1) follows from the fact that Index;(s,s’) is the collection of all indices
(i,t) € {1,...,n} x {1,...,T — 1} st. (Siy,Siss1) = (s,8), (2) holds by (B-33),
and (3) follows from the fact that Indexs(s,s’) is the collection of all indices

(i,t) € {1,...,n} x {1,..., T — 1} s.t. (Sis, Sivi1) = (s, 5). O

Lemma B.2.9. The transition probability in (B-24) is symmetric, i.e., for any g,g €
G, PG = 5iG% = g) = PG = gl6® = j).
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Proof. Fix g,g € G arbitrarily and consider the following argument.

PG — g Z Z 1{9 = 9 ° 9}

IeZ GeGI)

éz Z 1{9—9110u}
IGI gEG

iz| | Z 1{9—909}
Tez

= P(GH = gIGY = ),

where (1) follows from the fact that G(/) is a group (by Lemma B.2.3), and so
337! € G(I) for any g € G(I), and that 1{g = gog} = 1{g* o g = g}, and (2)
follows from defining G(I) = {g~' : g € G(I)}, which holds because G([I) is a group
(again, by Lemma B.2.3). O
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Appendix C

Appendix for Chapter 3

C.1 Proofs

C.1.1 Proof of Theorem 7

The proof of Theorem 7 uses the following lemmas.

Lemma C.1.1. Under Assumptions 4.2.2 and 4.2.3 , S22 = $,1%, + op(n_2_(L+1)).

Proof. By Wang et al. (2018, Corollary 8.1.4),

£ =Sl _ o, IS0 E = Sl :
< et = Oy(S ~ Zol)
R T BRI TR

_o-(LADy
2 ). Since

for some constant C. Therefore, it suffices to show % — ¥y = o,(n
Pr(| = %l < & < min{\; : Ay > 0}) = 1+ o(1), in this proof, we assume
|5 — 2o < & <min{\, : A > 0} — ||2 — S| without loss of generality. As long as
|2 = So|| < & <min{Xg : A > 0} — || — ||, by Weyl’s inequality on the eigenvalue

perturbations,

A >k} = 1{)\, > 0}

for every k = 1,..., K. Tt implies rank(¥) = rank (%), and, by the Eckart-Young-
Mirsky theorem,
12— ) < 150 — 2.

Therefore,

15 = Soll < 1= = 2| + [|£ = Zof| < 2/ = o] = 0p(n 2",
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Lemma C.1.2. Suppose the assumptions in Theorem 7. There are an open convex

neighborhood N of 0y and a constant C' such that

62— 6l < C |25 6)

for every 0; € N.

Proof. By the second-order Taylor expansion, there is a constant C such that such

that, for every 6, € O,
Q5”(6:) = Q0" (B0) + Q7 (Bo) (61 — 0) + R(61)
with ||R(61)|| < C1]|61 — 6o|2. By the first-order condition Q" (6y) = 0, we have
Q5" (6:) = Q57 (B0) (61 — 60) + R(6)). (A-1)
Since Q(()Q)(Ho) is invertible,

01 — 0o = QP (06) Q5 (60) — QP (66) ' R(6y),

and therefore

161 — o] < C2

Q" (80)|| + C1Call0: — ol

for some constant Cy. Let N = {0, € © : 14|60, — 6y]| < 1/2}. Then

1601 — 00| < 2C,

Q" (60)|
for every 0 € N O

Lemma C.1.3. Under the assumptions in Theorem 7,

éinf = 90 + op(n_T(LH)).
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Proof. By Newey and McFadden (1994, Theorem 2.1), we have e = 6 + O,(1).
Since Q(l)(éinf) = 0, we have Qél)(éinf) = Qél)(éinf) — Q(l)(éinf). By Assumption 4.2.4,

Q(()l)(éinf) = op(n*T(LH)). By Lemma C.1.2, the statement of this lemma holds. [

Lemma C.1.4. Suppose the assumptions in Theorem 7. There are an open convex

neighborhood N of 0y and a constant C' such that

[T =o' So))", "] = ol < € H%@O ([ = 5o Zo)", /"]")

for every 0 € .

I—%%, O

Proof. Let 6, = [((I — ZOTEO)VQ)T,pﬂT. Since 6y = ( O I

) 0y, we can

rewrite (A-1) as

a6 =60 (15 T ) -0+ e
Since

5@ ([ ==z, ")

0=062

I—-%%, O
and ( 0 7

) is idempotent, we have

(6, 00)" ( =% 0 > 200 (I =25, ")

0=05

I-%2, O I-%2 O
:(QQ—GO)T( o0 I)QE?’(@O)( o " ])(92—90)

I—%2, O
+@—%F( J OI>R%)
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Since the minimum eigenvalue of Q(()Z)(GO) is positive, there is some positive constant

(' such that

H ( e %QO ([ =5z 51"

O I >(92_90)

I—%,'% O
( OO 0 [)(92_90)

_ T
Let/\/:{ee@:H(] 20’ 20 O)e—eo

0=0>

>4

(g 2)e-u

O I

< 1/(201)}. Then

H(I—EOTEO @) <20,

5 I)(a-eo) ‘

for every 6 € N. O

%Qo ([((1 — o'0)7)", 0] T)

Lemma C.1.5. Under the assumptions in Theorem 7,
9~_ 90 _ Op(nfgf(fﬂq))'

Proof. First, we are going to show 6 — 6, = 0p(1). By the compactness of © and
the uniqueness of fy, it suffices to show that Qo(f) — Qu(6y) = 0,(1). Note that
Qo(f) — Qo(fy) < 0 and that

Qo(0) — Qo(6) = Qu(f) — Q(H)

(=00 0t] )

_|_
O
=
|
O

QU =197, 8] ) = QU ~ Do) 1)

—I—Q(@o) — Qo(bh)
—2sup |Q(0) — Qo(0)]

0cO

v

T

FOU[( = 518 )0)7, 48] ) = QU = Dol Soho)", 4]
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where the equality uses vy = (I — 30" %) and the inequality uses

Q) = max Q([((1 ~ )74 ) = Q((( ~ £ D10 a8] ).

0cO

Since the mean-value expansion yields

Q[ = £ D10 i8] )~ QU ~ So'So)ro). 2]

<l [ -5
0cO

Lemma C.1.1 implies Qo(8) — Qo(f) = 0,(1).

Second, we are going to show 0 — 6, = op(n_zf(Lm). By Lemmas C.1.1 and C.1.4,

it suffices to show

200 (I = 2o 5" ")

Some calculus operations yield

4 < EOTEOO_ o 0 ) S - Eo*zoﬁ)T’ﬁT]T)H'

By the definition of 8, we have




By Assumption 4.2.4 and Lemma C.1.1, we have

%Qo ([((1 — %" %0)7)", P’ T)

]

Proof of Theorem 7. By Lemmas C.1.3 and C.1.5, 8 — 6y = 0,(1) and ||6 — fi||?” =
0,(n~1/?). Thus the statement of this theorem follows from Robinson (1988, Theorem
2). Assumption A1l in Robinson 1988 follows from Assumption 4.2.4 and Lemma
C.1.3. Assumption A3 in Robinson 1988 follows from Assumption 4.2.4. m

C.1.2 Proof of Theorem 8

Proof. Let Ry = dim(Z4) — rank(Var([yo,%]7[Z%,07]T)). There are a (J +
1) x rank(Var([yo, do]"[Z%,07]7)) matrix M, and a rank(Var([y, do)”[Z5,07]T)) x

dim(Z4) matrix My such that
(Y0, 8] 7 [Z5, 07" = MMy Z4 almost surely.

Let vy,...,Up, be R4 linearly independent vectors in the image of

I-MiM, O
0 o)

Note that [yo, d0]T 7 = 0 for every r = 1,..., R4. By Theorem 6, it suffices to show
that, even if [yo,d]? (Z1 — Z3) = 0, there is a non-zero variation in v (Z, — Zy) for
every r = 1,..., R4. Consider the point z in the assumption of Theorem 8. Since z4
is an interior point, there is a positive constant ¢ such that [2%, 25]7 + ¢, belongs to
the support of Z. Define z; = z and 25 = z + ¢,. This 2, and z; are support points

of Z such that [yo, d)T (22 — 21) = 0 and 71 (25 — 21) = ¢! i # 0. O

141



C.1.3 Proof of Theorem 9

Proof. We use Ry and (71,...,0Ugr,) in the proof of Theorem 8. Let Rp =
rank(Var(Zg)). There are linearly independent vectors Ug,i1,...,Vr,+r, i1 the
support of [07, (Zy p — Z1 5)*]". Note that 1, ..., Vg, +r, are linearly independent.
By Theorem 6, it suffices to show that, even if [yo, do) (Z1 — Z) = 0, there is a non-
zero variation in v, T(Z,—Zy) foreveryr =1,..., Ra+Rp. Theproofforr =1,..., Ry,
is the same as in the proof of Theorem 8. Consider r = Ro+1,..., R4+ Rp. There

are z1,p and 2z g in the support of Zp such that

[OTv (Zl,B - Zz,B)T]T = V.

Let 2z, 4 be any point such that [Z{A, sz]T is in the support of Z. By the assumption

of this theorem, we can find a point 23 4 such that

[0, 50]T[Z§Av ZzT,B]T = [0, 50]T[21T,A7 Z1T,B]T

and (23 4, 23 p|" is in the support of Z. Define z; = [2] 4, 2{ p|" and 2 = [2] 4, 23 5]"
This 2 and 2, are support points of Z such that [yy, d]? (20—21) = 0 and 7! (z9—21) =
7T, # 0. 0

C.1.4 Proof of Theorem 10

We use the following lemmas to prove Theorem 10. Define

N 1 N
VVZ']1Vi2 = 77 Z hdim(Uit)K (Ciltliztz/h) (Ziltl - Ziztz)(Zin‘q - Zi2t2>T7

t1,t2

V[/i?h = T Zhdlm Uit) <§“t”2t2/h>

t1,t2

and

VVz]leQ = 1 Z hdlm(Un Cl1t1l2t2/h)( i1ty Zi2t2>(Zi1t1 - Zi2t2)T‘

t1,t2
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Lemma C.1.6. Under the assumptions m Theorem 10,

1 N N\ _ —2-(E+1)
n(n—l) Z(i1,’i2):i17ﬁi2 <VVz‘1i2 - V[/il’i2> - Op(n )

Proof. Since the probability of (4.5) is approaching one, we can assume (4.5) without

loss of generality. Thus
G tvistall = 077 +og(n)h = [|Giytyistal| > log(n)h
and therefore
K (Gt /1) = K (Gitviaa/ D) = 1 Gt
<n" +log(n)h} ‘K (éiltliztz/h> — K (Giutriata /1)

for sufficiently large n. By the second-order Taylor expansion, there is some constant

C such that
: 1 ; 1
K <<i1t1i2t2/h) - K (Cilt1i2t2/h) - EK (Ciltlith/h) (Ci1t1i2t2 - <i1t1i2t2> + ﬁRiltliZtZ

~ 2
with HRiltlithH S C <i1t1i2t2 — Ci1t1i2t2 . Therefore,

A 1 A
}K <<i1t1i2t2/h) -K (Ci1t1i2t2/h)‘ < E HK(l) (Ci1t1i2t2/h)H HCiltlizt2 - Ciltliztz H

1 -7
+§1{H<i1t1i2t2” <n + log(n)h} ”Riltliztz ” :

Since
. B 1 .
Hszlvzg - szlvw <T 2 Z R dim(Uir) K (Ci1t1i2t2/h> -K (Ci1t1i2t2/h) ||Zi1t1 - Zi2t2 “27
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for some constant C. For sufficiently small A,
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For sufficiently small h,
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By Assumptions 4.4.1 and 4.4.3,
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Proof of Theorem 10. By Lemmas C.1.6, C.1.7, and C.1.8,
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For the denominator, in a similar fashion, we can show that
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Combining these two statements, we can establish the statement of this theorem. [J
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