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Abstract

Flapping 
ight is one of the most widespread mean of transportation. It is a

complex unsteady aerodynamic problem that has been studiedextensively in the

past century. Nevertheless, by its complex nature, 
apping
ight remains a chal-

lenging subject. With the development of micro air vehicles, researchers need new

computational methods to design these aircrafts e�ciently.

In this dissertation, I will present three di�erent methodsof optimization for 
ap-

ping 
ight with an emphasis on hovering with each their advantages and drawbacks.

The �rst method was developed by Hall et al. It is an extremelyfast and powerful

three-dimensional approach. However, the assumptions made to develop this theory

limit its use to lightly loaded wings. In addition, it only models the motion of the

trailing edge and not the actual motion of the wing.

In a second part, I will present a two-dimensional unsteady potential method.

It uses a freely convected wake which removes the lightly loaded restriction. This

method shows the existence of an optimal combination of plunging and pitching

motion. The motion is optimal in the sense that for a requiredforce vector, the

aerodynamic power is minimal.

The last method incorporates the three-dimensional e�ects. These e�ects are

especially important for low aspect ratio wings. Thus, a three-dimensional unsteady

potential vortex method was developed. This method also exhibits the presence of

an optimal 
apping/pitching motion. In addition, it agrees really well with the two

previous methods and with the actual kinematics of birds during hovering 
apping


ight.

To conclude, some preliminary design tools for 
apping wings in forward and

hovering 
ight are presented in this thesis.
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Chapter I

Introduction

I.1 General introduction

Flapping is one of the most complex modes of transportation;nevertheless, it is the

most widespread among animals. Over a million of di�erent species of insects 
y and

three-quarter of the warm blooded vertebrates 
y. Flying animals take advantage of the

three-dimensionality of the world compared to walking animals. Nature seems to have

developed over 150 million years a really e�cient way of 
yin g. As a comparison, humans

move at a top speed of 3-4 body lengths per second; the fastestmammal (Cheetah) can

reach speeds of 75mph which is about 25 body lengths per second; a supersonic aircraft such

as the SR-71 reaches speed of Mach 3, which is about 32 body lengths per second. While a

common pigeon 
ies at 50mph which translates into 75 body lengths per second and swifts

140 body lengths per second. In addition to speed, 
yers havea great maneuverability.

Acrobatic aircraft can reach roll rates of 720 degrees per second compared to the Barn

swallow which can have roll rates of 5000 degrees per second.According to Shyy et al. [17],

birds can withstand acceleration 10-14 Gs compared to military aircraft 8-10 Gs.

To achieve these aerodynamic capabilities, 
appers have developed complex kinematics

and aeroelastic interactions. Tucker [18], Greenewalt [19], Pennycuick [20, 2] and more

recently Spedding et al. [21, 3] and Dickinson et al. [22, 4] have studied the mechanisms

of 
apping for various birds and insects.

Engineers have only recently considered 
apping as a mean oftransportation for man-

made vehicles. Small airborne vehicles usually called MAVs(Micro Air Vehicles) are de�ned

by Spedding et al. [23] as 
ying vehicles with no overall dimension larger than 15cm and a

weight restriction of 100g. These MAVs operate under low Reynolds number (104 � 105) and

need a high maneuverability. They perform sensing missionsand thus need the capability
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of hovering. More recently, even smaller vehicles (NAVs: Nano Air Vehicles) became of

interest. They have a span of 7.5cm and a weight of 10g. Thus new tools are needed to

analyze the dynamic of these small 
appers at low Reynolds number.

This thesis investigates aerodynamic tools for low Reynolds number 
apping airfoils

and wings especially in the case of a typical NAV. A particular emphasis on hovering will

be presented.

I.2 Dimensional analysis

We �rst can perform a dimensional analysis using the Buckingham's � theorem to

extract meaningful parameters in the case of hovering 
apping 
ight.

We have 8 variables for 3 fundamental dimensions, thus we can�nd 5 non-dimensional

� groups.

� B $ T P c � �

m 1 0 0 1 1 0 1 0

l � 3 1 0 1 2 1 � 1 0

t 0 0 � 1 � 2 � 3 0 � 1 0

� 1 = B
c

� 2 = T
�B 4$ 2( �

� )3

� 3 = P
�B 5$ 3( �

� )4

� 4 =
�B 2$ ( �

� )
�

� 5 = �

(I.1)

Since each � parameter is function of the others, we can form anew � group that will

be independent of the frequency by combining for example �2 and � 4:

� 6 = � 2� 2
4 =

�T
�
� � 2

(I.2)
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Figure I.1 : Data collected on various hovering 
appers plotted as � 2 = f (� 6).

We gathered data collected by Altshuler et al. [24, 25], Dudley [26], Wells [27], Chai

and Millard [28], Norberg et al. [29], Mao and Gang [30], Betts and Wootton [31] and Weis-

Fogh [32] on various hovering 
appers. These data are plotted in a graph (� 2 = f (� 6)).

As seen on Figure I.1, most of the 
appers have a non dimensional thrust (� 2) that lies in

a narrow band extending form 0.1 to 0.25.

I.3 Objectives

The goal of this thesis and the project behind it is to developa set of computational

tools that can be used in the design of small 
apping vehicles. We are especially interested

in the hovering 
apping 
ight. In the present literature the re is a lack of practical tools.

A practical tool could be de�ned as a program used in the preliminary design phase. This

3



method needs to be computationally not too expensive (less than a day of computation).

Dickinson [6, 14, 4, 22] studied hovering on his 
y model using a quasi-steady analysis.

Mao et al. [30] and Ramamurti et al. [13] used unsteady Navier-Stokes method to solve the

hovering problem. These methods usually take days before reaching convergence. Having

a less expensive unsteady method that gives good results as apreliminary tool could save

a lot of time before using the full Navier-Stokes solver for are�ned solution.

I.4 Outline of the thesis

The present thesis can be divided into three main parts. Eachparts being an im-

provement of the previous part. The �rst part uses the theory developed by Hall et al.

[33, 34]. Some modi�cations and features were added. This method gives really good �rst

estimates of the inviscid and to some extend viscous power required to perform hovering


apping 
ight for a prescribed force. Nevertheless, it is based on simplifying assumptions

that are good for lightly loaded 
appers but become problematic in hovering 
ight because

the roll-up of the wake is neglected. The wake is convected downstream with the forward


ight velocity. In the case of hovering 
ight, an arti�cial c onvecting velocity is used based

on the actuator disk theory.

Consequently, we �rst developed a two-dimensional potential method that uses a free

wake. The 
at plate is modeled using linear strength vortex elements and the wake using

constant strength vortex panels. Thus, the wake is convected with the local induced ve-

locities. The correction for the viscosity is based on the same principles as in the previous

model. The limitation of this method resides in its two-dimensionality. Small 
appers usu-

ally have low aspect ratio wings thus, the three-dimensional e�ects are important. There-

fore, a three-dimensional method that uses a free wake wouldimprove the quality of the

solution.

Finally, in the last part, we present a three-dimensional vortex method. It is also

a potential method but based on the vortex theory. It uses vortex rings over the wing
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(equivalent to doublet panels) and vortons in the wake. Vortons can be viewed as non-

singular volume of vorticity. In this case, the 
ow is three-dimensional and no arti�cial

convection velocity is used since the wake is convected withthe local induced velocity �eld.

We will show that the three methods give results that agree with each other. This last

method could be used as a preliminary design code.
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Chapter II

Literature Review

II.1 Dimensional analysis overview

When it comes to 
ying, it is interesting to study the in
uenc e of di�erent parameters

(geometrical or kinematics). For example, we can notice that bigger animals usually have

to 
y faster. As an obvious example, a Boeing 747 
ies 100 times faster than a fruit 
y.

Tennekes [1] studied the in
uence of these parameters. He gathered the correlation between

the size and the 
ight speed of animals and airplanes into a diagram sometimes referred as

\The Great Flight Diagram" shown in Figure II.1. Plotted is the weight versus the cruising

speed. One observes that there is a high correlation for a wide range of variation in weight

and 
ight speed. The range goes from the fruit 
y weighting 7 � 10� 6N , with a wing area

of 2mm2 and a 
ight velocity of 3 m:s� 1, to a Boeing 747 having a weight of 500 billion

times the fruit 
y, a wing areas of 250 million times as large and a cruising speed 100 times

the 
ight speed of the 
y.
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Figure II.1 : The great 
ight diagram. Reprinted from Tennekes [1].
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Tennekes also studied the relationship between the wing loading and the weight of birds

with similar wing shape. We have these di�erent scaling factors

W � l3

S � l2

W
S � l

(II.1)

Thus, the weight scales like the cube of the wing loading. This can be expressed as

W
S

= c1W 1=3 (II.2)

Tennekes gathered experimental data to �nd the correlation factor. Figure II.2 shows a

good correlation for birds with similar wing shape.

Other studies have also looked at the correlation between the wing area and the weight

of birds [19, 35]. It has been shown that for herons, eagles, falcons, hawks and owls the

following relation holds

S � W 0:78 (II.3)

Another interesting parameter for 
appers is the wing beat frequency. The 
apping fre-

quency needs to be high enough to generate the lift and thrustneeded without exceeding

the maximal power that can be generated by the muscles. In addition, birds have physio-

logical limitations to prevent bone fracture or muscle failure. Pennycuick [2] showed that

the wing beat frequency depends on 5 parameters: body weight(mg), wing span (B ), wing

area (S), wing moment of inertia ( I ) and density (� ),

f � m� g� B � S
 I � � " (II.4)

By using dimensional analysis, it is possible to �nd 3 equations

� + � + " = 0

� + � + 2 
 + 2 � � 3" = 0

� 2� = � 1

(II.5)

The remaining equations were found using a regression of thefrequency vs. the mass, the

span and the area of various birds from experimental data. Using the fact that the moment
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Figure II.2 : The relation between weight and wing loading represented in a proportional
diagram. When the weight increases by a factor of 100, the wing loading increases by a
factor of 5 and the forward speed by a factor of more than 2. Reprinted from Tennekes [1].
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of inertia can be linked to the other parameters (I � mB 2) Pennycuick concluded that the

frequency may be estimated using the following relation

f � m1=3g1=2B � 1S� 1=4� � 1=3 (II.6)

To �nd the coe�cient of proportionality in Equation II.6, he used a regression on experi-

mental data (see Figure II.3) and concluded with a coe�cient of correlation of 0.947, that

f = 1 :08m1=3g1=2B � 1S� 1=4� � 1=3 (II.7)

Pennycuick also studied the dependence of the wingbeat wavelength de�ned as

� =
V
f

(II.8)

He showed that the minimum power speed depends on the physical variables in the following

way,

V � m1=2g1=2B � 1� � 1=2 (II.9)

Thus by using Equation II.6, we get

� � m1=6S1=4� � 1=6 (II.10)

By proceeding the same way as before, he got a coe�cient of proportionality of 0.817

(Figure II.4)
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Figure II.3 : Log-log plot of observed wingbeat frequency for various birds versus the
frequency parameter. Reprinted from Pennycuick [2].

Figure II.4 : Log-log plot of observed wingbeat wavelength for various birds versus the
frequency parameter. Reprinted from Pennycuick [2].
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The aspect ratio (AR = B 2

S ) is an important parameter for airplanes and is also for


appers. Shyy et al. [17] discussed the in
uence of the aspect ratio for birds. Induced

drag tends to increase when the aspect ratio decreases, thuslarge aspect ratios are found

in species that spend most of their time gliding like the albatross and smaller aspect ratios

are used by animals that need a high maneuverability.

II.2 Kinematics and aerodynamic forces produc-
tion

Flapping 
ight is a complex problem and all its complexities have not been yet fully

understood. In this section, an overview of the literature on lift and thrust production

using 
apping 
ight will be presented. A distinction betwee n forward 
apping 
ight and

hovering 
ight will be made with an emphasis on the particularity of hovering 
ight. Flap-

ping 
ight studies can be broadly separated into three groups: a biological literature that

studies in vivo insects, birds and other 
appers to better understand their mechanism of lift

production; an experimental literature that builds models of 
appers easier to study than

in vivo animals, and �nally a computational and theoretical literature that mathematically

models 
apping 
ight.

II.2.1 Biological study

a Forward 
ight case

In one of the earliest studies, Greenewalt [19] extensivelylooked at the relation between

the wing span, wing area and mass among birds of various species. From experimental data

he extracted a relation between the wing area and the wing loading.

Tucker [18] collected wind tunnel data (power requirementsand morphological charac-

teristics) on budgerigar and laughing gull. He compared hisdata to the theory developed by

Pennycuick [2, 20] that predicts power requirements for avian 
ight. I will describe his the-

ory in the computational section II.3. In his theory, Pennycuick expressed the total power
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required to 
y as functions of birds' morphology. Tucker was able to �t his measurements

to the equation of power and deduce these parameters. He concluded that Pennycuick's

theory gave good predictions for the power input for medium sized birds while it gave lower

power values for small birds and higher values for large birds.

In addition with his theory, Pennycuick was able to get a �rst order estimate of the

power consumption, the minimum power speed and some aerodynamic features of birds. For

example, Pennycuick [20] found that pigeons have a minimum power speed of 8� 9m:s� 1,

he was also able to study the in
uence of the 
ight speed on thekinematics of 
apping.

He observed that pigeons compensate for a decrease in the 
ight speed with an increase in

stroke angle and frequency.

Azuma et al. [36, 37] studied extensively dragon
ies. They �rst analyzed the 
ight

kinematics of these insects. They used high speed cameras and painted the tip of the wings

of dragon
ies to visualize their wings beating. Afterward, they used the 
ight kinematics as

input to their local circulation method coupled to a blade element theory. However, Azuma

et al. failed to compare their results to known experimental results. They only noticed

that the required power needed to 
y fell within the usual ran ge estimated by Weis-Fogh.

More recently with the advance of visualization and measurements techniques, Spedding

et al. [21, 3] and Dickinson et al. [22, 4] have been able to study the dynamics of force

generation during 
apping 
ight by looking at the kinematic s of the 
ight, the shape of the

wake and its circulation. Spedding et al [21] and Rosen et al.[3], thanks to the advance

of the digital particle image velocimetry, have intensively studied the force generation and

wake pattern in thrush nightingale. Rosen observed that over the range of 
ight speed

tested (5 � 10m:s� 1), the kinematics of the 
ight was similar. The wingbeat freq uency

and amplitude did not change. During the downstroke, the thrush nightingale has its wing

fully extended. During the upstroke, however, the wing is sharply 
exed. When the 
ight

speed is increased, the thrush nightingale decreases the time spent in the downstroke. The

downstroke ratio goes from values close to 0.5 at low speeds to 0.45 at high speeds. Rosen

explained this by looking at the vorticity �eld in the wake. A s seen in Figure II.5, for
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low speed, the downstroke is characterized by a strong positive starting vortex while the

vorticity released in the wake during the upstroke is weaker. The downstroke is the main

contributor to the weight support. It also can be seen that the vorticity mainly lies on

an horizontal plane, showing that the thrust generated is small; because at low speeds the

viscous and induced drag are small. When the speed is increased, the bird needs to generate

more thrust. The downstroke provides this increasing thrust component while the upstroke

seems to have a more signi�cant role in weight support. The wake vorticity strenght has

a more continuous pattern and can be compared to an aerodynamically loaded wing that

generates lift throughout its 
ight.

Figure II.5 : Spanwise vorticity contour with superimposed velocity �eld for three 
ight
speeds (5; 8; 11m:s� 1). Reprinted from Rosen [3].
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Dickinson et al. [4] described the wake pattern of the fruit 
 y and con�rmed what Rosen

described. They showed that during each stroke the 
y sheds avortex ring. This con�rms

the theory of Rayner (see Figure II.13). As predicted by Rayner, Dickinson observed an

asymmetry in the force measurement. The aerodynamic forcesare mainly produced during

the downstroke and the upstroke has almost no vorticity. Dickinson explained the absence

of vorticity during the upstroke by the Wagner e�ect and the \ clap 
ing mechanism"

presented by Weis-Fogh [32]. This mechanism is usually found in hovering birds. At the

beginning of the downstroke, the two wings are very close to each other (Figure II.6 d1),

thus the bound vorticity of one wing is the starting vortex of the other. This phenomenon

decreases the lag due to shed vorticity in impulsively started wings (known as the Wagner

e�ect). On the contrary, at the beginning of the upstroke (Fi gure II.6 vf) the wings are

too far apart to exchange their vorticity. In addition, the w ing reversal that happens at

the end of the downstroke generates a starting vortex of the same sign as the one created

during the upstroke, increasing even more the Wagner e�ect.

Wakeling et al. [38] also observed on dragon
ies the lift enhancement due to the clap

and 
ing by using high speed cameras.
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Figure II.6 : Vortex loop formation by Drosophilia. Reprinted from Dick inson [4].

b Hovering case

Hovering is a 
ight regime where the freestream velocity is zero and the body is �xed

in space. In hovering the main e�ect is the production of thrust to balance the weight of

the 
apper. Hovering is usually observed in small birds or insects.

In an early study, Pennycuick [20] noticed that the inclination of the 
apping plane

decreases (going from vertical to horizontal) as the forward velocity decreases. Especially

in hover, the stroke plane is fully horizontal so that the thrust is aligned with the weight.

In this con�guration, birds generate a mean positive thrust to overcome their weight.

Later, Weis-Fogh [32] examined the kinematics of hover. He was the �rst one to observe

three unusual phases: the clap, the 
ing and the 
ip. The clap happens when the wings
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are brought together at the end of the upstroke. The wings closing in Figure II.7 C give an

addition thrust by pushing out the 
uid in the gap. At the begi nning of the downstroke,

the wings are rotated about their axis like an opened book (the 
ing). The 
ip happens

at the beginning of the upstroke, the wings are rapidly rotated by almost 180� . These

mechanisms seem to enhance the lift generation. When the wings start the downstroke

right after the 
ing, two vortices of equal strength but oppo site sign are created to satisfy

the Helmholtz theorem (Figure II.7 E). Because the sign of these two vortices are opposite,

the sum of their induced velocities on the wing is small and thus the Wagner e�ect is absent

(see Figure II.8).

Figure II.7 : Clap and Fling mechanism. Dark arrows show the induced velocities, the
light arrows the net force and the dark lines are the 
ow lines. Reprinted from Sane [5].
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Figure II.8 : Schema of thrust enhancement through the 
ing mechanism. The left drawing
is an airfoil in upward plunging motion, the right drawing is an airfoil in upward plunging
motion with the presence of the two vortices due to the 
ing. Dark arrows show the induced
velocities, the light arrows the net force and the dark linesare the 
ow lines.

Wells [27] in 1993 studied the oxygen consumption of hovering hummingbirds to deduce

the power required to perform hovering. He found that the mechanochemical e�ciency

for hummingbirds was about 9-11%. He also found that the inertial power requirements

exceeded by a factor of 3 the aerodynamic power requirementswhich is in disagreement

with the factor of 1 found by Weis-Fogh. Finally, Wells calculated that viscous power was

smaller by a factor of 3.5 than the induced power. This resultshows the importance of

induced losses compared to viscous losses in hovering.

More recently in 2003-2005, a number of studies [25, 26, 28] have been conducted on

hovering 
ight characteristics speci�cally. Altshuler an d Dudley [25, 26] looked at the

in
uence of the density on the kinematics of hummingbirds hovering. They concluded that

hummingbirds compensate for a decrease in air density by increasing the 
apping amplitude

while the frequency remains unchanged. By augmenting the stroke angle, hummingbirds

seem to take advantage of the clap and 
ing mechanism at the beginning of both the

upstroke and downstroke. In another study, Chai [28] showedthat hummingbirds were

able to hover under large loading (once to twice their weight). These two results prove

that hummingbirds have large power reserve enabling them toadapt to environmental

modi�cations.

Finally, Betts [31] analyzed the in
uence of the wing shape on 
ight performance. He

showed that butter
ies with high aspect ratio wings were not able to hover or perform high

speed maneuvers while smaller butter
ies with lower aspectratio wings under smaller wing

loading were able to maneuver more easily.
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II.2.2 Experimental study

Experimental studies can be categorized into two groups. The �rst one [6, 24, 39, 40,

41, 42, 43, 44] builds electromechanical models mimicking 
appers to better measure the

aerodynamic forces and power involved in 
apping. The second one [9, 10, 44, 45, 46] looks

at plunging and pitching airfoils or wings and studies the wake pattern as a function of the

reduced frequency (k = $c
2U ) and the Strouhal number (St = fh

U ), where h is the amplitude

of the plunging motion, $ the angular frequency,f the frequency,U the freestream velocity

and c the chord.

a Forward 
ight case

The second experimental group [6, 40, 41, 42] looks at plunging and pitching airfoils

or wings and studies the wake pattern. Ol [46] studied the e�ect of the Reynolds number,

Strouhal number and reduced frequency on a two degrees of freedom (pitching and plunging)

wing in a water tunnel using dye. In the Reynolds number range(10,000-60,000), he showed

that the Reynolds number e�ect on the near wake structure is small.

Jones [9] and Platzer and Jones [10] also used dye injection to visualize the vortices in

the wake to compare them to the wake patterns provided by their two-dimensional potential

code in plunging motion. They concluded that for a wide rangeof reduced frequencies, there

was a good agreement between the experiment and their code. This agreement deteriorates

for small plunge velocities when the viscous e�ects become more important. Also at high

plunge velocities, 
ow separation occurs which is not captured in the potential code. To

summarize, the wake pattern seems to mainly be governed by inviscid e�ects.

b Hovering case

Most of the electromechanical models are scaled models of the fruit 
y [5, 40, 41, 42], the

honeybee [24] or the hawkmoth [41]. They are mainly used in hovering simulations because

of the di�culty of studying in vivo insects in hovering. The i mportance of the rotation that

occurs at the transition from downstroke to upstroke (supination) and the role of the leading
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Figure II.9 : Wing rotation mechanism. Reprinted from Dickinson [6].

edge vortex are studied with these models. Singh [39] and especially Dickinson [4, 36, 5, 39]

and Ellington [41] have conducted these studies. The basic rotation mechanism is shown in

Figure II.9. The wing translates at a constant pitch angle (� d) and constant velocity (U)

during the downstroke, at the end it rotates about an axis perpendicular to the chord at

a constant angular velocity ($ ) and then translates at a constant pitch angle (� u) during

the upstroke. With this mechanism, hovering insects alwaysmaintain a positive angle of

attack.

20



Figure II.10 : Development of vorticity during a stroke reversal for an axis of rotation
located respectively at 0.8, 0.5, 0.2 chord (A, B, C). Reprinted from Dickinson [6].

Dickinson showed the importance of the location of the rotation axis. For certain

positions the mirror vortex shed during the supination enhanced the thrust generated during

the upstroke (Figure II.10 A). As it can be seen in Figure II.10, in the case of rotation near

the trailing edge, the mirror vortex created during supination is above the wing and moves

in the direction of the subsequent translation. This vortex can be captured by the wing

depending on the value of the rotational speed. When it is captured by the wing, it

increases the thrust generated. When the rotation occurs atthe center, two mirror vortices

are created, one above and one below the wing. The strength ofthe above vortex is lower

than in the previous case, thus when it is captured, the increase in thrust is smaller. In the

rotation about the leading edge, the mirror vortex below the wing moves in the opposite

direction as the wing and thus cannot be captured.

Lehmann [42] studied on a mechanical model of the fruit 
y hovering the e�ect of the

clap and 
ing. He concluded that this mechanism could enhance by a modest amount the
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lift (from 1.4% to 17% depending on the heaving rate). However Lehman was not able

to analyze the in
uence of the clap and 
ing on the output power. He hypothesizes that

near pronation, the 
ing mechanism enhances the aerodynamic forces and since during

this phase, the wing velocity is low, the pro�le power remains small (it varies in the wing

velocity cube) and thus the e�ciency is increased.

Ellington and his coworkers [41] discovered in 1996 the in
uence of the leading edge

vortex (LEV) on hovering insects. In their work, they used Ellington's electromechanical

scaled (10:1) model of a hawkmoth and released smoke from itsleading edge. Ellington et

al. observed that during the downstroke, the LEV remains attached until after the middle

of the downstroke. After that, it breaks down on the tip of the wing (last 40-30% of the

wing) and is shed into a big tip vortex. Finally the LEV is shed into the wake during the

stroke reversal. By remaining attached during most of the half stroke, the aerodynamic

forces are enhanced (dynamic stall).

II.2.3 Computational study

In this section, a review of the computational methods used for 
apping airfoils or wings

will be presented. We can �nd three main methods. First, the analytical solutions; they

have a limited range of application (two-dimensional and small amplitudes) and are based

on the Theodorsen function. Second, the potential method can be two or three-dimensional.

Their limitation is that they do not capture the viscous e�ec ts; this is particularly important

at low Reynolds number for slow motion. Finally, the full unsteady Navier-Stokes equations

can be solved. Their main drawback is the extensive computing power required to generate

converged solutions.

a Analytical methods

These methods are based on the work done by Theodorsen for two-dimensional 
ows

and on the lifting line theory for three-dimensional 
ows. T he two-dimensional methods

are limited to thin airfoils undergoing small amplitude mot ions in a potential 
ow. Their
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applications are limited to high Reynolds number 
ows, thin airfoils and forward 
ight.

Nevertheless, these are powerful methods because they giveanalytical solutions for the

aerodynamic forces and power.

Azuma et al. [47] developed an analytical method for de
ected thin airfoils undergoing

heaving, surging and feathering motions. He could thus �nd the unsteady aerodynamic

forces and power for various reduced frequencies.

Wu [48] also used the linear potential theory to �nd the forces on moving two-dimensional


exible plate. He computed the forces on a waving plate with variable forward velocity.

Finally in three-dimensions, Ahmadi et al. [49] looked at the small amplitude plunging

and pitching motion of a three-dimensional unswept wing. Their results are based on

the unsteady lifting line theory. This theory assumes an unswept high aspect ratio wing

oscillating at low reduced frequencies. Ahmadi et al. were able to �nd the optimum motion

(amplitude of plunging, amplitude of pitching, phase shift and pitch axis) that minimizes

the input power for a prescribed thrust for a high aspect ratio wing (AR = 8 ; 16) undergoing

pitching and plunging motions at low reduced frequency (k � 1).

b Potential methods

Analytical methods have many limitations since they are based on small amplitudes.

We are especially interested in large amplitude 
apping for hovering and thus cannot use

linearized equations anymore. Potential methods assume aninviscid, incompressible and

irrotational (except in the wake) 
ow. These methods usually use a vortex-lattice type of

technique.

b.1 Forward 
ight case

In two-dimensional 
ows, Basu et al. [50] and Jones et al. [9,10, 45] used the same method.

The airfoil is divided into panels of source and vorticity distribution. The vorticity in the

wake is modeled using point vortices. The unknown vorticity and source distributions

are solved using the 
ow tangency condition on the airfoil. The strength of the vorticity
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shed in the wake is found using a Kutta condition. This method will be described more

in details in section IV.2. Jones et al. [9] showed a good agreement between the wake

structures of an experimental airfoil plunging and the results provided by their potential

code for moderate Reynolds numbers. This shows that wake patterns are mainly governed

by inviscid e�ects; this becomes false when the amplitude and frequency of motion becomes

too low, then viscous e�ects become important. In addition, to model the viscous e�ects,

Jones [45] improved his potential code by coupling it to a boundary layer algorithm. This

boundary layer algorithm was valid for Strouhal number of 1 or less where separation does

not occur. Jones compared the thrust predicted by his inviscid code to the thrust of his

code coupled to the boundary layer algorithm. However, he was not able to run the viscous

code at high frequency (k � 1:5) or large angle of attack. He showed that the curve of

thrust versus reduced frequency was shifted by a constant value compared to the inviscid

curve. Jones thought that this linear shift could be extrapolated to higher values of reduced

frequency where the boundary algorithm could not converge.A limitation of the boundary

layer method is its inability to model separated 
ows.

For three-dimensional 
ows, the methods presented above can be extended. These

methods can be classi�ed into two groups.

The �rst one assumes a frozen wake [33, 34, 51]. The wake is convected at the freestream

velocity or the velocity predicted by the actuator disk theory in the case of Hall's method

in hover [33, 34]. The method developed by Hall et al. will be explained in greater details

in section III.2. The main limitation of these methods is that they neglect the roll-up of

the wake. This is a valid approximation for lightly loaded wi ngs, when the induced velocity

of the wake can be neglected compared to the freestream velocity but it becomes especially

wrong in hovering.

The second group uses a self convected wake [11, 12, 48, 49, 50, 51]. These methods

agree well with the small amplitude theory. Willis et al. [11] compared the lift coe�cient

obtained with their code for an impulsively started wing wit h various aspect ratios to the

results of Katz and Plotkin [12]. They found a really good agreement. In addition, they
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observed the wake roll up at the tip for �nite wings. These methods will be explained in

greater details in section V.2.

b.2 Hovering case

In potential methods, it is possible to approximate the convection speed of the wake by

the convection speed provided by the actuator disk theory. Thus, as we will present in

Chapter III, the convection speed in hovering in Hall et al. [33, 34] will be replaced by the

freestream predicted by the actuator disk theory. This method is limited to lightly loaded

wings because the roll-up of the wake is neglected compared to the freestream velocity.

Thus, in our case of interest where the 
apping amplitude and frequency are large, the

wing is not lightly loaded and we cannot neglect the roll-up of the wing.

c Full Navier-Stokes methods

The full Navier-Stokes methods are an improvement comparedto the potential methods,

since they incorporate the viscosity.

We can divide the unsteady Navier-Stokes methods in two categories: Lagrangian and

Eulerian. The Lagrangian methods [7, 11, 12, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61]

are particle based; while the Eurlerian methods [8, 40, 62, 63, 64, 65, 66, 67] use moving

grids. Lagrangian methods have many advantages over grid based methods when modeling


apping 
ight. Only the portion of the 
ow where vorticity ex ists needs to be described.

Vortex methods are grid free; thus they can model complex moving geometry. In addition,

they model in�nite domains compared to Eulerian methods that need a grid of �nite size.

However to the best of my knowledge, particle methods have not been used in hovering yet,

while nothing prevents them from being used in that case.

c.1 Forward 
ight case

The viscous vortex methods are an extension of the potentialbased vortex methods de-

scribed in the previous section b. The vorticity �eld is modeled using discrete regularized

vortex blobs. Winckelmans and Leonard [52] presented several di�erent regularization func-
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tions. Regularized functions are used to remove the singularity arising when the radius goes

to zero. They modeled each blob by a volume of vorticity having a certain distribution.

For example a typical function used is

1
4�� 3

15=2
� � x

�

� 2 + 1
� 7=2

(II.11)

where x is the radial distance from the center of the blob and� a cut-o� radius.

In addition to the convection step already present in inviscid particle methods (convec-

tion of the particles with the velocity �eld and their streng ths with the velocity gradient

�eld), there is a di�usion step due to the viscosity. Di�eren t methods exist to model the

convection term. The easiest but most expansive computationally is the direct integration

of the vorticity to get the velocity �eld in the domain. This i s the method used in most of

the potential vortex methods [11, 12, 48, 49, 50, 51]. A second method is called the Vortex

in Cell method (VIC) [53]. In this method, an intermediate gr id is generated, the vorticity

is extrapolated on this grid and the velocity is computed using a �nite di�erence scheme.

This method is only used in viscous particle methods becausethe intermediate grid is also

sometimes used to compute the di�usion term using an Eulerian method.

Koumoutsakos et al. [54] were the �rst to present a method on how to treat viscous

boundaries in two-dimensions. This method was then improved by Ploumhans et al. [55, 56]

and can be described with the following steps:

� The local velocity is computed to convect the particles.

� Their strength is updated to account for the stretching (inv iscid term due to the

gradient of the velocity �eld) and the di�usion (viscous ter m). The di�usion is done

by using the Particle strength exchange (PSE) scheme �rst developed by Degond and

Mas-Gallic [57].

� A sheet of vorticity is created on the boundaries to ensure the no-slip. boundary

condition
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In the PSE method, the di�usion operator (Laplace operator) is transformed to an integral

operator which is then discretized over the particles usinga summation operator.

Eldredge [58] used for two-dimensional 
apping wings the method described above.

He was able to perform a direct numerical simulation of a typical stroke at low Reynolds

number (550). Even though the particle method seems well suited for 
apping 
ight, the

three-dimensional problem has not been solved yet using these methods, nor the hovering

problem. Ploumhans et al. [55, 56] and Cottet [53, 59] have used vortex methods for 
ows

around sphere at low Reynolds number, proving that the method works in three-dimensions.

Eulerian methods seem less well suited than Lagrangian methods in the case of 
apping

wings. However, grid based solver have been more studied andnow powerful CFD packages

are available. I will �rst present a review of the two-dimensional methods.

Hamdani et al. [7] conducted an interesting study on the importance of the Reynolds

number e�ect on highly accelerated 
ows. An horizontal airf oil is accelerated under a

pitching motion to an angle of attack of 90 degres. Hamdani de�ned a non-dimensional

pitching rate


 + =
_�c
U

(II.12)

where, _� is the pitching rate, c the chord and U the freestream.

Figure II.11 shows that for small Reynolds number, the forces and moment coe�cients

are only a little lower than in the high Reynolds number 
ow. T he agreement is especially

good for small angles of attack where the leading edge vortexis small. This shows that the

aerodynamic forces mainly come from the large accelerationof the airfoil and not from the

viscous forces.

In low Reynolds number 
ows, a big leading edge vortex can be observed. Wang [60],

Akhtar et al. [61] and Kurtulus et al. [68] described the vortical properties of a 
apping

airfoil. Kurtulus used a typical 
apping motion (constant t ranslation and quick rotation

at the end of the up and downstroke). A trailing edge vortex isshed and grows during the

translational movement; at the same time a leading edge vortex is observed too. At the end

of the translation, the airfoil starts its rotation, the lea ding edge vortex is now shed and a
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Figure II.11 : Force and moment coe�cients versus� . The airfoil is pitching in freestream.
Pitching rates (
 + ) of 2.4, 1.6 and 0.5 are shown as squares, triangles and circles, respec-
tively. Results for Re = 100 and Re = 100000 are shown as solid and dashed lines,
respectively. Reprinted from Hamdani [7].

trailing edge vortex is created and shed into the 
uid. This process is similar to what was

described in sections II.2.1 and II.2.2.

c.2 Hovering case

Three-dimensional grid based methods [13, 30, 69, 70, 71] have only been developed in the

past few years because they require a lot of computing power.Mao et al. [30] used a

three-dimensional unsteady laminar Navier-Stokes methodto study the hovering 
ight of 8

insects with Reynolds numbers ranging from 75 to 3850. Theirmethod was tested against

simple 
ows over a 
at plate. It was also tested on a fruit 
y mo del and aerodynamic
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forces computed agreed well with the predicted forces. The CFD results con�rmed the

mechanism of thrust generation evocated earlier. The thrust is mainly created (80%) during

the translational up and downstroke. In addition the thrust coe�cient is really high proving

that insects take advantage of the dynamic stall. The CFD results also showed that the

leading edge vortex is not shed during the translational movement but during the rotational

movement. This delayed stall could be explained by a spanwise 
ow from wing base to

wing tip preventing the leading edge vortex from detaching. This mechanism of high thrust

production was observed on every insects tested.

These results were also observed in the simulations done by Liu et al. [70]. However,

the thrust found in their hawkmoth study was 40% higher than t he weight of the insect.

Recent simulations of Zuo et al. [69] also explained the mechanisms of thrust production

and the presence of an axial 
ow from root to tip. This axial 
o w could be due to the fact

that the wing velocity varies largely during the up and downstroke and also varies along

the span. The 
ow convects vorticity toward the wing tip whic h is shed into the vortex tip;

thus preventing the leading edge vortex of developing too much and breaking down.

II.3 Power requirements

Avian 
ight remains a challenging problem to master. In the previous section, we saw

how the aerodynamic forces were generated. In this section,an emphasis will be put on

the power needed by birds to perform their 
apping 
ight. Bir ds need power to produce

lift and overcome drag. A better understanding of the well known U-shape power curve

(power versus 
ight speed) could give more insight to the decisions birds make in 
ight.

The total power (Ptot ) is the sum of the induced power (Pind ), pro�le power to overcome

the viscous forces of the lifting bodies (Ppro ), the parasite power to overcome the viscous

forces on the non lifting bodies (Ppar ) and the inertial power needed to move the wings

(Piner ). The total power is also equal to the metabolic power (Pmeta ), which is the output
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power of the bird,

Ptot = Pmeta = Pind + Ppro + Ppar + Piner (II.13)

The total power has been measured in some experimental studies. Wells [27] studied

the hovering 
ight of hummingbirds. He measured their oxygen consumption and deducted

the energy needed to hover. He concluded that hummingbirds'muscles were operating at

an e�ciency of 9-11%.

The �rst three terms in Equation II.13 de�ne the aerodynamic power (Paero). Di�erent

models have been developed to try to compute this power. Tucker [18], Greenewalt [19]

and Pennycuick [2, 20] studied similar models. They are based on the lifting line theory of

Prandtl and are �tted to measurements of metabolic power obtained in wind tunnel tests.

A �rst limitation to these methods is the underlying assumpt ion that the wing is �xed and

thus that the wake lies in a plane behind the wing. Rayner [8, 62] has extended the lifting

line theory to unsteady wing movements by using free vortices in the wake. The wake is

now shed from the trailing edge of the wing. Hall et al. [33, 34] also developed a vortex

method based on the Minimum Induced Loss Propeller theory. This theory assumes that

the forces (thrust, side force and lift) are a consequence ofthe change of the momentum in

the wake. This method will be more developed in section III.2

More complex two and three-dimensional potential codes using vortex methods are

required to better understand the wake evolution especially for large reduced frequency

and Strouhal number [11, 63, 64, 65, 66].

Finally to fully capture the viscous e�ects and the leading edge votex, Navier Stokes

solvers are needed [8, 11, 40, 62, 63, 64, 65, 66, 67]. A more complete review of the last two

methods was presented in section b and c.

An overview of the lifting line theory will be presented next. The lift and drag can be

de�ned as

L = 1
2 �SV 2CL

D = 1
2 �SV 2CD

(II.14)

30



The coe�cient of drag ( CD ) can be divided into two parts,

CD = CDi + CD 0 (II.15)

CDi represents the induced drag due to the energy deposited in the wake andCD 0 is the

friction drag coe�cient and both includes the losses on the lifting and non lifting bodies.

In steady state, the friction coe�cient is usually constant and Prandtl showed that the

induced drag was proportional to the square of the circulation. Thus, the drag can be

expressed as

D =
L 2

2�"�B 2V 2 +
1
2

�SV 2CD 0 (II.16)

" is a coe�cient of proportionality. In steady 
ight the lift i s equal to the weight. From

Equation II.16, we can derive the aerodynamic power as,

P = DV =
(mg)2

2�"�B 2V
+

1
2

�SV 3CD 0 (II.17)

Equation II.17 is the equation of the power curve shown in Figure II.12.

The curve in Figure II.12 has a characteristic U-shape. At low speed, the induced losses

dominate, a lot of energy is deposited in the wake to provide su�cient lift to overcome the

weight; while at high speed the viscous losses become more important. This explains why

hovering is usually found in small birds or insects. We can see that for a speed ofVmp , the

power is minimum and for a speed ofVmc , the cost of transport (C = P
mgV )is minimum.

To estimate the lift and drag, during the early 20th century, the blade elements theory

has been developed. It assumes a constantCL and CD over a 
apping cycle and uses a

polar equation over sections of the wing. This method neglects the fact that 
apping is a

fully unsteady process, especially in hovering and also neglects the three-dimensional e�ects

especially important for low aspect ratio wings.

Tucker [18], Greenewalt [19] and Pennycuick [2, 20] proposed models derived from the

lifting line theory and �tted to experimental data obtained in wind tunnels. Weis-Fogh [32]

also used quasi-steady aerodynamics to evaluate the performance of hovering animals.

The problem of the lifting line theory is that it cannot be app lied to hovering. To model

hovering, the actuator disk theory has been used. This theory is explained in Appendix
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Figure II.12 : The idealized lifting line power curve. Reprinted from Rayner [8].

A.2. The induced power becomes

Pind;hov =

s
(mg)3

1
2 ��B 2"

(II.18)

where " is an e�ciency factor to take into account tip losses.

Stepniewski [63] introduced a smooth transition between the lifting line theory and the

actuator disk theory.

Wakeling et al. [64] performed a mean lift coe�cient quasi-steady analysis. They

gathered lift and drag data of dragon
ies along with kinematics data of their 
ight. Using

these data they were able to compute the induced power, viscous losses using a viscous

drag pro�le and the inertial power. They concluded that the d ragon
y had an e�ciency of

13% by measuring heat produced by the dragon
y body.
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Rayner [8, 62] developed a model based on free vortices in thewake rather than on

bound vorticity on the wing. He assumed a periodicity of the wing motion. Thus to the

�rst order (neglecting wake roll up), he models the circulation as the sum of a constant

term and a sinusoidal term,

� = � 0 + � 1 sin (2�f t + ' ) (II.19)

Rayner also presented a variety of wake patterns that derivefrom Equation II.19. These

wake geometries are presented in Figure II.13. He mentionedthat only wake geometries (d)

and (e) have been observed in birds. (e) is characteristic ofslow forward 
apping 
ights.

Figure II.13 : Wake geometry and lift, thrust production as a function of t he circulation
model. Reprinted from Rayner [8].

Rayner concluded that empirical results showed that the circulation was a piecewise

function (model e) and thus could be modeled by free vortex rings. The wake is prescribed

by the wing motion. He derived an expression for the power as afunction of the wingbeat
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frequency, the wingbeat angle and some experimental parameters function of the wake

shape,

P =
(mg)2

2�"�B 2V
4�

[J0 (� ) + cos (� )]2 +
1
2

�SV 3 [CDpar + CDpro (f; V; � )] (II.20)

As it can be seen on Equation II.20, the form of the aerodynamic power is similar to the

one derived with the lifting line theory. However it di�ers i n two points. First, it separates

the drag due to non lifting bodies and lifting bodies; second, it adds the in
uence of the

wingbeat frequency and amplitude.

Now that methods to estimate the aerodynamic power were introduced, we need to

estimate the inertial power (Piner ). The inertial power is linked to the moment of inertia

of the bird. It can be calculated using strip theory. Van Den Berg et al. [65] computed

the moment of inertia using the strip theory on 29 bird species. The wing is divided into n

strips and the moment of inertia is then calculated as,

I =
nX

i =1

�
mi d2

i +
mi

12
w2

�
(II.21)

where, mi is the mass of strip i , di the distance between the center of the strip and the

shoulder joint, w the width of the strips. It is now possible to derive the kinetic energy

associated to the wing rotation,

Ekin =
1
2

I$ 2 (II.22)

For purely sinusoidal 
appers, we have

$ = ��f sin (2�f t ) (II.23)

Thus, the inertial power for two wings is

Piner = 4 � 2� 2f 3I (II.24)

We can take a closer look at hovering 
ight. First, the parasite power due to the body

is zero since the 
ight velocity is 0.

Norberg et al. [29] have applied Rayner's theory to the hovering 
ight of the bat. They

showed that in hovering, the inertial power is 55% of the total power; while in slow forward
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ight (4 :2m:s� 1), it contributes to 22% of the total power. This study shows the importance

of the inertial power in hovering 
ight. This was con�rmed by Wells [27] who showed that

for hovering hummingbirds, the inertial power was three times the aerodynamic power.

As a conclusion, we saw that 
apping 
ight is a complex problem, it involves a full

three-dimensional unsteady 
ow. In vivo experiments are hard to do because of the size

of the insects studied and the fact that usually when insectsare placed in wind tunnels,

their stress factor adds a lot of noise to the experimental data. The computational �eld has

made a lot of progress. Full Navier-Stokes simulations are now possible. However they take

a lot of time and usually require parallel computing. It seems that the free vortex methods

are the best suited to the hovering problem. Nevertheless, the majority of the methods

developed to study hovering 
apping 
ight are quasi-steady methods or Eulerian unsteady

Navier-Stokes methods. It seems that there is a lack of computationnaly e�cient methods

to model hovering 
ight. Potential methods also have the advantage of being adaptable. In

other words, a free vortex potential method can be developed, then it can be improved to

include the e�ect of viscosity. Some speeding techniques exist for potential codes (p-FFT

tree codes [11]) that can be added to the core program too.
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Chapter III

A Wake Approach to the Constrained
Optimization Problem

In this chapter, we consider the problem of optimal aerodynamic performance of a


apping mechanism in hover or in forward 
ight.

III.1 Problem description

The objective is to �nd the optimal circulation in the wake an d cross-sectional chord

distribution along a 
apping wing that minimize the power re quirement for a given lift and

thrust. In addition, two 
ight parameters also need to be opt imized; the stroke angle which

represents the angle between the end of the downstroke and the end of the upstroke,� and

the 
apping frequency, f . In section III.2, we describe a method that �nds the optimal

circulation in the wake.

Figure III.1 : Rear view of the wings. The solid lines represent the position of the wing
at the end of the upstroke and the dashed line at the end of the downstroke.
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III.2 Approach

Hall et al. [33] developed a method to �nd the circulation distribution along the span of

a 
apping wing that minimizes the power required to generatea given thrust and lift. Their

approach is based on the Minimum Induced Loss Propeller theory. This theory assumes

that the forces (thrust, side force and lift) are a consequence of the change of the momentum

in the wake. Induced power loss arises from the deposition ofkinetic energy in the wake.

Consequently, the forces and power loss depend on the structure of the wake independently

of how this one was generated. The theory also assumes that the wing is lightly loaded, in

other words, the induced velocities are small compared to the forward 
ight speed.

However this method was developed in the context of high Reynolds numbers. In this

case, the coe�cient of drag Cd is nearly independent of the Reynolds number. In this study,

we are interested in low Reynolds number 
ows. When the Reynolds number Rec = �V c=�

is small, viscous e�ects become Reynolds number dependant and tend to scale like 1=
p

Rec.

In other words, the drag is now a function of the chord, which is therefore a parameter we

want to optimize.

The direct approach would be to derive the total required power (induced and viscous)

and to optimize it as a function of the chord and the circulation distribution which is

also a function of the chord. This is a non-linear constrained optimization problem. The

constraints are of two types; equality constraints for the required forces (lift, thrust, and

side force) and inequality constraints for the maximum chord and coe�cient of lift allowed.

A �rst approach would be to �nd the optimized circulation sol ution to the constrained

inviscid problem. Once the circulation distribution is found, we can use it as an input in the

full viscous problem. The circulation is now known and we solve for the optimized chord.

This will be the method used, which is of course quite not optimal. The rigorous way would

be to solve for the circulation and chord the full viscous problem directly. Nevertheless, for

lightly loaded wings, experiments show that the inviscid and viscous circulations are very

similar [34].
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III.2.1 Minimizing the induced power

First we will derive the expression of the forces and inducedpower loss and minimize

it. This section is largely based on Hall et al. [33, 34] and the derivation closely follow their

work.

The 
ow is assumed to be inviscid, incompressible and irrotational (except for the vor-

ticity in the wake). Consequently, the 
ow is governed by the three-dimensional Laplace's

equation,

r 2' = 0 (III.1)

We are using a Cartesian coordinates system (x; y; z) with the three cartesian coordiantes

taken in the 
ight direction, spanwise direction, and verti cal direction, respectively.

In addition, we assume that the wing is lightly loaded; the velocities induced by the

wake are small compared to the wing speed. In other words, thevelocities in the wake

do not signi�cantly deform the wake. We can then assume a rigid periodic wake. This

assumption is of course not true, the wake rolls up; however in the lightly loaded case this

roll-up can be neglected.

As mentioned earlier, the force averaged over one 
apping period is equal to the opposite

of the change in momentum in the wake. The linear momentum in the wake over one period

T = 1
f is given by:

~� = �
Z Z Z

V

~r 'dV (III.2)

whereV is the volume that encloses one period of the far wake (FigureIII.2). By applying

Gauss' theorem to Equation III.2, we can express the momentum in terms of a surface

integral, i.e.,

~� = � �
Z Z

A
'~ndA (III.3)

Here, A is the surface bounding the volumeV.

We can now use the periodic properties of the potential' . The potential is periodic

and continuous, thus ' on the upstream side ofV is equal to ' on the downstream side.

Also, the unit normal vector points on opposite directions on opposite sides ofV . Thus,
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Figure III.2 : Control volume enclosing one period of the far wake.

the portion of the integral on the upstream and downstream cancel out. In addition, '

goes to zero far from the wake in the vertical and spanwise direction (y; z). Thus, Equation

III.3 becomes

~� = � �
Z Z

S
'~ndA (III.4)

where S is the upper and lower surface of the wake.

Finally, the jump in potential across the wing is equal to the bound circulation �. Thus,

Equation III.4 is equivalent to

~� = � �
Z Z

W
� ~ndA (III.5)

where W is the upper surface of one period of the wake.

As mentionned at the beginning of this section, we are interested in computing the

forces ~F acting on the wing. We know that ~F is equal and opposite to the time rate of

change of momentum deposited in the wake, that is,

~F = �
�
T

=
�
T

Z Z

W
� ~ndA (III.6)
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We can now �nd the thrust, lift, and side force, respectively, i.e.,

T =
�
T

Z Z

W
� ~ex � ~ndA

L =
�
T

Z Z

W
� ~ez � ~ndA (III.7)

S =
�
T

Z Z

W
� ~ey � ~ndA

The second step is to �nd the induced power,Pi . As explained previously, the inviscid

losses are due to the deposition of kinetic energy into the wake. The power is just the

average rate of kinetic energy deposited in the wake per period, which is given by

Pi =
�

2T

Z Z Z

V

�
�
� ~r '

�
�
�
2

dV (III.8)

Using the �rst form of Green's theorem, we have,

Pi =
�

2T

�
�

Z Z

A
' ~r ' � ~ndA �

Z Z Z

V
' r 2'dV

�
(III.9)

By using Equation III.1 and the symmetry of ' , we get

Pi = �
�

2T

Z Z

S
' ~r ' � ~ndA (III.10)

Also, ~r ' � ~n = @'
@n = ~w� ~n which is the normal wash induced at the surface of the wake. By

continuity, we have @'
@n

�
�
�
+

= @'
@n

�
�
�
�

. Thus Equation III.10 becomes

Pi = �
�

2T

Z Z

W
� ~w � ~ndA (III.11)

As mentioned earlier, the �rst step is to minimize the inviscid power required to generate

a prescribed lift and thrust. In addition, for high angles of attack the wing will stall. Thus,

we need to introduce a maximum coe�cient of lift constraint. The coe�cient of lift is given

by

Cl =
l

1
2 �V 2c

; l = � � V (III.12)

Thus, we have:

� � � max =
1
2

Cl maxV c (III.13)
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Similarly,

� � � min =
1
2

Cl min V c (III.14)

To solve this constrained optimization problem, we will useLagrange multipliers (~�; � )

and form the Lagrangian power:

� i = Pi + ~� �
�

~F � ~FR

�
+

�
T

Z Z

W
� (� � � max ) dA (III.15)

� is zero if the circulation is smaller than the circulation max and positive otherwise. We

can develop Equation III.15 by using Equation III.11 and Equation III.6:

� i = �
�

2T

Z Z

W
� ~w � ~ndA + ~� �

�
�
T

Z Z

W
� ~ndA � ~FR

�
+

�
T

Z Z

W
� (� � � max ) dA (III.16)

The goal is now to minimize � i . Taking the variation of Equation III.16 and setting it to

zero gives

� � i = � ~� �
�

~F � ~FR

�
+

�
T

Z Z

W
�� (� � � max ) dA �

�
2T

Z Z

W
� � ~w � ~ndA+

�
T

Z Z

W

�
~� � ~n �

1
2

~w � ~n + �
�

� � dA (III.17)

By using the property of a potential 
ow (see Appendix A.1) we have
Z Z

W
~w � ~n� � dA =

Z Z

W
� ~w � ~n� dA (III.18)

Thus, Equation III.17 becomes

� � i = � ~� �
�

~F � ~FR

�
+

�
T

Z Z

W
�� (� � � max ) dA+

�
T

Z Z

W

h
~� � ~n � ~w � ~n + �

i
� � dA (III.19)

By setting Equation III.19 to zero, we get the following conditions:

T = TR

L = L R

S = SR

� = 0 if � � � max

� � 0 if � � � max

~w � ~n = ~� � ~n + �

(III.20)
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The �rst three conditions are simply that the forces must be equal to the required forces.

The last equation of Equation III.20 is the equivalent of the Betz criterion. In the case

where the inequality constraint is inactive (� = 0), this criterion tells us that the induced

normal wash produced by the optimum circulation distributi on is the same as the normal

wash induced by a rigid impermeable wake translating at the velocity ~� .

To solve this variational problem, we will discretize the domain and use a vortex-lattice

method. One period of the wake is divided into Nwake vortex rings. Each ring has a

strength of � i .

Let's �rst rewrite the expression of the force in terms of � i .

~F =

NwakeX

i =1

~bi � i = B � (III.21)

where ~bi = �
T ~ni � A i , ~ni is the unit normal at the center of the ring i and � A i is the area

of the ring.

Similarly, the induced power can be approximated by

Pi =
1
2

NwakeX

i =1

NwakeX

j =1

K ij � i � j = � T K �, with K ij = �
�
T

~Vij � ~ni � A i (III.22)

where ~Vij is the velocity at the center of the panel induced by an in�nit e row of vortex

ring panels of unit strength spaced by the distanceUT and the �rst panel being located at

the position on the grid. In practice, I use 20 periods of the wake to compute the induced

velocities, 10 periods behind the panel of interest and 10 periods ahead of the panel of

interest. We can now rewrite Equation III.16,

� i = 1
2

NwakeP

i =1

NwakeP

j =1
K ij � i � j +

NwakeP

i =1

3P

j =1
� j

�
B j i � i � FR j

�
+ �

T

NwakeP

i =1
� � A i (� i � � max i )

(III.23)

Practically, to solve this optimization problem, we use the augmented Lagrangian method.

We take the variation of Equation III.23 set it to zero and we add a quadratic penalty

function of weight W to the Lagrangian power that increases the power when the constraint

is violated.
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We can introduce a new vector of inequality constraint Lagrange multipliers.

� i =
�
T

� � A i (III.24)

Thus Equation III.23 with the penalty function becomes in matrix notation

� i = 1
2 � T K � + � T (B � � FR ) + � T (� � � max ) + 1

2 (� � � max )T W (� � � max ) (III.25)

We now can take the variation of Equation III.25,

2

4
K + W B T

B 0

3

5

8
<

:

�

�

9
=

;
=

8
<

:

W � max � �

FR

9
=

;
(III.26)

Finally, Equation III.26 is solved iteratively. We �rst set W and � to 0. If the inequality

constraint is not satis�ed, then we turn on W and � . For each iteration, we update � as

followed,

� new = � old + W (� � � max ) (III.27)

Solving Equation III.26 gives the circulation distributio n along the span in the inviscid case.

III.2.2 Minimizing the viscous power

Now that we have the circulation distribution that minimize s the induced power, the

next step is to use � as an input to now solve the viscous problem by �nding the chord

that minimizes the total power:

P = Pi + Pv (III.28)

where Pv is the viscous power de�ned by

Pv =
1
T

Z Z

W

1
2

�V 2cCddA =
1
T

Z Z

W

1
2

�
�

U
ds
dx

� 2

cCddA (III.29)

where ds
dx is the distance traveled by the wing per unit distance traveled by the wing in the

x direction.

We can notice that Pv is a function of the chord and the coe�cient of drag, which is for

low Reynolds number a function of the chord. We now need to �ndan expression forCd
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as a function of the chord. HoweverCd is di�erent for each airfoil. Consequently, we could

try to �nd an airfoil that would minimize the viscous losses compare to other airfoils. The

coe�cient of drag for low Reynolds number scales like the inverse of the square root of the

Reynolds number. Thus, we can re-write the viscous power as followed,

Pv =
1
T

Z Z

W

1
2

�V 2c
Cd0p
Rec

dA

Pv =
1
T

Z Z

W

1
2

�V 2c
p

Clp
Rec

Cd0p
Cl

dA (III.30)

By using Cl = �V �
1
2 �V 2c

, Rec = �V c
� we get

Pv =
1
T

Z Z

W

r
�� �

2
V

Cd0p
Cl

dA (III.31)

As we can see, for a given circulation distribution, the viscous power scales likeCd0=
p

Cl .

Consequently, we desire an airfoil with the lowest possibleparameterCd0=
p

Cl or the highest

Cl =Cd0
2.

A quick way to �nd the drag polar for various airfoils is to use XFOIL developped by

Mark Drela. XFOIL is a two-dimensionnal steady panel code coupled to a two-equations

lagged dissipation integral boundary layer formulation. The coupling of the potential code

to a boundary layer formulation allows calculation of 
ows with limited separation region.

Consequently by plotting the ratio Cl =Cd0
2 as a function of the angle of attack, we can

isolate the best airfoil pro�le. I will separately look at sy mmetrical and non-symmetrical

airfoils.
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Figure III.3 : Cl =Cd0
2 function of the angle of attack for di�erent symmetrical air foils at

Re = 1000.

Figure III.4 : Cl =Cd0
2 function of the angle of attack for di�erent non-symmetrica l airfoils

at Re = 1000.
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As it can be seen in Figure III.3, the best airfoil is the NACA 0001, similarly in Figure

III.4 it is the NACA 2401. It can also be observed that the best performing airfoils are

the one with the smallest thickness and should be the one used. To use non-symmetrical

airfoils, a 
exible wing needs to be designed. This results from the fact that the camber of

a 
apping airfoil is oriented one way during the downstroke and the other way during the

upstroke. The use of 
exible wings complicate the analysis,consequently I will limit the

choice of the airfoil to symmetrical airfoils. Thus, the best performing airfoil is the NACA

0001 and should be the one used. Nevertheless, because the NACA 0001 has a thickness

of only 1% of the chord it is extremly hard to manufacture in the case of a MAV. Thus, I

limited my choices to a regular symmetric NACA airfoil that c ould be easily manufactured.

I chose the NACA 0009 which performs better than thicker symmetrical airfoils.

Now that the airfoil is chosen, we can �nd Cd. Cd is a function of both the Reynolds

number and the coe�cient of lift and thus the chord. The goal i s still to model Cd as a

function of the chord. As can be seen in Figure III.5, for aCl � 0:3, all the scaled curves

are on top of each other and almost constant. While for aCl � 0:3, all the unscaled curves

are on top of each other. From this observation, we can deducea model for the coe�cient

of drag,

Cd =

8
<

:

f (Cl ) if f (Cl ) � 3:45p
Rec

3:45p
Rec

otherwise
(III.32)

The function f in Equation III.32 is found using a 6th order polynomial interpolation:

f (x) = � 0:4236x6+3 :2787x5� 9:1871x4+12:525x3� 8:9124x2+3 :5218x1� 0:4635 (III.33)

The R-squared for the �t is 0.9999.

XFOIL uses a boundary layer formulation to model the viscosity. This formulation

usually breaks down for low Reynolds number when the boundary layer becomes really

thick. This could be the reason why we do not observe a clear stall. However, the polynomial

function used rapidly increases when the coe�cient of lift increases as seen in Figure III.6

which compensates for the poor modeling in the stall region.In addition, a constraint on

the coe�cient of lift is introduced which limits the operati on of the wing in its attached
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Figure III.5 : Drag Polar for NACA 0009 for Rec = 3000; 5000; 8000, the scaledCd are
scaled by

p
3000=Rec.

region.

We can now discretize the viscous power in Equation III.29,

Pv =
�

2T
U2

NwakeX

i =1

�
ds
dx

� 2

i
ci Cdi (Cli ; Reci ) � A i (III.34)

with, Cli = 2� i

( ds
dx ) i

ci
, Reci = �Uc i

�

Equation III.34 has for only unknown the chord ci , we can then �nd a minimum for Pv

with the following constraints on the chord,

ci � 2� i

( ds
dx ) i

Clmax

ci � cimax

(III.35)
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Figure III.6 : Drag polar of Equation III.32 for three Reynolds numbers (3,000, 5,000,
8,000).

III.2.3 The hovering case

To summarize, in the previous section we found the optimum circulation distribution

in the wake that minimizes the induced power. We then, used this optimum circulation to

compute the viscous power as a function of the chord. The chord distribution was then

optimized to minimize the viscous losses. However, the calculations were performed on a

wake that was convected at the forward 
ight speed. The problem is now to extend this

optimization to 
appers in hovering 
ight.

All the previous equations assumed a forward 
ight speedU in the x direction. However,

when the vehicle is hovering, this velocity goes to zero. Consequently we need to �nd the

speed at which the wake is convected. The actuator disk theory developed in Appendix

A.2 links the thrust to the velocity seen behind the disk. Since we prescribe the thrust, we
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can extract the velocity behind the 
apping wing and use it to convect the wake.

The actuator disk theory (see Appendix A.2) gives an expression for the thrust generated

on a rotating disk as a function of the velocity U at this \rotor",

T = 2 �U 2A (III.36)

with A being the area covered by the rotating disk or 
apping wings. Thus, we can deduce

U:

U =

s
T

2�A
(III.37)

Consequently, for the hover case, we convect the wake at the velocity U provided by Equa-

tion III.37.

III.3 Results

We are now able to optimize the circulation distribution in t he wake and the chord

distribution for 
appers in both forward and hovering 
ight . As mentioned in the introduc-

tion, the optimization also depends on two other parameters(
apping frequency and stroke

angle). We will see in the two following sections the in
uence of these two parameters on

the optimization for hovering 
apping 
ight.

III.3.1 Stroke angle

It is intuitive to think that the minimum power required is in versely proportional to

the stroke angle. In addition, observations made by Weis-Fogh [32] and Altshuler et al.

[24, 25] show that stroke angles in 
appers are usually high in hovering and range from

120� to 180� . In addition, Altshuler et al. [24, 25] showed that when hummingbirds needed

more thrust, they increased their stroke angle.

We can �rst look at the in
uence of the stroke angle on the induced power. The
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coe�cient of induced power is written as

CPi =
Pi

1
2 �

�
T

1
2 ��B 2 �=�

� 3=2
B 2

(III.38)

By using Equation III.38, the induced power scales inversely in � 3=2. It also scales in the


apping frequency cube. By reducing the swept area, the frequency will increase to cover

the same swept area in the same time. Consequently, by decreasing the stroke angle, the

power decreases in the power of 3/2 while it increases in the power of 3, thus it increases.

In the inviscid case, we proved that it is more e�cient for 
ap pers to have high stroke

angles. Nevertheless, we also have to take into account the viscous losses. Consequently, I

ran the same wing con�guration in hover for di�erent stroke a ngles (the other parameters

being held constant). For example, in the following runs, where the only di�erence is the

stroke angle, we can see that the optimal power is lower when the stroke angle is higher:

Runs Run 1 Run 2 Run3

Stroke angle (� ) 175 150 100

Optimal coe�cient of power 5:91 6:20 7:93

Table III.1 : Optimal coe�cient of power as a function of the stroke angle.
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III.3.2 Flapping frequency

The power is function of the 
apping frequency and for a set con�guration, an optimum


apping frequency exists. We can de�ne a non-dimensional 
apping frequency as ~f =

f 2�q
T

2�c 3
max B

. In this example, the following parameters were used:

CT 2:618

Clmax 1:2

� 150�

AR 6

~cmax 1:0

Airfoil pro�le NACA 0009

Drag polar Polynomial �t

We can plot the coe�cients of power (induced, viscous and total) de�ned in Equation

III.38 as a function of the frequency to �nd the optimum 
appi ng frequency.

As shown in Figure III.7, the minimum power is reached for a non-dimensional 
apping

frequency of 3.33. We can see that for higher frequencies, the viscous power is predominant

compared to the induced power. The U-shape of the power curveis typical and re
ects the

discussion in section II.3. For lower frequencies, the viscous power is still high because the

viscous e�ects are modeled using a drag polar and for low frequencies, the coe�cient of lift

will be high, consequently the viscous losses will be high too. We can also notice that the

induced power is increasing for decreasing frequencies.

In addition, the optimized wing shape is also given as an output (see Figure III.8). As

expected, the chord is always smaller than the chord maximumconstraint. The chord also

goes to zero at the tip of the wing, which makes sense since thecirculation goes to zero at

this location.

We can also take a look at the optimum circulation distributi on in the wake. Figure

III.9 and III.10 show the non-dimensional circulation ( �
B 2$ ) for the optimum case as a
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function of the non-dimensional location. We can �rst notice the symmetry between the

upstroke and downstroke. In addition, the circulation is mainly shed at the beginning of

the downstroke and upstroke where the gradient of the circulation is the highest.
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Figure III.7 : Coe�cients of Power function of the 
apping frequency.

Figure III.8 : Wing shape.
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Figure III.9 : Rear view of optimal circulation distribution in the wake.

Figure III.10 : Top view of optimal circulation distribution in the wake.
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Chapter IV

Two-Dimensional Potential Method

IV.1 Problem description

In the previous chapter, we developed an optimization tool for 
apping wings in forward

and hovering 
ight. This model was based on the assumption oflightly loaded wings. In

other words, it was assumed that the velocity induced by the wake on itself was small

compared to the in
ow and consequently the roll-up of the wake was neglected. In addition,

in the hovering case, the convection speed was deduced from the actuator disk theory.

In our study, we are interested in the hovering case (k = 1 ) with a 
apping amplitude

of several times the chord. Thus, the model previously described that uses the actuator

disk theory is limited and introduces errors due to its simplifying assumptions. Instead of

modeling the wake as rigid, we should freely convect it. By freely convecting the wake, we

do not neglect the in
uence of the induced velocities and remove the assumption of lightly

loaded wings. In this chapter, I will present an unsteady two-dimensional potential method

that uses a freely convected wake.

IV.2 Literature review

Basu et al. [50] and Jones et al. [9, 10, 45] developed a two-dimensional vortex lattice

method. In their method, the airfoil was discretized into panels and the wake was freely

convected. I will �rst give a brief review of the method of Jones et al. Jones used a code

�rst developed by Teng [66]. It is a two-dimensional incompressible unsteady potential

code based on a vortex lattice method. He divided the airfoilinto N panels. At each time

step k, each panel has an unknown constant source strength (qj )k , j = 1 ; : : : ; N and the

circulation around the airfoil is modeled using a constant vorticity distribution 
 k over the
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Figure IV.1 : Schematic of the Jones et al. panel code. Reprinted from Jones [9].

entire airfoil. Thus, the system has N + 1 unknowns. In addition, since it is an unsteady

method, the vortex shedding process introduces three new unknowns as shown in Figure

IV.1, ( 
 wk , � k , � k ). 
 wk represents the constant vorticity strength of the �rst wake panel,

� k is the angle of the �rst wake panel and � k is the length of the �rst wake panel.

At each time step k, the no through 
ow condition is applied at the center of the N

panels,

[(V n ) i ]k = 0, i = 1 ; : : : ; N (IV.1)

where [(V n ) i ]k is the total normal velocity at the center of panel i at time k. The Kutta

condition stipulates that the 
ow leaves smoothly the trail ing edge. In other words, the

jump in pressure at the trailing edge is zero. In practice, the Kutta condition is applied at

the center of the last plate panel. By using Bernoulli's equation on the upper and lower

last panel, we get

[P1]k + �
�

@� 1

@t

�

k
+

1
2

� [(V )1]2k = [ PN ]k + �
�

@� N

@t

�

k
+

1
2

� [(V )N ]2k (IV.2)

By imposing the jump in pressure, [P1]k � [PN ]k = 0. In addition, the jump in potential

is equal to the circulation,
h

@� 1
@t

i

k
�

h
@� N

@t

i

k
=

� @�
@t

�
k . Finally since the normal velocity is

zero at the center of the last panel, [(V )]2
k =

��
V t

�� 2
k . Thus, the unsteady Kutta condition
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becomes
��

V t �
1

� 2
k

�
��

V t �
N

� 2
k

= 2
�

@�
@t

�

k
= 2

� k � � k� 1

tk � tk� 1
(IV.3)

So far we haveN + 1 equations for N + 4 unknowns. The Helmholtz theorem stipulates

that the circulation shed into the wake is equal and oppositeto the change of circulation

around the airfoil. This provides another condition

� k + � k 
 wk = � k� 1 (IV.4)

The two additional relations can be obtained using the assumptions presented by Basu

and Hancock [50], that is,

� The wake panel is oriented in the direction of the local resultant velocity at the panel

midpoint.

� The length of the wake panel is equal to the local velocity strength at the panel

midpoint times the size of the time step.

These two conditions can be expressed as,

tan � k = (vw )k
(uw )k

� k = ( tk � tk� 1)
q

(vw)2
k + ( uw)2

k

(IV.5)

Finally, at the end of each time step, the point vortices in the wake are convected with

the local velocity �eld.

The method developed is similar to the one presented above. A
at plate is modeled

using a method inspired by Jones et al. but instead of a constant strength source distri-

bution, the vorticity has a linear distribution. This appro ach is more accurate than Jones'

method since the order of the distribution is higher. In addition, instead of point vortices,

the vorticity in the wake is modeled using a constant vorticity distribution. The use of a

higher-order distribution in the wake is motivated by the fact that we are especially inter-

ested in hovering. In the case of hovering, the roll-up of thewake is particularly important

and having a higher-order distribution smooths the behavior of the wake. Jones also ex-

plains that he uses an iterative scheme because the Kutta condition is non-linear. However
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his iterative scheme was a simple shooting method and had a weak convergence. Here, we

use a Newton method which has a strong convergence. Finally,Jones et al. did not study

the hovering case; here we are concerned primarily with hover. The method developed will

be detailed in the following section.

IV.3 Approach

In this section, details of the two-dimensional unsteady potential method developed are

be presented. First, we de�ne the kinematics of the plate we want to study. In a second

part, the theory itself is presented. Finally in the last sub-section, various convergence tests

are performed to validate the method presented.

IV.3.1 Kinematics

We want to model the motion of 
apping wings. Consequently, in two-dimensions, the

motion we are interested in has two degrees of freedom. The kinematics is presented in

Figure IV.2. The plate motion is a combination of plunging and pitching with the following

kinematics,

h =
NmP

i =1
hn sin ($ n t)

� =
NmP

i =1
� n sin ($ n t + � n )

y = h + � sin (� � )

x = � cos (� � ) + e

(IV.6)

where Nm is the number of Fourier modes used to describe the plate motion, h is the

amplitude of the plunge, � the pitch angle, $ n the angular velocity of mode n, � n the

phase shift of the pitch angle compared to the plunge, (x; y) are the coordinates of the

plate in a �xed Cartesian coordinate system initially centered at the center of the plate,

e is the location of the pitch axis and (�; � ) is the coordinate system associated with the

plate centered at the pitch axis. The black dot represents the pitch axis, while the white

dot represents the center of the plate.
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Figure IV.2 : Kinematics of the 
at plate used in the present method

Having now de�ned the kinematics of the plate, we now look at the formulation used

to develop the present method.

IV.3.2 Potential method

The method used is based mainly on the work of Jones et al. [9, 10, 45]. It is a potential

panel code that uses a freely convected wake. I will �rst present the equations behind the

theory. Since it is a potential method, the viscosity is neglected. Consequently, in a second

part, I will explain the correction used to take into account the in
uence of the viscosity.

a Inviscid formulation

The surface of the plate is modeled using panels each containing a linear distribution

of vorticity. The wake is also modeled using panels but with constant vorticity. First, we

can express the velocities induced by these panels.

The velocity induced by a constant strength vortex distribution ( 
 ) panel extending

from (x1; 0) to (x2; 0) at a point ( x; y) was calculated by Katz and Plotkin [12]. The

corresponding velocities in thex and y direction are given by respectively,

u = 

2�

h
arctan

�
y

x� x2

�
� arctan

�
y

x� x1

�i

v = 

4� ln

h
(x � x2)2+ y2

(x � x1)2+ y2

i (IV.7)
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Figure IV.3 : Flat plate with linear vorticity distribution and its wake .

Similarly, for a linear vortex distribution ( 
 = 
 1x), the induced velocites are

u = � 
 1
4�

h
y ln

h
(x � x1)2+ y2

(x � x2)2+ y2

i
� 2x

�
arctan

�
y

x� x2

�
� arctan

�
y

x� x1

��i

v = � 
 1
2�

h
x
2 ln

h
(x � x1)2+ y2

(x � x2)2+ y2

i
+ ( x � x1) + y

�
arctan

�
y

x� x2

�
� arctan

�
y

x� x1

��i (IV.8)

We can now form the system of equations to solve for the unknown vortex strengths.

The plate is composed ofN panels with N +1 vorticity unknowns at the end points of each

panel (see Figure IV.3), since we are using linear panels. Inaddition, the vortex strength of

the �rst panel of the wake is also an unknown. By applying N no through 
ow conditions

at the center of each panels, a Kutta condition and the Helmholtz theorem, we get a closed

system. For the Kutta condition, we specify that the jump in p ressure at the center of the

last panel is zero. I will now detail each of the equations that form the system we need to

solve.

First, the N no through 
ow conditions at time step k can be written as a linear system,

[A]k (
 )k = ( b)k (IV.9)

where the (N ) � (N + 2) matrix [ A] is the in
uence coe�cient matrix. ( b) is the right hand

side vector which is the sum of the induced velocities due to the wake (except the �rst

panel), the freestream and the velocity of the plate. (
 ) are the unknown vortex strengths

on the plate plus the �rst wake panel vortex strength.
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Second, the Helmholtz theorem is also a linear condition in (
 ), and is given by
2

6
4

Z

plate


ds

3

7
5

k

+

2

6
4

Z

wake 1st panel


 w1 ds

3

7
5

k

=

2

6
4

Z

plate


ds

3

7
5

k� 1

(IV.10)

We can rewrite Equation IV.10 in term of the circulation,

� k + � k
w1

= � k� 1 (IV.11)

where � k =

2

4
R

plate

ds

3

5

k

= 1
2

NP

i =1

�

 k

i + 
 k
i +1

�
� k

i

� k� 1 =

2

4
R

plate

ds

3

5

k� 1

= 1
2

NP

i =1

�

 k� 1

i + 
 k� 1
i +1

�
� k� 1

i

� k
w1

=

2

4
R

wake 1st panel

 w1 ds

3

5

k

= 
 k
w1

� k
w1

� k
i is the length of panel i at time step k and � k

w1
is the length of the �rst wake panel at

time step k.

Last, the Kutta condition is non-linear in ( 
 ) and can be expressed similarly as in

section IV.2 by using the Bernoulli's equation,

h�
V t � k

N �

i 2
�

h�
V t � k

N +

i 2
= 2

� k � � k� 1

� t
(IV.12)

where
h�

V t
� k

N �

i
and

h�
V t

� k

N +

i
are respectively the lower and upper tangential velocity at

the collocation point of the last panel of the plate.

We can express the tangential velocities of Equation IV.12 as functions of the unknown

vortex strengths,
h�

V t
� k

N �

i
=

�
� 0:25

�

 k

N +1 + 
 k
N

�
+ Ck 
 k

w1
� k

w1
+ W k

�

h�
V t

� k

N +

i
=

�
0:25

�

 k

N +1 + 
 k
N

�
+ Ck 
 k

w1
� k

w1
+ W k

� (IV.13)

whereCk is the in
uence coe�cient of the �rst wake panel on the center of the last panel of

the plate. W k is the sum of the induced velocities due to the rest of the wake, the freestream

and the velocity of the plate at the center of the last panel. By expanding Equation IV.12

using Equation IV.13, we get

� 
 k
N Ck 
 k

w1
� k

w1
� 
 k

N W k � 
 k
N +1 Ck 
 k

w1
� k

w1
� 
 k

N +1 W k = 2
� k � � k� 1

� t
(IV.14)
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In addition, by using Helmholtz theorem from Equation IV.11 , Equation IV.14 becomes

� 
 k
N Ck 
 k

w1
� k

w1
� 
 k

N W k � 
 k
N +1 Ck 
 k

w1
� k

w1
� 
 k

N +1 W k + 2

 k

w1
� k

w1

� t
= 0 (IV.15)

Finally, by gathering the no through 
ow conditions, the Kut ta condition and Helmholtz

theorem, we have the following system:

F k (
 1; : : : ; 
 N +1 ; 
 w1 ) = 0 (IV.16)

where F k (
 1; _;
 N +1 ; 
 w1 ) is a N + 2 vector, the �rst N + 1 equations being linear in the

unknown vortex strengths.

We can solve Equation IV.16 using the Newton's method (see Appendix B.1). We

�rst need to compute the Jacobian [J ]k of the system in Equation IV.16. The upper left

sub-matrix of [J ]k is simply the (N ) � (N + 2) matrix [ A]k since Equation IV.9 is a linear

system.

The row N + 1 comes from the conservation of the circulation developedin Equation

IV.11,

[J ]kN +1 ;1 =
@Fk

N +1

@
k1
= 1

2 � k
1

[J ]kN +1 ;j =
@Fk

N +1

@
kj
= � k

j , j = 2 ; : : : ; N

[J ]kN +1 ;N +1 =
@Fk

N +1

@
kN +1
= 1

2 � k
N +1

[J ]kN +1 ;N +2 =
@Fk

N +1
@
kw 1

= � k
w1

(IV.17)

The row N + 2 comes from the Kutta condition expressed in Equation IV.15,

[J ]kN +2 ;j =
@Fk

N +2

@
kj
= 0, j = 1 ; : : : ; N � 1

[J ]kN +2 ;N =
@Fk

N +2

@
kN
= � Ck 
 k

w1
� k

w1
� W k

[J ]kN +2 ;N +1 =
@Fk

N +2

@
kN +1
= � Ck 
 k

w1
� k

w1
� W k

[J ]kN +2 ;N +2 =
@Fk

N +2

@
kw 1
= � Ck

�

 k

N + 
 k
N +1

�
� k

w1
+

2� k
w 1

� t

(IV.18)

We can summarize the algorithm with the following steps:

1. Compute the location of the plate at time step k.

2. Form the [A]k matrix and ( b)k vector.
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3. Form the Jacobian matrix [J ]k .

4. Solve iteratively on i until convergence is reached the following system:
�

 i +1

� k =
�

 i

� k �
� h

J
� �


 i
� k

�i k
� � 1

F k
� �


 i
� k

�
.

5. Compute the aerodynamic forces and power acting on the plate.

6. Update the location of the wake and go back to step 1.

We have described the �rst four steps. We will now explain the last two steps. The

wake panels are simply updated with the local velocity �eld as material lines. The induced

velocities are computed at the end points of each wake panelsand a backward Euler scheme

is used to get the new position of the panels,

xk+1
wi

= xk
wi

+ U
�

xk
wi

�
� t , i = 1 ; : : : ; k + 1 (IV.19)

where xk is the position vector of the i th point of the wake at time step k and U
�
xk

wi

�
is

the velocity vector at that point.

Special care due to stretching must be taken to conserve the circulation of each wake

panel. The new vorticity strength becomes


 k+1
wi

= 
 k
wi

� k
wi

� k+1
wi

, i = 1 ; : : : ; k (IV.20)

The aerodynamic forces per unit depth are computed using theunsteady Kutta-Joukowsky

formula,

~Faero = �

bZ

� b

2

4 ~U � ~
 +
d
dt

xZ

� b


~nds

3

5ds (IV.21)

The �rst term of Equation IV.21,
bR

� b

h
~U � ~


i
ds, is given by

bZ

� b

h
~U � ~


i
ds =

bZ

� b

[u
 ~ey � v
 ~ex ]ds (IV.22)

On each panel of the airfoil, we can approximate the velocity~U by being constant over a

panel and having the value of the velocity at the center of thepanel. Thus, Equation IV.22
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becomes
bZ

� b

[u
 ~ey � v
 ~ex ]ds =
NX

i =1

(ui ~ey � vi ~ex )

x i +1Z

x i

[
 i ] ds (IV.23)

Since
 i is a linear function, Equation IV.23 can be expanded as,

NX

i =1

(ui ~ey � vi ~ex )
�

� i

2

�
(
 i + 
 i +1 ) (IV.24)

In the same way, the second term of Equation IV.21 becomes

bZ

� b

2

4 d
dt

xZ

� b


~nds

3

5ds =
NX

i =1

x i +1Z

x i

2

4 d
dt

xZ

x1


~nds

3

5ds (IV.25)

The �rst term in the sum of Equation IV.25 can be expanded as

x2Z

x1

2

4 d
dt

xZ

x1


~nds
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~n (IV.26)

with, a1 = 
 2 � 
 1
� 1

; b1 = x2 
 1 � x1 
 2
� 1

We can also expand the other terms,

x i +1Z

x i

2

4 d
dt

xZ

x1


~nds

3

5ds =
d
dt

x3Z

x2

2

4
i � 1X

j =1

�
� j

2

�
(
 j + 
 j +1 ) +

� ai

2
x2 + bi x

�
�

� ai

2
x2

i + bi x i

�
3

5ds~n

=
d
dt

2

4� i

i � 1X

j =1

�
� j

2

�
(
 j + 
 j +1 ) +

�
ai

6

�
x3

i +1 � x3
i

�
+

bi

2

�
x2

i +1 � x2
i

�
�

�
� ai

2
x2

i + bi x i

�
� i

3

5 ~n

(IV.27)

with, ai = 
 i +1 � 
 i
� i

; bi = x i +1 
 i � x i 
 i +1
� i

Finally, the force becomes
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(IV.28)
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The time derivative in Equation IV.28 is computed by using a backward Euler scheme. The

aerodynamic power is computed the same way,

Paero = �

bZ

� b

2

4

0

@~U � ~
 +
d
dt

xZ

� b


~nds

1

A � ~Uairfoil

3

5ds (IV.29)

~Uairfoil is the velocity of the airfoil computed at the center of each panel and is taken

constant over a panel.

To summarize, in this section, I presented the system we solve to obtain the unknown

vortex strengths for a two-dimensional 
apping airfoil. On ce the strenghts are known, I

showed how to update the location of the wake, and �nally, howto compute the aerodynamic

forces and power. In the following section, I will introduce a corrective term to take into

account the presence of viscous e�ects.

b Viscous formulation

To accurately model the e�ect of viscosity, one should solvethe full Navier-Stokes

equations. Nevertheless, it is possible to include the e�ect of viscosity in a potential code.

Jones et al. [45] used the Keller-Cebeci box method [67]. However this method cannot

model low Reynolds number 
ows, and is limited to small reduced frequencies. Thus, in

our particular case of interest (hover at low Reynolds number), this method is not helpful.

Instead of modifying the 
ow characteristics, we choose to add a correction factor in the

computation of the aerodynamic forces. In the method presented, the viscous forces are

modeled as
~Fviscous = 1

2 �U 2cCD
~U

k~Uk

Pviscous = ~Fviscous � ~Uairfoil
~U = Induced velocity - plate velocity

(IV.30)

where ~U is computed at a point taken on the plate. In practice, ~U is taken as being

the velocity given by the actuator disk theory for a given thrust minus the plate velocity.

Consequently the viscous force can be fully computed duringthe post-processing of the

inviscid results. Adding the viscous corrective term during the post-processing step allows
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us to test various drag models without having to re-run the full inviscid code. We use two

di�erent models for the drag.

The �rst model is the drag polar model used in Equation III.32. The coe�cient of

drag is inversely proportional to the square root of the Reynolds number (computed based

on the chord and the velocity ~U) for small lift coe�cient and is modeled as a polynomial

function for higher lift coe�cients. We already saw in secti on III.2.2 that this drag polar

model introduces errors in the stall region because this region is poorly modeled in XFOIL

for low Reynolds numbers.

The second model uses a constant drag coe�cient. It is based on experimental mea-

surements done by Weis-Fogh [32]. He was able to measure the average drag coe�cient for

di�erent insects.

Both these models are steady state models. They obviously donot re
ect the dynamic

stall process that is often encountered in 
apping 
ight. Nevertheless, experimental studies

(Wells [27] and Ramamurti et al. [13]) showed that in hover, the aerodynamic was mainly

governed by inviscid e�ects.

Now that we have developed a computational model to anaylze the 
ow, forces and

power of a two-dimensional 
apping plate, we need to test themodel to see if it agrees with

well known answers to various limit cases.

IV.3.3 Convergence study

In this section, I will compare the results of the present method for various con�gura-

tions. First the small amplitude motion is computed. Then th e wake patterns given by the

model developed are compared to experimental results. Finally, the accuracy of the model

for large amplitude motion in hover is studied.

a Small amplitudes

In this section, I compare the aerodynamic results obtainedusing the present method

to the results of Azuma et al. [47]. Azuma's results are basedon the thin airfoil theory
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and the work done by Theodorsen. Let us consider a 
at plate (no de
ection) in pitching

and plunging motion (see Figure IV.2) with the following kin ematics,

h = h1 sin ($t )

� = � 1 sin ($t + � )
(IV.31)

Azuma et al. derived the expressions for the mean lift, thrust and power per unit depth.

For pure plunging motion, we have

L = 0

T = ��bU 2
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� 2
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(IV.32)

For pure pitching motion, we have
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(IV.33)

With,

C (k) = H (2)
1 (k)

H (2)
1 (k)+ jH (2)

0 (k)

F = Re ( C (k))

G = Im ( C (k))

(IV.34)

Since the mean lift is zero in both cases, I will compare the results of the present model

to Azuma's results by comparing the computed maximum of the lift. Theodorsen [15] and

Garrick [16] get for the maximum of the lift in plunging motio n

jL j = 2 ��U 2b

s �
(2kh1)2

�
F 2 + G2 + kG +

k2

4

��
(IV.35)

In pure pitching motion, Theodorsen [15] and Garrick [16] also get

jL j = 2 ��U 2b

vu
u
u
u
t

2

6
4� 2

1

8
><

>:

�
1 + ( af � 0:5)2 k2

� �
F 2 + G2

�
+ 0 :5k2F

+
�
k + af (af � 0:5) k3

�
G + 0 :25

�
1 + a2

f k2
�

k2

9
>=

>;

3

7
5 (IV.36)
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These analytical results will be used in the following sections to compare the results of

the present model. First, the lift obtained using the present model will be compared to an

approximation of the Wagner function for a sudden change in picth. Then, we will focus on

sinusoidal plunging motion, by comparing results of the present method to the analytical

formulas presented above. Finally, we will also look at sinusoidal pitching motion about

the elastic axis.

a.1 Sudden change in pitch

For a sudden change in pitch, we can compare the lift to the Wagner function � . For the

lift we have

L (s) = 2 ��U 2b�� (s) , s =
Ut
b

(IV.37)

The function � (s) can be approximated by the following function

� (s) � 1 � 0:165e� 0:0455s � 0:335e� 0:3s (IV.38)

This �rst order approximation can be improved. Coller and Ch amara [72] developed a

higher order approximation,

� (s) � 1 �
N �X

j =1

K j e� � j s (IV.39)

with N � = 4, K 1 = 0 :2552078488,� 1 = 0 :1708445093,K 2 = 0 :1290432917,� 2 = 0 :5610424665,

K 3 = 0 :09654817188,� 3 = 0 :04680475392,K 4 = 0 :01920068755,� 4 = 0 :006478169099.

As we can see in Figure IV.4, there is a good agreement. Nevertheless for higher non-

dimensional time, we can see some discrepancies. This couldbe explained by the fact that

we are using an approximation of the Wagner function and not the Wagner function itself.

This is con�rmed by using Coller's approximation, we can seethat the computed lift is

closer to this approximation.
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Figure IV.4 : Non dimensional lift for a sudden change in pitch.

a.2 Plunging motion

In this section, analytical results of Azuma et al. [47] for the mean coe�cient of thrust

and power and results of Theodorsen [15] and Garrick [16] forthe maximum coe�cient of

lift for a 
at plate in pure plunge will be compare to the resul ts provided by the model

presented. Results will be presented in non-dimensional terms:

CL = L
��bU 2

CT = T
��bU 2

CP = P
��bU 3

(IV.40)

In Table IV.1, I compare the results obtained by the method developed for a pure plung-

ing motion to the analytical results presented earlier for various reduced frequencies (k).

NT S represents the number of time steps per 
apping cycle. The percentage in the table

represents the relative error of the present method compareto the analytical results. The

calculation is run for six cycles, the aerodynamic coe�cients are computed over the last

cycle. After �ve cycles convergence is reached.
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k N NT S hCP i hCT i CL peak

0.39 25 50 0.34% -2.04% 0.03%
0.39 25 100 -1.01% -2.22% -1.10%
0.39 25 200 -1.62% -2.16% -1.67%
0.39 50 50 1.60% -0.91% 1.31%
0.39 50 100 0.22% -1.10% 0.16%
0.39 50 200 -0.42% -1.05% -0.48%
0.39 100 50 2.22% -0.37% 1.94%
0.39 100 100 0.83% -0.57% 0.78%
0.39 100 200 0.17% -0.52% 0.13%
0.79 25 50 2.01% -3.49% 0.06%
0.79 25 100 -0.25% -3.47% -1.60%
0.79 25 200 -1.39% -3.48% -2.49%
0.79 50 50 3.67% -1.72% 1.79%
0.79 50 100 1.30% -1.63% 0.13%
0.79 50 200 0.13% -1.63% -0.77%
0.79 100 50 4.46% -0.89% 2.66%
0.79 100 100 2.07% -0.76% 1.00%
0.79 100 200 0.86% -0.77% 0.09%
1.57 25 50 5.20% -6.11% -1.83%
1.57 25 100 1.37% -6.35% -3.13%
1.57 25 200 -0.91% -6.44% -3.72%
1.57 50 50 7.52% -2.61% 0.17%
1.57 50 100 3.62% -2.91% -1.07%
1.57 50 200 1.26% -2.95% -1.64%
1.57 100 50 8.64% -0.98% 1.21%
1.57 100 100 4.67% -1.32% -0.01%
1.57 100 200 1.86% -1.34% -0.56%
3.14 25 50 12.81% -11.51% -3.13%
3.14 25 100 3.29% -12.21% -3.55%
3.14 25 200 -0.49% -12.37% -3.83%
3.14 50 50 16.59% -5.41% -1.35%
3.14 50 100 7.04% -5.60% -1.76%
3.14 50 200 3.07% -5.68% -1.99%
3.14 100 50 18.36% -2.55% -0.36%
3.14 100 100 9.27% -2.53% -0.72%
3.14 100 200 4.66% -2.56% -0.94%

Table IV.1 : Error for the mean coe�cient of thrust, power and peak lift c oe�cient ob-
tained by the present two-dimensional method compared to the results of Theodorsen [15]
and Garrick [16] for a pure plunging motion.
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k N NTS hCP i CPpeak

3.14 50 100 7.04% -1.76%

3.14 50 200 3.07% -2.27%

3.14 100 50 18.36% -0.38%

3.14 100 100 9.27% -0.92%

3.14 100 200 4.66% -1.29%

Table IV.2 : Error for the mean coe�cient of power and its peak obtained by the present
two-dimensional method compared to the results of Theodorsen [15] and Garrick [16] for a
pure plunging motion.

We can see in Table IV.1 that increasing the number of panels or the number of point

per 
apping cycle does not necessarily mean decreasing the error. However if we both

decrease the time step and increase the number of points on the airfoil, then the error

decreases.

It should also be noted that for higher reduced frequencies the error in the mean thrust

and especially in the mean power increase. This can be explained by an issue arising when

a time varying quantity f (t) = f mean + f ampl sin ($t ) has a mean value small compared to

its amplitude. A small error in the approximation of f can translate into a bigger error in

the approximation of its mean. To verify this statement, I compared the value of the peak

power given by the present method to the value of the peak power found by Theodorsen

[15] and Garrick [16].

We can see on Table IV.2 that the error for the peak value of thecoe�cient of power

is e�ectively small.

a.3 Pitching motion

The same convergence study is performed for a pure pitching motion about the elastic axis

of the 
at plate (at the quarter chord). These results are shown in Table IV.3. This time,

the error on the mean coe�cient of thrust is large. The same test to see if it is a problem

with the averaging can be conducted.
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k N NTS hCP i hCT i CL peak

1.57 25 50 -7.59% -38.95% -4.31%

1.57 25 100 -9.23% -31.54% -5.20%

1.57 25 200 -9.27% -27.32% -5.71%

1.57 50 50 -2.27% -28.41% -1.32%

1.57 50 100 -1.14% -20.77% -2.17%

1.57 50 200 -3.78% -16.16% -2.68%

1.57 100 50 0.45% -23.35% 0.21%

1.57 100 100 -1.14% -15.49% -0.64%

1.57 100 200 -1.03% -10.66% -1.20%

3.14 25 50 -6.33% -26.68% -5.45%

3.14 25 100 -9.29% -24.21% -6.16%

3.14 25 200 -10.37% -22.89% -3.24%

3.14 50 50 0.41% -17.23% -2.24%

3.14 50 100 -2.77% -13.74% -2.89%

3.14 50 200 -4.02% -12.18% -3.24%

3.14 100 50 3.80% -12.50% -0.51%

3.14 100 100 0.49% -8.53% -1.11%

3.14 100 200 -0.85% -6.84% -1.45%

Table IV.3 : Error for the mean coe�cient of thrust, power and peak lift c oe�cient ob-
tained by the present two-dimensional method compared to the results of Theodorsen [15]
and Garrick [16] for a pure pitching motion about the elastic axis.
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k N NTS hCT i CTpeak

1.57 25 50 -38.95% -5.94%

1.57 25 100 -31.54% -6.26%

1.57 25 200 -27.32% -6.40%

1.57 50 50 -28.41% -2.94%

1.57 50 100 -20.77% -3.02%

1.57 50 200 -16.16% -3.20%

1.57 100 50 -23.35% -1.34%

1.57 100 100 -15.49% -1.33%

1.57 100 200 -10.66% -1.53%

Table IV.4 : Error for the mean coe�cient of thrust and its peak obtained by the present
two-dimensional method compared to the results of Theodorsen [15] and Garrick [16] for a
pure pitching motion about the elastic axis.

We can see in Table IV.4 that the error for the peak coe�cient of thrust is smaller. The

same phenomenon explained above is happening for the coe�cient of thrust.

To conclude, we saw that the present theory gave good agreements with the Theodorsen's

theory and the results of Azuma et al. Fifty panels on the airfoil and �fty points per 
apping

cycle seem to give good results within a reasonable computing time. Further convergence

studies will be presented in hovering.

In the next section, I will compare the shape of the wake provided by the present method

to experimental results.
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b Wake patterns

The study performed in the previous section was based on the linear theory. Conse-

quently, the wake was supposed to be 
at or frozen. To test thepresent theory when the

wake is freely convected, I will compare patterns of the wakefor various reduced frequencies

and Strouhal numbers to the wake computed by Jones et al [9].

In Figure IV.5, Jones et al. plot the wake computed by their panel code on a NACA

0012 airfoil, and below it, the wake they obtained during a water tunel experiment. The

water tunel is a closed circuit, continuous 
ow facility. Th e 
ow visualization is obtained

by injecting food coloring upstream of the test section.

As we can see by comparing Figure IV.5 and Figure IV.6, the present model agrees well

with both the method of Jones and the water tunnel experiment. Even though the method

presented uses a 
at plate while Jones et al. use a NACA 0012, the results are similar

because the NACA 0012 is a symmetrical airfoil with a thickness relatively small (12 % of

the chord). This is also con�rmed by Figure IV.7. In Figure IV .7, results computed by

Jones et al. are presented on the left and results obtained bythe present theory are plotted

on the right in the same exact conditions as in Jones et al.

We saw that for small amplitudes the present model agreed with Theodorsen's results.

We also saw that the shape of the wake was in good agreement with previous experiments

and computational results. We now need to take a closer look at convergence in hovering

since the hover condition is of primary interest.
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Figure IV.5 : Wake pattern for a reduced frequencyk = $c
U = 3 :0 and a plunging ampli-

tude h = 0 :2 obtained by Jones et al. [9].

Figure IV.6 : Wake pattern for a reduced frequencyk = $c
U = 3 :0 and a plunging ampli-

tude h = 0 :2 obtained with the present method.
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Figure IV.7 : Wake patterns obtained by Platzer et al. [10] on the left side for various
reduced frequenciesk = $c

U ; wake patterns for the same conditions obtained with the
present method on the right side.

c Large amplitude in hover

In hover, the freestream velocity becomes zero. Practically, the present method starts

with some small in
ow ( Ustart ) and after a few iterations (IT Ustart ), this freestream is

turned o�. During the �rst iterations, the reduced frequenc y kstart has a �nite value. With

this method, the wake is initially convected downstream which removes any singularity

that could arise if we started directly without any freestream. I will study the in
uence

of the number of panels on the airfoil, the starting in
ow, th e number of iterations with

the freestream on and the number of cycles needed to reach convergence in the mean

aerodynamics forces and power. This study is conducted on a 
at plate with a chord c in

pure plunging motion at 50Hz with an amplitude of plunge of 1:08c. The choice of the


apping frequency is arbitrary since everything scales like the frequency squared or cubed.

c.1 Number of cycles

To �nd the number of cycles needed to reach convergence, I rundi�erent con�gurations

and plot the mean coe�cients of thrust and power. In hover, th ese coe�cients are de�ned
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as

CT = T
�c 3$ 2

CP = P
�c 4$ 3

(IV.41)

In Table IV.5, hCi represents the mean of the aerodynamic coe�cients taken over 10

cycles (cycles 10 to 19, or cycles 20 to 29). In addition, to study the convergence in time

of the solution, a ten entry vector composed of the means overone cycle for cycles 10 to

19 or cycles 20 to 29 is computed.� hCi represents the standard deviation of this vector.

First, by looking at Table IV.5, we can notice that the standard deviation of the averaged

coe�cients is low if we either average over 10 cycles starting at cycle 10 or starting at cycle

20. This shows that the mean coe�cients converge. One interesting behavior that is also

con�rmed by looking at Figure IV.8 is the fact that the standa rd deviation for the mean

power coe�cient is almost always lower than the one for the mean thrust coe�cient. In

pure plunge, the aerodynamic power comes almost entirely from the lift since the thrust

is perpendicular to the motion of the plate. We saw earlier that the present method gave

better predictions for the lift than for the averaged thrust (because of averaging issues

discussed above). Consequently, this could explain the di�erence between the two standard

deviations. Finally by looking at Figure IV.8 and Figure IV. 9, the convergence is con�rmed.

We can see that the averaged coe�cients over one cycle are almost constant. Discrepancies

are observed for the curvesN = 100, NT S = 100 for the mean thrust coe�cient. It seems

that more cycles are needed to reach convergence. However, the curves seem to converge

to the same value as the other curves.

Another interesting behavior observed from Figure IV.8 andFigure IV.9 is the fact that

the coe�ceints are not exactly constant. This can be explained by the non-linearity of the

problem which does not guarantee a perfectly periodic solution. In addition, by looking at

the shape of the wake, we notice that it is also not purely periodic which con�rms why the

coe�cients are not constant.

We looked at the in
uence of the number of cycles computed, wewill now study the

in
uence of the number of iterations with nonzero freestream. As mentionned earlier, to

avoid singular solutions, during the �rst few iterations th e freestream velocity is nonzero.
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N NTS Nb Avera kstart ITUstart hCT i hCP i � hCT i � hCP i

cycles ging

50 50 30 10 - 19 3.93 10 0.9147 0.8693 0.64% 0.14%

50 50 30 20 - 29 3.93 10 0.9286 0.8745 0.59% 0.30%

50 50 30 10 - 19 3.93 5 0.9304 0.8711 0.63% 0.16%

50 50 30 20 - 29 3.93 5 0.9346 0.8742 0.69% 0.11%

50 100 30 10 - 19 3.93 20 0.9279 0.8554 0.27% 0.27%

50 100 30 20 - 29 3.93 20 0.9180 0.8635 1.63% 0.21%

50 100 30 10 - 19 3.93 10 0.9173 0.8556 1.27% 0.34%

50 100 30 20 - 29 3.93 10 0.9328 0.8635 1.73% 0.53%

100 50 30 10 - 19 3.93 10 0.9312 0.8823 0.75% 0.18%

100 50 30 20 - 29 3.93 10 0.9260 0.8839 0.57% 0.18%

100 50 30 10 - 19 3.93 5 0.9158 0.8829 0.60% 0.23%

100 50 30 20 - 29 3.93 5 0.9269 0.8853 0.32% 0.14%

100 100 30 10 - 19 3.93 20 0.9557 0.8641 1.36% 1.47%

100 100 30 20 - 29 3.93 20 0.9467 0.8766 0.68% 0.33%

100 100 30 10 - 19 3.93 10 1.0204 0.8798 1.19% 0.29%

100 100 30 20 - 29 3.93 10 0.9701 0.8786 1.53% 0.15%

Table IV.5 : Averaged mean coe�cients of thrust and power taken over cycles 10 to 19 or
20 to 29 and their standard deviations.
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Figure IV.8 : Mean coe�cient of power taken over one cycle as a function ofthe number
of cycles elapsed.

Figure IV.9 : Mean coe�cient of thrust taken over one cycle as a function of the number
of cycles elapsed.
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c.2 Number of iterations with the freestream on

In this section, we look at the in
uence of the number of iterations with nonzero freestream.

To study the impact on the converged solution, the freestream is nonzero during �ve or

ten iterations when NT S = 50 or for ten or twenty iterations when NT S = 100. We can

see on Table IV.5 that the number of iterations during which the freestream is on does not

in
uence by a signi�cant amount the value of the converged coe�cients. Nevertheless, it

seems that when this number of iterations is smaller, the standard deviation on the mean

coe�cients is smaller. In addition, having a smaller number of iterations with an in
ow

makes more physical sense. The in
uence of this in
ow will beless than if it is left on for

a longer period of time.

c.3 Number of panels

To check the convergence with the number of panels, I look at the relative change of

averaged mean coe�cients for an increase in number of panels. As noted above, we need

to wait for more than 25 
apping cycles in the case ofN = 100, NT S = 100. Thus, in this

case I will use an averaging over 25 - 29 
apping cycles. As seen on Table IV.6, the relative

change is small and �fty panels over the airfoil seems a reasonable number.

Relative Relative

N NTS IT Ustart hCT i hCP i � hCT i � hCP i change change

hCT i hCP i

25 50 5 0.9136 0.8507 0.26% 0.06%

50 50 5 0.9301 0.8745 0.57% 0.16% -1.81% -2.80%

100 50 5 0.9277 0.8852 0.45% 0.19% 0.26% -1.22%

25 100 10 0.9409 0.8654 0.87% 0.43%

50 100 10 0.9446 0.8661 0.52% 0.37% -0.39% -0.08%

100 100 10 0.9573 0.8795 0.84% 0.15% -1.34% -1.55%

Table IV.6 : Averaged mean coe�cients of thrust and power taken over cycles 25 to 29,
their standard deviations and their relative change due to an increase in number of panels.
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c.4 Number of points per cycle

Another important parameter that needs to be studied is the number of points per 
apping

cycle. I use �fty panels on the airfoil. The relative change is taken as being the change in

mean values for a decrease in time step. Table IV.7 shows thatthe relative change is small

for an increase in number of points per cycle. In addition, the computing time scales like

NT S2, consequently �fty points per cycle seems to be a good choice.

Avera Relative Relative

NTS ging ITUstart hCT i hCP i � hCT i � hCP i change change

hCT i hCP i

50 10 - 19 5 0.9304 0.8711 0.63% 0.16%

50 20 - 29 5 0.9346 0.8742 0.69% 0.11%

100 10 - 19 10 0.9173 0.8556 1.27% 0.34% -1.41% -1.78%

100 20 - 29 10 0.9328 0.8635 1.73% 0.53% -0.19% -1.22%

Table IV.7 : Averaged mean coe�cients of thrust and power taken over cycles 10 to 19 or
20 to 29 with N = 50, their standard deviations and their relative change due to a decrease
in time step.
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c.5 Freestream velocity

To avoid singularity at the beginning of the computation, th e present method uses a nonzero

freestream over the �rst few iterations. In this section, we study the in
uence of the value

of the freestream velocity. Having a nonzero velocity is equivalent to having a �nite reduced

frequency (kstart ). As seen on Table IV.8, the value of the �nite reduced frequency used

does not in
uence a lot the converged values of the mean coe�cients of thrust and power.

In the present method, a value ofkstart = 3 :93 will be used.

Relative Relative

kstart ITUstart hCT i hCP i � hCT i � hCP i change change

hCT i hCP i

3.93 5 0.9304 0.8711 0.63% 0.16%

7.85 5 0.9413 0.8571 1.30% 0.69% -1.17% 1.61%

Table IV.8 : Averaged mean coe�cients of thrust and power taken over cycles 10 to 19
with N = 50, NT S = 50, their standard deviations and their relative change due to an
increase inkstart .

c.6 Conclusion

To conclude, in the simulations, the following parameters will be used,N = 50, NT S = 50,

kstart = 3 :93, IT Ustart = 5 and averaging over 
apping cycles 10 -19.

IV.4 Results

The goal is to �nd the optimal motion of the 
at plate. In other words, for a required

thrust, a �xed plunging amplitude, what the phase shift and t he pitch angle need to be to

minimize the required power.

We also wanted to be able to compare the results of the presentmethod to the results

of the previous chapter using Hall's method. Thus we choose to use a 
at plate of chord

c pitching about the axis 0:2c from the leading edge. In addition, the plunge amplitude

was taken as the plunge amplitude of the three-quarter span cross section of a rectangular
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wing of aspect ratio AR = 3 
apping with a stroke angle of 150� . The choice of using the

three-quarter span location is motivated by the fact that more thrust is generated at the

tip of the wing because the velocity is higher than at the root. Consequently, the plunge

amplitude is
h
c

=
3
8

AR sin
�

75�
180

�
(IV.42)

The total thrust is simply the thrust produced by the 
at plat e times the total span.

Since the goal is the �nd the optimum power for a prescribed thrust, we would have to

search for each motion through the frequency domain to get the frequency that gives the

thrust required. This process would be time consuming. Instead, we can use the non-

dimensional analysis of section I.2. In the inviscid case, for a given kinematics at a 
apping

frequency f , the present method provides the inviscid powerP and the thrust generated

T. One can deduce the frequencyf req at which the plate should 
ap to get the required

thrust Treq by the expression

f req = f

r
Treq

T
(IV.43)

Consequently, the inviscid power becomes

Preq = P
�

f req

f

� 3

(IV.44)

For the viscous cases, the process is similar but requires aniterative method. By adding

the corrective term ~Fviscous = 1
2 �U 2cCD

~U
k~Uk

, the thrust is modi�ed and since the viscous

force depends on the 
apping frequency, a simple scaling does not work. I wrote a Matlab

routine that post processes the results of my simulations. This routine follows these steps:

1. Pick an initial falpping frequency.

2. Compute the viscous force.

3. Scale the induced thrust and power using Equation IV.43 and IV.44.

4. Compute the new total thrust and total power.

5. Go back to step 1 and change the initial picked frequency until the thrust of step 4

is equal to Treq.
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We can also introduce a �gure of merit (FOM ) to compare the e�ciency to the e�ciency

provided by the actuator disk theory. The FOM is de�ned as

FOM =
�

P
T 3=2

�

Actuator

. �
P

T 3=2

�

FOM = 1
P

T 3=2

p
2�A

(IV.45)

where A is the area covered by the 
apping wing. In our case,A
c2 = � AR 2

4
150
180

IV.4.1 Inviscid case

In this section, I will present the results provided by the present method for the inviscid

case. The goal is to �nd the optimum motion for a required thrust by modifying the pitch

angle and the phase shift. We will use surface plots of the �gure of merit to identify

the optimum motion. In addition, a corresponding surface plot of the non-dimensional

frequency ~f = f 2�q
T

�c 3

will also be presented. We can see in Figure IV.10 that the maximum

FOM has a value of 0.74 and is obtained for a phase shift of�2 and a pitch angle of 35� .

By looking at Figure IV.11, we get the corresponding non-dimensional frequency of 1:10.

For this motion, the coe�cient of thrust is CT = T
�c 3$ 2 = 0 :835 and the coe�cient of

aerodynamic power isCP = P
�c 4$ 3 = 0 :523.
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Figure IV.10 : FOM for a required coe�cient of thrust function of the pitch angl e and
the pitch phase advance in the inviscid case.

Figure IV.11 : Non-dimensional 
apping frequency (~f ) for a required coe�cient of thrust
function of the pitch angle and the pitch phase advance in theinviscid case.
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We also wanted to compare these results to the results obtained with the optimizer of

Chapter III. Initially, Hall's method was implemented for 
 apping wings and not plunging

wings. To compare his results to a two-dimensional plungingand pitching plate, we modi�ed

the method to incorporate a plunging and pitching motion. A wing of aspect ratio AR = 3

undergoing plunging and pitching motions was used in Hall'smethod. The exact same

non-dimensional frequency, amplitude of plunge, pitch andphase angle as the optimum

provided by the present method were used. We also removed theconstraint on the maximum

coe�cient of lift in Hall's method since this one does not exist in the present method. For

that con�guration, we obtained with Hall's method a coe�cie nt of power of 0.573 and a

FOM of 0.67. The fact that the �gure of merit provided by Hall's me thod is lower than

in the present method might be explained by the three-dimensional e�ects that are not

captured in the two-dimensional method (tip losses). Thus,the aspect ratio was increased

by a factor of 10 in Hall's method. The �gure of merit as expected increased to a value of

0.79 which is closer to the value of 0.74 found using the present theory. This result shows

the importance of the three-dimensional e�ects and the goodagreement between the two

methods.

To conclude, we saw the existence of an optimum motion in the inviscid case in two-

dimensions. In addition, there is a surprisingly good agreement for the value of the �gure

of merit between the present method and Hall's theory. In the following section, we will

look at the impact of the viscous corrective term.

IV.4.2 Viscous model 1

In this section, the viscous corrective term is now added. The viscous formulation

was introduced in section IV.3.2 b. The viscous force and power are computed by using

Equation IV.30. Consequently, we need to introduce a drag polar model. The �rst viscous
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model uses the drag polar model of Equation III.32 and plotted in Figure IV.12,

Cd =

8
<

:

f (Cl ) if f (Cl ) � 3:45p
Rec

3:45p
Rec

otherwise

f (x) = � 0:4236x6+3 :2787x5� 9:1871x4+12:525x3� 8:9124x2+3 :5218x1� 0:4635

(IV.46)

Figure IV.12 : Drag polar of Equation IV.46 for three Reynolds numbers (3,000, 5,000,
8,000).

The kinematics and geometrical conditions are the same as inthe inviscid case. The

point where the velocity of Equation IV.30 is computed is located at a distance of a half

chord behind the axis of rotation of the plate. The choice of this location is somewhat

arbitrary but re
ects an averaged velocity seen by the plate. As noticed in Figure IV.13,

the FOM has decreased compared to theFOM in the inviscid case. The optimal �gure of

merit is now 0.61 which is a 17% decrease compared to the optimal �gure of merit in the

inviscid case. This order of magnitude is in agreement with the �ndings of Wells [27]. He

showed that the viscous power was lower than the induced power by a factor of 3.5. Even

though the power required increased, the optimal motion stays almost the same. The pitch

87



phase advance remains�2 and the pitch angle is now 45� . The non-dimensional 
apping

frequency required to generate the thrust is a little increased to 1:21.

88



Figure IV.13 : FOM for a required coe�cient of thrust function of the pitch angl e and
the pitch phase advance in the viscous 1 case.

Figure IV.14 : Non-dimensional 
apping frequency (~f ) for a required coe�cient of thrust
function of the pitch angle and the pitch phase advance in theviscous 1 case.
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IV.4.3 Viscous model 2

This model is based on the results found by Weis-Fogh [32]. Hestudied 30 di�erent


appers in hovering 
ight (bats, butter
ies, birds, beetle s, bees, 
ies and mosquitoes). Part

of his study was to compute their mean drag coe�cients. Among those 
appers, we look

for one that has similar characteristics as the wing we are modeling. For example on a

beetle (H. sp.) with an elliptical wing of span of 7:7cm, chord of 2:7cm, a stroke angle

of 180� , a 
apping frequency of 41Hz and a thrust generated of 12:8g; Weis-Fogh found

a drag coe�cient of 0.07. However, we can notice that for animals with a shorter wing

span, this drag coe�cient increases. For example for lighter butter
ies that have a smaller

wingspan, the drag coe�cient is 0.17-0.18. Consequently, we choose an average between

the two coe�cients, 0.12.

The surface plots for the �gure of merit and non-dimensional frequency function of the

pitch angle and phase shift are presented in Figure IV.15 andFigure IV.16. We can notice

from Figure IV.15, that the �gure of merit is lower than in the inviscid case. The optimum

(FOM = 0:66) is obtained for a phase angle of�2 and a pitch angle of 35� , which is exactly

the same motion as the optimum motion for the inviscid case. The non-dimensional 
apping

frequency is slightly increased to 1:12 from 1:10 in the inviscid case.
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Figure IV.15 : FOM for a required coe�cient of thrust function of the pitch angl e and
the pitch phase advance in the viscous 2 case.

Figure IV.16 : Non-dimensional 
apping frequency (~f ) for a required coe�cient of thrust
function of the pitch angle and the pitch phase advance in theviscous 2 case.
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In conclusion, we saw that adding viscous forces lowers the �gure of merit as expected.

Nevertheless, the optimum motion is little changed to unchanged compared to the optimum

motion in the inviscid case. This behavior re
ects what Hamdani et al. [7] observed. They

found that for large accelerated 
ows, the viscous e�ects had a limited in
uence on the

aerodynamic coe�cients. In a large accelerated 
ow, which is the case in our simulation,

inviscid e�ects dominate.

However, these viscous models do not take into account the unsteadiness of the 
ow.

They are empirical models and cannot capture the importanceof the leading edge vortex

and the dynamic stall observed in many 
appers during hovering 
ight.

In addition, the three-dimensional e�ect is not captured in these simulations. Three-

dimensional e�ects become especially important for low aspect ratio wings, which is the case

for many small scale 
appers. Thus, the use of a three-dimensional unsteady model would

improve the quality of the solution. The development of sucha model will be presented in

the next chapter.
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Chapter V

Three-Dimensional Potential Method

V.1 Problem description

In our study, we are interested in modeling 
apping 
ight, es pecially in hovering mode.

In the previous chapter we presented a two-dimensional model of 
apping. Although the

two-dimensional model gives qualitative estimate of the optimum motion, we cannot neglect

the three-dimensional e�ects, particularly for low aspect ratio wings. In this chapter I will

present a three-dimensional method for computing the aerodynamics of 
apping.

V.2 Literature review

Three-dimensional methods for computing unsteady potential 
ows have been widely

used in the literature. They are mainly based on the panel methods developed for example

by Hess and Smith [73]. Nevertheless, modeling hovering using these methods remain

challenging. More recently, Willis et al. [11] used a panel method consisting of constant

strength sources and doublets distributed over lifting surfaces with vortex particles in the

wake. They used their method to model the forward 
apping 
ig ht of bats. However, their

assumptions were based on a quasi-steady Kutta condition that are not valid in hovering


ight. In the following section, I present a model of hover based on the approach of Willis

et al. with modi�cations required for hover.
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Figure V.1 : Schema of the wing.

V.3 Approach

V.3.1 Kinematics

The wing model used comprised of two rigid rectangular 
apping wings (with zero

thickness). We assume that the two wings are 
apping symmetrically about their respective

root chords (separated by a gap of 2g). Consequently, we only need to compute the vorticity

on half of the domain and obtain the other half by symmetry.

For the kinematics, we use two degrees of freedom: stroke angle (� ) and pitch angle

(� ) about an axis perpendicular to the chord root and aligned with the leading edge at the
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location e along the x axis (see Figure V.1). The motion can be summarized as followed,

� =
NmP

i =1
� n sin ($ n t)

� =
NmP

i =1
� n sin ($ n t + � n )

8
>>>><

>>>>:
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z

9
>>>>=

>>>>;
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7
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>>>><

>>>>:
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9
>>>>=

>>>>;

(V.1)

where Nm is the number of Fourier modes used to describe the wing motion. (�; � ) is the

coordinate system associated with the wing. The origin of the system is located on the

root chord on the axis of rotation, the axis � is aligned with the chord and the axis �

is perpendicular to the root chord and in the wing plane. The motion of the wing is a

combinaison of 
apping and pitching with a phase di�erence of � n .

V.3.2 Potential method

Having presented the type of wing kinematics we want to model, I will explain the

development of the presented theory. The method chosen is based on a three-dimensional

panel method with free vortons in the wake [11]. I will �rst re view the derivation of the

fundamental equations. I will then show how the governing equations are discretized.

a Inviscid formulation

The wing is divided into vortex rings (equivalent to constant strength doublet panels)

and a vorton method is used to model the vorticity in the wake. I will �rst present the

governing equations.

a.1 Governing equations

The 
ow is assumed to be inviscid, incompressible and has a constant density. It is also

assumed to be irrotational except for any vorticity localized in the wake trailing lifting

surfaces.
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By using Helmholtz decomposition, the 
uid velocity ( ~U) is the superposition of a

potential vector ( r �), a vector potential ( r � ~	) and a freestream ~U1 ,

~U = r � + r � ~	 + ~U1 (V.2)

The potential vector is irrotational and any vorticity come s from the vector potential.

We can now use the conservation equations. First the conservation of mass for a 
uid

with constant density is simply

r � ~U = 0 (V.3)

By using Equation V.2 in Equation V.3, we get

r �
�

r � + r � ~	
�

= r � r � = r 2� = 0 (V.4)

Equation V.4 is Laplace's equation for the velocity potential scalar 	. We can introduce

the vorticity �eld de�ned as the curl of the velocity �eld,

~! = r � ~U (V.5)

Thus, by using Equation V.2 in EquationV.5, we get

r �
�

r � + r � ~	 + ~U1

�
= ~! (V.6)

The curl of a gradient of a scalar being zero, Equation V.6 becomes

r �
�

r � ~	
�

= ~! (V.7)

By using the vector Laplacian relation, Equation V.7 becomes

r �
�

r � ~	
�

= r
�

r � ~	
�

� r 2~	 = ~! (V.8)

Finally, by requiring that the vector potential be solenoid al, we get

r 2~	 = � ~! (V.9)

Equation V.9 is Poisson's equation.
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Having used the conservation of mass, we can now derive the conservation of momentum

for an inviscid constant density 
ow,

D ~U
Dt

= �r
�

P
�

�
(V.10)

The total derivative of the velocity �eld can also be expressed as

D ~U
Dt

=
@~U
@t

+
1
2

r
�

~U � ~U
�

+
�

r � ~U
�

� ~U (V.11)

Thus, Equation V.10 becomes

@~U
@t

+ ~! � ~U = �r
�

P
�

+
1
2

~U � ~U
�

(V.12)

By taking the curl of Equation V.12, we get

@~!
@t

+ r �
�

~! � ~U
�

= 0 (V.13)

Or equivalently,
D~!
Dt

� (~! � r ) ~U = 0 (V.14)

To summarize, we have two equations to solve: Laplace's equation, Equation V.4, and

Poisson's equation, Equation V.9. Laplace's equation is solved by using a superposition of

elementary solutions (vortex rings) and Poisson's equation is solved using the Biot-Savart

Law. To ensure the uniqueness of the solution, we will need boundary conditions. In the

following sections, I discuss the solution of Laplace's equation and Poisson's equation.

a.2 Laplace's equation

Laplace's equation (r 2� = 0) is solved using integral equations. The general form of the

solution in three-dimensions at any point ~r in the domain is

� ( ~r) =
1

4�

Z Z

Sb

�
�
~r0� @

@n(~r0)
1

k~r � ~r0k
dSb +

1
4�

Z Z

Sw

�� wake
�
~r0� @

@n(~r0)
1

k~r � ~r0k
dSw � (V.15)

1
4�

Z Z

Sb

@�
@n(~r0)

�
~r0� 1

k~r � ~r0k
dSb

97



whereSb is the surface of the body andSw the surface of the wake de�ned using rings (near

wake described below). The �rst two terms represent the doublet or ring terms, while the

last term is the source term. In our case, where the wing is modeled as a 
at plate, the

last term is zero.

The boundary condition applied on the surface of the wing is simply the no-
ux bound-

ary condition and can be expressed as,

@�
@n(~r0)

�
~r0� = ~n

�
~r0� �

�
~Ub

�
~r0� � r � ~	 � ~U1

�
(V.16)

where ~Ub (~r0) is the velocity of the body at the location ~r0.

Figure V.2 : Discretization of the wings using quadrilateral panels. The crosses are the
collocation points.

To solve Laplace's equation, we use a linear superposition of elementary solutions.

The wing is discretized using quadrilateral vortex rings (see Figure V.2). The geometric

distribution is not uniform. We use more panels near the leading and trailing edge and

more panels at the tip and root of the wing than at its center. This discretization is justi�ed

by the existence of tip vortices at the root and tip of the wing thus, the gradient of the
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circulation is higher at the ends than at the center of the wing. In addition, the gradient of

the pressure is also higher at the leading and trailing edgesthan at the center of the chord.

The generic equation we use for the discretization is as followed
8
>>>><

>>>>:

dxi = dxi � 1

�
a � b (i � 2)

0:5N i � 2

�
, i = 2 ; : : : ; 0:5N i

dxi = dxN i � i +1 , i = 0 :5N i + 1 ; : : : ; N i

a � b
8
<

:

dyj = cdyj � 1, j = 2 ; : : : ; 0:5N j

dyj = dyN j � j +1 , j = 0 :5N j + 1 ; : : : ; N j

(V.17)

whereN i is the number of panels in the chordwise direction andN j in the spanwise direction

on the half-wing. Thus, 2N j is actually the total number of panels in the spanwise direction

over the entire wing. dxi is the chordwise spacing anddyj the spanwise spacing. Finally,

a, b and c are some constants governing the re�nement of the grid we want near the edges.

Now that the wing is discretized into N vortex rings of strength � i , we can evaluate the

boundary condition, Equation V.16, at N collocation points, located at the center of each

ring. Thus, Equation V.16 can be represented at each time step k as a matrix system,

[A]k (�) k = ( b)k (V.18)

where, [A] is the matrix of the in
uence coe�cients of the rings at the c ollocation points.

(b) represents~n(~r0) �
�

~Ub (~r0) � r � ~	 � ~U1

�
evaluated at the collocation points.

To get the in
uence coe�cients in [ A], we use vortex rings over the wing. The in
uence

of a vortex ring is simply the sum of the in
uence of each vortex line composing the ring. The

velocity induced at a point P (x; y; z) by a straight vortex line extending from ( x1; y1; z1)

to (x2; y2; z2) with a strength of � (see Figure V.3) in the x, y, z direction respectively is

u = K � (~r1 � ~r2)x

v = K � (~r1 � ~r2)y

w = K � (~r1 � ~r2)z

(V.19)

99



Figure V.3 : In
uence of a straight vortex line at point P (x; y; z).

with

K = �
4� j~r1 � ~r2 j2

�
~r0 �~r1

r 1
� ~r0 �~r2

r 2

�

~ri =

�
�
�
�
�
�
�
�
�
�

x � x i

y � yi

z � zi

, i = 1 ; 2

~r0 = ~r1 � ~r2

(V.20)

To remove the singularity in K , we introduce a regularization condition. If r1 or r2 or

j~r1 � ~r2j2 is less than a small constant� , then K is set to zero.

We are now able to solve Laplace's equation by superpositionof vortex rings. To ensure

the uniqueness of the solution, the no through 
ow condition is applied at the center of

each ring and provides the strength of each vortex ring. In the next section, I will focus on

solving Poisson's equation.

a.3 Poisson's equation

In integral form, the vector potential solution of Poisson's equation, Equation V.9, can be

written as

~	 ( ~r; t ) =
1

4�

Z Z Z

V

~!
k~r � ~r0k

dV (V.21)

The vorticity in the domain is modeled using a regularized vortex particle method developed

by Winckelmans and Leonard [52]. The vorticity in the wake is the summation over the
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Figure V.4 : Regularization function � (x) in V.24 with � = 0 :1.

vorticity of all the particles in the domain,

~! � (~r; t ) =
X

p

~� p (t) � � (~r � ~rp (t)) (V.22)

where � � is a regularization function written as

� � (~r) =
1
� 3 �

�
k~rk
�

�
(V.23)

with � the following normalized function (Figure V.4):

4�
R1

0 � (� ) � 2d� = 1

� (� ) = 15
8�

1
(� 2+1) 7=2

(V.24)

Consequently by replacing the expression of the vorticity in the domain in Equation

V.21, we get

~	 � (~r; t ) =
X

p

1
4�

�
k~r � ~rp (t)k2 + 3� 2

2

�

�
k~r � ~rp (t)k2 + � 2

� 3=2
~� p (t) (V.25)
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Equation V.25 is the solution of Poisson's equation. We will see how to obtain the

strength vector ~� . We also need to describe the evolution in time of the vortonsin the

wake. This evolution is characterized by a change of strength and position.

In the Lagrangian representation, the evolution of the position of the particles is the

following,

d
dt

~rp (t) = ~U (~rp (t) ; t) = r � ( ~rp (t) ; t) + r � ~	 � (~rp (t) ; t) + ~U1 (t) (V.26)

The �rst component of Equation V.26 is computing using the induced velocities in the wake

by the vortex rings on the wing. The second component is computed by taking the curl of

Equation V.25, which can be expressed as

~U� (~rp (t) ; t) = r � ~	 � (~rp (t) ; t) =
X

q

~K � (~rp (t) � ~rq (t)) � ~� q (t) (V.27)

with the kernel K � being

~K � (~rp (t) � ~rq (t)) = �
1

4�

�
k~rp (t) � ~rq (t)k2 + 5� 2

2

�

�
k~rp (t) � ~rq (t)k2 + � 2

� 5=2
(~rp (t) � ~rq (t)) (V.28)

After the evolution of the position in time, we can look at the evolution of the particles

strength. The particle strength is linked to the vorticity � eld. Consequently, its evolution

is governed by the conservation of momentum derived earlierin Equation V.14. In the

Lagrangian approach,
d~� p (t)

dt
= ( ~� p (t) � r ) ~U (~rp (t) ; t ) (V.29)

We now need to compute the gradient of the velocity �eld. The gradient of the

freestream is simply zero. The gradient of the velocity �eld induced by the vortex rings is

obtained by a simple di�erentiation. Finally, the component of the gradient of the vector
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potential is as follows,

(~� p (t) � r ) ~U� (~rp (t) ; t) =
1

4�

X

q

2

6
4�

�
k~rp (t) � ~rq (t)k2 + 5� 2

2

�

�
k~rp (t) � ~rq (t)k2 + � 2

� 5=2
~� p (t) � ~� q (t)

+3

�
k~rp (t) � ~rq (t)k2 + 7� 2

2

�

�
k~rp (t) � ~rq (t)k2 + � 2

� 7=2
� (~� p (t) � (~rp (t) � ~rq (t)) (~rp (t) � ~rq (t)) � ~� q (t))

3

7
5

(V.30)

To discretize the equations of the evolution of the vortons, we use a forward Euler

scheme. First the position of the vorton is updated,

~rp (t + dt) = ~rp (t) + ~U (~rp (t) ; t) dt (V.31)

Then the strength of the particle is updated,

~� p (t + dt) = ~� p (t) + ( ~� p (t) � r ) ~U (~rp (t) ; t) dt (V.32)

To summuraize, we saw how to solve Poisson's equation by using vortons in the wake.

We also presented the two evolution equations of the position and strength of the vortons.

We still need to compute the initial strength and position of the vortons when they are

created in the wake. In the two following sections, I will detail how the vorticity is shed

into the wake and thus, how the vortons are created.

a.4 The Kutta condition

The 
ow being assumed inviscid, we need a Kutta condition. This condition ensures that

the 
uid leaves the trailing edge smoothly. A jump in pressure of zero at the center of

the trailing edge panels will be imposed. This condition will be detailed in the following

section.

a.5 The wake description

The process of wake generation and vortex shedding will be presented in this section. The

wake is divided into two parts, a near wake and a far wake. The near wake is modeled
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using one row of vortex rings; the far wake is composed of vortons as seen in Figure

V.5. The strength of the near wake is unknown and needs to be computed using the

Kutta condition. The strength and position of the vortons ar e updated using the evolution

equations, Equation V.31 and V.32.

I will �rst explain how the conversion of the near wake into a far wake is handled; then

I will describe the Kutta condition used in the present method.
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Figure V.5 : Description of the near and far wake. The solid lines represent the wing, the
dashed lines are the vortex rings of the near wake, the dots are the vortons.

Reviewing the literature, di�erent methods have been used to convert the near wake

into a far wake. Willis et al. [11] uses the following approach. The unknown �rst wake

panel (what they call the bu�er wake) is convected from the trailing edge at a velocity of

cwU1 , where cw is an arbitrary constant between 0.3 and 0.5. The use of such aconstant

is also described by Katz and Plotkin [12]. Even though usinga constant of unity seems

more intuitive, we will analyze in a further section the impact of this constant. At the

next time step, the near wake is convected then converted into vortons. We proposed six

di�erent ways of converting the quadrilateral rings into vo rtons. They are represented in

Figure V.6. The strength ~� p (t) of the vorton is obtained by integrating the strength of a

vortex line,

~� p (t) =
Z

�
�!
ds (V.33)
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Figure V.6 : Six models for the conversion of the near wake rings into vortons. The
dashed lines are the vortex rings in the wake, the solid rectangle in the wake is the volume
of integration and the double lined arrow is vortex line not included in the integration.
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Figure V.7 : Notation for a ring panel.

In Figure V.6, the solid line rectangle represents the volume of integration. The con-

version is done as followed:

� The four corners of each near wake ring are convected with thelocal velocity.

� The location and strength of the vortons are computed according to the particular

model used.

� The strength of the vortex line between the near and far wake is updated.

For example in the case of Model 3, with the notations of Figure V.7, we have the following

strength

~� j (k) = 0 :5
�!
t i
1

�
� � k� 1

wj � 1
+ � k� 1

wj

�
+

�!
t i
2

�
� k� 1

wj
� � k� 2

wj

�
+ 0 :5

�!
t i
3

�
� k� 1

wj
� � k� 1

wj +1

�
(V.34)

We compared each of the six models to a model with a frozen wakeand rings in the

wake. Model 3 gives a very close answer for the aerodynamic forces to the theory with

rings in the wake. It will be the model used.

As mentioned earlier, the strength of the near wake is unknown. The strength of

each panel is found using a Kutta condition. In the literature, this condition is often

approximated. For example, Willis et al. [11] uses a steady approximation by saying that

the doublet strength of the near wake panel is equal to the doublet strength of the last panel

on the wing. This assumption is a quasi steady assumption. This approximation cannot

be made for hovering 
apping 
ight which is a fully unsteady p rocess. The condition used
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in the present model stipulates that the jump in pressure (pressure di�erence between the

upper and lower pressure) at each time step is zero at the center of the last panels of the

wing. The equation for � P involves the product of the ring strength of the near wake and

the ring strength of the last panels on the wing, leading to a non-linear equation that is

solved using an accelerated Newton's method detailed in Press et al. [74]. The jump in

pressure is derived by Katz and Plotkin [12] and for the last panels of the wing it can be

written as

� P k
N i ;j

= �

8
>><

>>:

h
� ~Ub (k) + ~Uw (k)

i
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�!
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>>=

>>;
, j = 1 ; : : : ; N j (V.35)

where ~Ub is the velocity of the wing, ~Uw is the velocity induced by the wake,N i the number

of panel in the chordwise direction andN j the number of panel in the spanwise direction.

Finally, the aerodynamic forces and power are computed the same way as in two-

dimensions by using the unsteady Kutta-Joukowsky formula,

~F k
i;j

= �
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�
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(V.36)

In this section, we saw how the near wake rings were convertedinto the far wake vortons.

We also saw how to compute the strength of the near wake with the Kutta condition. We

can now summurize the entire algorithm. It is composed of thefollowing steps:

1. Compute the location of the wing at time step k.

2. Form the [A]k matrix and vector ( b)k of Equation V.18.

3. Form the Jacobian matrix [J ]k by di�erentiating Equation V.18 and V.35.
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4. Use the accelerated Newton's method to obtain [�ij ]k on the wing and
�
� wj

� k for the

near wake.

5. Compute the aerodynamic forces and power acting on the wing using Equation V.36.

6. Update the location of the near wake by convecting its corner and update the location

and strength of the far wake using Equations V.26 and V.29.

7. Convert the updated near wake into vortons and go back to step 1.

To conclude, we are now able to solve the inviscid problem. Inthe following section,

we will include the corrective factor that models the e�ects of viscosity.

b Viscous formulation

To model accurately the e�ect of viscosity, one should solvethe full Navier-Stokes

equations. However, the goal in this thesis is to develop methods that can provide quick es-

timates for preliminary design. Solving the full Navier-Stokes equations in three-dimensions

is extremely time consumming. One way of adding the viscous e�ect is to couple the poten-

tial solver to a Boundary-Layer method (see Cebeci [75]). Nevertheless, this method only

works for attached 
ows. In addition, we saw that for highly a ccelerated 
ows, inviscid

e�ects were predominant. Thus, we can add the same correction factor as in Chapter IV,

~Fviscous = 1
2 �c

B=2R

� B=2
U2 (y) CD (y)

~U(y)

k~U(y)k
dy

Pviscous =
B=2R

� B=2

~dFviscous (y) � ~Uwing (y) dy

~U (y) = Induced velocity - wing velocity

(V.37)

where ~U (y) is only a function of the span location and is computed at a point taken along

the chord. In practice, ~U is taken as being the velocity given by the actuator disk theory for

a given thrust minus the wing velocity at the computed point. Consequently the viscous

force can be fully computed during the post-processing of the inviscid results. Thus, it

is possible to incorporate di�erent viscous models without re-computing the full inviscid

solution.
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In the three-dimensional case, we only use the constant dragmodel based on the ex-

periments of Weis-Fogh [32].

So far, we have described the method behind the theory developed. We now need to

test this present model against known limiting results.

V.3.3 Convergence study

In this section, we compare the aerodynamic forces and powerprovided by the present

method to known results from the literature. We will �rst loo k at the aerodynamics in the

limit case of high aspect ratio wings. We will then look at results for �nite aspect ratio

wings. Finally we will present the convergence tests in hovering.

a High aspect ratio with small amplitudes

In this section, a frozen wake is used, with rings in the wake as opposed to vortons, and

a rectangular wing of high aspect ratio (AR = 100). Because the aspect ratio is so high,

the use of vortons is not possible. Vortons are discrete points with a vorticity distribution

associated to them. These distributions need to overlap to accurately model the vorticity

�eld. With very high aspect ratios, the number of vortons needed becomes high, increasing

the computational time. Whereas, rings use vortex lines that spreads across the span of

the wing, and thus do not encounter this problem. Consequently, in this section, we will

use rings in the wake. The number of panels in the spanwise direction does not in
uence

the solution. Thus, in this section we will only vary the number of panels in the chordwise

direction (N i ).

a.1 Sudden change in pitch

For a sudden change in pitch, we can compare the lift computedwith the present theory

to the Wagner function � . The lift is expressed as

L (s) = 2 ��U 2b�� (s) , s =
Ut
b

(V.38)

110



A common approximation of the Wagner function is given by

� (s) � 1 � 0:165e� 0:0455s � 0:335e� 0:3s (V.39)

This �rst order approximation can be improved. Coller and Ch amara [72] developed a

higher order approximation,

� (s) � 1 �
N �X

j =1

K j e� � j s (V.40)

with N � = 4, K 1 = 0 :2552078488,� 1 = 0 :1708445093,K 2 = 0 :1290432917,� 2 = 0 :5610424665,

K 3 = 0 :09654817188,� 3 = 0 :04680475392,K 4 = 0 :01920068755,� 4 = 0 :006478169099. As

we can see in Figure V.8, there is a relatively good agreement. During the �rst few itera-

tions, we observe a di�erence between the two curves. Nevertheless, this di�erence is not

present in the vortex method as we will see in a later section.In addition, the di�erence

for later times could be explained by the fact that the approximation used for the Wagner

function is especially good for low values of the non-dimentional time. Even by increasing

the order of the approximation by using Coller's approximation, we observe some discrep-

ancies. These di�erences are not present in the vortex method as we will see in section

V.3.3 b.2
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Figure V.8 : Non dimensional lift for a sudden change in pitch.

a.2 Plunging motion

In this section, we use a rectangular wing of aspect ratioAR = 100, undergoing small ampli-

tude plunging motion. Since the wing has a high aspect ratio,the three-dimensional e�ects

will be neglectible and the aerodynamic forces can be compared to the two-dimensional

forces developed by Theodorsen [15] and Garrick [16]. Five cycles are enough to reach con-

vergence. The notation used in Table V.1 is the same as the notation used in the previous

chapter.

We can see on Table V.1 that increasing the number of panels orthe number of point

per 
apping cycle does not necessarily mean reducing the error. However we can see that

if we both decrease the time step and increase the number of points on the wing, then the

error decreases. It can also be noted that for higher reducedfrequencies, we observe the

same behavior as in the two-dimensional case; the error in the mean thrust and especially

in the mean power increase. The explanation for this phenomenon is the same as before;

it is due to averaging error. To verify this statement, we compare the value of the peak

power given by the present method to the value of the peak power found by Theodorsen
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[15] and Garrick [16] and gather the error in Table V.2. This error is relatively smaller for

the peak value in coe�cient of pressure than for its mean.
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k N i NT S hCP i hCT i CL peak

0.39 25 50 0.17% -1.83% -0.10%
0.39 25 100 -2.97% -4.25% -3.01%
0.39 25 200 -4.49% -5.17% -4.56%
0.39 50 50 5.13% 3.18% 5.26%
0.39 50 100 1.10% -0.18% 1.15%
0.39 50 200 -1.18% -1.82% -1.10%
0.39 100 50 8.85% 6.88% 9.45%
0.39 100 100 4.24% 2.83% 4.40%
0.39 100 200 1.27% 0.53% 1.32%
0.79 25 50 2.01% -3.49% 0.06%
0.79 25 100 -0.25% -3.47% -1.60%
0.79 25 200 -1.39% -3.48% -2.49%
0.79 50 50 3.67% -1.72% 1.79%
0.79 50 100 1.30% -1.63% 0.13%
0.79 50 200 0.13% -1.63% -0.77%
0.79 100 50 4.46% -0.89% 2.66%
0.79 100 100 2.07% -0.76% 1.00%
0.79 100 200 0.86% -0.77% 0.09%
1.57 25 50 5.20% -6.11% -1.83%
1.57 25 100 1.37% -6.35% -3.13%
1.57 25 200 -0.91% -6.44% -3.72%
1.57 50 50 7.52% -2.61% 0.17%
1.57 50 100 3.62% -2.91% -1.07%
1.57 50 200 1.26% -2.95% -1.64%
1.57 100 50 8.64% -0.98% 1.21%
1.57 100 100 4.67% -1.32% -0.01%
1.57 100 200 1.86% -1.34% -0.56%
3.14 25 50 8.49% -13.50% -8.23%
3.14 25 100 -0.44% -14.06% -8.89%
3.14 25 200 -4.84% -14.25% -9.25%
3.14 50 50 14.27% -7.21% -4.13%
3.14 50 100 4.47% -7.47% -4.84%
3.14 50 200 -0.33% -7.59% -5.24%
3.14 100 50 18.69% -3.52% -1.34%
3.14 100 100 7.70% -3.75% -2.27%
3.14 100 200 2.32% -3.88% -2.78%

Table V.1 : Error for the mean coe�cient of thrust, power and peak lift c oe�cient ob-
tained by the present three-dimensional method withAR = 100 compared to the results of
Theodorsen [15] and Garrick [16] for a pure plunging motion.
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k N i NTS hCP i CPpeak

3.14 50 50 14.27% -4.10%

3.14 50 100 4.47% -4.87%

3.14 50 200 -0.33% -5.30%

3.14 100 50 18.69% -1.29%

3.14 100 100 7.70% -2.32%

3.14 100 200 2.32% -2.84%

Table V.2 : Error for the mean coe�cient of power and its peak obtained by the present
three-dimensional method with AR = 100 compared to the results of Theodorsen [15] and
Garrick [16] for a pure plunging motion.

We mentioned earlier that Willis et al. [11] use a special treatment for the convection

of the �rst wake panel. They convect the wake at the freestream velocity times a constant

cw taking values from 0.3 to 0.5 (see Figure V.9). This method isalso mentioned in Katz

and Plotkin [12]. Two problems arise with this method. First they use a non-unity factor

to convect the near wake, which does not rely on a physical meaning. Second, the wake is

convected at the freestream speed and not the total induced speed. In hovering 
apping


ight the freestream is zero making it impossible to convect the wake by the method used

by Willis et al. Consequently we wanted to see if the presenceof this constant would impact

on the convergence of the present method. We ran the same plunging simulation, but this

time instead of a constant of cw = 1, we used a constant of 0.5. Results are presented

in Table V.3. As seen on Table V.3, the errors are similar to those of Table V.1. Thus,

the use of this factor is not justi�ed in the present method. This could be explained by

the fact that Willis et al. use a steady state Kutta condition introducing approximations

in their aerodynamic coe�cients and that by using a di�erent near wake panel size, they

compensate for this approximation. Thus, hereafter a coe�cient of unity will be used in

the present method.
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Figure V.9 : \A description of the unknown and known bu�er wake regions at the trailing
edge of a wing. Notice also the conversion of the line vortices resulting from the constant
strength dipoles, into point vortices." Reprinted from Wil lis et al. [11].
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k N i NTS hCP i hCT i CL peak

0.39 25 50 -3.81% -6.30% -4.12%

0.39 25 100 -4.94% -6.26% -5.05%

0.39 25 200 -5.23% -5.92% -5.29%

0.39 50 50 -0.57% -3.12% -0.85%

0.39 50 100 -2.28% -3.57% -2.38%

0.39 50 200 -2.77% -3.35% -2.87%

0.39 100 50 1.95% -0.77% 1.72%

0.39 100 100 -0.43% -1.84% -0.50%

0.39 100 200 -1.35% -1.96% -1.46%

3.14 25 50 7.76% -13.45% -8.37%

3.14 25 100 -0.64% -14.03% -8.93%

3.14 25 200 -4.89% -14.24% -9.28%

3.14 50 50 12.53% -7.28% -4.58%

3.14 50 100 3.90% -7.47% -4.99%

3.14 50 200 -0.49% -7.59% -5.28%

3.14 100 50 15.17% -3.94% -2.40%

3.14 100 100 6.32% -3.86% -2.70%

3.14 100 200 1.89% -3.90% -2.90%

Table V.3 : Error for the mean coe�cient of thrust, power and peak lift c oe�cient obtained
by the present three-dimensional method with AR = 100 and cw = 0 :5 compared to the
results of Theodorsen [15] and Garrick [16] for a pure plunging motion.
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a.3 Pitching motion

The same convergence study is done for a pure pitching motionabout the quarter chord of

the wing. The same trend as before can be observed on Table V.4. This time, the error

on the mean coe�cient of thrust is large. The same test to see if it is a problem with the

averaging can be conducted.

We can see on Table V.5 that the error for the peak coe�cient of thrust is smaller. The

same phenomenon explained above is happening for the coe�cient of thrust.

To conclude, we saw that the present method gave good agreement with the Theodorsen's

theory. A number of 50 panels in the chordwise direction and 50 points per 
apping cycle

seem to give good results within a reasonable computing time. These convergence tests

were performed on the method that uses rings in the wake in order to compare results

to the known two-dimensional results. However, further convergence tests will be needed.

First, we need to test if the method using vortons in the wake agrees with the method using

rings in the wake for a �nite aspect ratio wing with a frozen wake. Second, we can compare

the three-dimensional method with vortons for �nite aspect ratio wings to results of Willis

et al. [11]. Finally, convergence tests on the method using vortons with a free wake will be

performed.
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k N i NTS hCP i hCT i CL peak

1.57 25 50 -17.98% -54.78% -11.90%

1.57 25 100 -19.85% -48.57% -13.36%

1.57 25 200 -20.54% -45.14% -14.29%

1.57 50 50 -7.13% -37.78% -4.43%

1.57 50 100 -10.14% -31.43% -6.66%

1.57 50 200 -11.35% -27.61% -7.54%

1.57 100 50 0.45% -26.37% 0.98%

1.57 100 100 -3.30% -20.76% -2.27%

1.57 100 200 -5.43% -17.08% -3.46%

3.14 25 50 -17.34% -37.61% -16.27%

3.14 25 100 -20.02% -34.80% -16.92%

3.14 25 200 -21.28% -33.74% -17.40%

3.14 50 50 -6.34% -24.58% -8.08%

3.14 50 100 -9.91% -21.35% -9.14%

3.14 50 200 -11.51% -20.07% -9.38%

3.14 100 50 1.56% -16.37% -2.70%

3.14 100 100 -3.30% -13.10% -4.37%

3.14 100 200 -5.47% -11.75% -4.98%

Table V.4 : Error for the mean coe�cient of thrust, power and peak lift c oe�cient ob-
tained by the present three-dimensional method withAR = 100 compared to the results of
Theodorsen [15] and Garrick [16] for a pure pitching motion about the elastic axis.
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k N i NTS hCT i CTpeak

1.57 25 50 -54.78% -11.30%

1.57 25 100 -48.57% -11.87%

1.57 25 200 -45.14% -12.19%

1.57 50 50 -37.78% -5.12%

1.57 50 100 -31.43% -6.17%

1.57 50 200 -27.61% -6.75%

1.57 100 50 -26.37% -1.27%

1.57 100 100 -20.76% -2.28%

1.57 100 200 -17.08% -3.33%

Table V.5 : Error for the mean coe�cient of thrust and its peak obtained by the present
three-dimensional method with AR = 100 compared to the results of Theodorsen [15] and
Garrick [16] for a pure pitching motion about the elastic axis.

b Finite aspect ratio wing

When dealing with 
apping, I will use the non-dimensional coe�cients derived in section

I.2,

CL = L
2�B 4$ 2( �

180 )3

CT = T
2�B 4$ 2( �

180 )3

CP = P
2�B 5 $ 3( �

180 )4

(V.41)

b.1 Vortex rings versus vortons in the wake

Having tested the method that uses vortex rings in the wake, we wanted to see if by

switching to vortons in the wake we would get the same results. In this case we use a

wing of aspect ratio AR = 3. Since the method using rings only works for frozen wakes,

we used a lightly loaded simulation. The wing was 
apping at a reduced frequency of

k = !b
U1

= 0 :0393, a stroke angle� 1 = 0 :2� . The discretization of the wing and the time

step were identical in both cases (40 panels in the chordwisedirection and 20 in the spanwise

direction). To compare the vorton method to the ring method, we run three simulations
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Figure V.10 : Coe�cient of lift function of time for a wing of aspect ratio AR = 3
undergoing 
apping motion of � 1 = 0 :2� at a reduced frequency ofk = 0 :0393. The solid
line represents the result with the ring method, the dotted lines the results using vortons
with a frozen wake and dash-dot lines the results using vortons with a free wake.

with a frozen wake and three with a free wake. Each of the simulation di�ers by the value

of the cut-o� radius ( � ) used in the regularization function. The cut-o� radius is t aken to

be a factor times the distance between two vortons (U1 dt). In the simulations we used a

factor of 2, 5 and 10.

As seen in Figure V.10, Figure V.11 and Figure V.12, the curves do not present a

di�erence between each others. This �rst shows that the vorton method is consistent with

the ring method in the case of a frozen wake. Consequently, since the ring method agrees

for a high aspect ratio wing with the Theodorsen aerodynamics, and the vorton method

agrees for �nite aspect ratio wings to the ring method, by induction it shows that the

present vorton method gives physical results, at least for the case considered here.
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Figure V.11 : Coe�cient of thrust function of time for a wing of aspect rat io AR = 3
undergoing 
apping motion of � 1 = 0 :2� at a reduced frequency ofk = 0 :0393. The solid
line represents the result with the ring method, the dotted lines the results using vortons
with a frozen wake and dash-dot lines the results using vortons with a free wake.

Figure V.12 : Coe�cient of power function of time for a wing of aspect rati o AR = 3
undergoing 
apping motion of � 1 = 0 :2� at a reduced frequency ofk = 0 :0393. The solid
line represents the result with the ring method, the dotted lines the results using vortons
with a frozen wake and dash-dot lines the results using vortons with a free wake.

122



In addition, we can see that for lightly loaded wings the aerodynamic coe�cients are

the same with a frozen and a free wake. This is true for small-amplitude motion only; or

more precisely, lightly loaded cases. In the lightly loadedcase, the induced velocities of the

wake on itself are small and thus the roll-up of the wake is negligible.

To summarize, we saw that for �nite aspect ratio wings, the method with rings in the

wake and the one with vortons both agree. Nevertheless, we should directly test the results

provided by the present vorton method against results foundin the literature. This is done

in the next section, where we look at a sudden change in pitch for various aspect ratios.

b.2 Sudden change of pitch for �nite aspect ratio wings

In this section, we use the present vorton method to compute the lift as a function of time

due to a sudden change of pitch for various aspect ratios. Then, we compare the results of

the present method to Katz and Plotkin [12] and Willis et al. [11]. As seen in Figure V.13,

there is a very good agreement between the present method andWillis' method. This test

validates the vortex method in three-dimensions.

After these convergence tests, we can conclude that the vorton method seems to compare

well to results provided by the literature. The next step is now to study the convergence

in hovering 
apping 
ight.
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Figure V.13 : The CL evolution with time due to a sudden change of pitch. The top plot
is reprinted from Willis et al. [11]. The (*) markers are results of Katz and Plotkin [12].
The bottom plot was obtained with present method.
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c Convergence in hovering

In the hovering case we will de�ne the cut-o� radius as

� = � K [Vtip ]max dt (V.42)

where � K is a coe�cient of proportionality and [ Vtip ]max the maximum speed of the tip of

the wing. Consequently the cut-o� radius is a multiple of the maximum spacing between

two vortons.

Similarly as the two-dimensional case in hovering, a nonzero freestream velocity is

imposed over the �rst few iterations, and is then turned o�.

To perform all the convergence tests, we use the same con�guration for the wing and

its kinematics. The wing is composed of two semi-wings. Eachsemi-wing has an aspect

ratio of 3 and are separated by a gap of 1:35c. We picked an arbitrary motion to do all

the convergence tests. The wing is 
apping with a stroke angle of 150� , a pitch angle of

50� about an axis located at 0:2c from the leading edge with a phase advance of�2 at an

arbitrary frequency of 50Hz. We use 40 panels in the chordwise direction and 20 in the

spanwise direction for each semi-wing. Finally, we use 100 points per cycle for the time

discretization.

c.1 Convergence in time

The �rst convergence test looks at the number of cycles needed to reach convergence. As

seen in Figure V.14 and Figure V.15 after about 2 cycles, the coe�cients seem to converge.

Table V.6 con�rms the convergence. The values for the mean coe�cients only change a

little (less than half a percent) when going from an averaging over cycle 350-450 to the

cycle after. In additon, we can see that the mean values for cycle 550-650 are axactly the

same as the mean values for cycle 350-450. This con�rms that convergence was reached at

cycle 350-450.

In addition, the simulation takes a long time to run. It takes about 18 hours to run

450 iterations on a Pentium (R) D 2:80GHz. Consequently, we will use an averaging over

cycle 350-450 in the following simulations.
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Averaging Averaging Relative Relative

start end hCT i hCP i change change

(iteration) (iteration) hCT i hCP i

250 350 -1.035E-02 -1.820E-03

350 450 -1.051E-02 -1.786E-03 1.61% -1.84%

450 550 -1.054E-02 -1.782E-03 0.29% -0.22%

550 650 -1.051E-02 -1.786E-03 0.31% -0.21%

Table V.6 : Averaged mean coe�cients of thrust and power for di�erent a veraging.
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Figure V.14 : Coe�cient of thrust in hover for a wing in test con�guration .

Figure V.15 : Coe�cient of power in hover for a wing in test con�guration.
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c.2 Cut-o� radius

In this section, the in
uence of the value of the cut-o� radiu s in the vorton regularized

function (see Equation V.23) is studied. Four di�erent cut- o� radius coe�cients ( � k =

5; 10; 15; 20) are used. As seen in Figure V.16 and Figure V.17, after three cycles the

coe�cients of thrust and power do not change by a lot as the cut-o� radius increases. We

can notice that the curves with a cut-o� radius coe�cient of 1 5 and 20 are almost on top

of each other.

On Table V.7, we �rst notice that the relative changes for the aerodynamic coe�cients

are within a few percentages. Nevertheless, this relative change is even smaller for� K going

from 15 to 20. In addition when averaging on the last cycle, the error becomes less than a

quarter of a percentage. This result con�rms that convergence is reached on the last cycle.

Consequently, we will use a cut-o� radius of 15.

Averaging Averaging Relative Relative

� K start end hCT i hCP i change change

(iteration) (iteration) hCT i hCP i

5 250 450 -9.233E-03 -1.859E-03

350 450 -8.994E-03 -1.847E-03

10 250 450 -1.028E-02 -1.846E-03 11.34% -0.73%

350 450 -1.021E-02 -1.832E-03 13.48% -0.81%

15 250 450 -1.048E-02 -1.815E-03 1.96% -1.64%

350 450 -1.051E-02 -1.786E-03 3.02% -2.49%

20 250 450 -1.060E-02 -1.800E-03 1.12% -0.83%

350 450 -1.054E-02 -1.785E-03 0.26% -0.04%

Table V.7 : Averaged mean coe�cients of thrust and power for di�erent c ut-o� radii. The
relative change is computed for an increase in cut-o� radius.
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Figure V.16 : Coe�cient of thrust in hover for a wing in test con�guration for di�erent
cut-o� radii.

Figure V.17 : Coe�cient of power in hover for a wing in test con�guration f or di�erent
cut-o� radii.
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c.3 � in vortex line

As mentioned before, the velocity induced by a vortex �lament at a point becomes singular

if the point lies on the �lament or is aligned with it. Consequ ently, the use of a cut-o�

radius becomes necessary when the position of the wake is updated. In other words, a

cut-o� radius is used in the evaluation of the induced velocities by the �rst ring wake panel

and vortex line on the wake.

Similarly as the cut-o� radius for the vortons, a constant of proportionality � K is intro-

duced,

" = "K [Vtip ]max dt (V.43)

We can see in Figure V.18 and Figure V.19 that for the last cycles, the aerodynamic

coe�cients with � K = 2 :96 and � K = 0 :296 are on top of each other. For� K = 0 :0296, we

observe some discrepancies, nevertheless it seems to converge to the same curve in the last

cycle. This is also con�rmed by Table V.8. The relative change in aerodynamic coe�cients

is less than a percent. Consequently, we will use� K = 0 :296 in my simulations.

Averaging Averaging Relative Relative

� K start end hCT i hCP i change change

(iteration) (iteration) hCT i hCP i

2.96 250 450 -1.048E-02 -1.823E-03

350 450 -1.049E-02 -1.798E-03

0.296 250 450 -1.048E-02 -1.816E-03 0.07% -0.43%

350 450 -1.051E-02 -1.786E-03 0.26% -0.63%

Table V.8 : Averaged mean coe�cients of thrust and power for di�erent � K . The relative
change is computed for a decrease in� K .
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Figure V.18 : Coe�cient of thrust in hover for a wing in test con�guration for di�erent
� K .

Figure V.19 : Coe�cient of power in hover for a wing in test con�guration f or di�erent
� K .
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c.4 Freestream velocity

As mentioned earlier, we use a nonzero freestream velocity for the �rst 10 iterations to

initially convect the wake. During these �rst iterations, t he reduced frequency has a �nite

value. We looked at the in
uence of the value of that freestream on the averaged aerody-

namic coe�cients. As seen in Figure V.20 and Figure V.21, forthe last cycles the curves are

all similar. Furthermore, in Table V.9, we can see that the relative change in aerodynamic

coe�cients is small, especially going from a reduced frequency of 4.19 to 2.09, this change

is almost inexistent. Consequently we will use an initial reduced frequency of 4.19.

Averaging Averaging Relative Relative

kstart start end hCT i hCP i change change

(iteration) (iteration) hCT i hCP i

8.38 250 450 -1.052E-02 -1.807E-03

350 450 -1.048E-02 -1.792E-03

4.19 250 450 -1.048E-02 -1.816E-03 -0.35% 0.49%

350 450 -1.051E-02 -1.786E-03 0.33% -0.29%

2.09 250 450 -1.048E-02 -1.815E-03 0.00% -0.01%

350 450 -1.052E-02 -1.786E-03 0.01% 0.00%

Table V.9 : Averaged mean coe�cients of thrust and power for di�erent s tarting velocities.
The relative change is computed for a decrease in the reducedfrequency.
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Figure V.20 : Coe�cient of thrust in hover for a wing in test con�guration for di�erent
starting reduced frequencies.

Figure V.21 : Coe�cient of power in hover for a wing in test con�guration f or di�erent
starting reduced frequencies.
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c.5 Number of iterations with the freestream on

To start the convection of the wake during the �rst few iterat ions (IT start ), the freestream

velocity is nonzero. We looked at the in
uence of the number of iterations during which

the freestream is nonzero. As seen in Figure V.22 and Figure V.23, the curves are on top

of each other. This is con�rmed by the almost zero relative errors in Table V.10. We will

useIT start = 10 in the following simulations.

Averaging Averaging Relative Relative

IT start start end hCT i hCP i change change

(iteration) (iteration) hCT i hCP i

1 250 350 -1.048E-02 -1.816E-03

350 450 -1.052E-02 -1.786E-03

10 250 350 -1.048E-02 -1.816E-03 0.00% 0.00%

350 450 -1.051E-02 -1.786E-03 -0.01% 0.00%

20 250 350 -1.048E-02 -1.815E-03 0.02% -0.01%

350 450 -1.052E-02 -1.786E-03 0.03% -0.01%

Table V.10 : Averaged mean coe�cients of thrust and power for di�erent IT start . The
relative change is computed for an increase in the number of iterations.
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Figure V.22 : Coe�cient of thrust in hover for a wing in test con�guration for di�erent
number of iterations with the freestream on (IT start ).

Figure V.23 : Coe�cient of power in hover for a wing in test con�guration f or di�erent
number of iterations with the freestream on (IT start ).
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c.6 Time step

In this section, we will look at the in
uence of the time discretization on the mean aerody-

namic coe�cients. As seen in Figure V.24 and Figure V.25, after 2 cycles, the curves seem

to be almost on top of each other. In addition, in Table V.11 wecan see that the relative

error remains small. The small error can not only be explained by the in
uence of the time

step in the computation of the aerodynamic forces but also inthe averaging. When the

time step is smaller, the mean values are computed by averaging a larger number of data

points. Nevertheless, it already takes 18 hours to run 450 iterations and a few days to run

900 iterations. Consequently 100 points per cycle will be used in the present method.

Averaging Averaging Relative Relative

NTS start end hCT i hCP i change change

(iteration) (iteration) hCT i hCP i

100 250 350 -1.048E-02 -1.816E-03

350 450 -1.051E-02 -1.786E-03

133 333 466 -1.038E-02 -1.823E-03 -0.95% 0.39%

467 600 -1.037E-02 -1.819E-03 -1.33% 1.85%

200 500 700 -1.009E-02 -1.828E-03 -2.83% 0.27%

700 900 -1.014E-02 -1.821E-03 -2.22% 0.09%

Table V.11 : Averaged mean coe�cients of thrust and power for di�erent NT S. The
relative change is computed for an increase inNT S.

136



Figure V.24 : Coe�cient of thrust in hover for a wing in test con�guration for di�erent
number of iterations per cycle (NT S).

Figure V.25 : Coe�cient of power in hover for a wing in test con�guration f or di�erent
number of iterations per cycle (NT S).

137



c.7 Number of panels in the chordwise direction

Finally, we looked at the in
uence of the number of panels in the chordwise direction. As

seen in Figure V.26 and Figure V.27, increasing the number ofpanels from 40 to 60 does

not change the solution. This is con�rmed by Table V.12, where the relative error is less

than half a percent.

Averaging Averaging Relative Relative

N i start end hCT i hCP i change change

(iteration) (iteration) hCT i hCP i

40 250 350 -1.048E-02 -1.816E-03

350 450 -1.052E-02 -1.786E-03

60 250 350 -1.050E-02 -1.823E-03 0.21% 0.41%

350 450 -1.054E-02 -1.795E-03 0.22% 0.46%

Table V.12 : Averaged mean coe�cients of thrust and power for di�erent N i . The relative
change is computed for an increase in the number of panels.
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Figure V.26 : Coe�cient of thrust in hover for a wing in test con�guration for di�erent
number of panels in the chordwise direction (N i ).

Figure V.27 : Coe�cient of power in hover for a wing in test con�guration f or di�erent
number of panels in the chordwise direction (N i ).
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c.8 Number of panels in the spanwise direction

In the same way, we looked at the in
uence of the number of panels in the spanwise direction.

As seen in Figure V.28 and Figure V.29, increasing the numberof panels in the spanwise

direction on a half-wing from 20 to 30 does not change the solution. This is con�rmed by

Table V.13, where the relative error is small.

Averaging Averaging Relative Relative

N j start end hCT i hCP i change change

(iteration) (iteration) hCT i hCP i

20 250 350 -1.048E-02 -1.816E-03

350 450 -1.052E-02 -1.786E-03

30 250 350 -1.039E-02 -1.818E-03 -0.86% 0.13%

350 450 -1.040E-02 -1.793E-03 -1.06% 0.36%

Table V.13 : Averaged mean coe�cients of thrust and power for di�erent N j . The relative
change is computed for an increase in the number of panels.
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Figure V.28 : Coe�cient of thrust in hover for a wing in test con�guration for di�erent
number of panels in the spanwise direction (N j ).

Figure V.29 : Coe�cient of power in hover for a wing in test con�guration f or di�erent
number of panels in the spanwise direction (N j ).
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c.9 Parameters used

To conclude, we saw that convergence was reached for all the parameters used in the present

method to simulate hovering 
apping 
ight. We will use the fo llowing parameters in all the

simulations:

� 4.5 cycles computed and averaging over the last cycle.

� � K = 15.

� � K = 0 :296.

� kstart = 4 :19 over the �rst 10 iterations.

� 100 iterations per cycle.

� N i = 40.

� N j = 20.

.

V.4 Results

The goal remains the same as in the previous chapter. For a required thrust, we want

to �nd the motion with the least aerodynamic power. We use the same wing con�guration

as in the previous section.

V.4.1 Inviscid case

a Optimum motion

In this section, surface plots of the �gure of merit and the corresponding non-dimensional

frequency as a function of the pitch angle and stroke angle will be presented for the inviscid
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case. The optimum motion will be deduced from these surface plots. The �gure of merit

(FOM ) was de�ned previously as

FOM =
�

P
T 3=2

�

Actuator

. �
P

T 3=2

�

FOM = 1
P

T 3=2

p
2�A

(V.44)

where A is the area covered by the 
apping wing. The non dimensional-frequency (~f ) is

de�ned as

~f = f
2�

q
T

2�c 3B

(V.45)

In Figure V.30, the �gure of merit is plotted as a function of t he pitch angle and the

pitch phase advance for a required thrust. The white region corresponds to a region where

the present method could not converge. Nevertheless, it is not of importance since in this

region the �gure of merit seems to be really low. The optimum region is located in the

upper right corner of the �gure. The optimum motion is obtain ed for a phase angle of�2 and

a pitch angle of 65� and a non-dimensional 
apping frequency of 0:97, the corresponding

aerodynamic coe�cients are

FOM = 0:76

CT = 8 :53 � 10� 3

CP = 1 :17� 10� 3

This motion is close to the motion found with the two-dimensional method. The phase

angle is the same, however, the pitch angle is higher in the three-dimensional case. This

can possibly be explained by the fact that the �gure of merit in the two-dimensional case

was obtained by extrapolating the thrust generated by a section of the wing to the entire

wing. The value of the maximum �gure of merit is really close to the maximum found in

two-dimensions (0.74).

In addition, the motion is close to the usual kinematics (\�g ure of 8" motion) found in


appers during hover. The motion is also close to the \clap-
 ing" mechanism. At the end

of the upstroke, the two wings are close to each other and parallel. At the beginning of the

downstroke they start to pitch and form an opened book. Results of the present method

would con�rm the thrust enhancement of this mechanism.
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Figure V.30 : FOM for a required coe�cient of thrust function of the pitch angl e and the
pitch phase advance in the inviscid case.

Figure V.31 : Flapping frequency for a required coe�cient of thrust func tion of the pitch
angle and the pitch phase advance in the inviscid case.
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It is also interesting to compare this result to the result of the method developed by

Hall et al. To do so, Hall's method was modi�ed to include the gap that exists between

the two half-wings. In addition, Hall's method is based on the motion of the trailing edge

and not on the entire motion of the wing. Consequently, we used the exact same motion of

the trailing edge in Hall's method as the optimum motion found with the present method.

In these conditions, Hall's method provides a �gure of merit of 0.66 which is 13% lower

than the �gure of merit of the present method. Even though the two methods are based on

di�erent assumptions, both methods give similar answers. The advantage of Hall's method

is its computing time. It only takes a few minutes to get the answer, while in the present

method, it takes a few hours. Nevertheless, Hall's method isentirely based on the trailing

edge motion, thus it is necessary to use the present theory toknow the exact motion of the

wing that gives the best aerodynamic performance.

Another interesting comparison would be to look at the shed circulation. Hall's method

is based on the circulation in the wake. Consequently we plotthe non-dimensional shed

circulation ( �
B 2 ! ) function of the non-dimensional time for one converged 
apping period

across the non-dimensional span (B=c). As seen in Figure V.32, the circulation is sinusoidal,

while in Figure V.33 , it has the double local maxima feature already observed previously.

The di�erences are clearer in the contour plots (Figure V.34 and Figure V.35). First of

all, we can see that the circulation in the free wake case is shifted in time compared to the

circulation computed with Hall's method. This lag could be explained by the nature of the

two wakes. In the free wake case, the wake seems to roll �rst and is then convected; while in

the frozen wake case, this one is always convected at the samespeed. The roll-up seems to

introduce a lag in the peak circulation. The values of the peaks are also slightly di�erent.

These di�erences could explain the di�erences in the �gures of merit. Nevertheless, by

considering that the two methods are based on di�erent approximations, the shape of the

contour remains surprisingly similar.
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Figure V.32 : Non-dimensional shed circulation for one converged 
apping period along
the non-dimensional span using Hall's method.

Figure V.33 : Non-dimensional shed circulation for one converged 
apping period along
the non-dimensional span using the present method.
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Figure V.34 : Contour plot of the non-dimensional shed circulation for one converged

apping period along the non-dimensional span using Hall'smethod.

Figure V.35 : Contour plot of the non-dimensional shed circulation for one converged

apping period along the non-dimensional span using the present method.
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Finally, it is also possible to compare the speed at which thewake is convected in the

present method to the convection speed provided by the actuator disk theory. The actuator

disk theory gives a speedUactuator =
q

T
1
2 ��B 2 �

�

. With the present method, the convection

speed is directly read in Figure V.36. For one period the length of the wake is 2:90c,

consequently the convection speed is

Umethod =
2:90c
1=f

(V.46)

By using Equation V.46, we get

Umethod =
2:90c
2�

~f

s
T

2�c 3B
(V.47)

We can now compute the ratio (~U = Umethod=Uactuator ),

~U =
2:90~f

2�

s
�AR �

�

4
(V.48)

By replacing ~f = 0 :97, AR = 6, � = 150� , we get ~U = 0 :886, which means that the

convection speed provided by the actuator disk theory is 13%higher than the convection

speed in the present method. This di�erence is the same as thedi�erence in the FOM .

In addition, we notice that the speed at which the wake is convected in the free wake case

is lower than the speed given by the actuator disk theory. This con�rms the explanation

concerning the presence of a lag in the circulation.

To summarize, we saw that the three-dimensional method provides an optimum motion

that is really similar to the motion actual birds use. In the n ext section, we will present a

comparative study between the present method and the work ofRamamurti and Sandberg

[13] on aDrosophila wing.
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Figure V.36 : Top view of the half wing and the vortons shed from the tip and midspan
in the optimum motion case, for a non-dimensional 
apping frequency of 0:97.

b Comparative study

In this section, I will compare results provided by the present method to results of Rama-

murti and Sandberg [13]. Ramamurti and Sandberg [13] studied the idealized motion of

oneDrosophila wing. They used a full Navier-Stokes method to compute the unsteady 
ow

past a three-dimensionalDrosophila wing undergoing 
apping motion in hover. They also

compared their results to experimental results of Dickinson et al. [14]. First, I will present

the wing model and kinematics they used compared to the wing and kinematics we used.

Ramamurti and Sandberg used a wing derived from theDrosophila. Its span semin-

span R is 25cm, thickness is 3:2mm and mean chord �c is 6:7cm. The wing is undergoing


apping and pitching motion at a frequency of 0:145Hz. The stroke angle � is 160� and

the pitch angle is 50� with a phase angle of�= 2. The pitch axis is located at 0:2c from the

leading edge. This 
apping mode is called symmetrical. Figure V.37 represents the wing

modeled by Ramamurti and Sandberg.
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Figure V.37 : \Schematic diagram of the 
apping Drosophila wing. The position of the
wing is shown at three di�erent times during the 
apping cycl e. The coordinate system
(x0; y0z0) is �xed to the wing, and the wing rotates about the z0 axis throughout the cycle.
R wing length; � wingbeat amplitude." Reprinted from Ramamurti and Sandberg [13]

The simulation was done with mineral oil, thus the Reynolds number based on the mean

chord and mean wing-tip velocity Ut was 136, which matches the actual Reynolds number

of a typical Drosophila melanogaster. The kinematics used by the authors is obtained from

the experiments of Dickinson et al. [14] and is plotted in Figure V.38.

In the vortex method, we use a rectangular wing of span 25cm and chord of 6:7cm.

The authors did not detail the exact kinematics used in their study. Consequently, we

approximated their kinematics. It is represented in Figure V.38.
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Figure V.38 : Kinematics of the 
apping wing used by Ramamurti and Sandberg. From
left to right, stroke and pitch angle; translational veloci ty of the wing tip and angular
velocity; translational acceleration of the wing tip and angular acceleration as functions of
time. Reprinted from Ramamurti and Sandberg [13].

Figure V.39 : Kinematics of the 
apping wing used in the present method. From left to
right, stroke and pitch angle; translational velocity of th e wing tip and angular velocity;
translational acceleration of the wing tip and angular acceleration as functions of time.
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Figure V.40 : Thrust as a function of time for one 
apping period. The red l ines are from
Ramamurti and Sandberg [13] and the blue lines from Dickinson et al. [14]. Reprinted
from Ramamurti and Sandberg [13].

Figure V.41 : Thrust as a function of time for one 
apping period using the present
method.
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Ramamurti and Sandberg computed the unsteady solution of the motion described

previously. Their computation was carried out for �ve cycles and the thrust was computed

by integration of the surface pressure. They also compared the thrust they obtained to

the thrust obtained by Dickinson et al. [14] with his Drosophila model. Figure V.40

shows their computed thrust over one cycle as a function of time. The kinematics of

the wing can be decomposed into two rotational phases that occur at the end of each

half-stroke and two translational phases that occur in between. As seen in Figure V.40,

Ramamurti and Sandberg decomposed one stroke into nine intervals ranging from time

t0 to time t9. From time t0 to t1, the thrust decreases. This phase occurs at the end of

the upstroke, the wing translates in the � z direction creating a positive thrust, however

the translational velocity decreases which causes the thrust to decrease. At the end of the

upstroke at time t1, the wing is in the (x; y) plane. During the period t1 � t2, the thrust

increases. This can be explained by two phenomenon, �rst thetranslational velocity starts

to increase in the +z direction, nevertheless this acceleration itself is still small at the

beginning of the downstroke to explain itself this increaseof thrust. Another explanation

for this increase of thrust consists of the clap and 
ing mechanism explained earlier in which

the wing captures the shed vorticity of the previous stroke. During the phase t2 � t3, the

thrust decreases, the rotational acceleration becomes large enough to negate some of the

translational acceleration resulting in a decrease in the thrust. Between time t3 and t4,

the translational acceleration is almost constant which should result in a constant thrust.

Nevertheless, we can see that the thrust increases, this is explained by the rotational e�ect.

We can notice the presence of a plateau that occurs when the rotational velocity changes

sign corresponding to the moment when the trailing edge vortex is shed. During the second

half of t3 � t4, the thrust keeps increasing because the rotation is now in the clockwise

direction thus increasing the e�ect of the translational velocity in the + z direction. Each

stroke being symmetrical, the periodt5 � t9 is explained by the exact same reasons.

We can notice in Figure V.41 that the plot of the thrust as a function of time using the

present method is similar to the thrust obtained by Ramamurti and Sandberg. The value of
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the peaks at timest4 and t8 are close on both plots. The peaks at timest2 and t6 are higher

in the Ramamurti and Sandberg's study than in the present method. The main di�erence

occurs during the period t3 � t4. The thrust obtained with the present method is almost

constant. We already mentioned that with only the e�ect of tr anslation, the thrust should

be constant during this period, however in the case of Ramamurti and Sandberg, the thrust

is enhanced by the rotational e�ect. By looking closely to the kinematics we used, we notice

that the rotational acceleration during that period is null , the pitch angle remains constant.

Thus in our case, the thrust is not increased by the rotational e�ects since the wing does

not rotate. However, when the wing starts to rotate, we observe an important increase in

the thrust. This increase is sharper than in Ramamurti and Sandberg's case because the

rotational acceleration is discontinuous and sharply increases in our case. Consequently, the

mean thrust in the present method is lower than the mean thrust obtained by Ramamurti

and Sandberg.

Nevertheless, the present model agrees surprisingly well with the results of Ramamurti

and Sandberg even though the leading edge vortex is not modeled in our case and we used

a rectangular wing and not a real Drosophila wing model. In addition, Ramamurti and

Sandberg [13] showed that the viscous e�ects in this case were practically inexistent. As

seen in Figure V.42, the thrust as a function of time in the viscous and inviscid case are

the same. This justi�es the use of an inviscid model in the case of highly accelerated 
ows.
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Figure V.42 : Thrust as a function of time for one symmetrical 
apping cycle in the inviscid
case and in the viscous case computed by Ramamurti and Sandberg [13]. Reprinted from
Ramamurti and Sandberg [13].

V.4.2 Viscous model 2

To model the e�ects of viscosity, we use a similar viscous model as in two-dimensions.

Equation V.37 represents the corrective terms for the forceand power. To fully compute

the e�ect of viscosity, we need to add a drag model. In this case, the viscous model used

is based on a constant drag coe�cient using the data collected by Weis-Fogh [32]. We use

the same drag coe�cient (CD = 0 :12) and method as in the two-dimensional case.
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Figure V.43 : FOM for a required coe�cient of thrust function of the pitch angl e and the
pitch phase advance in the viscous 2 case.

Figure V.44 : Flapping frequency for a required coe�cient of thrust func tion of the pitch
angle and the pitch phase advance in the viscous 2 case.
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The optimum motion is found by ploting the contour of the �gur e of merit. In Figure

V.43, we can notice that the optimum region is almost unchanged. The optimum motion

is slightly di�erent, the phase angle is now 5�
8 and the pitch angle remains 65� . The non-

dimensional 
apping frequency is 0:835. For this motion, we have the following aerodynamic

coe�cients

FOM = 0:65

CT = 1 :15 � 10� 2

CP = 2 :13� 10� 3

The �gure of merit is logically lower than in the inviscid case (14.5% lower). This order

of magnitude is in agreement with the two-dimensional case and with the �ndings of Wells

[27]. He showed that the viscous power was lower than the induced power by a factor of

3.5. The small change in the kinematics is explained by the fact that for this new phase

angle, the 
apping frequency required to generate the thrust is lower than with a phase

angle of �
2 . In the viscous case, the lower the 
apping frequency is; thelower the viscous

drag and losses are. The drag scales likef 2 and the power like f 3.

It is possible to draw the same conclusions as in the previouschapter. Adding a viscous

model lowers the �gure of merit since it adds viscous losses.Nevertheless, the optimum

motion is a little changed compared to the optimum motion in the inviscid case. This

behavior re
ects what Hamdani et al. [7] observed. They found that for large accelerated


ows, the viscous e�ects had a limited in
uence on the aerodynamic coe�cients. In a large

accelerated 
ow, which is the case in our simulation, inviscid e�ects are predominant.

This viscous model remains limited. It does not take into account the unsteadiness of

the 
ow and especially neglect the importance of the leadingedge vortex.
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Chapter VI

Conclusion and Recommendations

VI.1 Conclusion

To conclude, in this thesis, we have presented di�erent methods to analyze 
apping


ight with an emphasis on hovering 
apping 
ight.

The �rst method presented was developed by Hall et al. It is a three-dimensional

potential method using a frozen wake, that gives the optimalcirculation distribution in the

wake for a given trailing edge motion and a required force. Inaddition, viscous losses are

estimated using a steady drag polar model. We also added a chord optimization routine.

It provides the shape of the wing that minimizes the total power. In hovering 
ight, the

wake is shed at a speed given by the actuator disk theory. Nevertheless, this model is valid

for lightly loaded wings because it neglects the induced velocity of the wake on itself. In

addition, it does not re
ect the full motion of the wing but on ly its trailing edge.

Consequently, a two-dimensional potential method using a free wake was developed.

For a given kinematics, the method gives the forces generated and the power required. A

similar steady drag polar viscous model is used. In a second step, we used a two degrees

of freedom model (plunging and pitching motion) to �nd an opt imal motion. We created

surface plots of the �gure of merit function of the pitch angle and phase shift between

the plunge and pitch. This surface plot shows the existence of an optimum motion. The

value of the FOM found for the optimum motion agrees well with the value provided

by Hall's method. The comparaison to Hall's results also showed the importance of the

three-dimensional e�ects. For low aspect ratios the �gure of merit in the same kinematics

conditions is lower than for high aspect ratios. Consequently, the principal limitation of

the model is its two-dimensionality. Three-dimensional e�ects become especially important

in the case of hovering MAVs.
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Thus, we developed a three-dimensional potential method using vortons in the wake.

The same analysis as in the two-dimensional case was performed. The optimum motion

was also similar to two-dimensional motion. The phase anglefor the optimum motion is

�
2 . The motion resulting from that optimum is similar to the typ ical \�gure of 8" motion

found in hovering birds. The fact that at the end of each stroke, the wings are paralel

and then open like a book seems to prove that the motion takes advantage of the clap and


ing phenomenon. In addition, it showed surprisingly good agreements with the method

developed by Hall et al. The surface plots of the shed circulation using both methods had

some similarities; the main di�erence being the presence ofa time lag in the vorton method.

This lag was explained by the roll-up of the wake occuring in the vorton method and not

in Hall's method. The present method also agreed to some extend with the evolution in

time of the thrust of a single wing of a Drosophila simulated by Ramamurti and Sandberg

[13] with their unsteady Navier-Stokes method.

Finally, in various studies (Wells [27], Hamdanim [7] and Ramamurti [13]), it was showed

that the e�ects of viscosity were limited in the case of highly accelerated 
ows.

VI.2 Further research

A �rst interesting study that should be conducted is the incr ease of the number of

harmonics used in the kinematics of the wing. We used a singleharmonic and should now

conduct the same study with more harmonics to �nd a better optimum motion.

Another improvement would be to add the in
uence of the viscosity. Even though

studies show that in hovering, induced power is greater by a factor of 3.5 than viscous

losses; the role of the leading-edge vortex in delaying the onset of stall seems important.

The methods developed do not re
ect the leading-edge separation since they are inviscid

methods. The vortex method can be modi�ed to include the e�ect of viscosity. For example

a separation line could be adding near the leading edge. The intensity of shedding could

be found using an ONERA model.
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Few aeroelastic studies have been conducted on 
apping 
ight. Another improvement

would be to add the coupling of the structure response to the aerodynamic excitation. This

coupling could be investigated and would lead to a design of actively controlled wings.
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Appendix A

Flow relations

A.1 Potential 
ow identity

The second form of Green's theorem gives us

Z Z Z

V

�
� 1r 2� 2 � � 2r 2� 1

�
dV = �

Z Z

A

�
� 1 ~r � 2 � � 2~r � 1

�
� ~ndA (A.1)

If we take � 1 = �; � 2 = �� , we have

Z Z Z

V

�
� r 2�� � �� r 2�

�
dV = �

Z Z

A

�
� ~r �� � �� ~r �

�
� ~ndA (A.2)

Since � satis�es the Laplace's equation, the left-hand side of Equation A.2 is 0. Thus we

have
Z Z

A

�
� ~r �� � �� ~r �

�
� ~ndA = 0 (A.3)

Now by using the symmetry properties of � and knowing that the jump in � across the

wake is �, we get
Z Z

W
(� � ~w � � � ~w) � ~ndA = 0 (A.4)

A.2 Actuator disk theory

The 
ow considered is potential and follows Bernoulli's equation. By using Bernoulli's

equation on each side of the disk, we have

P0 + 0 :5�V 2
0 = P1 + 0 :5�V 2

d

P0 + 0 :5�V 2
e = P2 + 0 :5�V 2

d

(A.5)

The force applied on the disk is as followed

T = A (P2 � P1) = 0 :5A
�
V 2

e � V 2
0

�
(A.6)
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Figure A.1 : Actuator disk theory.

In addition the force is also equal to the change in momentum,

T = _m (Ve � V0) = �AV d (Ve � V0) (A.7)

Thus from Equation A.6 and Equation A.7, we get

Vd = 0 :5 (Ve + V0) (A.8)

Thus in the hover case,V0 = 0 ; Vd = Vh , we get the thrust

T = 2 �AV 2
h (A.9)
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Appendix B

Mathematical methods

B.1 Newton's Method

Newton's method is an iterative method to solve non-linear equations represented as

F (x) = 0 (B.1)

where F : < n ! < n is a continuously di�erentiable function.

The Newton's method starts with an initial guess x0 for x. At each iteration k we

compute the new vector with the following serie,

xk+1 = xk �
h
J

�
xk

�i � 1
F

�
xk

�
(B.2)

where
�
J

�
xk

��
is the Jacobian matrix expressed as

h
J

�
xk

�i

ij
=

@Fi
@xi

�
xk

�
(B.3)
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