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Abstract

This dissertation addresses two aspects of dynamical systems arising from biological
networks: homeostasis-bifurcation and identifiability.

Homeostasis occurs when a biological quantity does not change very much as a
parameter is varied over a wide interval. Local bifurcation occurs when the mul-
tiplicity or stability of equilibria changes at a point. Both phenomena can occur
simultaneously and as the result of a single mechanism. We show that this is the
case in the feedback inhibition network motif. In addition we prove that longer feed-
back inhibition networks are less stable. Towards understanding interactions between
homeostasis and bifurcations, we define a new type of singularity, the homeostasis-
bifurcation point. Using singularity theory, the behavior of dynamical systems with
homeostasis-bifurcation points is characterized. In particular, we show that multiple
homeostatic plateaus separated by hysteretic switches and homeostatic limit cycle
periods and amplitudes are common when these singularities occur.

Identifiability asks whether it is possible to infer model parameters from mea-
surements. We characterize the structural identifiability properties for feedforward
networks with linear reaction rate kinetics. Interestingly, the set of reaction rates cor-
responding to the edges of the graph are identifiable, but the assignment of rates to
edges is not; Permutations of the reaction rates leads to the same measurements. We
show how the identifiability results for linear kinetics can be extended to Michaelis-

Menten kinetics using asymptotics.
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Chapter 1

Introduction

Biological networks of chemical reactions are often modeled with systems of ordinary
differential equations (ODEs). Biological questions about the networks can often
be framed as mathematical questions about the properties of the ODE system. A
biased sampling of some of the properties of interest include the existence of attracting
equilibria or limit cycles, bistability, and how equilibria or limit cycle values vary with
parameters. Additionally, experimentalists may be interested in which measurements

in the biological system will allow them to infer the network’s reaction rates.

This dissertation studies the first set of properties using tools from singularity
theory. Existence of equilibria and limit cycles, bistability, and how these change
as parameters are varied is typically studied using bifurcation theory, an instance
of singularity theory. Bifurcation theory is concerned with how the multiplicity and
stability of equilibria change as parameters are varied. In addition, it is of biological
interest to know which quantities in the network are homeostatic — relatively insen-
sitive to large changes in a parameter. Recently, Golubitsky and Stewart introduced
a way to formalize homeostasis mathematically using singularity theory [GS16]. The
work in this dissertation combines the two singularities into homeostasis-bifurcation
singularities. These newly defined singularities allow the homeostasis to be studied
simultaneously with multiplicity and stability of equilibria or limit cycles.

The ability to infer parameters from measurement data is known mathematically
as identifiability. This dissertation studies the identifiability properties for a class of
systems whose network is a directed tree. In particular, we characterize the minimal

set of reactants which need to be measured or perturbed in order to infer reaction



rates. Interestingly, the set of reaction rates is identifiable, but which reaction rate

is assigned to which reaction is in general not identifiable.

The structure of this document is as follows. In Chapter 2, we give background
information that is used in the work of future chapters. In Chapter 3, we study
a network with feedback inhibition which exhibits bifurcation and homeostasis pro-
duced through the same mechanism. This was the work that motivated the study of
homeostasis-bifurcation singularities. In Chapter 4, homeostasis-bifurcation singu-
larities are defined for feedforward networks and the behavior of dynamical systems
near these points is characterized. Interestingly, these behaviors including multiple
homeostatic plateaus and homeostatic limit cycle amplitudes and periods. Chapter 5
characterizes the identifiability properties for linear ODEs associated to directed trees
and extends them to a partial result for when the linear reaction rates are replaced

with Michaelis-Menten kinetics.



Chapter 2

Background

In this chapter, background for the three major topics of this dissertation — home-
ostasis, bifurcation, and identifiability — is reviewed. The material presented in this
chapter is not novel, but provides motivation, inspiration, or context for the results
of later chapters. In the first section of this chapter, the biological phenomenon of
homeostasis is reviewed and mathematical formulations of homeostasis are presented.
The formulation of homeostasis as a singularity is emphasized. The second section
reviews bifurcation theory and is largely a summary of the relevant material found
in [GS85]. The last section covers identifiability with an emphasis on the differential

algebra perspective.

2.1 Homeostasis

Homeostasis gives name to the observation that many biologically relevant quantities
do not change very much in the face of large environmental and /or genetic variation.
A classic example of homeostasis is body temperature in warm-blooded mammals.
Over a wide range of environmental temperatures, the body temperature of these or-
ganisms will not change very much. In humans, body temperature remains at 98.6°F
in cold, temperate, and hot environments. Warm-blooded mammals have mecha-
nisms to control body temperature because maintaining a stable body temperature
is vital for the organism to function. As is typical of homeostatic variables, it is pos-
sible for these mechanisms to be overwhelmed; In very hot or very cold environment

humans become hypo- or hyper- thermic. Fred Nijhout, Mike Reed, and Janet Best



call this phenomenon “escape from homeostasis” and the typical behavior is captured

by the so called chair curve (Figure 2.1) [NBR14].

Homeostatic Region

Tl= == = = =
Tl= === = - =

1 8 12 , 16 20

Figure 2.1: A classic chair curve. 7 is homeostatic with respect to I when [ is
between H; and H,. For I < Hy or I > H,, Z grows linearly in I so the behavior of
Z is not homeostatic. This is the typical “escape from homeostasis behavior”.

Towards formalizing homeostasis mathematically, suppose that the biological sys-
tem of interest can be described by a system of ordinary differential equations de-

pending on a parameter,

X =G(X,\) (2.1.1)

where the dot indicates the time derivative. Roughly speaking, a component of the
system, X;, is homeostatic if the equilibrium value of X; does not change very much
as A is varied over a wide interval. What “not very much” and “wide” mean will
depend on the context and details of the system. Nevertheless, there have been at
least two precise mathematical formulations of homeostasis. Note that there are
examples of homeostasis that do not fit either definition. The first is known as
absolute concentration robustness and is extensively studied by the chemical reaction
theory community [SF10, AEJ14, EMKO™'16, KUAG17]. X; is said to have absolute
concentration robustness if the equilibrium concentration of X; is the same for every

steady state that (2.1.1) admits. This is a global definition for homeostasis. The

4



definition that this dissertation will use is a local definition for homeostasis and is

discussed in detail in the following subsection.

2.1.1 Infinitesimal Homeostasis Points

This subsection is a summary of [GS16]. Assume that X € R™ and A € R and
suppose (2.1.1) admits a linearly stable equilibrium at (Xo, Ag). Then we may apply
the implicit function theorem to G(X, A) = 0 to obtain a curve of stable equilibria as
a function of A, say X (\) where X(\g) = Xo. In applications, we are concerned with
the homeostatic properties of a distinguished variable x that we define to be X; for

some i. z(\) is called the input-output function.

Definition 2.1. z(\) := X;(\) has an infinitesimal homeostasis point at Ao if
2'(Ag) = 0. The homeostasis point is a simple homeostasis point if in addition

" (Xo) # 0. It is a chair point if 2'(Ng) = 2" (Ng) = 0 and 2”"(Ng) # 0.

Under this formulation, homeostasis is treated as a singularity of the system. We
will often drop the “infinitesimal” and call these singularities “homeostasis points”.
Simple homeostasis and the chair point are pictured in Figure 2.2.

Singularity theory studies the structure of singularities and their perturbations
up to appropriate changes of coordinates. The appropriate changes of coordinates

for homeostasis are those of elementary catastrophe theory:

A

G(X,\) = G(X — K,A(\) (2.1.2)

where A(Ng) = Ao, A'(No) > 0, and K = (K1,...,kn) € R™ These changes of
coordinates are appropriate because they preserve homeostasis points as stated in

the following theorem.

Theorem 2.1. Let A(\) be a reparameterization of A and K = (ky,...,kp) € R™
be a constant. Define G as in (2.1.2). Then

5



1. The input-output function x(X) transforms to
() = x(AN)) + K; (2.1.3)

2. Simple homeostasis and chair points are preserved by the input-output transfor-
mation (2.1.3). That is, if Ao is a simple homeostasis point or chair point for

x, then so is A=Y (\g) for .

These changes of coordinates allow use to transform away the properties of the
input-output function we aren’t interested and retain only the information that we
are interested in—the number of consecutive vanishing derivatives at \g. Assuming
that not all derivatives vanish at \g, homeostasis points can be classified by the first

nonvanishing A-derivative z*)(\).

Definition 2.2. Let 2*)()\) be the first nonvanishing derivative of z(\) at Ay. For

k > 2, the codimension of x is k — 2 which is denoted codimy(z) = k — 2.

If codimy(z) = k — 2, then the normal form for x is A¥. This name is given

because there is a change of variables of the form (2.1.2) that transforms x(\) to

(a) (b)

Figure 2.2: Unperturbed homeostasis and chair points. The curves are shown
for e = 1 and the singularity is marked in each case. (a): The simple homeostasis
point. The simple homeostasis is its own unfolding so every perturbation is equivalent
to this curve. (b): The chair point z(\) = A\3.



A in this case. Another way to say this is that z(\) locally looks like \* when
codimpy(x) = k — 2.

Definition 2.3. X(\,a) is an unfolding of z(X\) if X(A,0) = x(A\). X is a universal
unfolding of z if every unfolding Y (A, b) factors through X. That is,

V(A b) = X(AN, D), A(b)) + r(b).

The universal unfolding of x captures all possible perturbations of x. This is
important because in applications singularities of codimension one or greater are
never observed because they require perfect choice of the external parameters (a in
X (A, a)). Perturbations of high codimension singularities can be observed in appli-
cations, although low codimension phenomena are more common. Perturbations of
the chair point can be seen in Figure 2.3. The number of external parameters in the

universal unfolding of x is equal to the codimension of z.

A ;L

/

(a) (b)

Figure 2.3: Persistent perturbations of the chair point x(\) = A® + al.

Simple homeostasis points are marked. (a): a = —%. The two simple homeostasis

points are separated. (b): a = 3. The two homeostasis points collided at a = 0 and
annihilated each other.

Theorem 2.2. Let x(X\) be an input-output function with a homeostasis point at A
and codimp(x) = k —2. If k = 2 then the universal unfolding of x is X (\,a) = £\%.

7



If k > 3, then the universal unfolding of x is given by
X\ a) =X+ ap o 72 4 ap s A3 o ag )
where a = (a1, ..., a5 2).

The normal forms and universal unfoldings for low codimension homeostasis
points are summarized in Table 2.1.

Table 2.1: Universal unfoldings of low codimension homeostasis points.
e = £1. The normal forms, x()\), can be recovered by setting a; = 0.

Universal Unfolding, X' (), a) Nomenclature codimy (z)
eN? Simple Homeostasis 0
X+ aqg )\ Chair Point 1

2.2 Bifurcations

In some ways bifurcation is the opposite of homeostasis. Near a homeostasis point,
the equilibrium of a system is not quantitatively changing as a parameter is varied.
At a bifurcation point, the equilibrium is not only quantitatively changing, it is
qualitatively changing. The curve of equilibria may disappear, lose stability, split
into multiple equilibria, become a limit cycle, or have a vertical tangent line. The
property of interest for homeostasis singularities is number of nearby points were
2'(A\) = 0 whereas for bifurcation points, the properties of interest are multiplicity
and stability of equilibria or limit cycles.

There are two types of bifurcation points of interest for the purpose of this dis-
sertation: steady state bifurcation and Hopf bifurcation. There is a subsection below

devoted to each type. In either case, we consider a system of the form

Y = F(Y, p) (2.2.1)



where the dot indicates a time derivative, ¥ € R", and p € R is a distinguished

bifurcation parameter. This section is a summary of the relevant material from

[GS85).

2.2.1 Steady State Bifurcation

Let (Yo, pt0) be an equilibrium of (2.2.1). If the Jacobian, (DyF)(y, ), is non-
singular, then by the implicit function theorem the equilibrium value of Y is locally
a function of u. Steady state bifurcation points are exactly those points where the
implicit function theorem fails. Specifically, we consider the case that Dy F' has a
single 0 eigenvalue. In this case, solutions to F(Y,u) = 0 can locally be put into

one-to-one correspondence to solutions of a scalar equation

fly,pu) =0

where y € R via the Lyapunov-Schmidt reduction (see Section 4.2 for details of
this reduction). There is a relationship between derivatives of F at (Yj, o) and
derivatives of f at the corresponding (yo, ft0). The zero eigenvalue of (Dy F) v, u0)
means f,(yo, o) = 0. Bifurcations are a singularity exactly because f = f, = 0.
Rather than study the full system, (2.2.1), the scalar equation, f = 0, will be the
main object of study.

The quantities of interest for steady state bifurcation are multiplicity and stability
of solutions. This information is typically summarized by plotting the bifurcation
diagram — the set (y,u) of solutions to f(y,u) = 0 (see Figures 2.4 and 2.5 for
examples of bifurcation diagrams). The change of coordinates which preserve these

properties are given by

A~

fQys ) = S, ) f(V(y, 1), M) (2.2.2)

where S, Y, and M are smooth mappings satisfying S >0, Y, > 0, and M, > 0.

9



Definition 2.4. If f and f can be related by a change of coordinates as in (2.2.2),

then f and f are equivalent as bifurcations.

Within each equivalence class, a representative called the normal form is chosen.
Each function within the equivalence class is locally qualitatively the same as the nor-
mal form where “qualitatively the same” means that the multiplicity and stability of
the solutions agree. As with homeostasis singularities, bifurcations and their normal
forms can be classified by the codimension of the singularity. The codimension of a

bifurcation is defined by its universal unfolding.

Definition 2.5. h(y, p,b) where b = (by, bs, ..., by) is an unfolding of f if h(y, p,0) =
f(y, 1). hisawversal unfolding of f if every unfolding, g, of f factors through h. That
is, there are smooth mappings S, M, ), and B such that

h(y, 1, b) = S(y, 1, b)g(Y(y, 1, b), M (1, b), B(b))

where S(y, 1,0) = 1, Y(y, 1,0) =y, M(1,0) = p), and B(0) = 0. h is a universal
unfolding of f if h is a versal unfolding and & is the minimum number of parameters
in any versal unfolding of f. In this case, k is the codimension of f and we write

codimg(f) = k.

Table 2.2: Universal unfoldings of low codimension steady state bifurca-
tions. ¢ = £1 and § = £1. The normal forms of codimension 1 bifurcations can be
recovered by setting by = 0.

Universal Unfolding, h(y, ) Nomenclature codimp(f)
ey? + du Limit point 0
e(y? — p? +by) Simple bifurcation 1
e(y  + p* +by) Isola 1
ey’ + 0u + by Hysteresis 1

The universal unfolding captures all possible perturbations of the corresponding
bifurcation point. As with homeostasis points, this is important because only per-

turbations of bifurcations are observed in applications. The universal unfoldings for

10



low codimension steady state bifurcations are listed in Table 2.2. The unperturbed
diagrams for the limit point and hysteresis point are drawn in Figure 2.4. The per-
sistent perturbations of the hysteresis point are pictured in 2.5. The limit point is its

own universal unfolding and therefore persistent.

(a) (b)

Figure 2.4: Unperturbed diagrams of the limit point and simple bifurca-
tion. The diagrams are drawn with ¢ = —1 and § = 1. Blue (red) curves indicates
stable (unstable) equilibria where we assume f, < 0 implies stability. (a): The limit
point bifurcation. The limit point is its own unfolding, so this diagram is equivalent
to every perturbation of the limit point. (b): The hysteresis point.

The universal unfolding of a bifurcation can be used to enumerate all qualitative
behaviors arising from perturbations of the bifurcation point that are themselves sta-
ble under perturbations. These behaviors are called persistent behavior, persistent
phenomena, or persistent perturbations. To do so, we will need to compute an-
other object related to the universal unfolding which describes when the bifurcation

diagram qualitatively changes.

11



Definition 2.6. Define A, 77, &, and ¥ by

% ={beR¥|3(y,n) € R x R such that h = h, =h, =0 at (y,1,b)},
A ={beR¥|3I(y,u) € R x R such that h = h, = h,, =0 at (y, u,b)},
P ={becR¥ | 3(y1,y2, 1) € R x R x R such that h = hy, at (y;, u,b),i = 1,2},

YX=BUXU9.

B, 7, and I are the bifurcation, hysteresis, and double limit point transition vari-

eties, respectively.

y ~

e

(a) (b)

Figure 2.5: Persistent diagrams of the hysteresis point —y® + i + byy. Blue
(red) curves indicate stable (unstable) equilibria where we assume f, < 0 implies
stability. The transition variety is ¥ = 2 = {b; = 0}. (a): by = —3. (b): by = 3.

Typically, we consider A on a finite domain U x L x W where U and L are closed
intervals and W C R*. The transition varieties defined above are local in that they
contain the bifurcation point corresponding to b = 0. There are non-local transitions
corresponding to transitions occurring on the boundary of U x L. We do not consider

these transitions.

Theorem 2.3. Let U and L be closed intervals and W C RF. Let

h:UxLxW—=R

12



be an unfolding of a bifurcation point. Let by and by be in the same connected com-
ponent of W\ ¥ and suppose there are no boundary transitions. Then h(-,-,by) and

h(-,-,by) are equivalent as bifurcations.

In principle, Theorem 2.3 does not rule out equivalence between h(:,-, b;) and
h(-,-,by) when b; and by are in different connected components but there are no

known examples of this.

The subsection concludes with an important consequence of equivalence as bifur-
cations that is used in Chapter 4. Assume that h(y, i, b) # 0 for (y, u,b) € OU x L x W.

This assumption is not necessary, but simplifies the notation and exposition.

Definition 2.7. Fix b € W. A branch of h is a continuous function C': [Ly, Ly] - U

which is smooth on (Lq, Ly) C L and satisfies
L. h<C(ILL)7,uab> =0on [Lla L2]7 and
2. either L; € L or (C(L;), L;,b) is a bifurcation point of h for i = 1, 2.

Definition 2.8. Let by,bo € W \ X. Define f(y,u) = h(y,p,b1) and g(y,pu) =

h(y, u,b2). f and g are combinatorially equivalent if

1. The mappings f and g have the same number of limit points, right-hand bound-

ary points, and left-hand boundary points.

2. There is a natural bijection between branches of f and ¢ induced by (1). If
there is a branch of f, C7, with end points L{ and Lg then there is a branch
of g, C9, with end points L? and LY such that L{ and LY are end points of the

same type for i = 1,2. The same holds when the roles of f and g are switched.

3. The bijection of branches of f to branches of g preserves the ordering of

branches.

13



Theorem 2.4. Suppose by and by are in the same connected component of W \ X.

Then h(-,-,by) and h(-,-,by) are combinatorially equivalent.

2.2.2 Hopf Bifurcation

Hopf bifurcations occur when the Jacobian, (Dy F')y, ) has a pair of purely imag-
inary eigenvalues, +iw. At a simple Hopf bifurcation, an equilibrium solution bi-
furcates into a limit cycle and an equilibrium as pictured in Figure 2.6(a). As with
steady state bifurcations, we would like to reduce the system to a scalar equation.
This is possible by applying the Lyapunov-Schmidt reduction to the operator defined
by Lu = %u+ F(u, p) and looking for periodic solutions (see Section 4.3 for details).

Doing so results in a scalar equation

fly,p) =0, y>0

but in this case solutions are in one-to-one correspondence to periodic solutions of
(2.2.1) and y is the amplitude of the limit cycle. Solutions with y = 0 are equilibrium
solutions. There is a rotational symmetry in periodic solutions that manifests as a

Zo symmetry for the reduced equation:

f<_y7 :u) = —f(ZJ?/J)

The result is that f can be written as

fy, ) =r? wy

for some smooth function r. The change of coordinates that define equivalence for
Hopf bifurcations need to respect this symmetry so the allowable transformations are

of the form

A~

fQy, 1) = Sy, 1) f(V(y, 1), M(p)) (2.2.3)

where S(—y, ) = S(y, ) >0, ¥y >0, Y(=y, ) = =V(y, p), and M, > 0.
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Definition 2.9. If f and f can be related by a change of coordinates of the form

(2.2.3) then f and f are Zy-equivalent as bifurcations.

The definition for the universal unfolding for Hopf bifurcations is similar.

Definition 2.10. h(y, p,b) where b = (by, bo, . .., by) is a Zy-unfolding of f if h(y, u,0)
fly,n) and h(—y, u,b) = —h(y,p,b). his a Zy-versal unfolding of f if every Zo-
unfolding, g, of f factors through h. That is, there are smooth mappings S, M, ),
and B such that

h(y, 1, b) = S(y, 1, b)g(Y(y, 1, b), M (1, b), B(b))

where S(y, p1,0) =1, Y(y, p1,0) =y, M(p,0) = pi, B(0) =0, S(=y, 11,0) = S(y, 1, b),
and Y(—y, 1, b) = =V(y, i1, b). his a Zy-universal unfolding of f if h is Zs-versal and
k is the minimum number of parameters in any versal unfolding of f. In this case, k

is the Zy-codimension of f and we write codim%(f) = k.

We will often drop the Z, when the context is clear. As with steady state bifurca-
tion, the universal unfolding captures all persistent perturbations of the singularity.
The difference is that the perturbations allowed in the case of Hopf bifurcations are
restricted to those that respect the Z, symmetry. For this reason codimension and
Zo-codimension often do not agree for the same f. The universal unfoldings for low

Zo-codimension Hopf bifurcations are listed in Table 2.3.

Table 2.3: Universal unfoldings of low codimension Hopf bifurcations. ¢ =
+1 and § = +1. The normal forms can be recovered by setting b; = 0.

Universal Unfolding, h(y, 1,b) Nomenclature codim%?(f)

ey® + Sy Simple Hopf 0
e(y® + yu® + bry) Isola Hopf 1
e(y® —yp® + bry) 1
ey’ + dyp + bry? 1
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(a) (b)

Figure 2.6: Unperturbed diagrams of the simple and isola Hopf bifurca-
tions. Blue (red) curves indicate stable (unstable) equilibria. (a): The green curve
indicates amplitudes of stable limit cycles. The simple Hopf point is its own unfold-
ing, so this diagram is equivalent to every perturbation of the simple Hopf point.
(b): At the singular point, two simple Hopf points coincide. The result is that the
two singularities annihilate each other.

Definition 2.11. Let h(y, u,b) = r7(y?, i1, b)y and define u = y?. The Z, transition

varieties are defined by

By = {beRF | 3(u,p),u >0 such that r =7, =7, =0 at (u,x1,b)}
By = {b € R"| I(u, p),u > 0 such that r =7, =0 at (0,,b)}
A4 = {b e R" | 3(u, 1), u > 0 such that r = r, = ry, = 0 at (u, u,b)}
Ay = {b e R" | I(u, n),u > 0 such that r =7, = 0 at (0, p,b)}
D(Zy) = {b € R* | I(uy, ug, i), u; > 0 such that r = ur, = 0 at (u;, i1,b),7 = 1,2}

S(Zs) = By U By U A U AU D(Ts)

Theorem 2.5. Let U and L be closed intervals and W C R¥. Leth : Ux LxW — R
be a Za-unfolding of a Hopf bifurcation with h(y, p,b) = r(y*, u,b)y. Let by and by be
in the same connected component of W \ X(Zy) and suppose there are no boundary

transitions. Then

1. h(-,-,b1) and h(-,-,by) are Zo-equivalent as bifurcations.
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2. (-, b1) and (-, -, by) are combinatorially equivalent.

(a) (b)

Figure 2.7: Persistent perturbations of the isola Hopf point —y® — uy +
by. The transition variety is given by ¥(Zs) = %y, = {b = 0}. Blue (red) curves
indicate stable (unstable) equilibria. (a): b = —3. The two simple Hopf points have
annihilated each other. (b): b= % The two simple Hopf points have separated and
are connected by a curve of stable limit cycles.

2.3 Identifiability

A dynamical system with parameters is identifiable if, given measurements of the sys-
tem, it is possible to determine the parameters which produced those measurements.
There are two notions of identifiability: structural and practical. Practical identifia-
bility is concerned with whether parameters can be inferred from realistic or actual
data. Measurement noise and the finite number of measurements taken are major
issues in practical identifiability. Structural identifiability asks whether it is possible
to identify parameters given perfect and arbitrary number of measurements. Clearly
structural identifiability is a necessary condition for practical identifiability. Addi-
tionally, structural identifiability analysis can give insights into what measurements
would be useful to make. Chapter 5 is concerned with the structural identifiabil-

ity of a class of differential equations which arise from feedforward networks. We
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therefore review structural identifiability here, but not practical identifiability. For
the remainder of this section, we use identifiability to mean structural identifiability.
The material in this section is based on the exposition of [ERT13].

Consider a differential equation model & = f(z,u, a) where z is the vector of state
variables, u = u(t) is a vector of input functions controlled by the experimenter, and
a is a vector of parameters. The experimentally observed vector of output variables
is defined by y = g(z,a). We will use Greek letters, a in this case, to denote the

unobserved “true” value of the parameters.

Definition 2.12. Given an ODE model & = f(z,u,a) and output y, a parameter
ay, is globally identifiable if for almost every value « the equation y(z,a) = y(z, a)
implies a, = «4. The parameter a, is locally identifiable if for almost any « the
equation y(z,a) = y(z,«) implies that a; has a finite number of solutions. ay is

unidentifiable if y(z,a) = y(z, o) implies that a; has an infinite number of solutions.

Definition 2.13. The model & = f(z,u,a), y = g(x,a) is globally (locally) identifi-

able if every parameter is globally (locally) identifiable.

Example 2.1. Consider the system given by

r=u(t)— (a+b)x 23.1)

y==x
where a and b are parameters. (2.3.1) is unidentifiable and the reason is simple: a
and b only appears as the sum a + b and it is only this sum which determines the
behavior of y. If a and § are the true parameters, then a = a+cand b= —cis a

solution for any choice of c.

We take the differential algebra approach to solving the identifiability problem.
The method relies on using algebraic manipulations to rewrite the model as a monic

polynomial in only the outputs variables y, the input variables u, and the derivatives
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of y and u, with coefficients in the parameters a. If y € R™ then the input-output
equations will be a set of m equations. It is possible to write a single nth order
differential equation as a system of n first order differential equations. Finding the
input-output equation when m = 1 is similar to reversing this process — rewriting a
system of n first order differential equations as a single nth order differential equa-
tion. The coefficients of the input-output equations are identifiable and we have the

following theorem from [Eis13].

Theorem 2.6. The parameters of a rational function ODE model x(u,a), y(x,a) are
globally (locally) identifiable if and only if the map c(a) from the parameters to the
coefficients of a set of input-output equations is injective (the fibers contain finitely

many elements), regardless of how the input-output equations are generated.

Example 2.2. In (2.3.1), there is only one output and the input-output equation
can be obtained by substituting y = x into the differential equation: y = u(t) — (a +
b)y. Theorem 2.6 says that the coefficients of the input-output equation contain all
identifiability information. a 4+ b is the only coefficient so the identifiability can be

determined by solving
a+b=a+p. (2.3.2)

However, we cannot solve (2.3.2) for a or b individually, verifying the earlier claim

that ¢ and b are unidentifiable.

Example 2.3. Consider the system given by

Ztl = u(t) — a1
Ty = ap T — baTy (2‘3‘3)

Y = To.
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The parameters as; and by are named to be consistent with the notation of Chapter

5. Substituting y = x5 into the second equation we have

a1 = U + bay. (2.3.4)
Differentiating (2.3.4),

a9 1 = 4 + bay. (2.3.5)

Substituting (2.3.4) and (2.3.5) into the first equation of (2.3.3),

1 b
it g = u(t) — § + byy. (2.3.6)
a21 21

Multiplying by as; to make the polynomial monic and rearranging gives the input-

output equation
§ + (ag1 + b2)y + as1byy = agiu(t). (2.3.7)

The coefficients, as1+bs, as1be, and as; are identifiable so the question of identifiability
is reduced to solving as; + by = awy + [, ag1bs = a1 P2, and as; = as;. The only

solution is ag; = 91 and by = f5 so this model is globally identifiable.

20



Chapter 3

Homeostasis and Hopf Bifurcations in

Feedback Inhibition

This chapter is based on work published in Mathematical Biosciences [DBGT18]
and was done in collaboration with Janet Best, Martin Golubitsky, Fred Nijhout,
and Michael Reed. In this work, the behavior of the biochemical network motif
of feedback inhibition is studied both analytically and numerically as a function of
various parameters. In particular, it is shown that the same mechanisms that lead to
Hopf bifurcations also contribute to homeostasis. This motivated the more general
study of the interaction between homeostasis and bifurcations which is discussed in
Chapter 4.

In Section 3.1, the feedback inhibition motif is introduced and basic properties
are discussed. In Section 3.2, the dependence of stability of the equilibrium on the
inhibition function and network length is studied both analytically and through nu-
merics. In Section 3.3, a simple choice is made for the feedback function to facilitate

understanding of how the details of the feedback function effect stability.

3.1 The Feedback Inhibition Motif

Feedback inhibition is a common control mechanism in biochemical networks in which
the product of a series of chemical reactions inhibits one of the reactions involved in
its production. One realization of the feedback inhibition motif is shown in Figure

3.1 and this is the network which is studied in this chapter. The last element in the
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chain, X,,, inhibits the reaction that converts X; to X5. This kind of feedback inhibi-
tion is one of the most common homeostatic mechanisms in biochemistry [RBG*17].
The homeostatic variable is X,, because as [ increases, X,, tends to increase, which

increases the inhibition by f, limiting how much X, rises.

f(Xn)

I

1 X ap X2 ao ”anle”

Qn

«

Figure 3.1: A simple biochemical chain with feedback inhibition. The
variable X, inhibits the reaction that takes X; to X, via the function f(X,). [
is the input to the chain, « is a leakage parameter which determines the rate at
which X, leaves the system, and a; are the forward reaction rates.

For n = 4 and an appropriate choice of the inhibitory function, f, the system
shows the behavior indicated in figure 3.2. For [ small, the equilibrium is stable
and X4(I) increases linearly in I. At the value I; there is a Hopf bifurcation and
the equilibrium becomes unstable but shows homeostasis (the red curve). Finally at
I, the equilibrium becomes stable again and shortly thereafter X4(I) shows escape
from homeostasis by rising linearly with /. For [ in the interval ([, I5), the system
has a stable limit cycle; the green curves show the maximum and minimum values of
X4(1,t) as X(I,t) traverses the limit cycle for fixed I.

If a different choice for f or a were made, then there may not be Hopf bifurca-
tions in the homeostatic plateau, the equilibrium would be stable for all values of I,
and X4(I) would be a classic chair curve as shown in Figure 2.1. Determining this

dependence is the focus of the remainder of this chapter.
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t

(b)

Figure 3.2: Instabilities in feedback inhibition. In the feedback chain of Figure
3.1, the equilibrium becomes unstable for I in the interval (I;, I5) for an appropriate
choice of the feedback function f. We chose n = 4, o = 1, a; = 1 for each j, and
f(z) = 10e~/G=2+1/50 (5 — 1) +1/2, where ©(x) is the Heaviside step function. (a):
The blue (red) curves shows the values of X4(7) at the stable (unstable) equilibria.
The green curves show the maximum and minimum values of X, as the dynamics
traverses the limit cycle for fixed I. (b): The time course of the oscillations in X,
for I = 10, where the maximum amplitude oscillations are obtained.

3.2 Dependence of Stability on Network Length

In this section, the dependence of stability of equilibrium solutions on n and f is

studied. Throughout this section the following assumptions are made on f:
f is differentiable, f > 0, and f' < 0. (3.2.1)

The assumption that f > 0 is made so that the backwards reaction of Xy — X
does not occur and the forward reaction of X; — X, always occurs at some rate.
The assumption that f’ < 0 is made so that X, inhibits the production of X5 from
X;. Additionally, assume a; > 0 for each j. Other hypotheses will be introduced
as appropriate. Let z;(t) denote the concentration of X; at time t. Each differential
equation expresses that the rate of change of the variable is the rate at which it is
made minus the rate at which it is consumed. We assume mass action kinetics for
all reactions except for the rate from X; to X, that depends on inhibition from X,

expressed through f.
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The dynamics are given explicitly by

1 =1— (a1 f(zn) + @)1y
By = ay f(T,)71 — aay

Lt'3 = Q9X2 — A3X3 (322)

Tn = Qp-1Tp—1 — Apdp

where dot indicates a derivative in t. When o = ag, 1 + @9 = [ — ag(x1 + 23) so
that as t — oo, z1 + x9 — I /as. This allows the reduction of the dimension of the
steady state Jacobian by 1 and significantly simplifies the analysis. For n = 2,3,4,
a necessary and sufficient condition for instability is given, and the same is done for
n =5 if @« = 1. For general n, we provide a necessary condition for instability and a
sufficient condition for instability, but neither is necessary and sufficient.

First, we show that there is always a unique equilibrium solution. Using equation

(3.2.2), it is easy to see that the steady state solutions satisfy

_ 1
T = ——F—=
alf(xn) + o
1 af@)l (3.23)

Ti=— for 7 > 2.
J ajar f(Zn) + o J=

Proposition 3.1. Suppose f satisfies (3.2.1). Then for each I € [0,00), (3.2.3) has

a unique solution.

Proof. Let £(z) = (a1 f(x) + a)(a,x)/(a1f(x)) so that £(z,) = I. By the hypotheses
on f, ¢(x) is strictly monotone increasing, £(0) = 0 and ¢(x) — oo as & — oo. Thus,
¢ :]0,00) = [0, 00) is invertible, so that z, is determined by I. For j < n, each z; is

an explicit function of Z, and I and is thus determined. [ |

From now on, we drop the overbar and denote x; = x;(I) as the steady state

concentration of X;. Except in Theorem 3.2, we consider only a; = 1 for each j.
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We are interested in the value of z,, and the stability of the equilibrium. As (3.2.3)
shows, x,, depends only on a; and a,. The value of a,, scales x,, so varying a,, leaves
the range of homeostasis unchanged. Changing a; is equivalent to rescaling f(z),
so nothing is lost by setting a; = 1. We choose a; = 1 for j = 2,...,n — 1 for
simplicity. Choosing other values may change the stability of the equilibrium, but
makes the proofs more complicated and the statements of some inequalities a little
different while involving no new ideas. We will see later that the choice of a does
make a difference.

Differentiating the steady state equation for x,, with respect to I and using (3.2.1),

we have, for a; =1,

(f(zn) + @) —af'(z,)]

so that «/ (I) > 0 for every I. Although /] (I) is always nonzero, it may be small over

2 (I) = (3.2.4)

a range of I so that x, exhibits a homeostatic region. Indeed, feedback inhibition
is one of the examples in [RBG'17] of a system exhibiting homeostasis but having
no homeostasis points. We will show in the theorems below that if | f'(z,)I| is large,
then the equilibrium is unstable and if |f’(x,)I| is small, then the equilibrium is
stable. Together with (3.2.4), this suggests that the homeostatic region and region
of instability overlap, as depicted in Figure 3.2.

The characteristic polynomial of the Jacobian when a; = 1 is given by

PN = (f(za) +a+ N1+ A" = fl(a)] (ﬁ) . (3.2.5)

Expanding, this may also be written as

PN :)\"+§ K”gl) (Fzn) +a) + (Z:m ¢

o D Fle) o) a1 @) (3.2.6)
# [0 = D) ) +1 - L E
A =il
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Note that every coefficient of P, is positive (since f’ < 0), so that, by Descartes’ rule
of signs, there can be no real positive roots of P,. In addition, A = 0 is never a root,
so a loss of stability must occur by a pair of eigenvalues crossing the imaginary axis,
that is, via a Hopf bifurcation.

When o = 1, A = —1 is always a root of P,(\). This is a reflection of the fact
that x; + x2 = I, mentioned above. Dividing out the factor of (1 + \) gives us the

characteristic polynomial for the reduced Jacobian:

P = (7o) + 1+ )1 42 = L (327
Expanded, this is
S (S e
(3.2.8)

3.2.1 Stability Properties for Small n

We first study the case when n < 5. Theorem 3.2 and Theorem 3.3 together show

that n = 4 is the minimum network length for which instabilities can occur.

Theorem 3.2. Let f satisfy (3.2.1). If n =2 or 3 and a > 0 then the equilibrium is

locally asymptotically stable for every I € [0, 00).

Proof. Consider n = 3. Although the theorem is true for general @ > 0, we prove
it in the case o = ay only. The technique for the general case is the same as the

technique for the @ = 1,n = 4 case used in the proof of Theorem 3.3.

When n = 3, & = ag, and using z1 = I /ay — x5, the reduced Jacobian is given by

—(a1f(w3) +az) arf'(xs)(/az — x2)

a2 —as

J:
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Using I /as — x5 > 0 and (3.2.1), we see Tr(J) < 0 and det(J) > 0 for each choice of
I > 0 so that the steady state is asymptotically stable for every I > 0. For the case
n =2, a > 0, the proof is similar.

Theorem 3.3. Fiz [ > 0. Ifn=4 and o >0, orifn=>5 and a =1, then f can be

chosen so that f satisfies (3.2.1) and the equilibrium is unstable.

Proof. Taking o = 1 simplifies the calculations because it allows us to consider the
roots of P,, a degree (n — 1) polynomial, when determining stability rather than the
roots of P,, a degree n polynomial. So, in the case of n = 4 and a > 0 as well as
n =5 and a = 1, we need to localize the roots of a degree 4 polynomial. We may
use the same techniques to do so in both cases. For this reason, the general case of
n =4, a > 0 is similar to the case of n = 5,a = 1 and, as in the proof of Theorem
3.2, we prove Theorem 3.3 only in the case a = 1.

The main tool of the proof is the argument principle. Consider the contour in the
complex plane shown in Figure 3.3. This contour forms a closed curve connecting the
points Ri and — Ri via a semi-circle and a line on the imaginary axis. For large R, the
dominant term of P, (equation (3.2.8))on the semi-circle is of the form R te(n—1if,
So, in the limit as R — oo, the change in the argument on the semi-circle is (n — 1)7.
For z € C, let Re(z) denote the real part of z and Im(z) denote the imaginary part.
We may determine the change in the argument on the imaginary axis between Rz and
—Ri by computing the zeros and tracking the signs of Re(P, (iy)) and Im(P, (iy)).

For n = 4, the zeros of Re(Py(iy)) satisfy

o Ul £ 02 pa)
() + 3)(f(aa) + 1)

and the zeros of Im(Py(iy)) satisfy

= TRe > 0

y =0 or y* = 2f(xy) +3 = rpm > 0.
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0
&
N

Ri

-Ri

Figure 3.3: Contour used in the proof of Theorem 3.3.

To compute the the change in the argument of P, on the imaginary axis, we track
which quadrant of the complex plane E(z’y) lies in as y varies from oo to —oo.
Note that Re(P(iy)) = —C(y — VTre)(y + \/Tre) where C'is a positive constant and
Tm(P;(iy)) = —y(y— /Trm) (+/71m)- For y large, Re(Py(iy)) < 0 and Im(P,(iy)) <
0 so Py(iy) lies in quadrant 3. Re(Py(iy)) and Im(P,(iy)) have only simple roots, so
the quadrant changes exactly when y passes through one of the roots. The path
154(iy) takes, and therefore the the change in the argument, depends on whether

TRe < T'Im OF Trm < Tre. We consider these two cases separately.
Case 1: 11 < The

The number line below shows which quadrant of the complex plane E(iy) lies in.
Py (iy) Quadrant: . 2 l 1 l 4 1 l 4 l 3

[ [ [ [
—vVTRe —VTIm 0 VT Im vV TRe

E(@'y) goes from —ioo to ico as y goes from oo to —oo and, as the number line shows,
makes no additional revolutions in between. That is, the change in the argument of

P, on the imaginary axis is 7. Along with the change of 37 on the arc of the semi-
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circle, the total change in the argument of P, on the whole contour is 47, indicating

that there are 2 roots with positive real part when rp,, < rge.

Case 2: "re < Tim

154(iy) Quadrant: ) 2 l 3 l 4 l 1 l 2 l 3
[ [ [

[ [
—/TIm —+/TRe 0 VTRe VTim

- Y

The change in the argument of P, on the imaginary axis is —3m in this case. The

total on the contour is then 0 revolutions and there are no roots inside the contour.

Let X} be a root of P, with largest real part. The analysis above shows that
sign(Re(\})) = sign(rre — rm)-
Simplifying this expression, we have
sign (Re(\})) = sign (— f'(za)] — (2(f(za) + 1)(f(z1) + 2)?) (3.2.9)

For n =5 and a = 1 we again compute the zeros of the real and imaginary parts
of P, in order to determine which quadrant it lies in as it traverses the imaginary

axis The zeros of Re(Ps(iy)) satisfy

27 = (3f(xs) +6) £ \/ (B3l + 07 4 (fas) 4 1= B0 ) = o
and the zeros of Im(Ps(iy)) satisfy
_ 2 _ 3f(ws) + 4 .
A o Ew

It can be shown that the change in the argument of 155(@'3;) as y goes from oo to —oo
is —4r if and only if r € R and r_ < rp,, < ry. Further, if r. € R, then rp,, < ry
is always satisfied. Let A be a root of P with largest real part. Then, sign(Re(A}))

> sign(r_ — r,,) which is equal to the sign of

(3f(xs) +4)(3f(x) +6)

—af )] = (o) + 1) | FHELEIE

6f(335)+8>2

(3.2.10)
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Now, fix I > 0 and pick any f satisfying (3.2.1). The equilibrium value is inde-
pendent of network length, so let = x4 = x5. Now, if we have sign(Re(\})) > 0
and sign(Re(Af)) > 0 then the equilibrium is unstable and we are done. If not, then
we may choose g satisfying (3.2.1) with ¢(z) = f(&) so that the equilibrium value
with g as the feedback function is the same, but with |¢’(Z)| large enough so that

sign(Re(A})) > 0 and sign(Re(\f)) > 0, which guarantees the equilibrium is unstable.
|

Theorem 3.4. Let f satisfy (3.2.1), I > 0, and a = 1. Let X} and \; be the roots
of Py and P5 with largest real part. If Re(\;) > 0 then Re(A%) > 0.

Note that in particular, Theorem 3.4 says that for « = 1, if the network with

length 4 is unstable, then the network with length 5 is unstable as well.

Proof of Theorem 3.4. The steady state value of z, is independent of n. So, the
theorem is proven if the expression in (3.2.10) is strictly larger than the expression
in (3.2.9). Letting © = x4 = x5, this requires

0 43f(x) +4)(3f(z) +6)
flz)+4

Af @)~ (f(a) + g

> —f'(2)] = 2(f(2) + 1)(f(z) +2)°
Rearranging the inequality, we see this is true if and only if

- <%) - ﬁ[%(w)‘”’ +8f(2)* +15f(x) + 12]

The left hand side is negative and the right hand side is positive so the inequality

is always satisfied.
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3.2.2 Stability Properties for General n

We now study stability in the case of a general n. By applying Gershgorin’s circle
theorem (see, for example, [Var00]) to the Jacobian, we find a necessary condition

for instability of the equilibrium, which is presented in the following proposition.

Proposition 3.5. Let f satisfy (3.2.1) and fix I. Suppose the equilibrium is unstable.
If o =1 then —f'(zp)] > f(x,) + 1. If a # 1 then =2f"(x,)] > f(x,) + .

The following theorem provides a sufficient condition for instability.

Theorem 3.6. Let f satisfy (3.2.1) and fix I, n > 4, and « > 0. Suppose that
n—1
—f(xn)] > 2(f(x,) + @) (sec (3—”)) and f(x,) < a. Then for m > n, the

2(n—1)

equilibrium of the network with length m s unstable.

Proof. We use notation and Theorems 1 and 2 of [Mos86]. First, consider the network
of length n. Let Q,(\) = P,(A — 1) where P, defined as in (3.2.5). P, has a root

with positive real part when @), has a root with real part greater than 1. Define

e [ (@)l
V= flzn)ta®

We may write
Qu(N)=A—1+0a) N +7) + flz,) A"
and view @Q,(\) as a perturbation of p(A) := (A — 1+ ) (A1 +~). A root of p
with largest real part is given by
A = ,yl/(n—l)eiﬂ/(n—l)'
Let Z(p, €) be the root neighborhoods of p under the metric d(p, ¢) = max |a; —b;|/m;
with m,_; = 1 and m; = 0 for j # n — 1 as defined in [Mos86]. Let Z*(p, ) be the

connected component of Z(p, ) containing A*. By Theorem 2 of [Mos86] there is at

least one root of @, in Z*(p, f(x,)). So it is sufficient to show that

Z(p, flan) € Q1= {z €C:Re() > 1 and arg(2) € (2(7:_ 5 2(n3i 1)) } |
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First, I show that \* € Q.

3
> 21/(n_1) sec —ﬂ_ coS L
2(n—1) n—1

3
>sec(2<n—i1))cos<n7_r1> >1 forn>4

We also have arg(\*) = s and thus A e Q. As Z*(p, f(x,)) is connected,

the above containment holds if 92 N Z(p, f(z,)) = 0. Let g(z) = p(2)/|z|""'. By
Theorem 1 of [Mos86], z € Z(p, f(x,)) if and only if |g(z)| < f(zy).

Now suppose z € 02 with Re(z) = 1 and arg(z) € (ﬁ, %) We have

= ltall 4y
‘Z|n71 ’

l9(2)]

Re(z) = 1 so z — 1 = Im(2)i and thus |z — 1 + a] > a. Using the reverse triangle

inequality we have

9(2) > a |1 = [2] "7

(el

>all =2/ =a> f(x,)

> o

and we have z ¢ Z(p, f(x,)).

j and Re(z) > 1. Then z = reZn for v €

Now suppose arg(z) = _2(nﬂ;1

[sec (ﬁ) 7oo) and

lg(reTm)| = =D e 1 4 a

[+
> ‘reﬂ"ﬁiiﬂ -1+ a‘

ms(ﬁ)_m

> > o> f(xy,)

s0 2 ¢ Z(p, f(xn))-
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Finally, suppose arg(z) = % and Re(z) > 1. Then z = reTED for r C
[sec (%) 7oo) and
lg(re?=n)] = = ‘Teﬁ —1+ a‘ |—ir" ™t 44|
> ‘re% -1+ a‘

3m 14
COS | ——— —
T\ om - ) “

so again, z ¢ Z(p, f(z,)) and we have shown the case of m = n. For m > n, note

> >a > f(x,)

n—1
that (sec (%)) is decreasing in n so that if the hypotheses are satisfied for

m = n, they must also be satisfied for m > n.

In practice, if we are given f, n, and a and we wish to know if there is an [ for
which the equilibrium is unstable, we may use (3.2.3) to solve for I as a function of
zn: I =x,(f(x,) +a)/f(x,). Then the hypotheses of Proposition 3.5 and Theorem
3.6 can be written independent of /. Proposition 3.5 can then be used to find x,
for which stability is guaranteed and Theorem 3.6 can be used to find x,, for which
instability is guaranteed. The corresponding values of I can be found by substituting

x,, back into (3.2.3).

3.2.3 Stability Properties for Large [

We are able to get a quantitative idea for the relative stability of the network at
different lengths by looking at the stability of the equilibrium as I — oo.

First, we show that if f is bounded away from zero, then the equilibrium must
eventually stabilize. It will be convenient to define ¢(z) = (f(x) + a)z/f(z) so that
Uxy,) =1.

Proposition 3.7. Let f satisfy (3.2.1) and suppose f(x) — C > 0 as and f'(z) <

x7! as x — oo. Then for large enough I, the equilibrium is stable.
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Figure 3.4: Instability regions as a function of network length. (a): The
solid red area shows the instability region with f(z) = % + 1/4 and o = &

computed numerically. f(z) > a for all z so Theorem 3.6 does not hold and if n
is large enough the equilibrium is stable for every I € [0,00). Outside of the green
lines, Proposition 3.5 applies so the equilibrium must be stable. (b): f(z) as in A
but o = 1 so that there are I for which Theorem 3.6 applies. The dark striped area
shows where Theorem 3.6 guarantees instability and the solid red area shows where
we have numerically calculated instabilities to occur.
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Proof. f(z) — C,sol(x) ~ (C+a)x/C as x — oo. Therefore, z,, ~ (1+a/C)7'I as
I — 00. So,as I — oo, f(z) ~ f((1+a/C) ') = Cand f'(z) ~ f'((a+a/C) ) <
I~!'. By Proposition 3.5, the equilibrium is stable if — f'(x,)I < f(x,)+«a. The above
relationships show that —f/(x,)] — 0 and f(z,)+a — C+a > 0as I — oo, so the

inequality must be satisfied in the limit. |

Remark 3.8. The proof shows that if f satisfies (3.2.1) and f(x) is bounded away
from 0, then x,, grows linearly for I large enough. This is the classic escape from

homeostasis behavior.

If instead f — 0 as  — oo, then the stability of the equilibrium depends on how

fast f approaches 0.

Proposition 3.9. Let f satisfy (3.2.1) and suppose f(x) ~ Az~ as x — oo for

some A > 0. For n > 4, the equilibrium is unstable for large enough I if k >
n—1

2 <sec (%)) . If a = 1, then for large enough I the equilibrium is stable

(unstable) forn = 4 if k < 8 (k > 8) and is stable (unstable) for n =5 if k < 4
(k> 4).

Proof. The value of A does not effect the proof and without loss of generality we may
assume A = 1. If f(x) ~ 27" then {(z) ~ 2", Using ¢(x,) = I, we have x,, ~ ==
Plugging this into f, f(z,) ~ f([k%l) ~ 7%k +1 and f'(x,) ~ —kI~!. Therefore,
—f(zp)] ~ k.

Now, for n = 4, the equilibrium is stable if and only if

—f(w) T < (2(f(z) + 1)(f(24) +2)* (3.2.11)

by equation (3.2.9) in the proof of Theorem 3.3. As f(x,) — 0, the right hand side

of (3.2.11) goes to 8 as I — oo, which proves the stated result for n = 4.
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For n = 5, the proof of Theorem 3.3 shows that the equilibrium is stable if and

only if

0 < (3f(ws5) +6)* —4 (f(:c5) +1-— %) (3.2.12)

and

4(3f(w5) +4)(3f(x) +6)
flzs) +4

2
—A4f(x5)I < (f(x5) +1) W)

flzs) +4
(3.2.13)

A(f () +1) — (

The right side of (3.2.12) goes to 32 + k and is thus always satisfied for large I. Noting
that the right hand side of (3.2.13) approaches 16 while the left hand side approaches 4k
completes the proof.

Applying —f(zn)I ~ k to the inequality in the statement of Theorem 3.6 and using

f(x,) — 0 gives the result for n > 4 and general .

In practice of course, large I is not achieved by a real system. However, these
results, combined with numerical computations, provide some intuition about the
system. Explicitly, let f(z) = H% +C for A, k,C > 0. Then numerical computation
shows that instabilities can only exist for n = 4 when k > 8, even though f does not
approach 0 and the equilibrium is stable for large I. Similarly, instabilities can only
exist for n = 5 when k£ > 4. Said another way, Proposition 3.9 seems to provide the
smallest k& required for instabilities for n = 4 and n = 5 when f is in the above form.

As C increases, a larger k is necessary for instabilities to appear.

3.3 Instability Regions with Piecewise Linear Feed-

back Inhibition

To better understand how the properties of the inhibition function effect the system,

consider n = 4 and a piecewise linear form for the feedback function. Let f be defined
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)
A+C, x <0

f(x) = A+C—sz, 0<sx<A (3.3.1)
\C’, st > A

where A > C, s > 0, and C' > 0. We define the feedback inhibition function, f;, by
horizontal shifts of f: f,(x) = f(z—h) for h > 0. C parameterizes the minimum value
of fj,, A is the distance between the maximum and minimum value, s parameterizes
the slope of f;, over the interval it is non-constant, and h is the value at which f,
begins to decrease (see Figure 3.5). This section studies how varying C, s, and h
effect the instability region and amplitude of limit cycles when n =4 and a = 1. As
in the previous section, given a value of I, we denote the equilibrium value of X, as

x4(I) or simply .

f, )

X

Figure 3.5: A piecewise linear feedback function.

Two theorems are provided. To state the theorems, we define
I = inf{l > 0: z4(I) is unstable}
and
I, = sup{l > 0 : z4(I) is unstable}
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and note that (I, I3) is the instability region. The first theorem relates the param-
eters of f;, with the existence of the instability region. The second theorem shows
that when the instability region is not empty, |x4(l2) — x4(I1)| must be relatively
small. The purpose of the second theorem is to show that the region of instability is

contained in the homeostatic region.

Theorem 3.10. Define f(x) as above, let n = 4 and « = 1. Let C* > 0 satisfy
2C0*(C*+2)? = A+sh. If C > C* then the equilibrium is stable for every I € [0, 00).
If 0 < C' < C%, then the instability region is nonempty and Iy < oco. If C'= 0 then

the instability region is nonempty and Iy = oco.

Proof. First note that if x4 < h or x4 > A/s+ h then f}(z4) = 0 and by Proposition
3.5, the equilibrium is stable. Let g(z) = st —2(A+C—s(x—h))(A+C+2—s(x—h))%
For z4 € (h, A/s+h), applying equation (3.2.9) from the proof of Theorem 3.3 shows
that the equilibrium is stable if g(z4) < 0 and unstable if g(x4) > 0. Note that g is
strictly monotone increasing and g(A/s + h) = (A + sh) — 2C(2 + C)>.

Suppose C' > C*. Then g(z) < g(A/s+ h) < 0 for all x € (h,A/s+ h) so that
the equilibrium is stable for every I > 0.

Now suppose C' < C*. Then g(A/s+h) > 0so there is an interval U C (h, A/s+h)
so that if 24 € U then g(z4) > 0 and the equilibrium is unstable. If, in addition,
C > 0, then the proof of Proposition 3.1 still works and x4 — oo as I — oo so that
there is an [ for which 24, > A/s+ h and stability is regained. In this case I satisfies
x4(ly) = A/s + h.

On the other hand, if C' = 0, then as in the proof of Proposition 3.1, x4 satisfies
U(xg) = (f(xq4) + D)ay/f(x4) = I. Because f(x) - 0asxz — A/s+ h, l{(x) = oo
asx — A/s+ h. Thus £:[0,A/s + h) — [0,00) is invertible and z, is a function of
I. In particular, z4 < A/s + h is satisfied for all I, so stability is not regained and
I, = o0.
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Theorem 3.11. Define f,(x) as above, let n = 4 and o = 1. Suppose the instability

region, is nonempty. Then x4(I1) > Sw4(I3).

Proof. Define g(x,C) = sz — 2(A+ C — s(x — h))(A+ C + 2 — s(x — h))% This is
the same ¢ as in the proof of Theorem 3.10 except that we make the dependence on
C explicit. We have that the equilibrium is stable when g < 0 and unstable when
g > 0. Note that g is decreasing in C, so that g(z,C) < g(z,0). We also have
z4(l2) = A/s+ h. Letting k =

%, we have

o (§or(2.0) = a1 = R)(A/s 4 .0)
=(1—-r)A+ (1 — k)sh — 2(kA + ksh)(kA + ksh + 2)?
<(1—kK)A—25A(KA+ 2)?
=(1—-kr)A—2(kA)* — 8xA® — 8K A

<A—-95A=0

The instability region is nonempty so I; exists and x4([;) satisfies g(z4([1),C) = 0.
However, g is increasing in « and we have shown that g(5z4(5),C) < 0 so we must

have z4(11) € (3z4(I2), z4(I5)) as claimed. |

Theorem 3.11 says that although |I; — ;| may be large, the value of x4 doesn’t
change very much on that interval. This indicates that the instability region lies on
the homeostatic plateau. For example, Figure 3.6(a) shows that for C' = 1/5, I; ~ 25
while I, &~ 100, but z4(/;) and z4([2) are still close to each other.

Finally, we present numerical calculations of the instability regions and limit cycle
amplitudes as C, s, and h are individually varied. Figure 3.6 shows the instability
regions. Figure 3.7 shows the maximum limit cycle amplitude over the instability

region. A is chosen so that z4([;) > h.
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Figure 3.6: Parameter dependence of the instability region. f,(x) is chosen
as above with A =10, C =1/5, s = 1, and h = 0 except when they are varied. The
solid red regions shows the numerically calculated instability regions. (a): When
A=10and h =0, C* ~ .69. As C — 0, I, — oo. (b): Increasing s decreases both
I and I5. The line s = 0.96 has been plotted and indicates for which values of I the
equilibrium is stable (blue), and for which values of I there is a limit cycle (green).
(c): Increasing h increases the size of the instability region.
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Figure 3.7: Parameter dependence of the limit cycle amplitudes. The max-
imum amplitude of the limit cycles over the instability region calculated numerically
and plotted as a function of C, s, and h. The parameters are fixed at A =10, s = 1,
C' =1/5, and h = 0 when they are not varied.
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Chapter 4

Homeostasis-Bifurcation Singularities

This chapter is based on work published in the International Journal of Bifurcation
and Chaos [DG19] and was done in collaboration with Martin Golubitsky. In the
work of Chapter 3, a network with a single mechanism contributing to both home-
ostasis and (Hopf) bifurcation was studied. This observation motivated the work of
this chapter, which studies the behavior of systems in which homeostasis points and
bifurcation points coincide. Near such homeostasis-bifurcation points, these systems
can exhibit homeostatic plateaus separated by hysteretic switches (in the case of
steady state bifurcation) and limit cycles with homeostatic periods and amplitudes

(in the case of Hopf bifurcation).

In Section 4.1, we introduce the homeostasis-bifurcation singularity for feedfor-
ward networks and motivate the definition. In Sections 4.2 and 4.3, we show how to
reduce a system of ordinary differential equations at a homeostasis-bifurcation sin-
gularity to a single scalar equation while preserving all the qualitative information
of interest. The content in both of these sections is similar with the former dealing
with steady state bifurcations and the latter with Hopf bifurcations. The separation
is made because the reduction for Hopf bifurcations is more technical. In Section 4.4,
the unfoldings of homeostasis-bifurcation points are derived. The transition varieties
are defined in Section 4.5. In Section 4.6, low codimension homeostasis-bifurcation
singularities are given with their transition varieties and an enumeration of their
persistent behavior. Section 4.7 constructs two networks, each with a homeostasis-
bifurcation singularity, and the persistent behavior is found numerically. Examples of

biological systems which exhibit homeostasis-bifurcation type phenomena are given
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in Section 4.8.

4.1 Homeostasis-Bifurcation Singularities in Feed-

forward Networks

This section introduces the feedforward system that is studied in this chapter and
defines homeostasis-bifurcation points for this system. This section further gives a

high level overview of the content of proceeding sections.

There is a technical difficulty in defining homeostasis-bifurcation singularities.
Homeostasis points are defined in terms of an input-output function which relies
on application of the implicit function theorem at a stable equilibrium. On the
other hand, bifurcation points are exactly those points at which the implicit function
theorem fails. As a result, homeostasis points are not well defined at bifurcation
points. It is possible to construct systems in which a homeostasis point collides with
a bifurcation point, but it is not straightforward to recognize the resulting singularity
as arising from such a collision. The approach used in this chapter is to assume a
feedforward structure which decouples the two singularities. The system studied is
one in which the bifurcation parameter in a bifurcating system is replaced by the

input-output function of a homeostatic system.

The first equation describes the homeostatic system and has the form

X = G(X,\) (4.1.1)

where X € R™ and x = X; € R is the distinguished, homeostatic variable of (4.1.1)
as a function of A € R. The second equation describes the bifurcating system and

has the form

Y = F(Y, ) (4.1.2)
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where Y € R". Next suppose z(A) has a homeostasis point at Ay (that is, 2’(Ag) = 0)
and x(\g) = xg. Suppose also that F'(Yp, z9) = 0, but F' does not have a steady-state
bifurcation at (Yp,zg). Then we may apply the implicit function theorem to obtain
a curve of equilibria Y (z(\)) € R™ for (4.1.2) when A near )\¢. Differentiating at A,

we have

d dx ay
RYEN)| =00 @) (113)
so that all Y variables inherit homeostasis points from x. If F' has a bifurcation

point, one could vary parameters so that the inherited homeostasis point and the
bifurcation point coincide.

We call points Ay where infinitesimal homeostasis points x(\g) coincide with bifur-
cation points in F\(Y, x) at x(X\g) homeostasis-bifurcation points. We are interested in
multiplicity and stability of solutions as well as homeostasis points in a particular Y
variable, Y. In the case of steady-state bifurcation, we study homeostasis-bifurcation

points by reducing the steady-state equation of (4.1.2),
F(Y,z) =0, (4.1.4)
to a scalar equation,

fly,z) =0 (4.1.5)

that preserves the above properties. This can be done if we assume the non-degeneracy
condition ey ¢ (ker(Dy F)y, )" where e is the unit vector in the kth direction
(see Section 4.2). In the case that (4.1.2) undergoes a Hopf bifurcation at (Yp, o),
a reduction to (4.1.5) is still possible, but the non-degeneracy condition becomes
er, ¢ (span{Re(v),Im(v)})* where v is an eigenvector of (Dy F)y, s, whose eigen-

value is purely imaginary.
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We define the codimension of a homeostasis-bifurcation point, codim(z, f) or

codim(f(y,z(\)) as the number of parameters needed in its unfolding. Intuitively,
codim(z, f) = codimpy (z) + codimp(f) + 1 (4.1.6)

as we need enough parameters to unfold z(\) and f individually and then an addi-
tional parameter to bring the two singularities together. This formula will be justified

in section 4.4.

4.2 Reduction to a Scalar Equation: Steady State

Bifurcation

In this section, we use the Lyapunov-Schmidt method to reduce (4.1.4) to a scalar
equation. We show that the reduced equation preserves homeostasis points of a
chosen state variable Y} as well as the multiplicity and stability of solutions. This
is an important step because it allows us to consider only scalar equations in the
classification of homeostasis-bifurcation singularities (given in Section 4.6) without
losing the information we are interested in. As in the study of bifurcations, the
reduction is a theoretical tool that is not typically performed in applications. In
applications, the derivatives of the system at the singularity are used to recognize
the corresponding scalar normal form. For low codimension singularities, the tables
in Section 4.6 can then be used to determine the behavior the system can have when

the singularity is perturbed.

Consider the equation
F(Y,p,b) =0 (4.2.1)

where Y € R, u € R is a distinguished parameter, and b € R? is a vector of aux-

iliary parameters. We begin by explaining what we mean by Y; homeostasis points.
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Suppose that ' = 0 and Dy F' is nonsingular at (Yj, i0,b0). Then we may apply
the implicit function theorem to obtain a function Y (u,b) € R™ where, near (ug, by),
F(Y(p,b), u,b) = 0. However, we will soon assume that ' undergoes a bifurcation,
so it is possible that there is another value of Y, say }7{), so that F’ (}7{), fo, bo) = 0. For
this reason it will be useful to specify the value of Y when describing the homeostasis

point.

Definition 4.1. The function p : R x R x R? — R has a homeostasis point at

(Pos o, bo) if p(tt0, bo) = po and p,(po, bo) = 0.

4.2.1 Derivation of the reduction

Suppose F undergoes a simple 0 eigenvalue bifurcation at (Y, u, b) = (0,0, 0). We per-
form a Lyapunov-Schmidt reduction on F' at the bifurcation point to get a scalar func-
tion, f: R x R x R? — R so that, locally, solutions to f(y, i, b) = 0 are in one-to-one
correspondence with solutions of (4.2.1). Let L = (DyF),0,0). Lyapunov-Schmidt
reduction requires making a choice of complementary subspaces M to ker(L) = R{v,}
in R® and N to range(L) = R{vj} in R™. In order for Lyapunov-Schmidt reduction
to preserve homeostasis of the k' coordinate in the original equation F = 0 to the
reduced equation f = 0, we must also assume the nondegeneracy condition on L at
the origin

<U07 ek) 7é 0

or e ¢ (ker L)*. It follows that we can split the domain of L via R" = ker L & M
by choosing M = span{e; | i # k}. We additionally split the codomain of L via
R™ = range L & N. The choice of N is arbitrary.

Let E denote projection onto range L with ker E = N. We may solve F (Y, u,b) =
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0 by simultaneously solving

EF(Y,p,0) =0

(I = B)F(Y,1,b) = 0

where [ denotes the n x n identity.

The reduction continues by decomposing Y as Y = v + w where v € ker L and
w € M. Applying the implicit function theorem to EF(v + w, u,b) = 0 yields w =
w(v, p,b). Define ¢ : ker LXRXRP — N by ¢(v, u,b) = (I — E)F(v4+w(v, u, b), 1, b).
So that our reduction preserves stability, we require (vg,v§) > 0, where (-,-) is the
standard inner product on R™. This is called a consistent choice of vy and vj (see

[GS85] for more details). The reduction is now given by

f(y, 1, b) = (g, d(yvo, 1, ). (4.2.2)

Note that if (y, u,b) solves f(y,u,b) = 0 then Y in the corresponding solution of

F(Y, u,b) = 0 can be recovered via

Y = yvo + w(yvo, 1, b). (4.2.3)

4.2.2 Preservation of the desired properties

Solutions of f = 0 and F = 0 are in one-to-one correspondence so multiplicity
of solutions is automatically preserved. Let Ay,...,\, denote the eigenvalues of
Dy F0,0) with A\; = 0. Note that we have assumed Re(\;) # 0 for ¢ # 1. The
following proposition shows that stability of solutions is preserved if we make an

additional assumption on ;.

Proposition 4.1. Suppose Re()\;) < 0 for i # 1. Then the equilibria of Y =
F(Y, pu,b) corresponding to a solution, (y,u,b), of f(y,u,b) = 0 is asymptotically
stable if f,(y, 1, b) <0 and unstable if f,(y, p,b) > 0.
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Proof. See chapter 1, Theorem 4.1 of [GS85]. |

Now, given f(vo, fto, bo) = 0 and f,(vo, pto, bo) # 0 we may apply the implicit func-
tion theorem to obtain a curve y(u,b) where f(y(u,b),p,b) = 0 and y(po,bo) = yo.
The one-to-one correspondence of f and F' gives a corresponding curve of equilibria,

Y (1, b) with Y (o, bo) = Yp.

Definition 4.2. If y has a homeostasis point at (yo, o, bo) if and only if Y; has a
homeostasis point at ((Yg)x, o, bo) where Yj is the corresponding solution to g, then

f is Y}, homeostasis preserving.
Proposition 4.2. f is Y, homeostasis preserving.

Proof. Suppose y(u,b) satisfies f(y(u,b),u,b) = 0. The corresponding solutions to
F =0 are given by (4.2.3):

Y(:u’ b) = y(:ua b)vo + w(yUO’ K, b)

However, w(yvo, u,b) € M so wy(y(, b)vo, p1, b) = 0 and we have Yy (p1, b) = (1, b) (vo )

Therefore (Yy), (1, b) =y, (1, b)(vo)r and f preserves Yj homeostasis. |

4.3 Reduction to a Scalar Equation: Hopf Bifur-

cation

There are some significant differences to the reduction when Hopf bifurcations are
considered. This is primarily because § does not vanish for non-constant solutions
so we have to consider the linearization of an operator in infinite dimensions rather
than a finite dimensional one. Time translations of periodic solutions to (4.1.2) are

still periodic solutions, so S' symmetries will also play a role.
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Consider the equation

Y = F(Y, 1, b) (4.3.1)

where Y € R", u € R is a distinguished parameter, and b € R? is a vector of auxiliary
parameters. We will be reducing (4.3.1) to a scalar equation that preserves periodic
solutions, stability of limit cycles, and homeostasis points of the amplitude near points
were Dy F' has simple +iw eigenvalues and no other eigenvalues on the imaginary axis.
To simplify notation, it is convenient to assume that the Hopf bifurcation occurs at
(Y, u,b) = (0,0,0), F(0,u,b) = 0, and the purely imaginary eigenvalues are exactly
+i. This section is largely informed by chapters 7 and 8 of [GS85], but there is
a modification in the reduction to ensure homeostasis points of the amplitude are

preserved.

4.3.1 Derivation of the Reduction

First, we explicitly define the operator, ®, to which we will apply the Lyapunov-
Schmidt reduction. ® should act on a space of periodic functions, but this space is
not linear: the sum of two periodic functions with different periods is in general not

periodic. To circumvent this problem, we introduce a parameter 7 to rescale time:
s=(1+7)t. (4.3.2)
We will define ¢ by
du
®(u, 11,0, 7) = (14 7) - — F(u, p,0) (4.3.3)
S

so that 2m-periodic solutions to ® = 0 correspond to periodic solutions to (4.3.1)

with period 27 /(1 + 7). Near the bifurcation, we will show that 7 ~ 0.

To be specific about the domain and range of ®, let (5, be the Banach space of
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continuous, 27-periodic function from R — R™ with the norm
||ul| = max fu(s)]

and C1_be the Banach space of 27-periodic functions that are continuously differen-

tiable with the norm

du

ds

lully = ] +\

Define @ : 3 x R x R? x R — Cy, by (4.3.3). S! acts on ® through the change of

phase action. For # € S! and u € Cs, define
(0-u)(s) =u(s—0). (4.3.4)
® commutes with this group action:
S0 u,p,b,7) =0 P(u,p,b, 7). (4.3.5)

The linearization of ® at the bifurcation is given by

du
Lu=——1L 4.3.6
YT s “ ( )

where L = Dy F is the Jacobian of F' at the bifurcation. The following proposition
is Proposition 2.2 in Chapter 8 of [GS85].

Proposition 4.3. Assume L has simple +i eigenvalues and no other purely imagi-

nary eigenvalues. Then
1. dimker.Z =2

2. There is a basis, v1, vy for ker & with |vi| = |vs| = 1 and the following property:

If we identify ker £ with R? via the mapping

(Y1, Y2) = y1v1 + yova, (4.3.7)
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then the action of S* on ker & is given by

5 v _ cos(f) —sin(6) U1 (43.8)

Yo sin(f)  cos(8). Yo

That is, 0 acts on R? by rotation counterclockwise through the angle 0.

3. There is an invariant splitting of Ca, given by
Cor = ker £ @ range .Z. (4.3.9)
This splitting induces a splitting of Cs_
Cy,. = ker £ @ ((range £) N Cy,.). (4.3.10)
We begin the Lyapunov-Schmidt reduction by defining F : Cs, — range .Z to be

the projection onto the range .Z with ker E' = ker .Z. This is taking advantage of the
splitting of Cs,; given by (4.3.9). We then have ® = 0 if and only if

E®(u,pu,b,7) =0 (4.3.11)

(I — E)®(u, p,b,7) =0 (4.3.12)

where [ is the identity operator on C5,. When comparing to the reduction for steady
state bifurcation, we have chosen N to be ker.Z. The choice in [GS85] for the
splitting of the domain as C3. = ker.Z & M was taken to be given by (4.3.10):

M = (range .Z)NC5_. However, to preserve homeostasis points of the amplitude, we

take
M = {w € Cy, | wi(t) = 0}. (4.3.13)

We write u = v + w where v € ker Z and w € M and apply the implicit function
theorem to E®(v + w, u,b,7) = 0 so that w = w(v,pu,b, 7). We now define the

coordinate free reduced mapping ¢ : ker Z x R x RP x R by
¢(U7 Hs b7 T) = (I - E)(I)(U + UJ(U, K, b7 T)v H, b? 7—)' (4314)
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Because M is invariant under the action of S; on Cj_, Proposition 2.3 in Chapter 8

of [GS85] still holds.

Proposition 4.4. In the coordinates on ker £ defined by (4.3.7), the reduced map-

ping ¢ has the form

1

¢(y17y27/~L7b7 7-) :p<y% +y§7/~L7b7 T) —|—q(x2 +y2,ﬂ7 ba 7—) (4315>
Y2 Y1
where p and q are smooth functions satisfying
(a) p(0,0,0,0) =0, (b) ¢(0,0,0,0) =0,

(4.3.16)

(¢) p-(0,0,0,7) =0, (d) ¢-(0,0,0,7) = —1.

To complete the reduction, notice that ¢ = 0 if and only if

Y1 =Yy2 =0, or (4.3.17)
p=q=0. (4.3.18)

Solutions satisfying (4.3.17) correspond to the trivial, steady state solutions u =
0, while solutions satisfying (4.3.18) correspond to 2m-periodic solutions which are
nonconstant when y? + y5 > 0. There is a redundancy in solutions corresponding to
p = q = 0 due to the action of S;. we eliminate this redundancy by assuming y, = 0
and y; > 0, as any vector can be rotated into this form. Setting y = y;, equations

(4.3.17) and (4.3.18) then take the form

y=0, or (4.3.19)

p(*, 1,6, 7) = q(y?, 1,0, 7) = 0. (4.3.20)

Now, by Proposition 4.4, we may apply the implicit function theorem to q(y?, u, b, 7) =

0 to get 7 = 7(y?%, i, b) near the origin. In particular, 7(0,0,0) = 0. Define

r(z, pu,0) = p(z, u, b, 7(2, p, b)) (4.3.21)
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and

fly, 1,0) = r(y?, 1, 0)y. (4.3.22)

Then the equation ¢(yi,ys, 7, @) = 0 has solution if and only if f(y,u,b) = 0. The
solutions to ¢ = 0 are in one-to-one correspondence with periodic solutions to (4.3.1),
so solutions to f(y, u,b) = 0 are as well. f =0 is the desired scalar equation.

Note that if y is a solution to f(y, u,b) = 0 then yvy + w(yvy, p, b, 7(y, i, b)) is a
solution to ® = 0. To first order, y is the amplitude of the solution because |v;| = 1.
At the origin, 7 = 0 and 7 is smooth so that near the origin 7 ~ 0. Therefore, small

amplitude solutions are approximately 27 periodic.

4.3.2 Preservation of the Desired Properties

Multiplicity of periodic solutions is automatically preserved because solutions to & =
0 are in one-to-one correspondence to f = 0. Let A{,..., A\, denote the eigenvalues of
Dy F' at the bifurcation point with \; = 7 and Ay = —i. Note that we have assumed
Re(\;) # 0 for ¢ > 2. As with the steady state reduction, stability is preserved if we

make an additional assumption on ;.

Proposition 4.5. Suppose Re(\;) < 0 for i > 2. Then the periodic solution corre-
sponding to a solution (y, i, b) of f(y, i, b) = 0 is asymptotically stable if f,(y, p,b) <
0 and unstable if f,(y,p,b) > 0.

Proof. See Theorem 4.1 in Chapter 8 of [GS85]. |
Proposition 4.6. f preserves homeostasis in the amplitudes of Y.

Proof. Suppose y(u, b) satisfies f(y, i, b), , b) = 0. The corresponding periodic solu-
tion to (4.3.1) up to translations in time is given by y(, b)vi+w(y(w, b)vy, i, b, 7(y(i, b)vy, 11, b)).

Now, w € M so that w,, = 0 and the kth component is given by y(u,b)(v1)x. The

52



amplitude of Y} is thus precisely y(u, b). So, there is a homeostasis point in y(u, b) if

and only if there is a homeostasis point in the amplitudes of Y. ]

4.3.3 Limit Cycle Periods Inherit Homeostasis Points

In this subsection, we digress to show that in addition to limit cycle amplitudes
inheriting homeostasis points from x(\), the period of limit cycles do as well. The

period P is controlled by the additional parameter 7 introduced in (4.3.2):

~ 2T

P(r) = . (4.3.23)

In the previous subsection, we applied the implicit function theorem to show that
7 = 7(y, i1, b) where p is the distinguished bifurcation parameter. Suppose y(u, b) is a
branch of f(y, p,b) = 0 so that f(y(u,b), 1, b) = 0. Replacing p with the input-output

function x(\) we have that the period is a function of A and b:

21

P(\b) = P(r(y(z(\),b),z(\),b)) = T+ r@().0)

(4.3.24)

If 2(\) has a homeostasis point at A\ then differentiating P(\,b) in A at g shows

that the period also has a homeostasis point.

Of course this analysis does not rule out that there are homeostasis points of the
period independent of homeostasis points in z(\). This is possible, but not generic.
Either there is a homeostasis point in the period occurring exactly at the Hopf point
(the one sided derivative of the period vanishes), or there is a homeostasis point
occurring away from the Hopf point. The former case is not stable to perturbations
while the latter case can be excluded by shrinking the domain of study to a smaller

neighborhood around the origin.
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4.4 Universal Unfoldings of Homeostasis-Bifurcation
Singularities

In this section, we characterize the universal unfolding of homeostasis-bifurcation
points. The allowable perturbations are those which respect the feedforward structure
of (4.1.1)-(4.1.2). That is, (4.1.1) and (4.1.2) can be independently perturbed, but
the input-output function can never depend on the state variables of (4.1.2). For this
reason, we can independently unfold the input-output function, x, and the bifurcation
problem, f, and then link them together to obtain the unfolding of the homeostasis-
bifurcation point, (z, f).

First, we unfold the homeostasis point. Let x(\,a) be a family of input-output
functions where A is the input parameter and a parameterizes the family. a # 0
represents a perturbation away from the homeostasis point. Specifically, suppose
x has a A-homeostasis point at (A, a) = (0,0) with 2(0,0) = 0. By Theorem 2.2,
x(\, a) factors through +\F + ap_oA*=2 + ... + a; A where k is the first non-vanishing

A-derivative of z and codimy(z) = k — 2. In particular we have
(N a) = £AN, )" + Ap_o(a) AN, @) 2+ -+ Ay(a)A(N, a) — Cfa) (4.4.1)

where A(0,0) =0, A(0) =0, C(0) =0, and A, > 0.

Next, we unfold the bifurcation point. Let f(y, u,b) be a family of functions with
a bifurcation point at (y, u,b) = (0,0,0). As before, b parameterizes the family and
b # 0 indicates a perturbation from the bifurcation. Define ¢ := codimp(f). By
the universal unfolding theorem for bifurcations, f(y, i, b) factors through a normal

form, say N(y, u, B) where B € R®. That is,

fQy, 1,0) = Sy, 1, )N (Y (y, i1, b), M (11,0), B(b)) (4.4.2)
where 5(0,0,0) > 0, Y(0,0,0) = 0, M(0,0) = 0, B(0) = 0, Y,(0,0,0) > 0, and
M,(0,0) > 0 [GS85).
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A homeostasis-bifurcation point is created by linking the input-output function,
x(A), with the bifurcation problem, f(y, u), to form h(y, ) := f(y,x())). Replacing

x and f with their normal form shows that h factors as
h(y, A, a,b,c) =S(x(\ a),y, b)) N(Y (z(\ a),y,b), X(x(\, a),b), B(b)). (4.4.3)
Therefore a universal unfolding for h is given by
N(y, N+ ap oA 2+ ag A — ¢, b). (4.4.4)

Noting that there are (k —2) 4+ ¢ 4+ 1 = codimpy(x) + codimp(f) + 1 parameters in

this unfolding justifies formula (4.1.6).

4.5 Transition varieties

In this section we define the transition varieties of a homeostasis-bifurcation point.
These are the set of points in parameter space across which the diagram qualita-
tively changes. Knowledge of these transition varieties allows us to find all possible

behaviors near the homeostasis-bifurcation point.

Consider a perturbed version of (4.1.1)-(4.1.2):

X =G(X, )\ a) (4.5.1)

Y = F(Y,z—¢,b) (4.5.2)

where we recall X € R™, Y € R", x = X is the distinguished, homeostatic variable
of (4.5.1), and Y}, is the variable of interest. We assume (4.5.2) undergoes a steady-
state or Hopf bifurcation at (Y, z,b,¢) = (0,0,0,0). Let (A, a) be the input output
function of (4.5.1) and f(y, p,b) be an appropriate scalar reduction of (4.5.2) at the
bifurcation point. Define h(y, A, a,b,c) = f(y,z(\,a) —¢,b). Let U, L C R be closed
intervals and (a,b,c) € W C RP. We take U x L x W to be the domain of h. Solutions
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to f = 0 correspond to equilibria or amplitudes of limit cycles according to whether
F undergoes a steady state or Hopf bifurcation, respectively.

As discussed in Section 2.2.2, (4.5.2) has a Hopf bifurcation, phase-shift symmetry
forces f to be odd in y and that symmetry must be respected by perturbations. As a
result, the transition varieties will differ depending on whether (4.5.2) has a steady-
state or Hopf bifurcation. We first define the transition varieties for a steady-state
bifurcation.

The transition varieties for homeostasis-steady state bifurcation can be defined
by conditions on h or by conditions on (z, f). Defined by conditions on h they are

as follows.

B ={(a,b,c)|3(y, \) such that h = hy = h, = 0}
H ={(a,b,c)|3(y, A) such that h = h, = hy, =0}
D ={(a,b,c)|3(y1, y2, A) such that h = h, =0 at (y;,A),i = 1,2}
C ={(a,b,c)|3(y, A) such that h = hy = hy) = 0}.
Note that B, H, and D are the bifurcation, hysteresis, and double limit point

transition varieties for h as a bifurcation point (see Section 2.2.1). C is the parameter

set where a branch of h has a chair point.

o6



In terms of x and f the transition varieties are

CH, ={(a,b,c)|3(z,y,A) such that u —x = f = x) = 2\ = 0}
#B ={(a,b,c)|3(z,y,\) such that y —z = f = f, = f, =0}
HY S ={(a,b,c)|3(z,y,A) such that p —z = f = f, = f,, =0}
2 ={(a,b,c)|3(x, A\, y1,Y2),y1 # Yo such that
p—r=f=f,=0at (z,y;,\),1=1,2}
CH; ={(a,b,c)|3(x,y,\) such that p —ox = f = f, = f,, =0}
¢ ={(a,b,c)|3(z,y,\) such that y —z = f = f, =z, =0}
HH ={(a,b,c)|3(z,y, \) such that y —z = f =z, = f, = 0}.
CH, is the set of parameters where x has a chair point. &, HY S, and Z are
the transition varieties of f as a bifurcation point. C'Hy is where f has a branch
with a chair point. 4 and HH are due to interactions between x and f. % is the

coincidence transition variety consisting of points where homeostasis in x coincides

with bifurcation in f. HH is where homeostasis in x coincides with homeostasis on

a branch of f.

Proposition 4.7. The two above definitions for the transition varieties are equiva-

lent. That is, CH{UBUHYSUZP U UHH U CHy=BUHUDULC.

Proof. 1t is clear that u — x(\,a) = f(y,u — ¢,b) = 0 if and only if h(y, A\, a,b,c) =
f(y,z(X\,a) —¢,b) = 0. Next, notice hy = f,xx, hy = fy, hyy = fyy, and hyy =

Juu®3 + fuan so that we have
1. hy=h,=0 ifandonlyif (f,=0orz),=0)and f, =0,

2. hy=hy, =0 ifandonlyif f,=f,, =0,
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3. hy=0 ifand onlyif f, =0,

4. hy = hyy =0 ifandonlyif (zy = f, =0)or (f, = fuu = 0)or (z\ =

Tr\ — 0)

Each of these, respectively, imply B = ZU%, H = HYS, D =%,and C = HH U
CHy, UCH,.

In addition to these transition varieties, there are transitions which correspond
to singularities occurring on the boundary of U x L. For bifurcations, these are
described in chapter 4 of [GS85]. In the case of homeostasis-bifurcation, there are
additional transitions corresponding to homeostasis points on the boundary. Dealing
with these transitions is not difficult, but only serves to obscure the ideas, so we will
assume that these boundary transitions do not occur.

Now suppose (4.5.2) undergoes a Hopf bifurcation at (Y, z,b,¢) = (0,0,0,0). In
this case we make an additional non-degeneracy assumption. We may apply the
implicit function theorem to F(Y,z,0) = 0 to obtain a curve of equilibria, Y (z).
We assume Y’(z) # 0. This assumption guarantees that locally the only equilib-
rium homeostasis points (either stable or unstable) of Y} are inherited by z. The
reduction of (4.5.2) yields f(y, u, b) = p(y?, i, b)y for some function p(u, u1,b). Define
r(u, A\, a,b,c) = p(u, z(\,a)—c,b). his then given by h(y, A\, a,b,c) = r(y? X, a,b,c)y.

The transition varieties can be defined by conditions on r and x only. They are as
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follows.
By ={(a,b,c)|3(u, \),u > 0 such that r =7\ =r, =0}
By ={(a,b,c)|3\ such that at w =0,r =r), =0}
Huy ={(a,b,c)|3(u, \),uw > 0 such that r = r, = ry, = 0}
Ho ={(a,b,c)|3A such that at u=0,r =r, =0}
Dy ={(a,b,c)|3(u1, uz, \)u > 0 such that r =r, =0 at (u;, \),i = 1,2}
Cu ={(a,b,¢)|3(u, \),u > 0 such that r = r\ = ryy = 0}
CHpy ={(a,b, c)|3\ such that z, = x,) = 0}.

These are the standard transition varieties for h treated as a bifurcation with the
addition of Cy, which accounts for chair points of the amplitude, and C'Hy which
accounts for chair points on the equilibria.

We use the definition involving h for the steady-state transitions in what follows.

Define
E:BUHUDUC or E:BHUB()UHHUH()UDHUCHUCHH

as appropriate. To simplify notation, collect the parameters into a single variable
a = (a,b,c) € W. We will show that if a, 8 € W \ X are in the same connected
component of W\ ¥, then h(y, A, a) and h(y, A, B) have the same diagram. Because
Y is a superset of the bifurcation transition varieties (Definitions 2.6 and 2.11) we
immediately have the following proposition as a consequence of Theorems 2.3, 2.4,

and 2.5.

Proposition 4.8. Let a and 3 be in the same connected component of W\X and sup-
pose that there are no boundary transitions. Then h(-,-, ) and h(-, -, 5) are equivalent

as bifurcations. If f is the unfolding of a steady state bifurcation, then h(-,-, ) and
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h(-,-,B) are combinatorially equivalent. If f is the unfolding of a Hopf bifurcation,

then r(-,-, ) and r(-,-, B) are combinatorially equivalent.

In particular, combinatorial equivalence allows us to identify branches of A(-, -, «)
and h(-,-,3) with each other. This identification allows us to determine if the

branches have the same number of homeostasis points.

Theorem 4.9. Let « and 8 be in the same connected component of W \ ¥ and
suppose there are no boundary transitions. Then if C® and C® are corresponding
branches of h(-,-,a) and h(-,-,3) with homeostasis points v; < vy < .-+ < v; and
o1 < 09 < -++ < 0 respectively, then i = j and sign(C*"(v,,) = sign(C*"(0,,)) for

each m.

Proof. Differentiating h(C*(X\), A\, ) in A and using o ¢ C or a ¢ Cy shows that
C®’ and C°" cannot simultaneously vanish. The same statement is true for C”.
This fact and the compactness of the domains of C* and C? together implies that
there are only a finite number of homeostasis points on each branch. Therefore the
enumeration in the statement of the theorem is well defined.

Let «(t) be a path in a connected component of W \ ¥ with a(0) = a and
a(l) = B. For each t € [0, 1], we can identify a branch of h(-,-, a(t)) with C* because
the reduced functions are equivalent as bifurcations by Proposition 2. Name this
branch C*. Note that C° = C* and C* = C?.

Let tg € [0,1] and A\ < Ay < -+ < A¢ be the set of points where ¢(\, tg) := C™'()\)
vanishes. For each i, ¢(\;,to) = 0 and ¢x(\;, to) = C"(\;) # 0. So, by the implicit
function theorem, there is a smooth curve, A;(t) so that ¢(A;(¢),t) = 0 for ¢ near .
We can construct such a function for any t, € [0,1]. By the compactness of [0, 1]
we can patch together these curves and define A;(t) globally on [0,1]. Uniqueness,
implied by the implicit function theorem, then guarantees that ¢ = ¢ = j and the

ordering is preserved as the curves can’t cross.
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For each t, C*'(A;(t)) = 0 and C*”(A;(t)) # 0. So by continuity, sign(CL"”(A;(t)))
is constant and in particular sign(C®”(1;)) = sign(C?"(0;)).

Proposition 4.8 and Theorem 4.9 together imply that the diagrams of h are qual-
itatively the same on connected components of W \ ¥ in the case of steady-state
bifurcation. For Hopf bifurcation, this does not rule out homeostasis transitions for
the equilibria solutions. Our assumption that the equilibria Y/(z) # 0 at the Hopf
bifurcation means homeostasis in Y3 (x(A)) can only be inherited from z. CHp thus
accounts for these transitions. It is possible that (4.5.1)-(4.5.2) have the same dia-
gram on different connected components. Indeed Section 4.6 contains examples of

this.

4.6 Low Codimension Homeostasis-Bifurcation Points

In this section we provide all information for the homeostasis-bifurcation points aris-
ing from the singularities in Tables 2.1, 2.2, and 2.3. The information is organized
into the tables within this section with the numbers in parentheses indicating how
to link the information between tables. When plotting the diagrams of persistent
phenomena, we do not plot the period of limit cycle solutions. However, homeostasis
points of the period which are inherited by x can be recovered by noting that these
coincide with homeostasis points on the branch of unstable equilibria (see Figure 4.9

for an example). We assume that f, < 0 indicates a stable equilibrium.
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Table 4.1: Defining Conditions
For Hopf bifurcations p(u, i) is defined by f(y,u) = p(y?, p)y. The numbers link

information between tables. * We always assume z) = 0 and f = f, = 0. For Hopf
bifurcations, we assume p = 0.

Normal Form Defining Conditions* Nondegeneracy Conditions

Homeostasis-steady state bifurcations

(1) z(\) = n\? n = sign(xyy)
[y, 1) = ey® +op e = sign(fyy), 6 = sign(f,)
(2) z(A) = nA? fu=0 1 = sign(z)
[y, 1) = e(y? + 6p°) e = sign(fyy), 0 = sign(det d*f)
(3) z(A) = n\? fyy =0 1 = sign(zx»)
fly, 1) = ey’ +op € = sign(fyyy), 6 = sign(f,)
(4) z(\) = A3 Ty =0 n = sign(zn)
f(y: ,u) = 5y2 +op €= Sign(fyy)v 0= Sign(fu)
(5) z(\) = nA? 2y =0 n = sign(za)
[y, 1) = e(y® + 6p) fu=0 e = sign(f,,), 6 = sign(det d*f)
(6) () = n\? T =0 n = sign(zan)
f(yv M) = 5y3 +op fyy =0 €= Sign(fyy)v 0= Sign(fu)
Homeostasis-Hopf bifurcations
(7) z(\) = n\? n = sign(zyy)
fly, 1) = (ey® +dp)y e = sign(pu), 6 = sign(p,)
(8) x(A) =X pu =0 n = sign(z,)
fly, ) = (ey® +op®)y e = sign(pu), 6 = sign(pu,)
(9) 2(A) =nA? pu=0 n = sign(zx)
[y, 1) = (ey* +dp)y e = sign(puu), 0 = sign(p,)
(10) z(A) =\’ T =0 n = sign(z)
[y, 1) = (ey? + dp)y e = sign(pu), 6 = sign(p,)
(11) z(A) = A2 =0 1 = sign(zn)
[y, 1) = (ey? + 612y Pu = e = sign(py), 0 = sign(py,)
(12) () = n\? T =0p, =0 n = sign(Tan)
fy, 1) = (ey* +op)y e = sign(puu), 0 = sign(p,)
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Table 4.2: Universal unfoldings
Blue (red) curves indicate stable (unstable) equilibria. The numbers link information be-

tween tables.

Unperturbed Diagrams (e = —1, n = 1)

Universal Unfolding 0=1 0=-—1
Y y
(1) z(A) = n\’
f(yuﬂuc):€y2+5(/1“_c> ° A

(2) 2(\) = n\? ’
fy,pyc) = e +6(n—c)* +0) | A

3) £(A) = A2 ’ '
Fy,pyc) = ey’ +6(n—c)+ by p




Unperturbed Diagrams (¢ = —1, n = 1)
Universal Unfolding 0=1 0=-1

79

z(N) = n\? + a)
flyspc) = ey’ +6(n —c)

z(N) = 9\ + a)
flysp0) = e(y? +0(u —c)* + )

/.
AN

N
/N

z(N) = n\* + a)
fly,pc)=cy’ +6(p—c)+by A 2
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Universal Unfolding

Unperturbed Diagrams (e

0=1

-1, n=1)
-1

>
I

z(A) = n\?
fy pc)=cey’ +6(p—c)y

z(A) = nA\?
fly,pc) =cey’ +6(p—c)’y + by

z(A) = n\?
fly,pc) =ey® +6(p— )y + by’

A4

amp

N\

\W

¢

>
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g
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Universal Unfolding

Unperturbed Diagrams (¢ = —1, n = 1)
=1

(10) z(A) =A% + aX
Sy pc)=cey’ +d(p—c)y

(11) z(A) = 9\ + a)
fly,pc) =cey’ +6(p—c)’y + by

(12) z(A) = n\ + a\
fly,pc) =ey® +6(p— )y + by’

§=—1
y v
A A
\amp

W
A

7

7N

Y
A
Y
A
amp

/ \amp
A A




Table 4.3: The hysteresis and chair transition varieties
0 =1or —1. D = () for each homeostasis-bifurcation point considered here. The

numbers link information between tables with (+) or (—) indicating the sign of ¢

where appropriate. 6 = 1 otherwise. We choose e = —1 and n = 1.

Normal Form, h H C
(1) P AR 0 0
(1) R 0 0
(2)* 2= (N2 —0¢)2+b 0 {c=0|b>0}
(2)~ —2+ (N —c)?+b 0 {c=0]b>0}
(3) —yP+ N —c+ by {b=0]c>0} 0
(4) 2+ N 4ak—c 0 {a=0]c<0}

3

5 2t (DB hah—c)? b 0 {260 (52)2 =c|a <0, b<0}
(5)  —yr+( ) () Zelesoy

— 02— (0N 4 a) — e)? {20%‘1%:c|a§0,b§0}
(5) v = (N H+ar—c)*+b 0 (u ){a20|62>b}
(6) —y* + ATa\ —c+ by {b=0} {a =0}
(7)* P+ (N =)y 0 0
(7)~ —y* = (N =)y 0 0
)" P+ N =) y+by 0 {fe=0]b>0}
8~ =N =) Pytby 0 {c=0]b<0}
(9)*" —° + (A2 — )y + by’ {b=0|c>0} 0
9" - -oy+tby  {b=0|c<0} 0
(10) -+ (N +a\—c)y 0 {a =0}
(1) —* + (X + ah — &)y + by 0 {20 (%“);Z{ca!j OS}O, b <0}
(12) —y° 4+ (N + aX — o)y + by? {b =0} {a =0}
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Table 4.4: The bifurcation transition varieties
=1 or —1. D = () for each homeostasis-bifurcation point considered here. The numbers

link information between tables with (+) or (—) indicating the sign of § where appropriate.
0 = 1 otherwise. We choose ¢ = —1 and n = 1.

Normal Form, h B

(1)* >+ N —c {c=0}
(1)~ —y* =N+ {c=0}
(2)* -y = (A —)?+b {b=0[c>0}U{b=c?}
(2)~ —y P+ (N =)+ {b=0|c>0}U{b=—c*}
(3) —3+ A2 —c+ by {—e(g)% +6b(§)% = ¢}
(4) —y2 + N +ak—c {20(%")%:cla§0}

+ 2 34 g\ — )2 {—(29%“%—0)2—b]a<0}
(5) v+ (N H+aN—c)*+b ( 3 o0y

(P aah o {(20(52)? = ¢)* = ba < 0}
(5) = (N ak— )’ +b ( & P
6)  —P+A\ah—c+by (0, (52)% + 6, (2)* =0]a <0, b>0}
(M) —y + (N =)y {c =0}
(7)” -y = (N =)y {c=0}
(8)*F -3+ (A% — )’y + by {b=0]c>0}U{c*= b}
(8)~ -3 — (N2 =)’y + by {b=0]c>0}U{c?= b}
9 =+ (N =y + by {r=ctu{c=0}
@) - -cy+by’ {$=-cu{c=0}
(10) -1+ (N +ar—c)y (20(52)° =c|a <0}

(O a2 {20 (52)* — > =b | a < 0}

(11) = + (N 4 aX — o)y + by &) W5

(12) —y°+ (N 4+a\—c)y+by®
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Table 4.5: Persistent perturbations of homeostasis-steady state bifurcations
Blue (red) curves indicate stable (unstable) equilibria. Homeostasis points are

marked. Diagrams with particularly interesting features are noted within the ta-
ble. The numbers link information between tables with (4) or (—) indicating the
sign of 9 where appropriate. 6 = 1 otherwise. We choose ¢ = —1 and n = 1.
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(C) No solutions.
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Region (2)*(c) has a homeostatic plateau for which leaving the plateau is marked by a loss of
steady-state.
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Region (2)7(d) predicts a wide homeostatic plateau.
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(5)" has many regions which predict wide plateaus for which leaving the plateau is marked by a
loss of steady-state. Region (5)*(e) is exceptionally homeostatic.
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Region (5)~(b) predicts a particularly wide plateau. Regions (5)~(e) and (5)~ (i) predict a plateau
for which variation in one direction is marked by loss of steady-state.
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Regions (6)(c) and (6)(d) are highlighted in Figure 4.7).



Table 4.6: Persistent perturbations of homeostasis-Hopf bifurcations
Blue (red) curves indicate stable (unstable) equilibria. Green (orange) curves indicate

stable (unstable) limit cycles. Black solid (dashed) curves indicate amplitudes of
stable (unstable) limit cycles. Homeostasis points of equilibria and amplitude are
marked. Diagrams with particularly interesting features are noted within the table.
The numbers link information between tables with (+) or (—) indicating the sign of
0 where appropriate. 6 = 1 otherwise. We choose ¢ = —1 and n = 1.
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Regions (8)" and (8)~(j) predict wide homeostatic plateaus in amplitude.
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Regions (11)*(f), (11)*(h), and (11)*(d) are highlighted in Figure 4.9.
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Regions (11)7(a), (11)~(b), (11)~(c) predict wide homeostatic plateaus in amplitude and period.
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Region (12)(h) predicts coexistence of homeostatic steady-states and homeostatic limit-cycles. Vary-
ing A will switch between the two types of solutions.



4.7 Two Networks with Homeostasis-Bifurcation
Points

In this section, two examples of networks with homeostasis-bifurcation points are
presented. In section 4.7.1, a network with a chair-hysteresis point is studied and
in section 4.7.2 a network with a chair-isola Hopf point is studied. All persistent
behaviors listed in the corresponding parts of Table 4.5 and 4.6 are found to be

realized by the networks.

4.7.1 A Network with a Chair-Hysteresis Point

Consider the network depicted in Figure 4.1. The X network is the feedforward
excitation network of [RBG'17]. We assume mass action kinetics in the X compo-
nent except for the degradation rate of X3, which is determined by the feedforward
function, 7. In the Y network, Y; catalyzes the reaction Y, — 172 and Y5 catalyzes
the degradation of Y;. Y; is also degraded at a basal rate independent of Y5. We
assume Michaelis-Menten kinetics in the reactions between Y, and 572 but mass action
otherwise. Letting z; and y; denote the concentration of X; and Y;, respectively, the

differential equations for the network are given by

Z).L’l =\ — 2.%'1
i'g =T — 2%2 (47].)

T3 =29 — (1 +n(21))23

Y1 = T3 — 2U1Y2 — U1

. Y1Y2 @2
= — + —
Y2 1+ 15 b+ 0 (4.7.2)
g _ ny2 Yo
2 14y b+ gg
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where n(z) = 7 and v(z) = e % . X is the input parameter while a, ¢, and b are

1
1+~(x
auxiliary parameters. The output variable of the X network is x3. The steady states

also depend on the initial condition y2(0) + ¥2(0), which we set to 5.

YY]_ >

|

R SV

Figure 4.1: A biochemical network with a chair-hysteresis point. X3 has a
chair point in A and acts as input to the Y system, which has a hysteresis point.

Repeating the analysis in [RBGT17] shows that if a = ¢/6 then x3()\) has a chair
point at A\g = 2¢ with z3(\g) = ¢/3. For the Y network, if we treat z3 as the
bifurcation parameter, then we find a hysteresis point when b = b* ~ 16.91 by using
the numerical continuation software MatCont [DGK'08]. Fix b at b*, and let 2 be
the value of x3 at the hysteresis point. The network will have a chair-hysteresis point
if z3(A\g) = x%. Choosing ¢ = 3z} therefore produces a chair-hysteresis point. Figure
4.2 shows x3(A), the equilibria of y; as a function of x3, and the equilibria of y; as a
function of A at the chair-hysteresis point.

There are nine persistent perturbations of a chair-hysteresis point which are enu-
merated in Table 4.5 item (6). By choosing the parameters a, b, and ¢ in (4.7.1)
and (4.7.2) appropriately, we can reproduce all of these behaviors in the network
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X3 Yy
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A Xq
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A

(¢)
Figure 4.2: The diagrams of 23 and y; at the chair-hysteresis point. (a): The
marked point indicates the chair point for z3(\). (b): The marked point indicates
the hysteresis point of the Y network with x3 as the bifurcation parameter. (c): The
chair-hysteresis point is marked. Neither homeostasis nor hysteresis is visible because
the two singularities annihilate each other when they coincide.
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Figure 4.3: Behavior of the chair-hysteresis network of Figure 4.1. Each
diagram corresponds to a persistent perturbation in Table 4.5 item (6)
(red) curves indicate stable (unstable) equilibria and homeostasis points are marked.
The parameters chosen to construct each diagram are (a): a = .68, b = 12, ¢ = 4.45;
(b): a = .68, b =12, ¢ =4.5; (c): a = .65 b=12,c = 4.5; (d): a = .73, b = 12,
c=451; (e): a=.67,b=12, ¢ =4.52; (f): a = .67, b= 12, c = 4.55; (g): a = .8,

b=12,¢=4.5; (h): a=.6,b=18,¢=3.3; (i): a=.5,b=18, ¢ = 3.25.

96

. The blue



(Figure 4.3). The behaviors shown in Figures 4.3(c) and 4.3(d) (and highlighted in
Figure 4.7) are of particular interest because each has two stable homeostatic plateaus
corresponding to a low state and a high state. In the parameter region correspond-
ing to Figure 4.3(c), there are three hysteretic switches. The middle switch allows
for switching between the two homeostatic plateaus while the outer switches define
where the system escapes homeostasis. In the parameter region corresponding to
Figure 4.3(d), the low and high plateaus coexist over the same range of A. In this
case the state of the system would depend on the history of the input rather than its
current value. This behavior could be desirable if it takes energy to move A outside of
the plateau region and without any external forcing A remains near the center of the
plateau. The state of y; could then be controlled by bumping A in the appropriate

direction and then letting it relax back to center.

4.7.2 A Network with a Chair-Isola Hopf Point

Consider the network depicted in Figure 4.4. The X network is the same as is used
in Section 4.7.1 , and the Y network is adapted from the feedback inhibition network
studied in Chapter 3. We assume mass action kinetics for the Y network except for
the reaction Y7 — Y5, which is controlled by the feedback function (. The differential
equations for the X network are given by (4.7.1), and the equations for the Y network

are

i =23 — C(ya)y
Yo = C(ya)yr — v
(4.7.3)
Ys = Y2 — Y3
Yas = Y3 — Ya
where we take ((y) = 10/(1 + y'°) + b. Using MatCont [DGK™08], we find that

there is an isola Hopf bifurcation when b = b* = .011. There are two simple Hopf
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bifurcations connected by a branch of stable limit cycles when 0 < b < b* and there

are no Hopf bifurcations when b > b*.

7

A_>X1—>X2—>X3—>

|

V) ——— Yy — V5 —> ¥ ——

Figure 4.4: A biochemical network exhibiting a chair-isola Hopf point. X3
has a chair point in A and acts as input to the Y system, which has an isola-Hopf
point.

As before, the input-output function is z3(A). We take the distinguished Y vari-
able to be y;. Letting x4 be the value of x5 at the isola Hopf bifurcation, there is
a chair-isola Hopf point at A\g = 2c if ¢ = 3z and a = ¢/6. Figure 4.5 shows the
equilibrium values of y, at the singularity.

9.

1.8}

Ya
1.6

1.4}

1.2

5 10 15
A

Figure 4.5: Diagram of y, at the chair-isola Hopf point. The singularity is marked.
y4 inherits the chair point from xs.

There are 13 persistent perturbations of the chair-isola Hopf which are enumerated

98



in Table 4.6 item (11)". The corresponding diagrams for the network are shown in
Figure 4.6. The behaviors shown in Figures 4.6(d), 4.6(f), 4.6(h) (and highlighted in
Figure 4.9) are particularly interesting from the perspective of homeostasis. In Figure
4.6(f), the limit cycle amplitudes are exceptionally homeostatic with 5 homeostasis
points between the two Hopf bifurcations. In each of Figures 4.6(d), 4.6(f), and 4.6(h)
the limit cycle periods are homeostatic with two homeostasis points. Homeostatic

period of limit cycles is desirable in biological clocks, for example.

4.8 Biologically Relevant Persistent Phenomena

A natural question is whether homeostasis-bifurcation points actually occur in bio-
logical systems. Currently, other than the constructed examples of Section 4.7, no
singularities of this form have been found (although it would not be hard to construct
more artificial networks with homeostasis-bifurcation points of different types). We
suggest two reasons for why this is the case: 1. the theory is new and there has been
limited opportunity to look for homeostasis-bifurcations; 2. the feedforward structure
assumed in the definition is restrictive and may be difficult to satisfy. The first issue
is unavoidable, while the second issue of removing the feedforward assumption is the
subject of future work. This section highlights some of the persistent behavior from
Table 4.5 that is interesting from a biological perspective. Two examples from biology
are provided which exhibit behavior similar to these persistent diagrams. This is not
to suggest that these behaviors certainly arise as a result of homeostasis-bifurcation,
but rather that homeostasis-bifurcation is worth considering as a mechanism when

studying these systems.
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Figure 4.6: Behavior of the chair-isola Hopf network in Figure 4.4. Each
diagram corresponds to a persistent perturbation in Table 4.6 item (11)*. The blue
(red) curves indicate stable (unstable) equilibria. The green curves indicate the
maxima and minima of the stable limit cycles. The middle and bottom graphs show
the amplitude and period of the limit cycles, respectively. Homeostasis points are
marked. The parameters chosen to construct each diagram are (a): a = .7, b = .01,
c=4.6; (b): a= .65 b=.01; (¢): a=.6,b= .01, c=4.75; (d): a =.73, b= .01,
c=4.78;(e): a=.73,b=.01,c=4.78; (f): a= .73, b= .01, c =4.8.
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Figure 4.6: Behavior of the chair-isola Hopf network in Figure 4.4. The
parameters are (g): a = .65, b = .01, ¢ = 4.88; (h): a = .75, b = .01, ¢ = 4.85; (i):
a=.7b=.01,¢c=493 (j): a=.78,b=.01,¢c=5; (k): a=.9,b= .01, c = 4.78;
(1D):a=.82,b=.11, ¢ =478 (m): a=.7,b= .11, c = 4.78.
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4.8.1 Multiple Homeostatic Plateaus in Chair-Hysteresis and
Glycolysis

The first phenomena we highlight come from chair-hysteresis (item (6) in Section 4.6).
In perturbations of the chair-hysteresis point, there are two persistent behaviors which
have two homeostatic plateaus separated by hysteretic switches. These are regions
(c) and (d) in Table 4.5 item (6) and are reproduced here in Figure 4.7. In both cases,
over a large range of A, the behavior of the distinguished Y variable, y, is essentially
binary. In Figure 4.7(a), the homeostatic plateaus largely occur over different values
of A so that whether y is in the high or low state is determined by the current value of
A. The system can switch into the other state by changing A to the appropriate value
and maintaining it there. In Figure 4.7(b), the homeostatic plateaus coexist over the
same values of A\ so that the state of y depends on the history of A\. This could be a
desirable property if it takes energy to move A outside of the plateau region so that
without any external forcing A remains near the center of the plateau. Each plateau
is homeostatic so small, incidental perturbations of A will not change the state of y.
However, large, purposeful changes in A in the appropriate direction will cause y to
fall off one plateau and jump to the other. Letting A\ relax back to the center will
then stabilize the new state.

The behavior of Figure 4.7(b) can be observed in glycolysis. In [MYDH14], Mu-
lukutla and colleagues cultured HeLa cells in either a low glucose or high glucose
environment. The cells were then resuspended in mediums with various glucose con-
centrations. After letting the cells acclimate to the new environment, the glucose
consumption rate of the cells was measured. The results are presented in Figure 4.8,
which is reproduced from [MYDH14]. The lower branch of their results is suggestive
of the existence of two homeostasis points. The first is evident, while the second
would be expected if the lower branch were continued up to the limit point bifur-

cation. Figure 4.7(b) would suggest homeostasis points in the upper branch which
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Figure 4.7: Examples of multiple homeostatic plateaus in chair-hysteresis.
These diagrams arise from perturbations of the chair-hysteresis point. All pertur-
bation types can be seen in Table 4.5 item (6). The blue (red) curves indicate
stable (unstable) equilibria and homeostasis points are marked. These perturbations
are particularly interesting because each has two homeostatic plateaus. In (a), the
plateau that y lies in is predominantly determined by the current value of A\, while
in (b) the choice of plateau is determined by the history of A.

coincide with those in the upper branch, which is not the case in Figure 4.8. This

discrepancy is likely because glycolysis is not a feedforward network.

4.8.2 Homeostatic Amplitudes and Periods in Chair-Isola
Hopf and Circadian Rhythms

In perturbations of the Chair-Isola Hopf point (item (11)" in Section 4.6), there
are limit cycles which have homeostatic periods and exceptionally homeostatic am-
plitudes. Regions (f) and (h) from Table 4.6 item (11)* are highlighted in Figure
4.9. In these regions, the limit cycle amplitudes are exceptionally homeostatic with
either three or five homeostasis points within the plateau. The limit cycle periods in-
herit homeostasis from the input-output function so the periods are also homeostatic.
Many of the other homeostasis-Hopf bifurcations considered in Section 4.6 also have

homeostatic amplitudes and periods, so this is not limited to the chair-isola Hopf.

Homeostatic limit cycles can be seen biologically in circadian rhythms, for ex-
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Figure 4.8: Bistability in cultured HeLa cells (reproduced from
[MYDH14]). Cells were initially cultured in high glucose (¢) or low glucose (OJ)
and then resuspended in a medium with the indicated glucose concentration. The
data suggests the existence of two homeostasis points on the lower branch: one which
is apparent in the figure, and one which we would expect to see if it were extended
further. The similar glucose consumption rates of both types of cells in very high and
very low glucose environments indicate two switches on the border of the plateaus.
The homeostasis points and the bistable behavior is suggestive of the behavior de-
picted in Figure 4.7(a).

104



ample. Circadian rhythms have been shown to maintain a period of about 24
hours despite large changes in gene expression levels or variation in temperature
[DSUT08, BT10, ZKE*15]. Homeostasis-Hopf bifurcation is therefore a mechanism

by which this can be achieved.

~ ~

amp
—

period

(a) (b)

Figure 4.9: Examples of homeostatic amplitude and period in the chair-
isola Hopf. These diagrams arise from perturbations of the chair-isola Hopf point.
All perturbation types can be seen in table 6 item (11)*. The blue (red) curves
indicate stable (unstable) equilibria. Green curves indicate the maxima and minima
of stable limit cycles. Homeostasis points are marked.
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Chapter 5

Identifiability of Feedforward Networks

This chapter studies the identifiability of feedforward networks. With linear kinetics,
we show that the rate parameters are locally identifiable. In particular, the solutions
to the identifiability problem have a permutation structure.

In Section 5.1, feedforward networks are defined and we associate linear dynamics
to these networks. Section 5.2 characterizes the input-output equations for linear
feedforward networks and Section 5.3 uses the input-output equation to solve the
identifiability problem. In Section 5.4, we extend the results for linear kinetics to

identifiability results for feedforward networks with Michaelis-Menten kinetics.

5.1 Linear Feedforward Networks

In this section we define linear feedforward networks, and provide some examples.
We begin by defining what we mean by feedforward, which differs from how it was

used in Chapter 4.

Definition 5.1. A tree is an undirected acyclic graph. A directed tree is a directed

graph whose underlying undirected graph is a tree.

We will represent a graph as a set of vertices, V', and edges, E: G = {V, E}. If
there is an edge from j € V to i € V we write (j — i) € E. For the purpose of

identifiability, the input and output nodes need to be specified.

Definition 5.2. A network, N' = {G,Z,0}, is a directed graph, G, with a set of
input vertices, Z, and output vertices, O. A feedforward network is a network whose

graph is a directed tree.

106



A simple example of a feedforward network is the linear chain which is depicted
in Figure 5.1. In this network the first node is the input (square) and the last
node is the output (diamond). Each vertex has an edge directed towards it from
the previous vertex. Explicitly, a linear chain is the network N' = {G,Z, O} where
Gg={{1,2,...,n},{1—-2,2—-3,...,(n—1) > n}t}, Z={1}, and O = {n}. Other

examples of feedforward networks include those pictured in Figure 5.2.

(2 »@_@

Figure 5.1: The linear chain: a simple feedforward network. The linear chain
is a feedforward network with n nodes and n — 1 edges. The first node is the input
(denoted by the square), and the last node is the output (denoted by the diamond).

O )
D
<a> @

(b)

Figure 5.2: Two simple feedforward networks. Inputs are denoted by squares
and outputs are denoted by diamonds.

Although we will be restricting our attention to feedforward networks, a linear
system of differential equations can be associated to any network. Let G be a directed

graph. A matrix, A(G), or simply A when the graph is implicitly clear, is defined by
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the graph via

A(G)iy = a;; if j — i is an edge of G (5.1.1)

0  otherwise,

where each a;; is a parameter. The off diagonal entries are always positive and
represent the instantaneous rate at which material from j is transferred to ¢. The
diagonal entries are always negative and are the negative sum of the other entries
in the same column. In addition, we will typically assume that each output node,
J € O, has a leak parameterized by b;. The diagonal entries can therefore be written
as

g = U (5.1.2)

— D iz Wi otherwise.

From the input vertices, Z, we create an input function

iy, = 490 TIE (513)

0 otherwise.

For the purpose of identifiability analysis, U,;(¢) will be the functions assumed to be

under the experimenter’s control. Similarly, the observed variables are defined by O:
Y ={x;|j€0}. (5.1.4)

The system of differential equations for the network A" = {G,Z, O} is then given by
z(t) = Az(t) + u(t). (5.1.5)

Definition 5.3. A linear feedforward network is a feedforward network whose dy-

namics are given by (5.1.5).
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Example 5.1. The dynamics for the linear chain of figure 5.1 with n = 3 and output
leaks are defined by u(t) = (u(t),0,0)” and

—a21

A= a1  —as2

Example 5.2. The dynamics for the networks in figure 5.2 with output leaks are

defined by

(a). u(t) = (uy(t),0,0,0,0)T and

—a21
Q21 —032 — Q42
A= a32 —bs
a42 Q54
ass  —bs
(b). u(t) = (us(t),0,us(t),0,0)T and
—as
Q21 —Q42
A= Q43
Q42 43  —0s5q
ass  —bs

5.2 The Input-Output Equations

The key to determining the identifiability of a network are the input-output equations
(see Section 2.3). This section is devoted to finding the input-output equations for
linear feedforward networks. With linear dynamics, we are able to take advantage of

the relationship between cycles on a graph, G, and the coefficients of the characteristic
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polynomial of A(G). This idea is also used in [MS14, MSE15] to find identifiable
reparameterizations for networks with a strongly connected graph.
For each output, 7 € O, there is exactly one input-output equation. These can

be constructed independently of each other. The following theorem is Theorem 2.4

in [MSE15].

Theorem 5.1. Let N = {G,Z,0} be a linear network. Let j € O. For each
k € I, let Ag;(N\) be the matriz obtained by deleting the jth column and kth row
of M\ — A). Let f be the characteristic polynomial of A, ﬁj()\) = det(Ax;(N)),
g; = gcd (f, {ﬁ] |k el, ﬁj £ 0}), fi= f/gj, and fr; = ﬁ;j/gj. Then the input-
output equation corresponding to output j is given by

fi <%> T =Y (1) fi <%> Up- (5.2.1)

kel

Proof. Denote the Laplace transform of z and u as & and 4 respectively. Applying

the Laplace transform to (5.1.5) we have
(s] — A)i = 4.

Applying Cramer’s rule to solve for z;
5 det(4;)
7 det(sI — A)
where A; is the matrix obtained be replacing the jth column of (sI — A) with w.
Expanding the determinant of Ay along the jth column we have
det(sI — A)i; = > (=1 det(Ay(s)).

kel

Recognizing det(sI — A) as f(s) and applying the inverse Laplace transform,

F(5) @ =S ()

kel

Dividing both sides by g gives the result. ]
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The remainder of this section is concerned with understanding the coefficients of

the input-output equation, (5.2.1). We will need the following definitions.

Definition 5.4. (Observability).

1. Given an output, y € O, a vertex, v € V, is y-observable if there is a path from

v to y.
2. A vertex, v, is observable if it is y-observable for some y € O.
3. A network, N, is y-observable if for every vertex v € V, v is y-observable.
4. A network, N, is observable if every vertex v € V is observable.

5. The y-observable subgraph of G is defined by G, = {V,, E,} where
V, ={v € V | v is y-observable}

and

E,={v-oweFE|veV,weV,}

The coeflicient matrix A(G,) is obtained by removing all the rows and columns

in A(G) which correspond to vertices not in G,,.

Note that A(G,) may still incorporate rate parameters associated to edges from

v eV, tow ¢V, in the diagonal entries. That is A(Gy), = A(G)y, for all v € V.

Definition 5.5. (Controllability).

1. Given an input, k € Z, a vertex, v € V is k-controllable if there is a path from

k to v.
2. A vertex, v, is controllable if it is k-controllable for some k € Z.

3. A network, N, is controllable if for every vertex v € V', v is controllable.
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Example 5.3. The linear chain of Figure 5.1 is observable and controllable because

given any k € {1,2,....,.n}, 1 2 —--- > kand k > k+1— --- — n are paths.

Example 5.4. Consider the networks in Figure 5.2. Both networks are observable

and controllable.

(a). The 3-observable subgraph is the subgraph consisting only of the vertices 1, 2,
and 3. A(Gs) is given by

Note that a4y still appears as a parameter in A(Gs) even though 4 is not 3-
observable. The 5-observable subgraph is the graph consisting of 1, 2, 4, and

5. Every vertex is 1-controllable.

(b). The 5-observable subgraph is the original graph. 2 is 1-controllable but not

3-controllable.

Lemma 5.2. Let N = {G,Z,0} be a linear feedforward network with y € O. The
vertices of G may be labeled so that A(G) is lower triangular. Additionally, the labeling

may be chosen so that A(G,) is the first |V,| rows and columns of A(G).

Proof. G, is a directed, acyclic graph so we may place a total order on the vertices
such that n < m only if there is not a path from m to n. Said another way, n < m only
if m is not n-observable. Labeling the vertices based on this ordering, a,,, = 0 for
n < mso A(G,) must be lower triangular. Given this ordering on V,,, we can choose an
ordering on G that respects the ordering on V,, by first ordering the vertices according
to the order on V,, and then labeling the remaining vertices using the same rule. This

is possible because if v is not y-observable then necessarily it is not w-observable for
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any w € V,. Any such ordering will satisfy n < m only if there is not a path from
m to n for the whole graph, G. Under this ordering, A(G) will therefore be lower

triangular as well. [ ]

Example 5.5. Consider the network in Figure 5.2(a). The vertices have been labeled
so that A(G) is lower triangular, as shown in Example 5.2(a). A(G3) is the first 3

rows and columns of A(G).

Lemma 5.3. Suppose A is lower triangular and B is the matriz obtained by deleting
the jth column and kth row of A where j < k. Then B is lower triangular with

Proof. A is lower triangular so A;; = 0 if ¢ < £. We need to show that if ¢ < ¢ then
By =10. Suppose ¢t < . If i < k and ¢ < j then By = A;y =0. If i <k, and ¢ > j
Big = Ai(£+1) = 0. If 7 > k then we must have ¢ > j and then Big = A(z‘+1)(€+1) = 0.

So B is upper triangular. Noticing Bj; = Aj(;+1) = 0 completes the proof. |

Proposition 5.4. Let N' = {G,Z,0} be a linear feedforward network. Let j € O

and k € Z. Suppose k is not j-observable. Then ﬁ;j =0.

Proof. Label the vertices according to Lemma 5.2. k is not j observable and so we
must have j < k. A is lower triangular so (Al — A) is as well. Ay; is formed by
removing the jth column and kth row of (AI — A). By Lemma 5.3, A;; is lower
triangular with (Ag;);; = 0. Ay, is thus singular and ﬁj()\) =det(4g;(A)=0. N

The coefficient of the input-output equations can be related to the topology of

the graph. To make this relationship precise, we need the following definitions.

Definition 5.6. A path in G is a sequence of vertices i, 1, ..., ¢, such that 7; —
ijy1 € E for all 7 = 0,...,m — 1. In acyclic graphs, if a path exists between i

and i,, it is unique so it can be unambiguously identified by 7y and i,,. Given the
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path, we let P(ig,,) denote the set of vertices on the path and ig --+ i,, denote
the sequence of vertices. To the sequence of vertices we associate the monomial

a7t = 0 Qigiy * QG Which we refer to as a monomaal path.

Definition 5.7. A cycle in G is a sequence of vertices i, i1, . . . , i, With i,, = i such
that i; = i;4, € Eforall j =0,...,m—1. Toacycle, C = ig,i1,...,in, We associate
the monomial a® = a4, @iyi, = i, i, 1 = GiyigQiniy **  igi,_, Which we refer to as a

monomial cycle.

Note that we include 1-cycles (cycles formed by a single vertex) in this definition.

The monomial 1-cycles form the diagonal entries of A(G).

Lemma 5.5. Let G be a graph with n vertices and A(G) be the associated matriz.
Then we can write the determinant in the following way.

det(A) = Z H sign(C;)a%

Cl,CQ,...,CkEC(g) j=1

where the sum is over collections of vertex disjoint cycles involving exactly n edges of

G, and sign(C) = 1 if C' has odd length and sign(C) = —1 if C' has even length.

Proof. The lemma follows from rewriting the usual definition of the determinant by
breaking each permutation into its disjoint cycle decomposition. Explicitly,

det(A) = Z sign(o) ﬁaw(i).
i=1

O'ESn
Write o € S,, as a disjoint cycle decomposition: o = C;Cy--- (). Notice that
sign(o) = sign(Cy) sign(Cy) - - - sign(Cy). Given o € S,,, we can use this cycle decom-

position and the definition of monomial cycles to write

n k

sign(o) H Qo (i) = H sign(C;)a.

i=1 j=1
Now, ais;y # 0 if and only if o(i) — i is an edge of G or o(i) = i. So, given o € S,
the corresponding term in the sum is non-zero if and only if each cycle in the cycle
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decomposition is a cycle of G. This reduces the number of terms in the sum to those

given in the statement of the lemma. ]

Using the cycle decomposition of Lemma 5.5, it is now possible to identify the

form of ﬁj.

Proposition 5.6. Let N = {G,Z,0} be a linear feedforward network. Let y € O
and k € I be y-observable. Then
ﬁcy<)‘> = akﬁéy H ()‘ - avv)'
v¢P(k,y)

Proof. Recall that ﬁy()\) = det(Ayy(N)) where Ag,()) is obtained by deleting the kth
row and jth column of (A — A). Assume that the vertices are labeled as in Lemma
5.2. Let G be the graph G with y — k added as an edge. Then (A((j))ky = ay, and

we have the relationship

0 det(M — A(G))

det(Agy(N)) = 3

oy

Using Lemma 5.5 and noticing (k --» y, k) is the only cycle with length greater than

L,

det(A — A(G)) = [[ (A — aws) + (=1)PE W sign(k --» y, k)ar,d® ™ [ (A = aw)-
veV v P(k,y)

Taking the derivative of the right hand side with respect to ay, and noticing sign(k --»
y, k) = (—1)‘P(k’y)‘ gives the result.

The following proposition identifies the greatest common denominator, g, for an

output, y. This allows for f, and f;; to be written explicitly.
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Proposition 5.7. Let N' = {G,Z,0} be a linear feedforward network. Let y € O

and suppose G, is controllable. Then

gy = H <)\ - avv) (522)

U¢Vy
fo=T] X = aw) (5.2.3)
veVy
fky = akﬁéy H <)\ - avv) (524)
veEVy
vgP(k,y)

Proof. We have f = [I,cv (A—au,) because A is lower triangular with diagonal entries
ayw. Gy is controllable so given w € V,,, there is an input k£ € Z so that w € P(k,y).
By Proposition 5.6 (A — @y, is not a factor of ﬁj. For w ¢ V,,, there is no path from
an input to y which passes through w, so (A — ay,) is a factor of fkj for each k € 7
that is y-observable by Proposition 5.6. The right hand side of g, in the statement
above is therefore exactly the greatest common divisor and the equations for f, and

fy follow by division of f; and ﬁy. u

To simplify the expression of the coefficients of the input-output equation we use

the elementary symmetric polynomials.

Definition 5.8. The elementary symmetric polynomial of degree k > 1 in n variables

is defined by

k
T (21, 29y« ooy 2n) = g Ziy iy 2y
1 <ig<-<ig
For k = 0, we define 7%(z,...,2,) = 1. For a set of variables, Z = {21, 20,..., 2},
we define
k k
T™(Z) =721, 22, - - -y Zn)

where we have dropped the subscript n because the number of variables is implicit.

We further define I1(Z) to be the set of all elementary symmetric polynomials up to
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degree n:
(Z)={z"2Z) |1 <k <|Z|}.

Theorem 5.8. Let N = {G,Z,0} be a linear feedforward network. Let nj = |V},
and ni; = |V; \ P(k,j)|. Suppose j € O and G; is controllable. Then

d S n;—i,n;—i i
()&= 0w o v € Vi (525)
1=0
and
d O A A .
fii (a) wy = a7y (=) ({ay, [0 € Vi \ Pk, )P (5.2.6)
=0

Proof. These equations are found by expanding the expressions in (5.2.3) and (5.2.4).
|

Substituting (5.2.5) and (5.2.6) into (5.2.1) gives the expanded input-output equa-

tion.

Example 5.6. Consider the linear chain of Figure 5.1. The input-output equation

is given by
y(") + Wl(azb 32, ..., Ap(n-1), bn) + 72(a21, a3z2, ..., ap(n—1), bn)iy(niz)
+ -+ 7" (a21a32 - - Ann—1)bn)y = W(nfl)(ama:az S O (1)) U1
where y = x,,.
Example 5.7. Consider the linear feedforward networks of Figure 5.2.
(a). There are two outputs so there are two input-output equations given by
T3+ (ag1 + asg + asz + b3)¥3 + (a21(as2 + asz) + axbs + (azz + as)bs) s
+ (ag1(as2 + as2)b3) T3 = asasru;
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and

a:gl) + 7' (a1, a2 + a2, ass, bS)xgg)

4
44 (CL21; azo + 42, G54, 1)5)135 = Q21042054U7 .

(b). There is one input-output equation given by

y(5)+7T1(a21, 42, A43, A54, b5)y(4) +oe A+ 7r5(a21, 42, A43, 54, b5)y

= (21042054 (U1 + G43u1) + Ag3054(la + (21 + A42)Us + A21G42U2

where y = x5.

5.3 Identifiability Results

Given that we have the input-output equations and a nice way to write their co-
efficients, we would now like to use the coefficients to study the identifiability of

individual parameters. We begin by giving a necessary condition for identifiability.

Proposition 5.9. Let N = {G,Z, O} be a linear feedforward network. Suppose that

v € V is not observable or not controllable. Then a,, is unidentifiable.

Proof. First suppose that v is not observable. Then by Proposition 5.7, v ¢ P(k, j)
and (A — a,,) is not a factor of f; or fi; for any j € O, k € Z. Therefore, a,, does
not appear in the input-output equation.

Now, suppose that v is not controllable. Clearly v ¢ P(k,j) for any j € O or
k € Z. By Proposition 5.6, (A — a,,) is a factor of ﬁj for every j € O and k € 7.
Therefore (A — a,,) is a factor of g; for every j and a,, does not appear in the

input-output equation.
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Proposition 5.9 shows that we can only hope to identify parameters associated
with observable and controllable vertices. Given a graph, G, it is natural to study
the corresponding network with the minimum number of input and output vertices
that make the the network controllable and observable. Proposition 5.10 shows what

this network must be.

Definition 5.9. A root of a directed graph, G, is a vertex that is not the terminal

vertex of any edge. A leaf of G is a vertex that is not the origin vertex of any edge.

Proposition 5.10. Let N = {G,Z, O} be a linear feedforward network. Let R be the
set of roots of G and L be the set of leaves. N is controllable if and only if R C T.
N is observable if and only if L C O.

Proof. Let v € V. We can find a path from a root, r € R, to v using the following

recursive algorithm.
1. Check if v is a root. If it is, then r = v and we are done. If not, go to step 2.
2. v is the terminal vertex of an edge, w — v. Set v = w and go to step 1.

This algorithm is guaranteed to terminate because G is finite. This shows that for
every v € V there is a root, r, such that r, --+ vis a path. If R C Z, thenr, € Z
and v is controllable. If there is a w € V' that is not controllable, then there is a path
Tw ——* W SO T, € R must not be an input vertex. This proves N is controllable if
and only if R C I.

A similar argument works to prove that N is observable if and only if L C O.
Let v € V. We can find a path from v to a leaf, / € L using the following recursive

algorithm.
1. Check if v is a leaf. If it is, then ¢/ = v and we are done. If not, go to step 2.

2. v is the origin of an edge, v — w. Set v = w and go to step 1.
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Again, the algorithm is guaranteed to terminate because G is finite. This shows that
for every v € V there is a leaf, ¢, such that v --» ¢, is a path. If L C O, then ¢, € O
and v is observable. If there is a w € V that is not observable, then there is a path

w --+ £, so {,, must not be an output vertex. [ |

Definition 5.10. Given a directed tree, G, the minimal network, N'(G), is the feed-
forward network defined by N(G) = {G,Z = R,O = L} where R is the set of roots

of G and L is the set of leaves.

Definition 5.11. Let Z = {z, ..., z,} be aset of unknown parameters and {3, ...,(,}
the true, unobserved values of these parameters. Z is identifiable up to permutations
if the solutions to the identifiability problem is a subset of {(2x = (or))f1 | 0 € Sn}

where S, is the symmetric group of order n.

Note that if II(C') is identifiable, then C' is identifiable up to permutations. From
Theorem 5.8, we know that II(V}) is identifiable for every j € O and II(V; \ P(k,j))
is identifiable for every connected 7 € O and k € Z. These sets are then identifiable
up to permutation. The following proposition tells us how to use this information to

identify other sets which are identifiable up to permutation.

Proposition 5.11. Let 7y, Z5, and Z be sets of parameters with Zy C Z. Suppose
74, Zy, and Z are identifiable up to permutations. Then Z\ Zy, ZyUZy, and Z1 N Zy

are identifiable up to permutations.

Proof. First we show Z\ Z; is identifiable up to permutations. Let Z; = {z1,..., 2y, }
and Z = {21,..., 20y, Zny41s- - -, 2n}. Suppose the corresponding true, unobserved
values of the parameters are {(i,...,(,}. Z is identifiable up to permutations so
the solution set is a subset of {(zx = (or))iey | @ € Sn}. Zi is identifiable up to
permutations so these solutions are restricted to those which respect permutations of
AR

{(zr = Cortw))es X (2t = Coo(k) k=ni+1 | (01,00) € Sny X Sy, }-
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These solutions respect permutations of Z \ Z; so Z \ Z; is identifiable up to permu-
tations.

If Z; and Z, are identifiable up to permutations, then solutions are restricted to
permutations which respect both Z; and Z,. If Z; N Z, were not identifiable up to
permutation, then there must be an element, z € Z; N Zy and a permutation, o,
corresponding to a solutions so that o(z) ¢ Z1NZy. But then o(z) ¢ Zy or o(z) ¢ Zs

which contradicts that Z; and Z, are identifiable up to permutation.

To see that Z; U Z5 are identifiable up to permutation, notice that
Zl U ZQ - (Zl \ (Zl ﬂ Z2)) U (ZQ \ (Zl ﬂ Zz)) U (Zl ﬂ ZQ) .

This is a disjoint union of sets which are identifiable by permutation. The set of
permutations of Z; U Z; must therefore be a superset of the union of the permutations

of each of these sets so that Z; U Z, is identifiable up to permutation.
[

We now partition the graph into subsets of parameters that are identifiable up to

permutation.

Definition 5.12. The in-degree of a vertex, v, is the number of edges which terminate
in v and is denoted indeg(v). The out-degree of v is the number of edges which

originate from v and is denoted outdeg(v).

Definition 5.13. A sequence of vertices, C' = v, v, ..., vy, is a chain of G if for each
2 < j <! vjy = vjis an edge and indeg(v;) = outdeg(v;) = 1. C is a mazimal
chain of G if the sequence is maximal: no vertex can be added to the sequence so

that the sequence remains a chain.

To simplify notation, it is convenient to have a way to refer to the parameters

associated with a set of vertices. Given V C V, define a(V) = {a,, | v € V5 }.
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Theorem 5.12. Let N = {G,Z, O} be a minimal linear feedforward network. Let C

be a mazimal chain of G. Then a(C') is identifiable up to permutations in N (G).

Proof. To prove the theorem, we will use all the coefficients of the input-output
equation given in Theorem 5.8 except for the a* 7 terms. The remaining coefficients
are the elementary symmetric polynomials in sets of parameters. In particular, for
each y € O, II({ay, | v € V,}) is identifiable and for each y € O and u € Z that are
connected in G, [I({ay, | v € V; \ P(u,y)}) is identifiable. Therefore, {a,, | v € V, }
is identifiable up to permutation and {a,, | v € V; \ P(u,y)} is identifiable up to
permutation. It then immediately follows from Proposition 5.11 that for each input-
output path, the parameters corresponding to vertices along the path are identifiable
up to permutation. That is, {a,, | v € P(u,y)} is identifiable up to permutation for
each input-output path P(u,y).

Let C = vy, v9,...,v,. We separate the proof into the 9 cases that arise from all
combinations of indeg(v;) = 0,1 or > 1 and outdeg(v,) = 0,1 or > 1. The case of

indeg(v;) > 1 and outdeg(v,) = 1 (case 7) is illustrated in Figure 5.3.

Case 1: indeg(vy) = outdeg(v,) = 0.
If outdeg(vy) = 0, then v, is a leaf and therefore an output. We have a(V},) is
identifiable up to permutation. But V,, = C because outdeg(v;) =1 for j < /.

So a(C) is identifiable up to permutation.

Case 2: indeg(v;) = 1 and outdeg(v,) = 0.
vy is a leaf so vy is an output. Let wy be the vertex which has an edge wg — ;.
wo is not in C' so outdeg(wy) > 1 else C' would not be maximal. Let w; be a
vertex with edge wyg — w; and let u be an output connected to wy. Let y be

an output connected to wy. a(P(u,y)) and a(P(u,v,)) are identifiable up to
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Case 3:

Case 4:

Case b5:

permutation. We have

P(u,y) N P(u,vy) = P(u,wp)

P(u,v,) \ P(u,wy) = C.

P(u,wy) C P(u,vy) so by Proposition 5.11 a(C) is identifiable up to permuta-

tion.

indeg(v;) > 1 and outdeg(v,) = 0.

vy is a leaf so v, is an output. indeg(v;) > 1 so there are two vertices, w; and
wy so that w; — v; and wy — vy are edges. There is no path between w; and
wy because G is acyclic. Therefore, there are distinct inputs, vy and us so that
there is a path between u; and w; for i = 1,2. a(P(uy,ve)) and a(P(ug,vy)) are
identifiable up to permutation and P(uy,v,) N P(uz,v,) = C. By Proposition

5.11, a(C) is identifiable up to permutation.

indeg(v;) = 0 and outdeg(v,) = 1.

vy is a root so vy is an input. Let v; be the vertex with edge vy — vy. vy is
not in the chain so there is a second edge for which v, is the terminal vertex:
vy — 1. Let y be an output connected to 1, and u an input connected to vj.

a(P(v1,y)) and a(P(u,y)) are identifiable up to permutation. We have

P(uy,y) N P(u,y) = P(n,y)

P(oy,y) \ P(v,y) = C.

P(v1,y) C P(vy,y) so by Proposition 5.11, a(C) is identifiable up to permuta-

tion.

indeg(v;) = 0 and outdeg(v,) > 1.
vy is a root so vy is an input. Let 1y and vy be vertices with edges vy — 14

and v, — v5. Let y; be an output connected to v; for ¢ = 1,2. a(P(vy,y;)) is
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Case 6:

Case T:

identifiable up to permutation for i = 1,2 and P(vy,y1) N P(v1,y2) = C so a(C)

is identifiable up to permutation by Proposition 5.11.

indeg(v;) = outdeg(v,) = 1.

Let wp be the vertex so that wy — v; is an edge. There is a vertex, w; with
edge wy — w; else C' is not maximal. Let 1y be the vertex with edge v, — v;.
There is a vertex, vy with edge vy — vy else C' is not maximal. Let u; and
uy be inputs with u; connected to wy and us connected to 1y. Let y; and
y2 be outputs with y; connected to w; and ys connected to vi. a(P(ui,y1)),

a(P(u1,y2)), and a(P(ug,ys)) are identifiable up to permutation. We have

P(uy,y1) N P(uy,y2) = P(uy, wo)
P(u1,12) N P(ug, y2) = P(vi,12)
P(uy, y2) \ Pur, wo) = P(v1,y2)

P(vi,y2) \ P(v1,92) = C.

P(uy,wy) C P(u1,y2) and P(vy,y2) C P(v1,y2) so by Proposition 5.11, a(C') is

identifiable up to permutation.

indeg(v;) > 1 and outdeg(v,) = 1.

This case is illustrated in Figure 5.3. Let w; be a vertex with edge w; — v;
for : = 1,2. Let v; be a vertex with edge v, — v1. There is a vertex, 1, with
edge 1y — vy else C' is not maximal. Let u; be an input connected to w; for
t = 1,2 and u3 be an input connected to vy. Let y be an output connected to

v1. a(P(u;,y)) is identifiable up to permutation for each i = 1,2,3. We have

P(u1,y) N P(uz,y) = P(v1,y)
P(uy,y) N P(us,y) = P(v1,y)

P<U17y>\P<V17y) =C.
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P(vy,y) C P(v1,y) so a(C) is identifiable up to permutation by Proposition
5.11.

@ 0

g - Wo @ y

@ w1

Figure 5.3: Case 7 in the proof of Theorem 5.12. The labels of the vertices
match those used in the proof. Dots indicate where the graph is unspecified. Only
the edges and vertices considered in the proof are drawn.

Case 8: indeg(v;) = 1 and outdeg(v,) > 1.
Let wy be the vertex with edge wy — v;. There must be a vertex w; with
edge wy — w; else C' is not maximal. Let v; and v, be vertices with edges
vy — v and vy — 5. Let u be an input connected to wy. Let 41, yo, and y3 be
outputs with y; connected to w, ys connected to 14, and y3 connected to vs.

a(P(u,y;))is identifiable up to permutation for ¢ = 1,2,3. We have

P(u,y1) N P(u,y2) = P(u,wp)
Pu, y2) N P(u,ys) = P(u,v)

P(u,v) \ P(u,wy) = C.

P(u,wy) C P(u,vp) so a(C) is identifiable up to permutation by Proposition
5.11.
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Case 9: indeg(v;) > 1 and outdeg(v,) > 1.
Let wy, ws, vy, and v be vertices with edges wy — vy, we — vy, v, — v1, and
vy — vy. Let u; be an input connected to w; for ¢ = 1,2. Let y; be an output
connected to v; for i = 1,2. a(P(u;,y;)) is identifiable up to permutation for

1=1,2, 5 =1,2. We have
P(ui,y1) N P(ug,y2) = C

so a(C) is identifiable up to permutation by Proposition 5.11.

Theorem 5.13. Let N = {G,Z, O} be a minimal linear feedforward network and let

y € O. Then ay, 1s globally identifiable.

Proof. Let C, be the maximal chain containing y. By Theorem 5.12, a(C,) is iden-
tifiable up to permutation. Let u be an input connected to y. a" Y is identifiable

and we will show that this term rules out solutions that permute a,,.

Let C1,C5,...,C) be the sequence of maximal chains in v --+ y. Note that
Cy = C,. Let v;y and vy be the first and last vertex in C; respectively. Let n; = |C}].

Then a* *Y can be written as

k—1

k
" = (H Wni(a(c))/avMUM)) H Aoy poie: (5.3.1>

i=1
The product outside of the parentheses are terms corresponding to edges connecting
chains, while the product in the parentheses are the terms corresponding to edges
internal to the chains. In particular, 71 (a(Ck)/avp0,,) = 7 (a(Cy)/ay,) so that
ay, for v € C is a factor of (5.3.1) if and only if v # y. Therefore permutations of

a(Cy) must fix a,, to be a solution.
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The global identifiability of a,, means that the leak parameters, b,, are globally
identifiable.

Noticing that there are no other terms in the input-output equation that break
the permutation symmetries of the maximal chains shows that Theorem 5.12 and
Theorem 5.13 is the best that we can do. That is, the maximal chains are identifiable
up to permutation, a,, is globally identifiable for y € O and every permutation that
respects this corresponds to a solution to the identifiability problem.

The maximal chains are identifiable up to permutation, but there is a question
of what that means when a,, may be the sum of multiple parameters when v is the
terminal vertex of a chain. The following proposition shows what identifiability up

to permutation of {a,,} means for the underlying parameters, {a,,}.

Proposition 5.14. Let N = {G,Z, O} be a minimal linear feedforward network and
C=1,2,...,k be a maximal chain with k ¢ O. Let 0 € Sx. Then

. Ay
(ais = Qo(ijoy |1 =1,..., k= 1) x (%k - 5 Qo (k)o(k)

w, k—wweE Ak

k—)vGE)

(5.3.2)

is a solution to the identifiability problem for a(C).

Proof. C'is identifiable up to permutation by Theorem 5.12. Therefore any solution

must be contained in
{(as = as@iyow)) | 0 € Sk} (5.3.3)

Let 0 € Si. We have that aw, = >, , cp @k Applying this to the proposed

solution given in (5.3.2),

Ay
agp = Ao (kYo (k) = Qo(k)o(k
> Sy (o) = oot

v, k—vEE “~W, kowe

so that (5.3.2) is contained in (5.3.3).
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Let u be an input and y be an output with v and y connected to C'. It remains
to show that (5.3.2) is consistent with the identifiability of the path a* Y. Let v be

the vertex on the path with edge £ — v. Then
k—1
a" = f(a(V\ O))ayy H A(i41)i)
i=1

= Fa(V\ e [T o

where f(a(V'\ C)) is a product of parameters corresponding to vertices not in C. For

(5.3.2) to be consistent with a* Y we need to show

k—1 k—1
Ay H Qi = Qg H (0778
i=1 =1

Plugging in (5.3.2),

k—1
_ Aoy
Aok H A(i4+1)i = Ao (k)o H Ao (i)o (i)
=1

Zk—m}EE Qo

- (0777 H Qi

Zw k—weE Qwk

k—1

o Ayk

= E Ak H A
i=1

Zw, k—wekE Qwk w, k—weE

k—1
= Qi H Qg
i=1

as desired. [ |

Example 5.8. Consider the linear chain of Figure 5.1. This graph is a maximal
chain. a,, = b, is globally identifiable by Theorem 5.13. By Theorem 5.12 solutions

to the identifiability problem for the remaining parameters are
AGi41)i = Qo(i)+1)o(i), L= 1,2,...,n—1

where o € S,,_1.
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Example 5.9. Consider the networks in Figure 5.2. Using Theorems 5.12 and 5.13

and Proposition 5.14 we solve the identifiability problem.

(a).

3 and 5 are the outputs so azz = b3 and as; = b5 are globally identifiable. The
maximal chains are C; = 1,2, Cy, = 3 and C3 = 4,5. Within C the solutions

are

(021 = 091, 0a32 = (32, Q42 = CY42) and
Q21 Q21

<a21 = O3z + Qug, Q30 = ——————Q32, Q42 = —0442)-
Q32 + Qo Q39 + Qo

ay4 is globally identifiable so asy = asy.

. b is the output so ass = b5 is globally identifiable. The maximal chains are

Cl = ]_,2, CQ = 3, and 03 = 4,5 33 — 43 and 44 = Q54 aATC thus glOb&Hy

identifiable. Within C the solutions are

(a21 = 021, Q42 = 0442) and

(a21 = (49, Q42 = 0421)-

5.4 Michaelis-Menten Kinetics

The results of the previous sections are for linear kinetics. In this section, we show

how they may be extended to Michaelis-Menten kinetics using small amplitude inputs.

Consider a reaction, w; — wy. With linear kinetics, the rate at which w; is

converted to w, is proportional to the concentration of w; so that the reaction rate is

given by @y, Tw, - Mechaelis-Menten kinetics assigns a nonlinear reaction rate given

by

Moy, ($w1) =V, o

wown T 5.4.1
2 le2w1 +xw1 ( )

129



where V., is a parameter describing the maximum possible reaction rate and K,
is a parameter which describes the value of x,, at which the reaction rate is half
maximal. Typically these parameters are denoted the V.. and Kj; of the reaction,

respectively. We can rewrite (5.4.1) as

\%4 x
Mo, (T,) = —22 - (5.4.2)
s Kw2w1 1+ Ka;gim
which shows that as
Loy
—0
ngwl ’
the reaction rate approaches
Vw2w1

Koy, 00
a linear rate. We will be using this observation to relate the identifiability of a
network with Michaelis-Menten kinetics to the identifiability of the network with
linear kinetics. Specifically, the quotient Vi, /Kuw,w, has the same identifiability

properties as Gy, -

Definition 5.14. A Michaelis-Menten feedforward network is a feedforward network
where for each edge the reaction rate is given by (5.4.1) and for each output y, there

is a leak rate given by

x
M, =V,—4
y(xy) yKy tz,

Explicitly, the differential equation for the concentration of node j, z;, in a
Michaelis-Menten feedforward network is given by
T = Xjezuj(t) + Z M]z(%) — Z Mkj<513'j) - XjeOMj(xj> (5.4.3)
i, i—jEE k, j—keE
where for a set D, xjep = 1if j € D and is 0 otherwise. We first show that for a

Michaelis-Menten feedforward network, if the size of the inputs are bounded, then the
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concentrations are also bounded. Intuitively, this is obvious because the maximum

flux out of a vertex cannot exceed the maximum flux into the vertex. Define
N; = |{i € Z | there is a path from ¢ to j}|. (5.4.4)
and
Kj = ﬁi}?{Kjk}‘ (5.4.5)

Proposition 5.15. Let N be a minimal network with Michaelis-Menten kinetics and
suppose u;(t) < e < Nj_1 Dk ks Vik foreach i € T, j € V. Then

o ENE
T .
] g

Ek, k—j Vik —eNj

(5.4.6)

Proof. The statement follows from a trapping region argument. Let ;7 € V. To

simplify notation, define

Mj(x) = My(2) + xjeoM;(). (5.4.7)
k,j—k
Now, define €2 by

We claim that 2 is a trapping region. Given this claim,

eN; > My(y) = )
k, k—j Kji +
L
- max ij
KJ + X ko hes

Rearranging the final inequality gives (5.4.6).
Now, we complete the proof by showing € is a trapping region. If j is an input
vertex then j is a root so that N; =1 and
Xjerw; () + Y Mji(w:) = uy(t) < e = eNj.
iy i—j
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If 7 is not an input then

Xjer;(t) + Z Mji(z;) = Z Mji(x;)

S SN]‘ —Mj(mj) = 0.

For j # i let ¢;; = V};/Kj; when i — j € E and ¢j; = 0 otherwise. Define

VK= cii ifjEO
Ci = 7 (5.4.9)
— > iz Cji otherwise.
For Vo C V let ¢(Vy) = {cww | v € Vi}. As a consequence of Theorem 5.12; we can

prove the following.

Theorem 5.16. Let C' be a maximal chain of a directed tree G. Then ¢(C) is iden-

tifiable up to permutations in N(G) under Michaelis-Menten kinetics.

Proof. For j,i € V let x; denote the concentration of j in N (G) under linear kinetics
with a;; = ¢j; and b; = V;/K,. Let z; denote the concentration under Michaelis-

Menten kinetics. Define Rj;(z) by

Viia?
Ri(r)= —2“ 5.4.10
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and notice that

Vs
Mji(z) = 7= + Ryiw) = cjor + Ryi(w).

J

Similarly define R;(x) = Kg&—iﬂc)

Let e; = z; — x; and notice that
—z

B‘ZZj

= > ajei— Y age; — xjeobje;+ Y Rii(z) — > Ri(2) — Xjeo Ry ().

ii—] k, j—k i, i—j k, j—k

J

That is, letting e = (e1,...,e,)7

)

é=Ae+ R(z) (5.4.11)

where R(z) is the vector defined by

R(z); = Y Ru(z)— Y Ruilz) — xjeoRi(2).

1, 1—] k, j—k

Therefore,
e(t) = /o exp(A(t — s))R(z(s)) ds. (5.4.12)

Let u(t) be an input vector with u;(t) < & < N;* >k ko Vik for each j. By
Proposition 5.15, the corresponding solutions satisfy z(t) = O(e). Define the vector
R*(z) by

R(Z);_ = Z R]Z(Zl) + Z Rkj(Zj) + XjEORj(Zj)a (5413)
i, 1] k, j—k

and note that |[RT(2(t))| = O(&?) for all t. Taking the absolute value of (5.4.12), and
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letting || - || denote the matrix norm,
t
e(t)] < / exp(A(t — $))|| |R* (2(s))| ds
0
0<s<t

< /0 | exp(A(t — 5))|| ds max |R*(2(s))]

< /O exp(— miin lai|(t — 5)) ds max |RT(2(s))|

0<s<t
1
= m(l — exp(— min [az| t)) max |R*(2(s))]
= 0(&?).

By Theorem 5.1, the input-output equations for N/ with linear kinetics is given
by (5.2.1):
d , d
fi (E) Tj = Z(_l)ﬁkfkj (%) U.
ke
Now, z; = z; — €; so we may rewrite the input-output equations as
d itk d
Fil =) Gr—e) =D (=107 fig | = ) we (5.4.14)
dt dt
keZ
However, z; = O(e), uy = O(e), while e; = O(g?). Therefore, we can choose a
sequence of inputs, u"(t) with u}(t) < e, for each j and &, — 0 to recover the
identifiability of the coefficients of (5.4.14). Theorem 5.12 then applies with ¢(C)

replacing a(C) in the statement of the theorem.
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Chapter 6

Conclusion

In this dissertation, we defined a new type of singularity and studied the identifiability

properties of feedforward networks. We summarize the results here.

Chapter 3 studied the feedback inhibition motif and showed that the stability
properties of this network were proven to be heavily dependent on the network length,
the feedback function, and a leakage parameter. We showed that feedback inhibtion is
an example of a system in which a single mechanism could produce both homeostasis
and Hopf bifurcations within the homeostatic plateau. This served as motivation to
study the interaction of homeostasis and bifurcation more generally in the following
chapter. In Chapter 4, we defined the homeostasis-bifurcation singularity for feedfor-
ward networks and characterized the unfoldings of these singularities. We found the
transition varieties and classified all persistent phenomena of homeostasis-bifurcation
points arising from codimension 0 or 1 homeostasis points and steady-state or Hopf bi-
furcations. Examples of artificial networks with homeostasis-bifurcation points were
given and examples of biological systems with behavior similar to phenomena ob-
served in the unfoldings of homeostasis-bifurcation points were given.

Chapter 5 studied the identifiability of linear feedforward networks associated
to directed trees. We gave the minimal set of inputs and outputs required for local
identifiability of the rate parameters. We proved that the graph could be decomposed
into subgraphs in which the parameters were identifiable up to permutation of the rate
parameters within each subgraph. We show how identifiability results for the network

with linear reaction rates can be extended to a network with nonlinear kinetics.
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