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Abstract

The majority of statistical methods for the analysis of spatially indexed data have been

developed for settings in which data are observed at a collection of point-indexed locations.

Region-indexed data, also known as areal data, are common in many disciplines including

economics, sociology, public health, and ecology. While statistical methods methods for

the analysis of spatially correlated, point-indexed data typically characterize covariance

as a function of the distances between observed locations, methods for areal data tend

to characterize between-region spatial dependence using a graphical representation of the

spatial domain. In most cases this has been done by defining covariance as a function of

the unweighted adjacency matrix of the data, resulting in the fairly rigid assumption that

all pairs of neighboring regions interact in essentially the same manner. This dissertation

presents multiple methods by which the intrinsic network structure of areal data may be

utilized to define more flexible models for graph and areal data than those commonly

used at present. In Chapter 2 we introduce the graph deformation (GDEF) framework

which implicitly defines an embedding of a graph into high-dimensional Euclidean space,

wherein between-node covariance is defined using the Matérn covariance function. The

model is parameterized by an unknown edge weights matrix and defines a class of covariance

matrices that are both highly flexible and interpretable. We compare the GDEF model to

alternatives, illustrating the advantages of the approach, before concluding with an analysis

of bird abundance data for several species in North Carolina. Chapter 3 extends the work

presented in Chapter 2, proposing a method by which unknown edge weights matrices

may be more efficiently estimated using a basis function representation. We show how

this framework improves the GDEF model as well as other existing models for areal data.
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We provide several illustrations of the properties of the GDEF and other models when

integrated with the proposed method, concluding with a number of simulation studies and a

data analysis that demonstrate the utility of the GDEF framework. In Chapter 4 we explore

how crowdsourced observations of migratory birds may be utilized to better understand

avian migratory trends. We propose a novel hidden Markov model that draws from circuit

theory and electrical physics to characterize its transition structure, and conclude by fitting

our model to observations of the Baltimore oriole and yellow-rumped warbler within the

eastern United States, with data spanning a five year period. We conclude the dissertation

with a brief discussion of the work presented.
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1. Introduction

1.1 Why areal data?

The discipline of spatial statistics is structured around the assumption that spatially

indexed random variables observed close to one another in space tend to exhibit higher

correlation than those which are further apart (Cressie, 1993). The majority of statistical

methods for the analysis of spatially indexed data have been developed for settings in which

data are observed at a collection of point-indexed locations {s1, ...,sn} ∈ D, with D typically

defined as some subset of R2. In such settings, the modeled spatial process {Z(s) : s ∈ D}

is defined continuously over D, with covariance Cov(Z(s), Z(s′)) often characterized as a

decreasing function of the distances between locations ∥s− s′∥.

Settings also exist in which D is partitioned into a collection of disjoint regions, with

data observed only at the regional level. Such region-indexed data, referred to as areal

data, are common in many disciplines. Political, economic, sociological and public health

data are frequently available only at the county, state, or national level due to the nature of

how such data are collected and reported (e.g. Arbia, 2012; Garner & Raudenbush, 1991;

Jin et al., 2005, etc.). Data which were originally point-indexed or observed continuously

in space may also be aggregated within a gridded partitioning of D and reported as areal

data, as is commonly the case for climate products which are produced using a combination

of on-site observations, satellite data and physical models (Christensen et al., 2019).

A partitioned spatial domain may be represented using a graph, with nodes correspond-

ing to each discrete region of the domain and edges corresponding to each pair of adjacent

or neighboring regions. Characterizing spatial dependence for areal data as a function of
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distances between locations is difficult to do in a coherent manner, as illustrated by the lack

of simple answer to the question “What is the distance between North and South Carolina?"

Instead, models for areal data are typically defined using the graphical representation of the

spatial domain’s partition, with proximity characterized by the existence of edges between

nodes. The simultaneous autoregressive (SAR) model of Whittle (1954) and the condi-

tional autoregressive (CAR) model of Besag (1974) are among the earliest approaches that

formally defined the distribution of areal data in terms of network structure; subsequent

extensions and variants of these two models represent the majority of the statistical litera-

ture regarding spatially dependent areal data (Ver Hoef, Hanks, & Hooten, 2018), with the

CAR model being particularly ubiquitous. Researchers using such autoregressive models

have typically defined them using an unweighted adjacency matrix to represent network

structure, leading to the implicit assumption that all pairs of adjacent regions interact in a

similar manner, which may not be appropriate in many applied settings.

Considerable advances have been made in the development of models for spatially cor-

related point-indexed data, allowing for fast computation on large datasets (e.g. Datta

et al., 2016; Gramacy & Apley, 2015; Katzfuss & Guinness, 2021), the representation of

nonstationary covariance structures (e.g. Lindgren et al., 2011; Paciorek & Schervish, 2006;

Sampson & Guttorp, 1992) and irregular and non-Euclidean spatial domains (e.g. Yang &

Dunson, 2016). Gelfand et al. (2001) proposes representing areal random variables as the

integral of a continuous spatial process over discrete spatial regions, presenting a frame-

work that allows areal data to be represented using models for point-indexed data, and

which mitigates issues arising from model sensitivity to the spatial partition considered.

Alternatively, one can simply treat areal data as point-indexed data observed at the cen-

troids of each spatial region, though this is considerably less appropriate when regions are

of irregular shapes and sizes.

Given the limitations of existing models for areal data (which are discussed further

in later chapters) and the advances mentioned above, it is reasonable to ask whether it

makes more sense to simply default to using methods developed for point-indexed data in
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all settings, making whatever assumptions and adjustments are necessary to adapt to areal

observations. Why should we care about models constructed specifically for areal data?

Discussion of this question has existed in some form for over 50 years (Avadhani, 1969),

and an exhaustive treatment of it would necessarily wind up being both highly theoretical

and philosophical; such discussion ultimately resides outside of the immediate purview of

the work presented in this dissertation. We do however wish to highlight a few potential

answers and starting points to the question of why there is value in exploring the space of

models for areal data.

A trivial but significant argument for why areal data models are necessary is that areal

data exists! Independent of the situational validity of the assumptions necessary to treat

areal data as discretized realizations of an underlying continuous process, it is useful from a

practical perspective to have tools designed to model data that cannot straightforwardly be

associated with specific geographic coordinates (such as county-level reports of COVID-19

infections, or statewide GDP levels). If such models are to be used, we would hope that

modeling options exist that are computationally efficient and flexible enough to represent

a range of spatial dependence patterns that may arise in real world settings. By extension,

the fact that many contemporary methods used for point-indexed data are presently more

advanced than methods used to model areal data simply means that there is currently more

“low-hanging fruit" and potential for meaningful improvements within the research space

of methods for areal and graphical data.

Another important consideration is whether the spatial partition over which areal data

are observed is intrinsically meaningful. There is likely little practical or philosophical

reason why the areal nature of data recorded over gridded regions should be considered

sacrosanct. The discrete structure of such data may make use of a CAR model convenient,

but it is reasonable to model such data as though it arises from a continuous spatial process.

On the other hand, the distribution of some random variables may be deeply affected by

political boundaries due to differences in governance, economy and infrastructure between

neighboring regions. Consider for example that many social and economic outcomes for

3



residents of El Paso, Texas are more highly correlated with residents of other Texas cities

than with residents of the bordering city of Ciudad Juárez, Mexico (McDonald & Grineski,

2012). While some differences between cities, counties or states may be accounted for

through use of covariates, the total impact of governmental and economic policy on certain

outcomes may be extremely complex. Even if one could perfectly account for qualitative

differences between regions using some covariate-based model, it is important to note that

the borders between adjacent regions may themselves have intrinsic meaning. Borders

between states and countries often follow rivers or mountain ranges, and these features

may affect the extent to which observations on either side of that border are correlated.

Interactions between animal populations on either side the US-Mexico border for instance

are impacted by the natural barrier of the Rio Grande river as well as the artificial barrier

of the US-Mexico border wall (Schlyer, 2012). While methods for point-indexed data in

continuous space may be constructed to account for the existence of hard or soft boundaries

within D (e.g. Dunson et al., 2022), the graphical nature of areal data allows for explicit

representation of these shared boundaries in the form of edges. In the chapters that follow,

we find considerable utility in using variable edge weights within our models which allows

for differing levels of connectivity between adjacent regions.

A final consideration deals with data observed on more general classes of graphs and

not only simple partitions of D. Areal data typically has spatial structure that can be

represented using a planar graph, which is to say that it has a natural embedding in R2

(Jungnickel, 2012). Given spatially correlated data observed at the nodes of a non-planar

graph, there is no obvious or straightforward way to characterize between-node covariance

using methods developed for point-indexed data. This is relevant for settings in which

the spatial relationships between geographic locations can be represented using a multiplex

graph, as was the case in Strano et al. (2015) which considered how street and subway

networks interact to characterize the movement of people in New York and London.
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1.2 Chapter overview

The body of this dissertation is composed of three articles, each of which consider ways in

which the graphical representation of a partitioned spatial domain may be utilized to define

models for areal data that exhibit greater flexibility than many commonly used alternatives.

The methods presented were developed with the importance of interpretive value in mind,

and may be used to gain insight into the underlying data generating processes.

Chapter 2 is based on the work presented in Christensen and Hoff (2023). As previously

stated, many models for areal data are constructed such that all pairs of adjacent regions

are implicitly assumed to have near-identical spatial autocorrelation, but in practice, data

can exhibit dependence structures more complicated than this assumption allows. Within

the chapter, we develop a new model for spatially correlated data observed on graphs, which

can flexibly represented many types of spatial dependence patterns while retaining aspects

of the original graph geometry. The method presented implies an embedding of the graph

into Euclidean space wherein covariance can be modeled using traditional covariance func-

tions, such as those from the Matérn family (Matérn, 1960). The model is parameterized

using a class of graph metrics compatible with such covariance functions, and which char-

acterize distance in terms of network flow, a property useful for understanding proximity

in many ecological settings (Thiele et al., 2018). By estimating the parameters underlying

these metrics, we recover the “intrinsic distances" between graph nodes, which assist in the

interpretation of the estimated covariance and allow us to better understand the relation-

ship between the observed process and spatial domain. We compare our model to existing

methods for spatially dependent graph data, primarily conditional autoregressive models

and their variants, and illustrate advantages of our method over traditional approaches.

We fit our model to bird abundance data for several species in North Carolina, and show

how it provides insight into the interactions between species-specific spatial distributions

and geography.

Chapter 3 is based on work from Christensen and Eidsvik (2024). We demonstrate
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in Chapter 2 that complex spatial structures are better represented when the relationship

between graph nodes is characterized by a variable edge weights matrix instead of the tra-

ditionally utilized unweighted adjacency matrix. We note however, that a potential issue

with the method in Chapter 2 is that each edge weight is treated as an individual param-

eter, resulting in increasingly challenging parameter estimation as graph size increases. In

Chapter 3 we propose a framework for estimating edge weight matrices that reduces their

effective dimension via a basis function representation. We show that this method may

be used to enhance the performance and flexibility of covariance models parameterized by

such matrices in a series of illustrations, simulations and data examples.

Chapter 4 presents work from Christensen and Hoff (2024) and contains an applied

data analysis for county-level observations of migratory birds. While the general patterns

governing avian migration are well documented, there are significant questions pertaining

to the phenomenon that remain poorly understood. Studies of animal movement are often

conducted using telemetry data, but the collection of such data is time- and resource-

intensive, which can result in small sample sizes (Hebblewhite & Haydon, 2010). Ecological

surveys of animal populations are also indicative of species distribution trends, but may be

constrained to a limited spatial domain (Caughlan & Oakley, 2001). Within Chapter 4, we

propose utilizing crowdsourced observations from the eBird database (Sullivan et al., 2009)

to model the abundance of migratory bird species in space and time. We introduce a hidden

Markov model for observed bird counts utilizing a novel transition structure developed using

principles from circuit theory. After illustrating model properties we fit it to observations

of Baltimore orioles and yellow-rumped warblers within the eastern United States and

discuss insight it provides into the migratory patterns for these species. We conclude the

dissertation with Chapter 5, which contains a brief discussion of findings from previous

chapters along with avenues for future work.
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2. A Flexible and Interpretable Spatial Covariance Model for Data
on Graphs

2.1 Introduction

Models for spatially indexed data traditionally assume that observations close to one

another in space are more highly correlated than observations which are far apart. While

models for point-indexed data within continuous space frequently characterize spatial cor-

relation as a function of geographic distance between observations, models for area-indexed

data, also known as areal data, tend to define spatial dependence as a function of the adja-

cency structure of the graphical representation of the spatial domain’s partition (Ver Hoef,

Peterson, et al., 2018). Such models often assume that the correlation between observations

made at adjacent regions is the same throughout the network, an assumption that is often

inappropriate for real world data (Guttorp et al., 1994).

As an example of this we consider a simple exploratory data analysis made using data

which was downloaded and processed from the eBird database. This database is a project

managed by the Cornell Lab of Ornithology that crowd-sources bird observation data by

allowing any user to record and submit their bird watching observations to the website.

Observations are recorded in the form of user-submitted, location-indexed checklists con-

taining the counts of each species observed by the bird watcher along with the time spent

bird watching at each location (Sullivan et al., 2009). The data used here consist of the

county-level number of combined observations of laughing gulls, a species common along

the Atlantic coast, made in eastern North Carolina during each month between January

2018 and December 2020. During this time period, there were nearly 350,000 individual
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checklists submitted within the state of North Carolina, representing over 400,000 combined

hours of bird watching.

To evaluate whether the degree of autocorrelation is consistent across our spatial do-

main we evaluate the month-to-month correlation in the data between pairs of adjacent

counties. To account for the potential impact of environmental covariates on this simple

analysis we restrict our attention the twenty coastal counties (as designated by the Coastal

Area Management Act (1974)) of North Carolina. Figure 2.1 depicts the monthly log rate

of observation for three pairs of adjacent counties, with each point corresponding to the

frequency of observation at a pair of counties within a given month. If the assumption of

constant spatial autocorrelation between adjacent counties were correct, then the correla-

tions between adjacent counties should be approximately equal along the entirety of the

coastline. As can be seen in the figure, the log rates of laughing gull observations in the

adjacent Dare and Currituck counties are more correlated (0.84) than those of Onslow and

Pender counties (0.24). To test this more more rigorously, we computed the between-county

correlations for all 39 pairs of adjacent coastal counties. For each of those pairs, we obtained

the statistic zρ
i given by Fisher transformation of the Pearson correlation coefficient (known

to be approximately normal (Fisher, 1921)) using the monthly log rates of observations at

each county. An F-test of H0 : ρ1 = ... = ρ39 based on the statistics {zρ
i }1:39 resulted in

p < 0.01, indicating significant evidence of differences in the correlations between adjacent

coastal counties, and implying that standard approaches to modeling areal data may fail

to reflect this.

The majority of statistical methods designed to account for changing patterns of spatial

dependence within a domain have been developed specifically for point referenced data.

However, areal data, such as the county-level eBird data discussed in our example, are also

common within many applications, either because some random variables are observed only

at a regional level, or because raw point-referenced data might be aggregated and processed

into areal or gridded regions out of convenience or due to scientific or policy interest in

questions at the county, state, or national level. Such data are representable using graphs,
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FIGURE 2.1: Three color-coded pairs of counties in North Carolina. Points correspond to
the rate of laughing gull observation within a pair of counties during a month. Dare and
Currituck counties (red) exhibit stronger correlation than Onslow and Pender counties
(green) or Tyrell and Hyde counties (blue).

with a node representing each region and edges connecting each pair of adjacent regions.

Conditional autoregressive (CAR) models, first introduced by Besag (1974), are com-

monly used for modeling spatially dependent data observed on a graph, but are potentially

limited when faced with more complex spatial dependence patterns. Given a random vec-

tor y with y1, ...,yp being observations at each of the p nodes (or vertices) of some graph

G = (V, E), where V contains the set of nodes, and E is set of edges between those nodes,

a CAR model specifies a Markov random field in which each element of y has a conditional

distribution determined by the values at neighboring nodes, for example

yi|y−i ∼ N

(
∑
j∼i

κwijyj,σ2

)
(2.1)

where j ∼ i indicates that node j is adjacent to node i, W is a p× p adjacency or weights

matrix (where wij > 0 if j∼ i else wij = 0), κ controls the degree of spatial correlation (with

|κ| ≤ 1) and σ2 > 0 is a variance parameter. This results in a marginal distribution for y of
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y∼ N(0,σ2(In − κW)−1). (2.2)

The CAR model may be thought of as the spatial generalization of the first order au-

toregressive (AR1) model often used in time series modeling. There are many varieties of

CAR model that have been developed for use in generalized mixed models (Besag et al.,

1991), with multivariate data (Gelfand & Vounatsou, 2003), and which can utilize weight-

ing schemes incorporating geographic and covariate information (Ejigu & Wencheko, 2020;

Hanks & Hooten, 2013). Most of the literature regarding spatially dependent graph data

is limited to various forms of autoregressive models (Ver Hoef, Hanks, & Hooten, 2018).

The majority of CAR models and their variants tend to to treat all first-order neighbors

within a graph as equally proximate due to the use of graph adjacency structure alone in

their definition of spatial dependence. This will rarely result in effective representation of

more complex spatial processes. In instances where more complex weighting schemes have

been utilized, such as in Hanks and Hooten (2013), and Ejigu and Wencheko (2020), edge

weights are defined as linear functions of a small set of environmental covariates. While

such approaches allow for more flexibility than those using adjacency alone, the space of

possible weighting matrices under those models is restricted by the column space defined

by the collection of environmental covariates being used. There are also instances in which

covariates associated with graph edges may not be available to researchers, in which case

a model must be defined using only the structure of the graph itself. One computational

advantage of the CAR modeling framework is that the induced precision matrix will gen-

erally be sparse due to the assumption of independence for each observation conditional on

the values of its neighbors. This assumption can come with trade-offs in terms of predictive

efficiency; Gramacy and Apley (2015), Katzfuss and Guinness (2021), Guinness (2018) all

demonstrate the shortcomings of models which condition only on local or nearest neighbor

structure (as is the case in CAR models) in comparison to those which also condition on

more distant observations. For more discussion on CAR models see Ver Hoef, Peterson,
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et al. (2018) and D. Lee (2011) for review papers which provide detail on the use, devel-

opment, and interpretation of these models and their variants. To address the concerns

regarding limitations of CAR models for use with more complex spatial processes, we pro-

pose a model for the spatial covariance of graph data using a different set of assumptions,

which we will describe in the following sections. We will also illustrate that our proposed

method has greater capacity to represent certain correlation structures that may be of in-

terest to statisticians and ecologists, especially in contrast to the most commonly used CAR

variants.

Another approach to modeling the spatial random effects that may be present in areal

data include basis function-based methods such as that of Hughes and Haran (2013), though

such approaches are generally structured more around the estimation of the spatial random

effects themselves rather than the covariance structure that produced them. Additionally,

such approaches often produce overly-smooth spatial random effects surfaces unless a very

large number of basis functions are employed.

Our goal within this article is not only to present a new covariance model for areal

data that is flexible enough to account for varying patterns of spatial dependence across

a domain, but to ensure that said model has interpretive value as well. The relationship

between distance and spatial autocorrelation is often explicitly defined in the modeling of

data observed within continuous space, but this relationship is complicated in the areal data

setting, where the definition of a metric between regions is less straightforward (Cressie,

1993). When considering our earlier example, it may be reasonable to imagine that from

the perspective of a laughing gull within a coastal county, the changing environment as

one moves inland from the coast may act as a barrier to movement, and that as a result, a

neighboring coastal county is in some senses “closer" than a neighboring inland county. This

proximity should be reflected in the data by a greater degree of spatial correlation between

regions with smaller “intrinsic distances." We could explicitly represent this relationship by

parameterizing a unique distance metric characterizing the intrinsic distances between all

counties within our spatial domain, and defining the covariance between counties as a simple
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function of this metric. This approach may be viewed as similar to the class of methods

for modeling nonstationarity in continuous space in which spatial covariance is modeled

as a stationary and isotropic function of a distance metric that arises from an estimated

transformation of the geographic space in which the data were originally observed. See

Sampson and Guttorp (1992) and Schmidt and O’Hagan (2003) and Bornn et al. (2012) for

examples of this approach.

Within this article we present a covariance model for graph data built under the idea

that complex patterns of spatial dependence can be represented using a simple covariance

function applied to a latent matrix of intrinsic distances between graph nodes. Fitting the

model involves the estimation of a distance metric over our graph which in turn corresponds

to an embedding of our graph into a high-dimensional Euclidean space. Covariance is then

assumed to be a function of the distances between nodes in the embedding. In addition to

being more flexible than most CAR model-based approaches, we find that intrinsic distance

framework makes our model simple and intuitive to interpret. In the next section of this

article we establish some of the necessary background information regarding covariance

functions and graph metrics. In particular, we highlight a class of graph metrics which are

compatible with most traditional covariance functions such as those from the Matérn family

(Matérn, 1960). In Section 3 we formally introduce our model, and provide some detail on

its interpretation as well as its implementation. In Section 4 we provide a case study using

the eBird data discussed in the Introduction. We fit our model to bird abundance data

for several species common to the state of North Carolina, and demonstrate the manner in

which our model can provide valuable insight into the interaction between a spatial process

and the underlying geography via the posterior distance matrix of the graph on which a

process is observed. We conclude this article with a discussion of our model’s strengths and

limitations in comparison to existing methods, as well as potential extensions for future

work.

12



2.2 Background

Suppose we are given a graph G = (V, E) and random variables {Yv : v ∈ V} observed

at the nodes V of G. In this article we propose a model for Σvv′ = Cov(Yv,Yv′) which is

described visually in Figure 2.2. The covariance matrix Σ is parameterized by W, a matrix

of unknown positive edge weights, and σ2 > 0, a scale parameter. The parameter W is an

element ofWG, the space of all possible edge weight matrices given G, and W is mapped to

a distance matrix D via a graph metric ∆(·). D is in turn mapped to a symmetric positive

definite matrix Σ using a covariance function C(·) which also takes the parameter σ2 > 0 as

input. In the following two subsections, we establish the background information necessary

to justify our model before presenting it formally in Section 3.

W ∈WG D Σ
σ2 > 0

∆ C

FIGURE 2.2: Visual representation of the model presented in this article. The edge weight
parameter W is mapped to a distance matrix, which in conjunction with the scale
parameter σ2 is mapped to the covariance matrix Σ.

2.2.1 Covariance functions and distance

Let Dp be the space of metric distance matrices between p points. That is, if D ∈ Dp

then D is a p× p matrix where all diagonal elements of D are zero, the off-diagonal entries

are positive, D is symmetric, and all elements of D satisfy the triangle inequality (i.e. for

any {i, j,k} ⊂ {1...p} dij ≤ dik + dkj). In our model we define the p× p covariance matrix Σ

as Σ = C(D), for D ∈Dp, where C(·) is a covariance function which maps distance matrices

to S+p , the space of p × p symmetric positive definite matrices. To allow for flexibility

in the covariance, we will treat the distance matrix of a graph as an unknown parameter

to be estimated from the data. This in contrast to most spatial models, which take the

distances between observations as known and fixed. Instead we will parameterize distance

as a function of edge weights on the graph, which are estimated from the data. This
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approach allows us define covariance structures for graph data that are considerably more

complex than ones obtained using the neighborhood structure of the graph alone.

Covariance functions defined only by the distances between locations, and not the lo-

cations themselves, are said to be stationary and isotropic. These covariance functions are

often defined such that they can be applied element-wise to a distance matrix. For D ∈ Dp

we can also define Σ by Σij = c(dij) where c(·) is some function applied to a distance be-

tween two points. For Σ to be a valid covariance matrix it must be symmetric and positive

definite, and thus c(·) must be chosen carefully with respect to D. There are many well

known covariance functions that can be used to produce positive definite matrices using

distances as inputs. Functions from the Matérn covariance family, originally developed by

Matérn (1960) and given by

cν(d) = σ2 21−ν

Γ(ν)

(√
2ν

d
τ

)ν

Kν

(√
2ν

d
τ

)
(2.3)

are among the most commonly utilized within spatial statistics (Banerjee et al., 2003;

Cressie, 1993). Here the input d is a distance between two points, σ2 is a scale parameter,

τ is a range parameter, ν is a smoothness parameter, and Kν is a modified Bessel function of

the second kind of order ν. The Matérn family includes the commonly used exponential and

Gaussian (also known as the radial basis kernel or squared exponential) covariance functions

(Banerjee et al., 2003). If c(·) is a member of the Matérn family of covariance functions it

is necessary for the distances contained in D to be Euclidean in order to ensure that Σ is a

positive definite matrix (Ver Hoef, 2018). Here we define the space of Euclidean distance

matrices DE
p ⊂ Dp such that if D ∈ DE

p , there exists {x1, ...,xp} ⊂ Rk for some k such that

dij = ∥xi − xj∥. In our model, for a given graph G = (V, E) with p nodes we will require

that D, the matrix containing pairwise distances between the nodes of G, satisfies D ∈ DE
p

for some p. This also implies that there exists an embedding of G into a Euclidean space

such that the graph distances are equal to the distances between nodes in the embedding.

The fact that many of the most common covariance functions (including those from

the Matérn family) require Euclidean distances as inputs to guarantee positive definiteness
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is reasonably well known, and can be confirmed when one considers Bochner’s theorem,

which provides a necessary and sufficient condition for functions on Euclidean vectors to be

positive definite (see Gihman and Skorohod (1974)). However, this requirement has at times

been disregarded by researchers who were interested in utilizing common spatial modeling

tools with non-Euclidean distances, which can result in non-positive definite covariance

matrices and negative prediction variances in applications. Such scenarios arise especially

often in analyses of graph and network data, where the most commonly used metrics, such

as the shortest path distance, often result in non-Euclidean distances. Ver Hoef (2018)

discusses this issue and provides several examples of published articles which failed to

consider the non-compatibility of their chosen covariance functions and distance metrics.

2.2.2 Graph metrics

To parameterize the covariance of random variables observed on a graph by applying

the Matérn covariance function to a matrix of estimated distances, we must be careful that

D is parameterized in a manner that ensures that it is Euclidean over the entirety of the

parameter space. To do this, we must consider what graph metrics produce Euclidean

distances and how their properties will influence model interpretation.

Given an undirected, connected, simple graph G = (V, E) with p nodes, we define a

class of distance matrices parameterized by the symmetric edge weights matrix W of G.

Many graph metrics are functions of W where wij > 0 if node i is adjacent to node j and

wij = 0 otherwise (Jungnickel, 2012). We define WG to be the space of all symmetric edge

weights matrices possible given G, and note that all information regarding the edges of G

is contained in each W ∈ WG based on whether or not an element of W is equal to zero.

The distance matrix D for a graph G is given by D = ∆(W) where ∆(·) is the function for

a particular metric which maps an edge weight matrix to a distance matrix.

For a given graph G and metric ∆(·) we define D∆
G as the space of distance matrices

which are possible to obtain under different edge weight configurations for G, that is D∆
G =

{D = ∆(W) : W ∈ WG}. We have established that for Σ = C(D) to be a valid covariance
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matrix with C(·) a Matérn family covariance function, D must be a Euclidean distance

matrix. Thus, in choosing a graph metric ∆(·), we must ensure that D∆
G ⊂ DE

p . In doing

so, we can specify a parameterization of Σ in terms of an unobserved edge weights matrix

W ∈ WG with the property that Σ = C(∆(W)) ∈ S+p for all W ∈ WG. This also implies

that because D = ∆(W) ⊂ DE
p , W characterizes an embedding of G into Euclidean space.

In Section 3 we establish that for an appropriate choice of metric, our covariance model is

identifiable, which implies that the embedding of G implied by W is unique up to isometry.

The most commonly used graph metric is the shortest path distance (Chebotarev, 2011)

(denoted here as ∆SP(·)) which defines the distance between nodes i and j as

dij = ∆SP(W)ij = min
pij∈Pij

(
∑

elk∈pij

wlk

)
(2.4)

where Pij is the set of all possible paths between nodes i and j, but can intuitively be

described as the sum of the weights along the “shortest" path connecting those nodes.

However, this metric generally produces non-Euclidean distance matrices (Klein & Zhu,

1998) and as such Σ = C(D) is not guaranteed to be positive definite if C(·) is Matérn.

A commonly used alternative graph metric is the resistance distance (Chebotarev, 2011),

denoted ∆Ω(·), where the distance between nodes i and j is defined as

dij = ∆Ω(W)ij = (ei − ej)
⊤L+(ei − ej) (2.5)

where L+ is the Moore-Penrose generalized inverse of the graph Laplacian, defined as L =

diag(W1p)−W where diag(·) is a function taking a p-length vector and returning a p× p

diagonal matrix, 1p is a vector of ones, and {ei}1:p are the standard basis vectors. This

metric was introduced to the mathematical literature by Klein and Randić (1993) with

roots in electrical physics and is based on the formula for calculating the effective resistance

between nodes in a network of resistors.

Attractive properties of resistance distance include the fact that the distance between
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two nodes is reduced by the number of paths connecting said nodes, a property that shortest

path distance does not possess (Klein & Randić, 1993), and that it is proportional to

commute time distance, i.e. the expected hitting time of a random walk between two nodes

(Chandra et al., 1996). Use of resistance distance is widespread within ecological settings

as both of the above properties characterize a type of flow-based graph connectivity which

corresponds nicely with existing models for the movement of individual organisms as well

as animal populations (Peterson et al., 2019; Thiele et al., 2018).

Because L+ is always a positive semi-definite matrix, resistance distance may be viewed

as a squared Euclidean (or Mahalanobis) distance. Klein and Zhu (1998) highlight that a

related class of metrics of the form

dij = ∆(m)(W)ij =
√
(ei − ej)⊤{L+}m(ei − ej) (2.6)

where m > 0 is an exponent (i.e {L+}2 = L+L+), are guaranteed to produce Euclidean

distance matrices for any m > 0 and all W ∈ WG. Thus, all metrics of this form can be

used in conjunction with any covariance function which requires Euclidean distances as

inputs, such as those from the Matérn class. The square root of resistance distance is one

of these metrics (when m = 1), but we are particularly interested in using the second metric

of this form (when m = 2)—often referred to as the quasi-Euclidean metric—because it

shares many of the same properties regarding graph connectivity with resistance distance

and has been demonstrated to be well behaved in comparison to other metrics, especially

when used with planar graphs which are typically seen in spatial and ecological settings

(Ivanciuc et al., 2001; Zhu & Klein, 1996). The quasi-Euclidean metric also scales linearly

with the inverse of the edge weights, that is, cD = ∆(2)(W/c) for c > 0. This property

is convenient for computation and enables greater parameter interpretability. Subsection

3.2 contains a numeric illustration of how the quasi-Euclidean metric operates within our

model.

17



2.3 Method

2.3.1 A flexible graph covariance model

Given an undirected, connected, simple graph G = (V, E) with p nodes, we make re-

peated observations of the collection of random variables {Yv : v ∈ V}; each repetition is

recorded as yi ∈Rp for i ∈ 1, ...,n. These observations may be stored in the n× p data ma-

trix Y, where yij is the ith observation at the jth node of G. We define Σ, the between-node

covariance of each yi, in terms of the intrinsic distances between the nodes of G which are

in turn a function of the known structure of the graph (V, E) and unobserved edge weight

parameter matrix W, which is estimated from the data. We highlight that we consider the

structure of the graph G to be fixed. This stands in contrast to methods such as those pre-

sented in White and Ghosh (2009) and Ma et al. (2010) which treat the adjacency structure

itself as something unknown to be estimated. Our model instead estimates the unknown

edge weights for a fixed graph, though in some senses our approach has the ability to omit

edges from the model by estimating their weights to be near zero. This choice may be

particularly justified in settings involving animal and plant populations, where interaction

or movement between non-physically adjacent regions can only occur through intermedi-

ate regions. Our parameterization of Σ could be used in conjunction with any number of

distributional assumptions for Y, including temporal dependence or non-normality, but to

make presentation concrete we initially define our model using the assumption that {yi}1:n

are independent draws from a N(0p,Σ) distribution. We will discuss possible extensions

later in the article. We parameterize Σ as follows:

Σjk = σ2ρν(djk)

djk =
√
(ej − ek)⊤{L+}2(ej − ek)

L = diag(W1p)−W

σ2 > 0, wjk > 0 if j ∼ k, else wjk = 0, and wjk = wkj.

(2.7)
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Under this model, the data Y comes from a mean-zero matrix-normal distribution with

column covariance Σ and row covariance In. The parameter W is a p× p symmetric edge

weight matrix, σ2 is a scale parameter, and ρν(·) is the Matérn correlation function given

below:

ρν(d) =
21−ν

Γ(ν)

(√
2νd
)ν

Kν

(√
2νd
)

. (2.8)

Common practice is to take the smoothness parameter ν as fixed rather than as a parameter

to be estimated. In this article we set ν = 3/2, which implies a spatial process that is

smoother than those given by an exponential covariance function, but less smooth than

those defined with Gaussian covariance; however, any value of ν > 0 would be valid in this

model (Stein, 1999).

Note that the correlation function defined above does not include an explicit range

or spatial-decay parameter. Equation 2.3, the standard form of the Matérn covariance

function, contains the parameter τ whereas the correlation function we are using, given in

Equation 2.8, does not. Despite the lack of a parameter τ, which directly scales the distances

used as inputs in the correlation function, our parameterization of Σ implicitly controls

for the rate of spatial decay thru the edge weight matrix W: Let D be the p× p distance

matrix produced by applying the quasi-Euclidean metric to the edge weight matrix W. The

third and fourth lines of Equation 2.7 show how D is obtained: let ∆(2)(·) be the function

such that D = ∆(2)(W). Recall that cD = ∆(2)(W/c) for any positive constant c. The

distances in our model are directly scaled by the magnitude of the edge weights, which are

themselves unrestricted above zero rendering an additional parameter τ where correlation is

a function of d/τ unnecessary. To interpret our model’s estimate of the spatial decay in the

covariance of Y, we recommend re-scaling the distance matrix D after fitting. If we define

Ds = D/max(D) and τs = 1/max(D), then the covariance defined by Σjk = ρν(ds
jk/τs)

is equal to the one defined Σjk = ρν(djk), and τs has equivalent interpretation to a range

parameter in a covariance model for point-referenced data in which the geographic distances
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between observations were scaled to have a maximum distance of one.

As parameterized, our model is identifiable:

Proposition 1 (Identifiability). Using the parameterization for Σ given in Equation 2.7, (σ2
1 ,W1) ̸=

(σ2
2 ,W2) implies Σ1 ̸= Σ2 for all σ2

1 ,σ2
2 > 0 and all W1,W2 ∈WG.

A proof of the model’s identifiability is provided in Appendix A.

2.3.2 Interpretation

Rather than characterizing spatial covariance via a complex covariance function or ker-

nel, our model uses a relatively simple covariance function, and pushes most of the modeling

complexity into the estimation of latent distances between graph nodes, which are them-

selves functions of a set of edge weight parameters; nodes that are close to one another are

more correlated, while nodes that are far apart are less correlated. The metric we utilize to

define distances over the graph was chosen to ensure that the resulting covariance matrix

will be positive definite for any combination of edge weight parameters, but what of the

edge weight parameters themselves? Generally speaking, larger edge weight parameters

indicate greater correlation between nodes in the regions of the graph where that edge is

found, while smaller edge weight parameters indicate lower correlation in those regions.

When edge weights approach zero, the corresponding edges are effectively omitted from the

graph, which may be thought of as a type of automatic model selection for the design of

the graph itself.

Figure 2.3 contains an illustration of how edge weights impact covariance in our model.

It depicts four sets of edge weights for the same five-node graph and shows the resulting

correlation matrix when a Matérn correlation function with ν = 3/2 is applied to the

distance matrix produced by the edge weights. Subfigures 2.3a and 2.3b highlight how

the scale of edge weights matter, with larger edge weights producing greater between-

node correlation. Subfigure 2.3c demonstrates the potential flexibility of our model when

certain edge weights are larger than others, with nodes along the path from 4 to 1 to 2

20



exhibiting greater intercorrelation than the rest of the graph. Subfigure 2.3d shows that

it is possible under our model to obtain covariance structures where non-adjacent nodes

(1 and 5) are more correlated (in effect closer together) than any other pair of first-order

neighbors, which is possible due to the properties of the quasi-Euclidean metric, for which

the distance between non-adjacent nodes is decreased with an increase in the number of

sufficiently weighted connecting paths.

2.3.3 Comparison to CAR models

The covariance model specified here is quite flexible, especially in contrast to the com-

monly used graph-based methods which treat all first-order neighbors as equally proximate,

such as most CAR models. We illustrate this with a simple example. The correlation com-

ponent of our model for Σ is determined fully by W ∈ WG, while σ2 simply acts to scale

the correlation matrix defined by W. Applying the quasi-Euclidean metric to W in turn

characterizes D∆
G, the space of distance matrices possible under the model, which in turn

can be used to define S (C◦∆)G ⊂ S+p , the subset of covariance matrices that can be obtained

under our model for a given graph, metric, and covariance function. Fitting our model to

data results in us finding the “best" Σ̂ in S (C◦∆) to approximate Σ as defined by maximizing

likelihood, minimizing Bayesian loss, or some other approach. Just as with our model, other

specifications of Σ using fewer than p(p− 1)/2 parameters (the number of free elements

in a p× p covariance matrix) characterize a proper subset of S+p containing all covariance

matrices that are possible to obtain under that model.

Figure 2.4 depicts a graph G with five nodes, and two correlation matrices, Σ1 and

Σ2, which represent possible dependence structures for data observed on G. We note that

neither Σ1 or Σ2 are elements of S (C◦∆)G . The matrix Σ1 depicts a correlation structure in

which one side of G (the path connecting nodes 4-1-2) exhibits greater correlation than

the rest of the graph, while Σ2 depicts a correlation structure in which non-adjacent nodes

(1 and 5) are more correlated with one another than any pair of adjacent nodes in G.

These two configurations of Σ were chosen to illustrate complex covariance structures which
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G1 = −→ Σ1 =


1.00 0.43 0.51 0.43 0.31
0.43 1.00 0.51 0.31 0.43
0.51 0.51 1.00 0.51 0.51
0.43 0.31 0.51 1.00 0.43
0.31 0.43 0.51 0.43 1.00

3

1 2

4 5
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G2 = −→ Σ2 =


1.00 0.89 0.91 0.89 0.84
0.89 1.00 0.91 0.84 0.89
0.91 0.91 1.00 0.91 0.91
0.89 0.84 0.91 1.00 0.89
0.84 0.89 0.91 0.89 1.00

3

1 2
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1.0
1.0
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1.0

1.0

1.0

1.0
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G3 = −→ Σ3 =


1.00 0.90 0.41 0.90 0.24
0.90 1.00 0.41 0.78 0.25
0.41 0.41 1.00 0.41 0.24
0.90 0.78 0.41 1.00 0.25
0.24 0.25 0.24 0.25 1.00
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G4 = −→ Σ4 =


1.00 0.52 0.52 0.52 0.56
0.52 1.00 0.32 0.32 0.52
0.52 0.32 1.00 0.32 0.52
0.52 0.32 0.32 1.00 0.52
0.56 0.52 0.52 0.52 1.00
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FIGURE 2.3: The covariance matrices for a simple graph resulting from several different
edge weight configurations when using a Matérn covariance function with ν = 3/2.
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G =

Σ1 =


1.00 0.75 0.125 0.75 0.125
0.75 1.00 0.25 0.50 0.25
0.125 0.25 1.00 0.125 0.25
0.75 0.50 0.125 1.00 0.25
0.125 0.25 0.25 0.25 1.00



Σ2 =


1.00 0.35 0.35 0.35 0.50
0.35 1.00 0.125 0.125 0.35
0.35 0.125 1.00 0.125 0.35
0.35 0.125 0.125 1.00 0.35
0.50 0.35 0.35 0.35 1.00



3

1 2

4 5

FIGURE 2.4: A graph G and two correlation matrices used for model fit comparisons. We
identify the closest approximations of Σ1 and Σ2 from the subsets of correlation matrices
defined by multiple models.

could be present within real world data, but are not meant to represent the full range of

possible cases. In this example, we assume a multivariate normal, mean-zero distribution

and find that best approximations of Σ1 and Σ2 from S (C◦∆)G minimize Kullback-Leibler

(KL) divergence to a greater degree than the equivalent best approximations from the

CAR models we considered. Specifically, Σ̂1 and Σ̂2 are obtained by identifying the optimal

set of edge weights such that

Σ̂i = argmin
Σ

KL(N(0,Σ), N(0,Σi)), Σ ∈ S (C◦∆)G , i = 1,2 (2.9)

The most widely used CAR variant is the first-order CAR model, which we will refer to

as the CAR1 model; it incorporates only the basic adjacency structure of G into its design

and has a marginal distribution which defines

Σ = σ2(In − κA)−1, σ2 > 0, κ ∈ (−1,1) (2.10)

where A is the fixed adjacency matrix of G. Let SCAR1
G be the space of covariance matrices

possible to obtain under the CAR1 model. Given that the CAR1 model has only two

parameters, it may be unfair to compare it to a more complex model such as the one

proposed in this article, which has number of parameters equal to the number of edges
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in G (8 in the case of G from Figure 2.4) plus one. We thus propose a second more

complex CAR model, which we refer to as the weighted CAR or CARw model, which

represents the maximally flexible correlation structure possible under the CAR framework,

(as characterized by this article) in which we treat all non-zero elements of the weights

matrix as parameters, defining

Σ = σ2(diag(W1)− κW)−1, σ2 > 0, κ ∈ (−1,1), W ∈WG. (2.11)

Let SCARw
G be the space of covariance matrices possible to obtain under this CAR model,

which is specified using a weights matrix W for which edge weights are estimated individ-

ually, just as with the model described in Section 3. This type of autoregressive model

is uncommon within the literature, though a similar specification appears in Smith et al.

(2015). In general, the limited number of existing CAR approaches utilizing a flexible

weights matrix tend to define the elements of W as some function of environmental co-

variates, geographic distances, or the sizes of areal units rather than estimating individual

edge weights directly (Hanks & Hooten, 2013; Ver Hoef, Peterson, et al., 2018; Wang et al.,

2016).

For each of the three models discussed above and the two correlation matrices from

Figure 2.4, we approximated the correlation matrix from each model which minimizes the

KL-divergence between the distributions characterized by the true Σ and the model es-

timate Σ̂. This was done by generating 100,000 samples from N5(05,Σ) and obtaining a

Bayes estimator for Σ using the simulated data (the details for obtaining this estimator are

described in the following subsection). The Bayes estimator has been shown to concentrate

about the parameter value which minimizes KL-divergence between a model and the true

distribution as sample size increases (Gelman et al., 2014; Zellner, 1988). For this exercise

we scaled each draw of Σ within our sampler to ensure that it was a correlation matrix; this

was done to improve the fairness of the comparison between our model and the CAR models

which will generally have heterogeneous diagonal variance if specified as in equations 2.10

and 2.11.
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Table 2.1: KL(N(0, Σ̂i), N(0,Σi)) for each model and correlation matrix. The
KL-divergence of the best performing model for each “true" correlation matrix is in bold.

Σ1 Σ2

Σ̂(C◦∆) 0.093 0.028
Σ̂CAR1 1.135 0.249
Σ̂CARw 0.150 0.111

Table 2.1 contains the KL-divergences between each model and the truth for Σ1 and

Σ2. Σ̂ is the approximate optimal parameter under each model in terms of KL-divergence.

Lower KL-divergence indicates that the subset of covariance matrices defined by a particular

model gets closer to the true data-generating distribution. As can be seen, our model is able

to more closely approximate both Σ1 and Σ2 than the CAR variants we considered. The

CAR1 model performs notably worse than our method, which is unsurprising given that it

uses far fewer parameters and the KL-divergence does not account for model complexity.

The CARw model has one more parameter than our model, yet still performs worse for

both Σ1 and Σ2 with the gap in performance being more apparent for Σ2. This is due in

part to the fact that our model has greater flexibility than most autoregressive models to

produce covariance matrices for which non-adjacent nodes are more correlated with one

another than to any of the intermediate nodes due how the quasi-Euclidean metric defines

distance in the presence of multiple viable paths between locations.

2.3.4 Priors and model fitting

While one could obtain parameter estimates using maximum likelihood estimatation,

the complexity of the relationship between edge weights and the covariance matrix makes

maximizing the likelihood challenging in comparison to Bayesian estimation using a Markov

chain Monte Carlo (MCMC) approach. We suggest priors in accordance with the parameter

space of our model which requires that σ2 and all edge weight parameters {wjk : j∼ k} must

be positive real numbers. If the nodes of the graph correspond to a known orientation in

physical space (as is frequently the case when dealing with areal data) one can obtain the
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geographic distance matrix DGeo by calculating the physical distances between centroids of

areal units. It is then possible to encode this geographic information into the prior for the

edge weights, which may be helpful for model fitting, especially when dealing with a limited

number of observations of the process over the graph. In such cases, we propose using the

following priors:

σ2 ∼ Inverse-gamma(aσ2 ,bσ2)

wjk ∼ Gamma(aw/dGeo
jk ,bw) if j ∼ k, else wjk = 0.

(2.12)

Here dGeo
jk is the geographic distance between nodes j and k, and the prior expectation of

the associated edge weight is aw/(dGeo
jk bw) which is smaller for adjacent nodes which are

far apart than for adjacent nodes which are closer in physical space. In instances where

no geographic information is available about the graph on which data are observed, it is

appropriate to simply use i.i.d. gamma priors for the edge weights. The choice of inverse-

gamma prior for σ2 is convenient for normally distributed Y due to built-in conjugacy. The

choice to use independent gamma priors for all edge weights is somewhat simplistic, as it

may be reasonable to assume some level of dependence between the weights of incident

edges. Details for the MCMC sampler used to obtain posterior samples for σ2 and edge

weight matrix W when fitting this model are provided in Appendix A.

2.3.5 Simulation study

To assess the practical capacity of our model to reasonably perform parameter estima-

tion we conducted the following simulation study. We defined 5-by-5, 10-by-10, and 15-by-15

lattices each having 40, 180, and 420 individual edges respectively. An edge weights matrix

W was randomly generated with each nonzero edge having a Gamma(3,3) distribution, and

n = 10, 25, or 50 samples {yi}1:n were independently drawn from a normal distribution

with mean zero and covariance Σ(σ2,W) + ψIp, with ψ acting as a nugget parameter, and

with the setting (σ2 = 0.8,ψ = 0.2) representing a scenario in which the spatial signal to

26



noise ratio is high and the setting (σ2 = 0.2,ψ = 0.8) a scenario in which the ratio is high.

All possible combinations of graph-size, samples generated, and signal-to-noise ratio

represent 18 total scenarios, for each of which we performed 10 simulations and model

fittings. When fitting each model we utilized a Gamma(3,3) prior for the edge weights

and Inverse-gamma(2,2) priors for σ2 and τ. Using the posterior samples we computed

the average 90% coverage rate for the posterior distribution of all edge weight parameters,

along with RMSE and bias. The results of our simulation study can be found in Table 2.2.

Table 2.2: Average coverage rates, RMSE, and bias for all 18 settings in simulation study.
Setting Coverage Bias RMSE Setting Coverage Bias RMSE

p = 52,n = 10,σ2 = 0.2 0.807 -0.314 0.568 p = 52,n = 10,σ2 = 0.8 0.835 -0.334 0.625
p = 52,n = 25,σ2 = 0.2 0.835 -0.209 0.483 p = 52,n = 25,σ2 = 0.8 0.868 -0.297 0.603
p = 52,n = 50,σ2 = 0.2 0.818 -0.177 0.435 p = 52,n = 50,σ2 = 0.8 0.860 -0.257 0.584

p = 102,n = 10,σ2 = 0.2 0.824 -0.267 0.551 p = 102,n = 10,σ2 = 0.8 0.857 -0.314 0.610
p = 102,n = 25,σ2 = 0.2 0.834 -0.222 0.495 p = 102,n = 25,σ2 = 0.8 0.846 -0.300 0.614
p = 102,n = 50,σ2 = 0.2 0.816 -0.190 0.452 p = 102,n = 50,σ2 = 0.8 0.857 -0.277 0.593
p = 152,n = 10,σ2 = 0.2 0.819 -0.284 0.563 p = 152,n = 10,σ2 = 0.8 0.849 -0.303 0.610
p = 152,n = 25,σ2 = 0.2 0.832 -0.224 0.504 p = 152,n = 25,σ2 = 0.8 0.843 -0.310 0.616
p = 152,n = 50,σ2 = 0.2 0.841 -0.176 0.435 p = 152,n = 50,σ2 = 0.8 0.850 -0.276 0.602

From our simulation, we generally see improvement in average coverage, bias and RMSE

as the number of samples increases, which is to be expected. Interestingly, the patterns

relating to changes in lattice size or signal to noise ratio are less clear from our results. The

consistent negative bias across simulation settings is potentially concerning, but is likely a

result of the non-linear relationship between edge weights and covariance via the Matérn

function. The fact that this bias decreases with sample size, along with our demonstration

of model identifiability gives us confidence that this model functions in practice.

2.4 Numerical results

2.4.1 An application using NC eBird data

Returning to the data discussed in the introduction and which motivated the develop-

ment of this method, we now fit our model to bird abundance data within the state of North

Carolina. As alluded to in our introduction, there are varying patterns of between-site de-

pendence among species within this spatial domain, and we are interested in obtaining the
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species-specific intrinsic distances which characterize that spatial dependence. The data

were retrieved from the eBird database, a project of the Cornell Lab of Ornithology that

allows bird watchers across the globe to record and submit their bird watching observations

in the form of checklists that contain the specimen count for each observed species as well

as the observer’s location and “effort," or time spent bird watching (Sullivan et al., 2009).

The model was fit to the data for several common species within the state of North Car-

olina during the time period from January 2018 to December 2020. The species considered

were the northern cardinal, the Carolina wren, the mourning dove, the turkey vulture, the

Canada goose, the laughing gull, and the mallard. In addition to being abundant through-

out the state, these species were chosen as they represent a considerable range of genetic

and habitat diversity.

We treat each of the 100 counties of North Carolina as the nodes of a graph, with 256

edges connecting each pair of adjacent counties. For each species in the data set, observed

counts were aggregated temporally by month and spatially by county. The data were

stored in a 36× 100 matrix Y, in which yij represents the combined number of individual

birds from that species observed during month i = 1, ...,36 within the borders of county

j = 1, ...,100 by all birdwatchers contributing to the database. In addition to the species-

specific counts matrices, there is a 36× 100 effort matrix T common to all species, where

tij contains the total time spent bird watching during month i within county j, as well as

a geographic distance matrix DGeo, obtained by calculating the physical distances between

the geographical centroid of all bird watching locations within each county. We also have

the 100× 3 matrix of normalized county-level environmental covariates X which contains

the average county elevation, the percentage of county lands designated as urban vs. rural

by the 2020 US Census, and percentage of county lands covered by water. Each of these

covariates can influence the baseline abundance of various bird species throughout the region

due to species’ individual habitat preferences (Swick, 2016).

For each species, we model Y using the following generalized linear model with spatial

random effects:
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yij ∼ Poisson(exp(θij)tij)

θij = β0i + x⊤j β + uij + eij

U∼ Nn×p(0n×p,Σ(σ2,W)⊗ In)

E∼ Nn×p(0n×p,ψInp)

β0 ∈Rn, β ∈R3, σ2,ψ > 0, W ∈WG.

(2.13)

Here θij is the log of the expected rate at which birds are observed during month i within

county j. The parameter β0i is a temporally-varying intercept term and β the coefficient

vector relating xj, the vector of environmental covariates at county j to the mean of θij. The

spatial random effects matrix U has independent rows and between-county covariance given

by Σ as defined as in equation 2.7; E is a matrix of iid Gaussian noise. Of primary interest

to us within this article is Σ and the underlying distance matrix D, which can be viewed

as containing the species-specific intrinsic distances between counties in North Carolina,

with other model parameters primarily serving to enable an appropriate fit for Y. We note

that this model is structurally quite similar to the one proposed in Besag et al. (1991) with

the primary distinction being that a CAR model is used in their work to characterize the

covariance of U.

We use the priors given in equation 2.12 for σ2 and W and use the following priors for

the remaining model parameters:

β0 ∼ N(0n,σ2
0 In)

β ∼ N(03,σ2
βI3)

ψ ∼ Inverse-gamma(aψ,bψ)

σ2
0 ∼ Inverse-gamma(a0,b0)

σ2
β ∼ Inverse-gamma(aβ,bβ).

(2.14)

In our implementation of this model we set hyperprior parameters aσ2 = aψ = a0 = aβ = 2
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and bσ2 = bw = bψ = b0 = bβ = 1, choices made to be relatively uninformative. We note that

we originally considered using an autoregressive prior for the vector of temporally-varying

intercepts, but found that in practice it had very little impact on parameter estimates, but

a fairly large negative on computational efficiency because doing so forces us to update θ

by inverting an np× np matrix rather than a p× p matrix n times. Additionally, because

our interest is primarily in the structure of Σ and the corresponding distance matrix, the

degree of temporal correlation in β0 is not important here. If our goal was to use this model

for the purposes of forecasting, then more nuance would need to be applied to handling the

spatiotemporal structure and interactions.

2.4.2 Interpretation of results

The model is complex and the sampler used is somewhat computationally expensive,

but we have found that it mixes well and within reasonable time periods for most small

and medium sized graphs (p < 500 nodes). The data for the application described in the

following section had n = 36 observations and p = 100 nodes. It required approximately

eight hours to produce 10000 iterations of the sampler using code written in R and run

single threaded on the lead author’s personal laptop equipped with an Intel Core i7-9750H

processor. The first 2500 iterations were treated as burn in and the 7500 we retained had

an average effective sample size of approximately 3000, indicating reasonably good mixing.

To interpret the output of our model, which we subsequently refer to as the graph

deformation (GDEF) model, it is useful to have a cursory understanding of the geography

of North Carolina. The majority of physical geographic variability within the state of North

Carolina tends to run on an east to west axis. Figure 2.5 depicts the four main geographic

regions of the state, with the easternmost tidewater region, followed by the inner coastal

plain, the Piedmont plateau in the center of the state, with the Blue Ridge mountains

running through the westernmost part of North Carolina (NCpedia, 2015; Swick, 2016).

We are interested in how these geographic regions may manifest themselves within the

intrinsic distances across the state for each species. Are there species for which distances
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FIGURE 2.5: The four main geographic regions of the state of North Carolina. Image
retrieved from NCpedia (ncpedia.org) and accessed on 20 February 2022.

along the eastern coast of the state are greater or smaller relative to the intrinsic distances

from the coast moving inland? Are there species for which the mountain ranges in the west

of the state significantly impact their spatial distribution while other species are unaffected?

Figure 2.6 depicts the approximate posterior distribution for selected elements of the scaled

posterior distance matrix for each species. Subfigure 2.6a depicts the state of North Carolina

and four line segments labeled “A", “B", “C", and “D", with these segments chosen to reflect

various physical regions within the state, or the borders between them. For each of the seven

bird species, there is a different distance associated with each of the four line segments; these

distances are shorter, and the counties at their endpoints are “closer" to one another if there

is high correlation in the bird counts between locations. Subfigures 2.6b and 2.6c show the

posterior distributions of the scaled intrinsic distances associated with two pairings of those

segments. Both of these pairings corresponds to a geographic contrast that may be useful for

understanding how these species spatial distributions interact with the physical properties

of the environments they inhabit. We see that the intrinsic distances associated with each

of the segments differ from species to species, with the posterior for the laughing gull

being more divergent from the other six species in both subfigures. This divergence makes

sense when one considers that the laughing gull it is the only seabird of the seven species,

having a natural range of habitats with the least overlap among the species considered

(Swick, 2016). We see this in subfigure 2.6c, which highlights the contrast between intrinsic

distances running along the coast (segment “D") versus ones moving inland (segment “C").
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(a)

(b) (c)
FIGURE 2.6: Visualization of the uncertainty in posterior distances associated with four
line segments for each bird species

Subfigure 2.6b highlights the contrast between the distances associated with segment “A,"

which spans across a mountain range, and “B" which runs along the relatively flat Piedmont.

The spatial distributions of birds with posteriors concentrated at higher values along the

x-axis of this plot, such as the Canada goose and Mallard are more impacted by the changes

in elevation and habitat along segment “A" than the others.

We would also like to visualize the entire mean posterior distance matrix for each species.

Because this matrix corresponds to a high dimensional Euclidean embedding of the graph,

it is challenging to represent with a single plot and without significant distortion. To this
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end, we present a visualization which highlights the contrast between the posterior mean

intrinsic distance and the physical distance between the centroids of each pair of adjacent

counties, which in the minds of the authors is more interpretable than the raw edge weights

themselves; this visualization provides us not only a sense of the relative distances between

counties, but more significantly of the deformation of the graph’s geographic orientation

necessary to produce the intrinsic distances. We have done this by calculating zd
jk, a score

designed to represent whether the intrinsic distance between adjacent nodes j and k is

smaller or greater than suggested by the physical distance between those nodes.

zd
jk = Z(DGeo(E))− Z((D(E)|Y))jk (2.15)

Here D(E) indicates the set of distances between nodes connected by edges of our graph,

and (D(E)|Y)) is the set of posterior means for those same distances. The function Z(·)

scales a set to have mean zero and standard deviation one. High values of zd
jk indicate that

nodes j and k are intrinsically “closer" together relative to their physical separation, while

low values indicate that they are more distant.

Figure 2.7 contains two plots depicting zd
jk for all pairs of adjacent counties. Subfigure

2.7a contains a map of North Carolina for the Canada goose, a migratory species which can

be observed year round within the state, but is considerably more common during the winter

(Swick, 2016). We note the bands of dark blue line segments running approximately along

longitude −82◦E, separating the westernmost portion of the state from its central regions,

which indicates that observations of Canada geese on opposite sides of this border are less

correlated than ones made on the same side. Significantly, that border corresponds well to

the mountain ranges making up the westernmost parts of North Carolina. Ornithologists

have established that mountain ranges present significant barriers to the flight paths of

migratory birds (Aschwanden et al., 2020) which leads to a physical interpretation for the

posterior correlations identified by the GDEF model.

Subfigure 2.7b depicts a comparable map for the laughing gull, which is found most

abundantly along the coast of the state, and becomes progressively less common as one

33



(a)

(b)
FIGURE 2.7: Maps of zd for Canada goose and laughing gull. Warm colors indicate areas
which are “closer" than suggested by their geographic distance and cool colors more
distant.

moves inland (Swick, 2016). While many of the edges between coastal counties are red and

orange, indicating greater connectivity in the regions, the majority of the edges connecting

the coastal counties bordering the Albermale sound (at −76◦E,36◦N) are blue and green,

indicating that not all coastal locations possess the same level of interdependence. We also

note the existence of a blue band of edges running parallel to the coast at approximately

−77◦E, along the border between the coast and coastal plains regions of the state. This

could be viewed as a boundary between coastal and inland regions over which laughing gull

populations tend not to cross, and which is revealed within the posterior distance matrix
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Table 2.3: Posterior mean and 95% credible intervals of ratio σ2/(σ2 + ψ) for all seven
analyzed species

Mean 95% CI
Northern Cardinal 0.584 (0.429,0.712)

Carolina Wren 0.064 (0.014,0.298)
Mourning Dove 0.129 (0.058,0.313)
Turkey Vulture 0.371 (0.262,0.476)
Canada Goose 0.422 (0.312,0.693)
Laughing Gull 0.857 (0.789,0.897)

Mallard 0.471 (0.400,0.543)

of the GDEF model.

For both species, these plots reveal significant interactions between their spatial dis-

tributions and the geography of where they were observed, even after having accounted

for how environmental covariates may impact their baseline abundance rates within each

county. Taken together, the plots (along with the plots not included for the other five

species analyzed) reveal that there is a unique covariance structure and underlying distance

between locations associated with each species.

An additional quantity of interest in many spatial data applications is the ratio σ2/(σ2 +

ψ) which may be thought of as the percentage of total variability attributable to the spatial

process, in comparison to the nugget effect represented by ψ. Table 2.3 contains a posterior

summary of this ratio for each of the seven bird species. We note that it is particularly low

for the Carolina wren and mourning dove, indicating weak spatial correlation in the data

for county-level populations of those particular species.

2.5 Discussion

We now briefly discuss a few potential applications, extensions, and questions related

to the ideas presented within this article. One of the most significant pieces of output from

the GDEF model is the posterior distance matrix. By itself, it can be analyzed to better

understand the relationships between nodes of a graph in terms of their latent proximity to

one another; but as was the case in our application with the eBird data, there are instances
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in which one may fit this model separately for multiple datasets (unique bird species in

the case of the eBird example) which are observed on the same graph. In such cases, an

analysis of how the posterior distance matrices for each dataset compare to one another may

reveal significant information about the relationships between observed variables. Abdi et

al. (2005) presents a framework for analyzing multiple distance matrices computed on the

same set of areal units. Such a framework could be used for example to perform a clustering

analysis of common bird species in North Carolina based on their unique distance matrices.

When modeling the eBird data, we included environmental covariates in the mean of our

spatial process. An alternative or complimentary approach could be to include them in the

specification of the GDEF model’s edge weights, which would enhance the interpretability

of the model at the edge weights level, and not just in terms of the distance matrix. One

could imagine based on the findings illustrated in Subfigure 2.7a that edge weights for the

Canada goose may be negatively associated with elevation. An approach along these lines

was explored using CAR models by Hanks and Hooten (2013) and Wang et al. (2016),

and could be augmented within our model framework by treating edge weights as a linear

combination of spatial covariates and an additional spatial random effect over the line

graph of our network. Additionally, species count observations are often zero-inflated.

Accounting for this as in Agarwal et al. (2002) could prove beneficial to model quality

in applied settings. Other potential extensions include joint species modeling using our

methodology. One approach could be to perform factor analysis (Harman, 1976; Lawley &

Maxwell, 1962) on the model parameters characterizing species-specific covariance enabling

one to better understand which species interact with the spatial domain similarly in terms

of covariance and intrinsic distances, while providing a natural approach to modelling the

intrinsic distances for each species hierarchically.

The method described in this article provides a flexible and novel framework for model-

ing the covariance of data observed on a graph structure. It’s use of an estimated distance

metric to which standard covariance functions may be applied allows for interpretation

more similar to that of models in continuous space settings as compared to CAR models.
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We have demonstrated that the GDEF model is flexible enough to represent covariance

structures in which patterns of spatial autocorrelation vary throughout the domain, and

that there are contexts in which it performs better than advanced versions of autoregressive

models which are the traditional tools for modeling spatially dependent graph data. We

also find the specification of between-node covariance in terms of intrinsic distances a useful

framing for understanding and interpreting model results, as exemplified by our discussion

of model output in section 4.2 in which we found that an analysis of the posterior distance

matrix revealed connections between the covariance in the eBird dataset and the physical

geography of the spatial domain on which it was observed.
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3. A Dimension Reduction Approach to Edge Weight Estimation
for Use in Spatial Models

3.1 Introduction

Studies involving areal, or region indexed data are common in many settings including

ecology (e.g. Hanks & Hooten, 2013), economics (e.g. Arbia, 2012), public health (e.g. Jin

et al., 2005) and sociology (e.g. Garner & Raudenbush, 1991). Models for spatially indexed

data are typically defined such that observations close to one another in space exhibit higher

correlation than observations which are far apart. In contrast to spatial models for point-

indexed data, which tend to characterize between-location dependence as a function of the

geographic distances between observations, models for areal data generally define spatial

dependence in terms of neighborhood or adjacency structure (Cressie, 1993).

The spatial structure of areal data may be represented using a graph, with each spatial

region represented by a graph node and with edges existing between each pair of nodes

corresponding to physically adjacent regions. First introduced by Besag (1974), the most

commonly used spatial model for areal data is the conditional autoregressive (CAR) model.

Given a graph G = (V, E) having p nodes, we observe the random vector y, where y1, ...,yp

are observations at each node of G. A CAR model defines a Markov random field where the

conditional distribution of each element of y is determined by the values of y at adjacent

nodes:

yi|y−i ∼ N

(
∑
j∼i

αwijyj,σ2

)
. (3.1)
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Equation 3.1 results in a marginal distribution for y of

y∼ Np(0,σ2(Ip − αW)−1) (3.2)

where j ∼ i indicates that node j is adjacent to node i, W is a p× p adjacency or weights

matrix (where wij > 0 if j ∼ i else wij = 0), σ2 > 0 is a variance parameter, and α controls

the degree of spatial correlation. In order to produce a valid covariance matrix, α must

be bounded between the largest and smallest eigenvalue of W (Ver Hoef, Peterson, et al.,

2018). An alternative form of the CAR model may be written

y∼ Np(0,σ2(diag(W1p)− κW)−1) (3.3)

where diag(·) returns a diagonal matrix with entries equal to the input vector. This model

is valid for all |κ| < 1. The intrinsic conditional autoregressive (ICAR) model is a special

case of Equation 3.3 when κ = 1. This results in an improper distribution, but it may be

reconfigured as a p − 1 dimensional distribution using the constraint ∑ yi = 0 (Besag &

Kooperberg, 1995).

While many variants of the CAR and other similarly defined spatial autoregressive

models have been developed and utilized, Ver Hoef, Peterson, et al. (2018) notes that in

practice almost all such models have been implemented using the unweighted adjacency

matrix of G, with wij = 1 if i∼ j, and wij = 0 otherwise. The CAR model is frequently used

to characterize spatial random effects or an “error process" within a larger generalized linear

model (Besag et al., 1991); in many such contexts, interest in the covariance structure of

the model has been secondary to inference on the fixed effects governing the model’s mean

structure. However, the lack of a more complex weighting scheme results in a pattern of

spatial dependence where the partial correlations between all pairs of adjacent regions are

identical regardless of location within the overall spatial domain. Such models may be

thought of as discrete space equivalents to stationary and isotropic covariance models for

point indexed data in continuous space, properties which are frequently inappropriate for

real world data (Guttorp et al., 1994).
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Christensen and Hoff (2023) introduced a covariance model (which we will refer to as

the graph deformation model or GDEF model within this article) for areal data exhibiting

greater flexibility than the traditional CAR model. Given a graph G = (V, E) with p nodes

and random vector y consisting of observations at each node of G, they define Σ = Cov(y)

as follows:

Σij = σ2ρν(dij)

dij =
√
(ei − ej)⊤{L+}2(ei − ej)

L = diag(W1p)−W

σ2 > 0, wij > 0 if i ∼ j, else wij = 0, and wij = wji.

(3.4)

Here σ2 is a scale parameter and ρν(·) is the Matérn correlation function (Matérn, 1960)

with smoothness parameter ν. The term dij may be thought of as the latent distance

between nodes i and j and is defined as a function of unknown edge weights matrix W. The

matrix {L+}2 = L+L+ is the square of the generalized inverse of the graph Laplacian L,

and {ei}1:p are the standard basis vectors. The edge weights {wij}i∼j are estimated from

the observed data.

The GDEF model described in Equation 3.4 results in a valid covariance matrix for

any combination of positive edge weights and the matrix W is an identifiable parameter.

While Christensen and Hoff (2023) demonstrate the flexibility and interpretive value of the

GDEF approach, the authors also acknowledge that the model has limited scalability when

applied to large graphs given the number of model parameters (each non-zero edge weight

must be estimated individually) and computational intensity of the Markov chain Monte

Carlo (MCMC) algorithm they used to obtain parameter estimates.

Both CAR and GDEF models are constructed using the edge weights matrix W. While

the GDEF model could be improved by coming up with a simpler and more efficient ap-

proach to estimation of W, CAR models may be improved in practice by using a more

complex approach. As noted, CAR models have traditionally been defined with W equal
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to the unweighted adjacency matrix of the graphical representation of the spatial domain,

a choice that is both simple and convenient but may be restrictive depending on the data

and scientific question of interest. Despite likely under-utilization in practice, more com-

plex weighting schemes for CAR models have been shown to be valuable, as in Hanks and

Hooten (2013) and Ejigu and Wencheko (2020) which define edge weights using linear com-

binations of environmental covariates. Weighting schemes with even greater flexibility are

also possible and potentially enable deeper understanding of the interaction between dis-

cretely observed spatial processes and the the spatial domain over which they are observed.

Within this article we introduce a new approach to estimating edge weights matrices

that may be used within the GREF framework of Christensen and Hoff (2023) and which

allows for the specification of CAR models that are considerably more flexible than existing

variants. In the following section we provide a brief overview of necessary background

information related to spatial basis functions, graphs, and spectral theory. In Section 3 we

present our method and discuss some of its properties. Section 4 illustrates and evaluates the

performance of our approach through a series of simulation studies and a real data example.

We conclude the article with a discussion of potential applications and extensions.

3.2 Background

Given a simple, undirected graph G = (V, E), random variables {yv : v ∈V} observed at

the nodes V of G, and defining Σvv′ = Cov(yv,yv′), we parameterize the covariance matrix

as a function of W, a matrix of unknown positive edge weights. We define WG to be the

space of all edge weight matrices W possible under G such that wij > 0 if an edge exists

between nodes i and j and wij = 0 otherwise. As the number of nodes in G increases, so too

does the size ofWG. As such, setting a prior distribution for W over the complete spaceWG

(as in Christensen and Hoff (2023)) may not be feasible for graphs containing more than a

few hundred nodes. To address this, we restrict the parameter space to W ∈ WB
G ⊂WG,

where WB
G contains all possible edge weights matrices that can be obtained from a basis

function representation (to be described in detail later) of the non-zero edge weights.
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3.2.1 Basis functions and spatial models

If y(s) is an observation of a random process at location s ∈ D within some spatial

domain (D is typically a subset of R2, but could also be the set of spatial regions under the

areal data setting), with spatially indexed predictors x(s), a typical model for y(·) might

be written as follows:

y(s) = x⊤(s)β + u(s) + ϵ(s) (3.5)

where β is a vector of coefficients, u(s) is a spatial random effect and ϵ(s) iid∼ N(0,σ2) for

all s ∈ D. Let u = (u(s1), ...,u(sp)) denote the vector of spatial random effects at some

collection of p locations.

Instead of modeling u ∼ Np(0,Σ) it is common to define u = Mη, where M is an p×

k matrix of k << p basis functions, and η ∼ Nk(0,Φ). Reduced-rank statistical models

representing spatial random effects using basis functions are widespread. Examples of this

include, but are not limited to the kernel convolution approach (Higdon, 1998), predictive

processes (Banerjee et al., 2008), spatial splines (Sangalli et al., 2013) the stochasistic

partial differential equation approach (Lindgren et al., 2011), and various eigenvector and

principle component based methods (Higdon et al., 2008; Hughes & Haran, 2013; B. S. Lee

& Haran, 2022). Note that the majority of these methods were developed for point indexed

data, though the framework of Hughes and Haran (2013) is designed specifically for areal

data. Applying methods designed for one data type to another is possible, but requires

assumptions that may not be appropriate in all settings (Gelfand et al., 2001).

Basis function methods tend to be very computationally efficient relative to full-rank

Gaussian process models. Notably, some approaches to basis functions specification are

also capable of addressing issues such as nonstationarity and anisotropy (Schmidt & Gut-

torp, 2020). It has often been observed that methods based on low-rank representations

of spatial random effects may result in oversmoothing as well as bias in the estimation of

variance components (Banerjee et al., 2010; Datta et al., 2016; Stein, 2014). Additionally,
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when pre-specifying the design matrix M using some set of basis functions, the covariance

of u is restricted to matrices of the form MΦM⊤: in many instances, Φ is assumed to be a

diagonal matrix or multiple of the identity matrix, resulting in strong and potentially in-

appropriate assumptions about model covariance structure. This may be especially true if

analysis goals go beyond spatial prediction and smoothing and include inference regarding

model covariance. Rather than modelling spatial random effects for areal data as a linear

combination of basis functions, we propose using basis functions in a novel parameteriza-

tion of edge weights matrix W which is then incorporated into a CAR or GDEF model,

resulting in a class of full-rank covariance matrices that are more flexible than traditional

autoregressive models and less computationally demanding than the implementation of the

GDEF used by Christensen and Hoff (2023).

3.2.2 Line graphs and an eigenvector basis

We now describe the basis used in this article. Given a graph G = (V, E) having p nodes

and q edges, one may define its line graph L(G) as a graph with q nodes corresponding to

each of the edges of G, and edges between each pair of nodes corresponding to coincident

edges in the original graph G. (Edges are considered coincident if they share a common

node). Figure 3.1 illustrates the relationship between a graph G and its line graph L(G)

for a graph containing five nodes.

Let AL be the q× q adjacency matrix of L(G), where aL
ij = 1 if nodes i and j of L(G) are

adjacent and aL
ij = 0 otherwise. Let LL = diag(AL1q)−AL be the Laplacian matrix of L(G).

If VΛV⊤ is the eigendecomposition of LL, the columns vectors of V form an orthonormal

basis for Rq. The eigenvalues of Laplacian matrices are non-negative and generally ordered

from smallest to largest, with smallest non-zero eigenvalues corresponding to the most

“important" eigenvectors. Laplacian matrices for connected graphs are positive-semidefinite

and have exactly one eigenvalue (denoted λ1) equal to 0 with corresponding eigenvector

v1 ∝ 1. Despite some referring to v1 as the “trivial" eigenvector, it has interpretive value as
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FIGURE 3.1: The graph G has corresponding line graph L(G)

an intercept column within an eigenvector basis. Considerable work has been done in the

field of spectral graph theory investigating the properties of the eigenvalues and eigenvectors

of Laplacian matrices. See Spielman (2012) for greater detail on this topic.

To visualize the basis characterized by the eigendecomposition of the line graph Lapla-

cian (LGL) Figure 3.2 depicts a selection of LGL eigenvectors for a 30× 30 lattice graph,

while Figure 3.3 depicts the LGL eigenvectors for the graph of the 100 counties of North

Carolina (the spatial domain analyzed in Christensen and Hoff (2023)). Note that each

vector element corresponds to a specific edge of the original graph. We also highlight the

harmonic behavior of these eigenvectors, with later eigenvectors exhibiting higher frequency

oscillations between positively and negatively valued regions of the graph. This makes se-

lection of the first k eigenvectors (corresponding to the k smallest eigenvalues) a natural

choice of basis, with the “most important" initial eigenvectors capturing larger-scale trends

in edge weight behavior and additional eigenvectors adding finer detail.

3.3 Method

Equations 3.3 and 3.4 describe two models for areal data, each parameterized by un-

known edge weights matrix W. Given a spatial domain representable by graph G = (V, E)

having p nodes and q edges, let w be the q-length vector containing the unknown weights
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FIGURE 3.2: A selection of LGL eigenvectors for 30× 30 lattice grid

associated with the edges of G. The p× p edge weights matrix W may be constructed from

w and vice versa. We construct the line graph L(G) and obtain the line graph Laplacian

LL, a q × q matrix. If VΛV⊤ = LL is the eigendecomposition of the LGL, let Vk be the

q× k matrix containing the k eigenvectors of LL associated with its k smallest eigenvalues.

We can now represent w as follows:

w = exp(Vkη), η ∈Rk (3.6)

Here, η is a k-length vector of basis coefficients that fully characterize the p× p edge weights

matrix W(η). For all η ∈ Rk, (and σ2 > 0 and |κ| < 1) the CAR covariance matrix Σ =
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FIGURE 3.3: A selection of LGL eigenvectors for graph of the 100 counties of North
Carolina

σ2(diag(W(η)1p)− κW(η))−1 and the GDEF covariance matrix defined in Equation 3.4

are positive definite matrices. We now discuss some modeling considerations and illustrate

properties of this method.

3.3.1 Contrasting the CAR and GDEF Approaches

We have stated that our framework for parameterizing the edge weights matrix of a

given graph may be used when defining both CAR and GDEF models, but provided little

discussion so far regarding the implications of using one covariance model or another. CAR

models have sparse precision matrices, allowing for computationally efficient likelihood cal-

culations. In contrast, the GDEF model specifies a dense covariance matrix; even when

using the proposed basis function parameterization of W, it is virtually impossible to use

the GDEF covariance for graphs with over 10,000 nodes due to the impracticality of invert-

ing matrices of that size. The computational advantages of the CAR approach do however
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come with trade-offs.

Several authors have noted that models which condition only on local or nearest-

neighbor structure perform more poorly than those incorporating longer range dependencies

(Gramacy & Apley, 2015; Guinness, 2018; Katzfuss & Guinness, 2021). Realizations of spa-

tial random fields produced by CAR models (including ICAR models, which induce perfect

correlation between neighboring regions) are considerably less smooth than those generated

by the GDEF model, a contrast that is more noticeable on graphs with a large number of

nodes. Besag and Mondal (2005) shows that the standard ICAR model on a regular two-

dimensional lattice grid converges asymptotically to the distribution of a two-dimensional

Brownian motion as grid resolution increases, while Lindgren et al. (2011) shows that the

ICAR model may be thought of as a discrete approximation to the limit of a Matérn random

field whose range parameter goes to infinity and smoothness goes to zero. Paciorek (2013)

demonstrates that CAR models using more than first order adjacency (extending graph

structure to second order neighbors and beyond) do not result in meaningfully smoother

fields. While computationally efficient, straightforward to implement and widely used, CAR

models carry implicit assumptions that may not be desirable in practice.

In contrast to the CAR model, the GDEF model accommodates a wider range of spatial

dependence patterns for areal data. Equation 3.4 defines the GDEF covariance, where ρν(·)

is the Matérn correlation function given below:

ρν(d) =
21−ν

Γ(ν)

(√
2νd
)ν

Kν

(√
2νd
)

. (3.7)

Here d is the distance between two observations, ν > 0 is a smoothness parameter, often

fixed in practice, and Kν is a modified Bessel function of the second kind of order ν. The

exponential covariance function σ2exp(−d) is a special case of the Matérn covariance when

ν = 1/2; ν = 3/2 and ν = 5/2 are popular choices for spatial models, and the squared

exponential covariance σ2exp(−d2/2) is the limit of Equation 3.7 as ν goes to infinity.

Those familiar with the Matérn family of covariance functions may note that Equation 3.7
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omits an explicit range parameter. As discussed in Christensen and Hoff (2023), the range

parameter of the GDEF model is implicitly defined by the scale of the edge weights matrix,

e.g. multiplying W by a factor of two is equivalent to doubling the range parameter, a

property we now illustrate.

Figure 3.4 highlights some distinctions between the CAR and GDEF approaches. De-

picted samples were generated over a 30× 30 grid from a mean zero normal distribution.

Each row corresponds to a different covariance model: the CAR model from Equation 3.3

with κ = 0.95, the ICAR model with a sum-to-zero constraint (the “smoothest" possible

CAR model) and the GDEF model with four different values of ν. In the first column,

W was constructed such that wij = 4 for all i ∼ j, with different constants used in subse-

quent columns. Across all settings the scale parameter σ2 was set equal to 1. As expected,

samples produced by the CAR models and the GDEF model for ν = 1/2 are visibly less

smooth than those from GDEF models with larger values of ν. The impact that the scale

of W has on each model is also notable. As previous stated, the scale of W may thought

of as the implicit range parameter within the GDEF; samples with edge weights equal to 4

exhibit slower decay in spatial correlation than those with smaller edge weights. For CAR

models, the scale of W doesn’t influence range, but rather the scale of marginal variances.

(From Equation 3.3, it is clear multiplying W by some constant is equivalent to dividing

σ2 by that same constant, indicating that the CAR model as we have defined it is over

parameterized, which we address later.)

The notion of range within CAR models is trickier to characterize than for GDEF

models. While the correlation parameter κ ostensibly controls the smoothness of the Markov

random field and the rate of spatial decay between areal regions, it is highly sensitive to the

resolution of the spatial domain. This may be particularly relevant when the CAR model is

viewed as the discretization of some continous spatial process. As areal resolution becomes

finer, the space of region-averaged continuous spatial processes that could be represented

using a CAR or ICAR model shrinks. Figure 3.5 highlights this, which depicts samples from

an ICAR model at different spatial resolutions. If each grid represents the same subset of R2
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FIGURE 3.4: Samples from N(0,Σ) over a 30× 30 grid with uniform edge weights.
Columns correspond to the weight of all nonzero entries in W, while each row
corresponds to a different parameterization of Σ. The first row uses the CAR covariance
with κ = 0.95, the second uses the ICAR covariance, and subsequent rows use the GDEF
covariance for different values of ν.
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FIGURE 3.5: Samples from an ICAR model with uniform edge weights at different grid
resolutions.

and samples are viewed as the region-averaged realizations of continuous spatial processes,

samples over coarser grids could correspond to smoother underlying processes than those

generated at higher resolutions. In general we find that the GDEF model can be used to

represent a wider range of spatial dependence patterns, and is less sensitive to how areal

units are defined, though there are practical settings in which the computational efficiency

of the CAR model may trump these considerations.
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3.3.2 Impact and interpretation of basis coefficients

The illustrations in Figures 3.4 and 3.5 depict samples from distributions defined by

uniform edge weights, but a major aim of this article is to show how flexibly defining the edge

weights matrix W can lead to more complex and potentially useful covariance structures.

As discussed in Christensen and Hoff (2023) regarding the GDEF model, each possible edge

weights matrix W corresponds to an embedding of the graph in high-dimensional Euclidean

space which is unique up to isometry. The distances between nodes in this embedding may

be thought of as the “intrinsic" distances between regions. The GDEF model may be viewed

as the graph equivalent of the spatial deformation approach for modeling nonstationary data

defined by Sampson and Guttorp (1992), where the deformation function is estimated by

placing a prior on the edge weights. This interpretation leads us to say that nodes in regions

containing high valued edges are “closer" to each other than regions with low valued edges.

While the CAR model does not directly admit a distance based interpretation of W, it can

be said of both the CAR and GDEF approaches that edges with large weights correspond

to greater connectivity between incident nodes.

Let W(η) be the p× p matrix of edge weights parameterized by η ∈Rk. Equation 3.6

states that the log of the q-length vector containing the unique edge weights in W(η) is a

linear combination of a collection of k basis functions of length q, with Vk defined as the

eigenvectors of the line graph Laplacian corresponding to the k smallest eigenvectors. We

wish to provide some insight into the interpretation of the coefficient vector η = (η1, ...,ηk)
′

and illustrate some of the covariance patterns this construction can produce.

As previously noted, the first eigenvector of our basis, vk
1 is always constant. This

means that η1vk
1 is constant and may be viewed as the intercept for the log edge weights.

Because exp(Vkη) = exp(η1vk
1)⊙ exp(Vk

−1η−1), the vector exp(η1vk
1) may be viewed as a

scaling factor for the edge weights matrix W(η−1) which is defined using the other k− 1

basis functions. In the GDEF model, this scaling factor is directly related to the range

of spatial correlation, while in the CAR model, the scaling factor is redundant when σ2 is
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estimated. As such, we recommend fixing η1 = 0 when using the basis function approach to

characterizing the edge weights matrix for CAR models. Subsequent coefficients in η may

be interpreted in context of the eigenvectors with which they are associated. As depicted in

Figure 3.2, the second LGL eigenvector of a 30× 30 grid characterizes a contrast between

the upper left and lower right corners of the spatial domain. Figure 3.6 depicts samples

from different covariance models defined using only the first two LGL eigenvectors. Across

covariance models it can be seen how observations in one corner of the spatial domain are

highly correlated, while the effective range of spatial correlation is much smaller in the

opposite corner. Spatial covariance patterns such as this do appear in real world settings.

Paciorek and Schervish (2006) presents a data set for precipitation in Colorado in which

observations east of the Rocky mountains are highly correlated over long distances, whereas

spatial correlations between observations in the mountainous western half of the state decay

rapidly over short distances.

Different linear combinations of basis functions can produce a wide array of covariance

structures. Figure 3.7 depicts a linear combination of four eigenvectors that results in co-

variance where observations at the borders of the spatial domain are highly correlated, while

observations in the interior are not. In effect locations at opposite corners of the grid are

“closer" together than locations that are both near the center. The more basis functions are

included, the more flexible the covariance, though there are generally diminishing returns

as the number of eigenvectors used increases due to the higher spatial frequencies exhibited

by later eigenvectors. Omitting these high frequency eigenvectors essentially assumes that

the edge weights themselves exhibit some degree of spatial smoothness. Intuition on how

to select the number of basis functions is provided later in this article.

3.3.3 Incorporating covariates

We may be interested in the question of whether certain environmental features inhibit

or facilitate connectivity between regions in our spatial domain. As such we may wish to

model edge weights as a function of environmental covariates. Generally speaking, we will
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FIGURE 3.6: Samples from N(0,Σ) over a 30× 30 grid using two basis functions with
η1 = η2 = 50. Note how spatial correlation decays at different rates across the spatial
domain.

not have covariates that are explictly associated with the edges of our graph. If X is a

p× r matrix containing r features for each of the p nodes in a graph, Hanks and Hooten

(2013) suggested defining XE, a q× r feature matrix for the graph’s edges, by averaging the
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FIGURE 3.7: Illustration of how limited number of basis functions may combine to
produce complex covariance structures. Σ defined using double exponential covariance.

features of adjacent nodes:

xeij =
xi + xj

2
. (3.8)

Here xeij is the row of XE corresponding to the edge linking nodes i and j. The matrix

XE could also be constructed treating differences in the features of adjacent regions as a

covariate itself. Others have suggested that the length of the shared border between two

adjacent regions may be important to consider. However XE is defined, we can augment

the basis function model for edge weights in Equation 3.6 by setting

w = exp(XEψ +Vkη), ψ ∈Rr, η ∈Rk. (3.9)

In order to avoid confounding between ψ and η due to correlation between XE and Vk,

let V⊥ contain the eigenvectors of X⊥LLX⊥, where X⊥ = (Iq −XE(XE⊤XE)−1XE⊤) is the

projection onto the orthogonal compliment of the column space of XE. The q× k matrix

Vk⊥ contains the k eigenvectors corresponding to the smallest eigenvalues of X⊥LLX⊥. The

matrix XE is orthogonal to Vk⊥, which may improve estimation and interpretation of ψ.
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This approach to spatial deconfounding was introduced by Reich et al. (2006) and has

seen widespread use since then, though there is debate as to whether such adjustments are

appropriate (Zimmerman & Ver Hoef, 2022). While we have little to contribute to this

discussion from a theoretical perspective, we find that using the orthogonalized Vk⊥ results

in a slightly more flexible covariance model when weights are defined using Equation 3.9.

3.3.4 Parameter estimation and model fitting

Given graph G = (V, E) with p nodes and q edges, we make repeated observations of

the collection of random variables {yv : v ∈ V}; each repetition is recorded as yi ∈ Rp for

i ∈ 1, ...,n. These observations may be stored in the n × p data matrix Y, where yij is

the ith observation at the jth node of G. For now, we assume that yi
iid∼ Np(0,Σ), with Σ

parameterized by θ = (σ2,η) for the GDEF model and θ = (σ2,η,κ) for the CAR model.

Christensen and Hoff (2023) only considered settings with multiple observations of the

spatial process. This was necessary due each edge weight being a unique parameter and the

fact q > p in almost all settings. The dimension reduction of the basis function approach

to estimation of W allows us to model the covariance of spatial processes with only a single

realization (n = 1).

The maximum likelihood estimator (MLE) for θ may be obtained using the Newton-

Raphson algorithm which requires computation of the first and second derivatives of the

log likelihood ℓ(θ;Y) with respect to θ. Details on the form of ∇ℓ(θ) =
∂ℓ(θ;Y)

∂θ and Hℓ(θ) =

∂2ℓ(θ;Y)
∂θ2 for the models discussed in this article are provided in Appendix B. Given data

Y and an initial set of parameter values θ0 we can maximize the likelihood by iteratively

calculating

θl = θl−1 − γ E
[
Hℓ(θ

l−1)
]−1(

∇ℓ(θ
l−1)

)
(3.10)

until θl converges to the MLE. Here γ is a scaling parameter between 0 and 1. Smaller γ

provides more robust optimization, while γ = 1 will generally be faster.
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Uncertainty quantification may be conducted using the approximation

θ̂ ∼ N
(

θ,−
[
Hℓ(θ̂)

]−1
)

. (3.11)

Note when employing the Newton-Raphson algorithm in Equation 3.10 that we use the

expectation of the Hessian matrix Hℓ(θ), which is less computationally intensive to obtain

than the Hessian matrix itself. We only need to compute Hℓ(θ) once after obtaining the

MLE in order to use the approximation in Equation 3.11.

We have also used Bayesian estimation techniques to fit the model described in this

article. Details on recommend prior choices and MCMC algorithms are also provided in

Appendix B.

3.4 Illustrations

Within this section we evaluate the performance of our approach under a variety of

settings and in comparison to alternative methods. We consider both simulated and real-

world data examples.

3.4.1 Simulations

We begin with three simulation studies. In the first we evaluate approximate confidence

interval coverage rates when the model is correctly specified. In the second, we consider

how to select the number of basis functions when implementing our method. The third sim-

ulation assesses model performance under misspecification, evaluating the Kullback-Leibler

divergence between the true data generating distribution and the estimated distribution.

Sim 1: Approximate confidence interval coverage

We defined 10× 10 and 20× 20 lattices, and obtained the LGL eigenvectors for each.

We selected k eigenvectors and simulated η ∼ Nk(0,Φ), where Φ is a diagonal matrix with

first entry (corresponding to the variance of the “intercept" eigenvector) equal to 0.5 and all

other diagonal entries equal to 25. We then generated n samples from Np(0,Σ(η)) where
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Σ(η) is defined by Equations 3.4 and 3.6, using a Matérn covariance with ν = 3/2 and fixing

σ2 = 1. This was done for each of k ∈ {10,30} and n ∈ {1,10,50}. We obtained the MLE

η̂ and calculated approximate 90% confidence intervals for η using Fisher’s approximation.

The simulation was repeated ten times, with coverage rates provided in Table 3.1.

Table 3.1: Coverage rates of approximate 90% confidence intervals. Monte Carlo
standard error in parentheses.

n = 1 n = 10 n = 50
p = 100, k = 10 0.880 (± 0.039) 0.910 (± 0.023) 0.870 (± 0.040)
p = 100, k = 30 0.804 (± 0.040) 0.867 (± 0.027) 0.927 (± 0.015)
p = 400, k = 10 0.920 (± 0.025) 0.910 (± 0.023) 0.910 (± 0.031)
p = 400, k = 30 0.907 (± 0.018) 0.900 (± 0.021) 0.883 (± 0.019)

In general coverage rates are appropriate, the exception being under the settings k = 30

and n = 1 over a 10× 10 lattice. On top of having lower than expected coverage, Newton’s

method diverged in one of the ten simulations under these settings, indicating that one

observation of a spatial process over a graph with p = 100 nodes may not be enough to

inform the estimation of Σ using k = 30 basis functions. In general however, we feel that

inference based on Fisher’s approximation to the distribution of the MLE is appropriate.

We investigate choice of k in the following simulation.

Sim 2: Number of basis functions

Once again, we defined 10 × 10 and 20 × 20 lattices obtaining LGL eigenvectors for

each. Instead of simulating edge weights directly from Equation 3.6 we generate an edge

weights matrix W from an ICAR model using the line graph adjacency matrix to define the

associations between edges. Figure 3.8 depicts sampled edge weights over a 20× 20 lattice.

The spatial dependence in the simulated edge weights themselves means that W can be

well approximated using our method. Larger numbers of basis functions will improve this

approximation, but at the cost of model complexity and potential computational instability.

The simulated W was used to define a covariance matrix according to Equation 3.4 with

ν = 3/2 and σ2 = 1. Independent samples were generated from Np(0,Σ) and stored in
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FIGURE 3.8: Simulated W on left, with Ŵ on right (estimated from n = 1 observations
and using k = 20 basis functions). Approximation “smooths" the true edge weights.

n × p matrix Y for n ∈ {1,10,50}. For each simulated Y we fit a GDEF model using

Matérn covariance with ν = 3/2 using k ∈ {10,20, ...,100} basis functions and evaluated

AIC and BIC for each of the 10 model fits, with lower values of

AIC = −2ℓ(η;Y) + 2k

BIC = −2ℓ(η;Y) + k log(np)
(3.12)

begin selected. The simulation was repeated 10 times. Table 3.2 contains information

regarding the AIC- and BIC-preferred choices of k.

Table 3.2: Mode k indicates the most commonly selected number of basis functions,
while Mean k indicates the average number of selected basis functions. Larger grids and
larger sample sizes result in preference for higher k.

Mode k (AIC) Mean k (AIC) Mode k (BIC) Mean k (BIC)
p = 100, n = 1 10 12 10 10
p = 100, n = 10 40 58 10 11
p = 100, n = 50 100 100 40 42
p = 400, n = 1 20 37 10 10
p = 400, n = 10 100 99 30 39
p = 400, n = 50 100 100 100 99

Across simulation settings, we see that models with higher k perform better on the
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larger grid and with bigger sample sizes. This is unsurprising as larger amounts of data

should be expected to support more complicated models. AIC and BIC are considered not

because they are objectively the best tools for model selection, but because they provide a

likelihood-based starting point for the question of how to choose the number of eigenvectors

when implementing our method. BIC is more conservative than AIC due to a larger model

size penalty. The two criteria also differ in that AIC is calibrated for improving predictive

accuracy, while BIC may be viewed as favoring the model that best approximates the

marginal distribution of the data (Gelman et al., 2014). The fact that the two criteria

frequently prefer different values of k provides some intuition for the range on model size

that may be appropriate. Using the information in Table 3.2, a reasonable starting point

is to select k =
√

np when the model reasonably approximates the true data generating

process, as was the case within this simulation. Optimal choice of k will also be contingent

on the nature of the spatial process itself, as evidence of more complicated patterns of spatial

dependence may indicate that larger numbers of basis functions should be used. Table 3.3

contains the rates at which the Newton-Raphson algorithm used to estimate η̂ failed to

converge across different simulation settings, with the majority of instances occurring for

large k and n = 1. When computational instability is encountered, refitting with smaller

k will frequently resolve the issue; the possibility of instability due to significant model

misspecification should however be considered.

Table 3.3: Frequency with which Newton-Raphson algorithm failed to converge.
Estimation was stable for all k < 40 and for all settings over the 20× 20 lattice.

k = 40 k = 50 k = 60 k = 70 k = 80 k = 90 k = 100
p = 100, n = 1 0.3 0.7 0.8 1.0 1.0 1.0 1.0
p = 100, n = 10 0.0 0.0 0.0 0.0 0.0 0.2 0.1
p = 100, n = 50 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Sim 3: Model performance under misspecification

The previous simulation evaluated the performance of the GDEF model for different

values of k when the true data generating process was a GDEF model with an edge weights
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matrix from outside of the parameter space characterized by Equation 3.6. We now con-

sider the performance of the GDEF model when data comes from a distinct nonstationary

covariance model. Given a nonstationary spatial process Z(s) observed at s∈R2 the spatial

deformation approach of Sampson and Guttorp (1992) defines the process’ covariance such

that

Cov(Z(s,s′)) = σ2ρ(||g(s)− g(s′)||) (3.13)

where g(·) is a transformation from the geographic location s to its location g(s) in a

“deformed" space wherein covariance is stationary and isotropic.

Inspired by this approach, we simulate data by first defining a 15 × 15 lattice. We

then deform the grid by randomly selecting ten “deformation points" d1:10 ∈ (1,15)2 before

sequentially shrinking or expanding the grid towards or away from these locations, as il-

lustrated by Figure 3.9. Let DD be the 225× 225 matrix of Euclidean distances between

the nodes of the deformed lattice. Applying a Matérn correlation function to DD results

in a covariance matrix that is nonstationary with respect to D, the matrix of Euclidean

distances between the original grid point locations. We generate n observations from the

following model

yi = β01+ zi + ϵi

zi ∼ Np(0,σ2Φ)

ϵi ∼ Np(0,τ2Ip)

(3.14)

where zi is a vector of spatial random effects with covariance matrix Φ defined using a

Matérn correlation function with smoothness ν = 5/2

Φ =

(
1 +

√
5

ρ
DD +

5
3ρ2 {D

D}◦2
)
⊙ exp

(√
5

ρ
DD

)
(3.15)

We set β0 = 0, σ2 = 0.9, τ2 = 0.1, ρ = 3. We fit the GDEF and other models to the simulated

Y as illustrated by Figure 3.10, which depicts a deformed lattice, samples of yi produced

by that deformation, and an estimated edge weights matrix.
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FIGURE 3.9: Deformed lattice obtained by repeatedly expanding and contracting grid
around random locations. Each simulation replicate used a uniquely generated
deformation.

FIGURE 3.10: Distances between deformed grid locations define a nonstationary
covariance matrix Σ. Data Y generated from Np(0,Σ). GDEF model is fit to Y, producing
the depicted Ŵ and corresponding Σ̂GDEF.
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We randomly generated 125 unique grid deformations. For each deformation we sampled

Y as described above for n ∈ {1,2,3,5,10,25,50} and fit Equation 3.14 while defining the

covariance of the random effects zi using the following six submodels: a GDEF model with

ν = 3/2 and k = 15 basis functions, a GDEF model using the double exponential covariance

function (ν = ∞) and k = 15 basis functions, the spatial deformation approach of Sampson

and Guttorp (1992) (S&G) as implemented by the deform R package (Youngman, 2023), a

simple Matérn covariance model with ν = 5/2 and using the Euclidean distances between

non-deformed lattice nodes, the method presented in Hughes and Haran (2013) (H&H)

for modeling random effects in areal data using 100 basis functions, and a standard CAR

model using an unweighted adjacency matrix. The spatial deformation approach and the

stationary Matérn covariance model treat the data as though it were point-indexed, while

all other approaches utilize only the lattice’s graphical structure; note however, that the

true data generating process exists in continuous space.

Let Σ = σ2Φ + τ2Ip be the marginal covariance of yi integrated over the random effects

zi. For each Y and fitted model, we obtain the MLE Σ̂ and compute KL(Np(0,Σ), Np(0, Σ̂)),

the Kullback-Leibler (KL) divergence between the true data generating distribution and the

distribution characterized by the estimated covariance. As both distributions are mean-zero

and Gaussian, KL divergence may be computed using only the covariance matrices Σ and

Σ̂:

KL(Σ, Σ̂) =
1
2

(
log
|Σ̂|
|Σ| + tr

(
Σ̂−1Σ)

)
− p

)
(3.16)

Table 3.4 depicts the average KL divergence between the true distributions and the

distributions estimated by the six models. Note that the true distribution is different for

each of the 125 replicates which used a unique deformation. We also consider the frequency

with which each model had the smallest KL divergence under the same settings. As can be

seen, the GDEF model (for both choices of ν) performs well across sample sizes, with the

simple Matérn model for n = 1 being the only alternative that was frequently competitive
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in this simulation. While potentially surprising that the simple Matérn covariance model

using the non-deformed distances outclasses many of the more complicated alternatives

under some settings, it is clear that its relative performance is strongest for small n; the

true data generating process also used a Matérn covariance function with ν = 5/2, and a

visual assessment of simulation output suggests that the simple Matérn performs best when

the randomly generated deformation exhibits less dramatic patterns of warping.

Table 3.4: Average KL(Σ, Σ̂) for each model and number of samples. In parentheses is the
frequency across simulations that a given model produced the smallest KL divergence
for a sample of size n. The GDEF models perform best across all sample sizes.

GDEF 3/2 GDEF ∞ S&G Matérn 5/2 H&H Std. CAR
n = 1 42.54 (0.48) 46.66 (0.192) - 45.22 (0.328) 96.06 76.74
n = 2 28.2 (0.576) 29.61 (0.376) 73.6 42.35 (0.048) 144.81 79.92
n = 3 24.24 (0.6) 24.74 (0.384) 40.29 40.87 (0.016) 77.6 81.14
n = 5 21.93 (0.456) 21.94 (0.536) 32.33 (0.008) 39.75 55.57 83.24
n = 10 20.6 (0.304) 20.4 (0.688) 29.54 (0.008) 39.13 48.4 83.95
n = 25 19.83 (0.248) 19.56 (0.728) 28.53 (0.024) 38.65 46.31 84.45
n = 50 19.55 (0.24) 19.25 (0.744) 28.3 (0.016) 38.36 45.9 85.08

Note that the spatial deformation approach (S&G) cannot be fit for n = 1. This high-

lights one of the key advantages of our approach. Much of the literature regarding the

spatial deformation framework requires that the spatial process be observed multiple times,

and in some implementations requires that n > p. However, it is extremely common for

spatial analyses to be conducted on datasets with little or no replication. Whether the de-

formation function is estimated using thin plate splines as in Sampson and Guttorp (1992)

or a Gaussian process prior as in Schmidt and O’Hagan (2003), the inherent flexibility

of the framework requires considerable amounts of data (or strong prior assumptions) to

avoid over fitting. As seen in this and previous simulations, the GDEF model using the

basis function representation of W as presented in this paper can effectively estimate com-

plicated patterns of spatial dependence for areal data and performs well in a setting where

the true spatial process exists in continuous rather than discrete space.
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3.4.2 Example: Mercer and Hall wheat yield data

We conclude this section with an analysis of the classic wheat yield dataset from Mercer

and Hall (1911) and which is available in the spData R package. The version of the data

used in the package was taken from Cressie (1993). Mercer and Hall considered a one acre

parcel of farmland that was divided into 500 rectangular plots and planted with wheat.

Each plot received the same treatment and soil quality was perceived to be essentially

uniform at the time of planting. At harvest, the yield of each plot in pounds of grain

was recorded. Figure 3.11 depicts the yields for each plot, which were arranged in 20

rows each containing 25 plots. Mercer and Hall discuss the variability present in the data

and explore the possibility of location-based effects on yield. Noting evidence of spatial

correlation, the wheat yield data was analyzed in Whittle (1954), which first introduced

the simultaneous autoregressive (SAR) model, and in Besag (1974), which first introduced

the CAR model. The authors of both papers found the fit of their models to the wheat

yield data unsatisfactory. Looking at Figure 3.11, one notes that certain columns (4,7 and

10) have larger average yields than others and that within-column correlation appears to

be stronger than within-row correlation. By modeling the data using fixed row and column

effects Cressie (1993) found that a stationary and isotropic kriging model with plot locations

given by centroids resulted in satisfactory fit, though it is worth considering whether the

inclusion of row and column effects in a model for this data provide interpretive value or

merely serve to improve the fit of an otherwise poorly specified model.

We propose modeling this data according to Equation 3.14 with the covariance of the

random effects defined by a GDEF model with smoothness ν = 3/2 and k = 20 basis func-

tions. To allow for a distinction between within-column and within-row dependency, we

split the intercept vector v1 of our basis into two vectors, vrow
1 and vcol

1 , where vr
i1 = 1 if

edge i connects two nodes in the same row and is 0 otherwise, with vcol
1 defined similarly

for columns. We obtain maximum likelihood estimates η̂, σ̂2, τ̂2 and β̂0 which are reported

in Table 3.5. Negative η̂1
row and positive η̂1

col indicates much stronger within-column than
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FIGURE 3.11: The Mercer Hall wheat yield data

FIGURE 3.12: Estimated log edge weights

within-row correlations. Rather than reporting the other coefficients in η̂ which are individ-

ually less interpretable, Figure 3.12 depicts log(ŵ) over the entire network; there are three

regions within the spatial domain with larger edges indicating stronger spatial correlation

between nodes in those locations.

We can also obtain an estimate of z, which may be thought of as the smoothed or “de-
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Table 3.5: MLEs and confidence intervals for model parameters.
Est. 95% CI

ηrow
1 -2.195 (-3.551, -0.838)

ηcol
1 1.308 (0.286, 2.329)

σ2 0.146 (0.101, 0.191)
τ2 0.073 (0.027, 0.118)
β0 3.949 (3.871, 4.026)

noised" version of the centered data. Because y and z are each normally distributed, the

conditional distribution of z is straightforward to obtain:

z|− ∼ Np

((
Φ−1/σ2 + Ip/τ2

)−1
(y− β01)/τ2,

(
Φ−1/σ2 + Ip/τ2

)−1
)

. (3.17)

We define ẑ =
(

Φ̂−1/σ̂2 + Ip/τ̂2
)−1

(y− β̂01)/τ̂2 and provide a plot of ẑ in Figure 3.13

alongside y− β̂01. Moran’s I (Moran, 1950) is a test statistic indicating the presence or

absence of spatial autocorrelation. Moran’s I for the residuals of our model ϵ = y− β̂01− ẑ

is 0.022, with a p-value of 0.469, indicating a lack of spatial correlation in ϵ. The Shapiro-

Wilk normality test (Shapiro & Wilk, 1965) on the residuals results in a p-value of 0.262

indicating that the normality assumption for ϵ is not violated. We find that the GDEF

model fits the wheat yield data well, effectively representing the distinctive and irregular

patterns of spatial dependence (seen especially in the columns of the data) in an uncontrived

manner.

3.5 Discussion

Within this article we introduced a framework for estimating edge weight matrices using

the eigenvectors of the line graph’s Laplacian matrix. We show that this method may be

used to enhance existing covariance models for areal data. We compared and contrasted

the classically-used CAR model with the GDEF model introduced by Christensen and Hoff

(2023), illustrating how both may be improved by this new framework. We evaluated

properties of this method in a series of simulations and data examples. In general we find
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FIGURE 3.13: Estimate of z (left) which acts as a smoothed version of the centered data
(right)

that the GDEF model is more flexible and capable of representing covariance structures with

properties that are generally preferred by researchers, and that the introduced framework

significantly improves the computational efficiency of the GDEF approach. We conclude

this article with a brief discussion of potential avenues for future work and model extensions.

We are currently working on the development of an R package which may be used

to easily implement our methodology. We also wish to evaluate how the INLA computing

framework (Rue et al., 2009) may be used to complement or improve upon the model fitting

approaches utilized within this article.

Part of our assessment that the GDEF model exhibits more desirable behavior than the

CAR model stems from findings that the latter characterizes fundamentally non-smooth

spatial processes. Rue and Held (2005) and Lindgren et al. (2011) demonstrate that it is

possible to define Markov random fields (MRFs) that approximate smooth spatial processes

by allowing some edge weights to be negative. The space of non-CAR MRFs is worth

exploring due to their computational advantages. It may be possible to adapt our method

for edge weight estimation to allow for the inclusion of negative weights in sparse precision

matrix formulations, though additional work would be necessary to ensure that a valid
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covariance matrix is always produced.

While we have discussed estimation of W within the context of explicitly defining a

covariance matrix, there are other settings in which a coherent framework for flexibly defin-

ing an edge weights matrix may be valuable. For example, resistance distance is a graph

metric constructed using a matrix of non-negative edge weights that has seen widespread

use in many statistical and ecological applications (Dickson et al., 2019; Hanks & Hooten,

2013; Klein & Randić, 1993). Even if not utilized for the purpose of defining distances or

covariances between locations, an edge weights matrix may be viewed as characterizing the

connectivity of different regions or entities within a network.

An additional topic we would like to explore is how our method could be used to

characterize the covariance of spatial processes on manifolds or restricted spatial domains.

While most spatial models were been developed assuming that data are observed on some

well-defined subset of R2, there is increased interest in the development of methods that can

be applied to more complex domains in which Euclidean distances between observations

do not accurately represent proximity with respect to the domain’s underlying geometry

(Yang & Dunson, 2016). Mathematical distinctions exist between settings in which data are

observed in Euclidean space but concentrated near a lower-dimensional manifold such as the

surface of a sphere and settings in which which an n-dimensional spatial process exists only

on an irregular subset of Rn due to underlying physical constraints (Dunson et al., 2022).

Sangalli et al. (2013) provides an example of the latter setting in which population density

on the Island of Montréal is modeled using a spatial process which is undefined beyond

island borders and within the boundaries of an airport and industrial park. Whether data

is observed on a true manifold or a restricted domain, we could define a graph based on

the set of observed locations, defining edges between locations based on neighbors within

a small radius or through use of the Delauney triangulation (Hjelle & Dæhlen, 2006). The

LGL eigenvectors of this graph could then be utilized as in this article to define a valid

covariance model over the complex spatial domain; furthermore, the flexibility of our edge

weight estimation approach would ultimately allow covariance to be nonstationary with
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respect to the domain’s underlying geometry. Some model extensions would be required in

order to allow covariance to be defined continuously between observations, as our present

framework is defined only at the nodes of a graph. Insight from Lindgren et al. (2011) and

B. S. Lee and Haran (2022) provide potential frameworks for solving this issue.
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4. Incorporating Circuit Theory Into a Dynamic Model for Crowd-
sourced Observations of Migratory Birds

4.1 Introduction

The migratory patterns for many bird species found within the northern hemisphere can

be broadly characterized by northward flight to breeding grounds in the spring, and south-

ward flight to wintering grounds during the fall. While the overarching patterns observed

during bird migration are well documented, there is scientific interest in understanding how

these migratory patterns are evolving, or may be expected to evolve over time (Barton &

Sandercock, 2018), in response to climate change (Visser et al., 2009) or loss of habitat

(Sutherland, 1996). There is also interest in developing methods to better identify species-

and population-specific flyways (Buhnerkempe et al., 1996), the routes used by migratory

birds, and which tend to be characterized by environmental features conducive migration,

such as abundance of food, water, and shelter and lack of mountain ranges or major shifts

in elevation (Alerstam, 1993). In addition to these questions, many of the mechanisms

behind bird migration are poorly understood at present. There is for example little con-

sensus regarding what actually triggers the onset of migration season for any given species,

whether a response to shifting day lengths, local climate conditions or innate biological

factors (Helbig, 2003; The Cornell Lab, 2021).

Studies of avian migration generally require the collection of data on the location across

time of individual birds or bird populations. Telemetry data, produced by capturing, tag-

ging and monitoring the position of individual specimens in real time via satellite, GPS or

radio (Dunn & Gipson, 1977; Perras & Nebel, 2012), is one of the most important data

70



types for studies of animal movement (Hooten et al., 2017). However, the collection of such

data is time and resource intensive. and may often lead to small sample sizes and limited

geographic domains (Hebblewhite & Haydon, 2010). It has also been noted that tradi-

tional telemetry data cannot be obtained for bird species which are too small to carry the

tracking devices used to monitor location (Perras & Nebel, 2012). Professional monitoring

surveys can also be a valuable tool for understanding species abundance within a studied

region, (Lindenmayer & Likens, 2010) but once again, such data is both expensive and time

consuming to obtain and provides only a snapshot of the species distribution during the

time and within the vicinity that the survey was conducted (Caughlan & Oakley, 2001).

Given that migratory birds may inhabit locations spanning thousands of kilometers during

the course of a single year (Helbig, 2003), individual monitoring surveys are fundamentally

limited in their ability to inform scientists of larger-scale migratory patterns. Given the

limitations of these data types, we wish to consider the feasibility and potential value in

using crowdsourced observations in the study of bird migration.

4.1.1 eBird data

Bird watching as a hobby has seen considerable growth in recent decades (Schwoerer &

Dawson, 2022). The eBird database is a project managed by the Cornell Lab of Ornithology

that crowdsources observational data by allowing any user to record and submit their bird

watching observations to the website. Observations may be reported simply by indicating

that a bird from a given species was observed at the user’s location, or more rigorously in

the form of time- and location-indexed “complete checklists" containing an exhaustive list of

the counts and species of every bird observed by the submitting user, along with the length

of time spent bird watching at that location (Sullivan et al., 2009). First launched in 2002

in collaboration with the Audubon society, the database has since recorded observations of

over one billion birds and contains records from every country on earth (Team eBird, 2024).

As the contributing user base and volume of freely available data has increased, so too has

an awareness of the eBird database’s value for scientific research. Numerous peer-reviewed
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studies (e.g. Adde et al., 2021; Bianchini & Tozer, 2023; Hass et al., 2022; Hochachka et al.,

2023; Tang et al., 2021) of bird population and species distribution trends utilizing the

eBird database have been conducted and published. While the amateur collection process

and crowdsourced nature of these data has raised questions about their reliability and

bias (Hochachka et al., 2021; Zhang, 2020), studies have demonstrated that the population

trends based on the complete checklists within the eBird database closely match those found

in governmental monitoring surveys provided that a sufficient numbers of checklists were

taken and reported within the same region (Horns et al., 2018; Stuber et al., 2022).

Within this article, we develop a model for data from the eBird database that is de-

signed not only to reflect, but to help us better understand and identify the migratory

trends present within this dataset. As part of this effort, we downloaded all completed

checklists from the eBird database submitted during the years 2013 to 2017 within the sev-

enteen easternmost U.S. states and Washington D.C. (a total of over five million checklists

representing over five million combined hours of bird watching). This geographic region was

chosen as it contains all U.S. states generally considered to be part of the Atlantic migratory

flyway (Fritts, 2022). Data were aggregated temporally by week and spatially by county,

for a total of 260 weeks and 805 counties (or county-equivalents). For each week-county

pairing we obtain the vector containing total counts of each species observed, as well as the

total combined hours of bird watching represented by all checklists submitted within each

week-county pairing. The observation efforts that produced these data are highly variable

in space and time, with some counties (often those containing major population centers or

state/national parks) having hundreds of hours of combined observations during a given

week, while many pairings have no observations whatsoever. Approximately 29% of the

week and county combinations are represented by no checklists, indicating the potential

ecological value in a model which can predict species trends for regions and time periods

with little to no observational data.

Figure 4.1 contains a visualization for observations of the Baltimore oriole, a migratory

bird common to the eastern United States, during the week beginning on February 20, 2017.
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FIGURE 4.1: Counts, efforts, and log observation rates for Baltimore orioles from week
beginning February 20, 2017. Grey regions indicate counties with zero submitted
checklists.

It depicts the county-level counts of Baltimore orioles, observation efforts, and the log rates

of observed birds per hour. Figure 4.2 provides a visualization of the “average latitude"

within the eastern United States over time for the Baltimore oriole and the yellow-rumped

warbler, another migratory species found in this region, computed using the weighted av-

erage latitude of all county centroids, with the count of birds observed per hour for each

county as weights. Average latitude increases every spring and decreases every fall illus-

trating a strong cyclical pattern of migration for this species, and demonstrates that the

empirical trends within this data are consistent with our expectations regarding migratory

birds.

Within the following section we establish some of the notation, background, and con-

ceptual motivation for our model for observations of migratory species found within the

eBird dataset. This includes a discussion of precedent for the use of circuit theory in eco-

logical applications. In section 3 we present the full model and discuss its construction,
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FIGURE 4.2: “Average latitude" of the Baltimore oriole and yellow-rumped warbler over
time. County latitudes averaged, weights given by county-level counts per hour. The
average location moves north by several degrees every May and south every September.

parameterization and interpretation. We also provide details regarding prior specification

and computational implementation, along with it’s performance using simulated datasets.

In section 4 we provide results from our analysis of the eBird data before concluding with

a discussion of ways the model may be used to better understand certain migratory trends,

along with remarks on potential model extensions and future work we would like to under-

take as part of this research.

4.2 Background

To model the observed species counts within the eBird dataset, we defineD as the spatial

domain consisting of the seventeen US states and the District of Columbia as depicted in

Figure 4.1. The 805 counties contained within D form a partition that may be naturally

represented using the graphical structure G = (V, E) where V is a set of nodes corresponding

to each county within D and E is the set of edges corresponding to pairs of adjacent

counties. The structure of G may be mathematically represented by A, the 805 × 805

adjacency matrix constructed such that ajj = 0, and ajk = 1 if county j is adjacent to
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county k (denoted j ∼ k) and ajk = 0 otherwise. As noted in the previous section, species

counts were aggregated spatially by county and temporally by week. For a single species,

e.g. the Baltimore oriole, let yi be the length-805 vector containing the total observed

specimen counts during week i ∈ {1, ...,260} for each county in D. We define ti to be the

accompanying vector of observation efforts, containing the combined hours of bird watching

within each county during week i. If no complete checklists were submitted for county j

during week i then tij = yij = 0. We propose modeling {y1, ..,y260} using a hidden Markov

model that incorporates a novel temporally evolving spatial transition structure designed

to characterize migratory trends over time. This class of dynamic model is commonly used

in the study of spatiotemporal and network data, and can be generalized to settings with

non-Gaussian data, nonlinear dependence, and non-additive noise (Wikle & Hooten, 2010).

4.2.1 Hidden Markov models

Suppose we are given a collection of random vectors {yi}1:n which are observed at

discrete times i ∈ {1, ...,n} within a spatial domain D. Let yi =
(
y(s1; i), ...,y(sp; i)

)′, where

y(sj; i) is a noisy observation of some latent spatio-temporal process {z(s; i)}s∈D at time

i and location sj ∈ D. We wish to model zi, the latent process at time i realized at the

same set of p locations {s1, ...,sp} ∈ D where yi was observed. A first-order hidden Markov

model (HMM), utilizes the following conditional independence assumptions, where π(yi|zi)

denotes the distribution of yi conditional on zi:

π(yi|z1, ...,zn) = π(yi|zi)

π(zi|zi−1, ...,z1,z0) = π(zi|zi−1).
(4.1)

This implies that the joint distribution of (y1, ...,yn,z1, ...,zn) may be written as follows:

π(y1, ...,yn,z1, ...,zn) = Πn
i=1[π(yi|zi)π(zi|zi−1)]π(z0) (4.2)

HMMs have seen widespread usage in many environmental and ecological applications

(Glennie et al., 2023; Holsclaw et al., 2016; McClintock et al., 2020) especially those in-
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volving models for animal movement (Hooten et al., 2017; Patterson et al., 2008). As

shown in Thygesen et al., 2009, which models the location of fish populations using a

HMM, this model may be thought of as the discrete (in space and time) approximation of

the advection-diffusion equation which describes the transfer of particles or energy within

a physical system and which has been used to characterize models for animal movement

(Prima et al., 2018; Turchin, 1998).

Hidden Markov models are generally constructed using two components, the first being

a model for observed data yi given the latent process zi, while the second component

characterizes the evolution of the latent process in time. The most commonly used model for

zi|zi−1 is to specify that E [zi] =Mzi−1, where M is a p× p matrix of transition probabilities

or weights characterizing between-location dependence (McClintock et al., 2020; Wikle &

Hooten, 2010).

While there are many ways to define the transition matrix M, a common choice when

dealing with spatial or graphical data is to define transition probabilities as a one-step ran-

dom walk, such that mjk > 0 if j∼ k or j = k and mjk = 0 otherwise (McClintock et al., 2012;

Thygesen et al., 2009). While random walks are commonly used to model the movement of

individual animals (Ahmed et al., 2023; Fagan & Calabrese, 2014; Turchin, 1998), there are

two reasons such a parameterization for M is inappropriate for this application. Firstly, our

interest is in modeling the underlying distribution of a migratory species over time rather

than the movement of individual birds. Indeed the crowdsourced nature of the eBird data

precludes the possibility of linking any two observations to the same specimen, a contrast

to telemetry data where all positions of a tagged individual over time are known. (See

Turchin (1991) for early work linking models for the movement of individuals to models for

the evolution of a population’s distribution over time.) Secondly, and of greater practical

importance for our application, consider the significance of timescale when evaluating the

possible behavior of a discrete time random walk. If M is constructed such that mjk = 0

for all j ≁ k, then it will be impossible for the overall spatial distribution of zi to shift more

than one step in any direction from its state at time i− 1. Given that our data has a weekly
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temporal resolution, and the fact that some species of bird may cover distances of hundreds

of kilometers per day (Hedenstrom & Alerstam, 1998), it will be necessary to define a tran-

sition structure that allows for communication between non-adjacent nodes within a single

time step. This can also be seen in Figure 4.2, which illustrates that significant shifts in

the empirical spatial distribution of the data can occur within a single time step, especially

during periods of high migration.

4.2.2 Circuit theory and ecology

The hidden Markov model and parameterization for M presented in this article were

developed in part using ideas from the fields of electrical physics and circuit theory. The

introduction of electrical circuit theory to ecological models for animal movement and land-

scape connectivity dates to work published by Brad McRae and collaborators (McRae, 2006;

McRae & Beier, 2007; McRae et al., 2008). Such methods, which use the physical and math-

ematical laws governing voltage, current, and resistance to represent animal movement and

other ecological processes have been demonstrated to perform well in many applications,

and are now widespread in ecology and (increasingly) statistics (Dickson et al., 2019; Peter-

son et al., 2019). For instance, electrical current may be used as a conceptual proxy for the

movement of animals through space (Grafius et al., 2017; Koen et al., 2014), and resistance

distance—a metric intrinsically related to the notion of random walks on graphs (Chandra

et al., 1996)—is useful for characterizing proximity between locations as a function of flow

within an ecological network, especially in instances in which ecological barriers such as

mountain ranges or rivers may inhibit animal movement (Hanks & Hooten, 2013; Thiele

et al., 2018). Christensen and Hoff (2023) defined a graphical covariance model using a

metric closely related to resistance distance and demonstrated how it could be used to un-

derstand interactions between species distribution and environment for bird populations in

North Carolina.

To introduce the model used within this article, we consider the following analogy,

illustrated by Figure 4.3. Imagine the counties of the United States as nodes within an
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FIGURE 4.3: US counties as a circuit with power source attached to northern counties
and grounded at southern counties.

electrical network, with resistors placed between each pair of adjacent counties. If a power

source of voltage v and a ground (which by definition has voltage 0) were attached to

two locations within the network, electrical current would be induced between all pairs

of nodes within the network, the direction and magnitude of which would be determined

by the voltage v and within network locations of the power source and ground. If v is

positive, current will flow from the power source and through the network in the direction

of the ground. If v is negative, current will flow in the opposite direction towards the

power source. Furthermore, if v and the resistances between each pair of adjacent nodes

are known, it is possible to use Kirchoff’s and Ohm’s circuit laws (see Hankin (2006)) to

compute the effective current, resistance and voltage differential between every pair of nodes

in the network. We demonstrate how this is done in the following subsection.
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4.2.3 Obtaining effective resistances and currents

We begin with A, the 805× 805 unweighted adjacency matrix representing the neigh-

borhood structure of all counties within our spatial domain. Under the previous analogy, A

represents resistances of all edges within the electrical network. We augment our graph by

defining two new nodes, one (hereafter the battery node) which is adjacent to 23 counties

along the northern border of our spatial domain, and a second (the ground node) adjacent

to 23 counties along the interior coast of Florida. Let A∗ be the adjacency matrix for the

augmented graph. We can construct L = diag(A∗1p) − A∗, the Laplacian matrix of the

graph. The resistance distance Ωjk between nodes j and k is calculated as follows:

Ωjk = (ej − ek)
′L+(ej − ek) (4.3)

where L+ is the Moore-Penrose generalized inverse of L and {e1, ...,e807} are the standard

basis vectors. This metric characterizes the effective resistance between pairs of nodes in

resistor networks and has seen widespread use within ecological applications, as previously

noted (Dickson et al., 2019; Klein & Randić, 1993).

Suppose the voltage associated with the battery node is fixed to 1. Let v be the voltages

associated with all nodes within our network. By definition, the voltage at the ground node

is 0, and all other nodes will have voltages between 0 and 1. Let i be the vector of net

current into each node. By Kirchoff’s first law, this value will be 0 for all nodes except for

the battery and ground. Ohm’s law may be stated as

Lv = i (4.4)

where L is the Laplacian matrix as before (Paul, 2001). The only unknowns within this

system are the currents at the battery and ground nodes, and the voltages at all other

nodes. Hankin (2006) shows that this results in the following partitioned matrix equation:

(
L11 L12
L21 L22

)(
vk

vu

)
=

(
iu

ik

)
(4.5)
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where the superscripts k and u correspond to the known and unknown components of v

and i, while L11 is the 2× 2 portion of the Laplacian corresponding to the indices of the

battery and ground nodes. The solution to this system is:

vu = L+
22

(
ik − L21vk

)
iu =

(
L11 − L12L+

22L21
)
vk + L12L+

22i
k.

(4.6)

Once the full vector v has been obtained, the currents matrix C is defined as follows:

cjk = (vk − vj)/Ωjk for j ̸= k, else cjk = 0. (4.7)

Here cjk represents the effective current from county k towards county j. From Equation

4.7 one can see that cjk =−ckj, and thus C =−C⊤. If C is computed using a battery node

voltage of 1, it can be shown that the currents matrix when the battery node has voltage

v∗ is equal to v∗C. This in conjunction with the skew-symmetry of C means that C⊤ is the

currents matrix when the battery node has voltage equal to −1.

Our general modelling approach is to define a hidden Markov model with temporally

varying transition structure that can adapt to the shifting patterns of migratory flow

throughout the year. The transition structure is conceptually based on how currents within

the network shown in Figure 4.3 (with power source in the north and ground in the south)

would adapt in response to voltage changing over time. For instance, the northward spring

migration may correspond to a period of negative voltage, causing currents to flow towards

the power source, while the southward fall migration would be produced by positive volt-

age. Within the following section we formalize our mathematical notation for the model

and discuss specific choices made regarding its parameterization.

4.3 Method

4.3.1 Proposed model

We analyze five years worth of completed checklists submitted to the eBird database and

reported within D, the spatial domain consisting of 805 counties within the eastern United
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States and depicted in Figure 4.1. Let C be the 805 × 805 matrix of effective currents

between all counties as defined by Equation 4.7, and let D be the 805 × 805 matrix of

Euclidean distances between county centroids. For a given bird species (e.g. the Baltimore

oriole) let yij be the combined count of specimens observed by all bird watchers during week

i ∈ {1, ...,260} within county j ∈ {1, ...,805}, with yi the vector of counts across all counties

during week i. Let tij be the combined number of bird watching hours for that week-

county pairing. We define the latent variable zij as the expected number of birds (of the

given species) one would observe during a single hour of bird watching. A straightforward

modelling choice for yi|zi,ti is to use a Poisson distribution:

yij ∼ Poisson(zijtij), zij > 0. (4.8)

In addition to the standard HMM conditional independence assumption that π(yi|z1, ...,z260) =

π(yi|zi), we also assume that π(yij|zi) = π(yij|zij). Latent vectors {zi}1:260 represent the

rate at which birds are observed (or would have been observed for week-county combina-

tions with no data), but can be interpreted as reflecting relative species abundance across

our spatio-temporal domain. This interpretation requires us to make the assumption that

the underlying rate at which birds are observed is purely a function of abundance and not

of factors such as time of observation, remoteness of location, or expertise of the individual

observer. While these assumptions are almost certainly violated at the level of individually

submitted checklists, on aggregate much of this bias may be mitigated, as suggested by

Horns et al. (2018). Variable observation effort is accounted for by including tij within the

expectation of yij. While sampling efforts are uneven in both space and time (a greater

number of checklists are reported during spring and summer months and close to major

population centers) we assume that ti ⊥ zi|zi−1,zi+1, meaning that there are no systematic

differences in underlying species abundance between high- and low-observation regions.

To characterize how the latent process evolves in time, we specify zi|zi−1 as follows:
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zi = M(θi)zi−1 ⊙ ϵi

ϵij
iid∼ Gamma(α,α), α > 0

(4.9)

Here ϵi is a vector of multiplicative, Gamma-distributed noise, and Mi = M(θi) is a 805×

805 transition matrix which is a function of time-indexed parameters θi (greater detail is

provided later in this section), and α is a parameter controlling the concentration of zij

about its mean. Our model for zij may equivalently be written as:

zij ∼ Gamma(α,α/[m′ijzi−1]), α > 0 (4.10)

where mij is the jth row of Mi, meaning that E[zij] = m′ijzi−1 and Var[zij] = m′ijzi−1/α.

4.3.2 Transition structure

To ensure that all elements of Mi and {zi}1:260 are greater than 0, we will use only

positive currents when defining transition probabilities. Let C+ =C∨ 0, setting all negative

elements of C to zero, be the currents matrix characterizing (southward) network flow

when voltage is positive. Likewise, let C− = C⊤ ∨ 0 be the currents matrix characterizing

(northward) network flow when voltage is negative. Figure 4.4 depicts the effective currents

from Albany County, New York (in grey) to all other counties based on the corresponding

column of C+. One notes that the effective currents to all counties north of Albany County

are equal to zero, and that currents to the southernmost counties in the network are largest.

This latter feature indicates that raw currents alone can’t be used to construct Mi, as every

transition would push the majority of the mass in zi−1 to one of the network poles. To

account for the this, we incorporate the physical distances between locations (as contained

in D) in conjunction with the currents matrices C+ and C−. We parameterize Mi as follows:

M(qi,ρi,νi,δi) = νi scaleCol
(
C+/0/− ⊘D◦ρi

)
+ δiI, qi ∈ {−1,0,1}, ρi,νi,δi > 0. (4.11)
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FIGURE 4.4: Effective current from Albany County, NY (in grey) towards all other
counties when battery node voltage is 1.

Here qi ∈ {−1,0,1} is a parameter determining the direction of current in our network. If

qi = 1, then C+/0/−=C+. If qi =−1, then C+/0/−=C−. If qi = 0, then C+/0/−=C0 = 11⊤

and the system is in a state of diffusion rather than flow in a particular direction. The

function ⊘ indicates element-wise division while defining 0/0 = 0, and D◦ρi is the matrix

of between-county distances raised element wise to the ρi power. The purpose of ρi is to

mitigate the effect seen in Figure 4.4 in which current is strongest towards the poles of

the network. Constructing the transition matrix using only C would be akin to assuming

that the majority of migrating birds always wind up in either Florida or Maine after one

week, hence division by D◦ρi . When ρi is large, shifts from zi−1 to zi will cover smaller

distances, while small ρi can lead to dramatic shifts in latent spatial distribution. Because

changing ρi can significantly affect the scale of C+/0/− ⊘D◦ρi we incorporate the function

scaleCol(·), which takes a matrix as input and rescales the columns such that they all sum

to one. Lastly, νi and δi concern the rate of flow vs. self-transmission. If νi is high, the

behavior dictated by C+/0/− ⊘0 D◦ρi will dominate the transition pattern at time i. If δi

is high, then zi will tend to look more like zi−1. If overall species abundance within D is

constant, νi + δi should be equal to or close to 1. However, if there are a significant number
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FIGURE 4.5: Left: Initial state of zi−1 for this figure, and Figures 4.6 and 4.7. Center: zi
with qi = −1 (northward flow) and larger ρi. Right: qi = −1, smaller ρi leading to greater
northward flow.

FIGURE 4.6: Left: zi with qi = −1 (northward flow). Center: qi = 0 (diffusion). Right:
qi = 1 (southward flow).

of birds introduced to or removed from the system (via new births, deaths, or entry into or

exit from Canada and Mexico) it is possible that this sum will deviate from that baseline.

To illustrate the behavior of our model, consider Figures 4.5, 4.6, 4.7 and 4.8, which

depict the transitions between latent states under different parameter settings. The leftmost

subfigure in Figure 4.5 represents the initial state of zi−1 while the other eight subfigures
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FIGURE 4.7: Left: zi with large νi relative to δi. Center: Equal νi and δi. Right: Small νi
relative to δi.

FIGURE 4.8: Change in latent rate (zi − zi−1) under different parameter settings.

from 4.5, 4.6 and 4.7 represent the state of zi after transition according to the indicated

parameters. As seen in Figure 4.5, the initial state is characterized by high concentration

in the Carolinas and relatively low concentration in all other regions. Figure 4.5 depicts the

impact of ρi on the transition from zi−1 to zi. The rightmost subfigure, with a smaller value

of ρi depicts greater concentration of mass in the northern portions of the spatial domain,

whereas higher ρi leads to a northward shift that is more muted. Figure 4.6 depicts the

influence of qi. The left subfigure depicts northward flow, the central subfigure diffusion,
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and the right southward flow, with all other parameters constant. Figure 4.7 depicts the

impact of νi and δi. While all three subfigures here depict northward flow under the same

value of ρi, the rightmost figure differs notably less from the initial state due to higher δi.

Lastly, consider the illustration in Figure 4.8, depicting the change from zi−1 to zi under

different parameter settings. Note that while all are characterized by northward flow, the

transition structure characterized by moderate ρi and balanced νi and δi (second subfigure)

produces a more substantive northward shift in latent rates than the transition matrix

produced by high ρi and high νi/(νi + δi) (third subfigure), and the matrix produced by

low ρi and low νi/(νi + δi) (fourth subfigure). This indicates that each transition matrix

parameter can take on values that stifle flow, even if all other parameters are valued such

that flow would be encouraged.

4.3.3 Priors and model fitting

We perform inference for the parameters of this model by approximating the posterior

distribution under the following prior distribution:

α ∼ Gamma(aα,bα)

qi
iid∼
{

P(qi = 1) = p+
P(qi = 0) = p0
P(qi = −1) = p−

ρi
iid∼ Gamma(aρ,bρ)

νi
iid∼ Gamma(aν,bν)

δi
iid∼ Gamma(aδ,bδ).

(4.12)

Prior parameters and initial latent state vector z0 should be chosen in an application appro-

priate manner. The posterior distribution π({zi}1:260,{qi}1:260,{ρi}1:260,{νi}1:260,{δi}1:260,

α|{yi}1:260) is obtained using the Markov chain Monte Carlo (MCMC) sampler described

in Algorithm 1. Greater detail regarding the sampler and proposal distributions used is

provided in Appendix C.
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Algorithm 1 MCMC Overview

Input: Observations {yi}1:n, {ti}1:n and pre-computed currents matrix C
Output: T posterior samples for parameters {zi}1:n,{qi}1:n,{ρi}1:n,{νi}1:n,{δi}1:n, and α

Initialize {z(0)i }1:n,{q(0)i }1:n,{ρ(0)i }1:n,{ν(0)i }1:n,{δ(0)i }1:n, and α(0)

for t = 1 to T do
for i = 1 to n do

MH update (MALA proposal) of z(t)i based on π(zi|yi,z
(t)
i−1,z(t−1)

i+1 ,M(t−1)
i ,α(t−1))

Direct update of q(t)i based on π(qi|z
(t)
i ,z(t)i−1,ρ(t)i ,ν(t)i ,δ(t)i ,α(t−1))

MH update (aMCMC proposal) of θ
(t)
i = (ρ

(t)
i ,ν(t)i ,δ(t)i )′ based on

π(θi|z
(t)
i ,z(t)i−1,q(t)i ,α(t−1))

MH update of α(t) based on π(α|{zi}1:n,{Mi}1:n)

4.3.4 Simulation

Before fitting our model to the full data set, we assess performance on a smaller data set

by simulating data from our model on the 12× 5 lattice network depicted in Figure 4.9. Data

{yi}1:10 were produced by generating exposure efforts tij
iid∼ Exponential(0.1) and simulating

{zi}1:10 by initializing z0 = 1 and generating transition parameters qi
iid∼Multinomial(p+ =

0.25, p0 = 0.5, p− = 0.25), ρi
iid∼ Gamma(3,1.5), νi

iid∼ Gamma(3,6), δi
iid∼ Gamma(3,6), and

α ∼ Gamma(10,2) for i ∈ {1, ...,10} time periods. In order to assess the model’s ability

to recover the underlying rate zij in unobserved regions, 30 percent (approximately the

percentage of the eBird data for which observation effort is 0) of total observations were

censored at random such that yij = tij = 0. Samples from the posterior distribution were

obtained using MCMC, from which coverage rates and other statistics were calculated.

This simulation process was repeated twenty times. Tables 4.1 and 4.2 contain aggregated

results from all model fittings.

Table 4.1: Average coverage, credible interval width, bias, and RMSE for zij when data
are observed and censored.

Coverage (90%) Bias RMSE
yij, tij observed 0.883 -0.003 0.349

yij = tij = 0 0.880 -0.002 0.589

We note that the model recovers the underlying rate parameters {zi}1:10 effectively,

even for nodes and time periods where no data are available, suggesting that this model
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FIGURE 4.9: Network structure used for simulation.

Table 4.2: Average 90% coverage rates for all transition structure parameters.
qi ρi νi δi α

Coverage (90%) 0.895 0.610 0.905 0.855 0.900

could be valuable in estimating species abundance for regions with minimal observation

effort. All other model parameters have appropriate coverage rates, with the exception of

ρi. Investigation of simulation output indicated that increases in ρi have diminishing impact

on likelihood, making higher true values of ρi difficult to correctly recover. In general, this

issue does not seem to negatively impact inference on other parameters. We now turn to a

discussion of model results when fit to observations from the eBird data set.

4.4 Analysis of eBird data for migratory species

To understand trends in the movement and relative abundance of migratory birds, we

fit our model to five years worth of weekly county-level observations for the Baltimore oriole

and yellow-rumped warbler. In order to reduce computational burden, the model was fit

separately for each year, allowing some degree of parallelization at the cost of breaking
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FIGURE 4.10: The posterior mode of q: blue lines indicate weeks with high posterior
probability that current is positive, resulting in southward flow, while red lines indicate
weeks with high posterior probability that current is negative resulting in northward
flow.

temporal dependence between fits. Using the priors given in Equation 4.12, the following

hyperparameters were chosen: aρ = aν = aδ = 5, bρ = 2, bν = bδ = 10, and (p+, p0, p−) =

(0.2,0.6,0.2). This results in ρi having a prior expectation of 2.5, a threshold we found to be

consistent with modest but non-trivial levels of flow and diffusion when simulating current

matrices, and balanced νi and δi. We fixed α = 2 based on an ad hoc empirical Bayes

procedure. This decision was made in order to keep α consistent between the separate

model fits for each year, to ensure that the the multiplicative error term has a non-zero

mode, and because we found in simulation that fixing α significantly improves mixing times

while having limited impact on inference for other parameters. Computation was performed

using the Duke University Compute Cluster. An average of approximately 15000 posterior

samples were obtained, requiring two weeks of time and resulting in an average effective

sample size of approximately 500 after burn-in.

Within this section, our primary focus to assess how our model informs our understand-

ing of migratory patterns over time for each species. Recall from discussion of Figures

4.5-4.8 that qi, ρi, νi and δi all work in concert to characterize the transition behavior at
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FIGURE 4.11: Black lines depict average latitude over time based on posterior
distribution of {zi}1:260. Vertical red lines indicate time periods of substantive northward
flow and blue lines indicated periods of substantive southward flow, based on posterior
of {qi}1:260, {ρi}1:260, {νi}1:260, {δi}1:260

time i. While one could simply evaluate the posterior mode of {qi}1:260 over time, depicted

in Figure 4.10, and infer that southward migration is occurring when the posterior distri-

bution of qi is concentrated at 1, and northward at −1, it may be useful to take other

parameter estimates at time i into account. For example, we may wish to characterize a

period of "substantive" flow as one for which the posterior probability of qi ∈ 1,−1 exceeds

0.9, the posterior mean of ρi > 3 and the posterior mean of δi/(νi + δi) > 0.7, thresholds

corresponding approximately to the 75th percentile across i, thereby omitting any time pe-

riods with parameter values that significantly inhibit flow. Figure 4.11 contains plots of the

average latitude over time (in black, and based on the posterior distribution of {zi}1:260) for

the population of the Baltimore-oriole and yellow-rumped warbler, with vertical red lines

indicating weeks with substantive northward (qi = −1) migration according to the above

heuristic, and blue lines for southward (qi = 1) migration.

As expected, our model identifies patterns of northward migration during spring and

summer, with patterns of southward migration during fall and winter for each species. The

consistency of certain patterns observable in Figure 4.11 is worth noting. In each of the
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five years analyzed, the first substantive instance of northward migration for the Baltimore

oriole occurs during the 17th or 18th week of the year (corresponding to the period between

April 23 to May 6 in non-leap years), while first such period for the yellow-rumped warbler

occurs each year (except in 2015) during the 15th to 17th weeks. Notably, the week of

initial northward migration is correlated (R = 0.72) between these two species, suggesting

potential common environmental factors driving the onset of spring migration for both

species. The portion of the year during which our model is identifying northward shifts

in distribution tends to last longer for the yellow-rumped warbler than for the Baltimore

oriole. All of these findings are consistent with preexisting research that suggests that

the yellow-rumped warbler has a more drawn out spring migratory season relative to the

Baltimore oriole (Hunt & Flaspohler, 2020; Rising & Flood, 2020).

In contrast to the patterns observed with regards to northward migration, our model

identifies fewer and more temporally varied periods of southward migration for each species.

Ecologists have noted differences in patterns between spring and fall migration in terms of

speed and duration of travel (Nilsson et al., 2013; Tryjanowski & Yosef, 2002) with spring

migration occurring more rapidly over a shorter period, and seasonal differences in the

physiology of migrating birds (Sharma et al., 2018). It has been theorized that sexual

competition drives the intensity and speed of the spring migration (Kokko, 1999), whereas

fall migration is driven more by local resource availability and climate conditions (Nilsson

et al., 2013). Taken together, the patterns observed during spring migration tend to be

more dramatic and consistent across populations, whereas fall migration is more protracted

and exhibits more localized behavior, which may account for the weaker and less consistent

signals of southward migration identified by our model.

4.5 Discussion

Within this article we utilized crowdsourced bird watching observations from the eBird

database in order to model the latent abundance of migratory bird species over time and

space. We constructed a hidden Markov model with novel transition matrix parameteriza-
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tion utilizing principles from circuit theory in order to reflect migratory patterns present

within the data. After illustrating model behavior and demonstrating its ability to recover

the true underlying distribution in locations with missing data we fit our model to obser-

vations of the Baltimore oriole and yellow-rumped warbler, identifying migratory trends

which are consistent with contemporary scientific understanding.

We conclude this article with a brief discussion of potential applications, model exten-

sions, and follow up questions to the content of this article. As noted, the identification

of migratory flyways (the routes birds use while travelling) is an important task in the

study of avian migration (Buhnerkempe et al., 1996). The model as implemented within

this article did not explicitly consider this question, essentially treating the entire spatial

domain as a single flyway. As we consider potentially useful future extensions to this work,

a major point of interest is to explore the use of variable edge weights in the construction

of our model’s adjacency structure. Under the analogy of the spatial domain as electrical

network, the unweighted county adjacency matrix is akin to unit resistors being used exclu-

sively in network construction. If edge weights were instead parameterized as functions of

environmental covariates or spatial random effects (Christensen & Eidsvik, 2024; Hanks &

Hooten, 2013), current flow could exhibit more flexible and scientifically noteworthy behav-

iors, especially within the context of flyway detection. As an illustration of this, see Figure

4.12, which depicts a 24× 12 lattice network with battery node attached to the top of the

graph and ground at the bottom. Cells marked with “X"s indicate high resistance regions;

one could imagine that they correspond to mountains or other features inhibiting animal

movement. Effective current is depicted relative to the battery node which has voltage

equal to 1. As can be seen current flows around high-resistance regions and through low

resistance regions. Defining a model such that edge resistances are estimated from the data

would enable a detailed understanding of the paths birds are utilizing during migration;

similar methods have already been used to characterize patterns of bird movement, albeit

at more local scale and with resistances pre-specified according to expert belief rather than

estimated (Grafius et al., 2017).
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FIGURE 4.12: High and low resistance regions shape flow through a network, enabling
us to learn migratory pathways.

Understanding the impact of climate change on bird populations and their migratory

behaviors is of considerable ecological importance (Marra et al., 2005). Scientists have

already observed shifting patterns in the timing and duration of migration season over the

past decades (Covino et al., 2020). As noted in the previous section, our model identified

that the onset of spring migration was correlated between the studied species. Incorporating

historic climate information into our model, or comparing model output to such data could

allow us to make more significant inferences about these relationships. Because climate

conditions can vary dramatically across the migratory range of many species and local

conditions can impact migratory timings (Tottrup et al., 2010), it could be valuable to

adapt our model’s transition structure such that flow patterns are defined locally rather

than globally.
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5. Conclusions

This dissertation explores the question of how we can more effectively model areal and

graphical data. In Chapter 2 we described and introduced the graph deformation (GDEF)

modeling framework, which defines a class of spatial covariance models for graph and areal

data. The GDEF model improves upon commonly used alternatives through its capacity to

flexibly approximate a wide range of nonstationary and anisotropic covariance patterns and

by leveraging the general flexibility of the Matérn covariance class, and provides appealing

interpretation in terms of “intrinsic distances" between spatial regions. In Chapter 3 we

extended the work contained in Chapter 2 by introducing a basis function representation for

unknown edge weights matrices using the eigenvectors of the line graph Laplacian (LGL).

We went on to show how this method improves the CAR model, while significantly improv-

ing the practical usability of the GDEF framework, and also provided further detail and

illustrations of the properties of the GDEF model. In Chapter 4 we utilized crowdsourced

observations from the eBird database to model migratory trends for the Baltimore oriole

and yellow-rumped warbler. We presented a hidden Markov model that utilized circuit

theory and an electricity based interpretation of migratory flow to characterize transition

patterns over time, and demonstrated how this model could be used to understand changes

in the species distribution of migratory birds over time.

Within this dissertation we introduce several novel ideas to the space of statistical mod-

els for areal data, including the integration of the quasi-Euclidean graph metric within

the Matérn covariance family and the introduction of the LGL eigenvector basis for edge

weights. Important ideas highlighted within the dissertation that are presently under-

utilized include an emphasis on the use of unknown edge weight parameters to flexibly
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characterize patterns of between node dependence and the use of electrical physics and

circuit theory within dynamic space-time models.

The GDEF modeling framework discussed in Chapter 2 and Chapter 3 represents in our

view a meaningful step forward in the space of models for areal data. A major objective

of our future work in this area will be to develop an R package that allows others to easily

implement GDEF models; to this end, an important focus will be the continued improve-

ment of the method’s computational efficiency. While the LGL eigenvector innovation of

Chapter 3 significantly improved the GDEF’s computational speed and practical usability,

the code presently being used to implement this method has considerable space for further

optimization. Potential improvement through integration of the GDEF model within the

INLA computing framework (Rue et al., 2009) is a current research effort.
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Appendix A. Supplemental Material for Chapter 2

1.1 Proof of identifiability

Proposition 1 (Identifiability). Using the parameterization for Σ provided in Equation A.1,

(σ2
1 ,W1) ̸= (σ2

2 ,W2)⇒ Σ1 ̸= Σ2 for all σ2
1 ,σ2

2 > 0 and all W1,W2 ∈WG.

The equation relating Σ to model parameters (σ2,W) is provided again for reference:

Σjk = σ2ρν(dij)

djk =
√
(ej − ek)⊤{L+}2(ej − ek)

L = diag(W1p)−W

(A.1)

Because ρν(·) is a correlation function, and the distance from any node to itself is zero,

the diagonal elements of Σ are equal to σ2. Thus σ2
1 ̸= σ2

2 ⇒ Σ1 ̸= Σ2. For two distance

matrices D1 ̸= D2 there exists some pair of nodes (j,k) such that d1jk ̸= d2jk. Because ρν(·)

is a strictly decreasing function, d1jk ̸= d2jk⇒ Σ1jk ̸= Σ2jk.

We now need only to prove that W1 ̸= W2⇒ D1 ̸= D2. The transformation from edge

weights matrix to to distance matrix as defined by the quasi-Euclidean metric can be

rewritten as follows:

D =
(
1pd⊤{L+}2 + d{L+}21⊤p − 2{L+}2

)◦ 1
2

L = diag(W1p)−W

(A.2)

Here d{L+}2 is defined to be the vector with elements equal to the diagonal entries of {L+}2

and (·)◦ 1
2 denotes the Hadamard (element-wise) square root of a matrix. The Hadamard

root is an invertible transformation (B1 ̸= B2⇔ B◦
1
2

1 ̸= B◦
1
2

2 for all matrices B1,B2) but the

transformation B = ∆(A) for any p× p matrix A, given below, is not invertible.

B = ∆(A) = 1d⊤A + dA1⊤ − 2A (A.3)
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This transformation is fairly well known in other statistical applications involving dis-

tances, and appears within the formulation of the quasi-Euclidean metric. A linear trans-

formation f (·) is injective iff its null space N ( f ) = {0}. The null space of ∆ is N (∆) =

{A : A = 1c⊤ + c1⊤,c ∈Rp} as demonstrated below:

Suppose ∆(A) = 0p×p :

⇒ A = 1d′A/2 + dA1′/2

∀c ∈Rp, let A = 1c⊤ + c1⊤

⇒ dA = 2c

⇒ A = 1d′A/2 + dA1′/2

⇒N (∆) = {A : A = 1c⊤ + c1⊤,c ∈Rp}

(A.4)

Let Ap be the space of p× p symmetric matrices such that ∀A ∈ Ap, A1p = 0p. We

note that for any graph with p nodes, both its Laplacian matrix L and {L+}2 are elements

of Ap. It can be seen that N (∆) ∩ Ap = {0p×p}, which implies that ∀A ∈ Ap, ∆(A) =

0p×p⇒ A = 0p×p. We now show that this condition implies the injectivity of ∆ over Ap.

Suppose (∀A ∈ Ap, ∆(A) = 0⇒ A = 0) :

If ∆(A1) = ∆(A2) and A1,A2 ∈ A

⇒ ∆(A1)− ∆(A2) = 0

⇒ ∆(A1 −A2) = 0 (b.c. ∆ is linear)

⇒ A1 −A2 = 0 (from supposition, note that (A1 −A2) ∈ Ap)

⇒ A1 = A2

⇒ ∆ is injective over Ap

(A.5)

Because {L+}2 ∈Ap, {L+}2
1 ̸= {L

+}2
2⇒D1 ̸=D2. The uniqueness of the Moore-Penrose

inverse in conjunction with the fact that Laplacian matrices are always positive semi-definite

means that the transformation from L to {L+}2 is injective. From the definition L =
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diag(W1)−W, it is clear that W1 ̸= W2⇒ L1 ̸= L2, and thus that (σ2
1 ,W1) ̸= (σ2

2 ,W2)⇒

Σ1 ̸= Σ2 for all σ2
1 ,σ2

2 > 0 and all W1,W2 ∈WG.

1.2 MCMC sampler

In order to sample from the edge weight parameters of our model, we implemented the

Metropolis-adjusted Langevin algorithm (MALA), which requires the analytic computation

of the partial derivatives of the log posterior density with respect to all model parameters.

Below we provide details on how to obtain the partial derivative of the log-likelihood ℓ

(assuming Y∼ N(0,Σ⊗ In)) with respect to a single edge weight (wjk). Special thanks to

Jo Eidsvik, who assisted us with computation and derivative calculations.

One may obtain the derivative ∂ℓ
∂wjk

through repeated application of the chain rule as

follows:

∂ℓ

∂wjk
= −n

2
trace

(
Σ−1 ∂Σ

∂wjk

)
+

1
2

n

∑
i=1

y′iΣ
−1 ∂Σ

∂wjk
Σ−1yi

∂Σ
∂wjk

= −σ2 ∂D
∂wjk

⊙D⊙ exp(−D) = −σ2

2
∂D2

∂wjk
⊙ exp(−D),

∂D2

∂wjk
= diag

(
∂{L+}2

∂wjk

)
1′n + 1ndiag

(
∂{L+}2

∂wjk

)′
− 2

∂{L+}2

∂wjk
, (A.6)

∂{L+}2

∂wjk
= L+ ∂L+

∂wjk
+

∂L+

∂wjk
L+,

dL+

∂wjk
= −L+ ∂L

∂wjk
L+,

∂L
∂wjk

= diag
(

dW
∂wjk

1n

)
− ∂W

∂wjk
.

Here D2 = D⊙ D and ∂W
∂wjk

is a p × p matrix with elements jk and kj equal to 1 and

all others equal to 0. In practice it may be helpful to sample log(wjk) instead to avoid

boundary issues in which case ∂W
∂log(wjk)

is a matrix with elements jk and kj equal to wjk.
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Assuming a Gamma(a,b) prior for all edge weights, the derivative of the log-posterior

with respect to wjk is

∂logπ(w|Y)

∂wjk
=

∂ℓ

∂(wjk)
+

a− 1
wjk

− b. (A.7)

Let ∇wlogπ(w|Y) be the vector of length e = |E| containing all partial derivatives of

the log likelihood with respect to edge weights. The posterior for w and σ2 can be updated

as detailed below in Algorithm 1:

Algorithm 2 MCMC Sampler for Covariance Model

Input: Y an n× p data matrix, G a graph with p nodes, and s a tuning parameter, which
may be adaptively updated during burn-in to ensure an appropriate acceptance rate.
Output: T posterior samples for model parameters σ2 and w
Initialize σ2(0) and w(0) and set Σ(0) = cν(σ2(0),w(0))
for t = 1 to T do

Update σ2(t) by taking draw from full conditional π(σ2(t)|Y,Σ(t−1))
Set wcur = w(t−1)

Set Σcur = cν(σ2(t),w(t−1))

Propose w∗ ∼ g(w∗|wcur) = Ne(w(t−1) + s2

2∇wlogπ(wcur|Y,σ2(t)), s2Ie)

Set Σ∗ = cν(σ2(t),w∗)

Compute α =
π(wcur|Y)g(wcur|w∗)
π(wcur|Y)g(w∗|wcur)

Generate u from U(0,1)
if u < min(1,α) then

wcur←w∗

Σcur← Σ∗

w(t)←wcur

Σ(t)← Σcur
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Appendix B. Supplemental Material for Chapter 3

2.1 Derivatives of model likelihood

In Chapter 3 we defined ∇ℓ(θ) as the derivative of the log likelihood with respect to θ.

Equation A.6 of Appendix A provides the first derivative of the GDEF log likelihood with

respect to the individual edge weights. The same equation may be used to find ∇ℓ(θ), with

the only modification being that in place of ∂W
∂wjk

we utilize ∂W
∂ηi

which is equal to W with

each of its nonzero elements multiplied by the corresponding element of basis vector vi.

In order to implement Newton’s method, one needs Hℓ(θ), the second derivative of the

log likelihood with respect to θ. The second derivative of the GDEF covariance with respect

to η is given as:

d2Σ
dηidηj

= −σ2 exp(−D)⊙
[

d2D
dηidηj

⊙D+
dD
dηi
⊙ dD

dηj
− dD

dηi
⊙ dD

dηj
⊙D

]
,

= −σ2

2
exp(−D)⊙

[
d2D2

dηidηj
− dD2

dηi
⊙ dD2

dηj
⊘ 2D

]
(Let 0/0 = 0),

dD2

dηi
= 2

dD
dηi
⊙D, i = 1, . . . ,k

d2D2

dwidηj
= diag

(
d2P2

dηidηj

)
1′n + 1ndiag

(
d2P2

dηidηj

)′
− 2

d2P2

dηidηj
, (B.1)

d2P2

dηidηj
= P

d2P
dηidηj

+
dP
dηj

dP
dηi

+
d2P

dηidηj
P+

dP
dηi

dP
dηj

,

d2P
dηidηj

= [L−1 dL
dηj

L−1]
dL
dηi

L−1 − L−1 d2L
dηidηj

L−1 + L−1 dL
dηi

[L−1 dL
dηj

L−1],

d2L
dηidηj

= diag
(

d2W
dηidηj

1n

)
− d2W

dηidηj
.

Here, the second derivatives of matrix W with respect to η have entries equal to w⊙ vi⊙ vj.
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The second derivative with respect to the likelihood is given by

d2l
dηidηj

= −n
2
trace

(
Σ−1 d2Σ

dηidηj
− Σ−1 dΣ

dηi
Σ−1 dΣ

dηj

)

−
n

∑
r=1

y′rΣ−1 dΣ
dηi

Σ−1 dΣ
dηj

Σ−1yr +
R

∑
r=1

1
2
y′rΣ−1 d2Σ

dηidηj
Σ−1yr. (B.2)

We have that E(y′rAyr) = trace(AΣ). The expected value of this second derivative of

the likelihood, with respect to the data Y is

E
[

d2l
dηidηj

]
= −n

2
trace

(
Σ−1 dΣ

dηi
Σ−1 dΣ

dηj

)
. (B.3)

The expected second derivative of the log likelihood can be computed considerably faster

than Hℓ(θ), which leads us to prefer it during the iterative portion of implementing Newton’s

method.

2.2 Bayesian model fitting

In Chapter 3 we used maximum likelihood estimation, obtaining uncertainty estimates

based on the MLEs asymptotic distribution. We could also utilize a Bayesian approach to

model fitting and suggest the following prior distribution for θ:

η ∼ Nk(0,ϕIk)

ϕ ∼ Inverse-gamma(aϕ,bϕ)

σ2 ∼ Inverse-gamma(aσ2 ,bσ2)

κ ∼ Beta(aκ,bκ) (If using the CAR covariance).

(B.4)

Prior distribution parameters should be chosen with consideration for the application.

Inverse-gamma priors on ϕ and σ2 allow for posterior conjugacy. Particular attention should

be given to the hyper-prior on ϕ. Because the length of an eigenvector is one, the relative

scale of individual basis function elements will decrease as graph size increases; as such,

the prior expectation of ϕ should generally be higher for larger graphs. We suggested a
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Beta distribution prior for κ. Although the CAR model produces a valid covariance matrix

for |κ| < 1, non-contrived settings where κ < 0 are unlikely to be encountered; any prior

distribution over the interval (-1,1) may be used if desired.

Samples from the posterior distribution of θ may be obtained using any Markov chain

Monte Carlo (MCMC) algorithm. We have found success using the standard form of the

Metropolis adjusted Langevin algorithm (MALA), which utilizes the derivative of the log

posterior ∂logπ(θ|Y)
∂θ =∇ℓ(θ) +

∂log(π(θ))
∂θ to define a proposal distribution for θ. The deriva-

tive of the log prior distribution logπ(θ) as described in Equation B.4 is straightforward to

obtain. A Langevin MH sampler for θ (or a block component of this vector) proposes new

states according to ϕn(θ′;θ + h ∂logπ(θ|Y)
∂θ ,2h2In), and the acceptance probability is

α = min

{
1,

p(θ′|Y)ϕn(θ;θ′ + h ∂logπ(θ′|Y)
∂θ ,2h2In)

p(θ|Y)ϕn(θ′;θ + h ∂logπ(θ|Y)
∂θ ,2h2In)

}
. (B.5)

Here, h is a tuning parameter. The optimal acceptance rate of the Langevin MH sampler

is 0.57 (Roberts & Rosenthal, 1998), and this is an easy way to tune h. More nuanced

versions of the Metropolized Langevin sampler exist.

Alternatively, a Gaussian approximation of the posterior distribution may be used for

reduced computational time:

π̂G(θ|Y) ≡ N

θ̂,−
[
Hℓ(θ̂) +

∂2log(π(θ̂))

∂θ2

]−1
 . (B.6)

Here, θ̂ is the posterior mode, obtained via Newton’s method, with approximate covariance

equal to the negative inverse of the log-posterior’s Hessian matrix evaluated at θ̂.
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Appendix C. Supplemental Material for Chapter 4

3.1 Details on computation

The MCMC sampler described in Algorithm 1 of Chapter 4 splits the model parameters

into three blocks which are updated based the conditional posterior distribution for each

block.

Updating zi

In the first step we update latent rate parameter zi, a vector of length equal to the

number of graph nodes. Because of high dimensionality, a random walk Metropolis Hast-

ings sampler for zi will mix poorly. Furthermore, the individual elements of zi are not

conditionally independent of each other, which means that a multivariate updating scheme

is likely necessary. Compounding these issues is the fact that highly variable observation

efforts associated with zi result in highly variable marginal posterior variances, which makes

global tuning of our proposal scheme more challenging. To this end we used a variant of the

manifold Metropolis adjusted Langevin algorithm (mMALA) introduced by Girolami and

Calderhead (2011), which extended the traditional MALA algorithm referenced in Appen-

dices A and B by scaling the gradient with the inverse of the expected Fisher Information

evaluated at the current value of the parameter for which a proposal is being made. To

reduce the computational burden at each iteration of our sampler, we implemented “diag-

onalized" MALA (dMALA) which scales the gradient using only the diagonal elements of

the expected Fisher Information.

Implementing the algorithm requires computation of the gradient of the log posterior

π(zi|−), as well as the second derivatives of the log posterior. Because zij > 0 and the

proposal distribution used in the dMALA algorithm is Gaussian, it makes sense to calculate

derivatives with respect to ηij = log(zij):
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∂logπ(zi|−)
∂ηij

= yij + α− zij

(
α

m′ijzi−1
+ tij

)
− αzij

p

∑
k

 m(i+1)kj

m′
(i+1)kzi

−
m(i+1)kjz(i+1)k(

m′
(i+1)kzi

)2



∂2logπ(zi|−)
∂η2

ij
=

(
∂logπ(zi|−)

∂ηij
− yij − α

)
− αz2

ij

p

∑
k

− m2
(i+1)kj(

m′
(i+1)kzi

)2 + 2
m2

(i+1)kjz(i+1)k(
m′

(i+1)kzi

)3


(C.1)

The covariance of the proposal distribution is diagonal, allowing us to generate z′i using

η′ij ∼ N

ηij −
h
2

∂logπ(zi|−)
∂ηij

/
∂2logπ(zi|−)

∂η2
ij

,−h

[
∂2logπ(zi|−)

∂η2
ij

]−1
 (C.2)

where h is a tuning parameter. While the individual elements of z′i are independent under

this proposal distribution, the full proposal must be accepted or rejected in its entirety.

Updating transition matrix parameters

Because the prior distribution of qi is discrete with only 3 possible values, the most

straightforward way to sample from π(qi|−) is to compute the conditional posterior prob-

ability for each of π(qi = 1|−), π(qi = 0|−) and π(qi = −1|−), and to sample according

to these probabilities scaled such that they sum to one.

We recommend updating the three remaining transition matrix parameters jointly. We

found that a Metropolis-Hastings update using an adaptive MCMC proposal scheme such

as those suggested in Andrieu and Thoms (2008) works well.

104



Bibliography

Abdi, H., O’Toole, A. J., Valentin, D., & Edelman, B. (2005). DISTATIS: The analysis of mul-
tiple distance matrices. 2005 IEEE Computer Society Conference on Computer Vision
and Pattern Recognition (CVPR’05)-Workshops, 42–44.

Adde, A., Casabona i Amat, C., Mazerolle, M. J., Darveau, M., Cumming, S. G., & O’Hara,
R. B. (2021). Integrated modeling of waterfowl distribution in western canada us-
ing aerial survey and citizen science (eBird) data. Ecosphere, 12(10).

Agarwal, D. K., Gelfand, A. E., & Citron-Pousty, S. (2002). Zero-inflated models with ap-
plication to spatial count data. Environmental and Ecological Statistics, 9(4), 341–355.

Ahmed, D. A., Bailey, J. D., & Bonsall, M. B. (2023). On random walk models as a baseline
for animal movement in three-dimensional space. Ecological Modelling, 475.

Alerstam, T. (1993). Bird migration. Cambridge University Press.

Andrieu, C., & Thoms, J. (2008). A tutorial on adaptive mcmc. Statistics and computing, 18,
343–373.

Arbia, G. (2012). Spatial data configuration in statistical analysis of regional economic and related
problems (Vol. 14). Springer Science & Business Media.

Aschwanden, J., Schmidt, M., Wichmann, G., & et al. (2020). Barrier effects of mountain
ranges for broad-front bird migration. Journal of Ornithology, 161, 59–71.

Avadhani, T. (1969). An analysis of integrated observations. Journal of the Indian Society of
Agricultural Statistics, 21, 39.

Banerjee, S., Carlin, B. P., & Gelfand, A. E. (2003). Hierarchical modeling and analysis for
spatial data. Chapman; Hall/CRC.

Banerjee, S., Finley, A. O., Waldmann, P., & Ericsson, T. (2010). Hierarchical spatial process
models for multiple traits in large genetic trials. Journal of the American Statistical
Association, 105(490), 506–521.

105



Banerjee, S., Gelfand, A. E., Finley, A. O., & Sang, H. (2008). Gaussian predictive process
models for large spatial data sets. Journal of the Royal Statistical Society Series B:
Statistical Methodology, 70(4), 825–848.

Barton, G. G., & Sandercock, B. K. (2018). Long-term changes in the seasonal timing of
landbird migration on the pacific flyway. The Condor: Ornithological Applications,
120(1), 30–46.

Besag, J. (1974). Spatial interaction and the statistical analysis of lattice systems. Journal of
the Royal Statistical Society: Series B (Methodological), 36(2), 192–225.

Besag, J., & Kooperberg, C. (1995). On conditional and intrinsic autoregressions. Biometrika,
82(4), 733–746.

Besag, J., & Mondal, D. (2005). First-order intrinsic autoregressions and the de wijs pro-
cess. Biometrika, 92(4), 909–920.

Besag, J., York, J., & Mollié, A. (1991). Bayesian image restoration with two applications in
spatial statistics. Annals of the institute of statistical mathematics, 43(1), 1–20.

Bianchini, K., & Tozer, D. C. (2023). Using breeding bird survey and eBird data to im-
prove marsh bird monitoring abundance indices and trends. Avian Conservation
and Ecology, 18(1).

Bornn, L., Shaddick, G., & Zidek, J. V. (2012). Modeling nonstationary processes through
dimension expansion. Journal of the American Statistician, 107(497), 281–289.

Buhnerkempe, M. G., Webb, C. T., Merton, A. A., Buhnerkempe, J. E., Givens, G. H., Miller,
R. S., & Hoeting, J. A. (1996). Identification of migratory bird flyways in north
america using community detection on biological networks. Ecological Applications,
26(3), 740–751.

Caughlan, L., & Oakley, K. L. (2001). Cost considerations for long-term ecological moni-
toring. Ecological Indicators, 1(2), 123–124.

Chandra, A. K., Raghavan, P., Ruzzo, W. L., Smolensky, R., & Tiwari, P. (1996). The elec-
trical resistance of a graph captures its commute and cover times. Computational
complexity, 6(4), 312–340.

Chebotarev, P. (2011). A class of graph-geodetic distances generalizing the shortest-path
and the resistance distances. Discrete Applied Mathematics, 159(5), 295–302.

Christensen, M. F., & Eidsvik, J. (2024). A dimension reduction approach to edge weight
estimation for use in spatial models. arXiv.

106



Christensen, M. F., Heaton, M. J., Rupper, S., Reese, C. S., & Christensen, W. F. (2019).
Bayesian multi-scale spatio-temporal modeling of precipitation in the indus wa-
tershed. Frontiers in Earth Science, 7, 210.

Christensen, M. F., & Hoff, P. D. (2023). A flexible and interpretable spatial covariance
model for data on graphs. arXiv.

Christensen, M. F., & Hoff, P. D. (2024). Incorporating circuit theory into a dynamic model
for crowd-sourced observations of migratory birds. arXiv.

Coastal Area Management Act. (1974).

Covino, K. M., Horton, K. G., & Morris, S. R. (2020). Seasonally specific changes in migra-
tion phenology across 50 years in the black-throated blue warbler. The Auk, 137(2).

Cressie, N. (1993). Statistics for spatial data. John Wiley & Songs.

Datta, A., Banerjee, S., Finley, A. O., & Gelfand, A. E. (2016). Hierarchical nearest-neighbor
gaussian process models for large geostatistical datasets. Journal of the American
Statistical Association, 111(514), 800–812.

Dickson, B. G., Albano, C. M., Anantharaman, R., Beier, P., Fargione, J., Graves, T. A.,
Gray, M. E., Hall, K. R., Lawler, J. J., Leonard, P. B., et al. (2019). Circuit-theory
applications to connectivity science and conservation. Conservation biology, 33(2),
239–249.

Dunn, J. E., & Gipson, P. S. (1977). Analysis of radio telemetry data in studies of home
range. Biometrics, 85–101.

Dunson, D. B., Wu, H.-T., & Wu, N. (2022). Graph based gaussian processes on restricted
domains. Journal of the Royal Statistical Society Series B: Statistical Methodology, 84(2),
414–439.

Ejigu, B. A., & Wencheko, E. (2020). Introducing covariate dependent weighting matrices
in fitting autoregressive models and measuring spatio-environmental autocorre-
lation. Spatial Statistics, 38, 100454.

Fagan, W. F., & Calabrese, J. M. (2014). The correlated rnadom walk and the rise of move-
ment ecology. The Bulletin of the Ecological Society of America, 95, 204–206.

Fisher, R. A. (1921). 014: On the “probable error" of a coefficient of correlation deduced
from a small sample.

Fritts, R. (2022). Avian superhighways: The four flyways of north america [[Online; ac-
cessed 7-April-2023]]. https://abcbirds.org/blog/north-american-bird-flyways/

107

https://abcbirds.org/blog/north-american-bird-flyways/


Garner, C. L., & Raudenbush, S. W. (1991). Neighborhood effects on educational attain-
ment: A multilevel analysis. Sociology of education, 251–262.

Gelfand, A. E., & Vounatsou, P. (2003). Proper multivariate conditional autoregressive
models for spatial data analysis. Biostatistics, 41(1), 11–15.

Gelfand, A. E., Zhu, L., & Carlin, B. P. (2001). On the change of support problem for spatio-
temporal data. Biostatistics, 2(1), 31–45.

Gelman, A., Hwang, J., & Vehtari, A. (2014). Understanding predictive information criteria
for bayesian models. Statistics and computing, 24(6), 997–1016.

Gihman, I. I., & Skorohod, A. V. (1974). The theory of stochastic processes. Berlin: Springer-
Verlag.

Girolami, M., & Calderhead, B. (2011). Riemann manifold langevin and hamiltonian monte
carlo methods. Journal of the Royal Statistical Society Series B: Statistical Methodology,
73(2), 123–214.

Glennie, R., Adam, T., Leos-Barajas, V., Michelot, T., Photopoulou, T., & McClintock, B. T.
(2023). Hidden markov models: Pitfalls and opportunities in ecology. Methods in
Ecology and Evolution, 14(1), 43–56.

Grafius, D. R., Corstanje, R., Siriwardena, G. M., Plummer, K. E., & Harris, J. A. (2017).
A bird’s eye view: Using circuit theory to study urban landscape connectivity for
birds. Landscape Ecology, 32, 1771–1787.

Gramacy, R. B., & Apley, D. W. (2015). Local gaussian process approximation for large
computer experiments. Journal of Computational and Graphical Statistics, 24(2), 561–
578.

Guinness, J. (2018). Permutation and grouping methods for sharpening gaussian process
approximations. Technometrics, 60(4), 415–429.

Guttorp, P., Meiring, W., & Sampson, P. D. (1994). A space-time analysis of ground-level
ozone data. Environmetrics, 5(3), 241–254.

Hankin, R. K. (2006). Resistor networks in r: Introducting the resistorarray package. R
News, 6(2), 52–54.

Hanks, E. M., & Hooten, M. B. (2013). Circuit theory and model-based inference for land-
scape connectivity. Journal of the American Statistical Association, 108(501), 22–33.

Harman, H. H. (1976). Modern factor analysis. University of Chicago press.

108



Hass, E. K., La Sorte, F. A., McCaslin, H. M., Belotti, M. C., & Horton, K. G. (2022). The cor-
relation between eBird community science and weather surveillance radar-based
estimates of migration phenology. Global Ecology and Biogeography, 31(11), 2219–
2230.

Hebblewhite, M., & Haydon, D. T. (2010). Distinguishing technology from biology: A crit-
ical review of the use of gps telemetry data in ecology. Philosophical Transactions of
the Royal Society B, 365, 2303–2312.

Hedenstrom, A., & Alerstam, T. (1998). How fast can birds migrate? Journal of Avian Biol-
ogy, 29(4), 424–432.

Helbig, A. J. (2003). Evolution of bird migration: A phylogenetic and biogeographic per-
spective. Avian Migration.

Higdon, D., Gattiker, J., Williams, B., & Rightley, M. (2008). Computer model calibra-
tion using high-dimensional output. Journal of the American Statistical Association,
103(482), 570–583.

Higdon, D. (1998). A process-convolution approach to modelling temperatures in the
north atlantic ocean. Environmental and Ecological Statistics, 5, 173–190.

Hjelle, Ø., & Dæhlen, M. (2006). Triangulations and applications. Springer Science & Busi-
ness Media.

Hochachka, W. M., Alonso, H., Gutierrez-Exposito, C., Miller, E., & Johnston, A. (2021).
Regional variation in the impacts of the COVID-19 pandemic on the quantity and
quality of data collected by the project eBird. Biological Conservation, 254.

Hochachka, W. M., Ruiz-Gutierrez, V., & Johnston, A. (2023). Considerations for fitting
occupancy models to data from eBird and similar volunteer-collected data. Or-
nithology, 140(4).

Holsclaw, T., Greene, A. M., Robertson, A. W., & Smyth, P. (2016). A bayesian hidden
markov model of daily precipitation over south and east asia. Hydrometeorology,
17(1), 3–25.

Hooten, M. B., Johnson, D. S., & McClintock, J. M. (2017). Animal movement: Statistical
models for telemetry data. CRC Press.

Horns, J. J., Adler, F. R., & Sekercioglu, C. H. (2018). Using opportunistic citizen science
data to estimate avian population trends. Biological Conservation, 221, 151–159.

109



Hughes, J., & Haran, M. (2013). Dimension reduction and alleviation of confounding for
spatial generalized linear mixed models. Journal of the Royal Statistical Society: Series
B (Statistical Methodology), 75(1), 139–159.

Hunt, P. D., & Flaspohler, D. J. (2020). Yellow-rumped warbler (steophaga coronata). In
P. G. Rodewald (Ed.), Birds of the world. Cornell Lab of Ornithology.

Ivanciuc, O., Ivanciuc, T., & Klein, D. J. (2001). Intrinsic graph distances compared to eu-
clidean distances for correspondent graph embedding. MATCH Communications in
Mathematical and in Computer Chemistry, 44, 251–278.

Jin, X., Carlin, B. P., & Banerjee, S. (2005). Generalized hierarchical multivariate car models
for areal data. Biometrics, 61(4), 950–961.

Jungnickel, D. (2012). Graphs, networks and algorithms. Berlin: Springer.

Katzfuss, M., & Guinness, J. (2021). A general framework for becchia approximations of
gaussian processes. Statistical Science, 36(1), 124–141.
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