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Abstract

We consider the advection-diffusion equation on T? with a Lipschitz and time-
periodic velocity field that alternates between two piecewise linear shear flows. We
prove enhanced dissipation on the timescale |logv|, where v is the diffusivity param-
eter. This is the optimal decay rate as v — 0 for uniformly-in-time Lipschitz velocity
fields. We also establish exponential mixing for the v = 0 problem.
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1. Introduction

Understanding the dynamics of a diffusive scalar advected by an incompressible flow
is a fundamental problem in fluid mechanics with relevance to both engineering and
the natural sciences. It is often possible in applications to treat the scalar as a passive
tracer, that is, to assume that it has no feedback on the fluid flow. The relevant model
is then the advection-diffusion equation

{a,f+u-Vf=vAﬁ 0

f|t=0 = fo
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posed on a suitable spatial domain, which we will always take to be the 2-dimensional
torus T? = R?/Z?. Here, 0 < v < 1 is a fixed diffusivity constant, u : [0, 00) x T? —
R? is a given divergence-free velocity field, and f :[0,00) x T? — R is the scalar
unknown. In applications, f may represent, for example, temperature or the con-
centration of a chemical in water. The primary purpose of this paper is to study the
quantitative decay rate of solutions with v > 0 for a particular velocity field u, which
we also show defines an optimally mixing dynamical system on T?2.

We first recall that since u is divergence-free, the spatial average of any solu-
tion to (1) is conserved and in fact all L? solutions with v > 0 converge strongly
to their spatial average as t — oo. Indeed, a simple energy estimate using just the
incompressibility of u gives
alro-f 4l

2
2di =—v| VD)2 (2)

2
L2

where f fo = W sz fo(z) dz denotes the spatial average. Hence, the Poincaré
inequality implies that
fo~f fo

lro~f 5

When u = 0, reducing (1) to the diffusion/heat equation, each nonzero Fourier mode
of the solution decays independently at a frequency-dependent rate and the v—! decay
timescale of (3) is in general sharp. An intriguing feature of (1) is that when diffu-
sion and advection are both present, the formation of small scales induced by stir-
ring can cause solutions to dissipate energy much faster than the heat equation as

< e*l)t

3)

L2 L2

v — 0, greatly accelerating the convergence in (3). This phenomenon is often referred
to as enhanced dissipation. Intuitively, advection results in a conservative transfer
of energy to high frequencies, which the diffusion damps much more effectively.
Enhanced dissipation can be defined precisely as solutions to (1) exhibiting a decay
timescale that is o(v=1) as v — 0.

Definition 1.1
A divergence-free and time-dependent velocity field u : [0, 00) x T? — R? is said to
be dissipation enhancing if there exist a constant C > 1 and a rate function §(v) :
(0, 00) — (0, 00) with
v
lim — =0
b2 5(v)

so that for all fy € L? the solution f of (1) satisfies
|ro-f 5], <ce| - f 5]

L2~
for all # > 0 and v sufficiently small.

L2
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While enhanced dissipation is well understood in certain cases, for example,
shear flows (see, e.g., [2], [10], [30], [31], [45], [46], [68]), the effects of diffusion and
advection naturally do not commute, and understanding the interplay between them
in full generality is extremely challenging. In fact, even though it is straightforward
to prove that the optimal rate function for a uniformly-in-time Lipschitz velocity field
behaves as §(v) &~ |logv|™! as v — 0, the only flows we are aware of that achieve
this rate are those constructed in [7] from generic solutions to various stochastically
forced fluid models. The setting of smooth or at least Lipschitz flows is, however,
of clear physical importance. Indeed, one is naturally interested in understanding the
interaction between advection and diffusion for velocity fields given by stationary or
quasiperiodic solutions to the Euler or Navier—Stokes equations, which are typically
regular.

Our main goal in this paper is to introduce an explicit, deterministic, time-
periodic velocity field that is uniformly-in-time Lipschitz and whose dynamics we
can understand deeply enough to establish sharp dissipation enhancement estimates.
We consider in particular alternating piecewise linear shear flows. For « > 0, let
Hy : T? — R? and V,, : T? — R? (with T 2 [0, 1]) denote the shear flows

Ha(x,y):(_2a|y0_l/2|) and V“("’y):(—za|x0_1/z|)'

We then define the Lipschitz continuous (in space), divergence-free velocity field u :
[0,00) x T? — R? by

Va(x.y) 1€[0.1/2),

Ug(t,x,y) = {Ha(xd’) tell/2,1)

for ¢ € [0, 1) and extended for # > 1 to be time-periodic with a period of 1. An impor-
tant feature of u, is that it generates a uniformly hyperbolic map on T? with sin-
gularities for « large. We mention that variations on the velocity field u, have been
considered in the recent works [20], [47], and [48], which will be discussed more in
Remark 1.3 and Section 1.1 below.

Our main result is stated as follows.

THEOREM 1
If a is a sufficiently large even integer; then the velocity field u is dissipation enhanc-
ing with the optimal rate function

c

5(v) = ,
®) = Tiogv]

where ¢ > 0 is a constant depending on o but not on v.
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The fact that the decay timescale in Theorem [ is optimal with respect to scaling
in v for Lipschitz u can be proved easily with (2) and the fact that ||V f(¢)|| ;2 can
grow at most exponentially fast. It should be mentioned that the situation changes
significantly when the velocity field is less regular. For instance, if v is only Holder
continuous with exponent strictly less than 1, then (1) no longer necessarily conserves
the L2 norm when v = 0 and it is possible to construct examples such that solutions of
the v > 0 problem decay at a v-independent rate (see [3], [19], [25], [38], [39]). When
u is not Lipschitz but instead bounded justin W2 for p < oo, then it is expected that
the optimal rate function is v-dependent but vanishes slower than |logv|~! as v — 0
(see [16]).

The estimate in (3) relies only on the dissipation produced by the Laplacian and
ignores the effects of the transport term. One must leverage the mixing produced from
the advection by u to obtain the optimal enhanced dissipation in Theorem 1. To this
end, we study the large scale mixing properties of dynamics which hold for v = 0.
Mixing refers, roughly speaking, to chaotic stretching and folding. An initially local-
ized concentration of scalar tends to filament and spread throughout the entire domain,
resulting in the conservative transfer of energy to higher Fourier modes. Precisely, a
divergence-free and time-dependent velocity field u : [0, 00) x T? — R? is said to be
mixing if for every fo € L? the solution to the advection equation

“4)

{atf-l—u-Vf:O,
f|t=0=f0

converges weakly in L2 as t — oo to its spatial average.

As a corollary to the proof of Theorem | and an existing result in hyperbolic
dynamics (see [35]), we are able to obtain optimal mixing estimates for the velocity
field u. To state this result, we begin by recalling a quantitative notion of mixing rate.
For a given divergence-free velocity field u, let ¢, : T?> — T2 denote the associated
flow map, which solves

{%@(z) =u(t,¢:(2)), (5)

$o(z) =z € T2

For any Lipschitz and divergence-free u, ¢, is well defined and a (Lebesgue) measure-
preserving homeomorphism for each ¢ > 0. The solution to the pure advection equa-
tion (4) is then given by

f)=food, " (6)

From (6), one can naturally quantify mixing in terms of correlation decay of suffi-
ciently regular observables for the dynamical system on T? generated by ¢,. We are
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interested here in exponential mixing, as this is easily seen to be the optimal rate for
uniformly-in-time Lipschitz velocity fields.

Definition 1.2
A Lipschitz and divergence-free velocity field u is said to be an exponential mixer if
there exist C, ¢ > 0 so that

frooe—f rfs| coxpentsleilele
for any f, g € C'(T?). This rate is optimal for uniformly-in-time Lipschitz u.

Remark 1.1

We mention that while there are many simple examples of exponentially mixing maps
on T? (e.g., Arnold’s cat map and the baker’s map), such maps cannot be realized by
Lipschitz flows. This is true in the case of the baker’s map because it is actually dis-
continuous on T? (though it is known that the folded baker’s map can be realized by a
Holder continuous velocity field; see [40]). The problem considered here of construct-
ing exponentially mixing flows that are smooth or at least Lipschitz is fundamentally
different and much more challenging than the corresponding problem for maps.

Remark 1.2

Exponential mixing in the sense of Definition 1.2 is equivalent to the existence of
constants C, ¢ > 0 such that for any N € N and squares R, Q C T? of side length
27N there holds

Im(¢, ' (R) N Q) —m(Rym(Q)| < Ce™" 7

for all n > C N, where m denotes Lebesgue measure on T2. In other words, exponen-
tial mixing means that any square at a given length scale 2V that is pushed through
the dynamics becomes roughly evenly distributed over T2 at the spatial resolution
2= after time approximately N . This is the main perspective on mixing and its rela-
tionship to dissipation enhancement that we will utilize in this paper.

We can now state our mixing result for uy.
THEOREM 2

If a is a sufficiently large even integer, then uy is exponentially mixing in the sense of
Definition 1.2.
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Remark 1.3

The restriction that o be an even integer is not important for the proof of either The-
orem | or Theorem 2. It is merely done for convenience so that the time-1 flow map
of u, can be expressed in a simple way as a piecewise toral automorphism (see the
beginning of Section 3.1). On the other hand, the assumption that « be sufficiently
large is necessary, at least for Theorem 2. Indeed, it was observed in [20] that the
mixing is at best algebraic in time in the cases @ = 1/2,1 due to the presence of
certain fixed structures. For instance, it was noted that when o = 1 there exist four
line segments that are each fixed by the time-2 flow map of u,, and moreover that
the gradient of the time-2 flow map locally near any one of these invariant sets is
a Jordan block with eigenvalue 1. This rules out exponential mixing and implies in
particular that correlations can decay with a rate no better than O (1/t). It was also
observed numerically in [20] that when o = 1 the mixing appears to be faster away
from the invariant set, which suggests that the mixing rate in this case should be
exactly O(1/t). The optimal @(1/¢) mixing for @ = 1 was recently proved in [48].
The fact that the mixing rate for u, is only algebraic when o = 1/2, 1 suggests also
that in these cases it can be dissipation enhancing with a rate function that is at best
polynomial in v, but such an implication is not strictly true in general.

Remark 1.4

For both of our results, the velocity field can be made smooth in time with the proof

unchanged by replacing H, and Vy in the definition of uy with ¢(¢) H; and ¢(1/2 —

t) V1 for any smooth function ¢ : [0, 1/2] — [0, 00) with compact support in (0, 1/2)
e 1/2

satisfying [, " @(t)dt = a.

We emphasize here that while the properties of the v = 0 dynamics are funda-
mental to obtaining enhanced dissipation on the | log v| timescale, exponential mixing
is not known to imply sharp dissipation enhancement for the v > 0 problem in gen-
eral. There is a general result (see [31]) that one can take §(v) = C|logv|~2 for any
Lipschitz continuous exponentially mixing flow. This is not quite optimal because of
the 2 in the exponent of the logarithm, which seems very hard to remove in general
because of difficulties with approximating the v > 0 dynamics by the v = 0 problem.
Trying to prove in complete generality that exponential mixing of the v = 0 dynam-
ics implies optimal enhanced dissipation appears to be quite challenging and perhaps
unnecessary in practice. Instead, it seems more practical to show that suitable mixing
properties hold for sufficiently small v > 0, and this is indeed the viewpoint taken
in all of the known examples of regular velocity fields that induce sharp dissipation
enhancement (see [7], [28], [66]). This is also the general philosophy taken here. In
our proof of Theorem | we consider the v > 0 dynamics directly from the viewpoint
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of Markov processes and the stochastic representation of (1) and do not explicitly
use exponential mixing of the v = 0 problem. We rely only on proving that a fixed
fraction of mass of any initial scalar is mixed to the diffusive /v scale after time
t ~ |logv| and moreover that this mixing crucially persists in some sense for the
v > 0 dynamics. This is described by Lemma 2.1, which we are able to prove in a
direct and self-contained way.

1.1. Previous results

The study of mixing and dissipation enhancing flows has seen an explosion of work
in the last few decades. In this section, we will outline the existing works and then
discuss how the present contribution fits into the picture.

1.1.1. PDE literature

Early work on enhanced dissipation was done by Kelvin [54] and Kolmogorov [56].
An important foundational work is the paper [26] in which the authors establish, as a
corollary of a more general result, necessary and sufficient conditions for autonomous
flows to be dissipation enhancing. Extensions to the case of time-periodic flows were
established in [55] and [73]. Building off of [26], the authors of [29] and [43] estab-
lished quantitative enhanced dissipation rates based on quantitative mixing rates. A
restricted form of enhanced dissipation has also been established in a number of spe-
cific settings like for shear flows (see, e.g., [2], [10], [24], [45], [46], [68]) in vari-
ous domains and using a variety of proofs as well as circular flows (see [30], [44]),
cellular flows (see [51], [52]), and general flows with autonomous Hamiltonian (see
[17], [67]). Enhanced dissipation for certain shear flows has also been established in
various nonlinear settings (see, e.g., [11], [12], [32], [61], [69], [70]).

A number of works on mixing in the PDE literature have also appeared recently
in relation to Bressan’s mixing conjecture in [ 14]. There, a central question is whether
low regularity velocity fields can mix faster than exponentially. This is still open
in general (in particular in the setting of Bressan’s conjecture), though significant
progress has been made both on the positive side (see [27], [33], [49]) and the nega-
tive side (see [1], [40], [74]). For additional works focused on optimal mixing subject
to certain physical constraints on the flow see, for example, [58] and [60].

1.1.2. Chaotic dynamics literature

The invariant manifold structure and statistical properties of hyperbolic maps have
been studied extensively in the dynamics literature (see, e.g., [5], [18], [21]-[23],
[35], [53], [59], [71]). Exponential decay of correlations is known in various situa-
tions, including certain examples of billiards (see [5], [22], [71]) and some piecewise
linear maps (see [21], [47]). Mixing has also seen new developments in the context
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of random dynamical systems. The first examples of spatially smooth exponentially
mixing flows on the torus were constructed in [8] and [9] and from solutions to vari-
ous stochastic fluid models with sufficiently nondegenerate noise. These flows are also
known to give enhanced dissipation on the |log v| timescale (see [7]). Note that the
velocity fields studied in [7]-[9] are smooth but are not uniformly bounded in time.
Motivated by questions in passive scalar turbulence, a simple candidate for an expo-
nentially mixing flow which is both bounded and spatially smooth was introduced
and studied numerically by Pierrehumbert in the classical work [65]. Pierrehumbert’s
model, which consists of alternating sine shears with random phases, was proved to
be an exponential mixer just recently (see [13]). The general random dynamics frame-
work developed in [13] has since been applied to alternating sine shears with different
randomization procedures (see [27]).

1.1.3. Comparison with existing works

In two spatial dimensions, there cannot exist a dissipation enhancing flow with
autonomous velocity field on the torus (see [26]). This is because, under suitable
conditions, divergence-free vector fields on T2 admit a periodic Hamiltonian, which
would be preserved under the flow. Because of this, the velocity field must be suf-
ficiently complicated for the flow to be dissipation enhancing, especially so if we
want the flow to enjoy sharp decay rates. A natural step after looking for a flow
with autonomous velocity field is to look for one with a time-periodic velocity field.
Here, the restrictions imposed by the Hamiltonian structure are relaxed, though not
entirely removed. It follows from our construction that the simple (time-periodic)
alternation of two autonomous and Lipschitz continuous velocity fields can lead to
optimal dissipation enhancement (and mixing). As remarked earlier, the only previ-
ous example of dissipation enhancement on the | log v| timescale that we know of are
the flows constructed as solutions to stochastic PDEs (see [7]), which while spatially
regular are neither time-periodic nor uniformly bounded. It appears that Theorem |
provides the first example in the setting of time-periodic flows and also in the setting
of uniformly Lipschitz flows. An instance of convergence on the |log v| timescale in a
discrete-time setting has very recently appeared for one-sided Bernoulli shifts on the
torus with axis-aligned cylinder sets perturbed by small noise in [50] (here, v is the
parameter that controls the strength of the noise, which plays a role analogous to the
Laplacian in (1)). Such maps, however, cannot be realized as the time-1 flow map of a
velocity field on T2. Additionally, the analysis in [50] seems not to apply to invertible
dynamics. We mention that the viewpoint of analyzing enhanced dissipation in terms
of the convergence rate for an associated Markov process, which we utilize in our
work, is present also in [50] as well as [52].
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In regards to exponential mixing, our construction can be contrasted to the exam-
ples in [13] and [27] where the velocity has analytic regularity in space, though the
velocity is not time-periodic and is based on random switching in time, while ours
is deterministic and periodic. The construction can also be contrasted with the pre-
vious work [40], where less regular exponential mixers were constructed by finding
a velocity field whose time-1 map is the baker’s transformation. The velocity field
considered in the present paper was analyzed numerically in [20] and observed to be
exponentially mixing when « is not too small. Theorem 2 above establishes exponen-
tial mixing, at least if « is large enough. As mentioned earlier in Remark 1.3, the fact
that exponential mixing does not occur for certain values of « small was first observed
in [20], and the fact that when o = 1 correlations decay like 9(1/¢) was proved in
the recent paper [48]. Most similar to our setting is the recent work [47], in which
the general theorems from [23] and [53] are used to obtain exponential mixing for a
class of non-monotone, piecewise linear alternating shear flows without the dissipa-
tion (v = 0). The shears have fixed amplitude and are taken sufficiently asymmetric
to ensure good mixing properties of the map, whereas in our example the shears are
symmetric and uniform hyperbolicity is guaranteed by taking the amplitude large.
We provide a short and self-contained proof of the mixing described by Lemma 2.1,
which is particularly well suited for proving our principle result concerning the dissi-
pation enhancement as v — 0.

1.2. Discussion of the proof

The proof of the Theorem | is based primarily on considering the “pulsed” diffu-
sion obtained by applying the dissipation discretely in time and a careful study of
the chaotic properties of the dynamical system generated by u,. We then deduce
enhanced dissipation in continuous time by using an approximation argument that
compares the solution to (1) with the pulsed diffusion.

It is important to not think of this scheme as treating the v > 0 dynamics as a
perturbation of the v = 0 dynamics even though we are interested in the v — 0 limit.
The effect of the noise is critical to our results as it produces the small scale mixing.
Equally important is the fact that the structures which produce the large scale mixing
at v = 0 persist when the system is viewed correctly when v > 0. As we will study the
pulsed diffusion using its probabilistic representation, it is best to think of the pulsed
diffusion as a time splitting scheme for the stochastic differential equation (SDE)
whose probability flow produces (1).

We now discuss the main steps in our approach, which hinges on a few basic
ideas from probability, hyperbolic dynamics, and PDE.
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1.2.1. Probabilistic setup for the pulsed diffusion

The dynamics given by (1) and (4) describe the spread of an initial particle distribution
fo transported by the velocity u with and without diffusion. The dynamics of an
individual particle starting at z without diffusion is given by ¢ — ¢,(z), where ¢,
denotes the flow map defined in (5). In the presence of diffusion, the dynamics of an
individual particle is given by the SDE

t
erw(z)=z+ / u(s.gsw(2))ds + vV20W;, ®)
0

where W; is a standard 2-dimensional Brownian motion [0, co) with Wy = 0. Then
whenv >0, f(¢t,z) =E(fpo §0z_I}V (z)) where E is the expectation over the Brownian
paths.

Here and throughout the remainder of the paper, we write ¢; for the deterministic
flow map associated with u,, suppressing the dependence on « for simplicity. The
starting point for our analysis is to consider the pulsed diffusion

D,g=e"(goT), 9)

where 7' = ¢1_1 and e”” denotes convolution with the periodized heat kernel. Then
®, fp is an approximation for E( fo o @, I}V (2)). To parallel the pathwise/particle level
description given in (5) and (8) for the pulsed diffusion, we introduce the “kicked”
version of T by Ty, (z) = T(z 4+ n(v)) for v € R?, where 7 : R? — T? denotes the
projection 7(x,y) = (x mod 1,y mod 1). Observe that if £ is a normal random
variable on R? with mean zero and identity covariance, then

®,g(z) =Eg(go T@S(z)) = /Rg(T 550 (2)) N (dv) (10)

for z € T2, where N denotes the standard unit normal distribution on R2.

To consider iterates of ®,, we introduce the following probabilistic frame-
work. Define the probability space (Q,%.P) = (R?, 8(R?), N)N. Then, for
& =(§1,85,...) € Q, define the “randomly kicked” map

Tg =Ty 00T

For notational convenience, we also set Tv”S = Given any z € T2,

Tn

V2vE’
{Tv”s(z)}zo=0 defines a Markov chain on T? with initial condition z. As before,
the connection between T’ £ and P, is given by

Pg(z) = /Q 2(T7(2))P(d). (an



OPTIMAL ENHANCED DISSIPATION AND MIXING FOR A TIME-PERIODIC FLOW 1219

1.2.2. Uniform hyperbolicity and the cone condition

A fundamental property of the v = 0 dynamics is the exponential separation of parti-
cle trajectories both forward and backward in time. Indeed, taking ¢ € N without loss
of generality, it is not hard to see that since VV,, and V H,, are both piecewise con-
stant, for every z € T? away from a measure zero set of finitely many lines we have

VTN (2):= Vo' (z) =TT 4, (12)

where j; €{1,2,3,4} and A4}, is one of the four matrices

1 2 2
A, = +a° o ’ Ay = l—o° « ’
o 1 —a 1
—_o2 _— 2 _
As = l—« o 7 Ay = 1+« o .
o 1 —a 1

Of course, the particular product depends on the point z. There are four possible
matrices since the vertical and horizontal shears are each linear on two halves of the
torus. A key property that these matrices share is that for « large they are all hyper-
bolic with “close” expanding and contracting directions. In particular, when o > 1
the expanding direction of each is very close to e; = (1,0), while the contracting
direction is very close to e; = (0, 1). This can be made precise by establishing that
the cones
x|

C, = {(x,y)eR2:|y|sa—&},

Cs = {(x,y) eR?:|x| < M}
b 1
are, respectively, forward and backward invariant under the action of any of the A;.

Here, §; < 1 is fixed and « is sufficiently large. In particular, it can be shown using
basic linear algebra that for any v,, € C;, and vs € Cs we have

|(TI7L, A, )vu| = exp(cN). (T, 45,) " vs| = exp(cN),

N
i=1
itively, the fact that each A; is hyperbolic guarantees a minimal amount of expansion

for any choice of the sequence {j;} with ¢ > 0 a constant growing with «. Intu-
in the unstable direction under each iteration, while the cone condition ensures that the
expanding and contracting directions do not mix to cancel out the long-time effects.
The observations above imply that the discrete-time dynamical system on T2 defined
by T = ¢! is uniformly hyperbolic for « large. A critical fact in all that follows
is that the representation given in (12) also holds for VTVIYS (2), as the additive shifts
only rigidly translate the solutions and do not change the gradients.
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1.2.3. Complexity of intersections of approximate stable and unstable foliations

The cone conditions and uniform hyperbolicity established above allow us to infer
exponentially fast gradient growth as ¢ — oo for generic Lipschitz solutions to (4).
This itself does not imply mixing or dissipation enhancement (at the sharp rate for
the latter). For that, we need to take more advantage of the above structure to get
geometric information on the evolution of areas. In view of (7), we would like to
show that squares of side length 2~V are stretched horizontally across the whole torus
in time on the order of N under the forward iterates of T and similarly stretched
vertically under the backward iterates. If this were the case, we would be able to
argue that

m(T*"(R)N Q) =m(T"(R) N T~"(Q)) Z m(Rym(Q),

for n ~ N and any squares R and Q of side length 2~ . Given the forward invariance
of C, and the fact that 7 maps any line segment to a union of line segments, it is
natural to first study the expansion of short horizontal lines. The challenge here is
that while a line segment W tangent to the unstable cone is expanded forwards in
time, it is also repeatedly cut across the singularity curves of VT (see Figure 1 for
a representative singularity set). Thus, there is a competition between expansion and
cutting, making it not immediately clear the extent to which “long lines dominate” in
T™(W). Nevertheless, using the cone conditions and the relatively simple structure
of the singularity set of VT we are able to prove that horizontal lines are stretched
across the whole torus at the correct rate. Growth bounds of this general type on
unstable curves are well known to be crucial in the chaotic dynamics literature and
are often referred to as “complexity estimates.” We follow closely here the strategy of
Baladi and Demers (see [4], [34]), with some modifications and simplifications that
are available in our specific setting.

In order to make a somewhat precise statement, let us define ‘W, to be the collec-
tion of line segments on T? that are tangent to some v € C,,.

LEMMA 1.1 (Informal statement)

Let W € W, Then, if n 2, |log|W||, we have that T" (W) can be written as a union
of line segments in 'W,, most of which have length greater than 5/4. In particular, if o
is sufficiently large, they stretch across T?.

A similar statement holds backwards in time for line segments tangent to the
stable cone. The complexity lemma implies that horizontal segments forward in
time rmust intersect vertical segments backward in time. From this, we can show
that squares that are mapped forward in time must intersect squares that are mapped
backwards in time with a significant area of intersection. To make this rigorous, we
rely on an argument using the area formula from geometric measure theory.
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As in the preceding section, all of the arguments made here largely carry over
without modification to the randomly kicked version 77! g as rigid translations of the
solutions do not change the estimates made.

1.2.4. Area formula argument

The area formula allows us to reduce the estimate of m(T" (R) NT " (Q)) to tracking
the intersection points between horizontal lines mapped through 7" and vertical lines
mapped through 7. Define the Lipschitz continuous function F,, : T? — T2 by

Fu(z) = (TIy 0 T"(2),T1,, 0 T7"(2)),

where Il and IT, denote the usual projections IT,(x,y) = x and IT,(x,y) = y.
Since the unstable direction is approximately e; and the stable direction is approx-
imately e,, the first and second coordinates of F,(z) roughly give the forward
and backward dynamics, respectively, in the unstable direction. More precisely,
F; ! (x, y) consists exactly of the intersection points between T"(£,) and 7" (),
where £,, denotes the horizontal line with second coordinate y that spans across the
entire torus and £, similarly denotes the vertical line spanning the torus with first
coordinate x. Using this fact, one can show by the area formula, recalled in Section 4
for the convenience of the reader, that

m(T"(R)NT™(Q)) = /Hx(Q)/H <R)(

where Wy =TI (R) x {y'}, Ve = {x'} x I1,,(Q), and JF, denotes the Jacobian
of F,. Note that Wy, and V) are horizontal and vertical lines, respectively, of
length 2~V . To estimate the sum for a fixed (x’, y’), we take n > N and decompose
T"™(Wy/) and T7"(V,) each into the union of “mostly long lines” as guaranteed by
the complexity lemma. The precise formulation of the statement that most elements
of T"(W,/) and T " (V) span the entire torus ensures that #(T" (W, ) N T~"(Vy/))
balances the Jacobian factor, yielding the bound

)dy’dx',
ZeTn (W, )NT (V) TF, (2)

1 -
) J—(Z)Z|Wy’||Vx'|=2 N
zeTn (W )NT—1 (V) F

from which it follows immediately that
m(T*"(R) N Q) =m(T"(R)NT™"(Q)) 2 m(R)m(Q) (13)

forn > N.

Since R and Q are both squares of side length 27V, the bound (13) holding for
n 2 N describes a kind of exponential mixing estimate. It extends to the randomly
kicked maps in the form
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m(TZ"(R) N Q) Z m(Rym(Q)

for any £ € Q and is the content of Lemma 2.1, which we refer to as the geometric
mixing lemma. The motivation for this name is that it follows as a corollary that the
geometric mixing scale (see Definition 2.1) of any solution to (4) with mean-zero
fo € C! decays exponentially fast. The geometric mixing scale has been considered
in various works (see [1], [40], [74]), largely in connection with Bressan’s conjecture.
Exponential decay of the geometric mixing scale does not imply exponential mixing
in the sense of Definition 1.2 (see, e.g., discussions in [72]), but we observe that
Lemma 2.1 can similarly be used to show that ¥ is ergodic with respect to Lebesgue
measure for every k € N, from which exponential decay of correlations follows by
[35, Theorem 2.8]. We do not require this fact for the proof of Theorem [, which
relies only on the geometric mixing lemma for the kicked maps.

1.2.5. Enhanced dissipation

Using (11) and standard ideas from the ergodic theory of Markov processes, we show
that the convergence ®%g — g on the |logv| timescale (in L* for bounded g)
follows provided that for every £ € Q and rectangles R, O with side length /v there
holds

m(T{ (R) N Q) Z m(Rym(Q)

for n & |logv|. This is exactly the geometric mixing lemma applied with squares at
the diffusive /v length scale.

To extend the results for the pulsed diffusion to continuous time, we use an
approximation scheme based on a contradiction argument. In particular, we show that
if the solution to (1) decays slower than the expected rate, then the pulsed diffusion
well-approximates the solution to (1). The dissipation for solutions to the discrete
problem are then transferred to solutions of (1), which gives a contradiction. Com-
pared with previous similar arguments in [29] and [43], here we are comparing two
dissipative problems rather than a dissipative problem with a conservative one. This
gives us more control and in particular allows us to remove the exponent 2 from the
|log v|? timescale often obtained in such arguments.

Remark 1.5

Tracking the complexity and geometry of the intersection of invariant manifolds is a
central element of modern smooth ergodic theory and Pesin theory in particular (see
[5], [6]). Here we use some of the elements of the theory replacing other elements
with ideas and estimates from nondegenerate Markov process theory. In particular,
we use the geometry of the intersections of stable and unstable manifolds to prove
a kind of scale dependent, topological irreducibility and control the stretching and
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contraction of the transition density. In Theorem [, we do not make use of any abso-
lute continuity or smoothness of measures restricted to these manifolds in proving
our ergodic theorems as one often does in smooth ergodic theory. Rather we leverage
the smoothing properties of the noise to deduce the measure-theoretic irreducibility
needed to prove our ergodic and mixing results at v > 0.

1.3. Outline of the article

In Section 2 we prove Theorems 1 and 2 assuming the geometric exponential mixing
estimate described above. This includes the necessary convergence results for the
pulsed diffusion and the approximation argument that uses them to conclude optimal
dissipation enhancement for u,. In Section 3 we prove the complexity lemma, and
in Section 4 we conclude the proof of the geometric mixing lemma using the area
formula argument.

2. Proof of Theorems 1 and 2
In this section, we first state precisely the geometric mixing lemma. Then, assuming
it, we complete the proof of Theorems | and 2.

2.1. Geometric mixing lemma
For N € Z>¢, we define a tiling of T? with squares at scale 27N by
Ry ={[j27V. G+ D2 V] x[k2V, (k+ 1)27"]:k.j €Z,0<k,j <2V —1}.
The geometric exponential mixing lemma says that
m(TE(R)N Q) Z m(Rym(Q)
forany R, Q € Ry,n > N, and £ € (R?)Y = Q. In the statement below and all those

that follow, we assume that « is an even integer without explicit mention of it.

LEMMA 2.1
There exist Cy, a9 > 1 and A € (0, 1) such that for ¢ > ag, n > CoN, & € Q, and any
R, Q € Ry there holds

m(T (R)N Q) = Am(Rym(Q).

The proof of Lemma 2.1 is the main technical step in the paper and the content
of Sections 3 and 4.

Remark 2.1
It is also possible to use the ideas of Sections 3 and 4 to prove that the analogous
upper bound m(TE” (R)N Q) < Cm(R)ym(Q) holds for a suitable constant C. The
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lower bound however is the fundamental estimate which describes mixing, and for
the proof of Theorems 1 and 2 it is the only direction that we require.

Remark 2.2

It is possible to establish Lemma 2.1 (and often using a much simpler proof) with Tg‘
replaced by randomly kicked versions of other maps, such as Arnold’s cat map and
the baker’s map. For the cat map, the proof becomes a simple exercise. In the case of
the baker’s map, some work is required but the proof is still significantly simpler than
in the case considered here. However, as discussed in Remark 1.1, these maps are not
realized by Lipschitz flows. It is also worth noting that the argument in Section 2.4
that extends enhanced dissipation for the pulsed diffusion to continuous time relies
on Lipschitz regularity, and hence is no longer valid in such settings.

2.2. Probabilistic preliminaries
We now introduce some standard probabilistic notation that will be useful in the study
of the pulsed diffusion and also recall a basic convergence theorem from the ergodic
theory of Markov processes.

Recall that for v > 0 we write T, ¢ = T vt and that 7}, ¢(z) defines a Markov
chain for any initial condition z € T?. The associated Markov transition kernel is
defined by

®,(z, A) =P(T, £(2) € A),

where A € B(T?), the Borel o-algebra on T2. Recall that a Markov transition kernel
on a measurable space (X, ¥) is a mapping Q : X x ¥ — [0, 1] such that O(x,-) is a
probability measure for every x € X and x — Q(x, A) is measurable for every fixed
A € X. We similarly define ®%(z, A) = P(TJ” £ (z) € A) and note that by the Markov
property, for every n > 2 we have

D" (z,A) = fT2 "2, A)D,(z,dz). (14)

This can be seen as simply the semigroup property ®7*™" = ®"®™ for the Markov
semigroup ®,, defined in the introduction in (9) and (10) since ®,,(z, 4) = ®,14(2),
where the indicator function 14(z) is 1 if z € A and zero otherwise. It will also be
convenient for us later on to define the shift operator 6 : Q — 2, which acts on £ =

(61.52....) € Q by
0t = (62.63,...).

To study the convergence of ®”g to g, we will make use of the following
basic result from the ergodic theory of Markov processes (see [36], [37], [57], [62]).
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Recall that if Q is a Markov transition kernel on a measurable space (X, X), then a
probability measure p on (X, X) is said to be invariant for Q if

p) = [ 0t dnian)
X
for every A € .

LEMMA 2.2 (Doeblin)

Let X be a Polish space, and let ¥ be the Borel o-algebra on X. Let Q be a Markov
transition kernel on (X, X), and define Q" as in (14). Suppose that there exists A €
(0, 1) and a Borel probability measure . on (X, X) such that

Q(x,) = An() (15)

for every x € X. Then there exists a unique invariant measure |1« for Q such that for
every bounded, Borel measurable function f : X — R there holds

lonr = [ rema@n] <20 -217 e
where | f loo = sup, ex | /().

Since Lebesgue measure is invariant for ®,,, it follows from Lemma 2.2 that we
can obtain an optimal convergence result for the pulsed diffusion by showing that
0 = ®V° satisfies (15) for some n¢ ~ |log(v)| and A € (0, 1) that does not depend
on v.

2.3. Convergence results for the pulsed diffusion
In this section, we use Lemma 2.2 as described above to prove an optimal convergence
estimate for the pulsed diffusion. The main result here is stated as follows.

THEOREM 3

For all a sufficiently large and p € (1, 00|, there exist constants C, ¢ > 0 such that for
any v € (0,1/2], and mean-zero f € LP(T?) there holds

—cnllogv|~!
@7 fllLr < Ce™m | £ 1. (16)

The key step in the proof of Theorem 3 is to use Lemma 2.1 to obtain a uniform-
in-v lower bound on the density of Tv”‘E (zo) with respect to Lebesgue measure. For
n > 2 we denote this density by p,(z¢,-), and for n = 1 we write p(zo,-).
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LEMMA 2.3

Let ag, Co, and A be as in the statement of Lemma 2. 1. There exist constants §,,Cy >
0 that do not depend on v so that for all a > ag, z,z9 € T2, and n > C;|logv|
we have

Pn(20.2) = 81. A7)

Proof

It suffices to consider the case where v < 1. Let N be the first natural number such
that 27N < A/v, and let M > N be the first natural number such that 2~M <2,
Suppose that n > Co M + 2, and note that this is satisfied provided that n > C|logv|
for some constant C that does not depend on v. We first claim that for v sufficiently
small we have

inf inf

, 18
ReRN zoe']I‘2 m(R) ( )

where A is as in Lemma 2.1. By the semigroup property followed by Fubini’s theorem,
for any Q € Ry we have

& (29, Q) = / " 2(2. )Py (20.d2)
']1‘2

_ /Q ( /T 10(T152(@) a0, 2)dz ) P(d8), (19)

where y g denotes the characteristic function of a measurable set E C T2. Let p(zo, -)
be the function that is constant on each Q ; € R and such that

][ ﬁ(Zo,Z)dZ=][ p(z0,2)dz :=¢;j.

0; Q;

Since p(zg,z) = G(z9 — T~!(z)), where G is the fundamental solution to the heat
equation on T2, we have |V p(zo, -)|| Lo < Cov™>/? for some constant C, depending
on a. It follows then that || 5(zg. ") — p(2o.-)|| Lo < Ce~/2v. Now, by Lemma 2.1, for
every £ € Q we have

/1r2 )(Q(Tv'”gz(z))ﬁ(zo,z) dz = Z ¢; /T2 )(Q(Tv”,gz(z)))(gj (z)dz

Q,€ERM

> Y ¢m(Q;)m(Q)

Q;€ERM

= Am(Q).
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Putting this estimate into (19) and writing p(z¢,z) = p(20,2) — p(20,2) + p(20,2),
we obtain

2! (20, Q) = Am(Q) — Cq JE/ / xo(T)s 2(z))dz>P(d§)
= (A= CavV20)m(Q).

Thus, for v sufficiently small we have

D71 (2, Q) A
inf . inf ————= > —, 2
0y som2 T m(0)  ~ 2 (20)

The bound (18) then follows by writing
Oz, )= Y (20, Q)
QeRpm, QSR

and using (20).

We now use (18) to conclude the lower bound claimed in the lemma for
Pn(20,2). For ease of notation we write i(z) = p,—1(2¢,z). Note that p,(z¢,z) =
(e"2h)(T~1(z)). Since composition with T~! preserves global lower bounds, it
suffices to show that there exists §; > 0 that does not depend on v or zg such that

(e"2h)(z2) = 8
for all z € T2. Let h denote the periodic extension of / to R2, and define
P =[0,2"V*]x[0,27 VT cR%

Observe that (18) implies

/ h(z—2z")dz' = A272N"1 > v
P - -8

for any z € T2. Since |z’|> < 8v for z’ € P, we thus have

(“Ah)u——[ exp

| 12

)h(z —z)dz’

_|Z/|2

>— [ ¢ ( )h z—z)dz' > .
- P *P ( Ndz'z 32me? a

With Lemma 2.3 at hand we are now ready to prove Theorem 3. We will use
Lemma 2.2 and the lower bound in (17) to deduce convergence in L°°, and then

employ the Riesz—Thorin interpolation theorem to extend to the range p € (1, 00).
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Proof of Theorem 3
Let 81, C;1 > 0 be as in the statement of Lemma 2.3, and let ng be the first natural
number greater than or equal to Cq|logv|. The lower bound in (17) implies that

q)ﬁo(z’ ) > Slm()

for every z € T2. Therefore, by Lemma 2.2 there exists a constant §, > 0 depending
only on §; such that for every k € N and bounded, Borel measurable function g with
mean zero we have

1050 g0 < 26752 g oo

In other words, for every n € ngN we have

827’!

(C1+2—)|10gv|)”g”LM' 2D

827[
[@7glzoe < 2exp(=2" gl < 2exp(~

This gives the desired estimate for n € noN. The estimate at intermediate times fol-
lows in a standard way from (21) and the fact that 7' is bounded on L°° uniformly
in m € N. This completes the proof of (16) in the case p = oo.

We now prove (16) for general p € (1,00) using the p = oo case established
above. Observe that for f € L! we have

1901 = | [ pote 200
=111,

where in the last equality sz Pn(z,z’)dz =1 for all z’ because Lebesgue measure is

dz §/1r2|f(2/)|[1r2 pu(z,2')dzdzZ’

invariant for ®7. Thus,
[PV L1 <1, (22)

and (16) for p € (1,00) follows by interpolating (22) with the p = oo bound and
applying the Riesz—Thorin theorem. O

2.4. Continuous-time enhanced dissipation
In this section, we prove that u, is dissipation enhancing with the optimal rate func-
tion §(v) = C|logv|™! by approximating the continuous-time diffusion with the
pulsed diffusion and applying Theorem 3. The approximation relies only on the fact
that the velocity field is Lipschitz and is thus quite general. We will therefore formu-
late it as an abstract result, as it may be of independent interest.

We begin by describing the general setting that we consider. Let v : [0, 1] x T? —
R? be a Lipschitz continuous (in space), divergence-free velocity field satisfying
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sup Hv(l)”up < 00.
t€f0,1]

We assume moreover that there is a partition 0 =t < t; < --- <1t = 1 of [0, 1]
so that v € C([ti_1,1;) x T?) for each i = 1,...,m. Let v, denote the flow map
associated with v, and for v > 0 let W,, be the operator given by

U, f=e"2(foyrh).

The iterates of W, define the pulsed diffusion generated by v.

It is clear that v = u,, satisfies the assumptions above. Our general statement in
the present setting is that the L? decay timescale of the advection-diffusion equation
defined by the periodic-in-time extension of v is at least as fast as the L? decay
timescale of the pulsed diffusion W,,.

LEMMA 2.4

Let v and W, be as above, and for fo € L? let f denote the solution of (1) with u the
periodic-in-time extension of v : [0,1) x T2 — R2. Suppose that there exists ng € N
such that for every mean-zero g € L? there holds

1
Iwogllpz < Ellglle- (23)

Then there exists § € (0, 1) depending only on supy, <1 ||v(¢)||Lip Such that for every
mean-zero fo € L? we have

| f(no+ 1) 2 <1 =8)lfoll L2 (24)

By Theorem 3 applied with p = 2, ®, satisfies (23) for some ng & |log(v)|. The
desired enhanced dissipation estimate for u, at integer multiples of the time ¢y = ng
then follows by iterating Lemma 2.4. The bound at the intermediate times is obtained
using the monotonicity of ¢ > || f(¢)||.2 for L? solutions of (1). To complete the
proof of Theorem 1, it only remains to prove Lemma 2.4.

Throughout the remainder of this section, for a given mean-zero fy € L? we write
£(¢) for the solution of (1) with u the periodic-in-time extension of v : [0, 1) x T? —
R2. In order to approximate the (continuous-time) f by the (discrete-time) pulsed
diffusion, it will be convenient to introduce some auxiliary continuous-time functions.
First, let F : [0,00) x T? — R be defined on the time interval [n,n + 1) for each
integer n > 0 by

Fo) = {f(n/Z—l— (t —n)) neven,
fl(n+1)/2) n odd.
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That is, F' evolves in the same way as f but is chosen to be constant on every other
unit time interval. Next, we define the natural continuous-time operator S}, : L? — L?
satisfying S2" = W” for every n € N. In particular, for g € L? let

Slg = {(\Ij‘gt/ng)owz_—lzu/zj 0=<r-—2[1/2] <1,
v

e (2L /21-DA (Wl gy o ymly 1 <1 —2(1/2) <2,

where |¢/2| denotes the largest integer less than or equal to /2. Then, let F;(t) =
S? fo. This definition is simply such that F,; solves the transport equation with veloc-
ity v for ¢ € (0, 1), the heat equation for ¢ € (1, 2), and so on.

A key step in the proof of Lemma 2.4 is an estimate on the error between F; and
the continuous-time diffusion f.

LEMMA 2.5
There exists a constant C1 > 0 depending on supy ;<1 ||v(?)||Lip but not v so that for
everyn € N, € > 0, and mean-zero fy € L? we have

|Fa@n) = f)] 72 = [ Fam) = Fm) |
2n n
< Clev/(; “VFd(s) Hiz ds + Cle_lv/(; ||Vf(s) ||i2 ds.
Proof
Here and throughout the remainder of this subsection, C denotes a generic constant
which may depend on supy, < [[v(?)||Lip but not on v or the initial data fo. We will
prove that for every n € N there holds

2n
| Fa2n) — FCn) |3, < Cev/o |V Fa(5)| 3, ds

2n
+Cely / |VF@)|3,ds. (25)
0
Given (25), the lemma follows because
2n 2 " 2 ‘ 2 " 2
L Ivre L= [ as+ YVl <c [v o)
k=1

where in the inequality we used that

k
V105 eI k=[5 = V@G = [ [vroliaa

which holds by standard energy estimates for (1) with a uniformly-in-time Lipschitz
velocity field. It remains then just to prove (25). We will assume n = 1, as the case
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n > 1 follows by iterating the same argument. For # € (0, 1), we have
0F;+v-VF; =0
and
0:F +v-VF =vAF.

Thus, an energy estimate gives
d
o | Falt)— F(z)||i2 + 2[ (Fj—F)v-V(F;—F) = 2\)/ (F — F;)AF.
T2 T2
Integrating by parts, we obtain
d
T Fa) = FO) 32 <20 |VE 0] 12 |VF O 1o
SO
1
| Fa(l) = FOO|?, <2v /O IVEa@)] 2 [VE ()] - . (26)

A similar computation using that for ¢ € (1,2) we have d; F;y = vAF; and 9; F =0
shows that

2
|Fa@) ~FQ|32 < | Fa) = F()| 7, +2u/1 IVFa(0)| 2| VF@) 2 de. 27)
Combining (26) and (27) completes the proof of (25) with n = 1. O

We now give a uniform-in-v bound on v fooo IV E;(s) ||i2 ds which we will use
in the approximation estimate of Lemma 2.5.

LEMMA 2.6
Suppose that fo € L? is such that

VIV fol7> = Coll foll

for some constant Co > 0. Then there exists a constant C, depending on Cqy and
supo<;<1 |v(®)||Lip, but not on v or fo, such that

o0
y [0 IVEa0)]2dt < Call fol13».

Proof
First observe that by the definition of Fj, the conservation of the L? norm for solu-
tions of (4), and the energy equality for the heat equation, we have
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o0 2n ) 1 R
v VR < Sl ol (28)
n=1Y2n—-1

Moreover, since F; solves the transport equation for ¢ € (0,1) and v is uniformly
Lipschitz, we have

1
”/o |VF2()|32dr < Cv|[VEL(0)] 72 = CvIV fol2, < CColl foll 2. (29)

Combining (28) and (29), it suffices to show that

2n+1 5 2n 2
v/ |VFa(0)|7de ECV/ |VFa()|7de (30)
2n—1 2n—1

for every n € N. We will just prove the estimate for n = 1, as the case where n > 1
is no different. For ¢ € (1,2), the pulsed diffusion F,; solves the heat equation, and
hence t +— |V F;(2)]| 12 is monotone decreasing. Thus,

2
vfl IVE2)|32dt = v|VE2 )3 31)

Now, since F; solves the advection again for ¢ € (2, 3), we have

3
2 2 2
v/ IVEA O di <v sup [VE,O < C|VE@.  (32)
2 2<1<3
Combining (31) and (32) gives (30) with n = 1, which completes the proof. O

With Lemmas 2.5 and 2.6 at hand, we are ready to complete the proof of
Lemma 2.4.

Proof of Lemma 2.4
Fix mean-zero fy € L2, and assume for now that

IV follZ2 < Coll foll3- (33)

for some constant Cy > 0. Let n¢y be as in the statement of Lemma 2.4. The basic
energy estimate for f on the time interval [0, n¢] reads

| £00)[22 = [ fol122 — 20 /0 V0| . (34)

We claim that there exists a constant ¢y > 0 that does not depend on v such that

no
2 /0 [V7®72de = coll foll 7 (35)
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To prove this, we suppose that instead

2 [0l a <2101, G6)

holds for some § € (0, 1) will show that § must be bounded below independently
of v. Let F; be as defined earlier, and let C; and C, be as in the statements of
Lemmas 2.5 and 2.6, respectively. By (36), Lemma 2.5 applied with € = §, and
Lemma 2.6, we have

2

| Fa2no) = f(no)|| 72 < C1(C2 + D8] foll3» := C38|l foll . (37)
Using the assumption (23), we have

1
| Fa@no)| L2 = I1¥3° foll > < 51 /ollz2.
Thus, from the triangle inequality and (37), we get
2 2 1 1
[ 70072 =2] £00) = Fa@no) [ + 316132 = (25C3 + 5 1ol
which together with (34) implies
"0 2 2 2 1 2
w [ CIV OG0 = 1ol |00l = (5-25C) 1ol

The previous estimate and (36) yield

1 1
S —28C3 <8 = 8> —
2 > = = 2(1 +2C3)

which proves (35). Combining (35) with (34), we have shown that if (33) is satis-
fied, then there exists a constant ¢ > 0 depending only on Co and supy; <1 [[v(2)||Lip
such that

| f(o)]| 2 < (=0l foll L2 (38)

We now turn to the general case where (33) does not necessarily hold. If

1
v /O [V £©)]32de = /8] foll2 (39)

then since

1
1£ D2 = 1 fol2s — 20 [ IV @2, ar.
0
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we see that
/O] < | D52 < A/ fol2s

for every ¢ > 1, and there is nothing to prove. We may thus assume that (39) is not
satisfied, in which case Chebyshev’s inequality and ||V f(¢)|| 2 < eC ||V £(s) .2
imply

[V < Cllfl2, <C |l fD)]3s.
In the last step above we used that
1foll2, <2 f(D]7,

whenever (39) does not hold. Thus, we may assume that (1) satisfies (33). Applying
(38) with fp replaced by f(1), we conclude that

| fo+ D> = (=) fD] L =@ =)l follL2

which completes the proof. O

Remark 2.3

As discussed in the introduction, similar arguments have appeared in previous works
(see [29], [43]) and have been used to prove that a Lipschitz, exponentially mixing
flow is dissipation enhancing on the timescale |logv|2. It is worth noting precisely
what allows us to remove the 2 from the exponent of the logarithm. The standard
approach is to approximate the advection-diffusion equation by the solution fy o y/; !
to the associated v = 0 problem and use a version of Lemma 2.5 with the error bound
replaced by

t
| fooui — £()]20 <2v / |AF©)| ol foo v 2 ds.

Within this scheme, two derivatives are put on f because there are no a priori bounds
available on the H'! norm of the approximating v = 0 solution. Estimating ||A £ 2,
however, leads to important losses. We are able to put a derivative on our approxi-
mating solution F,; because it experiences diffusion and hence satisfies good global
H' bounds (Lemma 2.6 above). This is what underlies our ability to get the optimal
enhanced dissipation timescale with our approximation method.

2.5. Exponential mixing for u,

In this section, we obtain as a corollary of Lemma 2.1 that the geometric mixing scale
of solutions to (4) decays exponentially fast. We also show how exponential mixing
for u, in the sense of Definition 1.2 follows by applying in addition the main result
of [35].
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2.5.1. Decay of the geometric mixing scale
We begin by recalling the definition of the geometric mixing scale (see [1], [40], [74]).

Definition 2.1
Given fixed k € (0, 1), the geometric mixing scale of a mean-zero function f € L™
is defined as

mixe (f) =inf{2—N : ‘]ﬁf‘ <kl f|lLe VR € ﬂN}.

In the simple case where f = y4 — yac, mix.(f) =27 for N the largest
nonnegative integer such that every square R € Ry consists of at least a fraction
(1 —«)/2 of points where f is both +1 and —1.

Remark 2.4
For « € (0, 1), the geometric mixing scale is typically defined as the infimum over all
€ > 0 such that

f RGP (40)

for every z € T2, where B¢(z) denotes the open ball of radius € centered at z. Decay
of mix, (f) for some k' € (0,1) in the sense of Definition 2.1 implies decay of
the geometric mixing scale defined using (40). Indeed, it is easy to check that if
mix,(f) = 27V, then there exists k € (0, 1) depending only on «’ such that (40)
holds for every z € T? and € < C2~", where C is a constant that does not depend on
k' or f.

THEOREM 4
For all a sufficiently large, there exist constants k € (0,1) and C, ¢ > 0 such that for
every mean-zero f € C! we have

mixe(f o ¢y ) < CllfllerllflIzsee™".

Proof

Let #x denote the set of simple functions which are mean zero and constant on each
element of R . We will first consider functions that are in some Jp and then extend
to the general case by approximation. Fix M € N and f € J3r. Let Cy and A be as
in Lemma 2.1. Let N > M and n > CoN. By Lemma 2.1, for every R;, R; € Rn
we have

m(Ri N Tn(Rl)) = m(T_”(Ri) N Rj) > )Lm(R,)m(R])
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It follows that there exists a measurable set Q;; € R; N T"(R;) such that
m(Qij) =m(T™"(Qij) N R;) = Am(R;)m(R;).

Note that the sets Q;; are disjoint because 7" is a bijection. Define
P =R \| Q.
J
Since f € Jp and N > M, we can write f =) g g, CiXR; and decompose f as
f= Z cixp; + Z CiX0;; :=fp+fQ.
RiegﬂN Ri,RjEeRN

Then, for any Ry € Ry we have

- fooT" = l Z cim(T™"(Qix) N Ri)

- m(Rk) R[ERN

= Z c,-m(Ri)z/\/ f=0 41)
R, eRN L
and

1 —n
= m(Re) ‘RERN cm (T~ (P 0 R)|

‘]ikfpoTn

< fllzee Z m(T™"(P;) N Ry). (42)

m(Ry) Richn

Observe now that

D om(T(P)NR)= Y m(T™(R)NRy)

R[Ec‘RN

— > m(T™(Qy) N Ry)

R;,R;€ERN
=m(R)— > m(T™(Qy) N Ry)
R;,R;eRN
=m(R)— Y m(T™(Qix) N Rx)
Rl‘&RN

=m(Re) = Am(Rm(Ry) = (1—2)m(Ry).
R, eRN
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Putting this equality into (42) and applying also (41) proves that
sup ‘ ][ foT"
ReRN'/R

forevery N> M andn > CyN.
Now fix f € C!, and for M to be chosen, let f € #,; be such that

fer=f 1
R
for every R € R)s and z € R. Then, by (43), for every N > M, n > CoN, and

R € Ry, we have
<[f Forr|+|f (1= por

‘][ foT"

R
<=M fllgee +IIf = fllzes
<(U=Mfllzee + ( sup diam(Q))[| £ llLip

O€ER M

< (=) fllzee + 27 £l

==V fllLe (43)

Taking M to be the smallest natural number such that
27MH < /DS oo S e (44)
it follows that for k = 1 — A /2 there holds
mixe(f o T") <27V (45)

for every N > M and n > CyN. The choice of M as the minimal natural number
such that (44) holds guarantees that

_ A _
272> 2N e 1S
so (45) implies that for every n € N we have
mix, (f o T") <2270 < 8/2)| f luipll £ 1 227", (46)

which is the desired estimate at integer times. The estimate at general times follows
by applying (46) with f replaced by f o ¢! for suitable s € (0, 1) and noting that

1S o ¢ Hluipll £ 0 5 M Izse < Cllfller IS Iz2e

for a constant C depending only on «. O
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2.5.2. Decay of correlations
We now establish exponential mixing for u,, in the sense of Definition 1.2, completing
the proof of Theorem 2.

We begin with the exponential mixing of T'. For « sufficiently large, the map T
falls within the general class of piecewise hyperbolic maps studied in [35]. This is
an easy consequence of the uniform hyperbolicity and singularity set structure of T
discussed in Section 3. It follows from [35, Theorem 2.8] that if Tk is ergodic with
respect to Lebesgue measure for every k € N, then T is mixing and enjoys exponential
decay of correlations for C! observables. Note that we are using here that the measure
[ present in [35, Theorem 2.8] is simply Lebesgue measure in our setting, which
follows immediately from the fact that Lebesgue measure is invariant for 7'. Thus, we
just need to prove that T* is ergodic, which we will show follows from Lemma 2.1.

LEMMA 2.7
For all a sufficiently large, Tk is ergodic with respect to Lebesgue measure for every
k €N, and consequently there exist constants ¢, C > 0 such that

frorme—f el <ceisiciele
for every f.g € C1(T?).

Proof

The proof that T is ergodic relies only on the fact that Lemma 2.1 holds for £ = 0
with T replaced by T¥, so we may take k = 1 without loss of generality. Let
be as defined in the proof of Theorem 4. Using Lemma 2.1 and following the idea of
the proof of (43), we can show that there exists § > 0 such that for any N € N and
f € Hy there exists n € N for which

\sz(f o T f|=(1=8)If 13- @7)

We omit the details for the sake of brevity.

Let f € L? be mean zero and invariant for 7. That is, f o T = f almost every-
where. We need to show that f = 0. Suppose for contradiction that this is not the
case. Then, by standard approximation arguments, for any € > 0 there exist N € N
and ¥ € Ky such that || f — || 2 < €| f|z2. Since f is invariant for T, for any
n € N we get from the triangle inequality that

1= [ otr < | [ (wormw|+ G + 20111
2 2

By (47), we can choose n such that
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1A172 = A=&)A+ 21 f17> + B + 201 f 1175

Taking € small enough so that (1 —§)(1 + €)? 4 3€2 + 2¢ < 1 yields a contradiction.
O

It is now a fairly routine argument to upgrade to exponential mixing in continuous
time.

Proof of Theorem 2

Fix f,g € C!(T?), which we may assume without loss of generality are both mean
zero. Choose ¢ > 0, and let |¢] denote the first integer less than or equal to ¢. By
Lemma 2.7, there exist C, ¢ > 0 such that

|[retie]=| [ oo pioi)] = C Wi flerlg o diotalcr.

Since uqy is uniformly Lipschitz, there exists a constant C, > 0 such that ||g o
i1z llcr < Cullgllcr- It follows that

[ o8] = (CCaetre Il gl
completing the proof. O

3. Dynamics estimates

In this section, we obtain the main dynamics estimates necessary for the proof of
Lemma 2.1. In Section 3.1 we record precisely the basic facts concerning the uni-
form hyperbolicity of 7. Then, in Section 3.2 we prove the complexity lemma, which
describes how the stretching of unstable curves under the iterates of 7" dominates the
cutting across singularity curves.

3.1. Uniform hyperbolicity
Define the mappings 77 and 75 by

Tl(x,y)=( . ) mod 1,

y+alx—1/2]
—1/2
Tz(x,y)z(x+a|); /|) mod 1,

and observe that 7, o 71 = T'. Assuming that @ > 2 is an even integer and writing
z =(x,y), it is easy to see that
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1 0
( )Z mod 1 x>1/2,
o 1

(48)
1 0

z modl x<1/2,
—a 1

and similarly

1 «o
)Z modl y>1/2,

b d1 1/2
z mo < .
0 1 Y

4o l1+a? « l—a? « 1—a? —o -
a o 1)\ —« 1)’ o 1 )\ —« 1

denote the collection of possible products BA, where A is one of the matrices in (48)
and B is one of the matrices in (49). The map T is smooth away from the singular-
ity set

(49)

Let

St=({x=0U{x=1/2)UT] '({y =1/2U{y =0}), (50)

which partitions T2 \ 8% into finitely many open, connected components such that
on each one 7z = Az mod 1 for some A € 4. One can check by direct computation
that there exists C > 1 such that for any @ > 4, every matrix A € #4 has eigenvalues
Ay = Cq, As = 1/cq for some cq € R with |cy| > @?/4 and associated normalized

eigenvectors
cos 0y, cos 6
€y = . s €y = .
sin 6, sin O

that satisfy |tan(6,)| < Ca™! and |tan(6y)| > C 'a. As mentioned in the introduc-
tion, this implies that 7" is uniformly hyperbolic for « large. We now describe this
uniform hyperbolicity more precisely. Let §~ = T'(8™) denote the singularity set for
T, and for §; € (0,1) let C,, and Cy be the cones defined in Section 1.2.2. Then,
for a suitable choice of §; and all « sufficiently large we have

(VT)(z)C, C Cy and (VT H(2)Cs C Cy,

where the two inclusions hold for all z € T? \ §* and all z € T? \ 8, respectively.
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Moreover, we have that

vT VT—I
inf ine ATDEU g oy e 1T D@L

- = 510[2.
veCyzer2\8+ v veCs z€T2\ 8~ [[vl

Since the uniform hyperbolicity of 7" was a simple consequence of the stable and
unstable eigenvectors being approximately aligned everywhere in space, it is clear
that the hyperbolic properties of 7' extend for free to the randomly kicked maps TE”.
For zo € R2, let § ZT) = 8T —m(z0), where as before  : R — T? denotes the natural
projection. Then, for £ € Q and n € N define

n
+.n _ —(k—1) o+ —n _ pn et.n
s =60 s =T,
k=1
With these definitions, 8; " and 85_ " denote the singularity sets of TE” and Tg_”,

respectively. The following lemma summarizes the hyperbolic properties of TS” and
TS_” away from their singularity sets.

LEMMA 3.1

Let 81 € (0,1) and a > 1 be as above. Fix £ € Q and n € N. For any z € T? \ 8;’",
(VT;)(Z) € R?*2 js hyperbolic with normalized eigenvectors e, € Cy, es € Cyg and
associated eigenvalues Ay, As which satisfy

Al = G10)", |As| < (817"

Moreover, there holds

(VT @)l
>

inf  in > (§10)",
veCu zeT2\ 87" [[v]]
(VT "))l
inf  inf ——t > (§a?)".
vECs zeT2\§; " v

Remark 3.1
A key aspect of the preceding lemma is that all of the relevant bounds are independent
of £ € Q.

3.2. Complexity lemma

Recall from Section 1.2.3 that W, denotes the collection of line segments on T2
that are tangent to some v € Cy,. Since T is piecewise linear, the strict invariance of
the unstable cone implies that if W € ‘W,,, then for any § € Q we can write T¢ (W)
as a finite, disjoint union of elements in ‘W,,. The main result of this section is the
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complexity bound of Lemma 1.1 from the introduction, restated precisely below. In
what follows, |y | denotes the length of a piecewise smooth curve y on T2.

LEMMA 3.2

There is a constant C > 1 so that if « is sufficiently large, then for every W € ‘W,
with W] <1/2,£e€Q,andn > 1+1og(1/|W]) + log(8a) there is a finite collection
{W;tier €W, such that

rrw)=Jw
iel
and
_ C
> AW (1= 2 )Wl 51)
o
|[W;l=5/4

Moreover, W;, and W;, are disjoint when iy # i, and for each i € I the interior of
W; with respect to the subspace topology of TE” (W) is contained in T? \ 8 E_ -

Remark 3.2

The lower bound in (51) is the precise quantification of the fact that the line segments
in TE"(W) which span across the entire torus dominate for large «. The complexity
estimate in this form says that the fraction of the initial segment W that is mapped to
long lines is very close to 1. Phrasing (51) in this way is crucial to the area formula
argument of Section 4.

Remark 3.3

Let ‘W, be defined in the same way as ‘W,,, but with C,, replaced by the stable cone Cs.
Then, a decomposition of TS_”(W) for W € Wy with |W| < 1/2 exactly analogous
to the one in Lemma 3.2 holds.

As mentioned earlier, our proof of Lemma 3.2 follows closely ideas from [4] and
[34]. We utilize the fact that T is piecewise linear and the structure of the singularity
set 87 to obtain the complexity estimate in the form of (51), which is slightly different
from the corresponding complexity lemmas in [4] and [34].

3.2.1. Structure of the singularity sets

We begin by noting that from (50), we can deduce the following facts about §1,

which is plotted in Figure 1:

. 87 is a union of {x =0}, {x = %} and finitely many lines of slope :I:é that
partition T? \ 7 into finitely many connected components M = {M,"}.
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Singularity set for o = 16

0.8

0.6

0.4

0.2 i

0 0.2 0.4 0.6 0.8 1

X

Figure 1. (Color online.) Plot of the singularity set 1 on T2 in the case where « = 16.

. The lines with slope é are contained in the region 0 < x < % and are horizon-
tally spaced by ﬁ The lines with slope —é are similarly in % <x<l.
. The maximal number of singularity curves that intersect at a point is three.

. If W e W, with [W| <a~'/4 and « is sufficiently large, then W can have
nonempty intersection with at most four distinct elements of M™ .

Recall that for zg € R?, § ;(') denotes the singularity of T7,. As the set 8;5 is obtained
simply by translating 8, it has similar properties. In particular, the last bullet remains
true for 8 for any zg € R? with M+ replaced by its translate M} = {M. Z‘E e
3.2.2. Generations of lines in ‘W,

Given £ = (£1,&5,...) € Q and W € W, with |W| < a~'/4, we define subsequent
generations G, (£, W) of lines in ‘W, with length less than or equal to &' /4 obtained
by mapping iteratively through T¢,, T¢,, and so on. First, let {M —|I—5ij }ies © ‘M;
denote the distinct elements of M;l with which W has nonempty intersection and

note that as described above #J < 4. Let W; = T¢, (W N M; i;)» and then obtain
W; e W, from Wj by modifying just the endpoints in such a way that {W;} jcy € W,
consists of disjoint segments. We then define §(§;, W) C ‘W, as follows. If |W;| <
a~1/4, then we declare W; € (&1, W). If |W;| > a~1/4, then we subdivide W;
into disjoint elements {W;;} € W, with |W;;| € (a~!/8,a™!/4) and declare W;; €
§(&1, W) foreachi. Set §;(§, W) = §(&;, W), and then for n > 2 define
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aEW) = | gE..
Veg,—1(E,W)
It is clear that for every n € N there holds
rwy= |J w
Wiegn(§,W)

and that two line segments W;,, W;, € §,(§, W) are disjoint when iy # i,. Moreover,
note that by construction the interior of each V' € §, (&, W) with respect to the sub-
space topology of TE” (W) is contained in T? \ & e " In other words, the inverse map

TE_” is smooth on a neighborhood of the interior of V. Similarly, Tg_nk_ «¢ 18 smooth
on a neighborhood of the interior of V' for every k = 1,2, ...,n, where we recall that

0 : 2 — Q denotes the shift map.

For W € ‘W, and §,(§, W) constructed as above, let L, (&, W) denote the ele-
ments W; € §, (£, W) with |W;| > a~1/8, and let S,,(§, W) = G, (. W) \ L, (E, W).
Here the notation is “L” for “long” and “S” for “short.” We define also I,,(§, W) to
be the elements W; € S, (€, W) such that for every k = 1,2,...,n — 1 there exists
Vi € S,_i(€, W) such that W; € S (0" %, V). Stated roughly in simple terms,
I, (&, W) is the collection of elements in S, (&, W) that have always been contained
in a short element. Lastly, for £ € Q, k € N, and a collection E of disjoint elements
of ‘W, we write

|El= YWl and TFE={T7*W:WeE}
W;,eE

3.2.3. Proof of Lemma 3.2

The first step in the proof of Lemma 3.2 is a lemma which says roughly that for an
initial W € ‘W, with |W| ~ o™, the fraction of its initial length which corresponds
to lines which never become long up to time n decays exponentially in 7.

LEMMA 3.3
Let € € (0,2). There exists ag(€) > 0 so that if o« > g, then for every £ € Q, W € ‘W,
with |W| € (a™'/8,a1 /4], and n € N there holds

Ty L (. W)| <™ 9w ).
Proof

For any |W| <a~!/4, we have #1,(§, W) < 4. It is therefore easy to see by induction
and the fact that

LEw)=|J Le"EV)

Vel,—1(EW)
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that
#I,(, W) <4" (52)

for every n € N. On the other hand, by the hyperbolicity described in Lemma 3.1, for
any V e I,(§, W) € S, (&, W) we have that

1T V< G12®) V] < ($re?) (@7 /8) < (8107) "W). (53)
Combining (52) and (53) yields

|T§._"In(§, W)l 4"
<

. O
W] ~ (81?)"

Lemma 3.3 was a simple consequence of how the expansion rate §;? dominates
the number of singularity curves that a sufficiently small line segment can cross. We
now use Lemma 3.3 applied at each iteration to obtain bounds on |TS_” S, (&, W)| and
|TE_" L, (&, W)|, which is ultimately what is required to prove Lemma 3.2.

LEMMA 3.4
If a is sufficiently large, then for any £ € Q, W € 'W,, with |W| <a~'/4, and n >
log(1/|W]) there holds

n 1
T e )| = (1= 2 )W,

Proof
Fix £ € Q and W € 'W,,. Since

[T L. W) + | T Su 6. W) = W

)

the lemma is equivalent to proving that
1
T " SnE W) = W, (54)

To estimate the left-hand side of (54), following [4] and [34], we group the elements
of Sy, (€, W) in terms of their most recent long ancestor. In particular, given any W; €
Sn (&, W), either W; € I,(€, W) or there is aunique k € {1,...,n — 1} such that W; €
I (0" %€, V) for some V € L,_x (&, W). Thus, we can write
T SuE W) (T 16 W)
Wi W

1 n—1
fa X mrnertewl 69

k=1V;eL,_x (W)
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For the first term, observe that by the proof of Lemma 3.3 we have

|T§_nln(‘§vW)|<( 4 )n 1
W | —\a28,/ da|W|’

If « is large enough, then the choice of n implies that
T L W)
- O <
4 T 2«
For the second term in (55), we first use the trivial fact that

—(n—k
wi= Y "y
VieLp—k(EW)

for every k to obtain

n—1
T D D e R NP

k=1V;eL,_x (W)

-1 - kg V.
- nX: 2 vieL,_p@w) | Te " 1e(0" 56, V)|

e
kot 2vieL,em|Te Vil

Using also the elementary inequality

ay+az+---+an aj
bi+by+---+by T 1<j=N b;

for two lists of positive numbers {a; }ZN= | and {b; }1N= 1> we deduce

" nl |T5_"1k(9"_k$,Vi)|
— Ty (0" %6 V) <) max

> g 1k Wol=2. —(ik
Wl verew) ek e

We will now rewrite the sum above so that we are able to apply Lemma 3.3. Fix
l<k<n—1landV; € L,_;(E, W).Let W; € I (6”&, V;), and observe that by the
definition of Tg’ and 6 we have

T W =T, Tk W),

Since Tg_nli " ég,Wi C V; and VTS_("_k) is constant on V;, it follows that

_ —(n—k — -
oW T TR Wl Tk W

7" Wl 7" Wl Vil
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Summing this estimate over W; € I (6" %£, V;) and assuming that « is large enough
so that Lemma 3.3 holds with € = 1/2, we obtain

T (0”76, V7)) | T3k T (0" €. Vi)

max ) = max
VieLa—k&W) T "0V Vi€Ly—k EW) Vil

< a—3(n—k)/2‘

Combining our estimates thus far and assuming that « is sufficiently large, we have

—n n—1
Te"Su 1 _ L+Za—3<n—k)/z< v 1
W] T2 20 a32-1"a’
which completes the proof. O

We are now ready to give the proof of Lemma 3.2. Note that the difference
between Lemma 3.2 and Lemma 3.4 is that the “long lines” of Lemma 3.2 have length
5/4, while those in Lemma 3.4 have length on the order of a~!. The remedy is just
to modify the splitting given in the definition of the generations §, at the last step.
Indeed, the plan is to first apply Lemma 3.4 to obtain a set §,—; (&, W) that consists
primarily of lines with length approximately o~!, and then to consider the elements
of T, ($,—1(E, W)). The idea here is that since the expansion rate scales like ¢? and

a?a™! =& > 1, most line segments in T, (§,—1 (&, W)) necessarily span across T2,

Proof of Lemma 3.2

Fix £ € Q and W € W,,. Itis clear that by subdividing W we may assume without loss
of generality that |W| <a~'/4. For z ¢ RZ and V € W,, let €(z, V) be defined in
the same way as §(z, V') before but with the segments of length strictly greater than
5/2 subdivided into segments with length strictly between 5/4 and 5/2. We define
the collection §, & W)W, by

aEm = J  9Em.

Wi€§,—1(5.W)

Except for (51), G (&, W) is easily seen by construction to satisfy all of the properties
claimed in Lemma 3.2. It thus remains to prove, writing , (§, W) = {W; }; <y, that

1 C
— Y | T"Wi =1 —
|W| T Wilz1-4

|Wil>5/4

for some constant C > 1 that does not depend on « or &. First, since n — 1 > log ﬁ,

by Lemma 3.4 we have
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1 1 1

— > T Wi = (1- = > T W
—(n—1) &

W1 w1254 ( O‘)'Ts" LG 1w 1z5/a

To simplify notation, for Vj € L,,—1(&, W), define
Ex = {W; € G, (6, W) 1 T, Wi © Vi, |Wi| = 5/4}.

Arguing similar to the proof of Lemma 3.4, we deduce

1 Z |T_nW| > ZVkeLn—l(S,W) ZVVIEEk |TE_nH/l|
—(n—1 p | > |
|Tg (n )Ln_1($, Wl w125/ ZVkELnﬂ(s,W) |T§ (n )Vk|

> min i —
VeeLut@W) TV

. ZVVI'EEk |T§;1VVI|
= min
Vk€Ln—1(£,W) [Vi|

Using that Vi € L,,—; (&, W) can cross at most three singularity curves and the lower
bound on the expansion rate given by Lemma 3.1, it is not hard to show that the
construction of §(§,, V) implies that

ZVV:‘EEk |T§;1Wi| - |Vk|—2311% - 60
|Vl N 17 T

Combining the estimates above, we obtain

i T (- - ),

IWil=5/4

which completes the proof. O

4. Proof of the geometric mixing lemma

In this section, we use the results of Section 3 to prove Lemma 2.1. As discussed
earlier, we make use of the area formula from geometric measure theory, which we
recall below.

LEMMA 4.1 (Area formula)

Let M be an m-dimensional C! Riemannian manifold, and let K™ be the m-
dimensional Hausdorff measure on M induced by the Riemannian metric. If
H™M(M) < oo, F: M — M is a Lipschitz continuous map, and ¢ : M — R is
measurable, then
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/M Jp(z)(p(z)J{’m(dz):/M< Z qo(z)),}(’m(dz’),

zeF~1(z")

where JF denotes the Jacobian of F calculated using the Riemannian metric.

Remark 4.1

The proof of the area formula can be found in [42, Theorem 3.2.3 or Theorem 3.2.5]
for an m-dimensional subset of R”. As discussed in [42, Section 3.2.49], by localizing
to charts which map R into M we can extend the R result to the smooth manifold
setting. Additional discussion can be found in [15], [41], [63], and [64].

Remark 4.2

Since the function F in the area formula is Lipschitz, Rademacher’s theorem (cf. [42,
Theorem 3.1.6]) tells us that it is differentiable almost everywhere. Thus, the Jacobian
JF is defined almost everywhere by Jr(z) = |V F(z)|, which is sufficient to define
the integral in the area formula. If in addition JF (z) > 0 for almost every z, then

/M @(2) K™ (dz) = /M( 3 ﬁ(fz)))o"f’"(dz’). (56)

zeF~1(z)

This can be shown by subdividing A = {z € M : Jp(z) > 0} into the disjoint sets
Ay, ={ze€eA:Jpr(z) € [ﬁ,%) Uln,n + 1)} withn € {1,2...}. On each A4, the
area formula implies (56) when applied to the function ¢/ JF . Adding up the integrals
over each A, implies the general result assuming that the left-hand side of (56) is
well defined. In our particular setting, Jr will be uniformly bounded from above and
below by positive constants, which makes (56) immediate from the area formula.

By making an appropriate choice of F, we apply Lemma 4.1 to express
m(TEZ” (R) N Q) as an integral that amounts essentially to counting intersection
points (weighted by an appropriate Jacobian factor) between horizontal lines mapped
through Tf_” and vertical lines mapped through T_”né'

LEMMA 4.2
Fixn,N €N, £ €Q, and Q, R € Ry. Define the map F, g : T> — T? by
F g :(onTgnnsy Hyng_n)y (57)

where T, T, : T2 — T are the projections Ty (x,y) = x and T, (x,y) = y. Let
Wy =T (R) x {y} and Wy s = {x} x I1,,(Q). Then,

(7" (RN Q) = / «(0) /Hy(m( 2 JFn,ls (Z)) A

ZETg(Wy’,u)mTe;ing(Wx/,s)
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Proof
Since T is area-preserving, we have

m(T2"(R) N Q) = m(T{(R) N Ty(Q)) = /Tz HR(TE"(2) 20 (T () dz.
Thus, applying Lemma 4.1 with F}, ¢ as defined above, we can write
m(TZ"(R) N Q)

B R 10(The @)y
_/Tz( 2 e )d

zEFn_’é(z’)

B Xt (R) (I 0 T(2)) xy (o) (ITy 0 Tyng (2))
- [nx(@ /ny(R)( 2 JF, ((2) )

zeFr:é ",y

x dy’dx’.

In the second line above we have observed that the definition of F), ¢ implies that if
2/ = (x',y") ¢ II(Q) x I1,,(R), then at least one of XR(T(2)) or xo(Tgue(2))
vanishes for every z € Fn_s1 (z). Moreover, for (x’,y’) € 1 (Q) x I, (R), the prod-
uct of characteristic functions in the second line above is nonzero if and only if
z € T;(Wy',u) N T‘,{é(Wx/,s). The lemma follows. O

To estimate the sum in Lemma 4.2 we use the decompositions of TS” (Wyru) and
Te_,,’é (Wy ) guaranteed by Lemma 3.2 and Remark 3.3. The idea is essentially that for
w,V)e TS”(Wy/,u) X T_,fg(Wx/,s) with |[W|, |V| > 5/4, we musthave #(W NV) > 1
for o large since the angle between vectors v, € C, and vg € Cg converges to /2
as o — 00. To properly employ (51) and obtain the correct quantitative estimate we
use Lemma A.1, which relates JF, .(z) to the product of the arc-length Jacobians
along Wy, and Wy ;.

LEMMA 4.3

For any N € N and o sufficiently large, there exists ¢ > 0 so that for all § € Q,
horizontal and vertical segments (W, W) € W, x W of length 27N andn>1+
N log(2) + log(8a) we have

1
> ——— > c|[WlIWil, (58)

J z)
2€T! W) Tyt (Wy) Fa (2)

where F, ¢ is as before.
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Remark 4.3
The upper bound mentioned in Remark 2.1 is obtained by proving an upper bound
analogous to (58).

Proof

Let G} (Wy,) € W, and G} (W) € Wy denote the decompositions of TE”(WM) and
Te_,,’é(Ws) guaranteed by Lemma 3.2 and Remark 3.3. Define also L, (W,) as the ele-
ments W e G} (W,) with |W| > 5/4 and similarly define L, (W;). Clearly, we have

1 1
Z ) JFn,E(Z) B Z Z Z JF):.S(Z).

z€TI (W)NT i (Ws WeGH(Wy,) VeGE (W) zeWNV

Let Jyn(z) = |VT§."(Z)€x| and J; ,(z) = |VT‘,,’§(Z)ey|, where e, and e, are the
standard basis vectors of R?. By Lemma A.1 and trivially bounding the sum from
below by excluding the short lines, we have

1
DD LD D P

WeGH (W) VeG;,(Wy) zewWnV

1
>(1—-Ca!
>(1-Ca™) Z Z Z Jun (T (2)) Tsn (T (2))

WeL,(Wy) VeL,(Ws) zeWNV
T Wi TV |

_ _ -1
=(1-Ca™ Y > #WNY)x WiVl

WeL,(Wy) VeL, (W)

where in the last equality we used that
Ju,n(Tg_n(Z))ng_nwl = [W] and Js,n(Tglng(Z))|T9nn§:V| =[V|

forallze W NV, since VT; is constant on TE_" W, which is a horizontal line (and
similarly for the second equality). For W and V as in the last sum above we have
#(W NV)=>1and |W|,|V]|<5/2, and hence by (51) we have

)

O S S

WeGH (W) VeGS (W) zeWNV

4
>—(1—Cah) > |I"W| > |ThV

- 25
WeL,(Wy) VeL,(Ws)

4 -
z 5c (1= Ca YW IW; ],

which completes the proof. O
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The proof of Lemma 2.1 now follows easily.

Proof of Lemma 2.1

Fix N € N. Let o be large enough so that Lemma 4.3 applies, and let ¢ > 0 be as in
(58). Taking n > 1 4+ N log(2) + log(8w), it follows by Lemmas 4.2 and 4.3 that for
any R, Q € Ry, and £ € Q we have

m(TZ"(R) N Q) = c/ / Wy ul| Wy 5| dy" dx = 27N = em(R)ym(Q),
x(Q) /I (R)
which is the desired estimate. U

Appendix. Jacobian estimates
We now prove the technical Jacobian estimate needed in the proof of Lemma 2.1.

LEMMA A.1

Fix £ € Q and n € N. Define Jy 5(z) = |VT$"(Z)ex| and Jsp(z) = |VT’,[§(Z)ey|,
and let Fy, ¢ be as defined in (57). There exists a constant C > 1 that does not depend
on £ or n such that for all « sufficiently large there holds

Ju,n (Tg—n (Z))Js,n(Tnnég-(Z)) _ ‘ JFn,s (Z) _ (59)
JFn.g (Z) Ju,n(Tg_n(z))Js,n(TgnnE(Z))

for every z € T? in the full measure set where the derivatives in (59) exist.

Proof

By the elementary inequality

b

a 1z — 1l
Z_ 1‘ <_a (60)
b 1—|2 -1

for nonzero a, b € R, it suffices to estimate only the first term on the left-hand side of
(59). We will also make use of the related inequality

g =G0z - +[G -

which holds for any a, b, ¢,d € R with a and d nonzero. In this proof, C will denote

: (61)

a positive constant, which may change from line to line, that does not depend on &, n,
or « for o sufficiently large.
Let z € T? be such that all of the derivatives in (59) exist. We first claim that
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|ay(nx g)(z)l C

62
00 T ()] ©»

for « sufficiently large. Indeed, let e and e,, denote the normalized stable and unstable
eigenvectors for VT, E(z) and let A € R be the unstable eigenvalue. If 6 € [0, n)
denotes the angle between e, and e;, then since e; € Cs we have |0 — /2| < Ca™
Therefore,

lex - es| =|cosf| = |sin(9—7t/2)} <Ca™!

for « large. Using also that e, € C,,, we similarly have

1

ey ey <Cal, ex ey >1-C a7t and ey ey >1-C oL
y y

For « large, we can thus write
ex=aie, + bieg and ey =dazey + baeg

for coefficients satisfying |ai|, |b2| ~ 1 and |as|, |b1| < Ca™'. Noting also that |e,, -
es| < Ca™! we have
0y (e 0 T2 ()] lex VT (2)e|
|3x(HxOT9",,E)(Z)| lex - VT" g(z)ex|
_arazd + bibad™! 4 (ey - e)(a1bad ! + azbiA)|
|a%)“ + b%)“_l + (ey - es)arbi (A + A71)]

Ca~ YAl
= a3 = b2[AIE —2|Alla1b1 e - es]
Ca YA
~ a?A| - Ca A
C
<—.
T o

This proves (62). The same argument shows that
(Mo TG e P e ThoG ¢
0y(Ty o Te™)(2)| ~ o |0x (I 0 ng)(z)l
9y (Hx o T™)(2)] e
|9, (ITy OT ”)(Z)I

(63)

Combining (62) and the first estimate in (63), it is immediate from the formula
for JF, . (z) that
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J z C
| LTS 1| == (64)
|8x(HxOT9nE)(Z)||8y(HyOTE )(Z)I o
It is also straightforward to prove from the second two bounds in (63) that
VTG (2)ex| VT (2)ey | c
T e = v e (65)
[92(Tx 0 74, ) (2)]13, (T, 0 Tg ") ()] o
Together, (60), (61), (64), and (65) imply
J z C
o= Fre®) —1==. (66)
Ve @)l VT, 7 (2)ey | o
From (60), (61), and (66), it remains only to show that
Lun (T @) e (T (2)) c
. - ~1==. 67)
Ve @exl VT, 7 (2)ey | o
We will just prove that
Jun(Tg"(2)) C
un_né _ ’5_’ (68)
VT (2)ey | o

as the same inequality for the other ratio follows similarly, and combining them to
deduce (67) is straightforward. Define z = TS_" (2), and let &5 and &,, denote the stable
and unstable eigenvectors of VTE” (). Reasoning similar to the proof of (62) above
and noting also that e; is the unstable eigenvector for VTS_” (z) shows that

Jun(Z VT " (2)es] C
| R e (69)
|VT§- (2)eu] |VT5 (Z)€y|
Now, since TS” is area-preserving, we have
VTP (2)eu| = VTP G)es| ' = VT (2)é). (70)
Combining (69) with (70) and then applying (61) yields (68). O
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