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Abstract

Value-at-Risk (VaR) has been the most prevalent market risk measure in the financial
sector. Banks, insurance companies and other financial institutions are required to
report their VaR estimates to the regulatory authorities since its introduction to
the Basel I Accord in 1996. Acknowledging the theoretical deficiencies of this risk
measure, The Basel Committee on Banking Supervision proposed to replace VaR
with Expected Shortfall (ES), which overcomes these shortcomings. The practical
implementation of this measure is still in process as the literature is lack of simple
tools for its estimation and evaluation since by definition, the ES depends on the VaR
estimate. This dissertation develops several techniques for estimating and conducting
inference on VaR and ES models.

The first chapter, which is a joint paper with Andrew J. Patton, implements a
2-step robust estimation method for estimating the Expected Shortfall. We ease the
dependence of the ES estimate from the VaR. To achieve this, in the first step the
VaR is estimated by nonparametric methods, which helps us to avoid estimation error
in the nuisance process. In the second step, we apply a robust estimation technique
which controls for small deviations of the VaR estimates from their theoretically true
values. We compare this new method to a 1-step joint estimation when VaR and ES
are jointly estimated and to a 2-step non-robust estimation method. We find that
with the new 2-step method the estimates are more efficient than applying a non-

robust version and it performs better than the joint estimation when we do inference

v



on the ES model parameters.

The second chapter, which is joint with Jia Li, Zhipeng Liao and Andrew J. Pat-
ton, proposes a novel nonparametric specification test for VaR models. We translate
the specification test to a conditional moment restriction test. We estimate the con-
ditional moment function via nonparametric series regression and test whether it is
identically zero. We use a strong Gaussian approximation theory to characterize the
asymptotic behavior of our sup-t test. In addition, we propose an i.i.d. bootstrap
method which performs better in finite sample than the asymptotic approximation
at more extreme quantiles. As an empirical exercise, we test Conditional VaR models
of US financial institutions.

The third chapter builds on this idea and implements the test for multiple con-
ditional moment restrictions to test the correct specification of VaR and ES jointly.
In addition, we also propose an average-t test, whose theoretical properties rely on
the sup-t test. We find that the average-t test outperforms the sup-t test at more
extreme confidence levels. As an empirical exercise, we test several location-scale

models in S&P500 data for correct specification of ES and VaR.
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1

Introduction

One of the most well-known risk measures in the financial industry is the Value-
at-Risk (VaR). VaR is a lower (1%-5%) quantile of the return of a portfolio (or
a high (95%-99%) quantile of the losses of the same portfolio). Financial institu-
tions are required to report their 1%-VaR estimates to regulatory authorities by the
Basel I Accord. Since a quantile is only a point on the distribution, it is not able
to capture tail risk and as Artzner et al. (1999) show VaR is also not a coherent
risk measures. Acknowledging these deficiencies, The Basel Committee on Banking
Supervision proposed to replace the VaR with the Expected Shortfall (ES) (Basel
Committee, 2013).

ES is the mean of a return conditional the return being lower of its VaR value.
By the definition of this risk measures, it is able to capture the tail risk, and it can be
shown that it is also a coherent risk measure. However, the main theoretical short-
coming of this measure, as Fissler and Ziegel (2016) show, it can only be estimated
jointly with VaR.

In the first chapter, which is a joint project with Andrew J. Patton, we implement

a 2-step locally robust semiparametric GMM estimator, which is based on orthogonal

1



moment conditions, to ease the dependence of the ES estimator from the VaR. The
moment conditions have zero derivative with respect to the first step (in our case it
is the VaR estimate), therefore the first step does not affect the asymptotic variance
of the ES estimates (see e.g. Ackerberg et al., 2014). Moreover, Chernozhukov et al.
(2016) show locally robust moment conditions have small bias property, which leads
to better small sample properties. We compare the finite sample properties of the 2-
step robust estimation method with a 2-step non-robust and 1-step joint estimation
method. As an empirical exercise we estimate the ES of the S&P500 returns.

In the second chapter, which is joint with Jia Li, Zhipeng Liao and Andrew J.
Patton, we propose a novel nonparametric specification test for VaR models. In
this chapter, my work focuses on the Monte Carlo experiment and the empirical
application of the specification test. The theoretical contribution of the chapter is
developed by my co-authors. Following Li and Liao (2019), we translate the VaR
specification test to testing conditional moment restrictions. To conduct our test, we
estimate the conditional moment function via nonparametric series regression and
test whether it is identically zero. To characterize the asymptotic behavior of the our
sup-t test, we use a strong Gaussian approximation theory. In addition, we propose
an i.i.d. bootstrap technique to compute the critical values and examine the finite
sample properties of our method in a Monte Carlo simulation study. We test the
correct specification of CoVaR models from Tobias and Brunnermeier (2016) for US
financial institutions.

In the third chapter, we implement this nonparametric specification test for test-
ing multiple moment conditions jointly. Specifically, we test the correct specification
of VaR and ES jointly. As mentioned before, ES depends on the VaR which neces-
sitates the joint testing of these two risk measures. In this chapter, we propose an
average-t test based on the theoretical characteristics of the sup-t test. In a Monte
Carlo experiment, we compare the finite sample properties of the proposed average-t

2



test to the sup-t test. We test several location-scale in S&P500 data for correct

specification of VaR and ES.



2

Locally Robust Estimation of Expected Shortfall

2.1 Introduction

Value-at-Risk (VaR) has been the main market risk measure for financial institutions.
It can be interpreted as a (low) quantile of the distribution of the return, which can be
estimated and predicted by numerous methods (see e.g. Koenker and Hallock, 2001,
a widely cited article on quantile regressions and the references therein). However,
in spite of its simplicity to measure, it has several drawbacks as Artzner et al. (1999)
point out. For example, it does not satisfy the sub—additive property, which can
have serious consequences when risk is evaluated. Danielsson et al. (2005) argue
that if sub-additivity is violated, financial institutions might be under—hedged as
they do not recognize the actual level of risk or the lack of sub-additivity can also
lead to suboptimal investment choices if VaR is the main measure for risk. Moreover,
VaR is not able to capture tail risk as it does not account for the return distribution
below the predetermined confidence level. Acknowledging these drawbacks, the Basel
Committee proposed to replace the VaR with Expected Shortfall (ES) as a part of
the Third Basel Accords (Basel Committee, 2013) .



ES, the average return conditional on the return being below VaR, has been
proposed by Artzner et al. (1999), who show that ES satisfy the sub-additive property
and contrary to VaR, it is a coherent risk measure. That is, if Y; is the return on some
portfolio with conditional distribution F(Y;|F;_1), where F; ;1 is the information

available until period ¢, then g € (0,1) level VaR,;, and ES;, can be defined as:
VaR:, = F'(q|Fi1)

ESt,q =K [Yt‘Y{t < VaRt,qa‘thl} )

where we assume that Y; has finite mean and F(Y;|F;_1) is strictly increasing and
therefore invertible. As we can see from the definition of the ES, it is strongly related
to the VaR. Fissler and Ziegel (2016) show that ES is not elicitible, that is, there
does not exist any loss function which minimized would result in ES. However, they
show that VaR and ES are jointly elicitible and provide a loss function family which
minimized jointly with respect to both risk measures result in a consistent ES (and
VaR) estimate.

According to the state of the art, it is not possible to estimate ES separately
from VaR, that is, the ES estimates depend on the VaR estimate. In this paper,
our main goal is to increase the robustness of ES parameter estimates with respect
to the VaR estimate. To achieve this goal, as first step we estimate the VaR using
non—parametric a sieve polynomial, which means in theory the VaR estimates would
not suffer from misspecification error. In the second step using the estimated value
of the VaR, we use a multivariate loss function from Fissler and Ziegel (2016), which
can be applied to estimate VaR and ES jointly, to estimate the parameters of ES.
That is, if we want to estimate VaR and ES jointly, in one step we would minimize
one of these parametric multivariate loss functions with respect to VaR and ES and
then get the estimated values for both VaR and ES. What we do is: in the first step,

we estimate VaR non—parametrically and then in the second step we can plug in this



estimated value of VaR to the loss function and then just minimize with respect to
ES to get an estimate only for ES since we already have an estimated VaR process.
To implement our estimation strategy, we use locally robust semiparametric
GMM, which is based on orthogonal moment conditions. That is, the moment condi-
tions have zero derivative with respect to the first step (in our case the VaR estimate),
therefore the first step does not affect the asymptotic variance (see e.g. Ackerberg
et al., 2014). Moreover, Chernozhukov et al. (2016) show locally robust moment
conditions have small bias property, which leads to better small sample properties.
The local robustness property makes this estimation method sensible for our
problem. Local robustness with respect to the first step means that the value of the
moment conditions in the second step does not change if the estimated process from
the first step is arbitrarily close to the true VaR process even if it is not equal to
the true process. That is, even if we cannot exactly estimate the true VaR but get a
close estimate, the estimation of the ES should not be affected by the VaR estimate.
To examine the finite simple properties of the 2-step locally robust GMM method,
we use an AR(1)-TS-ARCH(1) and HAR(22) type of models as data generating
processes and compare the accuracy of the parameter estimates using the robust
GMM method with a non-robust 2-step method and with the 1-step joint method.
Our second objective in this paper is to implement option implied VaR and ES
on S&P500 index. The forward-looking nature of the options motivate Barone Adesi
(2016) and Mitra (2015) to derive the relation between European put options, VaR
and ES. In our empirical study, we apply the locally robust estimation method to
investigate which financial measures, such as past absolute returns, range, realized
volatility and VIX, have better explanatory power in ES estimation.
The remainder of the paper is structured as follows. In Section 2.2, we provide
a short literature review. In Section 2.3, we present the 2-step locally robust GMM

estimation method and derive the asymptotic properties of this estimator. In Section
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2.4, we examine the finite sample properties of the robust estimation method. In
Section 2.5, we implement the option implied VaR/ES and apply the robust estima-
tion method for estimating S&P500 ES using the above mentioned measures and in

Section 2.6 we conclude.
2.2 Literature review

This section present the literature review of locally robust 2-step estimators, sieve
estimation with dependent data and expected shortfall estimation and prediction.

Orthogonalized /locally robust moment conditions have been used in post-model
selection inference in e.g. Belloni et al. (2014). They present robust methods for
inference about the effect of treatment variables (low dimensional variables) in models
where the number of regressors can be larger than the sample size.

Newey (1994) provides a general form of the adjustment term in the robust mo-
ment conditions for first step non-parametric estimators in i.i.d. setting and shows
that under regularity conditions the asymptotic variance of semiparametric estima-
tors does not depend on the type of the nonparametric estimate but only on the
function which is nonparametrically estimated. Chen et al. (2003) extends this work
and provide sufficient conditions, for both i.i.d. and dependent, heterogeneous data,
for the consistency and asymptotic normality for 2-step semiparametric estimators,
where the first step is infinite dimensional nuisance process.

Chernozhukov et al. (2015) describe a GMM extension of the orthogonality con-
dition in general settings and provide high level assumptions under which valid in-
ference on low dimensional parameters can be conducted in the presence of high
dimensional parameters. Chernozhukov et al. (2016) provides a general formula for
locally robust/orthogonalized moment condition construction and show that these
moment conditions have small bias property with respect to the infinite dimensional

first step. Ackerberg et al. (2014) show that these estimators can achieve the semi-
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parametric efficiency bound.

A general review of sieve estimators, and their large sample properties can be
found in Chen (2007).

Chen and Shen (1998) provide theory on the convergence rate of sieve extremum
estimators with stationary [-mixing observations. For strictly stationary ergodic
data, Chen and Pouzo (2012) introduce the penalized sieve minimum distance es-
timation (PSMD) method for estimating the infinite dimensional nuance process.
PSMD nests the minimum distance and therefore GMM estimation if the penal-
ization term is 0. Under regularity conditions, they derive the consistency of the
estimator and show convergence rate results under Banach and Hilbert norm.

In a sieve semiparametric two-step GMM framework with weakly dependent data,
Chen and Liao (2015) show that even if the asymptotic variance matrix of the second-
step GMM estimator does not have a closed form solution, we can conduct inference
with parametric asymptotic variance matrix. That is, we can conduct inference on
the finite dimensional parameters of interest as if the infinite dimensional nuisance
function, which is consistently estimated in the first step with some sieve extremum
estimator, were estimated parametrically.

There has been some work in the literature to estimate and predict ES. Cai and
Wang (2008) propose nonparametric estimate of VaR and ES, which is implement by
plugging-in method. Nonparametric estimation method frees their estimator from
misspecification error, however, the convergence rate is slower than the parametric,
Vv/n, rate. Wang and Zhao (2016) investigate a semiparametric estimator of ES. They
do not specify the distribution of the noise, which leads to semiparametric models;
however, they specify a parametric function of the observables. They also show that
their proposed estimator can reach root-n convergence rate.

Fissler and Ziegel (2016) show that ES and VaR are jointly elicitable and provide

a class of loss functions which minimized jointly with respect to VaR and ES results
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in consistent estimates for both risk measures. Building on their work, Dimitriadis
and Bayer (2017) estimates jointly the VaR and ES using i.i.d. data with linear
specification. In their paper, they mainly focus on M estimation since they find
that the GMM is unstable in estimating the two risk measures jointly. Drawing
on the proposed loss function family, Patton et al. (2019) propose new dynamic
semiparametric models for ES and VaR jointly, in which they impose the parametric
structure for the dynamics of ES and VaR but they do not specify the conditional
distributions of returns. In their article, they also provide asymptotic theory for

these models, which neither require i.i.d. data nor linear specification of the models.
2.3 Theory

In this section, we present the locally robust semiparametric estimation method (see
for example Ackerberg et al. (2014) (henceforth ACHL) or Chernozhukov et al. (2016)
(henceforth CEIN)) for our problem. Given a sample of (returns) Y; € {Y3,...,Yr},
we want to identify the parameters 09 of Expected Shortfall of Y;.

Suppose Y; is a continuous real-valued random variable with existing conditional
distribution function F(Y;|F;_1) and corresponding density function f(Y;|F;_1), where
Fio1=0(Yi1,Xi-1,...,Y1, Xy) is the information set available at time ¢ and X, is
a vector of exogenous or predetermined variables similarly as in Patton et al. (2019).

The conditional VaR and ES of Y; at confidence level ¢ can be written as
VaR (Yi|Fi-1) = U?

ESt,q(Yt\]-"t,l) = et(eg),

where we purposefully add the parameter vector for ES;, to indicate that those are
the parameters of interests.

Fissler and Ziegel (2016) show there exists a class of loss function which is con-



sistent for VaR and ES. Drawing on their results, we have moment conditions

E [m(naet(eg)av?)} =0,

which e;(6°) and v satisfy uniquely. Therefore, under appropriate assumptions, 6°
can be identified from the correct conditions.

Following Patton et al. (2019), we use the loss function from this family which
generates loss differences that are homogeneous of degree zero. As they show assum-
ing £S;, < 0 and VaR,, < 0 a.s. Vt,' there exists only one loss function (up to
irrelevant location and scale factors) which satisfies the zero degree homogeneity in
loss difference, which they name FZ0 loss function:

Lizo(Ys er(0.), v5.9) = ‘F@“{” < v} (v — Yt>+$+mg<et<ee>>—1. (2.1)

Assuming that 9; a consistent first step estimate of VaR;,, we can estimate 6°

using GMM estimator with some w positive semidefinite matrix by plugging in v;

to the moment conditions:

—~

0, = argmin m(Yy, e;(6,), o) W m(Y, e(6.), 0).
O

Following CEIN (p. 6) Definition 1, we can rewrite their definition of locally

robustness to our case as:

Definition 1. The moment functions m(Y, e(0.), v) are locally robust if and only if
vepy -

OE [m(Y,e(6°), (1 — 7)v° + 7v)]
or

=0

Here we used the pathwise derivative condition (see e.g. ACHL p. 922) directly

in our definition.

! In practice the values of ¢ are ranging from 0.01 and 0.1, therefore assuming negativity of VaR; ,
and therefore E'S; ,, is reasonable.
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In 2-step estimation procedure, we can construct locally robust moment condi-
tions by adding an adjustment term, ¢(-) to the original moment conditions which

accounts for the first step estimation. That is,

T

T_1/2 Z m(Yt7 et(62>7 @t) - T_1/2 Z [m(ytv et(eg)v U?) + (ZS(Y;v et(eg)v U?)} + OP(1>7

t=1 t=1
which is equivalent to equation (2.2) in CEIN.
2.3.1 2-step locally robust GMM estimation

Following ACHL and CEIN, we can derive the 2-step GMM estimator, where we
estimate ValR,;, process in the first step using a sieve polynomial. In the second
step, we plug in the first step estimate v; into the locally robust moment conditions

to estimate the parameters of ES; g, 0.
First step: Estimating v?

Since Value-at—Risk at ¢ level is a quantile, we can use the check loss function
(Koenker and Bassett Jr, 1978) to estimate the v or in our case the parameters in
the polynomial, §° parameters with GMM.

That is, using

p(Ye, ve(00); ¢) = (1{Ye < 0i(00)} — ) (ve(60) — V2), (2.2)

we can get the following moment conditions

00,

vy (93)

a0, =0.

(2.3)

] — B [h(Ys, v (60)] =E | (1{Y; < v (6°)} — q)

Note that check loss function p(Y;, v4(6,); q) is not differentiable at Y; = v,(6,) point;
however, P(Y; = v(6,)) = 0 under the assumption that Y; has a continuous distri-

bution.
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Now using the above moment conditions, we can arrive to the familiar GMM

estimator of the parameters 6,:

0, = argmin (Tl > (Y, (90)) W, (Tl > (Y, v (9,,))) :

0,0,

where dim(@,) < oo and /VI?U 2 W, positive semidefinite matrix, which in our exactly
identified case, is the identity matrix. Then plugging in the estimated parameters to

our predefined sieve polynomial, we can get the v; process.
Second step: Estimating 6°, the parameters of interest

After we have estimated the VaR,, process, we can estimate the parameters of

interest, 0° by GMM:

T ! T
ée = argmin (T_l Z g ()/757 €t(05), @t)> /W (T_l Z g (}/157 et(ee)7 @t)) )
Oc t=1 t=1
where
g (}/;57 et<ee)7 Ut) =m (}/;7 et(ee)a Ut) + ¢ (}/;7 et(ee)a Ut) ) (24)

where m () are moment conditions from the Lgyzq loss function and ¢ (-), the adjust-

ment term, are defined in the following.
Definition of m (Yy, e.(6e), vy)

The function m (-) can be interpreted as moment conditions without adjustment

term. That is, e;(0Y) and vY uniquely satisfy the following moment conditions:

E [m(Y;, e(62), v:)] = 0.

Drawing on the results of Fissler and Ziegel (2016), we know Lpyzo loss function
(Equation (2.1)) is minimized at the true VaR and ES value. Therefore we can use

the first order conditions with respect to 6, to get the appropriate moment conditions:
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vy 1 )8@(9@)
. (2.5)

m(Yt; et(Qe),Ut) = (eryﬂ{ﬁ < Ut} (Ut - Yt) - et(Qe)Q + et(ee) 00,

Definition of the adjustment term, ¢ (Yy, e;(0.), v;)
The function ¢(-) is the adjustment term which accounts for the first step estimation
error and makes the ¢g(-) moment conditions be locally robust.

In our paper, we build on ACHL, who define the locally robust moment conditions

for a case where the first step is a non-parametric quantile regression (p. 926):

1 dey(6.)
¢ (Yz, e(0 :<?Zlq€k (Ve <v) —q) 20, )

N[ =

( A ) (g1 (Y; <w)). (2.6)

1

We can understand the intuition behind the above adjustment term by following
ACHL (p. 928) or CEIN (pp. 6-7). Let us consider a parametric case, where v;(6,) is
a function of finite dimensional vector of parameters 6%, which satisfies the following

moment condition
E [7(Y;,09)] = E [1{Y; < v,(69)} — q] = 0. (2.7)

Then it can be shown (see e.g. ACHL p. 928), that

Y i (Vo). 06) ~

t=1

T

T2 " m(Yy, e(62), v (69))

e [(OE [m (Y, e,(6°), v (6° O [y(Y;, 09\ " 0
7 /;( [m ( ae(v) ())]>< ha(ev )]) (Y. 60)
+ 0p(1).
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2.3.2  Asymptotic Theory for Locally Robust Moments

In this section we outline the theorems following ACHL and CEIN which are neces-
sary to do inference on the parameters of ES.

Following CEIN, to show that the moment conditions ¢g(Y;, e:(6e), v:), defined as

9(Yi, ee(be), ve) = (Wl (Y <o) (v —Y2) — et(qge)2 + 6(;e)> ae(;éfe)
g

(q_ﬂ(Y; Svt))a

N[ =

o1 9e(6)\ (1 <& o
kz: qek(9e>2 (]l (Yk < Uk) - Q) 806 > (T ;fyk(vk)>

1

are locally robust, it is sufficient to show that the adjustment term for the first step

is zero, that is,
1 < 1 &
T Zg(Y;a et(eg)aﬁt) T Zg(n>et(eg)>vg> + Op(l)'
vT t=1 VT t=1

In the above equations, Y; is the return/dependent data, v; is the Value-at-Risk
which is estimated non-parametrically, e;(0°) is the Expected Shortfall, 6, is a vector
of parameters of interest, ¢ is the confidence level (5%), and the zero subscripts

denote the true value(s).
Assumption 1. (i) ©, is a compact subset of RP for p < co.

(11) {Yi}2, is a strictly stationary and ergodic process. The conditional (on all past
information Fy_1 ) distribution of Y; is Fy(+|Fy_1), which ¥t > 1 is continuously
differentiable and belongs to a class of distribution functions on R with finite

first moments and unique q-quantiles.
(iii) ¥t > 1, ei(8e) is Fi—1 measurable and continuously differentiable in 6,.

() Wy 5 W, where Wy is a positive semidefinite matriz.

14



(v) IfVt > 1, Ple(0.) = €,(0°)] = 1, then 6, = 6°.

(vi) E[|Yi]] <00, ¥t >1  |uy| < o0, [1/ex(6.)] < oo, ||2Le)

00

<o

Theorem 1. If Assumption 1 is satisfied, ée’T N 0° as T — cc.

In the following assumption 2, we follow Theorem 2 of Chen et al. (2003). First,
we define 05 = {0, € 0 : ||0. —0°| < 6} and Vs = {v; € V : vy — Y| < §} for
some small 9 > 0. We also follow their notion of functional derivative. For any
0. € 05, E[g(Y3, 0.,v)] is pathwise differentiable at v; € Vs in the direction [v; — vy] if
{vi +7(0 —vy) : 7 €[0,1]} € V and }_ILI(I)E [9(Ys, 0,00 + 7(0r — 1)) — g(Ye, e, 0p)] /7

exists and it is denoted as %W [0 — vy].

Assumption 2. (vii) T‘lég(ﬁ,et(ée),ﬁt) | = Bilelgé T‘ltég(}ﬁ,et(@e),@) +
0p(n~"?)
(viii) The matric w is of full rank.
(ix) For all 6. € 65, the pathwise derivate derivative %W [v; — V)] ewists

in all directions [v; — v)] € V

(z) For all (0,v:) € b5, x Vs, with a positive sequence 6, = o(1):

IOE|g(Ys,et(6e ,U?
E gV er(8e), v) — 9(¥eren(@e), o)) — Z0tDL 1y gyl | < oo, — o)

for a constant ¢ > 0

and

[ve — vf]

OE |g(Yi,et(0e),0?) OE|g(Yz,e:(69),09)
H [g ta; t ] [Ut _ U?] . [g ta; t ]

\gén

(7i) v; € V with probability 1 and v, — 10| = 0,(n"/4)

15



(xit) With a positive sequence 6, = o(1),

sup VTg(ye, en(8e), ve) — E[g(Yy, e(8e),v0)] — E [g(Ve, e (62), v))] ||
10 —00] | <5, 02— ] <6 1+ VT [|g(ye, e (6e), vo)|| + ||E [g(Y, e (6e), v)] |]

= 0p(1),

T
where §(ys, e4(0.),v:) = T71 5" g(V;, ex(6e), ve).
=1

Lemma 1. If Assumption 1, 2 hold, then
T T
T2 gV e O0),00) = T2 Y g, en(60), ) + 0, (1),
t=1 t=1

Assumption 3. There is a neighborhood N of 6° such that Vt > 1

(ziii) in addition to assumption (iii), e, (6.) is two times continuously differentiable

m 0,.

(ziv) there is a ¢ > 0 and d(y;) with E (d(y;)) < oo such that for 6. € N and |v; —v?|

small enough

99y, e+(be), vr) _ 9g(ys, e (6), vy)
96, 90

\sawum—@W+m—wm

OLFrz0(")
Lzl ] <oo.

(zv) in addition to assumption (vi) }— < 00,

(zvi) vy 5 0?
(zvii) The deterministic positive sequence cr satisfies cr = 0,(1) and cpt = 0,(T*?).

The cr sequence in our simulation is the bandwidth parameter sequence for den-

sity estimation and we set it as T/,
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Lemma 2. If Assumption 3 and (ii) are satisfied, then for any 0, 2 62, g(Yi, e,(0°), 0;)

differentiable at 0, with probability approaching one and

ag(}/vtaet(ee%@t) £> ]E {(‘3g(§/},et(92),v?)} — G

00, 00,
Assumption 4. Vt > 1, we have

(zviii) E [g(Yy, e:(09),09) g(Y, e:(0°),02)] exists and finite.

T
(wiz) Tlim Var |T7V2Y g(Yy,e,(09),0)) | = Q exists and is a finite valued positive
— 00 t=1
definite matrix.

(zz) G'WG is nonsingular.

Theorem 2. If Assumption 1, 2, 3, 4 are satisfied, then
VT (0, — 0°) — N(0,V), where

V= (GWG) \GWAWG(GWG) ™.
2.4 Simulation study

In this section we investigate the finite sample properties of the 2-step robust GMM
estimator. To analyze the performance of the this estimator, we compare the esti-
mates from the robust estimator to the estimates from similar 2-step GMM estimator
without adjustment term, and to the estimates from joint estimator, when the VaR;
and ES;, process are estimated jointly. We use a 4" order polynomial to estimate
non-parametrically the VaR,, process and then we use correctly specified form of
the E/S;, to estimate 0..

In the simulation study, we use 2 different data generating processes to examine

the finite sample properties of the robust estimator.
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First, we consider a AR(1)-TS-ARCH(1) type of model for the DGP:
Yi = @Y1 + o
o =w+ BY;-1|

m " N(0,1).

We estimate VaR,; , using a fourth order polynomial in the return:

Oy = Ao+ MYq + )\2Yt2_1 + /\3Ytg_1 + )\4Yt4_1,

and we use correct specification for the ES; , process. In this model, 6, = {¢, «, 3}.2

Under this DGP, both VaR,, and ES;, processes are time varying and they are
not proportional to each other like in any (G)ARCH model without AR terms, since
by assumption of 7, YN (0,1) we know

VaRy, = oY1 + CI)il(Q)Ut

ESyy = oY1 — ¢(2(q))/qor.

Second, we consider an HAR/(22) type of model to account for the long memory

property of the volatility:

Y, = oy

5 22
1 1
or = Bo+ B1Yeo1 + 5221 iZQYt—z‘ + 531—7 ;Yt—i

% N(0,1).

In this model the VaR,; , and ES; , processes are proportional to each other; however,
we do not exploit this property. We estimate the VaR,, using the first four lags of

the return process, that is,

O = Ao+ MY + AYio + A3V + \Yiy,

2 We make a parametric assumption on the innovation terms so that we can estimate the true w,
3 instead of —p(®71(q))/qw and —¢(®~1(q))/qB. This assumption helps us to make better sanity
checks regarding the estimates.
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and we use correct specification for the ES; , process. In this model, 6. = {5, 51, B2, B3}

Note that both the AR(1)-TS-ARCH(1) and the HAR(22) type of models are
linear in the parameters of interests similarly to our empirical studies. To set the
parameters, we estimate the AR(1)-TS-ARCH(1) and HAR(22) type of models on
daily S&P500 percentage returns from 2/1/1993 to 2/16/2018, which is also used in
the empirical study.

We compare the estimates from the robust estimator to the estimates of a joint
GMM estimator and a 2-step GMM estimator without adjustment term. Fissler
and Ziegel (2016) show that VaR;, and ES;, can be estimated jointly using e.g.
the Lpzo as in Patton et al. (2019). Drawing on their results, we use the moment

conditions corresponding to ES;, from the Lpzq loss function:

1 v
Lpzo(Ys, v, e15q) = _q?]l (Y <) (v — Vi) + e—t + log(—e;) — 1,
t t

where e, = E/S; , and v, = VaR,,. To ease comparison of the 3 estimation methods,
we use moment conditions from checkloss function as additional moments.

When we estimate VaR,; , and ES; , jointly, we use the following GMM estimator:
/ 1 T
(évaée) - argmln < Zl Y;HY;, 17€t ) ( U))) W (?;l/ (Y;fay;flaet(ee)avt(ev))) )

where W is the identity matrix and

h(Y;f’,Ut(ev))
1(Yy, e0(6,),v(0y)) = {m(Yt,et(@e),Ut(@v)))} ’

where h(Y:, v:(6,)) is defined in Equation (2.3) and m(Y;, e:(0.), v(6,)) is defined in
Equation (2.5).

In the 2—step GMM estimator without adjustment term, the first step is to esti-
mate VaR; , using GMM:

T ! T

A~ — 1

9 - argmln ( § }/;avt ) w (? E h(Y;tht(&v))) ’
t=1 t=1
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where W is the identity matrix and h(Y;, v(6,)) is defined in Equation (2.3).
In the second step, we estimate . by plugging in the estimated VaR;, process
to the following GMM estimator:

f, = argmin (% Zm(Yt, et(Ge),vt(Hv))> W (% Zm’(ypet(ee),vt(@v)o ,

0,0

where m(Y;, e4(0.),v4(6,)) is defined in Equation (2.5).

The 2-step robust GMM estimator only differs from this estimator by adding an
adjustment term in the second step moment functions, which accounts for the first
step specification error (Ackerberg et al. (2014), Chernozhukov et al. (2016)). That

is, the moment function in the second step takes the following form:

g(Yz, e1(0c), ve) = m(Yy, ee(0e), ve) + 0(Ye, ee(0e), ve),

where m(-) is defined in equation (2.5) and the adjustment term is in equation (2.6).

In the simulation study,® as a benchmark case, we consider sample size of T' =
2500 and confidence level ¢ = 0.025, which corresponds to requirements of the Basel
IIT Accords, and repeat all simulations 1000 times to estimate Val?; o025 and E'S; .025-
Table 2.1 includes the summary statistics for the estimated parameters from AR(1)-
TS-ARCH(1) model for the benchmark case. The first row in each block presents

the true parameter value, which we estimate. We define Joint RMSE as

\/ 3" Bias} + Standard Deviation?.

To investigate the inference properties of the different estimation methods in
finite sample, we look at several measures. First, we look at the coverage probability
corresponding to the 95% confidence level. Second, to illustrate the accuracy of the
standard error estimates, which are necessary to run hypothesis tests in the empirical
section, of the different methods we compute the “ratio of standard errors (s.e.)”.

First, we compute the standard deviation of the parameter estimates from the 1000

3 Appendix includes additional information about the computations.
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simulations. Technically this number should be very close to the standard error
estimate using the finite sample formula of the asymptotic variance. Therefore, in
each simulations, we also compute the standard errors using the finite sample formula
of the asymptotic variance/standard deviation. In the row of “Ratio of s.e. (Mean)”,
we divide the standard deviation of the 1000 parameter estimates by the mean of the
1000 estimates of the standard deviation of the parameters. The row of the “Ratio
of s.e. (Median)”, we divide by the median, which is less sensitive for outlier values.
In an ideal world these numbers would be very close to 1 as the two estimates should
be very close to each other.

In the last row, we calculate mean of the RMSE of the ES process, which provide
an additional information how well the different techniques estimate the underlying
ES process.

The first block presents the measures for the estimates from robust GMM esti-
mator, the second block belongs to the joint estimation, while the last block shows
the results for the 2-step GMM estimator without the adjustment term.

As we can see in this table, the 2-step robust GMM is better than the 2-step
GMM without the adjustment term both in the accuracy of the parameter estimates
and the accuracy of the ES process estimate. In addition, our inference measures are
comparable using either of these methods. Comparing the robust estimation method
with the joint method, we can conclude that the accuracy of these two methods are
similar. However, as we can see from the inference measures, the robust estimation
method clearly dominates the joint method, which can be explained by the size
of the underlying variance covariance matrix, which is much smaller in the 2-step
method since it “ignores” the first step model, therefore it is computationally easier

to calculate the standard errors and it is more accurate.
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Table 2.1: Simulation results: AR(1)-TS-ARCH(1); T = 2500, ¢ = 0.025

Robust GMM
¢ w B
True values: -0.062 0.859 0.318
Bias 0.002 -0.012 0.000
Standard dev. 0.079 0.058 0.055
RMSE 0.079 0.060 0.055
Joint RMSE 0.113

Coverage Probability 0.976 0.902 0.931
Ratio of s.e. (Mean) 0.840 1.223 1.029
Ratio of s.e. (Median) 0.852 1.275 1.057

ES RMSE 0.148
Joint GMM
¢ w B
True values: -0.062 0.859 0.318
Bias 0.000 0.031 -0.012
Standard dev. 0.044 0.088 0.060
RMSE 0.044 0.094 0.061
Joint RMSE 0.120

Coverage Probability 0.997 0.980 0.960
Ratio of s.e. (Mean) 0.000  0.000 0.000
Ratio of s.e. (Median) 0.384 1.313  0.643

ES RMSE 0.141
2-step GMM
¢ w B
True values: -0.062 0.859 0.318
Bias 0.002 0.035 0.003
Standard dev. 0.093 0.068 0.063
RMSE 0.093 0.077 0.063
Joint RMSE 0.136

Coverage Probability 0.964 0.874 0.905
Ratio of s.e. (Mean) 0.959 1.327 1.096
Ratio of s.e. (Median) 0.977 1.408 1.125

ES RMSE 0.192
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We also investigate how these 3 estimators perform under different confidence lev-
els (¢ = {0.01,0.025, 0.05, 0.1}) and different time horizons (7" = {500, 1000, 2500, 5000} ).
In Table 2.2, we present the ratio of the RMSEs. If the ratio is larger than 1, it means
that the RMSE from the robust estimator is larger than either from the joint or the
2-step estimator. As we can see from this table, the robust estimator is generally
better than the 2-step estimator without the adjustment term and it performs better
in terms of RMSE for medium sample sizes (T = {1000,2500}) at low confidence
levels (¢ = {0.01,0.025}).

Table 2.2: Comparison of Joint and ES RMSE in AR(1)-TS-ARCH(1) type of model
Joint RMSE

Robust vs Joint Robust vs 2-step
T T

q 500 1000 2500 5000 q 500 1000 2500 5000

0.010 1.150 0.801 0.815 1.080 0.010 0.887 0.760 0.795 0.812
0.025 1.034 0.911 0.944 1.039 0.025 0.762 0.814 0.834 0.860
0.050 1.044 1.022 1.216 1.107 0.050 0.717 0.823 0.828 0.875
0.100 1.085 1.145 1.059 1.012 0.100 0.755 0.779 0.795 0.859

ES RMSE

Robust vs Joint Robust vs 2-step
T T

q 500 1000 2500 5000 q 500 1000 2500 5000

0.010 1.043 0.834 0.899 1.023 0.010 0.851 0.745 0.744 0.715
0.025 1.026 0974 1.053 1.088 0.025 0.701 0.771 0.774 0.768
0.050 1.086 1.109 1.183 1.102 0.050 0.656 0.814 0.799 0.820
0.100 1.102 1.130 1.109 1.065 0.100 0.766 0.817 0.834 0.878

We repeat the same analysis for the HAR(22) type of model. As we can see in
Table 2.3, the robust GMM performs bit worse than either of the competing methods

in the benchmark case; however, the difference is not substantial.
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Table 2.3: Simulation results: HAR(22); T = 2500, ¢ = 0.025

Robust GMM
Bo B Ba B3
True values: 0.203 0.073 0.750 1.718
Bias 0.174 0.030 0.322 -1.236
Standard dev. 0.120 0.054 0.428 0.381
RMSE 0.211 0.062 0.536 1.294
Joint RMSE 1.417

Coverage Probability — 0.433 0.981 0.648 0.220
Ratio of s.e. (Mean)  1.272 0.950 2.105 0.790
Ratio of s.e. (Median) 1.397 1.022 2.314 0.843

ES RMSE 0.324
Joint GMM
Bo B Bo Bs
True values: 0.203 0.073 0.750 1.718
Bias 0.157 0.018 0.358 -1.122
Standard dev. 0.081 0.035 0.175 0.385
RMSE 0.177 0.040 0.399 1.186
Joint RMSE 1.265

Coverage Probability  0.679 0.996 0.189 0.334
Ratio of s.e. (Mean)  0.794 0.618 0.806 0.739
Ratio of s.e. (Median) 0.856 0.660 0.864 0.801

ES RMSE 0.319
2-step GMM
Bo Bi B B3
True values: 0.203 0.073 0.750 1.718
Bias 0.173 0.018 0.290 -1.035
Standard dev. 0.113 0.047 0.183 0.698
RMSE 0.207 0.050 0.343 1.248
Joint RMSE 1.312

Coverage Probability  0.395 0.981 0.648 0.248
Ratio of s.e. (Mean) 1.261 0.854 0.966 1.463
Ratio of s.e. (Median) 1.310 0.903 1.008 1.516

ES RMSE 0.342
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When we compare the estimators across different confidence levels and sample
sizes, we can see in Table 2.4, that the robust estimator performs better at higher
confidence levels than the joint estimator if we consider the joint RMSE and they
are similar in ES RMSE. In contrary to the AR(1)-TS-ARCH(1) type of model,
the robust estimator is sometimes worse than the 2-step estimator but in general,
the robust estimator is still better in terms of estimation accuracy than the 2-step

estimator.

Table 2.4: Comparison of Joint and ES RMSE in HAR(22) type of model
Joint RMSE

Robust vs Joint Robust vs 2-step
T T

q 500 1000 2500 5000 q 500 1000 2500 5000

0.010 2423 2251 1.886 1.717 0.010 0.373 1.012 1.661 1.017
0.025 1.545 0.830 1.121 1.137 0.025 0.404 0.626 1.080 1.000
0.050 0.923 0.722 0972 0.944 0.050 0.629 0.603 0.998 0.998
0.100 1.144 0.858 0.785 0.747 0.100 0.787 0.712 1.002 0.989

ES RMSE

Robust vs Joint Robust vs 2-step
T T

q 500 1000 2500 5000 q 500 1000 2500 5000

0.010 1.381 1.078 0.984 0.877 0.010 0.351 0.539 0.698 0.983
0.025 1.191 0.861 1.013 1.006 0.025 0.500 0.414 0.947 1.001
0.050 1.025 0.879 0.975 0.941 0.050 0.520 0.481 0.977 1.001
0.100 1.149 1.012 0.931 0.861 0.100 0.716 0.674 1.001 0.999

In conclusion, we can see in this simulation study that in terms of estimation ac-
curacy the robust and the joint estimator are comparable (similarly to the findings of
Ackerberg et al. (2014)) and the robust estimator is better than the 2-step estimator
without adjustment term. In inference, the robust estimator performs more reliably

than the joint estimator.
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2.5 Empirical application

This section includes the empirical application of the robust estimator. First, we
describe the dataset. Second, we describe the option implied Value-at-Risk and
Expected Shortfall introduced by Mitra (2015) and Barone Adesi (2016). Third,
we investigate which of the proposed explanatory variables, such as absolute return,
range, RV and VIX, are statistically significant in the estimation of the one-day,
-week and -month ahead ES of the S&P500 index. Fourth, we provide empirical

application of the option implied risk measures in ES estimation.
2.5.1 Data

In the empirical application we use five datasets. Our datasets run from 2/1/1993
to 2/16/2018, except the OptionMetrics which starts at 1/2/2009 and runs until
3/31/2016. We use the 5-minute SPY data to construct the daily Realized Variance
(RV) variable. In our application, we apply 5 different explanatory variables to ex-
plain VaR and ES. We use the lagged daily absolute returns, lagged range, which
is defined as the difference between the logarithm of the high and low, lagged VIX
and the lagged square root of RV and option implied VaR/ES as explanatory vari-
ables. Note that the magnitude of VIX is approximately tenfold comparing to the
other explanatory variables, therefore in our analysis we always used VIX/10 so the

parameter estimates on all variables are around at the same level.

Table 2.5: Datasets

Data Source
S&P500 Index Price yahoo.com
S&P500 Option data OptionMetrics
VIX CBOE
High frequency SPY data TAQ
Risk-free Interest Rate FRED
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2.5.2  Option implied VaR and ES

Mitra (2015) and Barone Adesi (2016) derive model-free, closed-form analytic re-
lation between ES, VaR and European options. The importance of the relation
between options, VaR and ES can be motivated by the forward-looking nature of
option prices. In this section, we present their derivation.

Let the conditional distribution (under the “objective” or P-measure) of interest
be:

St|Fi ~ Fy

where ¢ is today (the date of the information set), 7" is the maturity date of the
option, and S7 is the value of the stock at time 7.

From option pricing theory we know
K
P,r =exp(—pr (T — t))/ (K —5) fi (s)ds
0

0P,
S0 8;’(T = Xp {_“t:T (T'— 1)} F, (K) using Leibniz’s rule

€Xp (—Mt,T (T - t)) gt T

where g, = F} (K) € [0,1] & K = F;™' (qur) = VaRY,

t,q’
where P,.r is the price of a put option at period ¢ with maturity at period 7', p; 7 is
the risk-premium (SDF) for maturity 7. That is, we can think of K as the ¢; 7-VaR of
Sr.* However, to recover ¢; 7 we need to be able to estimate 0P, /0K and p; 7. Under
the risk-neutral (or Q) measure, we use 7,1, the risk-free rate, which is (essentially)
directly observable, in place of p;r, which requires a model or further assumptions,
meaning we just have to estimate 0P, r/0K.

Barone Adesi (2016) provides a simple method, which does not only eliminate

the first-order error in a Taylor expansion but also eliminates the first-order error

4 Note that in their papers, Mitra (2015) and Barone Adesi (2016) use a different definition of
VaR. They define VaR” as the 1 — ¢ quantile of portfolio losses, where subscript L is our notation
for VaR defined on losses.
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due to the implied volatility changing across strike prices (Ait-Sahalia and Lo, 2000),
to estimate 0P, r/0K.

The method works as the following: given three options {(P.r, Ki)}?zl where
K, < Ky < Ks, we can estimate 0P, /0K at K, using a simple approximation

two-sided estimate of the first derivative. Let

OP, r
Aoy = &
2;t, T 8}( Kk )
then
A - 1 P3;t,T - PQ;t,T PQ;t,T - Pl;t,T
%7 = 5 + :
” 2 K3 — Ky Ky, — K,

We can then get an estimate of the tail probability (¢) associated with a given strike
price as:

Gy = exp (pr (T — 1)) Ay

Denote the Q-measure version as
qgt,T =exp (1 (T —t)) AQ;t,T~
Note that
Qe — G5ar = [0 (yr (T = 1)) — exp (rer (T = )] Dgyr
~ (T —t)exp (ror (T — 1)) (e — rer) Dowr when puyr ~ ror
~(T—t)(L+rp0 (T —1t) (e — 7o) AQ;IZT when 7,7 ~ 0

—0ast— T or as yu 7 — ryr and assuming no jumps in the underlying.

As we are looking at relatively short maturity options, we use qgtT instead of

@5 7- From the above derivation, we can see that if i 7, the risk premium increases

while everything remains constant, then VaR?! q decreases.’

5 Let’s say we are interested in 5% VaR. Since Ag.; 7 > 0 for put options, qH;;t,T increases if p; 1
increases. But then K, the strike price corresponding to ¢ = 0.05 has to decrease as F(-) is a
non-decreasing function.
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Similarly to VaR, Mitra (2015) and Barone Adesi (2016) show that we can extract

Expected Shortfall from option prices as follows: as before, note that
K
Prr =exp (< (T 1)) [ (K = 5) s)ds
0

=exp (= (T — 1)) Kgur — exp (= (T — 1)) i 7ES],

where ¢, =F; (K)

1 (K
and ES/ = —/ sfi(s)ds.
' a1 Jo

Re-arranging we then obtain:

1
ES;Z:q = K — q_Pt’T exp (,ut,T (T — t)) .
t, T

To create the 1-day ahead option implied VaR and ES at 2.5% confidence level,
first we need to find the strike prices (VaR), which belongs to the 2.5% percentile.
Acknowledging the discreteness of the strike prices in our panel, we proceed in 2
steps: first, we follow the method presented in Barone Adesi (2016) and above. That
is, we calculate the two-sided estimate of the price derivative with respect to the

strike price and then use the estimated interest rate to obtain an estimate for g as
Git.r = exp(re (T — 1)) Ay r.

Second, since generally ¢, # q Vi, we use the weighted average of the two brack-

eting options to calculate the option implied VaR and ES at ¢ probability. That is,

assuming that the options are ordered from lowest to highest strike prices, we can

define

" =max g1
1

s.t. (ji;t,T S q,
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then g¢«y 7 < ¢ < Gi=41..7- Then we take a weighted average of the two bracketing

options to get VaR and ES at ¢ probability as follows:

——=T Gir41:67 — ¢ q— Q=7
Vath:A = K« + = R
Qix+1;t, 7 — Gixit, T Qix+1;t, T — Gix;t, T

Ki*+1

—~ T /\7;* . — 1
ES, = B16T — 4 (Ki*—A—Pi*’texp(ruT(T—t)))

Gix+1;6,7 — Qixt, T Qo= T

+

K1 — —
Qix+1;t,T

q— (ji*; X 1
LT ( Pi*+1,t eXp(?"t7T(T — t))) .

Qix 41567 — i, T

It is important to mention that a forecaster usually has a target horizon in mind.
The general calculations above assumed that T'—t matched with this horizon, whereas
in general this might be not true as there does not exist options which expire at the

exact date. Therefore, we use a similar weighting procedure as with ¢q. That is, we

T
pick VaR,

—~—T5
and VaR

7; ta where T7 < T < T, and assuming that options are ordered

from the shortest to the longest maturity,

T :mtaxt
st. t<T,

similarly for 75, then we take the weighted average of these two VaR as follow:

—— T TQ—TNTl T-Tl —— 15
VaRt,q = —T2 T VaRm + —T2 T VaRm,

we can of course repeat this for ES to extract the option implied ES with the exact
confidence level, ¢ and expiration, T:
~ T Ty =T =T T —1T) =T
5, = 2o Tggn | 1= Tiggn
’ T — 1T ’ T — 1T,
However, to implement this bracketing with respect to T, we need to have options
expiring before and after the target date. In shorter horizons, there might not be

any options in the dataset, which would expire before the target date. In that case,
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we cannot use this bracketing and we use the option which expires the closest to the
target horizon. To overcome this difference between the expiration date of the option

and the target horizon we propose the following transformation to stock returns:

g 1/k m 1/k
qg=1"P (SHk < VaRt+k|t> =P, ( t+kz) 1< ( t+kt) .

St Sy

where we only took monotonic transformation and note that S; is known at time t.
Under the assumption that the daily return does not change between t+1 and t+k,
that is St—i—k = (1 + ,u)kSt,

_ 1/k
_ VaR
VaRes1q¢ = 100 x <M> —1

St

We transform ES similarly, that is

a5 1/k
ESi14¢ = 100 X (%) 1
t

Note that the above discounting is not mathematically correct for the ES. There-
fore, in the empirical part, we use separately the discounted and not discounted

measures.
2.5.8 FEstimating ES using absolute returns, range, VIX, RV

In this section, we use our dataset spanning the whole horizon from 2/1/1993 until
2/16/2018. First, we use each explanatory variable separately to test whether each
of these variables is significant in explaining the 1-, 5- and 22-day ahead ES. Second,
we test which of these 5 explanatory variable is statistically significant in estimating
2.5% Expected Shortfall. Third, we repeat this exercise at 5% confidence level.

In the first step, we fit fourth order polynomial to estimate the 2.5% Value-at-

Risk, whereas in the ES estimation we only use the first order variable, that is,

ESi 11,0025 = Bo + B1Xq,
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where X; € {Absolute return;, Range,, vRV;, VIX;/10}. We estimate the standard
errors using Newey-West Long Run Variance estimator with Bartlett kernel with 2x A
lags, where h is the forecast horizon (Newey and West, 1986). In the multivariate
case, we only use the second order cross terms in the first step to ease computation.
Note that when we estimate the covariance matrix from the joint and 2-step esti-
mation, we still need to estimate the density function, which is already estimated
during the optimization in the robust estimation. It is one of the advantages of the
robust estimation method that the density function estimation is part of the opti-
mization, therefore it resulted in more stable standard errors estimate than the other
two methods. First, we always tried to use the same density function estimation in
the joint and 2-step estimation but when they resulted in explosive standard errors
then we always increased or decreased the bandwidth parameter so that the standard
error estimates are similar to those from the robust estimation.

Table 2.6 includes our results from the univariate regression using the robust
estimation method. The 3 panels belongs to the 3 forecast horizons. Each column
shows the results for the separate explanatory variables. The standard errors are in
parentheses and the last row in each block shows the average Lrzo loss under the
univariate regression.

As we can see from this table all the explanatory variables are statistically sig-
nificant in the univariate case. As it could have been expected, the coefficients are
negative for absolute return, range, RV and VIX as an increase in these variables
can be interpreted as higher volatility in the underlying. The RV and VIX models

generate smaller losses than the noisier absolute returns or range.
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Table 2.6: Parameter estimates for univariate regression

at 2.5% confidence level,

Robust GMM

Panel A: t+1

Abs Ret Range RV VIX/10
Bo —2.726 —0.961 —0.696 0.222
s.e. (0.162)  (0.130)  (0.134)  (0.207)
b1 —0.761 —1.557 —2.478 —1.453
s.e. (0.164)  (0.137)  (0.207)  (0.121)
Loss 1.181 0.993 0.926 0.873
Panel B: t+5

Abs Ret Range RV VIX/10
Bo —5.173 —2.288 —1.989 —0.066
s.e. (0.316)  (0.262)  (0.201)  (0.454)
51 —1.004 —1.184 —2.056 —1.292
s.e. (0.177)  (0.098)  (0.160)  (0.112)
Loss 1.911 1.736 1.715 1.670
Panel C: t+22

Abs Ret Range RV VIX/10
Bo —10.739 —0.429 —0.736 5.641
s.e. (0.644)  (0.664)  (0.782)  (1.052)
b1 —0.977 —1.926 —3.044 —2.022
s.e. (0204)  (0.154)  (0.268)  (0.158)
Loss 2.624 2.475 2.468 2.416

Table 2.7 shows the results of multivariate regressions with the robust estimation
method. The 3 columns belongs to the 3 different horizons. We can see from this
table that at the shortest horizon (1-day ahead ES), only RV and VIX are statistically
significant, while in the 5-day ahead estimation variable RV loses its significance. At
the longest horizon (22-day or l-month ahead estimate) RV and Range becomes
significant along the VIX measure. The positive signs on absolute return and RV
can be explained by the high correlation between the explanatory variables.

When we repeat the same estimation at 5% confidence level, our conclusion re-
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Table 2.7: Multivariate regression results at 2.5% confidence level, Robust GMM

t41 t45 £422
Constant 3 —0.019  —1.021 5.124
se.  (0.199)  (0.508)  (0.868)
Abs B 0.007 0.376 0.160
se.  (0.209)  (0.250)  (0.213)
Range B —0017  —0675  —0.891
se.  (0.270)  (0.332)  (0.271)
RV B —0856  —0.441 0.797
se.  (0.360)  (0.435)  (0.138)
VIX/10 8 —0948  —0.553  —1.706
se.  (0.152)  (0.229)  (0.225)
Loss 0.866 1.668 2.403

mains the same. As can be seen in Table 2.8, at each forecast horizon the explanatory

variables are statistically significant in estimating ES at 5% level.
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Table 2.8: Parameter estimates for univariate regression at 5% confidence level,
Robust GMM

Panel A: t+1

Abs Ret Range RV VIX/10
Bo —2.161 —0.793 —0.551 0.274
s.e. (0.099)  (0.093)  (0.092)  (0.136)
51 —0.665 —1.307 —2.120 —1.272
s.e. (0.108)  (0.097)  (0.140)  (0.081)
Loss 0.964 0.812 0.747 0.697
Panel B: t+5

Abs Ret Range RV VIX/10
Bo —4.385 —1.891 —1.477 0.174
s.e. (0.218)  (0.198)  (0.218)  (0.315)
51 —0.675 —0.996 —1.838 —1.143
s.e. (0.120)  (0.076)  (0.131)  (0.081)
Loss 1.690 1.555 1.537 1.494

Panel C: t+22

Abs Ret Range RV VIX/10
Bo —8.810 —1.361 —0.671 4.099
s.e. (0.403)  (0.495)  (0.623)  (0.716)
B —0.677 —1.398 —2.454 —1.589
s.e. (0.127)  (0.109)  (0.203)  (0.106)
Loss 2.393 2.281 2.262 2.218

In Table 2.9, we can see the results for the multivariate regression. As before, at
the shortest horizon only RV and VIX are statistically significant, while in the one-
week ahead estimation RV loses its significance. In the longest horizon, all variables
becomes statistically significant in estimating the 1-month ahead ES while the sign

on the RV and absolute return changes due to high correlation between the variables.
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Table 2.9: Multivariate regression results at 5% confidence level, Robust GMM

t+1 t+5 t+22
Constant B 0.079 —0.463 3.574
s.e. (0.140) (0.359) (0.667)
Absolute Return 3 0.039 0.295 0.348
s.e. (0.159) (0.168) (0.149)
Range 15} —0.011 —0.421 —0.801
s.e. (0.207) (0.214) (0.194)
RV I6] —0.724 —0.280 0.755
s.e. (0.273) (0.319) (0.075)
VIX/10 I6] —0.868 —0.689 —1.395
se.  (0.124)  (0.160)  (0.162)
Loss 0.695 1.489 2.208

2.5.4  Comparing forecasts of ES at 2.5% and 5% level

In this subsection, we conduct out-of-sample estimation for ES at 2.5% and 5%
level. We use rolling window estimates with 14-year-long windows by reestimating
the parameters at each year. That is, first we estimate the parameters using the
sample from 1993 until 2007. Then we estimate the ES for the year of 2008. Then
we use the sample from 1994 until 2008 to reestimate the parameters and make a
forecast for the year of 2009 etc. As explanatory variables, we use all of the variables,
that is, absolute return, range, RV and VIX/10.

To compare the forecast accuracy of the different estimation methods, we conduct
Diebold-Mariano tests of differences in average Lpzo losses (Diebold and Mariano,
2002). In Table 2.10 and 2.11 we reported the t-statistics of the Diebold-Mariano
tests. If the number is less than -1.96, then we can claim that the forecast using the
robust estimation method is significantly better than the forecasts from the other
estimation method. If the number is larger than 1.96, then the other estimation
method is better than the robust. As we can see from these tables, neither of the

estimation method emerges as a winner. For example, at one-month-ahead horizon
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the robust estimation method might be better as the joint at 5% level (-2.139) when
we include all the explanatory variables but at one-day-ahead horizon at 2.5% level,
the joint estimation method results in better forecast (2.104). We can also not
announce a winner between the robust and the 2-step (without adjustment term)

estimation method in the out-of-sample analysis.

Table 2.10: Diebold-Mariano t-statistics on average out-of-sample loss differences at
2.5% confidence level

Robust vs Joint Robust vs 2-step
t+1 t+5  t422 t+1 t+5  t422
Abs Ret -4.940 1.280 1.137 0.715 -1.635 -0.816
Range -1.593 1.483 -0.908 -1.056  2.453  1.091
RV 1.687 2.401 -1.656 1.031  2.329 0.834
VIX/10 -0.823 0.647 -1.909 0.127 -0.030 -2.023
Multivariate  2.104 1.465 0.275 -2.111  1.207 -1.890

Table 2.11: Diebold-Mariano t-statistics on average out-of-sample loss differences at
5% confidence level

Robust vs Joint Robust vs 2-step
t+1 t+5 t+22 t+1 t+5 t+22
Abs Ret -1.245 -0.961 -1.583 -5.460 -1.511 -2.022
Range 1.871 -0.936  1.320 -0.382  1.003 -3.415
RV -0.301  1.145 0.071 -0.311  1.706  0.305
VIX/10 -0.560  0.288 -1.192 -0.169 -0.376 -2.573
Multivariate -1.716 1.451 -2.139 0.986 1.191 -0.302

2.5.5 Testing the significance of option implied ES in ES estimation

In this subsection we test whether the option implied ES, introduced by Mitra (2015)
and Barone Adesi (2016), is statistically significant in ES estimation. Since in our
cleaned option dataset we can observe consistently at least 52 expiration dates per

year only after 2009, we choose to cut our sample in this analysis.
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As we mentioned in Subsection 2.5.2, we do not always observe an option which
would expire on the exact date for which we estimate the ES. To overcome this
difficulty, we proposed to bracket the estimated ES with respect to the expiration
period. If bracketing is not possible, we can still discount the obtained measure.
Although, our discounting is mathematically correct for option implied VaR, it is not
an appropriate transformation for ES. Therefore, we proceed to use both a discounted
(D) and not discounted (ND) ES in this analysis. The drawback of the not discounted
measure is that its expiration might be after the targeted horizon.

In Table 2.12 and 2.13, we can see that the option implied measure is statistically
significant in estimated the ES at each horizon and the average Lgz( is one of the
lowest at the longest horizons.

Similarly to the previous Subsection, we also test whether the either of the option
implied measure is significant in estimating the one-day, -week and -month ahead
ES. As we can see from Table 2.14 and 2.16, the discounted option implied ES is the
only significant measure at the longest horizon both at 2.5% and 5% level. However,
the not discounted option implied measure is not statistically significant when the

other explanatory variables are included in the analysis.
2.6 Conclusion

In 2013, The Basel Committee on Banking Supervision proposed to replace the
current market risk measure, Value-at-Risk (VaR) with Expected Shortfall (ES).
Contrary to VaR, ES does not only account for “tail risk” but it is also a coherent
risk measure with appealing theoretical properties. Despite its introduction as a
market risk measure, the academic literature is not abundant in estimation methods
of ES. In this paper, we explored a new estimation method for this risk measure.
Fissler and Ziegel (2016) show that ES is only elicitable jointly with VaR, that
is, it is impossible to estimate ES separately from VaR. This implies that the ES
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Table 2.12: Parameter estimates for univariate regression at 2.5% confidence level
from 2009-2016, Robust GMM

Panel A: t41

Abs Ret Range RV VIX Implied (D) Implied (ND)
Bo —3.112 —0.829 —0.391 0.133 —0.744 —0.723
s.e. (0.293)  (0.183)  (0.150)  (0.336) (0.197) (0.200)
51 —0.270 —1.676 —3.086 —1.402 0.934 0.250
s.e. (0.204)  (0.189)  (0.259)  (0.195) (0.123) (0.034)
Loss 1.202 0.998 0.874 0.924 0.864 0.868
Panel B: t+5

Abs Ret Range RV VIX Implied (D) Implied (ND)
Bo —5.604 —3.200 —2.772 —2.150 —5.483 —2.167
s.e. (0.595)  (0.637)  (0.730)  (1.327) (0.467) (1.117)
B —0.716 —0.961 —2.043 —0.858 0.235 0.443
s.e. (0.308)  (0.225)  (0.455)  (0.286) (0.084) (0.109)
Loss 1.914 1.808 1.787 1.774 1.937 1.814

Panel C: t+22

Abs Ret Range RV VIX Implied (D) Implied (ND)
Bo —10.392 —5.404 —4.838 —0.651 —6.937 —-3.191
s.c. (1.201)  (0.940)  (1.127)  (1.296) (2.783) (1.860)
B4 —0.777 —1.004 —2.073 —1.232 0.450 0.572
s.e. (0.336)  (0.157)  (0.344)  (0.174) (0.081) (0.091)
Loss 2.563 2.493 2.487 2.486 2.468 2.470

estimates depends on the VaR estimates. To ease this dependence on the VaR esti-
mates, we applied a 2-step robust estimation method. In the first step, we estimated
VaR with non-parametric sieve polynomial to eliminate the estimation error in VaR,
and in the second step we used a robust GMM estimation method to estimate the
parameters of the ES model.

In Monte Carlo simulation studies we explored the finite sample properties of the
robust estimation method in comparison with a joint (VaR and ES estimated jointly

in 1-step) and a “non-robust” 2-step method. Our findings match the findings of the
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Table 2.13: Parameter estimates for univariate regression at 5% confidence level from
2009-2016, Robust GMM

Panel A: t41

Abs Ret Range RV VIX/10  Implied (D) Implied (ND)
Bo —2.404 —0.743 —0.341 0.214 —0.781 —0.681
s.c. (0.194)  (0.140)  (0.122)  (0.239) (0.188) (0.190)
51 —0.387 —1.395 —2.714 —1.274 1.148 0.317
s.e. (0.151)  (0.150)  (0.212)  (0.137) (0.152) (0.040)
Loss 0.994 0.840 0.764 0.783 0.855 0.847
Panel B: t+5

Abs Ret Range RV VIX/10  Implied (D) Implied (ND)
Bo —4.526 —2.642 —2.103 —1.281 —4.632 —1.767
s.e. (0.389)  (0.401)  (0.435)  (0.754) (0.368) (0.693)
B —0.568 —0.801 —1.849 —0.831 0.208 0.469
s.e. (0.198)  (0.136)  (0.281)  (0.166) (0.079) (0.094)
Loss 1.698 1.619 1.607 1.605 1.721 1.607

Panel C: t+22

Abs Ret Range RV VIX/10  Implied (D) Implied (ND)
Bo —9.073 —4.909 —4.412 —3.097 —5.765 —3.020
s.e. (0.884)  (0.829)  (0.998)  (1.202) (0.425) (1.099)
B4 —0.409 —0.779 —1.625 —0.728 0.365 0.445
s.e. (0.286)  (0.153)  (0.323)  (0.147) (0.048) (0.076)
Loss 2.348 2.316 2.309 2.295 2.271 2.271

related literature: in terms of estimation accuracy, the robust estimation method
performs similarly to the joint estimation and it has more accurate than the a “non-
robust” 2-step method. In statistical inference, the robust estimation dominates the
1-step joint method.

To test the robust estimation method in data, we apply this technique in S&P500
data and examine the significance of different explanatory variables in one-day, one-
week and one-month ahead ES. We found that out of the 4 proposed explanatory

variables; such as lagged absolute return, lagged range, realized volatility (RV), VIX;

40



Table 2.14: Multivariate regression results with discounted option implied ES at
2.5% confidence level from 2009-2016, Robust GMM

t+1 t+5 t4-22
Constant 16 0.351 0.207 —4.641
s.e. (0.262) (1.037) (3.429)
Abs Ret 15} 0.026 0.497 0.743
s.e. (0.239) (0.537) (0.551)
Range 6] 0.065 —0.804 —0.061
s.e. (0.319) (0.767) (0.801)
RV 15} —1.853 —0.608 —2.642
s.e. (0.629) (1.586) (1.833)
VIX/10 15} —0.620 —0.774 0.200
s.e. (0.276) (0.601) (0.972)
Implied ES (D) f 0.285 0.100 0.245
s.e. (0.135) (0.102) (0.090)
Loss 0.842 1.600 2.467
F test p-val. 0.000 0.000 0.000

Table 2.15: Multivariate regression results with not discounted option implied ES at
2.5% confidence level from 20092016, Robust GMM

t+1 t+5 t+22
Constant I} —0.285 —0.725 —2.097
se.  (0.340)  (1.053)  (2.163)
Abs Ret 6] —0.546 0.580 0.136
s.e. (0.351) (0.517) (0.477)
Range 6] 0.159 —0.255 0.286
s.e. (0.532) (0.657) (0.686)
RV 6] —2.370 —2.033 —1.355
se.  (0.889)  (1.341)  (2.401)
VIX/10 15} 0.225 0.714 —0.417
s.e. (0.348) (0.682) (1.088)
Implied ES (ND) S 0.166 0.680 0.226
se.  (0.047)  (0.246)  (0.231)
Loss 0.843 1.586 2.431
F test p-val. 0.000 0.000 0.000
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Table 2.16: Multivariate regression results with discounted option implied ES at 5%
confidence level from 2009-2016, Robust GMM

t+1 t+5 t+22
Constant 6] 0.042 —0.282 —5.370
se.  (0.229)  (0.581)  (1.047)
Abs Ret 15} —0.291 0.519 0.231
se.  (0.216)  (0.290)  (0.242)
Range g 0.493 —0.903 0.185
s.e. (0.319) (0.395) (0.277)
RV g —2.972 —0.475 —1.037
s.e. (0.547) (0.824) (0.616)
VIX/10 15 —0.139 —0.403 —0.051
s.e. (0.239) (0.362) (0.231)
Implied ES (D) f 0.264 0.099 0.151
s.e. (0.145) (0.077) (0.048)
Loss 0.754 1.602 2.248
F test p-val. 0.000 0.000 0.000

Table 2.17: Multivariate regression results with not discounted option implied ES at
5% confidence level from 2009-2016, Robust GMM

t+1 t+5 t+22
Constant 15} 0.155 —0.627 —0.522
s.e. (0.255) (0.663) (1.404)
Abs Ret 15} —0.499 0.314 0.694
s.e. (0.238) (0.320) (0.296)
Range 6] 0.553 —0.093 —0.293
s.e. (0.333) (0.409) (0.429)
RV I} —2.980 —1.614 —0.558
s.e. (0.652) (0.934) (0.991)
VIX/10 I6] —0.299 —0.210 —0.361
s.e. (0.282) (0.434) (0.437)
Implied ES (ND) S 0.040 0.182 0.345
s.e. (0.047) (0.157) (0.167)
Loss 0.756 1.592 2.248
F test p-val. 0.000 0.000 0.000
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RV and VIX are statistically significant of explaining the 1-day and 1-month ahead
ES and only VIX remains significant at estimating the one-week ahead ES.

As an additional contribution, we implemented the option implied ES (and VaR),
proposed in Mitra (2015) and Barone Adesi (2016). We found that in a univariate
regression they have statistical power to explain the ES; however, when we tested
their statistical significance along with the previous 4 variables, they lost their sig-

nificance.
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2.7 Appendix

2.7.1 Proofs
Proof of Lemma 1

Chen et al. (2003) show in their proof of Theorem 2 that:

. ~ OE [g(Yz, e(6%),09)] .
g(ytvegvvt)_g(ytaeg7vg)_ [g( taljt( ) t)] [Ut—vlﬂ

The above equality to hold under our Assumption 1 and 2, which satisfy their
assumption (2.1)-(2.5).

Now since construction of the locally robust moment condition and the definition
of pathwise derivative:

OE [9(Yi, en(62), v7)]
8vt

[{)t —U?] = 0,

and the result of Lemma 1 follow.

OE [g(Yi, er(6),v1)] _
vy

OE [m(Yy, ex(62), ve)] L [PEIm(Y, et(QS)aU?)]] [31[“3 [p(Y},U?)]] TOE [ — 1{Y; <}
O, o vy vy

where m(+) is defined in equation (2.5). Note that E [¢ — 1{Y; < v;}| = —E [p(Yz, vt)]
(see the definition of p(Y;,v¢) in equation (2.7)). So if we differentiate at v; = v?,

then the condition follows.
Proof of Theorem 1

The proof is based on Theorem 3.1 of Hall (2005). We need to show that
E [9(Y;, e:(62),00)] = 0, E [g(Yz, ex(6e), v7)] # 0 for all f, € O, \ 62 and

E | sup ||g(Ys, e:(6.),v2)]|| < oo because the other conditions are satisfied.
0€O.
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Patton et al. (2019) show in their proof of Theorem 1 that Lpzo loss func-
tion is uniquely minimized at (v?,6°) under our assumption (iii) and (v). Since

OLpz0(Ye.et(02),09)
00e

Fi(:|Fi-1) is continuously differentiable, we find that E [ } = 0. Since

E [¢(Y}, €:(0%),0?)] = 0 by definition of the adjustment term, E [g(Y;, e;(6°),v?)] = 0
and E [g(Y;, e:(0e),v))] # 0 for all §, € O, \ 6°.

Now since,

aLFZO(Y;b U, et(ee) aet(ge)

36t(96) 696

1 1 der(0.)\ (1 < -

- 1 (Y <wp)— 2 | = -1y, < <
(T ; qekwe)Q ( ( k> Uk) Q) 90, ) (T ;fn(%)) (q ( t > Ut)) >
OLpz0(Yi, vy, e0(0) dey(0.) n

dey(6,) 00,
Tl de(6.) ||\ (<& -
——— L(Ya <w)— e
(Z qek(ge)g | ( E > Uk) Q| ‘ 606 ) (Z |fYk(vk>|>
k=1 k=1
g = L(Y; S )| < oo,
E {sup [|g(Ys, e:(6%),09)|]| < oo which completes the proof.
0.€O,
It is shown in Proposition 1 that under assumption (vi), %@%’etwe) < 00
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Proof of Lemma 2

The proof is based on the Lemma 18 in CEIN. We need to show that

0g(Yz, et(ﬁ
80,

] < 00 because the other assumptions are satisfied. Since

OLpz0(Y:,ve,€:(0,)) Oer(0.)  OLpzo(Yi, vt, €:(0.)) Oer(6.)
Dex(62) 26, Per(6.) 26,

fz qek_(ge)g (L (Ve <) —q) ae(;éf )629 ) ( nyk (vk )

k=1

/N
—_

<

(%Z qek(lge)z (L(Ye <w) —q) 02’;9 ) ( nyk (v > (q—1(Y; <v))

8LFZ0(Y;ta Ut, et(ee)) aet(Ge) aLFZ()(Y;, Vg, €t(9€)) 8et(96)
Oey(0.) 020, 92e,(6.) 90,
- —_2 Oey( (9 n T -
(Z gen(0.)3 (Vi <) — ¢ ‘ e e D (Z !fyk('uk)]>
k=1 e 2
g = 1Y < vl +
T . ) »
P et
(; qer(fe)? Yo <o) =g ‘ 826 ) (Z|ka Uk )

g = 1Y S wv)| < oo,

s F. H ‘995@?—0(90)%) H < 00. Now since
T
SERTVESPIES P}
Pt k=1

see e.g. Engle and Manganelli (2004), our proof is complete.

OLpz0(Ys,vt,e(0e))
826z (96)

It is shown in Proposition 1 that under assumption (vi) < 00.
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Proof of Theorem 2

The GMM estimator ée satisfies the first order conditions

, (%Z agm,gtg{e@e),m) W (%Zg(}ft’et(ée),ﬁt)> =0 (2.8)

t=1

By first oder Taylor expansion of & Z g(Yy, e(8,),9;) around 6°,

T 1 T T Y )
Z Yt,et = Z (Yt,et Z tjet i (ée —92) )
t=1 t=1 t=1

~ |

where 6, is between 6, and 6°.

Substituting this into equation 2.8 and after some algebra we arrive to

89(}/2-57 et(ée)a '&t)
00,

09(1/}, et(ée)a '&t) W ag(Y;, et<ée)7 /&t)

e
VI~ ) 20, 90,

w

T
T_1/2 Z g(Y;fy et(02)7 zA]t)

t=1

Applying Lemma 1, 2 and Theorem 1:

T
VT(fe —00) = (GWG) ™ GT'W T72Y " g(Yi,en(60),v7) + 0,(1).

t=1

By Lemma 3.2 in Hall (2005),

T
723" (Ve en(82),07) 5 N(0,9),

which concludes the proof.

OLpz0(Yz,vt,et(0c)
Oet(0e)

OLpz0(Ye,vt,et(0e))
92er(6e)

<
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Proof.

aLFZO(K? Ut, et(ee) 1 Uy 1
= —1(Y, <v) (v, = Y,) — +
de(6,) qes(6,)? (Ve <v) (v =) e(0.)2 " e(0.)| =
L <ol (ol + D) + |2 || <
—_— (v v 0.
qet(96>2 = ! ! et(96>2 e(ee>
OLpz0(Ys, ve, e4(0e) -2 U 1

1(Y:<wv) (v —Yi)+2 -

82615(96) - qet<96)3 et(96>3 6(06)2

Vg

2
er(0e)3

—— |1 (Y2 <v)| (Jue| + [Yel]) +

2.7.2 Additional information on datasets

Risk-free rate construction

Since we have daily data and the option implied VaR and ES requires to have risk-free
interest rate for any maturity (see the derivations in Section 2.5.2 or Mitra (2015)
or Barone Adesi (2016)), we need to construct risk-free interest rate.

Following Diebold and Li (2006), we use Nelson-Siegel model (Nelson and Siegel
(1987)) to estimate the yield curve for daily maturity. Our dataset includes 1-, 2-,
3-, 6-month, 1-, 2-year Treasury Constant Maturity rate. We omit longer maturity
treasury bills because more than 85% of the options have less than 1 year maturity
and in our application we are focusing on shorter periods. Moreover, we only used
the Nelson-Siegel estimates for interest rates over 1-month. Below 30-day period, we

use the 1-month treasury bill as interest rate.
Option data

This subsection describes the option data and the cleaning process. We down-
loaded the S&P500 Index Options (symbol: SPX) from OptionMetrics database
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from 7/31/2001 until 3/31/2016. This includes 7905284 daily, European options.

In the data cleaning process, we closely follow Ailt-Sahalia and Lo (1998). We
take the averages of best bid and ask prices to calculate the option prices. First, we
drop all the options with price less than 1/8, implied volatility greater than 70%,
which yields a sample of 6321907.

Since the option implied VaR and ES requires put options with as many strike
prices as possible, we derive put option prices from call options with strike prices
where put option is not available. To derive these prices, we use the put-call parity

relation, which must hold under no arbitrage assumption:

P(Stv K.T, T, 5t,T) :C(Sty K,T, T, 5t,T) + Kexp(—rt,T(T - t))

— Fyrexp(—rr(T — 1)),

where S; is the stock price at period ¢, K is the strike price, T" is the expiration
period, ry 7 is the risk-free interest rate at period ¢ until period T, ¢, is dividend
rate, C(-) is the true call price, F;r is the implied futures prices and 15() is the
implied put price.

To obtain the implied future prices we follow Ait-Sahalia and Lo (1998). We use
the put-call parity relation with at-the-money® puts and calls with the same strike
prices and same expiration to derive Fy p for all periods with all expiration. After we
get the implied future prices, we can calculate the call implied put prices for those
strikes, where put is not available.

Applying the above formula instead of p(St, K, T,ryp,0er) =C(Se, K, T,ri 1, 01.7)+
K exp(—r¢ (T —t))— S, which includes stock prices instead of implied futures prices
is motivated by 2 related facts. First, when we used the formula with stock prices
instead of implied future prices, we got negative “call implied” put prices, which

might be explained by the second fact. As Ait-Sahalia and Lo (1998) also argue,

6 Since in-the-money options are less liquid than at-the-money options, Ait-Sahalia and Lo (1998)
argue that at-the-money option pairs have the most reliable prices.
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there is no guarantee that the option prices are recorded at the same time as the
closing price of the underlying index. And these mismatches can lead to negative

“call implied” put prices as in our case.

2.7.8 More words on simulation

Setting starting values

The FZ0 loss function (Equation (2.1)) involves the indicator function, therefore we
used fminsearch.m function in MatLab 2017a to minimize the estimator. However,
the fminsearch function requires initial starting values to start the search from. In
our simulation study, in each simulation we set 20 different starting values drawn
from the 6y x U[0.5 1.5] set, where 6 are the true parameters. Then we picked those

estimates as optima which produced the smallest loss.
Sanity checks in simulation

We also require that the estimates from any starting value satisfy all the sanity

checks:
1. The value of GMM is a real number
2. The values of the estimated parameters are real numbers
3. min(VaR,,) > —100, Vt
4. min(ES;,) > —100, Vt
5. ES;, <VaR,,, vVt
6. 3Y; such that Y; < VaR,
7. 3Y, such that Y, < ES,
In the AR(1)-TS-ARCH(1) model we also require
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8. [¢] <0.999
9. w>0
10. 0< B >1

If a sanity check is not satisfied from a given starting value, then we drop those
starting values and draw a new one. We repeat these checks until we find 20 estimates

which satisfy all the sanity checks.
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3

A Nonparametric Specification Test of
Value-at-Risk Models

3.1 Introduction

The most prevalent market risk measures used in the financial sector is the Value-at-
Risk (VaR). VaR can be interpreted as a lower (1%-5%) quantile of the return of a
portfolio or as a high (95%-99%) quantile of the losses of the same portfolio. Financial
firms are required to report their VaR estimates to the regulatory authorities since
its introduction to the Basel I Accords in 1996.

Our main goal in this paper is to provide a nonparametric specification test for
this measure. Applying this technique, a modeller could (back)test whether her
model can correctly describe the VaR process of the underlying assets/portfolio or a
regulator could make a decision whether the reported VaR estimates of a bank are
realistic.

A specification test for (conditional) quantiles can be equivalently considered as
a test for conditional moment restrictions. Consider a model whose estimates of the

g-VaR (or VaR at q confidence level, where q is the 1%-5% or 95%-99% as mentioned
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before) are mt+1’q for some portfolio with returns, Y;,;. If these estimates satisfy
the following conditional moment restriction:

E [11 (Y;H < @Hl,q) —qlX, = x} =0, zeX,

then we can claim that the model is correctly specified for the g-VaR risk measure.
Here X; is a conditioning variable available at time ¢, such as past return(s) Y; or

volatility etc. Therefore, if we nonparametrically regress the moment,
1 (Y;H < th’q) —q, on the conditioning variable X, the conditional expectation

of the resulting function should be uniformly zero. Our goal is to construct a test
which examine whether the resulting function is actually zero.

This problem is functional in nature, because we try to do inference on the whole
function instead of focusing on some exact points. Li and Liao (2019) propose a uni-
form nonparametric inference method for time-series data based on series regression.
Applying their method we can regress the moment on asymptotically growing num-
ber of approximating functions of X;. However, because of the growing dimension,
we cannot apply the regular Functional Central Limit Theorem to do functional in-
ference. That is, this problem is non-Donsker. Li and Liao (2019) overcome this issue
by developing a strong Gaussian approximation theory for dependent data, which
they use to characterize the asymptotic behavior of the sup-t statistic for functional
inference. However, their method cannot be directly applied to our problem because
of two issues.

First, the moment condition, 1 <Yt+1 < mt_i_l’q) — ¢, might depend on some es-

timated parameters since @tﬂ,q is derived from a possibly parametric model. In
this paper, we provide sufficient conditions so that the estimation error in the mod-
elling step becomes asymptotically negligible. Intuitively, the estimated parameters
(or estimation error) converges at a parametric, /n, rate which is faster than the

convergence rate of the nonparametric test. In addition, our conditions also allow
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for non-smooth transformation of the estimated parameters, which is needed in our
setting, as they enter through the indicator function 1 (-). Moreover, we also allow
for generated conditioning variables, X; since they might be also an outcome of a
certain model. As in our simulations, it includes GARCH implied volatility.
Second, to compute the critical values of the test statistic, Li and Liao (2019) rely
on the limiting distribution of the sup-t test. In our simulation; however, we find that
applying the Gaussian approximation can lead to size distortions at higher confidence
levels (¢ > 90%). That is, using their method we reject the correct models much
more frequently than the nominal rate of the test. To overcome this issue, we propose

an i.i.d. bootstrap technique to calculate the critical values. Note, we can use i.i.d.
bootstrap even in dependent data as the residual series 1 (Y}H < ‘7Q\Rt+17q> —qis

a martingale difference sequence under the null hypothesis.

The rest of the paper is organized as follows. Section 3.2 provides a short review
of the VaR testing literature. Section 3.3 describes the theory of our test. In Section
3.4 we examine the finite sample properties of our test in a Monte Carlo simulation
study. Section 3.5 includes an empirical exercise with the proposed test. Section 3.6

concludes. The appendix contains all proofs.!
3.2 Literature review

This section gives a short review of the Value-at-Risk testing literature. A big
part of the academic literature does not directly test whether the moment condi-
tion E[1 (Y41 < VaRiy1,4) — q] = 0 holds but it tests an implication of it:
1 (Yy41 < VaRy4q1,) are an iid. Bernoulli(q) random variable.

Applying this testing procedure in their seminal paper, McNeil and Frey (2000)

estimate the VaR by combining the quasi maximum likelihood approach with extreme

! In this project, I mainly contributed to the Monte Carlo simulation study and empirical exercise.
The proofs and underlying theorems are the work of my co-authors.
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value theory (EVT) and test 95%-, 99%- and 99.5%-VaR in several different asset
classes. Implementing EVT leads better out-of-sample forecast than ignoring the fat
tail behavior of the return process.

Escanciano and Olmo (2010) describe a parametric unconditional backtesting
procedure for out-of-sample VaR which controls for estimation risk but not for model
risk. That is, they work under the assumption that the underlying model is correctly
specified and their test explicitly controls for the parameter estimation error in the
testing step. Our paper is different in a sense that we test for the correct specification
of the model directly and we do not assume it.

In their following work, Escanciano and Olmo (2011) also control for the model
risk. That is, they modify the variance-covariance matrix of the limiting distribution
of the test statistic such that it includes an additional term which accounts for the
possible misspecification of the VaR model. In our test, this is not necessary.

In their seminal paper, Engle and Manganelli (2004) develop the Conditional
Autoregressive Value-at-Risk model (CAViaR). The novelty of their method is they
directly model the (extreme) quantiles. In our empirical section, we test the CoVaR
measure from Tobias and Brunnermeier (2016), who also directly targets the extreme
quantiles. Engle and Manganelli (2004) also apply a new test for quantile testing
(Dynamic Quantile(DQ) test) by testing whether /nX; [1 (Yiy1 < VaRii1,) —q is
significantly different from zero, where they define X; as the lagged value of the
1 (Yi1 < VaRyp1,4) — g function. They implement the DQ test since testing the
above implication is only a necessary but not sufficient condition for the moment
restriction to hold. Their tests, however, requires the estimation of the conditional
density of the error term at the tail, which is not necessary in our paper.

Kuester et al. (2006) combines these different testing approaches (likelihood ratio
test to examine whether 1 (Y41 < VaR:41,) is anii.d. Bernoulli(q) random variable,

and the DQ) test) to investigate which models can correctly estimate the VaR in a
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NASDAQ market portfolio. Their findings suggest that in parametric model family
one should allow for more flexible tail behavior (e.g. by using skew-t GARCH model)
and one could improve CaViAR models by estimating the underlying return process

simultaneously with the VaR.
3.3 Theory

This section describes the underlying theory of the nonparametric specification test
of Value-at-Risk models. Our main goal in this paper is to answer the question
whether a VaR model is correctly specified. That is,

Hy : VaR is correctly specified.

We can try to make this theoretical exercise clearer through concrete example.
Consider a time series of portfolio returns, Y; ;. A risk manager’s task may be to
model the ¢-VaR of this portfolio and she proposes a model, f;(0) with estimated
outputs mt+1,q(é), which she believes, describes the VaR process of the portfolio.
If the outputs of her model are correct, then the following moment condition should
hold:

B[1(Yir < Valu,(0) — g Xo = 2] =0, wrew, (3.1)

for some conditioning variable, X;. Since the true g-VaR process of the portfolio
must satisfy the above conditional moment by definition of the conditional quantile.
The main question of this section is how to test whether the above moment condition

holds.
3.3.1 The testing problem: infeasible case

In more general form, the above conditional moment restriction (Equation (3.1)) can
be equivalently written as

E[ZfL| X =2] =0, VzedX,
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where x takes values in some space X and

Zt*+1 = ]1(Yt+1 < fi (‘9*)) —q.

Following Li and Liao (2019), we can rewrite this problem as

E[Z; |X] =z] =h(z)=0, VzeAX,

that is, we can test whether the h(z) is identically zero.

This problem is functional in nature, because we try to do inference on the whole
function instead of focusing on some exact points of this function. To accomplish
this, we build on the theory of Li and Liao (2019)’s method based on nonparametric
series regression. However, their method is not directly applicable in our setting
partly because Z7,, and X might be not directly observable, but we either need
to estimate it since the VaR model might depend on some parameters 6 or the
conditioning variables are model generated (e.g. GARCH implied volatility in our
simulations). Therefore, we need to make several extension to their method.

However, it might be easier to go through the building block of our theory in the
infeasible case, when both Z7 , and X} are observed. First, let’s consider a vector
of basis functions P (z) = (p1 (2),p2 (), ..., pm, (z))", where the number of series
term m,, tends to co as n, the sample size, tends to co. Technically, we could use
simple polynomials, trigonometric functions, splines etc. as basis functions, see e.g.
Chen (2007).% To estimate h(x), we regress Z;,; on P (X;) and obtain the regression

coefficients:
n -1 n
by, = (ZP(X?) P(XZ)T> (ZP (X7) Zt*ﬂ) :
t=1 t=1

The nonparametric estimator for A (-) is then given by

nt(x)=P)' b, zeX,

2 In our simulations, we found that Legendre polynomials worked the best for extreme quantiles.
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o~

where dim(b}) = m,. Since m,, — oo, the P (a:)T/b\:l becomes increasingly flexible.
By well-known approximation theory, the unknown function A (x) can be uniformly
approximated by P (93)T b . However, as the dimension of the coefficients increases
with the sample size, we cannot apply the Functional Central Limit Theorem to ap-
proximate the limiting distribution of the P (2)' b* function, and to make statistical
inference on the 7% (x) function. That is, this problem is non-Donsker.

Li and Liao (2019) address this issue by establishing a strong Gaussian approxima-
tion for the normalized estimator n'/2 (/b\; —b%). Under certain regularity conditions,

they construct a sequence of m,-dimensional standard Gaussian random vector &,

|

for some sequence 6,, = o(1). Here, %, is the m,, x m,, “pre-asymptotic” variance-

such that

n2(bx — br) — BY%,

= Op (6n)

covariance matrix of the regression coefficient that is given by

Z]n = Q;lAanla

where

n 2
Ay =E | |n"V2 Y P(X) (Z5 — h (X))

t=1

Therefore, we can strongly approximate n'/ 2@” (x) —h (z)) by the Gaussian process
P (z)" ©i/%¢,, where &, ~ N(0,1,) .

However, we are facing two issues with the above inference method in our paper.
First, we need to replace (Zt* 1 Xp ) using the corresponding feasible proxies. Second,
we find in our simulations that using the Gaussian approximation method to compute
the critical values of the test, leads to size distortion at more extreme quantiles as Z;
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becomes more skewed. This motivates us to develop and apply an i.i.d. bootstrap

algorithm to compute the critical values of our test.
3.3.2  Feasible inference via i.1.d bootstrap

In this subsection, we propose our feasible inference method and justify its asymp-
totic validity. To emphasize the dependence of (Z;* 1 Xf ) on the finite dimensional

pseudo-true parameter 6*, we write

Zig = Zn(07), X7 =X (07),

where Z;11(0) = 1(Yie1 < f;(0)) — q in our problem, and X, (f) can be e.g. a
GARCH model implied volatility. We assume that 8* can be estimated with some
nl/2-consistent estimator, 6,. Therefore, the feasible inference relies on the following

generated variables:

Zin = Zim(0,), Xi=Xi(0,).

To construct the test statistic, we proceed as previously: first, we regress Z\t+1 on

P(X,) and obtain the regression coefficient as

with residual u; = ZH — ﬁn()?t) The standard error function is estimated by

6o (z) = (P(2) S,P (2)2,



The resulting sup-t statistic is

R nl/2

T, = sup -
reX On

hn (x)(
()

In the following, we provide sufficient conditions under which replacing 6* with
6, results in negligible effect for the nonparametric specification test. Our goal is
basically to provide sufficient conditions such that the estimated 0, converges to the
true parameter 6% at a parametric y/n rate, which is faster than the nonparametric
convergence rate in the second, testing step. We extend the similar assumption in
Li and Liao (2019) to allow for non-smooth transformation of the parameter vector
and for generated regressors.

Let B,(0*) = {0 € © : |0 —0*|| < d..} where 6., = 012 and ¢, is a
slowly divergent positive sequence. Our first condition is on the first-step parametric

estimator én
Assumption 5. (i) 6, — 0% = O,(n"'/2) where 6* lies in © and © C R% is a

compact set.

(i) For any t there exists a random variable Ly, such that || X (01) — Xi(02)| <

Ly |04 — 05| for any 0 €B,,(6*).

(iii) For any t and any y1,y2 € R, |Fire (W1) — Foape (y2)| < K |y1 — 2| where

Fip11(+) denotes the conditional CDF of Yii1 given F;.

(iv) For any t there exists a random variable Loy such that |f; (61) — fi (02)] <

Loy |64 — 05| for any 6 €B,,(6*).

(v) max,<, E[L} , + L5 ,] < K for some p > 2dy.

Assumption 6. (i) ((f; (0%),X})): is a strong mizing process with compact sup-
port X and mizing coefficients (ps)oe, satisfying Y oo, gpi_Q/H < K for some
finite constant k > 2.
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(ii) There exist pp, > 0 and b, € R™ such that

sup [f,, () — h(z)| = O(m,, ™)

T€Xz,
where h(z) = E[Z¢, | X, = 2] and hy,, (x) = P (z)" b7
(11i) h(x) is continuous differentiable.
(iv) The eigenvalues of Q,, and A, are between K~ and K for all m,,.

(v) Maxicm, SUP,ex, [ pi(x)| < G for j = 1,2, where (p is a non-decreasing

sequence.
(vi) (G + Crama)n™ 2 + 0! Pm e = o((log(n)) ™).

Theorem 3. Suppose that Assumptions 5 and 6 hold. Then under the null hypothesis

there exists a sequence &, of m,,-dimensional standard normal random variables such

that
fn T, = Op <(10g mn)71/2> )
where
L |P@TE
T, = sup
zeX On (l’)

Theorem 3 establishes the strong approximation of the sup-t statistic. The theo-

rem also shows that the approximation error vanishes at a rate faster than (log mn)l/ 2

which is necessary for analyzing the size property of our test.

We could use this theorem above to compute the critical values similarly to Li and
Liao (2019). We would simply compute the quantile of the approximating variable
T, by simulating the Gaussian process. However, we will see in the simulation that

at more extreme quantiles, this approach has larger size distortions. Therefore, we

propose the following i.i.d. bootstrap method to compute the critical values:
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1. Resample (Zi;1, X;)1<i<n asii.d. sample with replacement from (Zt+17 )A(t)lgtgn-
2. Compute the sup-t statistic (Tn) for the new sample, (Z;11, X¢)1<t<n-

3. Repeat step 1 and 2 many times. Set the critical value, cv, at significant level

a, as the 1 — a quantile of T),s in the Monte Carlo sample.
4. Reject the null hypotheses (h(z) = 0) if T}, > cv.

Theorem 4 establishes the asymptotic property of the bootstrapped test statistic,

and shows the size and power properties of the test.

Theorem 4. Suppose that Assumptions 5 and 6 hold. Then,
(a) under the null there exists a sequence & of m,-dimensional standard normal

random variables such that
T; = T; = o, ((logm.) %),

where

P @) =%,

T = sup
"osex on()

(b) for a € (0,1/2), the level-a test described in Algorithm 1 has size o under the
null hypothesis and has asymptotic power one under the alternative (i.e., h(x) # 0

for some x € X ).
3.4 Simulation study

In this section, we examine the finite sample properties of the proposed test in Monte
Carlo studies for VaR models. Section 3.4.1 describes the simulation settings, Section
3.4.2 presents the conditioning variables and the series polynomials and the Section

3.4.3 reports the results.
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3.4.1 The simulation settings

We consider three data generating processes (DGP) corresponding to the null hy-
pothesis (Size) and alternative hypotheses (Power 1 and 2). Under the first DGP
(Size), we generate a time series Y; of daily losses from a GARCH(1,1) model with

normally distributed errors (Size):
}/; = Ot&y, €t l}\fl N(Ov 1)7

of =w+Bol Y2,

where {w, 5,7} = {0.05,0.9,0.05}.
The second DGP (Power 1) is Student-t EGARCH(1,1,1) given by

Yt = OZ¢, Zt Z}\Jd t(O, 1, 6)

In(o?) =w +7 <|zt_1| — \/2/7T> +0z-1 + Bln(o} ),

where we calibrate the parameters to the S&P500 index data by setting {w, 5,~,d} =
{8.9551 x 107*,0.9782,0.1350, —0.1637}.

The last DGP (Power 2) we use a similar DGP to Bontemps (2019), which is also a
Student-t EGARCH(1,1,1):

Yi =02, 2 s t(07 1, 4)

In(c?) =w+7 <|Zt_1| Y 2/7T> + 621 + B1n(o7y),

where {w, 5,7v,d} = {0.0001,0.9,0.3, —0.8}.

We set the sample size, n, 2000 which is in similar quantity as the number of
observations in the empirical section.

To test the size (and power) properties of the test, we estimate GARCH(1,1)

model with maximum likelihood and then compute the ¢-VaR as

VaR1, = 01 (q) \J& + 62 + Y2,
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where @ (-) is the cumulative distribution function of a standard normal distribution.
That is, ¢-VaR is correctly specified under the first DGP (Size) but misspecified under
the other two DGPs (Power 1 and 2). To test the sensitivity of our test with respect
to the confidence level of VaR we set ¢ € {0.75,0.9,0.95,0.99}. We run our test at
5% significance level, that is, we expect that the test rejects 5% of the cases under

the Size DGP.
3.4.2  The conditioning variables (X;) and the series polynomials (P(z))

As conditioning variables, we use the previous day returns Y; ; and volatility o; 4
as these two variables may successfully control for the location and the scale of the
GARCH models.

To mitigate the effect of possible multicollinearity in the series regression, we use
Legendre polynomials of the normalized lagged returns and volatility. To construct

the P(x), we proceed in the following steps:

1. Normalize Y;_; and oy_; to [-1, 1] interval, where Legendre polynomials are

orthogonal:

(a) Rank the observations from 1 to n (ranked X), where n is the number of
observations and X is Y;_; and o,_; separately

rankedX —min(rankedX) 1

(b) Normalize them to [-1, 1] as normalized X = 2 o (ranhedX) —mim(ranked) —

2. Apply the m,, order Legendre polynomial on the normalized X

To examine how the number of the terms in the series polynomial might have an
effect on the testing procedure, we apply Legendre polynomial with degree of 1, 2

and 3 in the following way:

o P(X)) = (1,?@1,5;?;1@)
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o (X)) = (Pi(X,), V2. 5?)
L PS(Xt) = <P2(Xt)> 1;;&37 6?7 }2525—7617 }7;1&?)

where Y;™ and ™ denotes the m" order Legendre polynomial. Note P;(X,) in-
cludes 4 terms, Py(X;) 6 terms, P3(X;) 10 terms.

To compare the bootstrap method with the Gaussian approximation, we use
the Algorithm 2 from Li and Liao (2019), which computes the critical values using
Gaussian approximation. We draw 1000 random samples/values to compute the

critical values using the bootstrap and the Gaussian method.
3.4.3 Results

Table 3.1 reports the rejection rates under the 3 DGPs. The top panel corresponds to
the case where the VaR model is correctly specified (Size) and the bottom two panels
report the results when the VaR model is misspecified (Power 1 and 2). Both the
Gaussian approximation and the bootstrap method have very good size properties
when ¢ = 0.75. However, as ¢ increases and we estimate VaR closer to the end of the
tail, the Gaussian approximation method rejects much more often than the nominal
5% rate while our proposed bootstrap method performs adequately.

As we can see from the bottom two panels, both approaches detect the misspec-
ification correctly especially when ¢ < 0.95. The Gaussian approximation method
might perform better in the most extreme case when ¢ = 0.99; however, we could see
that this method overrejects under correct specification of the VaR model so these

results might be led by the frequent rejection of the Gaussian method.
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Table 3.1: Simulation results. Rejection Rates at 5% level

Gaussian Bootstrap
Pl(l’) PQ(I) Pg(l‘) P1<LU> Pg(l') Pg(.ilf)

Size

qg=20.75 0.057 0.056 0.066 0.052 0.048 0.053
g=0.90 0.066 0.083 0.094 0.055 0.046 0.041
g=20.95 0.074 0.099 0.183 0.044 0.043 0.055
g=099 0.211 0.356 0.634 0.023 0.032 0.012

Power 1

g=0.75 0902 0.788 0.662 0.898 0.755 0.602
qg=20.90 0852 0.757 0.717 0.811 0.687 0.528
g=20.95 0491 0.500 0.554 0.392 0.337 0.232
g=20.99 0.264 0.216 0.366 0.036 0.041 0.038

Power 2
q=0.75 1 1 1 0.982 0.982 0.982
qg=0.90 1 1 1 0.978 0.978 0977
qg=0.95 1 1 1 0.979 0977 0.976
g=0.99 0.993 0.990 0.935 0.824 0.577 0.257

3.5 Empirical application

In this section, we use the proposed test to examine specifications of the CoVaR
model proposed by Tobias and Brunnermeier (2016). Section 3.5.1 describes the

setting and Section 3.5.2 presents the findings.
3.5.1 CoVaR

Conditional Value-at-Risk or CoVaR was introduced by Tobias and Brunnermeier
(2016) to measure the systematic risks of financial institutions. They define q-CoVaR
of firm 7 as the g-VaR of the market conditional on that firm ¢’s loss exceeds its g-VaR.

To estimate q-CoVaR, they proceed in 2 steps: first, they estimate the conditional
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VaR of firm ¢, then they estimate the conditional VaR of the market using the loss
of firm ¢ as an additional control variable. Then they plug in the estimated g-VaR
of firm 7 to get the estimated CoVaR.

In our empirical exercise we use the same dataset as Tobias and Brunnermeier
(2016).2 This dataset includes 1823 publicly traded US commercial banks, broker-
dealers, insurance companies, and real estate companies for the period from 1/1/1971
to 6/1/2013 (2209 weeks). On average, a firm has 736 weekly observations available
in the dataset. We conduct specification tests for each firm separately and then
compute the average rejection rates.

Following Tobias and Brunnermeier (2016), we can define g-VaR of firm ¢ and

the g-CoVaR as:

VaRy,, , = a, + M, (3.2)

and

CoVaRy,, , = o + BiMy + 1Y/ 4, (3.3)

where Y/, ; is the loss of firm ¢ in period ¢ + 1, M, includes the industry-wide control
variables such as the weekly real estate sector return (Housing), the weekly market
return of the S&P 500 index (MktRet), short-term TED spread (TED), change in the
credit spread (Credit), change in three-month yield (Y1d3M), change in the slope of
the yield curve (TERM), and equity volatility (MktSD) and the CoVaR estimation
is based on market losses.?

In the following we will refer to Equation (3.2) as VaR and Equation (3.3) as the

CoVaR specification.

3 We downloaded the data from the AER website.

4 More detail on these variables can be found on page 1718 and 1719 in Tobias and Brunnermeier
(2016)
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3.5.2 Results

This section presents the results of the specification test for VaR and CoVaR. To
capture the economic uncertainty, we use separately the Economic Policy Uncer-
tainty Index (EPU), and macro (MUI) and financial (FUI) uncertainty indices from
Jurado et al. (2015) as conditioning variable, X;. Similarly to the simulation sec-
tion, we apply Legendre polynomials of the conditioning variable and we conduct
the specification tests at 5% significance level.

The rejection rates of the test for the correct specification of VaR and CoVaR (as
defined in Equation (3.2) and (3.3)) is in Table 3.2. To examine the sensitivity of the
test with respect to the number of terms in the polynomial, we report the results for
m, = {4,5,...,10}. As we can see from this Table, the 95%-VaR model is rejected
more frequently than the nominal 5%, which would imply that the above specification
is not able to capture the true 95%-VaR. However, the above specification might be
correct for the 99%-VaR as the rejection rates are very close to the 5% nominal rate.
The conclusion is a bit different for the CoVaR model. The above specification might
work well for the 95%-CoVaR; however, our test rarely rejects the 99%-CoVaR model.
These conclusions hold regardless of the number of series terms in the Legendre

polynomial.
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Table 3.2: Empirical Rejection Rates using Different Conditioning Variables

VaR
X, EPU MUI FUI
m, 95% 99% 95% 99% 95% 99%

0.134 0.085 0.188 0.093 0.188 0.075
0.152 0.082 0.213 0.089 0.194 0.075
0.165 0.068 0.206 0.079 0.204 0.072
0.166 0.067 0.193 0.077 0.200 0.058
0.170 0.064 0.188 0.066 0.205 0.054
0.163 0.055 0.183 0.064 0.196 0.051
0.157 0.051 0.162 0.055 0.179 0.047

© 00 N O Ot =~

—_
e}

CoVaR
X EPU MUI FUI
My, 95%  99%  95% 99%  95%  99%

4 0.036 0.037 0.072 0.037 0.032 0.032
5 0.048 0.033 0.071 0.029 0.039 0.029
6 0.064 0.030 0.072 0.031 0.049 0.017
7
8
9

0.069 0.017 0.073 0.021 0.046 0.015
0.074 0.009 0.075 0.020 0.050 0.014
0.078 0.007 0.065 0.018 0.045 0.010
10 0.072 0.007 0.053 0.014 0.035 0.008

As we have seen in Table 3.2, the CoVaR model was rarely rejected. This finding
motivates us to find a more parsimonious model for this risk measure. That is, we
investigate whether it is possible to find a model which includes less variables as
the basic specification in Equation (3.3). To answer this question, we reestimate
the CoVaR equation first using neither of the variables from M;, then including
only 1 of the 7 state variables. Table 3.3 presents our findings. If neither of the
industry-wide state variables is included in the estimation (None block), the CoVaR

model gets rejected much more frequently as the nominal 5% rate, which implies that
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some of the state variables carries valuable information regarding this risk measure.
If we include e.g. only Housing as a state variable, the 95%-CoVaR model is still
rejected for approximately 1/3 of all the firms and the 99%-CoVaR is also rejected
at 5%-10% rate. We only observe a larger drop in the rejection rates when the
equity volatility (and only that) is included in the M; (MktSD). This result might
point to the direction that the equity volatility drives the low rejection rate of the
CoVaR measure. Therefore, we estimate the CoVaR model using all variables from
M, except the MktSD. As we can see from the last block in Table 3.3, the rejection
rate is almost as high as when neither of the state variables included, which might

confirm the importance of the equity volatility in the CoVaR estimation.
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Table 3.3: Empirical Rejection Rates of CoVaR with Different Control Variables
from M,

None Housing Mkt Return TED Credit
my,  95%  99%  95%  99%  95%  99%  95%  99%  95% 99%

4 0.241 0.218 0.321 0.207 0.204 0.229 0.212 0.137 0.185 0.228

5 0.265 0.180 0.325 0.155 0.180 0.201 0.213 0.084 0.210 0.181

6 0.293 0.167 0.346 0.115 0.194 0.159 0.255 0.089 0.246 0.161

7 0329 0.158 0.351 0.077 0.279 0.139 0.249 0.057 0.292 0.148

8 0.309 0.144 0.340 0.059 0.289 0.147 0.257 0.031 0.276 0.138

9 0.287 0.121 0.325 0.069 0.266 0.150 0.250 0.030 0.267 0.123

10 0.301 0.083 0.324 0.038 0.274 0.127 0.230 0.013 0.267 0.091
Yield3m Term MktSD All but MktSD

m, 95% 99%  95% 99%  95%  99% 95% 99%
4 0.258 0.193 0.270 0.217 0.030 0.032 0.217 0.217

5 0.291 0.165 0.282 0.194 0.041 0.013 0.234 0.173

6 0332 0.127 0.335 0.166 0.053 0.013 0.252 0.123

7 0366 0.114 0.371 0.143 0.052 0.009 0.274 0.109

8 0.375 0.081 0.370 0.125 0.055 0.008 0.278 0.084

9 0.342 0.087 0.354 0.110 0.057 0.004 0.268 0.078

10 0.332 0.059 0.339 0.062 0.052 0.005 0.283 0.049

3.6  Conclusion

Value-at-Risk has been the main market risk measure since its introduction to Basel
I Accord, which require financial institutions to report their VaR estimates to the
regulatory authorities. In this paper, we proposed a nonparametric specification
test for VaR models that is based on conditional moment restrictions. We test
whether the moment restriction holds on the support of the conditioning variable.
We extend the work of Li and Liao (2019) by allowing for non-smooth transformation
of the conditioning variable. In addition, we implement an i.i.d. bootstrap method

to calculate the critical values of the test which has better size properties in finite
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sample than their method. In an empirical exercise, we found that the CoVaR model

in Tobias and Brunnermeier (2016) is correctly specified.

3.7 Appendix

3.7.1  Proofs

Assumptions 5(ii, iv) impose Lipschitz-type conditions on X;(#) and f; () uniformly

over 6 €B,(6*). By Assumptions 5(ii, v), we get
< pl/r < 1/p
E [r?glx ’Ll’tq < n/P max [L14ll, < Kn (3.4)

which together with the Markov inequality and Assumptions 5(i, ii) implies that

X, — X;

= 0p<5n) (3'5)

max
t<n

where €, = ¢,n'/P7/? = o(1). Let X., = {z € R% :inf, cx ||z — 21 < &, }.

Lemma 3. Under Assumptions 5 and 6, we have

n P SOS (R) - (X)) = Oy yman ).

ProOF OF LEMMA 3 Consider any [ = 1,...,m,. By Assumptions 5(i, ii, vi) and

6(v), (3.5) and the Markov inequality

Zn Zpl (X)) - p(X7)? = Z” {8pl (X)X — x|

IN

mMn n _ R 9
St lom(RolP | % - X
=1 t=1

IN

OP (mn <12,n>

*ZL = Oy(¢F yman ™),

72



where X, is between )?t and X} for any ¢t = 1,...,n and hence by (3.5) they lie in

X., with probability approaching 1. O]

Lemma 4. Under Assumptions 5 and 6, we have

= O,( 02,;2/"mnn*1/2 + Caml P72,

|@. -

PrROOF OF LEMMA 4 Under Assumptions 6(i, v), we can use Lemma B2 in the

Supplemental Appendix of Li and Liao (2019) to get,
Q5 — @ull = O (G2 ) (36)

where Q = n™ 'Y " P(X})P (X7)", which together with Assumptions 6(iv, vi)
implies that

(2K) ™ < Aauin(@3) < Amax (@) < 2K (3.7)

n n; —
with probability approaching 1. By definition

n

Qu-@Q; = n 'Y (PROP(R)T = P (X)) P (X))

t=1

= 07D (X)) = PX))PX) = P (X))
+n 'Y P (X)) (P(X) = P(X)T

+n 'Y (P(X) = P(X))P(X;)T (3:8)

We next study the three terms after the second equality of (3.8). By the Cauchy-
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Schwarz inequality and Lemma 3,

‘ T SS(P(R — P X)(P(R — P (X))
. n—liz@m—plagw) oyt (39

By (3.7), we deduce that

2

n 'y P (X)) (P(X) — P (X))

2

mn

=2

=1

n! Z P (Xﬁ (pl()?t> — D (Xt*))

t=1

Mn, n

< Al @3) D 07D (X)) = i (X7))? = Op(GEyman™h)  (3.10)

where the second equality is by Lemma 3 and (3.7). Collecting the results in (3.8),
(3.9) and (3.10), we obtain

n~tY (P(Xy) — P(X))(P(X) — P(X[)T

t=1

|@n -

+2

n Y P(X)) (P(X) — P (X))

= Op(Gaman™" + Camy/*n %) = Oy(Cuumy/*n™"%)  (3.11)

where the second inequality is by Assumption 6(vi). The claim of the lemma follows

by (3.6), (3.11) and the triangle inequality. O
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Lemma 5. Under Assumptions 5 and 6, we have

n

sup n! Z(Zt+1<9) - Z;+1)2 = Op(0cin)-

HeBn(@*) t=1

Proof. Let Ul,t = 1<E+1 S ft (0*) + L2,t6c,n> and U27t = ]l(}/;Jrl S ft (9*> - L2,t(50,n>-

For any 6 € B, (6%), by Assumption 5(iv)
|Zt+1(9) - Z:+1| = [1(Yi1 < fi (0)) = 1(Yiu1 < fo (07))] < Uy — Uz (3.12)

which implies that

SUP n ZZtJrl — Zp11(0 Z (Ur — Uzy) :nlz (Urr — Usy) -
6€ B =1 =1
(3.13)
By Assumption 5(iii), |E[Uy; — Usys| Fi]| < K Ls 0., which together with Assump-

tion 6(v) implies that

n Y E[Uny — Usy] < Kdeun ™Y E[Lyy] < Kb (3.14)
t=1 t=1
The claim of the lemma follows by (3.13), (3.14) and the Markov inequality. O

Lemma 6. Under Assumptions 5 and 6, we have

sup n' Y P(Xi(0)(Zes1(0) = Z81) = Opl0em + (Cund7 + Comd 2 ymy*n="7?).
0eB, (%) t<n
PROOF OF LEMMA 6 For any 6 € B, (6*) and any t, let Z,11(0) = 1(Yis1 < £, () —
Fii1e (f:(0)). Then Zt+1(9) is a martingale difference array for any 6 € B,(0*). By
Assumptions 5(ii, vi) and (3.4)
max sup || X;(0) — X7|| = op(en) (3.15)
t<n geB,(6*)
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which implies that uniformly over # € B, (0*) and for any t < n, X;(0) € X, with

probability approaching 1. By (3.15) and the same arguments in the proof of Lemma

3, we have
sup 1SS m(X0) — (X)) = Op(cEmad,)  (316)
0€B, (6%) =1 i—1

which together with the same arguments in showing (3.11) implies that

sup ) ‘|Qn<9) - Q:},H = Op(Cl,nm}L/gdc,n) (3'17)

9€ B (6*
where Q,(0) =n~' >0 P(X,(0))P(X,(0))". By Assumption 6(vi), (3.7) and (3.17),
(2K) ™ < Auin(Qn(6)) < Anax(@Qn(8)) < 2K (3.18)

uniformly over 6 € B,,(6*) with probability approaching 1. By Assumptions 5(iii, iv,
vi), (3.18) and the Markov inequality

2

eeizu%*) nt ZP<Xt(9))(Ft+1\t (f:e(0)) — Fiape (f:(607)))
< sup Amax(@n(0)) sup n! Z (Fis1e (fe(0)) — Frpape (fe(67)))?
0€ B, (6%) 0eB,(6%) t<n

IN

K sup Auax(Qu(6)) sup [0 —6"["n7" Y L3, =0,(5,)  (3.19)

0B, (6%) 6B, (6%) o

which implies that

sup n! Z P(Xt(e))(FtHu (f:(0)) — Fiape (fe(67))) = Op(0cn)- (3.20)

0B, (6%) <n

It remains to show that

sup 173 PO Zir (6) — Zea(6)) = Op(Gund2 + Cond2mt{*n 1),

0€Bn(6*) tm
(3.21)
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since the claim of the lemma follows by Assumption 6(vi), (3.20) and (3.21).

By Holder’s inequality,

2

E sup n 1/221[’ Xi( ))(ZH(@) —Zt+1(9*))

0B, (6%) t<n

2

VAN

> E

<mp,

Sup n WZPZ (Xi( ))(Z+1(9) —Zt+1(9*))

0EBn(0*) tm

2

IN

m, max K
<mn

sup n 1/22191 Xt )) (ZtJrl(e) - Ztﬂ(e*))

0€ B, (0%) <n

IA

sup n 1/22191 Xt )) (Zt+1(9> —Zt+1(9*))

t<mn 0€Bn(6%) t<n

P\ 2/
D (.22)

m,, max (E

We next show that

sup n WZPZ Xt ))(Ztﬂ(@) —Zt+1(‘9*))

0€B, (6%) t<n

S K(Cl,néif + CO,nécl,/n2) (323>

p

which together with (3.22) and the Markov inequality proves (3.21) and hence the
claim of the lemma.

For ease of notations, let m,,(0) = n™23,_ py (X4(0)) (Z1(0) — Zy11(6%)) for
any 0 € ©. It is clear that m;,,(0) is a martingale for any 6 € ©. For any 6 € B,(0%),
by Assumption 5(iii) and (3.12)

E | (Zen1(0) = Zia(67))?

] < KLyien. (3.24)
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For any 6, 05 € B,(0*), by (3.24), Burkholder’s inequality and Holder’s inequality,

E |72 (o (Xu(61)) = pr (Xi(02)))(Zi1(61) = Zi01(67)) ]

t<n

p/2

IN

K&P1°E

nt Z L;t(pz (X:(61)) — pi (Xi(62)))?

t<n

p/2

IN

K@f,nfsfﬁ 161 — 05||" E

-1 2
n E L27t

t<n

IN

K002 )01 — )" n ™Y E[LS,] < K(T,00, 1|61 — 6o (3.25)

n
t<n

where the second inequality is by Assumption 6(v) and (3.15), the third inequal-
ity is by Holder’s inequality and the last inequality is by Assumption 5(v) and
16, — 65| < K627 for any 61, 6, € B,,(6%). For any 61, 6 € B, (6),
(Zes1(01) = Z14(02))* < 1(Yiga < i (61) + [fe (61) = fo (02)]) = 1(Yiwr < fi (61)
— | £ (61) = f (62)])

which together with Assumptions 5(iii, iv) implies that

E | (Zi1(61) — Zt+1(92))2’ ]:t] S 2K ([ (01) = fi(02)] < 2K Loy [[6h — 6o . (3.26)
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By (3.26), Burkholder’s inequality and Holder’s inequality,

n2Y " p(X0(61) (Zia (61) = Ziga (62)

t<n

nt Zpl (X,(6,)*E [(Zt+1(91) - Zt+1(92))2‘ ]:t}

t<n

p/2

p/2

IN

K||0) — 92Hp/2E n! sz (Xt(el))Q L%,t

t<n

< K@ )00 00" 0t Y EILS ) < KG, (100 — 627 (3.27)

t<n

where the third inequality is by Assumption 6(v), (3.15) and Hélder’s inequality,
and the last inequality is by Assumption 5(iv). Combining the results in (3.25) and
(3.27), we get

I710(01) = T (02)],, < K (Cinen + Con) 101 — Ba]|'7? (3.28)

for any 6, 05 € B,(0*).

We shall use the chaining argument to prove the asserted claim in (3.23). Con-
struct nested sets ©g, C O, -+ C B,(§*) such that Oy, = {§*} and ©,, (for
j > 0) is a maximal set of points in the sense that for every 6;, §; € ©; there is
|01 — 62]| > 6.,277. The number of the points in ©; is less than K (27)%. Link every
point 6,41 € ©;11 to a unique #; € O, such that 6,11 — ;|| < d.,277. Consider any
positive integer J. Obtain for every 6,1 a chain 6;,4,...,60 that connects it to ;.
For arbitrary points 6;.1 in © .4, by the triangle inequality

J J
1m0 = D (M (0j41) = mn(0)]] <Y max |m(601) — ma(6)] (3.29)

j=0 7=0
where 6, = 6* and for fixed j the maximum is taken over all links (6,41,0;) from
©,4+1 to ©;. Thus the jth maximum is taken over at most K (2/+!)% many links. By
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(3.28), (3.29), the triangle inequality and Holder’s inequality,

J

[max [, (01) |, <D [Imax [m5(6541) — 70 (6)]]],
=0

J
Z 2] d@/p max ||7Tln(0j+1) ﬂ-l,n(e‘])Hp
7=0

<

K (Cund2i? + Gon0i0?) Y (279)27 80P < K ((1nd27 + CombilY) (3.30)

7=0
where the last inequality is by p > 2dy. Since the stochastic process m;,,(f) indexed
by 6 € B,(6*) is separable for any [ = 1,...,m, (which can be verified since the
sample path of 7, () is continuous almost surely), letting J go to infinity, we obtain

from (3.30) and the triangle inequality, that

< K(Gad27 + Condil?) (3.31)

p

sup |m..(0)]
0€B,, (0%)

which proves (3.23). O

Lemma 7. Suppose that Assumptions 5 and 6 hold. Then under the null hypothesis

sup 'y (P( — PX(0)uf = Op(Crnbonml/?n 112,

9€Bn (6%) tm

PrOOF OF LEMMA 7 Under the null hypothesis, (u}); is a martingale difference

sequence. By Hoélder’s inequality and the same arguments in showing (3.22),

2
E ||| sup n™'/*Y (P(X,(0)) — P(X,(6%)))u;
0eB, (6%) t<n
P\ 2/p
< m,max (JE sup 02 (p(X(0)) — pu(X(6%)))uy D - (3.32)
[<ma 0€Bn(0*) t<n
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We next show that

sup 02 (X (0)) — (X (0))up || < KGuaben  (3.33)

0€Bn(6%) t<n

p

which together with (3.32) and the Markov inequality proves the claim of the lemma.
For ease of notations, let m,(0) = n="2 3", (p(X:(0)) — pi(X:(6*)))u; for any
g € O. It is clear that m,(f) is a martingale for any § € ©. For any 6, 6 € O,

by (3.15), Burkholder’s inequality and Hélder’s inequality, and similar arguments in

7

deriving (3.25),

E [|71,(61) = mia(6)["] = E | |02 Y (0u(Xi(61)) = pi(Xe(82)))uf

t<n
p/2
< KE n_lz(pl(Xt(el))_pl(Xt(QZ)))Q
t<n
p/2
< K00 0lPE | [0 Ly

t<n

< KC, 00— 6P 0™ Y E[IF,] < KT, 1[60 — 62"

t<n

which implies that
1710 (01) = 710 (02)]], < Ky (161 — O] (3.34)

for any #,, 6, € ©. Using the same chaining arguments in the proof of Lemma 6, we
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deduce that
J

lmax |G, < Y max w0 (841) = 7a(B)],
j=0

J
K (29)%/7 max |7y (0511) — 1 (6))]]
7=0

J
S KCL"&C»” (Q_j)l_de/p S KCl,n(sc,n (335)
§=0
where the last inequality is by p > 2dy. Letting J go to infinity, we obtain from
(3.35) that

S Kgl,néc,n (336)

p

sup |7, (6)]
0€B,,(0%)

which proves (3.33). O

Lemma 8. Under Assumptions 5 and 6, we have /b\n — by = O,(0p,,) where

n

5 O, (ma*n=112) under the null
b O,(¢1, nml/Z V2 4moe) in general

PROOF OF LEMMA 8 By Assumptions 6(iv, vi) and Lemma 4,
(2K) ™" < Anin(@n) < Amax(@n) < 2K (3.37)

with probability approaching 1. By the definition of Zn, we can write
by b, = Q' (n > P(X;) ut) . ( ! Zut X*)))
t=1

FO S PLR(XD) — P(X)TH)

t=1

t=1

4O (n—l ST PX)(Ziir — Z;+1)> . (3.38)
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By Assumption 6(iv) and the Markov inequality,
n Y P (X)) up = Oy(m)/*n'?) (3.39)

which together with (3.37) implies that

0;! <n S PX) ) = O,(m}*n"72), (3.40)
t=1

Since |Zt*+1| < K for any t, we have
luf| + |h(XT)] < K for any t. (3.41)

By the Cauchy-Schwarz inequality, (3.41) and Lemma 3

2

< Kn~' Y [[P(X) =P (X0) [P = Op(¢E uman™).

t=1

Zut P (X))

(3.42)
On the other hand, under the null hypothesis we can use Assumption 6(vi) and

Lemma 7 to get

_IZut P (X})) = Op(Cinbenm*n=12) = 0,(m¥?n=12).  (3.43)
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and the Markov inequality, under the alternative hypothesis we have

2

Qu'n Y P(X)(h(X]) = P(X) ;)

~

< in(@n)) 'Y (A(XT) = P(X) "0
< 20min(@n)) Y (W(XL) — P(X)T0;)

+2(Amin(Qn) 'Y (AXL) = (X)) = Op(my " +n7"). (3.44)

t=1

On the other hand, under the null hypothesis, we have h(-) = 0 and b} = 0 which

implies that

QY PR(N) - PS8 =0, (3.45

t=1
By Assumption 6(vi), (3.37) and Lemma 6

Q;l (n—l Z P(Xt)(ZH — Z:-i—l)) = O, (¢ + (C17n537/712 n CO,n527412)m711/2n_1/2)

t=1

= 0,(m}/*n=1/2), (3.46)

Collecting the results in (3.38), (3.40), (3.42), (3.43), (3.44), (3.45) and (3.46), we

get
" 1/2 —1/2
b, — b = Op(l%n 7} 2 ) un'der the null (3.47)
Op(Ciwmy 02+ m2Pr)  in general
which finishes the proof. 0
Lemma 9. Under Assumptions 5 and 6, fln — A,|| = 04, where
B Op(W’LTl/Q((l,nn_l/2 + co,néi/f)) under the null

OAn =
" {0p<<o,nm3/2<ai,<3+<1,nm3/2n—1/2+<%,n<o,nm3/2n—1>> in general
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PrOOF OF LEMMA 9 By definition

n Y @P(X)PX) —n Y ultP (X)) P (X))
t=1 t=1

= S @ - w)P(X)P(X)T 40 Zu P(X7)P(X7)"

t=1

+n7' Y u(P(X) = P(X)(P(X) = P(X))" (3.48)
Let A% =n~' 320 wP (X}) P (X7)". We write
A=A = 12 P(X7) P (X))
+n” Z 02,P (X)) P (X))~ B |02,P (X7) P(X])]]

where 0, = Fiyape (fi(0%)) — 2Fa (f:(0%)) h(X}) + h(X[)? which denotes the con-
ditional variance of u}? given F;. Using the same arguments in step 3 and step 4
of the proof of Lemma B3 in the Supplemental Appendix of Li and Liao (2019), we
deduce that

145 = Aull = 0(G “man™2), (3.49)

By Lemma 3, (3.41) and the Cauchy-Schwarz inequality

n”! Zu P(X))(P(X,) = P (X))

< Kot S0 SR -~ (X0 = 0Guman™). (350)
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By Lemma 3, (3.7) and (3.41)

2

n! Zufzp (X7) (P()A(t) - P(X})'

< K@) S0 (K0 — 0 (X0 = 0y aman™).

=1 t=1
By (3.5), (3.37) and Assumption 6(v) we have

n 2
nt Yy (@ ) P(X)P(X)T

t=1

2

Mmn

3

=1

nt Z P(X)pi(X) (@ — u}?)

t=1

IA

Amax(@n) Z nil Zpl(Xt)2(a? - U:2)2
=1 t=1

n

< MG A (@) (@ — w?)?.

t=1

By definition u; = ZH — /ﬁn<Xt), by the triangle inequality we have

~ A A~

G — ] < | Zir — ZF| + [n(X0) = B, (X0)

n ‘hmn()?g ~ (X))

+ PR = h(XT)

(3.51)

(3.52)

(3.53)

Since 6, € B,(#*) with probability approaching 1 and |Z+1\ < 1 for any ¢, by Lemma

4

~ 2
*
Zvr = 71|

Tty = 0,(60n)-
t=1

4 n
I * —1§ :
Zt+1 - Zt-i—l‘ <n

t=1
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By Lemma 8 and (3.37),

)\max (Qn) /I;

IN

_ Op(mun=1) under the nul% 3.55)
B Op(Cinmnnfl + m;Q’”h) in general
By Assumption 6(v), (3.5), Lemma 8 and (3.55)
i~ o N
w0 (X)) = b, (X0)
t=1
~ LN 2
< Cg,nm” b” b, nil Z h‘n(Xt> hmn<Xt)
t=1
_ O,(Gh Onm n=?) under the null (3.56)
N (COn (¢ ilnmz ~2 4 m, ) in general :

Since h(-) = 0 and h,,, (-) = 0 under the null, by (3.53), (3.54) and (3.55) we have
n! Zn: Ty — ul|” = Op(Bep + mun™t), (3.57)
=1
and by (3.53), (3.54) and (3.56) we have
7S e — ]! = Oyl + i) (3.5%)

t=1

under the null hypothesis. Combining the results in (3.41), (3.57) and (3.58) and
applying Assumption 6(vi), we get

n_IZ(ﬁf—ut*Q)Q < Z!ut—ut\ + Kn~ Z|ut—ut

t=1

= Op(bcn +mun™" + (5 ,m*n"?) = 0,(6.,)  (3.59)
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which together with (3.37) and (3.52) implies that

nt Yy (@ ) P(X)P(X,)T

t=1

= Oy (Conmn,/*0)7) (3.60)

under the null hypothesis. By the triangle inequality, Assumption 6(vi), (3.48),
(3.49), (3.50), (3.51) and (3.60), we have

which proves the lemma under the null.

An - An = Op(m}’L/z(glynn_l/2 + gO,nécl;,é?))

By the definition of A(-), we have ‘h(f(t) — h(X})| < 2 for any t which together

with Assumptions 5(i, i) and 6(iii) implies that

4 2

Y R b < e3[R - ()

0, — 0*

IN

K

2 n
Y LY, =0,(n7"). (3.61)
t=1

By Assumption 6(ii) and (3.5),

2

n R R n R . 4
Y |, (K0) = h(KD)| = Op(my ) and 07 3 |, (K0) = (K| = Oyl
t=1 t=1

(3.62)
under the alternative hypothesis. By (3.53), (3.54), (3.55), (3.61) and (3.62) we have

n i — up P = Op(em + my, " + G yman), (3.63)
t=1
and
0 S @ — ] = OB+ CGama(GhmEn 4 my ) (3.64)
t=1

88



which together with (3.41) and Assumption 6(vi) implies that
nT D (@ —u?)? < Koo' Y i — w4 KoY fay — gl
t=1 t=1
= OP((SC,” + Cinmnnil + Cf,ncg,nm3n72> (365>

under the alternative hypothesis. By (3.37), (3.52) and (3.65)

n
~

n~t (@ - u?)P(X)P(X,)"

t=1

= Op(C07nm711/2(5;/3+C17nm711/2n_1/2+C12’ng07nm3/2n—1))

(3.66)
which together with Assumption 6(vi), (3.48), (3.49), (3.50), (3.51) shows that

bioa

= Op(Coumy 2 (02 + CLami*n ™2 + (3, Goam®*n ™).

This shows the lemma under the alternative. O

Lemma 10. Suppose that Assumptions 5 and 6 hold. Then under the null hypoth-

esis, there exists a normal random vector N, ~ N (0, A,) such that

= 0, (o man ™ 4 om0 1),

n2N " P(X})up — N,
t=1

Proor or LEMMA 10 We use Lemma B1 in the Supplemental Appendix of Li and
Liao (2019) to show the claim. For this purpose, it is sufficient to verify Assumptions
B2(i-vi). Assumption B2(i) is directly assumed in Assumption 6(i). Under the null
hypothesis uf = 1(Yi41 < f; (0*)) — ¢ and (u}); is a martingale difference sequence,

which implies that

E [(u)?| Fi] = E[1(Yer1 < fi (09)] Fi] = 2B [1(Yir < [, (0)| F) +¢° = q(1 - q)

89



holds. Assumptions B2(v, vi) are maintained in Assumption 6(iv, v). Therefore, the
claim of the lemma follows by Lemma B1 in Li and Liao (2019). O
Below, we denote () = sup,, ,,cy [|P(#1) — P(x2)| /|[z1 — 22| The next as-

sumption is needed.

Assumption 7. (i) There exists a random vector Lg, with E[||Lr,||’] < K such

that
B (0)) = B (5(0) = L0 — 6] < K16 — 0
for any 6 € B, (0*); (ii) let g;(x) = E[Lp:(j)| X; = x] then sup,cy |l9(z)|| < K and

there exist pg > 0 and by, € R™ such that
VR

sup [gj.m, (x) — g;(x)| = O(m,,")
TEX

where gjm, () = P(~)T b;j’n for j =1,...,dp; (i11) let vj; = Lp.(j) — g;(X}) then
Amax(Q, n) < K where Q= Var(n™V2 321, P(X[)v0); (iv) sup,ex || P(2)]| 7" =
0p(((log(mn))~1/2) for all mn; (v) log((y) = O(log(n)) and

Commil 0711 = of (log(m.)) /%),

PROOF OF THEOREM 3 By Assumptions 6(iv, vi), Lemma 4 and Lemma 9, we

have

Op(Conm/26H2 + G2 man ™2 4 ¢ om0 1?). (3.67)

A~
n

By Assumption 6(iv),

K< Ain(Z0) < Amax(Sn) < K (3.68)

which together with (3.67) and Assumptions 6(vi) implies that

~

(2K) 7" < Anin(Bn) < Amax(Bn) < 2K (3.69)
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with probability approaching 1. By (3.67), (3.68) and (3.69),

on(z)

n(2)

sup
reX

— 1‘ < sup
zeX

O (2) = on(2) ‘

0n(2)(0n(z) + on())

0n(7) — on ()

1P ()1

YN

IN

K A min(E0) + Ain (20)) sup

TEX

IN

K Ovin(52) + A (52)|

= OpCoami* 2 + ¢ 2 mun ™2 4 G20 12). (3.70)

By Assumption 6(vi), Lemma 6 and Lemma 11 below, (3.38), (3.43) and (3.45),

(0, ~ 1) = Q; <_1/QZPX* >+op<<1ogmn> ) (3.71)

under the null hypothesis. Therefore by Lemma 10, (3.69), (3.71), Assumptions 6(ii,
iv) and 7(iv, v),

sup nl/Q(En(a:) - h(l’)) = sup I/Z(En(aj) B hmn(x)) + 19) (n1/2 —ph)

TEX () TEX on() :
S (a><x§2 1 ‘”QZP (X7 + op((log my) ~/2)
= sup % + o((log ma) ?) (3.72)

where N,, ~ N (0, A,). By the same arguments of showing (A.74) in Belloni, Cher-
nozhukov, Chetverikov, and Kato (2015), we have
P ()" Q' N,

sup

vex Tx? = Op((log(mn))""?), (3.73)

which together with Assumption 6(vi), (3.70) and (3.72)

h(x)) P ()" Q.'N,

TEX a'n(x) reX Un( )
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which finishes the proof. U

Lemma 11. Under Assumptions 5, 6 and 7 we have

P(x)Téﬁl > P(Xe)(Ze — Z514) 1 1/
ilelg n'2a,(z) = 0p((logm,,) )-

PrROOF OF LEMMA 11 For any x € X', we can write

P(2)" QS0 P(X)(Zear — Z7,)

n'20, ()

P(2)T Q" Sy P(X0)(Fie (fi(0) — Froape (£:(6)))

n'/20,(x)

P(x)TQEI 2?21 P()?t)(ZtJrl — Zfq — Ft+1\t(ft(én)) + Fipape (fe(0

n'/20,(x)

+ *))33.75)

The proof is divided into 5 steps.
Step 1. In this step, we study the second term after the equality in (3.75). By
Assumption 6(iv),

K_l S )\min(zn) S Amax(zjn) S K (376)

which together with the Cauchy-Schwarz inequality, (3.21) in the proof of Lemma 6
and (3.37) implies that

P@)T Q7 S PR Zenr = Zt = Frop (o) + Fisay (£(64)
sup

vEX n'/20,(x)

Y2 P(R) Zes = Zia = Fop(i00) + Fugay (fi07)|
2161)1)( )\min(QAn)()\min(Zn))l/z

= Op((GLnd2y’ + Conderd )y *) = 0p((log mn) /%) (3.77)

IN
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where the second equality is by 6(vi).

Step 2. In this step, we show that

P(2)T Q7 S0y P(X)(Frae(fe(0n)) — Fope (£(67)))

sup

reX nl/QO-n(I)
P(l')TQr_zl Z?:l P<X;)L;,t(én_9*)
a n'2g,(z)
= 0,((logm,,)~/?). (3.78)

By the Cauchy-Schwarz inequality, Assumptions 7(i), (3.37) and (3.76),

’P(x)TQ# > i P()A(t)(FtHn(ft(én)) — Fipape (fe(07)) — L;t(én—ﬁ*))‘
sup

reX nl/zo-n(x)

@z tn 2 S PROFrsae(fi0)) = Frve ((6)) = LL.(Ba—07))|
<
o O‘min(zn))l/2

(S (B B)) — oo (50 — L, (B -62)
( mm(Qn> mln( n)>1/2
Kn'?|(0,—0|?
( mln(Qn) mln( n))1/2

IN

= 0,(n""?) = o,((log m,) */2). (3.79)

By the Cauchy-Schwarz inequality, Lemma 3, (3.37), (3.76), Assumption 7(i) and

the Markov inequality, we get

2

P(2)TQp'n™ 30, (P(Xy) — P(X?) Lra())
sup
TEX 0—7%(’%)

n

lXt X)) Lre(y
oGP mm(nZ< %)~ () (])))

IN

n

T L) & ) 2 -
y 7 Xt = Op 1,n''n
(Amin(@n))*Amin (En) ; z:: P X7)) (Eaman™)
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for j =1,...,dp, which together with Assumption 7(vi) implies that

|P@)T Q. S (P(R0) = PO L, (00—0")

rex 0120, ()
. |P@)T @t T (P(R) - PXD)LE,
< n'?6,—0"|| sup
reX OTL(I)
= OylCrami/*n™"%) = o,((log(ma)) /%) (3.80)

The claim in (3.78) follows by (3.79), (3.80) and the triangle inequality.

Step 3. In this step, we show that

P(x)—r@# 2;1 P(X;>L;,t(én_9*)
sup

zeX n'/20,(x)

_ P@) Q" Y P(X)9(X) T (0a—0")

n'/2g, ()

= 0,((logm,,)~/?). (3.81)

By the Cauchy-Schwarz inequality and Assumption 7(iii),

2

E||n™"> P(Xvl| | =n"tr(Q,0) < Kmun™ (3.82)
t=1

which together with the Markov inequality implies that

nt Z P(X})vj = Op(m*n=?) for j = 1,... dy. (3.83)
t=1

94



By Assumption 7(vi), (3.37), (3.76) and (3.83),

@) Qi S, PO (B, 07)

sup

TEX O-n(m)
< n1/2 - IZt 1 ” p( 1/2n—1/2>
- Amin (Qn) (A mln( ))1/2 n
= 0,((logm,)~"/?). (3.84)

By Assumption 7(i) E[g;(X})?] < E [L},(j)] < K which together with the Markov

inequality implies that
n! Zgj (X)) =0,(1) for j=1,...,dy. (3.85)

By the Cauchy-Schwarz inequality, Assumption 6(vi), Lemma 4, (3.37), (3.76) and
(3.85),

P@)T (@ = Q) Sy POXG)9(X) T (6,—6")
sup

reX nl/Qan(l‘)

| P@)T(@0t = @ S, POX)9(X7)

~

S n1/2 en_e* sSup
zeX O'n(fl,’)
) nt Yo gi(XT)?
S n/2 n- * A
AInin(cgn) mln(Qﬂ)( mln( ))1/2
= Opl@ " man ™ 4 Gy *n712) = oy((logma) ). (3.86)

The claim in (3.81) follows by (3.84), (3.86) and the triangle inequality.
Step 4. In this step, we show that
P(2)" Q" Yoy P(X?)g(XE) T (0,—0) — g(x) " (0,~0")

= 0p((logmy,)?).
v n20, (1) 0p((logmn) %)

(3.87)
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By Assumptions 6(iv, vi), 7(ii) and (3.76)

|P()TQ, 't S P(X7)g;(XP) — gi(a)]
s ()

o [P @0 S PO (0,(X) = g0, (X0)]

rEX on ()

IN

4o 1950) = 910, (2)
reX O'n(m)

' Y0 (95(XT) = gjm, (XT))? +sup 19(%) = Gjm, (2)]
)\min(Qn)(/\min<Zn))1/2 TEX O'n(x)

= Op(my") = o,((log(my))~"/?) (3.88)

IN

for j =1,...,dp. By the Cauchy-Schwarz inequality and (3.88)

P(2)T Q1 iy P(XD)9(X0) T (0,~0°) = 9(2)T (9u=0")

sup

reX nl/QO-n(x)
. P TN—-1,,—1 n P(X* X*) —
< nl/2 0, —0*|| sup H () Q. 'n Zt:l (X7)g(XY) 9(@“7 (3.89)
rzeX O-’fl(x)
which together with Assumption 5(i) proves (3.87).
Step 5. By the triangle inequality, (3.75), (3.77), (3.78), (3.81) and (3.87),
P(a)"Qp' Xy P(X)(Zen — Zi41)
cex n'2o,(z)
o) o)
- 21612 n'2a,(x) + 0p((log my,) )
nt/2 |6, —6* I
K g(@)| ~1/2
< sup + op((logm,,) /%)
()‘min(zn))l/Q zeEX ”P(x)” .
= op((logm,)~"?)
where the second equality is by Assumptions 5(i), 7(ii, iv) and (3.76). O
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Notations:

Q —n_lzt 1 ( ) (Xt) ) —n_lzt 1 ( ) ()?) )
aAt Zt+1—P(Xt) bn, Zt*+1 P(X*>Tb* R
Ap=n7130, ( DP(X,) T3, A*_n_IZt 1 P(X *)P( 0T @@)?,
S = Q1 A,Q;" Sr = Q) AL(Qn) !

L O, (Co.n(log(my,)mn=1)1/2).

PROOF OF LEMMA 12 Let E* [-] denote the conditional expectation with respect

to the bootstrap distribution given the data. Let
Dy = P(X[)P(X])" —E[P(X})P(X;) | for t =1,....n

Let Rp, = 2maxi<, ||[P(X,)]|> and 03, = n\max(Qn) maxi<, [|P(X,)][>. Then we

have

E*[D}] = 0. max | D5 < Rp and |3 B (007 < oh,  (3.90)

S

Since Dy is i.i.d. conditioning on data, by (3.90) we invoke the matrix Bernstein

inequality (see, e.g. Theorem 1.4 in Tropp (2012)) to get
s
= b (Hthl = s

o, exp —C?log(my,)Rp /2
"\ 02, + Cllog(my)) V2R nY2/3

> C(log(my) Rp,n "))

> C(log(my) Rpn)'?)

IA

IA

—C'log(my,) /2 ) (3.91)

2m,, exp (/\max@n)/c + (log(mn)R,n=1)1/2/3

where the C'is any finite constant and the second inequality is by a%m < nAmaX(Qn)RDvn.
By Assumption 6(v) and (3.5), Rp, < (3 ,m, with probability approaching 1. By
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(3.37), )\maX(Qn) < 2K with probability approaching 1. Therefore, by (3.91) and

2 m,n~! = o(1) (which is imposed in Assumption 6(vi)), we get
0,n

G~ @3] = Ou(108m) B ™) 72) = Oy Gonlog(m, ™))
which finishes the proof. U
Proposition 1. Under Assumptions 5 and 6, we have H/b\;'; —/b\nH = 0,(6;,,) where

5 = Op (CO,n(log(mn)mnnfl)l/Q) m general
e Op(m}/Qn—lﬂ) under the null

PROOF OF PROPOSITION 1 Since E*[P()A(;“)Eg;l] =n 'y, P(X))Zy1, we

have

b=ba = Q)7 (anPF:)?:H)—(@n)l <anP<Xt>Z+1>

(@) = (@)Y (n‘l ZP()?t)/Z\t—H) : (3.92)

By Assumption 6(vi), Lemma 12 and (3.37),
(2K) 7 < Auin(@}) < Aman(@) < 2K (3.93)

with probability approaching 1. Note that n~! Z?ZI(P()A(,;")ZJH - E* [P()?Z‘)Z*H])
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is an average of conditionally independent zero-mean elements. Therefore

n 2

B ||[n7 Yo (PR 20 — E'P(RD) Z7))
t=1
— 1 T * * * o * 2
~ ~ 2
< nE[ PR, }

n 2

< Y ||[P(X0)

= n"Yrace(Qn) = O, (man~") (3.94)

where the second inequality is by Z*H < 1 for any ¢ and

E*[||P(X})|?] = n~? Yoy IIP(X,)||?, the last equality is by (3.37). Combining the
results in (3.93) and (3.94), we get

Q1) (n S (P(X))Z, — B [P(X;*)Z:HD) = Oy(mi*n'?).  (3.95)

t=1

Since \Zfﬂ\ <1 for any t, by (3.37) we obtain

2

n_l Z P(Xt)Z\t—‘rl

< 20 (37 ) (S rorsr) (Srmiz.)
< @i 2y = 0,1 (3.90)

By Lemma 12, (3.37), (3.93) and (3.96),

Q) = (@)™ (n_l ZP(Xt)ZH-l) = Op(Con(log(my)man~")'2)  (3.97)

t=1
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which together with (3.95) finishes the proof. O

Lemma 13. Under Assumptions 5 and 6, we have

1/2 2 2 2
g = Op(goﬂlmn/ 5;:,n + <0,nmn6b,n6;,n + CO,nmn(Sl;k,n)'
Proor or LEMMA 13 We can rewrite
A*

Sk A* A* A* A* TA A* *
Uy :Zt+1_P( t)Tbn:ZtJrl_P( ) bn — P( t)T(bn_bn)'

Therefore,

We analyze these terms in turn, starting with the (leading) term R, defined as

~

Ri,=n'Y  P(XNPX) (250 — PX7)0a)
t=1

Note that Zn is D,,-measurable where D, is the o-field generated by data and Ry, is

the average of conditionally i.i.d. variables. The conditional mean of each summand

100



term is

= 0 Y P(X)P(X)E; = A, (3.99)

t=1
By (3.99), the conditional variance of each summand term satisfies

2

E | ||n7 > P(XP(X)) T (ZE — PX)Tha)? — A
t=1
Mn n 2
= D E || D e (X (X2 = PX)T0a)* = An(ln, )
l1,la=1 t=1
- S ~ 2
<ot ) E {(ph( Yo (X9 (2714 P(X:)Tm?)}
l1,lo=1
n Mp N R R R )
- ”_QZ Z <pll(Xt)pl2(Xt)(Zt+l_P(Xt>—r/b\n)2>
t=1 11,la=1
" L4
N n_QZHP(Xt) ;. (3.100)
t=1
By Assumptions 6(v, vi), (3.41), (3.5), (3.58) and (3.94), we obtain
n L4
3Pt ats K _QZHPXt (u}) +K“ZHP (i, — )’
t=1

IN

4 n
+ ¢ min > (1, — up)*

t=1

= Op(cg,nmin_l)-
(3.101)

Kn™* Z HP(XO
=1
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Therefore

Riy— Ay = 07" Y PPN (Zi0 = PIX) 00)° = Ay = Oy(Gouman™1?).

t=1
We now deal with
Ry =n""Y P(X)P(X))(Z}, — P( )0 (P(X;)T (B, — ba)).
t=1

Consider any a,,, € R™ with a;namn = 1. By the Cauchy-Schwarz inequality

[\

G B, < A (@) D (P T, )* (251 = PXE) 02 (P(XD)T (0, — b))

IN
>~
=

&

O
3 *
2
"

< Qs (@)2I1B;, = Dull? mmaax || S| maux(Z2y, = PSE) T2 (3.103)

Since |Z*H| < K and |h(X})| < K for any t, by Assumptions 6(v, vi), (3.5), (3.93)
and Proposition 1

~ ~

+max |h(X{) — P(X{)'b,

< max|Z* . — hX;
nax | 2y (X7) na

max | Z;,, — P(X7) b,

t<n

P(X;)" (b, — b%)

+ max
t<n

= Op(L+m," + Coumy*0pn) = Oy(1) (3.104)

which together with (3.5), (3.93), (3.103) and Proposition 1 implies that

7% S\ 1T
Zt+1_P( t) bn

[Banlls < Aman(@)I[B — Bl [ max | PR || max
= Op(Conmmy/?; 1 + G300 0)- (3.105)
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We now deal with

Consider any a,,, € R™ with a,, a,,, = 1. Then by (3.93) and the Cauchy-Schwarz
inequality

n

@y B, < Amax(@Q)n D (P(X) i, )2(P(X7) T (b, — By))*

t=1
~ ~ 4 < ~
< O @) max| | P15~ B (3.106)

which together with Assumption 6(v), (3.5), (3.93) and Proposition 1 implies that

~ ~ ~ ~ 2
| Rsalls < Amac( @210 = Bal P max | PO = Op(Gumadi2). (3.207)

Collecting the results in (3.98), (3.102), (3.105) and (3.107), we get

|A4n =4 < |[Bu = An| + 1Bl + 1 Rsulls
= OP(CO,nm}L/Q(SZ,n + Cg,nmnéb,n(sg,n + Cg,nmnélzﬁz)
which finishes the proof. O

Lemma 14. Suppose that Assumptions 5 and 6 holds. Then under the null hypoth-
€sts,

ﬁ; — A, = O, (Cgvnmnn_l/Q) .

S
where [, = B* (23, P(X))P(X))T| = B (20, PCEIP(R)) T Z1).

Proor or LEMMA 14 Note that

E'[P(X)ZH] =n"" Y P(X) Zia = Qub. (3.108)

t=1



Under the null hypothesis, h(z) = 0 and b}, = 0. By (3.37), Lemma 8 and Assumption
6(vi),

Quby = Op(mY/*n~12) (3.109)
which together with (3.108) implies that

~
*

E*(Z; P(X)E [P(X})" Z;,1] = Op(man™). (3.110)

Since at = /Z\t+1 - P(Xt)—r/gn,

+ S (P(X) 5,2 P(X)P(X)T. (3.111)

Let a,,, € R™ be such that ||a,,,| < 1. By the Cauchy-Schwarz inequality, As-
sumption 6(v), (3.5), (3.37) and (3.109),

IN
>~
g
Q
A
)
2
e
=
Qo
3
e
>
=
=

~

()‘maX(Qn))z max

4
max [Bull = Op (G min ™)

IN

P(X)
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uniformly over a,,,, which implies that

n

Y (PR B (PR) PR

t=1

= 0,(@Gmin ™). (3.112)
S

By the Cauchy-Schwarz inequality, Assumptions 6(iv, v, vi), (3.5), (3.37), Lemma 9

and (3.109), we have uniformly over a,,,

A
>
=t
£
fa)
5
e,
>
~
g>
%
/N
o
3
3
)
ks
S
N———
(3]

~

)\max (Qn) )\max (An) max

1<t<n

~ |12 ~
P(X)|| [[ball® = Op(¢Tamian™)  (3.113)

IN

which implies that

n Y @ P(X,) b, (P()A(t)P()A(t)T> = 0, (Conmnn~"1?). (3.114)
t=1 s
The claim of the lemma follows by (3.110), (3.111), (3.112) and (3.114). O

Below, we prove Theorem 4(a) and the size property of the test stated in Theorem

4(b). By the decomposition in (3.92), we can write

20 =) = Q)7 (mmz(P(?)Z:;l—E*[P(?)E:H]))

+H(Q5) M (Qn — Q1) (n'/?b,). (3.115)



Under the null hypothesis h(z) = 0. Then by (3.37) and (3.109), n"/2b, = O, (my*)

which together with Assumption 6(vi), Lemma 12 and (3.93) implies that

(@)1 (Qn = Q) (07D) = Op(Gon (log(mn)mun ™)) = 0,((log my)™/?). (3.116)
By definition, H* is the bootstrap variance-covariance matrix. We also denote

i

~

By = n_g/QZE* Mp( )24 — B [P< t*)Zt*Jrl]
t=1

It is easy to see that

. u 1 aa, |13
By < Kn7? E E* HP( ) Zin ]
=1

" [ ~ 3
< xuryE [
t=1

3
= O,(Gomy/*n™'1?) (3.117)

— Kn3? En: HP(Xt)

where the second inequality is by |Z§k+1| < 1 for any ¢ and the second equality is by
Assumption 6(v) and (3.5). Therefore, by applying Yurinskii’s coupling under the

D,,-conditional probability, we can construct standard Gaussian vectors £ such that

Hn/ S (PenZe B [P0Z]) - (i) 6

t=1

= Op((Conmy/*n™2)!1%) = 0, ((log mn)*/?) (3.118)

where the second equality is by Assumption 7(v). Combining the results in (3.93),
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(3.115), (3.116) and (3.118),

n2 (@, -5 — (@ (1) e

IN

By the triangle inequality, Assumption 6(vi), Lemma 9 and Lemma 14,

A, — Al = o0,(m; V2 (logmy,) ™) (3.120)

S

<
S

|
S

which together with Assumption 6(iv) implies that

R A
S

S HA;lHS = op(m;1/2 (log mn)71/2)- (3.121)

By the triangle inequality, Assumptions 6(iv, vi), Lemma 4, Lemma 12, (3.120) and

(3.121), we get

1/2

A .\ 1/2 N N
Since [1((Qs)7 () " = @t AV)EE < NP 1@ (A7) = @it Axls, we
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have

. NN
5| @ ()" - erare

2
Dn,D*]

1/2

< EflgIP] @07 (1) - @.ray

where D} denotes the o-field generated by boostrapped data, which together with

(3.121) and the Markov inequality implies that

H@;)‘l (ﬁ:)m &= Qu' A€ || = o ((logma) ™), (3.123)
By (3.119) and (3.123), we have
w20 ~5.) — Q' 42| = 0y (o m,) ) (3.124)
By Assumption 6(iv), Lemma 12 and Lemma 13
HSZ = | = op(my,* (log my) /) (3.125)
which implies that
T o
w|E5 1 - m|E ST
< umin(Z5) ™ OQain () 72 || 2, — 2
= o,(m; "% (logmy,)~""?). (3.126)

By Assumption 6(iv), E[||Q; Ay €:|[2] < Km, which together with the Markov
inequality implies that

Q7 A2 = Op(m)/?), (3.127)
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By the triangle inequality, (3.124) and (3.126),

A* T — / *
I (@) (0 =) _ P(0) (@' A E)
reX 2 () o, (2)
P )" (20, ) - QA ;)
< sup =
reX 0-:; (ZE)
+sup P(x) Q1A (in (z) 1>
reX o, (2) 5; (2)
< an(35) 72 (|00 — o) — Q1 AV
O (80))72 [ Q5 A€ sup | Z2E) 1'
vex | oy (2)
= 0,((log(my)) /2, (3.128)

which shows the approximation in Theorem 4(a). Given the results in Theorem 3
and Theorem 4(a), the assertion of the size control can be shown by using similar
arguments in the proof of Theorem 5.6 in Belloni, Chernozhukov, Chetverikov, and
Kato (2015). We omit the proof for brevity. O

Below, we prove the power property of the test stated in Theorem 4(b). By the

triangle inequality and Assumption 6(v)

n1/2P (l‘)T/b\n h /}Z h
_ > 1/2 Ao in ~1/2 |h(z)| = [hn(z) — h(z)] 3.129
e T - S Io5] (3129

By the triangle inequality, the Cauchy-Schwarz inequality, Assumption 6(ii) and

Lemma &

o, () — ()|

R () — h()]
4 1P (@)

wex [P (@)

< [[by — B3| + sup —0,(6,)  (3.130)
reX

which together with sup,y |h(z)| > K~ under the alternative hypothesis, Assump-
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tions 6(v) and 6, (3.69) and (3.129) implies that

. n'/2P (z)" b,
T, = sup — > n2 (¢ ml/2K) ! (3.131)
reX 0'(27)

with probability approaching 1. By (3.69), Lemma 12 and Lemma 13
(2K) ™" < Anin(5) < Amax(S5) < 2K (3.132)

with probability approaching 1. Therefore

sup

< )\min ZA:* -1/2 1/2 /5* _/b\n
sup—— < Ohuin (81)) 72 2B, = 52)

= OP(CO,n(IOg<mn>mn)l/2)
(3.133)

where the equality is by Proposition 1 and (3.132). Since (logm, )23, m,n~"/? =

o(1) under Assumption 6(vi), by (3.131) and (3.133) the test rejects the alternative

hypothesis with probability approaching 1. O
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4

Joint specification test of Value-at-Risk and
Expected Shortfall

4.1 Introduction

In 2013 the Basel Committee on Banking Supervision proposed to replace the cur-
rent market risk measure, Value-at-Risk (VaR), with Expected Shortfall (ES) (Basel
Committee, 2013) by 2019/20. A motivating factor behind this change is the bet-
ter theoretical properties of ES as it is a coherent risk measure (shown by Artzner
et al. (1999)) and it also accounts for tail risk of a portfolio, as applying VaR as a
risk measure a researcher is not able to control for the more extreme events. This
deficiency can be easily seen from the definition of these two risk measure:
VaRig=F1(q) q€(0,1)
ESii1g=E Y|V < VaRi g, Fi

Y;Hrl‘ft ~ FtJrl'

That is, g-VaR (or VaR at q confidence level) is simply the q quantile of a specific
return, Yy, 1, and g-ES (or ES at q confidence level) is the average value of the same
return series conditional on that the return is below its g-VaR value. Therefore,
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contrary to gq-VaR, which is one single point on the distribution curve of the return,
g-ES does not only control for that one single point in the distribution but all other
points below this distribution (“tail risk”).

However, as we can already see from the definition, the ES depends on the VaR
estimate, and Fissler and Ziegel (2016) prove this measure is not elicitable separately
but only jointly with VaR. This means that there does not exist any loss function
which minimized would give a consistent estimate for ES. To give an example for
elicitable measure, we can think of the mean as it minimizes the square loss function
or the median (or 50% quantile) which minimizes the absolute loss function or any
other quantile, such as VaR, which minimizes a specific check loss function.

The lack of elicitability can explain why it has been taking such a long time to
implement this measure in practice and why, to this day, VaR is still the main market
risk measure. It is theoretically not possible to conduct a specification test for ES
independently from VaR. In this paper, our goal is to conduct a specification test
for these two risk measures jointly. That is, we answer the question whether the
VaR and ES models are correctly specified. To achieve this goal, we implement a
new average-t test, based on the idea of sup-t test proposed in Li and Liao (2019)
and refined for extremetiles in Horvath et al. (2019) which enables us to test for

conditional moment restrictions, such as:

E[L(Yit1 <VaRi1,) —qlF) =0 (4.1)
1
E 5Yt+1]1 (Yigr < VaRi14) — ESi4Fi| =0, (4.2)

where F; is an information set available at time ¢ and 1 (+) is the indicator function
taking 1 if the condition is satisfied, 0 otherwise. If VaR;;,, and ES;;;, models
are correctly specified, then the above two moment conditions hold. If either of
them is misspecified, then at least one of the moment conditions should be violated.
Note, the reason why it is not enough to test the moment condition (4.2) by itself
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because it could happen that both VaR;;, , and ES;;;, models are misspecified “in
different directions”, which would lead to the scenario where Equation (4.2) holds
but neither of the risk measurement procedures are correctly specified. By testing
moment condition (4.2) jointly with (4.1), we can be certain that VaR,.;, model is
correctly specified and therefore £/S;;;, model must be correctly specified to have
the second moment condition satisfied.

In this paper, we address the issue how to test multiple moment conditions jointly
since the theory in Li and Liao (2019) and Horvath et al. (2019) has been mainly
developed and applied to test a single moment condition. Moreover, building on
the sup-t statistic we propose an average-t statistic which gives equal weight to all
observations in computing the t-statistic and it does not only consider the sup or
maximum. As we will see in Section 4.4, the simulation results are more stable using
the average-t statistic instead of sup-t statistic.

The rest of the paper is organized as follows: Section 4.2 is a short literature
review, Section 4.3 describes the theory behind the sup-t and average-t test, in
Section 4.4 we present the size and the power of these tests through Monte Carlo
simulation study, in Section 4.5 we apply the average-t test in S&P 500 data for

several location-scale models and Section 4.6 concludes.
4.2 Literature review

In this section, we review the (Value-at-Risk and) Expected Shortfall testing litera-
ture. The literature on VaR (or quantile) specification tests is abundant comparing
to the ES specification test literature as the academic world has only started to give
more attention for ES only in the recent years.

Kerkhof and Melenberg (2004) provide a general framework for backtesting risk
measurement methods including VaR and ES using the functional delta method.

However, to conduct their test, one needs to assume the distribution of the underlying
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asset return, which can lead to misspecification error. Neither the sup-t nor the
average-t test requires any estimation of the return distribution.

Du and Escanciano (2016) propose a new backtesting procedure for ES based
on the idea of VaR backtesting. A general way to test the correct specification of
VaR (Escanciano and Olmo, 2010, see e.g.) is to test if Equation 4.1' (centered
violations/exceedances) is a martingale difference sequence. Since ES can be defined
as ESi114 = foq VaR1,di they propose a cumulative violations function and test
whether it is a martingale difference sequence to test the correct specification of
ES. To conduct their test, one either needs to estimate the cumulative distribution
function of the return series in the tail or needs to make an assumption regarding
the return distribution.

Nolde and Ziegel (2017) propose a comparative backtest procedure for VaR and
ES jointly, based on the loss functions proposed in Fissler and Ziegel (2016). Their
goal is to answer the question whether model A is better than model B in forecasting
VaR and ES but they do not try to answer whether model A (or B) is correctly
specified.

Barendse et al. (2019) investigate the effect of estimation error on VaR and ES
backtesting. They propose a test which controls for the estimation error by explicitly
including an additional term in the variance-covariance matrix of the test, which
includes an estimate of the density function of the return. As we will see in the
Theory section (Section 4.3) the sup-t and average-t test implicitly controls for the

estimation error and one does not need to compute the density function.
4.3 Theory

This section describes the underlying theory of the joint specification tests. The

interested reader is invited to consult with Li and Liao (2019) for more details on

! More accurately one needs to test if 1 (Yi41 < VaRiy1,4) — ¢ holds.
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sup-t test in uniform nonparametric inference for time series data. Refinement of
their theory for nonsmooth functions, generated conditinoning variables and VaR
testing can be found in Horvath et al. (2019)2. In this section we provide an overview
of the necessary parts from those two papers and then present the theorem for the
average-t test.

Our goal in this paper is to answer whether a sequence of VaR and ES estimates

are correctly specified. That is,

Hy : VaR is correctly specified and ES is correctly specified.

To test this null hypothesis, we can test whether the estimated values satisfy a

conditional moment restriction. That is, if

E [Zt—‘,-l’Xt = l’] = O, Vx € X, (43)
then the measure is correctly specified, where X; includes the conditioning variable(s)
and Z;,1 is a function of the risk measure(s). For example, in Horvath et al. (2019),
they test whether the VaR,;, , estimates satisfy

E (1Y <VaRy1y) —q| Xy =2| =0, Vi € X,

-~

Zit1

where Yy is the ¢ + 1 period return and 1 (-) is the indicator function which takes
value 1 if the condition is satisfied and 0 otherwise. If one cannot reject the null
hypothesis that the above conditional moment condition holds for all values of some
conditioning variable(s), then one cannot reject the hypothesis that the estimates
VaRy1 4 is correctly specified. One could also test for the correct specification of

ESi11,4 by testing whether

1
E |-Y11 (Y < VaRy) — ESip14|Xe = 2| =0, Vee X
q
Zora

2 Chapter 3 in this thesis is a former version of that project.
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holds. Note, however, that the above moment condition also includes VaR;1 4,
therefore one needs to test an additional moment condition controlling for VaR; 1 4 to
avoid the perverse scenario where neither VaR;;, , nor /S, 4 are correctly specified
but the above single conditional moment restriction holds.

Li and Liao (2019) rewrite the conditional moment testing problem (Equation

4.3) as testing whether h(x) function is equal to 0 everywhere:
E [Zt+1|Xt = .T] = h(l’) = O, Vx € X,

Zt+1 = h(Xt) + U1, ]E [Ut+1|Xt = CL’] = 0

They propose to approximate the unknown A(z) function with a series polynomial,
ﬁ(m), by applying the best linear predictor of Z;,; given increasing number of ap-
proximating basis functions of X;, P(X;) = (p1(Xy),p2(Xe),s .., Pm, (Xy)), where
my, — oo as the sample size n increases. That is, h(z) = P(z)Tb,, where one can
get by by ordinary least squares:

b, = (zn: P(Xt)P(Xt)T> _ <zn: P(Xt)ZtH) .

=1
To make uniform inference on h(z), Li and Liao (2019) prove the strong Gaussian ap-
proximation theory for series estimators with dependent data. They show that under
some regularity condition the “pre-asymptotic” standard error of y/n (iz(x) - h(x))
is

on(z) = [P(x) TS, P(x)]?,
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where

2n = Q;lAanl

Qu=n""3 P(X)P(X,)T

An = 7’1,_1/2 Z P(Xt)P(Xt)TU?+1
t=1
U1 = Lip1 — h(Xt)-

The resulting sup-t statistic then

Tswp = sup
" reX Onp (l’) zeX

which can be strongly approximated with the Gaussian process

VnP(x)'S,

A

on()

Sn ~ N(0> En)a

17" = sup
zeX

that is,

Tj“p — i‘;”p =0, (log(n)_l/Z)

where n is the number of observations in the sample.® In this paper, we explore a
Cramer-von Mises type of test. That is, instead of taking the supremum of the test
statistics, we calculate the average with respect to the conditioning variable, which
results in the average-t statistic:

7/'\":/1)6 — /

X

Similarly to Theorem 2 in Li and Liao (2019), Theorem 5 states the asymptotic

property of the average-t statistic.

3 More details on theory with non-smooth functions is in Horvath et al. (2019).
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Theorem 5. Suppose that Assumption 1 and 2 in Li and Liao (2019) hold. Then
under the null hypothesis there exists a sequence of S, of my,-dimensional standard

normal random variables such that

Tove — T — o, (log(n)~/2),

where
Tave . \/HPCC)TSTL T
T [
Proof.
VP (z)Tb, L VnP(z)TS, N
X/ @) | / |
VnP(x) b, | |/nP(x)"S, N
X/ 5a(@) @) ||

Re—
S
=
=

_'
3@‘)
S
=
=

4|
n

VinP(x) b, /nP(x)'S,

~

on(T) ()

[1(X) sup = o,(log(n)~"/?),

TEX

where p(X) is the measure of the set X'. The last equality follows from A.35. of Li
and Liao (2019). O

One difference between the sup-t, ﬁf“p, statistic applied in Li and Liao (2019)
and Horvath et al. (2019), and average-t, T ave  statistic is that the former one only
takes into account the largest value among all t statistics while the latter gives equal
weight for each T'(x) in the support space of the conditioning variable.

Li and Liao (2019) provides an algorithm to compute the critical values of the

test based on the Gaussian approximation. However, in a Monte Carlo simulation
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study Horvath et al. (2019) show this algorithm leads to bad size properties in finite
samples for very high VaRs. To circumvent this issue, they propose the following

i.i.d. bootstrap algorithm, which we also follow in this paper:

1. Resample (Zy;1, X;)1<i<n asi.i.d. sample with replacement from (Z; 11, X;)1<i<n-

2. Compute the t-statistic (Tn) for the new sample, (Z;11, X¢)1<t<n-

3. Repeat step 1 and 2 many times. Set the critical value, cv, at significant level

a, as the 1 — a quantile of T,s in the Monte Carlo sample.
4. Reject the null hypotheses (E [Z,1]X, = 2] = h(z) = 0) if T, > cv.

Theorem 2 Horvath et al. (2019) state the validity of the above bootstrap method
for sup-t statistic, which can be transformed into the average-t statistic similarly to
Theorem 1.

The above description only allows us to conduct the infeasible inference since
Zy+1 or X; might not be directly observed. Horvath et al. (2019) provide sufficient
conditions for the case when 7, is not directly observed but depends on parameter
estimates, that is, Z;y1(0). For example, if VaR;;;1, and ES;;1, are model implied
measures as in the simulation and empirical section, then ES moment condition:
Zi1(0) = %Ytﬂll (Yig1 < VaRyy14(6)) — ESi41,4(6) naturally depends on the pa-
rameter estimates, which could potentially lead to parameter estimation error in the
test. However, due to the slower nonparametric convergence rate in the test statistic,
the test itself controls for this if the parameters are estimated with parametric, v/n,
rate, and one does not need to explicitly control for this as in e.g. Barendse et al.
(2019), which is an advantage to use the above tests. Moreover, Horvath et al. (2019)

also provide the theory for the case when the conditioning variable, X; is generated
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by a GARCH model (as in their and our simulations) or estimated as the realized
volatility instead of being directly observed in the data.

In the derivation above, Z;,; was assumed to be a scalar (one dimensional vari-
able) since it only included one moment condition. However, as noted above we
need to test at least two moment conditions jointly to make a decision about the
correct specification of VaR and ES. To aggregate the results from two moment con-
ditions, first we calculate the t-statistics for the two moment conditions separately
(ZYAR, ZES) to get TYVR TES where ZES5 denotes the second moment condition
which includes both VaR and ES. Then to get the joint t-statistic, we try out two

different ways, which we call (sum) and (max) :
o Tsum = TVaR 4 TES (gum)
o T = max(TVR TFES) (max).

That is, in the (sum) method we simply add up the two t-statistics while in the (max)
method we take the maximum of the two t-statistics to get the joint t-statistic value.
To compute the critical value of the test, one just needs to calculate the above joint
t-statistic value in the bootstrap samples and then take the 1 — o percentile of the

computed joint t-statistics.
4.4  Simulations

In this section, we examine the finite sample properties of the average-t test in com-
parison with the sup-t test for GARCH-based models. Section 4.4.1 describe Monte
Carlo simulation settings. Section 4.4.2 presents the moments, the conditioning vari-
ables (X;) and the series polynomial (P(z)). Section 4.4.3 concludes with the results
and it shows that the average-t test has better finite sample properties in this Monte

Carlo simulation.
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4.4.1 The simulation settings

We consider 4 data generating processes (DGP), the first corresponding to the null-
hypothesis (size) while the next 3 (power) correspond to different misspecification of
the first DGP (alternative hypotheses, denoted as A-...in the following).

To present the size of the test, we consider an AR(1) - GARCH(1, 1) process
with the same parametrization as Barendse et al. (2019):

Size:

iid.
Yio1 = pYs + 0r16e41 €041 ~ N(0,1)
————

=Ut+1

2 o 2 2
O = w+ Bo; + vy,

where {p,w, 8,7} = {0.05,0.05,0.85,0.1}.

This model has 3 main components, such as conditional mean and variance and
the the error distribution. In the following 3 DGPs we deliberately misspecify these 3
attributes to examine how powerful the joint test is to detect these misspecifications.

To misspecify the error distribution (A-Error), we consider an AR(1)-GARCH(1,1)
model with Student-t distributed errors similarly to Barendse et al. (2019):

A-Error:

Yiie1 =pYi + 01841 €1 R t(0,1,v)

=Vt+4+1

2 2 2
O = w+ fo; + vy,

where {p,w, 8,7,v} = {0.05,0.05,0.85,0.1,5}.
To misspecify the conditional mean of the process, we consider a TAR(1)-GARCH(1,1)

process as in Escanciano and Olmo (2010):
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A-Mean:

iid.
Y1 = aYs + open e~ N(0,1)
—_——

=V¢41
ay = 0.7-1 (€t < —05) —0.7-1 (5,5 > 05)

2 2 2
Ut+1—w+50t + vy,

where {w, 3,7} = {0.05,0.05,0.85,0.1} and 1 (-) is the indicator function, which
takes 1 if the condition is satisfied and 0 otherwise.

Lastly, to examine how well the test can detect the misspecification of the con-
ditional variance, we consider an AR(1) - EGARCH(1,1,1) process as in Bontemps
(2019):

A-Variance:

Yier = pYo+ Ornicenr e~ N(0,1)
—ver1

In(o7,,) =w+~ <|5t| — \/2/7r> + 6e; + BIn(a?),

{p,w, B,7,d6} = {0.05,0.0001,0.9,0.3, —0.8}.

Note in each of the these three alternative hypotheses, 2 out of the 3 main com-
ponents are the same as under the null-hypotheses and only one of those are mis-
specified.

The model estimation and testing goes as follows: in the first, “modeler” step,
we estimate an AR(1) process in the return series, Y;, then we extract the innovation
terms 0,11 = Y41 — pY; to estimate a GARCH(1, 1) process with quasi maximum
likelihood. Under the null hypothesis (or Size), this estimation procedure should

result in the correctly specified g-VaR and g-ES:

VaRyun = Yo+ ©1 (q) \/& + fo? + 47

ESqt1=pY — w\/ﬁd + Boi + A7,
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where ®(-) and ¢(-) are the cdf and pdf of the standard normal distribution and ¢
is the confidence level of the VaR and ES. In the second, “testing” step, we test the
correct specification of the estimated ‘7d\RQ7t+1 and ES ¢.t+1 both with the sup-t and
the proposed average-t test.

Similarly to the empirical study, the sample size in the base case scenario is 5000.
We estimate the model parameters using rolling window of 2500 observations (in-
sample, R) and to fasten the estimation process we reestimate these parameters after
every 100 observations. The objective of the modeling step is to forecast 1-step ahead
VaR and ES in the last 2500 observations. That is, n or number of out-of-sample,
R, observations, is equal to 2500. To construct the bootstrap confidence values, we
resample the data 1000 times. We consider 5%-level test and our main objective is
to test ¢ = 0.025, which corresponds to the Basel III regulations. To examine how
sensitive the results are with respect to the confidence of VaR and ES, we also look
at ¢ = 0.01 and 0.05. In addition, we also set R and P to 500 and 2500 to investigate
how the rejection rates change if the model estimation and/or the testing happens

in shorter/longer time window.

4.4.2  The moments, (Z41), the conditioning variables (X;) and the series polyno-
mial (P(z))

In an ideal world, we would only need to use one moment condition to test the correct
specification of ES; however, it is only jointly elicitable with VaR, which means there
exists no moment functions for ES which is independent of VaR (Fissler and Ziegel,
2016). Therefore, we need to conduct a joint specification test, which requires 2
moment conditions: one controlling for the VaR and one for the ES.

Following Escanciano and Olmo (2010), we use the moment conditions derived

from the check loss function (quantile loss function) to test for VaR, 1:

E1 (Y <VaRiy14) —q|Xe] =0,
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and we use the following moment condition as an “ES moment”:

1
E gywrﬂl (Yir1 S VaRi14) — ESpi1,4|Xe| =0.

It may seem natural to use conditioning variables controlling for the location and
for the scale of the estimated model in a location-scale model. Therefore, we use the
lagged returns Y;_; and the lagged volatility o;_;, which is generated by the DGP,
as conditioning variables in the simulation.

Similarly to Horvath et al. (2019), to mitigate the effect of possible multicollinear-
ity in the series regression, we use Legendre polynomials of the normalized lagged

returns and volatility. To construct the P(z), we proceed in the following steps:

1. Normalize Y; 1 and oy_; to [-1, 1] interval, where Legendre polynomials are

orthogonal:

(a) Rank the observations from 1 to n (ranked X), where n is the number of

observations and X is Y;_; and o,_; separately

(b) Normalize them to [-1, 1] as normalized X = Zma;‘(l:fsgfd;;liﬁfzaifé ;X) -1

2. Apply the m,, order Legendre polynomial on the normalized X

To examine how the number of the terms in the series polynomial might have an
effect on the testing procedure, we apply Legendre polynomial with degree of 1, 2, 3

and 4 in the following way:
e PI(X) = (LY)6. 715}
o P(X) = (Pi(X,),V2.57)
o (X)) = (B(X0), V267, Y261, V5%
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L P4(Xt) = <P3(Xt)7 f/’t47 5-?7 22&1527 }N/;l&?a };;536-1‘/1) )

where Y™ and ™" denotes the m!* order Legendre polynomial. Note P;(X;) in-

cludes 4 terms, Py(X;) 6 terms, P3(X;) 10 terms and P;(X;) includes 15 terms.
4.4.3  Simulation Results

Table 4.1 reports the rejection rates for the sup-t and average-t test for 2.5%-VaR
and -ES. The upper panel presents the results for the (sum) joint test method while
the lower panel for the (max) joint test method. The first row in each block reports
the rejection rates under the null hypothesis (DGP and estimated models are both
an AR(1)-GARCH(1,1)). The next three rows report the rejection rates under the
alternative hypotheses. A-Error, when the distribution of the error term is misspeci-
fied; A-Mean when the conditional mean is misspecified and A-Volatility corresponds
to the case when the conditional volatility is misspecified.

The sup-t statistic tends to overreject under the null-hypothesis and the rejection
rate is increasing in the number of polynomial terms. This might be explained by
computational difficulties as the largest value of the test statistic carry all the weight
in the sup-t statistic. On the other hand, the average-t statistic is a bit liberal as it
does not hit the 5% rejection rates under the null-hypothesis; however, the number
of polynomial terms does not have substantial effect on the test performance.

Both tests are good at detecting misspefications. However, as we can see it again,
the number of polynomial terms has barely any effect on the performance of average-
t test and it also detects the misspecification with higher accuracy than the sup-t
test.

In conclusion both the size and power results would suggest that the average-t
test is better than the sup-t test for testing the correct specification of 2.5%-VaR
and -ES.
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Table 4.1: Simulation results: Rejection rates at 5% level, ¢ = 0.025, R = 2500,
P = 2500

(sum) method

sup-t average-t
Pi(z) P(x) P(z) Puz) P(z) P(z) P(x) Pz
Size 0.054 0.065 0.094 0.138 0.039 0.035 0.040 0.041
A-Error 0.996 0.996 0972 0.784 0.998 0998 0.996 0.996
A-Mean 1.000 1.000 0.945 0.407 1.000 1.000 0.997 0.960

A-Volatility 0.988 0.952 0.804 0.673 0.997 0.995 0.993 0.993

(max) method

sup-t average-t
Pi(z) P(x) P(x) Pi(x)  Pi(z) Pz) Py(z) Pi(z)
Size 0.037 0.046 0.065 0.083 0.034 0.024 0.030 0.030
A-Error 0.989 0981 0.892 0.360 0.997 0.996 0.992 0.989
A-Mean 1.000 0.998 0.600 0.077 1.000 1.000 0.994 0.936

A-Volatility 0.891 0.764 0.548 0.397 0.994 0.992 0.989 0.983

A natural question that could arise is how much power can be attributed to the
joint test (VaR and ES together) instead of just testing the VaR moment condition
by itself. Table 4.2 might answer this question. As we can see from this table,
the separate test has close to nominal 5% rejection rates under the null hypothesis,
where we can observe again that the sup-t test rejects more frequently as the number
of terms in the series polynomial increases and the average-t test has a rejection
rate smaller than the nominal rate. The rejection rate is close to 100% under the
alternative hypotheses for both of these tests.

From these results, we could conclude that a modeler first needs to make sure

that the VaR model is correctly specified before she would proceed to work on the
ES model.
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Table 4.2: Simulation results for VaR: Rejection rates at 5% level, ¢ = 0.025, R =
2500, P = 2500

sup-t average-t
Pi(z) Py(z) Ps(x) Py(x) Pi(z) Py(v) Ps(x) Puy(x)
Size 0.049 0.044 0.059 0.077 0.038 0.037 0.038 0.035
A-Error 1.000 1.000 0.999 0.964 1.000 1.000 1.000 1.000
A-Mean 1.000 1.000 0.987 0.710 1.000 1.000 1.000 0.981

A-Volatility 1.000 1.000 0.999 0.990 1.000 1.000 1.000 1.000

To examine how sensitive the above results are with respect to the confidence of
the VaR and ES, Table 4.3 and 4.4 report the rejection rates from the joint tests for
the 1%- and 5%-VaR and ES.

As we can see from Table 4.3, the size properties of the tests remain similar to the
2.5% case; however, the sup-t test performs poorly in detecting misspecification so
far out in the tail. Contrary to this and the findings of Nolde and Ziegel (2017), the
performance of the average-t test does not plummet that much when one examines
the VaR and ES at such an extreme point. These findings underpin the previous

conclusion: the average-t test might have better finite sample properties than the

sup-t test.
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Table 4.3: Simulation results: Rejection rates at 5% level, q = 0.01, R = 2500,
P = 2500

(sum) method

sup-t average-t
Pi(z) P(x) P(z) Puz) P(z) P(z) P(x) Pz
Size 0.038 0.071 0.090 0.056 0.031 0.027 0.040 0.037
A-Error 0.990 0974 0.520 0.047 0.995 0.992 0.984 0.977
A-Mean 0.957 0.774 0.130 0.046 0.997 0.970 0.714 0.468

A-Volatility 0.877 0.720 0.600 0.444 0.983 0.957 0.927 0.917

(max) method

sup-t average-t
Pi(z) P(x) P(x) Pi(x)  Pi(z) Pz) Py(z) Pi(z)
Size 0.021 0.048 0.058 0.031 0.020 0.020 0.025 0.018
A-Error 0.978 0910 0.118 0.006 0.993 0.987 0.970 0.958

A-Mean 0.776  0.360 0.041 0.018 0.998 0.980 0.795 0.574
A-Volatility 0.565 0.435 0.439 0.314 0.942 0.919 0.879 0.841

The results in Table 4.4 are align with the findings of Barendse et al. (2019)
and Nolde and Ziegel (2017): it is easier to estimate and test VaR and ES farther
away from the extreme values. When q = 0.05, the average-t test rejects the null
hypothesis around 5% of the times as it is expected and both tests have stronger

power properties than at lower q levels.
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Table 4.4: Simulation results: Rejection rates at 5% level, q = 0.05, R = 2500,
P = 2500

(sum) method

sup-t average-t
Pi(z) P(x) P(z) Puz) P(z) P(z) P(x) Pz
Size 0.048 0.057 0.074 0.105 0.048 0.037 0.049 0.052
A-Error 1.000 1.000 0.991 0.980 1.000 1.000 0.999 0.999
A-Mean 1.000 1.000 1.000 0.995 1.000 1.000 1.000 1.000

A-Volatility 0.996 0.995 0.945 0.852 0.999 0.999 0.997 0.996

(max) method

sup-t average-t
Pi(z) P(x) P(x) Pi(x)  Pi(z) Pz) Py(z) Pi(z)
Size 0.031 0.034 0.051 0.074 0.045 0.036 0.047 0.043
A-Error 0.996 0.995 0.980 0.934 1.000 0.997 0.996 0.995

A-Mean 1.000 1.000 1.000 0.810 1.000 1.000 1.000 1.000
A-Volatility 0.975 0.922 0.722 0.523 0.999 0.997 0.996 0.995

Table 4.5 and 4.6 tabulate the rejection rates for the 1%- and 5%-VaR tests.
As before, the sup-t test performs worse at the more extreme VaR values while the

performance of the average-t test barely deteriorates comparing to the 2.5%. Both

tests perform well for the 5%-VaR.

Table 4.5: Simulation results for VaR: Rejection rates at 5% level, q = 0.01, R =
2500, P = 2500

sup-t average-t
Pi(r) P(z) P(z) Pu(x) Pi(r) Py(z) P(z) Pu(x)
Size 0.021 0.041 0.031 0.003 0.030 0.028 0.035 0.029
A-Error 0.999 0.995 0.823 0.250 1.000 0.999 0.997 0.994
A-Mean 0.945 0.873 0.290 0.056 0.999 0.982 0.841 0.607

A-Volatility 1.000 0.972 0.852 0.696 1.000 1.000 1.000 1.000
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Table 4.6: Simulation results for VaR: Rejection rates at 5% level, q = 0.05, R =
2500, P = 2500

sup-t average-t
Pi(z) Py(z) Ps(x) Py(x) Pi(z) Py(v) Ps(x) Puy(x)
Size 0.049 0.050 0.052 0.074 0.053 0.040 0.047 0.047
A-Error 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
A-Mean 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

A-Volatility 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

To examine how sensitive the base case results are with respect to the number of
in-sample and out-of-sample periods, Table 4.7, 4.8 and 4.9 report the rejection rates
for the joint tests when q = 0.025 and (R, P) = {(500, 500), (2500, 500), (500, 2500)},
respectively.

Table 4.7, 4.8 report the results when the number of out-of-sample observations,
where the specification tests are conducted, is only 500. Due to the lower number
of observations, there is a bigger drop in the rejection rates under the null and
alternative hypotheses. The proposed average-t test seems to suffer less from the
decreased number of observations. The number of in-sample periods, where the

models are estimated, has barely any effect on these numbers because the underlying

DGPs are strongly stationary.
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Table 4.7: Simulation results: Rejection rates at 5% level, q = 0.025, R = 500,
P =500
(sum) method
sup-t average-t
Pi(z) P(x) P(z) Puz) P(z) P(z) P(x) Pz
Size 0.032 0.049 0.026 0.001 0.030 0.022 0.022 0.022
A-Error 0.710 0.532 0.106 0.038 0.906 0.771 0.559 0.430
A-Mean 0.255 0.134 0.014 0.004 0.599 0.445 0.231 0.127
A-Volatility 0.373 0.370 0.311 0.146 0.600 0.579 0.519 0.432
(max) method
sup-t average-t
Pi(z) P(x) P(x) Pi(x)  Pi(z) Pz) Py(z) Pi(z)
Size 0.022 0.018 0.008 0.000 0.017 0.013 0.013 0.010
A-Error 0.523 0.338 0.042 0.017 0.848 0.692 0.451 0.345
A-Mean 0.107 0.047 0.007 0.002 0.504 0.377 0.174 0.089
A-Volatility 0.226 0.247 0.227 0.141 0.460 0.436 0.381 0.293
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Table 4.8: Simulation results: Rejection rates at 5% level, ¢ = 0.025, R = 2500,
P =500

(sum) method

sup-t average-t
Pi(z) P(x) P(z) Puz) P(z) P(z) P(x) Pz
Size 0.030 0.050 0.021 0.002 0.026 0.015 0.020 0.023
A-Error 0.750 0.540 0.082 0.021 0.921 0.800 0.575 0.464
A-Mean 0.251 0.136 0.016 0.003 0.616 0.458 0.213 0.132

A-Volatility 0.349 0.370 0.303 0.145 0.586 0.575 0.508 0.428

(max) method

sup-t average-t
Pi(z) P(x) P(x) Pi(x)  Pi(z) Pz) Py(z) Pi(z)
Size 0.017 0.022 0.011 0.001 0.015 0.009 0.012 0.015
A-Error 0.558 0.374 0.043 0.012 0.874 0.696 0.476 0.389

A-Mean 0.112 0.056 0.009 0.001 0.534 0.379 0.150 0.095
A-Volatility 0.204 0.240 0.235 0.127 0.436 0.413 0.363 0.293

Table 4.9 reports the results when the number of out-of-sample periods is the
same as in the base case but the modeller has only 500 observations to estimate the
risk measures. As we can see from this table, the rejection rates are very close to the
base case scenario (Table 4.1). This can be explained by the slower convergence rate
of the nonparametric test and the strong stationary models in the simulation. That
is, estimating the models in 500 or 2500 periods do not have a significant effect on the
estimates; however, both the sup-t and average-t test requires ample of observations

to perform adequately.
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Table 4.9: Simulation results: Rejection rates at 5% level, q = 0.025, R = 500,
P = 2500

(sum) method

sup-t average-t
Pi(z) P(x) P(z) Puz) P(z) P(z) P(x) Pz
Size 0.031 0.046 0.074 0.112 0.032 0.035 0.039 0.035
A-Error 0.997 0997 0.982 0.777 1.000 1.000 0.997 0.997
A-Mean 1.000 1.000 0.965 0.395 1.000 1.000 0.999 0.957

A-Volatility 0.993 0.954 0.817 0.667 0.999 0.997 0.995 0.995

(max) method

sup-t average-t
Pi(z) P(x) P(x) Pi(x)  Pi(z) Pz) Py(z) Pi(z)
Size 0.019 0.023 0.048 0.078 0.026 0.030 0.029 0.026
A-Error 0.996 0.992 0.891 0.303 0.998 0.996 0.995 0.993
A-Mean 1.000 0.999 0.665 0.052 1.000 1.000 0.995 0.930

A-Volatility 0.897 0.762 0.534 0.436 0.995 0.989 0.983 0.979

4.5 Empirics

In this section, we apply the average-t test in S&P 500 data. More specifically, we use
the S&P 500 index, Microsoft Corporation (MSFT), Bank of America Corporation
(BAC), Exxon Mobil Corporation (XOM) and UnitedHealth Group Inc. (UNH). We
fit 7 models from simple rolling window estimates through Generalized Autoregressive
Score model and we test which model implied VaR and ES are correctly specified.
To conduct these tests, we download the S&P 500 data from yahoo.finance from
1/2/1998 until 12/29/2017 (5032 trading days). We forecast the 1-day ahead 2.5%-
VaR and 2.5%-ES* applying rolling window estimate with 2500 in-sample days and
reestimate the model parameters every 100 days. That is, first we fit the models in

the first 2500 days (from 1/2/1998 until 12/11/2007), then we forecast the VaR and

4 The appendix includes the results for the confidence level of 1% and 5%. Table 4.12, 4.13 present
the result for the 1%-VaR and -ES while 4.14, 4.15 for the 5% measures.
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ES 1-day ahead. We use the same parameter estimates in the next 99 days to forecast
the 1-day ahead VaR and ES. After 100 days, we reestimate the model parameters
and forecast the 1-day ahead VaR and ES for the next 100 days etc. This procedure
results in 2532 1-day ahead VaR and ES forecasts for the period of 12/12/2007 until
12/29/2017.

Similarly to the Simulation section (Section 4.4), we use 2 conditioning variables:
1 controlling for the location of the models (previous day return, Y;_;) and 1 control-
ling for the scale of the model (previous day realized volatility, RV;_1). To estimate
the realized volatility, we use TAQ high frequency data.

To estimate the models first we fit an ARMA(p, q) model for the conditional
mean where we choose p and q such that they minimize the BIC. To model the

conditional volatility we fit several models such as:

e GARCH with normally distributed errors (GARCH-N)

GARCH with skewed t distributed errors (GARCH-skew t)

GARCH with empirical distribution function (GARCH-EDF)

GJR-GARCH with normally distributed errors (GJR-GARCH-N)

GJR-GARCH with skewed t distributed errors (GJR-GARCH-skew t)

e One factor GAS (“Generalized Autoregressive Score”) model (GAS-1F).

In addition to the above location-scale models, we also use a rolling window estimates
of the 1-day ahead VaR and ES using the previous 500 days as an estimation period.
All of these models are estimated with the code from Patton et al. (2019).°

In the results section, we report the bootstrap p-values. That is, we compute the

T ave statistic for the whole sample and for the 1000 bootstrap samples (7},), then

> We needed to adjust the code for the GJR-GARCH models as Patton et al. (2019) do not
estimate those models.
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we count how many of the bootstrap T,,s are larger than fn to get the p-value. For
the sake of brevity, we only report the results for P3(x). The conclusion remain the

same under the other polynomials.
4.5.1 Empirical Results

Table 4.10 reports the p-values for 2.5%-VaR and -ES. P-values below 0.05 indicate
that the null hypothesis about the correct specification of both risk measures jointly
can be rejected. Therefore, neither of these 7 models can correctly model the 2.5%-
VaR and -ES for the S&P500 index, MSFT and BAC. However, there is a borderline
0.05 value for GJR-GARCH model with normally distributed errors for UnitedHealth
Group and the GJR-GARCH model with skewed t distributed errors for Exxon Mobil

can correctly specify the risk measures.

Table 4.10: Joint test, p-values: q = 0.025

(sum) method

S&P 500 MSFT BAC XOM UNH

RW-500 0.000  0.000 0.000 0.000 0.000
GARCH-N 0.013  0.000 0.004 0.000 0.000
GARCH-skew t 0.000  0.002 0.018 0.009 0.000
GARCH-EDF 0.000  0.000 0.000 0.009 0.000
GJR-GARCH-N 0.000  0.000 0.006 0.009 0.050
GJR-GARCH-skew t 0.006  0.000 0.000 0.141 0.020
GAS-1F 0.022  0.001 0.000 0.000 0.000

(max) method

S&P 500 MSFT BAC XOM UNH

RW-500 0.000  0.000 0.000 0.000 0.000
GARCH-N 0.028  0.000 0.010 0.000 0.000
GARCH-skew t 0.004  0.001 0.020 0.005 0.000
GARCH-EDF 0.000  0.000 0.002 0.005 0.002
GJR-GARCH-N 0.001  0.000 0.007 0.009 0.050
GJR-GARCH-skew t 0.004  0.000 0.000 0.141 0.020
GAS-1F 0.056  0.001 0.001 0.001 0.000
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Similarly to the simulations, the conclusion regarding the joint hypothesis of
correct specification of both risk measures might be led by the correct specification
of VaR as we could conclude from Table 4.11. That is, if a model correctly estimates

the VaR, it can correctly estimate the VaR and ES jointly, too.

Table 4.11: VaR test, p-values: q = 0.025
S&P 500 MSFT BAC XOM UNH

RW-500 0.000  0.000 0.000 0.000 0.000
GARCH-N 0.002  0.000 0.000 0.000 0.000
GARCH-skew t 0.000  0.000 0.020 0.005 0.000
GARCH-EDF 0.000  0.000 0.000 0.005 0.002
GJR-GARCH-N 0.000  0.000 0.000 0.009 0.050
GJR-GARCH-skew t 0.001  0.000 0.000 0.141 0.020
GAS-1F 0.000  0.001 0.000 0.021 0.000

4.6 Conclusion

In the beginning of 2010’s, The Basel Committee proposed to replace the Value-at-
Risk as the main market risk measure with Expected Shortfall. In this paper, we
implement a new nonparametric test for testing the correct specification of VaR and
ES jointly, called average-t test.

The theory behind the proposed average-t test heavily relies on the theory of
sup-t test (Li and Liao, 2019). We have shown in Monte Carlo studies that the
average-t test had better finite sample properties than the sup-t test, especially in
more extreme events, closer to the tail of the return distribution. In addition to the
good finite sample properties, this test does not require the estimation of the return
distribution which has been statistical challenge for several papers in VaR/ES testing
literature. Also it implicitly controls for the estimation error of the modelling step.

In an empirical exercise, we applied the average-t test in S&P500 data, including

the index and 4 stocks from different industries to test the correct specification of
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these two risk measures jointly. We have found that neither the basic location-scale
models (GARCH, GJR-GARCH) nor the more complicated 1-Factor GAS model is

able to correctly model these risk measures for the majority of these assets.
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4.7  Appendix

471

Tables

Table 4.12: Joint test, p-values: q = 0.01

(sum) method

S&P 500 MSFT BAC XOM UNH
RW-500 0.008  0.008 0.003 0.047 0.038
GARCH-N 0.108  0.080 0.205 0.194 0.079
GARCH-skew t 0.104  0.003 0.101 0.081 0.050
GARCH-EDF 0.048  0.006 0.110 0.081 0.057
GJR-GARCH-N 0.194 0.014 0.184 0.091 0.169
GJR-GARCH-skew t 0.000  0.003 0.000 0.141 0.076
GAS-1F 0.086 0.004 0.482 0.010 0.033

(max) method

S&P 500 MSFT BAC XOM UNH
RW-500 0.019  0.020 0.019 0.091 0.034
GARCH-N 0.202  0.046 0.262 0.160 0.064
GARCH-skew t 0.097  0.005 0.117 0.077 0.048
GARCH-EDF 0.064 0.006 0.135 0.078 0.080
GJR-GARCH-N 0.202 0.014 0.180 0.070 0.161
GJR-GARCH-skew t 0.000  0.005 0.000 0.141 0.056
GAS-1F 0.142  0.005 0.570 0.012 0.037

Table 4.13: VaR test, p-values: q = 0.01

S&P 500 MSFT BAC XOM UNH
RW-500 0.002  0.005 0.000 0.003 0.005
GARCH-N 0.032  0.024 0.072 0.032 0.021
GARCH-skew t 0.043 0.001 0.066 0.037 0.027
GARCH-EDF 0.020  0.001 0.023 0.037 0.026
GJR-GARCH-N 0.114  0.006 0.040 0.031 0.103
GJR-GARCH-skew t 0.000  0.002 0.000 0.141 0.047
GAS-1F 0.038  0.001 0.436 0.010 0.044
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Table 4.14: Joint test, p-values: q = 0.05

(sum) method

S&P 500 MSFT BAC XOM UNH
RW-500 0.000  0.000 0.000 0.000 0.000
GARCH-N 0.000  0.000 0.002 0.000 0.000
GARCH-skew t 0.000  0.000 0.006 0.000 0.000
GARCH-EDF 0.000  0.000 0.015 0.000 0.000
GJR-GARCH-N 0.000  0.000 0.001 0.000 0.000
GJR-GARCH-skew t 0.000  0.000 0.009 0.000 0.000
GAS-1F 0.001  0.001 0.129 0.001 0.001

(max) method

S&P 500 MSFT BAC XOM UNH
RW-500 0.000  0.000 0.000 0.000 0.000
GARCH-N 0.002  0.000 0.000 0.000 0.000
GARCH-skew t 0.001  0.000 0.006 0.000 0.000
GARCH-EDF 0.000  0.000 0.024 0.000 0.000
GJR-GARCH-N 0.001  0.000 0.000 0.000 0.000
GJR-GARCH-skew t 0.000  0.000 0.015 0.000 0.000
GAS-1F 0.006  0.002 0.177 0.001 0.001

Table 4.15: VaR test, p-values: q = 0.05

S&P 500 MSFT BAC XOM UNH
RW-500 0.000  0.000 0.000 0.000 0.000
GARCH-N 0.000  0.000 0.000 0.000 0.000
GARCH-skew t 0.000  0.000 0.000 0.000 0.000
GARCH-EDF 0.000  0.000 0.000 0.000 0.000
GJR-GARCH-N 0.000  0.000 0.000 0.000 0.000
GJR-GARCH-skew t 0.000  0.000 0.000 0.000 0.000
GAS-1F 0.000  0.001 0.032 0.005 0.001
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5

Conclusions

Value-at-Risk (VaR) has been the main market risk measure since its introduction
to the Basel I Accord in 1996. It can be interpreted as a low quantile (1%-5%) of the
return of a portfolio or as a high quantile (95%-99%) of the losses. Since it is only
a point on the distribution, neither does it capture the tail risk nor is it a coherent
risk measure (Artzner et al., 1999). Acknowledging these deficiencies, The Basel
Committee on Banking Supervision proposed to replace the VaR with the Expected
Shortfall (ES) (Basel Committee, 2013).

ES is the mean of the return conditional the return being lower of its VaR value
(or mean of the loss conditional the loss being above of its VaR value). Contrary to
the VaR, it does not only account for tail risk but it is also a coherent risk measure
(Artzner et al., 1999). However, the main theoretical shortcoming of this measure:
it can only be estimated jointly with VaR (Fissler and Ziegel, 2016).

This thesis consists of 3 chapters relating to the estimation and evaluation of
these risk measures. In the first chapter, we implemented a 2-step robust estimation
method to estimate the ES. We found in our simulation study that it performed as

good as a 1l-step joint estimation technique (VaR and ES estimated jointly) and it
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outperformed the joint estimation method in inference. In S&P500 data, we found
that VIX and realized volatility might be a good predictor for one-day, -week and
-month ahead ES.

In the second chapter, we developed a novel nonparametric specification test for
VaR models based on the sup-t test idea of Li and Liao (2019). We implemented
a novel i.d.d. bootstrap technique to compute the critical values of the test, which
resulted in better size properties in our finite sample simulation study than the
Gaussian approximation method proposed in Li and Liao (2019). We found that
CoVaR model in Tobias and Brunnermeier (2016) are correctly specified.

In the last chapter, we implemented a joint nonparametric specification test for
testing VaR and ES jointly. This chapter introduced an average-t test, whose theo-
retical foundations are based on the paper of Li and Liao (2019) and Horvath et al.
(2019). We found in our simulation study that the average-t test outperformed the
sup-t test in lower quantiles (deeper in the tail). We applied this method in S&P500
data and found that simple location-scale models might not be able to correctly

model the VaR/ES at conventional confidence levels.
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