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Abstract

Trapped ions provide a promising platform to build a practical quantum computer.

Scaling the high performance of small systems to longer ion chains is a technical en-

deavor that benefits from both better hardware system design and gate-level control

techniques. In this thesis, I discuss our work on building a small-scale trapped-ion

quantum computing system that features stable laser beam control, low-crosstalk

individual addressing and capability to implement high-fidelity multi-qubit gates.

We develop control techniques to extend the pack-leading fidelity of entangling

gates in two-ion systems to longer chains. A major error source limiting entangling

gate fidelities in ion chains is crosstalk between target and neighboring spectator

qubits. We propose and demonstrate a crosstalk suppression scheme that eliminates

all first-order crosstalk utilizing only local control of target qubits, as opposed to an

existing scheme which requires control over all neighboring qubits. Using the scheme,

we achieve a 99:5% gate fidelity in a five-ion chain. Complex quantum circuits can

benefit from native multi-qubit gates such as the N -Toffoli gate, which substantially

reduce the overhead cost from performing universal decomposition into single- and

two-qubit gates. We take advantage of novel performance benefits of long ion chains

to realize scalable Cirac-Zoller gates, which uses a simple pulse sequence to efficiently

implement N -Toffoli gates. We demonstrate the Cirac-Zoller 3- and 4-Toffoli gates

in a five-ion chain with higher fidelities than previous results using trapped ions. We

also present the first experimental realization of a 5-Toffoli gate.
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1

Introduction

The exponential growth of computational power represented by the number of tran-

sistors on an integrated circuit chip, famously known as Moore’s law, is inevitably

coming to an end due to 1) limitations of lithography techniques, and 2) electron

behaviors being dominated by quantum mechanical effects with the dimensions of

transistors reaching the scale of a few atoms. Quantum computers offer a fundamen-

tally different computing paradigm than classical computers, harnessing the basic

principles of quantum mechanics to solve certain classes of problems that are in-

tractable for classical computers and open up new computing frontiers.

Quantum computers were first envisioned as an analog simulator to model systems

and processes governed by quantum mechanics such as chemical reactions between

molecules, as proposed by Richard Feynman in 1982 [1]. It is believed that quan-

tum systems cannot be efficiently (i.e. required time scales polynomially with the

system size) simulated on classical computers, as an exponentially large number of

coefficients need to be tracked to describe the time evolution of the system. But such

problems can be mapped onto a quantum computer, which is itself a well-controlled

quantum system, to be solved efficiently.
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In 1985, David Deutsch proposed the model of a universal quantum computer,

the quantum analogue of a universal Turing machine, and conjectured that such a

device would be able to efficiently simulate an arbitrary physical system, thus possess-

ing a fundamental speed advantage over classical computers [2]. The development

of quantum algorithms demonstrating such speed advantages in solving practical

problems sparked widespread interest in quantum computers in the 1990s. Most

notably, Peter Shor proposed an algorithm that can solve the important problem of

prime factorization efficiently on a quantum computer in 1994 [3]. This result has a

far-reaching impact as today’s widely used encryption algorithms are based on the

difficulty of factoring large numbers, to which no efficient classical solution has been

found. Another important example is Lov Grover’s search algorithm, which provides

a polynomial speedup over classical methods [4]. The past few decades have seen

great progress towards realizing practical quantum computers, culminating in recent

reports of quantum computer implementations outperforming classical computers at

specific tasks and achieving so-called “quantum supremacy” [5]. These small-scale

prototypes operating on tens of quantum bits (or qubits) represent the state of the

art in quantum computing. We are still many years from practically implementing

Shor’s algorithm. Scaling up the system size to thousands and millions of qubits

required by useful applications remains a key challenge.

1.1 Overview of Quantum Computers

The advantages of quantum computers are rooted in two signature properties of

quantum systems, quantum superposition and quantum entanglement. Superposition

refers to the unique ability of quantum objects to exist simultaneously in multiple

classical eigenstates. Classical computers operate on bits, which are either 0 or 1.

The basic information unit of quantum computers, qubits, can be in a superposition
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state j i = � j0i+� j1i, where � and � are complex numbers, and j0i and j1i define

a computational basis, usually named the Z basis. Once measured, the qubit is

no longer in superposition, but collapsed into either j0i with probability j�j2 or j1i

with probability j�j2. By satisfying the normalization condition j�j2 + j�j2 = 1, and

ignoring a global phase which has no observable effect, we can rewrite j i as

j i = cos
�

2
j0i+ ei� sin

�

2
j1i ; (1.1)

or in the vector format:

j i =
 

cos �
2

ei� sin �
2

!
: (1.2)

The qubit state can be visualized as a point on the Bloch sphere, defined by the

polar angle � and azimuthal angle �, as shown in Fig. 1.1. Quantum gates are

unitary operations on quantum states; a single-qubit gate can be represented by

rotating the state vector on the Bloch sphere.

Figure 1.1: Bloch sphere representation of a qubit state.

As each qubit has two basis states, 2N numbers are required to fully describe a

system of N qubits. In this exponential scaling lies the power of quantum computers,

as a single unitary operator can evolve all 2N basis states simultaneously. However,

a measurement at the end of the computation irreversibly collapses the system into
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one of the basis states, and it would seem that one needs to repeat the computation

2N times to recover the information of the system. This problem can be solved by

quantum interference, which allows the different quantum states to constructively or

destructively interfere to converge to a final superposition of very few basis states,

much less than 2N . The goal of quantum algorithms is to make use of such inter-

ference to produce resulting states whose information can be efficiently extracted.

The states resulting from quantum interference are often entangled states, which are

superposition states of multiple qubits that cannot be factored into the product of

individual qubit states. The simplest example is the two-qubit maximally entangled

state

j i = 1p
2
(j00i+ j11i); (1.3)

which is famously known as one of the Bell states. The remarkably strange properties

of this state can be easily seen as we measure one of the qubits to obtain either j0i

or j1i, the other qubit must always end up in the same state as the first qubit, no

matter how far the two qubits are separated. This correlation between different parts

of a quantum system that is not classically possible lies in the heart of some debates

about our physical reality [6]. Quantum entanglement is a key element of quantum

algorithms and a crucial resource utilized by quantum computers.

The architecture of a quantum computer is based on the physical hardware run-

ning quantum algorithms by compiling them into computation routines called quan-

tum circuits, which are simply sequential applications of quantum gates and mea-

surements on subset(s) of the qubits. Several physical qubit systems have been

demonstrated to have the potential to serve as the hardware platform for realiz-

ing practical quantum computers. The work of this thesis focuses on trapped ions,

currently one of the leading qubit systems.
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1.2 Trapped Ions as a Scalable Platform

The physical implementation of quantum computers must satisfy five requirements

known as the DiVincenzo criteria [7]:

• A scalable physical system with well-characterized qubits

• The ability to initialize the qubits to a simple fiducial state such as j00:::0i

• Long coherence times compared to the time scale of gate operations

• A universal set of quantum gates

• The capability for qubit measurement

A number of physical platforms have been developed to meet the criteria, in-

cluding trapped ions, superconducting circuits, photonic systems, neutral atoms,

nitrogen-vacancy centers and quantum dots [8, 9, 10, 11, 12]. Over the last decade,

trapped ions and superconducting circuits have emerged as the two most mature and

promising technologies, attracting government and private sector investments. Each

of them have their own advantages and drawbacks. Superconducting circuits have

artificial qubits and connecting wires that are fixed in place, and can be operated

with very short gate times. The largest quantum computer systems ever built are

implemented with superconducting circuits [5, 13]. For large-scale systems to be pos-

sible, the qubit itself as well as the multi-qubit control scheme need to be scalable.

Superconducting circuits are relatively easy to scale to an intermediate-size thanks

to the hardwired control lines and manufacturing based on mature integrated circuit

fabrication techniques, but suffer from qubit inhomogeneity due to imperfect fabri-

cation control. Therefore, much of the effort in developing superconducting quantum

computers focuses on improving the qubit.
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On the other hand, trapped-ion qubits have characteristics defined by the atomic

structure of the ion, and thus are perfect replicas of each other and inherently scal-

able. In a trapped-ion system, atomic ions are confined in a linear chain within an

ultra-high vacuum (UHV) environment by electric potentials. Isolation from envi-

ronmental perturbations provides trapped ions with the longest coherence time of

all the qubit platforms. They also have excellent fidelities for state manipulation

and readout in small systems. A universal set of quantum gates capable of imple-

menting arbitrary quantum algorithms typically consists of single-qubit rotations and

two-qubit entangling gates, both of which have been demonstrated with the highest

fidelities to date using trapped ions [14, 15, 16, 17, 18].

The greatest challenge trapped-ion systems face is scaling up the performance of

small systems. The highest two-qubit gate fidelities are achieved in systems involving

only two ions without individually addressing each ion. With chains of more than two

ions, individual addressing is required, introducing error from imperfect addressing

(i.e. crosstalk). As the ion chain grows longer, heating rate of the ions becomes faster,

motional modes of the chain increases in number and becomes closer in frequency

(so-called “spectral crowding”). This leads to lower fidelities and longer gate times

of entangling gates, as entangling operations use Coulomb-coupled collective motion

of the ions to mediate spin-spin interactions.

One possible solution to the scaling problem is the quantum charge-coupled device

(QCCD) architecture [19], where ions are separated into multiple short chains and

shuttled between dedicated zones within the trap, with each zone serving a specific

function: ion loading, gate operations, state readout, etc. The chain length at “gate”

zones can even be down to one or two ions, without the need for individual addressing

[20]. Multiple QCCD devices in separate UHV systems can then be photonically

linked through ion-photon entanglement to form the architecture of a practical-scale

quantum computer [21]. However, QCCD requires sophisticated trap designs and
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a substantial overhead associated with the shuttling operations, which are likely to

dominate the total execution time of a complex quantum circuit. Shuttling the ions

can also cause errors due to excess heating and decoherence.

Within the context of QCCD as a long-term vision for practical trapped-ion

quantum computers, while the optimal length of the ion chains is an interesting

topic worth exploring [22], there are motivations to make the separated ion chains

used for gate operations as long as possible. Minimizing shuttling overhead signifi-

cantly improves computation efficiency. Much of the work of this thesis is centered

around developing techniques to extend the performance of quantum gates and cir-

cuits in trapped-ion systems to longer chains. These include an integrated hardware

system design that provides modular functions and improves stability, an optical

qubit addressing system with low individual addressing crosstalk and flexibility over

the spatial arrangement of qubits, quantum control schemes to improve the fidelities

of entangling gates in ion chains, and scalable multi-qubit gates that can streamline

circuit implementations. The results of this thesis should help in illuminating a clear

path toward larger-scale quantum computers.

1.3 Thesis Outline

Chapter 2 reviews the fundamental principles and basic techniques involved in trap-

ping, cooling, state initialization and detection of a 171Yb+ ion. We also describe the

modes of motion for an ion chain that are relevant to entangling gates. In Chapter 3,

we discuss the theory behind coherent qubit manipulations and explain how in gen-

eral single- and two-qubit gates are performed in trapped-ion systems. We elaborate

on two types of two-qubit entangling gates. Chapter 4 describes the experimental

hardware system with a focus on my contributions including the chamber-integrated

optical system and the downstream Raman beam optics. In Chapter 5, we discuss

7



quantum control techniques to implement high-fidelity two-qubit gates in short ion

chains by specifically suppressing addressing crosstalk and motional dephasing er-

rors. A novel scheme that cancels first-order crosstalk is introduced. In Chapter 6,

we demonstrate scalable multi-qubit gates based on the Cirac-Zoller gate protocol,

which implements N -Toffoli gates efficiently.
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2

Ion Trapping and the 171Yb+ Qubit

As charged particles, atomic ions can form a stable one-dimensional (1D) crystal

within the confinement of an ion trap via a combination of static and dynamic electric

fields. The linear configuration of ions benefits the capability to address and detect

each ion. The internal electronic states of the ion serve as the qubit states, which can

be initiated, measured and coherently manipulated using external electromagnetic

fields. With properties governed only by the fundamental constants of nature, these

qubits are perfectly identical and suitable for high-fidelity operations. Ion trap is a

relatively mature technology, finding use in important applications including mass

spectrometry, precision measurement and the world’s most accurate atomic clocks

[23]. The type of ion traps most often used in quantum information processing is the

Paul trap (or quadrupole trap), invented by Wolfang Paul in 1935 [24].

Historically, experimental quantum computing began with trapped ions in 1994

when Ignacio Cirac and Peter Zoller proposed a protocol to entangle the electronic

states of multiple ions using laser pulses [25]. The next year, David Wineland’s group

at National Institute of Standards and Technology implemented the key idea of the

9



proposal and demonstrated a controlled bit-flip with a single Be+ ion [26]. Other

ion species were subsequently demonstrated as qubit candidates, such as Ca+, Cd+,

Mg+, Ba+, Sr+, Yb+, etc [27]. The work of this thesis uses 171Yb+ ions as the qubit of

choice, which are trapped in a microfabricated surface trap, a two-dimensional (2D)

variation of Paul traps. This chapter discusses the basic principles of ion trapping and

the incoherent operations of 171Yb+ ions including Doppler cooling, state prepara-

tion and measurement (SPAM) and electromagnetically-induced-transparency (EIT)

cooling.

2.1 Linear Paul Traps

Earnshaw’s theorem states that point charges cannot be confined in stationary equi-

librium solely by electrostatic forces, due to the fact that the electric field at any

point in free space is divergenceless. However, it is possible to trap charged particles

with the addition of a static magnetic field (Penning trap) or in the case of Paul

traps, an oscillating radio frequency (RF) electric field. The schematic of a basic

“four-rod” configuration of Paul traps is shown in Fig. 2.1. The confinement in the

radial directions (xy-plane) of the ion chain is achieved by a quadrupole electric

field generated using four electrodes, with a diagonal pair driven by an RF voltage

V0 cos(ΩRF t) and the other pair connected to ground. The axial (z-axis) confine-

ment is provided by applying a direct current (DC) voltage U0 to the two endcap

electrodes. The combined effective potential is given by [28]

Φ(x; y; z) =
V0 cos(ΩRF t)

2
(1 +

x2 � y2

R
) + �U0(z

2 � x2 + y2

2
); (2.1)

where R is the distance from the ion position (quadrupole null point) to the RF

electrodes and � is a geometric factor. To see how the RF pseudopotential in the

radial directions creates a stable confinement, we derive from Eq. 2.1 the equations
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Figure 2.1: Schematic of a four-rod Paul trap used to trap an ion chain.

of motion in the form of Mathieu equations:

d2x

d�2
+ [a+ 2q cos(2�)]x = 0;

d2y

d�2
+ [a� 2q cos(2�)]y = 0;

(2.2)

by substituting � = 
RF t
2

, a = � 4�eU0

m
2
RF

and q = 2eV0

m
2
RFR

2 , where m and e are the

ion mass and charge. Here a and q are dimensionless parameters that represent the

trapping strength of the DC and RF fields respectively. The Mathieu equation can

be solved in general using Floquet solutions (a detailed analysis can be found in Ref.

[29]).

In typical ion-trapping experiments, we can assume that jaj � q2 (the axial

confinement is much weaker than the radial confinement, which is necessary for

trapping a linear ion chain) and the ion’s equilibrium position is at the RF null point

(no offset electric field). Then the solution to Eq. 2.2 is of the following form [30]:

ui(t) � Ai cos(!rt)[1 +
q

2
sin(ΩRF t)]; (2.3)

where ui = x or y, Ai depends on initial conditions and !r = q
RF
2
p

2
= eV0p

2m
RFR2 .
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Under the further assumption that q � 1, the radial motion of the ion is well

approximated by the result of a harmonic potential well. Effectively the ion is inside

a ponderomotive pseudopotential Φ(~r) given by

eΦ(~r) =
m!2

r

2
(x2 + y2); (2.4)

where ~r is the ion position. Intuitively, the pseudopotential can be pictured in three-

dimensional (3D) space as a fast oscillating saddle-shaped potential that confines the

ion in dynamic equilibrium. It is clear from Eq. 2.3 that on top of the slow oscillation

at !r which is usually called the secular or trap frequency, the ion also undergoes a

motion at the RF frequency, known as the micromotion. It is important to minimize

the ion micromotion to maintain the harmonic approximation by compensating for

stray electric fields causing the ion’s equilibrium position to deviate from the RF

null.

We note that the simplified treatment presented here does not differentiate be-

tween the x and y radial directions, resulting in a single secular frequency !r. In

practice, ion traps are usually designed with electrode geometries that separate the

two secular frequencies !x and !y. The axial harmonic potential in Eq. 2.1 produces

the ion axial frequency !z =
p

2�eU0=m � !x or !y due to the much weaker axial

confinement.

2.1.1 Surface Traps

In many trapped-ion experiments, the basic four-rod geometry of linear Paul traps

are modified to have thin blade electrodes with easy optical access to the ions and

segmented DC electrodes to provide some control over the shape of the axial po-

tential. These blade traps are fabricated using macro-scale precision machining and

assembled by hand, resulting in non-reproducible trap characteristics that requires

each trap to be calibrated. The demand of scalable quantum computing hardware
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makes it necessary to leverage modern semiconductor manufacturing technologies.

Microfabrication based on multi-layer lithographic techniques enables the level of pre-

cision over dimensions required for standard and repeatable trap performances, and

also allows for complex multi-segmented electrode geometries that are necessary for

the QCCD architecture. Microfabricated traps are limited to a mostly 2D structure

and therefore are often called surface traps. We can consider the surface trap elec-

trodes to be essentially a deformed projection of the four-rod geometry onto a planar

surface, as shown in Fig. 2.2. The 2D geometry can still maintain a quadrupole-like

electric �eld where the ion is trapped in the RF null.

Figure 2.2 : (a) The four-rod Paul trap structure can be deformed into the electrode
geometry of a surface trap. (b) This electrode geometry can generate a quadrupole-
like �eld to trap ions above the trap surface.

Compared with macroscopic traps, microfabricated surface traps have lower trap

frequencies and trap potential depths for the same applied voltage. The RF voltages

surface traps can handle before electric breakdown occurs are also much lower due to

the small spacing between the RF and ground electrodes, further limiting the trap

frequencies and trap depths. Additionally, surface traps have been found to su�er

from higher heating rates since the ion sits much closer to metallic surfaces [31].

These e�ects usually do not severely impact the performance of trapped-ion qubits.
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As the trapped-ion community moves towards surface trap systems, the drawbacks

continue to be better understood and overcome.

2.2 Normal Modes of Motion

Ions trapped in a 3D harmonic potential can maintain a linear con�guration as a

result of the combined e�ect of the trap con�nement and the Coulomb repulsion

between the ions. When cooled to low temperatures, the displacement of the ions

from their equilibrium positions is considered small and the ions form a system of

coupled harmonic oscillators. For a chain ofN ions, this gives rise to three sets of

normal modes of motion along the three principal axes (N modes in each direction)

with each mode having a unique frequency and a displacement vector that describes

the movement of each ion coupling to the corresponding mode.

To calculate these mode frequencies and mode coupling vectors, we �rst write the

total potential of the ion chain as a sum of the harmonic trapping potential and the

potential due to Coulomb interactions:

V =
1
2

m
NX

i =1

(! 2
xx2

i + ! 2
yy2

i + ! 2
zz2

i ) +
X

i<j

e2

p
(x i � x j )2 + ( yi � yj )2 + ( zi � zj )2

;

(2.5)

wherem is the ion mass and! � , � 2 f x; y; zg are the axial and radial trap frequencies

from the harmonic trapping potential as de�ned in Sec. 2.1. Here we use a coordinate

convention common for surface traps where thex- instead ofz-axis is de�ned as the

axial direction, and the equilibrium position of ioni is (�x i ; 0; 0), i 2 f 1; :::; Ng. Under

the harmonic approximation when the displacements of the ions are small compared

with the ion spacing, we can denote the displacements asqi;x = x i � �x i , qi;y = yi and
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qi;z = zi and express the potentialV up to quadratic terms [32]:

V =
1
2

X

�;� 0;i;j

qi;� qj;� 0
@2V

@qi;� @qj;� 0
=

1
2

m! 2
x

X

�;i;j

A �
i;j qi;� qj;� ; (2.6)

A �
i;j =

(
� 2

� + 2e2

m! 2
x

P N
p=1 ;p6= i

a�

j �x i � �xp j3 ; i = j

� 2e2

m! 2
x

a�

j �x i � �x j j3 ; i 6= j
(2.7)

where � � = ! � =! x , ax = � 2 and ay = az = 1. The mode frequencies and mode

coupling vectors can then be obtained by diagonalizing the matrixA �
i;j with A �

i;j
~b�
k =

� �
k
~b�
k . The normalized eigenvector~b�

k represents the coupling strengths of all the ions

in the chain to modek along the � -direction, and the mode frequencies are given

by ! �
k =

q
� �

k ! � . The highest-frequency radial modes and the lowest-frequency axial

mode correspond to the in-phase center-of-mass (COM) motion of the entire ion

chain, and are the same as the trap frequencies! � . Figure 2.3 shows the coupling

strengths of the ions to a set of radial modes in a �ve-ion chain trapped in a harmonic

potential. The modes are numbered from the highest to the lowest frequencies.

It is important to characterize and control these normal modes of motion because

entangling gates in trapped-ion systems rely on the motional modes to facilitate the

coupling between spin qubits. The axial motion of ions have naturally more stable

modes than the radial motion since the axial modes are determined by DC voltages

which are less prone to noises than RF signals. For this reason, most of the highest-

�delity entangling gates were achieved by using axial modes [15, 16, 17]. However,

axial mode gates are di�cult to scale to long chains. First, the axial mode frequencies

need to be lower to trap long chains, causing the modes to be more sensitive to

ion heating and thermal motion [33]. Second, ions in a long chain are most easily

addressed by tightly focused laser beams along a radial direction, which cannot drive

axial modes. Furthermore, the radial mode frequencies have a mostly equal spacing

15



Figure 2.3 : Coupling strength of each ion in a �ve-ion chain to the �ve motional
modes along a radial direction. Mode 1 corresponds to the highest-frequency center-
of-mass mode.

for an equally spaced ion chain, simplifying design of modulated gate pulses that

drive all the radial modes.

The work of this thesis uses radial motional modes to implement entangling gates.

The trap parameters are chosen to well separate the axial mode frequencies from the

radial modes, and the laser beam directions are set to avoid coupling to the axial

modes while maximizing coupling to one of the principal radial axes.

2.3 The 171Yb+ Hyper�ne Qubit

Singly ionized alkaline earth metals serve as ideal two-level systems due to their sim-

ple hydrogen-like atomic level structures. The lifetime and sensitivity to magnetic

�eld 
uctuations of the atomic levels used for qubits are important factors when

choosing an ion specie. The wavelengths of relevant transitions also need to be con-
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sidered as scalability relies on commercially available lasers and optical components

at the required wavelengths. Depending on the atomic levels in which the qubit is

encoded, four types of ion qubits are commonly used: optical qubits, Zeeman qubits,

�ne-structure qubits and hyper�ne qubits. Among these, hyper�ne qubits have the

longest qubit coherence times due to a combination of essentially in�nite lifetimes

and insensitivity to magnetic �eld noise.

The 171Yb+ isotope is a popular choice for hyper�ne qubits. With nuclear spin

I = 1=2, 171Yb+ ions contain hyper�ne structures in the2S1=2 ground state, where the

qubit states are encoded asj0i � j F = 0; mF = 0i and j1i � j F = 1; mF = 0i . These

so-called \clock" states have an energy splitting of! HF = 12:642812118466 GHz +

310:8(B 2) Hz, which is insensitive to 
uctuations of the magnetic �eld B up to the

�rst order. 171Yb+ qubits exhibit coherence times typically in the range of seconds,

and can be as long as an hour with dynamical decoupling [34]. The atomic level

structure of 171Yb+ is shown in Fig. 2.4.

Laser cooling, state initialization and measurement of171Yb+ ions rely on the

electric dipole transition 2S1=2 $ 2P1=2 at an ultraviolet (UV) wavelength of 369.5

nm, which is within the range for commercially available laser diodes and compatible

with optical �bers. Additionally, the GHz-range qubit transition can be driven with

two Raman beams at 355 nm, where commercial high-power lasers are available.

This wavelength also minimizes two-photon Stark shifts, bene�cial for performing

Raman gates.

2.4 Ion Loading

171Yb+ ions are loaded by intersecting a neutral Yb atom 
ux with photo-ionization

laser beams near the trapping potential null point. In our system, the neutral atom


ux can be produced by either resistively heating a tube oven containing a Yb metal
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Figure 2.4 : Energy level diagram of171Yb+ ions.

sample and evaporating the atoms, or ablating a Yb atomic source with a nanosecond

pulsed laser [35]. Ablation loading is preferable because of a fast loading speed,

much less thermal dissipation and potentially less danger of trap degradation from

deposition of neutral Yb metal onto the trap surface. Ablation parameters are chosen

to maintain isotope selectivity by not directly ionizing Yb atoms.

The neutral Yb atoms are singly ionized via a resonant two-photon process, as

shown in Fig. 2.5. The �rst step resonantly excites the electron in the neutral atom

from 1S0 to 1P1 using 399 nm light. Speci�c isotopes including171Yb+ can be selected

by tuning the frequency of the 399 nm laser, which usually has su�ciently narrow

linewidths without frequency locking. The second step covers the energy splitting

between1P1 and the free-electron continuum (� 394 nm) and need not be resonant.
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Figure 2.5 : Energy levels relevant to the isotope-selective two-photon ionization
process for Yb atoms.

Both 369.5 nm light used for Doppler cooling and 355 nm light used for Raman

operations are suitable for this ionization step. To maximize loading e�ciency, we

use the 355 nm beam, which has much more power.

2.5 Doppler Cooling

Once ionized, the171Yb+ ions are in large thermal motion and need to be cooled

down to stay stably con�ned in the trapping potential. This is achieved by removing

the kinetic energy of hot ions in the form of scattered photons through a technique

known as Doppler cooling. The name comes from the blue (or red) Doppler shift of

a photon's energy \seen" by an ion as it moves toward (or away) from the photon,

which causes the ion to preferentially scatter photons red-detuned from an optical

transition when the photon has an opposite-direction momentum, and thus lose

kinetic energy.

For a laser detuned by � from an optical transition between two electronic levels,
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the photon scattering rate is given by


 s =

I= 2I s

1 + I=I s + 4� 2=
 2
; (2.8)

where 
 is the natural radiative linewidth of the transition, I is the laser intensity

and I s = �h
c= 3� 3 is the saturation intensity for the resonant wavelength� . To see

the e�ect of Doppler shifts due to ion motion, we rewrite the detuning as �� ~k � ~v,

where~k is the photon wave vector and~v is the ion velocity. For a red-detuned laser

(� < 0), the scattering rate 
 s increases when the ion is moving in the opposite

direction of the photon, i.e.~k � ~v < 0. This results in a higher probability of the ion

absorbing this photon, which reduces the ion's momentum by~k. Then an photon is

emitted in a random direction from the decay transition since spontaneous emission

is isotropic, leading to zero average momentum transfer over many scattering events.

The net e�ect of this scattering process is the loss of kinetic energy of the ion along

the wave vector of the laser beam.

Due to con�nement by the trapping potential, a single Doppler cooling beam

whose wave vector has projections along all three principal axes of motion is su�-

cient to cool trapped ions. The main Doppler cooling cycle used in171Yb+ is the

2S1=2 jF = 1i $ 2P1=2 jF = 0i transition with a natural linewidth of 
= 2� = 19:7

MHz. A 369.5 nm laser is frequency-locked to this transition with a red detuning of

� 15 MHz. Since the saturated scattering rate
= 2 is an order of magnitude larger

than the trap frequencies (on the order of 1 MHz), the ion will experience several

scattering events during one half-period of its (approximately) harmonic oscillation

as it moves toward the photons, providing e�cient cooling. The photon recoil en-

ergy of the spontaneous emission process causes a heating e�ect on the ion. Doppler

cooling reaches a temperature limit when cooling is in equilibrium with this heating
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process, given by

TD =
~

2kB

; (2.9)

where kB is the Boltzmann constant. For 171Yb+ , TD � 480 � K. In our experi-

ment, we can usually cool the radial modes down to 5{8 motional quanta with trap

frequency� 2:3 MHz.

The presence of hyper�ne structures and the2D3=2 manifold in 171Yb+ requires

some additional frequencies for the Doppler cooling light. The ion excited to2P1=2

jF = 0i has a 0:5% probability to decay into 2D3=2 jF = 1i , which has a much longer

lifetime than the 2P1=2 states. We use a 935 nm beam to repump the ion back to

the main transition via 3D[3=2]1=2 jF = 0i . The ion can be o�-resonantly excited to

2P1=2 jF = 1i and then decay into2S1=2 jF = 0i or 2D3=2 jF = 2i , causing the popula-

tions to be trapped. To bring the ion back into the cooling cycle, a 14.7 GHz sideband

is applied to the 369.5 nm beam to drive the2S1=2 jF = 0i ! 2P1=2 jF = 1i transition,

and a 3.07 GHz sideband is added to the 935 nm beam to drive2D3=2 jF = 2i !

3D[3=2]1=2 jF = 1i , as shown in Fig. 2.6.

Population of the excited state2P1=2 jF = 0i can probabilistically decay into any

of the 2S1=2 jF = 1i Zeeman states. Therefore, both linear� and circular � � po-

larizations are required to drive the relevant transitions between the Zeeman levels

(see Fig. 2.6). Additionally, in the absence of external magnetic �eld and with

certain polarizations of cooling light, the degenerate Zeeman levels in2S1=2 jF = 1i

can form coherent dark states, which are superposition states that do not couple to

2P1=2 jF = 0i [36]. To avoid this, we apply a magnetic �eld to the ions to create a

Zeeman splitting of 7{8 MHz.
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Figure 2.6 : Relevant energy levels and transitions of171Yb+ for Doppler cooling.

2.6 State Initialization and Detection

At the beginning of a typical quantum circuit, the qubit state is initialized to j0i . For

171Yb+ this is achieved by optical pumping using the same 369.5 nm Doppler cooling

beam to completely depopulate2S1=2 jF = 1i . We add a 2.1 GHz sideband with no

detuning to resonantly drive 2S1=2 jF = 1i ! 2P1=2 jF = 1i , as shown in Fig. 2.7(a).

The ion in 2P1=2 jF = 1i has a probability to relax into j0i = 2S1=2 jF = 0i or any of

the 2S1=2 jF = 1i Zeeman states. Since the pump beam is far o�-resonant from any

possible excitation ofj0i , the process keeps depopulating all the2S1=2 jF = 1i states

until all the population is in j0i . Same as Doppler cooling, a 935 nm repump beam is

required to depopulate the2D3=2 manifold. In the experiment, we use a pump time

of 15 � s.

At the end of a circuit, the qubit state need to be measured to extract the

result. State detection for171Yb+ qubits is based on state-dependent 
uorescence.
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Figure 2.7 : Relevant energy levels and transitions of171Yb+ for (a) state initial-
ization and (b) state detection. The2D3=2 and 3D[3=2]1=2 manifolds are not shown.

Figure 2.7(b) illustrates the transitions involved in the detection scheme. A resonant

369.5 nm beam drives the2S1=2 jF = 1i $ 2P1=2 jF = 0i transition. If the ion is in

j1i (bright state), it will scatter resonant photons which can be collected by either a

camera or a photomultiplier tube (PMT); if the ion is in j0i (dark state), the light

is o�-resonant by 14.7 GHz and no scattering will occur. Since the transition from

2P1=2 jF = 0i to 2S1=2 jF = 0i is forbidden, bright ions have a very low probability

to decay into j0i during detection, which is a source of error. In our experiment,

the detection window is typically 250� s, during which the probability distributions

of collected photons are easily distinguishable betweenj0i and j1i with a threshold

discriminator set at two photons.

2.7 Electromagnetically-Induced-Transparency Cooling

Beyond the Doppler limit, sub-Doppler cooling methods are required to bring the ions

near the motional ground state. We employ a technique called EIT cooling [37] in

our system. EIT typically arises in three-level systems where coherent driving of one
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transition cancels the simultaneous absorption on another transition within a narrow

spectral range, thus rendering the otherwise opaque atomic medium transparent

to the second transition. The phenomenon is caused by a destructive quantum

interference between the coupling of two ground states to the excited state, which

leads to coherent population trappingin a superposition of the two ground states

that does not couple to the excited state. EIT provides a powerful technique for

ground-state cooling, having been demonstrated for trapped ions and neutral atoms

[38, 39, 40, 41].

Here we �rst review the basic mechanism of EIT cooling based on Ref. [37].

Figure 2.8 shows the basic EIT scheme in a three-level � atomic system consisting

of two ground statesjgi and jf i and a short-lived excited statejei . The jgi $ j ei

transition is driven by a strong coupling �eld which is blue-detuned by � with Rabi

frequency 
 g, while a weak probe �eld drives thef $ j ei transition with detuning

� f and Rabi frequency 
f � 
 g. The coupling �eld creates dressed statesj~gi and

j~ei , which are shifted upwards or downwards from the bare states in frequency by a

Figure 2.8 : Energy levels and transitions for EIT cooling scheme in a three-level
� system.
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light shift given by

� =
1
2

(
q


 2
g + � 2 � j � j): (2.10)

The coupling of jf i to the dressed states results in the absorption spectrum for the

probe �eld having a Fano-shaped curve [], with zero absorption occuring at �f = �.

As this spectrum described the rate at which photons are scattered fromjei , for

� f = � the atom becomes transparent if it is held �xed in space.

If the atom is trapped in a harmonic potential with oscillation frequency! , it

can scatter photons on the motional sidebands of the transition (see Sec. 3.2 for

details on sideband transitions). By choosing suitable � and 
g so that � = ! ,

we can maximize the absorption probability on the red sideband transitionjf; n i $

j~g; n � 1i with theoretically no absorption on the carrier transition jf; n i $ j ~g; ni

and a much smaller absorption on the blue sideband transitionjf; n i $ j ~g; n + 1i .

Every absorption event on the red sideband reduces the phonon numbern by one.

The detuning � determines the range of trap frequencies over which EIT cooling

is e�cient, as well as the decay rate of the dressed statej~gi , leading to a tradeo�

between the allowed range of trap frequencies and the lowest achievable temperatures.

Nevertheless, cooling close to the ground state is possible over a fairly large frequency

range, making EIT cooling more e�cient than resolved-sideband cooling for multiple

motional modes.

The cooling process can be theoretically modeled using the master equation for

the full three-level system and one motional degree of freedom. In the Lamb-Dicke

regime, the dynamics can be approximated by a di�erential equation for the average

phonon number �n:

d�n
dt

= � � 2(A � � A+ )�n + � 2A+ ; (2.11)
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where� is the Lamb-Dicke parameter. The rate coe�cientsA � are written as

A � =

 2

g




 2! 2


 2! 2 + 4[
 2
f =4 � ! (! � �)] 2

; (2.12)

where 
 is the linewidth of the transition. The steady-state solution to Eq. 2.11

is hni = A +

A � � A +
, which is the EIT cooling limit, and the cooling rate is given by

R = � 2(A � � A+ ).

The EIT cooling scheme for171Yb+ ions is slightly more complicated than the

three-level � system. It involves four energy levels in a so-called \double-EIT" or

\tripod" system [42, 43]. The relevant energy levels and transitions are shown in

Fig. 2.9(a). The excited statejei � 2P1=2 jF = 0; mF = 0i is coupled to three ground

states jgi � j F = 1; mF = 0i and j�i � j F = 1; mF = � 1i in the 2S1=2 manifold.

Two coupling beams with� � polarizations and detuning � c blue to the jgi $ j ei

transitions generate three dressed states, which create two Fano-shaped pro�les in

the absorption spectrum observed by a� -polarized probe beam with detuning �p

Figure 2.9 : (a) Relevant energy levels and transitions of171Yb+ for EIT cooling.
(b) Simulated absorption spectrum around one Fano-shaped pro�le where the red
sideband transition is maximized.
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from the jgi $ j ei transition. The two narrow Fano peaks correspond to two dressed

states formed byj�i and jei with the two null points occuring at � p = � c � � Zeeman.

For an ion in motion, the interaction Hamiltonian of the four-level system and

the laser �elds in a rotating frame can be written as

Ĥ=~ =

0

B
B
B
@

0 
 � �

2 e� i ~kc �~r � 
 �
2 e� i ~kp �~r 
 � +

2 e� i ~kc �~r


 � �

2 ei ~kc �~r � c + � Zeeman 0 0

� 
 �
2 ei ~kp �~r 0 � p 0


 � +

2 ei ~kc �~r 0 0 � c � � Zeeman

1

C
C
C
A

; (2.13)

where the basis isfj ei , j+ i , jgi , j�ig , ~kc(p) is the wave vector of the coupling (probe)

beam, and 
 � � and 
 � are the Rabi frequencies of the coupling beam and the

probe beam with the corresponding polarizations. The absorption spectrum, the EIT

cooling limit and the cooling rate can be calculated from the steady-state solution

to the master equation given the Hamiltonian:

d�̂
dt

= � i [Ĥ; �̂ ] + L �̂; (2.14)

where L is the Lindblad operator corresponding to the three spontaneous decay

channelsL �̂ =
P 3

i =1

�
ci �̂c

y
i � 1

2 [cy
i ci ; �̂ ]

�
, with c1 =

p

= 3j�i h ej, c2 =

p

= 3jgi hej

and c3 =
p


= 3j+ i hej. The simulated absorption spectrum is shown in Fig. 2.9 with

overlay of the positions of the sideband and carrier transitions. The Rabi frequencies

and detunings of the EIT beams are set to maximize the ratio of absorption between

the red and blue sideband transitions. The sideband width shown in the plot spans

all the radial motional modes for a �ve-ion chain in our system.

In the experiment, the probe beam (EIT 1) has detuning �p=2� = 44 MHz

and the coupling beam (EIT 2) has detuning �c=2� = 37:7 MHz. The details of the

optical setup are described in Sec. 4.2. After Doppler cooling for 1 ms followed by EIT

cooling for 500� s, we can typically cool the radial motional state of a �ve-ion chain to

an average phonon number of 0.3{0.5, higher than the theoretical EIT cooling limit.
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We conjecture that our cooling e�ciency is limited by the linewidth of the frequency-

stabilized 369.5 nm cooling laser. After EIT cooling, we can apply resolved-sideband

cooling using Raman beams for speci�c mode(s) to reach the ground state, depending

on the experimental requirement.
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3

Quantum Gates with Trapped Ions

Quantum gates are coherent manipulations of qubits, mathematically represented

by unitary operators that act on state vectors. AN -qubit gate is simply written as

a 2N � 2N unitary matrix. In trapped-ion systems, quantum gates are realized by

coupling well controlled photon �elds (and phonons in the case of entangling gates) to

atomic levels of the ions to coherently drive transitions between spin states. With the

physics of atom-photon interaction well established, much e�ort in the �eld focuses

on developing quantum control schemes to e�ciently and accurately implement the

desired unitary matrices, i.e. with minimal overhead and high �delities. This chapter

reviews the theory of coherent operations on ion qubits. We describe the physical

Hamiltonian of a trapped-ion system and discuss how to control it to implement a

universal gate set including single-qubit rotations and two-qubit entangling gates.

Unlike optical qubits whose rotations can be driven with a single resonant laser,

hyper�ne qubits have GHz-range frequencies, which can be coupled directly with a

resonant microwave �eld or with two laser beams driving stimulated Raman transi-

tions. The centimeter-scale wavelengths of microwaves make individual addressing

very di�cult, requiring either near-�eld microwave antennas integrated into the trap
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[44] or magnetic �eld gradients [45, 46] to achieve ion selectivity. In contrast, laser

beams can be tightly focused onto a single ion using o�-the-shelf optics, while also

providing the spin-motion coupling necessary for implementing entangling gates. The

requirements on laser linewidth can be signi�cantly reduced when using Raman gates,

as the frequency di�erence between the two Raman beams, which drives the qubit

transitions, can be controlled very precisely using acousto-optic modulators (AOMs)

or electro-optic modulators (EOMs). For the work of this thesis, we use laser-based

Raman gates to perform all our coherent operations.

3.1 Raman Transitions

Stimulated Raman transitions are two-photon processes taking place in a three-level

system, as shown in Fig. 3.1. The two qubit levelsj0i and j1i are coupled via a

short-lived excited state jei using two laser beams with wave vector~k, frequency

! L and optical phase� . The raman beams are far-detuned from the electric dipole

transitions j0i $ j ei and j1i $ j ei (� is much larger than the overall Rabi frequency

and the spontaneous decay rate ofjei ), so that jei is e�ectively never populated. As

a result, we can coherently transfer population betweenj0i and j1i .

To model this process, �rst we write down the unperturbed Hamiltonian of the

three-level system (setting~ = 1 for convenience):

Ĥ0 = ! 0 j0i h0j + ! 1 j1i h1j + ! e jei hej : (3.1)

The electric dipole interaction between the atom and photon �elds gives rise to the

interaction Hamiltonian

Ĥ I = � ~d �
�!
E total = � ( �d0e j0i hej + �d1e j1i hej + �de0 jei h0j + �de1 jei h1j)(

�!
E1 +

�!
E2);

(3.2)

where ~d is the dipole moment operator with the matrix elements�d0e, �d1e, �de0 and
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Figure 3.1 : Energy level diagram for stimulated Raman transitions in a three-level
system.

�de1, and the electric �elds of the laser beams
�!
E j are written as

���!
E j (t) =

�!
Ej cos(! Lj t � ~kj � ~x + � j ) for j = 1; 2: (3.3)

With the total Hamiltonian Ĥ = Ĥ0 + Ĥ I , we apply the Schr•odinger equation

i @ (t)
@t = Ĥ (t) to solve for the system dynamics. We can express the wave function

of the system (t) with slowly varying complex amplitudesCi (t) ( i = 0; 1; e) as

 (t) = C0(t)e� i! 0 t j0i + C1(t)e� i! 1 t j1i + Ce(t)e� i! e t jei : (3.4)

To simplify the equations, we de�ne a notation for the dipole coupling terms:

gi;E j � � 
 i;E j e
� i ( ~k j �~x� � j ) for i = 0; 1 and j = 1; 2; (3.5)

where i represents the qubit statesj0i and j1i , j represents the laser �elds
�!
E1 and

�!
E2, and 
 i;E j = �die �

�!
Ej is the e�ective Rabi frequency for theji i $ j ei transition

coupled by
�!
E j .

Assuming the frequency di�erence (beatnote) of the Raman beams has a small

detuning � from the qubit frequency ! 01, we have the relations! L 1 = ! 0e + � and

! L 2 = ! 1e + � � � . We can apply rotating wave approximation (RWA) to the
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Schr•odinger equation obtained from Eqs. 3.1{ 3.5 and ignore the terms oscillating at

frequencies! L 1, ! L 2, ! 0e and ! 1e, which in reality are much larger than! 01, � and

�. By only keeping these slowly oscillating terms, we get the Schr•odinger equation

describing the time evolution of the system:

i
@~C0(t)

@t
=

1
2

[g0;E 1 ei � t + g0;E 2 ei (� � � � ! 01 )t ] ~Ce(t); (3.6)

i
@~C1(t)

@t
=

1
2

[g1;E 1 ei (�+ ! 01 )t + g1;E 2 ei (� � � )t ] ~Ce(t); (3.7)

i
@~Ce(t)

@t
=

1
2

[g�
0;E 1

e� i � t + g�
0;E 2

e� i (� � � � ! 01 )t ] ~C0(t)

+
1
2

[g�
1;E 1

e� i (�+ ! 01 )t + g�
1;E 2

e� i (� � � )t ] ~C1(t):

(3.8)

Since � is much larger than 
 i;E j and the spontaneous emission rate ofjei , we

can make an approximation and adiabatically eliminate any population transfer to

jei by assuming@~Ce(t)=@t� 0 and ~Ce(0) = 0. This allows us to integrate Eq. 3.8 by

considering ~C0(t) and ~C1(t) constant and obtain

~Ce(t) = �
i
2

~C0(t)
Z t

0

�
g�

0;E 1
e� i � t + g�

0;E 2
e� i (� � � � ! 01 )t

�
dt

�
i
2

~C1(t)
Z t

0

�
g�

1;E 1
e� i (�+ ! 01 )t + g�

1;E 2
e� i (� � � )t

�
dt

�
1

2�

�
g�

0;E 1
e� i � t + g�

0;E 2
e� i (� � � � ! 01 )t � g�

0;E 1
� g�

0;E 2

� ~C0(t)

+
1

2�

�
g�

1;E 1
e� i (�+ ! 01 )t + g�

1;E 2
e� i (� � � )t � g�

1;E 1
� g�

1;E 2

� ~C1(t):

(3.9)

Here the approximation is valid since � � �; ! 01. By substituting ~Ce(t) in Eqs. 3.6

and 3.7 with Eq. 3.9, we reduce the atom to a two-level system. Applying RWA

again to only retain the terms oscillating at frequency� as � � ! 01 is a reasonable
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assumption, we get the Schr•odinger equation describing the qubit evolution:

i
@
@t

0

@
~C0(t)

~C1(t)

1

A =
1

4�

0

@
jg0;E 1 j2 + jg0;E 2 j2 g0;E 1 g�

1;E 2
ei�t

g�
0;E 1

g1;E 2 e� i�t jg1;E 1 j2 + jg1;E 2 j2

1

A

0

@
~C0(t)

~C1(t)

1

A

=
1

4�

0

@
j
 0;E 1 j2 + j
 0;E 2 j2 
 0;E 1 
 �

1;E 2
e� i (� ~k�~x� �t � � � )


 �
0;E 1


 1;E 2 ei (� ~k�~x� �t � � � ) j
 1;E 1 j2 + j
 1;E 2 j2

1

A

0

@
~C0(t)

~C1(t)

1

A ;

(3.10)

where � ~k = ~k1 � ~k2 and � � = � 1 � � 2 are the wave vector di�erence and phase

di�erence between the two Raman beams. The 2� 2 matrix represents the in-

teraction Hamiltonian in a rotating frame. The diagonal terms correspond to a

time-independent rotation of the qubit about thez-axis of the Bloch sphere, which

is e�ectively a di�erential two-photon ac Stark shift on the qubit frequency due to

o�-resonant coupling of the qubit states to the excited statejei . The o�-diagonal

terms of the matrix, on the other hand, represent qubit rotations about an axis in

the xy-plane of the Bloch sphere as the state evolves and are responsible for im-

plementing single-qubit gates. By choosing the appropriate rotating frame, we can

write down the e�ective interaction Hamiltonian in the following form:

Ĥ int =

 e�

2

h
�̂ + ei (� ~k�~x� �t � � � ) + �̂ � e� i (� ~k�~x� �t � � � )

i
+ � 2p�̂ z; (3.11)

where ^� +( � ) is the spin raising (lowering) operator and� 2p characterizes the two-

photon ac Stark shift. Apart from the �̂ z term, Eq. 3.11 is the same as the Hamilto-

nian of a two level system driven with a resonant �eld.

The derivation so far assumes the laser �elds to be continuous wave (CW). In

practice, driving Raman transitions using CW lasers is technically challenging due to

the demands of phase locking and the limited bandwidths of modulators compared

with the large hyper�ne splittings. For 171Yb+ , EOMs can generate the tone required

for the 12.6 GHz qubit frequency but with very low e�ciency. Instead, we utilize the
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pulse train generated from an ultrafast (picosecond) mode-locked laser which has a

full bandwidth of hundreds of GHz [47]. In the spectral domain, the pulse train is an

optical frequency comb whose tooth spacing is the same as the repitition ratef rep.

Since a nonzero wave vector di�erence �~k is necessary for coupling to ion motion,

we illuminate the ion with two such frequency combs by splitting the pulsed laser

output into two beams propagating along di�erent paths and modulated with AOMs

at frequenciesf A1 and f A2, respectively. The phase of the Raman transition �� is

simply set by the phase di�erence of the two RF tones on the AOMs. As long as the

bandwidth of the frequency combs is larger than the qubit splitting! 01, certain teeth

in one frequency comb can form pairs with teeth in the other comb to resonantly

drive the Raman transition under the condition

jf A1 � f A2 + nf repj = ! 01=2�; (3.12)

wheren is an integer.

Raman transitions in the frequency-comb picture can be analyzed by summing

the contributions from all pairs of comb teeth. The result is very similar to that in

the CW laser treatment, with the expressions for 
e� and � 2p in Eq. 3.11 modi�ed to

include the sum over all resonant tooth pairs. Detailed treatments can be found in

Ref. [48]. The e�ective Rabi frequency 
e� is comb-independent and proportional

to the time-averaged electric �eld of the pulse train, which intuitively makes sense.

A complication, however, is that the pulses must temporally overlap to drive the

transition, requiring equal optical path lengths for the two Raman beams. Another

issue with pulsed lasers is that in addition to the resonant tooth pairs, the frequency

combs also generate beatnotes that are o�-resonant from the qubit transition and

can cause four-photon Stark shifts [49].
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3.2 Single-Qubit Rotations

Here we look at a more realistic picture of Raman transitions in171Yb+ . The Raman

beams couple the qubit levels via multiple excited states in the2P1=2 and 2P3=2

manifolds. For convenience, we can ignore all the hyper�ne and Zeeman levels and

just consider the two excited states with a �ne-structure splitting of! F S=2� = 100

THz. The Raman beams are detuned from2P1=2 by � and from 2P3=2 by � � ! F S , as

shown in Fig. 3.2. In this setup, the o�-resonant couplings to both dipole transitions

subtract destructively for the two-photon Stark shifts. For each laser �eld
�!
E j (j =

1; 2), the Stark shifts induced on the qubit levelsj0i and j1i are give by [50, 51]

Figure 3.2 : Energy level diagram for stimulated Raman transitions in171Yb+ .
Transitions between hyper�ne statesj0; 0i $ j 1; 0i , j0; 0i $ j 1; 1i and motional
states jni $ j n � 1i are shown.
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� (0)
j; 2p =

g2
j

12

�
1
�

�
2

! F S � �

�
;

� (1)
j; 2p =

g2
j

12

�
1

� + ! 01
�

2
! F S � � � ! 01

�
;

(3.13)

where we assume�d0e = �d1e = �d and de�ne a resonant single-photon Rabi frequency

related to the 2S1=2 jF = 1; mF = 1i $ 2P3=2 jF = 2; mF = 2i transition, gj � �d �
�!
Ej .

Therefore, the Stark shifts for both states have nulls near an optimal detuning

� = ! F S=3 = 2� � 33 THz, which corresponds to a Raman laser wavelength of 355

nm. Under this condition, the di�erential two-photon Stark shift in Eq. 3.11 reaches

a minimum of � 2p � 2 � 10� 4
 e� , where the Rabi frequency 
e� is given by


 e� = PF;m F ! F 0;m 0
F

g1g2

6

�
1
�

+
1

! F S � �

�
: (3.14)

HerePF;m F ! F 0;m 0
F

is a factor containing the polarization information for the Raman

beams relevant to driving thejF; mF i ! j F 0; m0
F i Raman transition in the 2S1=2

ground state. We de�ne the polarization of each beam as ^� i � � i
� �̂ � + � i

� �̂ + � i
+ �̂ +

with j� i
� j2 + j� i

� j2 + j� i
+ j2 = 1. Then PF;m F ! F 0;m 0

F
for all the possible hyper�ne

transitions are given by [49]

P0;0! 1;0 = � 0
� � 1�

� � � 0
+ � 1�

+ ;

P0;0! 1;� 1 = � � 0
� � 1�

� � � 0
� � 1�

+ ;

P0;0! 1;1 = � 0
+ � 1�

� + � 0
� � 1�

� ;

P1;0! 1;� 1 = � 0
� � 1�

� + � 0
� � 1�

+ ;

P1;0! 1;1 = � 0
+ � 1�

� + � 0
� � 1�

� :

(3.15)

The qubit transition j0; 0i ! j 1; 0i has the maximum Rabi frequency when the

polarization setting maximizes the �rst equation, which can be realized by having

linear polarizations in both Raman beams that are orthogonal to each other and also
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to the magnetic �eld (the so-called \lin-perp-lin" con�guration).

Now we rewrite the Hamiltonian in Eq. 3.11 without the ^� z term:

Ĥ int =

 e�

2
�̂ + ei (� ~k�~x� �t � � � ) + h:c:: (3.16)

Considering the quantized harmonic oscillation of a trapped ion, we replace~x with

the position operatorx̂ =
p

~=2m! (ây + â), where ! is the trap frequency andây(â)

is the phonon creation (annihilation) operator. Then we have �~k � ~x = � (ây + â),

where � = k
p

~=2m! is the Lamb-Dicke parameter andk is the projection of � ~k

along the direction of the ion motion. The interaction Hamiltonian becomes

Ĥ int =

 e�

2
�̂ + exp

�
i� (âe� i!t + âyei!t )

�
e� i (�t +� � ) + h:c:: (3.17)

Within Lamb-Dicke regime, we can use Taylor expansion up to the �rst order to

rewrite the exponent exp[� ] � 1 + � and get

Ĥ int =

 e�

2
�̂ +

�
1 + i� (âe� i!t + âyei!t )

�
e� i (�t +� � ) + h:c:: (3.18)

By choosing the appropriate detuning� and using RWA, we can selectively transform

Eq. 3.18 into the Hamiltonians corresponding to three standard types of transitions

that are extensively used in coherent qubit operations:

1. If � = 0, the Hamiltonian becomes

Ĥcarrier =

 e�

2
(�̂ + e� i � � + �̂ � ei � � ); (3.19)

which is acarrier transition j0i j ni $ j 1i j ni without a�ecting the motional state.

2. If � = � ! , the Hamiltonian becomes

ĤRSB = i�

 e�

2
(�̂ + âe� i � � � �̂ � âyei � � ); (3.20)

which is a red sidebandtransition j0i j ni $ j 1i j n � 1i . jni is the phonon Fock

state for the motional mode.
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3. If � = � ! , the Hamiltonian becomes

ĤBSB = i�

 e�

2
(�̂ + âye� i � � � �̂ � âei � � ); (3.21)

which is a blue sidebandtransition j0i j ni $ j 1i j n + 1i .

We note that for all three cases, the transitions are dependent on the motion

state of the ion, resulting in a modi�cation in the actual Rabi frequencies given by


 n;n 0 = j hnj ei� (â+ ây ) jn0i j 
 = Dn;n 0
 ; (3.22)

whereDn;n 0 is the Debye-Waller factor written as

Dn;n 0 = e� � 2

2 � n0� n

r
n!
n0!

Ln0� n
n (� 2); (3.23)

with Ln0� n
n (� 2) being the generalized Laguerre polynomial and assumingn0 � n.

Carrier transitions are used to implement single-qubit rotations, as the Hamilto-

nian in Eq. 3.19 after an evolution time oft results in the unitary operator

R(�; � ) =

 
cos�

2 � ie� i� sin �
2

� iei� sin �
2 cos�

2

!

; (3.24)

where � = 
 e� t is the rotation angle about an axis in thexy-plane of the Bloch

sphere de�ned by� , and � = � � is the phase represented by the angle between the

rotation axis and the x-axis. Speci�cally, by setting � to be 0 and�= 2, we can apply

commonly used rotations about thex- and y-axes, respectively

Rx (� ) =

 
cos�

2 � i sin �
2

� i sin �
2 cos�

2

!

; Ry(� ) =

 
cos�

2 � sin �
2

sin �
2 cos�

2

!

: (3.25)

We also de�ne a rotation about thez-axis

Rz(� ) =

 
1 0

0 ei�

!

: (3.26)

This gate can be implemented using a combination ofRx (� ) and Ry(� ), but is usually
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performed in experiments by shifting the phases of all subsequent gate pulses by� .

The \virtual Z " gates reduce circuit times and are much more accurate than physical

rotations.

3.3 Cirac-Zoller Gates

The most commonly used two-qubit entangling gate to form a universal gate set with

single-qubit rotations is the CNOT gate, which executes a conditional bit-
ip (^� x )

on a target qubit if a control qubit is in j1i . The unitary is written as

CNOT =

0

B
B
@

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

1

C
C
A : (3.27)

It creates entanglement between the control and target qubits if the control qubit is

in a superposition state, e.g.

CNOT
�

1
p

2
(j0i + j1i ) 
 j 0i

�
=

1
p

2
(j00i + j11i ): (3.28)

In trapped-ion systems, entangling gates require an interaction mechanism be-

tween the spin states of di�erent ions, which is usually the Coulomb repulsion force.

The spin state of an ion and the Coulomb interaction can be coupled by driving side-

band transitions with the Hamiltonians in Eqs. 3.20 and 3.21. The Cirac-Zoller gate

scheme [25], the �rst proposal for entangling gates, utilizes this basic idea to realize

a CNOT gate. In this scheme, the internal states of individual ions are coupled to

a collective motional degree of freedom serving as an information \bus" to mediate

the interactions between di�erent spins. The conditional operation is realized by the

blockade (or asymmetry) of the motional ground state of the bus mode, which allows

a phonon to be added but not extracted.

Figure 3.3 illustrates the pulse sequence for the Cirac-Zoller gate scheme. We set
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Figure 3.3 : Circuit diagram for implementing a CNOT gate using the Cirac-Zoller
protocol.

� � to be 0 and drive a resonant red sideband transition on the control qubit ion

with the Hamiltonian

ĤRSB = i�

 e�

2
(�̂ + â � �̂ � ây): (3.29)

A red sideband� pulse RRSB (� ) induces a spin bit-
ip together with a �= 2 phase

shift depending on the initial spin and motional states, written as

j1i j n = 0i RSB���! � i j0i j n = 1i RSB���! � j 1i j n = 0i ;

j0i j n = 0i RSB���! j 0i j n = 0i :
(3.30)

When initialized to j0i j n = 0i , no transition can be driven byRRSB (� ) due to the

ground-state blockade. The Cirac-Zoller protocol requires a second red sideband

transition betweenj0i and an auxiliary state denoted byj2i on the target ion. This

transition can be distinguished from the �rst red sideband transition by either polar-

ization or resonant frequency. Similar to Eq. 3.30, the action of a� pulse RRSB
Aux (� )

is conditional on the initial spin and motional states as follows:
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j0i j n = 1i RSB���!
Aux

� i j2i j n = 0i RSB���!
Aux

� j 0i j n = 1i ;

j0i j n = 0i RSB���!
Aux

j0i j n = 0i ;

j1i j n = 1i RSB���!
Aux

j1i j n = 1i ;

j1i j n = 0i RSB���!
Aux

j1i j n = 0i :

(3.31)

The transition is only allowed for the inital state j0i j n = 1i . Now we look at the

e�ect of the pulse sequence shown in the shaded box in Fig. 3.3 on the spin states

of both ions. The result for the four computational basis states is given by

j0i j 0i �! j 0i j 0i ;

j0i j 1i �! j 0i j 1i ;

j1i j 0i �! j 1i j 0i ;

j1i j 1i �! � j 1i j 1i ;

(3.32)

which is a controlled-Z gate whose unitary is written as

controlled-Z =

0

B
B
@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 � 1

1

C
C
A : (3.33)

A CNOT gate is then achieved by applying a�= 2 rotation (Hadamard gate) on the

target ion before and after the controlled-Z gate.

Cirac-Zoller gates are experimentally challenging to implement because 1) the

scheme requires individual addressing as the pulses must be sequentially applied to

each ion, and 2) the conditional phase-
ip relies on the preparation of a pure motional

ground state. The gate �delity is directly limited by addressing error, initial ground-

state population and the subsequent heating of the ions during the gate.
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3.4 M�lmer-S�rensen Gates

Despite its importance in establishing motion-coupled spin interactions as the cor-

nerstone for trapped-ion entangling gates and the successful experimental demon-

strations [52, 53], research on the Cirac-Zoller gate scheme has not been pursued in

earnest for a decade, as another type of entangling gates known as geometric phase

gates emerged a few years after the Cirac-Zoller proposal. Instead of using the block-

ade of the motional ground state, geometric phase gates create a harmonic oscillator

interaction to drive the motional wavefunction along a trajectory in the phase space

that is dependent on the spin state. If the spin-state-dependent displacements have

closed loop trajectories, the qubit states pick up a geometric phase proportional

to the encircled area. Entanglement can be engineered by choosing an appropriate

di�erence between the geometric phases of di�erent qubit states. Compared with

Cirac-Zoller gates, these gates are much more robust against thermal excitations of

motional states.

Geometric phase gates consists of two main gate schemes categorized by the basis

in which the state-dependent force is applied: the M�lmer-S�rensen (MS) gate [54]

in the �̂ � basis and the light shift gate [55] in the ^� z basis, where ^� � = cos� �̂ x +

sin� �̂ y. MS gates can be readily implemented using hyper�ne qubits and have been

demonstrated with the highest entangling gate �delities to this date [15, 16]. MS

gates and MS-type interactions are some of the most essential tools used in trapped-

ion quantum computing.

To derive the MS gate unitary, we start with the Hamiltonians for sideband

transitions and assume an e�ective Rabi frequency of 
r (
 b), a detuning of � r (� b)

and a phase of� r (� b) for the red (blue) sideband. For two ions, Eqs. 3.20 and 3.21
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are rewritten as

ĤRSB(t) =
2X

j =1

i�

 (j )

r

2
�̂ (j )

+ âe� i� r te� i� r + h:c:;

ĤBSB (t) =
2X

j =1

i�

 (j )

b

2
�̂ (j )

+ âye� i� bte� i� b + h:c:;

(3.34)

where j is the index of the ion. To drive a MS interaction, we illuminate both

ions with a bichromatic �eld modulated with two tones which are symmetrically

detuned from the red and blue sidebands by� , i.e. � r = � � b � � . We also let


 (1)
r = 
 (1)

b = 
 (2)
r = 
 (2)

b � 
. Then the MS Hamiltonian is the sum of the two

sideband interactions:

ĤMS (t) =
2X

j =1

i�


2

�
�̂ (j )

+ âe� i�t e� i� r + �̂ (j )
+ âyei�t e� i� b

�
+ h:c:;

= i�


2

2X

j =1

�
�̂ (j )

+ e� i� s � �̂ (j )
� ei� s

� �
âe� i�t e� i� m + âyei�t ei� m

�
;

(3.35)

where� s � (� r + � b)=2 is the spin phase and� m � (� r � � b)=2 is the motional phase.

Thus the MS Hamiltonian is separated into a time-independent spin operator̂S(j ) �

�̂ (j )
+ e� i� s � �̂ (j )

� ei� s and a time-dependent motional operatorÂ(t) � âe� i�t e� i� m +

âyei�t ei� m .

Now we can obtain the MS time-evolution operator using Magnus expansion

ÛMS (t) = exp

"
1X

k=1

M̂ k(t)

#

; (3.36)

where

M̂ 1(t) = � i
Z t

0
ĤMS (t0)dt0

=
2X

j =1

Ŝ(j ) [� (t)ây + � � (t)â];

(3.37)
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M̂ 2(t) =
(� i )2

2

Z t

0
dt0

Z t0

0
dt00[ĤMS (t0); ĤMS (t00)]

= i �( t)(
2X

j =1

Ŝ(j ))2;

(3.38)

with

� (t) �
� 

2

(ei�t � 1)ei� m

i�
and �( t) �

�
� 

2�

� 2

[�t � sin(�t )]: (3.39)

Since the spin operatorŜ(j ) is time independent and the time-dependent term in

M̂ 2(t) is a scalar, the nested commutators in all higher order terms vanish, making

an analytical expression for the evolution operator possible, given by

ÛMS (t) = exp

"
2X

j =1

Ŝ(j ) [� (t)ây + � � (t)â] + i �( t)(
2X

j =1

Ŝ(j ))2

#

: (3.40)

The �rst-order term represents a spin-dependent displacement of the motional

wavepacket in the phase space, which ideally should return to the origin at the end

of a gate to disentangle spin with motion. The second-order term can be expanded

as (
P 2

j =1 Ŝ(j ))2 = 2( Ŝ(1) Ŝ(2) � Î (1) Î (2) ) and corresponds to a two-qubit spin rotation

of angle �( t) � 2�( t) about the �̂ � �̂ � axis. We usually set the spin phase� s = 0 and

use the ^� x �̂ x basis as a convention since it only contributes to a trivial global phase.

With an initial state of j0i j 0i , the requirements for creating a maximally entangled

Bell state after a MS evolution are� (t) = 0 and �( t) = �= 4, which can be realized

by choosing the appropriate sideband detuning and gate time:

� = 2� 
 and t =
�

� 

: (3.41)

A CNOT gate can be implemented by adding single-qubit rotations to a MS gate

XX (�= 4), using the circuit shown in Fig. 3.4 [56].
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Figure 3.4 : Circuit for implementing a CNOT using MS gates.

The simpli�ed model discussed in this section only considers one motional mode

for two ions. In reality, for a N -ion chain, the spin-motion interactions will couple

to all N modes whose phase-space trajectories all need to be closed at the end of a

gate. This can be achieved by using pulse modulation techniques [57, 58, 59]. In our

experiment, we apply frequency-modulated (FM) pulses to implement high-�delity

MS gates [60]. The details are discussed in Sec. 5.1.
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4

Experimental System

The experimental work of this thesis is performed on a small-scale trapped-ion quan-

tum computer prototype based on a room-temperature UHV system. As a highly

integrated hardware system consisting of multiple complex subsystems, its current

form is the result of several people's e�ort over many years. Starting from a relatively

simple vacuum chamber designed by a previous generation of graduate students, we

have gone through several iterations of trap replacement and chamber bake-out,

adding more and more subsystems, modi�cations and upgrades along the way. In

this way the whole setup was not designed from the ground up with all the mod-

ules planned in advance. The original system needed to be retro�tted with newer

components and subsystems as we improved and expanded its capabilities.

This chapter describes the hardware components of the experimental system,

which can be summarized into three major subsystems: the vacuum chamber/trap

system, the laser optics system and the electronics control system. All the smaller

component systems and their relations are outlined in Fig. 4.1. The details on most

of the blocks in the diagram will be discussed in the following sections.
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Figure 4.1 : Diagram of the experimental hardware system.

4.1 Vacuum Chamber/Trap Assembly

The ion trap is situated in a UHV chamber to minimize the occurrences of collisions

with background gas molecules which perturb the ions. A 3D model of the vacuum

chamber assembly is shown in Fig. 4.2. The main chamber body is an 600spherical

octagon whose rotational axis is horizontal and aligned with the trapz-axis. The

front opening is sealed by a large re-entrant viewport that provides a short working

distance for the high numerical aperture (NA = 0.6) imaging lens. Mounted onto the

back opening is a custom 
ange designed with DC and RF feedthroughs for the trap,

a high power feedthrough for the thermal atomic oven and a small 1:3300viewport

(occluded in the 3d model) for optical access. A helical resonator to provide RF

trapping voltage and an aluminum ring frame holding a circular array of permanent

magnets to generate the magnetic �eld necessary for trapped-ion experiments are
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Figure 4.2 : CAD model of the UHV chamber assembly including the helical res-
onator, the D-sub connectors and the permanent magnet ring attached to the back

ange.

directly attached to the back 
ange. The custom holder for mounting the helical

resonator is not shown in the model for clarity.

Six out of the eight side openings of the octagon chamber are sealed by 2:7500

viewports to provide optical access, while the other two are used for pumping and

vacuum reading. The top-side opening is connected to a titanium-sublimation pump

via a tee �tting and a 45� downward 
ange is connected to a four-way cross that

supports an ion pump, an ion gauge and a metal valve. Ideally for Yb ions the

vacuum pressure should be maintained on the order of 10� 11 Torr. In our chamber,

we can typically achieve pressures< 2 � 10� 10 Torr, at which point the ion gauge

48



Figure 4.3 : Photo of the internal trap assembly mounted on the back 
ange.

reading is no longer accurate.

Figure 4.3 shows the chip trap assembly mounted on the inside of the custom

back 
ange with the top of the trap facing the front viewport. The trap itself sits

on a ceramic pin grid array (CPGA) pre-packaged in Sandia National Laboratories,

which is connected to a custom UHV-compatible printed circuit board (PCB) using

press-�t pins and sockets. The PCB routes DC voltages to the trap DC electrodes

from four 25-pin D-sub feedthroughs also through press-�t connectors. The ground

plane of the PCB is connected to the trap DC and RF ground to eliminate ground

loops. Titanium ground shields are installed above the trap and below the PCB

to protect the ions from stray electric �elds. The top ground shield allows optical

access to the ions from the top (z-axis) through a rectangular hole and from the side

(xy-plane) through the gap between the shield and the trap surface.
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4.1.1 Sandia Phoenix Trap

Most of the work discussed in this thesis uses a microfabricated Phoenix chip trap

[61] manufactured by Sandia National Laboratories, upgrading from the previous

high optical access (HOA-2) trap [62]. The trap and its electrode layout are shown

in Fig. 4.4. The bowtie-shaped trap has a 1.2 mm-wide isthmuth to provide enough

NA for beams propagating in thexy-plane and a through-substrate slot in the center

Figure 4.4 : (a) Photo of the Phoenix trap with the inset showing a 10-ion chain
trapped for the �rst time in our system. The ion image was captured with an
electron-multiplying CCD (EMCCD) camera. (b) Electrode layout of the Phoenix
trap.
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to give optical access to beams along thez-axis. The 94 independent DC control

electrodes allow a separate ion loading region for shuttling and a quantum region

containing two rows of inner/outer electrodes on either side of the slot, enabling

sophisticated control over the trap potential.

The RF null is 68 � m above the trap surface. In our experiment, we apply a 220

V RF voltage at a frequency of 
RF = 46:34 MHz to result in a trap frequency of

� 2:4 MHz along the faster oscillating radial axis. We typically rotate the principal

radial axes of ion motion by a near 45� angle about thex-axis by controlling the DC

electrodes, so that a Doppler cooling beam parallel to the trap surface has projections

onto both radial directions. In this case they- and z-axes are no longer de�ned as

parallel and perpendicular to the trap surface, and further discussions involving the

principal axes of ion motion should refer to the rotated coordinate system.

4.1.2 Helical Resonator

The high RF voltage is delivered to the trap from the output of a direct digital syn-

thesizer (DDS) through a voltage-controlled ampli�er for active stabilization, a high

power RF ampli�er and �nally a custom helical quarter-wave resonator connected

to the RF feedthrough. The helical resonator consists of a shielded coil that forms a

resonant LC circuit with the trap capacitance to provide high voltage and �ltering.

The coil is inductively coupled to the input RF signal to enable impedance matching

between the RF source and the trap [63].

The helical resonator design is illustrated in Fig. 4.5. The resonator coil is me-

chanically stabilized by three comb-shaped te
on holders which have no dielectric

loss. The input coupling coil (antenna) is attached to an adjustable cap that can be

translated to impedance match the input signal. The loaded quality factor of the

resonator is measured to beQ > 120.
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Figure 4.5 : CAD model of the helical resonator for supplying RF voltage to the
trap. The inset shows the capacitive divider circuit used to sample the RF voltage
for feedback control.

The design also includes a 100:1 capacitive divider that picks o� the output RF

signal to be recti�ed and fed to a PID lock system for RF voltage stabilization.

This was primarily used for the previous HOA trap as the Phoenix trap features a

dedicated capacitive picko� electrode.

4.2 Chamber-Mounted Optics

One of the upgrades we made compared with older UHV chamber systems is to

use custom optical plates directly mounted onto the chamber to deliver the CW and

ablation laser beams, so that the optics and the ions share common-mode mechanical

drifts with minimized relative displacements. Combined with high-quality kinematic

optical mounts and a low beam height (typically 0:500) relative to the mounting

plane, this approach provides excellent optomechanical stability, sustaining year-long

operations without the need for alignment adjustment.

Figure 4.6 shows the geometry for all the laser beams parallel to the trap surface
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Figure 4.6 : Beam geometry for all the lasers brought in through the side viewports
including the CW beams, the global Raman beam and the ablation beam. The inset
is a photo of the ablation target taken from the top-side viewport which we use to
check the alignment of the ablation beam. The red beam spot is from a 650 nm
alignment laser overlapped with the 1574 nm ablation beam.

and delivered through the side viewports, including the CW beams, the global Raman

beam and the ablation beam, with the magnetic �eld orientation perpendicular to

the trap surface. Several factors need to be considered for the appropriate 2D beam

layout: 1) The global Raman beam is perpendicular to the trapx-axis so that the

Raman drive does not couple to axial motion of ions. 2) The Doppler cooling beam

has a 45� angle with respect to the trap x-axis to enable cooling for both axial

and radial motions. 3) The two EIT beams counter-propagate to allow the optimal

polarizations for cooling. 4) The 399 nm photo-ionization beam is perpendicular to

the ablation beam so that it is also perpendicular to the atomic 
ux to achieve a

Doppler-free linewidth for the 1S0 ! 1P1 transition, which is necessary for isotope
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selectivity.

Except for the global Raman beam, all these beams are brought into the cham-

ber using chamber-mounted optics which are installed on four custom plates each

attached to a side viewport, as shown in Fig. 4.7. The three CW beam delivery

plates are �ber-coupled to upstream optics and only contain �ber collimators, mir-

rors, beam focusing/shaping lenses and three-axis translation stages for �nal align-

ment to the ions (see Fig. 4.8). The 369.5 nm and 399 nm beams are combined into

two �bers coupled to the two diagonal plates and focused into an elliptical pro�le at

the ion location. The ablation beam, on the other hand, is delivered to the chamber-

mounted plate via free-space optics due to the low power of the nanosecond pulsed

laser transmitted through regular 1550 nm �bers, which cannot achieve the 0.1{0.2

Figure 4.7 : CAD model of the UHV chamber with four directly mounted beam
delivery plates and the high NA imaging lens mount.

54


