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Abstract

Scientific computing problems in high dimensions are difficult to solve with traditional
methods due to the curse of dimensionality. The recently fast developing machine
learning techniques provide us a promising way to resolve this problem, elevating the
field of scientific computing to new heights. This thesis collects my works on machine
learning to solve traditional scientific computing problems during my Ph.D. studies,
which include partial differential equation (PDE) problems and optimal control prob-
lems. The numerical algorithms in the works demonstrate significant advantage over
traditional methods. Moreover, the theoretical analysis of the algorithms enhances
our understanding of machine learning, providing guarantees that enable us to avoid

treating it as a black box.
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Chapter 1
Introduction

In recent years, machine learning has emerged as a powerful tool for scientific comput-
ing problem, especially in high dimensions. This thesis concludes most of the works
I did during my Ph.D. studies on the combination of traditional scientific computing
problems and machine learning techniques [HLZ20, ZHL21, Z1.22, Z1.23]. They in-
clude deep learning algorithms to solve PDE problems and optimal control problems,
encompassing both numerical successes and theoretical analysis. Each of the work
involves a great effort from me. A brief introduction of each work is given in each
of the following sections, and the details for each work is presented in the following
chapters. Some future directions of research are stated after introducing each of these

works.

1.1 Solving high-dimensional eigenvalue problems

using deep neural networks

In 2018, Han et al. proposed the deep BSDE method to solve high dimensional
PDEs using artificial neural network [HJE18]. This method reformulates PDEs using
backward stochastic differential equations and transform it into a shooting problem.
The same idea could also be applied to solve the eigenvalue problem, which is very
important in scientific computing, especially in quantum mechanics.

We modify the idea of deep BSDE and propose a new method to solve eigenvalue
problems for linear and semilinear second order differential operators in high dimen-
sions based on deep neural networks. The eigenvalue problem is reformulated as a

fixed point problem of the semigroup flow induced by the operator, whose solution



can be represented by Feynman-Kac formula in terms of forward-backward stochastic
differential equations. The method shares a similar spirit with diffusion Monte Carlo
but augments a direct approximation to the eigenfunction through neural-network
ansatz. The criterion of fixed point provides a natural loss function to search for pa-
rameters via optimization. Our approach is able to provide accurate eigenvalue and
eigenfunction approximations in several numerical examples, including Fokker-Planck

operator and the linear and nonlinear Schrodinger operators in high dimensions.

1.2 Actor-critic method for HJB equations

The DeepBSDE method could also be generalized to solve fully nonlinear PDEs,
such as the Hamilton-Jacobi-Bellman (HJB) equation. In another work, we pro-
pose a novel numerical method for high dimensional HJB type elliptic PDEs. The
HJB PDEs, reformulated as optimal control problems, are tackled by the actor-critic
framework inspired by reinforcement learning, based on neural network parametriza-
tion of the value and control functions. Within the actor-critic framework, we employ
a policy gradient approach to improve the control, while for the value function, we
derive a variance reduced least-squares temporal difference method using stochas-
tic calculus. To numerically discretize the stochastic control problem, we employ
an adaptive step size scheme to improve the accuracy near the domain boundary.
Numerical examples up to 20 spatial dimensions including the linear quadratic regu-
lators, the stochastic Van der Pol oscillators, the diffusive Eikonal equations, and fully
nonlinear elliptic PDEs derived from a regulator problem are presented to validate

the effectiveness of our proposed method.



1.3 Single timescale actor-critic method for the

linear quadratic regulator

The numerical successes of the deep learning methods for PDE problems motivate
us to study the theoretical foundations. We aim to establish theoretical guarantee of
machine learning algorithms. The first problem we consider is the linear quadratic
regulator (LQR) in reinforcement learning, which is relatively easy compare with the

optimal control problem due to its clear and simple structure.

We propose a single timescale actor-critic algorithm to solve the LQR problem. A
least squares temporal difference (LSTD) method is applied to the critic and a natural
policy gradient method is used for the actor. We give a proof of convergence with
sample complexity O(s~ ! log(e~1)?), which significantly outperform existing methods.
The method in the proof is applicable to general single timescale bilevel optimization
problems. We also numerically validate our theoretical results on the convergence.
The technique for the convergence proof is also applicable to optimal control problems

in continuous time, which is shown later.

1.4 Policy gradient for optimal control

Before proving the convergence guarantee for the single time-scale actor-critic method
for the optimal control problem, we realize that the convergence for the actor only
policy gradient method is already a hard task due to non-convexity. Therefore, we
propose a innovative local optimal method to show this convergence. The dynamic
can be viewed as the limit of a two time-scale actor-critic method as the critic becomes

infinitely faster than the actor.

We consider the stochastic optimal control problem in continuous time and a

policy gradient method to solve it. In particular, we study the gradient flow for



the control, viewed as a continuous time limit of the policy gradient. We prove
the global convergence of the gradient flow and establish a convergence rate under
some regularity assumptions. The main novelty in the analysis is the notion of local
optimal control function, which is introduced to compare the local optimality of the

iterate.

1.5 Actor-critic method for optimal control

After showing the convergence of the policy gradient method, we are fully prepared
to prove the convergence of the single time-scale actor-critic method. The idea is to

combine the methods in the previous three works.

We propose an single time-scale actor-critic framework to solve the stochastic
optimal control problem with continuous time. We construct a policy gradient flow
in the actor for policy improvement. We use the deep BSDE method to construct
a variance reduced least square temporal difference method in the critic for policy
evaluation. We show that the algorithm possesses a global convergence property

under mild assumptions.



Chapter 2

Solving High-Dimensional Eigenvalue
Problems Using Deep Neural Networks:
A Diffusion Monte Carlo Like Approach

2.1 Introduction

Many fundamental problems in scientific computing can be reduced to the compu-
tation of eigenvalues and eigenfunctions of an operator. One primary example is
the electronic structure calculations, namely, computing the leading eigenvalue and
eigenfunction of the Schrodinger operator. If the dimension of the state variable is
low, one can use classical approaches, such as the finite difference method or spectral
method, to discretize the operator and to solve the eigenvalue problem. However,
these conventional, deterministic approaches suffer from the so-called curse of dimen-
sionality, when the underlying dimension becomes high, since the number of degrees

of freedom grows exponentially as the dimension increases.

For high-dimensional problems, commonly arising from quantum mechanics, sta-
tistical mechanics, and finance applications, stochastic methods become more at-
tractive and in many situations the only viable option. In the context of quantum
mechanics, two widely used approaches for high-dimensional eigenvalue problems
are the variational Monte Carlo (VMC) and diffusion Monte Carlo (DMC) meth-
ods [McM65, CCK77, BSS81, ZCG97, FMNRO1, NTDR09]. These two approaches
deal with the high dimensionality via different strategies. VMC relies on leveraging
chemical knowledge to propose an ansatz of the eigenfunction (wavefunction in the

context of quantum mechanics) with parameters to be optimized under the varia-



tional formulation of the eigenvalue problem. The Monte Carlo approach is used
to approximate the gradient of the energy with respect to the parameters at each
optimization iteration step. On the other hand, DMC represents the density of the
eigenfunction with a collection of particles that follow the imaginary time evolution
given by the Schrodinger operator, via a Feynman-Kac representation of the semi-
group. It can be understood as a generalization of the classical power method from
finite-dimensional matrices to infinite-dimensional operators. In electronic structure
calculations, DMC usually can give more accurate eigenvalues compared with VMC,
which relies on the quality of the proposed ansatz, while the particle representation
of DMC often falls short of providing other information of the eigenfunction, such as

its derivatives, unlike VMC.

As discussed above, one key to solving high-dimensional eigenvalue problems is
the choice of function approximation to the targeted eigenfunction, ranging from the
grid-based basis, spectral basis, to nonlinear parametrizations used in VMC, and
to particle representations in DMC. Given the recent compelling success of neural
networks in representing high-dimensional functions with remarkable accuracy and
efficiency in various computational disciplines, it is fairly attempting to introduce
neural networks to solve high-dimensional eigenvalue problems. This idea has been
recently investigated under the variational formulation by [EY18, PPAT19, HZE19,
PSMF20, HSN20, CMC20]. Particularly [HZE19, PSMF20, HSN20, CMC20] has
shown the exciting potential of solving the many-electron Schrodinger equation with
neural networks within the framework of VMC. On the other hand, how to apply
neural networks in the formalism of DMC has not been explored in the literature,

which leaves a natural open direction to investigate.

In this paper, we propose a new algorithm to solve high-dimensional eigenvalue

problem for the second-order differential operators, in a similar spirit of DMC while



based on the neural network parametrization of the eigenfunction. The eigenvalue
problem is reformulated as a parabolic equation, whose solution can be represented
by (nonlinear) Feynman-Kac formula in terms of forward-backward stochastic dif-
ferential equations. Then we leverage the recently proposed deep BSDE method
[EHJ17, HJE18] to seek optimal eigenpairs. Specifically, two deep neural networks
are constructed to represent the eigenfunction and its scaled gradient. Then the neu-
ral network is propagated according to the semigroup generated by the operator. The
loss function is defined as the difference between the neural networks before and after
the propagation. Compared to conventional DMC, the proposed algorithm provides
a direct approximation to the target eigenfunction, which overcomes the shortcoming
in providing the gradient information. Moreover, since the BSDE formulation is valid
for nonlinear operators, our approach can be extended to high-dimensional nonlinear

eigenvalue problems, as validated in our numerical examples.
2.2 Numerical methods

2.2.1 The method for a linear operator

We consider the eigenvalue problem

L) =\, (2.1)

on Q = [0, 27]? with periodic boundary condition where £ is a linear operator of the

form

L(x) = —% Tr (O'O'T Hess(¢)(w)) —b(x) - Vi(z) + f(x)(x). (2.2)

o is a d x d constant invertible matrix such that oo ' is positive definite, Vi denotes
the gradient of ¥, b(z) is a d-dimensional vector field and Hess(¢)) denotes the Hessian

matrix of .



To solve this eigenvalue problem, we augment a time variable and consider the
following backward parabolic partial differential equation (PDE) in the time interval
[0,T7:

Owu(t, x) — Lu(t,z) + Au(t,z) =0 in [0,7] x €,

(2.3)
u(T,z) = U(x) on €.

This is essentially a continuous time analog of the power iteration for matrix eigen-
value problem. Let us denote the solution of (2.3) as u(T —t,-) = P}V (note that the
backward propagator {P}}i<r forms a semigroup, i.e., P} o P} = P} ., ). According
to the spectral theory of the elliptic operator, if ¥ is a stationary solution of (2.3),
i.e., PpW = W, then (A, ¥) must be an eigenpair of £. Therefore, we can minimize
the “loss function” |PA¥ — U|> with respect to (A, ¥) to solve the eigenvalue prob-
lem. While this is a non-convex optimization problem, we expect local convergence
to a valid eigenpair with appropriate initialization. Note that, unlike power itera-
tion in which A is determined by the eigenvector, in our algorithm A is treated as a
variational parameter and optimized jointly with the eigenfunction, as in the DMC
method.

The reformulation above turns the eigenvalue problem into solving a parabolic
PDE in high dimensions. For the latter, we can leverage the recently developed
deep BSDE method [EHJ17, HJE18, HL20] (which is why the parabolic PDE (2.3)

is written backward in time). Let X; solve the stochastic differential equation (SDE)
dXt = O'th, (24)
or in the integral form

t
X, = X0+/ o dW,, (2.5)
0

where W, is a d-dimensional Brownian motion, and X is sampled from some initial
distribution v. Then according to the It6’s formula, the solution to (2.3), u(t,x)

8



satisfies

u(t, Xy) = u(0, Xo) + / (f(Xs)u(s, Xs) — Au(s, Xs) — b(Xs)Vu(s, X)) ds
Ot (2.6)
+ / o' Vu(s, X,) dW.

Note that simulating the two SDEs (2.5) and (2.6) is relatively simple even in high
dimensions, while directly solving the PDE (2.3) is intractable. We remark that it is
possible to add a drift term b(X;) dt to the SDE (2.4) and modify (2.6) accordingly
(see the discussion below).

Of course, a priori in (2.6) for both u(s,-) and Vu(s,-) are unknown, while we
know that if we set u(s,-) = W(-), the eigenfunction we look for, and Vu(s, -) = VU(-),
the solution u(t, -) remains W(-) for all ¢. The idea of our method is then to use two
neural networks, 9y and M, vy as ansatz for the eigenfunction ¥ and its scaled
gradient o'V, respectively. Assigning u(0, Xy) = Ng(Xy) and o"Vu(s, X,) =

MN,7vw(Xs) in (2.6), the discrepancy for the propagated solution, i.e.,
Exg~r [771|m\1/(XT) —u(T, XT)‘Z + 12| Myryu(Xr) — 0T VN (XT)ﬂ (2.7)

then indicates the accuracy of the approximation. Here, we use |- | to denote the ab-
solute value of a number or the Euclidean norm of a vector according to the context.
Note that the second term above penalizes the discrepancy between the approxima-
tion of ¥ and its gradient, where 7,7, are two weight hyperparameters. Therefore,
using the above discrepancy as a loss function to optimize the triple (A, My, Nyrvw)
gives us a scheme to solve the eigenvalue problem. The above procedure can be di-
rectly extended to semilinear case where f depends on W and VW, as we will discuss
in Section 2.2.3.

To employ the above framework in practice, we numerically discretize the SDEs
(2.5) and (2.6) using Euler-Maruyama method with a given partition of interval [0, T']

9



0=tg<th < - - <ty=1"

Xy = Xo, X, =X, + oAW,, (2.8)
and

Uy = Ny (X)), U, =Us, + (F(X U, — Ny, — (bo™ T Nrow) (X)) At (2.9)

+ syterV\I! (th)AWna

forn=20,1,...,N — 1. Here At,, = t,,y1 — tn,, AW,, =W, , — W, , and we use X;

n+1
and X, /U, to represent the continuous and discretized stochastic process, respectively.
The noise terms AW,, have the same realization in (2.8) and (2.9), as in the forward-

backward SDEs (2.5) and (2.6).

The loss function (2.7) then corresponds to the discrete counterpart:
Exomv [771 My (Xr) — UT’2 + 72| Norvu (Xr) — 0T VI (Xr) H ; (2.10)

where Vg is the gradient of neural network 9ty with respect to its input. In
practice, the expectation in (2.10) is further approximated by Monte Carlo sampling,
which is similar to the empirical loss often used in the supervised learning context.
For a given batch size K, we sample K points {X}£ | of the initial state from the
distribution v at each training step and estimate the gradient of the loss with respect

to the trainable parameters using the empirical Monte Carlo average of (2.10):
| K
2 2
17 > [771|mw(/‘77’3) —Uz|” + 0| Nyrou(XF) — 0T VN (X])| } (2.11)
k=1

We remark that the definition of the dynamic (2.5) is not unique and implicitly affects
the detailed computation of the loss function (2.10) and (2.11). Specifically, in (2.5),
the diffusion term o is determined by the operator (2.2) while the choice of initial
distribution and the drift term has some flexibility. If the drift in (2.5) changes, one
can change the associated drift in (2.6) according to 1t6’s formula and define the loss

10



again as (2.10) and (2.11). In this work, we choose the form of (2.5) without the
drift and v being the uniform distribution on €2 to ensure that the whole region is
reasonably sampled for the optimization of eigenfunction. Some importance sampling
can also be used if some prior knowledge of the eigenfunction is available, which we

will not go into further details in this work.

At a high level, our algorithm is in a similar vein as the power method for solving
the eigenvalue problem in linear algebra. Both algorithms seek for a solution that
is stationary under the propagation. However, one distinction is that our algorithm
may also be used for general eigenvalues depending on the initialization of A and W.
Using matrix notation, this is similar to using the objective function [[(A — A)v||* to
find non-dominant eigenpair A and v for the matrix A. The actual performance of
solving for non-dominant eigenvalue depends on the initialization and spectral gap
between eigenvalues, as will be illustrated by numerical results in Section 3. On the
other hand, we find in the numerical experiments that if A is initialized small enough,

it will always converge to the first eigenvalue.

In practice, we use fully-connected feed-forward neural networks for the approx-
imation of U and o' VW, respectively. To ensure periodicity of the neural network
outputs, the input vector x = (z1,...,x4) is first mapped into a fixed trigonometric
basis {sin(jz;), cos( jxi)}ii’uﬂfl of order M. Then the vector consisting of all basis
components are fed into fully-connected neural networks with some hidden layers,
each with several nodes. See Figure 2.1 for illustration of the involved network struc-
ture. We use ReLU as the activation function and optimize the parameters with the

Adam optimizer [KB15].

11



sin(x), cos(x) \

sin(2x), cos(2x) PNw(x) or Nyryw(x)

input y * * * output

sin(M x), cos(Mx) J

trigonometric basis layer 1 layer2 layer3

Figure 2.1: Illustration of the neural network.
2.2.2 Normalization

The above loss has one caveat though, as the trivial solution (My = 0, N, 7vy = 0)
is a global minimizer. Therefore, normalization is required to exclude such a trivial
case. We seek for eigenfunctions ¥ such that [, ¥* = |Q], i.e., ﬁH‘PH%g =11 To

proceed, we define the normalization constant

Ty = sigm</Q Ny () dx> (ﬁ/gm@)%) " (2.12)

Thus dividing My by Zg, we enforce that the parametrized function ensures the
normalization condition. Note that the first factor on the right hand side of (2.12) is

introduced to fix the global sign ambiguity of the eigenfunction.

In computation, given the parameters of 9y, we do not have direct access to

Zy. Instead, at the /-th step of training, we use our batch of K data samples to

!The reason we set ﬁ |¥]|2, = 1 instead of ||¥[|2, = 1 is because we want to consider the problem

in high dimensions in the domain Q = [0,27]?. Consider the trivial case when £ = —A, whose
smallest eigenvalue is A = 0 and any constant function is a corresponding eigenfunction. If
[W]|2, = 1, the constant function becomes ¥ = (5-)%/2, which vanishes as d — oo; instead the
normalization ||¥]|2, = || keeps the pointwise-value of ¥ as order 1, which benefits the training
process.

12



approximate Zy via

K

K 1/2
Zy = sign(z m(%é”)) (% Zm(%&“)?) / : (2.13)
k=1 k=1
where the superscripts in X3 serve as the index of batch (k) and index of the training
step (¢). The above is a Monte Carlo estimation of (2.12) if A} is sampled from
the uniform distribution (which we assume in this work). Due to the normalization
procedure, ZAé will enter into the loss function, and thus the stochastic gradient based
on the empirical average over the batch becomes biased (since E(A/B) # EA/EB
in general). To reduce the bias and make the training more stable, we introduce an
exponential moving average scheme to the normalization constant in order to reduce
the dependence of the loss on the estimated normalization constant of the current

batch. In our implementation, we use
Zy = 125 + (1 =) 2 (2.14)

Here 7, € (0, 1) is the moving average coefficient for decay. It is observed that small
v¢ at the beginning makes training efficient, and later on its value is increased such

that the gradient is less biased.

Given the introduced normalization factor, the neural network approximation U
in the updating scheme (2.9) is replaced by (we suppress the training step index in
X)

Xk
Uy = —%Z(f o), (2.15)
v

and we would hope to reduce the discrepancy between the solution of (2.9) at time

T and the normalized neural network approximation Mg (X%)/Z% through training.

The associated batch approximation of loss function used for the computation of

13



stochastic gradient is as follows

2

Ny (X]) 1,

Z4

UTvm\p (.)(7]3)

k
_ Z/{T Zé

maTV‘l/(XTIi) -

2
) +n3(Zo — Z§)*.

(2.16)
In the last term above, Z; is a hyperparameter and 73 is the associated weight.
This term is introduce to prevent Z% being too small; otherwise the normalization
would become unstable. In each training step, we calculate the gradient of (2.16)
with respect to all the parameters to be optimized, including the eigenvalue A and
parameters in the neural network ansatz My and M,ryy. Note that in (2.16) we
do not normalize M,y since its scale has been determined implicitly. When K is
reasonably large and if we neglect the discretization error of simulating the SDEs,
the empirical sum in (2.16) can be interpreted as a Monte Carlo approximation to

the loss (ignoring the sign ambiguity)

2
+ 102

2

Ny (X7)

M(Xr) oV (X7)
19]]2/|9]2

U(T> XT) - 1
9% [|2/1€2] 2

Ui maTV\I/(XT) ) (2-17)

Xor~v

where u(T, X7) is defined as (2.6) except that u(0, Xo) = |Q]20g(Xo)/||Nw|l2. We
remark that the normalization procedure introduced here shares a similar spirit with
Batch Normalization [IS15], which is widely used in the training of neural networks.

We summarize our algorithm as pseudocode in Algorithm 1.

2.2.3 The method for a semilinear operator
Our algorithm can be generalized to solve eigenvalue problems for semilinear operator
1
Lo(x) = 5 Tr (o0 Hess(9)(2) — b(w) - V() + [, 9(2),0  Vila). (218)

The method for semilinear problems is almost the same to previous sections, except
for a few modifications. The SDE for X; is the same as (2.5) while equation (2.6)
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Algorithm 1 Neural network based eigensolver
Input: operator £, terminal time 7T, number of time intervals N, loss weights
M, M2, M3, 2o, neural network structures, number of iterations, learning rate, batch
size K, moving average coefficient 7, in (2.14)
Output: eigenvalue A, eigenfunction Mg and rescaled gradient N, vy
initialization: eigenvalue A, My, N, vy and normalization factor ZJ,
for ¢ = 1 to the number of iterations do
sample K points of A and sample K Wiener processes W,
compute X}, via (2.8)
compute the normalization factor Z§ via (2.13) and (2.14)
normalize and propagate via (2.15) and (2.9)
compute the gradient of loss (2.16) with respect to the trainable parameters
update the trainable parameters by the Adam method
end for

that the solution of the PDE (2.3) satisfies becomes
t
u(t, X;) =u(0, Xo) +/ o' Vu(s, X,) dW,
0

+/0 (f (X5 u(s, Xs), 0 Vu(s, X5)) — b(X,) - Vu(s, Xs) — Au(s, X;)) ds.

(2.19)
The discretization of Xy, equation (2.8), remains unchanged while equation (2.9)

needs modification according to (2.19):

z;{vtn+1 = utn + (f(th7utn7 mo"'V\Il) - AZ/{tn - (baiTmUTV‘I’)(th)) Atn
+ Nyrow (X, ) AW, (2.20)

utn+1 = Clip(gtn+1 ) P> Q)a

where (for P < @) Clip is a clipping function given by

P ifu<P;
Clip(u, P,Q)=<qu, ifP<u<Q; (2.21)
Q, ifu>Q.
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Here we introduce the clipping function (=P = @ > 0) to prevent numerical insta-
bility caused by the nonlinearity of f in (2.19) (for instance, the cubic term in the
nonlinear Schrédinger equation (2.25) below), especially at the early stage of train-
ing. It checks U;, and replaces those whose absolute values are larger than () with
sign(Uy,, )@, where (Q > 0 is an upper bound of the absolute value of the true normal-
ized eigenfunction. Given the modified forward dynamics (2.20), the loss function for
the semilinear operators are defined the same as (2.16), and the training algorithm

is the same too.

2.3 Numerical results

In this section, we report the performance of the proposed eigensolver in three exam-
ples: the Fokker-Planck equation, the linear Schrodinger equation, and the nonlinear
Schrodinger equation. The domain  is always [0, 27]¢ with periodic boundary con-
dition. In each example we consider the dimension d = 5 and d = 10. We also solve
the second eigenpair of the linear Schrodinger equation with d = 10 to illustrate
that our algorithm is able to get non-dominant eigenpairs. All The hyperparameters
are given in 2.5. We examine the errors of the prescribed eigenvalue, the associated
eigenfunction, and the gradient of the eigenfunction. The errors for eigenfunctions
and gradients of eigenfunctions are computed in the L? and L* sense, approximated
through a set of validation points. Given a set of validation points {X*}5£ | we use

the quantity

L () (k) >2 ’
erry = E : (2.22)
K= ( Zi (LK wamp)
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and

Ny (XF) W(X)
erry ‘= max - ; (2.23)
D (X @)

to measure the error for eigenfunction where Z% is computed via equation (2.14),

with a known reference eigenfunction . We use

(2.24)
o TV (XF)
(52 et [TV R(X™)2)

D=

to quantify the error for the gradient approximation. We record and plot the error ev-
ery 100 steps in the training process, with a smoothed moving average of window size
10. The final error reported is based on the average of the last 1000 steps. Besides the
errors above, we also visualize and compare the density of the true eigenfunction and
its neural network approximation (since it is hard to visualize the high-dimensional
eigenfunction directly). The density of a function ¥ is defined as the probability den-
sity function of W(X) where X is a uniformly distributed random variable on 2. In
practice, the density is approximated by Monte Carlo sampling. As shown below, in
all three examples, we find that the eigenpairs (with gradients) are solved accurately

and the associated densities match well.

2.3.1 Fokker-Planck equation

In this subsection we consider the linear Fokker-Planck operator

Lp=—-AY =V -WVV)=—-AY—-VV . -V — AV,
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Figure 2.2: Density and error curves for Fokker-Planck equation.

where V(z) is a potential function. The smallest eigenvalue of £ is \; = 0 and the
corresponding eigenfunction is ¥(z) = e~V®@)  which can be used to compute the
error. We consider an example V (z) = sin(Zf:1 ¢; cos(x;)), where x; is the i-th coor-
dinate of x, and ¢; takes values in [0.1, 1]. The function V is periodic by construction.
Figure 2.2 shows the density and error curves for the Fokker-Planck equation in d = 5
and d = 10. For d = 5, the final errors of the eigenvalue, eigenfunction (in L? and
L*>) and the scaled gradient are 3.08e-3, 2.91e-2, 1.25e-1 and 4.91e-2. For d = 10,
the final errors are 3.58e-3, 1.62e-2, 1.08e-1 and 4.10e-2.

2.3.2 Linear Schrodinger equation
In this subsection we consider the linear Schrodinger operator

LY =—-AY 4+ Vi,
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Figure 2.3: Density and error curves for linear Schrodinger equation.

where V' (z) is a potential function. Here we choose V(z) = Z?Zl ¢; cos(z;), in which
¢; takes values in [0, 0.2]. With potential function being such a form, the problem is
essentially decoupled. Therefore we are able to compute the eigenvalues and eigen-
functions in each dimension through the spectral method and obtain the final first
eigenpair with high accuracy for comparison. The computation details are provided
in Section 2.4. Figure 2.3 shows the density and error curves for the Schrédinger
equation in d = 5 and d = 10. For d = 5, the final errors of the eigenvalue, eigenfunc-
tion (in L? and L) and the scaled gradient are 8.84e-4, 7.87¢-3, 4.78¢-2 and 2.30e-2.
For d = 10, the final errors are 1.40e-3, 1.19e-2, 7.48e-2 and 3.14e-2.
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2.3.3 Nonlinear Schrodinger equation

We finally consider a nonlinear Schrodinger operator with a cubic term, arising from
the Gross-Pitaevskii equation [Gro61, Pit61] for the single-particle wavefunction in a

Bose-Einstein condensate:
L1 = —AyY + e + V. (2.25)

Here we assume € = 1 and consider a specific external potential

V(z) = —= exp < Zcosa@) + Z <Sm . Cozxi) 3, (2.26)

such that A\ = —3,¥(z) = exp(3 ijl cos(x;))/c is an eigenpair of the operator
(2.25). Here c is a positive constant such that [, V?(z)dz = |Q|. In this example we
used P = —5 and Q = 5 in the clip function (2.21). Figure 2.4 shows the density
and error curves for the nonlinear Schrodinger equation in d = 5 and d = 10. For
d = 5, the final errors of the eigenvalue, eigenfunction in L? and L*> and the scaled
gradient are 1.53e-3, 8.07e-3, 6.58¢e-2 and 4.36e-2. For d = 10, the final errors are
2.6e-4, 4.60e-3, 3.83e-2 and 3.55e-2.

2.3.4 An example for the second eigenpair

In this subsection we reconsider the Schrodinger operator
L = =AY+ V),

with the additional goal of finding the second eigenpairs. The potential function is
double-well in each dimension: V(z) = 3% | A, cos(2z;). The reference solutions are
solved by the same numerical method as in Section 2.3.2.

We first consider the cases when the eigenvalues are well-separated. Assuming
d=10, Ay =1.5and A; = 0.2 for 2 < i < 10, the associated eigen-gaps are A — \; =
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Figure 2.4: Density and error curves for nonlinear Schrodinger equation.

4.52e-1 and A3— Ao = 4.52e-1. If we follow the training procedure described previously,
we are able to find the first eigenpair with errors of 2.34e-3, 3.95e-3, 2.37e-2 and 1.21e-

2. The left column in Figure 2.5 shows the density and error curves.

On the other hand, our method is also able to find the second eigenpair given some
mild prior estimate of the eigenvalue. Suppose that we have an approximation \ of
the true second eigenvalue \y. We can firstly fix this approximated eigenvalue and
train the neural networks only with some steps. With such a pre-training procedure,
we expect that the neural networks would reach a reasonable approximation of the
second eigenfunction and its scaled gradient. Then, we train both the eigenvalue and
the neural networks for the eigenfunction until convergence. The right column in
Figure 2.5 shows the density and error curves of the second eigenpair, obtained by

following the described procedure. In this example, A = Ay + 0.1, and the final errors
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Figure 2.5: Density and error curves for the second eigenfunction.

are 2.23e-3, 5.65e-3, 5.08e-2 and 1.04e-2.

We remark that the eigenvalue problem becomes more challenging when it is
nearly degenerate, i.e., the first and second eigenvalues are close to each other.
This is a common phenomenon for various numerical methods, and our algorithm
is no exception. Suppose we consider a one-dimensional problem with potential
V(z) = 5cos(2z). The first and second eigenvalues are —2.153 and —2.076 respec-
tively, with a small gap 8.7e-2. If we train the model for the first eigenpair like before,
the obtained eigenfunction is plotted on the left of Figure 2.6. If we solve the sec-
ond eigenpair with the additional pre-training procedure introduced above, we still
cannot get the second eigenfunction approximately, even with a fixed true second
eigenvalue. The results can be improved if we furthermore have certain approxima-

tion to the second eigenfunction. For instance, if we initialize the neural networks
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for the eigenfunction as v;,;; = 12 + €1 where 1, and 1) are the first and second
eigenfunctions respectively and e denotes the degree of perturbation. We take ¢ = 0.3
in our numerical experiment, and we remark that the direction of perturbation is not
necessarily in ;. Such initialization can be achieved through a supervised learning
procedure. With this initialization, the final solution to the second eigenfunction is
plotted on the right of Figure 2.6.

According to the numerical results of both the well-separated and degenerate
problems, we find that better initialization of eigenvalue or eigenfunctions can usually
improve results. For the degenerate problem, even in the one-dimensional case, both
the first and second eigenpairs are difficult to solve accurately since the final solution

may involve a mix of two eigenfunctions.

2.4 Spectrum method for linear Schrodinger equa-

tion

Suppose that the potential function in the linear Schrédinger operator £ = —A+V is
decoupled with the form V(z) = 39

i1 Cj cos(z;), then we can solve the corresponding

eigenvalue problem in a decoupled way. Specifically, assume we can solve the one-
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dimensional eigenvalue problem
—Wi(x) + ¢jcos(x) W (x) = \jV;(x), = €0,2n]. (2.27)

Then one can easily verify that A = Z?Zl A; and

U(z) =[] ¥;(xy) (2.28)

together define an eigenpair of the original high-dimensional Schrodinger operator.

To solve (2.27), we can employ the classical spectrum method. For a fixed N € N,

assume that

U,(z) = Z al e (2.29)
m=—N
then
N
i(r) = Z ma?, €. (2.30)
m=—N

Let p,(z) = €™ (n = —N,---,N) be the test functions. By (2.27) and periodicity,

we have
/0 (W (@) () + ¢ cos(a) U (@)gn(x))dz = A, / W (@)eu(n)dr. (231)

Since [*" emeeintdy — s and
0 m—+n

27 27
/ Cos(x)ezmxemacdw _ 5/ (ez(m-‘rn-‘rl)x + ez(m—l—n—l)x)dx _ 7T(6m+n+1 + 5m+n—1)7
0 0
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the left- and right-hand sides of (2.31) become
2
| @) + ot (gt
0

= E al, / (—mne™e"™* 4 ¢; cos(x)e™ e )dx
m=—N 0

(2.32)
N
= Z al T(—2mndpmn + C€j0mint1 + Cj0min—1)
m=—N
= 7(2na_, + Cja_p_1+ Cja_pi1),
(assuming a,, = 0 for |m| > N) and
2
/ U (z)on(z)dr = 2ma_y,, (2.33)
0
respectively. Therefore, equation (2.31) can be rewritten in the matrix form:
ON? ¢ T
cj [a’ ] [a’ ]
.2 : : :
@ .00 . Sl =2 08 (2.34)
2 : :
. Cj L a’?\/' . L ai\f J
L Cj 2N2_

This is a standard eigenvalue problem in numerical algebra. Suppose 5\j and

(CL_N7 PN ,CLN)

is the eigenvalue and associated eigenvector of the matrix in (2.34), then \; = \;/2
is the approximated eigenvalue in (2.27), and (2.29) provides the associated eigen-

function, which is equivalent to a real eigenfunction up to a complex constant.
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2.5 Hyperparameters in the numerical examples

We first report hyperpameters commonly used in all three numerical examples and
then list in Tables 2.1-2.3 those specific to the examples. In all three examples, the
order of the trigonometric basis M = 5, the constant Z; = 2 for regularizing the
normalization factor, the weight parameters in the loss 71 = 1000,7, = 20,173 =
100. In the following tables, the structures of the neural networks are represented
by vectors, whose elements denote the number of nodes within each layer. The
learning rate and moving average decay -, are both piecewise constant, whose values
and boundaries are given separately. For example, in 5-dimensional Fokker-Planck
problem, the learning rate is 1 x 10™* for the first 30000 steps, 5 x 10~° from the
30001-st to the 60000-th step and le-5 after the 60000-th step. The moving average

decay 7, is defined similarly, with the same boundaries.

We remark that the choice of the terminal time T is a trade-off between dis-
cretization errors and training errors. For a fixed number of time steps N, a large T’
will result in large discretization errors. On the other hand, if a small T is used, the
discrepancy between P2¥ and W is less significant when a wrong ¥ is used (think
about the extreme case that 7' = 0, any W would give 0 loss), which causes difficulty
in the optimization of the parameters.

We also remark that the choice of the size of the neural networks is a trade-off
between the approximation accuracy and computational cost. Three is chosen as
a moderate depth while the widths are chosen to guarantee enough approximation
capability. We choose ReLLU as the activate function to save the computation cost
of backpropagation in the calculation of derivatives, without a sacrifice of accuracy.
The learning rates are chosen to be non-increasing piecewise constant according to

common practice.
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Table 2.1: Parameters for Fokker-Planck.

Parameters ‘ d=5 d=10
terminal time T 0.2 0.2
number of time intervals N 80 120
structure of neural networks [80, 80, 80] [300, 300, 300]
number of iterations 80000 100000
learning rate [1x107%,5x 1075, 1x107°] [5x1075,2x 107%, 1 x 107
moving average decay -y, [0.2, 0.5, 0.9] [0.2, 0.5, 0.9]
piecewise constant boundaries [30000,60000] (60000, 80000]
batch size K 1024 1024

Table 2.2: Parameters for linear Schrodinger.

Parameters ‘ d=5 d=10
terminal time T’ 0.3 0.3
number of time intervals N 80 120
structure of neural networks [80, 80, 80] [300, 300, 300]
number of iterations 80000 80000
learning rate [1x107%,5x1075,1x107°] [5x 1075, 5x 107>, 1 x 107
moving average decay 7y [0.2, 0.5, 0.9] [0.2, 0.5, 0.9]
piecewise constant boundaries [30000, 60000] [40000, 60000]
batch size K 1024 1024

Table 2.3: Parameters for nonlinear Schrodinger.

Parameters ‘ d=5 d=10
terminal time T 0.2 0.3
number of time intervals N 120 200
structure of neural networks [80, 80, 80] [300, 300, 300]
number of iterations 60000 80000
learning rate [5x 1075, 2x107°, 1 x107°] [5x 1075, 2x 107>, 1 x 1079]
moving average decay 7y, [0.2, 0.9, 0.99] [0.1, 0.9, 0.99]
piecewise constant boundaries [20000, 40000] [40000, 60000]
batch size K 2048 2048

2.6 Conclusion and future works

In this paper, we propose a new method to solve eigenvalue problems in high dimen-
sions using neural networks. Our method is able to compute both eigenvalues and

corresponding eigenfunctions (with gradients) with high accuracy.

There are several natural directions for future work. First, to apply our methodol-
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Table 2.4: Parameters for well-separated linear Schrodinger.

state ‘ first eigenpair second eigenpair
terminal time T 0.2 0.2
number of time intervals N 320 320
structure of neural networks [200, 200, 200] [200, 200, 200]
number of iterations 50000 50000
learning rate [Hx1074 1x107%, 1 x107%] [5x 1074 1x 1074, 1 x 1079]
moving average decay 7y, [0.1, 0.2, 0.9] [0.1, 0.9, 0.99]
piecewise constant boundaries [30000, 40000] [30000, 40000]
batch size K 2048 2048

Table 2.5: Parameters for degenerate linear Schrodinger.

state ‘ first eigenpair second eigenpair
terminal time T’ 0.2 0.2
number of time intervals N 80 80
structure of neural networks [40, 40] [40, 40]
number of iterations 6000 6000
learning rate [5x 1074 1x 1074, 1 x 1075 [5x 1074 1 x 1074, 1 x 1079]
moving average decay vy [0.1, 0.2, 0.9] [0.1, 0.2, 0.9]
piecewise constant boundaries [2000, 4000] [2000, 4000]
batch size K 512 512

ogy to quantum many-body systems, we need to respect the permutation symmetry in
our ansatz for the wavefunctions. Previous works [HZE19, CMC20, HSN20, PSMF20)]
have proposed various flexible neural-network ansatz to incorporate in the symmetry,
which can be combined with our approach. Moreover, in DMC, importance sampling
techniques are often essential to improve the accuracy. In our context, this means to
choose a better underlying diffusion process guided by a trial wavefunction depending
on the problem. Last, the scalability of the method has to be tested on larger systems
beyond the toy numerical examples in this work.

On the theoretical aspects, the understanding of the stability and convergence of
the proposed method is a fascinating future direction. While the general analysis
might be quite difficult given the highly nonlinear approximation induced by the
neural networks and also the complicated optimization strategy, some perturbative

analysis, especially in the linearized regime, might be possible. We will leave these
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to future works.
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Chapter 3

Actor-Critic Method for High

Dimensional Static
Hamilton—Jacobi—Bellman Partial
Differential Equations Based on Neural

Networks

3.1 Introduction

The Hamilton-Jacobi-Bellman (HJB) equation is an important family of partial dif-
ferential equations (PDEs), given its connection with optimal control problems that
lead to a wide range of applications. The unknown in the HJB equation can be viewed
as the total expected value function for optimal control problems. The equation can
be derived from the dynamic programming principle pioneered by Bellman [Bel66],
which gives a necessary and sufficient condition of the optimality. Theoretical results
for the existence and uniqueness of the HJB equations are well established; see, e.g.,
[YZ99]. From the viewpoint of stochastic control, the relationship between the viscos-
ity solution of the HJB equations and the backward stochastic differential equations
(BSDEs) is introduced in [CIL92, PP90, Pen91, PP92, Par9s|.

The wide applications of HJB equations call for efficient numerical algorithms.
Various numerical approaches have been developed in the literature, including the
monotone approximation scheme [BJ02, FL07|, the finite volume method [WJTO03,
RWO06], and the Galerkin method [BSW97, BSW98]|. In [OS88], non-oscillatory
schemes are developed to solve the HJB equations exploring the connection with

hyperbolic conservation laws. The HJB equations related to reachability problems
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are studied in [MT03, MBT05, Lyg04]. A general survey for classical methods to solve
the optimal control problem numerically can be found, e.g., in [Rao09]. While these
conventional approaches have been quite successful, they fall short for solving HJB
equations in high dimensions due to the curse of dimensionality [Bel66]: the com-
putational cost goes up exponentially with the dimensionality. Many works attempt
to mitigate this fundamental difficulty by leveraging dimension reduction techniques
such as proper orthogonal decomposition, sparse grid, pseudospectral collocation,
and tensor decomposition (see e.g., [KVX04, KW17, KK18, DKK21, OSS19]). The
performance of these algorithms heavily depends on how well the low dimensional
representation matches the solutions, and is typically problem dependent and thus
with limited applicability.

To better address the challenge of high dimensionality, a promising direction is
to consider the artificial neural network as a more flexible and efficient function
approximation tool. This topic has received a considerable amount of attention and
been a rapidly developing field in recent years. Several numerical approaches for high
dimensional PDEs based on neural network parametrization have been proposed; see
e.g., the reviews [WHJ21, BHJK20] and references therein.

For HJB type equations and related optimal control problems, the most tightly
connected approach to our work is the deep BSDE method [HJE18, EHJ17], which
reformulates parabolic PDEs as control problems using BSDEs, and uses deep neural
network parametrization for the solution and control to solve this problem. Theoret-
ical results for convergence of this method are studied in [HL20]. The deep BSDE
method and its variants have been applied to solve HJB type equations, stochas-
tic control problems, and differential games (see e.g., [HJE18, EHJ17, CWNMW19,
HL17, PWET19, PWG21, NR21, KSS20b, JPPZ20, HH20, HHL20]). Numerical al-

gorithms for solving high dimensional deterministic and stochastic control problems
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based on other forms combined with deep learning approximation have also been

investigated in [EH16, NZGK21, BCJ19, HH21].

While some methods mentioned above have been successful in solving PDEs in
high dimensions, there have been two issues that remain to be addressed. On the one
hand, most of these works concern parabolic PDEs of finite time horizon (often of
order one), while only a few works investigate the static elliptic HJB equations cor-
responding to control problems with infinite time horizon. On the other hand, most
existing works consider equations where the optimal controls are explicitly known
given the value function or without controls, while there are many important HJB
type equations for which the optimal control is cast through an optimization problem
and hence implicit. Recently, an algorithm for a high dimensional finite-time horizon
stochastic control problem with implicit optimal control is considered in [JPPZ22],
based on the deep BSDE formulation associated with the stochastic maximum prin-
ciple. In this paper, we take a different approach and focus on solving the static
elliptic type HJB equation with implicit control, in which the above two challenges
are compounded.

Our proposed numerical method is heavily inspired by the literature on reinforce-
ment learning (RL) [SB18|, which is of course closely related to control problems.
Our motivation for borrowing techniques from RL is due to the impressive revolution
and great success in recent years in deep RL by utilizing neural network parametriza-
tion [MKS*13, SHM*16, DCH"16]. In the RL context, the control problem is usually
formulated as a Markov decision process (MDP) on discrete time and state space. If
the model is given, finding the optimal policy can be viewed as solving a discrete HJB
equation. It is then natural to ask whether algorithms developed in the RL context

can be generalized to the context of solving high dimensional HJB equations.

In this paper, we reformulate the HJB type fully nonlinear elliptic PDEs into
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stochastic control problems and leverage the actor-critic framework in conjunction
with a neural network approximation to solve the equations. The actor-critic methods
are a class of algorithms in RL [SB18]. These algorithms iteratively evaluate and
improve the current policies (i.e., controls) until final convergence. The critic refers
to the value function of a given policy. The process of estimating the critic is called
policy evaluation. The most common algorithms for policy evaluation are temporal
difference (TD) methods [KT00, BSGL09, VL10], or their variants, such as the TD(\)
[DWS12] and the least-squares TD (LSTD) [PS08, MSBS10, Boy99]. The actor
refers to the policy function, and we need to make policy improvement based on
a given value function. In this case, the most popular method is policy gradient
[KT00, BA06, AB07, DWS12, WBH"16] and their variants, such as natural policy
gradient [PS08, BSGL09]. In this work, we propose a variance reduced version of the
LSTD method for policy evaluation derived using stochastic calculus. We also adapt
the policy gradient method for policy improvement to the continuous-time stochastic

control problem.

3.2 Theoretical background for actor-critic

3.2.1 Control formulation of elliptic equations

Consider the following fully nonlinear elliptic PDE

inf %Tr (oo Hess(V)) (2, u) + b(z,u) ' VV(z) + f(z,u)| —4V(z) =0 inQ,

u€l
(3.1)
with boundary condition V(x) = g(z) on 092. Here the state space ) is an open,
connected set in RY with piecewise smooth boundary, and the control space U is
a convex closed domain in R%. We assume that V(z) € C%(Q), f(z,u) € C(Q x
U), b(z,u) € C(Q x U;RY), o(x,u) € C(Q x U;R*%™) with o(x,u)o " (x,u) being
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uniformly elliptic and bounded, and v > 0 is a constant. Here and in the following,

we use V and Hess to denote the gradient and Hessian operators.

As a starting point of our approach, we reformulate the above elliptic equation
as an optimal control problem. Let ((NZ, F,{Fi}i>0, P) be a filtered probability space.

Consider the following stochastic differential equation (SDE)
dXt = b(Xt, Ut) dt + O'(Xt, Ut) th (32)

with initial condition X, = = € Q, where u; € U C R% is an F;-adapted control field
and W, is a d,,-dimensional F;-standard Brownian motion. As we solve the equation

in the domain €2, we define a stopping time
T =inf{t: X; ¢ Q}. (3.3)

It is a standard result that 7 < oo a.s.; see, for example, [Kle05].

We then consider an optimal control problem to minimize the following cost func-

tional

JU(z) = E[/OT f(Xs,us)e P ds+e 7g(X,) | X = :1;] (3.4)

In this cost functional, f can be interpreted as running cost, ¢g is the terminal cost

when the SDE hits the boundary 0f2, and ~ is the discount rate.

The control u is chosen over the set of stochastic processes that have values in U

and are adapted to the filtration F;. Define

V(z) = i%f J"(x) (3.5)

as the optimal value function (i.e., optimal cost-to-go function). According to stan-
dard results in stochastic control theory [YZ99], V satisfies the time-independent
HJB equation

igf{ﬁ“V(m, u) + f(z,u) —yV(z)} =0 (3.6)
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in Q with boundary condition V' (z) = g(z) on 052, where
1
L'V (x) = 5 Tr (oo " Hess(V)) (2, u) + b(z,u) ' VV(z)

is the generator of the controlled SDE (3.2). Note that the HJB equation (3.6)
coincides with the original PDE (3.1) and, hence, we can solve the PDE (3.1) by

solving the optimal control problem to obtain the optimal value function.

3.2.2 Actor-critic method in stochastic optimal control prob-

lem

Our approach for solving the optimal control problem is based on the actor-critic
framework. In such methods, one solves for both the value function and control field.
The control (i.e., policy in the RL terminology) is known as the actor, while the
value function corresponding to the control is known as the critic since it is used to
evaluate the optimality of the control. Accordingly, the actor-critic algorithms consist
of two parts: policy evaluation for the critic and policy improvement for the actor.
While many approaches have been developed under the actor-critic framework [KT00,
ABO07, PS08, BSGL09, VL10, DWS12, WBH*16], we will focus on simple and perhaps
the most popular algorithms: TD learning for the value function given a policy and

policy gradient for improving the control.

TD for discrete Markov decision processes

To better convey the idea, let us first briefly recall the algorithms for the discrete-time
MDP with finite state and action space; more details can be found in e.g., [SB18].
The MDP starts with some initial state Sy in the state space S, possibly sampled
according to a distribution. At time ¢ € N, given the current state S;, the agent picks

an action A; in the action set A according to a policy. We assume that the policy is
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deterministic, i.e., the policy is a map m from the state space S to the action space
A:
At == W(St>. (37)

After the action A; is chosen, the system state will transit to Sy, 1, according to a

probability transition function
P(Sy1 =58 Si=sA4 =a)=p(s| s, a). (3.8)

The action also incurs a cost R;,1, which we assume to be given by a deterministic

function of the previous state Sy, action A;, and the current state Sy:
Rt+1 - f(St7 At7 St+1)' (39)

The goal of the MDP problem is to choose the best policy to minimize the expected

total discounted cost

[e o]

Esompi,r [Z 6t_1Rt] ) (3.10)

t=1
where € (0, 1) is a discount factor, u is the distribution of the initial state Sy, and
we have used E, to indicate the dependence on the transition dynamics on the choice

of the policy .

To solve the MDP problem, it is convenient to introduce the (state) value function

w.r.t. a policy 7 as the expected cost starting at states s under that policy:

o0

V™(s) = E, [Z BYIR, | Sy = 3]. (3.11)
t=1
By the dynamic programming principle [Bel66], for any given policy 7, the value

function satisfies

n

V7(s) = E, [Z BIR, + BVT(S,) | S = s] (3.12)

t=1
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for any n > 1. In order to minimize the total cost (3.10), we search for an optimal

policy 7* that satisfies for all 7,
VT(s) < V™(s) V¥seS. (3.13)

Specifically, by the optimality principle, we have

V™ (s) = mi E[ IR, 4 BMVT(S,) | So = 5, Ay = apt = 0,1, n—1].
(s) nin, ;ﬁ t+ 0 (Sn) | So = 8,4 = ay n—1]
(3.14)
Note that while in (3.12) and (3.14) the right-hand side starts at time 0, we can start

at any time and run the process for n steps due to stationarity.

Let us make a couple of remarks for the setup of the discrete MDP used here.
First, in RL, reward is usually used instead of cost and, hence, one maximizes the total
reward instead of minimizing the cost; evidently, the two viewpoints are equivalent
up to a change of sign. We use cost, which is more in line with the control literature
and also our problem in the continuous setting. Second, the cost R; is not necessarily
a deterministic function as in (3.9), but may follow some probability distribution

together with the next state:
P(Syy1 =8, Rii=7r|S =54 =a)=p(sr|s,a). (3.15)

Moreover, the policy can also be probabilistic rather than deterministic as assumed
in (3.7). We choose the simplified setting for the cost and policy to make it consis-
tent with our continuous optimal control setting. Finally, we use an MDP without
stopping time and thus without terminal cost for simplicity. The adaptation to our

PDE setup will be discussed below in Sections 3.2.2 and 3.2.2.

TD learning is a class of algorithms that evaluate a given control (i.e., policy) by

updating the value function, combining a Monte Carlo estimate of the running cost
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over a time period and the dynamic programming principle for the future cost-to-go.
For a policy 7 to be evaluated, with a given trajectory {S;,¢ > 0}, we update the

value function at each t by

V™(S,) +— V7(S) + a (Z B 'Ryi + BV (Spin) — ?W(st)) , (3.16)
k=1
where « is the learning rate and V™ on the right-hand side is the current estimate
of the value function. In (3.16), we only update the value function at the state .S;
and the value at other states remain unchanged. In practice, this update of the value

function is usually done for multiple trajectories.

In the above updating rule, we have used the n-step TD TD] (S;), defined as

~

TDZ(S) = Y B ' Resi + BV (Spin) — V(). (3.17)
k=1

which depends on the trajectory of length n + 1 (¢ to ¢ + n) from the starting state
Sy. TDj, can be understood as an indicator of the inconsistency between the current
estimate of the value function with a sampled value using n-steps of the MDP, since
according to (3.12), E,TD] vanishes if V™ agrees with the true value function V=
Hence, TD learning can be viewed as a stochastic fixed point iteration for the value
function.

When function approximation is used for the value function, in particular nonlin-
ear approximations such as neural networks, an alternative approach, the LSTD is
often used to overcome potential divergence problems of TD learning [PS08, Boy99].
Instead of the stochastic fixed point updating formula as (3.16), in the LSTD method,
the parameters are optimized to minimize the squares of the TD error as a loss func-

tion. More specifically, if the value function is parametrized as V7(+; 60y ), we solve

38



for 6y by

min Esom [(; BELR, 4 BV (S ) — V(S 9V)>2 | so} , (3.18)

where p is some initial distribution for the state Sy. In practice, (3.18) is often
solved using the stochastic gradient descent method. Such method has been proved

successful in e.g., [MKS*13, DCH*16].

Policy gradient for discrete MDP

Policy gradient is a class of methods to learn parametrized policies through gradient
based algorithms. Assume we consider a class of (deterministic) policy parametrized
as
Ay(S1) = 7(S; 0x), (3.19)
where 0, denotes a collection of parameters and 7(-;6) is some chosen nonlinear
parametrization.
To find an optimal policy, we aim to minimize the objective function (cf. (3.14))

n

J(0x) = Esompmcon [ B R+ 8"V (S,)] (3.20)
k=1

w.r.t. the collective parameter .. Note that (3.20) explicitly takes into account
the cost of the first n steps, while using an (approximate) value function V™ for the

future cost after n steps, coming from e.g., the TD learning algorithm. The objective

function (3.20) can be optimized using stochastic gradient method. Using a stochastic

estimate of the gradient VJ ~ V. J, so that the parameter is updated as
0, 0, —aVJ (3.21)

with suitable learning rate . Note that in principle, one needs to differentiate all

terms involved in (3.20) w.r.t. #,; however, in practice, in the actor-critic framework,
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one typically leaves out the derivative of V™ wrt. 7, as it is impractical to compute
since V™ is obtained using e.g., TD learning. Nevertheless, we would still need to

differentiate ‘A/”(Sn) w.r.t. S,, as the state S, is affected by the choice of the policy,

thus
avT(S,) . aVTas,
00,  9S, 90,
where = indicates that the (functional) derivative % is omitted. Dropping this

term is often applied in actor-critic algorithms. Some justifications can be found
in [DWS12]: Under certain conditions, the approximated gradient is still in the di-
rection of improving the performance and the set of critical points of the objective
function coincides with the set of zero approximated gradients.

Since we consider deterministic policies, the policy gradient approach discussed
above is in the same spirit as the deterministic policy gradient algorithm proposed in
[SLH*14]. One difference is that we use the state value function V' (s) while [SLHT 14]
uses the state-action value function (Q-function) Q(s,a). Another difference is that
the objective function used in [SLH*14] is based on the stationary distribution of a
state-action pair given the policy, while we roll out a trajectory for the cost function
(combined with using an estimated value function for future cost), which is more
suitable to an actor-critic framework. Our approach is also easier to generalize to the

continuous setting, which will be discussed in Section 3.2.2.

TD for continuous optimal control problems

We now introduce how to adapt the above algorithmic ideas to the continuous setting.

Given a control function u(x) € C(£2) (which corresponds to 7 in the discrete

setting), the corresponding value function is given by

Vi(z) = E, [/OT (X u(Xs))e Pds+e 7g(X;) | Xo = :z:] (3.22)
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Here E, indicates expectation w.r.t. the trajectory (with a fixed policy w). This
is just the cost functional in (3.4) with a specific control policy. In the continuous
setting, the dynamical programming principle indicates that the value function V"

satisfies the PDE (see e.g., [YZ99])

%Tr (oo " Hess(V")) (2, u(x)) + b(z, u(z)) "VV*(2) + f(z,u(z)) —yV*(z) = 0in Q

(3.23)

with boundary condition V*(x) = g(x) on 0S.

To better convey the idea, we first consider a fixed time interval [0,7"] with 7" > 0
and neglect the stopping time and also the domain boundary. Necessary modifications
regarding the stopping time and boundary will be explained below. Applying It6’s

formula to e ""V*(X,), we get

e TV Xr) = V(Xo) + /0 s [% Tr(aaT Hess(V“))(Xs7 u(X.))
+ b(XS’ u(XS»TVVH(Xs) - ’YVU(XS> dS
+/T eIV, o (X, u(X)) AW, (3.24)

Combined with the PDE (3.23), (3.24) gives
T
Vu(X,) = / e F(X 0 u(X,)) ds
0
T
_ / eIVVHX,) o (X, u(Xy)) AW, + e TV (Xp).  (3.25)
0

The term fOT e PVVYX,) To(X,, u(X,)) dW, is a martingale w.r.t. T because VV

and o are bounded according to our assumptions [Kle05]. Therefore, taking the
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expectation, we arrive at
T
V*(Xy) =E, [/ e f( X, u(Xs)) ds + e*VTV“(XT) | Xo|- (3.26)
0

We observe that this is the analog of (3.12) in the continuous setting, where the
unit time discount e™” is the analog of the discount factor 8 in the discrete setting.
Compared with the discrete time setting, besides (3.26), we have in addition (3.25)
before taking expectation, thanks to It6’s lemma. FExploiting the two identities,
analogously to the discrete case, we define two versions of TD in the continuous

setting as
T T
TDY = / e (X, u(X,))ds — / e PVVI(X,) o (X, u(X,)) dW, (3.27)
0 0
+e MV (Xy) — V(Xy),

TDY = /OT eV f (X, u(Xs))ds + e TV (X7) — V(Xo). (3.28)

Note that both TD; and TD,y depend on the trajectory X;; in particular, they should
be viewed as random variables, while we suppress such dependence in the notation.
From (3.25) and (3.26), if V' is the exact value function corresponding to the control

u, we have
TD} =0, P-as. (3.29)

E, TDY = 0. (3.30)

Note in particular that TDY{ vanishes without taking the expectation for the ex-
act value function while Var(TD4) = E,[ [, e=*|VV (X,) o (X,, u(X,))[>ds] > 0 if
VV T (z)o(x,u) £ 0. Moreover, as the difference between TD; and TD is given by a

martingale term, for any approximate value function, we have

E,TD" = E,TDY.
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Now let us introduce two loss functionals for the critic in the spirit of LSTD:

Ly(V) = Exyepu (TDY)? (3.31)
TAT
— By {( / e F(X 0 u( X)) ds
0

_ /TAT eV (X,) "o (X, u(X,)) dW, + e—v(TAT)V(XTAT) — V(XO)>1 ,
0
Ly(V) = Exyepu (TD)? (3.32)
TAT 2
= Expopa [( / e F(X,, u(X,)) ds + e TV (Xpa ) — V(X0)> 1
0

where p is some initial distribution for X, and we have also taken into account the
stopping time 7 when the process hits the domain boundary. Here the two losses
are viewed as functionals of the value function V, the finite-dimensional function

approximation will be discussed in the next section.

The stochastic gradient method is used to minimize the loss function in LSTD
to find the best approximation of the value function. Written in terms of functional

variations, this amounts to approximating

§(TD})?  6(TDY)? sTDY
s (5V1) ~ (Wl) (X0) = 27Dy (X0) S (X0), (3.33)
5(TDy)?  §(TDY)? STDY
Exompiu <5V2) ~ ( (W?) (X:) :2TD§‘(Xt)W2(Xt), (3.34)

where we evaluate the right-hand side term on a single realization of the trajectory to
the ease the notation. In our numerical implementation, we use multiple trajectories
to further improve the computation efficiency. As we remark above, since (3.25) holds
true without taking the expectation, the right-hand side of (3.33) thus vanishes for
the exact value function for any realization of X, in particular, the variance of the
stochastic gradient is 0. In comparison, while the stochastic estimate of (3.34) has
the expectation 0 for the exact value function, for each trajectory, the right-hand
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side is not 0. This means that the stochastic gradient estimate (3.34) has a larger
variance than the estimate (3.33). Let us remark that the vanishing variance property
of (3.33) is similar to quantum Monte Carlo [FMNRO1], for which the variance of the
local energy estimate also vanishes at the ground state.

In the following, to distinguish the two loss functions, we call the method based
on L (3.31) the variance reduced LSTD (VR-LSTD), while that corresponding to L
(3.32) is named the LSTD. We will demonstrate in our numerical experiments that

VR-LSTD gives better results than LSTD.

Policy gradient for continuous optimal control problems

For the actor part, we use policy gradient to improve the policy. According to the

dynamical programming principle [YZ99], for the optimal value function V', we have
T
V) =it [ A alX))e ™ ds e TV () | Xol, (3.35)
v 0

where v is minimized over the set of admissible controls. In other words, the control
u should minimize the functional on the right-hand side. Therefore, we can use the

following loss function for the actor, for which we also incorporate the stopping time:
TAT N
I =Expep [ [ FXuu(X)e ds + V)T, (336)
0

where V is the current estimate of the value function (via TD learning in the critic
part). Observe that this loss function is a continuous analog of (3.20).

In the numerical algorithm, the control, as a high dimensional function, will be
parametrized as a neural network u(-;6,), where 0, denotes collectively the param-
eters. The parameters are optimized using a stochastic approximation to gradients
of J(w). Similarly to our discussion of policy gradient for the discrete case in Sec-
tion 3.2.2, when differentiating the loss function (3.36) w.r.t. the parameters of the
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control 6, several terms would contribute to the derivative, including the control
u(-) itself, the SDE trajectory X., the stopping time 7, and also the estimated value

function \7() Similarly to the discrete case, we will drop the functional derivative

5V ou

Fu B0 since the dependence of V on u is through

of V w.r.t. u, i.e., the derivative
the algorithm for the critic, e.g., the TD learning, which is impractical to track.
Furthermore, if V is the optimal value function, treating it as a fixed function and

optimizing w in (3.36) gives the optimal policy function. Therefore, we approximate

the functional derivative as

§J . AT S (X, u(Xy)) 6T
e Exoin SIS\ MAs)) s 1y X, u(X,))e T —
o = By | ) s 4 ey S (K u(X))e T
. 5 X, - b

VTV (X e TA0 02 + Ly (L8 = NV (X)e ™|, (3.37)
5” s=TNT 5“

where = indicates that we leave out the contribution from the functional derivative

of V wrt. u and we have

Of(Xs,u(Xy)) B 6_f5XS N 8_f
ou Oz du ou

<Id + vu(xs)5;i8> | (3.38)

To obtain the formula, we have used 1t6’s lemma to rewrite
~ R TAT R
ExompulV (X1pr)e 7T )] = Exgupin [V(Xo) +/ (LY =)V (Xs) ds}’ (3.39)
0

and taken the derivative of the right-hand side w.r.t. u.

3.3 Numerical algorithm

In this section, we present our numerical algorithm for solving high dimensional HJB
type elliptic PDEs based on the actor-critic framework discussed in the previous

section.
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3.3.1 Function approximation

In order to numerically deal with the high dimensional functions V' and u, we use two
neural networks to parametrize the value function V(- ;6y) and the control u(- ;6,),
the parameters of which are denoted collectively by 6y and 6, respectively. We
apply the structure of the residual neural network [HZRS16] in pursuit of better op-
timization performance. A neural network ¢(z;6) with [ hidden layers is represented
by

¢(z;0) =Foo,0F_100,10---0F) 0010 Fy(x), (3.40)

where F; are linear transforms with dimensions depending on the width of hidden
layers and the dimensions of inputs and outputs, and o; are elementwise activate
functions with skip connection: o;(z) = = + ReLU(z).

Moreover, note that the VR-LSTD loss function L; (3.31) requires the gradient
of the value function. Since we are using a neural network parametrization V =
V(- ;0yv), a direct approach is to use autodifferentiation of V(x;60y) w.rt. x to
calculate the gradient. We find that a better approach in practice is to use another
neural network to represent VV', which is consistent with the observations in [HJE18,
HLZ20]. Thus, for VR-LSTD, the gradient of the value function is represented by a

separate neural network G(+;0g) with collective parameters 6.

To summarize, w.r.t. the collective parameters, the loss functions for the critic
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corresponding to (3.31) and (3.32) are

TAT
Li(0y,0c) = Exyopa {( / e F(X,, u(X,)) ds (3.41)
0
TAT
- / e G( X 00) o( X, u(X,)) dW,
0
2
+ e "INV (Xpnr; Oy) — V(Xo; 91/)) 17
TNAT
Lo(0y) = Expmpn {( / e f( X, u(X))ds + e YTV (X 0y)  (3.42)
0

- o) |

We remark that there is no need to add penalty terms in L; to ensure the consistency
between V' (z,0y) and G(z;6g), because if we replace V() by V(-,0y) in (3.24) and

plug it in (3.41), we have

Li(0v,0c) = Exompu R/o : e LY —AV)(Xg 0v) + f(Xs u(Xs))]ds  (3.43)
_ /0 e (VL (X by G(XS;HG))TJ(Xs,u(XS))dWs>2]

= Exyopn [( /0 T LY - VY (Xt By) + 7K u(X)] ds)’|
(3.44)

TNT
+ x| / e 0T (X u(X,)) (VaV (X ) — G(X:06)) [ ds].
0
(3.45)

where L£* is the generator of the SDE and we have used [t6’s isometry in the second
step. Note that the first (3.44) and second (3.45) terms in (3.43) simultaneously
enforce V' to be the value function and its gradient to be consistent with G.

For a neural network parametrization of V', it is not easy to directly impose the
Dirichlet boundary condition V' = g on 9 in the parametrization. Thus, instead, we
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add a penalty term to the loss functions (3.41) or (3.42) for the critic to help enforce

the boundary condition

nExumiron) [(V(X;0v) — 9(X))?], (3.46)

where 7 is a penalty hyperparameter and Unif(d€2) denotes the uniform distribution

on 0.

3.3.2 Discretization of SDEs and stochastic integrals

In the implementation, we need to simulate numerically, based on a discretization of
the diffusion process with approximating stopping time and exit point. The solution
to the PDE problem crucially depends on the boundary condition, and thus in control
formulation, the exit time and position of the SDE at the boundary. Several schemes
have been developed in the literature to deal with the stopping time and exit point
of the SDEs in related scenarios. Perhaps the most natural idea is to stop at the last
step of the numerical SDE before exiting the domain, which has been tested in the
context of using neural networks for solving PDEs in [KSS20b]. The error of such
boundary treatment has been analyzed in [Gob00]. Moreover, several schemes have
been proposed to improve the accuracy around the boundary. In [HNS20], the authors
approximate the exit position by the intersection of the domain boundary and the line
segment between the consecutive two steps before and after exiting the domain. It has
also been considered to reduce step size when the discretized trajectory approaches
the boundary [BP03]. Some bias reduction schemes with the bubble-wrap or max-
sampling exit condition are proposed in [MZC*21]. After studying and testing several
approaches for numerical discretization in our algorithms, we present two choices of
discretization and give some remarks on the other schemes.

Let us start with a naive approach. We can discretize the SDE (3.2) by the Euler—
Maruyama scheme with a given partition of interval [0,7]: 0 =ty <t} < --- <ty =
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T, where a constant step size At = L is used, so t,, = nAt. The SDE is discretized

Ed

as

XO = Xo, thJrl = th + b(‘)(tn7 Un)At + U(th, un)ﬁn Vv At, (347)

where u,, = u(X;,;6,) and &, ~ N(0, I,,) follows the standard normal distribution.
Here, we use A}, to denote the discretized stochastic process, to distinguish from X,

the continuous process. Given a numerical trajectory X; ,n =0,..., N, we define
n=max{n e {0,....N} | X, €Q, i=0,1,--- ,n}. (3.48)

Thus, if n < N, &, ., exits the domain as X, ., € €2, while if n = N the trajectory
N.

A;, remains in the domain for n =0,1,...,

Perhaps the most direct and intuitive approach for the boundary treatment is to
view t = nAt as the stopping time, even though A}, is still inside 2. This scheme
will be referred to as the “naive scheme” in the following. The stochastic integrations
in (3.31), (3.32), and (3.36) are correspondingly approximated by

n—1

TNT
/ e (X5, us)ds = Z e A (X, un) A,
0

n=0
TAr n—1
/0 e VVI(X,) "o (X, ug) dW, ~ Ze—WAtG(th; 0c) (X, un)&n VAL,
n=0
(3.49)
where &,v/At is the same realization of Brownian increments as in (3.47). We remark
that this discretization scheme is similar to the one used in [KSS20b] for solving
degenerate semilinear elliptic equations, in particular, both algorithms approximate
the stopping time by nAt. However, we aim to solve the value function in the whole
domain, while the method developed in [KSS20b| only aims at the value at a specific
point; thus the overall framework of the algorithm is quite different.
After discretization, the loss functions (3.31), (3.32), and (3.36) are further ap-
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proximated by Monte Carlo samples: for each iteration, we draw K independent
sample trajectories (K is known as the batch size) by drawing initial point X from
the distribution g and independent increments of the Brownian motion. At each
iteration, we also draw K independent Monte Carlo samples uniformly from the
boundary to approximate the expectation in (3.46). To update the parameters of the
neural networks, we employ the Adam optimizer [KB15].

To apply the policy gradient method to the loss functional (3.36), we need to
differentiate the discretized functional w.r.t. the control, similar to the functional
derivative setting considered above in (3.37). While the first and third terms in
(3.37), which involve derivatives of J through its dependence on u and the trajectory,
can be easily dealt with on the discretized level using autodifferentiation, the second
and fourth terms in (3.37) become tricky to deal with on the discrete level, since the
stopping time is approximated by nAt, which is discrete so 6n/du is not really well
defined. In our implementation, such terms are omitted in the policy gradient w.r.t.
u; we leave a better numerical treatment of such terms to future works.

The pseudocode for our actor-critic method for solving high dimensional PDEs is

summarized in Algorithm 1.

3.3.3 The adaptive step size scheme

It turns out in our numerical experiments that while the above naive scheme is able
to get reasonably accurate value functions, the approximation to control results in
large errors, especially near the boundary (see Section 3.4 for more details). To
improve the accuracy near the boundary, we adaptively shrink the step size when the
trajectory approaches the boundary 0€2, instead of using the uniform time step size as
in the naive scheme. More specifically, we use the following scheme at the boundary,

which is motivated by the integration scheme used in [BP03] for the Feynman-Kac
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Algorithm 2 Neural network based actor-critic solver for fully nonlinear PDEs
Input: A fully nonlinear PDE (3.1), terminal time 7', number of time intervals N,
loss weights 7, neural network structures, number of iterations, learning rate, batch
size K, the choice of TD
Output: Value function V(- ; 6y ), its gradient G(x;0¢) if we choose VR-LSTD, and
the control u(- ;6,)
initialization: Oyaiue (Ovare = (Ov, 0g) for VR-LSTD and 60y, = 6y for LSTD) and
eu
for ¢/ =1 to the number of iterations do
Sample K independent trajectories Xt’fl k=1,2,--- K {critic steps}
Estimate the gradient of the chosen critic loss ((3.41) + (3.46) or (3.42) + (3.46))
w.r.t. Oyae using the K trajectories and K boundary points
Update parameters 6., using the Adam optimizer

Sample K independent trajectories Xt’i k=1,2,--- | K {actor steps}
Estimate the gradient of the actor loss (3.36) w.r.t. ¢, using the K trajectories
Update parameters 6, using the Adam optimizer

end for

representation of boundary value problems of the Poisson equation.

The idea is to reduce the time step size adaptively when &} is close to the bound-
ary, and thus to improve the accuracy of the trajectory. We consider the Euler—

Maruyama scheme with varying step size given by

th+1 = th + b(th, un)h(th) + O_(th, Un)\/ h,(th) gn, (350)

where the step size h(AX;,) depends on the current position of the trajectory. For the

choice of step size, we define a subset near the boundary of {2 as
I'={z € Q| dist(z,09) < <V3dAt}, (3.51)

where ¢ = sup,cqcyllo(z, u)|| is the supremum of the operator norm of o. The

adaptive choice of the step size is specified as follows:

1. When &;, € Q\I', it would be considered in the “interior” of €2, as it is very
unlikely that after one time step with step size At that the trajectory will exit

the domain. Thus, we will use the basic constant step size h(&X:,) = At.
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2. When &;, € I', we decrease the step size according to the distance of the
trajectory to the boundary, with the minimum step size set as 1O%lAt:

. 1
h(th> = max{gd—gQ dlSt(th7 89)2, 1—04At}

This reduced step size, together with the width of T' defined in (3.51), are
decided such that the probability that X, € Q\I" goes out of 2 in the next step
is small. Note that when the step size is small, the diffusion dominates the drift
term, and thus it suffices to incorporate the diffusion part in the choice. Note
that we have used the supremum of ||o|| for simplicity, one could also choose
the criteria more locally if o varies a lot across the domain. The minimum step
size is set to balance the accuracy and computational cost as, otherwise, the
scheme might spend an unnecessarily long time resolving the trajectory near

the domain boundary.

In summary, we choose the adaptive step size h = h(X,,) as

W) = At, X, € O\I, (3.52)
! max{ﬁ dist(X;,, 00)%, HAt}, A, €T.

) 107

It should be noted that, as a result of the adaptive step size, different trajectories
may have different discretized time steps. The integrals are similarly discretized as
in (3.49) with step size changed to h(AX},):

n—1

TAT
/ e f(Xou)ds & Yy e ka0 M) £(X ) (G, );
0

n=0

TAT
/ e VYV (X,) "o (X,) dW, (3.53)
0

1

~ S e T ERS M) G, 06) T o (X, wn)enn/ T (X, ).

i
[e)
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For the policy gradient, similar to our numerical treatment in the case of naive
scheme, we use autodifferentiation generated by the computational graph in practice,
instead of directly numerically approximating the functional derivative defined in
(3.37). One reason is that the adaptive step size scheme further complicates the
dependence of the trajectory and exit time on the control, compared with the naive
scheme and, hence, makes the direct numerical discretization of (3.37) even more
difficult. In practice, the result from using autodifferentiation for the policy gradient

seems to be quite accurate, as will be further discussed in the next section.

Remark. In addition to the adaptive step size, in our numerical experiments, we
have also tested the bounded sample of Brownian increments proposed in [BP03] to
further avoid the potentially large error of the trajectory near the boundary due to tail
events of the normal sample. We do not find, however, a significant difference in the
result between using bounded samples versus the usual normal samples for Brownian

increments. Therefore, we will stick to the normal samples for simplicity.

Remark. Moreover, besides adaptively shrinking the step size near the boundary, we
have tested two approaches using constant step size, but try to improve the estimate of
the exit time and exit point of the naive scheme instead. They do not yield satisfactory
numerical results, so we will only briefly sketch the ideas without going into details
or presenting numerical results.

One scheme is adapted from [HNS20], which tries to determine the exit point
on OS2 more accurately. In this scheme, the exit position X, on 0S) is numerically
approzimated by the intersection of ) and the line segment between X;, and Xy, ;
the stopping time is correspondingly adjusted. The numerical result from the scheme
is still not accurate enough for the control near the boundary.

The linear interpolation above gives an error of order VAt due to the diffusion
term; we can further improve the accuracy using a method proposed in [Gob00]. In-
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stead of linear interpolation, we seek for a coefficient p € (0,1] such that X, defined
by
Xy = X, + 0( X, un) pAL + 0 (X, , un )/ pALE,

is on 0S). In practice, we observe that numerically solving the coefficient p makes the

training unstable.

3.4 Numerical examples

In this section, we present the numerical results for the proposed method. We test on
several examples: the linear quadratic regulator (LQR) problems, the stochastic Van
der Pol oscillator problems, the diffusive Eikonal equations, and fully nonlinear elliptic
PDEs derived from a regulator problem. To test the performance of our algorithm, we
do not assume knowledge of the true solution or the explicit formula for the control
given the value function. The considered dimensions in all four examples are as
large as 20. The algorithm is implemented in Python with the deep learning library
TensorFlow 2.0 [ABC*16]. In all the examples, the weight parameter 1 associated
with the boundary condition (cf. (3.46)) is set to 1 and the terminal time is 7" = 0.2.
The numbers of time intervals are N = 50 for problems in 4 dimensions (4d) and 5d,
and N = 100 in 10d and 20d. As for the architecture of the neural networks, the
width of the hidden layers is set to 200 in all problems, while the numbers of hidden
layers are 2 for problems in 4d and 5d, and 3 in 10d and 20d. During the training, we
use piecewise constant learning rates of 1 x 1073, 1 x 1074, and 1 x 10~ consecutively
in order to achieve high accuracy. The numbers of steps with learning rate 1 x 1073
are 20000 for problems in 4d, 5d, and 10d, and 30000 in 20d. The numbers of steps
with learning rate 1 x 107% and 1 x 10~ are both 10000 in the four examples. The
batch sizes are K = 1024 for problems in 4d and 5d, and K = 2048 in 10d and 20d.

The parameters in the numerical examples are determined empirically. In order to
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illustrate the effect of some parameters such as 7" and the basic step size At, we also
compare the results with different parameters in the first example.

During the training, we sample a validation set {X*}£ | uniformly in €, inde-
pendent of the training, to evaluate the errors of the value function and the control.
Note that the validation size K is the same as the batch size. We find that such sizes
are enough to estimate the error accurately with a small variance. The relative L2

errors are computed by

erry = Y (V(X¥) = V(X*0v))?) > V(X*) (3.54)
and
erry = Y Ju(X*) = u(X*;0,) 1) Y Ju(XH)P, (3.55)

where V(-) and u(-) are the true value and control functions, respectively (we will
choose test examples such that these true solutions are known). In addition to the
errors above, we also visualize the density of the true value function and compare
that with its neural network approximation, considering the difficulty of visualizing
functions in high dimensions directly. Here, the density of a function V' is defined as
the probability density function of V(X), where X is uniformly distributed in €. In
our numerical experiments, the density is estimated by Monte Carlo sampling.

Our numerical results indicate that in all the examples, the value functions are
approximated accurately, and the associated densities match well with that of the
true solution. Furthermore, the numerical results show that, for the critic, the VR-
LSTD performs better than LSTD, as expected. The adaptive step size scheme also
significantly improves the accuracy, in particular, for the control. The details can be

found in the following subsections.
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3.4.1 LQR

In this subsection we consider the PDE arising from the LQR problem, given by

AV (z) + inf (Bu'VV(z) + p|z|* + qlu]* — 2kd) — vV (z) =0 in Br CR? (3.56)

ucRd

with boundary condition V(z) = kR? on OBg, where Bg = {z € R? : |z| < R}. Here

P, q, B, k are positive constants such that

V@Y 4pg? — g
k= 2 . (3.57)

This is the HJB equation corresponding to the controlled stochastic process
dX; = Budt +V2dW, (3.58)

with cost functional
(@) =B / (DX.J? + glu(X0) P — 2kd)e™ ds + kR, (3.59)
0

where 7 is the exit time of the domain Br. The PDE has the exact solution as a

quadratic function, V(z) = k|z|?, and the optimal control is also explicitly given as

u*(z) = ;—5VV(LE) = _Tkﬂ:v.

We choose the model parametersp = ¢ =R = 3=~ =1land k = (v/5—1)/2. The
numerical results for our two versions of TDs with different discretization schemes
in 5d are shown in Table 3.1. The results of VR-LSTD have smaller errors due to
the smaller asymptotic variance, as we discussed above. Moreover, the adaptive step
size scheme is able to compute a more accurate control function, compared with the
naive scheme. One possible reason is that the adaptive step size scheme samples
more points A, near the boundary, which helps to improve the accuracy of the

control function near the boundary. To further illustrate the idea, let us compare the
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Figure 3.1: Comparison of schemes.

results for the naive scheme and the adaptive step size scheme in 5d, both with critics
optimized by VR-LSTD. The plot of the norm of the control |u(z)| w.r.t. the norm of
the variable |z| is shown in Figure 3.1. The error of the control for the naive scheme
is significantly larger near the boundary. The adaptive step size scheme achieves a

uniform accuracy of the control in the whole domain.

Therefore, for the rest of the numerical experiments, we will stick to the adaptive
step size scheme and VR-LSTD loss function for the critic. Figure 3.2 shows the
density and error curves for the LQR problem when d = 5,10, 20. The sharp drop of
the errors at steps 20000 and 30000 is due to the reduced learning rates at those steps.
The final errors of the value functions and controls are 1.02 x 10~2 and 9.19 x 1073
in 5d; 1.40 x 1072 and 1.95 x 1072 in 10d; 1.96 x 1072 and 4.78 x 10~2 in 20d.

Considering that T" and the basic step size At are two hyperparameters in our
algorithm, we test different choices of their values in the 5d LQR example and provide

the errors in Table 3.2. The results show that our algorithm is not sensitive to the

choice of T and At.
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Figure 3.2: Density and error curves for LQR.
Table 3.1: FErrors for different discretization schemes.
discretization TD variant ‘ error of value function error of control
adaptive step size VR-LSTD 1.02 x 1072 9.19 x 1073
adaptive step size LSTD 1.58 x 1071 1.17 x 1071
naive VR-LSTD 1.29 x 1072 1.24 x 1071
naive LSTD 1.41 x 1071 8.55 x 1072
Table 3.2: Errors of value and control functions.
T | T=0.04 T=01 T=02 T=04 T=08
50 int 1 value 840 x 1073 946 x 1073 1.04 x 1072 1.03x 1072 9.97 x 1073
MREIVAIS 1 ontrol | 115 x 1072 9.87 x 1073 1.01 x 102 8.99 x 1073 8.33 x 10~3
step size 0.004 value | 3.17x 1072 140 x 1072 9.96 x 1073  9.16 x 1073  8.76 x 1073
p s12¢€ 1. control | 3.51 x 1072 1.19x 1072 939x 1072 1.03x 102 1.07x 1072

because of its chaotic behavior.

3.4.2 Stochastic Van der Pol oscillator

The Van der Pol oscillator is a popular example in the study of dynamical systems

The stochastic Van der Pol oscillator has been

studied in [XGZ'11], in which some internal or external noise is considered. In
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this subsection, we consider the generalized stochastic Van der Pol oscillator in high

dimensional cases and solve the PDE

AV(z)+ inf [b(z,u)"VV(2)+ f(z,u)] —yV(z) =0 in Bg C RY, (3.60)

u€R3/2

where d = 2n is even. The boundary condition is given by (with convention zg = x,,

and Zg,11 = 33n+1)

g(x) = ai_n:(xi)z - e(i Ti1%; + i a:ix,url). (3.61)

1=n-+1

Here a and € are positive constants. The drift field is given by

i+n 1 S ) S )
b, u) = {7 (L<i<n) (3.62)
(1—a; v, —xiep + Uiy (n+1<1i<2n).

We choose the running cost as

n 2n
ou) = luf? + 23 (a? — ereai) + Y (a2 — ez
i=1 i=n+1
1 2n
+ —[(202p11 — X9y — €Tpy2)* + Z (20x; — ex;_y — ex;41)?] — 4na
Aq i=n+2

n—1

n n
—2a g Tptii 1 € g TpgiTio1 +€ g TngiTip1 + €X2nT1

i=1 i=1 =1

- ($n+1 — 1 — $%$n+1)(2a$n+1 — €Top — €$n+2)

n
2
- E (Tivn — @i — ;i) (20Ti4n — €Titn—1 — Tipnt1),
=2

(3.63)
so that the true value function has an explicit formula:
2n n 2n
V(z)=a Z(mzﬁ - e(Z Ti1%; + Z a:ixiH). (3.64)
i=1 i=1 i=n+1
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Figure 3.3: Density and error curves for Van der Pol.
The corresponding optimal control is given by uj(z) = —i@nﬂ\/(x) = 2ax,41 —
1 .
€Top—€Tp o and uf(z) = —E&-MV(JU) = 20Ti1n—€Tiyn_1—€Titny fOri =23+ n.

The PDE can be reformulated as a stochastic control problem with the controlled
SDE given by
dX; = b(X,, u) dt + V2 dW, (3.65)

with objective function
@) =E| / F(Xe e ds + e 77g(X0)]. (3.66)
0

In the numerical experiments, we take a = ¢ = R = v = 1 and € = 0.1. Fig-
ure 3.3 shows the density and error curves when d = 4,10, 20. The algorithm learns
reasonably nice shapes of the value functions. The final errors of the value functions
and controls are 1.01 x 1072 and 5.12 x 1073 in 4d; 1.19 x 1072 and 9.77 x 1073 in
10d; 1.81 x 1072 and 2.50 x 1072 in 20d.
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3.4.3 Diffusive Eikonal equation

The Eikonal equation corresponds to the shortest-path problems with a given met-
ric. In our experiments, we add a small diffusion term to regularize the equation
(otherwise, the solution has kinks, which creates difficulty for the neural networks to

approximate well in high dimensions). The diffusive Eikonal equation is given by

eAV(x) + iné (c(z)u'VV(z)) +1=0 in Bp,
u€b1

(3.67)
V(x) = a3 —ay on 0Bg,

where
. 3(d —I— ].)CLg
(x) = 2das(2as — 3ag|z|)

>0 (3.68)

is a real valued function. Here as and a3 are positive constants such that 2a, —3asR >
0 and € = 1/(2das). We choose the form of ¢ so that the true solution of the PDE is
explicitly given by

V(z) = aslz]® — as|z|? (3.69)

and the optimal control is u*(z) = z/|z|. In the numerical test, we take ay = 1.2,
az =0.2, and R =1.

Unlike the previous two examples, the constraint on the control in this example
poses a new challenge to the numerical algorithm. In order to ensure that the control
u is in the unit ball, we construct a specific structure of the neural network for the
control. Instead of outputting the control directly, the neural network gives a d + 1
dimensional vector (Ujey, Uqir) € R The control is represented by

Uqir

— 3.70
Y § + ReLU(ten) + |tai]’ (3:70)

where ReLU(z) = max(0,z) and § = 107!, This ¢ is to ensure that the denominator

in (3.70) is not 0 to prevent numerical singularity. Figure 3.4 shows the density
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Figure 3.4: Density and error curves for Eikonal.

and error curves for the Eikonal equation when d = 5,10,20. We also tried the
straightforward parametrization of the control function as before, with an additional
penalty term n'Exunit)[ReLU(Ju(X)| — 1)] in the loss for the actor. However, the
numerical performances indicate that implementing the constraints of control directly
like (3.70) is better than the penalty method. The final errors of the value functions
and controls are 6.97 x 1072 and 6.03 x 1073 in 5d; 1.02 x 1072 and 1.76 x 1072 in
10d; 1.82 x 1072 and 4.14 x 102 in 20d.

3.4.4 LQR with a nonconstant diffusion coefficient

In this subsection, we consider a variant of the LQR in which the diffusion coefficient

o is a function of both z and u. Consider the HJB equation

d
ian_ [Z 7V (2)(1 + exyu;)* + BOV (2)w;) +q|u|2+f(m)} —4V(x) =0 in B C R?,
ucRd i1

(3.71)
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where

k2(B + 2¢)?2?
klz|? — 2kd. 3.72
f(@) = yHla +Zl T (3.72)

In contrast to the previous three examples, this is a fully nonlinear PDE. The corre-
sponding SDE is
dXt = But dt+U(Xt,ut) th, (373)

where o(z,u) is a diagonal matrix with i-th diagonal element v/2(1 + ex;u;), i =
,d. The running cost is f(z,u) = qlu/* + f(z). The true value function is

V(x) = k|z|? and the optimal control is

BOV (x) + 2ex; 07V (x) (B +2¢)x;
2q + 2€22202V (z)  q/k + 2e%a?

ui(x) = — (3.74)

Note that this example coincides with the first example when € = 0. In the numerical
experiments, we set the parameters g = R = = = 1,k = (v/5 — 1)/2 the same as
the first example and € = —1. The final errors of the value functions and controls are
9.98 x 1072 and 1.63 x 1072 in 5d; 1.50 x 1072 and 4.95 x 1072 in 10d; 1.96 x 102
and 5.25 x 1072 in 20d. This example showcases that our algorithm is able to solve

fully nonlinear elliptic PDEs in high dimensions accurately.

3.5 Conclusion and future directions

In this paper, we propose and study numerical methods for high dimensional static
HJB equations based on neural network parametrization and the actor-critic frame-
work. There are several promising directions for future research. First, the scalability
of the methods shall be further tested by problems of higher dimensions. Second, it
would be interesting to extend our methods to other types of boundary conditions

like natural boundary conditions or broader types of equations, such as the porous
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medium equation. In both cases, the corresponding control formulation is not so
clear. Third, one might explore the better numerical treatment of discretization of
the functional derivative (3.37), rather than relying on autodifferentiation. Finally,
as an outstanding challenge in the field of deep learning, theoretical analysis for con-
vergence and error analysis of the proposed numerical methods would be of great

interest.
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Chapter 4

Single Timescale Actor-Critic Method to
Solve the Linear Quadratic Regulator
with Convergence (Guarantees

4.1 Introduction

Reinforcement learning (RL) is a semi-supervised learning model that learns to take
actions and interact with the environment in order to maximize the expected reward
[SB18]. It has a wide range of applications, including robotics [KBP13], traditional
games [SHM™16], and traffic light control [Wie00]. RL is closely related to the opti-
mal control problem [Ber19], where one usually minimizes the expected cost instead
of maximizing the reward. Among all the control problems, the LQR [AMO07] is the
cleanest setup to analyze theoretically and has many applications [Has19, ESJB10].
Many research has been devoted to LQR. Early research mostly focused on model-
based methods, such as deriving the explicit solution of the LQR with known dy-
namics. This research showed that the optimal control is a linear function of the
state and the coefficient can be obtained by solving the Riccati equation [AMO07].
Recent research focuses more on the model-free setting in the context of RL, where
the algorithm does not know the dynamic and has only observations of states and

rewards [TR18, MZSJ21].

The actor-critic method [KTO00] is a class of algorithms that solve the RL or
optimal control problems through alternately updating the actor and the critic. In
this framework, we solve for both the control and the value function, which is the

expected cost w.r.t. the initial state (and action). The control is known as the actor,
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so in the actor update, we improve the control in order to minimize the cost; i.e.,
policy improvement. The value function is known as the critic. Hence, in the critic
update, we evaluate a fixed control through computing the value function; i.e., policy

evaluation.

On a broader scale, the actor-critic method belongs to the bilevel optimization
problem [SMD17, Barl3], as it is an optimization problem (higher-level problem)
whose constraint is another optimization problem (lower-level problem). In the actor-
critic method, the higher-level problem is to minimize the cost (the actor) and the
lower-level problem is to let the critic be equal to value function corresponding to
the control, which is equivalent to minimizing the expected squared Bellman residual
[BB96]. The major difficulty of a bilevel optimization problem is that when the
lower-level problem is not solved exactly, the error could propagate to the higher-
level problem and accumulate in the algorithm. Omne approach to overcome this
problem is the two timescale method [KT00, WZXG20, ZDR21], where the update
of lower-level problem is in a time scale that is much faster than the higher-level
one. This method suffers from high computational costs because of the lower-level
optimization. Another method is to modify the update direction to improve accuracy
[KakO01], which also introduces extra cost. In order to reduce the cost, we seek an

efficient single timescale method to solve LQR.

4.1.1 Our contributions

In this paper, we consider a single timescale actor-critic algorithm to solve the LQR
problem. We apply an LSTD method [BB96] for the critic and a natural policy
gradient method [KakO01] for the actor. For the critic, we derive an explicit expression
for the gradient and design a sample method with the desired accuracy. For the

actor, we apply a natural policy gradient method borrowed from [FGKMI18]. We
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give a proof of convergence with sample complexity O(s~!log(¢™!)?) to achieve an
g-optimal solution. To the best of our knowledge, our work is the first single timescale

actor-critic method to solve the LQR problem with provable guarantees.

Our work not only solves the specific LQR problem but also advances the study of
convergence for single timescale bilevel optimization. In our proof of convergence, we
construct a Lyapunov function that involves both the critic error and the actor loss.
We show that there is a contraction of the Lyapunov function in the algorithm. If we
consider the actor and the critic separately, the critic error becomes an issue when
we want to show an improvement of the actor and vice versa. Therefore, the higher
and lower level problems have to be analyzed simultaneously for a single timescale

algorithm.

4.1.2 Related works

Let us compare our work with related ones in the literature. Perhaps the most closely
related work to ours is by [FYW20]. They consider a single timescale actor-critic
method to solve the optimal control problem with discrete state and action spaces,
while we solve the LQR problem with continuous state and action spaces. They add
an entropy regularization in the loss function and achieve a sample complexity of
O(e~?) with linear parameterization.

For two timescale approaches, [YCHW19] study a two timescale actor-critic al-
gorithm to solve the LQR problem in continuous space. They also use a natural
policy gradient method for the actor [FGKM18]. For the critic, they reformulate pol-
icy evaluation into a minimax optimization problem using Fenchel’s duality. Several
critic steps are performed between two actor steps and their final sample complex-
ity is O(e7®). [ZDR21] study a bilevel optimization problem that is applied to a

two timescale actor-critic algorithm on LQR. They obtain a complexity of O(e7%/2).
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They have assumed strong convexity of the higher-level loss function (actor) while
our analysis does not require such assumptions.

Besides model-free approaches, another way to solve the LQR problem is to first
learn the model through the system identification approach and then solve the model-
based LQR. For example, [DMM*20] use a least square system identification ap-
proach to learn the model parameter and then solve the LQR, with sample complexity
O(e72).

As can be seen from the above discussions, our single timescale algorithm achieves
a lower sample complexity O(e7! log(¢~*)?), which is an improvement over previously
proposed algorithms.

For the general bilevel optimization problem, we refer the reader to [CSXY22],
where the authors summarize the existing bilevel algorithms and propose a STABLE

method with O(e7!) sample complexity under strong convexity assumption.

4.2 Theoretical background

First, we clarify some notations. We use || - || to denote the operator norm of a matrix
and || - || r to denote the Frobenius norm of a matrix. When we write M > ¢ where M
is a symmetric matrix and c¢ is a number, we mean M — c[ is positive semi-definite.
Similarly, M > ¢ means M — cl is positive definite.

We consider a discrete-time Markov process {xs} on a filtered probability space
(€, F A{F} P):

Ts+1 = A:Bs + Bus + 557

where z, € R? is an adapted state process, u; € R¥ is the adapted control process,
A € R™ and B € R™* are two fixed matrices. & ~ N(0, D¢) is independent noise.

The initial state xg ~ pg, with some initial distribution pg.
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The goal is to minimize the infinite horizon cost functional

1
g (s, us)] , (4.1)

where ¢(z,u) = " Qx + u' Ru is the one-step cost, with @ € R™? and R € RF**
being positive definite. Theoretical results guarantee that the optimal control u* is
linear in z: u} = —K*z,. If the model is known, we can obtain the optimal control
parameter by K* = (R + B' P*B)"!B" P*A where P* is the solution to the Riccati

equation [AMO7]

In this work, we consider the model-free setting (i.e., the algorithm does not have

access to A, B, D¢, @, R). We will use a stochastic policy parametrized as
us ~ g = N(—Kux,,0°I}) (4.3)

to encourage exploration, where ¢ > 0 is a fixed constant. Here, we use mx to denote
the distribution while we will not distinguish in notation a probability distribution
with its density. We remark that adding exploration does not change the optimal
K* because the optimal policy parameters with or without exploration satisfy the
same Riccati equation while adding exploration would help the convergence of the
algorithm. Under this policy, the cost functional (4.1) is also denoted by J(K) and

the state trajectory can be rewritten as
g1 = Axg+ B(—Kzg 4 ows) + & =: (A — BK)xs + €

where wy ~ N(0,1;) and €, ~ N(0,D.) with D, = D¢ + 0?BB" being positive
definite. Let p(-) denote the spectral radius of a matrix. When p(A — BK) < 1, the
state process has a stationary distribution N (0, D), where Dy € R%*? satisfies the
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Lyapunov equation
Dy =D, + (A— BK)Dg(A— BK)". (4.4)

In order to understand (4.4), let us assume that x ~ N(0, Dg) follows the stationary
distribution. Then, 2’ = (A — BK)z +¢ ~ N(0,(A— BK)Dg(A— BK)T + D,) also
follows the stationary distribution, which leads to (4.4). Dy can also be expressed
in terms of a series: since p(A — BK) < 1, we can recursively plug in the definition

of Dk into the right hand side of (4.4) and obtain

Dg = i(A — BK)*D.((A— BK)")". (4.5)

s=0

From here on, the notation Ex means the expectation with = (or zy) ~ N (0, D) if
not specified and u (or us) ~ mg. The state-action value function (Q function) and

the state value function with respect to a control {us} are defined by

Qz,u) = (Ele(zs,us) | 2o = z,u = u] — J({u,}))
= (4.6)
Vi)=Y (Ele(zsus) | 20 = 2] — J({us})) = E, [Q(x, u)]

@
Il
o

respectively. V(z) is the expected extra cost if we start at o = x and follow a
given policy. Q(z,u) is the expected extra cost if we start at o = x, take the first
action uy = u, and then follow a given policy. These two functions are crucial in
reinforcement learning. If the policy 7k follows (4.3), then the two functions in (4.6)
are denoted by Qg (z,u) and Vi (z) respectively. By definition, for any x and u, it

satisfies the Bellman equation:
Qr(z,u) = c(z,u) — J(K) + Eg [Qr (', v) | z,u], (4.7)

where (2/,u') is the next state-action pair starting from (x,u).
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We define Pk as the solution to the following matrix valued equation
Px = (Q+ K"RK) + (A — BK)" Px(A — BK). (4.8)

Py can be interpreted as the second order adjoint state, and Pxx; is the shadow
price for the system (see for example [YZ99]). We have the following two properties

to illustrate the importance of Px. The proofs are deferred to later sections.

Proposition 1. Let the policy mx be defined by (4.3) with p(A — BK) < 1. Then

the cost function and its gradient w.r.t. K have the following explicit expressions:
J(K) = Tr(D.Pg) + o® Tr(R), (4.9)
ViJ(K)=2[(R+ B"PxB)K — B' P A] D. (4.10)
Remark. In the LQR problem, we usually assume that Dy is positive definite and
hence invertible. Therefore, the critical point for J(K) (i.e., when VgJ(K) = 0)

satisfies K = (R + BT PxB) !B P A. If we substitute this into (4.8), we recover

the Riccati equation (4.2).

Proposition 2. Let the policy mx be defined by (4.3) with p(A — BK) < 1. Then

the value functions have the following explicit expressions:

Vi(z) = 2" Pgx — Tr(Dg Py ),

Que(w,u) = [¢7 ] [ B'PgkA R+ B'PgB| |u

—0>Tr(R+ PgBB") — Tr(Dg Px). (4.11)
If we concatenate x and u in the dynamic equation, the process can be written as

Tst1| A B T gs
Usr1| |—KA —KB| |us + —K& +ows |
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We simplify the expression by introducing some new notations: z, = [z, u!]", thus
Zs11 = Ezs + €5, where
P=|Liea ) md @ N80 =N (0 £ kpcty o))
(4.12)
The ergodicity of the dynamics is guaranteed if p(A — BK) = p(E) < 1, where the
identity p(A — BK) = p(FE) can be verified from

p(E):p({_IH [A B]) :p([A B] {_f}l(D = p(A — BK).

The stationary distribution for z is given by

(4.13)

_ Dy ~DgKT
2~ N(0,2x) =N (0, {_KDK KDgK' + amD

and we have X =X, + EXE.

4.3 The actor-critic algorithm

In this section, we present our specific design of the algorithm under the actor-critic
framework. We apply an LSTD method for the policy evaluation (critic), with a
detailed description for sampling the gradient of the loss function. We also use a
natural policy gradient method for the policy improvement (actor). We will use G,
to denote the filtration generated by the training process. We use O(a) to denote a
quantity that is is bounded by a constant times a, where this constant only depends
on the problem setting (A, B, D., @, R, o) and does not depend on the target
accuracy or training trajectory. The dependence of the constants on the dimensions

is explained in the proof of our theorem.
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4.3.1 Policy evaluation for the critic

In this subsection, we describe the policy evaluation algorithm for a fixed policy
7. We parametrize the state-action value function by Q% with 6 as a parameter
and subscript K indicating that it depends on the given policy mx. We define the

Bellman residual w.r.t. the critic parameter 0 as
BRy(z,u) = c(z,u) — J(K) + Ex [Q% (2, u/) |z, u] — Q% (z,u).

Recall the exact @) function is given by (4.11), accordingly, we define a feature matrix
o(x,u) = [ﬂ [27 uT] € REFRx(EHR) (4.14)

and parametrize the ) function as

Q% (z,u) = Tr(¢p(x,u)d) — 0, (4.15)

where § € R@F)x(d+F) and ¢’ € R. Here, we denote

011 912
0 = [921 922} ’

which intends to approximate

l@ L ATPgA  ATPiB }
O = .

BTPcA R+ BTPuB (4.16)

The scalar parameter ' is to approximate o2 Tr(R+ Px BB )+Tr(Dg Px). Recall the
Bellman equation (4.7), with parametrization (4.15), the Bellman residual is written

BRy(z,u) = c(z,u) — J(K) + (Ex [¢(2',u') |2, u] — ¢(z,u),0)

=. C(QS,U) - J(K) + <¢(5L“>U),9>,
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where (-, -) is the trace inner product and we have defined

w(l‘au) =Ex [¢($,, ul)|$7u] - ¢($, u)

for convenience. It is clear by definition that Ex[¢)(z,u)] = 0 (recall that = follows
the stationary distribution N (0, Dg)). The loss function for critic is then defined as

the expectation of squared Bellman residual:
1 1
Lk (9) = QEK [BRy(z,u)?] = §EK [(c(z,u) — J(K) + <w(x,u),9>)2] : (4.17)

We will find that 6’ does not affect the training, so only 6 will be considered as the
critic parameter from now on. According to the Bellman equation (4.7), the unique
minimizer of (4.17) is the true parameter for the @) function w.r.t. 7. By direct
computation, the gradient (as a matrix) and Hessian (as a tensor) of the loss function

w.r.t. 0 are

VLK(H) = EK [(C(l‘,u) - J(K) + <¢(ZE,U),9>) @Z)(x,u)]

=Eg [(C(ZL‘, u) + (¢(m,u), 0)) ?/)(%U)]

(4.18)

and

V2Lk(0) = Ex [$(z, u) @ ¢(z, u)]
where ® denotes the tensor product. The loss function Ly is strongly convex in 6,
as will be shown later.

To minimize the loss (4.17), we use stochastic gradient descent method. Thus,
we need an accurate sample estimate of V L () for given K and 6. For simplicity of

notation, we denote

f(:zc,u) = (C(I,U) + (¢(m,u),9))¢(z,u) = c(x,u)¢(m,u) + (@Z)(ZE,U) ® ¢($au)) -0
(4.19)
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so that VLg(0) = Ex[f(x,u)]. Note that f(z,u) depends on 6 and K, while we
suppress that in the notation. We decompose the sampling into two steps: the first
step is to obtain x, u that approximately follows the stationary distribution N (0, Xx)

and the second one is to sample f(x,u) for given x, u.

For the first step, we use the Markov chain Monte Carlo (MCMC) method
[GRS95]. Let Ny and N be two integers that will be determined according to the
error tolerance. Starting at o = 0, we sample N independent trajectories of length
Ny + 1 according to the policy mx. So, we obtain /N samples {(xNO, uNO)}N , that fol-

low the distribution of (xy,, uy,). For each pair (xg\%, ugf,)o), we generate Ni unbiased

sample for ¢(x§\%, ug\%), given by

wﬁ?” = (2, D)) — WC%UE@D j=1,2,---, Ny

where 2047 4(9) are sampled independently and follow the next step distribution

conditioned on (xg\%, ug\%) Here, N; = O(1) is another predefined hyperparameter.

We denote the mean by ¢ = N% Z;V:ll 1@(2) Therefore, we can obtain an unbiased

sample for f (x%f),u%f)) by

N1
77 (3 7 1 7 7
Tk ui) =5 D_ el u )0

=1

N1

Ny
1 o~ 1 o ~n
() o 50 _ (0) _ g0 @ _ 5| . g
+[N1j§:1¢j ® ; Nl—lj;(% V) @ (47 =y - 0.

(4.20)
Note that the first and second terms in the square bracket are unbiased samples for
E[{/J\(~i) ® @/ZJ\(»i)] and Cov(gf(.i)) respectively, which implies that the square bracket is

an unbiased sample for w(x No ,uﬁ\%) ® w(w Ny ugv) ). Finally, the sample of gradient
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V Lk(0) is given by
_ 1N
VLIk(0) =5 >l ul). (4.21)
i=1
The one-step sample complexity is O(NoN1N). We remark that our LSTD is similar
to a TD(0) algorithm, except that we have N trajectories and we omit J(K) in (4.18).
Denote Lk, (0) by L(0) for simplicity. We also denote 6; the critic parameter at step

t. The gradient sample at step ¢ (in matrix form) is denoted by @(9,5) and the
critic update is given by

6)t+1 =0, — Oétv/\[at(et)7

where «; is the step size for the critic.

4.3.2 Policy improvement for the actor

For the actor algorithm, we borrow the idea from [FGKM18] which considered a
policy gradient algorithm for the LQR problem. A similar approach is also studied
by [YCHW19, ZDR21].

Motivated by the form of the gradient (4.10), we define
Gg = (R+B"PxB)K — B' Px A, (4.22)
so that Vg J(K) = 2G g Dg. Therefore, a vanilla policy gradient algorithm looks like
Kiy1 = Ky — Gk, Dk,

where G, and Dg, may be replaced by some estimates and (; is the step size for
the actor.

Instead of the vanilla policy gradient, we would consider the commonly used
variant known as the natural policy gradient method [KakO1]. The natural policy
gradient uses the inverse Fisher information matrix to precondition the gradient so
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that the gradient is taken w.r.t. the metric induced by the Hessian of the loss function
[PS08]. This method has been studied in e.g., [Kak01, PS08, BSGL09, LZBY20]. The

Fisher information matrix at each state x is given by
Fo(K) = Buyrye [Viclog(mr (u]2)) © Vi log(mi (ulx))] (4.23)

which is a tensor in R**¢@R¥*? as K € RF*? is a matrix. Then, the (average) Fisher

information matrix is defined as
F(K) = Epun.0x) [Fo(K)] = Ex [V log(mr (u|z)) ® Vi log(mk (u]x))] -

Under the metric induced by the Hessian, the steepest descent direction of J(K) is
given by

—VJ(K)=-F(K)™" - VgJ(K)=—2F(K)™" - Gx D,
where for F(K)™!, we view the tensor F(K) as a linear operator R¥*4 — RF*d g0

F(K)™! is the inverse operator. The following property gives a simple expression of

VJ(K). The proof is in later sections.

Proposition 3. We have
VJ(K) = 20%Gy. (4.24)

Recall that G = (R+ B PxB)K — B" Px A. Hence, Gx = 022K — 62} where 0
is the true parameter w.r.t. policy 7, given by (4.16). Therefore, the actor update
is given by

K = K — Bi(0PK, — 62') =: K, — 8,Gx,, (4.25)

where the constant 20 is absorbed in the step size 5, and we have defined G K, =
022K, — 6?1, Recall that we use G; to denote the filtration generated by the training

process. Since Ky, is deterministic in 6, and K;, K;,; is G;-measurable.
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4.3.3 Assumptions and main result

Here we state some technical assumptions for our result.

Assumption 1. We assume that
1. There exists a constant p € (0,1) such that p(A — BK;) = p(Ey) < p, for all t.

2. There exist constants ca,cg, cg,cx > 0 such that ||A — BK|| < ca, ||E|| < cg,

10| < co, and || K*||, || K¢|| < cx for all t.

3. D, is positive definite with minimum eigenvalue o, (D) > 0.

Remark. In the assumption, E; is defined by (4.12) with K replaced by K;. The first
assumption is common in the analysis of the LQR problem [FGKM18, YCHW19]. A
theoretical guarantee for this condition is hard to obtain, while we will present some
numerical examples to support this assumption. The second assumption gives upper
bounds for several matrices, which is made to avoid technical tedious works to control
the probability of the random trajectory hitting unfavorable regions. One potential
way to alleviate this assumption is to define a projection map that reduces the size of
0, or K; whenever it is out of range [KT00, BSGL09], which is left for future work.
The third assumption is necessary to make the problem non-degenerate (cf. Lemma

7 below).

Next, we specify the choice of parameters in the algorithm. We initialize 6, = 0,
Ky = 0 for simplicity. Fixing the error tolerance ¢ > 0, we set the step sizes oy and

B; to be constant in ¢:

Umin(De) Umin(De)
_ — mmniTe) 4.26
“ 16¢2 c3k e b 16¢2 c3k2 (4.26)
where
30 min(De 4¢? 3cpc?
K = max ( Tmin ), a , CDCK) . (4.27)
263#0’ ,uaamin<De) /-1/0'
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Here, every parameter appearing in (4.26) and (4.27), except «y, (4, or €, are constants

of order O(1):
1. ¢2 is the upper bound for E[Hﬁ(@t)\\% | G;] that is in Lemma 3;
2. ¢y illustrates the geometry of J(K), with details in Lemma 6;
3. In Lemma 2, we will show that the critic loss is p,-strongly convex;

4. ¢ is a Lipschitz constant for fx w.r.t. K that is specified in Lemma 4;

5. ¢p is an upper bound for ||Dg,|| and ||Dg~|| that is specified in Lemma 1.

It is easy to verify that the step sizes satisfies the following inequalities:
Umin(De)
C3

Omin (De)
B

2
B < gMaOét

> (——+2)ci + (IR] + cp|| BIP) (4.28)

3
Qtlle

2
Sauts > Bienc

where we need to assume that ¢ is small enough such that 1/(u,a) > 2 + (|| R]| +
cp||B||?)/c3 for the second inequality. The total number of iterations is

1

T =0(2 log(2))

such that

(1 — Bies)T Ly < e,

where Lo = O(1) is the initial Lyapunov function that is specified at the beginning
of the proof for Theorem 1 and ¢4 = O(1) is a positive constant that is also specified
in the proof for Theorem 1. The number of samples N, the length of trajectory Ny
cach step, and the sub-sample size Ny, are set to be N = O(1), Ny = O(log(2)), and
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N1 = O(1), in order to achieve desired accuracy for the sample of critic gradient,

with details in Lemma 3. Here, 3t = x = O(1) implies that our algorithm has single

timescale. In such algorithm, the actor and the critic are interdependent, which makes

the analysis challenging. We summarize the actor-critic algorithm in Algorithm 3.

Algorithm 3 Single timescale actor-critic algorithm for LQR
Input: Training steps T, step sizes oy, (B, sample size N, Ny, and N;
Output: critic parameter 67, actor parameter Kr
initialization: critic parameter 6y = 0 and actor parameter Ky = 0
fort=0toT —1do

Sample ﬁ(@t) according to (4.21) {critic steps}

9t+1 = Qt - OthLt(Ht)

Ki = Ky — Bi(02 K, — 6%) {actor steps}
end for

The main result of our work is the following convergence theorem.

Theorem 1 (Main theorem). Under Assumption 1, for any € > 0 that is suffi-
ciently small, Algorithm 3, with the choice of parameters discussed above, has sample

complexity (9(% log(é)z). Moreover, the terminal error satisfies
E[||0r — 0k, ||3] < e and E[J(Kr)— J(K*)] <e.

Remark. The number of steps is T = O(%log(%)) and the one-step complexity is
O(log(2)). Therefore, the total complexity is O( log(2)?). This theorem tells us
that we have small error for both the critic and the actor. If we want error estimate
for || Kr—K*||p or |07 —6*|| r, we will need extra assumption such as strong convezity

of J(K) in K.

We believe the complexity O(Xlog(1)?) is nearly optimal (up to a log factor).
Even for a simple stochastic gradient descent (SGD) algorithm, we need O(s7!)
sample to achieve e-optimal solution [Bot12]. The LQR problem is bilevel, with the

critic part similar to SGD. Thus, the problem is more complicated than SGD and
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expects to require higher sample complexity. The convergence rate is also confirmed

by the numerical examples below.

4.4 Proof sketch of the main theorem

In this section, we give a sketch of the proof of Theorem 1 and postpone the details
to later sections. The lemmas used in the proof are stated in the later part of this

section.

Proof Sketch of Theorem 1. First, we show in Lemma 2 that the critic loss is strongly
convex. Then, we show in Lemma 3 that we can obtain the sample of gradient with

small bias:

|e[VE6) - vLa0)I6]

<o

With these two lemmas, we show in Lemma 5 that there is an improvement of critic

error in each step:

E (101 — Oxsl[1G:] — 100 — O, |17

4 2 1 Umin(De) 9
< —gatﬂaﬂet — k¥ + Zc—gﬁtg + (atua +2)[10x, = O 7 (4:29)
Here, the term ia'”iz—g(De)ﬂte comes from the sample error in Lemma 3 and (32~ +

2)|0k, — Ok, ||% is due to the actor update. Intuitively, we expect ||f41 — O, || to
be smaller than [|6; — Ok, || r, recall that ||0; — Ok, || r measures the error of 6, w.r.t.
the current policy parameter K;, while the last term in (4.29) takes into account the
update of K; to K, in the actor step.

Furthermore, we establish the improvement of the actor in Lemma 7:

722 (1) — ()
3 (4.30)

= Bi [omin(De) = Bien(IR] + cp| BI)] G I + BienllGre, — G l13
81
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where the last term comes from the critic error.

To establish the convergence, we define a Lyapunov function
Ly = L0y, Ky) = (10, — Ox, | T + J(K) — J(K7),

which is the sum of critic and actor errors. Direct computation shows that the last
term in (4.29) can be bounded by the second term in (4.30) and the last term in
(4.30) can be bounded by I of the first term in (4.29). Therefore, combining (4.29)

and (4.30), we obtain the decay estimate of the Lyapunov function

Omin De
BlLoss £ < E |autoll — 0+ 5,722

(J(K,) — J(K*))}

(4.31)
1 Omin(De)
4 C3

Bie.

Notice that the last term (sample error) in (4.31) can be bounded by the first term
if E[||6; — 0k, ||7] = 5 (according to the first inequality of (4.28)) or by the second
term if E[J(K;) — J(K*)] > § and we will obtain a contraction rate for the Lyapunov

function:

Lo — L1 < —O(B)Le.

If both E[||0; — Ok, ||7] < § and E[J(K;) — J(K*)] < §, then E[£;] < € and we can

easily show that E[L;;,] is also less than €. This finishes the proof. O]

In summary, the key point of the proof is that we can bound the positive term
in the critic improvement by the negative term in the actor improvement and vice

versa. In this way, we obtain a contraction rate of the Lyapunov function.

Before we turn to the analysis of critic and actor parts, we state the following

lemma which provides bounds for matrices Dy,, Pg,, and X,.

Lemma 1. Under Assumption 1, the matrix Dg,, Pk, and Xk, satisfy

Omin(De) < Di, <c¢p, Pk, <cp, and Xk, <cs (4.32)
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where the three constants cp,cp,cs, = O(1) only depend on A, B, D, Q, R, p, o,

and ca. Furthermore, the first inequality also holds with Dy, replaced by Dy~ .

4.4.1 Analysis of the critic part

In this subsection, we analyze the critic part of the algorithm. All the proofs are
deferred to later sections. Let us start with the following lemma, which gives the

strong convexity property of the critic loss.

Lemma 2 (Strong convexity of critic loss). Suppose that p(E) < p < 1, Lg(0) is
o -strongly convez in 0, where p, > 0 only depends on A, B, D., p, o, ck, and cx.

Moreover, p, = O(c*) when o is small.

Actually, one technical reason of using a stochastic policy for exploration is to
guarantee the strong convexity. The next lemma gives a quantitative description of

the accuracy of critic gradient sampling proposed in §4.3.1.

Lemma 3 (Gradient sample accuracy). Under Assumption 1, for any 6 > 0 that is
sufficiently small, let ﬁ(&t) be the sample of V Li(0;) with complexity N, Ny = O(1)
and No = O(log %) Then, we have

| [VL.00 - VL0 | 4]

‘F < (4.33)

and

E (VL0113

Qt] < i, (4.34)

where ¢, = O(1) is a positive constant that only depends on A, B, D., Q, R, o0, ¢k,
and cg.

i Tmin (De)
24 KC3

Remark. When we apply this lemma later, we will set §% = o€, and thus

§ = O(e2). By definition of the step sizes (4.26), we have

g, ZnnlDe) (4.35)

. 1
20E ||VL(6)I} | 6] < ga7

G| <
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when (4.34) holds. This inequality (4.35) will be used later and we can see that the

step size has to be of order O(e) to guarantee (4.35).
Next, we show a Lipschitz property for 0 with respect to K.
Lemma 4. For any two actor parameters K and K' such that | K|, | K'|| < ck,
|A— BK]||,||]A— BK'|| < ca, and p(A — BK),p(A— BK') < p < 1, we have
10x — O || 7 < e[ K — K|,
where the constant ¢; = O(1) only depends on A, B, R, p, ca, ¢k, and cp.
With the above lemmas, we can establish the improvement by the critic update.

Lemma 5. Let the step size be defined as in (4.26) and Assumption 1 hold. For

any € > 0 that is sufficiently small, assume that (4.33) and (4.34) hold with §* =

1 Imin(De)

51 men Mo€ for all t, then we have

E [[10r+1 = Oxc 7 | Ge] = 116: — O, |17

la-min(De)ﬁtg_’_ (

N0 — 0 2. (4.36
4 C3 Oét,ltg+ )H K Kt+1||F ( )

4
< —gatMaHQt — Ok, |7+

Recall that K. is G;-measurable.

4.4.2 Analysis of the actor part

In this subsection, we give the convergence result for the actor part. All proofs are
deferred to later sections. The first lemma demonstrates that the cost functional is
roughly quadratic in Gk. Inequality (4.37) has also been established in earlier works
[FGKM18, FYW20].

Lemma 6. Let K be an actor parameter such that p(A — BK) < 1, we have

e Tr(GrGr) < J(K) — J(K*) < cs Tr(GrGr), (4.37)
with positive constants co = % and c3 = JD_K(*}!).
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We recall that || - || denotes the operator norm of a matrix. We also recall that
K* is the optimal control parameter that is given by K* = (R + B'P*B)"'BT P*A
(see (4.2) for definition of P*). Next lemma establishes the improvement of the actor

update.

Lemma 7 (Improvement in the actor update). Let the actor update be defined by
(4.25) and Assumption 1 hold, then

J(Kipr) = J(Ky) < _Bto-rnin—(-De)

C3

(J () = J(K7))

= Bi [omin(De) = Bien (IR + cp | BI)] G I + BeenllGre, — G 17

Remark. This lemma for actor improvement is a generalization of Lemma 15 in
[FGKM18]. Their lemma shows an improvement of policy gradient with accurate
critic, while our lemma shows that there are extra terms when we have stochastic

estimate of the critic.

4.5 Numerical examples

In this section, we present some numerical examples to validate our theoretical results.

We consider two examples: the first one has d = 2 and k = 3:

0.5 0 0.2 0 0.1] 10
A_{o 0.5}’3_{0 0.2 0.1_’Q_[ }

10 0 i
R:010,D£=10},
00 05

and ¢ = 1. The other one has d =4 and k = 3:

05 01 0 O 03 01 0 10 0 O
0.1 05 01 O 0.1 03 0.1 0 1 01 0

A= 0 01 05 0 [’ B = 0 01 03}~ @= 0 01 1 o1}’
0O 0 0 05 0.1 0.1 0.1 0 0 01 1

85



learning curve for the first example learning curve for the second example

—— critic error —— critic error
actor error actor error
14
1<
107t
4 £ 10t
2 2
= 1072 4 | o
] ]
\/\’R 10-2 4
10—3<
1073
1074<
T T T T T T T T T 1074 T T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
steps steps

Figure 4.1: Error curves.

L on o 10010
R=101 1 01|, De= :
0 01 1 01 0 1 0.1
' 0 0 01 1

and ¢ = 1. In all the tests, we set N = Ny = N; = 100 for simplicity. We test
for T' = 125, 250, 500, 1000, 2000, 4000. In each example, we set the step sizes to be
oap = fy = %. In order to save time, we multiply the step sizes by 3 for the first 7'/2
steps.

Figure 4.1 shows the learning curves for the two example with step size oy =
By = 0.001. The error is the average of 10 independent runs, and we also show the
standard deviations. In the beginning, the error curves are nearly straight lines,
which coincide with our one-step improvement analysis in the previous section. Then
the errors become static because the algorithm has reached its capacity.

In order to obtain a convergence rate, we also test different step sizes, which is
shown in Figure 4.2. In the tests, we keep T'ay = T'3; as a constant. The horizontal
axis marks the number of steps 7', ranging from 125 to 4000. We take a log, transform
of T'. The vertical axis is the final critic and actor errors (after a logs transform). A
linear regression indicates that the slopes of the four error curves are all —1.0, which

confirms our theoretical results in the previous section.
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convergence rate for the first example convergence rate for the second example

—e— final critic error, slope=-1.02
—— final actor rate, slope=-0.97

—e— final critic error, slope=-1.02
—— final actor rate, slope=-1.01

errors
errors

125 250 500 1000 2000 4000 125 250 500 1000 2000 4000
The number of steps T The number of steps T

Figure 4.2: Convergence rate.

We also track the norm in Assumption 1. In the numerical tests, the maximum
of p(A— BK,), ||A— BK,||, ||E¢||, || K¢||, and ||6;]| ¢ for the first and second examples
are 0.524, 0.529, 0.586, 0.329, 2.641 and 0.662, 0.662, 0.867, 0.498, 4.254 respectively.

This further confirms that Assumption 1 is reasonable.

4.6 Proofs for the results

Throughout the proof, we will frequently use two basic properties in linear algebra.
So we state them here. The first one is that if X is a (symmetric and) positive
semi-definite matrix and Y is of the same shape, then Tr(XY') < Tr(X)||Y||, where
we recall that || - || is the operator norm of a matrix. The second property is a
direct corollary of the first one: for any matrices X and Y of proper shapes, we have

XY [e < IXHY e

4.6.1 Proofs for results in Section 4.2 and Section 4.3

Proof of Proposition 1. Since p(A— BK) < 1, we know from definition (4.8) that the
expression for Py in series is

Py = i((A — BK)")*(Q + K'RK)(A — BK)®. (4.38)

s=0
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Give the state z,, the conditional expectation of one-step cost is

Ele(xs, us)|zs] = JUSTQQ:S + Eo, o~ 10) [(—Kxs + awS)TR(—KxS + owy)]
(4.39)
=2, (Q+ K'RK)x,+ o> Tr(R).

So the total cost is

J(K)

5—
= lim Eg Z ws,uS] = hm Ex
s=0

S—00

S—

Z c(@s, us !xs]

S
= lim Eg Z (Q + K"RK)x,| + 0* Tr(R)
5=0

S—o00

= EK[xT(Q + K"RK)x] + 0 Tr(R)
=Tr [Eg[zz"])(Q + K" RK)] + 0® Tr(R) = Tt [Dr(Q + K" RK)| + 0® Tr(R)
r [Dx(Px — (A— BK)' Pg(A— BK))] + 0° Tr(R)

r [(Dk — (A — BK)Dg(A — BK)T)Pg] + 0> Tr(R) = Tv[D,Px| + o® Tr(R).

So (4.9) holds. Next, we derive the expression for Vg J(K). We need a simple

formula: if the shape of M is the same as the shape of K, then
Ve Tr(MTK) = Vg Te(MK") = M.
Since J(K) = Tr [Dg(Q + K" RK)] + 0* Tr(R), we have
Vi J(K)=2RKDg + Vi Tr[DgQol|gy=q+ 5T RK- (4.40)

We recall that
Dg = D+ (A~ BK)Dg(A— BK)".
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Therefore,
Vi Tt[DrQo) = Vi Tr[(D. + (A — BK)Dy (A — BK)")Qy)
= —B'(Qo+Qy )(A = BK)Dk + Vi Tr[DrQ1]lo,=(A-BK)T Qo(A-BK) (4.41)
= —2B"Qo(A — BK)Dy + Vg Tr[Dx@1]|gi=(a-Bx)TQo(A—BK)

where we used Qy = @ in the last equality. Therefore, we can apply (4.41) recur-

sively and obtain

Vi Tr[DgQollgo=0+ kT rEic
— 2B"(Q + K'RK)(A— BK)Dg
+ Vi Tr[Dr Q1| g =(A-BK)T (+ KT RK)(A-BK)
= 2B"(Q + K"RK)(A — BK)Dg
—2B"(A- BK)"(Q+ K"RK)(A— BK)’Dg

(4.42)
+ Vi Tr[Dr Q] |Q2=((AfBK)T)2(Q+KTRK)(AfBK)2

- i 2B"((A— BK)")*(Q + K"RK)(A — BK)*"' Dy

s=0

= —2B" Px(A — BK)Dg

where the assumption p(A — BK) < 1 guarantees that the series converges and the

remaining term vanishes. Substituting (4.42) into (4.40), we obtain

ViJ(K) =2RKDy —2B'Pgx(A— BK)Dg =2 [(R+ B'PxB)K — B' PxA| Dk
O

Proof of Proposition 2. If we start with xq = x, since the state dynamic is

g1 = (A— BK)xs + €4
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with €, ~ N(0, D,), the state distribution is

zy~ N ((A — BK)*z, §(A — BK)'D.((A — BK)W)

i=0
— N ((A ~ BK)*z, Df,?) .
Therefore, by definition, the value function is

I
NE

{Ex [e(s,us) | wo = 2] = J(K)}

I
o

s

Z {Ex [2)(Q+ K"RK)z, | 2y =z] + 0* Tr(R) — J(K)}

V)
(=)

{Tr (IEK [:vsxsT | 2o = x] (Q+ KTRK)) — Tr[DePK]}

M 11

{Te[ (4= BE) 22T (A= BE)T) + D) (Q + KT RE)| — Te[D.Py] }

@
I
o
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where the second equality is by (4.39), the third equality is by (4.9). Therefore,

VK(x)
= 1" Pxx + i {Tr (SZ(A — BK)'D.((A— BK)W’) (Q + K"RK)
—Tr | D, (i((A — BK)")(Q+ K"RK)(A — BK)i>] }

=0

WE

= Prx — i Tr
s=0

( (A— BK)'D.((A - BK)T)Z) (Q+ K"RK)

=a'Per—3 > T[((A= BK)'D((A - BK)T)")

s=0 j=0

(A= BE)"Y(Q + K"RK)(A — BK)')]

=1 Pgx— Y {Tr[((A— BK)'D.((A— BK)")*) P]} = 2" Pz — Tr[ Dy Px],
s=0
where we have used the series expressions for Pi (4.38) and Dy (4.5). The assump-
tion p(A— BK) < 1 guarantees that all the series above converge. Next, we compute

the state-value function Qg (x,u). Recall that Qg (x,u) is the expected extra cost

if we start at xg = x, take a first action ug = w and then follow the policy 7.
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Therefore,
Qk(x,u) = c(z,u) — J(K) + E[Vk(2') | z,u]
=2'Qz +u' Ru— Tr[DPx] — 0° Tr(R) + Epon Azt Bu,pe) [& P’ — Tr[Dy Py]]
=1 Qv +u' Ru— Tr[D.Px] — 0® Tr(R)
+Tr [Ez/NN(AerBu,DE) [QSI-I/T]PK] — Tr[Dg Pk]|
=2"Qr+u' Ru— Tr[D.Px + 0?R + Dy Pxk]
+ Tr [((Az + Bu)(Az 4+ Bu)" + D¢) Px|
=2'Qr +u' Ru—Tr[(D. — D¢)Px + 0°R + Dy Px| + (Az + Bu)' Px(Az + Bu)

— 27 W] Q+A"PkA  ATPxB ][x

_ 52 Ty
O
Proof of Proposition 3. The distribution of policy is 7 (u|r) ~ N(—Kux,0%I}), with
probability density
mic(ula) = (2m0?) 2 exp (— = fu + Kaf?
" 202 ’
Therefore,

k 1
log 7 (u]z) = —§1og(27r02) — ﬁ|u + Kaf?

and

1
Vi log m (ulx) = —p(u + Kx)z'.

Therefore, by the definition in (4.23), the Fisher information matrix at state x is

F.(K) = /Rk<27m2)k/2 exp (_T;W + Kx]Z) %[(u + K2)r"] @ [(u+ Kz)z]du

1 1
—k T T
= /Rk(27r02) /% exp (——|u|2) F[zm | ® [uz " |du.

202

92



Recall that the stationary state distribution is N (0, Dk ). Hence, the Fisher informa-

tion matrix is
1
F(K) :/ (27)~42(det(Dg)) % exp (—axTD;x> F,(K)dx
Ra
1
:/ (27)~¥?(det(Dg)) "% exp (—ﬁxTD;{lx>
Rd

1 1
/Rk(27ra2)_k/2 exp (—@|u|2) ;[UIT] ® [uz"]dudz

Note that we can compute the integration w.r.t. x and u separately with

1
/ (27)~¥2(det(Dg)) /% exp (—EQZTD;{lZE) zx'dz = Dg
Rd

and
1
/ (2mo?)F 2 exp | —=—|ul?* ) uu'du = 021},
Rk 20'2
Therefore, by an elementwise analysis, we obtain
0*F(K) -Gk = Gk Dg.

Therefore, (4.24) holds. O

4.6.2 Proofs for results in Section 4.3.3
We first prove the lemmas and then the main theorem 1.
Proof of Lemma 1. Firstly

Dk, = D. + (A — BK,)Dg,(A — BK,)" > D¢ > 0in(D.).

Dy, also has an expression in series:
Dk, =Y (A— BK,)'D((A— BK,)")".
s=0
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Since limy_,o || (A — BK,)¥||* = p(A— BK,) < p < 1 and ||A — BEK,|| < ¢, (with an

argument similar to the proof in Lemma 2 below,) we have

Dg, = i(A — BK,)*D.((A— BK,)")* <

s=0

1
1—p?

1D]|

with the constant depending on ¢4 and d. Therefore, the first inequality in (4.32)

holds. The constant ¢p is proportional to || De|| and also depends on ¢4 and d.

1—p?
The argument above also holds for K*, so the inequality also holds with K; replaced

by K*. For Pg,, we also have an expression in series:

Py, = i((A — BK,)")*(Q + B"RB)(A — BK,)*.

s=0

So the argument to prove the second inequality of (4.32) is the same. Finally, since
Yk, has expression (4.13) with ||Dg,|| < ¢p and ||K]| < ¢k, ||2k,| has a bound

cs = (1 + cx)?cp + o2 automatically. O

Proofs for critic

Here we prove the results for the critic.

Proof of Lemma 2. In order to show V2Lg(0) = Ex [¢(z,u) @ ¥(z,u)] > p,, we

only need to show that for any M € REFF*(@+F) e have
Ex [(Te[My(z,u)])’] > po | M|7.

Since 1(x,u) is symmetric, we have Tr[My(z,u)] = Tr[MT(z,u)] = Tr[3(M +
M")(z,u)]. We also have 2||2(M + MT")||% > ||M||%. Therefore, we only need to
show

Exc [(Te[My(x,w))?] > 2p,| M3 (443)
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for all symmetric matrix M. Recall that
Zs11 = Ezg + €.
Since
V(2) =Ex[(Ez+)(Ez+6)| — 22" =Ez2"ET + %, — 227,

we have
Tr[My(z,u)] = Tet[MEzz"ET + MY, — Mz2") = 2" (E"TME — M)z + Tr[MX,].

Recall that z ~ N(0,Xg) under the stationary distribution where ¥ is defined in

(4.13). By definition, for any x € R%, u € R* and v # 0, we have

T T T _ Loy T Lo
E U}EK[U:|—(’7$ ’yK u)' Dg(vyx ’yK w)

1
+ (1 =~z " Dga +u' [0, — (V — 1)KDgK "u. (4.44)

Therefore, we can smartly choose a vy € (0,1) s.t. (1 —~?)Dg > ps and oI} — (7% -
1)KDgK T > us, for some positive constant py;, € R. Therefore, Y > ux. Using
the same method, we can also show that 3. > us. This ux depends on o, 6, (D)
(Omin(De) for X.) and || K||. Since 0in(Dg) > omin(De) = O(1), us is of order O(1)
as long as we have an upper bound for || K||. We can also find that us, = O(c?) when

o is small. Next, we start to compute (4.43).

B [(Te[M(x,u)])?]
=Ex [(:"(ETME — M)z + Te[MX]) (:"(ETME — M)z + Tt[M%.])]
4.45
=Eg [z (E"TME — M)zz"(ETME — M)z A

+2:"(ETME — M)zTe[ME] + Tr[ME]?] .
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We will compute each term respectively. We recall the stationary distribution is

_1
z ~ N(0,Xk). If we define w = X%z, then w ~ N(0, I411). Denote (m;;) = M =
1 1 N
Y2(ETME — M)X%, then M is symmetric and
Ex [z"(ETME — M)zz" (ETME — M)z]

1 1 1 1
= Eoon(000) [uﬁz 2 (ETME — M)Siww  $2(ETME — M)S f(w]

= EwnN(0,2441) [wTMwa]\Ajw}

— —~ 2 4.46
= / (ZW)_#wTMwaMw exp (—M> dw (4.46)
Rd+k 2
d+k - -
=3) mi+ Y mimg; +2> m? = 2Te[M?] + Te[M]*
i=1 i# i#

= 2Tr [Sx(ETME — M)Sk(ETME — M) + Tr [Sx(ETME — M)]” .
Also,

Ex [z (ETME — M)z] = Eg [Tr(22"(ETME — M))] = Te[Sx(E"ME — M))).

(4.47)
Recall that X = X, + EXgE', so
Tr[Sx(E"ME — M))] = = Tr[M (S — ESgE")] = — Tr[MX,] (4.48)
Therefore, substituting (4.46), (4.47) and (4.48) into (4.45), we obtain
Ex [(TT[M@D(ZU,U)])Q]
=2Tr [Sg(ETME — M)S(E"ME — M)]
+Tr [ME]? — 2T [ME]* + Tr [MX.)
(4.49)

=2Tr [Sg(ETME — M)S(E"ME — M)]
> 2us Tt [(ETME — M)Sg(ETME — M)]

> 3 |ETME - M}
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for all symmetric matrix M. Next, we want to show |M|r < [[ETME — M||x.
Since the Frobenius norm is equivalent to the operator norm (with the constant
depending on the dimension), we only need to show ||[M|| < ||[ETME — M||. Note
that this step makes u, depend polynomially on d + k. We define an operator
Ty - RUHRX(dHR) _y R+ X(d+R) guch that

Te(X)=> (ET)XE".

s=0
Since 1 > p > p(E) = lim,_, || E%||*, the norm of the operator should satisfy

ITe(Ol e
XTI S 1

| TE|l = supx o

where ¢ depends on || E|| and d + k. Notice that
Te(M — E'TME) =Y (E")"(M — ETME)E* = M,

s=0

we conclude that

1M = [Te(M - ETME)|| < |Tell|M - ETME| <

 _|M—-ETME]|.
1—p?

So, |[M||r S||ETME — M||p. Therefore, by (4.49),

V2Lk(0) = Ex [{(z,u) @ (2, u)] > o

holds with i, proportional to 0%/(1— p?) and depending on ||E|| and d+ k. Moreover,

[ty grows polynomially as d + k becomes large. O]

Proof of Lemma 3. Similar to (4.19), we define

VLi(0)) = Eg, [f (2, u)],
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where f depends on both 6; and K;. We denote Ey,[f(z,u)] the expectation of the
same function under the distribution of (zx,, ux, ), which starts at zp = 0 and follows
the policy mg,. We prove (4.34) first. We recall that the feature matrix ¢(z, u) defined
in (4.14) is quadratic in (z,u). So, ¥ (z,u) = E[p(2',v')|z, u] — ¢(x,u) also grows at
most quadratically in (x,u) since (2/,u) are normally distributed. Therefore, f(x,u),
defined in (4.19) grows at most quartically in (z,u). By assumption 1, ||0;]|r < ¢y =
O(1) and ||Ki|| < cx = O(1), so the coefficients for this quadratic growth are of

order O(1). A similar argument tells us that f(xg\%, ug\%) defined in (4.20) grows at

j»V:ll and (x%?),u%?)), with O(1) coefficients. Note

most quartically in {(z®7), u(®))}
that {(z9, u(i’j))}év:ll and (335\%, ug\%) are normally distributed with 0 mean and O(1)

covariance matrix. Therefore,

N
1 rYR( i
= 2 ) uf)

i=1

s [z 5] -

So (4.34) holds with ¢, = O(1). We also see that ¢, = poly(d + k) as the dimensions

increase. We will show (4.33) next. By definition,

| [V - VL6 | 6]

‘F = HENO [f(x,u)] - EKt [f(fE,U)]HF (450)

Here, we remind the reader that the expectation on the left in (4.50) is taken w.r.t.
the training filtration G, while those on the right are taken w.r.t. the state and action
distributions.

We remark that existing results [AA68] bound (4.50) directly. However, it can be
computed directly, so we give an elementary proof. Recall that the state trajectory
is given by

Tsr1 = (A — BKt).TS + €5
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with 2y = 0 where ¢, ~ N(0, D,). Therefore, the distribution of zy, is

No ~ N (0, NOf(A — BE)*De((A -~ BKN)S) =N (0.0”)

s=0

and the stationary distribution of z is

Too ~ N ( f:(A BK:;)’D((A - BKt)T)S> = N (0, Dg,) .

s=0

Since p(A — BK;) < p <1, D, > 0, and Ny = O(log%), we have Dk, > 0, (D,),

DY > 6,0(D,), D, — DX > 0 and || D, — D3| < 6. Since
us ~ N(—K,x,, 0%1},),

we have the joint distribution for zy, = (@, uy,)"

B N 0 D(NO) D(NO)KT
o ~K, D(NO) K. D}ifo)KT + 02,

> = N (0,27

and the joint stationary distribution

DKt _DKthT .
i~ N (0’ {—KtDKt KD K+ o2 ) = N (0 5k)

Since ||Dg, — HF < § and || K| < ¢k, we have ||Xk, — E ”F < ¢0. Here
the positive constant cg = O(1) decrease geometrically as Ny increases algebraically.

Furthermore, using the same argument when we prove X > py in Lemma 2, we can
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find a positive constant pux = O(1) such that Xk, > us and E%\ZO) > px. Therefore

||]ENO [f(:)?, u)] - EKt [f(x7u)]||F

f2)2m) T {det@g‘)))‘% exp (-%J(zg@)—lz)

Rd+k

1 1
—det(Xk,) "2 exp (—izT(EKt)1z>} dz

F

1
det(E%\?))_% exp (——ZT(E%\Z‘)))_lz)

< / (1 + |21
Rd+k 2

1 1
— det(Xg,) 2 exp (—izT(ZKt)lz)

(4.51)
dz

VI

1
< / c(1+ 2% [det(E%Vo))_% —det(Xg,)” ] exp (——ZT(E%VO))_lz) dz
RA+F ¢ 2 ¢
+/ (14 |2|*) det(Sg,) 2
Rd+k

[exp <—%ZT(ZKt)_1Z> — exp (—%ZT<E%\ZO))_1Z)] dz

There is no absolute value at the end of (4.51) because each term is non-negative.

Next, we will bound the two integrals respectively. For the first one, we have

NI

det(Z0N) =2 — det(Sg,)
det(Z,) — det(Z9)

) \/det(zﬁg‘”)det(z&) <\/m+ \/det(Eg(’)))

— 0(1) (det(ZKt) - det(zggw)) .

Next, we will show det(Xg,) — det(E%\t[‘))) = O(0). We can find a unitary matrix U

such that U TZ%\ZO)U is a diagonal matrix,

|vev -0 = |2k - =@

S 6657
F
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and

det(X,) — det(E9?)) = det (US g, UT) — det(USEOUT).

If we assume that the diagonal element of U, U tobeay,--- , Ggrr and
USEVUT = diag(by, -+, bask)-

Then a; > b; and a; — b; = O(6). Therefore

d+k d+k
0 < det(USk,UT) — det(US'UT) < [ a; — [J b = O9).
=1 =1

Therefore, det(Xg,) — det(E(NO)) O(9) and hence
det(Z0) =2 — det(Sg,) 2 < ¢

with positive constant ¢ being as small as we want (through increasing Ny). Therefore,

the first integral in (4.51) satisfies

/ c(1+ |2|h) [det(E(N0 ) 2 det(Xg,)” %] exp (—EZT(E%\TO))_lz) dz
Rd+F 2 t

(4.52)
<o (1+ |2|*) exp (—%ZT<E%\ZO ) ) dz = c00(1) <

Rd+k

l\DIH

Here, again, the constant ¢ may differ according to the context. A more detailed

computation shows that
det(E0°) 72 — det(Sg,) 2 < det(S0°) 72 poly(d + k) cod.

Therefore, Ny should scale with log(d + k) as the dimensions increase. Next, we
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bound the second integration in (4.51). Using the inequality 1 — e™* < x, we have

exp <—%ZT(2K,5>_IZ) — exp (—%ZT(Z%\ZO))_IZ>

1 1
= S exp (_ﬁzT(th)-lz) Tr [((zg@)—l - (th)—l) zzT]
1 1
= 5 exp (—ézT(EKt)_lz) Tr [(290))_1 (E \ E%\ZO)> (Sk,) L2z ]
1 1
< Sexp (—EzT<th>-lz) IEE) ™ (Br = Z02) (Br) 7! Trlz2T]

1 1 1
< 5 €XP (—ng(EKt)_lz) M—ZEC66|Z|2.
Therefore, the second integration in (4.51) satisfies
/ (1 + |2]*) det(Sg,)
Rd+k
1 1
{exp <—§ZT(ZKt)_1Z) — exp (—izT(E%\?))_lz)} dz

J.

N | —

< (5/ c(|2]? + |2[%) det(Sk,) "% exp (—%zT(EKt)lz) dz =46cO(1) <
Rd+k

(4.53)
Plugging (4.52) and (4.53) into (4.51), we obtain

1B [f (2, u)] = B, [f (2, w)]l| p < 6.
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Proof of Lemma 4. By definition

AT

B — s — AT(Pg — Pg)A AT(Pg —PK,)B] _ [BT] P — Pe] [A B

BT(Px — Px)A BT(Px — Pyx/)B
Therefore,

10k — O || = Tr[(0x — Ox) " (B — Oxcr)]
(4.54)
= Tr ([(AA" + BBT)(Px — Pr)]?) < (I AII* + | BI*)*|| P — Pre[I%
Therefore, our goal is to bound ||Px — Pk/||r by ||K — K'||p. By definition in (4.8),
Py — Pg
= K'RK — K'""RK' + (A — BK)"Px(A — BK) — (A — BK")" Px/(A — BK')
= K'RK — K'RK' + K'RK' — K'"RK’
+ (A~ BK)"Pg(A— BK) — (A~ BK)" Px(A— BK')
+ (A - BK)"Px(A - BK') — (A — BK)' Pg/(A — BK')
+ (A~ BK)"Pg/(A— BK') — (A — BK')" Pg:(A — BK')
=K'R(K - K')+ (K - K')'"RK' — (A~ BK)"PxB(K — K')
+ (A - BK)"(Px — Px/)(A— BK') — (K — K'Y B" Px/(A — BK')
Therefore,
Pg — Pgr — (A~ BK)' (Px — Pg)(A — BK')
= K'R(K — K') + (K — K')"RK’ (4.55)
—(A—-BK)"PxkB(K — K') — (K — K')"B" Pxs(A — BK")
Next, we want to take || - || on both sides of (4.55). For the left hand side, since
p(A— BK),p(A—BK') < p<1and ||A—- BK]|,||A— BK'|| < ca, we can repeat
the last part in the proof of Lemma 2 and prove that
1Pk — Prorl| e < el|(Px — Prr) = (A= BK)"(Pg — Pxr)(A = BE')|[p (4.56)
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where ¢ is proportional to 1/(1 — p?) and also depends on c4 and d. For the right

hand side of (4.55), since ||Pk|| < cp, ||Px/|| < cp, ||K|| < ¢k and | K'|| < ¢k,

|IK'TR(K — K') + (K — K')TRK'
— (A= BK)'PxkB(K — K') — (K — K')"B" Pi:(A — BK')||r (4.57)

< 2(ck || Rl + cpeal B|)) | K — K'|[ .
Plugging (4.56) and (4.57) into (4.55), we obtain
1P = Prellp < 2¢(exc[|R]| + cpeall BI) [ K — K[| r. (4.58)
Finally, combining (4.54) and (4.58), we obtain
10k = Ox'llp < 1| K — K[| (4.59)

with ¢; = 2c(cx||R|| + cpeall B||) (|A]|* + || B||?). This ¢; grows polynomially as the

dimensions increase. [
Proof of Lemma 5. Note that
Het—i-l - 9Kt+1 H%‘ = ”91& - atﬁ(et) - eKt + eKt - 0Kt+1 H%
= 116, = 0xc I — 200 Tr [ (6, — 0xc,) "V L,(0)]

+ a2 [VLO)IF + 10k, = Orcees I} + 2T | (O, = Or) (6 = O, — eV Li(0)))
= ||9t — QKtH%‘ — 20[,5 Tr [(9:: — QKt)TVLt(Qt)}

+200Tr [ (0 — 02c) (VL(6)) = VL(0)| + o[ VL0

105, = Ol + 2T | (O, = Oxcs) (00 = O, — Y Lu(8)]
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So
||9t+1 - 9Kt+1||§7
< (1= 20410 0, = Orc I3+ 200 T [ (6 = 0xc) (VL(60) = VL,(0.))]

+ a2V L(0)% + |0k, — O,y |1

+2Tr [(eKt - 0Kt+1)T(0t - eKt)] — 204 T [(QIQ — 0Kt+1)T€\Lt(0t):| (460)

<(1- gatmnet — O F + 200 T | (6 — 0xc) T (VLl0h) = VLi(61))|

— 3
+ 20| VLo(6:) 7 + (= + 210k, — O 15

tHo

The first inequality is because L;() is p,— strongly convex and hence
Tr [(915 - QKt)TVLt(Qtﬂ =Tr [(Qt —0k,) T (VLi(6)) — th(eKt))} > 1o |0: — O, ||

The second inequality in (4.60) is a simple application of Cauchy-Schwartz inequality.

Taking expectation w.r.t. G; in (4.60), we obtain

E [||9t+1 - 6Kﬁ+1||§7 } gt}

5 e
< (1= Sauna) 0 — O |b + 200 Tr [(et 0% E [wt(et) VL6, ‘ gtH

— 2
v 20 |[FL[) | 6] + 2o+ 2w~ bl
4 B1e" — 2
< (1 goupo) 60 = O+ B [VL(0) - VL) | 6] |,
— 2
2028 | FT60) | G| + (o + D, — O
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Therefore,

E (110041 = O 1 | Ge] = 116 — Orc, |17

4 3oy 2
< ool — O |3+ 22
< — ol O + > .

E [VLt(Qt) — VL6, ] Qt}

g

3

tHo

200 || FEt6) 426, — B

2

‘ gt:| +(
F o
Combining with (4.33), (4.34), and the definition of ay, we obtain (4.36):

E 1041 = O 7 | Ge] = 1160 — O, |5

4 10yin(D.)
< N6, — O |12 S TmintDe)
S Tk 10: — Or, || 7 + TR Bie + (Oét,ua

+ 2) HeKt - 9Kt+l H%«“

Proofs for the Actor
Next, we prove the results for the actor.

Proof of Lemma 6. We prove the upper bound first. According to (4.9),

J(K) = J(K*) = Te((Px — Pg+)De) = Egunio,po) v (Px — Pr+)a]

(4.61)

where we recall that Px = (Q+ K '"RK)+ (A— BK)" Pg(A— BK) and Pk satisfies

a similar equation. So, Pk« also has the following expression in series

Py = i[(A — BK*)*]"(Q + K*"RK*)(A — BK*)®.

s=0

Therefore, if we define a sequence {y,}2°, with yo = = and ys; = (A — BK*)ys, then

¢! Pyet = i ' [(A— BK*)*"(Q+ K*"R*K)(A — BK*)*z

s=0

= 4 (Q+ K" TRK")y,.

s=0
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Combining with

v Prx =Y (4] Pxys — Yl Pxysin) = Yyl (P — (A= BK*)T P (A — BK™))y,
s=0 s=0

and (4.61), we obtain
J(K) = J(K)

=Ep, k- [Z Y, (-Q — K*"RK* + Px — (A — BK")" Px(A — BK")) y,
s=0

=Tr

Ep, k- [Z ysysT] (~Q — K*TRK* 4 Px — (A— BK*)" Px(A — BK"))

s=0

(4.62)
where Ep,_ g+ denotes the expectation with yy ~ N(0, D,) and ys41 = (A — BK*)ys,.
Next, we analyze the two terms in (4.62) respectively. The first term is easy, recall

that Dy~ is the solution of

Dy~ =D, + (A~ BK*)Dg-(A— BK*)"

so that
Di- =Y (A= BK*)'DJ(A= BK")"]"
s=0
Therefore,
ook [Z ysys | = Eomnony | D (A= BE*)'za’[(A~ BK")']"| = Dic-.
s=0 s=0

(4.63)
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Next, we consider the second term in (4.62). By direct computation,

—~ Q- K""RK* 4+ Px — (A— BK*)" Px(A — BK")
=—Q—(K"-K+K)'R(K* - K +K) + Px
— (A~ BK + BK — BK*)' Px(A— BK + BK — BK")
= (K — K*)"(RK — B"Pg(A - BK)) + (RK — B' Px(A— BK))" (K — K*)
— (K — K*)"(R+ B"PgB)(K — K*)
=(K-K)'Gr+Gr(K—-K)— (K—-K""(R+B"PxB)(K — K*)
=GL(R+B'"PgkB)'Gx — (K — K*— (R+ B"PgB)'Gg)"
(R+B"PxB)(K — K* — (R+ B"PxB)"'Gg)

< Gr(R+B"PxB) 'Gg
(4.64)
where we have used the equation (4.8) for Pk in the second equality and the definition
of Gk (4.22) in the third equality. The < above means the difference of the two matrix
is positive semi-definite. Plugging (4.63) and (4.64) into (4.62), we obtain

J(K) — J(K*) < Tr(Dg+ Gio(R + B PgB) 'Gk) < || D+ || /Omin(R) Tr(G G ).

This finishes the proof of the upper bound. Next, we prove the lower bound. Note
that the argument above does not rely on the optimality of K*. Therefore, we can

obtain a general formula (that is useful in the proof later):
J(K)— J(K') =Tr [Dg (K — K') "Gk (4.65)

+Gi(K - K')— (K- K')'(R+B'PgB)(K — K'))] . (4.66)

Specifically, we can set K’ = K — (R + B'PxB) Gk (ie., let (4.64) hold with
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equality), then by the optimality of K* and (4.65), we obtain

J(K) — J(K*) > J(K) — J(K') = Tr(Dg G (R+ B P B) 'Gg)

B Umin(DE)
> Onin( DO 1R+ BT PicBI ™ Tr(Gre ) = i

TI‘(GKG[T()
Proof of Lemma 7. By (4.65),

J(Ky) = J (K1)
=Tr [Dy,,, (K¢ — K1) Gr, + G, (K — Ki41)

—(K; — K1) (R+ B Py, B) (K — Ki11)) ]
=Tr [DKM (@@LG& + 6tG;t@Kt - BEGITQ(R + BTPKtB)@Kt)}
Therefore,
J (K1) = J(K)
— _B,Tr [DKt (@,TQG& + GGy, — BGL(R+ BTPKtB)(A}Ktﬂ
= 4T [Di, (GG, + GG, — (G, — Gx) (G, — G
—B,GL (R + BTPKtB)CA}Kt)]
Recall that we proved
Omin(De)la < Dk, < cplq and Pk, < cp
in Lemma 1. Therefore,

Tr [DKtG[TQGKJ > Umin(D6>HGKtl|%77

Tr [DKt@[—l;t@Kt] > O-min(De)HaKtH%?
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Tr | D, Gl (R + BT P, B)Gre,| < en(|R| + cpl BI)|Cre 3.

and

Tr [DKt(GKt — Gr,) (G, — am)} < cp||Gr, — Gr, |3
Therefore,
J(Ki1) = J(Ky) < —=Bi0min(D) (|G |3 + |G |%) + Bicn || Gr, — Gre|I%

+ Biep(||R] + cpl|BI*) Gk |17

Finally, by Lemma 6, we can conclude that

Umin(De>

J<Kt+1) - ‘](Kt> < _5t Cs

(J (K1) = J(K7))

= Bt [omin(De) = Bren(IR|| + cpl| BI*)] G |% + Bienl|Gr, — Gl

Proofs for the main theorem
Finally we can prove our main theorem.

Proof of Theorem 1. By lemma 3, (4.33) and (4.34) hold for all ¢t < T'. We define a

Lyapunov function

Firstly, £y = O(1) because

L 0(1)

Q+ATPg A  ATPgB }
F

160 = Ol = 110, 17 ”[ B"Px,A R+ B'PgB

(note that Px, = Q + A" Pk, A implies || Py, ||z = O(1)) and

J(Ko) — J(K*) < J(Ko) = Tr(D.Py,) + 0*> Tr(R) < cp Tr[D] + o® Tr(R) = O(1).
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Next, we want to show a decrease rate of the Lyapunov function. According to

Lemma 5 and Lemma, 7,

Elleri | G — Ly
4 10min De

R e L

_ g, 2mntD) ey (k) — (D) — R BI)] Gk, |2
Be (J(Ky) = J(K™)) = Bi [omin(De) = Been(||RI + cpl|BIP)] |G k. |17

C3

+ Bicn||Gr, — G, |1

(4.67)

Fortunately, we can use the negative term in the actor estimate to bound the positive

term in the critic estimate and use the negative term in the critic estimate to bound

the positive term in the actor estimate. Specifically, by Lemma 4,
10k, = Ok 7 < il — Kenll5 = 181G |17

So, by the second inequality in (4.28)

- 3
Be [omin(De) = Bien([RI| + crlBIF)] 1Gr. 7 = (=

tHo

+ 2>||0Kz - 9Kt+1 ||?7

In addition,
IGx, = GrllF = (0% — 02°) K — (0%, — 0717 < cicllOr — O, [l
So, by the third inequality in (4.28)

1

gatMUHet - QKzH% > ﬁtCDHGKt - GK}H%“

Substituting (4.68) and (4.69) into (4.67), we obtain

Bl | G =L

1 Omin De Omin
S _Oét:uanet - eKt”%' + Z%Bﬁg - ﬁtT

(4.68)

(4.69)



Taking expectation, we obtain

E[Li11 — L4]

. . (4.70)
7D 1) — g | + 37 P e

S —E |:Oét:ual|0t - eKtH% + Bt cs 4 3

Next, we consider three cases. The first case is when E[[|0; — 0k, ||%] > e. In this

case, by (4.70) and the first inequality of (4.28),

Umin(De)

1
E[£t+1 — ﬁt] S —E |:§at,u0'H9t - 91{1&”%7 + 5t c
3

(J(K) — J(K*»} .

The second case is when E[J(K;) — J(K*)] > 3e. In this case

1 min De
BICis1 — £ < ~E ool = b + 5222
3

(K J(K*»} |

In both the first and the second cases, we have

Umin<De>

1 1
E[£t+1 - ;Ct] S —-E _atMO'HQt - 9Kt||§7' + _/Bt
3 2 3

(J(Ky) — J(K*))} .

0’ .
Note that %@M < %at,ua, we obtain a contraction rate for the Lyaponov
C3

function in both cases:

1 Omin De
IE[*Ct—f—l - Et] S _iﬁt#E

o (L] = —BiesBIL]

where we remind the reader that L(fk+, K*) = 0. Let us rewrite it into a contraction

form

E[L,1] < (1 — Byc)E[Ld]. (4.71)

Next, we consider the third case, when both E[||6; — 0k, ||2] < ie and E[J(K;) —
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J(K*)] < 2e. In this case we have E[£;] < e. Therefore, by (4.70), we obtain

E[Le44]

1 Umin(De>
4 Cs

< (1= aupto B (|16, — O, [I7] + bre

+ (1= 8P B - 0]

C3

1 1 1 min De min De
Lo L (Lomin(D) gy g omin(D
2 2 2 C3 Cs

Therefore, we have shown that under (4.33) and (4.34), the Lyapunov function is

decreasing at rate (4.71) as long as E[||0; — 0, ||%] > e or E[J(K;) — J(K*)] > i, or

else, the Lyapunov function will keep being smaller than . Since (1 — Bicq)T Ly < €

(recall that f§; is constant in t), we have E[Lr| < e. Since E[L7] is the sum of two

non-negative numbers, both of them are less than e.
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Chapter 5

A Policy Gradient Framework for
Stochastic Optimal Control Problems
with Global Convergence Guarantee

5.1 Introduction

The stochastic optimal control problem is an important field of study and has a wide
range of applications, such as financial portfolio investment [Pha09], manufacturing
system management [SYZZ02], climate policy decisions [BHMO0S], disease control
and prevention [LLLO22], and multiagent path finding [ONL*22], just to name a
few. It also has natural connections with machine learning, as it can be viewed as a

reinforcement learning problem with continuous time [WZZ20].

Given its importance, extensive research has been devoted to solving the optimal
control problem, based on fundamental tools as dynamic programming [Ber12], Pon-
tryagin’s maximum principle [Kop62], and Hamilton—Jacobi-Bellman (HJB) equa-
tions [BD*97]. Conventional methods, such as finite difference [BZ03], finite elements
[Kus90], and method of successive approximations (MSA) [CL82|, face difficulties
when the dimensionality of the problem becomes high. Thus, in recent years, ma-
chine learning based methods have emerged as powerful tools to solve the optimal
control problem, with studies such as Ji et al. applying the stochastic maximum
principle with neural network parametrization [JPPZ22], Ruthotto et al. using deep
learning to solve deterministic control problems via characteristic lines [ROLT20],
and Zhou et al. developing an actor-critic framework to solve the HJB equation

through deep learning [ZHL21].
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Despite the great empirical success in solving the optimal control problem, the
theoretical studies of such algorithms are still lacking. In this work, we analyze the
theoretical properties of a policy gradient method for the optimal control problem in
a quite general setting. In particular, our analysis covers stochastic optimal control
with controlled diffusion (the diffusion coefficient is part of the control), which leads
to a fully nonlinear HJB equation for the value function, making the analysis signifi-
cantly more difficult. In order to obtain the exact optimal control, we set the control
as a deterministic function of time and state, without entropy regularization.

We consider a policy gradient method for solving the control problem, in the
continuous time limit, the algorithm can be viewed as a gradient flow of the control
function with respect to the cost functional. We establish the global convergence of
the gradient flow under relatively mild regularity assumptions, while the problem is
not convex. The proof for the convergence of the gradient flow is based on the con-
struction of a barrier function, which is motivated by the uniqueness theory of the
viscosity solution to the HJB equation. We also design a local optimal control func-
tion in order to distinguish a key criterion for proving a convergence rate. This local
optimal function is crucial for the proof of global convergence as the cost functional

is not convex, so that one cannot apply standard tools in convex optimization.

5.1.1 Related works

Before we present the framework and our results. We summarize a few theoretical
studies on the optimal control problem that are related to ours.

For the analysis of numerical methods for optimal control, many studies focus
on specific settings, such as the linear quadratic regulator (LQR) problem, which is
thoroughly studied due to its simple structure. Its optimal control has an explicit

expression w.r.t. the value function, which makes the HJB equation semi-linear.
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Wang et al. analyze the global convergence of a policy gradient method for LQR
[WHYW21]. Gobet and Grangereau develop a Newton’s method for control problems

with linear dynamics and show quadratic convergence [GG22].

Another well-studied scenario is the control problem with a soft policy to encour-
age exploration. Such global search makes the convergence analysis more feasible
[Zho21]. For instance, in the context of mean-field games, the convergence of policies
to the Nash equilibrium is guaranteed under mild assumptions [DEJM*20, FJ22,
GXZ22]. Tang et al. analyze the property of a class of soft policy algorithms where

the rate of exploration decreases to 0 [TZZ22].

In more general settings, a variety of recent works focus on studying the con-
vergence of algorithms. Carmona and Lauriere analyze the approximation errors
with neural networks for linear quadratic (LQ) mean-field games [CL21] and general
mean-field games [CL22]. Kerimkulov et al. study the convergence and stability of a
Howard’s policy improvement algorithm [KSS20a]. Ito et al. investigate an iterative
method with a superlinear convergence rate [IRZ21]. However, these studies do not
involve controlled diffusion. As Yong and Zhou point out, the presence of control in
diffusion will make the control problem significantly more difficult, even in the LQ
scenario [YZ99].

Perhaps the research by Kerimkulov et al. is the most related to ours. They study
the convergence rate of a MSA algorithm in a controlled diffusion setting [KSS21].
However, their work assumes solution of a global optimization to update the control,

and is hence not a practical algorithm.
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5.2 Theoretical background: the stochastic opti-

mal control problem

We clarify some notations first. Let X be an n-dimensional unit flat torus, i.e.,
X = [0,1]" with periodic boundary condition. We use | - | to denote the absolute
value of a scalar, the [> norm of a vector, the Frobenius norm of a matrix, or the
square root of the square sum of a higher order tensor according to the context. ||-||,.
and ||| .- denote the L' and L? norm of a function. ||-||, denotes the [ operator norm
(i.e. the largest singular value) of a matrix. (-, -) denotes the inner product between
two vectors, and (-, -);. denotes the inner product between two L? functions. Tr(-)
denotes the trace of a squared matrix.

In this work, we consider the optimal control problem on X during a time period
t € [0,T]. Let (Q,F,{F:},P) be a filtered probability space. Let x; be the state

trajectory in X satisfying the stochastic differential equation (SDE)
dxt = b(i[ft, Ut)dt + O'(xt, Ut)th, (51)

where b(z,u) : X xR" — R” and o(x,u) : X xR” — R™™ are the drift and diffusion
coefficients, u; € R™ is an Fi-adapted control process, and W; is an m-dimensional
Fi-Brownian motion. With a slight abuse of notation, the letter u may refer to the
control process or a vector in R”. The initial point z; is uniformly distributed in
X unless otherwise specified. Throughout the paper, we assume that the matrix
valued function %UO’T =: D € R™" is uniformly elliptic with minimum eigenvalue

Amin = 09 > 0. The goal of the optimal control problem is to minimize the cost

functional
Ju] =E [/o (e, ue) dt + h(zr) (5.2)

over all admissible controls, where r(z,u) : X x R” — R is the running cost and

h(z) : X — R is the terminal cost. To study the optimal control problem, the value
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function is very important and useful, which is defined as the expected cost if we

start at a certain time and location:
T
Vu(t,z) =E [/ r(zs, us)ds + h(xp) ‘ Ty = a:} : (5.3)
t

Here, the subscript u indicates V,, is the value function w.r.t. the control process .
By the Markov property, we can verify that V, (¢, z) satisfies the Bellman equation

Vit z) = E Ut e ) d 4 Valta, 1) | 2, = x] (5.4)

t
forany 0 <t; <ty <T and z € X.

The existence of an optimal control that minimizes (5.2) is well-studied (see e.g.,
the book [YZ99]). In this work, we assume the optimal control exists and we denote
u; the optimal control, z; the optimal state process, and V*(t,z) = V,«(t,z) the
optimal value function. By the dynamic programming principle [FR12],

)
V*(ty,x) = inf E [/ r(ze, ug) dt + V*(te, 24,) ‘ Ty, = x} ,

t1

where the infimum is taken over all the admissible control that coincide with v* in
[0,t1] U [t2, T]. This dynamic programming principle informs us that we have the
optimal solution from t; to T if we optimize the control from t; to t5 w.r.t. the
loss E[fttf (24, ug) dt + V*(ty, 21,)] and apply u* after t,. Based on this principle, let
ty — t1, we see that the optimal control u* at time ¢ is a deterministic function of
the state xz;, at least heuristically. For a rigorous argument, we refer the reader to
the verification theorem (see, for example, [YZ99] section 5.3.5). Therefore, we will
only consider the controls as a function of ¢t and x and we will use the shorthand wu,

for u(t,x;) when there is no confusion. The objective function becomes

Ju| =E |:/OTT(:Bt,U(t,$t)) dt + h(zp) |,
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where u belongs to a class of admissible control functions to be specified later.

Let p*(t, x) be the density function of z; under control function u, then p* satisfies

the Fokker Planck equation (see e.g., [Ris96])

atpu(tv x) =V, [b(l‘, u(t,w))p“(zﬁ, l’)] + Z aiaj [Dij(xv u(ta x))pu(t, l‘)] ) (5'5)

i,j=1

where we denote 0; = 0,, for simplicity. The initial condition p*(0, -) is the density of
xo. For example, p*(0,-) = 1 if g ~ Unif(X) and p*“(0,-) = J,, if ¢ is deterministic.
If we denote G, the infinitesimal generator of the SDE (5.1) under control w, then,
the Fokker Planck equation becomes d;p" = Gl p", where G! is the adjoint operator

of G,.

One important tool to study the optimal control problem is the adjoint equation.
We introduce the adjoint state p, = —V,V, (¢, x;) (also known as the shadow price
[ACT79]) and also q; = — V2V, (t, z¢)o(xs, us). Then, (pg, q;) € R™ x R™*™ is the unique

solution to the following backward stochastic differential equations (BSDE) [PP92]

dpr = = [Vab(wr, wp) ' pr + Vo Tr (0 (e, w) ") — Vaor(z, u)| dt + g dW,
= —V.H (t, x4, u, pt, q¢) dt + g AW, (5.6)

pr = _vﬂﬂh’(xT)a

known as the first order adjoint equation. Here,
H(t,z,u,p,q) = Tr (qTa(x,u)) + (p, b(z,u)) —r(z,u)
is the Hamiltonian. We also define the generalized Hamiltonian as
G(t,z,u,p, P):= %Tr (Po(t,z,u)o(t,z,u)") + (p, b(z,u)) — r(z,u). (5.7)

Then, the value function V,, in (5.3) is also the solution to the Hamilton—Jacobi (HJ)
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equation

_atvu(tv .T) + G <t7 x, U(t, SL’), _vﬂvVU(t? QJ), —ViVu(t, x)) = 0

(5.8)
Vu(T,z) = h(x).
Moreover, the optimal value function V* satisfies the HJB equation
—0,V*(t,x) +sup G (t,z,u, —V,V*(t,z), -ViV*(t,z)) =0
! (5.9)
V*(T,z) = h(x).
Therefore, one necessary condition for a control v to be optimal is that
u(t,z) = argmax G (t,z,u, —V,V,(t,z), = ViV, (t, x)) . (5.10)

uER™

Since ¢ involves the control u, this HJIB equation is fully nonlinear, making it hard
to solve. The existence and uniqueness for the (viscosity) solution of HJB equa-
tion is well established (see [BD'97] for example). To simplify notation, We will
denote G(t,z,u, -V, V(t,z),—ViV(t,x)) by G(t, x,u,—V,V,—V2V) in the rest of

the paper. We define the H?([0,T]; X') norm of a value function V (¢,z) by

T
2
Wit = [ [ (VEoP 19V 0P + 92V arar

5.3 A policy gradient method for the control prob-

lem

Policy gradient is one of the most popular methods for reinforcement learning prob-
lems [SMSM99]. It updates parametrized policy using gradient based method such
as gradient descent. This method also applies to the control problem with continuous
time [Mun06], which can be viewed as a instantaneous but local dynamic program-
ming method through gradient descent. In order to design a policy gradient method,
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we present the following proposition, giving an explicit expression for the derivative

of the cost functional (5.2) w.r.t. the control function.

Proposition 4. Let u be a control function and V, be the corresponding value func-
tion. Let the state process x; start with uniform distribution in X and follows the

SDE (5.1) with control u. Let p"(t,-) be the density function of x;. Then,

g—i(t,w) = —p“(t,x) V.G (t,z,u(t,m), —V.Va, —ViVu) ) (5.11)

As a generalization,

5VU(87 y)

ou

(t,2) = —lpsg p"(t, x58,y) V.G (t, zyu(t,x), =V, Vy, —ViVu) (5.12)

for all x,y € X, where p*(t,x;s,y) is the fundamental solution to the Fokker-Planck

equation (5.5).

Proof sketch. We pick an arbitrary perturbation function ¢(¢,z), and perturb the

oJ
- < ¢> .
£=0 <5“ L2

Therefore, in order to show (5.11), it suffices to show

control infinitesimally, then

d

d
d—gJ[u—i-gqﬁ]

T
_ / / P, 2)VuG (1,2, u(t, 7), — VeV, ~V2VL) 6t 7) dadt.
e=0 0 X

The rest of work is to substitute in the definitions and do some tedious calculation,

which is postponed to Section 5.6. (5.12) can be established in an analogous way. [

Remark. We remark that a similar result is established in [CL21] (Proposition 2)
under a different setting. That work considers an infinite horizon mean-field games
with constant diffusion coefficient, while our setting is finite horizon stochastic control

problem with controlled diffusion.
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Motivated by proposition 4, we want to construct a continuous-time version of
the policy gradient, i.e., the gradient flow of J with respect to u. Let us recall the
gradient descent method in discrete time first. Using 75 as time steps for the policy

gradient, for any (t,z) € [0,7] x X, the gradient descent method is

u™tH(t ) = u™(t,x) — ATk%(t, x)
u'r

= U (t,x) + A7, p* " (L, 2) VG (t,z,u™(t, @), =V Vyre, =V2Viri )
(5.13)
where A1y, = 7341 — 7% is the step size and V7 is the value function w.r.t. the control
uk.

This gradient descent method (5.13) can be implemented in practice noticing
that p“™(¢,x) is the density function. One just needs to sample the gradient V,G
using trajectories of x;. For example, under some parametrization of the control
function u(t, z;0), ' where 6 denotes the collective parameters. We seek to update

the parameters 0,1 = 0 + A6 such that
u(t, z; 0pr1) = ult, z;0) + Arep(t, )V, G(t, x, ug, =V Vi, —ViVuk) (5.14)

for all (t,2) € [0,T] x X, where uy = u(t, x; 0f).

To sample the trajectories, we can use the Euler-Maruyama scheme

with zg ~ Unif(X’) and £ ~ N(0, I,,,) to approximate the SDE (5.1) numerically. Here
At = T/N is the time step size and t; = iAt (i = 0,1,..., N). Multiple numerical

trajectories can be sampled from (5.15), which provides a set

Spi={(t,a?) | j>1,i=0,1,...N -1}

IThis parametrization could be grid, finite element, or neural network (see [HLZ20] for an example
of neural network with periodic boundary condition).
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where j is the index of samples. Then the update (5.14) can be achieved by a least

square regression

. T ’
WAH — A'fk VuG(t7 T, Ug, _vauk’ _Vivuk)

Let us return to the continuous dynamic. Let A, = maxy A7, — 0, the update

scheme of the control (5.13) converges to the gradient flow in continuous time

oJ
ou”

u(t,zr) = —

o (t,z) = p* (t, ) V.G (t, 2,07 (t,2), =V Vyr, —V2Vyr) . (5.16)

By the definition of value function (5.3) and Proposition 4, we can show that V- (¢, x)

is decreasing in 7 (for fixed ¢ and x).

Proposition 5 (Monotonicity of value function in 7). Under the policy gradient
dynamic (5.16), the value function V- (t,x) is decreasing in T for all (t,z) € [0,T] x
X.

Proof. By Proposition 4, for any (¢,x) € [0,T] x X,

d SV (t,z) d
-— T t - — 0 —7
dTVu (t,2) < sudr >L2

T
= —/ /p“T(S,y;tw)p“T(s,y) V.G (5,9, 07 (5,), =VaVar, =V2V,r ) [P drds <0,
t X

where we conclude using the fact that density functions p* (s, y;t,x) and p* (s,y)

are non-negative. O

Proposition 4 also indicates that the policy gradient method requires the deriva-
tives of value function V,V, and ViVu for a given control, which reduces to solving
the linear parabolic HJ equation (5.8). Computing the value function with given
policy is called a policy evaluation process in reinforcement learning [Hec92]. Such
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structure naturally motivates us to use the actor-critic framework [KT99], where the
policy gradient and policy evaluation are operated jointly. In our setting, the gra-
dient flow (5.16) can be viewed as the limit of a two time-scale actor-critic method
[WZXG20], where the speed of policy evaluation is infinitely faster than policy gradi-
ent. While it is possible to extend our analysis to the actor-critic method, we choose

to focus on the dynamic (5.16) in this paper and leave that to future works.

5.4 Convergence of the policy gradient

In this section, we give the main results of this work on convergence of the policy

gradient. First, we give some technical assumptions

Assumption 2. 1. r, b, and o are smooth, with C*(X x ]R"’) norm bounded by

some constant K.
2. h is smooth with C*(X) norm bounded by K.

3. There exists unique solution V* € CY*([0,T]; X) to the HIB equation (5.9) in

the classical sense. The optimal control function u* is smooth and
||U*Hc2,4([o,T];X) < K.

In order to avoid tedious technicality and focus on the main ideas of the analysis,
we also make a regularity assumption on the control function through the gradient

flow (5.16).

Assumption 3. The control function u™ remains smooth through the gradient flow

(5.16), and there exists a constant K such that |[u”||ceao 2y < K-
Let us define a set

U= {u(t,x) ‘ u is smooth and [[u| 2. o 7y.2) < K}
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to include all the regular control functions we consider. We make a few remarks

about the assumptions.

- It follows from definition that D is also smooth, and we also use K to denote its
C*(X x R™) bound. Since the control function u(t,x) € U is bounded, we just
need r, b, 0, D has bounded derivative when the input vector u € R" is within
this bounded range. Similar boundedness assumptions are very common, such

as in [SS20].

- When Assumption 2 holds and u € U, we have the solution V,, € C*2([0,T]x X)

to the HJ equation (5.8) in classical sense.

- Regarding the third condition in Assumption 2, the existence and uniqueness
of viscousity solution is well established under mild assumption [BD*97]. If the

solution V* € C12([0,T]; X), it is also a classical solution.

- When Assumption 2 holds and u € U, we know from Schauder estimate [LSUSS]
that V,, has fourth order derivative in z. So, V,, € C**([0,T]; X). Then, we
observe that G (¢, z,u(t,x), =V, V,(t,z), —V2V,(t,z)) in (5.8) is differentiable
in ¢, which implies V, € C%%([0,T]; X). We will also use K to denote the
bound for C?4([0,T]; X) norm of V,,. The same argument also holds for V*, so
1Vl gns < K.

- We assume boundedness of r, b, and o in Assumption 2 as the state space X’ is
compact. In the setting with unbounded state space such as R"™, the common

assumption is that the functions grows at most linearly in |z| [YZ99].

- In Assumption 2, the bounded derivative implies a Lipschitz condition. For

example, if |V,b| < K, then |b(xy,u) — b(z2,u)] < K |z1 — x5|. In the proofs,
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we will use L instead of K whenever we use the Lipschitz condition, in order

to be more reader friendly.

Under these assumptions, we have a lower bound and an upper bound for the

density function on our compact space X.

Proposition 6. Under Assumption 2, let u € U and p* be the solution to the Fokker-
Planck equation (5.5) with initial condition p*(0,x) = 1. Then p“(t,z) has a positive

lower bound py and an upper bound py that only depend on n, T, and K.

The proof of this proposition can be found in Section 5.6.

We now state convergence results of the gradient flow (5.16). We give a warm-up

theorem about its critical point.

Theorem 2 (Critical point for policy gradient). Under Assumption 2, assume further
that G is strongly concave in w. Then, any critical point of the gradient flow (5.16)

15 an optimal control.

Remark. Similar to the remark under Assumptions 2, 3 above, we only require the
concavity of G when p = —V,V, and P = —V2V,, are within a bounded range given

by the Schauder estimates.

Proof. Let u be a critical point of (5.16). Then since p" is not vanishing by Propo-

sition 6 (lower bound), we have
V.G (t, zyu(t,x), =V, Vy, —ngu) =0.

Since G is strongly concave in u, the control function u(t, z) satisfies the maximum
condition (5.10). Therefore, V,, is not only the solution to the HJ equation (5.8),
but also the solution to the HJB equation (5.9). Then, by the uniqueness of HJB

equation, u(t,z) is the optimal control. ]
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In order to explain the necessity of the strong concavity assumption of G in u,
we give a counter-example in Section 5.5, showing that there are multiple critical
points of the policy gradient dynamics (5.16) when the concavity assumption does
not hold. It is also clear that the commonly studied LQR problem satisfies this
strong concavity assumption [WHYW21]. We shall emphasize that this concavity
assumption does not imply that the optimal control problem (5.2) is convex in u. In

fact the cost functional is in general non-convex.

Next, we state our main results, establishing the convergence guarantee of gradient

flow (5.16).

Theorem 3 (Convergence of the policy gradient). Let Assumption 2 and 3 hold.
Further assume that G is uniformly strongly concave in w. Then, the gradient flow
(5.16) of control satisfies

lim Ju'] = Ju"]. (5.17)

T—00

Here, by uniformly strongly concave, we mean that there exists an absolute con-
stant pg > 0 such that the family of functions G(t, z, -, p, P) is ug—strongly concave
for all (¢, x,p, P) within the range we care. Given Theorem 3, one natural question
is whether one can establish a convergence rate for the policy gradient. The answer

is yes, with a mild extra assumption to avoid flatness.

Assumption 4. There exists a modulus of continuity w : [0,00) — [0, 00) such that
[ — w2 < w(J[u] — J[u’])

for any uw € U. Here u* is the optimal control.

With this assumption, Theorem 3 guarantees us that ||[u™ — u*||,» — 0 as 7 — oo.
Therefore, we just have to analyze when u” is sufficient close to u* in order to get a

global convergence rate.
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Theorem 4 (Convergence rate of the policy gradient). Let Assumption 2, 3, and j
hold. Further assume that G is uniformly strongly concave in u. Then, the gradient

flow (5.16) of control satisfies

JuT) = Ju*] <e (J[uo] — Ju']) (5.18)
for some positive constant c. As a direct corollary, ||u™ —u*||;» — 0.

The proofs for Theorem 3 and 4 overlap quite a bit, so we will prove them to-
gether. We give a sketch of the proof here and leave a detailed version to Section 5.8.
Throughout all the proofs, we will use C' to denote some absolute constant that only

depends on n, K, T, which may change according to the context.

Proof sketch for Theorems 8 and /4. For a control function u(t, z), we define a corre-
sponding “local optimal” control function as

u®(t, x) = argmax G(t, x,u, —V,V,(t,z), = V2V, (t, x)). (5.19)

ueR?

We call u® “local optimal” because the maximum condition (5.10) is satisfied, but
w.r.t. the current value function w instead of u®. So, |u(t,x) — u®(t, )| can measure
the distance between the current control u and the local optimal one at (¢,z). Under

the strong convexity assumption of G in u, we know that u® is well defined and
V.Gt z,ult, ), =V Vi, =VaVi)| = pe [ult, z) — u(t, z)| .

For each control function u™ along the gradient flow (5.16), we thus define a corre-
sponding “local optimal” control function u"°.

For the convergence analysis, recall that establishing the Polyak-Lojasiewicz (PL)
condition [KNS16] is one typical way to show the convergence of gradient descent (or
gradient flow). Accordingly, we separate into two scenarios through a condition (see
(5.20)). Indeed, the local optimal control function (5.19) is introduced to establish a
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condition for u” to distinguish the two scenarios. When the assumption (5.20) holds
(Case 1), it directly implies the PL condition, and thus the convergence analysis
follows easily. The non-trivial task is of course to analyze the scenario when this

assumption does not hold (Case 2), which consists of the main technical work.

Case 1. There exist positive constants p and 7y such that

T

[u” =™ = plu” = u L (5.20)

for all 7 > 75. Under such condition, we have

1= (S o

= — |0 (t.2)V G (t, 2,07 (t, ), =V, Vir, —V2V,r

e

IN

_p(2) HVUG(t7 z, U’T(ta I)7 _VLEVUT VZ u"’

T T 2
Wi < =pf = w17
2 2 2 T * (12 2 2 2 1 T *
< —popg i lu" — e < —pjug p @(J[u | = Ju),
where the last inequality, stating that the cost function J grows at most quadratically
in u, is established in Section 5.7 Lemma 10. This is nothing but the PL inequality,

leading to exponential convergence of the cost function. Therefore, the two theorems

hold.

Case 2. Next, we consider the case when assumption (5.20) does not hold. Then,

we can find a sequence {74}, increasing to infinity, such that for each k
Tk T 1 Tk *
R P S T 1
Denoting ©™ and V.~ by ux and Vj, we rewrite the above as

s — w2 < 7 e =l (5.21)

~k
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By Proposition 5, the value function Vj(t,z) is decreasing in k, so it has a pointwise

limit Vo (¢, z). Since Vi (t,z) > V*(t,x), we have Vo (t,z) > V*(t,z). We claim that
Voo (t, ) = V*(t, x). (5.22)

This claim is proved in Section 5.8 Lemma 13, and a proof sketch can be found below.

When (5.22) holds, we know that V,-(0,-) converges to V*(0,-) uniformly using

the Lipschitz condition and Arzeld—Ascoli theorem. Therefore, using the relationship

J[uT]:Lp“T(O,x)VuT(O,x) dz and J[u*]z/}{pu*(O,m)V*(O,x) dz,

where p* (0,-) = p* (0,-) (as the initial distribution of state does not depend on

control), we establish (5.17) and thus Theorem 3.

Next, we prove the convergence rate as in Theorem 4. By Assumption 4 and the
result of Theorem 3 we just proved, we know that lim, . ||[u” — u*[|2 = 0, hence
limy oo [|ug — w*|| ;2 = 0. For fixed (¢, ), u®(t, z) defined in (5.19) can be viewed as

an implicit function of —V,V,(¢,z) and —V2V,,(t,z), given by the equation
VGt 2, u®(t, x), =V, Viu(t, x), =V2V,(t, ) = 0.
We show a Lipschitz condition of this implicit function in Section 5.7 Lemma 12:

up(t,z) — u*(t, )| < C5 (IVaVi(t, ) — VoV (t,2)| + |V2Vi(t, 2) — V2V (L, 2)|) .

Therefore,
luf = w2 < V265 Vi = V7| g2y < V205C, [Jug, — || 2%,
where the second inequality is established in Section 5.7 Lemma 11, with oo = n+r3 > 0.

Therefore, we obtain

1
e =l < e = wgll e + lug = wllpe < - llue = w2+ C flu — u|| 12°
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However, this cannot hold when k& is sufficiently large (i.e., when |lu; —u*||;. is
sufficiently small), so we reach a contradiction. Therefore, (5.21) cannot hold under

Assumption 4. Hence only Case 1 is possible, so Theorem 4 holds. O

Proof sketch for the claim (5.22). The idea to prove (5.22) comes from the proof for
the uniqueness of the (viscosity) solution of the HJB equation, where a barrier func-
tion is constructed (see e.g., [YZ99] Chapter 4.6). V* is the unique solution of the
HJB equation. V,, is the limit of V}, with uy satisfying (5.21). Therefore, V} is very
“close” to the solution of the HJB equation in the sense that uy is very close to uy,
i.e., the maximum condition (5.10) is “nearly” satisfied.

We assume to the contrary that there exists (£,7) € [0,7] x X s.t. Vo(¢,T) —

V*(t,T) >n > 0. For any ¢, §, 8, A € (0,1), we define a barrier function

oltw,5,y) = 2—15|t—s|2+2—15|x—y|2—5(t+s>+%+§
and define
Op(t,z,s,y) = Vi(t,x) = V*(s,y) — ¢(t,x, s,y).
We assume @y (t, z,s,y) achieves its maximum at (fx, T, Sk, Yx), which depends on
g, 9, B8, A, and k. This maximum condition implies |ty — s|, |zx — yr| = O ase, § —
0.
When t;, or s; are close to T', we can use the fact that V(T ) = V*(T,-) = h(-)

to derive a contradiction. So we focus on the case when ¢ V s; is not close to T'. We

define a new function

-~

it v, s,y) = Dultiwos,y) = 5 (=0l + o — ol +[s sl + y — )
+q(t —te) +(p, v — z) +q(s — s1) + (P, Y — Uk)

where p > 0 and (q,p,q,p) € R+ are small. This p aims to make (tg, g, Sk, Yr)

a strict maximum of ®;, and (¢, p, q,p) is a linear perturbation. The motivation to
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make this perturbation is that we only have a relation in norm (5.21). So, we want
to integrate the inequality we get later over all the local perturbations so that we can
compare with (5.21). Let &Dk reaches its maximum at (tAk,/x\k,/s\k,/y\k). We can show
that (tAk, Tk, Sk, Yx) lies in the interior of the domain because 5, V s, is not close to 7T'.

Therefore, we have first and second necessary conditions for optimality
Viawsy Pt Thy Sk, U) = 0 and \% Dy (t, Ty Sies Ge) < 0. (5.23)

Next, we estimate the quantity 0sV*(Sk, Ux) — O, Vie(t, Ty) in two ways using op-
timality condition (5.23) and the HJ equations (5.8) for V* and Vj, which gives us
2B + 20 /T? < 8L* (e + &) + pI (|81, — sul + |tx — tie] + 1% — 2| + [T — wel)
+uB? + K (Ip| + [Pl + lal +1a0) + L [ur(Ee, Tx) — ug (b, 7).
In order to use the assumption (5.21), we making an integration over a box of side

length r, and get

26+ 2\/T? < 8L* (e + 8) + uK (1 + /n)r + uk?

11
+KC (g + 5) Von +2r +r P LVT Jue — gl

where our regularity assumptions guarantee that |(¢,p,q, p)| is controlled by r. Fi-
nally, we reach a contradiction by choosing appropriate 5, A\, u, €, 9, r, and k con-

secutively. O]

5.5 A counter example for multiple critical points

of the gradient flow

In this section, we give a counter example to show the necessity of the strong concavity

of G in u in Assumption 2. Let n =n’ = m = 1. Consider the HJB equation

1 1 1
—0,V(t,z) +sup | -0V (t,x) — gu?’@xV(t,x) — ZU4 + Euz =0
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with some nice terminal condition V (7', z) = h(z). To simplify the notation, we use
Vi, Viw, Vi to denote the derivatives. In order to obtain the optimal control, we need
to find the maximum of G. i.e., we seek for the minimum of the quartic function
g(u; V) == qut + $V,u* — 2u? wort. w for any given V, € R (cf. (5.10)). This quartic

function has a local maximum u = 0 and two local minimums

1
U2 = 5 (—Vm + \ Vx2 —|—4> .
With some standard calculus, we obtain the optimal control

u =

(Ve — sign(Va)y/VZ +14).

N —

The HJB equation becomes

Wilte) = Valto) — g (5 (Ve - sian(VVTERT) i) =0, (520

which is semilinear. We define a second control (implicitly) through

u= % <—V§E + sign(V@W) )

The the HJ equation corresponding to this control is

Vit 2) — Via(t,2) — h (% (~V, + sian(V,)\/V2 1 4) v) —0  (525)

According to standard results in semi-linear parabolic PDE (see [Tay12] Chapter 15
for example), we have unique solutions V* and V to (5.24) and (5.25) respectively (if
T is not too large). Note that u is at a local but not global optimal almost everywhere
and V is the value function for @. Therefore, if our policy gradient algorithm reaches
u, it becomes static at this local solution. This example demonstrate the necessity
of the concavity assumption of the generalized Hamiltonian G in u.
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5.6 Proofs for the propositions

Proof of Proposition 4. We fix an arbitrary perturbation function ¢(t,z), then

0J
e=0 N <%’ ¢> .

We denote xf the SDE (5.1) under control function u® := u + ¢ that start with

d
d—gJ[u—l—g(b]

xy ~ Unif(X). Let p°(¢,x) be its density. We also denote the corresponding value
function by Ve(t, x) := V. (¢, x) for simplicity. Then, p* and V¢ depend continuously
on € (cf. [YZ99] section 4.4.1). By definition of the cost functional (5.2),

Ju+ep] =E [/OTr(xf,uf(t,xf))dt+ h(x;)]
:/OT/Xr(:c,ue(t,a:))ps(t,x)dxdt—i—/XVE(T,x)pE(T,x)dx.

Taking derivative w.r.t. ¢, and note that V=(T,z) = h(z) does not depend on ¢, we

obtain

d
d_EJ[u + 5¢} = /XVE(T7 $>a€p6(T, [E) d[E+
(5.26)

+ /0 /X |:Vur (I, ua(t, :L‘))T qb(t’ [E)pa(t7 1’) +r ([E, Ua(t, SB)) agpa(t, SB) de dt.

In order to compute V(7T z)0-p°(T, x) in (5.26), we write down the integral equation

T
VE(T,x)p* (T, z) = VE(0,2)p°(0, ) +/ [0:p° (L, 2)VE(t, ) + p°(t, )0, VE(L, )] dt.
0
(5.27)
We also have

0.Ve(0,2)p°(0,x) + /OT [0up° (L, 2)0VE(t, ) + p°(t, )00,V (¢, x)] dt (5.28)

— 0.V (T,a)p" (T, ) = 0. ()" (T, ) = 0.
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Next, taking derivative of (5.27) w.r.t. ¢ (note that V¢(T,z) = h(z) and p°(0,-) =1

do not depend on ¢), we obtain
VE(T, x) 0.p°(T, x)

=0.V*(0,2)p°(0,z) + /0 0: [0p"(t, 2)VE(t, ) + p°(t, )0,V (¢, x)] dt
(5.29)

T
_ / 0.00° (£, 2)VE (1, ) + 007 (1, 2)DVE (1, )] it
0

T
= / [0.0p°(t, 2)VE(t, ) 4+ 0-p°(t, )G (8, z, u(t, ), =V, Ve, =V2Ve) | dt
0

where we used (5.28) and the HJ equation (5.8) in the second and third equality

respectively. Substitute (5.29) into (5.26), we obtain

d
gJ[u—l—a(b]

T
= / / [35p€(t,x)G (t,x,u(t,x), V. Ve, —ViVa) + 8€8tp€(t,a:)vg(t,x)] dx dt
o Jx
T
+/ / (Vur (z,u(t, ) o(t, x)p°(t, x) + r (x,u(t,x)) O-p° (¢, x)] dedt
o Ja
Taking derivative of the Fokker Planck equation (5.5) w.r.t. &, we obtain

asatpe (t, I)

-V, [vub (2, w5 (t,2)) T o(t, )% (£, 2) + b (z, us (¢, ) Dop (2, x)}

+ Z 0,0; [VuDij (z,us(t, )" o(t, ) p°(t,2) + Dy (, us (¢, x)) D-p° (L, x)}

i,j=1
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Therefore

T
digJ[u +e¢| = / / {85/)5(25,35)6? (t, zyu(t,x), =V, Ve, —ViVE)
0 Jx

+ VE(t,2){—=V, - [Vub(z,u(t,x)) ¢(t, z)p°(t,x) + b (x,u(t,x)) 0p°(t, )]

+ Z ala] [VUDZJ (ZL‘, u6<t7 ZL“)) ¢(t7 x>p6(t7 :L‘) + Dij (:L‘7 ua(t’ :E)) aspa(t, :L‘)]}

i,j=1

+ [Vur (z,u®(t,x)) ¢(t, ) p°(t, x) + r (z,u(t, x)) O-p°(t, )] } dx dt.

Applying integration by part in z, we get

T
iJ[u +e¢| = / / {0.0°(t,2)G (¢, 2, u(t, x), =V, VE, =ViV*)
de 0o Jx

+ Vo VE(t, )" [Vub (z,uf(t, ) (t, 2)p°(t, z) + b (z,uf(t, ) O-p°(t, )]

+ Z 81'8]"/6@, l’) [VHDZJ (SL’, u€<t7 JJ)) ¢(t7 l‘)p5<t, x) + Dij (Iv us(tv SL‘)) aeps(t, x)]

ij=1

+ [Vur (z,us(t,x)) o(t, ) p° (t, ) + 7 (x,u(t, z)) 0-p° (¢, x)] } dz dt.

Making a rearrangement, we get
d ’ € € 27/
—Ju+eg] = 0.p°(t, x) [G (t,z,u(t,x), =V, Ve, =ViV?)
de 0 X

+ Vo VE(t,2) b (z,uf(t, ) + Z 0;0;VE(t,x)Dyj (x,u(t,x)) + 7 (x,u(t, ZL‘))]

t,j=1

+ (L) [vzw(t, 2) Vb (et (ta) + S 0,0,V () VuDi (2,0 (1, 7))

ij=1

Vo (z, @ (, ) } o(t, x)}dx dt
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Therefore, by the definition of G' (5.7),
d
T
= / / [@pa(t,x) -[0] = p(t, 2)V,G (t, z,ut(t,x), =V, Ve, —ViV‘E) gb(t,x)] dx dt
o Jx
T
_ _/ / ()G (o, uf(t,7), — VoV, —VEVE) 6t ) da dt.
o Jx
Let ¢ =0, we get

T
%J[ujts(b] :—/ /p(t,az)VuG(t,x,u(t,x),—VxVu,—ViVu)(b(t,:z:)da:dt.
0 X

e=0
Therefore,

6J
5—u(t,l') = —p(t7.1]) VUG (t,CL’,U(t,ZE), —VIV(t,fL’), —ViV(t,ZE)) :
i.e. (5.11) holds. The proof for (5.12) is almost the same. Firstly, changing the

control function at ¢ < s will not affect V*(s, -) by definition, so we just need to show

(5.12) when ¢ > s. We recall the definition of value function (5.3)
T
Vo) =B | [ rtenuat s nien) | 0.~ o]

:/ST/Xr(:c,u(t,x))p”(t,x;s,y)dxdt+/Xh(x)p“(T,x;s,y)dx.

Here, p*(t, x; s, y) is the fundamental solution of the Fokker Planck equation (5.5), so
p"(t,x; s,y), as a function of (¢, z), is the density of x; starting at xy = y. Therefore,
we only need to repeat the argument to prove (5.11). The only caveat we need to be
careful is that p*(s, -;s,y) = d,, so the classical derivative does not exist. This is not

an essential difficulty because we can pick an arbitrary smooth probability density
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function ¢ (y) on X and compute

d

VE ) .
= (s, 9)0(y)dy| (5.30)
For example, when s = 0 and ¢ = 1, (5.30) becomes
d d
V5 0 =—J .
de (0.3) e=0 de L] e=0
Therefore, we can repeat the argument to prove (5.11) and get
L Vi)
d€ 4 Y e=0
(5.31)

T
= —/ / P Y (t, 2) VLG (tz,ult, x), =V, V,, —=V2V,) ¢(t, z) dz dt.
s X

where p“*¥(t,x) 1= fx (t,z;s,y)Y(y) dy is the solution to the Fokker Planck equa-
tion with initial condition p“*¥(s,z) = ¢(z) and is also the density function of z;,
which starts with z,, who follows a distribution of @. The only difference between
proving (5.11) and (5.31) is that we need to replace fOT by fST, replace p*(t,x) by
p=e¥(t, ) == p*¥(t, x), and replace p*(0,x) by p>*¥(s,x). Therefore,

(f)( (v) dy)

(5u

— —/ pU(t, z;s,y)(y)dy V.G (t,x, u(t,x), =V, Vy, —ViVu) .
X

Hence, (5.12) holds. O

Remark. In the proof of this proposition, we have assumed sufficient reqularity such
that all the derivatives exist in the classical sense. We believe that the theorem still
holds with weaker assumptions, which can be proved using the spike variation tech-

nique. See [YZ99] section 3.4 Theorem 4.4 for example.
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Proof for Proposition 6. The Fokker Planck equation has been well-studied. Let
p“(t, x; s,y) denote the fundamental solution to (5.5). Aronson found that the fun-
damental solution of a linear parabolic equation can be upper and lower bounded
by fundamental solutions of heat equation (i.e. Gaussian functions) with different
thermal diffusivity constant [Aro67]. For example, let p“(¢, x; s,y) be the fundamen-
tal solution of the Fokker Planck equation (5.5) in R” (where b and o are extended
periodically), then

Clz —yf’
t—s

C!x —y|2)

t—s

CM(t—s)™ exp(— ) <Pt ays,y) < Ct—s) "2 exp(—

(5.32)
forall s <t < T and x,y € R", where C' only depends on n, T', and K. We are in

the unit torus X instead of R", so

pU(twss,y) = > Pt x + z8,y),

where the x,y on the left is in X, and the z,y on the right can be viewed as their
embedding into R™. Our solution to the Fokker Planck equation, starting at uniform

distribution p(0,z) = 1, can be represented by

p“(t,x)z/p“(t,x;&y)dy:/[ | > Pt + zs,y)dy
X 0,1]"

zZEL™

=/ Zﬁ“(t,x;s,y—Z)dyzf pU(t w55,y) dy
[OJrleZ" "
Substituting the lower and upper bound (5.32), we obtain

Cj . 2
pi(tx) > | CTHTPexp (—M) dy =: po
R’ﬂ

and

Ct Nz —yl?
pi(t,z) < / Ct™™?exp (—M> dy =: p1.

t
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Here, the two integrals above is invariant w.r.t. ¢ because of a simple change of
variable. Therefore, we obtain a uniform lower bound py, and upper bound p; for

p“(t, x), which depend only on T', n, and K. ]

5.7 Some auxiliary lemmas

We state and prove some lemmas in this section.

Lemma 8. [Stochastic Gronwall inequality] Under Assumption 2, there exists a pos-

itive constant Cy s.t. for any two control functions uy,us € U, we have

T
sup E|2! —a2[? < O1E |«} — 22|’ + C1E U a(t,a)) — us(t 2D Pt]  (5.33)
te[0,7) 0

where x} and x? are the state process (5.1) under controls u; and uy respectively. As

a direct corollary, if u; = uo, then

sup E‘xtl—x?f gC’lE‘xé—xg}Q. (5.34)
t€[0,T]

Moreover, if xy = 2% ~ Unif(X), then

2
sup E|z; — z7|” < Oy [Juy — g% . (5.35)
te[0,T

Proof. We denote b: = b(z},u;(t,x)), of = o(z},u(t,z})) for i = 1,2, so dz} =

bidt + oidW;. By Ito’s lemma,
d|a; — xff = |:|0t1 - at2|2 +2(x} — a7, b, — b?ﬂ dt +2(z} — 22" (0} — o2)dW,.

Integrate and take expactation, we obtain

T
E|ch — a3 =E |o} — 22 + IET/ o — o2 +2(a} — a2, 5 —1)] . (5.36)
0
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By the Lipschitz condition in Assumption 2,
by — 07| < L|af —af| + L |ui(t, 21) — uo(t, 27)|

< (L+ L% |of — af| + L |uy(t, zf) — ua(t, 21)] -

So,

[bF — 02|* < 2(L + L?)? |} — 22| + 202 |ui (t, 2)) — ua(t, 2})|”. (5.37)
Similarly,

o} — 02" < 2(L + L2)? |a} — a2 + 2L Jui (t,2}) — us(t,a})[* . (5.38)

Applying Cauchy’s inequality, and substituting (5.37) and (5.38) into (5.36), we ob-

tain

T
E |z} — 23|" <E|z§ — 23|’ +Eﬂ/ ot = o2+ [t = a3+ [o} — 07"
" (5.39)
T
<E|a — a2 +E/ 7L o} — af” 4 AL Jun (1, 2) — wat, 27)[] at
0

Note that (5.39) still holds if we replace T by some T" < T', so we can apply Gronwall’s

inequality and obtain

T
E |zp — x%f < TETE |28 — :cgf + AL VTR {/ | (¢, ;) — ug(t,:c%)fdt} :
0

(5.40)
Again, (5.40) still holds if we replace T by some 7" < T, so (5.33) holds. Moreover,

if 2§ = x3 ~ Unif(X), then by Proposition 6,
r 2
E/ lur (t, ) — ua(t,y) | dt
0
g 2 2
_ / / Pt ) fua(t, 2) — us(t, )2 dbde < pr flur — s
x Jo

Therefore, (5.35) holds. O
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Lemma 9. Under Assumption 2, there exists a positive constant Cy s.t. for any two

control functions uy,us € U, we have
||VU1 - VU2H(T;H2) < CZ Hul - UQHL2 . (541)

Proof. We firstly give some notations. Following the notations in the previous lemma,
z; and z? are the state process w.r.t. controls u; and ug, starting at z = 22 ~
Unif(X). For i = 1,2, we have b = b(xl, u;(t,z})), of = o(xt,u;(t,z})), and 7! =
r(xt, ui(t, 2t)). We also define the following gradient processes

anf = on'(xia ul(t7 (’Eé)),

and

eri = er(xi, w;i(t, x;))

Here please note that V, only operate on the first argument in b, o, and r. By

Assumption 2, for f = b,0,7r, Vb, V0, V,r, we have

‘ftl - ft2| - ‘f(xtl7u1(t?xi)) - f(xz%au?(ta‘r?))‘
< Lz} — 2} + L | (t,2}) — us(t, 2})]

< (L+ L) |af — af| + L | (t, zf) — uo(t, )|
and hence
|ft1 — ff‘z < 2(L + L*)? |xt1 — x?’Q + 212 ’ul(t,x%) — uQ(t,xtl)‘z .

If we make an integration and apply Lemma 8, we obtain

T T
]E/ |- ft2|2dt < CE {/ i (8, 21) — ug(t,xi)fdt < Clluy —ugl|3s . (5.42)
0 0

Next, we will show (5.41) step by step.
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Step 1. We want to show
||VU1 - VU2||L2 <C ||U1 - UZHLQ . (5.43)

Applying 1t6’s lemma on V,, (¢, z%), we obtain

T T

where G,, is the infinitesimal generator of the SDE (5.1) under control u;. Applying

the HJ equation (5.8) in the drift term and rearranging the terms, we get
Vi (0,20) = h(zh) + / ridt — / V. Vi, (t,20) o dW. (5.44)
0 0
So,

Vi, (0, 20) — Vi (0, 20) = E [h(xlT) — h(z%) + /0 T(rtl —rh)dt ‘ xo] : (5.45)

Therefore,
/X Vi (0, 2) — Vi (0, ) da = E [(Vi, (0, ) — Vg (0, 20))?]

i T 2
=K <E h(x},)—h(x?p)—k/ (rtl—rf)dt’xg])

L 0

_ T 2
<R (IE L|x;_x§|+/ yrg_rﬂdt\xoD]

L 0

_ ] 2
<E (Lyx;_xw/ \rg_rﬂdt)]
0

- T
<[22}~ 427 [ |nt =il ] < O — .
L 0
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where we have consecutively used: xy ~ Unif(X'); equation (5.45); Lipschitz condition
of h in Assumption 2; Jensen’s inequality and tower property; Cauchy’s inequality;

Lemma 8 and (5.42). Therefore, we have shown
Vi (0,7) = Vi (0, ) 172 < C flus — 2l (5.46)

where this constant C' only depends on K, n,T. Also, (5.46) holds with the same C' if
the total time span T decreases. Therefore, we can reformulate the control problem
such that it start at ¢ € (0,7) instead of 0. Then the new state process starts at
x! ~ Unif(X) and the new value function coincide with V,,, on [t,T] by definition
(5.3). We also remark that the constants pg, p1 in Proposition 6 remain the same
because T' decreases. Applying the argument for (5.46) on the new control problem

gives us

T
Vi (2,) = Vi (8, ) 172 < C/ lur (s, -) = ua(s, )72 ds < C [lur — w72
t
Making an integration in ¢ gives us (5.43).
Step 2. We want to show
”Vasvul - vam”L? <C Hul - u2HL2 : (5'47)

We recall that the first order adjoint equation is given by (5.6). We denote p! =
—V V. (t,2) and ¢ = —V2V,,(t,xi)o? for i = 1,2. They satisfy the equations
dp; = — [(V.b) "ol + V. Tr ((0}) "q}) — Vori] dt + ¢} AW,
| | (5.43)
pr = —Vah(zy).
By assumption 2, we have |pi| < K and |¢}| < K?. By (5.44),

[ (@hot =iy am

— h(xh) — h(z2) + / (1} — 1)t — (Vi (0, 20) — Viy (0, 25))

144



Taking a square expectation and using a Cauchy inequality, we obtain
T 2
B [ |6h) ol - ) ot a
0
2 T 2
< 3E [’h(x%p) — h(z7)|” + T/ ry — 7" dt + Vi, (0,20) — Vi, (0, 20) 2
0

(5.49)

T

< 3L2]E |ZE£1F — I’%lQ + 3T E/ ‘7"2 - Tt2|2dt +3 ||Vu1(07 ) - Vu2(07 )||2L2
0

< Cllur = sz,

where the last inequality is because of the Gronwall inequality, estimate (5.42), and

the arguments in Step 1. Also note that
(p) "oy — (07) o7 = (p1) "oy — (07) op + (07) "oy — (1)) " 0t

SO

() Tol — ))Tab|* < 2|h) ot — D)o + 2K2 |0} — .

(5.50)

Therefore, taking an integration and expectation, we obtain

T T
2 1 2
E/ bt — 1| dt < 5— E/ () "oy — () ot dt < Cllus — a7, (5.51)
0 0

0o

where the first inequality is due to the uniform ellipticity assumption and the second
is because of (5.50), (5.49), and (5.42). Next, since
pg - p? = Vfﬂvul (t7 xtl) - leM (tv l‘%) + VCCVUQ (t7 xtl) - leM (tv I?),
we have
VoV (8,2}) = VoVas (b, 2) [
2 2
<2|p; = 07|+ 2| ViV (t,27) — Vi Vi (1, 27)| (5.52)
1 22 2,1 22
§2‘pt _pt‘ +2L ‘xt _xt‘ :
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Therefore,

1 T
VeV, = ViV |72 < p—E/ VoV, (t,2y) — VIVuQ(t,xblzdt
0 0

T
<CE [ (Iph =52 + |ot - a2 dt < C s = e,
0

where we have consecutively used: Proposition 6; equation (5.52); equation (5.51)

and Lemma 8. Therefore (5.47) holds.

Step 3. We want to show

T
B[ ot - @ dt < Cllus -l (5.53)
0

The analysis for the second order derivative is the most difficult. We need to cut the
interval [0, 7] into small pieces and estimate them separately. Let N be an integer
s.t. dp := T/N < 1/40K?. We denote t, = kdy as time stamps. We will do the
estimate for each interval [t;_1,1;] for K = 1,2,..., N. Computing the difference of

the two adjoint equations (5.48) gives us

(@ — a))dW, = d(p; — p}) = (Vary — Var?) dt + [(Vaby) "oy — (Vub}) Tp7] dt
+ Vo Tr ((01)7q}) = Vo Tr ((03) 7)) dt.
(5.54)
Step 3.1. We consider k = N first. Let § € [0g,20p]. If we integrate (5.54) on
[T — §,T] we obtain

/ (g — 2) AW, = — (Vah(zh) — Voh(22) + (phy — P2 y)

T—6

T T
_ / (Vaory — Vor7) dt + / (Vb)) oy — (Vb)) Tp7] dt

T-6 T-96

+ / [VaTr (o) q)) — Vo Tr ((07) " ¢)] dt.

T—6
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We take a square expectation, apply Cauchy’s inequalities, and get
g 1 212 1 2 |2
E |Qt _Qt‘ dt <5E [lvxh(ﬂvT) V.h(z ‘ + |pT s pT—5|
T-6

T T

45 / Vol — V2Pt 16 / (V) Tpl — (V.52) T2 dt
T -5 (5.55)
T

5 VT ((6)Tq) = VT ((02) qf)|2dt}

T—6

= (I)+ () + (IIT)+ (IV) + (V).
Next, we bound these terms one by one. For (I), we have
(I) < 5L°E |ah — 22 |* < 5L2C) |luy — a2z (5.56)

where we used the Lipschitz condition in Assumption 2 and Lemma 8. We skip (I7).
For (I11), we have
(IT1) < C |Juy — )%, (5.57)

because of (5.42). For (IV'), we have

(IV):5(5E/T |(Vaby) "oy — (Vab}) " 2] dt
T—6
< 1051@/5 (195 70k = (Vb)) 02" + (V1) — (V) T2 )t (5.59)

T
gmm/ K2 ([t = 52+ Vbt = VLB[P) i < C s — 2

where the second inequality is because of the boundedness of Vb and V,V,. and the

147



third is because of (5.51) and (5.42). For (V'), we have

T

(V):55]E/ V. Tr ((0))Tg}) = Vo Tr ((02)Tg?) " dt

T—6

31051@/ (19, ((0})Ta}) = V2 Tr (o))

T—6

+ |V T ((61)Tg?) = V. Tr ((02) qf)f)dt

T
< 105E/ (K2|a! — @ + K*|o! —a?]) at
-6

IA

1 T 2
-4

(5.59)

where the second inequality is because boundedness of V,o and V2V,,, and the third

is because § < 20y < 1/20K? and (5.42). Substituting (5.56), (5.57), (5.58), and

(5.59) into (5.55), we obtain

1

T
2 2
§E/ gt — q7|” dt < 5E |p}_s — pi_s|” + C |lur — |7
T—5

Integrating (5.60) w.r.t. ¢ on [dg, 2d0], we obtain

1 T 9 240 260
5501@/ la; — 47 dtg/ (5.60)LHSd5§/ (5.60)RHS d§
60 60

T—do
2
<CE [ ot =gt dt 4 Cllun — walf < C s — e,

where the last inequality is due to (5.51). Therefore, we have

T
2
E/ g} — g2t < O lJuy — sl

T—bo

(5.60)

(5.61)

Step 3.2. We consider k = 2,3,..., N — 1 next. Let 6 € [0,dp]. We integrate
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(5.54) on [tg_1 — 0,141 — 0] and obtain

Fib1 =0 1 2 1 2 1 2
/ (Qt - Qt) dW; = (ptk+1—6 - ptk+1—5> - (ptk_l—é - ptk_1—6>
t

k—1—0

tk+1—(5 tk+1_6
- / (Var! — Var2) dt + / (Vb)) ol — (Vab?) 52 dt
t

k*l_‘S tk,1—6

thp1—06
[ () - 9T () )

k—1—6

We take a square expectation, apply Cauchy’s inequalities, and get

tk+1_6 9
B[ i - dt§5E[

2 2
1 2 1 2
Z%k+1_6 _-Z%k+1_5‘ + Py s _-Z%k—l_é‘

tp_1—0
tet1—0 9 tpt1—0 9
+ 260 / |Var) — V7| dt + 26, / [(Vaby) "o — (Vob7) 7| dt
tp_1—0 tp—1—9

(5.62)

k—1—0

thy1—0 )
+24 /t Vo Tr ((07) " q;) =V Tr ((07) g7 | dt]
= ([)+ )+ (III)+ (IV)+ (V)

with a little abuse of notation for the five terms in (5.55). We bound these five
terms next. The techniques are exactly the same as in Step3.1. We keep (I) and
(I1) unchanged. (I11) also satisfies (5.57) with the same reason. (IV) also satisfies
(5.58), where we only need to modify the interval for integration in the intermediate
steps. For (V'), using the same argument in (5.58), we obtain

1 Ber1=0 1 912 2
V) < 51@/ gt — @27 dt + C flus — a2
t

k—1—0
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Combining the estimates into (5.62), we obtain

1 tk+1—5 9
B[ lat-afa
et (5.63)

< 5 |

2 2
1 2 1 2 2
Py -5 _ptk+1—6‘ TP -5 _ptk,l—é‘ } +C flug — u2||L2 .

Integrating (5.63) w.r.t. ¢ on [0, dp], we obtain

1 tr 50 50
F00E / g} — g2 at < / (5.63)LHS dd < / (5.63)RHS d§
lg—1 0 0

te—1 tet1 . 012 5 5
<CE + |pt _pt} dt + C |lur — ua||7. < Cflur — ua|[72
tk—2 ty

where the last inequality is due to (5.51). Therefore, for k =2,3,..., N — 1, we have

12
B[ ot = g e < C - (5.64)

lk—1

Step 3.3. We consider k = 1 next. In this case we cannot integrate (5.54) on
[tk_1 — 0, try1 — d] because t should be non-negative. But we can repeat the argument
in Step 3.2, with only a slight modification of our model. We extend the value
function V (t,z) to t € [—dy,0) by considering a modification of the control problem
starting at —dy instead of time 0.

We give detailed description of this extension to confirm that it works. Let us use
a “hat” notation to denote the quantities for the new control problem. Firstly, the
control functions u;(t,z) need to be extended to [—dg, 7] x X such that u;(t,z) =
w;(t,z) on [0, 7] x X. By definition (5.3), the new value functions ‘A/u =00, T x X —
R coincide with V,,, on [0, 7] x X. We also require the extension of u; to be smooth

such that the bounds for control functions in Assumption 3 still hold and

@) — Uall32 < 2 ||uy — uslf32 .
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The bounds for the value function (obtained from Schauder estimate) should still
hold. The new state process start at z* 5 ~ Unif(X’). The bounds py, p1 in Proposi-
tion 6 may need to change because the total time span is increased from T to T + &y,
but they are still absolute constants if we follow the proof for Proposition 6. The
Gronwall inequality should also hold, but with a larger constant C. Inequality (5.42)

should still hold, with interval to be integrated replaced by [—dy, T7].

With these clarifications, we can repeat the arguments in Step 3.2 and obtain
do
E/ ‘Al — qt| dt < C'||uy — u2||L2 <20 [|ug — u2||L2 ) (5.65)
0

Therefore, we did not perfectly recover (5.53), but the results (5.61), (5.64), and

(5.65) are enough for us to proceed the next step. We will finish proving (5.53) later.

Step 4. We want to show

[92Vay = 92Vaall2 < Cllun = a1 (5.66)
Since
a — qf = —V2Vu1 (t, :L‘t)Ot + VzVuQ(t .Tt) —V2Vu1 (t, xt)at + V2VuQ(t wt)
— VQVUQ(t :z:t)at + VQVUQ(t xt) V2Vu2(t :L‘t)Ut + VzVuQ(t .Tt)
(5.67)
we have

|V2 o (t It) V2Vu2(t xt | <3‘—V2 Vi (8, It) V2 Vs (t, t ‘
3| V2V, (t.a2)ot — V2V, (8, 22)o?[* + 3|qf — 2|

<3K2L2 |a} — 22" + 3K o} — o2 + 3| — ¢
(5.68)
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Therefore,

T T
/6||v§vul( ) = V2V ()5 t<p—1O]E/6 V2V, (t,2h) = V2V, (t,2)) [ dt
0 0

<

V2V, (t,x — V2V, (t, 2} )ot|” dt
—20_0p0 \/60‘ 1 t) 2 t ‘

T
SC’E/ (|mt—xt‘ +‘at—at‘ +|qt—qt}>dt§C||u1—u2||iz.
do

(5.69)
where we have consecutively used: Proposition 6; uniform ellipticity of o; equation
(5.68); Lemma 8, equations (5.42), (5.64) and (5.61). Applying the same argument

to the new control problem that start at t = —dy, we obtain
% 2 2
/ V2Vt ) = V2V (&) || At < Cf[fi = Bl < 2C s — wa[72. (5.70)
0

Combining (5.69) and (5.70), we obtain (5.66). As a follow up, with (5.66) holds, we
can use (5.67) to bound |g} — ¢?|, and obtain (5.53). Therefore, the result for Step 3

is perfectly proved.

Finally, combining (5.43), (5.47), and (5.66), we get (5.41), so the lemma is proved.
We remark that we can also write down the second order adjoint equation (see [Pen90|

for example) and prove that

Hvivul - VQSCVU2HL2 <C Hul - uQHL2 >

using the same method in Step 3-4. O
Lemma 10. Under Assumption 2, there exists a constant positive C3 s.t.
Ju] — Ju*] < Cs||u — u*||iz (5.71)

for anyu e lU.
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Proof. Denote g9 = |lu — u*||;. and let u = u* + £9¢, then ||¢|;. = 1. We denote
u® = u* + £¢. Denote the corresponding value function V- by V. Denote the corre-

sponding density function by pf, with initial condition p®(0,-) = 1. By Proposition

] = (5 o)

T
= —/ / p°(t,2) (VG (t, z,u(t, x), =V, Ve, =V2V?), ¢(t,z)) da dt.
o Jx

4

Y

(5.72)

d
In order to show (5.71), it is sufficient to show that d—J [u°] < Ce for some uniform
€

constant C' (that does not depend on ¢), because

Il + eod] — J[u’] = /0 Od%J[uE] de.

We estimate V,G in (5.72) first.
V.Gt @, u(t, ), =V, Ve, —V2Ve)|

= |V.G(t,z,u(t,x), =V, VE, =V2V) = V,G(t,z,u*(t,x), =V, V*, —V2V*)

< VWGt z,uf(t, x), =V, Ve, =V2V) = V,G(t, z,u'(t, x), =V, V*, =ViVF)|
+|VuG(t,z,u*(t, 2), =V, Ve, =VaVE) = V,G(t, z,u*(t, x), =V, V*, V2V
(1) + (1),
(5.73)
where we used the optimality condition in the first inequality. Recall that we have
denoted D = oo ". Let us also denote u*(¢, z) and u*(, z) by u® and w* for simplicity.

For (I), we have
(1) < |Vur (e, ) = Var(e,u') | + | (Vab(e, u?) = Vab(z,u') T 7,V

+ |V, Tt [(D(x, u®) — D(x,u")) V2V?]| (5.74)
< Le|o(t, z)| + Le |o(t, )] K + Le [o(t, 2)| K < Ce|o(t, z)|
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where we have used the Lipschitz conditions in Assumption 2 and boundedness of

the value function’s derivatives. For (I7), we have

(I1) < |Vub(z,u*)T (V,VE =V, V*)

(9T (D) (727 - 72

).

< K (|V,VE =V, V¥ + ‘Vi\/s - Viv*

(5.75)
Combining (5.74) and (5.75) into (5.73), we obtain

V.Gt z,u (t,x), =V, Ve, —V2Ve)|
(5.76)
< C(elo(t,x)| + |V, Ve =V, V| + |[V2VE = V2V*

).

Therefore, (5.72) has estimate

= [u]

r 1
Spl/ / (g’VUG(t,x,us(t,m),—VmVE,—ViVa)P+€|¢(t,x)|2) da dt
0 X
1 * ]‘ £ *
<C (e 61172 + 2 [1V:VE = VoV [[he + - | V2V = VIV 15, +¢ W)Hiz) < Ck,

where we have consecutively used: Proposition 6 and Cauchy’s inequality; inequality

(5.76); Lemma 9. Therefore, (5.71) holds. O

Lemma 11. Under Assumption 2, there exists a positive constant Cy s.t. for any

control function u € U, we have

IV = V¥ll gy < Callu— w357, (5.77)

; _ 1
with o = g

Remark. We believe that (5.77) holds with o = 1, but encountered some technical
difficulty to prove it. We give the intuition here. Following the notation in the
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previous lemma, we denote u® = u* + e¢. Since VE(t,x) reaches its minimum at

e =0 for any (t,x), we have

0. VE(t, x) ‘5:0 =0.

With sufficient reqularity, we have
(aevmvs) |5=0 - (Vacaevs> |€:0 - V:}c (88‘/6) |5=0 = 07

<a€vive) |a:0 = (vi’afve) |5:0 = V?; (aave) |6:0 = 0.
Making a local Taylor expansion w.r.t. €, we know that V,V¢ — V,V* and V2V* —

V2V* are of order O(g?), which implies (5.77) holds with a = 1.

Proof. We will inherit some notations from the lemma. Denote ¢y = ||u — u*||;. and
let u = u*+¢£o¢, then ||@]| ;. = 1. We denote u® = u*+c¢. Denote the corresponding
value function V., by V¢ Denote the corresponding density function by p°, with
initial condition p(0,:) = 1. The key difficulty for the proof is that ¢(¢, x) may not
lie in U like u*(t, ) or u®(¢, x), which has K as a bound for itself and its derivatives.
¢ = (u® —u*)/e do have some regularity, but the constant for the bounds has a factor

of 2/e. We will prove the lemma in three steps, which is similar to Lemma 9.

Step 1. We want to show
Ve = V7l < Cllu— w12 (5.78)

Note that V,, > V*, so

/ V(0. 2) — V*(O,x)]d:c:/ (V(0,2) — V*(0, 7)) da
X X

= Jlu] = J[u] < C llu = w72
where we used Lemma 10 in the last inequality. i.e.,

[VE(0,-) = V*0, )1 < Csllu—u*|7: .
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A similar argument with ¢ € (0,7) as the starting time gives us
* * (12
Vet ) = Vit )l < Cllu—ulgs -

Therefore, we have

IV =Vl < C flu— w7,
which implies (5.78) because V¢, V* wu, u* are bounded.

Step 2. We want to show
vavu _va*HLQ < CH'Lb—'U/*”};a (579)

It is sufficient to show the partial derivative in each dimension at ¢ = 0 satisfies the

estimate in L! norm:
1070, ) = BV (0, )0 < Ol — w557, (5.50)

because we can repeat the argument in other dimensions and for other ¢t € (0,7),
and the derivatives of the value functions are bounded.

Step 2.1. We reformulate the problem using finite difference in this step. Let
r1 € X be a variable and denote xo = x7 + de; a perturbation. We assume § > 0

without loss of generality. We have

10:V(0, ) = &V (0, :/ 0,V,(0, 1) — BV (0, 21)] day
X

-/ o = [

_ / / lim ~ (.V5(0, 2) — .VE(0, 21)) de
x |Jo §—0 0

1 [e°
< liminf £ / / 0.VE(0, 25) — D.VE(0, 21)| day de,
0 X

/ 85c9iV5(0,x1)d5 / 81»85V5(0,x1)d6 dl’l
0 0

(5.81)
d.fL'l

550 0

: o 1 2

where the last inequality is because of Fatou’s lemma. Now, we denote z;° and z;*
1 2 1

the state processes under control u¢ that start at z,° = z; and z5° = z5. Here z,°
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2 . . . . L.
and z;° share the same realization of Brownian motion. By Proposition 6,

0-Ve(0, ) [/ (V.G(t xS uE (b ), =V, Ve, =V2VE), o(t, x) %)) dt

T
= E U (V.Gy5, 6°) dt] :
0

Similarly, 0-V¢(0, x2) [fo (V. G?*, f’€>dt]. So

/ IGEVE(O,:EQ) — aEVE(O,.Tl)‘ d$1
X

ik

T
< / E[ / (V.Ge, %) — (VLGP qﬁf’a}\dt] d,
X 0

{ / (VuGI=, 61°) — (V,G2°, f"’:}dt}

By (5.81) and (5.82), in order to show (5.80), it is sufficient to show that

T
/ E [ / [(VuG17, 61°) — (V.G ¢f’€>|dt] da; < C6e® (5.83)
X 0

for some uniform constant C. We can assume § < ¢ because V,G%|.—o = 0, hence

(5.83) is obvious when € = 0.

Step 2.2. We split into two sub-tasks to show (5.83) in this step. Let us denote
pYe(t, x) and p?<(t,z) the density functions of #,;° and z7°, then p?<(0,-) = 0g; (J =
1

,2) and (5.83) can be rewritten as

/X/OT/X‘<qu(t,I,us,_vmV57_viwL(b(t,x»

(965) - 0. |, <

(5.84)

The idea to prove Step 2 is to decompose the time interval [0, T'] into two sub-intervals
[0,&2%] and (¢2*, T'| and prove (5.83) and (5.84) with fOT replaced by the corresponding
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intervals respectively. For the first part, we take advantage that €2 is small, while
for the second part, we we use the fact that pb¢(¢,z) and p*¢(t, x) are nicely mixed.
Step 2.3. We estimate the integration in the interval [0, £2%] in this step. We want

to show

2

/ (VuGe, 60°) — (VuGe, ¢7%)| dt | day < C5e™. (5.85)
0

/XIE

Using the Lipschitz property and boundedness of V,r, V,b, V,D, V, V¢ and V2V¢,

we can show

IV.G© = VuGr7| < Clay — 2.

2L
Also, we have |¢ a| < — ‘xtl < — 22| Therefore,
5

(VuGie, 0°) — (VuGP°, 677)|
|< GIE G?E’ t >+<v G?E7 tE_ t >‘

< VUG = VG| 60| + [ VG| o0 — 6/

<C (!abi’f! +]607| + < \v VE(a%) = VoV (879 +
VRV - Vet ) ol - o

where we have used (5.76) to estimate ‘VUG%E‘ in the last inequality. Substituting
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the estimate above into (5.85) left, we obtain

/]E

X

gC/E / (55°‘|¢%’E
X 0

52 [V ) — VAV (4,3 s o | x?’5|2> dt] day

/E (VuGie, %) — (VLGP f’eﬂdt]dxl
0

5e™ | 2|Vt 22) — VLVt 22|

- € * 1 = € e12
< Cp (2(550‘ [6]|22 + 62 |VE =V H?T.HQ)> +C/ 5—a/ E‘xi — " dt da,
’ x 087 Jo
0(68 +(5€a 2 2 +C/ / Cl |.T1—LC2’ dtd&?l

< Cée” + 58%520‘(52 < Coe™.
(5.86)
Here, the first inequality is just Cauchy’s inequality. For the third inequality, we
used Lemma 9 and the Gronwall inequality (5.34). In the fourth inequality, we used

|z1 — x| = 0. We give an explanation of the second inequality in (5.86) next. After

confirming this second inequality, we get (5.85).

We will use a similar argument many times later in this proof. Although :c(l)’a =1
and xg’a = x are fixed points, we are integrating z; over X (with zy — x; = de;
fixed). So, we can define two new processes Z; and 7. that have the same dynamic

l,e

as ;% and 27, but start at uniform distribution in X, with Z.° — Z;° = de;. The

72 7!
densities for T, and T, (

denoted by p'¢(¢, ) and p*¢(t, x)) satisfies the estimate in
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Proposition 6. Therefore,

/E / |¢}’€y2dt] dxlz/E / |6(t, 29| dt ‘ x};gle] dry
X 0 X 0

2
=E.

[ e
0
// o(t, )PP (t, x) dtd:v<ﬂ1// o(t,0)" dt do < py || @Iz -

¢f78 satisfies the same inequality. The analysis for the V,V and V2V terms are

:E/E |o(t,z0%)|” dt (5.87)
0

NUnlf(X)E

exactly the same. Therefore, we can apply Peoposition 6, and the second inequality

n (5.86) holds. Hence, we confirm that (5.85) holds.

Step 2.4. We estimate the integration in the interval [¢2*,T] in this step. We

want to show

T
/ / ‘(VUG(t,x, ut, —V, Ve, —V2Ve), ¢(t, x)> (pl’s(t, x) — pQ’E(t,x)) ‘ dx dt
g2 Jx

< Cde”.

(5.88)
We recall that p is the solution of the Fokker Planck equation d;p = Gip, where G. is
the infinitesimal generator of the state process with control u® and GI is its adjoint.
Let us use p(t, z;s,y) (t > s) to denote the fundamental solution of this PDE. Then,
pE(t,x) = p(t,x;0,2;) for j = 1,2. The fundamental solution of linear parabolic
PDE is well-studied, and a comprehensive description can be found in [Fri08]. A
key observation of the fundamental solution pf is that ¢°(¢,x;s,y) = p°(s,y;t,x)
is the fundamental solution of the backward Kolmogorov equation 0,4 + G4 = 0
[1t653]. Therefore, the regularity of p*(t,z;s,y) in y (here t > s) is equivalent to the

regularity of ¢°(¢,z;s,y) in x (here s > t). Aronson proved (in [Aro59] Lemma 4.2)
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that
VEGE(t, 25 5,y)| < CW) (s — 1)~ ("HR/2, (5.89)

T

Applying a standard mean value theorem and this lemma (5.89) with & = 1 to ¢°,

we obtain

}Pl’e(u .I') - p2’6(t7 ZE’)‘ = |q€(07 T1; ta Z’) - q€(07 T2, t? .T)|
= (Vo (0, (1 = ¢)ay + caait,x), 21 — 22)] (5.90)
=< C’t—(1+n)/2 ‘wl _ x2| _ Ct_(1+n)/2(5,
where we clarify that V, is operated on the second (not fourth) argument on
g (t z;8,y).

Therefore,

T
/ / (V.G(t,z,u, =V, Ve, =V2IVe), o(t,x)) (p"*(t,z) — p*°(t,x))| dz dt
2> Jx

)

T
< C’/ / (elo(t, )| + |VL,VE = V., V| + |V§V€ — Viy*
g2 JXx

lp(t, )| t~H/25 dz dt

T 1 1
< Cés“’“‘”a/ / (5 o, z)|* + . IV, Ve — V.V + . V2ve —viv* 2) dx dt
g2a Jx

1
< G ( I6I2: + = Ve - v*H?T;Hz)) < Chelene < e,

We used (5.76) and (5.90) in the first inequality, and used Lemma 9 in the thourth
inequality. So, (5.88) holds.

To conclude, we combine (5.85) and (5.88) and recover (5.83). Therefore, (5.80),
hence (5.79) holds.

Step 3. We want to show

V2V, — V2V

12 < Cllu— u*Hf{a . (5.91)
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The idea to show (5.91) is similar as in Step 2. It is sufficient to show
IV2Vi(0,) = V2V7(0, )| 0 < € flu— w15 (5.92)

because the same argument applies to other ¢ € (0,7). We will use the idea of finite

difference and cut [0, 7] into two intervals with separate estimate.

Step 3.1. We reformulate the problem using finite difference in this step. Let

x1 € X be a variable.

X

-/ o = [

o
S/ /|V§85Va(0,x1)‘dx1ds.
o Jx

€0 €0
/ 0.V2Ve(0, z1)de / V20.VE(0, 2,)de| day
0 0

So, it is sufficient to show
/ |V20.VE(0, 21)| day < Ce® (5.93)
X

for all € € (0,g¢) in order to recover (5.92). To compute the Hessian, let z be a
perturbation vector with |z| = 1. Denote zop = z1 — dz and xs = x1 + dz. Without

loss of generality, we just consider > 0. Then,

1
(lsir% 5 (0.VE(0,20) + 0.VE(0, 29) — 20.VE(0,21)) = 2" V20.VE(0, 1) 2.
ﬁ.

We recall that ||-||, denotes the matrix spectrum norm. Since
’viaéve(oa xl)‘ S \/ﬁ Hviaavs(07 xl)HQ ;
we only need to show that there exists C' that does not depend on z, such that

/ |2 V20.V(0, 1)z | day < Ce® (5.94)
x
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for all |z| = 1, in order to get (5.93). The left hand side of (5.94) satisfies
/ |ZTV§0€VE(O,$1)Z} dzy
x

1
_ / lim = 9.V(0, 20) + 0.V=(0, ) — 20.V=(0, 21)| dary (5.95)
X 6—0 52

1
< liminf —/ |0-VE(0, 29) + 0-V(0, 29) — 20.V(0, x1)| dy,
x

5—0 02

where we used Fatou’s lemma in the last inequality. And

/ |0.V=(0,z0) + 0-VE(0,29) — 20-VE(0, x1)| day
X

-,

T
< [B[[ w7 01 -2 (9.1 1) ]
X 0

T
E { / (VLGYS, 007) +(VLGY®, 677 — 2(V,.GL7, ¢%) dt] ' dz
0

T
< / / / |<VUG(t7 z, u67 _vzv€7 _V:%Ve); ¢(t7 $>>} ‘pO,E + pQ’E — 2p1’€‘ dx dt dﬂfl,
X JO X

(5.96)
where we used (5.12) in Proposition 4 for the first equality. Combining (5.95) and

(5.96), it is sufficient to show
JE
x

and

2

/ (VuGYE, 07°) + (VuGPe, 67°) — 2(V.Gy5, ¢°)| dt| dzy < C6%®
0

(5.97)

T
/ / (VuG(t, z,u°, =V, Ve, =V2VE), o(t, x))| [0 + p** — 2p"°| dzdt < C5°e*
€ X

2

(5.98)
in order to recover (5.94) and hence (5.93). These two inequalities are tasks for later

steps. Again, we only need to verify them when ¢ < e.

163



Step 3.2. We derive some generalizations of mean value theorem and Gronwall

inequalities in this step. Let f(s) : R — R be a smooth function. Then

F)+ -1 =20 = [[(#9) = r=shas= [ [ prryaras

Using the mean value theorem, we know that there exists ¢ € [—1,1] s.t. f(1) +
f(=1) —2f(0) = f"(c). More generally, let z; € X (j = 0,1,2) with 2z, = x¢ + 22

and let f:s— g(z1 + s(xy — x1)) for some smooth function g. Then

9(x2) + g(wo) — 29(z1) = f(1) + f(=1) = 2£(0) = f"(c)

= (29 — x1) ' V2g((1 — &)1 + cas) (20 — 1)

(5.99)

for some ¢ € [—1,1]. We will use this result in later steps. We give some Gronwall
inequalities next.

Let ] (j = 0,1,2) be the state processes that start at ) = x; with g = 21 — 0%
and £, = 21 + 0z and |z| = 1. Here 27 share the same control function u, which could

be u* or uf. As two corollaries of (5.34), We want to show

sup E‘xi—xfr §CE‘$$—$(2)|42054 (5.100)
te[0,T
and
sup E |20 + 27 — 2;5%‘2 < 06 (5.101)
t€[0,T]

By Ito’s formula,

d|af - af|* = [A(at = 2D)7 (o1 = 0?) (o = 0}) " (a} — a}) + 2 |a} — a?[°
2 2
(lot = 2" +2 (at = 2, b} = 07)) | dt + 4]} — a2 (2} = 2]) (0} = 0PV,
where we have inherit the notation b/ = b(x!, u(t,«])) and o/ = o(x), u(t,x})) in the

proof of Lemma 8. Integrating, taking expectation, and using (5.37) and (5.38), we
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obtain

T T
]E|x%p—$?p|4§E|xé—x3‘4+CE/ ]E|x§—x?‘4:(54+CIE/ E‘x%—xfrl,
0 0

where we used the Lipschitz condition for b and ¢ in Assumption 2. This inequal-
ity also holds for 7" < T. Therefore, applying a Gronwall’s inequality gives us
E |zl — 2|* < C6%. Therefore, (5.100) holds.

We show (5.101) next. By Ité’s formula,

=

d|a? + 22 — 22! [;ag+a§_zag\2+z<xg+m§_zx;,bg_bg_zbgﬂdt

+2(2) + 27 — 20)) T (0Y + 02 — 20} ) AW
(5.102)
We pick the i—th entry of the vector valued function b and denote the map (¢, z) —
bi(z,u(t,x)) by B;(t,z) for i = 1,2,...,n. By Assumption 2, B;(t,z) is Lipschitz in
x and has bounded Hessian in z. Apply the mean value theorem (5.99), we get
‘Bz’(t7 x)) + Bi(t, x7) — 2B;(t, x)|
< |Bji(t,2x{ — a}) + Bi(t, 27) — 2B;(t, ;)| + | Bi(t, 23} — a7) — Bi(t, x})|

< (a2 — ) V2Bt a} + cla? — o) (2 — al) + C'[a +a? 20}

< C (Jof —ai]” + [of + 27 — 201]).

Therefore,

[0 — b2 — 20! gc(|x§_x§\2+}xg+x3_zx;). (5.103)

Similarly, we have

00— 02 — 20| gc(yxg_xg\2+|xg+x§_zxgy). (5.104)
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Integrating (5.102), taking expectation, we obtain
E ‘x% + 22 — 23:1T’2 =E }azg + 2 — 2:5(1)|2

T
B [ (ot + 0?2014 2ad 20t 10— 2 — 20 )
0
T
§0+E/ (Iof + 07 = 201" + [af + 0F — 201] + [of — 8 — 20} ") at
0

T T
SCE/ (’x?—xﬂ4+|x?+xf—2xﬂ2>dt§054~l—0E/ 20+ 22 — 20 P dt,
0 0

(5.105)
where we used (5.103) and (5.104) in the second inequality, and used (5.100) in the

third. Applying Gronwall’s inequality on (5.105), we get
E ‘xOT + 3 — ZxHZ < o6t

and hence recover (5.101).

Step 3.3. We reformulate (5.97) and estimate the first two terms in this step. Let

us rewrite (5.97) first.
JE

x

x

2

/ [(VuGP, 60%) + (VuGPs, 60%) = 2(VaGe, 67| dt | day
0

2

/ (VLGP + VUG —2V,Gy°, ¢%) + (VUG 60 + 67 — 2¢,°)
0

(VuGP* = VuGr, 6% = 6y%) + (VUG = VuGy®, ¢ — 0;%)| dt] day
<)+ UTD)+ )+ (IV),

(5.106)
where we use triangle inequality in the last step and bound (5.106) by four separate
integrals, which are denoted by (I)— (V). Because of Assumption 2 and the regular-
ity of V¢, the map (t,z) — V,G*(t,z,us(t, z), =V, Ve, —=V2V¢) is lipschitp in 2 and
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has bounded Hessian in z. So, we can repeat the argument for (5.103) and obtain
V.G 4+ V,G2 — 2v,GH| < C ( 22— abe [ 4 a4 P — zxm) . (5.107)

where we have used boundedness of V2V¢. Therefore, we can estimate (I) through

- =
<[

g2
1 2 1 2
< / / E{W 2" = g | e - 2a ]dtdx1+526“01 o117
X JO

/ (V.GY + V.G —2V,Gy*, §’5>|dt] dzy
0

2

/ E ( ! VLGP + V,G2 - 29,G1e [ + 6% \¢§7E|2) dt] dz,
0

0%ea

< / / ! Co* + LC’54 dt dz; + 6%c%py < C6%e.
xJo 525a 52€a

(5.108)

In the second inequality above, we used (5.107). Also, for the ¢ term, the argument

is the same as in Step 2.3, see (5.87). In the third inequality above, we used (5.100)
and (5.101).

Let us consider (I7) next. Similar to (5.107), we can estimate the ¢ term in (/1),

but note that the constant should scaled by 2/¢. (This is explained at the beginning

of the proof). So, we have

Q

007+ 61° =201 < = (Jat* — 2| + [a?* +ai* —207]) . (5.100)

3
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Therefore

(”):/XE
S/X/OEMEKEQ_ V.Gl +E {gb 2 —2¢p {)]dtdxl
<cf | e[

VEV(t, x)f)

[ 161, e+ e =20t dt] "
0

A AN AR

1
+62 |¢t1’€ 2) + e ( x?’g — x2’6|4 + \ﬁk +xf’6 — 2952’6 2)] dt dx;

2

5
< O (0 IV = V" Ry + < o1 +0// —0(54dtdx1 < e

(5.110)

where we have consecutively used: Cauchy’s inequality; the estimate of V,G in (5.76)

and ¢ terms in (5.109); the argument at the end of Step 2.3 for ¢ in (5.87) and the
Gronwall inequalities (5.100), (5.101); Lemma 9.

Step 3.4. We reformulate (I/17) in (5.106) in this step. (IV') can be analyzed in

the same way. We want establish the following estimate in the following few steps.

2

(I11) = / E / (VLGP — V.Gy°, 677 — ¢;%)| dt| dzy < C8%®. (5.111)
X 0

The idea is similar to the derivation of (5.76). Denote ul”™ = u*(t, z}°) for j = 0,1, 2.

Denote f7° = f(af® uf(t,2]%)) and fI" = f(al® w*(t,2]%)) for f = r,b,0,D and

j =0,1,2. Denote V,G7* = V,G(t,z°, ul* =V, V* —V2V*) for j = 0,1,2. Note

that V,G7* = 0 due to maximum condition (5.10). Denote V{/* = V(t,2)°) and
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VP = V*(t, 7). By definition of G (5.7),

V.G — VG = (V,G2 — V,G**) — (VG — VG

= (Vure™ = Vury™) = (Vury® = Vary”)
+ (Vabb TV = Vb T ) = (VT VL - 0T VL)
+V, Tt (D V2V, — D*V2VY) — V, Tr (DFF V2V — DY V2V

Note that the V, only operate on D in the last two terms. Therefore,

/X]E

where

V)= [
(V1) = /X E

2

/ (VLGP — V.G7, 61 — ;v€>\dt] dzy < (V) + (VI) + (VII) (5.112)
0

2

/ |<(Vu7ﬂt176 - vurtl’*) - (vurf,e - vurf’*> ) ?’6 - 1’€>‘ dt] d[)?la
0

2

/06 ‘<(Vubtl’ﬂvx‘/f’€ = VbV

_ (Vub?,sTvxvf,s _ Vub?’ﬂvx‘/f’*) . 1,€>

dt} day,

and

(VII) = /XIE

2

/ (V. Tr (D V2V, — D V2V)
0

—V. Tt (D} V2V — DY*V2VEY) 67 — ¢,°)| dt] day.

We want to show that each term above is less than C'6%¢® in order to recover (5.111).
Step 3.5. In this step, we want to show

€/E
X

2

/ |60° - cbtl’afdt] dzy < C6%e”. (5.113)
0
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We first give a generalization of the argument for (5.87). Like before, we define three

new processes 7° for j = 0,1,2 that start at Z)° ~ Unif(X) with T,° — T;° =
Ty — T,° = 0z. T° follow the same dynamic as z7°. Again, denote 77°(t,z) the

density for 7°. Then, 7°¢(t,z) = p"*(t, x) = p>*(t, ) because they share the same

distribution. So,

/XE /0 (0, ¢2’€>dt] dz
/ / (ot 2, (t, xb* >dt‘ :xlldxl

= E,. / (p(t,7,°), o(t, 7,°)) dt(—“]

/ (B(t,7,°), B(t,7,°) dt] // t,x)) pre(t, x)dt do

://an(t,x),¢(t,x)>ﬁ2’€(t,x)dtdx:/E /EQ<¢3€, fﬂdt] dz;.
X JO X 0

(5.114)
—1l,e

Similarly, since (Z,°,%,°) and (Z;°,%,°) share the same joint distribution, we can

show

/XIE

/0 (6", ¢?’€>dt] dz; = /X E

/E (6%, 60°) dt] dz;. (5.115)
0
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[t et an
0

Therefore,

5/E
X
8204 T

== [B| [ (6 0t + (ol ol — 206 o1)) dt | oy
X 0

2a T

—¢ / E / (281, 1) — (42¢, 1) — (81, 60°)) dt | day

/ (81, & (201° — §2¢ — g0 )>dt]das1

gc/E / [52ga\¢}6\2+52a<}2x AT i S s
X 0

< O (8%%py ||o||72 + 6227 26h) < O9%e.

|4)} dt] dz,

We used (5.114) and (5.115) in the second equality above. In the first inequality,

we used estimate for ¢ in (5.109) and Cauchy’s inequality. The second inequality is

because of (5.87) and the Gronwall inequalities (5.100) (5.101). Therefore, (5.113)

holds.

Step 3.6. We estimate (V') in this step. Let us pick one dimension ¢ < m and use

mean value theorem. We get

auirtL8 - auﬂ"t%a = 6uﬂ“(£”t -, ut ) auir(xt 8:“15 )

_ <Vx,u8uir ((1 — c):v,%"E + ca:f’g, (1-— c) °+ cu ‘5) , (xt ® :1:?5, Uy’
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for some ¢ € [0, 1]. Therefore,

}(81%7'15178 - auin?,a) - (auz'rtly* - auin’*)

— ’<Vx7u8uir (1- o)yt + cxrt, (1 — c)u© + cuf’g) (=t ut — uf€)>
_ <Vx,u8ui7" ((1 — )} + dat, (1— c’)u%’* + c’uf’*) (" — R T uf*)ﬂ

( i x?‘E! + |ui5 — u?g‘) + K‘(u%’g — u?a) — (ui* — uf*)

2,%

l,e 2. l,e 2. l,e 1,% 2. s
SL(.’I;t —$t |+‘ut _ut ’+|ut _U/t +‘ut _ut

e R U B o R L A R e
< O (Jon® = ot el = ab| (1] + [6]) +< v = 6])

In the first equality, we apply the mean value theorem twice, with ¢, € [0,1]. In

the first inequality, we used:
(a1, b1) = (az, ba)| < lar — asl [br] + |as| by — bof,

and the Lipschitz and boundedness property (in Assumption 2) of the derivatives for
r. In the second inequality, we use u* = u* 4+ ¢ and the Lipschitz property of u°®.

Applying the same argument in all the dimensions, we get

|(Vury® = Vury™) = (Vary = Vor??)

2
< O (Job = bl e foi® = abe] (00| + [67) + <ot — 6t]).

Therefore

v)-[®
gO/XIE

2

| K0t = Varl) = (T = Vurt?), 62 - 61)| dt] doy
0

2

&€
2
[ (b =l o efabe = o] (o] + |62
0

+e oyt — 67F|) |orF — ¢°| dt] day.
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Continuing the analysis, we get

(WgcAE

2

[ (et —ateP e (o1 4 |6)

(5.116)

1 4 2
g ot = | ot = o) e an

< O (C715% + 26%%py ||o||52 + O3 4 §%*) < O9%e.

In the first inequality, we used the Lipschitz condition
2L
1, 2, L, 2,
’¢ta_¢t8’ < - |$ta xta‘

and Cauchy’s inequality. In the second inequality, we used Gronwall inequality of
order 3, (5.87), Gronwall inequality of order 4 (5.100), and (5.113) in Step 3.5. We
did not prove Gronwall inequality of order 3, but it can be obtained directly from the
order 2 (5.34) and order 4 (5.100) inequalities using Cauchy’s inequality. Therefore,
we finished estimation of (V).

Step 3.7. We estimate (VI) and (VII) in this step. Recall the definition

WU:AE

2

/oe (Vb TV - v T

B (Vubtg,sTvatze _ Vubf’*TVx‘/f’*) 7 ?,s _ 2s>

dt} day.

We further decompose (V1) into two parts. A simple triangle inequality gives us
(VI) < (VIII)+ (IX),

where

2

(VIIT):= / E / ’<(vub}’”v$vﬁf—vubi’”vzvtlﬁ)
X 0

- (vubf’”vxvﬁf = vub%”vxvt?’&) L0~ ¢%"5>

dt] day.
(5.117)
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2

/08 (Vb TV = VTV )

. (Vubf’*TVsz’a . Vubf’*TVg;VtQ’*> 7 ?,5 . 1,E>

dt} day.

(5.118)
The analysis for (VIII) is exactly the same as the analysis for (V) in Step 3.6,
except that the function V,r is replaced by V,b'V,Ve. By Assumption 2, and the
regularity for the value functions, V,b"V,V¢ and V,r share the same properties that

are necessary to prove (5.116). Therefore, we can show
(VIII) < 068%™ (5.119)

We consider (/.X) next. We want to show

(IX):/X]E

2

/OE ’<Vubt1,ﬂ (Vfo’a _ vaf’*)

(5.120)
_vubtz’*T (VthQ’E _ vaf,*) ’ tz,s _ 1,s>

dt] dry, < C§%e,

Again, we consider one single dimension. We pick ¢ < m, [ < n and denote bz*l the

I-th entry of b7* for j = 0,1,2. We have

anb%,*,l (axl‘/tl,s . a:vlv;fl’*) - anb?,*,l (axl‘/?,s . ao:thZ*)

S ‘<8Uib%,*,l _ anth,*J) (axlwl,a o axl‘/tL*)

(5.121)

_|_

anb?,*,l [(aﬂclv;fLE - aﬂ?z ‘/;EL*) - (6@‘/152’6 - aﬂ?z‘/tz*)} ‘ .
We estimate the two terms in (5.121) next. For the first, we have

‘ <anb%,*7l - anth,*,l> (axz V;SLE - aILVtL*)

S L ‘x%,a . a:?,a‘ |va;l,a _ VIV;L*

(5.122)
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because of Assumption 2. For the second, we use the technique in Step 3.6. We have

|(aﬂ3[‘/;1,6 . 8@‘/;2,5) . (@xzvtl’* . aIthQ,*)

— ‘<V$8MV€ (t, (1—c)z" + cm?’s) ot — a:?€>
— <Vx8le* (t, (1-— c’)x%’6 + c'm?’s) , x%’g — xfaﬂ
< Va0, Ve (8, (1 — o)t + c:v?’a) — V20, V* (8, (1 - Nyt + c’xf’a)‘ ‘:Etla — 12

S (‘ancclv;LE - vwaxl‘/tL*

/ l,e 2. l,e 2.
+ L(c+¢) |z — 27%|) |2y — 23

)

(5.123)
where we have consecutively used (two) mean value theorems, Cauchy’s inequality,
and the Lipschitz property for the derivatives of V¢ and V*. Combining (5.122),

(5.123), and |V,b] < K into (5.121), and repeat the same argument in all the dimen-

sions, we obtain

‘Vubtl’ﬂ (Vm‘/tl,s _ va?,*) _ Vubf’*T (va;zs _ Vz‘/t2’*)

(5.124)

2,

< Clay® = afe [ (|V. V) = VL1 + o — 7).

+ VIV - VIV

Therefore,

52(1
(IX) < /XE /O ‘Vubtl’ﬂ (vatl,s _ Vthl’*) _ Vubf’*T (vaf,s _ vatz,*)

|07 — ¢,°| dt] day

2

£
le 2 le 1,
0

+ VIV - v

1 2 2L 1 2
oy = apf|) = |ap — apt| dt| day,
5

where we used (5.124) and the Lipschitz condition for ¢

o1 — 62| < 22 fot — a2,
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Continuing the analysis, we get

(IX)gC/XJE

1
+= | — xf’a}?)dt] dzy,
£

l,e 2,64
<C’// {526& —x; }

52

2

/E }xi,s _x25’2 1 ’V ‘/tls vx‘/tL*
0

+ VIV - VI

)

2

1 1
€ vgﬁ‘/; )k

Lo 1
A v e R M e L
€

where we used Cauchy’s inequality in the second inequality. Next, using Gronwall

inequalities and the analysis for the V,V and V2V terms in Step 2.3, we have

52 * a
IX<C//T<ya ) — V*[eppzy < C6%€™.

Note that we used 0 < ¢ and Lemma 9 in the last inequality. Therefore, (5.120)

holds. Combining (5.119) and (5.120), we obtain

WD:LE

AR AGER T AR NAET Y

2

/ ‘<(Vubi’ﬂvxvtl’a B Vubi’*TVfo’*)
0

dt} dz; < C§%e.
(5.125)

The analysis for (VII) is the same as the analysis for (V). We decompose (VII)

into two parts like (5.117) and (5.118). The first one can be analyzed using the same

technique in Step 3.6. The second one be analyzed using the same technique in this
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step: considering each dimension separately and combine them. Therefore,

2

JR AR AT AT
0

(VIT) = /X E

—V, Tt (DF*V2V2 — DFV2VES)  ¢7° — ¢°)| dt] day < C5%.
(5.126)
Combining (5.116), (5.125), and (5.126) into (5.112), we obtain (5.111). i.e., we get

the bound for (I11). (IV) can be analyzed in exactly the same way, so we also have

(IV):/XIE

Combining (5.108), (5.110), (5.111), and (5.127) into (5.106), we obtain (5.97).

2

/ (VLGY* — VuG®, 807 — ¢%) | dt| doy < €%, (5.127)
0

Step 3.8. We want to show (5.98)
T
/ / (VLG(t,z,u®, =V, Ve, =V2V?), 6(t, x))| |p"° + p>° — 2p"°| dwdt < C6°e*
e2a JXx

in this step. The spirit and notation are much the same as Step 2.4. p"(t,x) =
p°(t,x;0,z;) for j = 0,1,2, where p°(t,x;s,y) is the fundamental solution of the
Fokker Planck equation d;p = Glp. ¢°(t,x;s,y) := p°(s,y;t, ) is the fundamental so-
lution of the backward Kolmogorov equation 0;¢0+G.¢ = 0. Applying the generalized

mean value theorem (5.99) and lemma (5.89) with k = 2 to ¢°, we obtain

‘pO,E(t’ ZE) - pQ’E(t7 I) - 2p17€(t7 I)‘
- |q€(07 o, tv ,T) + qe(oa T2; ta .Z’) - 2q5<07 Iy, ta I>|
(5.128)
= |(z2 — 21) ' V2q° (0, (1 — )1 + cag;t, @) (z2 — 21))|

< O~ (2+n)/2 |2y — $2|2 — Ot~ 2tn)/252
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Therefore,

T
/ / (VuG(t,z, 0, =V, Ve, =VaVe), ¢(t,x))| |p" + p>° — 2p"| dzdt
g2a J X

)

T
SC/ /(é\aﬁ(t,x)\ﬂvxvg—vxv*w|vgvs—v§v*
g2x Jx

|, )| /252 A dt < C§%e~ e

T 1 1
/ / (g 6, + 1 IVVe = VLV 4 2 [V - i 2) dz dt
g2 J X

< OF (17 E2 g1 + &7 @I VE — VR ) < OB @ oo,

In the first inequality, we used (5.76) and (5.128). In the second inequality, we
extract a constant 62e~ (e > §24=(2+7)/2 and use Cauchy’s inequality. In the last
inequality, we used Lemma 9. Therefore, (5.98) holds. To conclude, combining (5.97)
and (5.98), we recover (5.93), which implies (5.92). Hence, (5.91) holds, and we finish
Step 3.

Finally, combining the three steps (5.78), (5.79), and (5.91), we get (5.77) and

finish proving Lemma 11. O]
We recall the definition of G for the reader convenience:
G(t,z,u,p, P) = Tr (P D(z,u)) + (p, b(x,u)) — r(z,u).
For a control function u(t, z), we define a corresponding new function through

u®(t, x) = argmax G(t, x,u, —V,V,(t, z), = V2V, (t, x)). (5.129)

u€eR™

This u® is well-defined because G is strongly concave in u. By the uniqueness of the

solution to the HJB equation, © = u® if and only if u is the optimal control. Also,
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using the pug-strong concavity, we have

|VUG(t, ryu(t,x), =V, Vy, —ViVu)}
= |V.G(t,z, u(t, x), =V, V,, =V2V,) — VuG(t, z,u°(t, x), =V, V,, —=V2V,)|
> pig u(t, x) —u(t, )|
(5.130)

We give the following lemma regarding this implicit function

Lemma 12 (Lipschitz condition of the implicit function induced by G). Let As-
sumption 2 holds. Then there exists a constant Cs > 0 such that for any two control
functions ui,us € U, and any (t,x) € [0,T] x X,

|u<1>(t7 fL’) - U;(t, "L‘)|

(5.131)
< Cs (|VaVi (8 2) = Vo Vi, (t 2)| + ]ViVul(t, x) — V2V, (t, x)]) .

Proof. By strong concavity of G in u, u®(¢,z) in (5.129) is given by the equation
VGt 2, u(t, x), =V, Viu(t, x), =V2V,(t, ) = 0.

Therefore, for fixed (¢,x), we can view u® = u°(t,z) as an implicit function of p =
—V.Vu(t,x) and P = —V2V,(t, ). So, (5.131) is nothing but the Lipschitz condition
of this implicit function. Therefore, it is sufficient to show the boundedness of the
Jacobian of this implicit function. Compute the Jacobian of V,G(¢, z,u®, p, P) = 0

w.r.t. (p, P) € R"" we obtain

ou®
0=ViG(t,z,u’,p, P) - ——— + (Vub(z,u), V,D(z,u)).
( p)a(p’m( (z,u) (z,u))
So
auo 2 <o -1
9. P) = — (VHG(t,x,u D, P)) (Vub(z,u), VyD(z,u)). (5.132)
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By assumption 2, |V,b(z,u)| < K and |V,D(z,u)|] < K. Since G is ug-strongly
concave in u, —(V2G)™! is positive definite with spectrum norm less than 1/ug.

Therefore, (5.132) implies
‘ ou® ‘ 2K
— <=
p, P)| ~ pe

So (5.131) holds. O

5.8 Proof for the theorems

Now, we are ready to prove Theorem 3 and 4.

Proof of Theorem 3 and 4. Case 1. We firstly consider an easy case where there

exists positive constants p and 7y such that
" — w2 = pflu” =] (5.133)
for all 7 > 75. Under such condition, we have

d . /). . d .
= (S )

= —[[p" (t,2)VL.G(t, z,u" (t,x), =V Vir, = V2V, )

2

2
t (5.134)
T 2 T T
< —pg HVUG(t,x,u (t,2), —=VViyr, =V2V,r) ’LQ < —p(z) ;fG |u” —u <>||i2
T * 1 T *
< —ppg P lu — w7 < —f%u%u?gg (J[u"] = Ju]),

where we have consecutively used: chain rule; proposition 4 and the control dy-
namic (5.16); proposition 6; inequality (5.130); assumption (5.133); and Lemma 10

respectively. Equation (5.134) implies

JuT] = J[u] < e T (J[w] = J[u’])
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holds with ¢ = p§ ug & So (5.18) holds. Therefore, the two theorems hold under

this easy case.

Case 2. Next, we focus on the harder case when (5.133) does not hold. Then we

can find a sequence {7}, increasing to infinity, such that
Tk T ]' Tk *
Ju™ —u™| . < E”U — |2

For notational simplicity, we denote u™ by wu; and the corresponding value function

Vume by Vi. So we have

1

e = gl < 7 Nk =l (5.135)

By Proposition 5, the value function V- (¢, z) is decreasing in 7, so it has a pointwise

limit Vo (¢, ). Since V.- (¢, z) > V*(t,x), we have V(t,z) > V*(t,x). We claim that
Vo(t,z) = V¥ (t, x). (5.136)

The proof of this claim is quite long and technical, so we leave it to the next lemma 13
and focus on the rest of the proof first. With the claim holds, we know that V- (0, )
converges to V*(0, -) uniformly using the Lipschitz condition and Arzeld—Ascoli the-

orem. Therefore, using the relationship

Jlu] = /X (0, 2) Vi (0, ) dar — /

Vur(0,2) dz and J[u*]:/ V*(0,z) dz,
x

X

we can show (5.17) and thus confirm Theorem 3.

Next, we show the convergence rate in Theorem 4. By Assumption 4,
lim [Ju” —u*||;. =0,
T—00
hence limy_,o, ||ur — u*||;» = 0. By Lemma 12, we have

ug(t,2) — u*(t,@)| < Cs (|VaVilt, z) = Vo V()| + | VaVi(t, 2) — V2Vt 2)])
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hence

g = w32 <22 (IVaVe = VaV* (13, + | 92Vi = 92V

2
)
Therefore, by lemma 11, we have

luf = wll 2 < V205 IV = V7l g2y < V205Cu [l — w127
Therefore, we obtain

1
e = vl < Nk = gl + g = 'l < 2 flue = ¥l + C g = | 2"

However, this cannot hold when k is sufficiently large (i.e., when |lu; — u*||;. is
sufficiently small) because we assume (5.135). Therefore, the assumption (5.135)
cannot hold under Assumption 4. Hence (5.133) must hold and Theorem 4 is proved.

[

Lemma 13 (claim (5.136)). Under assumption (5.135) and all the assumptions in
theorem 3, (5.136) holds.

Proof. We assume to the contrary that there exists (£,7) € [0,T] x X s.t. Vo(t,7) —

V*(t,) > n > 0. This implies that
Ve(t,Z) = V*(t,7) >n >0 Vk. (5.137)

By the Arzela—Ascoli theorem, Vj, converges to V., uniformly and V,, (hence V,—V*)
is continuous. So, we can assume ¢ > 0. For any ¢, 4, 3, A € (0,1), we define two

continuous functions on (0,7] x X x (0,7] x X

1 9 1 9 AA
— =y — _ 4= 1
o(t,x,s,y) 5 [t —s|” + % |z —y|” = B(t+s) + " + . (5.138)
and
(I)k(tvstvy) = V;f(tax) - V*(S7y) - 90<t7x7 S7y)' (5139)
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Since the domain of @y, is bounded and limyas o1 Pi(t, z, 8,y) = —00, Pr(t, x, s, )
achieves its maximum at some point (g, T, sk, yx) € (0,7] x X x (0,7] x X. Note

that (tx, Tk, Sk, yr) depends on €, §, §, A, and k. Using the inequality
20 (te, h, Sk, Yi) > Prte, Trs ey o) + Pr(Sks Uk, Sk, Yk ),
we obtain

1 1
B Itk — si|* + 5 2 — yl” < Viltr, 2x) — Vi(si, yi) + V* (e, 21) — V¥ (55, Uk

< 2L |(tg, xk) — (Sk, k)| 5

where we used the Lipschitz condition of V* and V}, in the second inequality. There-

fore,
1 2 1 2 2
PR |ty 1) — (sk, yp) | = P (Ite — skl + |lze — wel™) < 2L |(tk, 21) — (s, ym)] -
Hence,
|(tk, Tx) — (8K, yk)| < 2L( +0) (5.140)
and
1 2 1 2 2

hold. We can also see that |t — sg|, |xx —yr| = 0 as e, § — 0. Another direct result

we have is that
V;C(zu f) -V (%7 f) - QO(E, f7 zv f) = q)k<z7 f: Z? f)
< Pp(te, 2w, s, k) = Vieltr, m6) — V7 (S8, Uk) — ©(tk, Tis Sk, Une),
which implies

- - _2A A
Vk(t,f)—v*(t,f)wﬁt—T < Vk(tk,xk)—v*(sk,yk)—i-ﬁ(tk—l—sk)—t——s—. (5.142)
k k
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Next, we separate into two cases. The idea is that: when ¢, or s, are close to T,
we use the fact that Vo (7, -) = V*(T,-) = h(-) to derive a contradiction; when ¢, and
si are not close to T', we use positivity of 5 and A to derive a contradiction.

Case 1. For any Ky and o > 0, we can find £ > Ky and (,6,0, A < « s.t.
tx Vs, > T — 3% Under this assumption, we can find a sequence {k;, 3;, €;, 6, \i} 22,
s.t. k; increases to infinity, (5;,¢€;,d;, \;) decrease to Os, and the corresponding
this Thy, Sky» Yk, Satisfies ty, V sy, > T — & for all 4. Since [0,T] x &' is bounded,
we can pick a subsequence of this {k;, 5, &;, 0;, A; }2; (without changing notations)
such that ty,, xy,, sk, yr, all converge.

Let ¢ — oo. Note that (5.140) implies sy,, t, converge to some same limit t,, >

T — 3% and @y, yr, converge to some same limit 7. So, (5.142) becomes

Ve 6, 7) = V*(£,7) < Vo (too, Too) — V (too, Too)
= Voo (toos Too) = Vo (T, Z00) + V(T 00) — V7 (toos Too)

i 2
< LT —to| + L|T —to| <2L—— = Zp <,
< L| |+ L] | < af = 3" <"

which contradicts to (5.137).

Case 2. There exist Ko and a > 0 s.t. for any k& > K, and (5,e,0,\ < «, we
have t, V s, <1 — 3% In this second case, we will only focus on the situation when
k> Ky and ,¢,0, A\ < a. Without loss of generality, we assume Ky > 1 and o < 1.
We fix f < a and A < « and let k,e,0 vary. Define M := 4K + 2T + 2/t and
Ty 1= min{m, #r}. Note that X is fixed, so 7o is an absolute constant. We also
define

Qo :=A{(t,z,s,y) | \/M <t,s <T —2ry}.
Then @, achieves its maximum (¢, Ty, Sk, yx) in Qo because (5.142) cannot hold if

tr < A/M or s, < A\/M. Next, we define

Q:={(t,z,s,y) | \/(M+1)<t,s<T—ry}. (5.143)
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We find Qg C Q. Also,

A A A A
>

t_ R =
TM+1T M O M+1 M(M+1)

Z To,

and T — ro — t,, > ro. Si also satisfies the two inequalities. Restricted in @), @ has
bounded derivatives. Next, we want to show that the maximum is still in @ if we
make a small perturbation on ®y.

We define 1 > 0 by

A

et (5.144)

MK(K+\/E+1):%B+

Let ry := uro/4. We pick (q,p,q,p) € R st Ip|,lql|,[pl,]q] < ri. Then we

define a new function

-~

Delt,,5.y) =0ult,z5,y) = 5 (1t =t + o — 2 + s = e + |y — i)

+q(t —te) + (p, @ — k) +q(s — se) + (B, y — yn) -
(5.145)
If we do not have the second line in (5.145), then ®, achieves a strict maximum
at (tx, Tk, Sk, Yr). This second line can be viewed as a linear perturbation. So, </I;k
achieves a maximum at some other point in R denoted by (, Zx, Sk, Jx). By

this optimality, (tAk, Tk, Sk, Yr) must lie in the set
{ttws,m) | & (1t = 6P+ lo =2l + |s = sal> + 1y — wl?)
< q(t —tk) + (P, v — k) +q(s — sk) + (D, y — yk) }-
So,
% | (ks Bt S, Tk) — (b Sk,yk)‘z < | (b, B S, i) — (ts Tt S0 00) |+ (0, 2.3 D) -

Therefore,

~ o~ ~ 2 PN 2
|(tkaxk78k7yk) - (tkuxkaskuyk)‘ < = |(Q7p7Q7p)| < ; 2ry = ro.

=
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So ‘tAk —tk| . |8k — sk| < 7o, which implies (ﬂ,’x\k,gk,ﬂk) € (). More importantly,
(ti, Tk Sk o) lies in the interior of (0,7] x X x (0,T] x X. So, by the optimality of

(%\kafkagka/y\k)a we have

(0 = at &\)k(i\lﬁ/«r\k7§k7gk) = at‘/k:('/t\kp/x\k) - at 90(?k755\k7§k,@\k) — ’u(%\k _ tk) + q

0 =0, 6k(?k,f/lf\k7§ka/y\k) = —0sV*(Sk, Yk) — Os gD(tAk,a/Ek,@,/y\k) — u(Bk —sk) +q
0= Vo @ (t, B, 5, i) = VaVi(trr k) — Voo (e, Ty Sk, Te) — p(@ — x1) +p

0= vy&;k(%\kai/c\ka/s\ka Ur) = =V, V"B, 0k) — Voo (te, Th, Sk, ) — 1@ — Y1) +D

V2V (i, Tr) 0 2 1L, —I,
x ’ < —
\ ( 0 V2V (5 0k)) Vayp Tl =75\ 7 g ) T #L

(5.146)

as first and second order necessary conditions. Note that (;f\k, Tk, Sk, Yr) depend on ¢,
0, B, \, q, p, q, p, it, and k. Also, recall that 3, A\, and p are fixed.
For given ¢, § and k, we can view (?k, Tk, Sk, Yr) as an implicit function of (¢, p, 7, p),

given by the equation V(/Isk(tAk, Tk, Sk, Uk) = 0, 1.e.,

(q7p7 a:ﬁ) = _vék(%\ka f]mgk? /y\k) + /’L(%\k - tka /x\k - xkagk - Sk7/y\k - yk) (5147)

Here, the gradient is taken w.r.t. (¢,z,s,y). We claim that we can consider it
inversely and view (¢,p,q,p) as an implicit function of (t},fk@k,gk) locally, still

given by (5.147). The Jacobian of this implicit function is given by

0 ) 7/\7/\ T s
Ay = A<q p.4:p) = plonio — V2@ (ty, Th, S, Ui)- (5.148)

~ o~

a(tka fka Sk, yk)

We will show the claim by proving that Ay is nonsingular locally.

Now we require that ﬁ\k — |, [Tk — x|, [Sk — sk, [Uk — yk| < r where

0<r<p/[8(L+3(M+1)*/)\)]. (5.149)
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Later, this r will change according to £ and ¢, but will be independent with k. We

give an estimate next.

V2@ (ths w51 y) — V2@ (T B, 51 )|

< [VVil(tk, Br) — VViltk, )| + |VV Gk D) — V2V (51, )|
20 (|67 = 1+ 30 - 5.7))

< L (s @) = (b 20)| + L1 Be) — (50 0)] (5.150)

42\ (3 [t — t| (min{B, t}) " + 318k — si] (min{5, sk})*4>

<ALr 4+ 120 (N (M + 1) < Zp.

N | —

Here, we used the the definition of ¢ (5.138) and @ (5.139) in the first inequality.
The third inequality is due to the range of tx, Sk, tg, sk given by (5.143). The fourth
inequality comes from the range for r in (5.149). In the second inequality, we used
the Lipschitz condition for the derivatives of the value functions and a mean value
theorem. Note that the V in (5.150) operates on all the inputs, so we also used the
Lipschitz condition of 9?2V (¢, z) (and 92V*(s,y)), which was not mentioned before
(but is easy to show). If we take derivative of the HJ equation (5.8) w.r.t. t, we get
O Vi(t,x) = =0, Tr (D(z, u(t, z))V2V,(t, x))
(5.151)
— Oy (b(x,u(t,x)), ViV (t,z)) — Or(x,u(t,x)).

Expanding the right hand side of (5.151) with chain rule and product rule, we find
that each term is bounded and Lipschitz in ¢t and z, so 9?Vi(t,z) (and 9?V*(s,y))
is Lipschitz. We also remark that this part (5.150) makes the analysis not easy to

generalize to the viscosity solution of the HJB equation, which does not have sufficient
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regularity in general. Therefore,

Ak = ,ufgn+2 - VQCI)k(%\Ic,/x\k»gk’:/y\k)

= (tsniz — V2O (t, Tr, s, Yk) + (V2P (b Ty S8, Yk) — V2P0, T, S, )

~ 1
> plonyo — |V2¢k(tkaxk7 Sk Uk) — VQCI)k(tk:thkayk)l Iopio > §M12n+2'

Here, the inequality > between two symmetric matrix means that their difference is

positive semi-definite. In the first inequality, we use the fact that
VQqu(tk; Lk Sk, yk) S 07

coming form the optimality of (¢, zk, Sk, yx). In the second equality, we use the
estimate (5.150). Therefore, the Jacobian Ay in (5.148) always nonsingular when
(5.149) holds and we confirm the claim after (5.147).

Next, we also want to derive an upper bound for this Jacobian. A direct calcula-

tion from (5.148) gives us

1Akl <p+ || V2Vt T ||, + [ VaV* G )
1 -1 L L —I,
-1 1)), T\~ L

2 2 4M? 1 1
<p+2K + =42+ <Ccl-+3).
e 0 A e 0

4\

1
£ s (A/M)?

Note that the notation ||-||, is the matrix norm (instead of the Frobenius norm). The
first inequality above is by definition of ¢ (5.138) and ®;, (5.139). The second is by
boundedness of the derivatives of the value functions. The third is because A is fixed

while £ and ¢ are small and are going to Os later. Therefore, we obtain an estimate

~ I 1\, ~ ~ ~ ~
(¢;p,q,p)| < C (g + 5) |(te — th, T — Ty Sk — Sky U — Yn)| - (5.152)

188



Therefore, we also require that

1 1 T
<|(l-+=)=—= 5.153
"= (5 - 5> 2C ( )
where the C' in (5.153) is the same as the C' in (5.152), in order to guarantee

l(g,p,q,D)| < ri. Now we can see that the r depends on ¢ and ¢, but it is inde-

pendent of k.

Next, we consider the quantity
By = 0,V"* (St Giv) — O Vi (b, T,

which depends on ¢, 0, 8, A\, ¢, p, , p, i, and k. On the one hand, by the optimality
condition (5.146),

B = —050(t, Ths s Urt) — 3t<ﬂ(tAk, Ty Sy Yie) — 14 [(/S\k — sp) + (B — tk)} +q+q
=28+ M2+ NEE = [Ge—s0) + (e — )] + a4+ 7

> 28+ 20T — i (8 — sil + [tx — ti]) + ¢+ @,
(5.154)

where the terms with ¢ in 0s¢ and Jyp cancel each other.

On the other hand, using the HJ equations that V* and V), satisfy, we have

Bi = G (S, Uiy 0" (S Uie), =V V", =V2V*) = Gty T, upe (b, Tk ), = Vo Vi, = V2VR)

= sup G (S, Y, u, —V, V*, =V2V*) — G(tr, Tp, up(te, Tn), — Vi Vi, —V2Vi)
S sup G(/S\ka @\ka Uu, _vyV*7 —V§V*> — sup G(%\k? /x\kv Uu, _V$Vk7 _vi‘/;c)

+ L |Uk(%\k7 fk) — UZ(%\ku L/U\k”

S sup [G<§k7 @\lm Uu, _vyV*7 _v?jv*) - G(Tt\ka /x\lm Uu, _vkan _vi‘/;ﬂ>j|
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where we have consecutively used: HJ equations for V* and V}; the optimality con-
dition (5.10) for u*; the definition of ug (5.129) and the Lipschitz condition of G in

w; a simple inequality. Therefore, by the definition of G (5.7),

1 ~ R .~ ~ R
By, < sup {5 Tr [V2Vi(te, Te)oo " (T, u) — VoV Sk, Ge)oo ' (e, w)]
+ [(vak(?k,ffk% 0@k, ) — (VyV* (5, Ur), bk, u))]
(5.155)
+ r(fk,u) — T(’Zj\k,’U/)} + L ‘uk(t},fk) — uZ(tAk,fk)‘
=:sup {(1) + (1) + (111} + L |ug (B, Tr) — g (B, Te)| -

Next, we bound the three terms in (5.155). Using the same argument for & on

®,, we can show that (5.140) and (5.141) also hold for (ty, Zk, Sk, Jr). i.e.

|ty Bx) — (5o i) | < 2L(e + 0) (5.156)
and
1 -~ 12 1 ~ —~ 12 2
For (11I), we have
(I11) = 7(Zp, 1) — r(Gr,u) < L|Zx — G| < 2L (e +9), (5.158)

where we used Lipschitz condition of 7 in Assumption 2 and (5.156).
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For (IT), we have

(I1) = <V:r§0(%\k7 Tk, Sk Yo) + p(Th — 1) — P, b@k7u)>

+ (Vo (e, Tn, S, Te) + 1B — yr) — Dy (T, w))

= <%(5€\k — k) + (T — 1) — P, b@k,u)>

X (5.159)
(0~ 80+ Gl = )~ 7. o))
L. __ 9 - -

< 5 1@ = Gl + nE 12k — @il + |5 = yil) + K (|p| + |P1)

<AL+ 6) + uK(|Zx — x| + |9k — wil) + K(|p| + [P]),

where we have consecutively used: the optimality condition (5.146); the definition
of ¢ in (5.138); boundness and Lipschitz condition of b in Assumption 2; the bound
(5.157).

For (I), we have

=3 (P o) ()]

< %Tr (‘;g}’:zg)T (% (_IZL _]£n> “”2”) (gg:g)] (5.160)

L, ~ ~ ~

= 55 |0 w) = oG ) + 5 (0@ w)l + oG, ) )
L2

< 55 1Bk = Bl + uK? < 20%(e +0) + uK,

where we have consecutively used: a simple transform in linear algebra; the second
order optimality condition in (5.146); a simple calculation; boundness and Lipschitz

condition of ¢ in Assumption 2; the bound (5.157).
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Combining (5.154), (5.155), (5.158), (5.159), and (5.160), we obtain

28+ 2)\/T? — 1 (|5 — si| + [te — t]) + ¢+ 7 < 2L (e + 8) + pK? + 4L%(e + 0)

B ([T — @l + Gk — yil) + K ([p| + |B1) + 2L2 (e + 8) + L (b, Th) — uf (b, T) |
which simplifies to

+uK® 4 K (|p| + [Pl + lgl + (@) + L |ur(ty, ) — ug (b, 7)) -
(5.161)
Next, we pick a box in R*"*? that centered at (g, T, sk, yx) and have side length
r. Then [Ty — zx|, |Jx — yr| < /nr/2, so we require y/nr/2 (instead of r) satisfies
(5.149) and (5.153). If we integrate (5.161) over the box w.r.t. (t, Tk, Sk, k) and

divided it by 7?2, we obtain

264+ 2\/T? < 8L*(e + 6) + uK (1 + v/n)r + pk?
(5.162)

1 1
+KC (g + 5) V21 + 21 + 1772 lug — u |

where we have used (5.152). We recall that 5 and A are fixed at first. We also recall

that the definition of p in (5.144) ensures that

B+ A (5.163)

K(1 K? <
pK (14 v/n)r + pki® < T3

1
2

Therefore, if we firstly set € and § to be small such that

1 A
4 —B 4+ —. 164
8L (a+6)<25+2T2 (5.164)
Then we set r to be small such that
KC 1—I—1 V2n + 2 <15+ A (5.165)
s T VAT AT S 9P T o ‘
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where the C'in (5.165) is the same as the C'in (5.162). Next, note that ||ur — ug||;. <

VT |Jug —ug| 2. So, by (5.135), we can set k to be large enough such that

—2n— o 1 )‘
PR g — ug| o < 55 + 573 (5.166)

Finally, substituting (5.163), (5.164), (5.165), and (5.166) into (5.162), we obtain an

contradiction, so Lemma 13 is proved. O

5.9 Conclusion and future directions

In conclusion, we study the stochastic optimal control problem with controlled dif-
fusion in continuous time. We propose a policy gradient framework to solve the
problem, where the control dynamic follows the gradient flow of the cost functional
(5.16). We design a local optimal control function to analyze the convergence prop-
erty of the algorithm and prove that the algorithm converges to the optimum under
some regularity assumptions.

Our analysis can be extended in several directions. In this work, we concentrate on
the time-invariant optimal control problem. It should not be too difficult to extend to
more general time-dependent scenarios, although it may require additional regularity
assumptions.

Regarding regularity, we have focused on the classical solutions to the HJ and HJB
equations. It is natural to ask about viscosity solutions with less stringent regularity
assumptions, which is an important future research direction.

As already mentioned in Section 5.3, our setting can be viewed as a limiting case
under the actor-critic framework with two time scales. It is of interest to establish
the full convergence of the actor-critic method with the critic (policy evaluation)
dynamics included. It is also interesting to extend the analysis to a single time-
scale actor-critic method, which couples together the control dynamics with policy
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evaluation. We will leave these for future works.
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Chapter 6

An Actor-Critic Framework for Stochastic
Optimal Control Problems with Global

Convergence Guarantee

This work is a follow up for the work in Chapter 5, and will also uses the techniques
in Chapter 3 and 4. So I will omit the overlapped parts and focus on the innovative
contents. This is still an ongoing work, so some details will be omitted and I will

focus on the main idea.

6.1 Introduction

As is mentioned in section 5.9, it is more practical to consider the actor-critic method,
with policy evaluation involved in the algorithm. In this work, we construct a VR-
LSTD method for policy evaluation, which is based on the deep BSDE method. We
will show a global convergence of the joint actor-critic dynamic under mild assump-

tions.

6.2 Policy evaluation for the critic and the joint

actor-critic dynamic

In this section, we consider the policy evaluation process for a fixed control u; =
u(t,z;). Motivated by (5.4), we define the temporal difference (TD) (w.r.t. given

1 < tg) as

to e ~
TDyuite = / F(n ) At + T (b, 20,) — V (61, 0,), (6.1)

t1
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where V is some current estimate of the value function. This temporal difference
can be understood as the inconsistency between the current value estimate and its
sampled trajectory, which is commonly used in RL.

There is a generalized version of TD defined in [ZHL21], which is in the same

spirit of the Deep BSDE method [HJE18]. A direction computation gives us
t2
Vte, zy,) = V(ty, z4,) +/ YV (t,z) oz, u) AW,
t1
to 1
+ / {(ZV(t, xy) + 3 Tr (00 "V2V) (t, e, we) + bz, wp) 'VV (8, 2) | dt
t1

to to
= V(tl,fljtl) — / T(l't,ut)dt+/ VV(t,iUt)TO'(.ft,ut) th,
t1

t1
(6.2)
where we use [t6’s Lemma and the HJ equation (5.8) in the first and second equation

respectively. Therefore, the modified TD is defined as

to - —~ t2
TDVR = / ’I"(l’t,ut) dt+V(t2,:Et2)—V(t1,xt1)—/ VV(t,l’t>TU(fEt,ut) th (63)
t1

t1

The VR in (6.3) is short for ”variance reduced”, because this version of TD have
lower variance in the optimization process [ZHL21]. From now on, we will use the

variance reduced version of TD
T R r
TD = / r(xy, ug) dt + h(zxr) — V(0,29) — / TV (t,2,) o (g, w) AW, (6.4)
0 0

to evaluate the value function. In the policy evaluation process, we apply a least
square temporal difference (LSTD) method, which minimizes the following expected

squared loss

L= %E [TD?] . (6.5)
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We treat the approximation for V(0,-) and VV separately. We define the evolution

of the value function and its gradient as the L? gradient flows of the loss (6.5)

0.V (0.0) =~ () = E[TD 8 (@)) = p0.0) ETD | s =] (66)
(V)0 = 5 ) = E |10 [ binotawuoaw| 1)

As for the numerical implementation, we will parametrize the initial value function
V(0,-) and the spatial gradient V'(-,-) by two neural networks. This parametrization
will be analyzed in future works ane we will focus on the gradient flow in this work.
Although these two functions are closely related, we state the following proposition

to justify that it is fine to treat them separately.

Proposition 7. The critic loss is 0 if and only if both the initial value function and

the spatial gradient are exact.

We do not have access to V,, in practice, but have its estimate V7 instead. So,

the actual evolution equation for the actor is
o (t,x) = p* (t,z) VG (t,z,u(t,x), =V, V7 (t,x), V2V (t,2)).

Here, our policy evaluation has estimate of the value function and its gradient. So we
will only consider the control problem with uncontrolled diffusion, i.e., ¢ is a function

of z. In this case, V,G in (5.7) does not depend on P and the actor dynamic becomes
o™ (t,x) = p* (t,2) V.G (t,z,u(t,z), =V, V" (t,x)). (6.8)
We summarize the joint dynamic of the actor and the critic

o:u"(t,x) = p(t,x) V,G (t,z,u"(t,z), =V, V" (t,x))

T oL
0, V7(0,2) = — 70, .)(a:) (6.9)
O-(VV)(t,z) = — 5(5V£V) (t,2)



6.3 Theoretical analysis

The critic convergence reduce to the convergence of the DeepBSDE method to solve

the (parabolic) HJ equation.

Theorem 5 (critic). For any fized control function u, we have
Jin |V~ Vil =0

Proof. The T'D is linear in the value function and the critic loss is just T'D?. So the
critic loss is convex in the value function. The minimizer of the critic loss is unique

because min(7T'D?) = 0 is achieved only when V satisfies the HJ equation. ]

Theorem 6 (critic convergence rate). The critic loss and critic error decays expo-

nentially.

proof of theorem 6. We denote V,, the true value function w.r.t. the control, which is

also the solution of the HJ equation. By (6.2),

T T
0= / r(xy, uy) dt + h(xr) — Vi (0, 20) — / VVu(t,xt)Ta(xt,ut) dW;
0 0

So, the TD (6.4) can be rewritten as

TD = V,(0,20) — V7(0, z0) + /OT (VVu(t, z) — (VV) (4, 2) " o(y, ug) AW,
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Therefore, the critic loss becomes

_1 2
£=E[TDY]

T
=E

(Vu(O,xo) —V7(0, x0) +/

0

(VVi(t, x) — (VV) (4, 20) " o (e, w) th) ]

1

= 3B (V7 0.00) = Vu0.0)* + [ [lo(t.n 00T (V) (1.0 - TVttt

=: £1 + £2.
(6.10)
where we applied 1t0’s isometry in the second last equality. Therefore, the critic

dynamic is decomposed into two separate L? gradient flow of £; and Ls:

oL 0Ly q 0L 0L
3V (0, ov(0,) M 5VV) T s(VV)
For L4,
0L,
V7 (0,) = 5ot (0) = ~B (V0. 20) = Va0,20) G o)
= —p(0,2) (V7(0,2) — V,(0,z)) .
So

0-L1 =E[(VT(0,20) — Vu(0,20)) 0,V (0, )]
(6.11)
= —E [p(0,20) (V7(0,20) = Va(0,20))"] = 2L,

where we recall that p(0,-) = 1. So £; decays exponentially.

For EQ,

‘5(5—v£2v‘> (s,2) = E U 00" (t, ) (VV)T(,20) = VValt, 20)) O (s, 2) dE

=E (00" (s,25,us) (VV)(5,2,) — VV,(s,,)) 0, ()]

= p(s,x) o0 (s,z,u(s,2)) (VV)(s,2) — VV,(s,2)).
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So
0s Lo

= {/0 (VV)(t, zy) — VVu(t,xt))T oo (x4, us) O5(VV)*(t, 2,) dt

=_F [/0 (VV)(t, ) — VVi(t, )" (00 ) (ay, 1) p(t, z)

(VV)(t, 21) — VVi(t,z,)) di]

hence

83»62

< —poooE { /0 (VVo(t,z) — (VV)u(t,2)) " o0 (2, u) 612

(VV)3(t, ) — VV,(t, ) dt]
= —2pp 09 Ly,
where have used Proposition 6 and the uniform ellipticity in the inequality. Combin-
ing (6.11) and (6.12), we show a exponential convergence rate of the critic loss. [

Next, we show the result for the joint dynamic of actor-critic algorithm.

Theorem 7 (joint dynamic). Assume that the actor-critic joint dynamic (6.9) reach
a stable state V*° and u>, then u™ s the optimal control and V>° is the solution to

the HJB equation and hence the optimal value function.

Proof. Since the critic is static, V> is the value function w.r.t. u*°. Therefore, V>
is the solution of the HJ equation. Since the actor is static and G is concave in wu,
V*¢ is also the solution of the HJB equation. Therefore, VV*° is also the optimal value

function. []

We also have the result for a rate of convergence.
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Theorem 8 (joint convergence rate). Let Assumptions 2, 3, and 4 holds. Assume
that G 1s uniformly pg—strongly concave in u. Then both actor and critic converge

exponentially.

Proof sketch. We have shown that the policy evaluation algorithm converges expo-
nentially in Theorem 6. We have also shown a rate of convergence for the policy
gradient in 4. Therefore, in order to show the convergence of the joint dynamic, we
need to estimate two quantities, the change of critic loss due to actor update, and
the deviation of the control dynamic from the policy gradient due to error of value
function. Thanks to the technique developed in Theorem 1, these two quantities can
be bounded by the improvement of the actor and critic respectively. Therefore, we

obtain a convergence rate of the joint dynamic. O]

6.4 Conclusion and future research

This work extend the policy gradient algorithm in Chapter 5 to a practical actor-critic
method and preserves its theoretical property.

One important direction of future research is to improve the policy evaluation
method so that it is able to solve for the Hessian of the value function. In this case,
the algorithm is able to solve the problem with controlled diffusion. One naive way
is to use auto differentiation for the neural network for VV. However, there is no
theoretical guarantee for such method. In practice, (6.4) is usually discretized by the
Euler-Maruyama scheme. However, the high order Milstein scheme [Mil75] can also
be used, which improve the accuracy and involves the Hessian.

Another future direction of research is to study the neural network parametriza-

tion of the algorithm. For example, we can apply the single layer mean-field network
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[CB18]. The control function is parametrized by a neural network

weiyrs [ ax((6, 9)) duto), (6.13)
©
with derivative
OUp
50 =3x8, ). (6.14)

As an analog for (5.16) and (6.8), the ideal and real dynamic for p are

MO /0 E [G8((0, (t,20)) VoG (t, 20, uu(t, 20), VV,,, (t,2,))] dt (6.15)
and
d-u(0) = / TEW«@, (t, 1)) VoG (t, 24w, (t, ), VVT (£, 2,))] dt (6.16)

In practice, the expectation can be further approximated by Monte Carlo sampling.
Let © = R @® ©y. The initial value function V(0,-) is parametrized by a Borel

measure 1y on Og:

Vi 14— on((6o, z)) di(6y). (6.17)

We denote y = (¢, z). The spatial gradient of the value function is parametrized by

v, the direct product of d Borel measures on O:

(VV), :y /(901\7((9, y)) dv(0). (6.18)

Here, o is an elementwise activation function and v can be viewed as a vector valued
measure. S0

5V,

57 (60) = on ({60, -)) and ———2%(0) = an({0, -)), (6.19)
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where ax ({6, -)) should be understood as a function with vector value or diagonal

matrix value according to the context. The derivative of temporal difference are

D () o
and
5TD r .
ov :_Aiﬁ“vﬁﬁﬁ)d%wﬂﬂﬂ. (6.21)

The dynamic of the measures 1y and v are

0T'D
(SVO

@m:—EPD }:EﬁDmﬂn%m

(6.22)

o.v=—-E [TD(S(I;D

} = {TD /OTU—N>(<'7 (t, ) "o (2, u) AW,

v
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Chapter 7

Conclusions

This thesis collects my works on machine learning to solve traditional scientific com-
puting problems during my Ph.D. studies, which include a wide range of partial
differential equation (PDE) problems and optimal control problems.

The eigenvalue solver based on deep learning could accurately solve the eigenvalue
problem. The actor-critic framework to solve the optimal control problem and the
HJB equation has both numerical success and theoretical guarantees. The actor-critic
framework could also solve the LQR problem efficiently.

The future directions of research has been mentioned at the end of each chapter.
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